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Chapter 1

Introduction

This chapter is divided into three sections. In each section we begin with a brief
discussion of the historical advancement of the central topics in this thesis and

describe our main results at the end.

Throughout this thesis, a variety will be assumed to be reduced and irreducible.
A divisor on a projective variety will mean a Cartier divisor. The canonical isomor-
phism between the Picard group and the divisor class group of a projective variety

will be used whenever necessary.

1.1 Nef cones of divisors

Let X be a complex projective variety. The nef cone Nef'(X) € N'(X) and the
ample cone Amp(X) C N'(X) of divisors on X have long stood in the centre of the
theory of positivity in algebraic geometry. Over the last few decades these cones
have been studied extensively by various authors( see [Lazl] (Section 1.5), [Miy], [F],
[BP], [MOH] etc.). We discuss some of these important results about the positive

cones of divisors according to the relevance of our treatise here.

21



Yoichi Miyaoka in 1987 started studying nef and effective divisors on a projective
bundle P(E) over a smooth curve C, where F is a vector bundle of rank r over C.
In his paper [Miy|, he had shown that semi-stability of E is characterised by the
nefness of the normalized hyperplane class vg. We examine the result precisely in

the theorem below.

Theorem 1.1.1 ([Miy|, Theorem 3.1). Let E be a vector bundle on C and 7 :
P(E) — C be the associated projective bundle. Opgy(1) denotes the tautological

line bundle and vg is the numerical class of ¢\(Op(g) (1)) — 7*p(E), where pu(E) =

c1(E)
rank(E) *

Then the following conditions are equivalent:

(1) E is semi-stable.

(ii) vp is nef.
(iii) NE(P(E)) = Ryvy '+ Ry m*d where d is a positive generator of N'(C)z
(1v) Nef(P(FE)) = Ryvg + Rym*d.

(v) Every effective divisor on P(E) if numerically effective i.e. nef.

Later in 2006, U. Bruzzo and D. Herndndez in [BH] proved that the slope-
semistability of a vector bundle F with A(F) = 0 on a projective variety X is
equivalent to the nefness of the normalized hyperplane class in P(E). This result
shows that nefness of a divisor plays an important role in determining the geometry

of a vector bundle on a projective variety.

Theorem 1.1.2 ([BH] Theorem 1.3). Let E be a vector bundle of rank r on a

projective variety X. Then the following conditions are equivalent:
(i) The normalized hyperplane class c1(Opgy(1)) — mﬂ*(cl(E)) is nef.
(17) E is semistable and A(E) = 0.
Where ((E) is the slope of E, m: P(E) — X is the projection map and A(E)
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18 the characteristic class of E defined as

A(E) = es(E) —

In 2011, Mihai Fulger generalized Miyaoka’s results and showed that pseudo-
effective cones of cycles Eff;(P(E)) are determined by all the numerical data in the
Harder-Narasimhan filtration of . We draw up this particular result in more details

in Section 1.3.

I. Biswas and A. J. Parameswaran in 2014 studied the nef cones of the Grassmann

bundle Gr,.(F), parameterizing r dimensional quotients of E.

Let C be a smooth complex projective curve. Let E be a vector bundle over C
and ¢ : Gr,.(E) — C be the corresponding Grassmann bundle, parameterizing all
r dimensional quotients in the fibres of £ for 1 < < rank(E)—1 and let Og,, ()(1)

be the tautological line bundle on Gr,.(E). Let

O:E()CElC...CEl:E

be the Harder-Narasimhan filtration of E. Let ¢ € [1,(] be the unique largest integer

such that

Define

Op, = (r —rank(E/E,))u(Ey/Ei—y) + deg(E/Ey).

Theorem 1.1.3 ([BP]). (i) 0g, >0 = Og¢,, (r)(1) is ample.

(i1) O0pr <0 = Ogr.(p)(1) is not nef.
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(i17) Opr =0 = Ogr,()(1) is nef but not ample.

(tv) The boundary of the nef cone in N*(Gr,.(E)) is given by L and Ogy,(5)(1) ®

L=%r where L is the class of a fibre of the projection map ¢ : Gr.(E) — C.

The above theorem in [BP] is proved for a curve C' over an algebraically closed
field of arbitrary characteristic. Since we don’t work with the fields of positive

characteristic here, we only stated the theorem in characteristic zero.

Let F; and Ey be two vector bundles over a complex curve C' and let X =

P(E1) x¢ P(FE3) be the fibre product over C'. Consider the following diagram:

X =P(E)) x¢ P(Ey) —2 P(E,)

|» =

P(E)) i y C

Let,

m = [Op)(1)] € NY(P(EY)) , 1= [Opmy(1)] € N'(P(Ey)),

¢ =pi(m), Co = p3(n2), F is the fibre of 71 o p.

Motivated by [F] and [BP] in this thesis we compute the nef cone of nef line bundles
on X.

Theorem 1.1.4. Let Ey and E5 be two vector bundles on a smooth complex projec-

tive curve C' and let X = P(E)) xc P(Es) as discussed earlier. Then,

Nef(P(E1) x¢ P(E»)) = {ar +bra + ¢F | a,b,c € Rso}.

where 11 = ¢, — pu1 F and 79 = (o — po1 F' and py1 and pey are the smallest slopes of

any torsion-free quotients of Ey and Fs respectively.
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1.2 Seshadri constants

The Seshadri constant measures the local positivity of a line bundle on a projective
variety around a given point. It was introduced by Demailly in 1992 and gradu-
ally it grew on its own as an important invariant in algebraic geometry. Several
expositions on this topic can be found in the literature of the last two decades( see

[Ba], [BDHKKSS], [CN], [Gar], [BHNN] etc.). We talk about some of these works

relevant to our study.

A ruled surface X is a P'-bundle over a smooth curve C. It corresponds to
a rank 2 normalized( in terms of Hartshorne [H|) vector bundle E over C' and is
denoted by 7 : (X := P(F)) — C with fibre f. Let X{ be the section of minimum
self-intersection and let A> E 2 Ox(e) and e = — deg(e). The Néron-Severi group
N1(X) is generated by Xj and f.

In 2005, L. F. Garcia( see [Gar|) studied Seshadri constants of nef line bundles
on ruled surfaces. We summarize his main results in following two theorems. But

before going into that we recall an important definition.

Definition 1.2.1. An irreducible curve Cy on X passing through a point x € X with
multiplicity m > 1 and C? < m? is said to be a Seshadri exceptional curve based at

x.

For a Seshadri exceptional curve based at x we define a continuous function

L.-C

gy : Nef(X) — R, qc,(L,x) = mlt, Gy

Theorem 1.2.1 ([Gar|, Theorem 4.14). Let X be a ruled surface with invariant

e>0. Let L=aXy+bf be a nef divisor on X. Then

(1) If v € Xy, then the Seshadri constant (X, L, x) = min{qs(L.x), ¢x,(L,z)} =

min{a,b — ae}.
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(13) If © ¢ Xo, then e(X, L,x) = qf(L,x) = a.

Theorem 1.2.2 ([Gar|, Theorem 4.16). Let X be a ruled surface with invariant
e <0. Let L=aXy+bf be a nef divisor on X. Then

(1) If e = 0 and x lies on a curve numerically equivalent to X, then
e(X, L,z) = min{qs(L.x), gx,(L, )} = min{a, b}.

(17) In other case:

(a) If b— 3ae > a, then
e(X,L,x) = a.

b) If0<b-— %ae < %a, then

2(b—Lae) <e(X,L,z) < VL= /2a(b— lae).

More recently in 2018, [.Biswas, K. Hanumanthu, D.S. Nagaraj and P. E. New-
stead studied Seshadri constants on Grassmann bundles over smooth curves under
the assumption that the corresponding vector bundle is unstable. This generalizes

L. F. Garcia’s( see [Gar]) result and explores much more.

Assume that E is an unstable vector bundle over C. Let Gr,(E) be the corre-
sponding Grassmann bundle over C. We follow the notations used in Section 1.1.

Let us fix an integer 1 < m <[ and define
s:=rank(F/E,_1), d:=deg(F/E,_1)

The closed cone of curves NE(Gr,(E)) is generated by classes of I'; and I';, where

I, is the class of a line in the fibre £ of the projection map ¢ : Gr.(E) — C and
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I'; denote the image of the section

t:C — Gr.(E)

corresponding to the s-dimensional quotients £ — E/E,, ;.

Theorem 1.2.3 ([BHNN], Theorem 3.1). Assume that there exists an integer ¢ <1
such that rank(E,.) = s and that deg(E.) is an integral multiple of s. Let L =
aOgr,.(p)(1) + bL be an ample line bundle on Gr.(E). Then the Seshadri constants
of L are given by the following:

(1) (X, L,x) > min{a, b} for all x € Gr.(FE).

(2) If b < a, then (X, L,x) = b for all x € Gr.(F).

(3) If a < b, then:

(i) if © does not belong to the base locus of the linear system | Ogy,. () (1) |, then
e(X,L,z)=0b;

(i) if x belongs to the base locus of | Oy, (py(1) |, then a < (X, L,x) < b;
(t3i) if x € y,then e(X, L, x) = a.

Theorem 1.2.4 ([BHNN], Theorem 3.3). Assume that pu(Ep,/Em—1)—p(Em_1/Em—2) <
0. With the same hypothesis as of the previous theorem, the Seshadri constants of

L is given by the following:

b if b<aor xz¢ly
e(X,L,x) =

a if a<band x €T}

Let E; and Es5 be two vector bundle over a complex smooth projective curve and
let X = P(E}) x¢ P(F,) as discussed earlier in Section 1.1. Motivated by [Gar| and

[BHNN] in this thesis we study the Seshadri constants of nef line bundles on X.
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Theorem 1.2.5. Let E; and E5 be two vector bundles on a smooth curve C with
11 and po; being the smallest slopes of any torsion-free quotient of Ey and E,
respectively and let X = P(Ey) x¢ P(Ey). Let L be an ample line bundle on X
numerically equivalent to aty + bt + cF € NY(X). Then, the Seshadri constants of
L,

e(X,L,x) > min{a,b,c}, Ve X.

Moreover,
(4.1.1) if a = min{a, b, c}, then (X, L, x) = a, Yo € X

(4.1.2) if b = min{a, b, c}, then e(X,L,x) = b, Yz e X.

In the above theorem when ¢ = min{a, b, ¢} more can be said about the Seshadri

constants of ample line bundles on X if £; and E5 are unstable vector bundles over

C.

Theorem 1.2.6. Let E; and E5 be two unstable vector bundles over a smooth curve
C' of rank r1 and o respectively and X = P(FEy) x¢ P(Es). Let L be an ample line
bundle on X numerically equivalent to aty+bra+cF € N'(X). When ¢ = min{a, b, ¢}

the Seshadri constants of L have the following properties.
(i) Assume ¢ < a <b, rank(F;) =2 and E; is normalised.
If x is a point outside B_((y), then (X, L,x) = a.
If x belongs to B_((y), then ¢ < (X, L,z) < a.
(ii) Assume ¢ < b < a, rank(Fy) = 2 and Ey is normalised.
If x is a point outside B_((z), then (X, L,x) = b.
If x belongs to B_((a), the c < e(X,L,x) <b.

(iii) If x is on some curve whose class is proportional to &3, then e(X, L, z) =
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¢, where 83 = 03 + 11101 + f12105.

1.3 Effective cones of cycles

For the past few years various positive cones of higher co-dimension cycles have
gained much attention amongst fellow geometers. At the fag end of the last decade
Claire Voisin in [V] used the cones of effective cycles to study the generalized Hodge
conjecture for coniveau 2 complete intersections and stated a conjecture about the
the cones of effective cycles in intermediate dimensions. She showed that generalized
Hodge conjecture for coniveau 2 complete intersections follows from this effectiveness
conjecture. Around the same time Thomas Peternell in [P] worked with cones of

effective cycles to study Robin Hartshorne’s conjecture, which says that

For a projective manifold Z and submanifolds X and Y with ample normal bun-

dles, if dim X +dimY > dim Z, then X NY # ¢.

Later there has been significant progress in the theoretical understanding of such
cycles due to [FL1] and [FL2] and others. Although similar in nature, these cycles

do not share all the important properties of divisors or curves( see [DELV], [F],

[DJV], [CC], [FL1], [FL2]) for details.

Let E be a vector bundle over a complex smooth projective curve C' and let
7 : P(E) — C be the projective bundle associated to it. Let £ be the class of the
tautological bundle O(1) on P(F) and let f be the class of a fibre of the projection

7. E admits the unique Harder-Narasimhan filtration
E:E()DElD...El:O.

Denote Q; := E;_1/FE;, r; :=rank Q;, d; :== deg Q; and p; = u(Q;) == ff—

In 2011 M. Fulger([F]) computed effective cones of cycles W(P(E)) on P(E).
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We describe the results below.

Theorem 1.3.1 ([F], Lemma 2.2). If E is semistable of rank n and slope i, then

forallie{1,2,...,n—1}

Eff (P(E)) = (¢ — uf)', €7 f)

Assume that E is an unstable vector bundle over C'. From Harder-Narasimhan

filtration of E we get the following exact sequence
0—F —F—QQ; —0

Let i : P(Q1) — P(E) be the canonical inclusion. Then

Theorem 1.3.2 ([F], Lemma 2.3). For alli € {1,2,....,7}

Effi(P(E)) = ([P(Q)(E — pf)" 7,71 f)
In particular i, induces an isomorphism Eff;(P(Q1)) = Eff;(P(E)) for i <ri.

Now the projection map
q:P(E)\P(Q1) — P(E))

can be seen as a rational map whose indeterminacies are resolved by blowing up

P(Q1). As a result of the blow up we have the following commutative diagram:

BlooP(E) —" P(E)

Js |

P(F) ——— C

The next theorem shows that pseudo-effective cycles of dimension bigger than

rank(Q);) can be tied down to pseudo-effective cycles of P(Ey).
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Theorem 1.3.3 ([F]|, Lemma 2.7). The map B*T]*|ﬁi(P( is an isomorphism onto

‘ E1))
Eff (P(EY)) fori<mn—ri.

There are few other examples known in literature where people have studied
pseudo effective cones of higher co-dimension cycles. In 2011, O. debarre, L. Ein, R.
Lazarsfeld and C. Voisin studied nef and pseudo-effective cones of cycles of higher
co-dimension on the self products of elliptic curves with complex multiplication and
on the product of a very general abelian surface with itself([DELV]). In 2016, L.
Coskun, J. Lesieutre and J. C. Ottem studied pseudo-effective cones of higher co-
dimension cycles on point blow-ups of projective spaces. They provided bounds
on the number of points blown up for which these cones are linearly generated
and for which these cones are finitely generated([CLO]). In 2018, N. Pintye and
A. Prendergast-Smith([PP]) studied pseudo-effective cones of cycles on some linear

blow-ups of projective spaces.

Let E; and E5 be two vector bundles over a smooth complex projective curve
C. Let X = P(E) x¢ P(Es) as discussed earlier in Section 1.1. Motivated by [F]

we compute the pseudo-effective cones of cycles on X.

Theorem 1.3.4. Let Ey and Es be two semistable vector bundles over C of rank
r1 and ro Tespectively with r1 < ro and X = P(E)) x¢ P(Ey). Then for all k €

{1, 2, T + 719 — 1}

mk(X) is generated by complete intersections of nef divisor classes in X.

Let E;(i = 1,2) be two unstable bundles on X, having the following H-N filtra-

tions.
E,=FEyDFE1D..D Eili =0

for i = 172 Write Qll = El/EH,le = EQ/Egl,nH = rank(QH) andngl =
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rank((Qs1).

Theorem 1.3.5. Let E; and Es be two unstable bundle of rank r1 and ro and degree
dy and dy respectively over a smooth curve C' and X = P(Ey) X¢ P(Es). Then for

all k € {1, 2, ...,Il} (1’1 =Ny + Nop — 1)
Effi([P(Q11) x¢ P(Qu)]) is isomorphic to Effy(X) for k < n.

Theorem 1.3.6. B (X) = Eff (2') and Ef"(Z') = EF (2"). So, BRI (X) =
mk(Z”) fork<ri+ro—1-n

where 7' = P(Ell) Xc P(EQ) and 7" = P<E11) X P(Egl)
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Notations

Z The ring of integers

Q The field of rational numbers

R The field of real numbers

R.o The set of positive real numbers

R>o  The set of all non-negetive real numbers

C The field of complex numbers

P?  Projective n-space over an algebraically closed field k
¢;(E) i-th Chern class of a vector bundle E

Div(X) The set of all divisors on a variety X

[D]  Numerical equivalence class of a divisor D on X.
p(X) The Picard rank of X

Pic(X) The Picard group of X

mult, C  Multiplicity at the point x of a curve C' passing through =

N'(X) Real Néron-Severi group of X.
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Summary

Let Fy and E5 be two vector bundles over a smooth complex projective curve C
and let P(E;) x¢ P(E3) be the fibre product of projective bundles associated with
them. In this thesis, we study various positive cones of cycles and Seshadri constants

of nef line bundles on P(E;) x¢ P(E»).

(I)  The nef cone Nef(X) C N'(X) of divisors on a projective variety X is an
important invariant which gives useful information about the projective embeddings
of X. The nef cone of various smooth irreducible projective varieties has been studied
by many authors in the last few decades ( See [Lazl] (Section 1.5), [Miy], [F], [BP],
[MOH], [KMR] for more details ). In this thesis we compute Nef (P (E7) X Pa(Es))

without restriction on the rank or semistability of £} and FEs.

(II) Let X be a smooth complex projective variety and let L be a nef line

bundle on X. The Seshadri constant of L at z € X is defined as

L-C
X,L,z):= inf
e(X, L, ) ;Ielc{multh'

}

where the infimum is taken over all the closed curves in X passing through x having

the multiplicity mult, C' at x.

Seshadri constants on ruled surfaces Po(E) (rank(E) = 2) over a smooth curve C'
have been studied by many authors (see [Gar|, [HM] etc. ). More generally, [BHNN]

computes the Seshadri constants of ample line bundles on the Grassmann bundle

17



Gr,(E) over a smooth curve C' under the assumption that F is an unstable bundle
on C. In particular, under some suitable conditions on the Harder-Narasimhan
filtration of £, [BHNN] computes the Seshadri constants of ample line bundles on

Pc(E) , whenever E is an unstable vector bundle over a smooth curve C.

Motivated by this, in this thesis we study the Seshadri constants of ample line
bundles on P(E}) xc P(E3), where E; and E, are vector bundles over a smooth
irreducible curve C' of rank r; and ry respectively, under some assumptions on F;

and FE,, and have given bounds in some other cases.

(IIT)  Recently the theory of cones of cycles of higher dimension has been
the subject of increasing interest( see [F|, [DELV], [DJV], [CC] etc). Lately, there
has been significant progress in the theoretical understanding of such cycles, due to
[FL1], [FL2] and others. But the the number of examples where the cone of effective

cycles have been explicitly computed is relatively small till date( see [F], [CLO] etc).

Let E; and E5 be two vector bundles over a smooth curve C' and consider the
fibre product P(E;) xcP(Es). In this thesis, we compute the cones of effective cycles

on P(E;) xc P(E3) in the following cases.

(i) When both E; and FE, are semistable vector bundles of rank r and 79

respectively over C.

(i) When Neither F; nor F, is semistable vector bundles of rank r; and ro

respectively over C.
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Chapter 2

Preliminaries

2.1 Nef and ample line bundles

Let X be an irreducible projective variety over the field of complex numbers C. L
and D denote a line bundle and a Cartier divisor on X respectively. We denote by

Div(X) the group of all cartier divisors on X.

Definition 2.1.1. L is said to be very ample if there exists a closed embedding of

X into some projective space PN such that
L= Ox(l) = OPN(1)|X

Definition 2.1.2. L is said to be ample if there exists an integer n(F') such that
for every coherent sheaf F and for every n > n(F), the sheaf F @ L®™ is generated

by its global sections.

A Cartier divisor D is said to be very ample or ample if the associated line bundle

Ox (D) is so.
The relation between ample and very ample line bundles on X is given by the
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following theorem.

Theorem 2.1.1 (see [H|, Chapter II Theorem 7.6). Let X be a scheme of finite
type over a noetherian ring A and L be a line bundle on X. Then L is ample if and

only if L®" is very ample over SpecA for some n > 0.

Definition 2.1.3. {Numerical equivalence} Two Cartier divisors Dy and Dy are

numerically equivalent if Dy - C = Dy - C' for all irreducible curves C' C X.

Numerical equivalence of line bundles is defined analogously. A divisor is numer-
ically trivial if it is numerically equivalent to zero divisor and the subgroup of all nu-
merically trivial divisors is named Num(X). The group N!(X)z := Div(X )/ Num(X)
of numerical equivalence classes of divisors is called the Néron-Severi group. It is a
free abelian group of finite rank and we call the rank of N*(X)z the Picard number

of X, p(X).

Next we recall the notion of Q-divisors and R- divisors on a variety.

Definition 2.1.4. Let X be an irreducible projective variety over C. An Q- divisor

on X is an element of the vector space
Divg(X) := Div(X) ®z Q
An Q-divisor D can be written as a finite sum

D= Z CiBi,
where ¢; € Q and B; € Div(X).
Similarly a R-divisor on X is an element of the real vector space
Divg(X) := Div(X) ®z R
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A R-diwisor D can be written as a finite sum

D =Y d;B;,

where d; € R and B; € Div(X)

Equivalences and operations on Q-divisors and R- divisors are mostly analogous
to the integral counterpart. We are not going to discuss those in details. See ([Lazl])

for more details.

Let D be an Q-divisor on X. The stable base locus of D is

B(D) := (] Bs(| mD |)yea;

meN

where the intersection is taken over all m such that mD is an integral divisor
and the base locus Bs(|D|) of a complete linear system |D| of Cartier divisors on X
is the set of common zeros of all sections of the associated line bundle L(D). This is
an interesting invariant but some well known pathologies associated to linear series
made it’s study not so fruitful and discouraging in many cases. For example it can
happen that the stable base locus B(D) does not depend only on the numerical
equivalence class of D. However this problem can be avoided by considering the

following approximation of B(D).

The restricted base locus of a R-divisor D on X is defined to be
B_(D):=| JB(D+4),
A

where the union is taken over all ample divisors A such that D + A is a Q-divisor.

It follows easily from the definition that B_(D) depends only on the numerical

equivalence class of D. See [ELMNP] for further details.
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Let N1(X) be the real vector space of numerical equivalence classes of R- divisors.

Then there is an isomorphism
NY(X)=N'(X)z®zR

The following two theorems state two very important phenomena about the ampli-
tude of a divisor(or a line bundle). One says that the amplitude can be detected
cohomologically and the other deals with the numerical characterisation of ample

line bundles.

Theorem 2.1.2 (see [Lazl], Theorem 1.2.6). Let L be a line bundle on a complete
scheme X. Then the following conditions are equivalent:

(1) L is ample

(i7) For every coherent sheaf F there exists an integer mo(F') such that for all i > 0

and all m > mo(F), H(X,F ® L®™) = 0.

The statement (i¢) of the above theorem is often called Serre’s vanishing theorem.

Theorem 2.1.3 (Nakai- Moishezon - Kleiman criterion, see [Lazl] Theorem 1.2.23).

Let L be a line bundle on a projective variety X. Then L is ample if and only if

/ ) (L)dim(V) >0
|4

for every positive-dimensional irreducible subvariety of X.

An analogous statement of the above theorem can be stated for R- divisors and

the credit for that goes to Campana and Peternell. We recall the statement below.

Theorem 2.1.4 (Nakai criterion for R- divisors, see [Lazl] Theorem 2.3.18). Let X

be a projective scheme and & be a class of R- divisors in N*(X)gr. Then & is ample
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if and only if
((5dimV . V) >0
for every irreducible subvariety of X of positive dimension.

We now move into another very important notion in the theory of positivity of
line bundles, the nefness or the numerical effectiveness of line bundles. Let us begin

with the definition.

Definition 2.1.5. Let X be a complete variety. A line bundle L on X (or a Cartier

divisor with Z or R coefficients) is nef if

/ a(L)>0 (or (D-C)>0)
C
for all wrreducible curves C in X.

The introduction of some important cones in N'(X) was pioneered by Kleiman.
Let X be a complete complex variety. Let V be a finite-dimensional vector space. A
cone in V' is a set W C V stable under the multiplication by positive scalars. The
ample cone Amp(X) C N'(X) is the cone of ample R- divisor classes on X. The

nef cone Nef(X) C N'(X) is the convex cone of all nef R-divisor classes on X.

Theorem 2.1.5 (Kleiman, see [Lazl] Theorem 1.4.23). Let X be a projective vari-
ety. The nef cone is the closure of the ample cone and the ample cone is the interior

of the nef cone.

Nef(X) = Amp(X), Amp(X) = int(Nef(X))

Let X be a complete variety. We denote by Z;(X) the real vector space of real

one-cycles on X, consisting of R-linear combinations of all irreducible curves on X.
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So, an element v € Z;(X) can be written as

= Zbici

where b; € R and C;’s are irreducible curves on X. Two one-cycles 71,72 € Z1(X)

are said to be numerically equivalent if

(D7) = (D)

for all D € Divg(X). The real vector space of all numerical equivalence classes of

one-cycles is denoted by N;1(X) and we have the following perfect pairing
N'(X) x Ni(X) — R, (8,7) = (6-7)

Definition 2.1.6. The cone of curves NE(X) is the cone spanned by all real effective

one-cycles on X. More precisely
NE(X) = {sz [Ci]|C; € X is an irreducible curve and b; € Rzo}
The closure NE(X) C NY(X)g is called the closed cone of curves.
It’s a fact that NE(X) is dual to Nef(X) which will be discussed in Section 2.3
in a more general set up.
2.2 Seshadri constants

The Seshadri constant measures the local positivity of a line bundle. It was first
introduced by Demailly , mainly to use with the aim to solve the Fujita conjecture.

Gradually it became clear that they are considerably rich and fascinating invariants
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in their own rights. before going into the definition of Seshadri constants we recall

the Seshadri criterion for ampleness where it all began.

Theorem 2.2.1. Let X be a projective variety and D be a divisor on X. Then D
is ample if and only if there is a positive number € such that for every point x € X

and for every irreducible curve C' C X passing through x

D.-C >emult, C

What comes naturally from the above theorem is the optimality question of e.

That leads us to the following definition of Demailly.

Definition 2.2.1 (Seshadri constants at a point). Let X be a smooth projective
variety and L be a line bundle on X . the Seshadri constants of L at a point x € X
if defined as

) L-C
e(X, L,a) = Inf { ==}

where the infimum is taken over all irreducible curves C' C X passing through X.

Definition 2.2.2. We say that a curve C' computes the Seshadri constant e(X, L, )
if

L-C

sX L) = Lo

In that case the curve C is called a Seshadri curve.

It is unknown if a Seshadri curve exists in general. We have an alternate definition

of the Seshadri constants as expressed below.
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Proposition 2.2.1. Let X be an irreducible projective variety and

X' =BlLX — X

be the blow up of X at a point x € X with the exceptional divisor E C X'. Also
assume L to be a nef divisor on X. Then the Seshadri constant of L at x is defined

as

e(X,L,z) :=max{a >0 |pu*L— a.F is nef}

It can be proved easily that the two definitions of Seshadri constants mentioned

above are actually same. See ( [Lazl]), Theorem 5.1.5.

Now we list some of the important properties of the Seshadri constants.

Proposition 2.2.2 (see [Lazl]). (i) The Seshadri constant (X, L,x) depends only
on the numerical equivalence class of L.

(ii) If L is very ample, then (X, L,x) > 1 for every z € X .

(vit) If W C X is an irreducible subvariety of positive dimension containing

x € X, then

i 1
LdlmW . W> dim W

(X, L,z) < ( mult, W

In particular, one has the trivial bound

Ln

X, L < 4 —
X, Lw) < mult, X

when n is the dimension of X.
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2.3 Positive cones of higher-dimension cycles

In Section 2.1 we have discussed various positive cones of divisors(Co-dimension one
cycles) on a projective variety. In this section we will talk about some positive cones

of higher co-dimension cycles on a projective variety.

Let X be a smooth projective variety. For a closed subscheme V' C X we define

its fundamental integral cycle as in [[Ful],1.5]. A k-cycle is a finite formal sum

Z n; [Vz]

where V;’s are k-dimensional subvarieties of X and n; € Z. The group of integral
k-cycles on X denoted by Zi(X) is a free abelian group of k-dimensional subvarieties
on X. Similarly, we can use the denominations rational or real when the coefficients
are Q or R respectively. Many equivalence relations have been introduced on Zy(X)
(or Zk(X)q or Zx(X)r) to study the cycles on X. Here we focus on the numerical

equivalence of cycles which suits our need.

Let E be a vector bundle on X. Then for any integar ¢, W. Fulton in ([Ful])
constructs the Chern class ¢;(X) of £ which maps a class a € Ai(X) to ¢;(X)Na €
Aj—;X. Since the operation is commutative and associative, we can define P(E7) N
[Z] for any finite collection of vector bundles F;;c; and any weighted homogenous

polynomial P(E}) of weight ¢ on the Chern classes of these vector bundles.

Definition 2.3.1. A k-cycle Z on X is said to be numerically trivial if
deg(P(Er)NZ)=0

where P(Ey) is a weighted homogenous polynomial of weight k in Chern classes of

a finite set of vector bundles on X.

The set of numerically trivial k-cycles form a group called Numy(X). See ([Ful],
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Chapter 19) and ([FL1]) for more details.

We denote Ni(X)z to be the quotient of Z(X) by numerically trivial cycles.
Ni(X)z is alattice inside Ng(X)g := Ni(X)z®Q and Ny (X) := Ni(X)z@R. Ni(X)
is a free abelian group of finite rank and called the numerical group. It’s abstract

dual Ni(X) is called the numerical dual group. We have the formal identification

_ homogenous Chern polynomials with real coefficients with weight &
N Chern polynomials P such that P N o = 0for alla € N(X)gr

N*(X)
However if X is a non-singular variety of dimension n, we set
N¥(X)z = No-r(X)z, N¥(X)q = Nu-i(X)q,  N¥(X) = Nyn(X)

Definition 2.3.2. A class a € Ni(X) is said to be effective if there are subvarieties
Vi, Va, ..., Vi, and non-negetive real numbers ny, na, ..., n,, such that o can be written
as a = > n;[Vi]. The pseudo-effective cone Effy,(X) C Ni(X) is the closure of the
cone generated by classes of effective cycles. The pseudo-effective dual classes also

form a closed cone in N¥(X) that we denote by ﬁk(X)

We list some of the basic properties of the pseudo-effective cone in the following

proposition.

Proposition 2.3.1 (see [FL1], [FL2]). (i) Effy(X) span Ny(X) and do not contain
lines.

(ii) For a morphism f: X — Y of projective varieties f,(Eff;(X)) C Effx(Y).
Equality holds, if w is surjective.
(4ii) f*(Effp(Y) C Effpyr(X) if f is flat of relative dimension r and f* exists.

(iv) Suppose ti,ts,...,t; are ample classes in N'(X). Then ty -ty - ... -t N [X]

belongs to the interior of ﬁk(X)

Definition 2.3.3. The nef cone Nef*(X) is the dual cone of Effy(X) in N*(X).

42



More precisely
Neft(X) = {a e N*(X) |a-f>0 Vi€ mk(X)}
Proposition 2.3.2 (see [FL1], [FL2]). (i) Nef*(X) generates N*(X) and only con-

tain half lines.

(i) For a dominant morphism g : X — Y of projective varieties, g*3 € Nef*(Y")

implies 8 € Nef*(X),

(i11) If ty,ta, ..., tx are ample classes in N*(X), then ty -ty - ... - 1}, belongs to the
interior of Nef®(X).

43



44



Chapter 3

Nef cone of ample line bundles

3.1 Geometry of products of projective bundles

over curves

Let E; and FE, be two vector bundles over a smooth complex projective curve C'
of rank 7y, ro and degrees dy, dy respectively. Let P(E;) = Proj (©gs0Sym®(E}))
and P(E,y) = Proj (Dg>0Sym?(E,)) be the associated projective bundles together
with the projection morphisms m : P(E;) — C and 7y : P(Ey) — C respectively.
Let X = P(E;) x¢ P(E;) be the fibre product over C. Consider the following

commutative diagram:

X =P(FE)) x¢ P(Ey) —2— P(E,)

|» =

P(E)) i > O

Let fi, fo and F' denote the numerical equivalence classes of the fibres of the maps
71, Ty and 7y 0 p; = Ty 0 py respectively. Note that X = P(7f(Ey)) = P(75(E1)). We

first fix the following notations for the numerical equivalence classes in N'(X),
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m = [Op)(1)] € NYP(EY)) , 1= [Opmy(1)] € NY(P(E2)),
G =pilm), G2 = ps(m2)

We here summarise some results that have been discussed in [KMR] ( See Section 3

in [KMR] for more details) :

F=pi(fi)=p3(f2) , F*=0, NY(X)=R(G)®R(() ®RF ,

T2 _ ro+1 __ 71 _ ri+1 _
2F—O, 2 —0, 1F—O, 1 0,

= (deg(E))F - (771, G = (deg(E))F - G*7"

G ! =deg(F1) , G-V ! = deg(F>) .

Also, the dual basis of N;(X) is {01, d2, 03} where,

51 Crl 2 7'2 1 5 F Crl 1 7'2 2

)

53 rl 1 rz 1 deg(El)F Crl 2 rg 1 deg(Eg)F Crl 1 r2 2‘

Let C' be a smooth curve over the field of complex numbers C and let E be a

vector bundle over C'. The slope of F is defined as
p(E) = 52 € Q

A vector bundle E over C' is said to be semistable if pu(F) < p(E) for all non-zero

subbundles F' C E. For every vector bundle F, there is a unique filtration
E=FEDFE D---DE_1DE =0

called the Harder-Narasimhan filtration, such that E;/F;,; is semistable for each

1€ {0, 1, c ",l - ].} and M(EZ/EH-I) > ,U/(El_l/Ez) for all 7 < {].,2, s ',l - 1}
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Let E; and E5 be two vector bundles of rank r; and 7, and degree d; and dy

respectively over a smooth curve C.

Let E; admits the unique Harder-Narasimhan filtration
E1 == E10 D) EH D...D Elh = 0

with Q1; = FEi-1)/E1 being semistable for all ¢ € [1,l; — 1]. Denote ny; =
rank(Q1;),
dy; = deg(Q1;) and puy; = pu(Qrs) = Z?’, for all 4.

Similarly, let E5 also admits the unique Harder-Narasimhan filtration

Ey=FEy D Eyy D ... DE212 =0

with Qg := Ea;—1)/ 2 being semistable for i € [1,ly — 1]. Denote ng; = rank(Q;),

dgi = deg(QQZ) and Mo; = ﬂ(@gz) = d21 for all 1.

Theorem 3.1.1. Let Ey and E5 be two vector bundles on a smooth complex projec-

tie curve C' and let X = P(Ey) x¢ P(Es) as discussed earlier. Then,
Nef(P(Ey) x¢ P(Ep)) = {Gﬁ +bry+cF |abce Rzo}-

where 71 = (1 — pun F' and 5 = (o — puo1 F' and pyy and pey are the smallest slopes
of any torsion-free quotients of Ey and Es respectively, with the same notation as

above.

3.2 Proof of Theorem 3.1.1

Proof. By the result of [F], Nef(P {az i — M fi) + bifi | ai,b; € R>0}

for i = 1,2. Since pullback of nef line bundles are nef, we get , 73 = (4 — 1 F,
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To = (3 — po1 " and F are nef.

Now, from the Harder-Narasimhan filtration of E;’s (i = 1,2) as described above,

we get the following short exact sequences
0—>E11—>EZ—>QM—>O

fori=1,2.
Let j; : P(Q:a) — P(E;) denote the canonical embeddings for i = 1, 2.

We now proceed along the lines of [Section 2, [F]]. The result in [Example 3.2.17,

[Ful]] adjusted to bundles of quotients over curves shows that

[P(Qu)] = ni* ™™ + (diy — o)y ™ 7 fy € Noy, (P(EY))

and
[P(Q21)] = ny> " + (do1 — da)y> "> ™' fy € Ny, (P(E3))

where ny; = rank(Q11), no; = rank(Qs1), d1; = deg(Qq1) and do; = deg(Qa1).
As (m — pa1f1) and (92 — poy fo) are both nef divisors, we have
011 = [P(Qu)] - (m — pn i)™ '
= (] 4 (du — d)p ™ A - (- )™ € BEL(P(EY)
and
021 := [P(Qa1)] - (12 — #21f2)n2171
= {0 4 (doy — do)iiy ™™ " o} - (12 — pan o)™ € BEL(P(E2)).

Note that, p; and p, are proper, flat morphisms, and as the base space is smooth,
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p1, p2 are also smooth. Hence, numerical pullbacks of cycles are well defined and
the flatness of p; and py ensure that pullbacks of numerical classes preserve the

pseudo-effectivity. We consider D := pj(611) - p3(621), which is equal to

Pi[P(Qu)] - p3[P(Q21)] - {G — pr F}™ ! Al — pn F}™ !

By using the above descriptions of 61; and 651, D can be written as

D= {¢P + (dn = d)F - 7} {GT  (dn — d)F -

{Cl - ,uuF}nn_l : {§2 - M21F}n21_1
—{Crll (p11 — dy)F - CIQ} {Crzl (21 — do) F - CQQ}
=G (p — d)F TGP A (pm — do) F G (T

which is clearly a 1-cycle in X. Now, p;[P(Q11)] - p3[P(Q21)] = [P(Qu1) X

P(le)} is an effective cycle in X , and (; — pu1 F, (o — pgi ' are nef divisors in X.
Hence, D € Eff;(X).

Since7'1~D:{CI—MHF}'D:O,TQ~D:{CQ—,uglF}~D:0andF2:0,

71, To, F' are in the boundary of Nef(X).

If aty + b1y + ¢F is any element in Nef(X), then (am +bro+cF')- D > 0, which
implies that ¢ > 0. Also, F-7]" 2. 752" and F - 7]*~' - 75272 are intersections of nef

divisors. Now

(am +bry + cF) - (F -2 orp ™) = aF - orp? T o OF ) g B R e
—aF - T R OE G20
=a+0+0
=a
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and

(ary + by +cF) - (F-m" b2y =aF -1 -1 2 4 bF -7 o2 eF? o 2
=0+0+4+0

=b
Since, aty + bre + cF € Nef(X), we have a > 0,b > 0. This completes the proof. [J
Corollary 3.2.1. Assume that the hypotheses of Theorem 3.1.1 holds. Then, the
closed cone of curves of X is given by

NE(X) = {pb1 + ¢bs + (03 + p1161 + p2162) | p,q,7 € Rso}.

Remark 3.2.1. If E| and Ey both are semistable bundles in Theorem 3.1.1 , then
for each i € {1,2}, P(Qa) C P(E;) becomes an equality and by putting py and
e, (i = u(E;), i = 1,2) in place of p11 and pgy in the description above, we recover
an earlier result in [KMR] ( see Theorem 4.1 in [KMR]). Similar alterations can be

made if one of the vector bundles is semistable and the other is unstable.
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Chapter 4

Seshadri constants

4.1 Seshadri constants of ample line bundles on

X = P(El) X P(EQ)

In this section, we will compute the Seshadri constants of ample line bundles on
X = P(E)) x¢ P(E,) in certain cases and will give bounds in some other cases. See

the introduction for the definition of Seshadri constant.

Theorem 4.1.1. Let Ey and Ey be two vector bundles on a smooth curve C with
f11 and pgy being the smallest slopes of any torsion-free quotient of FEy and Fs
respectively and let X = P(Ey) Xx¢P(Esy). Let L be an ample line bundle on X which
is numerically equivalent to aty + bry + cF € NY(X). Then, the Seshadri constants

of L satisfy,
e(X,L,x) > min{a,b,c}, Ve X.

Moreover,
(i) if a = min{a, b, c}, then (X, L,x) = a, Yo € X
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(7) if b = min{a, b, c}, then e(X,L,x) =b, Vr € X.

Theorem 4.1.2. Let E; and E5 be two unstable vector bundles over a smooth curve
C' of rank r1 and o respectively and X = P(Fy) x¢ P(Es). Let L be an ample line
bundle on X numerically equivalent to aty+bra+cF € N'(X). When ¢ = min{a, b, ¢}

the Seshadri constants of L have the following properties.
(i) Assume c < a <b, rank(F) =2 and E; is normalised.
If x is a point outside B_((y), then (X, L,x) = a.
If x belongs to B_((y), then ¢ < (X, L,z) < a.
(ii) Assume ¢ < b < a, rank(FEy) = 2 and Ey is normalised.
If x is a point outside B_((z), then (X, L,x) = b.
If x belongs to B_((a), the c < e(X,L,x) <b.

(iii) If x is on some curve whose class is proportional to &3, then e(X, L, z) =

¢, where 83 = 03 + 11101 + f12102.

4.2 Proof of Theorem 4.1.1

Before going into the proof of the Theorem 4.1.1, we will prove the following useful

lemma.
Lemma 4.2.1. Let L be an R-divisor of type (a,b) on P™ x P™, with a,b € R>q.
Then,

e(P" x P™ L,p) = min{a, b} Vp € P" x P™

Proof. Let B be an irreducible curve in P™ x P™. Then, B can be written as

B =xz(1,0)" ' +y(0,1)™! for some x,y € Rg. Also, for any p € P" x P™, we have
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deg B > mult, B. Hence,

y+w
mult,,

L-B  ay+bx

— > mi b
mult, B mult, B > min{a, b}

> min{a, b} -

Now, for any point p € P™ x P™, write p = (p1,p2), with p; € P" and py € P™.

Then, p € p; X Iy and p € [; X py, where [; and [y are classes of lines in P" and P™

respectively. This gives us

L- l L-(l
e(P" x P™ L,p) < y:a and e(P" x Pm7L7p)§(1+pQ):b
which implies ¢(P" x P™, L,p) < min{a, b}. This proves the lemma. O

Proof. of Theorem 4.1.1 : By Theorem 3.1.1 and Corollary 3.2.1,
Nef(X) = {am + bra + ¢F | a,b,c € Rso}

and

E(X) = {pdi + qs + 185 € N1(X) | p,q,7 € Roo},

where g = 53 + ,unél + ﬂgldg.

Let B be a reduced and irreducible curve passing through z € X with multiplicity
m at z € X. Then B can be written as B = pd; + ¢dy + rd3 € NE(X) C Ny (X) .

Two cases can occur :
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Case 1

Assume that B is not contained in any fibre of the map (m; o py) over the curve C.

Hence, by Bézout’s Theorem :
(4.1) F-B>mult, B=m
This implies, 7 > m. Since L is ample, a,b,c > 0. Hence,

L-B _LB (a7'1+b72+cF)-(p51+q5g+r6_3)

mult, B m m

Case 11

Assume that B is contained in some fibre F' of the map (m; o p1) over the curve C.
Hence, F'- B = 0 which implies 7 = 0. We know that the fibres of the map (7 o py)
are isomorphic to P71 x P™271, Since B is curve in P"17! x P™27! passing through

x of multiplicity m, then from Lemma 4.2.1 > min{a, b}.

’ mult B

Combining both cases, we have, e(X, L, x) := mf } > min{a, b, c} , Vx €

multz C

X.

Now, a point x € X can be written as x = (x1,x2), where z; € P(E}), x5 €
P(E,). Take the class of a line [y in the fibre f, of my passing through xs. Then,
rE€x xXly=06{=F-¢"% "} in N(X). So,

L&

= a.

e(X,L,z) <
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When a = min{a, b, ¢}, using the above inequality and the fact that e(X, L, z) >

min{a, b, c}, we conclude that (X, L, z) = a.

Similarly, take the class of a line [; in the fibre f; of m; passing through ;. Then,
v €l Xy =0o{=F-¢" - (3>%} in Ni(X). So,

e(X, L,x) <

So, if b = min{a, b, c}, the above inequality and (X, L, x) > min{a, b, ¢} implies
that ¢(X, L, z) = b. This proves (i) and (7). O

4.3 Proof of Theorem 4.1.2

Proof. Let B C X be a reduced and irreducible curve passing through z € X and
m be the multiplicity of B at x. Let B = pd; + ¢y +rd3 € NE(X) C N,(X), where

p,q,r are in R>y and 03 = 03 + (1101 + p2102.

First, assume that ¢ < a < b. Let x be a point outside of B_((;). Then, B is

also not contained in B_((;). Hence, pin; - B > 0 i.e,
Gi - (p1 + qd2 + 163) > 0.

which implies, p + ruy; > 0.

Now if B is not contained in the fibre, then by Case(I) in the proof of Theorem

4.1.1, we get , » > m. Hence,

+0
e(X,L,x) = WrATT (e —ap) + = > Z(c—apn) > (¢ — apn) > —apn > a.
m m

3T

’
m
( since rank(FE;) = 2 and Ej is normalised, u(Q11) = p11 = deg(Q11) < —1).
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And if B is contained in the fibre, then by Case (II) in the proof of Theorem
4.1.1, we get, (p + q) > m. Hence,

PALS apta) o,

(X, L, x >
m m

as our assumption is b > a > ¢. We already know that (X, L,z) < a from the
proof of (4.1.1). So, e(X, L,z) = a. If x belongs to B_((;), then it is obvious that
¢ <e(X,L,x) < a. This completes the proof of (). A similar kind of argument will

prove (i).
To prove (iii), observe that L - 03 = c. So,

L6 < c

mult, 05 ~ mult, 03

e(X,L,x) <

Therefore, by the above inequality and first part of theorem 4.1.1, we get, e(X, L, x) =
c. [

Corollary 4.3.1. Assume the hypotheses of Theorem 4.1.2 holds and let L be an
ample line bundle on X numerically equivalent to aty + by + cF € NY(X). Then,

we have,
(i) (X, L) = min{a, b, c}.

(i) e(X,L,1) < min{a, b}.

Proof. Since €(X, L, z) > min{a, b, c}, for all z € X, we have,

e(X,L) = inf (X, L,z) > min{a,b, c}.

zeX

Now, if min{a,b,c} = a, (X, L,z) = ¢(X,L) = min{a,b,c} = a,Vx € X. Sim-
ilarly, if min{a,b,c} = b,e(X,L,x) = (X, L) = min{a,b,c} = b,Vx € X. Also,

when min{a, b, ¢} = ¢, then, (X, L,z) = min{a, b,c} = ¢ > ¢(X, L), if x is on some
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curve of class proportional to d3. Therefore, combining all three cases, we have,

e(X, L) = min{a, b, c}.

In the proof of Theorem 4.1.1 we have shown that for all x € X, (X, L,z) <

min{a,b}. So, this implies that (X, L,1) < min{a, b}. O

Theorem 4.3.1. Let E; be a semistable vector bundle of rank r1 and Ey be an
unstable vector bundle of rank ro over a smooth curve C and let X = P(Ey)xcP(FEz2).
Let L be an ample bundle on X numerically equivalent to aty + bro + cF € N1(X).

When ¢ = min{a, b, c} the Seshadri constants of L have the following properties.
Assume that ¢ < b < a, rank(Ey) = 2 and Es is normalised.
(1) if © is a point outside B_((s), then (X, L,x) = b.

(1) if x belongs to B_((2), then ¢ < e(X,L,x) <b.

Proof. The proof is similar to the proof of the Theorem 4.1.2. O
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Chapter 5

Pseudo-effective cone of cycles

5.1 Pseudo-effective cone of cycles on X = P(F;)x
P(Es)

In this section we compute the pseudo-effective cone of cycles on X = P(E;) x¢

P(E,), where F; and E, are two vector bundles over a smooth curve C.

Theorem 5.1.1. Letr; = rank(FE;) and ro = rank(Es) and without loss of generality

assume that ry < ro. Then the bases of N*(X) are given by

(

({6 & Yo dF-d-¢77W) i k<n

N =3 ({6 ¢ P-4 d77Ys!) if n<k<n

({6t P d -GS if k=rtt where te{0,1,2.r —2}

Proof. To begin with consider the case where k < r;. We know that X = P(w}E)
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and the natural morphism P(75FE,) — P(FE,) can be identified with p,. With the
above identifications in place the chow group of X has the following isomorphism

[see Theorem 3.3 , page 64 [Ful]]

ri—1

(5.1) A(X) = D GA(P(E))

1=0

Choose 11,1 such that 0 < i1 < i < k. Consider the k- cycle a := F - Cfl_“_l .

ro+i1—k—1
2 .

Then (' - 5™ o= 1 but (- (5™ o = 0. So, {¢{' - (5™} and {¢* - ¢}

can not be numerically equivalent.

Similarly, take j;, jo such that 0 < j; < jo < k and consider the k-cycle
8= C1T1—j1—1 _C;'Q"Fjl—k‘.

Then as before it happens that F'- Cfl . §‘j1‘1 -8 =1hbut F- sz . §_j2_1 -6 =0.
So {F-¢l*-¢5 "} and {F - > - ¢§7”7'} can not be numerically equivalent.

For the remaining case let’s assume 0 < ¢ < j < k and consider the k-cycle

e ri—i—1 ro+i—1—Fk
vi=F-G " 62 .

Then {¢!-¢¥} .y = 1and {F-¢/-¢}777'}-v = 0. So, they can not be numerically
equivalent. From these observations and 5.1 we obtain a basis of N*(X) which is

given by
NEX) = ({6 G 1P - 67

For the case r; < k < 7y observe that ('™ =0, F-¢]* = 0 and (> = deg(E,)F -

ri—1
1 .

When k > ry we write as k = ry + t where ¢t ranges from 0 to r; — 1. In that

case the observations like ¢}>™" = 0, F'- (}*> = 0 and (3> = deg(E,)F - ;> proves
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our case. O

Now we are ready to treat the case where both E; and Fs, are semistable vector

bundles over C.

Theorem 5.1.2. Let Ey and Es be two semistable vector bundles over C' of rank
r1 and ro respectively with ry < ry and X = P(Ey) xX¢ P(Es). Then for all k €

{1,2,...,7‘1 + 1o — 1}

k

({-mrra-mer (1) ke

ri—1

,{F.q‘. 5—3‘—1}‘

Jj=0

ri—1

1=

K <{(C1 — 1 F) (&, — MzF)k—i}

> Zf r<k<rg
Ef (X) =

ri—1

({6 mrrem) gy

’Lf ]{?:Tg—i-t, tZO,...,Tl—l.
\

where piy = p(Er) and piy = p(E).

5.2 Proof of Theorem 5.1.2

Proof. Firstly, (¢1 — ﬂlF)i (G — /LzF)k_i and F - Cf ) 57]'71[: F (G- ,M1F)i :
(¢ — o F)*=771] are intersections of nef divisors. So, they are pseudo-effective for

all : € {0,1,2,...,k}. conversely, when k < r; notice that we can write any element
C of Ef' (X) as
k k ’ ’
C=> ai(G—mF) (G — P +> bF (-7

i=0 §=0
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where a;,b; € R.

For a fixed 7, intersect C with D;, := F - ({; — iy F)" 7071 (G — ppF)r2—Fi—1
and for a fixed j; intersect C with D;, := ({1 —p F)™ 7171 (o — po F)™2T1 7%, These

intersections lead us to
C . Dil = CLil CLTLd C . Djl = bjl

Since C' € ﬁk(X ) and D;,, D;, are intersection of nef divisors, a;, and bj, are non-
negetive. Now running i; andj; through {0,1,2,...,k} we get all the a;’s and b;’s
are non-negetive and that proves our result for £ < ry. The cases where r; < k < ry
and k > ry can be proved very similarly after the intersection products involving (;

and (» in Section 1 of Chapter 3 are taken into count. ]

Next we study the more interesting case where £ and E5 are two unstable vector

bundles of rank r; and ry and degree d; and dy respectively over a smooth curve C'.

Let E; be the unique Harder-Narasimhan filtration
Ei=F¢DF;1D..D Elll =0

with Q1; = FEii-1)/FE1 being semistable for all ¢ € [1,l; — 1]. Denote ny; =

rank(Q1;),
dy; = deg(Qq;) and py; = u(Qy;) == Z—ii for all 7.

Similarly, F5 also admits the unique Harder-Narasimhan filtration
Es = EQO D FEyD...D Eglz =0

with Qg; := Ea—1)/Ey; being semistable for i € [1,1l; — 1]. Denote ny; = rank(Q2;),

dy; = deg(Q) and pig; = p1(Qa;) := 2 for all d.

nz;
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Consider the natural inclusion i = i; X iy : P(Q11) X ¢cP(Q21) — P(E}) xcP(E»),
which is induced by natural inclusions i; : P(Q11) — P(E4) and iy : P(Q21) —
P(E,). In the next theorem we will see that the cycles of P(E;) x ¢P(FE2) of dimension

at most ny; + n9; — 1 can be tied down to cycles of P(Q11) X¢ P(Qa1) via i.

Theorem 5.2.1. Let Ey and Es be two unstable bundle of rank r1 and ro and degree

dy and do respectively over a smooth curve C' and ry < ro without loss of generality

and X = P(El) X P(Eg)
Then for all k € {1,2,...,n} (n:=ny; +ng — 1)

Case(l):  ny; < ng

({1 xePI@IG - i )
{F . Cfl_”ll‘*‘j . C§2+n11—k—j—2}:ilt_l>
if k<ny and t=0,1,2,..,ny —2
<{[P(Q11) xo P(Q21)](G — 11 F)' (G — uglF)“—’f—i}Z;_l7
Wk(X) - {F . Cfl_nlﬁ_j . C;’2+n11—k—j—2}é11()_1>
j=

if nn <k <ng.

n—k

<{[P(Q11) X P(Qa1)](G — pn F)' (G — M21F)n_k_i} ;

=0

n—k
r1—ni1+j  retnii—k—j—2
{F g B
‘]:

Zf k Z Nnot.
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Case(2):  ng <np

¢ <{[P(Q11) X o P(Q21)](¢2 — “21F)i(C1 . ,ullF)nfkﬂ}
{F g

if k<mng and t=0,1,2,...,n9 —2

<{[P<Qn> %o PQa))(G — pn F) (G — pn )P

mk(X) = {F . C;2*n21+j

if no <k <ni.

<{[P(Qn> xo P(Qa))(G = pan FY (G — PP |

{F . <§2*n21+j

Zf k > nit-

\

Thus in both cases i, induces an isomorphism between Effy([P(Q1,

Eff,.(X) for k < n.

5.3 Proof of Theorem 5.2.1

no1—1

. )
i=t+1

. -1
. CT1+H21*k7J72}n21 >
1 .
J=t

no1—1

9

=0

. -1
. CT‘1+H21*’€7J72 }n21
1
J=0

n—k

)

=0

. —k
. <r1+n217k7_772 }1‘1
1
J=0

) xcP(Q21)]) and

Proof. to begin with consider Case(1) and then take k > mg;. Since ({3 — pun F)

and (o — po1 F') are nef

¢i = [P(Qu) Xc P(QQl)](Cl - HIIF)i<C2 - M21F)n_k_i S
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for all - € {0,1,2,...,n — k}.

Now The result in [Example 3.2.17, [Ful]] adjusted to bundles of quotients over

curves shows that

P(Qu1)] = n* ™™ + (diy — dy)n* ™™ fi

and

[P(Qa1)] = 052" + (doy — da)n> "™ 71 fy

Also, pi[P(Q11)] - p5[P(Q21)] = [P(Q11) X P(Q21)] . With little calculations it can

be shown that

Gi - (C1 — p F)M70 - (o — pgy F)FHiFI—mu
(G (g — d) P (G (day — o) P G ) (G — g P

(CQ _ MZlF)kJrz#lfnn
= (' =i F - (TG~ doF - =0

So, ¢; ’s are in the boundary of Eff,(X) for all i € {0,1,...,n—k}. The fact that
FL¢pmmtd gretmi=h=i=2 g are in the boundary of Effy(X) for alli € {0,1,...,n—k}
can be deduced from the proof of Theorem 5.1.2. The other cases can be proved

similarly.
The proof of Case(2) is similar to the proof of Case(1).

Now, to show the isomorphism between pseudo-effective cones induced by i,
observe that ()11 and ()97 are semi-stable bundles over C'. So, Theorem 5.1.2 gives the
expressions for Eff([P(Q11) X¢ P(Q21)]). Let 11 = Opgzsu)) (1) = 51 (Op(gu) (1))
and a1 = Op(31(Qu) (1) = P3(Op(@a)(1)), where Ty = Talp(Qu), T1 = Tilp(q.,) and
p1 o P(Qu) x¢ P(Q21) — P(Qu1), P2 : P(Qu1) x¢ P(Q21) — P(Q21) are the

projection maps. Also notice that i ¢; = (1 and 7 ¢; = Car.
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Using the above relations and projection formula the isomorphism between Eff;([P(Q11)x ¢

P(Q21)]) and Eff;(X) for ¥ < n can be proved easily.

Next we want to show that higher dimension pseudo effective cycles on X can be
related to the pseudo effective cycles on P(FE11) X P(E21). More precisely there is a
isomorphism between Wk(X) and ﬁk([P(En) Xc P(Ey)]) for k <ri+mr—1—n.
Useing the coning construction as in [F] we show this in two steps, first we establish
an isomorphism between ﬁk([P(El) xc P(E)]) and ﬁk([P(EH) xo P(Ey)]) and
then an isomorphism between ﬁk([P(En) X P(E,)]) and ﬁk([P(En) X P(Ea1)])
in similar fashion. But before proceeding any further we need to explore some more

facts.

Let E be an unstable vector bundle over a non-singular projective variety V.

There is a unique filtration
E=E>E'DE*>.DFE =0

which is called the Harder-Narasimhan filtration of E with Q' := E*"!/E’ being

semistable for i € [1,/ — 1]. Now the following short-exact sequence
0—F —F—Q"—0

induced by the Harder-Narasimhan filtration of E gives us the natural inclusion
J : P(QY) < P(E). Considering P(Q') as a subscheme of P(E) we obtain the

commutative diagram below by blowing up P(Q?!).
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(5.2) lqj 4

where VU is blow-down map.

The following theorem is reverberation of a similar result in [F]. We provide the

details of the proof to cover every aspect of the result.

Theorem 5.3.1. With the above notation, there exists a locally free sheaf G on Z

such that Y ~ P4(G) and v : P4(G) — Z it’s corresponding bundle map.

In particular if we place V.= P(E,), E = w3FE,, E' = m5Ey; and Q' = m3Qn

then the above commutative diagram becomes

Y = Blp(ryu)P(m3Ey) —2— P(m3En) = Z'

(5-3) |w lm

Y' = P(r}Ey) e s P(Es)

where py : P(myEy) — P(E2) and by : P(m3E1) — P(Esy) are projection maps.

and there exists a locally free sheaf G' on Z' such that Y' ~ Py(G') and V'

Pz (G") — Z' it’s bundle map.

Now let (z7 = Oz (1), v = Op,, (1), F the numerical equivalence class of a
fibre of my 0 py, Fy the numerical equivalence class of a fibre of my 0 Py, E the class
of the exceptional divisor of W' and (1 = pi(m) = Opze,)(1). Then we have the

following relations:
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(5-4) Y= G, (@) =) G-E ()R =(Y)F

(5.5) E- (W) (¢ — pnF)" =0

Additionally, if we also denote the support of the exceptional divisor of Y’ by E

, then E-N(Y') = (jz).N(E), where jz : E — Y is the canonical inclusion.

5.4 Proof of Theorem 5.3.1

Proof. With the above hypothesis the following commutative diagram is formed:

0 —— ¢B' —— ¢F —— ¢*Q' —— 0

! I

0 —— Opi)(1) > G > ¢*Q' —— 0

where G is the push-out of morphisms ¢* E' — ¢*E and ¢*E* — Op(g1)(1) and the
first vertical map is the natural surjection. Now let W = P,(G) and v : W — Z
be it’s bundle map. So there is a canonical surjection v*G — Op,)(1). Also
note that ¢* &/ — G is surjective by snake lemma. Combining these two we obtain
a surjective morphism v*¢*E — Op,,(g)(1) which determines w : W — Y. We
claim that we can identify (Y, ®,¥) and (W,r,w). Now Consider the following

commutative diagram:
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v

(5.6)

where i is induced by the universal property of the fiber product. Since i can also
be obtained from the surjective morphism ¢*E — G it is a closed immersion. Let
T be the Oy algebra Oy &Z & Z? & ..., where Z is the ideal sheaf of P(Q') in Y.
We have an induced map of Oy- algebras Sym(p*E') — T * Oy (1) which is onto
because the image of the composition p*E' — p*E — Oy (1) is T ® Oy (1). This

induces a closed immersion

i':Y = Proj(T * Oy(1)) — Proj(Sym(p*E") =Y xy Z.

i’ fits to a similar commutative diagram as (5) and as a result ® and ¥ factor through
pry and pri. Both W and Y lie inside Y xy Z and w and W factor through pri and
v and ® factor through prs. So to prove the identification between (f/, o, U) and
(W,v,w) , it is enough to show that Y = W. This can be checked locally. So, after
choosing a suitable open cover for V it is enough to prove Y = W restricted to each

of these open sets. Also we know that p~'(U) = P;Jk(E)_l

when Ejy is trivial and
Py, = P¢ x U. Now the the isomorphism follows from [proposition 9.11, [EH]] after

adjusting the the definition of projectivization in terms of [H].

We now turn our attention to the diagram (5.2). observe that if we fix the

notations W’ = P%(G’) with o’ : W/ — Y as discussed above then we have an
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identification between (Y’, @, %) and (W', 1/, ).

W' W — Y comes with (w')*Oy/(1) = Op,,y(1). So, v = (V)" (; is

achieved. (®")*F; = (V')*F follows from the commutativity of the diagram (5.2).

The closed immersion i’ induces a relation between the O(1) sheaves of Y xy Z
and Y. For Y xy Z the O(1) sheaf is pr;Oz(1) and for Proj(T * Oy (1) the O(1)
sheaf is Oy (—E)®(¥)*Oy(1). Since ® factors through pry, (®)*Oz(1) = Op (—E)®
(1)*Oy(1). In the particular case (see diagram (5.2)) (®)*Oz (1) = Oy, (—E) ®
(U)*Oy(1) 1. e (@) (= (V)¢ — E.

Next consider the short exact sequence:

0— O0x(1) — G — Dm0 — 0

We wish to calculate below the total Chern class of G’ through the Chern class

relation obtained from the above short exact sequence.

c(G") = c(Oz(1)) - c(Pom3Qu1) = (1 + Czr) - Pams (1 + du[pt]) = (1 + &2 ) (1 + di Fy)

From the Grothendieck relation for G’ we have

7"11+1 _ (I)/*(CZ, + dllFl) Sy 4 (I)/*(dHFl . QZ’) ./}/7111*1 =0

= ’Ynu_H — (‘I//*Cl — E) —+ dll\I//*F> . ’Ynn + dll(\Iﬂ*Cl — E) . \I/,*F) . ,ynu—l =0
:> E . ,Ynll — dllE . \I]/*F . 7”1171 — 0

= FE -0 — punF)™ =0

For the last part note that £ = P(m5Q11) Xp(m,) Z'. Also N(Y’) and N(E) are
free N(Z')-module. Using these informations and projection formula, the identity

E-N®Y") = (jz).N(E) is obtained easily.
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Now we are in a position to prove the next theorem.

Theorem 5.4.1. Eff (X) = Eff (V') = Eff (') and EE (Z') = Ef(Z"). So,
mk(X) = ﬁk(Z”) fork<ri+r,—1—n

where Z/ = P(Ell) X P(Eg) and Z” = P(Ell) X P(Egl)

5.5 Proof of Theorem 5.4.1

Proof. Since Y' = P(niE)) = P(E)) x¢ P(Ey) = X, Eff (X) = Eff (V) is fol-
lowed at once. To prove that Ek(X ) = Ek(Z’ ) we first define the the map:
Op : N8(X) — N*(Z') by

i ki Ti oz k—i i k—j—1 i h—j—1
GG ' =G G , F-¢- G777 =R’

where (1 = P} (Op(p,)(1)) and ¢ = B5(Op(iy) (1)). By : P(En1) ¢ P(E2) — P(En)
and P, : P(E11) x¢ P(Ey) — P(E,) are respective projection maps.

It is evident that the above map is in isomorphism of abstract groups. We claim
that this induces an isomorphism between Wk(X ) and Eff(Z’). First we construct

an inverse for 0. Define Q : N*(Z') — N*(X) by

(1) = U, (1)

Q. is well defined since @' is flat and ¥’ is birational. € is also pseudo-effective.

Now we need to show that €2 is the inverse of 0.
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QGG = WL((@7G) - (@7 G) )
=V ((®7Cz)" (27 C)")
= UL (W76 = B) - (07 ¢) )
= UL (( ) (F1) B G) ) - (07 ¢) )

0<c<s

Similarly,

Qp(Fy - (1 Czk 7= 1) =0, (( Z (—1)jEd(\If’*C1)j_d) (U7 Cy) I

0<d<j

So,

Qk(ziaiéli'ék_i‘i‘zjbjFl‘(1 Czk - 1)

:<Zaz’C1- ’“’+ZbF G CQk]1>+‘I’/ (ZZEC\D,*O‘” +22Edqﬂ*@d>

i 1<ceLe 7 1<d<j

for some cycles ., B4 € N(X). But, W*(E") =0forall1 <t <i<r +r,—1—n
for dimensional reasons. Hence, the second part in the right hand side of the above

equation vanishes and we make the conclusion that €2, = 0,;1.

Next we seek an inverse of €2, which is pseudo-effective and meet our demand of

being equal to 6. Define n;, : N¥(X) — N*(Z') by

nk(s) = @, (5-U7s)

where § = ‘;[1/*(52 — MHF)NM'

By the relations (5.4) and (5.5) , U*((¢¢ - &) is (&' - &"") modulo E and
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§-FE =0. Also ¢/,6 = [Z'] which is derived from the fact that ®,7™ = [Z'] and
the relations (5.4) and (5.5). Therefore

(G- ) =507 -G = (GG 12=4 6

In a similar way, U (F -7 -5 is @ (Fy - &7 - &) modulo E and as a result

of this

m(F -G =R G

SO, Nk = Qk

Next we need to show that 7, is a pseudo- effective map. Notice that ¥'*s =
5+ j.s' for any effective cycle s on X, where 5 is the strict transform under ¥’ and
hence effective. Now 0 is intersection of nef classes. So, § - § is pseudo-effective.
Also ¢ - j.s' = 0 from theorem 5.3.1 and @', is pseudo-effective. Therefore 7, is
pseudo-effective and first part of the theorem is proved. We will sketch the prove
for the second part i.e. mk(Z’ ) = Wk(Z” ) which is similar to the proof of the first

part. Consider the following diagram:

Z" =P(Ey) x¢ P(Ey) —2— P(Ey)

(5.7) lﬁ lﬁz

P(Ell) e s C

Define 0, : N¥(Z') — N*(Z") by

ci rk—i 26 pk—i sj rk—j-1 2§ 2 k—j—1
CIZ'CQ l'—>C1'(2 ) F'Q]'(z ! = Fy - (-G
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where fl = ﬁl*(Op(Eu)(l)),fQ = P2"(Op(s,,)(1)) and F; is the class of a fibre of
7f1 o pAl.
This is a isomorphism of abstract groups and behaves exactly the same as 6.

The methods applied to get the result for 65, can also be applied successfully here. [
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In this thesis, we study various positive cones of cycles and Seshadri constants of nef line
bundles on products of projective bundles X over smooth complex projective curves.

The nef cone of divisors of a projective variety X is an important invariant which gives useful
information about the projective embeddings of X. The nef cone of various smooth irreducible
projective varieties has been studied by many authors in the last few decades.

In this thesis, we compute the nef cones of nef divisors on products of projective bundles
without any restriction on the rank or semistability of the associated vector bundles.

The Seshadri constant measures the local positivity of a line bundle on a projective variety
around a given point. It was introduced by Demailly in 1992 and gradually it grew on its own as
an important invariant in algebraic geometry. Several expositions on this topic can be found in
the literature of the last two decades.

In this thesis, we study the Seshadri constants of nef line bundles on products of projective
bundles over smooth complex projective curves. We compute the Seshadri constants under
some assumptions on the associated vector bundles and provide bounds in some other cases.
For the past few years various positive cones of higher co-dimension cycles have gained much
attention amongst fellow geometers with significant progress in the theoretical understanding of
such cycles. Although similar in nature, these cycles do not share all the important properties of
divisors or curves.

In this thesis, we compute the pseudo-effective cones of higher-codimension cycles on products
of projective bundles over smooth complex projective curves, when both the vector bundles are
semistable and when both the vector bundles are unstable.
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