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Chapter 1

Introduction

In this chapter we will explain the main results of the thesis using as little mathematical
background as possible. We will always work over the complex numbers, i.e., all manifolds
will be complex manifolds. Also we assume that manifolds are projective, i.e., there is an
embedding in Pg.

Let X be a smooth projective curve of genus g > 2.

In [7] D.Mumford proved that the set of isomorphism classes of stable vector bundles of
rank n and degree d on X has a natural structure of a nonsingular quasi-projective variety of
dimension n?(g—1)+1. C.S.Seshadri in [12], by introducing the notion of S-equivalence of semi-
stable bundles, constructed a normal projective variety U(n,d) which is a compactification of
the space of stable bundles of rank n and degree d. If n and d are coprime, there is no distinction
between stable and semi-stable bundles and U(n,d) is itself nonsingular.

In [8] S.Ramanan and M.S.Narasimhan gave an explicit description of the moduli space of
stable vector bundles of rank 2 and odd degree over a genus 2 curve. In particular, they showed
that the moduli space of stable vector bundles of rank 2 with fixed determinant of odd degree
over a smooth curve of genus 2 is isomorphic to a smooth intersection of two quadrics in P°.

In [5] N.J.Hitchin defined a stable pair (E, ) on X, as a vector bundle E on X, together
with a homomorphism ¢ : E — E® K of vector bundles, where K is the canonical line bundle

over X, such that for any ¢-invariant proper subbundle F' of E, the inequality u(F) < u(E)

degree
rank

holds (where p = slope = ). It has been proved that the set of all isomorphism classes
of stable pairs of rank 2 over a compact Riemann surface can be given the structure of a
quasi-projective variety which has the coarse moduli property.

Hitchin also defined a map of the moduli space of stable pairs of rank 2 to the affine space
HO(X, K?) by mapping (E,¢) to det ¢ € HY(X, K?). This is known as the Hitchin map.

In [9] N.Nitsure constructed a coarse moduli scheme within the algebraic category in a more
general setup, and showed that the Hitchin map is proper.

It is obvious that the pair (F, ) is stable if E is stable. But in general (E, ¢) may be stable



as a pair without E being stable. We fix a smooth projective curve X of genus 2 and a line
bundle § of degree 1 over X. In this thesis, we will study how non-stable bundles occur in a
stable pair.
Define
X :={¢ € J such that HO(X, K @ ¢ 2 @071 # 0},

where J denotes the Jacobian of line bundles over X of degree zero. We prove the following

theorem.

Theorem 1.0.1. Let X be a smooth projective curve over C of genus 2. Then the moduli
space of stable Higgs pairs over X of rank 2 and of odd degree contains the cotangent bundle
of the moduli space of stable vector bundles over X of rank 2 and of odd degree as an open
dense subset whose complement is isomorphic to a bundle G over X, with fibres isomorphic to
a two-sheeted cover of H°(X, K?) ramified along a subspace of Co-dimension 1, where X is as

above.

We have remarked that the moduli space of rank 2 stable vector bundles over X with fixed
determinant § is isomorphic to a smooth intersection Y of two quadrics in P° ( [§] ). It is also
known that the Jacobian of the curve X is isomorphic to the variety of lines in Y ([2]).

Let P(W) be the smooth pencil of quadrics in P5 containing Y. Consider pairs (Q, V1),
where @ is a quadric in the pencil and Vj is an irreducible component of the variety of planes
contained in Q. It is known ( [II] ) that a pair (@, V1) can be identified with a point on the
curve X. For each pair (Q, V1) we define an involution v(g y;) on the variety of lines in Y as
follows:

For each line [ there exists a unique plane A in V) containing [ and its intersection with Y
gives another line I’. We define Lo (l) = I'. Therefore we get a Kummer surface for each pair
(Q, V1) as the quotient by the involution t(@,vy)- Thus we have a family of Kummer surfaces
parametrised by X.

We will define special lines in Y as double points of any such Kummer surface. Thus the

variety X of special lines form a 16-sheeted cover of X. Then we prove:

Lemma 1.0.2. 1) Let [ be a special line in'Y then T*Y |1~ O(—1) & O(1) & O(-2).

2)If | is a non special line then T*Y |;~ O & O ® O(-2).

On the other hand, let the Jacobian of degree zero line bundles over X be denoted by J.
We say a point & € J is special if HY(X, K ® £ 2®6!) # 0. To each £ € J we will associate
the line P(H*(X,¢72 ® 671)) and prove that it in fact gives a line in Y and then prove:

Theorem 1.0.3. The decomposition of the tangent bundle to the moduli space of rank 2 stable
vector bundles with fived determinant § over X restricted to the line | = P(HY(X, 672 ®4671))



for a special point € € J is
O1)®O(-1)® 0O(-2)

and for a generic point £ € J it is
Oa 0 0(-2).

Then by the Theorem [LO.3] and Lemma we conclude that the line in the intersection
of two smooth quadrics in P°, given by a special line bundle of degree zero is a special line
defined as double points of Kummer surfaces.

We define a point in Y as special point if it lies on a special line. We can also define special

points as follows:

Definition 1.0.4. A point p is called a special point if the projective tangent space to Y at p

contains fewer than 4 lines in J.

Define A = {p € Y : P(P") contains fewer than 4 lines of J}, where P+ := {v € V; Q(v,w) =
0 for all @ € W and w € P}, where P denote the vector space associated to p.

i.e., A is the set of special points in Y.

Definition 1.0.5. A rank 2 stable vector bundle V with fixed determinant 0 is called special if
it contains a degree zero line bundle €1 with HO(X, K @ € 2®§1) #0.

In other words in the identification of the moduli space of rank 2 stable bundles with fixed

determinant 0, with Y, V' corresponds to a special point in Y (as definition [£.3.7)).

Definition 1.0.6. A stable vector bundle is called very stable if it admits no non-zero nilpotent
Higgs field.

We prove the following Lemma:

Lemma 1.0.7. A rank 2 stable vector bundle V with fized determinant § over X is special if

and only if it admits a non-zero nilpotent Higgs field.

Therefore A is isomorphic to the variety of stable bundles which are not very stable.

Then we prove the following theorem:

Theorem 1.0.8. There is a subspace S in the moduli space of stable Higgs bundles with two

fibrations over X one via G and other via Fj.

Lastly we give a geometric description of the Hitchin map ([5]) restricted to the cotangent
bundle to the moduli space of stable bundles.

We have remarked that the cotangent bundle of the moduli space of stable bundles is
contained in the moduli of Higgs pairs as an open dense subset. We will prove that the Hitchin

map gives a range of quadrics in the cotangent bundle. Let M denote the moduli space of



stable vector bundles with fixed determinant é. If E is a point in M, then the cotangent
space to M at E can be identified with H%(X, AdE ® K), where AdE denote the bundle of

trace-free homomorphisms. Therefore the Hitchin map, i.e., the evaluation map
H (X, AddE® K)® O — AdE®K,

composed with the determinant map AdE® K — K2 gives amap H°(X, AdEQK)®0 —
K?. In other words if p; denotes the projection from M x P! where P! = X/i, (1 being the

hyperelliptic involution on X), to the i-th factor, then it gives a homomorphism
)T — (01)'T @ (92)70(2), (1.0.1)

where T' denote the tangent bundle to the moduli space of stable bundles. Taking adjoint of

this we will show that it gives a pencil of quadrics on T'® O(—1), i.e., a homomorphism
fr ) (T®0(-1)) — (p1)"(T" ® O(1) @ ()" Op1 (1). (1.0.2)

On the other hand we will take a smooth intersection Y of two quadrics in P° and let P(W)
denote the pencil of quadrics in P° passing through Y.
Restriction of this pencil to the projective tangent bundle of Y gives a pencil of quadrics

on TY with O(—1) C TY as null space. From the exact sequence of bundles on Y
0— O(-1) —TY — TY @ O(—1) — 0,

where TY and TY denote the projective and abstract tangent bundle to Y respectively, we
therefore get a pencil of quadrics on TY ® Oy (—1).
In other words if p/ denote the projection from Y x P!, where P! = P(W), to the i-th factor

then we get a morphism
F: () TY @ Oy (=1) — (01)'T*Y @ Oy (1) © (p5)*Op1 (1). (1.0.3)

Finally identifying the moduli space of stable bundles M with a smooth intersection of two

quadrics in P° ([8]) we prove :
Theorem 1.0.9. The morphisms f in (LO2) and f in (LO3) are same.
Therefore from the above theorem we can identify
W = H(P',0(1)) with H*(X, K)

and the geometry of the Hitchin map can be described using above Theorem as follows: For

each element w € W we get a quadratic form on TM ® O(—1). Dualizing we will get a range



of quadratic forms which can be identified with W*, on the cotangent bundle of the moduli

space, i.e., to every point s of the cotangent bundle
w* = @+ (8, 8),

where ¢+ denotes the quadratic form corresponding to w* € W*, defines a quadratic form on
W*. i.e., an element of
S2(W) = H(X, K?)

which is the Hitchin map on the cotangent bundle to the moduli space we wanted.

Remark 1.0.10. If we fix a point y in the moduli space of stable bundles and consider the
projective space corresponding to the cotangent space at y then the geometry of the Hitchin map
will be clear. In this situation a Hitchin point (a point in the Hitchin space P(H° (X, K?))) can
be thought as two quadrics Q1 and Qo in the pencil. Then by the above discussion these two
quadrics will give two conics in the cotangent space at y. Then the fibre over this Hitchin point
to the cotangent space at y are the points contained in both conics.

Dually a point in the cotangent space gives a line in the tangent space and the fibre of the
Hichin map over a Hitchin point given by Q1 and Qo are the lines in the tangent space which

touch the conics given by Q1 and Q.

We conclude the introduction by indicating the organisation of the thesis.
In next chapter, we collect the preliminaries that are required to understand the thesis.

We review the basics of Higgs bundles and quadratic geometry.

In chapter 2 we consider the stable trace-free Higgs fields associated to a non-stable rank
2 vector bundle of odd degree and prove that the set of such Higgs fields forms a two sheeted
cover of HO(X; K?).

In chapter 3 we define special lines and special points in a smooth intersection of two
quadrics in P in one hand and special points in the Jacobian of degree zero line bundles over
X and special points in the moduli space of rank 2 stable vector bundles with fixed determinant
of odd degree on the other. Then we prove that spacial lines in the smooth intersection of two
quadrics in P° correspond to special points in the Jacobian and special points correspond to

special points in the moduli space.

In chapter 4 we describe the geometry of the Hitchin map restricted to the cotangent bundle

of the moduli space of stable vector bundles.
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Chapter 2

Preliminaries

In this chapter we will collect the preliminaries which are essential for the rest of the thesis. In
particular we will review the basic definitions and theorems on Higgs bundles on the one hand

and quadritic geometry on the other.

2.1 Notation and Convention

Here are some notations and conventions we will use in this thesis.

P(V') denote the projective space associated to V. The points of P(V') are one dimensional
subspaces of V.

We use the same notation for a quadratic form and the associated symmetric bilinear form
interchangeably.

We use the notation @ for quadric and ¢ for quadratic form associated to it.

2.2 Moduli of Higgs Pairs

Definition 2.2.1. A Higgs pair over a smooth projective curve X of genus g consists of a
vector bundle E over X and a linear map ¢ : E — E® L, where L is a fized line bundle over
X ; the map ¢ is called the Higgs field.

Definition 2.2.2. A Higgs pair (E, ) is called semistable (resp. stable) if for any subbundle
E' of E which is ¢ invariant in the sense that p(E') C E' ® L, we have u(E') < u(E)

(resp. < u(E)), where u(E) is the slope of E, namely, %.

It is clear that if E is a semistable (stable) bundle then (FE, ¢) is a semistable (stable) Higgs
pair for all ¢.

11



2.2.1 S-equivalence of semistable Higgs pairs

Proposition 2.2.3. Let (E,¢: E — E® L) be a semistable Higgs pair. Then there exists a
sequence of ¢ invariant subbundles 0 C By C Ey C ..... C E; = E such that p(E;/E;i—1) = pu(E)
for each i =1,2,...,1 and each pair (E;/E;_1,p;) is stable where ¢; : E;/E;_1 — E;/E;_1® L
is induced from . Moreover the associate pair gr(E, ) = @(E;/FEi—1,¢;) is determined up to
isomorphism by (E,p).

Proof. : [9 Proposition, 4.1] O

Definition 2.2.4. Two Higgs bundles (E, ), (E',¢') are said to be isomorphic if there is an

1somorphism f : E — E’ and the following diagram commutes;

E E'
L
®Id
E®L (f—>)E’ ® L.

Definition 2.2.5. Two semistable Higgs pair (E, ) and (E',¢') are called S-equivalent if the

associated pairs gr(E, ) and gr(E',¢') are isomorphic.
Remark 2.2.6. If (E, ) is semistable then gr(E, ) is also semistable.

Theorem 2.2.7. There exists a scheme M(r,d,L) which is a coarse moduli space for S-
equivalent classes of semistable Higgs pairs (E,p) over X where r = rank E, d = degree E,
and L is a fized line bundle over X. Moreover the isomorphism classes of stable pairs form an
open subscheme M’ (r,d, L) of M(r,d, L).

Proof. : [9, Theorem, 5.10] O

If F is a semistable (stable) bundle over X and ¢ is the zero morphism then the pair (E, ¢)
is semistable (stable). Therefore the moduli space of S-equivalence classes of semistable (stable)
vector bundles over X is contained in M(r,d, L) (M'(r,d, L)).

Now a morphism ¢ : E — E® L can be identified with a section of the bundle (EndE® L).
If we take the line bundle L as the canonical line bundle K then ¢ belongs to H*(X, EndE® K )
which is, by Serre Duality, isomorphic to H' (X, EndE)". If M is the moduli space of equivalence
classes of stable vector bundles over X then the tangent space to M at a point E can be
canonically identified with H!(X,EndFE). Therefore ¢ can be identified with an element of the
cotangent space of M at F. Thus the cotangent bundle of the moduli space of equivalence
classes of stable bundles is contained in the moduli space of the s-equivalence classes of stable
Higgs pairs. It is obvious that a semistable Higgs pair is stable if the degree and rank of the
bundle are coprime.

It can also happen that a non-stable bundle occurs in a stable Higgs pair.

12



Example 2.2.8. Let K be the canonical line bundle over X, and K3 be a line bundle over X
such that K3 @ K3 ~ K.
Now consider the vector bundle V = K2 @ K~7 and

00
@ = [1 o] € H(X, EndV @ K).
Clearly V is not a stable vector bundle but (V, ) is a stable Higgs pair. This is because K3

s the only o invariant subbundle and it is of negative degree.

2.3 Spectral Curve and Hitchin Map

Let L be a line bundle over X (with a nonzero section). Let s = (s;,), where sy, is a section of L®F
for k=1,2,3,...,n. Then we will construct a scheme X, and a finite morphism = : X, — X.

Let p : P(O® L) — X be the natural projection and O(1) the relatively ample line bundle.

Then p,.(O(1)) ~ O & L* which has a canonical section namely the constant section 1
of O. This gives a section of O(1) over P(O @ L) (as H°(O(1)) = H(p.(O(1)))) which we
will denote by y. On the other hand p.(p*L ® O(1)) is by projection formula isomorphic to
L®p.(O(1) ~L® (0@ L*)~ L& O. Hence it also has a canonical section and we denote
the corresponding section of p*L ® O(1) by x.

Now consider the section 2" + p*s12" 1y + p*sox™2y% + ... + p*s,y™ of p*L™ @ O(n).

Let X, denote its zero scheme. It is then clear that the restriction w of p to X is finite and
that at any point v of X the fibre over v is the subscheme of P! given by

2" 4+ a1z 'y + ... + a,y™ = 0 where (z,y) is a homogeneous co-ordinate system and a; is
the value of s; identifying the fibre of L at P(O @ L) with the residue field at v.

Let F be a vector bundle over X of rank n, L a line bundle over X and ¢ : E — E® L a
homomorphism of vector bundles. Then one can define its trace as an element of I'(L). More
generally, its characteristic co-efficient a; € T'(X, L?) for 0 < i < n may be defined by setting
ai = (—1)"Trace N .

Proposition 2.3.1. Let X be a smooth projective curve over an algebraically closed field of
characteristic 0 and L be any line bundle having nonzero section over X. Let s = (s;) be an
n-tuple with sections s; of L' for 1 < i < n. Assume that the corresponding scheme X, as
constructed above is integral. Then there is a bijective correspondence between isomorphism
classes of pairs (E, ) where E is a vector bundle over X of rank n and ¢ : E — E ® L
a homomorphism of vector bundles with characteristic co-efficients (s;) and the isomorphism

classes of torsion free sheaves of rank 1 over X.

13



The correspondence is given by associating to any line bundle M over X the sheaf (M)
on X and the natural homomorphism m,(M) — L ® mo(M) ~ mu(7*L ® M) given by the

section x of m*(L).

Proof. See [1l, Proposition, 3.6]. O

Let M(n,d, L) be the moduli space of S-equivalence classes of semistable Higgs pairs.
Let H = @} ; H*(X, L"). The space H is known as Hitchin space.

Proposition 2.3.2. If (E,y) and (E',¢') are S-equivalent, then their characteristic polyno-

mials are same.

Proof. See [0, Proposition, 4.4]. O

Therefore we have a morphism from the moduli space M(n,d, L) to the space ‘H, namely
the map which takes a Higgs pair (F, ) to its characteristic co-efficients in H. This map is

known as the Hitchin map.

Let X be a smooth curve over an algebraically closed field of characteristic 0 of genus g > 2.
We fix the line bundle L to be K, where K is the canonical line bundle over X and denote the
total space of the canonical line bundle by Y. Then the genus of the curve X, can be obtained

by the adjunction formula
Ky . X, + X2 =2¢(X,) — 2,

where Ky is the canonical line bundle over Y. Since Y is a symplectic manifold, Ky = 0
and X, is in the linear system nKx. The zero section is in the linear system Kx and has

self-intersection number

Therefore
2.9(Xs) —2=2n*(g - 1),

i7e7
9(Xs) = n2(g —1)+1.

Let us concentrate on Higgs pairs of rank 2 over a smooth curve X of genus g over an
algebraically closed field of characteristic zero and the fixed line bundle to be the canonical line
bundle K over X. In this case the Hitchin space H is H*(X,K) @ H°(X, K?). If we consider
trace-free Higgs fields then the corresponding Hitchin space is H°(X, K2).

14



Theorem 2.3.3. Let X be a smooth curve over the complez field C of genus g > 2. The moduli
space of all stable pairs (V, @), where V is a rank 2 vector bundle of fixed determinant and odd

degree and ¢ is a trace-free section of EndV ® K, is a smooth manifold of dimension 6(g —1).

Proof. See [5, Theorem, 5.8]. O

Theorem 2.3.4. Let My be the moduli space of stable Higgs pairs (V, @) over X, where V is
a vector bundle of rank 2 and odd degree with fixed determinant and ¢ is a trace free section
of EndV ® K. Then the map,

det : My — H(X, K?)

satisfies the following property:

(1) det is proper;

(2) det is surjective;

(3) If ¢ € H(X, K?) is a quadratic differential with simple zeros, then det=1(q) is biholomor-
phically isomorphic to the Prym variety of the double covering of X determined by q;

(4) The cotangent bundle of the moduli space of the stable vector bundles of rank 2 and odd
degree with fized determinant over X lies naturally in My as the complement of an analytic

set of co-dimension at least g.

Proof. See [5, Theorem, 8.1], [6, Theorem. 6.1]. O

Theorem [2.3.4] says that the cotangent bundle of the moduli space of stable bundles is an
open dense subset of the moduli of stable Higgs pairs.
Therefore one may ask what bundles are not stable but occur in a stable pair. The following

proposition answers this question in the rank 2 case.

Proposition 2.3.5. Let X be a compact Riemann surface of genus g > 1. A rank 2 vector
bundle V' with fixed determinant § of odd degree, occurs in a stable pair (V,p) if and only if
one of the following holds:

(1) V is stable;

(2) V is not stable and dimH(X, ;> ® K ® 0) is greater than 1, where Ly is the unique
subbundle of V with degreeLy > % degreeV .

(3) V is decomposable as V = Ly & (L}, ® 0) and dimH(X,L;* ® K ®§) = 1.

15



Proof. As we have already remarked, if the rank and the degree are coprime, stability and
semistability of bundles are the same by our hypothesis. If V' is stable, then clearly (V) is
stable for all ¢.

Assume V is not stable. Then there exists a unique line subbundle L of V' with degree(L) >
1 degree(V) and V is an extension of L* ® § by L.

Consider the exact sequence

0—L—V-—L"®6—0. (2.3.1)

Tensoring by the canonical line bundle K we have
0 =LK — VK- —>L"®i® K —D0.
From the above two exact sequences we get a subbundle
K®L?®§ C End)V ® K

of trace-free endomorphisms which vanish on L. Since

degree (K ® L? ® 6*) > 29 — 2,

this bundle has a non-zero section. Therefore the only subbundle invariant by all ¢ € HO(X; K®
L?®6*) is L. Hence in particular if any line subbundle of V' is invariant for all p € H°(X; EndyV®
K) then it must be L.

Let us consider the exact sequence of vector bundles
0—F —End)Ve®K —L?K®J§— 0, (2.3.2)

where F is the kernel of the surjective homomorphism EndgV @ K — L2 ® K ® 6, and can
be thought as the bundle of endomorphisms V' — V ® K which preserves the exact sequence

231
Sections of F are the sections ¢ € H°(X,EndyV ® K) which leave L invariant. If V does
not occur in a stable pair then for all ¢ € H°(X; EndgV ® K), L is invariant. Therefore

HY(X,F) = H°(X,EndyV ® K).
Thus from the long exact sequence of we have the coboundary map:
0:H(X,L?® K®J) — HY X, F) (2.3.3)
is injective. Again consider the exact sequence of vector bundles

0 —-K®L*®é — F—K—0. (2.3.4)

16



Since degree (K ® L? ® §*) > 2g — 2, we have H'(X; K ® L? ® 6*) = 0. Therefore from
the cohomology sequence of [2.3.4] we have

¥:HY(X;F)~ HY(X;K) ~C.

Thus if dimH°(X;L2 ® K ® §) > 2, then 0 can never be injective, and we have a
contradiction to the assumption that V occurs in a stable pair which proves the case (2).

The map
90 : H'(X,L?® K ®6) — HY(X,K)

is given by the product with the extension class e € H'(X,L? ® 6*) defining V. By Serre
duality, this is surjective if e # 0. Therefore if dimH"(X,L72® K ® ) = 1 then the map 0
fails to be injective if V' is the trivial extension. This provides case (3).

Conversely, let V' be a bundle which is not covered by Case (1-3). Then V is a non-stable
bundle with unique line subbundle L such that degreel > % degreeV and dimH°(X; L ?20K®
0) <1, the equality occurring when V' is not the trivial extension. Therefore from the long exact
sequence of cohomology of the sequence it follows that H°(X; F) = HY(X; EndyV ® K).
Thus all trace-free endomorphisms V — V ® K leave L invariant. Hence V' does not occur in
a stable pair.

(]

2.4 Quadrics in PV and Hyperelliptic Curves

Theorem 2.4.1. A smooth quadric QQ of dimension m contains no linear spaces of dimension

strictly greater than m/2. On the other hand:

(1) If m = 2g + 1, then Q contains an irreducible (g + 1)(g + 2)/2 dimensional family of

n-planes while;

(2) If m = 2g, then Q contains two irreducible components of g(g+1)/2 dimensional family
of n-planes. Moreover for any two g-planes A, A" C Q, dim (ANA') = g(2)
if and only if A and A’ belong to the same family.

(3) In case (2) for every (g — 1)-plane contained in Q, there exist two g-planes in @ con-

taining it and these belong to opposite families.

Proof. See [3] []. O
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2.5 Intersection of two smooth quadrics in P"(V) with dim (V) =
(n+1)

2.5.1 Pencil of Quadrics

If P* = P*(V) where V is a vector space over C of dimension (n+1), then any quadric in P"

can be thought of a quadratic form on V, i,e, an element of S?(V*).
Definition 2.5.1. A pencil of quadratic forms ® on V is a projective line IP’}D c P(S2(V*)).

Proposition 2.5.2. Let Y = Q1 N Q2 be an intersection of two quadrics Q1 and Qo in P™.

Then the following are equivalent:
(1) Y is nonsingular and of codimension 2 in P™ and Q; are non-degenerate.

(2) There exists a basis of V', orthogonal for all Qyx = M Q1 + \2Qa where (A1, \o) € P!
such that

QO wie) = a}
QQ(Z :Eiei) = Z /\ﬂ)?

with \; # \j for i # j; \i's # 0.

Further more, the basis {e;} is unique up to changes of sign and order.

Proof. The projective tangent space Ty(Q1) at any y € Y to @ is vt where v € V '\ 0
represents y. Since Q1NQ)2 (as a scheme) is smooth by hypothesis, T, (Q1NQ)2) is the intersection
of T,,(Q1) and T,(Q2). If we denote by v' the subspace of V given by {w € V : q1(v,w) =
0 and g2(v,w) =0} = {w € V : q(v,w) = 0 for all ¢ in the pencil }, then v is of codimension
2.

Consider the endomorphism of V' given by ¢y L5 g1, where ¢s are the homomorphisms
V — V* given by ¢;. We claim that its eigen-values are of multiplicity 1. For if W C V is
an eigen space of dim > 2, then since Qi = )\qg‘w for some A, there exists an w € W\ 0
such that ¢i(w,w) = ga(w,w) = 0. Thus there exists y € Y represented by w such that
yra = yte thus y* is of co-dimension 1 in V, which is a contradiction. This implies that
q5 Log is diagonalisable with distinct eigen-values. Hence there is a basis ey, ea,...,e, of V
such that gie; = A\igee; and \;'s are distinct. But qi(e;,e;) = qi(ej,e;) which implies that
Xig2(eise5) = Njga(ej, e;). But A\; # A;. Hence ga(e;,e;) = 0if i # j. Since ¢; is non-degenerate
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we can choose €js as orthonormal with respect to ¢;. Therefore Q1 and Q2 are of the form
stated in the theorem.
(2) = (1) is obvious. O

Theorem 2.5.3. Let Y be a nonsingular intersection of two quadrics and let dim'Y = 2g—1.
Let Gr be the Grassmanian of r-planes of P = P29t and let S C Gr be the subvariety of

r-planes lying on'Y . Then S is nonsingular, reduced and of dimension (2g — 2r — 1)(r 4+ 1).
The proof of this theorem can be found in [IT]. Here we will give a different proof.

Proof. We will prove the theorem by induction on r. Clearly the theorem is true for r» = 0. Let
us assume the theorem is true for all 7’ < r.

Define I := {(p,A;) : p € A, C Y}, where A, denotes r-plane, as a subspace of Y x Gr(r +
1,2g 4+ 2). The restriction to I of the projection map to the second factor gives a surjective
map from I onto S with fibres isomorphic to P" and the fibres over p € Y of the projection
map to the first factor are the r-planes in Y passing through p.

If pe A, CY then A, C T,Y, where 7T,Y denotes the projective tangent space to Y
at p. Therefore A, C Y NT,Y. But since Y N7T,Y is a cone with vertex p and base, a
smooth intersection of quadrics Y/ in P2972, r-planes passing through p in Y is isomorphic to
S’ :={(r—1)— planes in Y'}. By induction hypothesis S’ is smooth, reduced and of dimension
2r(g—r—1) and since Y is smooth and every fibre is smooth of constant dimension, I is smooth.

Therefore the dimension of [ is
2r(g—r—1)4+29—1=(r+1)2g—2r—1)+r.
Therefore the dimension of S is
r+10)Q2g—2r—1)+r—r=(r+1)(2g—2r—1)

and the smoothness of S follows from the fact that I is smooth and the fibres of the surjective
morphism I — S are smooth and of constant dimension.
O

Now we will construct a hyperelliptic curve of genus ¢ in terms of intersection of quadrics

and variety of linear spaces, contained in it.
Let V be a vector space of dimension 2g + 2. Consider the projective space P(V) = P29+1L,

Let ¢; and ¢2 be two non-degenerate quadratic forms in P297! and let IE"clI> be the pencil con-

sisting the quadratic forms {g} ep1 of the form \1q; + Aago for A = (A1, \2) € PL.
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The family of g planes fit together in the following way: let
Gen (®) C P} x Gr,
where Gr = Gr(g+ 1,V) is the usual Grassmanian, be defined by
Gen(®) = {(\, E) : g |z= 0}

It is obvious that the first projection Gen(®) — P! has as fibre over ), the variety of ¢ planes
of qy.

Theorem 2.5.4. Gen(®) is nonsingular, and the morphism py : Gen(®) — P! has the Stein
factorization
Gen(®) X ¢

|
p1
]P)l
where C' is nonsingular, q is a double covering ramified precisely in Sing(®), where Sing(P)
denotes the singular quadrics in the pencil, and p is smooth. In particular the fibres of p1 are

pairs of families of g planes contained in a quadric.

Proof. See [11l, Theorem, 1.10] O

If we set C' := {(Qx, V1), A € P}, V] is an irrducible component of g-planes in @y}
Then by above the theorem, C' is a curve of genus g.

Remark 2.5.5. (1) Here the ramification points are those A € P! for which the corresponding

quadric Qy in the pencil is singular.

By Proposition we can take

2942 2942

Q1= Z a;lz and Qo = Z )\,mf
i=1 i=1

Therefore the singular quadrics in the pencil are precisely,
ANQ1—Qo,i=1,2,..., 2g + 2.

(2) Any hyperelliptic curve can be obtained this way.
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The geometry of the Jacobian of a hyperelliptic curve of any genus has described in [2]

which says that:

Theorem 2.5.6. Let X be a smooth projective hyperelliptic curve of arbitrary genus g over an
algebraically closed field of characteristic zero. Then the Jacobian JY9 of isomorphism classes
of the line bundle of degree g over X is canonically isomorphic to the variety of all (g — 1)
planes contained in the intersection of two smooth quadrics in P2971 which defines the curve

X as above.

Here we will give only the map which assign to o € J9 a (g — 1) plane. The details of the
proof can be found in [2].

Fix a line bundle ¢ of degree 29 4+ 1 over X and fix an isomorphism & ® 1*¢ ~ h?9T! where
¢ is the hyperelliptic involution and h is the hyperelliptic line bundle.

Let a € JY9 and an isomorphism a ® t*a ~ hY be given. Consider the exact
0—a?@h?RERO(-W) —a®@h 9 @16 — ®@hI® U, — 0,

where W is the set of Weierstrass points. Since O(W) ~ h9T! HO(X; a?@h 92 ¢@0(-W)) =

0 and hence we can consider H*(X,a? @ h™9 ® 1*¢) as a subspace of Yew &

Set P! = X/1. On ($£,)p define a quadratic form by canonical map &2 ~ h29t! ~ 72911

2g+1

where 7 is the hyperplane bundle over P'. Now the space of sections of 7 vanishing at all

+1

points of W \ w is isomorphic to 72971 via evaluation map at w. Compose the inverse of this

isomorphism with the evaluation map

(HO(BY, 720 1)) — 7204,

we get a quadratic form on Y&, with values in 7291,

For each y € P! —W, the above quadratic form restricts to the subspace H(X, a?®@h~9@:*¢)
as follows.

Let s be a section of a®? @ h™9 ® 1*¢. Then s ® 1*s is an ¢ -invariant section of h29*! and by
evaluation at y we get a quadratic form with values in Tjg+1.

Now consider the following commutative diagram

H(X,0? @ h™9 @ 1*¢) — HO(P!, 729F1)

| |

ng ETEJQ—H .

Here the top horizontal map is described above and the lower horizontal map is the quadratic

map obtained by squaring &, and identifying ¢2 = (¢ ® 1*¢),, with 29t

Using exact sequence defined by the divisor (y + ty)

0—a?@h 9@ Eh™ —a?@h 9@ — (® @RI @ 1*E) — 0.

|(y+Ly)
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we can consider H%(X,a?®@h 9®@:*¢@h~!) as a subspace of H*(X,a?®@h™9®:*¢) and from the
above exact sequence and the commutative diagram it follows that H%(X,a?®@h 9@ "¢ @h 1)
is contained in each quadraic defined by y € P!. This defines the map we needed.

Let @1 and Q2 be two smooth quadrics is P(V'), where V' is a 6 dimensional vector space
over C. Set Y = Q1 NQ-.

Definition 2.5.7. ¥ :={y €Y : such that T,Q2 is tangent to Q1}

We will now give an explicit description (as in [3] ) of ¥ C Y. In fact we will show that ¥
is a smooth intersection of three quadrics @1, Q2 and say, Q3.
As in Proposition 2.5.2] there is a basis for V such that the quadrics Q1 and (3 can be

taken as
6

6
Q1= Zx?, and Q9 = Z)\ix?,
i=1

i=1
where \;’s are distinct non-zero scalar. Let x = (a1, aq, ..., ag) be an element of 3. Then T,Q2
is tangent to ()1 at some point y = (b1, be, ..., bg) € Q1.
But T,.Q)> is given by the linear equation Z?:l a;\iz;. Similarly T, Q1 is given by Z?:l bix;.
Therefore T,.()5 is tangent to Q1 at v, i.e.,

T,Q2 = TyQ1, if and only if there is a ¢ € C*, with

b; = ca; A;. Since y € Qq,

6 6
Z b? = 0, which implies that ¢ Z a?\? = 0.
i=1 1=1
Therefore = € Q3, where Q3 is the quadric in P given by Z?:l )\ZQ:EZQ
Thus ¥ = Q1 N Q2 N Q3.
The smoothness of the intersection is obvious.
Alternative proof:
Let 2 = [x0,...,z5] be homogeneous coordinates on P5, and suppose that @ and Qo are
given as the loci

¢1(z,z) =0 and g2(x,x) =0,

where ¢; and ¢» also denote the bilinear forms corresponding to the quadrics )1 and Q)2 respec-
tively. Then @; defines an isomorphism ¢; : P(V) — P(V*) taking * — ¢;(z,.). Restriction
Gg; of the map to g; is the map takes x € Q); — T, Q;, known as Gauss map for ¢;. The image
of the Gauss map is a hypersurface in P(V*) given by

Qf = (¢; (2", %) = 0),
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where z* denote the projective tangent space 1,Q; We see from this that for z € Q2,T,(Q2)
will be tangent to @1 if and only if

Go.(z) € QF,
i.e, when
a1 (a2(2, ) @2 () = 0,
which implies that
4247 ' @2(, ) = 0.

The surface ¥ is thus cut out by the quadric hypersurface
Qs = (q2q; 'q2(, ) = 0).
We claim now that in fact the intersection
Y=Q1NQ2NQs3

is everywhere transverse. To see this, suppose that for some x € Q1 N Q2 N Q3 the hyperplanes
T.(Q1),T.(Q2) and T,(Q3) were linearly dependent, i.e., that the points

ng(ﬂj) = (h(ﬂ?, ‘)7gQ2 (:E) = Q2($v ) and ng(x) = Q2Q1_1(J2(33’ )

in P°* lay on a line. The three points
/-1 d n__ —1 2
z, 2’ =¢q; qx,.) and 2" = (¢; "q2)"(z,.)

would then likewise be collinear in P?. Since Gg,(z) € Q} and Gg, () = qi(x,.),Go,(z) =
g2(x,.) and G, () = qagy *qa(x,.) are colinear and hence p11Gg, () + 12G0, () + 13Gq, (x) = 0,
all three points x,z’,2” lie on Q1. Thus the line L they span would lie on ;. But now the
linear transformation

M :x— ql_lqg(x, )

taking @1 into @1 takes z and 2’ (distinct, since by hypothesis ¢1(z,.) # go(z,.) for any
x € Q1 NQ2) into L, and so takes L into itself; thus L C Q1 N Q2. M must have a fixed point

y somewhere on L. i.e., for some y € L,

a1(y,-) = q2(y; -)-

But since L C Q1 N Q9, this implies that Q1 and @5 are tangent at y, a contradiction.
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Chapter 3

Stable Higgs bundles associated to a

non-stable bundle

From now on, we will assume X is a smooth projective curve of genus 2, over complex field.
Let K be the canonical line bundle over X. Consider Higgs fields with values in K. In this
chapter we will describe the stable Higgs bundles associated to a non stable vector bundle of
rank 2 over X. We fix a line bundle § over X of degree 1.

Let V be a nonstable vector bundle over X which occurs in a stable Higgs pair with A2V = 4.
Let Ly be a subbundle of V' of degree > 1. We have already remarked that it is unique. Then

we have the exact sequence
0— Ly —V-—L,®J —0.
Tensoring with the canonical line bundle K we get the following exact sequence
0 —Ly @K —VK-—L,i® K — 0.

If ¢ is a Higgs field such that (V) is a stable pair, then clearly ¢ is nonzero and from the

above two exact sequences it follows that
Hom(Ly,Ly, @0 @ K) # 0

ie H' (X, L;? @6 ® K) # 0.

Now since degreeLy > 1, and H°(X, L‘_/2 ®0® K) # 0 it follows that
degree Ly = 1.
By Proposition 2.3.5] we have,
H(L/ 2@ K) > 1.
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But degree (> ® § ® K) = 1. Therefore L;> ® § ® K = O(y) for some y € X.
Thus dim H°(X, L, ® § ® K) = 1 which is the case (3) of Proposition

Therefore nonstable bundles which occur in stable Higgs pairs are of the form
Lo (L*®9)
where L is a line bundle of degree 1 satisfying the equation
KoL ®6=0(y) (3.0.1)

for some y € X.

Modulo tensoring with a line bundle of order 2, the relevant vector bundles are thus

parametrized by the points of X itself.

Now for a given point y € X, there are exactly 2* = 16 solutions of the equation (B.0.1)).
Therefore the variety of nonstable vector bundles which occur in a stable Higgs pair over X is
a 16-fold covering X of X.

Nonstable bundles which occur in a stable pair having been determined, naturally the ques-
tion arises that given a nonstable vector bundle V' of the form described above, what are the

Higgs fields ¢ such that pair (V, ) is stable.

We will answer this question in this section. Here we will describe all the Higgs field ¢
associated to a nonstable vector bundle V = L & (L* ® §) over X such that the pair (V, ) is a
stable pair.

We take L = £ ® §, where £ is a line bundle of degree 0 over X such that
EP0K®6 ! =0(y)

for some y € X. Then V = (1@ (£®4) is a non stable vector bundle. Let ¢ : 1@ (E®6) —
(1@ K)® (¢ ® K ®46) be a nonzero trace-free endomorphism.

Then ¢ can be written as a matrix
a b
c —a

where a € HO(X,K),bc HO(X,K®¢(?2®06 ') and c € H'(X, K ® £2® ).

25



The only subbundle of V' with degree greater than 1/2 is £ ® ¢ itself. Therefore (V, ) is
stable if b # 0.

Since b € HY(X, K®¢2®071) and dimH(X; K®¢2®67 ) = dimH(X;0(y)) = 1, we
can take b = by up to nonzero scalar where by is a fixed nonzero element in H°(X, K@ 2@671)

vanishing at y.

Now ce HY (X, K ®¢?®6) = H' (X, K @ K ® O(—y)) = H (X, K ® O(wy))

where ¢ is the hyperelliptic involution on X. Therefore ¢ can be taken as cgs, where ¢g is a

section of O(1y) that vanishes at 1y and s is a section of H°(X, K). Therefore ¢ can be written

a C1 b(]
cpS —a

where ¢; is a non-zero scalar. Now the automorphism group of V = (7! @ £ ® §) acts on the

as

space of Higgs fields by conjugation.

An automorphism of V' of determinant 1 can be written as a matrix

A O
v )\1_1

where \; € H(X,0)\0~C*, v € H'(X,£2®0) = HY (X, K @ O(~y)) = H'(X,0(1y)).

We may take v = kcy. Therefore an automorphism of V' can be written as a matrix

A1 0
keo A
a c¢b

on 01 is given by
kco A1

v o0l fa wl[xr o]
kco )\_1_' cos —al| |keg A1
o A 0 a c1bg Ao
B keco MY lcos —al| |—kep A

. A 0 a)\_l—k’ClCob(] c1bg
B keo A7 | cosA Tt +akey  —ah

A 0
Now the action of [
cos —a

. a — kclcobo)\ Clb())\2
B a)\_lkco — kzclc%bo + CQS)\_2 + ak‘)\_lco —a + kcicgbg A .
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Let bycy = sg € P(X, K)

Then the above matrix is

. a — /\k’Clso Clb(]/\2
B 20" kacy — k%cicosg + A 2cos  —a + Mkeysg

Therefore two Higgs fields ,
a1 c¢1bg as  cabg
[6081 —aj ’ [6082 —aJ
are equivalent if and only if for some A € C*, we have
as = a1 — kAe1sg

and sy = \ 25y — k‘26180 + 22 Ykay
and 1\ = co.

It is clear that given an element (a,s,c) € H°(X,K) x H°(X,K) x C* we can associated a
Higgs field namely,
a cby
[cos —a]

Therefore we have a surjective homomorphism from H°(X,K) x H%(X,K) x C* to the
space of Higgs fields.

Lemma 3.0.8. Under the above equivalence the space of Higgs fields on V is isomorphic to
the two sheeted covering of S*(H°(X, K)), ramified along so.H°(X; K).

Proof. Let D denote the space of Higgs fields. We define a map from D to S?(H°(X, K)) by

a C1 bo

—a? + C1880.
coS —a

Clearly this is surjective.

In fact if s2, 5159, 53 are a basis of S?(H°(X, K)) then,

s1 b So b
[01 0] — s%, [02 0] — s%, and since sg = 181 + poso for some pq, uo € C
S1 52

0 b 9
= (157 + 128152
CoS1 0
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But
[ a 6150] [_al 0150]
and
coS1 —aq st a1
gives the same element in S?2(H"(X, K)) by this map.

Let we define an action of Zy on D by taking

a C1 b(] N —a C1 bo
s —a s a
Let D' = D/Zs , then clearly we have an well-defined surjective map from D’ to S?(H°(X, K)).

Now we will prove that this map is injective .

Let
a% + c18081 = a% + c280S2
= (af — a3) = so(cas2 — c151)
= (a1 + ag)(al — CLQ) = 80(6282 — 6181).

Since S%2(HY(X, K)) is unique factorization domain ,
either a1 — as = sp and a1 + as = c989 — ¢181
Or, a1 + a2 = sg and a1 — ag = €983 — €151

Now a1 —as = sg = as = a1 — Sg

and a1 + as = c989 — €151 = €289 = 181 + (a1 — Sp) + a1

— 201 _ s0 4 as1
:>S2_cg cz+02

Which means
aq C1 b(] a9 62b0
and
CosS1 —a1 CpS2 —a2

are equivalent under the equivalence defined earlier.

The argument for the other case is similar.

Therefore D' ~ S?(H°(X, K)) . Hence the proof is complete. O
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Therefore the space of stable Higgs pairs with nonstable vector bundles is isomorphic to a
bundle over X with fibres isomorphic to D, where X has been defined earlier and D is a two
sheeted covering of HO(X, K?).

From the above Lemma and the previous discussion we have the following theorem.

Theorem 3.0.9. Let X be a smooth projective curve over C of genus 2. Then the moduli
space of stable Higgs pairs over X of rank 2 with fixed determinant of odd degree contains the
cotangent bundle of the moduli space of stable vector bundles over X of rank 2 and of odd degree
as an open dense subset whose complement is isomorphic to a bundle G over X, with fibres

isomorphic to D where X and D as above.
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Chapter 4

Kummer Surface and Special line
bundles

To each point of the curve X, one can associate a Kummer surface defining an involution on
the Jacobian of X corresponding to a point of X. Using theorem we will identify the
Jacobian of X with lines in the intersection of two smooth quadrics in P?. We will define here
the special lines in the Jacobian as the fixed points of involutions (in other words, double points
of Kummer surfaces parametized by X) and define special line bundles of degree zero on the

other hand. We will prove that under the above they correspond to one another.

4.1 Kummer Surface

Definition 4.1.1. Let X be a smooth curve over an algebraically closed field of characteristic
0 of genus 2 and J be its Jacobian. Then the Kummer surface is the quotient of the Jacobian
J by the involution a — —a, that is, by identifying each point with its inverse under the group

law.

Remark 4.1.2. Note that Kummer surface is not smooth. It has singularity as double points

at the fized point of the involution ¢.

We have already seen that the points of the curve X can be identified with pairs (@, V; )where
@ is a quadric in the pencil P(W) generated by @1 and Q2 and V; is an irreducible component

of the variety of 2-planes contained in Q.

Also by Theorem the Jacobian of the curve X can be identified with the space of lines
contained in all quadrics of the pencil P(W).
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Let J = {lines contained in all quadrics in the pencil} and (Q, V1) be a point on X.

We define an involution on J using (@, V7). Let L € J be an element. Then by Theorem 241
there exists a unique plane in V; containing L, say A. The plane A intersects all other quadrics
of the pencil P(WW) in a pair of lines, namely L and say, Ligv)-

Therefore the map L — L 1;) defines an involution on (g y;) on J and the quotient of J
by the involution (g y;) gives a Kummer surface defined by the point (Q, V1), which can be
thought of as a surface in P? where P? is the space of 2-planes contained in Q. This Kummer
surface can be classified by the planes in () such that the restriction of the planes at the other
quadratic forms in the pencil has rank < 2. Moreover the planes whose restriction has rank

exactly 1, form the singular locus of the surface.

Clearly we have the obvious surjective map from the Jacobian J onto the Kummer surface
ICL(QM) and the fibres over singular locus are those lines L € J such that the unique plane

A € V; containing L has the property A N Q" = 2L for all Q' € P(W).

Definition 4.1.3. The lines in J which are singular points of a Kummer surface for some

point (Q, V1) of the curve defined above are called special lines.

4.2 Restriction of cotangent bundle to a line

In this section we will prove that the restriction of the co-tangent bundle of Q1 N Q3 to a special
line is isomorphic to O(—1) & O(1) & O(—2) and to a non-special line, O & O & O(—2).

As before let P(W) denote the pencil of quadrics in P° passing through the intersection
Q1N Q2 where Q; and Q) are two non-degenerate quadrics in P°. We denote the space Q1N Q2
by Y.

Lemma 4.2.1. If [ is a special line and L be the corresponding vector space, then L+ = {v €
V with Q(v,w) =0 for all Q € P(W) and w € L} is of dimension 3.

Proof. Since [ is a special line, there exist a unique quadric @ € P(W) and a plane A contained
in @ containing [ with AN Q' = 2l for all Q' € P(W) \ Q.
Now since A is contained in (), the projective tangent space to T),(Q) to @ at any point p of
A contains A. In particular, at any point p of [, T,,(Q) contains A. Therefore A C N, T,Q,
on the other hand, since AN Q" = 2l for all Q' € P(W) \ Q, A is tangent to Q" at every point
of 1. Therefore A C NygT,Q' for all Q' € P(W) \ Q and hence A C N, T,(Q N Q). Since
NperTp(Q N Q') has dimension at most 2, NyerT,(Q N Q') = A. ie., P(LY) = A. Thus L+ is
of dimension 3.

O
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Lemma 4.2.2. 1) Let 1 be a special line on'Y then T*Y |;~ O(—1) ® O(1) @ O(-2).

2)If | is a non-special line then T*Y [;~ O @& O & O(—2).

Proof. 1)Let p be a point on Y then we denote by P the vector subspace {v € V with ¢(v, P) =
0 for all ¢ € P(W)} where P denotes the vector space associated to the point p. Then the
cotangent space T;(Y') to Y at p can be identified with (P+/P)*® P. Let E; be the bundle on
I with fibre Pt for p € [ and O(—1) be the hyperplane bundle. Now from the exact sequence

0— Pt —V S W'®P*—0,
where the last map is given by v — ¢(v, ‘)IP’ we get an exact sequence of bundles
0—FE — V0 —W"20(1) —0.

Therefore the determinant of the bundle £} is isomorphic to O(—2).

Let E5 be the bundle over | with fibre P+ /P. Then the determinant of Es is isomorphic
to O(—1).

If [ is a special line then L™ is of dimension 3 and in the non-special case L = L, where
L is the associated vector space. Therefore if [ is a special line then the line bundle E3 with
fibre PL/L* is isomorphic to O(—2). Also the line bundle £, with fibre L/P is isomorphic to

O(1). Now we have an obvious surjective map
VB3 0(—1) — E; ® O(—-1).

Since degree of E5 ® O(—1) is —2 and degree of E} ® O(—1) is also —2, degree of kery is
zero. Again keriy contains the line bundle E3 ® O(—1) which is of degree 1 and therefore the
quotient has degree —1 and since H'(l,0(2)) = 0, keri splits as O(1) @ O(—1) again since
HY(1,0(3)) and H'(I,O(1) = 0, the bundle E} @ O(—1) splits as O(1) & O(—1) & O(-2).

2). First we observe the following fact:

If 0 Cc Vi € Vo C V be a flag of vector spaces and g a nonsingular quadratic form on V' then
V" can be identified with (V/V;)*,

where Vqu denotes the set of vectors in V' perpendicular to V; with respect to the quadratic
form gq.

But we have the following exact sequence

00— Vg/Vl — V/V1 — V/V2 —)0,
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taking dual we get the following exact sequence
0— (V/VQ)* — (V/Vl)* — (Vg/vl)* — 0,
from which we get
(Vi 1/V?) = (Va/ V)"

Let [ be a general line in Y, @ a nonsingular quadric € P(W) and p be a point on [.

Then by the above observation we have
P/t~ (L/P)*,

where P, L are the corresponding vector spaces for p,l respectively.

From the following two exact sequences

0— Pt —pta _ pta/pt 0
and

0— L+ — L* — L*/L+ — 0,

we have a map from P+/L+ — P19/ with kernel (P+ N L+9)/L*.
But for a general line [, we have L+ = L and P+ and L9 are contained in P+9.

Hence dim (Pt N L+%?) > 3.

If P+ = L+ then for any p’ € [ dimension of (P+ N P’ L) > 3, a contradiction, because for a
general line [, we have P+ N P/t = L.

Therefore the kernel of the above map is one dimensional and hence the map P+ / Lt —
P14/ 14 is surjective. Let By, Eo, E3, Ey and Ej5 be the bundles with fibres (P+/L)*, (P+/P)*, (L/P)*,
(P+4/L+9)* and (P+ N LY9/L)* respectively. Then we have the following exact sequences

00— F — FEy — F3—0

and
0— Ey — F1 — E5 — 0.

Since E4 and Es are line bundles of degree 1 and H'(P!, Q) = 0, E; splits as O(1) © O(1) and
again since Ej is a line bundle of degree -1, and H(P!, O(2)) = 0, F5 splits as

01)e0(1) e 0(—-1).
Therefore the restriction of the cotangent bundle to Y to P(L) for a general line splits as
(O1)@0(1) d0(-1)) ® O(-1)
=00 0®0(-2).
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4.3 Special line bundle of degree zero and relation with geo-

metric special line

In this section we will define special line bundles of degree zero over a curve X of genus 2 and

show that every special line bundle gives uniquely a special line.

Let J denote the Jacobian of degree zero line bundles over X and ¢ a fixed line bundle of

degree 1 over X.

Definition 4.3.1. A line bundle ¢ € J is said to be special if HO(X, K ®£(2®@571) # 0, where

K s the canonical line bundle over X.
Now H(X, K ® £ 2® 6 1) # 0 implies that K ® ¢ 2® 671 = O(y) for some y € X. In
other words, the special points in J are the solution of the equations of the form:
K26 =0(y), (4.3.1)

for some y € X. For any y € X we can define an involution ¢, on the Jacobian of X namely,
E—Kei'o0(-y) ot

clearly this is an involution on the Jacobian of X and the fixed points of this involution con-

stitute the solution space of the above equation.

Lemma 4.3.2. Let £ be a line bundle over X of degree zero. Then any non-trivial extension
0—¢ 'S E—£06—0
of E@6 by €1 is stable, where § is a line bundle of degree one over X.

Proof. If E is not stable then there exists a line subbundle { of positive degree. If p : { — FE'is
the inclusion then composing ¢ with the surjection £ — £®4 we get a non-zero homomorphism
¢ — £ ® 6 which is only possible if { is of degree one. In that case this homomorphism is an
isomorphism, which implies that the sequence splits, a contradiction to the assumption that E

is a non-trivial extension. O

Lemma 4.3.3. Let E,E' be two non-trivial extensions of F by F'. Then E and E' are iso-
morphic as bundles if §(E) = M(E') for some A € C*, where §(E) € H'(X, Hom(F,F"))
corresponding to the extension E. Moreover, if every non-zero homomorphism of E and E’

s an isomorphism and the only endomorphisms of E and E' are scalars, then E and E' are
isomorphic if and only if 6(E) = No(E") for some X € C*.
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Proof. See [8, Lemma, 3.3] O

Let ¢ be a line bundle of degree zero. Then the set of extensions of &€ ® § by ¢! is
classified by H'(X,£¢72®71). Therefore by Lemmas (£3.2 and E3.3]) the isomorphism classes
of stable bundles of rank two with determinant § corresponding to non-trivial extensions of
above type can be classified by the projective line P(H'(X,£¢72 ® 6~ 1)). But it is known that
the moduli space of stable vector bundles of rank 2 and fixed determinant of odd degree over a
smooth projective curve of genus 2 is classified by the intersection of two smooth quadrics say,
Y =0Q:1NQ: in P°.

Therefore by the universal property of moduli space and the above lemma we have an
injective morphism:

P(HYX,62@671) — Y — P

But Y is a complete intersection in P%, therefore wy = Oy (2 + 2 — 6) = O(—2), i.e, degree
of the tangent bundle of Y is 2 and hence the pullback of the line bundle O(2) in P° to Y is
wy'. Again since the restriction of the tangent bundle to P(H'(X,£2®467!)) can be identified
with R!(p.)(AdE), where E is the universal family of vector bundles over X parametrised by
HYX, 672671 and p is the projection from X x P(HY(X,¢72®4671)) to P(HY (X, £ 2®071)).
Therefore the pullback of the line bundle O(2) in P? to P(H' (X, 2®671)) is the determinant
of the bundle R!(p,)(AdE).

Let £ be a line bundle of degree zero. Let E be the family of bundles over X parametrised
by the extensions of £ ® § by ¢ 1. Therefore we have the following exact sequence of bundles
over X x P(HY(X,¢2@671)):

0—¢! 2 E-—£(2500(-1) — 0. (4.3.2)

We denote by AdE, the bundle of endomorphisms of trace zero and Ad’E the bundle of endo-
morphisms of trace zero which preserves the exact sequence. From the above exact sequence

we have the following exact sequences:
0— AdE— AdE —£&2i20(-1) —0 (4.3.3)

and
0—¢220'00(1) — AdE — O — 0. (4.3.4)

Applying p, to the exact sequence ([{3.3]) and (£3.4]) and using the fact that FE. is stable
for all e € P! and therefore p, Ad'E = p, AdE = 0,

we have the following exact sequences

0— H'(X,226)@O0(-1) — R'p, AdE — R'p, AdE — HY(X,220)@0(~1) — 0
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and
0— 00— H{(X, 6226 H)®0(1) — Rp, AE — HY(X;0)® 0O — 0.

From the above two exact sequences it is clear that degree of R'p, AdE is two. There-
fore the pullback of the line bundle O(2) in P to P(HY(X,¢72 ® 671)) is O(2) and hence
P(HY(X,672 ® 67 1)) gives a line in P contained in Y.

Tensoring (E3.3]) by O(—1) and using the fact that E. is stable for all e € P! and therefore
pe AAE = p, AdE = 0 and H'( AdE) = I'(R'p, AdE) (by Leray Spectral Sequence) we have

the following exact sequence:

0 — I'(R'p.( AdE @ p*O(~1))) — I'(Rp,( Ad E®p*O(-1))) — I'(6? @ §) @ H (P!, 0(-2))
(4.3.5)

— H*( AdE®p*O(-1)) — H*( AdE®p*O(-1)) — HY(X,2@6) @ H (P',0(-2)) — 0
and tensoring (£3.3]) by O(—2) we have the following exact sequence:

0 — I'(R'p.( AdE @ p*O(-2))) — I'(R'p,( Ad E® p*O(-2))) — I'(62 @ 6) @ H (P!, 0(-3))
(4.3.6)

— H*( AdE®p*O(-2)) — H*( AAE®p*O(-2)) — H'X, 208 @ H (P!, 0(-3)) — 0.

Also tensoring (£3.4]) by p*O(—1) and considering the long exact sequence of cohomology

we have
D(R'p.( AdE®p*O(-1))) ~ HY(X, 62 ® 6 ') and H*( AdE®p*O(-1)) =0.  (4.3.7)
Again tensoring ([4.3.4)) by p*O(—2) we have,
D(R'p.( AdE®p*O(-2))) ~ H'(P', O(-2)) and H*( AdE®@p*O(-2)) ~ HY(X,0). (4.3.8)

Therefore from the exact sequence (£3.5]) and ([4.3.7) it follows that

dim(T(R'p.( AdE @ p*O(—1))) = dim(H'(X,?® 071 + dim(T(¢2 ® 6) @ HY (P!, O(-2).
Therefore if £ is a special point in J then
dim(T'(R'p.( AdE ® p*O(—1)))) = 3
and if £ is not special, then

dim(T(R'p.( AdE @ p*O(—1)))) = 2
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If ¢ is not special then from (£3.6]) and (A3.8]) we have,
D(R'p.( AdE ® p*O(-2))) ~ T(R'p.( AdE ® p*O(-2))) ~ H'(P', O(-2)).
Therefore for a generic line bundle &,
dim(TC(R'p.( AdE @ p*O(—2)))) = 1

The moduli space of vector bundles of rank 2 and with fixed determinant of degree 1 over
X is classified by the intersection of two quadrics say, Y = Q1 N Q2 in P> and each point & € J
gives a line | = P(HY(X,£72®671)) in Y and since the tangent space at a point e to the moduli
space can be identified by H'(X, AdE), the restriction of the tangent bundle to the moduli
space at a line [ can be identified by R'p,( AdE), where E is as above.

Therefore dim(I'(I, T |; ®O(—1))) = 2 for a general line defined by a general point in J and
is 3 for a special line and dim(T'(I,T" |; ®O(—2))) = 1 for general line .

Since any bundle over P! splits as a direct sum of line bundles and the degree of the tangent

bundle restricted to a line [ is 2, it has a decomposition as follows:
O(a) @ 0O(b) ®O(2—a—b)

Therefore T |; ®O(—1) and T |; ®O(—2), where T denotes the tangent bundle to the moduli

space of vector bundles, have decomposition as
Ola—1)@0b-1)a0(1—-a—->b)and O(a—2)®O(b—2) ®O(—a —b)

respectively. Now using the fact that I'(T' |; ® O(—1)) and I'(T' |; ® O(—2)) have dimensions 2
and 1 respectively for general lines and I'(T" |; ® O(—1)) is of dimension 3 for special lines, we

have the following decomposition of the tangent bundle restricted to a general line :
Od0a0(2)
and to a special line it is either
O(-1)a0(1) e 0(2).

O(-1) & 0a 03).

It is known that J2, the Jacobian of degree 2 line bundles over X is isomorphic to the lines in
Y and J? is canonically isomorphic to J. Therefore J is isomorphic to the variety of lines in Y.
By the Lemma and the above computation we conclude that the restriction of the above
isomorphism to genaral lines gives an isomorphism between the general lines and general line

bundles of degree 0 and so its complements. Therefore we have the following theorem:
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Theorem 4.3.4. The decomposition of the tangent bundle to the moduli space of vector bundles
of rank 2 and fized determinant § over X restricted to the line | = P(H (X,672® §—1)) for a
special point & € J is

O1)@0O0(-1)® 0O(2)
and for a generic point £ € J it is

03 0®0(2)

For the projective space P?(V) we have the following exact sequence
0—0(-1) = Vo0 —Te0(-1) — 0,

where T" denote the tangent bundle.Therefore restricting it to the subvariety Y we get the exact
sequence
0—0y(-1) - (VR0O)|ly—T |y @0y (-1) — 0.

But it is clear the projective tangent bundle TY has a natural embedding in the projective
tangent bundle V ® O over P and the image of the surjective map in the above exact sequence
is exactly 7Y ® Oy (—1). Therefore we have

0— Oy(—=1) — TY —- T 0Oy(-1) — 0
and restricting to the line P! we have the following exact sequence:
0— Opi(—=1) — TY |pr— TY |p1 @0Op1(—1) — 0.

If P! = [ is a special line then TY |; has a splitting (by the Theorem E3.4) as O(—1) @
O(1) ® O(2). Therefore TY |p1 is a nontrivial extension of (O(—1) @ O(1) ® O(2)) ® O(—1) by
O(-1). But HY(O(1)) and H*(O(-1)) is zero and H'(O(—2) has a nonzero canonical element,
the non-trivial extension corresponds to the canonical element in H'(O(—2)) and since over P!

we have an exact sequence
0—0(-1) —L®0—0(1) —0,

where L is the vector space corresponding to the line [ the nonzero canonical element gives the
nontrivial extension which is L ® O.

Therefore We have TY |;= O%3 @ O(—2). similarly by the same argument for a generic line
we have TY |;= 092 @ O(—1) @ O(—1).

Therefore by the above calculation we have the following proposition:

Proposition 4.3.5. The projective tangent bundle TY to Y restricted to a generic line (resp.
special line ) in'Y is isomorphic to TY |;= OP2@O(=1)@O(-1) (resp. TY ;= O30 0(-2)).
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Definition 4.3.6. A point p in the intersection Y of two quadrics Q1 and Qo in P is said to

be a special point if it lies on a special line in'Y .

It is obvious that if [ is a line passing through p and contained in Y, then the projective
tangent space at p to Y contains the line .
The restriction of a quadric @ € P(W) to the projective tangent space at a point p to Y is a
cone with vertex p and with base a conic. Now any two conics in a plane generally intersect in
four points. All the conics pass through these four points. Therefore all the cones intersect in
four lines joining the vertex p and the intersection points of the conics.
Therefore generically the projective tangent space at p to Y contains exactly four lines in Y.

Now if p is a special point then there is a special line [ containing p. In that case since we
have L+NY = 2L, L' touches every base conic in the pencil. Hence the number of intersection
points of the base conics in this case is < 3, one of them with multiplicity 2.

Therefore in this case P(P+) contains less than 4 lines. Therefore we can define the special

points also as

Definition 4.3.7. A point p is called a special point if the projective tangent space to'Y at p

contains fewer than 4 lines in'Y .
Define A = {p € Y : P(P") contains fewer than 4 lines of Y}
Remark 4.3.8. It is known ([3], page 793) that A is a surface of degree 32.

Definition 4.3.9. A rank 2 stable vector bundle V with fixed determinant 0 is called special if

it contains a degree zero line bundle £~1 with & special.

In other words in the identification of the moduli space of rank 2 stable bundles with fixed

determinant 0, with Y, V' corresponds to a special point in Y (as definition [4.3.7]).

Definition 4.3.10. A stable vector bundle is called very stable if it admits no non-zero nilpotent
Higgs field.

Lemma 4.3.11. A stable vector bundle V' of rank 2 and determinant § over X is special if

and only if it admits a nonzero nilpotent Higgs field.

Proof. Let ¢ : V — V ® K be non-zero nilpotent. Then kery and image ¢ are non-zero.
Since V and V @ K are stable and pu(V ® K) = 2, degree(kery) is zero or —1.
Case(1). degree(kery) = 0. Let keryp := £~1, where ¢ is a degree zero line bundle over X.

Then we have the following diagram,

0 g1 1% E®6

|+

0—¢lK— VoK —§(R0IQK —0

0
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Clearly the induced map £~! — ¢ ® 6 ® K is zero. Therefore ¢ takes £ to €' ® K which
gives a section of K. Since ¢ is nilpotent and trace ¢ is zero, p? = 0. Thus induced map
E®0— E®IR® K is zero.

This implies that ¢ factors through a map £ ® § — ' @ K.

This means that £ 2 ® K ® 6! has a non-zero section.

i.e., £ is a special by definition 3] and hence V is special (£.3.9).

Case(2). Degree(keryp) = —1:

Since degree( kerp) = —1, image ¢ is of degree 2 line subbundle of V' ® K. Therefore
(image) ¢ ® K~! is a degree zero line subbundle of V. Again since trace ¢ = 0 and ¢ is
nilpotent, 2 is zero and therefore (image) ¢ ® K~! is a degree zero line subbundle of V
contained in the kernel of ¢, a contradiction.

Conversely if V' is special then it can be obtained as an extension
0—&l—5V—£606—0,

where ¢ is a line bundle of degree zero satisfying H°(X, ¢ 2®6 ' ® K) # 0. Therefore we have
a nonzero homomorphism £ @ — ¢~ '® K which gives a nonzero nilpotent map V — V@ K.

Hence the proof is complete. g

Therefore by the above Lemma it follows that the variety of stable bundles which are not
very stable is isomorphic to A.

Now we shall construct a bundle over X with fibre at a point & isomorphic to H UX, 62
5h).

Consider the following commutative diagram

X x Jl—/—=Jx J!

pxl ‘|

X ——J

where 7(2,n) = (L, @0~ Yn), x € X,n € J, u(j,n) =j®@n,j € J,n € J' and t is the natural
inclusion of X in J'. Since u~'(tX) = 7(X x J!) it is clear that the line bundle on J x J!
defined by the divisor T' = 7(X x J1) is just u*(Lg) where 6 is the divisor in J' defined by the
embedding of X in J'.

Let 0 : J x J! — J x J! be the morphism given by (j,1) = (= !,n) for j € J,n € J'.

In [8], Lemma(6.4) it has been proved that the family of line bundles on X parametrised by J!
defined as M; = 7*0* Lt assigns to each 7 € J' a bundle isomorphic to 7?.
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Consider the map
m:X xJ— X xJ'

defined by (z,§) — (z,€ ® ). Then the bundle m*(M;) is a family of line bundles on X
parametrised by J assigns to each & € J a line bundle isomorphic to £? ® §2.

Consider the bundle M = pjé ® (m*(M;))*, which is a family of line bundles on X
parametrised by J assigns to each & € J a line bundle ¢ 2 ® 6.

Let M denote the bundle M restricted on X x X. Since H'(X;¢ 2 ® 6~ 1) is of constant
dimension as £ varies over X, the 1st direct image R! (pg)*M , where ps is the projection of
X x X to the second factor, is locally free (Semicontinuity Theorem).

Let F denote the vector bundle R'(ps),M. By [10], there is a family of vector bundles
parametrized by P(F). By Lemmas and [£.33] this family gives stable bundles. Therefore

by the universal property of the moduli space we have a morphism
P(F) —Y.

Clearly the image of this map is isomorphic to A. It is known (4.3.8) that A is a smooth
surface of degree 32.

Let F; denote the restriction of the cotangent bundle of Y to A.

Since by Theorem B.0.9 the bundle G and F; is embedded in the moduli space of stable

Higgs bundle, there is a subspace S with two fibration over X. Therefore we have,

Theorem 4.3.12. There is a subspace S in the moduli space of stable Higgs bundles with two

fibrations over X one via G and other via Fj.
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Chapter 5

Geometry Of The Hitchin Map

In chapter 2], section 2.3 we have defined the Hitchin map on the moduli space of Higgs bundles.
In this section we will describe the geometry of the map.

Let X be a smooth curve of genus 2. Then as in Chapter 2], section 2.3] the Hitchin map
is a proper map from the moduli space of stable Higgs pairs (E, ¢) over X, where F is vector
bundle of rank 2 and of degree 1 with fixed determinant § and ¢ is a trace-free section of
EndE ® K onto H(X, K?), where K is the canonical line bundle over X.

It is known that the cotangent bundle of the moduli space of stable vector bundles is an
open dense subset of the moduli space of stable Higgs bundles.

Let M denote the moduli space of stable vector bundles of rank 2 with determinant §.
Then the cotangent space to M at a point E can be identified with H°(X, AdE ® K), where

AdFE ® K denotes the vector bundle of trace-free endomorphisms from ¥ — E ® K.
As defined earlier the restriction of the Hitchin map to the cotangent space at a point E is

a quadratic map from
H%(X, AdE® K) — H°(X,K?).

Lemma 5.0.13. If E is a vector bundle of rank 2 and
dim H(X, 6 ' @ F)) > 2,
then either E =~ £ @&, or dim HY (¢ '@ L' ® E)) # 0 for some z € X.
Proof. Assume that F # £ @ £. Consider the map
ERHX, 6 QE) —¢(®(E '®E) ~E.

Since, by assumption, this is not an isomorphism, there exists a nonzero homomorphism
¢ : & — E such that ¢(x) = 0, for some x € X. This homomorphism factors through a

homomorphism { ® O(z) — E, proving our assertion. O
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Lemma 5.0.14. Let E be any stable vector bundle of rank 2 and degree 1. Then there exists
a degree zero line bundle & such that HO(X, Hom (¢~ E)) # 0.

Proof. By the Riemann-Roch theorem, we see that dim H°(X, L®E)) > 3, for any line bundle
L of degree 2. Let W be a subspace of H?(X, L® E)) of dimension 3. Associate to each = € X,
the subspace H, of sections of L ® E in W which vanish at z. Then the subspace H, is

contained in the image under the injective map
HYX,L® Ex L") — H'(X,L®E).

If H, is of dimension > 2, this implies that dim H°(X,L ® F ® L;') > 2 and our assertion
follows from Lemma[5.0.131 We shall therefore assume that H, is of dimension 1 for all z. This
means that we have a non-constant morphism X — P(W). Since X has genus 2 it cannot be
an embedding. Therefore there exist at least one point ¢ in the image with atleast two points
in the fiber. Since F is stable, its fiber contains exactly two points say, y,z € X. Then o is the
image of a section of L ® L;l ® L;' ® E by the natural map L ® L;l QL;'®E — L®E.
This completes the proof of the Lemma. O

Lemma 5.0.15. Let E be a fived vector bundle of rank 2 over X with determinant §. Let
AdE® K be the bundle of trace-free endomorphisms from E to EQ K, where K is the canonical

line bundle over X. Then the rank of the evaluation map
HYX, AdE®R K)® 0 — AdE® K
is > 2 at every point of X.

Proof. If the rank of the above map is < 2 at some point € X and sq, sy are two sections
of Ad E ® K vanishing at z, then det (s1) and det (s2) vanish at x with multiplicity 2,
and since det (s;),4 = 1,2 are sections of K®2, they vanishes also at tx with multiplicity
2, where ¢+ denotes the hyperelliptic involution on X. Therefore for any y € X \ {z,wz},
det (A1s1 + Aa2s2)(y) # 0, where \; are arbitrary scalars(not both zero). But as the space of
sections s such that det(s,) = 0 is a hypersurface, some linear combination of s;(y) and s2(y)

has determinant 0 which is a contradiction. This proves our lemma. O

Lemma 5.0.16. Let E be a stable vector bundle over X of rank 2 and determinant §. Then
there are exactly 4 line bundles of degree zero contained in E, for non-special E and if E is

special then the number of distinct line bundles of degree zero contained in it is less than 4.

Proof. Let ¢! be a line bundle over X of degree zero, contained in E ( which exists by above
Lemma [5.0.14)). Then any non trivial extension of £ ® § by ¢! is stable by Lemma E3.2] and

two nontrivial extensions are isomorphic if and only if one is the scalar multiple of the other
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(Lemma [£3.3). Therefore the bundle E gives an element e in P(HY(X,¢72 ® §=1)) where
HY(X,672®0671)) is the classifying space of extensions.
Let ¢ be non-special. Consider the base point free line bundle K ® £2 ® 6, where K is the

canonical line bundle over X. This gives rise to a morphism
7 X — P(HO(X,K @€ ©6))") ~ P(H'(X, 62 57)))

given by mapping each = € X on the point in P(H'(X,£2®67!)) corresponding to the kernel
of the map
HY(X, 6?06 — (H(X,6 206 ©0(x)).

The degree of the map is the degree of the line bundle K ® £2 ® ¢, which is 3.

Therefore 71 (e), where e is the point in (PH'(X,£72®§~1)) corresponding to the bundle
FE, will give three points say, x;,7 = 1,2,3. We claim that they are distinct. If not, then let
1 =29 = x. Since Oz + 22 +23) = K®E2®6, K® &2 ® 6 ® O(—2x) has a section. Thus
the line bundle ¢! ® 6~ ® O(z) is special.

Consider the exact sequence
0—¢l—SFE—¢®6—0.

Then the natural map £ ® § ® O(—x) — £ ® ¢ factors through { ® 6 ® O(—z) — E (as the
corresponding point e is in the kernel of the map H'(X, (2 ® 6 71) — (HY(X, 6?26 ' ®
O(z))). Thus E is special, a contradiction.

Therefore there are 4 distinct line bundles of degree zero namely, ¢! ¢ ® 6 @ O(—x;),i =
1,2,3 contained in F.

Conversely if n be a line bundle of degree zero contained in E, composing with the surjective

map of the exact sequence
0—¢ S E—Ee6—0,

we have a morphism n — £ ® §. If this map is zero then the map n — F factors through
n — &1 since both are of degree zero, they are isomorphism. If the map is not zero then we
have n ® O(z) ~ £ ® 4, for some z € X. That is n ~ & ® 6@ O(—x).

If ¢ is special then €2 ® § = O(x), for some = € X. In that case the line bundle K ® €2 ® &
is not base point free, its base locus is {x} and therefore tensoring it by the line bundle O(—x)
we get the base point free canonical line bundle K. Using the isomorphism of H°(X, K) and
HY(X, K ® &2 ® 6) we again have a morphism,

7: X —PHX,K)) ~P(H (X, KR ®§)") ~PHY(X,6220™h)),

given by mapping to each y € X on the point in P(H'(X,¢72 ® §~1)) corresponding to the
kernel of the map
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Note that the degree of the map in this case is 2. Therefore 7~ !(e), where e is the point in
P(H'(X,672 ® 671)) associated to E will give 2 points, say y; and 3. Then by the same
argument as earlier it follows that E contains at most 3 line bundles of degree zero.

O

Remark 5.0.17. If y; = yo = y then O(2y) = K, i.e., y is a Weierstrass point and the line
bundle @6 1@ O(y) is also special and E contains the line bundle £ @5 @ O(—y). Therefore
in this case the number of distinct line subbundles of degree zero is 2.

If €2 ® 06 = O(w), where w is a Weierstrass point and E is the bundle corresponding to the

extension class w(w) then E contains only one line bundle of degree zero.

Let € and 1 be two distinct line subbundles of E of degree zero over X. Then we have the
following exact sequence
0—¢épn—FE— O — 0,

for some x € X. It is also clear from the above exact sequence that £ @ n ~ § ® O(—=x). Let i¢
denotes the natural map
§E— £ 0(x).

Consider the map
§@dn — () @ O0(x),

given by {i¢, —iy}. Clearly this map vanishes at .
Now the following lemma says that the above map factors through £ — (£ ®n) ® O(z).

Lemma 5.0.18. Let V and W be two vector bundles over X of same rank and
00—V —>W-—0p—0

for some divisor D over X. Then the natural map V.— V @ O(D) factors through W —
Ve O(D).

Proof. From the exact sequence
00—V —>W-—>0p—0,
we have an exact sequence
0— W* —V*— Ext'(Op,0) — 0.
On the other hand, from the exact sequence

00— O(-D)— O — Op —0,
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we have Ext!(Op,0) ~ Op(D). Therefore we have the following exact sequence
0 —W"—V"— Op(D) —0.
Tensoring with V @ O(D) we get
0 —>WRVeOD) —-V'eVeOD) — OpD)eVeO(D) — 0.
Now the lemma is a consequence of the above exact sequence. a

Now composing the map £ — (£&17)®0(x) with the morphism (£&17)@0(x) — EQO0(x),
we get a trace-free morphism £ — E ® O(z). Again composing it with the natural map
E® O(r) — E® K, we get a trace-free morphism £ — E ® K vanishing at tz.

Therefore each pair (£,7) of degree zero line bundles contained in F gives a point z € X
such that the map

H' (X, AdE® K)® O — AdE® K

fails to be of maximal rank at tx, with £ @ n = 6 ® O(—x).

Let E be a stable vector bundle of rank 2 with determinant . Then by the Lemma [5.0.16]
E contains 4 line bundles counted with multiplicity of degree zero over X, say, &1 = ¢4, &4 =
ERORO(—x;),i =1,2,3, where z; € X. From the proof of the Lemma [5.0.16], it follows that

(’)(xl +x2+x3) =K®€2®5 (5.0.1)

and
g = Ko 62 (5.0.2)

Let z;; denote the point given by the pair (&;,&;), such that the map
H (X, AdE®K)® O — AdE® K
fails to be of maximal rank at cz;;. Then we have & ® £ = 6§ ® O(—x;;). Therefore,
(& ® &) = 0° ® O(—Zay;).

Hence from the equation (5.0.2), it follows that O(Xx;;) = K3.
Now we have & ® &1 =0 ® O(—x;),i =1,2,3 and & ® §(i,j # 1) = 6 ® O(—w;;), which
gives
20060 O0(—xi1 —xj_1) = O(—xij).

But we have from (5.0.1])

O(xi_l + a:j_l) =K® 52 R0® O(—xg_i_j_l).
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Therefore we have,
CRQKTRE?R6TT®0(x9—i—j1) = O(—zy).

Hence z;; = twg_;_j_1.

Therefore the divisor of degree 6 where the map
H(X, AdE®K)® O — AdE® K (5.0.3)

fails to be of maximal rank is given by Z?:l i+ Z?Zl LT;.
Let us fix a point x € X and let AdE denote the universal bundle of trace-free endomor-
phisms from & — £ over M x X, where M denotes the moduli space of stable rank 2 bundle

with fixed determinant § over X. Consider the map
p1.( AdE @ p5K) — ( AdE, @ p5K,) ® O, (5.0.4)

where p; denotes the i-th projection. The map fails to be of maximal rank along a section of
Om(2). Now if € is a degree zero line bundle such that ¢2 ® § # O(wx), then there is a unique
stable vector bundle of rank 2 with determinant ¢ corresponding to the unique extension class
of €20 by ¢! given by the kernel of the map H'(X;¢2®67!) — HY(X; (2061 ®@0(),
containing ¢! and ¢ ® § ® O(—wz), in which case the map in (5.0.4)) fails to be of maximal
rank at F.

If 2®0 = O(ux) then HO(X, (20571 @0 (1)) # 0, from the following two exact sequences

0—¢l' S F—¢6i—0

and
0 —¢'®00r) — E®00r) — €26 0(1x) — 0,

we get a nonzero trace free morphism from £ — EF®O(wx), for all stable bundles corresponding
to nontrivial extensions of £ ®§ by £¢~!. Composing with the natural map E® O(1r) — EQK
we get a trace-free section of AdE ® K vanishing at x. In other words the map in (5.0.4)) is of
lower rank at each point corresponding to the nontrivial extensions of £ ® 6 by 1.

Set D, ={EeM:(1 @50 0(—1z) C E: €€ J}, where J is the Jacobian of X.

We define an involution ¢, on the Jacobian J by ¢ — ¢! ® § ® O(—x). Then J/i, is a
Kummer surface K, associated to z. Let Z, denote its double points.

Asin [8], we identify the moduli space M with intersection of two smooth quadric @1 and Q2
in P5. Also we identify the line bundles of degree zero over X with the lines in ¥ = Q1 N Q2
as in Chapter @l Now for each E in D, there exists a unique pair {16 ® § ® O(—wz) C E
in J and hence a point in K,;. In other words there exist exactly two lines [; and I3 in Y

containing the point y € Y associated to E and a plane A generated by I1 and [, contained in
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the quadric, say Q,, = Q. associated to tx € X such that A N Q; is degenerate, where Q) is a
non-degenerate quadric in the pencil other than Q.
Therefore A is tangent to () at cx.

Now D, can also be defined as follows
D, =X :={y €Y : there exists a 2-plane A C @,, such that A is tangent to Q; at y}.

Therefore we have a morphism
b2 — K,

such that ¥\ b,!(Z,;) is isomorphic to K,, \ Z, and over the double points the fibres are
isomorphic to P*.

The following Lemma characterises .

Lemma 5.0.19. ForyeY,
y € X if and only if T,Q1 1is tangent to Q.

Proof. By Proposition 5.2, we can take 1 to be of the form 2?21 a;zz and Q, = Q. as
Z?:1 Az,

Let T,Q1 is a tangent to Q. at v/, ie., T,Q1 = TyQ,. If y and y' are presented by
(a1, ...,ag) and (b1, ..., bg) respectively, then we have a; = ¢b;\; for some non-zero scalar. Since
y ey, Z?Zl a? = Z?:l cbihi = 0, ie., v € TyQ,. Therefore the line joining y and ¢’
is contained in TyyQ, N Q. Thus there exists a plane, say, A, contained in Q,; N Ty Q.
Therefore A C Ty Q. = T,Q1.

i.e, A is a tangent to Q1 at y; thus y € X.

Conversely, let A be a plane contained in @, such that A C T, Q1, then the quadric threefold
T,Q1NQ,, contains the plane A and therefore it must be singular; thus 7,01 must be tangent

to ., somewhere. O

But in Chapter it has been shown that ¥ is a smooth intersection of three quadrics in P°

and therefore it gives the line bundle Ox(2) over the moduli space M. Hence
O(Dy) = Om(2).

Therefore the map in (5.0.4]) has lower rank exactly along the divisor D,.

Hence the projection map
Pi(p1.( AdE @ p3K)) — AdE @ p3 K
fails to be of maximal rank along the divisor

D={(E,x) e Mx X :&{,nC E with { ®n =0 & O(wz) for some &, n € J}.
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Let h : X — P! be the hyperelliptic map. Fix a stable vector bundle E of rank 2 with

determinant §. Taking the direct image of the map
H(X, AddE® K)® O — K2,

we have
HY(X, AddE® K)® 0 — O(2),

which gives a range of conics on H°(X, AdE ® K). Therefore we have the following exact

sequence
0— HYX, AdEQK)® O — H°(X, AdEQ K)*® 0(2) — O(D") — 0
where D' is of the form 2y; + 2y2 + 2y3,y; € P! such that h=1(y;) = {x;,vx;}, where z; are the

points of X where the map

HYX, AdE® K)® O — AdE® K

has lower rank.

Therefore the natural map
HY(X, AdE® K)® O — HY(X, AdE® K) ® O(3)

factors through H°(X, AdE ® K)* ® O(2) — H%(X, AdE ® K) ® O(3) which gives a pencil
of conics on H(X, AdE ® K)*.
Let p denotes the map
Idpyyxh: Mx X — M xP!

and p} denotes the i-th projection from M x P! to the i-th factor.

Now consider the quadratic map
P1(p1.( AdE ®@ py K)) — p3(h"O(2)).
Taking 1st direct image under the map p we have the following quadratic map
0 (P1 (p1.( AdE @ p3K))) — Py (O(2)).
Therefore we have the following exact sequence
0 — px(p}(p1,.( A€ @ p3K))) — (px(p] (p1,.( AdE @ p3K))))* @ p5(O(2)) — Opr — 0,

where O(D') = O(2D") and O(D") = p}* Om(2) ® p,y"O(3).

Therefore the natural map
0+ (P71 (P1,.( AdE @ p3K))) — pu(p](p1.( AdE @ p3K))) ® O(D"),
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factors through

0« (P (p1,( AdE @ p3K))))* @ p5(O0(2)) — p4(p(p1.( AdE @ p5K))) @ O(D”),  (5.0.5)

which give the morphism

f 001 (pr.( AdE®P3K))))*@p1 Opa(—1) — 9u(pi (p1.( AdE®P3K))))@p) " Opm(1)@ps" O(1).
(5.0.6)
Taking the direct image of the map p} we get a pencil of quadrics on (p1,( Ad€ @ p3K))* ®
Om(-1).
On the other hand let Y be a smooth intersection of two quadrics Q; and Qs in P° and
P(W) denote the pencil of quadrics in P? passing through Y and T'Y denote its tangent bundle.

Then we have the following Lemma ;
Lemma 5.0.20. dim H°(Y,s*(T*"Y ® Oy(1))) = 2

Proof. Let V is a 6-dimensional vector space and (Q1,Q2 be two non-degenerate quadrics in
P(V) and Y = Q1 N Q2. i.e., Y is a complete intersection of two quadrics @ and Qo in P(V).
Therefore det (T*Y) = Oy (—2). The projective tangent bundle to P(V') is trivial.

Let T denotes the projective tangent bundle to Y, then we have the following exact sequence
0—T —V&0y — Ny —0, (5.0.7)

where Ny is the projective normal bundle.
Claim: Ny ~ Oy (1) ® Oy (1).
Consider the quadric Q1 in P(V'), then degreeT*@Q; = —4 and hence det(TQ;) =~ Og,(—1).

From the exact sequence on Q¢
0—TQ — V®0g — Ng, — 0

it is clear that N, ~ Og,(1). on the other hand degree TY = —2 and therefore from the
exact sequence

0—> T’Y — T’Ql |y—> ./\/’Q1 |Q2—> 0,

we have Ng, |g,= Oy (1).
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Now we have the following diagram

0

0—>TQ1 ’y—>V®OY—>OY(1)—>O

Oy (1)

o

From the exact sequence (5.0.7) and the above diagram we have
0— Oy(1) — Ny — Oy (1) — 0.

Using the rationality of Y and hence H'(Y, ) = 0 we can conclude our claim.

Thus we have the following exact sequence
0—T —Ve0y — Oy(1)®Oy(1) — 0.
Taking dual we get
0— Oy(-1)®0Oy(~-1) — VR0y — T* — 0,
which gives the surjective map from
S2(V ® Oy) — S¥(T™).
Let G be its kernel. Then we have the following two exact sequences
0—G— S](VeOy) — S3T*) — 0 (5.0.8)

and

0 — S2(Oy(=1)® Oy (-1)) — G — T* @ (Oy(—1) ® Oy (-1)) — 0. (5.0.9)

Since Y is a complete intersection in P°, by Lefschetz theorem on hyperplane section, we
have H(Y, T*) = 0 and H'(Y,T*) is of dimension 1. The long exact sequence of cohomologies

of the short exact sequence
0—T"—T*®0y(-1) — Oy — 0
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gives the following exact sequence
0— H' (Y, T* ® O(-1)) — H(Y,0) — HY(Y,T*) — HY\(Y,T* @ O(-1)) — 0.
But the bundle 7* @ O(—1) is the nontrivial canonical extension of @ by T*, therefore
H'Y(Y,T*) ~ H(Y,0).

Therefore H (Y, T ® O(—1)) = 0,i =0, 1.
From the long exact sequence of the cohomologies of the exact sequence in (5.0.9)) it follows
that H(Y,G) = 0,7 = 0, 1. and therefore from the exact sequence (5.0.8]) we have

HO(Y, S*(V ® 0)) ~ HO(Y, S*(T*)).
On the other hand we have an exact sequence
0—T"®0(1) — T — O(1) — 0,
which gives as before the following two exact sequences
0— F— S*T*) — 02) —0 (5.0.10)

and
0— S} (T*®0(1)) — F — T*® 0(2) — 0. (5.0.11)

Since Y is embedded in P(V), we have an surjection from
HO(Y, S*(T%)) =~ H'(B(V), 0(2)) — H"(Y, Oy (2))

But the dimension of H(P(V),O(2)) is 21 and as Y is the intersection of two non-degenerate
quadrics, dimH%(Y, Oy (2) is 19.Therefore from the long exact sequence of cohomologies of the
exact sequence (5.0.10) we have dimH°(Y, F) is 2.

Hence from the exact sequence (B.0.11)) it is clear that dimH°(Y, S?(T* ® O(1))) is at most

Let P(W) be the pencil of quadratic form on P(V) defined by the quadrics @1, and Qs.
Then it gives a pencil of quadratic forms on T along the fibre.

From the exact sequence
0—0(-1) —T —>TR0(-1) — 0

and by the definition of ¥ in P(V), Oy(—1) is orthogonal to T with respect to the pencil
P(W).Therefore it gives a pencil of quadratic form along the fibre of TY ® O(—1). Hence
W c HO(Y,S*(T* ® O(1))).

Therefore dimH%(Y, S?(T* @ O(1))) is at least 2.

Therefore dimH°(Y, S?(T* ® O(1))) = 2.
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Now restriction to the projective tangent bundle to Y of the pencil W gives a pencil and
hence on TY ® Oy (—1) (as in above Lemma).
i.e., if p} denote the i-th projection from Y x P!, where P! = P(WW), to the i-th factor then

we get a morphism
F: ) TY @ Oy (=1) — (0)*T*Y @ Oy (1) © (p3)*Op1 (1). (5.0.12)

Therefore if we identify the moduli space M of stable bundles as a smooth intersection Y
of two quadrics in P® then by the above Lemma we conclude that the pencil given by f and f

are same. In other words we have the following Theorem:;
Theorem 5.0.21. The morphisms f in (0.8) and f in (OIZ) are same.

Therefore from the above theorem we can identify
W = H°(P',0(1)) with H(X, K)

and the geometry of the Hitchin map can be described using above Theorem as follows: For
each element w € W we get a quadratic form on TM ® O(—1). Dualizing we will get a range
of quadratic forms which can be identified with W*, on the cotangent bundle of the moduli

space, i.e., to every point s of the cotangent bundle
w* = g (8, 8),

where ¢+ denotes the quadratic form corresponding to w* € W*, defines a quadratic form on
W*. i.e., an element of
S2(W) = H(X, K?)

which is the Hitchin map on the cotangent bundle to the moduli space we wanted.

Remark 5.0.22. If we fix a point y in the moduli space of stable bundles and consider the
projective space corresponding to the cotangent space at y then the geometry of the Hitchin map
will be clear. In this situation a Hitchin point (a point in the Hitchin space P(H° (X, K?))) can
be thought as two quadrics Q1 and Qo in the pencil. Then by the above discussion these two
quadrics will give two conics in the cotangent space at y. Then the fibre over this Hitchin point
to the cotangent space at y are the points contained in both conics.

Dually a point in the cotangent space gives a line in the tangent space and the fibre of the
Hichin map over a Hitchin point given by Q1 and Qo are the lines in the tangent space which

touch the conics given by Q1 and Q2.
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