NULL CORRELATION BUNDLE AND SECANT BUNDLES

By

KRISHANU DAN
MATH10200904004

The Institute of Mathematical Sciences, Chennai

A thesis submitted to the
Board of Studies in Mathematical Sciences
In partial fulfillment of requirements
For the Degree of
DOCTOR OF PHILOSOPHY
of
HOMI BHABHA NATIONAL INSTITUTE

November, 2015



Homi Bhabha National Institute

Recommendations of the Viva Voce Board

As members of the Viva Voce Board, we certify that we have read the dissertation prepared
by Krishanu Dan entitled “Null Correlation Bundle and Secant Bundles” and recommend
that it maybe accepted as fulfilling the dissertation requirement for the Degree of Doctor
of Philosophy.

Date:
Guide/Convener/Chair - D. S. Nagaraj

Date:
Member 1 - P. Sankaran.

Date:
Member 2 - K. N. Raghavan

Date:
Member 3 - Sanoli Gun

Date:

External Examiner -

Final approval and acceptance of this dissertation is contingent upon the candidate’s
submission of the final copies of the dissertation to HBNI.

I hereby certify that I have read this dissertation prepared under my direction and
recommend that it may be accepted as fulfilling the dissertation requirement.

Date:

Place: Guide



STATEMENT BY AUTHOR

This dissertation has been submitted in partial fulfillment of requirements for an advanced
degree at Homi Bhabha National Institute (HBNI) and is deposited in the Library to be

made available to borrowers under rules of the HBNI.

Brief quotations from this dissertation are allowable without special permisiion, provided
that accurate acknowledgement of source is made. Requests for permisiion for extended
quotation from or reproduction of this manuscriptin whole or in part may be granted by
the Competent Authority of HBNI when in his or her judgement the proposed use of the
material is in the interests of scholarship. In all other instances, however, permission must

be obtained from the author.

KRISHANU DAN



DECLARATION

I, hereby declare that the investigtion presented in the thesis has been carried out by me.
The work is original and has notbeen submitted eralier as a whole or in part for a degree /

diploma at this or any other Institution / University.

KRISHANU DAN



List of Publications

Accepted:

Dan, Krishanu; Nagaraj, D. S.:  Null correlation bundle on projective three space. J.

Ramanujan Math. Soc. 28A (2013), 75-80.

Preprints:

Dan, Krishanu; Pal, Sarbeswar: Semistability of Certain Vector Bundles on Second Sym-

metric Power of a Curve. Submitted. (http://arxiv.org/abs/1503.08910)


http://arxiv.org/abs/1503.08910

ACKNOWLEDGEMENT

First and foremost, I wish to thank my supervisor Prof. D.S. Nagaraj for introducing me
the beauty of Algebraic Geometry, for his continuous encouragement throughout the five
years of my doctoral study and for his patience, which has been tested many times during
this period. I thank him for being so approachable and helpful. His encouragement always

keeps me going during the stressful periods.

I would like to thank Prof. Jaya Iyer, Prof. K. N. Raghavan, Prof. P. Sankaran, Dr. Sanoli
Gun for their continuous support and encouragement throughout my study at IMSc. I am

also grateful to all the academic and administrative members of IMSc.

I am very much thankful to Dr.Sarbeswar Pal for his support and his valuable comments,
ideas, suggestions regarding my research work. Discussions with him has always been

beneficial for me. I have learned many things from him through long discussions.

I have learned a lot from discussions with Prateep, Sanjay, Seshadri, Chandan, Arghya,
Satyajit, Dhriti, Ravinder and many others. I thank all of them. I also thank all my office

mates and room mates (Joyjit, Tanmoy, Soumya and others).

It would be incomplete if I do not mention my teachers Samir Kumar Basu, Sudip Mazum-
dar, Prof. K.C. Chattopadhyay who taught me the beauty of Mathematics and inspired me

to plunge into that beauty.

I am indebted to Dr. Manisha Ray, my best friend, for all the encouragement and support,
for her painstaking effort to ease my stress and pain. Her advices ranging from medical
issues to life had always been very helpful for me. I would also like to thank all my friends

from and outside IMSc for their joyful company.

Last but far from least I wish to thank my family for giving me the freedom to pursue
research. It would not have been possible for me to reach this level without their constant
support, understanding and unconditional love.

KRISHANU



To
D. S. Nagaraj
Samir Basu

Manisha Ray



Contents

SYNOPSIS

1 PRELIMINARIES

1.1 Stable and Semistable Sheaves . . . . . . . . . ... ... ... ...

1.2 Stable and Semistable Bundles on Projective Spaces . . . . . . ... ...

2 Null Correlation Bundle on Projective Three Space

2.1 Space of Null Correlation Bundles . . . . . ... ... ..........

2.2 Main Result

3 Semistability of Secant Bundles on Second Symmetric Power of Curves

3.1 Secant Bundles on Symmetric Power of Curves . . . .. ... ... ...

3.2 Main Results

References

18

24

24

29

35

35

39

48



SYNOPSIS

This thesis is divided into two parts. In the first part, we consider an involution of P3
which induces a finite morphism ¢ : P> — P° such that the image of ¢ is contained
in the Grassmannian variety Gr(2, C*) in P3. We consider the pull back of the universal
quotient bundle on the Grassmannian Gr(2, C*) under the morphism ¢. We show that the
resulting rank 2 bundle on P? is a null correlation bundle. In the second part, we consider
the second symmetric power S2(C) of a smooth irreducible projective curve C of genus g
over the field of complex numbers. Given a vector bundle E over C of rank r, there is a
naturally associated vector bundle of rank 2r over S?(C). We study the semi-stability of
this vector bundle with respect to the ample divisor x + C on S%(C) when E is a rank two
stable bundle on C. We also study the semi-stability of the restriction of this vector bundle
on the curves of the form x + C. In the subsequent sections we will state those results in

details.

Let X be a non-singular irreducible projective variety of dimension n over C. Fix an ample
divisor H on X. For a coherent torsion free sheaf V on X, the first Chern class of V is

defined as ¢ (V) := c;(det(‘V)). Given a coherent torsion free sheaf V' on X, we define the

slope of V with respect to the ample divisor class H as uy(V) := ”gﬁ%{l . We say that V
is uy — stable (respectively, uy — semi-stable) if for every coherent subsheaf W of V with
0 < rank(W) < rank(V) we have uy(‘W) < uu(V) (respectively, uy(‘W) < uy(V)).

We will simply write stable (respectively, semi-stable) to denote uy — stable (respectively,

U — semi-stable) when there is no confusion regarding the ample divisor H.

The study of stable and semistable bundles are very fundamental in algebraic geometry,
specially when we want to construct moduli space of vector bundles. The rank and the
Chern classes are the most natural numerical invariants of a vector bundle. If we try to
describe the space of all (isomorphic classes) of vector bundles of fixed rank and Chern
classes, we see that these invariants are not sufficient to describe such space as it may be

too “big” (for an example see [Har80, Theorem 2.5]). We need some more conditions and
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thus stability and semistability comes into picture by the works of Seshadri, Narasimhan,

Mumford, Takemoto, Gieseker, Maruyama ...

Null Correlation Bundle on Projective Three Space

Let P" denotes the projective n-space over C, the field of complex numbers. Let V be a
stable rank two vector bundles on P? and let H C P3 be hyperplane. One particular interest
is to study the stability property of the restriction V| on H. Maruyama showed that if V
is a semistable rank two vector bundle on P?, then for a general hyperplane H C P?, the
restriction V| is semistable. W. Barth proved a more stronger result. He showed that
if V is a stable rank two bundle on P",n > 4 then for a general hyperplane H C P”, the
restriction V| is stable. For rank two stable bundles on P?, the same conclusion holds
except in one case. W. Barth called the bundle on P? with this exceptional property a “null

correlation bundle”. More precisely, he proved the following result:

Theorem 0.1. ([Barth77]) Let V be some rank two u-stable bundle on P", the complex
projective n-space. If n > 4, there is a non-empty open set U C P, the dual projective
space, such that the restriction of ‘V to all hyperplanes parametrized by U is again stable.

The same holds for n = 3, unless V is a null correlation bundle.

A null correlation bundle is unique up to translation by automorphisms of P? and by
tensoring by line bundles. In [Barth77], Barth gives a construction of this bundle and
showed that the Chern classes of this bundle are ¢; = 0, ¢c; = 1. It turns out that any stable
rank two vector bundle on P? with Chern classes ¢; = 0, ¢, = 1 is a null correlation bundle
([O-S-S, Chapter 2, Lemma 4.3.2]). So the moduli space Mp3(0, 1) of stable rank two
vector bundles with Chern classes ¢; = 0,¢, = 1 is the space of null correlation bundles
on P?. The moduli space Mzs(0, 1) for the null correlation bundles on P? is isomorphic
to the complement P° \ Gr(2,C*) in P° of the Grassmannian variety of two dimensional

quotients of C* ([O-S-S, Chapter 2, Theorem 4.3.4]). Since the stability and semistability



preserves with respect to tensoring by line bundles, any vector bundle which arises from a

null correlation bundle by tensoring by line bundles, will also be called a null correlation

bundle.

Let [x;, X2, X3, x4] be the homogeneous co-ordinates of P* and let o : P* — P? be an
involution defined by [x;, x5, X3, Xx4] — [—X1, —X2, X3, X4]. The automorphism o lifts to an
automorphism of the vector space H(P3,0p3(2)). Let V be the o-invariant subspace of
H(P?,0p:(2)), i.e. V = {v € H'(P?,0p3(2)) : o(v) = v}. Then V = (X7, X5, X3, X3, X, X> +
X3X4, X1Xo — X3X4). The vector space V defines a base point free linear system on P3? and
hence induces a finite morphism

¢:P3—>P5

given by

2 .2 .2 2
(X1, X2, X3, X4] &> [X], X3, X3, X5, X1 X2 + X3X4, X X2 — X3X4].

The image of ¢ is contained in the quadric Z,Z; - ZyZ, + Z4Zs, where [Zy, Z,, Z,, Z3, Z4, Zs]
is the homogeneous co-ordinates of P°. This quadric defines the Grassmannian variety,
Gr(2,C* — of two dimensional quotient spaces of C*, in P° under the Pliicker embedding.
So we can think of ¢ as a morphism ¢ : P> — Gr(2,C*). Let Q, denotes the universal
quotient bundle on the Grassmannian Gr(2,C*) and define Q := ¢*(Q,). Then Q is a
globally generated rank two vector bundle on P?. We use the geometry of Grassmannian
variety to show that the Chern classes of this bundle are ¢(Q) = 2, c2(Q) = 2. We obtain

the following result:

Theorem 0.2. The rank two vector bundle Q is a null correlation bundle on P3.

This gives an alternative construction of null correlation bundle on P*. Now consider an
automorphism g : P3 — P? of P3. If we consider the morphism 7 : P3 — P* defined by
T = gog™!, then 7 is also an involution on P3. If we replace o~ with 7, then the vector bundle
we get is g*(Q). Since null correlation bundle is unique up to translation by automorphisms

of P3, the bundle g*(Q) is also a null correlation bundle.



Semi-stability of Secant Bundle on Second Symmetric Power of a Curve

Let C be a smooth irreducible projective curve of genus g over the field of complex num-
bers C. On the space C X C, consider the following involution C X C — C X C, (x,y)
(v, x). The resulting quotient space is denoted by S?(C), called the second symmetric
power of C. It is a smooth irreducible projective surface over C. A point in S?(C) can
be thought as an effective divisor of degree 2 on C and S?(C) can be regarded as the set
of all effective divisors of degree 2 on C. With respect to this identification, we can write
an element of S%(C) as x + y,x,y € C. Set A, := {(D,p) € S(C)XxC : D = p+gq,
for some g € C}. Then A, is a divisor in S%(C) X C, called the universal divisor of de-
gree 2 on C. Let g, and ¢, be the projections from S2(C) x C onto the first and second
factors respectively. Then the restriction of the first projection to A, induces a morphism
g : Ay — S*(C), which is a two sheeted ramified covering. For any vector bundle E of
rank r on C we construct a bundle #,(E) := (¢).(g5(E) |a,) of rank 2r over S 2(C). Note
that the map C X C — A,,(x,y) — (x + y,y) is an isomorphism. Let p; : C X C — C
be the i-th coordinate projection, i = 1,2, and 7 : C x C — S?(C) be the quotient map.
Then #>(E) = n,p5E. This bundle is called the secant bundle on S 2(C). This was first

introduced by R. Schwarzenberger ([S64]).

Assume g > 2. Let Pic’(C) denotes the variety parameterizing all degree 2 line bundles
on C and let v : S%C) — Pic*(C) be map defined by {x,y} — x + y. (Here we are
considering the unordered collection {x, y} of points x,y € C as an element of S*(C) and
we are identifying the divisor x + y on C and the corresponding line bundle on C.) Let
6 € H*(S%(C),Z) be the pull back of the class of theta divisor in H*(Pic*(C), Z) under
the map v. Using Kiinneth formula we can write H*(S*(C) x C,Z) = (H*(S*(C),Z) ®
H°(C,Z))® (H'(S*(C),Z)® H'(C,Z)) ® (H*(S*(C),Z) ® H*(C,Z)). Let 6 be the class of
the universal divisor A,. Then using above we can decompose 6 as § = 6>° + 6! + %2,

where 6/ € H'(S*(C),Z) ® H/(C,Z). Let’s denote the Kiinneth component 6> by x.

Let E be a line bundle on C of degree d. Then the Chern polynomial of the vector bundle



F>(E) over S%(C) is given by c,(F2(E)) = (1 — xt)!~4*8¢/(1-%) (See [ACGH, Chapter VIII,

Lemma 2.5]). From this we get that the first Chern class
ci(F2AE)=(d—-g—Dx+6

and the second Chern class

2

d- 6
o (Fa(E)) = ( ) g)x2 +(d-gx-0+ >

The cohomology group H*(S?(C),Z) is canonically isomorphic to Z. Also we have x> =

1,x-0=g,6° = g(g— 1). Using this we get c(F>(E)) = (3). (See [ELN11])

Fixing a point x € C, the image of {x} x C in §?(C) defines an ample divisor H’ on S2(C),
which we denote by x + C. The stability and semistability of the vector bundle F,(E),
where E is a line bundle is obtained in [ELN11] by El Mazouni, Laytimi, and Nagaraj.

They proved the following result.

Theorem 0.3. [ELNI11] Let E be a very ample line bundle on C.
(1) The vector bundle F>(E) on S *(C) is semistable with respect to the ample divisor x+C.

(2) Assume that genus of C is greater than zero or genus of C is zero and degree(E) is
greater than one. Then the vector bundle F>(E) is stable with respect to the ample divisor

x+C.
In [BN13], Biswas and Nagaraj improved the above results significantly by classifying all
the stable and semistable secant bundles 7 (FE) for non-trivial line bundles E.

Theorem 0.4. [BN13] Let C be a smooth irreducible projective curve of genus g on C

and let E be a non-trivial line bundle on C.

(1) The vector bundle F>(E) on S*(C) is p-semistable with respect to the ample divisor

x+C.



(2) If E and E’ are two line bundles on C such that F>(E) = F,(E’), then E = E’. In fact,

every isomorphism of ¥,(E) and F>(E") induces an isomorphism of E and E’.

(3) The vector bundle F>(E) is u-stable with respect to the ample divisor x + C, unless

E = Oc(x) or E = Oc(—x) for some x € C.

Now let E be a rank two stable vector bundle on C and consider the associated rank 4
vector bundle 7>(E) on S2(C). One can ask about the stability and semistability of this
bundle with respect to the ample divisor x + C. In the second part of this thesis we gave a

partial answer of this question.

To find the Chern character of #,(FE), for any rank r vector bundle E, first choose a
filtration of E such that the successive quotients are line bundles and use the fact that
Fr(®M,) = &F>(M;) where M;’s are line bundles over C. Then the Chern character of

F>(E) has the following expression ([BL11]):

ch(F2(E)) = degree(E)(1 — exp(—x)) — r(g — 1) + r(1 + g + O)exp(—x).

From the above expression one can easily see that ¢, (F,(E)) = (d —r(g + 1))x + rf, where

d = degree E.
We prove the following:

Theorem 0.5. Let E be a rank two u-stable vector bundle of even degree d > 2 on C such
that F»(E) is globally generated. Then the bundle F>(E) on S*(C) is uy:-semistable with

respect to the ample class H = x + C.

Let E be a non-zero vector bundle on C and k € Z, we denote by w(E) the rational

degree(E)+k

number (E) := rank(E)

. We say that the vector bundle E is (k, [)-stable (respectively,
(k, )-semistable) if, for every proper subbundle F of E we have u(F) < u_,(E/F) (resp.
w(F) < u(E/F)). Note that usual p-stability is equivalent to (0, 0)-stability. If g > 3,

then there always exists a (0, 1)-stable bundle and if g > 4, then the set of (0, 1)-stable

7



bundles form a dense open subset of the moduli space of stable bundles over C of rank 2

and degree d ([NR78, Section 5]). We obtain the following result:

Theorem 0.6. Assume the genus of C greater than 2. Let E be a rank two (0, 1)-stable
bundle of odd degree d > 1 on C such that F,(E) is globally generated. Then the bundle

Fo(E) on S*(C) is uy -semistable with respect to the ample class H' = x + C.

Also, regarding the restriction of #,(E) on the curves of the form x + C we prove the

following:

Theorem 0.7. Let C be a smooth irreducible projective curve over C of genus g and let
E be a rank to vector bundle on C of degree d > 3. Then for any x € C, F>(E)|,sc is not

semistable.



1 PRELIMINARIES

In this section we will recall some basic and well known results of stability and semista-
bility of vector bundles on a smooth irreducible projective varieties, which are essential
for the rest of the chapters. We will follow mainly [O-S-S], [Friedman], [HL]. For the
sake of completeness we will also give proof of some of the stated results. The words
“line bundle”, “invertible sheaf” and “locally free sheaf of rank one” will be used inter-

changeably. The same is true for the words “vector bundle” and “locally free sheaf of

finite rank™.

1.1 Stable and Semistable Sheaves

Let X be a non-singular irreducible projective variety of dimension n over C, the field of
complex numbers. Let V be coherent sheaf on X. We say that V is torsion free if for
every x € X,V, is a torsion free Ox, module, i.e. fa = 0 fora € V, and f € Ox,
always implies a = 0 or f = 0 The dual of V, denoted by V*, is the coherent sheaf
Homp, (V,Ox). The coherent sheaf V** := (V*)* is called the double dual of V. There
is a canonical homomorphism o : V — V**. The stalk of ‘V at the generic point of X is a
finite dimensional vector space. Since this vector space is isomorphic to its double dual,
the kernel and cokernel of the map o are supported on proper closed subsets of X. Also

Ker(o) is precisely the torsion subsheaf of V, i.e. for every x € X

Ker(o), ={a € V,: fa =0,for somef € Ox,, f # 0}.

Thus V is torsion free if and only if o~ is a monomorphism.
Definition 1.1. A coherent sheaf V on X is called reflexive if the canonical homomor-

phism o : V — V** is an isomorphism.

A reflexive sheaf is necessarily torsion free. If V is locally free then obviously it is

9



reflexive. But there are example of reflexive sheaves which are not locally free ([O-S-S,
Chapter 2, Example 1.1.13]). Also dual of any coherent sheaf is always reflexive ([Har80,
Corollary 1.2]).

Let V be a locally free sheaf on X of rank r. The determinant of V, denoted by det(V), is
defined as det(V) := (A"V)**. Now assume “V is a coherent torsion free sheaf on X. Then
there is an open dense subset U of X such that the restriction V| is locally free. The
rank of V is defined to be the rank of the locally free sheaf V|,. Let the rank of V be r.
we define the determinant of V to be det(V) := (A"V)*". The determinant of a coherent
torsion free sheaf V is a reflexive sheaf of rank one. This is actually a line bundle. This

follows from the following result.

Lemma 1.2. Let & be a rank one reflexive sheaf on X. Then & is locally free.

Proof. See [O-S-S, Chapter 2, Lemma 1.1.15]. O

Remark 1.3. Let V be a coherent sheaf on X. Then it has a finite locally free resolution
0->YVy > Vyy > - > Vo > V — 0. The determinant of V is defined by
det(V) := R) det('V;)™V . This definition does not depend on the locally free resolutions

([HL, 1.1.17], [Har, Chapter III, Ex. 6.8, 6.9]).

Definition 1.4. Let V be a coherent sheaf on X. We say that ‘V is normal if for every open
subset U C X and every closed subset Y C U of codimension at least 2, the restriction
map ['(U,V) - I'(U - Y,V) is surjective. ([Barth77, Page 128])

Reflexive sheaves on X has the following characterization:

Lemma 1.5. Let V be a coherent sheaf on X. Then V is reflexive if and only if it is torsion
free and normal.

Proof. See [O-S-S, Chapter 2, Lemma 1.1.12]. m]

The following results gives a criterion for a coherent sheaf to be normal.

10



Lemma 1.6. Let V be a coherent sheaf on X and assume that there is a short exact
sequence 0 —» V — & - Q — 0 of sheaves with & reflexive. If Q is torsion free then V

is normal.

Proof. ([O-S-S, Chapter 2, Lemma 1.1.16]) Let U ba an open subset of X and let ¥ be a
closed subset of U of codimension at least 2. Since V, Q are torsion free, the restrictions
VU) - V(U -Y)and QU) —» QU - Y) are injective. Now consider the following

commutative diagram

0 V() &) Q)
! l |
0 VW -Y) — EU-Y) — QU - Y)

where the horizontal rows are exact, the leftmost and rightmost arrows are injective. Also
the middle arrow is an isomorphism since & being reflexive is both torsion free and nor-
mal. From this diagram it follows that the restriction V(U) — V(U — Y) is an isomor-

phism. O

Definition 1.7. Let V be be a coherent torsion free sheaf on X. Fix an ample divisor H
on X. The first Chern class of V is defined as ¢,(V) := c;(det(‘V)). The slope of V with

respect to the ample divisor H is defined as

degree, (V)

Hu(V) = rank(V)

where degree, (V) := ¢;(V) - H""'. We say that a coherent torsion free sheaf V on X is
uy — stable (respectively, uy — semistable) if for every coherent subsheaf ‘W of V with

0 < rank(‘W) < rank(V) we have

u(W) < up(V) (respectively, uy (W) < pun(V)).

We will write u-stable (respectively, u-semistable) when there is no confusion regard-

11



ing the ample divisor H. Sometimes we will also simply write “stable” (respectively,
“semistable”) instead of u-stable (respectively, u-semistable). u-stable sheaves are also

called slope stable or Mumford stable. Similarly for u-semistable sheaves.

Lemma 1.8. Suppose
0>V >V->V" >0

be an exact sequence of non-zero coherent torsion free sheaves on X and let u = uy.
Then

min(u(V’), (V")) < (V) < max(u(V’), u(V")),
and equality holds at either end if and only if (V") = u(V) = u(V”).
Proof. ([Friedman, Chapter 4, Lemma 2]) Let ¥’ = rank(V’), " = rank(‘V""). Since both

rank and degree are additive, we have

/ ’/

’ u(V’) +

r+r” r+r”

u(v) = u(vV’).

So w(V) = V") + (1 — Hu(V”), for some 4 € R with 0 < A < 1. From this the

conclusion follows. O

Remark 1.9. More generally, if V is a vector bundle and V = V; > V.1 D V,., D
-+ D Vi D (0) be a flag of subbundles of V then u(V) < max(u(Vi1/V;)) and u(V) >
min(u(Viz1/V:)). And equality holds in one case if and only if equality holds for the other
one if and only if u(Vi1 /Vi) = (V1 /V)) for all i and j ([Shatz77, Section 2]).

Now we state some equivalent condition for a coherent torsion free sheaf on X to be stable
(respectively, semistable).

Lemma 1.10. Let V be a coherent torsion free sheaf on X and let u := uy. Then the

following conditions are equivalent:

(i) V is stable (respectively, semistable).

12



(ii) For every coherent subsheaf W of V with 0 < rank(‘W) < rank(V) such that VW

is torsion free we have u(‘W) < u(‘V) (respectively, u(‘W) < u(V)).
(iii) For every torsion free quotient Q of V with 0 < rank(Q) < rank(V) we have u(Q) >

u(V) (respectively, u(Q) > u(V)).

Proof. ([Friedman, Chapter 4, Lemma 5]) The equivalence follows from Lemma 1.8. O

Example 1.11. Let X be a smooth projective variety of dimension n over C and fix an

ample line bundle H.
(1) Any line bundle L on X is stable.

(2) Let L, M be two line bundles on X and consider the vector bundle £ = L & M. From
Lemma 1.8, it follows that E is semistable if and only if degree, (L) = degree,(M). Also

E is never stable.

(3) Let L, M be two line bundles on X of degrees 0, 1 respectively. Suppose we have a
non-trivial extension 0 - L — E — M — 0 on X. Then E is stable. Since degree is
additive, we have u(E) = % Let F be a rank one coherent torsion free sheaf on X which
is a subsheaf of E. There are two possibilities. First, suppose there is a non-zero map
F — L. In this case, u(F) < u(L) = 0 < u(E). Second, suppose there is a non-zero map

F — M. Then u(F) < u(M) = 1. Since u(F) is an integer, u(F) < 0 < u(E).
Lemma 1.12. Let V be a coherent torsion free sheaf on X. Then
(i) V is stable if and only if for any line bundle L on X,V ® L is stable.

(ii) V is stable if and only if V*, the dual of V, is stable.
Proof. See [Takemoto72, Proposition 1.4]. O

The example 1.11(3) is a particular case of the following general result.

13



Lemma 1.13. Let

0>V >V->9V" >0

be an exact sequence of non-zero coherent torsion free sheaves on X with u(V') = u(V) =
u(V"”")ywhere pu := puy. Then V is semistable if and only if both V' and V"' are semistable,

and’V is never stable. In particular, if both V' and V"' are rank 1, then V is semistable.

Proof. ([Friedman, Chapter 4, Lemma 6]) Let V be semistable. Suppose W’ be a co-
herent proper subsheaf of V’. Then W’ is also a coherent proper subsheaf of V and so
u(W) < u(V) = u(V’). Now suppose ‘W” be a coherent proper subsheaf of V" and
let ‘W be the inverse image of ‘W” in V. Then we have the following exact sequence of

coherent torsion free sheaves on X :

0>V -W->W’'-=0.

Now using Lemma 1.8 and the fact that u(V’) = u(V) = u(V”) we see that V" is also

semistable.

Conversely, assume that both V" and V" are semistable. Let W be a proper coherent
subsheaf of V. Then we have the following commutative diagram of torsion free sheaves

onX :

0 vV’ Vv Vv 0

I I |

oOo— W — W — WwW’—0

where the horizontal rows are exact and the vertical arrows are monomorphisms. If either
of W’ or W” is zero then we are done. So assume that both W’ and W’ are non-zero.
Now using that both V’ and V" are semistable with u(V’) = u(V) = u(V”’) and Lemma

1.8, we see that ‘V is semistable. m]

Lemma 1.14. Let V, W be two coherent torsion free semistable sheaves on X and let
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M= HH-
(1) If u(V) > u(‘W), then Hom(V, W) = 0.

(ii) If uW(V) = uw(‘W) with at least one of V and W is stable and if ¢ : V — W is

non-trivial then ¢ is either injective or generically surjective.

(iii) If V, W are vector bundles and c,(V) = c\(‘W), rank('V) = rank(‘W) and if at
least one of V and ‘W is stable, then any non-trivial homomorphism ¢ : V — W is an

isomorphism.

Proof. ([O-S-S, Chapter 2, Lemma 1.2.8]) (i) Let ¢ : V — ‘W be a non-trivial homomor-
phism and let £ := Im(¢). Since both V and ‘W are semistable we have u(V) < u(E) <

u(‘W) contradicting the given assumption.

(i1) Let £ := Im(¢). Suppose rank(E) < rank(V) and rank(E) < rank(‘W). Now if V
is stable then we have u(V) < u(E) < u(‘W) and if ‘W is stable then we have u(V) <
U(E) < u(‘W). Both of these contradict the given assumption. Thus we must have either
rank(E) = rank(V) or rank(E) = rank(‘W). In the first case we have ¢ is a monomorphism

and in the second case ¢ is generically surjective.

(iii) By (ii) we have that ¢ is a monomorphism and hence det(¢) : det(V) — det(‘W)
is also a monomorphism. From the given condition it follows that det(¢) is actually an

isomorphism. Thus so is ¢. O
Remark 1.15. If V = ‘W then the conclusion of (iii) remains true for any torsion free
sheaf V([ Friedman, Chapter 4, Proposition 7]).

Let ‘V be a coherent torsion free sheaf on X. We say that V is simple if End(V) = {1-1d :

A € C}. As an application of the above we get the following result.

Corollary 1.16. Let V be a coherent stable torsion free sheaf on X. Then V is simple.

Proof. ([Friedman, Chapter 4, Corollary 8]) Let ¢ : V — V be a non-zero homomor-
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phism. Then by Lemma 1.14(iii) and Remark 1.15 above, ¢ is an isomorphism. Choose
x € X such that V is free at x. Let 4 € C be an eigenvalue of ¢(x) : V(x) — V(x) where
V(x) is the fiber of V at x. Now consider the map (¢ — A - Id) : V — V. This map is not

an isomorphism and hence must be zero. O

Lemma 1.17. Let V be a coherent torsion free semistable sheaf on X. If rank(V) and

degree (V) are co-prime, then V is stable.

Proof. If V is not stable then there is a proper subsheaf W of V such that u(V) = u(‘W)

and this contradicts that rank(V) and degree (V) are co-prime. O

Now we will state Bertini’s theorem. Before that we will recall some definitions. Here we
will consider varieties defined over an arbitrary algebraically closed field (of any charac-

teristic), not merely over C.

Definition 1.18. Let k£ be an algebraically closed field. A group variety G over k is a

variety G over k together with morphisms

oc:6GxG—->G,p:G — G,e: Speck) - G

satisfying the followings:

(a) Associativity : The following diagram

g X o
GxGXG GxXG
oXlg o
GXG g GxG

commutes.

(b) Law of inverse : Both the compositions
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A lgxp o
G-o-GXG—G->G

and

cA6xc2% 656

equal to e o m where m : G — Spec(k) is the structure morphismand A : G - G X G is

the diagonal morphism.

(c) Law of identity : The compositions

G = Spec(h) . G 225 G x G 5 G
and

G = G %, Spec(k) 25 GxG S G
both equal to 15. ((MF])

Remark 1.19. Since k is algebraically closed, to say that G is a group variety is same as
saying that the set G(k), of k-rational points of G (which is just the set of all closed points

of G) forms a group under the morphisms o, p, e.

Definition 1.20. (1) Let G be a group variety over k and let X be a variety over k. We say
that G acts on X is there is a morphism 6 : G X X — X which induces a homomorphism

G(k) — Aut(X) of groups.

(2) A homogeneous space is a variety X over k together with a group variety G over k

acting on it such that the group G(k) acts transitively on X (k).

Remark 1.21. (1) Any group variety is a homogeneous space with respect to the action
of left multiplication on itself. Also a group variety is necessarily a non-singular variety.

([Har, Chapter III, Section 10])

(2) The projective space P is a homogeneous space for the action of PGL(n).
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Proposition 1.22. (Kleiman) Let X be a homogeneous space with group variety G over
an algebraically closed field k of characteristic zero. Let f : Y — X and g : Z — X be
morphisms of non-singular varieties Y,Z to X. For any o € G(k), let Y7 be Y with the
morphism o o f to X. Then there is a non-empty open subset V.C G such that for every

o € V(k),Y? Xx Z is non-singular and either empty or dimension exactly

dim(Y) + dim(Z) — dim(X).

Proof. See [Har, Chapter III, Theorem 10.8]. O

As a corollary of the above result we get Bertini’s theorem.

Corollary 1.23. (Bertini) Let X be a non-singular projective variety over an algebraically
closed field k of characteristic zero. Let 8 be a linear system without base points. Then
almost every element of 0, considered as a closed subscheme of X, is non-singular (but

may be reducible).

Proof. See [Har, Chapter III, Corollary 10.9]. i

Remark 1.24. The hypothesis “X is projective” is not necessary if we choose 0 to be a
finite dimensional linear system. If X is projective and if O is a linear system with base
points D, then by considering the base-point-free linear system 8 on X — D we get a more
general result “a general member of O can have singularities only at the base points”

([Har, Chapter I, Remark 10.9.2]).

1.2 Stable and Semistable Bundles on Projective Spaces

Let P" denotes the projective n-space over C. Since H*(P",Z) = Z[h]/h"*'Z, where h is
the class of a hyperplane, we can consider the Chern classes of a vector bundle on P" as

integers.
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Let “V be a torsion free coherent sheaf on P” of rank 2. Then there is a uniquely determined

integer kq, such that ¢;(V(kvy)) € {0, —1}. From the Chern class computations it is easy

to see that ky = —C‘(Z(V), for ¢1(‘V) even and ky = —%, for ¢;(V) odd. Set Vyorm =
V(kv). We say that V is normalized if V = Vyoim. If V is a normalized rank two coherent

torsion free sheaf on P", then u(V) € {0, —%}.

Proposition 1.25. Let V be a rank 2 normalized reflexive sheaf on P". Then V is stable
if and only if V has no sections, i.e. H'(P",V) = 0. If ¢;(V) = 0 then V is semistable if
and only if H(P", V(-1)) = 0.

Proof. ([O-S-S, Chapter 2, Lemma 1.2.5]) If H°(P",V) # 0, then we have a monomor-

phism Op: — V. Now u(Op+) = 0 > u(V) and hence V is not stable.

Conversely assume that H(P3,V) = 0. Let ‘W be a rank one coherent subsheaf of V
with a torsion free quotient @ = V/W. Then by Lemma 1.6, W is normal. Since it
is a subsheaf of a torsion free sheaf, it is also torsion free. Thus by Lemma 1.5, W is
reflexive and hence by Lemma 1.2, ‘W is locally free. So ‘W = Opn(k) for some k € Z.
The inclusion ‘W — V defines a non-zero section of V(—k). By the assumption, —k > 0.

Hence u(‘W) =k < u(V).

If ¢1(V) is even, then one can show in exactly the same way that V is semistable if and

only if H'(P", V(-1)) = 0. O

If ¢;(V) = —1 in the above proposition, then “stable” and “semistable” are same. As an

immediate application of the above proposition we have the following result.

Corollary 1.26. Let V be a rank two vector bundle on P" and suppose c¢;(V) = 2t¢, for
some t € Z. Then V is stable if and only if H°(P", V(1)) = 0. Also V is semistable but

not stable if and only if H'(P", V(-t)) # 0 and H*(P", V(-t — 1)) # 0.

Proof. Since c¢,(V) = 2t, we have, ¢;(V(—t)) = 0. Now the conclusion follows from the

above proposition. m|
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Let V be a rank r torsion free coherent sheaf on P". Then there is a unique integer kv,

such that ¢;(V) € {0, 1,--- , —r + 1}. Chern class computaion shows that if ¢;(V) = mr + i
with m,i € Zand 0 < i < r—1, then ky = —w. We say that V is normalized if
ci(V) € {0,1,---,—r + 1}. For rank 3 normalized reflexive sheaves on P" we have the

following criterion of stability and semistability.

Lemma 1.27. Let V be a normalized rank 3 reflexive sheaf on P". Then V is stable if and

only if
HY®", V) = H'®",V*) = 0, for c;(V) =0

H(P",V) = H'(P", V*(-1)) = 0, for c,(V) = -1, -2.

If c1(V) = 0 then V is semistable if and only if

H(P", V(-1)) = H'®P", V*(-1)) = 0.

Proof. ([O-S-S, Chapter 2, Remark 1.2.6]) This is similar to the case of rank 2. O

We saw before that a stable vector bundle over a smooth irreducible projective variety is

simple. For rank two vector bundles over P” the converse is also true.

Proposition 1.28. Let V be a rank two simple bundle on P". Then V is stable.

Proof. ([O-S-S, Chapter 2, Theorem 1.2.10]) Without loss of generality we can assume
that <V is normalized. Suppose V is not stable. Then by Proposition 2.18, H(P?, V) # 0.
Also V* = V@det(V*). So H'(P", V*) # 0. Let s € H'(P", V) and t € H°(P", V*) be two
non-zero sections. Then t® s € H'(P", V* ® V) defines an endomorphism of V which in
each fiber has rank at most one. Thus it can not be of the form A - Id for some A € C. This

contradicts that V is simple. O

Remark 1.29. For vector bundles of rank at least three the above proposition does not

hold in general. See [O-S-S, Page 89-90].
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Let V be a vector bundle on P" and let s € H°(P",V) be a global section of V. Then s
determines a morphism Op» — V. Taking duals (i.e. applying the functor Homy., (-, Op:))
we get a morphism V* — Op.. The image of this morphism is a sheaf of ideals 7 of Opx.
The corresponding closed subscheme Y of P” is called the scheme of zeros of s, and is

denoted by (s)o.

Remark 1.30. Let V be a rank two vector bundle on P",n > 2 and let s € H'(P",V) be
a non-zero global section. Let Y be the corresponding scheme of zeros of s. If Y is empty
then the morphism V* — Ow is a surjection. In this case, V is a direct sum of two line
bundles. If Y has a component D which is of codimension 1, then D is a divisor. In this
case, the section s lies in the image of the map H°(P", V(-D)) — H°(P",V) obtained
by taking cohomology long exact sequence corresponding to the short exact sequence
0— V(=D)— YV — V|p — 0. Let t € H'(P", V(-D)) be the section whose image is s.

Then the scheme of zeros of t has codimension > 2.

The following result gives a criterion for two distinct sections of a rank two bundle on P3

to have distinct scheme of zeros.

Proposition 1.31. Let V be a rank two vector bundle on P*, and assume that for every
non-zero section s € H'(P3,V), the scheme of zeros (s)y has codimension 2. Then two
non-zero sections s, s' € H'(P3,V) have the same scheme of zeros if and only if s = As’,

for some A € C,A # 0.

Proof. See [Har78, Proposition 1.3]. |

Lemma 1.32. Let V be a rank two vector bundle on P" and let s € H(P",V) be a global
section of V. Let Y be the scheme of zeros of s and let Iy be the ideal sheaf of Y. Then we

have an exact sequence

0= Op—oV — Iyk)—0

where k := ¢ (V).
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Proof. See [Barth77, Lemma 3]. O

The next result, analogous to Bertini’s theorem for divisors (corollary 1.23), gives a crite-
rion for the scheme of zeros of sections to be non-singular. For this result we will consider
vector bundles on projective spaces over an arbitrary algebraically closed field k of any

characteristic.

Proposition 1.33. Let k be an algebraically closed field and let P} be the projective n-

space over k. Let V be a rank two vector bundle on IP}.

(1) If V(=1) is generated by global sections, then for all sufficiently general sections

s € H'(P", V), the scheme of zeros (s)y is non-singular (but not necessarily connected).

(2) If characteristic of k is zero, then the above conclusion holds for weaker condition that

V is generated by global sections.

(3) If H'(P",V*) = 0 and n > 3, then (s), is connected for every s € H'(P",V).

Proof. See [Har78, Proposition 1.4]. i

Now we will state a very useful results for computing Chern classes of globally generated

rank two vector bundles over P3. Before that we recall a well known result.

Lemma 1.34. Let V be a vector bundle on P" which is generated by global sections. If

c1(V) = 0 then V is trivial.

Proof. See [O-S-S, Chapter 1, §3]. Also see [LN10, Lemma 3.9] for a proof for vector

bundles on non-singular irreducible projective variety over C. O

Lemma 1.35. Let V be a non-trivial rank two vector bundle on P3 together with a sur-
Jjection

C4 ® O[p3 - V.
Then ¢, (V) = 2m and c,(V) = 2m? for some integer m > 1.

22



Proof. ([LN10, Lemma 3.5]) The surjection C*®0ps — V gives rise to an exact sequence

of vector bundles on P :

0-S >C*®@0m — V.

Let ¢;(V) = a and ¢,(V) = b. Since V is generated by global sections and non-trivial,
a > 0 (Lemma 1.34). Since S is a rank two bundle, we have c3(S) = 0. from this we get

that 2ba — a®> = 0. Since a # 0,a*> — 2ab = 0. From this the conclusion follows. O
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2 Null Correlation Bundle on Projective Three Space

In this section, we will define null correlation bundle on P?, the projective three space

over C and prove the main result: Theorem 0.2.

2.1 Space of Null Correlation Bundles

Let QIIP3 denotes the cotangent bundle of P? and let’s consider the projective space bundle

P(Q},). Then we have
P(QL) = {(x, H) e P’ x P*" : x € H}.

Let p: P(Q]IP3) — P3 be the projection and consider the 4 X 4 complex matrix

0 -1 0 0

1 0 0 O
A=

0 0 0 -1

0 0 1 0

Then for all x € C* we have (Ax,x) = 0 where (x,y) = Y; x;y;. Now choose a homo-
geneous coordinate (xo, X;, X2, x3) of P* and let (&), &), &, &3) be the dual homogeneous

coordinate of P3". With respect to these coordinates A defines an isomorphism

o PP — P,

W. Barth called such an isomorphism as null-correlation. The condition (Ax,x) = 0

implies the existence of a section

g: PP PQL), x - (x, D(x)).
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We can consider this section as a subbundle of Q!

13, Op3(a) == Q. Tt can be proved that

a = —2. Thus the section g defines a trivial subbundle Ops C Qﬂlﬁ. By taking dual we get a
surjection

TPS(—I) — Op3(1),

where Tps is the tangent bundle of P?. The kernel of the above surjection, V say is a rank
two vector bundle on P3. This bundle is called a null correlation bundle on P3. Using the
short exact sequence

0>V > Tp(-1) > Op(l) >0

we can compute the Chern classes of the bundle V to get ¢;(V) = 0,c2(V) = 1. Also
the bundle V is stable but the restriction V| to any hyperplane H C P? is semistable,
not stable ([O-S-S, Chapter2, Theorem 1.3.1]). A null correlation bundle is unique up
to translation by automorphisms of P* and by tensoring by line bundles as given by the

following result:

Theorem 2.1. ([Barth77]) Let V be some rank two u-stable bundle on P", the complex
projective n-space. If n > 4, there is a non-empty open set U C P"™, the dual projective
space, such that the restriction of ‘V to all hyperplanes parametrized by U is again stable.

The same holds for n = 3, unless V is Null correlation bundle.

From the above theorem it is obvious that any rank two vector bundle on P? that occurs

as a kernel of a surjective morphism

T]p3(—1) — 0p3(1)

is a null correlation bundle on P3.
Now we will give a short description of the space of all null correlation bundles on P3.

Let S be a projective variety of over C and let ¢y, ¢, -+ , ¢, € Z. A family of rank r stable

bundles over P" with Chern classes ¢y, ¢3, - - - , ¢, and parametrized by S is a rank r vector
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bundle V over S X P" such that for all s € S the bundle
Vi = V|epn
over P" = 5 X P" is stable and has Chern classes
ci(Vy) = ci.

Let p : S XxP*" — § be the projection onto the first factor. Two families V and W

parametrized by S are said to be equivalent if there is a line bundle L over S such that
W=VepL

We denote by 3 := >- ., (8) the set of equivalence classes of families of rank r stable

C1,62,

bundles over P" with Chern classes ¢y, ¢y, - - - , ¢, and parametrized by S.

Let Var denotes the category of projective varieties over C and let Sets denotes the cate-

gory of sets. Then we have a contravariant functor

Z:V_arﬁm.

Definition 2.2. A fine moduli space for rank r stable bundles over P” with given Chern
classes cy,¢;,- -+ ,¢, € Z is a scheme M := Mg:(cy, ¢z, ,c,) over C together with a

P
C1,€2,75C

bundle U over M x P" such that the contravariant functor ), = _ is represented

by the pair (M, U).

It was proved by Le Potier in [lePotier79] that there is no fine moduli space for rank 2

stable bundles over P? with ¢; = 0 and ¢, even.

Definition 2.3. A scheme M := Mgp:(cy,c2,-- ,c,) over C is a coarse moduli space for

the contravariant functor Zfr’%,,, _if the following conditions are satisfied:

Ne
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(1) there is a natural transformation of contravariant functors

Z - Hom(_a MP”(CI7 Coy vty cr))

which is bijective for any (reduced) point x.

(ii) for every variety X and every natural transformations ), — Hom(—, X) there is a
unique morphism
¢ : MP"(cl9C2’ et ’Cr) - X

for which the diagram

]P;}l
201,02,---,C,~ 7’(0}’}1(—, M]P’" (Cl €5ty Cr))

.

ld Hom(—, X)

Hom(—, X)

commutes.

The existence of the moduli space M := Mps(0, 1) is of particular interest. Before de-

scribing this space, we will recall some results.

Lemma 2.4. Let V be a rank two stable bundle on P? with Chern classes c¢;(V) =

0, c2(V) = 1. Suppose H'(P?, V(=2)) = 0. Then V fits into the exact sequence
0 - Om(-1) > QL(1) >V - 0.
In other words, V is a null correlation bundle on P>.

Proof. See [O-S-S, Chapter 2, §3, Example 6]. O

The next result shows that the condition H'(P3,V(-2)) = 0 in the above lemma is not

necessary.
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Lemma 2.5. Let V be a rank two stable bundle on P? with Chern classes c¢;(V) =
0,c(V) = 1. Then
H'(P?,V(-2)) = 0.

Proof. See [O-S-S, Chapter 2, Lemma 4.3.1]. |

Combining above two lemmas we get the following result.

Lemma 2.6. Every stable rank 2 bundle V on P* with Chern classes ¢;(V) = 0,c2(V) =

1 is given by an exact sequence
0 - Om(-1) > QL(1) >V - 0.
Each of these bundles V is a null correlation bundle on P>.

Proof. See [O-S-S, Chapter 2, Lemma 4.3.2]. O

The above lemma shows that the moduli space Mp3(0, 1) is the actually the moduli space
of null correlation bundles on P?. The description of this space is given in the following

result.

Proposition 2.7. The moduli space My3(0, 1) for the null correlation bundles on P is

isomorphic to the complement

P\ Gr(2,C%

in P3 of the Grassmannian variety of two dimensional quotients of C*.

Proof. See [O-S-S, Chapter 2, Theorem 4.3.4]. O

28



2.2 Main Result

Let o : P? — P? be the automorphism

[x1, X2, X3, X4] = [—Xx1, —X2, X3, X4].

Then o is an involution i.e., 0> = idps. The automorphism o lifts to an automorphism of
the vector space

HO(P?, Op3(2))

with subspace of ¢ invariants (i.e., v € H'(P3, 0p:(2)); 0(v) = v)

V=< X1, X3, X3, X3, X, X5 + X3 X4, X, X5 — X3 Xy > .

Clearly the linear system defined by V is base point free on P? and hence

2 .2 2 2
[x1, X2, X3, X4] > [X], X3, X3, X, X1X2 + X3X4, X1 X2 — X3X4]

gives a morphism
¢ PP — P

Since this morphism is defined by o~ invariants, the morphism ¢ factors through P*/< o >.

In other words, we have the following commutative diagram:

¢

P3 — P
1) /!
PP/< o>
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Set [Zy,Zi, ..., Zs] as homogeneous coordinates of P°. Note that image of P? under ¢ is

contained in the intersection of two linearly independent quadrics, namely

2y 75 — 202 + 2475 (1)

and

2707y + 27,73 — 72 - Z2. )

Since a non constant morphism from a projective space is always finite, the image of P?
under ¢ is equal to intersection of two quadrics in P°. Degree considerations will imply
that the morphism ¢ maps P3/< o > in a bijective manner onto the intersection of the

quadrics (1) and (2).

Since equation (1) defines the Grassmannian Gr(2, C*) in P> under the Pliiker imbedding,
the morphism ¢ can also be thought of as a morphism into the Grassmannian Gr(2, C*).

Let

0 = ¢ (Quw),
where Q, is the universal quotient bundle on the Gassmannian Gr(2, C*) of rank two.
Chern classes of the rank two vector bundle Q on P?

First note that the determinant of the universal quotient bundle on the Grassmannian
Gr(2,C% is the restriction of Oss(1). Thus we see that the determinant of Q is Oz (2),

and hence the first Chern class of Q,

ci(Q) = 2[H], (3)

where H is the hyperplane class of P?.

Next we calculate the second Chern class ¢,(Q) of Q on P3. This can be found by con-

sidering the pull back under the morphism ¢ of a two dimensional linear subspace of P°
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contained in Gr(2,C*) (see below 2.8). Let’s consider a two dimensional linear subspace
defined by Z, = Z, — Zy = Z, — Z5 = 0 contained in Gr(2, C*). Then the pull back of this
linear subspace under the morphism ¢ is the scheme ¢, U £, where £; C P3(resp. £, C P?)
is a line defined by X; — X5 = X, + Xy = 0 (resp. X; + X5 = X; — Xy = 0). From this we
see that

2(Q) = 2[H*]. “4)

Remark 2.8. A rank two vector bundle E on P? which is generated globally by four

sections induces an exact sequence

0—>S—>O§3—>E—>O (®))

where S is a rank 2 vector bundle on P. From this exact sequence we see that

c2(S) = e (E),

[LN10, Lemma 3.3]. This Chern class is the class of the pull back, under the morphism
of P? to Gr(2,C*) given by the exact sequence (5), of a two dimensional linear subspace
of P> contained in Gr(2,C*) [GH, p. 757].

Stability property of the bundle Q

Note that, by construction, the rank two bundle Q on P? comes with an exact sequence

O—>E—>O;3—>Q—>O.

In fact this exact sequence is the pull back of the universal exact sequence on Gr(2, C*).
Since Q is quotient of the trivial bundle of rank four, Q is generated by the images of
these four sections. It is easy to see that these are four independent sections of Q. Let V

be the four dimensional subspace of H°(Q) generated by these four sections of Q. Since

31



the morphism

¢ : PP = Gr(2,CH(C P(A*V) ~ P%)

is given by the linear system

A2V c H(P?, det(Q)) = H(P?, Op:(2))

we see that, for a general element s of V the zero set is a non degenerate (i.e., not contained
in a hyperplane) codimension two smooth subscheme of degree two of P* and hence dis-
joint union of two lines. In fact smoothness of the subscheme follows from the general re-
sult of Kleiman [Har, Section III, Theorem 10.8]. To see the zero locus is non-degenerate
we argue as follows: By Bertini’s Theorem [Har, Section III, Corollary 10.9], q&‘l(H) 18
a smooth quadric in P3, where H is a general hyperplane of P°. Restriction of ¢ to such a
quadric will pull back the class of a linear plane contained in Gr(2, C*)(C P(A%V) =~ P)

to a multiple of the class of one of the rulings of the quadric.

Let s be a general global section of Q. By previous observation

(={peP’ :s(p)=0}=1Ub,

where £, and ¢, are two disjoint lines in P?. The section s gives rise to an exact sequence

0 O0n = Q0 Tua(2) =0 ©6)

[Barth77, Lemma 3]. Tensoring the exact sequence (6) by Ops(—1) and using the fact
that £; U £, is not contained in a hyperplane, we conclude that H°(P*, Q(~1)) = 0. Since

¢1(Q) = 2, using Corollary 1.26 we have the following:

Lemma 2.9. The bundle Q on P? is stable.
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Restriction of the bundle Q to hyperplanes of P*

The aim of this section is to prove the following

Lemma 2.10. The bundle Q|y is semi-stable but not stable, where H is any hyper-plane

of P3.

Proof: Let H be a hyper-plane of P3. Since ¢;(Q) = 2 and H ~ P?, using Corollary 1.26

we see that to prove the lemma, we only need to show

H°(H, Qly(~=1)) # 0 and H*(H, Ql(-2)) = 0.

The restriction of the exact sequence (6) to H gives an exact sequence on H:

0—=0y— Olu— I4u,2)®0yz — 0. (7)

Suppose that the lines £; and ¢, are not contained in H. Then

HnN (fl UKZ) = {plap2}9

where p; and p, are two distinct points of H. In this case the exact sequence (7) reduced

to the following exact sequence

0—O0n— Oy = Lipp)(2) = 0. ®)

Tensoring the exact sequence (8) by Oy(—1) (resp. by Oy(—2)) and taking the cohomol-
ogy, we see that H'(H, Q|y(—1)) # 0 ( respectively, H*(H, Q|x(-2)) = 0).

Since ¢; and ¢, are disjoint, a hyper-plane H of P can contain at most one of these lines.
Suppose a hyper-plane H contains one of these lines, say ¢;. Then H intersects £, at

exactly one point, say at p. So, the restriction of the exact sequence (6) to H give rise to
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an exact sequence

0— Ou(l) - Qly —» I,(1) - 0. (€))

Tensoring the exact sequence (9) by Oy(—1) (resp. by Oy(—2)) and taking the cohomol-
ogy, we see that H°(H, Q|y(—1)) # 0 ( respectively, H'(H, Q|z(—2)) = 0). This completes

the proof the lemma.

Note that, in [Barth77], a Null correlation bundle is defined to be a rank two bundle on
P? with the first Chern class ¢; = 0 and the second Chern class ¢, = 1, which is stable
but when restricted to a general hyper plane is not stable, only semi-stable. It is easy to
see that the bundle Q(—1), where Q is the rank two bundle on P? that we defined above,
is a Null correlation bundle. Since tensoring by line bundle does not change the stability
properties of a bundle, any bundle which is obtained from Null-correlation bundle by
tensoring by a line bundle will also be called Null correlation bundle. Using above two

lemmas we get the main result of this section.
Theorem 2.11. The rank two vector bundle Q is a null correlation bundle on P>.

Remark 2.12. According to Barth [Barth77], a Null-correlation bundle is homogeneous

for the symplectic group and is unique up to translation by automorphisms of P*.

If we replace the involution o in our construction by a conjugate involution gog™" the
bundle we get is g*(Q), where g is an automorphism of P*. Since a Null-correlation bundle
is a unique bundle (up to translation by automorphisms) which is stable but the restriction
of it to any hyper-plane H is semi-stable, not stable [Barth77], we conclude that the

bundle Q, that we constructed above, is a Null-correlation bundle on P>.
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3 Semistability of Secant Bundles on Second Symmetric

Power of Curves

Let C be a smooth irreducible projective curve of genus g over C, the field of complex
numbers. Consider the variety C" := CXCX---XC (n times), the n-fold cartesian product
of C. Let §, denotes the symmetric group of n elements. Then there is a natural action
of §, on C", given by (0, (x1, X2, -+ , X)) = (Xo(1)> Xo2)» * * * Xo(my)- The quotient $"(C) :=
C"/S, is called the n-th symmetric power of C. It is an irreducible smooth projective
variety of dimension n. A point in $”(C) can be thought as an effective divisor of degree
n on C and $"(C) can be regarded as the set of all effective divisors of degree n on C.
With respect to this identification, we can write an element of S"(C) as X\, x;,x; € C.
Given a vector bundle E on C, there is a naturally associated vector bundle on S”(C). In
this section we will recall some properties of this bundle and also prove the main results:

Theorems 0.5, 0.6, 0.7.

3.1 Secant Bundles on Symmetric Power of Curves

Consider the variety S"(C)XC. Set A, := {(D, p) € S"(C)XC : p € D}. Then A, is a divisor
on S"(C) x C, called the universal divisor of degree n on C. Let gq; : S"(C) x C — S"(C)
and ¢, : §"(C) X C — C be the projections. Let g := gila, : A, — S"(C) be the restriction
of ¢;. Then ¢ is a finite morphism of degree n. Let E be a vector bundle of rank r on C.

Then we have the following exact sequence of §"(C) X C modules:

0— q;E ®OS”(C)><C(_An) - q;E - CIZE ®0An — 0.
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Set F,(E) := (q2):(q1E ® Oa,) = q.(q|Ela,). Then from the above exact sequence we get

an exact sequence on S"(C) :

0 = (92)+(q}E ® Osncoyxc(—A) = (q2)(q1E) = FulE) = R'(q2).(q{E ® Ognicpxc(—An)).

The coherent sheaf 7,(E) is actually a vector bundle on S”(C) of rank nr. This bundle
is called the secant bundle on S"(C). This was first introduced by R. Schwarzenberger

([S64)).

Let m; : C" — C be the i-th coordinate projections and let E(n) := & w7 E. Then &(n)
is a locally free sheaf of rank nr on C". Let 7 : C" — S"(C) be the natural quotient
morphism. This is a Galois covering morphism with the Galois group S ,,. Then the action
of §, on C" induces an action on &(n). Any element of S, permutes the fiber of &(n)
the same way as it permutes the elements of C". The action of S, on &(n) induces an
action on m.&(n). Let V,(E) = (1.8(n))*" c n.E(n) be the invariant subsheaf defined
as follows: Over any open set U the sections are the S ,-invariant sections of 7.E(n), i.e.
(U, V(E)) := T(U,r,Em))S" Since r is finite proper surjective morphism of smooth
projective varieties, m,.&(n) is locally free. The coherent sheaf V,(E) is also locally free

because locally it is a direct summand of 7.&(n).

Proposition 3.1. The two vector bundles V,(E) and F,(E) on S"(C) as defined above are

canonically isomorphic.

Proof. See [BL11, Proposition 2.1]. O

Assume g > 2. Let Pic"(C) denotes the the variety parametrizing all degree n line bundles
on C and let v : §"(C) — Pic"(C) be map defined by {x, x2,...,x,} = X, x;. (Here
{x1, X2, -+, x,} is an unordered collection of points x; € C, considered as an element of
S™(C) and we are identifying the divisor ).\ ; x; on C and the corresponding line bundle

on C.) Let 8 € H*(S"(C), Z) be the pull back of the class of theta divisor in H*(Pic"(C), Z)
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under the map v. Using Kiinneth formula we can write

H*(S"(C)x C,Z) =

(H*(S"(C),Z)® H(C,Z)) & (H'(S"(C),Z) ® H'(C,Z)) & (H*(S"(C),Z) ® H*(C,Z))

Let 0 be the class of the universal divisor A,. Then using above we can decompose 6
as 0 = 0% + 0" + 6°2, where 6/ € H(S"(C),Z) ® H/(C,Z). Let’s denote the Kiinneth

component 6>° by x.

Lemma 3.2. Let E be a line bundle on C and let the degree of E is d, then the Chern

polynomial of F,(E) is
C,(ﬁ(E)) — (1 _ xt)nfdJrgfletH/(lfxt).

Proof. See [ACGH, Chapter VIII, Lemma 2.5]. O
Remark 3.3. Let n = 2 and E be a line bundle on C of degree d. Then from the above
Lemma we get that the first Chern class

a(fAE)=d-g-Dx+6

and the second Chern class

2

d— o)
o (Fa(E)) = ( ) g)x2 +(d-g)x-0+ >

The cohomology group H*(S*(C),Z) is canonically isomorphic to Z. Also we have x* =

1,x-0=g,6*=g(g—1). Using this we get c;(F>(E)) = (‘21) (See [ELNI11])

Now assume E is any rank r vector bundle on C. Choose a filtration of E such that the

successive quotients are line bundles. This filtration induces a filtration of subbundles of

37



F,.(E). Also note that if V = &,L;, where each L, is a line bundle on C, then 7,(V) =

& F.(Ly). Using this, we see that, the Chern character of 7,(E) is ([BL11])

ch(F,(E)) = degree(E)Y(1 —e™)—r(g—D+r(n+g—1+0)e".

In particular, when n = 2 the first Chern class of #,(E) is given by

cl(F2(E)) = (d = r(g + 1))x + 16, (10)

where d = degree(E).

Let C be a smooth irreducible projective curve of genus g over C. Let E be a line bundle
on C of degree d. Consider the associated vector bundle %,(E) of rank two on S2(C), the
second symmetric power of C. Let x € C and consider the divisor H = x + C on S%(C).
Then H’ is an ample divisor on S2(C). The following results gives criterion for F,(E) to

be stable and semistable with respect to H'.

Theorem 3.4. Let E be a very ample line bundle on C. Then the vector bundle F>(E) on

S2(C) is semistable with respect to the ample divisor x + C.

Proof. See [ELN11, Theorem 4.3]. O

Theorem 3.5. Let E be a very ample line bundle on C. Assume that genus of C is greater
than zero or genus of C is zero and degree(E) is greater than one. Then the vector bundle

F>(E) is stable with respect to the ample divisor x + C.

Proof. See [ELN11, Theorem 4.6]. O

Remark 3.6. Let C = P! and E = Opi(1) then S*(C) = P? and F»(E) = Op2 ® Oz Hence
F>(E) is not stable. We will see later that the condition on degree of E in Theorem 3.5 is

a necessary and sufficient one.

We have a further generalization of the above theorems.
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Theorem 3.7. Let E be a non-trivial line bundle on C.

(1) The vector bundle F>(E) on S *(C) is semistable with respect to the ample divisor x+C.
(2) If E and E’ are two line bundles on C such that ¥,(E) = F,(E’), then E = E’. In fact,
every isomorphism of F,(E) and F>(E") induces an isomorphism of E and E’.

(3) The vector bundle F,(E) is stable with respect to the ample divisor x + C, unless

E = Oc(x) or E = Oc(—x) for some x € C.

Proof. See [BN13, Theorem 1.1]. O

Theorem 3.7(2) is a special case of the following result.

Theorem 3.8. Assume genus of C is greater than one. If E and E’ are two semistable
bundles on C such that the vector bundles F,(E) and F,(E") on S"(C) are isomorphic for
a fixed n, then E is isomorphic to E’.

Proof. See [BN12, Theorem 1.1]. a

Remark 3.9. The condition on genus of C in the above theorem can be relaxed with an
additional assumption that W(E) > n—1 and u(E’) > n—1. See [BP11, Theorem 2.1, 3.1].
Let x € C. Then x + S"~!(C) is an ample divisor on S"(C). The following result gives a
criterion for the vector bundle ¥,(E) on S$"(C) to be stable when E is a line bundle on C.
Theorem 3.10. Let E be a line bundle on C of degree d > n. Then the vector bundle

Fa(E) on S™(C) is stable with respect to the ample divisor x + S"1(C).

Proof. See [M, Proposition 4.3.6]. O

3.2 Main Results

Let C be a smooth irreducible projective curve of genus g over C. Let E be a rank 2 vector

bundle on C. and let 7> (E) be the associated secant bundle on S2(C). Define a morphism
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f:CxC— S*C)xCby(x,y) — (x+y,y). Then this morphism gives an isomorphism
of C X C onto the universal divisor A,. Let 7 : C x C — §?(C) be the quotient map and let
g : Ay — S?*(C) be the map obtained by restricting the projection g; : S*(C)xC — S*(C)
to A,. Then we have g o f = m. Let p; : C X C — C be the i-th coordinate projections,
i = 1,2. Then we have ¥,(E) = m.p;E. Fix an element x € C. Then the image of x X C in
$2(C) (under the morphism 7) is an ample divisor. We denote this divisor by x + C. We

prove the following result:

Theorem 3.11. Let E be a rank two stable vector bundle of even degree d > 2 on C such
that F»(E) is globally generated. Then the bundle F>(E) on S*(C) is uy-semistable with

respect to the ample class H' = x + C.

Remark 3.12. If E is an even degree vector bundle which is a quotient of direct sum of
very ample line bundles, i.e. if there is a surjection ®L; — E where each L; is a very

ample line bundle on C, then E satisfies the property of Theorem 3.11.

We recall some well known results.

Lemma 3.13. Let f : X — Y be a finite surjective morphism of non-singular surfaces,
F be a vector bundle on Y, and H be an ample divisor on Y. Assume f*(F) is psm)-

semistable (respectively, us-)-stable). Then F is uy-semistable (respectively, y-stable).

Proof. ([ELN11, Lemma 4.4]). If F is not uy-semistable (respectively, uy-stable) then
there is a torsion free coherent proper subsheaf M of F such that uy(M) > up(F) (re-
spectively, ug(M) > ug(F)). Then we have p sy (f*(M)) > ppa)(f*(F)) (respectively,
(M) > ppny(f*(F))). This contradicts that f*(F) is us-m)-semistable (respec-

tively, p ¢+ m-stable). m|

Note that 7 : C x C — S?(C) is a finite surjective morphism between two non-singular
surfaces. So by Lemma 3.13, to prove Theorem 3.11 it is sufficient to prove that the vector
bundle 7*%,(E) is semistable on C X C with respect to the ample divisor H := n*(H’) =

[xxC+ C X% x].
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The first Chern class of F,(E) is given by ¢1(F>2(E)) = (d — 2(g + 1))x + 26 (see equation
(10)). Thus ¢|(7*F2(E)) = n*c(F2(E)) = (d —2(g + 1))[x X C + C X x] + 27*(0). To find

an expression for 7*(6) we use the following result:

Lemma 3.14. Let C be a smooth irreducible curve of genus g > 1 and let K¢ be the
canonical bundle of C. Let J¢~'(C) be the variety of line bundles of degree g — 1 on C,
and let © be the divisor on J5~'(C) consisting of line bundles with non-zero sections. Let

& be a line bundle on C of degree g — 3 and

ve: CxC— J¥1(0)

be the morphism (x,y) = Ocxc(x +y) @ &. Then

V() = pi(Kc ® &) ® py(Ke ®€7) ® Ocxc(—A)

where A is the diagonal of C X C and p; : C X C — C is the i-th coordinate projection.

Proof. ([ELN11, Lemma 4.5]) For each x € C we have

Velxc(©) = py(Ke ® &°(=X))laxc

and

Velexx(©®) = pi(Ke ® € (=X))lexx-

From this we can conclude the result. O

Using this we get 7°(0) = (g + 1)[x X C + C X x] — A. Thus

(T (F2(E))) =d[x X C + C X x] = 2A,
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and

d-2
Hu(T" (F2(E))) = —

Now A is canonically isomorphic to C and hence any vector bundle on C can be consider
as a vector bundle on A in a canonical way. Also note that p!(E)|s = E. The vector bundle

" (F2(E)) fits in the following short exact sequence on C X C :

0 - 7*(F2(E)) = pi(E) & p3(E) > E = pj(E)ls = py(E)la — 0 (11

where the map o is given by o : (u,v) = uls — via. Let ¢; : pj(E) @ p5(E) — pi(E) be
the restriction of the projection pj(E) @ p3(E) — pi(E) to n*(F2(E)) C pj(E) & p5(E).

Then from the exact sequence (11), we get the following two exact sequences:

0 = PI(E) ® Ocxe(—A) — 1 (FA(E)) 2> pi(E) — 0, (12)
and
0 = pi(E) ® Ocxc(—=A) — 1 (FA(E) 2 pi(E) > 0 (13)

[BN12, Section 3].

Now we prove the following result.

Lemma 3.15. p:(E) is uy-stable, Vi = 1,2.

Proof. Due to symmetry, we will do it only for p,"E. Since over a smooth irreducible
projective surface double dual of a coherent torsion free sheaf is free, by taking double
dual if necessary, we see that to prove stability or semistability it is enough to consider

subsheaves which are line bundles. Let L be a line bundle on C X C which is a subsheaf

of p,*E such that the quotient, M say, is torsion free. We have an exact sequence

00— L—p))E— M—0.
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We restrict this exact sequence to x X C and C X x, respectively, to obtain the following
exact sequences

0— Llxxc — E — Mlixc — 0,

and

0 — Llcxy — Oc ® O¢c — M|cxy — 0.

From the first exact sequence we get, deg(L|,xc) = ¢1(L).[x X C] < w(E) = %’, since E is
stable. And from the second exact sequence we get deg(L|cx,) = c¢1(L).[C X x] < 0. Thus

deg(L) =ci(L).[xx C+Cxx] < % = pup(p;E), proving the Lemma. |

Proof. (of Theorem 3.11):

Let L be a line bundle which is a subsheaf of 7*(7,(E)) such that the quotient is tor-
sion free. Suppose there is a non-zero homomorphism from L to pj(E)(-A) := pj(E) ®
Ocxc(=A). Then py(L) < up(pi(E)-A)) = S < 42 So assume that there is no
non-zero map from L to pj(E)(=A). Thus there is an injection L — p3(E) so that

pu(L) < up(p;(E)) = 4. Since d is even, up(L) < 4 — 1 = £2.

Now let F be a rank two coherent subsheaf of 7*(#,(E)) such that quotient is torsion-free.

Then we have the following commutative diagram:

0 PHE)=8) — m(Fo(E)) —— py(E) 0
I I |
0 F’ F F” 0

where the vertical arrows are injections. Suppose that both F” and F”" are non-zero. These
two are rank 1 coherent sheaf. So we have, deg(F’) = uy(F’) < up(pj(E)(-A)) = % and
deg(F") = uu(F") < pu(p3(E)) = §. Thus uy(F) = 5(deg(F")+ deg(F")) < 2. Now

assume at least one of F’ and F"’ is zero. First let F” be zero. Then we have an injection

F — pi(E)(—A) and the cokernel is a torsion sheaf. If the cokernel is supported at only

43



finitely many points, then uy(F) = pug(pj(E)(=A)) < %. If the cokernel is supported at
a co-dimension 1 subscheme, then uy(F) < up(pj(E)(=A)) < % Now let F’ is zero.
So we have an injection F — p3(E) and the cokernel is a torsion sheaf. If the cokernel
is supported at a subscheme of co-dimension 1, then uy(F) < up(pi(E)) = % so that
ug(F) < d—gl. If uy(F) = %, then the cokernel is supported on a divisor of degree one.
Now an effective divisor of degree one on C X C is of the form x X C or C X x, for some
x € C. Thus c|(F) is of the form ¢ (p5(E)) + [-x X C] or c¢|(p5(E)) + [-C X x]. But
c1(m*(F2(E)) = d[C X x + x X C] = 2A, therefore c;((7*(F2(E)/F)) = (d + D[x x C] —
2A or d[xXC]+[C x x]—2A. In both the cases the torsion free sheaf 7*(¥,(E)/F restricted

to any curve of the form x X C has negative degree. This gives a contradiction to the fact

that 7*(»(E) is generated by sections. Thus we have, uy(F) < 2. If the cokernel is

2
supported only at finitely many points then py(F) = ug(p5(E)) = %. In this case, F is a
rank two stable sheaf and hence it is isomorphic to p5(E). So the exact sequence (2) splits,
Le., T (F2(E)) = pi(E)-A) ® p5(E). Since p(E)|uxc is trivial, deg(pi(E)(=A)lixc) < 0.

This contradicts the fact that 7,(E) and hence 7*(7,(E)) is globally generated.

Let F be a rank 3 coherent subsheaf of 7*(#,(FE)) such that the quotient is torsion free.

Then we have the following commutative diagram:

0 PIE)=A) — m*(FA(E)) —— p5(E) 0
I | [
0 F F F" 0

where the vertical arrows are injections. We have two possibilities: (I) rankF” = 2 and
rankF”" = 1; (II) rankF” = 1 and rankF"" = 2. Suppose that rankF’ = 2 and rankF"” = 1.
By the arguments above, we have, puy(F’) < % and uy(F"”) < %’, So

3d-8 d-2

F) <
mu(F) 6<2

d=4

> and

Now assume that rankF’ = 1 and rankF”" = 2. In this case, we have, uy(F’) <
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pr(F") < 5. If dis even, uy(F') < &5* — 1, hence pp(F) < 362 = 2. -

Now we prove the semistablity of 7,(E) for degree E odd. First we recall some defini-

tions.

Definition 3.16. Let E be a non-zero vector bundle on C and k € Z, we denote by p(E)

the rational number

_ degree(E) + k

E):
Hl(E) rank(E)
We say that the vector bundle E is (k, [)-stable (resp. (k, [)-semistable) if, for every proper

subbundle F of E we have

u(F) < u(E[F)(resp.ju(F) < p_(E/F)).

Note that usual Mumford stability is equivalent to (0, 0)-stability. If g > 3, then there
always exists a (0, 1)-stable bundle and if g > 4, then the set of (0, 1)-stable bundles form
a dense open subset of the moduli space of stable bundles over C of rank 2 and degree d.

[NR78, Section 5]

Theorem 3.17. Assume the genus of C greater than 2. Let E be a rank two (0, 1)-stable
bundle of odd degree d > 1 on C such that F,(E) is globally generated. Then the bundle

F2(E) on S*(C) is uy-semistable with respect to the ample class H' = x + C.

Proof. Let L be a line bundle which is a subsheaf of 7*(7,(E)) such that the quotient
is torsion free. Suppose there is a non-zero homomorphism from L to pj(E)(-A) :=
PI(E)®Ocxc(=A). Then uy(L) < pup(pi(E)(=A)) = % < % So assume that there is no
non-zero map from L to pj(E)(—A). Thus there is an injection L — p;(E). Now consider
the exact sequence,

00— L— py(E) — M — 0, (14)
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where M is a sheaf of rank 1. Restricting the above exact sequence to C X x, we see that,
c1(L).[C X x] £ 0. On the other hand, restricting the above exact sequence to C X x and
using that E is (0.1)-stable, we get that ¢;(L).[C X x] < %. Since L is a line bundle,

c1(L).[C x x] < ©2. So we have uy(L) < &2 < £2,

Let’s assume F be a rank two coherent subsheaf of 7*(7,(E)) such that quotient is torsion-

free. Then we have the following commutative diagram:

0 PYE)=A) — 7*(FoE)) —— py(E) 0
I I [
0 F’ F F” 0

where the vertical arrows are injections. We need to consider three different cases: (I)
rank F' = 1 =rank F”; (II) F” = 0; (Ill) F’ = 0. In each of these cases, we can argue
d-2

exactly as in the case of even degree to conclude that uy(F) < 5= = uy(7*F>(E)).

Now assume F' is subsheaf of 7*F,(E) rank 3. Then again we have the following commu-

tative diagram:

0 PHE)=8) — m(Fo(E)) —— P(E) 0
I | I
0 F’ F | i 0

where the vertical arrows are injections. We have two possibilities: (I) rankF’ = 2 and
rankF” = 1; (Il) rankF’ = 1 and rankF”” = 2. Using the same argument as in Theorem
3.11, we can show that in the case of (), uy(F) < %. Now consider the case (II). In this

case, restricting the exact sequence 0 — F’ — pj(E)(=A) to x X C and C X x, we get that

0 = F'lixc = Oc(—x)

and

0 = F'lexy = E ® Oc(—x).
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From these two exact sequences and using the fact that E is (0, 1)-stable we see that
ug(F’) < ‘%4 and hence uy(F’) < %. Also using the same argument as above, we have,

in any case, uy(F”) < 4. Combining all these, we get that g (F) < 2. O

Now we will investigate the restriction of #,(E) to the curves of the form x + C where
x + C is the reduced divisor of §?(C) whose support equals to {x + ¢ : ¢ € C}. For this we

have the following theorem.

Theorem 3.18. Let C be a smooth irreducible projective curve over C of genus g and let
E be a rank two vector bundle on C of degree d > 3. Then for any x € C, F,(E)|sc is not

semistable.

Proof. First note that, since E is locally free, p;E is flat over S?(C) and using the base

change formula we get

Fo(E)lxrc = ﬂ*(p;E|7r‘l(x+C))-

Also we have the following exact sequence

0 = pPrEl 140y = PrELxc ® PrElcxy = Elyy — 0.

From this exact sequence and using the fact that 71|,xc : xXC — x+C and 7t|cx, : CXx —

x+ C are isomorphisms and p’E|c = E and p;El|cx, = E,®O¢, we get an injective map
0= E®Oc(—x) = F2(E)lssc-

Now the degree of E ® Oc(—x) = d — 2 and that of F5(E)|.;c = d — 2. So the cokernel
is rank 2 coherent sheaf of degree zero. If it is torsion free then clearly %> (E)|,+c is not
semistable. If the cokernel has torsion, then there is an effective divisor D such that the
above map factors through £ ® Oc(—x) ® O¢(D) and the cokernel will be again torsion
free. But in this case the degree of the cokernel will be of negative degree. So in this case

F>(E)|+c has a torsion free quotient of negative degree and hence not semistable. O
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