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SYNOPSIS

Slow Wave is an emerging area of research which promises many potential applica-

tions in the field of Optical Communication Networks (OCN), Microwave Photonics

(MWP) and Communication Network. In order to realize OCN architecture, the

Optical Data Packet Switching (ODPS) is highly desirable. For ODPS, it is nec-

essary to synchronize incoming data packets and regulate data traffic at network

nodes or to implement congestion and contention resolution in the core routers.

Nowadays, electrical router performs these operations through large banks of Static

Random Access Memory (SRAM). In OCN architecture this activity will be per-

formed by optical buffers. As compared to electric buffer the main advantage of

optical buffer is its low cost. In ODPS, the cost per bit transmission of data is less

as compared to its electric counterpart which makes it advantageous. Therefore,

optical buffer should have low heat production, low power consumption and small

footprints. Hence extensive research is going on to realize equivalent optical data

packet switching (ODPS).

As described, optical buffers and memories are the key components to realize ODPS.

The mechanism of slow wave is vital for development of such devices. The applica-

tion of optical memories, optical buffers and delay lines ranges from optical storage,

optical data processing, optical delay line, filters, phase shifter to microwave pho-

tonics (MWP) devices. MWP is an emerging area of research where photonics is

involved in order to process microwave signals. The slow wave structures in MWP

enable synchronizing the time delay or phase-shift of microwave signal which modu-

lates the optical carrier. Slow wave devices also cater to other potential applications

such as clock re-synchronization, pulse compression, enhancing light-matter inter-

action and enhancing nonlinear effects in the material etc.

It is a well-known fact that the wave velocity or group velocity is dependent on the

dispersion characteristics of the medium. For slow wave or reduced group velocity,



a medium should have sharp spectral characteristics which cause large dispersion.

There are two possible ways to introduce dispersion in a device either by introduc-

ing a material or from structural aspect. Therefore, various proposed slow wave

schemes are broadly classified in two categories (1) material induced dispersion

and (2) structure induced dispersion. The conventional methods such as electro-

magnetic induced transparency, quantum-dot semiconductor optical amplification,

coherent population oscillation and stimulated Brillouin scattering come in the cat-

egory of material induced dispersion. Usually these methods are less preferred at

room temperatures due to their strong temperature dependence and other inherent

limitations. For instance, quantum-dot semiconductor optical amplifiers produce

very small delays. Electromagnetic induced transparency requires ultracold atomic

gases whereas, stimulated Brillouin scattering and coherent population oscillations

have very narrow bandwidths. Usually, at room temperatures, structure induced

dispersion methods are preferred because these methods are independent of tem-

perature and at the same time are easier to implement. Photonic crystals (PC′s)

and surface plasmon polaritons (SPP′s) based methods fall in the category of struc-

ture induced dispersion. However PC′s based methods have inherent issues of high

multimode generation and strong impedance mismatch for slow light regime. This

makes difficult to launch light energy in a single mode. SPP′s are also very sensitive

to surface roughness and its excitation is also difficult.

Recently, different research groups have proposed and studied slow wave devices

based on metamaterials. Metamaterials are novel and artificially engineered mate-

rials. They simultaneously possess negative values of permittivity and permeability

over a certain frequency band. From these studies it has been observed that the

presence of metamaterial medium can slow down the Electromagnetic (EM) wave.

In microwave engineering, Helical waveguide, which exhibits inherent characteristics

of slow wave due to skewed boundary conditions, is widely used as a slow wave device



over wide bandwidth in Travelling Wave Tubes, Backward Wave Oscillators and

Helical antennas. Most of the slow wave structures studies in literature are based

on planar as well as cylindrical geometries where complex mode behaviour has been

studied in the context of various applications. To the best of our knowledge no

one has investigated helical guide characteristics loaded with metamaterial with

prospective applications in the field of optoelectronics and microwave photonics.

The motivation of the present investigation comes from different facts and objectives

as discussed above and the inherent slow wave characteristics of a helical guide,

known as Helical Slow Wave Structure. This inspired us to achieve ultra slow waves

and even stop the waves in the helical guide by superimposing or combining its slow

wave characteristics with metamaterial properties.

This research work includes analysis and design of novel helical slow wave devices

embedded with metamaterial medium for optoelectronics as well as microwave pho-

tonics applications. For each proposed structure, analytical characterization as well

as their possible engineering feasibility design is presented and discussed.
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Chapter 1

Introduction

1.1 Metamaterial: A New Class of Material

In 1967, a Russian physicist V. G. Veselago [1] predicted the possibility of an

extraordinary material having simultaneous negative values of permittivity and

permeability. He referred this bizarre material as left-handed material and re-

vealed the unusual phenomenon of electromagnetic wave propagation related to this

bizarre material, such as the reversal of Snell’s law, reversed Doppler effect, and

reversed Cerenkov radiation. However, this striking prediction remained silent for

four decades due to the absence of such materials in nature until Professor David

R. Smith and his group at the University of California, San Diego (UCSD) 30 years

later experimentally demonstrated such material. For designing metamaterial they

used Professor Pendry’s works of negative permeability and permittivity. They de-

signed metamaterial using an array of thin wires and split ring resonators [2] shown

in Fig. 1.1.

Left-handedness simultaneously requires negative values of permittivity and perme-

ability. The UCSD group obtained such material parameters effectively through the

periodic arrangement of split ring resonators (SRRs) plus metallic rods also shown
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in Fig. 1.1. In such a composite material, SRR is responsible for negative perme-

ability while the metallic rod for negative permittivity. The spectra of resonance

where material behaves like metamaterial can be changed by varying the physical

size of the cell (containing split ring resonators and thin wires). This experimental

verification brings the idea of Veselago into reality and opened the door to a wide

area of research where researchers are trying to explore the use of metamaterials for

different engineering applications such as in antennas, absorbers, superlenses, cloak-

ing devices, seismic protection, light and sound filtering etc from microwave [3],

terahertz to optical spectrum [4].

Figure 1.1: (a) Arrays of split ring resonators and thin wires and (b)
its extension in three dimension. (Source: http:\\physics.ucsd.edu/lhmedia
http:\\rsphy2.anu.edu.au nonlinear research lhm)

1.1.1 Terminologies of metamaterials

The term metamaterial usually refers to an artificially designed Electromagnetic

(EM) structure which has unusual EM properties that are not found in nature. The

word “Meta” is a Greek prefix meaning “beyond”, so metamaterials can be described

as a kind of materials having extraordinary EM response. A wide range of materi-

als fall under the umbrella of metamaterials. Among them Left-Handed Materials

(LHM’s) or Double Negative (DNG) materials refer to a medium having simulta-

neously negative value of permittivity and permeability. Other terminologies which

are commonly used for metamaterials are Negative Refractive Index (NRI) media,
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Backward Wave (BW) media, Negative Phase Velocity (NPV) media, Veselago’s

media, etc. All these terminologies belong to the abnormal behaviour of metamate-

rials. In this thesis, the term “metamaterial” refers to an artificial material having

simultaneously negative real components of permittivity and permeability.

1.1.2 Electromagnetic analysis of LHM’s and its properties

In 1967, Veselago had introduced the term Left-Handed Material (LHM) and pre-

dicted the existence of such a material where the electric field (E), the magnetic

field (H) and the wave vector (k) obey left-handed rule whereas ordinary dielectric

materials obey right handed rule. The LHM’s in a broad sense are also described as

Negative Index Materials (NIM’s). Simultaneous negative material parameters such

as permittivity (ε) and permeability (µ) produce extraordinary EM wave phenom-

ena such as Inverse Snell’s law, Backward wave radiation and Inverse Doppler effect.

In order to investigate this extraordinary EM wave behaviour we first understand

how the EM waves behave when a medium has ε < 0 and µ < 0.

The source-free Maxwell equations in time domain and their constitutive relations

in a homogeneous and isotropic medium are:

5×E(t) = −∂B(t)
∂t

, (1.1)

5×H(t) = ∂D(t)
∂t

, (1.2)

5 ·D(t) = 0, (1.3)

5 ·B(t) = 0, (1.4)
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where

B = µH, (1.5)

D = εE, (1.6)

For plane wave propagation, all field components are proportional to ei(kz−ωt) and

the Eqs. (1.1) and (1.2) is mathematically written as:

k × E = ωµH, (1.7)

k ×H = −ωεE, (1.8)

In Eq. (1.7) and (1.8), if ε < 0 and µ < 0, then a left-handed triplet vector of E, H

and k are formed as shown in Fig. 1.2. Thus this material is termed as left-handed

material.

Figure 1.2: (a) Right-Handed Material (RHM), forms right-handed vector system

with E, H and k, and the energy density flow S and wave vector k are in the same

direction. (b) Left-Handed Material (LHM), forms left-handed vector system with

E, H and k, and the energy density flow S and wave vector k are in the opposite

direction.

The direction of energy flow is decided by the Poynting vector (S),

S = E ×H (1.9)
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and is independent of the signs of ε and µ. Poynting vector (S) always makes a right-

handed coordinate system with E and H. In left-handed materials, the direction

of the wave vector, k, is opposite to the energy density flow, S. This anti-parallel

propagation of wave and energy flow supports propagation of Backward Wave (BW).

In a normal or Right-Handed Material (RHM) the wave vector, k, and energy flow,

S, are parallel and supports the propagation of Forward Wave (FW). The orientation

of E, H, k and S in RHM and LHM are shown in Fig. 1.2.

In isotropic medium, the dispersion relation is given by,

k2 = ω2√εµ (1.10)

where ε, µ ∈ <, whether the EM wave decays or propagates is decided by the sign of

ε and µ. For example when ε.µ > 0, k = ω
√
εµ, wave propagates, on the contrary

wave exponentially decays when ε.µ < 0, k = iω
√
εµ. Figure 1.3 illustrates the

plane of ε and µ which has been classified into four quadrants. Each quadrant

shows the possibility of different type of materials depending on the sign of ε and µ.

The first quadrant accommodates most of the dielectric substances having positive

ε and µ. Material with one constitutive negative parameter is easily available in

nature. For instance, free electron gas in metals or ionized gas in plasma mediums

have negative signs of permittivity all the way up to plasma frequency and exist

in the second quadrant. Conversely antiferromagnetic and ferromagnetic materials

have negative signs of permeability close to the ferromagnetic resonance and exist

in the fourth quadrant. The third quadrant accommodates left-handed materials

where permittivity and permeability both are negative although, these materials do

not exist in nature.
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Figure 1.3: A diagram showing the possible classification of electromagnetic mate-
rials based on the signs of permittivity and permeability. The directions of wave
vector in each medium is represented by arrows. In I and III quadrant the wave
propagates whereas it decays in II and IV quadrant. (Source: M. C. K. Wiltshire,
”Bending light the wrong way,”Science, vol. 292, Issue 5514, pp.60-61, 6 April 2001)

1.1.2.1 Dispersive and lossy nature of LHM’s

In order to, simultaneously realize the negative value of ε and µ, the material should

have frequency dispersion. This can be observed from the formula of the energy

density of non-dispersive media [5]:

W = εE2 + µH2 (1.11)

The energy density, W , becomes negative if ε < 0 and µ < 0. This is a non-

physical result. A medium is dispersive when ε = ε(ω) and µ = µ(ω) are frequency

dependent. For such a medium total energy density is written as [6]:

W = ∂(εω)
∂ω

E2 + ∂(µω)
∂ω

H2 (1.12)
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Since the energy density should always be positive,

∂(εω)
∂ω

= ε+ ω
∂(ε)
∂ω

> 0 (1.13)

∂(µω)
∂ω

= µ+ ω
∂(µ)
∂ω

> 0 (1.14)

This clearly describes that if any medium possesses, simultaneous, negative values

of ε and µ, the medium is frequency dispersive and it should satisfy Eq. (1.13) and

(1.14). Hence, a LHM must be dispersive medium.

However, a medium having frequency dispersion will always lossy. As per the prin-

ciple of causality, the real (ε′) and imaginary (ε′′) part of permittivity is associated

by Kramers-Kronig relations [6, 7]:

ε′(ω)
ε0

= 1 + 2
ΠP

∫ ∞
0

ωε′′(ω′)/ε0

ω′2 − ω2 dω′ (1.15)

ε′′(ω)
ε0

= −2ω
Π P

∫ ∞
0

ε′(ω′)/(ε0 − 1)
ω′2 − ω2 dω′ (1.16)

where P is the principal value of integration. The real and imaginary values of

permeability follow similar relations. Equation (1.15) and (1.16) show that real

and imaginary part are Hilbert transforms pair of each other. Thus the imaginary

parts of permeability and permittivity always exist together with the real parts in

a dispersive media. Therefore LHM must be dissipative.

1.1.2.2 Negative refraction

The refraction and reflection of EM waves between two plane interfaces of different

dielectric media are natural phenomena. The Fresnel formulas and Snell’s Law deter-

mine the relationship between the reflection coefficients, the transmission coefficients

and the refractive angle. Other interesting effects such as Brewster angle effect and

total internal reflection also happen between the interface of two dielectrics.
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Now, let’s examine refraction phenomena at the interface of left-handed medium and

right-handed medium. The refraction and reflection of a s-polarized wave at RHM

and LHM interface are illustrated in Fig. 1.4. The relation between the incident

angle, θ, and refractive angle, φ is obtained by Snell’s Law:

sin(θ)
sin(φ) = n2

n1
(1.17)

The amount by which the beam is deflected in left-handed medium is determined

by the refractive index n2 = √ε2µ2 where ε2 are µ2 are the permittivity and per-

meability of the LHM respectively and corresponding quantities of RHM are ε1 and

µ1. It is very crucial to choose the signs of square root of ε2 and µ2 in left-handed

medium. This ambiguity in the sign is resolved by proper analysis. For example in

place of writing ε2 = −1 and µ2 = −1 we write ε = eiπ and µ = eiπ, then:

n2 = √ε2µ2 = eiπ/2eiπ/2 = eiπ = −1 (1.18)

and
sin(θ)
sin(φ) = − 1

√
ε1µ1

(1.19)

If the sign of index is positive then the incident beam is deflected to another side

of the normal. In left-handed material where the sign of index is negative, from

Eq. (1.19) the beam is deflected on the same side of normal or it is refracted in

the negative direction as shown in Fig. 1.4. In Fig. 1.4, one may observe that

the propagation wave vector k′′ , of refracted wave progresses towards the interface

of LHM and RHM. This indicates that the refracted wave propagates along the

backward direction despite the energy travels away from the interface. Due to that

the energy velocity, ve, and phase velocity, vp both are anti-parallel to each other.
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Figure 1.4: The refraction and reflection of an s-polarized EM wave at the interface
between a left-handed medium and a right-handed medium. The incident EM wave
propagation vector, k, the reflective wave propagation vector, k′, and the refractive
wave propagation vector, k′′, are shown. (Source: J. Zhou, Study of left-handed
materials, Ph.D. Thesis, Iowa State University Ames, Iowa, 2008.)

1.1.3 Realization of LHM’s

Although left-handed materials have been theoretically proposed and studied since

a few decades its experimental realization came up recently with the design of Split

Ring Resonator (SRR). Sir J. B. Pendry [8] proposed this design which can attain

negative permeability, µ, near to its resonance frequency, ωm. Similarly an array

of continuous wires can give negative value of permittivity, ε, up to the plasma

frequency, ωp. A composite design of SRR’s with continuous wires produces negative

value of permittivity and permeability or negative refractive index and the material

as a whole then behaves as a left-handed material.

1.1.3.1 Medium of negative permittivity and permeability

In left-handed materials, negative permittivity and permeability can be achieved

separately. As explained in section 1.1.2, negative ε materials exist in nature. All

metals behave as plasma medium and have a negative permittivity, ε, up to the

plasma frequency. However, solid metals are not utilized in left-handed materials
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due to their large values of negative permittivity, ε, at the working frequencies. So,

it is required to scale down the permittivity, ε, value of metal to around an order of

−1, to make it usable at the desired frequency range. Normally metal permittivity

can be described through Drude model [7]:

ε(ω) = 1−
ω2
p

ω(ω + iωc)
(1.20)

where ωp is the plasma frequency and ωc is the damping frequency given by:

ω2
p = ne2

ε0meff

(1.21)

where meff is the effective mass of free electrons and n is the electron density.

In metals, plasma frequency is exceptionally high, for example, silver has ωp =

2π×2184 THz and ωc = 2π×4.35 THz. Due to this, the real value of permittivity

is extraordinarily large, Re(ε)< −108 and thus not suitable for left-handed mate-

rials. In order to reduce permittivity value, Pendry suggested a continuous wire

array design which can reduce the plasma frequency significantly and attain nega-

tive permittivity ε ≈ −1. Furthermore, the value of permittivity and the plasma

frequency are fully controllable by geometrical parameters. The wire array design

shown in Fig. 1.5(a) consists of periodically arranged long infinite wires of radius r

and separated by a lattice constant a. The effective ε of the wire array is identical

to the bulk metal permittivity despite the much lower plasma frequency. As illus-

trated in Fig. 1.5(b), below the plasma frequency ωp, absolute part of permittivity

is negative, this region can be used in left-handed materials.

There are two effects which contribute in reducing the plasma frequency of the

continuous wire array design. First, the effective electron density, neff is reduced to

a large extent by the factor of the volume employed by the thin metallic wire is very

less as compared to vacuum space. The neff can be calculated by the factor of metal
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volume and vacuum volume, neff = nπr2/a2. Secondly, due to the self-inductance

of metallic thin wires the electron motion is greatly slowed down [9]. The energy

of magnetic field is proportional to ln(a/r) which corresponds to its resultant self-

inductance which increases the effective mass of electron greatly. Adding these two

effects the plasma frequency, ωp, of thin wire is manipulated to a much lower value

as compared to bulk metal and it given as:

ω2
p = 2πc2

0
a2ln(a/r) (1.22)

Figure 1.5: (a) The arrays of metallic wires of radius r and distance between wires a.

(b) The real value of permittivity, Re(ε(ω)), is plotted as a function of the frequency,

ω/ωp. (Source: J. Zhou, Study of left-handed materials, Ph.D. Thesis, Iowa State

University Ames, Iowa, 2008.)

From Eq. (1.22), one can easily see that the plasma frequency ωp, only relies on

radius of wire r, and the lattice constant a. By varying these physical parameters

one can change the plasma frequency or the value of permittivity.

Though negative permittivity can be attained by metallic structures and other

plasma media, one cannot realize a negative refractive index medium as evidenced

by the fact that no material present in nature exhibits negative permeability. Pendry

in year 1999, proposed a design of Split Ring Resonator (SRR) [8] which produces
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negative permeability for a narrow frequency spectrum on a particular polarization

of incident EM wave. The SRR array is illustrated in Fig. 1.6(a). It consists of

periodically organized arrays of two split ring structures built from copper which is

a good conductor. A single unit cell as shown in Fig. 1.6(b) have lattice constant a,

radius of inner ring, r, the ring width, w, the gap between inner and outer ring, d,

and the gap on the inner and outer ring, g1 and g2. If incident EM wave is applied

with the electric field, E, parallel to the plane of SRR it will induce circulating

current in both the rings (inner and outer) and also accumulate charges between the

gaps of inner and outer rings. Due to this, each SRR individual unit cell behaves as

a series of LRC circuits with capacitance, C, across the gap between the rings and

inductance, L, of the rings. The effective permeability, µeff , can be derived as [9]:

µ = 1− Aω2

ω2 − ω2
m + iωΓm

, (1.23)

ωm = 3ac2
0

πln(2w/d)r3) , (1.24)

Γm = 2aσ
rµ0

, (1.25)

A = r2Π
a
, (1.26)

Figure 1.6: (a) The SRRs with recurrence distance, a. (b) Enlarged/Zoomed version

of single unit cell. (Source: J. Zhou, Study of left-handed materials, Ph.D. Thesis,

Iowa State University Ames, Iowa, 2008.)

Here ωm and Γm are the resonance frequency and the damping factor respectively
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and µ0 is the permeability in vacuum. Both ωm and Γm are functions of conductivity

(σ) of metal and are related to geometric parameters such as, a, w, d and r. The

SRRs array effective permeability as a function of frequency is shown in Fig. 1.7.

Above resonance frequency, ωm, the negative value of permeability is attained for a

narrow frequency spectrum.

Figure 1.7: The real and the imaginary parts of the permeability, µ(ω), are plotted
as a functions of the frequency, ω/ωm, here ωm is the resonance frequency. The red
solid line and blue dashed lines represent respectively the real and the imaginary
part of the permeability. (Source: J. Zhou, Study of left-handed materials, Ph.D.
Thesis, Iowa State University Ames, Iowa, 2008.)

1.1.4 Effective medium theory

The arrays of metallic wire and SRR are responsible for negative permittivity and

permeability, respectively. Can we achieve a medium of negative permittivity and

permeability through these designs? To investigate this we have to recall the idea

of permittivity and permeability. The main objective in characterizing the macro-

scopic parameters such as permittivity, ε, and permeability, µ, of the medium is

to exhibit a homogeneous perspective of the electromagnetic characteristics of a

medium. For example, when EM wave interacts with glass in that scenario visible

light wavelength is hundred times larger than the atomic size of which glass is com-
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posed. In practice, atomic details can be averaged, and can replace inhomogeneous

medium details by homogeneous material characteristics such as permittivity and

permeability. Both are macroscopic electromagnetic parameters. From this point of

view, normal materials are also composite materials where atoms and molecules are

individual constituents and the constituents size is much smaller than EM wave’s

wavelength [10].

So, a periodic structure having unit cells of dimension, a, can be considered as a

homogeneous medium and the EM response of individual unit cell can be regarded as

an effective response of the whole structure. Therefore, we can define the limitations

for the geometry of the unit cell as,

a << λ (1.27)

If above condition is full-filled, the externally applied EM wave will not see the

smaller details of structure inside each unit cell and such periodic arrangement can

be assumed as a homogeneous media. In such scenario, permittivity and perme-

ability are legitimate concepts. In case, if this condition is not satisfied the internal

structure of the unit cell will refract and diffract EM wave and that leads to material

characteristics which are not observed in a homogeneous medium.

1.1.5 Experimental realization of left-handed materials

To realize a material having simultaneous values of negative permittivity and per-

meability, respectively, a design of the composite structure was proposed combining

arrays of metallic rods and SRR, respectively [2]. Composite structure preserves its

negative permittivity through metallic rods and negative permeability through SRR

element. Presuming that both the structures will not intervene each other, this

composite will conserve both the negative permittivity and permeability through
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long wires and SRR’s, respectively. Consequently, the negative refractive index will

be achieved. The practical realization of such double negative material was first

presented by Smith et al. in 2000 through the design illustrated in Fig. 1.8(a). In

this experiment, the transmission was measured through wire array and SRR array

individually and merging both the arrays. As illustrated in Fig. 1.8(b) SRR struc-

tures having the negative permeability created a stop-band. However, addition of

array of wires, converted this stop-band into a passband due to the effective negative

values of permittivity and permeability. Later various left-handed material samples

were proposed and fabricated which confirmed the existence of LHM’s [11–13].

Figure 1.8: (a) Smith et al., used composite LHM which consists of metallic posts
and SRRs realized by lithography on a circuit board. (b) The transmission through
wires only, SRRs only, and both wires, and SRRs respectively shown by black, blue
and red colours. (Source: J. Zhou, Study of left-handed materials, Ph.D. Thesis,
Iowa State University Ames, Iowa, 2008.)

The negative refraction phenomena were demonstrated by a 2-D left-handed material

having prism-like shape [2]. In this demonstration, a microwave beam was incident

on the prism and on the other side of the prism transmission of refracted wave was

measured. It was observed that refracted wave bent in a negative direction and

calculated refractive angle followed the Snell’s Law when refractive index, n, was

considered to be negative. Other research groups also performed similar experiments

on other composite structures which indeed exhibits negative refraction behavior

[14,15].
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1.1.6 Chiral metamaterial

Chiral metamaterial is a new class of metamaterials which has been proposed re-

cently to attain negative refractive index through alternative chiral route having

additional capability to tailor the polarization state of the incident EM wave. This

finds application in many areas including microwave communication, optical com-

munication, contrast imaging microscopy, molecular biotechnology and optical min-

eralogy. The terminology "chiral structure" describes those structures which lack

mirror symmetry in any plane. For a planar chiral structure if its mirror image

cannot be superimposed. The size and thickness of unit cell in chiral metamaterial

is much smaller than the wavelength of the incident EM wave. It has also been

demonstrated that backward wave may propagate in chiral media [16]. The slab

of chiral material can focus the beam of the incident wave and can be utilized as

a perfect lens [16]. Twisted Swiss-role metal structures and canonical helix are 3D

chiral metamaterials that have been proposed in the microwave range in order to

realize chiral metamaterial with a feature of negative refraction [17]. However, fab-

rication of such 3D chiral metamaterial is usually difficult. Meanwhile, the planar

chiral geometry was proposed and fabricated from microwave frequency to optical

regime [18]. It showed very strong optical activity in the microwave, near-infrared

and visible spectrum range. For example in terms of rotary power per wavelength

the planar chiral structure has five orders of magnitude as compared to the gy-

rotropic crystal of quartz in microwave spectral region. It has been demonstrated

that the strong optical activity is observed in the structure due to the presence of

magnetic resonance which originate from the anti-parallel current in the metallic

wires [17].

The electromagnetic characteristics of chiral metamaterial are described in terms of

electric and magnetic field cross coupling coefficients. The propagation of electro-

magnetic wave from this media can be modelled as a reciprocal bi-isotropic media
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and it obey the following constitutive relations [17]:

D
B

 =

 ε0ε −iκ/c0

iκ/c0 µ0µ


E
H

 (1.28)

Here µ0 and ε0 are permeability, and permittivity of vacuum respectively. µ and ε

are permeability and permittivity of chiral media. κ is chirality that measures the

amount of cross-coupling between magnetic and electric field and c0 is the speed

of light in vacuum. The presence of κ will break the degeneracy of two circularly

polarized waves. Due to that, in a chiral medium, refractive index of one circularly

polarized wave is higher than the other. Assuming time dependence of the form

e−iωt, the left circular polarized (LCP,−) and right circular polarized (RCP,+) wave

defined as E± = 1
2E0(x̂∓ iŷ). For LCP and RCP wave the refractive index is [18]:

n± = √εrµr ± κ = n0 ± κ (1.29)

Here (+) and (−) stands for RCP and LCP. The impedance is same for both LCP

and RCP wave and is given by z/z0 =
√
µ/ε, where z0 is the vacuum impedance.

From Eq. (1.29) it can be observed that if chirality κ is strong enough for one

circularly polarized wave, even if the values of εr and µr are positive, refractive index

may become negative while for other circular polarized wave it may remain positive.

The value of polarization azimuth rotation angle θ is proportional to chirality κ,

where θ = κk0d. Here d and k0 are the thickness of slab and wave vector in the

vacuum.

Thus, the chiral material exhibits large rotary power such as bilayer chiral structures

and this will raise the value of chirality, κ. Such a large value of κ will increase the

possibility to possess negative refraction in a chiral material. In recent studies, the

negative refraction has been confirmed experimentally on bilayer rosette structure

[16].
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1.1.7 Hyperbolic metamaterial

Hyperbolic Metamaterial (HMM) is another prominent category of the metama-

terials. It is a uniaxial and non-magnetic material which merges the reflection

properties of metals and transparent properties of dielectrics [19]. HMM can be

considered as a polaritonic crystal where merged states of light and matter give

rise to electromagnetic state density. Now a days HMM (also known as indefi-

nite index media) provides metamaterial a viable platform in order to realize it in

optical and high-frequency spectrum. Some hyperbolic composites having hyper-

bolic dispersion were realized experimentally from near-IR to far-IR and from UV

to visible frequencies spectrum [20]. Sub-diffraction imaging, negative refraction,

sub-wavelength modes, lifetime engineering and spontaneous engineering are some

applications of HMM’s [19]. The possible emerging applications of hyperbolic meta-

material in heat transport and acoustics makes this area of great interest among the

research community [21].

The name Hyperbolic metamaterials evolves from the isofrequency surface topology.

In free-space, the isotropic and linear dispersion behavior of EM wave signifies a

spherical isofrequency surface. It can be described by the relation k2
x+k2

y+k2
z = ω2/c2

and is shown in Fig. 1.9(a). Here k = [kx, ky, kz] is wavevector, ω is radiation

frequency and c is the light velocity in free space. If the considered medium is

a uniaxial and propagating wave is an extraordinary wave (TM wave) then, the

isofrequency relation is modified to [19]:

k2
x + k2

y

εzz
+ k2

z

εxx
= ω2

c2 (1.30)

In an uniaxial media the tensor dielectric permittivity can be written as ε = [εxx, εyy, εzz]

here εxx = εyy = ε‖ are in-plane components and εzz = ε⊥ is the out of plane compo-

nent. The free-space spherical isofrequency surface modifies to an ellipsoid for the
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HMM case.

If the medium is extremely anisotropic such that ε‖.ε⊥ < 0, then the isofrequency

surface becomes open hyperboloid as shown in Fig. 1.9(b, c). This requires that

material should behave like a dielectric in one direction and metal in other direction.

Such kind of material is not readily available in nature in the optical spectrum.

However, it can be realized through nanostructured artificial media.

HMM can be classified in two categories: Type-I and II. In Type-I category, one

element of dielectric tensor is negative (εzz < 0; εxx; εyy > 0) shown in Fig. 1.9(b)

but in case of Type-II HMMs two elements of dielectric tensor are negative (εzz >

0; εxx; εyy < 0) shown in Fig. 1.9(c). If all elements of dielectric tensor are negative

or positive in that case it behaves like metal or a dielectric respectively. The Type-

I HMM is less reflective than Type-II because it is less metallic than its type-II

counterpart.

Figure 1.9: The topology of k-space. (a) For free-space spherical isofrequency sur-
face. (b) For uniaxial extremely anisotropic media (HMM Type-I:εzz < 0; εxx; εyy >
0) hyperboloid isofrequency surface.(c) For uniaxial extremely anisotropic media
(HMM Type-II:εzz > 0; εxx; εyy < 0) hyperboloid isofrequency surface. (Source:
P. Shekhar, J. Atkinson and Z. Jacob, Hyperbolic metamaterials: fundamentals and
applications,Nano Convergence, 2014.)
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1.1.7.1 Realization and materials

There are two realistic ways to attain hyperbolic dispersion. For the purpose of hy-

perbolicity, it requires metallic characteristics in one direction and dielectric charac-

teristics in the other. Therefore a building block of HMM must contain both metal

and insulator materials. Microscopically metal building block originate propagating

high-k modes which are responsible for hyperbolic dispersion of the material. The

metal building block has properties of polaritonic which permit light-matter cou-

pling to create high-k waves. For hyperbolic metamaterial phonon-polaritonic or

plasmon-polaritonic metal is necessary. The coupling of near-field surface plasmon

polaritons (SPPs) at each interface of a metal-dielectric results in high-k modes. In

dielectric-metal, superlattice produced high-k modes are called Bloch modes.

There are two ways to construct HMM either 1D HMM or 2D HMM [19]. The

1D HMM consists of multilayer alternative disks of metal and dielectric as shown

in Fig. 1.10(a). For homogenization operating wavelength should be far greater

than the layer thickness. For attaining hyperbolic behavior in distinct wavelength

regimes a broad choice of high index dielectrics and plasmonic metals are available.

Gold and silver with alumina is an excellent selection for the HMM in ultravio-

let (UV) frequency spectrum. The plasma frequencies of those metals lie in UV

range. Near to the plasma frequency reflectivity of those metals decreases and the

super-lattice of metal-dielectric attains high transmission with Type I HMM. Near-

infrared (IR), gold and silver exhibits highly reflective metallic behavior and are

not suitable. Therefore, other plasmonic materials, engineered with lower plasma

frequencies through doping are utilized.

46



Chapter 1. Introduction

(a) (b)

Figure 1.10: (a) Alternate layers of metals and dielectrics. Creating a multilayer

geometry which has superlattice of metal-dielectric. (b) Dielectric host embedded

by metallic nanorods structure. (Source: P. Shekhar, J. Atkinson and Z. Jacob, Hy-

perbolic metamaterials: fundamentals and applications,Nano Convergence, 2014.)

The 2D HMM is an another way of attaining hyperbolic behaviour. It consists of

dielectric host having metallic nanorods. Silver and gold metals are usually used for

nanorods and alumina is used as dielectric host. High transmission, low losses and

wide bandwidth are the key advantages of this design. Also the large reflectivity

problem of 1D HMM does not exist in this design.

1.2 The Helix

The Helix is a well-known waveguide structure of Microwave engineering which was

invented by R.Kompfner [5]. From earliest times it is utilized as a slow wave struc-

ture in traveling wave tubes. It is also used in backward-wave oscillators and all

low and medium power traveling wave amplifiers [22]. Helix is also utilized in high-

frequency delay lines and highly directive broadband antennas [5].

The helical structure is shown in Fig.1.11(a) and is made up of a metallic wire with

a radius, a, and the periodicity or pitch of winding, p, the diameter of the wire is

δ. In Fig. 1.11(b), the expanded view of the helix is shown. The pitch angle, ψ, is
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a ratio of the pitch, p, and circumference, 2πa,

tan(ψ) = p

2πa (1.31)

Initially it was believed that an EM wave propagates along the metallic wire of

Figure 1.11: (a) the helix and (b) its expanded view

helix with the speed of light c and its velocity in z direction is the ratio of helix

pitch (p) to 2πa/cos(ψ) times the speed of light (c) [5],

vz = p

2πa/cos(ψ)c = sin(ψ) (1.32)

This is the famous Helical wave model which is the simplest model of helix. As per

this model the system is non-dispersive and vz is not dependent on frequency. This

approximation is correct in the regime of high frequencies. However in the regime

of lower frequencies a practical helix becomes a dispersive system [5].

The boundary conditions of helix are skewed and complicated and difficult to deal

with, in order to find the solutions of field. Therefore, different authors have pro-

posed different physical models [5]. Among them most used and popular models are

sheath helix model [22] and tape helix model [22].
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1.2.1 The sheath helix

The sheath helix physical abstraction is proposed by J. R. Pierce and is derived from

the solutions of Maxwell’s equations which exhibits many of the characteristics close

to an actual helix. The sheath helix is an infinitesimally thin cylindrical surface,

which conducts only in helical direction, as shown in Fig. 1.12. The sheath is

conducting perfectly with the plane perpendicular to the axis in a direction making

an angle ψ, but it is not conducting in normal to the direction of conduction. A

physical closeness of this model could be obtained by considering a flat tape of width

p, wound in a cylindrical form of radius a and each winding being wound next to

each other.

Further, it is assumed that the number of wires is infinitely large and spacing between

wires is infinitesimal. In these limits, wires can be replaced by sheet or sheath which

conducts only in the direction of wire and the structure can be considered as perfect

sheath helix. This model is reported to be a good approximation to the actual helix

when there are large number of turns per guided wavelength,

λz
2 >> p, i.e., βp << π (1.33)

These conditions are explicitly required when the validity of uniform system is as-

sumed.

Figure 1.12: The sheath helix
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1.2.1.1 Boundary conditions

On the surface of sheath helix three boundary conditions are applicable. A boundary

representative view of helix is shown in Fig. 1.13(a), where || and ⊥ denotes the

components parallel and normal to the helical wire direction receptively. At ρ = a,

the conditions are as follows. On the surface tangential component of the electric

field must be zero because conductivity is assumed to be infinite in that direction.

This is expressed as:

E||1(a) = 0, E||2(a) = 0 (1.34)

and the normal component to the direction of conduction is continuous:

E⊥1(a) = E⊥2(a) (1.35)

In the conduction direction magnetic field component must be continuous because

there is no surface current normal to magnetic field

H||1(a) = H||2(a) (1.36)

The axial and azimuthal components, z and φ are related by following relations and

illustrated in Fig. 1.13(b).

E|| = Ezsinψ + Eφcosψ, E⊥ = Ezcosψ − Eφsinψ,

H|| = Hzsinψ +Hφcosψ, H⊥ = Hzcosψ −Hφsinψ,

(1.37)
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Figure 1.13: The developed view of sheath helix and the helical coordinate.

Then in terms of field components the boundary conditions (1.34) to (1.36) can be

rewritten as:

Ez1sinψ + Eφ1cosψ = 0, (1.38)

Ez2sinψ + Eφ2cosψ = 0, (1.39)

Ez1cosψ − Eφ1sinψ = Ez2cosψ − Eφ2sinψ, (1.40)

Hz1sinψ +Hφ1cosψ = Hz2sinψ +Hφ2cosψ, (1.41)

1.2.2 The tape helix

In sheath helix model the biggest assumption is that helix is modeled as a cylinder

and the air gap between the windings is not taken into account. Also, the sheath

helix does not model the periodic behavior of the helix. In the tape helix these two

assumptions have been taken into account and it was first investigated by Sensiper.

It consists of thin metal ribbon wounded in the form of a helix. The width of the

tape is, δ, as shown in Fig. 1.14. The thickness of the tape is zero and it considered

to be infinitely conducting. The helix radius is, a, the helix pitch is p and pitch

angle is:

tan(ψ) = p

2πa (1.42)
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Figure 1.14: The tape helix

If a helix, as illustrated in Fig. 1.14, moves in z direction by a distance p then

features of helix remain invariant. Also, if the helix is rotated by an angle θ (it can

be considered to have moved by a radial distance of pθ/2π) the helix features again

remain invariant in this case. This periodic nature of helix puts some limitations

on the nature of solutions. Cylindrical polar coordinate system is utilized in this

context. If the solution of electric field is E1(r, φ, z) e−iβ(pθ/2π) then E1(r, φ+ θ, z +

pθ/2π) is also a solution. It can be seen that due to periodic nature of helix the

points (r, φ, z) and (r, φ+ θ, z + pθ/2π) are indistinguishable from each other. The

term e−iβ(pθ/2π) is the propagation vector of the wave. The solution of electric field

E1(r, φ, z) is periodic in the z direction with periodicity p (propagation vector e−iβz

is not included) and it is also periodic in φ direction. Therefore, in terms of double

Fourier series E1 can be expressed as [5],

E1(r, φ, z) =
∞∑

m=−∞

∞∑
n=−∞

E1,mn(r)e−imφ−i2nπz/pe−iβz (1.43)

Here E1,mn(r) is a vector function of r. It is necessary that E1,mn(r)e−iβz remains

unchanged when φ and z are replaced by φ+ θ and z + pθ/2π. Therefore

e−imφ−i2nπz/p = e−im(φ+θ)−i2nπ(z+pθ/2π)/p (1.44)

The above condition is satisfied if m = n. Then Fourier series is reduced to single
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summation,

E1(r, φ, z) =
∞∑

n=−∞
E1,n(r)einφe−iβnz (1.45)

where

βn = β0 + 2πn
p

(1.46)

1.2.2.1 Boundary conditions

For an ideal conducting tape helix, the boundary conditions at ρ = a are as follows.

1. For all φ and z, the tangential component of the electric field is continuous.

2. The interruption in a tangential component of magnetic field is equivalent

to the density of surface current having its direction perpendicular to the

magnetic field.

3. On the tape surface, tangential component of the electric field is zero.

For above conditions, mathematical expressions are written as follow [5].

Ez1(a) = Ez2(a), (1.47)

Eφ1(a) = Eφ2(a), (1.48)

Hz2(a)−Hz1(a) = −Jsφ(a), (1.49)

Hφ2(a)−Hφ1(a) = Jsz(a), (1.50)

Et(a) = 0, for
pφ

2π −
δ

2 < z <
pφ

2π + δ

2 (1.51)

Here 1 and 2, denotes region 1 (ρ ≤ a) and region 2 (ρ ≥ a), respectively. On the

surface ρ = a and Et(a) represents tangential component of electric field, Jsφ(a) and

53



Chapter 1. Introduction

Jsz(a) are densities of surface current on the surface in the directions of φ and z,

respectively.

1.3 SlowWave Applications, Background andMo-

tivation for Present Thesis Work

Slow Wave is an emerging area of research which promises many potential appli-

cations in the field of future Optical Communication Networks (OCN), Microwave

Photonics (MWP), Communication Networks etc. A device that can slow or even

stop the EM wave is very much in demand, nowadays, since they can dynamically

control the flow of EM wave [34]. Such Slow Wave Devices (SWD’s) are designated

as Optical Buffers (OB’s) or Variable delay optical lines [35]. These devices have

emerged as key elements for future OCN’s and information processing systems. In

order to realize future OCN architecture, the Optical Data Packet Switching (ODPS)

is highly desirable. For ODPS, it is necessary to synchronize incoming data packets

and regulate data traffic at network nodes or to implement congestion and con-

tention resolution in the core routers. Nowadays, electrical routers perform these

operations through large banks of Static Random Access Memory (SRAM). In fu-

ture this activity will be performed by optical buffers. As compared to electric buffer

the main advantage of an optical buffer is its low cost. In ODPS the cost per bit

transmission of data is less as compared to its electric counterpart which makes it

more desirable. Therefore, the optical buffer should have low heat production, low

power consumption and a small footprint. Hence extensive research is going on to

realize equivalent optical data packet switching (ODPS). For the purpose of a flexi-

ble optical buffer, it is required that buffer should be transparent for packet length

and provides the dynamic delay. It is also required that the buffer should have low

dispersion and optical power loss [34].
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As described, optical buffers and memories are the key components to realize ODPS.

The mechanism of slow wave is vital for the development of such devices. The appli-

cation of optical memories, optical buffers and delay lines ranges from optical stor-

age, optical data processing, optical delay line, filters, phase shifter to microwave

photonics (MWP) devices. MWP is another emerging area of research where pho-

tonics is involved in order to process microwave signals. The slow wave structures

in MWP enables synchronizing the time delay or phase shift of microwave signal

which modulates the optical carrier. Slow wave devices also cater to other potential

applications such as [35]

• Noise reduction

• Advanced time-domain signal processing

• Clock resynchronization

• Pulse compression

• More sensitive interferometers

• Enhancing linear and nonlinear effects

• Particle acceleration

It is a well-known fact that the wave velocity or group velocity is dependent on the

dispersion characteristics of the medium. For slow wave or reduced group velocity,

a medium should have sharp spectral characteristics which cause large dispersion.

There are two possible ways to introduce dispersion in a device either by introducing

a material or from structural aspect. Therefore, various proposed slow wave schemes

are broadly classified in two categories (1) material induced dispersion or (2) struc-

ture induced dispersion. The conventional methods such as electromagnetically

induced transparency [23], quantum-dot semiconductor optical amplification [24],
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coherent population oscillation [25] and stimulated Brillouin scattering [26] come in

the category of material induced dispersion. Usually, these methods are less pre-

ferred at room temperatures due to their strong temperature dependence and other

inherent limitations [27]. For instance, quantum-dot semiconductor optical am-

plifiers produce very small delays, Electromagnetic induced transparency requires

ultracold atomic gasses, stimulated Brillouin scattering and coherent population os-

cillations have very narrow bandwidths. Usually, at room temperatures, structure

induced dispersion methods are preferred because these methods are independent of

temperature and at the same time they are easier to implement. Photonic crystals

(PC’s) and surface plasmon polaritons (SPP’s) based methods fall in the category of

structure induced dispersion. However, PC’s based methods have inherent issues of

high multimode generation and strong impedance mismatch in the slow light regime.

This makes it difficult to launch light energy in a single mode. On the other hand,

SPP’s are very sensitive to surface roughness and its excitation is also difficult [27].

Recently, some research groups have proposed Slow Wave Devices (SWD’s) based on

metamaterials. In the last few years, metamaterials have shown immense potential

in many areas of science and technology. Their extraordinary features and appli-

cations have generated enormous research interest among various research groups

around the world in exploiting such properties for different engineering as well as

physical sciences applications. The feature of slow wave with Metamaterials was first

investigated by Tsakmakidis et al. [27] where they established connection between

two modern realms of sciences, slow wave and metamaterial by proposing an axi-

ally varying three-layer planar heterostructure composed of metamaterial (negative

index or left-handed material) core and dielectric (positive index or right-handed

material) cladding. They explained the phenomenon of slowing and trapping of

the wave by negative Goos-Hanchen lateral displacement at the interfaces of differ-

ent media where the different thickness of linearly tapered waveguide correspond

to different propagating frequencies guided fields stop, which they named ”trapped
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rainbow”effect. Later different research groups around the world have proposed

various slow wave structures by utilizing metamaterial properties [28–33].

Suwailam et al. [28] studied the EM wave propagation characteristics of a metamate-

rial slab waveguide and they found that both TM- and TE- modes travel with speed

less than the speed of light. A similar observation was also reported by Erfaninia

et al. [29], where they found that group velocity is greatly reduced in multilayered

metamaterial waveguide. Savo et. al. [30] reported, experimentally, slow-light in

GHz regime through the mechanism of mode degeneracy in a planar metamaterial

waveguide. The waveguide consists of a core of dielectric material and a cladding

of single negative material realized by the periodic arrangement of split ring res-

onators. Gennaro et. al. [31] experimentally demonstrated the propagation of a

remarkably slow wave in GHz regime from metamaterial waveguide. The waveg-

uide was made of interleaved periodic arrays of split ring resonators and metallic

wires. He et al. [32] studied dielectric slab waveguide having metamaterial sub-

strate and reported propagation of slow wave inside the guide. Huang et al. [41]

studied anisotropic metamaterial cylindrical guide and observed that EM wave can

be slowed and even stopped inside the waveguide. Jiang et al. [33] investigated

an air waveguide with anisotropic metamaterial cladding and reported slowing and

stopping of the wave inside the waveguide.

From the above mentioned studies, it can be concluded firmly that the presence

of metamaterial medium can be used to slowed down the EM wave. In microwave

engineering helical waveguides also have the inherent characteristics of slow wave

due to its skewed boundary conditions. For a long time it has been widely used as

a slow wave device over a wide bandwidth in Travelling Wave Tubes [22], Backward

Wave Oscillators [22] and Helical antennas [5].

In present thesis work, we have proposed different Helical SlowWave Devices (SWD’s).

The first objective is to investigate the characteristic of a helical guide when its char-

57



Chapter 1. Introduction

acteristics are superimposed with metamaterial properties. In literature, most of the

studies are related to planar [27–29,36–39] as well as cylindrical [40,41] waveguides

where complex mode behavior has been studied in the context of different appli-

cations. Very few investigations are found on helix structure and to the best of

our knowledge no one has investigated the helical structure with metamaterial with

prospective application in the field of optoelectronics and microwave photonics.

The second objective is to explore the effect on Slow Wave when helical guide slow

wave behaviour is superimposed with metamaterial properties. As described above

both the structures have slow wave characteristics. Additionally helical waveguide

has a comparatively wider bandwidth.

1.4 Organization of Thesis

This research work includes analysis and design of novel helical slow wave devices

embedded with metamaterial medium for optoelectronics as well as microwave pho-

tonics applications. For each proposed structure analytical characterization as well

as their possible engineering feasible design is presented and discussed. The complete

description of research work is organised as follows:

In chapter-2, the dispersion characteristics of a left-handed material (LHM) or

Metamaterial Loaded Helical Guide (MLHG) are analytically solved and numeri-

cally computed for different metamaterial medium properties as well as helical guide

parameters. The modal behaviour of this structure has been studied with an aim to

achieve ultra slow wave over wide bandwidth which finds potential applications in

optical switches and memories for optical processing. Significant amount of phase

velocity reduction has been achieved in comparison to free space or loaded with nor-

mal dielectric column. Other modal properties such as presence of two fundamental

modes - backward and forward wave and their lower cut-off frequencies (LCF) as
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well as bandwidth spectrum are also discussed thoroughly.

In chapter-3, we study propagation characteristics of dispersive Metamaterial Loaded

Helical Guide (DMHG). As compared to MLHG structure, described in chapter-2,

here the considered metamaterial medium is dispersive in nature. Non-dispersive

metamaterial medium has not been successfully realized so far. The motivation be-

hind this study is to analyze and present the actual design of DMLHG structure

that has capability to slow or even trap the EM wave.

Considered metamaterial dispersive behaviour is described through Drude model

[59]. Analytical-computational characterizations of DMLHG structure have been

done to visualize various modal characteristics of the structure. It is observed that

metamaterial insertion enhances helical guide slow wave behaviour and supports

forward wave (FW), backward wave (BW) as well as mode degeneracy. Obtained

mode degeneracy mechanism leads to trapping of EM wave. In order to realize

proposed DMLHG structure, we present two possible designs. A novel FF-shaped

metamaterial cell has been characterized and proposed in order to realize dispersive

nature inside the helical guide. The S-parameters of the designed FF-shape struc-

tures are obtained from electromagnetic simulation and have been used to extract

effective permittivity and permeability values. It is observed that the structure

simultaneously exhibits negative permittivity and permeability values over a wide

frequency range. An experiment has also been performed with an aim to verify the

transmission parameters of the conceived FF-shaped metamaterial cell.

The simulation results verify the presence of characteristics observed in analytical

study such as FW, BW and mode-degeneracy, but with slightly shifted frequency

spectrum.

In chapter-4, we have investigated, Epsilon Negative (ENG) Cladded Metamaterial

Loaded Helical Guide Structure (CMLHG). The motive behind this study is: (i) to

design and realize a slow-wave delay line in the form of optical fibre/cable and (ii)
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to avoid external interference by introducing cladding in the structure. For ENG-

CMLHG structure, analytical equation has been derived and computed numerically

to analyze its dispersion characteristics in the THz frequency spectrum. Significant

amount of phase velocity reduction is achieved in comparison to the helical guide

when (i) it is in free space and not cladded (ii) it is cladded with doubly positive ma-

terial and loaded with metamaterial. We have also reported that helical waveguide

physical dimensions ((mainly radius and pitch angle) act as tuning tools to control

the phase velocity. The Electric field intensity distribution over the cross section of

the waveguide has also been studied which shows that as the frequency increases

the electric field distribution is more confined to the core region of the waveguide.

In chapter-5, we report slow wave propagation characteristics of Extremely Anisotropic

Metamaterial Loaded Helical Guide (EAMLHG). The motivation behind using Ex-

tremely Anisotropic Metamaterial is to overcome the fabrication limitations of DMLHG

structure for high frequency spectrum (THz to visible).

An analytical expression has been theoretically derived and numerically computed

to get exact solutions of all possible guided modes of propagation. Anisotropy

is defined in terms of positive longitudinal permittivity and negatives transverse

permittivity. The waveguide supports Hybrid (HE) mode propagation and possesses

characteristics of Backward Wave (BW) mode, Forward Wave (FW) mode, zero-

group velocity and mode-degeneracy. The large value of effective index of BW

mode and mode-degeneracy mechanism leads to slowing and trapping of EM wave.

Closed-form guided mode energy propagation expression has been also derived and

computed which exhibits zero power for the mode degeneracy point. These types of

waveguides can be used as filter, phase shifter and optical buffer in optoelectronics

applications as well as in microwave circuits.

In chapter-6, we have summarized and concluded the thesis research work and the

possible directions of future proposed works is also discussed.
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Metamaterial Loaded Helical

Guide*

2.1 Introduction

Enormous research interest has been shown by different research groups [42–46]

[28,52,53] around the world to exploit the exotic properties of metamaterial for dif-

ferent engineering as well as physical science applications [54–58]. One such appli-

cation is to find out the electromagnetic complex mode behaviour and wave steering

properties (also called dispersion engineering) of different electromagnetic structures

when these structures are either embedded with metamaterial or the structure itself

is made up of metamaterial. There are a number of such investigations reported in

the literature. Cory et al. [42] studied surface wave propagation along metamaterial

cylindrical guide for both real and imaginary transverse wave-numbers and found

that transverse propagation coefficient of first TEz and TMz mode could be real or

imaginary. Shu et al. [43] studied surface wave propagation in the grounded meta-

material slab in which they discussed about complex wave and evanescent surface
∗This work has been published in Progress In Electromagnetics Research M , Vol. 35, 11-19,

2014.
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wave mode. They observed that the value of normalized effective dielectric constant

(εeff ) for evanescent surface wave mode is high as compared to εriµri (inside) and

εroµro (outside). Cory et al. [44] studied metamaterial slab guide and observed that

it can be used as a filter due to the appearance of band-pass region. Bae et al. [45]

studied the guided mode in metamaterial slab having a real and imaginary transverse

wave number. They found that cut-off exists for all modes in real transverse wave

number, and guided modes are also present in imaginary transverse wave number.

Baccarelli et al. [46] studied metamaterial grounded slab and presented condition

for suppression of proper surface wave (ordinary and evanescent surface wave) that

made the considered structure a good candidate for planer antenna substrate. Rup-

pin [47] studied the surface polaritons modes of a semi-infinite left-handed medium

and demonstrated how they can be observed using the attenuated total reflection

(ATR) technique. Darmanyan et al [48] studied the properties of surface EM wave

at the interface of left-handed and conventional medium, and they observed that

both p- and s- surface wave modes do not coexist in the same frequency range.

They also calculated surface modes Poynting vector, density of energy and velocity

of energy transfer. Kats et al [49] also studied the EM surface wave at the interface

of left-handed medium and demonstrated that 2D interfaces separating 3D meta-

material can exhibit properties of 2D left-handed media for surface waves. They

found that the total energy flux and group velocity of these waves are anti-parallel

to the phase velocity. Leskova et al [50] [51] studied scattering of an EM wave from,

and its transmission through a slab of random surface of a left-handed medium.

Engheta [52] presented an idea of phase compensator using metamaterial in thin

sub wavelength cavity.

In this Chapter, Metamaterial Loaded Helical Guide (MLHG) is proposed and stud-

ied as Slow wave Device (SWD). As described in Chapter-1, Metamaterial and Heli-

cal guide both possess the characteristics of slow wave. The objective of the present

investigation is to study the effect on slow wave characteristics when helical guide
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slow wave behaviour is superimposed with metamaterial properties.

2.2 Dispersion Relation

The structure used for analysis is a sheath helix of radius a and pitch angle ψ as

shown in Fig. 2.1. The diameter of the wires is infinitesimally small and infinite

number of wire in a tape is assumed. Spacing between adjacent wires is very small

at the same time they are insulated with each other. It conducts only in a direction

making an angle ψ with the plane tangential to the axis [22]. Region-I is metamate-

rial media, which is assumed to be non-dispersive, isotropic and homogeneous and

region-II is free space.

Figure 2.1: Helix of radius ′a′, Region-I (inner region) is metamaterial medium and

Region-II (outer-region) is free-space.

The Borgnis’ potentials for metamaterial loaded helical guide of radius ρ = a and

for ejnφ turn variations are written as [22]:

Ui = An,iCn,i(kiρ)ejnφe−jβz (2.1)

Vi = Bn,iCn,i(kiρ)ejnφe−jβz (2.2)

Here, i = 1 for region-I (ρ < a) and i = 2 for region-II (ρ > a). Ai and Bi are

field coefficients, Cn,i is needed Bessel function of order n, which describe modal
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behaviour of the wave.

The field equations in two regions are written as:

Ez,i = −k2
iAiCn,i(kiρ)ejnφe−jβz (2.3)

Eρ,i = [−jβkiAiC ′n,i (kiρ) + ωµin
ρ

BiCn,i (kiρ)]ejnφe−jβz (2.4)

Eφ,i = [nβ
ρ
AiCn,i (kiρ) + (jωµiki)BiC

′
n,i (kiρ)]ejnφe−jβz (2.5)

Hz,i = −ki2BiCn,i (kiρ) ejnφe−jβz (2.6)

Hρ,i =
[
−ωεin
ρ

AiCn,i (kiρ)− jβkiBiC
′
n,i (kiρ)

]
ejnφe−jβz (2.7)

Hφ,i =
[
−jωεikiAiC ′n,i (kiρ) + nβ

ρ
BiCn,i (kiρ)

]
ejnφe−jβz (2.8)

Here, (′) is derivative of Bessel function with respect to its argument. ε1 and µ1 are

media parameters of region-I and are negative real numbers. ε2 and µ2 are positive

real numbers. k1 and k2 are transverse wave numbers for region-I and region-II

respectively, β is the longitudinal phase coefficient. Relation between ki and β is

given by the equation:

ki =
√
β2 − koi2 (2.9)

Here, koi (= ω
√
εiµi) is the propagation vector. For guided mode propagation,

field in region-II should decay exponentially in the transverse direction. Due to

that Cn,2(k2ρ) is replaced by modified Bessel function of second kind Kn(k2ρ). Due

to skewed boundaries, helical guide supports slow wave prorogation. Therefore,

Cn,1(k1ρ) is replaced by modified Bessel function of first kind In(k1ρ).

At boundary (ρ = a), electric field is continuous in the direction of propagation and

magnetic field is continuous normal to the direction of propagation. In terms of φ

64



Chapter 2. Metamaterial Loaded Helical Guide

and z, boundary conditions for the helical guide at ρ = a, are written as [5]:

Ez,1 = Ez,2 (2.10)

Eφ,1 = Eφ,2 (2.11)

Ez,1 = −Eφ,1cot(ψ) (2.12)

Ez,2 = −Eφ,2cot(ψ) (2.13)

Hz,1 +Hφ,1cot(ψ) = Hz,2 +Hφ,2cot(ψ) (2.14)

The field expressions from Eqs. (2.3) to (2.8) are substituted into the corresponding

boundary conditions in Eqs. (2.10) to (2.14) and a set of four linear homogeneous

equations with four unknown constants A1, A2, B1 and B2 are obtained. A non-

trivial solution of the fields exists only if the 4 × 4 determinants formed by the

coefficients of the unknown constants in the set of equations vanishes. The obtained

determinant is: ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

m1 m2 0 0

0 0 m3 m4

m5 m6 m7 m8

m9 m10 m11 m12

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
where,

m1 =
(
−k2

1 sin(ψ) + nβ
a

cos(ψ)
)
In (k1a)

m2 = jωµ1k1 cos(ψ)I ′n (k1a)

m3 =
(
−k2

2 sin(ψ) + nβ
a

cosψ
)
Kn (k2a)

m4 = jωµ2k2cos(ψ)K ′n(k2a)

m5 = (k2
1cos(ψ) + nβ

a
sin(ψ))In(k1a)
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m6 = (jωµ1k1 sinψ)I ′n (k1a)

m7 = −
(
k2

2 cosψ + nβ
a

sinψ
)
Kn (k2a)

m8 = −jωµ2k2 sin(ψ)K ′n (k2a)

m9 = jωε1k1 cos(ψ)I ′n (k1a)

m10 =
(
k2

1 sin(ψ)− nβ
a

cos(ψ)
)
In (k1a)

m11 = −jωε2k2 cos(ψ)K ′n (k2a)

m12 = −
(
k2

2 sin(ψ)− nβ
a

cos(ψ)
)
Kn (k2a)

Equating determinant to zero resulting Eigen-value equation for β is:

koa
2cε1k1 cot(ψ)I

′
n (k1a)
In (k1a) −

Y 2

koa2cµ1k1 cot(ψ)
In (k1a)
I ′n (k1a) −

koa
2cε2k2 cot(ψ)K

′
n (k2a)

Kn (k2a)r
2 + X2r2

koa2cµ2k2 cot(ψ)
Kn (k2a)
K ′n (k2a) = 0 (2.15)

Here r=k1a/k2a, X = (k2a)2 − nβa cot(ψ), Y = (k1a)2 − nβa cot(ψ), ko=ω
√
εoµo,

εo and µo are free space permittivity and permeability.

The dispersion relation Eq. (2.15) is further algebraically re-derived for various spe-

cial cases:

1. For n = 0

koa
2cε1k1 cot(ψ)I

′
0 (k1a)
I0 (k1a) −

k1a

koacµ1 cot(ψ)
I0 (k1a)
I ′0 (k1a) −

koa
2cε2k2 cot(ψ) K

′
0 (k2a)

K0 ((k2a)r
2 + k2ar

2

koacµ2 cot(ψ)
K0 (k2a)
K ′0 (k2a) = 0 (2.16)

2. For ψ=0 and n = 0
ε1

ε2

I ′n(k1a)
In(k1a) − r

K ′n(k2a)
Kn(k2a) = 0 (2.17)
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3. For ψ=0 and n , 0

koac

[
ε1k1a

I ′n(k1a)
In(k1a) − r

2ε2k2a
K ′n(k2a)
Kn(k2a)

]
− n2β2

koac

[
1

µ1k1a

In(k1a)
I ′n(k1a) −

1
µ2k2a

Kn

K ′n

]
= 0

(2.18)

4. For ψ=90 and any n

r
I ′n(k1a)
In(k1a) −

µ1

µ2

K ′n(k2a)
Kn(k2a) = 0 (2.19)

Propagation vectors in Eq. (2.9) have been normalized with respect to the helix

radius a, in both the region and rewritten as:

For region-I:

k1a =
√

(βa)2 − (ko1a)2 (2.20)

For region-II:

k2a =
√

(βa)2 − (ko2a)2 (2.21)

By solving Eqs. (2.20) and (2.21) one can find:

k2a =
√

(k1a)2 + (ko1a)2 − (ko2a)2 (2.22)

2.3 Results and Analysis

Dispersion equation (2.15) is a transcendental equation, which has been solved nu-

merically as well as graphically to compute the longitudinal phase coefficient as a

function of frequency koa. Mathematica 7.0 software package has been used for find-

ing out the roots numerically. Obtained roots are verified by graphical procedure.

For that, βa in Eq. (2.15) is replaced by
√

((ko1ak2a)2 − (ko2ak1a)2)/((k1a)2 − (k2a)2)

using Eqs. (2.20) and (2.21) and plotted between k1a versus k2a. Same variations
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are also plotted using Eq. (2.22). Superposition of these two graphs (not shown

here) provides the value of βa.

For surface wave propagation k1a and k2a should be positive. Due to this, only

those values of βa are considered as roots, which are higher as compared to ko1a

and ko2a.

2.3.1 Dominant mode (n = 0)

In Fig. 2.2, normalized longitudinal phase coefficient (koa/βa) has been plotted as a

function of propagation vector (koa) for three cases when helix is: (i) in free space,

(ii) loaded with DPS material and (iii) loaded with metamaterial. A comparative

study has been made among three cases to understand complex mode propagation

behaviour such as- Backward Wave (BW) mode, Forward Wave (FW) mode, phase

velocity, and bandwidth spectrum.
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Figure 2.2: Variation of koa/βa vs koa at n = 0 and ψ = 30 ◦. free-space case

(εr1 = 1, µr1 = 1) represented by •, DPS material (εr1 = 2, µr1 = 1) loading

represented by ?, metamaterial (εr1 = −2, µr1 = −1) loading represented by N and

H.
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In case of metamaterial loading at low frequencies two fundamental modes (2 and

3 in Fig. 2.2) propagate simultaneously having LCF at koa = 1.3. Mode 3 having a

positive slope in dispersion graph and negative group velocity, which exhibits a BW

property. At higher frequencies from koa = 1.6 onwards, only forward ultra slow

mode 2 propagates which has positive group velocity. As we increase the frequency,

normalized phase velocity (koa/βa = vp/c) of mode 2 start to vary from 0.297, and

it reduces to 0.040 at higher frequencies.

While in case of DPS medium, mode 1 (in Fig. 2.2) has LCF at koa = 0.3. The

normalized phase velocity varies from 0.690 and is almost constant at 0.406 at higher

frequencies (koa = 7) which is 1.23 times less as compared to free-space case (4 in

Fig. 2.2).

Lowest achieved normalized phase velocity in metamaterial medium is 10 times

less as compared to DPS medium. This implies that the presence of metamaterial

medium enhances the slow-wave behaviour of the helical guide.

2.3.2 Higher order modes

Similar graphs are plotted for first (n = 1) higher-order mode in Fig. 2.3. In case of

metamaterial loading at low frequencies two fundamental modes (3 and 4 in Fig. 2.3)

coexist in the guide. Mode 4 is a BW mode having a positive slope in the dispersion

plot and has negative group velocity. From koa = 0.8, onwards only forward ultra

slow mode 3 exists in the guide. Normalized phase velocity of mode 3 starts varying

from 0.05 and increases up to koa = 0.8, afterwards it reduces and almost becomes

constant at 0.04 for higher frequencies. In case of DPS medium two fundamental

modes, 1 (FW mode) and 2 (BW mode) are propagate (in Fig. 2.3) till koa = 0.4.

After that only, forward wave mode propagates and its normalize phase velocity

(koa/βa = vp/c) varies from 0.05 to 0.36.
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Figure 2.3: Variation of koa/βa vs koa at n = 1 and ψ = 30 ◦. DPS material (εr1 = 2,
µr1 = 1) loading represented by • and �, metamaterial (εr1 = −2, µr1 = −1) loading
represented by H and N.

In case of metamaterial loading, slowest achieved normalized phase velocity is 0.04,

which is 9 times lower as compared to their DPS medium counter-part. This again

signifies the presence of metamaterial medium further increases the slow behaviour

of the helical guide.

2.3.3 Effect of physical design parameters

Helical guide contains two design parameters namely radius (a) and pitch angle (ψ).

In the above results radius (a) is normalized with propagation vector koa. Therefore,

its effect could be understood by making the frequency constant. Helix pitch angle

(ψ) effects on the behaviour of slow wave propagation have been shown in Figs. 2.4

and 2.5.

At lower frequencies, two modes (BW and FW mode) propagate simultaneously.

Modes described as 1, 3 and 5 (in Figs. 2.4 and 2.5) propagate as forward wave

mode and modes 2, 4 and 6 (in Figs. 2.4 and 2.5) propagate as a BW mode for pitch

angles 30, 20, and 10 degrees respectively.
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Figure 2.4: Variation of koa/βa vs koa at n = 0 in metamaterial (εr1 = −2, µr1 =

−1) loading for ψ = 30 ◦ represented by ? and •, 20 ◦ represented by H and N and

10 ◦ represented by � and �.
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Figure 2.5: Variation of koa/βa vs koa at n = 1 in metamaterial (εr1 = −2, µr1 =

−1) loading for ψ = 30 ◦ represented by ? and •, 20 ◦ represented by H and N and

10 ◦ represented by � and �.

In dominant mode, bandwidth spectrum of BW mode increases with reduction in

pitch angle (bandwidth in 30 ◦ is koa = 1.3 to 1.5, 20 ◦ is koa = 0.9 to 1.4 and 10 ◦

is koa = 0.5 to 1.3). Similar observations are seen in higher order (n = 1) mode

(bandwidth in 30 ◦ is koa = 0 to 0.7, 20 ◦ is koa = 0 to 0.9 and 10 ◦ is koa = 0 to
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1.2).

Normalized phase velocity of forward wave mode (1, 3 and 5 in Figs. 2.4 and 2.5)

decreases with decrease in pitch angle (summarized in Table 2.1) that enhances the

ultra slow wave behaviour of the helical guide.

Table 2.1: LCF of dominant mode (n = 0) and Vp/c of dominant and first higher

order mode (n = 1) for different pitch angles.

ψ LCF in koa Vp/c (n = 0) at koa = 7 Vp/c (n = 1) at koa = 7
30◦ 1.3 0.0409 0.0400
20◦ 0.9 0.0177 0.0175
10◦ 0.5 0.0043 0.0043

2.3.4 Effect of metamaterial medium on guide dispersion

behaviour

Metamaterial media properties (ε1 and µ1) play a very important role in reducing the

phase velocity of the wave in order to achieve ultra slow wave. Three representative

examples: (a) case I (εr1 = −1.5, µr1 = −1 ; εr2 = 1, µr2 = 1) (b) case II (εr1 =

−2, µr1 = −1 ; εr2 = 1, µr2 = 1) and (c) case III (εr1 = −5, µr1 = −1 ; εr2 = 1, µr2 =

1) are considered for analysing these effects by varying εr1 and keeping µr1 constant.

In dominant mode, bandwidth spectrum of BW mode (2 and 4 in Fig. 2.6) reduces

(bandwidth in case I is koa = 2.1 to 2.4 and in case II is koa = 1.3 to 1.5) with

increase in |εr1| and it disappears in case III. Conversely bandwidth spectrum of

forward wave mode (1, 3 and 5 in Fig. 2.6) increases due to reduction in lower cut-

off value (summarized in Table-2.2). Observed normalised phase velocity of forward

wave mode is almost 8 times slower in case III as compared to case I reported in

Table-2, which attributes the role of metamaterial properties in order to achieve

ultra slow wave.
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Figure 2.6: Variation of koa/βa vs koa at n=0 and ψ = 30 ◦, for case I (εr1 = −1.5,

µr1 = −1 ; εr2 = 1, µr2 = 1) represented by H and N, case II (εr1 = −2, µr1 = −1 ;

εr2 = 1, µr2 = 1) represented by • and �, and case III (εr1 = −5, µr1 = −1 ; εr2 = 1,

µr2 = 1) represented by ?.
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Figure 2.7: Variation of koa/βa vs koa at n = 1 and ψ = 30 ◦, for case I (εr1 = −1.5,

µr1 = −1 ; εr2 = 1, µr2 = 1) represented by � and ? , case II (εr1 = −2, µr1 = −1 ;

εr2 = 1, µr2 = 1) represented by • and �, and case III (εr1 = −5, µr1 = −1 ; εr2 = 1,

µr2 = 1) represented by H and N.

Similar observation is found in first higher order (n = 1) mode where bandwidth

spectrum of BW mode (2, 4, and 5 in Fig. 2.7) reduces (bandwidth in case I is
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koa = 0 to 1.4, case II is koa = 0 to 0.7 and case III is koa = 0 to 0.2) with increase

in |εr1|. The normalized phase velocity of forward wave mode is summarized in

Table-2.2.

Table 2.2: LCF of dominant mode (n = 0) and Vp/c of dominant and higher order
modes (n = 1) in different cases.

Case LCF (n = 0) in koa Vp/c(n = 0) at koa = 7 Vp/c(n = 1) at koa = 7
case I 2.1 0.0830 0.0792
case II 1.3 0.0409 0.0400
case III 0.6 0.0101 0.0101

2.4 Discussion

In the above analysis, it has been observed that due to higher value of longitudinal

phase coefficient (β), phase velocity of wave is greatly reduced as compared to normal

helical guide.

Modal behaviour study reveals that the two fundamental modes, BW and FW, prop-

agate simultaneously. Bandwidth of the BW mode is very small and it dies off very

fast. On the other hand, forward wave mode has wider bandwidth spectrum. It

is observed that normalized phase velocity decreases with increase in |εr1|. Similar

variation is also observed when the guide pitch angle is reduced. Similar behaviour

of dispersion characteristics is observed as the propagation frequency increases, how-

ever it has lower phase and group velocity.

The minimum phase velocity is observed in case III with pitch angle ψ = 10 ◦. If

assumed guide radius is a = 1 mm and koa = 50 (freq = 2.38 THz), then wave

propagates with speed of 45860.46 meter per second, which is 6541 times less as

compared to the speed of light (in Fig. 2.8). This reduction can be further enhanced

by optimizing the metamaterial properties as well as the helix dimensions.
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Figure 2.8: Variation of Normalized phase velocity (koa/βa) vs Frequency (koa) for

a very large frequency range (up to THz) for the case III (εr1 = −5, µr1 = −1 ;

εr2 = 1, µr2 = 1) at n=0 and ψ = 10 ◦

2.5 Summary

Here the dispersion characteristics (ω−β diagram) of a metamaterial loaded helical

guide are analytically solved and numerically computed for different medium prop-

erties as well as helical guide parameters. The modal behaviour of this structure

has been studied with an aim to achieve ultra slow EM wave over wide bandwidth.

Significant amount of phase velocity reduction has been achieved in comparison to

when the helix is in free space or loaded with normal dielectric medium. Other

modal properties such as presence of two fundamental modes, BW and FW and

their lower cut-off frequencies (LCF’s) as well as the bandwidth spectrum is also

revealed thoroughly.
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Dispersive Metamaterial Loaded

Helical Guide*

3.1 Introduction

Chapter-2 described the Slow Wave Device (SWD) in case of a non-dispersive meta-

material. The present chapter deals with Dispersive Metamaterial Loaded Helical

Guide (DMHG), wherein the metamaterial considered is dispersive in nature. Dis-

persive matamatreials are more realistic as compared to their non dispersive counter

parts and can be realized practically. However, the non-dispersive metamaterials are

yet to be explored and realized. The essence of this investigation is to present an

actual design of SWD that has the capability to slow the EM (electromagnetic) wave

or even trap it.
∗This work has been published in Optics Express, Vol. 24, 2687-2700 (2016).
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3.2 Helical Guide Design and Mode Analysis us-

ing Drude model

For the purpose of analysis, we consider a helical structure with radius a and pitch

angle ψ, as shown in Fig. 3.1(a), on which guided EM wave is travelling along

the z-direction. The current flow along the sheath is constrained to a direction

which makes a constant angle (90o − ψ) with the axis of the helix. The tangential

component of the electric field, E||, (shown in Fig. 3.1(b)) is zero along the direction

of current flow while its finite and continuous along the perpendicular direction of

the current flow. Region-I is a dispersive metamaterial media and its dispersive

behaviour is described by the Drude model [59]. Region-II is a free space medium.

(a) (b)

Figure 3.1: (a) Sheath helix of radius a, pitch p and pitch angle (ψ = tan−1 p/2πa).
Region I (inner region) is metamaterial medium and Region II (outer-region) is
free-space. (b) Expanded view of sheath helix and its helical coordinates.)

Here we consider lossless Drude model which models cold plasma medium and its

governing equations are written as:

εr1 = 1−
ω2
p

ω2 (3.1)

µr1 = 1− Fω2

ω2 − ω2
o

(3.2)
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Here F is filling factor, ωo and ωp are resonant and plasma frequency respectively.

The values of F = 0.56, ωo = 8π and ωp = 20π are taken which are validated

experimentally by Simth et al. [2]. Region II is free-space having permittivity and

permeability values εr2 and µr2, respectively.

The dispersion relation of the proposed DMLHG structure, which describes the

modal behaviour of an EM wave, is analytically derived from dispersion relation of

MLHG structure by defining εr1 and µr1 as a dispersive metamaterial parameters

inside the helical guide (region 1) and written as:

koa
2cε1(ω)k1cot(ψ)I

′
n (k1a)
In (k1a) −

Y 2

koa2cµ1(ω)k1cot(ψ)
In (k1a)
I ′n (k1a) −

koa
2cε2k2cot(ψ)K

′
n (k2a)

Kn (k2a)r
2 + X2r2

koa2cµ2k2cot(ψ)
Kn (k2a)
K ′n (k2a) = 0 (3.3)

Here r = k1a/k2a, X = k2
2 − nβcot(ψ), Y = k2

1 − nβ cot(ψ). k1 = (β2 − k2
o1)0.5 and

k2 = (β2 − k2
o2)0.5, are transverse wave numbers. β is longitudinal phase coefficient.

ko1 (= ω
√
ε1µ1) and ko2 (= ω

√
ε2µ2) are propagation vector of region 1 and 2. (′)

is derivative of Bessel function. For guided mode propagation field should decay

exponentially in region-II and the opposite is expected in region-I. Thus, modified

Bessel function of second (Kn(k2a)) and first kind (In(k1a)) is used in region-II and

I respectively, where n describes the modal behaviour of the wave.

For EM wave propagation in helical guide, the components of poynting vectors

are [41]:

Sz = 1
4Π(ErH∗φ − EφH∗r ) (3.4)

Sr = 1
4Π(EzH∗φ − EφH∗z ) (3.5)

Sφ = 1
4Π(EzH∗r − ErH∗z ) (3.6)

Total power flow in different layers of waveguide is sum of power flow in each layer
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of guide [41]:

Pz = P in
z + P out

z (3.7)

P in
z =

a∫
0

Szrdr, P out
z =

∞∫
a

Szrdr (3.8)

Obtained expression of P in
z and P out

z for proposed structure is:

P in
z = −A

2βωε1x
2I2
n(x)h′n(x)

4 − B2βωµ1x
2I2
n(x)h′n(x)

4

+iAB(ω2ε1µ1k1 − β2)n
x∫

0

In(x)I ′n(x)dx
(3.9)

P out
z = −C

2βωε2y
2K2

n(y)g′n(y)
4 − D2βωµ2y

2K2
n(y)g′n(y)

4

+iAB(ω2ε2µ2k2 − β2)n
∞∫
y

Kn(y)K ′n(y)dy
(3.10)

Here x = k1a, y = k2a, h′n(x) = −xh2
n(x) − 2/xhn(x) + n2/x3 + 1/x, g′n(x) =

−xg2
n(y)−2/ygn(y)+n2/y3+1/y, hn(x) = I ′n(x)/(xIn(x)) and gn(y) = K ′n(y)/(yKn(y)).

A, B, C and D are field coefficients and inter related to each other. Normalized

power flow is [41]:

< Pz >= P in
z + P out

z

|P in
z |+ |P out

z |
(3.11)

EM wave modal characteristics of DMLHG structure under study are described by

solving dispersion Eq. (3.3) for its eigen-value solutions in terms of axial propagation

constant, β. We have computed β as a function of ko by using Findroot subroutine

of MATHEMATICA 7.0 Package. For guided mode propagation, both k1 and k2

should be positive. Therefore only those roots are considered which are higher as

compared to ko1 and ko2.
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Figure 3.2: Variations of effective index, neff = β/ko as a function of frequency. Here
Y-axis is plotted on log10 scale and X-axis is on linear scale. Two modes labelled as
mode 1 (backward wave) and mode 2 (forward wave) are propagating simultaneously
and meeting at green circle which represents degeneracy point. Figs. (a) and (b) are
plotted for pitch angle 30o and 10o, respectively, while helical guide radius, a, is 100
mm for both the cases. Figs. (c) and (d) are plotted for helical guide radius 8 mm
and 5 mm, respectively, while helical guide pitch angle is 0.9o for both the cases.

Fig. 3.2 describes the EM-wave propagation characteristics of DMLHG structure

for the dominant mode case (n = 0). Fig. 3.2(a), shows modal characteristics of

DMLHG having pitch angle 30o and radius 100 mm, respectively. Fundamental

mode labelled as mode-1, has Lower Cut-off Frequency (LCF) at 4.72 GHz and

exhibits a negative slope of d(ko)/d(β). This mode represents BW characteristics

having anti-parallel group- and phase- velocities. First higher order mode (labelled

as 2, in Fig. 3.2(a)) has LCF at 5.21 GHz and is considered as FW mode as it

propagates with opposite features in comparison to mode-1. Mode-1 exhibits en-

hanced slow wave characteristics since its observed minimum normalized phase ve-

locity (vp/c = ko/β) is 0.044 which is almost 22 times less than velocity of light.
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Both modes propagate as Surface Plasmonic (SP) modes and meet at 5.36 GHz and

this point is regarded as a mode-degeneracy point. Similar characteristics are also

observed for other DMLHG parameters and are shown in Figs. 3.2(b), 3.2(c) and

3.2(d).

The helix parameters, namely, pitch angle (ψ) and its radius (a) provide a control

of bandwidth spectrum for both BW- and FW- modes, effective index values as well

as mode-degeneracy point. In Figs. 3.2(a) and 3.2(b) the effects of helix pitch angle

variations (30o and 10o) are plotted by keeping helix radius (a = 100 mm) constant.

From these two graphs it can be concluded that reduction in pitch angle increases

the effective index and bandwidth spectrum of both modes. Also it can be seen

that mode-degeneracy point is shifted at higher frequency. The effect of helix radius

variations (8 mm and 5 mm) by keeping its pitch angle (0.9o) constant are plotted

in Figs. 3.2(c) and 3.2(d). Contrary to the earlier case, the reduction in guide radius

reduces the effective index and bandwidth spectrum of both modes. At the same

time mode-degeneracy point is also shifted to lower frequency. In Figs. 3.2(c) and

3.2(d), observed high value of effective index for the mode-1 resulted in minimum

normalized phase velocity (vp/c) 0.00120 and 0.00123, respectively. This substantial

decrease in normalized phase velocity of mode-1 is attributed as ultra slow wave

mode.

The characteristics of normalized group velocity (vg/c) and normalized power flow

(Pz) are plotted in Figs. 3.3(a) and 3.3(b) as a function of frequency. Both the

graphs are derived from obtained values of axial propagation constant, β, from

Eq. (3.3). For normalized group velocity (vg/c = dko/dβ) calculation β value was

used in the expression dko/dβ. In order to calculate normalized power flow, obtained

values of β were put in Eqs. (3.9) and (3.10). From this power flow in different layers

of waveguide are obtained which are Pz1 and Pz2. Further the value of Pz1 and Pz2

were used in Eq. (3.11) to calculate <Pz>. From these graphs (shown in Figs. 3.3(a)
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and 3.3(b)), it can be seen that at mode degeneracy point group velocity reduces

to zero and power flow vanishes. So, the point of mode-degeneracy corresponds to

stopping of wave.
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Figure 3.3: Variations of group velocity (vg/c), Fig. 3(a), and normalized power
flow (Pz), Fig. 3(b), as a function of frequency for helix pitch angle 30o and radius
100 mm, respectively. Green circle representing the mode-degeneracy point above
mode 2 and below that mode 1 are shown.
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Figure 3.4: Variations of effective index, neff = β/ko as a function of frequency for
dominant (n = 0) and higher (n = 1) mode case at pitch angle 30o and radius 100
mm. Here Y-axis is plotted on log10 scale and X-axis is on linear scale.

When Eq. (3.3) is solved for higher order mode n = 1 case we obtain similar char-

acteristics as that of n = 0 case. A comparative study between two modes (n = 0,

n = 1) are shown in Fig. 3.4. It can be seen from the graph that effective index
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neff is slightly increased for n = 1 mode in comparison to n = 0 mode. Thus due to

increased value of effective index, slow wave behaviour of higher mode case is more

enhanced as compared to dominant mode case. The higher cut off frequency (HCF)

of BW and FW mode is also increased marginally (for example HCF of n = 0 and

1 respectively is 5.36 GHz and 5.41 GHz). This results in a slight increase in the

bandwidth of the guide spectrum.

3.3 Design and simulation of DMLHG using CST

Microwave Studio

In the above section, for analytical characterization of DMLHG structure, we used

Drude model to include the dispersive nature of metamaterial. In order to realize

such structure one needs to create metamaterial medium inside the helical guide.

Here we are presenting two possible designs in order to realize DMLHG structure.

3.3.1 First DMLHG design

For first DMLHG design, we have chosen novel FF-shaped metamaterial cell as a unit

cell for realizing metamaterial medium inside the helical guide. There are number

of metamaterial cells already proposed in literature. However, we have proposed

our own FF-shaped metamaterial cell. The description about its design, resonance,

experimental results and phenomena of negative refraction have been discussed in

subsequent subsections.

3.3.1.1 FF-Shaped Metamaterial Cell*

∗The investigation regarding FF-Metamaterial cell has been submitted in IEEE Microwave
and Component Letter.
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In Fig. 3.5, FF-shaped unit cell on geometric scale is shown. It consists of two F-

shaped copper strips, facing each other and printed on FR-4 substrate. The value

of permittivity and loss tangent for the substrate is 4.3 and 0.025, respectively.

Figure 3.5: Single side FF-metamaterial unit cell. FF shape metallic inclusion is
printed on FR-4 substrate

From the equivalent circuit model approach we can draw the circuit model of the

structure as shown in Fig. 3.6 [60]. Here inductance L is produced by area covered

by metallic strip and capacitance C1 is produced by the gap between the strips.

Figure 3.6: Equivalent circuit model of FF-unit cell.

In order to demonstrate the left-handed characteristics of the structure, we per-

formed numerical simulation of the slab having one unit cell in x direction and

ten unit cells in y direction [12] using commercially available tool, CST Microwave

studio. For simulation, perfect magnetic conductor and perfect electric condutor

boundaries are utilized in z- and y- directions, respectively. The EM wave is excited
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along x-direction on yz-plane. The polarisation of the incident EM wave is such

that the electric field lies along the y-direction. The calculated S-parameters (S11

and S21) in amplitude and phase are presented in Figs. 3.7 and 3.8 respectively.
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Figure 3.7: Magnitude of simulated transmission (S21) and reflection (S11) vs fre-
quency.
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Figure 3.8: Phase of simulated transmission (S21) and reflection (S11) vs frequency.

These simulated scattering parameter results are further used in obtaining the values

of wave impedance z, and refractive index n, through Eq. (3.12) and (3.13) by

applying homogenization approach described in [61].

z = ±

√√√√(1 + S11)2 − S2
21

(1− S11)2 − S2
21

(3.12)
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n = 1
kod

[(ln(einkod))′′ + 2πm− i(ln(einkod)′] (3.13)

Here ko is wave number, d is thickness of slab, (.)’ and (.)” represent real and

imaginary values of the operator.

From that corresponding values of ε and µ can be retrieved from, ε = n/z and

µ = nz, shown in Fig. 3.9. Results show an overlapping frequency range 10.659 to

13.186 GHz for which both permittivity- and permeability- values are negative. For

this spectrum single sided structure behaves as a left handed material.

Figure 3.9: Extracted effective values of permittivity and permeability

Experimental Results

The FF-shaped metamaterial described and simulated above has been manufac-

tured. For that FF shaped simulated circuit patterns are printed on a FR-4 sub-

strate having a thickness of 0.4 mm. The sample slab under testing consists of 18

unit cells in z direction and 10 unit cells in y direction (shown in Fig. 3.10). The ex-

perimental set-up consists of two horn antennas and vector network analyzer (VNA)

of Rohde & Schwarz, Model No. ZVA49.

The experiment has been carried out in the spectrum within the fabricated structure

which exhibits pass band characteristics due to its left-handed property. The sample

is placed in between the transmitting and receiving horn antennas connected at the

2-ports of a VNA. The measured transmission characteristics presented in Fig. 3.11,
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Figure 3.10: Fabricated FF-metamaterial structure.

exhibits a 3dB pass band of 10.87 to 13.9 GHz which matches closely to the simulated

results. The slight discrepancy in the results could be attributed to the inherent

defects in fabrication of the material or other free space losses that were not included

in the simulations.
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Figure 3.11: Measured Transmission coefficient (S21 vs frequency.)

Demonstration of Negative Refraction

To demonstrate negative refraction of FF-shaped metamaterial through Snell’s law

we simulated wedge shape slab made-up of FF-cells [11, 14, 15] in CST Microwave

Studio. For that purpose we positioned wedge in between two magnetic conducting

walls in xy-plane. This condition in simulator is achieved by setting perfect magnetic

boundary conditions. In our wedge shaped model we increase the length in the

x direction by two such unit cells while there is an increase of one unit cell in
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y direction. This wedge contains 20 rows and 10 columns can be considered as

effectively homogeneous media if wavelength is much larger than size of unit cell.

A rectangular metallic channel is used to channelize the EM wave and incident

normally on the first layer of wedge and then propagate inside the wedge.

Figure 3.12: The Electric field distribution for the wedge shape structure made from
FF-shaped metamaterial at frequency of 12 GHz.

This wedge model exhibits left-handed behaviour only if the EM wave is polarized

with proper orientation with respect to FF-unit cells. Therefore, EM wave is inci-

dent in x direction through metallic rectangular channel with electric field along y

direction and magnetic field along z direction. Figure 3.12 shows the electric field

distribution for electromagnetic wave incident at 12 GHz. Here, dashed line shows

the direction normal to the surface and solid line denotes the direction of refracted

wave. It is seen that both the refracted and incident waves with respect to surface

normal are on same side or wave is refracted in left direction. However, when such

a wave incident upon simple wedge shaped structure without having FF-shaped in-

clusions the wave is refracted in right direction as shown in Fig. 3.13. This proves

the phenomena of negative refraction for proposed structure.

3.3.1.2 DMLHG design

In order to design a DMLHG structure following procedures have been adopted:
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Figure 3.13: The Electric field distribution for the wedge shape structure made from
FR-4 dielectric material at frequency of 12 GHz.

(a) First we created a hollow cylindrical structure of a flexible FR-4 material. Its

radius, width and thickness are 5.18 mm, 2.5 mm and 0.5 mm, respectively. On

its inner wall FF-shaped metallic inclusions were arranged with a periodicity

of 1 mm in azimuthal direction. This way an azimuthally arranged FF-shaped

unit cell in cylindrical geometry as shown in Fig. 3.14(a) is created.

(b) A helix having wire radius and pitch of 0.05 mm and 0.08 mm respectively

was wounded over this cylindrical structure. This whole arrangement formed

a DMLHG unit cell as shown in Fig. 3.14(b).

(c) An array of unit cells was now arranged axially to realize the DMLHG structure

as shown in Fig. 3.15(a)

To examine the pass band characteristics or resonance characteristics of designed

DMLHG structure (shown in Fig. 3.15(a)) a full wave time domain simulation of

the structure is performed. For this purpose, we excited EM wave in the structure

through a coaxial-feed arrangement. It works as a source for our structure and

its schematic is shown in Fig. 3.16(a). The detailed parameters of coaxial-feed

are dielectric core diameter b = 2.4 mm, dielectric permittivity εr = 2.1, inner

conductor diameter a = 0.6 mm and cut off frequency of 43.9 GHz. The position of
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(a) (b)

Figure 3.14: (a) Azimuthally arranged FF-shaped unit cells. (b) The unit cell of
DMLHG structure.

source during excitation of DMLHG structure is shown in Fig. 3.16(b). Obtained

transmission- and reflection- coefficients results are shown in Fig. 3.15(b). Here,

it can be seen that simulated DMLHG structure possesses a pass band/resonance

bandwidth of 12.5 to 14.5 GHz. This spectrum matches with the pass-band spectrum

of FF-shaped metamaterial cell.
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Figure 3.15: (a) The Designed DMLHG structure. (b) The S-parameter transmission
(S21) and reflection (S11) results of DMLHG.
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Figure 3.16: (a) Schematic of coaxial feed. (b) Connection arrangement of coaxial
feed with DMLHG structure.

The pass band characteristics of DMLHG structure signify that within this spectrum

DMLHG structure will exhibit the guided mode propagation characteristics, as well.

In order to visualize and analyse the modal behaviour of this structure we have

performed an Eigen-mode simulation of unit cell (shown in Fig. 3.14(b)) of the

designed structure with periodic boundary conditions in +z and -z directions. The

obtained Eigen-mode characteristics are plotted in Fig. 3.17(a). From the graph it

can be seen that DMLHG structure supports both FW and BW mode. Both modes

are propagating in the frequency-range of 13.7 to 14.5 GHz and they are degenerate

at a critical frequency of 14.4 GHz. The existence of BW mode in the DMLHG

structure signifies the essence of metamaterial loading inside the structure. In order

to bring out the significance of metamaterial loading, an Eigen-mode simulation of

unit cell of the helix has been performed when it is in free space. Obtained dispersion

graph is shown in Fig. 3.17(b). It is observed that helix supports propagation of

FW mode over a very wide bandwidth spectrum 15 to 55 GHz and there is no BW

mode as well as degeneracy point.

The power flow and group velocity characteristics are plotted in Figs. 3.18(a) and

3.18(b), respectively. From these graphs it can be seen that at critical frequency or

degeneracy point, power flow vanishes and group velocity also becomes zero. The

high value of propagation coefficient and mechanism of degeneracy leads to slowing

and eventually stopping of the EM wave.
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Figure 3.17: The dispersion graph of the cases: when helical guide is in (a) Loaded

with FF-unit cells or DMLHG structure. (b) free-space
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Figure 3.18: The DMLHG structure plot of (a) Power flow vs frequency. (b) Group

velocity vs frequency.

At critical frequency, absolute longitudinal magnetic field (Hz) distributions are

plotted in Fig. 3.19 for different time intervals. The presence of slow wave effect in

the structure can be easily seen as wave packet gets more and more compressed as

phase advances with time. At the time of maximum wave packet compression shown

in time interval-3, wave packets become stand still or trapped for a while. Thereafter

92



Chapter 3. Dispersive Metamaterial Loaded Helical Guide

a new wave packet train gets started and this process repeats itself. However, it is

not possible to hold or trap a wave packet forever in the lossy medium.

Time	Interval-1

Time	Interval-2

Time	Interval-3

Abs(Hz)

Figure 3.19: At critical frequency the amplitude of longitudinal magnetic field (Hz)

is plotted along the length of FF-Shaped Metamaterial Loaded DMLHG structure.

3.3.2 Second DMLHG design

An alternative to FF-shaped metamaterial cell is the S-shaped metamaterial cell [62]

that is also considered to realize the DMLHG structure. It has resonance spectrum

between 8.72 to 9.28 GHz. The design procedure is the same as we have described

in earlier case. The S-Shaped loaded DMLHG structure is shown in Fig. 3.20(a).

In order to figure out the pass band of this design we have performed a full wave

time domain simulation of this structure (shown in Fig. 3.20(a)). For that purpose

DMLHG structure is excited by coaxial feed at both ends. Obtained transmission-
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(S21) and reflection- (S11) coefficients results are shown in Fig. 3.20(b). It is observed

that this arrangement also possesses a pass-band or resonance band which almost

overlaps the pass-band spectrum of S-shaped metamaterial cell.
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Figure 3.20: (a) The S-Shaped metamaterial cells loaded DMLHG structure (b) its

transmission (S21) and reflection (S11) results.

The Eigen mode simulation of unit cell S-shaped DMLHG structure (shown in

Fig. 3.21(a)), for its obtained pass band spectrum (shown in Fig. 3.21(b)), is per-

formed as we did for the first case. The modal dispersion characteristics is shown

in Fig. 3.21(b) where it can be seen that this design also exhibits BW mode, FW

mode and mode-degeneracy behaviour.

The electromagnetic simulation of these two designs reveal similar characteristics

as reported in analytical characterization. But resonance characteristics or pass

band characteristics are observed in a slightly shifted frequency spectrum. The

reason behind this could be Drude model which is used as a dispersive parameter in

analytical study. While in simulations study actual field configurations modify the

effective constitutive parameters.
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Figure 3.21: (a) The unit cell of DMLHG structure loaded with SS-shaped meta-

material cells. (b) Its dispersion characteristics.

3.4 Engineering and Manufacturing Feasibility at

Different Spectrum

In order to manufacture the DMLHG structure, one needs to design curved Meta-

surfaces inside the helical guide, which is possible by using flexible substrate materi-

als [63] like polyimide, plastic, transparent conductive polyester, polyester, FR-4 etc.

These substrate materials are widely used in manufacturing of Flexible electronics

which can be folded and bended without any functional deformation.

The size of metamaterial inclusions on Metasurface is decided by the spectrum

where DMLHG structure needs to operate. In order to realize DMLHG structure at

very high frequency spectrum, the size of metallic inclusions should be in the order

of µm or nm. Using present day IC (integrated circuit) fabrication technologies

such as electron beam lithography and photo lithography such miniaturized design

is possible. For 1 THz [64], 6 THz [65], 70 THz [66] and 200 THz [67], Split Ring

95



Chapter 3. Dispersive Metamaterial Loaded Helical Guide

Resonator (SRR) have already been fabricated and its magnetic response is observed

experimentally.

In the present study, both analytical and simulation characteristics have been pre-

sented in GHz spectrum. As described, the frequency range where DMLHG struc-

ture exhibited the characteristics of slowing and trapping of EM wave belongs to the

spectrum where loaded metamaterial cell have a pass-band. So, we can shift or tune

this spectrum by scaling the size of metamaterial cells. In table-1, we have presented

the dimensions of FF-DMLHG structure for attaining similar characteristics in THz

frequency range (in between 12 to 14 THz).

Table 3.1: Design of FF-DMLHG in THz Regime ( dimensions in µm)

Helix radius Wire radius Pitch FF-cell height (h) FF-cell width (w)

5.68 0.05 0.08 4.65 2.5

3.5 Summary

In this Chapter, we have investigated the modal characteristics of a Dispersive Meta-

material Loaded Helical Guide (DMLHG). Analytical characterizations reveal that

both FW and BW modes propagate simultaneously and are degenerate at the same

frequency. The mechanism of mode-degeneracy leads to the stopping of the EM

wave. BW mode propagates as a fundamental mode which possesses enhanced slow

wave characteristics. Analytical findings have been verified by electromagnetic sim-

ulations of two practically feasible designs.

In this study, for the first time, we have coupled the characteristics of conventional

helical slow wave structure with metamaterial properties for possible applications

in contemporary field of slow waves and optoelectronics. Various waveguide based

metamaterial designs have already been proposed for such applications. Most of

96



Chapter 3. Dispersive Metamaterial Loaded Helical Guide

these designs are in cylindrical [40,41] or planar [27–29,36–39] in shape and support

multi-modal characteristics. We believe that DMLHG structure has two distin-

guished advantages (i) it supports single mode operation, therefore, excitation of

the desired mode would be easier and (ii) at the same time its reconfigurability for

different spectra is much easier which in turn cuts down the re-engineering costs

wherein helix pitch angle provides an additional knob to control the wave velocity.

Other slow wave methods which are based on surface plasmon polaritons having

issues of sensitivity to surface roughness and are relatively difficult to excite [27].

At the same time photonics crystal based devices possess multimodal characteristics

[27]. As compared to these methods our structure doesn’t have any issue of mode

excitation and multimodal behaviour.
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Chapter 4

ENG Cladded Metamaterial

Loaded Helical Waveguide*

4.1 Introduction

The Slow Wave Device (SWD) proposed in this chapter is Epsilon Negative (ENG)

Cladded Metamaterial Loaded Helical Guide (CMLHG). The Metamaterial Loaded

Helical Guide (MLHG) is described in Chapter-2, had metamaterial was loaded as

a core, inside the helical guide. In addition it may be possible that the MLHG

can be cladded by some material such as DPS material, ENG material etc. Such

cladding may affect its modal characteristics. Followings are the motives behind

this investigation:

(a) To analyse the effect of cladding over slow wave performance of MLHG.

(b) To design of more enhanced slow wave device as compared to MLHG.

(c) To design a slow-wave delay line in the form of optical fiber/cable.
∗This work has been published in Journal of Electromagnetic Waves and Applications

(TaylorFrancis), Vol. 29, 2501-2511 (2015).
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(d) To avoid external interference by introducing cladding in the structure.

4.2 Analytical Theory Formulation

The geometry of waveguide of interest is illustrated in Fig. 4.1. It consists of a sheath

helix of radius, a, filled with metamaterial in region-I (ρ < a) having dielectric

permittivity and permeability ε1 and µ1 respectively, and is cladded by epsilon

negative (ENG) material in region-II (a < ρ < b) and having dielectric permittivity

and permeability ε2 and µ2, respectively. The thickness of cladding layer is b−a and

it is surrounded by region III (ρ > b) which is a free-space medium having dielectric

permittivity and permeability as ε3 and µ3 respectively. All media considered here

are homogeneous, isotropic and non-dispersive.

Figure 4.1: (a) Longitudinal view of ENG Cladded Metamaterial Loaded Helical

Guide (CMLHG). Here region-I is metamaterial which is loaded inside helical guide.

Region-II is ENG cladding layer. (b) Represents the cross sectional view of the

structure.

The electric and magnetic field components in different regions are written as [5]:

Ezi = −k2
i

(
AiIn(kiρ) +BiKn(kiρ)

)
ejnφe−jβz (4.1)
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Hzi = −k2
i

(
CiIn(kiρ) +DiKn(kiρ)

)
ejnφe−jβz (4.2)

Eφi =
(
nβ

ρ

(
AiIn(kiρ) +BiKn(kiρ)

)
+ jωµiki

(
CiI

′
n(kiρ) +DiK

′
n(kiρ)

))
ejnφe−jβz

(4.3)

Hφi =
(
nβ

ρ

(
CiIn(kiρ) +DiKn(kiρ)

)
− jωεiki

(
AiI

′
n(kiρ) +BiK

′
n(kiρ)

))
ejnφe−jβz

(4.4)

Eρi =
(
− jβki

(
AiI

′
n(kiρ) +BiK

′
n(kiρ)

)
+ ωµin

ρ

(
CiIn(kiρ) +DiKn(kiρ)

))
ejnφe−jβz

(4.5)

Hρi =
(
− jβki

(
CiI

′
n(kiρ) +DiK

′
n(kiρ)

)
− ωεin

ρ

(
AiIn(kiρ) +BiKn(kiρ)

))
ejnφe−jβz

(4.6)

Here Ai, Bi, Ci and Di are field coefficients. The subscripts i = 1, 2 and 3 refer

to region I, II and III, respectively, as shown in Fig. 4.1. In(kiρ) and Kn(kiρ) are

modified Bessel functions of first and second kind respectively. Here n describes the

modal behaviour of the waves. (′) represents the derivative of Bessel function with

respect to its argument. Beta (β) is longitudinal phase coefficient. The transverse

propagation constant, ki, in guiding region and cladding regions are written as:

k1 =
√
β2 − εr1µr1k2

o and k2 =
√
β2 + εr2µr2k2

o , respectively, where ko = ω
√
εoµo.

4.2.1 Boundary conditions

(1) The finite field on the axis and its vanishing at the infinity this suggests that [5]:

B1 = D1 = A3 = C3 = 0 (4.7)

(2) At helix boundary (r = a, between region I and II) the tangential components

of electric and magnetic field are written as [5]:

Ez1 = Ez2, Eφ1 = Eφ2, Ez1,2 = Eφ1,2cot(φ), Hz1 +Hφ1cot(ψ) = Hz2 +Hφ2cot(ψ)

(4.8)
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(3) At dielectric boundary (r = b, between region II and III) the electric and

magnetic fields components for all φ− and z− components are continuous [5]:

Ez2 = Ez3, Eφ1 = Eφ2, Hz2 = Hz3, Hφ2 = Hφ3 (4.9)

4.2.2 Dispersion relation

The system of eight linear homogenous equations are obtained after substituting

field Eqs. (4.1) to (4.6) into corresponding boundary conditions Eqs. (4.7) to (4.9)

at interface of regions I, II and regions II, III. The obtained eight equations are

reduced to four equations after some algebraic and mathematical manipulations

and having four variables, which are written as in the from of a determinant as

shown below:
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

V In(k2a) V Kn(k2a) JcIn(k2a) YcKn(k2a)

WIn(k2a) IKn(k2a) V In(k2a) V Kn(k2a)

PIn(k2b) PKn(k2b) RIn(k2b) QKn(k2b)

−SIn(k2b) −TKn(k2b) PIn(k2b) PKn(k2b)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
For EM wave propagation axial phase constant β should have finite value and it

should satisfy the system of all eight homogenous equations. Eigen value solution

of β requires the determinant of variable coefficient matrix to be zero. Obtained

dispersion relation for hybrid mode after solving above determinant can be written

as:

V αγP (R−Q)(I −W ) +V 2P 2(α− γ)2 +V 2(αT − γS)(γR−Qα) +P 2(γYc−αJc)

(γI − αW ) + (γYcR−QJcα)(TγW − SγI) + V Pαγ(Yc − Jc)(TS) = 0 (4.10)
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Here, constants used in dispersion relation are given as:

V = k2
2 −

nβ

a
cot(ϕ),M = (k2

1a− nβcot(ϕ))2

ωµ1k1acot(ϕ)
I ′n(k2a)
In(k2a) , N = k2

2ωε1k1cot(ϕ)
k2

1

In(k2a)
I ′n(k2a)

Jc = −ωµ2k2cot(ϕ)I
′
n(k2a)
In(k2a) , α = In(k2a)Kn(k2b), Yc = −ωµ2k2cot(ϕ)Kn(k2a)

K ′n(k2a)

W = M +N + y1cot(ϕ)I
′
n(k2a)
In(k2a) , P = nβ

b
(1− r2

2), I = M +N + y1cot(ϕ)K
′
n(k2a)

Kn(k2a)

R = ω
(
µ2k2

I ′n(k2b)
In(k2b)

− µ3k3
k2

2K
′
n(k2b)

k2
3Kn(k2b)

)
, Q = ω

(
µ2k2

K ′n(k2b)
Kn(k2b)

− µ3k3
k2

2K
′
n(k3b)

k2
3Kn(k3b)

)
,

S = ωε2
(
k2
I ′n(k2b)
In(k2b)

− k3
k2

2K
′
n(k3b)

k2
3Kn(k3b)

)
, T = ωε2

(
k2
K ′n(k2b)
Kn(k2b)

− k3
k2

2K
′
n(k2b)

k2
3Kn(k2b)

)
,

α = In(k2a)kn(k2b)andγ = In(k2b)kn(k2a). (4.11)

4.3 Results and Analysis

The dispersion behaviour of the structure is obtained by computing axial propa-

gation coefficient (β) from dispersion relation (4.10). It is related with transverse

wave vector in guiding media by k1 =
√
β2 − εr1µr1k2

o , and in cladding film by

k2 =
√
β2 + εr2k2

o for ENG cladding and k2 =
√
β2 − εr2k2

o for DPS cladding. For

guided surface mode propagation, the values of phase constant β should be greater

than ko1
√
εr1µr1 for ENG cladding and for DPS cladding β should be greater than

ko1
√
εr1µr1 and ko1

√
εr2 .

4.3.1 Metamaterial loading and ENG cladding effects on

dispersion characteristics

Fig. 4.2, explains the normalised phase velocity (ko/β = vp/c) characteristics as a

function of frequency for dominant mode case (n = 0). Phase velocity has been

plotted in three situations - (i) when helix is loaded with metamaterial and cladded

with ENG material, (ii) when helix is loaded with metamaterial and cladded with
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DPS material, and (iii) when helix is in free space, to bring out the ENG cladding

effects on phase velocity. From the graph it can be seen that in the case of both DPS

and ENG cladding, normalised phase velocity decreases significantly in comparison

to helix in free space. However decrease is more in ENG cladding. For example,

at 200 THz, observed minimum normalized phase velocities (vp/c) in three different

scenario are 0.025, 0.034, 0.11, respectively. The reduction in normalised phase

velocity in case (i) is 4.36 times more in comparison to case (iii), while this reduction

in case (ii) is 3.29 times more in comparison to case (iii). However reduction in case

(i) is almost 1.4 times more in comparison to case (ii).
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Figure 4.2: Dispersion characteristic ( ko/β vs frequency) for helical waveguide for

different cases (a) Conventional case when helical guide is in free-space ( εr1 = 1 and

µ = 1 ) only and no cladding (b) Helical guide loaded with metamaterial ( εr1 = −4

and µ = −0.9 ) with DPS material cladding (εr1 = 1.1 and µ = 1), and (c) Helical

guide loaded with metamaterial ( εr1 = −4 and µ = −0.9 ) with ENG material

cladding ( εr1 = −1.1 and µ = 1 ). The values of outer radius is 50 µm, inner radius

is 30 µm and pitch angle (ψ) is 10o.

In Fig. 4.3, normalised phase velocity and effective index are plotted as a function

of frequency for both dominant (n = 0) and higher order mode (n = 1) case. For

lower frequency spectrum, higher order modes has lower phase velocity as compared
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to the dominant mode case, as shown in Fig. 4.3(a). This is due to large value of

effective index which is plotted in Fig. 4.3(b). As the frequency increases, in both

cases, both phase velocity and effective index values become almost constant. A

very large value of propagation coefficient (β) is observed in both the cases having

positive slope and positive group velocity that corresponds to forward ultra-slow

wave mode. This fundamental mode propagates as a surface wave mode. Higher

order modes are not observed over a wide band width.

Figure 4.3: (a) The normalized phase velocity (vp/c) and (b) Effective index (neff =
β/ko) of ENG CMLHG structure for both dominant mode (n = 0) and first higher
order mode (n = 1) as a function of frequency at inner helix radius 30 µm, outer
radius 50 µm and pitch angle 10o.

The Electric field intensity distribution over the cross section of the ENG CMLHG

is plotted in Fig. 4.4, for different frequencies. From the distribution it is observed

that at lower frequency (5 THz), the electric field is confined in and around the core

region (shown in Fig. 4.4(a)). As the frequency increases to 14 THz and 50 THz,

electric field is more confined/concentrated in core region as shown in Fig. 4.4(b)

and (c) and becomes very close to the centre of the core region. Such confinement

is observed in the structure due to the presence of large values of longitudinal phase

coefficients. This will produce higher values of effective index for the entire spectrum

and that will lead to a strong confinement of EM wave.
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Figure 4.4: Contour plots of Electric field intensity distribution (n = 0 mode) over
the cross section of ENG CMLHG structure for different frequencies such as 5 THz,
14 THz, and 54 THz which are represented by Figs4. (a), (b), and (c), respectively.
The black inner circle represents the core region and outer circle is for cladding.

4.3.2 Helical guide geometrical effects on dispersion char-

acteristics

Helical guide radius, a, cladding film radius, b, and helix pitch angle, ψ, are the

three physical parameters that affect dispersion characteristics of the guide. Effect

of helix radius or guiding medium radius is shown in Fig. 4.5. From the graph it

is observed that increase in radius enhances slow wave characteristics of the guide

at lower frequencies and it becomes almost constant at higher frequencies. As com-

pared to the helix radius, cladding film radius b, exhibits almost negligible effects on

dispersion characteristics which is not shown. The effects of pitch angle variations

are shown in Fig. 4.6. The slow wave behaviour of guide is highly enhanced with

decrease in pitch angle, for example at 5 THz normalised phase velocity, vp/c, for

30o is 0.08, for 20o is 0.05, and for 10o is 0.03. From the graph it can be seen that

wave velocity has strong dependence on the helix pitch angle. The values of vp/c

reaches to 0.001 at pitch angle of 0.5o, which could be further enhanced by varying

the pitch angle.
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Figure 4.5: Dispersion characteristic ( ko/β vs frequency) of ENG CMLHG structure
is plotted as a function of frequency for different inner helix radii, a, values: 10
µm, 20 µm and 30 µm and which are represented by black, pink and green colors,
respectively. The value of outer radius is 50 µm and pitch angle, ψ, is 10o.

Figure 4.6: Dispersion characteristic ( ko/β vs frequency) of ENG CMLHG structure
is plotted as a function of frequency for different pitch angle values:10o, 20o and 30o
and which are represented by black, red and green colors, respectively. The value of
outer radius is 50 µm and inner radius is 30 µm .

4.3.3 Core and cladding medium properties effects on dis-

persion characteristics

Medium properties of guiding media and cladding film also affect dispersion charac-

teristics of the guide. Fig. 4.7(a), shows the effect of εr1- values variation on phase
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velocity reduction as a function of frequency by keeping µr1- value constant. From

the graph it can be seen that wave becomes more slower with increase in dielectric

constant. For example at 30 THz, normalised phase velocity, vp/c, for εr1 = −10

and µr1 = −0.9 is 0.04, for εr1 = −4 and µr1 = −0.9 is 0.07 and for εr1 = −2

and µr1 = −0.9 is 0.10. In Fig. 4.7(b), the effect of guiding media permeability

is shown where slow wave characteristic is also enhance as increase in permeability

values, for example at 30 THz, normalised phase velocity, vp/c, for and εr1 = −4

and µr1 = −0.9 is 0.07, for εr1 = −4 and µr1 = −0.5 is 0.11 and for εr1 = −4 and

µr1 = −0.3 is 0.15.

Figure 4.7: Dispersion characteristic (ko/β vs frequency) of ENG CMLHG structure

is plotted as a function of frequency for different metamaterial properties in the core

region. (a) Represents the effect of change in permittivity values. Considered media

values are: (i) εr1 = −10 and µ = −0.9, (ii) εr1 = −4 and µ = −0.9, and (iii)

εr1 = −2 and µ = −0.9, respectively which are represented by red, black and blue

colors. (b) Represents the effect in change of permeability values. Considered values

are: (i) εr1 = −4 and µ = −0.9, (ii) εr1 = −4 and µ = −0.5 and (iii) εr1 = −4 and

µ = −0.3, respectively which are represented by black, red and blue colors.
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The effect of cladding film medium properties on slow wave characteristics is shown

in Fig. 4.8, which is a non-magnetic medium. It is observed that increase in dielectric

constant makes phase velocity slower. For example at 30 THz, vp/c for εr2 = −3.1

is 0.068, for εr2 = −2.1 is 0.073, and for εr2 = −1.1 is 0.08, respectively.

Figure 4.8: Dispersion characteristic (ko/β vs frequency) of ENG CMLHG structure
is plotted as a function of frequency for different ENG cladding medium properties
(a) εr2 = −1.1 and µ = 1 (b) εr2 = −2.1 and µ = 1 and (c) εr2 = −3.1 and µ = 1
which are represented by black, red and blue colors, respectively.

4.4 Designing Feasibility of ENG Cladded Meta-

material Loaded Helical Guide at THz to Op-

tical Frequencies

For fabricating proposed structure one needs to create metamaterial region inside

helical guide. In the above analysis, the effect of fixed negative values of εr and

µr are described over the frequency range. However, in realistic metamaterial cases

both εr and µr are dispersive [5]. Hence, metamaterial cells are designed in such a

way that the negative values of εr and µr lie in the desired frequency spectrum. In
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literature, several metamaterial geometries are proposed in microwave regime. For

achieving similar characteristics in THz regime the size of metamaterial cell should

be in the order of nm. Through present day fabrication technologies such as electron

beam lithography, photo lithography etc. these sizes can be realized. For 1 THz [64],

6 THz [65], 70 THz [66] and 200 THz [67], SRR (split ring resonators) is already

fabricated and its magnetic response achieved experimentally. Other possible ways

to realize such metamaterial medium inside helical guide is by filling it by anisotropic

metamaterial. Many anisotropic metamaterials are proposed and demonstrated in

literature [68,69] for THz and optical frequency range.

For cladding film, metal can be used. It exhibits negative dielectric constant at

frequencies of interest. The value of metal dielectric constant at any frequency (

ω) is decided by plasma frequency of metal, ωp, which depends on free-electron

density in that crystal which is an intrinsic property of the metal. The plasma

frequency could be tailored by some other ways such as proper design of diameter

of metallic photonic crystal or by semiconductor doping. Also by proper design of

metal-dielectric lattice plasma frequency can be altered. Thus, the value of dielectric

constant can be engineered for desired limit.

4.5 Summary

In this Chapter, we have analyzed and characterized an ENG Clad metamaterial

loaded helical waveguide as a slow wave device to control wave velocity from THz to

optical frequency range. It supports fundamental mode with large reduction in wave

velocity over a wide bandwidth. The wave velocity could be engineered by setting

material parameters. The helical waveguide radius and the pitch angle provide extra

knobs to control the wave velocity. The contour plots of the electric field distribution

show that this structure supports a highly confined optical wave which can find
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applications in imaging, sensing and optical signals processing. This structure has

distinct advantages such as large reduction in group velocity and almost constant

phase velocity over a wide bandwidth.
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Chapter 5

Extremely Anisotropic

Metamaterial loaded Helical

Guide*

5.1 Introduction

In this Chapter we present, Extremely Anisotropic Metamaterial loaded Helical

Guide (EAMLHG) as a Slow Wave Device (SWD). The extremely Anisotropic Meta-

material is a uniaxial medium having tensor permittivity (εxx; εyy; εzz) also known as

Hyperbolic Metamaterial (HMM). In optical spectrum, metamaterial medium can

also be realized through Hyperbolic Metamaterial (HMM). As compared to the left-

handed metamaterial (Sec. 3.3.1), the realization of metamaterial medium through

HMM is comparatively easier.

Many such Extremely Anisotropic Metamaterial (EAM) have been fabricated and

tested experimentally [68, 69]. Such realizations opened the door for their varied

applicability and ease the fabrication of metamaterials at optical frequency range.
∗This work has been submitted in IEEE Journal of Light Wave Technology.
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Recently, some groups have superimposed anisotropic metamaterial characteristics

with waveguide structures to achieve slow wave. Huang et al. [37] have investigated

anisotropic nano wires and found that electromagnetic wave can be slowed or even

trapped inside a waveguide. Similar observations have also been reported by Jiang et

al. [36] where they have studied an anisotropic metamaterial cladded air waveguide

and found that different thickness of waveguide correspond to different frequencies

that are being stopped.

The motive behind this work is to avoid fabrication limitations faced in Dispersive

Metamaterial Loaded Helical Guide (DMLHG) and introduce an alternative SWD

that has similar capabilities as observed in DMLHG such as slowing and trapping of

EM wave. However, it is quite possible that the future technological advances may

rule out the fabrication limitations of DMLHG.

5.2 EM Wave Propagation and Power Flow on

Extremely Anisotropic Waveguide

The geometry of the structure under study is shown in Fig. 5.1, where helical guide

is loaded with Extremely Anisotropic Metamaterial (EAM). For EAM, the value of

permittivity in the transverse direction is negative while it is positive in longitudinal

direction. The tensor values of permittivity in x, y, z directions are εx, εy and εz

respectively and related by Eq. (5.1). Region I (inner region) is filled with extremely

anisotropic metamaterial media and Region II (outer-region) is free-space.

εx = εy = εt, εz , εt (5.1)

where εt is transverse permittivity.

We consider the EM wave propagation in the helical guide of radius a along z
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Figure 5.1: An extremely anisotropic metamaterial loaded helical waveguide of ra-
dius a and pitch p. The waveguide is aligned along the z direction.

direction with ejnφ turn variations. The core i.e. region-I (ρ < a) is filled with

extremely anisotropic metamaterial and region-II (ρ > a) outside helix is free-space.

Here ρ is dimension from the center of the guide in xy plane. The field components

for different regions are written and described in terms of various Bessel functions.

For region-I, the field components are:

Ez1 = AIn(k1ρ)ejnφejβz (5.2)

Hz1 = BIn(k2ρ)ejnφejβz (5.3)

Eφ1 = −1
k2

2

(
βn

ρ
AIn(k1ρ) + iωµ1k2BI

′
n(k2ρ)

)
ejnφejβz (5.4)

Hφ1 = −1
k2

2

(
iωεtk1AI

′
n(k1ρ)− βn

ρ
BI ′n(k2ρ)

)
ejnφejβz (5.5)

For Region-II:

Ez2 = CKn(k3ρ)ejnφejβz (5.6)

Hz2 = DKn(k3ρ)ejnφejβz (5.7)

Eφ2 = −1
k2

3

(
βn

ρ
CKn(k3ρ) + iωµ2k3DK

′
n(k3ρ)

)
ejnφejβz (5.8)

Hφ2 = −1
k2

3

(
iωε2k3CK

′
n(k3ρ)− βn

ρ
DK ′n(k3ρ)

)
ejnφejβz (5.9)

Here A, B, C and D are field coefficients and are determined by matching boundary
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conditions at the interface of different regions. The (′) on Bessel function represents

its derivative. The medium parameters of region-I and II are ε1, µ1 and ε2, µ2

respectively. In region-I, transverse component of permittivity (εt) is negative and

longitudinal component of permittivity (εz) is positive.

εt < 0, εz > 0, (5.10)

Beta (β) is the longitudinal propagation coefficient along the guide. It is related

with transverse wave vectors (k1, k2 and k3) and free-space propagation vector (ko)

by:

k1 = √εz
√
β2/εt − k2

o (5.11)

k2 =
√
β2 − k2

oεt (5.12)

k3 =
√
β2 − k2

o (5.13)

At region-I and II boundary (ρ = a), helical waveguide boundary conditions [5] in

term of φ and z are:

Ez,1 = Ez,2 (5.14)

Eφ,1 = Eφ,2 (5.15)

Ez,1 = −Eφ,1cot(ψ) (5.16)

Ez,2 = −Eφ,2cot(ψ) (5.17)

Hz,1 +Hφ,1cot(ψ) = Hz,2 +Hφ,2cot(ψ) (5.18)

For deriving the dispersion equation of the structure, the field expressions (5.2) to

(5.9) are substituted in corresponding boundary conditions (5.14) to (5.18) which

produces a system of four linear homogeneous equations having four unknown con-

stants A, B, C and D. A non-trivial solution of the fields exists only if 4× 4 deter-

minants formed by the coefficients of the unknown constants in the set of equations
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vanish. After some mathematical manipulation, obtained dispersion equation for

Hybrid modes is shown below. Due to skewed boundary conditions helical guide

only supports propagation of Hybrid (HE) modes.

koa
2cεtk1cot(ψ)I

′
n(k1a)
In(k1a) −

X2

koa2cµ1k2cot(ψ)
In(k2a)
I ′n(k2a) − koa

2cε2k3cot(ψ)R2K
′n(k3a)

Kn(k3a)

+ Y 2R2

koa2cµ2k3cot(ψ)
Kn(k3a)
K ′n(k3a) = 0 (5.19)

Here X = (k2a)2 − nβacot(ψ), Y = (k3a)2 − nβacot(ψ) and R = k2/k3.

The components of Poynting vectors for a propagating wave inside the helical guide

are:

Sz = 1
4π (ErH∗φ − EφH∗r ) (5.20)

Sr = 1
4π (EzH∗φ − EφH∗z ) (5.21)

Sφ = 1
4π (EzH∗r − ErH∗z ) (5.22)

The total flow of power in the waveguide is summation of power flow in different

layers of waveguide

Pz = P in
z + P out

z (5.23)

with P in
z = 2π

∫ a
0 Szr dr and P out

z = 2π
∫∞
a Szr dr.

Obtained expressions for power flow inside and outside the waveguide are:

P in
z = 1

4tau2
2

(
− 2βωεttau3

1I
2
n(tau1)PA2 − 2βωµ1tau

3
2

I2
n(tau2)PB2 + i(ω2µ1nεt − β2n)AB( ∫ tau1

0
(In−1(x)In(vx) + In+1(x)In(vx)) dx∫ tau2

0
(In−1(x)In(zx) + In+1(x)In(zx)) dx

))
(5.24)
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P out
z = 1

4tau2
3

(
− 2βωε2tau

3
3K

2
n(tau3)QC2 − 2βωµ2tau

3
3

K2
n(tau3)QD2 + i(β2n− ω2µ1nεt)CD( ∫ ∞

tau3
(Kn−1(x)Kn(x) +Kn+1(x)Kn(x)) dx

))
(5.25)

Here tau1 = k1a, tau2 = k2a, tau3 = k3a, v =
√
εt/εz, z =

√
εz/εt, R =

I ′n(x)/xIn(x), S = −K ′n(x)/xKn(x), P = −xR2 − 2/xR + n2/x3 + 1/x, Q =

xS2 − 2/xS − n2/x3 − 1/x.

The total normalized power flow is:

〈
Pz
〉

= P in
z + P out

z

|P in
z |+ |P out

z |
(5.26)

5.3 Mode Analysis

The dispersion relation (5.19) is solved numerically, using Findroot subroutines of

Mathematica Software package, for modal characteristics of the proposed structure.

Usually we compute axial propagation constant (β) for respective values of free space

propagation constant (ko). However, in the present study, it is more convenient to

compute ko as a function of k2. The value of longitudinal phase coefficient (β) is

calculated through the relation β =
√
k2

2 + εtk2
o . For guided mode propagation,

the values of k1, k2 and k3 should be positive. Thus the limit of ko that allows

guided mode propagation in the structure is k2
o <

k2
2

1−εt . The considered extremely

anisotropic metamaterial is non-dispersive in nature. For present analysis, we have

considered the values of εt = −3 and εz = 2.
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5.3.1 For dominate mode (n = 0)

A plot of koa vs k2a is plotted (in Fig. 5.2) for the dominant mode (n = 0). It is

seen from the figure that a band of frequencies results in different modes and hence

we refer to Fig. 5.2 as band spectrum of EAMLHG.
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Figure 5.2: Guided HE mode characteristics of band spectrum of EAMLHG struc-

ture as a function of normalized propagation vectors. Here propagation vectors are

normalised with waveguide radius a and have pitch angle ψ = 30o, εt = −3 and

εz = 2. The degeneracy point of forward and backward wave modes is shown by

solid blue circle for every band spectrum.

We observe that for the first band spectrum mode (band-1), which occupies a spec-

trum of koa = 0.047 to 0.73, two guided modes are propagating simultaneously. The

mode with k2 >> ko, having d(k2a)/d(koa) < 0, is designated/known as backward

wave (BW) mode (shown in red colour) while the other is designated as forward

wave (FW) mode (shown in black colour). Both the guided modes merge at a par-

ticular point which is called as mode-degeneracy point and is shown by a solid blue

circle in Fig. 5.2. This point d(k2a)/d(koa) = 0 signifies the meeting of both the

modes. Beyond this mode there is a forbidden region and thereafter second band

mode spectrum having different frequency spectrum propagates. The computed val-
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ues of effective index (neff = β/ko) of these modes are shown in Fig. 5.3. From the

graph it can be seen that BW wave modes have very high value of effective index

in comparison to FW wave mode. For example, BW mode which propagates in the

spectrum koa = 0.76 to 2.16 has effective index (neff ) of 8.57 at koa = 0.76. The

higher values of effective index result into lowering of the EM wave velocity.
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Figure 5.3: The Effective index (neff ) characteristics of first three band spectra of

EAMLHG structure as a function of normalized propagation vectors. Here propaga-

tion vectors are normalised with waveguide radius a and have pitch angle ψ = 30o,

εt = −3 and εz = 2. The degeneracy point of forward and backward wave modes of

these band spectra is shown by solid blue circle.

We have considered axial propagation constant β positive throughout the Chapter

to identify BW and FW mode propagation behaviour. Another way to define BW

and FW mode would be in term of normalized power flow (
〈
Pz
〉
). For

〈
Pz
〉
> 0, the

phase propagation and energy flow are in the same direction and the mode is a FW

mode while for
〈
Pz
〉
< 0, the energy flow and phase propagation are anti-parallel

and the mode is BW mode. Mathematically this can be defined as:

P in
z + P out

z ≤ 0 if d(koa)/d(k1a) ≤ 0 (5.27)

P in
z + P out

z ≥ 0 if d(koa)/d(k1a) ≥ 0 (5.28)
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The normalized power flow (
〈
Pz
〉
) of the respective modes of Fig. 5.2 are computed

using Eq. (5.26) and are plotted in Fig. 5.4. Here it can be seen that at degeneracy

point, the value of normalized energy flow (
〈
Pz
〉
) vanishes. The mode-degeneracy

mechanism leads to slowing and eventual stopping of EM wave.
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Figure 5.4: Normalized energy flow (< Pz >) characteristics of first three band

spectra of EAMLHG structure as a function of normalized propagation vectors.

Here propagation vectors are normalised with waveguide radius a and have pitch

angle ψ = 30o, εt = −3 and εz = 2. The degeneracy point of forward and backward

wave mode is shown by solid blue circle.

5.3.2 For higher order mode (n = 1)

For the first higher order mode (n = 1) the band spectrum of the guide is shown in

Fig. 5.5. The modal behaviour has similar characteristics as the fundamental mode

(n = 0) with both BW and FW mode coexisting within same spectrum and meeting

at mode-degeneracy point. The major noticeable observation is that bandwidth

spectrum of BW mode propagation has increased while the bandwidth spectrum of

FW mode has reduced significantly. Also, it can be seen that higher band spectrum

supports larger BW mode bandwidth in comparison to FW mode.
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Figure 5.5: Mode band spectrum characteristics of EAMLHG for higher order (n =

1) HE mode as a function of normalized propagation vectors. Here propagation

vectors are normalised with waveguide radius a and have pitch angle ψ = 30o,

εt = −3 and εz = 2. The degeneracy point for forward and backward wave mode is

shown by blue solid circle.

In Fig. 5.6, the effective index characteristics of corresponding modes of Fig. 5.5, are

computed and plotted. Here, it is observed that BW mode possesses higher value of

effective index as compared to dominant mode. For example in BW mode (shown in

Fig. 5.6) obtained value of effective index is neff = 6.2 at koa = 1.9 which is higher

compared to neff = 2.58 obtained in dominant mode case at same frequency point.

The normalised power flow characteristics of higher order mode is also computed

and plotted in Fig. 5.7. Similar to dominant mode here power flow also stops at

mode-degeneracy point.
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Figure 5.6: The Effective index (neff ) characteristics of first three band spectra for

higher order (n = 1) HE mode as a function of normalized propagation vectors.

Here propagation vectors are normalised with waveguide radius a and have pitch

angle ψ = 30o, εt = −3 and εz = 2. The degeneracy point for forward and backward

wave mode is shown by blue solid circle.
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Figure 5.7: Normalized energy flow (< Pz >) characteristics of first three band

spectra for higher order (n = 1) HE mode as a function of normalized propagation

vectors. Here propagation vectors are normalised with waveguide radius a and have

pitch angle ψ = 30o, εt = −3 and εz = 2. The degeneracy point for forward and

backward wave mode is shown by blue solid circle.
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5.3.3 Effect of media parameters on modal behaviour

The anisotropic metamaterial media parameters such as tangential permittivity (εt)

and longitudinal permittivity (εz) also affect dispersion characteristics of the guide.

In order to understand the effect of these parameters we first analyse the effect of

tangential permittivity at dominant mode case. We considered three representative

cases: (a) εt = −1, εz = 2 (b) εt = −3, εz = 2 and (c) εt = −5, εz = 2. We have

considered εz = 2 (a fixed value) for all the three cases. In Fig. 5.8, dispersion graph

is plotted for different tangential permittivity variations, it shows that with increase

in the value of εt, the bandwidth spectrum of both FW and BW modes spectrum

increases for example in case-(c) both modes propagate for a large spectrum in the

guide. At the same time guide slow wave behaviour is more enhanced with increased

εt values.

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
1

2

3

4

5

6

7

8

9

n e
ff 

= 

 

koa

Figure 5.8: Effect of tangential permittivity (εt) variation on guided mode charac-

teristics of EAMLHG at n = 0 and ψ = 30. Three different scenario cases: (a)

εt = −1, εz = 2, (b) εt = −3, εz = 2 and (c) εt = −5, εz = 2 are shown by blue,

black and magenta colours, respectively.

Similar to previous case in order to study the effect of longitudinal permittivity

εz on the dispersion behaviour, we considered again three representative cases: (a)
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εt = −3, εz = 2 (b) εt = −3, εz = 4 and (c) εt = −3, εz = 6. We have considered

εt = −3 (a fixed value) for all three cases. In Fig. 5.9 dispersion graph is plotted for

different longitudinal permittivity variation cases which shows that with decrease

in εz the bandwidth spectrum of both BW and FW modes increases and slow wave

behaviour of guide is also more enhanced.
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Figure 5.9: Effect of longitudinal permittivity (εz) variation on guided mode char-

acteristics of EAMLHG at n = 0 and ψ = 30. Three different scenario: (a) εt = −3,

εz = 2, (b) εt = −3, εz = 4 and (b) εt = −3, εz = 6 represented by black, blue and

magenta colours, respectively.

5.3.4 Effect of physical parameters of the helical guide on

modal behaviour

In the present model, in addition to metamaterial properties (εt and εz). Helix radius

(a) and pitch angle (ψ) are the two physical dimensions of the waveguide which can

affect the modal characteristics. In results described above, radius (a) is normalized

with propagation vector by ko. Therefore, the effect of radius can be understood by

taking a constant frequency.

Thus the pitch angle is only remaining parameter whose effects need to be studied.

123



Chapter 5. Extremely Anisotropic Metamaterial loaded Helical Guide

The effects of pitch angle variation on modal behaviour are plotted in Fig. 5.10. It

is observed that reduction in pitch angle increases the effective index (neff ) of the

guide, for example maximum value of effective index (neff ) at pitch angle, 30o, 20o

and 10o, are 9.7, 15.5 and 32.1, respectively. This increased value of effective index

enhances slow wave behaviour of the guide. The change in pitch angle changes both

electric and magnetic field configurations which modifies the dispersion properties

in the waveguide and results in a much slower wave.
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Figure 5.10: Effect of pitch angle variation on guided mode characteristics of

EAMLHG. The black, green and blue colours represent pitch angles 30o, 20o and

10o, respectively.

Also, the reduction in pitch angle reduces the bandwidth spectrum of both FW and

BW modes. For example, the bandwidth of both the modes at pitch angle, 30o,

20o and 10o are 0.68, 0.44 and 0.21 (is in term of koa), respectively. It can also be

seen from the graph that change in pitch angle shifts the mode-degeneracy point.

Therefore, position or frequency of stopping of wave can be tailored by adjusting

pitch angle value. Thus helix pitch angle provides an extra knob to control its slow

wave behaviour.
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5.3.5 Comparison of extremely anisotropic metamaterial loaded

helical guide with extremely anisotropic metamaterial

cylindrical guide

In order to figure out the advantages of present investigation on EAMLHG over Ex-

tremely Anisotropic Metamaterial Cylindrical Guide (EAMCG) [37], we have com-

pared modal characteristics of these two waveguides structure as shown in Fig. 5.11,

when there is a helical winding over the EAMCG (present study) and when there

is no helical winding over EAMCG [37]. From the graph, it is observed that due to

helix winding over waveguide, a large value of effective index, neff , is achieved as

compared to the EAMCG. This is due to inherent properties of helix which already

possesses slow wave characteristics. Also it can be seen that cut off frequencies for

both FW and BW modes are shifted to almost zero. Another major advantage of

present study of EAMLHG structure is the helix pitch angle, ψ, which provides an

extra knob to control the slow wave behaviour.
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Figure 5.11: A comparison graph is plotted in between EAMLHG and Extremely

Anisotropic Metamaterial Cylindrical Guide (EAMCG) for first guided HE mode.

The black, pink and blue colours represent guided mode of EAMLHG for pitch angle

30o, 20o and 10o, respectively. The blue colour represents guided mode of Extremely

anisotropic cylindrical guide.
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5.4 Design and Engineering Feasibility of Proposed

Waveguide

For practical realization of the proposed waveguide structure one needs to create

extremely anisotropic metamaterial media inside the helical guide. We have adopted

the following procedure to realize such waveguide structure:

(a) First we arranged equally thick alternative disks (radius 60 nm and thickness

10 nm) of silver and glass. Considering the multi-layered structure of silver

and glass having respective permittivity εm and εa the effective permittivity

of such a multi-layered structure can be deduced as:

εt = fεm + (1− f)εa (5.29)

εz = εaεm
fεa + (1− f)εm

(5.30)

Here f is the volume fraction. Silver behaves as a plasmonic material at opti-

cal frequencies which exhibits negative permittivity (εm < 0) as a function of

frequency [71]. For an example, at 450 THz, silver permittivity (εm) is -17.89

and glass permittivity is 2.25. For 50 % filling of each silver and glass discs and

using above Eqs. (5.29) and (5.30), the calculated effective permittivity values

of εt and εz, are -13.97 and 0.82, respectively. This arrangement will effec-

tively look like a solid cylindrical waveguide possessing extremely anisotropic

metamaterial properties from THz to optical frequency ranges.

(b) Once the solid cylinder is formed then one can wind thin wire of radius 3 nm

in a form of helix having pitch angle 17o over this cylinder. This complete

arrangement is an EAMLHG structure, as shown in Fig. 5.12.
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Figure 5.12: A sketch of the realization of an EAMLHG structure made of alternative

disks of silver and glass.

To visualize the modal behaviour of this structure or to obtain effective index (neff )

of this structure (shown in Fig. 5.12), we performed an analytical analysis of the

structure by computing the value of transverse propagation coefficient (k2) as a

function of ko. The dispersion graph of the structure is plotted in Fig. 5.13. We find

that the highest value of effective index is neff = 28 at koa = 0.251 or λ = 1.5 µm,

in BW mode. Both the waves FW and BW are degenerated at koa = 0.374 or

λ = 1 µm and this point corresponds to the point of wave stopping.
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Figure 5.13: The analytical characteristics of effective index neff for fundamental

HE mode of EAMLHG having radius (a) 60 nm and pitch angle (ψ) 17o.
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5.5 Summary

In summary, we proposed and studied, an extremely anisotropic metamaterial loaded

helical waveguide which exhibits FW, BW and mode degeneracy characteristics.

The Eigen-mode equation of the structure is derived analytically and computed

to visualize modal behaviour. The expression of energy flow is also derived and

analysed. It is observed that guide supports propagation of HE modes having very

high value of effective index which can be engineered through helix pitch angle, ψ,

unlike the other waveguide structures [37,38,41,72].

The possible engineering realization of proposed waveguide is also discussed. The

two distinguishing characteristics of the structure made up of extremely anisotropic

metamaterial have been presented. The first one is that the BW mode that supports

very high value of effective index (neff ) and results in lowering the wave velocity.

These structures can be utilized as filters and phase shifters in telecommunication

and optics. The second feature of proposed waveguide is that both FW and BW

modes coexist and are degenerate at critical frequency and at that point net power

flow is zero or in other words wave has zero wave velocity. This attribute can be

utilized to design compact optical buffer for integrated optical circuits.
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Summary and Future Scope

6.1 Summary

This dissertation work has been devoted to the analysis and design of novel Slow

Wave Devices (SWD’s). Through these devices we have addressed the possibilities

of realization of optoelectronic devices such as optical buffers and optical memory,

which are the key elements of future optical communication network architecture.

Helical Waveguide, for a long time, is used as a structure induced slow wave device

for various microwave to millimetre wave applications. On the otherhand, meta-

material medium, also, possesses slow wave characteristics which is classified as

material induced slow wave as reported by different research groups. In order to

achieve enhanced slow waves we have superimposed the properties of metamaterial

with helical waveguide characteristics by proposing Metamaterial Loaded Helical

Guide (MLHG) structure as a SWD in Chapter-2. The metamaterial medium con-

sidered here is non-dispersive in nature which is an ideal case of metamaterial. The

Eigen value equation or the dispersion relation of the structure has been derived

analytically. From analytical simulation we have demonstrated that this type of

waveguide supports propagation of both FW and BW modes. The BW mode dies
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out rapidly in the guide but FW mode propagates as a ultra slow wave mode due

to the presence of very large value of longitudinal propagation coefficient (β) in the

waveguide. We have also analysed the effect of LHM properties and physical pa-

rameters of helical guide over slow wave characteristics. We have concluded that

insertion of metamaterial in helical guide enhances slow wave behaviour of the guide

drastically.

In Chapter-3, we have studied this structure (MLHG) by considering metamaterial

as dispersive in nature, which is a more realistic case of metamaterial since non-

dispersive metamaterials are not realized experimentally, yet. The dispersion rela-

tion of Dispersive Metamaterial Loaded Helical Guide (DMLHG) has been derived

analytically. For analytical study, dispersive behaviour of metamaterial is modelled

through Drude model and from simulations we have observed that it supports prop-

agation of both FW and BW mode. The Lower Cutoff Frequency (LCF) of BW

mode is lower than the FW mode and it propagates as ultra slow wave mode due to

the presence of large value of longitudinal phase coefficients. Both modes propagate

simultaneously and meet at common Higher Cutoff Frequency (HCF) and this point

is regarded as mode-degeneracy point. The normalized power flow (<Pz>) is also

zero at this point. Therefore, we have concluded that the mechanism of degeneracy

leads to trapping or stopping of EM wave.

In order to design DMLHG structure, we have designed, fabricated and tested exper-

imentally a novel FF-shaped metamaterial cell. This cells has been further arranged

periodically both in axial- and radial- directions inside the helical guide in order

to realize DMLHG structure. The designed structure is simulated numerically and

it exhibits similar characteristics as we have reported in analytical study such as

presence of FW and BW mode and phenomena of mode-degeneracy. At the point

of mode-degeneracy power flow also becomes zero. So, the mechanism of degener-

acy and high value of propagation coefficient leads to trapping and slowing of EM
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wave. In numerical simulation the phenomena of slowing and trapping of EM wave

occurs in the spectrum of 12 to 14 GHz. In analytical simulation similar character-

istics occur in the spectrum of 4 to 6 GHz. The reason behind this shift is Drude

model which is used as a dispersive parameter in analytical study. While in simula-

tions study actual field configurations modify the effective constitutive parameters

of Drude model.

In Chapter-4, we have discussed the effect of cladding over slow wave characteristics

of MLHG structure. Different cladding materials such as double positive material

(DPS) and Epsilon Negative (ENG) Material effects are investigated. We have

demonstrated analytically that the cladding enhances the slow wave characteristics

of MLHG. However, in case of ENG Cladded MLHG (ENG-CMLHG) slow wave

characteristics are enhanced greatly and improve by 4.36 and 1.4 times as compared

to MLHG and DPS Cladded MLHG (DPS-CMLHG) cases, respectively. The electric

field intensity distribution over the cross section of the waveguide has also been

studied which attributes that as frequency increases electric field distribution is

more confined to the core region of the waveguide which can find application in THz

imagining.

In Chapter-5, we have presented Extremely Anisotropic Metamaterial Loaded He-

lical Guide (EAMLHG) as a SWD. The extremely Anisotropic Metamaterial is a

uniaxial medium having tensor permittivity (εxx; εyy; εzz) also known as Hyperbolic

Metamaterial (HMM). As compared to left-handed metamaterial utilized in design

of DMLHG, the realization of HMM is easier in high frequency regime, particular

at optical frequency. Therefore, we proposed EAMLHG structure. The Eigen value

relation or dispersion relation of the structure has been derived analytically. In ana-

lytical simulation we have observed similar characteristics as we observed in DMLHG

case such as propagation of FW and BW modes, mechanism of mode-degeneracy

and slowing and trapping of EM wave.
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To design EAMLHG we have suggested an arrangement of stacked alternative disks

of silver and glass inside the helical guide. Silver behaves as plasmonic material

at optical frequency and exhibits negative permittivity. This multilayer geome-

try of silver and glass appears as a solid cylinder and having effectively Extremely

Anisotropic Metamaterial (EAM) properties in THz to optical frequency spectrum.

The designed structure has been investigated analytically and numerically and ex-

hibits similar characteristics of slowing and trapping of EM wave.

Thus, in the present thesis work we have analysed, simulated and characterized novel

slow wave devices, namely, MLHG, DMLHG, ENG-CMLHG, EAMLHG which are

the combination of helical waveguide geometry and metamaterial properties.

In literature various cylindrical and planer based metamaterial waveguide have al-

ready been proposed for slow wave applications but all show multimodal behaviour.

In comparison, DMLHG design exhibits single mode operation and does not have

any issues related to multimodal propagation. However EAMLHG does show mul-

timodal behaviour but it supports a very high value of effective index which in turn

produces much slower wave as compared to the cylindrical and planar ones. The

other added advantage of proposed helix based design is that it has "helix pitch

angle" as an additional design parameter which provides an extra knob to control

slow wave performance of the device. Our structures are also insensitive to surface

roughness and are easier to excite as compared to other slow wave methods which

are based on surface plasmon polaritons [27].

6.2 Future works

In this thesis work we thoroughly explored, for the first time, applications of metama-

terial with helical guide in the contemporary field of slow wave and optoelectronics.

Since, this is a primitive study in this area a wide range of research issues are still
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open. Following are the possible studies that can be explored further on the basis

of present research work:

(a) In the present work only guided mode characteristics of the structures have been

investigated. The leaky mode and radiation characteristics of these structures

also can be investigated.

(b) Slow wave structure is major component of a Travelling Wave Tube (TWT) de-

vice. The applications of proposed SWD’s can also be investigated for TWT’s

and other high power microwave devices.

(c) The fabrication and experimental study of proposed structures can be done for

the validation of reported results and designs.

(d) Possible design of ENG-CMLHG can also be explored.

(e) In EAMLHG we considered only Type-II Hyperbolic Metamaterial (HMM)

where tensor permittivity is negative in x and y directions (εx < 0, εy < 0)

and positive in z direction (εzz > 0). However Type-I HMM is also possible

where tensor permittivity is positive in x and y directions (εx > 0 and εy > 0)

and negative in z direction (εzz < 0). The design and numerical simulation of

EAMLHG structure can also be done with Type-I HMM.

(f) As discussed, DMLHG and EAMLHG structure exhibits trapping of EM wave

as a function of both frequency and radius of the helix waveguide, which is

normalized as koa. The simulation study can be further extended by designing

the tapered helix geometry both in increasing or decreasing the helix radius.

This study will throw more understanding of EM wave trapping characteristics

as done by other groups for different geometries [27,33,41].
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