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Abstract

In this thesis, we use the parameterized framework for the design and analysis
of algorithms for NP-complete problems. This amounts to studying the param-
eterized version of the classical decision version. Herein, the classical language
appended with a secondary measure called a “parameter”. The central notion in
parameterized complexity is that of fixed-parameter tractability, which means given
an instance (x, k) of a parameterized language L, deciding whether (x, k) ∈ L in
time f(k) ·p(|x|), where f is an arbitrary function of k alone and p is a polynomial
function. The notion of kernelization formalizes preprocessing or data reduction,
and refers to polynomial time algorithms that transform any given input into an
equivalent instance whose size is bounded as a function of the parameter alone.

The center of our attention in this thesis is the F-Deletion problem, a vastly
general question that encompasses many fundamental optimization problems as
special cases. In particular, we provide evidence supporting a conjecture about the
kernelization complexity of the problem, and this work branches off in a number of
directions, leading to results of independent interest. We also study the Colorful
Motifs problem, a well-known question that arises frequently in practice. Our
investigation demonstrates the hardness of the problem even when restricted to
very simple graph classes.

The F-Deletion Problem Let F be a finite family of graphs. The F-Deletion
problem takes as input a graph G on n vertices, and a positive integer k. The
question is whether it is possible to delete at most k vertices from G such that
the remaining graph contains no graph from F as a minor. This question encom-
passes fundamental problems such as Vertex Cover (consider F consisting of
the graph with two vertices and one edge) or Feedback Vertex Set (the set
F consists of a cycle with three vertices). A number of other deletion-based opti-
mization problems also turn out to be special cases of Planar F-Deletion, for
instance: Diamond Hitting Set, Outerplanar Deletion Set, Pathwidth
r-Deletion Set and Treewidth r-Deletion Set.

The general F-Deletion problem is NP-complete. From the parameterized
perspective, by one of the most well-known consequences of the celebrated Graph
Minor theory of Robertson and Seymour, the F-Deletion problem is fixed-
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parameter tractable for every finite set of forbidden minors. It is conjectured that
the F-Deletion problem admits a polynomial kernel if, and only if, F contains
a planar graph. We refer to the F-Deletion question when restricted to the case
when F contains a planar graph as the Planar F-Deletion problem.

We obtain a number of kernelization results for the Planar F-Deletion prob-
lem. We give a linear vertex kernel on graphs excluding t-claw K1,t, the star with
t leves, as an induced subgraph, where t is a fixed integer, and a obtain polyno-
mial kernels for the case when F contains graph θc as a minor for a fixed integer
c. The graph θc consists of two vertices connected by c parallel edges. Even
though this may appear to be a very restricted class of problems it already encom-
passes well-studied problems such as Vertex Cover, Feedback Vertex Set
and Diamond Hitting Set. The generic kernelization algorithm is based on a
non-trivial application of protrusion techniques, previously used only for problems
on topological graph classes. We also demonstrate an approximation algorithm
achieving an approximation ratio of O(log3/2 OPT ), where OPT is the size of an
optimal solution on general undirected graphs. The approximation algorithm is
used crucially in the kernelization routines.

We also show an algorithm for Planar F-Deletion that runs in time 2O(k log k)n2,
improving substantially from what was known previously, 22

O(k log k)
nO(1). Since

Planar F-Deletion is a generalization of Vertex Cover, we have that it can-
not be solved in time 2o(k)nO(1), unless Exponential Time Hypothesis fails, so our
algorithm is also quite close to being optimal. This algorithm uses the technique
of iterative compression, and the instance encountered at every iteration is subject
to kernelization. The intermediate kernelization algorithm is quite non-trivial and
requires reformulating some of the fundamental machinery that was used in all the
other situations. Also, towards the kernel, we show a “decomposition lemma” that
asserts that any graph of constant treewidth can essentially be partitioned into a
number of protrusions. We believe this result to be of independent interest.

We also consider the complementary “packing” question: we wish to maximize
the number of vertex (or edge) disjoint minor models of graphs in F . We show
that the packing number is closely related to the size of the optimal F -hitting
set in the special case when F = {θc}. Independently, but on a related note, we
show two lower bounds, demonstrating that the problem of finding if there are at
least k vertex-disjoint minor models of θc is unlikely to admit a polynomial kernel
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parameterized by k, and this is also true for the problem of checking if there are
at least k vertex-disjoint cycles of odd length (again parameterized by k).

Colorful Motifs We study the problem of Colorful Motifs on various graph
classes. We prove that the problem of Colorful Motifs restricted to superstars
is NP-complete. Further, we show NP-completeness on graphs of diameter two.
We apply this result towards settling the classical complexity of Connected
Dominating Set on graphs of diameter two — specifically, we show that it is
NP-complete. Further, we show that on graphs of diameter two, the problem is
NP-complete and is unlikely to admit a polynomial kernel.

Next, we show that obtaining polynomial kernels for Colorful Motifs on
comb graphs is infeasible, but we show the existence of n polynomial kernels.
Further, we study the problem of Colorful Motifs on trees, where we observe
that the natural strategies for many polynomial kernels are not successful. For
instance, we show that “guessing” a root vertex, which helped in the case of comb
graphs, fails as a strategy because the Rooted Colorful Motif problem has
no polynomial kernels on trees.
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Hitting forbidden minors: Approximation and Kernelization

Fedor V. Fomin∗ Daniel Lokshtanov† Neeldhara Misra‡ Geevarghese Philip‡

Saket Saurabh‡

Abstract

We study a general class of problems called p-F-Deletion problems. In an p-F-

Deletion problem, we are asked whether a subset of at most k vertices can be deleted
from a graph G such that the resulting graph does not contain as a minor any graph from
the family F of forbidden minors. We obtain a number of algorithmic results on the p-F-

Deletion problem when F contains a planar graph. We give
• a linear vertex kernel on graphs excluding K1,t as an induced subgraph, where t is a

fixed integer.
• an approximation algorithm achieving an approximation ratio of O(log3/2

OPT ), where
OPT is the size of an optimal solution on general undirected graphs.

Finally, we obtain polynomial kernels for the case when F contains the θc graph as a minor for
a fixed integer c. The graph θc consists of two vertices connected by c parallel edges. Even
though this may appear to be a very restricted class of problems it already encompasses
well-studied problems such as Vertex Cover, Feedback Vertex Set and Diamond

Hitting Set. The generic kernelization algorithm is based on a non-trivial application of
protrusion techniques, previously used only for problems on topological graph classes.

T2

K1,7

θ7.

1 Introduction

Let F be a finite set of graphs. In an p-F-Deletion problem1, we are given an n-vertex graph
G and an integer k as input, and asked whether at most k vertices can be deleted from G such
that the resulting graph does not contain a graph from F as a minor. More precisely the problem
is defined as follows.

p-F-Deletion
Instance: A graph G and a non-negative integer k.

Parameter: k

Question: Does there exist S ⊆ V (G), |S| ≤ k,
such that G \ S contains no graph from F as a minor?

We refer to such subset S as F-hitting set. The p-F-Deletion problem is a generalization of
several fundamental problems. For example, when F = {K2}, a complete graph on two vertices,
this is the Vertex Cover problem. When F = {C3}, a cycle on three vertices, this is the

∗Department of Informatics, University of Bergen, N-5020 Bergen, Norway. fomin@ii.uib.no.
†University of California, San Diego, La Jolla, CA 92093-0404, USA, dlokshtanov@cs.ucsd.edu
‡The Institute of Mathematical Sciences, Chennai - 600113, India.
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1We use prefix p to distinguish the parameterized version of the problem.
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2 U = V C = {{u, v} | (uv) ∈
E} 4k2 8k2

4k

G = (V, E) V

C H R C H

C



C R N[C] ∩ R = ∅

E ′ C H E ′

|H| G ′ = (C ∪ H,E ′)

H

G = (V, E) I ⊆ V |N(I)| <

|I| (C,H, R) G C ⊆ I

O(m+ n) G I

(C,H, R) G = (V, E) G

k G ′ = G[R] k ′ = k− |H|

G V ′ k G

|H| C H H |V ′∩ (H∪C)| # |H|

V ′ H∪C k− |H|

V ′′

k− |H| G ′ V ′′ ∪H k G

4k

G = (V, E) k

M G V(M)

M |V(M)| > 2k

k |V − V(M)|

|V − V(M)| " 2k 4k

|V − V(M)| > 2k I = V − V(M)

|N(I)| " |V(M)| < |I|

(C,H, R) G (C,H, R)



G ′ = G[R]

k ′ = k − |H|

|V − V(M)| " 2k

4k

2k

2k

G = (V, E) k

k G E

n m G N(v)

v G N(v) := {u | {u, v} ∈ E} v

N[v] N(v) ∪ {v}

k

{u, v} C

u v C

k



{u, v}

N[u] = N[v] u

u

v

2k

G = (V, E) 2k

C1, . . . , Ck k v ∈ V bv

k i 1 " i " k v Ci

2k u )= v ∈ V bu = bv bu

bv u v

u v





q

q

q = 1

(A / B)

A S A

q q # 1

q A

B

B q · |A|
q B

A

|B| q·m m

(n − k)



q

F

q

G A / B S ⊆ A

T ⊆ B S |S| q T x ∈ S

Fx ⊆ N(x) ∩ T x ∈ S |Fx| = q

x, y ∈ S Fx ∩ Fy = ∅ S |S| q T

x S q T

|S| q

q S

q q m

G A / B

B |B| > mq

S ⊆ A, T ⊆ B S |S| q T T

S

S, T G

H G = (A/B, E) (q−1)

A v

B v {u1, u2, . . . , up} A A1, . . . , Aq

q q

Ai := {u(i)
1 , . . . u(i)

p }.

X A1 ∪ · · · ∪Aq H (X /
B, E∗) E∗

⋃

1!j!q

{(u(j)
i , v) | u(j)

i ∈ Aj, v ∈ B (ui, v) ∈ E}.



Q

H

M H

M

UX X RX

UX SA = X \ (UX ∪ RX) UB

B T SA M

T = {x ∈ B | {u, x} ∈ M u ∈ SA}

SA |B| > mq UB B

H B

UB A UB

UX RX

M UB

SA SA



v ∈ A C(v) v v

C(v) ∩ SA = C(v) C(v) ∩ SA = ∅ v ∈ SA

v u UX {v,w} ∈ M v u

{u,w} ∈ E(H) v ∈ SA v ∈ SA

u RX {w,u} UX

u {w, v} ∈ E(H) UX

v v ∈ SA S = {v ∈ A|C(v) ⊆ SA}

G[S ∪ T ] q S

H M v ∈ S

v ∈ SA u /∈ SA u /∈ SA
w v

u w RX

SA

T S G

T SA H

T S G T

SA H

v ∈ T u ∈ N(v) u /∈ SA u ∈ RX u ∈ RX

w

u v {u, v}

v ′ {v, v ′} ∈ M v ′ ∈ SA

w ∈ UX v ′ u ∈ UX

w S

T

SA H
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q

(n−k)

q

S G \ S

k k

G

k

S ⊆ V(G) G \ S

|S| " k

2k

3k q

q = 1

G

G M G M k

G k

A 2k

M B = V(G) \ A G[B]

B A H = (A / B, E ′)
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k

M1 H |M1| > k

|M1| " k |B| # |M1|

q q = 1

S ⊆ A, T ⊆ B H[S ∪ T ] S

H G T S

G S T

S ∪ T G k := k− |S|

S ⊆ A,N(T) ⊆ S

T ⊆ B

S T



Q

|B| " |M| = k G[A∪
B] |A∪B| " 3k

3k

3k

(n− k)

G k (n − k)

G (n−k)

G (n − k)

χ(G) " (n − k)

k

k k

k

(n− k)

G= (V, E)

k

V(G) (n− k)

3k−3

G

G G

(3k − 3) q

q = 1

v G G

G v l G

G G ′ G

G

G χ(G) (n− k)

χ(G ′) (n − k − l) G

G G



G M ′ G M ′ k

χ(G) " (n−k)

M ′ G

|M ′| n − 2|M ′| G

n − 2|M ′| G

n − 2|M ′| + |M ′| = n − |M ′| = (n − k)

|M ′| < k

A 2k−2

M ′ B = V(G) \ A G[B]

B A H = (A / B, E ′)

G A

q H q = 1

M H |M| # k

|M| < k |B| > |M|

q S ⊆ A, T ⊆
B;S, T )= ∅ H[S∪T ] S H

G T S χ(G) " (n − k)

χ(G \ (S ∪ T)) " (n − k − |T |)

G \ (S ∪ T) n ′ = n − |S| − |T | k

k − |S| χ(G) " (n − k)

C : V → [n−k] G n−k G u T

B A \ S

S v ∈ S v C(u) u

v M u v G

u v G C(u) G

(n − k)

S T

χ(G\(S∪T)) " (n−k− |T |)

S ∪ T G k := k − |S|

|B| " |M| " k−1 G[A∪B] |A∪B| "
(3k− 3)

(n− k) (3k− 3)

k



Q

e = (u, v) ∈ E(G) e ′ = (u ′, v ′) ∈ E(G) {u, v}∩
{u ′, v ′} )= φ G k

G S ⊆
E(G) G S

k

G= (V, E)

k

S ⊆ E(G) e ∈ E(G)

S |S| " k

2k(k + 3)

q q (k+ 1)

G

G M G

M

2k G

k A 4k

M B = V(G) \ A

G[B] B A

H = (A/B, E ′) G

A q H q = (k+ 1)
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N(v)

|N(v)| > k

k

M1 H |M1| > 2k

|M1| " 2k |B| > |M1|·(k+1)

q q = (k+ 1)

S ⊆ A, T ⊆ B H[S ∪ T ] |S| (k + 1)

S H G T S

u ∈ S k

u u

u

(k+1) u

k

u

u T

T S

T

(u, vu) u ∈ S vu



Q

S ⊆ A,N(T) ⊆ S

T ⊆ B

S T q q = (k + 1)

k = 2

|B| < |M1| · (k + 1) =

(2k·k+1) G[A∪B] |A∪B| " 2k(k+1)+4k =
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F k θ2

F {θ2} F
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G

k

S ⊆ V(G) G \ S G[S]

|S| " k
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Wn n

n

v1, . . . , vn
{vi, v(i+1)} 1 " i < n {vi, v(i+1)}

{vi, v(i+1)}
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(G, k)

H G

! V(H) = V(G) ∪ {ve | e ∈ E(G)}

! E(H) = {(x, ve), (ve, y) | e = (x, y) ∈ E(G)}

(H, k)

(G, k)

♦ S G S

H H G

H

♦ S H x ∈ S ⊆ V(H) vx ∈ V(G)

vx =

{
x x ∈ V(G)

z z ∈ N(x) x H

x /∈ V(G) NH(x)

G x

x

{vx | x ∈ S}

k G



"
(G, k)

(H, l) l "
k H O(k2)

" ∆

O(k∆)

(G, k)

v ∈ G

X

G (G \ X, k)

v

(k + 1)



G {x1, y1, z}, . . . , {xk+1, yk+1, z}

(xi, yi) (xi, z) (yi, z) 1 " i " (k + 1)

&i (xi, yi, z)

((G ∪&1 ∪ . . . ∪&k+1), k+ 1) (G, k)

((G ∪ &1 ∪ . . . ∪ &k+1), k + 1) z

v (v, z)

v

v k

z v

v

G x y z y )= x

z )= x y z x

y z y z

z x y

⇓

z y



(G, k)

u1, u2, . . . , ur

N(u1) = N(u2) = · · · = N(ur) = {x, y},

r > (k + 2) H G

{u1, u2, . . . , ur} {ua, ub}

(x, ua), (x, ub), (y, ua), (y, ub).

ua ub H (H, k)

u1 u2 ur· · ·

ua ub

x

x

y

y

(k+ 2)



H

! V(H) = V(G)

! (u, v) ∈ V(H) G x y

u v

H k G

k

k

G v ∈ V(G) , v

, G v

v

v

5 v

v (k + 1)

H v G v

(H, k)

(G, k)



→ G x x x

k (G \

{x}, k− 1)

→ G x G

k

(G, k)

k = 0 G G

k

O(k3)

O(k3)

G

H

v1, . . . , vr
(vi, vi+1) i ∈ {1, 2, . . . , r− 1} vi G

x y v1 vr
{v1, . . . , vr} v x y

G {v1, . . . , vr}

H

vi
x y vi



v H

x y

G

vi x y x y

vi 1 " i " r

H G ua ub

{ua, ub, x, y}

G x y

H

G k x y

S k k

{u1, u2, . . . , ur}.

r > (k + 2) i j G \ S ui uj

x− ui − y− uj − x

S x y

S H

S x y

{u1, u2, . . . , ur} x y

ui x y
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x y ui S S

x y

r H

r G r > k

k

(u, v) H G u

v G



H

r

H r G G

H

k

H k H

k+ 2k(k),

k 2k

k

G

k + 2

G

(k+ 2k(k))(k+ 2) = O(k3).

G m k

O(mk)

H (n−t)

t = O(k3) r r > k

l

(G, k) (H, l)



(G, k)

G

v

v

v k

v ∈ V(G) Hv ⊆ V(G) \ {v}

v

v (k + 1) v

X ⊆ V(G) \ {v} 2k v

Hv v

q q = (k+ 2)

(G, k) Hv v

2k+(k+2)k 2k+(k+

2)k q q = (k + 2)

Greduction \Hv

v C1, C2, . . . , Cr v

v Hv

(G, k) k Ci

C1, C2, . . . , Cp

Cp+1, . . . , Cr

p " k

p Ci Hv

u ∈ Ci w ∈ Hv (u,w) ∈ E(G)

Hv

u C

Hv G[C∪{v}] u ∈ C



C Hv u

Hv

v

Hv! !

(k+ 2) k = 3

G Hv C C =

{c1, . . . , cs} ci Ci

s (r − p) (v, ci) w ∈ Ci

{v,w} ∈ E(G)

v hv Hv G v

Ci d(v) > hv + (k + 2)hv + p

(k + 2)hv

q q = (k+ 2) A = Hv B = C S ⊆ Hv

T ⊆ D S |S| (k+ 2) T N(T) = S

(v, u) u ∈ Ci

ci ∈ T v w

w ∈ S v w

w ∈ S w v

w {wa, wb}
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v

Hv

! !

v T ! S

T

{wa, wb} w ∈ S

v

q q = (k + 2)
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G S v GR

q (G, k)

(GR, k)

GR Z

k Z G G

v ∈ Z S ⊆ Z

w ∈ S v /∈ Z wa /∈ Z wb /∈ Z

wa wb v /∈ Z w ∈ Z Z

{v,wa, wb, w} w ∈ S

v /∈ Z S ⊆ Z

v ∈ Z GR \ {v} G \ {v} Z \ {v}

GR \ {v} G \ {v}

Z G



S v

Z v u

v G v GR

v ∈ Z Z v Z

k G S ⊆ Z

k G

k GR

G k G

k v S

v T

k

v S

W v

S x S W x1, . . . , xk+2

x (k + 2) x

|W| " k i, j xi /∈ W xj /∈ W

G\W {x, v, xi, xj}

W
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v

T W k

X ⊆ W W v

T v ∈ W X = ∅ W

v /∈ W S ⊆ W W\X

W \X k

W\X k |W| " k

W\X W\X

X S

X {v}∪S

S v
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∆
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G n (n− t)

δ ∆ G
n(δ−2)−tδ
2(∆−1)

F G EF

F G \ F n− |F| − 1

G \ F
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(n− t) · (δ)

2
− n+ |F|

(∆− 1)|F| >
n(δ− 2)− tδ

2
,

|F| >
n(δ− 2)− tδ

2(∆− 1)
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c
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H

n(δ− 2)− tδ

2(∆− 1)
,

δ

(n− tδ)

2(∆− 1)
.
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n " 2k(∆− 1) + (k+ 2k(k))(k+ 2)δ,
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δ # 3
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+

H

H

H
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X
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H X

G (G \ H) ∪∗ X ∪∗

H

H

G = (V, E) S ⊆ V ∂G(S) S

V\S S ⊆ V S NG(S) = ∂G(V\S)

r G = (V, E) X ⊆ V

r G |∂(X)| " r (G[X]) " r

r X X ′ = X\∂(X) r

X ′ X X X ′

t

t t G = (V, E)

t 1 t ∂(G)
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G[S] |∂(S)| ∂(S)

⊕ G1 G2 t
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∂(G1) ∂(G2)
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t ⊕



G G1 G2 t

G1, G2 ∈ G G1 ⊕ G2 G

G1 ⊕ G2 ∈ G G

G = (V, E) r

X X ′ X G1 r

X ′ G1 G G[V \X ′]⊕G1 G[X]

G1 X ′ G1

t

Π G t

G1 G2 G1 ≡Π G2 c

t G3 k G1 ⊕ G3 G2 ⊕ G3
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Π

G t S t
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t ≡Π t

Π t ≡Π
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r
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+

H S
+

+

t
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fG
fG(S) S

fG : 2X → N

fG(S) := max
I G

I∩X⊆S

|I|.

c 1c 2X {c} c

fG

G S, S ′ ⊆ X |fG(S)− fG(S ′)| " t

S ⊆ X fG(∅) " fG(S) " fG(∅) + t



fG
T = {g | g : 2X → {0, 1, . . . , t}} t G

X g ∈ T fG := 1c + g c

G \ X t

G1 G2 ≡T g ∈ T
fG1

:= 1c1
+ g fG2

:= 1c2
+ g c1 c2

G1 \ X G2 \ X

≡T T
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t+1 ≡T

Π t ≡Π
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≡T ≡Π G1 ≡T G2

G1 ≡Π G2

G1 ≡T G2 G1 ≡Π G2

t G1 G2 G1 ≡Π G2
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c1 c2 G1 \ X G2 \ X
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k I1 X X ∩ I1
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(G2 ⊕ G3, k + c) ∈ Π
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Π n # 1 Gn

V(Gn) = {x1, x2}∪{a1, . . . , an}

E(Gn) = {(x1, a1)}∪{(ai, ai+1) | 1 " i " n−1} p # 1 Hp

V(Hp) = {y1, y2}∪ {b1, . . . , bp}
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c
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p
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(G, k) ∈ Π O(|X|)





F

F

r r

F



V1 V2 · · · Vi · · · Vp

Vi U

U

Vi Vj

                    






|N(Vi) ∩U| " (2b+ 2)

|V
i
|#

s

(s, p) b

G b (s, p) G

G (p+ 1) V1, . . . , Vp U

♦ p

1 " r )= s " p u ∈ Vr v ∈ Vs (u, v) /∈ E(G)

♦ p s |Vi| # s i 1 " i " p

♦ Vi U (2b+ 2)

|N(Vi) ∩U| " 2b+ 2,

i 1 " i " p

Vi U (2b + 2) G

d G d · (bsp)
(s, p)

G b

d G (d · bsp) s p G

(s, p)



G (d · bsp) (X, T)

G b G

b

T T ′ ⊆ V(T) X(T ′) ∪q∈T ′Xq

S ⊆ VT 2p 2p

T1, . . . , T2p T \ S i |X(Ti)| # 3s+ b

T1, . . . , T2p
T \ S

T v ∈ T C T \ {v} v

C v T

S T

r S = ∅ T r = T T r

T \S r i

vi V(T r) Ti
T r \ {vi} vi |X(Ti)| # 3s + b vi S T r

v Tr
v ∈ T r C T r \ v v

(3s+ b)

2p

S T1, . . . , T2p
2p

T r = T

n

|X(T r)| # n # dbsp.

T vi V(T r)

Ti T r\{vi} vi |X(Ti)| # 3s+b

T r vi T r x y

T r \ {x} T r \ {y} (3s + b)

vi T r








" (3s+ b)
        

" 2 · (3s+ b)

vi

y x

vi

vi

x︷ ︸︸ ︷
((3s+ b) · 2)+

y︷ ︸︸ ︷
((3s+ b) · 2)+2,

x y

|X(T r)|

12s+ 6b " 12sb

2p

d 32 32 (12·2)+8

n > (12sb)(2p) + 8(sbp)

(2p− 1)

n > (12sb) · 1+ 8(sb)p,



G

G

y

x z

S ′ S = {x, y, z}

4(sb) (3s+b)

S T1, . . . , T2p S ′

S S ′ = S u v

S ′ t VT t S ′

l l

|S ′| " 2|S| v

v

S S

S

S |S|

S ′

|S ′| " 2|S| S∗ = S ′ \ S

|S| > 2p |S ′| " 2|S|

|S∗| " 2p.

p T1, . . . , T2p
S∗ p T1, . . . , T2p

S∗ T1, . . . , Tp S∗

i " p Ti S∗ T ′
i = Ti



T \ S ′ |X(T ′
i )| # s Ti v S∗ v

3 |X(Ti)| # 3s+ b Ti \ {v} T ′
i |X(T ′

i )| # s

Vi = X(T ′
i ) U Vi |Vi| # s

T ′
i S ′ u v

u = v T ′
i S ′ N(Vi) ⊆ Xu ∪ Xv

|N(Vi)| " 2b+ 2

f

f : V(G) → N
f̂ : 2V → N

f̂(S) =
∑

v∈S

f(v).

(f, s, p)

G b f̂

(f, s, p) G G (p + 1)

V1, . . . , Vp U

♦ p

1 " r )= s " p u ∈ Vr v ∈ Vs (u, v) /∈ E(G)

♦ p f̂(Vi) # s i 1 " i " p

♦ Vi U (2b+ 2)

|N(Vi) ∩U| " 2b+ 2,

i 1 " i " p

G b

f : V(G) → N f̂ : 2V → N

f̂(S) =
∑

v∈S

f(v).

d G (d ·bsp)
s p G (f, s, p)



(2τ+ 1) X τ

X G τ

X

X

G[X] X

! X

! ∂(X)

∂(X)

→ n G X (G[X]) " τ

← 2(τ+ 1) G

(
|X|

4|∂(X)|+ 1

)
.

G[X]

τ τ

G[X] (T,B = {B%}%∈V(T)) T

T

v ∈ ∂(X) , T v ∈ B%

|∂(X)| T

u v

T M T



X

G \ X

∂(X) = {x, y, z}

X

y

x z

l l

|M| " 2|∂(X)| v

v

∂(X)

|M| " 2|∂(X)|

T T \M 2|M| + 1

C1, C2 . . . Cη η "
2|M|+ 1

i Ci M

M Ci

T ri Ai Bi

ri Ai

Bi M Bi Ai

M

ri
T \M Ai Bi

Ai

Ci

Ci



• Ci

T Ci

Ci

• Ci

ri Ci

ri
M Ci

Ci

Ci

i " η Di Ci M

Ci

Di := Ci ∪NT (Ci).

Pi G Di

Pi =
⋃

u∈Di

Bu.

Pi

Pi ∂(X)

∂(X) Ci NT (Ci)

A B

A B v ∂(X) B v

A Ci



Ci A v

v

∂(X) Ci NT (Ci)

Pi ∩ ∂(X) NT (Ci)

(τ+1) Ci 2(τ+1) ∂(X)

Pi 2(τ+ 1) G

η " 2|M|+1 " 4|∂(X)|+1

Pi
|X|

4|∂(X)|+1
M P1 . . . Pη

Pi

θc

θc

F F

θc

! θc

! θc

!
θc

! Θc

Tv kO(1)

v v /∈ Tv

θc

θc

θc

c ∈ N M G

θc G M T1 T2 S c

T1 T2



θc

θ9

c # 2 θc M G

G M 2

M M

M

x M

x M T1 S

x x T1 θc

M M

x M T1 T1
1 , T

2
1 , . . . , T

l
1

T1 x T1 M ′

x M l > 0 T i
1

T2 l = 0 M ′ = T2 M ′

x

φ

t

G t

S G φ f(t, |φ|)|V(G)|



θc

θc

θc

θc

M θc

v v

H G φH(G)

G H G

H V(H) = {h1, . . . , hc} φH(G)

φH(G) ≡ ∃X1, . . . , Xc ⊆ V(G)[
∧

i &=j

(Xi ∩ Xj = ∅)∧
∧

1!i!c

Conn(G,Xi)∧

∧

(hi,hj)∈E(H)

∃x ∈ Xi ∧ y ∈ Xj[(x, y) ∈ E(G)]

]

conn(G,X) G[X]

G c

X1, . . . , Xc (hi, hj) ∈ E(H)

G Xi Xj

X1, . . . Xc x1, . . . xc G[x1, . . . , xc] H

H G φH(G)

G H φH(G)

F F F

G

S ⊆ V(G)[
∧

H∈F

¬φH(G \ S)]



S G\S H

H ∈ F S

F

θc θc

G v ∈ V(G) θc ,

v , θc G v

v

v θc

v M θc

G v v

S ⊆ V(G) :

∃F ⊆ E(G)



∀x ∈ S



∃X ⊆ V ′






(G ′, X)

∧ x ∈ X

∧ ∀y ∈ S[y )= x =⇒ y /∈ X]

∧ φθc(X ∪ {v})














S S

θc

v F

G ′ V(G) F

V ′ = V(G) \ {v} x ∈ S

X G x X∪ {v}

θc

S

G ′ x, y ∈ S X Y

X



Y u ∈ X u ∈ Y u

y Y G ′ y ∈ X X

G ′

S

F θc

θc

{θc} F

G n v G

t ∈ O(1) G O(n)

S ⊆ V G G \ S θc

{M1,M2, . . . ,Ml} θc G

1 " i < j " l, (V(Mi) ∩ V(Mj)) = {v}

F G n v

G t ∈ O(1) G O(n)

S ⊆ V G G \ S H

H ∈ F

F

G F

G k

F h G

F S k (G \ S) " d (G) " k + d d =

202(14h−24)5

F h

H F H

(, × ,) , = 14h − 24



F

202%
5

(,×,) S F G k (,×
,) H (G \ S) " 202%

5
(G) "

k + d d = 202%
5

(k + d)

S

G \ S

F = θc

θc

θc

(2c− 1)

F θc G F S

k (G) " k+ (2c− 1)

S F G k θc ∈ F

(G \S) " (2c− 1) (G) " k+(2c− 1)

(k+d)

S G\S





FP

F

O(OPT2
√
logOPT)

O(log3/2 OPT)

{F}

F

H H ∈ F F

S G \ S

G F

S G \ S H

H ∈ F F

F =

{K2,3, K4} F = {K3,3, K5} F = {K3, T2}



FP

Ki,j i j

Ki i T2

F

F

F G F

F S ⊆ V(G) G \ S H

H ∈ F

F

F

G F

k

F S |S| " k

F

F

F

F

F F

F

F

G F

k

F S |S| " k



F

H F

h |H|

GH

H

S GH

G \ S

S

GH S

F

OPT

F

" OPT

H

S

GH

" (OPT · |S|)

H

H

H



FP

♦ H h (t × t) t = (14h −

24)

♦ 202t
5

t×t

h H (G) >

202(14h−24)5 G H

F

d (202(14h−24)5 + 1)

d

GH GH

F

GH (d + 1)

F

GH

G G

F G

k

F h G

F S k (G \ S) " d (G) " k + d d =

202(14h−24)5

F

k

n

k



(G) " d F G

d

,

(G) " , " d ′ (G)
√
log (G),

d ′ , > (k + d)d ′
√
log(k+ d)

F G (k + 1)

G

(G) " , " (k+ d)d ′
√
log(k+ d).

S GH

(d + 1)

(T,X = {Xt}t∈V(T)) G

Ht

t

t

Ht := Gt[V(Gt) \ Xt].

β : V(T) → N

β(t) = (Ht).

β

β

• t Ht (Ht)

• t s t Ht Hs

β

• t s t Ht

Hs Hs Ht



FP

t : {b, x, y}

{b, x, y}

{b, x}

{b}

{b, x, y}

{b, y}

{b}

{a, b}

{a, b}

{b}

{a, b}

{a, b, c}

{a, b}

{a}

β(t) = (G[{a, c}])

β()

• t r s Ht

max{ (Hs), (Hr)},

r s β

β

β()

β



β(t) = (Ht) > d

t β(t) = (Ht) > d

P = V(Ht) Q = (V(G) \ P) \ Xt S = Xt Xt

t GH G∗

P Q GH

d H

(d + 1) t

β(t) > d β()

F GH

GH

G∗ S

d



FP

(G, k)

(G) " d

S F G

|S| > k

S

(T,X = {Xt}t∈V(T)) ,

, > (k+ d)
√
log(k+ d) d

G F k

(T,X = {Xt}t∈V(T))

V(G) GH G∗ Xt

T (GH) = (d + 1)

GH Y

Z (G∗, k− (GH))

Z |Y| > k

X ∪ Y
⋃

(G∗, k− (GH))



F

(G, k) F

O(k2
√
log k)

k G S

S F G

|S| = O(k2
√
log k)

S

,

(k + d)
√
log(k+ d) d

k

G k

G k

G∗

G∗ k G∗

G G k

G F k

d

d



FP

(G, k)

α

(G) > α · (k+ d)(G) " α · (k+ d)

GH S

! d < (GH) " (d+ 1)

! GH G \ S

! |S| " α · (k+ d)

GH, G1, . . . , Gr G \ S

GH G1 G2
. . . Gr

SH S1 S2
. . . Sr

S ∪ SH ∪ S1 ∪ . . . ∪ Sr



F

d (d + 1)

S(GH) ∪ Xt

⋃(
(G∗)

)
,

• GH

• S(GH) F GH

• Xt GH

• G∗ (G \GH) \ Xt

• |Xt| " (k+ d)d ′
√
log(k+ d) Xt

MH H G

• MH GH

• MH G∗

• MH Xt MH Xt GH G∗

MH

Xt

MH

• S(GH) GH

• (G∗) G∗ d

F G∗

• Xt

F G

O(k2
√
log k) S(G, k)

(G, k) G∗
i Gi

H

G∗ GH ith Xi
t

ith

S(G∗
i , i) = OPT(G(i−1)

H ) + |S(G∗
(i−1), i− 1)|+ |Xi

t|.



FP

G∗
0 H

S(G∗
0, 0)

|S(G∗
0, 0)| = 0.

S(G)

OPT(Gk
H) + |S(G∗

k, k− 1)|+ |Xk
t |.

S(G) = (OPT(Gk
H) +OPT(Gk−1

H ) + · · ·+OPT(G1
H)) + k ·max

i
{Xi

t}.

OPT(Gi
H) > k 1 " i " k

OPT(Gi
H) " k Xi

t = O(k
√
log k) 1 " i "

k

S(G) = k2 + k ·O(k
√
log k),

S(G) = O(k2
√
log k).

k

k GH G∗ Xt

k GH

GH

GH G∗ Xt

d



n

k 1 " k " n 1

k G F k − 1

OPT # k S

O(k2
√
log k)

F OPT

F G

S ⊆ V(G) G[V \ S] F |S| =

O(OPT2 ·
√
OPT)

O(OPT ·
√
logOPT)

O(logOPT3/2)

(G, k)

F

µ

" µ k

" X GA

GB µ(GA) µ(GB)

µ(G)



FP

" µ(G)

GA GB X

λ

λ · ,

k

log(kO(1)) O(log k)

λ ·O(log k).

O(k
√
log k)
O(OPT ·

√
logOPT) O(logOPT3/2)

O(k2
√
log k)

m m = O(k2
√
log k)

µ(G) G

µ(G) := G.



G

(k + d)
√
log(k+ d)

t µ(Ht) Ht

t t

µ Ht

" µ(Ht) t µ(Hs) s

t

" µ(Ht) t µ(Hs) s

t v

Ht Hs

" µ(Ht) t µ(Hr)+µ(Hs) r s

t

µ(Ht)

(m/α) t α µ(Ht) > (m/α)

µ(Hs) " (m/α) s t t

t

µ()

t s Hs G \ (Ht ∪Xt)

Xs µ(G \Ht) m(1−

1/α) m

Ht (m/α) t µ(G \ (Ht ∪
Xt)) (m(1−1/α)) G\ (Ht∪Xt) G\Ht

α 1



FP

t r s

t Xt = Xs = Xr GA GB

Xt

µ(Hs) " m/α µ(Hr) " m/α,

µ(Hs) + µ(Hr) " m

µ(Ht) > m/α,

µ(G \ (Ht ∪ Xt)) " (1− 1/α)m.

µ(Hs) µ(Hr)

m/2α GA GB

µ(Hs) " m/2α GA Hs ∪G \ (Ht ∪ Xt) GB Hr

µ(GB) " m/α

µ(GA) " m/2α+m(1− 1/α) = (1/2α+ 1− 1/α)m =
(2α− 1)

2α
·m,

m α

µ(Hs) µ(Hr) m/2α

µ(Hs) > m/2α µ(Hr) > m/2α.

µ(Hs) = m(1/2α+ δs) µ(Hr) = m(1/2α+ δr).

µ(Hs) + µ(Hr) " m

(1/α+ δs + δr " 1) ⇒ δs + δr " 1− 1/α,



δs δr (1− 1/α)/2

δs "
α− 1

2α
,

Hs ∪ G \ (Ht ∪ Xt) Hr

µ(GB) " m/α µ(Hs ∪G \ (Ht ∪ Xt))

µ(Hs ∪G \ (Ht ∪ Xt)) " m(1/2α+ (α− 1)/2α) + m(1− 1/α),

µ(Hs ∪G \ (Ht ∪ Xt)) " m · (3α− 2)

2α
.

m (3α−2) < 2α

α < 2

GA GB

α (1, 2) α

3/2 µ

(2/3)m

k

n

k (G, k) S

O(k2
√
log k) m V(G) ∩ S

|S| = 1 F O(n)

|S| = 0

,

(G) " , " d ′ (G)
√
log (G),



FP

d ′ , > (k + d)d ′
√
log(k+ d)

F G (k+1)

G

(G) " , " (k+ d)d ′
√
log(k+ d).

GA GB X

(T,X = {Xt}t∈V(T)) G Ht

t t

Ht := Gt[V(Gt) \ Xt].

β : V(T) → N

β(t) = |Ht ∩ S|.

β

β

µ()

β

t

β(t) > (2/3)m GA GB G

• t s GA Hs GB

G \ (Ht ∪ Xt)

• t s r

• β(s) " m/2 GA Hs ∪G \ (Ht ∪ Xt) GB Hr

• β(r) " m/2 GA Hr ∪G \ (Ht ∪ Xt) GB Hs

GA GB X

GA∩Z GB∩Z

k

k k



t : {b, x, y}

{b, x, y}

{b, x}

{b}

{b, x, y}

{b, y}

{b}

{a, b}

{a, b}

{b}

{a, b}

{a, b, c}

{a, b}

{a}

β(t) = G[{a, c}] ∩ Z

β()



FP

β

F

O(k(log k)3/2)

k F G

O(k(log k)3/2)

Gj(1), Gj(2), . . . , Gj(2
j)

i

2i

i

0 G GA

GB G

j

λj(1), λj(2), . . . , λj(2
j)

2j

λj λj
j

λj = λj(1) + λj(2) + . . .+ λj(2
j).



kj(1), kj(2), . . . , kj(2
j)

F Gj(1), Gj(2), . . . , Gj(2j)

k F G

G

j (j + 1)

j

kj(1) + kj(2) + . . .+ kj(2
j) " k.

Gj(i) 1 " i " 2j

(kj(i)+d)

(kj(i) + d)
√
log(kj(i) + d).

λj(i)

λj(i) = (kj(i) + d)
√
log(kj(i) + d),

λj

∑

1!i!2j

(kj(i) + d)
√
log(kj(i) + d).

(k+ d(2j))
√
log(k+ d)



FP

kj(1) + kj(2) + . . .+ kj(2j) " k

(kj(1) + d) + (kj(2) + d) + . . .+ (kj(2j) + d) " k+ d(2j)(
(kj(1) + d) + (kj(2) + d) + . . .+ (kj(2j) + d)

)√
log(k+ d) " (k+ d(2j))

√
log(k+ d)(∑

1!i!2j(kj(i) + d)
)√

log(k+ d) " (k+ d(2j))
√
log(k+ d)

∑
1!i!2j

(
(kj(i) + d)

√
log(k+ d)

)
" (k+ d(2j))

√
log(k+ d)

∑
1!i!2j

(
(kj(i) + d)

√
log(kj(i) + d)

)
" (k+ d(2j))

√
log(k+ d),

kj(i) " k

λj " (k+ d(2j))
√
log(k+ d).

j

(k+ d(2j))
√
log(k+ d)

S(G, S) (G, S)

∑
1!i!2j |S(Gj(i), Sj(i))| =

∑
1!i!2j λj+∑
1!i!2j |S((Gj(i))A, Sj(i) ∩ (Gj(i))A)|+∑
1!i!2j |S((Gj(i))B, Sj(i) ∩ (Gj(i))B)|

(Gj(i))A Gj+1(2i− 1) (Gj(i))B
Gj+1(2i)

(j+ 1)

j S ∩GA

|S(Gj(i), ∅)| = 0

|S(G1(1), (S ∩G1(1)))|+ |S(G1(2), (S ∩G1(2)))|+ λ0,



|S(GA, (S ∩GA))|+ |S(GB, (S ∩GB))|+ λ0.

γ

S(G) = λ0 + λ1 + . . .+ λγ.

λj " (k+ d(2j))
√
log(k+ d),

(k
√
log(k+ d)) · γ+

∑

1!j!γ

d(2j)

GA GB

|S ∩GA| "
5

6
|S|, |S ∩GA| "

1

3
|S|

|S ∩GB| "
2

3
|S|

O(log |S|) O(log(k2
√
k))

O(log k) γ

∑

1!j!γ

d(2j)

k

(k
√
log(k+ d)) · γ



FP

(k
√
log(k+ d)) · (log k)

O(k(log k)3/2)

k 1 " k " n 1

k G F k−1

OPT # k S

O(OPT(logOPT)3/2)

F OPT

F G

S ⊆ V(G) G[V \ S] F |S| =

O(OPT · (OPT)3/2)

(G, S)

S ∩G = ∅
∅

(T,X = {Xt}t∈V(T)) ,

(T,X = {Xt}t∈V(T))

V(G) GA GB Xt

T |GA ∩ S| " (5/6)|S| |GB| " (2/3)|S|

(GA, S ∩GA) ∪ (GB, S ∩GB) ∪ Xt

F

F

η

η η

G

η

1



η

O(log3/2 n)



FP



{F}

F

F K1,t

F F

K1,t

t

K1,t

(t−1) K1,t K1,3

K1,7

K1,t

O(k log k)
K1,t

coNP ⊆ NP/poly

k

F h G F

S k (G \ S) " d (G) " k + d d =

202(14h−24)5



{F}

r

r F

r

+ Π

γ : N → N (G, k)

r X G γ(r) O(|X|)

(G∗, k∗) |V(G∗)| < |V(G)| k∗ " k (G∗, k∗) ∈ Π

(G, k) ∈ Π

G K1,t

G ′ K1,t

K1,t

G

G G G ′

G

r

F

K1,t

F



♦ X G τ τ

X (2τ+ 2) X

X

(
|X|

4 · |∂(X)|+ 1

)
.

X S

F S G

G \ S X

α

γ(α)

γ(α)

︷ ︸︸ ︷(
|X|

4 · |∂(X)|+ 1

)
" γ(2τ+ 2)

|X| " γ(2τ+ 2) + 4 · |∂(X)|+ 1.

X ∂(X)

X

X G\S (|X|+ |S|) |S|

k

∂(X) S

♦ F h G K1,t

S F ∂G(G\S) ≡ N(S) " g(h, t)·|S|
g h t



{F}

S

(|X|/q)

(X) = d
X






G

}
F

|S| = (k)

γ(2d+ 2) >
(

X
q

)

(q = 4N(S) + 1)

(G∗, k∗)

|X| " qγ(2d+ 2) N(S) " |S| ·

|V | = |X|+ |S|

F

X

G K1,t F

h S F X

G \ S

|∂(X)| " g(h, t) · |S|,

g h t



X X S

S X

∂(X) =
⋃

v∈S

NX(v).

|∂(X)| "
∑

v∈S |NX(v)|

" |S| ·maxv∈S |NX(v)|.

v ∈ S h t

X = G \S (X) " d d = 202(14h−24)5

d d+1

|NX(v)| " (t − 1)(d + 1)

G[NX(v)] (G \ S) " d (G[NX(v)]) " d

G[NX(v)] (d+ 1)

κ G[NX(v)] d + 1

t

t K1,t G

(d+ 1) t

|NX(v)| " (t− 1)(d+ 1).

g(h, t) = (t− 1)(202(14h−24)5 + 1),

|∂(X) " |S| · g(h, t)

F

+ p



{F}

F

F

F

p

F Π = F

t G ∂(G)

S ′′ ⊆ V(G) G G \ S ′′

F S = S ′′ ∪ ∂(G)

(G ′, S ′) ∈ Ht ζΠG((G
′, S ′)) G ⊕

G ′[(V(G)∪V(G ′)) \ (S∪ S ′)] F |S| "
ζΠG((G

′, S ′)) + t F

F

(G, k) F h

F

F O(log3/2 OPT)

S G \ S F

S O(k log3/2 k) (G, k)

F



X V(G) \ S d

G[X] d " 202(14h−24)5

2(d + 1) Y G |X|
4|∂(X)|+1

F

γ : N → N
|X|

4|∂(X)|+1
# γ(2d+1) 2(d+1)

Y G (G∗, k∗) |V(G∗)| < |V(G)| k∗ "
k (G∗, k∗) F (G, k)

F G∗ K1,t

(G∗, k∗) X (2d+

2) γ(2d+ 2) G∗ \X

O(k log3/2 k)
|X|

4|∂(X)|+1
" γ(2d + 2)

k∗ " k

|V(G∗)| " γ(2d+ 2)(4|∂(X)|+ 1) + |S|.

|∂(X)| " g(h, t) · |S|

|V(G∗)| = O(γ(2d+ 2) · k log3/2 k) = O(k log3/2 k).

O(k log3/2 k)

(2d + 2)

(2d + 2) Y

γ(2d+ 2) ∂(Y) 2d+ 2

kO(d) (G∗, k∗)

G F X

k (G\X) " d X

|V(G∗)| = O(k) G∗

O(k)

G

K1,t

F

O(k log k) K1,t



{F}

G k

k G

, G ,

S ⊆ V(G) (4, log ,) G \ S

G k 2

S G \S S

(8k log k) G k
+

G \ S (G∗, k∗)

(G\S) " 1 (G, k)

V(G∗) O(k log k)

O(k log k)
K1,t



Θc

θc c # 1

F θc F

O(k2 log3/2 k)

F

θc c = 7

Θc

F

θc ∈ F

θc

S

G \ S

θc

Θc

c = 1

c = 2

c = 3

c = 2 O(k2)



ΘC

O(k2−ε) coNP ⊆ NP/poly

F

k

kO(1)

F

θc

q

v ∈ V(G) Tv
kO(1) θc v v

θc k

θc v /∈ Tv
G\ {v}

θc θc G v

θc

v

G \ {v}

G n θc v

G ′ = G \ {v} θc

v k Tv O(k) v /∈ Tv
G \ Tv θc Tv



θc (2c−1)

G ′ (2c− 1)

Tv
β

,

(G) " , " d ′ (G)
√
log (G),

d ′ (G ′) " (2c − 1) = O(1)

(T,X = {Xt}t∈V(T))

G Ht

t

t

Ht := Gt[V(Gt) \ Xt].

Mθc(G, v) θc

G v Mθc(G, v)

θc v

β : V(T) → N

β(t) = Mθc(Ht ∪ {v}, v),

β t θc v

Ht ∪ {v} G ′

v

β

β

• t Ht (Ht)



ΘC

• t s t Ht Hs

β

• t s t Ht

Hs θc v (Hs∪
{v}) (Ht ∪ {v})

• t r s

θc Ht

Mθc(Hs ∪ {v}, v) +Mθc(Hr ∪ {v}, v),

β()

β()

β() t θc

v Ht ∪ {v} β()

t

β() β()

t β(r) = 0 t

G∗ V(G ′) \Ht S

s s t

t s

G∗ S

G ′ ∪ {v} θc

θc v

θc v k

k

β()

θc v



t : {b, x, y}

{b, x, y}

{b, x}

{b}

{b, x, y}

{b, y}

{b}

{a, b}

{a, b}

{b}

{a, b}

{a, b, c}

{a, b}

{a}

β(t) = Mθc(G[{a, c} ∪ {v}])

β()



ΘC

θc v G∗

θc v Ht ∪ {v} S

(Ht ∪ {v}) \ S θc

Hs ∪ {v}

θc β(s) t

β()

k s1, . . . , sk
1, . . . , k

G ′

G ′ G ′

|Xsi | = O(1),

Xs s

k · (G ′) = O(k)

k

(G, k) Θc

(G ′, k ′) k ′ " k

G ′ k

Θc



v

θ5 k = 3

v k 2

v θc

(G, k)

G

G v ∈ V(G) θc ,

v , θc G v

v

θc k

v G v G

(G \ {v}, (k− 1))

v

θc

θc

k

θc k



ΘC

(G, k) Θc (G, k)

G

k G θc k θc

O(k log3/2 k) G

θc k (G, k) Θc

S O(k log3/2 k)

Hv θc

v v /∈ Hv

S θc v ∈ S

Sv := S \ {v} Gv := G \ Sv

(2c−1) θc v

Gv θc (Gv) " (2c−1)+1 = O(1)

v Gv

v ∈ S Gv k+1

(G ← G \ {v}, k ← k− 1)

(G, k)

v ∈ S

v Gv k

v ∈ V(G) Hv ⊆ V(G)\{v}

θc v v

Hv {v} v /∈ S Hv = S

v ∈ S v Gv

k Tv O(k)

v θc v Gv

Hv = Sv∪Tv |Hv| hv Hv

V(G) \ {v}

v Hv

q q = c

(G, k) S Hv v

chv+c(c−1)hv chv+

c(c− 1)hv q q = c



v S
v

S
\
v

S
θ
c

(G
v
)
=

O
(1
)

G
\
S

                

G

        

G
v

v
(G

∗ ,
k
∗ )

"
k

G
v
\
{v
}

θ
c

H
v
←

T v
∪
S
v

T v
θ
c

v
G

v
v
/∈
T v

T v
∪
S
v

v
G

H
v

k
O
(1

)

v
v
/∈
H

v
H

v



ΘC

v Hv θc G Hv

θc G

v chv + c(c − 1)hv

G \ Hv v

C1, C2, . . . , Cr v (c − 1)

θc

Hv θc Ci

θc

Ci Hv u ∈ Ci w ∈
Hv (u,w) ∈ E(G)

Hv G

θc u C

Hv G[V(C) ∪ {v}] θc

u M ⊆ G v ∈ M

u ′ ∈ M u ′ /∈ C ∪ {v} v

u u ′ M c # 2

θc M G

D1, D2, . . . , Ds i Di

Hv

G

Hv v ∈ V(G) w



v

Hv

! !

c c = 5

G Hv D D =

{d1, . . . , ds} di Di

(v, di) w ∈ Di (v,w) ∈ E(G)

c v chv Hv v (c−1)

Di d(v) > chv + c(c − 1)hv

|D| chv q q =

c A = Hv B = D S ⊆ Hv T ⊆ D S |S| c

T N(T) = S

(v, u) u ∈ Di

di ∈ T c v w w ∈ S

c v w c

v w c

v

chv + c(c− 1)hv,

hv := |Hv| Hv θc θc v

G Hv D D = {d1, . . . , ds}



ΘC

S ⊆ Hv, N(T) ⊆ S

T ⊆ D

v

c c = 5

v

Hv

! !

v T ! S

T



v

Hv

! !

T

di Di G\Hv x ∈ Hv

di ∈ D Di

x

q q = c A = Hv B = D S ⊆ Hv

T ⊆ D S |S| c T N(T) = S

♦ (v, u) u ∈ Di di ∈ T

♦ v w w ∈ S

v w c v w (c − r)

r

q q = c GR

G S v GR

c (G, k) Θc (GR, k)

Θc

GR Z k

Z θc G v ∈ Z S ⊆ Z

v ∈ Z GR \ {v} G \ {v} Z \ {v}



ΘC

GR \ {v} G \ {v} Z

k G S ⊆ Z

k G k

GR k

k v S

W v S

|S| c G[S ∪ T] v θc

v G v

D Di

di ∈ T X W

Di ∈ D W ′ W

X S W ′ := (W \ X) ∪ S

W ′ k S ′

S W W

W D θc

c X ′ ⊆ X

S ′ X ′ |W ′| " |W| " k

W ′ θc G

M u ∈ X u ∈ Di i

M Hv \ S v u Hv \ S G \ S

M

q

S S GR

(G, k)

Θc (G ′, k ′) k ′ " k

G ′ O(k log3/2 k)

(H, l)

(H, l)



(G, k)

(G∗, k∗)

(G∗, k∗) ≡ (G, k)

(G∗, k∗)

S O(k log3/2 k)
v ∈ S v θc k

(G \ S) ∪ {v}

v θc k

(G∗, k∗)

(G∗, k∗)

Tv
Hv := Tv ∪ Sv Sv := S \ {v}

v /∈ S Hv := S

[G, k, {Hv | v ∈ V(G)]

(G, k) H

chv + c(c − 1)hv " O(k log3/2 k)

v ∈ V(G) λ(v) v v c

q

λ(v) λ(v)

λ(v)




∑

v∈V(G)

λ(v)



+ n

∑

v∈V(G)

λ(v) " n2,



ΘC

(G, k)

X := (G, k)

G, k Hv v ∈ V(G) X

v ∈ V(G)

d(v) > chv + c(c− 1)hv

(G∗, k∗)

(G∗, k∗)

(G, k)

Θc

O(k log3/2 k)

(G, k) Θc

(G ′, k ′) k ′ " k

G ′ O(k log3/2 k) θc

S G ′ O(k log3/2 k) d

S d := (G \ S)

θc (2c − 1) d " 2c − 1

2(d + 1) Y G ′ |V(G ′)|−|S|
4|N(S)|+1

Θc γ : N → N
|V(G ′)|−|S|
4|N(S)|+1

# γ(2d + 1)

2(d + 1) Y G ′ G∗



|V(G∗)| < |V(G ′)| k∗ " k ′ (G∗, k∗) Θc

(G ′, k ′) Θc

G

(G∗, k∗) S

(2d + 2) γ(2d + 2) G∗ \ S

O(k2 log3 k)
|V(G∗)|−|S|
4|N(S)|+1

" γ(2d+ 2) k∗ " k

|V(G∗)| " γ(2d+ 2)(4|N(S)|+ 1) + |S|

" γ(2d+ 2)(4|S|∆(G∗) + 1) + |S|

" γ(2d+ 2)(O(k log3/2 k)×O(k log3/2 k) + 1) +O(k log3/2 k)

" O(k2 log3 k).

(G∗ \

S) " (2c − 1) = d G∗ \ S " d|V(G∗) \

S| = O(k2 log3 k). S

|S| · ∆(G∗) " O(k2(log k)3)
O(k2 log3 k)

(2d + 2)

2d + 2 Y γ(2d + 2) ∂(Y)

2d+ 2 kO(d) (G∗, k∗)

∆(G∗) = O(k log3/2 k) G θc S

k (G \ S) " (2c− 1) = d

S |V(G∗)| = O(k2 log3/2 k) |E(G∗)| " O(k2 log3/2 k)
G∗



ΘC

O(k2 log3/2 k) G

O(k2 log3/2 k)

2k O(k2)



F

F

F F

• S (k+ 1) G

• G \ S G[S] F

• F k

+

G V(G) A B G[A] G[B]

S ⊆ B k G\S

F

F



F

SG \ S

G \ S G[S] F

F k G \ S

F

F

G F k F S

(k+ 1)
k

F X |X| " k S ∩ S = ∅

F

F O(k3)

F

F 2O(k logk)n2

F



F

G[B]

G \ B

F

F

F

F

H V(H) E(H)

V(H)

2 H I(H)

V(H) ∪ E(H) v ∈ V(H) e ∈ E(H) I(H)

v ∈ e



F

{a, b, c, d, e, f, g}

{a, b, e, g} {b, e} {d, e, f} {b, g} {c, g}

sh
Kh sh

sh n Kh

(sh
√
logh)n

sh = 0.319 . . .+ o(1)

G Kh

G 2sh
√

loghn

H n

I(H) Kh |E(H)| " 2sh
√

loghn

H

e H e

H e ′ ⊂ e H

H e e ′

I(H) e

H 2 H

G G V(H) G

H

G H G I(H)



G

I(H) 2sh
√

loghn

H n

I(H) Kh

H h 2sh
√

loghh(h− 1)n/2

h h(h −

1)/2 I(H) Kh

(s, p)

G b (s, p) G

G (p+ 1) V1, . . . , Vp U

♦ p

1 " r )= s " p u ∈ Vr v ∈ Vs (u, v) /∈ E(G)

♦ p s |Vi| # s i 1 " i " p

♦ Vi U (2b+ 2)

|N(Vi) ∩U| " 2b+ 2,

i 1 " i " p

G b d G

(d · bsp) s p G (s, p)

b d

G (d · bsp) s p G

(s, p) (s, p)



F

s p

s p

k

kO(1)

(G, S, k) F

c α β F

G (α(k + 1) + k) · c · (β(k + 1) + k)

r c r

F

G \ S G \ S

b (s, p)

G\S s p

h

F F H

(V1, . . . , Vp, U) (s, p) G \ S

α

p (s, p) (G\S) (α · (k+1)+k)

Vi Vi h

S

C1, . . . , Cγ G[V \ (U ∪ S)]

H S Ci 1 " i " γ

ei = N(Ci) ∩ S

I(H) G \ U

Ci

G\U G\U H I(H) H

G\U H G

F S∗ ⊆ (V \ S) k

G \ S∗ H

H∗ I(H∗) H

H∗ k H

I(H∗) H∗ (k+ 1)



h H∗

2sh
√

loghh(h− 1)

2
· (k+ 1).

α 2sh
√

loghh(h− 1)/2

Vi

h S

H h S

h H∗

H H∗

(α · (k+ 1))

k

p (α·(k+1)+k)

h S

S

S

β s

(s, p) G \ S β · k

H∗ H

(k + 1)

H

2sh
√

logh · (k+ 1).

H k H∗

H

2sh
√

logh · (k+ 1) + k.

β 2sh
√

logh



F

e h H c[e]

C N(C) = e w(c[e])

C N(C) = e

β(k+ 1) + k

β(k+1)+k∑

i=1

w(c[ei]) = s.

s > (β(k + 1) + k)c

c e

e

F
+

G1 G2 t

i ∈ {1, 2} fGi
V(Gi)

[t] v ∈ Gi fGi

G1 G2 G1
∼=t G2

h : V(G1) → V(G2) h (u, v) ∈ E(G1)

(h(u), h(v)) ∈ E(G2) fG1
(v) = fG2

(h(v)) h

G1 G2

G t G t

1 t t G

µG : V(G) → 2[t] µG

v , ∈ [t] {,} µG(v) = {,}

v ∈ (V(G) \ ∂(G)) µG(v) = ∅



H

fH : V(H) → 2[t] (u, v) ∈ E(H) H ′

H u v wuv

(u, v)

H H ′ fH ′ : V(H ′) →
2[t] x ∈ V(H ′) ∩ V(H) fH ′(x) = fH(x) wuv

fH ′(wuv) = fH(u) ∪ fH(v)

t

H f : V(H) → 2[t] G

t µG H

G H G

G

H t

G

H

h t

h t G Mh(G) t

G h

t h G1 G2 t

G1 ≡h
t G2 Mh(G1) = Mh(G2)

t h t h

Mh(G)

h t ≡h
t

t

≡h
t

h t h

h

h 2(
h
2) · (2t)h h

22
(h2)+th ≡h

t



F

F t G1

G2 G1 ≡F G2 t G3 Z ⊆ V(G3)

(G1 ⊕G3 \ Z) F (G2 ⊕G3 \ Z) F .

F q = maxH∈F{|V(H)|}

t l = (q + t) ≡l
t ≡F

G1 ≡l
t G2 G1 ≡F G2 t ≡F

G1 ≡l
t G2 G1 )≡F G2

t G3 Z ⊆ G3

(G1 ⊕G3 \ Z) F (G2 ⊕G3 \ Z) F

(G1 ⊕G3 \ Z) F (G2 ⊕G3 \ Z) F

G1, G2 G3

(G2 ⊕ G3 \ Z) F

H ∈ F (G2 ⊕G3 \Z) M(2,3)
H

φ : V(H) →
2V(G ′) v ∈ V(H) G ′[φ(v)]

v, u ∈ V(H) φ(u)∩φ(v) = ∅ uv ∈ E(H)

u ′v ′ ∈ E(G ′) u ′ ∈ φ(u) v ′ ∈ φ(v) P1, P2, . . . , Ph

M(2,3)
H Qi Pi ∩ V(G2)

Qi Pi ∂(G2)

G2

t

∪h
i=1Qi (h+ t)

H∗

∪h
i=1Qi G2 H∗

l G2 G1 G2

H∗ l G1 G1

H∗

R1, . . . , Rx X ∪h
i=1Qi



∂(G2) Rj G1

R1, . . . , Rx

M(1,3)
H H G1 ⊕ G3 \ Z Yi Pi ∩ V(G3)

M(1,3)
H Yi Rj

∂(G3) {Pi | Pi ∩ ∂(G3) )= ∅}
M(2,3)

H

X XB X ∂(G3)

XB R1, . . . , Rx

iX1 , . . . , i
X
m

∪m
j=1RiXj

∩ ∂(G3) = XB.

MX ∪m
j=1RiXj

X ∩ V(G3)

MX G1 ⊕ G3 \ Z

XB MX

MX \ XB XB

X G2⊕G3 \Z

(X ∩ V(G2))

T1, . . . , Tm
{RiXj

}mi=1 Ti ∂(G2)

ti Ti ∩ ∂(G2) X

G2 ⊕ G3 \ Z Pij ti tj 1 " i )= j " m

Pij (X∩V(G3))

T1, . . . , Tm Tx G2

Ti Tj G2

(V(G3) ∩ X) \ ∂(G3) Tx Pij

Pij

Tx a b

a b RiXx

Tx (G1⊕G3\Z) {a, b} ⊆ RiXx

RiXx
a b

(G1 ⊕ G3 \ Z) Qij ti
tj G1 ⊕G3 \ Z MX

X MX M(1,3)
H M(1,3)

H

H G1 ⊕ G3 \ Z



F

G1⊕G3\Z F

≡F ≡h
t

≡F t

F c

G r X G |X| > c O(|X|)

G∗ |V(G∗)| < |V(G)| Z ⊆ (V(G) \ X) ∪ ∂(X)

(G \ Z) F (G∗ \ Z) F .

S ≡F c =

maxY∈S |Y| ζ 2r 2c

S 2r H 2c H ≡Π ζ(H)

|X| > 2c 2r X ′ ⊆ X c < |X ′| " 2c

X ′ X O(|X|) G[X]

r G[X]

b b c ′ X ′

b b b

c < |X ′| " 2c ∂(X) ∩ (X ′ \ ∂(X ′)) = ∅
|X| " 2c

H = ζ(G[X]) G∗ G 2r G[X]

H ≡F Z ⊆ (V(G) \ X) ∪ ∂(X) (G \

Z) F (G∗ \Z) F . |H| < |X| |V(G∗)| <

|V(G)| O(|X|)

F

O(k3)

F

kO(1)

F p



(G, Y, k)

PΠ(G, T) T G k T ⊆ Y

F (G,G \ S, k)

G[S] G\S F

PΠ(G, T) (∧H∈F¬φH(G)) φH(G)

H G

O(k3)

(G, S, k) F

p Y = G \S

(G, S, k) G[S] G\S

F Y (G ′, S, k)

Y ′ ⊆ G ′ \S G F

Z ⊆ Y k G ′ F Z ′ ⊆ Y ′

k G ′[S] G ′ \ S F

V(G)

(G, S, k) G[S] G \ S F Y

α β

F G

c ·(α(k+1)+k) ·(β(k+1)+k) r c

r

F

G c · (α(k + 1) +

k) · (β(k + 1) + k) c

X G

F p + 1

q O(|X|) Z ⊆ X∩ Y

|Z| " qk W ⊆ Y W (G, S, k)

W ′ W ′ X

Z W ′ ∩ X ⊆ Z (G, S, k)

Y (G, S, k) (Y \ X) ∪ Z

+ 2 Q X O(k)

O(k) X1, . . . , Xl X

∪l
i=1Xi = X Q



F

Q ∩ Xi ⊆ ∂(Xi) Q Z ∪ (S ∩ X)

c qk+ dl

Xi Xγ d

Xγ∩Z ∂(Xγ)

Xγ

Xγ \ ∂(Xγ) G

Xγ F G Xγ

G ′ G ′

(G ′, S, k) Y

G ′\S F G\S

F O(n)

Xγ

(G ′, S, k)

Y ′ ⊆ G ′ \ S |V(G)| = O(k3) G ′[S] G ′ \ S

F

O(k3)

O(k3)

O(n2)

F

p

F O(k3)

F



n G m

G F 11
+ G k G

F k F S , =

ηk log3/2 k G F

k S v1, . . . , v% Vi =

{v1, . . . , vi} ∪ (V(G) \ S) 1 " i " , G F Y

k Y ∩ Vi F G[Vi] i " , Y

F G[Vi] Y ∪ {vi+1} F G[Vi+1]

1 , ith G[Vi] S k+1 G[Vi]

k

S

k Z G[S \ Z] F

(G, S \ Z, k − |Z|) F

F 2O(k logk)n2

2k+1

F G[Vi] k

G F k F Y

k G[Vi] Y G[Vi+1], Y ∪ vi+1, k)

F 2k+1

,

F

(G, S, k) F Y

G \ S

(G ′, S, k ′) Y ′

G F k G\S G ′

F k ′ " k (G ′\S)∩Y ′ |V(G ′)| " dk3

k (G ′\S)∩Y ′
(
dk3

k

)
2O(k logk)

F

F O((2k+12k logk)2k+1,) S

O(n2)

11 +

O(2O(k)n2) F

2O(k logk)n2 11 +



F

O(n+m) = O(n2)

O(2O(k)n logn) (G) > k

5k 11
+

S O(2O(k)n2)
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G H

♦ H G

H H

♦ H S ⊆ V(G) H

G \ S H

H

f : N → N k # 0 G

H k H f (k)

H H = MH

H H = θ1 H = θ2 H = MH

♦ θ1

k

2k
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♦ H = Mθ2

f(k) = O(k log k)
k

O(k log k)

H = Mθc

c > 0

Mθc F F = θc

θc G S ⊆ V(G)

S θc G \ S θc

θc

θc G k

θc θc f(k) = O(k2 log k)

θc

Mθc

G 2c2k2 G k

θc

G 2c2k2 G k

θc G θc ηk2 = O(k2)

η c

G k θc

G 2c2k2

G θc f(k)



V(G)

B G

(l× l)

!
S

! B B

! G G

G

(l × l)

B

G (T, {Tv : v ∈ V(T)}) G

B B B TB :=

∪{Tv : v ∈ V(B)} T

{TB : B ∈ B}

T Bi Bj v

x ∈ T v ∈ Tx G

x TBi
TBj

(u, v)
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u ∈ Bi v ∈ Bj y ∈ T (u, v) ∈ Ty
G

y TBi
TBj

{TB : B ∈ B} T

x Tx
V B B |Tx|

G B

(1+ (G))

G k

(k+ 1)

B G G

B

P G B

v P X

P v v P

P Z X Z

Q v X Z Q ∩ P = {v} P ∪Q

Z P B

θc

c

k

θc



G 2c2k2

G k θc

G 2c2k2 G

B 2c2k2 + 1

P v1, . . . , vt
P P t # 2c2k2+1

P B B

1 " i " t Bi B vi
1 " i " t ∪i

j=1Bj Oi

s Os # c2k2 s

O1 = 1 Ot > 2c2k2 1 " i " t − 1 Oi+1 "
Oi + 1

B1 = ∪s
i=1Bi B2 = B\B1 Oi

B2 c2k2

B1 B2 B

B P1 P

v1 vs P2 vs+1 vt
P1 P2 c2k2

P c2k2

P1 P2 P1 P2

S c2k2 S

B1 B2 c2k2

A ∈ B1, B ∈ B2 A ∩ S = ∅ = B ∩ S A B

B A ∩ P1 )= ∅, B ∩ P2 )= ∅ S P1 P2

P∪P1∪P2 k θc Ep

P1 P2 P i ∈
{1, 2} Qi = Pi ∩ Ep Q1 Q2 [M]

M = |Q1| = |Q2| f : [M] → [M] f(i) = j
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v1

B1 B2

v1 ∈ Bi1

v1 ∈ Bi2

v1 ∈ Bi3

v1 ∈ Bip

vt ∈ Bj1

vt ∈ Bjt

vt ∈ Bj3

vt ∈ Bjp

· · · · · ·

v2 · · · vs vs+1 · · · vt−1 vt

O1 O2 · · · Os Os+1 · · · Ot−1 Ot

|Os| = (c2k2 + 1)|Os| = (c2k2 + 1)

B1 B2



P i j

C ⊆ P i, i ′ ∈ Q1∩C; i < i ′

f(i) > f(i ′)

P f(1), f(2), . . . , f(M)

M

〈f(1), f(2), . . . , f(M)〉√
|M| = ck i ∈ {1, 2} Q ′

i Qi

P

Q ′
1, Q

′
2 P1, P2

k θc

G 2c2k2

k ′ = k− 1 θc S ⊆ V(G) |S| =

O(k2) G \ S θc

G 2c2k2 k ′ = k − 1

θc O(k2)

µ

" µ k

" X GA

GB GA GB

"
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GA GB

X X

GA GB

µ

O(k2)

µ

θc G

µ

θc

G

µ(G)

µ kO(1)

G (k − 1)

θc

G

t µ

Ht

t

t m µ(G)

µ Ht

" µ(Ht) t µ(Hs) s

t

" µ(Ht) t µ(Hs) s

t v

Ht Hs



" µ(Ht) t µ(Hr)+µ(Hs) r s

t

µ(Ht)

(m/3) t α µ(Ht) > (m/3) µ(Hs) "
(m/3) s t t

t

µ()

t s Hs G \ (Ht ∪Xt)

Xs µ(G\Ht) m(1− 1
3
)

m Ht

(m/3) t µ(G \ (Ht ∪ Xt)) (m(1 − 1
3
))

G \ (Ht ∪ Xt) G \Ht

t r s t

Xt = Xs = Xr GA GB

Xt

µ(Hs) " m/3 µ(Hr) " m/3,

µ(Hs) + µ(Hr) " m

µ(Ht) > m/3,

µ(G \ (Ht ∪ Xt)) "
(
1−

1

3

)
m.

µ(Hs ∪ Hr) " (2/3)m µ(G \ (Ht ∪ Xt)) " (2/3)m

GA := (Hs ∪ Hr) GB :=

G \ (Ht ∪ Xt)

G S G \ S

GA GB

µ(GA) " (2/3)µ(G) µ(GB) " (2/3)µ(G).
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2c2k2

(k/2) 2c2(k/2)2

µ

θc d

202t
5

t×t (d+1)c×d

d θc 202t
5

t = dc

θc d

θc d

20(2dc)
5

µ(G) = 1

t

0 1 Xt

t θc

G\X Ht H1, . . . , Hp Hp+1, . . . , Hq

G \ X θc Hi 1 " i " p

t µ() 0 1

θc Hi p < i " q

µ(G) = 1 Xt

G

1



µ(G) = 1 G θc

θc

θc

(G,µ(G))

(T,X = {Xt}t∈V(T)) G

(T,X = {Xt}t∈V(T))

µ(G) = 1

V(G) GA GB Xt

T µ(GA) " (2/3)µ(G) µ(GB) " (2/3)µ(G)

(GA, (2/3)µ(G)) ∪ (GB, (2/3)µ(G)) ∪ Xt

O(k2)

θc

t G

Xt

θc GA GB

S1 S2

G \ {S1 ∪ S2}

GA GB Xt

Xt GA GB S1 ∪ S2 ∪ Xt

θc G
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S(G,µ(G)) " S(GA, (2/3)µ(G)) + S(GB, (2/3)µ(G)) + (G).

(G) " c2µ(G)2 µ(G)

k k µ(G)

S(G,µ(G)) T(G, k)

T(G, k) = T(GA, 2/3k) + T(GB, 2/3k) + c2k2.

k = 1

T(G, 1) = O(1).

T(G, 1) = O(1)

T(G, k) = c2k2 +

(
d∑

i=1

(
8

9

)i

· c2k2

)

+O(1)

i → ∞

d∑

i=1

(
8

9

)i

.

O(k2)

{θc}

k k

θc G



{θC}

θc

G k

k

S1, S2, . . . , Sr ⊆ V r # k G[Si] θc

E(Si) ∩ E(Sj) = ∅ 1 " i " r

θc

v Hv v

v

v

θc

G k θc θc

f(k) = O(k2)

θc

θc O(k2) θc O(k2 log k)

θc

θc O(k2 log k)
S

S

v

θc G v

r r v r

V(G)

{S1, S2, . . . , Sr}
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v

Si ∩ Sj = {v}, ∀1 " i, j " r

G[Si] θc 1 " i " r

k v G

r

r r

θc k

k θc

v

θc

θc k

θc

k

v ∈ S Sv := S \ {v} Gv := G \ Sv

(2c − 1) θc

v Gv θc c (Gv) "
(2c − 1) + 1 = O(1)

v Gv v ∈ S Gv

k + 1

v ∈ S v Gv

k

v ∈ V(G) Hv ⊆ V(G)\{v}

θc v v Hv

{v} v /∈ S Hv = S

v ∈ S v Gv

k Tv O(k)

v θc v Gv

Hv = Sv ∪ Tv |Hv| hv Hv
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V(G) \ {v}

v Hv

v Hv θc G Hv

θc G G\Hv

v C1, C2, . . . , Cr v

(c − 1)

θc Hv θc

Ci θc

Ci Hv u ∈ Ci w ∈
Hv (u,w) ∈ E(G)

Hv G

θc u C

Hv G[V(C) ∪ {v}] θc

u M ⊆ G v ∈ M

u ′ ∈ M u ′ /∈ C ∪ {v} v

u u ′ M c # 2

θc M G

D1, D2, . . . , Ds i Di

Hv

G

Hv v ∈ V(G) w

G Hv D D =

{d1, . . . , ds} di Di

(v, di) w ∈ Di (v,w) ∈ E(G)

k

θc v v

Hv

{u1, . . . , uhv}

Hv G
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ui xi
ui ui

uj j < i

xi := |N(di) \ ∪1!j<iN(dj) ∩N(di)|

y(i)

di v

yi := 5xi/c6

j 1 " j " s

j∑

i=1

yi # k,

k θc v

xi

hv∑

i=1

xi "
hv∑

i=1

(cyi + c) " c

{
hv∑

i=1

yi +
hv∑

i=1

1

}
" c(k+ hv).

v c(k+hv)

c(k + hv) =

O(k2 log k)

θc

O(k2 log k)
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Q,Q ′ ⊆ {0, 1}∗ Q Q ′

D x = (x1, . . . , xt)

xi ∈ {0, 1}∗ i ∈ [t] D(x) ∈ {0, 1}∗

|D(x)| = (maxi∈[t]|xi|)O(1)

f

f(k)p(n)

k



D(x) ∈ Q ′ i ∈ [t] : xi ∈ Q

Q ′ = Q Q

Q Q ′ Q ′

NP

⊆ /

Π

Π A x =

((x1, k), (x2, k), . . . , (xt, k)) xi ∈ {0, 1}∗ i ∈ [t]

A(x) := (y, l) ∈ {0, 1}∗ × N

l = kO(1)

(y, l) ∈ Π i ∈ [t] : (xi, k) ∈ Π

NP

⊆ /

Π

P NP Π

P



k

G k

k

G k

2O(k)nO(1)

k

c : V → [k]

k

k

k

(G1, k), . . . , (Gt, k)

G ′

G ′ k i 1 "
i " t Gi k

k k

k

⊆ /



P Q

P Q P !ppt Q

f : {0, 1}∗ −→ {0, 1}∗

p : N → N x ∈ {0, 1}∗ k ∈ N f(x, k) = (y, l)

(x, k) ∈ P (y, l) ∈ Q

l " p(k)

f P Q

f(k)p(|x|) (x, k) f

p

|x| k

(A, k) (B, l) A

NP B ∈ NP

A B B A

(A, k) (B, l)

A NP B ∈ NP A !ppt B A

B ⊆ /

A

NP B A



f(x) = y

B
K(y)

z ∈ A
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x

A

A B A B

G = (V, E) k

k

G k

G = (V, E) k

k

G k
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k

k k

k

O(k log k)

O(k2)

O(k3)

k

Lk {1, 2, . . . , k} L∗
k

Lk x ∈ Lk x w1 · · ·wr ∈ L∗
k wi · · ·wj; 1 "

i < j " r wi = wj = x w ∈ L∗
k

f1, f2, . . . , fk w

1 " i " k fi i w

w ∈ L∗
k

k # 1

w

k

⊆ /



(W,k) W = w1 · · ·wn {0, 1}∗

G = (V, E) n v1, . . . , vn
{vi, vi+1} 1 " i < n n P

G i ∈ Lk xi xi
vj wj = i i

G k (W,k) k

G k c1, . . . , ck P

P xj
xj

k P 1 " j " k cj
xj P xj

W j Fj W

P cj F1, . . . , Fk
Fj j

j 1 " j " k

w = 1123343422

v1 v2 v3 v4 v5 v6 v7 v8 v9 v10
1 1 2 3 3 4 3 4 2 2

1 2 3 4

!ppt

F1, . . . , Fk
k j, 1 " j " k

xj Fj

⊆ /



+ k

n O(k3)

t

t Π

(I, k) |I| " t k " t (I, k) ∈ Π

Π g(k)

(I, k) g(k) Π

(I, k) ∈ Π |I| k |x ′|, k ′ <= g(k)
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k

⊆ /

c θc

c c

θc

θc

G k

k

G k H1, H2, . . . , Hk

1 " i " k Hi θc

Hi θc



c = 1 θc

k G
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2

⊆ /

c # 3

⊆ /

G S

G\S

♦ k

♦ k

+

{θc}

θc
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c # 3 θc

kd d

⊆ /

θc

⊆ /

k Lk

{1, 2, . . . , k} L∗
k Lk x ∈ Lk

x w1 · · ·wr ∈ L∗
k wi · · ·wj; 1 " i < j " r

wi = wj = x w ∈ L∗
k

f1, f2, . . . , fk w 1 " i " k fi
i w

w ∈ L∗
k

k # 1

w

θc

k

w = x1x2 . . . xn ∈ L∗
k (G, k)

θc v1, v2, . . . , vn
(vi, vi+1); 1 " i < n G

w 1 " i " n Lk(xi) vi

1 " i " k Di Di

vj;Lk(vj) = i D(vj)



θc

c = 5 i

vj vj; 1 " j " n S(vj) (c − 2)

vj D(vj)

(G, k) G k

θc

(w = x1x2 . . . xn, k)

(G, k) θc (w, k)

(w, k)

(G, k) θc

, = xi, · · · xj = , , w 1 " , " k

H G {D%, vi, . . . , vj} ∪ S(vi)

θc c

D% vi H (D%, vi) (c − 2)

〈D%, y, vi〉 ;y ∈ S(vi)

(D%, vj) vj vi G

θc ,

xi . . . xj w

, vi w
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θc

G k θc
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θc G

k

G
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P% = vi · · · vj Lk(vi) = Lk(vj) = ,
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M% vi
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vi M% vi
M% G D% vi S(vi)
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G
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(W,k) W = w1 · · ·wn {0, 1}∗

G = (V, E) n v1, . . . , vn P
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vj wj = i i

n u1, . . . , un i ∈ Lk

yi yi uj wj = i

{ui, ui+1} 1 " i < n

n Q G

P ri vi
vi+1 Q si
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Q
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Q

Q

i j wi = wj



Q

(up, sp)

xi yi vp
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w

Q wp+1 . . . wq

w sp
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sp sp vp P
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G k
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k L

C1, . . . , Ck k
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V(G) xp
yp P Q

G
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Cj EC

k EC C1, . . . , Ck
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w = 1122312
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+

G
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M

G

M
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U F = {F1, F2, . . . , Fn} U
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