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Abstract

Gene regulatory networks (GRNs) orchestrate cellular behavior through complex

combinatorial interactions among genes. Boolean models provide a tractable framework

for studying GRN dynamics and have been widely used to analyze stability, multistability,

and attractor-based representations of cellular phenotypes. While extensive research has

established that biological GRNs are highly constrained in both network topology and reg-

ulatory logic, the specific e↵ects of di↵erent classes of regulatory logic on global network

dynamics have not been systematically characterized. The key objective of this thesis

is to develop a systematic understanding of how di↵erent classes of Boolean functions

(BFs) influence the dynamics of Boolean GRN models across varying network topolo-

gies and levels of abstraction, thereby informing principled choices of regulatory logic in

Boolean modeling of biological systems. Using both random Boolean networks (RBNs)

and reconstructed biological GRNs, we show that regulatory logic plays a central role in

determining network stability and dynamical organization.

First, we analyze ensembles of RBNs to disentangle the e↵ects of regulatory logic

from those of network topology. By systematically varying network size, connectiv-

ity, and degree distribution, and by employing multiple notions of dynamical stability,

we show that biologically meaningful classes of BFs consistently steer network dynam-

ics toward ordered or near-critical regimes. In contrast, networks governed by random

BFs exhibit strong sensitivity to topological parameters and frequently transition toward

chaotic behavior with increasing connectivity or size. Across diverse stability measures,

biologically meaningful BFs display reduced variability and enhanced robustness.

Second, we analyze the e↵ect of BF classes on the stability of reconstructed Boolean

GRNs using ensembles in which network structure and biological attractors are held fixed

while regulatory logic is varied. Adopting a global state-space perspective, we systemati-

cally examine how di↵erent classes of BFs shape the structure of the state transition graph

(STG). To characterize global dynamical organization, we adapt concepts originally de-

veloped in the study of cellular automata (CA) and introduce CA-inspired measures of

xv



bushiness and convergence. We find that biologically meaningful BFs lead to faster con-

vergence and more contractive STG structures than random logic.

Finally, we critically evaluate threshold majority rules (TMRs), a subclass of thresh-

old functions frequently employed in GRN modeling due to their implementation simplic-

ity. Through a comparative analysis with nested canalyzing functions (NCFs), we show

that TMRs exhibit higher complexity and sensitivity, are underrepresented in empirical

datasets of regulatory logic, and often fail to recover biological attractors and associated

basin sizes. These results indicate that, despite their convenience, TMRs are poorly suited

as a modeling choice for biological GRNs.

Altogether, this thesis establishes regulatory logic as a key determinant of Boolean

GRN dynamics and provides systematic guidance for selecting biologically grounded BFs

in the modeling of GRNs.
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Chapter 1

Background and motivation

Deep in the chaotic regime, slight changes in structure almost al-

ways cause vast changes in behavior. Complex controllable behav-

ior seems precluded.

– Stuart Kau↵man

Cells within a multicellular organism share the same genome, yet they exhibit a re-

markable diversity of phenotypes and functional behaviors. This diversity does not stem

from di↵erences in genetic content, but from finely tuned regulatory programs that gov-

ern when, where, and to what extent genes are expressed [1]. Gene regulatory networks

(GRNs), comprising intricate webs of genes, transcription factors, and their regulatory

interactions, lie at the heart of cellular decision-making processes that underlie develop-

ment, di↵erentiation, and adaptive responses to a changing environment [2]. Through

nonlinear and combinatorial interactions, GRNs integrate multiple molecular signals and

translate them into coherent cellular behaviors, while simultaneously ensuring robustness

to intrinsic noise and environmental perturbations [1,3,4]. Over the past few decades, re-

searchers have made significant strides in unraveling the structure and dynamics of GRNs,

highlighting how biological regulation emerges from the coordinated action of many in-

teracting components [1,5–9]. Understanding how such networks collectively give rise to

stable yet adaptable behavior remains a central challenge in systems and computational

biology [3, 10–13].
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To investigate how GRNs give rise to complex cellular behaviors, a variety of math-

ematical and computational modeling frameworks have been developed, each di↵ering

in their level of detail, underlying assumptions, and data requirements [14]. At one

end of the spectrum, continuous models based on ordinary or partial di↵erential equa-

tions describe gene expression dynamics using concentration levels and kinetic parame-

ters, enabling detailed quantitative analyses when su�cient experimental data are avail-

able [1, 15]. Stochastic extensions of these models explicitly account for molecular noise

and are particularly relevant when regulatory components are present in low copy num-

bers [16–18]. However, the applicability of such detailed approaches is often limited

by parameter uncertainty and the rapid growth of model complexity with increasing net-

work size. These challenges have motivated the development of more coarse-grained

frameworks, including discrete and logical models, which emphasize regulatory interac-

tions rather than precise kinetics [19–22]. In these approaches, genes are represented by

a small number of activity states and regulatory e↵ects are captured through rule-based

formalisms [19–23]. As a result, such models o↵er scalability, interpretability, and ro-

bustness to incomplete data, making them particularly suitable for studying moderate- to

large-scale GRNs. Consequently, discrete modeling frameworks have become indispens-

able tools for uncovering general principles governing GRN dynamics.

Building on these considerations, Boolean modeling has emerged as a particularly

powerful and enduring framework for studying GRN dynamics. The origins of Boolean

approaches to gene regulation can be traced back to early e↵orts to formalize regulatory

logic in biological systems. Inspired by the operon model of Jacob and Monod [24],

Sugita was among the first to employ logical circuits and Boolean formalisms to describe

gene regulatory interactions [25, 26]. These foundational ideas were later developed and

popularized by Stuart Kau↵man, who introduced Boolean networks (BNs) as abstract

models of genetic regulation and proposed that key features of cellular organization and

di↵erentiation could arise from simple binary rules acting on large networks [19, 27].

Around the same time, René Thomas developed a complementary framework that em-
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phasized multistability, qualitative dynamical behavior, the role of feedback circuits in

regulatory networks, and highlighted the importance of update schemes for capturing bi-

ologically realistic dynamics [28–30].

In its most common formulation, Boolean modeling represents each gene or regu-

latory component as a binary variable, active or inactive (“on” or “o↵”), and encodes

regulatory influences through Boolean functions (BFs). Since its inception, the Boolean

modeling framework has proven remarkably e↵ective in capturing essential dynamical

features of diverse biological processes. With the advent of high-throughput experimen-

tal techniques and the increasing availability of regulatory interaction data, this frame-

work has become a standard tool for reconstructing and analyzing GRNs underlying pro-

cesses such as di↵erentiation, metabolism, apoptosis, proliferation, and cell-cycle con-

trol [7, 31–39]. Together, these developments have established Boolean modeling as a

powerful framework that balances biological interpretability with mathematical and com-

putational tractability, enabling the systematic analysis of large-scale regulatory networks

that would otherwise remain challenging to address within more detailed quantitative

frameworks.

In the early stages of systems-level thinking about gene regulation, long before the

advent of high-throughput experimental techniques, detailed knowledge of regulatory in-

teractions was largely unavailable. This scarcity of large-scale molecular data motivated

the use of abstract and idealized modeling approaches aimed at uncovering general or-

ganizing principles of genetic regulation rather than reproducing specific biological sys-

tems [5, 28, 40]. Within this pre-genomic context, Stuart Kau↵man introduced random

Boolean networks (RBNs) as a conceptual model for gene regulation [5,19,27]. In RBNs,

nodes (genes) are represented as binary variables whose regulatory inputs and Boolean up-

date rules are assigned randomly. Despite their idealized nature, RBNs proved remarkably

powerful in revealing fundamental features of collective gene dynamics. Systematic ex-

ploration of RBN behavior demonstrated that large networks governed by simple Boolean

rules can display qualitatively distinct dynamical regimes, spanning ordered and chaotic
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behavior, with a critical regime emerging at their boundary [5]. Importantly, the attrac-

tors of RBN dynamics were interpreted as stable gene expression patterns corresponding

to cellular phenotypes, providing an early dynamical explanation for di↵erentiation and

robustness in biological systems. Subsequent studies on RBNs highlighted how global dy-

namical properties depend on the network topology and regulatory logic [41–43]. These

insights motivated a shift away from purely random Boolean rules toward the systematic

investigation of biologically meaningful classes of BFs, laying the conceptual foundation

for later studies of reconstructed GRNs and for a central question addressed in this thesis.

Although RBNs do not aim to faithfully represent real gene regulatory architectures, they

established a foundational theoretical baseline that continues to inform our understanding

of stability, robustness, and criticality in Boolean models of gene regulation.

The emergence of high-throughput experimental technologies in the post-genomic

era fundamentally transformed the study of GRNs. These advancements enabled the sys-

tematic reconstruction of GRNs that were increasingly grounded in experimental evi-

dence rather than theoretical abstraction. Extensive analyses of such reconstructed net-

works have consistently shown that their organization departs strongly from random-

ness, instead exhibiting structured topologies shaped by evolutionary and functional con-

straints [1,8,44,45]. In parallel, the Boolean framework has seen a marked resurgence as

a practical modeling paradigm for GRNs, owing to its ability to integrate heterogeneous

data while remaining computationally tractable [7,14,31–33]. Over the past two decades,

a growing number of Boolean dynamical models have been constructed to reproduce ex-

perimentally observed gene expression patterns and cellular phenotypes [46–48]. This

shift has led to the establishment of publicly available repositories and platforms such

as Cell Collective [49], GINSIM [50], and benchmark datasets including MCBF [51]

and BBM [52], which collectively provide a diverse corpus of reconstructed Boolean

GRN models. Together, these advances transformed Boolean modeling into a data-driven

framework for system-specific GRN analysis and revealed that reconstructed biological

networks deviate substantially from the random assumptions of early theoretical mod-
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els, thereby motivating a more detailed examination of their structural organization and

regulatory logic.

Detailed analyses of experimentally reconstructed GRNs have revealed that their

structural organization is shaped by distinct organizational principles rather than ran-

dom connectivity [1, 8]. Biological GRNs are typically organized into hierarchical and

modular structures, often characterized by heterogeneous or heavy-tailed degree distri-

butions, where a small number of regulatory hubs exert broad control over downstream

targets, while localized subnetworks implement specific functional programs [1, 8]. Such

architectures give rise to recurring patterns of interactions, including feed-forward loops,

feedback motifs, and densely connected regulatory modules, which have been shown to

perform distinct information processing and control functions in cellular systems [1, 44].

From a dynamical perspective, these non-random topological features contribute to the

robustness of gene expression states by bu↵ering against fluctuations and enabling com-

pensatory pathways in response to perturbations [45]. Notably, dynamical analyses of

Boolean models built on such reconstructed topologies indicate that structured architec-

tures can bias networks toward regimes characterized by ordered or near-critical behavior,

in contrast to the broad dynamical variability observed in RBN ensembles [53, 54]. To-

gether, these findings establish that the topology of real GRNs is highly constrained and

plays a central role in shaping their dynamical properties. However, while network struc-

ture provides an essential sca↵old for regulatory dynamics, it alone does not determine

system behavior, motivating a closer examination of how constraints on regulatory logic

complement network topology in shaping the global dynamics of Boolean GRNs.

Alongside insights into network architecture, growing evidence indicates that the reg-

ulatory logic in biological GRNs is itself highly constrained and departs markedly from

random expectations [7, 33, 34]. A central argument for the biological relevance of such

constrained regulatory logic was articulated by Kau↵man, who proposed that canalyzing

functions (CFs), capture a form of ‘chemical simplicity’ in gene regulation, whereby spe-

cific regulatory inputs exert overriding control on gene expression outcomes [5]. Large
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scale analyses of reconstructed Boolean GRNs have further demonstrated that the BFs

employed in biological models are not uniformly distributed across the space of all possi-

ble BFs, but instead show strong enrichment for specific biologically meaningful classes,

including unate functions (UFs) [55], canalyzing functions (CFs) [5], and nested canalyz-

ing functions (NCFs) [7, 51, 56]. These BF classes encode regulatory logic that is con-

strained either through dominance and hierarchical control of the inputs, or through mono-

tonic regulatory e↵ects, reflecting fundamental asymmetries in the underlying molecular

regulatory mechanisms. Importantly, some of the most highly enriched logic classes, such

as NCFs and read-once functions (RoFs), have been shown to minimize well-established

measures of Boolean complexity [57] and sensitivity [58], thereby linking regulatory logic

to the robustness of network dynamics [51]. Taken together, these observations suggest

that the choice of regulatory logic is a key determinant of collective network dynamics,

motivating a systematic investigation of how di↵erent classes of BFs shape the behavior

of Boolean GRNs.

Although extensive research has conclusively established that biological GRNs ex-

hibit strong constraints at two levels, namely, network topology and regulatory logic,

there was an unmet need for a systematic analysis of the specific role played by di↵er-

ent classes of regulatory logic in shaping global network dynamics. Moreover, while

meta-analysis based studies have revealed enrichment of biologically meaningful BFs in

biological GRNs [51, 56], it remained underexplored whether and how these constraints

translate into di↵erences in global stability and state transition structure. Furthermore,

the extent to which changes in network topology modulate dynamical behavior across

di↵erent classes of regulatory logic had not been systematically characterized. This thesis

addresses these gaps by explicitly disentangling the contribution of regulatory logic from

that of network structure through a systematic analysis across two complementary set-

tings: (a) abstract RBNs, wherein the impact of logic classes is examined across varying

network architectures, and (b) reconstructed biological GRNs, wherein network structure

and biological attractors are held fixed while regulatory logic is varied. Together, these
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analyses provide a unified framework for understanding how choices of BF classes shape

the dynamical behavior and stability of Boolean GRN models.

Assessing how regulatory logic shapes network behavior requires comparing the re-

sulting dynamics through appropriate notions of stability. Within the Boolean network

(BN) framework, stability has traditionally been examined using perturbation-based ap-

proaches, such as damage spreading measures, which probe whether small di↵erences be-

tween network states amplify or decay over time. In particular, such measures have been

widely used to characterize dynamical regimes in abstract settings such as RBNs [59,60].

In BN framework, stability can also be characterized using properties of attractors and

their basins of attraction, including their number, average length, and the fraction of fixed

point attractors, since attractors capture the asymptotic behavior of the system and are

often interpreted as stable cellular phenotypes [5]. However, attractor properties alone

provide an incomplete picture of BN behavior, as they do not capture the transient pro-

cesses through which network states evolve. A more global perspective on BN dynamics

is obtained by considering the organization of trajectories in state space, which is naturally

captured by the structure of the state transition graph (STG). The STG encodes all possi-

ble state transitions and thereby integrates both transient and asymptotic behavior. While

perturbation-based analyses have provided important insights into the role of regulatory

logic in shaping ordered and chaotic regimes, global STG-based characterizations remain

largely unexplored in the context of reconstructed biological Boolean GRN models, de-

spite their prominence in the study of cellular automata (CA) [61–63]. Accordingly, this

thesis employs complementary dynamical perspectives to examine the consequences of

the choice of regulatory logic on BN dynamics.

Despite the success of Boolean modeling in capturing key aspects of GRN dynamics,

a critical modeling choice often receives less attention than it warrants: the choice of BFs

used to define the regulatory logic at individual nodes. Given that di↵erent BFs encode

qualitatively distinct regulatory mechanisms, ranging from additive and monotonic reg-

ulation to strongly hierarchical control, it is essential to systematically assess how such
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choices shape the dynamical behavior and stability of BN models. The key objective

of this thesis is to develop a systematic understanding of the influence of di↵erent BF

classes on the dynamics of Boolean GRNs across varying network topologies and levels

of abstraction, and thereby inform suitable choices of BFs when modeling biological reg-

ulatory networks within the Boolean framework. To achieve this, the thesis undertakes a

multi-pronged investigation spanning both abstract network ensembles and reconstructed

biological GRNs.

The first objective is to systematically investigate how the choice of regulatory logic

class modulates the dynamical regime of BNs in abstract settings. Using RBNs as theoret-

ical testbeds, we systematically examine how di↵erent classes of BFs influence network

stability and order-chaos behavior. By analyzing ensembles of RBNs across a range of

network sizes, connectivities, and degree distributions, this objective aims to disentan-

gle the contribution of regulatory logic from that of network topology. In particular, we

assess whether biologically meaningful classes of BFs consistently promote more stable

dynamics than random BFs across multiple notions of stability, and whether changes in

network size or connectivity a↵ect di↵erent logic classes in distinct ways.

The second objective shifts the focus from abstract RBN ensembles to reconstructed

Boolean GRNs. In the ensembles generated for our analyses, network structure and bi-

ological attractors are kept fixed while only the regulatory logic is varied. While RBNs

provide valuable conceptual insights, they remain stylized and divorced from the architec-

ture of real biological networks. Accordingly, this objective adopts a global, state space

perspective to characterize the dynamics of reconstructed GRNs and examines how dif-

ferent classes of BFs shape the structure of the STG. In particular, we analyze global

dynamical properties such as bushiness and convergence, which reflect the organization

of transient trajectories. Since such STG-based analyses have not previously been carried

out in the context of reconstructed Boolean GRNs, we adapt concepts and measures orig-

inally developed in the study of cellular automata (CA) [61–63], introducing CA-inspired

descriptors tailored to BN models. These analyses allow us to systematically compare
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how biologically meaningful and random BFs di↵er in their impact on the global organi-

zation of network dynamics.

While the analyses presented in the first two objectives establish that regulatory logic

plays a decisive role in shaping dynamical behavior of Boolean GRN models, a broader

practical challenge remains inherent to Boolean modeling. In realistic biological settings,

the reconstruction of Boolean GRNs is fundamentally underdetermined due to limited

quantitative data on regulatory mechanisms. Even when network topology and regulatory

signs are known, multiple candidate BFs may be consistent with the available informa-

tion, making the selection of update rules a nontrivial modeling decision [64]. As a result,

practical considerations such as simplicity, uniformity, and computational convenience

often influence the choice of regulatory logic, sometimes in the absence of strong biolog-

ical justification.

Within this context, some threshold-based Boolean rules have gained popularity as a

pragmatic modeling strategy [34, 65–67]. In particular, threshold majority rules (TMRs),

which update a node’s state based on the signed sum of its regulators and its own activity,

o↵er an elegant simplification that circumvents the need to estimate interaction strengths

or activation thresholds [34, 65–67]. However, a systematic evaluation of whether such

simplicity comes at an acceptable expense of biological realism, as well as a meaning-

ful comparative analysis with empirically enriched logic classes, was lacking prior to our

work. This gap is further compounded by the absence of a straightforward mapping be-

tween TMRs and established classes of biologically meaningful BFs, which had hindered

their placement within existing theoretical frameworks of BF classes.

The third objective of this thesis is therefore to critically assess the suitability of

TMRs as a modeling choice for Boolean GRNs. This objective examines TMRs at both

the function and network levels by comparing them against NCFs [7, 68, 69], an empiri-

cally enriched subclass of threshold functions [51,56,70–75], across structural, empirical,

and dynamical criteria. Specifically, we evaluate whether TMRs capture key features ob-

served in empirical datasets of regulatory logic, including canalyzation, bias patterns,

9



intrinsic complexity, robustness to perturbations, and the ability to recover known bio-

logical attractors and their associated basin sizes. Through this analysis, the thesis aims

to determine whether the convenience of TMRs justifies their continued use in Boolean

GRN modeling, or whether alternative, biologically grounded classes of regulatory logic

such as NCFs provide a more principled foundation.

The objectives outlined above are addressed through a sequence of chapters that pro-

gressively develop the theoretical background, methodological framework, and system-

atic analyses described below.

1.1 Thesis organization

The remaining six chapters of the thesis progressively develop a framework for under-

standing how regulatory logic shapes the dynamics and stability of Boolean GRNs, from

foundational concepts to systematic analyses of random and reconstructed models.

Chapter 2 introduces the theoretical and methodological foundations of Boolean

modeling of GRNs and their associated logical update rules. We begin by presenting

the basic elements of Boolean modeling, including network states, state transition graphs

(STGs), attractors, and update schemes such as synchronous [5] and asynchronous [29]

dynamics. The classical framework of random Boolean networks (RBNs) is then re-

viewed. Next, we discuss reconstructed Boolean models of biological systems that emerged

in the post-genomic era, highlighting data-driven approaches and community-curated re-

sources such as Cell Collective [49], GINSIM [50], MCBF [51] and BBM dataset [52].

The chapter further provides a detailed background on Boolean functions (BFs), including

their representations, permutations, and negations, and formally defines several classes of

biologically meaningful BFs, namely e↵ective functions (EFs), e↵ective and unate func-

tions (EUFs), read-once functions (RoFs), nested canalyzing functions (NCFs), and link

operator functions (LOFs). We then dicuss two complexity measures of BFs, Boolean

complexity and average sensitivity. Finally, the chapter presents strategies employed for

sampling Boolean models for a given GRN under di↵erent constraints, including attrac-
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tors, sign-conformity and the type of regulatory logic, and introduces a hypercube-based

iterative sampling method that enables scalable sampling of EUFs for nodes with higher

input degrees.

Chapter 3 provides a systematic overview of stability measures for Boolean net-

work (BN) dynamics. Stability is a central yet multifaceted concept in the analysis of

Boolean models, and this chapter organizes the diverse notions of stability into a coherent

framework. We first review perturbation-based measures derived from damage spreading

arguments, including the Derrida coe�cient (�), the final Hamming distance (h1), and

fragility (�) [60]. We then describe stability measures based on properties of attractors

and their basins of attraction, such as the number and length of attractors and the frac-

tion of states converging to fixed points. Next, we discuss measures rooted in polynomial

approximations of regulatory rules and the resulting notion of ‘approximability’ of net-

work dynamics [76]. Finally, we introduce stability measures inspired by the theory of

cellular automata (CA) [61–63], which characterize global properties of the STG, such as

bushiness and convergence. This chapter establishes the conceptual and methodological

groundwork for the analyses developed in the subsequent chapters.

Chapter 4 investigates how choices of BF class modulate the dynamical regime in

RBNs. RBNs have been widely explored as models of complex systems and as simplified

representations of GRNs. As in many areas of dynamical systems research, the interplay

between stability and chaos has been a central theme in RBN research. Although network

topology is known to influence network dynamics, the BFs assigned to each node play

an equally crucial role. In this chapter, we systematically examine the influence of five

di↵erent classes of BFs on RBN dynamics using a range of dynamical stability measures,

including damage spreading and attractor-based properties. We show that, compared to

random BFs, biologically meaningful BFs consistently drive the dynamics toward the or-

dered regime, regardless of network size, connectivity, or degree distribution. Moreover,

as network connectivity or size increases, random BFs typically push the dynamics toward

a more chaotic regime, whereas biologically meaningful functions exhibit minimal fluc-
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tuations in most stability measures. These results highlight the importance of regulatory

logic choices in shaping network dynamics and emphasize the advantage of restricting

to biologically meaningful classes in the reconstruction and modeling of biological sys-

tems within the Boolean framework. The work reported in this chapter is based on the

published manuscript [77].

Chapter 5 shifts the focus from RBNs to reconstructed Boolean GRNs, where we

investigate how di↵erent classes of BFs influence the structural features of the STG.

Although networks with the same topology and biological attractors can exhibit drasti-

cally di↵erent STGs depending on the type of BFs employed, such e↵ects have not been

systematically characterized. Using ten reconstructed Boolean GRNs, we generate en-

sembles that di↵er only in the types of BFs, while keeping the network structure and

biological attractors fixed. We compute the rate of contraction (bushiness) and the rate of

convergence from their STGs, quantified using measures inspired by CA that are based

on garden-of-Eden (GoE) states. We find that biologically meaningful BFs lead to higher

bushiness and faster convergence than random EFs. Since computing these global mea-

sures becomes computationally expensive for larger networks, we adapt Wuensche’s Z-

parameter [78] from CA to BFs in BNs and introduce four natural variants. Together with

network sensitivity [53, 58], these four Z-parameter variants constitute the descriptors of

local dynamics, and some of them are found to be useful proxies for bushiness. Finally,

we provide an excellent proxy for convergence based on computing transient lengths orig-

inating from randomly sampled states rather than GoE states. The work reported in this

chapter is based on the submitted manuscript [79].

Chapter 6 turns attention to a critical evaluation of the suitability of two simple

threshold-based Boolean rules for modeling GRN dynamics. These two subtypes of

threshold functions, which we collectively term threshold majority rules (TMRs), up-

date a gene’s state based on the signed sum of its regulators and its own activity, o↵ering

an elegant mathematical simplification. Here, we assess whether this simplicity of TMRs

compromises biological realism. We rigorously evaluate the two standard TMR variants
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with respect to their suitability for GRN modeling. First, we show that they exhibit lim-

ited canalyzation, discordant bias patterns, and often eliminate self-inhibitory interactions

present in the GRN. Furthermore, TMRs exhibit elevated complexity and heightened sen-

sitivity to perturbations. Moreover, these rules are underrepresented in empirical datasets

of regulatory logic rules, contrary to what would be expected for biologically relevant

functions. At the network level, we show that TMRs frequently fail to recover biological

attractors and their associated basin size distributions. In contrast, models incorporat-

ing suitable NCFs consistently exhibit superior performance across these criteria. These

findings invite a thoughtful reevaluation of TMRs as an appropriate logic for modeling

GRNs despite their theoretical appeal. The work reported in this chapter is based on the

published manuscript [80].

Chapter 7 concludes the thesis with a summary of the main findings and contribu-

tions presented across the di↵erent chapters and discusses potential avenues for future

work.
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Chapter 2

Boolean modeling of gene regulatory

networks and associated logical update

rules

Chapter overview. This chapter provides the theoretical and methodological background

required for the work presented in this thesis. It begins with an introduction to the

Boolean modeling framework for gene regulatory networks (GRNs), followed by a re-

view of the classical random Boolean network (RBN) paradigm. It then discusses re-

constructed Boolean models of biological systems, highlighting how experimental data

are integrated to construct system-specific Boolean models. The chapter then introduces

Boolean functions (BFs), including their representations and basic operations such as per-

mutations and negations. It subsequently presents several biologically meaningful classes

of BFs that frequently occur in reconstructed Boolean models of regulatory networks. It

then introduces the measures used throughout this thesis to characterize the complexity

of BFs. Finally, it describes the procedures used to sample di↵erent classes of BFs under

biological and topological constraints, including a sampling algorithm for e↵ective and

unate functions (EUFs) developed as part of this thesis.

GRNs play a crucial role in orchestrating cellular decision-making processes [2]. Over the
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past few decades, researchers have made significant strides in unraveling the complexity

of these biological networks, shedding light on both their structural organization and dy-

namical behavior [1,5–9]. Among the various approaches developed to model GRNs, the

logical modeling framework has emerged as a particularly powerful tool. Sugita [25, 26],

inspired by Jacob and Monod [24], was among the earliest to formalize logical circuits and

utilize the Boolean formalism to model GRNs. Soon thereafter, Stuart Kau↵man [19, 27]

and René Thomas [28, 29] solidified this framework and brought significant attention to-

wards this approach to study the relationships between structure and dynamics of GRNs.

In its most common form, logical modeling utilizes Boolean constraints, where genes

or their products are considered to be in one of two states: active (on) or inactive (o↵ ).

Since its inception, this framework has been widely successful in capturing diverse bi-

ological processes. With advancements in sequencing technologies and the availability

of large-scale data, this framework has become instrumental in modeling key cellular

processes including di↵erentiation, metabolism, apoptosis, proliferation and cell-cycle

regulation [7, 31–39].

2.1 Boolean modeling of gene regulatory networks

A Boolean model of a GRN consists of a set of nodes and directed edges that correspond

to genes and the interactions between them respectively [5, 19, 27]. We denote the state

of the network with N nodes at time t by the vector X(t) whose ith entry is given by

xi(t), where i 2 {1, 2, . . . ,N} and xi 2 {0, 1}. Each node of the network is assigned a

BF (or logical update rule or regulatory logic) that governs the local dynamics. That is,

xi(t + 1) = fi(x1
i (t), x2

i (t), . . . , xk
i (t)), where fi is the BF that acts on the k inputs to node xi,

xm
i (t) (m 2 {1, 2, . . . , k}), to return the value xi(t + 1).

The number of input combinations (x1
i (t), x2

i (t), . . . , xk
i (t)) for which xi(t + 1) = 1 is

the bias P of the BF fi. Of all possible BFs, some classes are biologically meaningful

in that they satisfy properties that ‘real’ regulatory logic are expected to possess such as

e↵ectiveness, unateness and canalyzation [5,55,81]. In Section 2.5, we provide a detailed
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description of di↵erent classes of BFs used in the studies presented in this thesis.

If all BFs F = ( f1, f2, . . . , fN) act on all nodes simultaneously, the update is said to

be synchronous [5], otherwise it is asynchronous [29]. When the system is updated using

synchronous scheme, then it can be expressed with the following equation:

X(t + 1) = F [X(t)] (2.1)

Trajectories in the state space can be traced out by the recursive application of Eq. (2.1)

to any given initial condition X(0).

The state transition graph (STG) of the Boolean network (BN) is the directed graph

in state space where each edge connects a state X to its image under Eq. (2.1). Under

synchronous dynamics, a trajectory can meet with two possible fates: (a) it reaches a fixed

point attractor, i.e., a state which on further update remains unaltered (X(t) = X(t + 1)),

or (b) it ends up in a cyclic attractor (or cycle), in which case the network keeps cycling

through a fixed set of states indefinitely on further updates. Furthermore, the set of states

in the STG that cannot be obtained by the recursive application of Eq. (2.1) to any state of

the network constitutes its garden-of-Eden (GoE) states - these states lack predecessors

(or pre-images). In addition, all states that are not members of the attractor are called

‘transient’ states.

Asynchronous updates lead to the same set of fixed points and may be considered

more realistic but they are much more di�cult to analyze [82]. In this thesis, we have

used synchronous dynamics for all our investigations.

2.2 Random Boolean networks

For several decades, tools from the study of complex systems have played a central role

in the quantitative analysis of biological systems, particularly in understanding principles

of self-organization [1, 5, 8, 14, 44, 83–85]. Some of the conceptual foundations for such

approaches were developed earlier in the field of cellular automata (CA), where automata
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and computational theories were applied to the study of living systems [86–89]. Over

time, a wide range of automata models have been investigated, including two-dimensional

cellular automata [86], one-dimensional elementary cellular automata [87, 90, 91], non-

uniform cellular automata [92], and sequential dynamical systems [93]. These studies

provided early evidence that complex global behavior can emerge from simple local in-

teraction rules.

In this context, Kau↵man proposed that GRNs could be modeled as generalizations

of automata in the form of BNs [5, 19, 27]. In these models, genes assume one of two

possible states, on or o↵, representing whether a gene is expressed (see Section 2.1).

Given the limited knowledge of regulatory interactions available at the time, Kau↵man

introduced RBNs, in which both the regulatory topology and the Boolean update rules are

assigned randomly.

In an RBN consisting of N nodes, each node receives inputs from k other nodes se-

lected randomly from the network and is assigned a BF that determines its state from the

states of its regulators. Such networks are not intended to represent a specific biological

system; rather, they form ensembles of networks whose statistical dynamical properties

can be studied. RBNs were originally introduced as simple models for exploring generic

dynamical properties of gene regulatory systems [19, 27]. A central hypothesis arising

from this work was that attractors of the network dynamics correspond to stable gene

expression patterns associated with cellular phenotypes, implying that distinct attractors

may represent di↵erent cell types [19, 27]. In this interpretation, cellular di↵erentiation

can be viewed as transitions between attractors triggered by perturbations or stochastic

fluctuations [19]. Kau↵man also suggested that the number of attractors in an RBN scales

approximately as
p

N, which was argued to be broadly consistent with the limited num-

ber of cell types observed in biological organisms [19]. It was further conjectured that

the typical attractor lengths in RBNs increase asymptotically as a power of N or slower.

Although later studies refined these scaling estimates [94–96], these early conjectures

stimulated extensive research into the attractor structure and dynamics of BNs.
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Another key insight obtained from studies of RBN dynamics is the existence of dis-

tinct dynamical regimes depending on network connectivity. Early studies using this

framework suggested that networks with small connectivity (k ⇡ 2 or 3) tend to oper-

ate in an ordered regime where perturbations decay, whereas highly connected networks

display chaotic behavior in which perturbations spread through the system. Between these

regimes lies a critical regime separating order from chaos. Kau↵man hypothesized that

biological regulatory systems may operate near this boundary, often referred to as the

edge of chaos, where both robustness and adaptability can be maintained [5].

Further studies on RBNs emphasized that overall dynamical behavior emerges from

the interplay between network topology and regulatory logic [41–43]. For example,

Kau↵man et al. [41] showed that networks composed of canalyzing BFs exhibit stable

dynamics across a range of network architectures. Several measures developed in the

study of RBN dynamics have proven useful for quantifying BN behavior. For instance,

the notions of activity and average sensitivity [58] establish a connection between the

structure of BFs and the dynamical regime of BNs.

Together, these studies established RBNs as a suitable theoretical framework for in-

vestigating the dynamics of GRNs. They highlight that, in addition to network topology,

the choice of BFs governing regulatory interactions can strongly influence network be-

havior. This observation motivates several of the investigations carried out in this thesis,

where we systematically examine how di↵erent classes of BFs a↵ect the dynamical be-

havior and stability of BN models.

2.3 Reconstructed Boolean models of biological systems

Over the past two decades, the development of experimentally grounded Boolean models

has shifted the field from the theoretical abstractions of early RBN studies toward system-

specific, data-constrained representations of gene regulatory dynamics. In these models,

nodes represent biological entities such as genes, proteins, or signaling molecules, while

logical update rules encode regulatory interactions derived from experimental observa-
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tions. Unlike RBNs, where both topology and regulatory functions are assigned randomly,

reconstructed Boolean models are designed to capture known molecular interactions and

reproduce experimentally observed cellular behaviors.

Constructing a Boolean model of a real GRN involves data integration and biological

abstraction [32, 97]. The process begins by defining the system boundary, i.e., selecting

relevant genes, proteins, or signaling molecules as nodes based on prior knowledge and

the biological process of interest. Regulatory interactions are then curated from diverse

sources including transcriptomic datasets, chromatin immunoprecipitation (ChIP) assays,

and reporter gene studies as well as curated databases such as TRRUST [98], JASPAR

[99], and TRANSFAC [100].

Once the regulatory graph is assembled, a BF fi must be assigned for each node xi

with in-degree ki. Several strategies are employed in practice in this context. The most

common is expert curation, where logical rules are constructed from experimental evi-

dence by identifying known activators and repressors and combining them using logical

operators such as AND, OR, and NOT [23, 31, 32]. Alternatively, data-driven inference

methods attempt to reconstruct network topology and update functions from binarized

gene expression time-series. Early approaches such as REVEAL [101] and Best-Fit Ex-

tension [102], as well as more recent tools such as GABNI [103], infer Boolean rules

consistent with observed dynamics. Another class of approaches formulates rule assign-

ment as an optimization or constraint satisfaction problem, where a prior knowledge net-

work is fitted to experimental perturbation data to select Boolean rules that best reproduce

observed signaling responses [104, 105]. In practice, reconstructed models are often hy-

brid constructions. The regulatory graph is typically curated from literature, while update

rules are assigned through expert reasoning guided by parsimony, favoring simple logical

structures unless stronger mechanistic evidence exists. For nodes with multiple regula-

tors, knowledge of activatory and inhibitory edges alone does not uniquely determine

the logical dependencies among regulators [106]. For example, if a gene is regulated by

two activators, it may require both regulators for activation (AND logic) or only one of
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them (OR logic). Experimental perturbation data can sometimes resolve this ambiguity:

if knockout of either regulator abolishes expression, an AND rule is appropriate, whereas

if only the simultaneous knockout of both regulators suppresses expression, an OR rule

is consistent with the observations. When such mechanistic information is unavailable,

several candidate logical rules may be constructed or a default rule can be chosen [106].

In many Boolean modeling studies, the lack of detailed regulatory information motivates

the use of simple threshold-based rules due to their conceptual simplicity and ease of im-

plementation. The suitability of such rules for modeling GRNs is discussed in Chapter

6.

Boolean models have been successfully applied to a wide range of biological systems.

Early examples include the Boolean model of A. thaliana floral development [31] and the

D. melanogaster segment polarity network [32]. Since then, this framework has been

used to study diverse regulatory systems including models of the mammalian cell cycle

[23], apoptosis signaling [107], the regulatory network of E. coli metabolism [33], cancer

signaling [35], and transcriptional regulation in hematopoietic di↵erentiation [37].

The expansion of reconstructed models has also led to the development of curated

model repositories and benchmark datasets. Repositories and platforms such as Cell

Collective [49] and GINsim [50] provide collections of published models that enable

systematic investigation of the regulatory logic employed in Boolean models of living

systems. For comparative studies, curated datasets have become particularly valuable.

The MCBF dataset [51] compiles BFs extracted from published models, categorizes them

into di↵erent BF classes, and annotates them with properties such as bias and canaliza-

tion depth, while the BBM dataset [52] aggregates published Boolean GRN models from

multiple sources. Together, these resources have made it possible to move from isolated

case studies toward population-level, statistically grounded analyses of the structural and

functional organization of Boolean GRN models.

Prior meta-analyses of reconstructed BNs have revealed that the logical update rules

di↵er markedly from the random BFs typically assumed in classical RBN studies [51,56].
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In particular, BFs in reconstructed networks are strongly biased and exhibit high levels of

canalyzation, with specific subclasses significantly enriched relative to random expecta-

tions [51]. Understanding the dynamical consequences of this enrichment constitutes a

central theme of this thesis.

2.4 Background on Boolean functions

Mathematically, a BF can be represented as a mapping:

f : {0, 1}k ! {0, 1},

where {0, 1} denotes the Boolean domain and k is the number of inputs of the function f .

Every k-input BF can be represented in several equivalent ways, including a truth table,

a Boolean expression, or a graphical representation on a Boolean hypercube. Figure 2.1

illustrates these di↵erent representations using an example with four input variables.

A BF can be specified by a truth table, which lists all 2k possible combinations of

the input variables together with the corresponding output value of the function. In this

thesis, we adopt a fixed convention for ordering the rows and columns of the truth ta-

ble. If x1, x2, . . . , xk�1, and xk denote the input to the BF f , then the same order (from

left to right) determines the variables appearing in the successive columns of the truth

table (see Figure 2.1(a)). The rows enumerate all possible input configurations in lexico-

graphic order, starting from the configuration where all inputs are 0 and ending with the

configuration where all inputs are 1.

For convenience, we also use an integer encoding for the BF inferred from the truth

table. This encoding is obtained by reading the output column of the truth table as a binary

string ordered from top to bottom. The leftmost (most significant) bit corresponds to the

output of the first row of the truth table (all input bits equal to 0), while the rightmost (least

significant) bit corresponds to the output of the last row (all input bits equal to 1). The

resulting binary string uniquely determines the BF and can be converted to its decimal

22



0000 0001

0010

01010100

0011

01110110

1000 1001

1010

11011100

1011

11111110

f(x)

0

1

0

0

1

1

0

1

0

0

0

00

0

00

00

00

1

1

1

1

1

1 1

1

1

1

1

1

0

0

0

00

0

00

00

00

1

1

1

1

1

1 1

1

1

1

1

1

0

0

0

0

1

1

1

1

0

0

0

0

1

1

1

1

x1 x2 x3 x4

0

1

0

1

1

1

0

1

(a) Truth table (b) Boolean expression

f(x) = x4 ∨ (x
1
∧ x2 ∧ x3)

where 

∨: logical ‘OR’ operator
∧: logical ‘AND’ operator

(c) Boolean hypercube

: 1 (‘on’) : 0 (‘off’)

Order of variables in 
input labels

x
1

x2 x3 x4

Binary output column
f = 0101010101010111

Integer encoding
Int(f) = (0101010101010111)2   

 

= 21847

Figure 2.1: Di↵erent representations of Boolean functions.

representation, which we refer to as the integer encoding of the BF (Figure 2.1(a)). Note

that this encoding is unique for a fixed k; otherwise, the same integer may correspond to

di↵erent BFs with di↵erent numbers of inputs.

A BF may also be written as a Boolean expression involving its input variables and

logical operators such as OR (_) and AND (^). An example of such a representation is

shown in Figure 2.1(b), where the same function represented in the truth table is expressed

as a propositional formula of the input variables.

Another useful representation is obtained by considering the BF as a Boolean hyper-

cube. In this representation, each vertex corresponds to one possible input configuration,

and edges connect vertices whose input vectors di↵er in exactly one variable. The value

of the BF assigns a state to each vertex, which can be interpreted as “on” (1) or “o↵” (0).

Figure 2.1(c) illustrates this representation for the example function, where red vertices

correspond to output value 1 and blue vertices correspond to output value 0.
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2.4.1 Negation of Boolean functions

An input xi of a BF f is referred to as negated if the roles of 0 and 1 for that variable are

exchanged. This operation generally changes the BF. It is not di�cult to see that the table

of this new BF can be obtained by swapping the values of the initial table’s output column

in all pairs of rows that di↵er only by the value of xi. Equivalently, on the hypercube, this

operation corresponds to swapping the hyperplanes xi = 0 with xi = 1 where i is the index

of the input to be negated. For example, consider a k-input BF f where the order of the

input variables in the associated truth table is x1, ..., xi, ..., xk and say

f (x1, ..., xi, ..., xk) = T1 and f (x1, ..., xi, ..., xk) = T2

where T1,T2 2 {0, 1}.

Note that for two di↵erent sets of values for the inputs x1, x2, . . . , xi�1, xi+1, . . . , xk�1, xk,

the two corresponding output values for f (x1, ..., xi, ..., xk) = T1 and f (x1, ..., xi, ..., xk) =

T2 may be di↵erent. Then, the negation of the ith input leads to the new BF f 0:

f 0(x1, ..., xi, ..., xk) = T1 and f 0(x1, ..., xi, ..., xk) = T2.

As an example, consider f = x1 ^ (x2 _ x3). Negation of the variable x1 leads to the BF

f = x1 ^ (x2 _ x3). Note that for any BF, there are 2k negations possible, two per input, if

we allow each input to be negated or not.

Using both permutations and negations, there are a total of k! 2k possible combina-

tions of permutations and negations for a k-input BF. We can represent these permutations

with negations as a matrix with rows corresponding to permutations and columns to nega-
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tions. For illustration, consider the example provided above where f1 = x1 ^ (x2 _ x3):

M =

+ + + + + - . . . - - + - - -
2
66666666666666666666666666666666666666666664

3
77777777777777777777777777777777777777777775

x1 ^ (x2 _ x3) x1 ^ (x2 _ x3) . . . x1 ^ (x2 _ x3) x1 ^ (x2 _ x3)

x1 ^ (x3 _ x2) x1 ^ (x3 _ x2) . . . x1 ^ (x3 _ x2) x1 ^ (x3 _ x2)

x2 ^ (x1 _ x3) x2 ^ (x1 _ x3) . . . x2 ^ (x1 _ x3) x2 ^ (x1 _ x3)

x2 ^ (x3 _ x1) x2 ^ (x3 _ x1) . . . x2 ^ (x3 _ x1) x2 ^ (x3 _ x1)

x3 ^ (x1 _ x2) x3 ^ (x1 _ x2) . . . x3 ^ (x1 _ x2) x3 ^ (x1 _ x2)

x3 ^ (x2 _ x1) x3 ^ (x2 _ x1) . . . x3 ^ (x2 _ x1) x3 ^ (x2 _ x1)

One may encounter interesting properties when considering the permutations and negations

of BFs within specific classes. For example, if one starts with a nested canalyzing function (NCF;

see next Section 2.5 for the definition of this class of BFs), these operations generate BFs that are

themselves NCFs, and in fact NCFs with the same bias (see Section 2.1 for the definition of bias

of a BF) as the original NCF.

2.4.2 Permutations of Boolean functions

Given a k-input BF, one can apply a permutation of the k input variables in its propositional formula

to produce a modified BF. There are k! such permutations. Consider for instance the 3-input BF

f = x1 ^ (x2 _ x3). The 3! = 6 permutations on its inputs correspond to (x1, x2, x3), (x1, x3, x2),

(x2, x1, x3), (x2, x3, x1), (x3, x1, x2) and (x3, x2, x1). The associated permutations on the BFs are

f1 = x1 ^ (x2 _ x3), f2 = x1 ^ (x3 _ x2), f3 = x2 ^ (x1 _ x3), f4 = x2 ^ (x3 _ x1), f5 = x3 ^ (x1 _ x2)

and f6 = x3^(x2_x1). Note that in this particular example, the six permutations lead to six distinct

BFs, hereafter referred to as non-equivalent BFs. But that is not always the case. As an example,

consider the permutations of the BF f = x1 ^ (x2 _ x3): f1 = x1 ^ (x2 _ x3), f2 = x1 ^ (x3 _ x2),

f3 = x2 ^ (x1 _ x3), f4 = x2 ^ (x3 _ x1), f5 = x3 ^ (x1 _ x2) and f6 = x3 ^ (x2 _ x1). Here, there

are only three non-equivalent permuted BFs because f1 = f2, f3 = f4 and f5 = f6.

The operation of permuting variables in the Boolean expression of a BF is equivalent to per-

muting the corresponding columns of the truth table and then reordering the rows (which include

the output of the BF) in lexicographical order to bring the table into its canonical form. In the case
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of a 3-input BF, one is to apply a permutation ⇡ 2 S 3 (the symmetric group on three elements)

and that will generate di↵erent orderings of the variables. The identity element of S 3 (absence

of a permutation), e, does not change the order of the inputs so it corresponds to the ordering

(x1, x2, x3). The transposition (1 2) interchanges the 1st and 2nd variables keeping the 3rd variable

fixed and generates the ordering: (x2, x1, x3). The transposition (1 3) interchanges the 1st and 3rd

variables keeping the 2nd variable fixed and generates the ordering: (x3, x2, x1). The transposition

(2 3) interchanges the 2nd and 3rd variables keeping the 1st variable fixed and generates the order-

ing: (x1, x3, x2). The three-cycle (1 2 3) replaces the 1st variable by the 2nd, the 2nd by the 3rd and

the 3rd by the 1st and generates the ordering: (x2, x3, x1). The three-cycle (1 3 2) replaces the 1st

variable by the 3rd, the 2nd by the 1st and the 3rd by the 2nd and generates the ordering: (x3, x1, x2).

2.5 Biologically meaningful classes of Boolean functions
Throughout this thesis, we analyze the e↵ects of di↵erent classes of BFs on BN dynamics and

related properties. In particular, we focus on BFs that are known to be biologically meaningful

[51]. Not surprisingly, there are a number of properties that random BFs do not often possess but

are typical of biologically meaningful BFs (as arising in reconstructed BNs of biological systems).

This section describes several classes of BFs that are considered in the studies presented in this

thesis.

2.5.1 E↵ective functions (EFs)

A BF f with k inputs is said to be an e↵ective function (EF) [81] if each input xi produces a change

in the output under at least one specific context formed by all other inputs. Mathematically,

8i 2 {1, 2, . . . , k},9 x 2 {0, 1}k with xi = 0, f (x) , f (x + ei). (2.2)

Here ei 2 {0, 1}k denotes the unit vector associated with the component of index i having all entries

set to 0 except for entry i.

The e↵ectiveness of a BF in all its inputs is a necessary criterion for being biologically mean-

ingful but not a su�cient one. Indeed, as k increases, the fraction of BFs that are e↵ective goes to

1 [51]. Hence in practice EFs can be considered to be ‘random’, as we do in the studies presented
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in this thesis.

2.5.2 E↵ective and unate functions (EUFs)

A BF f with k inputs is a unate function (UF) [55] if each input xi to the BF is either monotone

increasing (activatory) or monotone decreasing (inhibitory). An input xi is increasing monotone

(or activatory) if:

8 x 2 {0, 1}k with xi = 0, f (x)  f (x + ei), (2.3)

and decreasing monotone (or inhibitory) if:

8 x 2 {0, 1}k with xi = 0, f (x) � f (x + ei). (2.4)

If all inputs to a BF are positive monotone, the BF is said to be a positive monotone BF. E↵ective

and unate functions (EUFs) are EFs that are also unate.

2.5.3 Read-once functions (RoFs)

A k-input BF is said to be a read-once function (RoF) [108] if by using only the operations of

disjunction, conjunction and negation, the BF can be written so that each of the k variables appears

exactly once in that expression. Mathematically, this may be succinctly stated as:

f (x) = X⇡(1) � X⇡(2) � X⇡(3) . . . � X⇡(k), (2.5)

where X⇡(i) 2 {x⇡(i), x⇡(i)}, � represents the AND (^) or OR (_) operator, ⇡ represents the per-

mutations on the set {1, 2, . . . , k} and ⇡(i) is the ith element of the set. Note that, for legibility of

Eq. (2.5), we have omitted all parentheses necessary to completely specify the BF. But given that

expression, clearly RoFs are a subset of EUFs.

2.5.4 Nested canalyzing functions (NCFs)

A BF f with k inputs is said to be canalyzing with respect to an input xi if there exists values

a, b 2 {0, 1} such that fixing the variable xi to the value a forces the output of the functions to be b,
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regardless of the values taken by other input variables. Formally, this condition can be written as

f (x1, x2, . . . , xi�1, a, xi+1, . . . , xk) = b 8x j, j , i

Here, a is referred to as the canalyzing input value and b as the corresponding canalyzed output

value for the input xi.

A BF is called canalyzing function (CF) if at least one of the input variables satisfies the

canalyzing property [5]. Moreover, CFs can exhibit multiple canalyzing inputs in a hierarchical

fashion. The total number of distinct input variables that possess the canalyzing property in such

a hierarchy is termed the canalyzing depth of the CF [109]. For a CF with k inputs, the canalyzing

depth lies between 1 and k. When the canalyzing depth equals k, the CF is referred to as a nested

canalyzing function (NCF).

Formally, a BF f with k inputs is an NCF [7, 68, 69] if there exists a permutation ⇡ of

{1, 2, . . . , k} such that:

f (x) =

8>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>:

b1, x⇡(1) = a1,

b2, x⇡(1) , a1, x⇡(2) = a2,

b3, x⇡(1) , a1, x⇡(2) , a2, x⇡(3) = a3,

...

bk, x⇡(1) , a1, . . . , x⇡(k�1) , ak�1, x⇡(k) = ak,

bk, x⇡(1) , a1, . . . , x⇡(k�1) , ak�1, x⇡(k) = ak.

(2.6)

In the above equation, a1, a2, . . . , ak are the canalyzing input values and b1, b2, . . . , bk are the

canalyzed output values for inputs x⇡(1), x⇡(2), . . . , x⇡(k) in the permutation ⇡ of the k inputs. Here,

ak and bk are the complements of the Boolean values ak and bk, respectively. Alternatively, an

NCF f with k inputs can be written as

f (x) = X⇡(1) �1
�
X⇡(2) �2

�
X⇡(3) �3

�· · · �X⇡(k�1) �k�1 X⇡(k)
� · · · ��� , (2.7)

where X⇡(i) 2 {x⇡(i), x⇡(i)}. Note that NCFs form a specialized subset of RoFs [51], which is also
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evident from Eq. (2.7).

2.5.5 Link operator functions (LOFs)

A BF f with k inputs is a link operator function (LOF) [110–112] if it can be represented in one

of the following four forms:

f (x) = (x1 _ x2 _ . . . _ xm)^ ⇠ (y1 _ y2 _ . . . _ yn)

f (x) = (x1 _ x2 _ . . . _ xm)_ ⇠ (y1 _ y2 _ . . . _ yn)

f (x) = (x1 _ x2 _ . . . _ xm) ^ (y1 _ y2 _ . . . _ yn)

f (x) = (x1 ^ x2 ^ . . . ^ xm) _ (y1 ^ y2 ^ . . . ^ yn) (2.8)

Here among the k input variables, m are activatory (x1, x2, . . . , xm) and n are inhibitory (y1, y2, . . . yn),

with k = m + n. The four forms of LOFs in (2.8) are referred to as AND-NOT, OR-NOT, AND-

pairs and OR-pairs respectively. Note that LOFs are also a subset of RoFs but are neither a subset

nor a superset of NCFs.

For the five classes discussed here, the following hierarchies hold: EF � EUF � RoF, NCF ⇢

RoF and LOF ⇢ RoF.

2.6 Complexity of Boolean functions
A range of complexity metrics for BFs has been explored in the computer science literature [113,

114]. In this thesis, we consider two measures: Boolean complexity [57] and average sensitivity

[58].

2.6.1 Boolean complexity

One way to quantify a BF’s succinctness is via its so-called Boolean complexity. This measure,

formulated by Feldman [57], reflects the minimal descriptive length of a BF by counting the num-

ber of literals in its shortest equivalent form. While canonical forms like conjunctive normal form

(CNF) or disjunctive normal form (DNF) uniquely represent a BF, they often contain redundant

terms that can be eliminated using Boolean algebra. A minimal formula is obtained by systemati-

cally applying these simplifications to collapse multiple product or sum terms into a more compact
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form. For instance, the 3-input BF

f (x1, x2, x3) = x1x2x3 + x1x2x3 + x1x2x3

initially appears with nine literals in its canonical DNF form. However, applying Boolean algebra,

one can derive a minimal equivalent expression

f (x1, x2, x3) = x1(x2 + x3)

which uses only three literals.

Determining an absolute minimal formula is a ⌃P
2 -complete problem [115,116], so in practice

one employs a heuristic logic-synthesis approach. As described in Subbaroyan et al. [51], in our

pipeline, each BF is first converted into four candidate representations: full DNF, full CNF, Quine-

McCluskey minimized DNF and Quine-McCluskey minimized CNF [117,118]. We then pass each

candidate to the “ABC” logic-synthesis tool [119] which performs further algebraic optimization.

Among the four outputs, the one with the fewest literal counts serves as a proxy for the BF’s true

Boolean complexity.

2.6.2 Average sensitivity

The average sensitivity [58] of a BF quantifies its propensity to change output in response to single-

bit perturbations of its inputs. Intuitively, it measures how frequently the output of the function

changes when a single input variable is flipped, averaged over all input variables and all possible

input states. Formally, for a BF f with k inputs, the average sensitivity is defined as

s =
* kX

i=1

f (x � ei) � f (x)
+

x

(2.9)

where � denotes the logical XOR operator, ei 2 {0, 1}k is the unit vector with a 1 in the ith position

and 0 elsewhere, and h·ix denotes the average over all 2k binary inputs x.

For a BN, the network sensitivity, s, is the mean, over all nodes of the network, of the average

sensitivities of the associated BFs [53, 58].
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2.7 Sampling di↵erent types of Boolean functions

For a given network structure, the total number of Boolean models that satisfy the attractor con-

straints – even after imposing that the BFs be biologically meaningful (biologically plausible mod-

els) – is usually astronomical [64]. Therefore, it is usually computationally infeasible to carry out

exhaustive analysis on all the models of a biologically plausible ensemble, barring a few cases.

In view of this fact, we resort to sampling the space of di↵erent biologically plausible ensembles

(each one constrained by a di↵erent type of BF) in order to study the e↵ect of the type of BF on the

BN dynamics. To sample models uniformly from the space of a biologically plausible ensemble,

it is su�cient to uniformly sample BFs at all nodes of the network. In other words, combining

BFs that are sampled uniformly from the space of a particular type of BF (satisfying the signs of

inputs and/or the attractor constraints when necessary) results in a model that is uniformly drawn

from the space of all possible models. So, to sample the space of a given biologically plausible

ensemble, we first need to generate at each node, the exhaustive set or a sampled set of allowed

BFs. We now explain how we do so for the di↵erent types of BFs.

2.7.1 E↵ective functions (EFs)

For nodes with up to four inputs, it is possible to list all possible EFs. For any such list, we check

which ones satisfy the fixed point constraints. The resulting list is then the set of allowed BFs

in this ensemble. When confronted with genes having more than four inputs, it is infeasible to

generate the exhaustive list of EFs so we sample them instead. To do so, we leverage the fact that

most BFs are EFs for k � 4 [51]. Specifically, we generate a random k-input EF by randomly

assigning the output of rows of the truth table to either 0 or 1, except for the rows associated

with the biological attractors that are fixed by precisely those constraints. We then check whether

the resulting BF is EF. If it is, we are done. If it is not, we try again until obtaining an e↵ective

BF. This rejection-based random generation of BFs samples the space of EFs uniformly, and all

the more e�ciently that the fraction of EFs in the space of all BFs is close to 1 (as occurs with

increasing k).
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2.7.2 E↵ective and unate functions (EUFs)

For nodes with up to six inputs, an exhaustive approach is possible. That is done by first generating

the exhaustive list of all the UFs for which all inputs are activatory. Such a list is far smaller than if

we allow both signs for each input. We then step through this list of UFs and for each we generate

the corresponding UF with the desired sign for each input. Specifically,

(a) we flip the signs of the inputs of the UF so as to match the sign combination provided for that

node in the original Boolean model.

(b) We check whether the UF obtained is e↵ective in all of its inputs.

(c) If (b) is True, we check whether that function satisfies the biological fixed point constraints.

If (b) is False, we skip (d) and go to (a) for the next BF in the list.

(d) If (c) is True, we store the resulting EUF. If (c) is False, we discard the EUF and go to (a) for

the next BF in the list.

The obtained list of EUFs constitutes the allowed EUFs for the considered node.

Beyond six inputs, it is computationally infeasible to generate the exhaustive list of UFs, and

consequently we require a di↵erent algorithm based on a sampling approach. The problem of

sampling a UF with a given sign combination can easily be mapped to the problem of sampling a

positive monotone BF following the same logic as in the enumeration case described previously.

Next, we describe how we sample positive monotone BFs.

2.7.2.1 Sampling positive monotone functions

We developed a sampling algorithm for positive monotone BFs based on the observation that, on

a k-dimensional hypercube, positive monotonicity forces the ‘propagation’ of the color of a red or

blue vertex (corresponding to output values 1 or 0) to its 1-Hamming neighbors that are ‘ahead’

or ‘behind’ it, respectively. We now describe such a propagation of vertex colors on the Boolean

hypercube.

The propagation of the color of a vertex due to monotonicity is illustrated in Figure 2.2. In

Figure 2.2(a), the vertex 4(0100) is colored red (assigned the value 1) while the other vertices are

not yet colored. The 1-Hamming neighbors of vertex 4 are (0(0000), 5(0101), 6(0110), 12(1100)).

If any of the vertices 5, 6 or 12 were colored blue, then the corresponding inputs x4, x2 or x1

respectively would violate positive monotonicity. But vertex 0(0000) can be colored either red or
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blue without violating the positive monotonicity condition on input x3. Thus, the vertices 5, 6 or

12 are forced to be red. Note that the 1-Hamming neighbors of vertex 4 labelled with the integers

5, 6 and 12 are “larger” than 4, i.e. can be reached from 4 using positive increases to the variables.

Thus if a vertex is colored red, all “larger” nodes should also be colored red, and in particular the

ones that are 1-Hamming neighbors. This ordering is easily identified provided that the vertices

of Boolean hypercube are labeled by the integer equivalent of the binary string associated with the

vertices. We then say that the vertices 5, 6 and 12 are ‘ahead’ of vertex 4 which then can propagate

its color to them. This propagation is continued iteratively until no nodes are ahead of the ones

colored (see bottom right panel of Figure 2.2(a)).

A similar argument of propagation of color holds if, in the initial configuration of the BF,

the vertex 4 was colored blue instead of red (see Figure 2.2(b)). The only di↵erence being that

the propagation of the blue color of vertex 4 is now towards the 1-Hamming neighbors (vertex 0)

that have an integer label smaller than that of node under consideration. In this case, that vertex

is 0. Now suppose vertex 0 was colored red, then the input x3 violates the condition of positive

monotonicity. Thus, the vertex 0 is forced to be blue. We say that the vertex 0 is ‘behind’ the

vertex 4. The vertex 0 does not have any vertex ‘behind’ it, hence the propagation of color is

terminated here as shown in the bottom panel of Figure 2.2(b). In sum, if we demand that a BF is

positive monotone in all its inputs, then any vertex colored red (respectively blue) can iteratively

propagate its color to 1-Hamming neighbors ‘ahead’ of it (respectively ‘behind’ it).

In order to sample positive monotone BFs, we begin with a hypercube in which the vertices

are not colored. We then choose a random vertex from the set of uncolored vertices (all vertices

are equally probable) and color it randomly (either red or blue). The color of this vertex is then

iteratively propagated till no further propagation of color is possible. If any uncolored vertices

remain on the hypercube, a vertex is randomly chosen from the set of uncolored vertices, colored

randomly and iteratively propagated till no further propagation of color is possible. This proce-

dure is repeated till all the vertices of the hypercube are colored. The final outcome is a positive

monotone BF. Note that this BF may or may not be e↵ective in all its inputs. To sample positive

monotone BFs that are e↵ective in all inputs, we simply sample a positive monotone BF and check

if it is an EF. If it is not, we reject the BF and start again until we obtain an EF.

Notably, our sampling algorithm can generate all the positive monotone EUFs. An immediate
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question is whether the above algorithm samples positive monotone EUFs uniformly. To answer

this question, we sampled n = 10000, n = 20000 and n = 1000000 positive monotone EUFs with

k = 3, k = 4 and k = 5 inputs respectively (see Figure 2.3). The sampling is not exactly uniform

but it is close enough to uniform for our purposes.

2.7.2.2 Sampling unate functions with a given sign combination that satisfies fixed

point constraints

The above mentioned algorithm can be easily extended to generate UFs that satisfy predefined

constraints on the BF, namely, biological fixed point constraints. We now show how this sampling

can be achieved using the logic provided in Figure 2.4 on a BF for which we assume that the

signs of the four inputs x1, x2, x3 and x4 are ‘+ � �+’. The next assumption is that the fixed

points constrain the vertices 7 and 10 to have the output values 0 and 1 respectively. Note that the

fixed point constraints have to be consistent with the given signs, otherwise there is no UF that

will satisfy the fixed point constraints. Since the BF in Figure 2.4(a) is consistent in the manner

described above, we can now begin the sampling procedure. We first flip all the inhibitory inputs

to make them activatory. This is achieved by swapping the hyperplanes x2 = 0 with x2 = 1, and

x3 = 0 with x3 = 1 as shown in Figure 2.4(b), thereby resulting in a positive monotone UF. We

now use the method described in the previous section to sample positive monotone UFs as shown

in Figures 2.4(c)-(g). Once a positive monotone BF is obtained as shown in Figure 2.4(g), the

signs of the inputs are returned to the initial sign combination by re-swapping the hyperplanes

x2 = 0 with x2 = 1, and x3 = 0 with x3 = 1. Note that on reswapping these hyperplanes, the fixed

point constraints in Figure 2.4(h) return to their original configuration as shown in Figure 2.4(a).

The final BF is thus a random UF with the desired signs for the inputs and that satisfies the fixed

point constraints. As before, the BF generated may be ine↵ective in some inputs. We thus again

check if the sampled UF is an EF. If not, we keep sampling till we find an UF that is an EF.
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Figure 2.2: Visual illustration of how monotonicity forces propagation of the color on vertices
of the Boolean hypercube. We assume that the BF is positive monotone in this illustration.
We begin with a configuration on the hypercube where the vertex 4 is colored either red or blue
(corresponding to output values 1 or 0 respectively) and other vertices uncolored. (a) Left panel: in
the top left sub-figure, vertex 4 is colored red and its color is propagated in the ‘forward’ direction
via the red solid arrows to its 1-Hamming neighbors which are ‘ahead’ of it (vertices 5, 6 and
12). Note that if any of the vertices 5, 6 or 12 was colored blue, the BF would violate positive
monotonicity. In the sub-figure to the right (following the arrow), each of the vertices 5, 6 and 12
propagate their color to their 1-Hamming neighbors ‘ahead’ of them, (7, 13), (7, 14), and (13, 14)
respectively. In the bottom left sub-figure, each of the vertices, 7, 13 and 14 propagate their color
to their 1-Hamming neighbors, vertex 15. In the bottom right sub-figure, vertex 15 is colored red
and no further propagation is possible, thereby terminating the iterative propagation. (b) Right
panel: in the top sub-figure, vertex 4 is colored blue and its color is propagated in the backward
direction via the blue solid arrows to its 1-Hamming neighbors which are ‘behind’ it (vertex 0).
Note that if the vertex 0 was colored red, the BF would violate positive monotonicity. In the bottom
sub-figure, vertex 0 is colored blue and no further propagation is possible, thereby terminating the
iterative propagation.
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Figure 2.3: The distribution of positive monotone e↵ective and unate functions (EUFs) sam-
pled using the proposed EUF sampling algorithm for BFs with k = 3, k = 4 and k = 5. In each
subplot, the x axis is the rank associated with a positive monotone EUF based on its integer encod-
ing. Each EUF is ranked from 0 (highest rank) to the total number of distinct functions generated
by the algorithm (the lowest rank). The ranking is based on the integer representation of the BF
(see Section 2.4), with lower integers corresponding to higher ranks. The y axis in each subplot is
the frequency of the positive monotone EUFs generated by our sampling algorithm. The subplots
(a), (b) and (c) shows the distribution of n = 10000, n = 20000 and n = 1000000 samples of
k = 3, k = 4 and k = 5 input positive monotone EUF respectively, generated using our sampling
algorithm (see Section 2.7). The horizontal dashed line represents the expected frequency value
were the sampling be perfectly uniform. The error bars in all histograms are extremely tiny (some-
times too small to be visible). The distribution generated using the sampling algorithm is skewed
towards the highest and lowest ranks, but is relatively close to the expected frequency value for
other ranks.
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Figure 2.4: Generating a random UF with a given sign combination that satisfies given fixed
point constraints. We show via a 4-input BF how we generate random UFs that obey a given sign
combination of the inputs and given fixed point constraints. We assume that for the given sign
combination, the inputs x1 and x4 are activatory and inputs x2 and x3 are inhibitory. (a) Initial
configuration of the BF after imposing fixed point constraints. Assume that the fixed points
constrain the vertices 7 and 10 to have the output values 0 (blue) and 1 (red) respectively. (b)
Conversion of the BF to a positive monotone BF by negation of inhibitory inputs. Inputs 2
and 3 are negated by swapping the hyperplanes x2 = 0 and x3 = 0 with the hyperplanes x2 = 1
and x3 = 1 respectively (the order does not matter). This is equivalent to exchanging the vertices
along the green (or orange) colored edges that are perpendicular (or parallel) to the plane of the
paper. This results in a BF where the fixed point constraints now satisfy positive monotonicity
on all inputs. (c) Iterative propagation of the vertex colors. The color of the vertices 1 and 12
are iteratively propagated ‘backward’ and ‘forward’ respectively to vertices ‘behind’ and ‘ahead’
respectively as shown by the dashed blue and red arrows. (d)-(g) Selection of a random uncol-
ored vertex, coloring it randomly and iteratively propagating its color. Since some vertices
remain uncolored after step (c), a vertex is randomly chosen from the uncolored vertices (say 4)
and colored randomly (say red) as shown in step (d). The color of this vertex is then iteratively
propagated. At the end of step (d) since there are uncolored vertices, the above-mentioned proce-
dure is repeated in steps (e), (f) and (g) till there are no vertices left to be colored on the hypercube.
Sub-figure (g) shows the sampled positive monotone BF that satisfies the fixed point constraints.
(h) Conversion of the sampled positive monotone BF to the given sign combination. The in-
puts 2 and 3 are negated again as was done in step (b) to attain the given sign combination (‘+ -
- +’). Following step (b), the hyperplanes x2 = 0 and x3 = 0 are swapped with the hyperplanes
x2 = 1 and x3 = 1 respectively (corresponding to vertex swaps along the green (or orange) colored
edges that are perpendicular (or parallel) to the plane of the paper). This BF is a random UF where
the inputs obey the given sign combination and the BF satisfies the fixed point constraints.

2.7.3 Read-once functions (RoFs)

The logic here is very similar to the one for sampling EUFs. For nodes with up to eight inputs,

it is possible to generate an exhaustive list of all the RoFs for which all inputs are activatory. We

then step through this list of RoFs and for each function:

(a) We flip the signs of the inputs of the RoF so as to match the sign combination provided for

that node in the original Boolean model.

(b) We check if the RoF obtained from (a) satisfies the biological fixed point constraints.

(c) If (b) is True, we store the resulting RoF. If (b) is False, we discard the RoF and go to the next

iteration.

The obtained list of RoFs constitutes the allowed RoFs for that node.
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2.7.4 Nested canalyzing functions (NCFs)

For nodes with up to nine inputs, it is possible to generate an exhaustive list of all the NCFs with

all inputs being activatory. Following the logic for EUFs, we step through this list of NCFs and

for each function:

(a) We flip the signs of the inputs of the NCF so as to match the sign combination provided for

that node in the original Boolean model.

(b) We check if the NCF obtained from (a) satisfies the biological fixed point constraints.

(c) If (b) is True, we store the resulting NCF. If (b) is False, we discard the NCF and go to the

next iteration.

The obtained list of NCFs constitutes the allowed NCFs for that node.

2.7.5 Link operator functions (LOFs)

Even for a node with ten inputs, it is computationally straightforward to generate all LOFs corre-

sponding to a given sign combination of inputs. We iterate through this list of LOFs and, for each

function:

(a) Check if the LOF satisfies the biological fixed point constraints.

(b) If (a) is True, we store the resulting LOF. If (a) is false, we discard the LOF and go to the next

iteration.

The obtained list of LOFs constitutes the allowed LOFs for that node.

In summary, we developed algorithms to sample di↵erent classes of BFs, namely EFs, EUFs,

RoFs, NCFs, and LOFs, subject to fixed point constraints. We exhaustively enumerate all EFs for

up to four inputs and sample them for larger k. EUFs with a given sign combination are uniformly

sampled for up to six inputs, while for larger input sizes we employ the iterative vertex color

propagation algorithm. Whenever RoFs, NCFs, or LOFs are considered in a subsequent chapter,

they are uniformly sampled with the specified sign combination. Note that, sampled EFs may or

may not be consistent with the regulatory signs; those that are consistent correspond to EUFs.

If the analysis does not involve the imposition of biological attractor constraints (as in case of

the study presented in Chapter 4), the sampling procedures remain unchanged, except that these

constraints are omitted. In this case, for EUFs and their subclasses, we only require that the
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sampled BFs at each node are consistent with the regulatory sign patterns associated with that

node.

This chapter established the theoretical and methodological foundations for the studies pre-

sented in this thesis. We introduced the BN modeling framework for GRNs, reviewed random and

reconstructed BN models, described biologically meaningful classes of BFs and their complexity

measures, and outlined the sampling strategies used to generate ensembles of Boolean models

under di↵erent biological and topological constraints. Building upon this foundation, the next

chapter reviews the diverse stability measures used to characterize BN dynamics, which form the

basis for the analyses presented in the subsequent chapters.
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Chapter 3

Stability measures for Boolean network

dynamics

Chapter overview. This chapter reviews several stability measures used to characterize the dy-

namics of Boolean networks (BNs). It begins with perturbation-based measures derived from

damage spreading, including the Derrida coe�cient, the final Hamming distance, and fragility.

It then introduces stability measures based on attractor properties, followed by measures derived

from polynomial approximations of Boolean functions (BFs) and the resulting notion of approx-

imability of network dynamics. Finally, the chapter presents cellular automata-inspired measures

that characterize the global organization of the state transition graph (STG), including bushiness

and convergence. Together, these measures provide the methodological foundation for the analy-

ses presented in the subsequent chapters.

Stability is a central concept in the study of Boolean network (BN) dynamics, particularly in the

context of modeling biological regulatory networks, where robustness to perturbations and reliable

long-term behavior are essential. However, stability in BNs is not a uniquely defined property.

Instead, it is an inherently multifaceted concept whose interpretation depends on the dynamical

lens through which the system is analyzed [120]. One may assess stability in terms of the response

of the network to small perturbations of its state, the properties of attractors and their basins of

attraction, the functional form of the underlying regulatory rules, or the global organization of

the state transition graph (STG). Each of these viewpoints captures di↵erent aspects of dynamical
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behavior and gives rise to distinct, yet complementary, stability measures.

Perturbation-based measures derived from damage spreading quantify whether small di↵er-

ences between network states tend to grow or decay over time. In particular, the Derrida coe�cient

(�) [121] measures the average damage spreading after one time step and is widely used to dis-

tinguish between stable and chaotic dynamical regimes [60, 69, 109]. From a dynamical systems

perspective, damage spreading can also be assessed at long times, leading to the notions of the final

Hamming distance (h1) and fragility (�) [59, 60]. We also consider stability measures based on

attractors and their basins of attraction, such as the number of attractors, average attractor length,

and the fraction of fixed point attractors. In addition, we discuss measures rooted in polynomial

approximations of regulatory rules and the resulting notion of the approximability of network dy-

namics [76]. Finally, we introduce stability measures inspired by the theory of cellular automata,

which characterize global properties of the state transition graph (STG), such as bushiness, and

convergence [61–63].

3.1 Derrida’s damage spreading and generalizations

A common way to test for stability of dynamics in BNs is to determine how two trajectories, ini-

tially separated by a single bit change, diverge with time. This is formalized via the so-called

Derrida map [122] connecting the magnitude of the distance between the two trajectories (some-

times called damage) at time t + 1 to that at time t. If the initial damage tends not to spread, the

system is considered to be stable, whereas the opposite case is taken as a signature of chaotic

behavior. We consider three measures of stability [60] that are based on damage spreading: (a) the

Derrida coe�cient (�), (b) the final Hamming distance (h1), and (c) the fragility (�).

The Derrida coe�cient, �, is just the average damage size after a single step of the dynamics.

If � > 1, the damage is likely to spread to a finite fraction of the network, while if � < 1, one

expects the damage to die out, in which case the system may be considered to be in the ordered

regime. Note that � is equal to the network sensitivity (s) of the system (see Chapter 2, Section

2.6) [60, 79], and hence, depends only on the BFs and not on the network architecture.

The measure “final Hamming distance”, h1, quantifies the long-term average separation be-
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tween trajectories. It is mathematically defined as

h1 =
*

1
N

NX

i=1

D
kX(t) � X(¬i)(t)k1

E
t!1

+

X2T
(3.1)

Here, X(t) is the network state at time t without the initial perturbation while X(¬i)(t) is the state

that is obtained by evolving the state that initially had the single bit (ith bit) perturbation. T

corresponds to the set of all trajectories. The symbol h·iX2T denotes the average taken over all

possible initial network states and kX(t f ) � X(¬i)(t f )k1 represents the L1-norm, i.e., the Hamming

distance, between the states X(t f ) and X(¬i)(t f ) at time t f . Finally,
D
kX(t) � X(¬i)(t)k1

E
t!1 denotes

a time average taken in the limit of long times.

Given that h1 is sensitive to phase shifts arising in cyclic attractors, Park et al. [60] proposed

a modification to Eq. (3.1), leading to what they call “fragility”, defined by

� =

*
1
N

NX

i=1

khX(t)it!1 � hX(¬i)(t)it!1k1
+

X2T
(3.2)

The di↵erence between � and h1 is that in the case of � the time average is taken inside the norm,

a choice that removes the sensitivity to the phase shift in cycles.

The Derrida coe�cient is equivalent to the average network sensitivity [60]. Therefore it can

be decomposed into characteristic of individual BFs and so for given values of k, its complexity

remains linear in N. In contrast, the h1 and � cannot be simplified in this manner. Given that they

depend on both the attractor lengths and the time to reach the attractors, they probably belong to

the same computational complexity class as the determination of the attractors themselves (as we

discuss in the next Section 3.2).

3.2 Stability measures based on properties of the attrac-

tors
Further, in studying dynamical stability, we considered several observables related to attractors

and their basins of attraction, as outlined below:

(i) The total number of attractors: This is obtained by summing the number of fixed points and

the number of cyclic attractors.
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(ii) Fraction of fixed point attractors: This is the ratio of the number of fixed point attractors to

the total number of attractors. If there are a total of n attractors, out of which m are fixed

point attractors, then this quantity is given by m/n.

(iii) Fraction of states in the basins of fixed points: This is the ratio of the number of states con-

verging to fixed point attractors to the total number of states, 2N . If for an N-node BN, there

are m fixed point attractors with the basin sizes (number of states in the basin of attraction)

W1,W2, . . . ,Wm respectively, then the quantity we consider is given by
Pm

i=1 Wi/2N .

(iv) Average attractor length: The length of an attractor refers to the number of states that con-

stitute the attractor. Fixed points are attractors of length 1, whereas cyclic attractors can

have lengths ranging from 2 to 2N in an N-node BN.

(v) Maximum attractor length: This quantity refers to the length of the largest attractor.

(vi) Weighted average attractor length: If for an N-node BN, there are n attractors, respectively

with attractor lengths L1, L2, . . . Ln and basin sizes W1,W2, . . .Wn (summing up to 2N), then

the weighted average attractor length is given by

LW =
W1

2N L1 +
W2

2N L2 + . . . +
Wn

2N Ln =
1

2N

nX

i=1

WiLi (3.3)

(vii) Fraction of states on attractors: For an N-node BN, this quantity refers to the fraction of

the network states belonging to attractors. If there are n attractors with attractor lengths

L1, L2, . . . Ln, then the quantity is given by
Pn

i=1 Li/2N .

The stability measures discussed in this section involve identifying all the attractors and/or the

sizes of their basins of attraction. To achieve this, we utilize the R library “BoolNet" [123], which

allows an exhaustive identification of the attractors and their corresponding basins for a given

model. It is known that finding a fixed point attractor is NP-hard and counting the total number of

fixed points is #P-complete [124]. Consequently, most observables based on attractor properties

are likely to belong to those same complexity classes. Due to excessive computational demands,

analyzing significantly larger networks for large ensembles of models remains prohibitive.
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3.3 From polynomial approximations of regulatory rules

to the “approximability” of network dynamics

In continuous dynamical systems, major insights follow from linearizing the equations of motion.

In the case of BF, the only way to have a linear update rule is for it to depend on a single variable.

Therefore, BFs of multiple variables are intrinsically nonlinear. Nevertheless, some BFs may be

more nonlinear than others. A question thus immediately comes to mind: do the di↵erent classes

of BFs (e.g., EFs, EUFs, RoFs, NCFs, LOFs) have significantly di↵erent levels of nonlinearities?

To address this question, we follow the framework of Manicka et al., [76] who in e↵ect use the

Glauber formula [125] to write a BF, B as a sum of polynomial terms:

B(x1, x2, . . . , xk) =
X

t1

X

t2

. . .
X

tk

Y

i

P(xi, ti)B(t1, t2, . . . , tk) (3.4)

where

P(xi, ti) =
1 + 4(xi � 1/2)(ti � 1/2)

2
(3.5)

is a Kronecker delta function on Boolean variables, but written so that it can also be applied to

real variables (note that the product of these Kronecker delta functions is analogous to the use of

Lagrange interpolation polynomials). Eq. (3.4) then directly provides a polynomial representation

of the BF to which one can apply the standard tools of continuous dynamical systems. To proceed,

the polynomial of Eq. (3.4) is Taylor expanded about the mid-point of the hypercube (all xi = 1/2)

and then truncated at the desired order. The order 0 case leads to the constant approximation, the

order 1 case to the linear approximation, etc. As a result, the degree of nonlinearity of a BF can

be quantified by the error introduced when using the degree 1 approximation. More generally, for

any degree used in the truncation, one can define an error via the square of the di↵erence between

the value of the BF and that of the truncated polynomial when averaging over all 2k possible input

values. We call this the mean error of truncation and it depends only on the BF and the truncation

degree. The mean error of truncation of a BF when the truncation degree is 1 will be used as a

measure of nonlinearity of that BF, thereby allowing us to compare the nonlinearities across the

di↵erent classes of BFs.
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Manicka et al. [76] were interested in how well a truncated dynamics could approximate the

true Boolean dynamics at the level of the whole network. Rather than considering the approxi-

mation for a single time step, they focused on the long-term behavior, imposing that the error be

evaluated after 500 time steps. They call this the MAE (for mean approximation error) where the

mean is obtained by averaging over as many random initial conditions as possible and over all the

variables of the network. For the MAE-associated results reported in Chapter 4 of this thesis, we

followed this prescription exactly when comparing the behavior of di↵erent classes of BFs.

3.4 Cellular automata inspired stability measures for Boolean

networks

A cellular automaton (CA) is a self-contained discrete dynamical system. It consists of cells (or

sites) arranged on a regular lattice and that are assigned values from a finite alphabet. These values

are synchronously updated at each time step according to a function that takes as inputs the values

of cells in a fixed neighborhood of each cell.

Wuensche considered the simple case of 1-dimensional (1D) CA consisting of a 1D ring of

N sites with each site carrying a value ‘0’ or ‘1’ [62]. The values Ci at each site i get updated

synchronously in discrete time steps according to a Boolean rule f whose inputs are the values of

i’s neighboring sites but can include the site i itself.

If we consider a 1D lattice with N cells and a size K neighborhood, then the time evolution of

the ith cell can be represented by [62]

C(t+1)
i = f

✓
C(t)

i�rle f t
, . . . ,C(t)

i�1,C
(t)
i ,C

(t)
i+1, . . . ,C

(t)
i+rright

◆

where, to satisfy the periodic boundary conditions, for x < 1, Cx = CN+x while for x > N,

Cx = Cx�N . Here, rle f t and rright are the neighborhood radii (number of neighbors) to the left and

right respectively, and thus K = rle f t + 1 + rright.

A 1D CA architecture can be viewed as a network in which the cells (or sites) correspond to

the nodes and the interacting K-neighbors as the input edges to the nodes. At any instant, each

cell (or site) holds a value either ‘0’ or ‘1’. The arrangement of these 0s and 1s across the entire
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network forms the network’s current configuration or state, i.e., the list of values Ci at all sites,

which can be represented by a binary string. At each time step, the synchronous update transforms

the current state to the subsequent one, a process that can be iterated indefinitely. A time-ordered

sequence of states generated in this manner is referred to as a trajectory. Having a finite state

space of size 2N , a trajectory will either converge to a fixed point or to a limit cycle, both of which

are termed attractors.

Alike BNs, the dynamics of a CA can be represented by a state transition graph (STG), in

which each state has exactly one successor but may have a variable number of immediate pre-

images or predecessors, ranging from 0 to 2N (see Chapter 2, Section 2.1). The number of pre-

images of a state is called its in-degree.

Since the STGs arising from this CA architecture and from synchronous BN dynamics share

the same structural properties, we characterize BN dynamics using mathematical measures that

originate from the analysis of STGs in CA. In particular, we build on the work of Wuensche [61–

63] and define the global measures of bushiness and convergence below. Wuensche also introduced

another quantity based on the Boolean update rule acting at each site of the 1D CA lattice, known

as the Z-parameter [62, 78, 126]. Here, we present an intuitive definition of Z-parameter in the

context of CA. Its adaptation to BNs is deferred to Chapter 5.

3.4.1 Global measures of bushiness and convergence of the STG

We quantify ‘bushiness’ of the STG by defining two quantities: (a) G-density and (b) average in-

degree of the non-GoE states. G-density is defined as the fraction of garden-of-Eden (GoE) states

(see Chapter 2, Section 2.1). This quantity captures the degree of contraction or irreversibility of

the dynamics, measuring the fraction of states removed from phase space after a single update.

The average in-degree of non-GoE states is defined as the average of the number of predecessors

(in-degree) of non-GoE states, a quantity we denote by hdininon�GoE.

Consider a GRN with N nodes (genes) and associated update rules. Then, the associated STG

will have 2N states. Suppose, the number of GoE states is G. Then the G-density associated with

the STG is given by

G-density =
G
2N
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Figure 3.1: Measures of ‘bushiness’ and ‘convergence’ of STGs. (a) In the center is a toy
network structure with 5 nodes and 14 edges. On its two sides are Boolean models (Model 1 and
Model 2) with identical network structures but di↵ering regulatory logic rules (as shown at each
node). (b) and (c) display the complete STGs containing 32 states for both Model 1 and Model
2. Visual inspection shows that the STG for Model 1 appears significantly more bushy than the
STG for Model 2. The transient path from a chosen GoE (encircled) to the attractor is traced via
the unfilled arrow heads. Ti denotes the transient lengths (steps to reach the attractor) for the ith

GoE state (encircled GoE states in the subplot) in the STG. d j
in denotes the in-degree of the jth

non-GoE state (encircled grey non-GoE states in the subplot) in the STG. (d) The global measures
that quantify the ‘bushiness’ of the STG are G-density and average in-degree of non-GoE states
(hdininon�GoE), whereas the measure that quantifies the ‘convergence’ is the average convergence
rate of trajectories originating from GoE states (�GoE). (e) Barplots representing the values of the
bushiness and convergence measures described in (d) for Model 1 and Model 2. The x and y axes
correspond to the three measures and their values respectively. The bars for the two models for
the same quantities have been shown together to illustrate quantitatively the visible di↵erences
between (b) and (c).
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In a STG, each state has exactly one successor and so the number of edges in the STG is equal

to 2N . Since, the number of GoE states is G, number of non-GoE states must be 2N �G. Hence,

the average in-degree of the non-GoE states (hdininon�GoE) is given by the total number of edges

divided by the total number of non-GoE states:

hdininon�GoE =
2N

2N �G

=
1

1 � G
2N

=
1

1 �G-density

So, hdininon�GoE can be expressed as a function of the G-density as follows:

hdininon�GoE =
1

1 �G-density
(3.6)

We quantify the ‘convergence’ of the STGs by defining the average convergence rate of tra-

jectories originating at GoE states (�GoE) as

�GoE = 1/TGoE (3.7)

where TGoE is the average of the lengths of transients originating at GoE states. All states that are

not members of the attractor are called ‘transient’ states.

To illustrate how these measures can be computed, we take simple cases shown in Figure

3.1(a) that are based on toy models (model 1 and model 2) which share the same network structure

but di↵er in the BFs used. Their associated STGs (see Figures 3.1(b)-(c)) show contrasted levels of

bushiness and convergence. Clearly, the three measures computed on the STG (see Figure 3.1(d))

of the toy model 1 are higher than that for the STG of model 2 as provided in the barplots (see

Figure 3.1(e)). From these, the reader may expect the bushiness and convergence to go hand in

hand but in fact the situation is more subtle as we will show in Chapter 5.

As a variant to �GoE , we also consider the reciprocal of the average of the transient lengths of

trajectories originating at all states of the STG, which we denote as �all(= 1/Tall). This quantity

has the advantage that it can be estimated numerically via sampling, and we denote the associated
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(stochastic) estimator as �random(= 1/Trandom).

3.4.2 The Z-parameter in Cellular Automata

Various quantities have been introduced in CA based on properties of the rule tables, in particular

to characterize the global nature of CA dynamics [88,127,128]. One such parameter is Wuensche’s

Z-parameter which has been shown to be a useful predictor for the bushiness of the STG [62] in

the context of CA. Wuensche proposed the Z-parameter as an indicator of irreversibility of the

discrete dynamics [62, 63, 78, 91]. The starting point considers an arbitrary CA state and asks

which could be its pre-images. Wuensche tries to determine these pre-images by exploiting the

1D architecture of the CA, attempting to infer the values of consecutive cells by shifting a window

from left to right. For a partially known pre-image, three di↵erent scenarios may arise based on

the rule applied while determining the next unknown cell in the pre-image [126]:

(a) determined (the value of the unknown cell is uniquely determined, leading to the continua-

tion to the next unknown cell)

(b) ambiguous (both ‘0’ and ‘1’ are possible for the unknown cell, leading to the continuation

to the next unknown cell for both possibilities) and

(c) forbidden (neither ‘0’ nor ‘1’ satisfies the condition, resulting in the dismissal of the partial

pre-image).

Wuensche introduced the parameter Zle f t as the probability that the value of the next unknown cell

to the right of a given partial pre-image is uniquely determined, corresponding to locally reversible

dynamics. Similarly, the parameter Zright is defined as the probability that the value of the next

unknown cell to the left of the partial pre-image is uniquely determined. The Z-parameter is then

defined as the maximum of these two quantities [62]. The probabilities are calculated from the CA

rule table by determining the fraction of configurations where the uniqueness condition holds. In

the case of BNs, there is no inherent spatial ordering of the inputs to a node, and the BFs associated

with di↵erent nodes need not be identical. Consequently, the definition of the Z-parameter must

be extended to apply to BNs. In Chapter 5, we present our adaptation of Z-parameter to BNs.

This chapter reviewed the diverse stability measures used to characterize BN dynamics from

complementary perspectives, including perturbation-based measures, attractor properties, approx-

imability, and cellular automata-inspired descriptors. Together, these measures provide a compre-
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hensive framework for quantifying the stability and dynamical behavior of BNs. These measures

form the methodological basis for the systematic analyses of random and reconstructed BNs pre-

sented in the subsequent chapters.
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Chapter 4

Choices of regulatory logic class

modulate the dynamical regime in

random Boolean networks

This chapter is based on the published manuscript [77].

Chapter overview. This chapter systematically investigates how di↵erent classes of Boolean

functions (BFs) influence the stability of random Boolean networks (RBNs). We compare five

biologically relevant classes of BFs across multiple network topologies, average connectivities,

and network sizes using the stability measures introduced in Chapter 3. The chapter first describes

the construction of the RBN ensembles and the statistical framework used for comparing stability

measures. It then examines how the choice of regulatory logic a↵ects network stability, investi-

gates the influence of network connectivity and size on the observed stability hierarchy, and con-

cludes with a discussion of the implications of these findings for modeling biological regulatory

networks.

Since the advent of RBNs to model gene regulatory networks (GRNs) [19, 24–27], much work

has focused on the dynamics of RBNs to determine which characteristics of such systems ensure

stability or robustness [41–43, 129]. In particular, Kau↵man studied the dynamics of RBNs. He

provided some insights on the number and length of attractors as a function of the number (N)
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of nodes in the RBN [19]. Each node in his N-node random network is influenced by k other

random nodes in the network via a randomly chosen logic rule from the set of all BFs with k

inputs. Kau↵man suggested that the networks with fixed in-degree (k) of 2 were critical networks

operating at the edge of chaos and hypothesized that the number of attractors in a RBN increases

as
p

N. It was also claimed that in RBNs, the typical length of an attractor grows asymptotically as

a power of N or slower. However, both these conjectures were eventually found to be inaccurate.

Specifically, it was shown that both the number of attractors and the mean attractor length grow

[94–96] faster than any power law of N. Further, Kau↵man also found that for k > 2, the behavior

of the system was chaotic [5].

Subsequently, there has been considerable research on the stability of the dynamics in RBNs

when varying network topology as well as the choice of logic rules or BFs [41–43, 129]. For

instance, Kau↵man et al. [41] found that networks with nested canalyzing rules are stable in

terms of the total sensitivity of BFs in Boolean networks (BNs) with power law and exponential

in-degree distributions. Further, Murrugarra and Laubenbacher [42] analyzed two ensembles of

random networks–one employing random rules and the other employing nested canalyzing rules.

Their findings revealed that networks using nested canalyzing functions (NCFs) exhibit more ro-

bust dynamics, are characterized by fewer attractors whose lengths are also shorter compared to

what happens in networks with random rules. Moreover, Subbaroyan et al. [51] have shown that

NCFs are highly preponderant in the reconstructed biological BNs and NCFs exhibit the minimum

average sensitivity for any number of inputs. A meta-analysis of reconstructed BNs for diverse

biological systems revealed that those models exhibit more canalyzation and stable dynamics than

expected [51, 53, 56]. Furthermore, previous studies [33, 60] have also claimed that cells operate

in the ordered regime, remaining far from the edge of chaos.

In studying the impact of BFs on stability of RBNs, significant attention has been given on

canalyzing functions (CFs) [41, 43, 129]. Some previous e↵orts have also touched on the proper-

ties when restricting to its NCF subclass [41, 42, 51]. In this chapter, we present a detailed and

systematic investigation comparing the e↵ect of five di↵erent classes of BFs, namely E↵ective

Functions (EFs) [81], E↵ective Unate Functions (EUFs) [55], Read-once Functions (RoFs) [108],

Nested Canalyzing Functions (NCFs) [7, 68, 69] and Link Operator Functions (LOFs) [110–112]

on the stability of RBNs. We also investigate whether the observations change with topological
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variations, be it through modifications of the average number of inputs, the in-degree and out-

degree distributions, or the network size. Figure 4.1 provides an overview of the systematic study

presented in this chapter. Specifically, the figure illustrates the di↵erent network topologies con-

sidered, the range of network sizes and average in-degrees chosen. It also highlights the classes of

BFs and the stability measures evaluated in this study for all these di↵erent classes.

4.1 Ensembles of RBNs: constraining network topologies

and restricting Boolean functions to a class

Past studies on RBNs used random BFs at each node but made more specific choices for the

network architecture, i.e., who drives whom, generically referred to as the topology of the network.

The two most common choices are as follows. In the first, one assigns (oriented) interactions

between randomly selected nodes, subject to a given average number � of edges per node. This

procedure corresponds to the Erdös–Rényi [130] ensemble (but with oriented edges), hereafter

denoted P-P, as when the number of nodes becomes large, the distribution of in-degrees (kin) and

out-degrees (kout) becomes Poissonian with parameter �. In the second, one imposes that both the

in- and the out-degrees be fixed, corresponding to what is called the k-regular graph ensemble,

hereafter denoted R-R. That choice was motivated [131] by the desire to ensure that the nodes had

comparable update rules since two rules with di↵erent numbers of inputs are di�cult to compare.

In addition to those two ensembles of network architectures, in this chapter, we consider a mixed

case where one fixes the in-degree to one particular value [27], leaving free the out-degree so it

stays Poissonian. We will call it the R-P ensemble and it will allow us to test the relevance of

fluctuations in the out-degree on the network dynamics.

In addition to controlling network architecture, we also control the type of BFs used at the

nodes of the network. Specifically, within each of the 3 topological ensembles introduced (P-P, R-

R and R-P), we do not consider random logical update rules but instead rules that have particular

properties such as unateness or are canalyzing. Thus, we impose that each node in the network is

assigned a rule at random within the considered class, namely, EF, EUF, RoF, NCF, and LoF (see

Chapter 2, Section 2.7). Note that for all practical purposes, the EF class essentially corresponds

to random BFs, the only constraint being that those BFs be e↵ective; when the number of inputs
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is 3 or more, this constraint is nearly always satisfied for a random BF [51].

As a technical point, the assignment of BFs to nodes requires that we be able to randomly

draw BFs with a uniform measure within each of the five classes considered. Unfortunately, this

becomes computationally infeasible for certain classes such as EUF when the in-degree becomes

larger than six. Thus, in the case of the P-P ensemble, we can be confronted with situations where

the in-degree is too large to guarantee a uniform drawing. If so, we resort to a sampling that

only approximates the uniform case but that has nevertheless been shown to deviate little from

uniformity (see Chapter 2, Section 2.7).

For our study, we generate the ensembles of RBNs as follows:

(i) We use 1000 networks in each case.

(ii) We consider networks with number of nodes N = 12, 16 and 20 and analyse di↵erent

properties associated with the attractors and MAE of the network.

(iii) �, h1 and � are computed for networks with N = 12.

(iv) The in-degrees (or mean in-degrees in case of Poisson in-degree distribution) considered

are 2, 3, 4 and 5. Nevertheless, in the case of Poisson degree distribution, the in-degree is

kept within the range 1 and 7. The value 1 is to ensure that the node has a BF attached to it

(this corresponds to the so called zero-truncated Poisson distribution) while 7 is to ensure

that we can uniformly (or almost uniformly) sample BFs in each class as explained above.

(v) The classes of functions considered are EF, EUF, RoF, NCF and LOF.

(vi) We generate 1000 models each for every class per network to study di↵erent network at-

tractor properties.

(vii) We generate 10 models each for every class per network topology for the computation of

�, h1, � and MAE.

4.2 The Jensen–Shannon distance and statistical tests for

comparing distributions
In this chapter, we use an ensemble approach, and thus a stability observable can be thought of

as a random variable. We seek to characterize the associated distributions for di↵erent classes of

BFs and compare them. A standard way to compare two distributions is to implement a binning
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Figure 4.1: Summary of the design of the study described in Chapter 4. This figure provides
an overview of the study conducted in Chapter 4, outlining the key components. The left upper
panel illustrates the di↵erent network characteristics considered, including variations in network
size and average in-degree. The right upper panel highlights the classes of Boolean functions
(described in Chapter 2) chosen for the analysis. The lower panel presents di↵erent observables
and stability measures (described in Chapter 3) examined in the analysis across di↵erent network
structures and logic rules.
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and measure the Kullback–Leibler (KL) [132] divergence of the resulting histograms. The KL

divergence, denoted by DKL(H1||H2) is a type of statistical distance, that quantifies how much a

model distribution H2 deviates from the reference distribution H1. Mathematically, it is defined as

DKL(H1||H2) =
X

i

p(1)
i log2(p(1)

i /p
(2)
i ) (4.1)

where p(1)
i and p(2)

i are the respective probabilities of falling in bin i according to the histograms H1

and H2. DKL(H1||H2) vanishes when the two histograms are identical and it rises as the di↵erence

between the two histograms increases. Note that in general DKL(H1||H2) , DKL(H2||H1), i.e., this

divergence is not a distance and not even symmetric. Thus, to follow common practice, we use in

all our comparisons a symmetric quantity, the so-called Jensen–Shannon (JS) distance [133, 134]:

DJS (H1,H2) =

r
DKL(H1||(H1 + H2)/2) + DKL(H2||(H1 + H2)/2)

2
(4.2)

This has the remarkable property of really providing a distance, that is, the order of the arguments

does not matter and this measure satisfies the triangle inequality. Eq. (4.2) allows us to quantify

how di↵erent two distributions are via a distance that conveniently lies in the range [0, 1].

Given any two empirical distributions, i.e., finite samples each drawn from their own dis-

tribution, one can test whether they might have been drawn from the same distribution. The

Python function scipy.stats.ks_2samp provides a p-value for that hypothesis using the standard

Kolmogorov–Smirnov (K-S) test. What is more interesting is the prospect of testing the possibil-

ity that the first distribution dominates the second one, i.e., its cumulative (or integrated) distribu-

tion is everywhere higher than that of the other. A p-value for that hypothesis is provided by the

scipy.stats.ks_2samp function by requiring the test to be one-sided.

4.3 Stability is enhanced along our hierarchy of Boolean

function classes
A key aim of the study presented in this chapter was to systematically analyze the e↵ect of di↵erent

classes of logical rules on the dynamics of RBNs. To this end, we considered a suite of stability

measures described in Chapter 3 for our analysis.
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The measure final Hamming distance (h1; see Section 3.1 in Chapter 3) [60] quantifies the

long-term average separation between trajectories with an initial Hamming distance of 1. In Figure

4.2, each point is associated with a graph chosen at random within the R-R topology ensemble

(kin = kout = 4 and N = 12). The value on each axis is the average of h1 over 10 di↵erent

realizations of the BF rules when taken at random from the corresponding labeled class. Broadly,

we observe h1EF > h1EUF > (h1RoF or h1NCF or h1LOF), with the last three classes RoF, NCF and LOF

not following any particular ordering. This hierarchy of h1 indicates that progressing from EF to

EUF to any of the three remaining classes (RoF, NCF or LOF) steers the dynamics towards the

ordered regime (or away from the chaotic regime).

As shown in Figure 4.3, such a hierarchy is also evident when using other measures consid-

ered to probe stability, whether they are based on damage spreading (see Chapter 3, Section 3.1),

attractor properties (see Chapter 3, Section 3.2), or linear and nonlinear mean approximation errors

(MAEs; see Chapter 3, Section 3.3). Indeed, these observables show a monotonic trend along the

hierarchy. For instance the number of attractors decreases along the hierarchy while the fraction of

fixed point attractors increases, both observables behaving as expected when dynamical systems

become more stable. In all cases we see that the classes RoF, NCF and LOF have very similar

distributions while the EF and EUF stand apart. Given the values of h1 for EF and EUF classes, it

is evident their associated dynamics is significantly more chaotic than the ones arising when using

the other classes of BFs (see h1 = 1 boundary separating chaotic from stable dynamics in Figure

4.3(i)).

In practice, computing either h1 or � (fragility) requires iterating the dynamics a very large

number of times, and so it is reassuring that other easier-to-compute measures provide similar

results. A common proxy for h1 is the Derrida coe�cient � which measures the damage spread-

ing after a single time step (with � = 1 separating the chaotic and stable dynamical behaviors).

In Figure 4.3(h), we see that � has distributions with particularly low overlaps when comparing

our five classes of BFs. To probe this property, we show in Figure A.1 in Appendix A, the ana-

log of Figure 4.2 upon using �. There we see that, for �, one has the more extended hierarchy

�EF > �EUF > �RoF > (�NCF or �LOF) but where there is no systematic ordering between the NCF

and LOF classes. The low overlap of distributions is also visible in Figure A.2(a) in Appendix A,

which displays the joint values of h1 and �, and moreover, this observation is also evident from
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Figure 4.2: Comparison of mean values of h1 when using di↵erent classes of BFs on identical
networks. For each of the 1000 di↵erent networks with k-regular (R-R) topology (kin = kout = 4,
N = 12), 10 models were randomly generated, for each of the 5 di↵erent ensembles of models (EF,
EUF, RoF, NCF and LOF). The values of h1 were then averaged over the 10 models and plotted.
(a) Each sub-figure provides comparisons across two successive classes of the putative hierarchy.
The dashed line is the X=Y boundary. (b) The right panel shows a visual illustration of stability
hierarchy when one uses the value of h1.

a comparison of the marginal distributions displayed as box plots. Unexpectedly, the correlation

between h1 and � is relatively weak. Furthermore, while h1 is directly tied to the long-term dy-

namics of the system and depends on the network connectivity, � depends only on the BFs. In

fact, � is identical to the so-called average network sensitivity which does not capture information

about the network connectivity [60, 79]. Based on our observations, using � as a proxy for h1

is not satisfactory. Interestingly, it may be preferable to use for instance the weighted average

attractor length LW (see Chapter 3, Section 3.2, Eq. (3.3)) that has a higher correlation with h1

and provides similar hierarchy prediction (see Appendix A, Figure A.2(b)). Figures A.3-A.8 in

Appendix A reveal that the monotonic trend for �, h1 and � as observed in Figure 4.3(h)-(j) are

consistent irrespective of the value of k and the type of topology. For the seven observables as-

sociated to attractors, we see a monotonic trend as shown in Figure 4.3(a)-(g). Depending on the

observable considered, the trend is either monotone increasing or decreasing. For the two observ-

ables “Fraction of fixed point attractors” and “Fraction of states in the basins of fixed points”, the

trend is monotone increasing, whereas for the other five observables the trend is decreasing. But,

in all cases, progressing from EF to EUF to other classes results in increasing stability, i.e., one
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Figure 4.3: Distributions of stability observables when using di↵erent classes of BFs. Within
each sub-figure, the violins represent the distributions of the corresponding observable according
to the EF, EUF, RoF, NCF and LOF class used for the BFs. For each of the 1000 di↵erent networks
with R-R topology (kin = kout = 4, N = 12), 1000 models were generated for the observables
in (a)-(g) and 10 models were generated for the observables in (h)-(l). The distributions of the
observables were then plotted. Outliers of each distribution are shown as gray rings while the
means are shown as black dots encircled with white rings.
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satisfies the stability hierarchy EF < EUF < RoF < NCF < LOF.

Figures A.9-A.49 in Appendix A illustrate the distributions of various observables associated

to the attractors, the JS distances between di↵erent distribution pairs, and p-values corresponding

to the one-sided K-S test. From these plots, it is evident that for all seven observables associ-

ated to attractors, the monotonic trend holds consistently across all values of N, k and topologies

considered. In each case, for every pair of distributions, we have computed the JS distances and

conducted the one-sided K-S test. Notably, the extremely low p-values from the K-S test in each

case strongly support the stability hierarchy. When considering the JS distances between the dis-

tributions for any of the seven observables associated to attractors, we obtain smaller values for

any pair among the RoF, NCF and LOF classes compared to those involving EF or EUF classes.

Further, both the linear and nonlinear MAEs exhibit a consistent hierarchy across varying values

of N, k and types of topology (see Appendix A, Figures A.50-A.52). For the EF class, we obtain

consistently the highest MAE, indicating that this class of logic rules is the least approximable. In

contrast, the average of both linear or nonlinear MAEs for other BF classes is found to be lower

compared to the EF class across varying N, k and topology. Still, we find a slight di↵erence in the

obtained hierarchy for linear and nonlinear MAEs. Specifically, for linear MAE the obtained hier-

archy is EF > EUF > RoF > LOF > NCF, while for quadratic and higher-order MAE the obtained

hierarchy is EF > EUF > RoF > NCF > LOF, irrespective of N, k and topology (see Appendix A,

Figures A.50-A.52).

Previous studies have demonstrated that the extent of canalyzation of logic rules or BFs can

influence the the stability of dynamics [41–43, 51, 129]. Specifically, canalyzation can steer the

dynamics of the system towards a more ordered regime. In this chapter, we have considered five

classes of functions: EF, EUF, RoF, NCF and LOF. The relationship among these classes is as

follows: EUF is a subclass of EF, RoF is a subclass of EUF, and both NCF and LOF are subclasses

of RoF. Notably, LOF is a subclass of NCF only for k = 2 and 3. For other values of k, NCF and

LOF are only overlapping. For each of the five considered classes, there is a non-null intersection

with the class of canalyzing functions (CFs) [5]. However, apart from NCFs, no other class is a

proper subset of CF. Our results reveal that imposition of the unateness condition itself on BFs

significantly drives the dynamics of BNs away from the chaotic regime. Furthermore, applying

the rules from the RoF, NCF and LOF classes leads to much greater stability in the dynamics
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of RBNs. Although, the values of the stability measures for RoF, NCF and LOF classes are

quite similar in most cases, the one-sided K-S test reveals that there is a consistent trend, namely

we find the stability ordering RoF < NCF < LOF. It is important to note that both NCF and

LOF are subclasses of RoF, but NCF is a special subclass of CF too. In contrast, there are two

types of LOFs (AND-pairs and OR-pairs) that do not always belong to the CF class. Specifically,

for k = 4 and 5, 25% and 36.36% respectively of the total LOFs are not CFs, rather they are

collectively canalyzing functions [135]. A k-input BF is collectively canalyzing if the output of

the function becomes fully determined by fixing a specific subset of i inputs (1 < i < k); however,

the output remains undetermined when fewer than i inputs are fixed. Furthermore, while we

were exploring the approximability measure proposed in [76] across di↵erent classes of BFs, an

independent study [136] appeared which also showed that increased canalyzation in RBNs can

explain their increased approximability. On similar lines, we show here that NCFs indeed result

in minimum linear MAE, i.e., maximum approximability. However, for quadratic MAE, we find

that the minimum value for approximability is achieved by LOFs.

4.4 The dependence of stability on network average de-

gree is specific to the di↵erent classes of functions

From the earliest works on damage spreading [5, 121], it was apparent that a network’s average

degree has a strong influence on the system’s dynamics. Specifically, the higher the average de-

gree, the greater the damage spreading in the network. In Figure 4.4, each sub-figure displays the

mean values of an observable when using the di↵erent BF classes, as a function of k (R-R topol-

ogy with N = 12). For random choice of functions (⇠ EF class), in almost all cases the stability

decreases as k increases. These trends are as expected: if one increases the number of inputs to

a generic BF, there are more possibilities of changing the input, and thus, of spreading any dam-

age. Consequently, the dynamical behavior of a network is pushed towards the chaotic regime as

k increases. More importantly, for all k values in Figure 4.4, the stability hierarchy EF < EUF <

(RoF or NCF or LOF) is maintained. At larger values of N, the same pattern continues to hold (see

Figures A.53 and A.54, Appendix A). Consider for instance the weighted average attractor length

(LW) observable that was found to be well correlated with h1. Figure 4.5 shows that the stability
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Figure 4.4: Mean values of 12 stability observables as a function of kin(= kout) for di↵erent
classes of BFs, in the case of R-R networks at N = 12. Within each sub-figure, the 5 curves
correspond to the five di↵erent classes of BFs. The data displayed represent the mean value of the
corresponding observable at a given value of kin for the R-R network topology.

64



Figure 4.5: Distributions of LW (the weighted average attractor length) for R-R networks.
The violin plots display the distribution of the weighted average attractor length for the R-R net-
work topology. The sub-figures are organized into 3 columns, corresponding to the network sizes
N = 12, 16 and 20 respectively. Each row represents a di↵erent number of inputs per node, rang-
ing from 2 to 5. Within each sub-figure, there are five violins representing the distributions of the
weighted average attractor length for the di↵erent ensembles of models, namely EF, EUF, RoF,
NCF and LOF. Each violin distribution is based on 106 data points. Outliers of each distribution
are shown as gray rings while the means are shown as black dots encircled with white rings. Note
the logarithmic scale for the y-axis.
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hierarchy EF < EUF < (RoF or NCF or LOF) is consistently observed across di↵erent values of

N and k investigated here. The sub-figures depicting the mean values of LW (see Figure 4.4(f)

and Appendix A, Figures A.53(f) and A.54(f)) indicate a general trend of increasing values of LW

with increasing k (R-R topology) for the EF class across di↵erent values of N (12, 16 and 20).

However, for the classes EUF, RoF, NCF and LOF, the variation in the mean LW with increasing k

is less pronounced. Now, higher LW is associated with more chaotic dynamics. Thus, increasing

k pushes the dynamics more towards the chaotic regime in case of EF class (random rules). But,

for logic rules in the classes such as RoF, NCF or LOF, increasing k has only a small e↵ect on the

dynamics. This di↵erence also arises for other observables like average attractor length, maximum

attractor length, or fraction of states on attractors. Indeed, for each of these observables, there is

a significant change in the mean value with increasing k for the EF ensemble but not for the other

ensembles (EUF, RoF, NCF and LOF).

For the observables linear MAE and quadratic MAE, there is a visible trend of increasing

mean value with increasing k for every ensemble (see Figure 4.4 and Appendix A, Figures A.53

and A.54). However, the rate of increase is much higher in the EF ensemble than in the other

ensembles. We observe a more interesting trend for the observables number of attractors, fraction

of fixed point attractors and fraction of states in the basins of fixed point attractors (see Figure 4.4

and Appendix A, Figures A.53 and A.54). For these observables, the EF and EUF classes show an

expected trend: the mean values of the number of attractors increases with increasing k while the

mean values of the fraction of fixed point attractors and the fraction of states in the basins of fixed

point attractors decreases with increasing k. However, one sees the opposite trend in the mean

values of theses observables with increasing k for the LOF and NCF classes. Even though for the

LOF and NCF classes the trend is not completely monotonic, it is evident that these classes have

a tendency to push the dynamics more towards the ordered regime for higher k (at least in terms

of these three observables). Figures A.55-A.60 in Appendix A indicate that the above-mentioned

observations hold true in the other network topologies we have considered.

From these results, it is evident that the stability of RBNs is significantly influenced by the

choice of logic rules as one increases the average degree or connectivity of the network. When

random rules are employed, increasing k drives the dynamics further towards the chaotic regime.

However, by restricting to biologically meaningful classes of BFs namely, EUF, RoF, NCF and
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LOF, we find that there is no significant change in the values of the stability measures with increas-

ing k. In other words, our results reinforce the beneficial dynamical consequences of restricting

to biologically meaningful classes of BFs like RoFs, NCFs and LOFs when reconstructing and

modeling GRNs corresponding to biological processes using the Boolean framework.

4.5 The stability hierarchy is robustly maintained across

network size

Similarly to the investigation reported in Figure 4.4, the mean values of stability observables can

be analyzed as a function of network size N. Figure 4.6 displays the mean values of the stability

observables for di↵erent BF classes as a function of N (R-R topology with kin(= kout) = 4). The

nine sub-figures in Figure 4.6 display nine di↵erent observables; however h1 and � are omitted

from this analysis due the associated computational demand for larger N. Additionally, the ob-

servable � is excluded as it is solely dependent on the BFs and is independent of network sizes.

For the four observables, namely number of attractors, fraction of fixed point attractors, fraction

of states in the basins of fixed point attractors and fraction of states on attractors, the stability

decreases with increasing N regardless of the classes of BFs. In particular, the mean values of

the number of attractors increases while the mean values of the fraction of fixed point attractors,

the fraction of states in the basins of fixed point attractors and the fraction of states on attractors

decreases as N increases. Interestingly, we observe a distinct trend for the observables linked to

the attractor lengths. For the EF class, the mean values of the three observables namely, average

attractor length, maximum attractor length and weighted average attractor length, exhibit an in-

creasing trend as N increases. However, we do not observe any significant change in the mean

values of these observables for the BF classes EUF, RoF, NCF and LOF. On the other hand, we

observe that the mean values of MAE (linear or quadratic) remain almost invariant with increasing

N irrespective of the choice of BF class. Note that, for any given value of N, the stability hier-

archy EF < EUF < (RoF or NCF or LOF) is consistently maintained as discussed in Section 4.3.

Moreover, for R-R network topology, the above-mentioned observations hold true for other values

of k as well (see Appendix A, Figures A.61-A.63). Lastly, the above-mentioned observations also

hold true even if one analyzes other network topologies (see Appendix A, Figures A.64-A.71).
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Previous research on RBNs has investigated how observables such as the number of attractors

or the typical length of attractors are influenced by the increase in BN size [19,94–96]. To the best

of our knowledge, this is the first systematic study on five classes of BFs to show that the stability

hierarchy among di↵erent classes of functions (EF < EUF < (RoF or NCF or LOF)) is consistent

across di↵erent BN sizes. However, with growing BN size, there is a significant influence of the

choice of logic rules on the stability of BNs. Furthermore, the observed e↵ect on the stability can

vary depending on which observable one considers. For example, with increasing BN size, the

observable “number of attractors” shows a very similar trend across di↵erent classes of BFs. In

contrast, the observables associated with the length of attractors show a significantly di↵erent trend

for the biologically meaningful functions (EUF, RoF, NCF and LOF) in comparison to the case

of random functions (EF). With EF rules, the lengths of the attractors (whether average, weighted

average, or maximum) grow very fast with increasing BN size and push the dynamics towards the

chaotic regime. In contrast, the use of biologically meaningful functions prevents the typical cycle

lengths from going very high. Therefore, these results provide additional support for restricting

update rules to the biologically meaningful classes RoFs, NCFs and LOFs when reconstructing

and modeling GRNs corresponding to biological processes in the Boolean framework.

4.6 Discussion
Our aim in this chapter was to comprehensively and holistically analyze the e↵ects of both network

structure and logical rules on the dynamics of RBNs. We considered both aspects using many

di↵erent stability measures ranging from damage spreading (see Chapter 3, Section 3.1) to various

attractor properties (see see Chapter 3, Section 3.2). We have also utilized the recently introduced

measure of approximability (MAE) as described in Section 3.3 in Chapter 3.

We find that all stability measures follow the expected hierarchy: EF < EUF < (RoF

or NCF or LOF), in the order of least to most stable. This hierarchy is particularly robust,

holding irrespective of network size (N), connectivity (k), and even the topological ensemble

considered. Unexpectedly, the Derrida Coe�cient (�), which is commonly considered as a proxy

for the long-term damage spreading measure (h1), is found to be quite weakly correlated with h1

and thus may not be a satisfactory substitute to infer long-term damage spreading dynamics. In

contrast, we find that the weighted average attractor length (LW) is quite highly correlated with
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Figure 4.6: Mean of the stability observables for di↵erent values of N in the case of the R-R
topology with kin = kout = 4. Within each sub-figure, the 5 curves correspond to the 5 di↵erent
classes of BFs. The data displayed represent the mean value of the corresponding observable at a
given value of N for the R-R network topology with kin = kout = 4
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h1, so it can be used when necessary as a substitute for h1.

Next we focused on the average connectivity (k) of the network. As expected, the system

typically gets pushed towards chaotic dynamics as one increases k, however the e↵ects are quite

variable across the classes of BFs. Specifically, the random class of functions (EFs) seem to be far

more a↵ected by the change in k compared to the other classes EUF, RoF, NCF and LOF which

have been shown to be more biologically meaningful [51]. For some attractor properties (namely

the fraction of fixed point attractors and the fraction of states in the basins of fixed point attractors),

we find that the overall trend of decrease in stability is not shared by the classes LOF and NCF at

high k. Nevertheless, the patterns observed are robust, being insensitive to network topology and

network sizes.

Lastly, we examined the e↵ects on the dynamics of varying network size (N) when consider-

ing the network attractor properties and the MAE. There is significant variation depending upon

the observable considered. For example, the average number of attractors shows an increasing

trend upon increasing the size of the network across all BF classes. In contrast, the observable “av-

erage length of attractors” only shows an increasing trend with network size for the EF rules, whilst

not showing significant di↵erence for the other classes of BFs. Such class-specific behaviour is

similar to that observed when examining the repercussions of varying the average connectivity of

the network.

An important limitation of the study presented in this chapter is its restriction to rather modest

values of N; indeed many of the observables we considered become computationally intractable

at large N. Thus, some trends such as the dependence on k seem out of reach if one wants to

determine the large N limit; indeed, large k values require large N values if finite size e↵ects are

to be small. However even at N = 20 we have been unable to obtain long-term damage spreading

measures such as h1 and � due to constraints on our computational resources. Hence an immediate

improvement would be to find a way to provide reliable measurements or better proxies for larger

sized networks and to verify if the trends remain the same. One could also try to explore the e↵ects

of performing our analyses under asynchronous [29] dynamics and see if one can still reach similar

conclusions.
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Chapter 5

Biologically meaningful regulatory logic

enhances the convergence rate in

Boolean networks and bushiness of

their state transition graph

This chapter is based on the published manuscript [79].

Chapter overview. This chapter investigates how biologically meaningful classes of Boolean

functions (BFs) shape the global dynamics of reconstructed Boolean gene regulatory networks

(GRNs) through the structural properties of their state transition graphs (STGs). It first describes

the generation of biologically plausible ensembles of Boolean models from ten published regula-

tory networks. The chapter then examines how di↵erent classes of regulatory logic influence the

bushiness and convergence of STGs. Next, it introduces descriptors of local dynamics, including

new adaptations of Wuensche’s Z-parameter for Boolean networks (BNs) and network sensitivity,

and examines their distributions across BF classes. Finally, the chapter assesses these local de-

scriptors as computationally e�cient proxies for bushiness before concluding with a discussion of

the biological implications of the findings.

Boolean networks (BNs) have been extensively used to model the dynamics of gene regula-
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tory networks (GRNs) to explain a wide range of biological processes including di↵erentiation,

metabolism, apoptosis and proliferation, among many others [7, 32–34, 36–38, 107, 110]. The full

dynamics of a BN can be described by a state transition graph (STG) in which a fixed point at-

tractor typically corresponds to a biological steady state expression pattern specific to a cell type,

while its basin of attraction corresponds to all state expression patterns that will converge to that

steady state under the BN dynamics [19, 137, 138]. Such dynamics must exhibit robustness to

perturbations if cells are to maintain homeostasis [33], making it imperative to investigate features

of the STG associated with robustness and how regulatory logic rules can impact those features.

In the framework of elementary cellular automata (CA), Stephen Wolfram systematically clas-

sified all CA rules into four classes based on the dynamical behavior they exhibited [139]. Prior to

our work, an analogous framework that categorized global dynamical properties of BNs based on

types of Boolean function (BF) had not been proposed, though there had been extensive studies on

how network structure and BFs can a↵ect the dynamics of BNs [140–144], dynamical regimes in

random BNs [7,121,145–147] and in reconstructed BNs [51,53]. In this chapter, we therefore ask

how di↵erent classes of regulatory logical rules in BNs can a↵ect systemic dynamics. For that, we

provide mathematical measures that build on previous work studying STGs in CA, especially by

Andrew Wuensche [61–63].

The primary objectives of the study presented in this chapter are to delineate how di↵erent

classes of logic rules, namely e↵ective functions (EFs), e↵ective and unate functions (EUFs),

read-once functions (RoFs) and nested canalyzing functions (NCFs), shape the structural features

of the STG of a Boolean GRN, and search whether there exist good proxies for those features.

To do so, we first select ten published reconstructed Boolean GRNs and for each one generate

four ensembles of models, having the same network structure and the same set of biological fixed

points but di↵ering in the type of logic rule employed. We consider di↵erent global measures

to characterize two features of the structure of STGs: (a) bushiness and (b) rate of convergence.

We determine how these measures vary across the four ensembles for each of the ten GRNs,

particularly how distinct the e↵ects of using biologically meaningful BFs (EUFs, RoFs and NCFs)

are compared to using EFs (which are random BFs for all practical purposes). Next we explore the

correlation between bushiness and convergence. We then address the challenge of adapting the Z-

parameter, originally proposed by Wuensche in the context of CA to characterize the identifiability
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of state pre-images under a given update rule [78], to BFs in BNs. To this end, we propose a

scheme based on permutations of the inputs to a BF. Subsequently we posit four variants of the Z-

parameter at the level of the BF and their respective counterparts at the level of the network which

we collectively refer to as the network Z-parameters. One last quantity we consider is the so-called

network sensitivity or average sensitivity of a network [53, 58]. We then study the distributions of

these local descriptors of dynamics, that is, the four network Z-parameters and network sensitivity,

in our ensembles and evaluate correlations between those descriptors. Finally, we explore whether

these local descriptors can serve as ‘proxies’ for the bushiness and convergence. It is noteworthy

to mention that while the descriptor ‘network sensitivity’ has been linked to robustness of BNs, its

connection to the structural features of the STG has not been investigated prior to this study as per

our knowledge.

5.1 Generating ensembles of biologically plausible mod-

els of ten published Boolean GRNs for living systems

This section describes our procedure to generate ensembles of biologically plausible Boolean

models that we utilized for the subsequent analyses presented in this chapter. We first choose

ten reconstructed Boolean GRNs that are published in the literature. Their abbreviations and ref-

erences are provided in Table 5.1. In Appendix B, we provide the models in BoolNet format in

Tables B.1-B.10, their biological fixed points in Tables B.11-B.20, and the types of BFs used in

Tables B.21-B.30. For each GRN, we generate four biologically plausible ensembles of models,

all of which share the same network structure of the GRN and satisfy the same biological fixed

points [64,148], but di↵er only in the types of BFs used, namely, EFs, EUFs, RoFs and NCFs (see

Chapter 2, Section 2.5 for description of the types of BFs).

Our methodology to generate such ensembles using these types of BFs is detailed in Section

2.7 in Chapter 2. [64, 148]. We shall refer to these ensembles (sampled or exhaustively enu-

merated) of models as EF-ensemble, EUF-ensemble, RoF-ensemble and NCF-ensemble (see Ap-

pendix B, Tables B.31-B.40). Details of the ten reconstructed GRNs of living systems are provided

in Section B.1 in Appendix B. As it was computationally infeasible to generate all the allowed UFs

for nodes with more than six inputs, we proposed an algorithm [79] to sample UFs (and EUFs).
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Table 5.1: Ten published reconstructed Boolean GRN models. ‘Names of models’ column
provides the names of each of the Boolean GRN network structures that are used in this work. The
‘Abbreviation’ column provides the abbreviated form we designate for each of the ten models.
The ‘Nodes’ and ‘Edges’ columns provide the number of nodes and edges respectively for each of
the ten models.

S.
No.

Names of models Abbreviation Nodes Edges Publication
year

PMID/
Oth-
ers

Reference

1 Root Stem Cell
Niche GRN

RSCN-GRN 9 19 2010 20920363 [149]

2 Epithelial-
Mesenchymal
Transition GRN

EMT-GRN 12 40 2023 36968076 [150]

3 NeoCortex De-
velopmental
GRN

NCD-GRN 10 19 2010 20862356 [151]

4 Early Heart De-
velopment GRN

EHD-GRN 15 39 2012 23056457 [152]

5 Myeloid Di↵er-
entiation GRN

MD-GRN 11 30 2011 21853041 [37]

6 T-Helper Cell dif-
ferentiation GRN

THC-GRN 23 34 2006 16542429 [110]

7 EGFR signalling
pathway

EGFR-GRN 13 21 2019 30582550 [153]

8 Epithelial-
Mesenchymal
Transition (with
Senescence)
GRN

EMT-
Senescence-
GRN

9 30 2023 Conference
Pro-
ceed-
ing

[154]

9 Flower Organ
Specification
GRN

FOS-GRN 13 42 2010 20303988 [155]

10 Gonadal Sex De-
termination GRN

GSD-GRN 19 75 2015 26573569 [156]
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Our algorithm is based on an iterative color propagation scheme on the vertices of the Boolean

hypercube (see Chapter 2, Section 2.7).

After applying the above procedure, for each of the ten published models, we determined the

number of allowed functions at each node. These numbers are provided in Tables B.31-B.40 in

Appendix B. Multiplying the number of allowed BFs over all nodes provides the total number

of Boolean models that satisfy the expected constraints. Tables B.31-B.40 in Appendix B show

that in spite of the multiple constraints applied, the space of biologically plausible models is still

extremely large. Hence we sampled 106 models from those ensembles in which the number of

models exceeded 106 (except for FOS-GRN and GSD-GRN where we sampled 105 models), and

used the exhaustive set of models otherwise. We generated the STGs for all 21032377 models

across all ten GRNs and all ensembles using the R package BoolNet [123], and moreover, com-

puted the global measures described in Section 3.4.1 in Chapter 3: (a) G-density, (b) average

in-degree of the non-GoE states (hdininon�GoE), and (c) average convergence rate of the trajecto-

ries originating at GoE states or (�GoE). Note the use of large ensembles of models ensures the

statistical reliability of our results.

In the ensuing sections of this chapter we study the robustness of di↵erent BNs via their

degree of contraction and convergence (see Chapter 3, Section 3.4.1) for models in ensembles

that are obtained from ten reconstructed GRNs, and identify which properties of the underlying

rules drive high bushiness (contraction) and convergence. Furthermore, we provide a connection

between the values of the above-mentioned ‘global’ measures of robustness using the STG and

those of descriptors of ‘local’ dynamics. Also, in what follows and unless stated otherwise, we

use the term ‘distribution’ of a quantity (global or local measures) to mean the distribution of that

quantity in any one of the four ensembles.

5.2 Biologically meaningful functions lead to highly bushy

and convergent STGs
In this chapter, we concentrate on characterizing the overall global dynamics based on two features

of the STG: the rate of contraction – hereafter referred to as ‘bushiness’ – and the rate of ‘conver-

gence’. The term ‘bushiness’ serves as a visual metaphor associated with the average number of
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edges feeding into nodes of the STG. To illustrate that, consider two Boolean models (model A

and model B) derived from a myeloid di↵erentiation GRN (MD-GRN) [37] that di↵er in the type

of regulatory logic rule used but recover the same biological attractors (see Figure 5.1(a)). Figures

5.1(b) and 5.1(c) display the complete STGs for model A and model B respectively.

Clearly, the STG of model A appears highly ‘bushy’ compared to that of model B. We quan-

tify such bushiness using two measures. The first is given by the reduction of the space of states

when applying the update dynamics. In continuous-time dynamical systems, the analog of this

reduction is the contraction rate specifying how phase space volume diminishes in time; in re-

versible dynamics such as in Hamiltonian systems, phase space volume is conserved, while in

dissipative systems phase space gets contracted. In our discrete-time case, we quantify this reduc-

tion by comparing the number of states produced from one update of the BN to the initial number

of states. It is easy to see that the reduction factor is just the fraction of states that have in-degree

equal to 0 in the STG, i.e., the G-density (see Chapter 3, Section 3.4.1). The second is based on

the in-degree of nodes, taking the average over all nodes that have incoming edges. Both of these

measures quantify the irreversibility of the BN dynamics and they are closely related (see Chapter

3, Section 3.4.1).

On the other hand, we quantify convergence based on the length of trajectories (or, transient

lengths) originating at GoE states because these give the maximal trajectory lengths (see Chapter

3, Section 3.4.1). The three quantities: (a) G-density, (b) average in-degree of non-GoE states

(hdininon�GoE) and (c) average convergence rate of the trajectories originating at GoE states (�GoE)

will be referred to as global measures throughout this chapter (see Chapter 3, Section 3.4.1 for the

definitions and Figure 3.1 for visual illustration). In CA, Wuensche observed that highly bushy

STGs with shorter transients have more ordered dynamics while less bushy STGs with longer

transients have more chaotic dynamics [157]. Prior to our work, studies of such structural features

of STGs have been primarily restricted to elementary CA and random BNs [61,91,158,159], with

no such investigation in reconstructed Boolean GRNs. In our work, we address this challenge

and in doing so we exhibit the strong association between bushiness, rate of convergence and

dynamical robustness which is an essential feature of biological systems. This last characteristic

is exemplified via a Derrida plot (see Figure 5.2) [7, 122] showing the system’s response to a

perturbation after one time step for the two models A and B. The behaviour at long time can also
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be considered (see Figure 5.1(f)) [60]. Thus, investigating the structural characteristics of STG

will enable selection of suitable models [64] among multiple possibilities, helping us identify

models that exhibit greater robustness.

In the pedagogical example of MD-GRN (see Figure 5.1), we observe the implication of

choice of models on the global dynamics. Next, we would like to unveil the fact that, the func-

tions in model A were chosen from a biologically meaningful class (specifically, NCF), whereas

the functions in model B were random EFs. While both of the models yield the same biologi-

cal attractors, model A demonstrates more bushy and convergent STG (a signature of robust or

ordered dynamics) compared to model B. To explore the implications of various function classes

on the global dynamics more broadly, we examine the distributions of the global measures across

di↵erent ensembles (see Section 5.1) for the ten published Boolean GRNs (see Table 5.1). We first

obtain the distribution of the G-density as shown by the box plots in Figure 5.3(a) and Figure B.1

in Appendix B. We observe two striking and consistent patterns across all ten GRNs. First, STGs

in ensembles employing biologically meaningful BFs (EUF-ensemble, RoF-ensemble and NCF-

ensemble) are more bushy than STGs in the EF-ensemble, an indication of more robust dynamics.

Second, the STGs in the NCF-ensemble are typically more bushy than those in the EUF-ensemble

or RoF-ensemble. Given this trend for robustness, if one performs model selection during Boolean

GRN reconstruction, it is appropriate to adhere to biologically meaningful classes [64]. Moreover,

to enforce the robustness constraint systematically, one can focus on the models with top G-density

values within those classes, significantly narrowing down the search space. Similar results follow

for the distribution of the average in-degree of non-GoE states (hdininon�GoE) since it is a non-linear

monotone increasing function of G-density (see Chapter 3, Eq. (3.6); Appendix B, Figures B.2

and B.3).

Next, we consider the distribution of the average convergence rate of trajectories originat-

ing at GoE states (�GoE). From Figure 5.3(b) and Figure B.4 in Appendix B, we observe that

on average, the models in the EF-ensemble have lower convergence (smaller values of �GoE) in

comparison to ensembles that employ biologically meaningful BFs. We also find that the ensem-

bles constrained with biologically meaningful BFs have similar values of �GoE . These trends are

consistent across the ten GRNs as can be seen in Figure 5.3(b) and Figure B.4 in Appendix B.

Lastly, the Spearman correlation coe�cients between G-density and �GoE for ensembles
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across the 10 GRNs (see Appendix B, Figures B.5 and B.6) reveal a positive correlation but that is

surprisingly small, indicating that the two measures capture di↵erent structural characteristics of

the STG.
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Figure 5.1: STGs for two di↵erent choices of Boolean rules for the biological network MD-
GRN with the values of their global measures of bushiness and convergence, descriptors
of local dynamics and short-and long-term perturbation responses. (a) The network in the
centre of the top panel is the Myeloid di↵erentiation GRN (MD-GRN). On its two sides are
Boolean models (Model A and Model B) with identical network structure but di↵erent regula-
tory logic rules. For these two models, the genes are arranged in the same manner as depicted in
the network structure in the centre. The BFs at each node are encoded as integers as described
in Section 2.4 in Chapter 2. In the truth table, the (left to right) order of the inputs for each of
the genes in the network is as follows: GATA_2: [GATA_2, GATA_1, FOG_1, PU_1], GATA_1:
[GATA_2, GATA_1, Fli_1, PU_1], FOG_1: [GATA_1], EKLF: [GATA_1, Fli_1], Fli1: [GATA_1,
EKLF], SCL: [GATA_1, PU_1], C/EBP_alpha: [GATA_1, FOG_1, SCL, C/EBP_alpha], PU_1:
[GATA_2, GATA_1, C/EBP_alpha, PU_1], cJun: [Gfi_1, PU_1], EgrNab: [cJun, Gfi_1, PU_1],
Gfi_1:[EgrNab, C/EBP_alpha]. (b) and (c) display the complete STGs containing 2048 states ob-
tained for Model A and Model B respectively. The ‘orange’, ‘blue’ and ‘grey’ nodes indicate the
GoE states, fixed points and non-GoE states that are not fixed points respectively. Visual inspec-
tion shows that the STG for Model A appears significantly more bushy than the STG for Model
B. (d) Barplots representing the bushiness (G-density, hdininon�GoE) and convergence (�GoE) mea-
sures for Model A and Model B. Each measure is shown as a separate bar plot that quantifies the
visible di↵erence between (b) and (c). (e) Barplots representing the values of the descriptors of
local dynamics (Zmid and s) for Model A and Model B. (f) Short (�)- and long (h1)- term pertur-
bation responses for the two models (see Chapter 3, Section 3.1). In the ‘Robust’ regime (lower
left quadrant), both short-term and long-term responses [60] remain below 1 whereas, in the ‘Sen-
sitive’ regime (upper right quadrant) both the responses are above 1; these regimes correspond to
‘ordered’ and ‘chaotic’ dynamics respectively. The two o↵-diagonal quadrants indicate disagree-
ment in the short- and long-term responses, an unlikely situation, with the small arrows indicating
the change when going from short to long times. Model A lies close to the critical boundary but,
Model B lies completely in the Sensitive or disordered regime. Note that � is identical to the net-
work sensitivity s.

5.3 Descriptors of local dynamics
Unfortunately, obtaining the STG and its features can be computationally expensive. In particular,

all three global measures studied in the previous section, require listing the GoE states, a task that

becomes computationally intractable with increasing network size [160,161]. It is thus appropriate

to search for proxies of those three global measures that remain tractable even for large networks.

Although this was not done explicitly by Wuensche, he had introduced the Z-parameter (in his

studies of CA), a quantity that can be computed directly from the rule table which measures the

probability that the next unknown cell in a partial pre-image is uniquely determined (see Chapter 3,

Section 3.4.2) [62,78,126]. He showed that the Z-parameter is a useful predictor for the bushiness

of the STG [62]. In extending the Z-parameter to BNs, one is confronted with the fact that in

contrast to the situation in elementary CA, each node in a BN is allowed to have a di↵erent ‘rule’
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Figure 5.2: Derrida plot showing the progression of various Hamming distances over one
time step for Models A and B shown in Figure 5.1. This figure shows the evolution of the
Hamming distance between a pair of network states over a single time step, under the synchronous
update scheme for the two example models, Models A and B, in Figure 5.1. Models A and B have
11 nodes, therefore the Hamming distance between a pair of network states ranges from 0 to 11.
All possible pairs of network states have been considered for each initial Hamming distance H(0).
Then the mean of the Hamming distance H(1) of all pairs of states, obtained after evolving over a
single time step, is plotted against the initial distance H(0). The blue and orange curves correspond
to the Models A and B respectively. The black dashed straight line represents H(0) = H(1). The
network sensitivities for the Models A and B are denoted by sA and sB respectively.
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Figure 5.3: Distribution of global measure values for di↵erent ensembles generated using
network structures from 4 published Boolean GRNs. The box plots in (a) and (b) display the
distributions of G-density and �GoE respectively in the 4 ensembles that each use a given type of
regulatory logic. The mean and median of the distributions are indicated by the black dot and the
vertical line within the box respectively. The vertical dashed lines in (a) and (b) correspond to the
G-density and �GoE respectively for the Boolean model provided by the modelers in the published
article.
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and there is no natural ordering of its inputs, making it non-trivial to adapt the Z-parameter to BNs.

Prior to our work, this challenge of finding rule-based measures in BNs had not been addressed,

and we fill this gap.

5.3.1 Adaptation of Z-parameter in cellular automata to Boolean net-

works

In CA, the Z-parameter as defined by Wuensche reflects the degree to which pre-images of states

in the state space are identifiable for a given automaton update rule [78] (see Chapter 3, Section

3.4.2). A low Z value indicates a lower probability to have a unique pre-image, that is, a lower

degree of reversibility of the dynamics [62, 63, 78, 91]. A Z-parameter value of 1 corresponds to

perfectly reversible dynamics. We may thus expect a lower Z value to be associated with a higher

in-degree of states in the STG and thereby a higher G-density.

For any one-dimensional CA rule, Wuensche introduced a computational procedure to define

Zle f t and Zright, associated with reading the spatial arrangement of inputs from left to right and

from right to left respectively, and then he defined the Z-parameter as their maximum [62] (see

Chapter 3, Section 3.4.2). Since there is no notion of ‘left’ or ‘right’ of a node for BFs in BNs, the

above definition needs to be extended.

5.3.1.1 2i-blocks of a Boolean function

To adapt the Z-parameter to BFs, we first introduce a combinatorial structure on the truth table

of a BF that underlies Wuensche’s construction. Consider a BF f with k inputs (x1, x2, . . . , xk)

and its truth table written in standard lexicographic order. Then, a 2i-block is defined as a set of

2i consecutive rows in the truth table that share fixed values of the first (k � i) inputs and span all

possible values of the remaining i inputs. To understand it better, suppose in the truth table of f

there are pairs of rows (R, R0) such that:

R = (x1 = a1, x2 = a2, . . . , xk�1 = ak�1, xk = 0) and R0 = (x1 = a1, x2 = a2, . . . , xk�1 = ak�1, xk = 1)

In the canonical ordering of truth tables, these rows are consecutive and we refer to them as a

21-block.
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We can similarly define 22-blocks by considering the rows

(x1 = a1, x2 = a2, . . . , xk�2 = ak�2, xk�1 = 0, xk = ⇤) and

(x1 = a1, x2 = a2, . . . , xk�2 = ak�2, xk�1 = 1, xk = ⇤)

where ⇤ 2 {0, 1}means that any values are allowed. Such blocks are now formed by 22 consecutive

rows. More generally, we will call a set of rows a 2i-block if it corresponds to combining two

adjacent 2i�1-blocks corresponding to:

(x1 = a1, . . . , xk�i = ak�i, xk�i+1 = 0, xk�i+2 = ⇤, . . . , xk = ⇤) and

(x1 = a1, . . . , xk�i = ak�i, xk�i+1 = 1, xk�i+2 = ⇤, . . . , xk = ⇤)

In this way, one can go up to a 2k-block that in fact corresponds to all rows in the truth table. Note

that, these blocks form a hierarchical partition of the truth table: at a given level i, all 2i-blocks are

disjoint and together they cover the entire truth table.

5.3.1.2 Calculation of Zle f t

For a given ordering of the inputs, we can follow Wuensche’s prescription to compute the value of

Zle f t. For a 2i-block, Wuensche determines whether it satisfies a switch-like property:

f (x1, x2, . . . , xk�i, 0, ⇤ . . . , ⇤, ⇤) = T and f (x1, x2, . . . , xk�i, 1, ⇤, . . . , ⇤, ⇤) = T (5.1)

where T 2 {0, 1} and T is its complement, while the ⇤s mean that the two equalities are to be

satisfied regardless of the corresponding input values of xk�i+2, . . . , xk (For i = k, all but the first

of the arguments are ‘*’ in Eq. (5.1)). If a 2i-block satisfies Eq. (5.1), we say it is “complement

canalyzing” because, in the context (x1, x2, . . . , xk�i), the values 0 and 1 for xk�i+1 are both cana-

lyzing and lead to complementary outputs. To be concise, a complement canalyzing 2i-block will

be abbreviated as a CC-2i-block. It is worthwhile to note that all complement canalyzing blocks

are disjoint, so that a CC-2i-block and a CC-2 j-block will have no rows in common. We then

consider the vector n = (n1, n2, . . . , nk�1, nk) where ni is the sum of the cardinalities of the CC-

2k�i+1-blocks, that is the total number of rows in the truth table belonging to such blocks. Given
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the vector n, Wuensche defines the fractions R1,R2, . . . ,Rk:

Ri =
ni

2k (5.2)

Since the complement canalyzing blocks are all disjoint, the sum of the Ri is at most 1. Finally,

the parameter Zle f t for this BF f (with the given ordering of inputs) is given by:

Zle f t = Rk + Rk�1(1 � Rk) + Rk�2(1 � Rk�1)(1 � Rk) + . . . (5.3)

= Rk +

k�1X

i=1

Rk�i
⇣
⇧k

j=k�i+1(1 � R j)
⌘

(5.4)

Figure 5.4(a) shows Wuensche’s approach to compute the elements of n by iterating over all

candidate 2i-blocks, beginning with i = 1. Figure 5.4(b) illustrates our alternate approach that is

based on recursively visiting (k�i+1) dimensional hyperplanes (these have a direct correspondence

with the 2k�i+1-blocks), going from the largest blocks to the smallest ones and checking at each

step of the recursion whether the hyperplanes contribute to n. Having obtained n, Figure 5.4(c)

shows how to compute Zle f t. The pseudocode for this algorithm is provided in Algorithm 1. Some

interesting properties of Zle f t for any BF are: (a) Zle f t of f is invariant under the negation of

any of its inputs (see Appendix B, Section B.2, Property B.1). (b) Zle f t of f is invariant under

complementation (see Appendix B, Section B.2, Property B.2).

In a similar fashion, one can compute the value of Zright too, which is essentially computing

the Zle f t with the reversed order of the inputs to the BF. In the context of CA, Wuensche then

defines his Z-parameter as the maximum of Zle f t and Zright.

84



85



Figure 5.4: Calculation of Z-parameters of BFs in BN models. (a) Calculation of the vector
n from the truth table as proposed by Wuensche. Top panel: The truth table of a particular BF
for which the Z-parameters will be computed. The colors red and blue correspond to the output
values 1 and 0 respectively. The list of 2i-blocks are shown via braces, where i 2 {1, 2, 3}. Bottom
panel: For every 2i-block, get the values spanned by the output in its top (respectively bottom) half
(these halves are separated by the dashed lines). The corresponding values are shown to the right
of the braces. If there is a single value for both top and bottom braces and if these are di↵erent,
then we have a CC-2i-block and it contributes 2i to n. The corresponding cells in the column of
the (k � i + 1)th variable are colored in green. n1, n2 and n3 are the contributions from the CC-23-,
CC-22- and CC-21-blocks (of values 0, 4 and 2 here) defining the vector n. (b) An equivalent
formalism for calculating n on the Boolean hypercube. This sub-figure illustrates how elements of
n can be computed by recursively splitting the Boolean hypercube into two hyperplanes, obtaining
at each step an element of n starting from n1. Top panel, from left to right: the cubes show which
configurations (vertex colorings) can contribute to n1, n2 and n3 respectively. For instance, a 23-
block contributes to n1 if and only if all the vertices in the plane x1 = 0 are colored red (or dark
blue) and all those in plane x1 = 1 are colored dark blue (or red), as shown at the top left of this
sub-figure. Bottom panel: By comparing the actual node coloring to the templates contributing in
the top panel, we see that there is no contribution to n from the 23-block, so n1 = 0. The next step
of the recursion (just to the right) concerns contributions of 22-blocks (associated with two faces of
the cube). Here, the upper face (colored dark green) contributes to n2 whereas the lower face does
not (based again on comparing to the templates just above them). Finally, still on the right of that,
we have the case of the 21-blocks that may contribute to n3. We have colored in green the ones
that do contribute. Reaching the 21-blocks marks the end of the recursion. Note that if a grouping
(cube, face or in higher dimensions any hyperplane) contributes to n, then none of its sub-parts
will contribute to n. (c) This sub-figure summarizes the computation of Zle f t of a BF once the
vector n is obtained. (d) Computation of the four Z-parameter variants: Zmax, Zmin, Zave and Zmid.
Left panel: The Boolean expression of the BF in the truth table in sub-figure (a) is x2^ (x3_ x1), as
displayed in the center of the hexagon. We then apply the k! permutations (cf. arrows) to produce
the (distinct) permuted BFs as shown at the end of these arrows. The values shown in the outer
hexagon are the Zle f t values for each of the permuted Boolean expressions. Right panel: a hexagon
is produced for each of the 4 variants of the Z-parameter: Zmax is the maximum Zle f t value over
all permutations. Zmin is the minimum Zle f t value over all permutations. Zave is the average of the
Zle f t over all permutations. Zmid is the average of Zmax and Zmin.

Being a probability, Z varies between 0 and 1. Ideally a value of Z close to 1 should indicate

that there is a unique pre-image for many – if not most – states. Then many or most of the STG’s

nodes should have in-degrees equal to 1 (corresponding to reversible dynamics) in which case

the STG will not be bushy at all. In contrast, a low Z value should indicate strongly irreversible

dynamics in which case the STG will have many states with a high in-degree. Because the average

in-degree of the STG is mathematically constrained to be 1, this situation will also lead to having

many GoE states, so the STG will be bushy.
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Algorithm 1 Recursive algorithm to determine the vector n arising in the computation of
Zle f t.

Input 1: f is the truth table of the BF represented as a string of bits.
Input 2: kvar is the number of inputs of f .
Input 3: k f ixed is the number of inputs of the BF for which the Zle f t is to be

computed.
Output: The array of elements of the vector n

1: function ZleftVector( f , kvar, k f ixed)
2: if kvar == 1 then . If the contribution of 21-blocks have to be computed
3: if ( f ==‘01’) or ( f ==‘10’) then
4: return [2, 0, . . . , 0] . The n vector of length k f ixed with element nk = 2

and other elements as 0
5: else
6: return [0, 0, . . . , 0] . The n vector of length k f ixed with all elements as 0
7: end if
8: else
9: Split f into upper ( fupper) and lower ( flower) halves.

10: Unique fupper  Values arising in fupper

11: Unique flower  Values arising in flower

12: if (Length of Unique fupper is 1) & (Length of Unique flower is 1) &
(Unique fupper , Unique flower) then . These conditions guarantee that there will be a
contribution to n vector

13: CountArray [0, 0, . . . , 0] . Count array is the n vector
14: CountArray[kinp � 1] 2kinp�1

15: return CountArray
16: else
17: return ZleftVector( fupper, kvar � 1, k f ixed) + ZleftVector( flower, kvar �

1, k f ixed)
18: end if
19: end if
20: end function
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5.3.1.3 Z-parameters for Boolean networks

In this section we propose a number of extensions to Wuensche’s Z-parameter for BFs. Since

there is no natural spatial order or arrangement of the inputs to a node in a BN, we define our

Z-parameters in a manner that accounts for all permutations on its inputs (see Chapter 2, Section

2.4). Given a k-input BF, we compute the Zle f t for all k! permutations on its inputs, from which we

define four Z-parameter variants: Zmax, Zmin and Zave are the maximum, minimum and average

respectively, and Zmid is the average of Zmax and Zmin (see Fig. 5.4(d)).

The analytical formulas to compute Zmax, Zmin and Zmid for k-input NCFs with bias P are (see

Chapter 2, Section 2.1 for the definition of bias and Appendix B, Section B.2 for the proofs):

ZNCF
max =

8>>>>><
>>>>>:

P
2k�1 if P < 2k�1,

2 � P
2k�1 if P > 2k�1

(5.5)

ZNCF
min =

1
2k�1 (5.6)

ZNCF
mid =

8>>>>><
>>>>>:

1 + P
2k if P < 2k�1

1 � P � 1
2k if P > 2k�1

(5.7)

More explicitly, Zmin is dependent only on the number of inputs (k), while Zmax and Zmid vary lin-

early with the bias P for 0 < P < 2k�1 and 2k�1 < P < 2k for a fixed k, making their computations

e�cient and scalable for NCFs.

Regarding Zave, we found that its computation for any k-input BF as mentioned above is

equivalent to computing the average of Zle f t values only for the non-equivalent permutations of

that BF (see Chapter 2, Section 2.4.2), leading us to two conjectures, both of which we prove in

Section B.3 in Appendix B: (a) The number of non-equivalent permutations divides k!. (b) Each of

the m non-equivalent permutations occurs an equal number of times. Furthermore, the fraction of

non-equivalent permutations of BFs decreases with increasing number of inputs for BFs randomly

drawn from NCFs and RoFs, and for BFs in reconstructed BNs, whereas it increases for BFs

randomly drawn from EFs or EUFs (see Figure 5.5). In sum, these results enable us to significantly

reduce the computation time of Zave in practice.

We define the network Z-parameter as the average of a considered Z-parameter over all the
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nodes of a BN and denote it by Zx where x 2 {max, min, ave, mid}.

Zx =
1
N

NX

i=1

Zi
x (5.8)

Here, i 2 {1, 2, 3, . . . ,N} is the index of a node in the BN with N nodes, and Zi
x is the Z-parameter

of the BF at node i.

Figure 5.5: The fraction of non-equivalent permutations for di↵erent types of BFs. The x-
axis is the number of inputs to the BF. The y-axis is the average of the fraction of non-equivalent
permutations over a set of k-input BFs. Each data point on the plot represents the average of the
fractions of non-equivalent permutations over the set of all (or sampled) k-input BFs belonging
to a particular type of BF (as indicated by the shape of the associated point). For inputs k =
1, k = 2, k = 3, k = 4, k = 5, the exhaustive set of BFs was used in the computation for all
types of BFs (except for 5-input EFs for which 100000 BFs were sampled), whereas for inputs
k = 6, k = 7, k = 8, 100000 sampled BFs were generated for all types of BFs. The data points
corresponding to the ‘biological’ function type were obtained from a reference biological dataset
of 2687 BFs derived from 88 published Boolean models [51]. It is seen that the ‘biological’
case generally consists of BFs with a low fraction of non-equivalent permutations, justifying the
usefulness of our approach for computing Zave.
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5.3.2 Network sensitivity as a descriptor of local dynamics

In addition to the four variants of Z-parameter, we also consider network sensitivity (see Chapter

2, Section 2.6) [53, 58] as a descriptor of local dynamics. Although the measure is known to

relate to robustness in BNs, its association with STG structure has not been addressed in prior

work, to our knowledge. Being defined as the mean of the average sensitivities of the BFs in

the BN, it is also a BF-based measure, similar in spirit to the Z-parameters. Together, the four

network Z-parameters Zmax, Zmin, Zave, Zmid along with the network sensitivity s, constitute the

set of descriptors of local dynamics. In the following sections, we examine the distributions of

these descriptors across di↵erent ensembles, relate them to global properties of the STG such as

bushiness and convergence, and assess their e↵ectiveness as computationally tractable proxies.

5.4 Biologically meaningful BFs have lower local dynam-

ics descriptor values
To bypass the computational challenges encountered when computing global measures for larger

networks, we explore five descriptors of local dynamics (see Section 5.3) as potential proxies:

Zmax, Zmin, Zave, Zmid and s. Consequently, we begin by examining their distributions across

di↵erent ensembles (see Section 5.1). The distributions of Zmax (see Appendix B, Figures B.7

and B.8), Zmin (see Appendix B, Figures B.9 and B.10), Zave (see Appendix B, Figures B.11 and

B.12), and Zmid (see Figure 5.6(a) and Appendix B, Figure B.13) reveal that ensembles generated

with biologically meaningful BFs have lower values for all four Z-parameters compared to the

ensemble generated with EFs. This is consistent across all ten reconstructed GRNs (see Table

5.1). Restricting to the ensembles generated with biologically meaningful BFs, we find that Zmax

and Zave do not show any particular trend across the ten GRNs, whereas Zmin and Zmid consistently

achieve the lowest values in the NCF-ensemble, across all ten GRNs. Note that the Zmin for the

NCF-ensembles always have zero variance since ZNCF
min depends only on k (see Eq. (5.6) and

Appendix B, Section B.2 for a proof). The distributions of our last descriptor of local dynamics,

network sensitivity denoted by s, are shown in Figure 5.6(b) and Figure B.14 in Appendix B,

indicating that NCFs lead to the lowest values compared to all other BF classes (in agreement with

previous observations [51]).
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Lastly, the Spearman correlation coe�cient among the five descriptors of local dynamics, as

given via heatmaps in Figures B.15 and B.16 in Appendix B, shows that most pairs of descriptors

show moderate to very strong positive correlation across various GRNs. This is illustrated in

particular via scatter plots between Zave and Zmid (see Appendix B, Figures B.17 and B.18), and s

and Zmid (see Appendix B, Figures B.19 and B.20). In the following section, we explore which of

these descriptors can serve as good proxies of bushiness or convergence.

5.5 Descriptors of local dynamics can serve as good prox-

ies of bushiness of STGs
Wuensche showed that, in CA, the Z-parameter exhibits a ‘marked’ correlation with the G-density

[62] of the STG. This observation suggests that qualitative information about the bushiness of an

STG in CA may be inferred directly from properties of the local update rules, without explicitly

constructing the full STG. Extending this to the BN framework, we ask whether descriptors of

local dynamics (in fact, characteristics of the rule tables for each node) can serve as good proxies of

bushiness. In what follows, we examine the relationship between the descriptors of local dynamics

(see Section 5.3) and the G-density of the STG, and assess their potential as predictors of the

bushiness of STG.

5.5.1 Correlation between the descriptors of local dynamics and G-

density

To quantify the relationship between the descriptors of local dynamics and bushiness of STG, we

compute the Spearman correlation coe�cients of the G-density with the five descriptors of local

dynamics: Zmax, Zmin, Zave, Zmid and s. The resulting correlations are summarized in the heatmaps

shown in Figure 5.7 and Figure B.21 in Appendix B. From these figures it is evident that for most

GRNs, Zave, Zmid and s show a moderate to strong negative correlation with the G-density and are

more strongly correlated with it than are Zmax and Zmin. This suggests that those three descriptors

may serve as useful proxies of the bushiness. Note that since hdininon�GoE is a monotone increasing

function of the G-density (see Chapter 3, Eq. (3.6)), the Spearman correlation coe�cients of

hdininon�GoE with the five descriptors will be the same as that of G-density and hence are not
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Figure 5.6: Distribution of the values of the descriptors of local dynamics for di↵erent en-
sembles generated using network structures from four published Boolean GRNs. The box
plots in (a) and (b) display the distributions of Zmid and s respectively in the four ensembles that
each use a given type of regulatory logic. The mean and median of the distributions are indicated
by the black dot and the vertical line within the box respectively. The vertical dashed lines in (a)
and (b) correspond to the Zmid and s respectively for the Boolean model provided by the modelers
in the published article.
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shown in the heat maps. The scatter plots of G-density with each of the five descriptors of local

dynamics are provided in Appendix B: Zmax (see Figures B.22 and B.23), Zmin (see Figures B.24

and B.25), Zave (see Figures B.26 and B.27), Zmid (see Figures B.28 and B.29) and s (see Figures

B.30 and B.31).

5.5.2 Performance evaluation using AUROC and AUPRC

The observed correlations suggest that certain local descriptors, such as Zmid and s may be used

as practical proxies for the G-density in situations where generating the complete STG is compu-

tationally infeasible. To quantitatively assess the predictive value of these descriptors in a model

selection context, we evaluate their performance using standard classification metrics: the area

under the receiver operating characteristic curve (AUROC) and the area under the precision-recall

curve (AUPRC). In this setting, the objective is to select models with high G-density based solely

on a local descriptor. In a computational modeling framework, one typically will have many (too

many) models that are compatible with the constraints imposed, such as presence of given steady

states. To shrink the size of this set of plausible models, we impose in addition that the models

be robust. Since we do not have these models’ G-density, we instead compute their Zmid values.

Then model selection corresponds to keeping only the models for which Zmid is say in some X

percentile, with the hope that doing so will select models whose G-density is on average at a high

percentile.

Implementing AUROC and AUPRC metrics requires ground truths. For that, we assign truth

labels using increasing percentile thresholds on the G-density of the models. Specifically, we

iterate through the thresholds ranging from 0.1% to 99.9%, labeling models having G-density

percentile above the threshold as ‘true’, and the others as ‘false’. For each set of ground truths we

compute the AUROC and AUPRC scores of the proxy Zmid, and then these are averaged over all

threshold levels, providing a comprehensive evaluation of the proxy’s performance.

For instance, if one selects the models having average relative rank of 0.05 for Zmid, the

corresponding average relative rank for the G-density is typically 0.2, very far from the value of

0.5 which would arise if Zmid had no predictive power (see Appendix B, Figures B.32 and B.33).

To assess more globally the relevance of using Zmid as a proxy for G-density, we computed the

corresponding AUROC and AUPRC measures (see Appendix B, Table B.41). From the table, we
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Figure 5.7: Correlation heat map between descriptors of local dynamics and global mea-
sures (bushiness and convergence rate) for ensembles generated using network structures
from four published Boolean GRNs. The EF-ensemble for each network structure was used to
generate the heat maps. The rows of each sub-figure correspond to quantities computed on the
STG, namely G-density and �GoE . The columns of each sub-figure correspond to descriptors of
local dynamics, namely, the network Z-parameters (Zmax, Zmin, Zave, Zmid) and network sensitivity
(s). The heat maps show the pair-wise Spearman correlations between descriptors of local dynam-
ics and global measures of bushiness and convergence rate defined on the STG. The descriptors of
local dynamics show a moderate to strong negative correlations with G-density and very weak to
moderate negative correlations with �GoE .
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observe for instance that the average AUROC value consistently exceeds 0.72 for majority of the

GRNs, indicating favorable performance in this context.

While this quantification of performance is limited to networks of moderate size, for which the

computation of the G-density is tractable, it nonetheless o↵ers insight into the expected behavior

in larger networks.

5.6 The average convergence rate of trajectories origi-

nating at random states is a good proxy for the av-

erage convergence rate of trajectories originating at

GoE states

Analogous to the case of G-density, we compute the correlation of �GoE with the descriptors of

local dynamics (see Figure 5.7 and Appendix B, Figure B.21) and find that they are negative as

expected, but quite weak for most ensembles. Therefore, it is inappropriate to use any of these

descriptors as proxies for �GoE . Note, nevertheless, that for most GRNs, the Zave, Zmid and s show

stronger correlations than Zmax and Zmin. The scatter plots between the �GoE and each of the five

descriptors of local dynamics are provided in Appendix B: Zmax (see Figures B.34 and B.35), Zmin

(see Figures B.36 and B.37), Zave (see Figures B.38 and B.39), Zmid (see Figures B.40 and B.41)

and s (see Figures B.42 and B.43).

As an alternative to these descriptors, we propose �random (see Chapter 3, Section 3.4.1) as

a possible proxy for �GoE . The advantage of this approach is that, computing �random does not

require construction of the full STG. Instead, it can be evaluated by sampling a set of random

initial states from the state space and computing the corresponding trajectories. Our grounds for

this proposition is that �GoE is very strongly correlated with �all (see Chapter 3, section 3.4.1;

Appendix B, Figures B.44 and B.45), which provides an impetus to compute �random because if

so, one no longer has to compute the STG. Figures B.46 and B.47 in Appendix B reveal that

�random can indeed serve as an excellent predictor of �GoE .
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5.7 Discussion

In the context of CA, Wuensche showed that the signature of highly ordered or convergent dynam-

ics is the presence of short, highly branching transient trees, with a high proportion of leaves in the

STG, whereas the signature of chaotic dynamics is long transients, low branching in the STG and

a low proportion of leaves therein [62, 78, 157]. Such characterizations are absent in generalized

automata that mimic biological systems, namely, BNs – which generally lack a regular network

architecture and employ heterogeneous rules across their nodes. In this chapter, we presented

a systematic analysis of the bushiness and convergence of STGs for di↵erent reconstructed

GRNs using the measures G-density and �GoE, showing that biologically meaningful BFs

give rise to more bushy and more convergent STGs than random EFs. Notably, the use of

ten di↵erent GRNs makes our results very general and minimizes any bias that may be associated

with particular GRNs. Note, biologically meaningful BFs occupy a tiny fraction in the space of

all BFs and consequently can severely restrict the space of biologically plausible Boolean models

(see Appendix B, Tables B.31-B.40) and enable model selection therein [64].

Contrary to our expectation that higher bushiness (i.e., higher contraction rate) results in

higher convergence, we found that the G-density and �GoE measures are only weakly correlated.

A posteriori, it is easy to convince oneself that the two measures indeed capture di↵erent features.

For example, consider a rooted tree of constant connectivity K for which all the leaves are at the

same distance H from the root. The bushiness, that is G-density, is close to (K � 1)/K while

the transient times are all equal to H, leading to a convergence rate of 1/H. Thus bushiness and

convergence rate can be varied essentially independently.

In this chapter, we were able to exhaustively enumerate the GoE states of all the models.

However, identifying the GoE states of a BN is, in general, a #P-complete problem, implying

that computing the G-density of an arbitrary BN is at least as hard as solving an NP-complete

problem [161]. This computational barrier motivates us to introduce proxies that can bypass this

computational complexity and provide information about the bushiness of the STG without re-

quiring explicit enumeration of its GoE states. Among the network Z-parameters we proposed

and explored in this chapter, the choice Zmid showed the highest correlation with G-density, and

for the class of NCFs it is highly scalable. We found that the network sensitivity (s) is also a
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good proxy of G-density. This observation is supported by the fact that NCFs, which are known

to produce more ordered dynamics compared to EUFs and EFs [51, 53], achieve the minimum

average sensitivity among all BFs [51], leading to lower values of s. Such dynamics are directly

linked to the robustness of the system to perturbations, and therefore, a highly bushy STG is a

signature of robust dynamics. Note that the descriptors defined at the level of individual nodes are

‘unaware’ of the network architecture (which is not an issue in CA). Z-parameters other than the

four discussed in this chapter may be defined of course. For instance, one could consider the me-

dian of all Zle f t values of a BF. But we find that this measure is computationally more demanding

compared to Zmid, and exhibits weaker correlation with G-density at the network level than Zmid

or Zave. Finally, since the average convergence rate correlates very weakly with the descriptors

of local dynamics, we tested an alternative approach and found that the average convergence rate

of trajectories originating from randomly sampled states (�random) serves as an excellent proxy

for �GoE . Overall, a key methodological contribution of this chapter is the development of

computationally e�cient proxy measures that avoid the need for computationally expensive

state-space analyses while providing reliable estimates of the corresponding global dynami-

cal properties.

Data and code availability statement

All data and codes needed to reproduce the results in this chapter are deposited in GitHub and are

available at: https://github.com/asamallab/BushySTG.
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Chapter 6

A systematic evaluation of simple

threshold-based Boolean rules for

modeling gene regulatory networks

This chapter is based on the published manuscript [80].

Chapter overview. This chapter presents a systematic evaluation of simple threshold-based

Boolean rules for modeling gene regulatory networks (GRNs). It begins by introducing threshold

functions and two commonly used threshold majority rule (TMR) variants, namely Ising major-

ity rules (IMRs) and Bit-based majority rules (BMRs). The chapter then examines the functional

properties, intrinsic logical complexity, and empirical enrichment of TMRs through comparisons

with nested canalyzing functions (NCFs). Next, it evaluates the ability of TMR-based models

to recover biological attractors and their associated basin size distributions. Finally, it compares

the dynamical properties of TMRs and NCFs and discusses the implications of these findings for

selecting appropriate regulatory logic in Boolean models of GRNs.

In the post-genomic era, large-scale data-driven analyses have demonstrated that the architecture

of biological networks exhibits significant deviations from randomness [8, 44, 45], while quan-

titative modeling indicates that the regulatory logic is not random either [7, 33, 34]. However,

determining the precise regulatory logic (encapsulating the combinatorial control) at each node of
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a gene regulatory network (GRN) remains a formidable task. As a result, modelers often rely on

certain assumptions that can provide reasonable outcomes tailored to the specific context of their

research.

The use of threshold functions (ThFs) in the context of modeling Boolean GRNs has drawn

significant attention. The concept dates to the seminal work of McCulloch and Pitts, who modeled

neuronal dynamics [70], and has since been widely adopted in the design of digital circuits and

studies of artificial neural networks [162–165]. Surprisingly, the use of ThFs in the context of GRN

modeling was initiated only in 1994 by Wagner, who focused on transcriptional networks [73,74].

More recent work has shown that ThFs can be successfully applied to model the dynamical be-

havior of many di↵erent regulatory systems [75, 166–168]. However, a realistic application of

ThFs hinges on two types of parameters: the ‘weights’ or ‘strengths’ associated with the di↵erent

regulators and the activation thresholds specific to each target node. Obtaining reliable values for

these parameters is a major obstacle. For example, in their model on Arabidopsis thaliana flower

morphogenesis, Mendoza and Alvarez-Buylla treated both thresholds and interaction strengths as

integers to simplify computations in the absence of detailed quantitative information [75]. Follow-

ing a di↵erent strategy, Sevim and Rikvold [167] drew the interaction weights from a Gaussian

distribution [167], while Li et al. [168] recently employed a regularized logistic regression to infer

both the weights and the thresholds.

To circumvent the di�culty of parameter estimation, many modelers adopt a coe�cient-free

scheme where all regulatory interactions are assigned a strength of ±1 and activation thresholds

are set to zero. Under these assumptions, the target node’s next state is solely determined by

its own state and the weighted sum of its regulators’ current states. Two main variants of this

approach have become standard in the literature. In the first variant, each node takes the values

+1 (to indicate ‘on’) or �1 (to indicate ‘o↵’). In this chapter, we refer to this variant as IMR

(Ising majority rule). This variant has been employed in the studies of epithelial-mesenchymal

transition dynamics [65, 66, 169]. It has also been used in comparative analyses of frustration in

biological versus random networks [170]. In the second variant, nodes take on binary values in

the Boolean sense, adopting 1 for ‘on’ and 0 for ‘o↵’. We refer to this variant as BMR (Bit-based

majority rule). This variant has been employed in the cell-cycle models of S. cerevisiae [67] and

S. pombe [34]. BMRs have also found applications outside the realm of GRNs, for instance in
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modeling of the interactions of gut microbiome species [171, 172]. These simple variants (IMRs

and BMRs) of ThFs, which we collectively refer to as threshold majority rules (TMRs), provide

an elegantly simple and uniform framework for modeling GRNs. Nonetheless, it is important to

examine if this minimalism overlooks key aspects of biological behavior. To this end, we present

a systematic analyses of TMRs to assess their appropriateness as a go-to modeling strategy for

GRNs.

6.1 Threshold function and its subtypes
Threshold functions (ThFs) play a very prominent role in modeling regulation in both artificial

neural networks and gene regulatory networks (GRNs) [70–75, 164, 173]. In such a framework,

the state of a given node (e.g., a gene) is determined by the collective e↵ect of its activatory and

inhibitory regulators [70, 174]. Let xi denote the target node, and assume that it receives signals

from k regulators x1, x2, . . . , xk. A ThF assigned to the node xi can be expressed as

xi(t + 1) = ⇥

0
BBBBBBB@

kX

j=1

wi jx j(t) + ✓i

1
CCCCCCCA (6.1)

where wi j 2 R is the weight (i.e., regulatory strength) of the directed edge from x j to xi, and

✓i 2 R is the threshold for node xi. The function ⇥(s) is an indicator function, that returns ‘on’ (1)

if s > 0, ‘o↵’ (0 or �1) if s < 0, and a predefined value when s = 0.

The class of functions defined by Eq. (6.1) is also known as linearly separable Boolean func-

tions (LSBFs) [175, 176]. A k-input BF can be represented as a k-dimensional hypercube whose

2k vertices correspond to input combinations and are labeled as ‘on’ or ‘o↵’. LSBFs (i.e., ThFs)

form a specialized subclass of BFs whose hypercube vertices can be separated by a single hyper-

plane with all ‘On’ vertices on one side, and all ‘O↵’ vertices on the other. Moreover, every ThF

belongs to the family of unate functions (UFs) (see Chapter 2, Section 2.5 for the definition of

UF) [177, 178]. These two classes coincide for k  3 but ThFs form a proper subset of UFs for

k � 4.

The exact numbers of ThFs are known for k  9 [179]. However, we are really only interested

in e↵ective [81] ThFs (EThFs). E↵ective functions (EFs) are those for which all inputs are relevant,

i.e., for each input, there exists a combination of remaining input values such that toggling the
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input (‘on’ to ‘o↵’ or ‘o↵’ to ‘on’) changes the output (see Chapter 2, Section 2.5 for a more

formal definition). Otherwise, the BF is called an ine↵ective function (IEF), and the inputs that

do not influence the output are referred to as ine↵ective inputs. The exact numbers of EThFs

have been published only for k  8 [162]. However, the counts of EThFs can be easily computed

using a recursion for any k up to 9. Let |ThFk| denote the total number of ThFs on k inputs, and let

|ThFe f f
k | denote the number of EThFs of k inputs. Every ThF in ThFk is either an EThF or obtained

by extending an EThF on i < k inputs to a k-input BF by adding (k � i) dummy inputs. Given that

there are exactly two constant BFs for any k (constant BFs are also ThFs), and that each EF on i

inputs can be embedded into a k-input BF in
⇣
k
i

⌘
ways, we have

|ThFe f f
k | + 2 +

k�1X

i=1

 
k
i

!
|ThFe f f

i | = |ThFk|

Rearranging,

|ThFe f f
k | = |ThFk| � 2 �

k�1X

i=1

 
k
i

!
|ThFe f f

i |,

where |ThFe f f
1 | = |ThF1|� 2 = 4� 2 = 2 as each of four BFs with 1 input is a ThF. The two EThFs

with 1 input are f (x) = x and f (x) = x. Now, this recursion allows us to obtain the number of

EThFs for any k up to 9; those values are provided in Table C.1 in Appendix C.

A particularly important subclass of ThFs is formed by nested canalyzing functions (NCFs;

see Chapter 2, Section 2.5) [7, 68, 69]. Interestingly, the NCF class is the intersection of the read-

once functions (RoFs) (see Chapter 2, Section 2.5 for the definition of RoFs) [108] and ThFs [180].

Being a subset of ThF, a suitable choice of wi j and ✓i in Eq. (6.1) can yield any NCF. Note that we

used recursion to exhaustively enumerate all NCFs up to k = 9 [64, 148].

In most experimental studies only the signs of the interactions (i.e., activation or inhibition)

are reliably measured, while the precise strength of that regulation remains uncertain. While mod-

eling the dynamics of GRNs, modelers often adopt the simplest possible ‘unit-weight’ assumption:

each activatory or inhibitory edge from node x j to xi is assigned as wi j = +1 or �1, respectively

while wi j = 0 if no edge exists. Thresholds are likewise set to 0 (✓i = 0), so that the update of

node xi depends only on the algebraic sum of its incoming signals and (potentially) the value of xi

itself. If that sum is positive, the node switches ‘on’; if it is negative, it switches ‘o↵’; and if it is

exactly zero, the node retains its previous state. To date, modelers have typically employed one of
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the two binary conventions for the node states when using these simple threshold-based rules:

(a) Each xi takes values in {�1,+1}, which we refer to as Ising majority rule or IMR [65, 66].

(b) Each xi takes values in {0, 1}, which we refer to as Bit-based majority rule or BMR [34,67].

More formally:

• IMR update: Suppose in a network with N nodes, the node xi is regulated under IMR by

k regulators x j for j = 1, 2, . . . , k. Then its state at time t + 1 is given by:

xi(t + 1) =

8>>>>>>>>>>><
>>>>>>>>>>>:

+1, if
Pk

j=1 �i jx j(t) > 0,

�1, if
Pk

j=1 �i jx j(t) < 0,

xi(t), if
Pk

j=1 �i jx j(t) = 0.

(6.2)

• BMR update: Suppose in a network with N nodes, the node xi is regulated under BMR by

k regulators x j for j = 1, 2, . . . , k. Then its state at time t + 1 is given by:

xi(t + 1) =

8>>>>>>>>>>><
>>>>>>>>>>>:

1, if
Pk

j=1 �i jx j(t) > 0,

0, if
Pk

j=1 �i jx j(t) < 0,

xi(t), if
Pk

j=1 �i jx j(t) = 0.

(6.3)

In IMR xi 2 {�1,+1} and in BMR xi 2 {0, 1} for each i 2 {1, 2, . . . ,N} and in both formalisms one

has

�i j =

8>>>>>>>>>>><
>>>>>>>>>>>:

+1, if x j activates xi,

�1, if x j inhibits xi,

0, if x j does not regulate xi.

(6.4)

Note that, in the case of BMR, if an input is o↵, it does not a↵ect the output, irrespective of

whether the input is activatory or inhibitory. However, this is not true in case of an IMR. We refer

to both of these variants of simple threshold-based rules collectively as Threshold Majority Rules

or TMRs.

TMRs may appear attractive since they bypass introducing regulatory weights and provide

a simple and uniform way to model network dynamics. However, it is important to ask whether

this simplicity comes at the cost of biological realism and more specifically, whether TMRs are

103



appropriate for modeling biological GRNs. To examine this, we undertake a systematic analysis

of both variants of TMRs, namely IMRs and BMRs. We also compare them with the NCFs, which

are highly enriched in empirical datasets of BFs [51]. First we address function-level properties

by identifying BFs equivalent to TMRs, assessing whether they exhibit features such as odd bias

and canalyzation as commonly observed in empirically curated BFs (e.g., NCFs) [51], examining

their intrinsic regulatory complexity, and evaluating their frequency in empirical datasets relative

to theoretical expectations. We then turn to network dynamics, investigating whether TMR-based

models recover biological attractors and their basin-size distributions, and whether they exhibit

dynamical stability or chaos. Taken together, through these analyses we assess whether the sim-

plicity of TMRs justifies their continued use in Boolean modeling or warrants a more critical

stance.

6.2 Representation of threshold majority rules as Boolean

functions and their comparison to nested canalyzing

functions

To make a meaningful comparison and to understand di↵erent properties of TMRs, it is essential

to interpret TMRs in a common framework with NCFs or any other BF classes. Specifically,

we want to explore the full range of input-output behavior, i.e., identify the BFs that correspond

to IMRs and BMRs under di↵erent sign combinations of the regulators and their properties (see

Figure 6.1).

We begin with IMRs. Consider a node xi governed by an IMR and regulated by k external

regulators x j (i.e., regulators external to xi, so that there is no self-regulation, i.e., no “self-loop” or

auto-regulation or self-interaction), with predefined signs �i j, indicating activation or inhibition,

where 1  j  k. For odd k, the signed sum S =
Pk

j=1 �i jx j cannot be zero for x j 2 {�1,+1}, so

the output depends only on the regulators and not on xi itself. The corresponding BF therefore lies

in the space of all k-input e↵ective functions (EFs) (see Figure 6.1) [81]. When k is even, however,

S may be zero, in which case the output depends on the current state of xi. IMRs thus introduce

an implicit self-activation, and the corresponding BF must be interpreted as a (k+1)-input EF (see
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Figure 6.1).

Now, consider the case in which the k regulators of xi includes xi. In principle, such a sys-

tem corresponds to a k-input BF, but not all such BFs are e↵ective. When k is even and the

self-regulation is inhibitory, the BF becomes ine↵ective because the self-input does not a↵ect the

output, whereas the remaining (k � 1) inputs do (see Figure 6.1). For k = 2, even when the self-

regulation is activatory, the BF is not an EF: if x2 is regulated by both x1 and x2, the four sign

combinations (x1, x2) = ++,+�,�+ and �� yield the single-input EFs x2, x1, x2 and x1, respec-

tively. Hence, no two-input EF corresponds to an IMR. In contrast, when k is odd, the signed sum

cannot be zero, so any IMR, even with self-regulation, corresponds to a k-input EF, just as in the

case without self-regulation.

We can further characterize the bias (the number of input combinations yielding an ‘on’ out-

put) of an EF f which is equal to an IMR with k regulators: (a) for odd k, the bias is 2k�1; (b) for

k = 2, the bias is 1; (c) for even k � 4, an external set of regulators produces a bias of 2k; (d) for

even k � 4, a set of regulators that includes an activatory self-regulation produces a bias of 2k�1;

and (e) for even k � 4, a set of regulators that includes an inhibitory self-regulation produces a

bias of 2k�2 (see Appendix C, Properties C.1 and C.2). This pattern implies that any EF which is

equal to an IMR with more than two regulators (with or without a self-regulation) and any two-

regulator IMR without a self-regulation will always have an even bias. In an empirical survey

of BFs extracted from published Boolean models, Subbaroyan et al. [51] previously showed the

predominance of odd-biased BFs. Moreover, no BF equal to an IMR with more than two regu-

lators can be canalyzing (see Appendix C, Property C.3), standing at odds with both Kau↵man’s

theoretical framework of canalyzation [5] and the prevalence of canalyzing functions (CFs; see

Chapter 2, Section 2.5 for definition) in empirical datasets [51].

Compared to IMRs, BMRs operate on a fundamentally di↵erent principle: the sign of a reg-

ulatory interaction matters only when the corresponding input is active. In a voting analogy, in

BMRs inactive inputs cast blank votes, whereas in IMRs an interaction’s sign can a↵ect the vote.

Clearly, the output of a BMR is determined solely by comparing the total regulatory strength of

active activators and active inhibitors. Consider a target node xi with k external regulators x j.

There is always at least one input configuration (all x j = 0) for which the signed sum vanishes;

in these cases, the output depends on xi. Thus, a BMR with k external inputs corresponds to a
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(k + 1)-input EF, for both even and odd k (see Figure 6.1).

The situation becomes more nuanced when self-regulation is present (see Appendix C, Prop-

erty C.4). For k > 1, if the self-regulation is inhibitory and not all other regulators are inhibitory, it

becomes ine↵ective and the BMR corresponds to a (k � 1)-input EF. If all k (for k > 0) regulators

(including self-regulation) are inhibitory, the rule collapses to a constant-zero BF with no e↵ective

inputs (see Figure 6.1). By contrast, if the self-regulation is activatory, the BMR corresponds to a

k-input EF for all k > 2 (see Figure 6.1), while for k = 1, 2 that is the case only when all regulators

are activatory.

Unlike IMRs, the bias of BMRs depend on the regulatory sign pattern. For a BMR with k

external regulators, a of which are activators, the bias of the equivalent BF is (see Appendix C,

Property C.5)

Pk
BMR = 2 ·

a�1X

m=0

 
k
m

!
+

 
k
a

!

yielding odd- or even-biased EFs depending on the values of a and k. Odd bias occurs precisely

when a ^ k = 0 (‘^’ denoting the bitwise AND operation on the binary representations of a and

k; see Appendix C, Property C.5, Corollary C.5.1). Notably, when k is a Mersenne number (one

less than a power of two), all corresponding BMRs are odd-biased (see Appendix C, Property C.5,

Corollary C.5.1). When self-regulation is present, the bias becomes (see Appendix C, Property

C.6)

Pk
BMR =

a�1X

m=0

 
k
m

!
+

 
k � 1
a � �

!

where � = 0 for activatory and � = 1 for inhibitory self-regulation. If the self-regulation is

inhibitory, or if k = 2 and the regulators are not both activatory, the BF is ine↵ective. The bias of

the reduced equivalent EF is therefore 1
2 Pk

BMR.

Unlike IMRs, BMRs can be canalyzing if several conditions are met. A BMR over k external

regulators is canalyzing if and only if either all regulators are activators or all are inhibitors (see

Appendix C, Property C.7). Moreover, such BFs are not only canalyzing but also NCFs (see Ap-

pendix C, Property C.5, Corollary C.5.1), specifically, they correspond to OR and AND type rules,

respectively. When the set of regulators also include the target node, then the BF is canalyzing if

at most one regulator is activatory or at most one is inhibitory (see Appendix C, Property C.8).

Despite their many contrasting features, IMR and BMR can occasionally correspond to the
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same BF. To make this comparison, we treat BFs as equal if their truth table outputs match when

we identify the values ‘-1’ (in IMR) and ‘0’ (in BMR) as the same logical ‘o↵’ state and ‘+1’ as

the logical ‘on’ state. Under this correspondence, let f1 and f2 denote the BFs equal to an IMR

and a BMR respectively, each with k regulators and the same sign configuration of the regulators.

Then f1 and f2 are equal only if: (a) k = 1 and there is a self-activation, or (b) k is even and the

number of activators equals the number of inhibitors (see Appendix C, Property C.9).

These properties reveal that BFs corresponding to TMRs often lack critical logic features

found in NCFs and consequently lack features typically observed in biological GRNs [51]. For in-

stance, IMRs almost always produce even-biased, non-canalyzing rules, while BMRs permit more

variation but still provide very limited scope for canalyzation. Yet the most striking shortcom-

ing of TMRs is their mishandling of self-inhibition (i.e., self-regulation with negative weights).

IMRs ignore self-inhibitions when the number of regulators is even, and BMRs always do so re-

gardless of the parity of the number of regulators. This behavior conflicts with biological reality,

where negative auto-regulation often plays a central role. For example, studies of the Escherichia

coli transcriptional regulatory network indicate that nearly 70% of transcription factors are self-

regulating with about two-thirds of those being inhibitory [181, 182].

By contrast, NCFs exhibit distinct characteristics. They are odd-biased and form a subset of

canalyzing functions (CFs) and e↵ective functions (EFs), ensuring all inputs have functional rele-

vance. In particular, when a sign-conforming NCF (scNCF) is assigned to a node, its interactions

are specified by the incoming edges, whereas as we explained above, that is not always true in the

case of IMRs or BMRs. Unlike TMRs, NCFs neither require artificial self-regulations nor render

any existing regulatory interactions ine↵ective.

6.3 Threshold majority rules exhibit higher averaged Boolean

complexity and sensitivity than nested canalyzing func-

tions

In prior work [51], the low average sensitivity of NCF and the minimum Boolean complexity of

its superset RoF were proposed to explain their enrichment in empirical datasets. The definitions
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Figure 6.1: The true regulators used by a TMR can di↵er from the explicit ones, leading
to failures in modeling of self regulation. A TMR may have k explicit regulators but when
considered as a BF, the number of e↵ective regulators may be k � 1, k, k + 1 or 0 as shown by
the brown arrows. The target node is depicted via a grey circle. Dashed inhibitory edges (either
self-regulatory or external) indicate their ine↵ectiveness under specific TMR conditions (topology,
parity, signs). The absence of a self-regulation can lead to added self-activations as shown with
thick black self-loop arrows. Inversely, even though a TMR may include an explicit self-inhibition,
the corresponding EF may have no self-interaction. Colored lines connect each topology box to
the corresponding regions in the Venn diagrams. Red lines indicate mappings for even k, green
lines for odd k and blue lines for both even and odd values of k.
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of Boolean complexity and average sensitivity of a BF are provided in Chapter 2, Section 2.6. It

was shown that, for any number k of e↵ective inputs, RoFs and therefore NCFs attain the mini-

mum Boolean complexity (equal to k; see Chapter 2, Section 2.6 and Eq. (2.7)). Furthermore, in

Feldman’s k[P] framework [57, 183] with odd P (P denoting the ‘bias’ of a BF; see Chapter 2,

Section 2.1), NCFs also minimize average sensitivity [51]. Building on this, we compare Boolean

complexity and average sensitivity of three EThF subtypes, NCF, IMR and BMR, across varying

number of external regulators k. With k external regulators, a BMR corresponds to a (k + 1)-input

EF, while an IMR corresponds to a k-input EF when k is odd and to a (k + 1)-input EF when k

is even (see Section 6.2). Consequently, the bias ranges di↵er across these subtypes and that is

why we compare the mean Boolean complexity and mean average sensitivity over all unique BFs

in each subtype for k up to 9, referred to as the ‘averaged Boolean complexity’ and ‘averaged

sensitivity’.

From Eq. (2.7) in Chapter 2, it is evident that the Boolean complexity of a k-input NCF is ex-

actly k. For BMRs the theoretical minimum is (k + 1), but Figure 6.2(a) reveals that the averaged

Boolean complexity is substantially higher than this minimum for all k > 1, with the deviation

increasing with k. Exhaustive analysis of all sign combinations up to k = 6 (see Appendix C,

Figure C.1) shows that a BMR achieves the minimum (k + 1) only when all regulators are either

activatory or inhibitory, precisely the cases in which a BMR is an NCF (see Appendix C, Section

C.1, Corollary C.5.1). For all other sign combinations, the Boolean complexity remains signifi-

cantly higher. IMRs behave similarly: whether interpreted as k- or (k+1)-input EFs, their averaged

Boolean complexity consistently deviates from the minima for every k > 1, and Figure C.1 in Ap-

pendix C confirms that IMRs never attain these minimum values for k = 2 to 6. Interestingly, as k

increases, the averaged Boolean complexities of IMRs and BMRs alternate, with BMRs generally

higher for odd k and IMRs higher for even k (see Figure 6.2(a)). This observation highlights that

the “simplicity of implementation” does not necessarily imply “low intrinsic logical complexity”.

Concerning the averaged sensitivity, for all k > 1 the ordering NCF < BMR < IMR holds con-

sistently (see Figure 6.2(b)). The averaged sensitivity of NCFs increases slowly with k, whereas

sensitivities of TMRs grow much more rapidly. Figure C.2 in Appendix C shows the averaged

sensitivity of all sign combinations of regulators for each subtype, for k  6. This figure shows

that for given signs of the regulators, the NCF class can produce multiple distinct average sensi-
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Figure 6.2: TMRs have high averaged Boolean complexity and averaged sensitivity com-
pared to NCFs. The mean of the (a) Boolean complexities, and (b) average sensitivities, respec-
tively, of all unique NCFs, BMRs and IMRs as a function of the number k of external regulators
of a target node. NCFs attain the minimal averaged Boolean complexity (equal to k), whereas
both TMR variants exhibit substantially higher values, with deviations increasing with k. For the
averaged sensitivity, a consistent ordering NCF < BMR < IMR is observed for all k > 1. In part
(a), a break has been introduced in the y-axis to accommodate the large gap between the values
for NCFs and those for the TMRs.

tivity values because di↵erent NCFs with the same sign pattern can have di↵erent bias values. In

contrast, TMRs exhibit only a single average sensitivity value per sign combination as there is a

unique TMR for a given sign combination of the regulators (see Appendix C, Properties C.1, C.2,

C.5 and C.6). For some sign patterns, certain BMRs have lower averaged sensitivity than several

NCFs. Nevertheless, when all regulator signs are not identical, there always exist NCFs with lower

average sensitivity than the corresponding BMR. On the other hand, IMRs consistently show the

highest average sensitivity across all sign combinations and in fact attain the maximum average

sensitivity among all k-input BFs in the UF family (see Appendix C, Property C.10).

These findings show that, despite their tempting simplicity, TMRs often yield logic that is

substantially more complex and more sensitive than NCFs. On average, both IMRs and BMRs

exhibit higher Boolean complexity and higher average sensitivity than NCFs. Moreover, for any

fixed sign combination of a node’s regulators, IMRs achieve the highest average sensitivity among

all sign-conforming UFs. Because sensitivity reflects robustness to input perturbations [51, 77],

and biological systems are inherently noisy, this renders IMRs the least robust choice.
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6.4 Enrichment analysis of threshold majority rules in

the empirical dataset

6.4.1 Empirical dataset

For the quantification and enrichment analysis of EThFs and their subtypes, we used the Bio-

divine Boolean Models (BBM) dataset [52], which compiles 245 reconstructed logical models of

biological systems from CellCollective [49], GINsim [184], BioModels [185], the COVID-19 Dis-

ease Map [186], and manual curation from literature. The dataset includes models encompassing a

broad range of biological processes such as development, signaling, cancer, cell cycle, metabolism,

and immune response. Detailed information on each model in BBM dataset and the corresponding

source publication is available at https://github.com/sybila/biodivine-boolean-models.

From those models, we extracted 5990 BFs with up to 10 inputs as described in [187]. Thereafter,

we ensured all BFs were e↵ective (EF) by removing any ine↵ective inputs, and then limited our

analysis to BFs with at most 9 e↵ective inputs, since feasible ways to count ThFs currently exist

only up to this size [179]. This resulted in a final empirical dataset of 5953 BFs. The distribution

of these BFs based on input size and their classification into EThFs and their various subtypes is

presented in Table C.2 in Appendix C.

6.4.2 Relative enrichment and statistical significance

To test whether EThFs within all BFs or di↵erent subtypes of EThFs within EThFs (e.g., NCF,

IMR, BMR) are overrepresented or underrepresented in an empirical datatset, we adopt a relative

enrichment framework as presented in Subbaroyan et al. [51]. Let T denote a class of BFs (e.g., T

= EThF) and Ts ⇢ T one of its subtypes (e.g., Ts = IMR). Working at a fixed number of e↵ective

inputs k, let us define:

• fs,1 = Fraction of k-input BFs in the dataset that lie in Ts.

• f1 = Fraction of k-input BFs in the dataset that lie in T .

• fs,0 = Fraction of all possible k-input BFs that lie in Ts.

• f0 = Fraction of all possible k-input BFs that lie in T .
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The relative enrichment of Ts within T is then

ER =
fs,1/ f1
fs,0/ f0

. (6.5)

An ER value > 1 indicates that the subtype Ts is proportionally more common within T in the

empirical dataset than it is in the universe of all k-input BFs. On the other hand ER value < 1 is

indication of underrepresentation of that subtype Ts within T in the empirical dataset. We also

accompany each ER estimate with a formal significance test, as described next.

Under the null hypothesis H0, we assume that although the empirical dataset may be enriched

overall for BFs in T , the selection among members of T is random, that is the probability of

elements in Ts is not greater than that of other elements in T . Equivalently, given that MT of the

empirical dataset’s M total BFs lie in T , each of those MT slots is equally likely to be occupied

by any member of T , irrespective of whether it belongs or not to Ts. Let, fR = |Ts|/|T | be the

background probability that a randomly chosen BF from T belongs to Ts. Then, under H0, the

number m of Ts members observed among the MT selected BFs follows a binomial distribution:

Pr(m | MT , fR) =
 
MT

m

!
( fR)m(1 � fR)MT�m

The desired one-sided p-value for the observed count mobs is:

p =
MTX

m=mobs

 
MT

m

!
( fR)m(1 � fR)MT�m (6.6)

A small p-value indicates that the observed enrichment of Ts within T in the empirical dataset is

unlikely under the statistics given by H0. Conversely, if Ts is not enriched within T , or is even

underrepresented within T , the calculated p-value will no longer be small or it may even approach

1, signaling that the observed frequency is consistent with H0 or is associated with depletion.

6.4.3 Threshold majority rules are underrepresented in the BBM

empirical dataset

With the mappings described in Section 6.2, we now test whether the BFs that are equal to certain

TMRs are preponderant in the BBM empirical dataset of regulatory logic rules (see Section 6.4.1).
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Figure 6.3: Enrichment of EThFs and NCFs, and depletion of IMRs and non-NCF BMRs,
in the BBM dataset. Fractions of di↵erent subtypes as a function of the number of inputs k:
(a) EThFs within all BFs, (b) NCFs within EThFs, (c) BFs equal to some IMR or BMR within
EThFs, and (d) non-NCF BMRs, NCF BMRs, and non-BMR NCFs within EThFs. Subplots (a)
and (b) show consistent enrichment of EThFs and NCFs, respectively. Subplot (c) shows that
IMRs are generally absent or strongly depleted relative to theoretical expectations for k > 2, while
BMRs appear enriched overall. Subplot (d) demonstrates that the apparent enrichment of BMRs
is largely driven by those that are also NCFs; non-NCF BMRs are underrepresented, whereas non-
BMR NCFs are strongly enriched for k > 3. In each subplot, dots denote theoretically expected
fractions, and colored bars denote empirical fractions from the BBM dataset.
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Similar to the empirical dataset, we ensure that BFs that are equal to some IMR or BMR are

e↵ective. Subsequently, we categorize these BFs into di↵erent classes based on their number of

e↵ective regulators k. As discussed in Section 6.1, the IMR, BMR and NCF classes each represent

a specific subtype of ThFs. Among these, NCFs are always e↵ective. Therefore, the NCFs and the

e↵ective BFs that are equal to some IMR or BMR constitute specific subtypes of EThFs.

For the BBM dataset, we compute the fraction of EThFs within all BFs for each input size k

up to k = 9. EThFs are consistently enriched across all k, as shown in Figure 6.3(a). A previous

study [51] showed strong enrichment of NCFs in empirical regulatory logic rules, motivating us

to examine their occurrence within EThFs in the BBM dataset. The corresponding fractions for

di↵erent k are shown in Figure 6.3(b). The associated significance values (see Section 6.4.2) show

that NCFs remain strongly enriched within EThFs for all k > 2. For k = 1 and 2, the theoretical

spaces of NCFs and EThFs coincide, but as k increases the proportion of NCFs in the theoretical

EThF space decreases sharply and becomes negligible for large k (see Appendix C, Table C.1).

We next evaluate the same quantities for IMR and BMR subtypes within EThFs (see Fig-

ure 6.3(c)). For k = 1, EThF, NCF, and IMR coincide, so both the empirical and theoretical

fractions of IMRs are 1. For k = 2, no EF corresponds to an IMR, so the theoretical fraction

itself is 0. However, for k > 2, BFs equal to some IMR form a proper subset of EThFs that is

disjoint from NCFs (see Appendix C, Property C.3). As shown in Figure 6.3(c) and Table C.2 in

Appendix C, the empirical fraction of IMRs within EThFs is generally 0 or very low for k > 2, and

in nearly all cases falls below theoretical expectations, indicating depletion rather than enrichment

(see Appendix C, Table C.3).

For all k  9, BFs of the BMR class appear relatively enriched within EThFs in the dataset

(see Figure 6.3(c); Appendix C, Table C.3). However, because BMRs and NCFs overlap for all

k (see Appendix C, Section C.1, Corollary C.5.1), it is best to assess whether this enrichment is

driven by BMRs that are also NCFs (NCF BMRs) or by those that are not (non-NCF BMRs). For

each k, we therefore partition BMRs into NCF BMRs and non-NCF BMRs. For consistency, we

also consider, for each k, the subset of NCFs that are not equal to any BMR, denoting them as

non-BMR NCFs. For k = 1 and 2, all BMRs are NCFs (see Appendix C, Table C.1), whereas

for k � 3 non-NCF BMRs appear. For each k, we compute the fractions of these three subtypes

within EThFs along with their p-values. As shown in Figure 6.3(d), the observed enrichment of
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Number of total models 
in the BBM dataset: 

245 

Number of manually 
curated Boolean models 

(non multi-level):
154 

Number of peer-reviewed 
Boolean models:

153 

Number of models with 
less than 30 nodes:

58

Number of models with a 
maximum in-degree 9:

54

Number of models with no 
ineffective BF:

48

Number of models consis-
tent with the GRN:

38

Number of models consis-
tent with the reported 
biological attractors:

24

Figure 6.4: Flowchart of the multi-step filtration pipeline applied to the models in the BBM
dataset. Starting with 245 models from the BBM dataset, a series of filtration steps (as shown
in the flowchart) resulted in a final set of 24 models selected for our detailed analysis of attractor
recovery and associated basin sizes.

BMRs is largely driven by NCF BMRs. The empirical fraction of non-NCF BMRs within EThFs

is typically lower than the corresponding theoretical expectation, whereas non-BMR NCFs show

strong and statistically significant enrichment for all k > 3. The associated p-values reveal a

consistent hierarchy for k > 3: non-BMR NCF < NCF BMR < non-NCF BMR (see Appendix C,

Table C.4).

These findings show that IMRs and BMRs are not only underrepresented in the empirical

dataset of biological regulatory logic rules but are in fact depleted compared to what would be

expected by random selection. The empirical dataset compiles the best available logic rules, each

carefully assigned by experts around the world. While individual choices may reflect particular

biases, these rules collectively can be considered the most reliable portrait of biological regulatory

logic. One may thus speculate that TMRs are not simply rare but might even be fundamentally

incompatible with the logic underlying real biological networks.
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6.5 Choosing threshold majority rules over nested can-

alyzing functions impairs recovery of the dynamical

outcomes in biological Boolean networks

6.5.1 Imposing structural and dynamical constraints on biological

models

We assembled a collection of manually curated BN models to test if simple TMRs can replicate

key dynamical behaviors. Our procedure comprises a rigorous multi-step selection as summarized

in Figure 6.4. Starting from the BBM dataset [52] of 245 models, we excluded those lacking peer-

reviewed references, those using multi-level variables and those that were not manually assigned.

To remain compatible with the exhaustive analyses performed using the R package BoolNet [123],

we retained models with fewer than 30 nodes. Furthermore, to ensure consistency with the other

analyses, we removed any models that contained ine↵ective BFs or BFs with more than 9 inputs.

Each remaining model was then verified against its original publication to confirm GRN topology

and regulatory sign consistency. This is essential for subsequent replacement of original BFs

with corresponding TMRs. Finally, we restricted to models with explicitly described biological

attractors in the publication, and wherein the biological attractors were recovered by simulating

the model. This pipeline yielded 24 models (see Appendix C, Table C.5), where 20 contained only

NCFs, each of the remaining four models having at least one non-NCF BF.

6.5.2 An attractor-based scoring framework to compare a published

model to an alternative model

We would like to evaluate how well an alternative model formed by replacing each BF of the

published model by a di↵erent rule (specifically, by the corresponding TMR variants) reproduces

the given biological outcomes. In particular, we ask: how accurately does the alternative model

recover the literature-reported biological attractors, and to what extent does it preserve the associ-

ated basin size distributions? To address this, we propose two metrics: Attractor Recovery Score

and Distance of basin fraction distribution from the gold standard.
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For any published model, let Abio, Amodel and Aalt denote the set of attractors considered as

biologically relevant in the publication (hereafter, referred to as the biological attractors), the set

of actual attractors produced by the published model, and the set of attractors of the alternative

model, respectively. By construction (see Section 6.5.1), the considered published models always

recover the biological attractors, so that Abio ✓ Amodel. To quantify attractor recovery performance,

we introduce the attractor recovery score (ARS), defined as the ratio of two Jaccard indices. First,

set

Jacmodel =
|Abio \ Amodel|
|Abio [ Amodel|

=
|Abio|
|Amodel|

where the equality follows from Abio ✓ Amodel. Next define,

Jacalt =
|Abio \ Aalt|
|Abio [ Aalt|

The attractor recovery score for the alternative model is then

ARSalt =
Jacalt

Jacmodel
(6.7)

A score below one indicates degraded performance relative to the published model, either because

the alternative model fails to recover all biological attractors, produces many spurious attractors,

or both. A score near zero indicates almost no recovery of the biological attractors or so many

attractors that any overlap with biological attractors is random. A score of one or higher indicates

comparable or better performance relative to the published model, provided the alternative model

recovers all biological attractors.

In synchronous BN dynamics, the entire state space partitions into disjoint basins of attraction

(BoA), each associated with a particular attractor. The BoA for a given attractor comprises all

initial states from which the system eventually converges to that attractor. Thus, by normalizing

each basin’s size by the total number of states, one obtains a probability distribution over attractors,

where each basin fraction corresponds to the likelihood of the system converging to that attractor

from a randomly chosen initial state. To quantify how well a model reproduces the expected

basin size distribution, we employ the Jensen–Shannon (JS) distance (see Chapter 4, Section 4.2)

[133,134]. In an ideal scenario, we anticipate that a good model would recover only the biological
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attractors, with no spurious ones. However, the published models quite often exhibit additional

artefactual attractors, i.e. Abio is a proper subset of Amodel. Since, the true “gold standard” basin

fractions of the biological attractors are unknown a priori, we take the published model’s basin

fractions for the attractors in Abio, renormalize them over only the biological attractors, and use

this renormalized distribution for our reference “gold standard”. Formally, let

Abio = {bi : 1  i  l},

Amodel = {p j : 1  j  m},

Aalt = {ak : 1  k  n}

Now, clearly l  m as Abio ✓ Amodel. Let !p j denote the published model’s basin fraction of

attractor p j for all 1  j  m. Without loss of generality, assume bi = pi for 1  i  l. The

renormalized (“gold-standard”) basin fraction for each biological attractor is then given by:

!bi =
!piPl

i=1 !pi

(1  i  l).

We now form two probability vectors of length m:

Pgold,model = (!b1 , . . . ,!bl , 0, . . . , 0|  {z  }
(m�l)

) and

Pmodel = (!p1 ,!p2 , . . . ,!pm)

where the trailing zeros in Pgold,model accounts for the (m � l) artefactual attractors of the pub-

lished model. The JS distance Dmodel between these two vectors quantifies the published model’s

deviation from the ideal expectation. Dmodel = 0 arises only when the published model does not

generate any artefactual attractors.

For the alternative model, let r = |Abio \ Aalt| and, again without loss of generality, assume

bi = ai for 1  i  r. If l > r, then the alternative model fails to recover (l � r) biological

attractors and if n > r then the alternative model generates (n � r) spurious attractors. Therefore,
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we construct two probability vectors of length l + n � r:

Pgold,alt = (!b1 , . . . ,!bl , 0, . . . , 0|  {z  }
(n�r)

) and

Palt = (!a1 , . . . ,!ar , 0, . . . , 0|  {z  }
(l�r)

,!ar+1 , . . . ,!an)

where wak denotes the alternative model’s basin fraction for attractor ak, 1  k  n. The JS

distance Dalt between these vectors is the alternative model’s deviation from the ideal expectation.

By comparing Dmodel and Dalt, both of which lie in [0, 1], we can assess relative performance of

the alternative model. A lower distance corresponds to better performance.

We now examine the dynamical implications of using TMRs, asking whether they can sub-

stitute for the BFs of published BN models while preserving key dynamical behaviors. From the

245 models in the BBM dataset [52], our multi-step filtration pipeline yielded 24 high-confidence

models satisfying the required structural and dynamical criteria (see Section 6.5.1). We then ask

how well the corresponding alternative models, obtained by replacing every BF with a TMR con-

sistent with the activatory or inhibitory sign of each interaction, recover the biological attractors

and maintain their basin size distributions. To quantify this, we compute the scores ARSalt, Dmodel

and Dalt (see Section 6.5.2). For each of the 24 models, we generate two sign-conforming alterna-

tive variants, one using IMRs and one using BMRs, and simulate all three models to obtain their

complete attractor sets and associated basins of attraction.

6.5.3 Threshold majority rules perform poorly in recovering the bi-

ologically meaningful attractors

The attractors in biological BNs correspond to key biological outcomes such as cell types, apopto-

sis, proliferation, or cell-cycle states, so a useful model must be able to reproduce them. Figure 6.5

displays the ARS for the two alternative models obtained by using IMRs and BMRs at each node

for each of the 24 networks. For most networks, both IMR- and BMR-based models yield scores

near or equal to zero, demonstrating their inability to capture the biologically desired dynamical

behavior. For a couple of small networks, IMRs recover all biological attractors and attains a score

of exactly one. For network 7 (network numbers represent the identifier of each network in the

BBM dataset), the extremely small state space may allow even random rules to recover the bio-
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logical attractors by chance. For network 110, which has nine nodes, six have in-degree one and

all BFs in the published model are NCFs. Since IMRs coincide with NCFs for k = 1, replacing

the rules with IMRs preserves two-thirds of the original BFs. As network size and connectivity

increase, IMR performance rapidly deteriorates.

6.5.4 The basin fractions of biologically meaningful attractors when

using threshold majority rules are far from the desired target

Next we evaluate how closely the basin fraction distribution of the published models and their cor-

responding IMR and BMR variants align with a reconstructed “gold standard” (see Section 6.5.2).

This comparison is quantified using the JS distance, which measures the divergence between the

basin size distribution of a model and the idealized distribution derived from the published model,

considering only the biological attractors. The JS distance ranges from 0 to 1, where a value

of 0 indicates perfect alignment with the gold standard distribution, and a value close to 1 in-

dicates a very large deviation thereof. As can be seen in Figure 6.6, several published models

themselves exhibit considerable distances from the gold standard, largely due to the presence of

spurious attractors whose basins occupy a substantial portion of the state space. This indicates that

some published models are unsatisfactory, a point that we have emphasized in one of our previous

works [64]. Nevertheless, models constructed using TMRs consistently show poorer alignment

with the gold standard compared to the published models (i.e., DT MR > Dmodel), as indicated by

their uniformly high JS distances across most cases. The sole exception is model 88 with IMR

rules, which has a network size of only 6 nodes. Overall, these findings underscore a key limita-

tion of using TMRs for modeling biological networks in general. Although they represent a very

simple modeling choice, such simplicity generally comes at the cost of failing to preserve essential

dynamical features of biological systems.
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Figure 6.5: TMR-based models generally fail to recover biological attractors. This heatmap
displays the attractor recovery scores for the alternative models obtained by replacing all BFs in 24
published BBM models with sign-conforming IMRs or BMRs. Each row corresponds to a specific
network from the BBM dataset. On the far left, the number indicates the network ID as assigned
in the BBM dataset. The next columns list the number of nodes (N), the maximum in-degree
(kmax), and the average in-degree (hki) of the network. A score near 0 indicates poor recovery of
biological attractors, while higher scores indicate better performance. For most networks, both
IMR- and BMR-based models show scores near 0.
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Figure 6.6: JS distance from gold standard reveals poor preservation of basin size distribu-
tions of biological attractors by TMR-based models. The heatmap shows the Jensen-Shannon
(JS) distance between the basin fraction distributions of the 24 published BBM models and their
IMR and BMR variants relative to the corresponding gold standards. Each row corresponds to a
specific network from the BBM dataset. On the far left, the number indicates the network ID as
assigned in the BBM dataset. The next columns list the number of nodes (N), the maximum in-
degree (kmax), and the average in-degree (hki) of the network. A JS distance of 0 indicates perfect
agreement with the gold standard, while values closer to 1 indicate increasingly divergent basin
size distributions. Across most networks, IMR- and BMR-based models typically exhibit high
JS distances, indicating poor preservation of the expected basin size distribution of the biological
attractors.
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6.5.5 Substituting non-nested canalyzing functions with suitable nested

canalyzing functions in published models can yield superior dy-

namical outcomes.

It has been shown that NCFs are highly enriched in the empirical dataset of BFs (see Section

6.4.3) [51, 187]. With no surprise, only four of the 24 models (IDs 61, 69, 95, and 212), con-

tain at least one non-NCF. This prompts two questions: whether such non-NCFs can be replaced

by appropriate scNCFs while preserving all biological attractors, and whether the resulting mod-

els can match or outperform the published ones in terms of ARS and JS distance. Because a

given sign pattern can admit multiple scNCFs, we exhaustively examined all valid replacements

in these four networks while enforcing recovery of the biological attractors (see Appendix C, Sec-

tion C.2) [64, 148]. The number of candidate models satisfying these constraints was 686244, 96,

2116 and 48 for network IDs 61, 69, 95 and 212, respectively. For network 61, we randomly

sampled 5000 candidate models and exhaustively simulated them to compute ARSrepl and Drepl

(see Section 6.5.2), finding that for 1640 models, ARSrepl � 1 and 4064 models matched or im-

proved upon Dmodel. For the remaining three networks also, subsets of candidate models satisfy

ARSrepl � 1 and Drepl  Dmodel. In nearly all cases, these NCF-replaced models outperformed

the corresponding TMR-based alternatives. A detailed summary of model counts is provided in

Appendix C, Table C.6. Taken together, these results reinforce that using TMRs instead of NCFs

leads to serious failures in preserving biological network dynamics. Unlike NCFs, where multiple

sign-conforming BFs allow flexibility to preserve known biological attractors, TMRs uniquely fix

the logic once the network topology and interaction signs are specified. As a result, TMR-based

models often fail to recover biological attractors and generate numerous spurious ones, and their

basin-size distributions rarely align with the desired ones, making TMRs generally inappropriate

for modeling biological regulatory networks.
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6.6 Comparison of dynamical properties in random net-

works when using di↵erent subtypes of threshold func-

tions
For the study presented in this section, we consider two di↵erent network topology ensembles of

random Boolean networks (RBNs): (i) the P-P ensemble, in which directed edges are assigned

randomly between node pairs while maintaining a fixed average number of edges � per node, and

(ii) the R-R ensemble, in which both the in-degree and out-degree of each node are fixed to a

constant value (see Chapter 4, Section 4.1) [77].

We generate and analyze ensembles of RBNs under both topological configurations: P-P and

R-R. The analysis setup is as follows:

(i) We consider networks with N = 12 and N = 16 nodes.

(ii) The average in-degree (�) or fixed in-degree (kin) considered takes values 2, 3, 4 and 5.

(iii) For networks with N = 12, we generate 10000 RBNs per setting, while for N = 16, we

generate 1000 RBNs per setting.

(iv) In each case, for every RBN, we construct three di↵erent models: one in which all BFs are

scNCFs, one in which all BFs are BMRs, and one in which all BFs are IMRs.

(v) Under this setup, we compute selected stability measures for each Boolean model, as de-

scribed in Chapter 3.

6.6.1 Ising majority rules drive network dynamics toward a chaotic

regime

We analyzed how the choice between the three di↵erent ThF subtypes (scNCF, BMR and IMR)

can a↵ect the dynamical stability of RBNs. For that, we first consider 12-node RBNs with varying

mean connectivity under the P-P topology. We find that the scNCF models consistently yield the

fewest attractors, whereas BMR and IMR models produce an order of magnitude more, with BMR

exhibiting the highest average attractor count (see Figure 6.7). This proliferation of attractors in

BMR models has been noted previously [188,189], and it was also found that there is an abundance

of fixed point attractors for these models. Next, we consider the bushiness and convergence rate
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stability measures [79] of the STGs associated with each type of model, wherein high values

correspond to stable dynamics (see Chapter 3, Section 3.4.1). Models using IMRs exhibit the

lowest average G-density, whereas models using scNCFs and BMRs both yield distributions with

similarly high mean values. Notably, BMR shows a much wider range of G-density, whereas the

G-densities for all scNCF models are well clustered at higher levels. In contrast, the measure of

convergence rate �GoE has its highest values for the BMR models, corroborating an earlier finding

that BMR rules induce very short transients [189].

Turning to damage spreading metrics, both Derrida coe�cient (�) and final Hamming distance

(h1) (see Chapter 3, Section 3.1) [60] place the mean of the distributions for scNCF and BMR

models very close to the critical boundary at 1 (� = 1 and h1 = 1, respectively), whereas the

distributions for IMR models clearly fall in the chaotic regime. Notably, although the average �

for BMR is closer to the critical line than that of scNCFs, BMRs exhibit a much wider spread of

� values, reflecting a greater sensitivity to the underlying network topology. Finally, we consider

the measure fragility (�) [60], the phase-insensitive analogue of h1 (see Chapter 3, Section 3.1).

We find that scNCFs yield the lowest mean �, BMRs are intermediate, and IMRs have the highest

mean, well above the critical threshold at � = 1. The means for scNCF and BMR models both

lie in the ordered regime. All these ordering patterns for each observable remain consistent as one

varies the average connectivity (�) over the values 2, 3, 4 and 5.

The qualitative patterns observed for 12-node networks persist when we analyze larger net-

works with 16-nodes (see Appendix C, Figure C.3). In this case, the di↵erences in the distributions

of number of attractors and G-density become even more noticeable for networks with higher con-

nectivity. Across all scenarios, IMRs consistently perform the worst, while scNCFs and BMRs

behave quite similar in most cases. These trends also hold when we switch from the P-P to the R-

R topology (see Appendix C, Figures C.4 and C.5). One notable nuance appears in the distribution

of the number of attractors. Under the P-P topology, BMRs produce the highest average attractor

count for every tested value of the average connectivity. Under the R-R topology, where the in-

and out-degree for each node is fixed (kin = kout), the mean attractor count under BMR rules is

maximum when kin is odd. When kin is even, IMR models take the lead in the average attractor

count. In all cases, scNCF models maintain the fewest attractors. Lastly, the behaviour of all other

stability measures under the R-R topology matches closely with that seen under P-P.
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These results illustrate why we use multiple stability metrics: di↵erent measures can change

the stability ranking of rule types. Nevertheless, by nearly all criteria, IMRs induce dynamical

instability to the system while scNCFs and BMRs often tie and drive the dynamics more toward

the stable regime. For some measures, such as number of attractors and �, scNCFs clearly do

best, and for �GoE , BMRs stand out. Even though BMRs appear to drive the system toward

stable dynamics, our primary concern in the context of modeling real biological networks remains

the accurate recovery of known biological attractors (as discussed in Section 6.5.3). If a logic

rule cannot achieve this fundamental requirement, its superior stability is of little practical utility.

Finally, it is important to recognize that, even though we start with the same nominal network

wiring, applying di↵erent types of rules can alter the e↵ective architecture. Under scNCFs, the

working topology matches the original exactly. However, with TMRs, a node that originally has

k regulators may functionally behave as if it has k � 1, k, k + 1 or even 0 inputs, depending on the

parity of k, the presence and signs of self-regulations, and the specific type of TMR used.

In this context, it is important to note that, in non-biological settings, such as formal analyses

of BN dynamical properties in RBNs, TMRs can indeed be a practical option since their simplic-

ity allows one to bypass the daunting task of model selection and enables e�cient simulations

for very large networks. In modeling biological networks, however, one must raise the question

that whether this simplicity incurs unacceptable compromises in biological realism. If so, their

widespread use warrants reconsideration.

6.7 Discussion
Boolean modeling is, of course, a substantial approximation of biological reality, yet even within

this framework selecting the most appropriate option is far from easy. To assess the suitability of

TMRs for modeling biological regulatory networks, this chapter presents a systematic comparative

analysis of TMRs and NCFs across structural, empirical, and dynamical dimensions. We summa-

rize our findings as follows. First, IMRs tend to produce even-biased BFs, and both TMR variants

permit little scope for canalyzation. Moreover, TMRs mishandle self-inhibition: BMRs ignore

it entirely, while IMRs do so whenever the number of regulators is even, despite the known im-

portance of negative autoregulation in GRNs. Second, for any given number of regulators, NCFs

exhibit lower averaged Boolean complexity and sensitivity than either TMR variant. Third, IMRs
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Figure 6.7: BMRs and scNCFs typically exhibit more stable dynamics than IMRs across
stability measures for the P-P network topology with N = 12. Each row corresponds to one
stability observable and each of the four columns represents di↵erent values of the mean in-degree
parameter (� = 2, 3, 4, 5). In each subplot, the three boxplots present the distributions of the
observables across three subtypes of ThFs: scNCFs, BMRs and IMRs. Across all observables and
values of �, IMR-based models consistently display the least stable behavior, while scNCF and
BMR models typically cluster closer to the ordered or critical regimes. Outliers in each distribution
are shown as grey circles while the black dots outlined in white denote the mean of each group.
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are underrepresented in the empirical BF dataset relative to theoretical expectations. The apparent

enrichment of BMRs is largely driven by BMRs that are also NCFs, whereas non-NCF BMRs

are as scarce as IMRs. Finally, we asked whether TMRs still serve as a practical replacement for

BFs in reconstructed Boolean GRN models. For a set of 24 high-confidence published mod-

els, we found that the corresponding TMR variants generally fail to recover the biological

attractors and their basin-size distributions, whereas substitution of any non-NCF BFs with

NCFs may yield alternative models that match or even outperform the original published

models. Note that although we employed a synchronous update scheme in our analysis, many of

our claims are robust to update scheme as most biological attractors are fixed points, which are

unchanged under synchronous or asynchronous updating. We also performed a dynamical stabil-

ity analysis using ensembles of RBNs, showing that BMRs and NCFs typically keep dynamics

near the ordered or critical regime, while IMRs push dynamics toward chaos. Both TMR types

tend to produce many attractors with very small basins, a phenomenon also seen in well-known

cell-cycle Boolean models of S. cerevisiae [67] and S. pombe [34], where small-basin attractors

were discarded as biologically irrelevant.

While this work was in progress, a preprint by Kadelka et al. [190] (now published as [191])

appeared, which also analyzed the two TMR variants–termed the Ising (IMR) and 01 (BMR)

formalisms. The authors report that, in small and weakly connected networks, TMRs reproduce

dynamics similar to real systems, consistent with our observation of higher ARS in small networks.

They also report a 65–80% mean similarity between TMRs and biological rules for up to six

regulators based on functional and state space similarity measures. However, our results indicate

that such overall similarity is misleading. Despite apparent agreement, TMRs frequently fail to

recover known biological attractors, the primary benchmark for Boolean GRN models. Moreover,

Kadelka et al. do not assess TMRs’ intrinsic complexity or robustness. We find that TMRs are

substantially more complex and sensitive than NCFs, and that IMRs drive dynamics toward chaos.

Kadelka et al. also proposed modified variants, Ising* and 01*. Testing these on our 24 selected

models yields only marginal improvements: cases with ARS = 0 remain unchanged, and gains

elsewhere are minimal (see Appendix C, Figures C.6 and C.7). Although Ising* produces odd

bias when k is a power of 2, it remains non-canalyzing for k > 2 (see Appendix C, Properties C.11

and C.12), while 01* continues to render some regulations ine↵ective (see Appendix C, Property
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C.13). Overall, neither the original nor the modified TMRs provide a reliable default logic for

modeling GRNs.

Data and code availability statement

All data and codes needed to reproduce the results in this chapter are deposited in GitHub and are

available at: https://github.com/asamallab/TMRvsBioLogic.

129

https://github.com/asamallab/TMRvsBioLogic


130



Chapter 7

Summary and future outlook

Only theory can turn a heap of facts into a tower of knowledge.

– Andreas Wagner

7.1 Summary
This thesis addressed the central question of how the choice of regulatory logic influences the

dynamics and stability of Boolean models of gene regulatory networks (GRNs). Despite the

widespread adoption of Boolean models in systems biology, this question has received less system-

atic attention than complementary questions concerning network topology and update schemes. To

address this gap, the thesis systematically investigates how di↵erent classes of Boolean functions

(BFs) shape the dynamics, and stability of Boolean models of GRNs. In particular, this thesis

examined how di↵erent classes of BFs influence network stability, the structure of the state tran-

sition graph (STG), and the suitability of certain simple threshold-based logic rules for modeling

biological regulatory systems. The three core studies presented in this thesis, spanning abstract

random Boolean networks (RBNs), reconstructed biological GRNs, and a critical evaluation of

threshold-based modeling rules, collectively demonstrate that the choice of regulatory logic class

is a key determinant of Boolean network (BN) dynamics.

Chapter 2 introduces the theoretical and methodological foundations of Boolean modeling of

GRNs and their associated logical update rules. We present the basic elements of the framework,

including network states, STGs, attractors, and update schemes, and provide a detailed account
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of several classes of biologically meaningful BFs, namely e↵ective functions (EFs), e↵ective and

unate functions (EUFs), read-once functions (RoFs), nested canalyzing functions (NCFs), and

link operator functions (LOFs). We also review the random Boolean network (RBN) paradigm

in the pre-genomic context. The chapter further discusses reconstructed Boolean models of bi-

ological systems that emerged in the post-genomic era and highlights how these developments

enabled the creation of repositories and resources of Boolean models. In addition, we discuss two

complexity measures of BFs, Boolean complexity and average sensitivity, and present strategies

for sampling Boolean models under biological constraints, including a hypercube-based iterative

sampling method that enables scalable sampling of EUFs for nodes with higher input degrees.

Next, in Chapter 3, we provide a systematic overview of stability measures for BN dynamics

and organize the diverse notions of stability into a coherent framework. We review perturbation-

based measures derived from damage spreading arguments, including the Derrida coe�cient (�),

the final Hamming distance (h1), and fragility (�), and describe stability measures based on prop-

erties of attractors and their basins of attraction. We also discuss measures associated with poly-

nomial approximations of regulatory rules and the resulting notion of approximability of network

dynamics. Finally, we introduce cellular automata (CA)-inspired stability measures that charac-

terize global properties of the STG, namely bushiness and convergence. Together, Chapters 2 and

3 establish the conceptual vocabulary and methodological toolbox drawn upon in the subsequent

chapters.

In Chapter 4, we address the first objective of this thesis and systematically examine how the

choice of BF class modulates the dynamical regime of RBNs. Using five classes of BFs ranging

from almost random (EF) to biologically meaningful (EUF, RoF, NCF, LOF), and a comprehensive

suite of stability measures spanning damage spreading, attractor properties, and approximability,

we show that a clear and robust stability hierarchy holds across all cases: EF < EUF < (RoF,

NCF, LOF), in increasing order of stability. This hierarchy is insensitive to network size (N),

average connectivity (k), and degree distribution, indicating that regulatory logic plays a decisive

role in shaping network dynamics rather than the e↵ect being an artifact of a particular topological

ensemble. Furthermore, whereas random BFs (EFs) push network dynamics toward the chaotic

regime as connectivity or network size increases, biologically meaningful BF classes exhibit min-

imal fluctuations across most stability measures, demonstrating a robustness to topological vari-
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ation not shared by random logic. A holistic summary of these trends across di↵erent network

topologies is provided in Figure 7.1. Taken together, the results of Chapter 4 show that restricting

regulatory logic to biologically meaningful classes is not merely a matter of biological fidelity but

also confers a dynamical advantage: such networks are inherently more stable and more robust to

perturbations and structural variation.

In Chapter 5, we shift the focus from abstract RBNs to reconstructed Boolean GRNs and

investigate how di↵erent classes of BFs influence the structural features of the STG. Using ensem-

bles in which network topology and biological attractors are held fixed while only the regulatory

logic is varied, we quantify two complementary global properties of the STG inspired by cellular

automata: bushiness, measured by the G-density, and convergence rate, measured by �GoE . We

find that biologically meaningful BFs consistently give rise to more bushy and more convergent

STGs than random EFs, indicating more robust network dynamics. This result holds across all ten

reconstructed GRNs analysed and therefore exhibits broad generality. Because the computation of

such global measures becomes computationally expensive for larger networks, we further develop

scalable proxies. By adapting Wuensche’s Z-parameter from CA to BNs and introducing four

variants, we identify Zmid as the best proxy for G-density, along with the network sensitivity (s̄).

For convergence, we show that �random, the average convergence rate computed from randomly

sampled initial states rather than GoE states, serves as an excellent and computationally feasible

proxy for �GoE . In summary, Chapter 5 provides three scalable proxies: Zmid, a novel CA-inspired

quantity introduced to the BN community, and s, both of which reflect the bushiness or contrac-

tion rate of the STG, and �random, which provides a reliable estimate of �GoE . These developments

o↵er practical tools for studying global dynamical properties of larger BNs, complement existing

measures for quantifying the robustness of network dynamics, and thereby inform model selection.

While the analyses presented in Chapters 4 and 5 highlight the critical role of regulatory

logic in determining network dynamics, in realistic biological contexts the exact regulatory rules

governing gene expression are often unknown. As a result, modelers commonly adopt simplified

update rules for practical convenience. One such commonly used class of rules is the threshold

majority rule (TMR), which has gained popularity because of its conceptual simplicity and ease

of implementation.

In Chapter 6, we systematically assess the suitability of TMRs as a modeling framework for
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Figure 7.1: Trends of di↵erent stability measures with varying N and k. The figure consists
of 12 rows, each corresponding to a di↵erent stability measure. The columns represent three
network topologies: R-R, R-P and P-P. For each topology we provide two sub-columns: one for
increasing network size (N) and another for increasing average in-degree (k). In each case, the
following notations have been used to indicate the di↵erent trends: an upward arrow (") indicates
an increasing trend, a downward arrow (#) indicates a decreasing trend, a curved line ( ⇠) represents
an inconsistent trend, a vertical bar (|) represents an absence of significant variation, and a dash (-)
denotes insu�cient data for trend inference (e.g. computations not accessible with our facilities).
In each block, the colors of the symbols correspond to di↵erent classes: red for EF, blue for EUF,
green for RoF, purple for NCF, and orange for LOF.
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Boolean GRNs by comparing the two commonly used TMR variants with NCFs across structural,

empirical, and dynamical criteria. Our analyses show that TMRs exhibit limited canalyzation,

display discordant bias patterns, and frequently eliminate self-inhibitions. They are also under-

represented in empirical dataset. Moreover, when compared with NCFs, TMRs exhibit greater

complexity and higher sensitivity to perturbations. At the network level, TMRs almost always

fail to reproduce biological attractors and their associated basin size distributions, whereas mod-

els incorporating suitable NCFs consistently perform better. Overall, the analyses presented in

Chapter 6 reveal that TMRs, despite their conceptual appeal, fall short as a general strategy within

the Boolean modeling framework for capturing biologically realistic regulatory logic. While they

may perform satisfactorily in certain cases, their rigid, one-size-fits-all logic lacks flexibility and

often misaligns with biological regulatory mechanisms. In contrast, NCFs o↵er multiple sign-

conforming choices, exhibit minimal Boolean complexity and average sensitivity, and recover

biological attractors with a much higher success rate and greater dynamical stability. Their en-

richment in empirical datasets further suggests a potential evolutionary preference. We therefore

recommend moving beyond TMRs in Boolean modeling despite their convenience.

Taken together, the three studies presented in this thesis converge on a unified conclu-

sion: the class of regulatory logic assigned to individual genes in a Boolean model is a pri-

mary determinant of both local and global network dynamics. Biologically meaningful BF

classes, particularly NCFs, consistently outperform random BFs or simplified alternatives

(such as TMRs) across the criteria examined. These findings have direct implications for the

reconstruction, analysis, and interpretation of Boolean GRN models.

7.2 Future outlook
The analyses presented in this thesis open several avenues for future investigation, spanning

methodological improvements, theoretical extensions, and broader biological applications.

The analyses conducted in Chapter 4 reveal that biologically meaningful BF classes consis-

tently stabilize network dynamics across a range of network sizes and connectivities, and that

networks employing such functions can largely withstand variations in topology while preserving

overall stability. However, the computational analyses presented in Chapter 4 are necessarily re-

stricted to modest values of N and k due to the high computational demand. Whether the observed
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stability hierarchy persists in the limit of very large networks or very high connectivity, therefore,

remains an open question. Thus, an immediate priority is to develop reliable proxy measures that

extend the analysis of dynamical stability to larger networks. A particularly interesting direc-

tion would be to derive analytical results or approximations to determine if the stability hierarchy

persists as networks become large and/or highly connected, since addressing this question purely

through computation appears infeasible. Exploiting known properties such as the minimal average

sensitivity of NCFs may provide a route toward such analytical predictions, though whether such

an analytical extension is mathematically tractable is itself an open and interesting question. Fur-

thermore, the analysis in Chapter 4 was conducted on a limited set of random network topologies.

It would therefore be worthwhile to examine whether the presence of specific network motifs, such

as feedback loops or feed-forward loops commonly observed in biological regulatory networks,

modulates the stabilizing e↵ect of biologically meaningful BF classes. Finally, all analyses in

Chapter 4 were performed under synchronous updating; investigating whether similar conclusions

hold under asynchronous dynamics remains an important direction for future work.

Chapter 5 also opens several avenues for future methodological improvement. Notwithstand-

ing the developments of new methods and results, there are some aspects that could be addressed

in the future. Computing Z-parameters for nodes with more than six inputs becomes computa-

tionally expensive due to the factorial growth in the number of input permutations that must be

enumerated. Developing e�cient algorithms for computing Z-parameters at higher input degrees

would therefore significantly extend the applicability of these local descriptors. Furthermore, all

global STG measures in this chapter are defined with respect to synchronous update dynamics.

Extending these measures to asynchronous update schemes presents both theoretical and compu-

tational challenges. Finally, while �random serves as an excellent proxy for �GoE , the proxy still

relies on information at the network level. An important open question is whether equally e↵ec-

tive proxies can be constructed solely from properties of the individual BFs, without requiring

simulation of network dynamics, as was possible for the bushiness measures.

In both Chapters 4 and 5, we have sampled EUFs using an algorithm proposed in Chapter 2

of this thesis. The current sampling scheme is not completely uniform and may therefore intro-

duce a small bias. Although this bias is negligible for nodes with small input degrees, developing

algorithms that sample EUFs more uniformly would strengthen the conclusions for networks con-
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taining nodes with larger input degrees.

The enrichment analysis presented in Chapter 6 assumes a uniform baseline in which all BFs

are equally probable. A promising yet challenging future direction is to develop a biophysical

model that incorporates mechanistic details of transcriptional regulation together with the under-

lying thermodynamic constraints to infer plausible regulatory logic rules. Such a framework could

serve as a more realistic null model for enrichment analysis, and a possible starting point may be

the work of Buchler et al. [192]. In Chapter 6, we recommend moving beyond TMRs in Boolean

modeling, despite their convenience. However, even when the analysis is restricted to biologically

meaningful classes such as NCFs, model selection remains a nontrivial challenge. For a given

combination of regulatory signs, multiple NCFs are typically consistent with the available biolog-

ical information, and attractor recovery alone is often insu�cient to uniquely determine the appro-

priate rule. Developing additional, well-motivated selection criteria to navigate this degeneracy,

therefore, remains an important open problem. For example, the network-level dynamical prop-

erties introduced in Chapter 5, namely the bushiness and convergence of the STG, may serve as

useful criteria for ranking candidate models. Furthermore, our earlier work [64] showed that con-

straints based on relative stability or developmental landscapes can guide the ranking and selection

of plausible models. Integrating such criteria with quantitative experimental data, such as time-

series gene expression, perturbation experiments, and single-cell multi-omics data, could enable

a more systematic and biologically grounded approach to Boolean GRN reconstruction. Recent

advances in GRN inference from single-cell and multi-omics data, together with machine learning

based approaches, provide promising opportunities to infer regulatory interactions and constrain

the space of plausible Boolean regulatory rules [47, 193, 194]. Combining these data-driven ap-

proaches with biologically meaningful classes of BFs and model selection criteria could facilitate

the reconstruction of more predictive and biologically realistic Boolean GRN models. Rather than

sacrificing biological realism by resorting to simplified rules such as TMRs, the challenge ahead

lies in developing principled strategies for navigating the space of biologically meaningful BFs

that capture combinatorial regulation at the single-gene level and identifying the most appropriate

model for a given biological system.

Empirical analyses of regulatory logic have shown that certain classes of BFs, including NCFs

and RoFs, occur far more frequently in curated biological datasets than would be expected by
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chance [64]. The results presented in this thesis show that regulatory networks governed by such

rules can benefit dynamically, exhibiting properties that promote stable and organized system be-

havior. A natural question that follows is how such regulatory rules emerge during the course of

biological evolution. Addressing this question would likely require comparative inference of reg-

ulatory logic across homologous genes in di↵erent species, since currently available reconstructed

Boolean models do not provide su�cient information to resolve these evolutionary patterns. Pur-

suing this line of inquiry further, an evolutionary perspective on regulatory logic may also enable

the application of evolution-inspired methodologies, such as directed evolution, for the synthetic

design of regulatory circuits.

Finally, the findings of this thesis are framed within the Boolean approximation, where gene

expression states are represented as binary values. Whether the insights gained here carry over to

frameworks such as multi-valued logical models that allow finer-grained representation of gene

activity levels remains an open and potentially fruitful question. Similarly, incorporating stochas-

ticity through noisy Boolean dynamics or hybrid Boolean-continuous models may broaden the

applicability of the regulatory logic perspective to phenomena such as gene expression variability

and cellular heterogeneity.

In summary, the broader outlook emerging from this thesis lies in integrating improved com-

putational methods, biophysically grounded modeling approaches, and principled reconstruction

and model selection strategies. Together, these developments could enable Boolean GRN models

that remain computationally tractable while more faithfully capturing the biological mechanisms

of combinatorial gene regulation.
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Appendix A

Supplementary Material for Chapter 4
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Figure A.1: Comparison of mean values of � when using di↵erent classes of BFs on identical
networks. For each of the 1000 di↵erent networks with k-regular (R-R) topology (kin = kout = 4,
N = 12), 10 models were randomly generated, for each of the 5 di↵erent ensembles of models (EF,
EUF, RoF, NCF and LOF). The values of � were then averaged over the 10 models and plotted.
Each sub-figure provides comparisons across two successive classes of the putative hierarchy. The
dashed line is the X=Y boundary.
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Figure A.2: Comparing the distributions of h1 against � and h1 against Lw. For each of the
1000 di↵erent networks with k-regular (R-R) topology (kin = kout = 4, N = 12), 10 models were
randomly generated, for each of the 5 di↵erent ensembles of models (EF, EUF, RoF, NCF and
LOF). The quantities h1, � and LW were computed for each instance. The sub-figure (a) illus-
trates the joint values of � and h1 along with their marginal distributions for di↵erent ensembles.
Similarly, the sub-figure (b) presents the joint values of � and LW across ensembles.
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Figure A.3: The distributions of h1 against � for R-P networks. For each of the 1000 di↵erent
networks with R-P topology (N = 12), 10 models were randomly generated, for each of the 5
di↵erent ensembles of models (EF, EUF, RoF, NCF and LOF). The quantities h1, �were computed
for each instance. Each sub-figure corresponds to a di↵erent number of inputs per node, ranging
from 2 to 5. In each sub-figure, the horizontal and vertical dashed black lines correspond to � = 1
and h1 = 1 respectively.
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Figure A.4: The distributions of h1 against � for R-R networks. For each of the 1000 di↵erent
networks with R-R topology (N = 12), 10 models were randomly generated, for each of the 5
di↵erent ensembles of models (EF, EUF, RoF, NCF and LOF). The quantities h1, �were computed
for each instance. Each sub-figure corresponds to a di↵erent number of inputs per node, ranging
from 2 to 5. In each sub-figure, the horizontal and vertical dashed black lines correspond to � = 1
and h1 = 1 respectively.
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Figure A.5: The distributions of h1 against � for P-P networks. For each of the 1000 di↵erent
networks with P-P topology (N = 12), 10 models were randomly generated, for each of the 5
di↵erent ensembles of models (EF, EUF, RoF, NCF and LOF). The quantities h1, �were computed
for each instance. Each sub-figure corresponds to a di↵erent average number of inputs per node,
with the degrees drawn from Poisson distributions with means 2, 3, 4 and 5. In each sub-figure,
the horizontal and vertical dashed black lines correspond to � = 1 and h1 = 1 respectively.
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Figure A.6: The distributions of � against � for R-P networks. For each of the 1000 di↵erent
networks with R-P topology (N = 12), 10 models were randomly generated, for each of the 5
di↵erent ensembles of models (EF, EUF, RoF, NCF and LOF). The quantities �, � were computed
for each instance. Each sub-figure corresponds to a di↵erent number of inputs per node, ranging
from 2 to 5. In each sub-figure, the horizontal and vertical dashed black lines correspond to � = 1
and � = 1 respectively.
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Figure A.7: The distributions of � against � for R-R networks. For each of the 1000 di↵erent
networks with R-R topology (N = 12), 10 models were randomly generated, for each of the 5
di↵erent ensembles of models (EF, EUF, RoF, NCF and LOF). The quantities �, � were computed
for each instance. Each sub-figure corresponds to a di↵erent number of inputs per node, ranging
from 2 to 5. In each sub-figure, the horizontal and vertical dashed black lines correspond to � = 1
and � = 1 respectively.
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Figure A.8: The distributions of � against � for P-P networks. For each of the 1000 di↵erent
networks with P-P topology (N = 12), 10 models were randomly generated, for each of the 5
di↵erent ensembles of models (EF, EUF, RoF, NCF and LOF). The quantities �, � were computed
for each instance. Each sub-figure corresponds to a di↵erent average number of inputs per node,
with the degrees drawn from Poisson distributions with means 2, 3, 4 and 5. In each sub-figure,
the horizontal and vertical dashed black lines correspond to � = 1 and � = 1 respectively.

147



Figure A.9: Distributions of number of attractors for R-P networks. The violin plots display
the distribution of the number of attractors for the R-P network topology. The sub-figures are
organized into 3 columns, corresponding to the network sizes N = 12, 16 and 20 respectively.
Each row represents a di↵erent number of inputs per node, ranging from 2 to 5. Within each
sub-figure, there are five violins representing the distributions of the number of attractors for the
di↵erent ensembles of models, namely EF, EUF, RoF, NCF and LOF. Each violin distribution is
based on 106 data points. Outliers of each distribution are shown as gray rings while the means
are shown as black dots encircled with white rings. Note the logarithmic scale for the y-axis.
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Figure A.10: Comparing distributions for the number of attractors when using di↵erent
classes of BFs within the R-P networks. The di↵erent sub-figures are organised according to
the values of kin (the in-degree) and N (the number of nodes in the network). At given kin and
N, we determined the distribution of the number of attractors for each of the 5 classes of BFs.
In each sub-figure, the upper triangular part displays the pairwise Jensen-Shannon distances of
those distributions. The lower triangular part represents the p-values of the one-sided K-S test
(cumulative distribution of the label of column less than that of the row). Entries shown as 0 are
actually very small, with values less than 10�307.
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Figure A.11: Distributions of fraction of fixed point attractors for R-P networks. The violin
plots display the distribution of the fraction of fixed point attractors for the R-P network topology.
The sub-figures are organized into 3 columns, corresponding to the network sizes N = 12, 16 and
20 respectively. Each row represents a di↵erent number of inputs per node, ranging from 2 to 5.
Within each sub-figure, there are five violins representing the distributions of the fraction of fixed
point attractors for the di↵erent ensembles of models, namely EF, EUF, RoF, NCF and LOF. Each
violin distribution is based on 106 data points. Outliers of each distribution are shown as gray
rings while the means are shown as black dots encircled with white rings.
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Figure A.12: Comparing distributions for the fraction of fixed point attractors when using
di↵erent classes of BFs within the R-P networks. The di↵erent sub-figures are organised ac-
cording to the values of kin (the in-degree) and N (the number of nodes in the network). At given
kin and N, we determined the distribution of the fraction of fixed point attractors for each of the 5
classes of BFs. In each sub-figure, the upper triangular part displays the pairwise Jensen-Shannon
distances of those distributions. The lower triangular part represents the p-values of the one-sided
K-S test (cumulative distribution of the label of column greater than that of the row). Entries
shown as 0 are actually very small, with values less than 10�307.
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Figure A.13: Distributions of fraction of states in the basins of fixed points for R-P networks.
The violin plots display the distribution of the fraction of states in the basins of fixed point attrac-
tors for the R-P network topology. The sub-figures are organized into 3 columns, corresponding
to the network sizes N = 12, 16 and 20 respectively. Each row represents a di↵erent number of
inputs per node, ranging from 2 to 5. Within each sub-figure, there are five violins representing
the distributions of the fraction of states in the basins of fixed point attractors for the di↵erent
ensembles of models, namely EF, EUF, RoF, NCF and LOF. Each violin distribution is based on
106 data points. Outliers of each distribution are shown as gray rings while the means are shown
as black dots encircled with white rings.
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Figure A.14: Comparing distributions for the fraction of states in the basins of fixed points
when using di↵erent classes of BFs within the R-P networks. The di↵erent sub-figures are
organised according to the values of kin (the in-degree) and N (the number of nodes in the network).
At given kin and N, we determined the distribution of the fraction of states in the basins of fixed
points for each of the 5 classes of BFs. In each sub-figure, the upper triangular part displays the
pairwise Jensen-Shannon distances of those distributions. The lower triangular part represents the
p-values of the one-sided K-S test (cumulative distribution of the label of column greater than that
of the row). Entries shown as 0 are actually very small, with values less than 10�307.

153



Figure A.15: Distributions of average attractor lengths for R-P networks. The violin plots
display the distribution of the average attractor length for the R-P network topology. The sub-
figures are organized into 3 columns, corresponding to the network sizes N = 12, 16 and 20
respectively. Each row represents a di↵erent number of inputs per node, ranging from 2 to 5.
Within each sub-figure, there are five violins representing the distributions of the average attractor
length for the di↵erent ensembles of models, namely EF, EUF, RoF, NCF and LOF. Each violin
distribution is based on 106 data points. Outliers of each distribution are shown as gray rings while
the means are shown as black dots encircled with white rings. Note the logarithmic scale for the
y-axis.
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Figure A.16: Comparing distributions for the average attractor lengths when using di↵erent
classes of BFs within the R-P networks. The di↵erent sub-figures are organised according to
the values of kin (the in-degree) and N (the number of nodes in the network). At given kin and N,
we determined the distribution of the average attractor lengths for each of the 5 classes of BFs.
In each sub-figure, the upper triangular part displays the pairwise Jensen-Shannon distances of
those distributions. The lower triangular part represents the p-values of the one-sided K-S test
(cumulative distribution of the label of column less than that of the row). Entries shown as 0 are
actually very small, with values less than 10�307.
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Figure A.17: Distributions of maximum attractor lengths for R-P networks. The violin plots
display the distribution of the maximum attractor length for the R-P network topology. The sub-
figures are organized into 3 columns, corresponding to the network sizes N = 12, 16 and 20
respectively. Each row represents a di↵erent number of inputs per node, ranging from 2 to 5.
Within each sub-figure, there are five violins representing the distributions of the maximum attrac-
tor length for the di↵erent ensembles of models, namely EF, EUF, RoF, NCF and LOF. Each violin
distribution is based on 106 data points. Outliers of each distribution are shown as gray rings while
the means are shown as black dots encircled with white rings. Note the logarithmic scale for the
y-axis.
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Figure A.18: Comparing distributions for the maximum attractor lengths when using di↵er-
ent classes of BFs within the R-P networks. The di↵erent sub-figures are organised according
to the values of kin (the in-degree) and N (the number of nodes in the network). At given kin and
N, we determined the distribution of the maximum attractor lengths for each of the 5 classes of
BFs. In each sub-figure, the upper triangular part displays the pairwise Jensen-Shannon distances
of those distributions. The lower triangular part represents the p-values of the one-sided K-S test
(cumulative distribution of the label of column less than that of the row). Entries shown as 0 are
actually very small, with values less than 10�307.
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Figure A.19: Distributions of weighted average attractor lengths for R-P networks. The
violin plots display the distribution of the weighted average attractor length for the R-P network
topology. The sub-figures are organized into 3 columns, corresponding to the network sizes N =
12, 16 and 20 respectively. Each row represents a di↵erent number of inputs per node, ranging
from 2 to 5. Within each sub-figure, there are five violins representing the distributions of the
weighted average attractor length for the di↵erent ensembles of models, namely EF, EUF, RoF,
NCF and LOF. Each violin distribution is based on 106 data points. Outliers of each distribution
are shown as gray rings while the means are shown as black dots encircled with white rings. Note
the logarithmic scale for the y-axis.
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Figure A.20: Comparing distributions for the weighted average attractor lengths when us-
ing di↵erent classes of BFs within the R-P networks. The di↵erent sub-figures are organised
according to the values of kin (the in-degree) and N (the number of nodes in the network). At given
kin and N, we determined the distribution of the weighted average attractor lengths for each of the 5
classes of BFs. In each sub-figure, the upper triangular part displays the pairwise Jensen-Shannon
distances of those distributions. The lower triangular part represents the p-values of the one-sided
K-S test (cumulative distribution of the label of column less than that of the row). Entries shown
as 0 are actually very small, with values less than 10�307.
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Figure A.21: Distributions of fraction of states on attractors for R-P networks. The violin
plots display the distribution of the fraction of states on attractors for the R-P network topology.
The sub-figures are organized into 3 columns, corresponding to the network sizes N = 12, 16 and
20 respectively. Each row represents a di↵erent number of inputs per node, ranging from 2 to 5.
Within each sub-figure, there are five violins representing the distributions of the fraction of states
on attractors for the di↵erent ensembles of models, namely EF, EUF, RoF, NCF and LOF. Each
violin distribution is based on 106 data points. Outliers of each distribution are shown as gray
rings while the means are shown as black dots encircled with white rings. Note the logarithmic
scale for the y-axis.
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Figure A.22: Comparing distributions for the fraction of states on attractors when using dif-
ferent classes of BFs within the R-P networks. The di↵erent sub-figures are organised according
to the values of kin (the in-degree) and N (the number of nodes in the network). At given kin and
N, we determined the distribution of the fraction of states on attractors for each of the 5 classes of
BFs. In each sub-figure, the upper triangular part displays the pairwise Jensen-Shannon distances
of those distributions. The lower triangular part represents the p-values of the one-sided K-S test
(cumulative distribution of the label of column less than that of the row). Entries shown as 0 are
actually very small, with values less than 10�307.
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Figure A.23: Distributions of number of attractors for R-R networks. The violin plots display
the distribution of the number of attractors for the R-R network topology. The sub-figures are
organized into 3 columns, corresponding to the network sizes N = 12, 16 and 20 respectively. Each
row represents a di↵erent number of inputs (and outputs) per node, ranging from 2 to 5. Within
each sub-figure, there are five violins representing the distributions of the number of attractors for
the di↵erent ensembles of models, namely EF, EUF, RoF, NCF and LOF. Each violin distribution
is based on 106 data points. Outliers of each distribution are shown as gray rings while the means
are shown as black dots encircled with white rings. Note the logarithmic scale for the y-axis.
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Figure A.24: Comparing distributions for the number of attractors when using di↵erent
classes of BFs within the R-R networks. The di↵erent sub-figures are organised according to the
values of the in-degree and out-degree (kin and kout both equal), and N (the number of nodes in the
network). At given kin (or kout) and N, we determined the distribution of the number of attractors
for each of the 5 classes of BFs. In each sub-figure, the upper triangular part displays the pairwise
Jensen-Shannon distances of those distributions. The lower triangular part represents the p-values
of the one-sided K-S test (cumulative distribution of the label of column less than that of the row).
Entries shown as 0 are actually very small, with values less than 10�307.
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Figure A.25: Distributions of fraction of fixed point attractors for R-R networks. The violin
plots display the distribution of the fraction of fixed point attractors for the R-R network topology.
The sub-figures are organized into 3 columns, corresponding to the network sizes N = 12, 16 and
20 respectively. Each row represents a di↵erent number of inputs (and outputs) per node, ranging
from 2 to 5. Within each sub-figure, there are five violins representing the distributions of the
fraction of fixed point attractors for the di↵erent ensembles of models, namely EF, EUF, RoF,
NCF and LOF. Each violin distribution is based on 106 data points. Outliers of each distribution
are shown as gray rings while the means are shown as black dots encircled with white rings.
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Figure A.26: Comparing distributions for the fraction of fixed point attractors when using
di↵erent classes of BFs within the R-R networks. The di↵erent sub-figures are organised ac-
cording to the values of the in-degree and out-degree (kin and kout both equal), and N (the number
of nodes in the network). At given kin (or kout) and N, we determined the distribution of the fraction
of fixed point attractors for each of the 5 classes of BFs. In each sub-figure, the upper triangular
part displays the pairwise Jensen-Shannon distances of those distributions. The lower triangular
part represents the p-values of the one-sided K-S test (cumulative distribution of the label of col-
umn greater than that of the row). Entries shown as 0 are actually very small, with values less than
10�307.
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Figure A.27: Distributions of fraction of states in the basins of fixed points for R-R networks.
The violin plots display the distribution of the fraction of states in the basins of fixed point attrac-
tors for the R-R network topology. The sub-figures are organized into 3 columns, corresponding
to the network sizes N = 12, 16 and 20 respectively. Each row represents a di↵erent number of
inputs (and outputs) per node, ranging from 2 to 5. Within each sub-figure, there are five violins
representing the distributions of the fraction of states in the basins of fixed point attractors for the
di↵erent ensembles of models, namely EF, EUF, RoF, NCF and LOF. Each violin distribution is
based on 106 data points. Outliers of each distribution are shown as gray rings while the means
are shown as black dots encircled with white rings.
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Figure A.28: Comparing distributions for the fraction of states in the basins of fixed points
when using di↵erent classes of BFs within the R-R networks. The di↵erent sub-figures are
organised according to the values of the in-degree and out-degree (kin and kout both equal), and N
(the number of nodes in the network). At given kin (or kout) and N, we determined the distribution
of the fraction of states in the basins of fixed points for each of the 5 classes of BFs. In each
sub-figure, the upper triangular part displays the pairwise Jensen-Shannon distances of those dis-
tributions. The lower triangular part represents the p-values of the one-sided K-S test (cumulative
distribution of the label of column greater than that of the row). Entries shown as 0 are actually
very small, with values less than 10�307.
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Figure A.29: Distributions of average attractor lengths for R-R networks. The violin plots dis-
play the distribution of the average attractor length for the R-R network topology. The sub-figures
are organized into 3 columns, corresponding to the network sizes N = 12, 16 and 20 respectively.
Each row represents a di↵erent number of inputs (and outputs) per node, ranging from 2 to 5.
Within each sub-figure, there are five violins representing the distributions of the average attractor
length for the di↵erent ensembles of models, namely EF, EUF, RoF, NCF and LOF. Each violin
distribution is based on 106 data points. Outliers of each distribution are shown as gray rings while
the means are shown as black dots encircled with white rings. Note the logarithmic scale for the
y-axis.

168



Figure A.30: Comparing distributions for the average attractor lengths when using di↵erent
classes of BFs within the R-R networks. The di↵erent sub-figures are organised according to the
values of the in-degree and out-degree (kin and kout both equal), and N (the number of nodes in
the network). At given kin (or kout) and N, we determined the distribution of the average attractor
lengths for each of the 5 classes of BFs. In each sub-figure, the upper triangular part displays the
pairwise Jensen-Shannon distances of those distributions. The lower triangular part represents the
p-values of the one-sided K-S test (cumulative distribution of the label of column less than that of
the row). Entries shown as 0 are actually very small, with values less than 10�307.
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Figure A.31: Distributions of maximum attractor lengths for R-R networks. The violin plots
display the distribution of the maximum attractor length for the R-R network topology. The sub-
figures are organized into 3 columns, corresponding to the network sizes N = 12, 16 and 20
respectively. Each row represents a di↵erent number of inputs (and outputs) per node, ranging
from 2 to 5. Within each sub-figure, there are five violins representing the distributions of the
maximum attractor length for the di↵erent ensembles of models, namely EF, EUF, RoF, NCF
and LOF. Each violin distribution is based on 106 data points. Outliers of each distribution are
shown as gray rings while the means are shown as black dots encircled with white rings. Note the
logarithmic scale for the y-axis.
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Figure A.32: Comparing distributions for the maximum attractor lengths when using di↵er-
ent classes of BFs within the R-R networks. The di↵erent sub-figures are organised according
to the values of the in-degree and out-degree (kin and kout both equal), and N (the number of nodes
in the network). At given kin (or kout) and N, we determined the distribution of the maximum
attractor lengths for each of the 5 classes of BFs. In each sub-figure, the upper triangular part
displays the pairwise Jensen-Shannon distances of those distributions. The lower triangular part
represents the p-values of the one-sided K-S test (cumulative distribution of the label of column
less than that of the row). Entries shown as 0 are actually very small, with values less than 10�307.
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Figure A.33: Comparing distributions for the weighted average attractor lengths when us-
ing di↵erent classes of BFs within the R-R networks. The di↵erent sub-figures are organised
according to the values of the in-degree and out-degree (kin and kout both equal), and N (the num-
ber of nodes in the network). At given kin (or kout) and N, we determined the distribution of the
weighted average attractor lengths for each of the 5 classes of BFs. In each sub-figure, the upper
triangular part displays the pairwise Jensen-Shannon distances of those distributions. The lower
triangular part represents the p-values of the one-sided K-S test (cumulative distribution of the
label of column less than that of the row). Entries shown as 0 are actually very small, with values
less than 10�307.
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Figure A.34: Distributions of fraction of states on attractors for R-R networks. The violin
plots display the distribution of the fraction of states on attractors for the R-R network topology.
The sub-figures are organized into 3 columns, corresponding to the network sizes N = 12, 16 and
20 respectively. Each row represents a di↵erent number of inputs (and outputs) per node, ranging
from 2 to 5. Within each sub-figure, there are five violins representing the distributions of the
fraction of states on attractors for the di↵erent ensembles of models, namely EF, EUF, RoF, NCF
and LOF. Each violin distribution is based on 106 data points. Outliers of each distribution are
shown as gray rings while the means are shown as black dots encircled with white rings. Note the
logarithmic scale for the y-axis.
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Figure A.35: Comparing distributions for the fraction of states on attractors when using dif-
ferent classes of BFs within the R-R networks. The di↵erent sub-figures are organised according
to the values of the in-degree and out-degree (kin and kout both equal), and N (the number of nodes
in the network). At given kin (or kout) and N, we determined the distribution of the fraction of
states on attractors for each of the 5 classes of BFs. In each sub-figure, the upper triangular part
displays the pairwise Jensen-Shannon distances of those distributions. The lower triangular part
represents the p-values of the one-sided K-S test (cumulative distribution of the label of column
less than that of the row). Entries shown as 0 are actually very small, with values less than 10�307.
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Figure A.36: Distributions of number of attractors for P-P networks. The violin plots display
the distribution of the number of attractors for the P-P network topology. The sub-figures are
organized into 3 columns, corresponding to the network sizes N = 12, 16 and 20 respectively. Each
row represents a di↵erent average number of inputs per node, with the degrees drawn from Poisson
distributions with means 2, 3, 4 and 5. Within each sub-figure, there are five violins representing
the distributions of the number of attractors for the di↵erent ensembles of models, namely EF,
EUF, RoF, NCF and LOF. Each violin distribution is based on 106 data points. Outliers of each
distribution are shown as gray rings while the means are shown as black dots encircled with white
rings. Note the logarithmic scale for the y-axis.
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Figure A.37: Comparing distributions for the number of attractors when using di↵erent
classes of BFs within the P-P networks. The di↵erent sub-figures are organised according to the
values of N (the number of nodes in the network) and � (� = 2, 3, 4 and 5). The degrees of each
node of the networks are drawn randomly from a Poisson distributions with mean = �. At a given
� and N, we determined the distribution of the number of attractors for each of the 5 classes of
BFs. In each sub-figure, the upper triangular part displays the pairwise Jensen-Shannon distances
of those distributions. The lower triangular part represents the p-values of the one-sided K-S test
(cumulative distribution of the label of column less than that of the row). Entries shown as 0 are
actually very small, with values less than 10�307.
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Figure A.38: Distributions of fraction of fixed point attractors for P-P networks. The violin
plots display the distribution of the fraction of fixed point attractors for the P-P network topology.
The sub-figures are organized into 3 columns, corresponding to the network sizes N = 12, 16
and 20 respectively. Each row represents a di↵erent average number of inputs per node, with
the degrees drawn from Poisson distributions with means 2, 3, 4 and 5. Within each sub-figure,
there are five violins representing the distributions of the fraction of fixed point attractors for the
di↵erent ensembles of models, namely EF, EUF, RoF, NCF and LOF. Each violin distribution is
based on 106 data points. Outliers of each distribution are shown as gray rings while the means
are shown as black dots encircled with white rings.
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Figure A.39: Comparing distributions for the fraction of fixed point attractors when using
di↵erent classes of BFs within the P-P networks. The di↵erent sub-figures are organised ac-
cording to the values of N (the number of nodes in the network) and � (� = 2, 3, 4 and 5). The
degrees of each node of the networks are drawn randomly from a Poisson distributions with mean
= �. At a given � and N, we determined the distribution of the fraction of fixed point attractors
for each of the 5 classes of BFs. In each sub-figure, the upper triangular part displays the pairwise
Jensen-Shannon distances of those distributions. The lower triangular part represents the p-values
of the one-sided K-S test (cumulative distribution of the label of column greater than that of the
row). Entries shown as 0 are actually very small, with values less than 10�307.
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Figure A.40: Distributions of fraction of states in the basins of fixed points for P-P networks.
The violin plots display the distribution of the fraction of states in the basins of fixed point attrac-
tors for the P-P network topology. The sub-figures are organized into 3 columns, corresponding to
the network sizes N = 12, 16 and 20 respectively. Each row represents a di↵erent average number
of inputs per node, with the degrees drawn from Poisson distributions with means 2, 3, 4 and 5.
Within each sub-figure, there are five violins representing the distributions of the fraction of states
in the basins of fixed point attractors for the di↵erent ensembles of models, namely EF, EUF, RoF,
NCF and LOF. Each violin distribution is based on 106 data points. Outliers of each distribution
are shown as gray rings while the means are shown as black dots encircled with white rings.
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Figure A.41: Comparing distributions for the fraction of states in the basins of fixed points
when using di↵erent classes of BFs within the P-P networks. The di↵erent sub-figures are
organised according to the values of N (the number of nodes in the network) and � (� = 2, 3, 4 and
5). The degrees of each node of the networks are drawn randomly from a Poisson distributions
with mean = �. At a given � and N, we determined the distribution of the fraction of states in the
basins of fixed points for each of the 5 classes of BFs. In each sub-figure, the upper triangular part
displays the pairwise Jensen-Shannon distances of those distributions. The lower triangular part
represents the p-values of the one-sided K-S test (cumulative distribution of the label of column
greater than that of the row). Entries shown as 0 are actually very small, with values less than
10�307.
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Figure A.42: Distributions of average attractor lengths for P-P networks. The violin plots
display the distribution of the average attractor length for the P-P network topology. The sub-
figures are organized into 3 columns, corresponding to the network sizes N = 12, 16 and 20
respectively. Each row represents a di↵erent average number of inputs per node, with the degrees
drawn from Poisson distributions with means 2, 3, 4 and 5. Within each sub-figure, there are five
violins representing the distributions of the average attractor length for the di↵erent ensembles
of models, namely EF, EUF, RoF, NCF and LOF. Each violin distribution is based on 106 data
points. Outliers of each distribution are shown as gray rings while the means are shown as black
dots encircled with white rings. Note the logarithmic scale for the y-axis.
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Figure A.43: Comparing distributions for the average attractor lengths when using di↵erent
classes of BFs within the P-P networks. The di↵erent sub-figures are organised according to the
values of N (the number of nodes in the network) and � (� = 2, 3, 4 and 5). The degrees of each
node of the networks are drawn randomly from a Poisson distributions with mean = �. At a given
� and N, we determined the distribution of the average attractor lengths for each of the 5 classes of
BFs. In each sub-figure, the upper triangular part displays the pairwise Jensen-Shannon distances
of those distributions. The lower triangular part represents the p-values of the one-sided K-S test
(cumulative distribution of the label of column less than that of the row). Entries shown as 0 are
actually very small, with values less than 10�307.
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Figure A.44: Distributions of maximum attractor lengths for P-P networks. The violin plots
display the distribution of the maximum attractor length for the P-P network topology. The sub-
figures are organized into 3 columns, corresponding to the network sizes N = 12, 16 and 20
respectively. Each row represents a di↵erent average number of inputs per node, with the degrees
drawn from Poisson distributions with means 2, 3, 4 and 5. Within each sub-figure, there are five
violins representing the distributions of the maximum attractor length for the di↵erent ensembles
of models, namely EF, EUF, RoF, NCF and LOF. Each violin distribution is based on 106 data
points. Outliers of each distribution are shown as gray rings while the means are shown as black
dots encircled with white rings. Note the logarithmic scale for the y-axis.
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Figure A.45: Comparing distributions for the maximum attractor lengths when using di↵er-
ent classes of BFs within the P-P networks. The di↵erent sub-figures are organised according
to the values of N (the number of nodes in the network) and � (� = 2, 3, 4 and 5). The degrees of
each node of the networks are drawn randomly from a Poisson distributions with mean = �. At a
given � and N, we determined the distribution of the maximum attractor lengths for each of the 5
classes of BFs. In each sub-figure, the upper triangular part displays the pairwise Jensen-Shannon
distances of those distributions. The lower triangular part represents the p-values of the one-sided
K-S test (cumulative distribution of the label of column less than that of the row). Entries shown
as 0 are actually very small, with values less than 10�307.
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Figure A.46: Distributions of weighted average attractor lengths for P-P networks. The violin
plots display the distribution of the weighted average attractor length for the P-P network topology.
The sub-figures are organized into 3 columns, corresponding to the network sizes N = 12, 16
and 20 respectively. Each row represents a di↵erent average number of inputs per node, with
the degrees drawn from Poisson distributions with means 2, 3, 4 and 5. Within each sub-figure,
there are five violins representing the distributions of the weighted average attractor length for the
di↵erent ensembles of models, namely EF, EUF, RoF, NCF and LOF. Each violin distribution is
based on 106 data points. Outliers of each distribution are shown as gray rings while the means
are shown as black dots encircled with white rings. Note the logarithmic scale for the y-axis.
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Figure A.47: Comparing distributions for the weighted average attractor lengths when us-
ing di↵erent classes of BFs within the P-P networks. The di↵erent sub-figures are organised
according to the values of N (the number of nodes in the network) and � (� = 2, 3, 4 and 5). The
degrees of each node of the networks are drawn randomly from a Poisson distributions with mean
= �. At a given � and N, we determined the distribution of the weighted average attractor lengths
for each of the 5 classes of BFs. In each sub-figure, the upper triangular part displays the pairwise
Jensen-Shannon distances of those distributions. The lower triangular part represents the p-values
of the one-sided K-S test (cumulative distribution of the label of column less than that of the row).
Entries shown as 0 are actually very small, with values less than 10�307.
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Figure A.48: Distributions of fraction of states on attractors for P-P networks. The violin
plots display the distribution of the fraction of states on attractors for the P-P network topology.
The sub-figures are organized into 3 columns, corresponding to the network sizes N = 12, 16
and 20 respectively. Each row represents a di↵erent average number of inputs per node, with the
degrees drawn from Poisson distributions with means 2, 3, 4 and 5. Within each sub-figure, there
are five violins representing the distributions of the fraction of states on attractors for the di↵erent
ensembles of models, namely EF, EUF, RoF, NCF and LOF. Each violin distribution is based on
106 data points. Outliers of each distribution are shown as gray rings while the means are shown
as black dots encircled with white rings. Note the logarithmic scale for the y-axis.
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Figure A.49: Comparing distributions for the fraction of states on attractors when using
di↵erent classes of BFs within the P-P networks. The di↵erent sub-figures are organised ac-
cording to the values of N (the number of nodes in the network) and � (� = 2, 3, 4 and 5). The
degrees of each node of the networks are drawn randomly from a Poisson distributions with mean
= �. At a given � and N, we determined the distribution of the fraction of states on attractors for
each of the 5 classes of BFs. In each sub-figure, the upper triangular part displays the pairwise
Jensen-Shannon distances of those distributions. The lower triangular part represents the p-values
of the one-sided K-S test (cumulative distribution of the label of column less than that of the row).
Entries shown as 0 are actually very small, with values less than 10�307.
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Figure A.50: Distributions of mean approximation error (MAE) for R-P networks. The
violin plots display the distribution of the MAE for the R-P network topology. The sub-figures
are organized into 3 columns, corresponding to the network sizes N=12, 16 and 20 respectively.
Each row represents a di↵erent number of inputs per node, ranging from 2 to 5. Within each sub-
figure, there are grouped violins that show the distributions for the di↵erent ensembles of models,
namely EF, EUF, RoF, NCF and LOF for di↵erent orders of nonlinearity. Each violin distribution
is based on 104 data points. Outliers of each distribution are shown as gray rings while the means
are shown as black dots encircled with white rings.
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Figure A.51: Distributions of mean approximation error (MAE) for R-R networks. The
violin plots display the distribution of the MAE for the R-R network topology. The sub-figures
are organized into 3 columns, corresponding to the network sizes N=12, 16 and 20 respectively.
Each row represents a di↵erent number of inputs per node, ranging from 2 to 5. Within each sub-
figure, there are grouped violins that show the distributions for the di↵erent ensembles of models,
namely EF, EUF, RoF, NCF and LOF for di↵erent orders of nonlinearity. Each violin distribution
is based on 104 data points. Outliers of each distribution are shown as gray rings while the means
are shown as black dots encircled with white rings.
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Figure A.52: Distributions of mean approximation error (MAE) for P-P networks. The vi-
olin plots display the distribution of the MAE for the P-P network topology. The sub-figures are
organized into 3 columns, corresponding to the network sizes N=12, 16 and 20 respectively. Each
row represents a di↵erent average number of inputs per node, with the degrees drawn from Poisson
distributions with means 2, 3, 4 and 5. Within each sub-figure, there are grouped violins that show
the distributions for the di↵erent ensembles of models, namely EF, EUF, RoF, NCF and LOF for
di↵erent orders of nonlinearity. Each violin distribution is based on 104 data points. Outliers of
each distribution are shown as gray rings while the means are shown as black dots encircled with
white rings.
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Figure A.53: Mean values of 9 stability observables as a function of kin(= kout) for di↵erent
classes of BFs, in the case of R-R networks at N = 16. Within each sub-figure, the 5 curves
correspond to the five di↵erent classes of BFs. The data displayed represent the mean value of the
corresponding observable at a given value of kin for R-R network topology.
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Figure A.54: Mean values of 9 stability observables as a function of kin(= kout) for di↵erent
classes of BFs, in the case of R-R networks at N = 20. Within each sub-figure, the 5 curves
correspond to the five di↵erent classes of BFs. The data displayed represent the mean value of the
corresponding observable at a given value of kin for R-R network topology.
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Figure A.55: Mean values of our 12 stability observables as a function of kin for di↵erent
classes of BFs, in the case of R-P networks at N = 12. Within each sub-figure, the 5 curves
correspond to the five di↵erent classes of BFs. The data displayed represent the mean value of the
corresponding observable at a given value of kin for R-P network topology.
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Figure A.56: Mean values of 9 stability observables as a function of kin for di↵erent classes of
BFs, in the case of R-P networks at N = 16. Within each sub-figure, the 5 curves correspond to
the five di↵erent classes of BFs. The data displayed represent the mean value of the corresponding
observable at a given value of kin for R-P network topology.
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Figure A.57: Mean values of 9 stability observables as a function of kin for di↵erent classes of
BFs, in the case of R-P networks at N = 20. Within each sub-figure, the 5 curves correspond to
the five di↵erent classes of BFs. The data displayed represent the mean value of the corresponding
observable at a given value of kin for R-P network topology.
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Figure A.58: Mean values of our 12 stability observables as a function of � for di↵erent
classes of BFs, in the case of P-P networks at N = 12. Within each sub-figure, the 5 curves
correspond to the five di↵erent classes of BFs. The data displayed represent the mean value of
the corresponding observable at a given value of � (the degrees of each node in the networks are
drawn randomly from a Poisson distribution with mean = �) for P-P network topology.
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Figure A.59: Mean values of 9 stability observables as a function of � for di↵erent classes of
BFs, in the case of P-P networks at N = 16. Within each sub-figure, the 5 curves correspond to
the five di↵erent classes of BFs. The data displayed represent the mean value of the corresponding
observable at a given value of � (the degrees of each node in the networks are drawn randomly
from a Poisson distribution with mean = �) for P-P network topology.
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Figure A.60: Mean values of 9 stability observables as a function of � for di↵erent classes of
BFs, in the case of P-P networks at N = 20. Within each sub-figure, the 5 curves correspond to
the five di↵erent classes of BFs. The data displayed represent the mean value of the corresponding
observable at a given value of � (the degrees of each node in the networks are drawn randomly
from a Poisson distribution with mean = �) for P-P network topology.
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Figure A.61: Mean of the stability observables for di↵erent values of N in the case of the R-R
topology with kin = kout = 2. Within each sub-figure, the 5 curves correspond to the 5 di↵erent
classes of BFs. The data displayed represent the mean value of the corresponding observable at a
given value of N for the R-R network topology with kin = kout = 2.
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Figure A.62: Mean of the stability observables for di↵erent values of N in the case of the R-R
topology with kin = kout = 3. Within each sub-figure, the 5 curves correspond to the 5 di↵erent
classes of BFs. The data displayed represent the mean value of the corresponding observable at a
given value of N for the R-R network topology with kin = kout = 3.
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Figure A.63: Mean of the stability observables for di↵erent values of N in the case of the R-R
topology with kin = kout = 5. Within each sub-figure, the 5 curves correspond to the 5 di↵erent
classes of BFs. The data displayed represent the mean value of the corresponding observable at a
given value of N for the R-R network topology with kin = kout = 5.

202



Figure A.64: Mean of the stability observables for di↵erent values of N in the case of the R-P
topology with kin = 2. Within each sub-figure, the 5 curves correspond to the 5 di↵erent classes
of BFs. The data displayed represent the mean value of the corresponding observable at a given
value of N for the R-P network topology with kin = 2.
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Figure A.65: Mean of the stability observables for di↵erent values of N in the case of the R-P
topology with kin = 3. Within each sub-figure, the 5 curves correspond to the 5 di↵erent classes
of BFs. The data displayed represent the mean value of the corresponding observable at a given
value of N for the R-P network topology with kin = 3.
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Figure A.66: Mean of the stability observables for di↵erent values of N in the case of the R-P
topology with kin = 4. Within each sub-figure, the 5 curves correspond to the 5 di↵erent classes
of BFs. The data displayed represent the mean value of the corresponding observable at a given
value of N for the R-P network topology with kin = 4.
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Figure A.67: Mean of the stability observables for di↵erent values of N in the case of the R-P
topology with kin = 5. Within each sub-figure, the 5 curves correspond to the 5 di↵erent classes
of BFs. The data displayed represent the mean value of the corresponding observable at a given
value of N for the R-P network topology with kin = 5.
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Figure A.68: Mean of the stability observables for di↵erent values of N in the case of the P-P
topology with � = 2. Within each sub-figure, the 5 curves correspond to the 5 di↵erent classes
of BFs. The data displayed represent the mean value of the corresponding observable at a given
value of N for the P-P network topology with � = 2 (the degrees of each node in the networks are
drawn randomly from a Poisson distribution with mean � = 2).
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Figure A.69: Mean of the stability observables for di↵erent values of N in the case of the P-P
topology with � = 3. Within each sub-figure, the 5 curves correspond to the 5 di↵erent classes
of BFs. The data displayed represent the mean value of the corresponding observable at a given
value of N for the P-P network topology with � = 3 (the degrees of each node in the networks are
drawn randomly from a Poisson distribution with mean � = 3).
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Figure A.70: Mean of the stability observables for di↵erent values of N in the case of the P-P
topology with � = 4. Within each sub-figure, the 5 curves correspond to the 5 di↵erent classes
of BFs. The data displayed represent the mean value of the corresponding observable at a given
value of N for the P-P network topology with � = 4 (the degrees of each node in the networks are
drawn randomly from a Poisson distribution with mean � = 4).
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Figure A.71: Mean of the stability observables for di↵erent values of N in the case of the P-P
topology with � = 5. Within each sub-figure, the 5 curves correspond to the 5 di↵erent classes
of BFs. The data displayed represent the mean value of the corresponding observable at a given
value of N for the P-P network topology with � = 5 (the degrees of each node in the networks are
drawn randomly from a Poisson distribution with mean � = 5).
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Appendix B

Supplementary Material for Chapter 5

B.1 A brief overview of the ten published Boolean net-

work models used in this study
In Chapter 5, we study the bushiness and convergence of the STG using ten published Boolean

network models. These ten Boolean models are listed in Table 5.1 in Chapter 5 and are succinctly

described below.

B.1.1 Root Stem Cell Niche GRN (RSCN-GRN)

The RSCN Boolean model (model A in [149]) is a reconstructed GRN that controls the di↵eren-

tiation of cells located in the root apex of the plant Arabidopsis thaliana, a region referred to as

the root stem cell niche. The BFs of this model are provided in Table B.1 and the type of BF for

each gene is provided in Table B.21. The nodes (genes), their inputs and the sign of the regulatory

interactions in the network are all derived from the BoolNet file (see Table B.1). This Boolean

model has four fixed points corresponding to these cell types: Quiescent center (QC), Vascular

initials (VI), Cortex-Endodermis initials (CEI) and Columella epidermis initials (CEpI) (see Table

B.11). On applying the various biologically meaningful constraints (see Chapter 2, Section 2.7)

the number of BFs allowed at each node of the RSCN-GRN is given in Table B.31. The BF for

the AUX node for all models in all four ensembles were chosen to be the same as the one provided

in [195].
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B.1.2 Epithelial-Mesenchymal Transition GRN (EMT-GRN)

The EMT-GRN is a sub-network of a 150-node reconstructed GRN that controls EMT via mechanosens-

ing–mitogen crosstalk [150]. The BFs of this model are provided in Table B.2 and the type of BF

for each gene is provided in Table B.22. The nodes, their inputs and the sign of the regulatory

interactions in the network are all derived from the BoolNet file (see Table B.2). This Boolean

model has three fixed points corresponding to these cell types: Epithelial, Mesenchymal and Hy-

brid (see Table B.12). On applying the various biologically meaningful constraints (see Chapter

2, Section 2.7), the number of BFs allowed at each node of the EMT-GRN is given in Table B.32.

B.1.3 NeoCortex Developmental GRN (NCD-GRN)

The NCD-GRN is a network that models cellular di↵erentiation in the earliest stages of cortical

arealisation [151]. The BFs of this model are provided in Table B.3 and the type of BF for each

gene is provided in Table B.23. The nodes, their inputs and the sign of the regulatory interactions

in the network are all derived from the BoolNet file (see Table B.3). This Boolean model has two

fixed points corresponding to Anterior and Posterior compartments of the developing neocortex

(see Table B.13). On applying the various biologically meaningful constraints (see Chapter 2,

Section 2.7) the number of BFs allowed at each node of the NCD-GRN is given in Table B.33.

B.1.4 Early Heart Development GRN (EHD-GRN)

The EHD-GRN models two areas of di↵erential gene expression that arise from a common car-

diovascular progenitor cell population [152]. The BFs of this model are provided in Table B.4 and

the type of BF for each gene is provided in Table B.24. The nodes, their inputs and the sign of

the regulatory interactions in the network are all derived from the BoolNet file (see Table B.4).

This Boolean model has two fixed points corresponding to two di↵erent areas with di↵erential

expression of genes, namely, First Heart Field (FHF) and Second Heart Field (SHF) (see Table

B.14). On applying the various biologically meaningful constraints (see Chapter 2, Section 2.7)

the number of BFs allowed at each node of the EHD-GRN is given in Table B.34. Exogen BMP2

(exogen_BMP2_II) is an external signal that is ‘fixed’ to an output value of ‘1’. Since the number

of nodes in this model is 15 but there is one fixed node, the size of the state space is 214.
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B.1.5 Myeloid Di↵erentiation GRN (MD-GRN)

The MD-GRN models hematopoietic stem cell di↵erentiation. In particular, it models myeloid

di↵erentiation from common myeloid progenitors to various cell types [37]. The BFs of this

model are provided in Table B.5 and the type of BF for each gene is provided in Table B.25.

The nodes, their inputs and the sign of the regulatory interactions in the network are all derived

from the BoolNet file (see Table B.5). This Boolean model has four fixed points corresponding to

these cell types: granulocytes, erythrocytes, megakaryocytes and monocytes (see Table B.15). On

applying the various biologically meaningful constraints (see Chapter 2, Section 2.7) the number

of BFs allowed at each node of the MD-GRN is given in Table B.35.

B.1.6 T helper cell di↵erentiation GRN (THC-GRN)

The THC-GRN models the T helper cell network that governs the di↵erentiation of precursor T

helper cells (Th0 cells) to e↵ector T helper cells (Th1 and Th2 cells) [110]. The BFs of this model

are provided in Table B.6 and the type of BF for each gene is provided in Table B.26. The nodes,

their inputs and the sign of the regulatory interactions in the network are all derived from the

BoolNet file (see Table B.6). This Boolean model has three fixed points corresponding to the cell

types: Th0, Th1 and Th2 (see Table B.16). On applying the various constraints (see Chapter 2,

Section 2.7) the number of BFs allowed at each node of the THC-GRN is given in Table B.36.

Of the 23 nodes in this network, four do not have any inputs and are fixed to ‘0’, namely IFN-�,

IL-12, IL-18 and TCR. Thus the size of the state space is 219.

B.1.7 EGFR signalling pathway (EGFR-GRN)

The EGFR-GRN models the regulation of cell division and apoptosis by the EGFR signalling

pathway and a BRCA1/TP53 DNA damage response module [153]. The BFs of this model are

provided in Table B.7 and the type of BF for each gene is provided in Table B.27. The nodes, their

inputs and the sign of the regulatory interactions in the network are all derived from the BoolNet

file (see Table B.7). This Boolean model has two fixed points corresponding to these cell states:

apoptosis and cell division (see Table B.17). On applying the various constraints (see Chapter 2,

Section 2.7) the number of BFs allowed at each node of the EGFR-GRN is given in Table B.37.
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B.1.8 Epithelial-Mesenchymal Transition (with Senescence) (EMT-

Senescence-GRN)

The EMT-Senescence-GRN models epithelial to mesenchymal transition in the context of epithe-

lial cancer [154]. The BFs of this model are provided in Table B.8 and the type of BF for each

gene is provided in Table B.28. The nodes, their inputs and the sign of the regulatory interac-

tions in the network are all derived from the BoolNet file (see Table B.8). This Boolean model

has three fixed points corresponding to these cell types: epithelial cells, senescent epithelial cells

and stem-like mesenchymal cells with a tumorigenic potential (see Table B.18). On applying the

various constraints (see Chapter 2, Section 2.7) the number of BFs allowed at each node of the

EMT-Senescence-GRN is given in Table B.38.

B.1.9 Flower Organ Specification GRN (FOS-GRN)

The FOS-GRN controls early flower development in Arabidopsis thaliana, in particular, the pri-

mordial cells of inflorescence, sepals, petals, stamens and carpels. The BFs of this model are

provided in Table B.9 and the type of BF for each gene is provided in Table B.29. The nodes, their

inputs and the sign of the regulatory interactions in the network are all derived from the BoolNet

file (see Table B.9). This Boolean model has ten fixed points corresponding to these cell types:

inflorescence (4 cell types), sepal (1 cell type), petal (2 cell types), stamen (2 cell types) and carpel

(1 cell type) (see Table B.19). On applying the various constraints (see Chapter 2, Section 2.7) the

number of BFs allowed at each node of the FOS-GRN is given in Table B.39. Since the compu-

tation of the Z-parameters was computationally expensive for seven and eight input BFs, such as

AP3 and AG respectively, we sampled 100,000 models for each of the four ensembles.

B.1.10 Gonadal Sex Determination GRN (GSD-GRN)

The Gonadal sex determination involves the decision taken by bipotential gonadal primordium

(BGP) to di↵erentiate to testis or ovaries. In particular, the GSD-GRN governs cellular di↵eren-

tiation from Sertoli progenitor cells (SPC) and granulosa progenitor cells (GPC) towards Sertoli

(in testis) and granulosa (in ovaries) cells respectively [156]. The BFs of this model are provided

in Table B.10 and the type of BF for each gene is provided in Table B.30. The nodes, their inputs
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and the sign of the regulatory interactions in the network are all derived from the BoolNet file

(see Table B.10). This Boolean model has two fixed points corresponding to these cell types: ser-

toli and granulosa (see Table B.20). On applying the various constraints (see Chapter 2, Section

2.7) the number of BFs allowed at each node of the GSD-GRN is given in Table B.40. Since the

computation of the Z-parameters was computationally expensive for seven and eight input BFs,

namely, SOX9 and SRY respectively, we sampled 100,000 models for each of the four ensembles.

B.2 Properties of Z-parameters
Let f be a k-input BF f . We then have the following properties.

Property B.1. Zle f t of f is invariant under the negation of any of its inputs.

Proof : In the truth table representation of f , negation of the ith input xi will swap the outputs

belonging to the lower and upper half sub-blocks of each 2k�i+1-block (see Chapter 2, Section

2.4.1). Since Zle f t is completely determined by the ni’s and k (see Chapter 5, Eq. (5.4)), the

negation of the ith input will swap the output values of the associated sub-blocks, keeping the

value of ni unchanged, and consequently leaving Zle f t unchanged. The negation of multiple inputs

will also keep the value of Zle f t unchanged since the negation of multiple inputs can be achieved

by successively negating single inputs.

Property B.2. Zle f t of f is invariant under complementation.

Proof : Let g = f be the complement of f . Then for any input combination, if f is T , g is T .

Consider

f (x1, x2, . . . , xk�i, 0, ⇤, . . . , ⇤, ⇤) = T

f (x1, x2, . . . , xk�i, 1, ⇤, . . . , ⇤, ⇤) = T

where T 2 {0, 1} and ⇤ may be 0 or 1. Then,

g(x1, x2, . . . , xk�i, 0, ⇤, . . . , ⇤, ⇤) = T

g(x1, x2, . . . , xk�i, 1, ⇤, . . . , ⇤, ⇤) = T = T
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As a result, ni’s are the same for f and g for any i 2 {1, 2, ..., k} and consequently so are the Ri

values. Thus Zle f t values of f and g are equal.

Property B.3. The maximum value of Zle f t over all k-input BFs with bias P is:

Zle f t =

8>>>>><
>>>>>:

P
2k�1 if P  2k�1

2 � P
2k�1 if P > 2k�1

(B.1)

Proof : For a k-input BF f with bias P  2k�1, consider the vector n = (n1, n2, . . . , nk�1, nk) as

defined in Section 5.3.1 in Chapter 5. Recall that ni counts the number of lines in the truth table

that arise in CC-2k�i+1 blocks, each of which consists of lines where half of the output values are 0s

and the other half are 1s. Then, using the fact that all CC-blocks (of all sizes) are non overlapping,

the total number of these CC-block associated lines is twice the number of 1s in those same lines.

This immediately leads to

i=kX

i=1

ni  2P

i.e., the sum of the elements of the vector n must be at most 2P.

Consider now the expression of Zle f t,

Zle f t = Rk + Rk�1(1 � Rk) + Rk�2(1 � Rk�1)(1 � Rk) +

Rk�3(1 � Rk�2)(1 � Rk�1)(1 � Rk) + ...

 Rk + Rk�1 + Rk�2 + . . . + R1

=
nk

2k +
nk�1

2k + . . . +
n1

2k

=
nk + nk�1 + . . . + n1

2k

 2P
2k

=
P

2k�1

showing that Zle f t is bounded from above by P/2k�1 (if P  2k�1). In addition, for each P  2k�1

there are functions f that reach this maximum value. For instance for any P, consider a function
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of the type

f = 000 . . . 0
P ‘01’ pairsz       }|       {

0101 . . . 01

Clearly for such a choice, nk = 2P and ni = 0 8 i , k. This results in Zle f t = P/2k�1.

So, for all bias values P  2k�1, the upper bound of Zle f t is P/2k�1. From Property (B.2) it

follows that for any function f with bias value P > 2k�1, it would have the same value of Zle f t as

its complement function. Now, consider a BF f with bias P > 2k�1. Then the maximum possible

value of Zle f t is the same for f and f (complement of f ). However, the bias of f is 2k � P and

since P > 2k�1, 2k �P < 2k�1. Hence, the maximum value of Zle f t for f is 2k�P
2k�1 = 2� P

2k�1 . Finally,

the maximum possible value of Zle f t for f is then 2� P
2k�1 . This proves that the maximum value of

Zle f t for any k-input BF with bias P is:

Zle f t =

8>>>>><
>>>>>:

P
2k�1 if P  2k�1

2 � P
2k�1 if P > 2k�1

(B.2)

Property B.4. NCFs have the maximum Zmax for any k-input BF with odd bias P.

Proof : Consider the output column of the truth table for the following k-input BF with all inputs

activatory and having a bias P such that P < 2k�1:

f = 000 . . . 0
P ‘01’ pairsz       }|       {

0101 . . . 01

It is not di�cult to see that this BF is an NCF with

nk = 2P and ni = 0 8 i 2 {1, 2, . . . , k � 1}

=) Rk =
2P
2k =

P
2k�1 and Ri = 0 8 i 2 {1, 2, . . . , k � 1}

=) Zle f t =
P

2k�1 + 0
✓
1 � P

2k�1

◆
+ 0

✓
1 � P

2k�1

◆
(1 � 0) + ...

=) Zle f t =
P

2k�1

We thus see that this NCF has reached the maximum possible value (given the results above) and

thus its Zmax value is precisely Zle f t. Interestingly, this same value is that of all NCFs with that
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same bias P because the set of all NCFs of a given bias are obtained by permuting and negating

variables of this particular NCF, a result that was shown in [51]. The desired result then follows

from the fact that Zle f t is invariant under negations. Consider now the case of a function g with

bias P > 2k�1. The bias of the complement of our function is then 2k � P; this complementation

does not change Zle f t. Hence, the value of Zmax of our complemented function is 2k�P
2k�1 = 2 � P

2k�1

(since 2k � P < 2k�1). Consequently, the value of Zmax of g is 2 � P
2k�1 . In summary, the Zmax of a

k-input NCF with a bias P (which is necessarily odd) is given by:

Zmax =

8>>>>>><
>>>>>>:

P
2k�1 if P < 2k�1,

2 � P
2k�1 if P > 2k�1

Property B.5. The minimum value for Zle f t for any non-constant k-input BF with bias P is 1/2k�1.

Proof : The minimum possible value of Zle f t across all k-input BFs is 0 (in particular for ‘constant’

BFs with bias 0 and bias 2k). For these BFs, Ri = 0 8 i 2 {1, 2, . . . k}. The minimum possible

value of Zle f t across all non-constant k-input BFs is achieved by BFs with a single CC-21-block.

For these BFs, Zle f t is 2/2k = 1/2k�1 since nk = 2 and ni = 0 8 i 2 {1, 2, . . . , k � 1}. There are

functions f that reach this minimum value (for instance bias 1 and bias 2k � 1 functions).

Property B.6. NCFs have the minimum Zmin for any k-input BF with odd bias P.

Proof : Consider the output column of the truth table of a k-input NCF with bias P where all inputs

are ‘activatory’:

f = 000 . . . 0|   {z   }
(2k�P) 0’s

P 1’sz  }|  {
11 . . . 1

Since P is odd for NCFs [51, 196] we have,

nk = 2 and ni = 0 8 i 2 {1, 2, . . . , k � 1}

=) Rk =
2
2k =

1
2k�1 and Ri = 0 8 i 2 {1, 2, . . . , k � 1}

=) Zle f t =
1

2k�1

Zmin is the minimum of the Zle f t values over all permutations of a BF and Zle f t is invariant under

negation of any of its inputs. Again, there is only one equivalence class per bias for NCFs (equiv-
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alence under both permutations and negations), so Zmin for any k-input NCF is given by 1/2k�1.

Hence, NCFs have the minimum Zmin for any k-input BF with odd bias P. The value of Zmin for

any k-input NCF is independent of bias (P) and its value is 1/2k�1.

Property B.7. The value of Zmid for any k-input and P-bias NCF is:

Zmid =

8>>>>><
>>>>>:

1 + P
2k if P < 2k�1

1 � P � 1
2k if P > 2k�1

(B.3)

Proof : Zmid of a BF is defined as the average of its Zmax and Zmin values for any k-input NCF with

bias P (see Properties B.4 and B.6) is given by:

Zmin =
1

2k�1

Zmax =

8>>>>>><
>>>>>>:

P
2k�1 if P < 2k�1,

2 � P
2k�1 if P > 2k�1

Hence,

Zmid =
Zmax + Zmin

2

=

8>>>>>><
>>>>>>:

1
2

⇣
1

2k�1 +
P

2k�1

⌘
if P < 2k�1,

1
2

⇣
1

2k�1 + 2 � P
2k�1

⌘
if P > 2k�1

=

8>>>>>><
>>>>>>:

1+P
2k if P < 2k�1,

1 � P�1
2k if P > 2k�1
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B.3 Results on non-equivalent permutations of the k! per-

mutations of Boolean functions

B.3.1 Preliminaries

Definition 1 (Left coset). Let G be a group and H be a subgroup of G. Then for any element

a 2 G the set {ah | h 2 H} is called the left coset of H in G containing a and is denoted by aH. In

this case, a is called the coset representative of aH.

Note: The cardinality of any left coset of H is equal to the cardinality of H.

Definition 2 (Left group action). Let G be a group with e as its identity element and X be a set,

then the (left) group action ↵ of G on X is the function

↵ : G ⇥ X ! X

that obeys the two axioms:

• ↵(e, x) = e.x = x 8 x 2 X

• ↵(g1,↵(g2, x)) = ↵(g1g2, x) i.e. g1.(g2.x) = (g1g2).x 8 x 2 X and g1, g2 2 G

Definition 3 (Orbits). Suppose that G is a group that acts on a set X on the left. Let x be an

element of X. Then, the orbit of x under G is defined by

OrbG(x) = {g.x | g 2 G} = {y 2 X | y = g.x for some g 2 G}

Definition 4 (Stabilizers). Suppose that G is a group that acts on a set X on the left. Then, for an

element x 2 X, the stabilizer of x is defined to be the set

S tabG(x) = {g 2 G | g.x = x}

Note: Stabilizers are subgroups of G.
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Theorem 1 (Orbit-Stabilizer theorem [197]). Suppose that G is a finite group acting (on the left)

on a set X. Then, for any x 2 X,

|OrbG(x)||S tabG(x)| = |G|

B.3.2 Two theorems on non-equivalent permutations of the k! per-

mutations of BFs and their proofs

Theorem 2. For any k-input BF, the total number of non-equivalent permutations divides k!.

Proof. We approach the problem from a group theoretic perspective. First we define a map

↵ : G ⇥ T ! T

where G is the symmetric group S k, i.e., the set of all permutations of k elements (k is the number

of inputs to the BF).

We define T as the set of sets by:

T = {t | t = {(Xi, bi) | bi = 0 or 1 8i = 1, 2, ..., 2k}}

where, Xi = (x1, x2, ..., xk)i corresponds to the input values of the ith row of the truth table. Clearly,

each element t 2 T can be associated with the truth table of a BF of k-inputs. Each element of

a set t is an ordered pair, the first component denoting some assignment of input variables of the

truth table and second component denoting the associated output value. Now, the cardinality of T

is |T | = 22k . For a better understanding of the set T let us take one example. Consider the case of

k = 2. Then, the set T would be:

T = {t | t = {((x1, x2)i, bi) | bi = 0 or 1 8i = 1, 2, 3, 4}}
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Let us take one element t (for b1 = 0, b2 = 1, b3 = 0, b4 = 0) from the set T as

t = {((0, 0), 0), ((0, 1), 1), ((1, 0), 0), ((1, 1), 0)}

Clearly, one can observe that t is a set that corresponds to the truth table for a specific BF. Each

element of t is 2-tuple whose first component is an input assignment and the second component is

the associated output. The set T consists of all such possible t’s. So, in this case the cardinality of

the set T is 222
= 16.

Now we define the map ↵ : S k ⇥ T ! T by

�.t = t0

or, �.{((x1, x2, ..., xk)i, bi) for i = 1, 2, ..., 2k} = {((x�(1), x�(2), ..., x�(k))i, bi) for i = 1, 2, ..., 2k}

where,� 2 S k and t = {((x1, x2, ..., xk)i, bi) for i = 1, 2, ..., 2k}, t0 = {((x�(1), x�(2), ..., x�(k))i, bi) for i =

1, 2, ..., 2k} 2 T .

Now, we intend to show that the defined map ↵ is a left group action of S k on T . For that, we

need to show that the map ↵ obeys the axioms stated in definition 2.

Let, e 2 S k be the identity permutation and t 2 T . Then,

e.t

= e.{((x1, x2, ..., xk)i, bi) for i = 1, 2, ..., 2k}

= {((xe(1), xe(2), ..., xe(k))i, bi) for i = 1, 2, ..., 2k}

= {((x1, x2, ..., xk)i, bi) for i = 1, 2, ..., 2k}

= t
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Again, for �1,�2 2 S k and t 2 T ,

�1.(�2.t)

= �1.{((x�2(1), x�2(2), ..., x�2(k))i, bi) for i = 1, 2, ..., 2k}

= {((x�1(�2(1)), x�1(�2(2)), ..., x�1(�2(k)))i, bi) for i = 1, 2, ..., 2k}

= {((x(�1�2)(1), x(�1�2)(2), ..., x(�1�2)(k))i, bi) for i = 1, 2, ..., 2k}

= (�1�2).{((x1, x2, ..., xk)i, bi) for i = 1, 2, ..., 2k}

= (�1�2).t

Hence, the defined map ↵ satisfies both of the conditions for being a group action (left).

Now, the orbit of an element t 2 T under S k is given by (see definition 3)

OrbS k (t) = {�.t | � 2 S k}

So, the set OrbS k (t) provides all possible elements that correspond to non-equivalent permutations

of the BF associated with t. In other words, the cardinality of the set OrbS k (t), |OrbS k (t)|, is the

number of non-equivalent permutations of the BF associated with t.

Now, by the Orbit-stabilizer theorem (see theorem 1) we can say that,

|OrbS k (t)||S tabS k (t)| = |S k|

or, |OrbS k (t)||S tabS k (t)| = k!

Hence, |OrbS k (t)| divides k!. In other words, the number of non-equivalent permutations of any

k-input BF is always a divisor of k!. This proves the theorem. ⇤

Theorem 3. In k! permutations of a k-input BF, each of the m non-equivalent permutations occurs

an equal number of times.

Proof. We consider all the quantities defined for Theorem 2. We will prove that in the k! possible

permutations of a k-input BF, each non-equivalent permutation appears |S tabS k (t)| times where,

the BF is associated with the element t 2 T .
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The stabilizer of an element t 2 T under S k is given by (see definition 4)

S tabS k (t) = {� 2 S k | �.t = t}

Evidently, S tabS k (t) corresponds to the symmetry (or invariance or automorphism) [198] group of

the BF. Assume that there are m non-equivalent permutations among the k! permutations of the

BF associated with t. Then, we can consider the orbit of t,

OrbS k (t) = {t1, t2, ..., tm}

We will show that there are S tabS k (t) many � j’s 8 j = 1, 2, ...,m such that the following conditions

hold,

�1.t = t1

�2.t = t2
...

�m.t = tm

The element t always belongs to the set OrbS k (t) since, e.t = t where e is the identity permutation.

So, without loss of generality, let us consider t1 = t. We need to find the number of �1’s such that

�1.t = t. From the definition of stabilizer of an element it follows that we have |S tabS k (t)| many

�1’s.

Now, consider an element from OrbS k (t) di↵erent from t (if it exists), say t2. Then, we want

to know how many �2’s satisfy

�2.t = t2 (B.4)

Since S tabS k (t) is a subgroup of S k, we can consider the following left coset of S tabS k (t) in S k

with the coset representative �2:

�2S tabS k (t) = {�2� | � 2 S tabS k (t)}
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Let us take an element �2� 2 �2S tabS k (t). Then,

(�2�).t = �2.(�.t)

= �2.t [since, � 2 S tabS k (t)]

= t2 (from B.4)

Hence, all the elements of �2S tabS k (t) satisfy equation B.4.

Now, we will show that all elements�0 2 S k for which equation B.4 is satisfied (i.e. �0.t = t2),

�0 2 �2S tabS k (t). We have,

�0.t = t2

or, �0.t = �2.t (from B.4)

or, �0�1.(�0.t) = �0�1.(�2.t)

or, (�0�1�0).t = (�0�1�2).t

or, e.t = (�0�1�2).t

or, t = (�0�1�2).t

From the definition of S tabS k (t) it follows that, �0�1�2 2 S tabS k (t). Since S tabS k (t) is a subgroup

of S k, we also have (�0�1�2)�1 = ��1
2 �

0 2 S tabS k (t). Taking ��1
2 �

0 = b, we then have:

�0 = �2b where, b 2 S tabS k (t)

or, �0 2 �2S tabS k (t)

Hence, the number of �2’s for which equation (B.4) is satisfied is |�2S tabS k (t)|. Now, since

�2S tabS k (t) is a left coset of S tabS k (t), their cardinalities are identical, |�2S tabS k (t)| = |S tabS k (t)|.

So, the number of �2’s for which equation (B.4) is satisfied is precisely |S tabS k (t)|.

In a similar manner, we can show that there are |S tabS k (t)| many �3’s, �4’s, ..., �m’s such

that the conditions �3.t = t3, �4.t = t4, ..., �m.t = tm respectively are satisfied. Hence, all

non-equivalent permutations of a k-input BF associated with t, appears |S tabS k (t)| times in the k!

permutations. This proves the theorem. ⇤
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B.4 Supplementary tables for Chapter 5

Table B.1: Boolean functions of the given RSCN-GRN Boolean model in BoolNet format. The
column with header ‘Target node name’ contains the list of nodes whose regulation is captured
by the corresponding row entry in the column ‘Regulatory logic rule’. The symbols &, | and !
correspond to the logic operators AND, OR and NOT respectively.

Serial Target Regulatory logic rule
Number node name

1 SCR ( SHR & SCR & !JKD & !MGP ) | ( SHR & SCR & JKD
& !MGP ) | ( SHR & SCR & JKD & MGP )

2 PLT ARF
3 ARF !AUXIAA
4 AUXIAA !AUX
5 AUX !AUX | AUX
6 SHR SHR
7 JKD SHR & SCR
8 MGP SHR & SCR & !WOX5
9 WOX5 ( ARF & SHR & SCR & !MGP & !WOX5 ) | (ARF & SHR

& SCR & !MGP & WOX5 ) | ( ARF & SHR & SCR &
MGP & WOX5 )
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Table B.2: Boolean functions of the given EMT-GRN Boolean model in BoolNet format. The
column with header ‘Target node name’ contains the list of nodes whose regulation is captured
by the corresponding row entry in the column ‘Regulatory logic rule’. The symbols &, | and !
correspond to the logic operators AND, OR and NOT respectively.

Serial Target Regulatory logic rule
Number node name

1 SNAI1 ((ZEB1_H | ZEB1) & !miR_34) | (ZEB1_H & ZEB1)
2 LEF1 ((ZEB1 & (!miR_200)) | ZEB1_H)
3 Twist SNAI1 & !miR_34
4 SNAI2 Twist & (SNAI2 | (N_bcatenin_H & LEF1))
5 ZEB1 SNAI2 | (b_catenin_TCF4 & (!miR_200))
6 N_bcatenin_H !miR_34 & !miR_200
7 ZEB1_H ZEB1 & ((N_bcatenin_H & LEF1) & (SNAI2 |

(!miR_200)))
8 b_catenin_TCF4 N_bcatenin_H & SNAI1 & SNAI2
9 miR_34 (!SNAI1) | (!(ZEB1 | ZEB1_H))
10 miR_200 !(Twist & ZEB1_H & SNAI1) & !(ZEB1 &

(!miR_200))
11 Ecadherin_mRNA !((((ZEB1_H & ZEB1) & SNAI1) & SNAI2) &

Twist)
12 TGFb_secr b_catenin_TCF4 & (!miR_200)
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Table B.3: Boolean functions of the given NCD-GRN Boolean model in BoolNet format. The
column with header ‘Target node name’ contains the list of nodes whose regulation is captured
by the corresponding row entry in the column ‘Regulatory logic rule’. The symbols &, | and !
correspond to the logic operators AND, OR and NOT respectively.

Serial Target Regulatory logic rule
Number node name

1 Fgf8_g Fgf8_p & !Emx2_p & Sp8_p
2 Fgf8_p Fgf8_g
3 Emx2_g !Fgf8_p & !Pax6_p & Coup_tfi_p &

!Sp8_p
4 Emx2_p Emx2_g
5 Pax6_g !Emx2_p & !Coup_tfi_p & Sp8_p
6 Pax6_p Pax6_g
7 Coup_tfi_g !Fgf8_p & !Sp8_p
8 Coup_tfi_p Coup_tfi_g
9 Sp8_g Fgf8_p & !Emx2_p
10 Sp8_p Sp8_g
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Table B.4: Boolean functions of the given EHD-GRN Boolean model in BoolNet format. The
column with header ‘Target node name’ contains the list of nodes whose regulation is captured
by the corresponding row entry in the column ‘Regulatory logic rule’. The symbols &, | and !
correspond to the logic operators AND, OR and NOT respectively.

Serial Target Regulatory logic rule
Number node name

1 Bmp2 (!canWnt & exogen_BMP2_II)
2 canWnt exogen_canWnt_II
3 Dkk1 (Mesp1 | (canWnt & !exogen_BMP2_II))
4 Fgf8 (!Mesp1 & (Foxc1/2 | Tbx1))
5 Foxc1/2 (canWnt & exogen_canWnt_II)
6 GATAs (Nkx2_5 |Mesp1 | Tbx5)
7 IsI1 (Tbx1 | Mesp1 | Fgf8 | (canWnt &

exogen_canWnt_II))
8 Mesp1 (canWnt & !exogen_BMP2_II)
9 Nkx2_5 ((IsI1 & GATAs) | Tbx1 | (Mesp1 & Dkk1) | (Bmp2

& GATAs) | Tbx5)
10 Tbx1 Foxc1/2
11 Tbx5 (!(Tbx1 | canWnt) & (Nkx2_5 | Tbx5 | Mesp1) &

!(Dkk1 & !(Mesp1 | Tbx5)))
12 exogen_BMP2_I 1
13 exogen_BMP2_II exogen_BMP2_I
14 exogen_canWnt_I exogen_canWnt_I
15 exogen_canWnt_II exogen_canWnt_I
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Table B.5: Boolean functions of the given MD-GRN Boolean model in BoolNet format. The
column with header ‘Target node name’ contains the list of nodes whose regulation is captured
by the corresponding row entry in the column ‘Regulatory logic rule’. The symbols &, | and !
correspond to the logic operators AND, OR and NOT respectively.

Serial Target Regulatory logic rule
Number node name

1 GATA_2 GATA_2 & !(GATA_1 & FOG_1) & !PU_1
2 GATA_1 (GATA_1 | GATA_2 | Fli_1) & !PU_1
3 FOG_1 GATA_1
4 EKLF GATA_1 & !Fli_1
5 Fli_1 GATA_1 & !EKLF
6 SCL GATA_1 & !PU_1
7 C/EBP_alpha C/EBP_alpha & !(GATA_1 & FOG_1 & SCL)
8 PU_1 (C/EBP_alpha | PU_1) & !(GATA_1 | GATA_2)
9 cJun PU_1 & !Gfi_1
10 EgrNab (PU_1 & cJun) & !Gfi_1
11 Gfi_1 C/EBP_alpha & !EgrNab
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Table B.6: Boolean functions of the given THC-GRN Boolean model in BoolNet format. The
column with header ‘Target node name’ contains the list of nodes whose regulation is captured
by the corresponding row entry in the column ‘Regulatory logic rule’. The symbols &, | and !
correspond to the logic operators AND, OR and NOT respectively.

Serial Target Regulatory logic rule
Number node name

1 NFAT TCR
2 IRAK IL18R
3 STAT1 IFNbR | JAK1
4 IL10R IL10
5 IL12R IL12
6 IL18R IL18 & !(STAT6)
7 IFNgR IFNg
8 IFNg (IRAK | NFAT | STAT4 | Tbet) & !(STAT3)
9 STAT4 IL12R & !(GATA3)
10 IL10 GATA3
11 STAT3 IL10R
12 IFNbR IFNb
13 IL4 GATA3 & !(STAT1)
14 IL4R IL4 & !(SOCS1)
15 GATA3 (GATA3 | STAT6) & !Tbet)
16 STAT6 IL4R
17 SOCS1 STAT1 | Tbet
18 JAK1 IFNgR & !(SOCS1)
19 Tbet (STAT1 | Tbet) & !(GATA3)
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Table B.7: Boolean functions of the given EGFR-GRN Boolean model in BoolNet format. The
column with header ‘Target node name’ contains the list of nodes whose regulation is captured
by the corresponding row entry in the column ‘Regulatory logic rule’. The symbols &, | and !
correspond to the logic operators AND, OR and NOT respectively.

Serial Target Regulatory logic rule
Number node name

1 EGFR !BRCA1
2 ERK1/2 EGFR
3 PI3K !PTEN & EGFR
4 AKT PI3K
5 GSK3_beta !AKT
6 MDM2 AKT & TP53
7 TP53 !MDM2 & (BRCA1 | !PARP1)
8 PTEN TP53
9 PARP1 ERK1/2
10 BRCA1 !CYCD1
11 BCL_2 AKT
12 BAX !BCL_2 & TP53
13 CYCD1 (!GSK3_beta & ERK1/2)| (!BRCA1 & PARP1)

Table B.8: Boolean functions of the given EMT-Senescence-GRN Boolean model in BoolNet
format. The column with header ‘Target node name’ contains the list of nodes whose regulation
is captured by the corresponding row entry in the column ‘Regulatory logic rule’. The symbols &,
| and ! correspond to the logic operators AND, OR and NOT respectively.

Serial Target Regulatory logic rule
Number node name

1 Snai2 (Snai2 & NFkB) | !ESE2
2 ESE2 !Snai2 | (ESE2 & !NFkB)
3 p16 (E2F & p16) | (p16 & !Snai2) | (p53 & !Snai2) | (p53

& !TELasa)
4 E2F !p53 & !Snai2 & !Rb
5 Cyclin (!Snai2 & !p16) | (!ESE2 & !p16 & NFkB)
6 TELasa !ESE2
7 NFkB Snai2 | ESE2 | p16 | NFkB
8 Rb p53 | (p16 & Cyclin)
9 p53 (!Snai2 & p16 & !TELasa) | (!Snai2 & !TELasa &

!NFkB)
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Table B.9: Boolean functions of the given FOS-GRN Boolean model in BoolNet format. The
column with header ‘Target node name’ contains the list of nodes whose regulation is captured
by the corresponding row entry in the column ‘Regulatory logic rule’. The symbols &, | and !
correspond to the logic operators AND, OR and NOT respectively.

Serial Target Regulatory logic rule
Number node name

1 AG (!EMF1 & !AP2 & !TFL1) | (!EMF1 & !AP1 & LFY) |
(!EMF1 & !AP2 & LFY) | (!EMF1 & !TFL1 & LFY &
(AG & SEP)) | (!EMF1 & (LFY & WUS))

2 AP1 (!AG & !TFL1) | (FT & LFY & !AG) | (FT & !AG & !PI) |
(LFY & !AG & !PI) | (FT & !AG & !AP3) | (LFY & !AG &
!AP3)

3 AP2 !TFL1
4 AP3 (LFY & UFO) | (PI & SEP & AP3 & (AG | AP1))
5 EMF1 !LFY
6 FT !EMF1
7 FUL !AP1 & !TFL1
8 LFY (!EMF1) | (!TFL1)
9 PI (LFY & (AG | AP3)) | (PI & SEP & AP3 & (AG | AP1))
10 SEP LFY
11 TFL1 !AP1 & (EMF1 & !LFY)
12 UFO UFO
13 WUS WUS & (!AG | !SEP)
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Table B.10: Boolean functions of the given GSD-GRN Boolean model in BoolNet format. The
column with header ‘Target node name’ contains the list of nodes whose regulation is captured
by the corresponding row entry in the column ‘Regulatory logic rule’. The symbols &, | and !
correspond to the logic operators AND, OR and NOT respectively.

Serial Target Regulatory logic rule
Number node name

1 UGR UGR & !(NR5A1 |WNT4)
2 CBX2 UGR & !(NR0B1 & WNT4 & CTNNB1)
3 GATA4 (UGR |WNT4 | NR5A1 | SRY)
4 WT1mKTS (UGR | GATA4)
5 WT1pKTS (UGR | GATA4) & !(WNT4 & CTNNB1)
6 NR5A1 (UGR | CBX2 | WT1mKTS | GATA4) & !(NR0B1 &

WNT4)
7 NR0B1 (WT1mKTS | (WNT4 & CTNNB1)) & !(NR5A1 & SOX9)
8 SRY ((NR5A1 & WT1mKTS & CBX2) | (GATA4 & WT1pKTS

& CBX2 & NR5A1) | (SOX9 | SRY)) & !(CTNNB1)
9 SOX9 ((SOX9 & FGF9) | (SRY | PGD2) | (SRY & CBX2) |

(GATA4 & NR5A1 & SRY)) & !(WNT4 | CTNNB1 |
FOXL2)

10 FGF9 SOX9 & !WNT4
11 PGD2 SOX9
12 DMRT1 (SRY | SOX9) & !(FOXL2)
13 DHH SOX9
14 DKK1 (SRY | SOX9)
15 AMH ((SOX9 & GATA4 & NR5A1) | (SOX9 & NR5A1 &

GATA4 & WT1mKTS)) & !(NR0B1 & CTNNB1)
16 WNT4 (GATA4 | (CTNNB1 | RSPO1 | NR0B1)) & !(FGF9 |

DKK1)
17 RSPO1 (WNT4 | CTNNB1) & !(DKK1)
18 FOXL2 (WNT4 & CTNNB1) & !(DMRT1 | SOX9)
19 CTNNB1 (WNT4 | RSPO1) & !(SRY | (SOX9 & AMH))
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Table B.11: Biological fixed points recovered by the RSCN-GRN Boolean model. The 4
biological fixed points recovered by the model are the Quiescent center (QC), Vascular initials
(VI), Cortex-Endodermis initials (CEI) and Columella epidermis initials (CEpI).

Cell types Nodes
SCR PLT ARF AUXIAA AUXIN SHR JKD MGP WOX5

QC 1 1 1 0 1 1 1 0 1
VI 0 1 1 0 1 1 0 0 0

CEI 1 1 1 0 1 1 1 1 0
CEpI 0 1 1 0 1 0 0 0 0

Table B.12: Biological fixed points recovered by the EMT-GRN Boolean model. The 3 biolog-
ical fixed points recovered by the model are the cell types: Epithelial, Mesenchymal and Hybrid.
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Table B.13: Biological fixed points recovered by the NCD-GRN Boolean model. The 2 bio-
logical fixed points recovered by the model are the Anterior and Posterior compartments of the
developing neocortex.

Cell types Nodes
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Table B.14: Biological fixed points recovered by the EHD-GRN Boolean model. The 2 bio-
logical fixed points recovered by the model are the cell types in the First Heart Field (FHF) and
Second Heart Field (SHF).
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Table B.15: Biological fixed points recovered by the MD-GRN Boolean model. The 4 biologi-
cal fixed points recovered by the model correspond to the cell types: erythrocytes, megakaryocytes,
monocytes and granulocytes.

Cell types Nodes
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1
Erythrocyte 0 1 1 1 0 1 0 0 0 0 0
Megakaryocyte 0 1 1 0 1 1 0 0 0 0 0
Monocyte 0 0 0 0 0 0 1 1 1 1 0

Granulocyte 0 0 0 0 0 0 1 1 0 0 1

Table B.16: Biological fixed points recovered by the THC-GRN Boolean model. The 3 bio-
logical fixed points recovered by the model correspond to di↵erent types of T-helper cells, namely,
Th0, Th1 and Th2.
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Th0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Th1 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0
Th2 0 0 0 1 0 0 0 0 0 1 1 0 1 1 1 1 0 0 0 0 0 0 0
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Table B.17: Biological fixed points recovered by the EGFR-GRN Boolean model. The 2
biological fixed points recovered by the model correspond to the cell states: cell division and
apoptosis.

Cell types
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Division 1 1 1 1 0 0 0 0 1 0 1 0 1
Apoptosis 0 0 0 0 1 0 1 1 0 1 0 1 0

Table B.18: Biological fixed points recovered by the EMT-Senescence-GRN Boolean model.
The 3 biological fixed points recovered by the model correspond to epithelial cells, senescent
epithelial cells and stem-like mesenchymal cells.

Cell types Nodes

Sn
ai

2

ES
E2

p1
6

E2
F

C
yc

lin

TE
La

sa

N
Fk

B

R
b

p5
3

Epithelial 0 1 0 1 1 0 1 0 0
Mesenchymal 1 0 0 0 1 1 1 0 0
Senescent 0 1 1 0 0 0 1 1 1

Table B.19: Biological fixed points recovered by the FOS-GRN Boolean model. The 10 bio-
logical fixed points recovered by the model correspond to inflorescence (4 cell types), sepal (1 cell
type), petal (2 cell types), stamen (2 cell types) and carpel (1 cell type).

Cell types Nodes

A
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A
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A
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FT FU
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Y
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L1

U
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INF1 0 0 0 0 1 0 0 0 0 0 1 0 0
INF2 0 0 0 0 1 0 0 0 0 0 1 1 0
INF3 0 0 0 0 1 0 0 0 0 0 1 0 1
INF4 0 0 0 0 1 0 0 0 0 0 1 1 1
SEP 0 1 1 0 0 1 0 1 0 1 0 0 0

PET1 0 1 1 1 0 1 0 1 1 1 0 1 0
PET2 0 1 1 1 0 1 0 1 1 1 0 0 0
STM1 1 0 1 1 0 1 1 1 1 1 0 1 0
STM2 1 0 1 1 0 1 1 1 1 1 0 0 0
CAR 1 0 1 0 0 1 1 1 1 1 0 0 0
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Table B.20: Biological fixed points recovered by the GSD-GRN Boolean model. The 2 bio-
logical fixed points recovered by the model correspond to the Sertoli progenitor cells (SPC) and
granulosa progenitor cells (GPC).
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Toward_Sertoli 0 0 1 1 1 1 0 1 1 1 1 1 1 1 1 0 0 0 0
Toward_granulosa 0 0 1 1 0 0 1 0 0 0 0 0 0 0 0 1 1 1 1

Table B.21: Type of the BF at each node of the given RSCN-GRN Boolean model. The ‘Node’
column contains all the nodes of the network. An entry in the columns corresponding to BF types,
namely EF, UF, NCF and RoF, is ‘Yes’ if the BF in the original model belongs to that function
type and is ‘No’ if it does not belong to that function type.

Serial
Number

Node EF UF NCF RoF

1 SCR Yes Yes Yes Yes
2 PLT Yes Yes Yes Yes
3 ARF Yes Yes Yes Yes
4 AUXIAA Yes Yes Yes Yes
5 AUX No Yes No No
6 SHR Yes Yes Yes Yes
7 JKD Yes Yes Yes Yes
8 MGP Yes Yes Yes Yes
9 WOX5 Yes Yes Yes Yes
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Table B.22: Type of the BF at each node of the given EMT-GRN Boolean model. The ‘Node’
column contains all the nodes of the network. An entry in the columns corresponding to BF types,
namely EF, UF, NCF and RoF, is ‘Yes’ if the BF in the original model belongs to that function
type and is ‘No’ if it does not belong to that function type.

Serial
Number

Node EF UF NCF RoF

1 SNAI1 Yes Yes No No
2 LEF1 Yes Yes Yes Yes
3 Twist Yes Yes Yes Yes
4 SNAI2 Yes Yes Yes Yes
5 ZEB1 Yes Yes Yes Yes
6 N_bcatenin_H Yes Yes Yes Yes
7 ZEB1_H Yes Yes Yes Yes
8 b_catenin_TCF4 Yes Yes Yes Yes
9 miR_34 Yes Yes Yes Yes

10 miR_200 Yes Yes No Yes
11 Ecadherin_mRNA Yes Yes Yes Yes
12 TGFb_secr Yes Yes Yes Yes

Table B.23: Type of the BF at each node of the given NCD-GRN Boolean model. The ‘Node’
column contains all the nodes of the network. An entry in the columns corresponding to BF types,
namely EF, UF, NCF and RoF, is ‘Yes’ if the BF in the original model belongs to that function
type and is ‘No’ if it does not belong to that function type.

Serial
Number

Node EF UF NCF RoF

1 Fgf8_g Yes Yes Yes Yes
2 Fgf8_p Yes Yes Yes Yes
3 Emx2_g Yes Yes Yes Yes
4 Emx2_p Yes Yes Yes Yes
5 Pax6_g Yes Yes Yes Yes
6 Pax6_p Yes Yes Yes Yes
7 Coup_tfi_g Yes Yes Yes Yes
8 Coup_tfi_p Yes Yes Yes Yes
9 Sp8_g Yes Yes Yes Yes

10 Sp8_p Yes Yes Yes Yes
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Table B.24: Type of the BF at each node of the given EHD-GRN Boolean model. The ‘Node’
column contains all the nodes of the network. An entry in the columns corresponding to BF types,
namely EF, UF, NCF and RoF, is ‘Yes’ if the BF in the original model belongs to that function
type and is ‘No’ if it does not belong to that function type.

Serial
Number

Node EF UF NCF RoF

1 Bmp2 Yes Yes Yes Yes
2 canWnt Yes Yes Yes Yes
3 Dkk1 Yes Yes Yes Yes
4 Fgf8 Yes Yes Yes Yes
5 Foxc1/2 Yes Yes Yes Yes
6 GATAs Yes Yes Yes Yes
7 IsI1 Yes Yes Yes Yes
8 Mesp1 Yes Yes Yes Yes
9 Nkx2_5 Yes Yes No Yes

10 Tbx1 Yes Yes Yes Yes
11 Tbx5 Yes Yes Yes Yes
12 exogen_BMP2_I - - - -
13 exogen_BMP2_IIYes Yes Yes Yes
14 exogen_canWnt_IYes Yes Yes Yes
15 exogen_canWnt_IIYes Yes Yes Yes
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Table B.25: Type of the BF at each node of the given MD-GRN Boolean model. The ‘Node’
column contains all the nodes of the network. An entry in the columns corresponding to BF types,
namely EF, UF, NCF and RoF, is ‘Yes’ if the BF in the original model belongs to that function
type and is ‘No’ if it does not belong to that function type.

Serial
Number

Node EF UF NCF RoF

1 GATA_2 Yes Yes Yes Yes
2 GATA_1 Yes Yes Yes Yes
3 FOG_1 Yes Yes Yes Yes
4 EKLF Yes Yes Yes Yes
5 Fli_1 Yes Yes Yes Yes
6 SCL Yes Yes Yes Yes
7 C/EBP_alpha Yes Yes Yes Yes
8 PU_1 Yes Yes Yes Yes
9 cJun Yes Yes Yes Yes

10 EgrNab Yes Yes Yes Yes
11 Gfi_1 Yes Yes Yes Yes
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Table B.26: Type of the BF at each node of the given THC-GRN Boolean model. The ‘Node’
column contains all the nodes of the network. An entry in the columns corresponding to BF types,
namely EF, UF, NCF and RoF, is ‘Yes’ if the BF in the original model belongs to that function
type and is ‘No’ if it does not belong to that function type.

Serial
Number

Node EF UF NCF RoF

1 NFAT Yes Yes Yes Yes
2 IRAK Yes Yes Yes Yes
3 STAT1 Yes Yes Yes Yes
4 IL10R Yes Yes Yes Yes
5 IL12R Yes Yes Yes Yes
6 IL18R Yes Yes Yes Yes
7 IFNgR Yes Yes Yes Yes
8 IFNg Yes Yes Yes Yes
9 STAT4 Yes Yes Yes Yes

10 IL10 Yes Yes Yes Yes
11 STAT3 Yes Yes Yes Yes
12 IFNbR Yes Yes Yes Yes
13 IL4 Yes Yes Yes Yes
14 IL4R Yes Yes Yes Yes
15 GATA3 Yes Yes Yes Yes
16 STAT6 Yes Yes Yes Yes
17 SOCS1 Yes Yes Yes Yes
18 JAK1 Yes Yes Yes Yes
19 Tbet Yes Yes Yes Yes
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Table B.27: Type of the BF at each node of the given EGFR-GRN Boolean model. The ‘Node’
column contains all the nodes of the network. An entry in the columns corresponding to BF types,
namely EF, UF, NCF and RoF, is ‘Yes’ if the BF in the original model belongs to that function
type and is ‘No’ if it does not belong to that function type.

Serial
Number

Node EF UF NCF RoF

1 EGFR Yes Yes Yes Yes
2 ERK1/2 Yes Yes Yes Yes
3 PI3K Yes Yes Yes Yes
4 AKT Yes Yes Yes Yes
5 GSK3_beta Yes Yes Yes Yes
6 MDM2 Yes Yes Yes Yes
7 TP53 Yes Yes Yes Yes
8 PTEN Yes Yes Yes Yes
9 PARP1 Yes Yes Yes Yes

10 BRCA1 Yes Yes Yes Yes
11 BCL_2 Yes Yes Yes Yes
12 BAX Yes Yes Yes Yes
13 CYCD1 Yes Yes No Yes

Table B.28: Type of the BF at each node of the given EMT-Senescence-GRN Boolean model.
The ‘Node’ column contains all the nodes of the network. An entry in the columns corresponding
to BF types, namely EF, UF, NCF and RoF, is ‘Yes’ if the BF in the original model belongs to that
function type and is ‘No’ if it does not belong to that function type.

Serial
Number

Node EF UF NCF RoF

1 Snai2 Yes Yes Yes Yes
2 ESE2 Yes Yes Yes Yes
3 p16 Yes Yes No No
4 E2F Yes Yes Yes Yes
5 Cyclin Yes Yes Yes Yes
6 TELasa Yes Yes Yes Yes
7 NFkB Yes Yes Yes Yes
8 Rb Yes Yes Yes Yes
9 p53 Yes Yes Yes Yes
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Table B.29: Type of the BF at each node of the given FOS-GRN Boolean model. The ‘Node’
column contains all the nodes of the network. An entry in the columns corresponding to BF types,
namely EF, UF, NCF and RoF, is ‘Yes’ if the BF in the original model belongs to that function
type and is ‘No’ if it does not belong to that function type.

Serial
Number

Node EF UF NCF RoF

1 AG Yes Yes No No
2 AP1 Yes Yes No No
3 AP2 Yes Yes Yes Yes
4 AP3 Yes Yes No Yes
5 EMF1 Yes Yes Yes Yes
6 FT Yes Yes Yes Yes
7 FUL Yes Yes Yes Yes
8 LFY Yes Yes Yes Yes
9 PI Yes Yes No No

10 SEP Yes Yes Yes Yes
11 TFL1 Yes Yes Yes Yes
12 UFO Yes Yes Yes Yes
13 WUS Yes Yes Yes Yes
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Table B.30: Type of the BF at each node of the given GSD-GRN Boolean model. The ‘Node’
column contains all the nodes of the network. An entry in the columns corresponding to BF types,
namely EF, UF, NCF and RoF, is ‘Yes’ if the BF in the original model belongs to that function
type and is ‘No’ if it does not belong to that function type.

Serial
Number

Node EF UF NCF RoF

1 UGR Yes Yes Yes Yes
2 CBX2 Yes Yes Yes Yes
3 GATA4 Yes Yes Yes Yes
4 WT1mKTS Yes Yes Yes Yes
5 WT1pKTS Yes Yes No Yes
6 NR5A1 Yes Yes No Yes
7 NR0B1 Yes Yes No Yes
8 SRY Yes Yes Yes Yes
9 SOX9 No Yes No No

10 FGF9 Yes Yes Yes Yes
11 PGD2 Yes Yes Yes Yes
12 DMRT1 Yes Yes Yes Yes
13 DHH Yes Yes Yes Yes
14 DKK1 Yes Yes Yes Yes
15 AMH No Yes No No
16 WNT4 Yes Yes Yes Yes
17 RSPO1 Yes Yes Yes Yes
18 FOXL2 Yes Yes Yes Yes
19 CTNNB1 Yes Yes No Yes
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Table B.31: Nodewise enumeration of the number of BFs that satisfy various biologically
meaningful constraints for the RSCN-GRN model. The ‘Node’ column contains all nodes of
the network. The ‘k’ column is the number of e↵ective inputs to each node. Each of the columns
EF, EUF, RoF and NCF provides the numbers of the respective type of BF that satisfy the fixed
point constraints for each of the nodes. Additionally, the BFs in EUF, RoF and NCF also satisfy the
signs of the inputs in the network architecture. The row labeled ‘Total’ gives the total number of
Boolean models allowed when imposing a given type of BF at each node. Here and in the previous
rows, ‘-’ denotes that it was computationally infeasible to obtain the exact values. Finally, the row
labeled ‘Sampled’ specifies whether we had to resort to sampling of these models. When set to
False, we considered all possible models by exhaustive enumeration.

Serial
Number

Node k EF EUF RoF NCF

1 SCR 4 4010 50 20 17
2 PLT 1 1 1 1 1
3 ARF 1 1 1 1 1
4 AUXIAA 1 1 1 1 1
5 AUXIN 1 1 1 1 1
6 SHR 1 1 1 1 1
7 JKD 2 1 1 1 1
8 MGP 3 14 1 1 1
9 WOX5 5 - 732 94 75

Total - 36600 1880 1275
Sampled True False False False
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Table B.32: Nodewise enumeration of the number of BFs that satisfy various biologically
meaningful constraints for the EMT-GRN model. The ‘Node’ column contains all nodes of the
network. The ‘k’ column is the number of e↵ective inputs to each node. Each of the columns EF,
EUF, RoF and NCF provides the numbers of the respective type of BF that satisfy the fixed point
constraints for each of the nodes. Additionally, the BFs in EUF, RoF and NCF also satisfy the
signs of the inputs in the network architecture. The row labeled ‘Total’ gives the total number of
Boolean models allowed when imposing a given type of BF at each node. Here and in the previous
rows, ‘-’ denotes that it was computationally infeasible to obtain the exact values. Finally, the row
labeled ‘Sampled’ specifies whether we had to resort to sampling of these models. When set to
False, we considered all possible models by exhaustive enumeration.

Serial
Num-
ber

Node k EF EUF RoF NCF

1 SNAI1 3 26 7 6 6
2 LEF1 3 26 7 6 6
3 Twist 2 2 2 2 2
4 SNAI2 4 8074 57 26 23
5 ZEB1 3 29 2 2 2
6 N_bcatenin_H 2 1 1 1 1
7 ZEB1_H 5 - 5119 310 213
8 b_catenin_TCF4 3 29 2 2 2
9 miR_34 3 26 7 6 6

10 miR_200 5 - 1775 162 119
11 Ecadherin_mRNA 5 - 114 52 46
12 TGFb_secr 2 2 2 2 2

Total - 324024087794400 234653552640 92679987456
Sampled True True True True
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Table B.33: Nodewise enumeration of the number of BFs that satisfy various biologically
meaningful constraints for the NCD-GRN model. The ‘Node’ column contains all nodes of the
network. The ‘k’ column is the number of e↵ective inputs to each node. Each of the columns EF,
EUF, RoF and NCF provides the numbers of the respective type of BF that satisfy the fixed point
constraints for each of the nodes. Additionally, the BFs in EUF, RoF and NCF also satisfy the
signs of the inputs in the network architecture. The row labeled ‘Total’ gives the total number of
Boolean models allowed when imposing a given type of BF at each node. Finally, the row labeled
‘Sampled’ specifies whether we had to resort to sampling of these models. When set to False, we
considered all possible models by exhaustive enumeration.

Serial
Num-
ber

Node k EF EUF RoF NCF

1 Fgf8_g 3 55 9 8 8
2 Fgf8_p 1 1 1 1 1
3 Emx2_g 4 16148 114 52 46
4 Emx2_p 1 1 1 1 1
5 Pax6_g 3 55 9 8 8
6 Pax6_p 1 1 1 1 1
7 Coup_tfi_g 2 2 2 2 2
8 Coup_tfi_p 1 1 1 1 1
9 Sp8_g 2 2 2 2 2
10 Sp8_p 1 1 1 1 1

Total 195390800 36936 13312 11776
Sampled True False False False
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Table B.34: Nodewise enumeration of the number of BFs that satisfy various biologically
meaningful constraints for the EHD-GRN model. The ‘Node’ column contains all nodes of the
network. The ‘k’ column is the number of e↵ective inputs to each node. Each of the columns EF,
EUF, RoF and NCF provides the numbers of the respective type of BF that satisfy the fixed point
constraints for each of the nodes. Additionally, the BFs in EUF, RoF and NCF also satisfy the
signs of the inputs in the network architecture. The row labeled ‘Total’ gives the total number of
Boolean models allowed when imposing a given type of BF at each node. Here and in the previous
rows, ‘-’ denotes that it was computationally infeasible to obtain the exact values. Finally, the row
labeled ‘Sampled’ specifies whether we had to resort to sampling of these models. When set to
False, we considered all possible models by exhaustive enumeration.

Serial
Num-
ber

Node k EF EUF RoF NCF

1 Bmp2 2 3 1 1 1
2 canWnt 1 1 1 1 1
3 Dkk1 3 52 7 6 6
4 Fgf8 3 54 7 6 6
5 Foxc1/2 2 2 2 2 2
6 GATAs 3 52 2 2 2
7 IsI1 5 - 6780 420 286
8 Mesp1 2 2 1 1 1
9 Nkx2_5 7 - - 15976 6363
10 Tbx1 1 1 1 1 1
11 Tbx5 6 - 7190326 3648 1735
12 exogen_BMP2_I 1 1 1 1 1
13 exogen_BMP2_II 1 1 1 1 1
14 exogen_canWnt_I 1 1 1 1 1
15 exogen_canWnt_II 1 1 1 1 1

Total - - 3524801495040 454663329120
Sampled True True True True
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Table B.35: Nodewise enumeration of the number of BFs that satisfy various biologically
meaningful constraints for the MD-GRN model. The ‘Node’ column contains all nodes of the
network. The ‘k’ column is the number of e↵ective inputs to each node. Each of the columns EF,
EUF, RoF and NCF provides the numbers of the respective type of BF that satisfy the fixed point
constraints for each of the nodes. Additionally, the BFs in EUF, RoF and NCF also satisfy the
signs of the inputs in the network architecture. The row labeled ‘Total’ gives the total number of
Boolean models allowed when imposing a given type of BF at each node. Finally, the row labeled
‘Sampled’ specifies whether we had to resort to sampling of these models. When set to False, we
considered all possible models by exhaustive enumeration.

Serial
Num-
ber

Node k EF EUF RoF NCF

1 GATA_2 4 16148 55 24 21
2 GATA_1 4 8046 57 26 23
3 FOG_1 1 1 1 1 1
4 EKLF 2 2 1 1 1
5 Fli_1 2 2 1 1 1
6 SCL 2 2 2 2 2
7 C/EBP_alpha 4 16148 114 52 46
8 PU_1 4 16149 105 44 38
9 cJun 2 2 1 1 1
10 EgrNab 3 27 6 5 5
11 Gfi_1 2 2 1 1 1

Total 29273650720346317824 450311400 14277120 8442840
Sampled True True True True
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Table B.36: Nodewise enumeration of the number of BFs that satisfy various biologically
meaningful constraints for the THC-GRN model. The ‘Node’ column contains all nodes of the
network. The ‘k’ column is the number of e↵ective inputs to each node. Each of the columns EF,
EUF, RoF and NCF provides the numbers of the respective type of BF that satisfy the fixed point
constraints for each of the nodes. Additionally, the BFs in EUF, RoF and NCF also satisfy the
signs of the inputs in the network architecture. The row labeled ‘Total’ gives the total number of
Boolean models allowed when imposing a given type of BF at each node. Here and in the previous
rows, ‘-’ denotes that it was computationally infeasible to obtain the exact values. Finally, the row
labeled ‘Sampled’ specifies whether we had to resort to sampling of these models. When set to
False, we considered all possible models by exhaustive enumeration.

Serial
Num-
ber

Node k EF EUF RoF NCF

1 NFAT 1 1 1 1 1
2 IRAK 1 1 1 1 1
3 STAT1 2 5 2 2 2
4 IL10R 1 1 1 1 1
5 IL12R 1 1 1 1 1
6 IL18R 2 2 1 1 1
7 IFNgR 1 1 1 1 1
8 IFNg 5 - 1661 110 73
9 STAT4 2 2 1 1 1

10 IL10 1 1 1 1 1
11 STAT3 1 1 1 1 1
12 IFNbR 1 1 1 1 1
13 IL4 2 3 1 1 1
14 IL4R 2 1 1 1 1
15 GATA3 3 26 7 6 6
16 STAT6 1 1 1 1 1
17 SOCS1 2 3 1 1 1
18 JAK1 2 3 1 1 1
19 Tbet 3 27 5 4 4
20 IFNb 1 1 1 1 1
21 TCR 1 1 1 1 1
22 IL18 1 1 1 1 1
23 IL12 1 1 1 1 1

Total - 116270 5280 3504
Sampled True False False False
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Table B.37: Nodewise enumeration of the number of BFs that satisfy various biologically
meaningful constraints for the EGFR-GRN model. The ‘Node’ column contains all nodes of
the network. The ‘k’ column is the number of e↵ective inputs to each node. Each of the columns
EF, EUF, RoF and NCF provides the numbers of the respective type of BF that satisfy the fixed
point constraints for each of the nodes. Additionally, the BFs in EUF, RoF and NCF also satisfy
the signs of the inputs in the network architecture. The row labeled ‘Total’ gives the total number
of Boolean models allowed when imposing a given type of BF at each node. Finally, the row
labeled ‘Sampled’ specifies whether we had to resort to sampling of these models. When set to
False, we considered all possible models by exhaustive enumeration.

Serial
Num-
ber

Node k EF EUF RoF NCF

1 EGFR 1 1 1 1 1
2 ERK1/2 1 1 1 1 1
3 PI3K 2 2 2 2 2
4 AKT 1 1 1 1 1
5 GSK3_beta 1 1 1 1 1
6 MDM2 2 3 1 1 1
7 TP53 3 54 7 6 6
8 PTEN 1 1 1 1 1
9 PARP1 1 1 1 1 1
10 BRCA1 1 1 1 1 1
11 BCL_2 1 1 1 1 1
12 BAX 2 2 2 2 2
13 CYCD1 4 16148 114 52 46

Total 10463904 3192 1248 1104
Sampled True False False False
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Table B.38: Nodewise enumeration of the number of BFs that satisfy various biologically
meaningful constraints for the EMT-Senescence-GRN model. The ‘Node’ column contains all
nodes of the network. The ‘k’ column is the number of e↵ective inputs to each node. Each of the
columns EF, EUF, RoF and NCF provides the numbers of the respective type of BF that satisfy
the fixed point constraints for each of the nodes. Additionally, the BFs in EUF, RoF and NCF also
satisfy the signs of the inputs in the network architecture. The row labeled ‘Total’ gives the total
number of Boolean models allowed when imposing a given type of BF at each node. Here and
in the previous rows, ‘-’ denotes that it was computationally infeasible to obtain the exact values.
Finally, the row labeled ‘Sampled’ specifies whether we had to resort to sampling of these models.
When set to False, we considered all possible models by exhaustive enumeration.

Serial
Num-
ber

Node k EF EUF RoF NCF

1 Snai2 3 54 7 6 6
2 ESE2 3 54 7 6 6
3 p16 5 - 1718 136 96
4 E2F 3 28 2 2 2
5 Cyclin 4 8103 43 14 11
6 TELasa 1 1 1 1 1
7 NFkB 4 8048 36 18 17
8 Rb 3 55 5 4 4
9 p53 4 8103 48 18 15

Total - 62550593280 177666048 77552640
Sampled True True True True

253



Table B.39: Nodewise enumeration of the number of BFs that satisfy various biologically
meaningful constraints for the FOS-GRN model. The ‘Node’ column contains all nodes of the
network. The ‘k’ column is the number of e↵ective inputs to each node. Each of the columns EF,
EUF, RoF and NCF provides the numbers of the respective type of BF that satisfy the fixed point
constraints for each of the nodes. Additionally, the BFs in EUF, RoF and NCF also satisfy the
signs of the inputs in the network architecture. The row labeled ‘Total’ gives the total number of
Boolean models allowed when imposing a given type of BF at each node. Here and in the previous
rows, ‘-’ denotes that it was computationally infeasible to obtain the exact values. Finally, the row
labeled ‘Sampled’ specifies whether we had to resort to sampling of these models. When set to
False, we considered all possible models by exhaustive enumeration.

Serial
Num-
ber

Node k EF EUF RoF NCF

1 AG 8 - - 324888 66042
2 AP1 6 - 274247 380 178
3 AP2 1 1 1 1 1
4 AP3 7 - - 9018 2920
5 EMF1 1 1 1 1 1
6 FT 1 1 1 1 1
7 FUL 2 2 1 1 1
8 LFY 2 2 2 2 2
9 PI 6 - 3500117 1436 627

10 SEP 1 1 1 1 1
11 TFL1 3 26 7 6 6
12 UFO 1 1 1 1 1
13 WUS 3 13 2 2 2

Total - - 38370121979258880 516537496316160
Sampled True True True True
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Table B.40: Nodewise enumeration of the number of BFs that satisfy various biologically
meaningful constraints for the GSD-GRN model. The ‘Node’ column contains all nodes of the
network. The ‘k’ column is the number of e↵ective inputs to each node. Each of the columns EF,
EUF, RoF and NCF provides the numbers of the respective type of BF that satisfy the fixed point
constraints for each of the nodes. Additionally, the BFs in EUF, RoF and NCF also satisfy the
signs of the inputs in the network architecture. The row labeled ‘Total’ gives the total number of
Boolean models allowed when imposing a given type of BF at each node. Here and in the previous
rows, ‘-’ denotes that it was computationally infeasible to obtain the exact values. Finally, the row
labeled ‘Sampled’ specifies whether we had to resort to sampling of these models. When set to
False, we considered all possible models by exhaustive enumeration.

Serial
Num-
ber

Node k EF EUF RoF NCF

1 UGR 3 55 6 5 5
2 CBX2 4 16148 9 8 8
3 GATA4 4 16148 7 6 6
4 WT1mKTS 2 5 1 1 1
5 WT1pKTS 4 16146 96 36 30
6 NR5A1 6 - 6609378 2736 1260
7 NR0B1 5 - 6780 420 286
8 SRY 8 - - 1032456 239279
9 SOX9 7 - - 78416 29024

10 FGF9 2 2 2 2 2
11 PGD2 1 1 1 1 1
12 DMRT1 3 55 9 8 8
13 DHH 1 1 1 1 1
14 DKK1 2 2 2 2 2
15 AMH 5 - 6780 420 286
16 WNT4 6 - 7778168 5032 2542
17 RSPO1 3 55 9 8 8
18 FOXL2 4 16148 114 52 46
19 CTNNB1 5 - 6894 472 332

Total - - 1.067 ⇥ 1034 5.121⇥1031

Sampled True True True True
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Table B.41: Performance evaluation for using 1 � Zmid as a proxy for G-density, based
on average AUROC and AUPRC scores. Shown are the AUROC (Area Under the Receiver
Operating Characteristic Curve) and AUPRC (Area Under the Precision-Recall Curve) scores
for 1 � Zmid when averaging over ground truths. A ground truth is obtained by thresholding
the G-density of the models in the EF ensembles, models generated using network structures
from 10 published Boolean GRNs. In detail, we successively consider the percentile thresholds
0.1%, 0.2%, . . . , 99.9%. For each threshold, we identify the models having G-density percentiles
above that threshold and label them as ‘true’ while the others are labelled as ‘false’. The AUROC
and AUPRC scores are then computed for the 1 � Zmid values for that ground truth. Finally, these
scores are average over all thresholds, with the results being given in the present table. (Note that
the computations were performed for 1 � Zmid rather than for Zmid since Zmid and G-density are
negatively correlated.)

Names of Boolean GRN
models

Average
AUROC Score

Average
AUPRC Score

RSCN-GRN 0.795 0.737
EMT-GRN 0.804 0.744
NCD-GRN 0.747 0.675
EHD-GRN 0.747 0.699
MD-GRN 0.857 0.762
THC-GRN 0.722 0.641

EGFR-GRN 0.670 0.653
EMT-Senescence-GRN 0.732 0.661

FOS-GRN 0.886 0.818
GSD-GRN 0.743 0.666
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B.5 Supplementary figures for chapter 5
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Figure B.1: Distribution of G-density values for di↵erent ensembles generated using net-
work structures from six published Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and
(f) correspond to the MD-GRN, THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and
GSD-GRN network structures respectively. The x and y axes of each sub-figure correspond re-
spectively to G-density and to the type of BF imposed on the nodes of the networks. The box
plots display the distribution of G-density in the four ensembles that each use a given type of reg-
ulatory logic. The ensembles generated using biologically meaningful BFs (EUFs, RoFs, NCFs)
have higher G-density compared to the ensemble generated using EFs. Note that we impose that
ensembles recover the biological fixed points of the associated published model. The mean and
median of the distribution are indicated by the black dot and the vertical line within the box re-
spectively. The vertical dashed lines in each sub-figure correspond to the G-density of the Boolean
model provided by the modelers in the published article.
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Figure B.2: Distribution of average in-degree of non-GoE states (hdininon�GoE) for di↵erent
ensembles generated using network structures from four published Boolean GRNs. The sub-
figures (a), (b), (c) and (d) correspond to the RSCN-GRN, EMT-GRN, NCD-GRN and EHD-GRN
network structures respectively. The x and y axes of each sub-figure correspond respectively to
hdininon�GoE and to the type of BF imposed on the nodes of the networks. The box plots display the
distribution of hdininon�GoE in the four ensembles that each use a given type of regulatory logic.
The ensembles generated using biologically meaningful BFs (EUFs, RoFs, NCFs) have higher
hdininon�GoE compared to the ensemble generated using EFs. Note that we impose that ensembles
recover the biological fixed points of the associated published model. The mean and median of
the distribution are indicated by the black dot and the vertical line within the box respectively.
The vertical dashed lines in each sub-figure correspond to the hdininon�GoE of the Boolean model
provided by the modelers in the published article.
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Figure B.3: Distribution of average in-degree of non-GoE states (hdininon�GoE) for di↵erent
ensembles generated using network structures from six published Boolean GRNs. The sub-
figures (a), (b), (c), (d), (e) and (f) correspond to the MD-GRN, THC-GRN, EGFR-GRN, EMT-
Senescence-GRN, FOS-GRN and GSD-GRN network structures respectively. The x and y axes of
each sub-figure correspond respectively to hdininon�GoE and to the type of BF imposed on the nodes
of the networks. The box plots display the distribution of hdininon�GoE in the four ensembles that
each use a given type of regulatory logic. The ensembles generated using biologically meaningful
BFs (EUFs, RoFs, NCFs) have higher hdininon�GoE compared to the ensemble generated using EFs.
Note that we impose that ensembles recover the biological fixed points of the associated published
model. The mean and median of the distribution are indicated by the black dot and the vertical
line within the box respectively. The vertical dashed lines in each sub-figure correspond to the
hdininon�GoE of the Boolean model considered by the modelers in the published article.
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Figure B.4: Distribution of average convergence rate of trajectories originating at GoE
states (�GoE) for di↵erent ensembles generated using network structures from six published
Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and (f) correspond to the MD-GRN, THC-
GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and GSD-GRN network structures re-
spectively. The x and y axes of each sub-figure correspond respectively to �GoE and to the type
of BF imposed on the nodes of the networks. The box plots display the distribution of �GoE in
the four ensembles that each use a given type of regulatory logic. The ensembles generated using
biologically meaningful BFs (EUFs, RoFs, NCFs) have higher convergence rates compared to the
ensemble generated using EFs. Note that we impose that ensembles recover the biological fixed
points of the associated published model. The mean and median of the distribution are indicated
by the black dot and the vertical line within the box respectively. The vertical dashed lines in each
sub-figure correspond to the �GoE of the Boolean model provided by the modelers in the published
article.
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Figure B.5: Scatter plot between the G-density and average convergence rate of trajectories
originating at GoE states (�GoE) for the EF ensemble generated using network structures
from four published Boolean GRNs. The sub-figures (a), (b), (c) and (d) correspond to the
RSCN-GRN, EMT-GRN, NCD-GRN and EHD-GRN network structures respectively. The x and
y axis of each sub-figure correspond to the G-density and �GoE respectively. In each sub-figure
we provide the Spearman correlation coe�cient (⇢) along with the associated p-value. G-density
and �GoE show a moderate positive correlation for the RSCN-GRN network and a weak positive
correlation otherwise.

262



Figure B.6: Scatter plot between the G-density and average convergence rate of trajectories
originating at GoE states (�GoE) for the EF ensemble generated using network structures
from six published Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and (f) correspond
to the MD-GRN, THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and GSD-GRN
network structures respectively. The x and y axis of each sub-figure correspond to the G-density
and �GoE respectively. In each sub-figure we provide the Spearman correlation coe�cient (⇢)
along with the associated p-value. G-density and �GoE show a weak positive correlation for all of
the networks except for the THC-GRN network which shows a very weak positive correlation.
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Figure B.7: Distribution of Zmax values for di↵erent ensembles generated using network
structures from four published Boolean GRNs. The sub-figures (a), (b), (c) and (d) correspond
to the RSCN-GRN, EMT-GRN, NCD-GRN and EHD-GRN network structures respectively. The
x and y axes of each sub-figure correspond respectively to Zmax and to the type of BF imposed on
the nodes of the networks. The box plots display the distribution of Zmax in the four ensembles that
each use a given type of regulatory logic. The ensembles generated using biologically meaningful
BFs (EUFs, RoFs, NCFs) have lower Zmax compared to the ensemble generated using EFs. Note
that we impose that ensembles recover the biological fixed points of the associated published
model. The mean and median of the distribution are indicated by the black dot and the vertical
line within the box respectively. The vertical dashed lines in each sub-figure correspond to the
Zmax of the Boolean model provided by the modelers in the published article.
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Figure B.8: Distribution of Zmax values for di↵erent ensembles generated using network
structures from six published Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and (f)
correspond to the MD-GRN, THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and
GSD-GRN network structures respectively. The x and y axes of each sub-figure correspond re-
spectively to Zmax and to the type of BF imposed on the nodes of the networks. The box plots
display the distribution of Zmax in the four ensembles that each use a given type of regulatory
logic. The ensembles generated using biologically meaningful BFs (EUFs, RoFs, NCFs) have
lower Zmax compared to the ensemble generated using EFs. Note that we impose that ensembles
recover the biological fixed points of the associated published model. The mean and median of
the distribution are indicated by the black dot and the vertical line within the box respectively. The
vertical dashed lines in each sub-figure correspond to the Zmax of the Boolean model provided by
the modelers in the published article.
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Figure B.9: Distribution of Zmin values for di↵erent ensembles generated using network
structures from four published Boolean GRNs. The sub-figures (a), (b), (c) and (d) correspond
to the RSCN-GRN, EMT-GRN, NCD-GRN and EHD-GRN network structures respectively. The
x and y axes of each sub-figure correspond respectively to Zmin and to the type of BF imposed on
the nodes of the networks. The box plots display the distribution of Zmin in the four ensembles that
each use a given type of regulatory logic. The ensembles generated using biologically meaningful
BFs (EUFs, RoFs, NCFs) have lower Zmin compared to the ensemble generated using EFs. Note
that we impose that ensembles recover the biological fixed points of the associated published
model. The mean and median of the distribution are indicated by the black dot and the vertical
line within the box respectively. The vertical dashed lines in each sub-figure correspond to the
Zmin of the Boolean model provided by the modelers in the published article.
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Figure B.10: Distribution of Zmin values for di↵erent ensembles generated using network
structures from six published Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and (f)
correspond to the MD-GRN, THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and
GSD-GRN network structures respectively. The x and y axes of each sub-figure correspond re-
spectively to Zmin and to the type of BF imposed on the nodes of the networks. The box plots
display the distribution of Zmin in the four ensembles that each use a given type of regulatory
logic. The ensembles generated using biologically meaningful BFs (EUFs, RoFs, NCFs) have
lower Zmin compared to the ensemble generated using EFs. Note that we impose that ensembles
recover the biological fixed points of the associated published model. The mean and median of
the distribution are indicated by the black dot and the vertical line within the box respectively. The
vertical dashed lines in each sub-figure correspond to the Zmin of the Boolean model provided by
the modelers in the published article.
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Figure B.11: Distribution of Zave values for di↵erent ensembles generated using network
structures from four published Boolean GRNs. The sub-figures (a), (b), (c) and (d) correspond
to the RSCN-GRN, EMT-GRN, NCD-GRN and EHD-GRN network structures respectively. The
x and y axes of each sub-figure correspond respectively to Zave and to the type of BF imposed on
the nodes of the networks. The box plots display the distribution of Zave in the four ensembles that
each use a given type of regulatory logic. The ensembles generated using biologically meaningful
BFs (EUFs, RoFs, NCFs) have lower Zave compared to the ensemble generated using EFs. Note
that we impose that ensembles recover the biological fixed points of the associated published
model. The mean and median of the distribution are indicated by the black dot and the vertical
line within the box respectively. The vertical dashed lines in each sub-figure correspond to the
Zave of the Boolean model provided by the modelers in the published article.
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Figure B.12: Distribution of Zave values for di↵erent ensembles generated using network
structures from six published Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and (f)
correspond to the MD-GRN, THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and
GSD-GRN network structures respectively. The x and y axes of each sub-figure correspond re-
spectively to Zave and to the type of BF imposed on the nodes of the networks. The box plots
display the distribution of Zave in the four ensembles that each use a given type of regulatory logic.
The ensembles generated using biologically meaningful BFs (EUFs, RoFs, NCFs) have lower Zave
compared to the ensemble generated using EFs. Note that we impose that ensembles recover the
biological fixed points of the associated published model. The mean and median of the distribution
are indicated by the black dot and the vertical line within the box respectively. The vertical dashed
lines in each sub-figure correspond to the Zave of the Boolean model provided by the modelers in
the published article.
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Figure B.13: Distribution of Zmid values for di↵erent ensembles generated using network
structures from six published Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and (f)
correspond to the MD-GRN, THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and
GSD-GRN network structures respectively. The x and y axes of each sub-figure correspond re-
spectively to Zmid and to the type of BF imposed on the nodes of the networks. The box plots
display the distribution of Zmid in the four ensembles that each use a given type of regulatory
logic. The ensembles generated using biologically meaningful BFs (EUFs, RoFs, NCFs) have
lower Zmid compared to the ensemble generated using EFs. Note that we impose that ensembles
recover the biological fixed points of the associated published model. The mean and median of
the distribution are indicated by the black dot and the vertical line within the box respectively. The
vertical dashed lines in each sub-figure correspond to the Zmid of the Boolean model provided by
the modelers in the published article.
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Figure B.14: Distribution of s values for di↵erent ensembles generated using network struc-
tures from six published Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and (f) correspond
to the MD-GRN, THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and GSD-GRN
network structures respectively. The x and y axes of each sub-figure correspond respectively to s
and to the type of BF imposed on the nodes of the networks. The box plots display the distribution
of s in the four ensembles that each use a given type of regulatory logic. The ensembles generated
using biologically meaningful BFs (EUFs, RoFs, NCFs) have lower s compared to the ensemble
generated using EFs. Note that we impose that ensembles recover the biological fixed points of the
associated published model. The mean and median of the distribution are indicated by the black
dot and the vertical line within the box respectively. The vertical dashed lines in each sub-figure
correspond to the s of the Boolean model provided by the modelers in the published article.
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Figure B.15: Correlation heat map between the various descriptors of local dynamics on
ensembles generated using network structures from four published Boolean GRNs. The
sub-figures (a), (b), (c) and (d) correspond to the RSCN-GRN, EMT-GRN, NCD-GRN and EHD-
GRN network structures respectively. The EF-ensemble for each network structure was used to
generate the heat maps. The rows and columns of each sub-figure correspond to descriptors of
local dynamics, namely, the network Z-parameters (Zmax, Zmin, Zave, Zmid) and network sensitivity
(s). The heat maps show the pair-wise Spearman correlations between these descriptors. All pairs
of quantities show moderate to a very strong positive correlation across all models, except for one
pair that shows weak positive correlation. The darkened grid highlights the descriptors that best
capture the global measures of bushiness, namely, Zave, Zmid and s.
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Figure B.16: Correlation heat map between the various descriptors of local dynamics on
ensembles generated using network structures from six published Boolean GRNs. The sub-
figures (a), (b), (c), (d), (e) and (f) correspond to the MD-GRN, THC-GRN, EGFR-GRN, EMT-
Senescence-GRN, FOS-GRN and GSD-GRN network structures respectively. The EF-ensemble
for each network structure was used to generate the heat maps. The rows and columns of each sub-
figure correspond to descriptors of local dynamics, namely, the network Z-parameters (Zmax, Zmin,
Zave, Zmid) and network sensitivity (s). The heat maps show the pair-wise Spearman correlations
between these descriptors. All pairs of quantities typically show moderate to a very strong positive
correlation across various network structures, except for the correlations of Zmax with Zmin in 2
networks in which it is weak or very weak.
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Figure B.17: Scatter plot between the Zmid and Zave on ensembles generated using network
structures from four published Boolean GRNs. The sub-figures (a), (b), (c) and (d) correspond
to the RSCN-GRN, EMT-GRN, NCD-GRN and EHD-GRN network structures respectively. The
EF-ensemble for each network structure was used to generate the scatter plots. The x and y axis
of each sub-figure correspond to Zmid and Zave respectively. In each sub-figure we provide the
Spearman correlation coe�cient (⇢) along with the associated p-value. Zmid and Zave show a
strong positive correlation for all networks.
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Figure B.18: Scatter plot between the Zmid and Zave on ensembles generated using network
structures from six published Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and (f)
correspond to the MD-GRN, THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and
GSD-GRN network structures respectively. The EF-ensemble for each network structure was
used to generate the scatter plots. The x and y axis of each sub-figure correspond to Zmid and Zave
respectively. In each sub-figure we provide the Spearman correlation coe�cient (⇢) along with the
associated p-value. Zmid and Zave show a strong positive correlation for all networks.
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Figure B.19: Scatter plot between the Zmid and network sensitivity (s) on ensembles gen-
erated using network structures from four published Boolean GRNs. The sub-figures (a),
(b), (c) and (d) correspond to the RSCN-GRN, EMT-GRN, NCD-GRN and EHD-GRN network
structures respectively. The EF-ensemble for each network structure was used to generate the
scatter plots. The x and y axis of each sub-figure correspond to Zmid and network sensitivity (s)
respectively. In each sub-figure we provide the Spearman correlation coe�cient (⇢) along with the
associated p-value. s and Zmid show a strong positive correlation for all networks.
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Figure B.20: Scatter plot between the Zmid and network sensitivity (s) on ensembles gener-
ated using network structures from six published Boolean GRNs. The sub-figures (a), (b), (c),
(d), (e) and (f) correspond to the MD-GRN, THC-GRN, EGFR-GRN, EMT-Senescence-GRN,
FOS-GRN and GSD-GRN network structures respectively. The EF-ensemble for each network
structure was used to generate the scatter plots. The x and y axis of each sub-figure correspond to
Zmid and network sensitivity (s) respectively. In each sub-figure we provide the Spearman correla-
tion coe�cient (⇢) along with the associated p-value. s and Zmid show a strong positive correlation
for all networks.
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Figure B.21: Correlation heat map between descriptors of local dynamics and global mea-
sures of bushiness in ensembles generated using network structures from six published
Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and (f) correspond to the MD-GRN,
THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and GSD-GRN network structures
respectively. The EF-ensemble for each network structure was used to generate the heat maps.
The rows of each sub-figure correspond to quantities computed on the STG, namely G-density
and average convergence rate of trajectories originating at GoE states (�GoE). The columns of
each sub-figure correspond to descriptors of local dynamics, namely, the network Z-parameters
(Zmax, Zmin, Zave, Zmid) and network sensitivity (s). The heat maps show the pair-wise Spearman
correlations between descriptors of local dynamics and global measures of bushiness defined on
the STG. The descriptors of local dynamics show a moderate to strong negative correlation with
the G-density and very weak to moderate negative correlation with �GoE .
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Figure B.22: Scatter plot between the Zmax and G-density on ensembles generated using
network structures from four published Boolean GRNs. The sub-figures (a), (b), (c) and (d)
correspond to the RSCN-GRN, EMT-GRN, NCD-GRN and EHD-GRN network structures respec-
tively. The EF-ensemble for each network structure was used to generate the scatter plots. The x
and y axis of each sub-figure correspond to Zmax and G-density respectively. In each sub-figure
we provide the Spearman correlation coe�cient (⇢) along with the associated p-value. Zmax and
G-density show a moderate negative correlation for all network except for NCD-GRN for which
there is a weak negative correlation.
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Figure B.23: Scatter plot between the Zmax and G-density on ensembles generated using
network structures from six published Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and
(f) correspond to the MD-GRN, THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and
GSD-GRN network structures respectively. The EF-ensemble for each network structure was used
to generate the scatter plots. The x and y axis of each sub-figure correspond to Zmax and G-density
respectively. In each sub-figure we provide the Spearman correlation coe�cient (⇢) along with
the associated p-value. Zmax and G-density show a strong negative correlation for FOS-GRN and
MD-GRN and a weak negative correlation otherwise.
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Figure B.24: Scatter plot between the Zmin and G-density on ensembles generated using
network structures from four published Boolean GRNs. The sub-figures (a), (b), (c) and (d)
correspond to the RSCN-GRN, EMT-GRN, NCD-GRN and EHD-GRN network structures respec-
tively. The EF-ensemble for each network structure was used to generate the scatter plots. The
x and y axis of each sub-figure correspond to Zmin and G-density respectively. In each sub-figure
we provide the Spearman correlation coe�cient (⇢) along with the associated p-value. Zmin and
G-density show a moderate negative correlation for all networks.
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Figure B.25: Scatter plot between the Zmin and G-density on ensembles generated using
network structures from six published Boolean GRNs. The sub-figures (a), (b), (c), (d), (e)
and (f) correspond to the MD-GRN, THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN
and GSD-GRN network structures respectively. The EF-ensemble for each network structure was
used to generate the scatter plots. The x and y axis of each sub-figure correspond to Zmin and G-
density respectively. In each sub-figure we provide the Spearman correlation coe�cient (⇢) along
with the associated p-value. Zmin and G-density show a strong negative correlation for MD-GRN
and FOS-GRN, a moderate negative correlation for GSD-GRN and a weak negative correlation
otherwise.
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Figure B.26: Scatter plot between the Zave and G-density on ensembles generated using
network structures from four published Boolean GRNs. The sub-figures (a), (b), (c) and (d)
correspond to the RSCN-GRN, EMT-GRN, NCD-GRN and EHD-GRN network structures respec-
tively. The EF-ensemble for each network structure was used to generate the scatter plots. The
x and y axis of each sub-figure correspond to Zave and G-density respectively. In each sub-figure
we provide the Spearman correlation coe�cient (⇢) along with the associated p-value. Zave and
G-density show a strong negative correlation for EMT-GRN and a moderate negative correlation
otherwise.
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Figure B.27: Scatter plot between the Zave and G-density on ensembles generated using
network structures from six published Boolean GRNs. The sub-figures (a), (b), (c), (d), (e)
and (f) correspond to the MD-GRN, THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN
and GSD-GRN network structures respectively. The EF-ensemble for each network structure was
used to generate the scatter plots. The x and y axis of each sub-figure correspond to Zave and G-
density respectively. In each sub-figure we provide the Spearman correlation coe�cient (⇢) along
with the associated p-value. Zave and G-density show a strong negative correlation for FOS-GRN
and MD-GRN, a moderate negative correlation for GSD-GRN, EMT-Senescence-GRN and THC-
GRN, and a weak negative correlation for EGFR-GRN.
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Figure B.28: Scatter plot between the Zmid and G-density on ensembles generated using
network structures from four published Boolean GRNs. The sub-figures (a), (b), (c) and (d)
correspond to the RSCN-GRN, EMT-GRN, NCD-GRN and EHD-GRN network structures respec-
tively. The EF-ensemble for each network structure was used to generate the scatter plots. The
x and y axis of each sub-figure correspond to Zmid and G-density respectively. In each sub-figure
we provide the Spearman correlation coe�cient (⇢) along with the associated p-value. Zmid and
G-density show a moderate negative correlation for all the networks.
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Figure B.29: Scatter plot between the Zmid and G-density on ensembles generated using
network structures from six published Boolean GRNs. The sub-figures (a), (b), (c), (d), (e)
and (f) correspond to the MD-GRN, THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN
and GSD-GRN network structures respectively. The EF-ensemble for each network structure was
used to generate the scatter plots. The x and y axis of each sub-figure correspond to Zmid and G-
density respectively. In each sub-figure we provide the Spearman correlation coe�cient (⇢) along
with the associated p-value. Zmid and G-density show a strong negative correlation for MD-GRN
and FOS-GRN, a moderate negative correlation for other networks except EGFR-GRN for which
there is a weak negative correlation.
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Figure B.30: Scatter plot between the network sensitivity (s) and G-density on ensembles
generated using network structures from four published Boolean GRNs. The sub-figures (a),
(b), (c) and (d) correspond to the RSCN-GRN, EMT-GRN, NCD-GRN and EHD-GRN network
structures respectively. The EF-ensemble for each network structure was used to generate the
scatter plots. The x and y axis of each sub-figure correspond to the network sensitivity (s) and G-
density respectively. In each sub-figure we provide the Spearman correlation coe�cient (⇢) along
with the associated p-value. s and G-density show a strong negative correlation for EMT-GRN
and a moderate negative correlation otherwise.
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Figure B.31: Scatter plot between the network sensitivity (s) and G-density on ensembles
generated using network structures from six published Boolean GRNs. The sub-figures (a),
(b), (c), (d), (e) and (f) correspond to the MD-GRN, THC-GRN, EGFR-GRN, EMT-Senescence-
GRN, FOS-GRN and GSD-GRN network structures respectively. The EF-ensemble for each net-
work structure was used to generate the scatter plots. The x and y axis of each sub-figure cor-
respond to the network sensitivity (s) and G-density respectively. In each sub-figure we provide
the Spearman correlation coe�cient (⇢) along with the associated p-value. s and G-density show
a strong negative correlation for MD-GRN and FOS-GRN, and a moderate negative correlation
otherwise.
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Figure B.32: Predictive power of Zmid for G-density in ensembles generated using network
structures from four published Boolean GRNs. The sub-figures (a), (b), (c), (d) correspond
to the RSCN-GRN, EMT-GRN, NCD-GRN and EHD-GRN network structures respectively. The
EF-ensemble for each network structure was used to generate the plots. The x-axis corresponds to
the average relative rank of the ‘top’ N models (ranked in the ascending order) with the ‘lowest’
Zmid values. The values on the x-axis is given by N/(2 ⇤ Ntotal), where N is the number of top
models and Ntotal is the total number of models. The y-axis corresponds to the average relative
rank of those N models when they are ranked (in the descending) according to the G-density. The
black dashed line y = x indicates the ideal scenario of perfect prediction of the y value when x is
known. The blue solid line indicates how predictive Zmid is for the G-density for each GRN.
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Figure B.33: Predictive power of Zmid for G-density in ensembles generated using network
structures from six published Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and (f)
correspond to the MD-GRN, THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and
GSD-GRN network structures respectively. The EF-ensemble for each network structure was used
to generate the plots. The x-axis corresponds to the average relative rank of the ‘top’ N models
(ranked in the ascending order) with the ‘lowest’ Zmid values. The values on the x-axis is given by
N/2 ⇤ Ntotal, where N is the number of top models and Ntotal is the total number of models. The
y-axis corresponds to the average relative rank of those N models when they are ranked (in the
descending) according to the G-density. The black dashed line y = x indicates the ideal scenario
of perfect prediction of the y value when x is known. The blue solid line indicates how predictive
Zmid is for the G-density for each GRN.
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Figure B.34: Scatter plot between the Zmax and average convergence rate of trajectories
originating at GoE states (�GoE) in ensembles generated using network structures from four
published Boolean GRNs. The sub-figures (a), (b), (c) and (d) correspond to the RSCN-GRN,
EMT-GRN, NCD-GRN and EHD-GRN network structures respectively. The EF-ensemble for
each network structure was used to generate the scatter plots. The x and y axis of each sub-figure
correspond to Zmax and average convergence rate of trajectories originating at GoE states (�GoE)
respectively. In each sub-figure we provide the Spearman correlation coe�cient (⇢) along with the
associated p-value. Zmax and �GoE show a weak negative correlation for the RSCN-GRN network
and a very weak negative correlation otherwise.
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Figure B.35: Scatter plot between the Zmax and average convergence rate of trajectories orig-
inating at GoE states (�GoE) in ensembles generated using network structures from six pub-
lished Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and (f) correspond to the MD-GRN,
THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and GSD-GRN network structures
respectively. The EF-ensemble for each network structure was used to generate the scatter plots.
The x and y axis of each sub-figure correspond to Zmax and �GoE respectively. In each sub-figure
we provide the Spearman correlation coe�cient (⇢) along with the associated p-value. Zmax and
�GoE show a weak negative correlation for the THC-GRN and GSD-GRN networks and a very
weak negative correlation otherwise.
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Figure B.36: Scatter plot between the Zmin and average convergence rate of trajectories
originating at GoE states (�GoE) in ensembles generated using network structures from four
published Boolean GRNs. The sub-figures (a), (b), (c) and (d) correspond to the RSCN-GRN,
EMT-GRN, NCD-GRN and EHD-GRN network structures respectively. The EF-ensemble for
each network structure was used to generate the scatter plots. The x and y axis of each sub-figure
correspond to Zmin and �GoE respectively. In each sub-figure we provide the Spearman correlation
coe�cient (⇢) along with the associated p-value. Zmin and �GoE show a weak negative correlation
for RSCN-GRN and a very weak negative correlation otherwise.
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Figure B.37: Scatter plot between the Zmin and average convergence rate of trajectories orig-
inating at GoE states (�GoE) in ensembles generated using network structures from six pub-
lished Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and (f) correspond to the MD-GRN,
THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and GSD-GRN network structures
respectively. The EF-ensemble for each network structure was used to generate the scatter plots.
The x and y axis of each sub-figure correspond to Zmin and �GoE respectively. In each sub-figure
we provide the Spearman correlation coe�cient (⇢) along with the associated p-value. Zmin and
�GoE show a weak negative correlation for all networks except for MD-GRN and EGFR-GRN for
which there is a very weak negative correlation.

294



Figure B.38: Scatter plot between the Zave and average convergence rate of trajectories
originating at GoE states (�GoE) in ensembles generated using network structures from four
published Boolean GRNs. The sub-figures (a), (b), (c) and (d) correspond to the RSCN-GRN,
EMT-GRN, NCD-GRN and EHD-GRN network structures respectively. The EF-ensemble for
each network structure was used to generate the scatter plots. The x and y axis of each sub-
figure correspond to Zave and �GoE respectively. In each sub-figure we provide the Spearman
correlation coe�cient (⇢) along with the associated p-value. Zave and �GoE show a moderate
negative correlation for RSCN-GRN, a weak negative correlation for EMT-GRN and a very weak
negative correlation otherwise.
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Figure B.39: Scatter plot between the Zave and average convergence rate of trajectories orig-
inating at GoE states (�GoE) in ensembles generated using network structures from six pub-
lished Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and (f) correspond to the MD-GRN,
THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and GSD-GRN network structures
respectively. The EF-ensemble for each network structure was used to generate the scatter plots.
The x and y axis of each sub-figure correspond to Zave and �GoE respectively. In each sub-figure
we provide the Spearman correlation coe�cient (⇢) along with the associated p-value. Zave and
�GoE show a weak negative correlation for THC-GRN, EMT-Senescence-GRN, FOS-GRN and
GSD-GRN, and very weak negative correlation otherwise.

296



Figure B.40: Scatter plot between the Zmid and average convergence rate of trajectories
originating at GoE states (�GoE) in ensembles generated using network structures from four
published Boolean GRNs. The sub-figures (a), (b), (c) and (d) correspond to the RSCN-GRN,
EMT-GRN, NCD-GRN and EHD-GRN network structures respectively. The EF-ensemble for
each network structure was used to generate the scatter plots. The x and y axis of each sub-figure
correspond to Zmid and �GoE respectively. In each sub-figure we provide the Spearman correlation
coe�cient (⇢) along with the associated p-value. Zmid and �GoE show a moderate negative correla-
tion for RSCN-GRN, a weak negative correlation for EMT-GRN and a weak negative correlation
otherwise.
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Figure B.41: Scatter plot between the Zmid and average convergence rate of trajectories orig-
inating at GoE states (�GoE) in ensembles generated using network structures from six pub-
lished Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and (f) correspond to the MD-GRN,
THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and GSD-GRN network structures
respectively. The EF-ensemble for each network structure was used to generate the scatter plots.
The x and y axis of each sub-figure correspond to Zmid and �GoE respectively. Zmid and �GoE show
a weak negative correlation for THC-GRN, EMT-Senescence-GRN, FOS-GRN and GSD-GRN
and a very weak negative correlation otherwise.
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Figure B.42: Scatter plot between the network sensitivity (s) and average convergence rate
of trajectories originating at GoE states (�GoE) in ensembles generated using network struc-
tures from four published Boolean GRNs. The sub-figures (a), (b), (c) and (d) correspond to
the RSCN-GRN, EMT-GRN, NCD-GRN and EHD-GRN network structures respectively. The
EF-ensemble for each network structure was used to generate the scatter plots. The x and y axis of
each sub-figure correspond to the network sensitivity (s) and �GoE respectively. In each sub-figure
we provide the Spearman correlation coe�cient (⇢) along with the associated p-value. s and �GoE
show a moderate negative correlation for RSCN-GRN, a weak negative correlation for EMT-GRN
and a very weak negative correlation otherwise.
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Figure B.43: Scatter plot between the network sensitivity (s) and average convergence rate
of trajectories originating at GoE states (�GoE) in ensembles generated using network struc-
tures from six published Boolean GRNs. The sub-figures (a), (b), (c), (d), (e) and (f) correspond
to the MD-GRN, THC-GRN, EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and GSD-GRN
network structures respectively. The EF-ensemble for each network structure was used to gen-
erate the scatter plots. The x and y axis of each sub-figure correspond to the network sensitivity
(s) and �GoE respectively. In each sub-figure we provide the Spearman correlation coe�cient (⇢)
along with the associated p-value. s and �GoE shows a weak negative correlation for all networks.
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Figure B.44: Scatter plot between the average convergence rate of trajectories originating
at all states (�all) and average convergence rate of trajectories originating at GoE states
(�GoE) in ensembles generated using network structures from four published Boolean GRNs.
The sub-figures (a), (b), (c) and (d) correspond to the RSCN-GRN, EMT-GRN, NCD-GRN and
EHD-GRN network structures respectively. The EF-ensemble for each network structure was
used to generate the scatter plots. The x axis of each sub-figure is the average convergence rate
of trajectories originating from all states of the STG (�all). The y axis of each sub-figure is the
average convergence rate of trajectories originating only from the GoE states (�GoE). In each sub-
figure we provide the Spearman correlation coe�cient (⇢) along with the associated p-value. �all
and �GoE are very strongly correlated.
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Figure B.45: Scatter plot between the average convergence rate of trajectories originating
at all states (�all) and average convergence rate of trajectories originating at GoE states
(�GoE) in ensembles generated using network structures from six published Boolean GRNs.
The sub-figures (a), (b), (c), (d), (e) and (f) correspond to the MD-GRN, THC-GRN, EGFR-
GRN, EMT-Senescence-GRN, FOS-GRN and GSD-GRN network structures respectively. The
EF-ensemble for each network structure was used to generate the scatter plots. The x axis of each
sub-figure is the average convergence rate of trajectories originating from all states of the STG
(�all). The y axis of each sub-figure is the average convergence rate of trajectories originating only
from the GoE states (�GoE). In each sub-figure we provide the Spearman correlation coe�cient
(⇢) along with the associated p-value. �all and �GoE are very strongly correlated.
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Figure B.46: Scatter plot between the average convergence rate of trajectories originating
at random states (�random) and average convergence rate of trajectories originating at GoE
states (�GoE) in ensembles generated using network structures from four published Boolean
GRNs. The sub-figures (a), (b), (c) and (d) correspond to the RSCN-GRN, EMT-GRN, NCD-
GRN and EHD-GRN network structures respectively. The EF-ensemble for each network structure
was used to generate the scatter plots. The x axis of each sub-figure is the average convergence
rate of trajectories originating from random states of the STG (�random). The y axis of each sub-
figure is the average convergence rate of trajectories originating only from the GoE states (�GoE).
The number of random states for which trajectories were simulated were dependent on the size of
the STG. For each model, the number of states chosen randomly is: 100 for RSCN-GRN, 1000
for EMT-GRN, 100 for NCD-GRN and 10000 for EHD-GRN. In each sub-figure we provide the
Spearman correlation coe�cient (⇢) along with the associated p-value. �random and �GoE are very
strongly correlated.
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Figure B.47: Scatter plot between the average convergence rate of trajectories originating
at random states (�random) and average convergence rate of trajectories originating at GoE
states (�GoE) in ensembles generated using network structures from six published Boolean
GRNs. The sub-figures (a), (b), (c), (d), (e) and (f) correspond to the MD-GRN, THC-GRN,
EGFR-GRN, EMT-Senescence-GRN, FOS-GRN and GSD-GRN network structures respectively.
The EF-ensemble for each network structure was used to generate the scatter plots. The x axis of
each sub-figure is the average convergence rate of trajectories originating from random states of
the STG (�random). The y axis of each sub-figure is the average convergence rate of trajectories
originating only from the GoE states (�GoE). The number of random states for which trajectories
were simulated were dependent on the size of the STG. For each model, the number of states
chosen randomly is: 1000 for MD-GRN, 10000 for THC-GRN, 1000 for EGFR-GRN, 100 for
EMT-Senescence-GRN, 10000 for FOS-GRN and 10000 for GSD-GRN. In each sub-figure we
provide the Spearman correlation coe�cient (⇢) along with the associated p-value. �random and
�GoE are very strongly correlated.
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Appendix C

Supplementary Material for Chapter 6

C.1 Properties of the IMR and BMR sets
Property C.1. For an IMR with k regulators, where k is odd, the BF equal to that IMR exhibits a

bias of 2k�1 regardless of the sign combination of the regulators.

Proof. The bias of a BF is given by the number of input combinations that lead to 1 or ‘on’ as the

output. Since, a BF with k inputs has 2k di↵erent input combinations, it would su�ce to prove

that the BF will have equal number of +1 (‘on’) and �1 (‘o↵’) in the output. Assume that we

have k inputs, with k odd and each input x j 2 {�1,+1}. Further, each input is assigned with a sign

� j 2 {�1,+1} depending on its activatory or inhibitory characteristics. Then, the output of the BF

is given by:

f (x1, x2, . . . , xk) =

8>>>>>><
>>>>>>:

+1, if S > 0

�1, if S < 0

where, S =
Pk

j=1 � jx j.

Let us define a mapping, � : {�1,+1}k ! {�1,+1}k, �(x1, x2, . . . , xk) = (�x1,�x2, . . . ,�xk).

Clearly, the map is a bijection since each element of {�1,+1}k is uniquely mapped to an element

in {�1,+1}k and �2(x) = x 8x 2 {�1,+1}k.

For an element x = (x1, x2, . . . , xk) 2 {�1,+1}k, S (x) =
Pk

j=1 � jx j. Now, S (�(x)) =
Pk

j=1 � j(�x j) = �
Pk

j=1 � jx j = �S (x). So, whenever S (x) > 0, S (�(x)) < 0 and vice versa.

Since, k is odd and each xi can be either +1 or -1, S can never be zero. Thus, {�1,+1}k can be
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split into two non-overlapping sets:

S + = {x 2 {�1,+1}k | S (x) > 0} and S � = {x 2 {�1,+1}k | S (x) < 0}.

Now, since � is a bijection, it maps each element in S + to a unique element in S � and vice versa.

So, the sets S + and S � have same cardinality, and hence, the number of times S > 0 is 2k/2 = 2k�1.

Thus, the bias of the BF is 2k�1. ⇤

Property C.2. If an IMR rule is assigned to a node in a BN with k regulators, where k is even,

then the bias of the EF equal to that rule depends on the existence of a self-regulation at that node

and its sign: (a) If the node is not self-regulating (i.e., it is not among its own inputs), then for any

given sign combination, the IMR corresponds to a (k + 1)-input EF with a bias of 2k. (b) If the

node has a self-regulatory activatory edge, then the IMR corresponds to a k-input EF with a bias

of 2k�1 for k � 4. (c) If the node has a self-regulatory inhibitory edge, then the IMR is equal to a

(k � 1)-input EF with bias of 2k�2.

Proof. (a) If k is even, then there exists x = (x1, x2, . . . xk) such that S (as defined in Property

C.1) equals to 0 and in that case it will depend on its own state itself (say, xk+1). Let us define the

following sets:

A = {x 2 {�1, 1}k | S (x) > 0}

B = {x 2 {�1, 1}k | S (x) < 0}

C = {x 2 {�1, 1}k | S (x) = 0}

If |A| = a, |B| = b, |C| = c then a + b + c = 2k. Each element of A, B and C will contribute two,

zero and one 1’s in the output, respectively. So, the bias of the corresponding BF is 2a + c. Now,

for any x,

S (�x) =
kX

j=1

� j(�x j) = �S (x)

This means if S (x) > 0, then S (�x) < 0 and vice versa. So, due to symmetry, a = b (can

be shown as in Property C.1) and hence, c = 2k � 2a. So, the bias of the equivalent BF is
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2a + c = 2a + (2k � 2a) = 2k.

(b) Now, suppose there exists a self-activatory edge. Without loss of generality, let us assume that

xk represents the node with the self-regulation with an activatory e↵ect. In this case, when the

signed sum S = 0, the output will depend on the value xk. Since the self-regulation is activatory,

the signed sum can be written as S (x) =
Pk�1

j=1 � jx j + �kxk = T + xk. Since T is sum of an

odd number of elements, namely (k � 1), where each element is either +1 or -1, the possible

values that T can attain are: �(k � 1),�(k � 3), . . . ,�1, 1, . . . , (k � 3), (k � 1). Now, consider

two input configurations: a = (a1, a2, . . . ak�1, 1) and a0 = (a1, a2, . . . ak�1,�1) such that the sum

T =
Pk�1

j=1 � ja j = 1. For the configuration a, the total signed sum becomes

S (a) = T + xk = 1 + 1 = 2 > 0

Hence, the output is 1. Again, for the configuration a0, we have,

S (a0) = T + xk = 1 � 1 = 0

Since, the signed sum is 0, the output is determined by xk, leading to an output �1. This demon-

strates that the self-regulation is e↵ective. Therefore, it is possible to map a k-input (with even k)

IMR with activatory self-regulation to a k-input EF. This result holds for all even k � 4.

However, for k = 2, the presence of an activatory self-regulation leads to a k-input ine↵ective

BF. Specifically, in this case the other input does not influence the output, i.e., if x = (x1, x2) and

x2 represents the node with activatory self-regulation, then for both the sign combinations ‘++’

and ‘-+’, the output depends solely on x2. The BF reduces to the EF f (x1, x2) = x2, in both cases

resulting in a bias equal to 1. Now, for any even k � 4, we aim to show that the bias of a BF equal

to an IMR with an activatory self-regulation is exactly 2k�1.

Suppose k � 4 and we consider S (x) = T + xk. Now, T can take the following values:

�(k � 1),�(k � 3), . . . ,�1, 1, . . . , (k � 3), (k � 1). Suppose Nt denotes the count of x for which T
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can be equal to t. Then, by symmetry Nt = N�t and hence,

�1X

t=�(k�1)

Nt =

(k�1)X

t=1

Nt = 2k�1 since
(k�1)X

t=�(k�1)

Nt = 2k

For T  �3, S < 0 for both values of xk. So, for all x satisfying T  �3, the output is �1. Again,

for T � 3, S > 0 for both values of xk. So, for all x satisfying T � 3, the output is 1. Now, when

T = 1, if xk = 1, then the output becomes 1, but if xk = �1, then the output is �1. Which means

when T = 1, half of the times we get 1 as output. Again, when T = �1, if xk = 1, the output

becomes 1 as S = 0 and xk = 1. If xk = �1 then the output is �1. So, again we see that when

T = �1, half of the times we get 1 as output. Thus, the bias of the equivalent BF would be equal

to
(k�1)X

t=3

Nt +
1
2

(N1 + N�1) =
(k�1)X

t=1

Nt = 2k�1 since N1 = N�1.

(c) Now consider the case when the self-regulation is inhibitory. Let the self-regulation be on the

node xk; then the total signed sum becomes S (x) = T � xk where T =
P(k�1)

j=1 � jx j. As discussed in

(b), for even k, T can take the odd integer values in the range [�(k � 1), (k � 1)]. Now, we analyze

the output behaviour for di↵erent values of T .

• T  �3 : For both xk = ±1, we have S < 0, so the output is �1.

• T � 3: For both xk = ±1, we have S > 0, so the output is 1.

• T = 1:

– If xk = 1, then S = 0, so the output is 1 (since xk = 1).

– If xk = �1, then S = 2, so the output is also 1.

Thus, the output is 1 regardless of the value of xk.

• T = �1:

– If xk = 1, then S = �2, so the output is �1.

– If xk = �1, then S = 0, so the output is �1 (since xk = �1).

Thus, the output is �1 regardless of the value of xk.

This analysis shows that for T = ±1, the output is independent of xk, implying that the inhibitory

self-regulation becomes ine↵ective. Thus, it can be shown that the bias will be 2k�1 using the
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same approach as in (b). However, since it can be reduced to a (k � 1)-input EF by removing the

ine↵ective self-regulation, the bias will be 2k�1

2 = 2k�2. ⇤

Property C.3. A BF equal to an IMR with k regulators can never be canalyzing for any k > 2,

regardless of the presence or absence of a self-regulation.

Proof. The IMR rule can be written as:

f (x1, . . . , xk, xt) =

8>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>:

+1,
kX

i=1

�i xi > 0,

xt,
kX

i=1

�i xi = 0,

�1,
kX

i=1

�i xi < 0,

where xi 2 {�1,+1}, and xt denotes an additional variable. When k is even and there is no self-

regulation, xt acts as an external variable (representing an implicit self-regulation). If k is even and

one of the k regulators is already a self-regulator, xt is considered as an internal variable which

is the self-regulator. For odd k, xt can be treated either as an internal variable or as an external

ine↵ective variable, since the signed sum is never zero when k is odd.

We will show that for every 1  r  t and every fixed value a 2 {+1,�1}, there always exists

two assignments of the other variables under which f takes both values +1 and �1. We denote

↵i = sgn(�i) for all i then �i · ↵i = 1;�i · (�↵i) = �1 for all i.

Case 1: Suppose xt is an internal variable. Suppose xr is a canalyzing variable with xr = a.

Input 1: xr = a, xi = ↵i 8 i , r. Then, the signed sum

S =
kX

i=1

�ixi = �ra +
X

i,r

�ixi = �ra +
X

i,r

�i↵i = �ra + (k � 1) � �1 + (k � 1) > 0 since k > 2

So, the output is +1 in this case.

Input 2: xr = a, xi = �↵i 8 i , r. Then, the signed sum

S =
kX

i=1

�ixi = �ra +
X

i,r

�ixi = �ra +
X

i,r

�i(�↵i) = �ra � (k � 1)  1 � (k � 1) < 0 since k > 2

So, the output is �1 in this case. So, none of the variables is a canalyzing variable.
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Case 2: Suppose xt is an external variable and xr is a canalyzing variable with xr = a. If r , t then

we can choose the same pair of inputs as in Case 1 to show that xr cannot be canalyzing. If r = t

then we choose the following two inputs:

Input 1: xr=t = a, xi = ↵i 8 i , t. Then, the signed sum

S =
kX

i=1

�ixi =

kX

i=1

�i↵i =

kX

i=1

(+1) = k > 0

So, the output is +1 in this case.

Input 2: xr=t = a, xi = �↵i 8 i , t. Then, the signed sum

S =
kX

i=1

�ixi =

kX

i=1

�i(�↵i) =
kX

i=1

(�1) = �k < 0

So, the output is �1 in this case. So, none of the variables is a canalyzing variable.

This completes the proof that a BF which is equal to an IMR with k regulators can never be a

canalyzing function if k > 2 irrespective of whether there exists a self-regulation or not. ⇤

Property C.4. Consider a BF f that corresponds to a BMR with k-regulators, one of which is

a self-regulation. Then: (a) for k > 2, if the self-regulation is activatory, f is e↵ective; (b) for

k > 1, if the self-regulation is inhibitory but not all other regulators are inhibitory, f is ine↵ective,

with the self-input being the ine↵ective input; (c) for k > 0, if all k regulators are inhibitory, f

reduces to the constant 0 function; and (d) for k = 1 or 2, the function f is e↵ective only when all

regulators are activatory.

Proof. (a) Consider a BMR with k regulators x1, x2, . . . xk. Without loss of generality let us assume

xk is the target node, and hence, is the self-regulatory input. If we denote the signed sum by

S =
Pk

i=1 �ixi, then the function f is defined by

f (x1, x2, . . . , xk) =

8>>>>>>>>>>><
>>>>>>>>>>>:

1, if S > 0

0, if S < 0

xk, if S = 0

First consider xi = 0 for all i < k. Then toggling xk from 0 to 1 changes the output from 0 to

1. So, the input xk is e↵ective. Now we want to show that all x j (for 1  j < k) are e↵ective.
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Since k > 2, 9 m < k such that m < { j, k}. If all xi = 0 8 i , m, j, k then the signed sum

becomes S = � jx j + �mxm + xk. So, the pair (� j,�m) can be equal to any tuple from the set

{(1, 1), (1,�1), (�1, 1), (�1,�1)}. If (� j,�m) is equal to (1, 1) or (1,�1) then fixing xm = xk = 0

and toggling x j from 0 to 1 changes the output from 0 to 1. If (� j,�m) is equal to (�1, 1) then

fixing xm = 1, xk = 0 and toggling x j from 0 to 1 changes the output from 1 to 0. If (� j,�m) is

equal to (�1,�1) then fixing xm = 0, xk = 1 and toggling x j from 0 to 1 changes the output from 1

to 0. This proves that f is e↵ective when the self-regulation is activatory.

(b) Suppose the self-regulator is inhibitory then �k = �1. Let us denote T =
Pk�1

i=1 �ixi. Then,

S = T � xk.

If xk = 0,

f (x1, x2, . . . , 0) =

8>>>>>><
>>>>>>:

1, if T > 0

0, if T  0

If xk = 1,

f (x1, x2, . . . , 1) =

8>>>>>>>>>>><
>>>>>>>>>>>:

1, if T � 1 > 0

1, if T � 1 = 0

0, if T � 1 < 0

=

8>>>>>><
>>>>>>:

1, if T > 0

0, if T  0

So, the output depends only on the signed sum of first (k � 1) variables i.e., T . Thus, the self-

regulation becomes ine↵ective.

Note that using the same approach as in (a), it can be shown that for all 1  j < k (k > 2)

whenever (� j,�k) 2 {(1, 1), (1,�1), (�1, 1)}, with a suitable chosen value of xm, and xi = 0 8i ,

k,m, j, toggling the value of x j from 0 to 1 will change the output. So, in all such cases x j will

be an e↵ective input for all 1  j < k. Now, if for all j,m < k, (� j,�k) = (�1,�1), then we can

prove that none of the inputs is e↵ective and f is the constant zero function. See (c) below for the

explanation.
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(c) If all the regulators are inhibitory, �i = �1 8 1  i  k. Then, the signed sum becomes,

S = �
kX

i=1

xi

If xi = 0 8 1  i  k, then S = 0. So, the output is 0 because xk is 0. Now, if there exists at least

one j (1  j  k) such that x j = 1, then S < 0. So, the output is 0. Therefore, f is the constant 0

function and no input a↵ects the output.

(d) Consider a BMR with one input (which here is obviously the self-input). If the self-regulation

is inhibitory then from (c) it follows that f is ine↵ective. If the self-regulation is activatory then f

is the identity function, i.e., f (x1) = x1 and hence e↵ective. Now, consider a BMR with two inputs

x1, x2 and for which x2 is the self-regulator. Now, if �2 = �1 then using (b), f will be ine↵ective.

If (�1,�2) = (�1, 1), f (x1, x2) = x2, so f is ine↵ective. If (�1,�2) = (1, 1), f (x1, x2) = x1 _ x2.

This is the only case for which f is e↵ective. Thus, for k = 1, 2, f will be e↵ective only when all

the regulators are activatory. ⇤

Property C.5. The bias of a BMR having k inputs, all external, is given by the following expres-

sion:

Pk
BMR = 2 ·

a�1X

m=0

 
k
m

!
+

 
k
a

!

where a is the number of activators among those k regulators.

Proof. A BMR with k external regulators can be mapped to a (k + 1)-input BF. a is the number of

activators. Then there are (k�a) inhibitors. Suppose i and j denote the number of active activators

and active inhibitors, respectively. Then, the conditions i > j, i = j and i < j, will contribute two,

one and zero 1’s, respectively in the list of outputs. Thus, the bias of the BMR is given by

Pk
BMR =

aX

i=0

k�aX

j=0

 
a
i

! 
k � a

j

!
· w(i, j), (C.1)
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where

w(i, j) =

8>>>>>>>>>>><
>>>>>>>>>>>:

2 if i > j,

1 if i = j,

0 if i < j.

So, we need to evaluate the double sum when i > j and when i = j.

Case 1 (i > j): We need to determine the value of

Ppos =
X

i> j
0ia

0 jk�a

 
a
i

! 
k � a

j

!

Consider

G(x) =
aX

i=0

k�aX

j=0

 
a
i

! 
k � a

j

!
xi� j (C.2)

Then G(x) can be written as

G(x) =

0
BBBBBB@

aX

i=0

 
a
i

!
xi

1
CCCCCCA ·

0
BBBBBBB@

k�aX

j=0

 
k � a

j

!
x� j

1
CCCCCCCA = (1 + x)a · (1 + x�1)k�a

= x�(k�a)(1 + x)k

= x(a�k)
kX

s=0

 
k
s

!
xs

=

kX

s=0

 
k
s

!
xs+a�k

=

aX

t=�(k�a)

 
k

t + k � a

!
xt

From Eq. (C.2), the coe�cient of xt in G(x) is

Ct =
X

i� j=t
0ia

0 jk�a

 
a
i

! 
k � a

j

!

Since i > j if and only if t � 1, by equating the sum of coe�cients of the positive powers of
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x, we have

X

i> j
0ia

0 jk�a

 
a
i

! 
k � a

j

!
=

aX

t=1

 
k

t + k � a

!

=

kX

r=k�a+1

 
k
r

!

Finally, using the binomial symmetry
⇣
k
r

⌘
=

⇣
k

k�r

⌘
, we have

Ppos =
X

i> j
0ia

0 jk�a

 
a
i

! 
k � a

j

!
=

a�1X

m=0

 
k
m

!
(C.3)

Case 2 (i = j): Now, we need to determine the value of

Pnull =
X

i= j
0ia

0 jk�a

 
a
i

! 
k � a

j

!

Suppose i = j = d. Then

Pnull =

min(a, k�a)X

d=0

 
a
d

! 
k � a

d

!

If min(a, k � a) = a,

Pnull =

aX

d=0

 
a
d

! 
k � a

d

!
=

aX

d=0

 
a

a � d

! 
k � a

d

!

Using Vandermonde’s convolution, we get,

Pnull =

 
a + (k � a)

a

!
=

 
k
a

!

Similarly, if min(a, k � a) = k � a,

Pnull =

k�aX

d=0

 
a
d

! 
k � a

d

!
=

aX

d=0

 
a
d

! 
k � a

(k � a) � d

!
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Again, using Vandermonde’s convolution,

Pnull =

 
a + (k � a)

k � a

!
=

 
k

k � a

!
=

 
k
a

!

So, irrespective of min(a, k � a) = k � a or a, the value of Pnull is given by

Pnull =

 
k
a

!
(C.4)

Using Eqs. (C.1), (C.3) and (C.4), we have

Pk
BMR = 2 · Ppos + Pnull = 2 ·

a�1X

m=0

 
k
m

!
+

 
k
a

!

⇤

Corollary C.5.1. Suppose the BF f corresponds to a BMR with k external regulators, out of which

a are activatory. Then, (a) f is an NCF if and only if all the regulators are inhibitory or all are

activatory; (b) f is of odd bias if and only if a ^ k = 0, where a ^ k indicates the bitwise AND

operation of a and k; (c) All such f will be of odd bias if and only if k is a Mersenne number.

Proof. (a) If all the regulators are inhibitory then a = 0. So, using Property C.5

Pk
BMR =

 
k
0

!
= 1

Since, the bias is 1, it indicates an AND function, and hence, an NCF.

Now, if all the regulators are activatory, then a = k. Using Property C.5

Pk
BMR = 2 ·

k�1X

m=0

 
k
m

!
+

 
k
k

!

Now, using the identity
Pk

m=0

⇣
k
m

⌘
= 2k we have,

Pk
BMR = 2 ·

"
2k �

 
k
k

!#
+

 
k
k

!

= 2k+1 � 1

Since, the bias is 2k+1 � 1, all except one of the output values are equal to 1, which indicates

315



it to be an OR function and hence an NCF.

Lastly, in the mixed case, f cannot even be canalyzing (see Property C.7) and consequently it

is not an NCF.

(b) From Property C.5, it follows that the bias can be odd if and only if
⇣

k
a

⌘
is odd. As a conse-

quence of Lucas’s theorem [199] we know that
⇣

k
a

⌘
is odd if and only if every binary bit of a is less

than or equal to the corresponding bit of k [200]. In other words,
⇣

k
a

⌘
is odd if and only if a^ k = 0,

where a ^ k indicates the bitwise AND operation of a and k (i.e., writing a and k as binary strings

of length k, one performs the bitwise AND operation between a and k, and then, one converts the

output to integer and checks if it is zero) [200].

(c) For a given k, all the BFs will be of odd bias if and only if for all 0  a  k,
⇣

k
a

⌘
is odd.

Now, from (b) it follows that it is possible only when all the binary bits of k are 1, and that is

possible only if k is of the form 2r � 1 for some positive integer r, i.e., only when k is a Mersenne

number. ⇤

Property C.6. The bias of a k-input BF f corresponding to a BMR with k regulators – one of

which is a self-regulation – is given by the following expression:

Pk
BMR =

a�1X

m=0

 
k
m

!
+

 
k � 1
a � �

!

where a is the number of activators among those k regulators, � = 0 if the self-regulation is

activatory and � = 1 if the self-regulation is inhibitory.

Proof. Suppose the k regulators of a node xr are x1, . . . , xr�1, xr, xr+1, . . . , xk. The BMR at node xr

can thus be represented as a BF with k inputs. The output of this function is 1 under the following

two conditions: (a) the signed sum of the inputs is positive; (b) the signed sum is 0 and xr = 1.

Each instance in which either of these conditions hold contributes a 1 to the output of the function.

Therefore,

Pk
BMR = Ppos + Pnull(xr = 1)
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The value of Ppos remains identical to that derived in Property C.5:

Ppos =

a�1X

m=0

 
k
m

!
(C.5)

Now we need to evaluate the value of Pnull(xr = 1), i.e., the number of input combinations for

which the signed sum is 0 and xr = 1. Suppose, a, i, j denote the number of activators, number of

active activators and number of active inhibitors, respectively. The signed sum is 0 when i = j,

leading to

Pnull =

min(a,k�a)X

j=0

 
a
j

! 
k � a

j

!

Among these we need to count only the input combinations where xr = 1. Since the self-regulation

at xr can be activatory or inhibitory in nature, we consider these two cases separately.

Case 1 (xr is activatory): Since, xr = 1 and it is self-activatory, we need to choose ( j � 1) other

active activators from the remaining (a � 1) activator slots. So, in this case,

Pnull(xr = 1) =
min(a,k�a)X

j=0

 
a � 1
j � 1

! 
k � a

j

!
(C.6)

If min(a, k � a) = a,

Pnull(xr = 1) =
aX

j=0

 
a � 1
j � 1

! 
k � a

j

!

=

aX

j=0

 
a � 1
a � j

! 
k � a

j

!

=

 
k � 1

a

!
(using Vandermonde’s convolution)
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If min(a, k � a) = k � a,

Pnull(xr = 1) =
k�aX

j=0

 
a � 1
j � 1

! 
k � a

j

!

=

k�a�1X

i=�1

 
a � 1

i

! 
k � a
i + 1

!

=

k�a�1X

i=0

 
a � 1

i

! 
k � a

(k � a � 1) � i

!

=

 
k � 1

k � a � 1

!
(using Vandermonde’s convolution)

=

 
k � 1

a

!

Thus, when xr is activatory,

Pnull(xr = 1) =
 
k � 1

a

!

Case 2 (xr is inhibitory): Since, xr = 1 and it is self-inhibitory, we need to choose ( j � 1) other

active inhibitors from the remaining (k � a � 1) inhibitor slots. So, in this case,

Pnull(xr = 1) =
min(a,k�a)X

j=0

 
a
j

! 
k � a � 1

j � 1

!
(C.7)

If min(a, k � a) = a,

Pnull(xr = 1) =
aX

j=0

 
a
j

! 
k � a � 1

j � 1

!

=

a�1X

i=�1

 
a

i + 1

! 
k � a � 1

i

!

=

a�1X

i=0

 
a

(a � 1) � i

! 
k � a � 1

i

!

=

 
k � 1
a � 1

!
(using Vandermonde’s convolution)
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If min(a, k � a) = k � a,

Pnull(xr = 1) =
k�aX

j=0

 
a
j

! 
k � a � 1

j � 1

!

=

k�aX

j=0

 
a
j

! 
k � a � 1

(k � a) � j

!

=

 
k � 1
k � a

!
(using Vandermonde’s convolution)

=

 
k � 1
a � 1

!

Thus, when xr is inhibitory,

Pnull(xr = 1) =
 
k � 1
a � 1

!

A single formula can then summarize the two cases:

Pk
BMR =

a�1X

m=0

 
k
m

!
+

 
k � 1
a � �

!

where � = 0 if xr is activatory and � = 1 if xr is inhibitory. If all the regulations including the

self-regulation are inhibitory, the BMR corresponds to a constant-zero BF (The formula correctly

yields a bias of 0, using the convention
⇣
↵
�

⌘
= 0 if � < 0). For k > 2, if the self-regulation is

inhibitory and if there exists at least one activator among the other regulators, then xr is the only

ine↵ective input to f (see Property C.4). For k = 1 and 2, the BF corresponding to a BMR with

self-regulation is e↵ective if and only if all regulators are activatory. When f is ine↵ective, after

converting the f to an EF, the bias will be 1
2 Pk

BMR. ⇤

Property C.7. A BF which is equal to a BMR with k regulators, all being external, is canalyzing

if and only if all k regulators are either activatory or all are inhibitory.

Proof. The output of a BF equal to a BMR is determined by the values of the signed sum S =
Pk

j=1 � jx j and xk+1 (k + 1 being the target node) using the following rule:

f (x1, x2, . . . , xk, xk+1) =

8>>>>>>>>>>><
>>>>>>>>>>>:

1, if S > 0

0, if S < 0

xk+1, if S = 0
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We first prove that if all the regulators are either activatory or inhibitory, then the correspond-

ing BF is canalyzing. If all the regulators are activatory (i.e., �i = +1 8 1  i  k), then the signed

sum is given by S =
Pk

j=1 x j. In this case, if x1 = 1 then regardless of the values of remaining

inputs, we have S > 0, and hence the output is 1. Therefore, x1 acts as a canalyzing variable

with canalyzing input value 1 and canalyzed output value 1. Similarly, when all the regulators are

inhibitory, setting any xi = 1, regardless of the other inputs the signed sum is negative and hence

the output is 0. Thus, each xi for 1  i  k + 1 is a canalyzing input with canalyzing input value 1

and canalyzed output value 0.

Now we will show that if not all the regulators are of same type then the BF cannot be cana-

lyzing. Suppose, f is canalyzing but not all regulator signs are of the same type. So, 9 p, q (p , q)

such that �p = +1 and �q = �1. Since, f is canalyzing then there must be some variable xr and

a 2 {0, 1} such that f (x1, . . . , xr�1, a, xr+1, . . . xk+1) = c for some fixed value of c 2 {0, 1}. Now,

let us consider di↵erent cases separately by fixing xr = a and comparing the outcomes for two

distinct input configurations.

Case 1: �r = +1

Subcase 1.1: a = 0

Input 1: xi = 0 8 i , r and xk+1 = 0. Then, the output is 0.

Input 2: xi = 0 8 i , r and xk+1 = 1. Then, the output is 1.

Subcase 1.2: a = 1

Input 1: xi = 0 8 i , r and xk+1 = 0. Then, the output is 1.

Input 2: xq = 1, xi = 0 8 i , q, r and xk+1 = 0. Then, the output is 0.

Case 2: �r = �1

Subcase 2.1: a = 0

Input 1: xi = 0 8 i , r and xk+1 = 0. Then, the output is 0.

Input 2: xi = 0 8 i , r and xk+1 = 1. Then, the output is 1.

Subcase 2.2: a = 1

Input 1: xi = 0 8 i , r and xk+1 = 0. Then, the output is 0.

Input 2: xp = 1, xi = 0 8 i , p, r and xk+1 = 1. Then, the output is 1.
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Thus, we observe that in every possible condition, a contradiction arises, implying that none

of the variables xi for 1  i  k can serve as a canalyzing variable. It is also straightforward

to verify that xk+1 cannot be canalyzing either. To illustrate, consider the following two input

configurations: (a) xp = 1 and xi = 0 for all i , p, and (b) xq = 1 and xi = 0 for all i , q. For

any fixed value of xk+1, the first input configurations lead to the output 1 whereas the second input

leads to the output 0. This demonstrates that a BF equal to a BMR with k external regulators (i.e.,

without a self-regulation) is canalyzing if and only if all k regulators are either activatory or all are

inhibitory. ⇤

Property C.8. A BF that is equal to a BMR with k regulators including a self-regulation is can-

alyzing if and only if at most one regulator is activatory or at most one regulator is inhibitory.

Proof. We first show that if there is at most one inhibitory regulator or at most one activatory

regulator, then the BF f is canalyzing. Let k regulators be x1, x2, . . . , xk. Without loss of generality,

assume that xk is the self-regulatory input.

Case 1 (At most one activator): If there is no activator then f is constant zero function (see

Property C.4(c)) and hence canalyzing. When there is exactly one activator xr, consider the case

xr = 0 as it will be canalyzing. Indeed,

S =
X

i,r

�ixi = �
X

i,r

xi  0

Clearly, if S < 0 the output is 0; if instead S = 0, then necessarily xi = 0 for all i and in particular

xk = 0, so the output is also 0. Since all cases for which xr = 0 lead to a output of 0, xr is a

canalyzing variable.

Case 2 (At most one inhibitor): If there is no inhibitor then the signed sum is
Pk

i=1 xi. So if

any xi = 1, the signed sum is positive and hence the output is fixed to 1. If there is exactly one

inhibitor xr and r , k, then if we fix xk = 1, the signed sum becomes

S = �xr +
X

i,r,k

xi + 1 � 0
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in which case the output is always 1 since xk = 1. Now, if instead k = r, then xk is ine↵ective (see

Property C.4(b)) and the signed sum becomes S =
Pk�1

i=1 xi. Hence for any xi (1  i < k) fixed to

1, the signed sum is positive and hence the output is fixed to 1.

We have shown that if there is at most one activator or at most one inhibitor among the

regulators, the BF f equal to the BMR is canalyzing. We now prove the converse. Specifically, we

show that if there exist at least two activatory and at least two inhibitory regulators, then f cannot

be canalyzing. Suppose xt is a canalyzing variable for f with the canalyzing input value a 2 {0, 1}

where t < k. Since, there exists at least two activators and at least two inhibitors 9 p, q , t such

that �p = +1,�q = �1.

Input case 1: xt = a, xp = 1, xi<{t,p} = 0, xk = 1. The signed sum S = �ta + 1 � 0. So the

output is always 1 as xk = 1.

Input case 2: xt = a, xq = 1, xi<{t,q} = 0, xk = 0. The signed sum S = �ta � 1  0. So the

output is always 0 as xk = 0.

As a result, none of the xt can be a canalyzing variables for t < k. Now we will show

that xk cannot be canalyzing either. Let us fix xk = a 2 {0, 1}. Choosing p, q < k such that

�p = +1,�q = �1 allows us to select two input combinations such that one leads to the output 1

whereas the other leads to the output 0 while keeping xk = a fixed.

Input case 1: xp = 1 and xi = 0 8 i , p, k. Then S = 1 + �ka � 0. Now if 1 + �ka > 0, the

output is 1. S can be equal to 0 only when �k = �1, a = 1. In that case too, the output is 1 since

xk = a = 1.

Input case 2: Here we further break it down into two subcases:

Subcase 1 (�k = 1): Choose m , q such that �m = �1. Use the input: xk = a, xq = xm = 1,

all other xi = 0. Then, S = �2 + a < 0. So, the output is always 0.

Subcase 2 (�k = �1): xk = a, xq = 1, all other xi = 0. Then, S = �1 � a < 0. The output

is again 0.

So, this proves that a BF which is equal to a BMR with k regulators and contains a self-

regulation is canalyzing if and only if there is at most one activator or at most one inhibitor. ⇤

Property C.9. Let f1 and f2 denote the BFs corresponding to a k-input IMR and a k-input BMR,

respectively, satisfying a given sign assignment of the regulators. Then, the following statements

hold: (a) If k is even, then f1 = f2 if and only if the number of activatory and inhibitory regulators
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are equal. (b) If k is odd and k > 1, then f1 and f2 are never equal.

Proof. (a) First, consider the case when k is even and one of the k regulators is the self-regulator.

Without loss of generality, assume that it is the kth regulator that is the target node itself. Let S I

and S B denote the signed sums corresponding to IMR and BMR, respectively.

S I(x0) =
kX

i=1

�ix0i , S B(x) =
kX

i=1

�ixi

where x = (x1, x2, . . . , xk), x0 = (x01, x
0
2, . . . , x

0
k) and x0i = 2xi � 1. For IMR (respectively, BMR),

the output is active if S I > 0 (similarly, S B > 0) or S I = 0 and x0k = +1 (respectively, S B = 0

and xk = 1). Now, S I(x0) =
Pk

i=1 �ix0i =
Pk

i=1 �i(2xi � 1) = 2S B(x) � ⌃, where ⌃ =
Pk

i=1 �i.

Thus, we have the following three conditions of equivalency: (i) S I > 0 () S B >
⌃
2 ; (ii)

S I = 0 () S B =
⌃
2 ; and (iii) x0k = +1 () xk = 1 (since x0k = 2xk � 1).

Now if the number of activators and inhibitors are equal, then ⌃ = 0. Then, using the three

equivalency conditions, f1 and f2 are either both active or both inactive for every input x0 to IMR

and for the corresponding x input to BMR, i.e., f1 = f2 up to the mapping between x and x0.

We can now prove the converse. We will show that if the number of activators and inhibitors

are unequal, i.e., if ⌃ , 0, then there exists x0 such that f1(x0) , f2(x). To proceed, we note that

since k is even, ⌃ is an even integer.

Case 1 (⌃ > 0): Since ⌃ is positive, the number of activators is strictly greater than 1 as k � 2.

So, there exists j , k such that � j = +1. For f2, consider the input x where x j = 1 while for

all other i , j, xi = 0. Then, S B(x) = 1 > 0 and hence the output is ‘on’ for f2. Now, from the

equivalency condition, the output for f1 will be ‘on’ if S B(x) > ⌃2 or S B(x) = ⌃2 and xk = 1. But

none of these conditions are satisfied since ⌃2 � 1 and xk = 0 and as a result f1 and f2 cannot be

equal.

Case 2 (⌃ < 0): Since ⌃ is a negative even integer, ⌃2  �1. Now, for f2 consider the input

x such that xi = 0 for all i. Then, S B(x) = 0 and xk = 0 and hence the output would be 0 (‘o↵’).

Furthermore, since S B = 0 and 0 > �1 � ⌃2 , for f1 the output will be +1. So again we see that f1

and f2 are not equal.

Exactly the same arguments can be applied if the target is not an explicit regulator. This

proves the first part that if k is even then f1 = f2 if and only if the number of activators and in-
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hibitors are equal for a given sign assignment.

(b) Now we consider the case when k is odd. If the target is not an explicit regulator, then f1

corresponds to a k-input BF whereas f2 corresponds to a (k + 1)-input BF. Hence, in this case

f1 , f2. However, we now examine the possibility of f1 = f2 when the target is an explicit

regulator. We can demonstrate using a counter-example that f1 can never be equal to f2 in this

case either. Since k is odd, the signed sum can never be zero, leading us to consider the two cases:

(i) ⌃ > 0 and (ii) ⌃ < 0.

Case 1 (⌃ > 0):

Subcase 1.1 (⌃ = 1): Then there are (k+1)
2 activators and (k�1)

2 inhibitors. We turn all the

inhibitors on and (k�1)
2 activators on, ensuring xk = 1. We keep all other regulators o↵. Then

S B = 0 (since k � 3) and since xk = 1 the output is active. However, S I = 2S B � ⌃ = �1 < 0. So,

the output is inactive. Hence, f1 , f2.

Subcase 1.2 (⌃ � 3): Since ⌃ is positive and k is odd, there exists at least (k+1)
2 activators,

i.e., at least 2 activators because k � 3. Thus, there exists j , k such that � j = +1. For f2,

consider an input x such that x j = 1 and xi = 0 for all i , j. Then S B(x) = 1 and hence the output

is ‘active’. But, S I(x0) = 2.1 � ⌃  2 � 3 = �1 < 0. So, the output is inactive and hence we can

conclude f1 , f2.

Case 2 (⌃ < 0): We consider an input x such that xi = 0 for all i. Then S B(x) = 0 and since

xk = 0, the output is inactive. Now, S I(x0) = 2.0�⌃ = �⌃ > 0 since ⌃ < 0. Hence, the output will

be active. Thus, f1 , f2.

This proves that if k is odd and k > 1, then f1 and f2 can never be equal, regardless of the sign

assignments. However, when k = 1 and the self-regulation is activatory, then f1 and f2 are equal.

This is the only situation at odd k for which f1 = f2. ⇤

Property C.10. A k-input BF which is equal to an IMR has the maximum average sensitivity

among all k-input unate functions (UFs).

Proof. A result in [201] suggests that for any non-constant monotone BF f with k inputs, the

average sensitivity s( f ) has the following bounds:

k
2k  s( f ) 

 
k
bk/2c

!
· dk/2e

2k�1
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The upper bound is tight for the function ‘MAJORITY’. In Boolean logic a majority function

outputs ‘False’ when half or more inputs are ‘False’, and ‘True’ otherwise. The Majority rule

exactly corresponds to the IMR when all regulatory inputs are activatory (i.e., have positive signs)

with the exception that in case of a tie (i.e., when the number of ‘True’ and ‘False’ inputs are

equal) the majority function outputs ‘False’. However, in the IMR rule, a tie (i.e., when the

signed sum equals zero) results in the output being determined by the state of the target node

itself. IMR generalizes the Majority functions by allowing all possible assignments of regulatory

signs. Monotone functions form a specific subset of the unate functions (UFs). Any UF can be

transformed into a monotone function by appropriately negating some of its inputs [202]. Since

the average sensitivity remains invariant under input negation, the maximum value of s( f ) over

the space of all UFs will be the same as that over all monotone functions and is achieved by the

IMRs. It is important to note that the distinction in the tie-breaking scenarios for the two cases

does not a↵ect the value of the average sensitivity [201]. ⇤

Corollary C.10.1. For any odd k, a k-input BF equal to an IMR has the same average sensitivity

as a (k + 1)-input BF equal to an IMR.

Proof. Since k is odd, introduce m such that k = 2m + 1. The average sensitivity of the BF with k

inputs that is equal to an IMR is given by

s( fk) =
 

k
bk/2c

!
· dk/2e

2k�1

Noting that bk/2c = m and dk/2e = m + 1, we have

s( fk) =

⇣
2m+1

m

⌘
· (m + 1)

22m

Thus the average senstivity of the BF with (k + 1) inputs that is equal to an IMR is given by

s( fk+1) =

⇣
2m+2
m+1

⌘
· (m + 1)

22m+1 =
2m + 2
m + 1

·
⇣
2m+1

m

⌘
· (m + 1)

22m+1 =

⇣
2m+1

m

⌘
· (m + 1)

22m = s( fk)

which proves the statement. ⇤

Property C.11. A k-input BF that corresponds to a k-input Ising* rule exhibits odd bias if and
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only if k is a power of two.

Proof. The Ising* rule, a modification of IMR proposed in [190], is defined identically to IMR

except in its handling of a zero signed sum. Under IMR, a vanishing sum causes the target node to

retain its current state. In contrast, Ising* forces the target node into the ‘o↵’ state (�1) whenever

the signed sum is zero. Formally, the Ising* rule can be written as:

f (x1, . . . , xk) =

8>>>>>>>>><
>>>>>>>>>:

+1,
kX

i=1

�i xi > 0,

�1,
kX

i=1

�i xi  0,
(C.8)

where xi 2 {�1,+1}. So a k-input Ising* rule can always be mapped to a k-input BF, regardless

of self-regulation or parity of k. When k is odd there are no zero-sum cases, so Ising* coincides

exactly with the original IMR variant. In that case (see Property C.1), the only odd bias possibility

is k = 1(= 20).

We now turn to the even k case. Suppose there are k inputs, with k even and each input

xi 2 {�1,+1}. Further, each input is assigned with a sign �i 2 {�1,+1} depending on its activatory

or inhibitory nature. Define yi = �ixi, so the signed sum is given by

S =
kX

i=1

�ixi =

kX

i=1

yi,

where each yi 2 {�1,+1}. Clearly, S = 0 precisely when half of the yi equal to +1 and half equal

�1, i.e.,

|{i : yi = +1}| = |{i : yi = �1}| = k
2
.

Since, there are
⇣

k
k/2

⌘
ways to choose which k/2 inputs are +1, exactly

⇣
k

k/2

⌘
of the 2k input combi-

nations satisfy S = 0, and each of these leads to an output of �1, under Ising*. By symmetry, the

remaining inputs split evenly between S > 0 (output +1) and S < 0 (output �1). Hence, the bias

(number of +1 outputs) is given by:

Pk
Ising* =

2k �
⇣

k
k/2

⌘

2

= 2k�1 � 1
2

 
k

k/2

!
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Thus, for any even k � 2, the bias of a k-input Ising* rule is odd if and only if 1
2

⇣
k

k/2

⌘
is odd. As a

consequence of Kummer’s theorem [203], for even k, 1
2

⇣
k

k/2

⌘
is odd if and only if k is a power of

two [204]. Note that, for k = 2, the bias of the Ising* rule equals 1, which is possible only if it is

the AND function and therefore an NCF. ⇤

Property C.12. A k-input BF that corresponds to an Ising* rule is never canalyzing for k > 2.

Proof. We consider the definition of Ising* as provided in Property C.11 (see Eq. (C.8)). We

will show that for each 1  r  k and for every fixed value a 2 {+1,�1}, there always exist two

assignments of the remaining variables under which f takes both the values +1 and �1. We denote

↵i = sign(�i) for all i then �i · ↵i = 1;�i · (�↵i) = �1 for all i.

Suppose xr is a canalyzing variable with xr = a.

Input 1: xr = a, xi = ↵i 8 i , r. Then, the signed sum

S =
kX

i=1

�ixi = �ra +
X

i,r

�ixi = �ra +
X

i,r

�i↵i = �ra + (k � 1) � �1 + (k � 1) > 0 since k > 2

So, the output is +1 in this case.

Input 2: xr = a, xi = �↵i 8 i , r. Then, the signed sum

S =
kX

i=1

�ixi = �ra +
X

i,r

�ixi = �ra +
X

i,r

�i(�↵i) = �ra � (k � 1)  1 � (k � 1) < 0 since k > 2

So, the output is �1 in this case. So, none of the variables is a canalyzing variable. This

completes the proof. ⇤

Property C.13. Consider a BF f that corresponds to a 01* rule with k regulators, one of which is

a self-regulation. Then for k > 1, if the self-regulation is inhibitory, but not all other regulators are

inhibitory, f is ine↵ective, with the self-input being the ine↵ective input.

Proof. The preprint [190] introduces a modified version of BMR rule, denoted 01*, which coin-

cides with the original BMR rule except in two cases. First, if all regulators are inhibitory and

every input is o↵, 01* outputs ‘on’ (1). Second, if all regulators are activatory and every input is

o↵, it outputs ‘o↵’ (0). So, for any other sign combination of the regulators, 01* coincides with
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BMRs and hence the Property follows from the previous Property C.4 for BMRs. However, un-

like the BMRs, where the case of all inhibitions including a self-regulation produce the constant 0

function, 01* yield an AND rule and is therefore an NCF. When all regulators are activatory and

one of them is a self-regulation, 01* again coincides with BMR and yield an OR rule and thus an

NCF. ⇤

C.2 Generation of models with nested canalyzing func-

tions preserving biological attractors

Here, we outline the systematic procedure we have undertaken for constructing Boolean models

with scNCFs for a GRN with fixed topology and known biological attractors. In Section 2.7 in

Chapter 2, it was discussed how, given a network topology along with the signs of the interactions

and the biological attractors, one can sample BFs restricted to di↵erent classes such that they

satisfy the attractor constraints. Here, we employ that methodology to construct suitable scNCF

models. We first impose the requirement that the BN reproduces the desired biological attractors.

This constraint is implemented as follows. For a given gene in the network, we extract from

each biological fixed point the expression state of that gene together with the expression states of

its regulators. Each such input configuration fixes the corresponding output entry of the gene’s

truth table to match the observed expression state in the fixed point. This procedure is applied

independently to every gene in the network. If conflicting constraints arise, namely, if two fixed

points prescribe di↵erent output values for the same entry in the truth table, then the given network

topology cannot realize those fixed points simultaneously. Each fixed point constrains exactly one

row of every truth table, so that M fixed points impose constraints on at most M rows (some

constraints may be redundant). While this guarantees recovery of all biological fixed points, it

does not preclude the existence of additional attractors. Note that for cyclic attractors, it is possible

to impose analogous constraints by fixing entries in the truth table using consecutive states along

the cycle. Next, we restrict the BF at each node to be consistent with the known activatory or

inhibitory signs of its regulators, thereby enforcing sign-conformity with the network structure.

Finally, we restrict the admissible BFs to the class of NCFs; in our work, all BFs of this class

have been enumerated by recursion on k, once and for all, up to k = 9 [64, 148]. This yields,
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independently for each node, a list of admissible scNCFs that are consistent with the biological

attractors. All possible combinations of these node-specific scNCFs then define the full set of

Boolean models that both preserve the network topology and recover the biological attractors.

Because the admissible scNCFs are generated independently at each node, this framework

also allows selective modification of update rules. In our analysis in Section 6.5.5 in Chapter

6, for four published models (network IDs 61, 69, 95 and 212 in BBM dataset) we retained

the update rules at nodes that were already governed by NCFs, while replacing non-NCF rules

at other nodes with all possible scNCFs consistent with the biological attractors. This proce-

dure yields all admissible scNCF-based models for these networks under the stated constraints.

Practical implementations of this procedure for constructing scNCF models that preserve bio-

logical attractors for a given network topology are available in our GitHub repositories https:

//github.com/asamallab/TMRvsBioLogic and https://github.com/asamallab/LDLM.
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C.3 Supplementary tables for Chapter 6

Table C.1: Numbers of various subtypes of the EThFs in the theoretical space. Here k cor-
responds to the number of e↵ective inputs to a BF. The columns under the grouping ‘Number of
BFs’ report the total count of BFs in theory belonging to the classes EThF, NCF, IMR, BMR,
non-NCF BMR, NCF BMR and non-BMR NCF, across varying values of k.

k
Number of BFs

EThF NCF IMR BMR
non-
NCF
BMR

NCF
BMR

non-BMR
NCF

1 2 2 2 1 0 1 1
2 8 8 0 3 0 3 5
3 72 64 8 16 3 13 51
4 1536 736 32 43 38 5 731
5 86080 10624 32 106 100 6 10618
6 14487040 183936 192 249 242 7 183929
7 8274797440 3715072 128 568 560 8 3715064
8 17494930604032 85755372 1024 1271 1262 9 85755363
9 144222448789966828 2226939904 512 2806 2796 10 2226939894
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Table C.5: 24 selected models from the BBM dataset. This table lists the 24 published models
selected through our multi-step filtration pipeline (see Chapter 6, Figure 6.4). The column ‘ID in
BBM dataset’ provides the unique identifier assigned to the network model in the BBM dataset.
The column ‘System’ briefly describes the biological system modeled, and the column ‘Refer-
ences’ points to the corresponding peer-reviewed publications.

Serial
Number

ID in
BBM

datatset

System References

1 7 Mammalian cortical area development [151]
2 8 Death receptor signaling [107]
3 10 Early heart development [152]
4 22 Terminal di↵erentiation of B cells [205]
5 23 Mammalian cell cycle [23]
6 31 Control of cell-cycle transcription [206]
7 40 T helper cell di↵erentiation [110]
8 61 Tumor microenvironment in acute

lymphoblastic leukemia
[207]

9 63 The lac operon in E. coli [208]
10 67 Regulation of L-arabinose operon in E. coli [209]
11 69 A. fumigatus iron regulation and oxidative stress

response
[210]

12 74 T-LGL survival signaling network (reduced) [36]
13 85 Reprogramming of testes-derived germline stem

(GS) cells to germline pluripotent stem cells
(GPS)

[211]

14 86 Molecular pathways enabling tumour cell
invasion and migration

[212]

15 88 miR-9 controlled neurogenesis [213]
16 95 Cell-cycle control [214]
17 99 C. albicans yeast to hyphal transition [215]
18 100 Acute myeloid leukemia [216]
19 109 Asymmetric cell division in C. crescentus (A) [217]
20 110 Asymmetric cell division in C. crescentus (B) [217]
21 133 A. thaliana root stem cell niche [149]
22 200 Non-small cell lung cancer cell lines [218]
23 208 Early hematopoiesis aging [39]
24 212 Transport, synthesis, and metabolism of

Tryptophan in E. coli
[219]
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C.4 Supplementary figures for Chapter 6
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1 regulator 3 regulators2 regulators

4 regulators 5 regulators

6 regulators

Figure C.1: TMRs generally exhibit substantially higher Boolean complexity than NCFs
across di↵erent sign combinations of regulators. Each subplot corresponds to a fixed number
of regulators k ( 6) and shows the Boolean complexity of IMRs, BMRs, and NCFs for di↵erent
combinations of regulator signs; the number of distinct functions that have a specific value of the
Boolean complexity is shown using a color gradient. While NCFs always have Boolean complex-
ity exactly equal to the number of regulators k, IMRs and BMRs generally exhibit much higher
Boolean complexity across sign combinations.
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Figure C.2: IMRs attain the highest average sensitivity, and for most sign combinations of
regulators there exist NCFs with lower sensitivity than BMRs. Each subplot corresponds to a
fixed number of regulators k ( 6) and shows the average sensitivity of IMRs, BMRs, and NCFs
for di↵erent combinations of regulator signs. IMRs attain the maximal average sensitivity for all
regulator sign combinations. For a fixed sign combination, IMRs and BMRs each have a unique
average sensitivity, whereas NCFs span multiple values and, in most cases, include functions with
lower average sensitivity than TMRs. In each subplot, for a given sign combination, the number
of distinct functions that have a specific value of the average sensitivity is shown using a color
gradient.
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Figure C.3: BMRs and scNCFs typically exhibit more stable dynamics than IMRs across
stability measures for the P-P network topology with N = 16. Each row corresponds to one
observable and each of the four columns represent di↵erent values of the mean in-degree parameter
(� = 2, 3, 4, 5). In each subplot, the three boxplots present the distributions of the observables
across three subtypes of ThFs: scNCFs, BMRs and IMRs. Across all observables and values of �,
IMR-based models consistently display the least stable behavior, while scNCF and BMR models
typically cluster closer to the ordered or critical regimes. Outliers in each distribution are shown
as grey circles while the black dots outlined in white denote the mean of each group.
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Figure C.4: BMRs and scNCFs typically exhibit more stable dynamics than IMRs across
stability measures for the R-R network topology with N = 12. Each row corresponds to one
observable and each of the four columns represent di↵erent values of the fixed in-degree (kin =

kout = 2, 3, 4, 5). In each subplot, the three boxplots present the distributions of the observables
across three subtypes of ThFs: scNCFs, BMRs and IMRs. Across all observables and values of kin,
IMR-based models consistently display the least stable behavior, while scNCF and BMR models
typically cluster closer to the ordered or critical regimes. Outliers in each distribution are shown
as grey circles while the black dots outlined in white denote the mean of each group.
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Figure C.5: BMRs and scNCFs typically exhibit more stable dynamics than IMRs across
stability measures for the R-R network topology with N = 16. Each row corresponds to one
observable and each of the four columns represent di↵erent values of the fixed in-degree (kin =

kout = 2, 3, 4, 5). In each subplot, the three boxplots present the distributions of the observables
across three subtypes of ThFs: scNCFs, BMRs and IMRs. Across all observables and values of kin,
IMR-based models consistently display the least stable behavior, while scNCF and BMR models
typically cluster closer to the ordered or critical regimes. Outliers in each distribution are shown
as grey circles while the black dots outlined in white denote the mean of each group.
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Figure C.6: Modified TMR-based (Ising* and 01*) models generally fail to recover biological
attractors. This heatmap displays the attractor recovery scores for the alternative models obtained
by replacing all BFs in 24 published BBM models with sign-conforming Ising* or 01* variants
(as proposed in [190]). Each row corresponds to a specific network from the BBM dataset. On the
far left, the number indicates the network ID as assigned in the BBM dataset. The next columns
list the number of nodes (N), the maximum in-degree (kmax), and the average in-degree (hki) of
the network. A score near 0 indicates poor recovery of biological attractors, while higher scores
indicate better performance. For most networks, both Ising* and 01*-based models show scores
near 0.
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Figure C.7: JS distance from gold standard reveals poor preservation of basin size distribu-
tions of biological attractors by modified TMR-based (Ising* and 01*) models. The heatmap
shows the Jensen–Shannon (JS) distance between the basin fraction distributions of the 24 pub-
lished BBM models and their Ising* and 01* variants (as proposed in [190]) relative to the cor-
responding gold standards. Each row corresponds to a specific network from the BBM dataset.
On the far left, the number indicates the network ID as assigned in the BBM dataset. The next
columns list the number of nodes (N), the maximum in-degree (kmax), and the average in-degree
(hki) of the network. A JS distance of 0 indicates perfect overlap with the gold standard, while
values closer to 1 reflect increasingly divergent distributions. Across most networks, Ising*- and
01*-based models typically exhibit high JS distances, indicating poor preservation of the expected
basin size distribution of the biological attractors.
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