ON THE SCHUR MULTIPLIER OF GROUPS

By
SUMANA HATUI
MATH08201304004

Harish-Chandra Research Institute, Allahabad

A thesis submitted to the

Board of Studies in Mathematical Sciences

In partial fulfillment of requirements
for the Degree of
DOCTOR OF PHILOSOPHY

of
HOMI BHABHA NATIONAL INSTITUTE

June, 2018






Homi Bhabha National Institute’

Recommendations of the Viva Voce Committee

As members of the Viva Voce Committee, we certify that we have read the dissertation
prepared by Sumana Hatui entitled “On the Schur multiplier of groups” and recommend
that it may be accepted as fulfilling the thesis requirement for the award of Degree of
Doctor of Philosophy.

Chairman - Prof. B. Ramakrishnan W Date: 08 (22018

Guide / Convener — Prof. Manoj Kumar W‘/ Date: P ) 2. 201
Ma 082 20]

Examiner — Prof. N S N Sastry Date:
AA A 03] 1205

Member 1- Prof. Punita Batra Q?‘)‘,(y Date:
R g| 12| 2=1€

Member 2- Prof. P. K. Ratnakumar Y/ A Date: 08 /12) 20 [
N

Member 3- Prof. D. Surya Ramana B f P Date:

Final approval and acceptance of this thesis is contingent upon the candidate’s
submission of the final copies of the thesis to HBNI.

I/We hereby certify that 1/we have read this thesis prepared under my/our
direction and recommend that it may be accepted as fulfilling the thesis requirement.

Date: 08.12.2018
Place: Allahabad

of. Manoj Kumar
Guide

' This page is to be included only for final submission after successful completion of viva voce.







STATEMENT BY AUTHOR

This dissertation has been submitted in partial fulfilment of requirements for an ad-
vanced degree at Homi Bhabha National Institute (HBNI) and is deposited in the

Library to be made available to borrowers under rules of the HBNI.

Brief quotations from this dissertation are allowable without special permission, pro-
vided that accurate acknowledgement of source is made. Requests for permission for
extended quotation from or reproduction of this manuscript in whole or in part may
be granted by the Competent Authority of HBNI when in his or her judgement the
proposed use of the material is in the interests of scholarship. In all other instances,

however, permission must be obtained from the author.

Sumana Hatui






DECLARATION

| hereby declare that the investigation presented in the thesis has been carried out
by me. The work is original and has not been submitted earlier as a whole or in part

for a degree / diploma at this or any other Institution / University.

Sumana Hatui






List of Publications arising from the thesis

Journal

1. “Characterization of finite p-groups by their Schur multiplier”, Sumana Ha-

tui, Proc. Indian Acad. Sci. Math. Sci., 2018, 128, 128:49.

2. “Finite p-groups having Schur multiplier of maximum order”, Sumana Ha-

tui, J. Algebra, 2017, 492, 490-497.

3. “The Schur multiplier of central product of groups”, Sumana Hatui, L. R.
Vermani, Manoj K. Yadav, J. Pure Appl. Algebra, 2018, 222, 3293-3302.

59

4. “The Schur multipliers of groups of order p°”, Sumana Hatui, Vipul Kakkar,

Manoj K. Yadav, Journal of Group Theory (Accepted for publication).
Conferences

1. “Ischia group Theory conference 2018”, held at Ischia, Naples, Italy,
March 19-23, 2018.

2. “83rd Annual Conference of Indian Mathematical Society-an In-

ternational Meet", S V University, Tirupati, December 12-15, 2017.

3. “Groups St Andrews Conference”, held at University of Birmingham,

Birmingham, UK, August 05-13, 2017.

Sumana Hatui


http://www.ias.ac.in/public/Volumes/pmsc/forthcoming/PMSC-D-16-00323.pdf
https://www.sciencedirect.com/science/article/pii/S002186931730501X
https://www.sciencedirect.com/science/article/pii/S0022404917302918
https://arxiv.org/pdf/1804.11308.pdf




Dedicated to

my beloved baba and maa
Sri Saktipada Hatui and Smt. Tanusri Hatus






ACKNOWLEDGEMENTS

First and foremost, I would like to express my special appreciation and thanks to
my advisor Professor Dr. Manoj Kumar for his patient motivation, affectionate
encouragement and endless support. He was a tremendous mentor for me. This
thesis would not have been possible without his guidance and support.

I would also like to thank my committee members Prof. B. Ramakrishnan,
Prof. Punita Batra, Prof. D. Surya Ramana and Prof. P. K. Ratnakumar, for
their constant support. I also thank all the faculty members of HRI.

I express my sincere thanks to Prof. L. R. Vermani, Prof. G. Ellis and Prof.
P. Moravec for their assistance, suggestions and mathematical discussions.

I would like to acknowledge HRI for providing me the ideal atmosphere,
required infrastructure and funding. I appreciate to all the administrative staff
of HRI for their co-operation and help.

Remembering some wonderful moments during my PhD, I thank Tushar,
Manish, Nabin, Soumyarup, Joya, Ritika, Bidisha, Debasish, Malesh, Anup,
Manikandan, Anoop, Veekesh, Parul, Gopinath, Rahul, Bibek, Pramod, Sree-
tama, Sneh and many other friends. I am indebted to all my friends who have
supported me over the past several years, specially Pradeep, Juyal, Gautam,
Mithun, Niva, Rohit, Garima, Anindita, Sayani di who are very close to my
heart. I feel blessed to have them all in my life.

Words can not express how grateful I am to my family, especially to my
mother and father, for the encouragement and emotional support no matter
what path I choose, without which I would not have come this far. A very
special thanks to my younger brother who always makes me believe in myself. 1
am also grateful to my father-in-law, late mother-in law for all of the sacrifices
that they have made on my behalf. Their prayer for me was what sustained me
thus far.

I owe thanks to a very special person, my husband, Ramesh for his continued
and unfailing love, support and understanding during my pursuit of Ph.D degree
that made the completion of thesis possible. He was always around at times
I thought that it is impossible to continue, he helped me to keep things in

perspective. I greatly value his contribution and appreciate his belief in me.






Contents

Synopsis i
List of Tables xiii
Notations XV

1 Background and Preliminaries

1.1

1.2

1.3
1.4

Non-abelian p-groups of order upto p°, podd . . . . . . . .. ..
1.1.1  Groups of order p* . . . . ... ... ... ... ...
1.1.2  Groups of order p* . . . . ... ... ...
1.1.3 Groups of order p° . . . ... ... ... ... ...
1.1.4  Certain groups of order p® . . . . . . .. ... ... ...

© 00 W NN =

Cohomology groups and the Schur multiplier . . . . .. .. ..
1.2.1  Groups of nilpotency class 2 with G/G’ elementary abelian 14

1.2.2 Groups of nilpotency class c,e >3 . . . . . . .. ... .. 15
The non-abelian tensor square and exterior square of groups . . 16
Non-abelian tensor square of groups of order p* and p* . . . . . 20

2 Characterization of finite p-groups by the order of their Schur

multiplier 27
21 OVerview . . . . . . 28
2.2 Groups G with ¢(G) =log,(|G|)+1 . . . . ... .. ... ... 29
2.2.1  Groups G of order p*, n > 6, with |G'| =p, p*. . . . .. 33
2.2.2  Groups G of order p*, n > 6 with |G| =p>. . . . .. .. 38
223 Mainresult . ... ..o 39
2.3 Finite p-groups having Schur multiplier of maximum order . . . 41



2.3.1 Examples . . ... ... 48

3 The Schur multiplier of central product of groups 51
3.1 Motivation . . . . . . ... 51
3.2 Second cohomology of central product of groups . . . . . .. .. 53
3.3 Examples . . .. .. 65

4 The Schur multipliers of p-groups of order p° 69
4.1 The Schur multiplier and tensor square . . . . . ... ... ... 69

4.1.1  Classes ®4, P5: Groups of class 2 with G/G’ elementary
abelian . . . . . ... o 70
4.1.2  Classes @y, P1g: Groups of maximal class . . . . . . . .. 80
4.1.3  Classes @y, P3, &g, D7, Pg: Remaining Groups of order p° 94
414 Mainresult . . . ... 118
4.2 Capability of groups of order p°>,p>5 . . . . .. .. ... ... 121
4.3 Non-abelian groups of order 2> and 3°. . . . . . ... ... ... 123
Bibliography 128

Index 134



Synopsis

0.1 Introduction

This thesis deals with the Schur multiplier of groups. The thesis contains four
chapters. The first chapter consists of basic definitions and preliminaries relevant
to the thesis. The second chapter is about characterization of finite p-groups
by the order of their Schur multiplier. In the third chapter we study the Schur
multiplier of central product of groups. The final part of the thesis consists of a
chapter on determining the Schur multiplier, non-abelian tensor square, exterior

square and capability of groups of order p°.

The Schur multiplier was introduced by I. Schur on the study of projective
representation of groups [42|. It is the second homology group with integral
coefficients. We denote the Schur multiplier of a group G by M(G). By Zz(,k)
we denote Z, X Z, X - -+ X Zy(k times). G’ denotes the commutator subgroup
of G. 7;(G) denotes the i-th term of the lower central series of a group G and
G denotes the quotient group G/v,(G). James [27] classified all p-groups of
order p™ (n < 6) for odd prime p, upto isoclinism (see Section 1.1 for definition).
These isoclinism classes are denoted by ®; (see Section 1.1 for details). We use

these notations throughout.
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0.2 Characterization of finite p-groups by the or-
der of their Schur mulltiplier
In 1956, Green proved the following result:

Theorem 0.2.1 ([15]) If G is a p-group of order p", then |M(G)| < p2™(=b.

So for any finite p-group of order p", there is an integer ¢(G) > 0 such that
IM(G)| = p2m=D=4C)  This integer t(G) is called the corank of G. It is an
interesting problem to classify the structure of all non-abelian p-groups G by the
order of the Schur multiplier M(G), i.e., when ¢(G) is known. Several authors
have studied this problem for various values of ¢(G).

First Berkovich [1] and Zhou [50] classified all p-groups G for ¢(G) = 0,1, 2.
Ellis [9] also classified groups G for ¢(G) = 0, 1, 2,3 by a different method. After
that several authors classified the groups G of order p™ for ¢(G) = 4,5,6 in
[34, 35, 26].

In 2009 Niroomand improved the Green’s bound by proving the following

result:

Theorem 0.2.2 (Main Theorem of [33]) Let G be a non-abelian finite p-
group of order p™. If |G'| = p*, then
‘M(G)| < p%(n+k—2)(n—k—1)+1_
In particular,
|M(G)| < p%(n—l)(n—Q)—&-l;
and the equality holds in this last bound if and only if G = H x Z, where H
is an extra special p-group of order p* and exponent p, and Z is an elementary

abelian p-group.

This says that for non abelian p-groups G of order p", |M(G)| = p%(”_l)(”_Q)“_S(G),

for some s(G) > 0. This integer s(G) is called the generalized corank of
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G. The structure of non-abelian p-groups for s(G) = 0,1,2 has been de-
termined in [36, 37| which is the same as to classify groups G for ¢{(G) =

log,(|G|) — 2,10g,(|G|) — 1,10g,(|G|) respectively.

0.2.1 Groups with #(G) = log,(|G|) + 1

We take the above line of investigation and classify all non-abelian finite p-groups
G for which ¢(G) = log,(|G|) + 1, which is same as classifying G for s(G) = 3,

ie., [M(G)| = p2n=D(n=2+1=8 — ;3n(n=3)=1  Our main theorem is the following:

Theorem 0.2.3 ([18]) Let G' be a non-abelian finite p-group of order p"™ with
t(G) = log,(|G|) + 1. Then for odd prime p, G is isomorphic to one of the
following groups:

0,5(22), D3(211)a, D3(211)b,, Bo(2111)c, Do(2111)d, D5(1%), By (15), Dy, (1), B15(15),
15(1°), 215(19), (24 % Z,) x Z.

Moreover for p = 2, G is isomorphic to one of the following groups:

7Y X Ly, Gy X Ty, Go, Zy % Zy, Dy,

where, G1 = (a* =b* = ? =1,[a,c] = b, [a,b] = [b,c] = 1),
Gy=(a*=b"=c*=1,[a,b] = 1,[a,c] = a? [b,c] = b*), and Ds¢ is the Dihedral

group of order 16.

0.2.2 Groups having Schur multiplier of maximum order

In Theorem 0.2.2, Niroomand classified groups G such that [ M (G)| = pz(nth=2)n—k=1)+1
with k = 1. We say that | M (G)| attains the bound if | M (G)| = p2(th-2(n—k-1)+1

Rai [40] classified finite p-groups G of class 2 such that |M(G)| attains the
bound.

Theorem 0.2.4 (Theorem 1.1 of [40]) Let G be a finite p-group of order p"

and nilpotency class 2 with |G'| = p*. Then |M(G)| = pz(th=2n—k=D+1 4 4 g
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only if G is one of the following groups.

(i) Gy = ES,(p®) x ZY"™, where p is an odd prime.

(i1) Go = (o, o, an, By, B | [ou, @ = By Jan,an] = 1,aP = of = 87 =1 (1 = 1,2)),
where p is an odd prime.

(iti) G = (aq,Br, g, Ba, 3,05 | (a1, 0] = Bs, [0, 3] = B, [ag, o] =

h,af =Y =1 (i =1,2,3)), where p is an odd prime.
B? 1 1 )= ) p p

Now a natural question arises here as follows: What will happen for groups of

nilpotency class > 37 The next theorem gives the answer to this question.

Theorem 0.2.5 ([19]) There is no non-abelian p-group G of order p", p # 3,
having nilpotency class ¢ > 3 with |G| = p* and |M(G)| = p2(nth-—2(n—k-1)+1
In particular, |M(G)| < p%("+k_2)(”_k_1) for p-groups G of nilpotency class ¢ > 3

and p # 3.

Now one may ask: Is the above statement true for p = 37

The answer to this question is no as shown by the following example. Consider
the group

G = (a1, b1, a2, B2, a3, B3, 7 | [on, o] = B, [z, a3] = B, [as, an] = o, [Bs, 3] =
B2, o] = [Br,en] = 7,07 =57 =" =1 (i =1,2,3))

of order 37. Using HAP [12] of GAP [14] we sce that | M (G)| = pz(nth=2(n—k-1+1

plO‘

We say that |M(G)| attains the new bound if |M(G)| = pz(mth=2m—k=1) g4 4
natural question which arises here is the following:

Question: Do there exist finite p-groups of arbitrary nilpotency class for which
the new bound is attained?

The answer to this question is yes for nilpotency classes 3 and 4, as shown by
the following examples.

Example 1: Consider the group G = (o, aq, as, a3, ay | [a, aq] = ag, [ag, a] =
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as, (e, on] = ag, o = o =1 (1 =1,2,3,4)) from [27]. This is a group of order
p° with |G’| = p®. The nilpotency class of G is 3. For p = 5,7,11,13,17 using
HAP of GAP we obtain M(G) = Z, X Z, X L.

Example 2: Consider the group G' = (a, aq, a0, a3, 04 | [y, ] = a1, 0f =
of = =1 (i=1,2,3)) from [27]. This is a group of order p® with |G| = p*.
The nilpotency class of G is 4. For p = 5,7,11,13,17 using HAP of GAP we
obtain M(G) = Z, X Z, X Z,.

0.3 The Schur multiplier of Central Product of
groups

We say that G is an internal central product of its two normal subgroups H
and K amalgamating A if G = HK with A= HN K and [H,K] = 1. Let H,
K be two groups with isomorphic subgroups A < Z(H), B < Z(K) under an
isomorphism ¢ : A — B. Consider the normal subgroup U = {(a,¢(a)™") | a €
A}. Then the group G := (H x K)/U is called the external central product of
H and K amalgamating A and B via ¢. The external central product G can
be viewed as an internal central product of the images of H x 1 and 1 x K in
G. For this reason, we do not differentiate between external and internal central
products, and consider only internal ones.

Wiegold [49] proved that if G is a finite group and is the central product
of subgroups H and K amalgamating A, then M (G) contains a subgroup iso-
morphic with H/A ® K/A. A generalization of this result for arbitrary central
quotient of direct product of two arbitrary groups was considered in [8] and it
was proved that H/A ® K/A is a quotient of M(G).

Here H?*(G, D) denotes the second cohomology group of a group G with

coefficients in D, where D is a divisible abelian group regarded as a trivial G-
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module. Unless said otherwise explicitly, here G is always a central product of
its normal subgroups H and K with A = HNK. We study H?(G, D), in terms of
the second cohomology groups of certain quotients of H and K with coefficients
in D. Set Z = H' N K'. The following result provides a reduction to the case
when Z = 1.

Theorem 0.3.1 ([20]) Let B be a subgroup of G such that B < Z. Then
H*(G, D) =2 H*(G/B, D)/N, where N = Hom(B, D).

Our main theorem is the following.

Theorem 0.3.2 ([20]) Let L = Hom ((ANH')/Z,D), M = Hom ((ANK")/Z, D)
and N = Hom(Z, D). Then the following statements hold true:

(i) (H*(H/A,D)/Le&H*(K/A,D)/M) /N @Hom(H/A® K/A, D) embeds in
H*(G, D).

(it) H*(G, D) embeds in (H*(H/Z, D) &H*(K/Z, D)) /N @Hom(H ® K, D).

In particular, for D = C*, assertion (i) of Theorem 0.3.2 provides a refinement
of results from [8] and [49].

Now we present some examples (all of them are finite p-groups) to show that
various situations of Theorem 0.3.2 can indeed occur. The following example
shows that neither of the two embeddings of Theorem B is necessarily an iso-
morphism:

Example 1. Let H be the extraspecial p-groups of order p* and exponent p
and K = Zénﬂ), where n > 1. Let GG be a central product of H and K amal-
gamated at A = H' = Z,. Note that G = H X Zén). It is easy to see that

M(G) = Zlgi"("”’)”). Note that Z = H' (1 K’ = 1. Then M(H/A)/ Hom(A N

H',C) & M(K/A)/ Hom(A 1 K,C) & Hom(H/A © K/4,C7) = 2\,

which is strictly contained in M (G). Since M (H)® M (K)@®Hom(H ® K,C*) =

(3 (n+1)(n+4)+2)

Zy , it properly contains M (G).
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The following example show that the first embedding in Theorem 0.3.2 can very
well be an isomorphism, but the second one can still be strict (i.e., not an iso-
morphism):

Example 2. G = (a,0q, 05,7 | [ag,a] = 47 = a0 = o = o} = 1). Take

[a¥)

H = {(o,a1,00 | [a1,0] = ag,0? = af = of = 1) and K = (y) = Z,s. It can be
easily seen that G is a central product of H and K amalgamated at A = (ay) =
(v"*). Note that Z =1 and M (H/A)/Hom(AN H',C*) @& M(K/A)/Hom(A N
K'.C*) @ Hom(H/A ® K/A,C*) = 7). We have M(G) = Z\Y. Thercfore
the first embedding in Theorem 0.3.2 is an isomorphism. It is easy to see that
M(H)® M(K)®Hom(H @ K,C*) = Z5" which shows that the second embed-
ding is strict.

We finally present an example which shows that both the embeddings in Theo-
rem B can be isomorphisms.

Example 3. Let H be the extraspecial p-groups of order p? and exponent
p* and K 2 Zgor, the cyclic group of order p™*', where n > 1. Let G be
a central product of H and K amalgamated at A = H' = Z,. Note that
G = H X Zyn. 1t is easy to see that M(G) = 7P Note that Z = H' N K’ = 1.
Then M(H/A)/ Hom(ANH',C*)® M(K/A)/ Hom(ANK',C*) ® Hom(H/A®
K/A,C*) is isomorphic to Zéz). Also M(H)® M(K)@&Hom(H® K,C*) = Z,()Q).
Hence both the embeddings are isomorphisms.

We finally prove

Theorem 0.3.3 If the second embedding in Theorem 0.3.2 is an isomorphism,

then so is the first.
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0.4 The Schur multiplier of groups of order p°

The non-abelian tensor square G ® GG of a group G is generated by the symbols
g® h,g,h € G, subject to the relations
99 @h=(g¢ @h9) (g ®@h) and g @ bl = (g & h')(¢" @ ")

for all g, ¢, h, W' € G, with h?9 = g~ 'hg. The non-abelian exterior square G AG is
the quotient of G ® G by V(G), where V(G) is the normal subgroup generated
by the elements g ® g, for all ¢ € G. This definition says that there is an
epimorphism f : G ® G — G’, defined on the generators by f(g ® h) = g, h]
where [g, h] = g~ 'h~'gh. This map f induces an epimorphism f': GAG — G'.
The kernel of this map is isomorphic to the Schur multiplier M(G) of G [7]. A
group G is called capable if there exists a group H such that G = H/Z(H), where
Z(H) denotes the center of H. We denote the epicenter of a group G by Z*(G),
which is the smallest central subgroup of G such that G/Z*(G) is capable. Here
I' denotes Whitehead’s quadratic functor, defined from the category of abelian
groups to itself. For an abelian group A, I'A is the abelian group generated by
the symbols w(a), a € A such that the following relations hold:

(i) w(a) = w(a™),

(77) w(abc)w(a)w(b)w(c) = w(ab)w(be)w(ca),
for all a,b,c € A. For finitely generated groups we have the following:
() (Gx H)=T(G)xT'(H) x (G® H).
(id) T(Z,) — Z,, modd

Zion,, 1 even.

(13i) T'(Z) = Z.

We compute the Schur multiplier, non-abelian tensor square and exterior
square of groups of order p°. As an application of this, we determine the capa-
bility of non-abelian p-groups of order p°. Our main result [21] is presented in

the following table (for p > 3):
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§ P group p

G [(G) M(G) GANG GG Capability
,(311)a  Zp X LY Z, X Z, z$ Zp x 7Y Not Capable
©(221)a  ZpxZy) Ly ZpxZY LY xZ) Capable
y(221)b  Zp xZY  7,x 7, z Zp x LS Not Capable
®y(2111)a 7§ z® z® AR Not Capable
$o(2111)b Z;,lo) Zg’) Z,(f) Zéw) Not Capable
(2111 Zp x 7Y 7 z Zp» x 25 Not Capable
,(2111)d  Zp x 2§z VA% Zp x 73" Not Capable

Dy (1°) AR z A 7®) Capable

Oy(41)  ZpxZP {1} Z, Z,s x 7 Not Capable
$4(32)ay ZS) Ly, Ly Zgé) Not Capable
0y(32)ay  Zyp xZY 7, L Ly x Lp X LS Not Capable
O,(311)b  Zp xZY 7, % Z, z$ Z,y x 7Y Not Capable
Oy(311)c  Zp xZY Z,xZ, 7Y Zys X LY Not Capable
©(221)c Ly X Y Lo x L, Lp xZY LG x 7 Capable
®,(221)d Z5) z¥  Zexzy 7)<z Capable
®3(2111)a Z;(,G) Z§,3) ZS’) Z;,H) Not Capable
®5(2111)h, 7P A% z® zM Not Capable

®5(1°) zy VA% A% VAN Capable
3311 Zp x2S 7, A Loy X T Not Capable
O3(311)b, Zp X ZY 7, VA% Z, x 7Y  Not Capable
®y3(221)a  Zp x2S Z, A Zp x LY Not Capable
O3(221)b, Lo X LY Ty x L, LpxZY 79 x 7z Capable
®4(2111)c zy VA% A% AN Not Capable
4(2111)d  Zp x 2 7Y z Zop X T Not Capable
32111 Z, x ZY 7 z Z,y x 7Y Not Capable
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G L(G®)  M(G) GNG GG Capability
®4(221)a z® Z, zy Z8)  Not Capable
®4(221)b 7Y Ty x T, Ty xZY ZpxZY  Capable
d4(221)c Zg,ﬁ) Ly, Zf’) Zz(,g) Not Capable

®u(221)d, s1pry) Ly Z, VA% ZY)  Not Capable
®4(221)dy () VA% Ly — Tp XL ZpxZ  Capable
d,(221)e VA% Z, A% VA% Not Capable
®4(221) fo z Tp Ty X T Zpx 7Y Capable
d4(221) f Zz(,ﬁ) Ly, Zg)’) Zz(,g) Not Capable
®4(2111)a z® zy z® Z"  Not Capable
d4(2111)0 Z,(f) Z,()B) Zf) Z;,H) Not Capable
d4(2111)c Zj(,ﬁ) Z},?’) Z;EP) Zgl) Not Capable
D4(1°) z® AL z® YA Capable
d5(2111) Zz(,lo) Z,(;r’) Z;G) Zélﬁ) Not Capable
d5(1°) z8 oz A% Z'  Not Capable
Ds(221)a VAR {1} VA% A% Not Capable
D6(221),, r1(p-1) ZS” {1} ZE’) ZI(,G) Not Capable
Pg(221)by - z Z, Ly xZY Zp,xZY  Capable
@6(221)@ VAR {1} VA z Not Capable
D6(221)dy VA% Zp Ly xXZY ZpxZY  Capable
dg(221)d, VA% {1} VA% A% Not Capable
dg(2111)a Z;(,?’) Ly, Zgl) Z,(j) Not Capable
®g(2111)b, z® Z, z$ Z{ Not Capable
g (1°) A% A% VAL A% Capable
®,(2111)a Zi(,ﬁ) Z},?’) Z;EP) Zgl) Not Capable
®-(2111)b, z® A% z® ZM  Not Capable
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G L(G®)  M(G) GANG Goda Capability
®,(2111)c A% A% A% zM Not Capable
D, (1°) AR z A AN Capable

5(32)  Zp xZY {1} Z, ) x 2 Not Capable
Dy(2111)a A% Z, z z" Not Capable
$y(2111)b, Zég) Ly, Z,(fl) Zg) Not Capable

By (1°) A% 78 B,(111) x ZY @y(111) x Z9  Capable
®yp(2111)a VA% Ly, z VA% Not Capable
Dyp(2111)b, Zg%) Ly, Z;(fl) Zg) Not Capable

D10(1°) z® 78 By(111) x ZY @y(111) x Z  Capable
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CHAPTER

Background and Preliminaries

In this chapter we provide some basic definitions and results which will be used
in succeeding chapters. We present an overview of the Schur multiplier, non-
abelian tensor square and exterior square of groups, which are relevant to this

thesis.

1.1 Non-abelian p-groups of order upto p°, p odd

Hall introduced the concept of isoclinism of groups in [17| while studying the
classification of prime power order groups. For a given group G, define a map
ag : G/ Z(G)x G/ Z(G) — G' by ag(9Z(G), ¢ Z(G)) = [g,¢'] for g,¢' € G. This
is a well defined map, called commutator map.

Two groups G and H are said to be isoclinic if there are isomorphisms ¢ from
G/ 7Z(G) onto H/ Z(H) and 0 from G’ onto H' such that the following diagram
commutes.

G/ Z(G) x G/ Z(G) S N G’

| 4

H/7Z(H) x H] Z(H) L oy
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The pair (¢,6) is called an isoclinism of G onto H. This is an equivalence
relation on groups. In [17], Hall proved that in every family of isoclinic groups
there exists a group G such that Z(G) < G’, which is called a stem group.
There are 10 isoclinism classes ®;,1 < i < 10, of groups of order p°,p > 2 as
per the classification by James [27|. The groups in ®; are abelian groups. We
recall some notations from [27]. By v we denote the smallest positive integer
which is a non-quadratic residue (mod p), and by ¢ we denote the smallest
positive integer which is a primitive root (mod p). Relations of the form [, 5] =
1 for generators a and 3 are omitted in the presentations of the groups. For an

() p(5) ()

element a;yy of a finite p-group G, by a;);, we mean o ;7% - ;) -+ Qigp,

where 49, ..., 24, are suitably defined elements of G. Observe that, for the

(p)

groups of order upto p° listed in [27], we have "/ = o when p > 3. Hence for

p > 3, the presentations of these groups are uniform, but for p = 2,3 groups

depend on the prime p. Therefore we assume p > 3 for our investigations. On

the other hand, for p = 2,3 we use HAP [12] of GAP [14] for our calculations.
From [27], we include presentations of non-abelian groups of order p" (n < 5)

and some groups of order pb, for odd prime p.

1.1.1 Groups of order p?

The isoclinism family ®5 consists of the following groups
(1) D2(21) = (o, a1, a9 | [ag, ] = g, af = ag, o = ab = 1),

(11) @2(111) = <OZ,O[1,042 | [al,a] = O@,Q{p = og‘zl) = 0/27 = ]_>

1.1.2 Groups of order p*

The isoclinism family ®5 consists of the following groups

(i) ®y(211)a = By(21) x Z,,
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(ii) Dy(14) = Bo(111) X Z,,
(i) @5(31) = (@, 0,05 | [, 0] = aP’ = ay,f = ol = 1),
(iv) @2(22) = (a, a1, 9 | [ag,a] = aP = ag,a’l’z =aoh =1),
(v) ®2(211)b = (o, a1, 0,7 | [a1, ] =P = ag,af = ol = ab = 1),
(vi) ®3(211)c = (@, aq, 0 | [a1, 0] = ag,0”” = o = b = 1).
The isoclinism family ®3 consists of the following groups

(i) ®3(211)a = (o, 1, 0,3 | |1, 0] = o, [ag, 0] = a? = as,al?) = of =

o = 1),

(i) ®3(211)b, = (a, a1, 9,03 | [ag,a] = ag, [z, o] = ol = ah,of = af) =

ab =1) forr=1orv,

(iil) P3(1%) = (o, o1, 2, a3 | [, 0] = aipr, o = ol =l =1, (i = 1,2)).

i

1.1.3 Groups of order p°

The groups of nilpotency class 2 falls in the isoclinism families &5, &, and 5.
The isoclinism family ®, consists of the following groups, in which the cyclic

direct factor is generated by as.
(1) D2(311)a = Do(31) x Z,,
(i) ®5(221)a = P9(22) X Zy,
(ili) P9(221)b = P5(21) X Zye,
(iv) ©9(2111)a = ®y(211)a x Z,,
(v) ©9(2111)b = D5(211)b X Z,,

(vi) ®5(2111)c = By(211)c X Z,,
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(vii) ®a(2111)d = By(111) X Z,2,
(viii) @o(1%) = P9(1%) X Z,,

(ix) @, (41) = (a, 0 | [, 0] = o’ = g, 0f = o = 1),

(x) ®5(32)ay = (o, 1,0 | [, 0] = ¥ = 04270111)2 =aob=1),

(xi) @, (32)as = (@, 01,05 | [01,0] = o = ay,a”” = ab = 1),

(xii) @y (311)b = (a,an, 9,7 | [o1,0] =47 = ag, 0 = o = o} = 1),
(xiii) P9 (311) c = (o, a1, s | [a1,a] = g, 0 = «
(xiv) @y (221) ¢ = (a, o1, 09,7 | [, 0] =P = g, 0”” = of = ol = 1),
(xv) @5 (221)d = (@, 01, 05 | [01, 0] = g, 0’ =

Isoclinism family ®4 consists of the following groups

(1) ®4(221)a = (o, o, 00,81, B2 | [ag, 0] = Bi, 0P = By, 0f = Py, 0 = 7 =
1(i=1,2)),

(11) (I)4 (221)() = <C¥,O(1,042,61,52 ’ [Oé,',O{] = ﬁi,Oép = 62,0&5 = ﬂl,Oézf = /sz =
1(i=1,2)),

(111) @4 (221) C = <()é,0(1,0{2,ﬁ1,/82 | [Oéz,Oé] = ﬁz = OZZP,OLP = ﬁlp =1 (Z = 1, 2)),

(iv) ®4(221)d, = (o, 1,9, 01, Ba | [ai,a] = Bi, o) = BY ab = Ba,a? = 7 =
1(i=1,2)), where k=(",r=1,2,...,1(p— 1),

(v) @4(221) e = (o, a1, 02,81, 02 | i, 0] = By, = 52_1/476Y§ = 152, af =

(vi) @4(221) fo = (o, a1, 9, b1, B | [, 0] = B, o = fo, 0 = BY, o = B =
1(i=1,2)),
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(vii) ®4(221) f, = (o, a1, a9, B1, B | [au, 0] = Bi, 0 = 85, ab = B1 32,0 = 7 =
1(i=1,2)), where 4k = ¢>"*' —1forr=1,2,...,3(p — 1),

(vill) @4 (2111)a = (o, a1, a0, b1, P2 | [au, 0] = Bi,aP = oo = 7 =1 (1 =

1,2)),

(ix) @4(2111)b = (@, 1,09, 51,82 | [, 0] = Bi,0f = Br,0? = oy = B =
1 (Z = 1,2)),

(x) @4 (2111) ¢ = (o, 01,0, 01, B2 | [, 0] = Bi,a = Br,aP = of = B =
1(1=1,2)),

(xi) @4(1°) = (@, 0,9, B1, B2 | [y ] = By, =l =7 =1 (i = 1,2)).
The isoclinism family ®5 consists of the following two groups

(i) @5(2111) = (i, g, a3, a4, 8 | o1, 0] = [az,0u] = of = B, = af =

(H) (1)5(15) = <0517Oé2704370547ﬁ ’ [0517a2] = [043,@4] = B?O/I) = o

The groups of nilpotency class 3 fall in the isoclinism families ®3, ¢, P and Pg.

The class ®3 consists of the following groups.
(i) ®3(2111)a = B3(211)a x Z,,
(i) ®5(2111)b, = P3(211)b, X Z,, for r =1 or v,

(iii) 3(1%) = B3(1%) x Z,,

iv) ®3(311)a = (o, aq, a9, a3 | |y, = g, |[ag, ] = o’ = Oég,Oé(p) =ab =

(iv) i >
ah =1),

v) @5 (311)b, = (o, a1, a9, 3 | [aq, ] = e agaT:aZ’Q:agap:ozp:

() ( ) 9 I 9 ) ) I 1 ) 2

oy =1) forr=1or v,
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(vi) ®3(221)a = (o, 1,00, a3 | [ag,a] = ag, [z, a] = af = 043,0/1”2 = o =

o = 1),

vil) ®3(221) b, = (o, a1, a0, a3 | |a1, a] = s, |as, a]” = P = oz’”,ozp2 =ab =
1 3 2

ah =1) forr=1or v,

® _

i

(viii) @3 (2111) ¢ = (v, an, g, a3,y | [a1, ] = g, [ag,a] =P = a3, 0P = «
1(1=1,2,3)),
(ix) ®5(2111)d = (o, 01, 09,03 | [, 0] = appr,0” = P = af =1 (i =
1,2)),
(x) @3 (2111)e = (, a1, 0,3 | [0y, a] = qpq, P = o/fZ =

1,2)).

The class ®¢ consists of the following groups

(i) Ps(221)a = (a1, 0,8, 01, B2 | [oa, 0] = B,[B,cu] = Bi = o, BP = B =
1(i=1,2)),

(ii) q)6(221>br = <041,062,5a51a52 | [0417042] = f, [570@] = 51'704217 = ﬁf,a’z’ =
B%szﬁf:l (i:1,2)),wherek’:§r,r: 172a7%(p_1)7

(iii) ®g(221)c, = (o, a9, 3, b1, P | o1, 0] = B, [B, ] = Bi, 0 = 52_%7“70412) =
Bipy, 87 =pY =1 (i =1,2)), where r =1 or v,

(iv) ®6(221)dy = (a1, az, 8,61, 52 | a1, a0) = B,[B, ] = Bi,af = Py, ah =
By, BP =57 =1(i=1,2),

(v) ®6(221)d, = (ou, 0, 5,01, 02 | [ou, 0] = B,[B,05] = @304110 = 55,04227 =
BiBa, 87 = B = 1 (i = 1,2)) where 4k = (1 — 1,r = 1,2,..., 1 (p - 1),

(vi) ®6(2111)a = (oq, a9, 8,01, 02 | [a1, ] = B,[B,u] = Bi,af = fi, 0 =
B =1 (i=12) forp>3
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(Vll) ®6<2111>b7‘ = <a1,a2,ﬁ,51,ﬂ2 | [&laQZ] = /87 [ﬁaaz] = /Biaag = /8{704}17 =
pr=pr=1(i=1,2)) forr=1orvandp> 3,

(vili) ®6(1%) = (ou, 0, 8,061,082 | [oa, 0] = B,[B, 4] = B;,0f = P = ) =
1 (i =1,2)).

The class ®; consists of the following groups

(i) ®7(2111)a = (o, a1, a2, 03,0 | [0%,04] = Ozz‘+1,[04175] = a3 = ap’agp) =

ol =pr=1(i=1,2)),

(i) @7 (2111)b, = (o, ap, 0,03, 8 | [, 0] = g, [, B = af = o), a? =

al,=pP=1(i=1,2)) forr=1orv,

(111) q)'? (2111)C = <Cl/, (){1,042,0[3,/6 | [Oli,(y] = ai-i—la[alaﬁ] = a3 = ﬁp’ap =

P =ab  =1(i=1,2)),

(iv) ®7(1°) = (@, 01, 00,03, 0 | [, 0] = i1, [, B] = a3, 0f = Oégp)

BP=1(i=1,2)).

_ P —
= Q=

The class ®g consists of only one group

2

(i) 5(32) = (a1, 00,8 | [on, 0] = B = af, 7" = o} = 1)

Groups of nilpotency class 4 fall in the isoclinism classes @9 and ®14. The class

®y consists of the following groups

(i) @9 (2111)a = (o, a1, a9, 03,4 | [, Q] = a1, 04 = oﬂ’,agp) = agﬁ)l =

1(i=1,2,3)),

(»)

(i) ®g (2111)b, = (o, a1, a9, a3, a4 | [, 0] = aip1,0f = o, a? = al?)

i+1 —

1(i=1,2,3)), where k=" for r+1=1,2,...,(p— 1,3)
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(ifi) ®g (1) = (o, a1, am, 03, 4 | [, 0] = qipr,a? = P = agﬁ)l =1\ =

1,2,3)).

The class @1 consists of the following groups

1 10 a, = (a, 1,09, Q3,04 | O, ] = Qj41, |1, 0" = O = 7, X =
i) @y (2111 N F=af =a? ol

a®) =1 (i=1,2,3)), where k= (" forr+1=1,2,...,(p—1,4)

(i) @10 (2111) b, = (v, a1, s, g, ay | [, @] = qig, [on, a0l = off = aﬁ”),ap =

agﬁ)l =10 =1,23)), where k = (" forr+1=1,2,...,(p—1,3) and
p>3,

(iil) P10 (1°) = (o, o0, 9, 03,04 | 04, 0] = @iy, [ar, 0] = au,a? = Ofgp) =

a) =1(=1,2,3)).

1.1.4 Certain groups of order p°

We present some groups of order p°, for odd prime p, from [27], which are needed

for our work.

(1) @11(1%) = (a1, b1, a9, Bo, a3, B3 | a1, 0] = Bs, [, 3] = bi, s, o] =
ﬁ27045p) = ﬂf = 1(Z = 17273)>7

(i) 15(1%) = ES,(p*) x ESp(p°),

(iii) ¢13(16) = (041,0427043,044751752 ’ [Oéi,OéiH] = B, [042,044] = 52aaf = Oég =

ag=f =10 =1,2)),

(iV) @15(16) = <041,042,043,Oé4a51,52 ‘ [OCi,OéiH] = ﬁi,[@3,044] = 51>[042,044] =

Bs,al =af = of = B = 1(i = 1,2)).

Remark: The above notations for the groups of order p™, p odd (n < 6), will

be used throughout the thesis without further reference.
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1.2 Cohomology groups and the Schur multiplier

Let G denote a multiplicative group and D denote a divisible abelian additive
group, which is a G-module. A function f : G — D is called an n-cochain of
G in D. Define C"(G, D) the set of all n-cochains, which form an abelian group
under addition. Define a map d,, : C"(G, D) — C"*}(G, D) as follows:

(dnf)(91, 925 Gn1) = 91f(g2:93,-- -, Gn+1)
+ Z(—l)if(gl, e s 9i15 9iGit1, Giv2y - - 5 Gnt1)
=1

+(_1)n+1f(glv g2, - - »gn)v

where f € C"(G,D) and g; € G for 1 <i < n+ 1. The map d, is a homomor-
phism. Set Z"(G, D) = ker(d,,) and B*(G, D) = Im(d,—;). We call the elements
of Z™"(G, D) as n-cocycles and the elements of B"(G, D) as n-coboundaries. The

group
H"(G, D) = Z2"(G, D)/B"(G, D)

is called the n-th cohomology group of G with coefficients in D. In particular,

the second cohomology group of G with coefficients in D is
H*(G, D) = Z*(G, D)/B*(G, D),

where Z*(G, D) = {f : G x G = D | f(zy,z) + f(x,y) = of(y, 2) + f(z,y2),
for all z,y,2 € G}, the set of 2-cocycles and B*(G,D) = {g: G x G — D |
g(x,y) = zt(y) — t(xy) + t(x) for some t : G — D}, the set of 2-coboundaries.
From now on we consider H?(G, D), the second cohomology group with
trivial action of G on D.
The Schur multiplier M(G) of a group G was introduced by I. Schur in

[42] and [43] as an obstruction for a projective representation to become linear
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representation, and is defined as a second integral homology group Hs(G,Z),
where Z is a trivial G-module.

From [47, Theorem 11.9.2], it follows that the second cohomology group
H?(G, C*) is isomorphic to Hom (HQ(G, 7),Cx ), where C* is a trivial G-module.
For a finite group G, the group M(G) is isomorphic to the second cohomology

group H*(G,C>). Let G be a group given by a free presentation F'/R. By [24],
M(G) = (F' N R)/[F, R,

which is known as Hopf formula.

Let N be a subgroup of a group GG. For a homomorphism f : G — D, consider

its restriction on N, say f|y, which defines the restriction homomorphism res§ :

Hom(G, D) — Hom(N, D).

Let f € Z?(G, D). Consider the restriction of f on N x N. Then it deter-
mines a 2-cocycle f' : N x N — D. The restriction homomorphism res§, from
H?*(G, D) to H*(N, D) is defined by f + f’. When the meaning is clear from

the context, we write res for res%.

For an arbitrary group G and its subgroup N, we define inflation homomor-
phism inf : H*(G/N, D) — H*(G, D) as follows: for a 2-cocycle f € Z*(G/N, D)
define inf(f) = f’, where f': G x G — D given by f'(g1,92) = f(g1N, g2 N) for
91,92 € G.

Let1 - N — G 2% G/N — 1 be a central extension and x : G/N — G a sec-
tion. We define transgression homomorphism tra : Hom(N, D) — H*(G/N, D)
as follows: for B € Hom(N, D), define tra(3) = £ € H*(G/N, D), where the ele-
ment ¢ is represented by a 2-cocycle f given by f(Z,7) = B(u(Z)u(y)pu(zy)™?),
where = 2N € G/N and y=yN € G/N.

Theorem 1.2.1 (Hochschild-Serre exact sequence, Theorem 1.5.1 in [30])
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Let N be a central subgroup of a group G and D be a trivial G-module. Then

for a natural exact sequence 1 - N — G — G /N, the induced sequence
1 = Hom(G/N, D) 2% Hom(G, D) =% Hom(N, D) 2% H2(G/N, D) 2% H(G, D)

18 exact.

Theorem 1.2.2 ([43]) Let G = Zy, X Zp, X -+ X Ln,, where niy1|n; for all
ie{l,....k—1} and k > 2. Then

M(G) 2 Zy, x Z) x -+ x ZEY,

2 n3

The following result was proved by Schur.

Theorem 1.2.3 ([43]) For two groups H and K,
M(H x K) 2M(H) x M(K) x (H/H' @ K/K").

The Schur multiplier of semi-direct product of groups was studied by Tahara

[45], which is the following.

Theorem 1.2.4 ([45]) If a group G is semi-direct product of a normal subgroup
N and a subgroup T, and M is a G-module with trivial G-action, then the

following sequence is exact
1 — HYT,Hom(N, M)) — H*(G, M)y — H*(N, M)" — H*(T, Hom(N, M)),

where

H?(G, M)y = Ker(res$ : H*(G, M) — H*(T, M))

and H2(N, M)T is T-stable subgroup of H*(N, M).
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The next three theorems give certain upper and lower bounds for M(G), which

were proved by Jones.

Theorem 1.2.5 (Theorem 3.1 of [28]) Let G be a finite group and K any
normal subgroup of G. Set H = G/K. Then

(i) |M(H)| divides | M(G)||G' N K].

(1) dM(H)) < dM(G)) +d(G'NK).
Theorem 1.2.6 (Theorem 4.1 of [28]) Let G be a finite group and K a cen-
tral subgroup of G. Set A= G/K. Then

(i) |M(G)||G' N K| divides | M(A)|| M(K)||A% @ K].

(it) dM(G)) < d(M(A)) + d(M(K)) + d(A” @ K).
Theorem 1.2.7 (Theorem 3.1 of [29]) Let G be a finite group and N any
normal subgroup such that G/N is cyclic. Then

(i) |M(G)| divides | M(N)||N/N'|.

(i) d(M(G)) < d(M(N)) + d(N/N').

Suppose G has a free presentation F'//R. Let Z = S/R be a central subgroup
of G. Then the map from F/F'R x S/R to M(G) defined by (zF'R,sR) —
[z, s][F, R] is a well-defined bilinear map and induces a homomorphism A :
G/G' ® Z — M(G), which is called Ganea map. The following theorem was
proved by Ganea, which gives the relationship between the groups M(G) and
M(G/Z), for a central subgroup Z of G.

Theorem 1.2.8 ([13]) Let Z be a central subgroup of a finite group G. Then

the following sequence is exact

G/G®7Z5MG) L MG/Z) > G NZ—1,
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where A is the Ganea map.

A group G is called capable if there exists a group H such that G = H/Z(H).
The epicenter, denoted by Z*(G), of a group G is defined to be the smallest
central subgroup K of G such that G/K is capable. Next result is by Beyl et

al., which gives the information about the epicenter of a group.

Theorem 1.2.9 (Theorem 4.2 of [2]) Let Z be a central subgroup of a finite
group G. Consider the Ganea map \ : G/G' ® Z — M(G). Then Z C Z*(Q) if
and only if Ker A = G/G' @ Z.

The following theorem gives the upper bound of | M(G)| for a p-group G, which

was proved by Green.

Theorem 1.2.10 ([15]) If G is a p-group of order p™, then | M(G)| < p2n=1,

Later Niroomand improved the Green’s bound and proved the following result.

Theorem 1.2.11 (Main Theorem of [33]) Let G be a non-abelian finite p-
group of order p*. If |G'| = p*, then we have
|M(G)| < p%(n+k—2)(n—k—1)+l’
In particular,
| M(G)| < p%(n—l)(n—2)+1’

and the equality holds in this latter bound if and only if G = ES,(p?) x Zé”_?’).

Lemma 1.2.12 (Lemma 2.2 of [33]) Let G be an abelian p-group of order p"

which is not elementary abelian. Then

IM(G)| < p2n D2,
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1.2.1 Groups of nilpotency class 2 with G/G’ elementary

abelian

Now we explain a method by Blackburn and Evens [3| for computing the Schur
multiplier of p-groups G of class 2 with G/G’ elementary abelian. In this case it
follows that G’ is elementary abelian. We consider G /G’ and G’ as vector spaces
over F,, which we denote by V,W respectively. The bilinear map (—,—) :
V xV — W is defined by

(v1,v2) = [g1, g2

for vy,vy € V, where v; = ¢;G',i € {1,2}. The following construction is from

[3]. Let X; be the subspace of V' ® W spanned by all
U1 ® (v2,v3) + v2 @ (v3,v1) + V3 ® (v1,V2).

Consider a map f : V — W given by f(¢gG’) = g for g € G. We denote by Xo,

the subspace spanned by all v ® f(v), v € V, and take
X =X+ Xo.
Now consider a homomorpism o : VAV — (V@ W)/X given by
o(vi Ava) = (11 @ f(v2) + (B)v2 ® (v1,00)) + X.

Then there exists an abelian group M* admitting a subgroup N, isomorphic to

(V@ W)/X, such that

1SN MSVAYV 51
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is exact. Now we consider a homomorphism p: VAV — W given by

p(vr A vg) = (v1,v2)

for all vy, vy € V. Notice that p is an epimorphism. Denote by M, the subgroup
of M* containing N such that M/N = Kerp. Then it follows that |M/N| =
[V AV|/|W], where N = (V @ W)/X. This result will be used for calculating
|M]|, in the second and fourth chapters without further reference.

With the above setting, we have

Theorem 1.2.13 (Theorem 3.1 of [3]) M(G) = M.

1.2.2 Groups of nilpotency class ¢,c > 3

Here we explain a method given by Ellis and Wiegold in [10] and [11]. Let G
be a finite p-group of nilpotency class ¢ and v;(G) denotes the i-th term of the
lower central series of G. Set G' = G/ Z(G). Define a homomorphism

¢2 : éab ® Gab ® Gab N VQ(G) ® Gab
3(G)

by ¥2(T1 ® To @ T3) = [T1, T2] ® T3 + 12, 73] ® T + [23, 71] ® To.
Now define homomorphisms 1; for 3 <1 < ¢,

bGP &GP - @GP (i 4 1 times) - 1) g Gab
%H(G)

by

Vi(T1 @Te® - @ Tiy1) = [21,%2,. .., %1 @ Ty + [Tig1, [T1, T2, .., i1 )] @ F;
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H[wi, Tiga]r, (X1, T2, o i) @ Tiy

w1, iy Tigalr, [T1, Toy oo i)l @ Tymo 4+ - -

+xo, 23, . . Tig1]r ® Ty,

where

[T1, o, ..., i)y = [[[71, x2], 3] - . -, 4],

[3}’1, To, ... ,l‘i]r = [.fCl, e [.Z‘Z',Q, [l’ifl, iL'Z]H,

T denotes the image in G of the element x € G and [z, y] denotes the image in

7 (G)

G of the commutator [z,y] € G.

Proposition 1.2.14 ([10], [11]) Let G be a finite p-group of nilpotency class
c. With the preceding notations, we have

iG) ® G| .
’Yz—i-l

IM(G)] |2 (G |H|1m¢z|<\MG“b!H

We use the notations s, 13 in Chapter 2 without further reference.

1.3  The non-abelian tensor square and exterior
square of groups

The notion of non-abelian tensor product G ® H of two groups G and H, acting
on each other and satisfying certain compatibility conditions, was introduced by
Brown and Loday [7] as a generalization of abelian tensor product. In particular,
when a group G acts on itself by conjugation then G ® G is called non-abelian
tensor square which is defined as follows.

Let G acts on itself by conjugation, i.e., h9 = g~thg for all h,g € G. Then
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the non-abelian tensor square G ® G of GG is the group generated by the symbols

g ® h for all g, h € G, subject to the relations
99 ©h=(¢" @ h?)(g' @ h)

and

g@hh = (g@h)(g" @ h")

for all g,¢',h,h' € G.

The non-abelian exterior square of GG, denoted by GAG, is the quotient group
of G ® G by V(G), where V(G) is the normal subgroup of G ® G generated by
the elements g ® g for all g € G. It follows from the definition that the map
f: G®G — G, defined on the generators by f(g®h) = [g, h], is an epimorphism.
The epimorphism f then induce an epimorphism ' : G A G — G'. It follows

from [7] that the kernel of f’ is isomorphic to the Schur multiplier M(G) of G.

There is a different description of GRG, introduced in [41], which, sometimes,
comes more handy for evaluating tensor square of a group G. Let G and G¢ be
the isomorphic groups via the isomorphism ¢ : G — G? with ¢(g) = ¢%, g € G.
From now onwards ¢® denotes the image of the element ¢ € G in G? via the

isomorphism ¢. Consider the group
V(G) = (G, G | R, R, (g1, 9317 = [gf, (98)°] = [on, 93]*" for all g, 41,90 € G)

in which 3, R?® are the defining relations of G’ and G respectively. Recall that
the commutator subgroup of G and G¢ in v(G) is defined as [G,G?] = ([g, h?] |

g,h € G).

Proposition 1.3.1 (Proposition 2.6 of [41]) The map ® : GRG — [G, GY],
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defined by
Og®h)=[g,h’], g,h€C

18 an isomorphism.

Let 7 : [G,G?] — [G,G?]/{lg,9°] | g € G) be the natural projection. Then
we have an isomorphism between G A G and [G,G?]/([g,9%] | g € G).
We are now ready to quote some results required for our subsequent investi-

gations.

Lemma 1.3.2 (Lemma 9 of [32]) If a group G has nilpotency class < 5, then

n n

2", y) = [, )" [z, y, 2] G [z, y, 2, 2] [, y, 2, 2, 2] D]z, y, 2, [2, ]

o(n)

for z,y € G and any positive integer n, where o(n) = n(n —1)(2n — 1) /6.

Lemma 1.3.3 ([4] and [41]) For a group G, the following properties hold in
v(G).

(1) If G is nilpotent of class ¢, then v(G) is nilpotent of class at most ¢ + 1.
(i1) If G is a p-group, then v(G) is a p-group.

(i1i) 97, 92, 93] = (91, 95 93) = (g1, 92, 93) = (97 9% 93] = (97 92, 93) = (91, G5, 93]

for all g1, 92,93 € G.
(iv) If either g € G' or h € G', then [g,h®] = [h, g®]*.
(v) (g,9°] =1 for all g € G'.
(vi) lg1, 98], [ha, B30} = [lgv. 9], [P, hal?] for all gy, g2, b, by € G-
(vii) (g1, 95), [92, 67]] = 1 for all g1, 90 € G-
(viii) If g, g1, 92 € G such that (g, 1] = 1 = [g, go], then [g1, g2, %] = 1.

(iz) (g, g% is central in v(G) for all g € G.
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The following result follows from the proof of [41, Lemma 2.1(iv)]:

Lemma 1.3.4 For all g1,9, € G, [gl,g(f] = [gz,g‘f]_l in GAG, i.e, modulo
V(G).

The next proposition provides a generating set for GAG when G has a polycyclic
generating sequence. This information will be used several times in Chapter 4,
as the generating sets for the groups G, given in [27], form polycyclic generating

sequences.

Proposition 1.3.5 (Proposition 20 of [4]) Let G be a polycyclic group with
a polycyclic generating sequence g1, . .., gx. Then GAG is generated by {|g;, gj’],z’ >
J}

By items (vi) and (viiz) of Lemma 1.3.3, we get the following result.

Lemma 1.3.6 If G is of nilpotency class 2, then G ® G is abelian.

Let " denote Whitehead’s quadratic functor which is defined from the category
of abelian groups to itself (|48]). For an abelian group A, T'A is the abelian
group generated by the symbols w(a), a € A such that the following relations
hold:

(1) w(a) = w(a™"),

(71) w(abc)w(a)w(b)w(c) = w(ab)w(be)w(ca),
for all a,b,c € A. For finitely generated groups we have the following (for more

details see [48]):

(i) N(Gx H)=T(G)xI'(H) x (G® H).

Z, nodd
(i)  T(Zn) =

Zo, 1 even .
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2

(i) T(Z) = 2.

Theorem 1.3.7 (Theorem 1.3 of [5]) Let G be a group such that G* is finitely
generated with no elements of order 2. Then G ® G = I'(G®) x (GAG). In

particular, if G is a finite p-group, p odd, then G @ G = T'(G?) x (G AG).

Proposition 1.3.8 (Proposition 11 of [6]) For the groups G and H, we have

(GxH)®@(G@xH)=(GeG) x(GoH)x (H®G)x (H® H).

1.4 Non-abelian tensor square of groups of order
p® and p*

In the following result, we present the structures of the Schur multiplier, non-
abelian tensor square and exterior square of groups of order p* and p*, p > 5.
For groups of order p?, results are given in [16]. We mainly work to find the

generators of the exterior square.
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Theorem 1.4.1 ([21]) We have the following table for non-abelian groups of

order p* and p*, p > 5.

G Gab r(G) M(G) GAG GeG Generators of G A G
®y(21)  zZf” z {1z, z;" 1, ]
Dy(111) z® z& z®  zd z®) [a1, a?], [, %], [0z, oF]
oy(211)a 7Y AL z? 7 z [a1, a%], [as, a?], [os, af]
Dy (14) Zl(,g) Z,(,G) 21(74) 21(75) Z,(,ll) [, a?], [az, a®], [az, a‘f],
o3, 0], [03, af]
®,31)  ZpxZ, ZpxZP {1} Z, T x T (a1, o]
©2(22)  Zpe XLy ZLp xLY L, Ly L3 xZJ [a1, a?]
oy(211)p  Zf” 22 S zy) a1, 0%, [y, 07, [, @]
Oy(211)c  Zpp x Ty Zpe xZY 2 28 7 xZ [an, 0], [z, 0%, [0, 0]
D3(211)a Zj(f) Z,(f) Zy, Zz(,g) Zf) [, a?], [ag, a®], [az, a‘f]
Dy(211)b, 7P z& z, Z% z® [a1, a?], [, %], [0z, oF]
oy(1%)  z) zy) oz oz zy'  lar,a?fas, 0%, az,af),
[az, a?]

Table 1.1: Groups of order p3,p*, p > 5

Proof. Schur multipliers of groups of order p* are taken from [39] for |G'| = p

and from [9, page. 4177] for |G'| = p?>. The Schur multipliers of groups of

order p? follows from [30, Theorem 3.3.6]. So we mainly work for computing the

exterior squares. Tensor squares will then follow easily by Theorem 1.3.7.

Consider the group G := ®5(21). Since |[M(G)| = 1

and |7,(G)] = p, it

follows that G A G = Z,. By Lemma 1.3.2, the following identities hold in

GANG:

[0427 Oé(b] = [ap7 Oé¢] = [CY, Oﬂs]p =1= [a]207 aq

¢ ¢ ¢ P

¢]:

[042, Oé(lz)]p

[042,051] = [ap7al] = [aval]p = [Oé, (a1)¢] =1
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Hence we have

G AG = {[ay,a?]) 2 Z,.

Consider the group G := ®5(111). Since | M(G)| = p? and |1»(G)| = p, it
follows that |G A G| = p*. By Lemma 1.3.2, the following identities hold in
GANG:

[z, )" = [ah, %] = 1 = [a}, af] = [as, af]?

o, 0P = [, 0] =
Hence we have
G AG = [a1,0%, [0z, af], [a2,0%]) = ZY.

Let G be one of the groups ®3(211)a or ®5(1*), which are direct product of
groups. Then the conclusion for G ® G follows from Proposition 1.3.8 and for
G A G follows from Theorem 1.3.7.

Consider the group G := ®5(31). Since |[M(G)| = 1 and |%(G)| = p, it
follows that G A G = Z,,.

By Lemma 1.3.2; the following identities hold in G A G:

[aQa a¢] = [apza ad)] = [0‘7 C“¢]p2 =1= [a§> Oé(lz)] = [aQa O‘qlb]p

[az, af] = [, af] = [0, af P’ = [a, (o] )] = L.

Hence we have

G AG = ([ag,0%]) = Z,,.

Consider the group G := ®5(22). Since |M(G)| = p and |%(G)| = p, it

follows that |G A G| = p?.
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By Lemma 1.3.2, the following identities hold in G A G:

[aQ’ a¢] = [ap7 a/¢] = [a/a ad)]p =1= [aga a(f] = [an O‘(f]p
[0z, af] = [a?, af] = [a, af]".

These identities, along with Proposition 1.3.5, give

GAG = {ay,a®]) 2 7Z,y.

P

Consider the group G := ®5(211)b. Since | M(G)| = p* and |%(G)| = p, it

follows that |G A G| = p*. By Lemma 1.3.3(viii), we have
[a2,7%] = lar, @, 7% = 1, as v € Z(G).
By Lemma 1.3.2 the following identities hold:

o, a?] = (77, = [7, 0’ = [y, (a?)?] =1,
o, af] = 47, af] = [v, o]’ = [1, (e)?] = 1,

[alu a(i)]p = {0511’7 Oé¢] =1

These identities, along with Proposition 1.3.5 and Lemma 1.3.6, imply that GAG

is generated by [aq, a®], [y, a?], [v, o/f], all of which are of order p. Hence

GAG=TZY.

Consider the group G := ®5(211)c. Since | M(G)| = p* and |%(G)| = p, it

follows that |G A G| = p3. By Lemma 1.3.2 the following identities hold:

[052? a¢]p = [Oég, a¢] = [Oég, O/f] = [042, Oétlb]pv
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[&1, a(ﬂp = [all)v Oé(b] =1

These identities, along with Proposition 1.3.5 and Lemma 1.3.6, imply that

GAG = ([, O'/¢]a [z, Off]a [, a¢]) = ZS’)-

For the groups G of order p*, belonging to the class @3, G/ Z(G) = $y(111),
consider the natural epimorphism [G, G?] — [G/ Z(G), (G/ Z(G))?] which shows
that o, a?], [z, a?], [z, af] are non-trivial and independent generators of G' A

G.
Now consider the group G = ®3(211)a. Since |M(G)| = p, |G A G| = p.

Hence, in view of Lemma 1.3.3(vi),

G A G2 (Jar,0?, [ag, 07, [ag, af]) = Z&.

Now consider the group G = ®3(211)b,. Since |M(G)| = p, |G A G| = p.

Hence, in view of Lemma 1.3.3(vi),

G A G2 (Jar,0?, [a5, 07, [ag, af]) = 2.

Now we work out the exterior square of the group G = ®3(1*). Since
IM(G)| = p?, |G NG| = p*. By Proposition 1.3.5, G A G is generated by
the set

{[O‘b Oz¢], [0427 aﬂ? [042, Off]a [043, a¢]’ [043, a(f]’ [O‘2a ag]}

By Lemma 1.3.3(viii), we have

[ag, 0] = [oq, o, af] = 1 as a3 € Z(G).
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Hall-Witt identity yields

1 = |ag,q, o/f]“il[ofl, oyt ag]o‘l
= fan ofl[man; o apt, gl
= [as, aflfacy o™, ad)]

= oz, af)[esas’, of]

= [0437 Oé(lz)] [043, Og] [a2> O‘(Qﬁ]_l

= [a37 Oé(lz)] [a2> Og]il'

Consequently, [azg, a‘f] = [ag, ag] =1in G AG. Also, by Lemma 1.3.2, we get

o3, 0] = [0}, 0] = 1 = [0}, af] = [ag, o]
and
[OQ’ a¢]p = [Oég, Cl/¢] =1= [allja Oé¢] = [a17 a(b]p‘

Hence, in view of Lemma 1.3.3(vi),

G AG 2 ([a1,0%], [an,0%), [0, 0f], [as, a%]) 2 2.

This completes the proof. Il

Remark 1.4.2 Schur multipliers of groups of order p* follows from [30, The-
orem 8.5.6] and Schur multipliers of groups of order p* follows from [39], [9,
page. 4177]. Observe that when G is a non-abelian group of order p* or p* with

p =3, M(G) is exactly same as presented in Table 1.1.
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CHAPTER

Characterization of finite p-groups
by the order of their Schur

multiplier

In 1956, Green gave an upper bound p%"(n_l) on the order of the Schur multi-

plier M(G) for non-abelian p-groups G of order p™ (see Theorem 1.2.10). So,

for a group G of order p™, there is an integer t(G) > 0 such that | M(G)| =
p2(=D=HG) - This integer t(G), introduced in [11], is called corank of G. In
2009, Niroomand improved Green’s bound by proving that | M(G)| < p2(th=2)n—k=1)+1
for non-abelian p-groups G of order p™ with |G'| = p* (see Theorem 1.2.11).

In this chapter we classify non-abelian finite p-groups G for which t(G) =
log,(|G|) + 1. We also study non-abelian p-groups G of order p" such that
|M(G)| = p2nth=2 k=D yhere |G = p*.

27
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2.1 Overview

It is an interesting problem to determine the structure of all non-abelian p-
groups G by the order of their Schur multiplier M(G), i.e., when #(G) is known.
Several authors have studied this problem for various values of ¢(G).

First Berkovich [1] and Zhou [50] classified all groups G for ¢(G) = 0,1,2.
Ellis [9] also classified groups G for ¢(G) = 0,1, 2, 3 by a different method. After
that several authors have classified the groups G of order p™ for t(G) = 4,5,6 in
[34, 35, 26].

Later Niroomand improved the Green’s bound and showed that for non
abelian p-groups G of order p”, | M(G)| = p2(=D=2+1=5(%) for some s(G) > 0,
see Theorem 1.2.11. This integer s(G) is called generalized corank of G as
defined in [38]. The structure of non-abelian p-groups G for s(G) = 0,1,2
has been determined in [36, 37|, which is the same as to classify group G for
t(G) = log,(|G|) — 2,log,(|G|) — 1,log,(|G|) respectively.

The following result gives the classification of G for s(G) = 1.

Theorem 2.1.1 (Theorem 21 of [36]) Let G be a p-group of order p™. Then

t(G) = log,(|G|) =1 if and only if G is isomorphic to one of the following groups.
(i) G=Zp x 282,
(ii) G = Dg x 7",
(iii) G=Z8 %7, (p #2).
The following result gives the classification of G for s(G) = 2.

Theorem 2.1.2 (Theorem 11 of [37]) Let G be a group of order p™. Then

t(G) =log,(|G|) if and only if G is isomorphic to one of the following groups.

(i) E(2) x Z;"~""7,
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(ii) ES,(p*) x 25",
(iii) Qs x 29"
(iv) BS@™") x 2" (m > 2),
(v) {a,b|a*=b*=1,[a,b,a] = [a,b,b] = 1,[a,b] = a®b?),
(vi) {a,b,c|a? =0b*=c* =1,abc = bca = cab),
(vii) {a,b| a? =t =1,[a,b,a] = [a,b,b] = 1),
(viii) Z, x (24 X L) (p # 2),
(iz) {a,b|a®=b%=1,la,b,al =1,a,b,b =a" [a, bbb =1),
(x) {a,b|a? =1,b" =1,]a,b,a| = |a,b,b,a] = [a,b,b,b] =1) (p # 3),

where E(2) denotes a central product of an extra special p-group of order p*™*!

and a cyclic group of order p?.

The following result follows from [26].

Theorem 2.1.3 (Theorem A of [26]) Let G be a group of order p®, p odd.
Then t(G) = 6 if and only if G is isomorphic to ®5(2111)c, ®9(2111)d, P3(1°) or

o(19).

2.2 Groups G with t(G) = log,(|G|) + 1

In this section we characterize all non-abelian finite p-groups G for which ¢(G) =
log,(|G|) + 1, which is same as classifying G for s(G) = 3, ie., |[M(G)| =
pén(”_g)_l. We start with the following lemma which establishes the result for

groups of order p" for n < 5.
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Lemma 2.2.1 Let G be a non-abelian p-group of order p™ (n < 5) with t(G) =
log,(|G]) + 1. Then for an odd prime p, G is isomorphic to ®5(22), ®3(211)a,
D3(211)b,, D2(2111)c, Po(2111)d, @3(1°) or ®7(1°), and for p = 2, G is isomor-
phic to Zgl) X Ly, G1 X Ly, Go, Dig or Zy X Ly, where Gy = {(a,b,c | a* = b* =
= 1,la,c] =b,[a,b] = [b,c] =1) and Gy = (a,b,c | a* = b* = % = 1,[a,b] =
1,[a,c] = a? [b,c] = 1?).

Proof. Let G be a finite p-group with ¢(G) = log,(|G|) +1. Observe that there is
no group G of order p? satisfying this property. If G is of order p*, then by Theo-
rem 1.4.1 and Remark 1.4.2, G = $5(22), ®3(211)a or $3(211)b,.. If G is of order
p°, then it follows from Theorem 2.1.3 that G = ®5(2111)c, Po(2111)d, P3(1°)
or ®;(1°). For p = 2, a simple computation with HAP [12]| package of GAP [14]

establishes the result. O

Lemma 2.2.2 There is no non-abelian p-group G of order p" (n > 6) with

|G| > p* and t(G) = log,(|G]) + 1.

Proof. By Theorem 1.2.11, it follows that, for |G'| > p?,

IM(G)| < phmH=2—4=D+1 _ pin(n=3)-1

which is a contradiction for n > 6. O

Lemma 2.2.3 Let G be a non-abelian p-group of order p™ (n > 6) with t(G) <

log,(|G|) + 1. Then G* is an elementary abelian p-group.

Proof. Let |G'| = p*. Suppose that G® is not elementary abelian and G :=
G/7Z(G) is a d-generator group. Then § < (n — k — 1) and | M(G®)| <

p%("—k’—l)("_k_z) by Lemma 1.2.12. Note that

Y2(G)
13(G)

13(G)
71(G)

®G® ® G| |7e(G) ® G|
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D - VC(G)) ® Gab S pk5

Now consider the homomorphism 15 defined in Section 1.2.2. Let {¢71, 92, ..., ¥s}
be a generating set of G such that [y, 1] is non-trivial element of 75(G) /v3(G).
Then ¥o(y1 ® y2 @ yx),3 < k < & gives 0 — 2 linearly independent elements in

% ®G®. Hence |Im(1)5)] > p°~2. Now it follows from Proposition 1.2.14 that

IM(G)| < p%(”*kfl)(nfkfz)ﬂkfl)af(kfg)7

which gives | M(G)| < p2n(m=3)—s(**=k)=nt4 o contradiction for n > 6. O

Lemma 2.2.4 Let G be a non-abelian p-group of order p™ (n > 6) and |G'| =
p,p* or p* with t(G) <log,(|G|) + 1. Then Z(G) is of exponent at most p*, p or
p respectively.
Proof. Suppose that |G| = p. Let the exponent of Z(G) be p* (k > 3) and K
be a cyclic central subgroup of order p*.

If |G"N K| = p, then G’ < K, and therefore by Lemma 2.2.3, G/K is

elementary abelian and, using Theorem 1.2.6, we have the following;:
[M(G)| < p ' [ M(G/E)[[(G/K)* @ K| < p~pzHn=hp(n=h) < pan-hin=a),

which gives a contradiction on the order of M(G). If G'N K = 1, then G/K is

non-abelian. Now using Theorem 1.2.6 and Theorem 1.2.11, we have

=

IM(G)] < IM(G/E)(G/E)" @ K| < p2lnh Doty

p%n(n—3)—1—2(n—4)7

IN

which gives a contradiction on the order of M(G).

Now suppose that |G| = p>. By Lemma 2.2.3, G/G’ is elementary abelian.
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Observe that G’ can not be cyclic, otherwise if G’ = (t) and [z, y] = t for some
z,y € G, then the subgroup H = (x,y, G’) is of order p* with H' = Z,2, which is
not possible, see the classification of groups of order p* in Section 1.1.2. Hence
G' = 7, x Z,. Let the exponent of Z(G) be p* (k > 2) and K be a cyclic central

subgroup of order p*.

If |G" N K| = p, then G/K is non-abelian and, using Theorem 1.2.6 and

Theorem 1.2.11, we have the following

IM(@)] < p ' IM(G/K)|[(G/K)" @ K| < plp2in kb k2t

< p%n(nfB)f(nf?;)

Y

which gives a contradiction. If G’ N K = 1, then using Theorem 1.2.6 and

Theorem 1.2.11, we have
’ M(G)‘ S ‘ M<G/K)H(G/K)ab®K| S p%(n—k)(n—k—3)+lp(n—k—2) S p%n(n—S)—(n—Q)’
which is a contradiction.

Similarly for |G’| = p3, we observe that G’ can not be cyclic. Let the exponent
of Z(G) be p* (k > 2) and K be a cyclic central subgroup of order p*. So either

|IG'NK|=p*por 1.
If |G’ N K| = p?, then by Theorem 1.2.6 and Theorem 1.2.11, we have

IM(G)] < p | M(G/K)||(G/K)" @ K| < palr ik )

< p%n(nf?)) —(n—2) ,

which gives a contradiction. If |G’NK| = p, then by Theorem 1.2.6 and Theorem
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1.2.11, we have the following

IM(G)] < p™ |M(G/E)||(G/K)" @ K| < palrHmhspnmi)

%n(n—S)—(n—l)’

IN

p

which is a contradiction. Finally if G’ " K = 1, then by Theorem 1.2.6 and

Theorem 1.2.11, we have the following

IM(G)| < [M(G/K)||(G/K)* @ K| < p2nktDn=h=t)p(n-k=2)
< p%n(n—?))—(n—‘rl)

9

which again gives a contradiction, and the proof is complete. O

2.2.1 Groups G of order p", n > 6, with |G'| = p, p?
First we consider the groups G such that |G'| = p.

Lemma 2.2.5 There is no non-abelian p-group G of order p™ with |G'| = p and
t(G) = log,(|G]) + 1.

Proof. Note that G’ is a central subgroup of G. By Theorem 1.2.5, we have
IM(G/G")| < |[M(G)||G'|. By Lemma 2.2.3, it follows that G/G’ is an ele-
mentary abelian p-group. Hence by Theorem 1.2.2, | M(G/G")| = pz(n—D(n=2),
Therefore | M(G)| > p2(=D(=2=1 — 13n(n=3) which is a contradiction. O

Now we consider groups G such that |G| = p?.

Lemma 2.2.6 Let G be a p-group of order p" (n > 6) with |G'| = p* and
t(G) <log,(|G|)+1. If K is a cyclic subgroup of order p in G'NZ(G), then G/ K
is isomorphic to one of the following groups: ES(p3) x ZI()"%), E(2) x Zz(jnfszza%
ES(p*™ 1) x 202 (m > 2), Dy x Z(zn_4),Q8 X Zé”“‘), where E(2) denotes

a central product of ES(p*™ ) and Z,.
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Proof. Suppose that G is a p-group of order p" with |G’| = p?. Consider a
cyclic central subgroup K of order p in G’ N Z(G). Then by Theorem 1.2.6 and

Theorem 1.2.11, we have
[M(G)| < [M(G/K)[p"=* < pan=2n=d1pn=s — pan(r=3)+1

Now Theorem 1.2.11, Theorem 2.1.1 and Theorem 2.1.2 provide the structure

of G/K, which is precisely as per our assertion. O

Proposition 2.2.7 There is no non-abelian p-group G of order p" (n > 6) with

|G| = p*, | Z(G)| = p and 1(G) < log,(|G]) + 1.

Proof. By Lemma 2.2.3, G/G’ is an elementary abelian group of order p™ 2.
Thus G is an (n—2)-generator group. We can choose generators z, y, 81, 52, - - -, Bn_4
of G such that [z,y] = z ¢ Z(G).

If [z, z] is non-trivial in Z(G), then Y3(zr @ y® 2z ® ;) fori =1,...,n —4
gives n — 4 linearly independent elements of 13(G) ® G®. By symmetry, if [z, y]
is non-trivial in Z(G), then we have a similar conclusion. So |Im(z3)| > p"~2.

Note that |Im(z;)] > p"~*. So by Proposition 1.2.14, we have
PP M(G)[[Tm () | Tm(yiz)] < 020 9p2=2),

It follows that | M(G)| < p2™™=3=+5 which is not possible for n > 7.

On the other hand if [z, x] = [z,y] = 1, then [z, k] is non-trivial in Z(G) for
some [ and ¥3(z @y ® By @ 5;)(i # k) give n — 5 linearly independent elements
of v3(G) ® G®. Hence |Im(z3)| > p"5. Note that [Im(¢)5)| > p"~*. So by

Proposition 1.2.14 we have

P2 M(G)|| Tm(¢hs)[] Tm(13)| < pz (=23 p2n=2)
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It follows that | M(G)| < pa"(=3)=nt6 which is not possible for n > 8.
Now if either ¥3(z ® y ® fr @ x) or Y3(x ® y ® y ® fx) is non-trivial then

[Im(¢3)| > p"~* and
P2 M(G)|| Tm (1) || Tm(ehs)| < p3r=2)n=8)p2(n—2).

It follows that | M(G)| < pa"(=3)=nF5 which is not possible for n > 7. Otherwise
suppose ¥3(T @Y ® [, ® 1) = Y3(r QYR y® Fi) = 1, then [z,y, Bi] = [Br, z,y] =
[y, Bk, x] and p = 3. By HAP [12] of GAP [14] there is no group G of order 37
with |G'| = 3% |Z(G)| = 3 and | M(G)| = 3.

For |G| = p® (p # 2), by [27] it follows that G belongs to the isoclinism
class ®gy. In this case | Im(ts)| > p? and | Im(vp3)| > p3. Hence it follows from
Proposition 1.2.14 that | M(G)| < p”, which is not our case.

For p = 2, that there is no group G of order 2% which satisfies the given
hypothesis, follows from computation with HAP [12] of GAP [14]. O

Lemma 2.2.8 Let G be a non-abelian p-group of order p"™ (n > 6) with t(G) =
log,(|G|) + 1 and |G'| = p*. If there exists a central subgroup K of order p such
that KNG' =1, then G/K s isomorphic to either Z,(,4) X Zy, or (Z;(;l) X L) X Ly

and p is odd.

Proof. By Theorem 1.2.6 and Theorem 1.2.11, we have
|M(G)| < ‘ M(G/K) |p(n73) < p%(nfl)(nf4)+1+n73 _ p%n(nfii)_

Since | M(G)| = p2"™=31 g0 | M(G/K)| is either p2z(=D(n=H+1 op pa(n=1)(n—4)
Note that |G/K| > p° with (G/K)" = p*. Now by Theorem 2.1.1, we have
|IM(G/K)| = ps=D=D+1 if and only if G/K = 7" x Z, (p # 2). By Theorem
2.1.2, IM(G/K)| = p2=D0=1 if and only if G/K = (Z\" x Z,) x Z, (p # 2).
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U

Proposition 2.2.9 There is no non-abelian p-group of order p” with G' =

2(G) = Zy X Zy and t(G) = log,(|G]) + 1.

Proof. Note that if Z*(G) contains any central subgroup Z of G, then using
Theorem 1.2.9 in Theorem 1.2.8 we have | M(G)| = % Since |G/Z] is of
order p® or p® so | M(G)| < p'?, which is not our case. So we have Z*(G) = 1,
i.e, G is capable.

First we consider groups G of order p” of exponent p? for odd p. Note that
G/G'" is elementary abelian of order p® by Lemma 2.2.3. So we take generating
sets {B1, B2, B3, Ba, 5} of G and {n,~} of G'. It then follows that either |G?| = p
or G? = G'. We claim that |X| > p® (where X, X}, X, are defined in Section
1.2.1).

Let |GP| = p. Without loss of generality assume that 7 is p-th power of
some [y, say (1 and [5;, ;] ¢ (n) for some 7,5 and, all B;’s (kK > 1) are of
order p. Then (5; ® BY,i € {1,2,3,4,5}) is a subspace of X, and (o(fr ®
Bi ® B), k € {1,2,3,4,5},k # i,7) is a subspace of X;. For G? = G, without
loss of generality, assume that 7, are p-th power of some fy,, Bk,, say f1 and
Ba respectively and all other §;’s are of order p. Then (5; ® 57,5, ® 5,1 €
{1,3,4,5},7 € {2,3,4,5}) is a subspace of Xj.

Hence we observe that for non-abelian group G of order p” and of exponent
p?, |X| > p® and, by Theorem 1.2.13, | M(G)| < p'3, a contradiction.

Now consider groups G of order p” and of exponent p. Here G is a special
p-group of rank 2, ie., G’ = Z(G) = ®(G) = Z, X Z,, where ®(G) denotes
Frattini subgroup of G. By [23] it follows that there is only one capable special

p-group G of rank 2 upto isomorphism which is the following:

G = <ZC1, cr,T5,C1,C2 ‘ [$27$1] = [:Cf)ux?)] = C1, [:C?nxl] = [:C5,l‘4] == CQ>-
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By Theorem 1.2.13 we have | M(G)| = p” as |X| = |X;| = p° which is not our
case. g

The following result weaves the next thread in the proof of main theorem.

Theorem 2.2.10 Let G be a non-abelian p-group of order p™ (n > 6) with
|G| = p?, |Z(G)| > p* and t(G) = log,(|G|) + 1. Then G is isomorphic to

D15(19), ®13(19), @15(1°) or (Zgl) X Zp) X Zf). Moreover, p is always odd.

Proof. By Lemma 2.2.4, Z(G) is of exponent p. We consider two cases here.
Case 1: Let G' = Z(G) = Z, xZ, = (z) x (w). The isomorphism type of G/K is
as in Lemma 2.2.6. It follows from these structures that there are n—2 generators
{z,y,;, 1 <i <n—4} of G such that [z,y] € (z) and [y, ] € (w), for some k.
Hence o (z®@y®a;),i=1,2,...,n—4 and Yo(, Q2 R0;), 7 = 1,2,...,n—4,j #
k gives (2n — 9) linearly independent elements in G’ ® G/G’, which implies
| X| > p>9. Now by Theorem 1.2.13, we have | M(G)| < p2"(=3)=+6 which is
possible only when n < 7. Thus it only remains to consider groups of order p°
and p”.

For groups of order p’, the result follows from Proposition 2.2.9.

Now consider groups of order p® for odd p. Then G belongs to the isoclinism
classes @19, P13 or P15 (see Table 4.1 of [27] for details on the structure of these
groups). If G is of exponent p?; then it is easy to see that | X| > p® and | M(G)| <
p” by Theorem 1.2.13. For ®5(15), ®3(1%), ®15(1°), we have | X| = | X;| = p*
and using Theorem 1.2.13 we see that all of these groups have Schur multiplier
of order p8.

A simple GAP check shows that there is no such group for p = 2.

Case 2: Consider the complement of Case 1. In these cases we can choose
a central subgroup K of order p such that K "G’ = 1. Then by Lemma
2.2.8, it follows that G/K = Z§" x Z, or (fo) X Zp,) X Z,. Hence either G

is of order p® with | M(G)| = p® or G is of order p” with | M(G)| = p'*. Here
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|Z(G)/K| = |Z(G/K)|. Since G/K and G/G" are of exponent p, so for g € G,
g? € KNG =1, which implies that G is of exponent p. Then it easily follows
that G is isomorphic to (Zgl) X L) X Ly, or (Zgl) X L) X A (p # 2). Now the

consideration of order M(G) shows that G = (Zgl) X Zy) % z®? (p #2). O

2.2.2 Groups G of order p*, n > 6 with |G'| = p

Finally we consider groups G such that |G'| = p>.

Lemma 2.2.11 Let G be a non-abelian p-group of order p™ with t(G) = log,(|G|)+
1 and |G'| = p*. Then for any subgroup K C Z(G) NG of order p, G/K =

Zgl) X Z, (p # 2). In particular, |G| = p®.

Proof. Consider p odd. By Lemma 2.2.3, G/G’ is elementary abelian and, by

Theorem 1.2.6 and Theorem 1.2.11, we have
|M(G)| < p71| M(G/K)HG/G/ ® K‘ < p%(nfl)(n74)+(nf3) _ p%n(n73)71’

which implies |M(G)| = pz(D=9+1  Now using Theorem 2.1.1, we get
G/K =27\ %7,

For p =2, |IM(G)| < p2™(=3)=1 which is not our case. O

Lemma 2.2.12 There is no non-abelian finite p-group G with |G'| = p*, | Z(G)| =
p and t(G) = log,(|G]) + 1.

Proof. By the preceding lemma we have, G/ Z(G) = 7% Z, = ®4(1°) and
|G| = pb. Now it follows that (see Table 4.1 of [27] for details) G belongs to one of
the isoclinism classes @31, P39, P33. Observe that for these groups | Im(ys)| > p
and |Im(t3)| > p. Now using Proposition 1.2.14 we get | M(G)| < p”, which is

not our case. O
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Theorem 2.2.13 Let G be a non-abelian p-group of order p™ with |G'| = p?
and t(G) =log,(|G|) + 1. Then G = ®41(1°).

Proof. We claim that Z(G) C G’. Contrarily assume that Z(G) € G’. Then
there is a central subgroup K of order p such that G'N K = 1. Now by Theorem

1.2.6 and Theorem 1.2.11 we have
| M(G)l S | M(G/K)HG/G/K| S p%n(n—5)+l+(n—4) — p%n(n—S)—S,

which is a contradiction. Hence Z(G) C G.

Note that |Z(G)| > p? by preceding lemma. We can now choose two dis-
tinct central subgroups K; (i = 1,2) of order p. Then by Lemma 2.2.11 we
have G/K; = Z,(f) X Z, (i = 1,2), which are of exponent p. So G is of ex-
ponent p. Hence from [27] it follows that G is isomorphic to one of the fol-
lowing groups of order p® and of exponent p with |Z(G)| > p?, |G| = p*:
g (16), Dg(15), @1 (18), @11(1°), P16(19), P17(16), @15 (1°), D19(16), Doy(1°), Doy (19).

For the groups G = ®4(1°%), ®y(1°), ®14(1°%), by a routine check we can show
that | M(G)| < p°® using Theorem 1.2.3.

Now consider the group G = ®;;(1°%). Then G is of nilpotency class two with
G /G elementary abelian. Hence by Theorem 1.2.13, it follows that ®4;(1%) has
Schur multiplier of order p® as | X| = |X;| = p.

For other groups G, observe that |Im(ts)| > p, | Im(¢3)] > p and hence it

follows from Proposition 1.2.14 that | M(G)| < p". 0O

2.2.3 Main result

Our main theorem is the following:

Theorem 2.2.14 ([18]) Let G be a finite non-abelian p-group of order p™ with

t(G) = log,(|G|) + 1. Then for odd prime p, G is isomorphic to one of the
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following groups:

i) P2(22) = (o, aq, 09 | |1, :ozp:ozg,apQ:ap:l ,
1 2

(11) ®3(211)a = (o, a1, an, a3 | [ag, a] = ag, [, a] = aP = ag,agp) =ab =af =1),
(iii) ®3(211)b, = (v, aq, a0, 3 | [a1, 0] = o, [ag,a] = o = ag,agp) = aob =
o = 1),

(v) Do(2111)d = ES,(p?) x Zyz,

(vi) ®3(1°) = ®3(1%) x Z,, where P3(1*) = (o, a1, g, a3 | [y, 0] = ajy1,af =
=1

ol = (i=1,2)),

(1}22) (D7(15> = <Oé,0l1,062,0(3,6 ‘ [Oéha] = (y1, [abﬁ] - 043,0417 = agp) = Oéf+1 =

pr=1(=1,2)),

(viii) ©11(1%) = (a1, B1, g, B2, a3, B3 | a1, ] = Bs, [, 3] = bi, [as, o] =

ﬁ27az(p) = 55 = 1(Z = 17273»:
(iz) P12(1°) = ES,(p°) x ES,(p°),

(x) P13(1%) = (a1, a0, a3, 04, B1, B2 | [, ai1] = By, [an, qu] = P, o = of =

ay = fy = 1(i = 1,2)),

(xi) q)15(16) = (a1, a9, 03,04, 81, B2 | [, 1] = By, (g, cu] = B, [, a4 =

(wii) (Z8" % Z,) x 3.

Moreover for p =2, G is isomorphic to one of the following groups:

(ziii) 78 % Z,
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(ziv) Gy XZy, where Gy = {(a,b,c| a* =b*=c® =1,[a,c] = b, [a,b] = [b,c] = 1),
(wv) Gy = (a,b,c|a* =b*=c*=1,[a,b] = 1,]a,c] = da® [b,c] = b?),
($U'l) Z4 X Z4,

(zvii) Diyg, the Dihedral group of order 16.

Proof. Let G be a non-abelian finite p-group of order p" with ¢(G) = log,(|G|) +
1. For n < 5, result follows from Lemma 2.2.1. Now consider n > 6. By Lemma
2.2.5, there is no group G with |G'| = p. If G’ is of order p?, then the result
follows from Proposition 2.2.7 and Theorem 2.2.10. If G’ is of order p?, then the

result follows from Theorem 2.2.13. O

2.3 Finite p-groups having Schur multiplier of max-

Imum order

In this section we study non-abelian finite p-groups G of order p™ such that

| M(G)| attains Niroomand’s bound, i.e., | M(G)| = p2th=2(—k-D+L where
|G’| = p*. For our convenience, instead of writing | M(G)| = p2(nth—2)(n—k=1)+1
we shall write | M(G)| attains the bound, throughout this section.

In the following result, Rai classified finite p-groups G of class 2 such that

| M(G)| attains the bound.

Theorem 2.3.1 (Theorem 1.1 of [40]) Let G be a finite p-group of order p™
and nilpotency class 2 with |G') = pF. Then | M(G)| = pz(th=2(n—k=D+1 4 4 g

only if G is one of the following groups.

(i) Gy = ES,(p?) x 75 for an odd prime p.




42 §2.3. Finite p-groups having Schur multiplier of maximum order

(22) Gy = <Oé,0417042,51,52 ’ [Oéz‘,Ol] = B, [CYhOQ] =1,a? = Oéf = Bf = 1@ = 172)>,

for an odd prime p.

(z'z'z') Gz = <0417517042,52,043>53 \ [041,042} = [, [042,043] = b, [043>041} = 52704? =

Br =1(: =1,2,3)), for an odd prime p.

We continue this line of investigation and look into the classification of arbitrary
finite p-groups attaining this bound. Surprisingly, it turns out that for p # 3
there is no finite p-group G of nilpotency class ¢ > 3 such that | M(G)| attains
the bound. Hence for p-groups G of class > 3 and p # 3 we improve the bound,
and in this case | M(G)| < pz(Hh=2—k=1) where |G| = pk.

One can ask what happens for p = 37 Is there any group G for p = 3
such that | M(G)| attains the bound? We construct an example in the proof of
Lemma 2.3.7, which gives the answer of this question affirmatively.

So the natural question which arises here is the following:

Question: Does there exist finite p-groups of arbitrary nilpotency class for
which the improved bound is attained?

The answer to this question is yes for p-groups of nilpotency class 3 and 4;
see Section 2.3.1, Example 1 and Example 2.

Now we state some results which will be used to prove Theorem 2.3.8. The

following result is a consequence of Theorem 2.2.14.

Theorem 2.3.2 There is no group G of order p™ and of class ¢ > 3 such that

The following result immediately follows from Theorem 2.1.1.

Theorem 2.3.3 There is no group G of order p™ and of class ¢ > 3 such that
|M(G)| _ p%n(n—l)—(n—l).
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Lemma 2.3.4 Let G be a non-abelian p-group of order p™ with |G| = p* and
| M(G)| attains the bound. Then the following hold:

(i) G is an elementary abelian p-group.
(1i) Z(G) is an elementary abelian p-group.
(iii) Z(G) C G' (except G = ES,(p*) x Z"™).
Proof. (i) Let K be a central subgroup of order p such that K C G’. Now

|G/K| =p" ! and |(G/K)'| = p*~!. By Theorem 1.2.11 we get

IM(G/K)| < p%(n—1+k—1—2)(n—1—k+1—1)+1 _ p%(n+k—4)(n—k—1)+1‘

By Theorem 1.2.6, | M(G)|p < | M(G/K)||G* @ K|. Hence we have

|M(G)| < p%(n+k—4)(n—kz—1)+1p(n—k—1) _ p%(n+k—2)(n—kz—1)+1'

Thus |M(G/K)| = pith=90-k-D+1 ang G/G" = 70", Tt follows that
| M(G/K)| attains the bound and G/G’ is an elementary abelian p-group.

(73) Suppose that the exponent of Z(G) > p. Consider a cyclic central sub-
group K of order p?. Either K C G', KNG' =1or KNG =7Z,.

For the first case K C G/, |G/K| = p" 2 and |(G/K)'| = p*¥~2. Hence by

Theorem 1.2.11, we have

|M(G/K)\ < p%(n72+k7272)(n727k+271)+1 _ p%(n+kf6)(nfk71)+1'

Therefore, by Theorem 1.2.6, we have

|M(G)| < p2(nth=0—k=D)F1n—k=2) _ ;5 (n+k=2)(n—k=1)+1-(n—k)

Y

which is a contradiction.
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For the second case KNG’ =1, |G/K| = p"? and |(G/K)'| = p*. Therefore

from Theorem 1.2.6 and Theorem 1.2.11, we have

|M(G)| < p%(n+k74)(nfk73)+1p(nfk72) _ p%(n+k72)(n7k71)+17(n+k73)

)

which is a contradiction.
For the last case K NG’ = Z,, |G/K| = p"2 and |(G/K)'| = p*~!. Hence

by Theorem 1.2.6 and Theorem 1.2.11, we have

IM(G)| < p%(n+k—5)(n—k—2)p(n—k—l) — p%(n+k—2)(n—k—1)+1—(n_2)’

which is a contradiction.
(¢ii) Suppose Z(G) € G', consider a central subgroup K of order p such that
KNG =1. Since |G/K|=p* ! and |(G/K)'| = p*. So by Theorem 1.2.11,

|M(G/K)| < palmth-)n-h=2+1
Hence by Theorem 1.2.6, we have

|IM(G)| < (=) (k=2 + 1 (n—k=1) _ 5 (nth=2)(n—k—1)+1—(h=1)

which is a contradiction for £ > 1. For k = 1, it follows from Theorem 1.2.11

that | M(G)| attains the bound if and only if G = ES,(p?) x z5?. O

Lemma 2.3.5 If G is a p-group of order p™ such that | M(G)| attains the bound,

then for every central subgroup K of order p, | M(G/K)| also attains the bound.

Proof. Let K be a cyclic central subgroup of order p. By Lemma 2.3.4(iii),

K C G@'. Now the result follows from the proof of Lemma 2.3.4(i). O
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Lemma 2.3.6 There is no group G of order p™ (n > 4) having mazimal nilpo-

tency class such that | M(G)| attains the bound.

Proof. First we prove that | M(G)| < p"~2 for p-groups G of maximal class. We
use induction argument on n to prove this.

Let n = 4. Then for p = 2, using HAP[12] of GAP|[14] and for odd p, by
Theorem 1.4.1, it follows that | M(G)| < p? = p" 2.

Now consider the groups G of order p™ (n > 4) of maximal class. Note that
G/ Z(G) is also of maximal class. So by induction hypothesis | M(G/Z(G))| <

p"~3. Hence it follows from Theorem 1.2.6 that
| M(G)[p < IM(G/ Z(G))[|G®| < p™ .

Hence |M(G)| < p" 2 Now if | M(G)]| attains the bound for p-groups G of

n+n—2—2)(n—n+2-1)

maximal class, then | M(G)| = p2( +1 = pn~1 which is a contra-

diction.

O
In view of Lemma 2.3.5 we observe that it is sufficient to consider groups G/K
such that | M(G/K)| attains the bound for every central subgroup K of order p.
This observation is going to be key ingredient in the proof of the main theorem.
The following lemma refutes the existence of finite p-groups G such that G/K

is of nilpotency class 2 and | M(G)| attains the bound.

Lemma 2.3.7 There is no non-abelian p-group G of order p"™, p # 3, having
nilpotency class > 3 such that G/K is of nilpotency class 2 for some central
subgroup K of order p and |M(G)| attains the bound. For p = 3, there is a

group G such that | M(G)| attains the bound.

Proof. Suppose that G is a group of order p™ and |G’| = p* such that | M(G)|

attains the bound. Let G/K be of class 2 for a central subgroup K of order p.
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By Lemma 2.3.5, | M(G/K)| also attains the bound. Hence by Theorem 2.3.1,
it follows that G/K is isomorphic to Gy, G2 or G3. Now we consider the cases
depending on the structure of G/K.

IfG/K ~ Gy = ES,(pP)xZY™  then k = 2 and | M(G)| = p2(nth—2)(n—k-1)+1
= p2"(=D=(=1) which contradicts Theorem 2.3.3. If G/K = G, then k = 3
and | M(G)| = p® = p266-1D-6+1 which contradicts Theorem 2.3.2.

If G/K = Gy = (a1, b1, az, Ba, a3, 83 | [, aa] = B3, [a, 3] = B, [z, cu] =
Bo,af =P =1 (i =1,2,3)), then k = 4 and | M(G)| = p2(mHh=2(n=k=1+1 _ 10,
Observe that if | Im(¢3)| > p, then by Proposition 1.2.14, we have | M(G)| < p?,
which is a contradiction.

Suppose [§;, @ ] is non-trivial in v3(G) for some j € {1,2,3}. Without loss
of generality assume that ¢ = 1. Now if j = 2 or 3, then ¢3(as ® a3 ® a; ® )
is non-trivial element. Hence, |Im(¢3)| > p, which is not possible. If i = 2
and 7 = 1 or 3, then also |Im(3)| > p, as described above. We have similar
conclusion if i =3 and 7 =1 or 2.

Therefore, we consider the case [5;, ;] € 73(G) is non-trivial and [5;, o] =1
fori,5 € {1,2,3},i # j. Now let | Z(G)| > p. Without loss of generality assume
that 8y = [ag, 1] € Z(G) and there is a non-trivial element [5;, 1] € v3(G).
Then 3(ag ® a3 ® a; ® ag) is non-trivial element. So |Im(v3)| > p, which is
not possible. The remaining case is Z(G) = (y) = Z,. Suppose Im(¢3) = {1}.

Then 93(a; @ an ® a3 ® aq) = Y3z @ a1 @ ay ® az) = 1 imply that

([ovz, Ba] (B3, as]) @ @y = ([Ba, val[evt, Bi]) ® v = 1,

which forces to have [83, as] = [B2, aa] = [f1, 1] and by Hall-Witt identity we

have p = 3. Using these relations we construct a group

G = (o, Bi,7 | [on, o] = Bs, [, as] = By, [as, a1] = Bo,
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(B3, as] = [Ba, 0] = [Br, ] =v,0) =8} =+ =1, 1<i < 3),

which is of order 37. Using HAP of GAP we see that | M(G)| = p2(nth—2n—k-D+1 —
P, g

We finally prove the main result, which is the following.

Theorem 2.3.8 ([19]) There is no non-abelian p-group G of order p", p # 3,
having nilpotency class ¢ > 3 with |G| = p* and | M(G)| = p2(th-2n—k=1)+1
In particular, | M(G)| < p2(tE=2)(n=k=1) fo00) groups G of nilpotency class ¢ > 3
and p # 3.

Proof. First we prove that there is no group G of order p"™, p # 3 of class ¢ = 3
such that | M(G)| attains the bound. For a central subgroup K of order p in G,
G/K is of class 2 or 3. If G/K is of class 2, then the result follows from Lemma
2.3.7. Now if G/K is of nilpotency class 3, for every central subgroup K of
order p, then we use induction on n to prove that there is no such G such that
| M(G)| attains the bound. For n = 5, G/K is of maximal class, so our result
for n = 5 follows from Lemma 2.3.6 and Lemma 2.3.5. Let GG be a group of class
3 and n > 5. If there is a central subgroup of G/K of order p such that the
factor group is of class 2, then the result follows from Lemma 2.3.7 and Lemma
2.3.5. Hence consider that for every central subgroup H/K of G/K of order p,
the factor group of G/K by H/K is of class 3 again. Since |G/K| = p"~!, by
induction hypothesis on n there is no such G/K such that | M(G/K)| attains
the bound. Hence by Lemma 2.3.5, result follows for class ¢ = 3.

We have proved our result for ¢ = 3. Now we use induction argument to
complete the proof for ¢ > 3. Let G be a p-group of order p™ and of class ¢ > 3.
If nilpotency class of G/K is smaller than ¢, then by induction hypothesis on c,
there is no G/ K such that | M(G/K)| attains the bound. Hence the result follows

by Lemma 2.3.5. If nilpotency class of G/K is ¢ for every central subgroup K
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of order p, then we use induction on n to prove our result. For n =c+2, G/K
is of maximal class. So our result is true for n = ¢ + 2, by Lemma 2.3.6 and
Lemma 2.3.5. Let G be a p-group of order p" of class ¢ with n > ¢+ 2. If there
is a central subgroup of G/K of order p such that the factor group is of class
smaller than ¢ then the result follows by induction on ¢ and by Lemma 2.3.5.
So for every central subgroup of G/K of order p, the factor group of G/K is
of class ¢ again. As |G/K| = p"!, by induction hypothesis on n there is no
such G/K such that | M(G/K)| attains the bound. Hence our result follows by

Lemma 2.3.5. This completes the proof. O

2.3.1 Examples

We conclude by providing some examples of groups G of order p"* with |G’| = p*

such that | M(G)| = p2th=2(=k=1) o | M(G)| attains the improved bound.

Example 1: Consider the group from [27]
G = (v, q; | [a,a1] = ag, [ag, o] = ag, [az,q] = ay, 0 =af =1, 1 <i < 4).

This is group of order p® with |G’| = p?. The nilpotency class of G is 3. For
p=>5,7,11,13,17 , using HAP of GAP we obtain

M(G) = Z, X Ly, X Z,.

Note that | M(G)| = p2+3-26-3-1) — 13 je | M(G)| attains the improved

bound.

Example 2: Consider the group from [27]

G = {a,q;, a4 | [, 0] = jyq, 0P = a&p) = agﬁ)l =1,1<i<3).
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This is group of order p° with |G’| = p®. The nilpotency class of G is 4. For
p=>5,7,11,13,17 using HAP of GAP we obtain

M(G) 2 Z, x Z, X Z,.

Note that | M(G)| = p2+3-26-3-1) — 13 je | M(G)| attains the improved

bound.
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CHAPTER

The Schur multiplier of central

product of groups

Let G be a central product of two groups H and K. In this chapter we study
second cohomology group of G, having coefficients in a divisible abelian group
D with trivial G-action, in terms of the second cohomology groups of certain

quotients of H and K.

3.1 Motivation

We start with the definitions of internal and external central product of groups.
A group G is said to be an internal central product of its two normal subgroups
H and K amalgamating A if G = HK with A= HN K and [H, K] = 1. Let
H, K be two groups with isomorphic subgroups A < Z(H), B < Z(K) under
an isomorphism ¢ : A — B. Consider the normal subgroup U = {(a, ¢(a)™') |
a € A}. Then the group G := (H x K)/U is called the ezternal central product
of H and K amalgamating A and B via ¢. The external central product G can

be viewed as an internal central product of the images of H x 1 and 1 x K in

51
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(. For this reason, we do not differentiate between external and internal central

products, and consider only internal ones in this chapter.

Let a finite group G be the direct product of two groups H and K. Then
the formulation of the Schur multiplier of G in terms of the Schur multipliers of
H and K was given by Schur himself, see Theorem 1.2.3. Such a formulation,
when G is a semi-direct product of groups H and K, was given by Tahara, see

Theorem 1.2.4.

Let G be a internal central product of H and K. Here we study H*(G, D),
in terms of the second cohomology groups of certain quotients of H and K with
coefficients in D, where D is regarded as a trivial G-module, . In this chapter,
by the tensor product GG; ® G5 of two groups G; and G5, we always mean the

abelian tensor product, i.e., G1/G| ® Gy/GY,.

The following result was proved by Wiegold.

Theorem 3.1.1 ([49]) Let H, K be finite groups, let U,V be isomorphic central
subgroups of H, K respectively, and let ¢ be an isomorphism from U onto V.
Then the multiplicator of the central product G of H and K amalgamating U

with V' according to ¢ contains a subgroup isomorphic with H/U @ K/V.

A generalization of this result for arbitrary central quotient of direct product of
two arbitrary groups was considered in the following result which was proved by

Eckmann, Hilton and Stammbach.

Theorem 3.1.2 ([8]) Let W be central in A = H x K with quotient G. Let U
and V' be the images of W under the projection of A onto H and K respectively.
Then H/U @ KV is a quotient of Hy(G,Z).
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3.2 Second cohomology of central product of groups

Throughout this section, unless said otherwise explicitly, G is always a internal
central product of its normal subgroups H and K with A = HN K. Set Z =
H NK'

Let F'//R be a free presentation of X and N be a normal subgroup of X.
Let S/R be the induced free presentation of N for some subgroup S of F. The

following crucial result then follows from [46, Corollary 3.5].

Lemma 3.2.1 The inflation homomorphism inf : H*(X/N, D) — H*(X, D) is
surjective if and only if [F, R] = RN [F,S].

Theorem 3.2.2 For any central subgroup B of G contained in H N K' (= Z),

the inflation homomorphism inf : H*(G/B, D) — H*(G, D) is surjective.

Proof. Let F'/R be a free presentation of G. Then the normal subgroups H, K
and B can be freely presented as S;/R, Sa/R and S/R respectively, where S,
Sy and S are normal subgroups of F. Further, Z = (S} N S,)R/R. Notice that
F =515y, S C (SN SYHR and [Sq,S2] C R.

By Lemma 3.2.1, it is enough to prove that [F,R] = R N [F,S]. Since
[S1, .5, Ss] C [S,, 5], we have

RN[F,S] = [F,5]=[S15,5] = [S1,5][S1, 5, S2][S2, 5]

= [5175][5275]-

Observe that [Sy, S| C [S1, S4R] = [S1, R][S1, S5][S1, S, R]. Since both [S, Sa, So]
and [Ss, S1, 9] are contained in [F, R|, by three subgroup lemma [S;, S} C
[F, R]. Hence [S1, S] C [F, R]. Now [Ss, S| C [Ss, S{R] = [Ss, R][S2, S1][Se, S1, R].
Again by Three subgroup lemma [S],Ss] C [F,R]. Hence [S;,S] C [F,R].
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Therefore RN [F,S] C [F, R]. Since [F,R] C RN [F,S], it follows that [F, R] =
RN [F,S], and the proof is complete. O

Now the following observation provides a reduction to the case when Z = 1.

Theorem 3.2.3 ([20]) Let B be a subgroup of G such that B < Z. Then
H(G, D) = HX(G/B, D)/N,

where N = Hom(B, D).
Proof. 1t follows from Theorem 3.2.2 that the inf homomorphism, in the follow-
ing exact sequence, is surjective.

0 — Hom(B, D) 28 H*(G/B, D) ™ H(G, D).

Since Hom(B, D) = Im(tra) = Ker(inf), the proof is complete. O
This result is very useful for computational purposes when G is finite and
M(G/B) is known. Just to elaborate, we immediately get the following result

for finite extraspecial p-groups proved in [3, Corollary 3.2].

Corollary 3.2.4 Let G be an extraspecial p-group of order p>"**, n > 2. Then

M(G) is an elementary abelian p-group of order p2”2_”_1.

Let us consider the following central exact sequence for an arbitrary group X

and its central subgroup /NV:
l1-N—-X—X/N—1
Then we get the exact sequence

0 — Hom(NNX’, D) % H2(X/N, D) ™ H*(X, D) 2 H?(N, D)®Hom(X®N, D),
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where x = (res,?) is defined by Iwahori and Matsumoto [25]. To be more
precise, res : H*(X, D) — H?(N, D) is the restriction homomorphism and ¥ :
H?*(X,D) — Hom(X ® N, D) is defined as (&)(z,n) = f(z,n) — f(n, ) for
all z = X’ € X/X" and n € N, where ¢ € H*(X, D) and f is a 2-cocycle

representative of £.

Define a map
¢ : H*(G,D) — H*(H, D) ® H*(K, D) @ Hom(H ® K, D) (3.2.1)

by 0 = (res$,res,v), where v : H*(G,D) — Hom(H ® K, D) is a homo-
morphism defined as follows. If & € H*(G, D) is represented by a 2-cocycle f,
then v(¢) is the homomorphism f € Hom(H ® K, D) defined by f(h ® k) =
f(h,k)— f(k,h), where h = hH' and k = kK. It is now not difficult to see that

0’ is indeed a homomorphism.

Consider the natural homomorphisms o : AH'/H' @ K - H® K, [ :
H® AK'/JK' - H® K and A : H® K — H/A® K/A. We now get the

following exact sequence:
(AH'/H' @ K) & (H® AK' /KNS Ho K 2 H/A® K/A — 0,
where p1(z,y) = a(z) + B(y).

We have natural epimorphisms f: H® A - HQR AK'/K'and g : A® K —
AH'/H" ® K. Consider the isomorphism n : K ® A — A ® K, which, on
the generators, is defined by n(k ® a) = —(a ® k). Using this, we have an
epimorphism (f,gon) : (HRA) @ (K®A) - (HRAK'/K') & (AH'/H' ® K).

Let pp = pyo(f,gon). Then Im(p;) = Im(u) and the above exact sequence leads
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to the exact sequence:
(HoA) o (KoA L HoK S HIA® K/A— 0.

This exact sequence then gives the exact sequence

0 — Hom(H/A® K/A,D) —2—— Hom(H ® K, D)

-

Hom(H ® A, D) ® Hom(K ® A, D),
where the homomorphisms p* and A\* are induced by p and A respectively.

Let « : H/H' & K/K' — G/G' be the homomorphism induced by the
inclusion maps H — G,K < G which is clearly onto. Then « induces
an epimorphism (H/H' & K/K') ® A — G ® A, which in turn induces a
monomorphism «o* : Hom(G ® A, D) — Hom(H ® A, D) & Hom(K ® A, D).
Let A : H?*(A,D) — H?*(A,D) @& H*(A, D) be defined by A(§) = (&,€) for
¢ € H¥A,D). Set G =G/A, H=H/A and K = K/A. Let ¢ € H*(G, D) and

f be a 2-cocycle representing &. Recall that
0 :H*(G,D) — H*(H,D) ®H*(K,D) ® Hom(H ® K, D)
is an isomorphism defined by
0(&) = (resg,res?(, V),

where v, : H*(G, D) — Hom(H ® K, D) is a homomorphism given by 1, (5)(5 ®
k) = f(h,k) — f(k,h), with h = hH' and k = kK’. Take X; = H*(A,D) @
Hom(H ® A, D), X, = H*(A, D) ® Hom(K ® A, D), X3 = Hom(H ® A,D) @
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Hom(K ® A,D) and Y = H?*(A,D) ® H*(A, D). We now get the following
diagram with exact columns, in which, for want of space, we suppress the use

of D, i.e., we write Hom(X, D) as Hom(X) and H*(X, D) as H*(X) for a given

group X.
0 0

Hom(A N G') {resres), Hom(A N H') & Hom(A N K7)

tra (tra,tra,0)
H2(G/A) SN H?(H/A) @ H2(K/A) & Hom(H/A ® K/A)
inf (inf,inf,\*)
H2(G) SN H(H) & H*(K) & Hom(H ® K)
(res,2) ((res,w),(res,w),u*)
H?(A) @ Hom(G ® A) X1 0 X, D X3
(A o* o =
Y& X3P X;5.
Diagram 1

Lemma 3.2.5 Diagram 1 is commutative.

Proof. 1t is a routine check to see that the topmost and middle rectangles are
commutative. Observe that res{ ores¥ = res§ and res{ ores = res§. It is also
clear from the definitions that (a*, a*) o1 = (¢, 9, u*) 0 @'. Thus it follows that
the bottom part of the diagram is also commutative. U

We now mainly concentrate on the homomorphism 6’ defined in (3.2.1). We

start with the following result about the kernel of 6.

Lemma 3.2.6 Ker(¢') = {inf(n) | n € 7' (Im(tra, tra,0))}.
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Proof. Let € € ker(#'). By the commutativity of the bottommost part of Di-

agram 1, it follows that (A, a*, a*)(res§,v)(€) = 0. Since o* is a monomor-

phism and A = (Id, Id), it follows that (res§,1)(¢) = 0. Now the existence of
n € H?(G/A, D) such that & = inf(n) is guaranteed by the exactness of the left
column in Diagram 1. Thus Ker(¢’) C Im (inf : H*(G/A, D) — H*(G, D)).

By the commutativity of the middle rectangle of Diagram 1, it follows that
0=20'(§) =0'(inf(n)) = ¢ oinf(n) = (inf, inf, \*) 0 §(n).

Again invoking Diagram 1, we get 6(n) € Im(tra, tra,0). Hence n € 6~ (Im(tra, tra, 0)).
That ¢'(inf(n)) = 0 for n € 67 (Im(tra, tra, 0)) follows from the commutativity

of Diagram 1 with the right column exact. This completes the proof. 0J

We have an exact sequence
0+ HNK % (ANH)® (ANK') 2 ANG — 0,

where a;(z) = (2,271) and ag(21,22) = 2120 for z € H/ N K',z; € AN H' and

29 € AN K'. This sequence induces the following exact sequence
0 — Hom(ANG', D) 2% Hom(ANH', D)@ Hom(ANK’, D) % Hom(Z, D) — 0,

in which «; is the homomorphism (res, res).

The homomorphism «f being surjective, for any f € Hom(Z, D), there exists
g € Hom(AN H', D) ® Hom(AN K’, D) such that f = «af(g). If g1 € Hom(AN
H'. D) @ Hom(A N K’, D) is another element such that f = aj(g1), then there
exists ¥ € Hom(A N G', D) such that g — g1 = «aj(v). For the convenience of

writing, set ¢ = infof~! (recall that € is an isomorphism). Now, using the
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commutativity of the topmost rectangle of Diagram 1, we get

(o (tra,tra,0)(g) = (o (tra,tra,0)(g;)+ ¢ o (tra, tra,0)(a3(v))
= (o (tra,tra,0)(g1) + (o fotra(v)

= (o (tra,tra,0)(g1).

Hence ( o (tra, tra,0)(g) is independent of the choice of ¢ € Hom(AN H', D) &
Hom(A N K’, D) with «;(g) = f. Setting x(f) = ¢ o (tra, tra,0)(g), we get
a well defined map y : Hom(Z, D) — H*(G, D). It is now clear that y is a

homomorphism.

Theorem 3.2.7 The following sequence is exact:
0 — Hom(Z, D) % HX(G, D) & H*(H, D) & H2(K, D) & Hom(H @ K, D).

Proof. Suppose that f € Hom(Z, D) and x(f) = 0. Then inf of~!o(tra, tra, 0)(g) =
0 for some g € Hom(AN H', D) & Hom(A N K’, D) such that f = aj(g). Thus
there exists n € Hom(A N G’, D) such that 6= o (tra, tra,0)(g) = tra(n) by the
commutativity of Diagram 1. Then (tra,tra,0)(g) = 6 o tra(n) = (tra,tra,0) o
(res,res)(n) = (tra, tra, 0)oaj(n). Since (tra, tra,0) is a monomorphism, we have
g = as(n). Thus f = afoad(n) = 0, which, f being an arbitrary element, proves
that x is a monomorphism. That Im(y) = Ker(#') is now clear from Lemma

3.2.6, and the proof is complete. O

The following is an immediate consequence of the preceding theorem.

Corollary 3.2.8 If Z =1, then

¢ : H*(G,D) — H*(H,D) ® H*(K, D) ® Hom(H ® K, D)
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s a monomorphism.

Using commutativity of the middle rectangle of Diagram 1, note that
inf (67! (Hom(H/A ® K/A))) Nker(8') = {0}.

Hence by Theorem 3.2.7, we get

Corollary 3.2.9 Hom(Z, D) ® Hom(H/A ® K/A) embeds in H*(G, D).

As we know by Theorem 3.2.3 that Hom(Z, D) embeds in H*(G/Z, D). We

now prove a much stronger result in the following

Theorem 3.2.10 Hom(Z, D) embeds in H*(H/A, D)/L&H*(K /A, D)/M, where
L=Hom ((ANH")/Z,D) and M = Hom ((ANK")/Z, D).

Proof. Let o : Hom(ANG’, D) — Hom(Z, D) be the epimorphism induced by the
inclusion Z < ANG'. Set Y; = Im (inf : H*(G/A, D) — H*(G/Z, D)). Since
G/Z is a central product of H/Z and K/Z with (H/Z)' N (K/Z) =1, it follows
that Y; is isomorphic to H*(H/A, D)/L&H?*(K/A, D)/M&Hom(H/A®RK /A, D),
where L = Hom ((ANH')/Z, D) and M = Hom ((ANK")/Z, D).

Consider the following commutative diagram (with rows not necessarily ex-

act):
0 — Hom(ANG,D) ™ HYG/A,D) - X
la linf l(pl p2,1)
0 —— Hom(Z,D) —— % — Y,
where

X =H*(H/A, D) @ H*(K/A, D) ©® Hom(H/A ® K/A, D),

Y = H*(H/A,D)/L ® H*(K/A,D)/M & Hom(H/A ® K/A, D),
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6 is an isomorphism and p;, i = 1, 2, are natural projections.
Let 3 € Hom(Z, D). Then there exists 5 € Hom(A N G’, D) such that
B = a(B). Let tra(B) = ¢ € H*(G/A, D). The element ¢ is represented by a

2-cocycle f given by

f(@.9) = Bu@)u@u(Ey) "), T=12A€G/A and §=yA € G/A,

where p represents the section p : G/A — G in the exact sequence 1 — A —

G— G/A—1.

Recall that § = (res, res, v), where v(¢) for h = hA € H/A and k = kA €
K /A is given by

v(&)(h.k) = f

Hence f(tra(B)) € H*(H/A, D)@H?*(K /A, D). That 0(tra(8)) € H*(H/A,D)/L&®
H?*(K/A, D)/M now follows by the commutativity of the above diagram, which

completes the proof. O

Using an argument similar to one as in the preceding proof, we can also prove

Theorem 3.2.11 Hom(Z, D) embeds in H*(H/Z, D) @ H*(K/Z, D).

The following is now an immediate consequence of Theorem 3.2.3 and the pre-
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ceding theorem.

Corollary 3.2.12 If A= Z, then

H*(G,D) = (H*(H/Z,D) @ H*(K/Z, D))/ Hom(Z, D) & Hom(H/Z @ K/Z, D).

Our next result is the following:

Theorem 3.2.13 ([20]) Let L = Hom ((A N H')/Z,D), M = Hom ((A N
K')/Z,D) and N = Hom(Z, D). Then the following statements hold true:

(i) (H*(H/A,D)/L&H*(K/A,D)/M) /N ®@Hom(H/A® K/A, D) embeds in
H*(G, D).

(it) H*(G, D) embeds in (H*(H/Z, D) ® H*(K/Z, D)) /N &Hom(H ® K, D).

Proof. We already observed that Im(inf : H*(G/A, D) — H*(G/Z, D)) is iso-

morphic to
H?*(H/A,D)/L ® H*(K/A, D)/M @ Hom(H/A ® K/A, D).

The first assertion now follows from Theorem 3.2.3 using Theorem 3.2.10.

By Corollary 3.2.8,
¢ :H*(G/Z,D) — H*(H/Z,D) ® H*(K/Z, D) ® Hom(H ® K, D)

is a monomorphism. Now the second assertion follows from Theorem 3.2.3 using

Theorem 3.2.11. O

In particular, for D = C* assertion (i) of Theorem 3.2.13 provides a refinement

of results of Theorem 3.1.2 and Theorem 3.1.1.
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Remark 3.2.14
H*(G, D) = (H*(H/A,D)/L @ H*(K/A, D)/M)/N @ Hom(H/A ® K/A, D)

if and only if inf : H*(G/A, D) — H*(G/Z, D) is an epimorphism, where L, M

and N are as defined above.

Proposition 3.2.15 Let £ € H*(G, D) such that §'(€) = (&1,&,t), where G =

G/Z. Further, let either resg(fl) =0 or resg(ﬁg) = 0. Then the following

statements are equivalent:
(i) £ € Im (inf : H*(G/A, D) — H*(G, D)).
(i) p*(t) = 0.
(i1i) ¥(&1) = ¥ (&) = 0.

Proof. Consider Diagram 1 for the group G := G/Z, which is a central product
of H and K. Observe that ¢ € Im (inf : H*(G/A, D) — H*(G, D)) if and

only if (res§,1)(¢) = 0. Note that ((&1),¥(&)) = p*(t). As res? (&) = 0

or resg( (&) = 0, it follows by the commutativity of the bottommost part of
Diagram 1, that (resg;,z/;)(g) = 0 if and only if (&) = (&) = 0. Hence the

result follows. O

Corollary 3.2.16 Ifinf : H*(H/A, D) — H*(H/Z, D) and inf : H*(K /A, D) —

H*(K/Z,D) are epimorphisms, then
H*(G,D) = (H*(H/Z,D)® H*(K/Z,D))/Hom(Z, D) ®Hom(H/A® K/A, D).

More precisely, the first embedding in Theorem 3.2.13 is an isomorphism.

In view of Proposition 3.2.15, we have the following result:
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Theorem 3.2.17 If the second embedding in Theorem 3.2.13 is an isomor-

phism, then so is the first.

Proof. Since the isomorphism

H*(G,D) =~ (H*(H/Z,D) ® H*(K/Z,D))/Hom(Z, D) & Hom(H/Z ® K/Z, D)

is induced by the monomorphism 6 as defined in (3.2.1) with G replaced by

G/Z, it follows from the commutative diagram

0 0
(1d,1d)
Hom(Z, D) LN Hom(Z, D) & Hom(Z, D)
tra (tra,tra,0)
H2(G/Z, D) UN H2(H/Z,D) & H*(K/Z,D) & Hom(H/Z ® K/Z, D).

that 6’ is an isomorphism.

Let t € Hom(H/Z ® K/Z, D). Then there exists ¢ € H*(G/Z, D) such that
¢'(¢) = (0,0,¢). It then follows from Diagram 1 (for G/Z in place of G) that
(res,¥)(§) = 0. By Proposition 3.2.15 we then have u*(t) = 0, which shows
that \* : Hom(H/A® K/A, D) — Hom(H/Z ® K/Z, D) is an epimorphism, and
hence, an isomorphism.

Let & € H?(H/Z, D). Then there exists ¢ € H*(G/Z, D) such that 0'(¢) =
(£1,0,0). Replacing G by G/Z in Diagram 1, by Proposition 3.2.15 it follows that
(ves, ¥) (&) = 0. Hence inf : H*(H/A, D) — H*(H/Z, D) is an epimorphism, and
therefore H*(H/A, D)/ Hom((AN H')/Z,D) = H*(H/Z, D).

Similarly, considering an element & € H?(K/Z, D) the above argument
also shows that inf : H*(K/A, D) — H?*(K/Z, D) is an epimorphism. Hence
H*(K/A, D)/ Hom((ANK')/Z,D) = H*(K/Z, D). It now follows that the first
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embedding in Theorem 3.2.13 is an isomorphism. U

We conclude this section with the following remark made by J. Wiegold
while reviewing [8] for AMS (see MR0349854 (50 #2347)). Let G be the direct
product G = H ¢ K of its normal subgroups H and K, and U be an arbitrary
central subgroup of G. Then G /U can be viewed as a central product of HU/U
and KU/U. Thus all the above results make sense for H*(G/U, D).

3.3 Examples

In this section we provide several examples (all of them are finite p-groups)
exhibiting various situations of Theorem 3.2.13 can occur i.e., whether or not

any embedding in Theorem 3.2.13 actually become isomorphism.

We start with the following example which shows that neither of the two

embeddings of Theorem 3.2.13 is necessarily an isomorphism.

Example 1. Let H be the extraspecial p-groups of order p* and exponent p and
K = Z;"H), where n > 1. Let G be a central product of H and K amalgamated
at A= H' = Z,. Note that G = H X Zj(on). It is easy to see by Theorem 1.2.3

and Theorem 1.4.1 that

Note that Z = H' N K’ =1 and

M(H/A)/ Hom(ANH',C*)®M(K/A)/ Hom(ANK',C*)®Hom(H /AR K/A,C*)

%n(n+3))

is isomorphic to Z;S , which is strictly contained in M(G). Since

1 n n
M(H) ® M(K) @ Hom(H ® K, C*) = g2 "D 9+2)
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it properly contains M(G).

The following two examples show that the first embedding in Theorem 3.2.13
can very well be an isomorphism, but the second one can still be strict (i.e., not

an isomorphism).

Example 2. Consider the group G presented as

G = (o, 01,00,7 | [o1,0] =97 = ap,0? = of = o} = 1).

Take H = (a, o, 00 | [a1,0] = ag,0? = of = of = 1) and K = () = Zs.

It can be easily seen that GG is a central product of H and K amalgamated at

A= (ag) = <fyp2>. Note that Z =1 and
M(H/A)/ Hom(ANH',C*)®&M(K/A)/ Hom(ANK',C*)®Hom(H /AR K/A,C*)

is isomorphic to Z'?. By Theorem 1.2.6, we have |M(G)| < p*. Hence M(G) =
Z;(,Q), and therefore the first embedding in Theorem 3.2.13 is an isomorphism. It

is easy to see that

M(H) ® M(K) ® Hom(H @ K,C*) = 7Y,

p
which shows that the second embedding is strict.

Example 3. For p > 5, consider the group G presented as

G = {o,a1,q9,a3,7 | [a1,a] = ag, [ag, 0] =P = az,af = al? = 1,i=1,2,3).

7

Take H = (o, 0q, 0, 03 | [a1, ] = an, [ag,a] = ag,a? = a® = 1,i =1,2,3)

%

and K = () = Z,2. Then G is a central product of H and K amalgamated at




§3.3. Examples 67

A= (a3) = (7?) and Z = 1. Note that

M(H/A)/ Hom(ANH',C*)®M(K/A)/ Hom(ANK', C*)@Hom(H/A®K /A, C)

is isomorphic to Zé,?’), which embeds in M(G). Again by Theorem 1.2.6, we have
|M(G)| < p®. Hence the first embedding is an isomorphism. That the second

one is not, can be easily seen as in Example 2.

We finally present an example which shows that both the embeddings in

Theorem 3.2.13 can be isomorphisms.

Example 4. Let H be the extraspecial p-groups of order p? and exponent p?
and K 2 Z,n+1, the cyclic group of order p"*', where n > 1. Let G be a central
product of H and K amalgamated at A = H' = Z,. Note that G = H X Zyn.
By Theorem 1.2.3 and Theorem 1.4.1, M(G) = 7 Note that Z = H'NK' =1

and
M(H/A)/ Hom(ANH',C*)®M(K/A)/ Hom(ANK',C*)®Hom(H/AQK/A,C*)
is isomorphic to Z}(,Q). Also

M(H) @& M(K) @ Hom(H ® K,C*) = Z?,

p

Hence both the embeddings are isomorphisms. O







o

CHAPTER

The Schur multipliers of p-groups

of order p°

In this chapter we compute the Schur multiplier, non-abelian tensor square
and non-abelian exterior square of non-abelian p-groups of order p°. As an

application we determine the capability of these groups.

4.1 The Schur multiplier and tensor square

In this section the Schur multiplier , non-abelian exterior square and non-abelian
tensor square of groups G of order p°, p > 5 are computed. Recall the classifica-
tion of these groups from Section 1.1.3. Throughout this section, p > 5, unless
stated otherwise and we make calculations in the subgroup [G, G?] of v(G) mod-
ulo V(G), i.e., we work in G A G. For commutator and power calculations, we
use Lemma 1.3.2.

In Section 1.3 we had seen that M(G) = Ker(GAG — G’). Hence |GAG| =
| M(G)||G’|, which will be used several times throughout this section without

any further reference.

69
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4.1.1 Classes ¢4, P5: Groups of class 2 with G/G’ elemen-

tary abelian

This section deals with special p-groups of order p°. First we consider extraspe-

cial p-groups of order p°, for which we have the following result.

Lemma 4.1.1 If G is one of the groups ®5(2111) or ®5(1°), then M(G) is

1somorphic to Zj(f) and G N\ G s isomorphic to Z](fs).

Proof. The groups G are extra-special groups. So it follows from [30, Theo-
rem 3.3.6(:)] that M(G) is an elementary abelian p-group of order p®. By [31,
Corollary 2.3|, we have

GG

Now by Theorem 1.3.7,
GAG=ZY),

which completes the proof. 0
The following remark will be used to describe the structure of G A G for groups

G in the isoclinism class ®,.

Remark 4.1.2 Let G be any group in the isoclinism class ®4. Consider the

natural epimorphism
G, G?] =[G/ Z(G), (G] Z(G))?).

Since G/ Z(G) N G/ Z(G) is elementary abelian of order p*, it follows that the
elements [on, a®], [aa, 0], [aa, of] are non-trivial and independent in GAG. Fur-

thermore, by Lemma 1.3.6, G @ G is abelian.

Throughout this section, we use the notations and the method described in

Section 1.2.1 to compute M(G) for groups G in the isoclinism class ®,.
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Lemma 4.1.3 If G is one of the groups ®,(221)a, ®,(221)b, 4 (221)c,
©4(221)dy (), Pa(221)d, (1 # 3(p — 1)), Pa(221)e, P4(221)fo or P4(221)f,,

2

then M(G) is isomorphic to Zy,, Ly X Ly, Ly, Ly, Ly, Ly, Ly or Z, respectively,
and G NG s isomorphic to Zj(gg), L2 X Zg), Z](f), L2 X fo), Z}f’), Z](33), L2 X Z}(f)

or Z](yg) respectively.

Proof. For the group G = ®4(221)a, notice that X; is spanned by
(G @ P — aG' @ af)

and dim X; = 1. Observe that oG’ ® o, a1G' ® o € X5 and (oG’ + uG') ®
af (G +uG ) @] € X, for uG' € Ker f. So, we have uG' @ o, uG' @ o € X,
for all uG’ € Ker f. This implies aoG’ ® a?, axG' ® of € X3. Now a general

element of X5 is of the form

(P1aG" + paoi G’ + p3aG') @ (pra + paad) = p%OKG/ ® o’ + pgalG’ ® af
+pipe(aG' @ of + a1 G’ ® oP)
+psp1 (G’ @ aF)

+p3p2(a2G’' ® af).
This shows that, X5 is spanned by the set
{aG' @ a?, G’ @ o, (' @ P, o G' @ o) (aG' @ o} + a1 G’ ® o) }.

Hence, dim X5 = 5. Observe that (a;G' ® o — axG’' ® f) is not contained in
Xj. Thus, dim X = 6, and consequently, |[N| = 1,|M| = p. Now by Theorem

1.2.13, we have
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which gives

|G NG| =p’.

Hence, by Remark 4.1.2,

G AG = ([ar,a?), [as, a?], [a1, a5]) = Zg(zg)'

For the group G = ®4(221)b, we see that X; is spanned by

(1G' @ a? — G’ @ ab)

and dim X; = 1. As described in the preceding case, the subspace X5 is spanned

by the set

{aG" @ a?, G’ @ b, a1 G’ @ o, a1 G’ @ ob, (G’ @ o + aG' @ oP)},

and dim X, = 5. Observe that X; C X5, so dimX = 5 and |[N| = p. By
Theorem 1.2.13 |[M| = | M(G)| = p?. Hence, |GAG| = p*. By Lemma 1.3.3(vii1),

81, B3] = [, a, B3] = 1.

Fori € {1,2},x € {a, a1, as}, by Lemma 1.3.2, we have the following identities:

(8, 21 = (8], 2] = 1,

[B2,2°] = [0, 2°] = [ov, 2°]",

[B1,2°] = [0, 2°] = [az, 2°]7,

[, af)” = [, ()] = 1 = [az, (a})?] = [az, af P,

[aa, a¢]p2 = [of;, o] = 1.
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Hence, by Remark 4.1.2, it follows that

GNG = <[Oé2,0./¢], [al,a¢], [al,ag]) = Zp2 X Ly X Ly

p

and

M(G) = ([az, a®]?, [, a8]) = Z,, X Z,.

For the group G = ®,4(221)c, we see that X, is spanned by

(011G ® b — aeG' @ o),

and dim X; = 1. It follows that X5 is spanned by the set

{o1G' @ ol G’ @ o, aG' @ o}, aG’ @ ob, (a1 G’ & ab + G’ @ of)}

and dim X, = 5. So dimX = 6 and |N| = 1,|M| = p. Hence by Theorem

1.2.13,

and by Remark 4.1.2,

G A G2 ([ay,a?, [ag, a®], [, af]) = 2.

For the group G = ®,4(221)d,., X; is spanned by

(OélG/ X 0/20 — OZQG/ X ﬁl)

and dim X; = 1. The space X5 is spanned by the set

{nG @ 1, G @ ah,aG' @ BT, aG" © of, (G’ © ab + G’ @ A1)}
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and dim X5 = 5.

For r = $(p — 1), it follows that in the presentation of G k = —1 (mod p).

So we have X; C X,. Hence dim X = 5, and therefore |N| = p. By Theorem
1.2.13, |M(GQ)| = [M| = p* and so |G A G| = p*. By Lemma 1.3.3(viii),
[617&?] = [041705755)] =1L

For i € {1,2},z € {a, a1, a2}, by Lemma 1.3.2, we have

(8, 21 = B, 2] = 1,

[527I¢] = [ag7x¢] = [a2jx¢]p7
[ﬁlvxﬂ = [Oél_pwf(b] = [a1—17$¢]p - [a17$¢]_p7
[Oé, O‘(f]p = [O{p7 O‘f] =1= [a27 (ap>¢] = [OQ? a¢]p’

o, a5 = [af,af] = 1.
Hence, by Remark 4.1.2, it follows that

GNG = <[a1,af], [al,a¢], [ag,a¢]> = L2 X Ly X Ly,

and, since [aq, ag] = 1,

I

M(G) = {[a, of]) = Zyp.

For r # $(p— 1), X1 N X5 =0, so dim X = 6 and therefore [N| = 1. Hence

and

GAG = (jor,0%, [02,0%), [, o)) = 2.
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For the group G = ®4(221)e, X is spanned by
(G ® By — G ® Py)
and dim X; = 1. The subspace X5 is spanned by the set

{OélG/ (029 5;1, (OKQGI & 61 + OéQG/ & 52), OéG/ X 6;1, (OéG/ X 61 + OZG, & 52),

(G ® P14+ a1G' @ fr + G’ @ B, %)}

and dim Xy = 5. So dim X = 6. Therefore |N| = 1 and by Theorem 1.2.13,

| M(G)| = |M| = p. Hence

and by Remark 4.1.2,

G AG = (lar,0%, [02,0%), [, 0f]) = 209,

For the group G = ®,4(221) fy, X; is spanned by
(1G"® B2 — axG' @ )
and dim X; = 1. The subspace X5 is spanned by
{nG' @ Py, 2@ @ BY,aG' @ fa,aG' @ B, (G @ B} + G’ @ )}

and dim Xy = 5. Observe that X; C X5, so dim X = 5. Therefore |N| = p and
by Theorem 1.2.13, | M(G)| = p?. By Lemma 1.3.3(viii),

[ﬁnﬁ?] = [Ozl,a,ﬁf] =1.
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For i € {1,2},x € {a, a1, a3}, by Lemma 1.3.2, we have

[Biax¢]p = [ f)x(ﬁ] = ]-7

[5271'(15] = [alljax(ﬁ] = [a1’x¢]p’
Br 2] = 08", 2%] = [z, 2],
[O"O‘(ﬂp = [O‘pﬂa(ﬁ] =1= [042, (ap)¢>] = [a27a¢]p'

Hence, by Remark 4.1.2,
G A G = <[041,CK§], [OéQ,Oéd)], [&17&¢]> = Zp2 X ZP X ZP
and, since [aq, as] =1,

M(G) = ([, a3]) =

12
N

For the group G = ®4(221)f,., X; is spanned by
(G ® Ba — G ® Py)
and dim X; = 1. The subspace X5 is spanned by the set

{1 G @ B, (G @ B + a2 @ o), aG' @ BE, (G’ ® f1 + oG’ @ Bs),

(G ® B+ a1G' @ fo + G’ ® 55}

and dim Xy = 5. So dim X = 6. Therefore |[N| = 1 and by Theorem 1.2.13,
| M(G)| = |M| = p. Hence
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and by Remark 4.1.2,
G AG = ([ou, o], [as, a?], [on, of]) = ZP).

p

This completes the proof of the lemma. O

Lemma 4.1.4 If G is one of the groups ®4(2111)a, ®4(2111)b, ®4(2111)c or
®,4(1°), then M(Q) is isomorphic to Z§,3), Zl(,g), Z,(,3) or ng) respectively, and GANG

is 1somorphic to ZZ(,E)), ZI(P), 21(95) or Z;g) respectively.

Proof. For the group G = ®4(2111)a, X; is spanned by the element
(G’ @ P — G’ @ fBy)
and dim X; = 1. The space X5 is spanned by the set
{aG' ® o, a1G' @ o, axG' ® P}

and dim X, = 3. So dim X = 4. Therefore |[N| = p? and by Theorem 1.2.13,
|IM(G)| = |M| = p?. So |G AG|=p° By Lemma 1.3.3(viii),

[51753] = [aba)ﬁg] =1

For i € {1,2},z € {a, a1, a3}, by Lemma 1.3.2, we have

[ﬁi7x¢] :[ f?x] =1,

[z, 291 = [0, 2%] = 1 = [of, 0] = [as, a”]".
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Therefore every generator of G A G is of order at most p. Hence
GANG2ZY

and

For the group G = ®4(2111)b, X, is spanned by the element
(1G' ® Py — anG' ® af)
and dim X; = 1. The space X5 is spanned by the set
{nG' @, aG' @ ol s G' @ of}

and dim X, = 3. So dim X = 4. Therefore |N| = p?, |M(G)| = |[M| = p* and
|G A G| = p°. By Lemma 1.3.3(viit),

81, B3] = [ou, a, B3] = 1.

For i € {1,2},z € {a, a1, a2}, by Lemma 1.3.2, we have

[5i7x¢] = [ 7 l’} = 17

7

[z, 2] = [a3,2%] = 1 = [a”, af] = [a, af]".

Therefore every generator of G A G is of order at most p. Hence

GANG2ZY
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and

M(G) = Z¥.

For the group G = ®4(2111)¢, X; is spanned by the element
(1G' @ By — asG' @ ab)
and dim X; = 1. The space X5 is spanned by the set
{eG' @ b, oG’ ® b, a1 G' ® ab}

and dim X, = 3. So dim X = 4. Therefore |N| = p?, | M(G)| = |M| = p* and
|G A G| = p°. By Lemma 1.3.3(viii),

[51753] = [aba)ﬁg] =1

For i € {1,2},z € {a, a1, a3}, by Lemma 1.3.2, we have

(B, 2P = 8], 2] = 1,

[041, xqﬁ]p - [Oéﬁ), $¢] =1= [ap7 O‘g] - [av Oég)]p'

Therefore every generator of G A GG is of order at most p. Hence
GAG=ZD

and
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For the group G' = ®4(1°), X, is spanned by the element
(G ® By — G ® By)

and dim X; = 1. Observe that in this case dim X = 1. Therefore | M(G)| =
|M| = p® and |G A G| = p®. By Lemma 1.3.3(viii),

[ﬁhﬁg] - [051705763)] =1.
For i € {1,2},z € {o, a1, az}, by Lemma 1.3.2, we have

(B, 2% = 8], 2] = 1,

o 2% = [, 2%] = 1.
Therefore every generator of G A G is of order at most p. Hence
GANG2ZY

and

4.1.2 Classes P9, P13: Groups of maximal class

In this section we consider groups of maximal class i.e., the groups belonging in

the isoclinism classes ®¢ and ®g.

Lemma 4.1.5 If G is one of the groups ®g(2111)a, Pg(2111)b,., P19(2111)a, or

®1(2111)b,., then M(G) is isomorphic to Z, and G A G is isomorphic to zW.
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Proof. For the groups G under consideration, taking K = Z(G), in Theorem
1.2.5(7), we get p < M(G). Thus, |G A G| > p™.

If G is either ®g(2111)a or Pg(2111)b,, then by Lemma 1.3.3(viii),

(a2, a] = [0, o, 0] = 1 = a2, 0, af]] = [0, 0f],
as ay € Z(G). Now we have
ot ag] = [maaytaTlart ag]™ = ey e af)]
= [aaza™layt a5 = [azag eyt af)]

= [Oég, Oég] [0[4, ag’]_l - [Oég, Oég)]:

a’l,afl,ag]al = [ofl,oql,af]o‘l = [alaagl&’l&fl,ag]al

= laay'a™ af] = [azagtay !, af

= [a4,a§]’1[a2,a¢]’l = [aQ,ad’}’l.

By Hall-Witt identity, we have

—1

1 = [ag, 0,08 a7l a7t ad]® [, a5, (@7 h)*)

- [043, O‘f] [043, ag)L

$ra-1

— — — —1\¢
1 = [053,05,041]a [Oé 17a117a§5]a1[a17a317(a 1) ]a3

- [044, O‘(f] [042, ag)]_l'

This implies that [as, of] = [aa, @] = [0, af] holds in GAG for G = $y(2111)a

or ®g(2111)b,.

Now consider the group G = ®¢(2111)a. By Lemma 1.3.2, we have the
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following identities:

[, a®P = [of, 0?] = 1 = [0}, af] = [as, of]",
[ag, o’ = [of, %] = 1 = [a}, af] = [ag, af]",
[z, @] = [af, a%] = 1 = [a}, af] = [as, af]",
[y, a?] = [o?,a%] = |a, a?]P = 1,

[, af] = [, a1] = [a, af) = [a, (a)?] = 1.

Thus, by Proposition 1.3.5, G A G is generated by

{[051, Oﬂs]? [O‘27 Oﬂﬁ]? [0437 Oé(z)]? [0427 Oé(lz)]}

Since, by Lemma 1.3.3(vi), [[as, o], [a1, a?]] = [as, aj] = 1, it follows that GAG

is elementary abelian of order p*. Hence
GAG=ZW,

and consequently

Now consider the group G = ®¢(2111)b,. By Lemma 1.3.2, we have the

following identities:

[, 0P = [, a%) = 1 = [o}, af] = [ou, af],
[z, 0P = [0}, 0% = 1 = [0}, af] = [as, af ],
[z, 0P = [0, 0% = 1 = [0}, af] = [as, af,
[, 0?] = [0, 0] = [on, 0P = [on, (07 )9) = 1,
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[alv O‘(b]p = [041, (ap>¢] =L

By Proposition 1.3.5, G A G is generated by

{[alv O‘(ﬂv [an a¢]v [aSv Oz¢], [a27 O‘ﬁ}

Since, by Lemma 1.3.3(vi), [[o2, @?], [ay, a?]] = [as, a3] = 1, it follows that GAG

is elementary abelian of order p*. Hence
GAG=T,

and consequently

M(G) = ([az, af]) 2 Z,.

If G is either ®19(2111)a, or ®19(2111)b,, then by Lemma 1.3.3(viii),

2, 0] = a1, @, 05) = 1 = [ag, @, af] = [az,af],

a ot adl = [ajaastatart, ad]M = jaag et (o) fasan)?]

= [aaza™'ay !, (asa;h)?] = [asag oy, (asai )]

= [a?’v Og] [a4v O‘gb]_l = [a?n Og]

and
[a’l,afl,ag]al = [a’l,&fl,ag]m = [alaagloflal’l,ag]al

= [aogta™, of] = [aasatast, af]

= Jazaglay',af] = ot af][as, af] !
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= [ag,a¢]_1.

By Hall-Witt identity, we have

Tlohart ad)tar, ap (a7

1 = |ag,a,af]”
= [043, a(f] [043, O‘g] [0421» (a_1)¢]a2
= [Oé3, af] [Oég, ag] [044, a¢]?

—1 _ _ _ _
L= [aga,af] o7 ar! af] ar, 057, (a71)7)

= [0547 Oé(lz)] [aQa O‘?]il'

This implies that [og, o8] = [o, af] = [, a®][as, af] holds in G A G for G =

@10(2111)(lr or @10(2111)()7«

Consider the group G = ®¢(2111)a,. By Lemma 1.3.2, we have the following

identities:

[a47 O‘(b]p = [Ozﬁ, O‘(b] =1= [Ozi, Oé(lb] = [044, a(lb]p’
o, %P = [0, 0] = 1 = [, af] = [as, o],
[, % = [0}, 0] = 1 = [}, af] = [a, af]",
[y, %] = [Ozpkfl,a‘z’] = [a,a‘b]p’(l =1,
— — —1
[a4,a(f] = [O‘pk 170‘?] = [O"O‘(ﬂpk = [a? (Oézljk )¢] =1,

[ala a¢>]P = [Oﬁa ad)] =1

Thus, by Proposition 1.3.5, G A G is generated by

{[alv a¢]7 [a27 Oéﬂ, [053, Oé¢], [0427 Off]}
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By Lemma 1.3.3(vi), G A G is elementary abelian of order p*. Hence
GAG=T,

and consequently

1

M(G) = ([az. of]as, o”]) = Z,.

Consider the group G = ®14(2111)b,. By Lemma 1.3.2, we have the following

identities:

g, 0 = [o},a%] = 1 = [a}, 0] = [au, 1),
s, 0" = [08,0%] = 1 = [a}, af] = [as, af]?,
[z, 0 = 08, a%] = 1 = [08, af] = [an, )",
s 0”] = [, 0] = [on, 0P = [, (0?)9) = 1,

1 _
[cu,off] = [O‘Ifk 705({)] = [ala af]pk = L,

[, @] = [ay, (a?)?] = 1.
Thus, by Proposition 1.3.5, G A G is generated by
{[a1, 0%, [z, 0], [ag, %], [as, @f]}-
By Lemma 1.3.3(vi), G A G is elementary abelian of order p*. Hence
GANG2ZW,

and consequently

12
N

M(G) = ([az, af[as, a”])

This completes the proof. Il
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Lemma 4.1.6 If G is one of the groups ®¢(1°) or ®19(1°), then M(G) is iso-

morphic to Zé?’), and G A\ G is isomorphic to ®o(111) X Zl(,?’).

Proof. Consider the group G' = ®4(1°). Let F be the free group generated by
{a,a1}. Define a1 = [ay,a], 1 < i < 3. Set 1 = [, an], B2 = [y, ] and
B3 = a1, ay]. Then, modulo ~4(F"), we have

-1 —1 ]Clq

[Oé cart 1 1 1 ]al

= [oz_l,ozl_l,ozg]al = [maay o o], as

1

= Jaay o™ as[as, )] = [aasarayt, aslas, adl]

= Jasaa; o tayt aslas, ai]] = [asaBatagtag !, as[as, ai]

= [azBeaj oy, aslaz, au]] = [y, ]

= [a27 (1/3]_1,
[t ot anl® = [a ot an]® = [apaay tatart a]™
= lasBrag’ay’, o] = [as, asfy ][y anfy ]

= [og, ag[az, f1].

By Hall-Witt identity, we have the following identities modulo ~v¢(F'):

1 = [ag,a,al]o‘_l[ofl,al_l,ag]al[ozl,ozgl,ofl]a"’
1

= Jou, 1] oo, CY3]_1[0437 arq, 045104_1043]
— [0447061][@2,043]_1[043,Oél,Oé4O{_1]

= [ay, ai][as, as] Has, a1, a7, (4.1.1)

1 = [&2’a’al]a—l[aq’061717062]041[061,0[2717@71]%
= |as, Oél]a_l [as, ao)o, Bi][Br Y, ay o o]
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= [ag, a1][o, a1, o [as, o] [as, B1][B7, asa ]
= [O[g,(]{1][0{37041’a]_l[Oég,O{Q][O{Q’ﬁl][ﬁl_l,a_l]

= [as, oan]as, a1, o] Mo, aslog, B1][B1, . (4.1.2)

Now consider

Hy = F/(v6(F), F?, 1, B3, [as, a1, al, [ag, o, o))

Using (4.1.1) and (4.1.2) we have |y, a1] = [, a3] = [as,a1] =1 in Hy. So

Hl = <CK,O(1,O&2,O(3,CK4,52 ’ [Oéiaoé] = Qy1, [CK4,CY] = 627051) = O/f = OéiLl = ﬁg =1

(1=1,2,3)),

which is the group ®35(1°) of order p°® in [27]. Now consider

Hy = F/{~(F), F?, 51, |as, a1, ], [ag, aq, aq]).

Using (4.1.1) and (4.1.2), we have [ay, a1] = [, as] = [ag, aq] in Hy. Observe

that

Hy = (a,q;, 04, P, 05| [y, 0] = aisq, [ou, o] = Ba, (o, o] = [on, 3] =

[az, c0] = 3,0 =af =ay =By =py =1, 1 <i < 3).

Since Ho/ (33) = Hj, it follows that H, is of order p’. Now consider

H = F/(v(F), F*,[51,a], [B1, 1], [az, ar, o], [as, ay, aq]).
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Observe that

H = <aaaj»ﬂi | [az‘,a] = Qy1, [0417042] = [, [Oé4704] = [, [041,044] = [a1,a3] =,

[ag,ag]zﬁgap:afzﬁle, 1<i<3,1<j<4).
Then H is a group of order p® and
H/{By, B2, B3) = G.
Take Z = (54, B2, B3). Now the image of tra : Hom(Z,C*) — M(H/Z) is
HnZ=z=7P

Hence Zf’) is contained in M(G). By Theorem 1.2.6, | M(G)| < p®. Hence

M(G) = Z§)
As |G| = p3, we get
|G NG| =p°.

Since ay € Z(G), by Lemma 1.3.3(viii)

[z, 0] = [a, af] = 1.

Thus, by Proposition 1.3.2, G A G is generated by the set

{[alv Oéd)], [an Oéﬂ, [a?ﬂ a¢]7 [a47 O&¢], [a2? Off]? [a37 off], [044, off], [043, Og]}
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Now we have

oot od]" = [aaay'eart,af] = [aay'a ™ ad)
= [oa -1 -1 ¢1 _ 1 -1 ¢
30y, ) = [asagag T, o)

1

= [af}aag][a%ag]_ :[O‘i’nag]v

ofl,ozfl,ozf]al = [ofl,ozfl,ocg]o‘l = [alaaglaflozfl,a?]al
= Jaayta™! of] = [easatagt, of]
= [043@;1042_1,04?] = [Oég,()éd)]_l.
By Hall-Witt identity, we have
I = [0@7 «, aqlb]ai1 [a_la O‘l_la Og]al [ah 042_1, (a_l)d)]a?

- [043, O‘(lb] [a3v Og]?

¢ -1

1 = [ag,a,0f)" a7 a7t af]® [, a5, (@) *)

= [a4v O‘(lb] [an O‘g]_l'

This implies that [ay, af] = [as, af] = [as, of]. By Lemma 1.3.3(vi),
[lov, Oz¢], [as, a(b]] = |, ag]

By Lemma 1.3.2, we have

[054? a¢] = [0457 a¢] =1= [a§> a¢] [043, Oé(z)]p’
a3, 03]7 = [0f, 03] = 1 = [0}, af] = [as, af]?,
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Hence

GANG = <[0z1,04¢], [OQ,O(¢], [a%ag)b X <[O‘27a(f]> x <[a3’a¢]> X <[0z4,0z¢]>

2

Dy(111) x ZY.

Now consider the group G = ®4(1°). Let F be the free group generated by
{a,a1}. Define a;y1 = [ay,a], i = 1,2,3. Set 8 = [aq,an], f1 = [au,ql,

By = [a1, 4] and B = ) [aq, as]. Reading Modulo v6(F), we have

[04’1,041’1,043]0‘1 = [a’l,al’l,ag]al = [alozaz’loflal’l,ag]al

17043[0637041]] = [06&30471042717043[(137041“

= [aay'a”
= Jazaa; o tayt aslas, ai1]] = [asaBia ooyt as[as, aq]

= [asfiay oy’ aslas, aq]] = [y, as)

- [Oég, 063]_1,

[t ot as]™ = [t art 4™ = [maay e tart an)™
= lasBrag’ay’, oy ar’] = [as, 005 oy oz, By ey ]

= [ag, ag][g, Bs].

By Hall-Witt identity, we have the following identities in /' modulo ~¢(F'):

—1

1 = [a37a7a1]a [05717alilaai’)]al[alaa‘;laail]ag

= [0447041]a_1[&2,063]71[063,041,043?1071043]

- [OK4, Oél] [052, 053]71[0437 aq, 0540671]

= [au, en[az, o] Hag, a1, 071, (4.1.3)
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1 = [&2, Qa, al]a71 [CY_I, al_la aQ]al [alﬁ 042_1, a—l]OQ

= [as, 041]0‘71[0437 ] [a, Bs)[B5 T an o )

= [&37 al] [043, aq, a_l] [Oég, a?] [(1/2, 53] [63_10”/217 OégOz_l]

= |as, a1][as, a1, o] Has, as[ag, B3][Bs, a][ag, . (4.1.4)

Consider

Hl = F/<76(F)7Fp7617ﬁ37 [013,051,05], [Oé3,O[1,Oél]>.

By (4.1.3) and (4.1.4), respectively, we have [a4, aq] = |9, a3] and [y, a3] =

[, a][as, as) in Hy. Observe that

H, = (Oé,Oé1,Oé2,Oé3,Oé47ﬁ2 | [az‘,a] = O41, [0417062] = Qy, [0417044] = [Oé3,042] =

o, 3] = Py, 0 = of = afy, = 3 =1 (i = 1,2,3)).
Then H; is the group ®39(1°) of order p° in [27|. Now define
Hy = F/(76(F), F”, B3, [z, an, o, [, ar, an]).

Again, by (4.1.3) and (4.1.4), we have [ay, a1] = [ag, a3] and [aq, as] = [au, af[as, as

in Hs; hence

Hy = (o, 04,01, 02 | (g, 0] = aupr, (o, ao) = oau, (o, o] = B, (o, au) =

[, o] = B, [a1, 3] = B1fBa, o =l =B =5 =1, 1 <i < 3).

Notice that |Hs| = p'.

Finally consider

H = F/<76(F)7 Fp> [043,051,04], [043,041,051], [53705]7 [637051]>-
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It follows that

H = (a,04,0 | 04, o] = aiq, [ar, o] = aufBs, [ag, o] = B, [aq, 4] =

[, o] = B, [ar, 3] = B1fBa, o =af =7 =1, 1 <i <3, 1 <5< 4).

Notice that |H| = p® and H/(fB1, 32, 33) = G. Then, as in the preceding case,

we have

M(G) = 7
As |G'| = p?, we get

|G AG| = p°.

Since ay € Z(G), by Lemma 1.3.3(viii),
[042,042’] = [al,a,aj’f] =1= [ag,a,af] = [ag,af].

Hence, by Proposition 1.3.5, G A G is generated by the set

{lar, %), [as, 0], [as, @7, [ou, o), a2, af], [e, o], [as, af), [es, 05]}
We have

[ ot ag] = [maaytaT oyt ag) = [aayta (a7 azan )]

= [aaga™ay !, (@eu)’] = [azay oy, (asaq)?]

= [04470“/5]_1[@37042] = [O‘37a§]a
[ ot af] = ot oyt of]™ = [maay ooyt af]™

= [aa;lafl,ag’] = [aagoflagl, ag’]
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¢

= Jasouaz?t, af] = [as, af]

By Hall-Witt identity, we have

1 = [ag, 0,08 a7l a7t ad]® g, a5, (@) 7]

= [a?’v O‘(lb] [a?n Ozf] [aqlv (a—1)¢]a2

- [a?’v O‘(lb] [a3v O‘gj] [a4’ O‘ﬂ’

71 _ _ _ _
1 = [ag, 0,08 a7l a7, 0] ar, a5, (@710

= [044, O‘(ﬂ [042, ag]il'

This implies that 044,04¢ = 042,04‘25 = [ay, a? ng,a¢. By Lemma 1.3.3(v1),
1 3 1
aq, a?], [as, a?]] = [as, a?]. By Lemma 1.3.2, we have the following identities
[ 5. By g
[044, &¢]p = [O./Z, O./¢] =1= [aga a¢] = [&3, aqﬁ]p’
[ag, a3]P = [af, 5] = 1 = [a}, af] = [az, af]",
[as, @) = [0, a?] = 1 = [, a] = [y, a?]".

Hence

GAG = ([on,a%, [z, 0], [an, 0f]) X ([az, af]) x ([as,a’]) x ([as, a?])

= P,(111) x Z.

The proof is now complete. U




94 §4.1. The Schur multiplier and tensor square

4.1.3 Classes &9, 3, Pg, D7, Pg: Remaining Groups of order

p5

We start with the groups which occur as direct product of groups of smaller
orders. For such groups we compute the Schur multiplier in the following lemma,

whose proof follows from Theorem 1.2.3 and Theorem 1.4.1.

Lemma 4.1.7 The following assertions hold:
(i) M(®y(311)a) =2 M(D4(221)b) = Z,, x Z,,
(ii) M(®5(221)a) = Z1Y,

(iii) M(P(2111)a) = M(P,(2111)b) = 7,
(iv) M(®5(2111)c) = M(P5(2111)d) = 7Y,
() M(®2(17)) = 74,

(vi) M(®5(2111)a) = M(P5(2111)b,) = Z8,

(vii) M(®5(15)) = Z\Y.

The proof of the following lemma is a direct consequence of Proposition 1.3.8

and Theorem 1.4.1.
Lemma 4.1.8 The following assertions hold:
(i) ®o(311)a @ By(311)a =2 $o(221)b @ D5(221)b = Z,2 x ZY,
(i) ©5(221)a ® By(221)a = 2.3 x Z}7,
(iii) ®2(2111)a ® Bo(2111)a = y(2111)b ® By (2111)b = Z19,
(iv) ©3(2111)c ® By(2111)c = y(2111)d @ Dy(2111)d = Z,» x Z5',

(v) B5(17) @ B, (1°) = Z;™,
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(vi) ®3(2111)a @ P3(2111)a = $3(2111)b, @ $3(2111)b, = Z1(711)’

(vii) ®3(1%) ® P4(1°) = 7112,

Lemma 4.1.9 If G is one of the groups ®o(41), P9(32)ay, P2(32)ay or $5(32),
then M(G) is isomorphic to {1},Z,, Z, or {1} respectively, and G A\ G is iso-

morphic to Zy, L2, Ly or Ly respectively.

Proof. Since these groups are metacyclic, the assertion about the Schur multi-
pliers follows from [30, Theorem 2.11.3]. Now we compute the exterior square.
Since the Schur multiplier of the groups G isomorphic to ®5 (41) or ®5(32) is

trivial, we have G A G = G’. Hence
By (41) A By (41) 2 Z,

and

Oy (32) A By (32) 2 Z,0.

Now we consider G = ®5(32) a;. By Lemma 1.3.2, we have the following

identities

[an Oéd)} - [apQ, O‘(;S] - [Oé, O‘¢]p2 =1= [agv Oé(lz)] - [an O‘f]pﬂ
[OQ:a(ﬂ = [ap ,Oéf] - [OQO/f]p = [au (O[i) ) ] =L

Hence, by Proposition 1.3.5, G AG is a cyclic group generated by [ay, a?]. Since
both M(G) and 72(G) are of order p, it follows that

GAG 2 ([, a?]) 2 Zy.
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Similarly for G = @, (32) ag, we have

[O'/Qv O‘(ﬂ = [allja a¢] = [alv O‘(lb]p =1,
[as, %] = [a1,a%] = [a1, a?)P.

Hence G' A G is generated by [ay, a?]. As above,
GAG = ([on,a?]) 2Ly,

and the proof is complete. 0

Lemma 4.1.10 If G is one of the groups ®2(311)b or ®9(311)c, then M(G) is

isomorphic to Z, X Z,, and G \ G is isomorphic to Zl(yg).

Proof. For the group G = ®5(311)b, taking K = Z(G) in Theorem 1.2.6, we
have | M(G)| < p%. On the other hand, taking K = ®(G) in Theorem 1.2.5(ii),
we get d(M(G)) > 2. Hence,

M(G) = Zy, X Zy.
By Proposition 1.3.5, the group G A GG is generated by the set

{[Oéla Oé(b]a [a27 Oﬂs]? [052, Oé(f]? [77 Oéd)]a [77 O‘f}a [77 Oé;b]}
By Lemma 1.3.3(viii),
[04277¢] = [a17a77¢] =1L

By Lemma 1.3.2, we get the following set of identities:

[y, 0% = [7, (@”)’] = 1 = [y, (a})?] = [, a{]?,

2

[z, 0] = [47,a?] = [y, ] =1,
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az.af] = " af] = [r.afl” = 1,

[, af]P = [, af] = 1.

Hence, by Proposition 1.3.5, G A G is generated by {[aq,a?], [y, a?], [y, a?]}.

Since the nilpotency class of G is 2, by Lemma 1.3.6, G A G is abelian. Hence,
GAG=TY.

Now consider the group G = ®5(311)c. Again using Theorem 1.2.6 with
K = G, we get | M(G)| < p?. By Theorem 1.2.5(i7) with K = (aP), we have
d(M(G)) > 2. Hence
M(G) = Z, x Z,.

Since |G’| = p, it follows that G A G is of order p>.

By Lemma 1.3.2, we have the following:

[z, af]” = [ah, 1] = 1,

[ag,a¢]p = [0/29,04‘75] =1,

[, 0] = [af, 0’] = 1.

Consequently, by Proposition 1.3.5, GAG is generated by {[a1, a?], [as, a?], [as, af]},
which shows that

GANG 27D,
The proof is now complete. O
Lemma 4.1.11 IfG is one of the groups ®3(311)a, ®3(311)b, or ®o(221)d, then

M(G) is isomorphic to Z,,Z, or ZS) respectively, and G N\ G is 1somorphic to

Z,(jg), ZS’) or Ly X Ly, X Ly, respectively.
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Proof. Let G be one of the groups ®3(311)a or ®3(311)b,. Then taking K =
Z(G) in Theorem 1.2.5(i), p < | M(G)|. Since |G’| = p?, it follows that |GAG| >
p*.

For the group G = ®; (311) a, by Lemma 1.3.3(viid), [, o] = [ay, a, af] =

1. It now follows, by Proposition 1.3.5, that G A GG is generated by the set

{[ah Oé¢], [a27 Oﬂs]’ [O‘2’ O‘f]v [a3’ Oé¢], [ai’n Oé(f]}

By Lemma 1.3.2, The following identities hold:

[oz3,a¢] = [ap2,oz¢] = [a,a¢]p2 =1,
[013, a?]p = [O‘gv Oé(lb] =1,
[an aqb]p = [0512)7 a¢] =1= [ag’ O‘(ﬂ = [an O‘(lb]p7

[alv aqb]p = [all)v Oz¢] =1,

las, af] = [, af] = [, o = 1.

Hence GAG is generated by {[aq, a?], [aa, a?], [z, af]}. Since, in view of Lemma

1.3.3(vi), G A G is abelian, we have
GAG=LY.

Consequently,
M(G) = [ar, ab]) = Z,.

Consider the group G = ®3(311)b,, for r = 1,v. By Lemma 1.3.3(viii),
[og,ozf] = [al,a,ag] = 1. It now follows, by Proposition 1.3.5, that G A G is

generated by the set

{[alv Oé¢], [a27 a¢]7 [a27 off]’ [053, a¢]7 [0437 O/f]}
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By Lemma 1.3.2, The following identities hold:

a3, 0] = [of, f] = [on, o =1,
[, o) = [0f, 0] = 1,
[z, )7 = [ah, 0] = 1 = [a}, af] = [z, af]",
[, @7 = [an, (@)?] = 1,
[z, a?] = [o/f2,0z¢] = [a1, 0" =1.
Hence GAG is generated by {[ay, a?], [aa, a?], [ag, af]}. Since, in view of Lemma

1.3.3(vi), G A G is abelian, we have
GAG=TZY.

Consequently,

Finally we consider the group G = ®5(221)d. By Proposition 1.3.5, the group

G N G is generated by the set
{[041, Oﬂ)]? [042, ad)]v [a17 O‘g)]}
By Lemma 1.3.6, G A G is abelian. We have the identities, by Lemma 1.3.2:

[052, O‘f]p - [Oég, O‘(;S] =1= [0/2)7 Oé¢] - [a27 a¢]p7

[al,a¢]p2 = [afaad’} =1.

Now the natural epimorphism |G, G?] — [G, (G®)?] implies that the order of

[, a?] is p* in G A G. Notice that G/ (a}) = ®,(211)c. Consider the natural
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epimorphism
(G, G?] =[G/ (af) , (G/ {a})?] = [@2(211)c, (2(211)c)],

which induces an epimorphism G A G — (P2(211)c) A (P2(211)c). By Theo-
rem 1.4.1, we know that ®5(211)c A $5(211)c = 7). Hence the generators
(a1, a?], [oe, 0?], [, @3] of GAG are non-trivial, independent and [as, a?], [oy, f]

have order p in G A G. As a consequence, we get
GANG =Ly X Ly X Ly,
which, by observing the fact that G’ = ([ay, ), gives
M(G) = Zy, X Ly X Zy.
This completes the proof. O

Lemma 4.1.12 If G is one of the groups ®3(221)a or ®5(221)c, then M(G) is
isomorphic to Z, or Ly X Z, respectively, and G N\ G is isomorphic to Zg’) or

Lz X Ly X Ly respectively.

p
Proof. The group G = ®3(221)a is a semidirect product of its subgroups
N = <042,0é,Oé3> = (1)2(21)

and

T:<(1/1>2Z2,

p

where N is normal.

By Theorem 1.4.1, we know that M(/N) = 1. Now using Theorem 1.2.4, we
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get the following exact sequence
1 — HY(T,Hom(N,C*)) — H*(G,C*) — 1.
Hence,
M(G) = HY(T, Hom(N, C*)).

Notice that Hom(N,C*) = N/N' = (aN', asN'). Let ¢ be a primitive p-th root
of unity and Hom(N,C*) = (¢1, ¢2), where ¢; : N — C*, i = 1,2, are defined
by setting

¢1(a) = ¢, di(az) =1

and

Pa(a) =1, ¢o(an) =

Recall that T" acts on Hom(V, C*) as follows. For ¢; € Hom(N, C*), we set

“pi(a) = d1(a; tam) = ¢1(a)

and
o (an) = d1(0)  anan) = ¢ (a).
So, “ ¢ = ¢1. Similarly the action of aq on ¢y is given by “'¢9 = ¢ ¢s.
Define the map Norm : Hom(N, C*) — Hom(N, C*) given by

NO?"m(qﬁ) = (1+a1+0‘%+'“+o¢1{_1)¢'
It is easy to check that Ker(Norm) = Hom(N,C*). Define 8 : Hom(N,C*) —
Hom(N,C*) by
36y = g
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Then Im(8) = (¢1). It is a general fact (see Step 3 in the proof of Theorem 5.4

of [22]) that
Ker(Norm)
HY(T,Hom(N,C*) 2 —— 2L ~7 .
( ) OHI( ) )) Im(ﬁ) P
Hence,
M(G) = Z,.
By Lemma 1.3.3(viii), we have
[042,04?] = [al,a,af] = 1.
By Lemma 1.3.2, we have the following identities:
[043,04¢] = [ap,oﬁb] = [a,a¢]p =1,
[OQv Oé¢]p = [aga ad)] =1= [Oég, O‘f)] = [042, O‘f]p’

[043, Oéf] = [apﬂ Oé(li)] = [a? O‘(lﬁ]p'

Now we get

—1 —1 ¢]a1

[a y A 5 Qg ooyt ¢]a1 -

= [maogtalart, of] = [eaz et o)

- [043052_1, Og] - [043, ag] [an a;b}—l
= 1.
By Hall-Witt identity,
1 = [ag,a,a‘f]ail[a_l,afl,ag]al

= |as, off].
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Hence, G A G is generated by the set

{[alv a¢]7 [an Oz¢]7 [a27 O‘(lb]}
By Lemma 1.3.3(vi) G A G is abelian, and therefore

GAG=TZY.

The group G = ®9(221)c is a semi-direct product of its normal subgroup
N = (a1,7) and T' = (a). Now using Theorem 1.2.4, we get the following exact

sequence
1 — H'(T,Hom(N, C*)) — H*(G,C*) — H*(N,C*)".

As above, H'(T, Hom(N, C*)) & Z,2, which embeds in M(G). Now by Theorem
1.2.5(4i), taking K = (v*), we have 2 < d(M(G)). By Theorem 1.2.6, taking
K = (v), we have | M(G)| < p*. Hence

M(G) = Z,2 X Z,.
We have the following identities:

[, 7] = a1, @,7?] = 1, by Lemma 1.3.3(viis),
[@z,af] = (7. af] = [r,af]” = [7, (o))’ = 1,
[0427 Oé¢] = h/pa Oéd)] = [77 @¢]pa

[041, Oé(z)]p = [a}L a¢] =L
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Hence G' A GG is generated by the set

{[ala qub], [’77 a/¢]’ [/77 a(f]}

Since the nilpotency class of G is 2, by Lemma 1.3.6, G A G is abelian; hence
GAG = ([y,a?]) x {[v,a1]) x ([, a?]) = Zp X Zp, X Ty,

The proof is now complete. OJ

Lemma 4.1.13 If G is one of the groups ®3(2111)c, ®3(2111)d or $5(2111)e,
then M(G) is isomorphic to ZI(,?’), Ly X Ly 01 Ly X Ly, Tespectively, and G NG is
1somorphic to Zz(f’), ZSQ or Z](f) respectively.

Proof. For the group G = ®3(2111)¢, by Theorem 1.2.6, taking K = Z(G), we
get | M(G)| < p?, and by Theorem 1.2.5(7), taking K = (), it follows that p?
divides | M(G)[; hence | M(G)| = p?.

By Lemma 1.3.2, we have the following identities:

(2, 7] = a1, @, 7] = 1 = [ag, @, 7] = [as,7?], by Lemma 1.3.3(viii).
[as, 0] = [47, 0] = [1, 0] = [, (a")?] = 1,

[ag, af] = [y, af] = [y, af) = [y, (af)?] = 1 for i = 1,2,

[0z, af)? = [af, af] = 1 = [a}, a?] = [as, a7,

[ala a¢]p = [0/1)7 Oé(b] =1
The group G A G is generated by

{[0417 Oﬁﬁ]? [042, Oéqs]v [042, C“qlb]a [% Oﬁﬁ]? [77 Off]}?

and every generator has order at most p. By Lemma 1.3.3(vi), G A G is abelian.
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Hence

M(G) = 2.
Since |G'| = p?, we get

GANG 27D,

Consider the group G = ®3(2111)d. By Theorem 1.2.5(7), taking K = (a?),

p? < M(G). Since |G'| = p?, we have

|G AG| > pt.
By Lemma 1.3.3(viii),
[ozg,ozg’] = [al,a,ag’] =1.
We have
oot od]" = [aaay'eart,af]™ = [aay o ad)
= [a3a2_17 ag)] = [a?n ag][a% a;ﬁ]—l = [aQ’ a¢]_1
= 1.
By Hall-Witt identity,
1 = [042, «, O‘(lzs]OFl [O./_l, al_la O‘g]al
= [0537 Oé(lz)]

By Lemma 1.3.2, we have the following identities:

[ag, a’? = [of,0?] = 1 = [a}, af] = [az, af]",

[z, 0P = [04, %] = 1 = [of, 0] = [as, a”]".
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So, by Proposition 1.3.5, G A GG is generated by the set
{laa, Oé¢]» [z, 04¢]a [z, Off]a [, a¢]}.

By Lemma 1.3.3(vi), it follows that G A G is elementary abelian p-group, and
hence |G A G| < p*. Thus,

GANG 27

and

M(G) = Z, x Z,,.

For the group G = ®3(2111)e, by Theorem 1.2.5(7), taking K = (af), we get
p? < |M(G)|. Since |G'| = p?, we have |G A G| > p*. As in the preceding case,
(a3, 03] = 1 and by Hall-Witt identity, [os, ] = 1. By Lemma 1.3.2, we have

the following identities:

(s, @) = [af, 0] = 1 = [a}, af] = [az, a7,

[, a?)P = [0}, a?] = 1 = [on, (aP)?] = [, a?]P.
So, by Proposition 1.3.5, G A GG is generated by the set

{[O‘h a¢]7 [042, a¢]’ [042, Off], [a37 a(b]}'

By Lemma 1.3.3(vi), it follows that G A G is elementary abelian p-group, and
hence |G A G| < p*. Thus,

GANG =27

and

M(G) = Z, x Z,,.

The proof is now complete. 0
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Lemma 4.1.14 IfG is one of the groups ®3(221)b,, @6(221)19%(1)_1) or ®g(221)d,
then M(G) is isomorphic to Z, X Z,, Z,, or Z, respectively, and G NG is isomor-

phic to Zy» X Ly, X Zy, in all the cases.

Proof. From |27, Table 4.1], it follows that for the groups E of order p® in the iso-
clinism classes ®o5, Pog, Pyo or Py3, £/ Z( F) is isomorphic to ®3 (221) by, P3 (221) b,,,

®6(221)b1(,_y) or $6(221)dy respectively. Thus, all the groups G, under consid-

3 (p—

eration, are capable; hence Z*(G) = 1.

For the group G = ®3(221) b,, by Theorem 1.2.8, taking Z = (o), we have

the following exact sequence
G/G'®Z 2 MG) =7, — 1.

By Theorem 1.2.9, it follows that ay ® of ¢ Ker A, as a ® o € Ker A. So
| Tm(\)| = p, and |M(G)| = p*. Since |G'| = p?, |G A G| = p*. By Lemma
1.3.3(vii),

[O(Q,Oé?;] = [al,a,ag’] =1.

By Lemma 1.3.2, the following identities hold:

[as, a”” = [08,0%] = 1 = [0}, af] = [z, of]7,
[z, ) = [0}, %] = 1,

s, af] = [ af] = [ag, 0t =1,

las, 0] = [, a%] = g, 0],

[, 0" = [o/f, af] =1.

Observe that GAG is generated by the set {[o, a?], [ag, a?], [, @5]}, by Propo-
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sition 1.3.5. By Lemma 1.3.3(vi), G A G is abelian, and therefore

G AG = (Jag, a?]) x {[ag, a?]) x ([ozz,oﬁf]) = L2 X Ly X L.

Hence

M(G) 2 ([on, o) x ([, of]) 2 Z,, x Z,.

For the group G = ®4(221)dy, taking Z = (5), notice that G/Z = $3(211)b,.
By Theorem 1.4.1, M(G/Z) = Z,. Then by Theorem 1.2.8, we have the exact
sequence

GIG®ZXMG) S 2,7, 1.
By Theorem 1.2.9, it follows that aeG’ ® of ¢ Ker A, as a1G’' @ of € Ker .

Hence |Im(\)| = p, and therefore

Since |G'| = p?, we have

|G NG| =p.

By Lemma 1.3.3(viii), [8, 87] = [ou, a2, 7] = 1. Similarly, [3, 53] = [Bs, 8] =
1.

By Lemma 1.3.2, we have the following identities:

[$7y¢]p - [$p’y¢] =1 fO’I“ HAS {B?Bl?ﬁZ}?y € {a17a2}7

Br.af] = [0h" ", af) = [ag, af]™,
Br.ag] = [0h" ag] = [az, 0] =1,
(B2, af] = [of, af] = oy, af] =1,
B2, a5] = [}, af] = [au, af]?,

[ar, @] = [y, a§]P = 1.
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Hence, by Proposition 1.3.5, G AG is generated by {[ay, aS],[8,a?], [3,a5]} and
GNG =Ly X Ly X L.

Finally we consider the group G = @6(221)1)%(1,_1). As in the preceding case,

taking Z = ((5), it follows that

Recall that ¢ is the smallest positive integer which is a primitive root (mod p). In
this case, (2~) = —1 (mod p). By Lemma 1.3.3(viii), 3, 87] = [y, as, 87] =
1. Similarly [8, 85] = [8, 8{] = 1

By Lemma 1.3.2, we have the following identities:

[l-7y¢}17 = [xp7y¢] =1 fOI' T e {/3;51752}79 € {@1,@2},

Br.af] = [a7, af] = [ar ) = 1,

[Bi 5] = [ar", 5] = [ar, ag]” = [an, a§] 7,
(B2, af] = [0}, af] = [az, a1)7,

(B2, 5] = o, ah] = [az, a3’ = 1

(s, af P = [B5, af]P = 1.
Hence, G A G is generated by the set {[oq, 03], [, a?],[8,a3]}, and therefore
GANG =Ly X Ly X L,

which completes the proof. O

Lemma 4.1.15 If G is one of the groups ®6(221)a, ®s(221)b, (r # L(p — 1)),
O6(221)c, or ®g(221)d,., then M(G) is trivial and G N G = VA
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Proof. Tt follows from [44, Theorem 2.2| that, for the groups G under consider-
ation,

M(G) = 1.

Hence, consequently,

GANG=G =7Y.

Lemma 4.1.16 If G is one of the groups ®(2111)a, $(2111)b,. or $6(1°), then
M(G) is isomorphic to Zy,, Z,, or Z,(JB) respectively, and G NG = Z§,4), Zl(f) or Z;(P)

respectively.

Proof. For the group G = ®4(2111)a, by Theorem 1.2.5(7), taking K = (f),
we have p < | M(G)|, and so, since |G’| = p?, it follows that p* < |G A G|. By
Lemma 1.3.3(viii),

18, 87] = (8, 8] = [Ba, B}] = 1.

By Lemma 1.3.2, the following hold:

[w7y¢]p - [$p7y¢] =1 for YIS {B?ﬁlaﬁ?}ay € {a1>a2}a

[51704(175] = [O‘IID’O‘(H = [alvo‘(ﬂp =1,
81, 03] = [of, af] = [an, ad) = [a1, (0h)”] = L.
Now we have
[yt 00!, 8217 = [apan B agt, B0 = [epan fray B ey, 7]

= [fiBfrayt, B9 = [agfBifeay B, BO)™M
= (8185718 = 18,8 = 1.
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By Hall-Witt identity, we get

1 = [B,ozg,off]a? (st art, B2 ag, B7° 042¢]6
= (B2 09]% (88187, 05
= [B2,af][B1, 03] "

Hence, [/, a‘f] = (b1, ag] = 1. Consequently, G A G is generated by the set

{[a1’a2] [ﬁagl] [ﬂaO‘Q] [ﬁ%gg]}?

and is elementary abelian by Lemma 1.3.3(vi). Hence
GANG2ZW,

and therefore

For the group G & ®(2111)b,, taking K = (f51), we have p < |M(G)|, and

so, since |G'| = p?, it follows that p* < |G A G|. By Lemma 1.3.3(viii),
(8,87 = 8, 55] = [B2, B7] = 1
By Lemma 1.3.2, the following hold:

[x7y¢]p = [mpayd)] =1 fOl" HANS {B?Bl:ﬁ2}:y € {alaa2}a

1 1
[ﬁla&g] = [05120 70‘3] = [&27053)]27 =1,

1 1 =1 ¢
[ﬁlvaf] = [ag 7&?] = [&27&f]p = [a27 (Oézlo ) ] =L
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By Hall-Witt identity, we get
[B%a(f] = [Blvog] = 1.
Consequently, G A G is generated by the set

{lu, a8, [8, 7], [8, @3], [Ba, a5},

and is elementary abelian by Lemma 1.3.3(v7). Hence
GAG=ZW,

and therefore

Now we consider the group G = ®4(1°). By Theorem 1.2.6, taking K = (f3),

we have | M(G)| < p?. Since |G| = p?, we get |GAG| < pb. As described above,
(8, 8] = [8, 83] = 52, B] = 1
and, by Hall-Witt identity, we get
B2, Oéf] = [, Oég)]-
Thus, by Proposition 1.3.5, G A G is generated by the set

{[ar, @8], [8. 7). [8, @8], [B1, af], (B, ad], [Ba, ad]}.

It follows from Lemma 1.3.3(vi) that G A G is abelian. A straightforward cal-

culation (as above) shows that each generator of G A G is of order at most
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Consider the natural epimorphism

(G.G?] = [G/(Br), (G/(B1)?] = [@5(17), 25(1)7],

which shows that the elements [ay, o], [, a?], [3, @3], [B2, @5 are non-trivial and

independent in G A G. Now, consider the natural epimorphism

[G,G?] = [G/(B2), (G/{Ba))?] = [@5(1%), @3(1")],

which shows that the elements [a, a3, [3, 7], [8, &S], [81, a?] are non-trivial and

independent in G A G. We take the quotient group

G/ <5152> = <041, az, 3, 1 | [0617042] = f, [5,061] = [04275] = i, Oéﬁ) = 0/2’ =fpF = 5{; = 1>
= (arog, a1, B, 61 | [ar, qas) = B, [B, 0] = b1, [B, arao] = 1,0f = (ar00)?

— == 1)

I

P5(1%).
In [G/{B1Ba), (G/{B152))?], by Hall-Witt identity we have

1= [Bo1,08% [o7, 057, 8] [0z, B, 01 %)
= [B1, 0] [anasfaz i, 31 (85 B 0p )
= [Br,08)[pBrar’, 5212 (67 ar?)
= [Br,a8llpar’ B, 89172 (61, o]
= [Brad][Bensi oy i, 89261, o
= [B1,051[8, 871, 1]
= [Bi,a3][B1,01).
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It follows from Theorem 1.4.1 that

G/</81/62> N G/<5152> = <[a1a27 O‘(lb]a [5_17 af]’ [/B_la (a1a2)¢]7 [51_17 O‘(IZ)D

A straightforward computation now shows that
G/</81B2> N G/<Blﬁ2> = <[a17 ag]’ [57 O‘(f]» [67 ag]’ [517 O‘?D = Zgl)'
Now consider the natural epimorphism

(G, G?] = [G/(B15a), (G/{152))°] = [@5(1%), B3(11)7],

which shows that the generators [ay,ad],[8,a?], (3, %], [B1, ] of G A G are
independent. Thus, it follows that all the six generators of G A G' are non-trivial

and independent, and so, we have |G A G| > p°. Hence,

GANG2ZY
and
M(G) = Z§)
The proof is now complete. O

Lemma 4.1.17 If G is one of the groups ®7(2111)a, ®7(2111)b,, ®7(2111)c or
,(1°), then M(QG) is isomorphic to Zé?’), Z,()g), Zg’) or Zl(f) respectively, and GAG

1s isomorphic to ZS),ZS),ZS) or Zéﬁ) respectively.

Proof. For the groups G belonging to the isoclinism class ®7, it follows from

Theorem 1.2.5(i7), taking K = Z(G), that d(M(G)) > 3.
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For the group G = ®7(2111)a, consider the normal subgroup
N = (o, a1, g, a3) = $3(211)a

of G of order p*. By Theorem 1.4.1, M(N) = Z,. Then, by Theorem 1.2.7,
| M(G)| divides | M(N)||N/N'|. Since |[N/N’| = p?, it follows that | M(G)| = p?.

Hence G A G is of order p®. By Proposition 1.3.5, G A G is generated by
{[a1, 0%, [az, a®], [as, a®], [8, o], [az, af), [as, af], [B, af], [as, o8], [8, ad], [6, a5]}.
By Lemma 1.3.3(viii), we have
[ag, 0] = [0, o, ] = 1.
For x € {a, a1, as, as, 5}, by Lemma 1.3.2, the following identities hold:

[, a7 = [of,2°] = 1 = [, 2°] = [B,2°]7,

[z, 2717 = [0, 2%] = 1 = [of, 0] = [as, a”]".

Hence all the generators of G A G is of order at most p. By Lemma 1.3.3(vi), it

follows that G A GG is abelian, and consequently
GAG 27D

and

M(G) = Z).
For the group G = ®7(2111)b,, (r = 1 or v), consider the normal subgroup

N = (a, a1, a, ag) = $3(211)b,
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of G of order p*. By Theorem 1.4.1, M(N) = Z,. Then, using Theorem 1.2.7,
| M(G)| divides p®. Hence |M(G)| = p?® and so, |G A G| = p°. By Proposition

1.3.5, G A G is generated by

{[ab a¢]> [O‘2> Oﬂs]? [0437 Oz¢], [5? a¢]7 [an O‘(ﬂ’ [a37 Off]» [57 af]a [a37 ag]’ [57 Oégb], [6’ ag]}
By Lemma 1.3.3(viii), we have
[042,04?] = [al,&,ag] =1.

For z € {«, a1, s, a3, 5}, by Lemma 1.3.2, the following identities hold:

s, 27 = [of,2°] = 1 = [, 2°] = [B,27)",

[0527 x¢>]P = [Oég, $C¢] =1= [041, (ap)¢] = [alv O[qﬁ]p.

Hence all the generators of G A G is of order at most p. By Lemma 1.3.3(vi), it

follows that G A GG is abelian, and consequently
GANG2ZY

and

For the group G = ®7(2111)¢, consider the normal subgroup
N = (a1, af, as, a3) = &3(211)a

of G of order p*. By Theorem 1.4.1, M(N) = Z,. Then, using Theorem 1.2.7,
| M(G)| divides p3. Hence | M(G)| = p* and so, |G A G| = p°. By Proposition
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1.3.5, G A\ G is generated by
{[ar, %), [z, 07, [as, a”], [8, 0], [z, 1], [as, af], [B, af], [as, a5], [8, 5], [, o8]}
By Lemma 1.3.3(viii), we have
lag, af] = [on, o, ] = 1.
For x € {a, ay, as, as, 5}, by Lemma 1.3.2, the following identities hold:

[O‘3>$¢]p - [O‘g’x(b] =1= [agv$¢] = [O‘27$¢]p7

o, 27 = [of, 2] = 1 = [B, (a?)?] = [B,a”]".

Hence all the generators of G A G is of order at most p. By Lemma 1.3.3(vi), it

follows that G A G is abelian, and consequently
GANG=2ZY

and

M(G) = 7O,

Finally consider the group G = ®7(1°). It follows from [18, Main Theorem]

that

So |G AG| = pb. For x € {a,a,as, as, 3}, by Lemma 1.3.2, the following

identities hold:

[O‘?nxd)]p = [agax¢] =1= [agvx(ﬁ] = [0427x¢]p7

o, 2?7 = [of, 2%] = 1 = [B7,27] = [B,2°]".
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Hence all the generators of G A G is of order at most p. By Lemma 1.3.3(vi), it

follows that G A G is abelian, and consequently
GAG=ZY,

which completes the proof. O

4.1.4 Main result

Theorem 1.3.7 and all lemmas in Sections 4.1.1, 4.1.2 and 4.1.3 yield our main

result, which we present in the following table:

G G T(G®)  M(G) GAG eX=Ye.
0,(311)a  Zp xZY 7. xZV 7Z,x 17, z® Zyp X T
©y(221)a  Zp x Ly Lp x Ly LY LpxZY LY <z
y(221)b  Zp X 7Y Zp X LY Z,x 17, z® Zp X LY
®,(2111)a  ZY AR A% AR zo
dy(2111)0  ZY z z® VAL zo
Oy(2111)c Zp X ZY Zpx 7Y 7 VAR Zp x T3
O,(2111)d  Zp x 2V Z,. xZY 7YY VA% Zyp X T3

By (17) Z](fl) ZI(,IO) Z}f) ZI(,S) Z](fs)

Oy(41)  Zp x L, ZpxZY {1} Z, Loy X T
©y(32)ar  Zyp x Lz L) Z, Z, z')
y(32)ay  Zys X Ly Ly X ZY 7, L L X Lop X TS
Oy(311)  Zyp X ZY Zp x 7Y 7,x I, z) Zyp X T
Oy(311)c  Zps X Ly Ly X LY L, X I, AR Lo X T
Oy(221)c  Zyp X LY Zp X LY Tp x L, LpxZy LG x L)
9(221)d  Zyp X Zp z) z¥  Zpxzy  Z) <z
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G Gab (G MG — GAG ek-Ye
D3(2111)a z¥ z z¥ z z{H
D3(2111)b, z8) 79 z8) z) z{H

D4(1%) z 79 zY 79 zi?
®;3(311)a ZpxZp ZpxZ8 I, z¥  Zpxzd
®3(311)b, Ly xTy ZpxZ 7, z¥  Zpxzd
®;3(221)a Ty X Ty Zp xS 7, ¥ Zpxzd)
D3(221)b, Zyp X Ly Lyp XL TpxZy TpxLy L3 x L)
D3(2111)c 7Y z IS z¥) z{H
®3(2111)d Zp xZp ZpxZ§ 2 ) ZpxzP
®3(2111)e ZpxZy ZpxZP 7Y zy)  ZpxzP
$4(221)a z8) 79 Z, 7 zt)
D4(221)b z¥ ¥ ZyxZ, ZpxZP Z,pxzZd
D4(221)c z8) 79 Z, z) z

e, 2 7z, o
4(221)d1, ) 7Y zH) Zp  TpXZS  Tpx T
D4(221)e z8) 79 Z, 78 zt)
®,4(221) fo z) z0) Zp  ZpxZY  ZpxZP
D4(221) f; z) z;” Z, z;” z;’
D4(2111)a z8) 79 z8) z® z{H
D4(2111)b z8) 79 78 z z{H
D4(2111)c z8) z9 z8) z) z{H

D4(15) zt) 79 79 z® z{
D5(2111) zY 7§ z) 79 z{9)

By (19) 79 7010 7% 7 719
Dg(221)a z? 7 (1} 78 79

Oo(221)b, s10 1) L zy) {1} zy) zy)
(221)b1 (1) z? 78 Zy  ZpxZY ZpxzP
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G G T(G®)  M(G) GAG GoG
®o(221)c, 7 z) {1} z;” z;”
Dg(221)dy 7P zt) Z, Zy x 7 Zy2 x 7
oo(221)d, 2 z¥ {1 zy¥ z;”
g(2111)a  ZP zt) Z, zt z!"
og(2111)0, 7P zt) Z, ztY z{"
D(15) z? zt) z8) 79 zt)
;(2111)a  ZY z9 z8) z zM
o;(2111)b, 7S zP z¥ zt zH
o;(2111)c  ZY z9 z8) z zH
D7(1) z8) 79 ztY 79 z§?
03(32)  ZpxZ, ZpxZ§ {1} Zy2 72 x 79
Dy(211)a 7P zt) Z, ztY z{"
Dy(2111)h,  ZP zt) Z, ztY z"
Dy(15) z? zt) z8) @111 x 2§ ®,(111) x 29
®yp(2111)a,  Z) zt) Z, ztY z!"
Di(2111)h, 7P zt) Z, ztY z{"
D10(17) z? zt) 7 @,(111) x 25 ®y(111) x 2P

Table 4.1: Groups of order p°, p > 5
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4.2 Capability of groups of order p’,p > 5

In this section we determine the capability of non-abelian p-groups of order p°,
p > 5. For the convenience of reader we work out the details for some groups.
For all other groups proof goes on the same lines.

Consider the group G = ®5(311)a. By Theorem 1.2.8, the following sequence

1s exact

GG ®7Z25MG) > MG/Z) > G NZ—1.

For the central subgroup Z = (a?), G/Z = 78 and G'N Z = Z,. Since
M(G) = Z, x Z,, so by the above exact sequence ker A = G/G' ® Z. Hence, by
Theorem 1.2.9, (a?) C Z*(G). Similarly we observe that (as) is not in Z*(G).
Hence G is not capable and Z*(G) = (aF).

Consider groups G isomorphic to ®,4(221)b, <I>4(221)d%(p_1) or ®,(221) fy. Since
| M(G)| = p?, by the exact sequence in Theorem 1.2.8, it follows that ker A =
G/G'®Z if and only if either | M(G/Z)| = p® with |G'NZ| = por | M(G/Z)| = p*
with |G'NZ| = p?. Tt is easy to observe that this will not happen for any central
subgroup Z of G. Hence, by Theorem 1.2.9, Z*(G) = 1.

In the following table the description of epicenter Z*(G) is given for each

group G under consideration.
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®4(221)d; 1)

Capable

G Capability Epicenter G Capability  Epicenter
®5(311)a Not Capable (aP) ®4(221)e Not capable Z(G)
Dy(221)a Capable (1) D4(221) fo Capable (1)
®5(221)b Not Capable 7v2(G) x (af D4(221) f Not capable Z(G)
Dy(2111)a Not Capable Y2(G) d,(2111)a Not capable (Ba2)
D, (2111)b Not Capable ¥2(G) D4(2111)b Not capable (B1)
D,(2111)c Not Capable (aP) D4(2111)c Not Capable (B1)
Do(2111)d Not Capable (o) d,(15) Capable (1)

D, (15) Capable (1) P5(2111) Not capable Z(G)
Dy (41) Not Capable Z(G) ®5(15) Not capable Z(G)
D4(32)ay Not Capable 72(G) Dg(221)a Not capable Z(G)
D5(32)aqy Not capable (aP”) ®6(221)b,. x1(,—1) Not capable Z(@)
®5(311)b Not capable (vP) P6(221)b1 (1) Capable (1)
D5(311)c Not capable (aP) D6 (221)c, Not capable Z(G)
Dy (221)c Capable (1) Dg(221)dy Capable (1)
®y(221)d Capable (1) D6 (221)d, Not capable Z(G)
D3(2111)a Not capable (a3) Dg(2111)a Not capable (B1)
$5(2111)b, Not capable (as) Dg(2111)b, Not capable (B1)
®3(1°) Capable (1) Dg(1°) Capable (1)
®3(311)a Not capable Z(G) o7 (2111)a Not capable Z(G)
D3(311)b, Not capable Z(Q) D, (2111)b, Not capable Z(@G)
®3(221)a Not capable Z(G) o7 (2111)c Not capable Z(G)
D3(221)b, Capable (1) (1) Capable (1)
D3(2111)c Not capable (+P) Dg(32) Not capable Z(G)
®3(2111)d Not capable (aP) Dg(2111)a Not capable Z(G)
D3(2111)e Not capable (o) Dg(2111), Not capable 7Z(Q)
®4(221)a Not capable Z(G) By (1°) Capable (1)
D,4(221)b Capable (1) D1p(2111)a, Not capable Z(@G)
®4(221)c Not capable Z(G) ®10(2111)b, Not capable Z(G)
®4(221)d, ,+1(,-1) Not capable 7Z(G) ®1(15) Capable (1)

Table 4.2: Capability of groups

of order p°, p > 5
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4.3 Non-abelian groups of order 2° and 3°

The following table takes care of groups of order 2°. These results are obtained

by GAP [14].

Group ID  M(G) GNG GeG Capability  Epicenter
2 z$  zyx 7 7 x 7l Capable {1}
4 Zs Z4 Zs x 7Y Not Capable Zs
5 78 Ty x Ty Tgx Zy x ZY)  Not Capable Zs
6 79z x 7 7 %z Capable {1}
7 Zs Zyx Lo TgxZyxZ5 Not Capable Z,
8 Zo  TuxTy TsxZyxZ Not Capable Zs
9 7Y Zsx Ly TLsxZyx 7 Capable {1}
10 Z Zyx Ty TsxZixZ¥ Not Capable Zo
11 Ty TaxZy, TP xZS  Not Capable Zs
12 Zs Z4 Zs x 7t x Z, Not Capable Z4
13 Zs Zs  ZsxZP xZ,  Capable {1}
14 Z, Zs Zs x 7)) x Z, Not Capable Zs
15 {1} Z4 Zs x 7t x Z, Not Capable Z4
17 {1} Zs Zyg X Zg‘g’) Not Capable Zsg
18 Zs Zg Zog x 7.8 Capable {1}
19 {1} Zs Z1s x 7Y Not Capable Zs
20 {1} Zsg Zig X ZS”) Not Capable Zo
22 78z x 2P 7P <z Capable {1}
23 78 zyx 7 7P x 7 Not Capable Zs
24 Zox Ty Zyx7Z8¥ 79 x 7z Capable {1}
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Group ID  M(G) GNG GG Capability  Epicenter
25 A Zyx 28 79 x 7 Not Capable Zs
26 A z 7% x 79 Not Capable  Zy x Z,
27 78 2P 7P 7P <7  Capable {1}
28 A 79 x7, 79 x7{  Capable {1}
29 VAS Zyx 78 79 x 78 Not Capable Zs
30 VA% Zyx 28 79 x 7 Not Capable A
31 ZoxZy T xZy 7V %7  Capable {1}
32 Zs z$) 72 x 7" Not Capable  Zj X Z,
33 Zs z$) 72 x 77 Not Capable  Zy x Z,
34 79 %z, 7P % % 7P Capable {1}
35 VAR Zyx 7 7 x 7Y Not Capable Zs
37 VA z$) Zs x 7 Not Capable Z4
38 z? z Zyx 78 Not Capable Z4
39 A Zs x 28 Zg x 7Y Capable {1}
40 VAS Zyx 78 Zsx 7Y Not Capable Zs
41 z? Zyx 7 Zsx 78 Not Capable Zs
42 VA% Zyx 78 Zyx 7Y Not Capable Zs
43 VAR Zyx 78 Zyx 7Y Not Capable Zs
44 VA% Zyx 7 Zyx 78 Not Capable Zs
46 A Zyx 2V 7y x 787 Capable {1}
A7 VAR YA 72 x 78" Not Capable Zs
48 A% A% 79 Not Capable Zs
49 ZS’) Zgﬁ) ng) Not Capable Lo
50 VAR AR AR Not Capable Zs

Table 4.3: Groups of order 2°
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The following table takes care of groups of order 3°. These results are ob-

tained by GAP [14].

Group ID M(G) GAG GG Capability  Epicenter
2 ¥ 2o x 28 7l x Z Capable {1}
3 78 Zyx 7 7y x 2P Capable {1}
4 Zs Ty xZY  Zgx I Capable {1}
5 {1} Z:(f’) Z§6) Not Capable ZgQ)
6 Zs Zox 7Y  ZoxZ{)  Not Capable  Zg
7 {1} Zég) Z:(f) Not Capable Z?)
8 Zs Zox 7  ZyxZY  Not Capable Zs
9 Zs z z{" Capable {1}
11 Zs Zg Z,(;l) Not Capable Zs
12 VA A Zor x Z)  Not Capable  Zg
13 A z Zo x ZY Capable {1}
14 78 zex 7 7 x 7Y Capable {1}
15 78 7o x 78 7P x 7Y Not Capable  Zj
16 Zs Zgg) Zg X ZS) Not Capable Zg
17 78 7ex 7 7P x 7Y Not Capable Zs
18 Zs A% Zo x 7. Not Capable  Zs x Zs
19 Zs ZE;’” Zg X Z§5) Not Capable Zg
20 Zs A Zo x Z  Not Capable  Zg
21 Zs Zo Zor x Ty x 7 Not Capable Zs
22 {1} Zyg 78 x 7% Not Capable Zs
24 {1} Zs Zor x 7Y Not Capable  Zay
25 Zs Zg X Zf) Zg X Z§5) Not Capable Zs
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Group ID  M(G) GNG GG Capability — Epicenter
26 Zo x Zs X X xZ¥  Capable {1}
27 Zs  ToxZY Ty xZY  Not Capable Zs
28 Zyg Y Y x Zég) Capable {1}
29 Zs  Zox 7Y Zyx 7Y Not Capable Zs
30 Z3 Ly X Zgz) Zig X Zg’) Not Capable L3
32 zyY 7 7y xZ{Y  Not Capable  Zs
33 78 Zyx 7Y 7P x 7' Capable {1}
34 Zo x Ly Tog x2S 78 x 7" Capable {1}
35 A% 7Y 7y x 7YY Not Capable  Zs
36 A% z$) Zo x 78 Not Capable  Zs x Zs
37 A A 7 Capable {1}
38 A% A% Z8 Not Capable  Zs
39 z$) z$) Z8M  Not Capable Zs
40 z zy Z{"  Not Capable  Zg
41 Zs z$) A% Not Capable  Zs x Zs
42 78 Zex 7 Zyx 78 Capable {1}
43 Zo  Zox 7Y TZyx 7P  Capable {1}
44 Zs z$) VA% Not Capable  Zs x Zs
45 Ty  Tox 7 Zyx 7V  Capable {1}
46 Zs z$) A% Not Capable  Zs x Zs
A7 Zs A A% Not Capable  Zs x Zs
49 z 78 Zox7Z{  Not Capable  Zg
50 A% z$) Zo x 78 Not Capable Zy
51 Zég) Z:(f) Zgu) Not Capable L3
52 A A% Z8  Not Capable Zs
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Group ID M(G) GAG GG Capability  Epicenter
53 78 7o x 78 7y x Z{”  Capable {1}
54 Zi({g’) Z§5) Zgn) Not Capable ZLs
55 z VA% z{8"  Not Capable Zs
56 z z Z{"  Not Capable  Zs
57 z$) z$) 78 Not Capable Zs
58 78 e x 7Y 7y x 7YY Capable {1}
59 z$) z$) Z{8"  Not Capable Zs
60 Z:({O’) Z§5) Zéll) Not Capable ZLs
62 z$" AL 7% Capable {1}
63 z$) VAL 7% Not Capable Zs
64 A z z{%  Not Capable Zs
65 z$) AL 78 Not Capable Zs
66 Z§5) Z:(f) ng) Not Capable ZLs

Table 4.4: Groups of order 3°

The groups X and Y in Table 4.4 are given by

and

X ={a,b,c|[b,al = [a,c] =[b,c] =1,a" =1’ = =1)

Y = {(a,b,c|[bal = [a,c] =[b,c] =1,a" =1 = =1).
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