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Abstract

We study the weighted version of the stochastic matching (under the probe-and-commit
model) as introduced by Chen et al. [CIK*09]. As input a random subgraph H of a
given edge-weighted graph (G = (V, E), {w.}.) (where each edge e € E is present in H
independently with probability p,) is revealed (on a probe-and-commit basis). Our goal
is to design an efficient adaptive algorithm that builds a matching by probing selectively
edges of E for their presence in H subject to obeying the following two constraints on
probing : (i) include an edge irrevocably in the matching if it is found to exist after it
is probed, (i) the number of probes involving a vertex v cannot exceed a nonnegative
parameter t, known as v’s patience. All of G, {w,}., {p.}. and {t,}, is revealed to the
algorithm before its execution. The performance of the algorithm is measured by the
expected weight of the matching it produces. For approximation measures, it is compared

with the expected weight of an optimal adaptive algorithm for the input instance.

We analyze a natural greedy algorithm for this problem and obtain an upper bound of —2

min

on the approximation factor of its performance. Here, p,,;, refers to min.g p.. No pre-
vious analysis of any greedy algorithm for the weighted stochastic matching (under the
probe-and-commit model) is known. We also analyze another greedy heuristic and estab-
lish that its approximation ratio can become arbitrarily large even if we restrict ourselves

to unweighted instances.

Bansal et al., [BGL*10] introduced an online variant of weighted bipartite stochastic

matching. They presented an LP-based algorithm with an approximation ratio of 7.92.



We present a new algorithm (also LP-based) for the same problem which improves the

approximation ratio to 5.2.

We present approximation algorithms for the maximum independent set (MIS) problem
over the class of By, B,-VPG graphs and also for the subclass, equilateral B;-VPG graphs.
We first show an approximation guarantee of O((log n)?) for the MIS problem of B,-VPG
graphs. Then we improve the approximation factor to O(logn) for the MIS problem of
B1-VPG graphs. For the equilateral B;-VPG graphs we show an approximation guarantee
of O(log d) where d denotes the ratio d,../d;, and d,,,, and d,,;, denote respectively the
maximum and minimum length of of any arm in the input B;-VPG representation of the
graph. The NP-completeness of the decision version restricted to unit length equilateral
B1-VPG graphs is also established. For B,-VPG graphs we present an approximation

algorithm whose approximation guarantee is O((log n)?).
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Chapter 1

Introduction

Combinatorial optimization problems are ubiquitous in today’s society. But most of the
interesting combinatorial optimization problems are NP-hard. There are various ways to
deal with such hard problems. One way is to obtain an optimal solution by employing an
algorithm which is likely to require an exponential amount of time. Such algorithms fall
under the purview of exact algorithms. Another way is instead of designing an efficient
algorithm which produces a solution which is not optimal, we design an algorithm which
gives a solution that is not far from an optimal solution in terms of quality. This is roughly
the purview of approximation algorithms. In this thesis, we deal with such a type of algo-
rithms. Below, we present the following formal definition of an approximation algorithm

as provided in [WSI11].

Definition 1. An a(n)-approximation algorithm for an optimization problem is a polynomial-
time algorithm that for all instances of the problem produces a solution whose value is
within a multiplicative factor of a(n) of the value of an optimal solution. n stands for the

size of the input.

The above definition captures the scenario in which the input is an arbitrary but a de-
terministic one. For the stochastic version, we provide a definition while presenting the

approximation algorithms.



In this thesis, we present approximation algorithms for two combinatorial optimization
problems. They are stochastic matching and maximum independent set(MIS) for B;-VPG

graphs.

1.1 Stochastic Matching:

Matching in a graph is a set of edges such that no two edges share a common vertex. The
matching problem is to produce, given a nonnegatively edge-weighted graph, a matching
of maximum total weight. This problem is well-known to be solvable in polynomial time.
For bipartite graphs, there are several polynomial time algorithms like Ford-Fulkerson
algorithm [FF56], Hopcroft-Karp algorithm [HK73] to name a few. For general graphs,

the Edmond’s algorithm [Edm65] solves the problem in polynomial time.

In the first part of the thesis, we study the stochastic version of the matching problem. We
study the stochastic matching problem in both offline and online settings. We introduce

them one by one below.

Offline Setting: As input, a random subgraph H of a graph G = (V, E) (where each
edge e € E is present in H independently with probability p,) is revealed (on a probe-
and-commit basis) along with (i) a positive weight w, for every e € E and also (ii) a
nonnegative integer ¢, (for each v € V) called the patience parameter of v. Our goal is
to design an efficient adaptive algorithm that builds a matching by probing selectively
edges of E for their presence in H subject to the following two constraints on probing:
(i) include an edge irrevocably in the matching if it is found to exist after it is probed,
(if) the number of probes involving a vertex cannot exceed its patience. The performance
of the algorithm is measured by the expected weight of the matching it produces. For
approximation measures, it is compared with the expected weight of an optimal adaptive

algorithm for the input instance.

The work on approximation algorithms for the offline unweighted stochastic matching
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was initiated by Chen et al. [CIK*09]. Later on, Adamczyk [Adal1] proved that a greedy
algorithm considered in [CIK*09] is indeed a 2-approximate algorithm. Subsequently,
approximate algorithms were obtained by Bansal et al. [BGL*10] for the weighted case.
Gupta and Nagarajan [GN13] study a generic notion of stochastic probing problems which
also specializes to the stochastic matching problem. Adamczyk et al. [ASW13] extend
this work to also include submodular functions. The same problem is also studied for
special classes of graphs by Molinaro et al. [MR11], both theoretically and experimen-
tally. A sampling-based algorithm was proposed by Costello et al. [CTT12] for the offline

weighted version with unbounded patience parameters for vertices.

Online Setting: For the online version, we focus on bipartite graphs. Bansal et al.
[BGL*10] introduced this online version. In this version, the algorithm has constraints on
the choice and order of edges to be probed. In particular, there is a linear ordering on the
vertices (say, the arrival order) of one partite set and the algorithm has to make a decision
(on whether to probe or not) for every edge (if any) incident on a just arrived vertex before
it considers edges incident on future vertices. It models the sale of items from a set A to
buyers arriving in an online fashion. Each buyer has to be processed before we consider
the next arriving buyer. The processing of each buyer involves showing a select subset
of items in some order until the buyer likes an item (if it happens) in which case both
the item and the buyer are removed from the picture. To each buyer, we can associate a
type/profile and the type characterizes (i) the patience t,, (ii) probability p,, that a buyer
of type b buys item a, and (iii) w,, the revenue generated if it happens. The type of each
arriving buyer is independently and identically distributed over the set B of types. Here,
the buyers arrive online. The number of buyers that are going to arrive is known to the
algorithm. The goal is to design an efficient online algorithm which produces a match-
ing whose expected revenue is as large as possible. The performance of the algorithm is

compared with the expected revenue from the matching produced by an optimal strategy.

The study of the online stochastic matching problem started with the work of Feldman



et al., [FMMMO9] and led to further works like those of Bansal et al., [BGL*10]. Some
recent improvements have been obtained for the stochastic setting (without the probe-and-
commit and tolerance requirements) [BK10, MGS12]. The problem of online stochastic
matching considered here differs in the following aspect that the buyers can only see a

limited number of items and the buyer buys the first item it likes.

1.2 MIS for VPG-graphs

The problem of computing a maximum independent set (MIS) in an arbitrary graph is
notoriously hard, even if we aim only for a good approximation to an optimum solution.
Itis known that, for every fixed € > 0, MIS cannot be approximated within a multiplicative
factor of n'~¢ for a general graph, unless NP = ZPP [H4s96]. Throughout, n stands for
the number of vertices in the input graph. Naturally, there have been algorithmic studies
of this problem on special classes of graphs like : (i) efficient and exact algorithms for
perfect graphs, (i) linear time exact algorithms for chordal graphs and interval graphs, (ii7)
O(n?) time exact algorithms for comparability and co-comparability graphs, (iv) PTAS’s
(polynomial time approximation schemes) for planar graphs [Bak94] and unit disk graphs
[HMR*98], and (v) efficient (§ + €)-approximation algorithms for (k + 1)claw-free graphs

[Hal95].

Geometric objects of various shapes form interesting classes of intersection graphs. These
are graph classes for which several algorithmic studies have been carried out for the MIS
problem. Approximation algorithms with good approximation guarantees have been ob-
tained. One such class of geometric intersection graphs are By-VPG graphs, for k > 1.
In this thesis, we focus on B{-VPG and B,-VPG classes. Before describing these classes,

we provide a brief introduction to the class of VPG graphs.

Vertex intersection graphs of Paths on Grid (or, in short, VPG graphs) was first introduced

by Golumbic et al. [ACG™12]. For a member of this class of graphs, its vertices represent

4



paths joining grid-points on a rectangular planar grid which are a combination of alternate
vertical and horizontal segments and two such vertices are adjacent if and only if the
corresponding paths intersect. If paths on the grid have at most k bends (90° turns), then
the graph is called a By-VPG graph. Thus, B;-VPG (B,-VPG) graphs denote the class
of intersection graphs of paths on a grid where each path has at most one (two) bends.
Without loss of generality, B;-VPG graphs are intersection of the following shapes ., ",
and .. B,-VPG graphs are intersection graphs of the following shapes shown in the figure

along with the shapes in B;-VPG graphs.

C2

4'%‘77“
I

01) ’\\

Ne
u

There are 8 possible shapes for Ba-VPG. We have labelled what we consider the Z-shape
and U shape.

Figure 1.1: There are 8 possible shapes for B,-VPG graphs with exactly 2 bends. We have
labelled what we consider the Z-shape and U shape.

We often refer to a B;-VPG graph, representable with only paths of type . as a L-graph.
We call a L-shape equilateral if the horizontal and the vertical arms are of the same
length. The graph which is an intersection graph of equilateral L’s is called an equilateral

L-graph.

The study of MIS for B;-VPG graphs is motivated from both an algorithmic point of
view as well as an application point of view. We first mention our motivations which
come from a theoretical point of view. It has been shown that every planar graph has a
B,-VPG representation [CU12] and that every triangle-free planar graph has a B;-VPG
representation [BD15]. In the case of planar graphs, it is already known that the decision

version of MIS is NP-complete [GJ77] and also that MIS admits a PTAS [Bak94]. This

5



naturally motivates us to study the complexity of approximating MIS over B;-VPG graphs
and B,-VPG graphs because they are respectively the superclasses of triangle-free and
general planar graphs. Currently, the only known approximation results for MIS over
these classes of graphs are those for the larger and more general class of string graphs,
the best of which is an algorithm with an approximation factor of n¢ (for some fixed
€ > 0) [FP11]. String graphs are intersection graphs of simple, continuous curves in
the plane [ACG"12]. In this context, it would be interesting to know if MIS can be
approximated in a better way when restricted to subclasses like By, B,-VPG graphs. The
practical motivation for By-VPG graphs is from VLSI circuit design. Since wires in a
VLSI circuit correspond to paths on a grid and since intersection between wires is to
be minimized, the MIS problem represents a finding a large collection of mutually non-

intersecting paths on the grid.

Assumption : Without loss of generality (in the context of approximating MIS) and for
the ease of describing the arguments, we assume that B;-VPG graphs are intersection

graphs of paths with exactly k bends.

Relationships between other known graph classes and VPG graphs have been studied in
[ACG*12]. In [CU13], it has been shown that planar graphs form a subset of B,-VPG
graphs. Recently, this result has been further tightened by Therese Biedl and Martin
Derka. They have shown that planar graphs form a subset of 1-string B,-VPG graphs
[BD15] which is a subclass of B,-VPG graphs. In [FKMU14], authors have shown that
any full subdivision of any planar graph is a L-graph. By a full subdivision of a graph G,
we mean a graph H obtained by replacing every edge of G by a path of length two or more
with every newly added vertex being part of exactly one path. They have also shown that
every co-planar graph (complement of a planar graph) is a Bjo-VPG graph. A relationship
between poset dimension and VPG bend-number has also been obtained in [CGTW15].
Contact representation of L-graphs has been studied in [CKU13]. In this work, the authors

have studied the problems of characterizing and recognizing contact L-graphs and have



also shown that every contact L-representation has an equivalent equilateral contact L-
representation. By a contact L-representation, we mean a more restricted intersection,
namely, that two vertices are adjacent if and only if the corresponding Ls just touch.
Recognizing VPG graphs is shown to be NP-complete in [CJKV12]. In the same work,
it is also shown that recognizing if a given B;.-VPG graph is a B,-VPG graph is NP-
complete even if we are given a By.;-VPG representation of the input. The recognition

problem has also been looked at for some subclasses of By-VPG graphs in [CCS11].

Apart from works mentioned in the previous sections, there has been quite a lot of work on
independent sets of geometric intersection graphs. For intersection of axis-parallel rectan-
gles, an O(log n)-approximation algorithm for MIS is presented in [AVKS98, BDMROI1,
KMP98, Nie00]. There is an O(log log n)-approximation algorithm for MIS of unweighted
axis parallel rectangles obtained by Chalermsook and Chuzoy in [CC09] which is still
the best known for the unweighted case. For the weighted case, the best known one

was obtained by Chan and Har-Peled in [CHP12] which has an approximation factor of

O(IOIgOﬁ)’;n). QPTAS for MIS problems in axis-parallel rectangles was first proposed by
Adamaszek and Wiese in [AW13]. This was later generalized to QPTAS for MIS for
the case of general polygons in [AW 14, HP14]. For segment graphs, there is an O(n?)-

approximation algorithm by Agarwal and Mustafa [AMO4].

1.3 Thesis Outline

Chapter 2 deals with the analysis of the greedy (based on choosing the edge with maxi-
mum expected contribution) algorithm for the weighted stochastic matching problem. In
this chapter, we analyze the algorithm for its performance guarantee and obtain both an
upper bound as well as a lower bound on its worst-case value. We establish that its ap-
proximation ratio is at most -2, where p,, = min{p, : e € E}. We also exhibit and

min

analyze an explicit and infinite family of weighted graphs where the approximation ratio

7



can become as large as l%” Since this variant selects edges for probing based on their
individual expected contribution, it can be thought of as being greedy edge-wise. We also
propose a simple variant of the greedy approach which can be thought of as being greedy

vertex-wise and also a generalization of both greedy algorithms (vertex-wise as well as

edge-wise).

In Chapter 3, we provide an analysis of online stochastic matching. We propose and
analyze a new LP-based algorithm and establish that it is 5.2-approximate. We adopt an
LP (Linear Programming) based approach along with dependent randomized rounding to

obtain the approximation guarantee.

In Chapter 4, we present an O((log, n)*)-approximation algorithm for the MIS problem
over B-VPG graphs. In the same chapter, we present an O(log, 2d)-approximation for
equilateral L-graphs where d denotes the ratio between the lengths of longest and shortest
horizontal arms of members of the given equilateral L-graph. If the lengths of the equi-
lateral L’s are all equal to 1 unit, then we call the corresponding intersection graph an
unit L-graph. We also establish that the decision version of the MIS problem over unit
L-graphs is NP-complete. For the design of approximation algorithms, we use some com-
binatorial observations and the divide and conquer approach to obtain the approximation

guarantees mentioned before.

In Chapter 5, we present an algorithm with an improved approximation ratio of O(log, n)
for the MIS problem over B;-VPG graphs. This improvement is achieved by devising an
exact algorithm (for a special subclass of B;-VPG graphs) and combine it with a divide

and conquer approach.

Chapter 6 presents new approximation algorithms for the MIS problem over B,-VPG
graphs and an upper bound of O(log, n)* is established on its approximation ratio. This
improves the bound of n¢ (for some € > 0) on the ratio of the previously best algorithm.
Our main ingredient in obtaining this improvement is again an exact algorithm for a spe-

cial subclass of B,-VPG graphs combined with an application of the divide and conquer



paradigm.

Finally, in Chapter 7, we conclude with some open problems.
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Chapter 2

Greedy Analysis of Stochastic Matching

2.1 Introduction

The Greedy heuristic being one of the simplest algorithmic approaches has a unique place
in combinatorial optimization. It is always worth looking at its performance and gather
to know its power and limitations. In particular, the performance of the Greedy algorithm
for computing a large matching under different settings has been studied both for arbitrary
graphs (for its worst case perfomance) (see [KH78], [GS62]) and as well as for random in-
stances (for its average case performance) (see [DF91], [DFP93], [AFP98], [FRS93]). In
this chapter, we study the performance of the greedy heuristics on the weighted stochastic

matching problem, a natural stochastic variant of the maximum matching problem.

A typical input instance of this problem is a 4-tuple (G = (V, E), {t,}ucv, {Pe}ecEs (WelecE)
where G = (V, E) is an weighted graph, each ¢, is a nonnegative integer (known as the
patience of u#). Consider a random spanning subgraph H where each e € E is present in H
independently with probability p, and where H is revealed on a probe-and-find basis. Our
goal is to design an efficient algorithm (possibly adaptive, possibly randomized) to find a
matching in H and which works by probing selectively edges of E for their presence in H

subject to the following two constraints on probing : (i) commitment: include an edge ir-

11



revocably in the matching if it is found to exist after it is probed, (ii) patience: the number
of probes involving a vertex cannot exceed its patience. The performance of the algorithm
is measured by the expected total weight of the matching it produces. For approximation
measures, it is compared with the expected weight of an optimal adaptive algorithm for
the input instance. An optimal strategy is one for which the expected weight of the so-
lution it produces its maximum over all adaptive strategies. We use interchangeably the
terms adaptive algorithm and strategy. Note that all edges of G need not be probed and

hence all edges of H may not be discovered by the algorithm.

The unweighted stochastic matching problem (with probing commitments) models some
practical optimization problems like maximizing the expected number of kidney trans-
plants in the kidney exchange program (see [CIK*09] for details). This problem was
introduced by Chen et al. [CIK*09] and they analyzed a greedy algorithm to solve it and
proved that the greedy algorithm produces a solution of expected size at least a quarter of
the expected size of an optimal strategy. This gives us a 4-approximate algorithm. It was
also conjectured that their greedy algorithm is a 2-approximate algorithm. This was later

affirmatively verified by Adamczyk [Adall].

In this work, we study the offline, weighted version of the stochastic matching problem.
In the offline version, the algorithm, after processing the entire input information (G =
(V, E), {t,}u, {we}. and {p,}.) that is revealed before-hand, can choose any adaptive strategy

to probe the edges.

We analyze several variants of the greedy approach to solve this problem. In Section 2.3,
we propose and analyze a natural greedy variant which always probes an edge with the
highest expected weight it contributes (if probed) and establish that its approximation ra-

tio is at most sz where p,,;,, = min{p, : e € E}. This affirmatively confirms a claim

min

presented in [CIK*09] (without details) that the approximation factor of the greedy algo-

rithm for the weighted version can be unbounded. It also follows that approximation ratio

L

is less than 4 on general weighted graphs if p,,;, > 5

Since this variant selects edges

12



for probing based on their individual expected contribution, it can be thought of as being
greedy edge-wise and denote it by GRD-EW . Our result is the first analysis of a greedy
heuristic for stochastic matching on weighted graphs. The precise statement of our result

is as follows.

Theorem 1. GRD-EW is a -2 -approximate algorithm for the weighted stochastic match-

min

ing problem.

We also show that the inverse dependence on p,,;,, cannot be completely eliminated by a
more careful analysis even if we allow every vertex to probe all edges incident at it (that
is t, > d, for every u). Thus, we obtain a lower bound on the worst-case approximation
ratio of GRD-EW for the weighted case. This is stated in the following lemma whose

proof is provided in Section 2.3.

Lemma 1. There exists an infinite and explicit family {(G,,t,)}, of weighted input in-
stances (with unlimited patience values) such that the expected weight of the solution

produced by GRD-EW is smaller than the expected weight of an optimal strategy by a

2
Pmin '

multiplicative factor of nearly

Since the algorithm works by probing edges, we model the execution of an algorithm as
a full binary decision tree as in [CIK"09, Adall]. Adamcyzk [Adall] presents a very
careful analysis of the decision tree to prove that the greedy algorithm is a 2-approximate
algorithm for the unweighted version. Our analysis is inspired by the analysis of [Adall]
and we borrow some of the notions and notations from this work. However, ours is not
a straighforward generalization to the weighted version and some non-trivial issues (aris-
ing for the more general weighted case) have to be handled while analyzing the greedy

heuristic.

In Section 2.4, we propose a simple variant GRD-VW of the greedy approach which can

be thought of as being greedy vertex-wise. Here we define a notion of revenue m, associ-
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ated with a vertex u. For a given set § of / edges incident at a vertex u, an optimal ordering
of § is any linear ordering o over S such that if members of S are probed consecutively as
per o, then the expected contribution Ey , from these probings maximized. It can be ver-
ified that an optimal ordering is any ordering obtained by sorting the edges in decreasing
order of their weights. For a vertex u, let m, denote the expected contribution one obtains
by probing edges of S, in an optimal order. Here, S, is the set of 7, edges incident at u
having the k largest expected contributions w,p,. The GRD-VW proceeds by choosing
that vertex u for which the revenue m, is maximized and then probes edges in S, in an
optimal order and decreases the tolerances appropriately after each probe. We prove that
the worst-case approximation ratio of GRD-VW can be unbounded even if we restrict
ourselves to the unweigted instances (the case for which GRD-EW is a 2-approximation

algorithm). Formally stated, we have the following result which is proved in Section 2.4.

Lemma 2. There exists an infinite and explicit family {(G,,t,)}.>1 of unweighted input

instances such that the expected size of the solution obtained by GRD-VW (G, 1t,) is

1

max

smaller than that of an optimal strategy by a multiplicative factor of nearly Q2 (p ) where

Pmax = MaAX, Pe.

The edge-wise and vertex-wise greedy heuristics GRD-EW and GRD-VW analyzed in
Sections 2.3 and 2.4 can both be thought of as special cases of a more generalized notion
of a greedy heuristic. Fix any function k : N — N satisfying k(n) < n for every n. We
define a variant for every fixed choice of k and denote the variant by GRD (G, w, p, t) or
shortly GRD (G, t) if w and p are clear from the context. GRDy(, ) is exactly the same as
the vertex-wise variant GRD-VW but differs only in the definition of m,, more precisely,
in that m, is the expected contribution one obtains by probing consecutively min{k(|V]), z,}
heaviest available edges incident at v, with the edges being probed in decreasing order of
their weights. When k(n) = n for every n, we obtain that GRDy() is the same as GRD-VW
. When k(n) = 1 for every n, we obtain that GRDy() is the same as GRD-EW described in

Section 2.3. The following lemma establishes that GRD,() also has unbounded worst-case

14



approximation ratio for any fixed k = k(n) such that k — oo as n — oo even if restricted

to unweighted instances. The proof is presented in Section 2.5.

Lemma 3. For any k = k(n) such that (i) k < n, (ii) k divides n and (iii) k — oo and
for every sufficiently small € > 0O, there exists an infinite and explicit family {(G,,t,)},>1
of unweighted input instances such that the expected size of the solution obtained by
GRD(G,, t,) is smaller than that of an optimal strategy by a multiplicative factor which

is nearly O(k' ).

2.2 Preliminaries

Below, we present some conventions, assumptions and models we will be employing
for the rest of this work. Throughout, we consider an instance I = (G, w, p,t) where
G = (V,E) is an undirected graph, w : E — R is the weight function,  : V —» N
is the patience function and p : E — [0, 1] is the edge probability function. For the
sake of simplicity, we often denote this collective input by the short notation (G, ¢) if the

additional inputs {p.}., {w.}. can be inferred from the context.

2.2.1 Convention : rationalization of patience values

We assume, without loss of generality, that ¢, < d, for every u € V, where d,, is the degree
of u in G. Higher values of #, are not going to lead to better solutions. Throughout the
chapter, we always enforce this assumption (wherever it becomes necessary), by invoking
a subroutine Rationalize(G,t) which, for any vertex u with ¢, > d,, redefines ¢, to be d,,.
Enforcing this assumption helps us to simplify the description of some greedy variants

we will study in Sections 2.4 and 2.5.

Also, at any point, the current graph contains only those edges joining vertices with pos-

itive patience values. This can be ensured by removing edges incident at vertices whose
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patience has been exhausted.

2.2.2 Assumption : normalization of weights

Since multiplying each edge weight by a common factor ¢ does not really change the

outcome (except multiplying its total weight by ¢) of any algorithm, we can normalize

We
Wmax

all weights by replacing each w, by , where w,,,, = max,w,. This normalization
simplifies some of the expressions arising in the analysis. In view of this, from now on,

we assume without loss of generality that w, < 1 for each e.

2.2.3 Modeling algorithms by decision trees

Our focus is on algorithms (possibly adaptive, possibly randomized) which are based on
probing edges (with a commitment to inclusion) and we analyze such algorithms using
the decision tree model employed in the works [CIK*09, Adal1]. The model is described
as follows. Any algorithm ALG can be represented by a (possibly) exponential sized full
binary tree also denoted by ALG. Each internal node represents either probing an edge or
tossing a (biased) coin. The coin tosses capture the randomness (possibly) employed by
the algorithm. For deterministic algorithms, each internal node will correspond to only
an edge probe. An internal node x probing an edge e will be labeled with e and w, = w,.
An internal node x tossing a coin will be labeled by an empty string and w, = 0. Consider
an internal node x. If x involves probing an edge e and if the probe is successful, then the
algorithm will proceed further as per the strategy specified by the left subtree of x and if
it is unsuccessful, it will proceed as per the right subtree. Similarly, if x corresponds to a
coin toss, then the algorithm will proceed further as per the strategy specified by the left
(or the right) subtree of x depending on whether the toss is successful or not. However,
only internal nodes probing edges can make a positive contribution to the weight of the

solution found.

16



We give a recursive definition of a decision tree: The decision tree ALG corresponding to
an algorithm ALG on an instance I = (G, ) (ignoring the specification of w,’s and p,’s
which are not going to change through the execution) is a rooted full binary tree 7 (with

root r) where

1. rislabelled by the emptyset if G is an empty graph having no edges.

2. rprobes an edge e = af if G has at least one edge or r tosses a coin with bias p,.

3. left edge out of r is labelled by p,s if r probes af or is labelled by p, if r tosses a

coin.

4. right edge coming out of r is labelled by 1 — p,s or by 1 — p, depending on the case.

5. the left subtree of r represents further execution of ALG on on the instance I, =

(G \{a,B}, 1) if r probes af. Otherwise, it represents further execution of ALG on [.

6. the right subtree of r represents further execution of ALG on the instance Iz =
(G \ {aB},t) where t; =t,— 1, t}i =1z —1and t;/ = t, for all other vertices y if r

probes af. Otherwise, it represents further execution of ALG on 1.

Without loss of generality, we assume that the root » of an optimal tree OPT always

probes an edge.

We make use of the following notations. For any algorithm ALG and any node x in ALG,
let g, denote the probability of reaching x in an execution of ALG(G, t). Also, for a node
X representing an edge e, we use w, to denote the weight w,. It can be verified that the
performance of ALG on (G, t) can be expressed as E[ALG] = ) carc 9xPxWx Where the

summation is over all internal nodes.
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2.3 Greedy heuristic for the weighted version

We focus on the offline version. This means that the input / consisting of the random
model (G = (V, E),{p.}.ce) alongwith the additional inputs ({w,}ecg,t = {t,}ucv) Will be
revealed to the algorithm before its execution. After some preprocessing, the algorithm
can choose to select and probe the edges in any order of its choice. We analyze the
following greedy algorithm for the above problem. We use Gr to denote both the greedy
algorithm and the corresponding decision tree. Let @f be the first edge probed by Gr(G, 1).
This means that w,sp,s maximizes w,p, over all edges e. We also use OPT to denote any
optimal strategy for / and also the associated decision tree. It also denotes the weight of

the matching produced by OPT when executed on 1.

Algorithm 1 Greedy Algorithm Gr(G, t):
I: M —E. M« @.
2: while £’ # @ do
3: Choose an arbitrary edge e = uv € E’ which maximizes w,p,.
Probe e and add e to M if e is found to be present.
If e € M, then set each of ¢, and ¢, to be zero; else decrement ¢, and ¢,.
Remove e from E’.
Remove any edge in E’ incident at u (v) if ¢, (¢,) equals zero.
8: Rationalize(G, 1).
9: endwhile
10: Output M.

A

To analyze the performance of Gr(G, t), we study the following two algorithms ALG and
ALGy introduced and defined as in [Adal 1] to work on instances I, and I respectively.
By an af-probe (a-probe or S-probe) of OPT (G, t), we mean probing edge af (probing

edge ay for some y # 8 or probing edge ¢y for some ¢ # ).

The algorithm ALG; mimics the execution of OPT(G, t) except that it replaces each af3-
probe, each a-probe and each -probe by an appropriate coin toss. That is, whenever
there is such a probe (at a node x of OPT(G,t)) of an edge e incident at either a or 8 or
both, a coin with bias p, is tossed. With probability p., ALG; mimics the left subtree of

x and with probability 1 — p, it mimics the right subtree at x. Obviously, ALG/ is a valid
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strategy for the instance /7. If S is the random variable denoting the total contribution of
the omitted probes in an execution, then it is easy to see that E[OPT (G, )] = E[ALG.] +
E[S.]. Similarly we define ALGg. Here the algorithm ALGg mimics the execution of
OPT (G, ) by replacing each af-probe, each ¢ a-probe and each t,g' B-probe by flipping
a coin of suitable bias. As before it is easy to see that EfOPT (G, t)] = E[ALGg] + E[Sk],
where S is a random variable which denotes the total contribution of the probes omitted

by ALGx.

Before proceeding further, we introduce some definitions and notations. We use W, to
denote the contribution that a a-probe (if any) makes to the weight of the solution that
OPT (G, t) produces. We use W to denote the contribution that a ¢ a-probe (if it hap-
pens) makes. W;g and W;f are similarly defined. We use O, to denote the event that
OPT(G,t) probes af; and O_QB to denote the complement of event O,5. We also use

OPTf,”y (y # @) to denote the event that OPT(G,t) probes avy in the #,-th a-probe. It

follows that

E[OPT] = E[ALGg] + E[Sk] (2.1)
= E[ALGR] + Pr(Oup)ELS r|Oag]

+ Pr(Oup) (EIW [Oup] + EIW,[O0p)

E[OPT] = E[ALG,] + E[S,] (2.2)
= E[ALG.] + Pr(O.)ELS 1|04

+ Pr(Oup) (EIWalO4g] + E[W5lOupl)
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Multiplying (2.1) by (1 — p,p) and (2.2) by p,z we get

E[OPT]
= papElALGL] + (1 — pop)E[ALGR] + Pr(Oyp) (Pa/sE[S £lOgp] + (1 - paﬁ)p(xﬁwaﬁ)
+ Pr(Oup) (PapBLWalOugl + (1 = pap)ELIW [Oapl)

+ Pr(Oup) (PapBIWsIOas] + (1 = pog)EIWY [Oap]) (2.3)

Auxilliary Graph J: Recall our assumption that w, < 1 for each e. Now, for the sake
of the analysis, we define an auxiliary instance J which is the same as the original input
I except that edge weights are z, = 1 — x, where x, = p,w, for each e. Define p,,;, =

min,cg p.. The following observation plays a role in the lemmas that follow.

Observation 1. For any edge e € E, w, + pz“_ < pl_ .

First, we obtain the following lemmas whose proofs are provided later.

Lemma 4.
1-x, _ E(Wo(J)|Os
( ”)E(W;a(moaﬁ) < 2WelDiOw)
xaﬁ min
Lemma 5.
—_— —_— Py
PapE(Wo(D]Ogp) + (1 = pap) B(W(D]O0yp) < p—é (2.4)

An analogous inequality involving vertex S also holds.

Pap
Pmin

N

PapBWs(DIOup) + (1 = pap)B(W; (D Oup) (2.5)

We observe that wogpog = Pmin. Also we have E(S1]|0.5) <2 < zwlfﬂ.

p22 -approximation algorithm.
min

Theorem 2. The greedy algorithm is a
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Proof : We prove the theorem by induction on the number of edges in G. The base cases
of induction would be all those graphs G with u(G) < 1 where u(G) is the maximum size
(= the number of edges) of any matching in G. It is easy to verify that for each of the base

cases, Gr(G, 1) is itself an optimal strategy. Our inductive hypothesis is that the greedy

algorithm is a 2 -approximation to the optimal strategy for all graphs on a lesser number

lel

of edges. Using (5.3), (2.4) and (2.5), we have

E[OPT(I)] < posE[ALGL] + (1 = pop)E[ALGR]

pa,B af
+ Pr(Oup) (PopELS 110ug] + (1 = pogp)PapWap) + Pr(Oup)—5—
< PopEIALGL] + (1 — pup)E[ALGR]
2p(21 W, 1 — Pyq aBWq (1 W
+ POy f B +( Pp/;)pﬂ 5 Pr(Oaﬁ) ﬁ B
202Wap (1 = Pap) PapWe
< PupBEIALGL] + (1 — pop)E[ALGR] + —2—— + pﬁ pop
zpaﬁwaﬁ
< paﬁE[ALGL] + (1 - paﬁ)E[ALGR] + )

min

Using the last inequality and applying the inductive hypothesis to the smaller graphs, it
follows that (with OPT (I;) (OPT (Iy)) representing the weight of the matching produced

by an optimal strategy for I; (Ig))

E[OPT(I)] < poEIOPT(I.)] + (1 — p.g)BIOPT(Ig)] + paﬁ op
< 2po{ﬁE[Gi”(IL)] + —2( Pop) E[Gr(IR)] + —p ap 7o
511}1 min min 2
< 5 [paﬂE[Gr(IL)] + (1 = pop)EIGr(IR)] + paﬁwaﬁ] = TE[GI’(I)]

It now follows from the recursive definition of the performance of a strategy that the

greedy strategy is a 2 approximation to the optimal strategy. u

lel

It only remains to prove Lemmas 4 and 5 and the proofs are presented below.
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2.3.1 Proof of Lemma 4

M»—

R W (1)[0p]
Xap VB Xap

N

y#B @y

1

N

DPmin o

E[Ws (N)l0w] _ E[Wa

— Xop t
—WrxypayPr(OPT " |0&ﬁ)

1 —x,
Z —yW(zyp(zyPr(OPTt |0(1ﬂ)

(1 - xay)payPr(OPTta |0(lﬂ)

(D041

Pmin

Pmin

The first inequality follows since —* is a decreasing function of x in (0, 1] and x,; is the

highest.

2.3.2 Proof of Lemma 5

For each y # B, let E,,, denote the event that ay is probed and the outcome is successful.

We have PapBIWo(D]O0us] + (1 = pap)EIW ()| Onp]

N

N

min
p(lﬁ

min

= Pop Z (Way + 1 p_m.:ﬂ’) Pr (anlo_(tﬁ))

Y#B

N

PapBIWo(D]|0yp] + —=E[Wo(J)|O4p]

N

pa,B

ZPr(an|0_aﬁ)]  Pw

Pmin Pmin

¥#B
The second last inequality follows from Observation 1.
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2.3.3 Proof of Observation 1

We have
W, + 1- Xe < I- Xe + We Pmin < I+ WeDPmin — WePe < 1
Pmin Pmin Pmin Pmin
The last inequality follows as p,., < pe. ]

2.3.4 Proof of Lemma 1

For each n, let G,, denote the graph G = (V, E) where V = {u,v,ay,...,a,,by,...,b,} and
E={(u,v)}U{u,a):1<i<nfu{v,b):1<i<n} Letw,, =Wand p,, =1-— %
Let p = poin = # and define W by W'p = W(1 — 1/n)?. Let p, = p and w, = W’ for
every e # uv. Let u and v be both have a patience parameter of n + 1 and let each of a;’s
and b;’s have a patience parameter of 1. The expected weight of the solution produced
by the greedy algorithm can be shown to be at most W(1 — %) +2W' (1 -1 -p))/n <
w (1 - i + \%) = W[1 +o0(1)]. Now consider the strategy which first probes each of the n
edges (u#, a;) and then probes each of the n edges (v, b;) and then probes uv. The expected

weight of the solution of this strategy is at least 2W’ (1 — (1 — p)") = 2W /n[1 —o(1)]. =

2.4 A vertex-wise greedy variant

GRD-VW is one variant that naturally comes to one’s mind and this also does not possess
a good approximation ratio. This variant tries to be greedy vertex-wise. That is, it first
computes for each vertex v a value m, which is computed as follows. Let o = (ey, ..., ;)
be an optimal ordering (sorted in decreasing weights w,) of the ¢, heaviest (in terms of
expected individual contributions w, p, one obtains if probed) edges incident and available

(for probing) at v. m, denotes the expected contribution one obtains by probing edges as
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per o. It can be easily computed using the expression provided below. GRD — VW
then chooses a vertex u for which m, = max, m, for probing incident edges. Here, ¢,
and d, are the current values of v’s patience and its degree. It can be verified that m, =
Di<t, WiDi (H <il=p j). A formal description of the algorithm is presented below. As

before, the graph contains only edges joining vertices with positive patience values.

Algorithm 2 GRD-VW MG, (G, t):
I: ' —« E.M « .
2: while £’ # @ do

3: Choose any vertex # which maximizes m,
4: Let o, = (e1,...,e,), ej = (uv;), denote an optimal order of edges available for
probing.

5: je 1.

6: while j <#,and 7, > 0 do

7: Probe ¢; and add e; to M if e; is found to be present.

8: If ¢; € M, then set each of 7, and 1, to be zero; else decrement 7, and ¢, .

9: Remove e; from E’. Increment j.
10: Remove any edge in E’ incident at u (v;) if 7, (,;) equals zero.
11: Rationalize(G, 7).

12: endwhile
13: endwhile
14: Output M.

The following theorem establishes a lower bound on the worst-case approximation ratio
of the greedy variant MGr(G,t) thereby establishing that the approximation ratio can
become unbounded even if we restrict ourselves only to unweighted instances. This is
in contrast to the edge-wise greedy heuristic which was shown to have an approximation

ratio of 2 for unweighted instances.

Lemma 6. There exists an infinite and explicit family {(G,,t,)},>1 of unweighted input
instances such that the expected size of the solution obtained by MGr(G,,t,) is smaller

than that of an optimal strategy by a multiplicative factor of nearly Q (L) where pax =

Pmax

max, p,.

Proof of Lemma 6 : For each n, let G, denote the graph G = (V, E) where

V={uay,...,a,,by,...,b,}; E={u,a;):1<i<n}U{(a,b;):1<i<n}
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Let p = p(n) be any function such that p — 0 and p = w(%). Define g = ¢g(n) := 27”.
Also, let pq, = q for each i, and p,, ;) = p for each i. We note that p,,, = p. Let u
have a patience parameter of n and let each of ¢;’s and b;’s have a patience parameter of 1.
Consider the strategy which probes each of the n edges (a;, b;) and outputs the resulting
matching. The expected size of the solution to this strategy is exactly np. Hence the

expected size of any optimal strategy is at least np.

We now analyze MGr(,). Notice that
m, =1~ (1~¢q)" =nq-0(ng’) =2p - 0(p?)

and m,, = my, = p for each i. Hence m, > m, for each v # u. Without loss of generality,
assume that MGr(,) probes edges in the order (uay,...,ua,). Using MGr to denote the

size of the solution produced by MGr(G, t), we have

n—1

D -gq(l+@m—j-1p)

J=0

E[MGr]

n—1
= 1-q —q)"+Z(n—j— H(1 - g)'pq

=0
n—1
= 1-(1-¢)"+pg(l-g"" [Z Ja - q)")
=0
n pr (A=) =n(1 =)™ + (n—D(1 —g)""
= 1-(1-g\"+pg(l - ) 1( 4 L d
g°(1-¢q)
n (1-¢)"-n(l-¢)+(n-1)
= 1-(-9 +p( — )
" 1-ng+0((ng)>)—n+ng+n-1
= 1-(1-9 +p( (Rl i {
q
n
= 2p-0(p) +5-0(p") = O(mp’)
Hence the ratio % = Q(p~') where p = puar. This establishes the lemma. ]
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2.5 A generalized greedy variant

Proof of Lemma 3 : For each n, let G, denote the graph defined in the proof of Lemma
6 with the same patience values and edge probabilities except that we redefine p and
q as follows. Define p = p(n) = % It follows that p — 0 and p = a)(%). Define

q=qn) = 27”. It follows that ng — 0. As shown before, the expected size of any optimal

strategy is at least np.

We now analyze Gr(, ). Recall our assumption that k divides n. Notice that
m, =1~ (1-q) =kq-0((kg)*) = 2p - O(p*)

and m,, = my,, = p for each i. Hence m, > m, for each v # u, as long as u has at least k
un-probed edges incident at it and hence Gry() will pick k of these edges and probe them
consecutively. Since k divides n, this means that Gri(,) will probe all edges incident at
u and stop with that. Without loss of generality, assume that Gry(,) probes edges in the
order (uay, ...,ua,). Using Gry to denote the size of the solution produced by Gri(G, 1),

we have (as shown before)

ElGn] = 1-( —q)”+1?((1 il 1))

q
1—nq+®((nq)2)—n+nq+n—l)

q
ng - 0((ng)*) + IQC Q) = Ok

:14vmup(

Hence the ratio E[(I)EI[)CT;S];J)] = ®(k*ril+)2€) = @(kl_f) — o0 as n — oo. This establishes the

lemma. u
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2.6 Remarks

We analyzed some variants of greedy heuristic for both weighted and unweighted stochas-
tic matching instances. The following observations are relevant in this context and the last

question should be addressed to gather a better comprehension of greedy heuristics.

e For the greedy heuristic Gr(,) applied to weighted instances, the upper and lower

bounds on the worst-case approximation ratio still differ by a multiplicative factor

of pl_ . It would be interesting to reduce this gap and obtain a tight upper bound on

min

the worst-case ratio.

e The assumption that k divides n can be weakened to n (mod k) = O or n (mod k) >

(% + &)k for some fixed & > 0.

e The multiplicative factor ®(k'~€) in the statement of Lemma 3 can be improved to

@(f) where w = w(n) is any sufficiently slow-growing function satisfying w = o(k).

e The assumption of k& — oo in the statement of Lemma 3 can be removed with a
corresponding replacement of the term ®(k'~€) by a suitable function f(k) (where
f(k) — oo obviously if kK — o0). This establishes that Gr; is worse than an optimal

strategy by a factor of at least f(k).

e Does there exist (for every fixed k(n)), a function g(k) such that Gry(,) produces a
solution whose expected size is within a multiplicative factor of g(k) from that of
an optimal solution (for all instances). In particular, we conjecture that for every
¢ > 1, there exists a value g(c) such that Gr.(,) is a g(c)-approximation algorithm

for unweighted instances. We know that g(1) = 2 from the work of [Adall].

27



28



Chapter 3

Approximation algorithm for Online

Stochastic Matching

3.1 Introduction

Bansal et al. [BGL"10] introduced this online version. It models the sale of items from
a set A to buyers arriving in an online fashion. Each buyer has to be processed before
we consider the next arriving buyer. The processing of each buyer involves showing a
select subset of items in some order until the buyer likes an item (if it happens) in which
case both the item and the buyer are removed from the picture. To each buyer, we can
associate a type/profile and the type characterizes (i) the patience t,, (ii) probability p.,
that a buyer of type b buys item a, and (iii) w,;, the revenue generated if it happens. The
type of each arriving buyer is independently and identically distributed over the set B
of types. Here, the buyers arrive online. The number of buyers that are going to arrive
is known to the algorithm. The goal is to design an efficient online algorithm which
produces a matching whose expected revenue is as large as possible. The performance of
the algorithm is compared with the expected revenue from the matching produced by an

optimal strategy. [BGL"10] presents a 7.92-approximate algorithm for this problem. We
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propose and analyze a 5.2-approximate algorithm for the same problem.

3.2 Preliminaries

We use a randomized rounding procedure in designing the approximation algorithm for
online stochastic matching. This randomized rounding procedure was introduced by
Gandhi et al. [GKPS06]. We call it GKPS rounding for short. We describe below the
main properties of GKPS rounding scheme. We denote by d(u) the set of edges incident

on vertex u.

GKPS Rounding Scheme: We list below the main properties of the dependent rounding

algorithm given by Gandhi et al [GKPSO06] that will be useful for the present problem.

Theorem 3. [[GKPS06]] Let (A, B; E) be a bipartite graph and z, € [0, 1] be fractional
values for each edge e € E. The GKPS algorithm is a polynomial-time randomized
procedure that outputs values Z, € {0, 1} for each edge e € E such that the following
properties hold:

P1. Marginal Distribution: For every edge e, Pr(Z, = 1] = z,.

P2. Degree Preservation: For every vertexu € AUB, 3 .cou Ze € {L 2ecou) Zeds [ 2iecowu) Ze 1}-
P3. Negative correlation: For any vertex u and any set of edges S C 0(u) : Pr[ )\ e5(Z. =

D] < [lees PrlZ. = 1].

3.3 Approximation algorithm

The Online Stochastic Matching problem models the problem of maximizing the revenue
from the sales of a set of items to buyers coming in an online fashion. This problem
was introduced and studied by Bansal et al. in [BGL*10]. The problem is described
below. Let (G = (A, B, AX B), {Pub}aca beB> 1€b}pep) be the random model underlying actual

online arrival of the buyers and their preferences. The additional input to the algorithm
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1S ({Wap)acanens {tp}rep). A 1s a set of items with exactly one copy of each item and B is
a set of buyer types/profiles. For each buyer of type b € B and item a, p,, denotes the
probability that such a buyer buys the item a and w,;, denotes the revenue generated if a
is sold to this buyer. Each buyer of type b has a patience for at most ¢, probes, that is,
she will consider at most #, distinct items shown one by one. The buyer buys the first
item she likes or leaves without buying any item. There are n actual buyers who arrive
and the type of each buyer is identically and independently distributed over B with e,
denoting the expected number of buyers of type b and >}, ¢, = n. As in [BGL*10], by
duplicating buyer types, we assume without loss of generality that there are n different
buyer types and the expected number of buyers of each type is 1. Let the actual graph
that defines the input for a particular run of the algorithm be G = (A4, B, A x B). In this
graph the probability associated with any edge (a, b) is p,, and weight is w,;, provided b
belongs to type b. An optimal algorithm for this problem is an adaptive strategy (possibly
randomized) for probing the edges incident at arriving buyers, for which the expected

revenue is maximum. We denote this maximum by OPT(G), or shortly OPT.

To maximize the expected revenue from G we solve the LP written below for the expected
graph G as defined before. Then we use the LP solution to guide the choice (of items to

be shown) for the first buyer of each type and ignore the later arrivals of buyers of same

type.
maximize Z Xap - Wap Subject to
a€A,beB
D xp<1VbeB
acA
Zxab<1VaeA (3.1)
beB
Z Yab S 1p VbeB
acA

Xab = Pab * Yabs Yar € [0,1]1Ya € A, Vb€ B

Let LP(G) denote the optimal value of the above LP. The following bound was established
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in [BGL"10].

Lemma 7. [Lemma 11, Lemma 13 of [BGL*10]] OPT(G) < LP(G).

We combine some of the salient features (like GKPS rounding) of the offline algorithm
with some salient features (like ignoring 2nd or later arrivals of any buyer type) of the
online algorithm of Bansal et al., [BGL*10] to get a new algorithm (see Algorithm 2) for
the online stochastic matching problem. This also required us to introduce a new ordering
which combines the random ordering of online arrivals with a chosen random ordering
of items. Analyzing the new algorithm, we obtain the following improved result. This

improves the approximation ratio from the previous one (from [BGL"10]) of 7.92.

Theorem 4. There exists an adaptive and randomized strategy for the online stochastic
matching problem which produces a matching whose expected cost is at least LP(G)/5.2.

Hence, we get a 5.2- approximation algorithm for this problem.

Algorithm 3
1: Choose uniformly a random ordering 7 of the items in A.
(x,y) « optimal solution of the LP on the expected graph G.
9 < round y to an integral solution using GKPS rounding.
E — {ely, = 1}.
When any buyer b (of type b) arrives do
if b is the first arrival of type b then
One by one offer (as per 7) each item i € {a|(a, b) € E} that is still unsold
until either an item is bought by b or its patience is exhausted.
8: else
. Ignore b.
10: end if

A o

Notations : Throughout this section, we employ the following notations (with the stated
meanings) for the sake of keeping the mathematical expressions simpler. Let A denote an
event, w a random choice and Y a random variable. By E,(Y) we mean the conditional
expectation E[Y|A]. By E,(Y), we mean the expectation of ¥ = Y(w) with respect to the

choice w.

First, we give an informal description of our algorithm. It combines ideas from the ap-

proximation algorithms (proposed by Bansal et al. in [BGL*10]) for both the offline and
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online stochastic matching problems. We initially choose uniformly randomly an order-
ing 7 of all items. After solving the above stated LP, we apply the randomized GKPS
rounding procedure [GKPS06] (which is described below) to obtain an integral solution
(the set of edges which are likely to be probed). Let £ denote this set of edges from E.
As in [BGL*10], we focus only on the first buyer of any type and ignore later buyers of
the same type. For each first arrival of a buyer of type b, we try to probe edges from E
that are incident at b as per the order 7 of the corresponding items until either an item is

bought by the buyer or its patience is exhausted.

Let B’ C B denote the random subset of buyer types represented at least once in the actual
online arrivals of buyers. Conditioned on a given value of B’, the order n induced by
the first buyers of different types b € B’ is uniform over B’. We combine 1 over (buyer
types) and 7 (over items) to define a lexicographic order v (first compare with buyer types
and then with items) over edges of £. v will play a role in bounding (from below) the
expected revenue that the first arrival of a buyer of type b contributes. Note that 7 and n

are independent of each other.

Given e = (i,b), B’ and E such that b € B and e € E, we use 0g(b, e) to denote the set
of edges f € E which are also incident at b. Similarly, we use (i, ¢) to denote the set
of edges f € E involving types from B’ and which are also incident at i. We use dz(e)
to denote the union (b, e) U dz(i,e). Let B(e,v) C dz(e) denote the set of those edges
which precede e in the ordering v. Also, let B(e, n7) denote the set of those edges in B(e, v)
which are incident at i. Similarly, we let B(e, ) denote the set of edges from B(e, v) which
are incident at b. For any particular type b, we denote by A, the event that a buyer of type
b arrives at least once. We first obtain a lower bound on Pr[e is probed | e € E, A,] as

stated in the following lemma.

Lemma 8. For an arbitrary type b and an arbitrary edge e incident at b,

E, .

Pr (e is probed | e € E, Ab) > Epepect

[Ta-poi8.E

feB(e,y)
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Proof. Given a choice of B” and E such that b € B and e € E, e will be probed if, for
each f € B(e,v), f is absent (irrespective of whether f was probed or not). Therefore
Prle is probed | B,E] > E,[ l—[ (I=pp | B',E]. Now, considering expectation over

f€eB(ey)
the random choices determining B’ and E, we obtain the desired inequality. O

Before analyzing the new ordering v, we introduce some definitions and some useful facts

established in [BGL*10].

Definition 2. Let r and p,... be positive real values. Denote by n(r, pay) the minimum
value of [1i.;(1 — p;) subject to the constraints Y\, p; < r and 0 < p; < Ppax for i =

1
1...,t. Also, let p(r, puax) be defined by p(r, prax) = f n(xr, Xppax) dx.
0

Lemma 9. [Lemma 5, Lemma 7 of [BGL*10]] Let r and p,.. be positive real values.
Then,

L. n(r, ppax) = (1 - pmax)l-p'"ﬁj(l - (r- Llﬁjpmax)) > (1- pmax)(’""#)-

2. p(r, pmax) is convex and decreasing on r.

3. p(r, Piax) > r-l—p#ax(l - _pmax)Hp'”ﬁ) > 1 (1—-e™).

r+Dmax

The following lemma follows from the proof arguments of Lemma 6 of [BGL"10].

Lemma 10. For any edge e = (i, b) and for every given B’ and E such that b € B’ and e €
E, let o be a random ordering of edges in 0p(b, e) (or 0¢(i, e)). Let pyax = maxseppy. Let

B(e, o) denote the set of edges in 0;(b, e) (or 0¢(i, e)) which precede e in o. Let r be de-
1

ﬁned by r= Zfeﬁé(b,e) Py (orr = Zfer')é(i,e) pf) Then Ea’[ l—[ (1 - Pf) | B” E] > fn(xr’ xpmax) dx.

fe€B(e,0) 0

Using the above lemma, the following lemma analyzes and establishes a corresponding

lower bound on the expectation (with respect to the new ordering v).

Lemma 11. For any edge e = (i, b) and for every given B’ and E such that b € B’ and
ec E’ Ev [erB(e,v)(l - pf) | B', E] > p(rlapmax)p(r% pmax) where
r = Zfe[)l;(i,e) pr and ry = Zfet’)l;(b,e) Pr-
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Proof. We have

B[] a-ppIB.E| = E [ [ (1—pf>][ [ (1—pf>] |B.E
feB(e,y) | \feB(e,n) feB(e,7)
= B | [ A-ppIBE|-E| [| A-ppIB.E
LfeB(e.n) feB(e)

\%

P(”la pmux) : P(”za pmax)

In the above derivation, the second equality follows from the observation that the random
orderings of edges of dz(i, ) and dz(b, e) are independent and depend respectively only
on the orderings n and 7. The inequality follows from applying Lemma 10 to the two

expectations in the previous line. O

We also need the following lemma.

Lemma 12. o(ry, piax) - P(r2, Pmax) IS convex.

Proof. We know that the product of two nonincreasing convex functions on R is a convex
function on R [BV04]. We know from Lemma 9 that both p(r|, pa.) and p(r2, puay) are

convex and decreasing. Hence po(71, piax) - P(F2, Pmax) 1S cONVEX. O

The following lemma is similar to Lemma 9 of [BGL*10] and plays a role in our analysis.

The asymptotics o(1) is with respect to n.

Lemma 13. For some € = e(n) = o(1), for every sufficiently large n, for every edge

e = (i, b) in the expected graph,

— 1
EbeB',eeE[ Z pr|l S (1 - —+ E) (3.2)

feop(i.e)

EbeB’,eeE[ Z prl < 1 (3.3)

feﬁE(b,e)
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Proof. We only prove Inequality (3.2).

Z Pr()’ € B |be B)-Prly; = 1|y, =1]-p;

EbeB’,eeE[ Z Pr

fedie) f=Gb")
1 .
< |[1--+¢€ ( Z Priy; = 1] ~pf] by P3 of Theorem 3
¢ f=@p")
1
= ([I1-—+€ ( Z yf-pf] by P1 of Theorem 3
¢ =)
1
< |1 - -+ €| by Inequality (3.1)
e
Similarly Inequality (3.3) is proved. O

In the next lemma, we analyze the performance of Algorithm 2 with respect to the objec-

tive value of LP(G).

Lemma 14. For some € = €(n) = o(1), the expected revenue of Algorithm 2 is at least

(1 - %) p(l - % + e’pmax) 'p(l’meX) : LP(G)

Proof. We use some of the notations from [BGL*10]. For any type b, let R, denote the
revenue generated by the first buyer (if any) of type b. The algorithm ignores later buyers

of this type and hence gets no revenue from these buyers. We have

1
E[R,] = E[R,|Ap]-Pr(A,) > (1 - ;)E[Rb | Ayl (3.4)

E[R, | Ap] - pap - Pr(ab is probed | Ap)

Il
[
N

- pay - Pr(ab € E | A,) - Pr(ab is probed | Ay, ab € E)

I
]
s

S

- Pab * Yab - Pr(ab is probed | A,, ab € E)

Il
[
N

- Xz, - Pr(ab is probed | A,, ab € E) (3.5)

I
g
=
S
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where we have (by applying Lemma 8)

Pr(abis probed | Ap.ab € E) > Eyep i |Es

[[a-pp18.E

feB(e,y)
EheB’,abeE [p(rl d pmax) : P(”z’ pmax)] applylng Lemma 11

Vv

Vv

p(E[r|beB.abeE|. pu)-

p(E[r:|beB.abe . pua)

WV

1
p(l - Z + E’pmax) 'p(l,pmax) (36)

In this derivation, we have applied multivariate Jensen’s inequality for convex functions
and also Statement (2) of Lemma 9. Combining equalities and inequalities 3.4, 3.5 3.6,

we obtain the following lower bound on the expected revenue produced by the algorithm.

1 1
ZE[RZJ] > (1_Z)'p(l_Z+69pmax)'p(lapmax)'[ Z Wab'xab)

acA,beB

= (1 - l)p(l _é+€’pmux)'p(1’pmax)'LP(G)

e

From Lemma 7 and Lemma 14, we geta (1 — %) -p(1 = % + €, Pimax) * P(1, pmax)-factor
approximation for the online stochastic matching problem. We note here that the worst
case approximation ratio which occurs at p,,,, = 1 is at most 5.2 and this establishes

Theorem 4.
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Chapter 4

Approximation of MIS for B{-VPG

graphs

In this chapter, we present an efficient approximation MIS algorithm for B;-VPG graphs,
with an improved O((log n)?) approximation guarantee. It applies the divide-and-conquer
paradigm to reduce the given instance into three subinstances and recursively solves each

of them.

4.1 Preliminaries

The reason why we focus only on intersection graphs formed by geometric objects of
shape “L” is that the other three shapes can be obtained by rotating the plane by 90, 180
and 270 degrees in the clockwise direction. The four shapes are denoted by ., 1,", ™.
Henceforth, we use [ to denote a geometric object with one of these four shapes. Also, for
ease of further discussion, we specifically use L to denote a geometric object with shape

L.

In view of the rotational symmetries, any algorithm which solves MIS (exactly or ap-
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proximately) over L-graphs can also be suitably adapted to solve MIS (with the same

performance guarantee) over B;-VPG graphs. We get the following as a corollary :

Lemma 15. If there exists an efficient algorithm A for solving MIS over L-graphs with
a performance guarantee bounded by a(n), then there exists an efficient algorithm B for
solving MIS over B1-VPG graphs, with a performance guarantee at most 4a(n). Here, n

stands for the size of the input for both algorithms.

Proof. The algorithm B works as follows. Given a B;-VPG graph G = (V, E), we decom-
pose G into four induced subgraphs Gy, ..., G4 formed by objects of each specific shape.
We apply algorithm A to G; to get an approximate MIS /;, for each j. Algorithm B then

outputs any /; such that |[;| = max;|[}|.

If I* denotes a MIS in G and I; denotes a MIS in G; (for each j), then it follows that
max |I;f| > max; |[I* N V(G;)| > |I"|/4. If I; denotes the approximate solution obtained A

for G;, then |I;| > |I;f|/a/(n) and hence max;|[;| > |[I"|/(4a(n)). O

This lemma explains why it suffices to focus only on L-graphs. Henceforth, for the rest

of this chapter, we focus only on L-graphs.

The intersection point of the two sides of an L is defined as the corner of the L and is
denoted by c;, the tip of the horizontal arm is denoted by 4, and that of the vertical arm
is denoted by v;. For an object L, we use (cx, ¢y, hx, vy) to denote respectively the x-
and y- coordinates of c¢;, the x- coordinate of /; and the y- coordinate of v;,. This 4-tuple
completely describes L. The set of points constituting L is denoted by P; and is given by
P ={(x,cy) : cx <x<hx}Ul{(cx,y) : cy <y < vy}. We say that two distinct objects
L, and L, intersect if P;, N Py, # @. L, and L, are said to be independent if and only if
they do not intersect. A set of L’s such that no two of them forms an intersecting pair is
said to be an independent set. Suppose two objects L; and L, are such that L.cx < L,.cx

and L,.cy < L,.cy. Then we say that ¢;, < cy,.
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When the length of the vertical side of an L is equal to the horizontal side of an L we say
that it is equilateral. Since for equilateral L’s the length of the horizontal side is equal to
that of the vertical side, we simply use le(L) to denote the length of the horizontal side as
well as the vertical side. All logarithms used below are with respect to base 2. We denote

aset{l,2,...,n} by [n].

4.2 MIS Approximation over L-Graphs

MAaXIMUM INDEPENDENT SET IN L-GRAPHS

Input: A set Sof L’s

Output: a set I C S such that [ is independent and |/| is maximized.

The decision version of this problem is NP-complete (see Theorem 7). The decision ver-
sion corresponds to determining, given a L-graph G and an integer k > 1, if G has an
independent set of size k. Below, we present approximation algorithms for the optimiza-

tion version stated before.

Before proceeding further, for the sake of keeping the arguments simple, we introduce an
assumption which is stated in the following claim and which is formally justified in the

next chapter.

Claim 1. Without loss of generality, we can assume that

(i) Ly.cx # Ly.cx and Ly.cy # L,.cy for any pair of distinct Ly, L, € S;

Definition 3. For a sorted sequence x| < x, < ... < x, of distinct reals, we define its

median to be the x..1 if nis odd or the average of xz and xz,, if n is even.

2

Our approach is broadly to divide and conquer. We sort the objects in § in increasing
order of their L.cx values. Define x,,, to be the median of this sorted order. Then, we

compute the sets S, S, and S|, defined as follows.
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S1:={LeS8S : Lhx < Xpeq}.
Sy = {L €S : Lcx> xmed}-

Sn:={LeS : Lcx < Xpq < L.hx}.

The sets S,S, and S, form a partition of S. Also, any pair of L; € S1,L, € S, are
independent. The problem is solved by applying the recursive Algorithm IndS et1 pre-
sented below. This algorithm (on input S) computes the partition S = §; U S, U S 5.
Then, it recursively computes an approximately optimal solution for each of S| and S,
and computes their disjoint union. This is one candidate approximate solution. Then, it
computes an approximate solution to the instance with S, as its input using Algorithm
IndS et2, which is also a recursive procedure. This is another candidate approximate so-
lution. IndS et1 then compares the two candidate solutions and outputs the one of larger

size.

Now we give an outline of how Algorithm /ndS et2 works. Note that the input to /ndS et2
is a set S, satisfying : for each L € §,, its horizontal arm intersects the vertical line
X = Xpueq- We refer to this class of graphs formed by such sets (with every member
intersecting a common vertical line) as vertical L-graphs (a formal definition is provided

in the next chapter also).

This algorithm (on input T forming a vertical L-graph) is essentially Algorithm IndS et1
except that we use L.cy and L.vy values in place of L.cx and L.hx values to sort the L’s,
compute the median y,,.,; and also for computing the partition 7 = T; UT, U T}, in a way
similar to how IndS et1 computes S 1, S, S 1. Precisely, the sets T, T,, T, are defined as

follows.

T, ={LeT : Lvy < Ymed}-
th:={LeT : L.cy> Yne}

Ty, ={LeT : Lcy<Ynea <Ly}
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The set Ty, is a set satisfying : the horizontal and vertical arm of each member intersects a
common vertical line x = x,,,; and a common horizontal line y = y,,.; respectively. It turns
out (as established below in Lemma 16) that intersection graphs of such sets is a subclass
of co-comparability graphs (complements of comparability graphs) and hence a MIS can
be computed exactly and efficiently over such graphs (see [Gol0O4]). This is one candidate
solution for G[T]. Approximate independent sets are computed recursively for each of the
two sub-instances specified by 7 and 7, and their disjoint union is also computed which
forms another candidate solution. As before, we compare the two candidate solutions and

output the better one.

Algorithm 4 IndSet1
Require: A non-empty set S of L’s.
1: if |S| < 3 then
2:  return Compute and return a maximum independent set /g of S
3: else
4 Compute x,,.; and also the partition § =S, U S, U S 5.
5:  Compute IndSet1(S1) U IndS et1(S,) and also IndS et2(S ).
6
7

Return /5 defined as the larger of the two sets computed before.
end if

Algorithm 5 IndSet2
Require: A non-empty set 7" of Ls satisfying : for some vertical line x = a, each member
of T intersects x = a.

1: if |Y] < 3 then
2:  return Compute and return a maximum independent set Iy of Y.
3: else
4 Compute y,,.; and also the partition ¥ = Y; U Y, U Y,.
5:  Compute J,ion = IndS et2(Yy) U IndS et2(Y>) and also
6
7
8:

Compute a maximum independent set J7, of Y,.
Return Jy defined as the larger of the two sets computed before.
end if

The following lemma justifies how Step 6 of IndS et2 can be implemented efficiently.

Lemma 16. Suppose S’ is a set of L’s. Suppose there exist a horizontal line y = b and
a vertical line x = a such that each L € S’ intersects both'y = b and x = a. Then, the

intersection graph of members of S’ is a co-comparability graph.

Proof. We begin with the following claim.
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Claim 2. A pair L, L, € S’ is independent if and only if c;, < cy, or vice versa.

Proof. (of Claim) It is easy to see that if either ¢;, < ¢, or ¢;, < c¢r,, then L, and L,
are independent. To prove the converse : Assume that L; and L, are independent. By
Claim 1, Lj.cx # Ly.cx and L,.cy # L,.cy. Suppose that neither ¢;, < ¢, holds nor
¢, < cr, holds. As a consequence, we have one of the following two scenarios : (1)
Li.cx < Ly.cx and Ly.cy > Ly.cy or (2) Ly.cx > Ly.cx and L,.cy < L,.cy. For Case (1),
we have (L,.cx, Ly.cy) € Py, N Pp,. For Case (2), we have (L;.cx, L.cy) € P, N P,. In
both cases, we have used our assumption that both L; and L, intersect the lines y = b and
x = a. In either case, L; and L, intersect and hence are not independent, a contradiction

to our assumption. O

Consider the complement of the intersection graph G formed by members of S’. Its
vertices are members of S’ and there is an edge between two members if and only if they
do not intersect. We denote this graph by G¢. We orient each edge (L;, L,) as follows
: it is oriented as Llj L, if ¢, < c¢r, and as sz L, otherwise. Let E be the resulting
orientation of E. Thus, to prove that G is a co-comparability graph, it suffices to show
thatVL;, L;, L, € S’, the following is true : (L;Lj € EAijLk € E) = (Lika € E). But by
the above claim L;LJ- = ¢, < cr; and L;Lk = ¢, < cg,. It then follows that ¢;, < cg,.
This implies that (L;, L;) is oriented as L[,_) L, by the above claim. This establishes the
transitivity of the orientation and hence G is a co-comparability graph. This completes

the proof of Lemma 16. O

4.3 Analysis of IndSetl and IndSet2

Denote by I* any maximum independent set of S. Similarly, denote by I7,I; and I7,
any maximum independent set of S, S, and S, respectively. Denote by I, I, I, and I,

the independent set produced by IndS et1 when provided with §,S,5, and S|, as input
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respectively.

77,

log|S 12l

Lemma 17. |[},| >

Proof. We use Y to denote the set S 5. Let |Y| = m. Let Yy, Y3, Y1, denote the partition of
Y computed in Step 4 of IndS et(S 12). It follows that |Y|| < 7, [Y2| < 5 and |Y12| < 5 by

our assumption stated in () of Claim 1. We prove the lemma by induction on m.

The base case is when |Y| < 3 or when Y = Y;,. For this case, we can solve the instance
optimally since |Y| is either small or its intersection graph is a co-comparability graph.

This takes care of the base case.

Let J7,J; and , J}, denote respectively a maximum independent set of Y, ¥, and Yy,. Let
Ji,J> and Jj, denote respectively the solutions returned by IndS et2 when the input is
Y1, Y, and Yi,. Since Y}, induces a co-comparability intersection graph, we have |J,| =

|/},|. Recall that /7, denote the maximum independent set of ;. By induction, |/;| >

171 II},NY1]
log(m/2) © logm—1°

|1720Y2\
logm—1"*

|| >

Thus,

I, = max{|Ji2l, [J1] + |2}
|Ii<2 N Yll + |IT2 N Yzl
7 }
ogm—1
|IT2| - |1T2 N Y12|
logm — 1

> max{|1f2 N Y12|,

= max{l]]"z N Y12|,

}

I3,
log S 12|

If I}, N Yy5| > we are done. Otherwise,

|Iikz| - |ITZ N Y12| S |Iikg| - |IT2|/10gm _ |IT2|
logm—1 =~ logm-—1 loglS ol

This establishes the induction step, thereby completing the inductive proof. O

Recall that |S| = .

1|
log?n”

Lemmal8. / >
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Proof. Due to our assumption stated in (i) of Claim 1, we have

IS11< =, 1S20< =, ISl <

NS
NS
NS

Again the proof is based on induction on n. We have the following.

I s

> > 4.1

"7 log(n/2) ~ (logn— 12 @D

L rns
L > |2 2| > | 2| . (4'2)

log*(n/2)  (logn-—1)
From Lemma 17, we have

I rns

Ilz > 12 > | 12| (4.3)
log|S ol logl|S 2

Also, |I| = max{|ls|, || + |L[} 4.4)

1" NSl [ =" NSl
log|S 1| ’ (logn —1)?

> max{ }

The last inequality follows from applying Inequalities (5.2), (5.3) and (5.3).

The base case corresponding to n < 3 follows since we can find a maximum independent

set in constant time.

For an arbitrary n > 3, the inductive argument is as follows : If % > kl; Zln’ the the

. . . . Yalbt
induction step is proved. Otherwise, we have |I* N S 5| < "l;’g#. Thus,

* [7*]1og|S 12|
-1 n Sl M- T
(logn—-1?% ~ (logn— 1)?
w7
S |I| logn
“(logn — 1)

g

S

log” n
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[0S 1o 1|

This proves the induction step for the case when - 5
2 IS 12| log” n

. Hence the proof. O
Lemma 18 establishes an upper bound of (log n)* on the approximation factor of IndS et1
over L-graphs. By combining this observation with Lemma 15, one deduces that MIS
over B;-VPG graphs can be approximated efficiently within an approximation ratio of
4(log n)>. We prove in the next subsection that IndS et runs in polynomial time. This
leads us to the following theorem on approximating a maximum independent set over

B;-VPG graphs.

Theorem 5. There exists polynomial time algorithm which, given a B;-VPG graph G =

"]

Tiog n? where I* denotes

(S,E) (Sisasetof’s), outputs an independent set of size at least

any MIS of G and n = |S].

4.3.1 Analysis of running time

Let s(m) denote the running time of IndS et2(Y) on an input Y of size m. We have s(m) =
O(1) if m < 3. If Y induces a co-comparability graph, then s(m) = O(m?). Otherwise,

s(m) < 2s(m/2)+ O(m?). Unravelling the recursion, we deduce that s(m) = O(m?(log m)).

Let #(n) denote the running time of /ndSet1(S) on an input S of size n. We have #(n) =
O(1) if n < 3. Otherwise, t(n) < 2t(n/2) + s(n/2) < 2t(n/2) + O(n*(logn)). Unravel-
ling the recursion, we deduce that #(n) = O(n*(logn)?). Thus, IndS et1(S) runs in time

O(n*(log n)?) on an input of size n.

4.4 Approximation for equilateral B,-VPG:

MaxmuM INDEPENDENT SET IN EQUILATERAL B;-VPG
Input: A set S of equilateral L’s such that VL € §.

Output: An independent set / € S such that |/| 1s maximized.
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Figure 4.1: The grid is for L’s of type 1 whose length varies within the range 2’ to 2/*!

We call the above problem as MISL. We call an equilateral L a unit L if le(L) = 1. In
Theorem 7, we establish that the decision version of MISL restricted to unit L’s (and
denoted by MIS 1) is NP-Complete. As a consequence, it follows that the decision version
of MISL is also NP-complete. In the rest of this section, we present a new approximation
algorithm for MISL. Before that, we present a claim which can be justified easily. Let
Lnin be the minimum length of any arm in the given set of equilateral L’s. Similarly, /,,,,

denotes the maximum length of any arm.

Claim 3. Without loss of generality, assume that the input to MISL satisfies L,,;, = 2.

Proof. We rescale the coordinates of x-axis and y-axis by stretching both of them by a

multiplicative factor of 2/1,,;,. This makes [,;, = 2. |

In view of Lemma 15 and the assumption of Claim 3, it suffices to focus only on equilat-

eral L-graphs formed by a set S of equilateral L’s where [,,,;,(S) = 2. Define d = Luy/lin-

The algorithm begins by dividing the input set S into disjoint sets S1,S2,...,S10g24]
where S; = {L € S | 2 < le(L) < 2"*'}, Vi € [|log, 2d]]. This split is to exploit the fact
that /,,,/l.in < 2 when the input is restricted to only members of §;, for any i. Using
arguments similar to those employed in the proof of Lemma 15, one gets the following

claim.

48



Lemma 19. Suppose A is an efficient algorithm for solving MIS over the class of equilat-
eral L-graphs satisfying ll’:f < 2, with an approxition ratio at most a(n). Then, there exists
an efficient algorithm B which solves MIS over the class of equilateral L-graphs within a
ratio of « - (log, 2d), where d = ll— for the input instance. It also follows that there exists
an efficient algorithm C which solves MIS over the class of equilateral B,-VPG graphs
within a ratio of 4« - (log, 2d). For each of the algorithms, n stands for the size of the

input.

Thus, it suffices to describe how to obtain efficiently a good approximation of MIS for
each i. Consider any fixed but arbitrary 7 and the corresponding G; = G[S;]. One proceeds
as follows. We place a sufficiently large but finite grid structure on the plane covering all
members of S ;. The grid is chosen in such a way so that grid-length in each of the x and y
directions is 2°. What we get is a rectangular array of square boxes of side length 2/ each.

We number the rows of boxes from the bottom and the columns of boxes from left.

rth 1th

We label a box by (', ¢’) if it is in the intersection of ' row and ¢’ column of boxes.

We say L is inside a box if its corner c; either lies in the interior of the box or lies on one
of the left vertical boundary edge or the bottom horizontal boundary edge. If L lies inside

abox (r,c¢") we denote it by L € (7', ¢’).
We introduce some notations which will be used in subsequent discussions.

Consider a partition of S; defined as follows : For every k,, k. € [3], define
Sik ={Le (@, )| =k mod3,c’ =k mod3}.

Here, for purposes of simplicity, we use 3 in place of 0 in (mod 3) arithmetic. As an
example S, consist of those Ls which belong to boxes indexed by
{4, D, 4,4),.... @D, 44),... (7.1), (7,7),..}.

Thus, we partition input §S; into 9 subsets S, .. In Lemma 20, we establish that the
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intersection graph G[S;; ] induced by S, is a co-comparability graph and hence, by
symmetry, each of the 9 induced subgraphs is a co-comparability graph. Thus, for each
of the 9 induced subgraphs, MIS can be solved exactly in polynomial time. We choose
the largest of these 9 independent sets and return it as the output for G[S;]. Assuming
Lemma 20 (which we prove below) and combining all previous observations, we obtain

the following Theorem 6.

Theorem 6. There is an efficient 36|log 2d |-approximation for MIS over the class of B;-
VPG graphs. Here, d = 1,,,:(S)/1,i(S) is the ratio (defined before) associated with the

instance.

For proving Lemma 20 we introduce some notations. We consider the set S;;; and the
complement of the corresponding intersection graph. We draw an edge between L, L,
if L, and L, intersect. We denote this graph by G(S ;). Below we prove the following

lemma.

Lemma 20. G(S;1,1)¢ is a comparability graph.

Proof. Note that all members of §;;; lie in boxes which are in the intersection of rows
and columns both numbered from {1,4,7,...}. We prove the claim by showing that there
exist a transitive orientation of the edges of this graph. We describe the orientation in
two steps. First, we orient those edges which connect two L’s whose corner lies in the
same box. In the second step, we orient those edges which connect two L’s located in two
different boxes. For the first step, we employ the following claim which is an immediate

consequence of Lemma 16.

Claim 4. 5 Suppose L, and L, are two members such that |L,.cx — L,.cx| < 2' and

|Ly.cy — Ly.cy| < 2'. Then, Ly, L, are independent if and only if c;, < ¢y, or vice versa.

Orientation : Let L; and L, be two arbitrary members of S,;; joined by an edge in

G(Si,l,l)c-

50



(i) If L, and L, are lying in a common box, we employ Claim 4 and orient it from L,

to L, if ¢;, < ¢y, and from L, to L, otherwise.

(ii) Suppose L, and L, lie in different boxes in the same row and let Li.cx < L,.cx

without loss of generality. We orient the edge from L, to L,.

(7ii) Suppose L; and L, lie in different rows and let L,.cy < L,.cy without loss of gener-

ality. We orient the edge from L, to L,.

. . . . %
If the orientation of an edge (L;, L) is from L; to L,, we denote it by (L, L,).

We prove that this orientation is transitive. We prove it by performing a case analysis.
% . . . . . .
For an edge (L, L,), we call it h-oriented if vertices L, and L, lie in the same row and
we call it v-oriented if L; lies in a row which is below the row in which L, is present.
We denote by “case h,v”, the case of 3 vertices Ly, L, L3 such that (L;, L,) is h-oriented,
. . . % . .
(L,, L3) 1s v-oriented. Then we prove that there exist an edge (L;, L3). Similarly, the other
cases “h,h”, “v,v” and “v,h” are defined. We prove here the case "h,h". We handle the

other cases similarly.

Case h, h: In this case we have three sub-cases. They are (1) L;, L, L3 are in the same
box, (2) Two of the three vertices are in the same box different from the box of the other,

(3) All three are in different boxes.

First, we handle the sub-case (1). L;, L, are in the same box and they are independent. In
view of Claim 4, this implies that ¢;, < ¢;,. Similarly, we infer that ¢;, < ¢;,. Hence, it

follows that ¢;, < cr, and hence (L,, L3) is oriented from L, to L3. Thus it is transitive.

Now, for the sub-case (2) : either L, L, will be in the same box or L,, L; will be in the
same box. In both the cases L, L3 will be in different boxes. Since any two points in
different boxes of the same row differ in their x-coordinates by at least 2/*!, the edge

(Ly, L3) exists and is directed L; to L3, thereby proving the required transitivity.

The sub-case (3) : Since L’s lie in different boxes in the same row, Ls.cx — L;.cx > 22
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and hence the edge (L, L) exists and is directed L; to L3, thereby proving the required

transitivity. This completes the proof of Case h, h.

Case h, v: Since L, and L; are in different rows, we have L;.cy — L;.cy > 2/*!, the edge

(Ly, L3) exists and is directed L; to L3, thereby proving the required transitivity.

Case v, h: In this case L3 is in a box above that of L; by our hypothesis. As before,
Ly.cy — Li.cy > 2! and hence the edge (L, L3) exists and is directed L, to Ls, thereby

proving the required transitivity.

Case v, v: By our hypothesis L; is in a box above that of L. Hence, Ls.cy — L;.cy > 2/*?

and transitivity is established. O

4.5 Hardness of MIS on unit L-graphs

Figure 4.2: Planar graph with maximum degree four and its unit L VPG representation.

Theorem 7. The decision version of Maximum INDEPENDENT SET (MIS1) on unit L-graphs

is NP-complete.

Proof. Let G = (V,E) be a planar graph with maximum degree four. It is known that
Maxmmum INDEPENDENT SET on a planar graph with maximum degree four is NP-complete
[GJ79]. We construct an unit L-VPG representation of a planar graph with maximum
degree four (G’ = (V’, E’)) such that a maximum independent set in G’ has a one to one
correspondence to a maximum independent set of G, thereby proving our claim. Our

proof is motivated by [KN90].
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It is known that every planar graph of degree at most four can be drawn on a grid of linear
size such that the vertices are mapped to points of the grid and the edges to piecewise
linear curves made up of horizontal and vertical line segments whose endpoints are also
points of the grid [Sch90]. It is reasonable to assume that a path between two vertices of
G, if exists, use horizontal and vertical segments which have length more than one on the
grid (otherwise it is possible to consider fine enough grid such that this property holds).
Let R(w, h) be the rectangular grid where the graph G has been drawn. We denote the
width and height of the grid by w and & respectively. Let us consider 6 = 1/2h. Now for
each vertex of the graph G, draw an unit length L whose corner point has co-ordinates
(x — dy,y), where in the grid R(w, h) the vertex is positioned at (x,y). Let P, be the path
on the grid corresponding to edge e. Also let |P,| denote the number of intermediate grid
vertices on the path P,. Now for every path P,, where e = (u,v) € E(G), if |P,| is even
then for every intermediate grid vertex (x,y) on the path P, draw a unit length L whose
corner lie on (x — dy, y). If |P,| is odd then for every intermediate grid vertex (x,y) except
last one on the path P, draw an unit length L. whose corner lie on (x — dy, y). If the last
intermediate grid vertex (x, y) on the path is on a vertical segment of P, then draw two L’s
as follows one L has corner point at (x — dy,y — €) and other L has corner at (x — dy,y)
where € > 0 is a small number. If the last intermediate grid vertex (x, y) on the path is on a
horizontal segment of P, then draw two L’s as follows one L has corner point at (x — 9y, y)
and other L has corner at (x — dy — €,y) where € > 0 is a small number. We denote this

graph as G’. From the construction, it is clear that it is an intersection graph of unit L’ s.

Clearly G’ is obtained from G by subdividing every edge e with even number of new
vertices (even subdivision). Let us denote the set of new vertices corresponding to an

edge by V,. Clearly V' =V U,egg) Ve.

Claim 5. Let H denote a graph and H' be its even subdivision. There exists an indepen-
dent set of H of size k if and only if there exists an independent set of size k+ e |Vel/2

in H'.
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Proof. Backward implication is easy to observe. Now we prove the other direction. Let
us assume there exists an independent set I of k + 3’ cp) |Vel/2in H'. If I = I N V(H)| <
2eciy |Vel/2 remove all the subdivision vertices from the set. Otherwise |[I - I N V(H)| >
2eciy [Vel/2. Notice that |V,| is even for each of the edge e € H. An independent set
of H" contains at most half of the vertices of V.. Hence | = I N V(H)| = X cpu)|Vel/2.

Hence throw all the subdivision vertices as before. Hence the claim. O

Thus from the above claim we have a(G") = a(G)+ X e | Vel /2. Thus we have exhibited
a one to one relation between independent set of G’ and independent set of G. Hence the

proof. O
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Chapter 5

Improved Approximation of MIS for
B1-VPG graphs

In this chapter, we present improved approximation algorithms for MIS over B;-VPG
graphs. In view of Lemma 15, it suffices to focus only on L-graphs. The algorithm is
recursive and is essentially the one presented in Chapter 4 except that we design and
employ a new exact algorithm for MIS over vertical L-graphs (that is, for G[S,]). The
previous algorithm of Chapter 4 employed a divide-and-conquer paradigm based recur-
sive algorithm for this purpose. This exact and efficient algorithm for vertical L-graphs
leads us to the improved approximation guarantee of O(log n) as against the previous one

of O((log n)?). Before we proceed further, we recall some definitions and assumptions.

5.0.1 Definitions and Assumptions

We state below some definitions and assumptions employed for the rest of this paper

(employed in the previous chapter also).

Definition 4. For a set S of (not necessarily distinct) real numbers, we define its median

to be (i) the %—th smallest element if n is odd and (ii) the average of 5-th and (5 + 1)-th
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smallest elements if n is even (with ties being resolved arbitrarily or as explained in the

specific application in sorting the numbers).

Assumption (1) : Without loss of generality. the following holds throughout. If £ is a
set of L’s, then Ly.cx # L,.cx and L,.cy # L,.cy, for any pair of distinct L, L, € L. That

is, no two L’s from £ lie on the same vertical or horizontal line.

A formal justification of this Assumption (1) is provided at the end of this chapter.

5.1 O(logn)-approximate algorithm for B,-VPG graphs

As mentioned in the beginning of this chapter, we focus only L-graphs. We establish
below that solving MIS approximately for L-graphs reduces to solving MIS exactly over

vertical L-graphs which are defined below.

Definition 5. A set L' of L-shaped objects is said to form a vertical L-graph if there exists

a vertical line x = a intersecting every L € L.

Outline: The broad outline of the improved algorithm is divide and conquer and is similar
to the one employed in Chapter 4. We sort the objects in £ in an increasing order of their
cx values. Define x,,,., to be the median of the sorted values. Then, we compute the sets

S1,S8- and S |, defined as follows.

S = {L el : Lhx< xmed}-
Sr,:={Le L : Lcx> Xpeq)-

Sp={Le L : Lcx < xppq < L.hx}.

The sets S1,5, and S |, form a partition of L. Also, any pairof L; € §,L, € S, are in-

dependent. In addition, members of S |, induce a vertical L-graph. The problem is solved
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by applying the recursive Algorithm IndS etl. IndS et3(L) is an exact algorithm for MIS
applied when £ induces a vertical L-graph. This algorithm (on input £) computes the
partition £ = S| U S, U S,. Then, it recursively computes an approximately optimal
solution for each of §; and S, and computes their disjoint union. This is one candidate
approximate solution. Then, IndS et3 computes exactly a MIS of G[S ,]. This is another
candidate approximate solution. /ndS et1 then compares the two candidate solutions and

outputs the one of larger size. The following theorem establishes that designing an effi-

Algorithm 6 IndSetl
Require: A non-empty set L of L’s.
1: if |L| < 3 then
2:  return Compute and return a maximum independent set /(L) of £
3: else
4 Compute x,,.; and also the partition £ =S, U S, U S ;.
5:  Compute IndSet1(S1) U IndS et1(S,) and also IndS et3(S ).
6
7.

Return /(£) defined as the larger of the two sets computed before.
end if

cient, a(n)-approximate algorithm for vertical L-graphs leads to the design of an efficient,
a(n)(log n)-approximate algorithm for L-graphs. In what follows, we use 7*(S) to denote

a MIS of the graph induced by S.

Theorem 8. Let a(n) be an arbitrary non-decreasing function of n. Suppose IndS et3 is an
an efficient, a(n)-approximate MI1S algorithm over vertical L-graphs. Then, IndS et is an
efficient, a(n)(log n)-approximate MIS algorithm over L-graphs. For both approximation

algorithms, n stands for the size of the input.

Proof. We have the following : |S| < 3, [S2] < 5. We prove the above claim using
induction on n. For the base case of n < 3, we can obtain a MIS in constant time. Now

consider the case when n > 3. Let I} = IndSet1(S,), I, = IndSetl(S,) and I, =
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IndS et2(S 1). Let IT = I"(S 1), I; = I"(S») and I}, = I'(S 1»). By induction hypothesis,

I rns
4| all > | LI (5.1)
a(n/2)log(n/2) = a(n/2)log(n/2)
I rns
Ll > el > nSl (5.2)
a(n/2)log(n/2) a(n/2)log(n/2)
rns
1o > 00wl (5.3)
a(n)
Thus, IndS et1(L) outputs a solution / satisfying
11l = max{|liol, || + |} (5.4)
|I* mSlzl |I* ﬂS]l + |I>k ﬂSzl
> max{ ,
a(n) a(n/2)log(n/2)
— max( "N Sl 1= NSl
a(n) " an/2)log(n/2)"
If '1*;5)’2' > a(nl)] L‘)gn, we are done. Otherwise, we have
I*
"N Sl < ] (5.5)
logn
It follows from Inequalities (5.4) and (5.5) that
5 \I7| — LL N .
- nSol opr LI 56
a(n/2)log(n/2) =~ am/2)log(n/2) ~ an/2)logn = a(n)logn '
The last inequality follows since a(n) is a non-decreasing function. O

In the next section, we present an efficient and exact algorithm for finding a MIS in vertical

L-graphs. As a consequence, we obtain the following conclusion.

Theorem 9. IndS et is an efficient, (log n)-approximate algorithm for MIS on L-graphs.
As a consequence, one gets an efficient 4(log n)-approximate MIS algorithm over B;-VPG

graphs.
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Proof. Follows from Theorem 8 (by setting a(n) = 1 for every n), since (as is shown in
the following subsection) MIS on vertical L-graphs can be solved exactly in polynomial

time. O

5.1.1 An exact algorithm for MIS on vertical L-graphs

Let S be a set of L’s inducing a vertical L-graph G. We present an exact algorithm for
finding a MIS in G. The algorithm is recursive and efficiency is achieved by implementing
it using the Dynamic Programming paradigm. It involves computing a MIS in each of a
polynomial number of smaller subproblems to get a MIS for the given input. The main
intuition behind the efficiency is an appropriate formulation of the recursion which helps

us to bound the number of subproblems that need to be solved eventually.

We assume that each subproblem S comes equipped with two L’s one on the top of all
members of S (and referred to as a cap) and the other one (referred to as a cushion) is
to the left and bottom of all members of S. Both cap and cushion are not members of
S. There are two advantages in introducing cap and cushion: it provides a brief and
concise description of the subproblems, it also helps to obtain a simple derivation of the
polynomial bound on the number of subproblems. The two notions and some others are
introduced below. They play a very useful role in obtaining a concise description of the

recursive computation of optimal solutions.

Definition 6. Let L, L’ be two arbitrary L’s. We say that L <, L' if L.cx < L'.cx. We say

that L <, L' if L.cy > L’ .cy.

Definition 7. Let L, L’ be two arbitrary L’s. We say that L' is entirely right and below of
Lif(@)) L <, L' (ii) L <, L' and (iii) L'.vy < L.cy. We say that L’ is entirely right and

above of Lifc, < cp.

Definition 8. Let S be an arbitrary set of Ls such that each member intersects a common

vertical line x = a. A (cap, cushion) of S is any pair (L, L,) of L’s each intersecting x = a
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such that (i) each L' € S is entirely right and below of Ly, (ii) each L' € S is entirely right

and above of L,, (iii) L, is entirely right and below of L.

Definition 9. Let S be an arbitrary set of Ls such that each member intersects a common
vertical line x = a. Let (L1, L,) be a pair of L’s also intersecting x = a such that L,
is entirely right and below of L. We define the subset of S capped and cushioned by
(L1, L) to be the set of those L € S such that (i) L is entirely right and below L, and (ii)

L is entirely right and above L,. We denote this set by Sy, p,.

Definition 10. Given a S with a cap L and a L”" € S U {L}, we use S to denote the
subset of those L' € S which are smaller or equal to L' with respect to <, ordering, that
is, the set {L' € S: L’ <, L” v L' = L"}. In particular, we have S = 8" always where L,

is the last element of S with respect to <, ordering. Also, S* = @ always.

Definition 11. For a set S capped and cushioned by (L, L") with L, being the last element
(with respect to <, ordering), let LA(S, Ly) denote the set of those L € S U {L} such that

either (i) L” = L or (ii) L” € S\ {L,} and L is entirely right and below L" .

Definition 12. For a set S inducing a vertical L-graph G, capped and cushioned by

(L,L"), we use Opt(S, L, L") to denote any MIS in G.

Definition 13. For a finite sequence (Ay,...,A,) of finite sets, let max{A,...,A,} denote
the first set of maximum size in the sequence.

Our algorithm is recursive and is based on the following recursion satisfied by Opt(S, L, L").

The proof of the following lemma is provided in the appendix.

Lemma 21. Let S, L, L’ be as in the previous definition with L being the last memebr of
S with respect to <, ordering. Then, Opt(S, L, L") equals (in size)
L"eLA(S.Ly)

max{Opt(S\{Ls},L,L’), max  {{LJUOp(S",L,.L') U Op(Syr1,.L", L) }}

provided |S| > 2. Otherwise, Opt(S,L,L") = S.
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Proof. For each L” € LA(S, L) (in the recursion given above), the set corresponding to
L” (in the max{.} expression) is an independent set in G[S]. Let I* be a fixed but arbitrary

MIS in G[S]. Consider the following three cases.

Case 1 L, ¢ I*. Then, it should be the case that /* is a MIS in G[S \ {L,}]. Also, (L,L")

continue to cap-cushion S \ {L,}. Hence I* = Opt(S \ {L,}, L, L’).

Case2 L, € I and LA(S,L,) N I* = @. When L” = L, Sv" = @ and it should also be that

I"\ Ly is a MIS in G[S, 1, ] where S, ;. is capped and cushioned by (L, Ly).

Case3 L, € I and LA(S,L;) N I" # @. Then, it should be that LA(S, L,) # {L}. Let L”
be the last member of LA(S, Ly) N I*. In that case, I* is the disjoint union of {L},
I'NSpoz, and I'NSY'. Also, I' NSy 1, should be a MIS in G[Sy» 1, ] with (L, Ly)
as its cap-cushion. Similarly, I* N S”” should be a MIS in G[S""] with (L, L") as its

cap-cushion.

This completes the proof. O

Suppose S is a set of n members inducing a vertical L-graph with x = a being the common
vertical line. Let (L, Lo, ..., L,) be the linear ordering of S defined by L; <, L; for every
i < j. Choose a cap and cushion (Lo, L,,) for S. It is easy to see that one can always
compute such a pair in linear time. The correctness and the claim of polynomial time
bound are based on the following series of claims whose proofs are provided in the ap-
pendix. Let T denote the unique recursion tree capturing the recursion based computation

of OPI(S, L(), Ln+1)-

Claim 6. The problem size (|S|) keeps decreasing along every path in T until it reaches

the base case |S| < 1.

Proof. Each of the sets S\ {L,},S*", S 1.1, has a size which is less than that of S. O

Claim 7. Each of the sets S defining a subproblem is a subset of the original input

{Lla . ,Ln}
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Proof. The proof is based on the depth of recursion from the root of 7. The claim is
obviously true for the root. Each of the sets S\ {L;}, S, S 1.1, 1s a subset of S which is

the input for the current subproblem. O

Claim 8. Every pair (L, L") of (cap,cushion) that arises in any subproblem generated by

the above recursion is of the form (L;, L;) where 0 < i< j<n+ 1.

Claim 9. Each of the sets 8’ defining a subproblem is a set of the form SZC,L,- for some

OLi<k<j<n+landS ={L,...,L,}

As a consequence, we obtain the following corollary.

Claim 10. There are at most n* distinct subproblems that are actually solved in the re-

cursion formulation.

Continuing further, we obtain the following theorem.

Theorem 10. There exists an O(n*) time exact algorithm for finding a MIS in vertical

L-graphs.

Proof. We employ the Dynamic Programming by first enumerating all possible subprob-

lems and then find solutions to these subproblems in a bottom-up approach starting with

the base cases. Computation of the sets SZ(,L, and finding the sizes of optimum solu-
tions can be combined to yield an O(n*) time algorithm for solving MIS in vertical L-

graphs. m|

5.2 Appendix 1: Proof of Assumption (1) :

Two sets L, L” of L’s are said to be equivalent if G[L] and G[L"] are isomorphic. The
proof of Assumption (1) is achieved in two steps. First, given a set £ = {Ly,...,L,}, we

prove that there exists an efficiently computable and equivalent (to £) £ = {L},...,L;}
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such that (i) L.cy = L;.cy for each i and (i) L!.cx # L;..cx for every i # j. By symmetrical
arguments, it also follows that there exists an efficiently computable and equivalent (to
L) L7 ={L},...,L}} such that (i) L.cx = Lj.cx for each i and (i) L".cy # L7.cy for
every i # j. L is the required set of L’s. By symmetry, it suffices to prove only the
existence and efficient computation of £’. Existence and computation of £ (from £’) is

similar. Existence and efficient computation of £’ follows from the following two claims.

Claim 11. For every finite set L = {L;}; of L’s, there exists an efficiently computable and
equivalent L* = {L!}; such that (A) L .hx # L?.cxfor every i # j, (B) L{.cy = Lj.cy for
every i and (C) vertical and horizontal arms of L] have the same respective lengths as

those of L;, for every i.

Proof. Let x; < ... < X, < o = X, be the sorted list of m distinct reals (after ignoring
multiple occurrences) that appear in {L;.cx};. Define, for k > 2, a;y = x — x-; and
a = min{a, : k > 2}. For every i, define §3; as follows : If x; < L;.hx < x;41 for some
k < m, then define B; to be min{L;.hx — xy, x;.1 — L;.hx}. If L;.hx = x; for some 2 < k < m,
define §; to be a;. Let B be the minimum of g; over all i. Define y to be min{, %} where

n = |L]. We have y > 0.

For every i, define L{ as below : Let Li.cx = x;. L{ is the same as L; (with exactly same
length vertical and horizontal arms) except that its corner point is shifted in the negative x

direction by ky distance. That is, L{ is characterized by (x; — ky, L;.cy, Li.hx — ky, L;.vy).

That £ satisfies condition (A) can be established as follows : To have L{.hx = L‘j’..cx for
some i # j, we should have L;.cx = x, < x, = L;.cx for some r < t. Otherwise, L;?.cx <
Lj.cx = x; < x, < L{.hx. Suppose L;.hx < x;. Then, L{.hx < L;.hx < L‘j..cx. If Li.hx > x;,

then, L;f.cx < X < L{.hx. If Li.hx = Lj.cx, then, L;f.cx =x, —ty <x,—ry=Lhx.

We establish that £ and L are equivalent by establishing that for every i # j, L{ and L]
are independent if and only if L; and L; are independent. Fix an arbitrary i # j. Without

loss of generality, assume that L;.cx < L;.cx.
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Suppose, L;.cx = Lj.cx = x;. Then, L!.cx = L;?.cx = x; — ky. Clearly, L! and L;? intersect
if and only if L; and L; intersect. Hence, from now onwards, assume that L;.cx < L;.cx.

Let Lj.cx = x; where k > 2

If Li.hx < Lj.cx, then L; and L; are independent. Also, Lf.cx = Lj.cx —ky > Lj.cx — g >
Li.hx > Li.hx and hence L] and L} are independent.
Suppose we have L;.cx < Li.hx. We have Lf.cx = xg—ky 2 xg =5 > X1 2 Licx > Li.cx.

If Lj.cx < Li.hx, then L!.hx > L;.hx — ky > L;.hx — 5 > Lj.cx > L;f.cx. If Lj.cx = L;.hx,
then Li.hx > x, — (k— 1)y > x, —ky = Lj.cx. In any case, we have L{.cx < Lf.cx < L{.hx.
Hence, L{ and L intersect if and only if Li.cy < Li.cy < Lijvy. Similarly, L; and L;
intersect if and only if L;j.cy < Li.cy < L;.vy. In other words, L{ and LS intersect if and

only if L; and L; intersect. |

Claim 12. For every L* mentioned before, there exists an efficiently computable and
equivalent L = {L}; such that (D) L..cx # L’.cx for every i # j, (E) Li.cy = Li.cy for
every i and (F) vertical and horizontal arms of L! have the same respective lengths as

those of L for every i.

Proof. Let (xp)i, (ar)k, (Bi)i, @ and B be defined as in the proof of Claim 11 with £ = £“.

For every i, define ¢; to be L{.hx — L{.cx and define ¢ to be min; §;. Redefine y to be

B

mln{ 2n° 2n° 2n

21 where n = | £]. We have y > 0.

Define £’ in terms of L* as follows. Fix an arbitrary k and order all those L’s in L¢
having L.cx = x; as follows. If L{, LS are two such members, then L? < Lf (or vice
versa) if L{.cy > LS.cy. If L{.cy = Lf.cy, then L{ < Lf (or vice versa) if L{.hx < Lj.hx.
If L.cy = LS.cy and L{.hx = LJ.hx, then L7 < L (or vice versa) if L{.vy < Lj.vy.
Surely, any pair of distinct L’s differ in at least one of the four values. Let (L{, L, ..., L)
be the resulting total ordering. For every i < s, define L. as the L characterized by
(L¢.cx + (i = 1)y, L.cy,L{.hx + (i = 1)y, L{.vy). Note that Ll.cx — L{.cx < (n = 1)y <

min{2, £, ¢} for every i. Similarly, L’.hx — L .hx < min{ for every i.

2020 E} 2’2’2}
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That Condition (D) is satisfied by £’ can be seen as follows. Fix an arbitrary i # j
satisfying Lf.cx = x, < x L” cx. If x, < x;, then Ll.cx < x, + 5 " < Xx < L’,..cx. If x, = x,,
let Lj < L% (without loss of generality) with respect to the ordering associated with .x,.

Then, it follows from the definition that L’.cx < L;..cx.

We only need to show that for every i # j, L} and L’ are independent if and only if L{
and L7 are independent. Fix an arbitrary i # j. Without loss of generality, assume that

L" cx < L“ CcX.

Suppose Lf.cx = Lf.cx = x;, with L < L7 (without loss of generality) with respect to the

ordering associated with x;. There are two sub-cases.

(i) Suppose L{.cy > Li.cy. Then, L¢ and LS intersect if and only if Li.cy < Li.cy < LS.vy.
Also, Lj and L, intersect if and only if L’.cy = Li.cy < Li.cy = Li.cy < Livy = Li.vy,
since Lj.cx < L.cx < xi + < Li.hx < Lj.hx. Thus, L} and L intersect if and only if L]

and L’,. intersect.

(ii) Suppose Li.cx = L;?.cx = x and Lf.cy = L;f.cy. Then, L! and L;l. intersect. Also,

Li.cx < L;..cx < L..hx. Hence, L. and L;. also intersect.

Hence, from now on, assume that L.cx = x, < x; = L;?.cx. If L?.hx < L?.cx, then L
and L;? are independent. Also, L.hx < L!.hx + § < L;?.cx < L;..cx. Hence, L] and L} are

independent.

The only remaining case (follows from Assumption (A) satisfied by £) is that L{.cx =
X, < X, = Li.cx < L{.hx. Then, L{ and L intersect if and only if Lj.cy = L’.cy < L{.cy =
Li.cy < Livy = L’ vy. Also, Li.cx < x,+5 < x; < L;..cx x,+ < L.hx < L.hx. Hence,
L} and L% intersect if and only if L} and L’ intersect. This establishes that L“ is equivalent

to L. O
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Chapter 6

Approximation of MIS for B,-VPG

graphs

In this chapter, we present approximation algorithms for MIS over B,-VPG graphs. Recall
(from Section 1.2) that each member of a set defining a B,-VPG graph is one of only
sixteen possible shapes with exactly 2 bends. In particular, recall that two specific shapes
of these are referred to as Z- and U-shapes. We refer to the class of graphs formed by a
collection of Z-shapes as Z-graphs. The class of U-graphs is similarly defined. Similarly,
one can define the class of vertical U graphs as the class of graphs formed by collections
of U-shapes each of which intersects a common vertical line x = a. The class of vertical

Z-graphs is similarly defined.

As we will see later, it suffices to focus only on designing efficient approximation algo-
rithms for U-graphs and Z-graphs. Each of these algorithms is recursive and is similar to
the one presented in Chapter 5 (with appropriate changes). It calls for the design of ap-
proximate algorithms for MIS over each of the vertical U-graphs, Z- graphs. We design
a 2-approximate algorithm for vertical U-graphs and also design a 2(log n)-approximate
algorithm for vertical Z-graphs. These efficient, approximate algorithms for vertical U-

, Z-graphs lead us to efficient algorithms respectively for U-, Z-graphs, with respective
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approximation guarantees of 2(log n) and 2(log n)?. Before we proceed further, we recall

some definitions and assumptions.

Recall the definition of the median introduced in the previous chapters. The following
assumption is used for the rest of this chapter. A formal justification of this Assumption

(2) is provided at the end of this chapter.

Assumption (2) : Without loss of generality. the following holds throughout. If U is a
set of U’s, then U;.cx # U,.cx and U,.cy # U,.cy, for any pair of distinct Uy, U, € U.
That is, no two U’s from U lie on the same horizontal line. Also, the left vertical arms of

no two U’s lie on the same vertical line.

6.1 Preliminaries

B,-VPG graphs are formed by the following 8 shapes shown in the figure. The first four
of these shapes are equivalent in the sense that one can obtain any of these shapes from
any other by either or both of a 90’-rotation and a reflection about X- and Y- axes, as
the case demands. Similarly, the last four are equivalent. For ease of description, we
intentionally refer to the fourth of the first four shapes as a Z shape. We refer to the last
of the last four shapes as a LI shape. We focus only on Z and LI shapes. Other six shapes
are treated similarly, in view of the symmetries between them. Both of these shapes
has only one horizontal arm and two vertical arms, one on the left side and the other on
right side. The intersection of the horizontal arms with the two vertical arms are called
the corner points and the left corner point is denoted by ¢; and the right corner point is
denoted by c,. We use c;x, 1y, c2x, ¢,y to denote respectively the x, y-coordinates of the
corner points ¢; and ¢,. The y-coordinates of the tips of the left and right vertical arms
of a LI are denoted respectively by Iy and ry. The y-coordinates of the tips of the top and
bottom vertical arms of a Z shape are denoted respectively by ty and dy. Any LI object

is completely characterized by the six-tuple (c;x, c1y, c2x, ¢2y, [y, ry) and any Z object is
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completely characterized by (c;x, c1y, c2x, c2y, ty, dy).
Depending on the shape of objects, we introduce new classes of graphs.

Definition 14. A Z-graph is the intersection graph of Z-shaped geometric objects in the

plane.

Definition 15. A U-graph is the intersection graph of U-shaped geometric objects in the

plane.

6.2 Approximation algorithms for B,-VPG graphs

Using the symmetries between LI- and Z-shaped objects and the other six objects (as
described in Section 6.1), one can obtain the following analogue of Lemma 15 for B,-

VPG graphs.

Lemma 22. If A and B are two efficient algorithms for solving MIS approximately over
U-graphs and Z-graphs respectively, each with a performance guarantee bounded by
a(n), then there exists an efficient algorithm C for solving MIS over B,-VPG graphs, with
a performance guarantee at most 8a(n). Here, n stands for the size of the input for both

algorithms.

Proof. The symmetries between U- and Z-shaped objects implies that for each of the eight
shapes that a path with two bends can take, MIS can be efficiently approximated within
a multiplicative factor of a(n) for the class of intersection graphs induced by objects of
that specific shape. By applying an appropriate approximation algorithm over each of the
eight induced subgraphs and choosing the best of the eight solutions, one can solve MIS

for any B,-VPG graph within a factor of 8a/(n). O

In Section 6.3, it is shown that MIS can be efficiently approximated over U-graphs within

a multiplicative factor of 2(logn). In Section 6.4, it is shown that MIS can be efficiently
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approximated over Z-graphs within a multiplicative factor of 2(logn)>. Now, an applica-

tion of Lemma 22 leads us to the following conclusion.

Theorem 11. There exists an efficient, 16(log n)*-approximate algorithm for MIS over the

class of B,-VPG graphs.

6.3 Approximation algorithm for U-graphs

We use the phrase U-graphs to denote the class of all U-graphs. A subclass of U-graphs

is the vertical U-graphs.

Definition 16. A set U of U-shaped objects is said to form a vertical U-graph if there

exists a vertical line x = a intersecting every U € U.

The approximate MIS algorithm IndS et1 designed for L-graphs also works for U-graphs.
The reason is a LI-shape is the same as a L-shape except for the vertical arm added at the
tip of the horizontal arm of a L. The algorithm is the same. As for computing the median
and partitioning, the U.c;x and U.c,x values take respectively the roles of L.cx and L.hx

values. As before, we compute the median and partition U into U = §; U S, U Sy, where

S :={UeU : Ucrx < Xpeq}-
S, ={UeU : Ucix > Xpeq!

Sp={UeU : Ucix € Xpeq < U.cox} and

(i) the members of Sj, induce a vertical U-graph, (i) any U; € §; and U, € S, are
independent. We compute and combine approximate solutions of G[S;] and G[S,] to get
one candidate solution and compute a 2-approximate solution on G[S;] to get a 2(log n)-
approximate solution over G[U]. This hinges on the fact (which can be verified easily)

that Theorem 8 is also applicable to U-graphs. This is stated explicitly below.
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Theorem 12. Let a(n) be an arbitrary non-decreasing function of n. Suppose IndsS et2(U)
is an an efficient, a(n)-approximate MIS algorithm over vertical U-graphs. Then, IndS et1(U)
is an efficient, a(n)(logn)-approximate MIS algorithm over U-graphs. For both approxi-

mation algorithms, n stands for the size of the input.

In the following subsection, we present an efficient and 2-approximate algorithm for ver-

tical U-graphs. As a consequence, we obtain the following conclusion.

Theorem 13. IndS et1(U) is an efficient, 2(log n)-approximate algorithm for MIS on U-

graphs.

Proof. Follows from Theorem 12 (by setting @(n) = 2 for every n), since (as is shown in
the following subsection) a 2-approximation of MIS on vertical U-graphs can be obtained

in polynomial time. o

6.3.1 2-approximation of MIS on vertical U-graphs

We begin with some definitions.

Definition 17. A set U of L-shaped objects is said to form a LU-graph (RU-graph) if the

left (right) vertical arm is as long as the right (left) vertical arm, for each U € U.

Definition 18. A set U of L-shaped objects is said to form a vertical LU-graph if the in-
duced graph is both a vertical U-graph and a LU-graph. vertical RU-graphs are similarly
defined.

Let U induce a vertical U-graph. We decompose it into U = U; U U, where U, (U,) is
the set of those U € U whose left (right) vertical arm is as long as its right (left) vertical
arm. Those Us for which the two vertical arms are of equal length are placed in both. We
let G = G[U], G; = G[U|] and G, = G[U,]. We also let I", I} and I} denote respectively

an arbitrary but fixed MIS in each of G, G, and G,.
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For each of the classes of vertical LU-graphs and vertical RU-graphs, we present an ef-
ficient and exact algorithm for finding a MIS in a given input from that class. Applying
this to each of G[U,] and G[U,], we deduce that one can efficiently find a MIS for each
of these graphs. We have either |I* N U)| > |I*|/2 or [I* N U,| > |I']/2. We also have
\I7| > [I" N U)| and also |I7| > [I" N U,|. As aresult, we have max{|[}],|I;]} > |I*|/2. Thus,
computing a MIS in each of G; and G, and choosing the best of these two solutions, gets

us a 2-approximation to a MIS in G.

Since LU-graphs and RU-graphs are the same (since one can go from one representation
to the other one by a reflection about the y-axis), it suffices to present an exact MIS
algorithm for the class of vertical LU-graphs. This exact algorithm is based on Dynamic
Programming (as in the case of vertical L-graphs) and is similarly based on a recursive
computation of MIS. We have analogues of Definitions 5 through 11 and Lemma 21 for
the case of U’s inducing a vertical LU-graph. There are subtle differences in some of the
analogous definitions in order to take into account the presence of a vertical arm at the

right corner point.

Definition 19. Let U, U’ be two arbitrary U’s. We say that U <, U’ if U.c;x < U'.cx.

We say that U <, U’ if U.c;y > U’ .cyy.

Definition 20. Let U, U’ be two arbitrary LI’s. We say that U’ is entirely right and below
of Uif () U <, U, (ii) U <, U’ and (iii) U'.ly < U.coy. We say that U’ is entirely right

and above of U if (i) U <, U’, (ii) U’ <, U, (iii) either U’.cox < U.cox or U.ry < U’.cyy.

Definition 21. Let S be an arbitrary set of Us such that each member intersects a common
vertical line x = a. A (cap, cushion) of S is any pair (U, U;) of U’s each intersecting
x = a such that (i) each U’ € § is entirely right and below of U,, (ii) each U’ € S is

entirely right and above of U,, (iii) U, is entirely right and below of U,.

Definition 22. Let S be an arbitrary set of Us such that each member intersects a common
vertical line x = a. Let (U, U,) be a pair of U’s also intersecting x = a such that U,

is entirely right and below of U,. We define the subset of S capped and cushioned by
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(Uq, U,) to be the set of those U € S such that (i) U is entirely right and below of U, and

(i0) U is entirely right and above of U,. We denote this set by S y, v,.

Definition 23. Given a S and a cap U, and a U” € S U {U}, we use SU” to denote the
subset of those U’ € S which are smaller or equal to U"” with respect to <, ordering, that
is, the set {U’ € S : U’ <, U” v U’ = U"}. In particular, we have S = 8Y* always where

Uy is the last element of S with respect to <, ordering. Also, SV = @ always.

Definition 24. For a set S capped and cushioned by (U, U") with U, being the last element
(with respect to <, ordering), let LA(S, U,) denote the set of those U" such that either (i)

U” = U or (ii) U’ € S\ {Uy} and U is entirely right and below U".

Definition 25. For a set S inducing a vertical LU-graph G, capped and cushioned by
(U, U"), we use Opt(S, U, U’) to denote any MIS in G.

Our algorithm is recursive and is based on the following recursion satisfied by Op#(S, U, U’).

The proof of this lemma is similar to that of Lemma 21 and is skipped.

Lemma 23. Let S, U, U’ be as in the previous definition with U, being the last memebr

of S with respect to <, ordering. Then, Opt(S, U, U’) equals (in size)

U”eLA(S,Uy)

max {Opt(S (U, U.U),  max {{U}u0pSY", U, U") U Opt(Syry,.U", US)}} :

provided |S| > 2. Otherwise, Opt(S,U,U’) = S.

Suppose S is a set of » members inducing a vertical LU-graph with x = a being the
common vertical line. Let (U;, Uy, ..., U,) be the linear ordering of S defined by U; <,
U; for every i < j. Choose a cap and cushion (U, U,;;) for S. It is easy to see that
one can always compute such a pair in linear time. The correctness and the claim of
polynomial time bound are based on the series of Claims 2 — 6 presented in Subsection
5.1.1 . Let T denote the unique recursion tree capturing the recursion based computation
of Opt(S, Uy, U,,1). Arguing as before (for the case of L-graphs), one can obtain the

following theorem.
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Theorem 14. There exists an O(n*) time exact algorithm for finding a MIS in vertical

LU-graphs.

6.4 Approximation algorithms for Z-graphs

Z-graphs are graphs induced by a set of Z-shapes. Z-shapes are similar to U-shapes
except that the right vertical arm of each Z is pointed down. This brings about a some
new complications which need to be taken care of. As in the case of U-graphs, we reduce
the problem of approximating a MIS over Z-graphs to the problem of approximating a

MIS over vertical Z-graphs.

Definition 26. A set Z of Z-shaped objects is said to form a vertical Z-graph if there

exists a vertical line x = a intersecting every Z € Z.

Below, we present an algorithm which solves MIS over vertical Z-graphs within a multi-
plicative factor of 2(logn). This, in turn (based on arguments similar to those employed
for L- and U-graphs), leads to an algorithm for solving MIS over Z-graphs within a multi-
plicative factor of 2(log n)*. As for computing the median and partitioning, the Z.c; x and
Z.cox values take respectively the roles of L.cx and L.hx values. As before, we compute a

median x,,.; and partition Z into Z = Z| U Z, U Z;, where

Zi:={Ze€Z : Z.cox < Xpeq).
Z2 = {Z el : Z.cix > xmed}-

Zio={Ze€Z : Z.cix € Xpeq < Z.Cox} and

(i) the members of Z, induce a vertical Z-graph, (ii) any Z, € Z; and Z, € Z, are
independent. We compute and combine approximate solutions of G[Z;] and G[Z,] to

get one candidate solution and compute a 2(log n)-approximate solution on G[Z;;] to

74



get a 2(log n)*-approximate solution over G[Z]. This hinges on the fact (which can be
verified easily) that Theorem 8 is also applicable to Z-graphs. It now remains to present a

2(log n)-approximate algorithm for vertical Z-graphs.

6.4.1 2(logn)-approximation of MIS on vertical Z-graphs

Let G = (Z, E) be a vertical Z-graph intersecting a common vertical line x = a. We sort
the Z’s based on their Z.c;y values. Let y,,.; be a median of these values. Partition Z into
=W UW, U Wpwhere W, ={ZecZ:Zdy> V), Wo={Z € Z:Z.1ty < Yiea}
and Wy, ={Z € Z : Z.dy < Ypea < Z.ty}. ‘W), is an example of vertical-horizontal (VH)
Z-graphs. We have |'W,|, |W,| < n/2 where n = |Z|.

Definition 27. A class Z of Z-shapes is said to induce a VH Z-graph if there exists a
vertical line x = a and a horizontal line y = b such that each Z € Z intersects both x = a

andy = b.

As for L-graphs, U-graphs and even general Z-graphs, one can establish that existence
of a a(n)-approximate algorithm for VH Z-graphs leads to the existence of a a(n)(log n)-
approximate algorithm for vertical Z-graphs. Thus, we prove that a 2(log n)-approximation
of MIS can be efficiently obtained for vertical Z-graphs by proving that a 2-approximate

solution of MIS for VH Z-graphs can be obtained efficiently.

To achieve a 2-approximation of MIS over VH Z-graphs, we decompose the input Z of
any such graph (with each Z € Z intersecting both x = ¢ and y = b) into Z = Z' U Z¢
where Z' is the set of those Z € Z whose top vertical arm intersects y = b and Z is the
set of those Z € Z whose bottom vertical arm intersects y = b. When the horizontal arm
of a Z lies on y = b, such a Z is a member of Z" and Z¢. We call the class of graphs
induced by Z's as vertical-t-horizontal (VtH) Z-graphs. Similarly, we call the class of

graphs induced by Z%s as vertical-d-horizontal (VdH) Z-graphs. Formally,
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Definition 28. A class Z of Z-shapes is said to induce a VtH (or VAH) Z-graph if there
exists a vertical line x = a and a horizontal line y = b such that for each Z € Z, its top

(bottom) vertical arm intersects y = b and its horizontal arm intersects x = a.

In the next subsection, we show that for each of these two classes of graphs, an MIS can
be computed exactly and efficiently. We present the arguments only for the class of VtH
Z-graphs. The arguments are similar for the case of VdH Z-graphs. We solve MIS exactly
for each of the subgraphs induced by Z' and Z¢ and choose the best of the two solutions.

This gives us a 2-approximation of MIS in the subgraph induced by Wy,.

6.4.2 Exact computation of MIS over VtH Z-graphs

This exact algorithm is based on Dynamic Programming (as in the cases of vertical L, LU-
graphs) and is similarly based on a recursive computation of MIS. We have analogues of

Definitions 5 through 11 and Lemma 21 for the case of Z’s inducing a VtH Z-graph.

Definition 29. Let Z,7' be two arbitrary Z’s. We say that Z <, Z' if Z.ciyx < Z'.c;x. We

say that Z <, 7' if either (i) Z.ciy > Z'.ciy or (ii) Z.ciy = Z'.c1y and Z.c\x > Z'.cy x.

Definition 30. Let Z,Z’ be two arbitrary Z’s. We say that Z is entirely left and below of
Z'if (i) Z.cy < Z'.cy and (ii) either Z.c; < Z'.c; or Z'.dy > Z.coy. We say that Z is entirely

right and above of Z’ if Z' is entirely left and below of Z.

Definition 31. Let S be an arbitrary set of Zs such that each member intersects a common
vertical line x = a and also a common horizontal line y = b with its top vertical arm. A
(cap, cushion) of S is any pair (Z,,2,) of Z’s each intersecting x = a and y = b (with
its top vertical arm) such that (i) each Z' € S is entirely left and below of Z,, (ii) Z, is

entirely left and below of Z' for each Z' € §. (iii) Z, is entirely left and below of Z,.

Definition 32. Let S be an arbitrary set of Zs such that each member intersects a common

vertical line x = a and also a common horizontal line y = b with its top vertical arm. Let
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(Z1,2,) be a pair of Z’s each intersecting x = a and y = b (with its top vertical arm) such
that Z, is entirely left and below of Z,. We define the subset of S capped and cushioned
by (Z,2,) to be the set of those Z € S such that (i) Z is entirely left and below of Z, and

(i1) Z is entirely right and above of Z,. We denote this set by S 7, z,.

Definition 33. Given a S and a cap Z, and a Z" € S U {Z}, we use 8% to denote the
subset of those Z' € S which are smaller or equal to Z"" with respect to <, ordering, that
is, the set{Z' € S : Z' <, 7" v Z' = Z"}. In particular, we have S = S% always where Z,

is the last element of S with respect to <, ordering. Also, S* = @ always.

Definition 34. For a set S capped and cushioned by (Z,Z") with Z, being the last element
(with respect to <, ordering), let LA(S, Z;) denote the set of those Z"" € S U {Z} such that

either (i) Z"" = Z or (ii) Z" € S\ {Z,} and Z; is entirely right and below Z" .

Definition 35. For a set S inducing a VtH Z-graph G, capped and cushioned by (Z,7"),

we use Opt(S,Z,7Z") to denote any MIS in G.

Our algorithm is recursive and is based on the following recursion satisfied by Opt(S, Z, Z").

The proof of this lemma employs arguments similar to those of Lemma 21 and is skipped.

Lemma 24. Let S,Z, 7’ be as in the previous definition with Z; being the last memebr of

S with respect to <, ordering. Then, Opt(S,Z,Z") equals (in size)

max {Opt(S\{Z,},Z,Z'),{Z,} U Opt(Szz,,.Z, Zy)},

provided |S| > 2. Otherwise, Opt(S,Z,7") = 8.

Suppose S is a set of n members inducing a VtH Z-graph with x = a being the common
vertical line and y = b being the common horizontal line being intersected by every
member of Z. Let (Z,,2,,...,Z,) be the linear ordering of S defined by Z; <, Z; for
every i < j. Choose a cap and cushion (Zy, Z,,;) for S. It is easy to see that one can

always compute such a pair in linear time. The correctness and the claim of polynomial
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time bound are based on the series of following Claims (whose proofs are presented in
the appendix) and are analogous to Claims 1-5. Let T denote the unique recursion tree

capturing the recursion based computation of Op#(S, Zy, Z,,+1).

Claim 13. The problem size (|S|) keeps decreasing along every path in T until it reaches

the base case |S| < 1.

Proof. Each of the sets S\ {Z,}, Sz, has a size which is less than that of S. O

Claim 14. Each of the sets S defining a subproblem is a subset of the original input

Z,....,2Z,}.

Proof. The proof is based on the depth of recursion from the root of 7. The claim is
obviously true for the root. Each of the sets S \ {Z,}, Sz, is a subset of S which is the

input for the current subproblem. m|

Claim 15. Every pair (Z,Z") of (cap,cushion) that arises in any subproblem generated by

the above recursion is of the form (Zy,Z;) where 0 < j < n + 1.

Proof. The proof is based on the depth of recursion from the root of 7. The claim is obvi-
ously true for the root. Suppose it is true for some problem corresponding to a node in 7T'.
If (Z, Z") is the pair corresponding to this problem, then for each of its child subproblems,

the pair is either (Z, Z") or (Z, Z;). This proves the claim. O
Claim 16. Each of the sets 8’ defining a subproblem is a set of the form ng,zj for some
O<k<j<sn+land S=1{Z,,...,7Z,}.

As a consequence, we obtain the following corollary.

Claim 17. There are at most n* distinct subproblems that are actually solved in the re-

cursion formulation.

Arguing as before (for the case of L-graphs), one can obtain the following theorem.
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Theorem 15. There exists an O(n®) time exact algorithm for finding a MIS in VtH Z-

graphs.

6.5 Appendix 2: Proof of Assumption (2) :

The proof outline of Assumption (2) is similar to that of Assumption (1) given before but
there are some complications which arise and need to be taken care of, on account of the
presence of a vertical arm at the right tip of the horizontal arm. In particular, the U shapes
are not symmetrical with respect to the x and y-axes. Hence, one needs to work-out a

separate proof for ensuring that U.c;y # U’.c,y (for every U # U’).

As before, we say that two sets U, U"” of U’s are equivalent if G[U] and G[U"] are
isomorphic. We prove Assumption (2) in two steps as follows : First, we prove that there
exists an efficiently computable and equivalent (to U) U’ = {U7,..., U,} such that (i)
Ul.ciy = Uj.cyy for each i and (ii) Ul.cix # U;..clx for every i # j. Then, by separate
arguments, we also prove that there exists an efficiently computable and equivalent (to U")
U’ ={Uy,...,U;/} such that (i) U!.c;x = U].c;x for each i and (ii) U/".c;y # U;.’.cly for
every i # j. U" is the required set of U’s. Recall that we assume that the left vertical arm

of each U € U is as long as its right vertical arm.

6.5.1 Existence and computation of U/’

The existence and computation of U’ follows from the following two claims.

Claim 18. For every finite set U = {U;}; of U’s, there exists an efficiently computable and
equivalent U* = {U?}; such that (A) U{ .cox # U;f.cleor everyi # j, (B) Ul.ciy = U.c1y
for every i and (C) vertical and horizontal arms of U{ have the same respective lengths

as those of U,, for every i.

79



Proof. The proof is essentially that of Claim 11 with some subtle and important changes
to take care of the right vertical arm, with U.c,x and U.c;x taking respectively the roles of
L.cx and L.hx for every U. Let (x), (@), (Bi)i, @, B and y be defined as in the proof of
Claim 11 with £ being the set of L’s one obtains by replacing each U by its corresponding

L.

For every i, define U as the result of shifting U; in the negative x-direction by ky distance,
where x; = U;.c;x. Thatis, U is characterized by (xy—ky, U;.c1y, Ui.cox—ky, U;.ly, U.ry).

That U satisfies condition (A) has been established in the proof of Claim 11.

We establish that U and U are equivalent by establishing that for every i # j, U and U ;
are independent if and only if U; and U are independent. Fix an arbitrary i # j. Without

loss of generality, assume that U;.cix < Uj.cyx.

Suppose, U;.cix = Uj.cix = x;. Then, Uf'.cix = U;?.clx = x; — ky. Clearly, U{ and
U;? intersect if and only if U; and U; intersect. Hence, from now onwards, assume that

Ui.cix < Uj.cix. Let Uj.cix = x; where k > 2.

If Uj.cox < Uj.cix, then U; and U; are independent. Also, Uj?.clx = Ujcix—ky >

Ujcix— g > Uj.cox > Uf.cox and hence U{ and U;.‘ are independent.

Suppose we have U.c;x < U;.cox. We have U;.‘.clx =x—ky>2x—5>x.2U.cix>
Uf.cix. It Uj.cix < Uj.cax, then Uf.cox > Uj.cox — ky > Uj.cpx — g > Uj.cix > Uj.clx.
If Uj.cix = Uj.cox, then Uf.cox 2 xp — (k= Dy > xp —ky = U?.clx. In any case, we
have Uf.cix < U;‘.clx < Uf.cox. Now consider the following cases which exhaust all

possibilitites.

(i) Uj.ly < U;.c;y which happens if and only if U;‘.ly < Uf.cyy. In that case, we have U,

and U, are independent as also U} and US.

(ii) Uj.c1y < Ui.cry < Uj.ly which happens if and only if Uf.c;y < Uf.c;y < Uf.ly. In

that case, we have U, and U; intersect as also U¢ and U;?.
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(iii) Uj.c1y < Uj.c1y which happens if and only if Uf.c;y < U;.‘.cly. We have two further

subcases.

(iii)(a) Uj.cox < U;.cox. Inthis case, U; and U; are independent. Also, U;?.czx =Uj.cox—
ky < Ujcox — (k= 1)y < Uj.cox — (k= 1)y < Uf.cox. Hence, U and U]“. are also

independent.

(iii)(b) U;.cox < Uj.cox. Hence, U; and U, intersect if and only if U;.ry > Uj.c;y. Also,
if Uj.cox > Uj.cyx, then Uf'.cox > Uj.cix > U}’.clx. Otherwise, if U;.cox = Uj.cx, then
Uf.cox 2 Upcox = (k= 1)y > Uj.c;x — ky = U;?.clx. Hence, U} and U;.‘ intersect if and

only if Uf'.ry > Uf.c,y which happens if and only if U.ry > Uj.c1y. O

Claim 19. For every U* mentioned before, there exists an efficiently computable and
equivalent U' = {U!}; such that (D) U].c;x # U;..cleor everyi # j, (E) Ul.ciy = Uf.c1y
for every i and (F) vertical and horizontal arms of U have the same respective lengths

as those of U! for every i.

Proof. Let (xi)r, (@i)k, (Bi)i» @ and B be defined as in the proof of Claim 18 with U = U“.
For every i, define 6; to be U{.cox — Uf.c;x and define ¢ to be min; 6;. In addition, let y; <
Y2 <...<y,<oo =y, be the sorted list of U{.c,x values. Define € = min;.,{y;,1 — yi}.

Redefine y to be min{, zﬁn %, 5} where n = |U|. We have y > 0.

Define U’ in terms of U as follows. Fix an arbitrary k and order all those U’s in U
having U.cix = x; as follows. If Uf{, U7 are two such members, then U{ < Uj (or
vice versa) if Uf.ciy > Uf.c;y. If Uf.c;y = Uf.ciy, then U{ < U (or vice versa) if
Uf.cox < US.cox. It Uf.c;y = US.c1y and U{.cox = US.cpx, then U < Uj (or vice versa)
if Ul.lly < Uj.ly. If Uf.ciy = U5.c1y, Uf.cox = Uj.cox and Uf.ly = Uj.ly, then U{ < Uj
(or vice versa) if U{.ry < Uj.ry. Surely, any pair of distinct U’s differ in at least one of
the five values. Let Oy be the resulting total ordering obtained. Now, concatenate all such
orderings obtained (one for each k) as Oy, O, ..., O,, where m is the number of distinct

values of U.cix (U* € UY). Let (UY, ..., U?) be the resulting total ordering of U“.
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For every i < n, define U] as the U characterized by (U{.cix + iy, U{.ciy, Uf.cox +

iy, U.coy, U ly, Ul.ry). Note that U].cix — Uf'.cix < ny < mm{z,'g % g} for every i.

Similarly, U.cox — Uf.cox < ny < min{%, §,

NI

, g} for every i.

That Condition (D) is satisfied by U’ can be seen as follows. Fix an arbitrary i < j
satisfying Uf.cix = x, < x; = U;‘.clx. If x, < x;, then Ul.cix < x, + 5 < x < U;..clx.
If x, = x,, it follows from the definition of the ordering associated with x, that U}.c;x <

U;..clx.

We only need to show that for every i < j, U; and U, are independent if and only if U}

and U ¢ are independent. Fix an arbitrary i < j. It follows that U{.c;x < U 4.c1x.

Casel: Ul.cix = U“ c1x = x;. Then, Ul.cix < U .C1X < X + 5 < Ul.cox < Ul.epx.

There are two sub-cases.

(i) Suppose Uf.cy > Us.cy. Then, U} and Us intersect if and only if Uf.c;y < Us. ly.
Also, U; and U’; intersect if and only if U}.c1y = Uf.ciy < U'.ly = US.ly, since Uj.c1x <

U}.clx < U!.cox. Thus, U{ and U;? intersect if and only if U’ and U;. intersect.

(ii) Suppose Uf.cix = U;‘.clx = x; and Ul'.c;y = U;.‘.cly. Then, U¢ and U;? intersect.

Also, Ul.cix < U .c1x < U!.cox as shown before. Hence, U and U’ also intersect.

Case 2 : Suppose Ul.cix = x, < x; = U;?.clx. If Ul.cox < U;?.clx, then U{ and Uj’

B

5 < U" c1x < U .c1x. Hence, U/ and U’ are

are independent. Also, U!.cox < Uf.cox +

independent.

The only remaining case (follows from Assumption (A) satisfied by U“) is that (i) U{.c;x =
X, < Xp = Uj“..clx < U}.cox. In that case, (i) Ul.cix < x, + 5 < X U’ c1x < x+ ﬁ <

Uf.cox < Ul.cox.
2 2

In view of (i), U{ and Ut intersect if and only if either (a) Uf.cly < Uf.ciy < U;?.ly or (b)

Uf.cry < U“ c1y and Uf.cox < U“ cox and Ul'.ry U;’.cly.

In view of (ii), U] and U;. intersect if and only if either (a) U‘;..cly S Ul.cy < U}.ly or (b)
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Ul.ciy < U;..cly and U/.cox < U;..czx and Ul.ry > U}.cly.

In addition, if U;?.ch < Uf.cyx, then U;..czx = U;?.czx +5 < Ulcxx < Ujepx. It
Uf.cox < Ul.cox, then Ul.cox = Ub.crox + iy < U%.cox + jy = U'.cox. Thus, we notice

that U{'.cox < U;.’.czx if and only if U!.cox < U;..czx.

Hence, (a) (or (b)) happens between U{ and U 7 if and only if (a) (or (b)) happens between
U and U’. Hence U} and U¢ intersect if and only if U} and U’; intersect. This establishes

that U is equivalent to U’. O
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Chapter 7

Conclusions

7.1 Summary

In this thesis, we studied two algorithmic problems. They are Stochastic Matching over
general graphs and Maximum Independent Set (MIS) over By, B,-VPG graphs. We first
presented our results for the stochastic matching problem and then we presented our re-

sults for MIS problem over By, B,-VPG graphs.

In Chapter 1, we analyzed the performance of the greedy algorithm for weighted stochas-
tic matching. We obtain an approximation guarantee of 2/p?. . Here p,;, is the minimum
probability associated with any edge in the input. Since p,,;, can become arbitrarily small
asymptotically, this implies that performance guarantee of the greedy algorithm can be-
come unbounded. We also presented an infinite and explicit family of weighted graphs for

which it is shown that the approximation ratio of the greedy algorithm is at least 2/ p,;y-

In Chapter 3, we presented an algorithm (based on an LP formulation and an application
of a randomized rounding procedure) for online stochastic matching. We analyzed this
algorithm and established that its approximation ratio is at most 5.2.

The latter part of the thesis presents results obtained for the MIS problem over By, B;-
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VPG graphs. In Chapter 4, we present an (log n)>-approximate algorithm for the MIS
problem over B;-VPG graphs. For equilateral B,-VPG graphs, we obtained a 36(log 2d)-
approximate algorithm where d is the ratio of the maximum length to minimum lengths
of any arm of any member of the input. We also proved that the MIS problem on unit
L-graphs is NP-complete. Later, in Chapter 5, we present another algorithm (for MIS
over B;-VPG graphs) with an improved performance guarantee of O(logn). In Chap-
ter 6, we present an approximate MIS algorithm for B,-VPG graphs and prove that its

approximation ratio is O((log n)?).

7.2 Future Directions

In this section, we outline some potential future directions based on the work of the thesis.

For the greedy analysis of the weighted instance of stochastic matching, it would be in-

teresting to reduce the gap between lower and upper bounds.

Another interesting problem is to design a combinatorial algorithm for weighted stochas-

tic matching with a constant approximation factor.

A (1 + e)-approximation algorithm with running time being at most 27°»1°21/9 g gaid to
be a quasi polynomial time approximation scheme (QPTAS). Here n denotes the size of the
input instance. A (1 + €)-approximation algorithm with running time being poly(n, 1/€)

is said to be a polynomial time approximation scheme (PTAS).

For By, B,-VPG graphs, that MIS problem has a QPTAS follows from the works of
Adamaszek et al and also from the works of Harpeled [AW 14, HP14]. A related goal
would be to design a PTAS for By, B,-VPG graphs. The best known algorithm for MIS
on string graphs has an approximation factor of n¢ for some € > 0 [FP11]. Another in-
teresting direction is to explore the approximability of MIS on B,VPG graphs with an

approximation factor which is independent of k and is better than n¢.
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