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Synopsis

Introduction

The study of growth and distribution of class numbers of number fields constitutes
a venerable theme in number theory. The origin of this theory can be traced to

Gauss’s Disquisitiones Arithmeticae [11].

One is immediately led to the following questions (and meta questions) listed

presumably in decreasing order of difficulty:

e Are there infinitely many real quadratic number fields with class number 17

e Whether the distribution of class numbers/p-torsion elements in class groups
is more uniform among the lower degree number fields, say among quadratic

and cubic fields?

e Whether the ring of integers of number fields with class number 1 are “generic”

or “special”?

In this thesis we will introduce an open problem pertaining to the last question,
witness its extension to the second question and finally state our results in this
context. The first question of course still remains far from our reach. As we shall see,

these seemingly algebraic questions force or lead us to deep arithmetic and analytic
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issues which are intricately linked to the distribution of prime ideals in number fields.
Hence, they naturally lead us to the Holy Grail: the Riemann hypothesis, not just

over rationals, but over number fields.

We begin by addressing the last question: Is the ring of integers of a number field
of class number one “generic” or “special”? By “special” we refer to the property
of being a Euclidean domain. It is known that any Euclidean domain is a principal
ideal domain. But does the converse hold? As it turns out, this question needs to
be addressed in a case wise fashion. It follows from the work of Motzkin [28] that
in the case of imaginary quadratic fields there exist fields whose rings of integers
are principal ideal domains but not Euclidean domains. But for fields where the
ring of integers has infinitely many units this appears not to be the case. In fact
Weinberger in 1972 [36] proved, under the extended Riemann hypothesis, that if the
ring of integers has infinitely many units, it is a principal ideal domain if and only
if it is a Euclidean domain. A lot of work has gone into trying to make this result
unconditional, for instance [4], [18], [19] and [31], to cite a few. However we are

more interested in non trivial class groups which brings us to question two.

In order to address the second question, we observe that working with Euclidean
domains is no longer enough. If our principal motivation is to study class groups,
then we need to generalise the idea of Fuclidean domains. In his seminal paper of
1979, Lenstra did exactly this. He introduced the notion of Euclidean ideal classes

(see [26]) in order to study cyclic class groups.

In this paper, Lenstra proves, under the extended Riemann hypothesis, that
if the ring of integers of a number field has infinitely many units, then it has a
Euclidean ideal class if and only if the class group is cyclic. There are some partial
unconditional results towards this question by Graves and Murty [14] when the unit
rank (rank of the free part of Ok) of a number field is at least 4. This thesis centers

around improvements that can be made on these results. In the next section we will
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look at the preliminaries required to expand on our results in the above context.

Preliminaries

A field extension K of Q of finite degree inside C is called a number field. If this
extension is Galois over Q and the Galois group of K over Q is abelian, we say
that the field K is an abelian number field. The set of all elements of K which
are solutions of monic polynomials over Z form a ring and this ring is called the
ring of integers of K, denoted by Ok. Any finitely generated Ok submodule of K
is called a fractional ideal. One can define the notion of product of two fractional
ideals. Under this operation, it is well known that every non-zero fractional ideal of
Ok is invertible. Therefore the set of all non-zero fractional ideals of Ok forms a
group under multiplication with Ok acting as unity. This brings us to the notion of
class groups. Consider the quotient group of non-zero fractional ideals modulo the
subgroup of non-zero principal fractional ideals. This is known as the class group
of Ok (note that this notion can be defined more generally for Dedekind domains).
In case of Ok the cardinality of this group is known to be finite and it is called
the class number of Ok. The class number can be considered as a measure for the
deviation of Ok from being a principal ideal domain. The ring Ok is a principal

ideal domain if and only if it has class number 1.

We are interested in studying these class groups. We will do so by studying what
are known as “Euclidean ideal classes”. In order to describe Euclidean ideal classes,

we begin with the notion of Euclidean domains.

Definition 0.0.1. An integral domain R is said to be Fuclidean if there exists a

function

¢: R\ {0} - NU{0}
such that given any b # 0 and a in R, there exist ¢ and r in R such that a = bq+r,
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where either r = 0 or ¢p(r) < ¢(b). Here N is used to denote the set of all positive

integers. We will refer to such functions as Fuclidean functions.

We comment here that if ¢ is a Euclidean function on R, then there exists a

Euclidean function ¢ on R such that for any a € R\ {0},

d(a) = ¢(au) for all units u of R.

Further it is well known that if a ring is a Euclidean domain then it is a principal
ideal domain. Using these facts we can redefine Euclidean domains in the following

way.

Definition 0.0.2. Let R be an integral domain, E be the monoid of all non-zero
integral ideals of R and N the set of all positive integers. Suppose that ¥ is a map
from E to N. We say that R s FEuclidean for 1 if R is a principal ideal domain and

for each mnon-zero ideal b of E and any x € Rb™1\ R, there exists y € R such that

U(b(z —y)) < 1p(b).

However, in 1979, Lenstra generalised this notion of Euclidean domains. In this
thesis, we will only consider the definition in the case of Dedekind domains for ease

of exposition.

Definition 0.0.3. Let R be a Dedekind domain, E be the set of all non-zero integral
ideals of R and N, the set of all positive integers. Suppose that v is a map from E
to N. We say that a non-zero fractional ideal a of R is Fuclidean for 1 if for each

non- zero ideal b of E and any x € ab™' \ a, there exists y € a such that

Y (a7 'b(z —y)) < ¥(b).

Further we say that the class of a in the class group of R is a Fuclidean ideal class.
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Lenstra was also able to prove that if a Euclidean ideal class exists then the
class group is always cyclic. This gives us a generalisation of Euclidean domains
which correspond to non trivial class groups. In fact Lenstra defined the idea of
Euclidean ideal classes for integral domains and showed that if an integral domain
has a Euclidean ideal class, it is automatically a Dedekind domain with cyclic class

group. However we will restrict ourselves to the rings of integers of number fields.

So the existence of a Euclidean ideal class is a sufficient condition for the class
group to be cyclic. We would like to know if this is also necessary. This question
was also addressed by Lenstra in the same paper, albeit conditionally, as mentioned

earlier in the introduction.

Lenstra proved, under the extended Riemann hypothesis, that if the unit rank
of Ok is at least 1 then Ok has a Euclidean ideal class if and only if it has cyclic
class group. The main subject of this thesis is to explore the possibilities of making

this statement unconditional.

Our results

Large unit rank

In 2013, Graves and Murty, in [14], proved the following.

Theorem 0.0.4 ([14]). Suppose that K is a number field with unit rank at least 4
and the Hilbert class field H(K) is abelian over Q. Also suppose that the conductor
of HK) is f and Q(Cy) over K is cyclic. Then K has a Euclidean ideal class.

This was done using techniques developed in [13] and [19]. In a joint work with
Deshouillers and Gun [6], we were able to extend this to number fields whose unit

rank is 3. We prove the following.
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Theorem 0.0.5 ([6]). Suppose that K is a number field with unit rank at least 3
and the Hilbert class field H(K) is abelian over Q. Also suppose that the conductor

of H(K) is f and Q((y) over K is cyclic. Then K has a Euclidean ideal class.

Under the conjecture of Elliott and Halberstam, we can derive the following.

Theorem 0.0.6 ([6]). Let K be a number field such that the Hilbert class field
H(K) is abelian over Q and the Galois group Gal(Q((r)/K) is cyclic where f is the
conductor of H(K). Now if the Elliott and Halberstam conjecture is true and the

unit rank of K is at least 2, then K has a Fuclidean ideal class.

The main idea in proving Theorem 0.0.5 was to strengthen the sieve lemma in
[14] by interjecting the use of “well factorable” weights as introduced by Iwaniec [24]
and the use of a theorem of Bombieri, Friedlander and Iwaniec [2] to estimate the
error term in the sieve. This helps us decrease the bound on the rank from 4 to
3 by improving the “Level of distribution.” Note however that even the Elliott-
Halberstam conjecture does not give us the result for the case of rank 1 whilst the
result for unit rank one is known under the extended Riemann hypothesis. We

observe here that our result is actually stronger than Theorem 0.0.5, as seen below.

Theorem 0.0.7 ([6]). Let K be a number field with unit rank at least 3 and suppose

that its Hilbert class field H(K) is abelian over Q. Further let Q({y) be the mazimal

cyclotomic subextension inside K. Consider the diagram

Q(¢y)

H(K) G1

(e




Let G'3 be the Galois group of Q(Cs) over Q. Then
Gs={o, : 1<a<mn, (a,f)=1},

where o, : Q(Cr) — Q(Cr) is such that 0,((s) = C§. If Gy is the Galois group of
Q(¢r) over K, Gy the Galois group of H(K) over K, the class group of Ok is cyclic

and

-1
{aaeGl : G2—<aa|H(K)>}ﬂ{aa€G3 : a=1modd, (GT, g) —1}7&0),

then it has a Euclidean ideal class. Here the notation Gy = (04|nk)) means that

oaluk) generates G.

Note that our theorem will provide alternate proofs for statements such as the

following result of Hsu.

Theorem 0.0.8 ([23]). Letq, k,r = 1 mod 4, q, k,r > 29 be distinct rational primes.
If K is of the form Q(\/q, Vkr) and if the class number of Ok is 2, then K has a

non-principal Euclidean ideal.

This concludes our section on number fields with large unit rank.

Small unit rank

We also made some progress on the subject of number fields with lower unit rank.
Before we state our results, we introduce a few notations. Let K;,K; and K;j
be number fields with Hilbert class fields H(K;), H(K3) and H(K3) respectively,
all abelian over Q. Also let fi, fo and f; be their conductors, ie. Q(Cp),Q(¢p)
and Q((y,) be the smallest cyclotomic fields containing H(K;), H(K,) and H(Kj)

respectively. Set f to be the least common multiple of 16, fi, fo, f3 if Ki, Ks, K3 are
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real quadratic and the least common multiple of 16, f1, f» if K;, Ky are real cubic.
However, in case of Theorem 0.0.11, we set f to be the least common multiple of

16, f1 and f,. Further, F := Q((y). In this set up, we have the following theorems.

Theorem 0.0.9 ([15]). Let K1, Ky be distinct real cubic fields with prime class
numbers and H(K,), H(K3), F, f be as above. Also let G be the Galois group of F
over K1 Ky, Gy be the Galois group of F over Q((,), where either ¢ is an odd prime
dividing f or ¢ = 4 and Gal(F/H(K;)) be the Galois group of F/H(K;) fori=1,2.
If
G ¢ |JG | Gal(F/HK)))| ) Gal(F/H(Ks)),
¢

then at least one of K1, Ky has a Euclidean ideal class.

We also have an analogous result in the quadratic case.

Theorem 0.0.10 ([15]). Let Ky, Ko and K3 be distinct real quadratic fields with
prime class numbers and H(K;), H(K,), H(K3),F, f be as above. Also let G be
the Galois group of F over KiKsK3, G, be the Galois group of F over Q({,), where
either € is an odd prime dividing f or { =4 and Gal(F/H(K;)) be the Galois group
of F/H(K;) fori=1,2,3. If

G ¢ G GalP/EK)|J Gal(F/H(K,) | GallF/H(K)),
¢
then at least one of K1, Ky, K3 has a Fuclidean ideal class.

Now if we assume the Elliott and Halberstam conjecture, we can strengthen

Theorem 0.0.10 in the following manner.

Theorem 0.0.11 ([15]). Let K; and Ky be distinct real quadratic fields with prime
class numbers and H(K;), H(Ky),F and f be as above. Also let G be the Galois
group of F over K1Ks, Gy be the Galois group of ¥ over Q((y), where either € is an
odd prime diwviding f or £ =4 and Gal(F/H(K;)) be the Galois group of F/H(K;)
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foriv=1,2. If

G ¢ |G| Gal(F/H(K)))| ) Gal(F/H(Ks)),

then at least one of Ki,Ks has a Fuclidean ideal class provided the FElliott and

Halberstam conjecture holds.

Further using Theorem 0.0.10 we obtain the following corollary.

Corollary 0.0.12 ([15]). Let p1,q1,p2,q2,03,q3 be siz distinct primes which are
congruent to 1 mod 4. For j € {1,2,3}, if each K; := Q(,/p;q;) has class number

2, then at least one of them has a Fuclidean ideal class.

An analogous corollary holds for the cubic case. In this work, we use the tech-
niques of Narkiewicz [31] and the sieve of Heath-Brown [20] as seen in his work on
Artin’s primitive root conjecture. Even though Narkiewicz’s work was with respect
to Euclidean domains we were able to generalise the same and apply it to the case

of Fuclidean ideal classes.

Bound on unit rank

During our study of these results, we realised that the linear sieve which is used
repeatedly to prove the above theorems can be replaced by a modified version of
Brun’s sieve [1], provided we compromise on the effectiveness of the bound on the

unit rank. Using this new idea, we provide a short proof of the following fact.

Given a number field K with unit rank at least r, under certain conditions, K
will have a Euclidean ideal class if its class group is cyclic. More precisely, our

theorem is the following.

Theorem 0.0.13 ([34]). Let K be a number field and H(K) its Hilbert class field.

Suppose that the Hilbert class field is abelian over Q. Let f be the smallest even
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positive integer such that Q((y) contains H(K). Further, suppose that the Galois
group of Q(Cr) over K is cyclic. Then there exists a natural number r such that if

K has unit rank at least r, it has a Fuclidean ideal class.

With this we conclude our synopsis of all the results that will appear in this

thesis.

28



Notations

Symbol Description

0 The empty set.

N The set of natural numbers.

Z The ring of rational integers.

Q The field of rational numbers.

R The field of real numbers.

C The field of complex numbers.

R(s) The real part of the complex number s.
K A number field.

Ok The ring of integers associated to K.
H(K) The Hilbert class field of K.

Cn An n-th primitive root of unity in C.
Q&) The n-th cyclotomic field.

o(n) The Euler-totient function.

p(n) The Mébius function.

N(a) The absolute norm of an ideal a.
Li(x) The logarithmic integral from 2 to x.
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We also use the following notations frequently.

1. For f,g: R — R with g(z) > 0 for all z € R, we shall say f = o(g) if

@)

T—-+00 g(l‘)

2. For f,g: R — R with g(z) > 0, for all z € R, we shall say g(z) > f(x) if

|f ()]
g()

<M

for some positive constant M and all x > xg for some x.
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Chapter 1

Introduction

1.1 Euclidean domains

The Euclidean algorithm was first introduced by the Greek mathematician Euclid
(300 B.C.) in his book Elements. In fact, it seems to have been independently
discovered by Chinese and Indian mathematicians such as Aryabhata who discussed
the linear equation az + by = c¢ in his treatise Aryabhatiya [35]. The primary
usage of this algorithm is to find the greatest common divisor of two integers. We
recall that this algorithm only depends on the property of the set of integers which
allows us to divide a number by another non-zero number and produce a remainder
with smaller absolute value than the divisor. It was observed that the concept of
such an algorithm can be generalized to integral domains where certain “Euclidean

functions” can be defined.

Definition 1.1.1. An integral domain R is said to be a Fuclidean domain if there

exists a function

¢: R\ {0} — NU {0}

with the following property. Given any a and b # 0 in R, there exist ¢ and r in
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R such that a = bq + r, where either r = 0 or ¢(r) < ¢(b). We will refer to such

functions as Euclidean functions.

It is known that the remainder and quotient are both unique if and only if the
domains under consideration are fields or the ring of univariate polynomials over
a field [25]. Some authors insist on an extra condition that for any a € R and
b € R\{0}, ¢(ab) > ¢(b). For the sake of completeness, we note that this second
condition can be dispensed with. Indeed, given the existence of a Euclidean function
on an integral domain it is possible to construct another function which is Fuclidean
and satisfies this extra condition. For example, given the existence of a Euclidean

function, we claim that the following function will satisfy both conditions,

¢: R\ {0} = NU{0}

r — ming ¢(r).

where ¢ ranges over all Euclidean functions on R.

Proposition 1.1.2. The map ¢ is a Euclidean function on R such that ¢(ab) > ¢(b)
for alla € R and b € R\{0}.

Proof. We first prove that this map is Euclidean. Observe that, given any non-zero
b, there exists a function ¢ for which ¢(b) = ¢(b). Now for any a € R, there exist
g and 7 such that a = bg + r and ¢(r) < ¢(b) when r # 0. But this implies that
o(r) < ¢(r) < ¢(b) = ¢(b). Therefore, we know that ¢ is a Euclidean function.

It remains to check whether ¢(ab) > ¢(b) for any a € R and bin R\{0}. To prove

this, we suppose otherwise. Then, there exist a and b( 0) such that ¢(ab) < ¢(b).

Now let ¢’ be defined as follows:



We will now show that ¢ is a Euclidean function, thereby contradicting the mini-

mality of ¢ at b. This will be done in a case-wise fashion.

e Case 1: If ¢ € {b,0} then for any d € R, there exist ¢ and r in R such that
d = cq + r with either r = 0 or ¢(r) < ¢(c). If » = 0, the condition of the
Euclidean function is already satisfied. Otherwise there are two cases based

on whether r is equal to b or not. If r # b,

Otherwise r = b and, again, we have

¢'(r) = ¢'(b) = ¢(ab) < §(b) = ¢(r) < ¢(c) = ¢'(c).

e Case 2: Suppose that ¢ = b. In this case we will divide by ab instead of c.
For any d in R, there exist ¢ and r in R such that d = abq + r where either
r=0or ¢(r) < ¢(ab) < ¢(b). If r = 0 the case is trivial as seen above.
Otherwise, if 0 # r = b then b | d in which case the remainder on division by
c is 0 and condition for a Euclidean function is automatically satisfied. But if

r # b, then

¢'(r) = ¢(r) < ¢(ab) = ¢/ (b).

This proves that ¢ is a Euclidean function such that ¢/(b) < ¢(b). Hence the

contradiction. O

We now give few examples of Euclidean domains below.

Example 1.1.3. The ring Z[\/2] is Buclidean as seen by the following map:

¢ Z[V2] - NU{0}
a+V2b — |a® — 207
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Proof. Let o = a + v/2b and 8 = ¢ + v/2d # 0. Consider the element a/f in the

fraction field of Z[v/2], namely Q[v/2]. We rewrite this element as shown below:

%zm—f—ﬂn; m,n € Q

= [|lm|| + V2||n|| + m’ + V2n/,

where ||m|| denotes the integer closest to m and ||n|| denotes integer closest to n.

One immediately observes that,
Bm' +V2n') € Z[V2].

Further ¢(m’ +n'v/2) < 3 < 1. Therefore ¢(8(m’ +v/2n')) < ¢(B), thus completing

the proof of our claim. O

Note that the similar arguments may be applied to several other rings such as
Z|i], Z|w] where w is a primitive cube root of unity, etc. to establish the existence of
a Euclidean function. But such a question of existence of a Euclidean function may
also be answered without explicitly finding the map. One such non trivial example

is the following.

Example 1.1.4. The ring Z[\/14] is a Euclidean domain.

For a proof of the above claim, we refer the reader to [18]. This is more subtle
and involves deep theorems such as those of Bombieri, Friedlander and Iwaniec on

primes in arithmetic progressions [2| and the linear sieve with well factorable weights

[24].
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1.2 The work of Motzkin

A venerable problem in number theory is determining how many number fields have
class number one. In other words how many number fields have rings of integers
which are principal ideal domains. But as it turns out, to prove that the ring of
integers is a principal ideal domain it is often easy to prove the same by showing that
it is a Euclidean domain. But to prove that the ring of integers is Euclidean, it is
sufficient to show the existence of a Euclidean function. Sometimes it is the absolute
norm map which works as a Euclidean function, as seen in the case of Z[/2]. But

this need not always be the case.

The ring of integers of a number field which is Fuclidean for the norm map is
said to be norm Euclidean. Not every Euclidean number field is norm-Euclidean.
However, if the ring of integers is not norm-Euclidean, it may still be Euclidean with
respect to a different Euclidean function. In fact, the rings of integers of number

fields may be divided into the following categories:

1. Those that are not Euclidean, such as the ring of integers of Q(1/—5), given
by Z[v/—5] (reference to a proof provided below);

2. Those that are Euclidean but not norm-Euclidean, such as the ring of integers

of Q(v/69), given by Z [%@] (see [3] for a proof);

3. Those that are norm-Euclidean, such as Z[v/2].

The problem of classifying number fields into these categories has been a subject
of interest for a very long time. One of the first results in this direction was given
by Dedekind in Vorlesungen tiber Zahlentheorie (“Lectures on Number Theory”),
in the year 1863, based on the lectures of Dirichlet. In these notes, he proved that
the rings of integers of certain quadratic fields are norm-Euclidean and showed the

existence of principal ideal domains which are not norm-Euclidean.
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Theorem 1.2.1 (Dirichlet and Dedekind [7]). Ford € {—1,-2,—-3,-7,—11,2,3,5,13},
the ring of integers of Q(\/E) 1s norm-FEuclidean. The ring of integers of Q(\/E) 18

a principal ideal domain but not norm-Euclidean for d = —19.

It is also known that the ring of integers of Q(v/d) is a principal ideal domain
and not norm-Euclidean for d € {—43, —67, —163}. Further a result of Heilbronn
[21] shows that there are only finitely many norm Euclidean real quadratic fields.

In fact the complete list is now known.

The next question, of course, is whether it is possible for a domain to be Euclidean
but not norm-Euclidean. This was addressed in a paper of Motzkin, published in
1949. Motzkin gave a new criterion to examine the property of an integral domain
being Euclidean. He gave a constructive criterion for the existence of a FKuclidean
algorithm. First he introduced the concept of a product ideal and its derived set in

the following manner.

Definition 1.2.2. Given two subsets S and T of an integral domain R, define their

product as,

S-T:={st:seSteT}.

A subset S of an integral domain R is called a product ideal if

S-(R\{0}) €S

The derived set of a subset S of R is given by the set

S":={a €S :3be R such that b+ aR C S}.

Note that if S is a product ideal then S is also a product ideal. Further one can

inductively define the n-th derived set of S. It will henceforth be denoted by S™.
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Having defined the notion of product ideals, Motzkin proved a criterion to show
exactly when an integral domain is FEuclidean. He showed that there exists a bi-
jection between the set of all possible Euclidean functions on an integral domain
and the set of certain sequences of product ideals. More precisely, he showed the

following.

Theorem 1.2.3 (Motzkin [28]). In any integral domain R, the set of all Fuclidean

functions is in bijection with a sequence of product ideals (P;)2, satisfying the fol-

lowing properties:

1. By=(BR\{0}) 2P 2...
2. Pl C Py

3. Nizo P = 0.

Motzkin also gave a natural notion of comparing two distinct Euclidean functions

which exist on the same ring.

Definition 1.2.4. Given two sequences of product ideals (P;) and (Q;) corresponding
to two distinct algorithms, we say that the first algorithm is faster than the second
if

P, CQ;, VieN.

Therefore, note that the ‘fastest’ or ‘minimal’ algorithm must correspond to the

sequence,

PDP,D....

So in order to check if a ring is Euclidean, one might as well check if this uniquely
defined fastest sequence gives rise to an algorithm. In other words, to check if a ring
is Euclidean it suffices to check if ()7, Po(n) = (), where Po(n) denotes the n-th derived

set of Fy. As a corollary, Motzkin was able to show the following.
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Corollary 1.2.5. For d < 0 and square free, the ring of integers of Q(\/a) 1S not

Fuclidean for any map unless
de{-1,-2,-3,-7,—11}.

Remark 1.2.6. Another interesting application of this criterion is that the ring

Z [H— VQ_IQ} is not Fuclidean for any map, not just the norm map. The same holds

for the other three examples that appeared after Theorem 1.2.1.

However Weinberger [36] observed that these definitions take a more natural
interpretation if one looks at the complements of the product ideals.
Lemma 1.2.7. For an integral domain R, let

Ey = {0};

E; = R\ P

Then if i~y E; = R, then R is a Fuclidean domain. Here Péi) is the i-th derived

set of Py as defined above.

Note that the converse of Lemma 1.2.7 also holds. That is, if R is Euclidean,
then (J;2, E; = R. In this language, it is easy to check that the criterion based on

the fastest algorithm translates in the following fashion.
Lemma 1.2.8 (Weinberger [36]). Let R be an integral domain and let Ey = {0}.
We inductively define

E,={a€R:E, 1— R/aR is onto}U E,_;.

The map indicated above is the restriction of the canonical projection of R to R/aR

to E,_1. Then if U?io E; = R then R is a Fuclidean domain.
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Under this interpretation it is easy to see that when R is a Euclidean domain,

one Euclidean function is given by the map
¢(Q) =iifa e Ez \ Ei—l-
Further it follows that

(1.2.1) o(a) = ¢(au) when u € R™.

1.3 Generalising the Euclidean algorithm

As we saw earlier, the ring of integers Ok of an arbitrary number field K is not a
principal ideal domain. It is however a Dedekind domain and in a Dedekind domain,
we are only ensured of factorisation of ideals into a product of prime ideals. So if one
has to produce a generalisation of the Euclidean algorithm, the first step would be to
define a map on the set ideals as opposed to elements of Ok. The final observation

from equation (1.2.1) lets us accomplish exactly that.

We can now see that our first definition of Euclidean domains can now be seen
as a notion related to the set of ideals instead of elements. This was first observed
by Lenstra [26]. Before we state this observation more precisely let us define the
notion of inverse of a fractional ideal for a Dedekind domain. Let b be a fractional

ideal of an Dedekind domain R and F'(R) be the fraction field of R, then
b':={z € F(R): b C R}.

We can now give the precise formulation of our observation.

Definition 1.3.1. Let R be an integral domain, J be the set of all non-zero ideals

of R. Suppose that v is a map from J to N . We say that R is Fuclidean for 1y if R
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is a principal ideal domain and for each b in J and any v € Rb™\ R, there exists

y € R such that

Y(b(z —y)R) < ¢(b).

To prove that Definition 1.1.1 implies Definition 1.3.1 , we first observe, by the
last comment of the previous section, that there exists a Euclidean map ¢ on R such
that

o(a) = d(au), ue R*.

Without loss of generality, we will assume that ¢ denotes this specific Euclidean

map. We now set ¥(b) = ¢(b) and we put a = bz. Then there exists a ¢ such that

¢(bx — bg) < ¢(b)

Thus for y = q, we have Definition 1.3.1. Conversely to prove that Definition 1.3.1
implies Definition 1.1.1, we set ¢(b) = (bR), then for any a € R we put x = ab™*
and choose y according to Definition 1.3.1 and put ¢ = y. Therefore the equivalence
of the definitions is now clear. We can now generalise the definition of FKuclidean
domains in the following manner. In this thesis, we will only consider the definition

in the case of Dedekind domains for ease of exposition.

Definition 1.3.2 (Lenstra [26]). Let R be a Dedekind domain, J be the set of all
non-zero integral ideals of R. Suppose that 1 is a map from J to N . We say that
a non-zero fractional ideal a of R is Fuclidean for 1 if for each non- zero ideal b of

J and any x € ab~! \ a, there exists y € a such that

Y (a7'b(z —y)) < (b).

Note that the last line of the above definition implies that the definition is in-

variant if a is replaced by aa for some non-zero o in R and this is in fact the case.
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Therefore we can now state the following definition.

Definition 1.3.3. If R is a Dedekind domain and a is a Euclidean ideal of R, then

the class of a in the class group of R is called a Fuclidean ideal class.

Remark 1.3.4. If K is a number field and Ok its ring of integers with a Fuclidean
ideal class, then at times, by abuse of notation we shall say that K has a Fuclidean

1deal class.

Before we go further, we would like to explain what makes this definition in-
teresting. We know that any Euclidean domain is a Principal ideal domain. This
means that the class group of a Euclidean domain is trivial. Therefore if one wants
to study class groups, one must consider Dedekind domains with non trivial class
groups and the first step towards this would be the case of Dedekind domains with
cyclic class groups. It turns out that Dedekind domains with Euclidean ideal classes

have cyclic class groups. We indicate a proof of the same below.

Lemma 1.3.5 (Lenstra [26]). Let R be a Dedekind domain. If a is a Euclidean ideal

for 1, then for any b € E, there exists an n € NU {0} such that

[b] = [a]" for some 0 < n < (b).

Proof. We first observe that in a Dedekind domain every class of the class group
contains an integral ideal. We can now prove this lemma by induction on the value of
P(b). If 1p(b) = 1, then ab™!\ a must be empty. This implies that b = R. Therefore
the lemma holds trivially for n = 0. Now suppose that ¢(b) is strictly greater than
0. For any @ € ab™!\ a, there exists y € a such that ¢ (a™'b(z — y)) < ¢(b). By

the induction hypothesis, we have

[a™'b(z — y)] = [a]™ for some 0 < m < ¢(b) — 1
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This immediately implies that

[b] = [a]™ for some 0 < n < 1)(b).

One would like to know about the converse. More precisely, one asks the following

question.

Question : If the class group of a Dedekind domain is cyclic, then does it contain

a Fuclidean ideal class?

This is the very question that forms the central motivation towards this thesis.

However, we only address this question in the context of rings of integers of number

fields.

1.4 History

In the August of 1966, Hooley published a paper [22] proving, under the extended
Riemann hypothesis, Artin’s primitive root conjecture holds. A hallmark paper
was published in 1971 by Samuel [33]. In this paper, Samuel listed various basic
properties of Euclidean rings. But most notable of all, he pointed out the link
between Artin’s primitive root conjecture and the existence of Euclidean functions

in number fields.

Shortly afterwards, in 1973, Weinberger [36] revamped Motzkin’s criterion and
used Hooley’s method to link the existence of Euclidean functions in number fields
with infinitely many units, to an extension of the Riemann hypothesis for Dedekind

zeta functions for certain number fields. More precisely,
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Theorem 1.4.1 (Weinberger [36]). Let K be an algebraic number field whose ring
of integers is a principal ideal domain and has a fundamental unit €. Then the

extended Riemann hypothesis implies the following :

1. Given any prime ideal p of Ok, let C’lf be the ray class group mod p. Then
every class of Clg{ contains infinitely many prime ideals for which € is a prim-

itive root.

2. Every prime element of Ok is in Es (defined as in Lemma 1.2.7) and therefore

Ox is Euclidean.

Note that part 1 of Theorem 1.4.1 is essentially Artin’s primitive root conjecture
for number fields. In 1974, Queen [32] proved a statement analogous to Weinberger’s
in the function field setup. We however do not go into that for now. In 1977, Lenstra
generalised the result of Weinberger to the set of S integers where |S| > 2 and S
contains all the infinite places, for all global fields. This essentially combines the
work of Weinberger and Queen but we state the number field version here for the

sake of completeness.

Theorem 1.4.2 (Lenstra [27]). Let K be a number field and Ok be its ring of
integers. Also let S be a set of places of K containing the infinite places. If Ok s
were to denote the ring of S integers, with |S| > 2, and, if we assume that for every
square free integer n and every finite subset S C S, the zeta-function of the field
K (G, ( IXQS,)U”) satisfies the Riemann hypothesis for number fields, then Ok g is

Fuclidean. Furthermore, its fastest algorithm 6 is given by

0(z) = va(x) n,, VreOkg, z#0,
p¢S

where the sum is over all primes of K which are not in S, and

1. n, = 1, if the natural map from the unit group O o to the group of units o
p 9 K,S )
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the residue field is surjective.

2. n, = 2, otherwise.

Meanwhile, Cooke and Weinberger [5] proved that the extended Riemann hy-
pothesis (defined in the preliminaries) implies that the natural density of primes
p of Ok, for which the map from O to (Ok/p)* is surjective, is positive. In
particular, there are infinitely many primes in E, (defined in Lemma 1.2.7). In
1988, following Cooke and Weinberger, Narkiewicz was able to prove the following

statement unconditionally, as a consequence of a more general result.

Theorem 1.4.3 (Narkiewicz [29]). If K # Q is a real abelian algebraic number
field, then there exist infinitely many totally split primes p such that every non-zero
residue class modulo p contains infinitely many units, with the exception of at most
two fields. If there are two exceptional fields (presumably fictitious), then both are
necessarily quadratic. The lone (presumably fictitious) exceptional field is necessarily

cubic.

The proof of this theorem again follows from a special application of the lower
bound sieve using the usual form of the Bombieri-Vinogradov theorem for rational
primes.

For the rest of this chapter we will assume that Ok is a principal ideal domain. In
1995, Clark and Murty were able to reformulate Motzkin’s criterion purely in terms
of the prime ideals of Ok. In 2004, Harper added to this variant a special application
of the large sieve inequality. This application essentially gives us a quantitative
condition under which Ok is Euclidean. Before we go into the application, we need

the following definition.

Definition 1.4.4. Let By denote the set of all primes m of Ok such that the natural

map from Ox — (O /mOk)* is surjective. Further, define

By(z):={be€ By : N((0)| < x}.
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Having stated the above definition, we now present Harper’s theorem.

Theorem 1.4.5 (Harper [18]). If By(z) > oazs then Ox is Euclidean.

In the same paper Harper published a proof of the fact that Z[v/14] is Euclidean.
The proof crucially depends on a lemma of Heath-Brown which in turn follows from
Iwaniec’s linear sieve with a bilinear error term as well as earlier work of Gupta
and Murty [14]. In the same year, Harper and Murty published the following result
for all abelian extensions of unit rank at least 3, using similar techniques. More

precisely, they showed the following.

Theorem 1.4.6 (Harper and Murty [19]). Let K/Q be an abelian extension of degree
n and let r be the rank of the unit group of Ox. If r > 3, then Ok 1is Euclidean if

and only if it is a principal ideal domain.

In 2007, Narkiewicz [31] generalised Harper and Murty’s method to all real
quadratic fields with at most two exceptions and all Galois cubic extensions with at

most one exception. He showed that:

Theorem 1.4.7 (Narkiewicz [31]). Let K be a finite Galois extension of Q with Ok

having class number one.

1. If K is a real quadratic then Ok is Fuclidean, except for at most two fields.

2. If K is a cubic extension then Ok is Fuclidean, except for at most one field.

With this we will conclude the history on the Euclidean domain front since these

are the results we will be generalising in this thesis.

We can now look at the analogous work that has been carried out on the Eu-
clidean ideal class front. The seminal work that started the study of Euclidean ideal
classes was written by Lenstra ([26]) in the year 1979. Lenstra defined the notion of

Euclidean ideal classes on integral domains and showed that if an integral domain
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has a Euclidean ideal class it is automatically a Dedekind domain with cyclic class
group. However, as mentioned earlier, we will restrict our definitions and exposition
to Dedekind domains and in particular to rings of integers of number fields. One of

the most notable results of this paper is the following.

Theorem 1.4.8 (Lenstra [26]). Under the extended Riemann hypothesis, a number
field with unit rank at least one has cyclic class group if and only if it has a Fuclidean

ideal class.

There have been some works in trying to find a family of fields with Euclidean
ideal classes such as in [23], [12], etc. But to the best of our knowledge there is only

one which attempts at making the above theorem unconditional.

Theorem 1.4.9 (Graves and Murty [14]). Suppose that the unit rank of a number
field K is at least 4 and that the Hilbert class field of K is abelian over Q. Further
suppose that Q(Cr)/K is cyclic where f is the conductor of the Hilbert class field.

Then the class group of K is cyclic if and only if there is a Fuclidean ideal class.

The main objective of this thesis is to improve this result to unit rank 3 along
the lines of the work of Harper and Murty and prove results analogous to that of
Narkiewicz in Euclidean ideal class setup. In the next section we give a detailed

summary of our results obtained in the context of Euclidean ideal classes.

1.5 Owur results

1.5.1 Bound on unit rank

The first result that will be appearing in this thesis is about the existence of Eu-
clidean ideal classes when the rank of the free part of Ok is sufficiently large. From

the section on history, one gathers that the unit rank plays an important role in the
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context of this problem of existence of Euclidean ideal classes. We first show that
for a family of number fields, there exists a lower bound on the unit rank r such that
whenever the unit rank exceeds r, these number fields have Euclidean ideal classes.

More precisely, we prove the following.

Theorem 1.5.1 ([34]). Let K be a number field and H(K) its Hilbert class field.
Suppose that the H(K) is abelian over Q. Let f be the smallest even positive integer
such that H(K) C Q((r). If the Galois group of Q((s) over K is cyclic, then there
exists a finite natural number r such that if K has unit rank at least v, K has a

Fuclidean ideal class.

The proof of this theorem will appear in Chapter 3.

1.5.2 Large unit rank

The next result is an improvement of Theorem 1.4.9. In a joint work with Deshouillers
and Gun [6], we were able to extend the aforementioned result to number fields whose

unit rank is 3. More precisely, we prove the following.

Theorem 1.5.2 ([6]). Suppose that K is a number field with unit rank at least 3
and that the Hilbert class field H(K) of K is abelian over Q. Also suppose that the

conductor of K is f and Q({s) over K is cyclic. Then K has a Euclidean ideal class.

Now if we assume the conjecture of Elliott and Halberstam, we can derive a

stronger result. In particular, we have the following theorem.

Theorem 1.5.3 ([6]). Let K be a number field such that the Hilbert class field
H(K) is abelian over Q and the Galois group Gal(Q((r)/K) is cyclic where f is the
conductor of K. Now if the Elliott and Halberstam conjecture is true and the unit

rank of K is at least 2, then K has a Fuclidean ideal class.
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The detailed proof of this statement can be found in Chapter 4. We note here
that our result is actually stronger than Theorem 1.5.2. The result in full generality

is stated below.

Theorem 1.5.4 ([6]). Let K be a number field with unit rank at least 3 and suppose
that its Hilbert class field H(K) is abelian over Q. Further let Q((y) be the maximal

cyclotomic subextension inside K. Consider the diagram :

Q(¢r)

Let G'3 be the Galois group of Q(Cy) over Q. Then
Gs={o, : 1<a<n, (a,f)=1},

where o, : Q(Cr) — Q(Cr) is such that 0,((s) = CF. If Gy is the Galois group of
Q(¢y) over K, Go the Galois group of H(K) over K, the class group of K is cyclic

and

{0,€Gy © Gy = (oalum) }ﬂ{oaeGg : a=1modd, (a;1 i;) }7&05,

then it has a Euclidean ideal class. Here the notation Gy = (04|mx)) means that

oalHK) generates G.

This concludes our section on number fields with large unit rank.
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1.5.3 Small unit rank

The next result we state is a partial generalisation of the work of Narkiewicz as
stated in Theorem 1.4.7. This is a joint work with Gun. Before we state our
results, we introduce few notations. Let K;, Ky and K3 be number fields with
Hilbert class fields H(K;), H(K>) and H(Kj3) respectively, all abelian over Q. Also
let fi, f2 and f5 be their conductors, i.e. Q((r,),Q((s,) and Q((s,) be the smallest
cyclotomic fields containing H(K;), H(K,) and H(K3) respectively. Set f to be the
least common multiple of 16, f1, f2, f3 if K, Ko, K3 are real quadratic and the least
common multiple of 16, f1, f if Ky, K5 are real cubic. Further, F := Q((r). In this

set up, we have the following theorems.

Theorem 1.5.5 ([15]). Let Ky, Ky be distinct real cubic fields with prime class
numbers and H(K;), H(K,),F, f be as above. Also let G be the Galois group of F
over K1Ks, Gy be the Galois group of F over Q((;), where either £ is an odd prime
dividing f or ¢ = 4 and Gal(F/H(K;)) be the Galois group of F/H(K;) fori=1,2.
If
G ¢ |G| Gal(F/HK)))| ) Gal(F/H(Ks)),
¢

then at least one of K1, Ky has a Fuclidean ideal class.

We also have an analogous result in the quadratic case.

Theorem 1.5.6 ([15]). Let K1, Ky and K3 be distinct real quadratic fields with
prime class numbers and H(K;), H(K,), H(K3),F, f be as above. Also let G be
the Galois group of F over K1KyK3, Gy be the Galois group of F over Q((,), where
either € is an odd prime dividing f or { = 4 and Gal(F/H(K,;)) be the Galois group
of F/H(K;) fori=1,2,3. If

G¢ |G| GaF /MK, GaF/H(Ky))| ] Ga(F/H(Ks)),
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then at least one of K1, Ky, K3 has a Fuclidean ideal class.

Now if we assume the Elliott and Halberstam conjecture, we can strengthen

Theorem 1.5.6.

Theorem 1.5.7 ([15]). Let Ky and Ky be distinct real quadratic fields with prime
class numbers and H(K;), H(K,),F and f be as above. Also let G be the Galois
group of F over K1 Ko, Gy be the Galois group of F over Q((;), where either £ is an
odd prime dividing f or £ =4 and Gal(F/H(K;)) be the Galois group of F/H(K;)
fori=1,2. If

G 7| JGJ GalF/HK)|J GallF/H(K,)),

then at least one of Ki,Ks has a Euclidean ideal class provided the FElliott and
Halberstam conjecture holds.
Theorem 1.5.6 allows us to prove the following corollary.

Corollary 1.5.8 ([15]). Let p1, q1, p2, G2, P3, g3 be siz distinct primes which are con-
gruent to 1 mod 4. For j € {1,2,3}, if each K; := Q(\/p;q;) has class number 2,

then at least one of them has a Euclidean ideal class.

As a concrete example, we can show that one of Q(v/221), Q(+/305) or Q(v/1073)

has a Fuclidean ideal class. Details about these results can be found in Chapter 5.

With this we conclude our section on the results that will appear in this thesis.

1.6 Organisation of the thesis

The second chapter will deal with some preliminaries required for our work. The

third chapter will explore the effect of varying the sieves used in the context of this
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problem. The fourth chapter extends the result of Graves and Murty ([14]). Finally
chapter five will deal with a generalisation of the theorem of Narkiewicz to Euclidean

ideal classes ([31]).
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Chapter 2

Preliminaries

In this chapter we set the notations and introduce the preliminaries required for this
thesis. Throughout this thesis, N denotes the set of natural numbers, Z denotes the
ring of rational integers, Q denotes the field of rational numbers and C denotes the
field of complex numbers. This chapter is partitioned into three parts, namely the
algebraic part (Section 2.1), the sieve-theoretic part (Section 2.2) and the arithmetic

part (Section 2.3).

We begin with the first part.

2.1 Algebraic number theory

We start with definitions of some basic objects.

Definition 2.1.1. A number field K is a field extension of Q inside C, of finite

degree.

Some examples of number fields are Q(i), Q(v/=5), Q(2'/3), Q(v/=7,+/17) and

Q(¢,) where (, is a primitive n-th root of unity.
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Analogous to the ring of integers Z in Q, we can define a ring of “integral”

elements for a number field K. More precisely,

Definition 2.1.2. An element b in a number field K is said to be integral over Z
iof it satisfies a monic polynomial over Z. The set of integral elements in K form a
ring, and this ring is called the ring of integers of K. We shall henceforth denote it
by Ok.

We now consider the rings of integers associated to the examples of number fields
mentioned above. They are as follows: Z[i], Z[v/=5], Z[2'/%], Z[MY=T, 2¥1T] and
Z[(,]. We will see some nice properties of Og. However, before we state them, we

need some technical definitions which we introduce now.

Definition 2.1.3. Let R be an integral domain and F(R) its fraction field. Then a

fractional ideal is any finitely generated R-submodule of F(R).

Let us consider the case when R = Z, then F(R) = Q. The modules 2Z and Z
are both fractional ideals of Z. We will now try to attribute structure to the set of

all fractional ideals of the integral domain R.

Definition 2.1.4. Given two R submodules of F(R), say M and N, we define the

product M N as follows:
MN = {szyz cx; € My € N} .
i=1

One can show that M N is also a fractional ideal. Therefore the set of all frac-
tional ideals of the integral domain R form a monoid with R acting as identity. This

brings us naturally to the next definition.

Definition 2.1.5. An R-submodule M of F(R) is said to be invertible if there exists

another R-submodule N of F(R) such that MN = R.
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Having defined the notion of invertibility, we now consider the setup where the

monoid of fractional ideals becomes invertible.

Definition 2.1.6. An integral domain whose every non-zero fractional ideal is in-

vertible is called a Dedekind domain.

We note that such rings do exist. For example: Z[i], F,[X] where F, is the finite

field of p elements, etc. Let us briefly look at some properties of Dedekind domains.

1. Every non-zero fractional ideal of a Dedekind domain can be factorized into a

finite product of prime ideals (possibly with negative exponents).

2. Given a number field K, Ok is a Dedekind domain and K is the fraction field

of Ok. This gives us an infinite family of examples of Dedekind domains.

3. Every principal ideal domain is a Dedekind domain while the converse does
not hold. For instance, Z[v/—5] is a Dedekind domain but it is not a principal

ideal domain.

4. (Dirichlet’s unit theorem) The multiplicative group of units of Ok, denoted
by Ok, is a finitely generated abelian group. Further the rank of the free part
of Ok is called the unit rank of Ok (or by abuse of notation, unit rank of K).
If we consider a minimal generating set of the free part of Oy, any element of

this set is called a fundamental unit.

We would also like to state the definition of the Dedekind zeta function at this stage.

Definition 2.1.7. Given a number field K, we can associate to it a zeta function

in the following manner. For s € C, let

(k(s) = Z ‘ﬁ(la)s in R(s) >1

a#(0);
a integral ideal of Ox
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where YN(a) is used to denote the cardinality of Ok /a (known as the absolute norm
of the integral ideal a) and (x is called the Dedekind zeta function associated to the
number field K.

It is known that the Dedekind zeta function has a meromorphic continuation to

the entire complex plane.

Conjecture 2.1.8 (Extended Riemann hypothesis). The zeroes of the above men-

tioned extension of Ck in the strip 0 < R(s) < 1 lie on the line R(s) = L.

Now coming back to Dedekind domains, since the set of all fractional ideals forms
an abelian group, we can talk about a structure on quotients of this abelian group.

This brings us to the next subsection on class groups and ray class groups.

2.1.1 Class groups and ray class groups

The set of all non-zero fractional ideals of Ok forms a group and the set of non-zero
principal fractional ideals forms a subgroup. This brings us to the notion of class

groups.

Definition 2.1.9. The quotient group of the group of all non-zero fractional ideals
of a Dedekind domain R modulo the subgroup of non-zero principal fractional ideals
is called the class group of R. This will be denoted by Clg. The cardinality of this

group, if finite, is called the class number and is denoted by hg.

The class group of R measures how far R is from being a principal ideal domain.
It is easy to see that a Dedekind domain is a principal ideal domain if and only if it
has trivial class group. However another fundamental theorem of algebraic number
theory states that even if Ok is not a principal ideal domain it is, in some sense,

not far from it. More precisely,
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Theorem 2.1.10. Given a number field K, the class number of Ok is finite.

The study of growth of class numbers and the distribution of p-torsion elements
in class groups corresponding to rings of integers of number fields is a subject of
great interest to number theorists. In order to study such properties of class groups,
we resort to the techniques of class field theory. Class field theory generalises the
notion of class groups and connects them to Galois groups of abelian extensions of
number fields. As a special case it allows us to study class groups as Galois groups
of certain distinguished extensions. For the sake of completeness, we will provide
below a short account of “ray class groups” and the theorems that associate them

to Galois groups.

Let us begin with the definition of a modulus. For the following discussion, we

fix a number field K.

Definition 2.1.11. A modulus m of K is a formal product m = mom,, where mq is
a non-zero integral ideal of Ok and my, is a subset (possibly empty) of the set of all
real places on K (set of all embeddings of K into R ). Further, we say that a prime
ideal divides m if it divides mq in the usual sense and that a real place divides m if

it belongs to myo.

Using this idea of modulus we generalise the idea of class groups in the following

fashion.

Definition 2.1.12. Given a modulus m, let IX denote the set of all non-zero frac-

tional ideals of the number field K co-prime to mg. Suppose that

Kpi:={aeK" : y(a—1)>e, ola) >0V 0o €my},

where e, denotes the power of the prime ideal p in the ideal mg for plmg, vy(x) is
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the power of p appearing in the prime factorisation of xOx and

PX ={(a):a € Kpu1}.

m

Then CIX .= IX/PX is known as the ray class group modulo m.

Remark 2.1.13. We observe that the group CI§, = Clo,.

Let us first compute the ray class group of the field Q corresponding to the
modulus (m)mg, for some m € Z\ {0}, where m,, contains the unique real place

corresponding to Q.

We first note that
I3 .. = 1a/b) : (lal, [ml) = (bl [m]) = 1}
and
P(?n)moo = {(a/b) € I(?n)moo : a =bmodm, aand b are of the same sign }.

Now consider the following map:

. = (Z/(Im]2))”
(a/b) — ab™?

where we choose a positive generator for (a/b). This homomorphism is obviously
surjective because for each ¢ mod |m| (¢ chosen to be positive), we can just look

at the ideal generated by c on the left. Further, the kernel is exactly P(?n So

Moo’
for a modulus with the infinite place the ray class group of Q is isomorphic to
(Z/|m|Z)*. Similarly for the modulus m = (m) for some m € Z\ {0}, we consider

the homomorphism from I(?n)to (Z/|m|Z)* /{x1}. This will show that the ray class
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group in this case is isomorphic to (Z/|m|Z)* /{x1}.

As mentioned earlier, class field theory helps us characterise abelian extensions
of a number field K using ray class groups. But in order to demonstrate this phe-
nomenon, we need to define ramified and split primes corresponding to arbitrary

extensions of a number field K of finite degree over K.

Definition 2.1.14. Given a field extension of number fields L over K, let p be a
non-zero prime ideal of Ok . Consider the factorisation of pOy, the ideal generated
by p in Op. Let

pOL =qi" ... q;",

where q; are prime ideals of Or. We say that the prime ideals q; lie above the prime
p. If any of the e.s are greater than one, the prime is said to be ramified. The
dimension of Or/q; as a Ok /p vector space is called the residual degree or degree of
q; with respect to the extension L/K and is denoted by f;. In addition if e; = f; =1
for all 1, we say that the prime ideal of K is totally split in L . A real place of K is
said to ramify if it extends to an embedding of L into C such that the image is not

contained in R.

We would now like to know if there is an easy way to find all the ramified primes

of an extension L/K. This brings us to the next subsection : Discriminant.

2.1.2 Discriminant

Given an extension of number fields L/K, let W = (wy,...w,) be a basis of L/K.

We define the discriminant of W in the following manner:

Dr/x(W) = det((oiw;) i 51)°
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where o; ranges over the distinct K embeddings of L into C. We can now define the

discriminant ideal of Oy, /Oxk as follows.

Definition 2.1.15. The Ok module generated by all the Dy,jx (W) where W ranges
over all the bases of L/K contained in Oy, is called the discriminant of O /Ok,

denoted dy, k.

It is immediate that the discriminant is an ideal of Ok. But what is really
interesting is that a prime ideal p of Ok ramifies in L if and only if it divides the

discriminant.

Example 2.1.16. Given a quadratic field K = Q(v/d). One can show that

(d) if d =1 mod 4;
di/qQ =
(4d)  if d = 2,3 mod 4.

Another useful example is the following.

Example 2.1.17. For a cyclotomic field K = Q((,), the discriminant

ne®)
dr/Q = [L,p, p#™/=D |-

where @ is used to denote the Euler totient function.

Remark 2.1.18. We should, at this juncture, remark that the discriminant of a
number field K over Q may also be defined as the discriminant of a Z basis of Ok.
In this case, the discriminant becomes an integer. Further the ideal generated by

this integer will coincide with the discriminant ideal as defined above.

Another important property of discriminants which we will use later is the fol-

lowing.
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Theorem 2.1.19. Let L; and Ly be two extensions of Q such that L; N Ly =
Q. Further if the discriminants dy, and dy, are relatively prime, then dy,n, =
dEQ:K}d[II;l:K].

Now that we have a way of finding ramified primes, the next step would be to

do the same for split primes.

2.1.3 Artin symbol and its properties

Now we come to a key ingredient which associates a Galois element of the extension

L of K, provided L/K is Galois, to a prime ideal of Ok.

Theorem 2.1.20. Given a Galois extension L/K of number fields, an unramified
prime ideal p in Ok and a prime ideal q above it in O, there is a unique Galois

element o in the Galois group of L/K such that
o(a) = a™ mod q for all a € Oy.

Such an element is called the Artin symbol corresponding to q and the extension

L/K. It is denoted by <L/TK> Here M(p) denotes the absolute norm of the ideal p.

One can show that for each prime p in K, the set of Artin symbols of the prime
ideals above p is a conjugacy class in the Galois group of L/K. If the extension is

abelian, this conjugacy class is nothing but an element of the Galois group of L/K.

Therefore if L /K is abelian, the Artin symbol of any prime above (in Op,) can
be determined without ambiguity by the prime below (in Ok). From now onwards,
we will only consider abelian extensions and by abuse of notation we will talk about
(L/TK> where p is a prime ideal in Okg. As an example let us compute the Artin

symbol of a prime ideal in Z with respect to a cyclotomic field Q(¢,).
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Example 2.1.21. Consider a prime p € Z and the field Q(¢,) such that (p,n) = 1.
We know that the prime ideal pZ does not ramify in Q((,), so the Artin symbol
(Q(%%) is well defined. Let q be any prime ideal above pZ in Q((,). Consider the
element o € Gal(Q((,)/Q) which takes ¢, to Q}'Lp‘. An immediate application of the

Binomial expansion will show that
o(a) = a” mod q for all a € Z[¢,).

We state below two other notable properties of the Artin symbol.

Lemma 2.1.22. Given an abelian extension of number fieldls K CF C L (i.e. L/K

is abelian) and a prime ideal p in Ok,

o)L=

Further, suppose that po is a prime ideal above p in Op, then

(L/TK>f(po/p) _ (IZ—OF)

where f(po/p) is the residual degree of the ideal py with respect to the extension F

over L.

Proof. Let B be a prime ideal above p in Oy, and By = P F and let 0 = (L/TK>

For any a € O, we have, by the definition of the Artin symbol,
o(a) — ™" € P.

But this implies that

alr (a) —a™® € Py,
thereby proving the first assertion of our lemma. For the second assertion, let
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o = <L/TK), oy = (L’%) and B be a prime ideal of O, above p and py. By the

definition of Artin symbol, we now have for all a € Oy,
o(a) = o™ mod P and oo(a) = a™¥) mod .

We now obtain the second assertion from the fact that 9t(p)/®o/») = 9(p). O

Finally we state the result that motivates this subsection.

Lemma 2.1.23. Given an extension of abelian number fields L/K and a prime ideal
p in Ox. The prime ideal p splits completely in L if and only if the Artin symbol

<L/TK> 1s trivial in the Galois group.

Example 2.1.24. Using Lemma 2.1.23, it is easy to see that a prime pZ C Z splits
in Q(¢,) if and only if |p| = 1 mod n.

With the above information on ramified and split primes, we will see now that

class field theory allows us to characterise all abelian extensions of a number field

K.

2.1.4 Artin’s map and reciprocity law

Having defined the Artin symbol, we can now look at the map that maps ideals
from certain subgroups of the group of non-zero fractional ideals of K to the Galois

groups of abelian extensions of K.

Definition 2.1.25. Given an abelian extension L/K of number fields and a modulus
m = mem., of K. Suppose that every prime ideal of Ok and real place of K which

ramifies in L divides m. Then, we can define a map from IX to Gal(L/K) in the
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following manner :

I¥ — Ga(L/K)

m
n
i L/K\"
[] pr — [] =) .
pfmg pfmg p
p prime ideal of Ok p prime ideal of Ok

Here ny, 1s non-zero only for finitely many prime ideals in the product. This is known

as the Artin map with respect to the modulus m for the extension L/K. It is denoted

by ¥

We would now like to prove that this map is in fact surjective. In order to do
so, we require few definitions and deep theorems of class field theory. Let us begin

with the definition of natural density of a set of primes.

Definition 2.1.26. Let S be a set of non-zero prime ideals of a number field K.

Then the limit

. {peS:N(p) <z}
d(S) = lim <ot

z=oo {p : N(p)

provided it exists, is called the natural density of S.

A special case of the Chebotarev density theorem states the following.

Theorem 2.1.27 (Chebotarev density theorem). Let L/K be an abelian extension

of number fields with Galois group G. For each o in G, let
o , L/K
S(o):=3p C Ok : p prime ideal, unramified and T =0,

then

As a corollary to the Chebotarev density theorem, one can show the following.
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Corollary 2.1.28. Consider an extension of abelian number fields L/K. Let e be
the trivial element in the Galois group of L/K. If d(S(e)) =1, then L = K.

We are now in a position to prove the surjectivity of the Artin map.

Theorem 2.1.29. Given an abelian extension L/K of number fields and a modulus
m = mem,, of K. Suppose that every prime ideal of Ok and real place of K which

ramifies in L divides m, then zbm/ 1S surjective.

Proof. Let H be the image of 1/1;/ K Let F =L" , that is the subfield of L fixed
by H. Therefore for each p in IX  we have that 1/111/ K(p) acts trivially on F. This
implies that all but finitely many prime ideals of K split in F. Thus the natural
density of the set of all prime ideals of K which split in F is one. Therefore F = K

and the Artin map, @Z)nl{/ K, is surjective. O

Another useful corollary to Theorem 2.1.27 is the following.

Corollary 2.1.30. Let L and M be two finite abelian extensions of K. If the set of
prime ideals of Ox which split in L were contained in the set of prime ideals which

split in M, then M C L.

Proof. A prime ideal splits in L and M if and only if it splits in LM. Therefore

1 S 1
LM : K| ~ [L:K]

This implies that M C L. ]

We can now shift our attention to the kernel of the map from the subgroup of
fractional ideals to the Galois group. This will lead us to what is known as Artin’s

reciprocity theorem.

Definition 2.1.31. A subgroup H of I¥ which contains PX is called a congruence

subgroup.
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We can now state Artin’s reciprocity law.

Theorem 2.1.32 (Artin’s reciprocity law). Let L/K be an abelian extension of

number fields. Then there exists a modulus m such that

1. all the prime ideals of Ok and real places of K which ramify in L divide m,

and

2. the kernel of the Artin map, %{{/K, 1s a congruence subgroup of modulus m.

The “smallest” such modulus (in terms of divisibility) is called the conductor of
the extension L/K. Another important theorem of class field theory is the existence

of the ray class field of modulus m.

Theorem 2.1.33. Given a number field K and a modulus m, there exists a unique

abelian extension L of K such that

1. all the prime ideals of Ok and the real places of K which ramify in L divide

m, and

2. the kernel of wi/K = PK.

This is known as the ray class field of K corresponding to the modulus mv. This field
will be denoted by K(m).

For K = Q and modulus m = (m)m,,, where m € Z\ {0} and m,, contains
the unique real place of Q, the ray class field is immediately seen to be Q((m)
by Example 2.1.24 and Corollary 2.1.28. And for m = (m), the split prime ideals
correspond to the rational primes p € N which are either 1 mod m or —1 mod m,
which means that the ray class field is Q <C|m| + ﬁ) By the above discussion and
an application of Theorem 2.1.32, it is clear that any abelian extension of Q lies in

a cyclotomic field. This is known as the Kronecker-Weber Theorem. Further the
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smallest m € N for which K C Q((,,) is called the conductor of K. One can check
that this will coincide with the notion of the conductor ideal of K/Q, up to the real
place, as defined above. Coming now to the last subsection on the algebraic part,

we would like to talk about a special kind of ray class field, namely the Hilbert class

field.

2.1.5 Hilbert class field

In this section we will deal with a very special kind of ray class field known as the
Hilbert class field. This will help us study the usual class group of a number field
K.

Definition 2.1.34. The ray class field of K corresponding to m = Ok is called the
Hilbert class field of K, denoted by H(K).

Note that if Ok were a principal ideal domain, then H(K) = K. Using the

definition of the Hilbert class field one can show the following.

Theorem 2.1.35. The mazimal unramified abelian extension of K is the Hilbert

class field of K.

Proof. Since the modulus is trivial, the Hilbert class field is unramified. Further
given any abelian unramified extension, it will be contained in K(Ok) by Theo-
rem 2.1.32 and Corollary 2.1.30. This implies that it must be contained in the
Hilbert class field. O

An immediate corollary is the following.

Corollary 2.1.36. The set of prime ideals which split in H(K)/K is exactly the

set of principal ideals of Ok.
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We have already seen trivial examples of Hilbert class fields. Now let us look

at one which requires some ramification theory to show that it is the Hilbert class

field.

Example 2.1.37. For K = Q(\/65), the Hilbert class field is easy to compute using
the theory of ramification. The class number of K is known to be 2. Consider the

following diagram :

Q(V13,V5)

N

Q(V13) Q(V5)

~

By Theorem 2.1.19, the only prime ideals that can ramify in Q(v/13,/5) are 13Z
and 5Z. However 13Z does not ramify in Q(v/5). Therefore its ramification index in
Q(V13,V/5) is 2. The same argument holds for 5Z. This implies that Q(v/13,+/5)

over K is unramified. It is maximal simply because the class number of K is 2.

Therefore, the Hilbert class field of Q(v/65) is Q(v/13,V/5).

2.2 Sieve theory

In this section, we will look at some preliminaries pertaining to sieve theory. This
will be divided into three sections in increasing order of complexity. The first section
will talk about a modified version of the Brun’s sieve (Section 2.2.1). The second
about the lower bound linear sieve (Section 2.2.2) and the last about a combination

of the lower and upper bound linear sieves (Section 2.2.3).
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2.2.1 Modified Brun’s sieve

The main theorem we state in this subsection is a modified version of Brun’s sieve
as stated in [1]. We begin with a few definitions. Let X be a finite set of positive

rational primes. Let

Prs(z) == Hp.

p<z
pET

When 3 = (), the empty set, we denote the product by Pr(z). Consider the linear
forms L;(n) = a;n + b; where a; # 0 and b; belong to N for 1 < i < k. We further

suppose that (a;,b;) = 1 for all ¢ and that a;b; —a;b; # 0 for 1 <i < j < k. Let
QW (z,2) == {n <ax:(Li(n)--- Ly_1(n), Prg(z)) =1, Ly(n) prime} .

Here (t1,t3) denotes the greatest common divisor of the numbers ¢; and ¢5. Further

we assume that all the prime divisors of

k
(2.2.1) R [ T (@b —asb)

=1  1<i<j<k

belong to Y. We now give the statement of the sieve.

Theorem 2.2.1 (Bilu, Deshouillers, Gun and Luca [1]). Under the above notation

and assumption (2.2.1) , we have for 2 < z < x

Li(|ag|z)

() (, 4 (g »
90(|ak|) Wk71< )(1+O(E ( ’ )))

Q9 (2, 2)] =

where ¢ denotes the Euler totient function,

EY(z, 2) = exp(—(u/3)(logu — loglogu — log(k — 1) — 3)) + oo
0g z
o loga: (%) . l
u_logz and W, (z) = H (1 p—1>'
plPrs(2)
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As a convention, we assume that the empty product is 1.

This sieve will be applied in Chapter 3 to prove Theorem 1.5.1. The next section

will deal with the more complicated linear lower bound sieve.

2.2.2 Linear lower bound sieve

We will now provide the details of the linear lower bound sieve which will be used
in the proofs of the theorems in Chapter 4. To give the precise statement of this
sieve we again start with some notations and definitions. Let P be a subset of the

set of positive rational primes, z a real number and

(2.2.2) P(z) = Hp.

pEP,
p<z

Given a finite subset of non-negative integers A, let A, := {a € A : d|a}, where d
is a square free natural number with all it prime divisors in P. Suppose that w is a

multiplicative function such that

d
(2.2.3) Ayl = #I«M + 74,

for some r,. Further, set

224) v I (1-42)

p<z,
pEP

and

(2.2.5) S(A,P,2):={ac A : (a,P(z)) =1},
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where (a,P(z)) denotes the ged of a and P(z). We now introduce the notion of a

well factorable function as defined by Iwaniec [24] (see also page 255 of [10]).

Definition 2.2.2. Let D > 1 be a real number and \(q) be an arithmetic function
with support [1, D]. We say that X is a well factorable function of level D if for any

real numbers M, N > 1 with MN = D, one can write

Ag) = Z a(m)B(n),  where 1<q< MN

mn=q,
m<M,

n<N

for some arithmetic functions a and 3 which depend on M, N and |a(m)|,|B(n)| < 1.

In this set-up, one has the following lower bound sieve.

Theorem 2.2.3 (Friedlander and Iwaniec (see page 256 of [10], see also Iwaniec
[24])). Let D > 1, s > 2 be real numbers and z = D'*. Also let A be a subset of

non-negative integers satisfying

H _ w(p) - <T log z
s p - logu )’

peEP

where uw > 2 1s an integer and T > 0 is an absolute constant. Then for sufficiently

large D and for any real number ¢ > 0, we have

S(AP.2) > XV(2){g(s) —e}+ > Md) ra.
)

d|P(z

Here |A| ~ X, P(2) and V(2) are as in (2.2.2) and (2.2.4), respectively. Finally, A
is some well factorable function of level D and g is a continuous function on [2,00)
satisfying

g(s) = 2eTlog(s —1)/s,
for s € [2,4]. Also vy is the Euler and Mascheroni constant.
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One will notice that to use the above sieve, we need a way to estimate the sum
of r4 and show that it is dominated by the main term. In order to do this, one may

use the following theorem, as we shall see in Chapter 4.

Theorem 2.2.4 (Bombieri, Friedlander and Iwaniec (see [2], see also [9, 20])). Let
a, k be positive natural numbers with (a, k) = 1. For any positive natural number q

with (q,k) =1, let

u, = amodk and u, = 1modgq.

Fizx a positive integer A > 0 and a real number 6 < 4/7. Then, for every well

actorable function \ of level 2%, one has
J ,

~ Li(z) x
Zg M) (W(x’qk’%) s@(qk>> < gtz

q<w
(g,k)=1

The constant in < depends on a, A,k and 6.

As the reader will observe during the course of the proof, the exponent 4/7, also
known as the level of distribution, will play a major role in determining the lower
bound on the unit rank. So it is natural to expect that better exponents will yield
better results. This line of thought led us to examine the consequences of the Elliott
and Halberstam conjecture on this problem. In order to do this, we use an older
version of the linear sieve, developed before the emergence of the theory of well

factorable weights.

Theorem 2.2.5 (Halberstam and Richert (see page 236 of [17])). Let P be a subset
of the set of positive rational primes, z be a real number and P(z),w,rq,V (2) and

S(A,P,z) be as in (2.2.2), (2.2.3), (2.2.4) and (2.2.5). Suppose that
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1. there exists a constant Ay > 1 such that

w(p) 1
2.2.6 0 < 2~
(2.2.6) < = T

for all p € P;

2. there exist constants L and As, independent of z and integer g, with2 < g1 < z

such that

(2.2.7) L< Y wip)logp ., (i> < A,

3. there exists a real number o with 0 < o <1 such that

G1X
(2.2.8) 13(q) 3"V rg| <
pld :ZPEP, 10g2 X
< lo?lch

for some positive constants F' and Gy. Here p is the Mébius function and v(d)

denotes the number of distinct prime divisors of d.

Then for X > z,

log X B
> —
S(A, P,z)_XV(z){g(oz logz) log!/1 },

where B is an absolute constant, g and X are as in Theorem 2.2.5.

This time, since the terms r, appear with an absolute value, we can estimate the

sum in Equation (2.2.8) if we assume the following conjecture.

Conjecture 2.2.6 (Elliott and Halberstam conjecture [8]). Let a,q be natural num-

bers, m(y,q,a) :={p <y : pprimein N, p = amod q}. For every real number
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0 < 1 and for every positive integer e > 0, one has

_ Li(y) x

max max
log® x

y<z (a,q)=1

q<af

for all real numbers x > 2.

With these we conclude the subsection on the linear lower bound sieve which will
be applied to deduce the results in Chapter 4. We now move on to the next section
where we quote an application of a combination of the linear lower and upper bound

sieve.

2.2.3 Application of lower and upper bound sieve

In this section, instead of speaking about the lower bound linear sieve and its counter
part, the upper bound linear sieve, in detail, we will directly look at a useful lemma
which was derived by Heath-Brown using these sieves. This lemma will be a major

tool used in the proofs of Chapter 5. The lemma is as follows.

Lemma 2.2.7 (Heath-Brown [20], [29]). Suppose that w and v are natural numbers

with the following properties

—1
(u,v) =1, v=0mod 16 and <u2 ,v) = 1.

Then there exist a,b € (}1, %) with a < b such that for any € > 0, the cardinality of

the set
_ 1—e p—1 )
P(z) = {p=wumodv : p€ (x ) such that is either prime or
s a product of primes q1qa with x* < ¢ < xb}
15 > logLQm’
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With this theorem we conclude this subsection and the section on the sieve-

theoretic preliminaries of this chapter.

2.3 Arithmetic preliminaries

Finally we come to the last section of this chapter on preliminaries. Here we state
certain arithmetic prerequisites which we will be required for all the chapters that
follow. Throughout this section, we fix a number field K. In Chapter 1 we saw
Motzkin’s criterion and later partially generalised the notion of Euclidean domains.
We did not however speak about generalisations of Motzkin’s criterion to this new
setup. This was done in a paper by Graves in [13]. We begin this section with this

generalisation.

Definition 2.3.1. For a non-zero integral ideal a of K, let us define

Byo = {Ok} and fori>1,
Bio = {p : p prime Yz €pta\a, Iy <€ asuch that a 'p(x —y) € B;_1.}

UBz‘—l,a

Note that B g\ Bi—1.4 C [a'], the class of a'.

In this set-up, Graves [13] proved the following theorem.

Theorem 2.3.2. (Graves [13]) If a is a non-zero integral ideal of K, then
Bio={p : pisprime, [p] =la], O — (Ok/p)” is surjective } U{Ok}.

Further let By = \J, Bio. If By contains all prime ideals of Ok, then a is a Euclidean

1deal.

The first part of the above theorem will prove to be a very useful observation
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and the second part of the above theorem can be thought of as a generalization of
a result of Clark and Murty [4] or as a variant of Weinberger’s version of Motzkin’s

theorem. Now let
Bl,CI(x) = {p S Bl,a . ‘)’t(p) < x} U {OK}

Graves [13] showed that to prove Theorem 2.3.2, it is sufficient to prove that that

the cardinality of B 4(z), denoted by |Bj4()|, is large. More precisely,

Theorem 2.3.3. (Graves [13]) Suppose K is a number field with unit rank at least
one. Further suppose that Ok has cyclic class group and that a is an integral ideal

of Ok such that [a] generates the class group. If
|B1o(2)] > /log’ z,

then a is a Fuclidean ideal.

The above theorem is a generalisation of a result of Harper [18], which appeared
in Section 1.4. In most of the major proofs in this thesis, we will try to show that
the set B 4 is large in the sense indicated by Theorem 2.3.3. In order to do this we
will consider the complement set and show that it is negligible by using the following

result of Gupta and Murty (as given in the paper of Harper and Murty [19]).

Lemma 2.3.4 (Gupta and Murty [16]). Let K be a number field and r be the unit

rank of Ok. For p, a prime ideal of Ok, if l, denotes the cardinality of the set
{amodp:aec O},

then

{p : p prime ideal of Ok, I, < v} < yH%.

Here |S| is used to denote the cardinality of a set S.
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In Chapter 5, we will observe that the techniques of Graves and Murty ([14])
will no longer be able to help us. In that chapter we will resort to the techniques of
Heath-Brown [20] and Narkiewicz [31]. In this case one of the essential ingredients

is the following lemma by Narkiewicz [31] which revolves around primitive roots.

Lemma 2.3.5 (Narkiewicz [31]). Let aj,ay and ag be multiplicatively independent
elements of K*, T be a set of prime ideals of degree 1 in Ox and N(p) be as in

Definition 2.1.7 . Suppose that T has the following properties;

1. there exists a constant ¢ > 0 and an unbounded increasing sequence {x, }nen

such that

T(z,) :={peT : N(p) <zn}| > cx,/log?xz, for alln.

2. there exist o, 5 € (1/4,1/2) with o < B such that if p € T and p := N(p),
then either p — 1 = 2q or p — 1 = 2q1q2 where q, ¢1 and q» are primes and

P <q <p’.

3. the numbers aq,as and as are quadratic non-residues with respect to every

prime i T.

Then for any 0 < € < ¢, there exists a subsequence {Ym}men Of {xn}tnen such that

one of the a;’s is a primitive root for at least (¢ — €)ym/1og” ym elements of T(yyy,).

In order to use Lemma 2.3.5 along with the ideas of Theorem 2.3.3 we will need
to deduce a sequential variant of Lemma 2.3.3 in the later chapters. To do that we

need to introduce a few more definitions and results from [13].

Definition 2.3.6. Suppose that a is a non-zero integral ideal of K such that [a]
generates the class group of K. Let A C E be a finite set of ideals in the same

equivalence class of the class group. If p is a prime ideal such that [p] = [Ia] for any
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I € Aandifxecpta, we define
(2.3.1)

(

[{H € A: there exists some y € a such that (x —y)pa~' = H}|

Za(z,p,a):= fogo

l x [{H € A: there exists some y € a such that (x —y)pa~t = H}|

if x € a.

where I, is as defined in Lemma 2.5.4

Another theorem which will be handy in proving the sequential variant of Lemma 2.3.3

is the following variant of Dirichlet’s theorem on primes in arithmetic progressions.

Theorem 2.3.7 (Graves [13]). Suppose that a is a fractional ideal of K and b
is a non-zero integral ideal of K with b # Ox. If x is an element of ab™! and

r+a=ab™!, then there is a set of primes p with positive density such that

-1

p= b(SC - y)a )
for some y in a.

Further, we will require the following isomorphism to help us with some counting

arguments in the proof of the variant of Theorem 2.3.3

Lemma 2.3.8 (Graves [13]). For a number field K, let us assume that Ok has
cyclic class group. Further p,a are ideals in K with p prime such that [p] = [a?] and
[a] generates the class group of K. Also suppose that x, is a generator ofpa(hOK_Z),
where hoy, is the class number of Ox. Then the map ¢ : p~ta/a — a"ox~! /patox—1

defined by o + a +— ax, + paox 1 is an isomorphism.

Finally we list some consequences of the large sieve inequality as proved by
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Graves in [13]. Note that all these theorems are essentially tools used by Graves

to prove Theorem 2.3.3. We will use the same to prove a stronger form of Theo-

rem 2.3.3.

Definition 2.3.9. Let K be a number field with cyclic class group and a be a non-
zero integral ideal of K such that [a] generates the class group of Ok. For some
natural number n let

A, Cc{l:1€FE and [I] =[a"]}

be a finite set. Then we define for p € [a™*1]

(2.3.2) Ap,a, A) == {[a] €p~la/a : Za (a,p,a) =0}

Having defined the above we can now state the consequence of the large sieve

inequality.

Lemma 2.3.10 (Graves [13]). Let K be a number field with cyclic class group and
a an integral ideal of K such that [a] generates the class group of Ok. Also let A
and P be finite sets of integral ideals with A C E(\{I : I € [a"]} and

P C {p:p is prime ,[p] = [a"*]},

where n is a natural number. If X = maxea N(I) and Q) = maxyep N(p), then

A(p,a, A) Q*+ X
2 o A

peP

where the implied constant depends only on K,a and n. Once again N(p) is as

defined in Definition 2.1.7

This concludes our chapter on the preliminaries required to show the results that

will appear in this thesis. In the next chapter we begin with our results.

79



80



Chapter 3

Lower bound on unit rank

3.1 Introduction

Let us first set the central theme of this chapter. We have a Galois number field K
with ring of integers Ok. Standing assumption throughout the chapter is that the

class group of Ok is cyclic and we are given a generator [a] of the class group.

Under the extended Riemann hypothesis we know that there exists a Euclidean
ideal class in the class group of Ok. Our goal is to prove the existence of such an

ideal class unconditionally at least for some special class of fields.

The results stated in Chapter 1 indicate that the existence of a large unit group
is amenable to detect a FEuclidean ideal class. In order to quantify the previous

statement we begin by recalling the following theorem of Graves.

Theorem 3.1.1 (Graves [13]). If a is a non-zero integral ideal of Ok, then

Bio={p:p is a prime ideal of Ok, [p] = [a], O — (Ox/p)* is surjective} U {Ok}.

For a definition of B;, see Definition 2.3.1. Let us consider the following set
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Biq(z) :={p € B1o: N(p) < z}. We have already seen by Theorem 2.3.3 that if

x
|Bra(z)] > —5—,
log” x

then [a] is a Euclidean ideal class. Since the above characterization of B, involves
a surjective map from O to (Ok/p)*, one suspects that as the unit rank of Ok
grows larger, at least in principle, it will be easier to find Euclidean ideal classes (of

course assuming that the class group is cyclic).

We note that for a number field K, in order to show that the number of primes

By 4() is large, it is sufficient to count the rational primes that lie below the prime

ideals in By 4(z).

For a non-zero prime ideal p of Ok, we note that if the set {a mod p:«a € (’)IX<}
does not cover all of (Ok /p)*, then it is a proper subgroup of (Ok/p)* and we can
compute the index of this subgroup. This index, by Lagrange’s theorem, divides
the cardinality of (Ok/p)*. We would like to find this cardinality. To do so, we
observe the following. Given a prime ideal pZ which does not split or ramify in Ok,
the norm of a prime above pZ in Ok is at least p?. Therefore the contribution of
these primes to the cardinality of Bjq(z) is at most y/z/logz which is negligible
compared to the lower bound we require on the cardinality of By 4(x). Thus, we have
now reduced the problem of counting the number of elements in By () to counting
the number of split primes with norm less than z in the class of [a] for which Ok

surjects onto (O /p)*.

It will be shown in due course of the proof that with the help of Lemma 2.3.4
one can reduce the problem of finding Euclidean ideal classes to counting rational
primes, p € N, which split in K and for which p — 1 has a few large prime divisors.
To be more precise, let us consider an arbitrary number field K. Suppose further

that d = max{n € N : Q(¢,) € K}. Consider a prime p in N which splits in K,
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it is immediate that d divides p — 1. Therefore one can only hope to show that
Byq(z) consists of a set of x/log®x primes for which all the prime divisors of ’%1
are greater than some power of x. It appears that this is a reasonable target and
can be approached in at least two ways, one of which will be elaborated on in this

chapter.

We will apply sieve-theoretic techniques to sets containing elements of the form
p—1 for some set of primes p. In order to do this we need more arithmetic information
about the distribution of these primes in arithmetic progressions. This puts natural

conditions on the kind of number fields to which our arguments can be applied.

The first condition one needs to impose is that the extension H(K)/Q is abelian.

This will allow us to characterise split primes through congruence relationships.

The other restriction pertains to an obstruction we have already come across. If
p € N is a prime which splits in K and d = max{n € N : Q(¢,,) C K}, then d divides
(p — 1). We would like to show that the index of {& mod p : o € Ok} (which will

turn out to be a divisor of _m(pd)—1)

is co-prime to d. In order to achieve this, we

shall need that Q(y)/K is cyclic, where f is the smallest even number such that

H(K) C Q(¢y).

In this chapter we show that one can navigate around these obstructions under
the above conditions. As a result one can give an ineffective lower bound on the
unit rank such that whenever the unit rank of the number field exceeds this bound,
the class group of Ok will have a Euclidean ideal class for a specific family of fields.

More precisely, the main result proved in this chapter is the following.

Theorem 3.1.2. Let K be a number field and H(K) its Hilbert class field. Suppose
that the Hilbert class field is abelian over Q. Let f be the smallest even positive
integer such that H(K) C Q((y). Further, suppose that the Galois group of Q((y)
over K is cyclic, then there exists a finite natural number r such that if K has unit

rank at least v, it has a Euclidean ideal class.
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We can deduce the following corollary from the above theorem for number

fields K with class number one.

Corollary 3.1.3. Let K be an abelian number field with class number one. Let f
be the smallest even positive integer such that Q((y) contains H(K). If Q(¢r) over
K is cyclic, then there exists a finite natural number r such that if unit rank of K

15 greater than or equal to r, Ok s a Euclidean domain.

The sieve which we will be using to prove the above theorem is a modified version

of Brun’s sieve as stated in Theorem 2.2.1.

3.2 Application of Brun’s sieve

We now state and prove the sieve-theoretic result required to show Theorem 3.1.2.

Proposition 3.2.1. Let K be a number field. Suppose that the Hilbert class field
H(K) of K is abelian over Q and let f be the smallest even integer such that H(K)
is contained in Q((r). Now suppose that Q(Cr) over K is cyclic and generated by
(= C. Further, let d = max(n : Q(¢,) € K). Forn >0 define

(-1 (-1
A(z)(n) = — ¢eN prime, { <z ,{=bmod [ and — H pl=1
2<p<an

where (a,b) is used to denote the greatest common divisor of two positive integers a

and b. Then, there exists n > 0 such that

[A(z)(n)| >

logZz’

The implied constant depends on n and K. Here |S| is used to denote the cardinality
of a set S.
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Proof. Let ¥1 = {p € N : pprime and p | 3f}. Let G; be the Galois group of
Q(¢y) over K, G2 be the Galois group of Q((s) over H(K) and Gj be the Galois
group of Q(¢r)/Q. Consider the diagram.

Q(¢r)

(e

H(K) G1

Gs K

Then G3 ={o, : 1 <a<mn, (a, f)=1}, where o, : Q((s) = Q((s) € G5 is
such that o,(Cs) = (f and Gy C {0, € G3 : a =1mod d} . By assumption, G, is
cyclic and Q((y) is the maximal cyclotomic field inside K. Since f is assumed to be

even, d|f. We claim that

G1ﬂ{0’a€G3 : a=1modd, (%, §>:1}§£®.

Suppose that our claim is not true i.e., we have ((b —1)/d, f/d) = h # 1, where G,

is generated by o},. Using the binomial theorem, we then have
G1C{o, €G3 : a=1moddh}.

This implies that Q((4,) C K, a contradiction to the maximality of d.

Let m = (b —1)/d. Further, let ng € N be such that m + ngf/d is a prime
co-prime to 3f and 1 + dm + ngf is co-prime to 3df. We claim that such an ng
exists. To prove the existence of ngy, we break the argument into two cases. Case 1

will deal with the possibility that 3|f. In this case we just need to choose a prime
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congruent to m mod f/d co-prime to 3f to satisfy both these conditions. In case
2, we have 3 1 f, then we use the Chinese remainder theorem to choose a prime

congruent to m mod f/d co-prime to 3f and not congruent to —d~! mod 3.

We recall that

Yi={peN: pprime, p|3f} and Prg (2)= Hp.

We can now define the set
Az, 2) :=={y <z : 1+dm+nof+3ydf is prime and (m+no(f/d)+3yf, Prs,(z)) = 1}.
Then by Theorem 2.2.1

(o )| = LB ) b 0 (. »
B21) W =0 T (1o o5 ) 0 o)

p|Prs, (2)

where
1
EY(z, z) = exp(—(u/3)(logu — loglogu — 3)) + :
log z
u = igi ~ and ¢ is used to denote the Euler-totient function. Since the O constant

in Equation (3.2.1) is absolute, if we put u = 1/n for small n and large = we get,

, . x B 1
A>T (1-5),

p<zl
pEX]

>

o) (o (5

T

o o o ()
)

>

X

>

(logx) <eXP (ZP@"’ (% + p(p272)>

x
>

logZz’
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Note that for any

I=1+dm+nof +3ydf, yeAlx,z"),

1l g co-prime to 3f. Therefore, there exists 7 > 0 such that

the term v

JA®@) ()] > —5—

log?z’

With this we conclude this section on application of the modified Brun’s sieve.
We note that the hypothesis of Proposition 3.2.1 allows us to avoid all the obstruc-
tions stated out in the introduction. In the last section of this chapter, we will

formalize the initial part of the argument mentioned in the introduction.

3.3 Proof of Theorem 3.1.2

In this last section of Chapter 3, we use Theorem 3.2.1 and complete the proof of

Theorem 3.1.2.

Proof. Let [a] be a generator of the class group Clp, of Ok. Then for any real
number x > 0, we have
(3.3.1)

Biq(z) = {p : p prime ideal of Ok, N(p) < z, [p] = [a], Ox — (Ok/p)~ is surjective} .

In order to complete the proof of Theorem 3.1.2, by Lemma 2.3.3, it suffices to show

that

T
5 -

| Bra(2)] >
log” x

By our assumption Q((s)/K is cyclic. Therefore, we can talk about a generator of
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the Galois group of Q((s)/K. Let ¢; — CJIZ be a generator of Q((f) over K. By

Proposition 3.2.1, we have

‘A(m)(y): {K?Tl : £ €N prime, { <z ,l=bmod f and (ngl,Q(x”’)) :1}‘
s
log?z’

for all real v < 7. Let

B = {65 e awm ),

, Spi= (NUp) = 1) /1y,

Ji(z) = {p : p prime ideal of Ok, N(p) € B(z)(y), S, =1} and

l, == |[{amodp:ac O}

Jo(z) = {p : p prime ideal of Ok, N(p) € B(z)(7y), S, > 1}.

Consider the following setup : Q C K C H(K) C Q((y). Let p € A(x)(7) and let P
be a prime above it in Q((s). Suppose that p = N K. From the properties of the

Frobenius, we observe that

(529 (2%

p p

and that

(2

where () is used to denote the Artin symbol, as defined in Chapter 2. This allows

us to conclude that Ji(x) C By q(x). So, it suffices to show that

| Jo(z)| = 0 (bg%)

Note that 9(p) € B(y)(z) implies that (N(p),d) = 1. Since d = [[} (1 —C?), where

(4 is a primitive d-th root of unity, the elements ¢} for 1 < i < d — 1 are distinct
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modulo p and hence they are distinct in (Ok/p)*. Thus

s, Np) -1

= Sp=1or S, >a".
Now if p € Jo, then S, > 27. Using Lemma 2.3.4, we then have

p : p prime 1deal of Ok, < = x %,
{ ime ideal of Ox, I, < '} < 20=0+)

where 7 is the unit rank of K. Now we choose v = 1/r, then

(1—7)(1+%)<1 = ‘{p . p prime ideal of Ok, lpgazl”}}zo( a )

log? z

This implies that

|J2(z)] < [{p : p prime ideal of Ok, lp§x17}|:0( ’ >

log? z

and hence

|Bra()] > —
log” x

whenever » > 1/n. Since, we only have the existence of an n > 0 the bound

on r is ineffective. Now, an application of Theorem 2.3.3 completes the proof of

Theorem 3.1.2. O

With this we conclude the chapter on our results regarding ineffective lower

bounds on the unit rank to find Euclidean ideal classes.
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Chapter 4

Large unit rank

4.1 Introduction

Let K be a Galois number field with ring of integers Og. We will always assume

that the class group of Ok is cyclic.

Having produced an ineffective bound on the unit rank in Chapter 3, our next
aim is to get an effective lower bound such that whenever the unit rank exceeds this
bound, we have a Euclidean ideal class for a specific family of fields. As mentioned
in the introduction, the first step towards making Lenstra’s result (Theorem 1.4.8
[26]) unconditional was taken by Graves and Murty [14]. More precisely, their result

is the following.

Theorem 4.1.1 (Graves and Murty [14]). Suppose that the unit rank of a number
field K is at least 4 and that the Hilbert class field of K is abelian over Q. Further
suppose that f is the conductor of the Hilbert class field and Q(C¢)/K is cyclic. Then

Cloy 15 cyclic if and only if there is a Euclidean ideal class in Clo, .

Graves and Murty proved the above by using the linear lower bound sieve and

the Bombieri and Vinogradov theorem. The lower bound required by Graves and
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Murty, as mentioned above, is 4. The main aim of this section is to extend this
result to the case where the unit rank is 3 and consider the consequences of the
Elliott and Halberstam conjecture on this particular result. More precisely, in this

chapter, we will prove the following theorems.

Theorem 4.1.2. Suppose that K is a number field with unit rank at least 3 and
its Hilbert class field H(K) is abelian over Q. Also suppose that the conductor of
H(K) is f and Q(Cyr) over K is cyclic. Then Clo, is cyclic if and only if it has a

FEuclidean ideal class.

We know that the proof of Graves and Murty depends on the Bombieri and
Vinogradov theorem. So it is natural to investigate the implications of the Elliott
and Halberstam conjecture on this problem. Under the Elliott and Halberstam

conjecture, we have the following result.

Theorem 4.1.3. Let K be a number field such that the Hilbert class field H(K) is
abelian over Q and the Galois group Gal(Q((s)/K) is cyclic where f is the conductor
of H(K). Now if the Elliott and Halberstam conjecture is true and the unit rank of

K is at least two, then Cloy is cyclic if and only if it has a Euclidean ideal class.

We recall here that under the extended Riemann hypothesis, Lenstra [26] was
able to prove this result for unit rank at least one. However under the Elliott and
Halberstam conjecture, our methods only allow us to prove this result for unit rank

at least two.

To prove Theorem 4.1.2 we use the linear lower bound sieve with well factorable
weights (Theorem 2.2.3 [24]) as opposed to the modified version of Brun's sieve
which was used in Chapter 3. We add here that this new ingredient allows us to
improve upon the work of Graves and Murty. We replace their application of the
lower bound sieve (Theorem 2.2.5) with the more modern lower bound sieve with

well factorable weights. Further the process of estimating the error term will be done
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by using a theorem of Bombieri, Friedlander and Iwaniec on primes in arithmetic
progressions (Theorem 2.2.4 [2, 9, 20]), instead of the Bombieri and Vinogradov

theorem as used by Graves and Murty.

To prove Theorem 4.1.3, on the other hand, we use Theorem 2.2.5 and the Elliott

and Halberstam conjecture (Conjecture 2.2.6).

4.2 Applications of the linear lower bound sieve

In this section, using Theorem 2.2.3 and Theorem 2.2.4, we deduce the following sieve
theoretic result which plays a key role in the proof of Theorem 4.1.2. Later, we will
also prove an analogous sieve theoretic result (Theorem 4.2.3), using Theorem 2.2.5,

which will be used in the proof of Theorem 4.1.3

Theorem 4.2.1. Let K be a number field and its Hilbert class field H(K) be abelian
over Q. Also let f be the smallest even integer such that H(K) is contained in Q({y)

and Q((y) over K be cyclic. Set d :=max{n : Q(¢,) € K} and

A(x) = {K?Tl : LeN, ( prime, { <z, andﬁzbmodf},

where Cy — le is a generator of Q((s) over K. Let P:={p € N : p prime}. Then

for any real number n < 16/63, one has

T

S(A(z),P,z") >

log?z’

Remark 4.2.2. Here we point out that Theorem 4.2.1 is explicit as opposed to
Theorem 3.2.1. More precisely, it gives an explicit bound on the exponent n which

is not possible with the techniques used in the proof of Theorem 3.2.1.

Proof. Let Gy be the Galois group of Q((y) over K, G be the Galois group of Q((y)
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over H(K) and G3 be the Galois group of Q((r)/Q. Consider the diagram
Q(¢r)
o

H(K) G1

G K

Then
Gs={o, : 1<a<n, (a,f)=1},

where 0, : Q(¢r) — Q((y) € G is such that o,((y) = (§ and

Gy C{o, €G3 : a=1modd}.

By assumption, G is cyclic and Q((y) is the maximal cyclotomic field inside K.

Since f is assumed to be even, d|f. We claim that

Glﬂ{aaeGg : a=1modd, <a;17 5):1}7&(7).

Suppose not. Now if G is generated by oy, where ((b —1)/d, f/d) = h # 1, then

every element of (G; is of the form

OpO-+-00p = Opr.

7 times

Using the binomial theorem, we then have

G1C{o, €G3 : a=1moddh}.
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This implies that
Ql¢an) C K,

a contradiction to the maximality of d. Let m = (b—1)/d. Now choose ny > 0 such
that

m+ngf/dis prime and (m+nof/d, f)=1.

For any real number z > 0, define

A(x):={{—-1<z : £ €Nisprime and £ =1+ dm + nof mod df }.

Then we have
Li(x)
e(df)

as x — 00. Set Py :={p:p1 f}. Then for any p € Py, we have

|A'()] ~

Li(x)
w(pdf)

(A, (2) := {u € A'(z) : plu}| ~

as x — 00. Therefore for any square-free number ¢ with prime divisors in Py, we

have

A ()] = %M’(zﬂ T orya),

Here

~—

ﬂ_i aln relx) = | (T u —LZ(:E)
q _90((]) d q( ) ( ( ,Qdf, q) )7

where v, satisfies

u, = 1lmodg and u, = 1+ dm + ngf mod df.
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Since 2| f, for any integer w > 2, one has

— exp Z (pi1+2(pi1)2+...) ;

cep | T Y=1)

1 2 log 2z
< - .
<o | D p+p(p—2) < log w

w<p<z
pEP]

Therefore using Merten’s theorem and Theorem 2.2.3, there exists an absolute con-

stant C; > 0 such that

01.17
log? z

(4.2.1) S(A(z), P, DV*) >

37 Alg) rola),

(g,df)=1

for some well factorable function A, of level D > 1 and for any s > 2. Now let

D = 2*7¢ where 0 < ¢ < 4/7 is a real number. Then applying Theorem 2.2.4 with

k = df, we have
x
4.2.2 A(q) To(x) <
( ) qg; (Q) q( ) logAx
(q,df)=1

for any positive integer A. Finally by choosing s = 9/4 and using equations (4.2.1),

(4.2.2), we get that

S(A’(x),Pl,x%)>> —.
log” x

Set

A(z) = {—1 . forall (— 1€ A/(@} |
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Clearly S(A"(z), Py, z") > x/log? x for any real number n < 16/63 (= 1= ). Since

every element of A”(x) is co-prime to f and A”(z) C A(x), we have

S(A(x),P,z") > S(A"(x),P,z") >

log?

O

Now if we assume the conjecture of Elliott and Halberstam (see Conjecture 2.2.6),
we can prove the following statement using Theorem 2.2.5. We use the older linear
lower bound sieve as opposed to Theorem 2.2.3 because we only have an estimate

for sums of absolute values of the error terms r,(z) appearing in the sieve.

Theorem 4.2.3. Suppose that the Elliott and Halberstam conjecture is true. Let K
be a number field and its Hilbert class field H(K) be abelian over Q. Also let f be
the smallest even integer such that H(K) is contained in Q((s) and Q((s) over K be
cyclic. Set d :=max{n : Q({,) C K} and

(-1

A(x) == {T : LeN, (<ux, Epm'mecmdﬁzbmodf},

where b mod f is a generator of Q((y) over K. Let P:={p e N : p prime }. Then

for any positive real number n < 1/2, one has

S(A(x),P,x") >

log? z

where the constant implied in the symbol > depends on 1.

Remark 4.2.4. We now highlight the difference between the above theorem and
Theorem 4.2.1. The bound for the exponent n here (< 1/2), is better than that in

Theorem 4.2.1(< 16/63). But we hasten to add that Theorem 4.2.1 is unconditional.

Proof. As in the proof of Theorem 4.2.1, we can show that there exists a b mod f

which generates Q((s) over K such that b = 1+ dm with (m, f/d) = 1. As before,
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choose an ng such that m + ngf/d is a prime co-prime to f. Now let

A(x)={—-1<z : £ €N, {prime and £ =1+ dm + ngf mod df }

and P; = {p : p1 f} be as in the proof of Theorem 4.2.1. Using Theorem 2.2.5,
we would like to estimate S(A'(x), Py, z'/27?%) for any 6 > 0. In order to apply
Theorem 2.2.5, we need A'(x) and P; to satisfy the conditions of Theorem 2.2.5.

Note that for all p € Py, one has w(p)/p = 1/¢(p) and

Li(y)
< df.a) —
re(z)] < max. max m(y, qdf, a) Sadh)|

where ¢ is any square-free number with prime divisors in P;. Since f is always
even, Condition 1 (Equation (2.2.6)) of Theorem 2.2.5 will be trivially satisfied by

choosing A; = 2. To check Condition 2 (Equation (2.2.7)), we consider

Z w(p)logp Z oilogp Z p%llng_

91<p<z p g1<p<z p 91<p<z, p
peEP pldf

Since the second term in the above equality is bounded by a constant, we have

w(p) lo lo lo
3 %_bg(z/gl) = ¥ fjp + > ﬁ — log(z/g1) + O(1)

g1<p<z g1<p<z

pEP1
= 0(1).

In order to check Condition 3 (Equation (2.2.8)), we observe by Cauchy and Schwarz

inequality that

> @) 8 el < A/ 00 )3 o)

where the sum > is over the positive integers ¢ which are less than X/ log" X and

are divisible only by primes in P;. Note that for any ¢ with all its prime divisors in
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P1, we have

, Li(x) 2z
< |A(2)] +
el < AW ‘w(qdf) =0
1 gv(a) gv(9)
d <
an Z w(q) 1<q<2):(0¢ Sp(q)
= T (log X)F

g square free

IN
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VR

—_

+
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Ne}
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b
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©
8

where in the last step, we have used Merten’s theorem. Hence
! 9
Z 9" | (z)| < 2log’w.

We now use Elliott and Halberstam conjecture to see that

Li x
d ()] < > max max |7y, q,a) — (<y)) <3
p\q:ifpb < @n)l=e v=w (aq)= v og T
QSlzogiB:lc - logB (df x)

for any e, > 0. Therefore by applying Theorem 2.2.5 and choosing z = /27 with

e < 1/2, we have

(o p1/2—¢ M p/2—e (1—¢e1)log X _L
SA, P = S Y ){9(<é—s>loga:> st

Choose max(0,4e — 1) < g1 < 2e. Then we get

(1 —¢1)log X < (2 — 2¢1)(log(Li(x))) < 2 —2¢
(3 —e)logz — (1 —2¢)logx - 1-2 —

Similarly, for ¢’ > 0 such that

’ 28—81
<
1—81

99



and sufficiently large x, we get

(1 —¢1)log X < (2 —2¢1)(log x — loglog x + log(1/p(df))) > (2—2e1)(1—¢)

> 2.
(3 —¢)logz — (1 —2¢)logx 1—2e

Thus there exists a constant Z > 0 such that for any real number n < 1/2 and z

sufficiently large, we have

Zx

log?z’

(4.2.3) S(A(x), Py, ") >

Using arguments similar to the proof of Theorem 4.2.1, we now have

S(A(x),P,x") >

logz’
where
(-1 ,
A(x)::{T : /€N, {prime, {<x andfzbmodf},

and P ={p €N : p prime}. O

We now formalise the algebraic arguments required to complete the proof.

4.3 Proof of Theorem 4.1.2 and Theorem 4.1.3

In this final section of Chapter 4, we complete the proofs of Theorem 4.1.2 and
Theorem 4.1.3.

4.3.1 Proof of Theorem 4.1.2

In this subsection we give in detail the proof Theorem 4.1.2.
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Proof. Let [a] be a generator of the class group Clp, of Ok. Then for any real
number x > 0, set
(4.3.1)

By q(x) = {p : p prime ideal in Ok, MN(p) <z, [p] = [a], O — (Ok/p)” is surjective}.

In order to complete the proof of Theorem 4.1.2, by Lemma 2.3.3, it suffices to show

that

|Bra(2)] > —5—.
log” x

Applying Theorem 4.2.1 to

—1
A(x):{pT : p§x7pEN7pprimeapEmedf}7

where b mod f is a generator of the Galois group G := Gal(Q((y)/K), we get

S(A(z),P,z") =|{ ue A(z) : lu, L €N, £ prime = (> 2"} > ILQ
og”w

for any positive real number n < 16/63, where P = {p € N : p prime}. Set

B(z) = {ue A(x) : llu, £ €N, ¢ prime = (> 2"}
-1
and C(x) = {peN : pprime, pT € B(x)}.
Also let
by = Hoamodp:acOg}|, Sp:=Up)—1)/h,

Ji(z) = {p : prime ideal of Ok, N(p) € C(z), S, =1} and

Jo(x) = {p : prime ideal of Ok, N(p) € C(z), S, > 1}.

Since every prime which is equivalent to b mod f splits completely in K, it suffices
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to show that

ol =o ()

By the same argument as in proof of Theorem 3.1.2, one can show that if 9(p) €

C(x),

g | Mp) — 1

Now if p € J5(x), then S, > 2". Using Lemma 2.3.4, we then have
Hp : p prime ideal in Ok, [, < xl_”}} < x(l_”)(H%),

where r is the unit rank of K. If the unit rank r of K is greater than or equal to 3

and n = 251/1000, then

1 x
1-n)(1+-]<1 : ime ideal in Ok, [, <z'7"}| = :
( 77)( +r) <1 = [{p : p prime ideal in Ok, I, < z'"}| 0(10g2x)

This implies that

|J2(z)] < [{p : p prime ideal in Ok, lpga:l"}\:o( ° >

log? z

and hence
T
logZz’

|Bl,a(x)’ >

This completes the proof of Theorem 4.1.2. O]

Therefore one can see that with the use of well factorable weights, we can im-
prove the result of Graves and Murty [14], to the case of unit rank 3. In the next
section, we outline the proof of Theorem 4.1.3 by highlighting the modifications

required in the proof of Theorem 4.1.2.
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4.3.2 Proof of Theorem 4.1.3

Suppose that the Elliott and Halberstam conjecture is true. Then by Theorem 4.2.3,

we have S(A(x), P, z") > ToaZs for any real ) < 1/2. Let

B(z) = {uweAlz) : lu, £ €N, ¢ prime = (> a"},
Clx) = {p €N : p prime , p%l € B(x)} ,
by = Hoamodp:acOk}, S = (Np)—1)/L,

Ji(z) = {p : p prime ideal in Ok, MN(p) € C(z), S, =1} and

Jo(z) = {p : p prime ideal in Ok, N(p) € C(x), S, > 1}.
Then proceeding as in the proof of Theorem 4.1.2, we have
[{p : p prime ideal in Ok, |, <z'7"}| < g+,

where r is the unit rank of K and n := 1/2 — . If the unit rank r of K is greater

than or equal to 2 and n = 5/14, then

(1—7) (1+%> <1 = |J2(a:)\:0<

where By 4(z) is as defined in Equation (4.3.1). This completes the proof of Theo-

rem 4.1.3 when the unit rank of K is strictly greater than 1.

4.4 Concluding remarks

In the final section of this chapter, we note that the proof of Theorem 4.1.2 actually

yields a result that is stronger. We state the stronger result below.

As in the previous sections, let K be a number field with unit rank greater than
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or equal to 3 and let its Hilbert class field H(K) be abelian over Q. Consider the

diagram

Q(¢y)
H(K) G1

(e

G3 K

Q(¢a)

Q
Let G5 be the Galois group of Q(¢s) over Q. Then G3 ={o, : 1 <a<mn, (a,f)=
1}, where o, : Q((r) — Q((s) € Gj is such that 0,((y) = (f. If Gy is the Galois

group of Q((y) over K, Clp, is cyclic and

{aaGGlz G2:<aa]H(K)>}ﬂ{aa€G3: a=1modd, <a;1,§):1}7£¢,

then it has a Euclidean ideal class. Here the notation Gy = (0,|m(k)) denotes that
0a|H(K) generates Go. Now if we assume the Elliott and Halberstam conjecture, then
one can improve the unit rank up to 2. These results are stronger than Theorem 4.1.2

and Theorem 4.1.3 as they also include number fields
K C Q((or), forall k >1

whose ring of integers Ok is a principal ideal domain. Here (o is a 2¥-th primitive
root of unity. One can also adapt Theorem 4.2.3, to the set up where one has the
above co-primality condition. This will be useful in the Chapter 5. More precisely,

one can show the following.

Theorem 4.4.1. Suppose that the Elliott and Halberstam conjecture is true. Let K
be a number field such that its Hilbert class field H(K) is abelian over Q. Also let f
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be the conductor of H(K) and d := max{n : Q((,) C K}. Set

A(x) == {6771 : L eN, L prime {<ux andﬁzbmodf},

where (; — CJIZ is an element of the Galois group of Q((y) over K such that ((b— 1)/d, f/d) = 1

(provided it exists). Then for any real number n < 1/2, one has

T

log 2’

{u € A(x) : p prime, plu = p > 2"}| >

where the implied constant depends on n and K.

Remark 4.4.2. Observe that we assumed that f is the conductor of K. However
the proof holds if f is replaced by any multiple of f, say for 16f, in the above
statement. Further Theorem 4.4.1 is stronger than Theorem 4.2.3 since the co-

primality condition is weaker than that of cyclicity of Q((r)/K.

With this we conclude the chapter on number fields with large unit rank and

move on to the case of lower unit rank in the next chapter.
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Chapter 5

Small unit rank

5.1 Introduction

In the last chapter of this thesis we will prove results on Galois number fields of
small unit rank. As we saw in Chapters 3 and 4, whenever the unit rank of Ok
is large, one can show that the class group of Ok has a Euclidean ideal class for
certain number fields. However in the case of real quadratic and Galois cubic fields,
the unit rank will not be large enough. To address this situation we use an idea of
Narkiewicz (see [29], [31]). The idea is to look at the compositum of number fields

with lower unit rank to generate a new field of larger unit rank.

Let us first briefly recall a theorem of Graves here in order to put the next step

in perspective.
Theorem 5.1.1 (Graves [13]). If a is a non-zero integral ideal of Ok, then

Bioa={p:p is a prime ideal of Ok, [p] = [a], O — (Ox/p)* is surjective} U {Ok}.

Further, By (X) ={p € B1,: N(p) < X}.

107



Coming back to our strategy; we use a lemma of Narkiewicz (Lemma 2.3.5,
[29]) and the sieve of Heath-brown (Lemma 2.2.7, [20]) to show that there exists a

sequence of positive real numbers (z,),en tending to infinity such that

T

(5.1.1) | By ()| >

log? z,,

for some prime ideal p in the compositum. The set B, considered in Equa-
tion (5.1.1) is a subset of the set of prime ideals in the compositum of either the

quadratic or cubic fields as the case may be.

We then use the pigeonhole principle to show that at least one class from the
ideal class group of at least one of the cubic or quadratic fields will have y,,/log® y,,
prime ideals for which Oy surjects onto (Ok /p)* (where (y,)nen is a subsequence of
(Zn)nen again going to infinity). We pause now to recall another theorem of Graves

that we have used time and again in this thesis.

Theorem 5.1.2. (Graves [13]) Suppose K is a number field with unit rank at least
one. Further suppose that Ok has cyclic class group and that a is an integral ideal

of Ok such that [a] generates the class group. If

|Bra(z)] > x/log” z,

then a is a Fuclidean ideal.

We would like to use Theorem 5.1.2 to detect a Euclidean ideal class. But since
the bound we get holds only for a sequence of 3, € R and not all y € R, we develop
a sequential analog of Theorem 5.1.2 or Theorem 2.3.3 (See Theorem 5.2.1). But
Theorem 5.2.1, like Theorem 5.1.2 or Theorem 2.3.3, will require that the class with
2/ log? x ideals must generate the class group. This will be ensured by using two

conditions. These conditions are as follows:
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1. None of the prime ideals thus obtained split in the Hilbert class field of the
cubic or quadratic field. Therefore by Theorem 2.1.36, the class cannot be

principal.

2. Assume that the class numbers of the cubic or quadratic fields are prime. This

will ensure that any non-principal class is a generator.

Before we state the results, we introduce some notation. Let K;, Ky and K3 be
number fields with Hilbert class fields H(K; ), H(K;) and H(K3) respectively, all of
which are abelian over Q. Also let fi, f> and f3 be their conductors, i.e. Q((y,), Q((s,)
and Q((y,) be the smallest cyclotomic fields containing H(K;), H(K,) and H(K3)
respectively. Here (y,, (y, and (g, are primitive fi, fo and fsth roots of unity respec-
tively. Set f to be the least common multiple of 16, fi1, fo and f3 if K;, Ky, K3 are
three real quadratic fields, the least common multiple of 16, f; and fs if K;, K, are
two real quadratic fields or the least common multiple of 16, f; and f5 if K, Ky are
real cubic fields. Further put F := Q((s), where (; is a primitive fth root of unity.

We will now state the main results which have been proved in this chapter.

Theorem 5.1.3. Let Ky, Ky be distinct real cubic fields with prime class numbers
and H(K;), H(K,), F, f be as above. Also let G be the Galois group of F over K1 Ko,
Gy be the Galois group of F over Q((;), where either ¢ is an odd prime dividing f
or ¢ =4 and Gal(F/H(K;)) be the Galois group of F/H(K;) fori=1,2. If

G ¢ |G| Gal(F/H(K)))| ) Gal(F/H(Ks)),
¢
then at least one of the K; (i = 1,2) has a Euclidean ideal class.

We also have an analogous result in the quadratic case.

Theorem 5.1.4. Let Ky, Ky and K3 be distinct real quadratic fields with prime

class numbers and H(K;), H(K,), H(K3),F, f be as above. Also let G be the

109



Galois group of F over K1KyKj3, Gy be the Galois group of F over Q((;), where
either £ is an odd prime dividing f or { =4 and Gal(F/H(K;)) be the Galois group
of F/H(K;) fori=1,2,3. If

G ¢ |G\ Gal(F/HK.))| ) Gal(F/H(K)| ) Gal(F/H(Ks3)),
‘
then at least one of the K; (i = 1,2,3) has a Fuclidean ideal class.

Now if we assume the Elliott and Halberstam conjecture, we can strengthen

Theorem 5.1.4 in the following manner.

Theorem 5.1.5. Let Ky and Ky be distinct real quadratic fields with prime class
numbers and H(K;), H(Ky),F and f be as above. Also let G be the Galois group
of F over KiKy, Gy be the Galois group of F over Q((;), where either { is an odd
prime dividing f or ¢ = 4 and Gal(F/H(K;)) be the Galois group of F/H(K;) for
i=1,2. If
G ¢ |G| Gal(F/HK)))| ) Gal(F/H(Ks)),
¢

then at least one of the K; (i = 1,2) has a Fuclidean ideal class provided the Elliott

and Halberstam conjecture holds.

In the next section we begin with a generalisation of Theorem 5.1.2 required for

our proof.

5.2 Generalisation of Theorem 5.1.2

In this section we prove a sequential variant of the criterion given by Graves in [13].
This criterion can be thought of as a generalization of Narkiewicz’s result (see page

338, Lemma 2 of [31]).
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Theorem 5.2.1. Suppose that K is a number field with unit rank at least one
and its class group Clx = ([a]). If there exists an unbounded increasing sequence

{Zn}nen such that

[{p : p prime ideal, [p] = [a], N(p) < x,,, O — (Ok/p)” is surjective}| > T ,

log? z,,

then [a] is a FEuclidean ideal class.

Proof. We will apply Theorem 2.3.2 to prove Theorem 5.2.1. Since every ideal class
[a] contains infinitely many prime ideals, to show that [a] is a Euclidean ideal class,
it is sufficient to show that any prime ideal in [a] is a Euclidean ideal. From now

onwards, we shall assume that a is a prime ideal.

For i € N, let B;, and B, be as in Chapter 2 (Theorem 2.3.2). In order to
complete the proof of Theorem 5.2.1, we need to show that all prime ideals of Ok
are in B,. We start with the following definition. For i € N, let B; (X)) := {p €

Bio @ M(p) < X}. We claim that for any ¢ > 1 and for any prime ideal p of Ok,

(5.2.1) if pela™?], then p€E Bigg.

We will prove this claim by induction on ¢. Set

A:=Bio(x2)\ Boa, W = {p:p€[a’]}\ B

and W (z,) {p:p€la’], Np) < 20} \ Baalwn)-

By given hypothesis, we have |Byq(z2)| > Let A(p,a,A) be as in Equa-

log? (902)

tion (2.3.2). Then applying Lemma 2.3.10, we get

)\ A 2 2
Z%<%<%<10g2xn.
peEW (xn) P

log?(22)
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If p € W, then there exists an z € p~'a\a such that a™'b(z — ¢) & By, for allq € a.
This implies that Z4(z,p,a) = 0 for Za(x,p,a) be as defined in Equation (2.3.1).

Therefore for any unit v of Ok, we have
a'b(ur — ¢') ¢ By,

for all ¢’ € a. This implies that for any unit u € O, one has Z4(ux,p,a) = 0. Now
suppose that uy,us € Og. We now show that if u; and uy are distinct modulo p,
then zu; and zuy are distinct elements in p~'a/a. Let ho, be the order of Clo,.
Then pa<hoK_2) is a principal ideal as p € W C [a?]. Let z, be a generator of
pa(hOK_z). For the rest of this proof, we will denote hp, by h for ease of notation.

Consider the map

Yy :ptaja — a"t/a

amoda ~ az, moda"'p,

h—2

which is well defined since z,a = pa a = a"p. Also consider the map

Yy a1 a5 Ok /p

fmod a"p — B modp,

which is well defined since a is an integral ideal, and hence a"~'p C p. We know
by Lemma 2.3.8 that 1 is an isomorphism. Also it is easy to check that 1 is an
injective group homomorphism as a is a prime ideal which is co-prime to p. Since
x € p~ta\ a, we see that z,2 mod p is a non-zero element in Ok/p, i.e. z,x ¢ p.

This implies that x,z(u; —ug) € p if and only if uy — us € p, as required. Let

ly .= [{amod p:ae O}
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Thus if p € W, then A(p, a, A) > [,. Therefore

9 Ap,a, A l 1
logza > ) % P NP D I

pEW (z1) peEW (zr) peW(z{l)
lp>n(p)2~°
1—¢
[{p € Wizn) @ b >N(p)2}

lie
Multiplying both sides by zzt , we get that

x
W () : I, > N(p)2~}| = "),
L A e R
On the other hand, by the Lemma 2.3.4, we have

{p € W(z,) : 1, <N(p)F Y| < b7

Hence

(5.2.2) W (z,)| = 0( I )

Now for any p € [a®] and any = € p~'a\a, we have () = p~'aa; for some integral

ideal a;. Note that a; ¢ p as = ¢ a and hence

(z)+a=pla(p+a)=p'a

Then by Theorem 2.3.7, the set W of prime ideals q in Ok such that

-1

q=(r—y)pa

for some y € a has positive density. Note that W C [a?] and it has positive density.

Since by Equation (5.2.2), W has zero density, it follows that W cannot be contained
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in W. Therefore there exists yg € a such that

qo = (v —yo)pa ' € By .

This implies that p € B3, and hence by definition all prime ideals p for which
[p] = [0®] are in Bs,. This proves the claim (5.2.1) for i = 1. For the induction
hypothesis, suppose that the claim is true for s = m. This implies that if p € [a™?]
then p € By,124. Now let p € [a™"¥]. Then arguing exactly as before we see that
for any x € p~ta\ a, we have () + a = p~'a. Now by Theorem 2.3.7, there exists a
prime ideal q such that

-1

q=(r—y)pa

for some y € a. Since p € [a™ T3], we have q € [a™"?]. Then by induction hypothesis,
we have q € B,,424 and hence by definition p € By, 13,4, as required. This implies
that every prime ideal of Ok is in By, and hence in B,. Thus a is a Euclidean

ideal. ]

With the above generalisation in hand, we can now use Lemma 2.3.5 to prove

Theorem 5.1.3 and Theorem 5.1.4.

5.3 Proof of Theorem 5.1.3 and Theorem 5.1.4

In this section, we give a proof for Theorem 5.1.3 and then outline a proof for

Theorem 5.1.4 as the arguments are similar.

5.3.1 Proof of Theorem 5.1.3

We start by proving some lemmas which are required to prove Theorem 5.1.3.

Throughout this subsection, let K; and Ky be abelian cubic fields with Hilbert
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class fields H(K;) and H(K3), both of which are abelian over Q. Also let f; and
f2 be their conductors. Set f to be the least common multiple of 16, f1, fo and

F := Q((y), where (y is a primitive f-th root of unity.

Lemma 5.3.1. Suppose that the Galois group G of F over K{Ky satisfies the hy-
pothesis of Theorem 5.1.3. Then there exists a co-prime residue class modulo f,
say t mod f, such that any rational prime that belongs to this residue class splits
completely in K1Ko but does not split completely in H(K;) and H(Ky). Further,

there exist a,b € (3, 3) such that for any X, e > 0, we have |J(X)| > ﬁ, where

J(X) = {p =tmod f : p rational prime, p € (X', X) such that
p—1

1s either a rational prime or a product of rational

primes q1qe with X% < ¢ < Xb}.

Proof. By the given hypothesis, we have

G ¢ |G| Gal(F/H(Ky))| ] Gal(F/H(K,)).

This implies that there exists a co-prime residue class modulo f, say ¢ mod f, such
that ((¢ — 1)/2, f) = 1 and every rational prime in this class splits completely in
K1K2 but not in H(K1> and H(Kg)

We can now apply Lemma 2.2.7 for u = t and v = f, which gives us that for

some a,b € (§,3) and any € > 0,

[ J(X)| >

log? X

This completes the proof of the lemma. n

Next let K = K K5 and t mod f be as in Lemma 5.3.1. Since we know that
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(t,f)=1and ((t —1)/2, f) = 1, it follows that ¢ = 3 mod 4. For a and b as in the

previous lemma, choose € such that a < ﬁ < % Consider the set

M. := {p : pis a prime ideal, 9(p) = p rational prime , p =¢ mod f,
p—1

is either a rational prime or a product of rational primes

: a b
g2 With p* < ¢ <pi-—<}

and also the set M.(X) := {p € M. : M(p) < X} for any real number X > 0.

With this notation, we have the following lemma.

Lemma 5.3.2. Let K be as above and ey, ey, es be multiplicatively independent
elements in Ok. Then for some i € {1,2,3}, either e; or —e; is a primitive root
mod p for infinitely many ideals in the set M.. Let this set of prime ideals be called
V' and let V(X) denote the set of elements in V' of norm less than or equal to X.

Then there ezists an increasing unbounded sequence {x, }nen such that
‘/I/‘n

V(n)| > ——.
log” z,,

Proof. For any real number X > 0, let J.(X) be as in Lemma 5.3.1. Since for every
rational prime p € J, there exists a prime ideal p € M, such that 9(p) = p and by

Lemma 5.3.1, we know that

|J(X)| > X/log® X.

It follows that

5.3.1 M(X)| > .
(53.1) MO >

For any multiplicatively independent elements e;, es and ez in O, we can partition

the set M, = U?Zle, where each M; correspond to a tuple (¢, ¢, c3) with entries
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in {1} such that

5)--

for all p € M;. See page 394 of [30] for the definition of second power residue symbol

(%) We now claim that there exists an increasing unbounded sequence {z;, }nen

and 1 < jp < 8 such that
| M (z,)| > 2,/ log” z,.
Suppose our claim is not true, i.e. none of the M; have such a sequence. Then

limsup | M;(X)|/(X/log® X) = 0.

X—o00

However since

lin inf |M;(X)|/(X/10g% X) =0,
—00

we have

M(X)] = 0 (lgiX) ,

for all 1 < 7 <&. This implies that

MeO1=o0 ().

a contradiction to Equation (5.3.1). Since t = 3 mod 4, any p € M, has the property
that (%) = —1. Now by applying Lemma 2.3.5 with T' = M;, and noting that
for any i € {1,2,3}, the elements ¢;e; are quadratic non-residues modulo any prime
ideal p € M;

o> We get our lemma. O

Remark 5.3.3. Note that +1 cannot be a subset of a multiplicatively independent
set. Also both e; mod p and —e; mod p for any p € M, cannot simultaneously be
quadratic residues as (%) = —1. Therefore the usual exclusion of £1 and perfect

squares for Artin’s primitive root conjecture does not appear in Lemma 5.3.2.
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We now complete the proof of Theorem 5.1.3. Since K; and K, are real cubic,
their compositum K contains three multiplicatively independent units, say €y, €
and e3. Let V be as in Lemma 5.3.2 and 1 be one of the elements +e, +ey, te3
which generates (Ok/p)* for all p € V. Then n € K,, where s € {1,2} and by

Lemma 5.3.2, we have a sequence {x, }nen such that
|V (2,)| > e,/ log? z,,.

Since every p € V has degree 1, ) generates (Ok, /t)™ where v = pN K. Since there
are only finitely many ideal classes, arguing as in Lemma 5.3.2, there exists some

ideal class [f] in the class group of K so that

Yn

{aNKs €[] : g€V, MaNK;) <yn}| > T2
hog, 1og” yn

for a subsequence {y, }nen of {Zn }nen. Here hoy  denotes the class number of Ok, .
Since V' C M., our choice of ¢ (see Lemma 5.3.1) ensures that none of the elements
of V' lie above any ideal in the trivial class of K. Since ho, is prime, the ideal
class [f] must generate the ideal class group. Therefore by Theorem 5.2.1, we see

that [f] is a Euclidean ideal class. This completes the proof of Theorem 5.1.3.

5.3.2 Proof of Theorem 5.1.4

In this subsection, we outline the proof of Theorem 5.1.4. Throughout this sub-
section, let K, Ky and K3 be real quadratic fields with abelian Hilbert class fields
H(K;), H(K,) and H(K3) respectively. Also let f1, fo and f3 be their conductors.
Set f to be the least common multiple of 16, fi, f2, f3 and F := Q((y), where (s is a
primitive f-th root of unity. Also set K = K;KyKj3. For the sake of completeness,
we now state two lemmas required to prove Theorem 5.1.4. Their proofs follow by

arguing exactly as in Lemma 5.3.1 and Lemma 5.3.2.
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Lemma 5.3.4. Suppose that the Galois group G of F over K satisfies the hypothesis
of Theorem 5.1.4. Then there exists a co-prime residue class modulo f, sayt mod f,
such that any rational prime that belongs to this residue class splits completely in
K but does not split completely in H(K;), H(Ks) and H(K3). Further, there exist

a,b € (1,3) such that for any X, e >0, we have |J.(X)| < IOgLQX, where

J(X) = {p =tmod f : p€N, p prime, p € (X', X) such that
p—1

15 either a rational prime or a product of rational

primes q1q2 with X < ¢, < Xb}.

We modify the definition of M, as follows. For a and b as in Lemma 5.3.4, choose

e > 0 such that a < ﬁ < % Counsider the sets

M. := {p : pis aprime ideal, N(p) =p € N, p prime , p =t mod f,
p—1

is either a rational prime or a product of rational primes

. “ b
Q12 With p* < ¢ < pi-<}

and M.(X) = {p € M. : N(p) < X} for any real number X > 0. We have the

following lemma.

Lemma 5.3.5. Let ey, ex and es be multiplicatively independent elements in Og.
Then for some i € {1,2,3}, either e; or —e; is a primitive root mod p for infinitely
many ideals in the set M.. Let this set of prime ideals be called V and let V(X)
denote the set of elements in V' of norm less than or equal to X. Then there exists

an increasing unbounded sequence {T,}nen such that

Tn

V(zn)| > ——.
log” z,,

This completes the proof of Theorem 5.1.4. In the next section of this chapter, we
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investigate the implications of the Elliott and Halberstam conjecture on the problem

of finding Euclidean ideal classes in real quadratic fields with cyclic class groups.

5.4 Consequences of Elliott and Halberstam con-

jecture

As seen in chapter 4, we would like to examine the improvements that can be
obtained on Theorem 5.1.3 and Theorem 5.1.4, under the Elliott and Halberstam

conjecture (Conjecture 2.2.6).

We first note the following improvement of Lemma 2.3.5.

Lemma 5.4.1. Let a; and as be multiplicatively independent elements of K*, T
be a set of prime ideals of degree 1 in K and N(p) denotes the absolute norm of a

prime ideal p of Ok. Suppose that T' has the following properties,

1. there ezists a constant ¢ > 0 and an unbounded increasing sequence {x,}nen
such that

T(x,) ={peT : Np) <@} > z,/log” zp,

2. there exist a < [ in the open interval (1/3,1/2) such that if p is an element
of T and p = N(p), then (p — 1)/2 is either a prime q or a product of primes

q1q2, with p* < ¢ < p”,

3. the numbers a; and ay are both quadratic non-residues with respect to every

prime in T

Then for any ¢ > € > 0, there exists a subsequence {Ym }men Of {Tn}nen such that

one of the a;s is a primitive root for at least (¢ — €)ym/10g” ym elements of T(yy,).
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Proof. 1f the order of a; or as is two in (Ok/p)* (the multiplicative group of units
of Ok /p), then a? — 1 € p and hence there are only finitely many such prime ideals
p in Okg. Without loss of generality, we can assume that neither a; nor a, has order

2 in (Ok/p)* with (p) sufficiently large.

From now onwards assume that p € 7" with 9¥(p) = p such that neither a; nor ay
has order 2 in (Ok/p)*. Also we shall denote the order of any element a in (Og /p)*
by 0,(a). By the given hypothesis, p = 14-2¢ for a prime g or p = 14-2¢1 g2, with ¢1, ¢
primes such that p® < ¢; < p”. If both a; and a, are not primitive roots modulo
p, then they have order ¢ when p — 1 = 2q or they have order ¢, gs, 2¢1, 2¢2, or
q1q2 when p — 1 = 2¢;¢o. Again by the hypothesis, a1, ay are quadratic non-residues
modulo p and hence oy(aq), 05(az) must be divisible by 2. This implies that there
are no primes p with p — 1 = 2¢ for which both a; and ay are not primitive roots
modulo p. When p — 1 = 2¢;¢, and both a; and as are not primitive roots modulo
p, then o,(a;) is equal to 2¢; or 2¢go and same is true for o,(az). Now suppose that

at least one of 0,(a;) (i = 1,2) is equal to 2¢;. Then for any ¢ = 1,2, we have

{p €T :N(p) < X, op(a) :=e<2X%} < Y HpeT:Np) <X, pl(a — D},

e<2XB

where [ is as in the hypothesis. Taking norms, we get

ST Hp <X = pINaf - DY < ) log [N(af — 1),

e<2XP e<2X58

= 3 e (H () - u) ,

e<2X5 o

< 3 log (Huc(ai)r - 1)6) ,

e<2X8 o

X
« X ewx? o)
0g

e<2XFh

Here, o varies over all the embeddings of K into C. If both o,(a;) and o,(a2) are
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equal to 2¢qo, we claim that

e - o) < X onlo) =20 = an(w}] = o ()

To prove this, we will show that there exists a set S of tuples (r,s) € N x N such

that

{fpeT : Np) <X, oy(a1) =2¢2 = 0y(az)}

(54.1) C {peT : Np) =p <X, pN(ajas — 1) for some (r,s) € S}.

Consider the set

S:= {(r,s)eNxN : 0<rs<2Xx079/2

Note that when o,(a1) = 2¢2 = oy(az) for some p € T, then (aja3)?®? =1 mod p for
any (r,s) € S. Since |S| is 4X'® > 4p'~* > 4¢, and the fact that the polynomial
Y22 — 1 over Ok /p can have at most 2¢, roots, we have by the pigeonhole principle
that there exists (r,s) € S, where S := {(r,s) € Zx Z : (|r|,|s|) € S} such that
ata5 — 1 € p. Let the numerator of ajaj — 1 be M, . Clearly M,  # 0 as a;
and ao are multiplicatively independent. Then the number of prime divisors of the

numerator M(M, ) is log |M(M, )] < X1=9/2. Hence,

X
<X 5 P forsome (r9) € SH < X1 x X0 = o5
og

as a > 1/3. Thus

X
HpeT : Np) =p <X, p/fN(afas — 1) for some (r,s) € S}| = o (m) :
0g

Therefore there exists a subsequence {y,, }men such that one of the a;s is a primitive

root for at least (¢ — €)Y/ 1og” ¥, primes for any € > 0. O
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We now complete the proof of Theorem 5.1.5.

Proof. Let K := K;K3 be the compositum of the real quadratic fields K; and K,
and let f be the least common multiple of 16, f; and f,, where f; and f; denote the
conductors of K; and Ky respectively. By the hypothesis, there exists an element
bmod f in the Galois group of Q(¢f) over K such that ((b —1)/2, f/2) = 1. Since

16| f, we have b = 3 mod 4. Using the Theorem 4.4.1, it is easy to see that the set

f(X) = {{ <X :leN, {prime, { =bmod f, -1

is either a rational prime

or a product of rational primes ¢;¢o with X'/?70 < ¢; < X1/2}

has cardinality > log#X for any 6 < 1/6. If we set

T(X) := {p C Ok : pisa prime ideal of degree one ,M(p) € T'(X)},

then we have |T'(X)| > IO;Q(X. Let a; € K; and ay € K; be two fundamental units.
By arguing as in Theorem 5.3.2, it follows that there exists an increasing unbounded

sequence {x, }n,en, and a choice of tuple (¢p, ¢y) with entries in {£1} such that

5)
e = —Cy,
p

for at least > x,,/log® z,, primes in T(x,). Let the set of these primes be called
Aq(z,). Since b = 3 mod 4, each ¢;a; is a quadratic non-residue modulo all primes
in Ay(z,), n > 1. Now by applying Lemma 5.4.1, there exists a € {£a;,+as} in
K for s € {1,2} which is a primitive root for every element of a subset Vi(z,) of

Aq(z,). Further there exists an unbounded increasing sequence {y,, }men such that

Ym

Vi(ym)| > oo
0g Ym

Since p € Vi(ym) is of degree one, a generates (Ok,/q)*, where ¢ = p N K. Since
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there are only finitely many ideal classes in K, by arguing as in Theorem 5.3.2,

there exists an ideal class [f] and a subsequence {z,},en Of {Um }men such that

Zr
quKse[ﬂ : qGVI(ZT)H > loo? 2.
og” zr

By the given hypothesis, none of the primes in Vi(z,) split completely in H(K).
Thus [f] must generate the ideal class group K. Therefore by Theorem 5.2.1, we

see that [f] is a Euclidean ideal class. O

With this we have covered the proofs of all the statements claimed in the intro-
duction of this chapter. In the last and final section we would like to provide some

concrete examples of fields for which our theorems are applicable.

5.5 Concluding remarks

In this section, we construct some explicit examples for which the hypotheses of our

main theorems hold. We start with real quadratic fields.

Corollary 5.5.1. Let p1,q1,p2, 2, P3,q3 be sixz distinct primes which are congruent
to 1 mod 4. For j € {1,2,3}, if each K; := Q(\/p;q;) has class number 2, then at

least one of them has a Euclidean ideal class.

Proof. Since p; and g; are all congruent to 1 mod 4, we note that the conductor
of K; is p;q; for all j € {1,2,3}. To see this, we first observe that if Q(¢,) is the
conductor, then r must be a multiple of p; and ¢; since both of these numbers
ramify in K;. However Q((p,q,) contains Q((,,) and Q((,,). Since both p; and g;
are congruent to 1 mod 4, we have Q(,/p;) and Q(,/g;) are contained in Q((,;) and

Q(¢y,) respectively. Therefore Q((p,4,) is the smallest cyclotomic field containing K;.

The next observation we would like to make is that H(K;) = Q(\/pj, /)
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Since the class number of the quadratic field K; is two, degree of the extension
Q(\/p_J7 \/@) over Q is four and both these fields are totally real, it suffices to show

that Q(,/pj, /q;) is an unramified extension of K;. Consider the following diagram.

QP va5)

W)/Q(\‘/T)\

The prime p; does not ramify in Q(,/g;) and hence its ramification index in Q(,/pj, \/7;)

Q( K

J

is 2. Similarly the ramification index of ¢; in Q(\/p_j, \/@) is also 2. Note that the
discriminant of K; is equal to p;g; (as p;, ¢; are 1 mod 4) and hence both p; and g,
ramify in K;. Since both p; and ¢; have ramification index 2 in Q(,/p;, /¢;), the
primes in K lying above p; and those above ¢; do not ramify in Q(,/p;, ,/q;). Thus

Q(\/Pj, /T;) is unramified over K; as the discriminant of Q(\/p;, /q;) is p3q;-

Note that f = 16p1pap3q1¢2q3 and K := Q(/p1q1, /P22, \/P333) is the composi-

tum of K; for j € {1,2,3}. We claim that there exists an element o in the Galois

group of Q((y) over K such that

o(t)=—t, o(yp;) =—p; and o(\/q;) ==/

for j = 1,2,3. Here ¢ € C is such that (> = —1. To see this, we first observe that
since the discriminant of Q(¢, /pz2,- -+ ,\/q3) is co-prime to py, /p1 is not contained
in Q(¢, /P2, ,4/q3)- So there exists a Galois element in Q((y)/Q which takes \/p;
to —,/p1 while fixing the other six elements. The same argument can be applied
to the other six elements. The composition of all these Galois isomorphisms will
give us the required isomorphism ¢. This isomorphism in fact belongs to the Galois

group of Q((y) over K. Since ¢ does not fix the unique quadratic subfield of Q((y)
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for any odd prime ¢|f or ¢ = 4, it follows that o does not belong to the Galois group
of Q({s) over Q(¢,) for all odd primes ¢|f or ¢ = 4. Also ¢ does not belong to the
Galois group of Q(¢y) over H(K;) for j € {1,2,3}. This is because it does not fix
the quadratic subfields Q(,/p;) or Q(,/q;) of H(Kj) for all j € {1,2,3}. Therefore
we can now apply Theorem 5.1.4 to this set of three real quadratic fields to conclude

that at least one of them must have a Euclidean ideal class. OJ

Let p1 =5,q1 =41, po =17, g = 13, p3 = 29 and g3 = 37 . Using SAGE we can
show that the class numbers of Q(,/p;q;) are all 2. Then one of the fields Q(\/p:q;)
has a Euclidean ideal class by Corollary 5.5.1. Arguing exactly as in Corollary 5.5.1

and using Theorem 5.1.5, we get the following corollary.

Corollary 5.5.2. Let py, qq, p2, g2 be distinct primes which are congruent to 1 mod 4.
If Q(\/p;q;) for j € {1,2} have class number 2, then at least one of them must
contain a Fuclidean ideal class provided the FElliott and Halberstam conjecture is

true.

To provide an example for the real Galois cubic fields, we consider the fol-
lowing construction. Let pi,qi,p2,q2 be four distinct primes which are congru-
ent to 1 mod 12. Let K, K5, K3, K4 denote the unique degree three subfields of
Q((py), Q(Cyy)s Q(¢p,) and Q((y, ), respectively. Consider a degree three subfield of
KK, which is distinct from K; and Ks. This is possible since the Galois group of
KK over Q is Z/3Z x Z/3Z and this group contains more than two subgroups of
order 3. Let us denote this field by K. Similarly, we consider a degree three subfield
of K5K, distinet from K3 and K4. We denote it by K.

Corollary 5.5.3. If K and K have class number 3, then one of K or K must have

a Fuclidean ideal class.

Proof. We note that K is not contained in Q((,,) or Q({,, ), but it is contained in

Q(Cpyqr)- Therefore, the conductor of K must be pyg;. Similarly the conductor of
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K is pago. If K and K have class number 3, then the Hilbert class field of H(K) of
K and the Hilbert class field of H(K) of K are KK, and K3K, respectively. This
follows from an argument similar to that of Corollary 5.5.1 and the fact that the

conductors of K and K are p;¢g; and pago, respectively. Now let K; = Q(ay) and

Ks = Q(ay). We first claim that a; ¢ KK(dy, VD1, /1, \/P2,1/G2)- Suppose not,
then

KK(ay) € KK(dy, t, /P, /a1 VP2 VE2)-

This implies that

KKKl C KKK?)(La \/17_17 \/q_la \/]3_2, \/q_Q)

Note that KK; = KK, and KK; = K;K,. So we have

KK K, € KK3K,y(t, /b1, V@1, VP2, VT2)-

We first note that K, K3 and K4 have co-prime conductors. Therefore the degree of
the field KK3Ky(¢, \/p1, /q1; /P2, 1/G2) is 27 x 2" for some positive natural number
n. But since the Galois group of this field is abelian, it has a unique Sylow-2

subgroup. Therefore it has a unique subfield of degree 27. This implies that
K K.K = KK3K,.
But composing with K3 on both sides, we get
K KKKy = KKKy

which is not possible as seen by a degree argument and the fact that all the K;s have

distinct prime conductors. Further ¢ ¢ KK(dy, oy, VP1, /@15 /P2, 1/G2) since the
field under consideration is totally real. And finally \/p1 ¢ KK (dy, aq, ¢, Vs /D2, /)
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To see this consider the following diagram.

KK(d1, a1, b, /q1, /P2s \/B3)

/ \

KK (o, dy) Q(es a1, /P2, V2

\/

The degree of KK(al, a;) = KiKoK3K, is a power of three. Note that p does not

ramify in Q(¢, \/q1, /P2, 1/G2)- Since the degree of

Q

KK (dy, a1, ¢, /31, /D2y v/3)

over

Qe vV, P2, vV2)

is a power of three, the ramification index of p; in KK(dy, o, ¢, Vs /DP2; /)

is a power of three but the ramification index of p; in Q(,/p1) is divisible by two.

Therefore /p; ¢ KK (dy, aq, V@15 /P2, +/qz)- Similar arguments work for /g1, /P2

and /gz. Arguing as in Corollary 5.5.1, we can choose a Galois isomorphism of Q((y)

over Q, where f = 16p,q1p2q2, which fixes KK but not any of ay, a1, L, \/P1,\/q1, \/P2
and /qz. This shows that

Gal(Q(¢s)/KK) ¢ UGeUGEﬂ (¢r) /K1 Ko) | Gal(Q(¢r) /KsKy),

where /¢ is either an odd prime dividing f or 4 and G, is the Galois group of
Q(¢r)/Q(¢). Now applying Theorem 5.1.3 we have that one of K or K has a Eu-

clidean ideal class. O

Let p1 = 13, ¢4 = 37, po = 61 and ¢, = 73. For each of these primes we can

associate the cyclotomic field Q((,,) or Q(¢,). Further each such cyclotomic field
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contains a unique cubic subfield. Using SAGE, it can be shown that the compositum
of the cubic fields corresponding to p; and ¢; contains a cubic subfield (distinct from
the ones contained in the cyclotomic field) of class number three. Similarly, there
exists a class number three subfield corresponding to p, andq,. By Corollary 5.5.3,

one of these two subfields must contain a Euclidean ideal class.

Remark 5.5.4. Let py,q1,p2,q2 be distinct primes. Corollary 5.5.3 is also true if
we assume that some of the primes p1, q1, P2, @2 are congruent to 1 mod 12 and some
of them are congruent to 7 mod 12. It can be seen by replacing Q(/pi) or Q(\/a)

fori=1,2 by Q(/—p;) or Q(/—q:) when p; or q; are congruent to 7 mod 12 in the
proof of Corollary 5.5.3.

With this we would like to conclude the last chapter on the results included in

this thesis.
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Chapter 6

Conclusion

In conclusion, we would like to touch upon two specific aspects of the problem of

finding Euclidean ideal classes.

We begin by noting that the case of fields with lower unit rank is far from being
solved. As we have seen for a family of real quadratic fields having cyclic class
groups, with the exception of at most two fields, the class group will always have
a Euclidean ideal class. One would like to extend this result to all real quadratic
fields. Similarly, one would like to extend our results on a family of Galois cubic
fields to all Galois cubic fields. However, it appears to us that such an extension
might not be possible with the techniques mentioned in this thesis. It seems to
us that proving such results will require some non-trivial developments in the sieve

theoretic techniques involving well factorable weights.

Moreover all our results speak only of number fields whose Hilbert class field
is abelian. Therefore, one would like to extend these results to the case of arbi-
trary Galois extensions. Such an extension would require both the aforementioned
improvements in the sieve theoretic techniques and perhaps some new results analo-
gous to those of class field theory for non-abelian extensions. Both of which, apriori,

seem to be very difficult situations to handle.
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The second aspect we would like to touch upon is the relationship with Artin’s
primitive root conjecture. In 1972, Weinberger ([36]) proved, under the extended
Riemann hypothesis, that a fundamental unit (provided it exists) is a primitive root
for infinitely many primes p. He then used this to show that the ring of integers
with unit rank at least one is a principal ideal domain if and only if it is a Euclidean
domain. Even the result of Harper and Murty ([19]), that one can go upto a lower
bound of 3 on the unit rank for abelian extensions, is closely related to the works of
Gupta and Murty ([14]) and Heath-Brown ([20]) on Artin’s conjecture (as observed
in [18]). For example Gupta and Murty’s work on Artin’s primitive root conjecture
considers the possibility of a surjection from a monoid generated by finitely many
primes (distinct from p) to (Z/pZ)* which is analogous to considering the surjection
from O to (Ok/p)*. Further the number of primes generating the monoid, in the
case of Artin’s primitive root conjecture, can be seen as analogous to the unit rank

in the problem of finding Euclidean ideal classes.

One is therefore hopeful that any further progress with respect to Artin’s primi-
tive root conjecture will provide new insights into the problem of finding Euclidean

ideal classes.
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