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Summary
In this thesis, we study the higher rank Anderson tight-binding model on the Bethe lattice.
Anderson tight binding Hamiltonian over Bethe lattice, is a highly studied and important model, and it is one of the few models where the existence of both the absolute
continuous ( [4, 27, 41]) as well as the pure point ( [2], [3], [29]) spectrum are proven.
Aizenman-Warzel ( [5]) has shown that, studying the eigenvalue statistics for the
Anderson model on the Bethe lattice, actually amounts to studying the eigenvalue statistics
not of the Bethe lattice model, but of the Anderson model on a related graph called the
canopy tree graph. They have also shown that, unlike the case in Bethe lattice, the canopy
tree Hamiltonian has only pure point spectrum. Aizenman-Warzel ( [5]) studied the rank-one
case, which means that the single site potentials are independent of each other. But, we allow
the single site potentials on a collection of vertices to be the same. The main focus of this
manuscript is to study the local eigenvalue statistics for the Anderson tight binding model
over the canopy tree, when single site potential affects a collection of vertices of the tree.
Hislop-Krishna ( [34]) studied the higher rank Anderson model on the lattice, Z3 , and
showed that its local eigenvalue statistics is compound Poissonian. Whereas AizenmanWarzel showed the eigenvalue statistics for the rank-one case to be Poissonian, in this
thesis, for rank > 2 case, following Hislop-Krishna ( [34]), the statistics is shown to be
strictly compound Poissonian.
Next, we give a brief summary of our results. Bethe lattice is a connected regular
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graph with a root, i.e., every vertex of the graph has

neighbours, for some

2 N, and

there is a special vertex called the root, usually denoted as 0 (zero). We consider the
higher rank Anderson type operator on the Bethe lattice B, defined as

l
_ :=

+_

’

l? %?,

?2J

where,

is the graph Laplacian, _ > 0 is the disorder parameter, {l ? } are i.i.d. real valued

random variables following an absolutely continuous distribution which has a compactly
supported, essentially bounded derivative d. The projections % ? are projections on to the
subspace of ⇥ 2 (B), defined by the subgraph with vertex set ⇥3 ( ?) := {G 2 B : 3 ( ?,G)
3, ? ⇥B G}, where the partial order ⇥B is defined as G ⇥B H if and only if 3 (0, H) =
3 (0,G) +3 (G,H); in other words, G lies in the (unique) path from the root to the vertex H.
The canopy graph is an infinite tree. It is constructed as follows. Its vertex set VC
is subdivided into different layers. We start with a layer which contains infinitely many
vertices. This is designated as the boundary layer of the graph. Divide this vertex set
into disjoint subsets, each of cardinality , for some

2 N. Corresponding to each such

subset, we designate a new vertex to which all the vertices in the subset are connected by
edges. The vertices thus obtained form the second layer of the canopy graph. The same
process is repeated on the second layer to get a third layer and so on, ad infinitum. Similar
to the Bethe lattice Hamiltonian, we define a random operator on the canopy tree:

l
C,_ :=

+

’

l? %? .

?2J

Here, % ? will be projections on the the subspace of ⇥ 2 (C), defined by the subgraph of
C having the vertex set ⇥C,3 , where ⇥C,3 := {G 2 C : 3 ( ?,G) 3, ? ⇥C G}. Here, 3 ( ?,G)
is the minimum of lengths of all the paths connecting ? and G in C, the partial order ⇥C
is defined by G ⇥C H if 3 (G,mC) = 3 (G,H) +3 (H,mC) ( in other words H is in a path that
start from G and goes to the boundary).
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In order to study the eigenvalue statistics for the Canopy model at an energy level
⇤ 0 2 R, we consider the following random point process.

(0.0.1)

`l,_
⇤ 0 ,! ( 5 ) :=Tr( 5 (|⇥ ! |(

l
_,! ⇤⇤ 0 ))),8 5

in ⌅2 (R),

where ⇥ ! is the subgraph of the Canopy tree with the following vertex set: V (⇥ ! ) := {G 2
V (C) : 3 (0,G)

!},

l
⇥!

is the random operator obtained by restricting

l
_,! := j⇥ !

l
C,_

to ⇥ ! , i.e.,

l
⌅,_ j⇥ ! .

Now, we can give our main results.
Theorem 0.0.1. Consider the random operators
isfying the assumptions (2.2.6). Let ⇤ 0 2 ⇤

⇤1 ,

l

and

l
_,!

defined in (2.2.12) sat-

_ > 0 large and a bounded interval

⇧ ⌅ R. Then the limit points of the sequence of random variables {`l,_
⇤ 0 ,! (⇧)} !2N , defined
in (1.0.2), are compound Poisson distributed with the associated Lévy measure having
at least one point from the set { ⇤1, , +1,···,"0 } in its support.

As shown by Hislop-Krishna ( [34]), higher rank perturbations can result in, not necessarily a Poisson process, but a compound Poisson process. However, it is not clear, in general,
if Anderson model with higher rank perturbations would result in a non-trivial compound
Poisson statistics. It happens that, our particular model with higher rank perturbations has
eigenvalues with arbitrarily high multiplicities (which are proportional to the size of the perturbing projections), which is the content of the next theorem. This, together with showing
compound Poisson statistics, results in a strictly compound Poisson statistics for our model.
The following multiplicity result is from the joint work with Anish Mallick [8].
Theorem 0.0.2. For

> 2, let C denote the Canopy tree of degree

Hilbert space ⇥ 2 (C), define the random operator

l
C

+ 1 and on the

by (2.2.11), for some < 0 ⇧ 2. Set

the random variables {lG }G2N to be independent and identically distributed following
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an absolutely continuous distribution `. Then

f(

< 0 ⇤1 ) +Supp(`) ⌅ f? ? (

l
C)

and the maximum multiplicity of point spectrum in f(

0.B,

< 0 ⇤1 ) +Supp(`)

is at least

⇤1.

As shown by Aizenman-Warzel ( [5]), and also reflected in our work, is the fact that,
the current notion of eigenvalue statistics does not distinguish between pure point and
absolutely continuous part of the spectrum. Therefore, it is natural to ask, whether we
can modify the definition of the eigenvalue statistics to reflect different types of spectra.
As shown in the paper Aizenman-Warzel ( [5]), trees with a backbone structure can be
treated similar to the canopy tree. So, we believe that, extending our results to models
on those trees will not be that difficult.
We conclude by saying that studying Anderson model on various graphs, especially,
the Bethe lattice, is a highly interesting area, which has scope for much further work.
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Chapter 1
Introduction
In 1958, P.W. Anderson [63] introduced a model of disordered systems such as alloys,
which is later named after him as the Anderson model. One of the phenomenon Anderson
explained using the model (with convincing, but not rigorous arguments) was that of
localisation (which has come to be known as the Anderson localisation). Physically, it
means that electrons in disordered media are trapped in a small region of space, in the
presence of large disorder. In 1977, Anderson shared the Physics Nobel prize, along with
Mott and van Vleck for their work in this area.
In the 1970s mathematically rigorous results started to appear; the first result being that
of Goldsheid, Molchanov, and Pastur in 1977 [33]. They showed Anderson localisation for a
related one-dimensional model. Pastur [54] gave the fundamental theorem that, for ergodic
random operators, almost surely, the spectrum is constant. The first mathematically rigorous proof of Anderson localisation for the Anderson model was due to the work of Kunz and
Souillard [46]. Their work, also, was for the one-dimensional model. The spectral localisation (that is, the existence of dense pure point spectrum) for models in arbitrary dimensions
was proved, independently, by Fröhlich, Martinelli, Scoppola, and Spencer [29]; Simon and
Wolff [61]; and Delyon, Lévy, and Souillard [23], based on the path-breaking paper of Fröhlich and Spencer [28] in 1983 which introduced a method called the ’multiscale analysis’.
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Two general methods to show the Anderson localisation for arbitrary dimensions are
available, the first one is the multiscale analysis and the other is the fractional moment
method due to Aizenman and Molchanov [2], in 1993. The latter method is easier, but
not as widely applicable as the first method. For the analogue of the Anderson model
in ! 2 (R3 ), the fractional moment method was extended by Aizenman, Elgart, Naboko,
Schenker, and Stolz [1] in 2005.
The phenomenon of Anderson localisation is relatively well understood but the other
important question of the existence of de-localised states, or equivalently, that of absolutely
continuous part of the spectrum, is still a major open problem for the higher dimensional
Anderson model. It is generally believed that, for dimensions more than two, ac spectrum is
present for the models with low disorder. For the integer lattice (Z3 ) models with decaying
potentials existence of the ac-spectrum has been proved in Krishna [43], Krishna [44],
Kirsch [39] and Jakši -Last [36].
The other important question is about the local structure of the spectrum, the structure
of the spectrum in the neighbourhoods of a point in the spectrum, a study going by the
name of ’eigenvalue statistics’. The eigenvalue statistics in one dimension was studied
by Molchanov [52], and later for higher dimensions by Minami [51]. In the region of
localisation where fractional moment bounds are valid (where (4.1.1) holds), they showed
that the eigenvalues follow Poisson statistics. Subsequently, Poisson statistics was shown
for the trees by Aizenman-Warzel [5], and by Geisinger [30] for regular graphs. In
some recent results, Germinet-Klopp [31] extended the results of Killipp-Nakano [38].
These works are focused on eigenfunction statistics in the regime of pure point spectrum.
There are also works in the region of the absolutely continuous spectrum, like KotaniNakano [42], Avila-Last-Simon [11], and Dolai-Mallick [24]. Mallick-Dolai [7] studied
the eigenfunction statistics of the Anderson model with singular randomness where the
single-site distribution is Holder continuous. Dolai-Krishna [25] showed Poisson statistics
for an Anderson model with singular randomness. Dolai-Mallick [24] studied the spectral
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statistics of random Schrödinger operators where the potential is unbounded. There
are a few results for spectral statistics for non-rank one Anderson models, for example,
Hislop-Krishna [34] and Combes-Germinet-Klein [16].
Anderson tight-binding Hamiltonian over the Bethe lattice is a well studied and
important model and it is one of the few models where the existence of both the absolutely
continuous [4, 27, 41] as well as the pure point [2, 3, 29] spectrum are shown to exist
for small disorder. However, the eigenvalue statistics as defined by Minami [51] does
not carry over to the Bethe lattice, but extends to the Canopy tree (as explained by
Aizenman-Warzel [5]). The main focus of this manuscript is to study the local eigenvalue
statistics for the Anderson tight binding model over the Canopy tree when the single-site
potential is constant on a collection of vertices of the tree (as defined in (2.2.11)). Although,
to define the local statistics we look at the cut-off operator on the Bethe lattice.
There is a qualitative difference between the Poisson local eigenvalue statistics obtained
my Minami [51], Aizenman-Warzel [5] and others in various contexts and the compound
Poisson local statistics obtained by Hislop-Krishna [34]. In the Poisson case, the sequence
of random measures considered do converge to a Poisson random measure, while in the
compound Poisson case one can only consider a sequence of random variables associated
with an interval and the sequence of random measures and show that the limit points
of these random variables have a compound Poisson distribution. One is not able to
prove a theorem at the level of random measures. The reason is the lack of a proof of the
independence of the limit points as the intervals vary. (More precisely it is not clear that
l,_
the limit points - ⇧l , - ⇧l1 of the sequences `l,_
⇤ 0 ,! (⇧), ` ⇤ 0 ,! (⇧1 ) given in equation (1.0.2)

are independent random variables, for ⇧ \⇧1 = ;)
Thus, we consider the higher rank Anderson type operator on the Bethe lattice B
defined as

(1.0.1)

l
_ :=

+_

’
H2⌃

27

lH %H ,

where is the graph Laplacian on the Bethe lattice, _ > 0 is the disorder parameter, {l H } H2⌃
are independent identically distributed real random variables following an absolutely
continuous distribution d(G)3G where d 2 ! 1 (R) and BD ? ?(d) compact. The % H ’s are
certain projections on the Hilbert space associated with the Bethe lattice, defined in [2.2.3].
To study the local eigenvalue statistics at ⇤ 0 2 R, we look at the limit points of the
random variables {`l,_
⇤ 0 ,! (⇧)} !2N , associated with an interval ⇧ ⌅ R defined by
`l,_
⇤ 0 ,! (⇧) = Tr( j⇧ (|⇥ ! |(

(1.0.2)

where

l
_,!

l
_,! ⇤⇤ 0 ))),

are suitable cut-off operators (defined in 2.2.9) and j⇧ is the indicator function

of the interval ⇧ and |⇥ ! | is the number of vertices in the subtree ⇥ ! defined in [2.2.4].
As stated earlier, this method of defining a limiting random variable does not provide the
local eigenvalue statistics over the Bethe lattice, but on the Canopy tree. In this thesis,
we show that the above sequence of random variables has limit points that are compound
Poisson random variables.
In the work [5], the authors concluded simple Poisson point process as the eigenvalue
statistics for the Anderson tight-binding model over the Canopy tree. One of the important
points they raised is the fact that the infinite divisibility of the eigenvalue process cannot
be taken similar to the Z3 case. This is because

|m⇥ ! |
|⇥ ! |

does not converges to zero as

! ! 1. However, because of the exponential nature of the growth of the surface area, and
the fact that we can achieve any rate of decay in Theorem 4.1.1, we can get the infinite
divisibility needed for Poisson process by dividing the trees into subtrees of height ⌃ U!
(for 0 < U < 12 ). Usually, this would fail to produce the correct decay needed to establish
the infinite divisibility; but in this case, this rate of decay suffices.
The local statistics for the higher rank Anderson model on the Canopy tree that
we consider in this thesis, is an extension of the work in Aizenman-Warzel [5] and we
show that the local statistics is Compound Poisson as done in Hislop-Krishna [35]. The

28

significant part of our thesis is to show that the Compound Poisson statistics is non-trivial
in the sense that it is not Poisson, but has higher multiplicity.
There are three main components involved in determining local statistics for random
operators. These are the Wegner estimate, originally shown by Wegner [64], the Minami
estimate obtained by Minami [51] and fractional moment bounds originally obtained
by Aizenman-Molchanov [2]. It was shown in [35] that the Wegner estimate and the
fractional moment bounds are sufficient to conclude that the statistics is Compound Poisson
for a wide class of random operators. There, the authors also generalize the Minami
estimate to higher rank coefficients for the i.i.d random potentials using the method of
Combes et.al. [15]. It is this form of the Minami estimate that we use in this thesis. One
departure, which is the significant part of this thesis, that gives us a non-trivial example
of Compound Poisson statistics, is to show that the random operators we consider have
spectral multiplicity higher than one for a subset of energies.
This thesis consists of five chapters. The first chapter is the current one where we
informally discuss the problem we address and introduce the content of the future chapters.
The second chapter has, by now well established, preliminaries about the random
operator families and their spectral properties. In this chapter, we introduce the Canopy
tree as the correct object to consider for discussing the local statistics on the Bethe lattice
as done by Aizenman and Warzel in [5]. After briefly discussing the definitions of the
Anderson-model operator on the Bethe lattice and the eigenvalue statistics there, we introduce the operators on the Canopy tree, similar to equation (1.0.1). These are the adjacency
operator on the Canopy tree perturbed by a random operator coming from a countable
collection of i.i.d real-valued random variables and a countable collection of finite rank
projections {%= } which are of the same rank, on the Hilbert space of square-summable
sequences on the Canopy tree. These finite rank projections are supported on disjoint
parts of the Canopy tree and form a partition of unity on the said Hilbert space. Since
our purpose is to study the eigenvalue statistics, we then take the finite compressions of
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these operators by restricting them to finite-dimensional Hilbert spaces associated with
finite subtrees of the Canopy tree, considered as matrices. These matrices are unitarily
equivalent to the matrices which are similar compressions of the operators on the Bethe
lattice corresponding to some subtrees there. Therefore we can and will talk about these
matrices as being on the Bethe lattice or the Canopy tree interchangeably. When there is
confusion, we always understand that the matrices are on the Canopy tree, its subtrees and
the associated Hilbert spaces, but keeping in mind the origins are from the Bethe lattice.
We then consider the matrix-valued kernels of the resolvents of these random operators,
expressions such as %= (

l ⇤I) ⇤1 %

<

and discuss the case when

E(k%= (

l

⇤I) ⇤1 %< k B )

where 0 < B < 1, decay exponentially when the distance between the supports of %= and %<
increases to infinity and the disorder parameter _ is large, independent of !. This decay has
spectral consequences and the intervals of energies (Re(z)) where this decay holds contain
only pure point spectrum. This fact is the well known Simon-Wolff [61] criterion for the case
of rank one operators (that is, when %= s are of rank one). The Simon-Wolff criterion can be
used for the higher rank case, but we give an alternative argument by Graf [49] to conclude
the pure point spectrum in such intervals. We present the essential estimate to complete
Graf’s proof in this Chapter. We note here that the fractional moment bound is sufficient
for later arguments on the local statistics and the spectral conclusion is not necessary.
The Wegner estimate is presented later in Lemma 2.4.2, which gives the absolute
continuity of the averaged spectral measures of the random operators we consider. This
estimate is sufficient to conclude the Compound Poisson nature of the limiting random
variables that we investigate when we have the fractional moment bounds on the resolvent
kernels. The (generalized) Minami estimate is presented following the Wegner estimate
in Lemma 2.4.3. The Minami estimate was crucial, in the case when %= had rank one,
in showing that the limiting infinitely divisible measure has the same mean and variance,
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for any finite interval ⇧, enabling one to conclude that the limiting statistics is Poisson.
In the present case, it is not as crucial, since the generalized Minami estimate only shows
that the Compound Poisson random variables have finite multiplicity.
The following chapter has one of the original results proved by the author in a joint
work with Mallick [8]. Here we show that, in the Canopy graph context and for a choice
of the {%= }s, some part of the spectrum has multiplicity bigger than one [Theorem 3.0.1],
if the rank of %= is larger than one. This is done by explicitly constructing more than one
mutually orthogonal eigenfunctions associated with eigenvalues of the random operator
that we consider.
In their work, Aizenman and Warzel in [5] showed that the Laplacian on the
Canopy graph has infinitely many degenerate eigenvalues. They explicitly construct the
eigenfunctions, by using the symmetries of the Laplacian. It is not immediately clear how to
use this result to say anything about the multiplicity of the Canopy Hamiltonian in the rank
one case, since the symmetries of the Laplacian do not carry over to the perturbed operator.
But in the higher rank case, the structure of the Canopy tree comes in handy. There
are local symmetries of the tree that we can choose based on the higher rank perturbation
we have, that induce unitaries on the Hilbert space, which in turn preserve the operator,
under conjugation. This is a mechanism that is special to some graphs, which is explained
in more detail in Chapter 3 and also elsewhere [8].
As an application of the result on multiplicity we obtain a lower bound on the
probabilities of some events in Proposition [3.0.4], that will imply that the Levy measures
associated with the limiting random variables that we obtain, have supports away from {1}.
Chapter 4 has the main theorem [4.1.2] on the local statistics and proofs of the different
components needed there. The main idea is to show that a limiting random variable
associated with a sequence given in equation (1.0.2) is a Compound Poisson random
variable. For doing this we follow the arguments of [35], by computing the limits of
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averages of the Fourier transforms of the distributions of these random variables. The
structure of the limit shows the infinite divisibility and the Compound Poisson nature of the
limiting random variable, by an application of the Lévy-Khintchine Theorem [9, Theorem
1.2.14] (given in Chapter 2, Theorem 2.1.15). The Lévy-Khintchine Theorem gives a
calculable method to identify if a random variable is Poisson or Compound Poisson, by
looking at the Fourier transform of its distribution.
We then use Proposition [3.0.4], to show that the Levy measure associated with the
limiting random variable has support away from {1}, completing the arguments needed
to prove our main result.
In the fifth and concluding chapter, we discuss open problems for further enquiry that
came up during our study into the problems that this thesis discusses.
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Chapter 2
Preliminaries

2.1 Basics from Functional Analysis and Probability
In this section, we recall some basic concepts and theorems of functional analysis such
as the spectral theorem, the functional-calculus and the classification of the spectrum of a
self-adjoint operator into various types and some necessary preliminaries from probability.
We assume familiarity of functional analysis, say, at the level of topics covered in [55]. For
probability part, topics covered in [59] will be fairly sufficient. The material of this section
is standard and can be found in various books on functional analysis; e.g., [20, 22, 50, 53,
55, 60, 65, 66] and measure and probability theory such as [9, 10, 12, 13, 26, 37, 47, 56, 57].
We recall, now, the spectral theorem for self-adjoint operators. We refer to [55, p.
263] for a reference for the following discussion about projection valued measures.
Definition 2.1.1 (Projection Valued Measure). Let (-,B) be a measurable space, and
let H be Hilbert space. A projection valued measure on (-,B) on to H is a map

(2.1.1)

⇤ : B ! P (H ),

where P (H ) is the set of all orthogonal projections on H, which satisfy the following
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conditions.

1. Let ⌥= 2 B be a disjoint collection. Then, ⇤ ([= ⌥= ) =

Õ

⇤ (⌥= ), where the

summation is defined point wise and the sum converges strongly.
2. ⇤ (;) = 0 5 and ⇤ (-) = ⇧.
3. ⇤ (⌥1 \⌥2 ) = ⇤ (⌥1 )⇤ (⌥2 ).

Projection valued measures on the real line and self-adjoint operators are related.
For projection valued measures on the real line, we want to distinguish between two
cases. If for some 0 2 R we have ⇤ ((⇤0,0)) = ⇧, then we say ⇤ has bounded support,
otherwise it is said to have unbounded support. As the quoted theorems below would
show, the projection valued measures with bounded support are associated with the
bounded self-adjoint operators and those with unbounded support are associated with the
unbounded self-adjoint operators. Given a projection valued measure ⇤ on H, and two
vectors k and [ in H, we can associate a finite complex measure ⇤ k,[ (·) on R as follows.

(2.1.2)

⇤ k,[ (⌥) := hk,⇤ (⌥)[i,

for ⌥ 2 B, the sigma algebra of all Borel subsets of the real line.
Theorem 2.1.2 (Functional Calculus). Let

be a self-adjoint operator on a Hilbert

space H. Then there is a unique mapping ⌅ from the collection of all bounded Borel
measurable functions on R to the set of all linear operators on the Hilbert space, L (H ),
with the following properties.

• ⌅(i1 +i2 ) = ⌅(i1 ) +⌅(i2 ),
• ⌅(i1 i2 ) = ⌅(i1 )⌅(i2 ),
• ⌅(i) = ⌅(i) ⌥, where i is defined by i(G) := i(G), the complex conjugate of i(G).
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A mapping with these properties is called an algebraic *-homomorphism between the
*-algebras the set of all bounded Borel functions on the real line and the set of all linear
operators, L (H ). For definitions and more details on algebras, we refer to [58].

• ⌅ is continuous with respect to the norms. In fact, k⌅(( ) k L (H )

k k 1.

• Let 5= (G) be a sequence of bounded Borel measurable functions such that
lim=!1 5= (G) = G for each G 2 R and | 5= (G)|

|G| for all G and =. Then for

any k 2 Dom( ),
lim ⌅( 5= )k = k.

=!1

• If the sequence { 5= } converges to 5 pointwise and if the sequence {k 5= k 1 } is
bounded, then lim=!1 ⌅( 5= ) = ⌅( 5 ), strongly.
• If

k =_k, then ⌅( 5 )k = 5 (_)k.

• If 5 ⇧ 0, then ⌅( 5 ) ⇧ 0.
• If ) =) , then ⌅( 5 )) =)⌅( 5 ).

The projection valued measure has the following very important property. We refer
to [55, p. 263, Theorem VIII.6]. Note that our Theorems 2.1.3 and 2.1.4 together is called
the spectral theorem there ( [55, p.263,Theorem VIII.6]).
Theorem 2.1.3. Let ⇤ be a projection valued measure on (R,B) on to H. Then we
define a self-adjoint operator

Dom(H) := {k 2 H :

on H as follows:
⇥

G 3⇤ q,k (G)

⌅k kqk, 5 >A 0;; q 2 H }

Ø
is defined by, hq, ki := G3⇤ q,k (G) on all k 2 Dom( ),q 2 H. In this case,
Ø
we write = G 3⇤ (G).
and

35

In the case when ⇤ has bounded support it is clear that Dom( ) = H and so we get
a bounded self-adjoint operator associated with it. The spectral theorem gives a converse
of the above theorem for self-adjoint operators (See [55, p. 263, VIII.6]).
Theorem 2.1.4 (Spectral Theorem). Let

be a self-adjoint operator on a Hilbert space H

with domain Dom(H). Then there is a unique projection valued measure E, on (R,B (R))
(which is called the spectral measure of

=

⇥

) such that we have the following equalities.

G 3⇤ (G), Dom( ) = {k 2 H :

⇥

_d⇤ q,k (_)

⌅k kqk, 8q 2 H },

R

Ø
where the expression G 3⇤ (G) defines an operator as in the previous theorem.

For bounded measurable functions, the following theorem allows us to take a selfadjoint operator as an input to the functions. It is known as the functional calculus. It
is equivalent to the spectral theorem, e.g., [55, p. 262, Theorem VIII.5].
The following lemma makes the important observation that we can recover the unique
spectral measure corresponding to a self-adjoint operator using functional-calculus. A
proof of this can be found in [55] in the discussion after Theorem VIII.5.
Lemma 2.1.5. Let

be a self-adjoint operator on a Hilbert space H. Then the unique

spectral measure of

is given by

B (f( )) 3 ⌥ ! j⌥ ( ) 2 P (H ).

Using spectral projections we can classify the spectrum into various components. The
discrete spectrum consists of those points in the spectrum which have a neighbourhood such
that the corresponding spectral projection is finite dimensional. The essential spectrum
consists of those spectral points where the spectral projection of every neighbourhood of
these points is infinite-dimensional. The Lebesgue decomposition theorem, (e.g., [59, p.
121, Theorem 6.10]) tells us that any measure ` on R has a unique decomposition as
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` = ` ? ? + `02 + ` B2 as the sum of pure point, absolutely continuous and singular continuous
parts with respect to the Lebesgue measure.
Now, we define the following subspaces. See [48, Definition 2.6.8] for a reference.
Definition 2.1.6. Let

be a self-adjoint operator on the Hilbert space H. Let ⇤ be the

spectral measure for

. For k 2 H, let ⇤ k,k = hk,⇤ ()ki. Then define the subspaces

of H

(2.1.3)

H ? ? := {k 2 H : ⇤ k,k (·)is pure point}

(2.1.4)

H02 := {k 2 H : ⇤ k,k (·)is absolutely continuous}

(2.1.5)

HB2 := {k 2 H : ⇤ k,k (·)is singular continuous}

In terms of the above subspaces, we have the following decomposition for H.
( [48, Remark 2.6.9, p.48].)
Theorem 2.1.7. Let

be a self-adjoint operator, then

H = H? ?

⇤
⇤
H02
HB2 .

Also, these subspaces are invariant under

.

We denote by ⇤ ?, the spectral projection of on to the subspace H ? ? and by ⇤ 2,
…
the spectral projection on to the subspace H02 HB2 for later use.

We can now state an important decomposition of the spectrum of a self-adjoint operator.

[See [48, 2.6.4,2.6.5]] and the discussion following Definition [2.6.8] there.
Definition 2.1.8. We denote the restrictions of

to a subspace + by

(2.1.6)

f? ? ( ) := {_ :_ is an eigenvalue of }.

(2.1.7)

f02 ( ) := f(

H02 ).
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+.

(2.1.8)

fB2 ( ) := f(

HB2 ).

The following is a very useful theorem connecting the spectral projections of a selfadjoint operator to the resolvents of the operator. We refer to [48, Theorem 2.4.2, p. 41].
be a self-adjoint operator. Suppose 0, 1 2

Theorem 2.1.9 (Stone’s Formula). Let
R[{⇤1}[{+1}, 0 < 1, then
(2.1.9)
1
⇤ ([0,1]) +⇤ ((0,1)) = s⇤lim
n!0+ c8

⇥

1

(( ⇤ (C +8n)⇧) ⇤1 ⇤ ( ⇤ (C ⇤8n)⇧) ⇤1 )3C,

0

where ⇤ (·) is the spectral projection for , and the integrals above converge in the
strong operator topology.

We now turn to some concepts and theorems from probability theory that are used
in this thesis.
Let (⇧,B,P) be a probability space. The distribution of a random variable is the
probability measure P - ⇤1 on R. The distribution function of the random variable
- (sometimes, also called the cumulative distribution function in the literature) is the
non-decreasing positive function ⌦- (G) = P - ⇤1 ((⇤1,G)).
A finite or countable collection of random variables {-1 ,..., -# ,...} is called i.i.d
(independent and identically distributed) if all the random variables are pairwise independent and their distributions are the same. The strong law of large numbers and the
central limit theorem are well known (these can be found in many of the references given
in the introduction to this section, e.g., see [56, Chapter 8] for a discussion on these
theorems), but we need and use a concept of divisibility of random variables coming from
the divisibility of measures, which we define below.
The following definition can be found in [9, Section 1.2.1, p.21].
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Definition 2.1.10. A convolution `⌥a of two probability measures `,a on R is defined by

`⌥a( ) =

where

⇥

j (G +H)3`(G)3`(H),

is any Borel set on R.

Definition 2.1.11. A probability measure ` is said to be divisible if there is another
measure a and a positive integer : such that ` = a⌥a⌥···⌥a, where ⌥ denotes convolution
| {z }
: C8<4B

of measures. The measure ` is said to be infinitely divisible if it is divisible for all : 2 N,
where the a may be different as : varies. We will say a random variable is infinitely
divisible if its distribution is infinitely divisible.

For a discussion on infinite divisibility of probability measures, see [9, Proposition
1.2.6, p.25]. We also need the concept of convergence of a sequence of random variables.
For the following, we refer to [9, Section 1.1.5, p. 14].
Definition 2.1.12. A sequence -= of real valued random variables is said to converge
to - in distribution : if ⌦-= (G) ! ⌦- (G) for all points G which are points of continuity
of the distribution function ⌦- .

Here is an equivalent condition that enables us to verify the convergence of a sequence
Ø
of random variables. We denote by E(-) = - (l) 3P(l) for a real valued random

variable on (⇧,B,P). For a proof of the following handy theorem, we refer to [13, p. 349,
Theorem 26.3].
Theorem 2.1.13. A sequence {-= } of random variables converges in distribution to a
random variable - iff E(48C -= ) ! E(48C - ) for each C 2 R.

The following can be found in [9, Examples 1.2.9,1.2.10].
Definition 2.1.14 (Poisson and Compound Poisson distributions). A random variable - is
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said to have the Poisson distribution with parameter _ if its distribution P - ⇤1 is of the form

P - ⇤1 ({: }) =

_ : ⇤_
4 , : 2 {0}[N,
:!

and zero on any interval that does not contain a positive integer.
If . is a Poisson distributed random variable and -1 ,..., -# ,... are i.i.d random
variables all of which are independent of ., then the distribution of the random variable
Õ.
9=1 -8 is called the compound Poisson distribution.
We add the Lévy-Khintchine theorem which is an important characterisation of
infinitely divisible random variables based on their characteristic functions, which is
crucial in the proof of our result showing the compound Poisson nature of the limiting
random variable of the random process on the Canopy tree. Let a be a Borel measure
Ø
⌅
⇧
defined on R\{0}. It is a Lévy measure if R\{0} |H| 2 ^1 E(3H) < 1, where 0^0 is the

operation of taking minimum. Note that any finite measure on R\{0} is a Lévy measure.
The Following is Lévy-Khintchine theorem (See [9, Theorem 1.2.14] and the notes
following the theorem).
Theorem 2.1.15 (Lévy-Khintchine). Let - be a random variable. - is infinitely divisible
if and only if there exists 0 > 0, 1 2 R such that the characteristic function of - has the
following form.

(2.1.10)

E(4

8C -

)=4

81C⇤ 12 0C 2

+

⇥

R\{0}

⌅

⇧
48BC ⇤1⇤8BC jB (0) (B) da(B),

where B(0) is the unit ball. The triplet (0,1,a) helps us to identify the distribution
of the random variable, as follows. The random variable is:

• Gaussian: If a = 0 and 1 = 0.
• Poisson: If 0 = 1 = 0 and a = 2X1 for some positive constant 2 .
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• Compound Poisson: If 0 = 0, 1 = 2
a probability measure `.

Ø

B (0)

Gd`(G), a = 2` for some constant 2 and

2.2 Measurable Operator Families
In this section, we consider the random operator-valued functions that this thesis studies,
namely the Anderson-model random operator on the Bethe lattice and on the Canopy tree.
We start with the definition of measurability of bounded operator-valued functions. After
introducing the classical theorem by Pastur on the almost sure constancy of the spectrum
of the ergodic family of operators, we state the definitions of the operator families that
we consider in this thesis, and the definition of the eigenvalue statistics for them. Then we
briefly explain the observation by Aizenman-Warzel in [5] about the connection between
the eigenvalue statistics over the Bethe lattice and the Canopy tree. We show, subsequently,
that the two main operator-valued functions that we consider are measurable. We refer
to [14, Chapter V] for a broad treatment of this subject.
Let (⇧,F ) be a measurable space. Consider a function

(2.2.1)

⇧3l!

l

2 S(H ),

where S(H ) is the set of all bounded self-adjoint operators on the Hilbert space H.
It is more convenient to think of the above function as an indexed family, {

l}

l2⇧ ,

which we do henceforth. This family is said to be a measurable family, if for all k and
[ in H, the map

(2.2.2)

⇧ 3 l ! hk,

l

[i 2 C

is a measurable map. [We refer to [62, p. 12, Def. 1.2.1]].
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Definition 2.2.1. Let (⇧,F ,P) be a probability space and let {

l}

l2⇧

be a measurable

family of self-adjoint operators on a Hilbert space H . The family is called an ergodic
family if there is an ergodic family of measure preserving transformations, ()8 )82⇧ , on
(⇧,F ,P) and a family, (*8 )82⇧ , of unitary operators in H so that the following covariance
condition is satisfied:
)8 (l)

(2.2.3)

l

We also note the following fact: If
projections (⇤

l

=*8⌥

l

*8 .

is an ergodic family, then the family of spectral

(⌥))l2⇧, for each ⌥ 2 F is also an ergodic family for the same ()8 )82⇧

and (*8 )82⇧ , see [ [62, p. 13, Def. 1.2.3] and the remark that follows there.
Ergodic families of self-adjoint operators have invariant spectra, a theorem originally
proved by Pastur [54]. The version of the theorem stated here appears in [62, p. 13, Theorem
1.2.5] and a complete proof of the theorem can be found in [14, Proposition V.2.4, p.250].
Theorem 2.2.2. Let (⇧, F , P) be a complete probability space. Let (

l)

l2⇧

be a

measurable ergodic family of self-adjoint operators on a Hilbert space H. Then, there
is a closed subset ⇤ of R such that,

f(

(2.2.4)

l

) =⇤, a.e. l.

There are also sets ⇤02 ,⇤B2 and ⇤ ? such that

⇤02 =f02 (

l

), ⇤B2 =fB2 (

for almost every l.
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l

), ⇤ ? =f? (

l

),

0

Figure 2.1: Bethe lattice with K=3

2.2.1 Bethe lattice operators
The main operator families we consider are defined on the Bethe lattice and the Canopy
tree. In this subsection, we consider the random operator on the Bethe lattice.

Let B = (+B ,⇤B ) denote the infinite rooted tree with the root 0 2+B , where all the vertices
have

+1 neighbours (in the figure to the right,

have the graph Laplacian

is 2). On the Hilbert space ⇥2 (B), we

defined by

( k)(G) :=

’

k(H), 8G 2+B ,k 2 ⇥2 (B).

d(G,H)=1

Here, d(G,H) is the number of edges in the shortest path between the vertices G and H.
Define the set ⌃⌥ ⌅+B as,

(2.2.5)

⌃⌥ := {G 2+B :d(0,G) 2 (<0 +1)N[{0}}.

On the Bethe lattice, we define a subtree, ⇥; (G) for each ; 2 N and any vertex G 2+B as
follows. The vertex set of the subtree ⇥; (G) is given by

(2.2.6)

+⇥; (G) : = {H 2+B : d(G,H) ; and G ⇥ H}.
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Here, G ⇥ H means that the vertex H is such that d(0,H) =d(0,G)+d(G,H); i.e., G lies between
0 and H (0, of course, is the special vertex, root, that we have chosen on the Bethe lattice).
The edges of the subtree ⇥; (G) are inherited from the Bethe lattice; i.e., there is an edge
between two vertices H1 and H2 of ⇥; (G) if and only if there is an edge between H1 and
H2 as vertices of the Bethe lattice.
Also, for * +B we have the orthogonal projections on ⇥2 (B) given by

(j* k)(G) =

8
>
<k(G),
>
>
> 0,
:

G 2*,

8k 2 ⇥2 (B)

otherwise,

Now, we define a collection of orthogonal projections

(%H k)(G) := j⇥<0 (H) (G)k(G),

(2.2.7)

for H 2 ⌃⌥ . Here, <0 is a fixed positive integer independent of the H’s. Note that,
rank(%H ) =

<0 +1 ⇤1

⇤1

which we will denote by "0. We note that, by the definition,

{%H ,H 2 ⌃B } forms a partition of the identity on ⇥2 (B).
We need a few assumptions to define the random operator on the Bethe lattice.
Assumption 2.2.3.

1. We assume that the random variables {lG , G 2 JB } are i.i.d with

a common absolutely continuous distribution ` having density d supported in the
bounded set [0,1]. In addition d is continuous in (0,1) and is strictly positive there.
2. We consider a collection of finite rank projections {%H , H 2 JB }, given in equation
2.2.7, of equal rank "0. The collection {%H } forms a partition of unity on the
Hilbert space ⇥2 (B).

Given {(lG , %G ),G 2 JB } as in the above assumption, the higher rank Anderson
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operator on the Bethe lattice B is defined as

l
_ :=

(2.2.8)

+_

’

l H %H ,

H2⌃

where _ > 0 is the disorder parameter.
Now we define the cut-off operators of the full random operator on the Bethe lattice.

l
_,! := j⇥! (0)

(2.2.9)

l
_ j⇥! (0) ,

acting on ⇥2 (⇥! (0)) to itself. These are the matrices that we consider to define the
eigenvalue statistics on the Bethe lattice. Henceforth, for convenience, we will denote
⇥! (0) by ⇥! . Since we will deal with the subtree ⇥! a lot, we recall its definition, once
again, for the convenience of the reader.
Definition 2.2.4. The subtree ⇥! of the Bethe lattice is defined as follows. The vertex set
of the subtree ⇥! is given by

+⇥! := {H 2+B : d(0,H) !}.

The edge relations of the subtree ⇥! is just the restriction of the edge relations of the Bethe
lattice to the vertex set +⇥! .

2.2.2 Random Operators on the Canopy Tree
Now, we consider the Anderson model on the Canopy tree. See [5, p. 6].
Definition 2.2.5. A Canopy tree C of degree

+1 is given by the pair (V,E), where the

vertex set is V =Z⌦(N[{0}) and the edge set is

E=

nn

(G,=),

⌃j G k

⌥o
o
,=+1 :G 2 Z},= 2 N[{0} .
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We will denote the boundary of the tree by the set of vertices

mC := {(H,0) : H 2 Z}.

Note that, every vertex on the Canopy tree, except those on the boundary, has degree +1.
The vertices on the boundary have degree one. On V, we denote by 3 the usual metric
of the graph, that is, for any two vertices E,F in V, 3(E,F) is the length of the shortest
path connecting E and F. We will also need a binary relation ⇥ on V which is defined by

E ⇥ F , 3(E,mC) 3(F,mC) & 3(E,F) = 3(F,mC)⇤3(E,mC),

where 3(E,mC) is the distance of E from the boundary. Thus, E ⇥ F means that E lies in
the shortest path between F and the boundary mC. For F 2 V, the forward neighbor set
is defined by
#F = {E 2 V :E ⇥ F & 3(E,F) =1}.
We note that #F is empty for F 2 mC, but for any other vertex it has cardinality . Finally,
for F 2 V and ; 2 N, just as in the case of the Bethe lattice, we consider a finite subtree,
˜ ; (F) of C, whose vertices are
⇥

+⇥˜ ; (F) := {E 2 V :E ⇥ F,3(E,F) ;},

(2.2.10)

and whose edges are obtained by restricting the edges of C to +⇥˜ ; (F) . Sometimes, we will
˜ ; (F). The context will make it clear which
denote the vertex set of the subtree also by ⇥
is meant.
C4
C3
C2
C1
C0 = @C

Figure 2.2: First few recursion steps for the Canopy tree for
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=2.

Let
⌃C := {H 2+C :d(mC,H) =<0 +(<0 +1):, for some : 2 N[{0}},

Analogous to the assumptions 2.2.3 on the Bethe lattice, on the Canopy tree, we have
the following assumptions.
Assumption 2.2.6.

1. We assume that the random variables {lG ,G 2 JC } are i.i.d with

a common absolutely continuous distribution ` having density d supported in the
bounded set [0,1]. In addition d is continuous in (0,1) and is strictly positive there.
2. We consider a collection of finite rank projections {%H , H 2 JC }, given by
%H := j⇥˜ <

0

(H)

for H 2 ⌃C , of equal rank "0. The collection {%H } forms a partition

of unity on the Hilbert space ⇥2 (C).

We then have the random operator associated with the collection {(lG ,%G ) :G 2 JC }.

(2.2.11)

l
C,_ = C +_

’

l H %H ,

H2⌃ C

_ > 0 is the disorder parameter. Similar to how we defined the cut-off operators for the
Bethe lattice operators, we define the cut-offs for the Canopy tree operators below.
˜ ! (G ! ) denote the subtree of the Canopy tree, whose root, which we have denoted
Let ⇥
by G ! , is the vertex (0,!) of the Canopy tree. Note that, it is at a distance ! from the
˜ ! (G ! ) is a subset of the
boundary. Therefore, we see that the boundary of the subtree ⇥
boundary of the Canopy tree. Define

(2.2.12)

l
˜ ! (G ! )
C,_,! := j⇥

l
˜ ! (G ! ) .
C,_ j⇥

As noted by Aizenman and Warzel [5, p. 3 ], it is the random operator on the Canopy tree
that captures the eigenvalue statistics for the Anderson model on the Bethe lattice. Below,
˜ ! (G ! ) by ⇥
˜ !.
we give the details of this mechanism. For this discussion, we will denote ⇥
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Also, l will denote the elements of R+⇥! and l̃ will denote the elements of R+⇥˜ ! , where +⇥!
˜ !.
is the set of all vertices of the subtree ⇥! and +⇥˜ ! is the set of all vertices of the subtree ⇥

The connection between the cut-off operators

l
_,!

and

l̃
C,_,!

Given any ! 2 N, the subtree ⇥! of the Bethe lattice can be isometrically embedded into
the Canopy tree. In particular, we have a natural isometric isomorphism of the metric
˜ ! of the Canopy tree. Note that, |⇥! | = |⇥
˜ ! |. The
graph ⇥! on to the metric subtree ⇥
isomorphism is described in the following way.
The root of the subtree ⇥! is mapped to the vertex (0,!) of the Canopy tree. The
vertices adjacent to the root of ⇥! are mapped to the

adjacent vertices of (0,!) in the

forward direction (i.e., between the vertex (0,!) and the boundary), so these vertices are
in the (!⇤1)th layer, C!⇤1, of the Canopy tree. The vertices which are at a distance two
˜ ! , which are at a distance two from
from the root of ⇥! are mapped to the vertices of ⇥
(0,!), in the (!⇤2)-th layer of the Canopy tree, in such a way that the adjacency relations
˜ ! . It is clear from
are preserved. Proceeding like this, we can map the entire ⇥! on to ⇥
the construction that this map is a bÚection and a graph isomorphism. Since our metric
on both the graphs is the usual shortest-distance metric, the distances are preserved under
˜ ! , as ⌃! .
a graph isomorphism. Let us call this isomorphism between ⇥! and ⇥
˜ ! ) by mapping
The graph-isomorphism ⌃! induces a unitary map from ⇥2 (⇥! ) to ⇥2 (⇥
˜ ! ) supported at the
XG to X⌃! (G) , where XG denotes the unit vector in ⇥2 (⇥! ) or in ⇥2 (⇥
vertex G. We denote these unitary operators by *! .
Intuitively, from the perspective of the chosen root of the Bethe lattice, the subtree
⇥! describes the Bethe lattice as ! !1; while from the perspective of the vertices near
the boundary of ⇥! , this limit describes the Canopy tree.

48

The Eigenvalue Statistics
To obtain the eigenvalue statistics on the Bethe lattice, we have to study a sequence of
random measures `l,_
⇤0 ,! , associated with a point ⇤0 in the spectrum of
`l,_
⇤0 ,! ( 5 ) =Tr( 5 (|⇥! |(

(2.2.13)

l
_,! ⇤⇤0))), 8 5

l
_ , defined by,

2⌅2 (R).

We study the distributional limit of the random variables `l,_
⇤0 ,! (j⇧ ), for each fixed bounded
interval ⇧. To study this limit, it is enough to calculate the limit of the Fourier transform of
h l,_
i
]C`⇥ ,! (j⇤ )
0
the associated distributions [See [13, p. 349, Theorem 26.3]], i.e., lim!!1El 4
.
On the Canopy side, we have the analogous definition of the random measures,
`˜ l,_
⇤0 ,! ( 5 ) =Tr( 5 (|⇥! |(

(2.2.14)

l
_,C,! ⇤⇤0))), 8 5

2⌅2 (R).

We will show, in Theorem 4.1.2,
h

lim E 4

!!1l

]C `˜ ⇥l,_,! (j⇤ )
0

i

=4

Õ"0

:=1

(4 ]C : ⇤1)? : (⇧)

.

h l,_
i
h l,_
i
]C `˜
(j )
]C`
(j )
We claim that studying El 4 ⇥0 ,! ⇤ is the same as studying El 4 ⇥0 ,! ⇤ . This is
because of the following reasons.

As we already saw, given an l and an !, we can associate a cut-off operator on
the Bethe lattice, namely,
Canopy-tree,

l
_,! .

Similarly, we have associated a cut-off operator on the

l̃
C,_,! .

We can define a map from R+⇥! onto R+⇥˜ ! by sending l = (lG )G2+⇥! to l̃ =
(l⌃! (G) )⌃! (G)2+⇥˜ . This is just a permutation map (and hence a unitary). Let us call this
!

map, also, ⌃! , for obvious reasons. Then, this is a measure preserving map when each of
the spaces are equipped with the same product measure, which is the product of `, |⇥! |
˜ ! |) times. We can see that for all l in R+⇥! , the l̃ 2 R+⇥˜ ! thus obtained is such that
(= |⇥
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the matrices

l
_,!

and

l̃
C,_,!

are unitarily equivalent under the natural unitary maps *! ,

defined above. Also, the traces are invariant under unitary transformations. Therefore,
for the pair l and l̃, we have
`l,_
˜ l̃,_
⇤0 ,! ( 5 ) = `
⇤0 ,! ( 5 ), for all 5 2⌅2 (R).
This discussion shows that for fixed ! and ⇧, the random variables `l,_
˜ l̃,_
⇤0 ,! (j⇧ ) and `
⇤0 ,! (j⇧ )
are identically distributed: For any = 2 N[{0}, the set {l : `l,_
⇤0 ,! (j⇧ ) ==} is taken to the
set {l̃ : `˜ l̃,_
⇤0 ,! (j⇧ ) ==}, under the measure preserving map ⌃! . Therefore, they have the
same measure. Therefore, studying the eigenvalue statistics over the Bethe lattice is the
same as studying the statistics over the Canopy tree.
˜ ! (G ! ) by ⇥! . Also, the
From now onwards, for convenience of notation, we denote ⇥
cut-off operators

l
C,_,!

will be denoted as

_,! ,

henceforth. (Although we have used

the notation ⇥! for similar subtrees of the Bethe lattice [2.2.4], it should not cause any
confusion. One, from now onwards, unless otherwise stated, ⇥! will be the subtree of
the Canopy tree that we defined here, secondly, the context will make it clear which is
meant and thirdly, these two subtrees are isomorphic trees, as explained in the previous
paragraphs. Similar considerations are behind adopting the notation
lattice notation), therefore, from now on,

_,!

_,!

(from the Bethe

will denote the cut-off operators of the

Canopy tree operators, unless otherwise specified.)

2.2.3 Measurability of the random operators on the Bethe lattice
and the Canopy tree
Now, we turn to show that the operator families we defined are measurable families of
bounded self-adjoint operators. Consider the operator family
is either the Bethe lattice or the Canopy tree,
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0

l
_,↵ :=

0 +_+

l , where ↵

is the adjacency matrix on the respective

graphs, and + l is defined as
+ l k :=

’

lH %H k,

H2J

where J and %H are as in the definitions of the respective operators [2.2.8 and 2.2.11].
Before showing the measurability, we show that the operators in this family are bounded
and self-adjoint; more precisely, for a.e. l 2 ⇧,

l
_,↵

is bounded; and for all l 2 ⇧ these

operators are self-adjoint.
l
_,↵

Claim: For all l, The operator

Proof. First, we show that

is bounded.

0, which is the graph Laplacian

on either the Bethe lattice or

the Canopy tree is a bounded operator. Let’s denote for G 2 ↵, # (G) the set of neighbours
of the vertex G. (Here, we have done a small abuse of notation by using the letter ↵ for
both the graph and the vertex set of the graph. It can be understood from the context
which is meant.) So,
(

0k)(G) :=

’

k(H).

H2# (G)

Let HG be such that |k(G)| |k(HG )| for all H 2 # (G). This implies,

|(

0k)(G)|

( +1)|k(HG )|.

We have,

k

2
0kk =

’

|(

0k)(G)|

G2↵

( +1)2

’

2

|k(HG )|2 .

G2↵

Note that the same HG can be in the neighborhood of at most

k

0kk

2

( +1)4 kkk2 .
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+1 points in ↵. Therefore,

This shows that

0

is bounded.

The assumption on {%H }, that it forms a partition of unity and the fact that lH is
bounded by the assumption on the support of d shows that

k+ l kk ⌅kkk, ⌅ =sup{|A| :A 2 BD??(d)}.

So

l

is a bounded operator for each l 2 ⇧.

Also, we can directly show that 8k,[ 2 ⇥2 (↵),h
0

0k,[i = hk, 0[i; which shows that

is a symmetric operator. Similarly, considering that %H are orthogonal projections

by definition and therefore symmetric, we can directly show, in this case as well that,
8k,[ 2 ⇥2 (↵), h+ l k,[i = hk,+ l [i, 8l 2 ⇧. Hence, + l is also symmetric. Now, for
l
_,↵

almost every l,

being the sum of two symmetric bounded operators, is symmetric

and bounded; and hence self-adjoint.
l
_,↵ }

Claim: The random operator family {

is a measurable family.

Proof. To show the measurability, we have to show that (since

l

is a family of bounded

operators), for all k and [ in H (which is ⇥2 (↵)), the map ⇧ 3 l ! hk,

l [i

2 C is

measurable. Now,

hk,

l

[i = hk,(
= hk,

It is clear that

Õ

H UH l H

0 ++

l

)[i

0[i+hk,+

l

[i.

is measurable for any collection of finitely many complex numbers

UH . Since for any k,[ 2 ⇥2 (↵), the sum
’

hk,%H [i

H
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converges absolutely and since

hk,+ l [i =

’
lH hk,%H [i,
H

the measurability of hk,+ l [i is clear from the fact that the limit of measurable functions
is measurable.

2.3 Localisation
In this section, we present a proof of the localisation implied by the fractional moment
bounds on the operators we consider. The often-used Simon-Wolff [61] criterion applies,
since the fractional moment bounds imply that the matrix = %G (
is zero, therefore %G (

l ⇤(<I)⇤80) ⇤1 %
G

l ⇤(<I)⇤80) ⇤1 %
G

is self-adjoint and using its spectral decompo-

sition we can reduce the matrix-valued equation to a numerical equation of the form in
Simon-Wolff [61]. However, the proof of the localisation given by Graf [49] using RAGE
theorem, in the region of energies where the fractional moment bound holds, goes through,
so we present it here. A crucial fact used in the proof of Graf, is that the expectation of
1

⇥2-norm of (=I) 2 (
⇥2-norm of (

l ⇤I) ⇤1 % q
G

l ⇤I) ⇤1 % q
G

of ⇥ B -norm of (

is finite in the spectrum, (while the expectation of the

is always infinite, there ) which he bounds by the expectation

l ⇤I) ⇤1 % q
G

for some 0 < B < 1 and for any unit vector q in the range

of %G . That this is finite is implied by the fractional moment bounds 2.3.1.
For the following theorem we denote by

l
_,

the operators

l
_,↵

with ↵ being the

Bethe lattice or the Canopy tree. See 2.2.8, 2.2.3, 2.2.11 and 2.2.6 for the definitions of
the respective operators and the assumptions involved about the potentials.
Theorem 2.3.1. Consider the operators

l
_

defined above . Whenever the fractional

moment bound

(2.3.1)

Ek%G (

l
⇤1
B
_ ⇤I) %H k

⌅B 4⇤W|G⇤H| , W > ln( +1),
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holds for all G,H 2 C and some 0 < B < 1, uniformly in (<I) 2 ⇧, the operators

l

have

no continuous spectrum in ⇧, for almost every l.

Proof. In the following, we write |H⇤G| =d(G,H) for ease of writing. Let

l,^ =

l
_ +^%G

and correspondingly let for =I > 0,
l,^

↵ l,^ (G,H,I) = %G (

(2.3.2)

⇤I)⇤1 %H

l
⇤1
_ ⇤I) %H ,

↵ l (G,H,I) = %G (

for any G,H. Using the resolvent identity, we have
⇤1

↵ l,^ (G,H,I) = ^+↵ l (G,G;I)⇤1

(2.3.3)

.

Since {%H } is a collection of projections which forms a partition of identity, taking an
orthonormal basis {q 9 } in the range of %G , recalling that "0 is the dimension of the range
of %G and bounding the norm of a matrix by its trace norm, we have for any ',
(2.3.4)
(=I)

’

’

2

k↵ l,^ (G,H,I)k = (=I)

|H⇤G|⇧'

k↵ l,^ (G,H,I)⌥↵ l,^ (G,H,I)k

|H⇤G|⇧0

(=I)

"0 ’
’

hq 9 ,↵ l,^ (G,H,I)⌥↵ l,^ (G,H,I)q 9 i

9=1 |H⇤G|⇧0

= (=I)

=

"0
’

"0
’

hq 9 ,%G (

l,^

⇤I)⇤1 (

l,^

⇤I)⇤1 %G q 9 i

9=1

1
hq 9 ,%G (
2 9=1
"0 k%G (

l,^

⇤I)⇤1 %G q 9 i⇤hq 9 ,%G (

l,^

⇤I)⇤1 %G q 9 i
⇤1

l,^

⇤I)⇤1 %G k "0 k ^+↵ l (G,G,I)⇤1

k,

using the equation (2.3.3) and the fact that k⌥k = k⌥⌥ k for any matrix ⌥. We also get the
following inequality, since (=I)k↵ l,^ (G,H,I)k 1,

(2.3.5)

|=(I)|

’

k↵ l,^ (G,H,I)k2

|H⇤G|⇧'

’

|H⇤G|⇧'
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k↵ l (G,H,I)k,

where the right hand side is a finite quantity for any I with =I > 0 by using Combes-Thomas
bound (for example [40, Theorem 11.2] ). Therefore, interpolating between these two
inequalities we get, for any 0 < B < 1,
’

(=I)

k↵ l,^ (G,H;I)k2

|H⇤G|⇧'

(2.3.6)

’

⇤1

"01⇤B k ^+↵ l (G,G,I)⇤1

k1⇤B

B

k↵ l (G,H,I)k

|H⇤G|⇧'
⇤1

"01⇤B k ^+↵ l (G,G,I)⇤1

k1⇤B

’

k↵ l (G,H,I)k B ,

|H⇤G|⇧'

Õ
since ( 08 ) B

Õ

08B , for positive 08 s; also, for =I > 0, the sums in the above inequality

converge for any B > 0 by Combes-Thomas bound again. Again bounding the norm of
a matrix by its trace norm and taking {_8 } to be the eigenvalues of ↵ l (G,G,I)⇤1, we have
⇤1

k ^+↵ l (G,G,I)

⇤1

k1⇤B "0max|^+_ 9 |⇤1+B
9

(2.3.7)

"0 |^+_|⇤1+B ,
for some _ 2 {_1,...,_ "0 }. Using this bound and integrating ^ over a unit interval, we get
⇥

1
2

3^(=I)

⇤ 12

(2.3.8)

"02⇤B (

⇥

⌅B "02⇤B

1

’

k↵ l,^ (G,H;I)k2

|H⇤G|⇧'
2

3^|^+_|⇤1+B )

’

’

k↵ l (G,H,I)k B

|H⇤G|⇧'

k↵ l (G,H,I)k B ,

|H⇤G|⇧'

with ⌅B independent of _ and hence I, as the ^ integral is independent of _ by our
assumption on B (that it is positive and smaller than one). Then the inequality (2.3.8) and
the fractional moment bound (2.3.1) valid for any ⇤ 2 ⇧, together imply using the Lemma
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2.3.2 that for any unit vector q 2 '0=(%G ),
⇥

1
2

3^ Ek⇤

⇤ 12

(2.3.9)

l,^ ,2

(⇧)qk2

⇥
’ ⇥ 12
=I
lim lim
3⇤
3^ E k↵ l,^ (G,H;I)k2
1
c
⇧
'!1=I#0
|H⇤G|>' ⇤ 2
’
⌅|⇧|
lim
4⇤W|G⇤H| =0.
c '!1
|G⇤H|>'

This inequality is valid for any unit vector q 2 '0=(%G ) and any G. Therefore, the continuous
spectrum of

l,^

is empty for almost every (l,^) in the interval ⇧. If we take ^ in a small

enough interval, then the range of lG + ^ as lG varies in the support of d contains the
support of d; therefore, complete localisation for
implies complete localisation for

l
_

l
_ +^%G

almost every (l,^), in particular,

for almost every l, completing the proof.

We give the lemma used in the last part of the above theorem which is quite general and
uses the RAGE theorem [21]. Let H be a separable Hilbert space and

any self-adjoint

operator on it. Let {k=,= 2 N} be an orthonormal basis for H. Denote by ⇤2, and
⇤ ?, the orthogonal projections onto the continuous and point spectral subspaces of
, respectively. For # 2 N, let %# denote the orthogonal projection onto the subspace
generated by {k=,= ⇧ #} and %?
# its orthogonal complement. Note that for any finite #,
%?
# is a finite rank and hence a compact operator.
Lemma 2.3.2. Consider H and

as above with

a bounded self-adjoint operator, its

spectrum contained in the interval ⇧. Then for any 5 2 H, with k 5 k =1,

(2.3.10)

k⇤2,

n
5 k = lim lim
#!1 n!0 c
2

⇥

k%# ( ⇤⇤ ⇤8n)⇤1 5 k2 3⇤.

⇧

Proof: We start by showing

(2.3.11)

k⇤2,

1
5 k = lim lim
#!1 )!1 )
2

⇥

0

56

)

k%# 4⇤8 C ⇤2, 5 k2 3C, 8 5 2 H.

The relation follows since %# = ⇧ ⇤%?
# , so replacing %# with this sum, we get
(2.3.12)

k⇤2,

1
5 k = lim lim
#!1 )!1 )
2

⇥

0

)⌅

⇤8 C
k%# 4⇤8 C 5 k2 +k%?
5 k2) 3C, 8 5 2 H.
#4

The additional term

(2.3.13)

1
lim lim
#!1 )!1 )

⇥

)

0

⇤8 C
k%?
5 k2 3C, 8 5 2 H
#4

is zero by RAGE Theorem, [21, Theorem 5.8(a)] since %?
# is compact, thus showing the
relation (2.3.11).
The above proof also shows that the limits
1
lim
)!1 )

(2.3.14)

⇥

)

k%# 4⇤8 C ⇤2, 5 k2 3C

0

exist.
Now for any bounded continuous function 6 on R, we have the relations

(2.3.15)

1
lim
)!1 )

⇥

)

6(C)3C = lim 2B
B!0

0

⇥

1

4⇤2BC 6(C)3C

0

by [32, Theorem 2]. Plugging in 6(C) = k%# 4⇤8 C ⇤2, 5 k2 in the above equation, we get

(2.3.16)

2

k⇤2, 5 k = lim lim 2n
#!1 n!0

⇥

1

4⇤2nC k%# 4⇤8 C ⇤2, 5 k2 3C.

0

We now note that if 5 is an eigenvector of , then k%# 4⇤8 C 5 k = k%# 5 k, so

(2.3.17)

lim lim 2n

#!1n!0

⇥

1

4⇤2nC k%# 4⇤8 C 5 k3C = lim lim k%# 5 k2 =0,
#!1n!0

0

since %# goes to zero strongly. Therefore using the fact that finite linear combinations of
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eigenvectors of

(2.3.18)

are dense in the subspace ⇤ ?, H and the triangle inequality, we see that
2

(2.3.19)

1

4⇤2nC k%# 4⇤8 C ⇤2, 5 k2 3C.
0
⇥ 1
= lim lim 2n
4⇤2nC k%# 4⇤8 C 5 k2 3C.

lim lim k⇤2, 5 k =2n

#!1 n!0

⇥

#!1 n!0

0

Now writing 4⇤8C in the spectral representation of , an application of the Parseval identity
and noting that the integral over the energy ⇤ outside the interval ⇧ converges to zero, we
get the required relation (2.3.10) of the Lemma, as in the proof of Graf’s Theorem [49].

2.4 Wegner and Minami Estimate
In this section, we give two very important estimates regarding the expected number of
eigenvalues of the cut-offs of the random operator, namely, the Wegner estimate and
the Minami estimate. These estimates depend on a more general fact of averaging the
perturbed self-adjoint operators over the perturbation known as the spectral averaging. We
recall, first, the spectral averaging result from Krishna-Stollmann [45]. We denote by ⇤
the spectral measure of the self-adjoint operator
Theorem 2.4.1. Let

as usual.

be a self-adjoint operator and ⌥ a bounded non-negative operator.

Then we have for any unit vector q 2 '0=(⌥),
⇥

1

3C hq,⇤

+C⌥ (⇧)qi

⌅|⇧|,

0

with the constant independent of ,⌥, where Ran(⌥) is the range of the operator ⌥.

Proof. The proof is the direct application of the Corollary [45, Corollary 2.5] taking
(C) = j[0,1] (C) there. The independence of the constant can be seen from the explicit
bound given in [35, Item 3.2].
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The Wegner estimate was originally proved by Wegner [64] and found wide use in the
theory of random operators. See for example [15, 18, 19]. In the case of projection valued
perturbations, the needed spectral averaging is done using matrix-valued Herglotz functions.
l
⇥,!

In the following, the matrices

are defined on the Bethe lattice and

l
˜
⇥,!

on the Canopy

tree. In the following theorem, the inequality (2.4.3) is traditionally referred to as the Wegner
estimate, but we give other variants, inequalities (2.4.1, 2.4.2), which we need in its proof.
Lemma 2.4.2. (Wegner Estimate) For any bounded interval ⇧ ⌅ R, we have for any unit
vector q such that % ? q = q, (the projections % ? are defined in 2.2.3),
hD

(⇧)q

Ei

(2.4.1)

E q,⇤

(2.4.2)

E[Tr(%H ⇤

l
_,!

(2.4.3)

E[Tr(⇤

(⇧))] ⌅|⇧||⇥! |.

l

l
_,!

l

l
_,!

l

The same bounds hold if we replace

l
⇥,!

⌅|⇧|,

(⇧))%H ] ⌅|⇧|"0,

l .
˜
⇥,!

by

Proof. The first statement of the Lemma is a direct application of the spectral averaging
theorem 2.4.1. For the second and the third inequalities we take an orthonormal basis {q 9 }
for ⇥2 (⇥! ) which is subordinate to {%H , H 2 ⇥! }, (i.e. for each q 9 there is a %H , H 2 ⇥!
such that %H q 9 = q 9 ) and show the inequality (2.4.3), the proof of the inequality (2.4.2)
is similar. We have with this choice of the basis,
E[Tr(⇤
l

l
_,!

(⇧))]

|⇥! | hD
’
= E q 9 ,⇤
9=1

(2.4.4)

l

l
_,!

(⇧)q 9

|⇥! | ⌦⇥ ↵
’
=
q 9 ,⇤
E?
9=1 l H

Ei

l?
H
_,! +l H % H

|⇥! | ⌦⇥ ↵
’
kdk1 E
q 9 ,⇤
?
9=1 l H

⌅kdk1 |⇥! || ⇧ |.
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(⇧)q 9

l?
H
_,! +l H % H

d(lH )3lH

(⇧)q 9

3lH

In the third line of the above inequality we choose for each 9, the H such that %H q 9 = q 9
and use the spectral averaging theorem 2.4.1 for the last inequality.

Minami showed Poisson statistics in the Anderson model at large disorder for almost
all points in the spectrum where the density of states is positive in [51]. He uses an
estimate, now called by his name, which essentially shows that the limiting process
has the same mean and variance, a characteristic of the Poisson random variables and
processes. A proof, different from that given by Minami, of this estimate, has been
given by Combes-Germinet-Klein [17]. These proofs of the Minami estimate require the
independent random variables constituting the potential to be of rank one (where we think
of the term lG %G as a projection valued random variable). In the case of rank higher than
one, Hislop-Krishna [34] generalised the Minami estimate.
Since we have operators where the potential consists of higher-rank independent
random variables, we will not be able to show a Minami estimate for our model, but we
can show the generalised Minami estimate as in [34, p. 6].
Lemma 2.4.3. (Extended Minami Estimate) For any bounded interval ⇧ ⌅ R, we have,

(2.4.5)

’

P[Tr(⇤

l
_,!

(⇧)) > <] (ckdk1 |⇥! ||⇧|)2,

<>"0

where "0 is the common rank of the perturbing projections.
Proof. Since a perturbation of rank "0 can change at most "0 eigenvalues of any
self-adjoint matrix in a fixed interval, we have for any 1,

|Tr(⇤

l
_,!

(⇧))⇤Tr(⇤

|Tr(⇤

l
_,!

(⇧))⇤"0 | Tr(⇤

l
_,! +1% H

(⇧))| "0 .

Therefore we get,
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l?
H
_,! +1% H

(⇧)),

and in particular when CA (⇤

Tr(⇤

l
_,!

l
_,!

(⇧)) ⇧ "0, writing l = (l?H ,lH ) for each H and any 1,
⇥

(⇧))⇤"0

1

Tr(⇤

0

l?
H
_,! +1% H

(⇧))31.

So, we can use the above and get,
’

P[Tr(⇤

l
_,!

(⇧)) > <]

<>"0

=

’⇥

<>"0
⇥ 1
0

1

31 P[Tr(⇤

0

h
31 E Tr(⇤

l
_,!

l

l
_,!

(⇧)) > <]

(⇧))(Tr(⇤

l
_,!

(⇧))⇤"0) j(Tr(⇤

l
_,!

(⇧)) > "0)

i

2’
3
E
6|⇥! | D
7
l (⇧)q 9 (Tr(⇤ l (⇧))⇤"0 ) j(Tr(⇤ l (⇧)) > "0 ) 7
=
31 E 66
q 9 ,⇤ _,!
7
_,!
_,!
l6
0
7
9=1
4
5
2’
3
⇥ 1
|⇥! | D
E
6
7
l (⇧)q 9 (Tr(⇤ l?
=
31 E 66
q 9 ,⇤ _,!
(⇧))77
H
l6
0
7
_,! +1% H
4 9=1
5
⇥ 1
⇥ D
|⇥! | ⌦
E
’
l
?
31
(Tr(⇤
(⇧))
q
,⇤
(⇧)q
E?
lH
9
9 d(l H ) 3H
_,!
⇥

1

0

_,! +1% H

9=1 l H

⌅kdk1 |⇧|

⇥! ⇥
’
9

1

⌦

31 E (Tr(⇤

0

l?H

The last integral is of the form El̃ Tr(

l?
H
_,! +1% H

l̃
_,! (⇧))

(⇧)) .

for each H, with lH replaced by 1 and

d(lH ) replaced by j[0,1] (1). Therefore for each 9 the summand has an upper bound
of ⌅kdk1 k⇥! | by the Wegner estimate, inequality (2.4.3). Therefore we get an overall
bound of ⌅(kdk1 |⇥! ||⇧|)2.
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Chapter 3
Multiplicity of the Canopy Hamiltonian
In this short chapter, we discuss the multiplicity of the Anderson tight binding model
Hamiltonian over the Canopy tree. We show that this Hamiltonian has eigenvalues of
multiplicity at least

⇤ 1. Depending on the size of the perturbing projections this

multiplicity can be made arbitrarily high. Not only that, we can find intervals ⇧ with
⇧ \f?? (

l
C,_ ) < ;

such that this collection of eigenvalues which have multiplicity at least

⇤1 is dense in ⇧ \f?? (

l
C,_ ).

This statement is very important in showing that the

eigenvalue statistics of this model is a non-trivial compound Poisson process. Without
this, we could only show that the statistics is possibly a compound Poisson process without
ruling out the possibility that it could be a pure Poisson process.
Finding out the multiplicity of operators (let alone random operators) is generally
difficult. To the best of our knowledge, there are only a few Anderson type models where
we know the multiplicity of the random Hamiltonian. This makes the Canopy model a
good place for further studies in this regard.
The main theorem of this chapter, Theorem 3.0.1, is from the joint paper with Anish
Mallick [8]. In the paper [5], Aizenman and Warzel have shown that the spectrum of the
adjacency operator of the Canopy tree consists of degenerate eigenvalues (i.e., eigenvalues
of multiplicity more than one). But, this does not carry over to the multiplicity of the
63

Hamiltonian on the Canopy tree, when the perturbing projections are rank-one. Since we
have a Minami estimate for the Anderson model over the Canopy tree (in the rank-one case),
we know that the operators should have non-degenerate eigenvalues for almost every l.
By a symmetry of a graph, we mean an automorphism of the graph. By a symmetry of
an operator, we mean a unitary which fixes the operator under conjugation. A symmetry
of a graph induces a unitary on the Hilbert space over the graph, as explained below.
Some of these unitaries can turn out to be symmetries for the operator on the graph. It
is the symmetries of the Canopy tree that cause the degeneracy of the eigenvalues of the
adjacency operator on the Canopy tree. (In general, a symmetry of an operator need not
imply the degeneracy for the eigenvalues of the operator; but, in the case of the Canopy
tree, there are symmetries of the operator that cause the degeneracy of the eigenvalues.)
For the operator obtained by perturbing with higher-rank projections, not all the
symmetries are lost; some of the unitaries induced by the automorphisms of the Canopy
tree are, still, symmetries of this perturbed operator. This causes the operators to have
eigenvalues of multiplicity (more than one).
In general, about the multiplicity, we can observe the following. Let * be a symmetry
for an operator on a Hilbert space. If ⇤ is an eigenvalue of with the corresponding eigenfunction k, then *k is an eigenfunction for * * ⌥ for the same _. So, if * * ⌥ = , then
⇤ is an eigenvalue of

with multiplicity at least two, provided *k and k are independent.

The proof of the multiplicity of the Canopy Hamiltonian depends upon two properties
of the Canopy graph. First, for each ; 2 N, let ⇥; be the subtree defined in 2.2.10; then, there
is an automorphism ⌥; on the Canopy tree whose restriction to the subtree ⇥; is also an automorphism of ⇥; and ⌥; fixes the vertices outside of the ⇥; . Similarly, if we have an automorphism of ⇥; , then we can extend that to an automorphism of the whole Canopy tree, trivially,
by defining its action outside ⇥; as identity. This has the consequence that the Canopy
tree has a lot of symmetries. Now, more importantly, we have the second observation,
see [5, A2,p. 33], that there are eigenfunctions for the adjacency operator of the Canopy tree
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which are supported only on these ⇥; ’s. These two observations will result in the eigenvalues
of higher multiplicity for the Canopy operators, as can be seen in the proof of theorem 3.0.1.
Let k; be an eigenfunction of the Canopy adjacency operator whose support is ⇥; .
Let ⇤ be the corresponding eigenvalue. Now, if we perturb the adjacency operator of the
Canopy tree with a projection whose support is all of ⇥; , i.e., if we consider the operator
+lG %G where

is the adjacency operator of the Canopy tree and G is the root of the

subtree ⇥; and the support of %G is ⇥; , then it is easy to see that k; is an eigenfunction for
this operator +lG %G corresponding to the eigenvalue ⇤ +lG . Then, the first observation
would imply that ⇤ +lG is an eigenvalue of multiplicity more than one, provided ⌥; k; and
k; are independent. Indeed, in such a case, ⇤ +lG will be an eigenvalue of multiplicity
greater than one for the full perturbed operator on the Canopy tree; not just for +lG %G .
In short, if we have an eigenvalue ⇤ of the Canopy adjacency operator with an
eigenfunction k; whose support is contained in ⇥; (= the support of %G ) and with the
property that ⌥; k; and k; are independent, then we have ⇤ +lG as an eigenvalue of the
canopy Hamiltonian, with multiplicity greater than one.
The essential idea in the proof of our main theorem in this chapter, Theorem 3.0.1,
is that if %G is such that the subtree ⇥; (G) where %G is supported shares its boundary with
that of the whole Canopy tree, then any ⇤ 2 f(

;⇤1)

can serve as such an eigenvalue. This

is, essentially, the main argument in the proof of the second observation, above, in [5].
In particular we can show that ⇤ =0 is an eigenvalue of multiplicity at least
the adjacency matrix

<0 ,<0 ⇧ 1 using the same arguments.

⇤1, for

This observation is used in

the proof of the subsequent theorem, ??.
Now, if we consider the Hamiltonians on the Canopy tree (that we have defined in
2.2.11), i.e., the random operator

(3.0.1)

l
C,_ = C +_

’

H2⌃ C
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l H %H ,

the above observations allow us to conclude that each of the lH , where H 2 ⌃C is such that
H’s are vertices of the Canopy tree at a distance <0 from the boundary (we have defined
<0 such that it is the "depth" of the subtrees which are the support of the projections %H ’s),
is an eigenvalue of multiplicity more than one (in fact, of multiplicity at least
the

⇤1, where

is the connectivity of the Canopy graph).

Now, we recall some notations from the previous chapter. We will denote the boundary
of the tree by
mC = {(H,0) : H 2 Z},
and for any 8 2 N[{0}, the set of vertices which are 8 distance away from the boundary by

C8 = {(H,8) : H 2 Z}.

Note that C0 is then the boundary of the Canopy tree. On V, we denote by 3(·,·) the usual
metric of the graph. That is, for any two vertices E,F in V, 3(E,F) is the length of the shortest path connecting E and F. We will also need a binary relation ⇥ on V which is defined by

E ⇥ F , 3(E,mC) 3(F,mC) & 3(E,F) = 3(F,mC)⇤3(E,mC),

where 3(E,mC) is the distance of E from the boundary. Thus, E ⇥ F means that E lies in
the shortest path between F and the boundary mC. For F 2 V, the forward neighbour
set is defined by

(3.0.2)

#F = {E 2 V :E ⇥ F & 3(E,F) =1}.

Note that #F is empty for F 2 mC, but for any other vertex it has cardinality .
Finally, for F 2 V and ! 2 N, recall that for any vertex F, the subtree ⇥! is

⇥! (F) := {E 2 V :E ⇥ F,3(E,F) !},
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where the edges are obtained by restricting the edges of C to ⇥! (F). From now on, we
will exclusively consider the eigenvalue statistics of the Canopy tree, although we want to
study the eigenvalue statistics over the Bethe lattice. As explained before [See 2.2.2], this
suffices. The random operator of interest on the Hilbert space ⇥2 (C) and the assumptions
involved are defined in 2.2.11 and in 2.2.6 in the previous chapter. We will denote

=

to

be the adjacency matrix for the tree ⇥= (G), for G 2 V=, for = 2 N (since all of these trees are
isomorphic, we do not need to specify the root other than the distance from the boundary).
The following theorem shows that the operator

l
C,_

have non-trivial multiplicity over

certain parts of the spectrum. This can be viewed as extending the result of Theorem 1.6 of
Aizenman-Warzel [5] to Anderson type operator. Instead of infinite degeneracy, as in the
case of [6, Theorem 1.6], we only get finite degeneracy due to the presence of randomness.
Theorem 3.0.1. For

> 2, let C denote the Canopy tree of degree

Hilbert space ⇥2 (C), define the random operator

l
C

+ 1 and on the

by (2.2.11), for some <0 ⇧ 2. Set

the random variables {lG }G2N to be independent and identically distributed following
an absolutely continuous distribution `. Then

f(

<0 ⇤1)+Supp(`) ⌅ f?? (

l
C)

and the maximum multiplicity of point spectrum in f(

0.B,

<0 ⇤1)+Supp(`)

is at least

⇤1.

Proof. Note that all the ⇥<0⇤1 (G) are identical for any G 2 C<0⇤1. Let T<0⇤1 denote a tree
with root 4 (for some vetex 4), which is isomorphic to the tree ⇥<0⇤1 (G), for G 2 C<0⇤1.
We will denote by qG the isomorphism

qG :⇥<0⇤1 (G) ! T<0⇤1 .

We will view

<0 ⇤1 as the adjacency matrix for the graph T<0 ⇤1.

Finally, for ⇤ 2 f(

consider a normalized eigenvector k corresponding to the eigenvalue ⇤.
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<0 ⇤1)

Claim: For any G 2 C<0 ⌅ N, ⇤ + lG is an eigenvalue of the operator
multiplicity at least

l
C

with

⇤1.
⇤1 orthonormal eigenvectors for ⇤ +lG . Let

To show this, we are going to define the

#G be the set of neighbours of G, as defined in 3.0.2. Let U := (UH ),H 2 #G be an element
in R=⇤1, satisfying the following conditions
’
’
UH =0 &
|UH |2 =1.

(3.0.3)

H

H

(U) 2 ⇥2 (C)

For each such U, define the vector

(U)

by

8
>
<UH k(qH (?)), if ? ⇥ H for some H 2 #G
>
(?) =
>
>
0,
if ? 8[H2# G ⇥<0⇤1 (H)
:

Observe that

(U)

satisfies

[(

l
C ⇤(⇤ +lG ))

(U)

](?) =0

8? 2 C,

8? 2 V\⇥<0 (G)

trivially, because all the entries that show up are defined to be zero. For any ? 2 ⇥<0⇤1 (H)
where H 2 #G , we have

[(

l
C ⇤(⇤ +lG ))

(U)

](?) =UH [

Here we are using the fact that

(U) (G)

C<0 k](q H (?))⇤⇤k(q H (?)) =0.

= 0, hence [

C

(U) ](?)

Finally, at G we have

[(

l
C ⇤(⇤ +lG ))

=

’

(U)

(U)

](G)

(H) =k(4)

H2# G

’

H2# G
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UH =0

=[

C<0 k](q H (?)).

by definition of (UH ). We also have, for any (UH )H and (VH )H that satisfies (3.0.3),
D
Hence there are

(U)

,

(V)

E

⇥2 (C)

⇤1 orthonormal vectors

=

’

UH V H .

H2# G

(U)

which are eigenvectors for

l
C

for the

eigenvalue ⇤ +lG .
Now using the fact that {lG }G2V<0 are i.i.d, we have
{⇤ +lG :G 2 V<0 } = ⇤ +Supp(`)

0.B,

which completes the proof of the theorem by using the above claim.
Remark 3.0.2. In particular, using the same arguments, we can see that zero is an
eigenvalue of multiplicity at least

⇤1 for the adjacency operators

this, observe that for <0 =1, the adjacency operator

<0

<0 ,

<0 ⇧ 2. To see

has zero as an eigenvalue, by

the simple direct calculation. This implies, following the arguments of the proof, that zero
is an eigenvalue of multiplicity at least

⇤1 for the adjacency operator

<0

for <0 ⇧ 2.

Remark 3.0.3. The above remark, together with Theorem 3.0.1, implies that Supp(`) is
contained in the part of the pure point spectrum of the canopy Hamiltonian where the multiplicity is at least ⇤1. This observation is important in the proof of Theorem 3.0.4 where
we need to consider degenerate points in the spectrum such that d is strictly positive there.
The important matter, here, is that ⇤ +lG is an eigenvalue of multiplicity at least ⇤1 of the
Canopy Hamiltonian, for all l in the canonical probability space over the Canopy tree, vertices G on the boundary of the Canopy tree and eigenvalues ⇤ of the graph Laplacians over
the finite subtrees ⇥<0⇤1. (<0 is already fixed by the definition of the Canopy random Hamiltonian by way of

<0 +1 ⇤1

⇤1

being the rank of the perturbing projections.) This has the conse-

quence that there are parts of the spectrum of the Canopy Hamiltonian where any neighbourhood of any point contains a countable number of eigenvalues of the above-mentioned type.

69

In the following we consider as before the vertex set VC of the Canopy tree C and take
the finite subtree ⇥! rooted at the vertex (0,!) 2 VC . Associated with this subtree and
the operators

l
C,_

given in equation 2.2.11, we define the matrices

l
_,!

as in 2.2.12. We

define ⇥!,G to be the subtree of ⇥! rooted at G 2 ⇥! . That is, ⇥!,G := ⇥!⇤d(G ! ,G) (G). We
assume that the common distribution ` of the random variables {lG , G 2 C} has support
[0,1]. Let ⇤

⇤1 =f( <0 ⇤1)+(0,1).

Apart from the intrinsic interest in the question of multiplicity of operators, the
following theorem is the reason why we need the previous theorem. This is the crucial
fact needed to show that the compound Poisson random variables obtained as the limit
points associated with the eigenvalue statistics are, actually, non-trivial compound Poisson.
Theorem 3.0.4. Consider the i.i.d random variables {lG , G 2 C} and assume that their
common distribution is given by 3`(G) = d(G)3G with d(G) > 0, G 2 (0,1). Given ⇤ 2 ⇤
let ⇤0 2 f(

<0 ⇤1)

⇤1

be such that ⇤ ⇤⇤0 2 (0,1). Then for any interval ⇧, there is a !0 large,

independent of ⇧, such that whenever ! ⇧ !0, we have

(3.0.4)

’

Prob Tr(⇤

G2⇥! ,3(G,mC)=!⇤; !

l
⇥; ,G
!

(⇤ +⇧|⇥! |⇤1)) ⇧ ⇤1

⌥
1⌃
⇤ 12 d(⇤⇤⇤0 )
⇧ 1⇤4
> 0.
2

In the following discussion, wherever we have to consider |⇥! | =
replaced that with the quantity
any of the bounds or limits, since

!.

!+1 ⇤1

⇤1

, we have

This simplified the notations, and should not affect
!+1 ⇤1

⇤1

⌃

!

for large enough !.

By the assumption that ⇤ ⇤ ⇤0 2 (0,1), we see that for any ⇧, there is a !0 large
so that ⇤ ⇤ ⇤0 + ⇧
l H 2 ⇤ ⇤ ⇤0 + ⇧

⇤!

⇤!0

⌅ (0,1) and hence ⇤ ⇤ ⇤0 + ⇧

⇤!

⌅ (0,1) for all ! ⇧ !0. If

⌅ (0,1) for some H 2 m⇥!,G \ mC, then ⇤0 + lH 2 ⇤0 + (0,1) and

so it is an eigenvalue of multiplicity at least
l H 2 ⇤ ⇤ ⇤0 + ⇧

⇤!

⇤ 1 by the multiplicity theorem. But

implies that ⇤0 + lH 2 ⇤0 + ⇤ ⇤ ⇤0 + ⇧
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⇤!

= ⇤+⇧

⇤! ;

therefore,

Tr((⇤

!,G

⇤! )) ⇧

(⇤ +⇧

l : Tr(⇤

!,G

⇤1. Hence we have the inclusion,

⇤!

(⇤ ⇤⇤0 +⇧

) ⇧ ⇤1) ↵ l :lH 2 ⇤ ⇤⇤0 +⇧

⇤!

, for some H 2 m⇥!,G .

Therefore, taking probabilities we have
(3.0.5)
’

G2⇥! ,3(G,mC)=!⇤; !

⌃
Prob Tr(⇤

⌃
⇧ Prob l :Tr(⇤

!,G

⇤!

!,G (⇧

⌥
) ⇧ ⇤1

) ⇧ ⇤1 for some G 2 ⇥! ,3(G,mC) = !⇤; !

⇤!

⇧ Prob{l :lH 2 ⇤ ⇤⇤0 +⇧

(⇤ ⇤⇤0 +⇧

⇤!

⌥

, for some H 2 m⇥!,G and for some G 2 ⇥! ,3(G,mC) = !⇤; ! }.

Define the sets, for some G such that d(G, mC) = ! ⇤ ; ! and H 2 m⇥!,G : ⇧H,! :=
⇤! }.

{l : lH 2 ⇤ ⇤ ⇤0 + ⇧

Let ⇧! := {l : lH 2 ⇤ ⇤ ⇤0 + ⇧

⇤! ,

for some H 2

m⇥!,G \mC and for some G 2 ⇥! ,3(G,mC) = !⇤; ! }. Therefore,

⇧! =[H2m⇥! ⇧H,! .

Since lH s are independent and identically distributed, we have P(⇧H,! ) = `(⇤ ⇤ ⇤0 +
⇧

⇤! ) = 2

!,

say. Then by the inclusion exclusion principle [56, Proposition 4.4,p. 30]

applied to independent and identically distributed events, we have (note that,

!

is the

size of the boundary, m⇥! )
(3.0.6)
P([H2m⇥! ⇧H,! ) =

’
’
’
P(⇧H,! )⇤
P(⇧H1,! \⇧H2,! )+
P(⇧H1,! \⇧H2,! \⇧H3,! )⇤···
H

H1 <H2

H1 <H2 <H3

!

+(⇤1) P(\H2m⇥! ⇧H,! )
’
’
’
2
= 2! ⇤
2! +
23! ⇤···+(⇤1)
H

=

!

H1 <H2
!

2! ⇤

2

H1 <H2 <H3
!
22! +
23! ⇤···+(⇤1)

3

The last expression is equal to 1 ⇤ (1 ⇤ 2 ! )
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!

!

!

2!

!

!

2! .

. Recall that 2 ! = P(⇧H,! ) = P(l : lH 2

⇤ ⇤⇤0 +⇧

⇤! ).

Since the density d of ` is continuous in its support, we have by the mean
some 4 2 ⇤ ⇤⇤0 +⇧

⇤! .

⇤! ⌅ (0,1) for ! large, so by the continuity of

d in

value theorem, 2 ! =P(l : lH 2 ⇤ ⇤⇤0 +⇧
By assumption on ⇤ we have ⇤ ⇤⇤0 +⇧

⇤! ) = d(4)|⇧|

⇤! ,for

(0,1), we also have, for large enough !, |d(4)⇤d(⇤ ⇤⇤0)| < 12 d(⇤ ⇤⇤0), or d(4) ⇧ 12 d(⇤ ⇤
⇤0) in ⇤ ⇤⇤0 +⇧

⇤! .

Let !0 be large so that when ! ⇧ !0, both of ⇤ ⇤⇤0 +⇧

and d(4) ⇧ 12 d(⇤ ⇤⇤0) in ⇤ ⇤⇤0 +⇧
(1⇤2 ! )

!

⇤!

⇤! ⌅ (0,1)

hold. Then, we have, for large ! ⇧ !0,

1
(1⇤ d(⇤ ⇤⇤0)|⇧|
2

⇤!

)

!

,

Since (1⇤G/=) = converges to 4⇤G , the right hand side of the above inequality converges
1

to 4⇤ 2 d(⇤⇤⇤0)|⇧| , which is strictly smaller than 1 by the positivity of d(⇤ ⇤ ⇤0) and |⇧|.
Therefore, increasing !0 if necessary, we have for all ! ⇧ !0,

P([H2m⇥! ⇧H,! ) =1⇤(1⇤2 ! )

This shows 3.0.4 for ! ⇧ !0.

72

!

1
1
⇧ (1⇤4⇤ 2 d(⇤⇤⇤0)|⇧| ).
2

Chapter 4
Eigenvalue statistics for Bethe lattice
In this chapter, we give our main results on the local eigenvalue statistics of the higher
rank Anderson model we consider in this thesis. Here, we will work only with the Canopy
tree, its subtree, the associated Hilbert spaces, matrices and operators, though we talk of
them as if they are on the Bethe lattice for reasons explained earlier (See. 2.2.2). We show
that the eigenvalues in an interval around a point in a part of the point spectrum have a
compound Poisson distribution, which is not Poisson. In the first section, we state the
main theorem of the thesis and some other theorems needed for proving it. The proofs
of all these theorems will be given in the next section (4.2).

4.1 Main Theorems
Our main theorem of this thesis is that the eigenvalue statistics, of the random operator
we consider, is compound Poisson in a part of the point spectrum. The proof of this
fact uses properties of the spectrum including its multiplicity which was given in the last
chapter and a fractional moment bound on the resolvent kernels of the random operator
that allows us to prove the infinite divisibility of a sequence of random variables we need
to consider. These together imply that the ’Levy measure’ of the limiting random variables
73

is non-trivial as explained in the introductory chapter.
We note that in the following theorem, the exponent of decay of the averages of
fractional powers of the resolvent kernels has to be large enough so that the averages of
the matrix-valued elements have norms that are square-integrable in H. We recall that
the operators and matrices occurring in the following theorems are defined in equations
(2.2.11, 2.2.10) and satisfy the assumptions in (2.2.6)
The idea behind showing the local statistics to be compound Poisson is the following.
We take the subtree ⇥! (G ! ) of the Canopy tree, consider its subtrees {⇥!⇤⇥! (G)}, with ⇥! ⌃
U!, 0 < U < 1 and show first that the random variables )A(⇤

l
_,!

(⇤ +⇧|⇥! |⇤1) and a finite,

but increasing with !, sum of i.i.d random variables have the same limit points as ! !1.
For this proof, we need the fractional moment bounds that show exponential decay of fractional moments of some matrix valued resolvent kernels in Theorem 4.1.1. Once this is done,
an explicit form of the characteristic function of the distribution of limiting random variables
is obtained; which show, by an application of the Levy-Khintchine theorem, that the limits
are compound Poisson. We show that the limit points are non-trivial compound Poisson
random variables by computing the Levy measure associated with the random variables and
show that they are non-trivial on the set { ⇤1,...,"0 }. We also compute the expectation
of the limit points as an aside. We note here that the strategy followed originally by Minami
and other authors including Hislop-Krishna, to show that the limiting random variables are
non-trivial is different from ours. They need to consider another sequence of random variables and compute their limit points and show they agree with the two we already computed,
but in our case the explicit bound on the Levy measure we have, lets us omit this step.
Theorem 4.1.1. Let

l
_,!

be defined as in (2.2.12). Then, for any 0 < B < 1, ⇤0 2 R, and

W > ln( +1), there exist _W,B > 0 and ⌅ > 0 such that,

(4.1.1)

⌦✏ ⌃
✏
sup E ✏✏%G
l
n>0

l
_,! ⇤⇤ ⇤8n

⌥ ⇤1
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✏B
✏
%H ✏✏

⌅4⇤Wd(G,H)

for all _ >_W,B and ! large enough so that G,H 2 ⇥! .

The above theorem describes the exponential decay of the Green’s function. What
is more important is the fact that any rate of decay is achievable by changing the disorder
parameter.
We aim to prove the following theorem, where the number "0 is the rank of the
projections %H . We recall that we are working with the subtrees ⇥! rooted at G ! = (0,!)
and the corresponding random variables
`l,_
⇤0 ,! (⇧) =Tr(⇤ |⇥! |(

l
_,! ⇤⇤0 )

(⇧)),

associated with a point ⇤0 and an interval ⇧, and also recall that ⇤

⇤1 = f( <0 ⇤1)+(0,1),

where Supp(`) = [0,1], ` is the common distribution of the random variables lH ,for H 2 ⌃C .
Theorem 4.1.2. Consider the random operators
ing the assumptions (2.2.6). Let ⇤0 2 ⇤

l

and

l
_,!

defined in (2.2.12) satisfy-

⇤1, _ > 0 large and a bounded interval

⇧ ⌅ R. Then

the limit points of the sequence of random variables {`l,_
⇤0 ,! (⇧)} !2N , defined in (1.0.2), are
compound Poisson distributed with the associated Lévy measure having at least one point
from the set { ⇤1, , +1,···,"0 } in its support.
Remark 4.1.3. The fact that the Lévy measure is supported at a point other than {1}
shows that the compound Poisson distribution is not Poisson. The different
limit points are distinguished by the different Lévy measures of their distribution.
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4.2 Proofs of Main Theorems
4.2.1 Proof of Theorem 4.1.1
˜ ! (G ! ) of the Canopy tree, defined in page 47. For H 2 ⇥! ,
We donote by ⇥! the subtree ⇥
we will denote

⇥; (H) := {G 2 ⇥! :d(G,H) ; & G ⇥ H},

(4.2.1)

for ; 2 N. For any ? 2 ⌃C , the projections are defined as % ? = j⇥<0 (?) (see the definition
in Assumptions 2.2.6). See [figure 4.1] below.

Pp j

Ppi Ppj

x7 = y

x1 = x

Ppj Ppi

Ppi

x n2

xn1 +1

xn2 +1

x n1

Figure 4.1: Boxes corresponding to the projections

Using the resolvent equation between

˜ l := (⇧ ⇤% ? )
!

l
_,!

and

l
_,! (⇧ ⇤% ? )+% ?

l
_,! % ?

we have,
⇣
(4.2.2)

⌘
l
XG ,( _,!
⇤I)⇤1 XH =
D ✓
◆ ⇤1
⇤ XG , % ? % ? +(l ? ⇤I)% ? ⇤% ? (j⇥! ⇤% ? )( ˜ !l ⇤I)⇤1 (j⇥! ⇤% ? ) % ?
% ? (j⇥! ⇤% ? )( ˜ !l ⇤I)⇤1 XH

76

⌘

for G 2 ⇥<0 (?) and H 2 ⇥! \⇥<0 (?). By taking H 2 ⇥<0 (?), we can also show that,

(4.2.3)

%? (

l
⇤1
_,! ⇤I) % ? =

✓

% ? % ? +(l ? ⇤I)% ? ⇤% ? (j⇥! ⇤% ? )( ˜ !l ⇤I)⇤1 (j⇥! ⇤% ? ) % ?

◆ ⇤1

.

Using the fact that there is a unique path from G to H, (in the sense that if we remove any
edge within this path, then G and H will lie in different components) say, G =G1,...,G= = H, and
taking =1 < = so that G=1 2 ⇥<0 (?) and G=1+1 2 ⇥! \⇥<0 (?), the expression (4.2.2) gives us
⇣

(4.2.4)

XG ,(

l
⇤1
_,! ⇤I) X H

⌘

=⌥G1,G=1

D

E
l
⇤1
˜
XG=1+1 ,( ! ⇤I) XH ,

where ⌥0,1 is:

(4.2.5)

D

✓
◆ ⇤1 E
X0 , % ? % ? +(l ? ⇤I)% ? ⇤% ? (j⇥! ⇤% ? )( ˜ !l ⇤I)⇤1 (j⇥! ⇤% ? ) % ? X1

for 0,1 2 ⇥<0 (?). Repeating this procedure inductively, we have,
⇣

(4.2.6)

XG ,(

l
⇤1
_,! ⇤I) X H

<
⌘ ÷
= ⌥G=8 +1,G=8+1 ,
8=0

< with the property that
with G =G1,...,G= = H the shortest path between G and H, and {=8 }8=1

for each 8 there exists ?8 2 ⌃ such that G=8⇤1+1,G=8 2 ⇥<0 (?8 ), =0 =0, and =<+1 ==. Finally,

(4.2.7)

*

⌥G=8 +1,G=8+1 = XG=8 +1 , % ?8 % ?8 +(l ?8 ⇤I)% ?8

⇤% ?8

where

"

+
3 ⇤1
8
8
’
’
7
©
©
™ ˜l
™
 j⇥! ⇤ % ? 9 Æ̈( 8,! ⇤I)⇤1 j⇥! ⇤ % ? 9 Æ̈ % ?8 77 XG=8+1 ,
7
9=1
9=1
´
´
5

˜ l := (j⇥! ⇤% ?8 )
8,!

l
8⇤1,! (j⇥! ⇤% ?8 )+% ?8
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% ?8 +l ?8 % ?8

l :=
with ˜ 0,!

l
_,! .

Observe that,

%?

⌅

⇧
⌅
⇧
j⇥! ⇤% ? ( ˜ !l ⇤I)⇤1 j⇥! ⇤% ? % ?

is the multiplication operator over the boundary of the subtree ⇥<0 (?). After removing
the subtree ⇥<0 (?), we are left with disjoint trees, and ˜ !l restricted to each of these
subtrees are independent of each other. For H 2 ⇥<0 (?), define

#H = {G 2 ⇥! :d(G,H) =1 & G 8⇥<0 (?)},
which is the set of neighbours of the vertex H, which lie outside ⇥0<0 (?) . We have,
%?

⌅

⇧
⌅
⇧
j⇥! ⇤% ? ( ˜ !l ⇤I)⇤1 j⇥! ⇤% ? % ?
’
⌘⇣ ’ ⇣
⌘
=
XH XH
XG ,( ˜ !l ⇤I)⇤1 XG
G2# H

H2⇥<0 (?)

and the independence of ˜ !l on each of the subtree implies the independence of
⇣
⌘
XG ,( ˜ !l ⇤I)⇤1 XG G for each G 2 [H2⇥<0 (?) #H .

To prove the theorem we will use the expression (4.2.6). Notice that, in that expression,

⌥G=8 +1,G=8+1 is independent of the random variables {l ? 9 }8⇤1
9=1. So we have,
E
l

h⇣

XG ,(

⌘B
l
⇤1
_,! ⇤I) X H
E

i

⌦

=

h
i
B
|⌥
|
···
|⌥
|
E
E
G=0 +1 ,G=1 E
G=< +1 ,G=<+1

l??0 ,···,l??< l ?0

⌦

B

l ?1

h

⌦

l ?<

Therefore, all we need to do is to estimate El ?8 |⌥G=8 +1,G=8+1
A0=: (% ?8 )

Let {⇤ l9 (I)} 9=1

|B

i

independent of {l= }=<?8 .

, counted with multiplicity, denote the eigenvalues of

8
8
’
’
©
©
™ l
™
% ?8 % ?8 ⇤% ?8  j⇥! ⇤ % ? 9 Æ̈( ˜ 8,!
⇤I)⇤1 j⇥! ⇤ % ? 9 Æ̈ % ?8 .
9=1
9=1
´
´

78

.

Then, by the definition of ⌥ (see (4.2.7)), we have,
’

A0=: (% ?8 )

|⌥G=8 +1,G=8+1 |

1
|⇤8l (I)⇤_l ?8 ⇤I|

9=1

.

Hence,
h

E |⌥G=8 +1,G=8+1 | B

l ?8

i

E
l ?8

⌅

Therefore, for large enough _, ⌅

(4.2.8)

E
l

h⇣

XG ,(

"A0=: (% ? )
’8
9=1

1
l
|⇤8 (I)⇤_l ?8 ⇤I| B

#

|⇥<0 (?8 )|
.
_B

|⇥<0 (?8 )|
_B

< 1. So, using

⌘B
l
⇤1
_,! ⇤I) X H

i

⌅

|⇥<0 (?8 )|
_B

<

,

we get the estimate (4.1.1), proving the theorem.

4.2.2 Infinite divisibility and Compound Poisson Variables
To show the infinite divisibility of the sequence of measures {`l,_
⇤0 ,! } ! , first, define the
measures [l,_
⇤0 ,!,G for G 2 ⇥! as
(4.2.9)

[l,_
⇤0 ,!,G ( 5 ) :=Tr( 5 (|⇥! |(j⇥!⇤;! (G)

l
_,! j⇥!⇤;! (G) ⇤⇤0))),

1
where ; ! =<0 b U!
<0 c, 0 < U < 2 .

The following lemma says that the random variables `l,_
⇤0 ,! (⇧) and

5 2⌅2 (R),

Õ

l,_
G:d(G ! ,G)=; ! [⇤0 ,!,G (⇧)

have the same set of limit points in the topology of distributional convergence. We have
used the Fourier transform characterization of the distributional convergence [13, p. 349,
Theorem 26.3].
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Lemma 4.2.1. Let ⇧ ⌅ R be a bounded interval, then
⌦

lim E 4

(4.2.10)

!!1l

]`⇥l,_,! (⇧)
0

⇤4

Õ
] G:d(G! ,G)=;! [⇥l,_,!,G (⇧)
0

Proof. Given any positive measure a, let ⌦a (I) =

Ø

=0.

1
F⇤I 3a(F),=I > 0.

Then the sequence

of measures c1 =⌦a (I)3<(I) converges to a in distribution [we refer to [48, p. 20, Corollary
1.4.5]]. Therefore showing the convergence in equation (4.2.10) reduces to showing
h
⇤1
lim lim E `l,_
⇤0 ,! (=(·⇤I) )⇤

(4.2.11)

!!1=I!0l

Hence, (denote

l
_,!,G := j⇥!⇤;! (G)

⇤1
`l,_
⇤0 ,! (=(·⇤I) )⇤

=

1 ’ ⇣
= XH ,(
|⇥! | H2⇥
!

⇤
1
|⇥! |

+

1
|⇥! |

’

⇤1
[l,_
⇤0 ,!,G (=(·⇤I) )

G:d(G ! ,G)=; !
l
⇤1 ⇤1
_,! ⇤⇤0 ⇤|⇥! | I) X H

’

’

⇣
= XH ,(

⌘
l
⇤1 ⇤1
_,!,G ⇤⇤0 ⇤|⇥! | I) X H

’

’

=↵ ! (H,H;I ! )+=↵ !,G (H,H;I ! )

G:d(G ! ,G)=; ! H2⇥!⇤;! (G)
d(G,H)<; !

’

’

|↵ ! (H,H;I ! )⇤↵ !,G (H,H;I ! )|,

G:d(G ! ,G)=; ! H2⇥!⇤;! (G)
d(G,H)⇧; !

D

where ↵ ! (G, H;I ! ) = XG ,(

l
⇤1 ⇤1
_,! ⇤⇤0 ⇤|⇥! | I) X H

E

and ↵ !,G (G, H;I ! ) = hXG , (

⇤0 ⇤|⇥! |⇤1 I)⇤1 XH i. Using (2.4.2) for the first and the second sums, we get
1
|⇥! |

⌘

=↵ ! (H,H;I ! )

d(G ! ,G)<; !

1
+
|⇥! |

G:d(G ! ,G)=; !

i
⇤1
[l,_
(=(·⇤I)
)
=0.
⇤0 ,!,G

l
_,! j⇥!⇤;! (G) )

G:d(G ! ,G)=; ! H2⇥!⇤;! (G)

’

’

’

d(G ! ,G)<; !

E[=↵ ! (H,H;I ! )] ckdk1
l

1+
1+

+1
; ! ⇤1)
⇤1 (
+1
!+1 ⇤1)
⇤1 (

=$(
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⇤(1⇤U)!

!!1

) ⇤⇤⇤⇤!0.

l
_,!,G

⇤

1
|⇥! |

’

’

G:d(G ! ,G)=; ! H2⇥!⇤;! (G)
d(G,H)<; !

2ckdk1

✓
◆
E =↵ ! (H,H;I ! )+=↵ !,G (H,H;I ! )
l

1+

;! ⇤1

;!

( +1)
+1
⇤1 (

⇤1
!+1 ⇤1)

=$(

(1⇤2U)!

!!1

) ⇤⇤⇤⇤!0.

For the third term, we use the resolvent equation, and get (%G denotes the neighbouring
vertex such that d(G ! ,G) =d(G ! ,%G)+1; i.e., the vertex previous to G.)
1
|⇥! |

’

E[|↵ ! (H,H;I ! )⇤↵ !,G (H,H;I ! )|]

G:d(G ! ,G)=; ! H2⇥!⇤;! (G)
d(G,H)⇧; !

=

1
|⇥! |
1
|⇥! |
|⇥! |

(4.2.12)

’

’

’

E[|↵ ! (H,%G;I ! )↵ !,G (G,H;I ! )|]

G:d(G ! ,G)=; ! H2⇥!⇤;! (G)
d(G,H)⇧; !

’

’

1

(|⇥!
(G)

G:d(G ! ,G)=; ! H2⇥!⇤;!
d(G,H)⇧; !
1
1⇤B
; ! ⇤1 ’

( +1)
(=I)2⇤B

⌃
(1⇤B+2U)ln
=$ 4

[|↵ !,G (G,H;I ! )| B ]

1
˜
= =(⌅⇤B
<0 ln_)

4

==; !

1
˜
!+U!(⌅⇤B
< ln_)

where we used the fact that |↵ ! (G,H;I ! )|

E
|⇤1=I)2⇤B

0

⌥

,

1
, and the last expression comes from
|⇥! |⇤1 =I

the proof of Theorem 4.1.1 (see (4.2.8)). For
˜
<0 ((1⇤B+2U)ln +U⌅)
< ln_,
BU
observe that (4.2.12) goes to zero as ! ! 1. This completes the proof of (4.2.11), and
hence the lemma.

Before attempting to prove the main result, we need to establish some results on the limit
of the process.
Lemma 4.2.2. Let != = <0= for = 2 N. Then, for any bounded interval ⇧, there
Õ
exists a sub-sequence { !˜ = }= of {!= }=, such that for all : 2 { ⇤1,...,"0 } { d(G !˜ ,G)=; !˜ P[[l,_
⇤ , !˜
<

81

<

0

< ,G

(j⇧ ) =

:]}<2N converges and it is strictly positive. Here ; ! is the sequence defined in Lemma 4.2.1.
Proof. Using the Lemma 4.2.1, we have
’

0

1
:

P[[l,_
⇤0 ,!,G (j⇧ ) = :]

d(G !< ,G)=; !

’

l,_

E[[⇤0,!,G (j⇧ )]

d(! < ,G)=; !

1
:

;!

|⇥!⇤; ! |

1
⌅,
|⇥! |

where we have used the Wegner estimate 2.4.3 in the last step. Therefore, we can find
a sub-sequence { !˜ < }< of {=<0 }=2N , such that
’

P[[l,_
⇤ , !˜
0

d(G !˜ < ,G)=; !˜ <

< ,G

(j⇧ ) = :]

converges. Since we are concerned with only finitely many sequences
’

P{[l,_
⇤ , !˜

d(G !˜ < ,G)=; !˜ <

0

< ,G

(j⇧ ) = :

,
:=1,2,3,...,"0

Õ
we can find a common sequence such that the sequence { d(G ! ,G)=; !˜ P{[l,_
⇤ , !˜
<

0

< ,G

(j⇧ ) = :}

converges for all : =1,2,3,...,"0.

Now, by Theorem 3.0.4, we know that these limits are strictly positive. Hence the
lemma.

Proof of Theorem 4.1.2
In the following, we are following Hislop-Krishna [34] quite closely, except in the
calculation of the Lévy measure. To prove the theorem, all we need to do is to compute
h l,_
i
]C`
(j )
lim E 4 ⇥0 ,! ⇤ ,

!!1l

where j⇧ is the characteristic function of a bounded interval ⇧ ⌅ R. Notice that, for j⇧ ,
l,_
the random variables `l,_
⇤0 ,! (j⇧ ) and {[⇤0 ,!,G (j⇧ )}G are integer valued.
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Using the Lemma 4.2.1, we have
h

lim E 4

!!1l

]C`⇥l,_,! (j⇤ )
0

i

h

= lim E 4
!!1l

= lim

Õ

l,_
d(xL ,x)=lL [E ,L,x (jI )
0

÷

E 4

!!1
l
d(G ! ,G)=; !

= lim 4

(4.2.13)

!!1

h

Õ

d(G! ,G)=;! ln

i

]C[⇥l,_,!,G (j⇤ )
0

"

i

#

]C [ l,_ (j⇤ )
⇤1
E l 4 ⇥0 ,!,G

!

+1

.

The second line follows because of the independence of {[l,_
⇤0 ,!,G }d(G ! ,G)=; ! (this is where
; ! is a multiple of <0 is used so that all of the the projections % ? 9 have support at at most
one {⇥!⇤; ! (G)}). Using |4]G ⇤1| |G| for real G, we have
h

E 4

(4.2.14)
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h
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|C|E [l,_
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)
⇤0 ,!,G ⇧ ,
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l
_,! j⇥!⇤;! (G) ,

and using the Wegner estimate (2.4.3) over the operator j⇥!⇤;! (G)

(the

measure [l,_
⇤0 ,!,G is defined using this, see (4.2.9)), we get,
(4.2.15)
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⇤
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From the expressions (4.2.14), (4.2.15), and the fact that |ln(1+G)⇤G| |G|2 for |G|
we have
h l,_
i
]C[
(j )
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=E 4
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(4.2.16)
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Using (4.2.16) and the fact that |⇥!⇤; ! (G ! )|
h l,_
i
]C`
(j )
lim E 4 ⇥0 ,! ⇤ = lim 4

!!1l

!!1

= lim 4

(4.2.17)
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|⇥! |

Õ
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⌥2

!!1

⇤⇤⇤⇤!0 on (4.2.13), we get,
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Focusing on the exponent of the last equation, we have
’

d(G ! ,G)=; !

=
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i
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E 4 ⇥0 ,!,G ⇤1
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1
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The last line follows from the Minami estimate (2.4.5). From Lemma 4.2.2, we have a
sequence {!= }=2N , such that, for : "0

(4.2.20)

lim

’

=!1
d(G ! ,G)=; !=

P[[l,_
⇤0 ,! = ,G (j⇧ ) = :] = ? : (⇧).

Now Theorem (4.2.20), (4.2.19), and (4.2.17) give

(4.2.21)

h l,_
i Õ"0 ]C :
]C`
(j )
lim E 4 ⇥0 ,!= ⇤ = 4 :=1 (4 ⇤1)? : (⇧) ,

=!1l
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where one of the ? : > 0 for : 2 { ⇤1,...,"0 }, due to Theorem 3.0.4. This completes
the proof of the theorem.
Remark 4.2.3. Note that if - is a random variable, then E- =⇤8 dCd E(48C- ) |C=0. Therefore,
the intensity measure for the limit of the sequence of random variables {`l,_
⇤0 ,! = (⇧)} is
given by,

⇤8

"0
"0
’
’
Õ"0 ]C :
d Õ"0 (4 ]C : ⇤1)? : (⇧)
4 :=1
|C=0=⇤84 :=1 (4 ⇤1)? : (⇧) 8: (4]C: )? : (⇧) |C=0= : ? : (⇧).
dC
:=1
:=1
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Chapter 5
Conclusion
Here, we summarize the thesis and give some questions that can be considered for future
studies, in this area.
Anderson tight binding model on the Bethe lattice is one of the important and highly
studied models, both by mathematicians and physicists. It is one of the few models where
the phenomena of localisation and delocalisation both have been established. Although
the existence of the Poisson/ Compound Poisson statistics is usually expected to occur
in the region of localisation, the Poisson statistics has been previously observed for the
Bethe lattice Anderson model, even in the regime of the absolutely continuous spectrum.
Aizenman and Warzel [5] explained this phenomenon by showing that, actually, it is the
Canopy operator which captures the limit of the finite volume restrictions of the Bethe
lattice operator; and that the Canopy operator has only completely localised energies for
all disorders. As shown by Hislop-Krishna, the higher rank perturbations can result in,
not necessarily a Poisson process, but a compound Poisson process.
It is generally not true that for the Anderson model with higher-rank perturbations, we
will get a compound Poisson process. If we can show that the model has sufficiently many
eigenvalues with multiplicity at least two, then we can show that the statistics is a strictly
compound Poisson process. Our model happens to have arbitrarily high multiplicities
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for some of its eigenvalues (which are countably infinite), proportional to the size of the
perturbing projections. This results in a non-trivial compound Poisson statistics for our
model. Studying the multiplicity of operators is generally a difficult thing to do. To the
best of our knowledge, there are no other Anderson type models where we can study
the multiplicity in such a transparent manner as in the Canopy model. This adds the
importance of the Canopy Hamiltonian in regards to studying multiplicity.
As shown by Aizenman and Warzel, and also reflected in this thesis, is the fact that
the current notion of eigenvalue statistics does not distinguish between pure point and
absolutely continuous part of the spectrum. Therefore, it is natural to ask, whether we can
modify the definition to reflect different types of spectra. As shown in the paper AizenmanWarzel [5], trees with a backbone structure can be treated similar to the Canopy tree. So,
we believe that extending our results to models on those trees will not be that difficult.
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In this thesis, we consider the Anderson 0ght binding model with non-rank-one (i.e., higher rank)
perturba0ons. We consider the operators on the Bethe la?ce. The Bethe la?ce is an inﬁnite rooted,
regular tree where each vertex has K-many neighbours in the outward direc0on. So, except the special
vertex, root (which has K-many neighbours), every vertex would have K+1-many neighbours. The Anderson
model we consider is the following one.

Hλω ≔ Δ + λ

∑

p∈𝒥

ωp Pp,

where Ppare non-rank-one projec0ons of the same rank. Our objec0ve is to study the eigenvalue sta0s0cs
over the Bethe la?ce. It is known in the literature that the eigenvalue sta0s0cs of the Anderson 0ghtbinding model over the Bethe la?ce is captured by another, related graph called the Canopy tree.
Therefore, we look at the Anderson 0ght-binding model over the Canopy tree where the randomness is
non-rank-one.
The Canopy tree is an inﬁnite tree which can be described as follows. We start with a countable collec0on
of ver0ces, thought of as the zero-th layer of the Canopy tree. Par00on this layer into subsets of cardinality
K. Edges are drawn between the ver0ces in the zero-th layer to those of the ﬁrst layer in such a way that all
the K-ver0ces in each subset of the zero-th layer are connected to a single vertex si?ng in the ﬁrst layer.
Similar connec0ons are drawn from the ver0ces of the ﬁrst layer to the ver0ces in the second layer.
Con0nue this process ad inﬁnitum. See the picture below.

Figure 1:Canopy tree with K=2

We look at the following Anderson 0ght-binding model Hamiltonians on the Canopy tree, where the
projec0ons are of higher rank.
ω
H𝒞,λ
≔Δ+

∑

p∈𝒥

ωp Pp .

To study the eigenvalue sta0s0cs, we consider the following process.
ω
μEω,λ,L( f ) ≔ Tr f ΛL (Hλ,L
− E0)
, ∀ f ∈ Cc(R),
0
))
((

ω
ω
where Hλ,L
are the cut-oﬀ operators, obtained by restric0ng H𝒞,λ
to the subtrees ΛL (which are suitable

subtrees of the Canopy tree). We show that for any ﬁxed bounded interval I, the sequence of random

variables μEω,λ,L(χI) converges to a compound Poisson random variable. Then, we obtain a posi0ve lower
0

bound for the Levy measure associated with the limi0ng random variable, at points k ∈ {K − 1,K, …M0},
where M0 is the common rank of the perturbing projec0ons Pp . This shows that the limi0ng random
variable is a non-trivial compound Poisson random variable. For the last step we studied the mul0plicity of
the model.

