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Summary

Motivated by Halédsz’s theorem, one would like to find the asymptotic behaviour

of the following so called k-point correlation function.

(1) Mi(z) =) a(Fi(2)) ... ge(Fi(x))

n<x

where g;’s are multiplicative functions with modulus less than or equal to 1 and
F;(x)’s are polynomials with integer coefficients. We divide this thesis into two

parts.

In the first part of this thesis, by using a work of Warlimont and using a variant
of the Turan-Kubilius inequality, we study the asymptotic behaviour of the k-point
correlation function , where g;’s are multiplicative functions with values in the

unit disc and Fj’s are square-free and relatively co-prime polynomials.

The estimation of is used to get information on the behaviour of the distribution

of the sum of additive functions

filFa(@)) 4+ fe(Fr(@),

where f1, fo, ..., fr are real-valued additive functions.

In the final part of this thesis, we study the asymptotic behaviour of the correlation

functions over polynomial ring F,[z].
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Consider the polynomial ring F,[z] over a field with q elements. Let M,, , denote the
set of monic polynomials of degree n over F,, so that |M,, ,| = ¢". Let P, , be the
set of monic irreducible polynomials of degree n over F, . Our arithmetical functions

are complex valued functions ) on the monic polynomials M, = Us2 M, ,.

From a general point of view, Our goal is to find an asymptotic formula for the
following correlations of arithmetical functions tq,..., ¢, on My at (hy, ..., hy) €

FQ[m]ka

Sk(n,q) == Z V1(f +ha) o (f + ha)

feEMn 4

and

Ri(n,q) = Y ¢1(P+ha).. ¢n(P+ hy)

PePy 4

when the parameter ¢" = |M,, ;| is large (and n > deg(h;) for all ¢ to avoid technical
difficulties). This parameter can be large, in particular, either when n — oo, which
we call the large degree limit, or when ¢ — oo, which we call the large finite field
limit.

In this thesis, by using Selberg sieve and Turdn-Kubilius inequality over function
fields, we study the asymptotic behaviour of the correlation functions Ss(n,q) and

Ry(n,q) in the large degree limit. As an application, we prove a truncated variant

of Chowla’s conjecture over function field in large degree limit.

20



Notations

e N Set of all natural numbers.
e Z Set of all integers.

e R Set of all real numbers.

e C Set of all complex numbers.
e o Set of all prime numbers.

o m(z)=#{p€p:p<ua}

e U={z€e€C:|z|] =1}

e For z € R, we write e(z) := >,

e R(s) Real part of the complex number s.

e ¢ Belongs to.

e > Such that.

¢ Does not belong to.

3 There exists.

e [,|] Least common multiple.

e (,) Greatest common divisor.
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flg  f divides g.

f1g f does not divide g.

p™|ln p™|n but p™ Tt i n.

[]  The least integer greater than or equal to z.

= Implies.

card(A) or #A or |A| Cardinality of a set A.

F, Field with ¢ elements.

F,  Group of units in F,.

F,lx] Set of all polynomials over F,.

f*g Convolution of functions f and g.

deg(f) Degree of the polynomial f.

M, Set of all monic polynomials of degree n over F,.
M, , Set of all monic polynomials of degree < n over F,.
Png Set of all monic irreducible polynomials of degree n over F,.
M, =U2 M,y and P,:=", Py

|f|  Norm of the polynomial f, where f € F/[x].

ma(n) = #Pp,, where A :=F,[z].

f(z) =o(g(z)) ifand only if lim, .. L% =0,

glx) —

f(z) = O(g(x)) or f < g Means that there exists an absolute constant

C > 0 and some large z, € R such that |f(z)| < C|g(x)] for all z > z,.
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Chapter 1

Introduction

1.1 Background of multiplicative number theory

The set of positive integers N is a semigroup under both addition and multiplication.
The interaction between these two operations create many difficult problems in

analytic number theory.

A function f : N — C is said to be multiplicative if f(mn) = f(m)f(n) whenever
(m,n) = 1. Such functions are completely determined by their values at prime pow-
ers. One of the classical objective of analytic number theory is understanding mean
value of multiplicative functions. Determining the mean values of multiplicative
functions is of considerable importance due to several applications to fundamental

problems.

1.1.1 The distribution of primes

Many of the oldest problems in number theory concern the distribution of prime
numbers. The prime number theorem (PNT) counts the number of primes less than

or equal to a given positive integer. This was first conjectured in the late 18th
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century by Gauss and Legendre, and proven independently by Hadamard and de la
Vallée-Poussin in 1896.

Theorem 1.1.1 (Prime Number Theorem). Let z > 2 and 7(z) denote the number
of primes p < x. Then there is a constant ¢ > 0 such that

/ — + O xe’cJ@)
logt

Riemann’s approach to prime number theorem (PNT) was based upon considering

what is now called Riemann zeta-function

One can extend ( analytically to the whole complex plane except for a simple pole

at s = 1. The prime number theorem is a consequence of zero free region to the left

of line R(s) =

It was believed that any proof of the prime number theorem must use the theory
of complex variables until Erdés [12] and Selberg [30] independently discovered an

elementary proof in 1949.

One way to proceed to prove the prime number theorem is via the identity

=1 5) =5 o

p

where p is the Mobius function. It turns out that absence of zeros of ((s) on the line

T — 00 IS

R(s) = 1 and thus the prime number theorem in the form (z) ~ lozx’

easily seen to be equivalent to

Z,u(n) =o(x), x— 0.

n<x

24



Landau proved the following in his thesis which demonstrates a concrete link between

the theory of multiplicative functions and the theory of primes.

Theorem 1.1.2 (Landau). The PNT is equivalent to the statement that

S wln) = of).

n<x

The Mobius function is a particular example of multiplicative function. So given a
multiplicative function f such that |f(n)| <1 for all n € N, it is natural to ask that

under which condition the mean value

M) = = 3 fn)

n<x

is large, namely My(z) > 1 for all . There are some obvious examples, such as

f(n) =1. For f(n)=n",

1 i ZEit
My(x) := —Zn ak gt

n<x

Thus lim, o |M{(z)| exists but lim,_,. M¢(x) does not. Motivated by this, we will

discuss about the mean value of multiplicative functions in the following section.

1.1.2 Mean value of multiplicative functions

Definition 1.1.1. Let f : N — U be a multiplicative function, and let x > 1 be a

real number. Recall that

M) = 3 fn)

n<x

The mean value of f is defined as My = lim,_,o My(x), should this limit exists.

25



The basic heuristic suggests that when x — oo, we have
My(z) — My

where

wen-(5)

p>2 k>0
Erdés and Wintner conjectured this to be true when f : N — [—1,1]. In 1967,
Wirsing [42] settled this conjecture. As a consequence, Wirsing’s theorem implies

prime number theorem in a non quantitative form.

Definition 1.1.2. An arithmetic function f : N — U is said to be close to 1 if

(1.1) zﬂl§@<m.

P

Following Granville and Soundararajan [I4], we define the “distance” between two

multiplicative functions f,g : N — U

_ 7\ 1/2
O giae) o= (3 L))

p

y<p<z

where U = {z € C : |z] < 1}. We would also use D(f,g;x) := D(f,g;1;2). We
remark that, D(f, f;00) = 0 if and only if |f(p)] = 1 for all prime p > 2. The

importance of this “distance” is that it satisfies the triangle inequality

D(f,g;y;x) + D(g, h;y; x) > D(f, h; y; x)

for any multiplicative functions f,g,h: N — U.

Definition 1.1.3. Let f,g : N — U be multiplicative functions. The function f

pretends to be g if D(f, g;00) < oo .

26



Note that, if f is close to 1 then f pretends to be 1. In this way, Wirsing’s theorem
says that the mean value of real valued multiplicative function f is zero unless f
“pretends” to be 1. Wirsing’s theorem was generalized by Haldsz [16] in the following

way.

Theorem 1.1.3 (Haldsz, 1971). Let f : N — U be multiplicative. Then

> fn)=o(x)

n<x

unless there exist t € R such that D(f,n' c0) < oo in which case, as v — oo we

have
— kit

My(z) = 1:-5:21 11 (1 - %) (Z %) +o(1).

p<z k>0

The quantitative improvements of Haldsz’s and Wirsing’s theorem have been ob-

tained by several authors (for example [14]).

1.2 Correlation of multiplicative functions

The theme of the above discussion in Section [L.T] was the estimation of mean value
of a multiplicative function f satisfies various mild constraints. A further natural
question in the same vein concerns simultaneous values of f along an interval [1, x].
Motivated by Haldsz’s theorem, one would like to find the asymptotic behaviour of

the following so called k-point correlation function:

(1.2) My (z) == iZgl(Fl(m))...gk(Fk(x))

n<x

where g;’s are multiplicative functions with modulus less than or equal to 1 and

F;(x)’s are polynomials with integer coefficients.

The k-point correlation problem is natural and significant. Let A be the Liouville

27



function and h;’s are distinct non-negative integers. In particular, if g; = A and

Fi(r) =x+h;,j=1,2,...,k > 2 then we have the following famous conjecture of
Chowla.

Conjecture 1.2.1 (Chowla, [4]). For any distinct natural number hy, ..., hg, one
has

Zx\(n+h1).../\(n+hk):0(x) as x — oo.

n<x

As a particular case of Chowla conjecture one expects that

(1.3) Z)\ An+1)=o(x) asz— oco.

n<x

Twin prime conjecture states that there are infinitely many primes p such that p+2
is also prime. Hildebrand [I7] writes that “ It is possible that lies as deep as the
the twin prime conjecture, for it amounts to resolving, the ‘parity problem’ in sieve
theory, which constitutes the main obstacle to proving the twin prime conjecture by

sieve methods ([13], [19]) ”

In the same paper [I7], Hildebrand also writes that “ One would naturally expect

the above conjecture (|1.3]), but even the much weaker relation

el
hgggolf; Z)\(n))\(n+ 1) <1

n<x

7

is not known and seems to be beyond reach of the present methods ”. Recently,

Matoméki and Radziwill [24] settle this conjecture in a stronger form.

Theorem 1.2.1 (Matoméki and Radziwill, 2015). For every integer h > 1, there

exists §(h) > 0 such that

ZA An+h)| <1-05(h)

n<x

28



for large enough x > 1. In fact the same results holds for any completely multiplica-

tive function f: N — [—1,1] such that f(n) <0 for some n > 0.

On the basis of this work of Matomdki and Radziwill [2]|], Tao [38] established the

following logarithmically averaged version of Chowla conjecture.

Theorem 1.2.2 (Tao, 2016). Let aq,ay be natural numbers, and let by, by be integers
such that a1by — asby # 0. Let 1 < w(x) < x be a quantity depending on x that goes

to infinity as x — oo. Then one has

A bi)A b
AR ER)  ogu(r)
n
z/w(x)<nlz
as n — oo.
Chowlas conjecture remains open for any hq, ..., hy with £ > 2, although there are

a number of partial results available. See [24], [26], [25], [37], [38] for some recent

results in this direction.

In [20], Katai studied the asymptotic behaviour of the sum when Fj(z)’s are
special polynomials and some assumptions on g;’s but did not provide any error
term. In [36], Stepanauskas studied the asymptotic formula for sum (1.2)) with
explicit error term when Fj(z)’s are linear polynomials and g;’s are close to 1 (see
(1.1)). Recently, Klurman [2I] studied the 2-point correlation function. In the

following section we study 3-point correlation function.

1.2.1 Triple correlation of multiplicative functions

From now onwards, let F(n); Fi(n), F5(n), F5(n) be positive integer-valued polyno-
mials with integer coefficients and these are not divisible by the square of any irre-
ducible polynomial. Also suppose that F;(n), Fj(n) are relatively prime for j # k

and for all n. Let v and v; denote the degree of the polynomials F'(n) and Fj(n)
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respectively.

Let o(dy,ds,ds) be the number of solutions of the congruence system
Fi(n)=0 (modd;) j=1,2,3.
Let o(d) and p;(d) denote the number of solutions of the congruences
F(n)=0 (modd) and Fj(n)=0 (modd)

respectively.

Suppose g; : N — U and h; : N — C be multiplication functions such that h; = pxgj,

7 =1,2,3. For x > r > 2, We also define

(1.4) P(z pr and  P(r,x) H w,

p<z r<p<z

where

P IDIDIL = R

m1=0 mo=0 m3=0
In [6], we find an asymptotic formula for M3(x) with explicit error term which is

stated as follows.

Theorem 1.2.3. Let Fj(x),j = 1,2,3 be polynomials as above of degree v; > 2.
Let g1, g2 and g3 be multiplicative functions close to 1 and whose modulus does not
exceed 1. Then there exists a positive absolute constant ¢ and a natural number ~y
depending on polynomials Fy(x), Fo(x) and F3(x) such that for all x > r >~ and

1
foralll—m<oz<1, we have

cr®

N[

M () — Pla) <+ (Fy(a) Fya)Fy(2))' exp (

)+ (rlog)

logr

3
1
+ ;@(gj, Liri@) + Dlgj, Liws (@) + 200 w) + o —

30



where P(x) is defined by (1.4) and

3 ’Uj—].

=330 ) 1gi™) - Hei(p™).

7j=1 m=1 pmSFj (:E)
p>r

Remark 1.2.1. Theorem[1.2.5 can be extended for My(x), k > 4. We have replaced

the notations Sy(r,x) and T'(x) in the article [6] by “distance” functions.

Remark 1.2.2. For any v > 2, let D, denote the set of those tuples {dy,ds,ds}
of natural numbers for which all the prime factors of d; do not exceed . Since the

congruence system
Fi(n) =0 (mod a),F3(n) =0 (mod a), F3(n) =0 (mod a)

have common solution for finitely many values of a (See [39], Lemma 2.1) then we

can choose 7y so that o(dy, dy, d3) = 0 if {dy,d2,ds} & D., and (pryp, Hi#(di, dj)> >

1. Therefore we have

P(x) = Pi(v) (v, z)

where

(1.5)  Pi(y pr and  Py(v,z) = H < ZZ ](im pm)>

Py y<p<z

For example, consider the linear polynomials Fy(x) = x, Fy(x) = x+2, F3(x) = x+4.
We see that the above congruence system have a common solution (mod 2) only.

In this case v = 2. We observe that v should depend on the polynomials.

Remark 1.2.3. The Theorem[1.2.9 is true for all x > r > ~ but to get a good error
term we will chose r = (log x)é, where o is defined as in Theorem .

Corollary is a polynomial version with the degree of the polynomial greater

than or equal to 2, of a theorem of Kétai ([20], Theorem 5).
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Corollary 1.2.1. Let Fj(n) and g;(j = 1,2,3) be as in Theorem[1.2.3

i(p) —1)o;
Z(g(p) )o;(p)

p

< Q.
p

Suppose that

(9;(p*) — 1) 0;(p*) = 0, asp— oo

fora =1, when v; > 2 and for o« =1,2,--- ,v; — 2, when v; > 3, then there exist a

natural number v depending on polynomials Fy, Fy and F3 such that we have
M, (g1, 92 93) = Pi(7)P2(7),  asx — o0

where Py(7y) is defined by (1.5) and

(1.6) Py(v) H<1+ZZ )>, hj = 1 g;.

p>y m=1 j=1

As an application of the Theorem [1.2.3] we get the following corollary.

Corollary 1.2.2. Let ¢(n) = n[],, (1 - %) , be Euler’s totient function and o(n) =
doand- Let Fi(z) = 2% 4+ ay, Fa(x) = 2® + ag, F3(x) = 2° + a3,0 < t < 1, where
ai, az,as are taken such that Fj(x),j = 1,2,3 satisfies the assumption of Theorem

1.2.5. Then there exist a natural number v depending on ay,as and az such that for

all x >,
1 8(® + a1)o(n® + az)p(n® +a3) _ , 1
z ; o(n?+ ar)o(n? + az)o(n? + as) =h0) gwp O ((log x)t) ’
1 ¢(7’L2 + (11) (n + a2)¢(n + 0,3 " "
5; (n? + ay)(n? + az)(n? + asz) =P Hw +O( (log x)t )

< P>
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where

P/(y) and Py(vy) are defined by (L.5) in which g;(n),j = 1,2,3 are replaced by

o(n)/o(n) and ¢(n)/n respectively.

In [6], we also studied the mean value of the following triple correlation functions

with various assumption on g;’s:

(1.7) Mo(g1,02,95) = = S g1+ 2)galn + gsn).

n<x

Definition 1.2.1. A multiplicative function g is called good function if there exists

k € C such that for each u >0

Z ’g(p) - /i‘ < (10g$)u

p<z

We also define for e Rand » > 1

0.(n) = H<1 + ;igf):z))_ , My(g3) = izg:a(n)

Q- (r) = ;:[T (1 n;;i—(pl) +0.(p) 2 gl(pm)pigz(;;;) |
Py(r,z) = <1;[<x<1 _ ]29 i (1 _ %) mi:l gl(pm)ptlm(pm)).

The following theorem gives an asymptotic formula with explicit error term of the
sum ([1.7)) when gi, go are close to 1 (see definition and g3 is a good function
(see definition [1.2.1)).
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Theorem 1.2.4. Let g1, 9o and g3 be multiplicative functions whose modulus does
not exceed 1 and g3 be a good function. Assume further that there exist a positive

constant c¢; such that

for € =0, if g3 is real valued and for all & € R, if g3 is not real valued. Then there
exist positive absolute constants c,c and a real 7, |7| < (log2)*/'°, such that for all

x2r22andforall%<oz<g,wehcwe

o 1 c
M, (91, 92, g3) — My (g3) P3(r, 2)Q,(r) < ' **exp <c r ) n (log )

log r (log z)¢

exp (c(loglog r)?
(log z)1/19

N[

2
) +ZD(gj,1;r;x—4+j)+(rlogr)_ .

=1

For real-valued g5, we may set T = 0 in the expression of Q(r).

The following theorem tells us that if g3 is Mdbius function then under certain

hypothesis on g1, go, the mean value of triple correlation function ((1.7)) is zero.

Theorem 1.2.5. Let g1 and go be multiplicative functions which does not exceed 1

and

2 ; 12
Zzw(p)p | < 0.

p J=1

Then as x — 00,

Mo(g1,921) = 3 ga(n + 2)galn + D) = o).

n<lz

Assumption 1.2.6. For every given A > 0,

Sl + Dt exp(zrine) =0 (L7 )

n<x
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holds uniformly for all real o and implied constant depends only on A.

Theorem 1.2.7. Let g; be a multiplicative function such that |g1(n)| < 1 for alln

and

—11?
3 g (p) = 1°
> b
Suppose that Assumption holds. Then as x — oo,

Mofgr, ) = S g1+ 2)pln -+ Dp(n) = of1).

n<x

The following corollary is a direct application of the Theorem [I.2.5]

Corollary 1.2.3. If ¢, u and o are as above then as x — oo, we have

o(n+2) p(n+1) B
2 n+2) (ntl) () =

Z d(n+2)p(n+1) (n) = ofx).

on+2)o(n+1)

n<x

1.3 Probabilistic number theory

Let Qn :={n:1 < n < N} be equipped with the probability measure vy on Qy
obtained by assigning the uniform probability 1/N to each element. An arithmetic

function may be viewed as a sequence of random variable
fv=(fvrn) (N=1,2,...)

taking the values f(n),1 <n < N, with probability 1/N.

From classical probability theory we recall that a distribution function is a non-

decreasing function F': R — [0, 1], which is right-continuous and satisfies F'(—o0) =
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0, F(+00) = 1. Therefore I has only countably many jump discontinuities.

The set D(F) of points of discontinuities of F' is thus at most countable and only

contains jump discontinuities. We denote by C(F') the complement of D(F).

A sequence {F,}>2 , of distribution functions is said to converge weakly to a function
F' if we have

lim F,(z) = F(2) (z €C(F)).

n—oo

1.3.1 Limiting distributions of arithmetic functions

Let us consider a real valued arithmetic function f. For each N > 1 the function
1
(L8) Fy(2) = v {n s f(n) < 2} = cl{n < N+ f(n) < 2}

is a distribution function.

Definition 1.3.1. A real arithmetical function f is said to possess a (limiting)
distribution function F (or is said to have a limit law with distribution function F)

if the sequences F defined by (1.8) converges weakly to a distribution function F.

In the probabilistic study of an arithmetic function, a natural normalization is ob-

tained by introducing the expectation and variance of f relative to vy, namely

Ex()i= [ adb() =5 X o),

and
+oo
Vi (f) = Da(f)? = / {2 — Ex(f)PdEn(2)
]‘ 2
-+ g]jv{f(n) —Ex(/))
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This suggests a different approach to the problem of the distribution of values of
an arithmetic function. Instead of studying the asymptotic behaviour of Fy(z), we

consider that of

Gn(2) ==vn{n: f(n) <EN(f) + 2Dn(f)}-

This perspective may be considered as central in the probabilistic theory of numbers.
The sequence of distribution functions Fiy(z) or Gx(z) contains all the information

concerning the arithmetic function f.

1.3.2 Distribution of the sum of additive functions

We will start with the following definitions of additive function and characteristic

function of a distribution function.

Definition 1.3.2. A function f : N — C is said to be additive if f(mn) = f(m) +

f(n) whenever (m,n) = 1.

Definition 1.3.3. The characteristic function of a distribution function F' is the

Fourier transform of the Stieltjes measure dF(z), defined as

+o0
(1) = / e™dF(z) (T €R).

o

It is a uniformly continuous function on the real line, satisfying

[¢(7)] <1=9¢(0) (T €R).

In this section, we will discuss the behaviour of the distribution of the sum

(1.9) fi(Fi(n)) + f2(Fa(n)) + f3(F3(n)),
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where fi, fo and f3 are real-valued additive functions and Fi(z), Fy(z), F3(x) are

polynomials with integer coefficients.

The following theorem gives the behaviour of the distribution of the sum (1.9 when

F}’s are polynomial of degree greater than or equal to 2. This is an application of

the Theorem [1.2.3]

Theorem 1.3.1. Let t,z € R. Suppose that fi, fo and fs3 be real-valued additive
functions and Fj(n) be as in Theroem of degree v; > 2 for all j = 1,2,3.

Assume that

2
“(p) .
Z ! Qj(p)<OO>J:172>37

o< P

3 %) 103
Ifj )>1
Sy heee
J=1|f;(p)|<1 p

fi(@™)e;(@™) — 0,

for m = 1, when v; > 2 and for m = 1,2,--- ,v; — 2, when v; > 3. Then the

distribution function

Ga(2) = %# {nln <z, fi(Fi(n)) + fo(Fa(n)) + fs(F3(n)) < z}

converges weakly to a limit distribution as x — 0o, and there exist a natural number
v depending on polynomials Fy, Fy and F3 such that the characteristic function say

o(t) of this limit distribution is equal to Py(7y)P(v), where Pi(vy) and Py(7y) are
defined by (L.5) and (1.6) respectively with g; is replaced by exp(itf;),j =1,2,3.
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1.4 Multiplicative number theory over F,[z]

We begin this section with some preliminaries on Number Theory over Function

Fields. We will use [28] as a general reference.

1.4.1 Polynomials over finite field

Let F, denote a finite field with ¢ elements. We will denote by A = F,[z] the
polynomial ring over F,. For a detailed discussion of the similarities between A and

Z, see Rosen’s book ([2§], Chapter 1). Let
f(x) = apa™ 4+ ap1 2™ 4. 4 ag € F,lx].

Definition 1.4.1. If a, # 0 we say f has degree n, i.e., deg f = n and in this case
we define the sign of f to be a, € F;, (sgn(f) = a,). We have that sgn(0) = 0 and
deg(0) = —o0.

We now present some properties of degree and sign.

Proposition 1.4.1. Let, f,g € A be non-zero polynomials. Then

(i) deg(fg) = deg(f) + deg(g),
(i) sgn(fg) = sgn(f)sgn(g),
(1i1) deg(f + g) < max(deg(f),deg(g)) and equality holds if deg(f) # deg(g).
(iv) A/fA is a finite ring with q28Y) elements.
A polynomial f € A is called monic if sgn(f) = 1. Let M,,, be the set of all monic

polynomials of degree n over F,. Let M, , be the set of all monic polynomials of

degree < n over F,. Also let M, = J;2; M, 4. A polynomial f € A is reducible if
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we can write f(x) = g(x)h(z) with deg(f) > 0 and deg(g) > 0, otherwise it is called
irreducible. A monic irreducible polynomial is called a prime polynomial. Let P, 4
denote the set of all prime polynomials of degree n over F,. Also let P, = [J 7, Pp.g-

Now we have the following important definition associated with f € A.

Definition 1.4.2. For f € A, we define its norm by

qs ) if f#0

0 if f=0.

] =

The letters P and @ will be used for a prime polynomial in A. The next proposition

is the Chinese remainder Theorem for F,[z].

Proposition 1.4.2 ([28]). Let my,...,m; be elements of A which are pairwise co-

prime. Let m = my...my and V; be the natural homomorphism from A/mA to

A/m;A. Then the map V : A/mA — A/miA®...H A/mA is given by

1S a ring isomorphism.

We can also define the analogue of the Mobius function and Euler totient function

for F,[z] as follows

(1) iff=aPi...P, a€F, P#P, Yi#j
p(f) =

0 otherwise |,

where each P; is a distinct monic irreducible polynomial and

(1.10) O(f)= Y. 1=[(A/fA)].
de gds f
(f.9)=1
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Definition 1.4.3. A function ¥ from M, to C is called an arithmetic function. An

arithmetic function W is called even if
U(cf)=¥(f), VfeM,andVceF,
and an arithmetic function ¥ is called multiplicative if
U(fg) =¥(f)¥(g9), whenever f and g are coprime.

Definition 1.4.4. The zeta function of A = F,[z|, denoted by Ca(s), is defined by

the infinite series

Cals) =) #: [Ta-1P=)" Res) > 1.

feEM, PeP,

And it is easy to show that

1

Ca(s) = T

1.4.2 Prime Number Theorem in F|z]

Let = be a real number and m(x) be the number of positive prime numbers less than
or equal to z. The classical prime number theorem states that 7(z) is asymptotic to

x/log(x). We now present the analogue of this theorem for polynomials over finite

fields.

Theorem 1.4.1 (Prime Polynomial Theorem). Let m4(n) denote the number of

monic irreducible polynomials in A of degree n. Then we have

(1.11) ma(n) = % +0 (qm) .

n
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Remark 1.4.1. If we denote x = ¢", then we have

(1.12) ma(n) = — +O< VT )

B log, © log, ©

which analogous to the conjectured form of classical prime number theorem.

1.4.3 Mean value of multiplicative functions over F,[z]

One of the fruitful analogies in number theory is the one between the integers Z
and the polynomial ring F,[z]. Thus, for instance prime numbers correspond to the
monic irreducible polynomials over F,[z] and the fundamental theorem of arithmetic
applies. In the recent paper [15], Granville, Harper, and Soundararajan initiated
the study of mean values of multiplicative functions over the function field F,[z] by
proving a quantitative analog of the celebrated theorem of Halasz. We begin by

introducing the objects of study, borrowing the notations from [15].

Let U denote the unit disc. For a multiplicative function ¢ : M, — U, we write

o) = — 3 w(h)

fEMnq

The mean value of 1 is defined as o, := lim,_,o 0(n;1), should this limit exist.
As pointed out in [15], a direct analog of Wirsings theorem is however false in the
function field setting. Indeed, consider the function t(f) = (—1)%&) for which
o(n;1) = (—=1)" clearly oscillates and hence o, does not exist. In [22], Klurman

proved the following Wirsing’s theorem over function field.

Theorem 1.4.2. Let ¢ : M, — U be a multiplicative function. Then either ¢ (f)

or (—1)%W(f) has a mean value.

Let e(a) = exp(2mia). A natural function field analog of the function h(n) =

n' t € R is the function hy(M) = exp(6 deg(M)), M € M, and 0 € [0, 1).
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Definition 1.4.5. A multiplicative function ¢ : My — U s said to be close to 1 if

Zl—_d’(P)@Q

deg P
PeP, q

Following Klurman [22], we define the “distance” between two multiplicative func-

tion 1/)1,1/}2 : Mq —- U by

3 1 — R (P)¢s(P) )

qdeg P

DQ(wla ¢27 m, n) =
m<deg P<n
PeP,

We also write D(¢1,19;n) := D(¢1,19; 1,n). Usually, the distance D(11,19; 00) is
infinite. However, in the case D(1)1, ¥2; 00) < 0o we say that ¢; “pretends” to be 1.
Also observe that, if 1 is close to 1 then 1) pretends to be 1. For any multiplicative

function ¢ : M, — U we define

P = 11 (1= ) (Z i)

deg(P)<n
PePp,

In [22], Klurman established the following explicit version of Haldsz’s theorem.

Theorem 1.4.3. For a multiplicative function ¢ : My, — U one of the following
holds:

e I[fD(¢(P),e(0deg(P));00) =00 for all 0 € [0,1), then



o [fD(Y(P),e(fydeg(P);0)) < oo for some 0y € [0, 1), then for any given € > 0

1

" 3" G(f) = e(nbo)P((P)e(—0, deg(P)).n)

JEMn 4

+0. (DG e(-t0dex Pyimin) + - )

1
oz |

where m = [(1 — ¢)

1.5 Selberg sieve over F,[z]

In 1947 Selberg [29] introduced a new approach to sieving which is based on global
optimization. In this chapter, we will discuss Selberg sieve for polynomial ring over

finite fields and an application of it which will be used in Chapter 5.

The Selberg sieve is a technique for estimating the size of “sifted sets” of positive
integers which satisfy a set of conditions expressed by congruences. In this section,
we will extend Selberg sieve ([9], Lemma 2.1) to polynomials over finite fields and
give an application of it which also appears in [§]. The main theorem of this section

is as follows.

Theorem 1.5.1. Let us consider the following set of polynomials
A={ay e My: M e M, .}
Also let r and z be positive integers such that

Q= [] P and D={D:D|Q deg(D) < z}.

Let W be a real-valued non-negative arithmetic function on My. Suppose that there

exist a multiplicative function n supported on square-free polynomaials with irreducible
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factors of degree atmost r such that
0<nP)<1l, PeP,
and for D € D,

Y. U(M)=n(D)X + Rp(n),
MGMn,q

where X, Rp(n) are real numbers, X > 0. Now consider the following sum

S, Q)= > W(M).
MeMn,q
ajug.A
(anr,Q)=1

If h(D) = ﬁ H(l —n(P)), for D € D, then we have

PID

Sm.Q < XL+ Y 3PIRp(n)],

D|Q
deg(D)<2z

1
where L = Z W
MeD
In [8], we prove the following application of the Theorem [1.5.1] which is useful to

prove a variant of Turan-Kubilius inequality over function field.

Theorem 1.5.2 ([§], Lemma 6). Given two coprime polynomials B, M € F,[z],
let ma(n; M, B) denotes the number of primes P € P, , which satisfies P = B

(mod M). Then for any n > deg B we have

O(n):= Y Q)mi(n;Q,B) < [Pyl
5 <degQ<n
QEPy

where ® is defined by (1.10]).
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1.6 Correlation of multiplicative functions over

Fylz]

Our goal here is to study asymptotic behaviour of the correlations of arithmetic

functions vy, ..., ¥, on M, at (hy, ..., hy) € Fylz]*. Let

(1.13) Sk(n.q) = Y Oi(f +h) . u(f + )
fEMn g

and

(1.14) Ri(n.q) =Y ¥1(P+hy).. u(P+ hy)
PEP, 4

This parameter can be large, in particular, either when n is much larger than g,
which we call the large degree limit, or when ¢ is much larger than n, which we call

the large finite field limit.

In the large degree limit, one knows no more than what is known in number fields as-
suming the Generalized Riemann Hypothesis (which is a theorem in function fields).
In the large finite field limit one can often go much further than what can be done in
the number field setting or in the large degree limit. An extensive study by several
authors ([1], [3], [5]) has led to a complete understanding of in this limit for

the family of arithmetic functions depending on cycle structure.

1.6.1 Correlation of multiplicative functions in the large fi-

nite field limit

In [5], Carmon and Rudnick prove the following function field analog of Chowlas

conjecture on the correlation of the Mobius function in the large finite field limit.
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To formulate it, we recall that the Mdbius function of a non-zero polynomial F,[z]
is defined by pu(f) = (-1)"if f =cP,...P, with 0 # ¢ € F, and P,..., P, are

distinct monic irreducible polynomials, and u(f) = 0 otherwise.

Theorem 1.6.1. Fixr > 1 and assume that n > 1 and q is odd prime power. Then
for any choice of distinct polynomials oy, ..., a, € Fylz], with maxdega; < n, and

e; € {1,2}, not all even,

1
Yo ou(f o) u(f + )T Len g
fGMn,q

Thus for fixed r,n > 1,

lim

1
g0 ‘Mn,q|

> oulf )T p(f + )T =0

fEMn q

It has been conjectured that there are infinitely many twin primes, and a more

general quantitative form, due to Hardy and Littlehood, asserts that given distinct

integers ay,...,a,, the number w(z;ay,...,a,) of integers n < z for which n +
ai,...,n + a, are simultaneously prime is asymptotically
( )~ C - —
T(X5a1, ... Q) ~ apT———, T — 00,
1 T ay,...,a (log JZ)T

for a certain constant Cj, 4., which is positive whenever there are no local congru-

ence obstructions.

Bary-Soroker [32] proved that for given n,r, any sequence of finite fields F, of odd
cardinality ¢, and distinct polynomials hy, ..., h, € Fx] of degree less than n, the
number 7,(n; hy, . .., h,) of monic polynomials f € M,, , such that f+hq,..., f+h,
are simultaneously irreducible satisfies

wg(n;hay ... hy) ~ %, q— 0.
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1.6.2 Correlation of multiplicative functions in the large de-

gree limit

Let ¢; : My, — U and o : M, — C be multiplicative functions such that o;; = p*1);
for all 7 = 1,2. For fixed polynomials h; € F,[z] with deg(h;) < n for all j = 1,2

and n > r, we define

(1.15) Q(n) == H vp and Q(r,n)= H Up,

deg P<n r<deg P<n
(1.16) Q' (n) = H vp  and  Q'(r,n) = H U
deg P<n r<deg P<n
where
Lo e aPm)as(P™) s e (P a(PT)
Up = Z Z qdeg([pml,Pm2]) ? UP T Z Z (I)[Pmljpmz] :
m1=0 ma2=0 m1=0 ma2=0
(Pm1,Pm2)|(ha—h1) (Pm1,Pm2)|(ha—h1)

In [8], we investigate the asymptotic behaviour of the above sums (|1.13]) and ([1.14))
for k = 2, i.e. S3(n,q) and Ry(n,q) in large degree limit. The following theorem
gives the asymptotic behaviour of Sy(n,q) with explicit error term in large degree

limit.

Theorem 1.6.2. Let ¢y and vy be multiplicative functions on M, with modulus less

than or equal to 1. Suppose that 11 and 1y are close to 1 and v := deg(hy — hy) >

"10g9

» -‘ Then there exists a positive absolute constant ¢ such that for all n > 1r >~
gq

and for all % < a <1, we have

SQ(”u Q>
qn

- Q(”) < D(%’ 1; T, n) + D(w% 1; T n) + q(1*2a)n exp (CqT

where Q(n) is defined by (|1.15]).

The following theorem gives the asymptotic behaviour of Ry (n, ¢) with explicit error
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term in large degree limit.

Theorem 1.6.3. Let 11 and 1, be multiplicative functions on M, with modulus less

than or equal to 1. Suppose that both 1y and 1y are close to 1 and v := deg(ho—hy) >

"log 17

o W Then there exists a positive absolute constant ¢ such that for alln >r >~
2q

and for all % < a <1, we have

RQ(na Q)
|7Dn7q|

—Q'(n) < D(¥r,1;r,n) +D(¢he, 1;7,n) + n~exp (CCJT

where A > 0 is arbitrary constant and QQ'(n) is as defined in ((1.16)).

Remark 1.6.1. Note that v is fixed here since the polynomials hy and hy are fized.

Also we write

Q(n) = Q1(7)Q2(v,n) and  Q'(n) = Q1 (7)Q5(7,n)

where

(1.17) H vp, Qv H Up,

deg P<~v deg P<«y
Uy (P™) — by (P
(118> QQ(r%n) - H <1+ZZ ’ mdngP !
y<deg P<n Jj=1m=1

Q2(7) == Qa(v, 00),

119 Q= ] <1+ZZ¢J “’)(Pm 1)),

y<deg P<n j=1 m=1

Q5(7) = Q4(,00).

The following corollary is a direct application of Theorem and Theorem [1.6.3]

Corollary 1.6.1. Let v = deg(ho—hy) for fized polynomials hy, hy in Fy[z]. Assume

that 1y and 1y be multiplicative functions on My with modulus less than or equal to
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1. Suppose that 11 and ¥y are close to 1. Then we have, as n — oo

20D @at) and 2D

o Pl — Q1(7)Qx(7)

where Q1(7), Q) (3) are defined by (L17) and Qa(), Qy(~) are defined by (L-18) and
(1.19) respectively.

Remark 1.6.2. Theorem and Theorem can be extended for Sk(n,q) and
Ri(n,q) for k> 3.

We define the truncated Liouville function over function field by

(=) (= X(P%) if degP <y
)‘y(Pa) =

1 if deg P > y.

It is very interesting to establish

> MPNF+h)=0(g"),  asn— oo,

feEMn q

Note that, if y = n then the above problem is an analog of Chowla’s conjecture over
function fields in large degree limit. The following is an weaker result for smaller

value of y.

Theorem 1.6.4. There is a positive absolute constant C such that if n > 2, 2 <

y <logn and a fized h € F,[x] with degh <y, then

log*
S DN+ <2,
FeMng Yy

As a direct application of Theorem [1.6.2] we get an asymptotic formula for simul-

taneously k-free monic polynomials.
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Corollary 1.6.2. For a fized a € F; and natural number k > 2, let us consider

Fr = {f € M, ,: f and f+ a are both k- free polynomial of degree n}

Then we have

for any B < 1.

The following corollary is a direct application of Theorem and Theorem [1.6.3]

Corollary 1.6.3. For a fized a € F}, we define Euler Phi function over function
field by

= (1= )

PIf

Then we have

1 f+a 1
P i T ) +0 (o)

and

1 O(P)D(P + a) 2 1
P 2= |PIP+a H( degP—l))*

B
PEPr g P (logn)

for any B < 1.

1.7 Probabilistic number theory over F[z]
Definition 1.7.1. A function i : M, — C is called additive if

w(fg) =v(f)+¥(g), whenever f and g are coprime.
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Let ¢ : My, — R be a real valued additive function. Define Q2 := M,, ,, which is
a finite set of ¢" elements. Let v, (f) := {x1,...,2;} . The subset A; := {f € Q:
Un(f) =}, 1=1,...,t, of Q are pairwise disjoint and form a partition of {2. The

o-field § generated by this partition consists of union of a finite number of subsets

A;.

Consider a real-valued additive function 9 on M,. For a positive integer n and a

real number x, write

v (Y, ) = Z L.
/

EMn q
Y(f)<z

Definition 1.7.2. If there exists a distribution function VU such that qlnun(w,:z:)

converges point-wise to ¥(x) asn — oo , then we say that 1y has the limit distribution

function ¥(x).

For A€ §, let v(A) = %, where | A| is the cardinality of A. Then v is a probability
measure on § and (£, §, v) is a finite probability space. Now 1), is a random variable

on (€2, §,r) and measurable on §. The distribution function of ¢, is

In the above setup, one can ask the following question.

Question 1.7.1. For any two real-valued additive function v and JJ on M, does

there exist a distribution function W(x) such that as n — oo
1 -
q—nyn (f EMg:U(f+h) +Y(f+ he) < x) —V(z) VY asn— o0

for any two fived hy, he € Fy[z] with deg(h;) <n for alli=1,2.

As an application of Theorem [1.6.2] the following theorem gives an answer of the
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Question [I.7.1]

Theorem 1.7.1. Let t,x € R and hy, hy be fized polynomials in F,lx]. We define
v = deg(hy — hy). Assume that 1/31 and zﬁg be real-valued additive functions on M,

and the following series converges:

b (P b1 (P) 4 1)y ( P
> oun Y nred P Vi1
[ (P)|<1 s (P)|<1Vi [4hs (P)|>1

Then the distribution function

1
F,(x):= M|
n7q

{F € Mag: G1(f + )+ Ga(f + ha) < ”3}‘

converges weekly towards a limit distribution asn — oo whose characteristic function

say G(t) is equal to Q1(7)Q2(v), where Q1(7y) and Q2(7y) are defined (1.17)) and
(1.18) respectively with v; is replaced by exp(z’tz/;j),Vj =1,2.

Theorem 1.7.2. Let t,x € R and hy, hy be fized polynomials in Fylx]. We define
v := deg(hy—hy) Assume that 1/;1 and QﬁQ be real-valued additive functions on M, and

series in the Hypothesis of Theorem|1.7.1| converges. Then the distribution function

Fl(x):

n

= o (PP P+ ) 4 (P 4 ) <2}

converges weekly towards a limit distribution as n — oo whose characteristic function

say H(t) is equal to Q) (v)Q4(7), where Q1(y) and Q4(v) are defined (1.17)) and
(1.19) respectively with v, is replaced by exp(itz/;j),Vj =1,2.

As a direct consequence of Theorem and Theorem [1.7.2] we get the following

corollary.

Corollary 1.7.1. Let z,t € R and a € F. The distribution functions

(S +a) _ .
HE

23

1
q—n {f € Mmql



and
O(P)D(P + a)
|P[|P + a

z

1
Pl {PePny:

converge weakly towards limit distribution , as n — oco. The characteristic functions

of these limit distributions are

1 (1+2<(1—qq‘d:g:)it—1>) and ] (H_%((l_q—degp)it_l))

deg P deg P

respectively.
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Chapter 2

Correlation of multiplicative

functions

In this chapter, we prove results regarding mean values of correlation functions over

integers. These results of this chapter are contained in [6].

Let g; : N — C denotes multiplicative functions such that |g;(n)] < 1 for all n.
Let F(n); Fi(n), Fo(n), F5(n) be positive integer-valued polynomials with integer
coefficients and these are not divisible by the square of any irreducible polynomial.
Also suppose that Fj(n), Fj(n) are relatively prime for j # k and for all n. Let
v and v; denote the degree of the polynomials F(n) and Fj(n) respectively. Let

o(dy, ds, d3) be the number of solutions of the system of congruence
Fi(n)=0 (modd;) j=1,2,3.
Let o(d) and g;(d) denote the number of solutions of the congruences

F(n)=0 (modd) and Fj(n)=0 (mod d)

respectively.
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Suppose g; : N = U and h; : N = C be multiplication functions such that h;

j=1,2,3. For x > r > 2, We also define
(2.1) P(x pr and P(r,x) = H wy,
p<x r<p<z

where
(o)

Z > Z e o me ;Zig )Q(pml,pmz,pm).

m1=0mo=0m3=0

Let us consider the following triple correlation function:

(2:2) M. (g1, 92, 93) Zgl (Fi(n))g2(Fa(n))gs(Fs(n)).

n<$

= lu*gja

In [6], we find an asymptotic formula for M, (g1, g2, g3) with explicit error term which

is stated as follows.

Theorem 2.0.1. Let Fj(x),j = 1,2,3 be polynomials as above of degree v; > 2.

Let g1, g2 and g3 be multiplicative functions close to 1 and whose modulus does not

exceed 1. Then there exists a positive absolute constant ¢ and a natural number ~y

depending on polynomials Fy(x), Fs(x) and F3(x) such that for all x > r > 7 and

foralll—m<a<1 we have

cr®

T

e My (x) — Ple) < - (B () Fa(e) Fy()) " exp (

log r

3
1
+ Z(D(gja 1; r; 33) + D(gja 1;3:; Fj(x))) + ;C(T7 $) +
j=1

where P(x) is defined by (2.1) and

3 wvi—1

=3 > g™ — g™

Jj=1 m=1p"m<Fj(x)
p>r

-

)+ (rtogr)

log x

Remark 2.0.1. For any v > 2, let D, denote the set of those tuples {di,ds,ds}
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of natural numbers for which all the prime factors of d; do not exceed . Since the

congruence system
Fi(n)=0 (mod a),F3(n) =0 (mod a), F3(n) =0 (mod a)

have common solution for finitely many values of a (See [39]) then we can choose

v so that o(dy,ds,ds) = 0 if {di,ds,ds} & D, and <Hp>7p,H#j(di,dj)> > 1.

Therefore we have

P(x) = Pi(v) (v, z)

where

23 PM=][uw, md Pro)= ] <1+22hj]§fqm>gj<pm>>.

<y y<p<z j=1 m=1

Remark 2.0.2. The Theorem |2.0.1] is true for all x > r > 7 but to get an good

error term we will chose r = (log x)é, where a is defined as in Theorem .

2.1 Proof of Theorem [2.0.1]

We begin with some lemmas. The following lemma gives that the number of solution

of a congruence is bounded over any power of primes.

Lemma 2.1.1 ([11], Lemma 3). Let F(m) be arbitrary primitive polynomial of
degree v with integer coefficients and with discriminant D. Let D # 0. Then the
number of solution of the congruence F(m) =0 (mod p®) is o(p) when p fD, and
smaller than vD?* when p|D. Further, ¢ is a multiplicative function and o(p®) < c,

¢ depends only on F.

The following lemma ensures the existence of v in Theorem [2.0.1]
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Lemma 2.1.2 ([39], Lemma 2.1). If Fi(m) and Fy(m) are relatively prime polyno-

maals with integer coefficients, then the congruences

Fi(m)=0 (mod a),Fo(m)=0 (mod a)

have common roots for atmost finitely many values of a.

Now we prove a polynomial version of classical Turan-Kubilius inequality which is

one of the main tool to prove Theorem [2.0.1]

Lemma 2.1.3. Let f(p™) be the sequence of complex numbers for all primes p,

m > 1 and let F(n) is a polynomial as above of degree v. Then we have

Z|K(F(n))—A(a:)\<<xB —i—Z Z )+lozx’

n<x m=1pm<F(x)

where

= Z fe™), Azx):= Z w’ B(z) = Z w

p™|n pm<e

Proof. We write  K(F(n)) =3 upm f(0™) = ¢:(F(n)) + he(F(n)),

where
Z f@™) and  ho(F(n)) = Y f(p™).
pIF(n P |F(n)
pméﬂ pm>x%

Now

DK (Fm) = A@)] < Y |9:(F(n) = A + Y [ha(F(n

n<lz n<lz n<lz

+ 3 |A@E?) - Ax)].

n<x
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From Turdn-Kubilius inequality ([9], Lemma 4.11), we have

> Jgs(F(n)) = A@"2)| < wB(2"/?).

n<x

From Lemma and Cauchy-Schwarz inequality, we obtain

A) - A< Y Dl

xl/2<pm<g P
FemP olp™\"? o™\
(X MY )
1/ 2<pm<g p 1/ 2<pm<g p
P> P>

Again by Cauchy-Schwarz inequality, we have

Do (Fa)l=) | > f0™)

n<a n<z'p™||F(n)
pm>w1/2
f™)o(p™ N
<z Y W‘f‘ > 1 @™lee™)
21/2<pm < F(x) b 212 <pm<F(z)
mY|2 m 1/2 m 1/2
<<x( 3 f(p )Ll@(p )) ( 5 @(pm))
21/2<pm<F(a) b B2 L
+ Y fe™le™)
21/2<p""§F(ac)
v—1
<zB(F@)+Y, >, [F0")le™) +—,
ogx
m=1pm<F(z)
which proves the lemma. O
Proof of Theorem [2.0.1] For an integer r > 3, we define multiplicative
functions g;, and g;,, j = 1,2,3 by
gi(p™) ip<r 1 ifp<r
95 (0™) = 95+ (0"™) =
1 if p>r, gi(p™) ifp>r
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and multiplicative function h;,, j = 1,2,3 by

so that, g, =1xh,,, j=1,2,3.

We can write

My (g1, 92, 95) — P'(x) = P'(r, 2 ( Zglr (F1(n)) g2+ (F2(n))gs,. (F3(n)) — P,(T))

+ Z Hgﬂ (m)) (g1, (Fi ()3, (Fo(m)gs (Fy(m) = P'(r.2)).
Set
nw) =3 (g:(P™)) — gﬁsm‘l)) 6" 143

From Lemma [2.1.1] we have

1 1
n;(p)| < 2CFjp_ < ifp> 1412 = p;

Let py := max(p1, p2, p3). If 7 > p4, then using hypothesis of the theorem we obtain

that for any x > r > py

P'rz)= ] <1+im(p)> —exp( > i (ni(p) + O (In; ()| )))

r<p<z r<p<z j=1
1
—ep(( 3 > WO DU) o5 L))
r<p<z j=1 r<p<z

So

(Mo (91,92, 98) = P()] < E N 910 (Fy(n)) g (Fa(n)) g (Fa(n)) — P'(r)

n<zx
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n))95,(Fa(n))gs . (F3(n)) — P'(r,2)| =: By + B».

n<z

Estimation of E;. We have

Z Z Z hl,r(dl)hQ,r(dQ)hZ’),r(di’))Wx—%ds]g(dla ds, d3)

d1 <Fi(z) d2<F2( ) d3<F3(x)

( > Hhﬂ dl,dz,d3)> — P/ 4 Es.

d<F()
7j=1,2,3

Now we observe that

h; 1
Z | JT |QJ ) < exp(cF Z};) < (IOgT)CFj

p<r

and for 0 < o < 1,

- |hJT |QJ |h]T |QJ ") re
CEE | ((9> confon).
dj=1 J p<r

So we can say that

E3<<— Z H‘hjr )| 0;(d; <<%(HFJ ) ZH|hd1a 0;(d;)

d<F()j1 j=1 d=1 j=1
7=1,2,3 j=1,2,3
1 11—« Ta
—(F F F .
<<x( 1(z) Fa(z) F3(x)) eXP(CFIOgr)

Now

3 00

, , hi - (di)hor(d2)hs - (d /

P = P'(r) +O<Z Z | ( 1[)d12,d(2 2d)3]3, ( 3>|g(d1,d2,d3)) =: P'(r) + E4.
k=1 d;j=1 e

Jj=12,3
dk>Fk(Z‘)
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Again from the above observations, we have

hi - (dy)hoy(d2)hs - (d
E4<<Z S Pl @larldlontds)l, g0, 4,10, (a
= dj=1

7j=1,23
dk>Fk($)

< (Fu@)™ + Fy(e) + Fy(x) ™) exp (CF ~ ) .

log r

Estimation of E,. We will use a technique of R.Warlimont [41]. Let

1
N/ = {n <z| 3Jke{1,2,3} and Ip > r such that p™| Fi(n), |1 — gr(p™)| > 5} .

Decompose Fs into

91 (F1(n) g5, (Fa(n)gs . (F3(n)) — P'(r, )|

neN/.

n))gs,» (F2(n))gs . (Fs(n)) — P'(r,z)| = E5 + Eg.

ngEN’

Now

1 1 z0;(p™) m
B<—Y 1<— > ( o T
neNn, p"<Fj(x)

[1—g;(p™)[>1/2
p>r

< Y Qj(pm)Jri > o™

pr<hy@) P <Ey ()
=g, (@) >1/2 - gg< 12
p>r
< Y (D)o +Z Z 11— g;(p™)]0;(r™)
r<p<Fy() P por P P <Fy ()

p>rm<v;

3
1
<Y (D*(g5, ;3 2) + D*(g5, 1 5 Fy(x))) + (rlogr) ™ + ~C(r,z) +

= log x

+ log x
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Since we know that if ®(u) < 0,R(v) <0, then

(2.4) lexp(u) — exp(v)| < |u —v| and
(2.5) log(L+2) = 2+ O(=), if |2] < 1] arg(2)| < §
We obtain

E6<<izz > (gl Zgj )= L)

n<z j=1|p™| F;(n) pMm <z
p>r p>7’
(g; (™) — 1)o;(p™)
33D > — log P'(r.2)
n<x pm<zx j=1
p>r

( ZZ > g —1\>::E61+E62+E63.

nlzr j= 1pm\|F n)
p>r

From Lemma [2.1.3, we have

9 o\ 172
E61<<Z( v L) 1P o >> + Lo+ ]

m<Fj(x) P 10g t
p>r

A
-

1
D(gj, 1;7; %) + D(g;, 1; 25 Fy(2))) + (rlogr) /% + —C(r,z) + oz

Egy =

ZZ (g;(p —1@J(p)+ (Zp> Zzgj —lpj(p)

j= 17"<p<:p p>r r<p<z j=1

< Z - < (rlogr)~!

p>r

and

E63<<Z Z |gj 1| Q]( )_i_ic(r .T) 1

log x
J=1 p™<Fj(x) &
p>r
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3
L1
z:: (D*(gs: Liriw) + D*(g;, 13 Fy (@) + (rlogr) ™" + ZC(r.a) + o_—.

1

Combining all these estimates for all 1 — -
1+v2+v3

< a < 1, we have

M.(g1,99,93) — P'(x) < é (Fi(z) Fy(x) Fy(x))' ™ exp <01£;T>

Y

3
_ 1
+ ;(D(gja 1;r; QJ) + D(gj, 1;z; Fj(g;-))) + (71 10g7”) 1/2 + EC(T’ :I:‘) n o

which proves the theorem.

2.1.1 Application of Theorem [2.0.1]
As an application of the Theorem [2.0.1] we get the following corollary.

Corollary 2.1.1. Let ¢(n) = n[],, (1 - %), be Euler’s totient function and o(n) =
>ogn d- Let Fi(z) = 22+ ay, Fy(x) = 22 + ag, F3(z) = 2% + a3,0 < t < 1, where
ai,ag, as are taken such that F;(z),j = 1,2,3 satisfies the assumption of Theorem
2.0.1. Then there exist a natural number v depending on ay,as and as such that for

all x > 7,

1 ¢(n2+a1) (n + az gb(n +a3) _ pr W' 1
9D -0 T +0 ()

r “~ o(n?+ ay)o(n? + az)o(n? + as) e

)
n<x )
Ly S ol )0l ) gy T
2. (n? -roll +O( (log z)* )

x i~ (n?+ar)(n® + a2)(n® + a3)

p>v

where

(%) osp) nedle (2)am
T+(1_§) 2 1+p+---+pm>’
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P/(y) and Py(vy) are defined by (2.3) in which g;(n),j = 1,2,3 are replaced by

o(n)/o(n) and ¢(n)/n respectively.

Proof. To prove Corollary we will use the following standard congruence

lemma.

Lemma 2.1.4. Let p be an odd prime and (a,p) = 1, then 2*> = a (mod p*) has
exactly two solutions if a is a quadratic residue of p, and no solution if a is quadratic
non-residue of p. Further, if a is odd, then the congruence x* = a (mod 2) is always

solvable and has exactly one solution.

Proof of Corollary [2.1.1} We see that by Lemma [2.1.4] as p — oo

Xp: 1— (gj(;?))é’j(m < Zp:p—(pi 5y <o (1= g;(p)ej(p) < —— =0,

where g;(n) = ¢(n)/o(n),j =1,2,3, and as p — o0

3 1— (gj(]f))@(p) < Z}% <00, (1—g;(p)o;lp) < % — 0,

P
where g;(n) = ¢(n)/n,j =1,2,3.

The remainder term for both sum are estimated from the remainder term of Theorem

by choosing

5+ coy
o =

and 7 = cyy(log zloglog z)Y/e,

for sufficiently small ¢y, coo > 0.

Hence by Theorem [2.0.1], the corollary is proved. O

Corollary is a polynomial version with the degree of the polynomial greater

than or equal to 2, of a theorem of Kétai ([20], Theorem 5).

65



Corollary 2.1.2. Let Fj(n) and g;(j = 1,2,3) be as in Theorem m

(2.6) 3 (9;(p) = Vos(p) _

- p

Suppose that

(2.7) (9;(0) = 1) 0;(p*) = 0, asp— o0

fora =1, when v; > 2 and for « = 1,2,--- ,v; — 2, when v; > 3, then we have
M. (91,92, 93) = Pi(y)P2(7), asz — o0

where Py(7y) is defined by (2.3)) and

(2.8) Py(v) ::H(HEZ_QW)’ hy = 1 g;.

Proof. We need the following lemmas.

Lemma 2.1.5 ([40]). Let {u,},—, and {v,} —, be two complex sequences such that

o0
Z (Jun|* + |va]) < o0
n=1

Then we have

H(l + U, + v,) < 00 if and only if Zun < 0.
n=1 n=1

Lemma 2.1.6 (J20], Lemma 6). Let F(n) be a polynomial as above of degree v > 2.

we have the relation:

card{n <z :F(n) =0 (mod p" "),y (z) <p} = o(z),
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when y; = y1(x) tends to infinity as x — 0.

Proof of Corollary [2.1.2] Since |g;(p) — 1> < 2(1 — R(g;(p))), from (2.6) and
Lemma 2.1.7] we have

(2.9) D(g;.1;00) < 00, j=1,2,3.

From ({2.6) and Lemma we have P;(vy) and P»(7) are convergent.

From Lemma [2.1.0] it is easy to see that as p — oo,
(2.10) (L=g;(" 1) ;™) =0, j=1,23

So by setting r = (log :L‘)é and from (2.7)), (2.9), , the error term in Theorem
2.0.1]is o(1) as  — co. Hence by Theorem [2.0.1] the corollary is proved. O

In [6], we also studied the mean value of the following triple correlation functions

with various assumption on g;’s.

(2.11) ML (g1,92,95) = = S g1+ 2)galn + g,

n<x

The following theorem tells us that if g3 is Mobius function then under certain

hypothesis on g1, g2, the mean value of triple correlation function (2.11)) is zero.

Theorem 2.1.1. Let g1, g2 : N — U be multiplicative functions and
~ Jg; () — 17
(2.12) SNOS ERPTL o
» o= P

Then as x — oo,

ML g1, 92,1) = = 3 g1+ 2)galn + D(n) = o(1).

n<x
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2.2 Proof of Theorem 2.1.1]

Proof. We begin with the following lemma.

Lemma 2.2.1 ([7], Theorem 1). Define e(y) := e*™¥. For any given K > 0,

> uln)e(nd) = O (ﬁ)

n<x

uniformly in 6, where the implied constant depends on K.

Proof of Theorem 2.1.1]  We set

where r will be chosen later. It is easy to see that |R(r, x)| < 1. Therefore

, 1
Mx(gh 92, :u) = R(’f‘, I)E Z gl,T’(n + 2)9277‘(n + 1)M(n)+

n<x

£ 23 g1+ 20, 0+ D) (3,0 + 2)g5,(n 4 1) — R(r,)).

n<x

So

2
1 . .
M (g1, 9200 < IM2g1r 920 )] + = S| [ 3,0+ 3 = ) = R(r,2)

n<z'j=1

= T1 -+ TQ.

Estimation of 7). Recall that h;, = p* g;,. So we have

> gran+2)gar(n+ Dp(n) =Y > > hip(di)ha(da)p(n)

n<z n<z di|n+2 da|n+1
> hap(d)hop(da) Y pn) = Y hig(da)hos(dz) > p(n)
di1<z+2 n<z di1<z+2 n<z
do<z+1 dl‘n+2 do<z+1 nE’U(dldz)
da|n+1 (d1,d2)=1
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> retdy D> wmy+)] ) D2 un),

di<y j=1 n<lz k=1d;<z+3—j j=1 n<lz
do<y TLEv(dldg) 7j=1,2 TLEv(dldz)
(d1,d2)=1 d. >y
(d1,d2)=1
where v is the unique solution of the system of linear congruence n = —2(d;),

n=—1(ds),0 <v <dydy — 1 and y := log x.
So

2T < Z |h - (dy)hoy(da)]

> n

£ Y il ()

d;i<y n<lz Jk=1d;<x+3—j
Jj=12 n=v(d1dz) di>y
= T11 + T12.

From Lemma [2.2.1] we have

So

T11 <

x)K Z |hy - (dy) o (ds)]

(log x 0 d2<y

Z ‘hlr dl h2r<d2)| < x , if K > 5.

2 12
logac M dids; log x

Let 0 < a < 1. Now from the following two estimates

(2.13) > |hj””didj =11 (1 + Z |h”ma > I1 <

p<r p<r

1 rl-o
< exp (61 > z;) < exp (CQIOgT)

p<r
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and

(2.14) Z |h” < exp (03 Z é) < (logr)™

p<r

Also for 0 < v < 1 we obtain

hi . (dy)ho,(d
T S Pl (@)l 5=y, ()

4 didy .
dj<x+3—j dj<z+3—j
=12 =12
di>y di>y
r’y
< xy 7 exp <c2 ) (log r) + 2 (202 )
log r log r

0% —«
< xy T exp (051 d ) + 2% exp <202 > .
ogr log r

Taking 1 —a=~v= % we have,

) r2/3 r2/3
Tio < 2y 3exp | cs + 223 exp | 2¢o .
log r log r

Setting r = (loglog 2)3/? we have

Tiy < ——(og )% + za=(logz)"/® <«

x
yz/s (log z)1/2"

So Ty =o(1) as © — oo.

Estimation of T5. We closely follow the method of R.Warlimont [41]. Let

1
N, = {n <z| 3je€{1,2} and dp > r such that p™|n+3 —j,|1 — g;(p")| > 5}

Decompose T5 as

ir(n +2)g3,(n+1) — R(r,z)|

.(n+2) ggr(n+1) (r,x)‘::T5+T6.
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Now

R VI D= TEPVREES 3 9 it

=1 r<p<z+4+3—j Jj=1 p>r m>2

2
< Z D*(gj, 1;7;2 4+ 3 — ) + (rlogr)~".

J=1

From ) and . we have

siiz

S ) -n- Y w\

pm
j=1 n<z'p™|n+3—j p<z
p>r p>r
g;(
E E 2= -~ —log R(r, x) E E lg;(p™ ) —1)
pm<z j=1 n<:vpmHn+3 J
p>r j=1,2,p>r
= T7 + Tg + Tg.

Now by Cauchy-Schwarz inequality and Turdan-Kubilius inequality ( [9], Lemma 4.4),

we have

N|=

T7<<(i ) rgj<pm>—u2)é+§<<(i >l -1F)

J=1p"<a+3—j Jj=1 r<p<z+3—j
p>r
1\: 1 &
: 1
+ <§ E) +; < E D(g;, 1;m;2+3—j) + (rlogr) 2 + x7 ",

Now similar to estimation of Fjgy, we have

1

Ty < E E g] —log R(r,z)| < E — < (rlogr)”
m><:v j=1 p>r
p>r

and

(p™) — 1]2 2
Ty < = {Z Z %}<<ZD2(gj,1;r;a:+3—j)—i—(rlogr)1.

j=1 pm<z+3—j j=1
p T
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Combining above calculations, we have

2
Ty < (rlogr)™"/? + ZD(gj, Lirx+3—7).
j=1

By the above choice of r and from ([2.12]), we have Ty = o(1) as x — oc.

Which proves the required theorem. O

The following theorem gives an asymptotic formula with explicit error term for

M!(g1,92,93) as in (2.11)) when g¢1, go are close to 1 (see definition and g3 is a
good function (see definition [1.2.1)). Recall that

am:HQ+ ﬁﬁ%),mﬂ, M(gs) = = 3" gs()

pln m=1 n<zx
0:0) =TT (1= 520 4 0. Y- 2L,
Pg(r,z)zrgx(1—5+(l—_)zgl )+ ol ))'

Theorem 2.2.1. Let g1, g2 and g3 be multiplicative functions whose modulus does
not exceed 1 and g3 be a good function. Assume further that there exist a positive

constant ¢; such that

(2.15) ’1 + i 95(2) ‘ > ¢

for & =0 if g3 is real valued, and for all £ € R, if g3 is not real valued. Then there
exist positive absolute constants c,c’ and a real 7,|7| < (log2)Y', such that for all

:r;>r>2andf0rall1<04< o, we have

_|_

o ) (log )¢

M. (91,92, g3) — My (g3) Ps(r, 2)Q,(r) < 2" **ex <C /
(91, 92, 93) (93) Ps(r, )Q-(r) b log r (log x)¢

-

exp (c(loglogr)?)
(log )1/19

2
+ ZD(gj, Liriz —4+j)+ (rlogr)~2.
j=1
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For real-valued g3 we may set T =0 in the expression of Q,(r).

2.3 Proof of Theorem [2.2.1]

Lemma 2.3.1 ([10], Theorem 2). Let g be a multiplicative function whose modulus

does not exceed 1. Then there is a real T with |7| < (logz)* such that

(2.16) Y. 9(n)=0-(D)) g(n)+0

n<x n<lx
(n,D)=1

z(loglog 3D)?
(log x)1/19

holds uniformly for x > 2 and odd integers D. If in addition, the condition (2.15))
is satisfied then (2.16)) holds for even integers as well. For real-valued g we may set

7=0.

The following lemma is a special case of a theorem of Wolke [43].

Lemma 2.3.2 ([43], Theorem 1). Let g be a good function which is multiplicative
with modulus < 1. Then for given any A > 0 there is a corresponding A; > 0,

possibly depending on g, such that for x > 2 and Q = x*/*(logx)~ 4, we have

1 T
max max n)— —-« n) < .
2| 2 o0 =g 2 o >‘ (log)*
B n=l(d) (n,d)=1

In case —7 € N or 7 =0 then

T
Zmzaxrilg;{ Z 9(n)| < (log x)A
d<@ nﬁ&)
n=l

The following lemma is a two dimensional version of standard Cauchy-Schwarz in-

equality.
Lemma 2.3.3. Let 1 <14,j,k <y. If x;,z; and c;; are non-negative real numbers,
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then

S e < (L drten) (TX )

J<y k<y J<y k<y J<y k<y

Proof. By applying Cauchy-Schwarz inequality, we have
1/2 1/2
S Y e s Y (L aeter) (Ten) =X
J<y k<y J<y “k<y k<y J<y
Applying Cauchy-Schwarz inequality again, we have

1/2
> o)

J:k<y

Y b < (Z af) - (Z bf) T (Z w?:ti%’k) 1/2(

J<y J<y i<y J,k<y

which completes the proof.

Proof of Theorem [2.2.1] We set

R = M;(gl, g2, 93) - Mz(93)p3(7"7 x)QT(T>
= P3<T7 l’) (Mals(gl,ra 92.r, 93) - Mx(gi”)QT(T))

+ i Z g1r(n =+ 2)gar(n+1)gs(n) (gir(n +2)g5,.(n+1) — P3(r, 7).

n<x

It is easy to see that |P3(r, z)| < 1. Therefore

R« IM’ (9105 925 93) — Ma(g3)Q (1)

L(n+2)gs, (n+1) = Py(r,z)| = Uy + Us.

n<z

Estimation of U;. We have

M, (legzmgz’) Z Z Z hlr di) ha d2)93( )

n<x di|n+2 d2|n+1
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:é Z hlﬂn(dl) Z h2,r(d2) Z gg(n)

di1<x+2 do<z+1 n<lz
(dl,d2)=1 TLE’U(dldQ)
Z hi(d1)ha,r(d2) Z g93(n)
d;<y n<lz
7=1,2 n=v(d1dz)
(d1,d2)=1

1 2
FISTON (e () (E i 1) P+ Un,

k=1 d;<z+3—j
j=1,2
di>y

where v is the unique solution of the system n = —2(d;),n = —1(ds) and y :=

2V4(logz)~%, B> 0.

From ([2.13), (2.14) for 0 < «a,y < 1, we have

v a
Un <y Vexp | cg ! + 2% exp (| 264 !
log r log r

—~/4 28 r 1-2a re
< x " (log )2 exp +x exp | 2¢o :
logr logr

We also obtain

Z 3 h”dldlh;;(dg) 3 gs(n)—|—0<§2|hjr(dj)|>

d1<y d2<y TL§$ d]Sy
(d1,d2)=1 (n,d1d2)=1 j=1,2
1 1
Of - hi,-(dy)ho - (d n)— —-— n
(‘”djz@' 1, ( 1) 2, ( 2)| 7; 93( ) &(dids) ; 93( ))

j=1,2 TLE’U(dldQ) (’n,dlaz):l

= Pg + U12 + U13.

By Lemma [2.3.2| and Lemma [2.3.3] we have

1/2
) »

Ups < é(Z

1
> oln) — gy D osln)

1<y2?2| n<z n<x
=Y n=v(l) (n,l)=1
1 1/2
Y e (d)Plhar(d) | Y gs(n) — = Y gs(n)
¢(dido)
dj<y n<z n<lz
j=1,2 n=v(d1d2) (n,d1d2)=1
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1/2
1 | (dy) Pl By (do) |
< (log )72 (Z o{d)(d:) ) |

i<y
=12

Observe that

|h(d)[? 1 o
Z o) §exp(c7zg> < (logr).

d<y p<r

Hence we have

(logr)°®
U _— .
1 Tlog )47
Now from (2.13)), we get
|h17' (dy) h2r (da)| —1l4a _B(1—a 2cor¢
U12<< E gl < 2721 (log ) AU~ exp ogr )

j12

Using Lemma [2.3.1] there exist a real 7 with |7| < (log )1 such that

-1 ¥ ey e S u)

d1<y da<y n<zx
(d1,d2)=1

E : |h1(dy) Do (dy)| (loglog 3dyds)?
O Ll ) . PT U .
' ( dj< P(dy)p(dz) (log z)1/19 ar + Ula
jzl,y2
(d1,d2)=

Now,

hl,r(dl)hZ,r(dZ) - ©© hl,r<d1)h27r(d2)
dl,;m Sdo(dy) )= dl,%::l S )o(dy) (D)0 ()

(dl dQY_ (d17d2)=1
h ~(dy)he,(d
+O<Z Yy, (f)eT(dl)eT(dz)) — Py, 1 U,
k=1 dy,d2<y
dp>y

Now from the following two estimates

hr T — 1 —« a
5 A < sy (X i ) o o) e (v )

d>y p<r
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and

D] (LY o
e < em(n ) < o

p<r

We deduce that

B1-a) re
Ups € a2~ = (logx) A exp (013 >
logr

p<r m=1
:H 1_2]99 Zgl +92 ))ZQT(T)

Observe that

i |h;r(d)|loglogd _ H( Z |hjr(p® |aloglogp>
o(d)
d=1

p<r
2plogl log 1
< H( w) < exp(CMZ og ogp) < exp (er5(loglog r)?) .
p<r ) p<r
Hence
exp (2¢15(loglog 1)?)
Vs < (log z)1/19

Using the same method as in estimation of T,, we have
2
U, < Z D(g;,1;7;2 4+ 3 — j) + (rlogr) /2

J=1

Combining these results, we get

_ o 0
R (o F (loga)™® + 27 (loga) =™ ) exp ( - )

log r
1-2a re (logr)® = (e B(1-a) re
+x exp | c17 + —+a 2 (logx) exp | c1g
logr (logx)2 log r
exp (2¢15(loglog ) 1

2
+ZD gj, Lirix+3—j)+ (rlogr) 2.

1/19
(log )" 2
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By choosing a = v, we get the required theorem.

We recall the following assumption related to 2-point Chowla type conjecture.

Assumption 2.3.1. For every given A > 0,

> b+ Dtaetna) = 0 ()

n<x

holds uniformly for all real o and implied constant depends on A.

Theorem 2.3.2. Let g be a multiplicative function such that |g1(n)| < 1 for all n

and

|91 (p) — 1J?
2.17 — <
217 y o)
p
Suppose that Assumption holds. Then as x — o0,

M (gy, s 12) Zgl (n 4 2)u(n + 1p(n) = o(1).

n<x

Proof. Set

- I () E22)

r<p<z

where r will be chosen later. Now

Y g1+ 2)u(n+ Du(n) = T(r,z) Y g1, (n+2)u(n + u(n)

+ Y gue(n + 2)u(n + Du(n) (g7, (n +2) = T(r,2)).
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It is easy to see that |T'(r,z)| < 1. Therefore

\ng + 2+ V()| <[ g1o(n+ 2l + ()

n<x n<x

L(n+2)=T(r,z)| = Vi + V.

n<x

Estimation of V;. We have

Zzhn p(n +1)u(n)

n<z d|n+2

<D ohad) Y plnt Du(n)

d<y n<z
n=-—2(d)

Y higld) Yo pln+Du(n)

y<d<z+2 n<z
n=-—2(d)

= ‘/11 + ‘/127

where y := logz. Under Assumption [2.3.1] we have

n<x n<lx =1
n=—2(d)
1< -2l nl T
= — g J—— E 1 _

By choosing A = 3, we get

hy,(d T
Vo < g S el < ot 3o P

Now using (2.13]), for 0 < a < 1, we have

Vie < Z |h1(d)] (% + 1) < (z+2) Z |h1,zl(d)|

y<d<z+2 d>y

.T+2 Z‘hlr <<_eX ro
d-o P logr '
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By taking r = (loglog z)a, we have

N x
Vip <oy “y2 =

o -
2

(log )

So as © — oo we have, V| = o(z). From a similar calculation as in the estimation of

T5, we have

1 _12 1/2
V2<<x(7’10g7*)2_|_m< 3 %) .

r<p<lz+2
From ([2.17) and r = (loglogz)a we have as z — oo, Vs = o(z)

which proves the required theorem. O
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Chapter 3

Distribution of the sum of additive

functions

In this chapter, we will discuss about the behaviour of distributions of the sum of

additive functions. The result of this chapter is contained in [6].

In this chapter, we will discuss the behaviour of the distribution of the sum

(3.1) fi(Fi(n) + fa(F2(n)) + fs(F3(n)),

where fi, fo and f3 are real-valued additive functions and Fi(z), Fy(z), F3(x) are

special polynomials with integer coefficients.

The following theorem gives the behaviour of the distribution of the sum (3.1) when
F};’s are polynomial of degree greater than or equal to 2, which is an application of

Theorem 2.0.11

Suppose that g; : N — U and h; : N — C be multiplication functions such that
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hj =px*g;, j=1,2,3. We recall that

[e o]

32 ERIDIDIPI

p<y m1=0 ma=0m3=0

33) Py H(1+ZZ pm )

p>y m=1 j=1

hs(P™)

] o(p™,p™*,p"?),

’@\_/

Theorem 3.0.1. Let z,t € R. Let fi, fo and f3 be real-valued additive functions

and F;(n), j =1,2,3 are as above of degree v; > 2. Assume that

7(p) .

Ifj(p)|<1
(3.5) D oW 103

|fg (p)I>1
(3.6) Z v Lew)

et P
(3.7) fi(0™)o;(P™) — 0,
for m = 1, when v; > 2 and for m = 1,2,--- ,v; — 2, when v; > 3. Then the

distribution function

B8) Gule) = o (< 2 AR 0) + fFa) + f(F() < 2}

converges weakly towards a limit distribution as * — oo, and there exist a natural
number v depending on polynomials Fy(x), Fy(x) and Fs(x) such that the charac-
teristic function say ¢(t) of this limit distribution is equal to Py(vy)Py(), where
Pi(v) and Py() are defined by and respectively with g; is replaced by
exp(itf;),7 =1,2,3.
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3.1 Proof of Theorem [3.0.1]

Proof. We begin with some lemmas which are often used in probabilistic theory. The
famous continuity theorem of Paul Lévy connects weak convergence of distribution

functions to point-wise convergence of characteristic functions.

Lemma 3.1.1 ([40], Theroem 2.4). Let {F,}>2, be a sequence of distribution func-
tions and {p, }5°, the sequence of their characteristic functions. Then F,, converges
weakly to a distribution function F' if, and only if, ¢, converges point-wise on R to
a function ¢ which is continuous at 0. Furthermore, in this case, ¢ is the charac-
teristic function of I, and the convergence of ¢, to ¢ is uniform on any compact

subset.

The continuity theorem immediately provides the following criterion.

Lemma 3.1.2 ([40], Theorem 2.6). Let f be a real arithmetic function. Then f

possesses a distribution function F if, and only if, the sequence of functions

ou(r) = 3 eI

n<N

converges point-wise on R to a function ¢(7) which is continuous at 0. In this case,

¢ s the characteristic function of F'.

Proof of Theorem [3.0.1, We will use Lemma and Lemma to prove
this application. The characteristic functions of the distribution (3.8)) equal

(3.9) Ga(t) = i ZGXP (it (fr(F1(n)) + fa(Fa(n)) + f3(F5(n)))) .

n<x
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Since

ZZ eXp th] — 1 Q] tz Z fj p

p Jj=l J=1fi(p)I<1
+O(t22 v ! )+0(Z v o) )
J=11f;(p)|<1 J=11f;(p)|>1 p

then from the convergence of the series (3.4, (3.5), (3.6) and from Lemma we
deduce that P;(y) and P(7y) are convergent for every real ¢t. Further, the infinite

product Py (v)P»() is continuous at ¢ = 0 because it converges uniformly for [t| < T

where T > 0 is arbitrary.

Since for j =1,2,3

Z(1—9?(exp(itfj(p))))@j(p) <« Y |fi(p)?0;(p) Z

» p ()<t p )

then from the convergence of and it follows that D(exp(itf;),1;r;z) and
D(exp(itf;),1;z; Fj(x)) tends to zero when r, x — oo.

Now from and Lemma , it is easy to see that

(exp (it f;(p™) — 1) 0;(p™)) — 0 when p — co,m < v;,j =1,2,3.

Then %C(r, xz) — 0asr,a — oco. Choosing r = logx in our Theorem we get

that the remainder term disappears when x — oc.

Thus the characteristic function ¢,(t) has the limit ¢(t) = P;(y)P2(7) for every real

t and this limit is continuous at ¢t = 0.

Therefore by Lemma [3.1.1], the corollary is proved. O
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Chapter 4

Selberg sieve over F|z]

We begin this chapter with some background on Number Theory over Function
Fields. In 1947 Selberg [29] introduced a new approach to sieving which is based
on global optimization. In this chapter, we will discuss Selberg sieve for polynomial

ring over finite fields and an application of it which will be used in Chapter 5.

4.1 Basic summation estimates over F|z]

In this section, we present some useful estimates for polynomials over finite fields,

which also appears in [8].

Lemma 4.1.1. i) Let ¢ >1 and vy > 0. Forn > %;qm, we have

S ¢ = Ol ).
it) We have

Z q " =logn +c; + O(1/n),

PeP,
deg P<n
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where ¢; 1s an absolute constant.

iii) Also we have

Z qmdegP -0 ((]_) and Z q—(m+1)degP _ O(l)

mdeg P<n/2 mdeg P<n
m2>1 m>1

Proof. i) Z g m™Y < g2 Z m~ 7 +n" Z q" < q"n7.

m<n m<n/2 n/2<m<n

ii) Using (1.11)), we have

—deg P __ -m _ —m ﬂ qm/2
Y g =D 0" Pual =) a7 ~+0

m
deg P<n m<n m<n

=logn +c; + O(1/n).

iii) Usingfi)|and (1.11)) we have

Z qm deg P _ Z qdeg P + Z qm deg P

mdeg P<n/2 deg P<n/2 mdeg P<n/2
m>2

3n/4
n

and

Z g~ (m+Ddeg P _ Z g 298P | Z g (mH1)deg P

mdeg P<n deg P<n mdeg P<n
m>1 m>2
= > 0" |Pugl +0(1) = 0(1).
m<n
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4.2 Selberg sieve over F[z]

The Selberg sieve provides majorants for cardinality of certain arithmetic sequences,
such as the primes and the twin primes. In other words, it is a technique for estimat-
ing the size of “sifted sets” of positive integers which satisfy a set of congruence. In
this section, we will extend Selberg sieve ([9], Lemma 2.1) to polynomials over finite
fields and give an application of it which also appears in [8]. The main theorem of

this section is as follows.

Theorem 4.2.1. Let us consider the following set of polynomials
A={ay e M,: M e M, ,}.
Also let r and z be positive integers such that
Q= [[ P and D={D:D|Q deg(D) < z}.

Let W be a real-valued non-negative arithmetic function on M. Suppose that there
exist a multiplicative function n supported on square-free polynomials with irreducible

factors of degree atmost r satisfying
0<n(P)<1l, foralPeP,

such that for all D € D,

(4.1) > W(M)=n(D)X + Rp(n),
MeMn,q
ap=0(D)
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where X, Rp(n) are real numbers and X > 0. Now consider the following sum

MeMn,q
aMgA
(anr,Q)=1

If h(D) = n# H(l —n(P)), for D € D, then we have

P|D

Sn,Q) < X.L7'+ Yy 3*PRp(n)],

D|Q
deg(D)<2z

1
where L = Z W

MeD

Proof. Let \p be real numbers supported on monic polynomials D with D € D such

that \; = 1. Since ¥ is non-negative arithmetic function, so we have

Sm,Q)< > \I/(M)( > )\D>2.

MeMn,q Dl|(anm,Q)
an cA

Using hypothesis (4.1)), expanding the square and interchanging the order of sum-

mation, we have

SmQ)< > Y Ao, Y, V(M)

D1€D D2eD MEMn,q
aMEO([Dl,DQD

=X Z Z Ap, Ap,n([D1, Do) + Z Z >‘D1)‘D2R[D1,D2}(n)

D1€D DoeD DD DyeD

<X DTS A oDy, D)) + Y b (D) Rp(n)]
D1€D DyeD D|Q

— XT + E,
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where

phD) =" ApAp,, T= > > ApApn([Dy, Da)),

D1,D2€D D1€D D2eD
[D1,D2]=D

E=Y" lub(D)Ro(n)]

D|Q

We need to choose the parameters Ap to minimize I', consistent with the requirement

that \; = 1. We note that h(D) is multiplicative on the divisors D of Q and satisfies

1
> h(M) = D)

M|D

Hence
n(D1)n(D2)

n([Dr, Do) = 2((Dr, Dy))

= n(D1)n(D2) Z h(M)

M|(D1,Dz2)

and

I'= Z Z Ay Ap,n(D1)n(Ds) Z h(M)

Dy€D D2€D M|(D1,Ds)
2
- won{ X uom)-
MeD

S
D=0 (mod M)

We make the change of variable

=Y n(D)Ap (M€ D)

DeD
D=0(M)

in order to diagonalize I". By Mé&bius inversion formula [[23], Prop. 5.2}, we have

Aon(D) = > yup(M/D).

MeD
M=0 (mod D)
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Also observe that, if A\; = 1 then

(4.2) S u(M)yar = 1.

MeD

So, we have

p(M) ? -1
F:MZE;)h(M)(yM—WL ) +L

where

1
L:Zm.

MeD

It is now clear that to minimize I" we should choose the y,; as

p(M)

oD~

(4.3) Ym =
which also satisfies (4.2). Therefore we obtain

S(n,Q) < XL '+ E.

Using (4.3), we see that for any D € D,

Ap=—= > yup(M/D) = —— > w(W)ypw
77( ) MeD 77( ) weD
M=0(D) deg(W)<z—deg D
(W,D)=1
_ D) (W)
WD) 2= (W)
deg(W)<z—deg D
(W,D)=1
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and |\p| < 1 for any D € D. This bound implies that for any D|Q,

‘,Ujp_ (D) ‘ S l{deg PSQZ}SW(D) .

Combining all of the above, we conclude the proof of the theorem. n

4.2.1 Application of Theorem 4.2.1

Now we give an application of the Theorem {4.2.1] which is useful to prove a variant

of Turan-Kubilius inequality over function field in chapter 5.

Theorem 4.2.2 ([§], Lemma 6). Given a modulus M € F,[z] of positive degree and

a polynomial h co-prime to M, let wa(n; M, h) denotes the number of primes P = h
(mod M), where P € P, 4. Then we have

(4.4) O(n) = Y  Q)mi(n;Q.h) < [Puyl’
5 <degQ<n
QEP,

where h is a fized polynomial with deg(h) < n.

We start with the following lemma.

Lemma 4.2.1. Let A be a polynomial in F,[z]. Then we have

3 2 (M3 |M| >cn H(1+m)_l,

MeMc<y q P|A
(M.A=T

where ¢ is an absolute constant.

Proof. Let us consider

3w (M)

:Z“ ‘M’S“ . R(s) > 0.
M
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We can write

3w(M

- H(n) A (M)3=0
—; . where Z ]M|

MEan

Putting u = ¢~*, we define

= ZH(n)u", lu| < 1.
n=1

On the other hand, from Euler product we get

Fu) = ¢ f_(“l%?), where  G(u) = G(s) = [[ <1 + P|3S+1) (1 _ |p+5+1)3-

P

It is easy to see that G/(u) is bounded and therefore converges for |u| < 1. Comparing
the coefficient of F(u) we have H(n) > ¢;n?, where ¢; > 0 is an absolute constant.

Using this, we observe that

3 ,u 3w(M) M M)3<(M) 5
II(1+ ) z > Y =3 H(m) = en
P|A ( |P‘ MeMc< ’M| MeMc<y, 4 |M‘ m<n
(M, A)
which completes the proof of the lemma. n

Proof of Theorem 2| Expanding square of L.H.S of (4.4), we obtain

on)= Y @(Q)( > 1)><< > 1>: > S(A,B),

F<deg Q<n PePn g P'€Prnq A,BEMS%’Q
P=h(Q) P'=h(Q) deg A=deg B

where

S(A,B)= > Q).
5 <deg Q<n

AQ+hePy 4
BQ+hePn 4
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Now we have to find upper bound of the set S(A, B). We define the following sets.

A ={ay = M(AM + h)(BM + h) : deg(M) = n — deg(A)}

and p, ={P € P,:deg(P) < [n/2],Ptr},
where A:= AB(Ah — Bh).

Let us define

o(D) = #{M (mod D) : apy =0 (mod D)}

for monic polynomial D € F,[z]. Also let

G= J[ P and D:{D:D|Q,deg(D)§%}.
Pepa
deg P<3
Observe that
(4.5) SAB < Y M|
MeMyp_deg(A)q
aMgA
(an,Q)=1

Now we are ready to apply Theorem to the R.H.S of the inequality (4.5)).

We see that |M| is a real valued non-negative arithmetic function and

Z |M| _ qn—deg(A) Z 1 = q2(n—deg(A))77(D)

MeEMap_deg(4),q MeMap_deg(A),q
aA[EO(D) (ZIWEO(D)

where n(D) = %.

Therefore using Theorem we have

S(A,B) < XL,
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where

X =g"20e@  and L= Z L

Note that, for D € D

Note that o(D) = 3“”) for all D € D. Therfore using Lemma [4.2.1} we obtain

1 2(M)3=(M) X 3\
ST ED SR SIS et § (CTY

MeD MeD MeMon ‘M‘
Szxr,q

P|a
(M,A)=1

where ¢ > 0 is an absolute constant. Combining above results we get

q2n—2 deg(A)

S(A,B)<<TH<1+’—I33’).

P|A

Therefore we have

2n
4q —2deg A 3
A,BGMS%,‘Z P|AB(A—B)h
deg A=deg B
Now we write
Z q—QdegA H 1+ i
Pl
ABeEMcy P|AB(A-B)h
deg A=deg B
3 3 3
_ —2deg A v v v
- 2 e () T (o) I+ ).
A,BEMS%,Q P|A P|B(A-B) Plh
deg A=deg B

Since h is a fixed polynomial then we have

H(1+‘%|)<<1

Plh
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with constant depending on ¢ and h. So it is enough to consider the following sum

A,Be;g 2degAH(1+—|) 1T (1+i)

P|A P|B(A-B) P
deg A=deg B
3 3
S oo eg) S0 I ()
AeMcn P|A |7l dew B g 4 PIB(A=B) |7l
- eg eg

Now inner sum becomes

> 1 (1+i)<

3
> () I (1+7)
P|B(A—B) 1P| B P|B< 1P| A-B) |P]
dch deg A deg B=deg A
Yy v SR
|B |D1 D3|A—B |D2
degB deg A Da
D D 3w(D1)3w(D2)
- 3 P > o1
D1 Do 1 2 BEMdeg A,q
B=0(D,)
B=A(D3)

We observe that (D, Dy)|A. Let D

= (D1, D) and D; = DF;. Here (F;,D) =
1, (Fl,FQ) =1 and

w(D;) = w(D) +w(F;) for all i =1, 2.

So we have

> I (Hi)

P|B(A-B) ’P’
degB deg A

2 2 w(F1)+0J(F2)
< Z 12 ( Z pe (Fy)pe(F2)3

1
FiF >
DlA FEMgdchfdch,q BlEMdegAfdegD,q

(Fl,FQ):l B/EO(Fl)

(F;,D)=1 B'=4(F,)

/J 3w (2D) M2<F1)M2(F2)3w(F1)+w(Fg) qdeg A—deg D o
1

=2 p 2 F3v2y ( |[F1F>| O ))
D‘A FeMSdegAfdegD,q

(F1,F2)=1

(Fi,D)=1
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gleeAy T e 3w e 3 2 (Fy) P (Fy) 30 2)
|y B2
DlA Fi€M<deg A—deg D,q
(F1,F2)=1
(Fy.D)=1

(Z ,u 3W(2D Z ILLQ(F1>/IL2(F2)3(U(F1)+UJ(F2))
| FL |

D|A F; E-/VlgclegAfdegD,q
(F1,F2)=1
(F3,D)=1

< qdegA.

Hence we obtain

M% P|A
3wD) q2n
3D M DL e e
AEMn D|A

which completes proof of the lemma.
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Chapter 5

Correlation of multiplicative

functions over F|z]

In this chapter, we will study the mean value of correlation of multiplicative functions
over function field in large degree limit. More precisely, for multiplicative functions
Y1, : M, — U, our aim is to study the asymptotic behaviour of the following

correlation functions for a fixed ¢ and n — oo:

(5.1) Sa(n,q) = > i(f + ha)a(f + ha)
fEMn q

and

(5.2) Ry(n,q) == > ¢1(P+ h)pa(P + hy),
PePn g

where hq, hy are fixed polynomials of degree < n over F,. The results of this chapter

are contained in [§].

Let ¢; : My, — U and «; : M, — C be multiplicative functions such that

a; = px1); for all j = 1,2. For fixed polynomials h; € F,[z] with deg(h;) < n for
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all j = 1,2 and n > r, we define

(5.3) Q(n) = H vp and Q(r,n) = H Up.

deg P<n r<deg P<n

where

> > OélpmlOéQsz
e 33 alPa(rn)

qdeg([pml ,Pm2])

m1=0 mo=0
(Pm1,Pm2)|(hy—h1)

In [8], we investigate the asymptotic behaviour of the above sums (5.1)) and ([5.2)) for
k=2, ie. S3(n,q) and Rs(n,q) in large degree limit. The following theorem gives

the asymptotic behaviour of Sy(n, ¢) with explicit error term in large degree limit.

Theorem 5.0.1. Let 1y and 1)y be multiplicative functions on M, with modulus less

than or equal to 1. Suppose that 11 and 1y are close to 1 and v := deg(hy — hy) >

"logg

» W Then there exists a positive absolute constant ¢ such that for alln >1r >~
g4q

and for all % < a <1, we have

S2(n7 Q)
qn

—Q(n) € D(¢1, 1;7,n) + D(e, 1;7,n) + q(1’2a)" exp (Cci

where Q(n) is defined by (5.3).

Remark 5.0.1. Note that v is fived here since the polynomials hy and hy are fized.

Also we write

Q(n) = Q1(7)Q2(v,n)

where

(5.4) (7)) = H Up,

deg P<vy
2 o (P™) — .Pm—l
65 = ] <1+ZZW il )).
y<deg P<n j=1 m=1 q
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5.1 Proof of Theorem [5.0.1]

The following lemma is a version of standard Chinese remainder theorem over func-

tion fields.

Lemma 5.1.1. Let, hy, ho, g1, 92 € Fy[z]. The congruence system
f+h;=0 (modyg;) j=1,2

has a solution if and only if (g1,92)|(he — h1). If the solution exists, it is unique

modulo [g1, ga].

We recall the following lemma from Chapter 4 which collects some useful estimation

over function field.

Lemma 5.1.2. We have the following:

a) Let g > 1 and v > 0. Then we obtain

> ¢"m = (g™,

m<n

b) We have

Z g 48" =logn + ¢, +O(1/n)

PeP,
deg P<n

where ¢; 1s a absolute constant.

c) Z qmer =0 (%) and Z g mhdesP — (1),

mdeg P<n/2 mdeg P<n
m>1 m>1

The following lemma is a version of Turan-Kubilius inequality over function field in

large degree limit.
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Lemma 5.1.3. For a sequence of complex numbers ¥ (P™), supported on powers

P™ of irreducible polynomials P and m > 1, we have

2 m
B S Ll

qm deg P
mdeg P<n

2.

fe-/\/ln,q

Z Z mdegP - q_degp)

P™| f+h mdeg P<n

where h is some fized polynomial with deg(h) < n.

Proof. First we assume that (P™) = 0 for all irreducible polynomials P with

mdeg(P) > 5. By simplifying square of modulus on left hand side of the above
inequality, the coefficient of ¥(P™)(Q"), where P and @ are distinct irreducible

polynomials, is

1_q deg @ 1_q deg P
Z Z 1 - Z Z rdegQ Z Z mdegP
feMun.q P™.Q7| f+h JeMun,q P f+h feMn,q QT|f+h
rdeg Q<n mdeg P<n

(1 . q—degP) (1 _ q—degQ)
+
fe% . mdegzp<n qm deg P+rdeg @
' rdegQS_n

Observe that

(1— g de8P) (1 — ¢ dsQ)
1=q4"
fE;n,q Pm7QZr|f+h mdegZPSn qmdeg P+rdegQ
rdeg Q<n

By treating all three other sums analogously, we find that the coefficient of ¢(Pm)m
is zero if P # (). Therefore the coefficients of only diagonal terms will have non-zero
coefficients. Using Lemma and Cauchy-Schwarz inequality the rest of the sum
gives

v (Pr f+h Z Y(P™) _q—degP) ?

mdegP

YD

feEMan, q deg P<n/2

m deg P<n
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m 2
Pvp f+h) w(P ) (1
qmdegP

<22

fEMy,q deg P<n/2

2. X

fEMun,q mymdeg P<n
deg P<n/2

n KO0 . (™) 1 ~deg P\2
<q Z qmdegP +4q Z qmd—agP Z qmdegP (1_(] ng)

mdeg P<n m;m deg P<n m;m deg P<n
deg P<n/2 deg P<n/2

—degP)

—q

P Sk

mdeg P ’
mdeg P<n q ®
where vp(f) is the highest power of P dividing f.

Now we will assume that (P™) = 0 for all monic irreducible polynomials P with
mdeg P < n/2. Note that f +h € M, ,. Therefore, if f € M,,, and ¥(f +h) #0
then there exist at most one irreducible monic polynomial power P™||f + h and
Y(P™) # 0. So by using Cauchy-Schwarz inequality, we have

2 ng
"y (L™

<O 2 g

2.

JEMn q

Z Z mdegP qidegp)

P™| f+h mdegP<n

mdeg P<n

Finally we write ¢ as 1)1+, where ¢ (P™) = 0 for all monic irreducible polynomials
with mdeg P > n/2 and 1»(P™) = 0 with mdeg P < n/2 and combining above

calculation we get the required result. O]

As a direct consequence of Lemma [5.1.3] using Lemma and Cauchy-Schwarz
inequality twice, we get the following version of Turan-Kubilius inequality over func-

tion field.

Lemma 5.1.4. For a sequence of complex numbers {i)(P™) : P € P,,m > 1}, we

have

2.

feMn,q

Z w(Pm Z mdegP

P™| f+h mdeg P<n

pm 2\ 1/2
<<q"< Z |7§7§1deg2-_! >

mdeg P<n

where h is some fixed polynomial with degh < n.
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Proof of Theorem |[5.0.1} Forr > 1 and j = 1, 2, we define multiplicative functions

7pj,r and w;,m by

Y (P™) if degP <r 1 if degP <r
b (P™) = and 5, (P™) =
1 if degP >r Y;(p™) if degP >r

and multiplicative function «;, by

a/jm(Pm) _ ¢j(Pm) — wj<Pm_1> if degP S r

0 if degP >r

so that ¥, = 1*xqj,, j=1,2.

We write
SQ(”) Q> _ 1
————=Qn)=Q(r,n)| — Z V1 (f 4 ha)e, (f + he) — Q(7)
q q FEMna
b ST T 4 B (F 1) (5, (7 + B, (f + ho) = Q(r.m)).
FEMn q
We observe that
) (P™) — 4 (P™) = 2 1. log 9
mz:l j qmdeng < mz:l e < 7 if deg P > logq’

Using Hypothesis that both ; and vy are close to 1 and using Lemma [5.1.2] if

r > Hgiﬂ’ it is easy to see that Q(r,n) < 1. Therefore, we have

(5.6) W Q) <

qi" Z Unp(f + ha) o, (f + h2) — Q(r)

feEMn 4

b ST [0 (4 he) — Q)|

T 1éntn.,
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Now we see that

Z U1 (f + ha)o, (f + he) = Z Z ai,(g1) Z s, (g2)

fEMn g fEMun,q g1|f+h1 g2|f+ha
E a1,(91)a2,(92) E L.
gleMgn,q feMn,q
QQEMSn,q gllf"l‘hl
ga|f+h2

By using Lemma [5.1.1] we have

n

+O(1)

}{f eEM,,: f=—-h (modg), f=—hy (mod 92)}| - g1, 9]

whenever (g1, g2)|(he — hy).

Therefore we obtain

Z Oél,r(gl)@2,r(92)+

1,7 hi)ar ha) =
D Yl A+ h)va(f + ho) g1, 2]

feEMn q ngMSn,qvj
(91,92)|(ha—h1)

+O< > \@1,r(91)042,r(g2)|> = My + &

gi€M<n,q
Vj=1,2

Now we have

M, = ¢" Z Oél,r(gl)Oéz,r(gQ ( Z Z |041r ?1’0;22]7«’(92)’)

g1, 92]|

9;€Fq[x]Vj deg(g1)>n g2€Fq[z]
(91,92)|(ha—h1)

=q"Q(r) + &.

Since (g1, g2)|(he — hy) and (hy — hy) is a fixed polynomial we have |(g1, g2)] < 1

with constant depending on ¢, hy and hy. By writing [g1, ¢2] = (511‘;22) we get

E < q" Z M Z |O‘2r(92)‘_

e SO I = S ]
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Using Lemma [5.1.2] (b), we observe that

L= I (-5 < I ()

g€Fq[x] deg P<r deg P<r

< exp (c Z q_degP> <L r
deg P<r

for some constant ¢,¢; > 0. For 0 < a < 1, using Lemma/[5.1.2 (a), we have

(9] _ 1 |- (9)] 1 1
Z < qn_a Z q(l—a)deg(g) < qﬂeXp <C2 Z q(l—a)degP)

sexigron 19 geFla] dog P<r
1 mao 1 T
< na OXP (03 2 q_> < na OXP <C4q )
q m<r m q r

for absolutely constant c3 > 0 and ¢4 > 0. Using these estimates, we get

ro

&< q(2—2a)n exp (qu

> and & < ¢ exp (cq >
r
Therefore finally we have to calculate the following sum

Exim D0 Ui, S+ R (f + ha) = Q(rm)|.
fEMn q
For a fixed f € M, and k = 1,2, we define
m m 1
Pr(k) == {P L P\ f + By and |1 — g (P™)] > 5}.

Now we consider the following set

N, = {f € My, : 3k € {1,2} and 3P € P;(k) with deg P > r}.
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On the basis of the set N, we decompose &5 into

L (f P g, (F + he) = Q(r, n)‘ + 3

feEN, fEN,

Using Lemma [5.1.2] we see that

2
aey Y ey T

Jj=1 feEMn g = mdeg P<n
P™ || f+hy |1 ¥ (P™)[>1/2
[1—; (P™)|>1/2 deg P>r
deg P>r
—2deg P
<y ¥ degp DN
j=1 r<deg P<n deg P>r
n—r

< (DY, 1;7,n) + D(¥, 1;7,n)) +

We recall that if R(u) < 0,R(v) <0, then

(5.7) lexp(u) — exp(v)| < |u—v| and
(5.8) log(1+2) = 2+ O(2P), i 2] < 1] arg(2)| < 7.
Note that

ogQrn) = 3 log (1+ZZ% mdij]fpm_l))

r<deg P<n j=1 m=1

Using (5.8)), we get

log, (f +hy) = 3 <¢j<Pm>—1>+0( 3 |wj<Pm>—1|2).
Py P
deg P>r deg P>r
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Therefore again using and (| ., we have

By Y

NCTSEURIDIE

J=1 feEMun,q ' P™| f+h; mdeg P<n
deg P>r deg P>r
dj] m 2
Fx e M o] +o( X% e -ir)
feEMp g ' j=1 mdeg P<n fEMun,q P™||f+h;
deg P>r deg P>r
= 56+g7+88~

Now we obtain

2 P_12 n—r
sery ¥ WLy 5 WO

j=1 mdegP<n j=1 r<deg P<n

m>1;deg P>r
<q (DQ(wlalvT n)+D2(¢2>177" n))+qr )
77Z)] —2deg P ¢J
3> degp Lo X )oY % degp
j=1 r<deg P<n deg P>r 7=1 r<deg P<n

n—r

Y et < T

deg P>r

Using Lemma [5.1.4] we have

2 m 1/2 2
n o (P™) — 12 n q
& < q (Z 3 qud—gp <q 2D(¢j,1;r,n)+(
pm

7j=1 mdeg P<n
m>1;deg P>r

Combining the above estimates, we get the theorem.

The following theorem gives an asymptotic formula of the sum (/5.2)) in large degree
limit (when ¢ is fixed and n — o0). For fixed polynomials hy, hy € F,[z] with

deg(h;) < nforall j =1,2 and n > r, we define

(5.9) Q'(n) = H vp  and  Q'(r,n) = H U

deg P<n r<deg P<n
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where

C N N a(PM)ag(P)
Up = Z Z (I)[Pm17Pm2] )

m1=0 mo=0
(Pm1,Pm2)|(hy—h1)

Theorem 5.1.1. Let 1)1 and 1 be multiplicative functions on My with modulus less

than or equal to 1. Suppose that 11 and 1y are close to 1 and v := deg(hy — hy) >

"log 17

o -‘ Then there exists a positive absolute constant ¢ such that for alln >r >~
2q

and for all % < a <1, we have

RQ(na Q)
|Pn,q|

C

~Q'(n) < D, Lirm) +D(ve: L) + 0 exp (7

where A > 0 is arbitrary constant and Q'(n) is as defined in (77).

Remark 5.1.1. Note that v is fixed here since the polynomials hy and hy are fized.

Also we write

Q'(n) = Q1 (m)Q4(v,n)

where

(5.10) Q=TI v»

(5.11) Qo= ] <1 22 %(ngb(_;f’f)(ljm_ )> |

We use this decomposition of ()'(n) in the applications.

5.2 Proof of Theorem 5.1.1]

Recall that for a given modulus M € F,[z] of positive degree and a polynomial

B coprime to M, let wa(n; M, B) denotes the number of primes P = B (mod M),
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where P € P, ,. The prime polynomial theorem for arithmetic progression says that

(5.12) 7a(n: M, B) = n;&) +0 (QZQ) |

As in classical case, we want to allow deg(M) to grow with n. The interesting range
of parameter is deg(M) < n because if deg(M) > n there is at most one monic
prime polynomial in arithmetic progression h = B (mod M) of degree n. From
(5.12)) we see that if n/2 < deg(M) < n then error term becomes larger than main

term. Therefore, we must assume that deg(M) < n/2.

The following lemma is analog of Brun-Titchmarsh inequality over function field

which is a special case of a theorem of Chin-Nung Hsu.

Lemma 5.2.1 ([18], Theorem 4.3). Let wa(n; M, B) be defines as above and ®(M)

denotes the number of coprime residues modulo M. Then for deg(M) < n, we have

2q"

Tl My B) S SR deg O 7 1)

Remark 5.2.1. The inequality in Lemma is stronger than (5.12) if n/2 <
deg(M) < n.

We recall the following lemma from Chapter 4 which is used in next lemma to prove

shifted version of Turan-Kubilius inequality over irreducible polynomials.

Lemma 5.2.2. Using the above notations, we have

On) ==Y Q)mi(n;Q,—h) < [Pyl
5 <degQ<n
QEPq

where h is a fized polynomial with deg(h) < n.

Lemma 5.2.3. Let h be a fized polynomial with degh < n. For a sequence of
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complex numbers {¢(P™) : P € P,,m > 1}, we have

ST (@) - AW)| < [Pl x Bn)

PEPnq  QF||P+h

(@ ( 1 ) [W(@")?
where A(n and B%(n) := ——
- & wen( 2 )
kdegQ<n kdegQ<n

Proof. Using triangle inequality, we have

S Y @) -am< | X w@) - Awm)

PEPn,q QF||P+h PePnq  QF||P+h
kdeg(Q)<m
3] Y @]+ Y 1AW - Am)| = Ly + La + Ly,
PEPng  QF||P+h PePrn g
kdeg(Q)<m

where m < n will be chosen later. Using Cauchy-Schwarz inequality and ((1.11)), we

get )
5 2\ 2 % 1
Lls( T 1) ( S Y w@) - Am) ) < T i,
PePp g PEPn.q QF||P+h n2
where
2
Y w@) - am|.
PEPng QF|P+h
Note that
Z 1 =ma(n, QF, —h) — WA(”;QH1> —h)
PEPn.g
Q¥||P+h
and
Z (n Q 7_ )_WA<n leJrl 5(27_h>

PEPn,q
k1 Ak
Q1.Q2|P+h

—7a(n, Q’fl ’52“, —h) 4+ ma(n, leH k2+1, —h).
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Using these estimates, (5.12)) and by simplifying square of modulus of L,, we observe

that
_d WP 1 1
o deeg%;mW(l B qdegQ) (1 B W)
O él [W(QF)? q%+m(10%m)% M)
' <7l OgmkdegZQSm Q) i nm?2 kdegZQSm d(Q%)

By choosing m = 2, we have L, < % x B?(n). Using Lemma Lemma

2

and Cauchy-Schwarz inequality, we have

\ WY S @ Imaln QY )

PePp g QkHPJrh %<k deg Q<n
5 <kdegQ<n
Fy[2\ 2 3

< ( > %) X < > QHTE(m QY —h))

5 <kdegQ<n L<kdegQ<n

k>1 k>1
1 1 \?
5 <kdegQ<n
k>2

1

< B(n) x (6(n))? + B(n) x \wx 5 < |Pagl x B(n)

and for m = 7 we get

= Y A - Am)| < Pl Y N i B

k
PePrn g 5 <kdeg Q<n (I)(Q )

where O(n) is defined as in Lemma[5.2.2] This completes the proof of the lemma. [

Proof of Theorem [5.1.1 We write

Ry(n,q) - Q'(n) =Q'(r, n)( >~ 1o (P A+ )b, (P + ho) — Q' (7«))
Pual Pual y557
+ ,pl | D 1a(P 4 b))t (P + ha) (%‘AP + h)5 (P + ha) — Q'(r, n)),
4l pePn
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where v, and v7,,j = 1,2 are defined as in the proof of the Theorem m

Observe that Q'(r,n) < 1. Therefore we have

(5.13) ‘Rf;” |q> Q'(n)| < ‘|7> ’ Z U1p (P + M), (P + ha) = Q1)
T (P mw;ﬂr(zﬂ £ he) = Qrn)| = & + &
[Prl PePy 4

Using Lemma [5.1.1, we have

S U (P+h)e,(P+h)= > Y an(g) > as(ge)

P€EPy g PePn,q g1|P+h1 g2|P+ha
!/
= Y anlg)az,(g2)7a(n; g1, 9], M)
g]€M<nq
7=1,2
' q" q" oo (g1) o (g2)
= Y alg)asl(y (M(n; [91,92],M)—m> T > B(| ]()
giEM<. 4 g1, 92 giEM<.y g1, 92
j=1,2 j=1,2
+0( D lan(gr)asr(g2)lra(n; [91,92],M)>
glEMSn,q
z<deg(g2)<n
where M is the monic polynomial for which M = —h; (mod g;),j = 1,2 and

0 < deg(M) < deg([g1,92]), and >_" means the summation over g;, g, satisfying

(91,92)|(he — h1), ajr,j = 1,2 are defined as in the proof of the Theorem and

r < z < n will be chosen later.

Therefore we have

g0 o 3 lanslganeo) [matns o, 0, ) — — |
I — a1 0 g1)C2-(Gg2)||TTAT; |91, G2/, VI REEY
P, 2 w®{lgr,])

j=1,2

1
+ 0 Z a1, (g1) a2, (g2)|Ta(n; 91, g2], M)
|,Pn,q‘ 91€M<n q
z<deg(g§)§n
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+ 0 Z 21, (g1)02,(9)] =&+ &2+ &
o eFala] q)([glu 92])

deg(g2)>2

Using Lemma [5.1.2] for 0 < a < 1, we have

3 oy (NI 1 3 i (f) g™ 8D

d T qoF d
deg(f)>= (£) 1 fEF,[x] (7)

1 2qadegP 1 1
< H <1+ >< exp <01 Z —)
— 0z deg P __ _ ola—1)deg P — 0z 1—a)deg P

q deg(P)<r <q ¢ 1)(1 q( Jdee ) deg P<r q( Jdee
e ()

T

Similarly for 0 < a < 1, we get

oy (I | g\
Z qadeg(f) - H ( Z tadegP ) SeXp <03 r )

feFqx] deg P<r

Using these estimates and (5.12)), we have

2 q" |041 g1)a2,(92)]
En < max  |ma(n; g1, g2], M —>< : ud
H ’an‘ 91792]€M<zq ( [1 2] ) (I) 91,92] z':: ’91’ ‘92‘(1
([91.921,M)= 9 kel
< q2za ( [ ]M) qn ’ (2 r(la)>
max n; g1, g2, — —— | X ex c
Pl L lg1.gele M g Al Lo g2 n®([g1, g2]) P
([g91,92],M)=
2z« r(l—a)
q C]2
< X — X exp (203 ),
Pl
and
qn
E13 < Z a1, (g1) 0, (92)| <— + 1>
Pral S5t 91, g2]]
z<deg(g_2)§n

n ar 2na r(l—a)
q q q q
< q “reexp ( ) + —— X exp <c5—)
|Prql |Prql r
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and also we have

ar

q ><<q’azexp(c7q )
r r

For a fixed P € P, and k = 1,2, we define

Elg K q“*rt X exp (06

1
Pp(k) = {Q L Q™||P + hy and |1 — ¢ (Q™)| > 5}.
Now we consider the following set
Q. = {P € Pyy: 3k € (1,2} and 3Q € Pp(k) with degQ > 7.

Therefore we write

o = ’ (P + hl)wz r(P + h2) Q/(r, n)|
™Al peg,
|7> | D |5 (P4 ), (P + ho) = Q'(r,n)
"l Pgo,
& &
|77nq|( 14+ E15)-
We see that
2 * 2 * *
< Z Z 1= Z Z ma(n; ka —h]) = Z ma(n; Q, _hj)
j=1 Q’f“ePQJ:h] Jj=1 kdiggﬁn Jj=1 deg Q<n

where Y * means the summation varies over conditions in the definition of Q,.
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1
2

Using Lemma [5.2.1) and Cauchy-Schwarz inequality, we have
Y AQmAMmQ, —h»)

et 5 a5 )
n r<deg Q<% (I)(Q) 5 <degQ<n (I)(Q) 5 <degQ<n
1—;(Q)? 1—;(Q)2\ 2 1
5 <degQ<n

P 3(Q)

n
r<deg QS%
=1

2
€ [Pugl x DDy, L, 5) + (B(m)E X 3Dy, 1 5,m)

j=1
Using Lemma [5.1.2] and Lemma [5.2.1] we get
q" 1 n 1
Eir < n Z D(QF) T4 Z o(QF)

kdeg Q<% 5 <kdeg Q<n

deg Q>r;k>2 k>2
1

gt

1
Prgl X — 4+ |Pngl x
< [Prgl X 7+ [P

Using Lemma and combining these estimates, we obtain
: [Pal !
514 < |7Dn,q| X Z D(wp ]-;T7 n) + ﬁ + |7D”:(I| X —.
— q*
7j=1
Observe that
2 > 1 (PF) 4 po (P*
1— I Z Y1 (P") + 9o (PF) .
(I)(P) — qk deg P

11

(5.14) Q'(r,n) =
r<deg P<n

Using and (5.8)), we have
2
STOY (@)~ 1) ~logQ(r,n)

wik,r<P + hl)w;,r<P + h2) - Q (T n)l <
J=1 Q¥||P+h;
deg Q>r
2 2
ro(X 3 @y -1f)
=L Q¥ [P+h;
deg Q>r
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-5

Therefore we get
s Y| Y ey
PeQr j=1 " Q¥ P+h; kdegQ<n
degQ>r deg Q>r
-2
+¢2(Q ) —logQ’(r,n)

(@
2 e

kdegQ<n
2
— 1| > = 818 —|—519 +(€20

PeQ,
deg Q>r

> |us@

T o(
PeQr QF||P+h;
deg Q>r

9 2
+ZZ kdegQ)‘
j=1 k=

From ([5.14)), we see that
&g = wj
19 = [Png X Z > -2 (50
7=1 r<degQ<n r<deg Q<n
) < 0<|7>n,q| > q‘“og@) & |Prg
deg Q>r

+o(|7>n,q| Y g
deg Q>r

Similar to estimation of &4, we get
1
g

2
< [Paal x YOG 1irm) + 22l

j=1

|Pn.g]
T

2\ 3 2
5 |> <<|Pn7q]XZD(wj,1;r,n) )

j=1

)

|9, (Q%) — 1

2 (@

E1s < [Pl ¥ (
kdegQ<n
k>1;deg Q>7r

Using Lemma [5.2.3] we have
Choosing z = Alog,n, A > 0 and combining all these estimates, we get the required

theorem.
Now we recall the truncated Liouville function over function field by
if degP <y

= A(P"))

(

(=1)f
if deg P > y.

)‘y(Pt) =
1
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For very small choice of y the following theorem gives a truncated variant of Chowla’s

conjecture in large degree limit, which is an application of Theorem [5.0.1}

Theorem 5.2.1. There is a positive absolute constant C' such that if n > 2, 2 <

y <logn and fized h € F,[x] with deg(h) <y, then

log*
Z MDA (f+ 1) <C g4yqn-
FEMn q y

5.3 Proof of Theorem 5.2.1]

Proof. We start with the following lemma. The following lemma gives an upper
bound of a product over those irreducible polynomials which divides a certain fixed

polynomial.

Lemma 5.3.1 ([2], Lemma 2.2). Let f € F,[z]. Then we have

11 (1 - |%|) = O(log(deg(f))).

PIf

Proof of Theorem Choose r = y and 9; = Ay, j = 1,2. Let oj = p* Ay,

j=12.

Observe that D (A, (P),1;r,n) =0 and

. 2(—1)" if degP <y
a;(P") =
0 if deg P > y.

Using Theorem [5.0.1] we have

S 0N+ h>' < 1QMm)| + o(<yqy>—% g0 e (‘fy) )

1
n
T i,
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where Q(n) = Q1(y)Qs(y. n) is defined by (54).
Since deg(h) < y then we obtain

1

H Z Z al mlmg]degP H Wp.

deg P<y m1=0m2=0 deg P<y
(P™1,Pmi2)|h

Now if deg P > y, then we have Q2(y,n) = 1. Also note that a; = as = as (say).

We define the non-negative integer k(P) such that P*")||h. So for deg P < y, we

get
k(P) k(P) 00 0 :
as(Pm)? my (=1
b= e NI e (B yp = B oY
m=0 I=m+1 =1
k(P) 1)2m+l & A
+8 Z m+1)degP Z qj degP - qk(P) deg P (qdegP + 1)

Finally using Lemma and Lemma and the hypothesis that deg(h) < y,

we have
4 4 4 -1
Q(n) = H <1_ deg P ) H (1_ k(P)deg P (deg P )(1_W>
deg P<y 4T+ apey gHPIdes P (glee P +-1) gleeP +1
P|h
< Cl exp ( Z q —deg P 44 Z q—degP) < C( ) )
deg P<y deg P<y

P|lh
Using the Hypothesis that 2 < y <logn, we have

ay

C
q(1—2a)n exp ( q 1
Yy

) < (ylogy)~

Combining the above estimates we conclude the proof. O
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Chapter 6

Distribution of the sum of additive

functions over F|z]

In this chapter, we will discuss about the behaviour of distributions of the sum of
additive functions over function field in large degree limit. More precisely, our main

goal is to study the asymptotic behaviour of the following sum:

(6.1) Gr(f + ha) + o f + o),

where 11, ¢y are additive functions on M, and hy, hy are fixed polynomials with

deg(h;) < n for all j. The results of this chapter are contained in [§].

The following theorem gives the behaviour of the distribution of the sum (6.1)) over

monic polynomials, which is an application of Theorem [5.0.1}

Let ¢; : My, — U and «; : M, — C be multiplicative functions such that o; = p*1);

for all 7 = 1,2. For fixed polynomials h; € Fy[z] with deg(h;) < n for all j = 1,2
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and n > r, we define

> ad (03] pm (0D) pme
(6.2) Q1(y) == H Z Z ;degqp’)nup(mz]) )’

deg P<vy m1=0 mo=0
(Pm1,Pm2)|(hy—hy)

(63 = XY

m1=0 mo=0
(Pm1,pm2)|(hy— hl)

(6.4) Qa2(7) = H <1 + Z Z BAE mdegp( 1)>7

deg P>~ j=1 m=1
2
69 am= I (g 2 )
deg P>~ =1 k=1

Theorem 6.0.1. Let t,z € R and v = deg(hy — hy) for fized polynomials hy, hy
in Fylx]. Assume that U1 and )y be real-valued additive functions on M, and the

following series converges:

Z degP’ Z 77Z)1( ;d;fQ(P>7 Z qidegP Vi = 1,2.

|9s(P)|<1 |9 (P)|<1Vi |4i(P)[>1

Then the distribution function

1

n,q

{ € Mg 9(f + ha) + (S + ha) <}

converges weekly towards a limit distribution asn — oo whose characteristic function

say G(t) is equal to Qu(7)Qa(7), where Qu(y) and Qa() are defined (63) and (53)
respectively with 1; is replaced by exp(it@Ej),Vj =1,2

Theorem 6.0.2. Let t,xz € R and v = deg(hy — hy) for fized polynomials hy, hy in
F,lz]. Assume that 1/;1 and 1&2 be real-valued additive functions on M, and series in

the Hypothesis of Theorem 7?7 converges. Then the distribution function

Fl(x):=

n

Pral {PE,PVMIzil(P+h1)+1/;2<P+h2)SZL‘}‘
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converges weekly towards a limit distribution asn — oo whose characteristic function

say H(t) is equal to Q}(v)Q4(), where Q4(+) and Q4(~) are defined (§3) and (63)
respectively with ; is replaced by exp(itzﬁj),Vj =1,2.

6.1 Proof of Theorem [6.0.1 and Theorem [6.0.2

Proof. We recall the following lemma from Chapter 3.

Lemma 6.1.1 ([40], Theroem 2.4). Let {F,}>2, be a sequence of distribution func-
tions and {¢, }5°, the sequence of their characteristic functions. Then F,, converges
weakly to a distribution function F' if, and only if, ¢, converges point-wise on R to
a function ¢ which is continuous at 0. Furthermore, in this case, ¢ is the charac-
teristic function of I, and the convergence of ¢, to ¢ is uniform on any compact

subset.

Proof of Theorem [6.0.1 The distribution function is

Fo(z) = qinun{f;mu )+ 4a(f 4 h) < 2}

and the corresponding characteristic function is

Golt) = = 3 exp (it (4a(f + ha) + Ul + h)))

T ién,

We observe that

exp(ity; — ~ HU
I I G s
\

E wP<1 1 o (P)|<1 by (P)>1

Therefore, from the hypothesis of the theorem we can say that G(t) is convergent

for every real t. Further, the infinite product G(t) is continuous at ¢ = 0 because it
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converges uniformly for [t| < T where T' > 0 is arbitrary.

Also notice that, for j = 1,2 we have

. 2 ¢]2(P) —deg P
D(wj,l,OO) <t Z qdegP + Z q '

|5 (P)I<1 |t (P)|>1

So, using the hypothesis of the theorem we see that v, is pretend to 1 and choosing

r = logn in Theorem we get that the remainder term disappears when n — oo.

Thus by Theorem [5.0.1] the characteristic function G,,(¢) has the limit G(t) for every
real ¢t and this limit is continuous at ¢ = 0. Therefore, by Lemma |6.1.1] we get the

required Theorem [6.0.1}

Proof of Theorem [6.0.2] The distribution function is

Fl(x) = ﬁun{zﬂ; 1 (P 4 h) + ol 4 o) < )

and the corresponding characteristic function is

1

nﬂq

Z exp (it (Y1 (P + hy) + 1o(P + he))) .

PePy 4

By following the similar argument as in the proof of Theorem [6.0.1] we get the

required Theorem [6.0.2} O
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