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SYNOPSIS

This thesis studies fluctuation of error terms that appears in various asymptotic formulas
and size of the sets where these fluctuations occur. As a consequence, this approach

replaces Landau’s criterion on oscillation of error terms.
General Theory

Consider a sequence of real numbers {a,} | having Dirichlet series

- a
n
D(S): ;’
n=1

which is convergent in some half-plane. As in Perron summation formula [37, I11.2.1], we

write

*

D = M) + A),

n<x

where M(x) is the main term, A(x) is the error term and )" is defined as

* Din<x An if x ¢ N,
2=
nsx Din<x Gn + %ax if x € N,

In this thesis, we obtain Q and . estimates for A(x). We shall use the Mellin transform

of A(x) (defined below) to obtain such estimates.

12



Definition. The Mellin transform of A(x) be A(s), defined as

A(s) = f TAW
1

xS+l '
In this direction, under some natural assumptions and for a suitably defined contour

1 [ _Dw
A= ot Ig n(s — n)dn'

In the above formula, the poles of D(s) that lie left to % are all the poles that contributes

%, we shall show that

to the main term M(x). Landau [26] used the meromorphic continuation of A(s) to obtain
Q. results for A(x). He proved that if A(s) has a pole at oy + it for some ty # 0 and has
no real pole for s > o7, then

A(x) = Q.(x79).

We shall show a quantitative version of Landau’s theorem, which also generalizes a the-
orem of Bhowmik, Ramaré and Schlage-Puchta [6]. Below we state this theorem in a

simplified way. We introduce the following notations to state these theorems.

Definition. Let

AF(x70) :={T < x < 2T : A(x) > Ax7°},
Ar(x70) =T < x < 2T : A(x) < —Ax7°},

Ar(x7) 1= AF(x0) U A (x7),

for some A, 0 > 0.
Theorem. Let g > 0, and let the following conditions hold:
(1) A(s) has no real pole for R(s) > o,

13



(2) there is a complex pole sy = o + ity, to # 0, of A(s), and

(3) for positive functions h*(x) such that h + (x) — oo as x — oo, we have

2
[ SPa<wm.
A

%(x‘ro) x20'0+1

Then

+/..00 _ T
(T () _Q(hi(T))’

where u denotes the Lebesgue measure.

In the above theorem, Condition 2 is a very strong criterion. In the following theorem,
we replace Condition 2 by an Q-bound of u(Ar(x?)) and obtain an Q. -result from the

given Q-bound.

Theorem. Let oy > 0, and let the following conditions hold:
(1) A(s) has no real pole for R(s) > o, and
(2) u(Ar(x0) = QT %) for 0 < 6 < 0.

Then
A(x) = Qu(T707")

for any &' such that 0 < &’ < 6.

The above two theorems are applicable to a wide class of arithmetic functions. Now

we mention some results obtained by applying these theorems.

A Twisted Divisor Function

14



Given 6 # 0, define

7(n,0) = Z dv.

din

The Dirichlet series of |7(n, 8)|* can be expressed in terms of Riemann zeta function as

[ee]

D=y [t(m. O)F _ () +i0)(s - i)

= 725 for R(s) > 1.

n=1
In [14, Theorem 33], Hall and Tenenbaum proved that
Z |t(n, t9)|2 = wi(0)x logx + w>(0)x cos(flog x) + w3(@)x + A(x),
n<x

where w;(0)s are explicit constants depending only on 6. They also showed that
A(x) = Og(x'? 10g® x).

Here the main term comes from the residues of D(s) at s = 1,1 £ i6. All other poles of
D(s) come from zeros of ¢(2s). Using a pole on the line R(s) = 1/4, Landau’s method
gives

A(x) = Qi (x').
We prove the following bounds for a computable A(8) > 0 and for any € > 0:

u(IT < x 22T A®) > (AO) - Ox')) = @ (T2 (0g 7)),

p (T < x 2T A(x) < (=20) + Ox'*)) = Q (T (log T)™"?) .

For a constant ¢ > 0, define
3 c
T=—-— ———.
1) =8~ Gog )18

15



Applying a method due to Balasubramanian, Ramachandra and Subbarao [5], we prove
AT) =Q(17).
In fact, this method gives Q-estimate for the measure of the sets involved:
uANIT,2T]) = Q (1),

where

A = {x: |AX)| > Mx*™)}

and M > 0 is a positive constant. We also show that
either A(x) = Q (x**/2) or A(x) = Q. (x**7),
for 0 <6 < ¢’ < 1/8. For any € > 0, this result and the conjecture
A(x) = O(x>13+€)

proves that

A(x) = Q,(x3379).
Prime Number Theorem Error

Let a,, be the von Mandoldt function A(n):

log p ifn=p", r > 1, p prime,

A(n) :=
0 otherwise.

16



Let
Z Ay = x + A(x).

n<x

From the Vinogradov’s zero free region for Riemann zeta function, one gets [23, Theo-
rem 12.2]

Ax)=0 (x exp (—c(log x)*(log log x)_l/s))

for some constant ¢ > 0.

Hardy and Littlewood [16] proved that
Ax) = Q, (x'?logloglogx) .

But this result does not say about the measure of the sets, where the above Q. bounds are
attained by A(x). We obtain the following weaker result, but with an Q-estimates for the
measure of the corresponding sets.

Let A; > 0 denotes a computable constant. For a fixed €, 0 < € < 4, we write
Ay = {x 1 AG) > (4 - ox'V?,
Ay = {x 1 Ax) < (=41 +ex'?}.

Then

u(T,2TINA;) = Q (Tl_f) , for j =1,2 and for any € > 0.

17



Under Riemann Hypothesis, we have

T o
,U([T,ZT] N AJ) =Q ((log—T)Ll) for] = 1,2

We also show the following unconditional Q2-bounds for the second moment of A:
f A*(x)dx = Q(T? forj=1,2.
[T 2TINA;

Non-isomorphic Abelian Groups

Let a, denote the number of non-isomorphic abelian groups of order n. We write

k

6
Zan = brxlk + A(x).
=1

n<x k

In the above formula, we define by as

It is an open problem to show that
A(x) < x'/* forany 6 > 0. (1
The best result on upper bound of A(x) is due to O. Robert and P. Sargos [33], which gives

A(x) < x'/**€ for any € > 0.

18



Also Balasubramanian and Ramachandra [4] proved that
A(x) = Q (x"5ylogx) .
From this result, we may obtain
p(IT < x <27 1 |AW)] 2 Apx'/O(log x)'/?}) = (T/67),
for some A, > 0 and for any € > 0. Sankaranarayanan and Srinivas [35] proved that
Alx) = Q. (xl/lo exp (c\/log x))
for some constant ¢ > 0, while it has been conjectured that
A(x) = Qu(x'/070),
for any 6 > 0. We shall show that either
2T
f A*(x)dx = QTP or A(x) = Qu(x/079),
T
for any 0 < 6 < 1/42. The conjectured upper bound (1) of A(x) gives
2T
f A*(x)dx < 777349,
T
This along with our result implies that

A(x) = Q. (x'/%7%) forany 0 <6 < 1/42.

19



NOTATIONS

We denote the set of natural numbers by N, the set of integers by Z, the set of real numbers

by R, the set of positive real numbers by R*, and the set of complex numbers by C.

The notaion i stands for V—1, the square root of —1 that belongs to the upper half plane
in C.

We denote the Lebesgue mesure on the real line R by wu.

For z = o + it € C, we denote o by R(z) and 7 by J(2).

Let f(x) be a complex valued function and g(x) be a positive real valued function on R*.

As x — oo, we write:

fx)

@<OO;

f(x) = 0(g(x)), if lim, e

)
g(x)

f(x) =o0(g(x)), if limy_ =0

J(x) < g(), if f(x) = O(g(x));

J(x) > g(x), if g(x) = O(f(x));

(x) ~ g(x), if lim,_ e ¥ = 1;
f 8 g

Sx)

m<00.

F(x) = g(x), if 0 < lim, e

20



Let f(x) be a complex valued function on R*, and let g(x) be a positive monotonic func-

tion on R*. As x — oo, we write

f(x) = Q(g(x)), if limsup,_,, Zg;' > 0;

f(x) = Qu(g(x)), if limsup, ,, % > 0:

f@) = Q(g(0)). if liminfy o L5 < 0:

F(x) = Qu(g(x)), if f(x) = Q.(g(x)) and f(x) = Q_(g(x)).

21
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I | INTRODUCTION

In 1896, Jacques Hadamard and Charles Jean de la Vallée-Poussin proved that the number
of primes upto x is asymptotic to x/ log x. This result is well known as the Prime Number
Theorem (PNT). Below we state a version of this theorem (PNT*) in terms of the von-

Mangoldt function.

Definition I.1. For n € N, the von-Mangoldt function A(n) is defined as

log p if n=p", r € Nand p prime,
A(n) =

0 otherwise .

Theorem (PNT*). For a constant c; > 0, we have
Z An)=x+0 (x exp (—cl(log x)3/5(log log x)_l/s)) ,
n<x

where

a Znﬁx A(n) if x ¢ N,
Z An) =

n=x Snex A1) — A(x)/2 otherwise .

For a proof of the above theorem see [23, Theorem 12.2]. Proof of PNT* uses analytic

24



continuation of the function
()=
n=1
defined for R(s) > 1. The function £(s) is called the ‘Riemann zeta function’, named
after the famous German mathematician Bernhard Riemann. In 1859, Riemann showed
that this has a meromorphic continuation to the whole complex plane. He also showed
PNT by assuming that the meromorphic continuation of {(s) does not have zeros for
R(s) > % This conjecture of Riemann is popularly known as the ‘Riemann Hypothesis’

(RH), and is an unsolved problem. Under RH, the upper bound for A(x) in PNT* can be

improved as in the following theorem:
Theorem (PNT**). Let A(x) be defined as in PNT*. Further, if we assume RH, then
L 2
A(x) = O (xz log x) .

Proof. See [40]. O

In fact, we shall see in Theorem III.3 that PNT** is equivalent to RH. At this point, it is

natural to ask the following questions:

Can we obtain a bound for A(x), better than the bound in PNT**?

Is A(x) an increasing or a decreasing function?

Can A(x) be both positive and negative depending on x?

How large are positive and negative values of A(x)?

We shall make an attempt to answer these question by obtaining € and €. results. The

25



following result was obtained by Hardy and Littlewood [16] in the year 1916:
Ax) = Q, (x% log log log x) . @)

The above €2, bound on A(x) gives some answer to our earlier questions. It says that we
can not have an upper bound for A(x) which is smaller than X2 logloglog x. It also
says that A(x) often takes both positive and negative values with magnitude of order
X2 logloglog x. This suggests, it is important to obtain Q and €. bounds for various
other error terms. In this direction, Landau’s theorem [26] (see Theorem III.3 below)

gives an elegant tool to obtain Q. results. Applying this theorem, we have

).

The advantage of Landau’s method as compared to Hardy and Littlewood’s method is

NI

Alx) = Q. (x

in its applicability to a wide class of error terms of various summatory functions. In
Landau’s method, the existence of a complex pole with real part % serves as a criterion for
the existence of above limits. In this thesis, we shall investigate on a quantitative version

172 and

of Landau’s result by obtaining the Lebesgue measure of the sets where A(x) > Ax
A(x) < —/lx%, for some A > 0. We shall show that the large Lebesgue measure of the set
where |A(x)| > /lx%, for some A > 0 replaces the criterion of existence of a complex pole
in Landau’s method. This approach has the advantage of getting Q. results even when

no such complex pole exists. This is evident from some applications which we discuss in

this thesis.

26



I.1 Framework

In this thesis, we consider a sequence of real numbers {a,}’ , having Dirichlet series

[e9)

D(s) = "

n=1

ap

that converges in some half-plane. The Perron summation formula (see Theorem II.1)

uses analytic properties of D(s) to give

k

Z a, = M)+ Ax),

n<x

where M(x) is the main term, A(x) is the error term ( which would be specified later )

and )" is defined as

* Din<x An ifx¢N
2=
nsx Din<x n — %ax if x e N.

We may define the Mellin transform of A(x) as follows (which is different from the

standard definition of the Mellin transform).

Definition L.2. For a complex variable s, the Mellin transform A(s) of A(x) is defined by

A(s) = foo A(x)d)c
1

x5+l '

In general, A(s) is holomorphic in some half plane. We shall discuss a method to obtain

a meromorphic continuation of A(s) from the meromorphic continuation of D(s). In

27



particular, we shall prove in Theorem II.3 that under some natural assumptions

1
Als) = — f bw)_g,
¢ n(s—mn)

where the contour % is as in Definition II.1 and s lies to the right of €. Later, this result
will complement Theorem III.6 and Theorem IIL.8 in their applications.

In Chapter III, we revisit Landau’s method and obtain measure theoretic results. Also
we generalize a theorem of Kaczorowski and Szydto [24] and a theorem of Bhowmik,
Ramaré and Schlage-Puchta [6] in Theorem IIL.8.

Let

A, T) :={x:x€[T,2T], |A(x)| > x%},

and let ¢ denotes the Lebesgue measure on R. In Chapter IV, we establish a connection

between u(A(a,T)) and fluctuations of A(x). In Proposition IV.1, we see that
WA, T)) < T' implies A(x) = Qx**9/?).
However, Theorem IV.3 gives that
u( A, T)) = UT'™°) implies A(x) = Qi (x?7°),

provided A(s) does not have a real pole for R(s) > a — §. In particular, this says that
either we can improve on the Q result or we can obtain a tight Q. result for A(x).

In Chapter V we study a twisted divisor function defined as follows:

7(n,0) = Z d® for 6 # 0. (1.2)
din

28



This function is used in [14, Chapter 4] to measure the clustering of divisors. We give a
brief note on some applications of 7(n, 6) in Section V.V.1. In [14, Theorem 33], Hall and

Tenenbaum proved that
Z |T(n, 9)|2 = wi(0)xlogx + w>(0)x cos(flog x) + w3(@)x + A(x), (L.3)
n<x

where w;(0)s are explicit constants depending only on 6. They also showed that
A(x) = Og(x'?1og® x). (1.4)

We give a proof of this formula in Theorem V.1. In Theorem V.2, we obtain an Q bound
for the second moment of A(x) by adopting a technique due to Balasubramanian, Ra-
machandra and Subbarao [5]. Also we derive conditional . bounds for A(x) in Theo-
rem V.4 using techniques from the previous chapters.

The main theorems of this thesis, except Theorem IIL.8, are from [28], which is a joint

work of the author with A. Mukhopadhyay.

1.2 Applications

We conclude the introduction by mentioning a few applications of the methods given in

this thesis.
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I.2.1 Twisted Divisors

Consider the twisted divisor function 7(n, 8) defined in the previous section. The Dirichlet

series of |t(n, #)|? can be expressed in terms of the Riemann zeta function as:

for R(s) > 1. 1.5)

o Itm, 01 () (s +i0) (s — i0)
D)=, = Z(25)

n=1
In Theorem V.1, we shall show
Z |T(n, 0)|2 = wi(0)xlog x + w>r(0)x cos(flog x) + w3(@)x + A(x),
n<x
where w;(0)s are explicit constants depending only on 6 and

A(x) = 0p(x'? 10g® x).

The Dirichlet series D(s) has poles at s = 1,1 + if and at the zeros of {(2s). Using a

complex pole on the line R(s) = 1/4, Landau’s method gives
A(x) = Q. (x1*).
In order to apply the method of Bhowmik, Ramaré and Schlage-Puchta [6], we need

2T
f AZ(X)dX < TZO'()+1+6
T

30



for any € > 0 and o9 = 1/4; such an estimate is not possible due to Corollary V.1.

Generalization of this method in Theorem III.6 can be applied to get
p (A N IT,271) = Q (T2 (logT)"?)  forj=1,2,
and here A;s’ for A(x) are defined as
Ay ={x: M) > (A0) — x'*} and Ay = {x : Alx) < (-=2(0) + e)x'/*}

for any € > 0 and A(f) > 0 as in (V.3). But under Riemann Hypothesis, we show in (V.5)

that the above Q bounds can be improved to
H (ﬂj) =Q (T3/4_E) , forj=1,2 and for any € > 0.

Fix a constant ¢, > 0 and define

2

3
"8 Ge D)

In Corollary V.2, we prove that
AT) =Q(T°D).

In Proposition V.3, we give an (2 estimate for the measure of the sets involved in the above
bound:

UANT,2T]) = Q (Tzam) ,
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where

A = {x E = an(x)}

for a positive constant M > 0. In Theorem V.4, we show that
either A(x) = Q (x**/2) or A(x) = Q. (x*#7),
for 0 < 6 < ¢’ < 1/8. We may conjecture that
A(x) = O(x*8+€) for any € > 0.
Theorem V.4 and this conjecture imply that

A(x) = Q. (x3/47€) for any € > 0.

I.2.2 Square Free Divisors

Let A(x) be the error term in the asymptotic formula for partial sums of the square free

divisors:

N e Xlogx (202) 2y -1
20 =22 =T +( 2o @ )"

n<x

where w(n) denotes the number of distinct prime divisors of n. It is known that A(x) <«

x1/2 (see [12]). Let A; > 0 and the sets A; for j = 1,2 be defined as in Section I1L.4.1:

A = {x TAx) > (4 - 6)x1/4} , and A, = {x CAx) < (A + e)x1/4} .
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In (II1.14), we show that
p (A;0[T,277) = Q(T"?) for j = 1,2.
But under Riemann Hypothesis, we prove the following € bounds in (III.15):

u (ﬂj N [T,2T]) =Q (Tl_f) , for j = 1,2 and for any € > 0.

1.2.3 Divisors

Let d(n) denotes the number of divisors of n:

d(n) = Zl.

din

Dirichlet [18, Theorem 320] showed that

D dn) = xlogx + 2y = I)x + Ax),

n<x

where v is the Euler constant and

A(x) = O(Vx).
Latest result on A(x) is due to Huxley [20], which is

A(x) = O(x31/416),
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On the other hand, Hardy [15] showed that

A(x) = Q. ((x log x)/* log log x),

=Q_(x'.

There are many improvements on Hardy’s result due to K. Corradi and I. Katai [7], J.
L. Hafner [13] and K. Sounderarajan [36]. As a consequence of Theorem IV.3, we shall
show in Chapter IV that for all sufficiently large T and for a constant c3 > 0, there exist

X1, Xy € [T, 2T] such that
A(xl) > C3X] and A(XQ) < —C3X2.
In particular, we get

A(x) = Q. (x1*).

I.2.4 Error Term in the Prime Number Theorem

Let A(x) be the error term in the Prime Number Theorem:

A(x) = Z A(n) — x.

We know from Landau’s theorem [26] that

A(x) = Q, (x'7?)
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and from the theorem of Hardy and Littlewood [16] that
Ax) = Q, (x'loglogx) .
We define

A = {x TA(x) > (A — e)xl/z} and A, = {x TAX) < (A2 + e)xl/z} ,

where A, > 0 be as in Section 1I1.4.2. If we assume Riemann Hypothesis, then the
theorem of Bhowmik, Ramaré and Schlage-Puchta ( see Theorem III.5 below ) along

with PNT** gives

,u(ﬂjﬂ[T,2T]):Q( )forj:l,z.

log*T

However, as an application of Corollary III.1 of Theorem III.6, we prove the following

weaker bound unconditionally:

u (ﬂj N [T,2T]) =Q (TI_E) , for j = 1,2 and for any € > 0.

I.2.5 Non-isomorphic Abelian Groups

Let a, be the number of non-isomorphic abelian groups of order n, and the corresponding

Dirichlet series is given by

[se]

{(ks) for R(s) > 1.

ns

s

n=1 k=1
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Let A(x) be defined as

* 6
A = Y an= Y ([ [eGm)x".
n<x k=1 j#k
It is an open problem to show that
A(x) < x6%€ for any € > 0. (1.6)
The best result on upper bound of A(x) is due to O. Robert and P. Sargos [33], which gives
1/4+e
Alx) < x for any € > 0.
Balasubramanian and Ramachandra [4] proved that
2T
f A%(x)dx = QT*31ogT).
T
Following the proof of Proposition V.3, we get
p (T < x <27 2 |AG)| 2 A3x'®(log x)'2)) = QT/579),
for some A, > 0 and for any € > 0. Sankaranarayanan and Srinivas [35] proved that
Alx) = Q. (xl/lo exp (c\/log x))

for some constant ¢ > 0. It has been conjectured that

A(x) = Q. (x'/7%) forany 6 > 0.
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In Theorem IV.1, we prove that either
2T
f A*(x)dx = QTP or A(x) = Qu(x1/07%),
T

for any 0 < 6 < 1/42. The conjectured upper bound (I1.6) of A(x) gives

2T

f A (x)dx < T7/3%9,
T

This along with Theorem IV.1 implies that

A(x) = Q,(x'/%7%) forany 0 <6 < 1/42.
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II | ANALYTIC CONTINUATION OF THE MELLIN TRANS-

FORM

In this chapter, we express the error term A(x) as a contour integral using the Perron’s
formula. This allows us to obtain a meromorphic continuation of A(s) (see Definition 1.2)
in terms of the meromorphic continuation of D(s), which is the main theorem of this
chapter ( Theorem II.3 ). This theorem will be used in the next chapter to obtain Q.

results for A(x).

II.1 Perron’s Formula

Recall that we have a sequence of real numbers {a,}  ,, with its Dirichlet series D(s).
The Perron summation formula approximates the partial sums of a, by expressing it as a

contour integral involving D(s).

Theorem I1.1 (Perron’s Formula, Theorem I1.2.1 [37]). Let D(s) be absolutely convergent

for R(s) > o, and let k > max(0, o). Then for x > 1, we have

*

1 K+ioco D s
Zan = — (s)x ds.

271 J oo s

n<x
But in practice, we use the following effective version of the Perron’s formula.
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Theorem I1.2 (Effective Perron’s Formula, Theorem I1.2.1 [37]). Let {a,}>° ,, D(s) and

n=1’

K be defined as in Theorem II.1. Then for T > 1 and x > 1, we have

k

1 k+iT l)(s)xs © |an|
n==— ds + O | x" .
2.4 wi ) s O Zn"(l+T|log(x/n)|)

n<x n=1

The above formulas are used by shifting the line of integration, and thus by collecting the
residues of D(s)x*/s at its poles lying to the right of the shifted contour. The residues
contribute to the main term M(x), leaving an expression for A(x) as a contour integral.

So we write

*

Z a, = M)+ A(x),

n<x

where M(x) is the main term and A(x) is the error term. We make the following natural

assumptions on D(s), M(x) and A(x).

Assumptions IL.1. Suppose there exist real numbers Ty, 01,0 satisfying 0 < oy < 02,

and Ty > 0 such that
(i) D(s) is absolutely convergent for R(s) > .
(ii) D(s) can be meromorphically continued to the half plane R(s) > o1 and is analytic

on the following line segments

{o+it:o) <o <o0y,t==TpH}

{oc+it:oc=01,-Ty <t <Ty}.

(iii) For P define as

P ={o +it:o +itisapoleof D(s),oc > o1, |t] < Ty},
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the main term M(x) is sum of residues of% at poles in P:

M(x) = Z Res,., (D(S)xs) |

peP §
We may note that P is a finite set.
The above assumptions also imply:
Note I1.1. We may also observe:

(i) For any € > 0, we have

o2+€

|an|’ |M(.X)|, |A(.X')|,

Sa,

n<x

<X

(ii) The main term M(x) is a polynomial in x, and log x:

M(x) = Z v1,jx >/ (log x)",
je s

where vy ; are complex numbers, v, ; are real numbers with oy < vy j < 02, V3

are positive integers, and ¢ is a finite index set.

To express A(x) in terms of a contour integration, we define the following contour.

Definition I1.1. Let 01,0 be as defined in Assumptions I1.1. Choose a positive real

number o3 such that o3 > 0. We define the contour €, as in Figure I1.1, as the union of

the following five line segments:

¢ =L UL, UL3UL4VU Ls,
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©
. 0 o1l 02: 03 X
~To~
Figure II.1: Contour %
where
Ly ={oz3+iv:Ty <v < oo}, Lo ={u+ily:01 <u <03},
Ly ={oy+iv: =Ty <v <Tpl, Li={u—-iTy:01 <u < o3},

Ls ={o3+iv:—o0o <y < -Tyl.

Now, we write A(x) as an integration over % in the following lemma.

Lemma I1.1. Under Assumptions II.1, the error term A(x) can be expressed as:

_ L D"
AG) = 5 L T

Proof. Follows from Theorem II.1.
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IL.2 Analytic continuation of A(s)

Now, we shall discuss a method to obtain a meromorphic continuation of A(s), which will
serve as an important tool to obtain Q. results for A(x) in the following chapter.

Below we present the main theorem of this chapter.

Theorem I1.3. Under Assumptions-I1.1, we have

1 [ Dw
A= o L n(s - n)dn’

when s lies on the right-hand side of the contour € (Figure I1.1).

I1.2.1 Preparatory Lemmas

We shall need the following preparatory lemmas to prove the above theorem.

From Lemma II.1, we have:

g
miJr Je m X

To prove Theorem II.3, we need to justify the interchange of the integrals of n and x in

(IL1)

(IL.1).

Definition I1.2. Define the following complex valued function B(s):

B(s) ::LID(U) i~ dn
@

2mi n Jp xSl

L f D1 o Ris) > Ran).
271 Jo 5 — 1
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The integral defining B(s) being absolutely convergent, we have B(s) is well defined

and analytic.

Definition I1.3. For a positive integer N, define the contour € (N) as:
C(N)={ne?:13(m| < N}.

Definition I1.4. Integrating the integrals of n and x, define By(s) as:

D(m)dn
By(s) = i L(N) f s ,7+1

= Lf M for R(s) > R(n).
2ri Jenvy (s —mn

With above definitions we prove:

Lemma I1.2. The functions B and By satisfy the following identities:

B(s) = lim Bn(s) (I1.2)

n
= lim — f f b (”)x dx (IL.3)
N—oo 2mi E(N) x”l

Proof. Assume N > Tj. To show (II.2), note:

1 f D(m)dn
2ni c—¢wv) (s —mn

. f‘””“’ DGpdy (77 Dépdny
o3+iN (S - 77)77 o3—100 (S - 77)77

|B(s) = Bn(s)] <

“dy 1 o .
< = <= substitutingn = o3 + iv)
N V N

This completes proof of (I1.2).
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We shall prove (I1.3) using a theorem of Fubini and Tonelli [8, Theorem B.3.1, (b)].

To show that the integrals commute, we need to show that one of the iterated integrals in

(I1.3) converges absolutely. We note:
D(p)
nxs -n+1

L(N)f
)

d 00
< L«N) ‘nm(s) . %(n»' ldnl <

dx|dr|

This implies (I.3). i

1o Dmx" . d
Bly(s) = — f f D g 92 (IL4)
i 1 E(N) n xs+1

We re-write (I11.3) of Lemma II.2 as:

Let

]\}im By (s) = B(s).

Observe that A(s) = B(s), if

© D |
lim f f X o =0
Nooo Jy Je-ewy 1 x5F

can be shown by interchanging the integral of x with the limit. For this, we need the

uniform convergence of the integrand, which we do not have. It is easy to see from
Theorem I1.2 that the problem arises when x is an integer. To handle this problem, we

shall divide the integral in two parts, with one part having neighborhoods of integers.

Definition IL.5. For ¢ = \/]_ﬁ ( where N > 2 ), we construct the following set as a neigh-
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borhood of integers:

S©) :=[1,1+6]U Ups2[m —6,m+]).

Write

1
A(s) — By (s) = %(Jl,N(S) + Jon(s) — J3n(s)),

where

D n d
Jin(s) :f f (n)x dn a
S©) JE-%n

o3+ico D )xr]
JanN(s) = f f (77
S() Joz—ico

o3+IiN D( )xr]
J3.n(s) = f f 1 dn
S(6) Jo3—-IiN

In the next three lemmas, we shall show that each of J; y(s) — 0 as N — oo.

s+l ’

dx

xs+l ’

dx

xs+1 :

Lemma I1.3. For R(s) = o > o3 + 1, we have the limit

lim J1n(s) = 0

Proof. Using Theorem II.2 with x € S(6)¢, we have

oo

|,

f D(@m)x"
dn
C—CN n

x93

45

< x nzz; no3(1 + N|log(x/n)|)

SRS | 1 x|any| (x)o—3
< — +— Z -
N 4 n’s N |x —n| \n

x/2<n<2x

(IL5)



X3 x0'3+l+e x0'3+1+6 1
<<W+ < (asd = N72).

N VN

From the above calculation, we see that

1 ® 1
|J1,N| < —f XT3y < —
VN Ji VN
for o = R(s) > o3 + 1 + €. This proves our required result. |
Lemma I1.4. For R(s) = o > o3,
]\}l_rgo Jan(s) =0.
Proof. Recall that
Z*l Dnexlnt+ay/2 ifxeN,
a, =
nsx Din<x An if x ¢ N,

By Note II.1,

*

Z a, < x73.

n<x

Using this bound, we calculate an upper bound for J, x as follows:

o3+ico D(n)x" dx < |Z;Sx an|d
S . dT] s+1| — o+1 X
(6) Joz—ioo n X S@) X

1+6 © m+o0
<<f x737 gy <<f x”3_0_1+2f x737 1 dx.
56) I s

This gives

1 1
|on(s)] <6+ ( c—03 0'—0'3) )
mZ;‘z (m = 6) (m +9)

Using the mean value theorem, for all m > 2 there exists a real number m € [m—3, m+4d]
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This implies that J, y — 0 as N — oo. O

Lemma I1.5. For o > 03, we have
lim J3(s) = 0.

Proof. Consider

TN DX dx
Jn(s) = f f i
S(6) Jo3—iN n X

This double integral is absolutely convergent for R(s) > o-3. Using the Theorem of Fubini

and Tonelli [8, Theorem B.3.1, (b)], we can interchange the integrals:

o3+iN D
Jsn(s) = f D) -s-14x ay

s—iN 1] S©6)

o3+iN D 1+6 .7 m+é .7y
:f D) f xldx+2f xldx dn.
o3—iN 1 Xt m—s X°F

m>2

For any 61, 6, such that 0 < 6; < 6, < oo, we have

fgzx"_s_ldx: 1 L 1| _6-6
0, s — n 9»1‘—77 9;_77 §S—T]+1
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for some @ € [0, 65]. Applying the above formula to J3 y(s), we get

0';+1ND o3+iN D
J3n(s) = f,, (77) Z — ,7+1d77 2‘52 L = S?l dn.

3—IN m>1 m>1 3—IN m n

where m € [l,1+d6]and m € [m -6, m+4] for all integers m > 2. In the above calcula-

tion, we can interchange the series and the integral as the series is absolutely convergent.

So we have
J3n(s) <6 f dv (substitutingn = o3 +iv)
mZ‘] N (1+ |v|)—" 3+l
log N
< dlogN < .
,;1 m 7t N

Here we used the fact that for o > o3, the series

1
Z ﬁs—nﬂ

m>1

is absolutely convergent. This proves our required result. O

I1.2.2 Proof of Theorem I1.3

Proof. From equation (II.5) and Lemma I1.3, I1.4 and IL.5, we get
A(s) = A;im B\ (s)
for R(s) > o3 + 1, and where B/, (s) is defined by (IL.4). From Lemma I1.2, we have

B(s) = lim Bjy(s).
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This gives A(s) and B(s) are equal for R(s) > o3 + 1. By analytic continuation, A(s) and

B(s) are equal for any s that lies right to % O

In this chapter, we shall use the meromorphic continuation of A(s) derived in Theo-

rem II.3 to obtain mesure theoretic €2, results for A(x).

I1.3 Alternative Approches

Theorem I1.3 gives a way for meromorphic continuation of A(s) by formulating it as a
contour integral. This theorem has its significance in terms of elegance and generality.

However, there are alternative and easier ways in many cases. Below we give an example.

Note that
S Qn _ ® -S
; pri —j; (I;an)dx for R(s) > 0.
This gives
D(s) f *® -1
= a,|x " 'dx for R(s) > 0.
s = ()
So we can express A(s) as
D (o]
A(s) = % - f M)xldx  for R(s) > 0. (IL.6)
1

The above formula reduces the problem of meromorphically continuing A(s) to that

of
f M(x)x ™ dx.
1

To demonstrate this method, we consider the case when D(77) has a pole at7 = 1 and

residue at this pole gives the main term M(x), i.e # = {1}. The following meromorphic
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functions may serve as examples of D(r) in this situation:

() o ) L)
22 sy T

For a small positive real number r, we can write M(x) as

! Dy
M(x)‘sznur Dy

Thus

M(x) f f D(r])x’7 dx
x3+1 27” n—1|=r nxs+1

Dm) ( 7 dx
%L—llzr n (j; xs—r]+l)d]7

(using [8, Theorem B.3.1, (b)] )

1 D(n)
_ . 1.7
27” [n—1|=r 77(5 - U)dn ( )

Let the Laurent series expansion of D(n7) atnp = 1 be

+H(®),
o n<N( 1)"

where H(n) is holomorphic for R(r7) > o-;. Plugging in this expression for D(n) in (I1.7),

we get
M 1 d
()i)dx = > bus— f __a (IL.8)
1 xSt 2w Jygen=r (7 - D (s —n)
Let R(s) > 1 + 2r, then
m—1] 1
< - f -1l =
=1 =2 orjp—1[=r
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This gives

Lo =1
s—17 _;)(s—l)"H

is an absolutely convergent series. Using the above expansion of (s — 1)~! in (IL.8), we

have
® M(x) lf‘ o (7= D" dn
dx = bn—
: xS+l n;\’ 2 In—1|=r ’;) (S - ])m+1 (77 — 1)n
b
- Z i ~ ( by [34, Theorem 6.1])
= s-1
D
= Dls) _ H(s).
s
Thus we got

A(s) = H(s) for R(s) > 1+ 2r.

But the right hand side is holomorphic for R(s) > 0| hence the formula gives analytic
continuation of A(s) in the half plane R(s) > 0.

Similar calculations can be done when the main term M (x) is more complicated.
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III | LANDpAU’S OSCILLATION THEOREM

In this chapter, we revisit a result due to Landau and obtain €. results for A(x) using
certain singularities of D(s). Also we shall measure the fluctuations of A(x) in terms of
Q bounds, which generalizes a result of Kaczorowski and Szydlo [24], and a result of

Bhowmik, Ramaré and Schlage-Puchta [6].

III.1 Landau’s Criterion for Sign Change

We begin with a result on real valued functions that do not change sign. This appears in a
paper of Landau [26], attributed to Phragmén and stated without a proof. Here we present

a proof of this result following [37, II.1.3, Theorem 6].

Theorem IIL.1 (Phragmén-Landau). Let f(x) be a real valued piecewise continuous func-
tion defined for x > 1. Let F(s) be its Mellin transform:

) de

xs+] ’

F(s) =
1

converging absolutely in some complex right half plane. Also assume that f(x) does not
change sign for x > x, for some xo > 1. If F(s) diverges for some real s, then there exist

a real number o satisfying the following properties:
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(1) the integral defining F(s) is divergent for s < oo and convergent for s > o,
(2) s = o is a singularity of F(s),
(3) and F(s) is analytic for R(s) > oy.

Proof. Let o be:

oo = inf{o € R: F(0) converges}.

We shall show that o satisfies the properties given in the theorem.
As f(x) does not change sign for x > xo, convergence of F (o) implies the absolute
convergence of F(s) for R(s) > o. This proves (1) and (3). To prove (2), we proceed by

method of contradiction. Assume that s = 0 is not a singularity of F(s). Then there exist

’

0

/ —_—

o, > 0ooand r > o, — o such that F(s) has the following Taylor series expansion:

o0

1 ’ 4
F(s) = FFW%)(s - o),
k=0 "~

for all s satisfying |s — ol < 7.

Claim (1). For o as above, we have

P& =Y g -opft [t Shan

x06+1

Proof of Claim (1). By Cauchy’s integral formula, we can write

F(k)(cr(’)):ﬂf F(z)
c

: 4%,
2ni Je (z = o)kt
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where C is a circle with a small enough radius having its center at o,. So we have

o0

ERPEVAN ¢ I
N Ly R Y

/Vk+1 z+1
par 2mi o) 1 X

Suppose we can exchange the integrals of x and z, then

(s —oph o f(x) k! x~7dz
F(s) = —f ————dx
kzz(:) k! 1 x 27 Je (z — okt
- 1 , « X
k=0 " 1 X0

which proves Claim 1 conditionally. The only thing remains is to show that we can
exchange integrals of x and z. If we choose C with a small enough radius, then

AC))

YR+ dx

1

is absolutely convergent and so is the double integral

1 RAEY)
L (Z -0’ )k+1 xz+ldx dz.
0 1

By the theorem of Fubinni and Tonelli [8, Theorem B.3.1, (b)], we can exchange these

two iterated integrals. This completes the proof of Claim 1.

Claim (2). For |s — (| <r, the integral

T fx)

F(S) = xs+1

1

dx

converges.
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Proof of Claim (2). We shall simplify F(s) using Claim 1. We write

ji —SV ™ (og )" f () |

ol+1
k= x70

F(s) =

In the above identity, we can exchange the series and the integral as the series is absolutely

convergent. So we have

fmeiw ““J

x70" i
f()

| 7ot

RGPS

xs+1

exp((O'0 —s)logx)dx =

This completes the proof of Claim 2.
But Claim 2 implies that we have a real number smaller than o, say 0'6’ , such that
the integral of F (o) converges. This is a contradiction to the definition of o7p. So o7 is a

singularity of F(s), which proves (2). O

The following theorem appears in [1, Section 2] without a proof and is attributed to

Landau. We shall prove this theorem using Theorem III.1.

Theorem III.2 (Phragmén-Landau-Anderson-Stark ). Let f(x) be a real valued piecewise
continuous function defined on [1, ), and does not change sign when x > xq for some

1 < xp < o0. Define

= )

xs+1

F(s) := dx,

1
and assume that the above integral is absolutely convergent in some half plane. Further,
assume that we have an analytic continuation of F(s) in a region containing a part of the
real line

[(0g,0) :={0c +i0:0 > 0p}.
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Then the integral representing F(s) is absolutely convergent for R(s) > o, and hence
F(s) is an analytic function in this region.

Proof. By Theorem III.1, if
® fx)

xo"+1

dx
1

diverges for some o’ > o, then there exist a real number 0'6 > o’ > o such that F is
not analytic at o). But this contradicts our assumption that F is analytic on /(c7, o). So

the integral

® fx) ,
~——dx converges Y o’ > oy,
| xo"+1

and since f does not change sign for x > xg, F(s) converges absolutely for R(s) > o.

This also gives that F(s) is analytic for R(s) > o7. O

The above two theorems give some criteria when a function does not change sign. In

the next section we will use these results to show the sign changes of A(x).

II1.2 €2, Results

Consider the Mellin transform A(s) of A(x). We need the following assumptions to apply

Theorem III.2.

Assumptions IIL.1. Suppose there exists a real number o, 0 < oo < 01, such that A(s)

has the following properties.

(i) There exists ty # 0 such that

A = limsup(o — og)|A(o + itg)| > 0.
TNOO
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(ii) We have

[y :=limsup(o — 0)A(0) < o0,
o\

[; :=liminf(o — 09)A(0) > —c0.
o\

(iii) The limits l;, l; and A satisfy

li+A>0 and I;—A1<0.

(iv) We can analytically continue A(s) in a region containing the real line l(0(, o).
Remark II1.1. Assumptions II1.1 (i) implies that o + it is a singularity of A(s).
Now we construct the following sets for further use.

Definition IIL.1. With [;,[; and A as in Assumptions I11.1, and for an € such that 0 < € <

min(/; + A, A — [;), define

Al ={x:x€[l,00),Ax) > ;i + A1 —e)x°}

and Ar ={x:x€[l,00),Alx) <y —A+e)x7°}.

Under Assumptions III.1 and using methods from [24], we can derive the following

measure theoretic theorem.

Theorem II1.3. Let the conditions in Assumptions Ill.1 hold. Then for any real number

M > 1, we have

(AL N [M, 00]) > 0,
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and u(Ax;N[M,oo]) > 0.

This implies

A(x) = Q.(x79).

Proof. We prove the theorem only for A; as the other part is similar.

Now define the following integrals whenever they are absolutely convergent:

g(x) := A(x) — (I + 1 — €)x”°, Gls) == f ” ggicl) d:
X
g7 (x) := max(g(x),0), G*(s) := foo é‘::s(:?dx;
1
g~ (x) := max(—g(x),0), G (s):= foo gx_s(j)dx_
1

With the above notations, we have

gx) =g (x) - g (x)

and  G(s) = G"(s) — G ().
Note that

G(s) = A(s) — f Oo(li +1—e)x0 5 dy
1

I+ -
—AG) + LT for R(s) > o,
oo—§

where € is fixed as in definition III.1. So G(s) is analytic wherever A(s) is, except possibly
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for a pole at 0. This gives

lim sup(o — 0¢)|G(o + itp)| = lim sup(o — o¢)|A(0 + ity)| = A. (IIL.1)

o\0oo o\0o0

We shall use the above limit to prove our theorem. We proceed by method of contradic-

tion. Assume that there exists an M > 1 such that

(A N [M,00)) =0.

This implies

(T, (Mgt
(;+(S) - L/; x5+l dx _-Ll; x5+l dx

is bounded for any s, and so is an entire function. By Assumptions III.1, A(s) and G(s) can
be analytically continued on the line [(07y, o). As G(s) and G*(s) are analytic on [(o7, ©0),
G~ (s) is also analytic on /(0o, o). The integral for G™(s) is absolutely convergent for
R(s) > o3+ 1, and g~ (x) is a piecewise continuous function. This suggests that we can
apply Theorem II1.2 to G™(s), and conclude that

G™(s) = fw £ Wy,
1

xs+1

is absolutely convergent for R(s) > 0.
From the above discussion, we summarize that the Mellin transforms of g, g* and g~
converge absolutely for R(s) > 0. As a consequence, we see that G(o-), G (o) and

G~ (o) are finite real numbers for o > 0g. We note that for any r € R

M _+
|G+(0'+it)|sf gx(x)dx:oa).
1

o+1
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Thus

(c-—0)|G (o +it)) — 0aso — o +.
Observe that
(0 = 00)IG(o +ity)| < (0 —00)G () + (00 — 70)G(0)

<20 - 00)G (o) - (0 = 00)G(0)

<20 -00)G ' (o)— (0 —09)A(T)+1; + A — €.
So we have

lim sup(o — 09)|G(o + itg)| < —liminf(o — 09)A(0) +;+ A —€ =1 — €.
o\ oN\O0

This contradicts (ITI.1). Thus (A, N [M, 00)) > 0 for any M > 1, which completes the

proof. O

II1.3 Measure Theoretic 2. Results

Now we know that A; and A, are unbounded. But we do not know how the size of
these sets grow. An answer to this question was given by Kaczorowski and Szydto in [24,

Theorem 4].

Theorem I11.4 (Kaczorowski and Szydto [24]). Let the conditions in Assumptions III.1

hold. Also assume that for a non-decreasing positive continuous function h satisfying

h(x) < x€,
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we have

2T
f A%(x)dx < T?70 (1. (111.2)
T

Then as T — oo,

(AN [1LT]) = Q(%)

forj=1,2.
In [24], Kaczorowski and Szydto applied this theorem to the error term appearing in

the asymptotic formula for the fourth power moment of Riemann zeta function. We write

this error term as E5(x):

4
dt = xP(log x) + E>(x),

[k

where P is a polynomial of degree 4. Motohashi [31] proved that

E>(x) < x?3%€,

and further in [32] he showed that

Ex(x) = Qu(Vx).

Theorem of Kaczorowski and Szydto ( Theorem IIL.5 ) gives that there exist dg,v > 0
such that

ull < x < T : Ex(x) > AgVx} = QT /(logT)")

and

u{l < x T : Ex(x) < =AgVx) = QT /(log T))

as T — oo. These results not only prove €. -results, but also give quantitative estimates
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for the occurrences of such fluctuations. The above theorem of Kaczorowski and Szydto
has been generalized by Bhowmik, Ramaré and Schlage-Puchta by localizing the fluctu-
ations of A(x) to [T,2T]. Proof of this theorem follows from [6, Theorem 2] (also see

Theorem II1.7 below).

Theorem IIL.5 (Bhowmik, Ramaré and Schlage-Puchta [6]). Let the assumptions in The-

orem Il1.4 hold. Then as T — oo,

p (A (T, 21]) = r

ﬁ) forj=1,2.

An application of the above theorem to Goldbach’s problem is given in [6]. Let

Gem =5~k L A
2,Gum =7, ;p(1+p)--~(k—1+p)+ ().

n<x

where the Goldbach numbers G, (n) are defined as

Gumy= D A Alm),

ni,...ng
ny+--+ng=n

and p runs over nontrivial zeros of the Riemann zeta function £(s). Bhowmik, Ramaré

and Schlage-Puchta proved that under Riemann Hypothesis

piT < x < 2T @ A(x) > (¢ + c)x*™") = QT /(log T)®)

and  p{T < x < 2T : Ap(x) < (¢ — ¢)x* 1} = QT /(log T)®) as T — oo,

where k > 2 and ¢, ¢;_are well defined real number depending on k with ¢, > 0.

Note that Theorem II1.4 implies Theorem IIL.5, but both the theorems are applicable
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to the same set of examples. The main obstacle in applicability of these theorems is the
condition (III.2). For example, if A(x) is the error term in approximating ;. |7(n, 0)2,
we can not apply Theorem I11.4 and Theorem III.5. However, the following theorem due
to the author and A. Mukhopadhyay [28, Theorem 3] overcomes this obstacle by replacing

the condition (I11.2).

Theorem II1.6. Let the conditions in Assumptions 1.1 hold. Assume that there is an
analytic continuation of A(s) in a region containing the real line (0, ). Let hy and hy

be two positive monotonic functions with polynomial growth ' such that

A2
f #dx < h(T) forj=1,2. (IIL.3)
(T 2TInA; X~70F

Then as T —> oo,

u(A; N [T, 2T]) = Q

T o
hj(T)) forj=1,2. (111.4)

Below we state an integral version of Theorem II1.5 as in [6].

Theorem III.7 (Bhowmik, Ramaré and Schlage-Puchta [6]). Suppose the conditions in

Assumptions II1.1 hold, and let h(x) be as in Theorem IIL.5. Then as 6 — 0,

1
0

f"o M(A; N [x, 2x])h(4x)d
1

s x=Q(5), forj=1,2.

The following lemma shows that Theorem III.7 implies Theorem III.5 and Theo-

rem [I1.8 (below) implies Theorem III.6.

'h#!(x), h¥!(x) < x* for some k € N.
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Lemma IIL.1. Let f be a real valued function defined on R such that f is bounded and

measurable on 1, x] for all x > 1, and f(x) — 0 as x — oo. Then as 6 — 0, we have

B f(x)dx =0 (l) .

| x0+1 0

Proof. As f(x) — 0 when x — oo, for any € > 0 there exists xo > 1 such that
|[f(x)] <€ forall x > xo.
Also f(x) is bounded by some positive constant c:
lf(x)| < c¢ for x > 1.

So, we may write

0 f(x)dx < fxo lf(x)|dx < ClOgXQ < M(E),
1

| x40 - x

where we can choose M (€) as a positive monotonic function of € mapping 0 < € < 1 onto
Rzl , and

M(e) > 00 © e — 0.

From the above inequalities we get

QRACINND fxo 'f(x)ldx+fm TN g < M) + <.
1 Xi

x1+6 - x1+6 . x1+6 5T5

1
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We choose M (€) = 6~2. Then as § — 0, M(e) — oo, and so € — 0. Thus

lim ¢ @dx =0.
5—0 1 xl+5

O
In our next theorem, we generalize Theorem I11.4, II1.5, 1I1.6 and II1.7.
Theorem I11.8. Let the conditions in Theorem I11.6 hold. Then as 6 — 07,
® u(A; O [x, 2xDhy(x) 1 .
fl s dx = Q(g) forj=1,2. (IIL5)

Proof. We shall prove the theorem for j = 1; the proof is similar for j = 2. We define

g,¢%,27,G,G" and G, as in Theorem IIL.3. Let
m*(x) == hi(Opu(A; N [x, 2x]Dx "

First, we shall show:

Claim. As 6 — 0,

m*(2%) 1
o O (5) |

k>0

Assume that

m*(2%) (1)

=05 (111.6)
k>0

From the above assumption, we may obtain an upper bound for G* (o) as follows:

+
f g (x)?x < Zf A(X)?x (as A(x) > g(x) on Ay)
a xcr+ ﬂlm[zk’zkﬂ] XO-+

k>0
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l 1
Az(x)dx 2 (ff’l ) [zk’ 2k+1]) 2
= Z (f 20+1 ) (,u 1 K20+ ]) (where o — o9 =6 > 0)
k>0 y{lnnk 2k+1] X 0 2

(A N 2K, 2k1) m*(2%)
6 Z ( Sk(25+1) €3 Z To2ks
k>0 k>0

From the above inequality, we get

1 2 #(Qk :
5G* (o) < 6 [Z %) [Z %J = o(1) (I11.7)

k>0 k>0

as & — 0. In particular, G* (o) is bounded for every o > oy. Therefore

o= [ E
1

xs+1

is absolutely convergent for R(s) > 07, and so it is analytic in this region. But
G™(s) = G(s) - G™(s),

and G is analytic on /(0, 00). So G~ is also analytic on /(c, o). Using Theorem I11.2,

G(s) = f‘x’ g~ (x)dx
1

xs+1

we get

is absolutely convergent for R(s) > 0. As a consequence, we get G(o), G*(0), and
G~ (o) are finite real numbers for oo > 0.

Now observe that

(@ = 00)|G(o +itg)| < 2(0 = 00)G* () = (0 = 070)G(0)

<20 -00)G (o) - (0 —0n)A) +1; + 1 — €.
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Using (I11.7), we get

lim sup(o — 09)|G(o + itg)| < —liminf(o — 09)A(0) +[;+ A —€ =1 — €.
o\oo TN\

This is a contradiction to (III.1), and so (II1.6) is wrong. This proves our Claim.

Now we are ready to prove the theorem. For k > 1, observe that

k #/x k X x Ax+1 2x+l X
m*(2 h(2 A N[2%,2 hi(2%)
f f; )dx:f 129 u( ]5+1[ ]) f f 15(+ M@)o (dedx
k-1 2°% k-1 2x(@+1) k=1 Jox  29%

(where )(g;,(t) is the indicator function of ‘A;)

x+l1 hl(zx

h )
f f 2]5x+x XA, (t)drdx + f f 26x+x —— x &, (t)dtdx
k-1 2x ok

k+1
& mey : @)
ka 1,[]; 2x(1+5)Xﬂ1(1)dth + 2 %_1 WXj{l(t)dth.

From the above identity, we have

k #:9x X
m'(2%) | hi(2%)
fk_l 2ox fzk flog, 12x(1+5)Xﬂl(I)dth

and O
fk + #(2X) Lk flogz ;li((i);)))(ﬂl(t)dxdt.
So we get
k+l  # Sk & ot b
fk—l ng“)d >f2 f_l %Xﬂl(’)dxd” fz f Zi((i?)m(r)dxdt
gkel loet .
fz :;);2 %Xﬂl(t)dxdt.

Now, we may use the fact that 4; is a monotonic function having polynomial growth, and
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simplify the above calculation as follows:

K+ #(0%) 2kel e
k ¢ d
j;_l > dx > h1(2%) ﬁg’ 2x(1+6)X5“1(t) t
meqy P2 (e _loer
= llo(g 2) (2 (g2 1)+ _ o w2 (0) v, (0)dr
k+1
MRk F 2 -1 h1(2%) k1] 1 m*(2%)
= 1022 o TXﬂl(t)dt > mﬂ(ﬂ] N[22 > 4? (I11.8)
Now using the Claim and (I11.8), we get
* m*(2Y) o mh(2h) 1
fo 2(5)6 dx>>kZ=;ZT:Q(5)
Changing the variable x to u = 2* in the above inequality gives
1 * m*(u) 1
du =Q(-=]|,
log?2 f s (6)
f pu(A; N [u, 2ul)h; (u) (1)
or —0f=
| u2+o o
This proves the theorem. O

Corollary IIL.1. Let the conditions given in Theorem II.6 hold. Suppose we have a

monotonically increasing positive function h such that

A(x) = O(h(x)), (111.9)
then
1420 '
pu(A; N [T,2T]) = Q (W) forj=1,2. (1I1.10)

Corollary II1.2. Similar to Corollary Il.1, we assume that the conditions in Theorem I11.6
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hold. Then we have

f A (x)dx = QT2 forj=1,2. (IIL.11)
[T 2TINA;

Proof. This Corollary follows from the proof of Theorem III.8. We shall prove this Corol-
lary for Ay, and the proof for A, is similar. Note that in the proof of Theorem IIL.8, we
showed that the integral for G*(s) is absolutely convergent for R(s) > o7y by assuming
(II1.6). Then we got a contradiction which proves Claim (1) of Theorem III.8. Now we

proceed in a similar manner by assuming (III.11) is false. So we have

f A%(x)dx = o(T>0+h),
[T, 2TINA;

So for an arbitrarily small constant £, we have

*(x)d A(x)d
Gons [ Y[ (Odx
A x7F =4 Jaink gk X7T

< 1 A2(x)dx 1z
< Z 2k(o-—o'0) Ay A2k 2K+ x20‘0+1

k>0

1
< _
Scue) +e Z 2k(o=00)’

k>k(e)

where c4(g) is a positive constant depending on &. From this we obtain that G*(s) is
absolutely convergent for R(s) > 0. Now onwards the proof is same as that of Theo-

rem IIL.8. u
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II1.4 Applications

Now we demonstrate applications of our theorems in the previous section to error terms

appearing in two well known asymptotic formulas.

II1.4.1 Square Free Divisors

Leta, = 2“0, where w(n) denotes the number of distinct prime factors of n; equivalently,

a, denotes the number of square free divisors of n. We write
D729 = M(x) + A),

n<x

where

M) = xlogx N (_2(’(2) N 2y — 1

Q) 20 @ )"

and by a theorem of Gioia and Vaidya [12]
A(x) < x1/2. (I11.12)

Under Riemann Hypothesis, Baker [2] has improved the above upper bound to

A(x) < xM11,

It is easy to see that the Dirichlet series D(s) has the following form:

(o)

_ Zw(n) _ é«Z(S)
D(s) = Z e [Qs)

n=1

70



R :

14 £ .......... : i

: : A

ASQ i

ot i

: : 1

. B 1

: : 1

: : i

: : i

: v !

. : 1

+4 : PR N |

27 1 377 5

0 5.4, T
. |

_2 £ H <L HHHHH e =

1

i

i

i

i

1

1

%

i

A

t

1

1

1

Figure III.1: Contours for square-free divisors.

Let A(s) be the Mellin transform of A(x) at s, and let 5o be the zero of {(2s) with least
positive imaginary part:

1
2sp = §+i14.134.... (IL.13)

We define a contour %'V as union of the following five lines:

5 5 5 3 3 3
%“)::(Z—ioo,z—iz U|7-i2 7-2|U| 702, Z+12
3 5 5 5
U Z+12,Z+12 U Z+12,Z+ZOO)

The contour €'V is represented by ‘dashed’ lines in Figure ITI.1. By Theorem II.3, we

(A, RS _D@)
A(s) = fl x5+l dx = 21 ,[g(l) n(s — U)dn'

have
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Now, we shift the contour € to form a new contour €@, so that

1
1, 50, I(Z’OO)

lie to the right of ¥ and no other pole of D(s) lie to the right of this contour. We have
represented the contour 4 by dotted lines in Figure III.1.

Since sq is a pole of D(s) and is on the right side of €1, we have

1 D() Dap)
A= i L(z) n(s - n)(b7 i (n(s - n)) '

From the above formula, we may compute the following limits:

Ay = lim 0’| A(0" + s0)| = | ResD(’?)’ >0
o\,0 n=so

and

lim ocA(oc +1/4) = 0.
o\,0

For a fixed ¢y > O,

A = {x CAX) > (A — eo)x1/4}

and A, = {x TAX) < (A1 + 60)x1/4} .
Using Corollary III.1 and (II1.12), we get

p (A; N (T, 271) = Q(T"?) for j = 1,2. (IIL.14)
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Under Riemann Hypothesis, we may argue similarly as in Proposition V.4 and show that
2T
f A%(x) < T3/**€ forany € > 0.
T
The above upper bound and Theorem II1.6 give

p (A; [T, 27T1) = Q(T'7¢) , for j = 1,2 and for any € > 0. (1IL.15)

II1.4.2 The Prime Number Theorem Error

Consider the error term in the Prime Number Theorem:

A(x) = Z A(n) — x.

n<x

Let

Ao = 250 7",

where 2s¢ is the first nontrivial zero of {(s) as in (II1.13). We shall apply Corollary III.1

to prove the following proposition.

Theorem IIL.9. We write

A = {x TAXx) > (A - eo)xl/z}

and Ay = {x : Ax) < (~1p + e)x'?},
for a fixed €y such that 0 < €y < Ay. Then

p (A; N IT.2T1) = Q(T'9) . for j = 1,2 and for any € > 0.
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Proof. Here we apply Corollary III.1 in a similar way as in the previous application, so
we shall skip the details.

The Riemann Hypothesis, Theorem III.5 and Theorem PNT** give

,u(.?ljﬂ[T,2T]):Q( )forj:1,2;

log*T
this implies the proposition. But if the Riemann Hypothesis is false, then there exists a
constant a, with 1/2 < a < 1, such that

a =sup{o : {(o +it) = 0}.
Using Perron summation formula, we may show that

AQx) < x™€,

for any € > 0. Also for any arbitrarily small §, we have a — ¢ < o’ < a such that
l(o + it’) = 0 for some real number . If 2" := |0’ + it’|~!, then by Corollary III.1 we

get

w([xelr.2r): A > 7/227}) = @ (11727

and ({x € [T,2T] : A(x) < —(A”/z)x‘f’}) =Q (1727

As ¢ and € are arbitrarily small and o’ > 1/2, the above Q bounds imply the proposition.

O

Remark IIL.2. Results similar to Theorem I11.9 can be obtained for error terms in asymp-

totic formulas for partial sums of Mobius function and for partial sums of the indicator

74



function of square-free numbers.

Remark IIL.3. In Section 111.4.1 and I11.4.2, we saw that u(A;) are large. Now suppose
that u(Ay U Ay) is large, then what can we say about the individual sizes of A;? We
may guess that u(Ay) and u(A,) are both large and almost equal. But this may be very

difficult to prove. In the next chapter, we shall show that if u(A; U A,) is large, then both

Ay and A, are nonempty.
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IV | INFLUENCE OF MEASURE

In this chapter, we study the influence of measure of the set where Q-result holds, on
its possible improvements. The following proposition is an interesting application of the
main theorem (Theorem IV.3) of this chapter.

Let A(x) denotes the error term appearing in the assymptotic formula for average order

of non-isomorphic abelian groups:

* 6
A = Y an =y ([ |etrm)x, (IV.1)

n<x k=1 j#k

where a, denotes the number of non-isomophic abelian groups of order n. One would
expect that

Ax) = O (x"/**€) forany e > 0

(see Section 1V.3.2 for more details), so an analogus €. bound for A(x) is also expected.

The proposition below gives a sufficient condition to obtain such an Q. bound.

Theorem IV.1. Let 6 be such that 0 < 6 < 1/42, and A(x) be as in (IV.1). Then either

2T
f A*(x)dx = QT3+,
T
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or

A(x) = Qu(x'079),

It may be conjectured that

2T
f A*(x)dx = O(T/3+)
T

for any € > 0. By the above proposition, this conjecture implies
A(x) = Q. (x'/%7€) for any e > 0.

We begin by assuming the conditions and notations given in Assumptions II.1. Further

we have the following notations for this chapter.

Notations. For a real valued and non-negative function f, we denote

A(f(x) = {x = L [A)] > f(x)}.

IV.1 Refining Omega Result from Measure

We define an X-Set as follows:

Definition IV.1. An infinite discrete subset S of non-negative real numbers is called an

X-Set.

Now we hypothesize a situation when there is a lower bound estimate for the second

moment of the error term.
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Assumptions IV.1. Let S be an X-Set and let a(T) be a real valued positive bounded

function such that

0<a(l)<M < oo

for some constant M. We shall denote a(T) by a throughout this section. Let hy be a

positive monotonic function. For a fixed T and for a fixed constant c5 > 0, we write
Ar =[T/2, T]NA (c5x?).

For all T € 8 and for constants cg, ¢7 > 0, we assume that the following three

conditions hold:

(i)

A2
f (x)dx > Ccg,

7 x2(y+1
T

(ii)
u(Ar) < c7ho(T),  and

(iii) the function

x(1’+1/2h(;1/2(x)

is monotonically increasing for x € [T /2, T].

Note that the first assumption indicates an Q-estimate. The next two assumptions

indicate that the measure of the set on which the Q estimate holds is not ‘too big’.

Proposition IV.1. Suppose there exists an X-Set S having properties as described in
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Assumptions IV.1. Let the constant cg be given by

Co
cg = | =
22M+1C7

Then there exists a Ty such that for allT > Ty and T € S, we have
|A(.X')| > nga+l/2]’l0_1/2(_x)

for some x € [T/2,T].
In particular

A(x) = Q120512 (x)).

Proof. If the statement of the above proposition is not true, then for all x € [T/2,T] we

have

A(x) < esx® 2P ().

From this, we may derive an upper bound for second moment of A(x):

2 C2T2(1/+1 A
f A (X)d < 8 lu( T) < 2 2M+1C7 < c.
A

x < <c
, x2a+1 ho(T)(T J2)2+1 8
This bound contradicts (i) of Assumptions I'V.1, which proves the proposition. O

The above proposition will be used in the next chapter to obtain a result on the error

term appearing in the asymptotic formula for )}, _, |7(n, 0)|°.
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IV.2 Omega Plus-Minus Result from Measure

In this section, we prove an Q. result for A(x) when u(Ar) is big. We formalize the

conditions in the following assumptions.

Assumptions IV.2. Suppose Assumptions II.1 holds. Let | be an integer such that
[ > max(o3, 1),

and let a1 (u) be a monotonic function satisfying
0<ai(u) <oy.

We also assume that D(s) has no pole for R(s) > o except for the poles in P.

Let S be an X-Set such that for all T € S

D(o + it) is holomorphic for a|(T) < o < o1 and |t| < T? and there exists a constant
constant co > 0 such that

ID(o + it)| < co(|t] + DI

Assumptions IV.3. Suppose Assumptions II.1 holds. Let oy and | be as in Assump-
tions IV.2, and D(s) has no pole for R(s) > o except for the poles in P. Let S be
an X-Set such that there exist constants c1p, € > 0,0 < € < a|(T) forall T € S, such that

the following conditional statement holds.

ForallT € S, if D(o + it) has no pole for a|(T) — € < o < o and |t| < 272 then

ID(o + it)| < cro(lt] + 1)/}
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when a((T) < o < oy and |t| < T?.

Assumptions I'V.3 says that if D(s) does not have pole in @|(T)) — € < o < 07, then it

has polynomial growth in a certain region.

Lemma IV.1. Under the conditions in Assumptions IV.2, we have

1 al+iT2[ D n
AGx) = — f DX 4 + o
27Tl a|—iT21 7]

forall x € [T/2,5T/2].

Proof. Follows from Theorem I1.2.

Lemma IV.2 (Balasubramanian and Ramachandra [4]). Let T > 1, 69 > 0 and f(x) be a

real-valued integrable function such that

f(x) =0 forxelT —0o6oT, 2T + 6oT].

Then for any 6 > 0 and for a positive integer | satisfying 6l < 6y, we have

2T 1 6T 6T  2T+3%)y;
fx)dx < f f f f(x)dx dy; ...dy;.
T ©T) Jo o Jr-3zty

[ times

Proof. For0 <y; <oT,i=1,2,...,1

2T 2T+3! y;
f(x)dx < f f(x)dx,
T T-y!

=20 Vi

as f(x) > 0in

C [T - 6oT,2T +60T].

/ /
T—Zyi,2T+Zy,'
1 1
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This gives

1 6T 6T  2T+3)
f()dx dy;...dy,
(5T)lfo fo fT_zg y

| times
1 oT oT 2T 2T
> x)dx dyy...dy; = x)dx.
(5T)lf0 fo . Jf(x)dx dyy ...dy; . )
| times

O

The next theorem shows that if A(x) does not change sign then the set on which Q-

estimate holds can not be ‘too big’.

Theorem IV.2. Let S be an X-Set for which Assumptions IV.2 holds. Let hi(u) be a
monotonically increasing function such that hi(u) — oo. Let ay(u) be a bounded positive

monotonic function such that

0<aj(u) <ax(u) <oj.

Then there exists a Ty such that forT € S and T > Ty, if A(x) does not change sign on

Ah(x))N[T/2,5T /2], then

U(AKX™) N [T,2T1) < 4h(ST/2)T' ™2 + O(1 + T2+,

where a1 and a, denote a|(T) and ay(T) respectively.
Proof. We may easily verify that

A

X2

p(AR?) N [T, 2T)) < f dx.

T
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Using Lemma IV.2 on the above inequality, we get

oT oT 2T+Z1 Vi |A()C)|
AN [T, 2T]) < dxd
pAGH T2 < o [ [ n i

[ times

— L
where 6 = 37+

Let y denote the characteristic function of the complement of A(h(x)):

1 if x € A(h(x)),
x(x) =
0 ifx € Al ().

For T > 2Ty, A(x) does not change sign on

N A(hi(x)),

I /
—Zyi, 2T+Zyi
T T

as0 <y, <oT foralli =1,...,1. So we can write the above inequality as

oT oT 2T+Z1 Vi |A(.X)|
L
1Yi

[ times

f(ST f(ST f2T+Zly, A(X) d
(5T)l -3y,

[ times

AN [T,2T]) <

Since x ¢ A(h1(x)) implies |A(x)| < hi(x), we get

oT oT 2T+21 Vi |A(x)|
X ()dx dyy ... dy;
(5T)l f f L le Vi

[ times

< 4h (5T /2)T' .
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We use the integral expression for A(x) as given in Lemma IV.1, and get

oT oT 2T+Zly, A(X) d
<6T>l -5ty 4

l times

oT OT  P2T+Tyyi par+il? py )x” @
(6T)l f f fT 5 f - 4 ———dnpdx dy;...dy|+0Q1)
1Yi a)1—1

[ times

1 ) +iTH D 5T 6T  r2T+3)y;
<1+ lf (")f f f X dyx dy; ... dy, dn
©OT) |Jay-iT T-3yi

[ times

f"l“’T” D@)Q2T + [5Ty1=o2+1+1
©OT) |Ja T —az+))

T(ll—a/z+l+l szl (1 +|t|)l 1
(oT)! _ra (1 + |t))*2

<1+

(=T

<1+ dt < 1+ T2t

(Iv4)

The theorem follows from (IV.2), (IV.3) and (IV.4). O

Theorem IV.3. Let Assumptions II.1 holds. Let ay(u),ax(u),o1,h(u) be as in Theo-
rem IV.2, and

lm ai(u).

We also have
hy(u)

ual(”)

—> o0 adsu — o0,

Further, if there exists an X-Set S such that for allT € S

WA N [T, 2T > 5hi(5T /)T,

where ay = a(T), then the following statements hold.
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(i) Suppose S satisfy Assumptions IV.2. Then there exists a To > 0 such that A(x)

changes sign in [T /2,5T /2] N A(h1(x)) forallT € S and T > Ty. In particular,

A(x) = Qs (h1(x)).

(ii) Suppose S satisfy Assumptions 1V.3 and let € be as in that Assumptions. We also
assume that D(s) does not have a real pole in [a|(T) — €,00) — P forall T € S and

P be as in Assumptions I1.1. Then for any €' > €, we have

Ax) = Qo (x""9).

Proof. If S satisty Assumptions IV.2, then (i) follows from Theorem IV.2. So let As-
sumptions IV.3 holds for S.

If D(o + it) has no pole when a1(T) —€ < o < 0, |t] < 272 except for finitely
many 7 € §, then we may reconstruct our X-Set by removing those finitely many 7" and
apply Theorem IV.2 to get the required result. Otherwise, there are infinitely many 7' € §
such that D(o- + it) has a pole o7 + ity with 1(T) — € < o7 < o1, |tr| < 2T?. By our

assumptions in (ii), o7 + it7 is not a real pole. So Theorem II1.3 gives
Ax) = Q, (xmD7)
for T in an X-Set. This in particular implies

Ax) = Q. (x*") forany € > e.
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IV.3  Applications

Now we shall see two examples demonstrating applications of Theorem IV.3.

IV.3.1 Divisors

Let d(n) denote the number of divisors of n:

d(n):ZI.

din

Dirichlet [18, Theorem 320] showed that

k

D 2(n) = xlog(x) + 2y = Dx + Ax),

n<x

where 7y is the Euler constant and
A(x) = O(Vx).
Latest result on A(x) is due to Huxley [20], which is
A(x) = O(x 1317416,
On the other hand, Hardy [15] showed that
A(x) = Q. ((x log x)/* log log x),

=Q_(x'.
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There are many improvements of Hardy’s result. Some notable results are due to K.
Corradi and 1. Katai [7], J. L. Hafner [13], and K. Sounderarajan [36]. Below, we shall
show that A(x) is Q.(x'/*) as a consequence of Theorem IV.3 and results of Ivi¢ and
Tsang ( see below ). Moreover, we shall how that such fluctuations occur in [7', 2T'] for
every sufficiently large T'.

Ivi¢ [21] proved that for a positive constant ¢y,

2T
f Az(x)dx ~ c11T3/2.
T

A similar result for fourth moment of A(x) was proved by Tsang [39]:

2T
f A4(x)dx ~c1oT?,
T

for a positive constant cj>. Let A denote the following set:

1/4
A = {x L AX)| > c“g }

For sufficiently large 7', using the result of Ivi¢ [21], we get

A%(x) 2T A(x)? A%(x)
—p dr = 3 4 - 3 O
[T2TINA X T X [T 2TINAc X

1 2T
> f A2(x)dx —
T

4T3/2 6
cu_en g e
5 6 30
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Using Cauchy-Schwarz inequality and the result due to Tsang [39] we get

A2 A4 1/2 1 1/2
f %dx < (f (;)dx) (f —dx)
[T2TINA X / [T2TINA X [T2TINA X

3 (mu([T, 2T N 5‘1))”2
< - .

The above lower and upper bounds on second moment of A gives the following lower

bound for measure of A:
2

C
T.2T|NA) > —L T,
([ ] ) 901cr

for some T > Tp. Now, Theorem IV.3 applies with the following choices:

2

) ~ ST 1/4
aiM)=1/5, axl)=1/4, @) = goro—T".

Finally using Theorem IV.3, we get that for all 7 > T there exists x1, x € [T, 2T] such

that
A(x1) > hi(x1) and A(x2) < —hi(xp).
In particular we get

A(x) = Q. (x%).

88



IV.3.2 Average order of Non-Isomorphic abelian Groups

Let a, denote the number of non-isomorphic abelian groups of order n. The Dirichlet

series D(s) is given by

E

S

D)=y =] ]itks). Res) > 1.
n=1 k=1

The meromorphic continuation of D(s) has poles at 1/k, for all positive integer k > 1.

Let the main term M(x) be

6

M) = (] | ¢Gro)x',

k=1 j#k

and the error term A(x) be

*

Z a, — M(x).

n<x

Balasubramanian and Ramachandra [4] proved that
2T
f A%(x)dx = Q(T*31ogT), and A(x) = Q. (x°?/122),
T
Sankaranarayanan and Srinivas [35] improved the Q. bound to

Alx) = Q. (xl/lo exp (cxllog x))

for some constant ¢ > 0. An upper bound for the second moment of A(x) was first given

by Ivi¢ [22], and then improved by Heath-Brown [19] to
2T
f A%(x)dx < T*31og T)®.
T
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This bound of Heath-Brown is best possible in terms of power of 7. But for the fourth

moment, the similar statement
2T
f A*(x)dx < T 1logT)C,
T

which is best possible in terms of power of 7, is an open problem. Another open problem
is to show that

A(x) = Q. (x'/%7%) for any 6 > 0.

For 0 < 6 < 1/42, we have stated in Theorem IV.1 that either
2T
f A*(x)dx = QTP or A(x) = Q. (x!/679).
T

Below, we present a proof of this proposition.

Proof of Theorem 1V.1. 1f the first statement is false, then we have
2T
f A*(x)dx < 3T,
T
for some constant c¢13 depending on ¢ and for all T > Ty. Let A be defined by:
A= {x:]|AX)| > cl4x1/6}, cia > 0.
By the result of Balasubramanian and Ramachandra [4], we have an X-Set S, such that

f Az(x)dx > 015T4/3(10g T)
[T 2T1NA
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for T € §. Using Cauchy-Schwartz inequality, we get

2T 1/2
c1sT*3(logT) < f A%(x)dx < ( f A4(x)dx) (u(AN[T,2T)"?
T

[T 2TINA

< e PTHR WA N [T, 2T)) .
This gives, for a suitable positive constant ¢,
U(AN[T,2T]) = 16T (log T)>.

Now we use Theorem IV.3, (i), with

13

S L6
=== T) =T,
YiRER and  h(T)

)y = (03]

1
6 b
So we get

A@x) = Qu(x'079),

This completes the proof.
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V | THE TwisTtED DI1visor FuNCTION

Recall that in Chapter I, we have defined the twisted divisor function 7(n, 6) as follows:

7(n,0) = Zdl’@, for € R — {0}, n € N.
d|n

We also have stated the following asymptotic formula:

Z |t(n, t9)|2 = wi(0)x logx + w>(0)x cos(flog x) + w3(@)x + A(x),

n<x

where w;(0)s are explicit constants depending only on 6 and
A(x) = Og(x'? 10g® x).

In this chapter, we give a proof of this formula (see Section V.2, Theorem V.1). In Sec-
tion V.3, we use Theorem IIL.6 to obtain some measure theoretic Q. results. Further, we
obtain an € bound for the second moment of A(x) in Section V.4 by adopting a technique
due to Balasubramanian, Ramachandra and Subbarao [5]. In the final section, we prove

that if the Q2 bound obtained in the previous section can not be improved, then

A(x) = Q(x*/8€) forany e > 0.
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Now we motivate with a brief note on few applications of 7(n, 6).

V.1 Applications of 7(n, 9)

The function 7(n, 8) can be used to study various properties related to the distribution of

divisors of an integer:

* 1 00 —ib0 _ _—iaf

> 1:—f (n,0)5——% 49,
27 J_o —i0

din

a<logd<b

here }." means that the corresponding contribution to the sum is % if e%|n or e”|n. Below

we present two applications.

V.1.1 Clustering of Divisors

The following function measures the clustering of divisors of an integer:

Win,f):= ) flog(d/d)),

d,d’|n

for some constant ¢ > 0 and for a function f € L'(R). We assume that f has a Fourier

transformation, say £, and f € L'(R).

Proposition V.1. With the above notations:

1 RN
2 W) =5 f HOPWCRIIR

n<x n<x
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Proof. Note that by the Fourier inversion formula, we get

1 0 d 6
W f)= ) flogW/d) =5 ) f f®) (3) do

dd’'|n dain¥-
1 RN d i0 1 L )
- af_mf@(z (;) )de: gf_mf(e)lr(n,en do.
dd’'|n
This implies the proposition. .

Using Proposition V.1 and the formula in (I.3), we may write

1 (o] " (o] n
> W f) = 5 [ fon0a+ 5 [ 00 cos0logn) + @)

+ 2 f " 0)Ax. 0)d6.
21 J_o

(In the above identity, we denoted A(x) by A(x, 6).)

This gives that the function },., W(n, f) behaves like x log x. Further, if we want to
obtain more information on };,., W(n, f), we may analyzing other terms in the above

formula. But now, we skip the details and refer to [14, Chapter 4].

V.1.2 The Multiplication Table Problem

The multiplication table problem asks for an estimate on the order of the growth of

IMul(N)| as N — oo, where

Mul(N):={l <m<N>:m=ab, a,bcZand1<a,b<N}.
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The initial attempts in this direction are due to Erdds [9]. He used a result of Hardy and
Ramanujan [17] (also see [27]) to show

N2
IMul(V)] < as N — oo,

(log N)o4/loglog N

and here

_ 1 +loglog?2
o= log2

Intuitively, the theorem of Hardy and Ramanujan says that most of the positive integers

less than x have around log log x prime factors; more precisely,
1
# {n < x :|w(n) —loglogn| < (loglog n)§+f} ~X

as x — oo and for any € > 0. This gives that most of the positive integers less than N>
have around loglog N prime factors, whereas most of the integers in the multiplication
table have around 2w(n) ~ 2 loglog N prime factors. This huristic can be refined to show
IMul(N)| = o(N?). Erd6s has used this idea to obtain the given upper bound for |[Mul(N)|.
The best known bound on the asymptotic growth of |[Mul(N)| is due to Ford [10]:
N2

Mul(N)| = N .
MU = o SN o

To obtain the expected lower bound for [Mul(N)|, Ford first proved that

M) > 5 D e 1) = e (Ullos(d/2), og )
u Tog NP 24 , where L(n) := u (Ugpullog ,logd]) .

95



We may also observe that

dn)\?
L(n) S (ZnSNUS nn)
> W
n<N1/8 n ISR ,5”)

Rest of the part in Ford’s argument deals with the above sums involving the divisor func-
tion d(n) and W(n) = W (n, 1[ ! ’2]), where 1[ 12 is the indicator function of the interval

[%, 2]. We skip the details and refer to [11].

V.2 Asymptotic Formula for 3" __|r(n,0)|?

n<x
In this section, we shall prove the following asymptotic formula for )}, _. |7(n, 0)|°.

Theorem V.1 (Theorem 33, [14]). Let 8 # 0 be a fixed real number. Then for x > 1, we

have

Z |T(n, 9)|2 = wi(0)xlogx + w>(0)x cos(flog x) + w3(0)x + 0@()c1/2 log6 X)
n<x

where w;(0)s are explicit constants depending only on 6.

Proof. Recall that the corresponding Dirichlet series D(s) has the following meromorphic

continuation:

, fors > 1.

o tm, 0P () (s +i0) (s — i6)
D“"Z o £(2s)

1

For x > 2, we denote k = 1 + ;
ogx

and T = x + |8] + 1. By Perron’s formula

k+iT

* z_i
D I, 0) —Mf_

n<x k—iT

D(s)xsi—s + O0(x9).
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After shifting the line of integration to R(s) = %, we may estimate the contributions from

horizontal lines as follows:
1 1
7! f |ID(o +iT)|x"do < T~! f T+ x%do < xE.
1 1
2

|t(n,0)|?, we add up the residues from the poles

dq,

To obtain an asymptotic formula for )}, _,

1, 1 +i6 after shifting the line of integration to R(s) = %:

25 +IDLG+i(+0) (5 +i(1 - 0))
L(1+2it)(5 +it)

- T
> (.0 = M(x) +0 [x€ +x? f

n<x T

where

M(x) = wi1(0)x1og x + wy(0)x cos(@log x) + w3(0)x.

If we write

T4 +i(a+1t
j’(a,T)::f FGri ))dt for a, T€ER and T > 1,

T 2,1
l‘+4

then we have [23, Theorem 5.1]
J(a,T) <, log’T. (V.1)

To express A(x) in terms of J (a,T), observe that

A(x) = ) [r(n, 0)1 = M(x)

n<x

T

€ 1
<xext [
-T

PG +ind(§ +i+0) (G +i(t - 6)) “
L(1+i20)(5 +it)
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. 1 fT S B 1 dr
< x“+x2logx |C5(= + i) (= +i(t +0)) (< +i(t —0))) .
_T 2 2 2 1|

1
13

From (V.1) and using the Cauchy-Schwartz inequality twice, we get
Ax) < x€+x2 1og x T 2(0, x).T 4 (8, x).T 3 (=6, x) < x2 logb x,

which gives the required result. O

In the following sections, we shall obtain various € and €. bounds for A(x).

V.3 Okscillations of the Error Term

Here we shall apply results in Chapter III to A(x) and obtain some measure theoretic .

results. We begin by defining a contour %  as given in Figure V.1:

5 5 5 3
%:(——ioo,z—i(0+l) U|Z-i@+ 1,3 —i@+ D)

3 . 3 . 3 . 5 .
U Z_l(9+1)’1+l(9+1) U Z+l(0+1),z+l(9+1)]
U §+i(9+1),§+ioo).

From Theorem II.1, we have

_ 1 [ D"
A(x)_Zm'L n dr
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The above identity expresses the Mellin transform A(s) of A(x) as a contour integral

involving D(s). Using Theorem I1.3, we write

A(s):f‘x’ A 4o ] D(n) .
1

T 2 g mis =)

when s lies right to the contour 4. Denote the first nontrivial zero of (s) with least

positive imaginary part by 2sg9. An approximate value of this point is
.
2850 = 5 +i14.134. ...

Define the contour % (s¢), as in Figure V.2, such that sy and any real number s > 1/4 lie

in the right side of this contour. A meromorphic continuation of A(s) to all s that lies right

side of €'(s) is given by
ResD(n)
1 D(n)x" =5
A(s) = — f X g 1m0 (V.2)
21l Jgsy M so(s — s0)
From (V.2), we calculate the following two limits:
A@B) := lim o |A(o + so)| = |sol ™! ResD(n)‘ >0 (V.3)
o \,0 n=so

and

lim cA(oc + 1/4) = 0.
o\,0
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% 1+i60 e

1—i0e

Figure V.1: Contour %, for D(s) = >, IT(n,G)IZ_

n=1 ns

SO. Y
1+i0 e
% (s0)
1
0 |z T
Al —i6 e

Figure V.2: Contour % (sq)
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For a fixed small enough € > 0, define

Ay = {x L A(X) > (A(6) — e)x1/4} ,

Ay = {x : Ax) < (-A(0) + e)x'*} .
Corollary III.1 and Theorem V.1 give
p (A; N [T, 271) = Q (T (log T)™'?) for j =1,2. (V.4)
Under Riemann Hypothesis, Theorem III.6 and Proposition V.4 give
p (A;O[T,277) = (T4 for j = 1,2. (V.5)
Note that the above statements in particular show that
A(x) = Qi (x'7.
From Corollary II1.2 of Chapter III, we get

f AX(x)dx = Q (T32) for j = 1,2. (V.6)
A;N(T,2T]

V.4 An Omega Theorem

Recall that (see Theorem V.1)

D, 0 = M(x) + Alx),

n<x
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where the main term
M(x) = wi1(0)x1og x + wy(0)x cos(Blog x) + w3(6)x

comes from the poles of D(s) at s = 1,1 +i6 and s = 1 — i#. We may observe from
Corollary III.2 that if D(s) has a complex pole at so = o + ifg, other than 1 + i6 and
1 —i0, then
2T
f A(x)dx = Q(x%70th),
T

By Riemann Hypothesis, the only positive value for o is le’ which is same as (V.6). In this
section, we shall use a technique due to Balasubramanian, Ramachandra and Subbarao [5]

to improve this omega bound further. Now we state the main theorem of this section.

Theorem V.2. For any ¢ > 0, there exists K(c) > 0 and T(c) > 0 such that for all

T >T(c), we get

f 'iﬁe—h/ydx > K(c)exp (c(logT)"’¥) (V.7)
T X a+1
where
a—a/(T)—E—; and y =T° forb > 80
B 8 (logT)!/8 Y= T

In particular, this implies

A(x) = Q"8 exp(—c(log x)7®),

for some suitable ¢ > 0.
In order to prove the theorem, we need several lemmas, which form the content of this

section. We begin with a fixed 69 € (0, 1/16] for which we would choose a numerical
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value at the end of this section.
Definition V.1. For T > 1, let Z(T) be the set of all y such that

1. T <y <2T,

2. either {(B1 + iy) = 0 for some | > % + 0o

or {(B2 +i2y) = 0 for some By > % + 0o.

Let

Lj=1{T<t<2T:|t—y| <klog’T}fork =1,2.

We finally define

Ji(T) = [T, 2T\ Uyezr)ly k-

Lemma V.1. With the above definition, we have fork = 1,2
pU(T) =T + 0 (T 10g* T) .
Proof. We shall use an estimate on the function N (o, T), which is defined as
N, T):=|{c’"+it:0’ >0, 0<t <T, {(c’ +it) = 0}|.
Selberg [38, Page 237] proved that
N, T) < T3 Diog T, for o > 1/2.
Now the lemma follows from the above upper bound on N (o, ), and the observation that

1
U (UyeZ(T)Iy,k) <N (§ + 00, T) log2 T.
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O

The next lemma closely follows Theorem 14.2 of [38], but does not depend on Rie-

mann Hypothesis.

Lemma V.2. Fort € J1(T)and o = 1/2 + 6 with 6y <6 < 1/4 — 69/2, we have

1-26
logt

T=28p
1£(o + i) < exp [log logt (6_) 0]
0

and

-2
logt) %0
1£(o + 2in)|*! < exp [log log ¢ ((;—g) OJ .
0

Proof. We provide a proof of the first statement, and the second statement can be similarly
proved.
Let 1 < o’ < logt. We consider two concentric circles centered at o’ + it, with radius
o' —1/2—-6p/2and 0’ — 1/2 — §¢. Since ¢t € J1(T) and the radius of the circle is < log,
we conclude that
1 9o

0 for lz—0' —it| <0’ — = — =2
{(z)#0 for [z—0" —it| <0 )

and also {(z) has polynomial growth in this region. Thus on the larger circle, log [{(z)| <

c17logt, for some constant c17 > 0. By Borel-Carathéodory theorem,

c

1 7
|2 -0 —itl <o’ — 2 = 5o implies |log¢()] < B89 Jogt,
0

for some c1g > 0. Let 1/2 4+ 09 < o < 1, and & > 0 be such that 1 + & < o’. We consider

three concentric circles centered at o’ + it withradius r; =0’ -1 -&,r, = 0’ — o and
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r3 =0’ —1/2 - 6y, and call them C;, C; and Cs respectively. Let

M; = sup |log£(2)].
ZEC,‘

From the above bound on |log {(z)|, we get

7
C180°
M3 <

logt.
Suitably enlarging cg, we see that
M < —.

Hence we can apply the Hadamard’s three circle theorem to conclude that

_ log(ra/r1)

M, < MM, for v = .
? b Y log(r3/r1)

Thus
M,

IA

(Clg)l_v (ClSO" lOgl)V
& 00 '

It is easy to see that

460(1 — o) 1
=2-2 _ —|.
14 0'+1+2§_250+0(§)+0(0_,)
Now we put
£ = I 1
~ o’ loglogt’
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Hence

M, < ciglog” tloglogt _ c19 loglog t(log l‘)2_20-+%,
oy oy
0 0
for some cj9 > 0. We observe that
460(1 — o) 460(1 — o) 1-26
2-20+ ——— <2-20+ = )
T 1126~ 26, T 12, 1-26
So we get
logt %
|logl(o +it)|] < cr9loglogt (6_g) ,
0
and hence the lemma. O

We put y = T°, for a constant b > 80. Now suppose that

f AWl e™"Vdu > 1og® T,
T

u2a'+1

for sufficiently large T. Then clearly
A(u) = Qu).

Our next result explores the situation when such an inequality does not hold.

Proposition V.2. Let ) < 6 < % — %. For1/4+6 < a < 1/2, suppose that

f AW e Vdu <1og*>T (V.8)
T

u20+1
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for any sufficiently large T. Then we have

D(s)|? * | Au)|? :
ID(s)| <1+ 140 e 2D dy,
Re(s):a' |S|2 T u20+]

teo(T)

Before embarking on a proof, we need the following technical lemmas.

Lemma V.3. For 0 < R(z) < 1 and |Im(z)| > log? T, we have

* 7! :
f e Yyu~idu = 1 +O(T™) (V.9)
, .
and
e T!-2 ,
f e “Vu logu du = ; logT +O(T™), (V.10)
T —Z

where b’ > 0 depends only on b.

Proof. By changing variable by v = u/y, we get

00 e—u/y (e
f du = yl_zf e "vidv.
T ut T/y

Integrating the right hand side by parts

(o) —T/y T 1-z 1 (o)
f e Vv idy = ¢ (—) + —f e vy
T/y I-z1y 1=z Jry

It is easy to see that

00 T 2—Re(z)
f eVt dv=TQ2-2)+0 ((—) ] .
T}y y

Hence (V.9) follows using e Th =1+ O(T/y) and Stirling’s formula along with the

assumption that |Im(z)| > log>T.
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Proof of (V.10) proceeds in the same line and uses the fact that

oo T 2—Re(2)
f eV logvdv =T'2-2)+ 0O ((—) logT] .
T/y y
Then we apply Stirling’s formula for I'’(s) instead of I'(s). O

Lemma V4. Under the assumption (V.8), there exists To with T < Ty < 2T such that

AT e Toly
% < log2 T,
To

1 [ Aw)e ™
and —f Ldu < logT.
T a

Y Jr, u

Proof. The assumption (V.8) implies that

2T 2
T

u2a+1

2T 2 u/
Alu ety
= f —l ()l e_zu/y—du
T

u2e u

2
A
> min (—l (u)le_”/y) ;

T<u<2T u®

log?>T

\%

which proves the first assertion. To prove the second assertion, we use the previous asser-

tion and Cauchy- Schwartz inequality along with assumption (V.8) to get

(o) A 2 00 A 2 (o)
(f —(u)e_”/ydu) < (f | 2(”)_|1 e_u/ydu) (f ue‘“/ydu)
To u® T, U o Ty

< y*log’T.

This completes the proof of this lemma. O

We now recall a mean value theorem due to Montgomery and Vaughan [30].
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Notation. For a real number 0, let ||6|| := min,cz |6 — n|.

Theorem V.3 (Montgomery and Vaughan [30]). Let ay,--- ,an be arbitrary complex

numbers, and let A1, --- , Ay be distinct real numbers such that
0 = min ||4,, — A4,]| > 0.
m,n

Then
2

[

Lemma V.5. For T < Ty < 2T and R(s) = a, we have

fZT
T

Proof. Using theorem V.3, we get

2T
J

= reoll) 3 as

n<N

Z a, exp(id,t)

n<N

2

t72dt < 1.

ns

n<Ty

5 r. 0P
nS

n<Ty

2
72 < % [T Db +0 (Z n|b(n)|2J],

n<Ty n<Ty

LO)I?
where  b(n) = Me‘”/y.

Thus

Z lb(n)|* < Z ) o Ty 2% and Z nlbm)|? < Z g”)l < 722
n=®-

nla
n<Ty n<Tp n<Ty n<Ty

for any € > 0, since the divisor function d(n) <« n€. As we have @ > 0, this completes

the proof. O
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Lemma V.6. For R(s) =a and T < Ty < 2T, we have

2r
)

Proof. Using Cauchy- Schwarz inequality, we get

dx

fl A(n + x + Tp)e~+x+To)ly
0

2
ot x i T dt <<f ﬂe_zx/ydx.
n X 0 T

x2a/+1

2,

n>0

2
1
f A(l’l +Xx + TO) —(n+x+To)/yd
e X
o (n+x+Ty)*!

2,

n>0

1
Sf
0

2
Z A(I’l + X + TO) e—(n+X+To)/y

dx.
(n+x+ T())‘H'l

n>0

Hence

2
1 —(n+x+Top)/y
An + x +Tq Y
f > (n+x+Tole dx| dr
0

s+1
= (n+x+Ty)

2T
I}
2

2T 1
T 0 730 (n+x+ T())s*'1

1 2T
:f f Z A(n + x +To) e~/ qrdx.
0 T (I’l + x + To)s+1

n>0

From Theorem V.3, we can get

fZT
r n>0

2 2
"0 (l’l + X + T0)2a+2 ~ (l’l +x + TO)20+1

2
dr

Z A(l’l + X + TO) e_(n+-x+T0)/y
(n + x + Tp)s+!

2
< Z |A(n + X + T())l 6—2(n+x+To)/y.
= (n+x + Tp)e+1
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Hence

dx| dt

VA + x + To)e~mHx+To/T
j(; (n + x + Tp)s*!

fTZT Z

n>0

1 2 % 2
- f A+ X+ TOF ety g, f A" 2y g,
0 &4 (n+x+Tp2H! 7o x2t ’

completing the proof. O

Proof of Proposition V.2. Fors =a+itwith1/4+6 <a < 1/2andt € Jo(T), we have

s ’9 2 1 2+ico
Z h-(r;—s)le_”/y = 5= D(s + w)['(w)y"dw
n=1 2—ico
1 2+[10g2T 00
= — +0 (yzf ID(s + 2 + iv)||[TQ2 + iv)|dv] .
2mi 2—ilog?T log? T

The above error term is estimated to be o(1). We move the integral to

1 ¢ 1 ¢
Z+§—Q—i10g2T, Z+§—a/+ilog2T].

Let6’ = 1/4 + §/2 — . In the region to the right side of this line, R(2s + 2w) > 1/2 + 6.
Writing w = u + iv we observe that t + v € Ji(T) since t € Jo(T). So we can apply
Lemma V.2 to conclude that

C(2s +2w) > T7L

On the above line, we have R(s + w) = 1/4 + §/2, Thus

CHs +w)(s +w+i0) (s +w — i) < T3? 0 log* T

where we use the fact that £(z) < J(z)1"R@21og(J(z)) if 0 < R(z) < 1. Hence by
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convexity, we see that 2(s + w){(s + w +i0){ (s + w — i6) has polynomial growth on the
horizontal lines of integration. Therefore the horizontal integrals are o(1) by exponential

decay of I'-function. Since the only pole inside this contour is at w = 0, we get

oo

¥ 2 1 8’ +ilog? T
STEOP iy gy 4 L f D(s +w)T(w)y"dw + o(1).
n=1 n? 21 &' —ilog’T

For the integral on the right hand side, we have

D(s + w)y" < T5/2-00/2+D

where the exponent of T is negative by our choice of b and 6. Therefore this integral is
also o(1).
Using Tp as in Lemma V.4, we now divide the sum into two parts:

2 2
D= 3 DL oty 52 ORI ooty 4 ),

n
n<Ty n>Ty

To estimate the second sum, we write

M -nly  _ Ceh 2
D e —fn ——d| > Ir(n.6)|

n>Ty ) n<x

0 ,=x/y
f d(M(x) + A(x))
Ti

s
) X

0 e—x/y © e—x/y
f P M’ (x)dx +f d(A(x)).
T X

S
0 on X

Recall that

M(x) = w1(0)xlog x + wy(0)x cos(@ log x) + w3(0)x,
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thus

M (x) = w1(0) log x + wa(8) cos(dlog x) — Ow,(9) sin(@ log x) + w1(0) + w3(H).

Observe that

0 ,—x/y 1 P eIy 1 (e
f ¢ cos(flog x)dx = —f ¢ - dx + —f ¢ - dx
Ty x5 2 Ty xs+t 2 T x5t

Applying Lemma V.3, we conclude that

© ,=X/y
f M (x)dx = o(1).
it

s
o X

Integrating the second integral by parts:

0 ,=x/y e To/Y A(Tp)
f —d(A(x) =
To X TO
1 [ e~y 00 ,—x/y
+ —f ¢ A(x)dx—sf C —A()dx.
y T xS T, x5+

Applying Lemma V.4, we get

2 o A —x/y
Z |T(fl,sg)| e—n/y — sf &dx + O(log T)
n

s+1
n>Ty X

S

To
1 —(n+x+Tp)/
A it y
f (n+x + To)e dx + O(log T).
0

s+1
= (n+x+1T1yH)

Hence we have

, 8 2 1 A + + T —(n+x+T0)/y

D(s) = § Me‘”/y +s E f (n +x + To)e dx + O(logT).
ns 0 (n+x+ T0)5+1

n<Tp n>0
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2
dr

Squaring both sides, and then integrating on J>(T'), we get
2
Z [T, O —ayy
ns 12

D(a + it)|? 2T
Jo(T) | + it T |u<ty

2T 1 —(n+x+Tp)/
Z An+x +Tye Y
T 0

s+1
70 (l’l + X + T())

dx| dt.

The proposition now follows using Lemma V.5 and Lemma V.6. O
We are now ready to prove our main theorem of this section.

Proof of Theorem V.2. We prove by contradiction. Suppose that (V.7) does not hold.
Then there exists a constant ¢ > 0 such that given any Ny > 1, there exists 7 > Ny for

which

f | 2()21 e X Vax < exp (c(log T)7/8) ,
A

for all ¢ > 0. Note that the above statement is weaker than the contrapositive of the

statement of theorem. This gives

00 2
f ACOI e dx <« 1,
T

x2B+1

where
3 c
=3~ 2(log T)!/8
We apply Proposition V.2 to get
D(B + it)|?
f Mdt <1 (V.11)
hry 1B +it]

Now we compute a lower bound for the last integral over J>(7"). Write the functional
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equation for £(s) as
172-s T = $)/2)

(&) =m T G

J(1 —9).

Using the Stirling’s formula for I" function, we get

() = a2 (1 — ) (1 +0 (%)) :

for s = o + it. This implies

2-ap (1 = B +in*¢(1 = B — it — i) (1 —p-it+if)|

D +inl =t 2B + 20

Let 6y = 1/16, and
3 c 1

=  —=——_-9
P = o)~ 2

with
1 c

=+ — .
8 2(logT)!/3

Then using Lemma V.2, we get

1-26

log 7\ 20
> exp [log log ¢ ((;_g) 0) .
0

(1 — B +it)] :|{(%+5+it)

Fort € J,(T) we observe that t+6 € J{(T), and so the same bounds hold for £ (1—-8+it+i6)

and (1 — B + it — if). Further

46

log 1\ =20
< exp [loglogt((;_g) 0].
0

1C(2B + i2t)| = lg (% + (% - 25) + i2t)
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Combining these bounds, we get

logt) ™0
ID(B + it)| > 1> *Fexp [—5 loglog ¢ ((;_g) 0) .
0

Therefore

2 4-88 logT =
ID(B+it)|"dt > T exp|—10loglogT | — u(Jr(T))
I (T) )

1-28
log T\ =25
> T %exp (—1010g logT (%) 0] ,
0

where we use Lemma V.1 to show that u(J(T)) > T. Now putting the values of 6 and d¢

as chosen above, we get

D Dk
f Mdt > exp (3c(log T)7/8) ,
L B+ it

since 11__—22550 < 7/8. This contradicts (V.11), and hence the theorem follows. O

The following two corollaries are immediate.

Corollary V.1. For any ¢ > 0 and for all sufficiently large T depending on c, there exists
an

Tb
X e [T, 71og2 T]

for which we have

2X 2
f AW dx > exp ((c —€)(log X)7/8) ,
X

x2cy+l

with a as in Theorem V.2 and for any € > Q.
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Corollary V.2. For any ¢ > 0 and for all sufficiently large T depending on c, there exists

an

Tb
X € [T, 5 log? T]

for which we have

A(x) > x3/8 exp (—c(log x)7/8) .
We can now prove a "measure version" of the above result.
Proposition V.3. For any ¢ > 0, let

Cc

3
" 78 Qog

and A = {x : |A(X)| > x@). Then for every sufficiently large X depending on c, we
have

U(AN[X,2X]) = QX2

Proof. Suppose that the conclusion does not hold, hence
WA N[X,2X]) < X0,

Thus for every sufficiently large X, we get

f AP M) _ MX)
AN[X.2X] x2a+1 X2a+1 X

where & = a(X) and M(X) = supy.,»x |A(x)]2. Using dyadic partition, we can prove

—dx < logT, where Mo(T) = sup |A(x)|?
Nn[T,y] X T<x<y

f JAG)? Mo(T)
A T
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and y = T® for some b > 0 and T sufficiently large. This gives

* A(x)|? Mo(T
f 1ACOI e PV dx < —OT( )logT.
T

x20+1

Along with (V.7), this implies
Mo(T) > T exp (%(log 7Y/ 8) .

Thus

IAGH)| > xF exp (%(log x)7/8) ,

for some x € [T, y]. This contradicts the fact that |A(x)| < x%(log x)°. O

V4.1 Optimality of the Omega Bound

The following proposition shows the optimality of the omega bound in Corollary V.1.

Proposition V.4. Under Riemann Hypothesis (RH), we have
2X
f A*(x)dx < XTI+,
X

for any € > 0.

Proof. Theorem I1.2 (Perron’s formula) gives

dr + O(x°),

1 fT D(3/8 + it)x3/8+it

ACx) = —
v I yra

for any € > 0 and for T = X? with x € [X, 2X]. Using this expression for A(x), we write
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its second moment as

2X 2X T T . .
1 DB/8 +it)DB/8 = it2) 4ei
A2(x)dx = —— [A+it=1)qx dz,dt
tﬂ () @m%ﬁ j;f; G/8+i)(3/8 —in) *ahdh

+0 (X"*(1 + [A)D)

« x4 f ! fT D(3/8 + it))D(3/8 — it2)
1 J_r|B/8 +i1)(3/8 — ita)(T/4 + i(1) — 12))

dridty + O(X3/%+9).

In the above calculation, we have used the fact that A(x) < X2*€ as in (I.4). Also note

that for complex numbers a, b, we have |ab| < 3(lal? + |b|?). We use this inequality with

_ |ID3/8 + ity _ |D(3/8 — in)|
a = and b - ’
3/8 +it1IVI7/4 +i(t1 — 1) 3/8 =itz VI7/4 +i(t1 — 1)

to get

2X T T . 2
D(3/8 —itp) dr 3/2
A(x)dx < X7 f f : : dty + O(X3/?+€)
‘ﬁ ol G =in) | T/4+it -0
T . 2
D(3/8 - ity)
X741 Xf T2 A + (X,
< og s 2 +O( )

Under RH, convexity bound gives (o + it) < t'/277 for 0 < o < 1/2, hence |D(3/8 —

ih)| < |t2|%+€. So we have
2X
f A%(x)dx < X"/**€ forany € > 0.
X

O

Note. The method we have used in Theorem V.2 has its origin from the Plancherel’s
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formula in Fourier analysis. For instance, we may observe from Theorem II.1 that under

Riemann Hypothesis and other suitable conditions

Ale* 00 : iut
(e)zif Do +ine™  torl oo <L
et 27 J_oo o+ it 4 2

D(o+it)
o+it

So A

Lo 18 the Fourier transform of . By Plancherel’s formula

2
du = — dr.

o e2uo 42 ool O+t

fw |A(e")[? 1 (®|D(o +it)

Now we change the variable u to log x and use the functional equation for {(s) to get

(o] (o] . (o)
A%(x D(o + it)|?
( )dx = —( _ ) dr > t2~80=10€ g
| x2o+l 1 o+ it |
3

for any € > 0 where the last inequality uses Riemann Hypothesis. Now we choose o~ = g—

2€, then the above integral on the right hand side diverges. Now suppose A(x) < x%‘k,

then the integral in the left hand side converges. This contradiction shows
Ax) = Q(x573).

In [3] and [4], Balasubramanian and Ramachandra used this insight to obtain € bounds
for the error terms in asymptotic formulas for partial sums of square-free divisors and
counting function for non-isomorphic abelian groups. This method requires the Riemann
Hypothesis to be assumed in certain cases. Later Balasubramanian, Ramachandra and
Subbarao [5] modified this technique to apply on error term in the asymptotic formula
for the counting function of k-full numbers without assuming Riemann Hypothesis. This

method has been used by several authors including [25] and [35].
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V.5 Influence of Measure on . Results

In this section, we shall show that for any € > 0,
if A(x) < x¥/%€, then A(x) = Q. (x*%7¢).

This conditionally improves our earlier result, which says that A(x) is Q. (xl/ 4). Now,

we state the main theorem of this section.

Theorem V.4. Let A(x) be the error term of the summatory function of the twisted divisor

function as in Theorem V.1. For ¢ > 0, let

()= -
a(x)= = = ——.
8 (logx)l/8
Let § and ¢’ be such that
1
0<d<¢ < -—.
8

Then either

A) = Q (x2) or AGx) = Qu (x§—5’) .

To prove the above theorem, we estimate the growth of the Dirichlet series D(o + it) by

assuming that it does not have poles in a certain region.

Lemma V.7. Let 6 and o be such that

1 3 1
0<(5<§,Cl”ld §_6S0'<§
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If D(o + it) does not have a pole in the above mentioned range of o, then for

3 5 1
Ss—0+ =,
g 20 +loglogB + 1) 7 =2

we have

D(o +it) <54 |t]*727F€

for any positive constant €.

Proof. Lets = o +it with3/8 — ¢ < o < 1/2. Recall that

() (s +i0) (s — i6)

D) (2s)

Using functional equation, we write

21 =) =5 —i0)(1 — s + i6)

D(s) = X(s) —
where y » By
2 LRI T (5

2 (5)1 (52) (52

From Stirling’s formula for I', we get

X(o +it) < >4,

Using Stirling’s formula and Phragmén-Lindel6f principle, we get

12(1 —s)| < [t]”*logt.
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So we get

172(1 = 5)¢(1 — s — i) (1 — s + i0)| < 1> (log 1)*. (V.14)

Now we shall compute an upper bound for | (25)|~L. This can be obtained in a similar
way as in Lemma V.2. We choose ¢ > 100. Similar computation can be done when ¢ is
negative.

Consider two concentric circles Cy ; and Cj 2, centered at 2 + i¢ with radii

5 5 5
—+20 d —-+206- .
4 ame g 1 + log log([t] + 3)

The circle Cy 1 passes through 3/4 — 26 + i2t and C) » passes through 3/4 — 26 + 6(1 +
loglog(|t| +3))~! +i2¢. By our assumption, £(z) does not have any zero for |z —2 — it| <
5/4 + 26. This implies log {(z) is a holomorphic function in this region. It is easy to see
that on the larger circle C; j, we have log |{(z)|] < 0’ logt for some positive constant o’.

We apply Borel-Carathéodory theorem to get an upper bound for log {(z) on C > :

|log £(z)] < 367 1(1 + loglog(t + 3)) (0" logt + | log £(2 + it)])

< 1067 'o’(loglogt)logt forz € Cy».

We may also note that if R(z — 3/4 — 26) > §(loglog?)~' and J(z) < t/2, then similar
arguments give

|log £(2)| < 6~ o’ (loglog 1) log 1,

for some positive constant o’ that has changed appropriately.

Now we consider three concentric circles Cs,1, C2.2, C2 3, centered at o +i2¢ and with
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radiiry =0” -1 -n,rp =0” — 20 and r3 = 0’ — §¢ respectively. Here

3
0p=——20+ .
0714 1 + loglog(f + 3)

We shall choose o” = n_l = loglogt. Let M|, M>, M3 denote the supremums of

|log(z)| on Cy.1, Ca2, Ca 3 respectively. We have already calculated that
Ms < 6 'o’(loglogt) log .

It is easy to show that

M, < o'loglogt,

where o’ is again appropriately adjusted. Applying the three circle theorem we conclude

M, < o’(loglogt)d “log“t,

where
zlog(rz/rl) _ 1—20'+7]+0 1
log(r3/r1)  1-60+n o
41 -2 1
— g + 0(5 .
1 +80 loglog ¢
This gives

(1-20)

22s)|"! < exp (c(log log 1)(log t)‘\W) , (V.15)

for a suitable constant ¢ > O depending on 6. The bound in the lemma follows from

(V.12), (V.13), (V.14) and (V.15). O
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Now we complete the proof of Theorem V.4.

Proof of Theorem V.4. Let M be any large positive constant, and define
A = AMxN).

Then from Corollary V.1, we have

A2(x) :
—————dx > ex log T)7/8) .
ﬁT,ZT]ﬂ.?{ XZQ(T) +1 X P (C( g ) )

Assuming

u([T,2TINA) <T'™° forT > T, (V.16)

Proposition IV.1 gives

A(x) — Q(x(l/(x)+5/2)

as ho(T) = T'79, which is the first part of the theorem. But if (V.16) does not hold, then
we have

u([T,2T1NA) > T
for T in an X-Set . We choose

3¢

W - 5, az(T) = a(T)

3__2 5 3
hi(T)=T% D' " q(T) = 8

Let 6" be such that § < 8” < ¢’. If D(o + it) does not have pole for o > 3/8 — §” then by

Lemma V.7, D(a1(T) + it) has polynomial growth. So Assumptions IV.3 is valid. Since
7' > 5h(5T/2)T' D),
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by case (i) of Theorem IV.3 we have

AT) = Q. (T%“S”) .

126



BIBLIOGRAPHY

[1]

[3]

[4]

R. J. Anderson and H. M. Stark. Oscillation theorems. In Analytic number theory
(Philadelphia, Pa., 1980), volume 899 of Lecture Notes in Math., pages 79—106.

Springer, Berlin-New York, 1981.

R. C. Baker. The square-free divisor problem. II. Quart. J. Math. Oxford Ser. (2),
47(186):133-146, 1996.

R. Balasubramanian and K. Ramachandra. Effective and noneffective results on

certain arithmetical functions. J. Number Theory, 12(1):10-19, 1980.

R. Balasubramanian and K. Ramachandra. Some problems of analytic number the-

ory. lll. Hardy-Ramanujan J., 4:13-40, 1981.

R. Balasubramanian, K. Ramachandra, and M. V. Subbarao. On the error function
in the asymptotic formula for the counting function of k-full numbers. Acta Arith.,

50(2):107-118, 1988.

G. Bhowmik, J.-C. Schlage-Puchta, and O. Ramaré. Tauberian oscillation theorems

and the distribution of goldbach numbers. J. Théor. Nombres Bordeaux. To appear.

127



[7] K. Corradi and I. Katai. A comment on K. S. Gangadharan’s paper entitled “Two
classical lattice point problems”. Magyar Tud. Akad. Mat. Fiz. Oszt. Kozl., 17:89—
97, 1967.

[8] A. Deitmar and S. Echterhoff. Principles of harmonic analysis. Universitext.

Springer, New York, 2009.

[9] P. Erde$. An asymptotic inequality in the theory of numbers. Vestnik Leningrad.

Univ., 15(13):41-49, 1960.

[10] K. Ford. The distribution of integers with a divisor in a given interval. Ann. of Math.

(2), 168(2):367-433, 2008.

[11] K. Ford. Integers with a divisor in (y,2y]. In Anatomy of integers, volume 46 of

CRM Proc. Lecture Notes, pages 65—-80. Amer. Math. Soc., Providence, RI, 2008.

[12] A. A. Gioia and A. M. Vaidya. The number of squarefree divisors of an integer.
Duke Math. J., 33:797-799, 1966.

[13] J. L. Hafner. New omega theorems for two classical lattice point problems. Invent.

Math., 63(2):181-186, 1981.

[14] R. R. Hall and G. Tenenbaum. Divisors, volume 90 of Cambridge Tracts in Mathe-

matics. Cambridge University Press, Cambridge, 1988.

[15] G.H. Hardy. On Dirichlet’s Divisor Problem. Proc. London Math. Soc., S2-15(1):1—
g.

[16] G. H. Hardy and J. E. Littlewood. Contributions to the theory of the riemann zeta-
function and the theory of the distribution of primes. Acta Math., 41(1):119-196,
1916.

128



[17] G. H. Hardy and S. Ramanujan. The normal number of prime factors of a number
n [Quart. J. Math. 48 (1917), 76-92]. In Collected papers of Srinivasa Ramanujan,

pages 262-275. AMS Chelsea Publ., Providence, RI, 2000.

[18] G. H. Hardy and E. M. Wright. An introduction to the theory of numbers. Oxford
University Press, Oxford, sixth edition, 2008. Revised by D. R. Heath-Brown and J.

H. Silverman, With a foreword by Andrew Wiles.

[19] D. R. Heath-Brown. The number of abelian groups of order at most x. Astérisque,

(198-200):153-163 (1992), 1991. Journées Arithmétiques, 1989 (Luminy, 1989).

[20] M. N. Huxley. Exponential sums and lattice points. Ill. Proc. London Math. Soc.
(3), 87(3):591-609, 2003.

[21] A. Ivic. Large values of the error term in the divisor problem. Invent. Math.,

71(3):513-520, 1983.

[22] A. Ivi¢. The number of finite nonisomorphic abelian groups in mean square. Hardy-

Ramanujan J., 9:17-23, 1986.

[23] A. Ivié. The Riemann zeta-function. Dover Publications, Inc., Mineola, NY,
2003. Theory and applications, Reprint of the 1985 original [Wiley, New York;
MRO0792089 (87d:11062)].

[24] J. Kaczorowski and B. Szydlo. Some Q-results related to the fourth power moment

of the Riemann zeta-function and to the additive divisor problem. 9(1):41-50, 1997.

[25] M. Kiihleitner and W. G. Nowak. On a question of A. Schinzel: Omega estimates

for a special type of arithmetic functions. Cent. Eur. J. Math., 11(3):477-486, 2013.

129



[26] E.Landau. Uber einen Satz von Tschebyschef. Math. Ann., 61(4):527-550, 1906.
[27] K.Mahatab. Number of prime factors of an integer. Math. Newsl., 24(1):7-10, 2013.

[28] K. Mahatab and A. Mukhopadhyay. Measure theoretic aspects of oscillations of

error terms. arXiv:1512.03144, 2016.

[29] K. Mahatab and K. Sampath. Chinese remainder theorem for cyclotomic polynomi-

als in Z[X]. J. Algebra, 435:223-262, 2015.

[30] H. L. Montgomery and R. C. Vaughan. Hilbert’s inequality. J. London Math. Soc.

(2), 8:73-82, 1974.

[31] Y. Motohashi. An explicit formula for the fourth power mean of the Riemann zeta-

function. Acta Math., 170(2):181-220, 1993.

[32] Y. Motohashi. A relation between the Riemann zeta-function and the hyperbolic

Laplacian. Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4), 22(2):299-313, 1995.

[33] O. Robert and P. Sargos. Three-dimensional exponential sums with monomials. J.

Reine Angew. Math., 591:1-20, 2006.

[34] R. E. Rodriguez, I. Kra, and J. P. Gilman. Complex analysis, volume 245 of Gradu-

ate Texts in Mathematics. Springer, New York, second edition, 2013.

[35] A. Sankaranarayanan and K. Srinivas. On a method of Balasubramanian and Ra-
machandra (on the abelian group problem). Rend. Sem. Mat. Univ. Padova, 97:135—
161, 1997.

[36] K. Soundararajan. Omega results for the divisor and circle problems. Int. Math. Res.

Not., (36):1987-1998, 2003.

130



[37] G. Tenenbaum. Introduction to analytic and probabilistic number theory, volume 46
of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cam-

bridge, 1995. Translated from the second French edition (1995) by C. B. Thomas.

[38] E. C. Titchmarsh. The theory of the Riemann zeta-function. The Clarendon Press,
Oxford University Press, New York, second edition, 1986. Edited and with a preface

by D. R. Heath-Brown.

[39] K. M. Tsang. Higher-power moments of A(x), E(t) and P(x). Proc. London Math.

Soc. (3), 65(1):65-84, 1992.

[40] H. von Koch. Sur la distribution des nombres premiers. Acta Math., 24(1):159-182,

1901.

131



