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Abstract

This thesis studies three different problems in the theory of modular forms.
The first result shows that apart from the 26 exceptions, the product of finitely
many quasimodular eigenforms in not a quasimodular eigenform. This is proved
by using a structure theorem which says that a quasimodular eigenform is the
derivative of a homomorphic eigenform, or of the Eisenstein series Fy,. We prove
a similar theorem for nearly homomorphic modular forms using an interesting
algebra isomorphism between the space of quasimodular forms and the space of
nearly holomorphic eigenforms.

The second problem is to compute the adjoint of the Serre derivative map.
We give a remarkable formula for the adjoint of the Serre derivative map with
respect to the usual Petersson inner product in terms of special values of cer-
tain shifted Dirichlet series attached to modular forms and some applications.
To prove our result, we use existing tools of the theory of nearly holomorphic
modular forms.

Finally, the third part of the thesis gives estimates for the Fourier coefficients
of Hermitian cusp forms over the imaginary quadratic field Q(i) by proving
estimates for the Fourier coefficients of the Hermitian Jacobi forms occurring in
the Fourier-Jacobi expansion of the original Hermitian form. This is the most

technical part of the thesis and involves several estimates.
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Synopsis

0.1 Introduction

This thesis deals with three problems in the theory of modular forms. The
first problem is about the question : “when is an arbitrary product of Hecke
eigenforms again an eigenform?”. We discuss this problem in the context of
nearly holomorphic modular forms and quasimodular forms. The second one is
on finding the adjoint map of the Serre derivative map and as an application
we find a formula for the Ramanujan tau function in terms of special values of
certain shifted Dirichlet series. The third problem is on finding an estimate for

Fourier coefficients of Hermitian cusp forms of degree two (for the field Q(7)).

0.2 Background

We denote the space of modular forms and the subspace of cusp forms of weight
k for a congruence subgroup I' of SLy(Z) by My (') and S(I"), respectively. We
write My and Sy for the corresponding spaces if I' is the full modular group.
Moreover, for k > 4, My = (Ex) @ Sk, where Ej(z) denotes the normalized

Eisenstein series of weight k. Unless otherwise stated we assume that z =

1l
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x + iy € H and ¢ = €2>™*. We know that for a positive even integer k,

where oy,_1(n) = >, d*! is the divisor function and By, is the k-th Bernoulli
number. In the sequel, Ay denotes the unique normalized cusp form of weight &
for SLy(Z) for k € {12,16, 18,20, 22,26} and we write A for A, the Ramanujan
delta function.

It is well-known that M} forms a complex vector space and there is a ba-
sis consisting entirely of forms called Hecke eigenforms which are simultaneous
eigenvectors for all of the Hecke operators. The Fourier coefficients of a Hecke
eigenform are particularly important and satisfy some nice arithmetical rela-

tions.

0.3 On arbitrary product of eigenforms

Identities among modular forms have attracted the attention of many math-
ematicians since they imply nice identities among the Fourier coefficients of

modular forms. One such identity is the following:
n—1
o7(n) = o3(n) +120 ) o3(m)os(n —m), (1)
m=1

for n > 1. Since the vector space My is one dimensional, it follows that E? = Ey
and comparing the n-th Fourier coefficients of both sides yields (1). The identity
E? = Fg can be viewed as an eigenform identity as both £, and Eg are Hecke
eigenforms. The set of all modular forms (of all weights) for the full modular

group is a graded complex algebra. Having seen an identity as above (E7 = E),
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it is quite natural to ask whether the property of being a Hecke eigenform is
preserved under multiplication. This problem was first studied independently
by W. Duke [13] and E. Ghate [17]. They found that it is indeed quite rare that
the product of Hecke eigenforms is again a Hecke eigenform. In fact, they proved
that there are only a finite number of examples of this phenomenon, which are
forced from dimensional constraints. More precisely, they proved the following
theorem.

Theorem A. (W. Duke [13], E. Ghate [17]) The product of two Hecke eigenforms

for SLy(Z) is an eigenform only in the following cases:

E? =FEs, E.Es=FEy, FE¢Es=FEE = FEu, FEA=LAg FEsA=Ag,
EiAg = EsA = ANgy,  EilAig = EgAig = E10A = Ay,
EyAgy = EgAgy = EsAi1g = E19A1s = E1aA = Agg.

Both the results in [13], [17] make use of Rankin-Selberg convolutions. In [16],
B. Emmons and D. Lanphier extended this result to a product of an arbitrary
number of Hecke eigenforms. Instead of products of two eigenforms one can also
consider the Rankin-Cohen bracket of eigenforms and pose a similar question.
In [34], D. Lanphier and R. Takloo-Bighash considered this problem and in this

case also only finitely many cases occur.

Let D = %m.d% be the derivative function. It is known that the Eisenstein
series Fy(z) of weight 2 is not a modular form. The same is true if we consider
the derivative Df of a modular form f. These functions belong to a different

class of forms, called quasimodular forms. For n > 1, we have the well-known

identity proved by Ramanujan

n—1

nr(n) =7(n) — 24 Z T(m)o(n —m), (2)

m=1
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where 7(n) is the Ramanujan’s tau function and o(n) is the sum of divisors of n.
The above relation is obtained by the identity DA = E;A. This can be regarded
as an identity in the graded complex algebra of quasimodular forms for the full
modular group, where the product of two quasimodular eigenforms results in an
eigenform. Therefore, it is interesting to find all such cases. This question was
considered by S. Das and J. Meher in [10] and [36] for the full modular group.
They showed that there are two extra identities apart from the 16 coming from

modular forms.

In 1976, G. Shimura introduced the concept of nearly holomorphic modular
forms in order to prove some algebraicity results for special values of Rankin
product L-functions. Let J/\/[\k denote the space of nearly holomorphic modular
forms of weight k. There is a differential operator Ry on ]\/Zk, which is called the

Maass-Shimura operator, defined by

RO = 3 (5 + 5y ) 16 ®)

where Im(z) stands for the imaginary part of z. The operator Ry takes M to
Miis. We write R'™ := Ry om 200 Rgrpo Ry, with R\ = id and R\" = Rj.
In [3], J. Beyerl and et al. considered the problem of product relations among
eigenfoms for a subclass of nearly holomorphic modular forms for the group
SLy(Z). More precisely, they examined the problem for the class of nearly
holomorphic modular forms which can be written as a Maass-Shimura operator
applied on modular forms.

It is important to note that there is an explicit ring isomorphism between
the space of quasimodular forms and the space of nearly holomorphic modular
forms. However in [36] the author used the multiplicative properties of Hecke

eigenforms for his results, whereas in [3|, the authors made use of properties
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of Rankin-Cohen bracket operators and the results of [34] to obtain the main
result. In our work, which is presented in Chapter 2, we make use of the iso-
morphism between the spaces of quasimodular forms and nearly holomorphic
modular forms mentioned above. First we characterize the structure of a gen-
eral nearly holomorphic eigenform. Then we prove that it is sufficient to consider
the problem of finding a polynomial eigenforms identity in any one of the spaces.
We show that this will correspond to a similar identity in the other space. More

precisely, the first main result in chapter 2 is the following.

Theorem 0.3.1 ([32], page no. 290) In a space of quasimodular or nearly holo-
morphic modular forms, a polynomial relation among eigenforms in one space

gives rise to a corresponding polynomial relation in the other space.

From Theorem 0.3.1, it follows that the main results of [3] and [36] imply each
other.

In [36] and [10], the authors classified all the cases where the product of two
quasimodular eigenform results in an eigenform. Using this classification and

Theorem 0.3.1, we prove the following theorem.

Theorem 0.3.2 ([32], Theorem 1.2) The product of two nearly holomorphic
eigenforms for SLo(Z) is never an eigenform except for the following exceptional

cases:

1. The 16 holomorphic cases presented in [13] and [17]

2. <R4E4)E4 = %RsEg, E;A = ngA, where E;(Z) = EQ(Z) -3

mlmz *

Thus, Theorem 0.3.2 extends and gives another proof of the main result of [3]
together with an extra identity. We now consider the case of products of an

arbitrary number of quasimodular eigenforms and characterize all quasimodular
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eigenforms which can be written as products of finitely many eigenforms. This

is obtained in the following theorem.

Theorem 0.3.3 (|32], Theorem 1.3, Theorem 1.4) The products of finitely many
quasimodular eigenforms (resp. nearly holomorphic eigenforms) for SLo(Z) is
never a quasimodular eigenform (resp. nearly holomorphic eigenform) except

for the following exceptional cases:
1. The 16 holomorphic cases presented in Theorem A.

2. Other holomorphic cases which can be obtained trivially from some of the

identities presented in Theorem A, namely

FEiEs = Fiu, EjA13= Ay, EjFEsA1s = Ao,
FiA s = EyFEgA1g = E3EA19 = EgEgA 1y = EjE19A 19 = Agg.

3. (DE4)E4 = %DEg, E2A12 = DAlz (T@Sp. (R4E4)E4 = %RSE&E;A =
Rle).

From Theorem 0.3.1, it is sufficient to consider one of the spaces. Here we
consider the case of quasimodular forms. The methods used in the proofs are
largely elementary and use the structure theorem of the space of quasimodular
forms. To prove our result, several cases are distinguished. The proof essentially
shows that the identities given by the distinguished cases cannot hold in general
by Fourier coefficient considerations. Technical arguments are then used to show
that these cases result in eigenforms only in certain situations which are listed
in Theorem 0.3.3.

The contents of chapter 2 are published in [32].




§0.4. The Adjoint map of the Serre derivative ix

0.4 The Adjoint map of the Serre derivative

In section 1 we observed that both E5 and D f are not modular forms, if f is a
modular form. However, by taking a certain linear combination of D f and Esf,
we get a function which transforms like a modular form. The underlying linear

operator ¥y on My(T") is defined by

IS = Df ~ B, ()

which preserves the modular property. It is well-known that ¥4 f is a modular
form of weight k+2 for I' and the operator ¥y, is referred to as the Serre derivative
(or sometimes the Ramanujan-Serre differential operator) in the literature. It is
an interesting and useful operator because it defines an operator on the space of
modular forms for any congruence subgroup with character and also it preserves

the space of cusp forms.

Using the properties of Poincaré series and adjoints of linear maps, W.
Kohnen [27]| constructed the adjoint map of the product map (product by a
fixed cusp form), with respect to the Petersson scalar product. After Kohnen’s
work, similar results have been obtained by many mathematicians for different
types of maps and also for other spaces of automorphic forms. These types of
results are important because the Fourier coefficients of the image under the

adjoint map involve special values of certain shifted Dirichlet series.

In the third chapter of the thesis (which is published in [31]) we find the
adjoint of the Serre derivative map v, with respect to the Petersson inner prod-
uct. Given a cusp form of weight k + 2, it gives a construction of a cusp form of

weight k£ with interesting Fourier coefficients. For our purpose, we observe that
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the Serre derivative can also be written in the form

(1) = Buf — 15 B3, )

where Ry is the Maass-Shimura operator defined by (3) and Ej(z) = Es(z) —

3
mlmz*

The main result of chapter 3 is the following.

Theorem 0.4.1 [31, Theorem 4.1] Let k > 2 and ¥, be the adjoint map of Jy

with respect to the Petersson inner product. Then the image of any function

f(z) = > a(n)q™ € Sk42(T) under 95 is given by U5 f(z) = > c¢(m)q™, where

n>1 m>1

L k(k— DmkF=t | (m— L&)
clm) = o [ am) 2L+ )|

a(n +m)o(n)
(n+m)*

and Ly, (s) = Z

18 the shifted Dirichlet series associated with

The main ingredient in the proof is the theory of nearly holomorphic modular

forms and the Rankin unfolding arguments.

An application of Theorem 0.4.1. Let £ > 2 and I be a congruence subgroup
for which Si(I") is a one-dimensional space; we denote a generator of Si(I") by
f(2). Then applying Theorem 0.4.1, we get ¥;9(z) = o, f(2) for any g € Si12(I),
where o is a constant. Now equating the m-th Fourier coefficients of both the
sides, we get a relation among the special values of the shifted Dirichlet series
associated with g and the Fourier coefficients of f. For example, by choosing
k =10 and I' = T'¢(2), consider the map 95, : S12(I'0(2)) — S10(Io(2)). As
S10(Fo(2)) = CAyp2(2) and S15(I'0(2)) = CA(2)®CA(22), applying 97, on A(z)
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and A(2z) and using Theorem 0.4.1, we get the following interesting relations.

—20m!!
T(m) = (m—_%)

LA,m(ll) (6)

and

710,2 (m) =

3(2m)°[| Avgalf? [(m —13) /m
87r2|’||A|1|[2)2H o7 (3) T 0laannf ()

where 7(n) = 0 if n is not an integer and VoA(7) = A(27). Here 7y92(m) is the
m-th Fourier coefficient of unique normalized newform of weight 10 for I'y(2)

and | - || denotes the Petersson norm.

0.5 Estimates for Fourier coefficients of Hermi-
tian cusp forms of degree two

The theory of Hermitian Jacobi forms along the lines of the classical Jacobi forms
was first considered by K. Haverkamp [19] in his thesis. However, in a recent
work, O. Richter and J. Senadheera [39] realized that the Hermitian Jacobi
forms are classified into two different classes of forms, one with parity +1 and
the other with parity —1. It is to be noted that these Hermitian Jacobi forms
with parity +1 arise in a natural way (like in the case of classical Jacobi forms)
via the Fourier Jacobi coefficients of Hermitian modular forms of degree two
with character (det)!, where [ varies modulo 2. We remark here that almost all
the existing results in the literature consider Hermitian Jacobi forms with parity
+1, which come with the condition that the weight £ is divisible by 4. Using the
refined definition of Richter and Senadheera as mentioned above, one can extend

all the results for forms with parity —1 as well (one has to assume that k = 2




§0.5. Estimates for Fourier coefficients of Hermi-
xii tian cusp forms of degree two

(mod 4) in this case). However, we have not found any result which determines
the explicit Fourier expansion of an important class of functions, namely the
Poincaré series. One of the aims in Chapter 4 is to obtain the explicit Fourier
expansions of Hermitian Jacobi Poincaré series. In this case also their Fourier
coefficients involve certain generalized Kloosterman sums and Bessel functions.
In [28], W. Kohnen used the estimates of Fourier coefficients of Jacobi cusp forms
to obtain estimates for Fourier coefficients of Siegel cusp forms of degree two.
Our main objective in this chapter is to adapt this technique in the context
of Hermitian Jacobi cusp forms and get estimates for Fourier coefficients of
Hermitian cusp forms of degree two on I'® = M,(O) N U(2), where O denotes
the ring of integers in Q(¢) and U(2) is the unitary group of degree 2. It gives
improved estimates for the Fourier coefficients when compared with the usual

Hecke bound. We now state the main result of this chapter.

Theorem 0.5.1 /33, Theorem, 5.2 Let a(T) denote the T'-th Fourier coefficient
of a Hermitian cusp form F of weight k on I'® with character (det)!, then for

any € > 0, we have

a(T) < p (min T)16/19+6(det T)k/273/4+€. )

1/2

Moreover, by using the reduction theory, taking m = min T < (det T)"/*, we

obtain
a(T) < (det T)k/2-2/T6+e,

The proof of the above theorem is based on appropriate estimates both for
the Fourier coefficients of Hermitian Jacobi cusp forms on the Hermitian Ja-
cobi group and for the Petersson norms of the Fourier Jacobi coefficients of the

Hermitian cusp form F. The contents of chapter 4 is published in [33].




CHAPTER

Background

We introduce basic definitions and properties of different kinds of automorphic
forms in this chapter. We only present what is relevant to this thesis, and is by
no means a complete overview of the subject. We closely follow [5], [12], [24]
and [26].

1.1 Notations

Let N, Z, Q, R and C be the set of natural numbers, integers, rational numbers,
real numbers and complex numbers respectively. For z € C, Re(z) denotes the
real part of z and Im(z) denotes the imaginary part of z. For any complex
number z and a non-zero real number ¢, we denote by e.(z) = e?™/¢ If ¢ = 1,
we simply write e(z) instead of e;(z). Also the square root of z is defined as
follows:

Vz = \z]%e%‘”g #, with — 7 <arg z <.

1
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We set 22 = (y/z) for any k € Z. For integers a,b and ¢, the notation a = b(c)
means that c|(a — b) and for any positive integer v, a”||b emphasize that a”|b

but a**1 1 b

1.2 Modular forms

The group

GL3(Q) := a,b,c,d € Q,ad — bec >0

acts on the Poincaré upper half-plane H = {z € C | Im(z) > 0}, by the fractional

a b
linear transformation as follows. For any v = € GLF(Q) and 2 € H,
c d
we let
az+b
= H. 1.1
vii= g € (1.1)
a b
Then for any integer k and v = € GL;(Q), the slash operator on
c d

functions f : H — C is defined by

(f e 1)(2) = (det 7)"?(cz +d) " f(72).

We mostly need the action (1.1) for v € SLy(Z), the full modular group, defined

by

SLy(Z) = a,b,c,d € Z,ad — bc =1
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1.2.1 The congruence subgroup
Let N be a positive integer. The principal congruence subgroup of level NV is

[(N) = Ker (SLy(Z) — SLs(Z/NZ))

a b
= € SLy(Z) |a=d=1(N),b=c=0(N)
c d

A congruence subgroup of SLy(7Z) is any subgroup I' of SLy(Z) that contains
I'(N) for some N € Z, N > 0. The smallest such N is called the level of T'.

Besides I'(N), the two most important congruence subgroups are

) =" T esa@) |a=d=1(3),c=0N)
c d
and
rvy = [ ° € SLu(2) | e = 0()
c d

Then, one has

['(N) C Ty(N) C To(N) C SLy(Z).

Unless stated otherwise, we always let k € Z and I denotes a congruence sub-

group of level N.

Cusps: Let P(Q) = QU {oc}. We then extend the action of SLy(Z) on

H = HUP'(Q), the extended upper half-plane, in the following way.




4 §1.2. Modular forms

a b .
For v = € SLy(Z) and z € H, define

c d

00 if z=—d/e,

V%= a/c if z = oo,

(az+b)/(cz +d) otherwise.

\

A cusp of T is a T-equivalent class of elements in P'(Q) under the action of T'.
Note that the group SLy(Z) acts transitively on P*(Q), hence there is only one
cusp of SLy(Z). Since every congruence subgroup I' has finite index, it follows
that there are only finitely many cusps of T'.

Holomorphicity at the cusps: Assume that f : H — C is a holomor-
phic function which satisfies the modular transformation property for I', namely
fley=fforall v €T (such an f is said to be weakly holomorphic modular

form of weight k with respect to I'). Let D’ be the open unit disk in C with the

origin removed. Then z — ¢y := en(z) defines a map from H into D’. Since
1 N

an = f, it follows that f is periodic with period N and hence there
0 1

exists a function F' : D' — C such that F(qy) = f(2). If for all gy € D', we

have the Laurent series expansion of the form
f(2) = Flgv) = _a(n)gy, (1.2)

then f is said to be holomorphic at oco. Moreover, if a(0) = 0, we say that
f vanishes at co. Eq. (1.2) is called the Fourier expansion of f at oo or the
g-expansion of f about co, and the numbers a(n) € C are called the Fourier

coefficients of f.
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Since any cusp s € P!(Q) can be written as s = yy00, for some 7y € SLoy(Z)
and therefore holomorphy at s is naturally defined in terms of holomorphy at oo
via the slash operator. More precisely, f is said to be holomorphic (or vanishes)
at the cusp s if f | 7o is holomorphic (or vanishes) at oo (it makes sense as it is
seen easily that f [, 7o is a weakly holomorphic modular form of weight & with
respect to the congruence subgroup 7, Iy, if f is weakly holomorphic modular
form with respect to I').

We are ready to define the modular forms.

1.2.2 Definition and examples

Definition 1.2.1 A modular form of weight k with respect to I' is a function
f:H — C which satisfies

1. f is holomorphic on H,

2. forallyeT,

3. [ is holomorphic at all the cusps of .

Moreover, if f vanishes at all the cusps of I', then f is said to be a cusp form

of weight k with respect to I

We denote the space of modular forms and the subspace of cusp forms of weight
k for T' by M (') and Sk(I"), respectively. We simply write M;, and Sy for the
corresponding spaces, if I' is the full modular group SLs(Z).

Fundamental domain: If we know the value of a modular form f for I" at
one point z € H, then equation (1.3) tells us the value at all points in the same

I'-orbit of z. So in order to completely determine f, it is enough to know the
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value at one point from each orbit. This leads to the concept of a fundamental
domain for I', namely an open and connected subset F/ C H such that no two
distinct points of F are equivalent under the action of I' and every point z € H

is ['-equivalent to some point in the closure of F.

Proposition 1.2.2 The set
={z€eH| |z| > 1,|Re(2)| < 3}
is a fundamental domain for the full modular group SLo(Z).

Remark 1.2.1 Using Proposition 1.2.2, we can easily determine a fundamental

domain of any congruence subgroup I' from its coset representatives in SLy(7Z).

Definition 1.2.3 (Petersson inner product) Let f,g € My(I") be such that
at least one of them is a cusp form. Write z = x + 1y, then the Petersson inner

product of f and g is defined as:

kdmdy
()= [ 16 , (1.4)

I\H

18 an tnvariant measure under the

where I' \ H is a fundamental domain, 5
Y

action of SLy(Z) on H and ur denotes the index of T in SLy(Z).

It is well-known that Si(I') is a finite-dimensional Hilbert space with respect
to the inner product defined by (1.4). For our purpose, we state the following

invariance property of the inner product under the slash operator.

Proposition 1.2.4 [26, Chapter 3, Proposition 46] Let f,g € My(T') with f or

g a cusp form. Let vy € GL3(Q). Then

(flergley)={f9- (1.5)
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The following basic examples of modular forms are needed in our discussion.

Example 1. Let k be an even integer greater than 2. The normalized Eisenstein

series Ej, of weight k for SLy(Z) is defined as:

1 1
B()== Y —
2 mz +n)k
(m,n()ez2)\_{(lo,0)} ( )

Then Ej, is a modular form of weight k for SL,(Z) with Fourier expansion
En(z) =1- 5= > owa(n)d", (1.6)

where o,.(n) = > d", for any positive integer r and By’s are Bernoulli numbers
dn
defined by
k
T T
= Br—.
et — 1 2B k!

k>0

Because we use Eisenstein series in our work, we give the Fourier expansion of

the first few Eisenstein series:

Ey(z) = 1+240  o3(n)q",

n>1
Es(z) = 1 —504205(71)41 ,
n>1
Bg(z) = 14480) o+(n)q",
n>1
Ep(z) = 1—264209(n)q”,
n>1
65520
Elg(Z) = 14— Ull(n)q",
691
n>1
E14(Z) = 1—242013(71)61"
n>1

Remark 1.2.2 When k = 2 we have the Fourier expansion of the FEisenstein
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series Fy of weight 2 as

Ey(z) =1-24) o(n)q", (1.7)

n>1

where o(n) = oy1(n). However, Ey is not a modular form because it has the

following transformation property.

az+b 6 ¢
d)E =FE — 1.8
(CZ+ ) 2(02+d> 2(Z)+7Ticz+d7 ( )
a
for all € SLy(Z). Therefore, Ey is not a modular form, it is a quasi-

c d

modular form of weight 2 and depth 1 (the concept of quasimodular forms is

introduced in Section 1.4.1).

Example 2. The Ramanujan delta function is defined as

1

A() = Ts(Bil)' = Bal)).

It is a cusp form of weight 12 for SLy(Z) with Fourier expansion

Alz)=q[J(1-g9* = D r(n)qg",

n>1 n>1

where 7(n) is called the Ramanujan tau function.
In fact for £ > 16, it is easy to see that the function AFEj_15 is a cusp form of

weight k for the full modular group SLo(Z).

Example 3. Let & and n be positive integers. The n-th Poincaré series of
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weight k& for a congruence subgroup I' is defined by

Pnlz)i= 3 @ [, (19)

YET o \I'

1
where I'oo == < & ’teZ NnT.

01
It is well-known that Py, € Si(I') for & > 2 and it is characterized by the

following property which is known as the Petersson coefficient formula.

Lemma 1.2.5 Let f € Si(I") with Fourier expansion f(z) = Y, a(m)q™. Then

m>1

TE-1)

—1)
(4mn)r=t

(f; Pen) = —a(n).

The structure of the vector space M, is well-known; M, = CE}y & S;. In fact,
we also have the following dimension formula for the space Mj:
E3 k=2(12),

dim Mk = 2

£ +1 Kk #2(12),

where |-] denotes the greatest integer function. If Sy is 1-dimensional, let Ay
denote the unique normalized cusp form. When k& = 12, we write A instead of

A1s. Using the dimension formula, we have

M, = CEy, for k = 4,6,8,10, 14,

Sp = CAy, for k=12,16,18,20,22,26.  (note that A, = AEj,_1) (1.10)

The following familiar result tells about the growth of the Fourier coefficients

of a modular form in which the first statement can be easily obtained and the
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second is due to P. Deligne [11].

Proposition 1.2.6 Let a(n) be the n-th Fourier coefficient of a modular form

f € M(T"). Then for any € > 0, we have
a(n) <, nFite,
and moreover, if f is a cusp form, then

a(n) < n'z T

1.3 Hecke operators

In this section, we define the Hecke operators for modular forms for the full
modular group SLs(Z) and highlight some properties that are relevant to this
thesis. We remark here that there is an analogous Hecke theory on modular
forms of higher levels.

For any positive integer n, let
b
X, = a,b,de Z,ad=n,0<b<d

Definition 1.3.1 For a positive integer k, we define the n-th Hecke operator T,

acting on functions f : H — C by the formula

pEXn

The above expression means that for any function f : H — C, we have

TN =13 Y g (“Zjb) | (1.11)

ad=n 0<b<d
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1.3.1 Basic properties

Fixing the weight k, the Hecke operators satisfy the following properties (see
[24]):

1. T, maps periodic functions to periodic functions.

2. Let f(2) = >.,50a(n)q", then T,f is given by the series (T,.f)(2) =

Zmzo a,(m)q™, where

an(m) = Z d*ta(mn/d?). (1.12)

d|(m,n)
3. For every m,n > 1, we have
ToTo= Y d" T (1.13)
d|(m,n)

4. Let p be a prime and v be a positive integer, then

Ty =TT — p" s (1.14)

Next we consider the Hecke operators T), on the space M) of modular forms
of weight £ for the full modular group SLs(Z) and it turns out that the operators

preserve the space. We state this in the following theorem.

Theorem 1.3.2 [2/, Theorem 6.8] The Hecke operators T,, map linearly a mod-

ular form to a modular form and a cusp form to a cusp form:

Tn : Mk —)Mk,
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Note that the Hecke operators 7;, acting on the space of cusp forms for the full

modular group are normal operators because they are self-adjoint operators, i.e.,

(Tnf,g9) = (f,Thg) for all f,g € S.

We give the definition of Hecke eigenforms which are the main part of the the

second chapter of this thesis.

1.3.2 Hecke eigenforms

Definition 1.3.3 A modular form f € My is said to be a Hecke eigenform (or
an eigenform) if for all n € N, there are A, € C so that T,,f = \,f. That is, f

15 the simultaneous eirgenvector for all of the Hecke operators.

If a(n) is the n-th Fourier coefficient of an eigenform f then f is said to be
normalized if a(1) = 1.

For example, one can easily prove that 7T, F, = —g—gok,l(n)Ek, which shows
that the Eisenstein series Fj, for each k > 4 is an eigenform. The small weight
cusp forms Ao, Aqg, A1g, Ao, Agg and Agg are also eigenforms. All of these
examples come trivially from the fact that the operator 7, is acting on a 1-
dimensional space.

We now state the following result from linear algebra, which is needed to get

a basis consisting of Hecke eigenforms for Sk.

Proposition 1.3.4 Let S be a finite dimensional Hilbert space over C and let
T be a commuting family of normal operators T : S — S. Then there exist
an orthonormal basis of S which consists of common eigenfunctions of all the

operators in T .

Let T denote the algebra over C generated by all the Hecke operators T, (called

the Hecke algebra). By the properties of Hecke operators given in (1.13) and
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(1.14), we conclude that T is a commutative algebra generated by the operators
T,, for primes p. Also theses are normal operators while acting on the finite
dimensional Hilbert space Si. Applying Proposition 1.3.4 to the Hecke algebra

T gives the following result.

Theorem 1.3.5 (Hecke) Let Sy be the space of cusp forms for the full modular
group. Then there exists an orthonormal basis (known as Hecke basis) which

consists of eigenfunctions of all the Hecke operators T,,.

Let f(z) = > ,s0a(n)q" € My be a Hecke eigenform, ie., for all n =
1,2,3,. ...
T.f =A(n)f, for some A(n) € C

Using the Fourier coefficients relation (1.12), we get

Z d*ta(mn/d*) = X(n)a(m), for all m,n > 1. (1.15)

d|(m,n)

For m =1, it gives

a(n) = A(n)a(1), (1.16)

which asserts that if f a normalized Hecke eigenform, then a(n) = A(n), that is

the eigenvalues are the Fourier coefficients.

Theorem 1.3.6 [12, Proposition 5.8.5] A normalized modular form f(z) =
Y ns0a(n)q" € My, is an eigenform if and only if the Fourier coefficients a(n)

satisfy the following two conditions:

(1) a(m)a(n) = a(mn) whenever (m,n) = 1.
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(ii) Let p be a prime and v be a positive integer, then
a(p”™) = alp)a(p”) — p"alp” ™).

We state the following properties of a Hecke eigenform, which follow from

(1.15) and (1.16).

Lemma 1.3.7 Let f(2) = >, ,a(n)q" € My be a non-zero Hecke eigenform,

then

1. a(1) #0.

2. The Hecke eigenform f has non-zero constant term in the Fourier expan-

sion if and only if f € CE,.

1.4 Two generalizations of modular forms

The starting point for this section is the observation that the derivative of a
modular form is not modular, but nearly is. We now introduce the derivative

map D, which is defined by
1 d

T oride

Specifically, if f is a modular form of weight &k for I' with the Fourier expansion

1) = aln)g, (1.17)

Di) = —L 4% S na(mygr (1.18)
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satisfies
+b k c
OF2pp) (L - D 2oy — 1.19
(et a0 (S50 = DI + o fO g (L)
a b
for all € I'. Note that the factor 277 has been included in order to
c d

preserve the rationality properties of the Fourier coefficients.
If we had only the first term in (1.19), then D f would be a modular form of
weight k + 2. The presence of the second term, far from being a problem, makes

the theory much richer. To deal with it, one can:

e relax the notion of modularity to include functions satisfying equations
like (1.19): (leading to the theory of quasimodular forms, the holomorphic

generalization of modular forms);

e modify the differentiation operator D so that it preserves the modularity
property: (leading to the theory of nearly holomorphic modular forms, the

non-holomorphic generalization of modular forms).

These two approaches will be discussed in the next subsections.

Remark 1.4.1 One can also make combinations of derivatives of modular forms
to get again modular forms, so called The Rankin-Cohen brackets of modular
forms. However, we will not use this fact in any essential way and refer to [7]

for more details.

1.4.1 Quasimodular forms

As mentioned earlier, the Eisenstein series Fy and derivatives of modular forms

are not modular forms, although they play an important role in the construc-
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tion of many differential operators on the space of modular forms. Moreover,
both satisfy similar transformation formulas (see (1.8) and (1.19)). In 1995,
M. Kaneko and D. Zagier [25] generalized the notion of modular forms, called
quasimodular forms, by allowing slightly more general functional equations like
(1.19). The Eisenstein series Ey and derivatives of modular forms are quasimod-
ular forms. We also remark that these forms already appear in several previous

works by S. Ramanujan and R. A. Rankin.

Definition 1.4.1 A holomorphic function f on H is called a quasimodular form
of weight k and depth p for ' if there exist holomorphic functions fo, f1, fo,. ..,
fp on H such that

s (F) = () o

a b
for all € I', f, is not identically vanishing and f; is holomorphic at
c d

each of the cusps of I' for 0 < 5 < p.

Note that this definition, which is different from the one given in the work of
Kaneko and Zagier [25], was proposed by Werner Nahm and presented in [46].
The equivalence between the two definitions is a consequence of Theorem 1.4.8

(see Remark 1.4.5).

We denote the space of quasimodular forms of weight £ and depth < p for
T by M, =P(T") and the space of all quasimodular forms of weight & by ]/\\/[/k(l“) =
U, M, =P(I"). We define the graded ring of quasimodular forms for T' by M*(F) =
@ M, (T). We simply omit I from these notations if it is the full modular group
Slf Ly(Z).
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The basic facts about quasimodular forms for the full modular group are
summarized in the following proposition, which applies also to other congruence

subgroups.

Proposition 1.4.2 /5, Proposition 20| Let k > 2 be even and p > 0 be any

integer.
(i) The differential operator D maps ngp into M,ff;l

(i1) Every quasimodular form on SLy(Z) is a polynomial in Ey with modular

coefficients. More precisely, any f € M,fp can be written as
f(2) = go(2) + 91(2) Ea(2) + -+ + g,(2) B3 (2), (1.21)

where g; € My_9; for 0 < i <p.

(111) The space of quasimodular forms has a decomposition of the form

V4 r :
]Tf,fp _ P o D" My, if p<k/2,

E_
2 D' My, @ CDEVE,  if p > k/2.

Remark 1.4.2 As a consequence of the second property mentioned above, we
see that the graded ring of quasimodular forms is generated by Eo, Ey and Eg.
Also g, € My_o, and since there is no modular form of negative weight, we
conclude that if f is non-zero quasimodular form of weight k and exact depth p,

then p < k/2.

The action of the Hecke operator 7, on a quasimodular form is the same as
given in (1.11). For each integer n > 1, T,, maps M, to itself. A quasimodular

form is called a quasimodular eigenform (or) simply an eigenform, if it is an
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eigenvector for each Hecke operator 7;,. We state the following commuting rela-
tion between the derivative operator D and the Hecke operators |36, Proposition

2.3,
Proposition 1.4.3 Let f € Mk Then

(DT, ))(2) = —(To(D™ F))(2),

nm

for m > 0. Moreover, D™ f is an eigenform for T, if and only if f is. In this
case, if N\, is the eigenvalue of T, corresponding to f then the eigenvalue of T,

corresponding to D™ f is n™\,,.

1.4.2 Nearly holomorphic modular forms

Nearly holomorphic modular forms were introduced by G. Shimura in 1976 [44],

for proving algebraicity results of special values of Rankin product L-functions.

Definition 1.4.4 A nearly holomorphic modular form f of weight k and depth
p for ' is a polynomial in @ of degree p whose coefficients are holomorphic

functions on H with moderate growth * such that

flk(2) = f(2),

a b
for any v = €l and z € H.

c d

In the literature, nearly holomorphic modular forms are also referred to as almost
holomorphic modular forms. Let M, ,fp (T") denote the space of nearly holomorphic
modular forms of weight & and depth < p for I and by ]\/Zk(F) =U, ]\/ZEP(F),

the space of all nearly holomorphic modular forms of weight k. We define the

i) < (=1 + 1)/Im(z))n, for some n > 1
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graded ring of nearly holomorphic modular forms for I by ]/\/[\*(F) = ]/\/[\k(F)
k

As usual, we omit I" from the notations if I' is the full modular group SLs(Z).

Remark 1.4.3 Note that

3

mwlm(2)

E5(2) = By(2) — (1.22)

is a nearly holomorphic modular form of weight 2 for the full modular group

SLy(Z).

Definition 1.4.5 Let [ € ]\/Zk(l“) Then f is called a rapidly decreasing
function at every cusp of T, if for each o € SLy(Q) and positive real number

¢, there exist positive constants A and B depending on f, o and ¢ such that
IIm(a2)*?f(az)| < Ay™ if y = Im(z) > B.

We call f a slowly increasing function at every cusp of I', if for each o €
SLy(Q), there exist positive constants A, B and ¢ depending on [ and o such
that

IIm(az)"?f(az)| < Ay® if y = Im(z) > B.

Remark 1.4.4 For example, a modular form is slowly increasing and a cusp
form is rapidly decreasing function. Moreover, the product of a rapidly decreasing
function with any nearly holomorphic modular form provides a rapidly decreasing

form.
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Let f,g € ]\/J\k(f‘) be such that the product fg is a rapidly decreasing function.

Write z = = + iy, then the (Petersson) inner product of f and g is defined by

/ f(z ’“d:':dy (1.23)

F\H

By abuse of notation, we use the same symbol for the inner product here as in
the case of modular forms given in (1.4). The integral is convergent because of

the hypothesis and hence the inner product is well-defined.

Definition 1.4.6 The Maass-Shimura operator Ry on f € ]\/ZEP(F) is defined

by

0 = (5 (5 52) £ ) (124

The operator Ry takes ]\//Tkgp(f‘) to M,ff;l(F) (see Proposition 1.4.9). For any
positive integer m, we write ngm) ‘= Riiom_20 -+ 0 Rpis0 Ry with R,(fo) =id
and R\ = R;.

For f € J/\/[\k, the action of the n-th Hecke operator T;, on f is defined by (1.11).
For each integer n > 1, T,, maps ]\//.Tk to itself. A nearly holomorphic modular
form is called a nearly holomorphic eigenform (or) simply an eigenform if it is
an eigenvector for each Hecke operator 7;,. We recall the following commuting

relation between Maass-Shimura operators and Hecke operators.

Proposition 1.4.7 [3, Proposition 2.4, 2.5] Let f € M,. Then

m 1 m
B (Tu))(2) = —(Tu(R D)),
for m > 0. Moreover, R,gm)f 1s an eigenform for T, if and only if f is. In this
case, if \, 1s the eigenvalue of T,, corresponding to f, then the eigenvalue of T,

corresponding to R,gm) fisn™A,.
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1.4.3 Isomorphism between quasimodular forms and nearly

holomorphic modular forms

P
It is easy to see that a nearly holomorphic modular form f(z) = Z —Ifjgzsj of
m(z
=0

weight k£ and depth p over I' is uniquely determined by its constant term fj.

Therefore, the map

1) =3 oy = ) (129

is well-defined and one to one from M; =P(T) to M, =P(T'). To see the automorphy
property of fy, we need to use the modular transformation formula for f and the

1 2 a b
identity = (cz+d)” 2ic(cz + d), where v = €I and z € H.
Im(yz) Im(2) ¢ d

Conversely, let f € M“kgp (I'), then

HOESY Ji(z) (1.26)

gives the inverse map from ]’\stp (") to ]\/4\,?’ (I'). Here the coeflicients f; are
associated to f according to (1.20).

The maps given in (1.25) and (1.26) induce a map between the ring of nearly
holomorphic modular forms and the ring of quasimodular forms. It turns out

that these maps preserve the ring structure and we have the following theorem.

Theorem 1.4.8 [5, p. 58] The ring of nearly holomorphic modular forms

M., (T') is canonically isomorphic to the ring M*(F) of quasimodular forms. The

explicit maps are given in (1.25) and (1.26).

Remark 1.4.5 From the above discussion, we see that a mearly holomorphic

modular form is determined by its coefficient fy and it is a quasimodular form.
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Using this, one finds that the definition of quasimodular forms given in [25]
(namely, as the “constant terms” fy of nearly holomorphic modular forms) is

indeed equivalent to the one given in Definition 1.4.1.
Observe that under the isomorphism given in Theorem 1.4.8,
By +— E; and D'f+— RVf,

where 7 is any positive integer and f € Mg (I"). It follows immediately that the
space of nearly holomorphic modular forms for the full modular group SLs(Z)
has a decomposition similar to Proposition 1.4.2. To get this, we need only to
replace the derivative map by the Maass-Shimura operator and Ey by FEj at
corresponding places in Proposition 1.4.2 and so we have the following result.

Note that similar results hold for any congruence subgroup.
Proposition 1.4.9 Let k > 2 be even and p > 0 be any integer.
(i) The Maass-Shimura operator Ry, maps ]\//T,fp into ]\//T,ff;l

(i1) Every nearly holomorphic modular form on SLo(Z) is a polynomial in E;

with modular coefficients. More precisely, any f € M\Ep can be written as

f(2) = 90(2) + 1 (2) E5(2) + - + g,(2) E5"(2),
where g; € My,_o; for 0 < i <p.

(i1i) The space of nearly holomorphic forms have a decomposition of the form

_ P R, My s, if p<k/2,
M:P = o (1.27)

5=1 5(r) -1
o R o, My_or @ CR, E; if p>k/2.
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Remark 1.4.6 Note that similar to Remark 1.4.2, we see that M, = C|E;, Ey, Eg]
and there is no non-zero nearly holomorphic modular form of weight k and exact

depth p such that p > k/2.

1.5 Hermitian modular forms

Hermitian modular forms are generalizations of Siegel modular forms. We recall
some basic facts about Hermitian modular forms of degree 2. We refer to the
work of H. Braun [4] and T. Ikeda [23] for more details.
Let O = Z[i] be the ring of integers of Q(7) and O = 1O be the inverse
I

0
different of Q(7)|Q. Assume that J = ’ , where I5 denotes the identity
- 0

matrix and 0 denotes the zero matrix of order 2 x 2. Let U(2) be the unitary

group of degree 2, i.e.,
U2)={M e MyC) | M*JM = J},

where M* denotes the transpose of the complex conjugate of M. Then, the
Hermitian modular group of degree 2 over the imaginary quadratic field Q(7) is
defined by

I®(0) = My(0) N U(2),

which we simply denote by I'®.

We denote the Hermitian half-space of degree 2 by H, which is defined by

T z i
Hy, =< 7 = eEMC) | £(Z-2Z)>0
w T

The Hermitian modular group I'® acts on H, via,

A B
MZ =(AZ + B)(CZ+D)™! for M = eTr®, 7 € H,.
C D
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The group I'® is an arithmetic discrete subgroup of U(2) and it acts dis-

continuously on Hy. Let k& be an integer. If F' is a function on H, and

A B
M = e I'®, we put
C D
(F |, M) (Z) = (det(CZ + D)) *F(MZ).
I, B
Let v be a character of I'® | which is trivial on e I'® % . With these
0 I,

preliminaries, we now give the definition of a Hermitian modular form.

Definition 1.5.1 (Hermitian modular forms) A holomorphic function F on
H, is called a Hermitian modular form of weight k with character v for T®), if

it satisfies the following condition.

Fli M =v(M)F, foral MecTI®,

Remark 1.5.1 Since we consider the case of degree two Hermitian modular
forms, by the Koecher principle, the holomorphicity condition at cusps follow

from this modularity condition.

Recall that a semi-integral Hermitian matrix (over Q) is a Hermitian matrix
T € My(O%) whose diagonal entries are integral. We denote the set of semi

positive-definite and semi-integral Hermitian matrices by Ay (O). In other words,

n t
A(O) =< T = ‘Ogn,mEZ,teOﬁ,nm—\thO
t m

Then, a Hermitian modular form F' has a Fourier expansion of the form

F(Z)= ) a(l)e(tr TZ), (1.28)
0<TEA2(O)

where tr A, represents the trace of any square matrix A.
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A Hermitian modular form F is called a Hermitian cusp form if the sum in
(1.28) runs over positive-definite matrices 7. We denote by M(I'® v) (resp.
Sp(I'® 1)) the complex vector space consisting of Hermitian modular forms
(resp. Hermitian cusp forms) of weight k& with character v for T®. If v is
trivial, we drop it from the notation.

We are interested in the particular case when v = det!, where for an integer [,
the character det’ on T'® is defined by M + (detM)". Tt is a Theorem of Braun
[4, Theorem I| that det(M) € {&* | £ € O*} = {£1}. Hence, it is sufficient to
consider [ modulo 2 and therefore for definiteness, we take [ to be either 0 or 1
from now on.

We will discuss the Fourier-Jacobi expansion of Hermitian modular forms

after introducing the Hermitian Jacobi forms.

1.6 Hermitian Jacobi forms

M. Eichler and D. Zagier [14] systematically developed the theory of Jacobi
forms, which are holomorphic functions of two complex variables that satisfy
certain transformation laws under the action of the Jacobi group. Jacobi forms
appear naturally in different areas of mathematics and physics and connect dif-
ferent types of automorphic forms. In particular, they appear as Fourier-Jacobi
coefficients of Siegel modular forms of degree 2. This link play an important
role in proving the Saito-Kurokawa conjecture.

The theory of Hermitian Jacobi forms over an imaginary quadratic field along
the lines of the classical Jacobi forms was first considered systematically by K.
Haverkamp [19] in his thesis. Before the study of Haverkamp, the theory was
studied intrinsically by S. Raghavan and J. Sengupta [38] in their work. Later R.

Sasaki [40] and S. Das [8, 9] studied Hermitian Jacobi forms over the Gaussian
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number field Q(7), and they established several properties of such Jacobi forms.
Hermitian Jacobi forms are holomorphic functions of three complex variables
and they also occur as Fourier-Jacobi coefficients of Hermitian modular forms
of degree two. We will restrict our attention to the case where the complex
quadratic field is the Gaussian number field Q(7).

However, in a recent work, O. Richter and J. Senadheera [39] (see also [42])
realized that the Hermitian Jacobi forms are classified into two different classes
of forms, one with parity +1 and the other with parity —1. The work mentioned
above by Haverkamp, Sasaki and Das considered only the case of parity +1. The
study of Hermitian Jacobi forms with parity —1 is also important as discussed
in the work of J. D. Martin and J. Senadheera [35]. It is to be noted that
these Hermitian Jacobi forms with parity +1 arise in a natural way (like in the
case of classical Jacobi forms) via the Fourier-Jacobi coefficients of Hermitian
modular forms of degree two with character (det)!, where [ varies modulo 2
(see Theorem 1.7.1). We remark here that almost all the existing results in the
literature consider Hermitian Jacobi forms with parity +1, which come with the
condition that the weight k is divisible by 4. Using the refined definition of
Richter and Senadheera as mentioned above, one can extend all the results for
forms with parity —1 as well (one has to assume that & = 2 (mod 4) in this
case).

Recall that O = Z[i] is the ring of integers of Q(z). We will denote the units
{£1,£i} in O by O*. The group I'1(O) = {EM | £ € O, M € SLy(Z)} acts
on O? by

I\ 1l(€M) = [(EN En)M],

where [\, u] € O? and M € T1(O). The discrete group

I =T7(0) :=T1(0) x O? = {(¢EM, X) | €M € T1(0), X € O}
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is called the Hermitian Jacobi group over O, with the group law defined as
(&M, X1) (&M, Xy) = (§&&o M Mo, X1 (62 My) + Xs),

for &My, &My € T1(0), X1, Xy € 02

Now we are ready to define the Hermitian Jacobi forms.

Definition 1.6.1 (Hermitian Jacobi forms) A holomorphic function ¢ : Hx
C x C —> C is called a Hermitian Jacobi form of weight k, index m and parity

d(= £1), if the function ¢ satisfies the following conditions:

a b
1. For each M = € SLy(Z),§ € O, we have
c d

¢(T7 Z, U}): ¢ ‘k,m,é €M<T> Z,U))
=0 () (er + d) e (ﬂ>¢<MT, & , Sw ),

ct+d ct+d et +d
(1.29)

where 0(§) =1 if § =41 and (&) =& if § = —1.

2. For each [\, pu] € O?, we have

¢(7—a va):¢ |m [)\,,LL](T,Z,’LU)

=™ (AT + Xz + M) d(7, 2 + AT+ pw + A7 + 7). (1.30)

3. The function ¢ has a Fourier expansion of the form

(T, z,w) Z Z )q" ¢ ¢ (1.31)

n>0 rcotf
|r|?<mn
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Moreover, we call ¢ a cusp form if the Fourier coefficients ¢(n,r) in (1.31) have
the property that c(n,r) = 0 for mn = |r|>. Here and subsequently in this sec-
tion, welet 7 = u+iv € H, z = 1 +iy; € C,w = z3+1ys € C,qg =e(7), ( = e(2)
and ¢’ = e(w). We write Jp . (respectively J ,fzf,fp ) for the finite dimensional vec-
tor space of Hermitian Jacobi forms (respectively Hermitian Jacobi cusp forms)

of weight k, index m and parity 9.

Definition 1.6.2 (Petersson inner product) For ¢,¢ € J,f’m such that ¢

1s cuspidal, we define the inner product of ¢ and 1 as

|z—w|?

(0, ¥) 32/ O(7, 2, w)(r, 2, w)vte ™ AV, (1.32)
TJ\HxC?

where AV’ = v=*du dv dzy dy, dzo dys is a TV invariant measure.

From now on ¢ stands for any element in O* and for definiteness, we choose

{1,i} as representatives for O* /{£1}.

1.6.1 Poincaré series

Let k, m and n be positive integers and r € O% be such that D := 4 (|r|? — mn) <

0. Then we define the (n,r)-th Poincaré series of exponential type for I'/ by

P(l;’ff)’cs(r, zZ,w) = Z e(nt +rz +Tw) |gms (T, 2, w), (1.33)
yerd\r’/
1 n
where '/, = , (0, ) ‘ n e Z,ue O p is the stabilizer group of
0 1

e(nt +rz +Tw).
The (n,r)-th Poincaré series P(IZT)"; is analytic for & > 3 and satisfies the

transformation formulas (1.29) and (1.30) of a Hermitian Jacobi form. It is
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characterized by the following property which is obtained by using the standard

Rankin’s unfolding argument.

Lemma 1.6.3 Let ¢(7,z,w)= >, c(n,r)g"¢"¢" € J,f’m then

nez,reot
Ir|2<mn
(0, PLIY = Neme(n ), (1.34)
where
mF30(k — 2)

n77‘ J—
)\k,m -

. 1.35
()" (mn — [r[2) 2 )

Remark 1.6.1 The above lemma has been proved in [9] for 6 = +1. However,

there is a misprint in [9, Lemma 4.3/, where the constant \&™ (in the notation

T

of [9]) should have k — 1 in place of k in the definition (except for the gamma

function).

1.7 Fourier-Jacobi expansion of Hermitian mod-
ular forms

Let F be a Hermitian modular form of weight & with character (det)!. Let
Z € Hy and T' € Ay(O). Writing

where 7,7/ € H, z,w € C and 0 < n,m € Z,r € Of with nm — |r|?> > 0, in eq.

(1.28), the Fourier expansion of F' can be written in the form

F(Z)= Z Om(T, 2z, w)e(mT"), (1.36)

m>0
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where

Gm(T, 2,0) = 3 3 e(n,r)g"¢"¢"
n>0 rcOt
|72 <mn

The development in (1.36) is called the Fourier-Jacobi expansion of F' and the
coefficients ¢,, are known as the m-th Fourier-Jacobi coefficients of F'.

In [19, Theorem 7.1], Haverkamp has shown that the Hermitian-Jacobi co-
efficients of a Hermitian modular form in M (I'®) are Hermitian Jacobi forms
with parity +1. The same reasoning applies to a Hermitian modular form with

character det!, to get the following result.

Theorem 1.7.1 Let ¢, be the m-th Fourier-Jacobi coefficient of a Hermitian
modular form F € M ('), detl). Then ¢y, is a Hermitian Jacobi form of weight

k, index m and parity 6, where

11 ifl=0,
5:

-1 ifl=1.
Remark 1.7.1 It is important to note that the space My(T'® det) is equally
important as the space My(T'®)). In [23], Ikeda has constructed a lift from the
space of elliptic modular forms to the space of Hermitian modular forms of degree
n. In particular, for n =2, he has given an explicit lift from Sori1(I'0(4), x) to
Soo(D?), detk+1), where x 1s a primitive Dirichlet character modulo 4. Depend-
ing on whether k+ 1 is even or odd, this maps to either of the spaces considered

above.




CHAPTER

On arbitrary products of

eigenforms

This chapter investigates the product relations among eigenforms, in the context
of quasimodular forms and nearly holomorphic modular forms. We first char-
acterize all the cases in which products of arbitrary numbers of quasimodular
eigenforms for the full modular group SLo(7Z) are again eigenforms. Then, the
corresponding results in the space of nearly holomorphic modular forms can be
obtained via the isomorphism between the two spaces. The results of this chapter

have been published in [32].

2.1 Introduction and overview of previous work

We use the notations as in §1.2.1. Identities among modular forms have attracted

the attention of many mathematicians since they imply nice identities among

31
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the Fourier coefficients of modular forms. One such identity is the following:
n—1
07(n) = 03(n) +120 ) o3(m)os(n —m), (2.1)
m=1

for n > 1. Since the vector space My is one dimensional, it follows that E? = Ey
and comparing the n-th Fourier coefficients of both the sides yield (2.1). The
identity £? = Eg can be viewed as an eigenform identity as both E; and Ey
are Hecke eigenforms. The set of all modular forms (of all weights) for the full
modular group is a graded complex algebra. Having seen an identity as above
(E? = Fg), it is quite natural to ask whether the property of being a Hecke
eigenform is preserved under multiplication. Note that the property of being an
eigenform imposes strict conditions on the g-expansion of a modular form, and
the convolution product of g-expansion is unlikely to preserve these conditions.
Hence, one may expect that it should happen rarely. This problem was first
studied by W. Duke [13] and E. Ghate [17] independently. They found that
there are only 16 such cases, when the product of two Hecke eigenforms is again
a Hecke eigenform for the full modular group SLy(Z). All the identities in these
cases are forced from dimensional constraints. More precisely, they proved the

following theorem.

Theorem 2.1.1 (W. Duke [13]|, E. Ghate [17]) The product of two Hecke

eigenforms for SLy(Z) is an eigenform only in the following cases:

E} = Eg, E;E¢= Ey, FEgEg= E4E\g = Eu,
EyArp = Avg, EeDiz = Ags, EyAig = EsAig = Ay,
EyjArs = EgArs = E19A1a = Ay,

E4A22 = EGAQO = E8A18 = E10A16 = E14A12 = AQG'
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Here the functions A} s are given in (1.10). Both the results in [13], [17] make
use of the Rankin-Selberg convolution.

In the case of higher levels, in [18], Ghate considered the problem of looking at
products of (certain) eigenforms of with respect to I'; (), for squarefree N with
weight greater than or equal to 3. By using the Rankin-Selberg convolution,
he proved that all such identities are forced for dimensional reasons. B. A.
Emmons [15] extended the search to I'g(p) and found 8 new cases. Later, M. L.
Johnson [21] resolved the problem in all levels and obtained a complete list of
61 eigenform product identities.

However, there is a possibility that products of more than two eigenforms
result in an eigenform. In [16], B. Emmons and D. Lanphier extended the above
result to a product of an arbitrary number of Hecke eigenforms. They showed
that the product of any number of eigenforms is an eigenform only finitely many
times and all the cases are again due to dimensional constraints. More precisely,

they proved the following theorem.

Theorem 2.1.2 (B. Emmons, D. Lanphier [16]) The product of finitely many
modular Hecke eigenforms for SLs(Z) is never an eigenform except for the fol-

lowing exceptional cases:

1. The 16 cases presented in Theorem 2.1.1.

2. Other cases which can be obtained from some of the identities presented in

Theorem 2.1.1, namely
EzEfi = E147 E2A12 = A207 E4E6A12 = A227
EiNs = EyEgAig = EjEgA1y = EgEsA1p = EjE19A1y = Agg.

Instead of products of two eigenforms one can also consider the Rankin-

Cohen bracket of two eigenforms and pose a similar question. In [34], D.
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Lanphier and R. Takloo-Bighash found all the cases (finitely many) where the
Rankin-Cohen brackets of two eigenforms gives an eigenform for the full modular
group SLy(Z).

Another formula (proved by Ramanujan) which does not follow from such

an identity in modular forms is the following:

n—1

nt(n) =1(n) — 24 Z T(m)o(n —m) (2.2)

m=1

for n > 1, where 7(n) is the Ramanujan tau function. The above identity follows
from the relation DA = E;A between quasimodular forms for the group SLs(Z),

where D = L. 4
27t dz

is the differential operator introduced in Section 1.4 of Chapter
1. Similar to the case of modular forms, the relation DA = E>A can be regarded
as an identity in the graded complex algebra of quasimodular forms for the full
modular group, where the product of two quasimodular eigenforms results in an
eigenform. Therefore, it is of interest to find all such cases. This question was
considered by S. Das and J. Meher in [10] and [36] for the full modular group.

They showed that there are two extra identities apart from the 16 coming from

modular forms.
Theorem 2.1.3 [10, 36/ The product of two quasimodular eigenforms for S Ly(Z)
1s never an eigenform except for the following exceptional cases:

1. The 16 holomorphic cases presented in Theorem 2.1.1.

2. (DE4)E4 = %DEg, E2A12 - DAlg.

In [3], J. Beryerl et al. considered the problem for a class of nearly holomorphic
modular forms for the group SLy(Z). More precisely, they solved the problem
for those nearly holomorphic modular forms which are in the image of modular

forms under the Maass-Shimura operators.
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Theorem 2.1.4 (Beyerl et al. [3]) Let R,(:)f € ]\/4\“274 and Rl(s)g € J\/ZHQS
both be eigenforms. Then R,(:)le(S)g s not an eigenform aside from the following

finitely many exceptional cases:

1. The 16 holomorphic cases presented in Theorem 2.1.1.
2. (DEy)E, = %DEg.

In the proof they first expressed a product of nearly holomorphic modular forms
in terms of a sum of Rankin-Cohen bracket operators and then used the result

regarding the Rankin-Cohen bracket of two eigenforms [34].

2.2 Arbitrary products of quasimodular eigenforms

2.2.1 Preparatory results

We first state the following result [10, Proposition 3.1|, which characterizes all

quasimodular eigenforms for the full modular group SLy(Z).

Theorem 2.2.1 (Structure theorem for quasimodular eigenforms) Let f
be a quasimodular eigenform of weight k and depth p for SLy(Z). If p < k/2

then f = DPf,, where f, is a modular Hecke eigenform of weight k — 2p, and if
p="Fk/2 then f € CD: 'E,.

Similar to the case of modular forms, we have the following result for quasimod-
ular eigenforms which is easily obtained by using the similar result for modular

Hecke eigenforms given in Lemma 1.3.7, after using Theorem 2.2.1.

Lemma 2.2.2 Let k > 2 and f(z) = > a(n)¢" € M}, be a non-zero quasimod-
n>0

ular ergenform. Then

1. a(1) #£0.
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2. The quasimodular eigenform f has non-zero constant Fourier coefficient if

and only if f € CE}.

Next, we recall the following result proved by Das and Meher |10, Lemma
3.5].

Lemma 2.2.3 Forr > 1 and h € My, let D"h = ho+ hyEy+ hyE2 + -+ -+ h, E}
with h; € My 9,_2;. Then h, = r_!(kJrrfl)h‘

127 r

We prove the corresponding result for derivatives of the Eisenstein series Fs.

Lemma 2.2.4 Forr > 1 let D"Ey = ho + hiEy + -+ + ho 1 By with by €

!
Mo,y 9_9i. Then h,i1 = 1o -

Proof. We apply induction on r to prove the lemma. For r = 1, it is due to

Ramanujan that
-E, E2

DE, = -2
2= 15 T

(2.3)
Now assuming that the lemma is true for r, we shall prove it for r + 1. Let
D' Ey = D(D"Ey) = fo+ fiFs + -+ 4 frp2 B2,

then by using the induction hypothesis and (2.3), we see that

! 1 +1)!
f?"-i-? = {7(7“ + 1)ﬁ = (1T27‘+)1 )

which completes the proof. 0

2.2.2 Main result

We consider the case of products of an arbitrary number of quasimodular eigen-
forms and characterize all quasimodular eigenforms which can be written as

products of finitely many quasimodular eigenforms.
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Theorem 2.2.5 The product of finitely many quasimodular eigenforms for SLy(7Z)

is never an eigenform except for the following exceptional cases:
1. The holomorphic cases presented in (1) and (2) of Theorem 2.1.2.
2. (DE4)E4 - %DEg, E2A12 - DA12.

Proof. By Theorem 2.2.1 and Lemma 2.2.2, we need to find out only in the

following cases if the products of eigenforms result in eigenforms.
1. E$E), ... Ey,, , where each k; > 4 and a +m > 2,

2. E§Ey, ... Ey, f, where each k; > 4 and a +m > 1 and f is a cusp form

which is an eigenform,
3. ESEy, ... Ey, D"Es, where each k; >4, r>1and a+m > 1,

4. BSEy, ... E,, D" f, where each k; > 4, 7> 1, a+m > 1, and f is a cusp

form which is an eigenform,
5. E$Ey, ... Ey, D"E), where each k;, k>4, r>1and a+m > 1.

In the above cases, we assume that the product Ej, ... Ey, is 1 if m = 0.

Case (1). If a = 0, then it reduces to the case of a product of Eisenstein series
which are modular forms. Then by Theorem 2.1.2, we have all the cases in
which the product is again an eigenform and these are listed in the statement of
Theorem 2.2.5. If a # 0, then the constant term of the product is non-zero and
the product is a non-modular quasimodular form. By Lemma 2.2.2 this product
is an eigenform only when it is a constant multiple of E5, which can not be true.

Therefore, in this case we do not have any desired identity among eigenforms.
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Case (2). If a = 0, then again it reduces to the modular case and then by
Theorem 2.1.2, we have all the cases in which the product is again an eigenform
which are listed in the statement of Theorem 2.2.5. If a # 0, let k be the
weight of f. Without loss of generality, we assume that f is normalized, i.e.,
the coefficient of ¢ in the Fourier expansion of f is 1. Then the depth a of
ESEy, ... Ey, f is strictly less than half of its weight 2a + k1 + ... k,,, + k. Thus

by Theorem 2.2.1 we have
ESEy, ... Ey, f= D,

where h is a normalized modular eigenform. Since D®h is a quasimodular form of
depth a, by (1.21) we can write it as a polynomial in Fy and then comparing the
coeflicients of E$ from both the sides of above identity, after using Lemma 2.2.3,

we obtain

Ep, ... Ey, f =

al (ki+ ... k,+k+a—1 b
12 a ’

Comparing the Fourier coefficients of ¢ from both sides of the above identity, we

obtain

124 a -

and further simplification gives
(ki +-+knt+ k) (k1 +- - +kn+hk+1) ... (ki+ F+hknt+tk+a—1)=12%

Since k > 12, the above equality is valid only when @ = 1 and m = 0. Then it

implies that £ = 12 and hence we get the identity
EyAqp = DAy,

where A, is the Ramanujan Delta function. The above identity is listed in the

statement of Theorem 2.2.5.
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Case (3). If m = 0, then using Theorem 2.2.1 and comparing the first coeffi-

cients, we get

ESD"Ey = D'+°F,.

Comparing the coefficients of ¢ from both the sides of the above equality, we

get

o — 8q = 2rte,

which is not possible since r,a > 1.

Hence assume that m > 1. Then by Theorem 2.2.1, we have

ESEy, ... E,, D'Ey = D™t g, (2.4)

where g is a modular eigenform of weight k& = ki + ks - - -+ k,,,. Writing D" E, and

Drtetlg as a polynomial in E, and after using Lemma 2.2.3 and Lemma 2.2.4,

compare the coefficients of E5™™ from both sides of the above equality, we
obtain

7!
where

d=
12rtatl  \r4+a+1

(r+a+1)!<k+r+a)
Since ¢ is an eigenform of weight k£ with non-zero constant Fourier coefficient,
by Lemma 2.2.2 we have g = cFE}, for some non-zero constant ¢. Substituting

this value of g in (2.5) and equating the constant Fourier coefficients from both

the sides, we obtain
7!
12rd’

CcC =
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Therefore, by (2.4) we have

|
ESE,, ... E, D'Ey= %T'dD”a“Ek. (2.6)

Comparing the Fourier coefficients of ¢ from both the sides of the above equation,

we get the relation

2k 127
—— = —-24—-d. 2.7

If m =1, (2.6) gives the identity

7!
ESEyD"Ey = —— D't E
9 LVk 2 197d k>

and comparing the coefficients of ¢? from both the sides, we get

—2k 7! 2k

—— 2"y 1(2) = —24 (32" —24a — — |.

B, 127d 7k-1(2) ( “" B,
Using the fact that _B_2:12T’!'d = —24 from (2.7) we arrive at

12"
ortatly 1(2)—3-2" = — (24a +24 , d) :
7!

Since k > 4, the above identity is not possible as the left hand side is a positive

quantity whereas the right hand side is a negative number.

If m > 1, then by (2.5) dg is, up to a constant, a product of two or more
Eisenstein series. Thus by Theorem 2.1.2, the possible values of £ are 8, 10, 14.
From (2.7) we see that _3—2:“ must be negative. It follows that the choice k = 8 is

ruled out because _B—Qkk =480 > 0 (for k = 8).
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If £ = 10 then _B—Zlf = —264. Substituting it in (2.7) and simplifying, we get
12926491 = 2(r + 1)(r +2) ... (r +a + 10).

From the above identity, we see that the right hand side is divisible by 25 but
the left hand side is not divisible by 25. Thus the case £k = 10 does not arise.

Similarly, we get a contradiction if k = 14.

Case (4). Without loss of generality, we assume that f is normalized. Suppose

that the weight of f is k. By Theorem 2.2.1 we have

EgEk:l c. Ek Drf = Dr+ag7

m

where ¢ is a normalized modular eigenform of weight | = k+ ki + ko + - -+ k..
Since both f and g are normalized, similar to the previous cases, applying
Lemma 2.2.3 to both sides of the above equality and then comparing the coeffi-

cients of E5* we obtain

rl (k+r—1\ (r+a)(l+r+a—1
127 r - 12rta r+a '

From the above identity, we get

129k(k+1)...(k+r—1)=1(l+1)...(l+r+a—1).

Since [ > k > 12, the above equality holds only when @ = 0 and [ = k. This

implies that a + m = 0 which contradicts the assumption that a +m > 1.

Case (5). By Theorem 2.2.1, we have

ESEy, ... Ey, D'Ey, = D"toh, (2.8)
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where h is a modular eigenform of weight | = k + ky + ko + - - + k,,,. Applying
Lemma 2.2.3 for both D"E), and D""*h after writing them in polynomials in
E, and then comparing the coefficients of Ej™* from both sides of the above

equality, we have

d\Ey, ... By, By = doh, (2.9)

ol (k+r—1 _ (r+a)! (l4+r4a—1
where d; = W( r ) and dy = 12r+a( r+a )

We deduce from (2.9) that the constant Fourier coefficient of h is non-zero.
Hence by Lemma 2.2.2, h = cE) for some non-zero constant c¢. Substituting the

value of h in (2.8), we get the identity

EgEkl e EkmDTEk = CDH_CLEZ. (210)

From (2.9) we also see that

Ey, ... E, E, = Fj, (2.11)
and
dy
c= —.
ds

If m=0then k=1 and c = Z—; = 1. This implies that

122 =(k+r)k+r+1)...(k+r+a—1).

The above identity will hold only if a = 1 and k£ + r = 12. So we are left with
the case

E,D"E, = D" Ey,, where k +1r = 12.

By comparing the Fourier coefficients of ¢g> on both sides, we see that the above

identity cannot be true. Thus m = 0 is not possible.
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Now let m > 1. Comparing the coefficients of ¢ from both sides of (2.10) we see

that

d () kB L1
C_d_Q_(—_Zl>_2lBk. (2.12)

By

By Theorem 2.1.2, the possible values of the tuple (k,) for which (2.11) holds
are
(4,8), (4,10), (6, 10), (4, 14), (6, 14), (8, 14), (10, 14).

From the above values of (k,[), we see that the values (4,10), (4,14) and (8, 14)

are ruled out since for these values, %g}j is negative but fil—; is always positive

which contradicts (2.12). So the remaining values of (k,[) to be checked are
(4,8), (6,10), (6,14), (10, 14).

Also from (2.12), we see that

20 7r! (k:—l—r—l) B 2k(r—|—a)!(l—|—r—|—a—1>

B, 12 r T B, 127t r+a

Simplifying the above identity, we arrive at

12“%llk(k+1)...(l—1):%i(k+r)(k+r+1)...(l+r+a—1). (2.13)

For (k,1) = (4,8) we know that (—é—'z, —%ll) = (240, 480), and substituting these

values in (2.13) we obtain
12 x5x6XxTx8=(r+4)(r+5)...(r+a+7). (2.14)

Ifr+a+ 72> 11 then r 4+ 4 must be less than or equal to 11, and hence we get
a contradiction, since the left hand side of (2.14) is not divisible by 11 but the

right hand side is divisible by 11. Also since r > 1, we deduce that r+a+7 > 8.
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Thus 1 <r+ a < 3 and by taking values of r and a for which r 4+ a = 2,3, one
sees that it contradicts (2.14). Thus the only case remaining is 7 + a = 1 which

implies that 7 = 1 and a = 0. Therefore from (2.10), we obtain the identity

1
E4(DE4) - §DE8

If (k,1) = (6,10), then (—]23—12, —%ll) = (504,264). Substituting these values in

(2.13) we obtain
129X 11 x6x7Tx8x9=21(r+6)(r+7)...(r +9+a). (2.15)

As in the previous case we get 1 < r + a < 3. Substituting the possible values
of r and a in (2.15), we see that they contradict (2.15). Thus the case (k,1) =
(6,10) is not possible. Similarly, we get contradictions for other possible values

(k,1) = (6,14) and (10, 14). This proves the theorem. O

2.3 Arbitrary products of nearly holomorphic eigen-

forms

2.3.1 Characterization of nearly holomorphic eigenforms

In this section, we characterize all nearly holomorphic eigenforms for the full

modular group SLy(Z). We first recall a well-known result from linear algebra.

Lemma 2.3.1 Let T be a linear operator defined on a finite-dimensional vector
space over C. Let f =Y _, ¢if; be such that f and f; are eigenvectors under
T with eigenvalues a and a; respectively. If all the f; are linearly independent,

then a = a; for all i.
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We have the following result for nearly holomorphic modular forms |3, Lemma

2.7

Lemma 2.3.2 Let k > [ and f € My, g € M, be eigenforms, then for m > 0,
ﬂ m m . .
Rl( = )g and R,g )f do not have the same set of eigenvalues with respect to the

Hecke operators.

Theorem 2.3.3 (Structure theorem for nearly holomorphic eigenforms)
Let f be a nearly holomorphic eigenform of weight k and depth p for the full mod-
ular group SLy(Z). If p < k/2 then f = R,(szfp, where f, is a modular form of

-1)

k
weight k — 2p which is an eigenform, and if p = k/2 then [ € (CRé2 E;.

Proof. Let f be a nearly holomorphic modular form of weight £ and depth p for

the group SLs(Z). If p < k/2, then by Proposition 1.4.9 we have

f = ZR](:_)Qrfra (216)

r=0

where f, € My_o,.. Since the depth of f is p, R,(f_) op/p 18 ot identically equal to

zero. Also each f, can be written as
dr
fr = Zbrjhrj + ﬂrElc—%w (217)
j=1

where b,;, 5, € C, d, is the dimension of Si_s, and the set {h,; | 1 <j <d,} is
a Hecke basis of Si_o, for each 0 < r < p. By the hypothesis of the theorem, f

is an eigenform. Therefore, by Lemma 2.3.1 and Lemma 2.3.2, we obtain

dp
f= Rl(cp—)prp = Z biji(ﬁzphpj + BpRl(cp—)szkﬁp'

j=1

By using the bounds for the eigenvalues of modular eigenforms in Theorem 1.2.6
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and Proposition 1.4.7, the n-th Hecke eigenvalue of R,(f_)Qphpj is O(n"z ) for
any € > 0. Also the n-th eigenvalue of R,(Cp_)szk,gp is nPog_o,-1(n). Since we

know that oy(n) < n! for | > 1, we have
nFPl < nPop_gp—1(n) < Cnfr71,

where C' is some positive constant, and hence there exist positive integers n
such that the eigenvalues with respect to the Hecke operator T, for R,(ﬁ QPEk_Qp
and Rl(f%phpj are different for each j. Then by Lemma 2.3.1, we have either
f=0 0 RY, by or f = RP, Ey s, In the case f = S0 b,;RY, hyi,
we again apply Lemma 2.3.1 and use the fact that there are infinitely many n
such that the eigenvalues of 7T, with respect to any two h,; are different. Next,

we consider the case when p = k/2. In this case, we write f as

k1
2
r (5-1) s
F=Y "R, | +aRy "E;,
r=0
where f,. € My_5, and o € C is non-zero.
k_
The eigenvalue of T,, with respect to RéQ DE; is ngfla(n). Also for n > 1, we

have

<n*Lo(n) <ne(logn+1).

Again using Lemma 2.3.1 and comparing the eigenvalues as in the case when

—1)

k
p < k/2, we conclude that f = ozRéz E3. This proves the theorem. 0

Using the above result, we then extend the result given in [3] to all nearly

holomorphic modular forms for the group SLy(Z).
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2.3.2 Correspondence of polynomial relations among eigen-

forms

From Theorem 1.4.8, we recall that the map defined by

1) = Sy = ) 219

induces a ring isomorphism between the graded ring of nearly holomorphic mod-

ular forms and the graded ring of quasimodular forms, i.e.,

Therefore, any polynomial relation among nearly holomorphic modular forms
gives rise to a corresponding polynomial relation in quasimodular forms (namely,
the constant term of the polynomial) and vice versa.

Also for f € M, we see that
RVfe—s D'y

RVE; +— D"E,,

under the map given in (2.18). Therefore, we deduce that R,(:) f is a nearly holo-
morphic eigenform if and only if D" f is a quasimodular eigenform. In view of the
above ring isomorphism, by using the structure theorem of quasimodular eigen-
forms and nearly holomorphic eigenforms in Theorem 2.2.1 and Theorem 2.3.3

respectively, we conclude the following result.

Proposition 2.3.4 The explicit map given in (2.18) is a Hecke equivariant ring

1somorphism between ]\//_7* and M*

An immediate application of Proposition 2.3.4 is the following theorem.
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Theorem 2.3.5 In the space of quasimodular and nearly holomorphic modular
forms, a polynomial relation among eigenforms in one space gives rise to the

corresponding polynomial relation in the other space.

2.3.3 Main statement

In this section, we provide all the cases in which a nearly holomorphic eigenform

can be written as products of finitely many nearly holomorphic eigenforms.

Theorem 2.3.6 The product of finitely many nearly holomorphic eigenforms

for SLs(Z) is never an eigenform except for the following exceptional cases:
1. The holomorphic cases presented in (1) and (2) of Theorem 2.1.2.
2. (R4E4)E4 == %RgEg, E;Alg = R12A12.

Proof. By Theorem 2.3.5, the statement of Theorem 2.2.5 gives the required

result. O

Corollary 2.3.7 The product of two nearly holomorphic eigenforms for SLy(7Z)

1s never an eigenform except for the following exceptional cases:
1. The 16 holomorphic cases presented in Theorem 2.1.1.

2. (R4E4)E4 - %RgEg, E;Alg - R12A12.

Remark 2.3.1 This theorem is an extension of [3, Theorem 3.1] and gives an-

other proof of the main result of [3].




CHAPTER

The adjoint of the Serre derivative

map

In this chapter we compute the adjoint of the Serre derivative map with
respect to the Petersson scalar product by using existing tools of nearly holomor-
phic modular forms. The Fourier coefficients of a cusp form of integer weight k,
constructed using this method, involve special values of certain shifted Dirichlet
series associated with a given cusp form f of weight k + 2. We also give some
applications, including a formula for the Ramanugjan tau function in terms of the
special values of the shifted Dirichlet series associated to the Ramanujan delta

function. The results of this chapter have been published in [31].

3.1 Introduction

Using the properties of Poincaré series and adjoints of linear maps, W. Kohnen

[27] obtained the adjoint map of the product map (product by a fixed cusp form),

49
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with respect to the Petersson scalar product. After Kohnen’s work, similar
results have been obtained by many authors for different types of maps and
also for other spaces of automorphic forms. These type of results are important
because the Fourier coefficients of the image under the adjoint map involve

special values of certain shifted Dirichlet series.

In this chapter we consider the Serre derivative map, which is defined in terms
of the derivative map D and the Eisenstein series Fy (see (3.1) for the precise
definition) and obtain the adjoint of this map. The weight-k Serre derivative
map is denoted as ¥y and it maps the space M (I") into M o(I") and preserves

the space of cusp forms (Theorem 3.2.1).

In our present case also, the Fourier coefficients of the image of f under
the adjoint of the Serre derivative map involve special values of certain shifted
Dirichlet series associated with the Fourier coefficients of f. As an application,
we get an asymptotic bound for the special values of these shifted Dirichlet
series (eq. (3.10)). As another application, we also give a formula for the
Ramanujan tau function in terms of the special values of the shifted Dirichlet

series associated to the Ramanujan delta function.

We employ the theory of nearly holomorphic modular forms since quasimod-
ular forms do not satisfy the modular transformation property and hence it is not
possible to define the Petersson inner product in the usual way for the space of
quasimodular forms. To transfer the problem from quasimodular forms to nearly
holomorphic modular forms, we use the isomorphism given in Theorem 1.4.8.
It is to be noted that the Petersson inner product is well-defined in the space
of nearly holomorphic modular forms. Therefore, sometimes it is convenient to
switch our problems from quasimodular forms to nearly holomorphic modular

forms and vice versa. By the means of the Maass-Shimura operator Ry and EJ,
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we first transform the definition of the Serre derivative in the context of nearly

holomorphic modular forms and then we compute the adjoint map explicitly.

3.2 Set up

3.2.1 The Serre derivative

As mentioned in the introduction, we define the Serre derivative map on M (T')

by

Onf = Df — %ng. (3.1)

Then ¥ f is a modular form of weight £+ 2 for I'. The operator ¥ is sometimes
called the the Ramanujan-Serre differential operator in the literature. We first

observe the mapping property of 1.

Theorem 3.2.1 Let k be a non-negative integer. Then the weight k-operator
U maps Mp(T') to Myo(I') and Sk(I') to Skia(I).

a b
Proof. Let v = € SLy(Z). Using the transformation formula of F5 in

c d

(1.8), a straightforward calculation gives

k

(Orf) lir2 7(2) = D(f Ik 1)(2) = 5 E2(2)(f [k 1) (2), (3.2)

from which the first assertion follows that Uy f € My o(T), if f € M(T"). From
(3.2), it is also clear that ¥4 preserve the cuspidal condition by noting the action

of the differential map D on the g-expansion. O

Remark 3.2.1 Similar to (3.1), we can also define the weight g—opemtor Vg2

for an odd positive integer k. Then proceeding as above, we see that U)o maps
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a modular form (resp. cusp form) of weight g to a modular form (resp. cusp

form) of weight £ + 2.

3.2.2 The nearly holomorphic setting

By Proposition 1.4.9, we have the fact that the operator Rj takes ]\/Zk(F) into
M\k+2(F), so sometimes it is called the Maass-raising operator. There is another

operator, which is known as the Maass-lowering operator defined by,

a —_ —_~
Ly = —Z/2£ t Mo (T') — My(D),
The operator Lj annihilates any holomorphic function. In [43, Theorem 6.8], it
has been shown that the operator Lj is the adjoint of R; with respect to the

inner product (1.23), whenever the product of the functions is rapidly decreasing.

More precisely,

(f; Ri-2g) = (Lvf, g), (3.3)

where f and g are nearly holomorphic modular forms of weight k£ and k£ —
2 respectively such that fg is rapidly decreasing function. We now state an
interesting application of this assertion, which plays a crucial role in the proof

of our main result.

Lemma 3.2.2 Let T be a congruence subgroup and let f € Syio(I'). Then

(f, Rrg) =0 for any g € My(T").

Remark 3.2.2 We observe that the Serre derivative map can also be written in

the form

k
Upf = Rpf — EEékf, (3.4)

by using the definitions of E5 and Ry given in (1.22) and (1.24) respectively.
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This form is quite useful for computing the Petersson inner product as Ry f and

E5 f are nearly holomorphic modular forms, where the inner product is defined

by (1.23).

3.2.3 A shifted Dirichlet series

Let f(z) = > a(n)g™ and g(z) = > b(n)g". For m > 0, define a shifted

n>0 n>0
Dirichlet series of Rankin type as in [27] by

a(n + m)b(n)

Li,m(s)= ———= (s € (). 3.9
19 ( ) ; (n+m)s ( ) ( )

If the coefficients a(n) and b(n) satisfy an appropriate bound, then Ly ., (s)

converges absolutely in some half-plane.

For f € Si(I") and a non-negative integer m, consider a shifted Dirichlet series

of Rankin type associated with f and FE5, defined by

Lim(s) = —iLﬂEw(s) => “OZ;JF—W (3.6)

n>1
Then by Proposition 1.2.6, it is absolutely convergent for Re(s) > % It can be
shown that L¢,,(s) has a meromorphic continuation to C. A slightly different
shifted Dirichlet series of this kind associated with two modular forms was first
introduced by A. Selberg in [41]. Recently, in [20], J. Hoffstein and T. A. Hulse
rigorously investigated the meromorphic continuation of a variant of Selberg’s

shifted Dirichlet series and multiple shifted Dirichlet series.
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3.3 Main theorem

From Theorem 3.2.1 we know that ¥y : Sg(I') = Sk42(I') is a C-linear map of
finite dimensional Hilbert spaces and hence has an adjoint map 95 : Spi2(I") —

Sk(I'), such that

(Wef,9) = (fUrg), Y f€Sia(l), ge Sk).

In the main result we exhibit the Fourier coefficients of J; f for f € Siio(T).
Its m-th Fourier coefficient involves special values of the shifted Dirichlet series

L m(s). Now we shall state the main theorem of this chapter.

Theorem 3.3.1 Let k > 2 be an integer. The image of any function f(z) =

> a(n)q" € Skro(I') under 95 is given by

W) =) clm)g™,
where
k=1 [y — &
¢(m) = k(kuz(izgé [( mkﬁz)a(m) +2kLy(k+1)] .

We need the following Lemma to prove the above theorem.

Lemma 3.3.2 Using the same notation as in Theorem 3.3.1, the following sum

of integrals

- A dxdy
| JfeEm a5 (37)
I\H Y

YEL\T

CONVETGES.

Proof. Since f is a cusp form of weight k, the function fE; is a nearly holo-

morphic modular form of weight £ 4+ 2 and is rapidly decreasing at every cusp.
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Therefore, for some positive constant M, we have

ystUf()ES(2)] <M, Vzel.

Changing the variable z to v~'z and using the standard Rankin unfolding argu-

ment, the sum in (3.7) equals

—_— dzd dzd
| JreEm @ e S [ i By |ty S
I'oo\H Yy T'oo\H Y
00 1
< M/ / e 2™y yg_ldxdy
o Jo
EEVRAC)
(2rm)s’
which gives the required convergence. O

Proof of Theorem 3.3.1. Since U5 f(z) = >_ ¢(m)q™, using Lemma 1.2.5 we get

m>1

(4mm)k1

(4rm)*-1
) = T3

< Zf?Pk,m> = F(k—l)

<f7 19k:Pk,m>~

By considering the above inner product in the space of nearly holomorphic mod-

ular forms and using (3.4), we get

k

(f,0Prm) = (f, RiPrm — EESPMJ

k *
= <f7 Rkpk,m> - ﬁ(fv EQPk,m>

k
— _EU’ E5Prm). (using Lemma 3.2.2)

Hence,
k (47m)F1
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Now consider,

1 S dxd
f E3Pum) = — | [(2)E3(2)Pam o 2
Hr Jr\H Y
1 I : dxd
=— | J@ERE Y eyt T
Hr Jr\H HeT\T Yy

Using the convergence proved in Lemma 3.3.2, we can interchange summation
and integration in the above expression. Using Rankin’s unfolding argument,

the integral in the above expression can be written as

/ F)EG) & o dady
Too\H

/ / > as)erm e ( ———242 t)e2mitl@+iv) ) e2mim(a+iv)yk ddy

s>1 t>1

_ Z / / (1 . ) —27ry(s+m)yk627ri1:(s—m)dmdy

s>1
_242 / / —2ny(t+m—s) k 27rz:v(s t—m dl’dy (3 9)

= a(m) /(;OO (1 — 77%) e*4ﬂmyykdy — 94 Za(t + m)a(t) /OOO €f4ﬂy(t+m)ykdy
T(k) [ k T(k 4 1) <= alt + m)o(t)
— _ﬂ(47rm)k <R - 3> a(m) — 24 (41 ; (t + m)Ft
(42()1211 {(k”_lklflm) (m) — 24k Ly, (k + )}

By Proposition 1.2.6, interchanging the sum and integral in (3.9) is justified.

Hence

1 T(k) |:(k: —~ 12m)a(m) — 24k Lym(k+1)] .

<f7 E;Pk,m> = E (47T)k+1 mk+1

This proves the theorem. O
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Remark 3.3.1 [t is worth pointing out that Lemma 3.2.2 holds for forms of
half-integral weight. So in view of Remark 3.2.1 and using the same techniques

as in the proof of Theorem 3.53.1, one can explicitly find the map
k2 S§+2<F) — Sg(F),

where k is an odd positive integer and I' = T'o(N), N € 4N. It gives a construc-
tion of cusp forms of half-integral weight whose coefficients involve special values

of shifted Dirichlet series of Rankin type.

3.4 Applications

3.4.1 An asymptotic bound for Ly, (k+ 1)

Let f(z) = > ,5a(n)q" € Skya(l) and U5 f(2) = > - c(n)q". Then from

Theorem 3.3.1, for any m > 1, we get

k(k —1)m*1
o (40)?

c(m) =

mkt1

[(m — %)a(m) 42k Ly (k + 1)

Therefore, we have

7)° m— £
Lim(k+1)= o [%#c(m) - %a(m)] .

Therefore, in view of the Fourier coefficients bound given in Proposition 1.2.6,

a direct calculation gives the following asymptotic bound:

Limk+1)<m'=, (3.10)
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where the implied constant depends on f.

3.4.2 Values of Ly,,(k+ 1) in terms of the Fourier coeffi-

cients

Let £ > 2 and I' be a congruence subgroup for which Si(I') is a 1-dimensional
space generated by f(z). Then applying Theorem 3.3.1, we get ¥59(2) = a,f(2)
for any g € Si42(I'), where a, is a constant. Now equating the m-th Fourier
coefficients both the sides, we get a relation among the special values of the
shifted Dirichlet series associated with g and the Fourier coefficients of f. In the
following, we illustrate this with one example.

Let us take f(z) = Ag n(2), which is the unique normalized cusp form with
Fourier coefficients 74, x(n) in the 1-dimensional space Si(I'o(/N)). Note that
Aj21(2) = A(z), whose Fourier coefficients are 7(n), the Ramanujan tau func-
tion. For a positive integer t, we introduce the V-operator acting on a function

f (defined on C) by
Vif(2) := f(iz).

It is known that V; is a linear operator from Si(I'o(V)) into Sk(I'¢(INt)). Note

that S19(I'0(2)) = CAjp2(2) and Si5(I'9(2)) = CA(z) & CVLA(z). Now consid-

ering the map 919 : S10(I'(2)) — S12(T'0(2)), a direct computation shows that
1 128

Let 97,A(2) = alyp2(z) and 95 VaA(2) = BA2(z), for some o, € C. By

using the property of the adjoint map and (3.11), we have

1 128
&||A10,2||2 = <04A10,2,A10,2> = (19’1‘0A, A10,2) = <A,1910A10,2> = <A7 EA + TV2A>
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pp

1 128
= —||A|* + =—(A, V2A). (3.12)
6 3
Similarly,
128 1
BlAal? = U IAIR + £(8,154). (3.13)

From [6, eq. 49], we know that (A, VoA) = —5||A|[%. Using this in (3.12), we

get af|Ajp2]|> =0, i.e., a = 0. This gives
970A(2) = 0. (3.14)

Now applying Theorem 3.3.1, for each m > 1 we have

(m—33)
TT(m) + QOLA,m(]_l) = 07
from which we get
—20 11
7(m) = —Lan(11). (3.15)
(m—25)
2 0
Note that VoA = 27A |15 79, where v, = . Therefore from Proposi-
0 1

tion 1.2.4, we get
IV2A[* = (VaA, V2A) = 27(A |12 72, A |12 72) = 27| A

and using this in (3.13), we get the value of § as

_ 5 AP

= ——" 3.16
b= S Al (3.16)
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Using Theorem 3.3.1 in the identity Ajg2(2) = %ﬁ’fo%A(z), we get

15m? [(m -5

~ 8pn? s (%) + QOL%A,m(ll)} , (3.17)

T10,2(m) il

where we assume that 7(n) = 0 if n is not an integer.

In particular, for odd m, we have

3840m9 ||A1072||2
mo2lm) = == A

Ly,am(11), (3.18)

where Ly,a 1, (11) = Z

n>1
n:odd

Remark 3.4.1 From (3.15), we see that for any m > 1 there exists n > 1 such
that 7(m) and T(m +n) are of opposite sign. In other words, it follows that the
Ramanugan tau function 7(m) and La,(11) both exhibit infinitely many sign
changes. We can also find the values of La m(11) for each m > 1. In particular,

we have La,(11) = —+i

5. Moreover, the conjecture that T(n) # 0 for all n

due to Lehmer is equivalent to the non-vanishing of the special value La ,,,(11).
From (3.15), we also observe the rationality of La ,(11), for each m > 1, as the

coefficient field of A is Q.

In general for any f € Ski2(I') and m > 1, using a similar method, we can
write Ly,,(k + 1) as a linear combination of m-th Fourier coefficients of f and
elements from a fixed basis of Si(I'). Then analogous observations can be made

as in Remark 3.4.1.




CHAPTER

Estimates for Fourier coefficients of

Hermitian cusp forms of degree two

In this chapter we determine the Fourier series development of Hermitian
Jacobi Poincaré series and obtain bounds for its Fourier coefficients. This gives
rise to estimates for Fourier coefficients of Hermitian Jacobi cusp forms, in
general. Then, by following the method of Kohnen [28], we obtain estimates for
Fourier coefficients of Hermitian cusp forms of degree two with respect to Q(i).

The content of this chapter have been published in [33].

4.1 Introduction

In 28], W. Kohnen evaluated a bound for the Fourier coefficients of Jacobi cusp
forms and as a consequence, he obtained an estimate for Fourier coefficients of
Siegel cusp forms of degree two. Our main objective in this chapter is to adopt

this technique in the context of Hermitian Jacobi cusp forms and get estimates

61
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for Fourier coefficients of Hermitian cusp forms of degree two on I'® = M,(O)N
U(2), where O denotes the ring of integers in Q(¢) and U(2) is the unitary group
of degree two defined in section 1.5. It gives an improved estimate for Fourier
coefficients when compared with the usual Hecke bound. More precisely, in
Theorem 4.5.3, we show that the T-th Fourier coefficient a(T") of a Hermitian

cusp form of weight k on T'® with character det! satisfies the estimate:
a(T) L (min T)10/19+¢(det T)k/2=3/4+<

where min 7" denotes the least positive integer represented by T". Using reduction
theory we have min 7' < (det T)*/2, so we obtain an improved estimate for a(T’)

as:
G(T) <<€7F (det T)k/2_25/76+e.

The idea of the proof is to use the Fourier-Jacobi expansion of Hermitian modular
forms, whose Fourier coefficients are Hermitian Jacobi forms. So in order to get
a bound for the Fourier coefficients of a Hermitian modular form one can use
the bound for the Fourier coefficients of Hermitian Jacobi forms, the latter is
obtained by the estimation of Hermitian Jacobi Poincaré series. One of the aims
of this chapter is to obtain the Fourier expansion of Hermitian Jacobi Poincaré
series. These Fourier coefficients involve certain generalized Kloosterman sums
and Bessel functions, which are similar to the case of classical Jacobi forms. As
mentioned above, bounding the Fourier coefficients of Hermitian Jacobi Poincaré
series enables us to estimate the Fourier coefficients of a general Hermitian Jacobi
cusp form.

This chapter is organized as follows. In §2, we give a Kohnen-Skoruppa
type Dirichlet series for Hermitian modular forms, in §3 we get the Fourier

expansion of Hermitian Jacobi Poincaré series, in §4 we use the Fourier expansion
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of Poincaré series to get estimates for Fourier coefficients of Hermitian Jacobi
cusp forms and finally in §5, we use the method of Kohnen to obtain the required

estimate for Fourier coefficients of a Hermitian modular form.

We remark that though we have considered the imaginary quadratic field
Q(7) in this chapter, we expect that our method can be carried over to get

similar results in the case of any imaginary quadratic field.

However, we would also like to remark about the generalized estimate in the
higher degree. The theory of classical Jacobi forms as developed by Eichler and
Zagier [14] was generalized to higher degree by C. Ziegler [47]. Also the work
of W. Kohnen and N. -P. Skoruppa [30] on certain Dirichlet series involving
the Fourier-Jacobi coefficients in the degree two case was generalized for higher
degree by T. Yamazaki [45]. These generalizations played a key role in the work
of S. Bocherer and W. Kohnen |2] for obtaining a generalized estimate for the
Fourier coefficients of Siegel modular forms of higher degree, which extended
the work of Kohnen [29] for higher degree. So, the method adopted by Bocherer
and Kohnen can be extended to the case of Hermitian modular forms of higher
degree, if one has similar generalizations as done by Ziegler and Yamazaki in the
case of Hermitian Jacobi forms and Hermitian modular forms. Moreover, if one
uses a weaker (Hecke-type) estimate for the Petersson products of Fourier-Jacobi
coefficients as mentioned in [2, p. 501], even getting a weaker estimate in the
general degree case would require some elements of a systematic theory of higher
degree Hermitian Jacobi forms (like the work of Ziegler), which is lacking. Due

to these reasons, we restricted ourselves only to the degree 2 case.
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4.2 Kohnen-Skoruppa type Dirichlet series

Let F,G € Si(I'®, det!) be two Hermitian modular forms with Fourier-Jacobi
coefficients ¢, and v, respectively as given by (1.36). Following [38], we asso-

ciate a Dirichlet series Dp(s) of the Kohnen-Skoruppa type defined by

Dra(s) = Gowy (s — k +3)C(25 — 2k +4) > (P, Ym)m ™, (4.1)

m>1
where (x(s) denotes the Dedekind zeta function associated to the number field

K. Note that the inner product (-, ) used here is as in (1.32).

In [38, Theorem 1], the analytic properties of the Dirichlet series Dp¢(s)
for F,G € Si(I'®), have been studied. In fact, the same proof goes through
in the case of Hermitian modular forms with character, from which we get the

following result.

Proposition 4.2.1 The Dirichlet series Dp(s) associated to F, G in Sy (T det!)

can be continued meromorphically to the entire s-plane. The function
Di.g(s) = (4m)*T'(s)['(s — k +2)['(s — k + 3) Dr,(s)

1s holomorphic in s except for possible simple poles at s = k., k — 1,k — 2,k — 3

and satisfies the functional equation

Di(s) = Dp(2k — 3 — s).
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4.3 Fourier expansion of Hermitian Jacobi Poincaré

series

In this section we determine the Fourier expansion of the Hermitian Jacobi
Poincaré series P(’fl’”:)’a, which is defined in (1.33). For this purpose, first we

consider a function Fj, ,, , on H x C x C defined by

T+«
a€Z
neO

where p is any positive number.

4.3.1 Two lemmas

To obtain the Fourier development of the function Fj ,,,, we need the following

lemmas.

Lemma 4.3.1 [19, Lemma 2.7] Let ¢ € R, r,q € C with Im(q) > 0. Then we

have

2
/ e(qz? +rz)dz = (—2iq)7%e*’”27.
Im(z)

=c

Note that we have slightly changed the notations when compared with [19].
To state our next lemma, we first recall the Bessel function. The Bessel function

of the first kind and order « is defined by the series

2% (=D (2/2)*"
Jol2) = (5) ; Tn+ Dl(a+n+1) (zaeCa#-1,-2,-3,...),
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which is convergent absolutely and uniformly in any closed domain of z and in

any bounded domain of «. It is the solution of Bessel’s equation

which is non-singular at z = 0. The function J,(z) is therefore an analytic
function of z for any z, except for the branch point z = 0 if « is not an integer.
For a € R and non-negative integer «, the Bessel functions have the following

integral representations (cf. [1, p. 14]).

«

Jo(az) = a_/ e lest=a* gt (4.2)
c

o

where (' is any simple closed contour in the ¢-plane around the origin. For more

details on Bessel function, we refer to [1].

Lemma 4.3.2 Let b,c,p € R and c¢,p > 0. Then we have

) 0 b <0,
/ w—(k—l)QZW(bw—E)dw —
Re(w)=c ori /2 g (4 i) >0,

where J,(x) is the Bessel function (of first kind) of order «.

Proof. Denote the integral in the statement of the lemma by Z.
Case (i): b=0.
Let v, denote the closed contour and v, denotes the semi-circular arc of radius

p centred at (c,0) as illustrated in the following Figure 1.
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Yo 7

Figure 2: v~
Figure 1: v, & fyp,— Ye

Since the integrand w127 w=35) does not have any pole in the region

bounded by v, ., by Cauchy’s residue theorem, we have

/w_(k_l)e_%?pu dw = 0,

Vpse

or equivalently

lim [ w * Ve 2Gdw —T =0
pP—00 Yo

To prove Z = 0, it is sufficient to show that

lim/ ‘w_(k_l)e_%% |dw| = 0. (4.3)
p—00
Yp
. 0 Yy 2 _27"PRQ(UQJ) —2
Writing w = ¢ + pe” € v, and observe that ’e ”w| =e wi* < e the
left hand side of (4.3) becomes
5 —2mp . 3
lim [ fipedf] = ¢ lim L
p=oo J_x |c+ petf| p=o0 )z (c2 4 p? 4 2cpcosh)
3
_ . P
< e ™ lim ————=df
- p—00 —z (pz)(k—l)/Q

=0,
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which completes the proof in this case.
Case (ii): b < 0. Let b = =¥/, for some o' > 0.

Changing the variable w = —\/gz, the integral Z can be written as

(—k+2) )
e < /B/) / ka+1e27r\/W(z+;>dZ_
b Re(z):—\/%Tc

Now consider the closed contour v~ \/7 and the semi-circular curve 7, of radius
—\/ =c
p

)

p centered at —\/%c, as shown in the above Figure 2.

For z € 7,7, we see that Re(z) < —\/%c and R‘Ez’—fj) < —1. Hence

Re(z)
‘627{'\/}7})’(2“1’%) _ 627rvpb'(Re(z)+ 22 ) < 6—27rb’c6—27r\/pb"

Since the function z~*+1e2™VP(2+1) hag no poles in the region bounded by

Y~ 7, proceeding as in the previous case we get that the integral is zero
—C

’ P
in this case also.

Case(iii): b > 0.
Changing the variable w = \/gz, we have

(—k+2)
T = <\/§) / Z_(’“—2)_162’T‘/ﬁ(z’§)dz. (4.4)
b Re(Z):\/gc

Using (4.2), the integral on the right hand side of above equation is equal to
2mi o (47T\/b—p>. The proof is now complete. O

4.3.2 Expansion of the function F},,

We now prove the following proposition which gives the Fourier development of

the function Fj,y, p.
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Proposition 4.3.3 For p > 0, we have

—k+2)

kap(T 5 w) — k2, k1 ko Z T 2 ]D’| >qn/<r/§/7‘/'

n EZ r GOﬁ
D/ /

\D’

Proof. Writing

T4+ «
a,B,Y€EL

and using the Poisson summation formula we get,

Fromp(7, 20) = /// rta) ke—m<p+<z+6tzz>éw+ﬁ—w>>

o B v EL

Xe(—(d'a+ p'B+~"))dy dp da.

Substituting a — 7 for a, 6————forﬁand7+”—%”f0r v, we get
Foms(reu) = 3 /// ot (200 2
o' B €L

xe(—(da+ '8 +4"y))dy df do e(a’T—l— z(ﬁ/—; l )—l—w(ﬁ/ _2 Z'fy/)) .

Here the integration over «, 3 and « are over the straight line in C with fixed
imaginary parts, which is positive for o because Im(a) = v > 0. Now splitting

the integral, we get

Frmp(T, 2,w) = Z /m o)c_fel (% +ozo/> /6@ (_m52 B 55) dp

QI,B/,’YIGZ I (Oé

2 , ) 8/ —in!
X /6 <_m _fyfy,) d’y aQ B+27 / 27
v (6]
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oo X [ae(t2 (- ) 1 g
Uy s m o}

’

N
In the last line, we have used Lemma 4.3.1. Put ' = W and note that the
complex number r’ runs over O% as 3’ and 7/ range over Z. Replacing o/ by 7/,

we get

Fomalr0) = 5= Y / (R dag ¢ ¢

2ma
n'€Z,r EOu
D'= 4( 2_p/ m

_ _(Zm) .k+2 Z / ( )8_(k_1)627r<{si’)dsqnlcr/cn“’?

2mse

n'€Zr' cOt
D’:4(|r’\2—n’m)

where we have changed the variable a by ¢ms in the last expression. In view
of Lemma 4.3.2, we see that the above integral survives only when D’ < 0 and

substituting its value, we finally get

( ) —k+2 p (—k+2) _
/ n' ~r! !
Fk,m,p(Tyzaw) ———2m Z ’D/|/4 Jk 2 ’D/| ) q C C .

n GZT E(’)u
—nm

This completes the proof. 0

4.3.3 Fourier expansion

. . . P k,;m,8
We are now ready to get the Fourier expansion of the Poincaré series P(n”jf)’ :

Note that

DINTY = {(EM, [N, 016M) | € € OF/{£1}, M € T \TI', A € O},
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and hence from the definition (1.33), we have

P(’j;jff(T, z,w) = Z e(nt + 12 +Tw) |;m (A, 0) [gms EM (T, 2, w)

E€OX J{%1}
MET\T A0

= > o Her+d)Fe (C:Zfd>

£e0” {+1}
(e,d)=1,\eO
9 — at +b — &z . &w
xe((mw +r>\—|—r)\—|—n)(CT+d>+(m)\+T)CT+d+(m)\+T)CT+d .
(4.5)

We split up the sum into two parts, one with ¢ = 0 and the other with ¢ # 0.

Denote the series corresponding to ¢ = 0 by Iy. In the second part with ¢ # 0,
ar+b a 1

substituting mA +7r = p and using the identity ord o m (c #0),
we get
PEm(r s w) =T+ Y 0§ (er+d)7F
€O /{=1}
¢#0,(c,d)=1
\u|> = D/4\ [a 1 puéz péw mezw
XZ@@(( m ¢ cler+4d) +c7’—|—d+07+d et +d
€
/J,:Mr(mO)
2-D/4\ a D
= [ —k d —k M— — -
ot Z o(&)¢ e +d) Z e(( m c * dem(er + d)
£EO0X /{+1} peo!
c¢#£0,(c,d)=1 u=r(mO)
em (€2 = 27 (Sw = )
ct+d ’

where D = 4(|r|* — nm). In the above expression, the terms with ¢ < 0 give
(—1)* times the contribution of the terms with ¢ > 0, with z and w replaced

by —z and —w respectively. So, if I; denotes the above series for ¢ > 0 and I
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denotes the same series with 2z and w replaced by their negatives, we obtain

PEmO (7, z,w) = Io + I + (—=1)FI. (4.6)

In the expression for I;, making the change of variables d — d + ac, with

a € Z,d(c)* and p— X+ men, with n € O, X € O /mcO, X = r(mO), we have

n=3 o@E™ 3 (T+§+a)k 3 ((W)_

£cO™ /(1) d(0)* dd"=1(c) HCONCO? fmeO
ezl acZ A=r(mO)
D m (2= 2 -7) @w -2 -n)
+ J—
4m (1 + ¢+ a) (T+%+a)
A2 — D/4\d* d A= A
- ot S (PP Dn, (e b= )
m & 4m2c2 C Ccrmm
£eO* {1} d( ) dd*=1(c)
c21 AEO! /meON=r(mO)

(4.7)

By using the Fourier expansion of Fj,,, (derived in Proposition 4.3.3) in the

above eq. (4.7), we have

£eOX J{£1} d(e)*,dd*=1(c
c1 AEO! /mcO A=r(mO)
—k+2) — k42 .
/ s .y d omir! A (T A
Z D/ < ) Jk}—? (% V DD,> 62Tmn (T+C)6 o (52 Cm)e2ﬂ'2’l" (gw cm)
n'€z,r EOn
D= (|T ‘2 n'm
(— k+2)

D
n'€Z,r' €Ot ge(’)X {il}
D’:4(|r’|2fn’m)<0 =

iz (SN DD') Hyegn, o, 7)g" '
mc
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where

m

1 2 _ 2Y g* _ T N
(o mynl 1) = = S eond” +0'd) > ec<<W [r[?)d* — (€Ar +5Ar>>

d(c)” AeO! JmcO
dd*=1(c) A=r(mO)
(4.8)

is a generalized Kloosterman sum.

Our next objective is to evaluate the expansion of I;. A straightforward

calculation gives

]0 — Z U(é)g—kq(m\)\|2+1ﬂ)\+ﬁ+n) <C§(mx+r)clg(m)\+?) +(—1)kC75(mX+r) C,fg(m)ar?))

£eO* /{£1}
€O

= Y Y @ (dnlnrn o)+ (—D b, =) ) "¢
n'€Zr'cOf  £eOx /{£1}
D’:4(|r’|2—n’m) <0

1 D=D"r"=r(m0O),
where d,,(n,r,n', ") =

0 otherwise.

Substituting the expressions for Iy, I; and ] in (4.6), we get the following

theorem giving the Fourier expansion of the Poincaré series.

Theorem 4.3.4 The Fourier expansion of the (n,r)-th Poincaré series P(l;”?)’(s

s given by

P (T, zw) = Y ( > o Fom(n,rn',r)

n'€Zyr'eOf \ EeO* /{£1}
D’'=n'm—|r'|2>0

D (Fh2) wik T —
:t 'n,/ 7'/ 7‘/
+14/ o - E J—2 (—mcv DD’) Hmvc’f(n,r, n’,r'))q ¢,

where 0% (n,r,n',1") = du(n,r,n',r') + (—1)k5m(n, r,n', —r')
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and HT

m,c,&

(n,r,n/,r") = Hyee(n,r,n’,r') + (—1)ka7c,§(n, r,n',—r').

4.4 Bounds for Fourier coefficients of Hermitian
Jacobi cusp form

In this section we shall get an improved Hecke bound for Fourier coefficients of

Hermitian Jacobi cusp forms. To do this, we make use of an estimate for the

Fourier coefficients of the Poincaré series P(Ij;":)"s. We closely follow the method

adopted by Kohnen [29].

4.4.1 Estimation for the generalized Kloosterman sum

Throughout this section, for a given d(c)*, d* denotes an integer such that dd* =

1(c¢) and we shall drop this condition. From (4.8), we have

((W2 —[r[*)d” ¥ 2Re (ﬁv)) .

m

1 *
Hppce(n,ron, +r)= = Z e. (n(d+d")) Z €e
d(c)* AEO! /mecO
A=r(mQO)
(4.9)
Writing A = r +m3 with 8 = a + ib € O, so that we have r +mf € Of/mcO.

Put

Hi

m,c,&

(n,r) = CQHm@g(n, r,m,+r)

—Zec (d+ d")) Zec((m]ﬁ|2+2Re(6F))d*$2Re(§]r|2+£5?))).

d(c)* r+mBe0! /mcO
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If r = %, then the condition on 7 + mf gives —3L < a < ¢ —

1

T and

2 <b<c— %
2m —

5. Hence, we get

2 2
H$01<n7r):€c (:F |7;| )Z n(d+d") Zec d*a2+r1(d*q:1)a)

d(c)* a(c)
XY e (md b + ry(d” F 1)b) (4.10)
b(c)
2|T|2 ’
= €¢ (:FT> H;Llfc,l(n, T)

and

mcz TL T Zec d+d* Zec d*a2+ Tld :FTZ) )
d(c)* a(c)

X Z ec (md*b* + (rod* £ 11)b) . (4.11)
b(c)

Now, we shall obtain the following estimate for Hnjiqé(n, T).

Lemma 4.4.1 For any ¢ > 0, we have

HE  (n,1) <. (m,c)2c2™(D,c). (4.12)

Proof. Note that the last two sums in the expressions (4.10) and (4.11) are

nothing but the generalized quadratic Gauss sum defined by

G(a,B,¢) == Z ec(al® + Bl),
I(c)

which is multiplicative in ¢ in the following sense:

G(Oéa5,6102) = G(aclaﬁac2)G<O‘627ﬁacl>7 where (01702> =1L (4-13)
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Let ¢ = cy¢y such that (¢1,¢2) = 1. Assume that ¢i¢f = 1(cq) and cocs = 1(cy).

By using (4.13), we easily see that

/ / !
HW:L‘:,ClcQ,l(n7 T) - Hﬁi‘:cz,cl,l(ncz7 T)HW:I,‘:Cl,CQ,l(nCT7 T) (414>
and
H;)’tl,Cj[CQ,i (n’ T) = H$02,017i (nC;’ r)‘H’riChCQ,i(nCT? T) : (4]‘5>

In view of the multiplicative relations in (4.14) and (4.15) and from the definition

of H*

m.ec(n,7), it is sufficient to prove Lemma 4.4.1 when c is a prime power (say)

p” for some prime p and v > 1 and for £ = 1 or 2. We assume that p is an odd
prime (the case p = 2 can be done similarly). Let p*||m, p”*||r; and p2||rs for
some integers p, p1, p2 > 0.
Case(i): p>v.

pr b a=0(pY),

Note that ) ey (al) =

Lp¥) 0  otherwise.

Therefore,

Hi,p%l(na 7“)

. (]F2|r| ) S e (n(d+d)) S e (ri(d* F1)a) S ey (ra(d” F 1))

d(pv)* a(p¥) b(p¥)

2|r|? y
e, (:FL) P Y e (ald+d). (4.16)
d(p”)*,r1(d*F1)=0(p")
ro(d*F1)=0(p")
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Similarly,

HY o (nor)=p™ > ep(n(d+d)). (4.17)

d(p¥)*,r1d*Fr1=0(p")
rod*+r1=0(p")

Since the number of elements d in (Z/p“Z)" which satisfy the congruences in
(4.16) and (4.17) is less than or equal to pmin(mrLe2) < pmin(ur2e1,202) < (D p),

it follows that

[
(IS

[ Hey e (n,0)| < p"P2p™2(D,p") = (m, p")2 (0)2 (D, p"),

which proves the lemma in this case.

Case(ii): p <v.

Consider the sum Y e, (md*a® + r1(d* F 1)a). The sum is invariant under
a(p¥)

a— a+p” *, except for a multiple of ey (11 (d* F 1)a). Hence the sum vanishes

unless p*|ri(d* F1). In that case

* 2 * md* 2 Tl(d* + 1)
Z e (md*a® +ri(d* F1)a) = €pr—n ( por a® + o a
a(p”) a(p¥)
B md* 5  ri(d*F1)
=p Z Epv—n ( a” + o a
a(pr—H)

_ V_”>% 4\ 2 4?5* . B dmd*\ " [(ri(d* F1) 2
=P prH prH prr pH pH '
Using this in (4.10), we get

H

—4 2|r|?
+ v+
m,p”,l(n T) =p <p,/u) Epv (:F m )

S ot (- (Y ()

d(p¥)*,r1(d*F1)=0(p*)
ro(d*F1)=0(pH)
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()8 (- () ) e

i (dF)=0(p")
ra(d*F1)=0(p")

(%) X e Cmbara). (118)

(") ri(d*F1)=0(p")
r2(d*F1)=0(p")

Similarly for & = i, we get

v —4 *
HE |, (nir) =p (pu_u) S g (D d). (419)
d(p”TH)* r1d* Fro=0(p*)
rod*+r1=0(p")

Note that in (4.18) and (4.19), m; denotes the inverse of i—T(p”*“). By estimating

the number of summands in the expressions (4.18) and (4.19), we get

Njw

[ e, r)] < 97977 < ()2 (0)F (D), provided p|D,
which is the required estimate. For the remaining part, we consider the case
p*||D, for some integer A > 0 with A < v. Assume that kK = max{pu—py, u—po, 0}
and o« = v+ p — A. The congruence conditions on d in the sum in (4.19), imply
that either kK = 0 or p; = py. In the latter case the congruence condition on d
can be written as d* = +r"ry(p*) and d* = Fry"ry(p"), where r; = rip”* and

o = rypPt. Note also that the sum in (4.19) survives only when 7 *+74% = 0(p).

Hence from (4.18) and (4.19), we conclude that

—4 my D . Y —4
Hepdnn) =1 (55) 5 o (2500 a)) =2 (25 S

d(pv Ty
(d*F)=0(p")

where

Su= Y ep(Ad+d)), (4.20)
d(p)”
(d*F1)=0(p")
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. R B 1 if £ =1,
with A = = and [ =

iy (pt) if € =i
To complete the proof, it is sufficient to show that

(p)**, (4.21)

ol

Sy <. (p")

: . vhi o :
The number of summands in Sy; is < p* " =p 2up5_“_%. Hence if § < x + %

then |S4,| < p"*" and we are done. Hence we need to consider the case
a
5 > K+ . (422)

If « = 1 then m+% = 0 and hence v = 1,4 = 0. Then we have Sy, =
S e, (A(d+ d*)), which is the Kloosterman sum and hence |Sy;| < p2.

g(g), let us assume that a > 2.

Subcase (i): « is even, i.e., « = 2/ for some § > 1.

Writing d = u + vp®(p?®), where u (resp. v) running over (Z/p°Z)* (resp.
Z/pPZ), we have d* = u* — u**vp?(p*?), where uu* = 1(p*®). In view of (4.22),

we can write

Sy = Z epe (A(u+u")) Z e (—Av(u? — 1))

u(p?)* ur==£l(p~) v(p?)

=p" Y e (Alutu?)).

u(pﬁ)* u*=£l(pF)
u?=1(p?)

Since the congruence u*? = 1(p?) has two solutions +1 in Z/p®Z, whence
g

1 1
1S4| < 2p° < 2(p)2 (p")2.
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Subcase (ii): a is odd, say a = 2 + 1 for some § > 1.
Write d = u + vp? T (p?#*1), where u € (Z/p°t1Z)* and v € Z/p°Z. Then
d* = u* — uPvpPti(p?P ), with vu* = 1(p***!). From (4.22) and following

similar arguments, we get

Su=p" D ep(Alutu?)).
u(pPTh)* ur =+i(p")
u*?=1(p?)

The solutions to u** = 1(p®) in (Z/p’*'Z) are given by u = +1 + tp® with

t € Z/pZ and then u* = 1 — tp® £ 2p**(p?$*1). Therefore,

p’ <6p“ (24) Zt(p) ep(At?) + e (—24) Zt(p) ep(_AtQ)) =0,

Plepe(£2A) D i) ep(EAE) o) Kk # 0,

Sy =

where d;; is the standard Kronecker symbol. In all the cases, we have

(p")="*.

N

Sy < pﬁp%+e < (p")

The proof of Lemma 4.4.1 is now complete. U

4.4.2 The final estimate

The following proposition gives an estimate for the Fourier coefficients of a Her-

mitian Jacobi cusp form.

Proposition 4.4.2 Let ¢(1,z,w) = > ¢(n,r)g"¢"(" € J,f’ffp and € > 0.
nez,reot 7
mn—|r|2>0

Then

m

k—2
a2 (1D 2
(n, ) <o 18] (m + |D]2+) (U) | (4.23)
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where || - || denotes the Petersson norm.

Proof. From Lemma 1.6.3

1

o (0P

c(n,r) = ()

k731" -9
where A7 = m (k )

kom 3 ST By the Cauchy-Schwartz inequality, we
(4m)™ " (mn —[r[?)

get

eln. )P < (Nen) Il 211

Since HP(IZT)"SHQ gives (up to the factor A7) the (n,r)-th Fourier coefficient of

ke,m, 8
P(ﬁ’;'f)’ , we have

le(n,m)]” < Am 16170, (2575, (4.24)

where bn,T(P(];’T)"S) is the (n, r)-th Fourier coefficient of the Poincaré series P(n r)‘s.

By Theorem 4.3.4, we have

k
bn,r(P(];’T)"s) = Z o (&) 6 (n, rym, £1) + i

m
£eOx /{£1} e>1

T
m,c s 1y 7:|: Ji— <_D>7
celnrm ) g (D)

and using the estimate given by Lemma 4.4.1, we obtain

b (PL") < T4m™ 2 " c724(D, ¢)

c>1

T

Jrs (—|D|)‘ . (4.25)
me

Using the well-known estimate for the Bessel functions given by,

Jr_o(z) < min {72,252} (2 >0)

[1, p. 4 and 74|, we find in a standard manner that
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Z n71/2+€

n>1

Jiz (2)] < AVZe (A >0, small € > 0).

Therefore, write ¢ for (D, ¢) and « for ¢/t, we find that for any € > 0

Z 0_1/2+E(D7 C)

2 (%|D|>‘ < ZtZ(at)—1/2+e

Js (1Dt

c>1 t|D a>1
t|D m

< m*l/?lD‘1/2+26.

Using this in (4.25) and substituting in (4.24), we get the required estimate. [J

Theorem 4.4.3 (Bound for Fourier coefficients of Hermitian Jacobi forms)

Let ¢ € J,‘im with Fourier coefficients c(n,r), then
c(n,r) < [D[F?
and, if ¢ is a cusp form, then
E_3
c(n,r) < [D]2747,
for any € > 0, where the implied constant depends on € and ¢.

Proof. 1f ¢ is the Eisenstein series, it follows from the work of Haverkamp |19,

eq. 46|. If ¢ is a cusp form, the theorem follows from Proposition 4.4.2. 0

4.5 Estimates for Fourier coefficients of Hermi-
tian cusp forms

Let F be a Hermitian cusp form of integer weight & > 3 with character det’
on I'® | with Fourier-Jacobi coefficients ¢,,, (m > 1). The aim of this section

is to give a bound for the Fourier coefficients a(7) given by (1.28). For this
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we need the following estimate of Fourier-Jacobi coefficients of Hermitian cusp
forms (uniformly in m), which is very similar to the case of Siegel cusp forms.

As mentioned in the introduction, we follow the method of Kohnen as in [28].

Proposition 4.5.1 Let F' € Si(I'® det') and é,, be the m-th Fourier-Jacobi

coefficient of F', as given in (1.36). Then we have
“qu“ <<€,F mk/2_3/19+e7

for any e > 0.

To prove this proposition, we make use of the special case of the modified version

of Landau’s Hauptsatz as given in |28, p. 238|.

Lemma 4.5.2 (Perron’s formula) Suppose £(s) = > -, c(n)n™* is a Dirich-
let series with non-negative coefficients which converges for Re(s) > o0¢, has a
meromorphic continuation to C with finitely many poles and satisfies a func-
tional equation
§(s) =££°(6 — ),
where
J
£ (s):=A"° HF(ajs +0;)&(s) (A>0,a; >0,b; € R).

Jj=1

Suppose that

J
1
K= (20’0—5)2&3'—5 > 0.
j=1

Then

D e(n)= ) Res ($x5)+0n(ﬂ)

n<lz all poles
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for any n > ng == (6 + oo(k — 1)) /(K + 1).

Proof of Proposition 4.5.1. The Dirichlet series

Di(s) == Drr(s) = oo (s — k+3)¢(25 — 2+ 4) Y [oulP'm~,  (4.26)

m2>1

converges for Re(s) > k, which has been proved in [38]. In the notation of
Lemma 4.5.2, in this case, we have 6 =2k — 3,00 =k, J =4,a; = as = ag = 1.
Hence k = %,770 =k— 1%.

Fix € > 0. Writing Dp(s) = > ¢(n)n™* we deduce from Lemma 4.5.2 that

n>1
> c(n) = Clx) + O(a*0/19%),
where C'(z) is the sum of the residues of Dp(s)x®/s. Takingx = m and x = m—1

and subtracting we get c(m) <. p m*76/19F¢  Inverting the product of zeta

functions on the right hand side of (4.26), it follows that

a2 = 3 u(dl)d’f‘3ﬂ(dz)d§k‘4u(d3)><—1(ds)d§‘3c(

—6/1
> <<E,F mk 6/ 9—i—e7
dyd2ds|m

m
dyd3ds
which completes the proof of Proposition 4.5.1. ([l

Theorem 4.5.3 For any € > 0, we have
a(T) < p (min T)'0/19F¢(det T)k/2-3/4+¢ (4.27)

Proof. From |22, Theorem 4.1.5], we know that a positive-definite Hermitian

matrix T’ can be written as

T =T'U] = UT'T,
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for some unitary matrix U € M,(C) and a real diagonal positive-definite matrix
T'. Since both sides of expression (4.27) are invariant if 7" is replaced by T'[U]

and hence we may assume that
T= , with m = min T.

We put D = 4(|t|> — mn). Note that by definition a(T) is the (n,r)-th Fourier
coefficient of the m-th Fourier-Jacobi coefficient of F'. Therefore, combining

Proposition 4.4.2 and Proposition 4.5.1, we find that

k=2
CL(T) < mk/2—3/19+6(m+ ’D|1/2+e>1/2 (@) 2
m

< m16/19+6|D‘k/273/4+67

which completes the proof. Il

Corollary 4.5.4 For any € > 0, we have
a(T) < p (det T)k/2-2/T6+e (4.28)

Proof. By Theorem 4.5.3, we have
a(T) < (min T)16/19%¢(det T)k/2-3/4+¢

for any € > 0. By reduction theory it is known that min 7" < (det T)'/2,

Substituting this in the above, we get the required estimate for a(T"). O
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