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SYNOPSIS

The theory of quantum groups has its roots in the work of G.I. Kac, in his attempt
to extend Pontryagin Duality to the case of non-commutative groups. However, it really
came to the fore in the 1980’s in the pathbreaking work of Drinfeld, Jimbo and Woronow-
icz, done independently, at roughly around the same time. While Drinfeld [32] and Jimbo
[46] constructed deformations of the universal enveloping algebra of simple lie algebras,
the approach of Woronowicz was different. Inspired by Gelfand Duality for commutative
C*-algebras, Woronowicz, in a series of seminal papers [93][94][95], initiated the study of
what are now called compact quantum groups.

The point of view of Woronowicz of quantum groups has now evolved into the suc-
cesful theory of operator algebraic quantum groups, with connections to a wide range of
subjects. Quantum groups, being generalizations of groups, can be studied from a group
theoetic perspective, which includes, study of representation theory [6][8], the study of
subgroups[75][91], etc. On the other hand, quantum groups, being defined as certain
operator algebras with some additional properties, can hence be studied from an opera-
tor algebraic point of view (often in tandem with the group theoretic perspective). This
includes study of various operator algebraic properties and approximation properties like
Property T [34], Amenability [82][11], exactness[84], etc. At the same time, the existence
of the Haar state for compact quantum groups, which is always preserved under quan-
tum automorphisms (see definition 1.4.1), means a study of group actions on compact
quantum groups by quantum automorphisms, from the point of view of non-commutative
dynamical systems, is viable.

In this thesis, we make a study on three aspects of quantum groups. More precisely,
we make a study of certain group theoretic aspects of compact quantum groups, viz.
definition of inner automorphisms, relation with Wang’s notion of normal subgroups and
definition of center of a compact quantum group. We also study discrete group actions
on compact quantum groups by quantum automorphisms and obtain combinatorial con-

ditions for when such actions are ergodic, weak mixing, mixing, compact, topologically
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transitive, etc. We give a structure theorem for such actions for a special class of compact
quantum groups, showing the existence of maximal ergodic normal subgroup. Finally, we
make a thorough and comprehensive study of the representation theory and various ap-
proximation properties, viz. Haagerup property, Rapid Decay, Weak Amenability, etc of
(a class of) the bicrossed product quantum groups and crossed product quantum groups.
We also present the first non-trivial examples of discrete quantum groups with Property
T.

Let us now briefly explain the layout of this thesis.

This thesis comprises of five chapters, including the present one. The second chapter,
titled Preliminaries, gives a brief introduction to various aspects of operator algebraic
quantum groups that will be needed subsequently. We also give here accounts of various
approximation properties and a quick introduction to the notion of quantum automor-
phisms of compact quantum groups.

The third chapter, titled “Normal subgroups, center and inner automorphisms of
compact quantum groups”, deals with some group theoretic aspects of compact quantum
groups. In particular, we define and study inner automorphisms, obtain structure the-
orems for the group of inner automorphisms. We also study the relation of these inner
automorphisms to Wang’s notion of normal subgroups of compact quantum groups. In
the latter half of this chapter, we define and study the notion of centers of compact quan-
tum groups and compute it for several examples, using a result that shows that centers
of compact quantum groups with identical fusion rules are isomorphic. The original part
of this chapter is culled from the paper [72].

The fourth chapter, titled “Automorphisms of compact quantum groups”, deals with
the study of group actions on compact quantum groups by quantum automorphisms.
We present combinatorial conditions for various spectral properties like Ergodicity, Weak
Mixing, Compactness of such actions. We give several examples of such dynamical sys-
tems. This chapter is based on the paper [67].

The fifth, and final, chapter, deals with the bicrossed product and the crossed product
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quantum groups. We make an exhaustive study of special classes of the bicrossed product
quantum group and the crossed product quantum group, explaining their representation
theory and permanence properties of various approximation properties, like Haagerup
Property, Rapid Decay, etc. We provide a large number of examples, exhibiting various
approximation properties in these particular cases and also present an infinite family of
non-trivial discrete quantum groups possessing the Property T. This chapter is based on
the paper [35].

Each chapter starts with a brief introduction and outline of results.

Notations. In this thesis, the inner products of Hilbert spaces are assumed to be
linear in the first variable. The same symbol ® will denote the tensor product of Hilbert
spaces, the minimal tensor product of C*-algebras and as well as the tensor product of

von Neumann algebras.
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Chapter 1

Preliminaries
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In this section, we present a brief account of operator algebraic quantum groups and
various associated approximation properties, that will be needed in the subsequent chap-
ters. We also study the notion of quantum automorphisms of compact quantum groups

in various guises and prove results that will be crucial in the sequel.

1.1 Compact and Discrete Quantum Groups

Definition 1.1.1. A compact quantum group G = (A, A) is a unital C*-algebra A to-

gether with a comultiplication A which is a coassociative x-homomorphism:
A:A—-ARA

such that the sets (A ® 1)A(A) and (1 ® A)A(A) are total in A® A.

Now, let H be a finite dimensional hilbert space with an orthonormal basis given by
{e1,e€2,...,e,} and with e;; the corresponding system of matrix units in B(H). A unitary
element u =3, e;;®@u;; in B(H)® A is said to be a finite dimensional representation for
the compact quantum group G = (A4, A) if A(u;j) = >, wi®@uy; for all i, j € {1,2,...,n}.
A finite dimensional representation is said to be irreducible if it has no invariant subspace,
see for example [62] and [96], and the book [81] for a detailed introduction to compact
quantum groups and their representation theory.

For two finite dimensional representations u and v of G, we denote by Mor(u,v) the
space of intertwiners from v to v and by u®uv their tensor product representation, which is
simply the representation u,3v23. Let us note that several authors use the notation u@uv to
denote the tensor product representation. The trivial representation is denoted by 1. We
also denote by Irr(G) the set of equivalence classes of irreducible unitary representations
of G. For z € Irr(G), we choose a representative u” € B(H,) ® C(G), where u” is a
irreducible representation on the Hilbert space H,. We denote by Pol(G) the linear span

of the coefficients of {u” : € Irr(G)}. This is a unital *-subalgebra of A, and it can
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be shown that this is dense subalgebra of A. Further, Pol(G) is equipped with a co-unit

¢g : Pol(G) — C, which is a x-homomorphism satisfying, for all a € Pol(G),

(e ®id)A(a) = (id ® eg)Aa) = a

It also has an antipode, which is an anti-multiplicative map Sg : Pol(G) — Pol(G)

satisfying for all a € Pol(G)

m((Se ®id)Aa)) = m((id ® S¢)A(a)) = ec(a) - 1

where m : Pol(G) ® Pol(G) — Pol(G) denotes the multiplication map, m(a ® b) = ab

It is well known that there is a natural involution z — 7 such that «” is the unique (up
to equivalence) irreducible representation of G such that Mor(1,z ® T) # {0} #Mor(T ®
z,1). For any x € Irr(G), take a non-zero element E, € Mor(l,2 ® Z) and define an
anti-linear map J, : H, — Hz by letting £ — (£* ® 1)E,. Define Q, = J,J: € B(H,).
We normalize E, in such a way that Tr,(Q,) = Tr,(Q;'), where Tr, is the unique trace
on B(H,) such that Tr,(1) = dim(z). This uniquely determines @), and fixes E, up to a
complex number of modulus 1. The number dim,(z) := Tr,(Q,) = Tr,(Q,*') is called the
quantum dimension of x. Let u, = (id ® S&)(u”), where Sg denotes the antipode of G.
It can be shown that (see e.g. section 5 of [94]) that @, is also uniquely determined by

the fact that Q, € Mor(u®, u%,) and that Q, is invertible and Tr,(Q,) = Tr,(Q;') > 0.

Definition 1.1.2. A compact matriz quantum group G = (A, A, u) is a triple such that
G = (A, A) is a compact quantum group and u is a finite dimensional representation of

G such that any irreducible representation is a sub-representation of some tensor power

of u.

A very fundamental fact is the existence of the Haar state associated to a compact

quantum group (&, which we denote as h or h¢ if the context is not clear. This is a unique
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state on the C*-algebra A, which is left and right invariant, i.e. it satisfies the equations

(h ®id)A(a) = (id ® h)A(a) = h(a)1

for any a € A. It is also well known that & is faithful on Pol(G).

Associated also to any compact quantum group G are the maximal C*-algebra, which
we shall denote by C,,(G), which can be defined as the enveloping C*-algebra of Pol(G).
Similarly, we have the reduced C*-algebra, denoted as C(G), generated by the GNS
construction of h (i.e. as the image of the GNS representation of h). Hence we view
C(G) C B(L*(@A)), where L*(G) is the GNS space of h. The von-Neumann algebra thus
generated by C(G) will be denoted as L*°(G). Let us note that the comultiplication is
well defined on all these algebras, and the reader is cautioned that it is always denoted
as A (or as Ag if the context is not clear) for all these algebras. Also, we denote by A
(or Ag) the canonical surjection from C,,(G) to C(G). Let us note that there can exist
“exotic” C*-completions of Pol(G), which are not isomorphic with either C,,(G) or C(G).
Interesting examples of such completions are constructed in [57], where Property (T) of
the associated discrete quantum group is used crucially. Let us note that in this thesis
we construct the first non-trivial examples of Property (T) discrete quantum groups (see
Example 4.5.4 and Example 4.5.10).

Let us now turn to the case of discrete quantum groups. Associated to any compact
quantum group G, is a discrete quantum group G and the correspondence is one-to-one.

The associated operator algebras of the discrete dual G of G are denoted by

£° co
(G = P B(H,) and «(G)= P B(H.).
z€lrr(G) z€lrr(G)

~

We denote by Vo = @ o U € M(c(G) ® Cn(G)) the mazimal multiplicative

x€lrr(

unitary. Let p, be the minimal central projection of £*°(G) corresponding to the block

B(H,). We say that a € ﬁoo(é) has finite support if ap, = 0 for all but finitely many
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~

x € Irr(G). The set of finitely supported elements of ¢>°(G) is dense in cO(CA;) and the

~

latter is equal to the algebraic direct sum ¢, (G) = @ () B(Hy).

z€lrr

The (left-invariant) Haar weight on G is the n.s.f. weight on ¢(G) defined by

hé(&): Z TrI(Qx)Trx<Qxapx)7

z€lrr(G)

whenever the formula makes sense. It is known that the GNS representation of hg is of
the form (Xg, L*(G),Ag), where Ag : cc(@) — L*(G) is linear with dense range and Ao
(>(G) — B(L2(G)) is a unital normal *-homomorphism such that Ag(z) = We(z® W
for all z € C(G), where Wg = (/):G ® Ag)(Va). We call Wg the reduced multiplicative

unitary.

1.2 Subgroups and Normal Subgroups

We now move to the notion of subgroups introduced by Podles [75] and normal subgroups
introduced by Wang [87][91]. We note that the term subgroup will mean quantum sub-
group and will be used interchangeably with it. We also refer to [30] for a comphrehensive

study of subgroups of locally compact quantum groups.

Definition 1.2.1. A compact quantum group H is said to be a quantum subgroup of G

if there exists a surjective x-homomorphism p : Cy,(G) — Cy,(H) such that
(p®p)Ag =Apgop

This p will be called the corresponding surjection.

Associated with a quantum subgroup H of GG are the left coset space and the right
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coset space given by:

Cn(G/H) = {a € C(Q) | (id ® p)Ac(a) = a @ 1}

Con(H\G) :={a € Cp(G) | (p®id)Ag(a) =1®a}

respectively.

These spaces have natural conditional expectation onto them given by:

Eg/H = (ld ® hy o p)AG

and

EH\G = (hH op X ld)AG
respectively.

Definition 1.2.2. A quantum subgroup H of G is said to be finite index subgroup if
C(G/H) is finite dimensional.

Definition 1.2.3. Let G = (A, A) be a compact quantum group. We say then that A is
a Woronowicz C*-algebra. If Ag C A is a sub-C*-algebra such that the tuple (Ao, Aa,)

is compact quantum group, then we say that Ag is a Woronowicz sub-C*-algebra of A.

Definition 1.2.4. Given a CQG G = (A, A), with unitary dual Irr(G), we say that
a subset T C Irr(G) is a sub-object of Irr(G) if e € T (e denotes the class of the
trivial representation), if 3 € T then B € T and if B and By € T, then for any v C
b1 ® Ba, v € T. So, in other words, closure of the linear span of the matriz coefficients

of representatives of elements in T is a Woronowicz sub-C*-algebra of A.

Definition 1.2.5. A quantum subgroup N of a compact quantum group G is said to be
normal if Cr,(G/N) = Cir(N\G). In this case, G/N = (Cp,(G/N),Ag/n) is a compact

quantum group itself.
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It is pertinent to note here that the notation used in the previous definition is in fact

consistent, in the sense of the following theorem, for which we refer to [2] for a proof.

Theorem 1.2.6. Let G be a compact quantum group. Let Ay C Cy,(G) be a Woronowicz
sub-C*-algebra of C,,(G), with the associated compact quantum group denoted by Gj.
Then we have that C,,(Go) = Ag.

In other words, the previous theorem says that, Woronowicz sub-C*-algebras of Woronow-
icz C*-algebra which are maximal C*-algebras associated to some compact quantum
group, are themselves the maximal. This result is well known for group C*-algebras
which corresponds to the cocommutative case (see for example Proposition 2.5.8 of [19]).

The following theorem is proved by Wang in [91].

Theorem 1.2.7. A quantum subgroup N of G is normal if and only if any of the following

equivalent conditions hold —
1. A¢(C(G/N)) C C(G/N) @ Cp(G/N)
2. Ag(Cp(N\G) C C(N\G) ® C,,(N\G)

3. The multiplicity of 1y, the trivial representation of N in un, where u is any irre-

ducible representation of G, is either 0 or d,, the dimension of w.

1.3 Approximation properties

In this section we recall the definition of the Coamenability, Haagerup property, weak
amenability and Cowling-Haagerup constants for discrete quantum groups. We also show
some basic facts we could not find in the literature: for example, permanence of the (co)-
Haagerup property and (co)-weak amenability from a quantum subgroup of finite index
to the ambient compact quantum group.

Let G be a compact quantum group. We say G is coamenable if the haar state on
Cin(G) is faithful (equivalence of this with the original definition given in [11] follows

easily from Theorem 2.2 of [11]).

21



Proposition 1.3.1. If G has a coamenable normal subgroup N such that G/N is coa-

menable, then G is coamenable.

Proof. Let p : Cp(G) — Cp(N) be the corresponding surjection. It follows from the
uniqueness of the co-unit €5 that e = ey o p. Also note that the co-unit is norm
bounded on Pol(G).

To show that the Haar measure hg is faithful, we first note that the conditional

expectation onto N\G given by

is faithful since (p ® id)A is injective as

(en 0 p®id)A(a) = (e¢ @ id)A(a) = a

and hy is faithful. But then as Fy\¢ is invariant under hg, it follows that hg is faithful.

Hence, by [11], we are done. O

Proposition 1.3.2. Let G be a coamenable compact quantum group. Then, any subgroup

H of G is coamenable as well.

Proof. We use a little bit of machinery for this. It is shown in [56] that a compact
quantum group is coamenable if and only if its fusion algebra is amenable in the sense of

[43]. The proposition now follows from Proposition 7.4(2) of [43]. O

Now, for G a compact quantum group and w € C,,(G)*, define its Fourier transform

~ ~

w = (idow)(V) € M(co(G)), where V = B, 1) u* € M(co(G)RC1n(G)) is the maximal
multiplicative unitary. Observe that w — @ is linear and [|0||gr2(q)) < Wl @)+ for all
w € Cp(G)*.

When G is a classical compact group with Haar measure p and v is a complex Borel
measure on G, then the Fourier transform 7 € M (C;(G)) is the operator 7 = [, \,dv(g) €
M(CH@)) € BL*(G)).
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Following [29], we say that G has the Haagerup property if there exists a sequence of

~

states w, € C,,(G)* such that w, — £¢ in the weak* topology and @, € ¢o(G) for all

n € N.

~

For a € (*°(G) with finite support, we define a finite rank map m, : C(G) — C(G)

~

by (id ® m,)(u*) = u®(ap, ® 1). We say that a sequence a; € (*°(G) converges pointwise
to 1, if ||a;py — pellBm,) — 0 for all x € Irr(G).

Recall that G is said to be weakly amenable if there exists a sequence of finitely

~

supported a; € *°(G) converging pointwise to 1 and such that C' = sup;, ||mg,||s < oc.

The infimum of those C, called the Haagerup constant of G , is denoted by Acb(@) (and is,
by definition, infinite if G isnot weakly amenable). Similarly, associated to any C*-algebra
A and to any von-Neumann algebra M, we have a corresponding Haagerup constant,
which is denoted by Ay (A) and Ay (M) respectively (see Definition 12.3.9 of [19]). It was

-~

proved in [55] that, when G is Kac, we have Ay (G) = A (C(G)) = Axp(L¥(G)).

Theorem 1.3.3. Let H be a finite index quantum subgroup of G. Then the following
holds.

1. Ifﬁ] has the Haagerup property, then G has the Haagerup property.
2. Ay(G) < Aw(H).

Proof. We will need the following Claim.

Claim. If H is a finite index quantum subgroup of G with surjective morphism p :
Cin(G) = Cpn(H) then the set N) = {z € Irr(G) : Mor(v¥, (id ®@ p)(u®)) # {0}} is finite
for all y € Irr(H), where {v¥ : y € Irr(H)} is a complete set of representatives.

Proof of the Claim. We first show that N is finite. Let x € Ny and £ € H, be such
that ||£]] = 1 and (id ® p)(u”)(®)1 = £ ® 1. Choose an orthonormal basis (ef); of H,
such that ef = . Observe that the coefficients of u* with respect to this orthonormal
basis satisfy p(uf;) = 1 and p(uj,) = 0 for all k& # 1. It follows that uj, € C,,(G/H).
Since the coefficients of non-equivalent representations are linearly independent and since

Cin(G/H) is finite dimensional, it follows that the set NY is finite.
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Suppose that there exists y € Irr(H) \ {1} such that N/ is infinite and let (z,,)nenufo)
be an infinite sequence of elements in N}. Since (id®p)(u™ ®u®) has a sub-representation
isomorphic to v¥ ® v, it contains the trivial representation. It follows that, for all ¢ > 1,
there exists z; € N{ such that z; C To®x;. Hence, by Proposition 3.2 of [76], z; C 2o ® z;
and the set {z; : ¢ > 1} is infinite, a contradiction.

(1). Let (fin)nen be a sequence of states on C,,(H) such that p, € co(ﬁ) for all
n € N and p, — ey in the weak™ topology. Define w, = u, o p € C,,(G)*, where
p: Cn(G) — C,(H) is the subgroup surjection. Since eg = ey o p, we have w,, — €¢ in
the weak* topology. Let n € N and € > 0. We need to show that the set G, = {z €
Irr(G) : [|(id ® w,)(u®)|| > €} is finite. Since 7, € co(H), the set H,.={yelr(H):
||(id ® pn)(v¥)|| > €} is finite, and since G, = Uyen, . NJ, by the previous claim we are
done.

(2). We may and will suppose that H is weakly amenable. Let ¢ > 0 and a; € (*(H)
be a sequence of finitely supported elements that converges to 1 pointwise and such that

~

cb S Acb<H) + €.

SUD, |74,

We consider the dual morphism 7 : co(H) — M (co(@)), which is the unique non-
degenerate *-homomorphism satisfying (id ® p)(Vg) = (p ®id)(Va).

We first show that p(a;) € €(G) is finitely supported for all i and the sequence
(p(a;)); converges to 1 pointwise. Consider the functional w,, € C,,(H)* defined by
(id ® wg,)(vY) = a;p, for all y € Irr(H) so (id ® wy,)(Va) = a; and, by definition of
the dual morphism p(a;) = (id ® w,, © p)(Ve), we have p(a;)p, = (id ® w,, © p)(u”*) and
{z € Irr(GQ) : plag)ps # 0} = Uyene(iy,aip, 20V} Hence, p(a;) is finitely supported for all

i. Moreover, for all z € Irr(G),

1P(ai)pe = pall - = [(id @ wa, 0 p)(u*) = pall = sup  [|(id @ wa,) (0") = py |
y€lrr(H) and z€NJ

sup |laipy — pyl| =i 0.
y€lrr(H) and z€NJ

a < Acb(ﬁ) + €. First let us note that, by Fell’s

We now show that sup; ||75(a,)

24



Absorption Principle, we have (W )12(Va)is = (Vig)2s(Wea)12(Ve)ss- Thus, there exists a
«-homomorphism Ag : C(G) = C(G) @ C,,(G) which extends the comultiplication Ag
on Pol(G). We now define a unital x-homomorphism 7 : C(G) — C(G) ® C(H) such
that

m(x) = (id @ A\ o p) 0 Ag

where Ay : Cp,(H) — C(H) denotes the canonical surjection given by the GNS-representation
with respect to the Haar state of H. Clearly, 7 extends the map (id ® p) o Ag on Pol(G).
Now it not hard to see that the map 7 is a right quantum homomorphism (see section 1

of [65]); in other words 7 satisfies the equations -
(Ag®id)om = (id® ) o Ag,

(id® Ag)orm = (r®id) o .

Both of the above equations follow easily from the coassociativity condition of the co-
multiplication of G and H and from the fact that 7 = (id®p)oAg and (p®p)oAg = Ayop
on Pol(G). This together with Theorem 5.3 of [65] implies that there exists a unitary

operator V, € B(L*(G)) ® C(H) such that
m(z) = Vy(r@ 1)V}

Hence, it follows that, 7 is isometric.

It is now not hard to see that (id ® mg, )T = T 0 My, for all i. Indeed, since
Ma, (2) = (Id @ we, ) Ar(x) and mps(q,)(r) = (id ® wq, © p)Ag(x) for all x € Pol(G), we find
that for € Pol(G),

(id@mg)m(z) = (Id®id®w,)(id® Ay)om(z) =(1d®id @ w,, ) (7 & p) o Ag(x)

= 7((id ® wa, 0 p)(Ac(x)) = T 0 Mp(a, ().
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~

o < |me, || < Aw(H) + € for all i. Hence,

Since 7 is isometric, we have ||mgs(a,)

Acb(é) < Acb(f[ ) + €. Since € is arbitrary the proof is complete. O

1.4 Automorphisms of Compact Quantum Groups

In this chapter, we study the notion of quantum automorphisms of compact quantum

groups.

Definition 1.4.1. Let G be a compact quantum group. A quantum automorphism is a

C*-algebraic automorphism o : Cp(G) — Cp(G) such that (o @ a)A = Ao a.

We denote the group of all quantum automorphisms of G by Aut(G). It is not hard
to see that Aut(G) is a closed subgroup of Aut(C,,(G)), the group of all C*-algebraic
automorphisms, given the pointwise norm topology. Hence, as Aut(C,,(G)) is a Polish
group, we have that Aut(G) is also Polish.

We record some properties of quantum automorphisms in the following proposition.
Proposition 1.4.2. Let o € Aut(G). Then,

1. a(Pol(@)) =Pol(G);

2. egoa =€g;

3. Sgoa=aoSg;

4. hgoa = hg;

5. If ((uij)) € M,,(Cy(G)) is a finite dimensional irreducible representation of G, then

s0 s ((a(u))) € Mp(Crn(G)).

Proof.

1. Let ((uij)) € M,(Cy(G)) be a unitary representation of G. Then, it is easy to
see that ((a(uwi;))) € M,(Cn(G)) is also a representation. It then follows that
a(Pol(G)) CPol(G). But, it is also easily checked that a~! is an automorphism of

G and hence a(Pol(G)) CPol(G).
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2. Follows from the uniqueness of the counit €5 under the condition that (¢ ®id)A =

3. Follows from the uniqueness of the antipode under the condition that m(Sg ®

id)A(-) = m(id ® Sq)A(:) = eq(-)1.

4. Follows from the uniqueness of Haar measure hg under the condition that (hg ®

id)A(a) = (id ® he)A(a) = he(a)l

5. Let u = ((uij)) € M,(C(G)) be an finite dimensional representation. Then,
Xu = Y u; is the character of the representation w. It is shown in [94] that w is
irreducible if and only if hAg(xix.) = 1. The result now follows immediately from

part (4).
a

Observe that it follows from the last proposition that each o € Aut(G) induces a
bijection o € S(Irr(G)), the group of bijections of the set Irr(G). Indeed, for z € Irr(G),
a(x) is the equivalence class of the irreducible unitary representation (id ® a)(u®). By

construction, the map Aut(G) — S(Irr(G)) is a group homomorphism.
Proposition 1.4.3. The map Aut(G) — S(Irr(Q)) is continuous.

Proof. We shall need the following well known lemma which is of independent interest.

We include a proof for the convenience of the reader.

Lemma 1.4.4. Let u,v € B(H) ® C,,(G) be two unitary representations of G on the

same finite dimensional Hilbert space H. If |lu — v|| < 1, then u and v are equivalent.

Proof. Define x = (id ® h)(v*u) € B(H). Since u and v are unitary representations, h
being the Haar state forces (z ® 1)u = v(x ®1). We have u*(z*z® 1)u = z*z ® 1. Hence,
u*(Jz] ® 1)u = |z| ® 1. Now observe that |1 — z|| = ||[(id ® h)(1 —v*u)|| < ||1 — v*u| =
|lv — ul| < 1. Hence z is invertible, and in the polar decomposition = w|z|, the polar

part w is a unitary. Consequently, v*(w|z|® 1)u = v*(w @ Du(jz|®1) = (w@1)(|Jz|®1).
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By uniqueness of the polar decomposition of x ® 1, we deduce that v*(w ® 1)u = w ® 1.

Hence, v and v are equivalent. O

We can now prove the proposition. Let (a,), be a sequence in Aut(G) which converges
to a € Aut(G). Let F C Irr(G) be a finite subset and let N € N be such that for all
n>N

1
|(id @ ) (u®) — (id ® o) (u®)|| < 5 for all z € F.

It follows from Lemma 1.4.4 that (id ® «,)(u*) and (id ® «)(u”) are equivalent for all
n > N and for all € F'. This means that a,(z) = a(z) for all x € F whenever n > N.

This establishes the continuity. O

Remark 1.4.5. We can also define Aut,.(G) = {a € Aut(C(G)) : Aoca=(a®a)o A}
which is again a Polish group as it is a closed subgroup of the Polish group Aut(C(G)).
Since any a € Aut(G) preserves the Haar state, it defines a unique element in Aut,(G).
Hence, we have a canonical map Aut(G) — Aut,.(G) which is obviously a group homo-
morphism. Moreover, it is actually bijective. The inverse bijection is constructed in the
following way. Since any o € Aut,.(G) restrict to an automorphism of Pol(G), it extends
uniquely by the universal property to an automorphism in Aut(G). It is also easy to check
that the map Aut(G) — Aut,.(G) is continuous.

Also, since any automorphism of C(G) intertwining A has a unique normal extension
to L>®(@G), it induces a map Aut,(G) — Auto(G), where Auto(G) = {a € Aut(L>®(G)) :
Aoa = (a® a)oA}. As before, this map is a bijective group homomorphism and is
continuous (the topology on Aut(L>*(G)) being governed by the pointwise || - ||2., conver-

gence).

1.5 Compact group action on countable sets

We end this chapter by recording some facts regarding actions of compact groups on

countable sets. This will be necessary in Chapter 4 where we will be studying the bicrossed
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product construction for compact matched pairs of groups.

Let X be a countable infinite set and let S(X) be the group of bijections of X.
It is a Polish group equipped with the topology of pointwise convergence which is the
topology generated by the sets S,, = {a € S(X) : a(r) = y} for z,y € X. Since
S5, = Usex\{y)Sz,z, these sets are clopen in S(X). Moreover, for any compact subset
K C S(X) and for any x € X, the orbit K - 2 C X is finite. Indeed, from the open
cover K C Uyex Sy, we find yi,--- ,y, € X such that K C U_,S, ,,, which implies that
K2 C{y -y}

Let  : G — S(X) be a continuous right action of G on X. To simplify the notations,
we write x - g = [,(z) for g € G and x € X.

Observe that, since 3 is continuous and G is compact, every (-orbit in X is finite.

Fix r,s € X and denote by A, s the set

As={9€G :r-g=s}=0"(5,)

Note that, since § is continuous, A, , is open and closed in G for all r,s € X. Hence,
la,, € C(G). Moreover, 1,4, # 0 if and only if 7 and s are in the same orbit and we

have the following relations:

L 1a,,14,, =0tsla,, forallr st € X.

2. 1a,,14,, = 0r¢la,, forallr,s,t e X.
3. ZSE)( ]'Ar,s = ZS€T~G ]'Ar,s =1 for all r c X.
4' ZT‘EX 1Ar,s = Z’V‘ES-G ]‘Ar,s = ]. fOI“ all r e X

5. If r-G=s5-G, then Ag(la,,) = 1cocla, ®1a,,,

where Ag is the usual comultiplication on C(G). In other words, for every orbit z- G, the
matrix (14, ,)rsee-¢ € Miz.g(C) ® C(G) is a magic unitary and a unitary representation
of G. We note also that formally, equality also holds in the case r - G # s- G, as is easily
checked.
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Chapter 2

Normal Subgroups, Center and
Inner automorphisms of Compact

Quantum Groups
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In this chapter, we define and study a notion of “inner“ automorphisms of compact quan-
tum groups and its relation to Wang’s notion of normal subgroups of compact quantum
groups. We also define the center of a compact quantum group and compute the center

for several examples.

2.1 Inner Automorphisms

In the classical case, when G is a compact group, a special class of automorphisms are

the inner automorphisms, the automorphisms of the form a, : G — G where

1

as(g) =sgs, s,0€ G

Let’s note that the inner automorphisms preserve the class of any unitary representation
of the compact group. In other words, the fixed point algebra of C'(G) under the action of
G on it by inner automorphisms contains the characters of all irreducible representations
of the group, and in fact, it follows from Peter-Weyl theorem that the linear span of
characters of all irreducible representations is dense in this algebra.

Let’s consider the more general class of automorphisms that preserve the representa-
tion class of each irreducible representation. Denoting this subset of the automorphism
group by Aut, (G), it is easily seen that this gives a normal subgroup of the group Aut(G).
It is known for compact connected groups that Aut, (G) = Inn(G), where Inn(G) denotes
the inner automorphisms of G [64]. But there are several examples of finite groups for
which Inn(G) is a proper subgroup of Aut,(G) (for more on this we refer to the survey
[97] and to references therein).

Given a compact quantum group G, let Ga,ar denote the set of characters of irreducible

representations of G. We want to consider the group of automorphisms

AUtX(G) - {Oé S Aut(G) | a(XU‘l) = Xuo v Xue S Gchar}
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It is straightforward to see, using Proposition 1.4.2, that Aut, (G) is a normal subgroup
of Aut(G).

We topologise Aut(G) by taking as neighbourhood of identity, sets of the form:
u(ay,...,a, € Ale>0):={a € Aut(G) | [|a; — a(a;)| < eVie {1,2,...,n}}

Aut, (G) is easily seen to be a closed normal subgroup. For the next theorem, we assume
that G = (A, ®,u) is compact matrix quantum group. Before proceeding further, let
us recall that a unital subspace of a C*-algebra is said to be an operator system if it
is closed under the involution. One can then study completely positive maps between
operator systems, which is the appropriate morphism in the category of operator systems.
Another notion that we need is that of a multiplicative domain of a unital completely
positive (UCP) map. Given A, B C*-algebras and a UCP T : A — B, we define the
multiplicative domain My = {a € A : T'(a*a) = T(a)*T(a)andT'(aa*) = T'(a)T(a)*}. It
follows easily from the Cauchy-Schwarz inequality for CP maps that for any a € M, and
be A, T(ab) = T(a)T(b) and T'(ba) = T'(b)T(a). We refer to the book [73] for more on

operator systems, CP maps and multiplicative domains.
Theorem 2.1.1. Aut,(G) is a compact group.

Proof. Viewing u as an element of M, (C,,(G)) = M,(C) ® C,,(G), let uw = ((u;;)). Let

a € Aut, (G), then we have:
Z Wig = Z ov(ui;)

so that there exists a u, € U(n), the group of n X n unitary (scalar) matrices. such that:
(uq @ Du(u) @ 1) = a(u)
so, this gives us an anti-homomorphism,

v Auty (G) = U(n)
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Q> Uy,

where a(u) = (1, @ 1)u(u}, ® 1). Clearly ~ is injective.
To show Aut, (G) is compact, we want to show that the image of v in U(n), denoted
by J(7), is closed in U(n) and the map v~ : §(y) = Aut,(G) is continuous. We have a

lemma:

Lemma 2.1.2. Let {«;}ier be a net of automorphisms of a C*-algebra A which is gen-
erated as a C*-algebra by the set {s1, ..., Sptnen. If ai(sk) — sg for all k € {1,...,n} in

norm, then, a;(a) — a for all a € A in norm.
Proof. This is straightforward. O

It now follows from the previous lemma that y~! is continuous since C,,(G) is gener-
ated by w;;’s, the matrix entries of the representation u = ((u;;)).
To show that (7) is closed, we need the following lemma, a matrix version of a

lemma of Pisier [74].

Lemma 2.1.3. Let A be a unital C*-algebra and v = ((w;;)) € My(A) be an unitary
element, such that A is generated as a C*-algebra by w;;,1,7 € {1,2,...,n} and suppose T :
A — B is a unital completely positive map into some C*-algebra B such that ((T'(u;;))) €

M, (B) is also a unitary element. Then, T is a x-homomorphism.

Proof. The proof is by a multiplicative domain argument. We want to show that wu;;’s
are in the multiplication of domain of T" from which the result will follow.

Let us take u1; € A. Then, we know that

*
E ujuy; = 1.

Now, by Cauchy-Schwarz inequality,

T(upuyy) = T(uin) T (urn)”
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But, we also have,

T(uyjuy;) 2 T(uiy)T (uy)”
= Z uljulj ZT uy;)T (ug)"
=2

= T(1 —unuyy) 2 1= T(uin)T (ugy)

= T(UHUE) = T('LLH)T(UH)*

Similarly, this can be proved for all u;;’s. O

We continue with the proof of the theorem. Let {¢;};c; be a net of unitary matrices
in U(n) such that t;, — ¢ in U(n), with y(«;) = ¢; Vi € I. Consider the finite dimen-
sional operator system S generated by {w;;},i,j € {1,2,...,n}, the matrix entries of

u € M, (C,(@)). Since «; are automorphisms such that:
ai(u) = (L @ Du(t; @ 1)

the map on S defined by

1—1

and

(6@ Dt @ 1)

gives us an unital completely positive map ¢; : S — S for all i € I. Now, consider the
map ¢ : .S — S given by

1—1
=t Du(t®1)*

Since t; — t in norm, it follows that ¢; — ¢ in point norm topology. This implies
|¢|lee = 1 and since ¢ is unital, we have that ¢ is unital completely positive.

But by Arvenson Extension theorem and the previous lemma, ¢ extends uniquely to

34



an automorphism of the quantum group and so range of v is closed and we are done. O
We now revert back to our original assumption of G' being a compact quantum group.

Theorem 2.1.4. The group Out, (G) = Aut(G)/ Aut, (G) is totally disconnected.

Proof. Let u be an irreducible representation of G and x, be its character, x, € Cp,(G).
Let

K = {a € Aut(G) | a(xu) = Xu}
Then we have,

Autx (G) = m K[u]
[u]€lrr(G)

where [u] the equivalence class corresponding to the irreducible representation u of G. We
shall show that K7, is an open subgroup of Aut(G) which will imply that Aut(G)/Ky
is discrete and so it will follow that Aut(G)/ Aut, (G) is totally disconnected.

To show that K7, is open, consider the open neighbourhood:

u(xu; 1) 7= {a € Aut(G) | [Ixu — ()] <1}

Now, h(xix.) =1 and

1, if xu = a(xau
h(a(xu) Xu) = * )

0, otherwise

So, for any a € u(xy, 1), we have,
[A(OXaxw) — Pa(xu) Xu)| < lIxu — a(xu)l| <1
and hence

|1 - h(a(Xu)*Xu)‘ <l= a(Xu) =Xu = Q€ K[u]
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Since u(xq, 1) is an open neighbourhood in K[, we indeed have that K, is an open

subgroup of Aut(G). O

In fact, much more is true for compact quantum groups which have fusion rules

identical to those of connected compact simple Lie Groups.

Proposition 2.1.5. Let G be a compact quantum group having fusion rules identical to
those of a connected compact Lie group. Then the group Out,(G) = Aut(G)/ Aut, (G)
has finite order. In particular, if G is a g—deformation of some simply connected simple

compact Lie group, then Out, (G) has order 1,2,3 or 6.

Proof. Any automorphism « of G induces an order isomorphism of its representation
ring Z[G]. And clearly, if a € Aut, (G), then « induces the trivial isomorphism of its
representation ring. So, Out, (G) is easily seen to be a subgroup of the group of order
isomorphisms of the representation ring Z[G].

But, by results of Mcmullen [64] and Handelman [40], it follows that for connected
compact groups, the group of order isomorphisms of the representation ring of the group
and its outer automorphism group are isomorphic. The proposition now follows from the

facts that for connected compact Lie groups, the outer automorphism group is finite and

that for simple compact Lie groups, it can only have order 1,2, or 6. O

Definition 2.1.6. A compact group G is said to be Hopfian if every surjective homo-
morphism f : G — G is an isomorphism. In other words, there exists no proper normal

subgroup N of G such that G/N = G.
Analogously, one can define Hopfian compact quantum groups.

Definition 2.1.7. A compact quantum group G = (A, ®) is said to be Hopfian if every

injective quantum homomorphism ¢ : Cp,(G) — C,,,(G) is also surjective.

Proposition 2.1.8. Let G be a compact quantum group which has fusion rules identical
to those of a compact connected group G. Suppose that G is a Hopfian compact group.

Then, G is Hopfian as well.
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Proof. Suppose not, then there exists a quantum homomorphism « : C,,(G) — C,,,(G)
which is injective but not surjective. Then the induced map of the representation ring

~ ~

a : Z|G] — Z|G] is injective and order preserving but not surjective.

However, Z[CAJ] is also the representation ring of the compact connected group G. Now
the range of @ corresponds to a proper subobject of G , which by the Galois correspondence
between the subobjects and normal subgroups, corresponds to a proper normal subgroup
N of G and hence, the representation ring of G/N and G are order isomorphic, and so once

again by [64] and [40], it follows that G is isomorphic to G/N, which is a contradiction.

O

2.2 Inner Automorphisms and Normal Subgroups I

In the classical case of compact groups, subgroups are said to be normal if they are stable

1 s,g € G, a compact group. So, for

under all automorphisms of the form a,(g) = sgs™
a compact group G, a subgroup N is, by definition, normal if for every automorphism of
the form ay, s € G, there exists an automorphism 5 : N — N such that:

s G

]

— s N

7

Z——Q

commutes.

In fact, more is true: if NV is a normal subgroup of GG, then it corresponds to a unique
subobject I'y of Irr(G) where Irr(G) denotes the equivalence classes of all irreducible
representations of G [42]. So, it follows that N is always stable under any representation
class preserving automorphism (the converse of course is trivial as Inn(G) C Aut, (G)).
In this section, we show that this holds true in the quantum case as well, under certain
assumptions.

Essentially, we want to show that, given a compact quantum group G, a € Aut, (G)
and N a normal subgroup, with p : C,,(G) — C,,(N) as the corresponding surjection,

there exists a quantum group automorphism f : Cy,,(N) — C,,,(N) such that:
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commutes.

Lemma 2.2.1. Let G be a compact quantum group with H a subgroup of it and p :
Cn(G) — C(H) the corresponing surjection. Let o : Cp(G) — Cp(G) be an automor-

phism of G and B : C,(H) — Cy(H) be a C*-algebraic automorphism such that
Cn(G) —=Cn(G)

P,k

Con(H) 2> O, (H)

commutes. Then ( is also a quantum group automorphism.

Proof. We want to show that Ay o 8 = (8 ® f)Ap. Since p is surjective, given any
b e C,,(H), there exists some a € Cy,(G) such that p(a) = b. Now,

(B®B)Au(b) = (8® B)Au(p(a))
= (Bop®@Bop)Ag(a)
= (p®p)(a ® a)Ag(a)
= Ap(poafa))

= Ap(Bopla)) = Ar(B(b))

and so we are done. O

Proposition 2.2.2. Let G be a compact quantum group and let H be a subgroup of G.

Let o be an automorphism of G and let 5 be an automorphism of H such that

Cin(G) == Cn(G)
lp I
Con(H) = Cyn(H)

commutes. Then o : Cp,(G/H) — Cp(G/H) is a C*-algebraic automorphism. Similarly,
Cn(H\G) — C,(H\G) is a C*-algebraic automorphism.
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Proof. First we note that

poa=pfop < poal=pF"op

Now, we just have to show that

a(Cn(G/H)) € Cn(G/H)

This is clear as if a € C,,(G/H), then by definition, (p ® id)Ag(a) =1 ® a. Now,

(p®id)Ag(ala)) = (p®id)(a ® a)Ag(a)
= (Bop®@a)Ag(a)
= (B®a)(l®a)

=1® a(a)

and so a(a) € C,(G/H). One can similarly prove the proposition in the case of

Cr(H\G). 0

Proposition 2.2.3. Let G be a compact quantum group and let H be a subgroup of G.
Let a: Cp,(G) — C(G) be an automorphism of G, such that o« : Cp,(G/H) — C,(G/H)
is C*-algebraic automorphism, then there exists B : Cp(H) — Cp(H) such that § is also

an automorphism of H and such that

commautes.

Proof. Consider Pol(G) and Pol(H). We have that p(Pol(G)) = Pol(H) and a(Pol(G)) =
Pol(G). Hence, we will be done if we can find a Gy : Pol(H) — Pol(H), a *-algebra

automorphism such that
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Pol(H) —— Pol(H)
commutes. This is because it is then easy to show that [y is actually a Hopf algebra

automorphism, and if we denote the natural extension of Gy to C,,(H) by [, then j is
a quantum group automorphism such that ao p = p o 8. First let us note the following

straightforward

Lemma 2.2.4. Let A, Ay, Ay be unital x-algebras and m, : A — Ay, for k = 1,2 be
surjective x-algebraic morphisms, with kernels denoted by Iy, k = 1,2. Then the following

are equivalent-
1. There is an x-algebraic surjective morphism o : Ay — As such that w9 = v o my.
2.1 C I

We also have that, in the previous case, « is an isomorphism if and only if I, = I

Thus, with C' = Pol(G), C; = Cy = Pol(H), m = p and m = p o «, if we show that
ker(p) =ker(p o ar), then we will have a *-isomorphism f : Pol(H) — Pol(H) such that
foop=poa.

Let Pol(G)g/u = Pol(G) N C,,(G/H). We have that o(Pol(G)q/n = Pol(G)a/u.
Let a € Pol(G)g/u, then as p(a) = eq(a) - 1, we have that p(a) = 0 if and only if
ec(a) = 0. But since €5 o o = €, we have that p(a) = 0 if and only if p(a(a)) = 0 for
any a € Pol(G)g/m.

Suppose now that for some a € Pol(G), a > 0, we have that p(a) = 0 but p(a(a)) > 0.
We then have that hy(p(a(a))) > 0. But then p(Eq/u(a(a))) = (p ® hy o p)®(a) =
(id @ h)¥(p(a)) = hu(p(a)) - 1> 0.

Before proceeding further, we need the following

Lemma 2.2.5. Let C be a unital x-algebra and Cy C C' be a unital x-subalgebra. Suppose

that ¢ is a faithful state on C'. Then there can exist at most one linear projection map
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Ey : C — Cy such that Ey(abc) = aFy(b)c for any a,c € Cy,b € C, Ey(a)* = Ey(a*),
Eo(a)*Ey(a) < Ey(a*a) and ¢ o Ey = ¢.

The proof of this lemma is very similar to the proof of the correspoding C*-algebraic
statement, as can be found in Corollary 11.6.10.8 of [16] and is left to the reader.

So, since Eg/u(Pol(G)) = Pol(G)g/u, it is easily checked that the maps Eg/y and
oo Eg/p o both satisfy the hypothesis of the lemma with ¢ = h¢;, we have now by the
lemma that for any a € Pol(G), Eg/u(a) = a™' o Eg/y o a(a). Hence, p(a(Eg/u(a))) =
p(Ec/u(a(a))) > 0. But since p(a) = 0, we have that p(Eg/n(a)) =0 and as Eg/u(a) €

Pol(G)¢/m, we get a contradiction to the first part of the proof. Hence, we are done. O

Theorem 2.2.6. Let G be a compact quantum group, o € Aut,(G) and N be a normal
subgroup of it, with p : Cp,(G) — Cp(N) the corresponding surjection. Then there exists
a B € Aut(N) such that

commautes.

Proof. This follows from the previous proposition and from the fact that as a € Aut, (G),

a:Cy(G/N)— C,(G/N) is a C*-algebraic automorphism.

2.3 Inner Automorphisms and Normal Subgroups II

We start this section by giving a recipe to produce representation class preserving auto-

morphism.

Definition 2.3.1. For a locally compact group K, we denote the group of one dimensional
representations of K by Sp(K). It is not hard to see that Sp(K) is the Pontryagin dual

of the abelianisation K/|K, K] of K, where [K, K| denotes the commutator subgroup of
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K. Similarly, for a C*-algebra A, we denote the set of one dimensional x-representations

by Sp(A).

Example 2.3.2. Let G be a compact quantum group and write x(G) := Sp(Cp,(G)). It
is a group with the product defined by gh = (¢ ® h) o A, for g,h € x(G). The unit of
X(G) is the counit e¢ € C,,(G)* and the inverse of g € x(G) is given by go Sg, where Sg
is the antipode on C,,(G). Viewing x(G) as a closed subset of the unit ball of C,,(G)*,
one can consider the weak* topology on x(G) which turns x(G) to a compact group. It
is easy to see that x(G) is in fact a subgroup of G, the surjective map is the obvious

evaluation map from C,,(G),

p: Cn(G) = C(x(G))

ar> e,

where e,(f) = f(a). It is also not hard to see that x(G) is the maximal classical compact
subgroup of G.

Let T" be a discrete group and C*(I') be the full group C*-algebra of I". Then for
this co-commutative compact quantum group, the maximal classical compact group is
C*(T'/[,I), i.e. the full group C*-algebra of the abelianisation of I'. In case of SU,(2)
with —1 < ¢ < 1, the maximal classical compact group is S', the circle group [75], while
in the case of A,(n), the maximal classical compact group is the unitary group U(n) [87].

Let G be a compact quantum group and define, for all g € x(G), the map o, = (¢7' ®
id ® g) o A®. Tt defines a continuous group homomorphism y(G) 3 g — a, € Aut(G).
It is not hard to see that the action of x(G) on Irr(G) is trivial. Indeed, for g € x(G)
and x € Irr(G) a straightforward computation gives (id ® ay)(u®) = (V; @ Du™(V, @ 1),

where V, = (id ® g)(u”). This class of automorphisms were first defined by Wang in [88].

We now give two examples for compact quantum groups, for which there exist non-

normal subgroups stabilised by each representation class preserving automorphism:
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2.3.1 The SU,(2) case

We show that such is the case for SU,(2), —1 < ¢ < 1,q # 0. We refer to the book [81]
for more details on the compact quantum group SU,(2). We note first that since SU,(2)
has a unique irreducible representation class for a given dimension, any quantum group
automorphism is in fact in Aut, (SU,(2)), i.e. Aut(SU,(2)) = Aut, (SU,(2)). For SU,(2),

the generating unitary representation, denoted by wu, is the 2 x 2 matrix

Now, let 7 : C(SU,(2)) — C(SU,(2)) be an automorphism of SU,(2). Then, since the
irreducible representations u and 7(u) are in the same representation class, we have for
some ((7;;)) € U(2)

7(uw) = (7)) @ Dul((7)) @ 1)

which tells us that
Q=TT — T T2qY " + Ti2Ti Y + TieTiea”

* J— — % R — %
—qY > T11T21Q0 — T11Ta2qY + T12To1Y + Ti2To2(
— — % J— —
Y To1 T — To1T12qY + TooT117Y + TooT12(¥
* J— — % — — %
Q= To1To1QX — To1T22QY + To2T217Y + TooTao®¥

Since 7 is x-preserving and «,y, —qy*, a* are linearly independent, we get,
2 2
|[T11]" = |722]

[ — N
q T21T12 = T217T12
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But as 0 < ¢ < 1, we have 75; = 75 = 0 and 711, 722 € S, the circle group. So,

Y T22Ti1Y

But C(SU,(2)) is the universal C*-algebra generated c«,~y such that

a4+ =1, ad" + ¢y =1

ay = qyo, oy =gy, vy ="y

We see that o and 197777y also satisfy these relations, which implies that indeed we have
an automorphism

7:C(SU,(2)) = C(SU,(2))

Y > ToaT117Y

where 711, 722 € S1, the circle group. It is easily checked that this automorphism is also
a quantum group automorphism by verifying the relation on the generators.
However, since 199711 € S', there exists some x € S! such that K2 = Tyo777 and S0, by

[88], we get that the same automorphism is induced by the matrix

and this comes from the induced automorphism of the maximal compact group S* of
SU,(2). But, for these automorphisms, as they are induced from the quantum subgroup

St of SU,(2), we then have the following:
Theorem 2.3.3. For any o € Aut(SU,(2)) = Aut,(SU,(2)), with 0 < ¢*> < 1, we have
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the following commutative diagram-

C(SU,4(2)) = C(SU,(2))
C(SY) C(SY)

id
2.3.2 The A,(n) case

We now consider the case of the compact quantum group A,(n). Let us first note that the
C*-algebra C,,(Ay,(n)) is defined as the universal C*-algebra generated u;j, 4,5 € 1,2, ...,n
such that the matrices u = ((uy)) and @ = ((uj;)) are both unitary.

Now, in case of A,(n), we have a surjective homomorphism
¢ :U(n) = Aut, (A,(n))

t— ¢y

where ¢ : Cy,(Au(n)) = Cn(Ay(n)) is defined by the property that
di(u) = (t@Du(t" ®1)

where u = ((u;5)) € M,(Cn(Au(n))) is the fundamental unitary. This, by the universal
property of C,,(A,(n)), extends to an automorphism of C,,(A,(n)). Now, for any o €
Aut, (A, (n)), there exists some t € U(n) such that a(u) = (t®1)u(t*®1). Hence, a = ¢y,

which shows that the map ¢ is surjective.

Theorem 2.3.4. For any t € U(n), the following diagram commutes-

Cn(Au(n)) =2 Cr(Au(n)

”l lp
C(U () —5— C(U )

where p denotes the canonical surjection onto C(U(n)), the algebra of complex-valued

functions of the group U(n), which is the mazimal compact subgroup of A,(n) and 1,
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denotes the automorphism of C(U(n)), induced by the inner automorphism
Br:U(n) = U(n), s+ tst*

Proof. This is easily shown by checking the relation on w;;’s, the matrix entries of u, the

fundamental unitary of A,(n). O

We have the following corollary, which follows easily as the diagram of the previous

proposition commutes.

Corollary 2.3.5. For the homomorphism ¢ : U(n) — Aut,(A,(n)), we have
ker ¢ = Z(U(n)) = {\ : A€ S'}

Also, each non-trivial ¢y is a C*-algebraic outer automorphism of Cyp,(Au(n)).

We now want to show that U(n) is not normal in A, (n).
We first prove the following lemma, which should be well known to experts, but we

nonetheless sketch a quick proof.

Lemma 2.3.6. Let G = (A, A) be a CQG and H = (B, V) a quantum subgroup of G, with
p: A — B the associated subgroup surjection. Then given any irreducible represenation
v = ((v};)) € M,(B) of H, there exists an irreducible representation v’ = (W) €
M (A) of G, such that v is a subrepresentation of the representation ((p(ul;))) (which

we denote by p(u®)) of H.

Proof. Suppose not, i.e. suppose there exists v7, an irreducible representation of H, such
that it is not a subrepresentation of p(u?) for any irreducible representation u” of G.

Then, it follows from [94] (see Equation 5.9), that
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for all 4, j, k, 1 and for all § € Irr(G). But as p(Pol(G)) is dense in B (Pol(G) denotes the
canonical dense hopf--algebra of G), it is then easy to see that hy((v;;)*v];) = 0, for all
1,7. But this is a contradiction as hy is faithful on B, the canonical dense hopf-x-algebra

of H. Hence, we are done. O

Lemma 2.3.7. Let G be a compact quantum group with subgroups N1 and No. Suppose

that Ny is a subgroup of Ny and that Ny is normal in G. Then, Ny is normal in Nj.
Proof. This follows easily from the previous lemma. O

The following lemma generalises the well known Third Isomorphism theorem for

groups.

Lemma 2.3.8. Let G, N and H be compact quantum groups such that H is a subgroup
of N and N is a subgroup of G, so H is also a subgroup of G. Suppose further that N
and H are normal in G. Then the compact quantum group G/H has N/H as a normal

subgroup with the quotient being G /N .

Proof. 1t follows from the previous lemma that H is normal in N. We have the three

corresponding surjections

po : Cn(G) — Cr(H)

p1: Cn(G) = Cr(N)

p2 : Cn(N) — Cp(H)
such that po = ps o p1.

Now, p1(Cy,(G/H)) = C,,(N/H) as if a € C,,(G/H) then

(id ® p2)An(pi(a)) = (p1 @ p2 0 p1)Ac(a)
= (p1 ®id)(id ® po)Ag(a)

= pi(a) ®1
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and so py(C,(G/H)) C C,,(N/H). But then, if b € C,,,(N/H), and if = € C,,(G) is such
that pi(x) = b, then for Eq/py(x) = (id ® hy o po)Ac(a), we have

p1(Ecyu(x)) = (id® hy o p2)(p1 @ p1)Ag(z)

= (id @ hi o pa) An(pr(2)) = b

So, we have that N/H is indeed a subgroup of GG/H with the surjection being the map p;
restricted to C,,,(G/H). As C,,(G/N) C C,,(G/H), it is easily seen that N/H is normal
in G/H, and that (G/H)/(N/H) = G/N. O

Theorem 2.3.9. The subgroup U(n) is not normal in A,(n).

Proof. Observe that S* is normal in U(n), and as shown in the proof of Proposition 4.5 of
[91], S! is a normal subgroup of A,(n). If U(n) is normal in A,(n), then by the previous
lemma, U(n)/S! is a normal subgroup of A,(n)/S'. But this contradicts Theorem 1 of
[24]. O

Remark 2.3.10. The previous theorem s also easily shown by direct calculation.

We end this section by computing the group

Outy (Au(n)) = Aut(Ay(n))/ Auty (Ay(n))

Proposition 2.3.11. Aut(A,(n))/Aut,(A.(n)) = Zs

Proof. Since A, (n) has exactly 2 irreducible representation of dimension n, and the au-
tomorphism v defined by

u = (u;) = u = (uj;)
is a quantum group automorphism, the proposition follows from the fact that any auto-

morphism not in Aut, (A,(n)) will map

we (t@ D)t @ 1),t € Un)
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, which is composition of two quantum group automorphisms
u T 2 tut*

But v, is in Aut, (A,(n)) and hence the result follows. O

2.4 Central Subgroup and Center

In case of compact groups, we have that Inn(G) = G/Z(G), where Z(G) denotes the
center of GG. In this section, we try to identify the center of a given compact quantum

group (see also [25] for an alternative approach).

Definition 2.4.1 ([91]). A subgroup H of a compact quantum group G is said to be
central if (p®id)Ag = (pRid)ocAg, where p : Cy,(G) — C,,(H) denotes the corresponding

surjection and o the flip map on Cy,(G) @ Cp(G).

Proposition 2.4.2. Let H be a central subgroup of compact quantum group G. Then H

15 co-commutative.

Proof. We have that to show that Ay(a) = cAg(a) for all a € C,,(H).

Let s € C,(G) such that p(s) = a, then we have

An(p(s)) = (p® p)Ag(s)
= (id ® p)(p ®id)Ag(s)
= (id ® p)(p @ id)oAg(s)

a(p®@p)Ac(s) = oAu(p(s))

Hence, we are done. O

It follows easily from the definitions that central subgroups of compact quantum

groups are always normal.
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Theorem 2.4.3. Let H be a subgroup of a compact quantum group G. Then H s a central
subgroup of G if and only if given any irreducible representation u” of G, there exists a
unique 1-dimensional representation X\, of H such that u”™ restricted to H decomposes as

a direct sum of d. copies of A\, where d, denotes the dimension of u,. In other words,
(ufp, An) = dr
Proof. (<) This is easily seen by a straightforward calculation as
(p®id)Ac(uj;) = (p®1d)oAc(ug;)

for matrix elements of all irreducible representations.

(=) H is central, so by the previous lemma, H is co-commutative. But then any irre-
ducible representation (u”) when restricted to H decomposes as a sum of 1-dimensional
representations of H. By unitary equivalence, we may assume that p(uf;) = 0 if i # j

and p(u];) = A1 and p(ul;) = \; for some ¢ # 1. We want to show that Ay = \;. Now,

(p®@id)Ag(u;) = (p®@id) Z ufy, @ ug,
k

= Zﬂ(uik) ® up; = A\ @ uy;
k

and

(p@id)olg(ui,) = (p®id) Y uf, @ ufy
k
= pluf,) @ ufy, = A @ uj,
k
and hence, \; = ;. O

Corollary 2.4.4. Suppose G is a compact quantum group and H s a central subgroup

of it. Suppose o € Aut, (G). Then,
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commautes.

Proof. Since a € Aut, (G), for any irreducible representation u” of G, with dimension d,,

alu”) =t Dult*®1)

for some t in U(d,). The result now follows by direct calculation, using the previous

theorem and assuming, by unitary equivalence, that given an irreducible representation

T

u”:
0 ifi#£y
p(uij) =
AT ifi=
where \7 is a 1-dimensional representation of H. O

Proposition 2.4.5. Let G be a compact quantum group and let x(G) be its maximal
classical compact subgroup. Let Xy := {s € x(G) : as = id on C,(G)}, i.e. the
set of 1-dimensional x—representations of Cy,(G) such that the associated induced inner
automorphisms of G is trivial. Then Xq is a closed subgroup of x(G) and is a central

subgroup of G.

Proof. Tts easy to check that X is a subgroup of x(G).

Now since

Qs = Asps
= as =1id & A-1 = ps
=(s®id)(p ® id)Ag¢ = (Id ® s)(id ® p)Ag, Vs € X,
=(s®1id)(p ® id)Ag = (s ® id)(p ® id)o Ag
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and hence, X is central in G. O

Let G be a compact quantum group, and consider the set Irr(G). Following [64], we

give the following

Definition 2.4.6. Let ¥ C Irr(G) be a subobject. For a,b € Irr(G), we define a ~ b if
and only if a x bN'Y # ¢. Here b denotes the conjugate of b and a x b denotes the set
of all elements of Irr(G) representatives of which are subrepresentations of u® @ u® where

b

u®, ub are irreducible representations of G and [u®] = a and [u’] = b.

Using Propn 3.2 of [76], it is easy to check that this defines an equivalence relation.
We call the equivalence classes of this relation as >—cosets.

Given, two Y —cosets, A and B, we define the product set A x B := {c € Irr(G) :
¢ C a x b}. Obviously, we have that the set-wise product of two X— cosets is a union of

Y —cosets.

Definition 2.4.7. We say a subobject 3 C Irr(G) is a central subobject if the ¥— cosets
form a group. In this case, the product of two X—cosets is itself a X—coset. X, which is

itself a ¥—coset, acts as the identity element. The group is denoted as Irr(G) /3.

Proposition 2.4.8. Let G be a compact quantum group and H a normal subgroup. Let
Y. denote the subobject of Irr(G) corresponding to equivalence classes of irreducible repre-
sentations of G' that decompose as direct sum of trivial representation when restricted to

H. Then H is central if and only if ¥—cosets form a group.

Proof. (=) Let H be central. Since H is cocommutative, we know that Irr(H) is a discrete
group. By Theorem 2.4.3, we know that for any irreducible representation u” of GG, there
exists a unique 1-dimensional representation ¢” € Irr(H) such that (u‘TH, ¢7) = d,, where

d, denotes the dimension of u”. We consider the following map-
7 Irr(G) — Irr(H)

[u"] = ¢
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where [u”] denotes the equivalence class of u” in Irr(G). The map 7 is then easily checked
to be multiplicative, in the sense that if we take two irreducible representations of G, u®
and u”, then

0 € [u] x [u] = ¢ ¢

Now, 3 consists of [u"] such that 7([u"]) = 1g, so this implies that
an~fer(u®)=r’)

and hence, cosets correspond to preimages of elements of the group Irr(H) and since 7
is multiplicative, we have that Irr(G)/X is indeed a group.

(<) Let H not be central, then by Theorem 2.4.3, there exists some irreducible represen-
tation u” of G, with [u] € Irr(G) denoting its equivalence class, such that uly = Ot &
upto equivalence, where either for some ¢, dim(&;) > 1 or, in case all §; have dimension
1, for some i # j,&; # &, where &’s are irreducible representations of H. Then we have

that

WU =67, (6 ®E)

upto equivalence. But then, in either of the aforementioned cases, 15 and some other
non-trivial representation appear in the decomposition of (u” ® u?)y into irreducible
representations of H. And so if we let [o] denote the X-coset corresponding to [u?] and
[7] the ¥-coset corresponding to [u®], [o] x [] is a union of more than one coset, which

gives a contradiction. O

Proposition 2.4.9. Let Z := {X C Irr(G) : ¥ is a central subobject }. Let

XY= ﬂzezz

Then ¥ € Z

Proof. Let [a] and [b] be two S—cosets, we want to show that [a] X [b] is also a S—coset.
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This follows easily from the following two facts -:

(i) If @ and a; belong to the same i—coset, then they belong to the same »—coset for
all ¥ € Z, obvious as ¥ C X for all ¥ € Z.

(ii) If @ and a; belong to the same X—coset for every ¥ € Z then a and a; belong to the
same Y—coset. This is true because for ¥ € Z , the X—cosets form a group. Now, since

a and a; belong to the same X —coset, we have that

axa_lﬂz#gb

But then as Y—cosets form a group, we have that [a] x [a;] = 3, where [a] denotes the
Y-coset corresponding to a. This implies that for any o € a x a@1,0 € ¥ for all ¥ € Z, so

o € ¥ and hence, a and a; are in the same »—coset. O

We call & C Irr(G) the center subobject of G. This corresponds to the center of
the compact quantum group G. The subalgebra in C,,(G) generated by 3 gives us the
underlying C*-algebra of the quotient quantum group G/Z(G).

Let G be a compact quantum group. Let ¥ C Irr(G) be a central object and Hy, =
Irr(G) /X be the group of ¥-cosets. We then have:

Proposition 2.4.10. C*(Hy) is a central subgroup of G, with ¥ being the subobject of
Irr(G) cosisting of equivalence classes of irreducible representations of G that decompose
as a sum of trivial representation when restricted to it, so its left and equivalently right,

coset space is generated by matriz entries of the representatives of elements of X as a

subalgebra of Cp,(G).

Proof. We refer to [95] for definitions of unexplained terms.
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We have for the compact quantum group G, a triple

(RG, {Ha}ozeRga {MOI‘(O[, ﬁ)}a,BERG)
By Proposition 3.3 of [95] for any model , (M, {V, },cr,), there exists a *-homomorphism
on - Pol(G) - M

which extends to C,,(G) (using universal property of C,(G)).
We want to give a model with M = C*(Hy). First, let us take a complete set of
irreducible representations {ag}trer of G. So, ai’s are representatives of elements of

Irr(G) and belong to Rg. And, they are complete in the sense that, the map

k:{agtrer C Rg — Irr(G)

o > [ak]

is one-one and onto.

For these oy € Rg such that o € B(Hy) @ C,(G), we define

Vo, = 1, ® 0 € B(Hy) ® C*(Hy)

Here, ¢ is the element of the group Hy corresponding to the Y-coset that contains [ay].
Now, for any r € Rg, we know that there exists a finite set {ag,,. ..,k } € {a}trer

such that there exist Py, € Mor(ay,,r) with the properties that:

and Py, Py Py, Py, =0 for all i # j € {1,...,n}
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We then define V, € B(H,) ® C*(Hy) ,

V, = Z P, Py ® 0.
It is then straightforward to check that:
Vi®@Vs =V
and

Vi(t®1) = (t®1)V,

for all r, s € Rg,t € Mor(s, ). So, we have a model for

{RGv {HE}EERG’ MOI‘(Oz, B)a,ﬂERG}

and so a x-homomorphism:

oy : Cpn(G) — C*(Hy)

It follows easily that ¢y is a quantum group homomorphism and also that C*(Hy) is a

central subgroup of G with ¥ C Irr(G) as the corresponding subobject. O

So, associated to any central subobject ¥ C Irr(G), there exists a central subgroup
of G, with the algebra generated by representatives of elements of X giving its left /right

coset, space.

Remark 2.4.11. Let us note that for i, we have the group Hs, which can be regarded as
the center of the compact quantum group G (more precisely, it is the dual of the center

of G, but we will continue with this slight abuse, since we often end up calculating Hs ).

Lemma 2.4.12. Suppose we have compact quantum groups G, Ny, No. Let N1 and Ns
be normal subgroups of G such that ¥y, C Xy, where Xy, is the subobject of Irr(G) corre-

sponding to N; (and hence, consisting of equivalence classes of irreducible representations
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of G that are direct sums of the trivial representation when restricted to N;), i = 1,2
Then, Ny is a normal subgroup of Ny. Further, if the corresponding surjections are
denoted

pi i Cn(G) = Cr(N;), i = 1,2

then, the surjection

Po - Cm(Nl) — Cm<N2>

satisfies:

P2 = po o 1

Proof. We have that pi|pg) = Pol(N1) and palpy ) = Pol(N2). We define:

po : Pol(Ny) — Pol(Ns)

po(pr(a)) = pa(a) for a € Pol(G)

This is well-defined, as ker(p;) C ker(ps), which follows from Lemma 4.4 of [91]. It is
then easy to check that py is a *-homomorphism, so can be extended to C,,(Ny). It is
also surjective and is in fact a quantum group homomorphism. Normality follows from

Lemma 2.3.7. O

So, it follows that any central subgroup of G is in fact a subgroup of the center of
that G.

Let now G be compact quantum group. We consider the set of discrete groups

Z(G) == {F : C*(F) is a central subgroup of G}

We say that Fy < F) if there exists a surjective map

p(l)ZFl—>F0
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such that the induced map p?) : C*(Fy) — C*(Fp) has the property that

Cin(G) == C*(Fy)

<
C*(F)

commutes.
This then gives us an inverse system of discrete groups. One can directly show this
without appealing to the previous proposition. It is easy to see that if we have Fy < F7 <

5, with respective maps,

oy FL— Fy

,0% Fy — F
and

pg By — B
then

po = po o P

Now given Fy and Fy in Z(G), we want to show that there exists Fy in Z(G) such that

Fy < Fy and Fy, < Fy. We have surjections
p1: Cn(G) — C*(F)

p2: Cn(G) — C*(Fy)

We consider the following map

Ag

Con(G) Con( Q) @ Con(G) 222 O (F) @ CF(Fy) & C*(Fy % F)

Here KG denotes the extension of the map

Ag : Pol(G) € Cn(G) = Pol(G) @yt POl(G) € Con(G) @rmax Con(G)
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We have to check that (p1 ®max pg)KG is a quantum group homomorphism and that it is
central. This is easy to check as (Fi, p1) and (Fy, ps) are central subgroups, so it is easily
checked for matrix entries of irreducible representations of G.

However, the map need not be surjective. But we can consider its range, which is a

cocommutative quantum group. Let

Raﬂ(,@l @ max p2) = C*(FO)

We now wish to show that Fy > F; and Fy > F,. Let us show that Fy > F}. So, we want

to show that

Col@) 2" (R)
I

commutes. Here,

\IJO = (pl O max Pz)KG

and

m o C*(Fy) — C*(F)

is the restriction to C*(F}) of the map
7?1 : C*(Fl X F2> — C*(Fl)

591 ® 592 = 591

Let (uf,;) be matrix entries of some arbitrary irreducible representation of G such that

dg fk=1geckF,
pa(ug) =
0 ifk#I
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This is possible as Fj; is a central subgroup of GG, invoking Theorem 2.4.3. Then we have

Ti(p1 ® p2)Ac(uy) = m(p1 @ p2) ZUZj ® uj = m(p1(up) @ dy)

J

But since

pl(uZl) =X (591

for some g; € I} and A € C, we have that

mi(p1(ug) ® 5g) = p1(ug)

and so we have Fy > F) and similarly, Fy > F5.
So, we have an inverse directed system and taking inverse limit, we get a discrete
group F = 1£1F, This is of course the center of the compact quantum group G, as can

be seen using Proposition 2.4.10.

2.5 Center Calculations

We calculate the center of some compact quantum groups. The following theorem is

helpful in many cases:

Theorem 2.5.1. Compact quantum groups having identical fusion rules have isomorphic

center.

Proof. Let G and G be two compact quantum groups with Irr(G;) and Irr(G3), the
set of equivalence classes of irreducible representations respectively. Then, as G; and G4

have identical fusion rules, hence, there exists a bijection:

p:Irr(Gy) — Irr(Gs)
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such that for all v, s € Irr(Gy), we have,

p(v x s) = p(v) X p(s)
as subsets of Irr(G3). Thus, ¥ C Irr(Gy) is central if and only if p(X) C Irr(Gs) is central,
as follows easily from Proposition 2.4.8. So, centers of G; and G5 are isomorphic. O
Thus, we have the following:
1. The center of SU,(2) is Zy for —1 < ¢ < 1 and ¢ # 0.
2. SO,(3) has trivial center, —1 < ¢ < 1, and g # 0.
3. C*(I"), for any discrete subgroup I', has as center I.

4. B,(Q) has the same fusion rules as SU(2) [6] and so its center is Z, where @ is a

n x n matrix with QQ = cI’.

5. For B a finite dimensional C*-algebra with dim(B) > 4 and 7 the canonical trace on
it, the compact quantum group A..(B,7) [89] has the same fusion rules as SO(3)

[8] and so has trivial center.

Proposition 2.5.2. Let G be a compact quantum matriz group with u being its funda-
mental representation. Assume that u is irreducible, then Z(G), the center of G, is either

Z/nZ for somen € Z or Z.

Proof. By Theorem 2.4.3, and the fact that u is the fundamental representation and is

irreducible, it follows that if Z(G) =T, then, I' is generated by J, where
plu) =85 @ - &4,
—_——
dim(u)-times
where p denotes the surjection from G onto its center. Hence, I' is a quotient of Z. O
Corollary 2.5.3. The compact quantum group A,(Q), @ € GL,(C) has center Z.
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Proof. Tt is shown in [91] that A,(Q) has C(S') = C*(Z) as a central subgroup. The
result now follows from the previous lemma, as u, the fundamental representation of

A.(Q), is irreducible. O

The notion of the chain group ¢(G) for a given compact group G was defined by

—

Batimgartel and Lledo [10] and was shown by Miiger in [66] to be isomorphic to Z(G),
the dual group of the center Z(G) of G. We prove that the same is true for compact

quantum groups.

Definition 2.5.4. Given a compact quantum group G, we define the chain group

c(G) :=Irr(G)/ ~

to be the group of equivalence classes of the equivalence relation ~1 defined for X,Y €
Irr(G) as follows :
X ~1 Y

of and only iof
dn e Nand z,...,2, € Irr(G)

such that

Xexyx--XzpandY €29 x -+ X z,

Let

E={zelr(Q): x ~; [1g]}

where [1g] € Irr(G) denotes the equivalence class of 1, the trivial representation of G.

It is then, straightforward to see that £ is a subobject of Irr(G).
Proposition 2.5.5. & is a central suboject of Irr(G), and Irr(G) /€ = Irr(G) ) ~12 ¢(G).

Proof. This will follow if we can show that, for a,b € Irr(G), a ~ b in the sense of

Definition 2.4.7, with ¥ = £ if and only if a ~; b.
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(=) Let for a, b € Irr(G), a ~ bin the sense of Definition 2.4.7. Then we have axbN€ # @,

so there exists zy, ..., 2, € Irr(G) such that for some k € a x b, we have
k€z X+ X2z,
and
[lg] € 21 X -+ X z,

This implies

[lg] €21 X -+ X 2z, xa xb

and

axXxbCz X - Xz, Xaxb

So,a~ibasa€z; X - XzpXxaxbxbandbe z; X -+ Xz, Xaxbxb

(<) Let a ~1 b for a,b € Trr(G). Then a € z; X - X z, and y € 2z X -+-

some 21, ..., 2, € Irr(G). But then obviously,

1€z XXz, Xb

and

axbCz X -+ Xz, xb

So, we have that a ~ b in the sense of Definition 2.4.7 with ¥ = £.

X z, for

O

Now to show that the chain group is indeed isomorphic to the center of the compact

quantum group G, we have to show

¥=£

as subsets of Irr(G), where 5. denotes the center subobject of G. But by the previous

proposition we have > CE. So, we want to show that & C 3 which is true if and only
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if £ C ¥ for any central subobject . This can be easily shown as if a € £, then there

exist z1, ..., 2z, in Irr(G) such that

lezy Xz X... X2z,

and

a €z X2gX ... X2,

But for any central subobject 3, the ¥-cosets form a group, denoted by Hy;, by Proposi-

tion 2.4.8. Now consider the product

in Hy. This is the identity element of Hy. But then a € ¥. So, we indeed have that the

chain group of G is isomorphic to the center of G.
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Chapter 3

Group Actions on Compact

Quantum Groups
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In this chapter, we study group actions on compact quantum groups by quantum auto-
morphisms. We will give characterizations as to when this type of an action is ergodic,
weak mixing, mixing, etc. We also study constructions and examples of such group ac-
tions. We end this chapter by proving a structure theorem for a specific family of compact
quantum groups, by showing the existence of a maximal ergodic normal subgroup of the
compact quantum group on which a group is acting. Let us note that we often write CQG
for compact quantum group and also that we will be dealing with the reduced C*-algebra
of compact quantum groups in this chapter, unless stated otherwise. In this context,
let us remind the reader of Remark 1.4.5, and hence that this is not an unreasonable

restriction.

3.1 CQG dynamical systems

This section is divided into three subsections. In these subsections, we study ergodic-
ity, weak mixing, mixing and compactness of quantum automorphisms on CQGs. All
throughout this chapter G will denote a CQG in its reduced avatar and I" will denote a

discrete group acting on G by quantum automorphisms.

Definition 3.1.1. We say that the tuple (G,T') is a CQG dynamical system if T acts
on C(G) via quantum automorphims. In other words, there exists an homomorphism

a:T'— Aut(G).

Let (G,I") be a CQG dynamical system. Then, it follows from Prop. 1.4.2(5) that I'
induces an action on Irr(G), the unitary dual of G. Let [u] € Irr(G) denote the equivalence
class of an irreducible representation of G. We denote by I'[u], the orbit of [u] under the
action of I' and elements of the orbit by 7 - [u], v € T

Consider the GNS representation of C(G) with respect to the Haar state hg. Write
L*(G) = L*(C(G), hg) with distinguished cyclic vector €, = 1. As a consequence of

Prop. 1.4.2, any automorphism a of G is implemented by the unitary operator U, :

—_

L*(G) — L*(G) by Uy(a) = ala), a € C(G); and this choice is unique on demanding
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that the vacuum vector be fixed. In the case of a CQG dynamical system, let U, v € T,
denote the unique unitary in B((L?(C(G))) implementing the automorphism a,. Also

note that the GNS representation is faithful as hg is faithful.

3.1.1 Ergodicity and Weak Mixing

We make the following definitions.

Definition 3.1.2. We say that the CQG dynamical system (G,T) has the infinite orbit
condition (i.o.c. in the sequel), if the orbit of every non-trivial element in Irr(G) under

the induced action of I' on Irr(G) is infinite.

Definition 3.1.3. Let (G,I') be a CQG dynamical system.

1. T is a said to act ergodically on G, if ¢ € L*(G) and U,{ = C for ally € T forces
that { = Ay, for some A € C.

2. The action is said to be topologically transitive, if given two nonzero elements a,b €

C(G), there exists v € I' such that ac.,(b) # 0.

3. The action is said to be strongly topologically transitive, if given (a;,b;) € C(G) x
C(G), 1 < i < n, such that Y}  a; ® b; # 0, there exists v € T' such that
D imy @ioy(b;) # 0.

4. The associated action of I' on L>®(G) is weakly mizing, if given € > 0 and a; €

L>*(G), 1 <i<n, there exists v € I' such that

|he(ay(ai)a;) — he(ai)he(ay)| < €Vi, j.

5. A nonzero vector ¢ € L*(G) is weakly wandering for the action of T on G, if there

exists a sequence of elements {v;} C I' such that (U,,(,()ne = 0 for all i. We
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refer to [5]] for more on the notion of weakly wandering vectors in case of classical

dynamical systems.

It should be noted that i.0.c. is a combinatorial property analogous to the requirement
in von Neumann algebras of a group being of infinite conjugacy class. In fact, if G is a
countable discrete group then G acts on the co-commutative CQG C(G) by the obvious
quantum automorphisms given by inner automorphims. Then the pair (C}(G),G) has
t.0.c. if and only if G is an i.c.c. group. Ergodicity and weak mixing are spectral
theoretic phenomena. On the other side, (strong) topological transitivity is a C*-algebraic
phenomena. But as we show, when the underlying space is a CQG these notions coincide.
A result from [18] will be useful for our purpose. We state it here for convenience. We
have assumed a stronger definition of ergodicity than the usual requirement that the fixed

point algebra of the action is trivial, but the two notions are in fact equivalent.

Theorem 3.1.4. Let (A, T, ) be a C* dynamical system, where I" is a countable discrete
group and « s the associated action. Suppose the system has a state w, such that

(1) w is a-invariant;

(17) if (Hw, T, Q) denote the associated GNS triple, then €, is the unique (modulo
scaling) fized vector of the induced action of T' on H,,.

Further, if m, is faithful and Q, is separating for (m,(A))", then the action is strongly

topologically transitive.

The next theorem is a result about rigidity in Ergodic Hierarchy. The first result of
such kind was proved by Halmos [41], where it was proved that an ergodic automorphism
of a compact abelian group is mixing, in fact the spectral measure of the action is Lebesgue
and the spectral multiplicity is infinite. As far as we are aware, the second result of such
flavor was proved by Jaksic and Pillet [45], where they show that an ergodic action
of R on a von Neumann algebra is weakly mixing. It can be deduced from the main
result in [44] (also see [9] for an independent proof) that, an ergodic action of a locally

compact seperable group on a separably acting von Neumann algebra M preserving a
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prescribed faithful normal state ¢ is always weak mixing on M © M¥, where M¥ denotes
the centralizer of the state ¢. Such class of results have value in Statistical Physics,
in order to recognize the region in the phase space where a dynamics implemented by
symmetries of the Hamiltonian is chaotic. Topological transitivity is a counterpart in C*-
dynamics of the notion of ergodicity in W*-dynamics. This was first studied by Longo and
Peligrad in [61] in the non commutative case and then by Bratteli, Eliott and Robinson
in [18]; though in the classical case it was first studied by Berend [13]. We prove that in
the context of quantum automorphisms all these notions are equivalent to weak mixing.
The noncommutativity of the group forces us to compromise with weak mixing instead
of mixing as in [41]. When I" is (torsion-free) more can be said, but for this we refer to

the paper [67] for a study of spectral properties of such actions.

Theorem 3.1.5. Let (G,T") be a CQG dynamical system. Then, the following are equiv-
alent:

i) (G,I") satisfies i.0.c.;

i1) T' acts ergodically';

iii) L(G)" ={a € L*(G) : ay(a) = a Vy €T} = Cl;

(

(

(

(1v) the action is topologically transitive;

(v) the action is strongly topologically transitive;

(vi) the associated action on L*™(G) is weak mizing;
(

vii) the linear span of weakly wandering vectors of the representation v +— U, v € I' are

dense in L*(G) © CQy,.

Proof. We will prove (i) = (i1) = (iti) = (i), (it) = (v), (v) = (i7), (i) = (vi) and
(vii) = (vi). Note that (v) = (i), (vi) = (i) and (7) = (vit) are trivial.

Note that L*(G) = CQp, ® BserHs, where Hy = span {uE?QhG} with u(®) = ((ufsj))),
s € I, being non trivial irreducible representations of G. Clearly, I is countable. For
v € I'and s € I, note that u(*) = ((aw(ug‘?))) is a irreducible representation of G.

Consequently, I' acts on I by bijections of I. Thus, U, : Hy = H,.; for all v and s € I.

L(i4) and (4ii) are equivalent for any W*-dynamical system.
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(1) = (ii). Let ¢ € L*(G) be such that U, = ¢ for all v € T'. Fix s € I. Let P; denote
the orthogonal projection from L*(G) onto Hs. Then P,U,( = Ps( for all v € T'. But
PU, = U,P,1, for all v € I'. Therefore,

1Py, = 1T, = U3 P14l forall y €T

Thus, the norm of P,.;¢ remains constant on the orbit of s. Consequently, if the orbit
of every non trivial irreducible representation is infinite, then P, = 0 for each s € I.
Thus, ¢ = M for some A € C.
(71) = (4i7) is obvious.
(i4i) = (i). Suppose to the contrary (G,I") does not satisfy i.0.c. Choose a non trivial
[u] € Irr(G) such that I'[u] is finite. Let T'[u] = {7 - [u], -,V - [u]}, where v; € T
for 1 <4 < n. Choose representatives ~; - u, 1 < ¢ < n from the equivalence classes.
Note that the character of each finite dimensional representation is independent of its
class representative. For 1 < ¢ < n, let x,,., denote the character of 7; - . Then,
T =3 " Xyu € A As oy (Xyiu) = X(yy0)-u for all vy € T, 50 ay(x) = o for all v € I'. But
L>(G) = Cl1. So (G,TI') must satisfy i.0.c.
(77) = (v). Suppose the action is ergodic. The Haar state hg is ['-invariant by Prop. 1.4.2.
Clearly, (¢) and (i7) of Thm. 3.1.4 is satisfied. By hypothesis the GNS representation of
(C(G), hg) is faithful. We now show that €, is a separating vector for L>(G). Recall
[62] that if Pol(G) denote the canonical dense Hopf #-algebra associated to A, then there

exists an (algebraic) automorphism o : Pol(G) — Pol(G) such that

he(ab) = hg(bo(a)), Ya € Pol(G),b € C(G)

Let ¢ € L>*(G). Use Kaplansky density theorem to choose a net ¢; € C(G) with ||¢;|| <
||lc|| such that ¢; — ¢ in strong operator topology (s.o.t). Then for all a € Pol(G), one

has hg(ac;) = hg(cio(a)), for all i. The extension of hg to L>°(G) is a normal state of
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L>(G), so

hg(ac) = hg(co(a)),V a € Pol(G), c € L=(G).

Let z € L>(G) be such that 282, = 0. For y, z € Pol(G), we have

0 = (g, Y2 Qg ) ne
= ('Y e, Qg ) he
= hg(2"y"r)
= he(y*ro(2))

= <$U(Z*)th, thG>hG'

Since the Pol(G) is dense in C(G), one concludes that x = 0. Then by Thm. 3.1.4 (v)
follows.
(iv) = (4ii). Suppose to the contrary let L>°(G)" is not trivial. We have already shown
that (ii4) < (i). It then follows from the proof of (iii) = (i) that C(G)! is not trivial.
Then choose 0 # a,b € C(G)" such that ab = 0. This can be achieved using the Gelfand-
Naimark theorem and spectral theorem. Then ac.,(b) = 0 for all v € T', which is a
contradiction.
(v) = (iv) follows from Defn. 3.1.3.
(vi) = (i1) is well known classical fact.
(1) = (vi). Fixs e I. If a; € Hs, 1 < i < N, then h(a;) = 0 for all 4, and by i.o.c.
there is v € I' (actually infinitely many such elements) such the (a.(a;), a;)n, = 0 for all
1<4i,j<N.

Similarly one claims that, if s;,s9,---,s; € I then there is v € I' such that H,.,, L
@' H,, for all 1 <4 < t. Indeed, for s,¢ € I write s ~ t if and only if there exists v € T

such that 7 - s = t. Clearly, ~ defines a equivalence relation on I. Write J = {s; : 1 <

i < t}. Partition J as J;;, 1 < j <k, where J;; = J N [s;], [:] denotes the equivalence
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classe of ~. If for any 1 < j <k, v-s;, € J;, for all v € ', then 7.0.c. would be violated
for the corresponding element of Irr(G). This establishes the claim.

Consequently, if a; € ®f_H,,, 1 < i < N with h(a;) = 0 for all 4, then there exists
v € I' such that (o (a;),aj)p, =0 forall 1 <i,j <N.

Finally, a standard approximation argument in the [|-|[,_ shows that the I'-action is
weakly mixing.

(i) = (vii). Follows directly from the defintion of i.o0.c.
(vii) = (vi). By a standard result in ergodic theory (c.f. Theorem 1.23 [52]), L*(G)
admits a unique decomposition L*(G) = H.® Hup, into invariant subspaces of the action
such that I' 3 v — V, € U(B(H,.)) is a compact represenation (i.e. it decomposes as a
direct sum of finite dimensional represenations) and I' 3 v — U, € U(B(Hym)) is weakly
mixing. By definition, if 0 # ¢ € L*(G) is a weakly wandering vector then ¢ € Hym.

This completes the argument. O

Let us recall that a unitary group representation 7 : I' — B(H) is said to be ergodic
if for any & € H, w(g)¢ = € for all g € T" implies that £ = 0. Then, in the discrete dual

case (i.e. the cocommutative case) we have the following:

Corollary 3.1.6. Let I' be a countable non abelian group and let I'y be a countable abelian
subgroup of I'. Let us denote the group von-Neumann algebra associated to ' by L(T).
Consider the action of I'y on L(I') implemented by inner automorphisms of I'. Then:

(i) the action extends to an ergodic representation of Ty on (%(T') & (3(Ty) if and only if
L(Ty) is a mazimal abelian subalgebra (masa) in L(T);

(1) the action is ergodic if and only if L(I'g)' N L(I") = C1.

Proof. (i) Note that since Ty < T, so hgh™' € T'\ Ty for all ¢ € T'\ Iy and h € T\.
Since the action of Ty on ¢?(T") & £*(Ty) implemented by inner automorphisms arising
from I’y is ergodic, so the orbit I'gg for each g € I'\ I'y is infinite. For otherwise, arguing

as in (i17) = (¢) of Thm. 3.1.5 one can produce a fixed point of the action of the form

deF agdy, where F© C I'\ T is a finite set, 0 # a, € C for all g € F and J, is the
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standard basis vector for g € T'. Thus, by ergodicity one has > geF ay6, = 0. By linear
independence, a, = 0 for all g € F', which is a contradiciton. Finally, this is equivalent
to saying that L(I'g) C L(I') is a masa (c.f. Lemma 3.3.1 [78]).

(1) This follows easily from the equivalence (ii) < (iii) of Theorem 3.1.5. Also, note
that in this case, i.0.c. is exactly equivalent to the inclusion of L(I'y) inside L(I") being

irreducible (see Lemma 5.1 [79]). 0

3.1.2 Compactness

In this section we study compact actions.

Definition 3.1.7. Let (G,T") be a CQG dynamical system. Let ||-|| denote the C*-norm
on C(G).

1. We say that the action is almost periodic if given any a € C(G), the set {a,(a) :

v € I'} is relatively compact in C(G) with respect to ||-|| [3].

2. We say that the action is compact if given any a € C(G), the set {a,(a)Q, : v € T'}

is relatively compact in C(G) with respect to the ||-||,. -
We now prove that these two notions are equivalent in our case.

Theorem 3.1.8. Let (G,T') be a CQG dynamical system. The following are equivalent:
(1) The action is almost periodic;
(17) the action is compact;

(1ii) the orbit of any irreducible representation in Irr(G) is finite.

Proof. (i) = (ii). This follows from the fact that convergence in ||-|| implies convergence
i []-f -
(1) = (uii) Suppose to the contrary there exists [u] € Irr(G) such that its orbit I'[u], under

the I-action, is infinite. Choose an infinite enumerated subset I'o = {71,792, , Yn, - }
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of I" such that

%+ [u] # ;- [u] for all i # j. (3.1.1)

Let us denote by xp, the character of [u]. Then x,yQ. € L*(G). It follows from the
hypothesis that {ov, (x[u)Qe : 7 € T'} is relatively compact in L?(G). However, from Eq.
(3.1.1) it follows that the set {a (X)) : 7 € T'o} is orthonormal and hence, this gives
us a contradiction.

(17i) = (1) It is easy to see that for any action of a group G on a C*-algebra B, the set
B.:={a € B: G -a is relatively compact in B}

is a closed x-subalgebra of B.

Since in our case, the closed linear span of the matrix coefficients of irreducible rep-
resentations of G is C'(G), we will be done if we show that I"- ufj is relatively compact
(with respect to ||-||) for all 3,4, j, where ufj denote a matrix coefficients of an irreducible
representation u”. But this follows, as by hypothesis, the orbit of any v’ € Irr(G) is
finite, which then implies that the set I"- ufj is subset of a finite dimensional subspace of

C(G). Hence, we are done. 0

Remark 3.1.9. Theorems 3.1.5 and 3.1.8 show that it is not possible that a CQG dynam-
ical system is both compact and ergodic. More generally, this also shows that a separable
compact group, say K, cannot act ergodically on a CQG by CQG automorphisms. This
follows as let T' be a countable group dense in K. Then by continuity of the action it
follows that the action of I' is almost periodic and hence compact by Theorem 35.1.8. But
if the action of K were ergodic, then by density of I in K, the action of I' is ergodic as

well. But this is a contradiction.
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3.1.3 Mixing

We now consider mixing actions. In this case also, there is a characterization of a CQG
dynamical system to be mixing in terms of the induced action on the unitary dual of the
CQG. The system (G, I') is mixing if hg (b, (a)) = hg(a)he(b) as v — 0o V a,b € C(G).
Equivalently, we say that the system (G, T") is mixing, if for any =,y € L*°(G) such that

hg(z) = 0 = hg(y), we have that the function

Tap : I D7 = he(y a,(x))

is in ¢o(T").

Note that the next theorem generalizes Prop. 4.4 of [20].

Theorem 3.1.10. Let (G,T") be a CQG dynamical system. The following are equivalent:
(1) The action is mizing.

(i1) Let [u] € Irr(G) be any non-trivial element. Then the stabilizer subgroup of [ul]

L i={yel:y-[u =[u]}

18 finite.

Proof. (i) = (#i). Suppose to the contrary that there exists [u] € Irr(G) such that ', is
infinite. Denoting x[, to be the character of [u], we first note that hg(x},) = 0. Then we
have that the function I' 3 v — hg (X[, (X[u)) does not belong to co(I'), as the function
takes constant value 1 on the infinite subgroup I'f,. This is a contradiction and hence,
we have proved (i7).

(it) = (i). Let 1 # [u] € Irr(G) with u = ((u;;)) a representative for [u]. Let us first
note that any = € L*(G) with hg(z) = 0 can be obtained as a weak limit of linear
combinations of such w; ;, as [u] varies in the set Irr(G) \ {1}. Now since the subgroup
'y is assumed to be finite, it follows that the function I' 5 v — hg(uj o, (u;;)), is in

co(I"), as it takes non-zero values only on I'f,;. But since [u] was arbitrary and hg is
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normal on L>(G), so I' 3 v = hg(y*a,(x)) is in ¢o(I") for all z,y € L*(G) such that

hg(x) =0 = hg(y). The argument is then complete. O

Corollary 3.1.11. Let (G,T") be a CQG dynamical system. Then the following are
equivalent:

(1) The action is mizing;

(17) For any infinite subgroup A of T, the induced CQG system (G, A) is mizing;

(1i1) For any infinite subgroup A of ', the induced CQG system (G, A) is ergodic.

Proof. (i) = (ii). This follows from the definition of mixing actions.

(1) = (zii). This follows from the fact that every mixing action is ergodic.

(#4i) = (i). Suppose the action were not mixing, then by Theorem 3.1.10, there exists
nontrivial [u] € G such that the stabilizer group Ly == {v :7v-[u] = [u]} is infinite.
Consequently by Theorem 3.1.5, the system (G, I'f,) is not ergodic, since the orbit of [u]

under I'y,; is {{u]}. This is contradiction to the hypothesis. Thus () holds. O
In the case I' = Z¢, we have:

Corollary 3.1.12. TFAE:
(1) (G,T) is mizing.
(17) For any t € T' of infinite order, the induced 7 action is mizing.

(1ii) For any t € T' of infinite order, the induced Z action is ergodic.

Proof. This follows easily from the Cor. 3.1.11 and the fact that any non-trivial subgroup

of Z% is torsion-free, and hence, generated by copies of Z. O

3.2 Permanence Properties and Examples

In this section, we prove some permanence properties of CQG dynamical systems. These
can be used to construct examples of CQG dynamical systems with assigned properties.

We also give some standalone examples. It should be pointed that although some of
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these properties follow from general theory, however, we prove them using the i.0.c., to
illustrate this property.

It was shown by Wang [87] that given two maximal CQGs G; = (A}, ®;) and G, =
(Ag, @5), a CQG structure can be given on the full free product A; * Ay (we refer to the
book [33] for more on free products of C*-algebras). We shall denote the correspoding
CQG by Gy * G,. Now suppose we are given a quantum automorphism «a; of G; and
ay of Gg, it follows easily from the definition of the co-multiplication in this case (see
Theorem 3.4 of [87]) that the automorphism «; % s of the full free product A; x A
(defined by the universal property for full free products) is a quantum automorphism
of G * Gy. Hence, given an action of a discrete group I' on the CQGs G; and Gy by
quantum automorphisms, we get, in a natural way, an action of I' on G; * Gy by quantum

automorphisms. Hence, we can construct the CQG dynamical system ((G; * Gg)peq, I').

Proposition 3.2.1. Let Gy and Gy be maximal compact quantum groups and I' be a
discrete group such that T' acts on Gy and Gy by quantum automorphisms. Suppose
now that the CQG dynamical systems ((G1)rea, I') and ((Ga)rea, I') are both ergodic (resp.
mizing, compact). Then the CQG dynamical system ((Gy*G3)req, I') is also ergodic (resp.

mixing, compact).

Proof. We only prove for the case when the actions are ergodic; the proofs for the cases
when the actions are mixing and compact are similar and follow from Thm. 3.1.10
and Thm. 3.1.8. As is shown in Theorem 3.10 of [87], if U = {u*} and V = {v7}
denote, respectively, complete sets of ireducible representations of (Gj)eq and (Gz)yeq,
upto equivalence, then a complete set of mutually inequivalent, irreducible representation
of G = (Gy * Gg),eq is given by the set consisting of the trivial representation together

with the collection of interior tensor product representations of the form

W Qi W Qi+ Qi W (3.2.1)

where w? belongs either to U or to V' and w” and w”+! belong to different sets.
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Now let us take a non-trivial representation of the form (3.2.1). Then there exists
an ¢ such that w", which without loss of generality we may assume belongs to U, is
non-trivial. But as the action of I" on (Gy),eq is ergodic, so the orbit of w” under T,

denoted by the set

W= {w:teT}

is infinite. But as the orbit of any irreducible representation of G of the form (3.2.1)

under I is

{wt"“ Rin W2 Qi oo Qi W 1t € r'}

it follows that this set must also be infinite. This is because it follows from Theorem
3.10 of [87] for any t1,t; € ' for which w"7 and w'*7 are inequivalent, the irreducible
representations of G given by w7 ®;, w2 ®;, ... Q;p W and W2 ®4, WR? 4,

e @i, w2 are also inequivalent. O

For notational simplicity, we demonstrated the above result for a free product of two
CQG, but it is not hard to see that the same holds if we are given a sequence of CQGs
{G, }nen- As should be clear, the above result can be used to construct non-trivial CQG
dynamical systems starting from classical dynamical systems, i.e. where a group is acting
on a compact group by group automorphisms.

Similarly, if G; = (A;, ®;), i = 1,2, are two maximal CQGs, then as shown by Wang
[88], one can give a CQG structure on A; ®,,q. As (the model for G; ® Gy on the spatial
tensor product is given in [4]). We denote the corresponding CQG as G; ® Gy. Now,
suppose a1 is a quantum automorphism of Gy and «s is a quantum automorphism of Gs.
Then, as follows from the definition of the co-multiplication of G; ® G5 (see Theorem 2.2
of [88]), the automorphism a1 ;a0 a2 Of Ay ®ppar A2 (given by the universal property of

maximal tensor products) is in fact a quantum automorphism.

78



Proposition 3.2.2. Let Gy and Gy be mazimal CQGs such that ((G1)red, I'1) and ((G2)red, I'2)
be CQG dynamical systems which are both ergodic (resp. mizing, resp. compact). Then
the CQG dynamical system ((G1 ® Ga)yeq, 't X T'9) is ergodic (resp. mixing, resp. com-

pact).

Proof. Once again, we will only show the ergodic case, since the other two are similar.
It follows from Theorem 2.11 of [88] that if U = {u®} and V = {v"} denote the sets

of mutually inequivalent irreducible representations of G; and G, respectively, complete

upto equivalence, then a complete set of mutually inequivalent irreducible representations

is given exterior tensor products of irreducible representations of G; and Gy of the form

{u¥ @¢p v} (3.2.2)

where u% belongs to U and v" belongs to V. Now the orbit of any irreducible

represention of Gy ® Gz of the form (3.2.2) under the action of I'; x I'y is given by the set

{ur @ 0295 1 (t,ty) € Ty x [y}

But then if we pick a nontrivial irreducible representation of G; ® Gy of the form
(3.2.2), then atleast one of u% and v must be non-trivial. The result now follows from
Theorem 2.11 of [88] and a reasoning similar to one used in the proof of Theorem 3.2.1.

O

In this case too, the result holds for an arbitrary sequence of groups {I',},en and
CQGs {G;}.

We now look at some examples.

Example 3.2.3. Let G = (A, A) be any CQG. Then (see Example 4.4 of [88]) CQG
structures can be given on the C*—algebras Ay = x°___A; and Ay = ®°___A;, where

A; = A for all i € Z. One can then show that the natural shift action of Z on A; and

A, gives us CQG dynamical systems. It is then easy to show that both these dynamical
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systems are actually ergodic, in fact mixing.

Example 3.2.4. In the last chapter (as also [72]), we studied a class of automorphisms of
CQGs which behave like “inner automorphisms” in the group theoretic sense. Following
[72], let Gepar denote the set of characters of irreducible representations of a CQG G.

The group

Auty(G) := {a € Aut(G) : a(Xa) = Xa: VXa € Genar}

is a closed compact normal subgroup of Aut(G), the group of all CQG automorphisms
of G, where the topology is of pointwise norm convergence (as shown in Theorem 2.1.1
for compact matrix quantum groups). To give explicit examples of such automorphisms,
we refer to Example 2.3.2. However, for the convenience of the reader we recall the main
steps here. Denote by x(G) the set of unital *-homomorphisms from C,,(G) to C. It
is a group with the product defined by gh = (¢ ® h) o A, for g,h € x(G). The unit of
X(G) is the counit eg € C,,(G)* and the inverse of g € x(G) is given by g o S, where S
is the antipode on G. Viewing x(G) as a closed subset of the unit ball of C,,(G)*, one
can consider the weak™ topology on x(G) which make x(G) a compact group. Define,
for all g € x(G), the map o, = (97! ® id ® g) o A®. Tt defines a continuous group
homomorphism x(G) > g — «a, € Aut, (G) C Aut(G) as it can be easily checked
these automorphisms are quantum automorphisms and that the action of x(G) on Irr(G)
is trivial. Indeed, for g € x(G) and z € Irr(G) a straightforward computation gives
(id ® a,)(u®) = (V* @ Du*(V @ 1), where V = (id @ ¢)(u®).

Now if we have a CQG dynamical system (G,I") with the action defined by the

homomorphism

a: ' — Aut(G)

Suppose now that a(I') C Aut, (G), then it follows from Theorem 3.1.8 and from the

definition of Aut,(G) that this action must be compact, since the orbit of any irreducible
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representation of G under the I'-action has one element (i.e. itself).

It is shown in [87] that for the free unitary quantum group A,(n), the maximal
compact subgroup is the unitary group U(n) and for the free orthogonal quantum group
A,(n), the maximal compact subgroup is the orthogonal group O(n). Similarly, it follows
from [75] that the maximal compact subgroup of SU,(2) is the circle group T. In each
of these cases, taking I' to be a countable discrete subgroup of x(G), we get a compact

CQG dynamical system.

In the previous chapter, the group
Out, (G) = Aut(G)/ Aut, (G)
was also studied and e.g. it was shown that for CQG with fusion rules identical to those

of simple compact Lie groups, this group has order 1,23 or 6 (Proposition 2.1.5).

Proposition 3.2.5. Let G be a CQG such that |Out, (G)| < co. Then any CQG dynam-

ical system (G,T") is compact.

Proof. Suppose the action is not compact, then it follows from Theorem 3.1.8 that there
exists an « € Irr(G) such that the orbit {T'a} is infinite. Let g1, go, g3, ... be elements in

I" such that

giov # gjodori # j

By hypothesis, we can find infinitely many such elements. Now we have the homo-

morphism

v: T — Aut(G)

which encodes the action of I' on G and let

Yy o I' = Out, (G)
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be the obvious map into the outer automorphism group of G. But then, it follows from
the equation above that 7, (g;) # 7, (g;) if ¢ # j. This gives us a contradiction since
Out, (G) is finite.

O

So, it follows that for CQG dynamical system (G,T"') where G has identical fusion
rules as simple compact lie groups, the action must be compact. Similarly, it was shown
in Proposition 2.3.11 that for the free quantum group A,(n), the outer automorphism
group is Zs, for any n € N. So, by the previous proposition, we have that for any CQG
dynamical system (G,I") is compact, when G = A,(n).

In fact, for a large class of compact quantum groups, one can show that a compact

action by quantum group automorphisms is virtually ”inner”.

Theorem 3.2.6. Suppose for the CQG G Outy(G) is discrete. Let (G,I') be a compact

CQG dynamical system. Then the subgroup

I'y:={yel:a, € Aut,(G)}

of ' is of finite index.

Proof. Let us first recall that as is shown in Theorem 2.2 of [39], any C*-dynamical system
(A, T, «) is almost periodic if and only if the closure of the image of I under «, in Aut(A),
is compact in the pointwise norm topology. Now, since (G, T") is compact, it follows that
H =T C Aut(G) C Aut(C(G)) is compact. But we have that Out, (G) is discrete, so
equivalently, Aut, (G) is an open subgroup of Aut(G). So, H, = Aut,(G) N H is open in
H. Since H is compact, we have that H, is finite index in H. This then implies that I,

is finite index subgroup of I' and hence, we are done. O

The question now arises as to for which CQG’s the above property holds, i.e. Out,(G)

is discrete.
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Let us recall that given a compact quantum group G, its fusion ring, denoted by
Z(G), is defined to be the additive group of finitely supported functions from Gy, the
set of characters of irreducible representations of G, into Z with the multiplication given
by the fusion rules of G.

The following was exhibited in the proof of the Theorem 2.1.4.

Lemma 3.2.7. Let 5 € Irr(G). The subgroup of Aut(G) defined as

Kp :={a € Aut(G) : a(xs) = x5}

where xp denotes the character corresponing to B, is an open subgroup of Aut(G).

Proposition 3.2.8. Suppose the fusion ring Z(G) of G is finitely generated as a ring.

Then Out, (G) is discrete, or equivalently, that Aut,(G) is an open subgroup of Aut(G).

Proof. Let us denote the generators of Z(G) by A1, Ag, ..., A, Since characters of irre-

ducible representations of G form a basis of Z(G), we can define the set

N :={xs : xp appears in the linear decomposition of some \;,1 <i <n}

N is then a finite subset of the set of characters of irreducible representations of G. Now,
we claim that a € Aut(G) is an element of Aut,(G) if and only if a(xg) = xp for all
xp € N. Of course, by definition of Aut, (G), it is clear that a(xs) = xg if a € Aut, (G).
For the other implication, we note that if a(xg) = xs for all x3 € N, we also have that
a(A;) = A for all 1 < i < n. But since \; generate Z(G), we have that a(a) = a for all
a € Z(G) and hence, as characters of all irreducible representations of G are elements of
Z(G), we are done. Now, to compelete the proof of the proposition, let us once again

define

Kp = {a € Aut(G) : a(xs) = xs}
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and note that, in our case, we have that

Auty (G) = Npyaeny Ky

Since N is a finite set, the proof now follows from the previous lemma. O

Remark 3.2.9. A large class of compact quantum groups have finitely generated repre-
sentation rings. For example, duals of finitely generated discrete groups, A,(n) [7], As(n)
(since it has same fusion ring as SU(2))[6]. In fact, it was shown by Segal in [77] that
the representation ring of any compact lie group is finitely generated, hence, any compact
quantum group with fusion rules isomorphic to that of a compact lie group will also have

finitely generated representation ring.

Remark 3.2.10. [t is to be expected that the fusion ring of compact matriz quantum
groups should be finitely generated, since these correspond, in the classical case, to com-
pact lie groups. But the proof is unclear to us. In light of Lemma 3.2.7, a direct way
of showing that inner automorphism groups of compact matriz quantum groups is open
18 showing that given an automorphism of a compact quantum group, the sub-category
of representations which under the action of this automorphism, get transformed to a
unitarily equivalent representation is in fact a full sub-category. But this is not true as
can be seen in the case of the compact group SU(3). In this case, the outer automor-
phism group is also of order 2 and in fact, modulo the inner automorphism group, this
outer automorphism is uniquely given by the complex conjugation automorphism, i.e. the
automorphism of SU(3) that sends any matriz to its complex conjugate. It can now be
checked that this automorphism fizes the adjoint representation of SU(3), which is irre-
ducible of dimension 8 (and in fact is the unique irreducible representation of dimension
8 for SU(3)). But tensoring the adjoint representation to itself, we get a 10 dimensional
irreducible representation of SU(3), which under the complex conjugation automorphism,

gets sent to its contragradient representation.
Example 3.2.11. Let A be a countable discrete group. Let A = C*(A) be the re-
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duced group C*-algebra. We consider the standard CQG structure on A, which is co-
commutative, which we denote G. Let now « : I' — Aut(A) be a homomorphism of I'
into the automorphism group of A. This induces a CQG dynamical system (G, I"). Let
us now consider the CQG dynamical system (G, A) which is induced from the action of
A on itself by inner automorphisms. It is not hard now to see that this action in ergodic
if and only if A is an ICC group. To see this, note that in this case all irreducible rep-
resentations of G are one-dimensional and are given by group unitaries \;, g € A. Now,

the orbit of A\, under the A-action, is given by

{)‘Sgs—1 |5 € A}

which is infinite for all g # e if and only if A is ICC. In general though, this action
need not be mixing. In fact, it follows from Theorem 3.1.10 that this action will be
mixing if and only if the centralizer subgroup of any given nontrivial element is finite.
So, in particular, ICC groups which have torsion free elements, like free groups, fail this
property. But, if A is a Tarski Monster [70], then it is known that centralizer of any
nontrivial element is indeed finite, and hence this action is mixing.

It can also be shown (assuming that A is finitely generated) that the A-action on G
by inner automorphisms is compact (i.e. all conjugacy classes are finite) if and only if the
center Z(A) has finite index in A. While the backwards implication is obvious, to see the
forward implication, we use Theorem 3.2.6. In this case, it follows from the definitions
that Aut, (G) is trivial and hence, Out, (G) = Aut(A). But as A is finitely generated,
Aut(A) is discrete. Now invoking Theorem 3.2.6, we conclude that the center Z(A) is a

finite index subgroup of A.

Example 3.2.12. Let G be a compact quantum group and U(C,,(G)) denote the group

of unitaries in C,,(G). We then define the intrinsic group of G as

Int(G) ={u e U(C\n(Q)) : A(u) = u u}
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It is then easy to check that the automorphism Ad(u) : a — uau* of C,,(G) is in fact a
quantum automorphism. Hence, for any countable discrete subgroup I' of Int(G), we get
a CQG dynamical system (G,I") (by inducing this quantum automorphism to C'(G)).
Let now G be a compact quantum group and let (G,T') be a CQG dynamical system.
It was then shown in Theorem 1.5 of [88] that the full crossed product C,,(G) x I' can be
given a compact quantum group structure. Let G denote this compact quantum group,
with the comultiplication denoted by Ag. It was then shown in [35] (Theorem 6.1(3))
(and as will be exhibited in the following chapter, see 4.4.1) that C(G) = C(G) %, I'. It
was also shown in [35](Proposition 6.5)(see also 4.4.5) that Int(G) =Int(G) x I'. Hence,
for any subgroup A of I', we have the CQG dynamical system (G, A). We then have the

following
Theorem 3.2.13. The following holds-

1. Suppose the CQG dynamical system (G,A) is compact and suppose that for the
natural A-action on T' by inner automophisms, the orbit of any element is finite.

Then the CQG dynamical system (G, A) is also compact.

2. Suppose the CQG dynamical system (G, ) is ergodic and suppose that for the nat-
ural A-action on I' by inner automophisms, the orbit of any non-trivial element is

infinite. Then the CQG dynamical system (G, A) is ergodic.

Proof. 1. If we denote the natural embedding of C(G) in C(G) %, I" by a(C(G)) and
the group unitaries corresponding to I" by w., for any v € I' (hence, C'(G) %, I is the
closed linear span of elements of the form a(a)u., with a € C(G) and v € I'), then
as shown in Theorem 6.1(2) of [35] (as also 4.4.1), the set {u? : v € I,z € Irr(G)}
gives a complete set of irreducible representations of G, where, given z €lrr(G),
with a representative u* € B(H,) ® A, we define u? = (1 ® u,)(id ® a)(u”) €
B(H,) ® (A %, I'). Thus, any element of Irr(G) can be uniquely identified with a

tuple (z,7), with x €lrr(G) and v € T, with uZ as a representative.
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Now since the CQG dynamical system (G, A) is compact, we have from Theorem
3.1.8 that for any = €lrr(G), the set {y-z : v € A} is finite. Similarly, we have from
the hypothesis for any 7 that the set {yyyy™' : v € A} is finite. It then follows
that the set {(y-z,7y07 ") : v € A} for any z €lrr(G) and 7y € T’ (which is in fact
the orbit of (z,70) under the A-action on Irr(G)) is finite. Hence, it follows from

Theorem 3.1.8 that the CQG dynamical system (G, A) is compact.

2. We have from the hypothesis that for z €lrr(G), which doesnot correspond to
the trivial representation and for any vy # e € T', the sets {y-x : v € A} and
{vy0y~' : v € A} are infinite. Then it follows easily that the set (v -z, vyy™!) is
infinite, except when both x and ~, are trivial. Hence, we have from Theorem 3.1.5

that the CQG dynamical system (G, A) is ergodic.

3.3 Maximal Ergodic Normal Subgroup

In this section, we study the structure theory of general actions of groups on CQGs by
quantum automorphisms and for a large class of CQGs, demonstrate the existence of
a maximal ergodic invariant normal subgroup. We will refer to 1.2 for the basics and
notations of subgroups and normal subgroups. In this section, given a compact quantum
group GG, we will denote by G, the compact quantum group (C(G), A).

We first demonstrate a characterization of non-ergodic actions paralleling the classical

characterisation given in Lemma 2.2 of [53].

Theorem 3.3.1. Let the discrete group I' act on a compact quantum group G = (A, A) by

quantum automorphisms, with the action denoted by . Then the following are equivalent-
1. The induced action of I' on G,eq is non-ergodic

2. There ezists a non-trivial 5 € Irr(G), with character denoted by xs, such that the
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subgroup of I, defined as

Is:i={g €l a,(xs) = x5}

1s a finite index subgroup.

3. There exists a non-trivial Compact Matriz Quantum Group Gy = (Ao, Ng) such
that Ay C A is a Woronowicz sub-C*-algebra of A, and such that Ay is invariant

under the I'-action and the induced action on (Gg),eq is compact.

Proof. First let us note that by Remark 1.4.2, the action of I' on G induces an action of
I' on G,eqg.

(1) = (2) Since the action of I" on G,.4 is non-ergodic, by Theorem 3.1.5, we have that
there must exist 5 € Irr(G) such that the orbit of 5 under the induced I' action on Irr(G),
is finite. ['g is in fact the stabilizer of 3 and the proof now follows from the orbit-stabilizer
theorem.

(2) = (3) Applying the orbit-stabilizer theorem again, we deduce that the orbit of 5 is
finite. Let 7 =T"- 8 C Irr(G) denote the (finite) orbit of 5. Let us denote the Woronowicz
sub-C*-algebra generated by matrix coefficients of representatives of elements of T by
Ag. This gives us a CMQG, which we denote by Gg. First we show that Ay is invariant
under I'-action. For this, it is enough to show that Irr(Gy) C Irr(G) is invariant under
the induced I'-action. So, let v €Irr(Gy). Since T is a generating set for Irr(Gy), we have
that (abusing definitions slightly) v must be a sub-representation of some representation
which is a tensor product of representations coming from 7. Our task is to show that for
any g, the irreducible representation representated by ¢ - 7 is also a subrepresentation of
some representation which is a tensor product of representations coming from 7. This is
easy to see, since if

TCH R ® ...,
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for t1,tq,...,t, € T, we have

g-7Cgh®g-1®..0g9- 1,

But of course, g -t; isin T for all 1 < ¢ < n as T is the orbit of § and hence is
invariant under the I-action. Now, we show that the induced action of T" on (Gg);eq is
compact. So, by Theorem 3.1.8, we have to show that for any v € Irr(Gy), the orbit I"-~
is finite. Let v C t; ® to ® ... ® t,, for tq,ts,....t, € T. Since all t; have finite orbits, so
upto equivalence, the set of representations of Gy represented by ¢g-t1 Qg -1, ®...Qg-t,
for g € T, is finite, and hence, upto equivalence, the set of (irreducible) representations

represented by g -y, for g € I, is also finite, since for all g € I', we have

g-7C9-h®g-1®.Q079 t,

In other words, the orbit of v under the I'-action is finite. Hence, we are done.
(3) = (1) Since the induced action of I' on (Gg),eq is compact, the orbit of any v €
Irr(Gy) is finite. Since Irr(Gy) C Irr(G), taking any non-trivial v € Irr(Gy) C Irr(G), we

see that the action is non-ergodic, as the orbit of v is finite. O

Remark 3.3.2. In case the CMQG is such that its fusion ring is finitely generated as a
ring, then it follows from Proposition 3.2.8 and Theorem 5.2.6 that the action is virtually

wnner. This is of course the case for compact lie groups and this is exactly the statement

of Lemma 2.2 of [53].
Implicit in the proof of the previous theorem is the following

Proposition 3.3.3. Suppose I' acts on G by quantum automorphisms. Suppose 1 and
B are elements of Irr(G), and suppose further that the orbits of 51 and Ps under the

['-action are finite. Then the following holds:

1. For any B C B ® Ba, the orbit of B is finite.
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2. Orbit of By (as also By) is finite

Proof. 1. For any g € I', we have that for the induced action on Irr(G), g - f C
g-B1®g- [Py But as both 5 and (B, have finite orbits, this implies that upto
equivalence, the set of representations of G which are isomorphic to a representation
represented by g - 1 ® g - B2 for some g € I' is finite, which forces that the set of
(irreducible) representations, represented by g-3 for some g € T', is upto equivalence,

finite. Hence, the orbit of g is finite.

2. This is easy as g - 3 = g - 3 for any § € Irr(G).

O

Remark 3.3.4. In other words, the previous proposition says that the “compact part” of
any given action of a group I' on a CQG G by quantum automorphisms, is a Woronowicz
sub-C*-algebra of G, and so, is a CQG itself. The irreducible representations of this
quotient CQG are exactly the irreducible representations whose orbit under the I'-action
1s finite. We use this to construct the mazimal invariant ergodic normal subgroup. This

is similar in spirit to Theorem 2.3 of [53].
The following class of CQG have been defined and studied by Wang in [91] and [92].

Definition 3.3.5. A compact quantum group G is said to have Property F if each
Woronowicz sub-C*-algebra of Cp,(G) is of the form Cp,(G/H) for some normal subgroup
H of G.

It has been shown in [91] that all compact quantum groups obtained by deformation
of compact Lie groups, such as the compact real forms of Drinfeld-Jimbo quantum groups
and Rieffel’s deformation of compact Lie groups, and several universal quantum groups
like A,(n) and Ag(n) have Property F. It has also been shown by Wang in [92] that
Property F' passes to quotients and to subgroups (under suitable conditions). So, there
is an abundance of examples of compact quantum groups having Property F.

Proposition 2.2.3 will be crucial for our construction of the maximal normal ergodic

subgroup, hence we recall the statement here.
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Proposition 3.3.6. Let G be a compact quantum group and let H be a subgroup of G.
Let o : Cp(G) = C(G) be an automorphism of G, such that o : Cp,(G/H) — C,,(G/H)
is C*-algebraic automorphism, then there exists B : Cp,(H) — C,,(H) such that § is also

an automorphism of H and such that

commutes.
The following lemma now follows easily.

Lemma 3.3.7. Suppose G is a compact quantum group, and suppose H is a normal
subgroup of G. Suppose now that a group I' acts on G by quantum automorphisms, with
action denoted by «, and that for the set Irr(G/H) C Irr(G), for any g € T, we have
that oy (Irr(G/H)) = Irr(G/H). Then, for each oy, there we can construct a quantum
automorphism v, such that the diagram

Qg

Cm<G) —Cp, (G)

C,(H) 2= C,,, (H)

commutes. So, we have an action of I' on H by quantum automorphisms. In other words,

H is an tnvariant subgroup of G under the I'-action.

Proof. To invoke the previous proposition, we need to show that the Woronowicz sub-
C*-algebra C,,(G/H) is invariant under the I'-action. But C,,(G/H) is generated as a
C*-algebra by matrix coefficients of irreducible representations of G/H. But since for any
g € I', we have that ¢g-Irr(G/H) =Irr(G/H), it follows that «,(C,,(G/H)) = C,,(G/H)

and hence, we are done. O

For the next two lemmas, we need a preliminary result. The following lemma was

proved in [91], see Lemma 4.4.
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Lemma 3.3.8. Let H be a normal subgroup of G, with the subgroup surjection p. Let p
denote the associated surjection from Pol(G) to Pol(H). Then

ker(p) = Pol(G)g 5 Pol(G) = Pol(G)Pol(G){ ; = Pol(G)Pol(G){, 5 Pol(G)

Here, Pol(G)g/u denotes the dense Hopf-x-algebra associated with the CQG G/H and

POI(G)E/H denotes its augmentation ideal (i.e. kernel of its counit).

Lemma 3.3.9. Let G be a compact quantum group and H; and Hy be normal subgroups of
G such that Cy,,(G/Hy) = C,,(G/Hy). There is a quantum automorphism « : Cy,(H;) —
Cn(Hy) such that py = « o py, where for k = 1,2, px denotes the subgroup surjection

corresponding to Hy.

Proof. We follow the notation as explained in Lemma 3.3.8. Since C,,(G/H;) = C,,(G/Hz),
we have that Pol(G)g/m, = Pol(G)g/m, and hence Pol((G-})g/]Hl1 = POI(G)E/H2. So, we have,
by Lemma 3.3.8, that ker(p;) =ker(pz). But then, it now follows from Lemma 2.2.4 that
there exists an isomorphism & : Pol(H;) — Pol(Hy) such that p; = @ o p;. We can now
extend & to give us a C*-algebraic isomorphism « : Cp,(H;) — C,,(Hy). It is now easy

to check that « is a quantum automorphism (see Lemma 2.2.1) and that ps = a0 p;. O

The following lemma is not hard to deduce by methods similar to the previous one.

Once again the notation is same as above.

Lemma 3.3.10. Let G be a compact quantum group and H; and Hy be normal subgroups

of G. Then the following are equivalent-

1. There exists a quantum group surjective morphism poy : Cp(Hy) — C,(Hy) such

that the following diagram

!
Crn (Hs)

commutes. Here p, for k = 1,2 denote the subgroup surjections corresponding to

Hy. So, in particular Hy is a (normal) subgroup of Hj.
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2. Cp(G/Hy) C Cp(G/Hy)

Proof. (1) = (2) This follows from the definitions of C,,,(G/Hy), k =1, 2.

(2) = (1) Since Cpn(G/Hi) C Cn(G/Hy), so Pol(G)y, € Pol(G){y, and hence, by
Lemma 3.3.8, we have that ker(p;) Cker(ps). So, invoking Lemma 2.2.4, we get a surjec-
tive map pp : Pol(H;) — Pol(Hy), from which we can get the quantum group morphism

po, by extending py to C,,(H;), which satisfies all the required properties.

We are now in a position to state and prove the main theorem of this section.

Theorem 3.3.11. Let G be a compact quantum group, possessing Property F. We further
assume that C,,(G) is separable. Suppose T' acts on G by quantum automorphisms, with
action denoted by . Then there exists a countable ordinal w and a family of normal
subgroups of G, given by

{He : £ <w}
such that

1. He, @s a subgroup of He, for & < &, with Hy = G. In other words, we have a

decreasing family of subgroups.

2. For all £, H¢ is an invariant subgroup of G under the I'-action and the induced

I'-action on (Hg),eq is non-ergodic for all & < w

3. H,, is the maximal unique normal subgroup of G which is invariant under the I'-

action and such that the induced action on (Hy,),eq is ergodic.

Proof. To minimise notation, we make an abuse, a statement of the form “I-action on a
compact quantum group G is ergodic (resp. non-ergodic, compact, etc)” will mean that
the induced I'-action on G,q is ergodic (resp. non-ergodic, compact, etc).

We proceed by transfinite induction (separability of C,,(G) ensures that Irr(G) is

countable, hence we are dealing with countable transfinite induction). Since we have
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assumed that G possesses Property F', so, we have to construct, inductively, an increasing
sequence of Woronowicz sub-C*-algebras of C,,(G), which are invariant under the I'-
action, so, by Lemma 3.3.7, the corresponding normal subgroup will be invariant as well.
But then it suffices to construct, inductively, subobjects of Irr(G) which are invariant
under the induced I'-action. To this end, we construct the first subobject in the following
manner. If the action is ergodic, we have nothing more to do. Hence, let the action be

non-ergodic. We define the subobject of Irr(G)

T :={p € Irr(G) : orbit of g is finite}

That it is a subobject follows from Proposition 3.3.3. We call it the compact sub-object
of G under the I'-action. It is also straightforward to see that for any 5 € 7; and any
g€l g-p €T So, the corresponding normal subgroup Hj is an invariant subgroup
of G under the I'-action. If the induced I-action on Hj is ergodic, we stop. Else, we
construct the subobject of Irr(G) in the following manner- Since the induced action of T
on Hj is non-ergodic, the compact subobject S; C Trr(H;) under I'-action is non-trivial.
Let now 3 € Irr(G), with a representative u” which is an irreducible representation of G.
We then have a representation of H; given by v* = (id ® p;)(u”), where p; denotes the
subgroup surjection corresponding to H;. For v € Irr(H,), we write v < v”, if there exist

some representative v” of 7, which is a subrepresentation of v”. We then define

Sp = {y € Irr(H,) : v < v}

We then define the set Ty C Irr(G) as follows

Ty :={B €Irr(G) : S3NS; # 0}

Since & is non-trivial, it now follows from Lemma 2.3.6 that T3 is also non-trivial. So,
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we now define

7> := {subobject of Irr(G) generated by 7; and T5}

In other words, 75 is the smallest subobject of Irr(G) containing 7; and T5. Let us now
show that 73 is invariant under the induced I'-action. We first note that, since &; is
invariant under the induced I'-action on Irr(H, ), hence T is also invariant under the I'-
action on Irr(G). We note also that 75 is closed under taking conjugates. Now, suppose
B € Ts and

6Ct1®t2®...®tn

where t;’s comes either from 77 or T5. Since for any g € I" we have

g-BCg-t1®Rg-t,0..Q0qg-t,

and since both 7; and T, are invariant under the I-action, we have that g - § € 75 for
any g € I'. Hence, corresponding to 75, we have an normal subgroup Hy of G which
is invariant under the induced I'-action. So, we proceed in this manner. If the ordinal
is of successor type, i.e. the ordinal is of the form & + 1 for an ordinal &, then having
constructed H, normal subgroup of G invariant under the I'-action, we construct Heyq
by constructing the subobject T¢1; of Irr(G) as the subobject generated by 7¢ and the set
Teyq. If the ordinal, say &, is a limit ordinal, i.e. for any ny < &, there exists an ordinal
n such that ny < n1 < &, we define the subobject T¢ as the subobject generated by all
the subobjects T), such that n < . The smallest ordinal s for which the induced action
on the normal subgroup H is ergodic will be our w. So, we have constructed our family

of normal subgroups

{He : £ <w}

The first two properties follow from the construction and from Lemma 3.3.10. It also

follows from the construction that the normal subgroup Hy, is invariant under the I'-action
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and the induced action is ergodic.

Now we exhibit maximality of H, as the normal subgroup on which the induced
[-action is ergodic. In light of Lemma 3.3.10, it is enough to show that there exist
no I-invariant subobject 7 of Irr(G) (with associated normal subgroup denoted by H)
such that 7 C 7,. To this end, first note that for such a subobject 7, one must have
Te CT C Teqq, with {41 = w, since we are assuming that the action of I' on H is ergodic.
The inclusion T¢ C T is proper since the action of I' on H is non-ergodic. From the
inductive construction above, it follows that there exists [u®] € T¢q such that u® when
restricted to H, decomposes as a sum of irreducible representations of H, each of which
are non trivial. Since [u®] € T¢4q, the restriction of u® to He has as a subrepresentation
an irreducible representation v* of He whose orbit is finite under the I'-action. Since,
H is a normal subgroup of H, the restriction of v* to H decomposes as a sum of non
trivial irreducible representations of H, because this is the case for u°. But, as the orbit
of v! is finite, it follows that the orbit of any irreducible representation of H which is a
subrepresentation of the restriction of v* to H, is also finite. This is a contradiction to
the ergodicity of the induced I'-action on H.

To exhibit uniqueness, we will show that if H is a normal subgroup of G which
is invariant under the ['-action and such that this induced I'-action is ergodic, then the
subobject Irr(G/H) C Irr(G) contains 7, i.e. 7, C Irr(G/H). Uniqueness (upto quantum
automorphism), will then follow from Lemma 3.3.9 and Lemma 3.3.10. To show this, we
first prove the following claim
Claim: Let G be a CQG and suppose I" acts on G by quantum automorphisms. Suppose
Ko, K;, Ky are I-invariant normal subgroups of G such that C,,,(G/K;) N C,,(G/Ky) =
Cin(G/Ky). Suppose further that the CQG dynamical systems (K;,I') and (Kg,T') are
ergodic. Then the CQG dynamical system (Ko, T") is also ergodic.

Proof of the Claim: Let us note first that by Lemma 3.3.10, K; and Ky are normal
subgroups of Ky. Consider now the CQG dynamical system (Kg, I'). Suppose there exists

t € Irr(Ky) such that {I"- ¢} (i.e. the I'-orbit of ¢) is finite. We want to show ¢t is trivial.
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Note that Irr(G/Kg) = Irr(G/K;)N Irr(G/Ky). By Lemma 2.3.6, we can find 5 € Irr(G)
such that ¢ € Ss. We will be done if we show that 5 € Irr(G/Ky). To this end, we first
note that since I'-orbit of ¢ is finite and the induced action of I' on K; and K is ergodic,
we will have by Theorem 3.1.5 that, S} C Irr(K;) and S? C Irr(Ky) are both trivial (i.e.

just consist of e, the element corresponding to the trivial representation), where

SFi={y € Irr(Ky) : v < v'}

for k = 1,2. But then, since K; and Ky are normal in G, it easily follows from Theorem
1.2.7 that 8 € Irr(G/K;) and 8 € Irr(G/K;), and hence, we have that 5 € Irr(G/Ky)
and so, we are done.

Now, uniqueness follows from the previous claim as suppose that there is a I'-invariant
normal subgroup of G, H such that the I'-action is ergodic. Now, since the subobjects
Irr(G/H) and 7T, are I'-invariant, so is the subobject S=Irr(G/H) N 7,. By the previous
claim, the I'-action on the normal subgroup corresponding to § is ergodic. But then this
contradicts maximality of 7, and hence S = T,. So, we have that 7, C Irr(G/H) and
we are done.

O

Remark 3.3.12. For a CQG G, its fusion ring Z(G) is said to be of Lie type if all
1nereasing sequences

A CAC---CA,---

of sub-fusion rings of Z(G) stabilize, i.e. A,, = A, for all m > n for some n (see
definition 5.2 of [26]). So, if in addition to the hypothesis of the previous theorem, the
fusion ring is of Lie type, then we can get to the Maximal Normal FErgodic Subgroup in
finitely many steps.

Remark 3.3.13. Often, depending on the CQG dynamical system, we can compute the
mazimal ergodic normal subgroup, without requiring that the compact quantum group have

Property F, as we shall see in the next example.
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Example 3.3.14. Given a Woronowicz C*-algebra A, the notion of free wreath product
A x,, C(As(n)) was defined and studied by Bichon in [15], which is also a Woronowicz
C*-algebra. So given a compact quantum group G, we have an associated compact
quantum group G U, As(n) = (Ch(G) x, C(As(n)), AL). Now let A be a discrete group,
and G = (C*(A), A) be the associated compact quantum group. In this case, we denote
G Ag(n) by A Ag(n). This class of compact quantum groups were extensively studied
in [60]. Let e denote the neutral element of A and let n > 4. Let A,(A) denote the
universal C*-algebra with generators a;;(g) for 1 <i,j <n and g € A together with the

relations:

aij(g)ai(h) = djrai;(gh) 5 aji(g)ari(h) = djraz(gh)

with involution given by

Then Gy, = (A,(A), A) is a compact quantum group, where we have

n

A(aij(g)) = Zaik<g) ® ay;(9)

k=1

In fact, we have that G, is isomorphic as a compact quantum group to A . As(n) (see
Example 2.5 of [15]).

Let now I' act on the group A by group automorphisms. We can now induce an action
of I" on G, , in the following way: given any v € I, it follows from the definition of A4, (A)

that the map

%(aij(g)) = ai(7 - 9)

defines an automorphism of A, (A). It is also easy to check that in fact this is a quantum
automorphim. So, we have a CQG dynamical system ((Ga,)rea, I') with the action de-

noted by a. We now proceed to study some properties of this action, for which we first
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elucidate the representation theory of Gy, ,. It was shown in [60] that there is a family
of n-dimensional representations of Gy ,, {a(g) : g € A} satistying (a(g)):; = aj(g) and
a(g) = a(g™"). For all g # e, the representation a(g) are irreducible while a(e) = 1&w(e),
where w(e) is an irreducible representation, and further, a(g) for all g # e and w(e) are
pairwise inequivalent. Let M = (A) denote the monoid formed by words over A endowed
with the following operations- Involution: (gi,....,gx)~ = (g5, ', .-, 9; *), Concatenation:
(G1s oo i) * (B, b)) = (G1s ooy Gt Gy Bt ooy ly) and Fusion: (g1, ..., g) » (ha, .oy by) =
(91, ey Gk—1, grha, ha, ..., hy). We then have the following theorem (see Theorem 2.25 of
[60])

Theorem 3.3.15. The irreducible representations of G, can be labelled by w(x) with

x € M and involution w(x) = w(T) and the fusion rules:

w(z) @ w(y) = Z w(uxv)® Z w(u - v)

T=uxt,y=t*v r=uxt,y=t*xv;u0,v#0
Further, we have for all g € A, w(g) = a(g) © 64l
We can now prove the following

Theorem 3.3.16. Let I" act on the group A by group automorphisms. Consider the CQG

dynamical system ((Gpn)rea, ). The following then holds-

1. Suppose that I action on A is such that the orbit of any element is finite. Then the

CQG dynamical system ((Gapn)rea, ') is compact.

2. Consider the map p : Ap(A) = C*(A™), a;j(g) = 0ijAv,g) for all 1 < i,j < n and
g € A, where A*™ denotes the n-fold free product of A and v; denotes the canonical
homomorphism from A to A*", sending A to the ith copy of A in A*". We have that
p defines a x-surjection which makes the compact quantum group H = C*(A*™) into
a normal subgroup of G = Gp,,. In this case, we have that the compact quantum

group G/H is isomorphic as quantum group to the compact quantum group Ag(n).

99



3. Suppose that the T' action on A is such that the orbit of any non-trivial element
is infinite. Then the invariant normal subgroup C*(A*™) is the maximal ergodic

normal subgroup of Gy, under the induced I'-action.

Proof. 1. Inview of Proposition 3.3.3 (and Remark 3.3.4), Theorem 3.1.8 and Theorem
3.3.15, we will be done if we can show that the orbit of the irreducible representation
a(g) of Gp, under the I'-action is finite for all ¢ € A. But it follows from the
definition of the I'-action o on G, ,, that the orbit of a(g) is the set {a(v-g) : v € T'}.

The result now follows from the hypothesis.

2. Tt follows from the universal property of A,(A) that the map p is in fact a *-
surjection. It is also straightforward to show that p is in fact a subgroup surjection.
Hence, H is a quantum subgroup of G, ,. To show that it is normal, we first need

the following

Lemma 3.3.17. Let Go, Hy and Ny denote compact quantum groups such that H
1s a subgroup of Gg, with the subgroup surjection denoted by py and Ny is a normal
subgroup of G with subgroup surjection denoted by py. Suppose further that Ny is a
subgroup of Hy with subgroup surjection p such that po p; = py. We then have that
Ny is a normal subgroup of Hy and that pi(Cy,(Go/Ny)) = C,(Hy/Np).

The proof of this lemma is straightforward. Indeed, suppose Ny is not normal
subgroup of Hy. Then, by Theorem 1.2.7 (3), we know that there exists some irre-
ducible representation u® of Hy such that 0 < [y, ufy, | <dim(u®), where [1n,, ufy,]
denotes the multiplicity of the trivial representation as a sub-represenation of Uiy, -
But then since Ny is a normal subgroup of Gy, using Lemma 2.3.6, it is easy to
derive a contradiction. Also, since C,,(Hy/Np) is spanned by the matrix coefficients
of those irreducible representations u® of Hy for which [1y,, ufyy,] =dim(u®) and a
similar result holds for C,,(Gy/Np), a simple application of Lemma 2.3.6 gives us

that p1(Ch(Go/Ny)) = C(Hy/Np). This proves the lemma.
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Let us now consider the free product compact quantum group Hx* As(n), as defined
in [87]. It follows from Example 2.5 of [15] that that G, , is a quantum subgroup
of H x Ag(n), with the subgroup surjection p, defined by ps(Av,()%i;) = ai;(9),
where = = ((xi;))1<i,j<n is the defining magic unitary of A(n). It also follows from
Theorem 3.4 of [87] that H is a normal subgroup of H % A (n) with the subgroup
surjection py defined as po(Ay,(g)%ij) = Av,(g) = €4,(n)(Tij) = 6ijAv,(g)- It is then easy
to see that p o ps = po. It then follows from the previous lemma that H is normal

subgroup of Gy .

We now define p, : A, (A) = Cy(As(n)), ps(aij(g)) = 4. It easily follows from the
universal property of A, (") that ps defines a *-surjection. It is then easy to check
that Ag(n) is quantum subgroup of G, with subgroup surjection ps. Further, we
have the x-embedding i : C,,,(As(n)) = C*(A*")xC,,(As(n)). We then have psopo
is = id. Now since it follows from Theorem 3.4 of [87] that the compact quantum
group H x Ay(n)/H is isomorphic to Az(n) with the isomorphism given by the map
15, and using the fact that ig, p and p, are all quantum group homomorphisms, it
follows easily that the compact quantum group G/H is isomorphic as a quantum

group to Ag(n).

. We consider the action of I' on G,, as defined above. We then have an in-
duced action of I' on Irr(G,,,). For an irreducible representation labelled by
w(g1, g2, ---, gm), we have that for any v € T', v - w(g1, .-y Gm) = W(V * G150y Y * Gim)-
This follows easily from Theorem 3.3.15 using induction. Indeed, we have that
v-w(g) = w(v - g), now suppose it is true for any sequence of m elements of A,
g1y ey Gm that v-w(g1, ..., gm) = W(V* g1, .-y 7+ gm), We want to shown that the same
is true for any sequence of (m + 1) elements of A, t1, ..., t;, tyr1. To do this, let us

first assume that t,,t,,41 # 1. In this case, we have that w(t,...,t,) @ w(tme1) =
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Wty ooy by tinr1) D w(ty, ooy tintmet). Hence, for any v € T', we have that

Ve (Wty, ey tm) @ W(tma1)) =7 w(ty, ooty b)) By - w(ty, ooy tintmrt)
= 7wt ey tm) @7 - W(tmt1) =7 - w(ty, ooty tng1) By - w(ty, o tntmsr)
=y Wt ey b)) @7 W(tma1) =7 - Wt ooy by 1) S wW(VEL, ooy Veimtma)
= WYty ey Y ) @W(Y - tipg1) = Wt ey by Eg1) D W(YEL ooy VEmbmtt)
= WYty Yty Y tmg1) @ WYty Y ()
= w(ty, oy by tng1) ® WYt ooy Yemtmat)

= w(fy : tla N tm77 : tm+1) =7 w(tb "'7tmatm+1)

The case when t,,t,,41 = 1 can be proved similarly. Thus, it is now easy to see that
since the orbit of any non-trivial element in A under the I'-action is infinite, we
have that an irreducible representation of G, , labelled by w(gy,...gx) has a finite
orbit under the induced I'-action if and only if g; = ¢go = ... = gx = e. Consider now
the subgroup surjection p : A, (A) — C*(A*™). Let G = G, and H = C*(A™).
By induction method as above, it can be shown that an irreducible representation
labelled by w(gy, ..., gx) with g1 = g = ... = g = e lies in the coset space G/H.
But, as is shown in the proof of Proposition 3.2 of [60], the closed subspace of A(T")
spanned by matrix coefficients of irreducible represenations labelled by w(gy, .., gx)
for any k € N, with g; = ... = gy = e, is isomorphic as a C*-algebra to C,,(As(n)).
So, we have, using (2) of this Theorem, that the compact part (see Remark 3.3.4)

of the I-action on G is the compact quantum group G /H.

The action of I' on A*", defined by v - v;(g) = v;(7y - ¢) induces an action of " on
H. Since the action of I' on A is such that any non-trivial element has an infinite
orbit, we have using Theorem 3.1.5 and Proposition 3.2.1, that the action of I' on
H,.q is ergodic. Also, since the compact part of the I'-action on G is G/H, it can

be shown, as in the proof of Theorem 3.3.11, that H is the maximal ergodic normal
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subgroup of G, , under the induced I'-action and hence, we are done.
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Chapter 4

The Bicrossed Product and the

Crossed Product quantum group
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In this chapter, we study the bicrossed product and the crossed product compact quantum
groups. We study their representation theory and make a detailed study of various
approximation properties possessed by these quantum groups, under suitable conditions.
The first part of this chapter studies the bicrossed product quantum group of a specific
type while in the second part, we discuss the crossed product case. The last section of
this chapter is devoted to examples, and a study of approximation properties for these
specific examples. We also give examples of discrete quantum groups possessing Property
(T).

The theory of quantum groups finds its roots in the work of Kac [49, 50] in the early
sixties, and his notion of ring groups in modern terms are known as finite dimensional Kac
algebras. In the fundamental work [51] on extensions of finite groups, Kac introduced the
notion of matched pair of finite groups and developed the bicrossed product construction
giving the first examples of semisimple Hopf algebras that are neither commutative nor
cocommutative. It was later generalized by Baaj and Skandalis [4] in the context of Kac
algebras and then by Vaes and Vainerman [83] in the framework of locally compact ' (l.c.
in the sequel) quantum groups; the latter was introduced by Kustermans and Vaes in [59].
In the classical case, i.e., in the ambience of groups, Baaj and Skandalis concentrated only
on the case of regular matched pairs of l.c. groups. In [83], the authors extended the
study to semi-reqular matched pairs of l.c. groups. The case of a general matched pair
of locally compact groups was settled by Baaj, Skandalis and Vaes in [5].

As a standing assumption, all throughout this chapter, all Hilbert spaces and all C*-
algebras are separable, all von Neumann algebras have separable preduals, all discrete

groups are countable and all compact groups are Hausdorff and second countable.

TAll l.c. spaces are assumed to be Hausdorff.
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4.1 Representation theory of bicrossed products

This section has two parts. In the first part, we discuss matched pair of groups of
which one is compact and show an automatic regularity property of such matched pairs
(Proposition 4.1.2). In the second part, we study bicrossed products of compact matched

pair of groups and study their representation theory and related concepts.

4.1.1 Matched pairs

Definition 4.1.1 ([5]). We say that a pair of l.c. groups (G1,Gs) is matched if both
G1, Gy are closed subgroups of a l.c. group H satisfying Gy NGy = {e} and such that the

complement of G1Gs in H has Haar measure zero.

From a matched pair (G, G2) as above, one can construct a l.c. quantum group called
the bicrossed product and it follows from [83] that the bicrossed product is compact if
and only if Gy is discrete and G4 is compact. In the next proposition, we show some

regularity properties of matched pairs (G, Gy) with G5 being compact.

Proposition 4.1.2. Let (G, Gs) be a matched pair and suppose that Gy is compact. Then
G1Gy = H, and, for all (v, g) € G x Gy there exists unique (a,(g), B,(7)) € G2 x Gy

such that vg = o, (g)By(7v). Moreover,
1. For g,h € Gy and r,s € Gy, we have
ar(gh) = ar(g)as,m)(h), Be(rs) = Pa.g)(r)Be(s) and ar(e) =e, By(e) = e.
(4.1.1)

2. « is a continuous left action of G1 on the topological space Go. Moreover, the Haar

measure on Gy 1s a-invariant whenever Gy is discrete.
3. B is a continuous right action of Gy on the topological space G.

4. « s trivial < G is normal in H. Also, § is trivial < Gy is normal in H.
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Proof. First observe that, since G4 is compact, H is Hausdorff and G is closed, the set
(G1G5 is closed. Hence, the complement of GG is open and has Haar measure zero. It
follows that G1Gy = H = H™' = G;'G;' = GGy, Since Gy N Gy = {e}, the existence
and uniqueness of a,(g) and f,() for all v € Gy and g € G, are obvious. Then, the
relations in (1) and the facts that a (resp. ) is a left (resp. right) action as in the
statement easily follow from the aforementioned uniqueness.

Now let us check the continuity of these actions. Since the subgroup G is closed in
the l.c. group H, so H/G is a l.c. Hausdorff space equipped with the quotient topology
and the projection map = : H — H/G; is continuous. Hence, Tlg, : G2 = H/Gy is
continuous and bijective since G1 N Gy = {e} and GG, = H. Since G is compact, mg,
is an homeomorphism. Let p : H/G, — Gy be the inverse of 7, and observe that the
map a @ Gy X Gy = Ga, (7, 9) — ay(g) satisfies « = pomo), where ¢ : Gy x Gy — H is
the continuous map given by ¥(v,g) = vg, for v € G1,g € Go. Consequently, the action
« is continuous. Since for all ¥ € G; and g € G, we have 3,(v) = a,(g9) " 'vg, we deduce
the continuity of 5 : Gy x Gy = Gi, (7,9) — B,(7) from the continuity of a and the
continuity of the product and inverse operations in H.

Moreover, suppose that G is discrete. Then G is a co-compact lattice in H and it
follows from the general theory (see for example Section 2.6 of [37]) that H is unimod-
ular and hence there exists a unique H-invariant Borel probability measure v on H/G.
Consider the homeomorphism 7, : G2 — H /G1 and the Borel probability measure
p = (mg,)«(v) on Ga. Since, for all v € Gy, the map 7, intertwines the homeomor-
phism «., of G5 with the left translation by v on H/G; and since v is invariant under the
left translation by -, it follows that p is invariant under a,. Also, m, intertwines the
left translation by h on Gy with the left translation by h on H/G; for all h € G5. Hence,
1 is invariant under the left translation by A for all h € Gy. It follows that u is the Haar
measure.

Suppose that G, is normal is H. Then for all v € Gy, g € Gs, we have g~ 1vg =
gty (9)By(7) € Gi. Since g, (g) € G2 and GiNGy = {1}, we deduce that g™, (g) =
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1 for all v € Gy, g € G5. For the reverse implication in (4), suppose that « is trivial.
Then for all v € G1, g € G2, we have vg = gB,(7) € G1. Hence, g~ 'G1g C G, for all
g € G5 and since we trivially have y~!Gyy C G, for all ¥ € G| and H = GG, we deduce
that G is normal in H. The proof of the last assertion of the Proposition is analogous.

O

In the next proposition, we discuss the well known Zappa-Szép product (also known
as the Zappa-Rédei-Szép product, general product or knit product). It is a converse of

Proposition 4.1.2. We include a proof for the convenience of the reader.

Proposition 4.1.3. Suppose that G and Gy are two l.c. groups with a continuous left
action « of G1 on the topological space Go and a continuous right action B of Gy on the
topological space Gy satisfying the relations (4.1.1). Then there exists a l.c. group H
for which Gy, Gs are closed subgroups satisfying G1 N Gy = {e}, H = G1G3, and for all

v € Gi,9 € Ga, 79 = ay(9)By(7)-

Proof. Consider the l.c. space H = G; X (G5 and define a product on H by the formula:

(r,9)(s,h) = (Bi(r)s, ga.(h)) for all r;s € Gy, g,h € Gs.

It is routine to check that this multiplication turns H into a l.c. group. Moreover, we
may identify G; with a closed subgroup of H by the map Gy > r +— (r,;1) € G1 X Gs
and Gy with a closed subgroup of H by the map Gy 3 g — (1,9) € G; x Go. After

these identifications, we have H = G1G2, G; N Gy = {e}, and for all v € G1,g € Go,

V9 = y(9)By(7)- =

4.1.2 Representation theory

We first construct the bicrossed product from a compact matched pair and then study its
representation theory. Along the way we prove some straightforward consequences e.g.,

amenability, K-amenability and Haagerup property of the dual of the bicrossed product.
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We also compute the intrinsic group and the spectrum of the maximal C*-algebra of the
bicrossed product.

Let (I', G) be a matched pair of a countable discrete group I' and a compact group
(GG. Associated to the continuous action [ of the compact group G on the countable
infinite set I', we have a magic unitary v7'¢ = (v),ser.¢ € Mjy.¢1(C) ® C(G) for every
v-G € TI'/G, where v,y = 14, and A, = {g € G : B4(r) = s} (this is a continuous
function on G, as is explained in Section 1.5 of the first chapter).

We define the C*-algebra A,, =I', f x C(G) to be the full crossed product and the
C*-algebra A =T, x C(G) to be the reduced crossed product. With abuse of notation,
we denote by « the canonical injective maps from C(G) to A, and from C(G) to A. We
also denote by u,, v € I', the canonical unitaries viewed in either A,, or A. Observe that

A, is the enveloping C*-algebra of the unital *-algebra
A = Span{u,a(ug;) : v €'z € Irr(G),1 < i,j < dim(x)}.

Let A : A,, — A be the canonical surjection. Since the action o on (G, p) is u-
preserving and p is a probability measure, so there exists a unique faithful trace 7 on A

such that
T(uya(F)) = 5%6/Fd,u, vel,F e C(G).

Theorem 4.1.4. There exists a unique unital x-homomorphism A,, : A, — A, @ A,

such that

Apoca=(a®@a)oAg and Ap(uy) = Z Uy (vy,) @ up, Yy €T

rey-G
Moreover, G = (A, Ap) is a compact quantum group and we have:

1. The Haar state of G is h =1 o A, hence G is Kac.

109



2. The set of unitary representations of G of the form V¢ @v® for some -G € I'/G
and v € Trr(G), where VY9 =37 Lere @ upa(vns) € Myg(C) @ A and v* =

(id ® a)(u®), is a complete set of irreducible unitary representations of G.

3. We have C,(G) = A,,, C(G) = A, Pol(G) = A, X is the canonical surjection and

L>*(G) is the von Neumann algebraic crossed product.

4. The counit eg : Cp(G) — C is the unique unital x-homomorphism such that

eg(a(F)) = F(e) for all F € C(G) and eg(uy) =1 for all y €T

The compact quantum group G associated to the compact matched pair (T',G) in

Theorem 4.1.4 is called the bicrossed product.

Proof. The uniqueness of A,, is obvious. To show the existence, it suffices to check that
A,, satisfies the universal property of A,,.
Let us check that v — A,,(u,) is a unitary representation of I'. Let v € I'. We first

check that A,,(u,) is unitary. Observe that, for all g € G and v € I', we have

1= B4(v™"9) = Barie)(v" By ()-

Hence, (84(7))™" = Ba,(9)(7™'). From this relation it is easy to check that I'™' . G =

{r=':re~-G} and a,(vy,-1) =v,-1, for all r € T". It follows that

Ay (uy)* = Z (Vg )Uy-1 @ Up—1 = Z Uy-10( 0ty (Vy,r)) @ Up—1

rey-G rey-G
= Z (I 1@ )®ur—Am(u771).
rey—1.G

Let 71,72 € I'. We have

Aty ) A (uy,) = Z Uy (Vg 1) Uy OV 5) DU = Z Uy @ ( 1(Vyy,r) Vs, 8> Qs

rey1-G,s€y2-G
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Observe that a1 (vy,;)Vy,,s = where

1B’v1ry2ms7

B mars = {g9eG: 5%2 (71) =r and 69('72) =5} C Ao rs = ={geG: 59(71'72) = rs},

since fBa,, () (71)Bg(72) = By(1172). In particular, By, ., = 0 whenever rs ¢ v, - G;

hence
A (U, ) A (Uny) = § Uy (1371,72,m71t) Qut = § Uy O (FY) @ uy,
tey1v2-Gyrev-G tevive-G
where Ft Z B’Yl yo,rr 1t - 1|—’TB’Y1v’Y2,7‘,7'71t - 1A71v2,t7 and A’Yl’Y%t = {g €G: N2°9 = t}'

Consequently, 14 = Uyt ANA Ay (U ) A (Uqy) = Ay (U, ). Since Ap(ue) = 1, it

Y172,

follows that v — A,,(u,) is a unitary representation of I'.
Let us now check that the relations of the crossed product are satisfied. For v € T’

and F' € Pol(G) we have:

A () A(@(F)Am(3) = Y (uy @ u)(@ @ ) (03, @ DAG(F)) (uy-10(vy-1,0) © u)

s

= ) (uy @u)(a® ) (03,001 (1,-1,) ® DAG(F)) (1y-1 @ )

7,8

= D (@®a) ((ay ()51, @ 1) (e, @ a,)(Aa(F))) (1@ ur)

7,8

= D (@®a) ((ay (y)vy-1,-1 @ 1)y ® 00) (A(F))) (1 © wy)

rt

= ) (a®a)(H)(1®u),

t

where Hy = ) (0 (Vy,r)Uy-1 -1, @ 1) (ay ® 0y ) (AG(F)).

Observe that o (vy,)vy-1,-1, = 1p ., where

B'y,r,t = {g €G ﬁa771(9) (7) =r and ﬁg(’yil) = Tﬁlt}-

Since Ba_1(9)(7)By(v1) = By(vy7!) = Byle) = e, we deduce that B,,, = () whenever

t # e, and it is easy to see that U,e.¢By,e = G. Hence, H; = 0 for ¢t # e. Again for

111



g € By,.and h € G, one has H.(g,h) = F(a,1(g)a,-1(h)) = F(a,-1(g9)ag,-1)(h)) =
F(ay-1(gh)). It follows that H, = Ag(a,(F)). Consequently, A, (u,) Ay (a(F))Any(ul) =
(o ® @)(H,). This completes the proof of the existence of A,,.

It is clear that v* (as defined in the statement) is unitary and since (a®a)Ag = A, 0,
we have A, (v;) = 3, v ®@vf;. Observe that V7% = D, (id® a)(v"%) € M},.¢/(C) ® A,

where D, is the diagonal matrix with entries u,, r € v - G. Hence, V¢ is unitary.

Moreover,

Am(VTZG) = Am(ura(vm)) = Z (ura(vrt) & ut)(oz ® O‘)(AG(UTS))

ter-G=v-G

— Z Ur (Vg Uy,) @ Upr(V,5) = Z U (Upg) ® upar(vys) Z 7% ¢ 17498 =

t,zev-G tey-G tey-G

It follows from [87, Definition 2.1°] that G is a compact quantum group and V7%, v® are
unitary representations of G for all v- G € I'/G and z € Irr(G).

(1). Since >, V1Y = u,, the linear span of the coefficients of the representations
V¢ @ o for v € T'/G and z € Irr(G) is equal to A. Hence, it suffices to check the

invariance of h on the coefficients of V7'¢ @ v*. We have

h(V;?;G Za;)) = h(Ura(UrsU%)) = 5r,e/GUesUZ‘deM = 5r,eés,e/GUfjd,u = 51”,658765]3,17

since ves = 051 and v* is irreducible. Hence, if x # 1, we have

(id@h) A (V1 “v) Z Vi Cuih(ViT o) = 0= Z BV o) Vi “viy = (h@id) A (VI C0).
And, if z = 1, we have (id ® h)A,,(V1%) = 3, Vi Ch(Vi]) = 6,1 = (h @ id) A, (V16).
It follows that h is the Haar state.

(2). To simplify the notations, we write v-G®z = V7% ®v® during this proof. For a
unitary representation u (of G or G), we denote by x(u) = >, u;; its character. Observe

that x(v-G®x) = x(V7a(x(x)) = > rery.q Ura(vr)a(x(x)). Hence, for all v,7" € T,
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and all z,y € Irr(G), we have

XV Goyey-Gar) = x(V-Gay'x(y-Goa)= Y alx(@)vs)usua(v,x(r))
sey'-Gyrey-G
= Z us—lra(&r—ls(X(g)vss)ver(m))'
sevy'-G,rey-G
Hence,

hx(Y- G @yey-Gor)) = by.aqra /G vssX (@)X (2)dp = 0.6 /G X(T@T)dp = 041.G.5.GOzy-
e (4.1.2)

Taking 7 = v and y = z this shows that dim(Mor(vy -G ® x,v- G ® z)) = 1. Hence,
such representations are irreducible. Since the linear span of the coefficients of v- G ® x
is equal to A and hence dense in A,,, it follows that any irreducible representation of G
is equivalent to some v- G ® x.

It also follows from Equation (4.1.2) that v-x ~~"-y if and only if v- G =+ - G and
T =y.

(3). We have already shown that Pol(G) = A. It follows that C,,(G) = A,,. Since \ is
surjective and 7 is faithful on A, it follows that C'(G) = A and L*°(G) is the bicommutant
of Ain B(*(T') ® L*(@)) i.e., it is the von Neumann algebraic crossed product. Finally,
since A is the identity on A = Pol(G), it follows that A is the canonical surjection.

(4). The fact that eg(a(F)) = F(e) for all F' € C(G) is obvious since « intertwines the
colmultiplication. Fix v € T. Since V7% is irreducible, we have that (id @ eg) (V%) = 1.

Hence,

1= Z ersec(ur)vys(e) = Z erre(Ur).

r,s€y.G rey.G

It follows that eg(u,) = 1. O

Remark 4.1.5. Let G be the bicrossed product coming from a compact matched pair
(', G) as above. From the definition, it is easy to check that C,,(G) is commutative if

and only if the action « is trivial and I' is abelian. Moreover, G is cocommutative if and

113



only if the action [ is trivial and G is abelian.

Remark 4.1.6. The following observation is well known. Let o : T' ~ A be an action
of the countable group T on the unital C*-algebra A and let C be the full crossed product
which is generated by the unitaries u,, v € I', and by the copy o(A) of the C*-algebra
A. If A has a character ¢ € A* such that e(ay(a)) = e(a) for all a € A and v € T,
then the C*-subalgebra B C C' generated by {u, : v € I'} is canonically isomorphic
to C*(I'). Indeed, it suffices to check that B satisfies the universal property of C*(T).
Let v : T' — U(H) be a unitary representation of I' on H. Consider the unital *-
homomorphism 7 : A — B(H) given by 7(a) = e(a)idy, a € A. We have vym(a)v,-1 =
e(a)idg = e(ay(a))idy = m(ay(a)). Hence, we obtain a representation of C' that we can
restrict to B to get the universal property.

Let (I',G) be a matched pair. Since the map € : C(G) — C defined by F +— F(e) is
a a-invariant character, it follows from the preceding observation that the C*-subalgebra

of Ay, generated by u.,, v € I', is canonically isomorphic to C*(I').

We now give some obvious consequences of the preceding result concerning amenabil-
ity, K-amenability and the Hagerup property. The first assertion of the following corollary
is already known [31] but we include an easy proof for the convenience of the reader. We

refer to [85] for the definition of K-amenability of discrete quantum groups.
Corollary 4.1.7. The following holds:

1. G is co-amenable if and only if I' is amenable.

2. If " is K-amenable, then G is K -amenable.

3. If@ has the Haagerup property, then I' has the Haagerup property.

4. If the action of T' on L®(G) is compact and T’ has the Haagerup property, then G

has the Haagerup property.
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Proof. (1). If ' is amenable, then we trivially have that A is an isomorphism; hence, G
is co-amenable. Conversely, if G is co-amenable, then the Haar state h = 7o X is faithful
on A,,. Since h(u,) = 04, v € I', we conclude from Remark 4.1.6, that the canonical
trace on C*(I") has to be faithful. Hence, I' is amenable.

(2). It is an immediate consequence of [28, Theorem 2.1 (c)].
(3)

3). It follows from [29, Theorem 6.7], since L(I") is a von Neumann subalgebra of
L>(G).
(4). This is a direct consequence of [47, Corollary 3.4] and [29, Theorem 6.7]. O

Now we describe the fusion rules of a bicrossed product.
For r,s € T, let B,; C G be the clopen set defined by B,, = {g € G : fa,(g(r) =
r and fy(s) = s}. To reduce notation, we denote by v - G € Irr(G) the equivalence class

of V7Y for v-G € T/G, and we view Irr(G) C Irr(G).
Theorem 4.1.8. The following holds:

1. The set of unitary representations of G of the form v* @ VY'Y for v -G € T'/G
and x € Irr(G) is a complete set of irreducible unitary representations of G. In
particular, for all v-G € I'/G and all x € Irr(G), there exists a unique a.,.c(v) €

Irr(G) and a unique B.(y - G) € I'/G such that

Y- G@r = aq(r)®B(v-G).

Moreover, for all v-G € I'/G and all x € Irr(G), the maps

g @ Irr(G) = Irr(G) and B, : T/G —=T/G

are bijections.
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2. For allr,s,y €T and x € Irr(G) we have

dim(Mor(y-G®z,r-G®s-Q)) = Z Hte~r -G :t=1r's} X(T)dp.
s'es-Gr'er-G N
Proof. (1). The proof of (1) is exactly as the proof of assertion (2) in Theorem 4.1.4. The
second assertion is trivial, since the representations V7% ® v* are irreducible. Finally,
the fact that the maps are bijective follows from uniqueness.

(2). For all v,7,s € I', we have

X(’Y GRrer-G®s- G) = Z O‘(X(E)UWW')U(W’)*lr’a(vr’r’)us’a(vs’s’)
v ey-Guor'erG,s'e€sG
= Z /U/(Vl)—lrlsla(@(rls/)—l,y/ (X(f)v,y/,yl)og(sx)—l (’UT/T/)’US/S/),

y'ey-GrerG,s'esG

It follows that
dim(Mor(y - G®z,r-G®s-G))=h(x(7y- GRrxr-Gs-Qq))

= Z 6’}/’,7"’8’/X(§>UT'S’,T"SIO[(S/)_1(UT’T’>US’S’d//L
G

vy ey-Gr'er-G,s'e€s-G

= Z ‘{t € Y- G t= 7’/8/}’ / X(f)vws/’,’,/sla(s/)—l(UT/T/)Us/s/d,U/.
G

s'es-Gyr'er-G
Observe that v,y e gy-1(Vp)vgy = 1p , ,, where Dy g = {g € G = B4(r's’) =1's'} N
By . Since By(r's') = fa,(g)(r")By(s"), it follows that B,y C Dy . Hence, Dy y =

Br/,s’- O
Before proceeding further, we remind the reader of the following

Definition 4.1.9. Let G be a compact quantum group. Then, Int(G) := {u € U(C,,(G)) :
Ag(u) = u ® u}, called the intrinsic group of G. It is the set of all 1-dimensional

irreducible unitary representations of G and it is countable when C,,(G) is assumed to be
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separable.

We end this section with a description of the Int(G) and x(G), the maximal classical
compact subgroup of G, in terms of the matched pair (G, T"). It will be used to distinguish
various explicit examples in Section 4.5.

Observe that the relations in Equation (4.1.1) imply that T = {y € T : B,(y) =
vVg € G} and G* = {g € G : a,(g) = g Vy € I'} are respectively subgroups of I' and
G. Moreover, since 3 is continuous, G¥ is closed, hence compact. Thus, when (I', G) is a

compact matched pair, the relations in Equation (4.1.1) imply that the associations

y-w=woa, and g-p=pof, foralyel,ge G weSp(G),uecSpT),

define two actions by group homomorphisms, namely: (i) right action of I on Sp(G)
that we still denote by «, and (i7) left action of G* on Sp(I') that we still denote by f.

Also, (3 is a continuous action by homeomorphisms.

Proposition 4.1.10. There are canonical group isomorphisms:

Int(G) =~ Sp(G) xo TP and x(G) ~ G* 5 x Sp(T).

The second isomorphism is moreover a homeomorphism.

Proof. The irreducible representation V¢ of G is of dimension 1 < |y-G| =1 < v € TP,

By assertion (2) of Theorem 4.1.4, there is a bijective map

T 1 Sp(G) o [P — Int(G) : (w,7) = uya(w) € Cu(G), w € Sp(G),y €TI’.

The relations of the crossed product and the group law in the right semi-direct product
imply that 7 is a group homomorphism.
Let (g, 1) € G* x Sp(I"). Since g € G*, the unital x*-homomorphism C(G) — C given

by F +— F(g) and the unitary representation p : T' — S give a covariant representation.
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Hence, we get a unique p(g, 1) € x(G) such that p(g, p)(uy(F)) = p(y)F(g) for all
v eI, F e C(G). It defines a map p : G*5 x Sp(I') — x(G) which is obviously
injective.

For all g,h € G €T and F € C(G), one has

(p(g.w) - p(h, 1)) (wya(F)) = (plg,w) @ p(hy w))(Am(uya(F))) = > w(y)vy,(g)u(r)F(gh)

rey-G

= w(()u(By(7)F (gh) = (p(gh,w - o By)) (usar(F)).

Hence, p is a group homomorphism.

Let us check that p is surjective. Let x € x(G), then x o a € Sp(C(G)). Let g € G
be such that x(a(F)) = F(g) for all F' € C(G). Actually g € G*. Indeed, for all y € T’
and all F' € C(G), one has

Fay-1(9)) = x(a(oy(F))) = x(uya(F)uy) = x(a(F)) = F(g);

now use the fact that C'(G) separates points of G to establish g € G*. Define w = (y —
x(u,)) € Sp(I'). Consequently, x = p(g,w) and p is surjective.

Finally, the map p~! : x(G) — G* 53 x Sp(T') is continuous, since p; o p~! : x(G) —
Sp(C(G)) = G by x = xoaand ppop~ ' : x(G) — Sp(I') by x — (v — x(u,)), are
obviously continuous, where p; and py are the canonical projections. By compactness, p

is an homeomorphism. O

4.2 Property 1" and bicrossed product

This section is dedicated to the relative co-property (7) of the pair (G, G) and Kazhdan
property of the dual of the bicrossed product G constructed in Section 3. The results in
this section generalize classical results on relative property (1) for inclusion of groups of

the form (H,T" x H), where H and T" are discrete groups and H is abelian [27].
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4.2.1 Relative property T for compact bicrossed product

Definition 4.2.1. Let G and G be two compact quantum groups with an injective unital
x-homomorphism « : Cp,(G) — Cy(G) such that Agoa = (a ® a) o Ag. We say
that the pair (G,G) has the relative co-property (T), if for every representation m :
Cn(G) = B(H) we have eg < m = eg C 7o «, where we use eg < 7 to denote the
existence of a sequence of unit vectors &, in H such that for any a € C,(G), we have

|7 (a)é, — ec(a)én|| = 0 as n — oc.

Observe that, by [58, Proposition 2.3, G has the property (T') in the sense of [34] if
and only if the pair (G, G) has the relative co-property (7') (with o = id). Also, if A, T
are countable discrete groups and A < I', then the pair (/A\, f) has the relative co-property
(T) if and only if the pair (A,T") has the relative property (7') in the classical sense.

Let (I', G) be a matched pair of a countable discrete group I' and a compact group
G. Let G be the bicrossed product. In the following result, we characterize the relative
co-property (7') of the pair (G,G) in terms of the action a of I' on C(G). This is a
non-commutative version of [27, Theorem 1] and the proof is similar. We will use freely

the notations and results of Section 4.1.
Theorem 4.2.2. The following are equivalent:

1. The pair (G, G) does not have the relative co-property (T').

2. There exists a sequence (p,)nen of Borel probability measures on G such that
(a) pn({e}) =0 for alln € N;
(b) pn = 0 weak™;
(¢) Nlay (1) — pall = 0 for all y € T

Proof. For a representation 7 : C,,(G) — B(H), we have ¢¢ C 7o « if and only if

K, # {0}, where

K,={{€H :moa(F)=F(e) forall F e C(G)}.
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Define p =moa : C(G) — B(H), and for all £, € H, let p¢, be the unique complex
Borel measure on G such that [, Fdue, = (p(F)&,n) for all '€ C(G). Let B(G) be the
collection of Borel subsets of G and E : B(G) — B(H) be the projection-valued measure
associated to p i.e., for all B € B(G), the projection E(B) € B(H) is the unique operator
such that (E(B)&,n) = pey(B) for all §,n € H.

Observe that a vector £ € H satisfies p(F)€ = F(e)¢ for all F' € C(G), if and only if
pen = (§,m)d for all n € H, which in turn is true if and only if (E({e}){,n) = (¢, n) for
all n € H. Hence, E({e}) is the orthogonal projection onto K.

(1) = (2). Suppose that the pair (G, G) does not have the relative co-property (7).
Let 7 : C,(G) — B(H) be a representation such that e < m and K, = {0}. Hence,
pen({e}) = (E({e})é,n) =0 forall §,n € H.

Since eg < m, let (§,)nen be a sequence of unit vectors in H such that ||7(z)&, —
eg(x)&|| — 0 for all x € C,,(G). Define p, = p, ¢,. Then, we have p,({e}) = 0 for
all n € N. Since p, is a probability measure, |, (F) — 0(F)| = | [o(F — F(e))dpu,| <
|F' = F(e)|lru) < |1F = F(e)||z2(un), for all FF € C(G). Moreover,

1F = F(e)Iz2(,) = llp(F = F(e)1)&ull* = [m(a(F))&n — ec(a(F)&all* — 0.

Hence, p, — d. weak*. Finally, for all v € T" and all F' € C(G), we have:

[ﬁmmmzé%4mwfwmwwmmm:w%www%m@>
= (p(F)e(at, ) (a1, ).

It follows that

| Fdotu) - [ Fa,
G G

= [p(E)m (), m(uy)En) = (p(F)En, &n)l
< Kp(E) (7 (uy)En = €n), m(uy)En) | + [(o(F)&n, w(uy)&n — &n)l
< 20|F|| || (uy)&n — &nll, for all F e C(G) and v € I
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Hence, [l (ttn) — pinll < 2m(u)6n — &all = 27(1)6n — a(u)énll — 0 (see (4) of
Theorem 4.1.4).

(2) = (1). We first prove the following claim.

Claim. If (2) holds, then there exists a sequence (U )nen of Borel probability measures
on G satifying (a), (b) and (c) and such that o, (v,) ~ vy, for ally €', n € N.

Proof of the claim. Denote by ¢*(T'); y the set of positive ¢! functions on I' with
|flli = 1. For p a Borel probability measure on G and f € ¢*(T'); , define the Borel

probability measure f * g on GG by the convex combination

Frp=>f(y)ay(w)

vyel’

Observe that for all v € I', we have 6, * u = o, () and ay(f * u) = f, * p, where

[y € (1(T); 4 is defined by f,(r) = f(y " 'r), r €T\

Moreover, if f € ¢*(T);, is such that f(y) > 0 for all v € T, then since (f * u)(E) =
> f(ulay-1(E)) (E is Borel subset of G), so we have that (f + u)(£) = 0 if and only
if u(o,(E)) = 0 for all v € I'. This last condition does not depend on f. Hence, if
f € 1(T); 4 is such that f > 0, then since f,(r) > 0 for all v,r € T, it follows that
fop~a,(fxp) = f,+pforall v € I' as they have the same null sets: the Borel subsets
E of G such that pu(as(E)) =0 for all s € T

Therefore, since a.,(e) = e for all y € I, so
(F +m{e}) = Z Fules({eh) Z F@u{e}) = p{e}), for all f € (D)

Let (un)nen be a sequence of Borel probability on G satisfying (a), (b) and (c¢). For all

f € ¢*(T);, with finite support we have,
Lf ot = il <O F OISy 5 i — pa| = Zf My (1tn) = ]| — 0. (4.2.1)
v

Since such functions are dense in £!(T'); 1 (in the £*-norm), it follows that || f*/, —n]] — 0
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for all f € ¢1("); +
Let ¢ € (1(T'); 4 be any function such that & > 0 and define v,, = £ * u,. By the
preceding discussion, we know that ., (v,) ~ v, for all v € I" and v,,({e}) = p,,({e}) =0

for all n € N. Moreover, by Equation (4.2.1),

oy () = vll = 116 % ptn — € 5 1all < 118, % 10 = prall + [l = € % pa]] = 0, for all y € T.

Finally, since p,, — 0. weak® and . (e) = e, one has |u,(F o o) — F(e)] — 0 for
all v € I and for all F' € C(G). Hence, for all F' € C(G), the dominated convergence

theorem implies that

[n(F) F)| = Zf (pn(F 0 ay) — <Zf Nin(F o ay) — F(e)| — 0.

It follows that v,, — d, weak* and this finishes the proof of the claim. O

We now finish the proof of the Theorem. Let (1, )nen be a sequence of Borel probability

dony (pn) |

measures on GG as prescribed in the Claim. For n € N and v € T, let h,(y) = T

then, by uniqueness of the Radon-Nikodym derivatives and since « is an action, we
have for all n € N, h,(v,9)ha(y 1, ay-1(9)) = 1, pn ae. g € G, and for all v € T,
Define H,, = L*(G, u,) and let u,, : T' — U(H,) be the unitary representations defined
by (un(7)6)(g9) = &(ay-1(9))hn(7, g): fory € I, g € G, &€ € H, Also consider the
representations p, : C(G) — B(H,), defined by p,(F)¢(g9) = F(9)¢(g), for &€ € H,,
g € G and F € C(G). Observe that the projection valued measure associated to p,
is given by (E,(B){)(9) = 15(9)¢(g) for all B € B(G), £ € H, and g € G. Using
the identity A, (v, )hn(y ! ap-1(+) = 1, we find u,(7)pn(Fun(v™1) = pu(ay(F)) for
all v € I, F € C(G), g € G. Therefore, by the universal property of A,,, for each
n € N there is a unital *-homomorphism 7, : A,, — B(H,) such that m,(u,) = u,(7)
and 7, o« = p, for all n € N. Since p,({e}) = 0, we have E,({e}) = 0 for all
n € N. Hence, K, = {0} for all n € N. Consequently, on defining H = &,H, and

T = @®nm, : Cpn(G) — B(H), it follows that K, = {0} as well. Hence, it suffices to show
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that eg < 7.

Define the unit vectors &, = 1 € L*(G,u,) € H, n € N. Observe that (u, —
() = J, F( (v))dpy, for all F € C(G). Hence, |, — oy ()| = [|1 —
hn(7)||L1(G7ﬂn) — 0 for all y € I'. Moreover, as0 <1—+t <1 —tforall0<t<1and

for t > 1, we have Vit —1<1, it follows that

Hﬂwm—@%zmwm—wg:/a—hubmm

G

S/U—%WWMZW—MWMWMrW
G

for all v € I'. Since p,, — . weak*, for all F' € C(G), we also have that,

17 ((F))én = F(e)ully = llpn(F)1 = F(e)1]7, = / |[F(g) = F(e)[dpn — 0.

Consequently, for all © = u,a(F) € C,,(G), we have

[7(2)én — ec(2)ull = lIm(uy)m(a(F)En — F(e)él
< () (m(@(F)&n = F(e)€n)ll + [F(e)| |7 (uy)En — &l
< m(@(F)én = F(e)énll + [E(e)] [ (uy)&n = &nll = 0.

By linearity and the triangle inequality, we have ||7(x), — eg(2)&,]| — 0 for all z € A.

The proof is complete by density of A in C,,(G). O

4.2.2 Property (T)

Now we discuss property (1) of G. Let G* be the set of fixed points in G under the
action a of I'. It is a closed subset of GG, and, by the relations in Equation (4.1.1) it is

also a subgroup of G.
Theorem 4.2.3. The following holds:
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1. ]f@ has property (T'), then I has property (T') and G* is finite.
2. [f@ has property (T) and a is compact® then T has Property (T) and G is finite.
3. If T has property (T') and G is finite, then G has property (T).

Proof. (1). Let p : C(G) — C*(I') be the unital x-homomorphism defined by p(F) =
F(e)l and consider the canonical unitary representation of I' given by I' 3 v — U, €
C*(I'). For all y € I" and F' € C(G), we have p(a(F)) = a,(F)(e)l = F(a,-1(e))l =
F(e)l = U,p(F)U;. Hence, there exists a unique unital *-homomorphism 7 : Cp,(G) —
C*(T') such that m o v = p and 7w(u,) = U, for all v € I'. Observe that 7 is surjective
and, for all F' € C(G),

(m @ 7)Ag(a(F)) = (p® p)(Ac(F)) = Ac(F)(e,e)l @1 = F(e)l ® 1 = Ax(w(a(F))).
Moreover, since for all v, € I' one has 14 (e) = d,,, we find, for all 7 € T,

(r@m)Ag(uy) = > m(usa(v],)@m(u) = Y Uyla,,(e)@U, = U,®U, = Ap(r(u,)).

rey-G rey-G

So 7 intertwines the comultiplications and property (7°) for I follows from [34, Proposition
6].

To show that G is finite it suffices, since G is closed in G hence compact, to show
that G* is discrete. Let (g,) be any sequence in G* such that g, — e. Consider the
unital *-homomorphism p : C(G) — B(¢*(N)) defined by (p(F)¢)(n) = F(g,)&(n), for
all ¢ € (?(N), and the trivial representation of T on ¢*(N). Since g, € G for all n € N
this pair gives a covariant representation. Hence, there exists a unital *-homomorphism
7 Cpn(G) = B(¢*(N)) such that 7(u,a(F)) = p(F) for all v € T and F € C(G). Define
& = 0, € (*(N). One has ||7(u,a(F))é, — ea(uya(F))éll = [F(gn) — F(e)] — 0 for all

F € C(G). Hence, 7 has almost invariant vectors. By property (1), 7 has a non-zero

2We only need to assume that the closure of the image of I in the group of homeomorphisms of G is
compact for some Hausdorff group topology for which the evaluation map at e is continuous.
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invariant vector and for such a vector £ € £(N) we have F(g,)¢(n) = F(e)¢(n) for all
F € C(G) and all n € N. Let ng € N for which £(ng) # 0. We have F(g,,) = F(e) for
all F' € C(G), which implies that g,, = e and shows that G* must be discrete.

(2). It suffices to show that G is finite. The proof is similar to (1). Let g, € G be
any sequence such that g, — e. We view « as a group homomorphism « : I' = H(G),
v — ., where H(G) is the group of homeomorphisms of G and we write K = m C
H(G). By assumptions, K is a compact group and we denote by v the Haar probability
on K. Note that, since a,(e) = e for all v € I', by continuity of the evaluation at e and
density, we also have z(e) = e for all x € K. We define a covariant representation (p, v),
p: C(G) = B(L*(KxN))and v : T' = UL (K xN)) by (p(F)§)(x, n) = F(x(gn))8 (2, n)
and (v,§)(z,n) = {(a,-12,n). By the universal property of C,,,(G), we get a unital *-
homomorphism 7 : C,,(G) — B(L*(K x N)) such that 7(u,a(F)) = v,p(F) for all y € T
and F' € C(G). Define, for k € N, the vector & (z,n) = ;.. Since v is a probability it

follows that & is a unit vector in L?(K x N). Moreover, for all v € T and F € C(G),

17 (uyc(F))& — s (uyaF))&ll* = /K | F(ay-12(gr)) — Fle)|*dv(z) — 0,

where the convergence follows from the dominated convergence Theorem since, by con-
tinuity, we have F'(o,-1)z(gr)) — F(e) for all v € I', z € K and F' € C(G) and
the domination is obvious since v is a probability. By property (T'), there exists a
non-zero ¢ € L*(K x N)) such that F(e)¢ = eg(a(F))¢ = m(a(F))E = p(F)E for
all F € C(G). Define Y = {z € K : Y l&(z,n)]* > 0} and, for F € C(G),
Xp={reK Y, yIF(x(g)é(x,n) — F(e)é(x,n)[* # 0}. The condition on & means
that v(Y) > 0 and, for all F' € C(G), v(Xr) = 0. Let F, € C(G) be a dense sequence
and X = UgenXp, then v(X) =0so v(Y \ X) > 0. Hence, Y\ X #0. Let z € Y \ X,
we have > |&(x,n|> > 0 and, for all k,n € N, Fy(x(g,))¢(x,n) = Fp(e)é(x,n). By
density and continuity, F(x(g,))é(x,n) = F(e)¢(xz,n) for all n € N and F € C(G).

Since Y, [&(x,n|* > 0, there exists ng € N such that {(x,ng) # 0 which implies that
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F(2(gn,)) = F(e) for all F € C(G). Hence, x(g,,) = e which implies that g,, = e. Hence
G must be discrete and, by compactness, G is finite.

(3). Let 7 : C,(G) =T, s x C(G) — B(H) be a unital *-homomorphism and K be
the closed subspace H given by C(G)-invariant vectors i.e. K ={{ € H : moa(F){ =
F(e)¢ for all F' € C(G)}. Then P = 7(a(d.)) is the orthogonal projection onto K which
is an invariant subspace of the unitary representation vy — 7(u,) since 7(u,)Pm(u,)* =
T(a(daye))) = m(a(de)) = P for all v € I'. Let v = v, be the unitary representation of I'
on K obtained by restriction.

Suppose that eg < 7 and let &, € H be a sequence of unit vectors such that |7 ()&, —
eg(2)&]| = 0 for all z € C,(G). Since G is finite (hence G has property (T)), so
K # {0}. Moreover, since ||| P&, | — 1] < [|P&, — &, we have ||P&,|| — 1 and hence
we may and will assume that P&, # 0 for all n. Let 1, = =& € K. We have

P&l

|P(v,&n—60)| < % — 0. Hence, v — v, has almost invariant

[0y =1l = m

vectors. Since I' has property (7), let £ € K be a non-zero invariant vector. Then, for
all x € C,,(G) of the form = = u,a(F'), we have m(x){ = F(e)m(u,)€ = F(e)€ = eg(x)E.
By linearity, continuity, and density of A in C,,(G), we have 7(z){ = eg(z)¢ for all
z € Cpn(G). 0

We mention that the third assertion of the previous theorem appears in [23] when /3

is supposed to be the trivial action.

Remark 4.2.4. The compactness assumption on « in assertion 2 of the preceding Corol-
lary can not be removed. Indeed, for n > 3, the semi-direct product H = SL,(Z) x Z"
(for the linear action of SL,(Z) on Z") has property (T') and H may be viewed as the
dual of the bicrossed product associated to the matched pair (SL,(Z),T™) with the non-
compact action « : SL,(Z) ~ T™ given by viewing T" = 7" and dualizing the linear
action SL,(Z) ~ Z™ and the action B being trivial. In this example, the compact group

G =T" is infinite.

126



4.3 Relative Haagerup property and bicrossed prod-
uct

In this section, we study the relative co-Haagerup property of the pair (G, G) constructed
in Section 3. The main result in this section also generalizes one direction of the char-
acterization of relative Haagerup property of the pair (H,I' x H), where H and I' are
discrete groups and H is abelian [27]. It is not clear to us as to how to show the other
direction of the equivalence. We refer to Section 1.3 for the definitions of the Fourier

transform and the Haagerup property.

Definition 4.3.1. Let G and G be two compact quantum groups with an injective unital
x-homomorphism « : Cy,(G) — C(G) such that Agoa = (@ ® a) o Ag. We say that
the pair (G,G) has the relative co-Haagerup property, if there exists a sequence of states

wn € Crn(G)* such that w, — g in the weak™ topology and &, o & € CO(CAJ) for all n € N.

Observe that, for any compact quantum group G, the dual G has the Haagerup
property if and only if the pair (G,G) has the co-Haagerup property. Moreover, it is
clear that if A,T" are discrete groups with A < I', then the pair (K,f) has the relative
co-Haagerup property if and only if the pair (A,T') has the relative Haagerup property
in the classical sense, where we denote the compact quantum group dual to the discrete
group A and I' by A and A respectively.

Let (I',G) be a matched pair of a discrete group I' and a compact group G. Let G
be the bicrossed product. In the following theorem, we give a necessary condition for
the relative co-Haagerup property of the pair (G,G) in terms of the action a of I' on
C(G). This is a non commutative version (one direction of) of [27, Theorem 4] and the
proof is similar in spirit. However, one of the arguments of the classical case does not
work in our context since . is not a group homomorphism and substitutive ideas are
required. Actually, for a general automorphism 7 € Aut(C(G)) and v €Prob(G), there is
no guarantee that v € C*(G) = 7@ € C¥(G). Tt is not clear to us, as to how to address

this issue. We will freely use the notations and results of Section 4.1.
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Theorem 4.3.2. Suppose that the pair (G,G) has the relative co-Haagerup property.
Then we have that there ezists a sequence (fin)nen of Borel probability measures on G

such that
1. i, € CHG) for alln € N;
2. lp — 0, weak™;
3. oy (ptn) — penl| = 0 for all v € T

Proof. Let w, € C,,(G)* be a sequence of states such that w,, — &g in the weak™ topology

and @, o a € C¥(G). For each n view w,oa € C(G)* as a Borel probability measure y1,, on

G. By hypothesis, fi,, € C*(G) for all n € N and p,, — 0. in the weak™ topology. Writing

(Hp, T, &) the GNS construction of w,, and doing the same computation as in the proof of

(1) = (2) of Theorem 4.2.2, we find | [, Fdov, (1) — [, Fdpn| < || F|| |70 (uy)én — &all =

| Pl /20T = Refwn(w,)). Hence, fas (1)~ < /2T = Re(wn(a)) — v/3(1 = Reeala)) =
0.

4.4 Crossed product quantum group

This section deals with a matched pair of a discrete group and a compact quantum group
that arises in a crossed product, where the discrete group acts on the compact quantum
group via quantum automorphisms. This section is longer and has four subsections.
First, we analyze the quantum group structure and the representation theory of such
crossed products which was initially studied by Wang in [88], but unlike Wang we do
not rely on free products which allows us to shorten the proofs. We also obtain some
obvious consequences related to amenability and K-amenability and the computation of
the intrinsic group and the spectrum of the full C*-algebra of a crossed product quantum
group. The subsections deal with weak amenability, rapid decay, (relative) property (1)

and (relative) Haagerup property.
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Let G be a compact quantum group, I' a discrete group acting on G ie., o : ' VG
be an action by quantum automorphisms. We will denote by the same symbol « the
action of I" on C,,(G) or C(G). Let A,, =T'4m X Cy(G) be the full crossed product and
A =T, x C(G) be the reduced crossed product. By abuse of notation, we still denote by
« the canonical injective map from C,,(G) to A,, and from C(G) to A. We also denote
by u,, for 7 € I', the canonical unitaries viewed in either A,, or A. This will be clear
from the context and cause no confusion.

By the universal property of the full crossed product, we have a unique surjective
unital *-homomorphism A : A,, — A such that A\(u,) = u, and Aa(a)) = a(Ag(a)) for
all v € T and for all a € C,,(G). Finally, we denote by w € A*, the dual state of h i.e.,

w is the unique (faithful) state such that

w(uya(a)) = 0eyhi(a) foralla e C(G),y el

Again by the universal property of the full crossed product, there exists a unique unital
s-homomorphism A, : A, — A, ® A,, such that A,,(u,) = vy, ® u, and A, o a =
(a0 ® ) o Ag.

The following theorem is due to Wang [88]. We include a short proof.
Theorem 4.4.1. G = (A,,, Ay,) is a compact quantum group and the following holds.
1. The Haar state of G is h = w o A, hence, G is Kac if and only if G is Kac.

2. For ally € T and all x € Irr(G), v = (1 ® u,)(id ® a)(u®) € B(H,) ® Ay, is an
irreducible representation of G and the set {uf : v € I',x € Irr(G)} is a complete

set of irreducible representations of G.

3. One has Cy,(G) = A,,, C(G) = A, Pol(G) = Span{u,a(a) : v € I';a € Pol(G)},
A is the canonical surjection from Cp(G) to C(G) and L*°(G) is the von Neumann

algebraic crossed product.
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Proof. (1). Write A = Span{u,a(a) : v €T',a € Pol(G)}. Since, by definition of A4,,, A

is dense in A,, it suffices to show the invariance of h on A and one has

(id @ 1) (Am(uyelufy)) = Y wyeuf) hluyaluf;) = 8.0,

= h(uya(ug;)) = (h ®id) (A (uya(ui;))), v € Tz € Irr(G).

(2). By the definition of A,,, it is obvious that uZ is a unitary representation of G
for all v € I" and x € Irr(G). The representations u7, for v € I' and = € Trr(G), are

irreducible and pairwise non-equivalent since

h(x(uy)" x(u)) = h(a(x(Z))u—1sa(x(y))) = h(up-1,a(-1,(x(T))x (¥))) = 0rsha(X(T)x(y))

= 57“,55x,y~

Finally, {u? : v € I', € Irr(G)} is a complete set of irreducibles since the linear span
of the coefficients of the uZ is A, which is dense in C,,(G).

(3). We established in (2) that A = Pol(G). Since, by definition, A,, is the enveloping
C*-algebra of A, we have C,,,(G) = A,,. Since A : A, — A is surjective and w is faithful
on A, we have C'(G) = A. Moreover, since A is identity on A = Pol(G), it follows that A is
the canonical surjection. Finally, L>°(G) is, by definition, the bicommutant of C(G) = A

which is also the von Neumann algebraic crossed product. O

Remark 4.4.2. Observe that the counit satisfies eg(u,a(a)) = eg(a) for any v € I' and
a € Pol(G). This follows from the uniqueness of the counit with respect to the equation
(e®id)o A =id = (id®e) o A and also the fact that e¢ o ay(a) = eg(a), for any vy €T
and a € Pol(G). Similarly, Sg(uya(a)) = uy-10(Sa(ay-1(a))). Hence, for any v € I', we

have ay o Sg = Sg 0 .

Remark 4.4.3. Notice that we have a group homomorphism I' — S(Irr(G)), v — ay,
where o, (), for v € Trr(G), is the class of the irreducible representation (id ® o) (u®).

Let v -z € Trr(G) be the class of uf. Observe that, we have y @ x @ v~' = a,(x) and

130



v =v®x, by viewing I' C Irr(G) and Irr(G) C Irr(G). Hence, the fusion rules of G

are described as follows:

rTr®s-yY=rs-a;1(x) Yy = @ rs-t, forallr,s el x,y € Irr(G).

telrr(G)
tCa 1 (z)®y

Moreover, we have -7 =~ ' - a,(T) for all y € T and x € Irr(G).
Corollary 4.4.4. The following hold.
1. G is co-amenable if and only if G is co-amenable and I' is amenable.

2. If G is co-amenable and I' is K-amenable, then G is K-amenable.

Proof. (1). Let G be co-amenable and I" be amenable. Then as C,,,(G) = C(G) and since
the full and the reduced crossed products are the same for actions of amenable groups,
it follows from the previous theorem that G is co-amenable. Now, if G is co-amenable,
its Haar state is faithful on A,,. In particular, h o A o @ = hg o Ag must be be faithful
on C,,(G) which implies that G is co-amenable. Since h(u,) = 6,., v € I', we conclude,
from Remark 4.1.6 (since the counit €5 is an « invariant character on C,,(G)), that
the canonical trace on C*(I') has to be faithful. Hence, I' is amenable. Note that this
direction can also be shown using the continuity of the co-unit on the reduced algebras.

(2). Follows from [28, Theorem 2.1 (c)] since C,,(G) = C(G). O

Note that, from the action a : I' ~ C},,(G) by quantum automorphisms, we have a
natural action, still denoted «, of T" on x(G) by group automorphisms and homeomor-
phisms. The set of fixed points x(G)* = {x € x(G),: xoa, = xforally € I'} is a
closed subgroup. Also note that we have a natural action by group automorphisms, still

denoted «, of I' on Int(G).

Proposition 4.4.5. There are canonical group isomorphisms:

Int(G) ~T', x Int(G) and x(G) ~ x(G)* x Sp(I").
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The second one is moreover a homeomorphism.

Proof. The proof is the same as the proof of Proposition 4.1.10. The dimension of the
irreducible representation (id ® «)(u”)(1 ® u,) is equal to the dimension of x and such
representations, for z € Irr(G) and v € T, form a complete set of irreducibles of G. Hence

we get a bijection
[y x Int(G) = Int(G) @ (7,u) — a(u)u, € C\h(G).

Moreover, the relations in the crossed product and the group law in the semi-direct

product imply that it is a group homomorphism.

Let (x,p) € x(G)* x Sp(T"). Since x o a, = x for all v € T, the pair (x, ) gives
a covariant representation in C, hence a unique character p(x,u) € x(G) such that
p(x, 1) (uya(a)) = p(y)x(a) for all v € T', a € C,,(G). It defines a map p : x(G)* x
Sp(I') — x(G) which is obviously injective. A direct computation shows that p is a group
homomorphism. Let us show that p is surjective. Let w € x(G), then x :=woa € x(G)
and, for all a € C,(G), x © ay(a) = w(uya(a)ul) = w(u,)w(ala))w(ul) = x(a). Hence,
X € x(G)* and we have w = p(x, ), where p = (v — w(u,)). Moreover, as in the proof
of Proposition 4.1.10, it is easy to see that the map p~! is continuous, hence p also, by

compactness.

4.4.1 Weak amenability

This subsection deals with weak amenability of G constructed in Section 4.4. We first
prove an intermediate technical result to construct finite rank u.c.p. maps from C(G)
to itself using compactness of the action and elements of KOO(@) of finite support. Using
this construction, we estimate the Cowling-Haagerup constant of C(G) and show that

C(G) is weakly amenable when both T" and G are weakly amenable and when the action

is compact. This enables us to compute Cowling-Haagerup constants in some explicit
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examples given in Section 4.5. We freely use the notations and definitions of Section 1.3.

Lemma 4.4.6. Suppose that the action o : T' ~ G is compact. Denote by H < Aut(QG)
the compact group obtained by taking the closure of the image of T in Aut(G). If a €
(>(G) has finite support, then the linear map ¥ : C(G) — C(G), defined by ¥(z) =
[y ("t omg 0 h)(2)dh has finite rank and || ¥||s < ||mal|es, where dh denotes integration

with respect to the normalized Haar measure on H.

Proof. First observe that U is well defined since, for all z € C(G), the map H > h —
(h™Y om0 h)(z) € C(G) is continuous. Moreover, the linearity of ¥ is obvious. Since
a has finite support, the map m, is of the form m,(-) = wi(-)y1 + - -+ + wn(*)Yn, where
w; € C(G)* and y; € Pol(G). Hence, to show that ¥ has finite rank, it suffices to show
that the map Wy(z) = [, (h ' opoh)(2)dh, z € C(G), has finite rank when ¢(-) = w(-)y,
with w € C(G)* and y € Pol(G).

In this case, we have Wy(z) = [, w( “y)dh, z € C(G). Write y as a finite
sum y = Zi:l > kg Nik iy, where F' = {951, -« ,xn} C Irr(G). Since H is compact, the
action of H on Irr(G) has finite orbits. Writing h -z for the action of h € H on = € Irr(G),
theset H-F={h-x : h€ H,x € F} C Irr(Q) is finite and, for all h € H, h™'(y) € F,
where F is the finite subspace of C'(G) generated by the coefficients of the irreducible
representations € H - F. Hence, the map h — w(h(z))h~(y) takes values in F, for all
z € C(G). It follows that Wy (z) = [}, w( “Yy)dh € F for all z € C(G). Hence, ¥
has finite rank.

Now we proceed to show that ||U||, < ||ma|le. For n € N, denote by ¥,, the map
V,=ide V¥ : M,(C)® C(G) = M,(C)® C(G).

Observe that ¥,,(X) = [,,(id® (b~ omg 0 h))(X)dh for all X € M, (C) ® C(G). Hence,

for n € N, one has

[0 (X < /H Iid @ (h™" o mq 0 h))(X)|dh < || X|| /H I(h™" 0 maq o h)lledh < [|X]] [l co-
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It follows that || Ul|s < [[malleb- O

Theorem 4.4.7. We have max(Au(I), Aa(C(G))) < Aa(C(G)). Moreover, if the action
I' ~ G is compact, then Ay(C(G)) < Ag(T)Ay(G).

Proof. The first inequality is obvious by the existence of conditional expectations from
C(G) to Cx(I") and from C(G) to C(G). Let us prove the second inequality. We may
and will assume that T’ and G are weakly amenable. Fix e > 0.

~

Let a; € (>°(G) be a sequence of finitely supported elements such that sup||mq, || <

1

~

Aw(G) + € and m,, converges pointwise in norm to identity. Consider the maps ¥,
associated to a; as in Lemma 4.4.6. Observe that the sequence W; converges pointwise in

norm to identity. Indeed, for z € C(G),

W) — 2] = | /H ((h™Y o my, 0 h)(x) — 2)dh]| = | /H (b (ma, (h(2)) — h(x))dh]
< /H 0, (B(2)) — h(a)dh.

Now the right hand side of the above expression is converging to 0 for all x € C(G) by
the dominated convergence theorem, since ||mg, (h(z)) —h(x)|| —; 0 for all z € C(G) and

all h € H, and

~

lma, (h(x)) — h(x)]| < ([[mglle + D]|z]] < (Ap(G) + €+ 1)||z|| for all i and all z € C(G).

By definition, the maps V¥; are I'-equivariant i.e., ¥; o o, = v, o ¥;. Hence, for all 7,

there is a unique linear extension ¥; : C(G) — C(G) such that \Tfi(uvoz(x)) = u,a(¥;(x))

~

for all z € C(G) and all v € T'. Moreover, ||U;|lo < [|¥;llep < I, | < Acp(G) + €.

Consider a sequence of finitely supported maps ¢; : I' — C going pointwise to 1
and such that sup ||my, |ls < (As(I') +€), and denote by ;/1; : C(G) — C(G) the unique
linear extension such that %(uya(as)) = 1;(7)uya(x). Then, we have H%ch < lmy, |l <
Awp(T) + €.

Define the maps ¢; ; = zzj oW; : C(G) = C(G). Then for all i, we have lijlles <
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(Ap(T) + e)(Acb(@) + €). Since ¢; j(uya(z)) = Yj(v)uya(W¥;(z)), it is clear that ¢; ; has
finite rank, and (y; ;);; is going pointwise in norm to identity. Since e was arbitrary, the

proof is complete. O

4.4.2 Rapid Decay

In this subsection we study property (RD) for crossed products. We use the notion of
property (RD) developed in [14] and recall the definition below. Since for a discrete
quantum subgroup G < @, i.e. such that there exists a faithful unital x-homomorphism
Cn(G) = C(G) which intertwines the comultiplications, property (RD) for G implies
property (RD) for G and, since for a crossed product G coming from an action I' ~ G of
a discrete group I' on a compact quantum group G, both I and G are discrete quantum
subgroups of @, it follows that property (RD) for G implies property (RD) for I' and G.
Hence, we will only concentrate on proving the converse.

For a compact quantum group G and a € C.(G) we define its Fourier transform (see

[76]) as

Fala) = (hg @ 1)(V( = Y dimy(2)(Tr, ®id)((Q ® 1)u* (ap, @ 1)) € Pol(G),

z€lrr(G)

: «“ 9 dimg(z * *
and its “Sobolev 0-norm” by |la|g, = P duflgx; Tr,.(Q%(a*a)p, Q).
Let « : I' ~ G be an action by quantum automorphisms and denote by G the
crossed product. Recall that Irr(G) = {y -z : v € I and = € Irr(G)}, where 7 - z is the
equivalence class of

uy = (1@ u,)(id @ a)(u®) € B(H,) ® C(G).

~

Let V.. : H,, — H, be the unique unitary such that «* = (V*, @ 1)uZ(V,. ® 1).

Lemma 4.4.8. For any vy € I' and x € Irr(G), one has Q.. = V', Q.V, . and dim,(y -
x) = dimy(x).
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Proof. Since V.., is unitary, it suffices to show the first assertion. Recall that Q,.; is

uniquely determined by the properties that it is invertible, Tr, ,(Q,..) = Tr,.(Q7 Ly >

0 and that Q,., € Mor(u”* u)"), where u2* = (id ® SZ)(u”*). It is obvious that

= V,Q.V,., is invertible and that Tr,.(Q) = Try.(Q~") > 0. Hence, we will be

done once we show that @@ € Mor(u?*,u)*). To this end, we first note that we have,
by Remark 4.4.2, for any v € T and a € Pol(G), S&(u,a(a)) = u,a(SZ(a)). Thus,
(id ® Sg)(u?) = (1 ® u,)(id ® a)((id ® SZ)(u”)). It follows that Q, € Mor(uZ, (ul).)

hence @ € Mor(u™*, u)"). O

» “ee

~

Lemma 4.4.9. Let a € C.(G) and write a = 3 g cr aPya, where S C T and T C

~

Irr(G) are finite subsets. For v € S, define a, € C.(G) by ay = Y cr V432PyaVo Do

The following statements hold.

1. Fgla) = Zwes uya(Fe(ay)).
2. ||a||%,70 = Z«,es ||a7||é70.

Proof. Observe that, since V., is unitary, Tr, (V) AV, .B) = Tr,(AV,,.BV,) for all
vyeTl',all x € Irr(G) and all A € B(H,), B € B(H,.,). Hence,

Fola) = Z dimg (7 - 2)(Trye @ 1d)((Qre @ 1)u* (apy.e ® 1))

yeS,x€T

=S dimg () (Teye @) (V2 © 1)(Qe ® 1)(Vye @ (V2 @ D (Vyr @ 1)(apya @ 1))

yeS,x€T
= > dimg()(Tr, ®1d)((Qe ® 1)t (Vywapya Vi, @ 1))
yES,x€T
= Z e <Z dimy(z)(Tr, ®id)((Qz ® 1)u”(V;.2apy.. Vs, @ 1)))
yeS zeT
= Y walFela,)).
ves

This shows assertion 1. Assertion 2 follows from a similar computation using Lemma

4.4.8. O
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A function [ : Irr(G) — [0,00) is called a length function on Irr(G) if (1) = 0,

[(T) = l(z) and that {(x) < I(y) + (z) whenever z C y ® 2.

Lemma 4.4.10. Let « : I' ~ G be an action of I' on G by quantum automorphisms
and let | be a length function on Irr(G) which is a-invariant, i.e., l(x) = (o () for all
v €D and x € Irr(G). Let Iy be a length function on I'. Let G be the crossed product.
The function ly : Irr(G) — [0, 00), defined by lo(y - x) = Ip(y) + I(x) is a length function
on Irr(G).

Proof. We have [y(1) = Ir(e) + (1) = 0 and, by Remark 4.4.3,

W(TE) = lo(r ™" - 0y (@) = I (7™Y) + U (@) = Ie(y) + 1@) = bo(7 - @).

Again, from Remark 4.4.3, y-2 Cr-y® sz if and only if y =rs and z C a,-1(y) ® 2.

Hence,

(v-z) = Ir(y) +1Uz) <Ip(r) +Ie(s) + Uan-1(y)) +1(2)

= Ip(r)+Uy) +Ir(s) +1(z) =lo(r-y) + (s 2).

O

Given a length function [ : Irr(G) — [0, 00), consider the element L = 3 ;s l()ps
which is affiliated to cg(@). Let ¢, denote the spectral projections of L associated to the
interval [n,n 4+ 1). We say that (@,l) has property (RD), if there exists a polynomial
P € R[X] such that for every k € N and a € gpc,(G), we have | F(a)llcw < P(k)|allao-
Finally, G is said to have Property (RD) if there exists a length function [ on Irr(G) such
that (CA}, [) has property (RD).

We prove property (RD) for the dual of a crossed product in the following Theorem.
In case the action of the group is trivial, i.e., when the crossed product reduces to a tensor

product, this result is proved in [21, Lemma 4.5]. For semi-direct products of classical

groups, this result is due to Jolissaint [48].
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Theorem 4.4.11. Let o : I' ~ G be an action by quantum automorphisms. Let | be
a a-invariant length function on Ire(G). If (G,1) has property (RD) and T has property
(RD), then (@,lo) has property (RD), where G is the crossed product and ly is as in

Lemma 4.4.10.

Proof. Let Ir be any length function on I' for which (I",ir) has property (RD) and let
lo be the length function on Irr(G) defined by ly(v - z) = Ir(y) + l(x), for v € ' and

r € Irr(G). Let Lo = X cr e (v " ©)Pye = 2 crsetm(e) (Ir(7) + 1(2))py. and

L= erlrr(G) [(x)p,. Finally, let p, and ¢, be the spectral projections of respectively Lo

and L associated to the interval [n,n +1). Let a € ¢.(G) and write a = Y s o7 APy,

where S C I and T C Irr(G) are finite subsets. Now suppose that a € pkcc(@). Since

Pr = Z Py.x

~eT z€lrr(Q),k<Ip (v)+i(z)<k+1

we must have

Sc{yel:ilr(y)<k+1} and T C{zxelr(G) : I(z) <k+1}.

~

It follows that, for all v € S, the element a., defined in Lemma 4.4.9 is in gxc.(G), where
Kk = Z?:o -

Let P, and P, be polynomials witnessing (RD) respectively for (G, 1) and (T, Ir). Let,
fori =1,2, C; € R, and N; € N be such that Pj(k) < C;j(k + 1) for all k € N. Then,
for all b € grec.(G),

IFa®) < > IFaa)l <Y Pil)lballco < Y Cili+ 1) [Ibg;lleo

i<k J<k J<k
< Gk DY Y bgylleo = Crlk +1)" bl
J<k
Similarly, ||¢ * ¢[ler) < Ca(k + 1) ¢l m ||@]l 2 for all ¢ in ¢2(T') and all functions

¥ on I' (finitely) supported on words of Ip-length less than equal to k.
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Let y be a finite sum y = >~ u,a(bs) € Pol(G). We have [|y||3,. = >_, |bsl13,,, and,

by Lemma 4.4.9 and the preceding discussion,

IFe(@yllzn, = I D wsalas(Fala)b)llzn, = Il Y walas1y(Falas)by-1e) 13,
v€ES,s yES,t
2
= Z | Zat (Fa(ay)) 1t||2 he = Z (Z a1, (Fal av))bwtllz,ha>
yES yES

t

2
< 0%<k+1>2<N1+”Z<Z ||a7||e,o||bw||2,hc) = CY(k+ 1)*MF 1) 5 | oy,

yeS

where ¥, ¢ € (*(T') are defined by () = |la,|lc.o and ¢(s) = ||bs||2.n, Where v, s € T.

We note that [[9[[72y = 3. esllasllée = llallgo and [6l7c) = 32, 1053 e = W13 4,
But since v is supported on S i.e., on elements of I" of length less than equal to k, we

have

IFe(@)yll3n, < (CL02)*(k + 14D 10015 1 67y = P(R)[lallg ollyl13 ne

where P(x) = C1Cy(z + 1)M V22 Ag y is arbitrary, the proof is complete. O

Remark 4.4.12. There may not exist an a-invariant length function on Irr(G). Howewver,
if ' ~ G is compact, then the action a : T' ~ Irr(G) has finite orbits. Hence, for any
length function | on Irr(G), the length function l, defined by lo(x) = sup,cr l(ay()), for
x € Irr(G), is a-invariant. Hence, G has (RD) whenever I' and G have (RD). We refer
to the last section and to [67] for several examples of compact group actions on compact

quantum groups.

4.4.3 Property (T)

We characterize relative co-property (7') of the pair (G,G) in a similar way we did

characterize relative co-property (7') for bicrossed product. We study the property (7'
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~

for G.

When 7© : A — B(H) is a unital *-homomorphism from a unital C*-algebra A, we
denote by 7 : A*™* — B(H) its unique normal extension. Also, we view any state w € A*
as a normal state on A**. Observe that if (H, 7, &) is the GNS construction for the state
won A, then (H,7,¢) is the GNS construction for the normal state w on A**.

Let M = C,,(G)*™ and py € M be the unique central projection such that pyzpy =
eq(x)po for all z € M.

In the following theorem, we characterize the relative co-property (7°) of the pair
(G,G) in terms of the action o of T" on G. The proof is similar to the proof of Theorem

4.2.2 but technically more involved.
Theorem 4.4.13. The following are equivalent:
1. The pair (G,G) does not have the relative co-property (T).
2. There ezists a sequence (wy)nen of states on Cy,(G) such that

(a) wn(po) =0 for all n € N;
(b) w, — ec weak*™;
(c) ||lay(wn) —wy| — 0 for all vy € T.

Proof. For a representation 7 : C,,(G) — B(H), we have e¢ C 7o « if and only if

K, # {0}, where

K,={¢£€ H : moa(a) =ceg(a) for all a € C,,,(G)}.

Let p = moa : Cy(G) — B(H) and observe that the orthogonal projection onto K
is the projection p(pg). Indeed, for all £ € H, a € C,,(G), we have 7 o a(a)p(po)§ =
plapy)é = ec(a)p(po)§, which implies that Im(p(py)) C K. Moreover, if £ € K, we
have p(a)é = €g(a)€ for all a € C,,(G). Since C,,(G) is o-weakly dense in M and the

representations p and £¢ are normal, it follows that the equation p(a)¢ = £¢(a)€ is valid
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for all a € M. Hence, for a = py we get p(po)é = Eq(po)€ = &, which in turn implies that
K, < Tn(7(py).

(1) = (2). Suppose that the pair (G, G) does not have the relative co-property (7).
Let m : C(G) — B(H) be a representation such that e < 7 and K, = {0}. Denote
by we, € Cp(G)* the functional given by we,(a) = (7 o a(a)é,n). Hence, we,(po) =
(p(po)€,m) = 0 for all {,n € H.

Since eg < m, let (§,)neny be a sequence of unit vectors in H such that ||7(z)&, —
eg(x)&]| — 0 for all x € C,(G). Define w,, = we,¢,. Then, we have w,(py) = 0 for
all n € N. For all a € C,,(G) we have, |w,(a) — eg(a)] = [{m(a(a))é, — egl(a)é,, &n)| <
|m(a(a))&, — ec(a(a))é,|| — 0. Moreover, exactly as in the proof of Theorem 4.2.2; we
find [ty () — wnll < 201 — £l = [11(10,)En — ()]l = 0.

(2) = (1). For a state w € C,,,(G)* = M, we denote by s(w) € M its support.
Recall that s(w) € M is the unique projection in M such that N, = M(1 — s(w)), where
N, is the o-weakly closed left ideal defined by N, = {x € M : w(z*z) = 0} and note that
w is faithful on s(w)Ms(w). In the sequel, we still denote by «., the unique *-isomorphism
of M which extends o, € Aut(C,,(G)). We first prove the following claim.

Claim. If (2) holds, then there exists a sequence (wy)nen of states on C,,(G) satifying
(a), (b) and (c) and such that a,(s(wy)) = s(wy) for ally €', n € N.

Proof of the claim. Denote by ¢!(I'); 4 the set of positive ¢! functions f on I' with
|f]li = 1. For astate w € C,,(G)* = M, and f € ¢}(T);,, define the state f*xw € C,,(G)*

by the convex combination

frw= Zf(’Y)O‘v<W>

yel’

Observe that, for all v € I' we have 6, * w = a,(w) and a,(f * w) = f, * w, where
fy € (1(T); 4 is defined by f,(r) = f(y~'r), r € I. Moreover, if f € ¢*(T'); 4 is such that
f(7) > 0 for all 7 € T, then since (f  w)(a"z) = X2, f(7)w(ay1(a"z)), we have that
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(f *w)(z*x) = 0 if and only if w(a,-1(z*x)) = 0 for all v € I'. It follows that
Nivw = Nheraq (No) = M (Ager(l — ay(s(w)))) -

Hence, s(f*w) =1—Ayer(l —a,(s(w))) = Vyera,(s(w)). Hence, we have o, (s(f *w)) =
s(f *w) for all v € I'. Finally, since e¢ o ay = ¢, we deduce that, for all v € T, o, (po)
is a central projection of M satisfying aca.(po) = ay(cay-1(a)pe) = ea(ay-1(a))ay(po) =
ea(a)ay(po), v € I'. By uniqueness of such a projection, we find o, (py) = po for all v € T".
Hence, for all f € ¢(T') 4,

(f*w)(po) = Y f(nwlar-1(po)) = Y f(1)w(po) = wpo).

v v

Let (wn)nen be a sequence of states on C,,(G) satisfying (a), (b) and (¢). We have, for

all f € ¢Y(T);, with finite support
[f * wp — wi|l < Zf( )0y * Wi — wpl| = Zf )y (wn) — wall — 0. (4.4.1)
¥

Since such functions f are dense in £'(T"); 4 (in the £*-norm), it follows that || f*w, —wy, || —
0 for all f € (1T, 4

Let & € (1(T'); 4+ be any function such that & > 0 and define v, = £ % w,. By
the preceding discussion, we know that o, (s(v,)) = s(v,) for all v € I' and v,(py) =
wn(po) = 0 for all n € N. Moreover, by Equation (4.4.1), we have |ay(v,) — vy =
1€ % wy — Exwy || < [|& *wn — wy|| + [Jwn —E*wy|| — 0 for all v € T'. Since w, — ¢ in the
weak™® topology and e¢ o o, = ¢, we have, |w,(a,(a)) —eg(a)] — 0 for all a € C,,(G)
and all v € I'. Hence, the Lebesgue dominated convergence theorem implies that, for all

a € Cp(G),

Vala) —a(a)l = D f()walay-1(a) —ec(@)| < D f()|walay-1(a)) = e(a))] — 0.

Y
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It follows that v, — ¢ in the weak™ topology and this completes the proof of the claim.

|

We can now finish the proof of the Theorem. Let (w,)nen be a sequence of states on
Cyn(G) as in the Claim. Let M, = s(w,)Ms(w,) and, since w, is faithful on M, view
M, C B(H,) where (H,,&,) is the GNS construction of the fn.s. w, on M,. Define
pn @ Cn(G) C M — M, C B(H,) by a — s(w,)as(w,). By definition, the unique
normal extension of p, is the map p, : M — M, defined by = — s(wy,)zs(w,). Since
a(s(wn)) = s(wy), the action « restricts to an action, still denoted by a of I" on M,,.
Since M, C B(H,) is in standard form, we may consider the standard implementation
(see Definition 1.6 of [80]) of the action of I" on M, to get a unitary representation
u, : I' = U(H,) such that o, (z) = u,(y)au,(y™") for all z € M,, and v € T.

By the universal property of A,,, for n € N there exists a unique unital x-homomorphism
T o Ay — B(H,) suchthat m,(uy)=1u,(y) and m,0a = p,.

Since wy,(pg) = 0, we have s(wy,)pos(w,) = 0. Hence, p,(py) = 0 and K, = {0} Vn € N.
It follows that, if we define H = &, H,, and 7 = @, 7, : Cp,(G) — B(H), then K, = {0}
as well. Hence, it suffices to show that eg < w. Since &, is in the self-dual cone of
wy, and wu,(7y) is the standard implementation of «.,, it follows from [80, Theorem 1.14]
that u,(y)&, is also in the self-dual cone of w, for all n € N. Hence, we may apply [80,
Theorem 1.2] to get ||un (V)& — &ull? < [|Wun(y)e, — we, || for all n € N, v € T'. Observe

that wy, ()¢, () = ay(wy)(x) and we, (z) = wy () for all x € M. Hence,

||un(7)€n - 5G(U’Y)£n” = ||Un(7)€n - gn” S Hafy(wn) - wnH% — 0.

Since w,, = ¢ in the weak™® topology, it follows that for all x = u,a(a) € C,,(G), we
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have

[7(2)6n — (@)l = [Im(uy)m(a(a))én — eca)énll
7 (uy) (m(e(@))&n — ea(a)én)ll + e (@) {7 (uy)6n — &nll

Im(e(a))én — eal@)énll + lec(a)] lun(7)én — &nll = 0.

IN

IN

By linearity and the triangle inequality, we have ||7(x), — eg(2)&,|| — 0 for all z € A.

We conclude the proof using the density of A in C,,(G). O
We now turn to Property (T).
Theorem 4.4.14. The following holds:
1. ]f@ has property (T), then T has property (T') and x(G)* is finite.
2. [f@ has property (T') and « is compact then G have property (T).
3. [f@ has property (T) and ' has property (T), then G has property (T).

Proof. (1). This is the same proof as of assertion 1 of Theorem 4.2.3. First, we use
the counit on C,,(G) and the universal property of C,,(G) to construct a surjective *-
homomorphism C,,,(G) — C*(I") which intertwines the comultiplications. We then use
[34, Proposition 6] to conclude that I" has property (7). To end the proof of (1), we
show that y(G)® is discrete. Let x, € x(G)“ be any sequence such that x, — &g
weak* in C,,(G)*. We define a unital *-homomorphism y : C,,(G) — B(I*(N)) by
(x(a)&)(n) = xn(a)é(n) for all a € Cy(G) and & € I*(N). Since x, € Sp(Cn(G))® we
have x o a., = x for all v € T. Hence, considering the trivial representation of " on {*(N)
we obtain a covariant representation so there exists a unique unital *-homomorphism
7 Cn(G) = B(I*(N)) such that 7(u,a(a)) = x(a) for all a € C,,(G) and all v € T.

Since x,, — g weak* the sequence of unit vectors defined by &, = 6,, € [*(N) is a sequence
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of almost invariant vectors. By property (1) we have g C 7 which easily implies that,
for some n € N, x,, = eg.

(2). We repeat again the proof of assertion 2 of Theorem 4.2.3. By (1), it suffices
to show that G has Property (T). Let p : Cn(G) — B(H) with ¢ < 7 and define
the compact group K = W C Aut(G) with its Haar probability v. Note that any z €
Aut(G), in particular any x € K, satisfies egox = 5. Define the covariant representation
(Pasv); o+ Cn(G) — B(L*(K, H)) and v = T = U(L*(K, H)) by (pa(a)$)(z) =
plx(a))é(z) and (v,8)(x) = &(ay—1x). By the universal property of C,,(G) we get a
unital x-homomorphism 7 : C,,(G) — B(L*(K, H)) such that 7(u,a(a)) = v,pa(a). Let
&, € H be a sequence of unit vectors such that ||p(a)&, —eg(a)é,|| — 0 for all a € C,,,(G)
and define the vectors n,(x) = &, for all x € K, n € N. Since v is a probability, 7, is a

unit vector in L?(K, H) for all n € N. Moreover, for all a € C,,(G) and v € T,

17 (s (@) mn — ec(uya(a))€nll* = / lp(z™ (e ())& — ec(a)all*dr(z) = 0,

where the convergence follows from the dominated convergence Theorem, since

lp(z™ (e (a)))6n = ec(@)nll = llo(a™ (@ (a)))€n — ec (2™ (ay(a))énll = O,

for all a € C,,,(G), x € K and v € ' and the domination hypothesis is obvious since v is a
probability. Hence, eg < 7 and it follows from Property (7') that there exists a non-zero
m-invariant vector ¢ € L%(G, H). In particular, for all a € C,,(G), m(a(a)é = eg(a)é.
Hence, v(Y) > 0 where Y = {x € K : ||{(x)]| > 0} and, for all a € C,,,(G), v(X,) =0
where X, = {z € K : p(z7'(a))é(x) # eg(a)é(x)}. As in the proof of assertion 2 of
Theorem 4.2.3, we deduce from the separability of C,(G) that there exists z € K for
which &(z) # 0 and p(z7'(a))é(z) = eg(a)é(x) for all a € C,,(G). Tt follows that the
vector 1 := &(x) € H is a non-zero p-invariant vector.

(3). We use the notations introduced in the proof of Theorem 4.4.13. Let 7 :

Cy(G) — B(H) be arepresentation and consider the representation p = moa : Cy,(G) —
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B(H) and the unitary representation v, = m(u,) of I'on H. Let K, ={{ € H : p(a){ =
eg(a)¢ for all a € C,,(G)} and recall that the orthogonal projection onto K is P = p(po)
and that o, (pg) = po for all v € I'. Hence, v, Pv,—1 = p(a(p)) = P for all v € I, and it
follows that K is an invariant subspace of v + v,. Suppose that eg < 7. By property
(T) of @, the space K is non-zero and we can argue exactly as in the proof of Theorem

4.2.3 to conclude the result. O

Remark 4.4.15. It follows from the proof of the first assertion of the previous theorem
that C*(I") is a compact quantum subgroup of the compact quantum group G. Now, an
irreducible representation of G of the form uZ (with dimension say m), when restricted to
the subgroup C*(T'), decomposes as a direct sum of m copies of 7. It now follows from [72,
Theorem 6.3] that C*(I") is a central subgroup (see [72, Definition 6.1]). Furthermore, I’
induces an action on the chain group c¢(G) [72, Definition 7.4] of G and it follows from
Remark 4./.3 that the chain group (and hence the center, see [72, Section 7]) of G is the

semidirect product group c(G) x T'.

Remark 4.4.16. (Kazhdan Pair for G) Let (Ey,0,) be a Kazhdan pair for G and
(Es,02) be a Kazhdan Pair for I'. Then it is not hard to show that E = (E1UE,) C Irr(G)
and § = min(d1,92) is a Kazhdan pair for G. Indeed, let m : C,,(G) — B(H) be a *-
representation having a (E, §)-invariant (unit) vector . Then restricting to the subalgebra
Cin(G) (and denoting the corresponding representation by g ), we get an (Ey,61) invari-
ant vector and hence, there is an invariant vector n € H. We may assume || —n|| < 1
(this follows from a quantum group version of Proposition 1.1.9 of [12], which can be
proved in an exactly similar fashion). Now, by restricting w to I, denoting the correspond-
ing representation by w, we have that the closed linear u-invariant subspace generated by
uyn,y € I' (which we denote by H,), is a subspace of the space of mg-invariant vectors
1

(as u e (a)u;

S =mclay(a))). Let Py, denote the orthogonal projection onto H,. Now,

the vector Py, &, which is non-zero, as ||{ —n|| < 1, is an (Ey, d2)-invariant vector for the
representation u, restricted to H,. So, there exists an u-invariant vector ny € H,. This

vector is, of course then, m-invariant and hence, we are done.
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4.4.4 Haagerup property

In this section, we study the relative co-Haagerup property of the pair (G,G) given by
a crossed product and provide a characterization analogous to the bicrossed product
case. We also extend a result of Jolissaint on Haagerup property for finite von Neumann
algebra crossed product to a non-finite setting. Thus, we can decide whether L>*°(G)
has the Haagerup property. Finally, we provide sufficient conditions for G to posses the
Haagerup property.

For the relative Haagerup property of crossed product, we obtain the following result
similar to Theorem 4.3.2. The proof is even simpler in the crossed product case, since «

is an action by quantum automorphisms.
Theorem 4.4.17. The following are equivalent:
1. The pair (G,G) has the relative co-Haagerup property.
2. There exists a sequence (wy)nen of states on Cy,(G) such that

(a) @y € co(G) for alln € N;
(b) w, — e¢ weak™;

(c) ||lay(wn) —wy| — 0 for all vy € T.

Proof. (1) = (2). The argument is exactly the same as the proof of (1) = (2) of
Theorem 4.3.2.

(2) = (1). We first prove the following claim.

Claim. If (2) holds, then there exists a sequence (V,)nen of states on Cy,(G) satifying
(a), (b) and (c) and such that a,(s(vy,)) = s(vy,) for ally € T', n € N.

Proof of the claim. By the proof of the claim in Theorem 4.4.13, it suffices to check
that, whenever v is a state on C,,(G) and f € ¢(T"), we have ¥ € ¢o(G) = f/\*u € c(G).

We first show that 7 € ¢o(G) = o, (v) € ¢o(G). Note that we still denote by a the

action of I' on Irr(G) (see Remark 4.4.3). Now let v be a state on C,,,(G) such that v €

147



~

co(G) and let € > 0. By assumptions, the set F' = {z € Irr(G) : [[(id®v)(u®)|,) > €}

is finite. Hence, the set
{r € n(@) : [|(id® v) ()|, > e = {r € Ir(@) : aa(2) € F} = ay (F)

is also finite. Since m = ((id ® V)(uo‘fl(x))) (@) it follows that m € ¢(G).
zelrr

From this we can now conclude that for all f € ¢}(T'), we have U € co(@) = f*xv e

CO(CAJ) as in the proof of the Claim in Theorem 4.3.2. O

We can now finish the proof of the Theorem. Let (v,),en be a sequence of states on
Cy(G)* as in the Claim. As in the proof of Theorem 4.4.13, we construct a representation
m @ Cn(G) — B(H) with a sequence of unit vectors &, € H such that ||7(z)&, —
eg(x)&,|| — 0 for all x € C,(G) and v, = we, omoa. It follows that the sequence of states
wp, = we, o € C,,(G)*, satisfies w, — e¢ in the weak* topology and @, o a = 7, € co(@)

for all n € N. O

We now turn to the Haagerup property. We will need the following result which is of
independent interest. This is the non-tracial version of [47, Corollary 3.4] and the proof
is similar. We include a proof for the convenience of the reader. We refer to [22, 69] for
the Haagerup property for arbitrary von Neumann algebras. We will say that a UCP

map ¢ : M — M is v-dominated for a state v of M if we have that v oy < v.

Proposition 4.4.18. Let (M,v) be a von Neumann algebra with a fn.s. v and let
a ' M be an action which leaves v invariant. If a is compact, I' and M have the

Haagerup property, then I' x M has the Haagerup property.

Proof. Let H < Aut(M) be the closure of the image of I" in Aut(M). By assumption H
is compact. Let L?(M) denote the GNS space of v.

Let v : M — M be a ucp, normal and v-dominated map and suppose that T,
the L? extension of 9, is compact. Then it is easy to see that for all x € M, the map

H > hw— htowoh(xr) € M is o-weakly continuous. Hence, we can define ¥(r) =
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[y B~ o9 o h(z)dh, where dh is the normalized Haar measure on H. By construction,
the map ¥ : M — M is ucp, v-dominated, I'-equivariant and normal. Moreover, for all
£ e L*(M), themap H > h + Tj,-10T,0T,¢ € L*(M), where T}, denotes the L2-extension
of h, is norm continuous. Consequently, [, Tj-10Tyo0T,dh € B(L*(M)) and by definition
of ¥ we have that the L?-extension of W is given by Ty = [,; Tj-1 0T o Tdh € B(L*(M)).
Let B denote the unit ball of L?(M). Consider the set A = {h+— Tj-1 0T, 0TH¢ : £ €
B} ¢ C(H,B). It is easy to check that A is equicontinuous and, since T}, is compact,
the set A(h) = {f(h) : f € A} is precompact for all h € H. By Ascoli’s Theorem, A is
precompact in C'(H, B). Since the map H x C(H,B) — B, defined by (h, f) — f(h) is
continuous, the image of H x A is compact and contains By, = {T},-10Ty0T,(B),h € H}.
Since the image of B under Ty is contained in the closed convex hull of B_¢, it follows
that Ty is compact.

We use the standard notations N =T x M = {u,x : y € ',o € M} C B(*(I') ®
L?(M)). We write v for the dual state of v on N. Let v; be a sequence of normal, ucp,
v-dominated and L2-compact maps on M which converge pointwise in || - ||2,, to identity.
Consider the sequence of v-dominated, ucp, normal, L2-compact and I'-equivariant maps
U, given by W¥;(x) = [, k' oty o h(z)dh for all z € M. Note that (¥;); is still converging

pointwise in || - ||2,, to identity since, by the dominated convergence Theorem we have,

Wi () = |2, =

L@hl@%M@)—M@Mﬁ

2 s[ﬂmw@»—ummmh%u

By the I'-equivariance, we can consider the normal ucp v-dominated maps on N given by
/\I\f;(uvav) = u,U;(z). Observe that the sequence (W,) is still converging pointwise in II-l2.5
to identity and the L2-extension of ¥; is given by Ty, = 1® Ty, € B(*(T') @ L*(M)).
Let ¢; be a sequence of positive definite and ¢, functions on I' converging to 1 pointwise
and consider the normal ucp v-preserving maps on N given by 5Z(u7x) = ¢i(7)u .

Observe that the sequence (¢;) is converging pointwise in || - ||l27 to identity and the

L2-extension of ¢; is given by T; =Ty @1 € B(*(T) @ L*(M)), where Ty, (0,) = ¢i(7)9,
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is a compact operator on ¢£*(T).

Hence, if we define the sequence of normal, ucp, 7-dominated maps on N by ¢; ; = g%; o
U, we have ©;.;(uyx) = @;(7)u,¥;(x); the sequence (i, ;) is converging pointwise in ||- ||o.»
to identity and the L*-extension of ; ; is given by T,,, . = Ty, @ Ty, € B((*(I') ® L*(M))

is compact. O
Corollary 4.4.19. The following holds.

1. If L=(G) has the Haagerup property, then L>°(G) and T both have the Haagerup

property.

2. If L(G) has the Haagerup property, o : T' ~ L>®(G) is compact and T' has the

Haagerup property, then L>°(G) has the Haagerup property. .

Proof. (1). Follows from the fact that there exist normal, faithful, Haar-state preserving
conditional expectations from L(G) to L(I') and to L*°(G). The former is given by
uya — hg(a)u, and the latter is given by u,a — 9, .a, a € L*(G) and v € I'.

(2). It is an immediate consequence of Proposition 4.4.18. O

Theorem 4.4.20. Suppose G has the Haagerup property and I' has the Haagerup prop-

erty, and further suppose that the action of I' on G is compact. Then G has the Haagerup

property.

Proof. Since G has the Haagerup property, this assures the existence of states (i, )nen
on C,,,(G) such that (1) u, € co(@) for all n € N and (2) p,, — e weak*. Our first task
is to construct a sequence of a-invariant states on C,,(G) satisfying (1) and (2) above.
This is similar to our arguments before (while dealing with property (T) and Haagerup
property). Since the action of I" is compact, the closure of I' in Aut(G) is compact, and
we denote this subgroup by H. Letting dh denote the normalized Haar measure on H, we
define states v, € Cy,(G)* by vy,(a) = [, pin(h™"(a))dh, for all a € C,,(G). It is easily seen

that v, is invariant under the action of I" for each n. Now, since the action is compact, all

orbits of the induced action on Irr(G) are finite. We need this to show that u, satisfy (1)
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above. So, let € > 0. As p,, satisfied (1), the set L = {z € Irr(G) : ||(id ® ) (u”)|| > 5}
is finite and the set K = H - L C Irr(G) is also finite, as all the orbits are finite. For
h € H C Aut(G) and = € Irr(G) write V,,, € B(H,) to be the unique unitary such
that (id® h~')(u*) = (V;, ® 1)(id ® @YV, @ 1). If x ¢ K then, for all h € H,
h='(z) ¢ L. Hence, ||(id & ju,)(u"" @)|| < 5 for all b € H and it follows that

1Gd @ ) (u?) || =

[ e m)as nyenan| < [ vias me O

IN

/ 1(id @ ) (W @) ||dh < g <e forallz ¢ K.
H

Hence, {z € Irr(G) : ||(id ® v,)(u")|| > €} C K is a finite set and (1) holds for v,.
To show that (2) holds, we first note that given any a € C,,(G), one has u,(h~(a)) —
eq(h™(a)) = eg(a) for all h € H (since H acts on G by quantum automorphisms). By
the dominated convergence Theorem, we see that (2) holds for v,. Now, since I' has the
Haagerup property, we can construct states 7, on C*(I') satisfying (1) and (2) above.
And since the states p, on C,,(G) are a-invariant, we can construct the crossed product
states ¢, = T, X f, on Cp,(G) (see [88, Proposition and Definition 3.4] and also [19,
Exercise 4.1.4] for the case of c.c.p. maps). The straightforward computations that need
to be done to see that the sequence of states (¢, )nen satisfy (1) and (2) above, are left

to the reader. This then shows that G has the Haagerup property. O

Remark 4.4.21. We note that in case G is Kac, the above theorem already follows from
Corollary 4.4.19(2) and Theorem 6.7 of [29].

4.5 Examples

For coherent reading, we have dedicated this section only to examples arising from both
matched pairs and crossed products. It is to be noted that it is not hard to come up
with examples of compact matched pairs of groups for which only one of the actions «

or (3 is non-trivial which means that the other is an action by group homomorphisms.
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However, it is harder to come up with examples for which both v and S are non-trivial.
We called such matched pairs non-trivial. Starting out with a compact matched pair
for which either o or [ is trivial, we describe a process to deform the original matched
pair by what we call a crossed homomorphism in such a way that we manufacture a new
compact matched pair for which both actions are non-trivial. For pedagogical reasons,
we have made two subsections dealing with matched pairs: the first one (Section 4.5.1.1),
in which we describe how to perturb g when it is trivial, followed by Section 4.5.1.2 in
which we construe how to perturb o when it is trivial. It has to be noted that it is
indeed possible to formalize our process of deformation in a unified way but, since such
a formulation would increase the technicalities and would not produce any new explicit
examples, we have chosen to separate the presentation in the two basic deformations
described above. Our deformations are chosen carefully so as to ensure that the geometric
group theoretic properties (that we have studied in detail throughout this chapter) passes
from the initial bicrossed product to the one obtained after the deformation very naturally.
Such deformations also allow us to keep track of the invariants x(-) and Int(-) of the
associated compact quantum groups. These explicit constructions allow us to exhibit:
(7) a pair of non-isomorphic non-trivial compact bicrossed products each of which has
relative property (T') but the duals do not have property (7'), (i) an infinite family of
pairwise non-isomorphic non-trivial compact bicrossed products whose duals are non-
amenable with the Haagerup property, (iii) an infinite family of pairwise non-isomorphic
non-trivial compact bicrossed products whose duals have property (7).

We also provide non-trivial examples of crossed products of a discrete group on a
non-trivial compact quantum group in Section 4.5.2. The action is coming from the
conjugation action of a countable subgroup of x(G) on the compact quantum group G.
In this situation we completely understand weak amenability, (RD), Haagerup property
and property (7) in terms of G and I'' and we also discuss explicit examples involving the

free orthogonal and free unitary quantum groups.
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4.5.1 Examples of bicrossed products

In this section, we focus on deformation of actions in matched pairs when one of them is

trivial. The analysis involved helps to construct non-trivial examples.

4.5.1.1 From matched pairs with trivial §

Let a be any action of a discrete group I' on a compact group G by group homomorphisms.
Taking 3 to be the trivial action of G on I', the relations in Equation (4.1.1) are satisfied
and we get a compact matched pair. It is possible to upgrade this example in order to
obtain a new compact matched pair (T', é) for which the associated actions a and B are
both non-trivial.

Indeed, given an action « of the discrete group I' on the compact group G and a

continuous map x : G — I', we define a continuous map
G xG—G by (g,h) = gxh, where gxh=goyg(h) foralgheG.

Observe that ex g = g+ e = g for all g € G if and only if x(e) € Ker(a). More-
over, it is easy to check that the map (g,h) — g * h is associative if and only if
x(gh) " x(9)x(ay(g)-1(h)) € Ker(a) for all g,h € G. Finally, under the preceding hy-
pothesis, the map (g, h) — g*h turns G into a compact group since the inverse of g € G
exists and is given by a,(,)-1(¢~") and this inversion is a continuous map from G to itself.

Hence it is natural to define a crossed homomorphism as a continuous map y : G — I’
such that x(e) = e and x(gh) = x(9)x(ay(g-1(h)) for all g,h € G. Observe that the
continuity of y, the compactness of G and the discreteness of I' all together imply that
the image of x is finite. By the preceding discussion, any crossed homomorphism y gives
rise to a new compact group structure on GG. We denote this compact group by G,.
Observe that, since the Haar measure on (G is invariant under «, so the Haar measure on
G, is equal to the Haar measure on GG. Hence we have GG, = G as probability spaces.

The group G, can also be defined as the graph of x in the semi-direct product H =

153



[, X G. Indeed, it is easy to check that the graph Gr(x) = {(x(9),9) : g € G} of a
continuous map y : G — I', which is a closed subset of H, is a subgroup of H if and only
if x is a crossed homomorphism. Moreover, the map G, — Gr(x), g — (x(9).9), g € G,
is an isomorphism of compact groups.

Since G, = G as topological spaces, « still defines an action of I' on the compact
space G, by homeomorphisms. However, o may not be an action by group homomor-
phisms anymore. Actually, for v € I', a,y is a group homomorphism of G, if and only
if x(9) ' 'x(ay(9))y € Ker(a) for all ¢ € G which happens for example if y satisfies
X oay, =yx()y

We define a continuous right action of G, on the discrete space I' by f,(v) =
x(ay(9))tyx(g) for all v € T,g € G. Tt is an easy exercise to check that o and f3
satisfy the relations in Equation (4.1.1), hence, by Proposition 4.1.3 we get a new com-
pact matched pair (I', Gy) with possibly non-trivial actions o and . To see that the
pair (I', G, ) is matched without using Proposition 4.1.3, it suffices to view I' and G, as
closed subgroups of H = I', X G via the identification explained before and check that
I'G, = H and I' NG, = {e}. It is easy to check that the actions a and  obtained by
this explicit matching are the ones we did define.

Let G, denote the bicrossed product associated with the matched pair (I, Gy).

Proposition 4.5.1. If the action o : T' ~ Irr(G) has all orbits finite and the group T' has
the Haagrup property, then @x has the Haagerup property for all crossed homomorphisms
x:G—T.

Proof. Recall that if a : I' ~ G is an action by compact group automorphisms, then the
action a : I' ~ L®(G) is compact if and only if the image of I" in Aut(G) is precompact
which in turn is equivalent to the associated action of I' on Irr(G) to have all orbits finite.
Now let x : G — I be a crossed homomorphism. Since GG, = G as compact spaces and
as probability spaces, the action a : I' ~ L*(G) is compact if and only if the action
I' ~ L*(G,) is compact and the former is equivalent to the action I' ~ Irr(G) to have

all orbits finite. Hence, the proof follows from assertion 4 of Corollary 4.1.7. O
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Observe that a continuous group homomorphism x : G — I" is a crossed homomor-
phism if and only if x o o, = x for all v € Im(x).

Now we give a systematic way to construct explicit non-trivial examples of the situ-
ation considered in the first part of this section. So, consider a non-trivial action « of a
countable discrete group I' on a compact group G by group homomorphisms and let A < T’
be a finite subgroup. Define the action o of I'on G* = Ax G by o (r, g) = (r, a;(g)) and
the a-invariant group homomorphism y : G* = T' by x(r,g) =r,r € A,g € G,y €T
Thus, we get a compact matched pair (T, GQ) where GQ = A x G as a compact space
and the group law is given by (r, g) - (s, h) = (7, g)ay(rg) (s, h) = (s, gay(h)), 7,5 € A and
g,h € G. Hence, GQ = A, X G as a compact group and the action g of GQ on I' is given
by Bu.g(v) =1 1yr, r € A,g € G,y € I'. Hence, 8 is non-trivial if and only if A is not
in the center of I'.

One has (Gﬁ)a = A X G“ and, since the action 5 of (GQ)Q on I' is by inner automor-
phisms, the associated action on Sp(I") is trivial. Hence, if we denote by G, the associated
bicrossed product, then Proposition 4.1.10 implies that x(G) ~ A x G* x Sp(I'). We
claim that there is a canonical group isomorphism 7 : Sp(G2) — Sp(A) x Sp,(G), where
Spa(G) = {w € Sp(G) : woa, = w for all » € A} is a subgroup of Sp(G). Indeed, denot-
ing by 1 : G — GQ, g— (L,g)and 1y : A — GQ, r+ (r,1) the two canonical injective
(and continuous) group homomorphisms, we may define m(w) = (wouy,worg). Using the
relations in the semi-direct product and the fact that w is invariant on conjugacy classes,
we see that wo i € Spy(G). Since G2 is generated by 14 (A) and 1¢(G), so 7 is injective.
The surjectivity of m follows from the universal property of semi-direct products.

Observe that ' = Cp(A) is the centralizer of A in T'. Since, o, (Sp,(G)) = Spa(G)
for every v € Cr(A), so a induces a right action of Cr(A) on Sp,(G) and we have, by
Proposition 4.1.10, Int(G,) =~ Sp(A) x (Sp,(G) x4 Cr(A)).

We will write G = Gy;;. We have thus proved the first assertion of the following

theorem.

Theorem 4.5.2. Let A < T be any finite subgroup. Then the following holds.
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1. X(Gp) 2 A x G* x Sp(I') and Int(Gy) =~ Sp(A) x (Spy(G) xq Cr(A)).
2. The following conditions are equivalent.

e (G,G) has the relative property (T').

e (G2,Gy) has the relative property (T).

3. If the action T' ~ Irr(G) has all orbits finite and T has the Haagerup property, then

@A has the Haagerup property.

4. If the action T' ~ Trr(G) has all orbits finite and T' is weakly amenable, then Gy is

weakly amenable and Acb(@A) < Ap(D).

Proof. (2). (|) Suppose that the pair (GQ,GA) does not have the relative property
(T). Let (u,) be a sequence of Borel probability measures on A x G satisfying the
conditions of assertion 2 of Theorem 4.2.2. Since {e} x G is open and closed in A x G,
we have 1 xq € C(A x G), and since ji, — () in the weak™ topology we deduce that
tn({e} X G) — 1. Hence, we may and will assume that p,({e} x G) # 0 for all n € N.
Define a sequence (v,) of Borel probability measures on G by v,(A) = %, where
A C G is Borel. Then v,({e}) = un({(e,;e)}) = 0 for all n € N and it is easy to check
that, for all ' € C(G), {4 ® F € C(A x G) and [, Fdv, = m Jine Liey ® Fdpy,.
It follows from this formula and the fact that p, — () in the weak™® topology that we

also have v,, — ¢, in the weak™ topology. Finally, the previous formula also implies that,

for all F' € C(G),

oy () (F) — v (F)| = mMﬂun)(l{e} ®F) = pn(Lgey @ F)|
g ®Fl ar, 1] WA —
tin({e} x G)H 'y(,un) pnl < (e} x G)H w(lun) finl-
lled (t4n) —pin |

Hence, ||a,(v,) — vn| < “axay. — 0 and thus (G,G) does not have the relative

property (7).
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(1) Now suppose that the pair (G, G) does not have the relative property (7). Let (i)
be a sequence of Borel probability measures on G satisfying the conditions of assertion
2 of Theorem 4.2.2. For each n define the probability measure v, on G’Q =A,x G by
Vp = 0¢ @ iy, We have v, ({e,e}) = pun({e}) = 0 and fGQ Fdv, = [, F(e, g)dpn(g) for all
F e C(GY). Hence v, — d. in the weak* topology. Moreover, since for all F' € C(G2),

we have

[y () (F) = va(F)]

/ Fle,ar(9))dpn(g) - / Fle, g)dptn] = oy (1) () — ()]
G G

< Vel ey () = | < [ ey (m) =t

where F, = F(e, ) € C(G), we have || (v,,) — vn|l < [Jey(ptn) — ]| — 0.
(]
(4). Tt is easy to check that, if « : I' ~ G is compact then o =id®a : T A~ Ax G
is compact, for all finite group A. Hence, the proof follows from Proposition 4.5.1.
(5). Observe that, for a general compact matched pair (I', G) with associated actions
a and 3, the continuity of § forces each stabilizer subgroup G, for v € I, to be open,
hence finite index by compactness of G. Consider the closed normal subgroup Gy =
NyerG, = Ker(f) < G. Equation 4.1.1 implies that Gy is globally invariant under o
and the a-action of I' on Gy is by group automorphisms. Hence, we may consider the
crossed product quantum group Gy, with C,,(Go) = I'y s X C(Gy), which is a quantum
subgroup (in fact normal subgroup in the sense of Wang [91]) of the bicrossed product
quantum group G with C,,(G) =T, s x C(G). This is because Gy is globally invariant
under the action « of I' and hence, by the universal property, we have a surjective unital
s-homomorphism p : I'y s X C(G) — I'y s x C(Gp) which is easily seen to intertwines the
comultiplications. Since p acts as identity on C,,(I"), it follows using Theorem 4.1.4(2)
that C,,(G/Gy) = a(C,,,(G/Gy)) (see Definition 1.2.2). Hence, if we assume that Gy is a
finite index subgroup of GG, then Gy is a finite index subgroup of G. If we further assume

that ' is weakly amenable and the action « of I" on G is compact then the action « of T’
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restricted to Gy is also compact and Theorem 4.4.7 (with the fact that G is Kac) implies
that Gy is weakly amenable with A (Go) < Aw(T). Using part (2) of Theorem 1.3.3, we
conclude that G is weakly amenable and Acb(@) < Ap(D). In our case, with G = G2,
the finiteness of A forces Gy to be always of finite index in GG. Since, by assumption, the
action of I" on Irr(G) has all orbits finite, we conclude, as in the proof of Proposition

4.5.1, that the action « is compact. O

Before proceeding further, we prove a result which can be useful to get examples of a

pair having the relative Haagerup property.

Proposition 4.5.3. Let a : A ~ G be an action of a finite group A on a compact group
G by group automorphisms and define the compact group H = A, x G. The following
holds.

(a) Let pu be a Borel probability measure on G and define the Borel probability measure v
on Hbyv=906.®@u. If i€ CHG) thenv € C(H).

(b) Let p be a Borel probability on H such that p({e} x G) # 0 and define the Borel
probability v on G by v(A) = gié for all A € B(G). If p € CHH) then v €
CrHG).

Proof. Let A\ and A\ denote the left regular representations of G and H respectively.
For F € C(G) (resp. F € C(H)), write A¢(F) (resp. M(F)) the convolution operator
by F on L?(G, ug) (resp. L*(H, ug)), where ug (resp. jig), is the Haar probability on G
(resp. H). Observe that yug = m ® ug, where m is the normalized counting measure on

A.
(a). Recall that, for all ' € C(H), [,, Fdv = [, F(e,g)du(g). Moreover, using the
definition of the group law in H, we find that Afi,m =1® XS € B(I’(A) ® L*(G)), for all

g € G. It follows that

V= /GAg,wdu(g) = /G(l ® A;)du(g) =1 @i € M(C(H)) C BI*(A) ® L*(@)).
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Note that for all F € C(G), 1{y ® F € C(H), since A is finite. We claim that A7 (1) ®
F)= |_11\|(1 ® A9(F)). Indeed,

N1 & F) = [ 8PNy duntri9) = [ 6.F(0)(1 @ X))dua(r.o)
H

_ /( Z(SMF 1®Af)>dug() |/1\‘(1®)\G(F))

TEA

Suppose that i € C*(G) and let F,, € C(G) be a sequence such that ||z — A9 (F,)|| — 0.
Hence, 1 @ A\9(F,) — . Since 1 @ A\9(F,) = |A]M (14 ® F,,) € C;(H) Vn € N, we have
veCHH).

(b). Recall that, for all ' € C(G), 14 ® F' € C(A x G) = C(H) and [, Fdv =
m i) Axc ey ® Fdp. Using the definition of the group law in H, an easy computation
shows that for all r € A, £ € L*(G), Al (6. ® €) = 6, ® AT (€ 0 a,-1). It follows that,

o = [Ogeming) =

m /A . Oe,r <)\gG§> mdpu(r, g)

1 / H 2
= — Air.oy0e ® &, 0. @m)dp(r, g) for all £, n € L*(G).
WY < 0 e 09 ) “
Hence, v = u({e}XG) V*aV, where V @ L*(G) — I*(A) ® L*(G) = L*(H) is the isometry
defined by V¢ = 6, ®¢, £ € L*(G). To end the proof it suffices to show that V*C*(H)V C
Cx@).

Let F € C(H) and define F, € C(G) by F.(g9) = F(e,g9), g € G. We will actually
show that VA (F)V = |/1\|/\G(Fe) and this will finish the argument. For &,n € L*(G),

we have

(VNI(F)WVEn) = <AH(F)56®£,66®?7>:/HF(7“,9) Al 0 © €,6. @ n)dpg(r, g)

= /Hér,eF(e,g)QgG&n>duH(ng) :/ A > 6 Fle, ) (A ¢ mydua(g)
1

reA

1 G _ G
= T | Fle a0 ndiols) = ORI
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and hence, we are done. O

Example 4.5.4. (Relative Property (T)) Take n € N, n > 2, I' = SL,(Z), G = T"
and « the canonical action of SL,(Z) on T" = Sp(Z"™) coming from the linear action
of SL,(Z) on Z". Taking a finite subgroup A < SL,(Z), we manufacture a compact
bicrossed product G, with non-trivial actions « and  (described in the beginning of
this section) whenever A is a non-central subgroup. Note that (T")¥® = {e} hence
1(G4) = A x Sp(SL,(Z)

Suppose n > 3. In this case, D(SL,(Z)) = SL,(Z), where D(F) denotes the derived
subgroup of a group F. Since every element of Sp(SL,(Z)) is trivial on commutators, we
have Sp(SL,(Z)) = {1}, for all n > 3. It follows that x(Ga) ~ A. Hence, for all n,m >3
and all finite subgroups A < SL,(Z), A’ < SL,,(Z), we have G, ~ G, implies A ~ A’.

However, for n = 2, the group Sp(SLy(Z)) is non-trivial. Actually, we have
Sp(SLa(Z)) ~ {(k,l) € Z/AZ x Z/6Z : k =1 mod 2}, (4.5.1)

which is a finite group of order 12. Indeed, by the well known isomorphism SLy(Z) ~
Z7]A7 . />|<2 ZZ /6Z, it suffices to compute the group of 1-dimensional unitary representations
of an amalgamated free product F1;F2. It is easy to check that the map 1) : Sp(FléFg) —
T defined by 9 (w) = (w|r,,w|r,), where T is the subgroup of Sp(I';) x Sp(I's) defined
by T = {(w, 1) € Sp(I'1) x Sp(I'y) : w|s = |}, is an isomorphism of compact groups.
Hence, using the canonical identification Sp(Z/mZ) ~ 7Z/mZ, we obtain the isomorphism
in Equation (4.5.1).

Since the pair (Z?,SLy(Z) x Z?) has the relative property (7'), we deduce from The-
orem 4.5.2 that, for any finite subgroup A < SLy(Z), the pair (GQ, Gy) has the relative
property (7). Identifying SLo(Z) with Z/4Z Z/*QZ Z/6Z, one finds that every finite sub-
group is conjugated to {1} or Z/2Z or Z/4Z or Z/6Z. The only non-central subgroups
are conjugated to Ay = Z/47Z or Ay = 7Z/67Z. Hence, we get two non-trivial compact

bicrossed products Gy,, ¢ = 1,2, such that (Gﬁi, G,,) has the relative property (T') and
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((/}; does not have property (7") since SLy(Z) has the Haagerup property. Moreover, G,

and G,, are not isomorphic since |A;] # |Aq].

Remark 4.5.5. (Haagerup Property and Weak Amenability) We depict here a
procedure to construct compact bicrossed products with the Haagerup property and Weak
Amenability. Suppose that T" is a countable subgroup of a compact group G and consider
the action o« : T' ~ G by inner automorphisms i.e. a(g) =~vgy™* forally €T, g € G.
Let A < T be any finite subgroup and consider the matched pair (T, GQ} introduced earlier
in this section. Let Gy be the bicrossed product. Observe that, since the action « is inner,
the associated action on Irr(G) is trivial. Indeed, for any unitary representation ™ of G,
the unitary 7(7y) is an intertwiner between o (m) and 7 for all v € I'. Hence, if I' has
the Haagerup property, then for any finite subgroup A < T' the bicrossed product @A has
the Haagerup property. Similarly, if I' is weakly amenable, then for any finite subgroup

A < T the bicrossed product @A is weakly amenable and Acb(@A) < Ap(D).

4.5.1.2 From matched pair with trivial «

In this section, we consider the dual situation, i.e., starting with a matched pair with «
being trivial and modifying it to some non-trivial action for a different matched pair with
a non-trivial.

Let 8 be any continuous right action of the compact group G on the discrete group
I' by group automorphisms. Taking « to be the trivial action of I' on G, the relations in

Equation (4.1.1) are satisfied and we get a matched pair.

Remark 4.5.6. Note that if the group I is finitely generated then the right semi-direct
product group H =T" x5 G is virtually a direct product. In other words, there is a finite
index subgroup of H which is a direct product of a subgroup of G (which acts trivially on
I') and T.

Indeed, since I is discrete and [ is continuous, the stabilizer subgroup G. = {g €

G:v-g=n}is open in G for all v € I'. Since G is compact, G has finite index in G.
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Now consider the subgroup Gg = NyerG., which acts trivially on I'. In case I' is finitely
generated, it follows that Gg is also finite index in G and thus the direct product I' x Gg
s a finite index subgroup of H.

Howewver, if the discrete group is not finitely generated then this need not be the case.
For instance, let a compact group K act on a finite group F non-trivially. Let K, = K
for n € N. One can then induce, in the natural way, an action of the compact group
G = HneN K, on the discrete group I' = @®,enF, where F,, = F for all n. In this case,

it 15 easy to see that the subgroup Gy is not of finite index.

Getting back to the process of modifying o, we call a map xy : I' = G a crossed
homomorphism if x(e) = e and x(rs) = x(Bys)-1(r))x(s) for all 7, s € I'. Given a crossed
homomorphism, we define a new discrete group I'y, which is equal to I' as a set and the
group multiplication is given by r* s = S, (r)s for all ,s € I'. As before, I is canoni-
cally isomorphic to the graph Gr(x) = {(v,x(7)) : v € T'} of x, which is a subgroup of
the right semi-direct product H =TI" x5 G (since x is a crossed homomorphism).

Observe that 3 still defines a continuous right action of G' on the countable set I', and
for g € G, B, is a group homomorphism of T if and only if g~ x(7)"'gx(B,(7)) € Ker(8,)
for all v € T', which happens for example if y o 3, = g~'x(-)g. Moreover, the formula
a,(9) = x(7)gx(By(7))1, for all v € T', g € G, defines an action of ', on the compact
space G by homeomorphisms and in addition « and ( satisfy the relations in Equation
(4.1.1). Consequently, we get a new matched pair (I'y, G)) with possibly non-trivial actions
a and 3. As before, one can describe this new matched pair explicitly by viewing I'y and
G as closed subgroups of the right semi-direct product H = 1" x5 G.

Observe that a group homomorphism x : I' — G is a crossed homomorphism if and

only if x = x o 3, for all g € Im(x).

Remark 4.5.7. Suppose that the crossed homomorphism satisfies x o B, = x for all g €

Im(x) and let G be the associated bicrossed product. Then the following are equivalent.
1. T has the Haagerup property.
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2. ;é has the Haagerup property.

Indeed, by Corollary 4.1.7, it suffices to show that the action o of Iy on G is compact
when viewed as an action of Ty on L>®(G). Since a,(g) = x(7)gx ()" for g € G and
v € I'y, a is an action by inner automorphisms, thus it is always compact since it is
trivial on Irr(G). Indeed, for any unitary representation u of G, the unitary u(x(7y)) is

an intertwiner between a.,(u) and u for v € T'y.

A systematic way to construct explicit examples using the deformation above is to
consider any countable discrete group I'y which has a finite non-abelian quotient G and
take I' = Iy x G with the right action of G on I' given by B,(v,h) = (7,9 'hg), g,h € G
and v € T'g. Since G is non-abelian,  is non-trivial. Let ¢ : 'y — G be the quotient
map and define the morphism y : I' = G by x(v,h) = q¢(), v € T'o, h € G. Then, we
obviously have x o 8, = x for all g € G . Therefore, x is a crossed homomorphism and
the action o of T'y on G is given by ayn(9) = ¢(7)9q(v1), v € Ty, h,g € G, which is
also non-trivial since G is non-abelian. Thus (I'y, G) is a compact matched pair. Let ,G

denote the bicrossed product.

Proposition 4.5.8. We have x(,G) ~ Z(G) x Sp(I'y) x Sp(G) and Int(,G) = Sp(G) x
FO X Z(G)

Proof. Note that I, = I'g x G as a set and the group law is given by (r,9)(s,h) =
(rs,q(s)"tgq(s)h) for all r, s € Ty and ¢, h € G. Since the action 8 of G on T, is given by
Bg(s,h) = (s,g7hg), s € To,g9,h € G, we have I') = I’y x Z(G) and the action of Z(G)
on Iy is trivial. Since the action a of ') on G is given by aq.g(h) = q(r)hg(r)™, r €
Lo, g,h € G, we find G* = Z(G). Again, since the action « is by inner automorphisms,
the associated action on Sp(G) is trivial. It follows from Proposition 4.1.10 that x(,G) ~
Z(G) x Sp(I'y) and Int(,G) = Sp(G) x I'y x Z(G). Let ir, : Tg — Iy, r — (r,1)
and 1z : G — I'y, g — (1,g9). Observe that (r, and ¢ are group homomorphisms.
To finish the proof, we claim that the map ¢ : Sp(I'y) — Sp(I'p) x Sp(G), defined by

w = (woiry,woig), w € Sp(I'y), is a group isomorphism. Indeed, it is obviously a
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group homomorphism. Since Iy is generated by ¢, (I'y) and te(G), so ¢ is injective. Let
wy € Sp(Ty) and wy € Sp(G). Define the continuous map w : 'y, = S* by w(r,g) =

wy(r)ws(g), 7 € Ty, g € G. Then, for all ;s € Ty, g, h € G,

w((r,9) - (s,h) = w(rs,a(s) " gq(s)h) = wi(r)wi(s)wz(g(s) " wa(g)wa(a(s))wa(h)

= wi(rwa(g)wi(s)wa(h) = w(r, g)w(s, k).

Hence, w € Sp(I'y) and ¢(w) = (w1, wa), S0 ¢ is surjective. O

Example 4.5.9. (Haagerup Property) Observe that any finite non-abelian group G
provides an example with I’y = FF,,, where n is bigger than the number of generators of
G, so that GG is a quotient of 'y in the obvious way. All bicrossed products obtained in
this way are not co-amenable but their duals do have the Haagerup property by Remark
4.5.7.

To get explicit examples we take, for n > 4, G = A,, the alternating group which is
simple, has only one irreducible representation of dimension 1 (the trivial representation)
so that Z(G) = {1} and Sp(G) = {1}. Moreover, viewing A, generated by the n — 2
3-cycles, we have a surjection I'y = F,,_o — A, = G. Associated to this data, we get
a non-trivial compact bicrossed product G, non co-amenable and whose dual has the
Haagerup property and such that x(G,) ~ Sp(F,_5) = T"2. In particular G,, and G,,
are not isomorphic for n # m. It shows the existence of an infinite family of pairwise
non-isomorphic non-trivial compact bicrossed product whose dual are non amenable with

the Haagerup property.
We now consider more explicit examples on property (7).

Example 4.5.10. (Property (7)) Let n > 3 be a natural number and p > 3 be a prime
number. Let F, denote the finite field of order p. Define I'y = SL,,(Z), G = SL,(F,) and
let ¢ : SL,(Z) — SL,(F,) be the canonical quotient map. We get a matched pair (I'y, G)

with both actions @ and 3 non-trivial and we denote the bicrossed product by G,, ,. Since
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for n,p > 3, we have D(SL,(Z)) = SL,,(Z) and D(SL,,(F,)) = SL,(F,), we deduce as in
Example 4.5.4 that Sp(SL,(F,)) = {1} = Sp(SL,(Z)). It follows from Proposition 4.5.8

that
Int(G,,,) ~ SL,(Z) x Z(SL,(F,)) ~ SL,(Z) x Z/dZ and x(G,,) = Z(SL,(F,)) ~ Z/dZ,

where d = ged(n,p — 1). In particular, the quantum groups G, = G, for p prime and
p > 3, are pairwise non-isomorphic. They are non-commutative and non-cocommutative
by Remark 4.1.5. Moreover, assertion 2 of Theorem 4.2.3 implies that @p have property

(T"). We record this in the form of a theorem.

Theorem 4.5.11. There exists an infinite family of pairwise non isomorphic non-trivial

compact bicrossed products whose duals have property (T').

These are the first explicit examples of non-trivial discrete quantum groups with
property (7).

One can also consider a similar but easier family of examples with [ being trivial. We
still take a natural number n > 3 and a prime number p > 3. But we consider I' = SL,,(Z)
and G = SL,(FF,,) with the action «a being given by a.,(9) = [7]g[y] ™, v € I',g € G, and j8
being the trivial action. Let H, , denote the bicrossed product associated to the matched
pair (I, G). One can check, as before, that Int(H, ,) ~ SL,(Z) and Sp(C,,(H,,)) =~
Z/dZ, where d = ged(n,p — 1). Hence, the quantum groups H, = H,, for p prime and
p > 3, are pairwise non-isomorphic. They arise from matched pairs for which the 5 action
is trivial but still they are non-commutative and non-cocommutative since I' and G are

both non-abelian. Also, their duals have property (7).

4.5.2 Examples of crossed products

In this section, we provide non-trivial examples of crossed products. Our examples are
of the type considered in [88]. Let G be a compact quantum group and define, for all

g € X(G), the map a, = (¢ ®id®g)o AP, It defines a continuous group homomorphism
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X(G) 2 g = o, € Aut(G). Since x(G) is compact, it follows that the action I' ~ G
is always compact, for any countable subgroup I' < x(G). Actually, the action of x(G)
on Irr(G) is trivial since, for g € x(G) and x € Irr(G) a straightforward computation
gives (id ® a,)(u®) = (V; @ Du(V; ® 1), where V, = (id ® g)(u”). Let Gr denote the
crossed product. For a subgroup ¥ < H, we denote by Cy(3) the centralizer of ¥ in H.

Applying our results on crossed products to G we get the following Corollary.
Corollary 4.5.12. The following holds.
1. Int(Gr) ~ Int(G) x I' and x(Gr) ~ Cy)(I') x Sp(I).
2. max(Aay(C(G)), Aeb(I)) < Aep(C(Gr)) < Aeb(G)Aa(T).
3. G and T have (RD) if and only if Gr has (RD).
4. C/T’\p has the Haagerup property if and only z'fa and I' have the Haagerup property.
5. Gr has property (T') if and only if@ and I' have property (T).

Proof. All the statements directly follow from the results of section 6 and the discussion
preceding the statement of the Corollary except assertion 1 for which there is something
to check: the action of x(G) on Int(G) associated to the action « is trivial indeed, for all
unitary u € C,,(G) for which A(u) = u ® u, one has a,(u) = g(u)ug(u*) = u. Moreover,
the action of x(G) on itself associated to the action « is, by definition, the action by

conjugation. Hence assertion 1 directly follows from Proposition 4.4.5. O

Example 4.5.13. We consider examples with G = U}, the free unitary quantum group
or G = O}, the free orthogonal quantum group. It is well known that x(Uy) = U(N)
and x(OF) = O(N) and that Int(Uy;) = Int(Oy)" = {1}. It is also known that the
Cowling-Haagerup constant for OF, and Uy are both 1 [38], and 6?(, and (7]\4\? have (RD)
[86] and the Haagerup property [17]. Hence, for any N > 2 and any subgroups 3 < O(N)
and I' < U(N) the following holds.

e Int((OF)x) ~ ¥ and Int((Uy)r) ~T.
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X((OF)x) = Cow)(E) x Sp(X) and x((Uy)r) 2 Cuw)(T) x Sp(T).

— —

o Aa((08)) = Aap(E) and Aa(U3)r) = A (D).

—

e (Of)s (resp. ((U)r) has (RD) if and only if ¥ (resp. T') has (RD).

—

(O%)s (resp. ((U)r) has the Haagerup property if and only if 3 (resp. T') has the

Haagerup property.
e (O%)s and ((U)r do not have Property (7).
Example 4.5.14. (Relative Haagerup Property) Since the action of x(G) on C,,(G)

is given by (id ® a,)(u”) = (V" ® 1)u®(Vy ® 1), where V, = (id ® g)(u”), we have,
ap@)(u5) = 3 g Joluz)g (), forallw € Cu(GY. (452)

Define the sequence of dilated Chebyshev polynomials of second kind by the initial condi-
tions Py(X) =1, P;(X) = X and the recursion relation X Py(X) = Py1(X) + Pr_1(X),
k > 1. Tt is proved in [17] (see also [36]) that the net of states w; € C,,(O%)* defined

by w(uf;) = ék((tjv))éi,jv for k € Irr(O%) = N and ¢ € (0,1) realize the co-Haagerup

property for OF, i.e., @; € co(O}) for ¢ close to 1 and w; — ot in the weak™ topol-

ogy when t — 1. Now let g € x(O}). By Equation (4.5.2), we have ay(w)(uf;) =

DO g(ub)g((uh)") = 2505, = wi(uk). Hence, agwr) = w; for all g € y(G) and

all t € (0,1). It follows that for any N > 2 and any subgroup I' < O(N), the pair
(OF;, (O%)r) has the relative co-Haagerup property however, the dual of (O%)r) does not

have the Haagerup property whenever I' does not have the Haagerup property.
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