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Chapter 1

Background

This chapter is a collage of various facts from analytic number theory, mainly pertaining
to the Riemann zeta function and Dirichlet L-functions, that we will find useful later. The
material of Sections 1.2 to 1.5 is entirely standard; the reader may refer, for example, to
the relevant sections of H. Cohen’s textbooks [16] and [17] for detailed coverage. We

begin by recalling the unifying notion of the Selberg class.

1.1 The Selberg class

Let s € C and (a,),en be a sequence of complex numbers. Then a series of the form

[}

—,
n=1 n

is called a Dirichlet series. In 1989, Selberg [70] introduced a class S of functions on C
defined by a Dirichlet series, now called the Selberg class, and formulated some conjec-

tures on this class. An element F of S satisfies the following axioms:

(i) The function F is given by an absolutely convergent Dirichlet series Y, 7 in the
n>1

half-plane Re(s) = o > 1.

(i1) Analyticity : F has a meromorphic extension to C which has no poles on C except
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possibly at s = 1. If m > 0 is the order of the pole s = 1 of F, then the function

s+ (s—1)™F(s), which is thus an entire function, is of finite order.

(iii) Functional equation: there exist an integer k > 1, real numbers Q, wi,wy, ..., Wi

and complex numbers @, g, Uy, ..., W satisfying

|| =1,0>0 and w; > 0,Re(u;) >0

for all j, 1 < j <k, such that

satisfies the relation

(s) = 0d(1—73), (1.1)

for all s in C.
(iv) Ramanujan hypothesis: for any given > 0 we have a, < nd foralln>1.

(v) Euler product : we have a; = 1 and that there exists a sequence of complex numbers
(bp)nen with Y, % an absolutely convergent Dirichlet series for Re (s) > 1 such that

in this half-plane we have

logF(s) =Y, @. (1.2)

s
n>1 n

Moreover, b, = 0 except when n is a prime power and b,, < ¢ n® for some 6 < 1 /2.

In (v) above and elsewhere log F means, of course, a function G such that exp(G) = F on

the domain in question, for instance, the half-plane Re (s) > 1 in (v).

An F € S is said to be primitive if the relation F' = F} F, with F| and F, in S implies either

Fy =F or F; = F. Selberg [70] made, among others, the following pair of conjectures.
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1. For each F in the class S there is an integer nr, which is 1 whenever F is primitive, so
that for all X > 1 we have
2

y 9] _ s toglogX +0(1) | (1.3)
p<x P

2. For any distinct primitive elements F, F’ in the class S we have

/
apa

y &% . (1.4)
p<x P

forall X > 1.

In these statements, of course, the a,, and the a; are the coefficients of the Dirichlet series

defining F and F’ respectively and the sums (1.3) and (1.4) are over prime numbers p.

A problem of great interest is to classify members in S. To this end, one defines the degree

drp of an F € S by the relation

k
dF :2ZWJ"
j=l1

We have from [18] that the only function of degree O in the Selberg class is the constant
function F = 1 and that there are no elements with degree d satisfying 0 < d < 1. To
describe the degree 1 elements of the Selberg class, we now review the basic facts on the

Riemann zeta function and the Dirichlet L-functions.

1.2 The Riemann zeta function

For any s = o +it € C with 0 > 1, we set

o 1
Eo) =Y (1.5)
n=1

on noting that the right-hand side is an absolutely convergent Dirichlet series for such s.

Thus the function s — §(s) is a holomorphic function on the half-plane ¢ > 1 and, as we
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explain in more detail later, extends as a meromorphic function on C. This meromorphic
function is denoted by ¢ and is called the Riemann zeta function.

The study on this series began about 1730, by Swiss mathematician, Leonhard Eu-
ler (1707-1783). He studied the sum

1 1 1
1+§+§+4?+"'

for integer s > 1, which is precisely {(s). Euler discovered a formula relating & (2k), k >

1, to the Bernoulli numbers as

(=) 1By(2m)*
2000

£(2k) =

where By is the 2k-th Bernoulli number. This formula yields {(2) = Z-, {(4) = g—; and

SO on.

The function { is intimately connected with the distribution of primes and was originally
studied by Riemann in his famous memoir published in 1859. Fundamental to this con-
nection is the fact that {(s) can be written as an infinite product involving only the primes

numbers, i.e.,

C(s)zH(l——)l. (1.6)

This relation, which was first discovered by Euler for real values s > 1, remains valid for
all complex s in the half-plane ¢ > 1, with the product being absolutely and uniformly
convergent on each compact subset of this half-plane. It follows that { is in fact a non-
vanishing holomorphic function in the half-plane o > 1. Further, (1.6) can be written

as

log(s) = ¥ 1) (1.7)

N
i=hn*logn

for o > 1, where A is the classical Von Mangoldt function. This version of (1.6) is in the
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A(n)

form (1.2) with by =0 and b,, = Togn

forn > 2.

1.3 Dirichlet characters

We recall that a character of a group is a homomorphism from the group to the multiplica-
tive group of non-zero complex numbers C\ {0}. A function ) from Z to C is called a
Dirichlet character modulo g or to the modulus g, where g > 1 is an integer, if there exists
a character g of the group G(g) of invertible residue classes modulo ¢ such that for each

integer n we have

x(n) = (1.8)

where 7 is the residue class of n» modulo g.

A Dirichlet character modulo ¢, for an integer ¢ > 1, is therefore a periodic completely
multiplicative arithmetic function with period ¢ that takes non-zero complex values at the
integers coprime to ¢ and is O for all other integers. Indeed, since G(g) is a finite group
of order ¢(g), the values of each of its characters lie in the subgroup of ¢(g)-th roots of
unity in C. Thus for any Dirichlet character modulo g and any integer n we in fact have
that x(n) is a ¢ (g)-th root of unity if (n, g) = 1 and hence |y (n)| = 1 in that case and, of
course, X (n) = 0 otherwise. Further, there are ¢(g) Dirichlet characters modulo ¢, since
their number is the same as the number of characters of the group G(g), which is ¢(q) as
well.

For any integer g > 1, the Dirichlet character ), defined by xo(n) = 1 for (¢,n) =1
and yo(n) = 0 otherwise is called the principal character to modulus g. It arises from the
trivial character on G(q) by (1.8). All other Dirichlet characters modulo ¢ are called non-
principal characters. Note that when g = 1 there is a unique Dirichlet character ¥ modulo

g and it is the principal character modulo 1, which satisfies (n) = 1 for all integers n.
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Let x be a Dirichlet character modulo an integer ¢ > 1 and let d be a divisor of g. Then
the Dirichlet character y is said to be defined modulo d if there is a Dirchlet character
y modulo d such that x(n) = y(n) for all integers n satisfying (n, ¢) = 1. Plainly, for a
Dirichlet character y modulo d to exist such that this relation holds a necessary condition
is that x (n) = 1 for all integers n satisfying (n,¢) =l andn=1 (mod d), since y(n) =1

for such n. It is known that this condition is also sufficient.

The conductor of ) of a Dirichlet character modulo ¢ is the smallest of the divisors d
of g such that x is defined modulo d. A Dirichlet character ¥ modulo ¢ is said to be
primitive if its conductor is g. For example, all the non-principal characters to modulus p,
a prime number, are primitive. On the other hand, the conductor of the principal Dirichlet
character modulo any integer ¢ > 1 is 1. If d is the conductor of a Dirichlet character x

modulo g then there is a primitive Dirichlet character y modulo d such that

x(n) = xo(n)y(n) for all integers n, (1.9)

where ¥y is the principal character modulo g.

A Dirichlet character y is said to be an even character, and respectively an odd character,

if x(—1) = 1, respectively if y(—1) = —1. Thus if for any Dirichlet character y we set

(1.10)

then x is even or odd, respectively, if a =0 or a = 1.

For any Dirichlet character ¥ to a modulus g we have the following :

©(q) if x is the principal character,
Y, xm)= (1.11)

m mod g 0 else.
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Also, one has

o(q) ifm=1 mod g,
Y x(m)= (1.12)

x mod g 0 else,

where the sum is now over all Dirichlet characters ¥ modulo g. The relation (1.12) yields
a fundamental orthogonality relation for Dirichlet characters modulo g, which is that for

any integers m and a with (a, g) = 1 we have

1 Z (@7(m) 1 ifm=amodgq,
7(a)x(m) = (1.13)
¢4) x mod g 0 else.

Next, we recall an important sum G(n, ¥ ), called the Gauss sum associated to a Dirichlet

character ¥ modulo an integer g > 1. It is defined by

Gnx)= Y x(m)e(%) (1.14)

m mod ¢

for any integer n and Dirichlet character y modulo ¢g. Note that if (n,q) = 1, then nm
varies over the complete set of residue classes modulo ¢ when m varies over the same.

From this fact and the properties of ) recalled above we get

for such integers n. If, moreover, ¥ is a primitive character modulo ¢, then one can show
that G(n, x) = 0 when (n, g) # 1 and therefore for such ) the above identity holds for all

integers n.

We define () to be G(1, x) for any Dirichlet character y modulo ¢g. Then one can prove

the following basic lemma starting from the identity above :

Lemma 1.3.1 Let x be a primitive character modulo q. Then we have that
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1.4 Dirichlet L-functions

Given a Dirichlet character ¥ and an s = ¢ + it with 0 > 1 we set

L(s, x) = i X(?) . (1.15)
n=1

n

Indeed, we have |y (n)| < 1 for all n > 1 and by comparison with the series on the right-
hand side of (1.5) it follows that the Dirichlet series on the right-hand side of (1.15) is
also absolutely convergent in the half-plane ¢ > 1. Thus the function s — L(s, x) is a
holomorphic function in this half-plane. As we review in Section 1.5 this function, like
£, can be extended as a meromorphic function to C. This meromorphic function is called
the Dirichlet L-function associated with ). Note that the Dirichlet L-function associated
with the unique Dirichlet character modulo 1 is the same as the Riemann zeta function
since the series on the right-hand sides of (1.15) and (1.5) are identical in that case. Thus

Dirichlet L-functions are a generalization of the Riemann zeta function.

Since a Dirichlet character is a completely multiplicative function we obtain the following

analogue of the product formula (1.6) for Dirichlet L-functions :

L(s, x):H(l—M>_l, (1.16)

P P’

The product on the right-hand side of (1.16) is also absolutely and uniformly convergent
on each compact subset in the half-plane o > 1 and hence s — L(s, ) is, in fact, a
non-vanishing holomorphic function in this half-plane. As with the ¢ function, one may

rewrite (1.16) as
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A(n)x(n)
logL = — = 1.17
ogL(s, x) n§>2 2 logn (1.17)
for ¢ > 1, which is again in the form (1.2) with b; = 0 and b, = A o py > 2.

logn
Suppose now that ¥ is a Dirichlet character to the modulus ¢ and let the conductor of )
be the divisor d of g. If then v is the Dirichlet character modulo d such that (1.9) holds,

we have using (1.16) that

L(s, x) = L(s, w)H(l— Wp)). (1.18)

S

prla p
Since the product on the right-hand side of (1.18) is a finite product, which is thus easily
understood in various situations, we shall often restrict ourselves to the case when ¥ is a

primitive character modulo ¢ when describing properties of Dirichlet L-functions.

Dirichlet introduced his L-functions in 1837 to prove the celebrated theorem that there are

infinitely many prime numbers in any arithmetic progression
{gn+a:neNU{0}}

with (a, g) = 1. To do this, Dirichlet used (1.13) together with (1.17) to obtain the rela-

tions

)»
p=a mo

T x() ogLls,
el I FOE R = mz a)logL(s, 1) +O0(1),

for real s > 1. Then on noting that log L(s, xo) — o as s — 1, Dirichlet reduced the proof
of his theorem to showing that L(1, y) # 0 for x # xo modulo ¢, which he obtained using

his class number formula.
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1.5 The functional equation

Riemann in his memoir of 1859 showed that the function { can be extended as a mero-
morphic function in the complex plane and that it has a unique pole, a simple pole at s = 1
with residue 1. Further, he established the following functional equation for {: for all s in

C we have

n—%r(g)g@) - n—Tr(l ;“)gu—s), (1.19)

where I is the gamma function. We recall that this function is defined on the half-plane

Re(s) =0 > 0by

I'(s)= /Oooxs_le_xdx. (1.20)

It is easily seen from this definition that I" is a holomorphic function on the aforemen-
tioned half-plane. Moreover, that this function can be extended as a meromorphic func-
tion on C with its only poles being simple poles at s = —n for any integer n > 0, where it

has residue % Further, for all s in C we have that I satisfies the relations

[(s)=(s—1)I(s—1) and T(s)[(1—s)= Sifm (1.21)
and
I(s) = n~ /22511 (%)r(il) (1.22)

The first relation in (1.21) is called the functional equation for the gamma function while
the second relation in (1.21) is called the reflection formula for the gamma function. The

relation (1.22) is called the duplication formula for the gamma function.

The function I" is a non-vanishing function on C. Indeed, the reflection formula above tells

us that any zero of I' is necessarily an integer. However, as we have already remarked, the
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integers n < 0 are poles of I while I'(n) = (n— 1)! for integers n > 1, by the functional

equation in (1.21) and I'(1) = 1.

We now give a brief sketch of a proof of meromorphic extension and the functional equa-
tion (1.19) for the function {. Thus suppose that s = ¢ + it with 6 > 1. Then from the

definition of the gamma function (1.20) we can write

s K bl | 2
7r_7F<—>n_s :/ 125 L=t gy
2 0

Now, summing over all integers n # 0 and interchanging summation and integration which

is easily justified, we obtain

2w (3 )60 = | o (vl w(o)ar (1.23)

where for any 7 in (0, ) we have set

y(t)=Ye ™

with the summation ranging over all integers n. Note, of course, that y(0) = 1. The
function y : ¢ — (¢) is essentially Jacobi’s theta function (see Chapter 10 of [71]) and it

is known that y satisfies the functional equation

v(t) = 71//(—) (1.24)

for all ¢ in (0, o). On splitting the range of integration in the integral on the right-hand

side of (1.23) into (0, 1) and [1, =) and using the the relation (1.24) for y in the integral
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over (0, 1) we obtain the first equality in

277:_%F<%>§(s) = /loot “y(r) - l[/(O))dl+/()1 <%I]/(;) - W(O)) 2y
:/lww<t5+tl2s>dt+2w(0) (L—D (1.25)

s—1

Nl

The second equality above results on making the change of variables 7 — % in the integral
over (0, 1) on the right-hand side of the first equality, rearranging the terms and evaluating
the integrals of ~2~! and 71 over (1, 00). The function (y(t) — y(0))/t tends to O
exponentially as t — oo. Hence the integral on the right-hand side of the second equality
above converges absolutely and uniformly on any compact subset of C and thus defines

an entire function of s.

Let us now set

Als) = n*%r(%)g(s). (1.26)

Then the conclusions of the preceding paragraph and the relation (1.25) tell us that the
function A : s — A(s), defined as a holomorphic function on the half-plane ¢ > 1, extends
as a meromorphic function on C with two poles, one at s = 1 with residue y(0) = 1
and the other at s = 0 with residue —y(0) = —1. Since m~7 is an entire function of
s and since I'(5) has a simple pole at s = 0 with residue —1, we see that { extends as
meromorphic function on C with a unique pole, a simple pole at s = 1 with residue 1
(since I'(%) = /7). In particular, (s — 1){(s) is an entire function. It can be shown to be
of order 1; we refer to Theorem 3.20, page 245 of [77], which gives a stronger conclusion.
Furthermore, since the right-hand side of (1.25) is invariant under s — 1 — s we obtain that

A(s) = 72T(%) & (s) satisfies for all s in C the relation

A(s) =A(1—s), (1.27)
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which is the functional equation of Riemann as stated in (1.19). For all s in C, the func-
tion A satisfies A(s) = A(5) as can be seen by analytic continuation from the half-plane

Re(s) = o > 0. Consequently, (1.27) can be written as

for all s in C, which is in the form (1.1). With these remarks and those of Section 1.2, we

obtain that { is a degree 1 function of the Selberg class.

The arguments outlined above can be extended to cover the general case of a Dirichlet
L-function associated with a primitive Dirichlet character ¥ of modulus g. In light of
(1.18), this is a reasonable assumption on ). The details omitted in our sketch below can

be found on pages 173 to 175 of [17]. Here the role of y/(¢) is played by

7[}’[2[

w(t, x) =Y nx(n)e

(1.28)

with 7 as before in (0, o) and a = a()), defined in (1.10). Note that y(0, x) = x(0) =0
for any ) of modulus g > 2. It can be shown that the function 7 — y/(z, x) on (0, o)

satisfies the functional equation

y(t, x) =rw(x) 2 w(—,Y), (1.29)

w(y) = 2L (1.30)

Als, ) = (E>_;F<S;“)L(s, %) (1.31)
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and obtain as a generalization of (1.23) the relation

era_]

2A(s. %) = (g) [ w0 - v e (1.32)

from which we eventually deduce using same principles as explained above for { that the
function s — A(s, X ) extends as a meromorphic function on C with two poles, one at s = 1
with residue (%)g v(0, ) and the other at s = 0 with residue — <§>§ v (0, x). Since,
however, y(0, x) = x(0) = 0 unless ¥ is the trivial character to modulus ¢ = 1, in which
case x(n) =1 for all integers n and hence L(s, x) = {(s), it follows that the function
s+ L(s, x) extends as an entire function when ¥ is any primitive character to a modulus
q > 2. Using (1.18) we then infer that for any Dirichlet character y, not necessarily
primitive, with conductor g > 2, the function s — L(s, ) extends as an entire function on
C and also that when the conductor g = 1, it extends as a meromorphic function to C with

a unique pole, a simple pole at s = 1. Furthermore, when ¥ is primitive, for all s in C we

have the functional equation

Als, x) = w(X)A(1 =5, %) = w(x)A(1 =5, X), (1.33)

generalizing (1.27). Also, from (1) of Lemma 1.3.1 we see that |t ())| = 1. Thus with
0= \/% we conclude that (1.33) is in the form (1.1). Moreover, it can be shown that
s+ L(s, x) is of order 1 as an entire function, for any Dirichlet character )y of modulus
q > 2; we refer to Theorem 8.24, page 385 of [77] for a stronger conclusion. With these
remarks and those of Section 1.2 we obtain that the function s — L(s, x) for any primitive

Dirichlet character ¥ of modulus g > 2 is a degree 1 function of the Selberg class.

If F is an element of the Selberg class and « is any real number, then the imaginary trans-
late of F by a, defined to be the function s — F(s+ i), satisfies all axioms describing
the Selberg class given in Section 1.1 except possibly the axiom (i1). Indeed, if F is entire

then so is its imaginary translate by any o but if F has a pole at s = 1 then s — F (s +ia)
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has a pole at 1 — i, thus violating the axiom (ii) of Section 1.1 when a # 0.

In conclusion, the family of imaginary translates of Dirichlet L-functions associated to
non-trivial primitive characters, that is, the functions s — L(s + ict, ) ), where L is the
Dirichlet L-function associated to a primitive Dirichlet character } to a modulus g > 2
and « is a real number, are all degree 1 elements of the Selberg class, while s — {(s+ic)
belongs to the Selberg class only when o = 0 and is of degree 1 in that case. A remarkable
theorem of Kaczorowski and Perelli [42] tells us that these are the only elements of degree
1 in the Selberg class. A simple proof of the aforementioned theorem is given by K.

Soundararajan in [72].

1.6 Zeros of degree one L-functions
We have remarked in Section 1.2 that { has no zeros in the half-plane Re(s) = ¢ > 1 on
account of the Euler product (1.27). Further, the functional equation (1.19) gives

1-s
¢(s) :nﬂ%g(l—s) (1.34)

2

Since I' has no zeros in C, it now follows from that (1.34) that the zeros of { in the half-
plane o < 0 are the same as the zeros of s — I (%) ~in this half-plane and have the same
orders. Hence { has a simple zero at s = —2n for each integer n > 1 and these are the
only zeros of the function ¢ in the union of the half-planes ¢ > 1 and ¢ < 0. These zeros
are called the trivial zeros of the function {. A fundamental result on the zeros of { is that
there are no zeros of this function on the line o = 1; see Theorem 3.13, page 239 of [77],
for instance. Using the (1.34) and that fact { has a simple pole at s = 1 and I" at s = 0, we
conclude that £ has no zeros on the line o = 0 as well. Thus all the zeros of zeta function
in the complex plane, except for the trivial zeros, lie in the strip 0 < o < 1. This strip is
called the critical strip. The zeros of { in this strip are called the non-trivial zeros of (.

The function { has no non-trivial real zeros. This follows, for instance, from the relation
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_LG ; i (1_2%)g(6), (1.35)

valid for all ¢ in the interval (0, 1).

The famous Riemann Hypothesis is the assertion that all the non-trivial zeros of { lie on
the line ¢ = 2, that is, that they are of the form 1 5 tit for real t. The line 0 = 2 is called

the critical line.

The function  satisfies ¢ (s) = {(5) for all s in C and hence the zeros of ¢ are symmetrical
about the real line, that is, if o + if is a zero of { then so is o —ir. For any real T > 0,
we now let N(T') be the number of zeros ¢ + ir of § with {0 <0 < 1,0 <t <T}. Then
we have the formula for N(T') given by the theorem below, which was stated by Riemann

with a outline of his proof and fully established by Von Mangoldt.
Theorem 1.6.1 Let T > 2 be a real number. Then

T T T
N(T) = —log — — — 4+ 0 (logT). 1.36
(T) 51085~ o+ (logT) (1.36)

This result is proved by considering the entire function & defined by

_s5, 8
E(s) = s(s— )7 IT()E(s) = s(5— DAG)

Plainly, £(s) = &(1—s), from (1.19), and also §(s) = &(5) for all s in C. Applying the

argument principle to the function & on the positively oriented rectangle with vertices

2+iT , —1%iT and taking account of the symmetries of this function as expressed by

the preceding relations we see that

N(T) = %Var(é(s), @). (137)

Here and below we use var(f(s), %) to denote the variation of the argument of a function

s — f(s) along the rectilinear path & joining 2,2 + iT, 1/2 +iT in that order. Since
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the variation of argument is additive over the factors defining the function &, and since

sI'(5) = 2I'(5 + 1) by the functional equation in (1.21), we have

var(&(s), €) = var(s — 1, €) +var(n—3, €) + var(r(% 1), %) +var(C(s), €). (1.38)

The first two terms on the right-hand side of the above relation are easily computed to be
T+ 0(%) and —% log 7 respectively. For the third term, we use Stirling’s formula in its
complex form to get
s T T T 3n 1
I'(z+1 =—log-——=+—+0(=]. 1.39

var(0(3 +1),6) = Log D~ - 4274 (T) (139)
The last term on the right-hand side of (1.38) is traditionally denoted by S(7T'), so that, on
combining (1.37), (1.38) and (1.39) we may write

T T T

7 1
N(T) = —log-— — -+ 5 +S(T) + O(=.). 1.40

S(T) is an oscillatory function of 7 that can be shown to satisfy S(7') < log 7. Using this
(1.40) we obtain Theorem 1.6.1; for the details missing from our account we refer to page
244 of [77]. The essential fact is that, very remarkably, the main contribution to the count
for the zeros of the zeta function arises from the gamma factor in the definition of £ via

(1.39).

Much of what we have described above for { extends in a natural manner to the L-function
s — L(s, x), where x is a primitive Dirichlet character to a modulus g > 2. The new
features are the dependence of the results on the character ¥ and the conductor g. We
begin by recalling from Section 1.4 that L(s, x) is non-vanishing function of s on the
half-plane ¢ > 0 on account of (1.16). Further, as with {, it is a fundamental theorem that
s+ L(s, x) does not have a zero on the line 6 = 1; this follows from Theorems 8.20 and

8.21 on page 378 of [77]. Thus on writing the functional equation (1.33) in the form
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s—5 1—s+a
L(s, x) = w(x) @) —Fﬁ(é))m —5,7) (1.41)
2

for all s in C, noting that s — L(1 —s, %) is an entire function and, as before, that I" has no
zeros in C, we see that the zeros of s +— L(s, x) in the half-plane o < 0 are the same as the
zeros of s — I (”T“) " in this half-plane and have the same orders. Hence s +— L(s, X)
has a simple zero at s = —2n — a() for each integer n > 0 and these are the only zeros
of this function in the union of the half-planes o > 1 and 6 < 0 when ) is a primitive
Dirichlet character of conductor ¢ > 2. These zeros are called the trivial zeros of the
function s — L(s, x). Thus all other zeros of this function, called the non-trivial zeros, lie

in the strip 0 < ¢ < 1, again called the critical strip.

By analogy with the Riemann Hypothesis for the function { we have the Generalized
Riemann Hypothesis which is the assertion that for any Dirichlet character x, all the
zeros of s +— L(s, ) in the strip 0 < ¢ < 1 lie on the line ¢ = %, that is, that they are of
the form % + it for real t. The line 0 = % is again called the critical line in this general

context.

Finally, we have the following extension of Theorem 1.6.1, which is proved by a similar
argument. Here for a primitive character ¥y modulo g we have set N(7, ) to be the

number of zeros L(s, ) in the rectangular region {0 < o < 1, |t| < T}.
Theorem 1.6.2 For T > 2 we have

1 T 4T T
N(T, x) = —log— — — +O(logqT).

1.7 Hardy’s Z-function

The Riemann Hypothesis that all non-trivial zeros of the Riemann zeta function lie on the

, the critical line, has neither been proved nor disproved so far and is one of the

DI—

line o =

most famous unsolved problems in Mathematics. Already in 1914, however, Hardy [34]
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obtained the remarkable result that the Riemann zeta function has infinitely many zeros
on the critical line.
To prove this result, Hardy introduced his Z-function in the following manner. For any s

in C we set

(1.42)

so that the functional equation for the { from (1.42) now reads {(s) = p(s){(1 —s).
Plainly, the function s — p(s) is a non-vanishing holomorphic function in the critical
strip 0 < o < 1. Let p_% be a chosen holomorphic branch of the square root of p~! in

this strip. Then for all real ¢ we set

Z(t)=¢ (%+it> P (%Jrit)é. (1.43)

It is not difficult to see that Z(¢) takes real values for all real ¢; we shall in fact review a
more general argument in the context of Dirichlet L-functions below. Further, it is clear
from (1.43) that the zeros of the function Z on the real line are in bijection with the zeros

of { on the critical line by the map ¢ — % +it.

Hardy showed that the function Z changes sign infinitely often on the real line and con-
cluded that the zeta function has infinitely many zeros on the critical line. In 1942, Atle
Selberg proved that the number of sign change of Z(¢) in the interval [0, 7] is greater than
cT logT, for a small but effectively computable real number ¢ > 0. As a result one obtains
that

No(T) > TlogT,

where Ny(T') denotes the number of zeros s = % + it of the Riemann zeta function on the
critical line with 0 < t < T'. By comparing with the formula (1.36) for N(7'), the number

of zeros of { in the critical strip 0 < ¢ < 1 up to height 7', we may conclude that a positive,
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effectively computable proportion, though small, of the zeros of { lie on the critical line.
A much improved result in this direction was subsequently proved by N. Levinson [51],
who showed that

No(T) > =N(T), for large enough T. (1.44)

W =

After the efforts of many mathematicians over a long period of time, it is currently

known [19, 62] that

No(T) > 4149 N(T),

for sufficiently large 7. The proof of all of these positive proportion results for the zeros
of the { function depends on the idea of mollification that we discuss in Section 1.10.

Let us now consider a primitive Dirichlet character ¥ to a modulus g > 1. One can then
extend the notion of Hardy’s Z-function to the Dirichlet L-function L(s, ) as follows. We

now set

s—% p(l=sta

p(s, x) =w(x) (g) z_rr((é)). (1.45)
Then p : s — p(s, x) is a non-vanishing holomorphic function in the strip 0 < ¢ < 1.
Thus p has a holomorphic square root on this strip. We choose one such square root and
momentarily denote it by s — a(s, x) so that we have a(s, x)> = p(s, x) for s in the strip
0 < ¢ < 1. Further, using (1.45) again and recalling that |ro(x)| = 1 and T'(s) = I'(5) for
all complex s, we have that |p(s, )| = 1 for s on the critical line ¢ = %, since | —s =75

for such s. Consequently, a(s, x)a(s, x) = |a(s, x)?| = 1 for such s. Now the functional

equation (1.41) for L(s, x) gives

L<S7 X) :p(S, X)L(l _877) = a(s7 %>2L(S> X)

for s on the critical line, since L(5, ) = L(s, x) for all s. It then follows that for all s on

this line we have
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L(s, x)
a(s, x)

= als, 2)als, 2) ) - (I;Ej )’8 ) (1.46)

Thus, if for any real + we define

-1
z(t.0)=L (éw, x) a (%Ht, x) , (1.47)

then (1.46) tells us that Z(¢, x) is real for all real . Moreover, it is plain from the above
definition that the zeros of Z(t, ) on the real line are in bijection with the zeros L(s, x) on
the critical line o = % by the map ¢ — % +it. Thus ¢ +— Z(t, x) extends Hardy’s Z-function

to the Dirichlet L-function associated to a primitive Dirichlet character .

We shall hereafter write p (s, )()_% to denote a(s, x)~'. For the sake of definiteness, we

may fix () to be a square root of w(y) = r(xl)’ f to be the branch of the square root

(1 -5+ a)2)
I'((s+a)/2)

of the non-vanishing holomorphic function s —

on the strip 0 < 0 < 1

that takes the value +1 at s = 1 and set

_1 (T _
pls,x) 2 =€) (—) fs)™ (1.48)
for all s in the aforementioned strip.

For any primitive Dirichlet character y and real number 7 > 0, we set Ny(7', x) to be the
number of zeros of s — L(s, ) with s = % +ir and |t| < T. In 1976, T. Hilano extended
Levinson’s % result (1.44) to this L-function by proving that Ny(7T, x) > %N (T, x), where

N(T, x) is as in Theorem 1.6.2. Later, Bauer [5] improved this result to the following:

No(T
lim sup —O< . Z)

> 0.365815.
T—>o0 N(T7 X)
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1.8 Approximate functional equation

An important device in the theory of L-functions is the approximate functional equation,
which provides an approximation to an L-function at a point s = ¢ + it within the critical
strip by Dirichlet polynomials of length < 1/¢. The original example of an approximate
functional equation was obtained by Hardy and Littlewood for the Riemann zeta function.
It is given by the following theorem, for a proof of which we refer to Theorem 4.15 in

[78].

Theorem 1.8.1 Let x > ¢ >0, y>c>0andt > c > 0 be such that 2rxy =t with c a

fixed positive real number. Then uniformly in 0 < o <1, we have

(6)= X +p(5) L +O()+0 (1570 ).

n<y

Many authors have studied the approximate functional equation for zeta and L-functions
in the Selberg class and more general class of functions [74, 76, 52, 14]. In 1968, A. F.
Lavrik [49] proved an approximate functional equation for L(s, ), given by the following

and stated in Theorem 1 and Corollary 1, page 93 of [49]:

Theorem 1.8.2 Let ) be a primitive Dirichlet character to the modulus g and let x > ¢ >
0, y>c>0andt > c>0 be such that 2nxy = qt with c a fixed positive real number.

Then uniformly in 0 < o < 1, we have

nS

L(s,x)=) 1) +p(s, %) Y, y + R,y (s),
n<y

where

Ry y(s) < \/q (y*" +x07! (qt)%*") log2t.
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Note that the condition 27xy = gt is expressed as (2) on page 92 of [49]. The above
functional equation is important for the reason that the modulus g of x appears explicitly

in the error term. From [47, p. 79] we have another simple and useful approximation to

L(s, 2):

L(s,2) = ). ",if) +0(q" %), (1.49)
n<gx

where y is a primitive Dirichlet character modulo ¢, 0 < 6y < ¢ <2, 7tx > |t| > 27
and O-constant depends on 6y. Approximate functional equations play a crucial role in
determining the mean values and size of L-functions. In the next section we recall some

results on mean values of L-functions of interest to us.

1.9 Results on mean values

The basic mean values of an L-function F'(s) are :
T T
/ IF(c+it)]’dt  or / F(o+it)dt.
0 0

Here one can take the range of integration in the above to be [T, 2T] or the short interval

[T, T +H]| in place of [0, T], where | <H < T.

1.9.1 k-th moment of {(s) and L(s, )

For positive k, if we set

Ko, )= [ 1o+ i) Par= [ |¢(o-+in)Par
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then by using Theorem 1.8.1, or even a weaker version given by Theorem 4.11 of [78],

one can establish the following, proved as Theorem 7.2 in [78] : fork =1 and 6 > 1/2,
T
(o, T) :/ C(o +it)2di ~ E(20)T  as T — oo.
0

The above result implies that for ¢ > 1/2, the values of zeta function are of constant size
in an average sense. In 1918, Hardy and Littlewood proved the following mean value
resultat 6 = 1/2:

L(1/2,T)~TlogT asT — oo.

In the article [39] Ingham established
T 4
L(1/2,T) ~ mlog T asT —oo.

For k > 2, the moments I;(1/2, T') are still conjectures. For a Dirichlet L-function L(s, x),
the mean square depends on the conductor ¢, and if o > 1/2 then it is, in the interval
[0, T'], asymptotic to c(q, o)T, where c(g, 0) as a positive constant depends on ¢ and .

At 0 = 1/2 the mean square is the following:

Theorem 1.9.1 [59] Let ) be a primitive Dirichlet character modulo a positive integer q

and T > 1. Then we have

T 1
/() L(§+lt,x>

where E(T, q) is the error term given by

2

?(q) qT logp
dt = 22 [ Tlog e 4 2y—142Y —=2 | 4 E(T
q<0g2ﬂ+y +qu_1+<,q>,

E(T,q) < (‘]7/12T5/12 +(]) log? (¢T) + (q3/2 log (¢T) +q19/12> T5/12

+ T4 10g T)*% + ¢*log (qT).
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The equality above is from Theorem 1 of [59] incorporating the correction given in [60],

while the bound for E(T, g) is from Theorem 2 of [59].

1.10 Mollification

A mollifier M(s) for a Dirichlet series or in particular for {(s) is an entire function which

“pretends” to behave like 1/(s). A natural choice of M(s) is of the following kind:

i) = ¥ BP0

n<X

where P is a smooth function that ensures the convergence of the sum. The mollification
of {(s) was successfully used by A. Selberg [69] in 1942 to prove one of his breakthrough
results, the positive zero density estimate of critical zeros of zeta function. His choice of

the mollifier is the following: For o > 1, write

I i o(n)
C(S) n=1 n’
Using coefficients, he defined (n) := a/(n) <1 - llggg;) and the Dirichlet polynomial
B(n)
n(s):= P

then he used n?(s) as a mollifier for {(s). In fact, he proved one of the key results of this
article in [70, Lemma 15]. We write this result as a lemma with a modification following

[28, Lemma 3]:

Lemma 1.10.1 For 0 <k, ky < (logT)~ "2 and U = T with 1/2 < a < 3/5, we have

/T”U Z(t 4+ k) Z(t + k) |, ()M, ()2t = 2UK (ky — ko) +O (VTXT),
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where Ny, (t) :=n(1/2+i(t + ki), N, (t) :=n(1/2+i(t + k2) and

1+iu

, \% \% \% \Y% K 1

Kw—Re | cv y BODB(BUsB(v) Kt 1)
V<X ViVaV3Vy (vavs)iu ne xx 1 e
i=1,2,3,4 VaVy

with T = /T /27, K := (Vi V3, VaV4) and 0 < u < (logT)~ /2.

Selberg showed that in 0 < u < (logT)~'/2, the function K(x) = O(1), but by continuity
of K it can be extends up to u = 0 ( see [28], page 196, the paragraph below (2.8) ). Thus,
one can conclude for X = TG,O <6 <1/100and U =T%, 1/2 < a < 1, the following

mean value:

T+U 4
/ 22(1) dt < U. (1.50)

T

1+'t
n 5Tt

Since |Z(t)| = |{(1/2 4+ it)|, one can compare the above result with 7;(1/2, T') and con-

clude that the mollification replaces the log factor by an absolute constant in the mean
square. In 1985, R. Balasubramanian, J. B. Conrey, D. R. Heath-Brown [4] took another

mollifier and proved an asymptotic result for the mean square. Namely,

/OTZZ(t) Mo (%—I-il)

where 0 < 6 <9/17 and

2
1
dt ~ (1+§)T as T — oo, (1.51)

Mypo(s):= ). % (1—%) :

Note that the Mobius function p(n) is the n-th coefficient of the Dirichlet series of
(¢(s))~! for o > 1. In the next chapter we will establish the mean value result for Z(z, x)

similar to (1.50). In that case the mollifier is
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where 0 < 6 < 1/40.

1.11 Analytic tools

In this section, we collect together important analytic tools, mostly without proof, which

we will use in the next chapters.

1.11.1 Exponential integrals

We begin with some results on exponential integrals.

Lemma 1.11.1 [78, Lemma 4.5] Suppose f : [a, b] — R is a real valued and twice differ-
entiable function satisfying f (x) >r>0or f (x) < —r <0in |a, b]. Further, let g be a

real valued function such that |g(x)| <M and J%(x) is monotonic. Then

SM
< —.
TN\

b .
/ g(x)e’ ¥ dx

Lemma 1.11.2 [69, Lemma 2] Let T > 4, VT <U< T3/5 and & > 0 be a real number:

Then
( -1
0<(log%f) ) fET,
v it L i(E-§) 1 1 .
/T (t/e€)"dr =< (2m€)2¢!s +O<logT5ﬁ +log”Ugﬁ> fT<E<T+H+U,
¢\ :
\o(<1ogT+U_ﬁ> > ifFE>THU.

1.11.2 Summation formulas

In this subsection, we state some basic lemmas on summation formulas that we will need

in the sequel.

Lemma 1.11.3 (Euler’s summation formula) Let f be a continuously differentiable
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function in [A, B] with 0 < A < B, then

B B
Y £ =[xt [ [F W+ (B) (8]~ B)~ f(A)(A] - A).

A<n<B

Lemma 1.11.4 (Abel’s partial summation formula) Let a, be a sequence of complex

numbers and let

Alx) = Z an

n<x
with A(x) =0 if x < 1. Let f be a continuously differentiable function in [y, x| with 0 <

y < x. Then we have

Y anf(n) = AR)f(x) —AG)F(y) - / “A()f ().

y<n<x

1.11.3 Mean value theorem of Dirichlet polynomials

A Dirichlet polynomial is a Dirichlet series with finitely many non-zero coefficients. The
mean value of Dirichlet polynomials is very useful tool in analytic number theory. There
are two variants of this mean value: one is an integral form and other is a discrete form.

The integral variant is important for our application and is given below:

Theorem 1.11.5 [40, Theorem 5.2] Let ay,ay,...,ax be a sequence of complex numbers.

Then we get

Y an’

n<X

2
dt=TY l|ay|*+0O (Z n|an]2> .

n<X n<X

r

Note that this theorem is also valid as X — o0 if ) | n ]an\z converges. The first step

towards the proof of the above theorem is to expand the square, separate the diagonal and
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non-diagonal terms and integrate them. Thus, we get

2
T . A A .
an’| di =T Y |a,|* + " ((m/n)T —1). (1.52)
b5 Ll X g ¢ )
m#£n

It remains to show

Ay 2
— K nla,|”,
méx log (m/n) nég "
m#£n

which has been proved in [40, Section 5.2]. From the equation (1.52), one can show that

this result also holds for short interval [T, T + H| with H < T.

1.12  Selberg’s central limit theorem

Understanding the distribution of values of Riemann zeta function and other L-functions
is an important problem in the theory of these functions. For example, one may ask for the
distribution of { (o +it) when o is fixed and # varies in [T, 2T, with large T. For ¢ > 3
this was studied in depth in the classical works of Bohr and Jessen [10, 12]. The case
o= % was first taken up by Selberg [69], who established the remarkable result that the
quantity & (1 +it)/y/4loglogt for t € [T, 2T], behaves “approximately” like a standard
complex normal random variable. Later, in [70], Selberg stated this result for any element
of the Selberg Class and indicated a proof.

For our purposes, it will be convenient to state Selberg’s general result in the form given
by Hejhal in [33] for a class of functions satisfying conditions that are stated only slightly
different from the axioms defining the Selberg class given in Section 1.1. In addition
Hejhal requires that an analogue of Selberg’s Density theorem be satisfied by the functions
in the class. The precise form of this requirement is given by inequality (D) on page 553
of [33]. This theorem is known to hold for Dirichlet L-functions associated with primitive
characters. A general method for deriving such a result, following Selberg, is explained in

Section 4, page 610 of [67]; see also [58]. Since of course our interest here is eventually
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in Dirichlet L-functions, we shall hereafter not mention the condition (D), taking it as

known for the functions being considered.

Let Li(s), ..., Ly(s) be m L-functions. We restate here the hypotheses (i)—(v) given on

pages 551 and 552 of [33].

(i) Each L;(s) can be expressed in the form

Li(s) = iaigﬁ = H(l —Oclpjpfs)_l... (1 _adpjpfs)—l

for Re (s) > 1.

(i) Each L;(s) admits an analytic continuation on C as a meromorphic function of finite

order and has a finite number of poles along the line Re (s) = 1.

(iii) For each j, the aforementioned analytic continuation satisfies

e"iG(s)Lj(s) = e " G(1—5)L;(1—73)

with certain @; € R and a common gamma factor G which is given by

h

G(s) = Q" T[T (Ais + ),

i=1
where Q > 0,4; > 0 and Re(u;) > 0.

(iv) The coefficients of the L-functions L;(s),...,Ly,(s) satisfy

y aj(p)ax(p)

1
= ojnjloglogx+cjr+0O (—) ,
pP<x

logx
for some constants n; > 0, cjx € Cand x > 2.
(v) The “roots” oy, ; are tempered in the sense that 0y, ; < 1.

Thus let L be a function defined for Re(s) = o > 1 by
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Lis)=Y aln) (1.53)

K
n>1 n

and satisfying the conditions (i) to (v) given above with m = 1. Note that, condition (iv)

takes the form

2
Y lalp)I” _ nloglogX +C; + O(
p<X

10gX> (1.54)

for certain constants n > 0 and Cj. Further, following equations (3.1), page 555 and the

line below equation (4.20), ibid., page 563, for any ¢ > % and any real T > 2 let us set

la(p)I®

(1.55)
Then by equation (4.21), ibid., page 563 we have the following result.

Theorem 1.12.1 For any real numbers a < b, let U, , be the characteristic function of

the interval (a, b). Then for any ¢ > % we have the relation

o1 b/ T 2
L ey log (o + i) ) di = [ e a0 (“"g"” ) (1.56)
T Jr af yTW VY

forall real T > 2.

Suppose now that L and L, are functions satisfying the conditions (i) to (v) of [33] with
m = 2. Note that if {a;(n)},>1 and {ax(n)},> are the coefficients of the Dirichlet series
expansions of L; and L,, then (iv) of the conditions in [33] now requires that in addition

to each Ly, L, satisfying (1.54) we must also have the orthogonality condition

1
y ai(p)az(p) =G40l 3 (1.57)
p<X

As remarked by Hejhal in the fourth line on page 564 of [33], then there is a natural
analogue of Theorem 1.12.1 for x;log|Li (0 +it)| +x2log|Ly (0 +it)|, where x1, x; are

any real numbers, at least one distinct from 0. Indeed, we have the following result on
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writing %%, x, (0 + it) for the preceding expression and taking account of (4.14) and (4.1)

of [33].

Theorem 1.12.2 With a,b,,, and & as in Theorem 1.12.1 we have

21 b/ T 2
. a,b(o%chxz(G-i-it))dt:/ e"‘”zdu+0((10gw ) (1.58)
r'Jr a/\/TY VV

forall real T > 2 where now

v=y(o,7) = Y, )t nne)l

(1.59)
p<T p*°

Finally, we set L(s) = L(s, x), L1(s) = L(s, x1) and Ly(s) = L(s, x2), where x, x1 and )»
are all primitive Dirichlet characters, with y; and y» distinct. Then they satisfy (1.54) with
n =1 and also (1.57). This can be verfied using the orthogonality relations (1.13). Also,
note that this implies that L-functions associated to primitive Dirichlet characters satisfy
Selberg’s conjectures of Section 1.1. In fact, this last assertion is true in much greater
generality; see [54]. Our remarks now imply the following corollaries to Theorems 1.12.1

and 1.12.2.

Corollary 1.12.3 For any primitive Dirichlet character ¥ and all real T > 4 we have

/2T log |L(% +it, %) g /be,mz dutO (logloglog T)? (1.60)
T VTloglogt a VioglogT /- '

Proof. It suffices to put ¢ = % and a/mloglogT and b+/mloglogT in place of a and b

respectively in (1.56) where v is given by (1.55) with a(p) = x(p) and take into account
(1.54) withn = 1.

Corollary 1.12.4 Let x1, x> be two distinct primitive Dirichlet characters. Then for any

real a, b with a < b we have
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T Jr v2rloglogt

b 2 (logloglog T)?
= T du+0 . 1.61
e an ( VioglogT > e

1 . 1 .
i /2Tua7b (10g L(L+ir, 1) — log|L(L +ir, %zﬂ) 0

Proof. We set ¢ = J but ay/2mloglog T and b/2rmloglogT in place of a and b in (1.58)
where now  is given by (1.59) with x; = 1, a1(p) = x1(p) and x, = —1, a2(p) = x2(p).

Note that

lel(p)—Xz(p)\ =2loglogT + C3 + O(——
Pt P e

),

for a constant C3, which can be verified by opening the square in the sum and using (1.54)
and (1.57).

From Theorem 1.12.2 we find that %, , (o + it) is approximately normally distributed

[x1a1 (p)+x2az(p)[?
pzo‘

with mean 0 and variance ). ,<7 , for any real numbers x1,x;. Moreover,

by using hypothesis (iv) given at the beginning of this section we get

y jai (p) tgz(mz — (n1 +m2)log log T +0O(1)

p<T p

_y [l - Jaalp) ’ 2P 4 o). (1.62)

26
p<T p p<T

It is a standard fact in the theory of probability that a bivariate random variable (X,Y) is
jointly normally distributed if and only if every linear combination of X, Y is normally
distributed (see [26, Theorem 5.5.32]). For two random variables X, Y, the covariance
Cov(X, Y)isdefined by Cov(X,Y) :=E[(X —E(X))(Y —E(Y))], where E(X) is the mean
or expectation of X. Let Var(X) denote the variance of X, then the correlation of X, Y,

denoted by p(X,Y), is defined by

Cov(X,Y)
Var(X) Var(Y)

pX,Y)=
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We recall that X and Y are uncorrelated if p(X,Y) = 0 and we know that X and Y are
uncorrelated if and only if Var(X +Y) = Var(X) + Var(Y) (see [26, Theorem 5.3.18]). A
bivariate random variable (X, Y) is associated with the mean vector (E(X), E(Y)) and the

covariance matrix

Var(X) p Var(X) Var(Y)

p Var(X) Var(Y) Var(Y)

Thus, by Theorem 1.12.2 and (1.62), we deduce that
(logL1 (o +it), logly(o+ it))

is approximately jointly bivariate normal with the mean vector (0, 0) and the covariance
matrix
2
Y <1 % 0 nyloglog T 0

a 2
0 ¥, )

o 0 nyloglog T

Moreover, we know that two random variables are jointly normally distributed and uncor-
related if and only if they are independent (see [26, Theorem 5.3.25]). Thus, we conclude

that logL| (o +it) and log L, (o + it ) are independent.




Chapter 2

Value Distribution of Karatsuba’s and
Generalized Davenport-Heilbronn

Z-function

2.1 Introduction

We recall from Section 1.7 that Hardy’s Z-function is a real-valued function on the real

-t (Sea)o (Lon)

where p(s) = 2°7° sin (7s/2)[(1 —s) and p(s)% is the branch of the square root of p

line defined by

satisfying p(%)% = +1. The zeros of the function Z on the real line are in bijection with
the zeros of { on the critical line by t — % + it. Further, by a theorem of Selberg, it
is known that Z(¢) has > T'logT zeros in an interval of length 7. Thus, it is a highly
oscillatory function. From now onwards we denote the Lebesgue measure of a subset S

of the real line by meas (S). From Selberg’s central limit theorem (Theorem 1.12.1) one

37
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can obtain the following:
T
meas ({r € [T, 2T] : log|Z(t)| > 0}) ~ 5 s T — oo.

A similar result holds for the case when log|Z(z)| < 0. However, from these results, we
cannot immediately conclude anything about the distribution of the signs of Z-function.

In 2010, A. Ivi¢ asked the following question:

Problem 2.1.1 [41, Prob. 11.7] Do there exist constants a; > 0, a_ > 0 such that

meas ({r € [T,2T]:Z(t) >0}) = (ay+ +0(1))T asT — oo,

meas ({r € [T, 2T]: Z(t) <0}) = (a—+0(1))T asT — oo?

In 2016, Gonek and Ivi¢ [28] have given the theoretical evidence towards an affirmative

answer to this question. More precisely, they proved the following:

Theorem 2.1.2 [28, Theorem 1] For sufficiently large T, we have
meas ({r € [T,2T]:Z(t) >0})>T, meas({rc[T,2T]:Z(t) <0})>T.
Also, using numerical computations they conjectured:
meas ({7 € [T, 2T]: Z(t) > 0}) ~ g, meas ({7 € [T, 2T]: Z(t) < 0}) ~ g as T — oo,

Analogous to Z(t), one can define the Z-function Z(z, x) associated with a Dirichlet L-

function for a primitive Dirichlet character ¥ modulo ¢, i.e.,

D=

Z(t,x)zL(%Ht,x)p (%HMC) : 2.1

where p(s, x) is the analogue of p(s) arising from the functional equation (1.33) of

L(s, x). Recently, R. Mawia [65, 66] extended the result of Gonek and Ivi¢ for Z(z, x).
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Indeed, he proved that for sufficiently large ¢ and 7,

¢*(q)

meas({r € [T, T +H]:Z(t, x) > 0}) > G240

H, (2.2)

where ¢ < TV, H = 79 withv >0, 0 >0 satisfying %—k% < 6 <1. In 1991, Karat-
suba [45] considered the following: let xi, X2, ..., X be arbitrary primitive Dirichlet
characters modulo ¢, ¢, ..., g, respectively, with the g; all having the same parity and

letay,a,...,a, be arbitrary real numbers. Define
d 1
—~ Z (5, %)) 2L(s, x5)

and set

Q) =A < +lt) Zaj (t, 2))- (2.3)

One can observe that Q(7) is an analogue of Z(t, x). In particular, Q(z) is real for all
real values of . The function Q is called Karatsuba’s Z-function. Indeed, for all large
T, Karatsuba proved that Q(¢) has at least H(log T)ﬁ_8 odd order zeros in the interval
[T, T + H|, where K = lem(q1, g2, ..., q,), H= T%+ and 0 < € < ﬁ, 0<ée < ﬁ
are fixed positive real numbers. According to the web page of Selberg in the Institute for
Advanced Study Archives, early in 1998, Selberg obtained his celebrated result on the
existence of a positive proportion of zeros along the critical line for linear combinations
of L-functions. For the function Q, his result says that the number of zeros of Q(¢) in

[T,2T] is >

log -TlogT, T >Ty(Q),r>2, where c is a positive constant and 7p(Q)
is a constant that depends on Q. Thus, Q also fluctuates considerably. Naturally, it is

reasonable to ask if we can extend Theorem 2.1.2 to Z(¢, ) and more generally to Q(7).

The first part of this chapter gives an affirmative answer to the aforementioned question.
The second part of this chapter, comprising Sections 2.5 to 2.7, deals with a generalized

Davenport-Heilbronn function. Section 2.5 gives an introduction to the contents of this
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part of the chapter.

2.2 Results on Karatsuba’s Z-function

We prove the following results with the notations as above:

Theorem 2.2.1 Let € > 0 and let T be a sufficiently large real number. Further, sup-

pose that 1 < g; < T%’S, 1 < j<r where r may grow with T but not faster than

O(el1-8)(log log )3 ). Then we have
T T
meas ({7 <t <2T:Q(t) >0}) > ) and meas ({T <t <2T:Q(r) <0}) > ok

where the implied constants are independent of r, the a;’s and the q;’s.

For r = 1, we obtain the following corollary.

Corollary 2.2.2 Lete >0and 1 < g < T5¢. Then we have
meas({7 <t <2T :Z(t,x) >0}) > T, meas({T <t <2T:Z(t,x) <0})>T,
where ) is a primitive Dirichlet character modulo q and the implied constants are inde-

pendent of q.

Let w(g) be the number of distinct prime factors of g. When g varies over the integers
with @(g) bounded by a constant, then the result of R. Mawia [65, 66], at H = T, holds for
q < T, but Corollary 2.2.2 holds for g < T%’g, € > 0. Thus, in this case, Corollary 2.2.2
is weaker than the result of R. Mawia.

In 1917, Hardy and Ramanujan [36] proved that for almost all integers n, @(n) satisfies

the following asymptotic formula:
o(n) ~ loglogn.

Thus, when ¢ varies with T, for almost all g < T%’S € >0, Corollary 2.2.2 is stronger than

the result of R. Mawia [65, 66]. Because, in this case, Corollary 2.2.2 implies that both the
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measures, mentioned in Corollary 2.2.2, are at least ¢T" for some positive absolute constant
c. But R. Mawia’s result implies that both the measures are at most cT'(logq) ~! for some
positive absolute constant ¢. Note that, in general, at least one of the sets mentioned in
Corollary 2.2.2 has measure c¢T for some positive absolute constant c.

The idea of the proof of R. Mawia and ours is the same. But, the upper bound estimate
for the mean square in (2.5) is different from [66, Lemma 9]. There are two reasons
behind this. The first reason is that Lemma 2.3.3 is the same as Lemma 4 and Lemma 5
of [66]. But, we give different arguments while proving Lemma 2.3.3 and consequently
get sildly different estimates compare to the lemmas of [66]. Secondly, the expression
Aj+Aj in Lemma 2.3.5, is analogous to the expression S(0), which is defined in [66, p.
241]. We have calculated A| + A, more carefully and a bit differently. Thus, here we get
Aj +A; = O(1) (see Lemma 2.3.5) while R. Mawia gets S(0) = O(4°Wq?/p(g)?) (see
(66, p. 241-243]).

The next theorem is a short interval version of Corollary 2.2.2 and we can compare this

result in the same way as above with the result of R. Mawia [66].

Theorem 2.2.3 Let € > 0 and ) be a primitive Dirichlet character modulo q. Also, let
g<T",v< % and T 56 < H < T. Then we have
meas({T <t <T+H:Z(t,x)>0})>H, meas({T <t<T+H:Z(t,x)<0})>H,

where the implied constants are independent of q.
The basic idea of the proof of Theorem 2.2.1 is the following: for any measurable function

¥, we have the inequality

2
( THH QW dr + fT”HQ]‘P\dt)
T Qw24

meas (I (T, H)) > : (2.4)

B

where [ (T, H)={T <t <T+H:Q(t) >0} and I5 (T, H) ={T <t <T+H :Q(t) <0}
and we denote them together by Ié(T, H). We apply this inequality with ¥, which is

chosen to be a mollifier for one of the Dirichlet L-functions in Q. The mollifier W is the
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square of a Dirichlet polynomial y;, and y; looks quite similar to a truncated Dirichlet
series obtained from a branch of the square root of L(s, x;), fora j € {1,2,...,r}. The
precise definition of y; has been given at the beginning of the next s Section (see (2.12)).
To obtain Theorem 2.2.3, we again use the inequality (2.4) with x; = x, ¥ = v? and

Q(t) = Z(t, x) and then we use the following proposition.

Proposition 2.2.4 (a) For X =T% and 1 < ¢ < T580-€ with0 < 0 < % — £ we have

g;
T+V ) 1
/ Z(t, x)" v (— —|—it)
T 2

where V. =T? 3/5 < b < 1 and whenever q is fixed we have 1/2 < b < 1.

4
dt <LV, (2.5)

(b) For2<H<T,

/TT+HZ(t, xX) ‘w(%jtit)
/T”H 1Z(z, %) ‘w(%m)

In the proof of Proposition 2.2.4, the major work is to obtain the mean square result in

2 13 2
dt < q*T*X(log T)~,

2
dt > H+0(\/qTXlog X).

(2.5). The idea of the proof of this result is taken from the work of A. Selberg on the
positive density estimate of the number of the zeros of the Riemann zeta function on the
critical line (see [69]).

To prove (b), we use an approximate functional equation, some exponential integral
bounds, and contour integration. The methodology of this is analogous to the recent
work by Gonek-Ivi¢ [28]. By using the three integrals from Proposition 2.2.4 in (2.4), we
obtain Theorem 2.2.3.

In the following proposition, we obtain the three integrals for 2 which are mentioned in

(2.4).

Proposition 2.2.5 Let X < T and j be that index in {1, ..., r} for which we defined the
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function Y. Then we have

4 r
dt <qrY alT(logT)?, (2.6)
i=1

2T
Q(r)?

1
Y <§+it>

2

T

/:T Q(1)] ‘Wj (%+it)

2T
Q(r)
T

dr > \ia,-m(xi)—ﬂ(H+O(\/q_TX1ogX)>, (2.7)

i=i

1
|4 (§+it)

The proof of (2.7) and (2.8) in this proposition follow from part (b) of Proposition 2.2.4.

2 r
dt<<<

1.3 2
ai>q4T4X(logT) . (2.8)
i=1
To prove (2.6) we need an upper bound of

4
dt,

2T )
Z(tv %l)

1
Y (§+it>

where i # j. Following the idea of the proof of the mean square result in (2.5), it is

possible to prove

4
dt <, T(logT)?,

2T
Z<t7 Xi)Z

1
Y (§+it)

whenever i # j. Thus, by using Proposition 2.2.5 in (2.4), we can show that

meas(I3) >, T (logT)>.

Clearly, this result is very weak because at least one of the sets I;g and /;, has measure
> T. To get a stronger result, we have to obtain a strong bound in (2.6), that is, we need
to show the upper bound without the factor (log7)~3. Note that instead of the mollifier
l//]2 if we use Karatsuba’s mollifier from [45], which is also defined as g; in Section 2.7
after (2.95), then we get the upper bound in (2.6) as < » T (log T)l_ﬁ (see [45, eq:
74-75]), where K > 3 is the Icm of the conductors g, j =1, ..., r. If we use the above

bound in (2.4), we still get a weaker result.
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To complete the proof of Theorem 2.2.1, we have to suitably estimate the three integrals

of (2.4) with this choice of W. This is done as follows:

Proposition 2.2.6 Let X =T% and 1 < q; < T580=€ with 0 < 6 < % — & where gisa
small positive real number and let j be the index in {1, ..., r} using which we defined V.

Then we have

A
/SjQ(t)2 v (§+lt> dt<<ra§T, (2.9
1 2
/S|Q(t)] v (E—Ht) dt > |aj|u(S;)(14+0(1)) asT — oo, (2.10)
1 2
/Q(t) W (§+it) dt = o(T), as T — =, 2.11)
Sj

where S is an appropriate subset of [T,2T| of measure > % -0 (T(log log T)_%> and r

1
may grow with T but not faster than O(el1~€)(loglogT)4)

The set S; C [T,2T] is obtained from Selberg’s central limit theorem stated in Corol-
lary 1.12.4 and has the property that for + € S;, we have log|L(1/2+1it, x;)| >
log|L(1/2+it, )|+ (loglog T)4, forall 1 # j, 1 <1 < r.

Note that Proposition 2.2.6 is established when S; C [T,2T]. The natural question is
whether we can extend this Proposition when S; C [T,T + H] for any 0 < H < T. From
the methods used to prove Proposition 2.2.6, we find that this extension is possible if we
can extend the results of Selberg in Lemma 2.3.6 to the short interval [T, T + H|. To prove
(a), (b) and (c) of Lemma 2.3.6 we need an extension of Corollary 1.12.3. This seems to
be highly non-trivial.

For r = 1, we obtain Corollary 2.2.2 from Theorem 2.2.1.
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2.3 Preliminaries

First of all, we choose a mollifier for € which mollifies exactly one Dirichlet L-function

in Q, say L(s, x;). Let (¢(n)), be a sequence of real numbers such that

H(1—1>: y “’Ef), Re(s) > 1,

p

where p runs through the primes. For a fixed j, 1 < j <rand 6 € (0,1), write

a(n)x;(n) (1 - }gg;), 1 <n<X=T°,

Bi(n) =

0, n>X.

Then we consider the following Dirichlet polynomial corresponding to L(s, x;):

i(n
yi(s) == ), —B’(S ) (2.12)
n<x N
(gj,n)=1
It is clear that |a(n)| < 1 and |Bj(n)] < 1 for all n € N. We use q/]z to mollify
Q, or in particular, L(s, x;). We want to compute the integrals of the functions

Q) |w; 3 +it)[*,190)| |y, (L +ir)|* and Q2(t) |y; (4 +ir)|” in the interval [T, T+H].

The following lemmas are useful to estimate the above integrals.

[\S][O8}

Lemma 2.3.1 Let s = o +it with —5 < 6 < 5 and t > ty, where ty is a positive constant.

D=

Then we have the following upper bound:
L(s, x) < (qt)' = *1ogt. (2.13)

Proof. In [63, Theorem 3], H. Rademacher proved that for —% <n<o<1l+n<s5, for

[\S]198]

all moduli ¢ > 1 and for all primitive characters ¥y modulo q,

ol (D5E0) 7 cavm.
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1 1
Taking n = @ with ¢ > to > ¢? and using the result { (1 + @) < logt in the above

inequality we conclude this lemma.

The following lemma is an approximation of Z(¢, x ), which is defined in (2.1).

Lemma 2.3.2 For € > 0, letUzT“,%<a<%—8andT§t§T+U, withT:\/%.

Then for any character )} modulo g, we have

Z(t, 1) = Alt, T: 1) +A(, T: ) +0 (g5 771, (2.14)

x(n)

where A(t, T; x) =p (5 +it, ) * Zn<’t‘
patit

Proof. Taking s = % + it and x =y in Theorem 1.8.2, we have

1 x(n) 1. 2(n) q\4
L<§+lt,x): y 1+l.t+p(5+zt,x) Y 11.,+0<<;) 1Og2f>-(2.15)

Let us denote

Then we estimate S trivially as

1 q(T+U) U U 1,3
< I 7 1+——1 —_ aTe 7,
—\/E< 2 T><<\/_<V T VI <4

s< )Y

qr
T<n< T

i\~| -

So, we obtain

L<%+it,x) Z%(J[er( ltx)

n<tn2

><|

143
L0 co(dr ). e
n<t

Hence, by using (2.16) in the definition of Z(z, ) we get the expression (2.14).
The next lemma gives two summation formula estimates that we derived from Selberg’s

work [69, Lemma 12] on the Riemann zeta function.
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Lemma 2.3.3 Let y be a Dirichlet character modulo g, 1 <d < X and let p be a positive

integer. For r = 1,2 we have

2@ (0 XY o (V1 (14 ) oex)
ng(:/d n (lgdn) O<((p<q)) g}<1+pi>(1gx) > (2.17)

(n,p)=1

Also, we obtain

y —a(n)LX(anog;—n(log(nd)):O<(L>2H<1+L> (logXﬁ), (2.18)

3
n<X/d plp P
(n,p)=1

where a(n) is the n-th coefficient ofC(s)’% (see the beginning of Section 2.3).

Proof. The proof of this lemma is analogous to the proof of [69, Lemma 12] at y = 0. If

we define the function

g(s) ;:prg (1—}%)é (Q (1—}%) sC(1+s)>_ :

where p is an integer, then in our case, the function g(s) would play the role of the

B—

function f(s), which was defined in [69, Lemma 11]. The estimates f(0), f/(0), f”(0)
and the remainder term R(s) of the Taylor series expansion for f(s) at zero are used to

obtain the result in [69, Lemma 12]. Let us denote

Nl—

hs) =] (1 - p11+s) o

plg

Since [] olg (1 — 1—17> = @, by logarithmic differentiation of A(s) at s = 0, we have

1

2 k

A®)(0) < (L) Z(logp) fork=0,1,2.
(2 Q) pla
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By using [51, Lemma 3.9 and Lemma 3.10] we get

1

2
W0 (0) < (L> log logq)¥, fork =0, 1,2.
(0) o(d) (loglogq)

Now, by using Leibniz formula and [69, Lemma 11] we obtain

1

g(0) <« I1 (1 +p*%) (L) : (log logg)’ for j=0,1,2.
(q) o
plp ¢

The Taylor series expansion of g(s) at s =0, for r = 1, 2 gives

r

) = X 58 0) +5R(6) 219
=0/

Following [69, Lemma 11], for s =it and —2 <t <2, we get
1

Ri(in) <] (1+p7%) (L) §

plp ?(q)

Now, following the first half of the proof of [69, Lemma 12], we obtain that

y M(logfj)r_ : /Zi B/ ¢ 5)as

= . i
nexX/d n 27i )i 3
(n,p)=1

1

+0 (})g (1 +p*%) (ﬁ) (log 1ogq)2). (2.20)

Replacing g(s) from (2.19) into (2.20), and we see that the above is

o) (10, XYL 0 GV,
n;/d n Ogdn 271:1];) ]' _2i Sr+1*] ds+27-cl —2i<d> \/E I(S)ds
(n,p):l

1

+0 (H (1 +p_%> (%) ’ (log logq)2>.

rlp
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Now, by applying [69, Lemma 9] in the above equality, we obtain

xS g ) 0o () )

n<X/d j=0
(n,p)=1

+0 (H (1 -l-p_%) (ﬁq}) ’ (log logq)2>.

plp

Thus, the above equality shows that the upper bound estimate is

y M (log 5—’1) "_o (2(0) <logX>r_§>.

n<X/d
(n,p)=1

This completes the proof of the first part of this lemma.
For the second part we begin by multiplying the formula (2.17) by logX for r = 1, and

then subtracting the formula (2.17) for r = 2, to get

2l (ooxios X~ (10g X)) =0 [ (=2 11 (14 ) togx)?
D R DR (Co (G B

(n,p)=1

Now using the fact that

2
X X X
<logXlog I (log %> ) = log d—nlog (nd),

we obtain the required result. This completes the proof.

The following lemma is an estimate of an arithmetic sum which we shall use to prove

Lemma 2.3.5.

Lemma 2.3.4 ForY > 0 and a positive integer q we have

y 1_9@) (log¥ +7+A4,) +0 (@) ,

m<y ™M q
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where Y is the Euler’s constant and A := Zp‘q logp < loglogg.
Proof. By using the property of Mobius function we can write

1
m
Y dim,d|q dlq n<%

Using Lemma 1.11.3 one can show Zn<x =logx+y+0O(x~ ) Thus, we get

L S-S0 (ukreo(2))
(g,m)=1

—dthu <10gY+'}/—logd>+O<@>.

Now, for squarefree d we write logd =} ,|410g p, for prime p. Then we have

Y M oga =3 M0 ¥ togp= -y LY A0

dlq dlq pr=d pla e

Note that }_4, MT) = @ Thus, we have Zd|q u(d) logd = —@Aq, and hence

SIH

E]) (logY +7+Aq )+o(@).

)}
§Y
m:

(4,

Now, it remains to bound A,. By power series expansion of (1 — %)_1, we can write

logp
A=Y +0(1).
plg

Hence, the upper bound of A, follows from [51, Lemma 3.9, p. 400]. This completes the
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proof.

Now recall y; from (2.12) and we put y for a character ¥ modulo g. We can write

Z ﬁnl ) ) Z b,(;l)’ (2.21)

ny,np<X n1n2 n<X?

where b(n) := Y4, B(d)B(%), and d, 5 < X. Note that [b(n)| < d(n), where d(n) is the
usual divisor function and b(1) = 1. Using the above definition of b(n) we have the

following lemma:

1
Lemma 2.3.5 Let X = T% with 0 < 6 < g and 7= \VqT /] (27) with g < T. We define

Ay, Az by
ae= X O gy xR
m.n<X? ) o Tlomn)
17 (k)b(m)b(n)
ey MOZRHOE

k,I<T;m,n<X2
kn=Im

Then we have

A1 +A; = O(l),

where the implied constant is independent of q.

Proof. From the definition of b(n), we observe that the non-zero contribution to A, comes
from the term with the condition (mn, ¢) = 1. For such m, n, let d = (m, n). Then m =
dmy,n = dn; where (my, n;) = 1. From the above conditions, we have |x(d)| = 1, and

hence

x ()X (m) = x (1) X (m) |2(d) > = 2 (m) 7 (m1). (2.22)

Also, the equation kn = [m can be written as kn; = Imy, and hence k = vmy, [ = vn; for
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some v, | <v <min{t/mj, t/n;}. Thus we get

(7 (k) = x (vn) 7 (vmy) = x (m) 7 (my) [ (V) [* = 2 (m0) Z (m1) |2 (V)]

Denoting min{t/mj, T/n; } by a and using the above identity, we obtain

b(m)b(n) b(m)b(n)

]

A=)

km=In

y x(x (k) _ y X (n) 2 (m1) [x(v)]
m,n<X2 \/mn k<t Vkl X2 Vmn 1 /LY )

Note that \/mn; = /mn/d and a = min{td/m, 1d/n} = ©d/ max{m, n}. Now using

the fact y (n)x(m) = x (n1) % (m), we see that

Hence, we obtain

Aj+Ay =)

mmSX2 V< (m,n)T

For simplicity, we write

m,n<X?

Note that B(X) can be written as

d<x? m<X2 n<Xx2

(2.23)

(2.24)

(2.25)

(2.26)
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where @ is the Euler’s function. Now, from (2.21) we write

y HE) 1 atmatm)m) )l XX
=, oom (log X )2 my <x mymy my - mp
djm d|mymy

2.27)
Since d|mjmy, there exist d; € N(i =1, 2) such that m; = d;n;, d|d,d, and (d, n;) = 1, that

is,di= T[] p%* Now (2.27) can be written as follows:
pld, p®*|m;

y b(m)x (m) 1 y o(di)ou(da) | x(d)||x(d2)|

mex> M (log X)* e, didy
d_\m dy,dr<X
didy|d
X X
| g e, x|y e, X
HIS% ni niai 2§di nyp nady
(ny,d)=1 (na,d)=1
(2.28)

Using Lemma 2.3.3 in the two inner sums that appear on the right-hand side of (2.28), we

get

y bmx(m) ¢ 1 Ma+r¥y? Y |a(di)o(da)] |2 (d1)x ()]

-, m ©(q)log X old didis d\d»
cﬂm d17d2§X
dydo|d”
AN L P M ACIE MR
¢(q)log X dimald> " didy=n

From [47, Ch.VI, Section 3, Lemma 1], the last inner sum Y., 4, |@(d)(d>)| is domi-
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nated by 1. So, we obtain

H( +p_3/4)2 Z x(n)]

y PR a1
m<x> ™ P(q)log X J\j dln,nld=
djm
« 41 [T+ ] (1 - l) h
¢(q) dlog X pld pld P
q —3/4\2
< 1+ .
olapiiogx LI TP
Now using (2.29) in (2.26), we get
B(X)=0 7 I § (R
¢*(q)(log X)? d<x? »(d) pld

Since

[T0+p74* < [T +10p7) = ¥ =
pld pld 8ld
Hence the inner sum of (2.30) can be estimated as
1020 10209
o (1 _|_p—3/4)4 <
dgz (p(d)g dg(z q)(d) 8|d 5% 5<x? @(5)5%
(%d):] (%d):l (%6):1

109(9)

102(%)

62>:1 ¢(8)6

(2.29)

(2.30)

(14+x)* =1+x(446x+4x>+x°) < 14+ 10x for x < p~3/* <273/4

1

m§X2/5 (p(m> ‘
(gm)=1
(2.31)

The last inequality follows from the fact that @ (md) > ¢@(m)@(J). Note that the series

is convergent. So, it is enough to estimate the last inner sum of (2.31). By using the
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identity

we write

i | o 1) P) 1
— — = — (2.32)
mg(z (p(m) mg(z m% (P(d) dgz;’(z d(P(d) m<x? aM
(g.m)=1 (g,m)=1 (g,d)=1 q,m)=1

2
We know that the series } ;> 5 (PEZ)) is convergent, and thus we can use Lemma 2.3.4 to

estimate the inner sum in the right-hand side of (2.32). Hence, we obtain

1 ¢(q) (logX)?
— << logX +loglogg) +d(q .
m;}(z(p(m) , og glogg)+d(g)—
(qv;l)zl
So, we have
1 logX)?
Y —JJa+r¥< 29 (100X +10g logq) + d(g) 22X (233
, 9(d) q X
<X pld
(qu)zl
Further, using (2.33) in (2.30) for g < T, we find
B(X)=0 <L) . (2.34)
¢(q)log X
Let -
b(m)b _
cxy= Y PP o m)(m, m)log (m, m) (2.35)
m,n<X? mn
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Then we have

cx)= Y o@| Y W y b(n)ic(n)
d<Xx? m<X? n<X?
(g,d)=1 dlm d|n

Using the fact that ¢'(n) < 2¢(n)logn (see [69, 5.40]) and (2.29), we get

_ e logd _3/4v4
D=9 e L. @107

(g,d)=1

Now, to proceed as in the case of (2.31), we need an upper bound for the sum

Z logm
mex> @ (m)
(q,m):l

in the place of (2.32). The estimate of the above sum is

logX)3
< @(logX—i—log logq)logX +a’(q)( Oi ) :
Since g < T, we obtain the estimate
C(X)=0 (L) . (2.36)
»(q)
Let
b(m)b(n _
px)= ¥ 2Py om)m, mytog m,
m,n<X? mn
which can also be written as:
d<Xx? m<X2 m n<x? n

djm d|n
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Simplifying as in (2.27), we get

Zb(m)x(m)logm_ ! y oc(my) o(ma) |y (ma)| 2 (m2))|

m<Xx2 m (10gX)2 my,my<X mima
djm d|mymy
X X
x log — log —(log m| +log my). (2.38)
nq my
Proceeding similar to (2.28), we see that the above is
y b(m)x(m)logm 2 y a(dy)a(dy)|x(dr)l|x(d2)]
m<x? " (log X)? dl|d\dy didy
djm dy,da<X
dyds|d*
a 1 d X a X
1) (n1)[x (n1)[log (1 l)log : y (nz)lx(nz)llog g
nlS% ni nyai nzS% ny nady
(}’ll,d)ZI (nz,d)ZI

(2.39)

Using (2.18) in the first inner sum and (2.17) in the second inner sum on the right-hand

side of (2.39), and then proceeding in a similar manner to (2.29), we get

b(m)¥ (m)logm q —3/4y2
1 . 2.40
L Sewew I 240
d|m

Now, using (2.40) and (2.29) in (2.37), we get

—0 <$) _ (2.41)
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Hence, by using (2.3.4) in the inner sum of (2.24), A| + A, can be written as;

¢la)

Al+Ar, =

((log 7+ 7+A4¢)B(X) +C(X) = D(X)) +O (d(Q)XZSOgX)4) .

(2.42)

Finally using (2.34), (2.36) and (2.41) in (2.42) and replacing 7 by \/%, X by 79, for
q < T we conclude that

Al +A = O(l).

In the next lemma, we recall some results from the unpublished work of Selberg [68].
Some parts of the following lemma can be deduced from central limit theorem due to

Selberg.

Lemma 2.3.6 (Selberg [68]) (a) For a fixed jwith 1 < j, I <rand j# [ we have

1 1
\10g|L(§+lt,%j)| 10g\L( +it, 7)|| > (loglog T)

in the interval [T, 2T), except for a set S C [T, 2T| of measure O (T(log log T)_%>.

(b) We can divide the set [T, 2T\ S into r subsets S;, 1 < j <r such that

!

T
meas(S;) > ——-0 <T(loglog T)”
r

and fort € Sj, we have

log|L( +it, %) >log|L( +it, xl)|+(loglogT) foralll # j.

(c) Let @ <h< loﬁ)?%T andt € Sj. Then

|
log|L(5 +ir, )| > log [L(3 + i )| + 5 (loglog T
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for all 1 # j and t <t <t+h except in a subset of (t,t+ h) of measure

0] (h(loglog T)_%).

(d) Recall the definition of y; from (2.12) and Z(u, ;) from (2.1). Put

t+h 1 1 2
My, (t, h) ::/ L(§+m, )(J) Vi (E—Hu) —1 | du,
t
1 2
Y (§+iu)

and

t+h
Ly, (t, h) ::/t Z (u, xj) du.

Then

2T , 5 h% 2T ; . 5 h%
M., . (t dt=0|1 d (1 dt=0|T— ] .
/T | xj(v )| Toa T an /T ’x,(v )| Tog T

For the statements (a), (b),(c) see page no. 8 —9 and 11, and for (d) see page no. 6
of [68], respectively. Similar results have been proved for degree two L-functions in [67].
The statement (a) follows from Corollary 1.12.4 and arguments for this is as follows. Let

f be a subset of [T,2T], defined by
1 1 . 1
Po=1t€[T,2T]: ’log‘L(E—l—zt, x) ’ —log‘L(E—i—zt, X )H < (loglogT)4 5.

Also, we define

log ‘L(% tit, x) ‘ log ‘L(% +it, x)‘
w(t) .= .
(®) v2mloglogt

Since we can write szT = J o+ J ¢, then from Corollary 1.12.4 we have

(logloglog T)2>

/Jgumb(a)(t))dt+/ﬂua,b(a)(t))dt:/abe‘””zdu+0( JToslosT
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: _ ~1 _ 1
By choosing a = VIn(loglogT)1/A and b = VIn(loglogT) /A Ve get that

1 ifrep,
ua,b(w(t)) =
0 ifre g

Thus, we get

1
rrtoaloa VA _ logloglog T)?
[V ml gy o (1 :
meas(£) * e u ToglogT

\/ﬁ(loglogT)l/4

. . 2 .
Since the function e ™" < 1, we obtain

meas(f2) < T (logloglogT)? T
(loglog T)!/4 ViIoglogT (loglog T)!/4’

This completes the proof of (a).

Selberg concluded (b) by using the fact that log |L(s, x;)

, j=1,...,r are ‘statistically
independent’. Thus, each logL(1/2+ it, ;) dominates all others with equal probability.
Proof of (c) is indicated by Selberg in [68, page 10-11]; see also [67, page 6-7] for the
degree 2 setting.

A result similar to (d) for the Riemann zeta function has been obtained by Selberg [69,
Lemma 15, Lemma 16], following which one may prove (d) above. Although, in this
case, we have to be careful about the conductor. But, Selberg pointed out in [68, P. 6],

that the implied constants in the result (d) are independent of characters.
The following lemma is the core of the proof of Proposition 2.3.8, which is the main

proposition of this chapter.

Lemma2.3.7 Let X =T% and 1 < qg< T%_Se_g with0 < 08 < % — %, where € is a small

positive real number and X is a character modulo q for which we defined the mollifier.
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Then we have

4

T+U
I(T;U) = /T Z(t, %) dt < U, (2.43)

2 W(%“i—il‘)

where U = T3 and the < -constant is independent of q. Moreover, for a fixed g, we have

I(T;T%) < T*, where%+49§a§%and0<9§83—0_g,

Proof. Squaring (2.14), we get

1 "
V5Tt

1,3 |
+O<q4T“ 4|A(t, T;%)|‘W(§+U)

4
=2ReA(r,T; x)*

1 4
w(5+ir) LA T )P

4
) 40 <q;T2a—z

4

()
e

Z(t, x)*

=2Re(P;)+2P,+R| + Ry,

1 + 1 !
where P, = A(t, T; x)* |w <§ +it> P = AL, T ) v (5 +it) and Ry, R, are,
respectively, the third and fourth terms of the above equation. Hence,

T+U T+U T+U
I(T;U) = ZRG/ Pldt+2/ P2dt+/ (Ry +Ry)dr. (2.44)

T T T

One gets the estimates
1 1

v (— + it) ‘ <V —<VvXx (2.45)

(3| < B
and

T+U ) ' | mi—1
/ |A(¢, T x)|°dt < U Zn_ + Z (mn)~2 log—’ .
T l’lgf m>n§1 n
m#n

From [69, Lemma 1], we obtain fTT+U |A(t, T; x)|>dt < UlogT and by the Cauchy-

Schwarz inequality we have [f TV |A(z, T; x)|dt < U+/TogT. Therefore, we get

T+U s [THU RPN
/ Ridr =0 (q4T"_4X / IA(t, T x)l) ~0 (qZT“—ZX U 10gT> .
T T

We also get fTT+UR2dt = O(q%TZ“’%UXz). To evaluate the integral fTT+U Pydt, we fol-
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low the method of Selberg. From (2.21) we can write

2 W(%—f-it)

Thus, by interchanging summation and integration we can write

4: Z b(m)mA(t,T;x)2<%>it,

AL, T; x) —
m,ngX2 mn

pibGa) [TV
— AR AL, T: Y ar. 2.4
/T Pidt m./ngxz NG /T t,T;x) <m> dt (2.46)

By Stirling’s formula (see [77, corollary I1.0.13]), we get

. -1 vy AN —it—mi(1-2a)/4 !
p(§+zt,x) —“’(")(E) ’ {HO(;)}'

Now, we consider coprime integers i1, > smaller than X?. In this case, by using the

above formula for the ratio of the values of the gamma function, we write

T+U it : o "
7 (1Y et g ) [
/T A, T; x) (.Ul) dr =m(x)e* )3 N . 2melliuy at

u,v<T

T+U dt

+ O (2.47)

v<17 \/_ /
Note that [ TV d’ = O(U/T) and hence the error term would be O (Ut/T), which is
at most of order \/qT. We see that the main term in the right-hand side of (2.47) is
the same as in Lemma 1.11.2 with y= 0, & = 24 If we put 7 = /qT/(27), 71 =

qi2
Vq(T+U)/(2x) and take U = T for } < a < 2 = then by following [69, eq: 4.9-4.13]

we get

7 a7 () = omne® [ 8 e~ ot

T 43 M2, 52 ¢

; / .
where {1y < i1, e(x) := ¢*™ and ) " means the summation over %’L’z <uv < %T% We
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. /
rewrite the sum Z as

Y xwe -~ Y 4w Y x(u)e(—”v‘“).

H 2 2 ql2
—=r<v<"T ) . T M
My Wgugmm{a W}

2
If we replace the upper bound of u, i.e., min{r, Tv‘—ﬁf} by -} f‘ ” 2 then the error term is

0] ( A /%%). This can be evaluated in a similar way as in [69, page—104 ]. Thus, we get

m;g;%(uv)e(—”qviil): Y xW Y 2 X(”)e(—b;vli)-l-O(\/%qTUz)

”2 T<y<t 2y TR
VU — 7 — vl

(2.48)

Now, we evaluate the inner sum in the right-hand side of (2.48) in two cases according as

Lo divides v or not. If u, v, then by using the identity x(u) = 7(7)~' ¥ 7%(a)e <%>

a modq
in the inner sum of the right-hand side of (2.48) we get
/ uvily 1 u(apy — vy
L a2 =L Y a0 gl Y e M),
u,v<7t qH2 X ”2‘:<v<r a modq ﬂ< <1712£ qH2
vy =7 = vy

But the inner most sum on the right-hand side of the above equation is bounded by

’—1

(apr — i)
qur

So, first we have to estimate the sum

IJ2 — V.ul

)

— M for 1 <a< g — 1. Then for any two elements

—a
Note that apy # vuy. Let x, = . b

Xa, X We get || X, —x s |> ¢~'. Thus there is at most one rational x, in the intervals of
a a
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the form <kT g) for 1 < k < g. Further, when x, € <k%ql, g) for k > 2, we have

x> (mln{g ﬁ})_l

and when x, € (O, %) we have || x, | 71> guo.
Hence,
q/2
S < Z +qty < g(log(eq) + ).
a=19

So, for the case i, { v the upper bound of (2.48) is O(v/Tq(log (eq) + 112)). The remaining

case is Uy | v and in this case if we write tyr = v, then the right-hand side of (2.48) is

) Lo % x()( ”rq“l)m(\/%q?lﬂ).

=z
)
I[J] SUS T I[J]

RS

Let us write u = gl +t. Then the inner sum can be written as

2

p wo() = B o) Carom)

2 T
e u 1
rpy — o — iy

Since (rp1, g) > 1 gives no contribution in [ ™Y Pydt, we can take (ru, ¢) = 1, and then

a change of variable —tru; = z gives

Y ae(-"2) = Zogom) ¥ a-ae(Z) +ota)

q z modq

U
2wy

x(run)/qm(x)i~* +0(q). (2.49)
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Using (2.49) in (2.48) we obtain

v g () x (42) X (r)l
AL, T, 2<—“Z> dr = y X ABUX ) +0(\/qTX?
A ( X) 45 Hiln HT <r<lf r ( 1 )
1= — K2

lqT
+o( qui“ log (eq) + qTLLLI.Lz). (2.50)

Thus, inserting (2.50) in (2.46) with the choice u; = m/(m,n), up = n/(m, n) and by

using (2.22), we get

T

T+U 1 !
/ Pidt =UA; +0 | \/qTX? ZW

<X
0 (wTT (10g @ § A,y dlnd ))
1<n<m<X2 1<n<m<X? ’
— UA;+0 <\/q_TX4(log T)2) , (2.51)

where A1 is defined in Lemma 2.3.5. Next, we have to evaluate the integral of P,. We can

write

oo X(DZ(K)b(m)b(n) (T+U [ kn\"
A Pdt= X T A (lm) dr

m,nSX2

- X (D)7 (k)b(m)b(n) I D) (ke /)T
- UA2+k,l<r§n<X2 iv'klmnlog (kn/Im) <(k fAm)== nftm) > ,
_kr,z#}m_

(2.52)

where A; is defined in Lemma 2.3.5. First, we estimate the second sum of (2.52). If di(n)
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denotes the kth generalized divisor function, the second sum is

u|- +d3(v) u|-1
< Z — ‘0 —‘ < Z —_‘log—’
u, v<’EX2 v u, v<’EX2 uy v
u#v u#v
ul—1
< ¥ Doy
u, v<‘EX2 V
u#v

For any fixed u we break the sum as

d2 u u —1 d2 u u ~1
Z &10 — = Z_|_ Z +Z < 3( )‘log— >,
v<tX2 m v v<% %<v<32—” v>37“ m v

and it is not hard to show that the first and the third sums are bounded by < X+/7. For

the second sum we write v = u +k, such that |k| < 5. So,

o)

1 —
Z —llogz‘ < ulogu.
gy VU

u#v

’10gE
v

and hence

By using all the above estimates, the second sum of (2.52) is

< Z \/_ \/_log( ) +XV7) < tX%(logT)° < \/qTX*(logT)°.

u,v<tX

Taking into account all the integrals from (2.44) and taking U = T for 1 3<a< 3 , we get

I[(T;U) =2URe (A; +A;) + 0 (q%TZ“’%UXZ +giT XU \/log T)

+0 (\/q_TX4(log T)2 + /qTX?(log T)9> . (2.53)
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Clearly, the error term in the right-hand side of the above expression will be o(U) if

q%TZa—%—l—ZG +q%T”_%+29(log T)% +q%T%‘“+49(logT)2+q%T%_“+29(logT)9 —o(1),

(2.54)

as T — oo and for any ¢ which may be fixed or depends on 7'. For fixed ¢, the left-hand
side of (2.54) is indeed o(1) as T — o0 if 5 +46 <a < 2 and 0 < 6 < g; — & with a small
€ > 0. If g varies with T, then we want to choose a € (%, %} and 6 < 411 in such a way that
g attains its maximum value and the above error term will be o(1) as T — . Therefore,
choosing a = % and small € >0, we get 0 < 0 < 4% — %, 1<g< T%_Se_g and the above
error term is o(1). So, we conclude from Lemma 2.3.5 that I(T; U) < U. This completes
the proof of Lemma 2.3.7.

Now, we estimate the integrals which are given in Proposition 2.2.5 that help us to prove

Theorem 2.2.1 and Theorem 2.6.2. We prove them in three different propositions in three

subsections. Recall that Q(7) and y; are as in (2.3) and (2.12) respectively.

2.3.1 Upper bound estimate for [ Q?|y;|* over S;

Proposition 2.3.8 Suppose X =T and 1 < qj < T580=€ ith 0 < 0 < 4% — %, where
€ is a small positive real number and X is a character modulo q; for which we defined

the mollifier. Then we have

4
dt < raiT,

J(T) = /S Q)

J

I .
'Y} §+lt

where S; C [T, 2T]\ S is as defined in (b) of Lemma 2.3.6 and r may grow with T but not

faster than O(e!1—€)(loglog 74 ).
Proof. First, we prove that

4

/S 21,47 dt < T. (2.55)

J

I .
U4 §+lt
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Now, we split the interval [T, 27| into sub-intervals of length U. Let any such sub-interval
be [T +mU, T + (m+ 1)U], where m is a non-negative integer. By using Lemma 2.3.7

we can show that /(T +mU; U) < U. Hence,

I(T:T)=Y I(T+mU;U) <T. (2.56)

m

If we replace [T, T + U] by E;(U) := [T, T+U|NS; in I(T;U) and write I(E;(U)) in

place of I(T; U), we get I(E;(U)) < U. As aresult we get

1
Z(t, %) v ——|—'l>
/Sj ( XJ) WJ (2 l

Since ’L(% +it, X/)’ =|Z(t, x;)|, we get

2T 1 ) 1 )
/T L(E‘f’lt,%]) l[/] (§+ll>

Now, by the Cauchy-Schwarz inequality, we have

4
dt < T.

2 4

dt L T. (2.57)

Q(t)2 < rZalzZ(t, )(1)2.
=1

So, for J(T), which is defined in Proposition 2.3.8, we get

| 4 . | 4
J(T)Sra§[§ Z(t, 2))* |y (§+”) dt+rZa%/S Z(t, 0)* | W <§+ﬂ) dt.
J =1 J
1]
(2.58)

Whenever t € S; and [ # j, from part (b) of Lemma 2.3.6 we have
1
log|L(s, xj)| > log|L(s, x1)| + (loglogT)*.

This implies
1
IL(s, x1)| < |L(s, xj)|e”(ogloeT)* (2.59)
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Now using (2.55), (2.59) and (2.57) in the right-hand side of (2.58), we get

4 1
J(T) < ra3T +rY a}Te 2ele N,

I=1
I#]

Thus, by hypothesis we get
J(T) < ra;T.
In the next proposition we estimate the lower bound of the first moment.

2.3.2 Lower bound estimate for | |Ql//J2\ over S

Proposition 2.3.9 Let X = T and 1 < q; < T%_SG_S with0 < 0 < % — %, where € is a

small positive real number and q is the same as in Proposition 2.3.8. Then we have

. 12|y, (3+4)

where S; C [T, 2T\ S is as defined in Lemma 2.3.6 and r may grow with T but not faster

than O(e(l—e)(log logT)% )

2
dt > |ajlmeas(S;)(1+0(1)) asT — oo, (2.60)

Proof. Since all the characters have same parity, the value of a in the expression (1.45) of

p (s, x;) remains the same for [ = 1,2,..., r. So we have

(1 —54a)/2)
I'((s+a)/2)

pGs.2)i= i) (7

This gives
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So, we can write

| 120w, (3+4)

r 1 1 2
Zalm(xl)—%L <§+it,xl) v (§+it) dt (2.61)

=1

1 L. I
ajw(x;) Z/S»L §+”’Xj Y E‘f‘lt dt
J

- ) m( ) 2 / L (—1 it ) <—1 1) Zdt
E a +1t, i +1 .
= 1o (X 5, D) Xl | Vi 2

I#i

2
dt:/
N

J

>

Using the Cauchy-Schwarz inequality and then Lemma 2.3.6 (b) and (2.57) in the last

part of the right-hand side of (2.61), we get

1 L 1 Y
/Sj!Q(t)\ Vj (§+u> ajro(x;) Z/S‘L(Eﬂt,x}-) v (§+zt) dt

J

2
dt >

+0 (Te—“"glog”i) . (2.62)

Now, setting
1 1 \?
ft) =L St x| vl 5 i —1,
we have

| L

J

2
(%—Fit, )@-) g (%+it> dtz/S (1+f(t))dt:meas(Sj)+/ij(t)dt. (2.63)

J

We fix a 6,0 < 6 < 1, and define

)
. loglogT)® (2.64)
logT

Next, we recall the definition of My, (¢; h) from part (d) of Lemma 2.3.6 and let V; be a

subset of [T, 2T such that for € V; we have

|My,(t; h)| > h(log log T)_%.
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Then we get

B

< (loglogT)

My, (t, h)
I 2

2T
_ M) / My, (1, h)2dt. (265
h(loglogT)~ r

meas(V;) < /

Vi

Using the first result of Lemma 2.3.6 (d) in the right-hand side of (2.65), we get

meas(V;) =0 (T(log log T)_%). From (2.57) we can write

712
t+h 1 ) 1 '
/t L(E—Hu,xj) Vi (§+lu)
1

except in a subset Q; of [T, 2T of measure O(T (loglogT)~¢). Then we split S; as A;LIB;

du < h(loglogT)%,

(say) where
Aj:Sj\(QjUVj), Bj:Sjﬂ(QjUVj).

Thus, we get

J

f(o)dr = </A<+/B<) f(t)dr. (2.66)

J

Clearly, we see that

meas(B;) < meas(V;) +meas(Q;) < T (loglog T)_g + T(loglogT)_%

< T(loglogT)7 7,

where Y = min (%, %) Hence, by the Cauchy-Schwarz inequality we get

J, st < Jute) ([ 10a) ’
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But by the Cauchy-Schwarz inequality and (2.56), we find that
2T
/ |f(0)dr <2I(T; T)+2T < T,
T
where I(T; T) is defined as in (2.43). As a result we get that
/ f(1)dt < T(loglogT)~"/?, (2.67)
Bj

To estimate the integral over A; in (2.66), we cover the set A; by segments of the form
ey =ty,ty+h],v=1,2,3,..., n. We construct the segments in the following way; Let
t1 be the smallest element of the set A;. Then we set ej := [t|, ] +h]. Let 1, be the
smallest element of the set (1; +h, 2T| N A}, then we define e; = [t, 1, + h]. Similarly,
we choose the v-th interval ey := [ty, t, + h], where ¢, is the smallest element of the set
(ty—1+h,2T]NA;. Let n be the smallest positive integer such that A; C Uy<,ey. From

our construction, we have n < % + 1. Thus we get

from=x [, som=g ([ / )

V=
n

— Z MXI tv, M (Zv, h))
= X
where M ;(tv; h)) is defined as follows:

M

;Cj(tv;h)) :/Bmvf(t)dt:/Bmv <L (%Jrit,xj) S (%—i—it)z—l)dt.

Since ty ¢ V;, from the definition of V; we get

8
8

| My, (tv; h)| < h(loglogT)~ forall v=1,2,...,n
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Hence, the first sum is

u h T h T
Zij(lv;h)<<n—5<<(—+1) 5 < 5
v=1 (loglogT)s h (loglogT)s  (loglogT)s

Further, for any r € BjNey = B; N [ty,ty +h] we have ¢ S;. Since t, € S;, by Lemma

2.3.6 (c), the measure of the set Bj M ey in the integral M;Cj(tv;h) is
1
< h(loglogT) ™5

Therefore, by the Cauchy-Schwarz inequality we get

1

it i) < e ([ 170F )

Using Minkowski inequality on the last integral and then applying Lemma 2.3.6 (e), we

obtain 1

(["10P) = Viteerogr !

Thus,

n
Z NURIDIES n\/h (loglogT)~ s .h(log 10gT)6 < T(loglogT) ®
As aresult we get
/ £(t)dt < T(log log T)~ ™" (&:3) (2.68)
Aj

Using (2.68) and (2.67) in the right-hand side of (2.66) and then using (2.66) in (2.63),

we obtain

J

J

2
L (%—f—ih XJ) 14 (1 —I—U) dt = ‘LL(S]) +0 (T(log logT) mm(io g)) .

Hence, substituting the last result in the right-hand side of (2.62), we conclude the propo-
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sition.

2.3.3 Upper bound estimate for [ Q|| over S;

Proposition 2.3.10 Let X = 7% and 1 < qj < T%’ge’g with 0 < 0 < % — %, where € is

a small positive real number and q  is the same as in Proposition 2.3.8. Then

1
|4 <§+it>

where S; C [T, 2T\ S is as defined in Lemma 2.3.6 and r may grow with T but not faster

than O(e(1-€)(ogloeT)* )

2
dt=0(T), as T — oo,

znyzégm

J

Proof. Note that /(7') can be written as follows;

1 1
Y (§+il) Vi <§+it)

Applying the Cauchy-Schwarz inequality and then Lemma 2.3.6 (b) and (2.57) in the

2 2

.

di+Y a / Z(t, 1) dr. (2.69)
— Si

7

““Z%AZ@M>

second integral that appears on the right-hand side of (2.69), we can see that it is of order

1
O (Te_(log log T)4) . It remains to show that

1
Vi <§+il‘)

The method of proof of (2.70) is very similar to the method used to estimate the integral

2
dt =0o(T) asT — oo. (2.70)

L= [ 2.7,
J

of f(r) given in (2.63). Choose i = logT (loglogT)~%, 0 < § < 1. If VJ{ is the subset of
[T, 2T] such that

0|

Iy ()] > h(log log T) %,

then following (2.65) and the second result in Lemma 2.3.6 (d), we get meas(V;) =
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0] (T(loglog T)’g> . Now we split S as A/j I_IBIJ- (say) where
Aj = Sj\(QjUVj)v Bj =35;N (QjUVj)-
Here Q;’s are given as in the proof of Proposition 2.3.9. Thus, we write

f, 762 w(%ﬂ‘t) (/ +/> (t, 1)) (%ﬂ‘t)

Naturally,

2
de. @271

meas(Blj) < meas(V}) +meas(Q;) < T (loglog T)_g + T (loglog T)_% < T(loglogT)77?,

where ¥ = min (

Lo

Our next task is to estimate the integral over A/j given in (2.71). For this we cover the

g, %) Now, by the Cauchy-Schwarz inequality and (2.56) we get

( +zt>’ dt‘<@/meas VWIT; T) < T(loglogT)™"?. (2.72)

set A/j by segments of the form e, = [ty,ty +h], v =1,2,3, ..., n. The construction of
these segments is similar to what we did for A; in Proposition 2.3.9 (see the paragraph

following (2.67)). Thus, we have n < % + 1, and we write

/A,'Z(t,xj) f (%—i—il‘) (/tva”l / ) (t, xj)

Z (I, (tv: I (tv, h)).
v=1

dt

1
4 (§+lt

From the definition of V}, ifty ¢ V} we get

I
8

Iy (tv; h)| < h(loglogT)™s  forany v=1,2,...,n.
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So, for the first sum we have

nh T h T
‘(tv;h)’<<—5<<(—+1) 5 < 5
(loglogT)s h (loglogT)s  (loglogT)s

Next, for any ¢ € Blj Ney = B/j N[ty, ty +h] we have 1 ¢ S;. Since ty € S; by Lemma 2.3.6

(¢), the measure of the set B;. N ey in the integral I;Cj (ty; h) is
1
< h(loglogT) ™5

Note that |Z(z, x;)| = |L(t, x;j)|. So by the Cauchy-Schwarz inequality, we get

2w (3en)|

1

’ , 1 tv+l’l
1, (tv: )| < (meas(B}ney))’ / di
ty

By applying Lemma 2.3.6 (e) to the above integral, we obtain

n
Z tv, )| < n\/h (loglogT)~ ih(log 10gT)6 < T(loglogT) &

As aresult we get

7020w (5+1)

Using (2.73) and (2.72) in the right-hand side of (2.71), we obtain (2.70), namely,

2
dr < T(log logT)~ ™" (&%) (2.73)

L; < T(loglogT)™ min (0. %),
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2.4 Proof of theorems on Karatsuba’s Z-function

Proof of Theorem 2.2.1. For2 < H < T, let us define

Ef == {T<t<T+H:teS;and Q(r) >0},

E7 = {T<t<T+H:teSj, and Q(r) <0},

where S is as defined in Lemma 2.3.6 and Q is as given in (2.3).

Now, recall y; from (2.12). One can write

1\ 1\
/S-Q(l) f (§+lt) dt = (/Ej*+ E,») Q1) |y (§+zt> dt (2.74)
and
1 2 1 2
/Sj|£2(t)| f (§+zt> dt = (/Ef_/,) Q) |y; (§+lt) dt. (2.75)
Adding (2.74) and (2.75) we get
/ Q1) |y; l+'t 2dt—l Q1) |y; l+'t 2dt
g Vil R T AV
/ 5 (2.76)
1 I
+§/Sj|9(t)| v; <5+lt> dr.
Subtracting (2.74) from (2.75), we get
1 N\ 1 1\
—/ Q) |y | z+it dt:—/ Q1) |yj | = +it )| dt
- 2 2Js, 2
! 5 .77)
1 |
_5 SjQ(t) ll/] (§+lt) dt.

By applying Proposition 2.3.9 and 2.3.10 in (2.76) and (2.77) respectively and then writ-
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ing them as a single inequality, we get

i/EjFQ(t) v, (% —|—it)

By the Cauchy-Schwarz inequality, we deduce that

2
1
dt > §|aj| meas(S;)+o(7T) (T — o0).

J

0 40\?
v (§+it) dt> .

Using Proposition 2.3.8 on the right-hand side of the above inequality and then using part

%\aﬂ meas(S;)+o(T) < meaS(EJj'E)% (/S Q)

(b) of Lemma 2.3.6 we have

meas(S;)> T
ET — > 2.78
meas(E;") > e . (2.78)

From the definition of the sets S, j =1, ..., r, it is clear that §; NS; = @ for all k,[ €

{1,2,...,r} and k # I. Hence summing over j in (2.78) gives

T
meas(I~=(T,T)) > -
r

Proof of Theorem 2.2.3. Let y be a character modulo ¢ and y be a Dirichlet polynomial
which is defined in the same way as we defined y; in (2.12). We recall Lemma 2.3.7

which says that for X = 7% and 1 < q < T%’Se’g with0 < 6 < 4% — %, we have

/”V Z(t, x)* |y (% + it)

T
where V = T? ,3/5 < b < 1. Although for fixed g, we can take b to be smaller than 3/5,

4
dt <V, (2.79)

in the present prove it suffices to consider b in the range [3/5, 1]. Next, for2 < H < T,
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we want to obtain an upper bound for I(T,H, x ), which is defined by

I(T,H,x)= /T”Hz(t, x) ‘1// <%+it>

2
dt.

From the definition of Z(¢, ) and the fact that y(s) = y(1 —s) we can write

I(T,H, %)=~ Lis, )P (s, 2) 2 w(s)w(1 —s)ds.

l

1 /§+i(T+H)

3T

We replace the above path of integration by a rectangular path going from %-l— iT to

3 +i(T + H) via the points ¢ +iT and ¢ +i(T + H), where c = 1 + @. We also write
I(T7H7 X) :Ih(Ta H, X)+IV<T7 H, X)v

where I,(T, H, ) and I,(T, H, ) are respectively the total contributions to the integral
I(T, H, x) along the horizontal and vertical paths. The Stirling’s formula for the gamma

function (see [77, corollary I1.0.13]) gives

o O'-Ht—% ) . 1
p(c+it, x) =r(y) (E) et mil1=2a)/4 {1 +0 (;> } . (2.80)

Also, we get for o > —1,

v(s, x) < max{X'7° log X}. (2.81)

Using these two facts and Lemma 2.3.1 we get

1

L(T,H, ) < /1 (qT) 1 =9)2(gT)2(®Dmax{X'~°, log X}X® log T do
2

< q%XT% logX logT.

As we know that the Dirichlet L-series L(s, ) converges absolutely on the vertical line
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segment {c+it: T <t < T+ H}, we can write the integral along the vertical segment as:
T+H BB (k) gt (ctHit—1)/2
L(T,H, x / Z nc-Ht ZX J1—c—it je+it (ﬁ)

n>1
il T(1-20)/4)/2 (1 40 (l)) dr
!

= m(%)/ﬂH )y x(n) y BB (‘l_t)(cw_i)/z il m(1-20)/4)/2 4,

TSt iy e ket \ 2
ni sy v_=
VT G () - BOBW) | eo1yae
O (q“ /T Yo X e 1P ) @82)
n>1 1k<X

Using (2.81), (2.80) and Lemma 2.3.1, the expression of the error term in (2.82) is

T+H
<<q‘11/ " log T log XX 1+(1/1og T)y(e=3)/2-1 4
T

< q%XT% log X1og T.

Without the constant coefficient, the main term in (2.82) can be written as:

y %(n)ﬁgiifc(lwl /T+H <%>(c—i)/ZCXp (%log <27rqet—;Zk2)>dL (2.83)

n>1k<X <X T

By using Lemma 1.11.1, we estimate the integral of the exponential function and get

T+H (c—1)/2 ; 12
gt \ (3 it qt
a Trog (=2 \\ar
/T <2n> eXp(z o8 <27ten2k2))d <4

Since |x(n)| < 1 and |B(m)| < 1, we conclude that the expression (2.83) is

N
Sl

T

< ¢iT3X (logT)?.
Hence,

I(T,H,y) < q3T3X (logT)?. (2.84)
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Lastly, we want to obtain a lower bound for J(T, H, x), which is defined by

2

T+H 1 )
)= [ |Z(f,%)|‘llf(§+n> it

We can see that the above expression satisfies the inequality

T+H 1 T+H 1 2
/ |Z(t, x)| ‘1//(—+it) / L(—+it,x)1//(—+it) dt
T 2 2 2

T
Using the approximate functional equation (1.49), we estimate the integral appearing in

2
dt >

the right-hand side of the above inequality, that is

[ (e x)weﬂt)zm: [y g e,

1 1,
T T quT/ﬂmz-Ht x> n2+ll
T+H
q
+O (/=
T )t

The first term on the right-hand side of the equation (2.85) is

2

Y B(mn~27| dr |. (2.85)
n<X

T+H T+H .
/ y x(m) y b0 et y x(m)b(n) / (mn)~ds
r m<qT/xm m2 n<X2 n2tt m<qT 7,n<X? nn d

mn>1

d(n)
m<qT /7 n<X? \/mnlog (mn)

mn>1

—H+O

= H+0(\/qTXlog X). (2.86)

Now, by applying Theorem 1.11.5 we can write

/T+H
T

n<X

di=HY B0 (Z ]B(n)\2> (2.87)

=O(Hlog X)+O(X).
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Using (2.86), (2.87) in (2.85), we get
J(T,H,x)>H+0(\/qTXlogX). (2.88)

Now, by using (2.79),(2.84),(2.88) in (2.4) we get the result.

2.5 Generalized Davenport-Heilbronn function

In Theorem 2.2.1, the a;’s are real numbers. Analogouasly, we can consider the case
when the a;’s are complex numbers. In Theorem 2.6.2, we provide an answer in a few
cases. Let x1, X2, ..., Xr be primitive Dirichlet characters having same parity modulo a

conductor ¢ and ¢y, ¢, ..., ¢, be complex numbers such that

Z c;jxj(n) is real and Z cixj(n) ==+ Z cixj(n)w(y;) foralln € Z/qZ, (2.89)
=1 =1 =1

where tv is defined in (1.30). Let us write

f()="Y ¢jL(s, ;) (2.90)
j=1
and
. (1 N1
F(l)zl apl <§+ll) f(§+ll) , (2.91)
where
_(® IO =s+a)/2)
= (7)) Tty (292
and

0 if ¥y cjxj(n) = Xy cjxj(n)w(x;),

it Yoy eixi(n) = —Xho  cjxj(n)w(x;)-
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To make sense of a later result (see Theorem 2.6.2), using the functional equation of
Dirichlet L-series and (2.89), we deduce that F(¢) is a real valued function for real ¢.

Thus, we prove the following lemma:

Lemma 2.5.1 Under the condition (2.89), we have F (t) = F (t).

Proof. Using the functional equation of L(s, x;)’s we get

f®=iqMMM®M%wE)
L

By applying equation (2.89) we get the functional equation for f(s) in the form

fs)==xp1(s)f(1—ys), (2.93)

where the positive or negative sign is determined according as a =0 or 1.

F(1)= i“pT(%—l—it)_zf (%-I—it) .

1

ﬁ(%+it)_2 - (E)g |F((%+it+a) /2) '

L((3+ir+a)/2)]

For real ¢, we have

One can rewrite

The functional equation gives

7(%+it> — (g)_t;Eg;ZiZ; Z;f(%—it).

So, we get

Hence F(¢) is real.
Now we give some examples of meromorphic functions f(s) which satisfy the conditions

(2.89).
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Example 2.5.2 (Davenport and Heilbronn, 1936) The Davenport-Heilbronn function
is a nice example of such a meromorphic function. The Davenport-Heilbronn function

is given by
_1—ix

1+ix
Y(S) - 2 L(S7 %1)+TL<S7 x2)7

10—2+v/5-2
V5-1

where k := , X1 is the character modulo 5 such that y;(2) =i and }, = %;.

In the literature, the Davenport-Heilbronn function has been studied extensively. In 1936,
Davenport and Heilbronn [24] proved that the above function has infinitely many ze-
ros on the critical line and also infinitely many zeros in the half-plane ¢ > 1. In 1981,
Voronin [83] showed that the number of odd order zeros in the interval [0, T'] on the line

Re(s) = % is at least
1
c Texp (2—0(10g log log log T)5> ,  where c is a positive constant.

In 1990, Karatsuba [44] proved that for sufficiently large 7', the number of odd order zeros
of the Davenport-Heilbronn function in the interval [0, 7] on the line Re (s) = % is at least
T (log T)%_e , where 0 < € < ﬁ. In 1992, he [46] slightly improved the lower bound by
replacing the factor (log 7)€ by e~<vV1oglogT ¢~ 0. In the same year, he [45] proved
that the function Q(z), defined in (2.3), has at least T'(log T)ﬁ_g many zeros on the line
Re(s) = %, where ¢ = lem(qy, g2, ..., gr). In 2015, Tam [75] proved the following; let
€, €1 > 0 be any fixed positive constants, X > Xy (€, €1), H = X*'. Moreover, let Y be the
set of T, X < T < 2X, such that the number of zeros of the function Q(z) in [T, T + H|
is strictly less than cH (log T)ﬁfg, where Q is defined in (2.3). Then the measure of
261,

Y is less than or equal to X!~ Under the same conditions, he also proved that for

M = [XH™'], the number of segments [mH, (m+ 1)H], M < m < 2M, that contain less
1

1
than cH (log T) 9@ zeros of Q(t), does not exceed M'~2%. In 2017, Gritsenko [31]

proved that the Davenport-Heilbronn function has at least 7 (log Tﬁ*ﬁ’g many zeros in




§2.5. Generalized Davenport-Heilbronn function 85

[0, T on the line Re (s) = 5. Further, he [32] improved the above lower bound as

1

> T(log T)2+ﬁ_£.

Our next example is due to R. C. Vaughan.

Example 2.5.3 In 2015, R. C. Vaughan [82] considered the following functions:

_ L(s, 2) +w(x)L(s, X)
1+w(y)

_ L(S7 X) —m(%)L(S, 7)
) 192(5)_ 1_m(x)

Y

191 (S)

where  is any Dirichlet character modulo ¢ such that to () # —1 for ¥, and o () # 1 for
%,. He proved that the number of zeros of ¥, B in the region {s: Re(s) > 1, |Im(s)| <
T} =< T. Note that ¥; and ¥, satisfy (2.89). Hence, the results of Theorems 2.6.1 and

2.6.2 are true for ¥ and 9.

In the next example, we construct an infinite family of meromorphic functions which are
complex linear combinations of Dirichlet L-series and satisfy the condition (2.89). Here

we generalize the Davenport-Heilbronn function.

Example 2.5.4 (Generalized Davenport-Heilbronn function) For any positive integer
g, let Ay := {X1, X2, --., X2} be a collection of complex primitive Dirichlet characters
modulo g having the same parity such that if y € A, then ¥ € A,. Without loss of gen-
erality let us consider }; = y,y;for j=1,2,...,r. Let ¢y, ¢y, ..., cor be the complex
numbers such that ¢; = ¢, jto(),+;). Then, one can check that c; and x; satisfy (2.89).

For 1 < j < r we have |(y;)| = 1, and hence we can write to(y;) = ¢! where ,’s are

fixed real numbers depending upon ¢ and lie between O to 7. So, we choose
.0 .0 .
cj=aj 1—ztan5 and ¢4 j =aj l—l—ltan? forj=1,2,...,r,

where a;’s are real numbers. Hence we get a family of meromorphic functions of the
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following form;

5) = ]; aj (1 — itan%) L(s, xj) + Z aj (1 —|—itan%> L(s, Xxr+)- (2.94)

=1

2.6 Results on complex linear combination

The first theorem of this section is concerning the zeros of f(s) on the line Re (s) = 5 or
the distribution of zeros of F(¢) in short intervals, where f and F are defined in (2.90) and

(2.91) respectively.

Theorem 2.6.1 Let q be the conductor of the characters X, j =1, ..., r such that the
Euler function at q i.e. @(q) >2. Let 0 < € < mm{% %} and 0 < €' < Wlo be
arbitrarily small fixed positive real numbers. Consider T to be sufficiently large such that
T > Ty(e, €') where Ty(&g, €') is some positive number that depends on €, € and suppose
H=T%"¢ Then f(s) has at least H(log T)ﬁ_s odd order zeros along the critical line

on the interval [T, T + H|.

Now, in Lemma 2.5.1 we proved F(¢) is a real function and so one can ask the extension
of Theorem 2.2.1 for F(¢). The next theorem is the affirmative answer of it concerning

the distribution of signs of F(¢):

Theorem 2.6.2 For sufficiently large T and any small € >0, let 1 < g < T5~€ and r may

1
grow with T but not faster than O(e!=8)10g1eT)%) "Thep ywe have
T
meas ({t € [T, 2T]: F(t) > 0}) > 2 meas ({t € [T, 2T]: F(t) <0}) > —

where the implied constants are independent of r, a;’s and q.

From Theorem 2.6.1, we deduce the following corollary :

Corollary 2.6.3 Let A be as in (2.94) and q be the conductor of X such that ¢(q) > 2

Let 0 < € < min (% %) and 0 < €' < 100 be arbitrarily small fixed positive real
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numbers. Consider T to be sufficiently large such that T > Ty(€,€"), where Ty(€,€') is
some positive number that depends on € and €' and H = T+ Then, A(s) has at least

2__
H(logT) %9 ¢ odd order zeros along the critical line on the interval [T, T + H).

Remark 2.6.4 For r =2 and ¢ =5, the above theorem recovers the main theorem of [44].

Since the functions from Example 2.5.3 satisfy (2.89), we have the following corollary:

Corollary 2.6.5 Let ¥,0, be as in Example 2.5.3. Then ¥ and ¥, have at least

2__
H(logT) 9@ ¢ odd order zeros along the critical line on the interval [T, T + H).

2.7 Proof of results on complex linear combination

Proof of Theorem 2.6.1. To prove Theorem 2.6.1, we follow the methods of A. A.
Karatsuba [44], [45, Theorem 3] . In [45, Theorem 3], Karatsuba gave a lower bound for
the number of sign changes of the real valued function Q(¢) on the interval [T, T + H|,
where Q is as given in (2.3). It is observed that Q(z) is a real linear combination of Z-
functions which are themselves real functions. In our case, we consider complex linear
combinations of Z-functions such that the linear combinations are real valued function.

To study the sign changes of Q(¢), Karatsuba considered the following:

1
1\2 oo
(1 _ _s) Y li”), Re(s) > 1, (2.95)
_ p 1 N
p=+1(mod K) n=1
where K =lem(qy, g2, ..., gr) and o(n)’s are complex numbers. Denote
a(n) (1—1‘(‘)’5;), 1<n<X=Tio,
Bi(n) :=
0, n>X.

Let us consider the Dirichlet polynomials g;(s), defined by

g=Y P i,

n<X n
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Then take g?(s) as a mollifier of L(s,x;). Since the functions g;(s), 1 < j < r are all

equal, we can write g;(s) = g(s). Now write

Let E be a subset of the interval (T, T + H| such thatif r € E C (T, T + H], then

hy hy
/O .../O |®([+ul+...+ur)‘dul...dur

hy hy
> / / Ot +ui+ - +u)duy - du,|, (2.96)
0 0
where h; = é, h= k)/gT,A = cirlog T (logX)~2Y, r = [cloglogT], c, c| are two constants

bigger than 1, and v = 1/¢(g). Observe that the inequality (2.96) implies that O(¢) has
at least one sign change in the interval (¢,7+rhy) = (¢, ¢+ h). So, finding a lower bound

for the number of odd order zeros of Q(¢) in [T, T + H] is equivalent to finding the lower

meas(E)
h

bound for the ratio . For an arbitrary fixed real number a € (0, 1), define

hy hy a
I ::/ (/ / |®(t-|—u1-|—----|—ur)|du1---dur) dt,
E \Jo 0

T+H hy hy a
T

dt,
T+H hy h “
h;:/‘ Q/ “ﬂ/ @O+ur%~+uﬂwm'~dm>c#
T 0 0

From the definition of E it follows (see [45, p. 494-495]) that

L+Dh>15. (2.97)

As the upper bound for I; involves meas(E), by replacing the lower bound for I3 and

upper bound for I, I, we obtain the lower bound for p(E). In our case, consider g; =
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g =-=qr=q,K=gq. We write

2
O,(t) :=F(t)

Y

1+'t

where F is the real valued function which is given in (2.91). Note that ®;(r) is the

complex analogue of @(¢). Let us define

h] hl ¢
1;:/(/ / ‘@1(f‘|‘ul+"‘+ur>|dul"'dur) dt?
E 0 0

T+H| rhy hy a
/::/T / A ®l(t+u1+...+ur)dul...dur

dt,
T+H hy hy a
I ::/ (/0 /0 |®1(t+u1+---+ur)|du1---dur) dr.
T

Proceeding in a similar way as in (2.97), we obtain [] +I; > I5. Now, we need to estimate

~

5

I}, I}, I,. We obtain such estimates by following the method of A. A. Karatsuba [45,
€q:(69)—(82) ]. The only new things that would appear in these estimates are some new
absolute constants which depend on r and c¢;. Note that the remaining part of Karatsuba’s
proof (see eq: (83) at the end of the proof in [45]), remains the same for any absolute
constant. Thus, the proof of our theorem follows.

Proof of Theorem 2.6.2. We have p(s,x) =1 (x)p1(s) (see (1.45) and (2.92)), and this

allows us to write
-
Z Z(t, 2),

where ¢j(x;) =i ‘% j\/m are complex numbers having the same modulus as ¢;, 1 <
Jj < rand F is the real valued function which is given in (2.91). One can observe that if
we replace a; by cj(x;), 1 < j < rin Proposition 2.3.8, 2.3.9 and 2.3.10, then the order
of T will remain the same in the integral values of these propositions. Then by following

the proof of Theorem 2.2.1 we obtain the required result.

Remark 2.7.1 We expect a better bound in Proposition 2.3.8. More precisely, J(T) <

raiu(S i), where J(T) is the mean square given in Proposition 2.3.8. This improved
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bound will lead to an improvement in the estimates of Theorem 2.2.1 and 2.6.2 as

(I (T, 1) > L




Chapter 3

Higher Dimensional Dedekind Sums
and Twisted Mean Values of Dirichlet

L-functions

3.1 Introduction

Let x be a Dirichlet character modulo ¢ > 2. In Chapters | and 2, we have studied many
analytic properties of the Dirichlet L-function L(s, ) ). The arithmetic of special values of
such L-functions at % or integers is a central topic of interest and their evaluation in terms
of Bernoulli numbers leads to a variety of new insights and generalizations. Moreover,
the connection between the class number of a quadratic field and L(1, ) has turned out to
have important consequences. The mean square average of special values of L-functions
when ) ranges over all non-trivial or all odd or all even characters modulo g has a very

rich literature. We mention some of them here. In 1981, Heath-Brown [37] proved that

(pL Z (1/2, %) Zu k/q)T

9 ¥q

91
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where T (k) has the following asymptotic expansion

T(k):k(log£+y)+2cz< )f+2N21cmk F+0(k ™),

for N > 1. Here, v is the Euler constant and ¢;,, m =0, 1,...,2N — 1 are some real

constants. For ¢ = 1, the asymptotic formula

1

2
—— Y K :_H( __>—¥<1o q+Y g’;) +o0(loglogg)

¢(q) x mod g plg plaP
AFX0

was proved by Wen P. Zhang (see [50]). In fact, one can study more general mean values

which are twisted by a character as follows:

Mg, e;m, )= s Zd x(c)L(m, x)L(n, %), (3.1)

where ¢, g, m and n are positive integers and c is coprime to g. Note that for a fixed
positive integer m, the sum in (3.1) varies over either even characters or odd characters
depending upon whether m is even or odd respectively. For non-integers m and n, the mean
values in (3.1) are very interesting and these have been studied extensively in [20, 9]. For

any positive integers ¢ > 1, ¢ > 2 and (¢, g) = 1, S. R. Louboutin [55] obtained that

2 C
M(q,c;1,1) = %M (H (1+l> —3—> ——Zdu q/d)s(d, c),

1 Plq p 1 g’ dlq

where s(d, ¢) is a finite trigonometric sum, called Dedekind sum and this is defined as
follows: Let a be an integer and b be a natural number with (a, b) = 1. The classical

Dedekind sum s(a, b) is defined as:

b

k
Z (k/D))((ak/b)) Zcot—cotM
k=1
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Here ((x)) is the sawtooth function which is defined as:

x—|x|—1/2, ifxeR\Z;
() = =1/ \
0, ifxeZ,

where [-] denotes the greatest integer function, see [64, p. 1]. Thus, the mean value
M(q, c; 1, 1) depends on the closed formula for finite trigonometric sums. In the same
paper, Louboutin [55] posed an open question for the general formula for (3.1). In [53],
Liu studied some special cases, namely, the mean values M(p, c; 1, n) and M(p, c; 2, n)
forc=1, 2, 3, 4, where p is a prime number, and proved a few identities using character
sums and Bernoulli polynomials. Our main aim is to generalize Liu’s result and obtain
closed formulas for (3.1) in some more cases. For this purpose, firstly we study closed
formulas for certain general trigonometric sums. Along the way, we will also study the
behavior of certain trigonometric Dirichlet series.

Many finite trigonometric sums, evidently, do not have a closed form. However, they
may possess beautiful reciprocity theorems. The most famous reciprocity theorem for
trigonometric sums is undoubtedly the one which is equivalent to the reciprocity theorem

for Dedekind sums. Dedekind proved the following reciprocity law for these sums.

Theorem 3.1.1 If a and b are relatively prime, then

I 1 fa 1 b
s(a, b)+s(b, a) = _Z+E <B+E+E> .
Originally, Dedekind sums appeared in the theory of modular forms (see [2]). Because
of their important applications, mainly in number theory, Dedekind sums have been stud-
ied extensively by several authors in a variety of contexts, e.g. [11, 29, 81, 86]. These
sums also have interesting applications in other fields, namely, in connection with class
numbers, lattice point problems, topology, and algebraic geometry (see [3, 64, 61, 80]).

Dedekind sums have various generalizations. The generalization of the Dedekind sums
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which we mention here is due to Zagier [85]. From topological considerations, he arrived

naturally at expressions of the following kind:

Definition 3.1.2 Let n be a positive integer, and a;, a»,..., a, be integers which are
coprime to n and m be an even positive integer. The higher dimensional Dedekind sum

d(n;ay,ay, ..., ay) is defined by

n—1

m ka ka

dn;ay, ap, ..., aym)=(—1)2 Zcot L. cot =2
k=1

(3.2)
n

When m = 2, higher dimensional Dedekind sums become the classical Dedekind sums,

up to some factor, namely,

1

d(n; ay, ax) = —4ns(aya, ', n),

where a, I is the inverse of ay (mod n). Hence, the above sum in (3.2) generalizes the
classical Dedekind sum. The higher dimensional Dedekind sums d(n; ay, az,..., am)
possess a reciprocity law only if the integers ay, a, ..., a,, are pairwise coprime. In this

case, the reciprocity law was proved in [85, Section 3] and is as follows:

| n lm(ao am)
Y —dajar,..., aj,..., ap) =1- " (3.3)
j:] aj ao-.-am
where (ay,..., dj,..., a,) means that a; is omitted from the sequence (ai, az,..., am),
and L,,(ag, - .., ay) is the coefficient of ™ in the power series:

m

i e 1 1 2
[ =TT (13007 - g+ g’ =)
j=0 =0

Later, we will see that the mean values M(q, ¢; m, n) can be evaluated in terms of higher
dimensional Dedekind sums. In other words, the mean value M(q, c; m, n) is computable
if the values of d(g¢; 1,..., 1, c,..., c¢) are known, where 1 is repeated j times and c is

repeated k times with j+ k an even integer for 1 < j <mand 1 < k < n. We denote such
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higher dimensional Dedekind sums of dimension j+ & by S(q, ¢; j, k), i.e.,

. ooq—1 J k
S(q, c; j, k)= (—1)# Z (cotn—l> (cotn—d> :

I=1 q q

In [85, p.165-166], D. Zagier computed special values as well as general formulas for
four dimensional Dedekind sums. We derive formulas for S(d, ¢; j, k), for ¢ =2, 4 and
of dimension j + k (see Proposition 3.2.7 ). By using these higher dimensional Dedekind
sums, we shall compute the mean values in (3.1) for any odd positive integer g and some
positive integers m and n. For example, the following are the new formulas for mean

values of the type (3.1):

M(g, 2: 2, 4) = —1125(g(g) + 09a(g))/1080g°.
M(q, 2; 2, 6) = —7(5¢6(q) +371¢4(q) — 27685¢2(q)) /108004°,
M(q, 4; 3, 3) = —7°(@4(q) +49092(q) + 36091 (x4, q))/3604°, (3.4)

where x4(d) is the nontrivial character modulo 4,

outts )= s T (1- 252 ) ana o) =T (1 ).

pla plm

The function ¢y (m) is known as Jordan’s totient function of order k. To get closed for-
mulas of S(g, ¢; j, k) for ¢ =2 and 4, we will establish a trigonometric formula for
cot? xsec” 2x, where x is a real number and m, n are positive integers. Also, we use this
trigonometric formula to study some trigonometric Dirichlet series.

Let us consider the following trigonometric Dirichlet series:

E(7) = iﬂ wilt) = Zlﬂ

Over the years, several mathematicians [6, 48, 7, 73] studied the properties such as con-
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vergence and irrationality of these trigonometric Dirichlet series as well as calculated
special values of these Dirichlet series. Recently, A. Straub [73] studied the more general

trigonometric Dirichlet L-series

> tright(nnt)
wet(e) = Y T,
n=1

n
where 1rig? = sec?csc” and a, b are integers. Straub proved that:

Theorem 3.1.3 ([73], Theorem 1.1) For integers a, b and s, the Dirichlet series Wy~ b(’c)
converges if s > max (a, b, 1)+ 1, and for such s, we have W& (1) € 7°Q(t), provided
that T is a real quadratic irrational and s, b have the same parity. In addition, if T2 € Q

and a+b > 0, then y& *(1) € (n7)*Q.

Note that the series V' b(’c) also converges when 7 is a real algebraic irrational and
s > max (a, b, 1)+ 1. In the same paper [73], Straub showed that all Dirichlet series
Y, f(mnt)/n® of the appropriate parity, with f(7) being an arbitrary product of ele-
mentary trigonometric functions, can be evaluated as an (simple) algebraic multiple of 7*
whenever 7 is a real quadratic irrational. Further, he raised the following question:

Question 1. Can this be extended to the series such as

) (3.5)

= cot(mnty) - - - cot(mnTy)
g e

n—=

where 71, ..., T; are quadratic (or algebraic) irrationals ?

Here we provide a partial answer to this question. We first obtain an identity for trigono-
metric products of the form sec” 2xcot*" x (see Theorem 3.2.1) and give a couple of ap-
plications of the same. One application addresses Question 1 and other gives a formula

for S(d, c; j, k).
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3.2 Results

Following are the main results in this chapter.

Theorem 3.2.1 Let x be a real number and m, n be any positive integers. Then we have

n m

Y, ai(m, n)(cotx)?"=) + Y b;(m, n)sec/ 2x, if m > n,
cot? xsec™ 2x = ’;0 / :;

Y ai(n, m)(sec2x)"=) 4 Z bj(n, m)cot* x, ifm < n,

i=0 j=1

where the coefficients a;(m, n) and bj(m, n) are defined by

17 lfl:
Zm, l.fi=]7
ai(m, n) =
Y {eli i)+, DY (1) +2'(7), if2<i<n—1,
=1
n—3 .
1+2¢(—1, n—1)(m—1)+ _zoc(Jy n—1)2]+2(jf':2), if i = n,
J:
and
1, fl1<j<m-—1
bjim, n)=1q ., .
m .
Lk 2R () j=m

The coefficients c(j, i) are defined by

1—(=1)} ...
(2)7 lf]=']7

(4], ifj=0
G i)=14 "
7 ifj=1andiis even,

(i_l)z, ifj=1andiis odd,
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and for?2 < j<i-—2,

. o . o (i—1-I\1l
(o i) =elj=1,i=D+eGii-D=Y (" [5]
As we have
2n m _(_1\m 2n E_ m E_
tan”" xsec” 2x = (—1)" cot 5 ) sec 2 5 ~X)s
Theorem 3.2.1 implies the following:

Corollary 3.2.2 For a real number x and positive integers m and n, we have

m

(—1)m Z ai(m, n)(tanx)?"=) 1 ¥ b(m, n)(—1)"* sec/ 2x, if m > n,

tan" xsec” 2x = . =0 = .
Y, ai(n, m)(—1)i(sec2x)" ) 4 (=1)" ¥ b;(n, m)tan> x, if m < n,
i=0 =1

where a;(m, n) and bj(m, n) are defined as in Theorem 3.2.1.

t2n

In the following example, we give a concrete expression for cot™” xsec” 2x for some par-

ticular values of m and n.

Example 3.2.3 (a) cot*xsec® 2x = cot* x + 6cot?x + 5 + sec> 2x + 4 sec? 2x + 8 sec 2x.

(b) cot®xsec? 2x = cot®x + 6cot* x + 18 cot?x + 13 + sec3 2x + 6sec? 2x + 18 sec 2.

Theorem 3.2.1 is useful in proving the convergence and irrationality of the following

series.

> sec™ ( 27'L'k‘L') cot? (mkt)

Z S€C

Wl(m, 2n, 1) ,meN, ne’, (3.6)

=~
—_

cot™ (TkT) cotl (27mkT) cot” (4mkT)

X ,I,m,neN, [+m-+neven.

WY(m, I, n, 1): i

>~
—_

It is evident that ‘P% is a particular case of (3.5).

Theorem 3.2.4 Let T be an algebraic irrational number. Then
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(i) Wl(m, 2n, T) converges absolutely for s > max (m, 2n) + 1.
(ii) W2(m, I, n, T) converges absolutely for s > m~+1+n+1.
Moreover, fori=1, 2, we have ¥ € ©°Q(7), and if > € Q, then V', € (n7)*Q.

From the proof of Theorem 3.2.4, for i = 1, 2, we find that Wi’s can be expressed as a
rational linear combination of y® °(27) and y?" ?*(7), where a and b are non-negative

integers. From the proof of Theorem 3.1.3 in [73], it has been seen that for any @ and b,

0, 2b

the series W5 (21) and vy’ 7" (1) can be evaluated at the points of convergence. We note

that l//? 2b( T) = ‘P} (0, 2n, 7) + {(s), and therefore, from [73, Example 1.2] and [438, eq.
4.4], we get

2536 4, nt ) —9061 7

wi(1, 2, ¥2(1, 1, 0, T 21,0, 1,V5) = adiy

a V)= 18045 " i Vi) = 1386’ 31,0, 1,V5) 2394 60

Next, we want to formulate a closed formula for certain trigonometric sums. The study
of finite trigonometric sums has a long history. Many mathematicians have extensively
studied the closed forms of these sums [8, 15, 25, 84]. Given positive integers m, n and

d, we provide a closed formula for the following trigonometric sum:

A(d; m, £2n) Zsec ( > cot™2" (%) (3.7)

In order to derive these sums, our main ingredients are Theorem 3.2.1 and the following

trigonometric sums:

— +2n d—1 zna m
, £2n) (cot—) and G(d, m) := <sec—>
-1 =Ly

Note that, for odd m, F(d, +m) = 0. This follows from the following fact:

i (C(’t_) = i <—00t@) v —F(d, £m).
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Thus, we need to obtain closed formulas for F(d, +2n) and G(d, m) for positive integers

m and n. We obtain such formulas in the following proposition:

Proposition 3.2.5 Let N = min(d — 1, m), where d is odd, m is even and

min (m, d), if mis odd,
M =

min(m—1, d), ifmis even,

i.e, N is even and M is odd. Then we have the following formulas:

N

- kattk, vy (k4 ky — 1) & (1 d kai

F(d, m)=m Z (=1) 4] kol k! d\2i+1 ’
(kp, ka,..., kn) =

2k2+4k4+~ . ~+NkN:m

1

F(d, —m)=m Z (—1)

(kZa k4a"'7 kN)
2ky+4ky+--+Nky=m

kg thyy K1y —1)!

G(d, m)=—1+m ) (—1)
) l... |
(k17 k37"'$ kM) kl kM'
k1 +3k3+--+Mky=m
d—r ky
Mo (a2 ()T G
< I1
r=1 d+r %
rodd

From Proposition 3.2.5, we list out some formulas in [22, Table 1, 2], namely,

F(d, —8)=d+ (17618 11245 + 308d* — 528d2> /315,
F(d, 10) = —d + <2d10 — 6648 +946d° —7898d* 4+ 55737d* + 44838) /93555,

G(d, 7) = —1+ ya(d) (1327d7 —305d° + 1813d° + 525d> /3360.

Hence, by Theorem 3.2.1 and Corollary 3.2.2, we get the formulas of (3.7) as follows:
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Corollary 3.2.6 For positive integers m, n and d, the following identities hold:

3 ailm, M)F(d, 2n—2i)+ ¥ b;(m, n)G(d, j) if m > n,
A(d; m, n) = ’:10 njzl
Z ai(l’l, m)G(d7 m_l) + Z b](”v m)F(d7 2]) lfm <n,
i=0 =1
and
(—1)"  aim, n)F(d, —2n+2i)+ ¥, bj(m, n)(—1)"G(d, j) if m > n,
A(d;m, —n) =< =0 jzln
Y ai(n, m)(=1)'G(d, m—i)+(=1)" ¥ bj(n, m)F(d, —2j) if m <n,
i=0 =1

where aj(m, n),b;(m, n) are defined as in Theorem 3.2.1.

We compute a list of formulas of A(d; m, +2n) for some positive integers m and integers

n in [22, Table-5]. For example,

A(d; 2, 6) = 6)a(d)d +2(d° +21d* — 1134d* —3991) /945,

A(d; 3, —4) = ya(d)(d* +17d) /2 — (264> +d*) /3.

In the next result, we express higher dimensional Dedekind sums S(d, ¢; m, n) for ¢ =2
and 4 as a linear sum F(d, +2j) and A(d; j, +2k), where the variables j and k depend

on m and n.

Proposition 3.2.7 For positive integers m, n, and d with odd d, we have

S(d, 25 m, )= =1 i(”,‘)(—l)’r(d, m+n—2i), (3.8)

n
2 =\
and

n

1
S(d, 4, m, n)=—
ni+ny+n3=n ni,nz,n3

) (—1)"tm3mBA(d; n3, m—n+2n).

(3.9)
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We have computed some special values of S(d, ¢; m, n), where 4 < m+n < 10 in [22,

Table-3, 7], which are new formulas in the literature. Some of these are

3d® — 170d° +37594* — 53280d* — 63712
S(d, 2;5,3)=d+ + ,

113400
3d® — 380d° + 12579d* + 20430d? + 3402004 (d)d — 599632
S(d, 4;6,2) =d+ ks hi i 14(d) ,
226800
—2d% +357d* +3780x4(d)d> — 3948d? + 3780y 4(d)d — 64447
S(d, 4 3, 3) = d 2L I E T80 )60480 +37804(d) .

Our next result shows the connection between the mean values M(q, ¢, m, n) and the

higher dimensional Dedekind sums.

Theorem 3.2.8 Let m—+n be even form > 1 andn > 1. Then

M(g, c;m+1,n+1)= ) Y, S(ri,m) Y, Ci, j2)Ry(e, iy o),
1<r1<m 0<j17 jzgr,-fl
1<rn<n J1+j2=even
m-+n-+2 1 3m+23n+2
where By(m, n) = (27”) (SW’ S(ri, r2) = Q:EZ {rl}{rz} 1)1+, and

b .
the notation {Z} = % Y (—1)07 (lj’) Jj¢ is called Stirling number of the second kind,
T &

C(j1, jo) = (”J:l) (rzjgl), and whenever ji + j is even, we have

Ryle, i, 1) = Y (1) (S, e i, 12) =S & ji+2, o)
l
l;a‘éql

_S(l7 oN j17 ]2+2)+S(l7 oN jl +27 ]2+2))7

M(q, c; 1,1)= zn—;s(q, c), where s(q, c) is the classical Dedekind sum.

As a consequence of Theorem 3.2.8, we list the mean values M(q, c¢; m, n) whenever ¢ is
odd,c=2,4and 2 <m, n <8 in [22, Table-4,7] respectively. We have already mentioned
these formulas in (3.4). For ¢ = 1, one can determine the mean values M(q, 1; m, n) from

Theorem 3.2.8 using only cotangent sums evaluated from Proposition 3.2.5.
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In Section 3.3, we state and prove some results these are necessary ingredients in the proof

of the main results of this chapter.

3.3 Preliminaries
The following two lemmas are useful in proving Theorem 3.2.8.

Lemma 3.3.1 ([57], Proposition 3) Let x(—1) = (—1)"*!, where x is a Dirichlet char-

acter modulo q. Then

(_l)mn.m—H g—1

_ ()™ (m) Tk
Lim+1, x)= 2 Y. x(k)cot .

Lemma 3.3.2 For (ab, q) = 1, we have

e

1, ifb=a (mod gq),
2 _
@ ; x@x(b)=1 -1, ifb=-a (modgq), (3.10)
x(=1)=—1
0, otherwise,
\
and
) - I, ifb=+4a (mod q),
— ) 2(a)x)= (3.11)
?(q) x 0 .
2(=1)=1 , otherwise,

where ) is a Dirichlet character modulo q.

We get the identity (3.10) as a special case of the identity given in [56, p. 1541]. We
deduce (3.11) using (3.10) and the orthogonality relation (1.13) among the Dirichlet char-

acters modulo q.

Lemma 3.3.3 ([1], Lemma 2.1) For any integer n > 1,

(%)ncotx = (2i)"(cotx — i) Z %{Z}(icotx— Dk,

k=1
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where {} is the Stirling number defined in Proposition 3.2.8.

We will next see three lemmas which will be uesd to establish formulas in Proposition

3.2.5.

n
Lemma 3.3.4 ([30], Girard-Waring formula, Eq: 8) Ler f(x) = ¥ ax""", ap =1, be
r=0

a polynomial of degree n, and 1, ..., oy, be its zeros. Then, for m > 0, we have

where the sum is over all non-negative integers k; such that ky +2ky +---+nk, =m

Lemma 3.3.5 Let d be an odd integer. Then
(i) tan (%) is algebraic over Q for 0 < a <d —1 and satisfies the polynomial

d—1

2

2k+1 —r
(2k+ 1> Za *

Py(x) = Im (1+zx) k

O
of degree d.

(ii) cot (%) is algebraic over Q for 1 <a <d — 1 and satisfies the polynomial

Py(x) = (40!~ 21d Zarx -

of degree (d —1).

Proof. In [13, p. 10], Calcut proved that for 0 < a <d —1, tan (%) are the zeros of the

polynomial
d—1

p(x) =Im ((1 —I—ix)d> = f(—l)k <2k‘i 1)x2k+1,

k=0

if d 1s odd. Rearranging the coefficients gives us the identity (i).
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1
tan 6

Since cotO = and cot (%) are the zeros of the polynomial x?p ()—lc) the identity in

(i) follows.
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The result in (ii) is also mentioned in [56, Eq: 12].

Now, we find a polynomial for which the zeros look like sec (224).

Lemma 3.3.6 Letd be an odd integer and a be an integer with 1 < a < d. Then sec (225’)

are the zeros of the polynomial

d—1

— _,d C_ZT 1 d2r2r —r
ga(x x+22d 2 Za,x )

r=0

Proof. We deduce this lemma from the definition of the Chebyshev polynomial. The n'"

degree Chebyshev polynomial of the first kind 7},(x) is defined by the identity
T,(cos0) =cos(n6), neZ, 6 cR. (3.12)

Alternatively, T,,(x) can be expressed as

%]( lr( )(2x)"—2’. (3.13)

r=0 "t

—

From (3.12), we have T, (cos (2”")) =1, k=1, 2,..., n. This implies that cos (Z”k)
(k=1, 2,..., n) are the zeros of T, — 1. Hence, sec (22%), k=1, 2,..., n, are the zeros

of the polynomial

Therefore, for odd d, from (3.13) we write

dl
gul¥) = —x'+ 2 5 )

( 1 r( )2d 2r 2r.
r—Od
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3.4 Proof of results

Proof of Theorem 3.2.1. First, we note the identity
sec2xcot’>x = 1 + sec2x + cot® x. (3.14)

Now, we split the proof into two cases:
Case (a). m > n.

We claim that

cot? xsec™ 2x = Z ai(m, n)(cotx)?"=) 4 Z b;(m, n)sec’ 2x. (3.15)
i=0 =1

For m = n = 1, this is same as the identity (3.14). For n = 1, and for any positive integer

m, the following formula can be derived easily

m—1
cot? xsec™ 2x = cot’ x + 1 + sec” 2x + 2 Z sec’/ 2x. (3.16)

j=1
Since ap(m, 1) =aj(m, 1) =b,,(m, 1) =1, and by(m, 1) =2 for 1 <k <m—1 and for
all positive integers m, from (3.16), it is clear that for n = 1 and any positive integer m,

(3.15) is true. Now, to prove our claim (3.15), we use induction on n. Let us assume that

the result holds for all k < n, i.e.,

k m
cot* xsec™ 2x = Za,-(m, k) (cotx)2k=1) 4 Z bj(m, k)sec’ 2x (3.17)
i=0 =1

forall k <n < m.

Now, for k = n, multiplying both sides of (3.17) by cot®x, we get

n m
Aln+1, m) = Zai(m, n)(cotx)2U 1= 4 Z b;(m, n)cot®xsec’ 2x, (3.18)
i=0 Jj=1
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where A(m, k) := cot?* xsec™ 2x for all m, k. Using (3.16) in (3.18), we write

n m
Alm, n+1) = Zai(m, n)(cotx)2"+1-0 4 Z b;(m, n)(cot? x+1)
i=0 =1
m ) j—1
+ ) bj(m, n) | sec/2x+2 Z sec/ 2x | .
=1 =1

Rearranging the coefficients of powers of cot? x and sec2x, we get
n—1 ) m
Alm, n+1) = Z ai(m, n)cot? ™ 1= x4 | a,(m, n)+ Z b;(m, n) | cot®x
i=0 Jj=1

m m—1 m
+Y bj(m,n)+ Y (bj(m, n)+2 Y by(m, n)) sec’ 2x + by, (m, n)sec” 2x.
=1 =1 I=j+1

From the definition of a;(m, n), we have a;(m, n) = a;(m, n—1) for 0 <i < n—2. Thus,

ai(m, n+1) =a;(m, n), for0 <i<n—1. Now,

m n—3 .
an(m, n)+ Y bj(m, n)=242c(=1, n—=1)(m—1)+ Y c(j, n— 1)22+](-$2)
j=1 =0 /

n—3
=2+42(m—1)(c(—=1,n=1)+c(=1, n))+ Y (c(j, n—1)

J=0
: m
+c(j, 2“](. )
i 2 (")

Since ¢(—1, n—1)+c(—1, n) =1, we have

242(m—1)(c(—1, n—1)+ec(—1, n)) =2m=2(c(~1, n— 1) +c(~1, n)) (’;’)

Hence,

m
ay(m, n) + Z bj(m, n) = a,(m, n+1).
=
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Now using the definition of b;(m, n), we get

m—1

m _
ij(m, n)=1+ Z bj(m, n) =ay+1(m, n+1).
= =

Now, the part 2} ; ; b;(m, n) in the coefficients of sec/ 2x can be simplified as

m m—1 n—2 ) m—1
2 Y bi(m, n)=2bu(m, n)+2 Y, c(i, n)2‘+2(- )
I=j+1 I=j+1i=—1 i+1
n—2 43 m—1 m—1
=2+4+4c(—1,n)(im—j—1)+Y c(i, n)2' . )
1m0+ i lzjz_ﬂ(lﬂ)

Now, replacing ¢(i, n) by c(i+ 1, n+1) —c(i+1, n) for 0 <i <n—2 and using the

n .
‘hockey-stick” identity ¥, (;) = (Zi}) for k < n, we get
i=k

n—2 m—1 n—1 n—1
. i3 m—1\ . o (m—k , o (m—k
ZC([, n)zl Z (l+1)—ZC(],n+l)21 (—1—1)_20(]7 n)zj (]""1 :

i=0 I=j+1 j=1 J j=1
This gives

bj(m, n)+2 i by(m, n) =2+4c(—1, n)(m—j—1)+2c(—1, n)+4c(0, n)(m—k)
I=j+1

—2c(—1, n+1)—4c(0, n+1)(m—k)+bg(m, n+1).

Using the definition of the sequences ¢(—1, k) and ¢(0, k), for any positive integer k, we

get

24+4c(—1, n)(m—j—1)+2c(—1, n)+4c(0, n)(m—k) —2c(—1, n+1)

—4¢(0, n+1)(m—k) =0.

Hence,

m
bj(m, n)+2 Z by(m, n) =br(m, n+1).
I=j+1
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Thus, by mathematical induction, we conclude (3.15).

Case (b). n > m.

In this case, we claim that the following holds:

m n
cot?" xsec™ 2x = Zai(n, m)(sec2x)" " 4 Z b;(n, m)cot® x.
i=0 J=1

Again, for m = n = 1, this holds as in the previous case. Now, for m = 1 and for any n,
we have

n—1
cot? xsec2x = sec2x + 1 4+ cot? x +2 Z cot¥ x,
j=1

Using the induction principle again, as done in the previous case, we conclude our claim.
This completes the proof of this theorem.
Proof of Theorem 3.2.4. (i). By using Theorem 3.2.1, we rewrite the series P! (m, 2n, 1)

as a rational linear combination of W!(j, 0, 7) and ¥!(0, 2i, 1), i.e.,

n m
Y ai(m, n)¥(0, 2(n—1i), 1)+ X bj(m, n)¥(j, 0, 1), if m > n,
Wlim, 2n, 1) = =0 =1
m n
Y ai(n, m)¥P(m—i, 0, )+ ¥ b;(n, m)¥L(0, 2j, ), if m <n,
i=0 j=1
(3.19)
and
(=)™ ¥ aim, m)WL(0, —2(n—1), ©)+ ¥, bjlm, n)(=1)"™WL(j, 0, 7), if m > n,
Wim, —2n, 1) =4 0 o
Y ai(n, m)(—l)"‘PA}(m—i, 0,7)+ Y bj(m m)(—l)m‘I{%(O, —2j, 1), ifm<n.
i=0 j=1
(3.20)

Note that, in (3.19), the highest power of sec2x is m and the highest power of cotx is 2n.

On putting cot? x = =0 (;’) csc?/ x in the series ! (0, 2n, 7), we find that the highest

power of cscx is 2n. Similarly, in equation (3.20), the highest power of secx is m + 2n.
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Finally, by applying Theorem 3.1.3, we conclude the result.

(i1). We start with the following trigonometric identity

tm
cot” xcot" (2x) = ©

a (cotx —tanx)"

Ly (”) (—1) (cotx)m 2. (3.21)

i AN
On writing 4 cot4x = cotx — 3tanx — tanx sec 2x, and using multinomial theorem, we get

n

( ) (—1)MFm23mm sec 2x(cotx)™ T2
n1+n2—|—n3:n nl? n27 n3

1
cot xcot"4x = -

(3.22)
We expand the series W2(m, I, n, T), using (3.21) and (3.22), to get

1 ¢ ) n .
¥i(m, 1, n, T) = () ( )(—1)”1+”2+’3”22”3‘P1(n3, m+1—n+2n; —2i, T).
’ 214” i:Z()n1+nZZ+n3:n l ni, nz, n3 '

For 0 <i</and 0 <ny, n3 <n, max(n3, m+1—n+2n; —2i) = m+n-+1. Hence,

using the convergence condition of ¥!, we conclude the result.

Lastly, let s be a positive integer such that ¥’’s are convergent for i = 1, 2. From the proof
of (i) and (ii), one can easily see that ‘Pf can be expressed as a rational linear combination
of the W!’s. From (3.20), W!(m, n, 7) is a rational linear combination of the " b,
where a, b can be chosen suitably. Hence, the irrationality of Wi, i = 1, 2, follows from
the irrationality of ;" b, Therefore, our result follows from the last part of Theorem
3.1.3.

Proof of Proposition 3.2.5. The results can be proved by applying Lemma 3.3.4 to
Lemmas 3.3.5 and 3.3.6.

Proof of Proposition 3.2.7. We can establish the identity (3.8) from (3.21) and the
identity (3.9) from (3.22).

Proof of Theorem 3.2.8. By using Lemma 3.3.1, we write

LA —— Tk nl
Mg, cim+1, n+1)=A,m n)— Y x) Y Y x(k)x(l)cot™ <> cot”) () ,
2@ mod k=11=1 q q

1
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(7 1 )m+n ﬂm+n+2

where A‘](ma ”) = At Zin

. Now, by interchanging the order of summations, we get

. q—1g—1 N
M(% ¢, m+ 17 n+ 1> — Z COt(m) <ﬂ:qk> C0t<") <7L'l) (PL Z X(Ck)X(l) :

(9) %(modq)
x(_l):(_l)nﬂrl

Using Lemma 3.3.2 and removing the congruence condition from the sums, we have

M(q, c; m+1, n+1) Li(m, n)—Ly(m, n), if miseven,

A
g(m, n) Li(m, n)+Ly(m, n), if misodd,
where
q—1
Li(m, n)= Z cot™ (ﬂ—k> (n) (@) )
k=1 9 9
(k, q)=1
and
q—1 _
Ly(m, n) = cot™) <ﬂ—k) cot” ( Cﬂk)
k=1 q 9
(kv q):l
Hence, we have
( (j—l
y COt(m)(ﬂ'_Ck) [cot(”)(’%") _Cot(n)(id‘)} , ifmeven,
M(q, c; m+1,n+1) (k,kj)il
A q!
4 (m, n) ot (nek) [Cot(n)(%ck) +Cot(n)(ick)} . if m odd.
k=1
\ (kv Q):l

Now, using the identity cot™ (—8) = (—1)"~! cot")(8) for any real 6, we get

24,(m, n) Y cot(m)(%k)cot(”)(%d‘), if m+n is even,

0, otherwise.

q—1
This gives M(q, ¢; 1, 1) = 2”—22 Y cot <”—k> cot (”—"‘) ,(form=n=0.

(k, q)=1
For m, n > 1, we expand the derivatives of cot function in terms of the cot function by
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using Lemma 3.3.3. We modify the formula in Lemma 3.3.3 as

ok
cot™ x = —i(2i)’"csc2xl;] %{Z}(—l)k(l —icotx)* .

Using the above expression, for m, n > 1 with m+n even, we get

— k k
M(q, c;m+1,n+1)= Z iHmtie 2(71'_) csc2 (E_C)

q q
(k, q) 1

LU i1+ [ Tk . [ wck
x Y, Y S(ri, r) Y  CG, j2) (1) cot) <_> ot (_>
ri=1r=1 0<j1<ri—1 q 1
i=1,2
J1tj2 even

By interchanging the order of summations, we have

m n
Mg, c;m+1, n+1)=By(m,n) Y Y S(ri, ) Y CUr )R, (e, j1s ja)s
ri=1r=1 0<j1<ri—1
i=1, 2
Jj1+Jj2=even
(3.23)
where
/ + — wck . k ek
R (c J1s ]2) = “ 12 Z csc ( )csc <L> cot’! <_> cot/? (L)
k=1 q q q

(k, q)=

Removing the coprimality condition of qu(c, J1, J2), we have

— 2 2 ; .
k K\ /1 kO /2
R (C J1, 12 /1+12 Zu( ) Z (csc —) (csc ETC) (COt%) (COtnTC) ,

llq
1£1

where 1 is the Mdbius function. Now replacing csc? by 1+ cot? and simplifying we get

Rq(c7 j17 .]2) :RQ( ¢, j17 ]2)
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This thesis does not contain any Conclusion Chapter



Summary

In this thesis, we study few problems from the theory of Dirichlet L-functions. It consists
of two articles. The first one concerns the distribution of the values of a linear combination
of Dirichlet L-functions along the critical line. The other article concerns formulas for
quadratic twisted mean values of Dirichlet L-functions at positive integers and values of
trigonometric Dirichlet L-series.

In Chapter 1 we go through the general background in the theory of the Riemann zeta
function and Dirichlet L-functions. In particular, we focus on some of their properties. For
example, we study their zeros, mean values, mollification, and more importantly Selberg’s
central limit theorem.

Chapter 2 contains the major part of this thesis and we present here the first paper[23]. In
2016, S. M. Gonek and A. Ivi¢ [28] showed that the Lebesgue measure of the subset of the
real line on which the Hardy’s Z-function takes positive values, and respectively negative
values, in the interval (T, 2T] is > T, for all large enough 7. The aim of Chapter 2 is
basically to show that analogous results can be shown for any real linear combination and
some special type of complex linear combination of Z-functions associated with Dirichlet
L-functions for different characters. Another aim of this Chapter is a generalization of
a result of A. A. Karatsuba [45] on the lower bound for the number of odd order zeros
of any real linear combination of Z-functions associated with Dirichlet L-functions for
different characters. We generalize this result to the case of complex-linear combination.
In Chapter 3, we present the second paper [21], where we obtain a connection between
quadratic twisted mean values of Dirichlet L-functions at positive integers and D. Zagier’s
higher dimensional Dedekind sums. We establish some new formulas for higher dimen-
sional Dedekind sums and thereby derived some explicit formulas of quadratic twisted
mean values of Dirichlet L-function. Along the way, we investigate some special cases of

a question of A. Straub on values of trigonometric Dirichlet L- series.
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