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Synopsis 
 

Superconducting magnets are used in the devices like accelerators, Tokamaks, 

Magnetic Resonance Imaging (MRI), etc. for producing high magnetic field. High 

energy accelerators use superconducting magnets to their advantage for bending or 

resolving charge particle beams. Superconducting magnets have several advantages 

over the resistive magnets owing to their capacity for producing a high magnetic field 

in compact size and less weight. The high magnetic field is created using the 

superconducting properties of the conductor at cryogenic temperature, mostly at 4 K.  

In superconducting magnets, in general, the coils are placed inside a helium 

chamber and suspended from the outer vacuum chamber using supports. The helium 

chamber along with the coil is called as cold-mass of the magnet. The design of the 

cold-mass support system of the magnet needs to consider two essential requirements; 

firstly, it is to be made of high strength material with a high cross-section. Secondly, it 

must conduct less heat load to the coil, which requires materials with low thermal 

conductivity with a lesser cross-section. It is therefore needed to optimize the design 

of the support system under thermal and magnetic loadings to choose the right cross-

section and stiffness of the support. The support system for large superconducting 

magnets, required for spectrometry, also needs to provide excellent alignment of the 

coils with respect to the yoke after cool-down and magnet energization to achieve 

high magnetic field accuracies. 

The superconducting magnets use various kinds of support systems, starting from 

support links, tie-rods, support posts, etc. and use varied materials of supports to fulfill 

the requirements of the individual magnets. In general, the supports can be divided 

into two categories, one that takes axial load only, like links, tie-rods and the other one 

that takes the axial load as well as moments, like support posts. 

Diverse types of support systems are used for superconducting magnets to suspend 

the cold-mass, i.e., coil and its former, inside the outer vacuum chamber. Several 

authors have reported about several types of supports designed for the 

superconducting magnets. Niemann et al. [1] presented tension member supports 

made of epoxy-fiberglass for superconducting magnet and discussed on the 

minimization of heat leak to the magnet cold-mass [1]. Kai Zhang et al. reported 
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about the cold-mass support structure made of CFRP tie rods for MRI 

superconducting magnet and conductive heat leak, structure strength and mechanical 

vibration properties were discussed [2].  The alternate design concept for the SSC 

dipole magnet cryogenic support post shows a reentrant post design to meet the 

structural and thermal requirements and reduce the overall cost [3]. 

Cold-mass is supported by several supports to restrain its movement during cool-

down and energization. The support system provides stability against magnetic force 

in the expense of small conduction heat load to the helium. Large superconducting 

magnets, like MICE AFC magnets [4] and dipole magnets of Energy Buncher of the 

FAIR Super-FRS [5], are also required to have excellent alignment of the coils. MICE 

magnets are designed to have self-centered supports [6].  

Self-centered supports are possible with the symmetrical magnets like solenoids. In 

many cases, the coils are unsymmetrical structure, e.g., superconducting spectrometer 

magnets [7], [8] and the supports need to be designed to minimize the coil movement 

[9]. 

The primary objective of this thesis is to study in detail the entire support structure 

analytically. The analysis includes temperature dependent thermal properties. The 

analysis of the system also considers the Lorentz forces on the coil that are dependent 

on the coil current and the force due to the interaction of the coil with an iron yoke 

that varies with the coil shift. As a result, the stress developed in the support system 

and the coil positions both changes with the increase of current and both are a function 

of the current in the coil. The primary focus of this study is to find out design 

methodology of link type of support system for superconducting dipole and solenoid 

magnets considering all the possible loadings. 

Chapter 1 starts with the general introduction of the support structure, description 

of various kinds of support structures being used by the superconducting magnets and 

objective of this study in details. 

Chapter 2 deals with the link type support systems for superconducting dipole 

magnets for predicting the support stresses and coil movement under thermal as well 

as magnetic loading. An analytical model was developed considering the thermal load 

on the coil and support system and combined with the effect of magnetic force. The 

model assumes that the thermal and magnetic effects can be superimposed if the 
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stresses are within the elastic limit. The coil and the support links together were 

modeled for the equilibrium of forces and deformation. Since the system of equations 

is indeterminate, deformation equations were needed for finding out the support 

stresses and deformations was applied for finding out the 

stiffness of the system and used in the equations. All the equilibrium equations were 

solved numerically for finding out the support forces, stresses, and coil position after 

cool-down and energization. It was found that the support stresses and the movement 

of the coil can be predicted from this analysis. 

Movement of the coil takes place due to the following reasons:  

(a) Due to differential thermal contraction, if any asymmetry in the coil or 

support system geometry is present 

(b) Due to the action of magnetic force 

Since the magnetic force is dependent on the position of the coil within the iron 

yoke, it is also possible that any movement of the coil results in higher magnetic force 

resulting continuous movement of the coil towards the direction of the magnetic force 

if support system design does not offer enough stiffness against it. The movement of 

the coil may result in complete instability and coil movement under magnetic force 

and may lead to failure of the support system. This analytical method could also 

determine the region of the instability of the coil and support system and was able to 

predict the minimum support stiffness required to restrict the uncontrollable 

movement of the coil.  

Higher stiffness of the support system, in general, causes in less movement of the 

coil but higher heat load due to conduction. This analytical study suggests the way to 

find out the most suitable values of support stiffness that ensures both the desired 

conditions  less movement of the coil and less conduction heat load.  

Two generalized magnet geometries - bending and solenoid magnets were studied. 

The FAIR Energy Buncher Dipole solenoid magnet geometry was taken as an 

example for dipole magnet, and the study is presented in Chapter 2. 

Chapter 3 extended the study to the solenoid magnets and detailed the movement 

of the coil further. The analytical methodology to find the effect of thermal and 

magnetic forces on the coil and the support structure have been described in detail in 

this chapter. It has been found out that the coil shift will happen for K500 
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superconducting cyclotron after the cool-down due to asymmetry in its support 

system. The superconducting magnets not only require stability of its support structure 

but also needs centering of the coil with respect to its iron core to achieve the desired 

magnetic field shape and accuracies at different excitations of the magnet. As an 

example, the FAIR Energy Buncher dipole magnets need an accuracy of placement of 

the coil by 1 mm to achieve the desired magnetic field accuracy. The coil centering 

is also crucial for the high field solenoid magnets like superconducting cyclotron 

magnet at VECC so that the support links do not break during the energization of the 

magnet. The coil centering is thus an essential part of the design of the magnets as 

well as an important activity during the first energization of the magnet. It has been 

seen that the coil centering is greatly influenced by the coil, iron yoke and the support 

system geometry. A simple model of a high field solenoid magnet was made, and 

resultant force on the coil was found out analytically as a function of current in the 

coil and its radial position with respect to the iron yoke. The image-current method 

was used to approximate the effect of the iron yoke and the magnetic force as a 

function of current and its radial position was calculated. It was seen that the magnetic 

force was directly proportional to the square of the coil current and the radial 

displacement of the coil from the iron central axis. The support links for K500 

superconducting cyclotron are equipped with load sensing studs to measure the cool-

down force as well as the magnetic force on the coil.  The resultant of all the support 

system force is the reaction force against the consequent thermal and magnetic force.  

Detailed theoretical and experimental study has been carried out to find the coil 

shift during cool-down of the magnet coil and energization of the magnet. The coil 

centering is conventionally done using a trial-error method measuring [10] the support 

forces during the first energization of the magnet. The reason behind is that the 

magnetic stiffness is a strong current dependent parameter and is not known 

beforehand during coil centering. This study aimed to calculate the resultant forces of 

the support system under magnetic loading for coil shift. The method described here 

may be used for reducing the steps of the trial error method and center the coil using 

the measured force data from the support system. The methodology was applied for 

the superconducting cyclotron magnet at Variable Energy Cyclotron Centre, and the 

results are compared with the experimental data measured during the coil centering. It 
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has been seen that the coil shift predicted by this analysis is not in good agreement 

with the physical movement given to the coil. This disagreement may be attributed to 

the fact that the given displacement of support links may not have translated to the 

same movement of the coil.

The materials of the support systems, when used in the accelerators, likely to 

undergo irradiation damage over the years (25-30 years lifetime of the accelerator) by 

the neutron-induced activity. It has been seen that the designers of superconducting 

magnets have used Ti and its alloys (Ti, Ti-6Al-4V and Ti-5Al-2.5V) due to their high 

strength to thermal conductivity ratio [11]. It is therefore required to study the effect 

of irradiation on the microstructure which primarily governs the mechanical properties 

of these support structure as they will be used in the accelerators during its lifetime of 

operation. Chapter-4 describes in detail the irradiation study experiment and the 

results of X-ray diffraction line profile analysis [12]. Post irradiated microstructural 

characterization study on pure Ti and Ti-6Al-4V materials have been carried out as a 

function of dose using different model-based techniques of X-ray diffraction line 

profile analysis (XRDLPA). This study shows that Ti-6Al-4V can be considered as 

radiation resistant for applications to the support structure of magnets for accelerators 

during its lifetime.  

The thesis concludes in Chapter 5 with a note that the analytical methodology 

described here could be a useful tool for the design and optimization of support 

systems in general and particularly for link type of support system. It has also made it 

clear that the Ti-6Al-4V is a suitable candidate alloy from the point of irradiation 

damage in accelerator applications. 
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Chapter 1 

1. Introduction 

 

In a superconducting state, some materials show no electrical resistance against 

direct current (DC), i.e., RDC = 0. Critical temperature (Tc), critical magnetic field (Hc) 

and critical current density (Jc) define a critical surface, below which the 

superconducting state of a material can exist [Figure 1.1].  

 

Figure 1.1 The critical surface of a typical superconducting material. Distinct color 

planes show the variation of any two parameters when the other one is zero. 

This property of the materials is used in different applications, like motors, 

generators, transformers, ultrasensitive magnetic field sensor (SQUIDs), magnetic 

resonance imaging (MRI), high field magnets for accelerators & detectors, etc. These 

materials also show very low resistance against alternating currents (AC) and thus 

suitable for radio-frequency (RF) cavities of very high frequencies (GHz). 

The superconductivity, discovered by K.H. Onnes in 1911 [1], made people think 

about the possibility of very high field magnets.  Since then, it took a long time to 

realize the superconducting magnet technology till the discovery of superconducting 

materials that could reach large current densities at high magnetic fields. With the 

development of Nb3Sn in 1961 and NbTi materials in 1962, the construction of high 
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field superconducting magnets became viable [2]. Towards the end of 1970, 

superconducting magnet technology took off [2]. 

Superconducting magnets have several advantages over the resistive magnets 

owing to their capacity for producing a high magnetic field in compact size and less 

weight. They can generate magnetic fields that are much stronger (~20 T) than the 

iron core magnets, which are limited to a magnetic field of less than 2 T. Moreover, 

they consume less power compared to resistive magnets.  They can also fit into 

smaller space due to the high current density of the superconductors (>100 times than 

that of resistive windings). 

High field magnets (> 2T) are preferred to be superconducting not only owing to 

low operational cost than resistive magnets, but also for its compactness, for instance, 

SMES magnet, large accelerator magnets, and so on. However, many medium field 

magnets are also designed superconducting to take the advantages of their 

compactness for many applications, such as MRI magnets, accelerator magnets, etc. 

Superconducting magnets can also be designed to produce homogenous magnetic 

fields. Spectrometer magnets, MRI magnets, ion-trap magnets, etc. use this to their 

advantage. 

The high magnetic field is produced using the superconducting properties of the 

conductor (to allow high current density under high magnetic fields) at a cryogenic 

temperature of around 4.2 K. High energy Particle accelerators use superconducting 

magnets to their advantage for bending or resolving charge particle beams. The first 

demonstration of the use and operability of large scale superconducting magnets for 

accelerators was seen in Tevatron [2], a synchrotron that accelerated proton and 

antiprotons to 1 TeV (1012 eV) energy and was operational in 1983. 

Superconducting magnet technology has seen applications in large particle 

accelerators like HERA in 1991, RHIC, SSC, and LHC [2]. They also find 

applications in cyclotron magnets for heavy ion acceleration, cyclotron magnets for 

isotope production and therapy, synchrocyclotron magnets, etc. 

In superconducting magnets, in general, the coils are placed inside a helium 

chamber and suspended from the outer vacuum chamber using supports. The helium 

chamber along with the coil is called as cold-mass of the magnet. The design of the 

cold-mass support system needs to consider two essential requirements; one is to have 
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high strength material with a high cross-section. The second is less heat load to the 

helium, which requires materials with low thermal conductivity with lesser cross-

sections. It is therefore necessary to optimize the design of the support system under 

thermal and magnetic loadings to choose the right stiffness of the support. The support 

system for large superconducting magnets, required for spectrometry, also needs to 

provide excellent alignment of the coils with respect to the iron yoke after cool-down 

and magnet energization to achieve high magnetic field accuracy. 

A typical superconducting solenoid magnet configuration is schematically shown 

in Figure 1.2. The main components consist of the superconducting coil, thermal 

radiation shield, outer vacuum chamber, support system and magnet iron. While the 

coil is at cryogenic temperature, the magnet iron may be kept at room temperature or 

cryogenic temperature depending upon the design requirement. 

 

Figure 1.2 A typical cross-section of a superconducting magnet  

(magnet iron yoke is not shown)

 

 

Solenoid magnets are the most widely used magnets. It consists of conductors 

tightly packed into a helix with or without an iron core. Figure 1.3 shows the coil 

configuration. High energy cyclotrons and large particle detectors use 

superconducting solenoid magnets. 

Coil 

Thermal 
shield

Outer 
vacuum 
chamber 

Supports 
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Figure 1.3 Solenoid magnet 

 

Dipoles magnets are designed to create homogeneous magnetic fields over a 

distance. The particle motion in the field will be circular in the perpendicular plane to 

the field. A particle inserted between the pole of a dipole magnet will travel on a 

circular or helical trajectory [Figure 1.4]. The radial bending effect of the beam can be 

increased by many numbers of dipoles added on the same plane. 

 

Figure 1.4 Dipole Magnet 

 

Quadrupole magnets consist of groups of four poles [shown in Figure 1.5] designed 

in a way that the field is quadrupole in nature when a multiple expansion of the field is 

taken. These magnets are used in particle beam focusing. 

 

Figure 1.5 Quadrupoles Magnet 
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The toroid is a useful device and is used in Superconducting Magnetic Energy 

Storage to tokamaks. Figure 1.6 shows a typical configuration of a toroid. 

 

Figure 1.6 Toroid Magnet 

 
 

Superconducting magnets use various kinds of support systems, like struts, 

links/straps, tie-rods, support posts, etc. [see Figure 1.7, Figure 1.8, Figure 1.9] and 

use different materials of construction to fulfill the requirements of the individual 

magnets. In general, the supports can be divided into two categories, one that takes 

axial load only, like links, tie-rods and one that takes the axial load as well as 

moments, like support posts. 

 

Figure 1.7 SNS cryomodule end view, showing rod type of support [3] 
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Figure 1.8 Cold-mass Support System for the MICE Focusing Solenoid, showing 

link type of support [4] 

 

Figure 1.9 Cross-section of LHC cryodipole, using post type of support [5] 

In superconducting magnets, the coils are placed inside a cryostat. An outer 

vacuum chamber surrounds that the coils to reduce convection heat-transfer. The coils 
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are attached to a former that holds the coil in place resisting the conductor movement 

against magnetic force. The coils, along with its former together, are called as cold-

mass. The cold-mass is suspended from the outer vacuum chamber using the support 

system.  

The cold-masses, operating at cryogenic temperature, must be supported and 

connected to ambient temperature by the support system. A strong support system is 

required to bear the weight of the cold-mass, the thermal stress due to cold shrinkage, 

the magnetic force during coil energization and transportation loads. Because the 

support system would increase the thermal pass between the cryogenic and warm 

environment, low thermal conductivity and high mechanical strength materials are 

required [6]. 

Several authors have reported about diverse kinds of supports designed for the 

superconducting magnets. Race-track-shaped straps of GFRP have been used to 

support the cold-mass of superconducting magnets in particle accelerators, high-

energy particle detectors [7] and MRI [8]. Materials such as CFRP [8] and titanium 

alloys are also used as tie rod materials because of their high strength and low thermal 

conductivity [9]. CFRP hollow tie rods were used in quadrupole magnets [10] and 

mid-infrared instrument (MIRI) [11] as longitudinal support and mounting struts, 

respectively, while the tie rods made of Ti5Al2.5Sn extra-low-interstitial grade 

titanium alloy were selected to support the cold-mass of the Barrel Toroid of ATLAS 

detector [12] and the solenoid of a CMS detector [13]. 

The design of the cold-mass support system of the magnet needs to consider about 

two essential requirements; one is to have high strength material with a high cross-

section to provide enough rigidity against magnetic force. The second is to minimize 

the thermal heat load to the coil, which requires materials with low thermal 

conductivity with less cross-section. It is therefore needed to optimize the design of 

the support system under thermal and magnetic loadings to choose the right cross-

section and stiffness of the support. To achieve high magnetic field accuracies, the 

support system for large superconducting magnets also needs to provide excellent 

alignment of the coils with respect to the yoke after cool-down and magnet 

energization. The placement accuracy requirement adds extra parameters for 

optimization of the support system. 
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Cold-mass is supported by several supports to restrain its movement during cool-

down and energization. The purpose of the supporting system is to provide stability 

against magnetic force in the expense of small conduction heat load to the cryogen. 

Large superconducting magnets, like MICE Coupling magnets [14] and Mu2e 

Transport Solenoid Cold-Mass [15], are also required to have excellent alignment of 

the coils. MICE magnets are designed to have self-centered supports [14]. Self-

centered supports are possible with the symmetrical magnets like solenoids. The 

unsymmetrical structure of the coils, e.g., superconducting spectrometer magnets [16] 

[17] or the unsymmetrical yoke [18], calls for designing the supports to minimize the 

coil movement. 

 

Several authors have reported about diverse types of supports designed for the 

superconducting magnets. Niemann et al. presented a tension member support made 

of epoxy-fiberglass for superconducting magnet and discussed on the minimization of 

heat leak to the magnet cold-mass [7]. The design of ISABELLE superconducting 

magnet support system is reported by V. Buchanan et al. [19]. Four fiberglass straps 

support the coil within a carbon steel vacuum vessel [19]. G.R. Jones and E.H.  

Christensen, in their paper, has created a database for stainless steel supports for 

thermal performance criteria. [20] 

Hopkins et al. [21] discussed the optimized support systems for spaceborne 

Dewars. This paper presented a comparison of Dewar performance for both tension 

straps and the passive orbital disconnect struts (PODS) [21]. T. Hirakawa et al. [22] 

presented the design of advanced support straps for cryogenic applications and 

evaluated advanced composite materials for use in such straps because of their low 

thermal conductivity and high tensile strength. Thermal design for the straps had also 

been reported for optimization the advanced straps [22]. A simple one-dimensional 

model was developed by P. Kittel [23] to show the relative merits of different support 

systems for Dewar. The model considered both strengths-limited and resonant-

frequency-limited applications for different supports affecting the parasitic heat load 

on Dewars. The model was used to compare straps, struts and disconnect supports. 

The comparison showed that struts are superior in strength-limited applications, straps 
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are excellent in resonant-frequency-limited applications, while the disconnect struts 

are preferred for the lower on-orbit resonant frequency requirement than during 

launch [23]. 

R. M. Reimers et al. described the magnet coils system for HISS facility and 

discussed the support structures having a Z-shaped cross-section. The design 

consisted of flanged doubly tapered stainless-steel cylinders [24]. 

A. Lipski deliberated on an alternate design concept using a reentrant post design 

for the SSC dipole magnet support post that met the structural and thermal 

requirements and reduced the overall cost [25]. 

V. M. Bedakihale et al. presented the support structure design for the Toroidal 

Field Magnet System. The results of analytical and finite element analysis were 

presented [26]. 

A. Buenaventura et al. presented in their paper the static and dynamic studies of the 

LHC cryodipole in different configurations. The mechanical behavior of the 

cryodipoles was understood through tests and analyses [5]. 

Alessandria et al. reported about the mechanical characterization of the ATLAS-

B0-model-coil tie rods [27]. Eight titanium alloy tie rods act as support against the 

magnetic forces. It also described a test facility that was built to test individual tie 

rods at cryogenic temperature [27]. B. Levesy et al. described the CMS coil 

suspension system and its mechanical analysis for different loading cases according to 

the operating conditions of the magnet [13]. Ti 6 Al 4 V ELI and Ti 5 Al 2.5 Sn ELI, 

two grades of Ti alloys, were considered for use [13]. O.P. Anashkin et al. presented 

an installation designed and manufactured to test the tie rods of Atlas Barrel Toroid 

superconducting magnets for a tension load of 2.5 MN and with 10 K to 270 K 

temperature gradient along the tie rod [12]. C. Mayri et al. presented the test report of 

the suspension system of Barrel Toroid cold-mass. The paper described the design, 

the tests and the behavior of individual coils [28]. 

Jun-ichi Ohnishi et al. described the support structure of the cold-mass for the 

Superconducting Ring Cyclotron. He has also detailed about the electromagnetic force 

measurements with strain gauges [29]. The cold-mass was supported by eight 

titanium-alloy rods in the vertical and azimuth directions, and by a stainless steel 

multi-folded pipe in the radial direction [29]. 
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B. Wang et al. reported the design, development, and fabrication of the BESIII thin 

superconducting solenoid that generates 1.0 T central field. The 4.5 K coil and its 

support cylinder weighs 3583 kg [30]. Twenty-four radial supports, and twenty-four 

axial supports are used. The support designed considered for a electromagnetic de-

centering forces of 63.7 kN in radial and 122.3 kN in axial direction together with a 3g 

axial and radial acceleration load. The design of the magnet, the cryostat and the cold-

mass supports were discussed [30]. 

G. Biallas et al. described the support design of the Energy Doubler Dipole 

Cryostats and its mass production engineering [31]. The coils surrounded by a warm 

iron yoke was supported against high magnetic forces due to the errors in the 

concentricity of coil and iron yoke [31]. It is said that the ratio of the modulus of 

elasticity to the thermal conductivity is a figure of merit for evaluating support 

materials [31]. They introduced the equation of system spring constant expressed as: 

  

S.Q. Yang et al. presented the design parameters, mechanical and thermal, for the 

MICE focusing solenoid magnet. The results of finite element calculations were 

discussed including the forces and heat transfer in the cold-mass. The focusing 

magnet cold-mass support is reported as a self-centering support system consisting of 

eight tension bands [32].  The support system carry a sustained longitudinal force up 

to 500 kN together with a transient forces up to 1000 kN [32]. 

S.Q. Yang also proposed the self-centering cold-mass support system for Absorber 

Focus Coil (AFC) magnet. The support system comprised of eight supports strap 

assemblies. Each support strap assembly consisted of two oriented fiberglass epoxy 

support bands having two attachment hardware at each end and an intermediate 

temperature intercept in-between the two bands [33]. The overall spring constant of 

the cold-mass supports were required to be high enough to take the operating 

magnetic force, but the magnet center should not move more than ±1 mm and the axis 

of the magnet should not move more than ±0.7 mrad [33]. The design force of the 

AFC magnet cold-mass support system was taken as 700 kN [33]. 

H. Wu et al. [34] and L. Wang et al. [14] detailed about design and analysis of a 

self-centered cold-mass support system for the MICE coupling magnet. ANSYS FEM 

thermal and structural analysis was carried out on the cold-mass support assembly 
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[14]. Both 500 kN longitudinal and 50 kN radial force would be taken up by the 

support system after the magnet was fully charged. The cold-mass support system 

spring constants made for both directions (longitudinal and radial) was designed to be 

higher than 2x108 N/m-1. The allowable movement of the coil current center in the 

longitudinal direction was 0.5 mm and in the radial direction was 0.3 mm. 0.001 

radians was the maximum permissible tilt of the cold-mass axis. The magnet was 

designed to operate with limited cooling capacity of the cryo-coolers and the heat leak 

to the 4.2 K region through the support system was kept less than 0.25 W [34]. 

A theoretical model of a cold-mass suspension system for a superconducting 

magnet is reported by L. Li et al. [6]. The model presented considered that supported 

cold-mass, the cool-down tensile stress, and quasi-static acceleration load [6]. He has 

given the equation for thermal stress in each of the strap caused by cooling down, 

considering cold-mass and warm structures are mechanically rigid bodies, as: c = E  

+ E (Lc  Lw)/Lw. In this equation, E is the elastic modulus of the strap along the 

length strap, which results 

from a thermal gradient from the warm to the cold end. Gradient thermal contraction 

be thought off , Lw is the 

warm distance between two attachment points and Lc is the distance between two 

attachments after cooling down  [6]. Also, the load conditions during transportation 

and operating the superconducting magnet system were analyzed. The mechanical 

strength, minimum resonant frequency, and heat loads are considered in the design 

and presented in this paper [6]. The model was used to analyze the suspension 

structure of a superconducting magnet consisting of eight strap assemblies. The 

maximum pretension force was calculated, and the allowable accelerations for the 

maximum pretension were estimated [6]. 

A 2-D cold-mass support structure for the magnetic resonance imaging 

superconducting magnets, discussed by Kai Zhang et al., was made of CFRP tie rods 

[35]. Three main aspects, conductive heat leak, structure strength and mechanical 

vibration properties, of the cold-mass support structure were taken into consideration 

and an optimal design of the cold-mass support structure was presented including 

these three main aspects. 
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M. A Green et al. presented the Cold-mass Support System for the MSU 

Superconducting Cyclotron Gas-Stopper Magnet [36]. It is said that the magnet cold-

mass support system carried the forces, pushing the magnet into the iron pole, together 

with any decentering forces came from the coil placement errors. The cold-mass 

support system consisted of six compression-supports for supporting magnet forces in 

the axial direction. Additionally, three radial supports helped to maintain the 

coaxiality between the coil axis with the axis of the iron poles. This paper presented 

an analysis of the cold-mass support system for the superconducting magnet and 

concluded that the designed support-system-spring-constant needed to be higher than 

the magnet force constant [36]. 

Kai Zhang et al.  [9] investigated the tie rod support for a superconducting magnet 

with strict alignment requirements. It said that the superconducting magnets with 

stringent alignment requirements required that the coil was coaxially supported by  

warm bore with maximum deviation of 0.1 mm. The Ti-15V-3Cr-3Sn-3Al tie rod was 

considered here as the most appropriate cryogenic support material for its low thermal 

conductivity to Young's modulus ratio, isotropic mechanical property, and simple 

structure [9]. An optimized design of a 3-D cold-mass support structure based on Ti-

15V-3Cr-3Sn-3Al tie rods was reported by considering the corresponding conduction 

heat leak, strength, and mechanical vibration property [9]. The relative vertical 

displacement between the coil and the warm bore was calculated for any external 

impact during transportation [9]. It was also reported that a slight shift of the coil was 

inevitable due to multiple shipments [9]. It was required to adjust the tie rod so that 

the magnetic axis of the running magnet was coaxial with the warm-bore center [9]. 

 

The main objective of the thesis is to study in detail the forces and coil shift in the 

link type of support structure for superconducting magnets analytically under thermal 

and magnetic loading. This methodology developed is unique in the sense that none 

has previously reported about the comprehensive analysis of the support system 

without using an elaborate finite element analysis. The finite element analysis for this 

requires involved electric-magnetic-thermal-structural coupled field models using 

commercial software [8]. The theoretical model adopted by L. Li [6] for cold-mass 
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strap suspension system considered the cold-mass and warm structures as 

mechanically rigid bodies. The analytical model developed here also takes into 

account the deformation of the cold-mass. 

The analytical method has been developed for both the superconducting dipole 

magnet and the solenoid magnet. This methodology has the advantage that it can be 

used for the preliminary design of the support system considering all the design 

constraints and further refinement may be done using finite element method whereby 

considerable design iterations may be avoided. 

The study was made for a large aperture dipole magnet, which was being designed 

for FAIR Energy Buncher and a solenoid magnet for superconducting cyclotron at 

Kolkata. The results of this analysis were compared with the experimental data from 

the superconducting cyclotron magnet. During literature study, it was found out that 

varieties of materials are used to support structures for various applications. 

Superconducting magnets used in accelerator and detector applications are subjected 

to exposure to nuclear radiation and need to sustain irradiation damage over its 

lifetime. Irradiation studies were therefore carried out on pure Ti and Ti-6Al-4V alloy 

material, candidate for applications to support structures for superconducting magnets, 

and XRDLPA was carried out to characterize the microstructure of the irradiated and 

un-irradiated samples. 

The scheme of the work is presented in Figure 1.10. The thermo-structural analysis 

includes temperature dependent thermal and mechanical properties. The study of the 

system also considers the Lorentz forces that are dependent on the coil current and its 

position with respect to the iron yoke. As a result, the stress developed in the support 

system and the coil position both changes with the increase of current, and therefore, 

the support stresses and coil position both are a function of current in the coil. Link 

type of supports has been studied here. The study aims to find the design methodology 

of link type support system for superconducting dipole and solenoid magnets. 

The support links, generally designed for tensile loadings, hang the cold-mass of a 

superconducting magnet inside the outer vacuum chamber. They are designed to 

provide enough rigidity against magnetic force without much heat load to the helium. 

They are subjected to the following stress conditions depending upon the applied 

loads on the system: 
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1. Stress due to dead weights: Support link take the dead weight of the coil and 

associated structures and produce stress in the links 

2. Pre-stress: Pre-stressing is done to ensure no slackness in the supports during 

initial assembly 

3. Thermal stress: Cool-down of the coil to low temperature generates support 

stresses due to thermal contraction of different components

4. Magnetic stress: Magnetic force on coil produces support stress

In this thesis, an analytical methodology is described for the design of the support 

system, for link type supports. The design constraints considered are (a) the required 

coil positioning accuracy, (b) heat-leak through the supports, (c) support stress, and 

(d) supports system stability against magnetic force. 

 

Figure 1.10 Scheme of the work 

 
A detailed study on various support systems used for superconducting magnets has 

revealed that Ti and its alloys are important candidate materials owing to low thermal 

conductivity to strength ratio, which is comparable to G10 in 4-40K temperature range 

[9]. Superconducting magnets used in accelerator and detector applications are 
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subjected to nuclear radiation exposure. During the operation of the accelerators, the 

radiation damage of the surrounding structural materials may sometimes occur if there 

is a considerable beam loss. Radiation damage would result in the generation of high 

energy neutrons due to a nuclear reaction. The cumulative damage with radiation 

exposure during its operation lifetime causes gradual but permanent changes in the 

microstructure. These changes, in turn, affect the physical and mechanical properties 

of the materials, which limit the performance of the structural components such as 

cryostat, support structures, etc. in a radiation environment. Support structure being 

one of the highly stressed structures in a cryostat, its limiting performance may limit 

the life of the instrument.  

Ti-6Al-4V alloys show very high tensile strength and sufficient elongation at low 

temperature (15% at 77 K) [37] and is a candidate material for cryogenic support in 

accelerators [7], [12]. The radiation environment of the accelerators may make these 

support materials susceptible to radiation damage. Therefore, the effect of radiation 

damage on the microstructure and mechanical properties of Ti-6Al-4V is important to 

study. Samples of pure Ti and Ti-6Al-4V were taken and irradiated using proton beam 

from the Variable Energy Cyclotron, Kolkata, India. X-ray diffraction line profile 

analysis (XRDLPA) was used to characterize the microstructure of the irradiated 

samples in comparison with the un-irradiated ones using model-based techniques. 

Mechanical properties regarding the hardness of the irradiated samples have also been 

evaluated as a function of dose. 

 

The thesis is organized into five chapters as given herewith; 

Chapter 1 starts with the general introduction of the support structure, description 

of various kinds of support structures being used by the superconducting magnets and 

objective of this study in details. 

Chapter 2 deals with the link type of support systems analysis for superconducting 

dipole magnets for predicting the support stresses and coil movement under thermal & 

magnetic loading. The FAIR Energy Buncher Dipole magnet geometry was taken for 

detail analysis as an example. 
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Chapter 3 further extends the study to solenoid magnets and the movement of the 

coil. An analytical model was developed for calculating thermal forces in the coil and 

coil movement. Detail model was developed for the Lorentz force acting on the coil 

and magnetic force due to coil-yoke interaction. The methodology was applied for the 

superconducting cyclotron magnet at Variable Energy Cyclotron Centre, and the 

results were compared with the experimental data measured during cool-down and 

energization of the magnet.  

Chapter-4 describes the irradiation study experiment, in detail, carried out for pure 

Ti and Ti-6Al-4V samples. The materials of the support systems, when used in the 

accelerators, may undergo radiation damage over the years (25-30 years lifetime of 

the accelerator) by the neutron-induced activity. It has been seen that the designers of 

superconducting magnets have used Ti and its alloys (Ti, Ti-6Al-4V, and Ti-5Al-

2.5V) due to their high strength to thermal conductivity ratio. The X-ray diffraction 

line profile analysis results to characterize the microstructure as a function of dose 

have been discussed in this chapter. Microhardness of the irradiated, as well as 

unirradiated samples, have been measured as a function of irradiation dose. 

The thesis concludes in Chapter 5 that the analytical methodology described here 

could be a useful tool for the design and optimization of support systems in general 

and particularly for link type of support system. The analysis may also lead to 

effective coil centering reducing the efforts on the trial-error process. It has also been 

shown that Ti-6Al-4V can be considered as a suitable candidate alloy from the point 

of irradiation damage in accelerator applications. 
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Chapter 2 

2. Analysis of support links for superconducting dipole 

magnets 

Superconducting magnets use several types of support systems to suspend the 

cold-mass, coil and its former, inside the outer vacuum chamber. The purpose of the 

supporting system is to provide stability against magnetic force in the expense of a 

small conduction heat load to the cold mass. Several authors have reported about 

diverse types of supports used for the superconducting magnets. Niemann et al. 

presented a tension member support made of epoxy-fiberglass for superconducting 

magnet and discussed on the minimization of heat leak to the magnet cold-mass [7]. 

Kai Zhang et al. reported the cold-mass support structure made of CFRP tie rods for 

MRI superconducting magnet and conductive heat leak, structure strength and 

mechanical vibration properties were discussed [35].  

Cold-masses are held by many supports to restrain their movement during cool-

down and coil energization. Large superconducting magnets, like MICE AFC 

magnets [4] and dipole magnets of Energy Buncher of the FAIR Super-FRS [16], are 

also required to have excellent alignment of the coils. MICE magnets are designed to 

have self-centered supports [34].  

Self-centered supports are possible with symmetrical magnets like solenoids. In 

many cases, the coils are unsymmetrical, e.g., superconducting spectrometer magnets 

[38], [39]. In these magnets, as the coil is cooled to liquid helium temperature, the 

coils, helium chamber and supports undergo thermal contraction. During the process, 

large thermal stresses are developed in the supports, and coil movement takes place. 

Moreover, once the magnet is energized, the resultant magnetic forces on the coils 

move it that redistribute the support stresses accompanying the further movement of 

the coil. It is therefore apparent that the coil will move from its original position in 

two steps, after cool-down, and as well as after energization. 

The support system is responsible for excellent coil alignment as well as providing 

enough stiffness against the magnetic force. The system is to be designed in such a 

way that the heat load to the helium chamber is also minimum. With all these 
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requirements put together, the design and optimization of the support system require a 

significant computational effort. H. Wu et al. carried out the extensive computation 

for MICE coupling magnet using Finite Element Methods (FEM) to arrive at a 

suitable solution [34]. In this work, an effort has been made to write analytical 

equations that can take care of the effect of all the supports together under thermal 

and magnetic loading and provide a reasonable solution for further details analysis. 

In this chapter, an analytical methodology is described for the design of the 

support system for superconducting dipole magnets, for link type of supports. The 

design constraints considered are (a) the required coil positioning accuracy, (b) 

minimum heat-leak through the supports, (c) support stress, and (d) supports system 

stability against magnetic force. The finite element analysis for this system requires 

elaborate electric-magnetic-thermal-structural coupled field models using commercial 

software [14] and the multiple design iterations need a lot of time and memory. The 

analytical method described here has the advantage that it can be used for the 

preliminary design of the support system considering all the design constraints and 

further refinement is possible using the finite element method. The analytical methods 

allow us to avoid considerable design iterations. 

A case study is made using the FAIR Energy Buncher large aperture superferric 

dipole magnet (3D view of the cryostat is shown in Figure 2.1). Table 1 shows the 

design parameters of the magnet. Large aperture superferric magnets have been 

fabricated and used elsewhere for various applications like A1900 fragment separator 

[40] at MSU, BigRIPS fragment separator [41] at RIKEN, in-

USA, gas stopper [42]  at NSCL, and correction magnets for SSC [43]. The required 

aperture of the FAIR Energy Buncher magnet is ±380 mm horizontal and ±100 mm 

vertical. The weight of the magnet iron is about 100 T [39]. 

The coil positioning accuracy for this magnet is stringent for achieving the required 

magnetic field uniformity. The magnetic analysis shows that the accuracy of ±1 mm is 

needed for achieving the desired magnetic field uniformity of ± 3 x 10-4 [39] and calls 

for detail analysis of the coil movement. The results of the study are discussed in 

detail showing an instability region. The results indicate the importance of the initial 

alignment of the coil of achieving the desired position after magnet energization. 
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Figure 2.1 Cryostat for a typical superconducting dipole magnet 

 
This analytical method also indicates the region of instability for the magnet 

support system. In this region, the stiffness provided by the support system is less 

than that of the magnetic rigidity. Therefore, this region needs to be avoided so that 

the support system does not go through uncontrolled deformation under the magnetic 

forces. The movement due to magnetic force results in coil misalignment and loss of 

magnetic field accuracy from the desired value. Coil centering is thus an important 

consideration for any high field magnet. Moreover, it is noticed that the initial 

alignment of the coil is somewhat important to achieve the desired coil position after 

the energization of the coil. 

 
Table 1: Design parameters for dipole magnet 

Parameter Value 

Maximum magnetic field at the center, Bmax  1.6 T 

     Bending angle   30  

     Bending radius   437.5 cm 

Pole face angle   0  

     Field quality    3 x 10-4

     Coil current 191 A 

X 

Y 
Z 
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The cryostat for a typical dipole magnet is shown in Figure 2.1. The trapezoidal 

coil is placed inside the outer vacuum chamber. Twelve support links suspend the coil 

and helium chamber assembly, called the cold-mass, from the outer vacuum chamber. 

The fill box is required to house all the helium and nitrogen plumbing lines and 

current leads into the helium chamber. 

   

 

Figure 2.2: Model used for analytical calculation; (a) is top view & (b) is front view 

To study analytically, the cold-mass and support structure, depicted in Figure 2.2, 

is modeled, keeping in mind the geometrical symmetry of the structure (X-Y plane 

and X-Z plane) and the direction of the magnetic force ( ) on it. In Figure 2.2 (a), a 

top view of the cold-mass and support system is shown, where, AEDB depicts the 

cold-mass, DG depicts horizontal support #1, EF depicts horizontal support #2. 

Figure 2.2 (b) shows the front view of the cold-mass and support system model, 

where MN and PQ depict the vertical supports. Initially, the cold-mass and the 

support remain at room temperature. As soon as cool-down of the cold mass starts, 

the temperature of the cold-mass reduces, and a temperature gradient is established at 

the support links from the cold-mass temperature to the room temperature. Forces in 

the support links generate due to thermal contraction of the supports and the cold-

mass. After the cold-mass reaches to the desired operating temperature and stabilizes, 

(b) 
(a)
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the current through the coil is set and the magnetic force is generated in the coil. In 

the present analysis, the applied thermal load on the cold-mass is taken as . 

Following are the assumptions made during the formulations of the model and its 

equilibrium equations: 

a. 1/4-fold symmetry (X-Y plane and X-Z plane) of the structure is used. 

Symmetric boundary conditions are considered at the symmetric planes. 

b. The coil and the helium chamber are assumed to have a uniform temperature 

of 4 K after cool-down. 

c. The vertical support links remain vertical after cool-down and energization of 

the magnet. 

d. Effect of the differential thermal contraction between coils and its former is 

neglected. Coil and former together is considered to be made of same 

material, i.e., stainless steel. 

e. In the magnetic analysis, it is assumed that coil is made of rigid links, as the 

magnetic force is much less compared to the thermal forces and less likely to 

much deform the coil and former assembly.  

f. Thermal and magnetic effects are not coupled, a method of superposition is 

used for finding out their combined effect. 

 

After thermal contraction, the coil and helium chamber assembly referred to as 

cold-mass, is at equilibrium. The free-body diagram of the cold-mass is shown in 

Figure 2.3, where  and  are the horizontal reaction forces on the symmetric 

plane X-Z, whereas  is the vertical reaction force on the symmetric plane X-Y. 

The steps of the analysis are listed below: 

a. The geometry of the system is taken as input in terms of coordinates of points 

A, B, C, D, E, F, G, P, Q, M and N. Point C, the center of the pole, is taken as 

the origin and all the coordinates are stored as vectors. Vectors are called, for 

example, for point A as . The magnitude of the vector  is shown as . 

b. A , B , D , E  are the free position of the point A, B, D and E after cool-down. 

Point F, G, N, and Q does not change their position after cool-down. The free 

length of the helium chamber after thermal deformations is calculated by 
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multiplying the coordinate points A, B, D and E with ; 

where,  is the linear thermal contraction co-efficient of the helium 

chamber material. 

 

                            

 

Figure 2.3: Free body diagram of cold-mass after cool-down; (a) Top view,   

(b) Front view 

c. The stiffness of the system [31] is calculated [Refer to Annexure-1 for details] 

[44] for the deformed geometry of the helium 

chamber for a force applied on support #1 only and is called as . 

(a) 

(b) 
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, where ,  and  are the length of arms 

of the coil,  = AE,  = BD and  = DE. 

d. The stiffness of the system [31] is calculated [Refer to Annexure-1 for details] 

chamber for the force applied on support #2 only and is called as . 

.  is the length of supports,  is the  

cross-sectional area of supports,  is the dulus of the support 

material,  is the cross-sectional area of helium chamber and  is the 

odulus of helium chamber material. 

e. It is assumed that a small coil shift  has happened in X direction 

after cool-down. There is no coil movement in Y direction because of the 

symmetry of the structure with respect to the X axis. The resulted geometry is 

shown in Figure 2.3 in dotted line.

f. Equations 2.1, 2.2, 2.3, 2.4 are solved to get the unknowns  and . 

At equilibrium, the following equations are valid: 

 i.e. 

2.1

From symmetry, ,  and . 

The deformation of support link #1 due to force  can be written as: 

 

The deformation of the system of the coil under the force  is written as: 

 

The thermal deformation of the support links is given by: 

 

The length of the support link #1 at equilibrium is the vector length of D G, i.e. . 

Where, B D E A  is the coil after thermal contraction and moved by the  distance to 

satisfy the force equilibrium condition. 

Therefore, from deformation balance, we can write: 
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We can rewrite the above equation as: 

2.2

Similarly, from deformation balance, we can also write:

2.3

... 2.4

 
Where,  and  are the magnitude of the support forces for support #1 & #2 

respectively,  and  are angles of supports with respect to X-axis after cool-down,  

is the force in the vertical supports.  is the vector between points D  and G and is a 

function of .   is the vector between points E  and F and is also a function of .  

 is the support stiffness i.e. .  is the linear thermal contraction 

coefficient of support material,  is the length of each support, is the height of the 

helium chamber from the symmetry plane. 

Another method can also be taken to arrive at the same equations with a slightly 

different form. [44], one can write the deformation of 

the system in terms of the complementary potential energy as below: 

 

Differentiating with , we can write: 

 

We can also write that the total deformations happened due to thermal contraction 

for support #1 and the coil can be written as: 

 

And, the total deformations happened due to thermal contraction for support #2 

and the coil can be written as: 
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We can say that the total deformations happened due to thermal contraction is 

equal to the deformations due to thermal forces. Therefore, 

 

i.e. 

  

         2.5 

We can, therefore, solve equations 2.1 and 2.5 and find out  and . 

The cold-mass cools down from room temperature to liquid helium temperature. 

As temperature goes down, the contraction of cold-mass and support system results in 

thermal stresses in the support system. At steady state, the forces generated in the 

support system may shift the coil to reach an equilibrium condition. As the system of 

forces is indeterminate, both force equilibrium and deformation compatibility need to 

be satisfied for reaching a complete equilibrium of the system. The equations 2.1 has 

come from the force equilibrium and 2.2, 2.3, 2.4 have generated from deformation 

balance. The thermal forces generated within the system is always self-balancing, and 

hence equilibrium in the system is achieved by the shift of the coil. 

 

The model used is schematically illustrated in Figure 2.4. The structure is statically 

indeterminate; the method of force is applied to solve it. 

  

Figure 2.4: Model used for studying the effect of magnetic force (Fm). F1  and F2  are 

support reactions. 
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The steps of the analysis are listed below: 

a. The deformed geometry of the coil and support after cool-down is taken as 

input. 

b. Assumed that a small coil shift ( ), from the origin, has 

happened towards X-direction. The resultant magnitude of the magnetic force 

( ) on the coil for the corresponding coil shift ( ) is taken as input from the 

magnetic analysis [Figure 2.10]. A linear equation, 

, is fitted for this analysis, where  is the distance of coil center from the 

origin in meter. 

c. This configuration is an indeterminate system of forces. The force and 

deformation balance equations (2.5), (2.6) and (2.7) are solved for three 

unknowns, ,  and . 

d. The forces,  &  are added to the thermal forces and plotted in Figure 2.11. 

In equilibrium, we can write, , therefore, 

Again, the deformation of support under the force   is given by: 

 

At the equilibrium, the length of the support is given by the sum of the magnitude 

of the vector length of the support link, i.e.  and the coil shift, i.e. , . 

From deformation balance, we can therefore write: 

 

Similarly, 
 

2.8

Where,  and  are forces generated in supports due to applicatthe ion of magnetic 

forces on the coil.   is the magnitude of the resultant magnetic force on the coil as 

shown in Figure 2.4.  and are vector lengths of the support links after cool-

down. 
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In the case of FAIR dipole magnet, the resultant magnetic force in the coil is 

directed towards +ve X-direction. The force equilibrium in the system is achieved by 

small movement of the coil towards X-direction. 

 

The Energy Buncher dipole magnets for the FAIR project are of the super-ferric 

type in design [39]. They have a radius of 4.375 m, a maximum magnetic field up to 

1.6 T with uniformity within ±1.5 x 10-4 over an elliptical bore of size ±250 mm  ±70 

mm and an effective length of 2.43 m to bend ion beams by an angle 30 . This magnet 

system consists of mainly two sub-systems - cryostat and warm iron yoke. Cryostat, 

consisting of the vacuum chamber, radiation shield, and helium chamber, was 

designed for providing liquid helium environment to the epoxy potted Nb-Ti 

superconducting coil. The dimension of the iron core is shown in Figure 2.5. 

 

Figure 2.5 Dipole magnet iron assembly 

1.8 m 

2.9 m 

1.7 m 
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Figure 2.6 shows the cryostat. It has a helium vessel, inside which the coil is 

immersed, a thermal radiation shield cooled by cold helium gas, and an outer vacuum 

chamber surrounding the radiation shield. Twelve glass epoxy support links  four 

uppers, four lowers and four horizontal links  support the helium chamber. One end 

of the support links are connected with the liquid helium vessel and the other end to 

the outer vacuum vessel. End of the support links is provided with an adjustable nut 

for relaxing the supports during cool-down and movement of the coil for fine tuning 

the magnetic field accuracy after the field measurement. The helium chamber and 

thermal shield are multilayer insulated. All the support links and other port 

connections from room temperature to the liquid helium have cold helium gas cooled 

thermal intercepts to reduce heat load to the liquid helium. 

 

 

Figure 2.6 Cryostat for Energy Buncher dipole magnet - showing vertical and 

horizontal support links 

A small liquid helium storage vessel is attached on the top of the cryostat to 

facilitate insertion of current lead, liquid helium line, helium gas exit port, safety port 
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and instrumentation connections. Vapour cooled current leads is connected to the coil. 

This liquid helium vessel needs to be interfaced with the cryogenic lines as available 

at the site. 

The magnet requires close tolerance on the pole pieces and coil positioning (±1 

mm) for achieving the required field quality of ±3 x 10-4. The cryostat shown in 

Figure 2.6 consists of four upper vertical, four lower vertical and four horizontal 

support links to connect the helium chamber to the outer vacuum chamber. The 

support system is so designed as to minimize the coil shift and heat in-leak while 

keeping support stability and stresses within the limit. The coil size to be supported is 

about 3 m x 1.8 m. The lengths of the supports are taken as 0.3 m with thermal shield 

intercept at one-third of the length of the support from the warm end. 

For finding out the support forces and coil movement after cool-down, equations 

2.1, 2.2, 2.3 and 2.4 are first solved for the dipole magnet geometry. The cold-mass 

temperature is taken as 4 K, and the temperature of the ambient is considered as 293 

K. The geometry is then modified considering deformations and coil movement after 

cool-down and is taken as input in the analysis for magnetic forces. Equations 2.5, 2.6 

and 2.7 are next solved to find out support forces and coil shift. 

 

The 3D model of the coil, helium chamber (cold-mass) and support links were 

generated for the analysis in ANSYS [45] using ANSYS Parametric Design Language 

(APDL) as shown in Figure 2.7. The twelve-support links were modeled as straight 

rectangular section rods.  

All the support links were fixed at the warm end, and the temperature of the warm 

end is assumed to be at 293 K. It was also assumed that the cold-mass had reached the 

cold temperature and a temperature boundary condition of  K (temperature of 

the coil and helium chamber) was applied on all the nodes of the coil and helium 

chamber. Steady state thermal analysis was done for finding out the temperature 

distribution, and subsequent structural analysis was made for finding out force and 

deformations (shown in Figure 2.8). 
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Figure 2.7 ANSYS model of coil and support links for Energy Buncher dipole 

magnet 

 

Figure 2.8 Thermal deformations in the cold-mass of Energy Buncher dipole 

magnet found out using ANSYS 
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The support reaction forces were taken as the output of the analysis. The center of 

gravity (CG) of the coil and helium chamber was calculated using APDL command 

before solution and after solution and the CG difference between them is considered 

as coil shift. The coil shift, derived analytically and using ANSYS, is compared in 

Figure 2.9. It is seen that the coil moves in negative X-direction after cool-down and 

is dependent only on the geometry of the structure and material of construction 

irrespective of the support stiffness value. 

 

Figure 2.9 Comparison of analytical and ANSYS results of coil shift 

 

The support system optimization was done for the coil assembly using the 

analytical method. The geometry is taken from the magnetic analysis done to achieve 

the desired magnetic field uniformity [39]. The resultant magnetic force on the coil, 

obtained from magnetic analysis using ANSYS MSP formulation, for different 

distance of the coil center from the origin is plotted in Figure 2.10 and is taken as 

input the study. Virtual work technique is used for the computation of forces [46]. 

The fluctuations in the graph data are due to numerical errors of discretization. 
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The support stiffness was varied, and its effect on the support stress, coil shift, and 

heat load were plotted. Figure 2.11 shows a plot of the support force versus stiffness 

of each Ti-6Al-4V [47] support links after cool-down and subsequent energization of 

the magnet. It can be seen that the forces increase with the increase of support 

stiffness.  

 

Figure 2.10: Magnetic force ( ) vs. distance of coil center from the origin 

The forces monotonically increase in the support as the stiffness increases, though 

stresses vary differently. In this analysis, the stiffness of the supports is varied by 

increasing the cross-sectional area of the supports keeping the length constant. The 

reason is that there is not much play with the support length as the distance between 

the magnets are very close, and the support of two nearby magnets will interfere with 

each other if made much longer.  

When the magnet is energized, the support forces  decreases and  increases 

from its value after cool-down. The support stress  always decreases with the 

increase in support stiffness as the cross-sectional area increases while decreases. 

In contrast, the support stress  increases for an increase in support stiffness. In this 

case, both cross-sectional area of the support and  increase. The results in the 
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Figure 2.11 shows that  increases and this can happen if the rate of increase of  is 

more than the rate of increase of support cross-section . It is also seen that stresses 

are always very high because of large magnet geometry and this necessitates the 

loosening of the supports during cool-down to reduce stresses in the support links to 

keep it within the allowable limit of the material. 

 

Figure 2.11 Support force vs. support stiffness ( ) and ( ) are 

forces after coil energization.  and  are support stresses, calculated by dividing the 

forces with crosa s-sectional area of each support 

The total coil movement, , is calculated with respect to the mid-

point of the iron pole for varied support stiffness values (Figure 2.12). The peak areas 

are instability region where a small movement of the coil results in its uncontrolled 

movement that may cause support failure. This region moves on the higher stiffness 

side with the increase of the magnetic force value as the magnetic field is increased. It 

is therefore evident that stiffness value should be greater than 1.00E+07 for FAIR 

dipole magnet to avoid this region. 

The instability region for low support stiffness is shown in the graph as a sudden 

increase of coil movement (as seen in Figure 2.12 for  less than 1.0E+07 N/m for 
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B=1.6 T). The negative value of coil movement below this stiffness value is not 

showing the real result, it is only an artifact of numethe rical solution of mathematical 

equations. 

 

 

 

Figure 2.12: Coil center shift ( ) vs. support stiffness ( ) plot for highest (1.6 T) 

and lowest (0.16 T) magnetic field values. 
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The coil moves towards negative X-direction after cool-down and tries to move 

from negative to a positive direction as the resultant magnetic force is in positive X-

direction. The increase in support stiffness increases the stiffness of the system and 

thus results in less coil shift from the point, where it was after cool-down. At a large 

stiffness value, the coil should stay at the same location, where it was after cool-

down. At the lower magnetic field, the magnetic forces are not large enough to move 

the coil towards positive X-direction, and hence the coil stays close to the point, 

where it was after cool-down (as shown in Figure 2.13 as a graph for B=0.16 T). 

 

Figure 2.13: Coil shift and heat in-leak vs. support stiffness 

The heat in-leak through each support to liquid helium is calculated using the 

following equation [48]: 

            2.9 

Where,  is the heat in-leak,  the area of support,  the length of support,  is 

the thermal conductivity of support at temperature  [47]. It is assumed that the 
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intercept is at  length of the support link and the temperature of the support is at 

80 K. The heat in-leak increases with the increase of support stiffness due to the 

increase in support link cross-sectional area.  

Figure 2.13 shows a set of graphs of coil shift and heat in-leak per support for the 

magnet. The plot is shown beyond the instability region from a minimum  value of 

1.00E+07 and for ± 0.5 mm range for movement of the coil. A point is marked in the 

plot (dotted line) where the coil movement is almost zero for B=1.6 T magnetic field. 

At this point (   1.5E+07 N/m), the maximum coil movement is 0.2 mm for 

B=0.16 T operation of the magnet and heat in-leak is a little over 40 mW per support. 

For minimum magnetic field (0.16 T), the magnetic force is small, and the coil 

remains at the position where it was after cool-down. 

 

It is important to place the coil at the right position during assembly with respect to 

the poles to keep it at the desired location even after cool-down and coil energization.  

Figure 2.14 shows a plot of coil movement with different initial positioning error 

( ) of the coil. It is seen that the initial position is very important to achieve the 

desired accuracy of coil position after cool-down and coil energization. The FAIR 

dipole coil is to be placed with an accuracy of ± 0.2 mm to achieve the desired 

positioning accuracy of ± 1 mm, even after energization. 

It seems that initial alignment of such a large coil with an accuracy of ±0.2 mm is  

challenging. Some special methodology is to be called for doing this. It may be 

possible to align the coil for different excitations forgetting initial position to achieve 

the required field uniformity by some external adjustment nuts. This method would be 

a very tedious task requiring magnetic field measurement at different excitations. A 

force balance technique, in which the support reaction forces are measured, and coil 

centering is done by balancing this force by moving the coil [49], looks more effective 

way to deal with the situation. 
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Figure 2.14 Effect of initial positioning ( ) of the coil with respect to the center of the 

iron pole piece 

 

The analytical solution presented here is used to study the coil support structure of 

a large aperture dipole magnet. It is noticed that the coil positioning accuracy can be 

obtained within ± 1 mm in all excitation levels. The coil needs to be initially aligned 

with an accuracy of ±0.2 mm to meet the final positioning requirement. It is also 

required to relax the support link tensions during cool-down of the magnet to keep 

support stresses within the allowable limit of the material. This methodology has the 

potential for application to other geometries of the magnets. Extensive study has been 

carried out for the superconducting solenoid magnet and is presented in Chapter 3. 
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Chapter 3 
Support system for 

solenoid magnet 
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Chapter 3 

3. Support System for Solenoid Magnet 
 

Superconducting solenoid magnets are in use in various devices, such as 

accelerator magnets, MRI, tokamaks, and so on. Solenoid magnets, being symmetric, 

have unique advantages over other shapes.  They are easy to design, as magnetic 

forces can be balanced for its inherent symmetries. Moreover, the magnetic field 

accuracies are also more comfortable to obtain and easy to build. The support 

structures of the solenoid magnets are also relatively more straightforward because of 

its symmetric coil structure. Support links are one of the most used support systems 

for the solenoid magnets [14], however, several other kinds of support systems are 

also designed. 

 
 

In general, the solenoid magnet coils are symmetrical with an iron pole and yoke. 

Typical geometry of a solenoid is shown in Figure 3.1. The coils are wound around a 

bobbin, which acts like a liquid helium chamber and support links hang it from an 

outer vacuum chamber (not shown in the figure). 

 

Figure 3.1 Typical geometry of a superconducting solenoid magnet [50] 
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The main magnet of Superconducting cyclotron at VECC is a 1.42 m diameter [51] 

warm bore superconducting solenoid magnet having 80 T magnet iron around it [52]. 

The magnet cryostat houses a superconducting Nb-Ti coil at liquid helium 

temperature (4.5 K). The coil is wound on a stainless-steel bobbin. The bobbin is 

closed by welding an outer wall to it, forming a closed liquid helium chamber.  The 

bobbin is supported by nine support links inside the outer vacuum chamber  six 

vertical (three each in upper and lower side and three horizontal [Figure 3.2]. All the 

vertical support links [Figure 3.3] are identical in length, while one out of three 

horizontal support links [Figure 3.4] is shorter in length. One end of the support links 

is fixed to the liquid helium chamber while the other end is attached to the outer 

vacuum chamber. There is an intermediate liquid nitrogen shield intercept connected 

to each support links. The material of the support links is glass-epoxy. Vertical 

supports are numbered as #1 to # 6, and horizontal supports are number as #7 to #9 

respectively. The individual support numbers are used where each support link force 

vary between them. 

 

Figure 3.2 Coil support system for the superconducting cyclotron, showing upper, 

lower vertical support links and horizontal support links. 
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Figure 3.3 Vertical support link 

 
 
 

Figure 3.4 Horizontal support link 

Both the horizontal and vertical support links have an adjusting nut connected to 

the warm end to loosen or tighten the support as and when required. 
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A general free body diagram of the coil with its support links is shown in Figure 

3.5 (a) and (b). The cold-mass (coil and its bobbin) along with the support links 

contract during cool-down and manifest as forces in the support links. The coil may 

also move from its room temperature position if the coil or its support structure is not 

symmetric [53]. 

             

   (a)                  (b) 

Figure 3.5 The free body diagram of the solenoid coil along with the (a) horizontal 

and (b) vertical support links 

The Lorentz force ( ) on the coil is always symmetric for a solenoid magnet and 

hence would be balanced in all condition. However, in iron core solenoid magnets, the 

force due to iron can produce a resultant force on the coil ( ) due to any vertical or 

radial asymmetry in the system. The asymmetry can come due to iron shape, coil 

position in the iron, due to initial alignment error or thermal movement, etc. The 

magnetic force on solenoid will have radial and vertical component, while any 

azimuthal component may be ignored due to inherent symmetry. The cold-mass can 

be supported by n number of support links, while it is necessary to have at least three 

horizontal support links, three upper vertical support links and three lower vertical 

support links to restrict all six degrees of freedoms. 
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The vertical support links have to take the weight of the cold-mass (mg) along with 

the resultant vertical magnetic force (Fmv) if any due to the vertical coil shift. The 

horizontal supports provide rigidity against the resultant radial magnetic force (Fmr). 

There is also load due to thermal contraction acting on the support links, as the magnet 

coil is cooled down to cryogenic temperature for its operation. 

It is seen from Figure 3.5 that the system of force is indeterminate. The method of 

force is applied to find enough equations for the equilibrium condition. 

The assumptions are: 

1. The coil is cooled to its operating temperature (e.g., liquid helium 

temperature), and the temperature is uniform throughout the coil. 

2. All stresses are within the elastic limit of the materials 

3. Horizontal links always remain horizontal, and vertical links remain vertical. 

4. All stresses are within elastic limit, so the principle of superposition is used for 

thermal and magnet stresses. 

 

In general, the support links are made of low thermal conducting materials, like 

glass epoxy, CFRP, Ti and Ti alloys, etc. [7] [11] [12] [13]. One ends of the support 

links are fixed with the outer vacuum chamber, which always remains at room 

temperature (about 300 K). Whereas the other ends are hinged with the bobbin at 4 K. 

In between two ends of the support links, liquid nitrogen/helium gas cooled thermal 

shields are attached for heat interception. A typical support link configuration is 

schematically shown in Figure 3.6. 

 

 

Figure 3.6 Schematic diagram of the support link 
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The temperature distribution in support links varies along the length  and  in 

two different steps. For simplifying the calculation, linear temperature distributions 

are assumed for  and  length of support links as shown in Figure 3.7. 

 

 
Figure 3.7 Temperature distribution along the support links.  is the ambient 

temperature, is the cold-mass temperature and  is the intercept temperature

The following equations can represent the temperature distribution along the length of 

support link: 

,  ( ) 3.2 

 
Contraction of support links length due to temperature decrease: 

 

                3.3 

Contractions of mean radius and height of the bobbin due to temperature decrease is 

given by: 

          3.5 
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The horizontal support links are fixed with the outer periphery of the bobbin at 

120o apart from each other, shown in Figure 3.8 (a).  

                                                      

(a)                                                                             (b) 

Figure 3.8 Freebody diagram of the bobbin (a) with horizontal support links, (b) 

with vertical support links 

Change in support link length due to the thermal force is given by : 

   3.6 

 
Change in bobbin mean radius due to thermal force is given by (where k = 7,8,9):

              3.7 

 
The stiffness of bobbin against horizontal support link force may be calculated (refer 

Annexure 2 for details) and found to be: 

   3.8 

Where, 
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and,  

Therefore, for three horizontal support links at the equilibrium condition, the 

following equations are true: 

                    3.9 

         3.10 

3.11 

     3.12 

Equation 3.9 comes from the equilibrium of force. Equation 3.10, 3.11 and 3.12 is 

deformation balance equations for three support links. From these four equations, 3.9, 

3.10, 3.11, 3.12, the horizontal link forces (F7, F8, F9), the shift of the coil center (d) 

and the direction of shift ( ) can be determined by iteration. 

Another method for finding out the same equations in a different form is using 

. The complementary potential energy of 

the system can be written as: 

 

Now, the deformation of the system is given by: 

 

Here, it is assumed that:
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Where  is equal to the total thermal deformation of the system at the supports, i.e. 

 

We can therefore write, 

 

          3.13 

Solving equations 3.9 (two equations) and 3.13, we can also find out , , and . 

 

It is assumed that the upper three vertical support links equally share the total 

weight of the bobbin. During cool-down, a thermal force will develop in vertical 

support links and bobbin along its longitudinal direction, due to shrinkage in length 

with decreasing temperature shown in [Figure 3.8 (b)]. 

Therefore, the total load during cool-down in the upper support link #1, #2 and #3 

can be determined by:

   ... 3.14 

    ... 3.15 

 

A detail 3-D finite element analysis was carried out using ANSYS [45] for finding 

out temperature distribution, support stress, and coil movement. The temperature 

distribution on support links and bobbin was determined in the first step by thermal 

analysis. The force and deformation were found out in the second step by coupling the 

thermal results into the structural analysis. 

In thermal analysis, the convection heat load is neglected, as the support links are 

located inside the vacuum chamber. The room temperature end of the support links is 

always maintained at ambient temperature (300 K), and the other end temperature is 

reduced to 4 K during cool-down. It is assumed that the temperature of the thermal 
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shield is maintained at a temperature of 100 K. Temperature-dependent material 

properties were used for this analysis [47] [54]. 

 

Figure 3.9 Temperature distribution along the length of support link determined 

using ANSYS 

 

Figure 3.10 Contour plot of the temperature distribution after cool-down
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The temperature distribution was determined using ANSYS [45] and is plotted 

along the length of support links as shown in Figure 3.9. A contour plot of the 

temperature distribution is also shown in Figure 3.10. In the subsequent structural 

analysis, earth gravity was considered to include the effect of the weight of the bobbin 

assembly. The reaction forces on all support links and deformation in bobbin assembly 

were found out after the post-processing of the results. 

 

The warm end of each support links is equipped with a strain-gauged stud to 

measure the strain in the support links. The specifications of the strain-gauged studs 

are ST-FB 5/8  - 11 NC x 5  (120 ohm/200 F) and ST-FB 1  - 8 NC x 7  (120 

ohm/200 F) [55] for horizontal and vertical support links respectively. The rated load 

for horizontal studs is 6800 kgf (15000 lbf), and vertical studs are 20400 kg (45000 

lbf). These studs were calibrated by Strainsert Dead Weight Calibration Device and 

were certified by M/s Strainsert. The strains are measured with model 6100 scanner. 

The strain reading can be converted into force using the calibration factor and 

assuming a linear relationship between strain and force. The specified non-linearity of 

the gauges is ± 1% of the allowable load, and non-repetition is ± 0.1% of F.S. 

The coil was equipped with silicone diode temperature sensors. During the 

cooldown of the magnet, the temperature of the coil and the support link forces were 

recorded. 

 

Equations 3.9 to 3.12 and equation 3.13 were solved considering the geometry of 

the coil structure for K500 superconducting cyclotron. Temperature-dependent 

material properties were used in the analysis. The forces developed in horizontal and 

vertical support link were calculated with decreasing the bobbin temperature and is 

shown in Figure 3.11. 

From Figure 3.11, it can be found that the maximum horizontal and vertical support 

link forces may rise to 9.849 x 104 N and 10.1 x 104 N during cool-down. The 

allowable load for horizontal support links is 6.8 x 104 N (6800 kgf), smaller than the 

maximum calculated force. Therefore, the horizontal support links needed adjustment 

(loosened) during cool-down to protect them from breakage. However, the vertical 
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support links required no change since the allowable load for vertical support links is 

20.4 x 104 N (20400 kgf), much higher than the calculated force. 

 

Figure 3.11 Analytically calculated forces in horizontal (#7, #8, #9) and vertical 

support links (#1, #2, #3) 

 
The maximum and minimum load limits used during the operation, for horizontal 

support links, was kept as 3 x 104 N and 1.5 x104 N respectively. An empirical relation 

[Figure 3.12] was obtained keeping the force limits and considering full adjustments 

(i.e., after each adjustment, near minimum load in supports are achieved), which is 

represented by the following equation: 

 

(for 1.5 x 104 N < < 3 x 104 N)  3.16 

The horizontal support link forces are derived as a function of temperature from the 

equation 3.14 for different adjustments considering the load limits and are plotted in 
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Figure 3.12. It shows that six full adjustments (loosening) are necessary at 260 K, 225 

K, 190 K, 160 K, 115 K and 55 K temperature. The measured forces in the horizontal 

support link are also plotted in the same figure.  

It can be seen from the experimentally measured data in Figure 3.12 that five full 

and two half (total six full) adjustments were necessary for the horizontal support links 

during its cooldown. The half adjustments were given early to avoid the inconvenient 

timing of adjustment.  

 

Figure 3.12 Comparison of calculated horizontal support link force (#7) with 

measured data of #7 support link

It the figure, there is a difference between calculated and measured force values at 

the starting point. This difference is because of the pre-stress in the support links, and 

the initial value of the horizontal support link force was 1.8 x 104 N instead 1.5 x 104 

N. Figure 3.13 shows the comparison between calculated and measured values of 

upper vertical support link force during cool-down. The initial values do not match 

well, which may be due to an error in measured data or FEM results as the contraction 

values are minimal at a higher temperature. 

Since one of the horizontal support links is shorter in length than the other two, the 

center of the coil will also shift during cool-down, in the direction of short support link 
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because of its higher rigidity. Figure 3.14 shows the movement of the coil center with 

decreasing temperature of the bobbin. It can be seen from the figure that the center of 

the coil would shift by 0.384 mm when the coil reaches at 4.5 K temperature. 

 

Figure 3.13 Comparison of calculated upper vertical link force (#1, #2, #3) with 

measured data 

 

Figure 3.14 Shift of the coil center with decreasing temperature 
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The analytical, ANSYS results and measured data for support links force and shift 

of coil center are compared in Table 2. The ANSYS model considered the same 

loading conditions and same assumptions that are used in the analytical study, i.e. (a) 

temperature of the coil has reached coil operating temperature (e.g., liquid helium 

temperature) and uniform throughout the coil, (b) the horizontal links remain 

horizontal, and the vertical links remain vertical. All the boundary conditions are 

applied accordingly. It may be noted that measured data for horizontal support links 

shown are cumulative forces measured before each adjustment during cool-down. It 

may also be noted that it was not possible to know the shift of the center of the coil as 

there were no measurements available for it. 

Table 2: Comparison of analytical and ANSYS results with measured data 

Parameter 
(Unit) 

Analytical 
(1-D model) 

ANSYS 
(3-D model) 

Measured data 

Horizontal Link force (N)
(#7, #8, #9) 

9.849 x 104 

9.849 x 104 

9.844 x 104 

12.6 x 104

12.5 x 104

13.5 x 104

9.44 x 104 

9.22 x 104 

8.18 x 104 
Vertical 

Link force (N) 
(#1, #2, #3) 

1.01 x 105 10.2 x 104

10.4 x 104

9.59 x 104

10.2 x 104 

11.4 x 104 

9.95 x 104 
Shift of coil center (mm) -0.384 -0.379  

 

 
 

In a solenoid magnet, the magnetic force (Lorentz force) in the coil is always 

balanced because of the inherent symmetry in coil structure. However, in the case of 

the iron core magnet, magnetic interaction between the iron yoke and coil takes place. 

The axial and radial placement of the coil with respect to the iron results magnetic 

forces between them [56] that varies with the radial as well as the axial shift from the 

symmetry plane [57]. The coil must be well centered with respect to the outer yoke to 

eliminate the asymmetry force and to avoid magnetic field imperfections [58]. 

The Lorentz force in the coil results in radial expansion of the coil due to magnetic 

hoop stress and the radial support link forces uniformly decrease with the current. The 
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unbalanced radial force due to coil shift is generated by  interaction and is 

directed towards a radial direction. The radial force is unstable and extremely large at 

higher current. This may result in uncontrolled deformation of the supports and can 

damage to the cryostat and the coil [59]. The vertical axial force generated by a radial 

component of the magnetic field is stable and it comes out to be small relative to the 

radial force.

 
 

The resultant magnetic force on coil varies with the shift of the coil from the axis 

and is a function of current. In this discussion, let us take into consideration that the 

coil has a shift in the radial direction for an iron core solenoid. 

The interaction of iron and the coil may be calculated by image-current method. 

Figure 3.15 shows the model used for a general solenoid magnet with iron pole and 

yoke. It is assumed that the poles have become saturated, which is true for all high 

field superconducting magnets, and do not produce any radial magnetic force on the 

coil. 

 

A model depicted in Figure 3.15 that is used to calculate the magnetic force on the 

superconducting coil. 

The dipole moment of the coil,  

 

The dipole moment of the image coils,  

 

The magnetic field at any point P from the center of the coil [60] in a spherical 

coordinate system (shown in Figure 3.16) for  is given by: 
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Figure 3.15 Image current model for an iron core solenoid magnet 

 
 

 

Figure 3.16 Co-ordinate system and variables used for the magnet 

For the image-coil at right in Figure 3.15 the magnetic field at its center (point P1) 

is given by: 

 

The magnitude of the force on the right-side image coil is given by: 

 

r 



61 
 

The magnitude of the force on the left-side image coil at its center (point P2) is 

given by: 

 

Where the distance from image coil is , i.e., the left side image coil is placed 

 distance apart than the right-side image coil from the center of the coil. 

The net force on the image coils or the iron is 

 

The force exerted by the iron on the coil is thus  

 

Hence, the force exerted on the coil by the iron is given by, 

 

This equation was not used here to calculate the magnetic force due to substantial 

variation found in magnetic force value by this equation and the measurements. 

 
 

The radial Lorentz force per unit perimeter of the coil is calculated considering a 

uniform current density ( ) in the solenoid and integrating , the axial component of 

the magnetic field, over the cross-section of the coil, as shown below. 

    3.17 

The radial force due to coil-yoke interaction is directly related to the radial gradient 

of the Z component of the magnetic field at the coil region. The calculated field 

gradient is taken from the magnetic analysis code (POISSON) for the K-500 main 

magnet configuration. As the r is infinitesimally small, the radial outward force is 

approximated by [57], 

  3.18  

The integration is performed for the full cross-section of the coil.  



62 
 

 

A model was developed for analyzing the effect of the magnetic force on support 

links. The forces on the support links will get reduced with the increase of current due 

to the expansion of the coil and bobbin under the Lorentz force. The coil also sees the 

resultant magnetic force acting between the iron yoke and the coil and depending on 

the direction of the force; the support forces may increase or decrease due to this 

force. 

The model made for analysis is shown in Figure 3.17 (a), where,  denotes the 

Lorentz force per unit perimeter of the coil and  denotes the resultant magnetic 

force acting on the coil due to yoke-coil interaction, while  is the direction of the 

force .

The assumptions are: 

1. There is no coil offset in the vertical direction. 

2. The vertical support links remain vertical, and horizontal support links remain 

horizontal, i.e., there is no interaction between the horizontal and vertical 

support link forces. 

3. The deformations are less compared to the size of the coil. 

4. The magnitude of the net magnetic force (  acting on the coil is much less 

than the Lorentz force on the coil. Hence, the deformation of the coil under the 

is neglected. 

5. The system of horizontal supports acts as a couple linear system of a parallel 

concatenation of elements. [61] 

In case of parallel spring system, the forces distributed in each of the springs can be 

calculated in several ways, (1) by solving the force and deformation balance 

equations, (2) minimization of the complementary potential energy of the system or 

(3) by minimizing the deformation of the system [61]. Method (2) and (3) are different 

forms of the same equation. A three-spring system is analyzed for comparison of the 

methods and is detailed in Annexure-5. Here you can see that the above three methods 

finally arrive at the same equations, even though the approaches are different. It may 

also be noted that method (2) and (3) are in general applicable to all systems with very 

small deformations and these methods are very much useful for analysis of complex 
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systems where it is complicated to calculate the deformation balance required by 

method (1). 

 (a) (b) 

Figure 3.17 (a) Analytical model for magnetic force on the coil, (b) a small 

azimuthal cut of the coil under Lorentz force w, T is the tensile force generated in the 

coil due to the Lorentz force in the coil 

The force equilibrium equations for the model shown in Figure 3.17 (a) are given 

below: 

, i.e. 

3.19 

, i.e. 

 

3.20 

As the system of forces is [44]  was used 

for finding out the third equation, as detailed in the following equations. 

Complementary strain energy of the system is given by: 
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3.21 

Where, , ,  are the support stiffnesses,  is the cross-sectional area of the 

bobbin and   , 

 and  are forces in the corresponding support link. T is the tensile force generated 

in the coil due to the Lorentz force in the coil. 

nd theorem [44], we can write, 

 

3.22 

From Figure 3.17 (b), we can write,  

 

3.23 

 

3.24 

Where,  is the radius of the bobbin and  is the deformation of the bobbin-coil 

assembly under Lorentz force. 

It is now assumed that since ,  and  are at an angle  with each other and 

are at equilibrium. Therefore, it can be assumed that any small change in  will cause 

equal changes in and . So, 

 

 

3.25 

It may also be assumed that the forces in  sector of the coil perimeter is 

completely transferred to the nearest support and we can write, 

 

3.26 
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Or, we can say from equation (3.23) 

 

3.27 

Therefore, 

 

3.28 

Substituting equation (3.25) and (3.28) in equation (3.22), we can write, 

 

3.29 

[61] 

applicable to any parallel concatenation of spring elements (details of derivation is 

explained with three parallel springs in Annexure-5), one can say, 

 

So, we can, therefore, write from equation (3.29), 

 

3.30 

The unknowns of the equations, F7, F8 & F9 are solved using equations (3.19), 

(3.20) and (3.30) for finding out the support forces. The evolution of equations is 

detailed in Annexure 4. 

 

The geometry of K500 superconducting cyclotron at Kolkata [62] and its support 

system was used for analysis. Magnetic forces, calculated by equation 3.17 and 3.18, 

were taken as input the problem. Equation 3.18 was solved assuming a coil shift ( ) 

of 1 mm towards 0 with respect to the X-axis. Equations 3.19, 3.20 and 3.30 were 
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solved to find out the support reaction forces ( ,  & ) in the three-support links. 

There were pre-stresses in the all the three-support links due to the initial tension and 

subsequent cool-down. The forces were being measured by the strain-gauges studs. 

When the measured pre-stress values were added with the calculated support forces 

( ,  & ), the plot of the calculated support forces ( ,  & ) and the measured 

support forces vs. current in the coils looks like one shown in Figure 3.18. It can be 

clearly seen that the support force rises, while the calculated force drops, as  acts 

towards support #7. The support reaction forces do not match with the measured value 

by nature. The reason is very evident that the assumed direction of the magnetic force 

is not correct. 

 

Figure 3.18 Horizontal link force at coil shift of 1 mm at 0  angle  

(anticlockwise from X-axis in Figure 3.17) 

A few trials with the amplitude and angle of magnetic force, a plot could be 

generated as shown in Figure 3.19. With a coil shift of 1.2 mm at 210 , the variation 

of the calculated forces in the support links with current nicely resembled the variation 

measured.  
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Figure 3.19 Horizontal link force for coil shift of 1.2 mm at 210  angle  

(anticlockwise from X-axis in Figure 3.17) 

 

Some magnets, like superconducting cyclotron magnet at Variable Energy 

Cyclotron Centre, by design, are not stable under magnetic forces and may result in 

unrestricted movement of the coils if they are not correctly centered within the iron 

yoke [63]. The centering of the coils is thus an essential part of the design of the 

magnet as well as an important activity during the first energization of the magnet. P. 

Miller et al. [63] reported the coil centering of the K500 Magnet at Michigan State 

University by balancing forces in the support links. A trial-error method for coil 

centering was published by M. K. Dey et al. [49] for the Kolkata Superconducting 

Cyclotron Magnet. H. Blosser et al. [59] reported the failure of support link bolt in the 

K500 superconducting cyclotron magnet during energization. It has also been said that 

in superconducting magnets, the coil may move from its initial aligned position after 

cool-down due to asymmetry in the coil design or its support systems [53]. The actual 

location of the coil after cool-down is completely unknown as the initial positioning 

error adds up with the thermal movement of the coil and not measurable inside the 
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welded outer vacuum chamber. It is, therefore, necessary to center the coil correctly 

inside the iron yoke to avoid failure of the support system under high magnetic force 

[59] as well as to achieve the required magnetic field accuracy [63]. L. Wang et al. 

reported [14] self-centering support system to avoid the coil shift during the cool-

down process. 

The rise of the measured support force F7 and fall of the other two (F8 &F9) in 

Figure 3.19 indicate an initial coil shift. The calculated and measured forces are 

shown in Figure 3.19 that agrees with each other and predict a coil shift of about 1.2 

mm at an angle of 210 . 

The horizontal support link nuts were rotated to give movement to the coil so that 

the coil shift can be reduced. After each move, the values of support link forces with 

an increase in current were noted. After several movements, it was seen that the 

variation of force in the support link #7 almost became flat up to 450 A current, after 

which a rising trend was observed. This measured data of the experiment are plotted 

in Figure 3.20 along with the calculated force in support links for a coil shift of 0.8 

mm towards 210 . The calculated results closely follow the measured values. 

 
Figure 3.20 Horizontal link force for coil shift of 0.8 mm at 210  angle
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It has been tried to correlate the movement given using support nut with the 

calculated support forces. The coil movement given by adjusting the support nuts 

during several iterations were vectorially added and found out to be 0.8 mm at 33  

angle. If we assume a 1.2 mm initial coil shift towards 210  angle, then after the 

adjustments, the remaining offset is 0.4 mm at 203 . The calculated offset, 0.8 mm at 

210 , does not match with the shift result. The reason for this may be that the same 

movement of the coil may not have wholly reflected in the actual movement given in 

the nut due to additional internal stiffness came from the attached plumbing lines with 

the bobbin [63]. The other reason may be that the magnetic forces are underpredicted 

by the equation 3.18. 

 

An analytical model for studying the support system force and coil movement 

during cool-down and energization of the superconducting magnet was developed. 

The calculated support link forces during cool-down are compared with both the FEM 

results and measured values for K500 superconducting cyclotron magnet. It is found 

that the predicted forces are in excellent agreement with the FEM results. The 

estimation of the shift of the coil center due to cool-down was also found out from this 

analysis. It is a significant parameter for energization of the superconducting magnet. 

If the coil centering is not done correctly, then it may cause a sudden rise of the 

magnetic force on the horizontal support links during energization. 

An analytical model for calculating support forces during energization has also 

been developed, and the support forces were calculated for K500 superconducting 

cyclotron for different current in the coil. The prediction from the present model 

agrees very well with the experimental data taken during energization and is useful for 

coil centering. 
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Chapter 4 

4.     Proton irradiation studies on support link materials 
 

The cryogenic supports are used for superconducting magnets and RF cavities that 

are essential parts of large accelerators. These supports are designed with different 

configurations and varied materials [14], [25], [35], [64] for various kinds of 

superconducting magnets, like dipoles, solenoids, multipoles, superconducting 

cavities, etc. The structural materials for supports should have low thermal 

conductivity and high tensile strength [7]. Epoxy fiberglass composites, carbon fiber 

reinforced plastic [7], Ti and its alloys [12], [13], etc. are among the structural 

materials for supports in cryogenic systems. Tie rods made of Ti-5Al-2.5Sn extra-low-

interstitial grade titanium alloy were selected to support the cold-mass of the Barrel 

Toroid of a Toroidal Large Hadron Collider Apparatus (ATLAS) detector and the 

solenoid of a Compact Muon Solenoid detector [12], [13]. 

Superconducting magnets used in accelerator and detector applications are 

subjected to exposure to nuclear radiation. Radioactivity in accelerator components 

may be induced directly by primary radiations and photonuclear reactions and 

indirectly by secondary particles (neutrons, protons) originated in the same reactions 

[65]. The radioactivity induced by primary radiation/photons is confined within a 

limited region of space. On the other hand, the radioactivity induced by secondary 

radiation is distributed in space according to their own penetrating power [65]. The 

lifetime of an accelerator may be considered to be about 25 30 years. During the 

operation, sometimes there may be a considerable beam loss which will result in the 

generation of high energy neutrons due to nuclear reactions. These neutrons may 

cause irradiation damage of the surrounding structural materials. The radiation 

damage essentially refers to the lattice disorder caused due to elastic collisions of 

bombarding particles and solid material atoms which result in significant changes in 

the microstructure of the materials. The cumulative damage with radiation exposure 

during its operation lifetime causes gradual but permanent changes in the 

microstructure. This exposure, in turn, affects the physical and mechanical properties 
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of the materials, which limit the performance of the structural components such as 

cryostat, support structures, etc. in a radiation environment [66]. 

The irradiation damage study is done to do rapid testing of materials under 

irradiation for emulating the long-term irradiation effects. Irradiation damage is a 

process in which primary knock-on atoms (PKAs) induced by energetic particles' 

bombardment with the target material come to rest in the crystal lattice as an 

interstitial, which involves the creation of point defects. Due to the diffusion of these 

isolated point defects, these are agglomerated and forms defect clusters. A significant 

part of the defects annihilates due to the recombination among them and also in the 

possible sinks. The equations give the final survival rate of defects (vacancies and 

interstitials): 

 

4.1 

 

4.2 

where  0 with very high sink density. 

K0 - defect production rate  

Kiv - vacancy-interstitial recombination rate coefficient 

Kvs is the vacancy-sink recombination rate coefficient 

Kis is the interstitial-sink recombination rate coefficient, 

Cv and Ci are the concentration of vacancies and interstitials  

Dv and Di are the diffusion coefficient for a vacancy and an interstitial. 

The solution of the above equation gives 1 = (K0-Kiv)-1/2 and 2 = (KisCs)-1, where 1 

is the characteristic time up to which the linear build-up of defect concentration occurs 

and 2 is the time to achieve quasi-steady state.  

These equations are valid for both neutron and proton irradiation, as both the 

processes are involved with the defect production. With ion irradiation, the rate of 

production of defects is almost higher by two orders of magnitude. In a post-

irradiation test programme (for both neutron and proton), it is only the final state of 
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the material that is important in the determination of equivalence between the 

microstructure and not the path is taken.  

Ti-6Al-4V alloys show very high tensile strength and sufficient elongation at low 

temperature (15% at 77 K) [67] and is a candidate material for cryogenic support in 

accelerators [12], [13]. The thermal conductivity of Ti-6Al-4V is always lower than 

stainless steel in the temperature range of 300 K to 20 K [54]. The radiation 

environment of the accelerators may make these support materials susceptible to 

radiation damage. Therefore, it is interesting to study the effect of radiation damage on 

the microstructure and mechanical properties of Ti-6Al-4V. However, their use 

requires careful attention to their crack tolerance at cryogenic temperature [68], [69]. 

Ti 6Al 4V alloy has also been used extensively for other various applications in 

aerospace and other industries due to its excellent general properties like low elasticity 

modulus, high resistance to impact loading, high strength to weight ratio, low density, 

and low thermal expansion coefficient. The database in unirradiated condition on 

physical and mechanical properties of this alloy is mostly available [70] and [71]. Ti 

alloys are sensitive to neutron irradiation, and even a relatively low dose of irradiation 

may cause in degradation of ductility and fracture toughness [72], [73], [74]. 

Extensive literature is available on the irradiation studies of -titanium alloys. The 

irradiation effects on (  + ) Ti 6Al 4V alloy are limited particularly at low dpa [75], 

[76], [77], [78], [79], [80]. Here, we have carried out the irradiation of pure Ti (  Ti) 

and Ti-6Al-4V (  +  alloy) using proton beam from the Variable Energy Cyclotron, 

Kolkata, India to understand and compare the evolution of defects in both the 

materials at different doses. The changes in microstructure and microhardness as a 

function of doses have been characterized by X-ray diffraction line profile analysis 

(XRDLPA) and micro-indentation techniques respectively. X-ray line profile analysis 

is an effective and a non-destructive technique to characterize the microstructure of 

the deformed and irradiated alloys ( [81], [82] [83], [84], [85], [86], [87], [88], [89], 

[90], [91]). In the present paper, different model-based approaches like Simplified 

breadth method [92], [93], [94], Williamson-Hall technique [95], Modified Rietveld 

method [96], [97], [98] and Variance method [83], [84], [85] have been used to 

characterize post-irradiated microstructural parameters like domain size, microstrain, 

dislocation densities as a function of irradiation dose in pure Ti and Ti-6Al-4V. 



75 
 

Microhardness of the unirradiated and irradiated samples has been measured by 

Vickers hardness tester. 

In this study, we have investigated the effect of various levels of proton irradiation on 

solid samples cut from sheets of annealed materials, namely Titanium and Ti-6Al-4V. 

Post-irradiation, we obtained the X-ray diffraction data (I vs.  both 

unirradiated and irradiated samples. The microstructure has been characterized by X-

ray Diffraction Line Profile Analysis (XRDLPA). 

The materials for this study are pure Ti and Ti 6Al 4V sheet with a thickness of 

1.5 mm. The alloy has a nominal composition of Ti 5.8%Al 4%V 0.08%Fe

0.03Si% 0.02%C 0.16O% (in wt.%) and is processed by a conventional rolling route. 

Samples of size 20 x 20 mm2 were cut from the sheets of stress relieved pure Ti and 

annealed Ti-6Al-4V alloy. These samples were mounted on an aluminum flange 

[Figure 4.1], as used in other irradiation experiments at VECC, and covered with an 

aluminum foil of thickness 100 µm, which was used as a beam degrader. 

    

Figure 4.1 Flange for mounting irradiation target 

Proton Irradiation was carried out using beam from Variable Energy Cyclotron 

(VEC), Kolkata [Figure 4.2]. The incident energy of the proton on these samples was 

7 MeV after degradation. The irradiation doses were 1 x 1020 p/m2, 7 x 1020 p/m2, 4 x

1021 p/m2 and 5 x 1021 p/m2 (we refer proton/ m2 as p/m2 throughout the paper). The 

dose level in dpa was calculated using SRIM-2000 [99]. A continuous flow of water 

cooled the flange. As a result, the temperature of the sample did not rise above 313 K 

as measured by the thermocouple mounted near the sample. The setup mounted on the 

beamline is shown in Figure 4.3. 
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Figure 4.2 Variable Energy Cyclotron 

 

 

Figure 4.3 Irradiation setup mounted on the beamline 

X-ray Diffraction (XRD) profile for each irradiated sample has been collected by 

Bruker D8 Advance X-ray diffractometer [Figure 4.4] with LYNXEYE detector [100] 

using CuK  radiation. The range of 2  was from 35 to 90 and a step scan of 0.02

was used. The time per step was 1 s. 
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Figure 4.4 Bruker D8 Advance X-ray diffractometer

Microindentation method was used to measure the microhardness values of the 

unirradiated and irradiated samples. Vickers hardness (HV) values were measured on 

the irradiated surface using DuraScan-70 [101] hardness tester [Figure 4.5 (a)]. A load 

of 500 gf was applied on the sample for 20 s to determine the hardness. Seven 

indentations were carried on the irradiated region of a sample. A gap of about 1 mm 

was maintained between two successive measurements. Average microhardness value 

for a sample was determined by averaging hardness values measured at seven distinct 

locations. The value is obtained from 

the measure of the impression  diagonals of the impression of the indenter 

[Figure 4.5 (b)] on the sample is related to the Vickers pyramid number (HV). For the 

Vickers test, both the diagonals are measured, and the average value is used to 

compute the HV using the formula: 

 

where  is in kgf and  is in mm. 
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  (a)      (b) 

Figure 4.5 (a) DuraScan-70 hardness tester, (b) diagonals of the impression of the 

indentation 

Unirradiated and irradiated (5 x 1021 protons/m2) Ti-6Al-4V samples were electro-

polished using an electrolyte of 90:10 (by volume) methyl alcohol and perchloric acid 

under 21 V at 40 C for 10 s. The samples were subjected to the electron backscatter 

diffraction (EBSD) analysis (orientation image mapping system provided by Oxford 

Instruments) within an FE-SEM (field emission scanning electron microscope) 

instrument from Carl Zeiss using 25 kV accelerating voltage. In each sample, an 

approximate area of 500 µm x 500 µm was scanned by the EBSD. Beam and video 

conditions were kept identical between the scans, and a step size of 0.5 µm was used. 

In EBSD analysis, grains were identified based on a 10 misorientation criterion. 

The analysis aims to find out the variation of microstructure with irradiation. The 

broadening of a Bragg peak usually occurs due to instrument and specimen. Origins of 

specimen broadening are numerous. Generally, any lattice imperfection will cause 

additional diffraction-line broadening. Therefore, dislocations, vacancies, interstitials, 

substitutional, and similar defects lead to lattice strain. If a crystal is broken into 

smaller incoherently diffracting domains by dislocation arrays (small-angle 

boundaries), stacking faults, twins, large-angle boundaries (grains), or any other 

extended imperfections, then domain-size broadening occurs. So, we can say, overall, 
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the broadening of a Bragg peak occurs due to the instrumental broadening, small 

domain size and microstrain. Detailed broadening information is obtainable from the 

line shapes of the peaks; analysis of the line shapes permits characterization of the 

microstructure in terms of the microstrain and average domain size. Simplified 

Breadth Method and Williamson-Hall technique have been incorporated in the present 

study for the analysis. The instrumental broadening correction was made using a 

standard defect-free Si sample. 

 

The range of 7 MeV proton in Titanium was found to be around 230 µm using 

SRIM 2000 software [99]. The total target displacements of the collision events as a 

function of depth as evaluated using SRIM 2000 are shown in Figure 4.6. The 

average dpa value over a range of 230 µm for the highest dose sample was found to 

be around 0.03 dpa, and at the peak damage region, the dpa is 1. 

A typical well-recrystallized microstructure of unirradiated and irradiated Ti-6Al-

4V at the highest dose (5 x 1021 p/m2) has been shown in Figure 4.7 (a) and (b). The 

average grain size for the samples was found to vary 10 30 µm in both the cases. 

The figure shows the EBSD Inverse Pole Figure (IPF) map of the unirradiated and 

irradiated samples respectively. High angle boundaries are marked in black in the 

maps. 

 

Figure 4.6 Damage profile of 7 MeV proton in Titanium (Calculated using SRIM 

2000)
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Figure 4.7 EBSD Inverse Pole Fig. map of (a) unirradiated and (b) irradiated Ti-

6Al-4V (dose 5 x 1021 p/m2) samples. 

 
Detailed X-ray diffraction line profile analysis has been carried out on the 

unirradiated and irradiated samples of pure Ti and Ti-6Al-4V samples as a function of 

radiation dose. Apart from the instrumental broadening, X-ray diffraction peak 

profiles may broaden because of 1) small crystallite size, 2) dislocations, 3) planer 

defects (Stacking faults and twin boundaries), 4) chemical heterogeneities, and 5) 

surface relaxation in case of nanoparticles [102]. Due to the long-range characteristics 

of the strain field arising out of dislocations, these defects cause considerable line 

broadening in the diffraction peaks [103] [104]. If structural mistakes are present, the 

arrangements of atoms differ in different regions of the crystallite [92]. This 

difference can arise from the external influence, such as heat treatment, plastic 

deformation, and adsorption or radiation damage [92]. The choice of the methods or 

techniques is of utmost importance to obtain the parameters of pure physically 

broadened line profile for further line broadening analysis. Basically, the methods ( 

[81], [82], [83], [84], [85], [86], [87], [88], [89], [90], [91], [92], [93], [94], [95], [96], 

[97], [98], [102], [103], [104], [105],  [106] & [107] ) can be divided into two broadly 

classified groups, (1) the deconvolution approach, where the physically broadened 

peak is unfolded from the observed profile and the (2) the convolution approach, 

(a) (b) 
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where, in contrast a profile is generated with suitable mathematical function and 

adjusted to the observed pattern through a least square fitting. We have used different 

techniques such as single peak analysis by integral breadth method ( [92], [93], [94] ), 

Williamson-Hall technique [95], [108], modified Rietveld method by whole powder 

pattern fitting technique using MAUD software [109] and Variance method to 

characterize the microstructural parameters of the irradiated Ti and Ti-6Al-4V 

samples. In all these techniques except variance method, predefined mathematical 

functions such as Voigt, Lorentzian or pseudo-Voigt function are used to fit the 

diffraction profiles. Fourier transform of the individual profiles is then carried out 

after correcting the instrumental broadening. The fitting values of the Fourier 

transform as a function of coherent length are correlated with the microstructural 

parameters. In the variance method, the asymptotic behavior of the second and fourth 

order restricted moments of the intensity distribution in the diffraction peaks are 

analyzed for the determination of the mean size of the crystallites [98]. Groma [107] 

and Borbely and Groma [105] presented an improved method over it for the 

evaluation of particle size and dislocation density from X-ray Bragg peaks. The 

method of analysis for these techniques has been described in detail in papers ( [87] to 

[91] ). 

Figure 4.8 shows the 2 vs. intensity for pure Ti (un-irradiated and irradiated at 

different doses). The intensity of the peaks of the irradiated samples changes 

significantly with dose as compared to the unirradiated samples as seen from the 

figure. It is also clearly evident that the shape of the peak profiles almost remained 

unaltered particularly for the highest intensity peak, i.e. (0 0 2) with increasing doses 

of irradiation. Another interesting thing to note that the (1 0 1) peak was almost 

symmetric in un-irradiated condition but it became asymmetric after a dose of 7 x 1020 

p/m2 (inset Figure 4.8), particularly at the right side of the peak. The asymmetry was 

found to increase with dose. 

On the other hand, the variation of intensity of the XRD peaks of Ti-6Al-4V is not as 

significant for the irradiated samples as compared to unirradiated sample as seen in 

Figure 4.9. Moreover, these peaks are found to be much more symmetric at different 

doses except for the highest dose, i.e., at 5 x 1021 p/m2 as seen in Figure 4.9. At this 

dose, the broadening of the peaks has reduced and a clear separation of  and  
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peaks for each diffraction peak is revealed with a high asymmetry at the left part of the 

tail (Figure 4.9 inset). The asymmetry was so significant that we could not carry out 

an analysis with the techniques stated earlier.

Figure 4.8 XRD profiles obtained from unirradiated and irradiated pure Ti samples. 

The inset shows the graph in expanded scale near (0 0 2) and (1 0 1) peaks. 

 

Figure 4.9 XRD profiles obtained from unirradiated and irradiated Ti-6Al-4V 

samples. The inset shows the graph in expanded scale near (0 0 2) and (1 0 1) peaks 
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According to Van de Hulst and Reesinck [93], X-ray line profiles can be 

approximated by a Voigt function, a convolution of a Cauchy and a Gaussian 

function. Langford [94] derived an explicit equation for a Voigt function and showed 

that the breadth of Cauchy and Gaussian part could be obtained from the value of 

2 /  (= , called the shape factor where  is the Full Width at Half Maxima), where  

is the instrumental corrected integral breadth of a XRD peak. For a Voigt function  

varies between the limits: 

  

where  = 0.63 is the Cauchy limit and = 0.94 is the Gaussian limit. In the absence 

of higher orders of a particular family of reflection, the size-strain analysis requires 

the assumption of profile shapes for size and strain broadened profiles. The Cauchy 

component of the profile is assumed to be solely due to small crystallite size and the 

Gaussian component is due to the microstrain. The relation between volume weighted 

domain size ( ), microstrain ( ),  and is given by: 

 and  

Where,  and  represent the Cauchy and Gauss component of the integral breadth 

respectively. 2  is the diffraction angle.  is the wavelength of CuK . 

Table 3: Values of  and  from single peak analysis using simplified breadth 

method 

Plane Unirradiated 1 x 1020 p/m2 7 x 1020 p/m2 4 x 1021 p/m2 5 x 1021 p/m2 

hkl  (Å) 

±10% 

 

(10-3) 

±5% 

 (Å) 

±10% 

 

(10-3) 

±5%

 (Å) 

±10% 

 

(10-3) 

±5% 

 (Å) 

±10% 

  

(10-3) 

±5% 

 (Å) 

±10% 

  

(10-3) 

±5% 

100 322 2 247 2 351 2 348 3.09 308 2.51 

002 426 1 383 1 572 1 446 0.63 576 0.92 

101 205 2 217 3 256 4 239 3.3 243 2.88 

102 358 2 251 2 325 2 293 1.44 352 1.61 

110 368 2 300 2 323 2 314 1.96 348 2.09 

103 398 2 422 2 417 1 433 1.53 492 1.56 

112 284 2 199 1 223 1 205 0.93 257 1.51 
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Single peak analysis has been carried out using the simplified breadth method for 

all the reflections for both Ti and Ti-6Al-4V samples at different doses. The XRD 

pattern only shows the peaks of the  -phase could be 

observed. We could not carry out the analysis on the samples irradiated at 5 x 1021 

p/m2 for Ti-6Al-4V sample, as the peaks were highly asymmetric. Table 3 and Table 4 

gives the values of  (volume weighted domain size) and  (upper microstrain) for 

pure Ti and Ti-6Al-4V samples respectively.  

Table 4: Values of  and from single peak analysis using simplified breadth 

method for Ti-6Al-4V samples 

Plane Unirradiated 1 x 1020 p/m2 7 x 1020 p/m2 4 x 1021 p/m2 

hkl  (Å) 

±10% 

 (10-3) 

±5% 

 (Å) 

±10% 

 (10-3) 

±5% 

 (Å) 

±10% 

 (10-3) 

±5% 

(Å) 

±10% 

 (10-3) 

±5% 

(100) 320 1.03 311 1.0 318 1.09 276 1.25 

(002) 631 1.05 512 0.85 633 1.12 564 1.51 

(101) 360 1.66 335 1.78 351 1.69 318 1.98 

(102) 438 0.97 332 0.68 409 0.75 368 0.87 

(110) 296 0.35 296 1.04 283 0.95 277 0.97 

(103) 458 0.96 355 0.97 425 0.85 386 0.94 

(112) 237 0.45       

(004)   312 0.56 420 0.62 363 0.50 

The variation of domain size for pure Ti and Ti-6Al-4V as revealed from the 

analysis does not show any systematic dependence on the doses. Rather, the values of 

the domains are within the error limit even with the increase in dose of irradiation 

except for a very few crystallographic planes for both the materials. Microstrain 

values also remain almost invariant in both the cases even at higher doses of 

irradiation. 

 

In a Williamson Hall (W H) [95] plot the integral breadth  of the specimen is 

plotted with The size term ( ) represents the order-independent and 

 the order-dependent part. If a W H plot is strongly order-dependent with negligible 

intercept, X-ray line broadening is attributed to strain broadening only. If, however, 
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the plot is order-dependent with measurable intercept then size broadening may be 

appreciable. Thus, an indexed Williamson-Hall plot is essential to ascertain the origin 

of line broadening and forms the basis of a more detailed analysis. In this model, it 

was assumed that both size and the strain broadened profiles are Cauchy in nature. 

Based on this assumption, a mathematical relation was established between integral 

breadth ( ), volume weighted average domain size ( ) and microstrain ( ) as 

follows: 

The plot   gives the values of  from the slope and  from the 

ordinate intersection. 

 

Figure 4.10 Williamson-Hall plot for the (a) unirradiated and (b e) irradiated pure 

Titanium samples 

Figure 4.10 and Figure 4.11 show the WH plots for unirradiated and irradiated pure 

Ti and Ti-alloy samples. In general, W-H plots are used as a first approximation to 

(a) (b)

(c) (d) 

(e) 
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find the relative importance of the domain size and microstrain on XRD line 

broadening effects [95]. It is based on the Uniform deformation model (UDM), where 

the strain is assumed to be uniform in all crystallographic directions. Hence the 

isotropic nature of the crystal is considered, where the material properties are 

independent of the direction along which they are measured [108]. Ti-based alloys 

being HCP materials, it has an inherent anisotropy along different crystallographic 

directions. As a result, the plots are highly scattered and therefore a linear dependence 

of  with  (where  is the instrumental corrected integral breadth,  is the 

wavelength of CuK ) could not be established, implying the anisotropic nature of the 

domains and microstrain.

 

 
 

Figure 4.11 Williamson-Hall plot for the (a) unirradiated and (b d) irradiated Ti-

6Al-4V samples 

(a) (b) 

(c) (d) 
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The X-ray diffraction spectra were analyzed with the Modified Rietveld method 

using the program package MAUD [109]. Using the similar procedure described by 

Wenk et al. [110], XRD data were refined considering the instrument parameters, 

obtained using the standard LaB6. The background, the lattice parameters and the 

microstructural parameters (relative isotropic crystallite size ( ) and r.m.s. 

microstrain were then refined, and finally, the preferred orientation parameter 

( ) were also considered to obtain the best fit. Figure 4.12 (a) and (b) represents a 

typical Rietveld fit for the samples at a dose of 4 x 1021 p/m2 for pure Ti and Ti-6Al-

4V samples. 

 

Figure 4.12 21 

p/m2 and (b) Ti-6Al-4V alloy irradiated to 4x1021 p/m2 

(a) 

(b) 
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Figure 4.13 (a) and (b) represent the variation of domain size as a function of dose. 

In both the cases, the trend of the variation of domain size with dose remains almost 

the same. In case of pure Ti, the domain size is smaller as compared to Ti-6Al-4V 

even for the unirradiated sample. The domain size has reduced at the initial dose of 

irradiation and then increased with dose and finally saturates at higher doses. 

 

Figure 4.13 Variation of (a) average surface weighted domain size and (b) 

microstrain as a function of irradiation dose for pure Ti and Ti-6Al-4V 

In the transient region at low doses of irradiation, the lattice disruption caused by 

the bombardment of the projectile results in generation of vacancies, which act as 

incoherent region in the X-ray diffraction. This is termed as domain. The size of the 

domain decreased initially with dose. During irradiation, two competing processes 

take place simultaneously; first the generation of irradiation-induced vacancies which 

migrate and agglomerate leading to formation of vacancy clusters [111]. These 

vacancy clusters then form dislocation loops. On the other hand, the second 

mechanism which plays a key role in governing the microstructural evolution during 

irradiation is the annihilation of defects in the possible sinks (dislocation loops) [111]. 

As the damage occurs in a localized region (within 230 µm), concentration of small 

order defect clusters is quite high within that region. These act as trapping center for 
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irradiation-induced defects during the course of irradiation. This results in an increase 

of the size of the coherent region due to the annihilation of defects, restoring perfect 

lattice. This phenomenon is observed at an intermediate dose of 7 x 1020 p/m2 for both 

pure Ti and Ti-6Al-4V alloy, where the domain size has increased with dose. With 

further increase in dose (4 x 1021 p/m2,), the domain size is found to saturate for both 

the materials as observed in Figure 4.13 (a). 

This clearly indicates that dynamical steady state has been achieved between the 

two competing processes as discussed earlier, at higher doses of irradiation. Moreover, 

the domain size for Ti-6Al-4V is found to be higher as compared to pure Ti at all 

doses. This may be attributed to the formation of vacancy-impurity (alloying 

elements) complexes which inhibit the vacancies to grow as clusters; hence restricting 

the formation of incoherent region or domain within the matrix.

It is interesting to note that the broadening of the XRD peaks of the sample at 

highest dose (5 x 1021 p/m2) of irradiation is almost negligible for Ti-6Al-4V and 1 

and 2 peaks are clearly resolved for each diffraction peak (Figure 4.9 inset). This 

clearly signifies that there is a relaxation of strain field of the matrix of -phase. On 

the other hand, all the peaks reveal a hump near the tail of the left side. This may be 

attributed to the radiation-induced segregation (RIS) of the undersized solutes like V 

and Al [112]. Ti-6Al4V exhibits extensive phase redistribution under irradiation [112]. 

Wilkes and Kulcinski [113] have shown that ion irradiation of this alloy resulted in the 

formation of copious precipitation of a fine bcc phase in the matrix of a titanium. 

Further studies using dual ion beam [79], [114] and neutron irradiation [115], [116] of 

Ti-Al-4V have confirmed that the beta precipitates (rich in V) are radiation-induced 

-phase even in the 

samples irradiated with the highest dose. This may be due to the smaller volume 

d the detectable limit by XRD. 

However, Aida Amroussia et al. [78] could not observe any notable change in the 

microstructure of Ti-6Al-4V and Ti-6Al-4V-1B even after irradiation with swift heavy 

ion. In the XRD pattern, a clear asymmetry was observed in the left-hand sides of all 

the peaks. This may have been resulted due to the segregation of solute elements 

during irradiation, which has caused a change in the local variation of lattice 

parameters [117], [118]. Zubicza [102] has given a detail description of the line 
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broadening caused by chemical heterogeneities which yields a distribution of the 

profile centers scattered from different volume of the materials. 

 

Variance method is based on the analysis of an individual peak. Figure 4.14 (a) and 

(b) represents the XRD data of (1 0 1) peak in q-space for both pure Ti and Ti-6Al-4V. 

It is seen that peak broadening is less in Ti-6Al-4V as compared to pure Ti. No 

analysis could be done on pure Ti irradiated at 5 x 1021 p/m2, eventhough the peak was 

symmetric. This is due to the scattered tail region of the peak (1 0 1) in the q-space as 

can be seen in Figure 4.14 (a). Moreover, we could not also carry out analysis of the 

highly asymmetric (1 0 1) peak for the sample Ti-6Al-4V at 5 x 1021 p/m2 with a hump 

at the left side tail part, which would otherwise give erroneous results. 

 

Figure 4.14 (101) peaks obtained from XRD data in q-space for the unirradiated 

and irradiated (a) pure Ti samples, (b) Ti-6Al-4V samples 
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Figure 4.15 and Figure 4.16 show the typical second- and fourth-order moments of 

the peak of pure Ti samples and Ti-6Al-4V alloy irradiated at different doses. The 

second order and fourth order restricted moments are of the following forms [84], 

[85], [105]: 

 

 
and
 

  4.5 

 
where  is the average column length or area weighted domain size measured in the 

direction of the diffraction vector, is the taper parameter,  is the Scherrer constant, 

  is the average dislocation density, is the average of the square of the 

dislocation density,  and  are fitting parameters and  is a geometrical constant 

describing the strength of the dislocation contrast which takes the value of the order of 

unity [84], [85], [105]. 

  

Figure 4.15 Second order and Fourth order restricted moments of the (1 0 1) peak 

of pure Ti samples 

The asymptotic regions of the curves are fitted with Equations 4.4 and 4.5 [105] 

respectively. The nature of M2 and M4 suggest that both size and strain broadening are 

present [105]. The background values were chosen in both the cases in such a way that 

the calculated M2 and M4 from those data range yielded the similar size and 

dislocation density values [105]. The domain size and dislocation density obtained 
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from the fit done for the unirradiated and irradiated samples are listed in Table 5 and 

Table 6 for pure Ti and Ti-6Al-4V. The maximum error in the size values is ±10%, 

and the maximum error for dislocation density is ±20%. 

 

  

Figure 4.16 Second order and Fourth order restricted moments of the (1 0 1) peak 

of Ti6Al-4V samples 

Table 5: Results of variance analysis of the (1 0 1) peak for pure Ti samples

 
Sample Ds (Å)  

(±10%) 
Dislocation density  
(/m2) (±20%) 

Unirradiated 101 1.5 x 1015 

1 x 1020 p/m2 227 7.3 x 1015 

7 x 1020 p/m2  126 1.8 x 1015 

4 x 1021 p/m2 161 4.6 x 1015 

5 x 1021 p/m2   

 

Table 6: Results of Variance analysis of the (1 0 1) peak for Ti-6Al-4V samples 

Sample Ds (Å)  
(±10%) 

Dislocation density 
(/m2) (±20%) 

Unirradiated 235 1.04 x 1015 
1 x 1020 p/m2 278 1.8 x 1015 

7 x 1020 p/m2 369 2.2 x 1015 

4 x 1021 p/m2 226 1 x 1015 

5 x 1021 p/m2   
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It is to be noted that the results obtained by the various techniques show a similar 

trend in the variation of the microstructural parameters. However, the absolute values 

of different parameters obtained from each analysis should not be compared.

 

Figure 4.17 shows the Vickers hardness values of the unirradiated and the 

irradiated samples for both the materials. The hardness values of the pure Ti are 

higher than that of Ti6Al-4Vfor both unirradiated and irradiated samples. In the case 

of pure Ti, the microhardness values have increased systematically and then 

saturates with dose.  

 

Figure 4.17 Microhardness values (Vickers Hardness) as a function of dose for 

pure Ti and Ti-6Al-4V samples 
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The microhardness value obtained for the unirradiated pure Ti sample is found to 

be higher than that reported in the literature [119]. The results reported in [119] are 

for fully annealed samples and our as received pure Ti samples were in stress-

relieved condition.  

On the contrary, a significant reduction in microhardness values for irradiated Ti-

6Al-4V samples at the doses 4 x 1021 p/m2 and 5 x 1021 p/m2 have been seen. The 

reason may be the segregation of alloying elements resulted during irradiation, as 

also observed in XRD. These results corroborate with the values obtained by 

XRDLPA where the domain size increases and dislocation density decrease slightly 

at these doses. 

We have irradiated Ti-6Al-4V at different doses and have studied the 

microstructural changes as a function of dose and then compared with pure Ti sample 

in the same irradiated condition. Since there exists a strong correlation between 

microstructure and mechanical properties, a systematic quantitative characterization of 

the microstructural parameters will help to study the degradation of the mechanical 

properties of these structural components as a function of dose. Here we see that 

domain size of Ti-6Al-4V has increased at a dose of 7 x 1020 p/m2 and then almost 

saturated up to a dose of 4 x 1021 p/m2.  At the highest dose of irradiation, it is 

observed that the effect of irradiation is almost negligible as it is also evident from the 

separation of and  peaks (Figure 4.9 inset). Moreover, we see that the 

microhardness value of Ti-6Al-4V even at the highest dose of irradiation is 

comparable with the unirradiated sample which contrasts with the results of pure Ti 

where the hardness values were found to increase with dose. Hence, this study reflects 

that the effect of irradiation on Ti-6Al-4V alloy is not significant with respect to the 

changes in microstructure and mechanical properties. 

Amroussia et al. [78] estimated the change in microhardness with dpa in Ti-6Al-4V 

due to 36 MeV Ar ions at two different temperatures. To compare the results of 

present study, relative change in microhardness has been calculated for different doses 

of proton irradiation. Penetration depth of the Vickers indenter at 500 gf on Ti-6Al-4V 

was 7.2 µm. Irradiation dose in terms of dpa was estimated for the region of 

microhardness measurement. Figure 4.18 shows the variation of relative 

microhardness values with dose for proton-irradiated samples along with the results of 
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Amroussia et al. [78], shown as Tirr = 350 C Ar @ 36 MeV and Tirr = 25 C Ar @ 36 

MeV. It is evident that the relative values of microhardness follow similar trend. 

 

Figure 4.18 Relative microhardness values as a function of dpa in Ti-6Al-4V 

 

It is reported in the literature that Ti-6Al-4V alloy is considered as a good 

candidate material for cryogenic support in accelerators [12], [13] as it shows very 

high tensile strength at low temperature and low thermal conductivity (lower than 

stainless steel) in the temperature range of 300 K to 20 K [54], [67]. Our study shows 

that Ti-6Al-4V can also be considered a radiation resistant alloy at least up to a dose 

of 4 x 1021 p/m2, which is expected to be higher than the normal dose experienced by 

the supporting structure of accelerators during its lifetime (almost equivalent to the 

dose of 1 x 1016 p/m2 considering 20 years of operation). 

In the present studies, the microstructure of the irradiated samples has been 

characterized in detail using different model-based techniques of XRDLPA. These 

methods may not be comparable, but they are complementary to each other. It is seen 

from the analysis that the broadening of the diffraction peaks and the domain size 

(both the surface weighted and volume weighted) for irradiated Ti-6Al-4V samples, 
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obtained from different techniques were found to be more as compared to the 

irradiated pure Ti samples. This clearly indicated that the size of the incoherent 

regions resulted during irradiation (domain) due to the formation of defects are less 

for the same dose of irradiation for pure Ti which imply that this material is less 

resistant to radiation damage compared to Ti-6Al-4V with respect to microstructure 

up to the dose 4 x 1021 p/m2. At the higher doses, the segregation of alloying elements 

due to irradiation was evident. The microhardness values are found to increase with 

dose for pure Ti but show a clear decreasing trend for Ti-6Al-4V alloys. 

  



97 
 

 
  

Chapter 5 
Conclusion 



98 
 

  



99 
 

Chapter 5 

5. Conclusion 

 

Finite element method has long been used to design and analyze support structures 

of the superconducting magnets. Use of finite element software is an elaborate task for 

analyzing the support systems involving large resources of time and memories. In this 

work, an analytical model is demonstrated for superconducting magnet support links 

for finding out support forces and coil movement. This model includes thermal and 

magnetic loads and temperature dependent properties of materials. 

In this study, analytical models for thermal and magnetic analysis have been 

developed for the coil and support links together as a system for superconducting 

dipole magnet. Detailed analysis has been carried out for a large aperture superferric 

dipole magnet, being designed for the Energy Buncher of the FAIR project. The 

dipole magnet has an aperture of ±380 mm horizontal and ±100 mm vertical. The 

magnetic field uniformity required is ± 3 x 10-4, and associated accuracy requirement 

for placement of the coil is ±1 mm.  

The output generated by the analytical model help us to determine the support link 

forces/stresses and the coil shift under the combined effect of thermal and magnetic 

loads. The effect for coil shift with cool-down of the coil is calculated analytically and 

using Finite Element Methods. The result of the coil shift is compared for both cases 

and found to agree well. 

The results of the analysis were applied to optimize the support stiffness for the 

FAIR dipole magnet, considering the minimization of both the coil shift and the heat 

load to the coil. The model captured the uncontrollable coil movement in case of less 

support stiffness than the magnetic stiffness and provided the minimum limit of the 

stiffness required. It has been found that the optimized support stiffness is 1.5E+07 

N/m to keep the maximum coil shift within 0.2 mm, while a 40 mW heat load to the 

liquid helium. The stresses in the support links beyond allowable limit require 

adjustment (loosening of support links using adjustment nuts) during cool-down of the 

coil. Further analysis was also carried out to include the initial coil positioning error in 
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the model and found out its effect on the final position of the coil after cool-down. 

From this analysis, the limiting alignment requirement of the coil has been found out 

to be  0.2 mm to control the coil-position-error within ± 1 mm, as required to achieve 

the desired field uniformity. 

In case of solenoid magnet, coil shift is not an important parameter for its inherent 

symmetry in the coil structure, but the interaction between the coil and iron yoke. The 

K500 superconducting cyclotron at VECC has one horizontal support link shorter in 

length relative to other two links. This asymmetry in the support system would result 

in inherent coil shift during cool-down of the coil. Since magnetic force depends on 

the coil shift, high stresses in support links may lead to its failure. Detail analysis is 

therefore required even for the solenoid magnets. The analytical model, developed for 

dipole magnet, was modified for solenoid magnet and detail analysis has been 

performed. The model was used to analyze the behavior of the coil and support system 

together under thermal and magnetic loads. 

The analytically calculated support forces have been compared with the FEM 

(ANSYS) results as well as measured data. It has been seen that the analytical model 

well predicts the support forces, even better than the ANSYS results. The reason for 

this may be due to the numerical errors in the meshing of such large coil and support 

system. The coil shift is not measurable in the VECC superconducting cyclotron, and 

so, the comparison of calculated coil shift with measured data was not possible. The 

results of coil shift were therefore compared with the FEM (ANSYS) results and 

found to agree well. The estimation of coil shift in the superconducting magnet is an 

important requirement, as the magnetic force on the coil increases with coil shift and 

can lead to failure of the support, if not the coil is carefully centered. 

The estimation of coil shift requires to model the effect of magnetic force on the 

support system. This model includes the Lorentz force on the coil as well as the 

interaction force between the coil and iron yoke. The support links forces were 

measured during energization of the magnet as a function of the current in the coil. 

The results of the analysis and the measured data were plotted and compared with the 

experimental data. It shows good agreement with the assumed value of coil shift. The 

coil was moved in steps for its centering, keeping in mind that all the forces will 

decrease with current for a well-centered coil due to Lorentz force dilation of coil-
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bobbin assembly. The support forces data during coil centering were stored and were 

compared with the analytical model results. It has been seen that they agree well with 

each other. However, the amount of movements tried to be given to the coil by 

adjusting the support link nuts were not the same as predicted by the analytical model 

result. The movement given to the support links is modified by the additional stiffness 

offered by the plumbing lines of the bobbin. Hence, the calculated shift of the coil is 

not the same as the adjustment of support links done. 

During the study of support system for superconducting magnets, it has been found 

that low thermal conducting, and high strength materials are being used, like CFRP, 

G10, Ti, Ti alloys, and so on. It has also been found that Ti and its alloys are suitable 

candidate materials for low-temperature applications. Ti-6Al-4V alloy has found good 

applications in Aerospace and show very high tensile strength and sufficient 

elongation at low temperature. The thermal conductivity of Ti-6Al-4V is also lower 

than stainless steel in the temperature range of 300 K to 20 K. Usability of this alloy in 

accelerator application has not been studied earlier. The post-irradiation 

characterization of the Ti and Ti-6Al-4V was thus taken up, using different model-

based approaches, to find their suitability in application to support structure in 

superconducting magnets from the point of irradiation damage. Various levels of 

proton irradiation were done on pure Ti and Ti-6Al-4V samples. X-ray Diffraction 

(XRD) data was obtained, and the microstructure was characterized by XRD Line 

Profile analysis.  Microhardness of the unirradiated and irradiated samples has also 

been investigated. This study showed that Ti-6Al-4V could be considered as a 

radiation resistant alloy up to an irradiation dose of 4 x 1021 p/m2, which is much 

higher than that is expected by the support structures of an accelerator during its 

lifetime (considering 20 years of a lifetime). 

 

The design of the support system for superconducting magnets involves detail FEM 

analysis. The analytical model developed here has the potential to become a tool for 

the design of support system for superconducting magnets before carrying out detail 

analysis. In future, design charts may be developed for various kinds of magnets for 

finding out the initial design parameters for the support system, considering all the 
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thermal and magnetic loads. A computer program may also be tailored to help in 

designing different support systems for superconducting magnets. 

The work can be further extended to ease the coil centering of superconducting 

magnets by measurement of support forces. The method is expected to help in 

avoidance of large magnetic forces on the coil as also reducing the efforts during coil 

centering.  
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Annexure-1: Calculation of system stiffness for dipole magnet 
 

The system stiffness, for any force applied on support #1, is calculated using 

statically indeterminate, support #1 is removed to make it a determinate system. A 

force  is applied in the support #1 and the reactions at support #2 and #3 is 

calculated using the force balance equations: 

          

 

Free body diagram of the support system along with the coil. ¼ symmetry model is 

taken.  is the applied force, , ,  & are reaction forces. 

 

 

 

 

Solving equations (1), (2), (3) and (4), we get , , , and  as a function of . 

The complementary potential energy of the system is calculated by: 

 

where ,  and  are the length of arms of the coil,  = AE,  = BD and  = DE. 

Deformation due to force is given by 
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Stiffness offered by the system against the force  is given by: 

 

 

And, the analogous way, we can calculate,
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Annexure-2: Calculation of stiffness of bobbin against thermal load 

The system stiffness, for any force applied on support #1, is calculated using 

the three-fold symmetry of the system, the 

following model is used for it. 

 
 

For the above, we can write: 

 i.e.  

, where R is the radius of the bobbin. 

 

Since there is no movement of point A, 

 

Calculate  &  from equation (1) & (2) as a function of . 

= 2       

Deformation towards the force is given by: 

 

Therefore,  
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Where, 

Rc =  

Rr = 1-  Rc 
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Annexure-3: Calculation of dilation of the bobbin under the Lorentz 
force 
 

The model shown below is used to calculate the dilation of the bobbin is Figure (a). 

The axis convention is shown in Figure (b), while  is the azimuthal direction of the 

coil. 

        
  (a)            

   
(b)  (c) 

 
 
The radial force on the unit circumference of the coil can be calculated by summing 

the radial forces ( ) over the cross-section of the coil and results in the 

following equation: 

 

From figure (c), we can write the force balance equation as follows: 

 

For,  is small,  
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So, , 

Stress,   = T/A = E  

So, Strain,  

 

Therefore,     
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Annexure-4: Equilibrium equations for coil under magnetic force 

   

 (a) (b) 

(a) Model for calculating support force due to magnetic force, (b) Part section of the 
bobbin under the Lorentz force 

Force balance equations for X and Y-directions are as below: 

; so, 

  

; so, 

  (2) 

The complementary potential energy of the system, 

  

 

Again, for the equilibrium of any 1/3rd section of the coil, the following equation is 
true,  
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i.e. 

 

Therefore,  

 

4) 

It is assumed that the forces , ,  at 120  are in equilibrium, it must be that: 

 

Hence, 

 and    

Since , 6) 

Hence, from equation (3), (4), (5) and (6) we can write: 

 

Again, since,  , and   

Also, from Annexure-3 equation (1),  

 7) 

It may be noted that the value of    is zero for the minimization of the 

complementary potential energy [61]. 
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Annexure-5: Analysis of a three parallel spring system 

 

 

Method (1) by solving the force and deformation balance equations 
We can write: , so 

 

 

Now, deformation of the springs is equal and is assumed as , so 

 

        (2) & (3) 

Therefore, equation (1), (2) and (3) can be solved to obtain . 

Method (2) minimization of the complementary potential energy of the system 

The complementary strain energy of the system can be written as: 

 

Now, for minimizing U, we can write as: 

 

i.e.  

4) 

Again, we can also write: 
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i.e.  

 

We can therefore solve equations (4) and (5) to get the value of  and 
. 

(3) by minimizing the deformation of the system: 

This method is described by Clive L. Dym [61] in his paper.  The ratio of distribution 
of the forces in springs have been taken as   and . 

The complimentary strain energy of the system can, therefore, be written as: 

 

Deformation  can be written as: 

 

Now, for minimization of deformation, we can write: 

 

i.e.  

 
We can again write: 

 

i.e.  

 
Equations (6) and (7) can be solved and found out  and . 

Force is then calculated as:  ,  and .
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