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Abstract

This thesis is divided into two parts.

In the first part, we prove the semistability of logarithmic de Rham sheaves on a smooth
projective variety (X, D), under suitable conditions. This is related to existence of Kéhler
-Einstein metric on the open variety. We investigate this problem when the Picard number
is one. Fix a normal crossing divisor D on X and consider the logarithmic de Rham sheaf
Qx(log D) on X. We prove semistability of this sheaf, when the log canonical sheaf Kx + D
is ample or trivial, or when —Kx — D is ample i.e., when X is a log Fano n-fold of dimension
n < 6. We also extend the semistability result for Kawamata coverings, and this gives examples
whose Picard number can be greater than one.

In the second part, we investigate linear systems on hyperelliptic varieties. We prove ana-
logues of well-known theorems on abelian varieties, like Lefschetz’s embedding theorem and
higher k-jet embedding theorems. Syzygy or Np-properties are also deduced for appropriate

powers of ample line bundles.
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Chapter 1

Introduction

We begin by summarizing the main results of the thesis. We divide this chapter into two
sections. In section we discus the problems related to semistability of logarithmic cotangent
bundles on some projective manifolds. In section we discus the problems related to the

embedding properties of linear series on hyperelliptic varieties.

1.1 Semistability of logarithmic cotangent bundle on some pro-

jective manifolds.

The notion of stability of a vector bundle (in the sense of Mumford and Takemoto) play an
important role in complex differential geometry and algebraic geometry. More general notion is
the existence of Kahler-Einstein metric on compact Kadhler manifold. Mumford [44] introduced
stability for bundles on curves and later generalized to sheaves on higher dimensional varieties
by Takemoto, Gieseker, Maruyama, and Simpson. The existence of a Kahler -Einstein metric
implies the stability of the cotangent bundle is proved by Kobayashi [30] and Liibke [40].

Let X be a smooth projective variety over C. Denote )y, the cotangent bundle of X and
Kx is the canonical line bundle on X. By the work of Aubin [I] and Yau [64], it is well known
that Qx is stable whenever the canonical line bundle Kx is ample or trivial. The stability
of Qx when —Kx is ample i.e., when X is a Fano manifold, has attracted wide attention.
By Tian [62] and Fahlaoui [13], we know that Qx is stable when X is a Del Pezzo surface
except when X is isomorphic to P' x P! or P? blown-up in a point. In the case of fano 3-
folds with bo(X) = 1, Steffens [60] in his thesis gave a complete answer to this problem. In
[61], Subramanian proved the stability of cotangent bundle Qx when X is a smooth complete
intersection in P™ of codimension [ and multi-degree (di,ds,...,d;) with di > dy > ... > d
and d; > ("H_dl;“_dl‘l)
intersections in projective spaces. They also proved stability of 2x in the case of fano 4-folds
with b2 (X) = 1 and stability of Qx of fano n-fold of large index with bo(X) = 1. In [2§], Hwang

. Later Peternell- Wisniewski [56] gave complete answer for complete
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proved the stability and semistability of Qx in the case of fano 5-folds and 6-folds respectively
with picard number 1. Stability of Fano n-fold is still an open problem, for n > 7. In chapter
3 we will prove semistability for logarithmic cotangent bundle Qx (logD).

Now we will briefly discuss the main results of Chapter 3.

Main results.

Let X be a smooth projective variety over C with picard number 1 and D C X is a simple
normal crossing divisor. Define Q% (logD) := A" Qx(logD); these are logarithmic de Rham
sheaves [12], whose local sections are meromorphic a-forms having at most a simple pole along
D.

We prove the following theorem.

Theorem 1.1.1. Suppose (X,O0x (1)) is a smooth projective variety of dimension n over C,
with the Picard group Pic(X) =7Z. Let D =Y ;_, D; be a simple normal crossing divisor on
X and Kx denote the canonical class. If Kx + Ox(D) is ample or trivial, then Qx(logD) is

semistable.
This statement can be extended to Kawamata coverings as follows.

Proposition 1.1.2. Suppose (Y,0Oy (1)) is a smooth projective variety of dimension n and
D =5, D; is a normal crossing divisor on'Y. Assume Pic(Y) =7 and Ky + D is ample or
trivial. Consider the Kawamata covering m : X — Y, ramified along D and D' = 771(D),eq.
Then the sheaf Qx (log D') is semistable with respect to the ample class 7* Oy (1).

Note that the Picard number of X in the above proposition can be greater than one, which
is relevant for other applications.

We next investigate log Fano manifolds (X, D), in small dimensions. In this situation the
class —Kx — D is ample. The classification of such pairs (X, D) is due to Maeda [42] and Fujita

[14] in small dimensions. We have the following theorem:

Theorem 1.1.3. Suppose (X, D) is a log Fano manifold of dimension n and Pic(X) =
7.0x(1). Let the canonical class Kx = Ox(—s) and D is in the linear system |Ox(k)|,
for s,k > 0.

Assume one of the following holds:

a)n=2ands=3,

b)n=3and s <4

c)n=4and s <5

d)n =25 and s <6 such that s =2,5,6 or (s,k) = (3,2),(4,3).

e)n==6 and s <7 such that s <4, s =6,7, or (s,k) = (5,4),(5,3) .

If D is smooth and irreducible then the logarithmic cotangent bundle Qx (log D) is semistable.
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The proof involves a careful investigation of vanishing theorems within a certain range
using residue sequences, and apply semistability of de Rham sheaves on Fano manifolds in
small dimensions. The classification of Maeda yields complete statements for log Del Pezzo
surfaces, log Fano threefolds and 4-folds.

We have remarked that Qp2(log D) is not semistable when D = D; + Dy, Dy and Dy are

lines on P2.

1.2 Embedding properties of linear series on hyperelliptic va-

rieties.

In this part of the thesis we prove results related to linear series. In particular, very ample-
ness, k-jet ampleness, projective normality, and higher syzygies of an ample line bundle on
hyperelliptic varieties.

In recent years, the problems related to linear series have attracted considerable attention.
The above questions are fairly well-understood on curves and we have some significant work
done by Castelnuova, Fujita, and Green regarding Nj,-property on curves. Indeed, Green [I§]
proved that if L is a line bundle on a curve C' of genus ¢ such that degree of L is at least
2g + 1 + p then L satisfies IN,-property, for p > 0. In the case of higher dimensional varieties
Mukai conjectured that for any smooth polarized projective variety (X, L), K x ® L®P** satisfies
Np-property, where Ky denotes the canonical line bundle on X. Mukai’s conjecture has not
yet been proved even for p = 0, but some significant work has been done in some special
cases by Kempf [31], Y. Homma [27] Ein and Lazarsfeld [9]. In [15], [16] and [17], Gallego and
Purnaprajna have done some nice work regarding syzygy properties on surfaces and three folds.
There are still many open questions related to linear series on curves and surfaces. In the case of
abelian varieties Lazarsfeld conjectured that if L is an ample line bundle on an abelian variety
X then LP3 satisfies N,-property, for p > 0. Recently Pareschi [53], proved this conjecture.
In [38], Lazarsfeld-Pareschi-Popa proved that L satisfies N, if Seshadri constant of L is greater
than (p + 2)g, where ¢ is a dimension of an abelian variety X. Problems concerning about
projective normal embedding of an ample line bundle on an abelian variety, have done by Iyer
[29], Hwang-To [25], Koizumi [33] and Ohbuchi [51].

On the other hand, Fujita’s conjecture on very ampleness of a line bundle has attracted
attention in the past years. Indeed, if L is an ample line bundle on an algebraic variety X of
dimension n, then Kx ® L®"2 is very ample. Fujita’s conjecture has been proven for algebraic
surfaces but this problem is still open for higher dimensional varieties. The questions related
to very ampleness and k-jet ampleness are completely known in the case of abelian varieties.

Indeed, suppose X is an abelian variety and L is an ample line bundle on X then by the
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theorem of Lefschetz L®3 is very ample. In [52], Ohbuchi proved that L®? is very ample if L
has no base divisor. In [2], Bauer-Szemberg proved that L2 is k-jet ample and LEF*! is
k-jet ample if L has no base divisors. Recently G. Pareschi and M. Popa [54], [55] used an
alternate approach called Mukai regularity to obtain most of the above results.

In the case of primitive line bundles L, i.e., line bundles of type (1,ds, ..., dy), these problems
are not much known. In the case of surfaces, L is of type (1, d) is very ample iff d > 5 and there
is no elliptic curve E on X with (L.E) = 2 (see [5], Theorem 10.4.1). For abelian varieties of
dimension g > 3 not much is known. Recently Ein and Lazarsfeld [10] proved a theorem on
global generation of adjoint line bundles. In [6], Birkenhake-Lange-Ramanan proved that very
ampleness of a polarized abelian threefold of type (1,1, d).

In this chapter we are interested in powers of ample line bundles.

Let X be an hyperelliptic variety over C. i.e., X is not isomorphic to an abelian variety
but admitting an étale covering A — X, where A is an abelian variety.

Now we will briefly discuss the main results of Chapter 4.

Main results.

We proved the following theorem which is an analogue of Lefschetz embedding theorem on

abelian varieties.

Theorem 1.2.1. Suppose X is a hyperelliptic variety of dimension n. Let L be an ample line
bundle on X. Then we have
1) LF, for k > 3, is always very ample.

2) L? is very ample, if L has no base divisor.

We will generalize the above theorem, namely k-jet ampleness to hyperelliptic varieties as

follows.

Theorem 1.2.2. Suppose L is an ample line bundle on a hyperelliptic variety X. Then the
following hold, for k > 0:

1) LF*2 s k-jet ample

2) L**1 s k-jet ample if L has no base divisor.

Regarding N,-property, we show the analogue of Pareschi’s theorem (Lazarsfeld’s conjec-

ture) on abelian varieties, extended to hyperelliptic varieties.

Theorem 1.2.3. Suppose L is an ample line bundle on a hyperelliptic variety X. Then LPTF
satisfies Np-property, for k > 3.

The key point in the proofs is to note that a hyperelliptic variety X is realized as a finite
group quotient A/G of an abelian variety A, for some finite group G acting freely on A [34]
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Theorem 1.1, p.492]. Hence a line bundle on a hyperelliptic variety is regarded as a G-linearized
line bundle on A. We introduce the notion of G-global generation of G-linearized sheaves and
obtain a correspondence of the usual global generation on X with G-global generation on A.
We then look at the notion of M-regularity of G-linearized sheaves and suitably extend the
techniques used by Pareschi and Popa. The proofs are reduced to showing G-global generation
of appropriate G-linearized coherent sheaves, obtained by applying the Fourier-Mukai functor.

We employ different method, the ’averaging of sections’ to obtain our results.
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Chapter 2

Preliminaries

In this chapter we collect some basic definitions in algebraic geometry, which are essential for
the rest of the thesis. We collect these definitions mainly from [23], [24], [39], [45], and [46].

2.0.1 Manifolds and Vector bundles.

Let C denotes the field of complex numbers.

Definition 2.0.4. A complex manifold M of dimension n is a Hausdorff topological space with
a countable basis U = {Uy}, and homeomorphisms ¢o : Uy — ¢o(Uy) C C™ such that

®a © gbgl : Qsﬁ(Ua N Uﬁ) — qba(Ua N Uﬁ).

is holomorphic, for all a, B

We call the pair (Uy,, ¢o) a coordinate chart of M. The collection Ay = {(Uq, ¢a)}a is
called an atlas for M.

Let M be a n-dimensional complex manifold and p € M, and z = (21, ..., 2,) a holomorphic
coordinate system around p. We define tangent space, denoted by T},(M ), the space of C-linear

derivations in the ring of holomorphic functions on M around p. i.e.,

0o 0

TP(M) = C{aizl’ 8751}

Consider the set T'(M) formed by the disjoint union of all tangent spaces

T(M) = | | T,(M).
peEM

Note that T'(M) is a complex manifold of dimension 2n.
A complex-valued function f on open set U C M is holomorphic if, for all a, fo ¢ ! is
holomorphic on ¢,(U, NU) C C™.
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Definition 2.0.5. A continuous map f: M — N between two complexr manifolds is holomor-
phic at a point p € M if there exists a chart (¢,U) near p and a chart (1, V') near f(p) € N
such that

Yo fog™t:g(U) = (V)

defines a holomorphic map. This condition is independent of the choice of charts because
overlap maps are biholomorphic. The map f is called holomorphic if it is holomorphic at every
point of p € M. An isomorphism between two compler manifolds M and N is a holomorphic

map f: M — N such that f is bijective and f~' is also a holomorphic map.

Examples 2.0.6. (1) If V is a n-dimensional vector space over C, then the projective space
P(V) := { the set of one dimensional subspaces of V'} is a complex manifold of dimension n—1.
(2) The general linear group,
GL,C={A € M(n,C)|detA # 0}

is a complex manifold of dimension n?.

Definition 2.0.7. Let M be a complexr manifold. A complex vector bundle on M is a complex
manifold E together with a holomorphic map m: E — M such that

e for each p € M, the set Ep = w1(p), is a complex vector space of finite dimension, (E,
is called fiber over p).

e For every p € M, there is a neighborhood U of p and a biholomorphic map

oy N U) = U xC"
such that ¢y (Ep) C {p} x C", and ¢, defined by the composition
¢p:Ep—>{p}XC”p—2>C”

is a complex vector space isomorphism.
The map ¢y is called a local trivialization of E over U. Here E is called the total space
and M s called the base space. The dimension of the fibers I, of E is called the rank of E. In

particular, a vector bundle of rank 1 is called line bundle.

Note that for any pair of trivialization ¢y and ¢y the map
guv :UNV = GL,

given by
guv (@) = (dv © o) {ay xcn

is holomorphic. The maps gy are called transition functions for E relative to the trivializations

ou, ¢y. The transition functions gy satisfy the following compatibility conditions:

16



guv(z) - gvu(x) =1, foralz € UNV,

guv(x) - gvw(x) - gwu(z) =1, forallz e UNV NW.

One can check that given an open cover U = {U,} of M and holomorphic maps gag :
UnNUg — GL, satisfies above compatibility conditions, then there is a unique complex vector

bundle £ — M with transition functions {gag}.

Example 2.0.8. (Tangent bundle): Suppose M is a complex manifold, and T,(M) is the

complex tangent space to M at x. Let

T(M) = | | Te(M).
xeM
and define
m:T(M)— M

by
w(v) =z if v € Tp(M)

We can give a complex vector bundle structure to T'(M) on M as follows:

Let (Uy, ¢o) be an atlas for M. We have maps

0 9,

¢a : Tﬁ(M) - Td’a(z)(Ua) = (C{aizz’ 822

for each x € U,, hence a map
G i 7 (Us) = | Tu(M) = Uy x C*".
CEGU&

It is easy to verify that ¢, is bijective and fiber-preserving and more over that
bo® : Ty(M) — {2} x C2 2%, ¢2n

1s a C-linear isomorphism. The maps ¢q are biholomorphic follows from the complex manifold
structure on T'(M ). This vector bundle T'(M) is called the complex tangent bundle. We define
transition functions

Jag:UaNUg — GL(2n,C)

by setting
Ja5(T) = o 0 (p5%) 1 : C*" — C*".

Definition 2.0.9. A map between two complex vector bundles E, F' over a complex manifold M
is given by a holomorphic map f : E — F such that for every p € M, one has f(E,) C F), and
fp = flE, : Ep — Fy is C-linear. Two complex vector bundles E and F' on M are isomorphic

if there exists a map f : E — F such that f : E, — F, is an isomorphism for all x € M.
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2.0.2 Sheaves.

Definition 2.0.10. A presheaf F of abelian groups on a topological space X consists of the
following data:

e for each open set U of X, an abelian group F(U),

e for each pair of open sets U C V', we have a restriction map resyy : F(V) — F(U) such
that

(a) resyy = idFqy) for every open set U C X,

(b) for U CV C W open sets of X, we have resyy = resy,y o resy,y.

The elements of F(U) are called the sections of F over U, and the restriction maps resy

are written as s — s|y.

Definition 2.0.11. The stalk of a presheaf F at a point p € X, denoted by F,, defined as the
direct limit of all F(U), for all open sets U containing p. Equivalently, we can define the stalk
Fp to be the set {(s,U) : p € U,s € F(U)} modulo the the relation that (s,U) ~ (t,V) if and
only if there is some open neighborhood W of p with W C U NV such that s|w = t|w.

The elements of the stalk F, are called as germs of F at p.

Definition 2.0.12. The presheaf F is called a sheaf if it satisfies the following axiom:
o If {U;}icr is a open cover of an open set U, and if we have elements s; € F(U;) for each 1,
with the property that for each i, j, s,-]UmUj = Sj‘Umij then there is a unique element s € F(U)

such that s|y, = s;, for each i.

Example 2.0.13. Let X be a topological space and let F be a presheaf over X defined by
(a) For any open subset U C X, F(U) :={f: X — R|f is continuous}.
(b) For V.C U open sets of X, and f € F(U), resyyv(f) := flv, the natural restriction map

as a function. One can check that it is in fact a sheaf.

Definition 2.0.14. A morphism ¢ : F — G of presheaves F,G on X is a family of homomor-
phisms ¢y : F(U) — G(U) of abelian groups for each open subset U of X, such that for every
pair V- C U of open sets in X, the diagram

ro)y Y gw)
\LresU,V iTESU,V
Fvy Y g

18 commutative.
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Note that morphism between sheaves is nothing but morphism between presheaves. An
isomorphism between sheaves is a morphism which has a two-sided inverse. We obtain the
category of sheaves on the topological space X, which we denote by (Sh(X)). Also note that
a morphism ¢ : F — G of sheaves on X induces a morphism ¢, : 7, — G, on the stalks, for
every point p € X.

Theorem 2.0.15. A morphism ¢ : F — G of sheaves on X is an isomorphism if and only if
the induced map on the stalk ¢, : Fp — G, is an isomorphism for every p € X.

Proof. See [24, Proposition 1.1, p.63]. O

For any morphism ¢ : F — G of presheaves, we define presheaf kernel ker¢ by (kere)(U) =
ker¢(U), which is a presheaf. If F,G are sheaves then ker¢ is also a sheaf. Similarly we can
define subpresheaf, image presheaf, and quotient presheaf. But these are in general not sheaves.

This leads us to the notion of a sheaf associated to a presheaf.

Definition-Proposition 2.0.16. Given a presheaf F, there is a sheaf F* and a morphism
0 : F — Ft, with the property that for any sheaf G, and for any morphism ¢ : F — G, there is
a unique morphism 1) : F* — G such that ¢ = 1 o 0. Furthermore the pair (F*,0) is unique

up to unique isomorphism. F is called the sheaf associated to the presheaf F.

Proof. See [24, Proposition 1.2, p.64]. O

2.0.3 Direct and inverse image of sheaves.

Suppose f: X — Y is a continuous map of topological spaces, and F is a presheaf on X. Then
define a sheaf on Y, f,.F by f.F(V) = F(f~1V), where V is an open subset of Y. Note that
f+«F is a presheaf on Y, and is a sheaf if F is. This is called direct image sheaf of F. For any
sheaf G on Y, we define the inverse image sheaf f —1G on X to be the sheaf associated the the
presheaf U +— limvgf(U)g(V), where U is any open set in X, and the limit is taken over all
open set V of Y containing f(U).

2.1 Schemes.

2.1.1 Ringed Spaces.

Definition 2.1.1. A ringed space is a pair (X, Ox) consisting of a topological space X and a
sheaf of rings Ox on X. A morphism of ringed spaces from (X, Ox) to (Y,Oy) is a pair (f, f*),
where f : X —Y is a continuous map of topological spaces and a morphism f*: Oy — f,Ox

of sheaves of rings on Y.
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Note that we have a category Rsp, whose objects are ringed spaces, and whose morphisms

are morphisms of ringed spaces.

Definition 2.1.2. A ringed space (X,Ox) is called locally ringed space if for every point
x € X, the stalk Ox ; is a local ring. In that case, the maximal ideal in Ox , is denoted by m,.
The residue field Ox ,/my, of Ox , is denoted by k(z). A morphism of locally ringed spaces
from (X,0x) to (Y,Oy) is a morphism (f, f*) of ringed spaces such that, for all x € X, the
mduced map of local rings ff« : Oy,fe) — Oxz 18 a local homomorphism of local rings, i.e.,

fﬁ(mf(x)) C my.

2.1.2 Affine Schemes

Let A be a ring and denote SpecA, the set of all prime ideals in A, called the prime spectrum or
just spectrum of A. For any f € A we will denote D(f), the set of all prime ideals p € SpecA
which does not contain f. Note that the family B = {D(f)}sca is a basis for a topology of
X = SpecA. Now we will define the sheaf of rings Ox on X as follows: for any open set U C X,
Ox (U) is the set of all functions

s:U— H Ap,

peU

such that s(p) € Ap for each P in U, which are locally represented by quotients. That is, for
each p € U there is a neighborhood V of p, contained in U, and elements a, f € A, such that
foreach q € V, f ¢ q, s(q) = a/f in Aq. It is easy to check that Ox is a sheaf of rings, with
the natural restriction maps.
Note that for any p € X, the stalk of Ox at p is Ap , where Ay denotes the ring S—1A, for
S = {f € A|f ¢ p}. Note that Ay is a local ring with the maximal ideal pAp. Therefore,
(SpecA, Ox) is a locally ringed space, we will denote it by (SpecA, Ogpeca).

Proposition 2.1.3. (a) If ¢ : A — B is a homomorphism of rings, then ¢ induces a natural

morphism of local ringed spaces

(fa fﬁ) : (SpeCBa OSpecB) — (Sp€CA7 OSpecA)-

(b) If A and B are rings, then any morphism of locally ringed spaces from SpecB to SpecA
is induced by a homomorphism of rings ¢ : A — B as in (a).

Proof. See [24, Proposition 2.3, p.73]. O
Definition 2.1.4. An affine scheme is a locally ringed space (X, Ox) which is isomorphic to
the spectrum of some ring. A scheme is a locally ringed space (X, Ox) which admits an open

covering X = (J;c; Ui such that (U;, Ox\,) is an affine scheme for every i. We will denote it
simply by X.
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A morphism of schemes is a morphism as locally ringed spaces. An isomorphism is a

morphism with a two-sided inverse.

2.1.3 Projective scheme

Let S = @,>( Sa be a graded ring and denote Sy = @ ;. S4, ideal of S. Note that an ideal
I is called ho_mogeneous if it is generated by homogeneous elements. We let ProjS denote the
set of all homogeneous prime ideals p of S, which do not contain all of S;. We set, for any
homogeneous ideal I(# S, )

V(I)={p € ProjS|I C p}.

We put the topology on X := ProjS, called the Zariski topology, by identifying V' (I) as closed
sets. For any homogeneous element f € S; | set D(f) = {p € ProjS|f ¢ p}, then D(f) is
open in ProjS, these sets cover ProjS. Let S,y denote the set of all elements of degree zero
in the localization TS, where T is the multiplicative system consisting of all homogeneous
elements in S which are not in p. Now we define the sheaf of rings Ox on X as follows: for
any open set U C X, Ox(U) is the set of all functions

s:U— H S(p),
peU
such that s(p) € S(p) for each P, which are locally represented by quotients. That is, for each
p € U there is a neighborhood V of p, contained in U, and homogeneous elements a, f € S of
same degree such that for each q € V, f ¢ q, s(q) = a/f in Sg). It is easy to check that Ox

is a sheaf of rings, with the natural restriction maps.

The fact that (X, Ox) is a scheme is due to the following theorem.

Theorem 2.1.5. Let S be a graded ring and set X = ProjS.

(a) For every p € X, the stalk Ox p is isomorphic to the local ring Sp)-

(b) For any homogeneous element f € Sy we have an isomorphism of locally ringed spaces
(D(f), Ox|D(f)) = SpecS sy, where Sy consists of all elements of degree zero in the localiza-
tion Sy.

(¢) X = ProjS is a scheme.

Proof. See [24, Theorem 2.5, p.76]. O

Example 2.1.6. Let S = k[xg,x1, ..., p] be a polynomial ring over a field k, then ProjS = P}

1s a Projective n-space over k.

Definition 2.1.7. An open subscheme of a scheme X is a scheme U, whose topological space

is an open subset of X, and whose structure sheaf Oy is isomorphic to the restriction Ox|U
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of the structure sheaf of X. An open immersion is a morphism f : X — Y of schemes which

mnduces an isomorphism of X with an open subscheme of Y.

Definition 2.1.8. A closed immersion is a morphism f :' Y — X of schemes such that
Y identifies as a closed subset of X and furthermore the induced map f* : Ox — f.Oy is
surjective. A closed subscheme of X is a closed subset Y of X endowed with the structure

(Y, Oy) of a scheme and with a closed immersion j:Y — X.

Note that a scheme X is called irreducible if its topological space is irreducible, i.e., the
underlying topological space X cannot be expressed as the union of two proper closed subsets

of X. A scheme is X called connected if its topological space is connected.

Definition 2.1.9. (1) A scheme X is called reduced if for every open set U C X, the ring
Ox (U) has no nilpotent elements. Equivalently, X is reduced if and only if the local rings O,
for all p € X, have no nilpotent elements.

(2) A scheme X is called integral if for every open set U C X, the ring Ox(U) is an integral

domain.

Evidently, an integral scheme is always reduced. But the converse is not true in general.

However, we have the following theorem:
Theorem 2.1.10. A scheme is integral if and only if it is both reduced and irreducible.

Proof. See [24, Theorem 3.1, p.82]. O

Definition 2.1.11. The dimension of a topological space X, denoted dim X is the supremum
of all integers n such that there exists a chain Zy C Zy C ... C Z, of distinct irreducible closed
subsets of X. The dimension of a scheme X is the dimension of underlying topological space
X.

For any irreducible closed subset Z of X we define codimension of Z in X, denoted
codim(Z,X) is the supremum of all integers n such that there exists a chain Z = Zy C
Z1 C ... C Zy of distinct irreducible closed subsets of X, beginning with Z. If Y is any closed
subset of X, we define

codim(Y, X) = inf codim(Z, X)
ZCY

Definition 2.1.12. A scheme X is called noetherian if X can be covered by finite number of

open affine subsets SpecA; with each A; a noetherian ring.

Definition-Proposition 2.1.13. A morphism f: X — Y of schemes is called locally of finite
type if one of the following equivalent conditions satisfies.
(a) For each open affine subset V. = SpecB of Y, f~Y(V) is covered by open affine subsets
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U; = SpecA;, such that each A; is a finitely generated B-algebra.

(b) There is an affine open covering {V; = SpecB;} of Y, such that for each i, f=1(V;) is

covered by open affine subsets U;; = SpecA;j, where each A;; is a finitely generated B;-algebra.
The morphism f is called finite type if in addition f is quasi-compact, i.e., for every affine

open subset U C Y, f~1(U) is quasi-compact.

Proof. See [46, Proposition 1, p.121]. a

Definition-Proposition 2.1.14. A morphism f : X — Y of schemes is called finite morphism
if one of the following equivalent conditions satisfies.

(a) For each open affine subset U = SpecB of Y, f~Y(U) is affine, equal to SpecA, such that
A is a finite B-module.

(b) There is an affine open covering {U; = SpecB;} of Y such that for each i, f~1(U;) is affine,
equal to SpecA; with A; is a finite B-module.

Proof. See [46, Proposition 5, p.124]. O

2.1.4 Fibered product

Let S be a scheme, and let X, Y be schemes over S, i.e., schemes with morphisms to S. We
define the fibered product of X, Y over S denoted X xg Y, to be a scheme over S, together
with two morphisms p; : X xgY — X and p2 : X xgY — Y, satisfying the following universal
property:

Let f: Z — X, g: Z — Y be two morphisms of schemes over S. Then there exists a unique

morphism (f,g) : Z — X xg Y of schemes making the following diagram commutative:

X 2 Xxgy B v
NS T
Z
Given any scheme S, fibered product exists in the category Sch(.S) of schemes over S (See
24, Theorem 3.3, p.87]). For any scheme Y, we define P}, = P? X g,z Y, and we call projective
7 Sp

n-space over Y.

Definition 2.1.15. A morphism f: X — Y of schemes is called separated if the image of the
diagonal morphism X — X xy X is closed. A morphism f is called proper if it is separated, of
finite type, and universally closed. We say that f is unversally closed if it is a closed morphism,

and for any base change Z =Y, X Xy Z — Z is also a closed morphism.

In this case we say that X is separated (resp. proper) over Y. A scheme X is separated(resp.
proper) if it is separated (resp. proper) over Spec Z. Note that any morphism of affine schemes

is separated.
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Definition 2.1.16. A morphism f is called projective if it factors into a closed immersion

i: X — Py, followed by the projection py : Py — Y.
The relation between projective and proper morphism is given in the following theorem:
Theorem 2.1.17. A projective morphism of noetherian schemes is proper.

Proof. See [24, Theorem 4.9, p.103]. O

2.1.5 Sheaves of Modules.

Definition 2.1.18. Let (X,Ox) be a ringed space. A sheaf of Ox-modules or an Ox-module
is a sheaf F on X, such that for each open set U C X, F(U) is an Ox(U)-module, and for

each inclusion of open sets V. C U, the diagram:

commautes.

A sheaf of ideals on X is a sheaf of Ox-modules Z which is a subsheaf of Ox. In other
words, for every open set U, Z(U) is an ideal in Ox (U). A morphism F — G of sheaves of Ox-
modules is a morphism of sheaves, such that for each open set U C X, the map F(U) — G(U) is
a homomorphism of Ox (U)-modules. The category of Ox-modules will be denoted by Mod(X).

Note that using the usual operations on modules over a ring one can construct other Ox-
modules from the given Ox-modules. Suppose F, G are two Ox-modules. We define the tensor

product F ®p, G to be the sheaf associated to the presheaf
U F(U) @oxw) 9(U).

Which is an Ox-module, and we denote it by F ® G. Similarly one can define Homo, (F,G)
and the direct sum of a family of Ox-modules. The kernel sheaf and cokernel sheaf of a

homomorphism of Ox-modules are Ox-modules.

Definition 2.1.19. Let X be a scheme. An Ox-module F is called free if F = O, for some
positive integer r. F is called locally free of rank r if there is an open covering {U;} of X such
that

Flu, = Ox|u;.

A locally free sheaf of rank 1 is called an invertible sheaf.
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The set of all isomorphism classes of invertible sheaves on a scheme X form a group under
the operation ®. For any invertible sheaf £, we define inverse of £ by £L=! = Hom(L, Ox).
We denote it by Pic X, and called Picard group of X.

Remark 2.1.20. Let f: (X,0x) — (Y, Oy) be a morphism of ringed spaces. If F is sheaf of
Ox -module, then f.F is sheaf of f.Oy-module, and hence by the morphism ff: Oy — f.Ox,
f«F has a natural structure of Oy -module. This Oy-module is called the direct image of F
under f.

Note that for any sheaf G of Oy -module on' Y, f~'G is f~1Oy-module. Using the natural
morphism f~10y — Ox we can consider Ox as f~'Oy. We define f*G to be the tensor
product

G ®p10, Ox.

Thus f*G is an Ox-module which we call inverse image of G under f. One can show that f* and
f« are adjoint functors between the category of Ox-modules and the category of Oy-modules,
i.e., Homo, (f*G,F) = Homo, (G, f«.F).

Let A be a commutative ring and let X = SpecA be an affine scheme. For any A-module

M, we define an Ox-module M as follows. For each open subset U C X,

U {s:U— [ Mp},
peU
which are locally fractions (as we seen in the definition of affine scheme). This gives a sheaf on
SpecA with the obvious restriction maps. We denote it by M and we call sheaf associated to
M on SpecA.
We can easily check that for any principal open set D(f) of X, M(D(f)) = M; and
]\pr = My, for every p € SpecA and M(X) = M. It is clear that M is an Ox-module.

Definition-Proposition 2.1.21. Let (X, Ox) be a scheme, and let F be a sheaf of Ox-module.
Then the following are equivalent.

(a) There is a affine open covering {U; = SpecA;} of X such that for each i, there is an A;-
module M; with F|y, = M.

(b) for every affine open set U = SpecA of X, there is an A-module M with F|y = M.

We say F quasi coherent if F satisfies above equivalent conditions. Assume X is noetherian,

we say F is coherent if further more each M; can be taken to be finitely generated A;-module

Proof. See 24, Proposition 5.4, p.113]. O

Definition 2.1.22. Let Y be a closed subscheme of a scheme X, and let 1 : Y — X be
the inclusion morphism. We define the ideal sheaf of Y, denoted Iy, to be the kernel of the
morphism it : Ox — 1.0y . Note that Ty is a quasi-coherent sheaf of ideals on X.
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One can check easily that any quasi-coherent sheaf of ideals on X is uniquely determined
by a closed subscheme of X, (See, [24, Proposition 5.9, p.116]).

Now we will define quasi coherent sheaves on the Proj of a graded ring. Let S be a graded
ring and let M be a graded S-module. For any homogeneous prime p € ProjS, define T the
set of all homogeneous elements not in p. Denote M, the group of elements of degree 0 in
the localization 7~'M. For each open subset U C ProjS,

U {s:U— HM(p)},
peU

which are locally fractions (as we seen in the definition of projective scheme). This gives a sheaf
on ProjS with the obvious restriction maps. We denote it by M and we call sheaf associated
to M on ProjS. Note that M is a quasi-coherent sheaf, and if S is noetherian then M is
coherent (See [24] Proposition 5.11, p.116]).

Definition 2.1.23. Let S be a graded ring, and let X = ProjS. For any n € Z, we define
the sheaf Ox(n) to be S(n). We call Ox (1) the twisting sheaf of Serre. For any sheaf of Ox -
modules, F, we denote by F(n) the twisted sheaf F @0, Ox(n), and we write Ox(0) simply

as Ox.

Proposition 2.1.24. Let S be a graded ring, and let X = ProjS. Assume that S is generated
by S1 as an Sp-algebra. Then

(a) The sheaf Ox(n) is an invertible sheaf on X.

(b) Ox(n) @ Ox(m) =2 Ox(n+ m),Ym,n € Z.

Proof. See [24, Proposition 5.12, p.117]. O

2.2 Divisors.

Assume that X is a noetherian integral separated scheme which is regular in codimension one,

here regular in codimension one means every local ring O, of X of dimension one is regular.

Definition 2.2.1. A prime divisor on X is a closed integral subscheme Y of codimension one.
A Weil divisor on X is a formal Z-linear combination of prime divisor of X. In other words,

a Weil divisor is a finite sum D =Y n;.Y;, where the Y; are prime divisors.

A Weil divisor D = > n;.Y; is called effective, denoted D > 0, if all the n; > 0. The set
of all Weil divisors is a free abelian group generated by prime divisors. We will denote it by

Div X. Suppose Y is a prime divisor and y € Y be the generic point of Y. Then the local
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ring Ox 4 is a discrete valuation ring with quotient field K (X). Denote 1)y, the corresponding
valuation of Y. Note that since X is separated, Y is uniquely determined by its valuation.
For any f € K(X)*, by [24, Lemma 6.1, p.131], dy (f) = 0 for all except finitely many prime
divisors Y.

This implies, we can make the following definition.

Definition 2.2.2. Given f € K(X)*, we define the divisor of f, denoted div(f), by

div(f) =Y Iy (f).Y,
where the sum is taken over all prime divisors of X.

div(f) is called principal divisor of X. It is clear from the properties of discrete valuations
that div(g) = div(f) — div(g) and div(fg) = div(f) + div(g), and hence the set of all principal
divisors of X forms a subgroup of Div(X).

Definition 2.2.3. Two divisors D, D’ on X are said to be linearly equivalent, written D ~ D',
if D— D" = div(f), for some f € K(X)*.

The quotient group Div X divided by the subgroup of principal divisors is called the divisor
class group of X, and it is denoted by Cl X. Note that, if A is an unique factorization domain
then Cl SpecA = 0.

If U C X is an open subset, we define the restriction map CI(X) — CI(U) by > n;Y; —

We have the following use full exact sequence.

Theorem 2.2.4. Let X be noetherian integral separated scheme which is reqular in codimension
one, and let Z C X be a proper closed subset of X. Then
(1) if Z C X is a irreducible closed subscheme of codimension one, Then there is an exact

sequence
n—n[Z]

Z —— Cl(X) — Cl(X —-Z) —0.
(2) if Z C X is of codimension at least 2. Then the canonical map
CUX) —s CUX — Z)
is an isomorphism.

Proof. See [24, Proposition 6.5, p.133]. O
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2.2.1 Cartier divisors.

Now we will define the notion of divisors on arbitrary schemes. Assume that X is a noethe-
rian scheme. For any open open subset U C X, define K(U) be the total quotient ring
S(U)IT(U,0x) of T'(U,Ox), where S(U) = {s € I'(U,Ox)|s is not zero divisor in O,,Vr €
U}. By [45, Proposition 1, p.61], this gives a sheaf of O x-modules with the natural restriction
maps, and it is unique. We will denote it by Kx. The stalks I, of Kx are just the total quotient
rings of the stalks O,. Let K% (respectively, O%) denotes the subgroup of Kx (respectively,

Ox) consisting of invertible elements.

Definition 2.2.5. (1) A Cartier divisor on X is a global section of the sheaf K*/O*. More
concretely, a Cartier divisor on X can be described by giving an open cover {U;} of X, and for
each i an element f; € I'(U;, K*), such that for each i,j, fi/ f; € T(U; N U;,0%). (2) A Cartier
divisor D on X, represented by {(U;, f;)} is called effective if all the f; € T'(U;, Oy,).

Note that the set of all Cartier divisors form a group. A Cartier divisor is called principal
if it is in the image of the natural map I'(X,K*) — I'(X,£*/O*). Two Cartier divisors are
linearly equivalent if their difference is principal. We define the group CaCl X is the Cartier
divisors modulo principal divisors. In general, Cartier divisors are not generalization of Weil
divisor. But by [24, Proposition 6.11, p.141], C1 X and CaCl X are isomorphic, if X is integral,

separated, and all of whose local rings are unique factorization domains.

Let D be an effective Cartier divisor on X, represented by {(Uj, fi)}. Define the sheaf of
ideals Z on X which is locally generated by f;. Let Y be the associated closed subscheme of

codimension 1. This closed subscheme is called locally principal closed subscheme of X. By
[24, Proposition 6.18, p.145], Iy = Ox(—D).

Now we will define a line bundle associated to a given Cartier divisor.

Definition 2.2.6. Let D be a Cartier divisor on a noetherian scheme X, represented by
{(Ui, fi)}. We define a subsheaf Ox (D) of Kx by taking Ox(D) to be the sub-Ox-module
of Kx generated by fi_l on U;. This is well defined, since f;/ f; is invertible on U; NUj, so fi_1

and fj_1 generate the same Ox-module.
Note that Ox (D) can also be characterized by
Ox(D)(U) = {f € Kldiv(f) + Dlv = 0} U{0}.
We have the following theorem.

Theorem 2.2.7. (a) For any Cartier divisor D, Ox (D) is an invertible sheaf on X. The

map D — Ox (D) gives a one-one correspondence between Cartier divisors on X and invertible
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subsheaves of K.
(b) Ox(Dy — D3) = Ox(D1) ® Ox (D) ".
(¢) D1 ~ Dy iff Ox(D1) = Ox(D2) as abstract invertible sheaves.

Proof. See [24, Proposition 6.13, p.144]. O

It is clear from the above theorem that the map D — Ox(D) gives an injective homo-
morphism from CaCl X to Pic(X). This map is surjective if X is integral scheme, [See [24]
Proposition 6.15, p.145].

Finally, we note:

Theorem 2.2.8. If X is integral, separated, and all of whose local rings are unique factorization

domains, then there is a natural isomorphism Cl X = Pic(X).

Proof. See [24, Corollary 6.16, p.145]. O

2.2.2 The class group of projective space.

Let X be the smooth projective space P} over a field k. Suppose D = ) n;Y; is a divisor on
X. We define the degree of D by deg(D) = > n;.degY;, where degY; is the degree of the hyper

surface Y;.

Theorem 2.2.9. Let H = {x¢ = 0} be the hyperplane on X. Then:
(a) If D is any divisor of degree d, then D ~ dH,

(b) for any f € K(X)*, deg(div(f)) =0,

(c) the degree function gives an isomorphism deg : C1X — Z.

Proof. See [24, Proposition 6.4, p.132]. O

It is clear from the above theorem that any line bundle on P} is isomorphic to some O(m),
where m € Z.

Now we define linear systems corresponding to line bundles.

2.2.3 Linear systems.

Let X be a non-singular projective variety over an algebraically closed field k. By Theorem
the notion of Weil divisors and Cartier divisors are equivalent. So we can talk about

divisors instead of Weil divisors/Cartier divisors.

Definition 2.2.10. Let D be a divisor on X. We define the complete linear system of D,
denoted |D|, as
|D| = {D'|D’ >0,D" ~ D}.
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The base locus of |D| is the intersection of all of the elements of |D|. We say |D| is base point

free if the base locus is empty.

Let Dg be a divisor on X, and let £ = O(Dy) be the corresponding invertible sheaf on X.
By [24, Theorem 5.19, p.122], I'(X, £) is a finite dimensional k-vector space. Let {U;} be an
open cover of X, where L trivializes, and let ¢ : L]y, — Op, be an isomorphism.

In view of this, we can make the following definition.

Definition 2.2.11. Let s € T'(X, L) be a non zero section of L . We define the divisor of zeros
of s, denote div(s), to be an effective Cartier divisor {(U;, ¢(s))} on X. It is clear that div(s)

1s linearly equivalent to Dy. Note that ¢ is determined up to multiplication by an element of
(U, O0p™), so div(s) is well-defined Cartier divisor.

Suppose D > 0 is a divisor linearly equivalent to Dy, then one can prove that D = div(s)
for some s € I'(X,£). Finally, s = As for some A\ € k* and s,s' € T'(X, L) if and only if
div(s) = div(s"), (See |24, Proposition 7.7, p.157]). This implies, |Dy| is one-to-one correspon-
dence with the set (I'(X, £) — {0})/k*. This gives |Dy| a structure of the set of closed points

of a projective space over k.

Suppose D is a divisor on X. Let n be the dimension of the vector space I'(X, Ox (D)),
and P! ~ P(I'(X, Ox(D))*). Note that D defines a rational map:

¢p: X -+ P!

Given a point z € X, let
H, ={seT(X,0x(D))|s(z) = 0}.

Suppose z not in base locus of |D|, then H, is a hyperplane in I'(X, Ox (D)), whence a point
of ¢p(z) = [H,] € P*~1. Note that the map ¢p is defined out side the base locus of |D|.

Definition 2.2.12. A divisor D on X is called base point free or globally generated if the
rational map ¢p : X --+» P(T(X,Ox(D))*) is a morphism. We say that D is very ample if ¢p
defines an embedding of X. We say that D is ample if mD is very ample for some m € N.

Note that a line bundle £ is called very ample (respectively ample) if its corresponding

divisor is very ample (respectively ample).

2.2.4 Differentials.

Now we will introduce the language of sheaf of relative differentials of one scheme over another.

Let f : X — Y be a separated morphism of schemes, and let A : X — X xy X be
the diagonal morphism. Denote Z, ideal sheaf corresponds to the closed subscheme A(X) C
X Xy X.
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Definition 2.2.13. We define the sheaf of relative differentials of X over Y to be the quasi-
coherent sheaf Qx/y = A*(Z/I?).

One can prove easily that, the sheaf €y /y- is coherent if Y is noetherian and f: X — Y is
of finite type. Suppose if Y = Speck, k is field, then we write Qy/y as Qx.

We have two use full exact sequences. The second exact sequence describes how differentials

behave under a closed immersion.

Theorem 2.2.14. (1) Given separated morphisms of schemes X L Y & Z, there is an ezact
sequence of sheaves on X :

[ Qyyz = Qx/z = Qxvy — 0.

(2) Suppose X — 'Y closed subscheme of Y, with ideal sheaf I, and g :Y — Z be a separated

morphism of schemes. Then there is an exact sequence of sheaves on X :
I/I2 i) QY/Z &® OX — QX/Z — 0.

Proof. See [24, Theorem 8.11, 8.12, p.176]. O

We have the following exact sequence of differentials on a projective space.

Theorem 2.2.15. (The Euler exact sequence.)

Let A be a ring, let Y = SpecA, and let X = P". Then there is an exact sequence of sheaves
on X,
0= Qx/y = Ox(—1)""" = Ox = 0.

Here, Ox(—1)"" means a direct sum of n+ 1 copies of Ox(—1).

Proof. See [24, Theorem 8.13, p.176]. O

The following theorem will gives the connection between non-singular varieties over an

algebraically closed field and differentials.

Theorem 2.2.16. An n-dimensional scheme X over an algebraically closed field k is smooth

if and only if Qx s a locally free sheaf of rank n.

Proof. See [24, Theorem 8.15, p.177]. O

In view of above theorem, we can make the following definition.

Definition 2.2.17. Let X be a n-dimensional nonsingular variety over k. We define the
canonical sheaf of X to bewyx = \" Qx, the nth exterior power of the sheaf of differentials. It is
an invertible sheaf on X. We define the tangent sheaf of X to be Ty = Q% = Homo, (2x,Ox).
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Now we study the behavior of the tangent sheaf and the canonical sheaf for a nonsingular

subvariety of a variety X.

Let Y be a nonsingular subvariety of a nonsingular variety X over k. Let Z be the ideal
sheaf of Y on X.

Definition 2.2.18. We define the conormal sheaf of Y in X to be a locally free sheaf T/TI?.
Its dual Ny, x = Homo, (Z/I?,0y) is called the normal sheaf of Y in X. It is locally free of
rank r = codim(Y, X).

Suppose Y is a nonsingular subvariety of codimension one, i.e., Y is divisor on X. By [24]
Proposition 8.20, p.182], the canonical sheaf wy 2 wx ® Ox (D) ® Oy

2.3 (Cech Cohomology.

Now we will define C'ech cohomology groups for a sheaf of abelian groups on a topological space
X with respect to an open cover of X.

Let X be a topological space, and let f = {U;},.; be an open cover of X. Let F be a sheaf
of abelian groups on X. For any integer p > 0 and for any sequence of indices g, i1, ..., % in I

with ig < i1 < ... <, we set
Uity = Uig VUi N .. N U,

For each p > 0, set
U, F)= [  FlUir..iy)
10<i1<...<ip
Any a € CP(U, F) is called a p-cochain of U in F, and we denote by Qg iy,....ip, the value of v in
FUigi,...ip)-
We define co-boundary map d : CP(U, F) — CP*1(U, F) by the formula
p+1

k
<da)i07i1 """ ip = Z(_l) aio,il,n-,ik,u-ﬂp-«-l’Uiovh ----- ipt1’
k=0

where 7;; means that we remove the index i;. One can check easily that d®> = 0. Therefore,

C*(U,F) is a cochain complex of F with respect to the open cover U.

Definition 2.3.1. Let X be a topological space, and let U be an open cover of X. For any
sheaf abelian groups F on X, we define pth Cech cohomology group of F, with respect to the

covering U, to be
Ker{CP(U,F) — CP* (U, F)}
Im{Cr—Y(U,F) = CP(U,F)}

HP(U, F) =
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It follows immediately from the construction that H(U, F) = F(X).

Definition 2.3.2. Let X be a topological space, and let F be a sheaf on X. We set
HP (X, F) = liy HY(U, F)
u
where the direct limit is taken over the set of all open covers of X endowed with refinement of
covering as the partial orderings.

Now we restrict our attention to cohomology of sheaves of Ox-modules F on a scheme X.

In this case we have nice properties of the Ceech cohomology groups.

Theorem 2.3.3. Let X be an affine scheme. Then for any quasi-coherent sheaf F on X and
for any integer p > 0, we have HP (X, F) =0

Proof. See [39, Theorem 2.18, p.186]. O
For any open cover U of X, we have a canonical homomorphisms HP (U, F) — HP(X,F),

for each integer p > 0. These homomorphisms need not be isomorphisms. On the other hand,

we have the following.

Theorem 2.3.4. Let X be a noetherian separated scheme, let F be a quasi-coherent sheaf on

X, and U an affine covering of X. Then the canonical homomorphism
HP(U,F) — HP(X,F)
s an isomorphism for every p > 0.
Proof. See [39, Theorem 2.19, p.186]. O
The above results enables us to construct a long exact sequence of cohomology from a given
short exact sequence of quasi-coherent sheaf on X, where X is a noetherian separated scheme.

Corollary 2.3.5. For any short ezact sequence of sheaves 0 — F — F — F — 0 on X with

F" quasi-coherent, we have a long exact sequence
o HY X, FY S Hr(X, F) = HY (X, F) —» HY(X, F) S B (X, 7'y — ...

Proof. See [39, Corollary 2.22, p.186]. O

Note that if 0 = F' — F — F — 0 is a short exact sequence of sheaves of abelian groups
on a topological space X. In general we do not get a long exact sequence of Cech cohomology
groups.

We can use Cech cohomology to determine when a noetherian scheme is affine. This is

given in the following theorem.
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Theorem 2.3.6. (Serre). Let X be a noetherian scheme. Then the following are equivalent:
(a) X is affine.

(b) HP(X,F) =0, for all quasi-coherent sheaves F on X and for all i > 1.

(¢c) HY (X, F) =0, for all coherent sheaf F on X

Proof. See [39, Theorem 2.23, p.187]. O

2.3.1 Cohomology of projective schemes.

Let A be a noetherian ring, let S = Alxg, x1, ..., 2] , and let X = ProjS be the projective

space [P’y over A.

Theorem 2.3.7. Let X =P, then for any n € Z, we have:

(a) H(X,Ox(n)) = S, (if n <0, we set S, =0 by convention,).
(b) HP(X,Ox(n)) =0 if p#0,r.
(c) H(X,0x(n)) ~ HY(X,Ox(—n —r — 1))V (where V means dual as an A-module). In

—~

particular, H"(X,O0x(n)) =0 if n > —r.

Proof. See [39, Theorem 3.1, p.195]. O

We have the following fundamental theorem for the study of projective schemes.

Theorem 2.3.8. Let X be a projective scheme over a noetherian ring A and let F be a coherent
sheaf on X. Then we have the following properties.

(a) For any integer p > 0, the A-module HP (X, F) is finitely generated.

(b) There exists an integer ng such that for every n > ng and for every p > 1, we have
HP(X,F(n)) =0.

Proof. See [39, Theorem 3.2, p.195]. O

We have the following Serre duality theorem for the cohomology of coherent sheaves on a
projective scheme. This will help us to reduce the computations of cohomology of coherent

sheaves as we have seen Poincare duality in the case of cohomology of manifolds.

Theorem 2.3.9. Let X be a smooth projective scheme over an algebraically closed filed k of

dimensision n. Then for any locally free sheaf F,
H(X,F)~H" (X, F' ®@uwx)’

Proof. See [24), Corollary 7.7, p.244]. O

34



Definition 2.3.10. Let f : X = Y be a morphism of schemes. An Ox-module F is called flat
over'Y at a point x € X if the stalk F, is a flat Oy y-module, where y = f(y) and we consider
Fz as an Oy y-module via the natural map ft: Oyy — Or x. We say F is flat over Y if it is
flat at every point of X. We say X is flat over Y if Ox is.

2.3.2 Higher direct image sheaves.

Let f: X — Y be a separated morphism of schemes and let F be a quasi-coherent sheaf on X.
We define higher direct image sheaves of F on Y as follows. For any open subset V of Y, we

define the sheaf associated to the preashef,
Vs HP(f7H(V), Flr-10)

on Y. We denote it by RP f,F. These are quasi-coherent sheaves. For p > 1, RP f,F are called
higher direct images of F. Note that RCf,F = f,F.

Theorem 2.3.11. Let f : X — Y be a separated and quasi-compact morphism of schemes.
Let F be a quasi-coherent sheaf on X, and £ be a quasi-coherent sheaf which is flat over Y,

then the canonical morphism of sheaves
Rpf*]: X0y &— Rpf*(]: ®ox f*g)
1s an isomorphism. The isomorphism is called the projection formula.

Proof. See [39, Theorem 2.32, p.190]. O

Theorem 2.3.12. Let X be a noetherian scheme, and let f : X — Y be a morphism of X to
an affine scheme Y = Spec A. Then for any quasi-coherent sheaf F on X, we have

RP(f.F) = HP(X, FJ.

Proof. See [24), Proposition 8.5, p.251]. O

The following theorem shows that cohomology commutes with flat base extension.

Theorem 2.3.13. Let f : X — Y be a separated morphism of finite type of noetherian schemes,
and let F be a quasi-coherent sheaf on X. Let u : Y Y bea flat morphism of noetherian

schemes. )
X 5 X
lg br
Y &% v

Then for all v > 0 there are natural isomorphisms

uw* R f.(F) = Rlg.(v*F).
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Proof. See [24, Proposition 9.3, p.255]. O

Note that even if u is not flat, we have a natural map u*R'f.(F) — Rig.(v*F).

Definition 2.3.14. A morphism f : X — Y of schemes of finite type over k is etale if f is
flat and unramified.
We say f is unramified if for every x € X, letting y = f(x), we have my - Oy = my, and

k(x) is separable algebraic extension of k(y).
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Chapter 3

Semistability of logarithmic
cotangent bundle on some projective

manifolds

In the first section of this chapter we will recall the definitions of stability and some well known
results related to stability of tangent bundle of low dimensional Fano manifolds. The main
results Theorem Proposition [1.1.2] and Theorem in Chapter 1, will be proved in
next sections.

Throughout this chapter, unless specified otherwise, a variety always mean a smooth pro-
jective variety over C.

Let X be a n-dimensional smooth projective variety over C and Kx denotes the canonical

line bundle on X. Fix an ample line bundle H on X.

3.1 Preliminaries.

For the definitions of this section we follow [26].

Definition 3.1.1. e The dimension of a coherent sheaf F is the dimension of the closed set
Supp(F) = {x € X|F, #0}.

e F is called pure of dimension d if dim(G) = d for all non-trivial coherent subsheaves
GCF.

Definition 3.1.2. The torsion filtration of a coherent sheaf F of dimension d, is the unique
filtration
0CTh(F)C...CTy(F)=F,

where T;(F) is the mazimal subsheaf of F of dimension < i.

37



The torsion filtration of a coherent sheaf always exists. Note that F is pure sheaf of
dimension d if and only if T;_1(F) = 0.

Suppose F is a locally free sheaf on X then it is torsion free and dim(F) = n. Clearly
T,,—1(F) = 0 and hence it is pure.
Definition 3.1.3. The slope of F with respect to the ample bundle H is defined by

u(F) = "L,

where deg(F) = ¢y (F).H" 1.

Definition 3.1.4. A coherent sheaf F of dimension n on X is called stable in the sense of
Mumford-Takemoto if Tp_o(F) = Tp—1(F) and u(G) < u(F) for all subsheaves G C F with
0 < rk(G) < rk(F).

Similarly, F is semistable if ;1(G) < u(F).

The Euler characteristic of a coherent sheaf F is x(F) := Y (—1)*h*(X, F), where h'(X, F) =
dimcHY (X, F). The Hilbert polynomial P(F) is defined by

m— x(F @ Ox(m)).

Suppose F is a coherent sheaf of dimension n. The reduced Hilbert polynomial p(F) is defined

by
P(F,m)

p(Fym) = rh(F).er(Kx)
The Harder-Narasimhan filtration.

Now we shall define the Harder-Narasimhan filtration.

Definition 3.1.5. Let F be a non-trivial pure sheaf of dimension d. A Harder-Narasimhan

filtration for F is an increasing filtration
0=HNy(F)C HN{(F)C ...C HN|(F) = F,

such that the factors gri!N = HN;(F)/HN;_1(F) for i = 1,...,1, are semistable sheaves of

dimension d with reduced Hilbert polynomials p; satisfying
Pmaz(F) :=p1 > oo > D1 =: Pmin(F).
Theorem 3.1.6. Every pure sheaf F has a unique Harder-Narasimhan filtration.

Proof. 26, Theorem 1.3.4, p17]. O

It is clear from the Definition that F is semistable if and only if F is pure and
pmam(]:> = pmzn(F)

38



Jordan-Holder filtration.

Now we will define the Jordan-Holder filtration for semi stable sheaves.

Definition 3.1.7. Let F be a semistable sheaf of dimension d. A Jordan-Holder filtration of
F is a filtration
O0=FgCF C..CF=F,

such that the factors gri(F) = F;/Fi—1 are stable with reduced Hilbert polynomial p(F).

Note that the sheaves F;, i > 0, are also semistable with Hilbert polynomial p(F), and
Jordan-Holder filtration need not be unique.

We have the following theorem:

Theorem 3.1.8. Jordan-Hoélder filtration always exist. Up to isomorphism, the sheaf gr(F) :=
D, gri(F) does not depend on the choice of the Jordan-Holder filtration.

Proof. |26, Theorem 1.5.2, p23]. O

Definition 3.1.9. A semistable sheaf F is called polystable if F is the direct sum of stable

sheaves.

3.1.1 Stability and vanishing theorems.

Throughout this chapter, unless specified otherwise we assume that picard number of X is 1,
and H = Ox(1) be the ample generator of Pic(X). Let s be the index of X, i.e., the canonical
line bundle Kx = Ox(—s), s € Z. We remark that the stability of the cotangent bundle of
X is implied by the vanishing of some Hodge cohomologies twisted by appropriate powers of
the ample class Ox(1). This can be seen as follows. Suppose S C Q% is a coherent subsheaf
of rank a and \“S = Ox(k), for some integer k. We have Ox (k) C Q%. The inclusion of
sheaves gives a non trivial section of 2§ ® Ox(—k). The stability of the the cotangent bundle
will hold if we have the following vanishing:

H(X,Q% ® Ox(—k)) =0, for 0 < a < n, and k > a.==.

Assume that D is a smooth divisor from the linear system |Ox(d)|. Consider the following

exact sequences of sheaves on X and D respectively:

0— Q%) = QLt+d) = Q% (t+d) =0

X|D
and
0— QL) — ng'};,(t +d) = QL+ d) — 0.

We have the following key lemma which is useful further computations in this chapter.
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Lemma 3.1.10. The composition of appropriate maps on cohomology of the above sequences:

HP 7YX, Q%) — HPY(D, Q% p) = HP7H(D, Q%) — HYH(D, Q% () — HP(X, Q%)
is cupping with ¢1(O(d)) (and thus is an isomorphism for p+q <n+1).

Proof. [56, Lemma 1.2] O

3.1.2 Stability of tangent bundle of a Fano manifold.

Now we shall recall the definition of Fano manifold and some well-known results related to

stability of tangent bundle of a Fano manifold.

Definition 3.1.11. A smooth projective variety X over C is called Fano if its anti canonical

divisor —Kx is ample.

Theorem 3.1.12. If X is a Del-Pezzo surface, then X has a stable tangent bundle T X , unless

X is isomorphic to Pt x P, or P? blown-up in a point.

Proof. See [62] and [13]. O

Theorem 3.1.13. Let X is a Fano 3-fold with by = 1. Then the tangent bundle of X is stable.

Proof. [60, Corollary 2.4, p.638]. O

Theorem 3.1.14. Let X be a Fano 4-fold with by = 1. Then the tangent bundle of X is stable.

Proof. [56, Corollary 2.10, p.15]. O

In the case of Fano 5-fold X, Peternell and Wisniewski proved stability of tangent bundle

of Fano 5-fold except the case of index 2.

Theorem 3.1.15. Let X be a Fano n-folds with Picard number 1. Then
(a) TX is stable if n =5.
(b) TX is semistable if n = 6.

Proof. |28, Theorem 2 and 3, p.605]. O
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3.1.3 Logarithmic De Rham sheaves.

In this subsection we shall define the logarithmic de Rham sheaves Qx (log D).

Let D C X be asmooth irreducible divisor, that is, D does not contain multiple components.

Definition 3.1.16. ([58/) A meromorphic a-form «, a >0, on X is called logarithmic a-form

along a divisor D if both a and da have at most simple poles along D.

Meromorphic a-forms with logarithmic poles along D form a sheaf denoted by Q2% (log D).
More precisely, suppose p € X and hi, ha, ..., Ay be local coordinates for X such that D is
defined by h1 = 0. We have

QX ,(log D) = OX,p<‘Zl11, dhs, ..., dhy,)
and Q% (log D) := \* Q% (log D). In particular, Q% (log D) = Ox.
In the case of normal crossing divisors logarithmic forms are behaved well. Suppose
D = %77 | D; is a normal crossing divisor, i.e., D; intersects D; transversally, for i # j.
Let hi, ho, ..., hy, be local coordinates for X such that D; is defined locally by h; = 0, for
1 <i<r,and r < n. In this case Q% (log D) is a locally free sheaf. More precisely, for any

a-form a € Q% (log D) can be written locally as

o= Z hkl__ka.ékl A.../\(Skn
1§k’1<...<k’a§n

dh; .
dh; i>r

where

Consider the usual residue exact sequences [12, Properties 2.3.,p.13]:
0— Qx — Qx(logD) - &;_,0p, — 0, (3.1.1)

and
0 — Q% (log (D — Dy)) = Q% (log D) — Q%' (log (D — Dy)p,) — 0. (3.1.2)

See [12], 2.2] for more details.

3.1.4 Slope of logarithmic De Rham sheaves.

Let D; € |Ox(k;)|, for some positive integers k;, for 1 < i < r. Consider the short exact
sequence of sheaves on X
0— Ox(—D) — Ox — Op — 0.

Since the first Chern class c; is additive over exact sequences, we have the equality:
Cl(OD) = —01<OX(—D)) = Cl<0)((D)). (3.1.3)
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Using the additivity of ¢; and from Equation (3.1.1)), we have
c(Qx(log D)) = e1(x) +c1(EPOp,)

= a(Qx)+ ZCI(O(Di))’ using
= a(Qx)+ Cl(OX(Z ki)).

The first Chern class modulo the rank, of the sheaf Q% (log D) is
c1(2% (log D)) (Z:DCl(QX(lOg D))

n\ _ n—1
_ @=Ca) | axiiog 0)

(a)

= “ai(Qx(log D)).
Hence the slope is given as
W@ (log D)) = “ei(Qx(log D)).Ox (1)
Q Ky _
_ CL.Cl( X)+61(OX(Z7, ))OX(l)n 1

CL.(—S =+ Z::l kl) .Ox(l)n.

As we have remarked in Subsection the stability of Qx(log D) is implied by the
vanishing of some Hodge cohomologies. In particular, we have the following lemma.
Lemma 3.1.17. The stability of Qx (log D) is implied by the vanishing

HY(X, % (log D)(—t)) = 0
for —t < %le’) and 1 < a < n. Similar assertion is true for semistability when we have
strictly inequality in the slope inequality.
Proof. Suppose there is a subsheaf 7 C Qx(log D) of rank a < n, destabilizing the sheaf. Then
taking determinants, we get a nonzero morphism
det(F) — Q% (log D).

Let det(F) = Ox(t), for some integer t. Hence the above morphism gives a nonzero section in
HY(X,Q%(log D)). The slope condition says that
a.(=s+ 3, k)

n
Hence semistability is implied by the vanishing

t >

(s =3 K
H°(X,0Q%(log D)(—t)) = 0, whenever —t < a(SnZZ).
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3.2 Stability when the sheaf Kx + Ox(D) is non-negative.

In this section, we proceed to investigate the stability of Qx (logD) under suitable assumptions
on the canonical class with respect to the divisor D. More precisely, we prove Theorem (1.1)
of the Chapter 1.

Theorem 3.2.1. Suppose X is a smooth projective variety of dimension n over C, with the
Picard group Pic(X) =1Z. Let D =)",_, D; be a simple normal crossing divisor on X, where
D; € |Ox(k;)|, for some positive integers k;, for 1 <i <r. If Kx + Ox(>_;_, ki) is ample or
trivial, then Qx (logD) is semistable.

It suffices to prove vanishing of relevant cohomologies as indicated in Lemma
We first prove the following vanishing. This is well-known and due to Norimatsu [50]. For

the sake of completeness, we provide a simpler proof:

Lemma 3.2.2. Suppose (Y, Oy (1)) is a smooth projective variety of dimension n. Let D CY

be a normal crossing divisor and D is written as Y ._, D;. Then fort <0,
HO(Y, 0% (log D)(1)) = 0.

Proof. We prove this by using induction on the number of components r of the divisor D.
We start with the case r = 1.

Consider the residue sequence
0— Q% — Q% (log D) — Q%5 — 0.
Tensor with O(t), t < 0, and take the long exact cohomology sequence:
0 — H°(Y,Q% (1)) — H°(Y,Q% (log D)(t)) — H°(D,Q% ' (t)) — ...

Since t < 0, by Kodaira-Akizuki-Nakano theorem [12] 1.3,p.4], the first and the third cohomol-

ogy groups vanish . This implies the middle cohomology HY(Y, Q¢ (log D)(t)) also vanishes.
Now assume that the lemma holds for divisors with at most r —1 components. Consider the

residue sequence and tensor with O(t), for t < 0. Now take the associated cohomology

sequence
0 — H(Y, Q% (log(D—D1))(1)) = H(Y, Q% (log D)(t)) — H"(D1, 2%, (log(D—D1)p, ) () — -

By induction hypothesis applied to D — D on Y and D1, we deduce the vanishing of the middle
cohomology as required.
O
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The proof of Theorem [3.2.1] is a corollary of above lemma. Indeed, by Lemma it

suffices to check the vanishing
HO(X, 0% (log D)()) = 0

for t < M and 1 < a < n. Recall that Kx = Ox(—s), s is an integer.
The assumption on Kx + D being ample or trivial implies that s < >"._; k;. Hence the
slope condition t < (=3 iz ki) implies ¢ < 0. Now by Lemma we conclude the theorem.

n

3.3 Stability on Kawamata’s finite coverings

In this section, we recall some details concerning branched finite coverings of a complex pro-
jective variety, and investigate stability of the logarithmic de Rham sheaves on the covering
variety. Note that the Picard group of such coverings can be bigger than Z. Hence it is of
interest to look at such cases.

We begin by recalling Kawamata’s covering construction:

Proposition 3.3.1. Let (Y,Oy (1)) be a nonsingular projective variety of dimension n. Let
D =37 D; be a simple normal crossing diwisor on'Y and D; € |Oy (k;)|, for some positive
integers k;. Then there is a smooth variety X together with a finite flat morphism m: X — Y
such that 7*D; = k;.Dj, for some divisors D} on X such that D' = . | D} is a normal

crossing divisor on X. Furthermore, the canonical class Kx = m*(Ky ® Oy (D)).

Proof. See [30, 4.1.6, 4.1.12]. O

Now we investigate the semistability of the logarithmic de Rham sheaves on the covering

variety. More precisely, we prove Proposition (1.2) of the Chapter 1.

Proposition 3.3.2. We keep notations as in Proposition for the covering variety 7 :
X =Y. Assume that Pic(Y) = Z.Oy (1) and k := >, k;i. If Ky + Oy (k) is ample or trivial
then Qx (log D') is semistable.

Proof. Since Ky +O(k) is ample or trivial, by Theorem the sheaf Qy (log D) is semistable.
By the generalized Hurwitz formula [12, Lemma 3.21, p.33], we have

Qx(log D) ~ 7*Qy (log D).

Now by [42, Lemma 1.17,p. 325], we deduce that the pullback sheaf Qx(log D) is also
semistable, with respect to the ample line bundle 7Oy (1). O

b)n=3and s <4
c)n =4 and s < 5 Now in the next section, we investigate the situation when the class

Kx + D is anti-ample.
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3.4 Log Fano manifolds of small dimensions

The last section of this chapter we shall prove the Theorem (1.3) of the Chapter 1.

A pair (X, D) is a called a log Fano n-fold if the class —Kx — D is ample. Here D =}, D;
is a normal crossing divisor, D; are smooth irreducible divisors.

Assume that Pic(X) = Z.H and the anti canonical class is —Kx = s.H and D € |k.H|,
for some s,k > 0. Hence the assumption on ampleness of —Kx — D implies that s > k. In
particular s > 2.

In this section we would like to discuss stability for possible cases, when n is small.
on =2

Here (X, D) is a Del Pezzo surface with Pic(X) = Z.H. By Fujita’s classification theorem
[41, p.87], the following cases for (X, D) occur:

a) (P2, H), where H is a line on P2.

b) (P2, Hy + Hs), where Hy, Hy are lines on P2,

c) (P?,Q), where @ is a conic in P2
on =3

Here (X, D) is log Fano threefold with Pic(X) = Z.H. By Maeda’s classification [41],
§6,p.95] according to the index s, the following cases occur:

a) s =4 and X = P3. Here D is equivalent to H,2H or 3H. Hence we have,

1) (P3, D), where D is a smooth cubic surface.

2) (P3, D), where D = Dy + Dy, and D; is a smooth quadric surface and Ds is a plane.
3) (P3, D), where D = Dy + Dy + D3, and each D; is a plane.

4) (P3, D), where D is a smooth quadric surface.

5) (P3, D), where D = Dy + Dy, and each D; is a plane.

6) (P3, D), where D is a plane.

b) s = 3 and X = @, a smooth quadric threefold in P*. Here D is equivalent to H or 2H.
Hence we have,

1) (Q, D), where D is a smooth quartic surface in P4.

2) (Q, D), where D = D; + Dy and each D; is a smooth quadric surface.

3) (Q, D), where D is a smooth quadric surface.

c) s = 2. There are five different types of Fano 3-folds and D is a smooth irreducible divisor
in the linear system |H|.
e n = 4,56 Here the possibilities are more and we refer to [14].

Note that the dual of a stable bundle is again stable, it suffices to prove that the cotangent
bundle Q}( of the Fano manifold X is stable.

We can now state the main result of this section.

We will need the following result in the proof.
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Lemma 3.4.1. Suppose (Y,O(1)) is a smooth projective variety of dimension n, and D is a

smooth irreducible divisor in |O(k)|. Fiz ¢ <n — 1. Then the restriction map
HO(Y, Q5 (c)) — H(D,9Q%(c))
is surjective, for all ¢ < k.

Proof. See proof of [56, Lemma 2.9 a)]. O

Proposition 3.4.2. Suppose (X, D) is a log Fano manifold of dimension n and Pic(X) = Z.H.
Let Kx = Ox(—s) and D € |Ox(k)| such that s,k > 0.

Assume one of the following holds:

a)n=2 and s = 3,

b)n=3and s <4

c)n=4and s <5

d)n=>5 and s <6 such that s =2,5,6 or (s, k) = (3,2), (4,3).

e)n==6 and s <7 such that s <4, s =6,7, or (s, k) = (5,4),(5,3) .

If D is smooth and irreducible then the logarithmic cotangent bundle Qx (log D) is semistable.

Proof. Suppose D is a smooth and irreducible divisor. Note that the ampleness of —Kx — D
implies that s > k.
From Lemma|3.1.17] the semistability of Qx (log D) is implied by the vanishing

H(X, 0% (log D)(t)) = 0, (3.4.4)

fort<Mand1§a<n.

n
Recall the residue exact sequence;

0 — Q% () — Q% (log D)(t) — Q% 1(t) — 0.
Taking the global sections, we have the long exact sequence
0 — HY%X,Q%(t)) — H°(X,Q%(log D)(t)) — H(D,Q% () —

HY(X,Q%(t)) = HY(X,Q%(log D)(t)) — ...

Then to prove the vanishing (3.4.4)), it suffices to check that

HY(X,Q%(t) =0 (3.4.5)
and the map
H°(D, Q%7 (1) — HY (X, Q%(t)) (3.4.6)
is injective, whenever t < @(=h) and 1 <a<n.

n
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We now look at the cases listed above, according to the dimension n.

a)n=2ands=3.

By the only possibility is (X, D) = (P2, D), where D is a line or a conic in P2,

But for X = P2, HY(X,Qx(t)) = 0 for t < 1. Hence for Sgk = % <1, k=12, the
vanishing holds. When ¢ < 0, then clearly H°(D, Op(t)) = 0.

When ¢t = 0, then by the hard Lefschetz theorem and the cupping map (for instance see
Lemma gives the injectivity of .

Hence Qp2(log D) is semistable.

b) n=3 and s < 4.

Since X is a Fano 3-fold, by [60], 2.4, p.638|, we have the stability of Qx. Therefore, by
Maruyama’s result [42] 2.6.1], Q% is semistable. Using the slope inequality in Lemma

we deduce that

HO(X,0% (1) =0, for t < ? (3.4.7)
and when a = 1, the vanishing holds for ¢ < 3.

(s—k .
On the other hand, a-(s = k) < % and this verifies (3.4.5]).

Now we proceed to check below.

Since —Kp = Op(s — k) is ample, D is a Del Pezzo surface. But Pic(D) can be greater
than Z, hence semistability of {p does not always hold. Hence we argue as follows.

Since 0 < k < s <4 and 1 < a < 3, the possible values for a are 1, 2 and the possible values
for k and s are:

if k=1, then s =2,3,4.

if kK =2, then s = 3,4.

if k =3, then s = 4.

If t < 0, then the required vanishing of H(D, Q% (t)), follows from Kodaira-Akizuki-Nakano
theorem.

(s — k)

If we substitute the respective values of k and s in above range then the only possible value

Suppose a = 1 and we have 0 <t <

is t = 0. The required Hodge vanishing holds because both X and D are Fano manifolds.

2-(s—k
Supose a = 2 and we have 0 < t < L

t =0,1 when (k,s) = (1,3) and (2,4). We deduce that it is sufficient to prove, when ¢ = 1,

. In this case the only possible values are

HYD,Qp(1)) =0

and when ¢t = 0,
H°(D,0p) — H(X,Qx)

is injective.

Suppose t = 1.
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First consider the case when (k, s) = (2,4). Then by a) 4), (X, D) = (P, D), where D

is a smooth quadric surface. Using Lemma [3.4.1} we deduce that the restriction map
HO(]P)Sv QP3(1)) - HO<D7 QD(l))

is surjective.

But we noticed in or it also follows from [§], that H°(P3 Qps(1)) = 0. Hence
H(D,Qp(1)) =0.

When (k, s) = (1,3), then by §3.4]b)3), (X, D) = (Q, H), where Q is a smooth quadric three-
fold and H is a hyperplane section. Hence D is again a quadric surface and H°(D, Qp(1)) = 0.

On the other hand for ¢ = 0, by Lemma the required injectivity follows.

Hence Qx (logD) is semi-stable.

c)n=4ands <5.

Since X is a Fano 4-fold with Pic(X) = Z, by [56, 2.10,p.15], Qx is stable. Therefore, by

Maruyama’s result the exterior powers are semistable and by Lemma [3.1.17], we have
0 a a.s

On the other hand, a'(84_ k) < a;Ls and we have H°(X,Q%(t)) =0 for ¢ < M.
Since —Kp = Op(s — k) is ample, D is a Fano 3-fold with Pic(D) = Z.H|p (by Lefschetz

hyperplane section theorem). Hence 2p is stable [60, 2.4,p.638].

Therefore, again by Maruyama’s result we have the semistability of its exterior powers and

by Lemma [3.1.17]
HY(D, Q%51 (t) =0, for t < W
(a—1).(s—k) a.(s—k)
3 < 4
(a— 1):.))(8 —k) <it< a.(s4— k‘)

Since , we only have to discuss the situation

Since 0 < k < s <3 and 1 < a < 4, the possible values for a are 1,2,3 and the possible values
for k and s are:
if k=1, then s = 2,3,

if k =2, then s = 3.
(a—1).(s—k) <

If we substitute the respective values of k, s and a in <t< —a

the only possible value which remains is ¢ = 0 and when a = 1.

Therefore, as before injectivity of follows from Lemma

Suppose s = 4, then we note that we need vanishing of only H°(D, Q‘b‘l(t)), if a =2 and
k = 1. In this case X is a smooth quadric 4-fold and D is a smooth quadric threefold in P3.
Hence we can apply Lemma [3.4.1] to get the desired vanishing.
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Suppose s = 5, then X = P4, We note that we need to check vanishing of H°(D, Q“D_l(t))
only when ¢ = 2, k = 2,t = 1 and when a = 3, k = 2, ¢t = 2. In this case, D is a smooth
quadric threefold. Both these vanishings follow from [59, Theorem (1), p.174].

Hence Qx (logD) is semi-stable.

d)n=>5and s <6.

Since X is a Fano 5-fold, Qx is stable [28, Theorem 2,p.605]. Therefore, by Maruyama’s
result,

HO(X,Q%(t)) =0, for t < %

Note that D is a Fano fourfold with Pic(D) = Z.Hp.
If t <0 and except when a = 1,¢ = 0, then by Kodaira-Nakano vanishing theorem and by
rational connectedness of D,
H(D,Q%7'(t)) =0.
So when ¢ < 0, we have the desired vanishing H%(X, Q% (logD)(t)) = 0.
Suppose t = 0 and a = 1 then by Lemma the injectivity of follows.

As in the previous case, we need to look at the case:
(a—1)(s—k)
4 - )
to obtain vanishing of H%(D, Q% *(t)).

We note that we need to check the following cases only:

)(s=3,k=1,a=3,t=1),
2) (s=4,k=1,a=2,t=1),
3) (s=4,k=2,a=3,t=1)
4) (s=5k=1a=2t=1)
5) (s=5k=1a=31t=2)
6) (s=5k=1,a=4,t=3)
N (s=5k=2a=2t=1)
8) (s=5k=3,a=31t=1)
9) (s=6,k=2,a,t=a—1)

10) (s =6,k =3,a=2,t = 1)

11) (s=6,k=4,a=3,t=1).

We check that in 4),5),6), D is a smooth quadric hypersurface in P°. Hence the vanishing
H°(D,Q% " (a— 1)) = 0 holds by [59, Theorem (1),p. 174]. Similarly, 9) also hold because D
is a smooth quadric hypersurface in P6. We again use Snow’s theorem and apply Lemma
to get the required vanishing on D, in case of 8), 10), and 11).

The remaining cases are not known to us.

Hence Qx (logD) is semi-stable in the cases claimed.

e)n=6ands<7T.
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Since X is a Fano 6-fold, by [28, Theorem 3,p.605], Qx is semi-stable. Therefore, by
Maruyama’s result
HO(X,0% (1) =0 for t < %

On the other hand, a.(sﬁ—k:) < % we have

HO(X,0% (1) =0, for t < CL'(SG_k).

Since —Kp = Op(s — k) is ample, D is a Fano 5-fold with Pic(D) = Z.H|p and hence Qp
is stable [28, Theorem 2,p.605]. Therefore, again by Maruyama’s result we have

—1).(s—k
HO(D, Q% ' (£)) =0, for t < (“)5(5)
—-1.(s—k (s—k
Since (e )5(8 ) < a(s 6 ), so we have only to discuss the situation
(a—1).(s—k) a.(s — k)
— << —.
5 - 6

Since 0 < k < s <4 and 1 < a < 6, the possible values for a are 1, 2, 3, 4, 5 and the
possible values for k and s are:

if k=1, then s =2,3,4,

if kK =2, then s = 3,4,

if k =3, then s = 4.
(s —k)

If we substitute the respective values of k and s in above range then the only possible value
is t = 0. In this case it is enough to show H°(D,Op) — HY(X, QL) is injective. But this
follows from the cupping map Lemma

Suppose a = 1 we have 0 <t <

—k 2.(s—k
Suppose a = 2 then we have (s ) <t< M In this case t does not exist.
Suppose a = 3,4, and if we substitute the respective values of k, s and a in
(a—l)s(s—k:) << a.(s—k).

Then the possible value is t = 1 when
e o =3 and (k,s)=(1,4),
e a =4 and (k,s)=(1,3),(2,4).

In this case it is enough to show
H(D,0%(1)) = 0 when (k,s) = (1,4)

and
H°(D,03(1)) = 0 when (k,s) = (1,3), (2,4).
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But both the claims follows from stability of Qp.
4.(s—k) << 5-(s—k)

Suppose a = 5 then we have . If we substitute the respective
values of k and s in above range then the only possible value is t = 2 when (k, s) = (1,4).

In this case it is enough to show
H°(D,0}(2)) = 0 when (k,s) = (1,4).

But this follows from stability of Qp.
The following cases need only to be discussed:
s = 6:

1) (s=6,k=1,a,t=a—-1)
2) (s=6,k=2,a=2,t=1)
3) (s=6,k=3,a=2,t=1)
4) (s=6,k=4,a=3,t=1)
s=17

6) (s=7k=3,a=2,t=1).

In 1) and 5), we note that D is a smooth quadric hypersurface in P® and by [59, Theorem
1, p.174], the vanishing H°(D, Qanl(a —1)) = 0 holds. Again by Snow’s theorem, and applying
Lemma we deduce the required vanishing in case 1)-4), 6).

Hence Qx (logD) is semi-stable in the cases claimed.

3.4.1 Counterexample when D is reducible

We now investigate the situation when D is reducible and when (X, D) is Del Pezzo surface.

Lemma 3.4.3. Suppose (X, D) = (P2, D1+D3), where Dy, Dy are lines onP2. Then Qp2(log D)

1s not semistable.

Proof. The semistability of Qp2(log D) is equivalent to the vanishing (see (3.4.4])):

HY(P?, Qp2(log D)(t)) = 0

for t < (352)7 i.e. when ¢t <0.

When ¢ < 0, this follows from Lemma [3.2.2
When ¢t = 0, we note that the injectivity of map

& H(Di, 0p,) - H' (P?, Qp2)
i=1,2

see (13.1.1])) fails. Indeed, here &._ i,Op,) 1s of rank two an ,{p2) is of ran
( ) fails. Indeed, h ZLQHODOZ f rank d H'(P?, Qp f rank
one. O
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Remark 3.4.4. We suspect that in higher dimensional cases with several divisor components,

the semistability may fail.
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Chapter 4

Embedding properties of linear

series on hyperelliptic varieties

4.1 Preliminaries on linear systems.

Let X be a smooth projective variety defined over C, and let L be an ample line bundle
on X. Note that H°(X, L) is the finite dimensional vector space of global sections of the line
bundle L. Let us recall (Section [2.2.3)) the associated rational map:

¢r: X —P"=P(H(X,L)"),
given by
z— {s € H'(X,L)|s(z) = 0}.

One can ask when ¢, is a morphism (respectively, embedding). In other words, when ¢y, is
base point free (respectively, very ample).

More generally, we have the following notion of k-jet ampleness.
Definition 4.1.1. A line bundle L is called k-jet ample, k > 0, if the restriction map
HY(L) —» HY(L ® Ox/m @ ... @ mi?)
is surjective for distinct points x1,x2,...,xp € X such that k1 + ko + ... +kp =k + 1.

Note that 0-jet ample is same as global generation, and 1-jet ampleness is same as very
ampleness.

Further questions on embedding were studied classically by the Italian school of Geometers.
The study was with reference to the existence of trisecants or more generally multisecants to
the given embedded variety.

Some geometric notions which evolved were:
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Definition 4.1.2. Let L be a very ample line bundle on X. We say ¢, is a projectively normal

embedding (or, X is a projectively normal) if the multiplication map
HO(P™, Opn(r)) = Sym"H(X,L) — H*(X, L")
s surjective, for each r > 1. We also called as Ny-property.

Definition 4.1.3. We say that L satisfies N1-property if it satisfies No-property and the ideal
of the embedded variety is generated by quadrics.

Mark Green ([18],[19]) unified the above concepts and introduced the N,-property of L,
also called the p-th syzygy property of L. For a projective variety X defined over an al-
gebraically closed field k, and an ample line bundle L on X, consider the graded algebra
Ry = @zoZOHO(X, L®") over the polynomial ring S, = GB;L";OSythO(X, L).

Now take a minimal resolution of R;, as a graded Sp-module:
0—=..=>FEy,—..—F—E —F— R, —0

where Fy = St ®; Sp.(—ao;), ag; > 2, and for p > 1, E, = ®;51(—ay;), ap; > p+ 1.
Green introduced the following terminology:
e Ny-property of L < Ey = Sy, i.e., the embedded variety X is projectively normal.
e Ni-property of L <= No-property of L and a;; = 2 for any j, i.e., the homogeneous ideal of
the embedded variety X is generated by quadrics. In general,
e N,-property of L <= Np_j-property of L and ap; = p + 1 for any j, i.e., the first (p — 1)

maps of the resolution of the ideal of X are matrices with linear entries.

4.2 Known results on curves and surfaces.

The initial results on these questions included the case of curves and surfaces. Suppose C

is a smooth projective curve of genus ¢ and L is a line bundle on C.

Theorem 4.2.1. a) (Castelnuova): If the degree of L is at least 2g + 1 then L satisfies Ny-

property.
b) (Mattuck, Fujita, St.Donat): If the degree of L is at least 2g+ 2 then L satisfies N1-property

The following theorem is due to Green [19], which generalizes the above results on curves.

Theorem 4.2.2. Suppose C' is a smooth projective curve of genus g and L is a line bundle on
C. If the degree of L is at least 29 + 1 + p then L satisfies N,-property.

In the case of surfaces F. Gallego , B. Purnaprajna done some significant work.
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Theorem 4.2.3. [15] Let X be an Enriques surface over an algebraic closed field of charac-
teristic 0. Let L be an ample base-point free line bundle. Then L®PT! satisfies the property Ny,
for allp > 1.

Theorem 4.2.4. [16] Let X be a K3 surface and let L be a base-point-free line bundle such
that L? > 4. If n > p+ 1, then nL satisfies property N,.

Theorem 4.2.5. [16] Let X be a K3 surface and let L be a base-point-free line bundle such
that L? > 8 and the general member of |L| is non-hyperelliptic, non-trigonal and not a plane

quintic. Then rL satisfies property N, for all v > p.

For higher dimensions, Mukai proposed a generalization of the theorem [4.2.2]

4.2.1 Mukai conjecture for adjoint linear systems.

Conjecture 4.2.6. Suppose (X, L) is a smooth polarized projective variety and Kx is the
canonical class on X. Then Kx + (p+ 4)L satisfies Np-property.

This conjecture is still unsolved. A progress on this conjecture was subsequently given:

Theorem 4.2.7. [J] Suppose L is a very ample line bundle on a n-dimensional smooth pro-

jective variety then Kx + (n+ 1+ p)L satisfies Ny-property.

A stronger version of the Mukai conjecture in the case of Enriques surfaces and for the

property Ny is proved by Gallego and Purnaprajna. More precisely:

Theorem 4.2.8. [2], Corollary 2.8, p.156] Let X be an Enriques surface and L, ..., L, ample
line bundles on X. Let L=Kx @ L1 ® ...® Ly,. If n > 4, then L satisfies property Ny.

They also gave a partial answer in the case of abelian and bielliptic surfaces:

Theorem 4.2.9. [21, Corollary 4.5, p.167] Let X be an Abelian or a bielliptic surface. Let M
be an ample line and L = Kx @ M®™. Ifn > 2p+2 and p > 1, then L satisfies property N,,.
In particular, if n > 4, L satisfies property N.

4.3 Known results on abelian varieties.

An abelian variety A defined over C is a compact complex torus % (here I' C CY is a free

abelian group on 2g generators) and there is an ample line bundle L on A.

Given a polarized abelian variety (A, L), Mumford([45]) associated certain groups: Let
te : A — A be the translation map =z — a + x.
o K(L)={a€ A:L~t;L} is called the fixed group of L.
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e G(L) ={(a,¢) : L ~? t:L} is called the theta group of L.
The theta group G(L) acts on H°(A, L) as follows: if (a,¢) € G(L) and s € H°(A, L) then

(a,@).s =t* ,P(s).

Further, H%(A, L) is the unique irreducible G(L)-module, upto isomorphisms, such that a € C*
acts as multiplication by itself ([45, Proposition 3]). These groups have been extensively used
in the study of linear series on abelian varieties.

Denote Pic’(A), the group of line bundles on A whose first chern class is 0. The group
Pic’(A) admits the structure of a complex torus (See [5, Proposition 2.2.1, p35]) in a natural

way.

Definition 4.3.1. [5] A holomorphic line bundle P on A x A satisfying
1) PlIAx L~ L for every L € A
2) PO x A is trivial

1s called a Poincare bundle for A.
Some well-known results on linear series are:

Theorem 4.3.2. Suppose (A, L) is a polarized abelian variety. Then

1) (Lefschetz, [37]) nL, n > 3 is always very ample.

2) (Ohbuchi, [52]) L? is very ample if L has no base divisor.

3) (Bauer-Szemberg, [2]) L**1 is k-jet ample for k > 1, and the same holds for L**1, k > 1
if L has no base divisor.

4) (Koizumi, [33]) nL satisfies No-property, for n > 3.

5) (Kempf, [31]) nL satisfies Ny-property, for n > 4.

6) (Pareschi, [53]) nL satisfies Ny,-property, for n > p+ 3.

7) (Iyer, [29]) Suppose (A, L) is a polarized g-dimensional simple abelian variety. If dimH°(A, L) >
2g - g!, then L gives a projectively normal embedding, for all g > 1.

These results are not much known in the case of primitive line bundles L.

4.3.1 Primitive line bundles.

Let (A, L) be a polarized abelian variety of dimension g and A be its dual abelian variety. The

polarization L induces an isogeny
A= Ar—t: Lo L

The kernel of ¢, is of the form (@lez/diZ)Q with positive integers di, ...,d, and d;|d;41 for
i=1,...,g — 1. The vector (di, ...,dy) is called the type of the polarization L.
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Definition 4.3.3. A line bundle L on an abelian variety A is said be primitive if L is of type
(1,da, ...,dg). That is L is not of the form M™ for some n > 2 and an ample line bundle M on
A.

Some well-known results on linear series in the case of primitive line bundles are:

Theorem 4.3.4. [5] Let L be an ample line bundle of type (1,d) on A defining an irreducible
polarization. Then L is globally generated if and only if d > 3 and is very ample if and only if
d > 5 and there is no elliptie curve E on A with (L.E) = 2.

In the case of abelian three fold Ein and Lazarsfeld proved a theorem on global generation

of adjoint line bundles. More precisely,

Theorem 4.3.5. [10)] Let L be an ample line bundle of type (1,da,ds) on an abelian threefold
A with da.ds > 5. Suppose there is no curve C C A with (L.C') > 29 and there is no surface
S C A with (L?.C) > 16. Then L is globally generated.

The problem related to very ampleness in the case of abelian three folds proved by Birken-

hake, Lange and Ramanan. More precisely,

Theorem 4.3.6. [6] Let (A, L) be a general polarized abelian threefold of type (1,1,d), d > 13,
# 14. Then the line bundle L is very ample.

4.4 Mukai regularity and Continuous global generation:

The notion of Mukai regularity on abelian varieties, is based on Fourier-Mukai transform
has been introduced by G.Pareschi and M.Popa ([54], [55]), to obtain the most of the above

results.

4.4.1 Fourier-Mukai functor

Suppose A is an abelian variety of dimension ¢ over C and A be its dual abelian variety (See
5, Section 2.4, p.34]). Denote P, the normalized Poincaré line bundle on A x A.
Let us recall some facts from [43]:
Denote Coh(A) (respectively, Coh(A)), the category of coherent sheaves on A (resp. on A).
Let
S : Coh(A) — Coh(A)

be the functor defined as follows:

SF = p2.(PIF Q@ P).
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Similarly we can define the functor
S : Coh(A) — Coh(A)

given as

SG :=p1,(p5G @ P).

Denote D(A) (respectively D(A)) the derived category of Coh(A) (respectively Coh(A)). Then
we have a derived functor ([43, Proposition 2.1, p.155]),

RS : D(A) — D(A)

given by
RSF = Rpa, (piF @ P).

Similarly we obtain the derived functor

A

RS : D(A) — D(A)

These derived functors are called the Fourier-Mukai functor.

4.4.2 Mukai-regularity

Now we recall the notion of of I.T (index theorem) and M-regularity from [43].

With notations as in previous subsection, denote R/S (F), the cohomologies of the derived
complex RSF. A coherent sheaf F on A satisfies W.I.T (the weak index theorem) with index
iif RIS(F) =0, for all j # i.

A stronger notion is as below.

Definition 4.4.1. A coherent sheaf F on A is said to satisfy I.T (index theorem) with index
i if H(F®a) =0, for all a € A and for all j # i.

In this situation the sheaf RIS(F) is locally free. If F satisfies W.LT or L.T. with index 4,
then the sheaf RiS(]:) is denoted by F and is called the Fourier transform of F.
In particular, a sheaf F is said to satisfy index theorem (I.T) with index 0 if

HY(F ®a)=0,Ya € Pic’(4),Vi > 0.
Given a coherent sheaf F on A, we denote the support of the sheaf RS (F) by
S(F) = Supp(R'S(F)).
Definition 4.4.2. A coherent sheaf F on A is called M-regular if
codim S'(F) > i

foreachi=1,..,g.
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Remark 4.4.3. 1) Coherent sheaves on A which satisfy I.T with index 0, are examples of
M-regular sheaves.

2) Note that an ample line bundle H on A satisfies I.T with index 0 [5], Example 2.2,
p.289].

Denote the cohomological support locus [22] by:
VUF) := {n € Pic®(A) : h(F ®n) # 0} C Pic’(A).

Note that there is an inclusion S*(F) C V¢(F).
Hence a sheaf is M-regular if
codim(V*(F)) > i (4.4.1)
forany i =1,...,g.
The notion of M-regularity has significant geometric consequences via global generation of
suitable sheaves. This will be illustrated in the next section.

The main result about M-regularity is the following:

Theorem 4.4.4. [5], Theorem 2.4, p289]. Let F be a coherent sheaf and L an invertible sheaf
supported on a subvariety Y of the abelian variety X (possibly X it self). If both F and L are
M -reqular as a sheaves on X, then F ® L is globally generated.

To prove this theorem Pareschi and Popa introduced an intermediate notion, called contin-

uous global generation.

Definition 4.4.5. A coherent sheaf F on an irreqular variety Y is called continuously globally

generated if for any nonempty open set U C Pic®(Y') the sum of evaluation maps

PrFeaoa =S F
acU

18 surjective.

Note that M-regularity implies continuous global generation, see [54, Theorem 2.13, p293].

We have the following intermediate result to prove Theorem [4.4.4

Theorem 4.4.6. [5], Theorem 2.4, p292]. LetY be a subvariety of an irreqular variety X, F
a coherent sheaf and L a line bundle on Y, both continuously globally generated as sheaves on
X. Then F ® L is globally generated.

4.5 Main theorems on hyperelliptic varieties.

In this section, we will prove some of the above results on hyperelliptic varieties.
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Definition 4.5.1. [3]] A smooth projective variety X is called a hyperelliptic variety if it is
not isomorphic to an abelian variety but admitting an étale covering A — X, where A is an

abelian variety.

Note that by [34, Theorem 1.1, p.492], there is a finite group G acting biholomorphically
on A, without fixed points. In other words, we can write X as a group quotient X = A/G,
with an étale quotient morphism
T:A— X =A4/G.

To investigate coherent sheaves on X, we note that their pullback on A under the morphism
m, is equipped with an action of the group G. Hence to investigate line bundles and more
generally coherent sheaves on X, it would suffice to investigate coherent sheaves on A with a

G-action. To make this more precise, we recall the following facts.

4.5.1 (G-linearized sheaves

Suppose A is an abelian variety and is equipped with an action by a finite group G. In this

subsection, we recall G-linearized sheaves on an abelian variety A.

Definition 4.5.2. [/9, Definition 1.6, p.30]. A coherent sheaf F on A is called G-linearized
(or a G-sheaf) if we have an isomorphism ¢q4 : g*F 5 F, for all g € G, and such that the

following diagram of coherent sheaves on A

h*
(gh) F 2 o p

don l%
F

is commutative, for any pair g,h € G, i.e. ¢gn = ¢p o h*gg.

Assume that the action of the group G on A is free. We note that G-linearized sheaves are
relevant to our situation, since it corresponds to coherent sheaves on the quotient variety A/G.

In fact, we have:

Proposition 4.5.3. Consider a pair (A,G) as above, and assume that the action of G on A
is free. Then the functor F — m*F is an equivalence of category of coherent Ox-modules on
X and the category of coherent G-sheaves on A. The inverse functor is given by G — (1.(G))%
(the subsheaf of G-invariant sections of m.(G)). Locally free sheaves correspond to locally free

sheaves of the same rank.

Proof. See [4T, Proposition 2, p.70]. O
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4.5.2 Mukai-regularity for G-linearized sheaves

Now we apply Fourier-Mukai functor RS (See Section [4.4.1) on the G-linearized sheaves. More

over we define the I.T (index theorem) and M-regularity in the case of G-linearized sheaves.

Definition 4.5.4. 1) A coherent G-sheaf F on A satisfies W.I.T (the weak index theorem)
with index i if RjS(.F) =0, for all j # 1.

2) A coherent G-sheaf F on A is said to satisfy I.T (index theorem) with index i if H(F ®a) =
0, for all a € A and for all j # i.

Note that the sheaf R'S(F) is locally free.
Given a coherent G-sheaf F on A, we denote the support of the sheaf R'S (F) by

S'(F) == Supp(R'S(F)).
Now we recall the notion of M-regularity.
Definition 4.5.5. A coherent G-sheaf F on A is called M-reqular if
codim S"(F) > i
foreachi=1,..,g.

Remark 4.5.6. 1) Coherent G-sheaves on A which satisfy I.T with index 0, are examples of
M-regular G-sheaves.
2) We also note that an ample line bundle H satisfies I.T with index 0 [54, Example 2.2,

p.289]. This will be relevant in our later sections.
Denote the cohomological support locus [22]:
VUF) := {n € Pic®(A) : h'(F ®n) # 0} C Pic’(A).

There is an inclusion S*(F) C V(F).
Hence a G-sheaf is M-regular if

codim(V¥(F)) > i (4.5.2)

foranyi=1,...,g.

4.6 G-global generation and global generation on hyperelliptic

varieties

Suppose G be a finite group and F is a coherent G-sheaf on an abelian variety A. Consider the
central extension of G by C*, the multiplicative group of nonzero complex numbers. In other

words, there is an exact sequence:

1=5C"=G¢—G—0.
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Here G consists of pairs(g, ), where g runs over G and g is an automorphism of F covering g.
We assume that there is a splitting and let G C G denote the image of G under the splitting
map. This is because, by definition, a G-linearized sheaf comes with a splitting as above. This
will enable us to look at invariant sections of G-linearized coherent sheaves on A.
We note that G acts on H° (A, F). Denote the subspace of G-invariants:

HYA,F)¢ = {s € H'(A, F) : gs = s Vg € G}.

Since our aim is to obtain global generation of coherent sheaves on the quotient variety
X = A/G, we introduce the following corresponding notions for coherent G-sheaves on A as
follows. In the next subsection, we will prove its equivalence with usual global generation on
X.
4.6.1 (G-global generation, G-very ampleness and G-k jet ampleness

We keep notations as above.

Definition 4.6.1. A coherent G-sheaf F on A is called G-globally generated if the evaluation

map

ev : HO(A,]:)G ® 04— F
1s surjective. Here the map ev is evaluation of G-invariant sections at any point of A.

Now we formulate very ampleness for coherent G-sheaves as follows. For any a € A, let
G.a :={ga : g € G}. Then this is the orbit of the point a € A under the action of G. Let I,
denote the ideal sheaf of the orbit G.a in A. Then this is a coherent G-sheaf on A.

Definition 4.6.2. A G-line bundle L on A is called G-very ample if the coherent G- sheaf
L ® Ig.q is G-globally generated, for all a € A.

This notion can be extended to k-jet ampleness for G-line bundles as well.
Definition 4.6.3. A G-line bundle L on A is G-k-jet ample if the coherent G sheaf
LI, ®.0I,

18 G-globally generated, for distinct points ai,as,...,a; € A such that k1 + ks + ...+ ki = k. In

other words, the evaluation map given by G-invariant sections
HYALoIY, ®.. @I}, ) - H (ALY, ®. 0L, ©@0/m)
is surjective, for each a € A.

Note that G-0-jet ample is same as G-global generation and G-1-jet ampleness is same as

G-very ampleness.
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4.6.2 Equivalence of G-global generation and global generation on X = A/G

In this subsection, we note the relevance of G-global generation on the quotient variety X. We
keep notations as in the previous subsection.

Then we have the following equivalence:

Lemma 4.6.4. Suppose F is a coherent G-sheaf on A. Then F is G-globally generated if and
only if the corresponding sheaf (m.(F))C is globally generated on the quotient variety X = A/G.

Proof. We recall the one-one correspondence of coherent sheaves, as given in Proposition
Given a coherent sheaf G on the quotient variety X = A/G, consider its pullback 7*G on A,
via the quotient morphism 7: A — X = A/G. Then 7*G is a coherent G-sheaf on A. It would
suffice to prove that G is globally generated on X if and only if 7*G is G-globally generated on
A, using Proposition m Firstly, we note the following decomposition [47, Remark 1, p.72]:

.04 = @ L,,
x€G

if G is commutative. In any case, Ox is a direct summand of 7,0 4. Here L, is a line bundle

on X associated to the character y on G. Using projection formula, we have:

m(r*G) = PG ® Ly), (4.6.3)

xe@

if G is commutative. But in any case, the sheaf G is a direct summand of 7, (7*G). This gives

us an inclusion of the space of global sections:
™ HY(X,G) c H'(A,7*G).

In particular, the subspace of G-invariant sections of H O(A,7*G) is given by the space
T H(X,G).
Suppose G is globally generated. This implies that the evaluation map:

HY(X,G)® Ox —+§
is surjective. The pullback of this morphism of sheaves, via 7w, on A corresponds to the map
HY(A,7°G)C © 04 — G

and which is clearly surjective. This implies the G-global generation of 7*G. Using the equiv-

alence of categories in Proposition [4.5.3] we conclude the proof. O

Corollary 4.6.5. Suppose L is an ample G-line bundle on A and M be the corresponding line
bundle on X (under the correspondence in Proposition . Then L is G-k jet ample if and
only if M is k-jet ample on X.
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Proof. We need only to note that the ideal sheaf I:ffll R..® Ii?ll of distinct points z1,...,x; € X
with multiplicities k;, such that ) k; = k, corresponds to the ideal sheaf Iél 0 ® - ® Igl. a
on A, under the correspondence in Proposition m Here G.a; = 7 (z;), i.e. the inverse
image of a point z; is a G-orbit of a point a; € A, for ¢ = 1,...,I. Hence the coherent G-sheaf
L® Igl_al ®..® Igal on A corresponds to the coherent sheaf M ® IJIC“} ®...0 Ig]jll on X. Now

we apply Lemma to conclude the proof. O

4.7 (G-global generation of GG-linearized sheaves of weak index

Zero

In this section, we recall the notion of continuous global generation [54], adapted to coherent
G- sheaves. Instead of the usual multiplication maps, we take the ’averaging’ of sections, for
the action of the group G. We note that the results of this section hold, for any action of the
finite group, i.e., the action need not be free, except in Proposition [4.7.6]

Before proceeding to continuous global generation and its relevance to our set-up, recall
the surjectivity statement for multiplication map of sections of ample line bundles [5, 7.3.3].
This is suitably generalized to higher rank sheaves, which are M-regular, by Pareschi and Popa
[54]. We modify the multiplication maps by taking ’averaging’ of sections, for the finite group
G. In other words, we will consider multiplication maps for the G-invariant sections, suitably
interpreted. This will be needed when we want to look at G-global generation of coherent G

sheaves.

4.7.1 Surjectivity of ’Averaging’ map
We keep the notations from the previous section.

Lemma 4.7.1. Let F be M-reqular coherent G-sheaf and H locally free G-sheaf satisfying I.T
with index 0. Then for any Zariski open set U C /1, the map

P H(Foa)oH(H®a) 2% H(F o H)C
acU

is surjective. Here the ’averaging map’ is given as

1
Av(s@t)=@29(s®t>,
ge@@
fors€e HY(F®a) andt € H(H ® &).

Proof. Firstly, note that the map @ Av factorizes as follows,

P HO(F ©a) @ HY(H @ a) =22 HO(F o H) 2 H(F @ H)C.

acU
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where h is the averaging map. By [54, Theorem 2.5, p.290], the map > m, is surjective.
Clearly h is surjective, since h restricts to identity on HO(F ® H)Y ¢ H°(F @ H). Hence the
composed map ©Av = ho ) m, is surjective.

O

Corollary 4.7.2. Let F be M-reqular coherent G-sheaf and H locally free G-sheaf satisfying
L. T with index 0. Then for any large positive integer N and for any subset S C A with S| =N

the averaging map

DAv

@H%}"@a)@HO(H@ a) 2% go(r @ H)C

a€esS

18 surjective

Proof. By above Lemma [£.7.1], the surjectivity of the averaging map

DAv

@HO(J-"®O<)®H°(H® a) 24% gO(rF @ H)C

acU

implies that the family of linear subspaces {Im(Av,)} spans the finite dimensional vector

- aclU
space HO(F® H)®. So for any large positive integer N, the images under Av of a finitely many

N linear subspaces H*(F ® o) ® H*(H ® &) span H)(F ® H)é
]

4.7.2 (G-Continuous Global Generation

In this subsection, we recall the notion of continuous global generation and its relevance to
global generation [54]. We suitably modify this notion for coherent G-sheaves and show that

it is related to G-global generation.

Definition 4.7.3. A coherent G-sheaf Fon A is called G-continuously globally generated if for

any nonempty open set U C A the sum of average maps

PH(Foa)wa 2% F

aelU

is surjective. For s € H(A, F ® ) and a local section t of &, we define locally on A:

Av(s®t |G|Zg s®t
geG

Note that locally s @t is a section of F.

As earlier, we note that the sum could be taken over finite subsets of A, of large cardinality.
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Lemma 4.7.4. Suppose F is a coherent G-sheaf and assume it is G-continuously globally
generated. Then for any large positive integer N and for any subset S C A with |S| = N, the

sum of average maps

@ HY (F®a)®a Ny
a€esS
18 surjective.
Proof. This proof is similar to the argument given in Corollary O

We now prove the following proposition relating tensor product of continuously G global

generated sheaves and G-global generation.

Proposition 4.7.5. Suppose F is a coherent G-sheaf and H is a G-line bundle on A. If both
F and H are G-continuously globally generated then F ® H is G-globally generated.

Proof. By Lemma [4.7.4 u for any large positive integer N and for any subset S C A with
|S| = N, the averaging map

PH (Foa)ywa™F

a€cs
is surjective. Consider the following commutative diagram,

PH (Foa)o H(H®G) @04 DY o re ) e0,
acs
" )
PHFoaeHei=PH(Foaeaol 22 rom
a€s acsS

Then we have the surjectivity of the lower right map Av ® id.

We have to show surjectivity of the following evaluation map
ev: H(F® H)S 204 — Fo H.

We first show that
supp(coker(ev)) C Ny j{UacsB(H ® &)} =: Z.

Here the intersection varies over finite subsets S of A of large cardinality N and B (H®a)is
the base locus of H ® &. Let = be an element in supp(coker(ev)) such that x is not in Z. This

implies, for some S and an o € S,
H'(H®a)® 04— Hoa
is surjective at x. Therefore, in the above commutative diagram, the evaluation map

ev: H(F@H) ® 04 = F@ H.
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is surjective at x. This gives a contradiction to z lying in supp(coker(ev)). Hence supp(coker(ev))
C NgeilUaesB(H ® &)}. Since H is G- continuously globally generated, by the arguments
in [54, Remark 2.11, Proposition 2.12, p.292], Ng Uses B(H ® &) is empty, where N runs over
S C A of large cardinality. This implies supp(coker(ev)) is empty.

Hence the evaluation map,
ev: H(FoH) 204 = Fo H

is surjective.
O

The following proposition gives an analogue of [54, Proposition 2.13]. It shows that the
M-regularity of a coherent G-sheaf implies G-continuous global generation. We assume that

the group G acts freely on A.

Proposition 4.7.6. If F is a M-regular coherent G-sheaf on A, then for any large positive

integer N and for any subset S offl with cardinality N, the sum of average maps,
PH (Foa)oa ™
a€esS

F

is surjective. In other words, F is G-continuously globally generated.

Proof. Let H be an ample G-line bundle such that F ® H is G-globally generated. Indeed,
such a line bundle can be chosen, due to the correspondence in Proposition We consider
the sheaf Fx corresponding to F, on X = A/G, and find an ample line bundle Hx on X such
that Fx ® Hx is globally generated on X. Let H be the ample line bundle on A corresponding
to Hx. By Lemma[4.6.4] the coherent G-sheaf F ® H is G- globally generated.

This implies that the evaluation map
(]—"®H) RO4 S FRH

is surjective. Since H is an ample G-line bundle, by Remark H satisfies I.T with index

0. Therefore, by Corollary [£.7.2]
PH(Foa) o HH®d) © 04 2% HO(F o H)® © 04
a€esS

is surjective. Now consider the following commutative diagram,

PH(FeaeH(Hoa) 20, 22 H(FaH) 0,
aesS
1 b
PH(FeoaeHa 2% FoH

a€Ees
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where the sum varies over a finite subset 5, of large cardinality. In the above commutative

diagram, since ®Av and the evaluation ev are surjective, it follows that the averaging map

PH (FoayeHza S FoH

aesS

is also surjective. Since H is a line bundle, we obtain the assertion on G-continuous global

generation of the sheaf F. a

As a consequence of the above proposition, we obtain the main result of this section:

Corollary 4.7.7. Suppose F is a coherent G-sheaf and H is a G-line bundle on A. If both F
and H are M-regular sheaves on A, then the coherent G-sheaf F @ H is G-globally generated.

Proof. By Proposition F are H are G-continuously globally generated. By Proposition
F ® H is G-globally generated. O

4.8 Embedding theorems on hyperelliptic varieties

In this section we prove analogues of very amplessnes results due to Ohbuchi and Lefschetz
[54, Corollary 3.9], in the case of ample G-line bundle. By Corollary we obtain similar
embedding statements for the quotient variety X = A/G.

Lemma 4.8.1. Let L1 and Lo be G-line bundles on A such that Ly and Lo® Ig, are M -regular,
foralla € A. Then L1 ® Lo is G-very ample on A.

Proof. By Corollary [1.7.7, L1 ® Ly ® I 4 is G-globally generated, for all @ € A. Hence L1 ® Lo
is G-very ample. a

Now we check M-regularity of G-line bundles which have no G-invariant base divisor. This

will enable us to conclude very ampleness of powers of G-line bundles.

Proposition 4.8.2. Suppose L be an ample G-line bundle and having no base divisor on an

abelian variety A. Then L ® Ig.q is M-reqular on A.

Proof. Firstly for any a € A, consider the following exact sequence:
O—>L®Ig.a—>L—>L|G.a—>O.
Take the long exact cohomology sequence:
0— H L ®Ig,) — H(L) = ©yecHY(L ® C(ga)) —
HYL®Iga) — HY(L) = ®yecHY(L ® C(ga)) — - - -.
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Also note that since L is ample H'(A,L) = 0, for all i > 0. Therefore the above long exact

sequence reduces to
0— HY(L®Ig,) — HY(L) = (©,ecHY(L ® C(ga)) — H(L ® Ig.4) — 0.
Now consider the cohomological support locus,
Supp V(L ® Ig.q) = {a € A: H(L® Ig, ® a) # 0}.

Note that
Lelga®@a=®uec(l®Ip®a)Zt (Lo Ilgay),

for some y € A. The above exact sequences imply that, when i > 1, we have SuppV*(L®Ig.)) =
(). This implies
codim SuppV* (L ® Ig,) > i

for all i > 1. When i = 1, Supp(V(L ® Ig;)) is isomorphic to a base divisor of L. By
hypothesis, L has no base divisor. Hence this implies codimension of Supp(V(L ® Ig.)) is at

least 2. Hence, using (4.5.2)), L ® Ig, is M-regular.
]

Now we consider powers of ample G-line bundles and apply the previous results to obtain

embedding statements.

Theorem 4.8.3. Suppose N is an ample line bundle on the quotient variety X = A/G. Then
the following hold:
a) N2 is very ample, if N has no base divisor.

b) N3 is always very ample.

Proof. Using Proposition let L be the ample G-line bundle on A corresponding to the
ample line bundle N on X.

To prove a), we assume that N has no base divisor. This implies that L has no G-invariant
base divisor, in particular L has no base divisor. By Proposition L® I, is M-regular, for
all x € X. Furthermore since L is ample, L is M-regular by Remark Hence by Corollary
L ® L ® Ig, is G-globally generated. Hence L®? is G-very ample. Now by Corollary
we conclude that N? is very ample on X.

To prove b), note that by Corollary L®? is G-globally generated. This implies that
L®? has no base divisor and hence by Theorem L®? ® Ig, is M-regular, for all z € X.
Hence, by Corollary L®? ® Iq, is G-continuously globally generated. This implies L&3

is G-very ample and hence N®3 is very ample on X. O

To extend above results to k-jet ampleness on a hyperelliptic variety X, we note the below

lemma for ample G-line bundles on an abelian variety A.
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Lemma 4.8.4. Suppose L is an ample G-line bundle on an abelian variety A. Then the
following are equivalent:

1) L is G-k-jet ample.

2)L® Igl.al R e ® Iéf_al satisfies 1.T. with index 0, for any l-distinct points aq,...,a; € A
such that > k; = k + 1.

Proof. Using the correspondence in Proposition [4.5.3] it suffices to prove the equivalence for
the corresponding line bundle N := 7,(L)“ on X. Recall that 7 : A — X = A/G is the
quotient morphism. Using (4.6.3)), we note that

H'Y(A, L) =@ H'(X,N& Ly).
xeé

Here L, denotes the line bundle on X associated to the character x on G. Since L is ample we
have the vanishing H'(A4, L) = 0. This implies the vanishing H'(X, N) = 0. The rest of the

proof is similar to [55, Lemma 3.3]. O

Now we state the analogue of above theorem, for higher jet ampleness on a hyperelliptic

variety X.

Proposition 4.8.5. Suppose N is an ample line bundle on a hyperelliptic variety X. Then
the following hold:

1) N¥+1 is k-jet ample if N has no base divisor, and for k > 1.

2) N¥+2 js k-jet ample, and for k > 0.

Proof. The proof is similar to [55, Theorem 3.8] applied to the corresponding ample G-line
bundle L on A. Indeed, by above Lemma m it suffices to check 3), i.e., the sheaf

Lolf, ®.oI,

is G-globally generated, for any I-distinct points ay, ...,a; € A such that Y k; = k.

We apply induction on k, and using the correspondence in Corollary prove it for the
ample G-line budle L on A.

Suppose k = 1. Then 1) holds, by Theorem m

Suppose the statement 1) holds for k — 1, i.e., L¥ is G—(k — 1)-jet ample. By Lemmam
this implies for any [-distinct points a1, ...,a; € A such that ), k; = k, the sheaf Lk ® [é‘l.al ®
. ® Ig_al satisfies I.'T with index zero. By Remark 2), L* ®I§1.a1 ... ®Ié’}.al is M-regular.
Hence, by Corollary the sheaf L ® L* ® Igl o ® - ® Ig a 38 G-globally generated, for
l-distinct aq,...,a; € A, such that > k; = k. Now by Lemma 3), L**1 is G-k-jet ample.

The proof of 2) is similar, and we omit it. O
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4.9 Syzygy or Np,-property of line bundles on a hyperelliptic

variety

In this section, we look at syzygy or N,-properties defined by M. Green [19).

Suppose Z is a smooth projective variety defined over the complex numbers. An ample
line bundle L on Z is said to satisfy N,-property (See if the first p-steps of the minimal
graded free resolution of the algebra Ry := @®,>0H°(L") over the polynomial ring Sj :=

®n>0Sym™HY(L) are linear. In other words, a minimal resolution of R, looks like:
Sp(—p—1)" = Sp(—p)¥r—t — ... = S (=2)" = S — Ry — 0.

When p = 0, we say that L gives a projectively normal embedding. When p = 1, L satisfies
Ny and the ideal of the embedded variety is generated by quadrics.

More generally, even (see [55]), one can define properties measuring how far the first p steps
of the resolution are from being linear. To do this, fix p > 0, and consider the first p steps of

the minimal free resolution of R;, as an Sr-module.

E,—FE,1— — FE — FEy— R —0,
where Ey = Sp & €D, Sp.(—ao;) with ap; > 2 (since the linear series is complete), By =
@D, Sc(—ai;) with ai; > 2 (since the embedding is non-degenerate) and so on, up to E, =
@j Sp(—ap;) with ay; > p+ 1. Then L is said to satisfy property Ny if ay; <p+1+r. In
particular, N means that a;; < 2 +r, i.e., the ideal Ix  is generated by forms of degree

< 2 4 r, while property N;? is the same as ).

4.9.1 Criterion for N/ -property

Usually, in practice, one looks at surjectivity of multiplication maps of sections of some natural
bundles associated to L. We recall them below. Consider the exact sequence associated to a

globally generated line bundle L, given by evaluation of its sections:
0— M, — H'(L)® Oy = L — 0.

Here M, is a coherent sheaf and is the kernel of the evaluation map. In fact, it is a locally free
sheaf.
Consider the exact sequence by taking the p + 1-st exterior power of the above evaluation
sequence:
0— APTIM, @ L — APHYHOY(L) @ L — APM, @ LM — 0.

Then Ny-property holds if

HYAPHIMp @ LM =0, for all h > r + 1.
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The converse is true if Z is an abelian variety, since H'(L") = 0. See [53], p.660]. Moreover we

have:

Lemma 4.9.1. a) If 1’“-[1(]\/[?’)Jrl ®@ L") =0, for all h > r +1, then L satisfies N, -property.
b) Assume that H'(MEPY @ LM = 0. Then H'(MEPT @ L") = 0 if and only if the
multiplication map
HO(L) ® HO(M?p ® Lh) N HO(MI?ID ® L®h+1)

18 surjective.

Proof. See [55, Proposition 6.3]. 0

4.9.2 Cohomology Vanishing on a hyperelliptic variety

Suppose X is a hyperelliptic variety of dimension n. As in earlier sections, we consider the
quotient morphism 7 : A — X = A/G. Here G is a finite group acting freely on A.
Suppose N is an ample line bundle on X. Assume it is globally generated. Consider the

evaluation map on the sections of V:
0— My — H(N)® Ox - N = 0.
Pullback of this exact sequence on A yields the exact sequence:
0— My — HY (L) @04 — L — 0.

Here L := m* N is the corresponding G-line bundle on A, and H° (L)é C HY(L) is the subspace
of G-invariant sections. Denote MLG = 1*My. In particular, /\pME is a G-linearized bundle.

We first note the below vanishing, which we will need.
Lemma 4.9.2. The cohomology vanishing
HY (A, NPTIME @ L) =0
implies the cohomology vanishing
HY(X, \PTIMy @ N™) =0,
for each h>r+1 andr > 0.

Proof. Since the bundles /\p“MLG and L" are G-linearized bundles, the tensor product /\pHMLG@
L" is also a G-linearized bundle. In particular, the group G acts on the cohomology groups
Hi(A, \PPLME @ L), for i > 0. The G-invariant subspace is precisely Hi(A, AP ME @ LM)C.
Now, we use projection formula as shown in Lemma and using , we deduce that
the G-invariant subspace is equal to the cohomology group H*(X, APY1 My ® N™). This gives
the assertion.

O
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Lemma 4.9.3. The cohomology vanishing
HY A NP M@ L) =0
implies the cohomology vanishing
HY A NP ME @ L) =0,
for each h>r+1 andr > 0.
Proof. Note that in the below exact sequence
0= M, - H'(L)®Oy —L—0

the group G acts on H O(L) and on L equivariantly. Hence the inclusion of G-invariant sections
HO(L)Y ¢ H°(L) provides an inclusion of bundles

ME c M.
Moreover, since the averaging map of sections
~ 1
HOYL) & HO(L)C, s el NE
geé

is surjective, we deduce that the bundle MLG is a split summand of M7,.

Hence we have an inclusion of their exterior powers tensored with L":
ANPHME © L ¢ APFM @ LM
This is also a split summand and hence gives the inclusion of cohomologies:
HY A NP ME © LM ¢ HY(A, APTIMp © LM,

‘We now deduce our assertion.

Now, we apply above two lemmas to conclude our main consequence of this section.

Proposition 4.9.4. Suppose M is an ample line bundle on a hyperelliptic variety X. Then
MP*E satisfies N,-property, for any k > 3.

Proof. Suppose M is an ample line bundle on X. By Theorem we know that N := M¥,
k > 3, is very ample. In particular, N is globally generated. Since L = 7*N is an ample
globally generated line bundle on A, by [53, Theorem 4.3, p. 663], we have the cohomology
vanishing

HY A NP M, @ L) =0
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for any h > 1. Now apply Lemma and Lemma [£.9.3] when r = 0, to conclude the
cohomology vanishing
HY(X, NPT My @ N") =0.
for any h > 1. This implies that N? = MP+k L > 3, satisfies N,-property.
(]

Theorem 4.9.5. Suppose X is a hyperelliptic variety over C, and N be an ample line bundle
on X. If (r+1)(n—1) > p+1, then N®" satisfies N, .

Proof. Note that L := 7*N be an ample G-line bundle on A.

We have to show H(X, AP Myen @ N®) =0 fo all h > r + 1.

Since (r+1)(n—1) > p+1, L®" satisfies N, (By [53, Theorem 4.3, p.663]), i.e., HY (A NPT M en®
L®"h) =0 fo all h > r + 1. Now apply and to conclude the cohomology vanishing

Hl(X, /\p+1MN®n ® N®nh) —0.

for any h > r + 1.
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