Parameterized Complexity of Conflict-Free Solutions

By
Lawqueen Kanesh

MATH10201504008

The Institute of Mathematical Sciences, Chennai

A thesis submitted to the
Board of Studies in Mathematical Sciences

In partial fulfillment of requirements
for the Degree of
DOCTOR OF PHILOSOPHY
of
HOMI BHABHA NATIONAL INSTITUTE

July, 2020



S TR

E )
:"‘ %? ﬁ--‘l
\mn":'/

HOMI BHABHA NATIONAL INSTITUTE
Training School Complex, 2nd Floor, Anushaktinagar, Mumbai 400 094

Tel. : 022-25597627
Tele-Fax :022-25503384

Ref..- HBNI/RO/ 2018/ &/
31st January, 2019

CIRCULAR

In continuation to the circular dated 20 August 2018, regarding the “Guidelines on
Promotion of Academic Integrity and Prevention of Plagiarism” in the Higher Educational
Institutions as notified by the UGC, Govt. of India.

It was notified that the thesis will be accompanied by a Certificate signed by the student
and duly endorsed by the Thesis Supervisor in a prescribed format.

It is henceforth informed that the students shall submit the thesis with a Certificate
enclosing an undertaking along with the thesis document, that the thesis has been duly
checked through a plagiarism detection tool. The PhD Supervisor shall also endorse the
certificate indicating that the work done by the researcher under him/ her is plagiarism
free.

The format for the undertaking/ Certificate given earlier shall be replaced with the one
given in Annexure - .

This shall come into force immediately.

B A

Dr. B. Chandrasekar
Registrar
The Vice Chancellor, HBNI
All the Deans (Academics), Cls/OCC
Prof. D.K. Maity, Associate Dean, & Dean (Officiating), HBNI



Annexure |

CERTIFICATION ON ACADEMIC INTEGRITY

il L“‘quéev\ Kq\/\€g l/\ (name of the
student) HBNI Enrolment No. MATHI0201S0Y0°&
hereby undertake that, the Thesis titled

Parameterized Complexity of Conflict-Free Solutions

"

(bold & italics) is prepared by me and is the original work undertaken by me and
free of any plagiarism. That the document has been duly checked through a
plagiarism detection tool and the document is plagiarism free.

2. | am aware and undertake that if plagiarism is detected in my thesis at any stage
in future, suitable penalty will be imposed as per the applicable guidelines of the
Institute / UGC.

Jo2-

Signature of the Student
(with date)

Endorsed by the Thesis Supervisor:
(I certify that the work done by the Researcher is plagiarism free)

Signature (with date) Mzé l 0\ \”2/024

Name: S‘O‘kﬁ Sounds
Designation: £ WQW
Department/ Centre: T svi ol W Soumnd,

Name of the CI/ OCC |\l by ok rodyodh S/


Lawqueen Kanesh
Parameterized Complexity of Conflict-Free Solutions


Homi Bhabha National Institute

Recommendations of the Viva Voce Committee

As members of the Viva Voce Committee, we certify that we have read the dissertation

prepared by Lawqueen Kanesh entitled “Parameterized Complexity of Conflict-Free Solu-

tions” and recommend that it may be accepted as fulfilling the thesis requirement for the

award of Degree of Doctor ol'P}losophy.

Chairman - Venkatesh Raman

W~
W\ jn\i‘
\. o =l
AN
A /- Date:

Guide/Convenor - Saket Saurabh

Examiner - L. Sunil Chandran

S— \,_..,...I,

Member | - RT

/ A

7 /
7
L

Date:

Member 2 - Geevarghese Philip

Ju

Member 3 - Vikram Sharma

Date:

Date:

Date:

01-December 2020

01-December 2020

01-December 2020

01-December 2020

01-December 2020

01-December 2020

Final approval and acceptance of this thesis is contingent upon the candidate’s

submission of the final copies of the thesis to HBNL

[ hereby certify that | have read this thesis prepared under my direction and

recommend that it may be accepted as fulfilling the thesis requirement.

pate: Ol tZ2\v0U

Place: ' n0 V12U Saket Saurabh (Guide)
N YIY


Stamp


STATEMENT BY AUTHOR

This dissertation has been submitted in partial fulfillment of requirements for an
advanced degree at Homi Bhabha National Institute (HBNI) and is deposited in the Library

to be made available to borrowers under rules of the HBNI.

Brief quotations from this dissertation are allowable without special permission, pro-
vided that accurate acknowledgement of source is made. Requests for permission for
extended quotation from or reproduction of this manuscript in whole or in part may be
granted by the Competent Authority of HBNI when in his or her judgement the proposed
use of the material is in the interests of scholarship. In all other instances, however,

permission must be obtained from the author.

Lawqueen Kanesh






DECLARATION

I hereby declare that the investigation presented in the thesis has been carried out by
me. The work is original and has not been submitted earlier as a whole or in part for a

degree / diploma at this or any other Institution / University.

awqueen Kanesh






LIST OF PUBLICATIONS ARISING FROM THE THESIS

Journal

1. Conflict Free Version of Covering Problems on Graphs: Classical and Parame-
terized : Pallavi Jain, Lawqueen Kanesh, Pranabendu Misra, Theory of Computing

Systems, 2020 (An extended abstract appeared in CSR 2018).

2. Parameterized Complexity of Conflict-Free Matchings and Paths : Akanksha
Agrawal, Pallavi Jain, Lawqueen Kanesh, Saket Saurabh, Algorithmica, 2020 (An
extended abstract appeared in MFCS 2019).

Conferences

1. Conflict Free Version of Covering Problems on Graphs: Classical and Parame-
terized : Pallavi Jain, Lawqueen Kanesh, Pranabendu Misra, in the proceedings of
Computer Science - Theory and Applications - 13th International Computer Science

Symposium in Russia, (CSR 2018).

2. Conflict Free Feedback Vertex Set: A Parameterized Dichotomy : Akanksha
Agrawal, Pallavi Jain, Lawqueen Kanesh, Daniel Lokshtanov, Saket Saurabh, in
the proceedings of 43rd International Symposium on Mathematical Foundations of

Computer Science, (MFCS 2018).

3. Exploring the Kernelization Borders for Hitting Cycles : Akanksha Agrawal,

Pallavi Jain, Lawqueen Kanesh, Pranabendu Misra, Saket Saurabh, in the proceed-



ings of 13th International Symposium on Parameterized and Exact Computation,

(IPEC 2018).

. Parameterized Complexity of Conflict-Free Matchings and Paths : Akanksha
Agrawal, Pallavi Jain, Lawqueen Kanesh, Saket Saurabh, in the proceedings of

44th International Symposium on Mathematical Foundations of Computer Science,

(MFCS 2019).

. Feedback Vertex Sets in Hypergraphs : Pratibha Choudhary, Lawqueen Kanesh,
Daniel Lokshtanov, Fahad Panolan, Saket Saurabh, in the proceedings of 40th
IARCS Annual Conference on Foundations of Software Technology and Theoretical

Computer Science, (FSTTCS 2020).

awqueen Kanesh



DEDICATIONS

This thesis is dedicated to my mother. Thank you for always believing in me.






ACKNOWLEDGEMENTS

Foremost, I would like to express my sincere gratitude to my advisor Prof. Saket
Saurabh. Without his guidance and utmost support, this journey would have been very
difficult. He did not just teach me research but also helped me grow as a person. He always
stood by me as a friend and a great advisor during academic and non-academic difficulties.

He always inspired me and motivated me to never give up. I thank him with all my heart.

Besides my advisor, I thank my doctoral committee members and reviewers. I am
grateful to the Theoretical Computer Science group at IMSc for their great teaching. |
thank Prof. R. Ramanujam for mentoring me during my first year of Ph.D. I am also

thankful to all the members of the IMSc staff, for all the support they provided.

I am thankful to all my co-authors—Akanksha, Pallavi, Daniel, Pranabendu, Fahad, and
Pratibha. I would like to specially thank Akanksha, Pallavi, and Fahad for their patience

with me during our long discussions. I thank Parameterized Complexity group at IMSc.

I want to thank all my dear friends at IMSc, without them, IMSc would not be the
same. | want to specially thank Sanjukta, Oorna, Shivani, Aditi, Deeksha, Jayakrishnan,
Abhishek, Pallavi, Akanksha, Roohani, and Pratik for their great friendship. I also want to

thank my friends from IISc, MANIT, CTC, and Ainthinai.

Last but not least I am thankful to my parents, Resham Kanesh and Magan Singh
Kanesh for their unconditional love and support. I thank them for providing me a great
education and supporting my dreams. I am also thankful to my sister Vidhi and brother
Vidhan for their love and friendship. I am forever indebted to my family for their immense

love and care.






Contents

Summary

List of Figures

I Introduction

1 Introduction
1.1 Conflict-Free Problems . . . . . . ... ... ... .. ... .. ....
1.1.1  Properties With Finite Forbidden Characterization . . . . . . ..
1.1.2  Properties Without finite Forbidden Characterization . . . . . . .
1.1.3  SHORTEST PATH and MAXIMUM MATCHING . . ... ... ..

1.2 Feedback Vertex Set on Hypergraphs . . . . . . ... ... ... .....

2 Preliminaries



2.3.1

232

233

k-Independence Covering Family . . . . ... ... .. .. ...

Branching . . . . ... ... ... oo

Iterative Compression . . . . . . . . . . ...

II Conflict-Free Problems

3 Conflict-free Version of Covering Problems on Graphs

3.1

Preliminaries . . . . . . . . . .

3.2 Conflict-free Version of Properties with Forbidden Set Characterizations .

33

3.2.1

322

323

324

3.25

3.2.6

3.2.7

3.2.8

Properties with Finite Forbidden Set Characterizations . . . . . .

A Polynomial Kernel for CF-FINITEII-VD . ... ... .. ..

Properties that do not admit finite forbidden characterization . . .

Results on properties without finite forbidden characterization . .

CONFLICT FREE ODD CYCLE TRANSVERSAL . . . . . . .. ..

CONFLICT FREE CHORDAL VERTEX DELETION . . ... ...

CONFLICT FREE INTERVAL VERTEX DELETION. . . . . . . ..

Nowhere Dense Graphs . . . . ... ... ... .........

Well Studied Special Cases of CF-FINITEII-VD . . . ... ... .. ..

3.3.1

332

3.33

334

CONFLICT FREE VERTEX COVER . . . . . . . . . . o o . ...

CONFLICT FREE d-HITTING SET . . . . . . . . . . . . .. ...

CONFLICT FREE SPLIT VERTEX DELETION . . . . . ... ...

CONFLICT FREE FEEDBACK VERTEX SET IN TOURNAMENTS .

29

31

35

36

36

37

40

42

46

47

48

51

52

52

57

58

60



3.4 Conclusion . . . . . . . . . e

Conflict-Free Feedback Vertex Set: A Parameterized Dichotomy

4.1 Introduction . . . . . . . . ..

4.2 Preliminaries . . . . . . . . ... Lo e

4.3 W-hardness of #-CF-FVS Problems . . . . ... .............
431 F+CLUSTERISto #-CF-FVS . ... ... ... .......
4.3.2  WI[1]-hardness on Bipartite Graphs . . . . . . ... ... ... ..
4.3.3 W][1]-hardness on Graphs with Sub-quadratic Edges . . ... ..

4.4 FPT algorithms for .%#-CF-FVS for Restricted Conflict Graphs . . . . . .
44.1 FPT Algorithm for #-DCF-FVS . . . ... .. ... ......

4.5 FPT Algorithm for K; j-free+CLUSTERIS . . . . . . ... ... ... ..
4.5.1 Polynomial Time Algorithm for LARGE K; j-free+CLUSTER IS

4.6 Conclusion . . . . . . . . e

Exploring the Kernelization Borders for Hitting Cycles

5.1 Introduction . . . . . . . . . . . ...
5.2 Preliminaries . . . . . . . . . . ... ..
5.3 A Tool for Our Kernelization Algorithm . . . . . ... ... ... ....
5.4 A Polynomial Kernel for Z;-CF-FVS . . . . . ... ... ........
5.5 Kernelization Complexity of #25-CF-OCT . . . .. ..... ... ...

5.5.1 NP-hardness of #<3-CF-s-t CUT . . . ... ...........

65

65

68

69

70

71

73

74

7

86

88

92

93



5.5.2 Lower bound for Kernel of 9§3-CF-S-I CUT . .......... 114

5.5.3 Lower Bound for Kernel of #Z3-CF-OCT . . . .. ....... 117
5.6 Conclusion . . . . .. . . 119
Parameterized Complexity of Conflict-Free Matchings and Paths 121
6.1 Introduction . . . . . . . . ... 121
6.2 Preliminaries . . . . . . . . . ... 124
6.3 WIJ[l]-hardness Results . . . . ... ... ... .. ... ......... 130
6.3.1 W][1]-hardness of CF-MM . . . . ... ... ... ........ 131
6.3.2 W][1]-hardness of CF-SP . . . . . .. ... ... ......... 132
6.3.3  WI[1]-hardness of UNIT 2-TRACK MIS. . . . . . ... ... ... 133
6.3.4 WI[1]-hardness of UNIT INTERVAL CF-SP . . . . ... ... .. 134
6.4 FPT Algorithm for CF-MM with Chordal Conflict . . . . .. ... ... 136
6.4.1 FPTalgorithmfor CCBM . . ... .. ... ........... 137
6.4.2 FPT algorithm for CHORDAL CONFLICT MATCHING. . . . . . . 144
6.5 FPT algorithms for CF-MM and CF-SP with matroid constraints . . . . 145
6.5.1 FPT algorithm for MATROID CF-MM . . . . . ... ... ... 145
6.5.2 FPT algorithm for MATROID CF-SP . . . . .. ... ... ... 149
6.6 FPT Algorithm for d-degenerate Conflict Graphs . . . . . ... ... .. 153

6.6.1 Algorithms for ANNOTATED CF-MM and ANNOTATED CF-SP . 153

6.7 Conclusion . . . . . . . e, 157



III FVS in Hypergraphs

7 Feedback Vertex Set in Hypergraphs
7.1 Introduction . . . . . . . ...
7.2 Preliminaries . . . . . . . ... L.
7.3 Feedback Vertex Sets on General Hypergraphs . . . . . . ... ... ...
7.4 Equivalence between HFVS and DFVSB . . . . ... ... ... ....
7.5 Feedback Vertex Sets on d-Hypergraphs: Proof of Theorem 7.1.2 . . . . .
7.6 Feedback Vertex Sets on Linear Hypergraphs . . . . . ... .. ... ..

7.7 Conclusion . . . . . . . . e,

IV Conclusion

8 Conclusion and Open Problems

Bibliography

159

161

161

167

168

169

170

181

200

201

203

217



List of Figures

4.1

4.2

5.1

5.2

53

6.1

7.1

The cases handled by Branching Rule 2, (a) T is a connected component

in G[W], similarly in (b) Tj, 7 are connected components in G[W]. . . . .
The cases handled by Branching Rule 3, In (a) T is a connected component

in G[W], similarly in (b) T, 75 are connected components in G[W]. . . . .

An illustration of construction of graph G and H in NP-hardness of &7<3-

CF-s-t CUT for ¢ = {(xl,fz,xz),(321,)?2,)(3),()21,)(2,)?3), (xhxz,)fg)}. R

An illustration of construction of graph G and H in cross-composition

from &<3-CF-s-t CUT to #Z3-CF-5-t CUT . ... ...........
An illustration of construction of graph G and H in reduction from 7% ;-

CF-s-t CUT to @g-CF-OCT ........................

An illustration of the construction of G” in W[1]-hardness of UNIT INTER-

(a) is an illustration of Reduction Rule 33, (») and (c) are illustrations of
two cases of Reduction Rule 34, (d) is an illustration of Reduction Rule 35.
In (a), (b) and (c) blue vertices denote easy vertices, and in (d) green

vertices denote trivial vertices. . . . . . . . . . ..o

il

113



Part 1V

Conclusion

201






Chapter 8

Conclusion and Open Problems

In this thesis we studied two generalizations (variants) of classical problems in the Graph
Algorithms and Parameterized Complexity. In the first part of the thesis, we introduced
and studied conflict-free variant of some of the classical problems, and in the second part,
we extended the FVS problem to Hypergraphs. We explored both the variants in the realm

of Parameterized complexity and obtained various algorithmic and hardness results.

Our work on conflict-free variant of classical problems opens up a whole new area of
research in obtaining dichotomy results. For every property I, where CF-I1-VD is W([1]-
hard, it is a natural question to ask for which families of graphs G, H does the problem
becomes FPT. In particular, for which graph classes ¢,.7, the problem (¢, .7 )-CF-2
admit FPT algorithms and polynomial kernels, where 2 could be any classical problem in
Graph Algorithms and Parameterized Complexity. Two most interesting questions that still
remain open for CF-FVS and CF-OCT form our work are following: (a) does CF-FVS
admit uniform polynomial kernel on graphs of bounded expansion; and (b) does CF-OCT
admit a polynomial kernel when H is disjoint union of paths of length at most 2. For
properties IT with finite forbidden characterization one direction of research is to obtain
faster running time algorithms. Another interesting question is to obtain (parameterized)

dichotomy results for CF-MM and CF-SP, based on the families of graphs where the

203



input graphs belong to. Another direction could be studying kernelization complexity for
different families of graphs, and also to see what all FPT problems remain FPT with the

conflicting constraints.

FVS on Hypergraphs: In the second part of the thesis, we initiated the study of
FEEDBACK VERTEX SET problem on hypergraphs. We showed that the problem is W/[2]-
hard on general hypergraphs and admits FPT algorithms when the input is restricted to
d-hypergraphs, and linear hypergraphs. We believe that this opens up a new direction in the
study of parameterized algorithms. That is, extending the study of other graph problems,
in the realm of Parameterized Complexity, to hypergraphs. Designing substantially faster
algorithms for HFVS on linear hypergraphs and designing polynomial kernels remain

interesting questions for the future.
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Summary

The thesis is divided into two parts. In the first part of the thesis we introduce a new
variant for some of the classical problems in Graph Algorithms, we call it conflict-free
version. We study them from the viewpoint of classical and Parameterized Complexity. In
the second part of the thesis we extend the FEEDBACK VERTEX SET (FVS) problem to

hypergraphs and study from the view point of Parameterized Complexity.

We begin by studying conflict-free versions of vertex deletion problems. Let IT be a
family of graphs (or property) — such as edgeless graphs, forests, cluster graphs, chordal
graphs, interval graphs, bipartite graphs, split graphs or planar graphs. In the vertex
deletion problem corresponding to IT (II-VD), given a graph G, and a non-negative
integer k, the goal is to delete a set S of at most k vertices such that G — S is in I1. In
the conflict-free version of vertex deletion problem corresponding to II CF-II-VD, we
are given a conflict graph H together with the graph G and integer k, and the goal is
to find a set S C V(G) of size at most k, such that S is a solution to (G,k) of [I-VD
and S is an independent set in H. We study the complexity of CF-II-VD based on
the forbidden set characterization of the property II. For graph properties with finite
forbidden characterization, we show that CF-II-VD is FPT and admits a polynomial
kernel. For graph properties without finite forbidden characterization, we show that if
IT is characterized by a “well-behaved” infinite family of forbidden induced subgraphs,
then CF-II-VD is W[1]-hard. In particular, we show that conflict-free version of FVS

(CF-FVS) is W[1]-hard even when G is disjoint union of cycles. A similar result holds



for conflict-free version of ODD CYCLE TRANSVERSAL (CF-OCT), CHORDAL VERTEX
DELETION (CF-CVD) and INTERVAL VERTEX DELETION (CF-I1VD). We also show
that, CF-FVS, CF-OCT, CF-CVD, and CF-IVD are FPT, when H belongs to the family
of d-degenerate graphs or nowhere dense graphs. For this purpose we use the notion of “k-
independence covering family” introduced in [81]. We obtain a complete dichotomy result
on the Parameterized Complexity of the problem 5#-CF-FVS, where the conflict-free
graph H belongs to graph class 7 (for hereditary .7¢°), in terms of the INDEPENDENT
SET problem. We show that .7Z-CF-FVS is in FPT if and only if Z+CLUSTER IS is
in FPT, where s+ CLUSTER IS is the INDEPENDENT SET problem on the edge union

graph of a cluster graph and a graph in J7.

We obtain a polynomial kernel for CF-FVS and show that CF-OCT does not admit
a polynomial kernel, when H belongs to the family of d-degenerate graphs. We also
study conflict-free (parameterized) versions of the MAXIMUM MATCHING (CF-MM)
and SHORTEST PATH (CF-SP) problems. We show that both CF-MM and CF-SP are
W/[1]-hard, when parameterized by the solution size. For the CF-MM problem, we give
an FPT algorithm, when the conflict graph belongs to the family of chordal graphs. For
conflict graphs being d-degenerate and nowhere dense graphs, we obtain FPT algorithms
for both CF-MM and CF-SP. We study a variant of CF-MM and CF-SP, where instead
of conflicting conditions being imposed by independent sets in a conflict graph, they are
imposed by independence constraints in a (representable) matroid. We give FPT algorithms

for the above variant of both CF-MM and CF-SP.

Finally, we extend our study from problems on graphs to hypergraphs. In particular,
we study the FEEDBACK VERTEX SET problem on hypergraphs. We show that FVS on
hypergraphs is W/[2]-hard, when parameterized by the solution size. We obtain FPT algo-
rithms for FVS on hypergraphs, when the input hypergraph is restricted to d-hypergraphs

and linear hypergraphs.
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Part I

Introduction






Chapter 1

Introduction

Graphs are mathematical structure that model pairwise relations between various objects.
Vertices of a graph represents objects and edges represents relations between vertices.
Graph theory is the field that study graphs and their properties. It came into light long
back in the early seventeenth century. In 1736 Leonhard Euler wrote a paper on, the
historically remarkable problem, Seven Bridges of Konigsberg [12], which is considered
to be the first paper in Graph Theory. On the other hand, the class of algorithms that study
computational complexity of problem arising in Graph Theory is Graph Algorithms. A
major sub-field in Graph Algorithms are graph-modification problems, where the goal is
to delete a set of vertices, or a set of edges, or add a set of edges of minimum or maximum
size such that the resulting graph satisfies certain properties or becomes a member of some
well-understood graph class. However, most of these problems are NP-complete [111, 76].
Apart from these NP-hard problem there are also many polynomial time solvable problems
that are of major importance and have been extensively studied in Graph Algorithms. Some
examples are MINIMUM CUT, MAXIMUM MATCHING and SHORTEST PATH. To cope
with NP-completeness [54, 84, 51], it is a common practice to find efficient algorithms for
restricted classes of inputs, or find approximation algorithms, or explore Parameterized

Complexity of the problem. In this thesis we introduce a new variant and generalization of



some of the above mentioned classical problems. We call it conflict-free version, where
together with the input of the classical problem, we are also given pairs which are in
conflicts (impossible pairs), that is, a pair cannot go into a solution together if they are
in conflict. We present the conflict constraints using graphs or matroids. We study the
classical and Parameterized Complexity of these problems. When we are not interested in
the exact value of the polynomial factor in the running time, then we use the &* -notation,

which suppresses factors polynomial in the input size.

One of the graph modification problem that is studied more extensively than others in
the thesis is FEEDBACK VERTEX SET. In the parameterized FEEDBACK VERTEX SET
(FVS) problem, given a graph G, and an integer k, the goal is to find a set S C V(G) of
size at most k such that § hits all the cycles in G, that is, after deleting the set S from
G, the remaining graph G — S is a forest (acyclic). The optimization version of FVS
is one of the Karp’s 21 NP-complete problems and it is NP-hard even on the graphs
with maximum degree at most four. It remains NP-complete on directed graphs (edges
have orientation). We refer to the problem in directed graphs as DIRECTED FEEDBACK
VERTEX SET. In the parameterized DIRECTED FEEDBACK VERTEX SET problem,
given a directed graph D, and an integer k, the goal is to find a set S C V(G) of size
at most most k such that S hits all the directed cycles in D, that is, after deleting the
set § from D, the remaining graph D — S is a directed acyclic graph. FVS is a central
problem in the ream of Parameterized Complexity [29, 23, 26, 31, 59, 70, 77]. This
problem is known to be in FPT, and the fastest known (randomized) algorithm for it
runs in time ﬁ*(2.7k ) for undirected graphs [77]. For directed graphs Chen et al. gave a
O (4*k!k*nm) running time algorithm [26] and Lokshtanov et al gave a & (4*k!k>(n+m))
time algorithm [83], which are currenlty the fastest known algorithms. Several variant
and generalizations of FEEDBACK VERTEX SET and DIRECTED FEEDBACK VERTEX
SET such as WEIGHTED FEEDBACK VERTEX SET [3, 26], INDEPENDENT FEEDBACK
VERTEX SET [2, 90], CONNECTED FEEDBACK VERTEX SET [91], SIMULTANEOUS

FEEDBACK VERTEX SET [4, 20], and DIRECTED SUBSET FEEDBACK VERTEX SET [28]



have been studied from the viewpoint of Parameterized Complexity. FVS and DIRECTED
FEEDBACK VERTEX SET on restricted classes of inputs have also been vastly studied
in literature. In the first part of the thesis we study conflict-free variants of FVS and
DIRECTED FEEDBACK VERTEX SET. We also study them on some restricted classes of
inputs such as graphs of bounded degeneracy, nowhere dense graphs, and tournaments. In
the second part of the thesis we study a generalization of FVS in hypergraphs and also

study it on some restricted classes of hypergraphs.

A parameterized problem I1 is a subset of £* x N, where ¥ is a finite alphabet set.
An instance of a parameterized problem is a tuple (x,k), where x is a classical problem
instance and k is an integer, called the parameter. A central notion in Parameterized
Complexity is fixed-parameter tractability (or in FPT) which means, for a given instance
(x,k), decidability in time f(k) - poly(|x|), where f(-) is an arbitrary computable function
and poly(-) is a polynomial function. To prove that a problem is FPT, it is possible to
give an explicit algorithm, called a parameterized algorithm, which solves it in time
f(k) - poly(|x|). On the other hand, to show that a problem is unlikely to be in FPT,
it is possible to use FPT time reductions analogous to the polynomial time reductions
employed in classical complexity. Here, the concept of W|t]-hardness replaces the concept
of NP-hardness, and we need not only construct an equivalent instance in FPT time, but
also ensure that the size of the parameter in the new instance depends only on the size
of the parameter in the original instance. For more details on Parameterized Complexity,
we refer the reader to the books of Downey and Fellows [44], Flum and Grohe [49],

Niedermeier [96], and the recent book by Cygan et al. [29].

Reducing the input data, in polynomial time, without altering the answer is one of the
popular ways in dealing with intractable problems in practice. While such polynomial
time heuristics cannot solve NP-hard problems exactly, they work well on input instances
arising in real-life. It is a challenging task to assess the effectiveness of such heuristics

theoretically. Parameterized Complexity, via kernelization, provides a natural way to



quantify the performance of such algorithms. A parameterized problem is said to admit a
polynomial kernel if there is a polynomial time algorithm, called a kernelization algorithm,
that reduces the input instance down to an instance with size bounded by a polynomial
p(k) in k, while preserving the answer. The reduced instance is called a p(k) kernel for the

problem.

1.1 Conflict-Free Problems

In the past, the conflict-free versions of some classical problems have been studied, e.g.
for SHORTEST PATH [66], MAXIMUM FLOW [98, 99], KNAPSACK [100], BIN PACKING
[45], SCHEDULING [46], MAXIMUM MATCHING and MINIMUM WEIGHT SPANNING
TREE [36, 35]. It is interesting to note that some of these problems are NP-hard even
when their non-conflicting version is polynomial time solvable. The study of conflict-free
problems has also been recently initiated in computational geometry motivated by various

applications (see [5, 6, 7]).

Motivated by these works, we studied the conflict-free versions of several classical
problems in Graph Theory and Parameterized Complexity. In any classical problem 2,
given an input /, the goal is to output a set S which satisfy certain properties specific to
the problem 2. In the conflict-free version of 2, namely CONFLICT-FREE Q (CF-2, in
short), together with the input /, we are also given a conflict graph H, and we require that
the output set S satisfy two constraints. First, S is a solution to 2, and second, S is an

independent set in the graph H.

We initiated the study of the conflict-free versions of several well studied vertex deletion
problems in Parameterized Complexity. A typical parameterized vertex deletion problem
on graphs is of the following form. Let IT be a family of graphs (or property) — such as
edgeless graphs, forests, cluster graphs, chordal graphs, interval graphs, bipartite graphs,

split graphs or planar graphs. The vertex deletion problem corresponding to IT is formally
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stated as follows.

I1I-VERTEX DELETION Parameter: &

Input: An undirected graph G and a non-negative integer k.

Question: Does there exist S C V(G), such that |S| < k and G — S is in I1?

That is, given a graph G, can we delete at most k vertices such that the resulting graph
belongs to I1? The set S is called a 11-deletion set. The conflict-free vertex deletion

problem corresponding to IT is formally stated as follows.

CONFLICT-FREE II-VERTEX DELETION (CF-I1-VD) Parameter: k

Input: An undirected graph G, a conflict graph H on vertex set V(G) and a non-
negative integer k.
Question: Does there exist a set S C V(G), such that |S| < k, G—Sisin ITand S is an

independent set in H?

We define CF-II-VD, when both the graphs G, H are directed graphs (hypergraphs),
appropriately. Where, the notion of independent set in directed graph is similar to that
of undirected graphs. In hypergraphs, a set S of vertices in a hypergraph G is called
independent if no two vertices in § are contained in an edge in G. Observe that when
H is the edgeless graph, CF-II-VD is the same as II-VERTEX DELETION and thus it
generalizes the non-conflict-free version of the problem. Furthermore, when H is the
same as G it corresponds to independent version of these problems which are also well
studied, such as INDEPENDENT FEEDBACK VERTEX SET [90, 81]. Thus, CF-II-VD is a

generalization of well studied problems in algorithms and complexity.

A graph property Il is a set of graphs, and a graph in I1 is called a IT-graph. We say
that Il is hereditary if for any graph G in I1, every induced subgraph of G is also in IT. A
graph property IT has a forbidden set characterization if there is a set .# of graphs such
that a graph is a I1-graph if and only if it does not contain any graph in .%# as an induced
subgraph, and further, it has a finite forbidden characterization if .% is a finite set. We study

the complexity of CF-II-VD based on the forbidden set characterization of the property
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1.1.1 Properties With Finite Forbidden Characterization

The problem CF-II-VD is FPT whenever II has a finite forbidden set characterization.
Indeed, this problem admits an algorithm with running time & (), where « is the size of
a largest graph in the finite forbidden subgraphs in IT and & is the parameter. Furthermore,
it also admits a polynomial vertex kernel. See Chapter 3 for these results. For several
well-studied cases of II-VERTEX DELETION, where II is characterized by the finite
family of forbidden induced subgraphs we can obtained algorithms with improved running
time than the generic result stated above. We studied conflict-free versions of VERTEX
COVER, d-HITTING SET, SPLIT VERTEX DELETION and FEEDBACK VERTEX SET IN

TOURNAMENTS problems and obtained improved results.

1.1.1.1 VERTEX COVER

When IT is the family of edgeless graphs, then the II-VERTEX DELETION is known as
VERTEX COVER (VC). It is one of the Karp’s 21 NP-complete problems and is a very
well studied problem in Parameterized Complexity [27]. The fastest known algorithm for
VC runs in time 6*(1.2738%) [27]. We studied its conflict-free version namely CONFLICT
FREE VERTEX COVER (CF-VC), where given two graphs G, H and an integer k, the goal
is to find a set S C V(G) such that G — S is edgeless and S is an independent set in H.
While VC is polynomial time solvable on graphs of degree at most 2, the CF-VC problem
is NP-complete even when the graph G is of degree at most 2. This holds even when
G is the disjoint union of Pss (P, denotes the path on ¢ vertices). CF-VC is polynomial
time solvable when G has degree at most one, or when both G and H have a perfect
matching. Analogous to VC, the CF-VC problem admits a 2k-vertex kernel, a factor
2-approximation algorithm and an &*(1.1996") exact algorithm. It is easy to obtain a

¢*(2¥) FPT algorithm for CF-VC as the forbidden subgraph is an edge. However, CF-VC
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admits a faster FPT algorithm of running time ¢*(1.2738%). These results can be found in

Chapter 3.

1.1.1.2 d-HITTING SET

HITTING SET problem can be viewed as VC in hypergraphs. In HITTING SET, given
a universe U and a family .# of subsets of U as input, the aim is to find a set S C U of
size at most k such that S intersects with every set in .%. When the size of each set in
# is bounded by d then the problem is known as d-HITTING SET. It is well known that
the HITTING SET problem is W[2]-complete, when parameterized by solution size, while
the d-HITTING SET problem is FPT parameterized by the solution size and d [1, 49].
The fastest running algorithm known for d-HITTING SET to the best of our knowledge
runs in time &*((d — 0.7262)%) [107]. In this thesis we study the conflict-free version of
d-HITTING SET, namely CONFLICT FREE d-HITTING SET (d-CF-HS). It is easy to see
that by exploiting the forbidden subgraph characterization of d-CF-HS, we immediately
get a 0*(d*) FPT algorithm for d-CF-HS. We use the algorithm in [107] as subroutine
and obtain a faster algorithm for d-CF-HS running in &*(((d — 1) +0.2738)) = 0*((d —

0.7262)%) time. These results can be found in Chapter 3.

1.1.1.3 SPLIT VERTEX DELETION

An undirected graph is split graph if its vertex set can be partitioned into two sets, where
one set induces a complete graph as a subgraph and the other set induces an independent
set (edgless graph) as subgraph. The forbidden induced subgraph for split graphs are
a cycle on four vertices (Cy4) , a cycle on five vertices (Cs), and a pair of disjoint edges
(2K>) [50]. The problem deletion to split graph is known as SPLIT VERTEX DELETION
(SVD) and the fastest known algorithm for SVD to the best of our knowledge runs in

logk)

time ﬁ*(1.2738kkﬁ( ) [32]. In this thesis, we study the conflict-free version of SVD,

namely CONFLICT FREE SPLIT VERTEX DELETION (CF-SVD). It is easy to see that
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by exploiting the forbidden subgraph characterization of CF-SVD, we immediately get a
0*(5%) time FPT algorithm for CF-SVD. We use approach similar to [32] and obtain a
faster algorithm for CF-SVD running in ¢*(1.2738%k?(1°2%)) time and polynomial space.

These results can be found in Chapter 3.

1.1.1.4 FEEDBACK VERTEX SET IN TOURNAMENTS

A directed graph is tournamnet if every pair of vertices is connencted by a directed
edge.CONFLICT FREE DIRECTED FEEDBACK VERTEX SET on tournaments is very well
studied in the ream of Parameterized Complexity [42, 74]. The problem is refereed as
FEEDBACK VERTEX SET IN TOURNAMENTS (FVST). The forbidden induced subgraph
for tournaments is a directed cycle on three vertices (triangle). The fastest known algorithm
for FVST to the best of our knowledge runs in time ¢*(1.618%) [74]. In this thesis, we
study the conflict-free version of FVST, namely CONFLICT FREE FEEDBACK VERTEX
SET IN TOURNAMENTS (CF-FVST). It is easy to see that by exploiting the forbidden
subgraph characterization of CF-FVST, we immediately get a 0*(3%) time FPT algorithm
for CF-FVST. We obtain a faster algorithm for CONFLICT FREE FEEDBACK VERTEX
SET IN TOURNAMENTS running in &*(2X) time using iterative compression technique.

These results can be found in Chapter 3.

1.1.2 Properties Without finite Forbidden Characterization

For graph properties that are not characterized by a finite family of forbidden induced sub-
graphs and if I is characterized by a “well-behaved” infinite family of forbidden induced
subgraphs, then CF-II-VD is W[1]-hard. This motivates to restrict input graph classes. In
this thesis we consider conflict-free variants of FEEDBACK VERTEX SET, ODD CYCLE
TRANSVERSAL, CHORDAL VERTEX DELETION and INTERVAL VERTEX DELETION
problems. Note that all these problems do not admit finite forbidden characterization.

We explore their Parameterized Complexity for some restricted input graphs. Mainly
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we study classes of bounded degeneracy graphs and nowhere dense graphs. We use the
computation of an independence covering family, a notion which was recently introduced
by Lokshtanov et al. [81] to design FPT algorithms for these classes (See Chapter 3). It
is worth noting that these classes include trees, graphs of bounded degree, planar graphs,
graphs that exclude a fixed graph as a minor (or a topological minor) and graphs of bounded

expansion.

1.1.2.1 FEEDBACK VERTEX SET

We refer to the conflict-free variant of FVS as CF-FVS. We studied CF-FVS when the
conflict graph is restricted to a graph class .%. We call it as .% -CF-FEEDBACK VERTEX
SET (#-CF-FVS, for short). In contrast to FVS, .#-CF-FVS is W[1]-hard on general
graphs and admits an FPT algorithm if .% is the family of graphs of bounded degeneracy
or nowhere dense graphs. See Chapter 3 for these results. .%-CF-FVS admits polynomial
kernel when .# is the family of graphs of bounded degeneracy. The main tool that we use to
obtain polynomial kernel is a combinatorial tool of k-independence preserver. Informally,
given a graph G, a set X C V(G), and an integer k, it is a set of important vertices that is
enough to capture the independent set property in G. We show that for d-degenerate graph
independence preserver of size k?@) exists, and can be used in designing polynomial
kernel. We believe that the tool can be useful for several other combinatorial problems. See
Chapter 5 for these result. The problem .7 -CF-FVS can be related to the INDEPENDENT
SET problem on special classes of graphs, which gives a complete dichotomy result on
the Parameterized Complexity of the problem .%#-CF-FVS, when .7 is a hereditary graph
family. In particular, .#-CF-FVS is FPT parameterized by the solution size if and only if
#+CLUSTER IS is FPT parameterized by the solution size. Here, .%# +CLUSTER IS is
the INDEPENDENT SET problem in the (edge) union of a graph G € .% and a cluster graph
H (G and H are explicitly given). The problem .# +CLUSTER IS is FPT when .% is the
family of K; j-free graphs. For the family of bipartite graph %, %-CF-FVS is W[1]-hard,

when parameterized by the solution size. For the family of graphs .%,, which comprise of
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graphs G such that |E(G)| < |V(G)|>7¢, for each 0 < € < 1, .#-CF-FVS is W[1]-hard,
when parameterized by the solution size, for every 0 < € < 1. These results can be found

in Chapter 4.

1.1.2.2 ODD CYCLE TRANSVERSAL and s-t CUT

In the ODD CYCLE TRANSVERSAL problem, given a graph G and an integer k, the aim
is to find a subset S of vertices of G of size at most k such that § hits every cycle of odd
length in G, that is, the graph G — S is bipartite. The paramaterized complexity of ODD
CYCLE TRANSVERSAL was a major open problem for a long time, until Reed et. al gave
an FPT algorithm in 2003 [102] and later faster algorithms were designed [68, 80, 62, 63].
Kratsch and Wahlstrém [71] gave a randomized polynomial kernel for ODD CYCLE
TRANSVERSAL using matroid theory. In contrast to ODD CYCLE TRANSVERSAL, the
directed variant (DIRECTED ODD CYCLE TRANSVERSAL) is W[1]-hard parameterized by
solution size. In this thesis we study conflict-free variant of ODD CYCLE TRANSVERSAL,
namely CONFLICT FREE ODD CYCLE TRANSVERSAL (CF-OCT). Unlike, ODD CYCLE
TRANSVERSAL, the problem CONFLICT FREE ODD CYCLE TRANSVERSAL is W/[1]-hard
on general graphs. It admits an FPT algorithm when the conflict graph belongs to the
family of graphs of bounded degeneracy or nowhere dense graphs. See Chapter 3 for
these results. CF-OCT does not admit polynomial kernel even when the conflict graph
belongs to the class of disjoint union of paths of length at most three and at most two star
graphs. To study kernelization complexity of CF-OCT, we study conflict-free variant
of the s--CUT problem, namely CF-s-z-CUT. In the s--CUT problem, given a graph G
and two vertices s,7, the aim is to find a set S of minimum size such that § hits every s
to ¢ path in G, that is, s,7 are not reachable from each other in the graph G —S. It can be
solved in polynomial time [34, 40]. In contrast to the classical version, the CF-s--CUT
problem is NP-hard even when the conflict graph belongs to the class of disjoint union of
paths of length at most three. To show no polynomail kernel for CONFLICT FREE ODD

CYCLE TRANSVERSAL, we use the technique of cross-composition using CF-s-t-CUT.
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See Chapter 5 for these results.

1.1.2.3 CHORDAL VERTEX DELETION and INTERVAL VERTEX DELETION

A graph is chordal if it does not contain any induced cycle on at least 4 vertices, that is,
every cycle of length four or more vertices have a chord. The class of interval graphs
is a proper subset of chordal graphs. A graph is interval graph if it is chordal and does
not contain any asteroidal triple (a set of three vertices such that each pair of them is
connected by a path which avoids the neighbors of the third one). In the CHORDAL
VERTEX DELETION (INTERVAL VERTEX DELETION) problem, given a graph G, the
aim 1is to find a subset S of vertices of G of size at most k such that the graph G — S is
chordal (interval). The problem CHORDAL VERTEX DELETION and INTERVAL VERTEX
DELETION are known to be in FPT [25, 21]. In this thesis we study their conflict-free
variants. In contrast to their classical versions the conflict-free variants of CHORDAL
VERTEX DELETION and INTERVAL VERTEX DELETION are W/[1]-hard on general graphs.
They admit FPT algorithms when the conflict graph belongs to the family of graphs of

bounded degeneracy or nowhere dense graphs. These results can be found in Chapter 3.

1.1.3 SHORTEST PATH and MAXIMUM MATCHING

MAXIMUM MATCHING and SHORTEST PATH are among the classical graph problems
which are extensively studied for theoretical and practical purposes in Graph Theory. In the
MAXIMUM MATCHING problem, give a graph G, the goal is to compute a maximum sized
subset X of edges such that no two edges in X have a common vertex. This problem is
known to be solvable in polynomial time [47, 88]. In the SHORTEST PATH problem, given
a graph G and two vertices s,, the goal is to compute a path of minimum length (minimum
number of vertices) between s and . The SHORTEST PATH problem, together with its
variants such as all-pair shortest path, single-source shortest path, weighted shortest path,

etc. are known to be solvable in polynomial time [41, 9].
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Darmann et al. [36] (among other problems) studied the conflict-free variants of
MAXIMUM MATCHING and SHORTEST PATH and showed that the conflict-free variant
of MAXIMUM MATCHING is NP-hard even when the conflict graph is a disjoint union
of edges (matching). Moreover, for the conflict-free variant of SHORTEST PATH, they
showed that the problem is APX-hard, even when the conflict graph belongs to the family
of 2-ladders. In this thesis we study the conflict-free variants of MAXIMUM MATCHING
and SHORTEST PATH, called as CF-MM and CF-SP, respectively, from the view point of
paramterized complexity. We show that both CF-MM and CF-SP are W([1]-hard, when
parameterized by the solution size. CF-MM is W[1]-hard even when the graph where
we want to compute a matching is itself a matching and CF-SP is W[1]-hard even when
the conflict graph belongs to the class of unit interval graphs. Both the problems are FPT
when the conflict graph belongs to the class of bounded degeneracy graphs and nowhere
dense graphs. While CF-MM admit FPT algorithm, when the conflict graph belongs
to the family of chordal graphs, CF-SP problem is W[1]-hard even when the conflict
graph belongs to the class of unit-interval graphs. We also study CF-MM and CF-SP,
when instead of conflicting conditions being imposed by independent sets in a conflict
graph, they are imposed by independence constraints in a (representable) matroid. Both
the problems admit FPT algorithms for the above variant. These results can be found in

Chapter 6.

1.2 Feedback Vertex Set on Hypergraphs

Hypergraphs are a generalization of graphs, where an edge can connect more than two
vertices. While in graphs each edge contains exactly two vertices, in hypergrapgs each
edge is a subset of vertices. Hypergraphs are essentially a set family H: we have a universe
V(H) and a family of hyperedges E(H ), where each hyperedge (or an edge) is a subset of
V(H). When every hyperedge in E(H) is of size at most d, it is known as a d-hypergraph.

Extension of concepts and ideas from Graph Theory to Hypergraph Theory is widely been
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studied in recent decades [17, 108]. In fact it is a folklore that the theory of hypergraphs
was invented for generalizing Graph Theory. The problem VERTEX COVER is extended
as HITTING SET in Gypergraph Theory and for d-hypergraphs the problems is known as
d-HITTING SET, which are extensively studied [107]. However, there is almost no study
of FVS on hypergraphs. The only known result is a factor d approximation for FVS on
d-hypergraphs [55]. To fill this gap, in this thesis we study hypergraph variant of the FVS

problem from the view point of Parameterized Complexity

One of the main reasons for the lack of study of FVS on hypergraphs is that it is not
quite as natural to define the generalization of FVS in hypergraphs, as it is for the case of
VC (generalizing to HITTING SET and d-HITTING SET) in hypergraphs. To generalize the
notion of FVS to hypergraphs, we need to have notions of cycles and forests in hypergraphs.
For cycles, we use the same notion as that in Graph Theory [39]: a cycle in a hypergraph
H is a sequence (vg,eq,V1,.-.,V¢,ep,vo) such that vy, ..., vy are distinct vertices, e, ..., e/
are distinct hyperedges, £ > 1 and v, V(i11) mod (¢+1) € € forany i € {0,...,£}. Given the
above definition of cycle, a subset S of vertices in a hypergraph H is called a feedback
vertex set, if there does not exist a cycle in the hypergraph obtained after deleting vertices
in S. The next natural question is what do we mean by deletion of a vertex in a hypergraph.

Again, there are two natural ways to define the vertex deletion operation in hypergraphs:

1. One way to define the operation of deletion of a vertex v is to delete the vertex v
and all the hyperedges containing the vertex v — this is termed as strong deletion or
simply deletion.

2. Other way is to delete only the vertex v, without deleting the hyperedges that contain
v; this is termed as weak deletion. That is, the hypergraph H' obtained after weak
deletion of a vertex v from H has vertex set V(H) and edge set {e € E(H): v ¢

etU{e\{v}: e€E(H),vEe,lel >2}.

Observe that both the notions of cycles and deletion of vertices naturally generalize similar

notions from graphs. For a hypergraph H we use the notation H — S to denote the graph
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obtained after (strong) deletion of the vertices in S. Consequently, there are two ways one
may define the FVS problem — WEAK FVS and STRONG FVS. The idea of studying

STRONG FVS on hypergraphs is our main conceptual contribution.

Given a hypergraph H, the incidence bipartite graph G corresponding to H is a bipartite
graph with bipartition V(G) = AwWB where A=V (H) and B=E(H), and for any v € V(H)
ande € E(H), ve is an edge in G if v € e in H. Observe that WEAK FVS corresponds to
finding a fvs S of size at most k, such that § C A and G — S is a forest. Thus, using the
best known algorithm for WEIGHTED FVS we can solve WEAK FVS by transforming the
problem to WEIGHTED FVS. To transform WEAK FVS to WEIGHTED FVS we assign
every vertex in B a weight of k+ 1, every vertex in A a weight of 1. Now the problem of
finding an fvs of weight at most k& will be equivalent to solving WEAK FVS for the original
hypergraph. We consider FVS on hypergraphs with respect to strong deletion. FVS on
general hypergraphs is W[2]-hard when parameterized by k, which is not surprising as
HITTING SET is W[2]-hard. We study the problem for the cases when the input is restricted
to d-hypergraphs and linear hypergraphs. A hypergraph H is linear if |eNe’| < 1 for any
two distinct hyperedges e, e’ € E(H). For both these families FVS admits FPT algorithms.
Our main result is a randomized algorithm for the case when the input hypergraph is linear,

and the size of the hyperedges is not bounded. These results can be found in Chapter 7.
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Chapter 2

Preliminaries

2.1 Graphs and sets:

Throughout the thesis, we use the following notions. For the notations related to graphs

that are not explicitly stated here, we refer to the book [40].

Sets: We denote the set of natural numbers, real numbers and integers by N, R and Z,
respectively. For ¢ € N, by [¢] and [0,7], we denote the sets {1,2,---,¢} and {0,1,2,--- ¢},

respectively. For two sets X and Y, by X \ Y we mean the set {v[v € X,v ¢ Y}.

Graphs: For a (directed) graph G, we use V(G) to denote the vertex set and E(G) to
denote the (arc) edge set of the (directed) graph G. When the graph is clear from the context,
we use n and m to denote the number of vertices and edges in the graph, respectively. Let G
and H be graphs, V(H) CV(G) and E(H) C E(G), then we say that H is a subgraph of G.
For a graph G and a set X C V(G), by G[X] we mean the graph G induced on X, that is, the
subgraph of G with vertex set X and edge set {uv € E(G) | u,v € X }. Moreover, by G — X
we mean the graph G[V(G) \ X], that is, the graph with the vertex set V(G) and the edge
set E(G)\ X. Let E’ be a subset of edges of the graph G, by G[E'] we mean the graph with
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vertex set V(G) and edge set E'. For a graph G and a subset of vertices U C V(G), Ng(U)
and Ng[U] denote the open neighborhood and closed neighborhood of U, respectively.
That is, Ng(U) = {ve V(G): u e U anduv € E(G)} \U and Ng[U] = Ng(U)UU. If
U = {u}, then we write Ng(u) = Ng(U) and Ng[u] = Ng[U]. In particular, for u € V(G),
N¢(u) denotes the set of vertices which have at least one edge incident on u in G. Let Y
be a set of edges on vertex set V(G), then GUY is graph with the vertex set V(G) and the
edge set E(G)UY. Degree of a vertex v in graph G is denoted by degs(v), that is, degs(v)
denotes the size of Ng(v). The subscript from the notations are ommited when it is clear

from the context.

For vi,vy € V(G), a vivg-path P = (v,va,- - ,vy_1,v¢) in G is a sequence of (distinct)
vertices, such that the set of vertices in P (V(P)) is a subset of V(G) and for each i € [{ — 1],
we have vy € E(G). Moreover, the edges in E(P) = {v;vi+1 | i € [¢ — 1]} are called set
of edges in P and vy, v, are endpoints of P. The length of a path is the number of edges in it.
A shortest uv-path is a uv-path with minimum number of edges. A cycle C = (vy,...,vy,)
is a path with the edge v;v,. Consider graphs G and H. We say that G is an H-free graph
if no subgraph of G is isomorphic to H. We define a degree two induced path in G or a
degree two path as an induced path of maximal length such that all vertices in path are of
degree exactly two in G. An isolated cycle in graph G is defined as an induced cycle whose

all the vertices are of degree exactly two in G.

Let G be a graph. An independent set in G is a set X C V(G) such that for every
u,v € X, uv ¢ E(G). A matching in G is a set Y C E(G) such that no two distinct edges in
Y have a common vertex. A matching M in G is a maximum matching if for any matching
Y in G, [M| > |Y|. A matching M in G saturates a set X C V(G), if every vertex in X is an

end point of an edge in M.

A triangle is a cycle consisting of exactly 3 edges. A chordal graph is a graph with
no induced cycles of length at least four. An interval graph is an intersection graph of

line segments (intervals) on the real line, that is, its vertex set is a set of intervals, and two
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vertices are adjacent if and only if their corresponding intervals intersect. A unit-interval
graph is an intersection graph of intervals of unit length on the real line. A clique K in
G is an (induced) subgraph, such that for any two distinct vertices u,v € V(K) we have
uv € E(G). A vertex set S C V(G) is a clique in G if G[S] is a clique. A connected
component of an undirected graph is a (vertex) maximal induced subgraph in which every
two vertices are connected by a path. If a graph has only one connected component
then it is called a connected graph. A graph is a cluster graph if each of its connected
components are cliques. For k € N, a k-cluster graph is cluster graph with exactly k
connected components. A complete graph is an undirected simple graph in which every
pair of vertices is connected by an edge. A graph G is a complete bipartite graph if
its vertex set can be partitioned into two disjoint (independent) sets X and Y, such that
E(G)={xy|xeX,yeY}. Forx,y €N, by K, we denote the complete bipartite graph
on x + y vertices which admits a vertex bipartition into sets X and Y of sizes x and y,
respectively, such that E(K,,) = {xy | x € X,y € Y}. A tournament is a directed graph

obtained by assigning a direction to each edge of a complete graph.

2.2 Parameterized Complexity

We define common notion in Parameterized Complexity here. For the notations that are

not explicitly stated here, we refer to the books [29, 53].

NP-hard problems are considered computationally hard problems for which we do not
expect to get algorithms faster than exponential in the input. The paradigm of Parameterized
Complexity is a way to cope with NP-hard problems. In Parameterized Complexity each
problem is accompanied by a parameter together with the classical input of the problem.
The key idea is to select a parameter (or combination of parameters) which is typically
small on input instances in some application and find efficient algorithms where the

combinatorial explosion is restricted to the parameter(s). A parameterized problem is
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formally defined as follows.

Definition 1 (Definition 1.1, [29]). A parameterized problem is a language L C £* x N,

where X is finite alphabet. For an instance (x,k) € X* x N, k is called the parameter.

The size of an instance (x,k) of a parameterized problem is defined as |x| + k.

Fixed Parameter Tractability: A central notion in this field is of the fixed-parameter

tractability (FPT). It is formally defined as follows.

Definition 2 (Definition 1.2,[29]). A parameterized problem L C X* x N is called fixed
parameterized tractable (FPT) if there exists an algorithm .o (called a fixed parameter
algorithm), a (non decreasing) computable function f : N — N, and a constant ¢ such that,
given (x,k) € £* x N as input, the algorithm .27 correctly outputs whether (x,k) € L. The

algorithm .27 runs in time bounded by f(k) - |(x,k)|.

The complexity class containing all fixed-parameter tractable problems is called FPT.
Analogous to the notion of NP-hardness and polynomial time reductions in classical com-
plexity, there exists a notion of hardness and reductions in the framework of Parameterized
Complexity. Let us first recall the notion of polynomial time reductions that is used in the
proofs of NP-hardness. A polynomial time many-one reduction from a problem A C X*
to a problem A C X* is an algorithm that, given an instance x of A, runs in polynomial
and outputs an instance x' of B such that x is a yes-instance of A if and only if x’ is a
yes-instance of B. If there exists such a reduction from a problem A to a problem B,
then if B is polynomial time solvable then A is also polynomial time solvable. As the
polynomial time many one reduction algorithm can be composed with the algorithm of
B and a polynomial time algorithm for A can be obtained. In the following, we define an

analogous notion for parameterized problems to transfer fixed parameterized tractability,

Definition 3 (Definition 13.1, [29]). Let A,B C £* x N be two parameterized problems.
A parameterized reduction from A to B is an algorithm that, given an instance (x,k) of A,

outputs an instance (x’,k’) of B such that:
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* (x,k) is a yes-instance of A if and only if (x’,k’) is a yes-instance of B)
k' < g(k) for some (non-decreasing) computable function g, and

« the running time is £ (k) - |x|7(!) for some (non-decreasing) computable function f.

If there is a parameterized reduction from A to B, and B is FPT, then A is also FPT

(Theorem 13.2, [29]).

W-hardness: To classify parameterized problems according to their hardness, Downey
and Fellows [44] introduced the notion of W-hierarchy. It is not required to introduce
formal definitions of these classes. For our purposes in the thesis it is sufficient to say that
we have the following hierarchy: FPT C W[1] C W[2] C ---. Similar to the NP-hardness,
if there is a parameterized reduction from a W([t]-hard problem A to a parameterized
problem B, then B is W([t]-hard. Under the assumption that FPT = W[1], we can conclude
that a W[1]-hard problem is not FPT. We refer the reader to [29, Chapter 13] for more

details on W-hardness theory.

Kernelization: Other commonly used notion in paramterized complexity is kernelization.
It is a polynomial time data reduction algorithm. Two instances of a parameterized problem
L are called equivalent if (x,k) € L if and only if (x',k") € L. A Reduction Rule for a
parameterized problem L is a polynomial time algorithm which takes an instance (x,k) of
L and returns an instance (x',k’) of L. If (x,k) and (x’,k’) are equivalent then we say that
reduction rule is safe or correct. The notion of kernelization (kernel) is defined formally as

follows.

Definition 4 (Definition 2.1, [29]). Let L C X* x N be a parameterized problem. A
kernelization algorithm, or simply kernel for L is an algorithm that given an instance (x,k)
as an input, runs in time polynomial in |x| + k and returns another instance (x’, k) such

that:
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o |¥'|+k < g(k) for some computable function g — N x N, and

e The instances (x,k) and (x',k’) are equivalent.

If the upper bound g(-) is a polynomial function of the parameter, then we say that L

admits a polynomial kernel.

If we have a kernelization algorithm for a problem, then clearly the problem is FPT.

However, the converse is also true.

Proposition 1. [Lemma 2.2, [29]] A parameterized problem L is FPT if and only if it

admits a kernelization algorithm.

Kernel lower bound: Every problem in FPT need not admit a polynomial kernel. Next,
we define the notion of polynomial compression, which is a generalization of kernels and

is useful to show non existence of polynomial kernels.

Definition 5 (Definition 15.8,[29]). A polynomial compression of a parameterized language
0O CX* x Ninto a language R C X* is an algorithm that takes as input an instance (x,k) €

¥* x N, runs in time polynomial in |x| + k, and returns a string y such that:

* |y| < p(k) for some polynomial p(-), and

* y € Rif and only if (x,k) € Q.

If |X| = 2, the polynomial p(-) is called the bit-size of the compression.

Observe that a polynomial kernel is also a polynomial compression by treating the
output kernel as an unparamterized version of A. To show kernel lower bounds, there exists

a notion of polynomial parameter transformation. It is formally defined as follows.

Definition 6 (Definition 15.14,[29]). Let A,B C ¥* x N be two parameterized problems.

An algorithm <7 is called a polynomial parameter transformation from A to B if given an
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instance (x, k) of A, &/ works in polynomial time and outputs an equivalent instance (x’, k')

of B, that is, (x,k) € A if and only if (x’,k") € B, such that |k'| < p(k) for some polynomial

p().

The following theorem formalizes the notation of transfer of hardness.

Theorem 2.2.1 (Theorem 15.15,[29]). Let A,B C £* x N be two parameterized problems
and assume that there exits a polynomial parameter transformation from A to B. Then, if A

does not admit a polynomial compression, neither does B.

2.3 Tools and Techniques

In this section we give some commonly used tools and techniques in the thesis.

2.3.1 k-Independence Covering Family

Definition 7 (k-independence covering family). For a graph G and an integer k, a k-
independence covering family, denoted by .% (G, k), is a family of independent sets of the
graph G such that for any independent set X in G of size at most k there exists a set ¥ in

Z(G,k) such that X CY.

In the following, we give algorithms to construct a k-independence covering family for

a d-degenerate graph and nowhere dense graph.

d-degenerate graph: A graph G has degeneracy d if every subgraph of G has a vertex of
degree at most d. An ordering of vertices 6 : V(G) — {1,--- ,n} is is called a d-degeneracy
sequence of graph G, if every vertex v has at most d neighbors u with o(u) > o(v). A
graph G is d-degenerate if and only if it has a d-degeneracy sequence. For a vertex v in

d-degenerate graph G, the neighbors of v which comes after (before) v in d-degeneracy
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sequence are called forward (backward) neighbors of v in the graph G. Given a d-

degenerate graph, we can find d-degeneracy sequence in linear time [87].

The following propositions give algorithms to construct a k-independence covering

family for a d-degenerate graph.

Proposition 2. [Lemma 1.1,[81]] There exists a linear time randomized algorithm, that
given as input a d-degenerate graph H* and k € N, outputs an independent set Y, such
that for every independent set X in H* of size at most k the probability that X is a subset of

Y is at least ((k(d]:rl))k(d—i— 1)~

Proposition 3. [Lemmas 3.2 and 3.3, [81]] There are two deterministic algorithms,

that given a d-degenerate graph H* and k € N, outputs independence covering

families 7 (H*,k) of size at most (k(dljl))zo(k(dﬂ))logn and F,(H*,k) of size
2

at most (kz(dlj D ) (k(d + 1)7Wlogn, respectively. These algorithms run in time

O(|.F\(H*,k)|(n+m)) and O(|.%2(H*,k)|(n+m)), respectively.
Nowhere dense graph: Towards defining the class of nowhere dense graphs, firstly we
need to define the following.
Definition 8 (Shallow minor). A graph M is an r-shallow minor of a graph G, where r is
an integer, if there exists a set of disjoint subsets V1,...,Vjy 3y of V(G) such that

1. each graph G[Vj] is connected and has radius at most r, and

2. there is a bijection y: V(M) — {Vi,...,Vjyu } such that for every edge uv € E(M)

there is an edge in G with one endpoint in y(u) and other endpoint in y(v).

The set of all r-shallow minors of a graph G is denoted by G V r. Similarly, the set of all

r-shallow minors of all the members of a graph class ¢ is denoted by 4 Vr =gy (G V r).

Next, we introduce the definition of a nowhere dense graph class; let @(G) denote the

size of the largest clique in G and W(¥) = supgey ©(G).
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Definition 9 (Nowhere dense). A graph class ¢ is nowhere dense if there exists a function

fw: N — N such that for all r we have that @(¥ vV r) < fo(r).

We will mostly rely on the low treedepth colorings of nowhere dense graph classes.

Towards that, we first define the notion of treedepth.

Definition 10 (Treedepth of a graph). A treedepth decomposition of a graph G is a rooted
forest F on the vertex set V(G), that is, V(F) = V(G), such that for every edge uv € E(G),
the endpoints u and v are in ancestor-descendant relation. The height of the rooted forest
F, denoted by height(F'), is the maximum number of vertices on a simple path from the
root of F to a leaf in F. The treedepth of G, denoted td(G), is the least d € N such that

there exists a treedepth decomposition F of G with height(F) = d.

Next, we define the notion of treedepth colorings and state a result that shows that

nowhere dense graph classes admit low treedepth colorings.

Definition 11 (Treedepth coloring). An r-treedepth colouring of G is a colouring such that
any ' < r color classes induce a subgraph with treedepth at most 7 + 1. The minimum

number of colors of such a coloring of G is denoted by tdcolr,(G).

Proposition 4. [Theorem 5.6,[94]] Let & be a nowhere dense graph class. Then there is
a function f(r,€) such that tdeolr,(G) < f(r,€) - n® for every integer r > 0, G € 4, and
real € > 0. Furthermore, a f(r,€) - n®-treedepth colouring of G can be obtained in time

O(f(r€) -n”"(l)).

We refer the reader to the book by Nesetril and Ossona de Mendez [95] for a detailed
exposition on nowhere dense classes of graphs, their alternate characterization and several

interesting properties.

The following proposition give algorithms to construct a k independence covering

family for a nowhere dense graph.
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Proposition 5. [Lemmas 3.2 and 3.3, [81]]

Let H be a graph such that H € A, where N is a class of nowhere dense graphs. For

any k € N, there are two deterministic algorithms that run in time

P (f(k, b o) 4 g(k) <k(1;’-d)>20(k(1+d))n(n+m) logn)

and

2 2
o (f(k,%)nm(lug(k) (k (1:‘1) )(k(1+d))ﬁ<1>n(n+m)1ogn> ,

and output a  k-independence  covering  family for (H,k) of size
ﬁ(g(k)(k(lzd))%’(k(”d))nlogn) and ﬁ(g(k)(kz(lljd)z)(k(l—|—d))ﬁ(l)n10gn), respec-

tively, where f is a function defined in Proposition 4 and g(k) = (f(k, 7)) .

2.3.2 Branching

Branching (or Bounded search tree) is one of the most commonly used technique in
Parameterized Complexity which use the idea of backtracking. A typical branching
scheme works as follows. In each branch step, algorithm identifies a small (constant size
or bounded by a function of parameter) set S of eligible candidates of solution. Then the
algorithm builds a partial solutions by selecting elements from S and branching into |S|
many subproblems with respect to each element in S. In each such step, the algorithm
investigates some bounded possibilities of decisions and branches into subproblems. It
can also be viewed as a search tree, which the algorithm traverses. In order to show the
correctness of the algorithm it is enough to show that if the given input is a yes-instance,
then a feasible solution to the problem can be discovered at one of the leaves. If the size of
the search tree is bounded by a function of parameter and each branching step takes time

polynomial in the input size, then the given problem is FPT.

More precisely, a branching algorithm works as follows. Let L C X* x N be a parame-
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terized problem and (I,k) be an instance of L. Firstly we assign an appropriate measure
W (1,k) with (1,k), which should be bounded by a function of k. In each step the algorithm
takes polynomial time and branches into simpler instances, say (I1,k;),...,(ls,k;) of L
such that (¢ > 2), £ is bounded by u(1,k), (I,k) is a yes-instance of L if and only if one
of the instance (I,ky),...,(Is,ky) is a yes-instance of L, and each branch measure strictly
decreases, that is, for all j € ¢ pu(1,k;) < u(I,k) — c, for some constant ¢ > 0. The algo-
rithm recursively apply branching steps to instances (I1,ky), ..., (I;,ky) and stops when
each instance can be trivially solved. The correctness follows from the fact that if the input
instance is a yes-instance then one of the branch generates a yes-instance. Since u(7,k) is
bounded by a function of k and in each branch u strictly decreases which bounds the size
of the search tree by a function of k and hence the algorithm runs in FPT time. For more

details on branching technique we refer the reader to Chapter 3 of [29].

2.3.3 Iterative Compression

The iterative compression technique was invented by Reed, Smith and Vetta in 2004
[102]. The method was invented in order to design an FPT algorithm for the ODD CYCLE
TRANSVERSAL problem. Later it became a commonly used technique in Parameterized
Complexity to design FPT algorithms. The center of the iterative compression method is
the compression routine. A compression routine is an algorithm, which takes an instance
together with a solution of the parameterized problem as an input and either returns
a solution of smaller size or return that there does not exist a solution of smaller size
than the given solution. The technique iteratively builds up the input structure and find
a solution at each iteration in FPT time. Then compresses the current solution using
the compression routine. Generally the main goal is to use the given solution which
carries some important information about the structure of the instance and design an FPT
algorithm for compression routine. For more details on iterative compression technique

we refer the reader to Chapter 4 of [29].
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Part 11

Conflict-Free Problems
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Chapter 3

Conflict-free Version of Covering

Problems on Graphs

Graph-modification by either deleting vertices, or deleting edges, or adding edges such
that the resulting graph satisfies certain properties or becomes a member of some well-
understood graph class is one of the basic problems in Graph Theory and computer science.
However, most of these problems are NP-complete [111, 76], and therefore they have
been extensively studied in various algorithmic paradigms that are meant to cope with NP-
completeness [54, 84, 51], such as restricted classes of inputs, approximation algorithms
and Parameterized Complexity. In this chapter we introduce the conflict-free variant of
these classical problems and study them from the viewpoint of classical and Parameterized

Complexity.

In the past, the conflict-free version of some classical problems have been studied, e.g.
for SHORTEST PATH [66], MAXIMUM FLOW [98, 99], KNAPSACK [100], BIN PACKING
[45], SCHEDULING [46], MAXIMUM MATCHING and MINIMUM WEIGHT SPANNING
TREE [36, 35]. It is interesting to note that some of these problems are NP-hard even
when their non-conflicting version is polynomial time solvable. The study of conflict-free

problems has also been recently initiated in computational geometry motivated by various
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applications (see [5, 6, 7]). Motivated by these works, we initiate the study of the conflict-
free versions of several well studied vertex deletion problems in Parameterized Complexity.

This is our main conceptual contribution in this chapter.

In the following we recall the definitions of a parameterized vertex deletion problem
on graphs and their conflict-free variant. Let I be a family of graphs (or property) — such
as edgeless graphs, forests, cluster graphs, chordal graphs, interval graphs, bipartite graphs,
split graphs or planar graphs. The vertex deletion problem corresponding to IT is formally

stated as follows.

II-VERTEX DELETION Parameter: &

Input: An undirected graph G and a non-negative integer k.

Question: Does there exist S C V(G), such that |S| < k and G — S is in I1?

That is, given a graph G, can we delete at most k vertices such that the resulting graph
belongs to I1? The set S is called a T1-deletion set. The study of parameterized graph
deletion problems together with their various restrictions and generalizations have been an

active area of research recently.

To formulate the conflict-free version of these classical problems, let us begin with an
example. Consider SET COVER, that has the following conflict-free version. We are given
a universe % and a family . of subsets of %/, a positive integer k and a graph H (with
V(H) =.%). The objective is to check whether there exists a .’/ C . of size at most k
whose union is % and H[."] is edgeless. Now, we may similarly combine the classical
vertex deletion problems on graphs, with the conflict-free model described in [5, 6, 7] and
arrive at the following generic conflict-free problem. Let I1 be a family of graphs. The

conflict-free vertex deletion problem corresponding to IT is formally stated as follows.
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CONFLICT-FREE II-VERTEX DELETION (CF-I1-VD) Parameter: k

Input: An undirected graph G, a conflict graph H on vertex set V(G) and a non-
negative integer k.

Question: Does there exist a set S C V(G), such that |S| < k, G—Sisin ITand S is an

independent set in H?

We define CF-II-VD, when both the graphs G, H are directed graphs (hypergraphs),
appropriately. Where, the notion of independent set in directed graph is similar to that
of undirected graphs. In hypergraphs, a set S of vertices in a hypergraph G is called
independent if no two vertices in S are contained in an edge in G. In this chapter, we focus
on CF-II-VD problems corresponding to several well studied problems in Parameterized
Complexity, namely VERTEX COVER, d-HITTING SET, SPLIT VERTEX DELETION,
FEEDBACK VERTEX SET IN TOURNAMENTS (FVST) and FEEDBACK VERTEX SET
(FVS). Observe that when H is the edgeless graph, CF-II-VD is the same as [I-VERTEX
DELETION and thus it generalizes the non-conflict-free version of the problem. Further-
more, when H is the same as G it corresponds to independent version of these problems
which are also well studied, such as INDEPENDENT FEEDBACK VERTEX SET [90, 81].

Thus, CF-II-VD is a generalization of well studied problems in algorithms and complexity.

Apart from introducing an interesting family of problems, we obtain the following
results in the realm of parameterized and classical complexity. We note that several of

these results are in sharp contrast to the non-conflict version of the same problem.

A graph property Il is a set of graphs, and a graph in I1 is called a IT-graph. We say
that Il is hereditary if for any graph G in I1, every induced subgraph of G is also in IT. A
graph property IT has a forbidden set characterization if there is a set .# of graphs such
that a graph is a I1-graph if and only if it does not contain any graph in .%# as an induced
subgraph, and further, it has a finite forbidden characterization if .# is a finite set. We

study the complexity of CF-II-VD based on the forbidden set of the property I1.
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Graph properties with finite forbidden characterization. The starting point of our results
is a generic result by Cai [19] about graph properties which have a finite forbidden
characterization. We show an analogous result for CF-IT-VD. In particular we show that
CF-II-VD is FPT whenever I1 has a finite forbidden set characterization. Indeed, we
show that this problem admits an algorithm with running time &'(a* - n- T (m,n)), where
T (m,n) is time to recognize a graph in IT and « is the size of largest graph in the finite

forbidden set .%. Furthermore, it also admits a kernel with &'(a®a!k®) vertices.

Next, we study the conflict-free version of several well-studied cases of [I-VERTEX
DELETION, where IT is characterized by the finite family of forbidden induced subgraphs.
For a problem 2, we call its conflict-free version as CONFLICT-FREE Q (CF-2, in short).

These results improve upon the generic result stated above.

1. CoNFLICT FREE VERTEX COVER (CF-VC) admits a 2k-vertex kernel, a factor
2-approximation algorithm, an ¢*(1.2738%) FPT algorithm! and an &*(1.1996")
exact algorithm. Furthermore, CF-VC is NP-complete even when graph G is of
degree at most 2. This holds even when G is disjoint union of P3 (P, denotes the path
on ¢ vertices). Furthermore, CF-VC is polynomial time solvable when G has degree

at most one, or when both G and H have a perfect matching.

2. The CONFLICT FREE d-HITTING SET (d-CF-HS) problem can be solved in

0*(((d —1)40.2738)%) = 0*((d — 0.7262)*) time.

3. CONFLICT FREE SPLIT VERTEX DELETION (CF-SVD) can be solved in

0*(1.2738%k?(02k)) time and polynomial space.

4. CONFLICT FREE FEEDBACK VERTEX SET IN TOURNAMENTS (CF-FVST) can be

solved in 0*(2%) time.

Let us note that given the graphs G,H, we can test whether there exists a conflict-free

vertex cover (of any size) of the pair (G,H) in polynomial time by a reduction to the

' &* suppresses the polynomial factor in the running time.
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2-SAT problem (Lemma 11). However, one can show that testing whether there exists a

conflict-free feedback vertex set (of any size) is NP-complete.

Graph properties without finite forbidden characterization. Next, we consider those graph
properties that are not characterized by a finite family of forbidden induced subgraphs. We
show that if IT is characterized by a “well-behaved” infinite family of forbidden induced
subgraphs, then CF-IT-VD is W[1]-hard. In particular, we show that CONFLICT FREE
FEEDBACK VERTEX SET (CF-FVS) is W[1]-hard even when G is disjoint union of
cycles. A similar result holds for CONFLICT FREE ODD CYCLE TRANSVERSAL (CF-
OCT), CONFLICT FREE CHORDAL VERTEX DELETION (CF-CVD) and CONFLICT

FREE INTERVAL VERTEX DELETION (CF-1VD).

This motivates us to consider some special cases of (¢,.7)-II-VD. Here, (¥,5)
denotes that the graph G belongs to the graph class ¢ and the graph H belongs to the
graph class .77. We will use * to denote that the graph is arbitrary. We show that, (x, .7)-
CF-FVS (s7-CF-FVS), #-CF-OCT, ¢-CF-CVD, #-CF-1VD are FPT, when H
belongs to the family of d-degenerate graphs (%), or nowhere dense graphs (/). It is
worth noting that the families of d-degenerate graphs and nowhere dense graphs include
trees, graphs of bounded degree, planar graphs, graphs that exclude a fixed graph H as a
minor (or a topological minor) and graphs of bounded expansion. These algorithms are

based on the notion of “k-independence covering family” introduced in [81].

3.1 Preliminaries

Throughout this chapter, we use the following notions. For a (directed) graph G, we
use V(G) to denote the vertex set and E(G) to denote the (arc) edge set of the (directed)
graph G. A conflict graph of a graph G is a graph H, where the vertex sets of G and H
are same but edge sets may be different. For two sets X and Y, by X \ Y we mean the

set {v|[v € X,v ¢ Y}. For a graph G and a set X C V(G), by G[X| we mean the graph G
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induced on X and by G — X we mean the graph G[V (G) \ X]. Let E’ be a subset of edges
of the graph G, by G[E'] we mean the graph with vertex set V(G) and edge set E’. For a
graph G and a vertex v € V(G), by Ng(v) we denote the neighborhood of v in G, that is,
the set of vertices which have at least one edge incident on v in G. By Ng[v] we denote the
set Ng(v) U{v}. The subscript from the notations are ommited when it is clear from the
context. Throughout the chapter given a graph G, n and m denote the number of vertices

and the edges of G, respectively.

A graph is chordal if every cycle of length greater than 3 has a chord (an edge connecting
two vertices of cycle but not part of the cycle). A complete graph is an undirected simple
graph in which every pair of vertices is connected by an edge. A tournament is a directed

graph obtained by assigning a direction to each edge of a complete graph.

3.2 Conlflict-free Version of Properties with Forbidden Set

Characterizations

3.2.1 Properties with Finite Forbidden Set Characterizations

In this subsection, we study the CF-FINITE I1-VD problem when II is hereditary and

admits a finite forbidden set characterization.

FPT Algorithm for CF-FINITE IT-VD. Let .# be the finite forbidden set corresponding to
the property I1. Cai [19] showed that the FINITE II-VD is FPT. That is, given a graph G,
testing whether there exists a set S C V(G) of size at most k such that G — S is a IT-graph
is FPT. The algorithm works as follows. It starts by finding a forbidden vertex set X in G;
among which we know that at least one vertex must go in the solution set S. Therefore, we
branch on this collection of vertices, and for each vertex v € X, we recursively apply the

algorithm to solve the instance (G — v,k — 1). If one of these branches returns a II-deletion
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set S, then clearly SU{v} is of size at most k and it is a I1-deletion set in G. Else, we
return that the given instance is a no-instance. At every recursive call we decrease the
parameter by 1, and thus, the height of the search tree does not exceed k. At every step,
we branch in at most & subproblems; where « is the size of largest graph in .%. Hence,
the number of nodes in the search tree does not exceed . Observe that, the algorithm
actually enumerates all the minimal I1-deletion sets of size at most k. Thus, for CF-FINITE
I1-VD, all we need to do in addition, is to check whether H[S] is edgeless or not. We will

also need the following result for the above algorithm.

Proposition 6. [Theorem 1,[19]] For any hereditary property 11, if I1 is recognizable in
time T (m,n), then for any graph G that is not a I1-graph, a minimal forbidden induced

subgraph of Il in G can be found in O (n-T (m,n)) time.

With the above theorem in hand, we obtain the following theorem.
Theorem 3.2.1. CF-FINITE I1-VD is FPT and admits an algorithm with running time
O(a*-n-T(m,n)), where T(m,n) is the time to recognize a graph in Il and « is the size

of largest graph in the finite forbidden set 7.

3.2.2 A Polynomial Kernel for CF-FINITE II-VD

In this section, we design a polynomial kernel for CF-FINITE II-VD. Towards that, we
define following reduction rules. The first reduction rule is based on a simple observation
that the vertices that do not participate in any forbidden induced subgraph of G can be

deleted.

Reduction Rule 1. Let (G,H k) be an instance of CE-FINITE I1-VD. If G contains a
vertex v, which is not part of any forbidden induced subgraph in G, delete v from G and H.

The new instance is (G —v,H —v,k).

Safeness of Reduction Rule 1 follows from the fact that G and G — v have the same

family of forbidden sets that needs to be hit. Also, we can test whether a vertex v is part
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of any forbidden induced subgraph or not by enumerating all subsets X of size & — 1 and
testing whether G[X U {v}] is a forbidden set or not. This implies that we can apply this
reduction rule in polynomial time. Next reduction rule is based on the classical Sunflower
Lemma. A sunflower with k petals and a core Y is collection of k disjoint sets Sy, ---,S;
such that S; # S; for all i # j, and they intersect exactly at Y. The sets S; \ ¥ are called

petals and are non empty. The set Y is called the core.

Lemma 1. [29, Theorem 2.25] Let <7 be the family of sets of size exactly d over a universe

U.If || >d\(k—1)¢, then of contains a sunflower with k petals, and such a sunflower

| and k.

can be computed in time polynomial in | <

1

Given a graph G and a set of finite forbidden graphs .% = {Fi,...,F,}, we first
enumerate all forbidden induced subgraphs of G in polynomial time. Let ./’ be the family
of vertex sets of induced forbidden subgraphs of G and 1 denotes the size of maximum

sized set in .«7. We start with the following simple but useful observation.

Observation 3.2.2. (G,H k) is a yes-instance of CE-FINITE II-VD if and only if there
exists a vertex subset S C V(G) of size at most k such that S intersects all the sets in <f

and H|S] is edgeless.

For a family .«7* of subsets of sets of V(G), by U(«/*), we denote the union of set of

vertices in all sets in .&7*.

Observation 3.2.3. Suppose that, </ contains a sunflower Sy, ...,Skio with k+ 2 petals
andacoreY. Let o' = o7/ \ {Si12} and H = H{U (")]. Then, there exists a vertex subset
S CU() of size at most k such that S intersects all the sets in </ and H[S| is edgeless if
and only if there exists a vertex subset S' C V (/") of size at most k such that S’ intersects

all the sets in </’ and H'[S'] is edgeless.

Proof. In the forward direction, assume that there exists a vertex subset S C U(.</) of size

at most k such that S intersects all the sets in .« and S is an independent set in H. Let
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§"=SNU(&"). The only vertices that appears in S but do not appear in S’ are those which
are present in Sy, but do not appear in any other set of 7. This implies that " intersects

all the sets in .«’. Furthermore, since S’ C S, we have that H'[S'] is edgeless.

In the reverse direction, assume that there exists a vertex subset S’ C U (/") of size at
most k such that S’ intersects all the sets in .7 and S’ is an independent set in H'. We will
show that S itself intersects all the sets in <7. Suppose not then S’ does not hit Sy, € <.
Since <7’ contains sunflower Si,..., S, 1, S’ must contain a vertex from Y, otherwise S’
contains a vertex from each S;\ Y, i € [k+ 1] which is a contradiction to the size of §'.
However, a vertex from Y hits Sy, in 7. Hence, S’ intersects all the sets in .«7. Observe
that, since H' is an induced subgraph of H, we have that H[S'] is edgeless. This completes

the proof. 0

Next, we apply the following procedure to reduce the family o/. If < contains a
sunflower Sy, ..., Sk with k+ 2 petals and a core Y, then delete Sy, from .7 and repeat
on o/ = o \ Sg4,. Otherwise, return <. Let <7’ be the resultant family. Using Lemma 1,

the above procedure can be applied in polynomial time.

Reduction Rule 2. Let v be a vertex in G such that v is not in V(</"), then delete v from

G and H. The new instance is (G — v,H — v, k).

Lemma 2. Reduction Rule 2 is safe.

Proof. The proof follows from Observations 3.2.2,3.2.3 and the construction of the family

o' O]

Theorem 3.2.4. CF-FINITE I1-VD admits a kernel with at most 0(n*n'k") vertices,

where 1) is the size of largest graph in the finite forbidden set % corresponding to I1.

Proof. Given an instance (G,H,k) of CF-FINITE II-VD, the kernelization algorithm
works as follows. Firstly, the algorithm applies Reduction Rule 1 exhaustively. Next, the

algorithm constructs a family <7 of vertex sets of induced forbidden subgraphs of G and
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applies Reduction Rule 2 exhaustively and get the reduced family .27’. Let V' denotes
the set of vertices present in any forbidden set in </’. Let (G' = G[V'|,H' = H[V'],k) be
the reduced instance. By safeness of Reduction Rule 1, Observations 3.2.2,3.2.3, and
Lemma 2 it follows that, (G,H, k) is a yes-instance of CF-FINITE II-VD if and only
if (G',H' k) is a yes-instance of CF-FINITE I1-VD. Since V(G’) is same as the set of
vertices present in any set in .<7’, it is sufficient to bound size of family .7’ to bound the
size of the graph G’. If for some 1’ € {1,...,1m}, the number of sets in &’ of size exactly
n’ is more than n’!(k + 1)",, then by Lemma 1, we can find a sunflower with k + 2 petals
and apply Reduction Rule 2. Since, each set can be of size at most 1 in .7/, therefore

IV(G")] < n?n!(k+1)". This completes the proof of theorem. O

3.2.3 Properties that do not admit finite forbidden characterization

It is well know that a property Il is hereditary if and only if IT admits a forbidden set
characterization [19]. Let .# denote the forbidden set corresponding to IT. Following the
previous section, a natural question that arises is what happens when . is infinite. We
call the corresponding vertex deletion problem as CONFLICT FREE INFINITE II-VERTEX
DELETION (CF-INFINITE II-VD). For example, suppose that II is a family of forests, or
chordal graphs, or interval graphs, or bipartite graphs. Then, the corresponding classical
problems of II-VERTEX DELETION (II-VD) problems are known as FEEDBACK VERTEX
SET (FVS), CHORDAL VERTEX DELETION (CVD), INTERVAL VERTEX DELETION
(IVD) and ODD CYCLE TRANSVERSAL (OCT) and these problems are known to be
FPT [24, 70, 86, 102]. However, we will show now that conflict-free version of these
problems is W[1]-hard. Indeed, CONFLICT FREE FEEDBACK VERTEX SET (CF-FVS) is
W][1]-hard, when parameterized by solution size, even when the graph G belongs to the

class of graphs of disjoint union of cycles (%).

Towards this, we give a parameter preserving reduction from MULTICOLORED IN-

DEPENDENT SET (MCIS) problem to (%, %)-CF-FVS (¢-CF-FVS). It is well known
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that the MCIS problem is W[1]-hard. See [29] for further details on the notion of W[1]-
hardness and for the fact that MCIS is W[1]-hard. The MCIS problem is formally defined

as follows.

MULTICOLORED INDEPENDENT SET (MCIS) Parameter: &
Input: A graph G, an integer k, and a partition of V(G) into k sets Vy,...,Vj.

Question: Does there exist a set X C V(G), such that X NV; = 1, Vi € [k] and G[X] is

edgeless?

Given an instance (G, (Vy,...,Vi),k) of MCIS, we construct an instance (G',H k)
of CF-FVS as follows. We let H = G. Next, we construct the graph G’. Vertices in
V(G') = V(H) = V(G). For each set V;, i € [k], we construct a cycle Cjy, (C; denotes
cycle on [ vertices) on vertex set V; in G'. Clearly, this construction can be carried out in

polynomial time, and graph G € % .

Lemma 3. (G, (Vi,...,Vi),k) is a yes-instance of MCIS if and only if (G',H k) is a

yes-instance of ¢ -CF-FVS.

Proof. In the forward direction, let (G, (V,...,Vi),k) is a yes-instance of MCIS and let
S be its solution of size at most k. We claim that, S is also a solution to (G’,H,k) of
%-CF-FVS. Observe that, SNV; = 1 for each i € [k]. By our construction, the graph G’ is
disjoint union of cycles Cjy, on vertex set V;, for each i € [k]. This implies that, S hits all
cycles in G'. On the other hand, since H is isomorphic to the graph G and G[S] is edgeless,

we have that H[S] is also edgeless.

Conversely, let (G',H k) is a yes-instance of ¢-CF-FVS and let &’ be its solution
of size at most k. We claim that, §’ is also a solution to (G, (V1,...,Vi),k) of MCIS. By
the construction of G', there exist k disjoint cycles in G’ on each set V;, i € [k]. Hence,
S'NV; = 1. Also, H[S'] is edgeless and graph G is isomorphic to graph H, therefore G[S']

is also edgeless. This completes the proof. [

We obtain the following theorem using construction, Lemma 3 and W[1]-hardness of
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MCIS.

Theorem 3.2.5. €-CF-FVS is W([1]-hard, when parameterized by the solution size, where

% is the family of graphs which are disjoint union of cycles.

The proof of Theorem 3.2.5 requires nothing specific about ¥’-CF-FVS, except that
G is a disjoint union of forbidden sets where each forbidden set is identified with a color
class V;. If % is infinite and well behaved in the following sense: given an integer n we
can output a forbidden set F' of size polynomial in n (in fact, size f(k) -n?() will also

work for our purpose) in time 7(k) - n?M

, then we can mimic the proof of Theorem 3.2.5
and show that the corresponding CF-IT-VD is W([1]-hard. Let us note that in certain cases,
e.g. for bipartite graphs where the family of forbidden subgraphs are odd cycles, we may
need to augment a color class V; with additional vertices to obtain a forbidden set in .%
in the graph G. This is easily handled by making the additional vertices adjacent to all
vertices in the conflict graph H, which ensures that they cannot be selected in any solution

of cardinality greater than one. In particular, this holds for IT being the family of chordal

graphs, or interval graphs, or bipartite graphs. Here, f and 7 are computable functions.

3.2.4 Results on properties without finite forbidden characterization

In Section 3.2.3, we have shown that if .% is infinite, CF-II-VD is W[1]-hard in general,
even though the corresponding classical problem is FPT, e.g. CF-FVS, CF-OCT, CF-
CVD etc. In light of this, a natural question that arises is what happens if H is restricted to
certain graph classes. In this section, we show that CF-INFINITE I1-VD is FPT when H is
restricted to the class of d-degenerate graphs or no-where dense graphs. We refer to these

restricted variants of problem as Z;-CF-I1-VD and .4 -CF-II-VD, respectively.

The degeneracy of an n-vertex graph G* is defined as the minimum integer d such
that there exists an ordering ¢ : V(G*) — {1---->n} where every vertex v has at most d

neighbors u for which o(u#) > o(v). Such an ordering o is called a d-degeneracy sequence
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of the graph G*. We fix one such sequence, and then for any vertex v € V(G*), we define
its forward and backward neighbors in G* with respect to this ordering. Our algorithm
is based on the construction of a k-independence covering family of a graph, using the
Independence Covering Lemma of [81]. We recall the notion of k-independence covering
family and Independence Covering Lemma here. For a graph H* and an integer &, a
k-independence covering family, denoted by .7 (H*, k), is a family of independent sets of
the graph H* such that for any independent set X in H* of size at most k there exists a
set Y in % (H* k) such that X C Y. We will use the following propositions to construct a

k-independence covering family for H.

Proposition 7. [Lemma 1.1,[81]] There exists a linear time randomized algorithm, that
given as input a d-degenerate graph H* and k € N, outputs an independent set Y, such
that for every independent set X in H* of size at most k the probability that X is a subset of

Y is at least ((k(d;rl))k(d—l— 1)~

Proposition 8. [Lemmas 3.2 and 3.3,[81]] There are two deterministic algorithms,

that given a d-degenerate graph H* and k € N, outputs independence covering

families 7 (H*,k) of size at most (k(dljl))zo(k(dﬂ))logn and F,(H*,k) of size
2

at most (kz(dlj D ) (k(d + 1)7Wlogn, respectively. These algorithms run in time

O(|.F\(H*,k)|(n+m)) and O(|.%2(H*,k)|(n+m)), respectively.

In the following, we present an FPT algorithm for ;-CF-II-VD problems. The
algorithm is based on the observation that, given an independence covering family of
conflict graph, the conflict-free solution of the problem lies inside one of the sets in this
family. By construction, each set in this family is an independent set in H, and therefore
the problem of finding a solution to the given instance of Z,;-CF-II-VD boils down to
finding a solution of IT-VD in the graph G that also lies in a chosen set in the family. In

particular, it reduces to solving the following annotated version of I1-VD.
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ANNOTATED-II-VD (A-II-VD) Parameter: k
Input: A graph G, Y C V(G) and an integer k.

Question: Does there exist S C Y of size at most k such that G — S is in I1?

Theorem 3.2.6. Let I1 be a property such that A-I1-VD admits an algorithm with run-
ning time ‘C(k)nﬁ(l). Then, 9;-CF-I1-VD admits a randomized algorithm with run-
ning time (k(d,:rl))k(d +1)t(k)n?"Y), and a deterministic algorithm with running time

min { (k(d,:rl))?(k(d“)) logn, (kz(dljl)z) (k(d +1))70) logn}‘c(k)nﬁ(l).

Proof. First, we give the randomized algorithm. Given an instance (G, H k) of &;-CF-II-

VD we do as follows. Run the following two step procedure ((k(lzd))k(d +1)) times.

1. Run the algorithm in Proposition 7 on (H, k), and obtain the set Y.

2. Solve A-TI-VD on the instance (G,Y,k), using the algorithm running in time

T(k)n?W).

The algorithm outputs yes, if Step 2 returns yes at least once, else algorithm returns
no. Now we prove the correctness of algorithm. Since in Step 1, the output set Y is an
independent set in the conflict graph H, if the algorithm returns yes, then the input instance
is a yes-instance. Now suppose that the input instance is a yes-instance, and X be its
solution. By Proposition 7, probability that X C Y is at least p = ((k(d,j 1))k(a’ + 1)L,
We repeat the procedure 1/p times, so the probability that in all executions X ¢ Y is at
most (1— p)'/? < 1/e. Therefore, algorithm returns yes with probability at least 1 — 1 /e.
Running time follows from Proposition 7, and the assumed running time of the algorithm

for A-TI-VD.

Next, we give the deterministic algorithm. Given an instance (G, H, k) of %,-CF-II-
VD, the algorithm works as follows. Algorithm first constructs k-independence covering
family .7 (H , k) of the conflict graph H, using Proposition 8. Then, for all sets Y € .% (H k),

algorithm solves A-IT-VD on instance (G,Y,k), using the algorithm assumed in the
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statement of the theorem. The algorithm outputs yes if for some set Y € . % (H, k), the
A-II-VD returns yes, otherwise returns no. The correctness of the algorithm follows
from the definition of k-independence covering family. The running time follows from
Proposition 8, and the assumed running time of the algorithm for A-II-VD. This completes

the proof. [

The above theorem naturally leads to the question of when can A-II-VD be FPT. We
give an affirmative answer for several cases when the integer weighted version (W-I1-VD)
of the corresponding IT-VD is FPT. For a graph G, a weight function w : V(G) — N, and
aset S C V(G), we define the weight of S as },csw(v). The W-II-VD problem is defined

formally as follows.

WEIGHTED II-VD (W-II-VD) Parameter: k

Input: A graph G, a weight function w : V(G) — N, and an integer k.

Question: Does there exist S C V(G) of weight at most k, such that G — S is in IT?

We give a polynomial time reduction from A-IT-VD to W-II-VD. Towards this, given
an instance (G,Y,k) of A-II-VD, we construct an instance (G’,w,k) of W-II-VD as
follows. We take the graph G’ identical to the graph G. The weight function w is defined

as follows. We assign w(v) =k+1ifv € V(G) \ Y, otherwise w(v) = 1.

Lemma 4. (G,Y,k) is a yes-instance of A-I1-VD if and only if (G',w,k) is a yes-instance
of W-TI-VD.

Proof. In the forward direction, let (G,Y,k) is a yes-instance of A-II-VD, and let S be
its minimal solution of size at most k. We claim that, S is also a solution to (G’,w, k) of
W-II-VD. Since S C Y, we have that w(v) = 1, for every v € S. Therefore, the weight of S

is at most k. Since G’ is isomorphic to G, G' — § is also a IT-graph.

Conversely, let (G',w,k) is a yes-instance of W-II-VD, and let S’ be its solution of

weight at most k. We claim that, S’ is also a solution to (G,Y,k) for A-II-VD. Observe
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that, all the vertices in V(G’) \ Y have weight k+ 1, therefore, " C Y. Since, every vertex
in §’ has weight 1, |S’| < k. Furthermore, since the graph G is isomorphic to the graph G/,

we have that G — S’ is in I1. This completes the proof. [

Using construction and Lemma 4, we obtain the following lemma.

Lemma 5. Let I1 be a property such that W-11-VD admits an algorithm with running time

y(k)n? V). Then, A-TI-VD also admits an algorithm with running time y(k)n? ("),

It is known that WEIGHTED FEEDBACK VERTEX SET (WFVS) can be solved in time
ﬁ(3.618knﬁ(1)) [26] and thus, by Lemma 5, we have that A-FVS can be solved in time

0(3.618kn?(1)). By applying Theorem 3.2.6, we obtain the following corollary.

Corollary 1. 2,;-CF-FVS either admits a randomized algorithm with running

time (k(d,jl))k(d+ Dt(k)n?Y), or a deterministic algorithm with running time
2

min{(k(d,jl))Zo(k(d“))logn, (k2(d,jl) ) (k(d + 1))ﬁ(1)logn}f(k)nﬁ(1). Here, t(k) =

3.618%.

3.2.5 CoNFLICT FREE ODD CYCLE TRANSVERSAL

Let IT be the family of bipartite graphs. Then, the corresponding CF-II-VD is a conflict-
free version of OCT, namely, CONFLICT FREE ODD CYCLE TRANSVERSAL (CF-OCT).
In the following, we design an FPT algorithm for Z,;-CF-OCT. Towards this, we use the
result for ANNOTATED-OCT (A-OCT) problem. It is known that A-OCT can be solved
in time @' (4*k®(n+m)) [81]. Thus, by applying Theorem 3.2.6, we obtain the following

corollary.

Corollary 2. Z,;-CF-OCT either admits a randomized algorithm with running

time (k(d,:rl))k(d—l— ))t(k)n? M), or a deterministic algorithm with running time

min { (k(d,:rl))?(k(d“)) logn, (kz(d,:rl)z) (k(d+1))M) logn} t(k)n?V).  Here, t(k) =

4k KO,
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3.2.6 CONFLICT FREE CHORDAL VERTEX DELETION

Let II be the family of chordal graphs. Then, the corresponding CF-IT-VD is a conflict-free
version of CVD, namely, CONFLICT FREE CHORDAL VERTEX DELETION (CF-CVD).
In the following, we design an FPT algorithm for &;-CF-CVD. Towards this, we give a
polynomial time parameter preserving reduction from ANNOTATED-CVD (A-CVD) to
the CVD problem. Given an instance (G,Y,k) of A-CVD, in the following, we give a

construction to generate an instance (G’, k) of CVD.

Construction 1. To construct the graph G’, we replace each vertex v € V(G) \ Y with a
k+ 1 sized vertex set X, = {v1,..., vty 1}. The vertex set of G’ is Uy gy Xy UY. If uv is
an edge in G such that u,v € Y, then we add uv to G'. Next, for each vertex v € V(G) \ Y,
we introduce edges v;v;, for all v;,v; € X,,i # j. Furthermore, for each edge vu € E(G)
such that u € Y, we introduce edges v;u in G’ for all v; € X,, and when u € V(G) \ Y, we
introduce edges v;u; in G’ such that v; € X,,u; € X,,,1 <i,j <k+ 1. Observe that, for a
vertex v € V(G) \ Y, G'[X,] is a clique of size k+ 1 in G'. Let S, be the set of vertices
added in G’ corresponding to a vertex u in G. Observe that, for an edge uv € E(G), we

make a complete bipartite graph between vertices of sets S, S, in G'.

Lemma 6. (G,Y,k) is a yes-instance of A-CVD if and only if (G',k) is a yes-instance of
CVD.

Proof. In the forward direction, let (G,Y,k) is a yes-instance of A-CVD, and let S be its
solution of size at most k. We claim that S is also a solution to (G’,k) for CVD. For a
contradiction, assume that there exists a chordless induced cycle C in G' — S of length at
least 4. Observe that, C can contain at most one vertex from a set S,. Indeed, since C has
at least 4 vertices, if two vertices, say v;,v; € S, are present in C, and let uy; is an edge in
C then, by construction of G’, we have that edges v;v;,uv; € E(G’) and it contradicts the
assumption that C is an induced cycle of length at least 4. This implies that, we can now

replace a vertex v; in C by the corresponding vertex v in G and get a chordless cycle in
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G — S. This contradicts that G — S is a chordal graph.

Conversely, let (G, k) is a yes-instance of CVD and let S’ be its solution of size at most
k. We claim that §’ is also a solution of A-CVD in (G,Y,k). Observe that, for a vertex
v € V(G)\Y, the neighborhood of vertices in the set S, is same in G'. Thus, if a vertex
v; € §, participates into a chordless induced cycle C, then replacing v; by a different vertex
v; € §y, we get another chordless induced cycle C'. Therefore, if a minimal solution §’
contains a vertex v; € S,, it must contain all the vertices in S,, which would contradict the
size of §'. Therefore, S’ does not contain any vertex from S,, v € V(G)\ Y. Thus, S CY
and is of size at most k. Also, observe that, G is an induced subgraph of G’ and chordal
graphs are closed under induced subgraphs. This implies that, G — S is also a chordal

graph. 0

Lemma 6 implies that, it is sufficient to solve CVD on (G’,k) to solve A-CVD on
(G,Y,k). It is well known that CVD can be solved in time (2 k102k),@(1)) [25]. Hence,

we obtain the following result.

Lemma 7. A-CVD can be solved in time €(29 K102k} @(1)),

Combining Theorem 3.2.6 and Lemma 7, we obtain the following corollary.

Corollary 3. 2,;-CF-CVD either admits a randomized algorithm with running

time (k(d,jl)
in 20 logn, (C@D (k(d+1)?Dlogn L t(k)n?D).  Here, (k) —
m k(dk+1) (k(d+1)) k (dk+1) o(1) o(1)

zﬁ(klogk).

Vk(d + ))t(k)n?V), or a deterministic algorithm with running time

3.2.7 CONFLICT FREE INTERVAL VERTEX DELETION

Let I1 be the family of interval graphs. Then, the corresponding CF-II-VD is a conflict-
free version of [IVD, namely, CONFLICT FREE INTERVAL VERTEX DELETION (CF-IVD).

In the following, we design an FPT algorithm for &;-CF-1VD. Towards this, we give a
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polynomial time parameter preserving reduction from ANNOTATED-IVD (A-IVD) to the

IVD problem.

We use the characterization that a graph is an interval graph if and only if it is chordal
and AT-free. Three vertices form an asteroidal triple in a graph G, if every two of them are
connected by a path avoiding the neighborhood of the third. A graph is AT-free if it has no
asteroidal triple. Given an instance (G,Y,k) of A-IVD, we construct an instance (G, k) of

IVD, using Construction 1 described in Section 3.2.6.

Lemma 8. (G,Y,k) is a yes-instance of A-IVD if and only if (G',k) is a yes-instance of
IVD.

Proof. In the forward direction, let (G,Y,k) is a yes-instance of A-IVD, and let S be its
solution of size at most k. We claim that S is also a solution to (G', k) of IVD. Observe
that, G’ — S is chordal using arguments similar to the proof of Lemma 7. Now it is only
remaining to prove that G’ — S is also AT-free. For a contradiction, assume that there
exists an asteroidal triple A = {u,v,w} in G’ — S. Observe that for a vertex, say u in A, if
u € V(G)\Y then v,w cannot belong to the set S,,. For contradiction, assume that v belongs
to S,,. Since neighbours of u and v are same, all paths from u to w passes through neighbour
of v, which is contradiction to the fact that A is an asteroidal triple. Therefore, all three
vertices in A correspond to different vertices in G. Observe that, a minimal path P between
any two vertices, say between u and v, that avoids neighborhood of the third vertex w,
cannot contain a vertex from S,, if w € V(G) \ Y, since w is adjacent to all the vertices in
Sw. If u or v belongs to V(G) \ Y, then since P is a minimal path it cannot contain any other
vertices from §,, or S, apart from u and v, since the neighborhood of all the vertices in S,
and S, are same. Therefore, we can replace vertices in P with corresponding vertices in G,
and we get an asteroidal triple corresponding to {u,v,w} in G, which is a contradiction to

the fact that S is a solution to (G,Y, k) of A-IVD.

Conversely, let (G',k) is a yes-instance of IVD, and let S’ be its minimal solution

of size at most k. We claim that S’ is also a solution to (G,Y,k) of A-IVD. Observe
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that, G — S is chordal using arguments similar to proof of Lemma 7. Now it is only
remaining to prove that G — S is also AT-free. Observe that, to delete an asteroidal triple
either we have to delete a vertex from asteroidal triple or we have to delete all paths
between at least two vertices of asteroidal triple that does not passes through third vertex
or neighborhood of third vertex. We claim that, S’ does not contain any vertex from S,
v € V(G) \ Y. For contradiction, assume that there exist a vertex v; corresponding to a
vertex v € V(G) \ Y in 8’ and participates into an asteroidal triple {v;,u,w} then replacing
vi by a vertex v; € S,,i # j we get another asteroidal triple {v;,u,w}. Therefore, if §'
contains a vertex v; € S,, it will contain all vertices in S,, which would contradict that S’
is of size at most k. Now consider the case when the vertex v; does not participate in any
asteroidal triple, then v; is in S’ to delete a path between vertices of an asteroidal triple but
then replacing v; by a vertex v; € S,,i # j, we get another path and there will be K+ 1 such
paths. Therefore, taking v; in S’ contradicts that S’ is minimal. This implies that S’ C Y
and is of size at most k. Also, observe that, G is an induced subgraph of G’ and interval
graphs are closed under induced subgraph. Therefore, G — S is also an interval graph. This

completes the proof.

Lemma 8 implies that, it is sufficient to solve IVD on (G',k) to solve A-IVD on
(G,Y,k). Tt is known that IVD can be solved in time &'(8*(n+m)) [21]. Hence, we obtain

the following result.

Lemma 9. A-IVD can be solved in time (8 k*(n+ m)).

Combining Theorem 3.2.6 and Lemma 9, we obtain the following corollary.

Corollary 4. %,;-CF-1VD either admits a randomized algorithm with running

time (k(d,jl))k(d—l— 1))t(k)n?V), or a deterministic algorithm with running time

min{(k(dlj-l))za(k(d+l))logn7 (kZ(dlj—l)2>(k(d+ 1))6(1)1%,,,} T(k)nﬁ(l). Here, T(k) = gk
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3.2.8 Nowhere Dense Graphs

In this section, we present an FPT algorithm for CF-INFINITE II-VD when H belongs to
nowhere dense class of graphs (.4 -CF-I1-VD). This class of graphs is a generalization
of bounded tree-depth classes, bounded local tree-width classes, planar graphs, bounded
genus, excluded minors, excluded topological minor and bounded local expansion classes
[95]. The algorithms is again based on the fact that these classes of graphs also admit
independence covering family. See Section 2.3.1 for the definition of the class of nowhere
dense graphs. We recall the following result to find a k-independence covering family for

nowhere dense graphs.

Proposition 9. [Lemmas 3.2 and 3.3,[81]] Let H be a graph such that H € A", where N
is a class of nowhere dense graphs. For any k € N, there are two deterministic algorithms

that run in time

Vi (f(k, %) _nH-o(l) +g(k) (k(llj—d)>20(k(l+d))n(n_|_m) 10gl’l)

and

2 2
o (f(k,%)nlwug(k) (" “:d) )(k(1+d))ﬁ<1>n(n+m)1ogn>,

and output a  k-independence  covering  family for (H,k) of size

O (g(k) (k(lljd)) 20(+d) logn) and O(g(k) (kz(lljd)z) (k(1+ d))ﬁ(l)nlog n), respec-
tively, where f is a function defined in Proposition 4 and g(k) = (f(k, %))k

Then, analogous to Theorem 3.2.6, we can obtain Theorem 3.2.7 and it’s corollaries.

Theorem 3.2.7. Let I1 be a property such that A-II-VD admits an algo-
rithm with running time T(k)nﬁ(l). Then, A -CF-II-VD admit deterministic
algorithms with running time ﬁ((f(k,%)—I—g(k)(k(]:d))zo(k(ler))) r(k)nﬁ(1)> and
7 ((f(k,%) +g(k) (k2(1k+d)2) (k(1 +d))ﬁ(1)> ‘L’(k)nﬁ(l)>. Here, f is a function defined

in Proposition 4 and g(k) = (f(k, %))k
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Corollary 5. .#"-CF-FVS, 4#-CF-OCT, .#-CF-CVD and ./ -CF-1VD admit FPT

algorithms.

3.3 Well Studied Special Cases of CF-FINITE II-VD

We can obtain improved algorithms for the conflict-free version of several well-studied
cases of II-VERTEX DELETION whenever II is characterized by the finite family of
forbidden induced subgraphs. In this section, we give improved algorithms for CONFLICT
FREE VERTEX COVER, CONFLICT FREE d-HITTING SET, CONFLICT FREE SPLIT

VERTEX DELETION and CONFLICT FREE FEEDBACK VERTEX SET IN TOURNAMENTS.

3.3.1 COoONFLICT FREE VERTEX COVER

In this section, we study the conflict-free version of the classical VERTEX COVER, namely
CONFLICT FREE VERTEX COVER (CF-VC). In particular, we study the following prob-

lem.

CONFLICT FREE VERTEX COVER (CF-VC) Parameter: &
Input: A graph G = (V,E), a conflict graph H, and an integer k.
Question: Does there exist X C V(G) of size at most k, such that X is a vertex cover

of G, and an independent set of H ?

We call the set X as a conflict-free vertex cover. Next, we show that CF-VC can
be solved as fast as the classical VERTEX COVER problem. Towards this, we present
a polynomial time reduction from CF-VC to MIN ONES 2-SAT which preserves both
the parameter k and the number of variables n. For a 2-CNF formula & and a satisfying
assignment T of @, if T sets ¢ variables in ® to 1, then we say that weight of 7 is £. The

MIN ONES 2-SAT problem is defined formally as follows.
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MIN ONES 2-SAT
Input: A 2-CNF formula & and an integer k.

Question: Does there exist a satisfying assignment 7 of ® where at most k variables

are setto 1?

Construction 2. Given a 2-CNF formula ®, let V (®) and C(®) denote the set of variables
and clauses of ®, respectively. Given an instance (G,H k) of CF-VC, we construct an
instance (®,k) of MIN ONES 2-SAT as follows. For every edge uv € E(G), introduce
a clause (u\/ v) and for every edge uv € E(H), introduce a clause (iiV V) in ®. More
precisely, given the graphs G and H, the CF-V C is formulated as the following instance
of MIN ONES 2-SAT.

e=( N\ @)AC A @),

uveE(G) uveE(H)

Lemma 10. (G,H, k) is a yes-instance of CF-VC if and only if (®,k) is a yes-instance of

MIN ONES 2-SAT. Furthermore,

V(@)= V(G| = |V (H)]

Proof. For the forward direction, let (G, H, k) be a yes-instance of CF-VC and let X be its
solution of size at most k. We construct a truth assignment 7 of & as follows. If x € X then
7(x) = 1, otherwise it is 0. Clearly, this satisfies the formula ® and it is of weight at most
k. Conversely, let T be a satisfying assignment of ® of weight at most k. We construct a set
X as follows. If T(u) = 1, add the vertex u to X. For the clause (u\/v), at least one of 7(u)
or 7(v) is 1. This ensures that every edge of G is incident to some vertex u € X. For the
clause (i1 v), at least one of T(u) or T(v) is 0. This ensures that H[X] is edgeless. Clearly,

the size of X is at most k. This completes the proof. [

Using Lemma 10, we obtain the following lemma.

Lemma 11. Let G be a graph and H be a conflict graph of G. Then, in polynomial time

we can test whether there exists a conflict-free vertex cover of the pair (G,H).
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Proof. We construct a 2-SAT formula, ® using Construction 2. Similar, to the arguments
of the proof of Lemma 10, we can show that (G,H) has a conflict-free vertex cover (of
any size) if and only if & has a satisfying assignment. We know that 2-SAT is polynomial
time solvable [73]. This implies that, testing whether the pair (G, H) has a conflict-free

vertex cover can be done in polynomial time. [

Misra et al. [89] have shown that MIN ONES 2-SAT is equivalent to VERTEX COVER
in both the parameterized and optimization settings. In Lemma 10, we have shown that
CF-VC is equivalent to MIN ONES 2-SAT. In our reduction from CF-VC to MIN ONES
2-SAT we preserve the parameter and the number of vertices in the graphs in CF-VC is
equal to the number of variables in the formula in MIN ONES 2-SAT. This implies that the
best known algorithms for VERTEX COVER can be employed to CF-VC incurring only an

additional polynomial cost. Using results from [27, 60, 110], we obtain the following.

Theorem 3.3.1. CF-VC admits a 2k-vertex kernel, a factor 2-approximation algorithm,

an 0*(1.2738%) FPT algorithm, and a 0*(1.1996") exact algorithm.

It is well known that VERTEX COVER is NP-complete in general and polynomial time
solvable for graphs with maximum degree at most two. In the following, we prove that,
(A5,%)-CF-VC is NP-complete, where £73 denotes the class of disjoint union of Pss
(P denotes path on / vertices). Towards this, we present a polynomial time reduction
from the MIN ONES 2-SAT problem to (£?3,%)-CF-VC. Let (®,k) be an instance of
MIN ONES 2-SAT and let V(®) and C(P) denote the set of variables and clauses of P,
respectively. Given an instance (®,k) of MIN ONES 2-SAT, we construct an instance
(G,H, k') of (#3,%)-CF-VC as follows. For each variable x € V(®), introduce three
vertices x1, x and x3 in G and H such that x; and x; corresponds to the positive literal
and x3 corresponds to the negative literal of x. Add edges x;x3 and x,x3 in both G and H.
Note that G is collection of P5’s and there is a P3, (x,x3,x2) in G corresponding to each
variable x € V(). For each clause (/; V1) € C(®), where [, 1, are literals of the variable

x1,X2, respectively, add edges between the vertices corresponding to /; literal of x; and the
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vertices corresponding to I literal of x, in H. Let |V (®)| = n. Set K’ = n+ k. Clearly, this

construction can be carried out in polynomial time.

Lemma 12. (®,k) is a yes-instance of MIN ONES 2-SAT if and only if (G,H,k' = n+k)

is a yes-instance of (£3,x)-CF-VC.

Proof. In the forward direction, let (®, k) be a yes-instance of MIN ONES 2-SAT and let T
be a satisfying assignment of @ of weight at most k. We construct a set X corresponding to
the truth assignment 7 as follows. If 7(x) = 1, add vertices x1,x; to X otherwise add x3 to
X. Clearly X is a vertex cover of G. We will now prove that H[X] is edgeless. Suppose for
a contradiction that H[X] is not edgeless and suppose there exists an edge uv in H[X]. By
the construction of H, either u and v corresponds to the positive and the negative literal of
a variable x in V(®), respectively, or there exists a clause i\ v in C(®), which contradicts
the fact that 7 is a truth assignment of ®. Since weight of 7 is at most k, at least n — k

variables are set to 0. This implies that [X| <2k+n—k=n+k.

Conversely, let (G,H,k' = n+k) be a yes-instance of (?3,%)-CF-VC and let X be its
minimal solution of size at most n 4 k. We assign a truth assignment 7 to ® corresponding
to the conflict-free vertex cover X as follows. If for a P3 corresponding to a variable x
both the endpoints are in X, set 7(x) = 1, otherwise 0. We now show that 7 is a satisfying
assignment of ®. Suppose for a contradiction there exists a clause (xVy) € C(®) that
is not satisfied by 7. This implies that 7(X) = 7(y) = 1. By the construction of H, there
exists an edge uv in H[X] where u and v corresponds to X and y, respectively, which is a
contradiction to the assumption that X is conflict-free vertex cover. Since X is minimal,
for each Ps either both the endpoints or the central vertex is in X. Therefore, from at most
k number of P3’s both the endpoints are selected in X. This implies that the weight of 7 is

at most k. O]

Using construction and Lemma 12 we obtain the following result.

Theorem 3.3.2. (Z3,%)-CF-VC is NP-complete.
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However, certain special cases of CF-VC are polynomial time solvable.

Theorem 3.3.3. (¢<,%)-CF-VC is polynomial time solvable, where 9< is class of

graphs with degree at most one.

Proof. Let G be a graph in the graph class ¥<; and H be a conflict graph. We construct a
2-SAT formula, ® as described in Construction 2. We will prove that using a satisfying
assignment of @, it is possible to obtain an optimal conflict-free vertex cover, X, of (G,H).
We know that 2-SAT is polynomial time solvable [73]. If & is not satisfiable then we
return that the pair (G,H) has no conflict-free vertex cover. So, now we assume that
® is satisfiable. Let 7 be a truth assignment of . We construct a set X as follows. If
7(x) = 1, add x to X. Clearly, in the satisfying assignment of ®, for each edge uv € E(G)
at least one of 7(u) or 7(v) is 1 and for each edge uv € H at least one of 7(u) or 7(v)
is 0. In this manner, X is a conflict-free vertex cover. Now the aim is to minimize the
size of resulting X. Trivially, if for any edge uv € E(G) both the endpoints of it belong
to X, then we can safely delete one of them. Since, we need to pick at least one vertex
from each edge, we have that the resulting X’ is of the minimum size. Since it is a subset
of a conflict-free vertex cover, we have that X’ is also a conflict-free vertex cover. This

concludes the proof. [

Theorem 3.3.4. (#,.#)-CF-VC is polynomial time solvable, where .# is class of

graphs with perfect matching.

Proof. Let G, H (conflict graph) be the graphs in the graph class .#. We construct a 2-sat
formula, ® as described in Construction 2. If ® is not satisfiable, then we return that the
pair (G,H) has no conflict vertex cover. So, now we assume that & is satisfiable. Let
7 be a truth assignment of ®. We construct a set X as follows. If 7(x) =1, add x to X.
Clearly, in the satisfying assignment of ®, for each edge uv € E(G) at least one of 7(u) or
7(v) is 1 and for each edge uv € H at least one of 7(u) or 7(v) is 0. In this manner, X is a

conflict-free vertex cover. Since G has a perfect matching, at least n/2 variables are set to
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true and since H also has a perfect matching at least n/2 variables are set to false. This
implies that, exactly n/2 variables are set to true. Hence, the corresponding conflict-free
vertex cover is of size n/2. This shows that, if there exists a satisfying assignment 7 of ®,

then the resulting X is optimal. 0

3.3.2 CONFLICT FREE d-HITTING SET

The HITTING SET (HS) problem is a generalization of VERTEX COVER. In HS, given
a family of sets, ., over a ground set U of n elements and an integer k, the objective is
to check whether there exists a subset of U of size at most k which intersects (or hits)
every set of the family. In d-HITTING SET (d-HS), every set in the family has at most
d elements. By ( SU d)’ we denote the set of all the subsets of U of size at most d. The
conflict-free version of d-HS, namely CONFLICT FREE d-HITTING SET (d-CF-HS), is

defined as follows.

CONFLICT FREE d-HITTING SET (d-CF-HS) Parameter: &
Input: A family (U,.%), . C ( v ,)» aconflict graph H with V(H) = U, and an integer
k.

Question: Does there exist a subset X C U of size at most k, such that S; N X # ¢ for

all S; € .7 and H[X] is edgeless?

We call the set X as a conflict-free hitting set. Observe that, CF-FINITE II-VD is
a special case of d-CF-HS and thus, a faster algorithm for d-CF-HS implies a faster
algorithm for CF-FINITE I1-VD. In the following, we give an &*((d —0.7262)%) FPT
algorithm for d-CF-HS using iterative compression and the algorithm for CF-VC given

in Theorem 3.3.1.

Firstly, we propose an algorithm for 3-CF-HS, later we generalize it for d-CF-HS.
Given an instance (.,U, k) of 3-CF-HS, the algorithm first checks whether there exists a

hitting set of (.,U, k) of size at most k using FPT algorithm for 3-HS in &*(2.0755%)
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time [107]. If it returns no, then (.%,U,H k) does not have a conflict-free hitting set of
size at most k and the algorithm returns no. Otherwise, it returns a hitting set, Y, of size
at most k. The algorithm now passes (-*,U,H,Y,k) to a search routine, described below,

which either finds a conflict-free hitting set, X, of size at most k or returns no.

Next, we describe the search routine. The search routine iterates over all the choices
of the set W =Y NX, where 0 < |W| < k. In an iteration, if H[W] is not edgeless then the
routine proceeds to the next choice of W. Otherwise, let N =Y \ W and € C . be the set
of all the sets which are hit by W. Let ./ = .\ ¢ and U’ = Ugc o+S. The aim is to find a
conflict-free hitting set, Z C (U'\N) of (., U’ ,H,k’) of size at most k' = k — |W| such
that H[ZUW] is edgeless. Towards this, the algorithm first marks all the vertices in § € ./
which are either in N or neighbors of W in H, to signify that these vertices cannot be
picked in the solution. Since, the marked vertices cannot be part of any solution, if a set in
' contains all marked vertices, then the algorithm returns no and stop. Otherwise, deletes
all the marked vertices from each S € .. It is to be noted here that the problem is reduced

to 2-CF-HS and thus to CF-VC which can be solved in ¢*(1.2738F) time. Let us analyze

the running time of this algorithm. For a given choice of the set W; |[W| =i, 0 <i <k, the
search routine takes ¢*(1.2738%~7) time to find the solution. The running time of search
routine taken over all choices of the set W is thus X (%) (1.2738)~" = £*(2.2738%).
One can easily extend this algorithm to an algorithm for d-CF-HS, by using an algorithm
for d-HS, which runs in time &*((d —0.7262)*) [107] and by using (d — 1)-CF-HS, as a

subroutine. Hence, we obtain the following result.

Theorem 3.3.5. The d-CF-HS problem can be solved in 0*(((d —1)+0.2738)%) =
0*((d —0.7262)%) time.

3.3.3 CONFLICT FREE SPLIT VERTEX DELETION

In this section, we give a faster FPT algorithm for conflict-free version of SPLIT VERTEX

DELETION(SVD) problem, namely CONFLICT FREE SPLIT VERTEX DELETION (CF-
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SVD). A split graph is a graph whose vertices can be partitioned into a clique and an

independent set. The problem CF-SVD is defined formally as follows.

CONFLICT FREE SPLIT VERTEX DELETION (CF-SVD) Parameter: k

Input: A graph G, a conflict graph H, and an integer k.

Question: Does there exist a subset S C V(G) of size at most &, such that G—S'is a

split graph and H[S] is an independent set?

A family of split graphs has 2K, C4,Cs as finite forbidden induced subgraph [50] and
thus by Theorem 3.2.1, CF-SVD admits &*(5%) algorithm. In the following, we describe

a faster algorithm for CF-SVD. We first state the following result, that will be used later.

Proposition 10. [Theorem 1.3,[32]] For any graph G on n-vertices, there exists a family
P of partitions (Ve,Vy) of the vertex set V(G), of size at most 4(2n)>1°¢") such that for
any set X CV(G), G[X] is a split graph, and any partition (Xc,X;) of X such that G[Xc]
is a clique and G[Xj| is an independent set, there exists a partition (V¢,Vi) € & such
that X¢c C Ve and X; C V;. Such a family can be generated in time O (nﬁ(log”)) time and

polynomial space.

Next, we prove the following result using Proposition 10.

Theorem 3.3.6. If CE-VC on n vertex graph, parameterized by the solution size k can be

solved in time T (k,n), then the CE-SVD problem can be solved in time 6* (T (k,n)k?(1°¢k)),

Proof. Let (G,H k) be an instance of CF-SVD. We first apply the polynomial time ker-
nelization algorithm given in Theorem 3.2.4 to find a (k) vertex kernel. Let (G',H' k')
be the reduced instance. Next, we use the partitioning algorithm given by Proposition 10 to
find a family of partitions (V¢,V;) for the reduced graph G’. Since, number of vertices are
bounded by ¢'(k>), by Proposition 10, enumerating the family of such partitions will take
0* (k?(°2k)) time and polynomial space. For a partition (V¢,V;) of V(G'), the goal is to
find a set X C V(G’) such that G'[Ve N X] is a clique and G'[V; N X] is an independent set,

and if S =V (G’) \ X, then |S| < k and H'[S] is edgeless. Observe that, if there are vertices
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u,v € V¢ which are not adjacent, then we have to either delete u or v to make G'[V¢] a
clique. Similarly, if there are vertices u,v € V; which are adjacent, then we have to either
delete u or v to make G’[V;] an independent set. Also, the deleted vertices should form an
independent set in the graph H'. Let E¢ be the edges in complement graph of G'[V¢] and
E; be the edges in graph G'[V;]. Our problem now reduces to an instance of CF-VC in
the graph with vertex set V(G’) and the edge set Ec U Ej, with the conflict graph H' and
parameter k. Therefore, for a fixed partition the problem can be solved in the same time as

the CF-VC problem. This concludes the proof. [

We obtain the following corollary using Theorems 3.3.1 and 3.3.6.

Corollary 6. CF-SVD can be solved in ¢*(1.2738k?1°2K)) time and polynomial space.

3.3.4 CONFLICT FREE FEEDBACK VERTEX SET IN TOURNAMENTS

In this section, we give a faster FPT algorithm for conflict-free version of FEEDBACK
VERTEX SET IN TOURNAMENTS (FVST), namely CONFLICT FREE FEEDBACK VERTEX
SET IN TOURNAMENTS (CF-FVST). Our FPT algorithm uses iterative compression

technique. A simple algorithm for FVST is based on the following well known result.
Lemma 13. [29] Let G be a tournament. G has a directed cycle if and only if G has a

directed triangle. Otherwise, G is acyclic and it has a unique topological ordering.

This lemma will be useful to prove further results in this section. CF-FVST is defined

formally as follows.

CONFLICT FREE FEEDBACK VERTEX SET IN TOURNAMENTS (CF-FVST)

Input: A tournament G, a conflict graph H, and an integer k.
Parameter: k
Question: Does there exist a subset X C V(G) such that |X| < k, G — X is directed

acyclic graph (dag) and X is an independent set in H?
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A set X is called as a conflict-free fvst. Next, we describe our algorithm. The algorithm
first checks whether there exists a feedback vertex set of G of size at most k using FPT
algorithm for FVST in ﬁ*(1.618k) time [74]. If it returns no, then, (G, H,k) cannot have
conflict-free fvst of size at most k and the algorithm returns no. Otherwise, it returns a
feedback vertex set, F of size at most k. The algorithm now passes (G, H, F,k) to a search
routine, described below, which either finds conflict-free fvst, X of (G, H,k) of size at most

k or returns rno.

Next, we describe the search routine. It iterates over all choices of the set Y C F where
0<|F|<k.LetN=F\Y and W =V(G) \ F. The routine rejects Y if either H[Y] is not
edgeless or G[N] is not acyclic. Now, the objective is to find a subset Z C W such that
G[(WUN)\ Z] is acyclic and H[Y UZ] is edgeless. The algorithm marks all the neighbors
of Y in W in the graph H to signify that they cannot be picked into a solution. Let R be the

set of marked vertices. In the following, we state some reduction rules.

Reduction Rule 3. If GIW UN] has a directed triangle (x,y,z) such that x,y,z € (NUR),

return no.

Reduction Rule 4. [f GIW UN] has a directed triangle (x,y,z) with exactly one vertex

from W\ R, say x, delete x and reduce parameter k by 1.

It is easy to see that Reduction rules 3 and 4 are safe. The algorithm first applies
Reduction Rules 3 and 4 exhaustively. Since G[N| and G[W] are acyclic, by Lemma 13,
both have unique topological ordering. Nect, we define an ordering 7 of vertices of G[W].
Let o and p be the topological orderings of G[N] and G[W], respectively. Since Reduction
Rule 4 is no longer applicable, G[N U {v}] is acyclic for all v € W. This implies that,
G|N U{v}] has a unique topological ordering 6/, by Lemma 13. Observe that, ¢’ preserves
o, that is, 0’ restricted to N is same as the ordering ¢. Let 6 = {uy,... ,uq}. Then, there
exists a unique integer p(v) such that for all i < p(v), there is an arc (u;,v) in G and for all
i > p(v), there is an arc (v,u;) in G. Observe that, p(v) is uniquely defined for all v € W

and p(v) € [¢+ 1]. Next, we construct an ordering 7 of W as follows: for all u,v € W, the
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position of u is before v in 7 iff p(u) < p(v), or p(u) = p(v) and the position of u is before
v in p. Clearly, there is a cycle in G[N U W] iff there exists an arc uv in G[W] such that

p(u) < p(v) and m(u) > m(v). This observation leads to following lemma.

Lemma 14 ([42], Lemma 4.1). Consider that, BC W. G[BUN)] is acyclic iff the vertices

of B form a common subsequence of p and T.

Next, given a set U and two sequences S;,S, of U, where every element of U occurs
exactly once in S and S», we present an algorithm to find all maximal subsequences
in S1,5,. We assign a pair (1,,7,) to each element u € U, where 1, and 7, denote po-
sition of u in S} and S, respectively. Next, we construct a digraph D = (V,A), where
V(D) = {(ty,%),Yu € U}. We add an arc ((7,, %), (Ty, %)) if T, < 7, and y, < }.. Clearly,
D is directed acyclic graph. Next, we run the well known depth-first search (DFS) al-
gorithm on the digraph D starting from the smallest vertex in lexicographic ordering
of vertices. In DFS, we will always visit the smallest vertex first according to lexico-
graphic ordering. DFS returns all maximal paths in D in polynomial time. Suppose
that, (7, %), (T, %), -+, (Tw, hiv)) is @ maximal path in D then u,v,--- ,w is a maximal

subsequence in S; and S;. Next, we prove a lemma which formalizes this statement.

Lemma 15. There exists a maximal common subsequence u,v,--- ,w of S1 and S, if and

only if ((TusYu), (Tvs %o)s -+ (Tw, Yw)) i @ maximal path in D.

Proof. Suppose that, there exists a common subsequence u,v,---,w of S7 and S,. This

implies that, 7, < 7, <--- < T, and %, < % < --- < ¥%,. By the construction of D, there

is a path between ((7,, %), (7o, %), -+, (Tw, %w)) in D. Conversely, let there exists a maxi-
mal path between ((7,, %), (Tv, "), , (Tw, %)) in D then similar to argument as above
u,v,---,wis a common subsequence of S and S. [

For sequences of W with respect to the orderings p and 7, we find a longest subsequence
Z among all maximal subsequences such that G[(N U Z)] is directed acyclic graph and

H[Y U(W\Z)] is edgeless. Using Lemmas 14 and 15, we obtain the following result.
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Theorem 3.3.7. CF-FVST can be solved in 0*(2%) time.

3.4 Conclusion

In this chapter, we introduced a new variant, called the conflict-free version, of classical
vertex deletion problems that are studied in graph algorithms. We studied these problems
in the realm of Parameterized Complexity and obtained several results that classify the
complexity of these problems in various graph classes. Our work opens up a whole new
area of research in obtaining dichotomy results. For every property I, where CONFLICT
FREE IT-VERTEX DELETION is W([1]-hard, it is a natural question to ask for which family
of graphs H does the problem becomes FPT. As a concrete question in this direction, for
which graph classes ¢, .77, the problems (¢, .7 )-CF-FVS and (¢, .7 )-CF-OCT admit

FPT algorithms and polynomial kernels.
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Chapter 4

Conflict-Free Feedback Vertex Set: A

Parameterized Dichotomy

4.1 Introduction

FEEDBACK VERTEX SET (FVYS) is one of the classical NP-hard problems that has been
subjected to intensive study in algorithmic paradigms that are meant for coping with
NP-hard problems, and particularly in the realm of Parameterized Complexity. Recall
that, in this problem, given a graph G and an integer k, the objective is to decide if there
is § C V(G) of size at most k, such that G — S is a forest. FVS has received a lot of
attention in the realm of Parameterized Complexity. This problem is known to be in
FPT, and the best known algorithm for it runs in time ¢*(2.7%) [77]. Several variant and
generalizations of FEEDBACK VERTEX SET such as WEIGHTED FEEDBACK VERTEX
SET [3, 26], INDEPENDENT FEEDBACK VERTEX SET [2, 90], CONNECTED FEEDBACK
VERTEX SET [91], and SIMULTANEOUS FEEDBACK VERTEX SET [4, 20] have been

studied from the viewpoint of Parameterized Complexity.

In Chapter 3 we defined a generalization of well-studied vertex deletion problems
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— in particular for FVS. Recall that, the CF-FEEDBACK VERTEX SET (CF-FVS, for
short) problem takes as input graphs G and H, and an integer k, and the objective is to
decide if there is a set S C V(G) of size at most k, such that G — S is a forest and S is
an independent set in H. The graph H is also called a conflict graph. Observe that the
CF-FVS problem generalizes classical graph problems, FEEDBACK VERTEX SET and
INDEPENDENT FEEDBACK VERTEX SET. In Chapter 3 we defined CF-FVS by fixing a
family .# from which the conflict graph H is allowed to belong. Thus, for every fixed .7

we get a new CF-FVS problem. We recall the definition here.

% -CF-FEEDBACK VERTEX SET (.%#-CF-FVS) Parameter: k
Input: A graph G, a graph H € .% (where V(G) = V(H)), and an integer k.

Question: Is there a set S C V(G) of size at most k, such that G — S is a forest and S is

an independent set in H?

In Chapter 3, we showed that .#-CF-FVS is W[1]-hard when .# is a family of
all graphs and admits FPT algorithm when the input graph H is from the family of d-
degenerate graphs and the family of nowhere dense graphs. The most natural question that

arises here is the following.

Question 1: For which graph families .7, .%-CF-FVS is FPT?

In this chapter we start by exploring Question 1. We obtain a complete dichotomy
result on the Parameterized Complexity of the problem .%-CF-FVS (for hereditary .%)
in terms of another well-studied problem, namely, the INDEPENDENT SET problem — the
wall of intractability. Towards stating our results in the chapter, we start by defining the
problem . +CLUSTER IS, which is of independent interest. A cluster graph is a graph

formed from the disjoint union of complete graphs (or cliques).
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#+CLUSTER INDEPENDENT SET (% +CLUSTER IS) Parameter: k
Input: A graph G € %, a cluster graph H (where V(G) = V(H)), and an integer k,
such that H has exactly k connected components.

Question: Is there a set S C V(G) of size k, such that S is an independent set in both G

and in H?

We note that .# +CLUSTER IS is the INDEPENDENT SET problem on the edge union
of two graphs, where one of the graphs is from the family of graphs .# and the other one is
a cluster graph. Here, additionally we know the partition of edges into two sets, £ and E»
such that the graph induced on E| is in .# and the graph induced on Ej is a cluster graph.
We note that .7 +CLUSTER IS has been studied in the literature for .% being the family
of interval graphs (with no restriction on the number of clusters) [106]. They showed the
problem to be FPT. Recently, Bentert et al. [10] generalized the result from interval graphs
to chordal graphs. This problem arises naturally in the study of scheduling problems. We

refer the readers to [106, 10] for more details on the application of . +CLUSTER IS.

In this chapter, we show that .%#-CF-FVS is in FPT if and only if .# +CLUSTER IS is
in FPT, where .7 is a family of hereditary graphs. We obtain a complete characterization
of when the .7 -CF-FVS problem is in FPT, for hereditary graph families. To prove the
forward direction, that is, showing that . +CLUSTER IS is in FPT implies .%-CF-FVS is
in FPT, we design a branching based algorithm, which at the base case generates instances
of .#+CLUSTER IS, which is solved using the assumed FPT algorithm for .# +CLUSTER
IS. Thus, we give “fpt-turing-reduction” from .%-CF-FVS to .# +CLUSTER IS. It is worth
to note that there are very few known reductions of this nature. To show that .%-CF-FVS
is in FPT implies that .# +CLUSTER IS is in FPT, we give an appropriate reduction from
#+CLUSTER IS to .#-CF-FVS, which proves the statement. We note that our result
that .#-CF-FVS is in FPT implies .# +CLUSTER IS is in FPT, holds for all families of

graphs.

Next, we consider two families of graphs. We first design FPT algorithm for the
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corresponding .# +CLUSTER IS problem. For the second class we give a hardness
result. First, we consider the problem K; j-free+ CLUSTER IS, which is the % +CLUSTER
IS problem for the family of K; j-free graphs. We design an FPT algorithm for K; ;-
free+CLUSTER IS based on branching together with solving the base cases using a greedy
approach. This adds another family of graphs, apart from interval and chordal graphs, such

that % +CLUSTER IS is FPT.

We note that K; j-free graphs have at most n2~¢ edges, where n is the number of
vertices in the input graph and € = €(i, j) > 0 [103, 56]. We complement our FPT result
on K; j-free+ CLUSTER IS with the W[1]-hardness result of the .% +CLUSTER IS problem
when .Z is the family of graphs with at most n°~¢ edges. This result is obtained by giving
an appropriate reduction from the problem MULTICOLORED BICLIQUE, which is known
to be W[1]-hard [29, 48]. We also show that the .# +CLUSTER IS problem is W[1]-hard
when .7 is the family of bipartite graphs. Again, this result is obtained via a reduction

from MULTICOLORED BICLIQUE.

4.2 Preliminaries

In this section, we state some basic definitions and terminologies from Graph Theory
that are used in this chapter. For the graph related terminologies which are not explicitly

defined here, we refer the reader to the book of Diestel [40].

Graphs Consider a graph G. By V(G) and E(G) we denote the set of vertices and edges
in G, respectively. When the graph is clear from the context, we use n and m to denote the
number of vertices and edges in the graph, respectively. For X C V(G), by G[X| we denote
the subgraph of G with vertex set X and edge set {uv € E(G) | u,v € X }. Moreover, by
G — X we denote graph G[V(G)\ X|. Forv € V(G), Ng(v) denotes the set {u | uv € E(G)},

and Ng[v] denotes the set Ng(v) U{v}. By deg;(v) we denote the size of Ng(v). A path
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P = (vi,...,vy,) is an ordered collection of vertices, with endpoints v; and v,, such that
there is an edge between every pair of consecutive vertices in P. A cycle C = (vy,...,v,)
is a path with the edge v;v,. Consider graphs G and H. We say that G is an H-free graph
if no subgraph of G is isomorphic to H. For u,v € V(G)NV(H), we say that u and v are

in conflict in G with respect to H if uv € E(H).

A cligue is a subgraph of an undirected graph such that every two distinct vertices
in it are adjacent. A connected component of an undirected graph is a (vertex) maximal
induced subgraph in which every two vertices are connected by a path. If a graph has only
one connected component then it is called a connected graph. A graph is a cluster graph
if each of its connected components are cliques. For k € N, a k-cluster graph is cluster
graph with exactly k connected components. Let % be the set of connected components in
cluster graph. We define vertex set of & as follows: V(%) = Ucee’V(C). A graph G is a
complete bipartite graph if its vertex set can be partitioned into two disjoint (independent)
sets X and Y, such that E(G) = {xy |x € X,y € Y}. For x,y € N, by K,, we denote the
complete bipartite graph on x + y vertices which admits a vertex bipartition into sets X and

Y of sizes x and y, respectively, such that E(K,) = {xy |[x € X,y € Y }.

Sets We denote the set of natural numbers and real numbers by N and R, respectively.
For k € N, by [k] we denote the set {1,2,...,k}. For a,b € R, a half open interval denoted
by (a,b] is the set of all real numbers x, such that @ < x < b. For a set X, by 2X we denote

the power set of X, that is, the set comprising of all subsets of X.

4.3 \W-nardness of 32-CF—FVS Problems

This section is devoted to showing W-hardness results for .% -CF-FVS problems for certain
graph classes, .#. In Section 4.3.1, we show one direction of our dichotomy result. That is,

if for a family of graphs .%, % +CLUSTER IS is not in FPT when parameterized by the size
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of solution then .% -CF-FVS is also not in FPT when parameterized by the size of solution.
This result is obtained by giving a parameterized reduction from .% +CLUSTER IS to .7 -
CF-FVS. Next, we show that the problem .% -CF-FVS is W([1]-hard, when parameterized
by the size of solution, where .% is the family of bipartite graphs (Section 4.3.2) or the
family of graphs with sub-quadratic number of edges (Section 4.3.3). These results are
obtained by giving an appropriate reduction from the problem MULTICOLORED BICLIQUE,

which is known to be W[1]-hard [29, 48].

431 #+CLUSTER IS to .#-CF-FVS

In this section, we show that, for a family of graphs .7, if % +CLUSTER IS is not in FPT,
then .% -CF-FVS is also not in FPT (where the parameters are the solution sizes). To prove

this result, we give a parameterized reduction from . +CLUSTER IS to .#-CF-FVS.

Let (G,H k) be an instance of .# +CLUSTER IS. We construct an instance (G',H' k")
of #-CF-FVS as follows. We have H' = G, k' =k, and V(G') = V(H). Let € be the set
of connected components in H. Recall that we have || = k. For each C € %, we add a
cycle (in an arbitrarily chosen order) induced on vertices in V(C) in G’. This completes the
description of the reduction. Next, we show the equivalence between the instance (G, H k)

of .#+CLUSTER IS and the instance (G',H’,k’) of .#-CF-FVS.

Lemma 16. (G,H, k) is a yes-instance of % +CLUSTER 1S if and only if (G',H', k') is a

yes-instance of % -CF-FVS.

Proof. In the forward direction, let (G,H, k) be a yes-instance of .% +CLUSTER IS, and
S be one of its solution. Since H' = G, we have that § is an independent set in H'. Let
% be the set of connected components in H. As S is a solution, it must contain exactly
one vertex from each C € €. Moreover, G’ comprises of vertex disjoint cycles for each
C € €. Thus S intersects every cycle in G'. Therefore, S is a solution to .#-CF-FVS in
(G H' k).
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In the reverse direction, let (G',H' k') be a yes-instance of .%-CF-FVS, and S be one
of its solution. Recall that G’ comprises of k vertex disjoint cycles, each corresponding
to a connected component C € €, where % is the set of connected components in H.
Therefore, S contains exactly one vertex from each C € €. Also, H' = G, and therefore,
S is an independent set in G. This implies that S is a solution to .#+CLUSTER IS in

(G,H,k). O

Now we are ready to state the main theorem of this section.

Theorem 4.3.1. For a family of graphs .%, if # +CLUSTER IS is not in FPT when param-
eterized by the solution size, then % -CF-FVS is also not in FPT when parameterized by

the solution size.

Proof. Follows from the construction of instance (G',H’,k’) of .#-CF-FVS from the

given instance (G, H, k) of #+CLUSTER IS with H' = G and Lemma 16. O

4.3.2 W!][1]-hardness on Bipartite Graphs

In this section, we show that for the family of bipartite graphs, 4, the #-CF-FVS
problem is W[1]-hard, when parameterized by the solution size. Throughout this section,
% will denote the family of bipartite graphs. To prove our result, we give a parameterized
reduction from the problem MULTICOLORED BICLIQUE to A-CF-FVS. In the following,

we formally define the problem MULTICOLORED BICLIQUE.

MULTICOLORED BICLIQUE (MBC) Parameter: k

Input: A bipartite graph G, a partition of A into k sets A1,A,- -+ ,Ag, and a partition of
B into k sets By,B3,--- , By, where A and B is a vertex bipartition of G.
Question: Is there a set S C V(G) such that for each i € [k] we have |[SNA;| =1 and

|ISNB;| = 1, and GIS] is isomorphic to Kj ;?
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Let (G,Ay,---,Ax,B1, - ,Bx) be an instance of MULTICOLORED BICLIQUE. We
construct an instance (G',H' k") of #-CF-FVS as follows. We have V(G') = V(H') =
V(G),and E(H') = {uv | u € UicjAi,v € Uicy Bi, and uv ¢ E(G)}. Next, for each i € [k],
we add a cycle (in an arbitrary order) induced on vertices in A; in G. Similarly, we add for
each i € [k], a cycle induced on vertices in B; in G'. Notice that G’ comprises of 2k vertex
disjoint cycles, and H' is a bipartite graph. Finally, we set k¥’ = 2k. This completes the

description of the reduction.

Lemma 17. (G,Ay, - ,Ai,B1,- -+ ,By) is a yes-instance of MULTICOLORED BICLIQUE

if and only if (G',H' k') is a yes-instance of %-CF-FVS.

Proof. In the forward direction, let (G,Ay,--- ,A, By, ,By) be a yes-instance of MUL-
TICOLORED BICLIQUE, and S be one of its solution. We will show that S is a solution
to -CF-FVS in (G',H’ k). Since S is a solution to MULTICOLORED BICLIQUE in
(G,Ay,--- ,Ay,B1,--+ ,By), foreach i € [k], [SNA;| =1 and |SNB;| = 1. Since G’ com-
prises of vertex disjoint cycles corresponding to sets in A; and B;, S intersects every cycle in
G'. By the construction of H', it follows that S is an independent set in H’. This concludes

the proof of forward direction.

In the reverse direction, let (G’, H', k") be a yes-instance of -CF-FVS, and S be one of
its solution. By the construction of G’, for each i € [k] we have |[SNA;| =1 and [SNB;| =1
and by the construction of H’, we have that S is isomorphic to K x in G. Therefore, Sis a

solution to MULTICOLORED BICLIQUE in (G,Ay,- -+ ,Ax, By, ,By). 0
Now we are ready to state the main theorem of this section.
Theorem 4.3.2. #-CF-FVS parameterized by the solution size is W[1]-hard, where A is

the family of bipartite graphs.

Proof. Follows from the construction of instance (G',H’ k') of #-CF-FVS from the

given instance (G,Ay,--- ,Ag, By, -+ ,By) of MULTICOLORED BICLIQUE, Lemma 17, and
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W/[1]-hardness of MULTICOLORED BICLIQUE [29, 48]. O

4.3.3 W!][1]-hardness on Graphs with Sub-quadratic Edges

In this section, we show that .%-CF-FVS is W[1]-hard, when parameterized by the solution
size, where .% is the family of graphs with sub-quadratic edges. To formalize the family of
graphs with subquadratic edges, we define the following. Recall that for 0 < € < 1, ¢ is
the family comprising of graphs G, such that |E(G)| < |V (G)|*>~€. We show that for every
0 < € < 1, the F-CF-FVS problem is W[1]-hard, when parameterized by the solution
size. Towards this, for each (fixed) 0 < € < 1, we give a parameterized reduction from

MULTICOLORED BICLIQUE to .%.-CF-FVS.

Let (G,Ay,---,Ax,B1, - ,By) be an instance of MULTICOLORED BICLIQUE. We

construct an instance (G', H' k") of %#.-CF-FVS as follows. Let n = [V (G)|, m = |E(G)

’

and X be a set comprising of nTE —n (new) vertices. The vertex set of G and H' is
X UV(G). For each i € [k], we add a cycle (in arbitrary order) induced on vertices in A;
in G'. Similarly, we add for each i € [k], a cycle induced on vertices in B; in G'. Also,
we add a cycle induced on vertices in X to G'. We have E(H') = {uv | u € UicjyA;,v €
UicikBi» and uv ¢ E(G)}. Finally, we set k" = 2k + 1. Notice that since |V (H')| = nre,

and |E(H')| < n?, it follows that H € .Z.

Lemma 18. (G,Ay,- - ,Ag,By,- -+ ,By) is a yes-instance of MULTICOLORED BICLIQUE

if and only if (G',H' k') is a yes-instance of F¢-CF-FVS.

Proof. In the forward direction, let (G,Ay,- -+ ,Ax, B, -+ ,By) be a yes-instance of MULTI-
COLORED BICLIQUE, and S be one of its solution. Let x € X be an arbitrarily chosen vertex
from X. We will show that SU {x} is a solution to .%-CF-FVS in (G',H’,k"). Since S is
a solution to MULTICOLORED BICLIQUE in (G,Ay,--- A, By, -+ ,By), for each i € [k],
ISNA;| =1 and [SNB;| = 1. Since G’ comprises of vertex disjoint cycles corresponding

to sets in A; and B;, and a cycle induced on vertices in X, we have that SU {x} intersects

73



every cycle in G'. By the construction of H' it follows that SU {x} is an independent set in

H'. This concludes the proof of forward direction.

In the reverse direction, let (G',H' k") be a yes-instance of .%¢-CF-FVS, and S be one
of its solution. Let S’ = S\ X. By construction of G’, for each i € [k] we have |[S'NA;| =1
and |$'NB;| = 1, and by construction of H', we have that §’ is isomorphic to K x in G.
Therefore, S’ is a solution to MULTICOLORED BICLIQUE in (G,Ay,- - ,Ag, By, ,By).

]

Now we are ready to state the main theorem of this section.

Theorem 4.3.3. For 0 < € < 1, F¢-CF-FVS parameterized by the solution size is W[1]-
hard.

Proof. Follows from the construction of instance (G',H’ k") of .#-CF-FVS from the
given instance (G,Ay,- -+ ,Ag, By, - ,By) of MULTICOLORED BICLIQUE, Lemma 18, and

W/[1]-hardness of MULTICOLORED BICLIQUE [29, 48]. O

4.4 FPT algorithms for .7 -CF-FVS for Restricted Conflict

Graphs

For a hereditary (closed under taking induced subgraphs) family of graphs .%, we show that
if #+CLUSTER IS is FPT, then .#-CF-FVS is FPT. Throughout this section, whenever
we refer to a family of graphs, it will refer to a hereditary family of graphs. To prove our
result, for a family of graphs .%, for which .% +CLUSTER IS is FPT, we will design an
FPT algorithm for . -CF-FVS, using the (assumed) FPT algorithm for .# +CLUSTER
IS. We note that this gives us a Turing parameterized reduction from .%-CF-FVS to
#+CLUSTER IS. Our algorithm will use the technique of compression together with

branching. We note that the method of iterative compression was first introduced by Reed,
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Smith, and Vetta [102], and in our algorithm, we (roughly) use only the compression

procedure from it.

In the following, we let .% to be a (fixed hereditary) family of graphs, for which
#+CLUSTER IS is in FPT. Towards designing an algorithm for .%-CF-FVS, we define
another problem, which we call .%-DISJOINT CONFLICT FREE FEEDBACK VERTEX SET
(to be defined shortly). Firstly, we design an FPT algorithm for .#-CF-FVS using an
assumed FPT algorithm for .%-DI1SJOINT CONFLICT FREE FEEDBACK VERTEX SET.
Secondly, we give an FPT algorithm for .#-DISJOINT CONFLICT FREE FEEDBACK
VERTEX SET using the assumed algorithm for .# +CLUSTER IS. In the following, we
formally define the problem .%-D1SJOINT CONFLICT FREE FEEDBACK VERTEX SET

(.#-DCF-FVS, for short)

#-DISJOINT CONFLICT FREE FEEDBACK VERTEX SET (%4 -DCF-FVS)

Input: A graph G, a graph H € .#, an integer k, aset W CV(G),aset RCV(H)\ W,
and a set ¥, such that the following conditions are satisfied: 1) V(G) C V(H), 2)
G — W is a forest, 3) the number of connected components in G[W] is at most k, and 4)
% is a set of vertex disjoint subsets of V(H).

Parameter: k

Question: Is there a set S C V(H) \ (W UR) of size at most k, such that G— S is a

forest, S is an independent set in H, and for each C € €, we have SNC # 0?

We note that in the definition of .#-DCF-FVS, there are three additional inputs (that
is, W, R and C). The purpose and need for these sets will become clear when we describe

the algorithm for .7 -DCF-FVS. In Section 4.4.1, we will prove the following theorem.

Theorem 4.4.1. Let .% be a hereditary family of graphs for which there is an FPT
algorithm for % +CLUSTER IS running in time f(k)nﬁ(l), where n is the number of
vertices in the input graph. Then, there is an FPT algorithm for % -DCF-FVS running in

time 16X f(k)n? 1), where n is the (total) number of vertices in the input graphs.

In the rest of the section, we show how we can use the FPT algorithm for .%#-DCF-FVS
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to obtain an FPT algorithm for .%#-CF-FVS.

An Algorithm for .7 -CF-FVS using the algorithm for .#-DCF-FVS: Let I = (G, H k)
be an instance of .%# -CF-FVS. We start by checking whether or not G has a feedback vertex
set of size at most k, that is, a set Z of size at most &, such that G — Z is a forest. For this
we employ the algorithm for FEEDBACK VERTEX SET running in time ¢'(3.619%29(1)) of
Kociumaka and Pilipczuk [70]. Here, n is the number of vertices in the input graph. Notice
that if G does not have a feedback vertex set of size at most &, then (G, H, k) is a no-instance
of #-CF-FVS, and we can output a trivial no-instance of .% -DCF-FVS. Therefore, we
assume that (G, k) is a yes-instance of FEEDBACK VERTEX SET, and let Z be one of its
solution. We note that such a set Z can be computed using the algorithm presented in [70].
We generate an instance Iy of .%-DCF-FVS, for each Y C Z, where Y is the guessed
(exact) intersection of the set Z with an assumed (hypothetical) solution to .%-CF-FVS
in /. We now formally describe the construction of Iy. Consider a set Y C Z, such that

Y is an independent setin H. Let Gy =G—Y,Hy =H—Y, ky =k—|Y

Wy =Z\7Y,
Ry = (Ng(Y)\Wy) NV (Hy), and 6y = 0. Furthermore, let Iy = (Gy, Hy,ky,Wy,Ry,6y),
and notice that Iy is a (valid) instance of .#-DCF-FVS. Now we resolve Iy using the
(assumed) FPT algorithm for .%#-DCF-FVS, for each Y C Z, where Y is an independent
set in H. It is easy to see that / is a yes-instance of .%#-CF-FVS if and only if there is
an independent set Y C Z in H, such that Iy is a yes-instance of .% -DCF-FVS. From the

above discussions, we obtain the following lemma.

Lemma 19. Let .% be a family of graphs for which % -DCFE-FVS admits an FPT algorithm
running in time f (k)cknﬁ(l), where n is the (total) number of vertices in the input graph.
Then .7 -CF-FV'S admits an FPT algorithm running in time f(k)(1+c)*n?W), where n is

the number of vertices in the input graphs.

Using Theorem 4.4.1 and Lemma 19, we obtain the main theorem of this section.

Theorem 4.4.2. Let . be a hereditary family of graphs for which there is an FPT

algorithm for #+CLUSTER IS running in time f(k)nﬁ(l), where n is the number of
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vertices in the input graph. Then, there is an FPT algorithm for % -CE-FVS running in

time 17% f (k)n? 1), where n is the number of vertices in the input graphs of F-CF-FVS.

4.4.1 FPT Algorithm for .%#-DCF-FVS

The goal of this section is to prove Theorem 4.4.1. Let .% be a (fixed) hereditary family of
graphs, for which .% +CLUSTER IS admits an FPT algorithm. We design a branching based
FPT algorithm for .#-DCF-FVS, using the (assumed) FPT algorithm for .# +CLUSTER
IS.

Let!/ = (G,H,k,W,R,%) be an instance of .%Z -DCF-FVS. In the following we describe
some reduction rules, which the algorithm applies exhaustively, in the order in which they

are stated.

Reduction Rule 5. Return that (G,H,k,W,R,% ) is a no-instance of #-DCF-FVS if one

of the following conditions are satisfied:

1. k<O,

2. k=0and G has a cycle,

9%

. k=0and ¢ #0,

4. G[W] has a cycle,

W

. €| >k, or
6. thereis C € €, such that C C R.
Reduction Rule 6. Ifk =0, G is acyclic, and € = 0, then return that (G,H ,k,W,R, %) is

a yes-instance of % -DCF-FVS.

In the following, we state a lemma, which is useful in resolving those instances where

the graph G has no vertices.
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Lemma 20. Let (G,H,k,W,R, %) be an instance of .%#-DCF-FVS, where Reduction
Rules 5 is not applicable and G —W has no vertices. Then, in polynomial time, we can
generate an instance (G',H' k') of #+CLUSTER 1S, such that (G,H,k,W,R,%) is a
yes-instance of F-DCF-FVS if and only if (G',H' k') is a yes-instance of % +CLUSTER

IS.

Proof. Let Vg = (UcegC) \ R. We have V(G') = V(H') = V. For each C € €, we
make C\ R a clique in H'. We set G’ = H[Vy], and k' = |%|. In the following we show
that (G,H,k,W,R,%) is a yes-instance of .#-DCF-FVS if and only if (G',H’ k') is a

yes-instance of .% +CLUSTER IS.

In the forward direction, let (G,H,k,W,R,% ) be a yes-instance of .#-DCF-FVS, and

let S be one of its solution. By construction, S is an independent set in G’ and H’ of size €.

In the reverse direction, let (G',H' k") be a yes-instance of .# +CLUSTER IS, and S be
one of its solution. Since Reduction Rule 5 (item 4) is not applicable on (G,H,k,W,R, %),
we have |%’| < k. Therefore, S is of size at most k. By non-applicability of item 6 of
Reduction Rule 5, we have SN R = 0. By construction, |SNC| = 1, for each C € ¢, and
S is an independent set in H. From the above discussions, together with the fact that
G = G[W] is acyclic, implies that S is a solution to .#-DCF-FVS in (G,H,k,W,R,%).

This concludes the proof. 0

Lemma 20 leads us to the following reduction rule.

Reduction Rule 7. If G — W has no vertices, then return the output of algorithm for

# +CLUSTER IS with the instance generated by Lemma 20.

It is easy to see that Reduction Rules 5, 6, and 7 are safe.

Reduction Rule 8. If there is a vertex v € V(G) of degree at most one in G, then return

(G—{v},H,k, W\ {v},R,%).
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The safeness of Reduction Rule 8 follows from the fact that a vertex of degree at most

one does not participate in any cycle.

Reduction Rule 9. Let uv € E(G) be an edge of multiplicity greater than 2 in G, and G'

be the graph obtained from G by reducing the multiplicity of uv in G to 2. Then, return
(G H,k,W,R,%).

The safeness of Reduction Rule 9 follows from the fact that for an edge, multiplicity of

2 is enough to capture multiplicities of size larger than 2.

Reduction Rule 10. Let v € R be a degree 2 vertex in G with u and w being its neighbors
in G. Furthermore, let G' be the graph obtained from G by deleting v and adding the

(multi) edge uw. Then, return (G',H —{v},k,W,R\ {v},€).

The safeness of Reduction Rule 10 follows from the fact that a vertex in R cannot be

part of any solution and any cycle (in G) containing v must contain both # and w.

Reduction Rule 11. If there is v € (V(G) NR), such that v has at least two neighbors in

the same connected component of W, then return that (G,H ,k,W,R,€) is a no-instance

of Z-DCF-FVS.

Reduction Rule 12. [fthere isv € V(G) \ (W UR), such that v has at least two neighbors
in the same connected component of W, then return (G —{v},H — {v},k— 1,W,RU

NH (V) ) cg)
Reduction Rule 13. Let v € V(G)NR, such that Ng(v) W # 0. Then, return (G,H ,k,W U
{v} R\ {v},%).

It is easy to see that Reduction Rules 11, 12, and 13 are safe.

Let 1 be the number of connected components in G[W]. In the following, we define

the measure we use to compute the running time of our algorithm.
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u(l) =u(G,H,k,W,R, %)) =k+1n—|¢]|

Observe that none of the reduction rules that we described increases the measure, and
a reduction rule can be applied only polynomially many time. When none of the reduction
rules are applicable, the degree of each vertex in G is at least two, multiplicity of each
edge in G is at most two, degree two vertices in G do not belong to the set R, and G|W]
and G — W are forests. Furthermore, for each v € V(G) \ W, v has at most one neighbor

(in G) in a connected component of G[W].

In the following, we state the branching rules used by the algorithm. We assume that
none of the reduction rules are applicable, and the branching rules are applied in the order

in which they are stated. The algorithm will branch on vertices in V(G) \ W.

Case 1. Ifthere is v € V(G) \ W that has at least two neighbors (in G), say wi,wy € W.
Since Reduction Rule 11 and 12 are not applicable, w1 and w, belong to different connected
components of GIW]. Also, since Reduction Rule 13 is not applicable, we have v ¢ R. In

this case, we branch as follows.

(i) v belongs to the solution. In this branch, we return (G —{v},H —{v},k—1,W,RU
N (v),%).

(ii) v does not belongs to the solution. In this branch, we return (G,H ,k,W U{v},R,€).

In one branch when v belongs to the solution, k decreases by 1, and 1 and |%’| do not
change. Hence, u decreases by 1. In other branch when v is moved to W, number of
components in 1] decreases by at least one, and k and |%’| do not change. Therefore, u

decreases by at least 1. The resulting branching vector for the above branching rule is

(1,1).

If Branching Rule 1 is not applicable, then each v € V(G) \ W has at most one neighbor
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(in G) in the set W. Moreover, since Reduction Rule 8 is not applicable, each leaf in G — W

has a neighbor in W.

In the following, we introduce some notations, which will be used in the description of
our branching rules. Recall that G — W is a forest. Consider a connected component 7 in
G —W. A path P,, from a vertex u to a vertex v in T is nice if u and v are of degree at least
2 in G, all internal vertices (if they exist) of P,, are of degree exactly 2 in G, and v is a leaf
in 7. In the following, we state an easy proposition, which will be used in the branching

rules that we design.

Proposition 11. Let (G,H,k,W,R,€) be an instance of .7 -DCF-FVS, where none of
Reduction Rule 5 to 13 or Branching Rule 1 apply. Then, there are vertices u,v € V(G)\W,

such that the unique path P, in G —W is a nice path.

Consider u,v € V(G) \ W, for which there is a nice path P,,, in T, where 7 is a connected
component of G — W. Since Reduction Rule 8 is not applicable, either u has a neighbor in
W, or u has degree at least 2 in 7. From the above discussions, together with Proposition 11,
we design the remaining branching rules used by the algorithm. We note that the branching

rules that we describe next is similar to the one given in [4].

Case 2. Let v € V(G)\ W be a leaf in G —W for which the following holds. There is
u € V(G)\W, such that Ng(u) "W # 0 and there is a nice path P,, fromutovin G—W.
Let C =V (Py) \{u}, v’ and V' be the neighbors (in G) of u and v in W, respectively.
Observe that since Reduction Rule 13 is not applicable, we have u,v ¢ R. We further
consider the following cases, based on whether or not u' and V' are in the same connected

component of G[W].

Case 2.A. u' and V' are in the same connected component of GIW). In this case,
G[V(P,y) UW] contains exactly one cycle, and this cycle contains all vertices of V(P,,)
(consecutively). Since vertices in W cannot be part of any solution, either u belongs to the

solution or a vertex from C belongs to the solution. Moreover, any cycle in G containing v
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must contain all vertices in V (P,,), consecutively. This leads to the following branching

rule.

(i) u belongs to the solution. In this branch, we return (G —{u},H —{u},k—1,W,RU

NH(M),%).

(ii) u does not belong to the solution. In this branch, we return (G —C,H ,k,W,R, € U

{C})

In the first branch k decreases by one, and 11 and | 4’| do not change. Therefore, pt decreases
by 1. On the second branch |%’| increases by 1, and k and 17 do not change, and therefore,

U decreases by 1. The resulting branching vector for the above branching rule is (1,1).

Case 2.B. v/ and V' are in different connected component of GIW|. In this case, we

branch as follows.

(i) u belongs to the solution. In this branch, we return (G —{u},H — {u},W.,k—1,RU
NH(”)? %)

(ii) A vertex from C is in the solution. In this branch, we return (G —C,H k,W,R,€ U

{Ch):

(iii) No vertex in {u}UC is in the solution. In this branch, we add all vertices in {u} UC

toW. That is, we return (G,H ,k, WU ({u}UC),R\ ({u}UC),%).

In the first branch k decreases by one, and 1 and |%’| do not change. Therefore, i decreases
by 1. On the second branch |%’| increases by 1, and k and 1 do not change, and therefore,
U decreases by 1. In the third branch, i decreases by one, and k and |%’| do not change.

The resulting branching vector for the above branching rule is (1,1,1).

Case 3. There is u € V(G) \ W which has (at least) two nice paths, say P,,, and P,,, to

leaves vy and vy (in G—W). Let C; =V (P, ) \ {u} and C; =V (Py,) \ {u}. We further
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(b)

Figure 4.1: The cases handled by Branching Rule 2, (a) T is a connected component in
G[W], similarly in (b) T;, T are connected components in G[W].
consider the following cases depending on whether or not vi and v, have neighbors (in G)

in the same connected component of GIW| and u € R.

Case 3.A. v; and v, have neighbors (in G) in the same connected component of G[W]
and u € R. In this case, GIW U{u} UC| UGC;] contains (at least) one cycle, and u cannot

belong to any solution. Therefore, we branch as follows.

(i) Avertex from Cy belongs to the solution. In this branch, we return (G—Cy,H,k,W,R,€ U

{C1}).

(ii) A vertex from Cp belongs to the solution. In this branch, we return (G —C,H ,k,W,R, € U

{G}).

Notice that in both the branches u decreases by 1, and therefore, the resulting branching

vector is (1,1).

Case 3.B. v; and v, have neighbors (in G) in the same connected component of G[W]
and u ¢ R. In this case, GIW U{u} UC) UC,| contains (at least) one cycle. We branch as

Sfollows.

(i) u belongs to the solution. In this branch, we return (G —{u},H — {u},k—1,W,RU
NH(”)? (5)
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(ii) A vertex from Cy belongs to the solution. In this branch, we return (G—Cy,H k,W,R, € U

{C1}).

(iii) A vertex from C belongs to the solution. In this branch, we return (G—C,H ,k,W,R, % U

{G}).

Notice that in all the three branches u decreases by 1, and therefore, the resulting branching

vector is (1,1,1).

Case 3.C. If vi and v, have neighbors in different connected components of G[W| and

u € R. In this case, we branch as follows.

(i) Avertex from Cy belongs to the solution. In this branch, we return (G—Cy,H,k,W,R, € U

{C1}).

(ii) A vertex from C; belongs to the solution. In this branch, we return (G—Cy,H k,W ,R, € U

{G}).

(iii) No vertex from C; UC, belongs to the solution. In this case, we add all vertices
in {u} UC1UGC, to W. That is, the resulting instance is (G,H,k,W U ({u} UC, U

G),R\ ({u UCIUG),E).

Notice that in all the three branches  decreases by 1, and therefore, the resulting branching

vectoris (1,1,1).

Case 3.D. If vi and v, have neighbors in different connected components of G[W| and

u ¢ R. In this case, we branch as follows.

(i) u belongs to the solution. In this branch, we return (G —{u},H — {u},k—1,W,RU

NH(M),CK)

(ii) A vertex from C| belongs to the solution. In this branch, we return (G—Cy,H ,k,W,R, € U
{C1}).
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(iii) A vertex from C belongs to the solution. In this branch, we return (G—Cp,H ,k,W,R, € U

{G}).

(iv) No vertex from {u} UC| UC;, belongs to the solution. In this case, we add all vertices
in {u} UC1UC, to W. That is, the resulting instance is (G,H,k,W U ({u} UC, U

C2)7R\ ({u} UCI UC2)7(5>'

Notice that in all the four branches u decreases by 1, and therefore, the resulting branching

vectoris (1,1,1,1).

Figure 4.2: The cases handled by Branching Rule 3, In (a) T is a connected component in
G[W], similarly in (b) T;, T are connected components in G[W].

This completes the description of the algorithm. We are now ready to prove Theo-

rem 4.4.1.

Proof of Theorem 4.4.1. Letl = (G,H,k,W,R,%) be an instance of .%#-DCF-FVS, and n
be the (total) number of vertices in G and H. We prove the correctness of our algorithm by

induction on .

When u <0, then Reduction Rule 5 or Reduction Rule 6, correctly resolve the given
instance of .%-DCF-FVS. This forms the base case of our induction. For the induction
hypothesis, we assume that for some 6 € N, for each u < 8, the algorithm can correctly
resolve the instance. The algorithm either applies one of Reduction Rule 5 to 13 or one of

Branching Rule 1 to 3. Proposition 20 implies that either one of Reduction Rule 5 to 13
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or Branching Rule 1 is applicable, or one of Branching Rule 2 to 3 is applicable. Each
of the reduction rules are safe, they do not increase the measure, and can be applied only
polynomially many times. Each of our branching rules are exhaustive, and in each of the
branches, the measure strictly decreases. If we apply the reduction rules (exhaustively),
either we completely resolve the instance correctly, or eventually apply a branching rule
(in polynomial number of application of reduction rules). If one of the branching rules
apply, then the measure strictly decreases, and then the induction hypothesis implies the

correctness of the algorithm. This concludes the proof of correctness of the algorithm.

In the following, we prove the claimed running time bound for the algorithm for .% -
DCF-FVS. We note that the worst case branching vector is (1,1, 1,1) (Branching Rule
3.D). And, whenever the measure drops below zero, we immediately resolve the instance
using one of our reduction rules in time bounded by f(k) -n?M) The time required to
execute any of the reduction rules is bounded by f (k) -n?()_ From the above discussions,

the running time of our algorithm is bounded by the following expression.

T(w,n) <AT(u—1,n)+ f(u)n?D

From the above expression, we obtain that the running time of our algorithm is bounded

by (4 f (k) -n?(1)). This concludes the proof. O

4.5 FPT Algorithm for K; ;-free+ CLUSTER IS

In this section, we give an FPT algorithm for K; j-free+CLUSTER IS, which is the
# +CLUSTER IS where .% is family of K; j-free graphs. Here, i, j € N, 1 <i < j. In the
following we consider a (fixed) family of K; j-free graphs. To design an FPT algorithm for
Z#+CLUSTER IS, we define another problem called LARGE K; ;-free+CLUSTER IS. The

problem LARGE K; j-free+CLUSTER IS is formally defined below.
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LARGE K; j-free+CLUSTER IS Parameter: &

Input: A K; j-free graph G, a cluster graph H (G and H are on the same vertex set),
and an integer k, such that the following conditions are satisfied: 1) H has exactly k
connected components, and 2) each connected component of H has at least k¥ vertices.

Question: Is there a set S C V(G) of size k such that S is an independent set in both G

and in H?

In Section 4.5.1, we design a polynomial time algorithm for the problem LARGE
K; j-free+CLUSTER IS. In the rest of this section, we show how to use the polynomial
time algorithm for LARGE K; j-free+CLUSTER IS to obtain an FPT algorithm for K; ;-

free+CLUSTER IS.

Theorem 4.5.1. K; j-free+CLUSTER IS admits an FPT algorithm running in time ﬁ(kk2

nﬁ(l)), where n is the number of vertices in the input graph.

Proof. Let (G,H k) be an instance of K; j-free+ CLUSTER IS, and let ¢’ = {C},Cs,--- ,Cy }
be the set of connected components in H. If £ < 0, we can correctly resolve the instance in
polynomial time (by appropriately outputting yes or no answer). Therefore, we assume
k > 1. If for each C € €, we have |V (C)| > k*, then (G, H, k) is also an instance of LARGE
K; j-free+CLUSTER IS, and therefore we resolve it in polynomial time using the algorithm
for LARGE K; ;-free+CLUSTER IS (Section 4.5.1). Otherwise, there is C € ¢, such that
[V(C)| < k*. Any solution to K; j-free+CLUSTER IS in (G, H, k) must contain exactly one
vertex from C. Moreover, if a vertex v € V(C) is in the solution, then none of its neighbors
in G and in H can belong to the solution. Therefore, we branch on vertices in C as follows.
For each v € V(C), create an instance I,(G — (Ng (v) UNg(v)),H — (Na(v) UNg(v)),k—1)
of K; j-free+CLUSTER IS. If number of connected components in H — N[C] is less than
k — 1, then we call such an instance I, as invalid instance, otherwise the instance is a valid
instance. Notice that for v € V(C), if I, is an invalid instance, then v cannot belong to any
solution. Thus, we branch on valid instances of I,, for v € V(C). Observe that (G, H k)

is a yes-instance of K; j-free+CLUSTER IS if and only if there is a valid instance /,, for
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v € V(C), which is a yes-instance of K; j-free+ CLUSTER IS. Therefore, we output the OR

of results obtained by resolving valid instances I,, for v € V(C).

In the above we have designed a recursive algorithm for the problem K; ;-free+CLUSTER
IS. In the following, we prove the correctness and claimed running time bound of the
algorithm. We show this by induction on the measure yu = k. For u < 0, the algorithm
correctly resolve the instance in polynomial time. This forms the base case of our induction
hypothesis. We assume that the algorithm correctly resolve the instance for each u < 8,
for some 0 € N. Next, we show that the correctness of the algorithm for u = 8 + 1. We
assume that k > 0, otherwise, the algorithm correctly outputs the answer. The algorithm
either correctly resolves the instance in polynomial time using the algorithm for LARGE
K; j-free+CLUSTER IS, or applies the branching step. When the algorithm resolves the
instance in polynomial time using the algorithm for LARGE K; j-free+CLUSTER IS, then
the correctness of the algorithm follows from the correctness of the algorithm for LARGE
K; j-free+CLUSTER IS. Otherwise, the algorithm applies the branching step. The branch-
ing is exhaustive, and the measure strictly decreases in each of the branches. Therefore,
the correctness of the algorithm follows form the induction hypothesis. This completes the

proof of correctness of the algorithm.

For the proof of claimed running time notice that the the worst case branching vector is
is given by the kK vector of all 1s, and at the leaves we resolve the instances in polynomial

time. Thus, the claimed bound on the running time of the algorithm follows. 0

4.5.1 Polynomial Time Algorithm for LARGE K; ;-free+ CLUSTER IS

Consider a (fixed) family of K; ;-free graphs, where 1 <i < j. The goal of this section is
to design a polynomial time algorithm for LARGE K; j-free+CLUSTER IS. Let (G, H k)
be an instance of LARGE K; j-free+CLUSTER IS, where G is a K; j-free graph and H is a

cluster graph with k connected components. We assume that k > i+ j 4 2, as otherwise, we
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can resolve the instance in polynomial time (using brute-force). Let ¢’ = {C},C, -+ ,C¢}

be the set of connected components in H, such that |V (Cy)| > [V(C)| > -+ > |V(Cy)|-

We start by stating/proving some lemmata, which will be helpful in designing the

algorithm.

Lemma 21. [16] The number of edges in a K; j-free graph are bounded by n*~¢, where

e=¢(i,j) € (0,1].

Lemma 22. Let (G,H, k) be an instance of LARGE K; j-free+ CLUSTER IS. There exists

v € V(Cy), such that for each C € € \ {C1}, we have [Ng(v) NC| < %

Proof. Consider a connected component C € € \ {C}, and let x = |Cy| and y = |C|.
Furthermore, let E(Cy,C) = {uv € E(G) |u € Cy,v € V(C)}. In the following, we prove

some claims which will be used to obtain the proof of the lemma.

Claim 1. |E(C;,C)| < jy' + jx.

Proof. Consider the partition of V(C) in two parts, namely, C} and C}, where C} = {v €

V(C)) | IN¢(v)NV(C)| > i} and C} =V (Cy)\ CL.

E(C1,0)| =Y INc(v)NV(C)]

veC
= Y INa()NV(C)|+ Y [Ng(v)NV(C)].
veCh1 VGC}

By construction of C}, we have Yiec! ING(v) NV (C)| < ix. In the following, we bound
ZVGC}l ING(v)NV(C)|. Since G is a K; j-free graph, therefore, any set of i vertices in V (C)
can have at most j — 1 common neighbors (in G) from V(Cj), and in particular from C}l.
Moreover, every v € C} has at least i neighbors in Ng(v) NV (C). Therefore, Liec INGg(v)N

V(C)| <i(j—1)(). Hence, |E(C1,C)| <i(j—1)(}) +ix <i(j— 1){—,’+ix§ V4 jx. O

Let Ageg(C1,C) denote average degree of vertices in set C; in G[E(Cy,C)]. That is,

Adeg(C1,C) = % In the following claim, we give a bound on Ageg (C1,C).
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Claim 2. Ageg(C1,C) < 22

Proof. From Claim 1, we have |E(C,C)| < jy'+ jx. Therefore, Ageg(C1,C) < j+ JTyl
2—¢
Using Lemma 21, we have Ageg (C1,C) < % < 4x'~¢. To prove the claim, us consider

the following cases:

Case 1. x> k?y'""!. In this case, using the inequality Ages(C1,C) < j+ ~-, we have

Adeg(C1,C) < j+ 8. Since y > &2 (and k > 5), we have Ageg (C1,C) < 24,

Case 2. x < k’y'~!. In this case, we use the inequality Ageg(C1,C) < 4x' ¢ to obtain
Adeg(C1,C) < 4k21=e)y(i=D1-¢) < M‘% Since y > k¥, we have y(2—)+€(i-1) 2]&‘
Therefore, we have Ageg (C1,C) < % O

In the following, we will give a probabilistic argument on the existence of a vertex with
the desired properties in the lemma statement. For v € V(C}), let deg(v,C) denote the size
of [Ng(v) NV (C)|. From Claim 2, we have Ageg(Ci1,C) < zk# Using Markov’s inequality,
the upper bound on the probability that deg(v,C) > % is P(deg(v,C) > %) < % Using
Boole’s inequality (the union bound), the probability that deg(v,C) is greater than or equal
to % for at least one C € ¢\ {C1} is bounded by P(Ucciy (¢, deg(v,C) > %) <
£.(k—1) < 1. This implies that probability that deg(v,C) < #, foreach C € €\ {C,}

is greater than 0. This completes the proof. 0

We are now ready to describe our algorithm, which is given in Algorithm 1.

Lemma 23. Algorithm I for LARGE K; j-free+CLUSTER IS is correct and runs in polyno-

mial time.

Proof. We first prove the correctness of the algorithm using induction on, 7. The base case
is when 1 <t < 2j. The algorithm correctly resolve the instance using brute force. For
the induction hypothesis, we assume that the algorithm is correct for each r < d — 1. Next,

we show that the algorithm is correct for t =d. Let Cy,---,C; be the set of connected

90



Algorithm 1 (G, H k) : Greedy algorithm for LARGE K; j-free+CLUSTER IS

I: t=kand S =0;
2: whilezr >2j do

Let Cy,---,C; be the connected components of H, sorted in decreasing order of
their sizes;
4 Let v € V(C}) be a vertex which satisfies the condition of Lemma 22;
5 Addvto S;
6: Decrease ¢ by 1;
7
8
9

w

G =G— (Ng(v)UNg[v]) and H = H — (Ng(v) UNg[v]);
: end while
: Solve (G,H,t) by a brute force algorithm, as t < 2j;

components in H, sorted in decreasing order of their sizes. By Lemma 22, there is v € C,

such that for each C € €'\ {C; }, we have deg(v,C) < %.

We delete all vertices in Ny [v] UNg(v) from G and H. Observe that from each C €
% \ {C1}, we have deleted at most % vertices, which are neighbors of v in G. Let
C' =C\ (Ng[v]UNG(v)) = C\ Ng(v). It is enough to show that |C’| > (d — 1)(¢~1). Note
that |C'| > |C| — %. As base case is not applicable, we can assume that d > 2. Hence,

IC'| > |Cl(1— %) > ad(1— %) > a9 (d —2j) > (d — 1)~V

This concludes the proof of correctness of the algorithm. At each step we either sort
the components on the basis of their size or find a vertex of lower degree which can be
carried out in polynomial time, or solve the instance using brute force approach, where
the solution size we are seeking for is bounded by a constant (at most 2j). Moreover, the
algorithm terminates after at most k iterations. Thus, the running time of the algorithm is

bounded by a polynomial in the size of the input. [

Using Lemma 23, we obtain the following theorem.

Theorem 4.5.2. The problem LARGE K; j-free+CLUSTER IS admits a polynomial time

algorithm.
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4.6 Conclusion

In this chapter we studied the .#-CF-FVS problem, which is a conflict-free variant of
FVS where H belongs the class .%. We obtained a complete dichotomy result on the
Parameterized Complexity of the problem .#-CF-FVS, when .# is a hereditary graph
family by relating . -CF-FVS to the INDEPENDENT SET problem on special classes of
graphs. In particular, we showed that . -CF-FVS is FPT parameterized by the solution
size if and only if .# +CLUSTER IS is FPT parameterized by the solution size. Here,
#+CLUSTER IS is the INDEPENDENT SET problem in the (edge) union of a graph
G € .Z and a cluster graph H (G and H are explicitly given). Next, we exploited this
characterization to obtain new FPT results as well as intractability results for .#-CF-FVS.
We gave an FPT algorithm for . +CLUSTER IS when .7 is the family of K; ;-free graphs.
We showed that for the family of bipartite graph &, #-CF-FVS is W([1]-hard, when
parameterized by the solution size. Finally, we considered, for each 0 < € < 1, the family
of graphs .Z,, which comprise of graphs G such that |[E(G)| < |V (G)|*>~¢, and showed that

F¢-CE-FVS is W[1]-hard, when parameterized by the solution size, for every 0 < € < 1.
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Chapter 5

Exploring the Kernelization Borders for

Hitting Cycles

5.1 Introduction

The quest for designing polynomial kernels for “hitting cycles” in undirected graphs
has played significant role in advancing the field of polynomial time pre-processing —
kernelization. Hitting all cycles, odd cycles and even cycles correspond to well studied
problems of FEEDBACK VERTEX SET (FVS), ODD CYCLE TRANSVERSAL (OCT) and
EVEN CYCLE TRANSVERSAL (ECT), respectively. Alternatively, FVS, OCT and ECT
correspond to deleting vertices such that the resulting graph is a forest, a bipartite graph
and an odd cactus graph, respectively. All these problems, FVS, OCT, and ECT, have

been extensively studied in parameterized algorithms and kernelization.

The earliest known FPT algorithms for FVS go back to the late 80’s and the early
90’s [13, 43] and used the seminal Graph Minor Theory of Robertson and Seymour. On the
other hand the Parameterized Complexity of OCT was open for long time. Only, in 2003,

Reed et al. [102] gave a 35?0 time algorithm for OCT. This is also the paper which
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introduced the method of iterative compression to the field of Parameterized Complexity.
However, the existence of polynomial kernel, for FVS and OCT were open questions
for long time. For FVS, Burrage et al. [18] resolved the question in the affirmative
by designing a kernel of size &'(k'!). Later, Bodlaender [14] reduced the kernel size
to 0(k*), and finally Thomassé [105] designed a kernel of size €'(k?). The kernel of
Thomassé [105] is best possible under a well known complexity theory hypothesis. It is
important to emphasize that [105] popularized the method of expansion lemma, one of
the most prominent approach in designing polynomial kernels. While, the kernelization
complexity of FVS was settled in 2006, it took another 6 years and a completely new
methodology to design polynomial kernel for OCT. Kratsch and Wahlstrom [71] resolved
the question of existence of polynomial kernel for OCT by designing a randomized kernel
of size &'(k*>) using matroid theory.! As a counterpart to OCT, Misra et al. [92] studied

ECT and designed an &'(k?) kernel.

Fruitful and productive research on FVS and OCT have led to the study of several
variants and generalizations of FVS and OCT. Some of these admit polynomial kernels
and for some one can show that none can exist, unless some unlikely collapse happens in
complexity theory. In this chapter we study the kernelization complexity of the conflict-free
generalization of FVS, and OCT, which we defined in previous chapters. We recall the

problems here.

CONFLICT FREE FEEDBACK VERTEX SET (CF-FVS) Parameter: k

Input: An undirected graph G, a conflict graph H on vertex set V(G) and a non-
negative integer k.

Question: Does there exist S C V(G), such that |S| <k, G— S is a forest and H[S] is

edgeless?

One can similarly define CONFLICT FREE ODD CYCLE TRANSVERSAL (CF-OCT).

In previous chapters we observed that, if one wants to model “independent” version of

I'This foundational paper has been awarded the Nerode Prize for 2018.
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these problems (where the solution is suppose to be an independent set), then one takes
conflict graph to be same as the input graph. We also observed that these problems are
W/[1]-hard on general graphs, a simple reduction from MULTICOLOR INDEPENDENT SET
with each color class being modeled as cycle and the conflict graph being the input graph.
Next, we studied the question that: when does the problem become FPT? To state the
question formally, we let ¢4 and .7 be two families of graphs. Then, (¢,.7°)-CF-FVS is
same problem as CF-FVS, but the input graph G and the conflict graph H are restricted to
belong to ¢ and 7, respectively. It immediately brings several questions: (a) for which
pairs of families the problem is FPT; (b) can we obtain some kind of dichotomy results; and
(c) what could we say about the kernelization complexity of the problem. We believe that
answering these questions for basic problems such as FVS, OCT, and DOMINATING SET
will extend both the tractability as well as intractability tools in Parameterized Complexity

and lead to some fruitful and rewarding research.

A graph G is called d-degenerate if every subgraph of G has a vertex of degree at most
d. For a fixed positive integer d, let Z; denote the set of graphs of degeneracy at most
d. In this chapter we study the (x, Z;)-CF-FVS (Z,;-CF-FVS) problem. The symbol
* denotes that the input graph G is arbitrary. One can similarly define ,;,-CF-OCT. In
fact, we study, CF-OCT for a very restricted family of conflict graphs, a family of disjoint
union of paths of length at most three and at most two star graphs. We denote this family

as 9;*3 and this variant of CF-OCT as @;@-CF-OCT.

In the previos chapters we studied conflict-free graph modification problems in the
realm of Parameterized Complexity. We also gave FPT algorithms for Z,;-CF-FVS,
24-CF-OCT and Z,;-CF-ECT using the independence covering families [81]. We also
gave FPT algorithms for these problems when the conflict graph belongs to nowhere dense
graphs. In this chapter we focus on the kernelization complexity of Z,;-CF-FVS, and

25-CF-OCT obtain the following results.

1. 94-CF-FVS admits a 0'(k?9)) kernel.
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2. #Z5-CF-OCT does not admit polynomial kernel, unless NP C %.
Note that %, denotes edgeless graphs and hence %)-CF-FVS, and %)-CF-OCT are
essentially FVS, and OCT, respectively. Thus, any polynomial kernel for Z,;-CF-FVS,
and @;@-CF-OCT, must generalize the known kernels for these problems. We remark
that the above result imply that CF-FVS admits polynomial kernels, when the conflict
graph belong to several well studied graph families, such as planar graphs, graphs of
bounded degree, graphs of bounded treewidth, graphs excluding some fixed graph as a
minor, a topological minor and graphs of bounded expansion etc. (all these graphs classes

have bounded degeneracy).

Strategy for CF-FVS. Our kernelization algorithm for CF-FVS consists of the following
two steps. The first step of our kernelization algorithm is a structural decomposition of the
input graph G. This does not depend on the conflict graph H. In this phase of the algorithm,
given an instance (G,H,k) of CF-FVS we obtain an equivalent instance (G',H’,k") of

CF-FVS such that:

¢ The minimum degree of G is at least 2.

* The number of vertices of degree at least 3 in G’ is upper bounded by &'(k?). Let

V>3 denote the set of vertices of degree at least 3 in G'.

* The number of maximal degree 2 paths in G’ is upper bounded by ¢ (k). That is,

G’ — V>3 consists of €'(k?) connected components where each component is a path.

We obtain this structural decomposition using reduction rules inspired by the quadratic
kernel for FVS [105]. As stated earlier, this step can be performed for any graph H. Thus
the problem reduces to designing reduction rules that bound the number of vertices of
degree 2 in the reduced graph. Note that we cannot do this for any arbitrary graph H as
the problem is W[1]-hard. Once the decomposition is obtained we cannot use the known

reduction rules for FVS. This is for a simple reason that in G’ the only vertices that are
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not bounded have degree exactly 2 in G’. On the other hand for FVS we can do simple
“short-circuit” of degree 2 vertices (remove the vertex and add an edge between its two
neighbors) and assume that there is no vertices of degree two in the graph. So our actual
contributions start here. The second step of our kernelization algorithm bounds the degree
two vertices in the graph G'. Here we must use the properties of the graph H. We propose
new reduction rules for bounding degree two vertices, when H belongs to the family of
d-degenerate graphs. Towards this we use the notion of d-degeneracy sequence, which is
an ordering of the vertices in H such that any vertex can have at most d forward neighbors.
This is used in designing a marking scheme for the degree two vertices. Broadly speaking
our marking scheme associates a set with every vertex v. Here, set consists of ““ paths and
cycles of G’ on which the forward neighbors of v are”. Two vertices are called similar if
their associated sets are same. We show that if some vertex is not marked, then we can
safely contract this vertex to one of its neighbors. We then upper bound the degree two

vertices by & (kﬁ g ﬁ(d)), and thus obtain a kernel of this size for Z,;,-CF-FVS.

At the heart of our kernelization algorithm is a combinatorial tool of “k-independence
preserver”. Informally, it is a set of “important” vertices for a given subset X C V(H), that
is enough to capture the independent set property in H. We show that for d-degenerate
graph independence preserver of size k” () exists, and can be used in designing polynomial

kernel. This is our main conceptual contribution.

Strategy for CF-OCT. The kernelization lower bound is obtained by the method of cross-
composition [15]. We first define a conflict version of the s--CUT problem, where H
belongs to #Z5. Then, we show that the problem is NP-hard and cross composes to itself.
Finally, we give a parameter preserving reduction from the problem to #Z5-CF-OCT,

and obtain the desired kernel lower bound.
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5.2 Preliminaries

Throughout the chapter, we follow the following notions. Let G be a graph, V(G) and
E(G) denote the vertex set and the edge set of graph G, respectively. Let n and m denote
the number of vertices and the number of edges of G, respectively. Let G be a graph and
X CV(G), then G[X] is the graph induced on X and G —X is graph G induced on V(G) \ X.
Let A denotes the maximum degree of graph G. We use Ng(v) to denote the neighborhood
of v in G and Ng[v] to denote Ng(v) U {v}. Let E’ be subset of edges of graph G, by G[E’]
we mean the graph with the vertex set V(G) and the edge set E’. Let X C E(G), then G—X
is a graph with the vertex set V(G) and the edge set E(G) \ X. Let Y be a set of edges on
vertex set V(G), then GUY is graph with the vertex set V(G) and the edge set E(G) UY.
Degree of a vertex v in graph G is denoted by deg(v). For an integer ¢, we denote the set
{1,2,...,£} by [¢(]. A path P ={vy,...,v,} is an ordered collection of vertices such that
there is an edge between every consecutive vertices in P and vy, v, are endpoints of P. For
a path P by V(P) we denote set of vertices in P and by E(P) we denote set of edges in
P. A cycle C ={vy,...,v,} is a path with an edge v|v,. We define a maximal degree two
induced path in G as an induced path of maximal length such that all vertices in path are of
degree exactly two in G. An isolated cycle in graph G is defined as an induced cycle whose
all the vertices are of degree exactly two in G. Let G’ and G be graphs, V(G') C V(G) and
E(G') C E(G), then we say that G’ is a subgraph of G. The subscript in the notations will

be omitted if it is clear from the context.

A graph G has degeneracy d if every subgraph of G has a vertex of degree at most
d. An ordering of vertices 6 : V(G) — {1,---,n} is is called a d-degeneracy sequence
of graph G, if every vertex v has at most d neighbors u with (u) > o(v). A graph G is
d-degenerate if and only if it has a d-degeneracy sequence. For a vertex v in d-degenerate
graph G, the neighbors of v which comes after (before) v in d-degeneracy sequence are
called forward (backward) neighbors of v in the graph G. Given a d-degenerate graph, we

can find d-degeneracy sequence in linear time [87].
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5.3 A Tool for Our Kernelization Algorithm

In this section, we give a tool, which we believe might be useful in obtaining kernelization
algorithm for “conflict-free” versions of various parameterized problems (admitting ker-
nels), when the conflict graph belongs to the family of d-degenerate graphs. We particularly
use this tool to obtain kernel for Z,;-CF-FVS (Section 5.4). For a parameterized problem
I, consider an instance (G,H, k) of its conflict-free variant, CONFLICT-FREE II. Then
in the kernelization step where we want to bound the number of vertices, it is seemingly
useful to be able to obtain a set of “important” vertices for a given subset X C V(H) that
will be enough to capture the independent set property in H. The above intuition becomes

clear when we describe the kernelization algorithm for 4,;-CF-FVS.

To formalize the notion of “important” set of vertices, we give the following definition.

Definition 12. For a d-degenerate graph H and a set X C V (H), a k-independence preserver
for (H,X) is a set X’ C X, such that for any independent set S in H of size at most k, if there
isve (SNX)\ X', then there is v € X"\ S, such that (S\ {v}) U{V'} is an independent set

in H.

Throughout this section, we work with a (fixed) d, which is the degeneracy of the
input graph. The goal of this section will be to obtain an algorithm for computing a
k-independence preserver for (H,X) of “small” size. To quantify the “small” size, we need

the following definition.

Definition 13. For each g € [d], we define an integer 7, as follows.

1. If g =1, then ny = kd + k+1, and

2. ng=kny 1 +kd+k+ 1, otherwise.

Next, we formally define the problem for which we want to design a polynomial time
algorithm. We call this problem d-BOUNDED INDEPENDENCE PRESERVER (d-BIP, for

short).
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d-BOUNDED INDEPENDENCE PRESERVER (d-BIP)
Input: A d-degenerate graph H, a set X C V(H), and an integer .

Output: A set X' C X of size at most ng 1, such that X’ is a k independence preserver

for (H,X).

In the following, let (H,X,k) be an instance of d-BIP. We work with a (fixed) d-
degeneracy sequence, o of H. We recall that such a sequence can be computed in
polynomial time [87]. Forward and backward neighbors of a vertex v are also defined
with respect to the ordering o. If o(u) < o(v), then u is a backward neighbor of v and v
is a forward neighbor of u. By N,];(v) (N%(v)) we denote the set of forward (backward)

neighbors of the vertex v in H.
To design our polynomial time algorithm for d-BIP, we need the notion of g-reducible

sets, which is formally defined below.

Definition 14. A set Y C V(H) is g-reducible, if for every set U C Y, for which there is a
set Z C V(H), such that: (i) Z is of size exactly d — ¢+ 1 and (ii) for each u € U, we have

Z C NJ,(u), it holds that |U| < n,,.

Now, we give our polynomial time algorithm for d-BIP in Algorithm 2.

To prove the correctness of our algorithm, we state the following easy observation, the
proof of which follows from the fact that any vertex can have at most d forward neighbors

in H.

Observation 5.3.1. Let H be a d-degenerate graph and S be an independent set of H of
size at most k. Then, for any set U C V (H), such that for each vertex u € U, Nz(u) NS #£0,

we have that |U| < kd.

Now we are ready to prove the correctness of our algorithm (Algorithm 2) for d-BIP.

Lemma 24. Algorithm 2 is correct.
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Algorithm 2 Algol1(H,X)

Input: d-degenerate graph H, X C V(H), and an integer k.

Output: X’ C X of size at most ny, 1, which is a k-independence preserver of (H,X).
1: For g € [d], set ng = kd + 1, when g = 1, and ny = kny_1 + kd + k+ 1, otherwise.
2. g=1.

3: while ¢ < d do

4

5

while X is not g-reducible do
Find U C X of size n,+ 1, for which there is Z C V(H) of size exactly d —g+1,

such that for each u € U, we have Z C N};(u).

6: Let v be an arbitrary vertex in U.
7: X =X\{v}

8: end while

9: q=q+1.

10: end while

11: while [X| >ny, do

12: Let v be an arbitrary vertex in X.
13: X =X\{v}.

14: end while

15: Set X' =X.

16: return X’

Proof. Let (H,X,k) be an instance of d-BIP, and X’ be the output returned by Algorithm 2
with it as the input. Clearly, X’ C X as we do not add any new vertex to obtain the set X’,
and size of X’ is bounded by ny 1, since at Step 10-13 of the algorithm we reduce its size
to (at most) ny. 1. Therefore, it remains to show that X’ is a k-independence preserver of

(H,X). To this end, we consider the following cases.

Case 1: X is g-reducible, for each g € [d]. In this case, the algorithm arbitrarily deletes
vertices (if required) from X to obtain X’. If X = X/, then the claim trivially holds.
Therefore, we assume that X' is a strict subset of X. To show that X’ is a k-independence
preserver for (H,X), consider an independent set S in H of size at most k. Furthermore,
consider a vertex v € (SNX)\ X’ (again, if such a vertex does not exists, the claim follows).
To prove the desired result, we want to find a replacement vertex for v in X’ which can
be added to S (after removing v) to obtain an independent set in H. To this end, we mark
some vertices in X’. Firstly, mark all the forward neighbors of each s € S in the set X'.

That is, we let X}, to be the set (UseSN{I(s)) NX'. Also, we add all vertices in SNX’ to
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the set X;,. By the property of d-degeneracy sequence, we have that |X;,| < kd + k (see
Observation 5.3.1). Next, we will mark some more vertices in X]{4 with the hope to find
a replacement vertex for v in X"\ X}, to add to S. Recall that by our assumption X is
g-reducible, for each ¢ € [d], and in particular, it is d-reducible. Thus, for each s € S, the
set X, ={xeX|se N{I (x)} € X has size at most n,;. Based on the above observation,
we describe our second level of marking of vertices in X’. For each s € S, we add each
vertex in Uy to X;,. From the discussions above, we have that |X},| < kd + k + kn,. Since
|X'| = ng41, and by definition, nyy| = kng +kd + k+ 1, we have X'\ X;, # 0. Moreover,
no vertex in X’ has a neighbor in S\ {v}. Therefore, for v/ € X"\ X},, we have that

S"=(S\ {v})U{V'} is an independent set in H.

Case 2: X is not g-reducible, for some g € [d]. Let ¢’ be the smallest integer for which
X is not ¢’-reducible. Since X is not ¢’-reducible, there is a set U C X of size at least
ng + 1, for which there is a set Z C V(H) of size exactly d — g+ 1, such that for each
uecU, we have Z C N/:I(u) Consider (first) such pair of sets U,Z considered by the
algorithm in Step 4. Furthermore, let v € U be the vertex deleted by the algorithm in Step
6. Let U = U\ {v}. To prove the claim, it is enough to show that for an independent
set S of size at most k containing v in H, there is v/ € U such that (S\ {v})U {V/'} is
an independent set in H. Here, we will use the fact that deleting a vertex from a set
does not change a set from being g-reducible to a set which is not g-reducible, where
g € |d]. In the following, consider an independent set S of size at most k containing v in
H. We construct a marked set Uy, of vertices in U. Firstly, we add all the vertices in
(Uses\{v}Nij-;(S)) NU to Uy. Also, we add all vertices in SN U to Uy,. Notice that at the end
of above marking scheme, we have |Xys| < kd + k. We will mark some more vertices in U.
Before stating the second level of marking, we remark that SNZ = 0. For each s € S\ {v},
let Z; = ZU{s}. Since SNZ = 0, we have that |Z| =d — (¢ — 1)+ 1. For s € S\ {v}, let
U={ucl|z,C N,{,(u)} Since X is ¢*-reducible for each ¢* < ¢, we have |Uy| <n,_1,
for each s € S\ {v}. Now we are ready to describe our second level of marking. For

each s € S\ {v}, add all vertices in Uy to the set Uy. Notice that [Uy| < kd + k+kn,_;.
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Moreover, ]Ul > ng and ny = kng_| +kd +k+ 1. Thus, there is a vertex V' € U\ Uy, such
that (S\ {v})U{V'} is an independent set in H. O

Lemma 25. Algorithm 2 runs in time n? ().

Proof. Let (H,X k) be an instance of d-BIP, and o be a (fixed) d-degeneracy sequence
of H (which can computed in polynomial time [87]). Using o, for each v € X, we can
find N};(v) in the polynomial time. For each set of size at most d + 1, we can find all the
vertices in V (H) that have all of them in their neighborhood in polynomial time. Thus,
Step 4 of the algorithm can be executed in polynomial time (for fixed d). Also, all the other

o(d)

steps of the algorithm can be performed in time n time. This completes the proof. L[]

O]

Using Lemma 24 and Lemma 25 we obtain the following theorem.

Theorem 5.3.2. d-BOUNDED INDEPENDENCE PRESERVER admits an algorithm running

in time n?9),

5.4 A Polynomial Kernel for &,;,-CF-FVS

In this section, we design a kernelization algorithm for Z,;-CF-FVS. To design a ker-
nelization algorithm for Z,;-CF-FVS, we define another problem called .% -DISJOINT
CONFLICT FREE FEEDBACK VERTEX SET (.%#-DCF-FVS, for short). We first define the

problem .%#-DCF-FVS formally, and then explain its uses in our kernelization algorithm.
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% -DISJOINT CONFLICT FREE FEEDBACK VERTEX SET (% -DCF-FVS)

Input: An undirected graph G, a graph H € 9, such that V(G) = V(H), a subset
R C V(G), and a non-negative integer k.

Parameter: k

Question: Is there a set S C V(G) \ R of size at most &, such that G — S does not have

any cycle and S is an independent set in H?

Notice that Z,-CF-FVS is a special case of .#-DCF-FVS, where R = 0. Given an
instance of Z;-CF-FVS, the kernelization algorithm creates an instance of .%#-DCF-FVS
by setting R = (. Then it applies a kernelization algorithm for . -DCF-FVS. Finally, the
algorithm takes the instance returned by the kernelization algorithm for .%-DCF-FVS and
generates an instance of Z,;-CF-FVS. Before moving forward, we note that the purpose
of having set R is to be able to prohibit certain vertices to belong to a solution. This
is particularly useful in maintaining the independent set property of the solution, when
applying reduction rules which remove vertices from the graph (with an intention of it

being in a solution).

We first focus on designing a kernelization algorithm for .#-DCF-FVS, and then
give a polynomial time linear parameter preserving reduction from .#-DCF-FVS to Z;-
CF-FVS. If the kernelization algorithm for .#-DCF-FVS returns that (G,H,R k) is a
yes (no) instance of .%-DCF-FVS, then conclude that (G, H, k) is a yes (no) instance of
2,-CF-FVS.In the following, we describe a kernelization algorithm for .#-DCF-FVS.
Let (G,H,R,k) be an instance of .#-DCF-FVS. The algorithm starts by applying the

following simple reduction rules.

Reduction Rule 14.

(a) If k > 0 and G is acyclic, then return that (G,H,R,k) is a yes-instance of .% -DCF-

FVS.

(b) Return that (G,H,R k) is a no-instance of .%-DCF-FVS, if one of the following
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conditions is satisfied:

(i) k <0 and G is not acyclic,
(ii) G is not acyclic and V(G) C R, or

(iii) There are more than k isolated cycles in G.

Reduction Rule 15.

(a) Letv be a vertex of degree at most 1 in G. Then delete v from the graphs G,H and the

set R.

(b) If there is an edge in G (H) with multiplicity more than 2 (more than 1), then reduce

its multiplicity to 2 (1).

(c) If there is a vertex v with self loop in G. If v ¢ R, delete v from the graphs G and
H, and decrease k by one. Furthermore, add all the vertices in Ny (v) to the set R,

otherwise return that (G,H,R, k) is a no-instance of #-DCF-FVS.
(d) If there are parallel edges between (distinct) vertices u,v € V(G) in G:

(i) If u,v € R, then return that (G,H,R k) is a no-instance of #-DCF-FVS.

(ii) If u € R (v € R), delete v (u) from the graphs G and H, and decrease k by one.

Furthermore, add all the vertices in Ny (v) (Ng(u)) to the set R.

It is easy to see that the above reduction rules are correct, and can be applied in
polynomial time. In the following, we define some notion and state some known results,

which will be helpful in designing our next reduction rules.

Definition 15. For a graph G, a vertex v € V(G), and an integer t € N, a t-flower at v is a

set of 7 vertex disjoint cycles whose pairwise intersection is exactly {v}.

Proposition 12. [29, 90, 105] For a graph G, a vertex v € V(G) without a self-loop in G,

and an integer k, the following conditions hold.
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(i) There is a polynomial time algorithm, which either outputs a (k+ 1)-flower at v, or
it correctly concludes that no such (k+ 1)-flower exists. Moreover, if there is no
(k+ 1)-flower at v, it outputs a set X, C V(G) \ {v} of size at most 2k, such that X

intersects every cycle passing through v in G.

(ii) If there is no (k+ 1)-flower at v in G and the degree of v is at least 4k + (k +2)2k.
Then using a polynomial time algorithm we can obtain a set X, CV(G)\ {v} and a
set 6, of components of G|V (G) \ (X, U{v})], such that each component in 6, is a
tree, v has exactly one neighbor in C € 6, and there exist at least k + 2 components
in 6, corresponding to each vertex x € X,, such that these components are pairwise

disjoint and vertices in X, have an edge to each of their associated components.

Reduction Rule 16. Consider v € V(G), such that there is a (k+ 1)-flower at v in G. If
v € R, then return that (G,H,R,k) is a no-instance of % -DCFE-FVS. Otherwise, delete v

from G,H and decrease k by one. Furthermore, add all the vertices in Ny(v) to R.

The correctness of above reduction rule follows from the fact that such a vertex must
be part of every solution of size at most k. Moreover, the applicability of it in polynomial

time follows from Proposition 12 (item (i)).

Reduction Rule 17. Let v € V(G), X, C V(G) \ {v}, and €, be the set of components
which satisfy the conditions in Proposition 12(ii) (in G), then delete edges between v and
the components of the set 6,, and add parallel edges between v and every vertex x € X, in

G.

The polynomial time applicability of Reduction Rule 17 follows from Proposition 12.

And, in the following lemma, we prove the safeness of this reduction rule.

Lemma 26. Reduction Rule 17 is safe.

Proof. Let (G,H,R, k) be an instance of .#-DCF-FVS. Furthermore, let v € V(G), X, C

V(G), and %, be the tuple for which the conditions of Reduction Rule 17 are satisfied, and
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(G',H,R, k) be the instance resulting after application of the reduction rule. We prove that
(G,H,R,k) is a yes-instance of .Z-DCF-FVS if and only if (G',H,R, k) is a yes-instance
of #-DCF-FVS.

In the forward direction, let (G, H, R, k) be a yes-instance of .%#-DCF-FVS and S be one
of its solution. We claim that S is also a solution of .%Z-DCF-FVS for (G', H, R, k). Suppose
not, then G’ — S must contains a cycle as the conflict graphs in both the instances are the
same. Observe that G — {v} is identical to G’ — {v}, and G’ —X,, is a subgraph of G —X,,
therefore, if either v € S or X, C S, then S is a solution of .#-DCF-FVS for (G',H,R,k).
Next, we assume that neither v ¢ S, nor X, SZ S. For x € X, let #; C %, be the set of
components associated with x, which is obtained by the algorithm in Proposition 12(i1).
Observe that, there are at least k 4 2 disjoint paths from v to each x € X,, passing through
components in #; in the graph G. Since S is of size at most k, there are at least two (distinct)
connected components say C',C? in #; such that v, x together with C!,C? creates a cycle

in G — S. This is a contradiction to S being a solution of .%#-DCF-FVS for (G,H,R,k).

In the reverse direction, let (G',H,R, k) be a yes-instance of .%#-DCF-FVS and §’ be
one of its solution. Observe that for each vertex x € X,,, we have parallel edges between
v and x in G, therefore either v € §' or X, C §’. As observed before G — {v} is identical
to G' — {v}, therefore if v € §’ then §' is also a solution of .%Z-DCF-FVS in (G,H,R k).
Next we assume that X, C §’. Observe that edges incident to v and a vertex in some
components in %, are cut edges in G —X,,, by Proposition 12(ii), and hence they do not
participate in any cycle in G — X,,. This concludes that S’ is a solution of .%#-DCF-FVS for

(G,H,R,k). O O

In the following state an easy observation, which follows from non-applicability of

Reduction Rule 14 to 17.

Observation 5.4.1. Let (G,H,R k) be an instance of #-DCF-FVS, where none of

Reduction Rule 14 to 17 apply. Then the degree of each vertex in G is bounded by O (kz).
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To design our next reduction rule, we construct an auxilary graph G*. Intuitively
speaking, G* is obtained from G by shortcutting all degree two vertices. That is, vertex set
of G* comprises of all the vertices of degree at least three in 3. From now on, vertices of
degree at least 3 (in G) will be refereed to as high degree vertices. For high degree vertex
v € G. For each uv € E(G), where u,v are high degree vertices, we add the edge uv in
G*. Furthermore, for an induced maximal path P,,, between u and v where all the internal
vertices of P,, are degree two vertices in G, we add the (multi) edge uv to E(G*). Next,

we will use the following result to bound the number of vertices and edges in G*.

Proposition 13. [29] A graph G with minimum degree at least 3, maximum degree A, and

a feedback vertex set of size at most k has at most (A+ 1)k vertices and 2Ak edges.

The above result (together with the construction of G*) gives us the following (safe)

reduction rule.

Reduction Rule 18. If |V (G*)| > 4k> 4 2k*(k+2) or |[E(G*)| > 8k 4+ 4k*(k +2), then

return no.

Lemma 27. Let (G,H,R, k) be an instance of % -DCF-FVS, where none of the Reduction

Rules 14 to 18 are applicable. Then we obtain the following bounds:

* The number of vertices of degree at least 3 in G is bounded by O (k3).

s The number of maximal degree two induced paths in G is bounded by O (k).

Having shown the above bounds, it remains to bound the number of degree two vertices
in G. We start by applying the following simple reduction rule to eliminate vertices of

degree two in G, which are also in R.

Reduction Rule 19. Let v € R, dg(v) =2, and x,y be the neighbors of v in G. Delete v

Jfrom the graphs G,H and the set R. Furthermore, add the edge xy in G.
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The correctness of this reduction rule follows from the fact that vertices in R cannot be

part of any solution and all the cycles passing through v also passes through its neighbors.

In the polynomial kernel for the FEEDBACK VERTEX SET problem (with no conflict
constraints), we can short-circuit degree two vertices. But in our case, we cannot perform
this operation, since we also need the solution to be an independent set in the conflict
graph. Thus to reduced the number of degree two vertices in G, we exploit the properties
of a d-degenerate graph. To this end, we use the tool that we developed in Section 5.3.

This immediately gives us the following reduction rule.

Reduction Rule 20. Ler P be a maximal degree two induced path in G. If |V(P)| >
na+1+ 1, apply Algorithm 2 with input (H,V(P)\R). Let V(P) be the set returned by
Algorithm 2. Let v € (V(P)\R)\ V(P), and x,y be the neighbors of v in G. Delete v from

the graphs G,H. Furthermore, add edge xy in G.

Lemma 28. Reduction Rule 20 is safe.

Proof. Let (G,H,R,k) be an instance of .%#-DCF-FVS and v be a vertex in a maximal
degree two path P with neighbors x and y, with respect to which Reduction Rule 28 is
applied. Furthermore, let (G, H',R, k) be the resulting instance after application of the
reduction rule. We will show that (G,H,R,k) is a yes-instance of .%#-DCF-FVS if and

only if (G',H’,R,k) is a yes-instance of .#-DCF-FVS.

In the forward direction, let (G,H,R, k) be a yes-instance of .#-DCF-FVS and S be
one of its minimal solution. Consider the case when v ¢ S. In this case, we claim that S
is also a solution of .#-DCF-FVS for (G, H',R, k). Suppose not then either S is not an
independent set in H' or G’ — S contains a cycle. Since, H’ is an induced subgraph of H,
we have that 8 is also an independent set in H'. So we assume that G’ — S has a cycle, say
C. If C does not contain the edge xy, then C is also a cycle in G — S. Therefore, we assume
that C contains the edge xy. Bu then (C\ {xy})U{xv,vy} is a cycle in G — S. Next, we

consider the case when v € S. By Lemma 24 we have a vertex v/ € V(P) \ {v} such that
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(S\ {v})U{V'} is an independent set in H'. By using the fact that any cycle that passes
through v also contains all vertices in P (together with the discussions above) imply that

(S\ {v})u{V'} is a solution of .#-DCF-FVS for (G',H',R k).

In the reverse direction, let (G',H',R,k) be a yes-instance of .Z-DCF-FVS and §'
be one of its minimal solution. We claim that S’ is also a solution of .#-DCF-FVS for
(G,H,R,k). Suppose not, then either S is not an independent set in H or G — S contains a
cycle. Since, H' is an induced subgraph of H, we have that S’ is also an independent set in
H. Next, assume that there is a cycle C in G — S. The cycle C must contain v, otherwise,
C is also a cycle in G’ — §'. Since v is a degree two vertex in G, therefore any cycle
that contians v, must also contain x and y. As observed before, G — {xv,vy} is identical
to G’ — {xy}. But then, (C\ {xv,vy})U{xy} is a cycle in G’ — ', a contradiction. This

concludes that S’ is a solution of .#-DCF-FVS for (G,H,R,k). ]

Lemma 29. Let (G,H,R, k) be an instance of % -DCF-FVS, where none of the Reduction
Rules 14 to 20 are applicable. Then, the number of vertices in a degree two induced path

in G is bounded by 0(k?9).

Theorem 5.4.2. .7-DCF-FVS admits a kernel with 0(k?9)) vertices.

Proof. Let (G,H,R,k) be an instance of .#-DCF-FVS, where none of the Reduction
Rules 14 to 20 are applicable. Then, by Lemma 27, the number of vertices of degree at
least 3 and the number of maximal degree two induced paths in G are bounded by &' (k3)
and By Lemma 29, the number of vertices in a degree two induced path in G is bounded
by O (kﬁ(d)). Hence, the number of vertices in G is bounded by & (kﬁ(d) ). Since, each of
the reduction rules can be applied in polynomial time and each of them either (correctly)
declare that the given instance is a yes or no-instance or (safely) reduce the size of G.

Therefore, the overall running time is polynomial in the input size. [

Lemma 30. There is a polynomial time parameter preserving reduction from % -DCF-

FVS to 9,-CF-FVS.
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Proof. Given an instance (G, H, R, k) of #-DCF-FVS, we generate an instance (G',H', k')
of 2,-CF-FVS as follows. We let the vertex set of V(G') and V(H') to be V(G) U {x},
where x is a new vertex. Now, we define the edge sets of G’ and H'. Tnitially, E(G') = E(G).
Additionally, we add a self loop on x in G'. We let E(H') = E(H —R)U{xw |w € R}. We
set K = k+ 1. Clearly, this construction can be carried out in the running time linear in the
size of the input instance. We claim that (G, H, R, k) is a yes-instance of .%#-DCF-FVS if

and only if (G',H' ,k+ 1) is a yes-instance of Z;-CF-FVS.

In the forward direction, let S be a solution to .#-DCF-FVS in (G,H,R, k). We claim
that ' = SU{x} is a solution to Z;-CF-FVS in (G',H’,k+1). Since, G’ — {x} is identical
to G, G’ — §' does not contain any cycle. Since, SNR =0, SU {v} is an independent set
in H'. This completes the proof in the forward direction. In the reverse direction, let
(G',H' k') be a yes-instance of Z;-CF-FVS and S be one of its solution. Since there is
a self loop at x in G, x € S. We claim that §' = S\ {x} is a solution to .%#-DCF-FVS in
(G,H,R,k). Clearly, G’ — {x} is identical to G, therefore, G — S’ does not contain any
cycle. Since, x € S, none of the vertices in R can belong to S. Since, H — R same as
H— (RU{x}), §' is an independent set in H' and S’ R = 0, we have that §’ is a solution

to .Z-DCF-FVS in (G,H,R,k). O

By Theorem 5.4.2 and Lemma 30, we obtain the following result.

Theorem 5.4.3. Z,;-CE-FVS admits a kernel with € (k% @) vertices.

5.5 Kernelization Complexity of &Z5-CF-OCT

In this section, we show that CF-OCT does not admit a polynomial kernel when the
conflict graph belongs to the family &7Z75. Let &<3 denotes the family of disjoint union
of paths of length at most three, and &Z; denotes the family of disjoint union of paths

of length at most three and a star graph. We give parameter preserving reduction from
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P%3-CONFLICT FREE s-1 CUT (#Z;3-CF-s-t CUT) to #Z5-CF-OCT. £Z;-CF-s-t CUT

is formally defined as follows.

23-CONFLICT FREE s-1 CUT (#Z3-CF-s-1 CUT) Parameter: k

Input: An undirected graph G, a graph H € Z<3 (V(G) =V (H)), two vertices s and ¢

and an integer k

Question: Is there a set X C V such that X is a s —7 cut in G and H[X] is edgeless?

We first prove that &Z;-CF-s-r CUT is NP-hard. Then, we prove that &Z;-CF-s-

coNP
poly

CUT does not admit a polynomial compression, unless NP C using the method of
cross-composition. To show the NP-hardness of &7Z;-CF-s-r CUT, we give a reduction
from the well known NP-hard problem (3, B2)-SAT [11] to &%;-CF-s-t CUT. (3,B2)-SAT

is formally defined as follows.

(3,B2)-SAT
Input: An instance (U, %), where U is the set of boolean variables and ¢ is the set

of clauses such that each clause has exactly three literals, and each literal occurs in

exactly two clauses

Question: Does there exist an assignment to variables such that each clause is satisfied?

5.5.1 NP-hardness of &~3-CF-s-t CUT

In this section, we prove that #<3-CF-s-t CUT is NP-hard. Given an instance (U, %) of
(3,B>)-SAT, we construct an instance (G,H,s,t,k) of #<3-CF-s-t CUT as follows. Let
|U| = n and || = m. For each clause C = (v{,v2,v3) € €, add vertices v$, VS, and § in
V(G) and V(H). We also add 2n + 2 new vertices s, , a; and b; in V(G) and V (H ), where
i € [n]. Corresponding to each clause C = (vi,v2,v3) € €, we add a path (s,{,v5,V5,7)
in G. We also add paths (s,a;,b;,t), for all i € [n]. Now we define edge set of H. Let

x; € U. Add edges between a; and vertices corresponding to positive literal of x; and also

between b; and vertices corresponding to negative literal of x;. We set k = n+ m. Figure
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Figure 5.1: An illustration of construction of graph G and H in NP-hardness of &#?<3-CF-
s-t CUT for € = {(xl,fz,)Q), (fl,XZ,x;;), (X],XQ,)Q), (xl,XQ,)f3)}.

5.1 describes the construction of G and H. Clearly, this construction can be carried out in
the polynomial time. In the following lemma, we prove that ¢ is satisfiable if and only if

(G,H) has a conflict-free s — ¢ cut of size n+ m.

Lemma 31. (U,%) is a yes-instance of (3,B2)-SAT if and only if (G,H,s,t,k) is a

yes-instance of #<3-CF-s-t CUT.

Proof. In the forward direction, let % be satisfiable, and ¢ be a solution. Further, let S
be the set of literals which are set to true in ¢. Given S, we construct a solution S of
P <3-CF-s-t CUT in (G,H) as follows. Let v; € S and v; belongs to the clauses C and C'.
Add ¢ and viC/ to S". Let Pc = (s,v§,v5,1§,1) be a path in G corresponding to the clause
C. If more than one vertex from P¢ belongs to S’, delete all but one from S’ arbitrarily. If
variable corresponding to positive literal x; belongs to S’, add b; to S, otherwise add a; to

S’. Since, there are n + m disjoint paths between s and ¢ and we select exactly one vertex

from each path, |S'| = n+ m. Since, € is satisfiable and for each path (s,a;, b;,t) either a;
or b; belongs to S, §" is a s — ¢ cut of G. By the construction of 5, it is also an independent

set in H. This completes the proof in the forward direction.

In the reverse direction, let S be a solution to #<3-CF-s-t CUT in (G, H,s,t,k). Given

S, we construct a satisfyning assignment ¢ for the instance (U, %) of (3,B2)-SAT as
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follows. Let v be a literal which occurs in the clauses C and C'. If SN {v€ '} £ 0, we
assign 1 to v. Since, H[S] is edgeless, if vertex corresponding to positive literal x; belongs
to the solution, b; belongs to the solution and hence vertices corresponding to negative
literal X; do not belong to the solution. This implies that both the positive and negative
literal corresponding to a variable are not set to one. If none of them are true, we assign 1

to x; (or to &;). By the construction of G, ¢ is a satisfying assignment for &’. [

Theorem 5.5.1. #~3-CF-s-t CUT is NP-hard.

Proof. The proof follows from the construction of an instance of #<3-CF-s-t CUT,

Lemma 31 and NP-hardness of (3,B,)-SAT. ]

5.5.2 Lower bound for Kernel of @;3-CF—S—[ CuTt

In this section, we prove that &% ,-CF-s-t CUT does not admit a polynomial compression
unless NP C % which results into the fact that &?Z;-CF-s-t CUT does not admit
polynomial kernel as well. Towards this, we cross-compose #<3-CF-s-t CUT into &% ;-

CF-s-t CUT parameterized by k, the size of cut. Before going into the details, we define

the notion of cross-composition.

Definition 16. [15, 29] Let X be a finite set of alphabets. A polynomial equivalence
relation is an equivalence relation & on X* if there is an algorithm that given two strings
x,y € L*, decides whether x =4 y in time polynomial in |x| 4 |y|. Moreover, the relation
Z restricted to the set =" has at most p(n) equivalence classes, where p(-) is some

polynomial function.

Definition 17. [15, 29] Let L C X* be a language and Q C X* x N be a parameterized
language. We say that L cross-composes into Q if there exists a polynomial equivalence
relation % and an algorithm o7 satisfying the following conditions. The algorithm .o/

takes as input a sequence of strings xi,---,x; € £* that are equivalent with respect to %,

runs in time polynomial in X!_, |x;|, and outputs one instance (y,k) € £* x N such that:
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(i) k < p(max;cp |xi| +logt) for some polynomial p(-), and

(ii) (y,k) € Q if and only if there exists at least one index i € [f] such that x; € L.

Now, we state following known result which will be further used in this section.

Theorem 5.5.2. [15, 29] Let L be an NP-hard language that cross-composes into a

parameterized language Q. Then, Q does not admit a polynomial compression, unless

coNP

Next, we present a cross-composition of #?<3-CF-s-t CUT into &?%;-CF-s-t CUT

parameterized by the solution size.

Lemma 32. There exists a cross-composition from &?<3-CF-s-t CUT into 7% ,-CF-s-t

CUT parameterized by the cut size.

Proof. By choosing an appropriate polynomial equivalence relation %, we may assume
that we are given ¢ instances (G,-,H,-,sl-,t,-,k,-)?:1 of #<3-CF-s-t CUT, where V(G;) =n
and k; is same for each i € [g]. More precisely, equivalence relation % is defined as
follows. We put all malformed instances into one equivalent class, while all the well-
formed instances are partitioned with respect to the number of vertices in the graph and the
integer k;, where i € [g]. Two well-formed instances are considered equivalent if number of
the vertices in the graphs and integer k; are same in both the instances. Clearly, the number
of equivalence relation in =" is bounded by n> + 1 and the equivalence of two relations can
be tested in the polynomial time. Hence, Z is a polynomial equivalence relation. The cross-
composition algorithm works as follows. Given a set of malformed instances, returns some
trivial no-instance of &%;-CF-s-t CUT, while given a sequence of well-formed instances,
it construct a parameterized instance (G*,H*,s,t,k+ 1) of P%3-CF-s-1 CUT as follows.
Letx;=(i—1)n+1landy; =x;+n—1. Let V(G;) =V (H;) = {si,Vx;, -+, Vy,, i }. Now, we
construct G* and H* as follows. V(G*) =V (H*) = U;c(y)(V(Gi) \ {si, i }) Uie[g—1) {wi} U
{a,s,t} and E(G*) = Ujc[g E(Gi — {si,1i}). If s;v € E(G1), add sv in E(G*). Similarly, if

115



tqv € E(Gy), add tvin E(G*). If an edge #;v € E(G;) or si+1v € E(Gjy1), add an edge w;v
in E(G*), for all i € [¢q — 1]. We also add edges sa and ta in G*. Now we define edge set of
H*. E(H*) = Uje|g E(H; — {si,ti}). We also add edge aw;, for all i € [g— 1]. Since, paths
are closed under vertex deletion, H* belongs to the family &% ;. We set parameter k = ;.
Figure 5.2 describes the construction of G and H. We claim that (G*,H*,s,t,k+ 1) is a
yes-instance of &Z;-CF-s-t CUT if and only if one of the input instance of #?<3-CF-s-

CuUT has a conflict-free s — ¢ cut of size k.

In the forward direction, let S be a solution to #Z;-CF-s-t CUT in (G*,H*,s,t,k+ 1),
Since, a € S, none of w; belongs to S, where i € [¢— 1]. We claim that S' = (S\ {a}) NV (G;)
is a solution to #<3-CF-s-t CUT in (Gj, Hj, s;,t;,k;), for some i € [g]. Suppose not, then
there exists at least one path between each pair of vertex (s;,#;) in G;, where i € [q].
Let P, be a path between s; and #; in G;, where i € [g]. Hence, path induced by the
vertex set Ue (g (V(P) \ {si,7i}) Uiejg—1) {wi} U {s,1} yields a path between s and ¢ in G,
a contradiction. Hence, there is some G; such that §’ is a s — 7 cut of G;. Since H;|[S]
is a induced subgraph of H, H;[S] is edgeless. This completes the proof in the forward

direction.

In the reverse direction, let one of the input instance (G;, H;, s;,t;,k;),i € [q] be a yes-
instance of #<3-CF-s-t CUT and S be one of its solution, that is, G; \ S does not have a
path from s; to #;. Clearly, by the construction of G*, G*\ (SU{a}) does not have a path
from s to ¢. Since, a is not adjacent to any vertex v € V(H*) NV (H;), where i € [g] and
uv € E(H*) if uv € E(H;), where i € [q], u # a and v # a, SU{a} is an independent set in

H. This completes the proof. 0

Theorem 5.5.3. 9Z;-CF-s-t CUT does not admit a polynomial compression unless

coNP
NP C <N,

Proof. Since, #<3-CF-s-t CUT is NP-hard, using Lemma 32 and Theorem 5.5.2, 923—

CF-s-t CUT, parameterized by the size of cut does not admit a polynomial compression
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Gy —{s1,t1} Gy — {s2,t2} Gy~ {sq: 14}

Graph H*

Figure 5.2: An illustration of construction of graph G and H in cross-composition from
P <3-CF-s5-t CUT to #%;3-CF-s-t CUT

coNP
unless NP C “ooly - O

Corollary 7. #2;-CF-s-t CUT does not admit a polynomial kernel.

Proof. The proof follows from Theorem 5.5.3 and the fact that polynomial kernel is also a

polynomial compression. O

5.5.3 Lower Bound for Kernel of @gg-CF-OCT

In this subsection, we prove the main result of this section. We show that there does not
exist a polynomial kernel of &Z5-CF-OCT. Towards this we give a parameter preserving
reduction from #%;-CF-s-t CUT to #Z3-CF-OCT. Given an instance (G, H,s,t,k) of
P%5-CF-s-t CUT, we construct an instance (G',H',k+ 1) of Z25-CF-OCT as follows.
Initially, we have V(G') = V(H') = V(G)U{z,a,b}. Now, for each edge ¢; € E(G), add a
vertex w; to V(G') and V(H'). Now, we define the edge set of G'. Let x;,y; be end points
of e¢; € E(G). For each ¢; € E(G), add edges x;w; and y;w; to E(G'). Also, add a self

loop on z in G’ and edges sa,ab and bt to E(G’). To construct the edge set of H', we set
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WE(@G)|

Graph H'

Figure 5.3: Anillustration of construction of graph G and H in reduction from &#Z;-CF-s-
Cut to #Z5-CF-OCT.

E(H') = E(H — {s,t}). Additionally, we add zs,zt,za, zt, and zw; for each w; € V(H') to
E(H'). Figure 5.3 describes the construction of G and H. Clearly, H' belongs to &5*
and this construction can be carried out in the polynomial time. Now, we prove the
equivalence between the instances (G, H,s,t,k) of #Z;-CF-s-t CUT and (G, H' k+1)
of #Z5-CF-OCT in the following lemma.

Lemma 33. (G,H,s,t,k) is a yes-instance of #%5-CF-s-t CUT if and only if (G',H',k+1)
is a yes-instance of #23-CF-OCT.

Proof. In the forward direction, let (G,H,s,t,k) be a yes-instance of #%;-CF-s-t CUT
and S be one of its solution. We claim that SU {z} is a solution to #Z5-CF-OCT in
(G’ H' k+1). In the graph G’, since we subdivide each edge, all the paths from s — are
of even length. Since, we subdivide each edge of G, G’ — {a,b,z} is a bipartite graph.
Hence, an odd cycle in G’ — z consists of an s — path in G’ — {a,b} and edges sa, ab
and bt. Clearly, by the construction of G', (G’ — {a,b}) \ S does not contain an s — ¢ path
and hence G’ — z does not contain an odd cycle. Since, H[S] is edgeless, SU{z} is an

independent set in H’. This completes the proof in the forward direction.

In the reverse direction, let S be a solution to #25-CF-OCT in (G',H',k+1).
Since, z € S, therefore, s,t,a,b,w; ¢ S for any w; € V(H'). We claim that §' = S\
{z} is a solution to #%;-CF-s-t CUT in (G,H,s,t,k). Suppose not, then there ex-
ists a s — ¢ path (s,x1,x2,---,x;,¢) in G\ §'. Correspondingly, there exists a s — ¢ path

(s,w1,Xx1,W2,X2,++ ,X;,wii1,1) in G’ of even length which results into an odd cycle
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(s,w1,X1,w2,X2, -+ ,X;,W11,t,b,a) in G\ S, a contradiction. This completes the proof.

]

Now, we present the main result of this section in the following theorem.

Theorem 5.5.4. &25-CF-OCT does not admit a polynomial kernel. unless NP C %.

Proof. Using the construction defined above, given an instance (G,H,s,t,k) of 3223—CF—
s-t CUT, we construct an instance (G',H';k+ 1) of Z25-CF-OCT. Using Lemma 33,
(G,H,s,t,k) is a yes-instance of #%;-CF-s-t CUT if and only if (G',H’,k+ 1) is a yes-
instance of #Z5-CF-OCT. We claim that #Z5-CF-OCT does not admit a polynomial
kernel. Towards the contrary, suppose that &Z3-CF-OCT admits polynomial kernel,
then the instance (G,H,s,t,k) of 3223—(:1:—5‘—1‘ CUT admits a polynomial compression, a
contraction to the fact #Z;-CF-s-t CUT does not admit polynomial compression unless

NP
NP C C;’le. [

5.6 Conclusion

In this chapter we studied kernelization complexity of Z,;-CF-FVS and Z,-CF-OCT.
We showed that the former admits a polynomial kernel of size k?(4), while 2,;-CE-OCT
does not admit any polynomial kernel unless NP C %. In fact, the later does not admit
polynomial kernel even for much more specialized problem, namely @;@-CF—OCT. Using
much more involved marking scheme we can show that Z,;-CF-ECT admits polynomial
kernel of size k7@, Similarly, we can extend the known polynomial kernel for OCT
to CF-OCT when the conflict graph H has maximum degree at most one. Two most
interesting questions that still remain open form our work are following: (a) does CF-FVS
admit uniform polynomial kernel on graphs of bounded expansion; and (b) does CF-OCT

admit a polynomial kernel when H is disjoint union of paths of length at most 2.
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Chapter 6

Parameterized Complexity of

Conflict-Free Matchings and Paths

6.1 Introduction

In the previous chapters, we studied conflict-free variant of some classical combinatorial
optimization problems from the viewpoint of algorithmic complexity. Recal that a typical
input to a conflict-free variant of a classical problem I', which we call CONFLICT-FREE I,
consists of an instance / of I" coupled with a graph H, called the conflict graph. A solution
to CONFLICT-FREE I' in (I, H) is a solution to I in I', which is also an independent set
in H. We noticed that conflict-free version of the problem introduces the constraint of
“impossible pairs” in the solution that we seek for. Such a constraint of “impossible pairs”
in a solution arises, for example, in the context of program testing and validation [57, 72].
Gabow et al. [57] studied the conflict-free version of finding paths in a graph, which they

showed to be NP-complete.

In the previous chapters, we initiated the study of conflict-free problems in the realm

of Parameterized Complexity. In particular, we studied CONFLICT-FREE .% -DELETION
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problems for various families .%, of graphs such as, the family of forests, independent sets,

bipartite graphs, interval graphs, etc.

MAXIMUM MATCHING and SHORTEST PATH are among the classical graph problems
which are of very high theoretical and practical interest. The MAXIMUM MATCHING
problem takes as input a graph G, and the objective is to compute a maximum sized subset
Y C E(G) such that no two edges in ¥ have a common vertex. MAXIMUM MATCHING is
known to be solvable in polynomial time [47, 88]. The SHORTEST PATH problem takes as
input a graph G and vertices s and 7, and the objective is to compute a path between s and ¢
in G with the minimum number of vertices. The SHORTEST PATH problem, together with
its variants such as all-pair shortest path, single-source shortest path, weighted shortest

path, etc. are known to be solvable in polynomial time [41, 9].

Darmann et al. [36] (among other problems) studied the conflict-free variants of
MAXIMUM MATCHING and SHORTEST PATH. They showed that the conflict-free variant
of MAXIMUM MATCHING is NP-hard even when the conflict graph is a disjoint union
of edges (matching). Moreover, for the conflict-free variant of SHORTEST PATH, they
showed that the problem is APX-hard, even when the conflict graph belongs to the family
of 2-ladders.

In this chapter, we study conflict-free (parameterized) variants of MAXIMUM MATCH-
ING and SHORTEST PATH, which we call CONFLICT FREE MAXIMUM MATCHING
(CF-MM, for short) and CONFLICT FREE SHORTEST PATH (CF-SP, for short), respec-

tively. We recall the formal definitions of the problems here.

CONFLICT FREE MAXIMUM MATCHING (CF-MM) Parameter: k
Input: A graph G = (V,E), a conflict graph H = (E,E’), and an integer .

Question: Is there a matching M of size at least k in G, such that M is an independent

setin H?
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CONFLICT FREE SHORTEST PATH (CF-SP) Parameter: &
Input: A graph G = (V,E), a conflict graph H = (E,E’), two special vertices s and t,
and an integer k.

Question: Is there an sz-path P of length at most k in G, such that E(P) is an indepen-

dent set in H?

We show that both CF-MM and CF-SP are W[1]-hard, when parameterized by the
solution size. The W/[1]-hardness for CF-MM is obtained by giving an appropriate
reduction from INDEPENDENT SET, which is known to be W([1]-hard, when parameterized
by the solution size [29, 43]. In fact, our W[1]-hardness result for CF-MM holds even
when the graph where we want to compute a matching is itself a matching. We show the
W([1]-hardness of CF-SP by giving an appropriate reduction from a multicolored variant of
the problem UNIT 2-TRACK INDEPENDENT SET (which we prove to be W[1]-hard). We
note that UNIT 2-TRACK INDEPENDENT SET is known to be W[1]-hard, which is used to
establish W[1]-hardness of its multicolored variant. We note that our W[1]-hardness result

of CF-SP holds even when the conflict graph is a unit interval graph.

Having shown the W([1]-hardness results, we then restrict our attention to having
conflict graphs belonging to some families of graphs, where the INDEPENDENT SET
problem is either polynomial time solvable or solvable in FPT time. Two of the very
well-known graph families that we consider are the family of chordal graphs and the family
of d-degenerate graphs. For the CF-MM problem, we give an FPT algorithm, when
the conflict graph belongs to the family of chordal graphs. Our algorithm is based on a
dynamic programming over a “structured” tree decomposition of the conflict graph (which
is chordal) together with “efficient” computation of representative families at each step
of our dynamic programming routine. Notice that we cannot obtain an FPT algorithm
for the CF-SP problem when the conflict graph is a chordal graph. This holds because
unit-interval graphs are chordal, and the problem CF-SP is W[1]-hard, even when the

conflict graph is a unit-interval graph.
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For conflict graphs being d-degenerate, we obtain FPT algorithms for both CF-MM
and CF-SP. These algorithms are based on the computation of an independence covering
family, a notion which was recently introduced by Lokshtanov et al. [81]. We note that
even for nowhere dense graphs, such an independence covering family can be computed
efficiently [81]. Since our algorithms are based on computation of independence covering

families, hence, our results hold even when the conflict graph is a nowhere dense graph.

Finally, we study a variant of CF-MM and CF-SP, where instead of conflicting
conditions being imposed by independent sets in a conflict graph, they are imposed by
independence constraints in a (representable) matroid. We give FPT algorithms for the

above variant of both CF-MM and CF-SP.

6.2 Preliminaries

Sets and functions. We denote the set of natural numbers and the set of integers by N
and Z, respectively. By N> we denote the set {x € N |x > 1}. Forn € N, by [1] and [0, ],
we denote the sets {1,2,---,n} and {0,1,2,--- ,n}, respectively. Foraset U and p € N, a
p-family (over U) is a family of subsets of U of size p. A function f : X — Y is injective
if for each x,y € X, f(x) = f(y) implies x = y. For a function f: X — Y and aset S C X,
fls : 8 — Y is a function such that for s € S, we have f|s(s) = f(s). We let @ denote the
exponent in the running time of algorithm for matrix multiplication, the current best known

bound for it is @ < 2.373 [109].

Graphs. Consider a graph G. By V(G) and E(G) we denote the set of vertices and edges
in G, respectively. For X C V(G), G[X] denotes the subgraph of G with vertex set X and
edge set {uv € E(G) | u,v € X}. For Y C E(G), G[Y] denotes the subgraph of G with

vertex set Uy ey {u,v} and edge set Y.

Let G be a graph. An independent set in G is a set X C V(G) such that for every
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u,v € X, uv ¢ E(G). A matching in G is a set Y C E(G) such that no two distinct edges in
Y have a common vertex. A matching M in G is a maximum matching if for any matching
Y in G, [M| > |Y|. A matching M in G saturates a set X C V(G), if every vertex in X is an
end point of an edge in M. For vi,vy € V(G), avyvg-path P = (vi,va, -+ ,vy_1,v¢) in G is
a sequence of (distinct) vertices, such that V(P) C V(G) and for each i € [¢ — 1], we have
viviy1 € E(G). Moreover, the edges in {v;v;11 | i € [( — 1]} are called edges in P. The
length of a path is the number of edges in it. A shortest uv-path is a uv-path with minimum

number of edges.

A chordal graph is a graph with no induced cycles of length at least four. An interval
graph is an intersection graph of line segments (intervals) on the real line, that is, its vertex
set is a set of intervals, and two vertices are adjacent if and only if their corresponding
intervals intersect. A unit-interval graph is an intersection graph of intervals of unit length
on the real line. For d € N, a graph is d-degenerate if every subgraph of it has a vertex of
degree at most d. A clique K in G is an (induced) subgraph, such that for any two distinct
vertices u,v € V(K) we have uv € E(G). A vertex set S C V(G) is a clique in G if G[S] is
aclique. Let G| = (V,E;) and G, = (V»,E») be two graphs. If V| NV, = 0, then disjoint
union of G| and Gj, is the graph G = (V] UV,,E| UE;). If V| = V,, then the edge-wise
union of G| and G is the graph G = (V|,E] UE,).

In the following we state definitions related to tree decomposition and some results on

them, that are used in our algorithms.

Definition 18. A tree decomposition of a graph H is a pair (T,X), where T is a rooted tree
and X ={X; |t € V(T)}. Every node t of T is assigned a subset X; C V(H), called a bag,

such that following conditions are satisfied:

* U X, =V(H),thatis, each vertex in H is in at least one bag;
teV(T)

* For every edge uv € E(H), there is t € V(T) such that u,v € X;;

* For every vertex v € V(H) the graph T[{r € V(T) | v € X;}] is a connected subtree
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of T.

To distinguish between vertices of a graph H and vertices of its tree decomposition
(T,X), we refer to the vertices in T as nodes. Since T is a rooted tree, we have a natural
parent-child and ancestor-descendant relationship among nodes in 7. For anode t € V(T),
by desc(z) we denote the set descendant of 7 in T (including ¢). For anode t € V(T) by V;
we denote the union of all bags in the subtree rooted at 7, that is, V; = U cdesc(;)Xa and by
H; we denote the graph H[V,]. A leaf node of T is a node with degree exactly one in T,
which is different from the root node. All the nodes of T which are neither the root node

nor a leaf node are non-leaf nodes.

We now define a more structured form of tree decomposition that will be used in the

algorithm.

Definition 19. Let (7,X) be a tree decomposition of a graph H with r as the root node.
Then, (T,X) is a nice tree decomposition if for each each leaf ¢ in T and the root r, we

have that X, = X, = 0, and each non-leaf node r € V(T) is of one of the following types:

1. Introduce node: 7 has exactly one child, say 7, and X; = X,y U{v}, where v ¢ X,.

We say that v is introduced at t;

2. Forget node: ¢ has exactly one child, say ¢, and X; = X,/ \ {v}, where v € X;,. We

say that v is forgotten at t;

3. Join node: ¢ has exactly two children, say #; and 1>, and X; = X;, = X;,.

Proposition 14. [[29, 69]] Given a tree decomposition (T,X) of a graph H, in polynomial
time we can compute a nice tree decomposition (T',X") of H that has at most O'(k|V (H)|)
nodes, where, k is the size of the largest bag in X. Moreover, for eacht' € V(T'), there is

t € V(T) such that X}, C X;.

A tree decomposition (7,X) of a graph H, where for each t € V(T), the graph H[X;]
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is a clique, is called a clique-tree. Next, we state a result regarding computation of a

clique-tree of a chordal graph.

Proposition 15. [[58]] Given an n vertex chordal graph H, in polynomial time we can

construct a clique-tree (T,X) of H with O (n) nodes.

Using Proposition 14 and 15 we obtain the following result.

Proposition 16. Given an n vertex chordal graph H, in polynomial time we can construct
a nice tree decomposition which is also a clique-tree (nice clique-tree), (T,X) of H with

0 (n?) nodes.

Matroids and representative sets. In the following we state some basic definitions
related to matroids. We refer the reader to [97] for more details. We also state the definition

of representative families and state some results related to them.

Definition 20. A pair .# = (U,.¥), where U is the ground set and .# is a family of subsets

of U, is a matroid if the following conditions hold:

s Qe 7,
e Ifj€ Yand, CI,then, € .7,

o If 1,5, € .Z and || < |I;|, then there exists an element x € I} \ I, such that L U {x} €

.

An inclusion-wise maximal set in .# is called a basis of .# . All bases of a matroid
are of the same size. The size of a basis is called the rank of the matroid. For a matroid

M = (U,.7) and sets P,Q C U, we say that P fits Qif PNQ =0 and PUQ € .¥.

A matroid .# = (U,.¥) is a linear (or representable) matroid if there is a matrix
A over a field F with E as the set of columns, such that: 1) |E| = |U|; 2) there is an

injective function ¢ : U — E, such that X C U is an independent set in .# if and only if
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{@(x) | x € X} is a set of linearly independent columns (over F). In the above, we say that

A is representable over F, and A is one of its representation.

In the following, we define some matroids and state results regarding computation of

their representations.

Definition 21 ([29, 97]). A matroid .# = (U,.¥) is a partition matroid if the ground set U
is partitioned into sets Uy, U>, - - - , Uy, and for each i € [k], there is an integer a; associated

with U;. A set S C U is independent in .# if and only if for each i € [k], [SNU;| < a;.

Proposition 17. [[52, 97, 85]] A representation of a partition matroid over Q (the field of

rationals) can be computed in polynomial time.

Definition 22. Let .#, = (Uy, %), #> = (U, %) -+ , M = (Uy, - #;) be t matroids with
UNU;j=0,forall 1 <i# j<t. Thedirect sum #\®---® My, of M\, M, -, M is
the matroid with ground set U = U;c[yU; and X C U is independent in ./ if and only if

foreachi e [t], XNU; € .

Proposition 18. [[85, 97]] Given matrices A1,A»,---,A; (over F) representing matroids
M\, M, -, My, respectively, we can compute a representation of their direct sum, .Z| ®

-+ @ My, in polynomial time.

Next, we state the definition of representative families.

Definition 23. Let .# = (U,.#) be a matroid, and <7 be a p-family of U. We say that
/" C o is a g-representative for <7 if for every set Y C U of size g, if there is a set X € .«7,
suchthat XNY =0 and X UY € .#, then there is a set X’ € &/’ such that X'NY =0 and

X'UY € Z.If &' C o is a g-representative for </ then we denote it by &7’ Cf,, .
In the following, we state some basic propositions regarding g-representative sets,
which will be used later.

Proposition 19. [[29, 52]] If @ Clep 9% and oty Clep 5, then oty Clep 5.
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Proposition 20. [[29, 52]] If <) and <, are two p-families such that | Q?ep | and
% g?ep <, then 52{1/ UJMZI g?ep U,

Next, we state a result regarding the computation of a g-representative set.

Theorem 6.2.1 ([29, 52]). Given a matrix M (over field F) representing a matroid .# =
(U,.7) of rank k, a p-family <f of independent sets in ./, and an integer q such that
p+q =k, there is an algorithm which computes a g-representative family &' Clep o of

size at most (p;;q) using at most O (|</ | ((p;:q) e+ (p;q) w_l)) operations over F.

Let <7 and % be two families of sets over U and .# = (U,.#) be a matroid. We

define their convolution as follows.
A xah ={A1UA, |A| € ,Ap € oh,A]NA, =0 and A|UA, € 7}

Lemma 34. Let .# = (U,.¥) be a matroid, <) be a pi-family, and <5 be a p,-family. If

o] Crel" oy and o) Cral? o, then o x oy Cha' P2 o) % cbh.

Proof. The proof of this lemma is similar to the proof of Lemma 12.28 in [29]. Let B be
a set of size k — p; — p>. Suppose there exists a set A UA, € o] x @ that fits B. Since,
(A1 UA2) NB =0, we have [BUA;| = k— p;. This implies that there exists A| € &7/
which fits BUA,, that is, (A] UBUA;) € .# and A| N (BUA;) = 0 which gives |[A] UB| =
k — p>. This means, there exists A} € <7, that fits A} UB, that is, (A5 UA] UB) € . and
ASN(A7UB) =0. Since, A] N (BUA;) =0 and A, N (A} UB) =0, we get (A] UAL)NB =0.

Hence, A UA) fits B and (A} UA)) € o] x . O

Next, we give a result regarding computation of convolution ().

Proposition 21. Let M be a matrix over a field F representing a matroid .# = (U,.% ) over
an n-element ground set, <) be a pi-family, and < be a p,-family, where p| + p» = k.

Then o, x oty can be computed in time 0/(2n? (V).
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Proof. Consider the standard convolution operation, 7] o /5 = {A| UA, |A| € 9,A; €
5 and A| NA; = 0} defined in [29, Section 12.3.5]. The family <7} o <% can be computed
in 0(2n?) time [29, Exercise 12.12]. Since, ./ . = {A| UA; | A| € o,Ay € @b, A1 N
Ay =0,and A UA; € .#}. Hence, X € of] x5 if and only if X € 7] o @5 and X is
a set of linearly independent columns (over F). Testing whether a set of vectors is
linearly independent over a field can be done in time polynomial in size of the set (using
Gaussian elimination). Therefore, testing if an X € .27 o 7 is linearly independent, can
be done in time @ (n? (V). Since |7 o w| < | o ||.o|, family 27] * o5 can be computed
in O((2F + ||| )n? M) time. Since, |.71| < 27! and | .o%| < 2P2, the running time is

bounded by &'(2kn? (). O

Universal sets and their computation.

Definition 24. An (n,k)-universal set is a family .# of subsets of [n] such that for any set

S C [n] of size k, the family {ANS|A € .#} contains all 2* subsets of S.

Next, we state a result regarding the computation of a universal set.

Proposition 22. [29, 93] For any n,k > 1, we can compute an (n,k)-universal set of size

2k (10gk) 1og 11 in time 2*k7(1°¢5) nlogn.

6.3 W/[1]-hardness Results

In this section, we show that CONFLICT FREE MAXIMUM MATCHING and CONFLICT

FREE SHORTEST PATH are W([1]-hard, when parameterized by the solution size.
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6.3.1 W(/[1]-hardness of CF-MM

We show that CF-MM is W[1]-hard, when parameterized by the solution size, even when
the graph where we want to find a matching, is itself a matching (disjoint union of edges).
To prove our result, we give an appropriate reduction from INDEPENDENT SET to CF-MM.

In the following, we define the problem INDEPENDENT SET.

INDEPENDENT SET Parameter: k
Input: A graph G and an integer k.

Question: Is there a set X C V(G) of size at least k such that X is an independent set

in G?

It is known that INDEPENDENT SET is W([1]-hard, when parameterized by the size of

an independent set [29, 43].

Theorem 6.3.1. CF-MM is W|1|-hard, when parameterized by the solution size.

Proof. Given an instance (G*,k) of INDEPENDENT SET, we construct an equivalent
instance (G,H k) of CF-MM as follows. We first describe the construction of G. For
each v € V(G*), we add an edge v to G. Notice that G is a matching. This completes
the description of G. Next, we move to the construction of H. We have V(H) = {e, =
w | v € V(G*)}. Moreover, for e,, e, € V(H), we add the edge e,e, to E(H) if and only
if uv € E(G*). We note that H is exactly the same as G*, with vertices being renamed.
This completes the construction of (G, H, k) of CF-MM. Next, we show that (G*,k) is a

yes-instance of INDEPENDENT SET if and only if (G, H, k) is a yes-instance of CF-MM.

In forward direction, let (G*,k) be a yes-instance of INDEPENDENT SET, and S be one
of its solution. Let §' = {e, | v € S}. We show that S’ is a solution to CF-MM. Notice that
by construction, S’ is a matching in G, and |S’| = |S| > k. Moreover, G* is isomorphic to H,
with the vertex mapping as ¢ : V(G*) — V(H), where for v € V(G*), ¢(v) = ¢,. Hence,

S’ is an independent set in H.
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In reverse direction, let (G, H, k) be a yes-instance of CF-MM, and §’ be one of its
solution. Let S = {v | e, € §'}. Using an analogous argument as in the forward direction,
we conclude that S is a solution to INDEPENDENT SET in (G*,k). This concludes the

proof. U

6.3.2 W([1]-hardness of CF-SP

We show that CF-SP is W[1]-hard, when parameterized by the solution size, even when the
conflict graph is a proper interval graph. We refer to this restricted variant of the problem
as UNIT INTERVAL CF-SP. To prove our result, we give an appropriate reduction from
a multicolored variant of the problem UNIT 2-TRACK INDEPENDENT SET, which we
call UNIT 2-TRACK MULTICOLORED IS. In the following, we define the problems UNIT

2-TRACK INDEPENDENT SET and UNIT 2-TRACK MULTICOLORED IS.

UNIT 2-TRACK INDEPENDENT SET (UNIT 2-TRACK 1S) Parameter: k
Input: Two unit-interval graphs G| = (V,E}) and G, = (V, E;), and an integer k.

Question: Is there a set S C V of size at least k, such that §S is an independent set in

both G| and G;?

UNIT 2-TRACK MULTICOLORED IS (UNIT 2-TRACK MIS)

Input: Two unit-interval graphs G| = (V,E;) and G, = (V,E;), and a partition
Vi,Va, -+, Vi of V.

Parameter: k

Question: Is there a set S C V, such that § is an independent set in both G| and G»,

and for each i € [k], we have |[SNV;| = 1?

It is known that UNIT 2-TRACK IS is W[1]-hard, when parameterized by the solution
size [65]. We show that the problem UNIT 2-TRACK MIS is W([1]-hard, when parameter-
ized by the number of sets in the partition. We show this by giving an appropriate (Turing)

reduction from UNIT 2-TRACK IS. Finally, we give a reduction from UNIT 2-TRACK
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MIS to UNIT INTERVAL CF-SP, hence obtaining the desired result.

6.3.3 W(/[1]-hardness of UNIT 2-TRACK MIS.

We give a (Turing) reduction from UNIT 2-TRACK IS to UNIT 2-TRACK MIS. Moreover,
since we want to rule out existence of an FPT algorithm, we spend FPT time to obtain

FPT many instances of UNIT 2-TRACK MIS.

Before proceeding to the reduction from UNIT 2-TRACK IS to UNIT 2-TRACK MIS,

we define the notion of perfect hash family, which will be used in the reduction.

Definition 25. An (n,k)-perfect hash family %, is a family of functions f : [n] — [k] such

that for every set S C [n] of size k, there is an f € .#, such that f|g is injective.

In the following, we state a result regarding computation of an (n,k)-perfect hash

family.

Theorem 6.3.2. [29, 93] For any n,k > 1, an (n,k)-perfect hash family of size

kj O (logk)

¢ k200ek) 1og 1 can be constructed in e nlogn time.

Now we are ready to give a (Turing) reduction from UNIT 2-TRACK IS to UNIT

2-TRACK MIS.

Lemma 35. There is a parameterized Turing reduction from UNIT 2-TRACK IS fo UNIT

2-TRACK MIS.

Proof. Let (G,G3,k) be an instance of UNIT 2-TRACK IS, where V(G;) =V (G) =
[n]. We construct a family % of instances of UNIT 2-TRACK MIS as follows. We

start by computing an (n,k)-perfect hash family .7, of size kf 0 (logh)

logn, in time
ekkﬁ(logk)nlog n, using Theorem 6.3.2. Now, for each f € .%, we construct an instance
Iy = (Gl,Gz,Vlf,sz,--- ,ka) of UNIT 2-TRACK MIS as follows. For i € [k], we set

v/ ={veV(G))| f(v)=i}. Finally, we set & = {I; | f € F}.
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We claim that (G, G2, k) is a yes-instance of UNIT 2-TRACK IS if and only if there is

Ir € € such that I is a yes-instance of UNIT 2-TRACK MIS.

In the forward direction, let (G, G,k) be a yes-instance of UNIT 2-TRACK IS, and
S be one of its solution of size k. Consider f € .% such that f|s is injective, which exists
since .7 is an (n,k)-perfect hash family. By construction of ¢, we have Iy € €. Moreover,

by construction of f, for each i € [k], we have |SNV;| = 1. Hence, S is a solution to /.

In the reverse direction, let Iy € % be a yes-instance of UNIT 2-TRACK MIS, and
S be one of its solution. Clearly, S is a solution to UNIT 2-TRACK IS in (Gi,G,k) as

Ir= (GI,GZ,Vlf,VQf, - ,ka). This concludes the proof. O

Theorem 6.3.3. UNIT 2-TRACK MIS is W([1]-hard, when parameterized by the solution

size.

Proof. Follows from Lemma 35 and W[1]-hardness of UNIT 2-TRACK IS. O

6.3.4 W/[1]-hardness of UNIT INTERVAL CF-SP

We give a parameterized reduction from UNIT 2-TRACK MIS to UNIT INTERVAL CF-SP.
Let (G1,G2,Vi,- -+, Vi) be an instance of UNIT 2-TRACK MIS. We construct an instance
(G',H,s,t,k') of UNIT INTERVAL CF-SP as follows. For each v € V(G ), we add a path
on 3 vertices namely, (v,v2,v3) in G’. For notational convenience, for v € V(Gy), by
e12(v) and ep3(v) we denote the edges viv, and v,v3, respectively. Consider i € [k — 1].
For u € V; and v € V;, 1, we add the edge z,, = uzv; to E(G’) (see Figure 6.1). Moreover,
by Z;, we denote the set {z,, | u € V;,v € Vi1 }. We add two new vertices s and 7 to V(G’),
and add all the edges in Zy = {sv; | v € V1 } and Z; = {v3t | v € V}} to E(G’). Next, we
move to the construction of H. Note that H must be a unit-interval graph on the vertex
set E(G') = (UicjogZi) U (Upev(Gy)1er2(v), e23(v)}). In H, each vertex in Ujc(g 9Z; is an
isolated vertex. Let Ejp = {e12(v) | v € V(G1)} and Ex3 = {ex3(v) | v € V(Gy)}. For

e12(u),e12(v) € E1, we add the edge eja(u)ej2(v) to E(H) if and only if uv € E(G).
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Figure 6.1: An illustration of the construction of G’ in W/[1]-hardness of UNIT INTERVAL
CF-SP.

Similarly, for ey3(u),e23(v) € Ea3, we add the edge ex3(u)exs(v) to E(H) if and only if
uv € E(G,). Observe that H[E|»] is isomorphic to Gy, with bijection ¢; : V(G) — E»
with ¢ (v) = e12(v). Similarly, H[E>3] is isomorphic to G, with bijection ¢, : V(G3) — En3
with ¢ (v) = ex3(v). By construction, H is a disjoint union of unit-interval graphs, and
hence is a unit-interval graph. Finally, we set X = 3k + 1. This completes the description

of the reduction.

In the following lemma we show that the instance (G, G, Vi, -+, Vi) of UNIT 2-

TRACK MIS and the instance (G',H,s,t,k") of UNIT INTERVAL CF-SP are equivalent.

Lemma 36. (G1,G,,Vy, -+, Vi) is a yes-instance of UNIT 2-TRACK MIS if and only if

(G',H,s,t,k') is a yes-instance of UNIT INTERVAL CF-SP.

Proof. In the forward direction, let (Gi,G,,V}, -+, V) be a yes-instance of UNIT 2-
TRACK MIS, and S = {v!,1?,--- ,vk} be one of its solution, such that v/ € V;. We claim
that P = (s,v%,vé,v%, e ,vlf,v§7v’§,t) is a conflict-free path (on 3k + 1 edges) in G'. By
the construction of G, it follows that P is a path in G’. Next, we show that E(P) is an
independent set in H. Let vg = s and vlf“ =t. By construction, each edge in {vgv’frl |
i € [0,k]} C UjguZi is an isolated vertex in H. Also, for each i € [k], we have that
{e12(v'),e23(v')} is an independent set in H. Next, consider i, j € [k], where i # j. By
construction e1n (v')ex3 (v/),ex3(v)e1n(v/) & E(H). Moreover, e12(v)e12(v/) ¢ E(H) since
S in an independent set in Gy. Similarly, e»3(v')ex3(v/) ¢ E(H) as S is an independent set
in G. In the above, we have considered every pair of edges in E(P), and argued that no

two of them are adjacent to each other in H. Hence, it follows that P is a solution to UNIT
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INTERVAL CF-SPin (G',H,s,t,k').

In the reverse direction, let P be a solution to UNIT INTERVAL CF-SPin (G',H,s,t,k').

By the construction of G’, the path P must be of the form (s, v% , vé, v%, e v’l‘, v’é, vé, t). We
claim that S = {v!,»?,--- 1} is an independent set in both G| and G,. Suppose not, then

there is an edge v'v/, i # j and i, j € [k] say, in G (the case when it is in G5 is symmetric).
But then ej5(v')e2(1/) is an edge in H, contradicting that E(P) is an independent set in
H. Hence, we have that § is an independent set both in G| and G;. Moreover, since P is a
path of length at most 3k + 1, it must hold that for each i € [k], we have vi € V;. Hence, S

is a solution to UNIT 2-TRACK MIS in (Gy,G3, Vi, -, V). ]

Theorem 6.3.4. UNIT INTERVAL CF-SP is W[1]-hard, when parameterized by the solution

size.

Proof. Follows from the construction of instance (G',H,s,t,k") of UNIT INTERVAL CF-
SP, for the given instance (G1,G2,V,- -+, Vi) of UNIT 2-TRACK MIS, Lemma 36, and
Theorem 6.3.3. O

6.4 FPT Algorithm for CF-MM with Chordal Conflict

In this section, we show that CF-MM is FPT, when the conflict graph belongs to the family
of chordal graphs. We call this restricted version of CF-MM as CHORDAL CONFLICT
MATCHING. Towards designing an algorithm for CHORDAL CONFLICT MATCHING, we
first give an FPT algorithm for a restricted version of CHORDAL CONFLICT MATCHING,
where we want to compute a matching for a bipartite graph. We call this variant of
CHORDAL CONFLICT MATCHING as CHORDAL CONFLICT BIPARTITE MATCHING
(CCBM). We then employ the algorithm for CCBM to design an FPT algorithm for

CHORDAL CONFLICT MATCHING.
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6.4.1 FPT algorithm for CCBM

We design an FPT algorithm for the problem CCBM, where the conflict graph is chordal
and the graph where we want to compute a matching is a bipartite graph. The problem

CCBM is formally defined below.

CHORDAL CONFLICT BIPARTITE MATCHING (CCBM) Parameter: k
Input: A bipartite graph G = (V,E) with vertex bipartition L,R, a conflict graph
H = (E,E’), and an integer k.

Question: Is there a matching M C E of size k in G, such that M is an independent set

in H?

The FPT algorithm for CCBM is based on a dynamic programming routine over a
tree decomposition of the conflict graph H and representative sets on the graph G. Let
(G,L,R,H k) be an instance of CF-MM, where G is a bipartite graph on n vertices, with

vertex bipartition L, R, and H is a chordal graph with V(H) = E(G).

In the following, we construct three matroids .#; = (E, %), #r = (E¢, ), and
A = (EUE®,.7). Matroids ., and .4y are partition matroids and the matroid .# is the
direct sum of .#7 and .#g. The ground set of .#} is E = E(G). The set E€ contains a copy
of edges in E, that is, E“ = {e“ | e € E}. We create two (disjoint) sets E and E¢, because
A is the direct sum of .#; and ., and we want their ground sets to be disjoint. Next, we
describe the partition & of E into |L| sets and |L| integers, one for each set in the partition,
for the partition matroid .. For u € L, let E, = {uv | uv € E}. Notice that for u,v € L,
where u # v, we have E, N E, = 0. Moreover, UycgE, = E. We let & = {E, |u € L}, and
for each u € L, we set a, = 1. Similarly, we define the partition & of E€ with respect to
set R. That is, we let & = {E; = {(uv)° | uv € E(G)} | u € R}. Furthermore, for u € R,
we let a,c = 1. We define the following notation, which will be used later. For Z C E, we

let Z¢={e‘|ecZ} CE“.

Proposition 23. Q C E(G) is a matching in G with vertex bipartition L and R if and only
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if QU QF is an independent set in the matroid M = M & MR.

Proof. In the forward direction, let Q be a matching in the bipartite graph G = (V, E), where
V = LUR. Since, 4 = (E,.#1) is a partition matroid with partition & = {E, |u € L}
and a, = 1, for each u € L, QN L is an independent set in .#;. Similarly, QN R is an
independent in .#g. Since, # = .#1 O MR, it follows that QU Q¢ is an independent set
in .

In the reverse direction, consider Q C E such that Q U Q€ is an independent set in .Z .
Since, # = M o ® M4, Q is independent in .#; and Q° is independent in .#. Since,
0 and Q° both have copies of the same edge, no two edges in Q share an end point in G.

Hence, Q forms a matching in G. [

To capture the independence property on the conflict graph, we rely on the fact that a
chordal graph admits a nice clique-tree (Proposition 16). This allows us to do dynamic
programming over a nice clique-tree. At each step of our dynamic programming routine,
using representative sets, we ensure that we store a family of sets which are enough to

recover (some) independent set in ., if a solution exists.

We now move to the formal description of the algorithm. The algorithm starts by
computing a nice clique-tree (7,X) of H in polynomial time, using Proposition 16. Let
r € V(T) be the root of the (rooted) tree T. For X; € X, we let Z; = {0} U{{v} | v € X;}.

Recall that for t € V(T'), H; is the graph H[V;], where V; = Ugcdesc(r)Xa-

In the following, we state some notations, which will be used in the algorithm. For

eachr € V(T),Y € Z;, and an integer p € [0, k] we define a family Wf y as follows.

Py ={ZUZ|ZCV(H,)(CE),|Z| = p,ZNX, =Y,ZUZ. € ¥ and H,[Z]

is edgeless}

138



For a family .# of subsets of EUE®, .% is called a paired-family if for each F € %,

there is Z C E, such that F = ZU Z°.

In the following definition, we state the entries in our dynamic programming routine.

Definition 26. For eacht € V(T), Y € Z; and p € [0,k], we have an entry c[t,Y,p],
which stores a paired-family % (t,Y, p) of subsets of E U E€ of size 2p, such that for each

F =ZUZ € Z, the following conditions are satisfied.

1. |Z| = p;
2. ZNX, =Y;

3. Z is a matching in G, that is, Z and Z¢ are independent sets in .#; and Mg,

respectively;

4. Zis an independent set in H;.

Moreover, & # 0 if and only if@f} #£ 0.

Consider t € V(T), Y € %Z; and p € [0,k]. Observe that @f’ y is a valid candidate
for c[t,Y, p], which also implies that (G,H,k) is a yes-instance of CCBM if and only
if c[r,0,k] # 0. However, we cannot set c[t,Y,p] = &y as the size of &/} could be
exponential in n, and the goal here is to obtain an FPT algorithm. Hence, we will store a
much smaller subfamily (of size at most (i’; )) of 2y in c[t,Y, p], which will be computed
using representative sets. Moreover, as we have a structured form of a tree decomposition
(nice clique-tree) of H, we compute the entries of the table based on the entries of its
children, which will be given by recursive formulae. For leaf nodes, which form base cases

for recursive formulae, we compute all entries directly.

Next, we give (recursive) formulae for the computation of the table entries. Consider

teV(T),Y € Z; and p € [0,k]. We compute the entry c[t,Y, k| based on the following
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cases.

Leaf node: 7 is a leaf node. In this case, we have X; = 0, and hence 2; = {0}. If p =0,
then gztl’ 0 =10}, and th o = 0, otherwise. Since, gztl’ » is a valid candidate for ct,Y, p],

we set c[t,Y, p] = 27,. Note that c[t,Y, p] has size at most 1 < (gllj), and we can compute

clt,Y, p] in polynomial time.

Introduce node: Suppose 7 is an introduce node with child ' such that X; = X U {e},
where e ¢ X,. If Y # 0 and p < 1, then we set ct,Y, p| = 0. Otherwise, we compute the
entry as described below. Before computing the entry c|t,Y, p], we first compute a set %p Y

as follows.

N Y, if Y ;
6.0 7, c[t',Y, p] ifY # {e}

clt',0,p—1]x{{e,e}} otherwise.
Next, we compute @p Y Q?ekp_ 2 @;p y of size (i’j), using Theorem 6.2.1. Finally, we

set c[t,Y,p] = ézpy.

Correctness: To show the correctness, it is enough to show that c[t,Y, p] Q%fg 2p 9;’ y- If

Y # 0 and p < 1, then we correctly set c[t,Y, p] = 0. Hereafter, we assume that Y # 0
then p > 1. If Y # {e}, then the claim follows from the fact that c[¢,Y, p] = c[t’, Y, p] and

f@fyzgzp

"/ y- Therefore, we consider the case when Y = {e}. In this case, we observe the

following towards proving the claim.

1. 2l = 28 {{e,e}}.

2k—2(p—1) ~1
2. c[t',0,p—1] Crep 93570 .

From item 1 and 2, and Lemma 34, it follows that c[t',0, p — 1] % {{e, e} } Q%é(p_zlj @f?y.

This together with Proposition 19, and the fact that @Zp Y Q%é(; P elt 0, p—1]%{{e,e}}
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implies that c[t,Y, p] = @f’ , CHap Ply.

Forget node: Suppose 7 is a forget node with child ¢’ such that X; = X, \ {e}, where e € X,/.

Before computing the entry c[t,Y, p], we first compute a set 9” y as follows.

N clt’,Y, pl ifY #0,
(6.2) ‘@;?Y =

clf',0,p]Uclt’,{e},p] otherwise.

Next, we compute @f , Coap :@Zp y of size (%112), using Theorem 6.2.1. Finally, we

set c[t,Y,p] = @:Y'

Correctness: To show the correctness, it is enough to show that c[t,Y, p|] i > Ply I
Y # 0, then the claim follows from the fact that c[t,Y, p] = c[¢,Y, p], and @f y = @
Therefore, we consider the case when Y = (). In this case, we observe the following towards

proving the claim.

L. clt',0,p] Crep " 27,

clf' {e},p) S PE -

3. Py = PN 0P

"{et

From item 1 to 3, and Proposition 20, it follows that c[t", 0, p] Uc[t’, {e}, p] Cras 2" Ply.
This together with Proposition 19, and the fact that 3” %(fp P clt’,0, plUclt {e}, p]

implies that c[t,Y, p| = ﬁf , CHp Ply.

Join node: Suppose ¢ is a join node with children #; and t,, such that X; = X;, = X;,. If
Y # 0 and p < 1, then we set ct,Y, p] = 0. Otherwise, we compute the entry as described

below. Before computing the entry c[t,Y, p|, we first compute a set 9 y as follows.
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U (c[t1,0,i] *clt,0,p—i]) ifY =0;
~ ic[0,
(6.3) gzPY: €[0,p]

f,
U (c[t1,Y,i] *c[t2,0,p—i])  otherwise.
i€[p]

Next, we compute ﬂ[p v %(p 2p @;p , of size (%l’j), using Theorem 6.2.1. Finally, we

setc[t,Y,p] = @T[PY'

Correctness: To show the correctness, it is enough to show that c[t,Y, p] C %fp 2 9,’? y- If

Y # 0 and p < 1, then we correctly set c[t,Y, p| = 0. Hereafter, we assume that whenever
Y # 0, we have p > 1. Next, we consider the following cases depending on whether or not

Y =0.

* Y =0. In this case, we have &y = Uic(p p|(F) o* ,@p_i). Moreover, for i €

[0, p], we have that c[t;,0, ] Cfé‘p 2 @t’ and c[,0,p—i] C %fp 2p=) g@t’f’_@i. Above
arguments together with Proposition 20 and Lemma 34 implies that c[t,Y, p] C %é(p 2p
c@t{jy.

* Y # 0. In this case, we start by arguing that ‘@ZI?Y = Uie[p) (c[t1, Y, 1] x 2,0, p —
i) CH2P P/y. To this end, consider a set A € 2/, of size 2p and a set BC EUE®
of size 2k —2p such that AUB € .# and AN B = (. Observe that by construction
of Z/y, ACV(H)U(V(H,))",ANX, =Y. LetA; =ANV(H, ), Ay = A\ Ay, and
i*=|Aj|. Since A € ﬁt v and 9”51, is a paired-family, it holds that A{ UAS C A.
Let B, = BUA| UAY, and note that |By| = 2k — 2(p —i*). Moreover, c[t,0,p —
i*] g?é‘;z(”"'*) 95’_0"*, and therefore, there is A, UAE € c[t2,0, p— i*] such that (A, U
AS)UB; € . and (A, UAS) N B, = 0. Next, consider By = BU (A; UAS), and note
that |B| = 2k —2p+2(p—i*) = 2k — 2i*. Since, c[t),Y,i*] CH2" 21, therefore,

there is A} UAS € c[ty, T, i*] such that By U (A UAS) € .% and By N (A1 UAS) = 0. The

above arguments imply that (A; UAS) U (A, UAS) € .# and (A} UAS) N (A, UAS) =
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0. Hence, by definition of the convolution operation (x), we have (A; UAS)U
(A UAS) € c[t1,Y,i*] xc[t2,0, p — i*]. Moreover, BU (A; UAS) U (A, UAS) € .# and
BN(A1UAS)U (A UAS) = 0. Therefore, Ucpy) (c[r1, Y, ] %c[r2,0,p—i]) Crep - 2Py

This together with Proposition 19 implies that c[t,Y, p] %{p 2 @f v

This completes the description of the (recursive) formulae and their correctness for
computing all entries of the table. The correctness of the algorithm follows from the
correctness of the (recursive) formulae, and the fact that (G,H,k) is a yes-instance of
CCBM if and only if ¢[r,0,k] # 0. Next, we move to the running time analysis of the

algorithm.

Lemma 37. The algorithm presented for CCBM runs in time €0(29(@0n? () where n is

the number of vertices in G.

Proof. We do the running time analysis based on time required to compute an entry

clt,Y,k], fort e V(T),Y € Z; and p € [0,k]. We consider the following cases.

Leaf node: For leaf nodes the entries c[t,Y, k| can be computed in polynomial time.

Introduce node: The algorithm first computes a family @;’,’J from Equation 6.1, which

takes 2%n?(1) time (using Proposition 21). Moreover, ]%M < max{ (gf,), (2( ;fl)) }. The

algorithm then computes 9{; ; %fp p Wyt using Theorem 6.2.1, which takes time

bounded by ¢(27(@K) (1)),

Forget node: The algorithm first computes a family ,%’ ; from Equation 6.1, which takes
at most ( ) time by standard set union operation. Moreover, |?/” [| < 2(2k). The algorithm

w—1 0]
then computes 32{; %(p 2r gl ﬂh. This takes time L@f/’ |(2k) n?) < (%ﬁ) n?) <

4@kp0(1) - Therefore, the time required to compute an entry at forget node is at most

ﬁ(zﬁ(a}k)nﬁ(l) )

Join node: The algorithm first computes a family %) , from Equation 6.3, which takes

22k, 0(1)

at most time by Proposition 21 and standard set union operation. Moreover,
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|%’J| < 29(@%) Now the algorithm applies Theorem 6.2.1 on @{/’J and computes
@5 ; Q%ﬁ; 2p 355 .- This takes time bounded by & (29(@k) (1)) Therefore, the time

required to compute an entry at join node is at most ¢(27(@K) (1)),

The time to compute an entry c[r,Y,k] is at most @(27(@p?(1)) " Moreover, the
number of entries is bounded by |V(T)|-k-n € n?(1). Thus, the running time of the

algorithm is bounded by &(29(@K) ¢ (1)), O

Theorem 6.4.1. CCBM admits an FPT algorithm running in time €(29(@)p@ (1),

6.4.2 FPT algorithm for CHORDAL CONFLICT MATCHING.

We design an FPT algorithm for CHORDAL CONFLICT MATCHING, using the algorithm
for CCBM (Theorem 6.4.1). Let (G, H, k) be an instance of CF-MM, where H is a chordal
graph and G is a graph on n vertices. We assume that G is a graph on vertex set [n], which

can easily be achieved by renaming vertices.

The algorithm starts by computing an (2, 2k)-universal set .%, using Proposition 22. For
each set A € .Z, the algorithm constructs an instance Iy = (Ga,La, R4, Hy, k) of CCBM
as follows. We have V(G4) =V (G), Ly =A, R=V(G)\A, E(G4) ={uv € E(G) |u €
Ls,v € Ry}, and Hy = H[E(Gy4)]. Note that Hy is a chordal graph because chordal graphs
are closed under induced subgraphs and disjoint unions. The algorithm decides the instance
I4 using Theorem 6.4.1, for each A € .%. The algorithm outputs yes if and only if there is

A € 7, such that I is a yes-instance of CCBM.

Theorem 6.4.2. The algorithm presented for CE-MM is correct, Moreover, it runs in time
20(0k) 0 (0gk), 0() \phere @ < 2.373 is the exponent of matrix multiplication and n is the

number of vertices in the input graph.

Proof. Let (G,H k) be an instance of CF-MM, where H is a chordal graph and G is a

graph on vertex set [n]. Clearly, if the algorithm outputs yes, then indeed (G, H k) is a
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yes-instance of CF-MM. Next, we argue that if (G, H,k) is a yes-instance of CF-MM then
the algorithm returns yes. Suppose there is a solution M C E(G) to CF-MM in (G, H ,k).
Let S={i,j|ijeM}, and L= {i|thereis j € [n] such thatij € M and i < j}. Observe
that |S| = 2k. Since .# is an (n,2k)-universal set, there is A € .# such that ANS = L. Note
that S is a solution to CCBM in I4. This together with Theorem 6.4.1 implies that the

algorithm will return yes as output.

Next, we prove the claimed running time of the algorithm. The algorithm com-
putes (n,2k)-universal set of size ¢(2%k?002k) Jogn), in time &(2%k?1°¢%) plogn),
using Proposition 22. Then for each A € .%, the algorithm creates an instance Iy
of CCBM in polynomial time. Furthermore, it resolves the Iy of CCBM in time

7 (Zﬁ(a’k)nﬁ(l)) using Theorem 6.4.1. Hence, the running time of the algorithm is bounded

by zﬁ(wk)kﬁ(logk)nﬁ(l).

6.5 FPT algorithms for CF-MM and CF-SP with matroid

constraints

In this section, we study the problems CF-MM and CF-SP, where the conflicting condition
is being an independent set in a (representable) matroid. Due to technical reasons (which
will be clear later) for the above variant of CF-MM, we will only consider the case when

the matroid is repsesentable over Q (the field of rationals).

6.5.1 FPT algorithm for MATROID CF-MM

We study a variant of the problem CF-MM, where the conflicting condition is being an

independent set in a matroid representable over Q. We call this variant of CF-MM as
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RATIONAL MATROID CF-MM (RAT MAT CF-MM, for short), which is formally defined

below.

RATIONAL MATROID CF-MM (RAT MAT CF-MM) Parameter: k
Input: A graph G, a matrix A_; (representing a matroid .# over Q) with columns
indexed by E(G), and an integer k.

Question: Is there a matching M C E(G) of size at most k, such that the set of columns

in M are linearly independent (over Q)?

We design an FPT algorithm for RAT MAT CF-MM. Towards designing an algorithm
for RAT MAT CF-MM, we first give an FPT algorithm for a restricted version of RAT MAT
CF-MM, where the graph in which we want to compute a matching is a bipartite graph.
We call this variant of RAT MAT CF-MM as RAT MAT CF-BIPARTITE MATCHING (RAT
MAT CF-BM). We then employ the algorithm for RAT MAT CF-BM to design an FPT
algorithm for RAT MAT CF-MM.

6.5.1.1 FPT algorithm for RAT MAT CF-BM

We design an FPT algorithm for the problem RAT MAT CF-BM, where the conflicting
condition is being an independent set in a matroid (representable over Q) and the graph

where we want to compute a matching is a bipartite graph. This problem is formally

defined below.

RAT MAT CF-BIPARTITE MATCHING (RAT MAT CF-BM)

Input: A bipartite graph G = (V, E) with vertex bipartition L, R, a matrix A_, (repre-
senting a matroid .# over Q) with columns indexed by E, and an integer k.
Parameter: &

Question: Is there a matching M C E of size k in G, such that the set of columns in M

are linearly independent (over Q)?

Our algorithm takes an instance of RAT MAT CF-BM and generates an instance of

3-MATROID INTERSECTION, and then employs the known algorithm for 3-MATROID
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INTERSECTION to resolve the instance. In the following, we formally define the problem

3-MATROID INTERSECTION.

3-MATROID INTERSECTION Parameter: k

Input: Matrices A 4,,A_y,, and A 4, over F (representing matroids .#,.#>, and .43,
respectively, on the same ground set E') with columns indexed by E, and an integer k.
Question: Is there a set M C E of size k, such that M is independent in each .#;, for

ie[3]?

Before moving further, we briefly explain why we needed an additional constraint that
the input matrix is representable over Q. Firstly, we will be using partition matroids which
are representable only on fields of large enough size, and we want all the matroids, that
is, the one which is part of the input and the ones that we create, to be representable over
the same field. Secondly, the algorithmic result (with the desired running time) we use for

3-MATROID INTERSECTION works only for certain types of fields.

Next, we state an algorithmic result regarding 3-MATROID INTERSECTION [79], which
is be used by the algorithm. We note that we only state a restricted form of the algorithmic

result for 3-MATROID INTERSECTION in [79], which is enough for our purpose.

Proposition 24. [Proposition 4.8 [79] (partial)] 3-MATROID INTERSECTION can be solved

in 023K Ay || ﬁ(l)) time, when the matroids are represented over Q.

We are now ready to prove the desired result.

Theorem 6.5.1. RAT MAT CF-BM can be solved in ﬁ(23wk||AM||ﬁ(l)) time.

Proof. Let (G = (V,E),L,R,A_;,k) be an instance of RAT MAT CF-BM, where the ma-
trix A_, represents a matroid .# = (E,.# ) over Q. Let 4 = (E, 97, #r = (E, %) be
the partition matroids as defined in Section 6.4. Next we compute matrix representations
A 4, and A 4, of matroids .#,, /R, respectively, using Proposition 17. Now, we solve
3-MATROID INTERSECTION on the instance (.#,A_y, ,A. 4. k) (over Q) using Proposi-

tion 24, and return the same answer, as returned by the algorithm in it. The correctness
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follows directly from the following. S C E is a matching in G if and only if S is an
independent set in .#;, and .#, that is, S € .1 N Zg. The claimed running time follows

from Proposition 17 and Proposition 24. [

6.5.1.2 FPT algorithm for RAT MAT CF-MM

We design an FPT algorithm for RAT MAT CF-MM, using the algorithm for RAT MAT
CF-BM (Theorem 6.4.1). Let (G,A_y,k) be an instance of RAT MAT CF-MM, where the
matrix A_, represents a matroid .# = (E,.#) over Q. We assume that G is a graph with

the vertex set [n], which can easily be achieved by renaming vertices.

The algorithm starts by computing an (n,2k)-universal set .%, using Proposition 22.
For each set X € %, the algorithm constructs an instance Ix = (Gx,Lx,Rx,A_z,k) of RAT
MAT CF-BM as follows. We have V(Gx) =V(G), Lx =X, R=V(G)\ X, E(Gx) =
{uv € E(G) | u € Lx,v € Rx}. The algorithm decides the instance Iy using Theorem 6.5.1,
for each X € .Z. The algorithm outputs yes if and only if there is X € .%, such that Iy is a

yes-instance of RAT MAT CF-BM.

Theorem 6.5.2. The algorithm presented for RAT MAT CF-MM is correct. Moreover, it

runs in time €230 +2)k0(logk) ||AMHﬁ(l)nﬁ(1)).

Proof. Let (G,A_y,k) be an instance of RAT MAT CF-MM, where matrix A_, represent
a matroid .#Z = (E,.#) over field F. Clearly, if the algorithm outputs yes, then indeed
(G,A_y,k) is a yes-instance of RAT MAT CF-MM. Next, we argue that if (G,A_y,k) is
a yes-instance of RAT MAT CF-MM then the algorithm returns yes. Suppose there is
a solution M C E(G) to RAT MAT CF-MM in (G,A_y,k). Let S ={i,j | ij € M}, and
L={i|thereis j € [n] suchthatij € M and i < j}. Observe that |S| = 2k. Since .# is an
(n,2k)-universal set, there is X € .% such that X NS = L. Note that S is a solution to RAT
MAT CF-BM in Ix. This together with Theorem 6.5.1 implies that the algorithm will

return yes as the output.
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Next, we prove the claimed running time of the algorithm. The algorithm computes
(n,2k)-universal set of size &(2%k?0°2K) Jogn), in time &(2%k?0°2K) plogn), using
Proposition 22. Then for each X € .7, the algorithm creates an instance Ix of RAT MAT
CF-BM in polynomial time. Furthermore, it resolves the Ix of RAT MAT CF-BM in
time 0 (23 ||Apy|| ﬁ(l)) using Theorem 6.5.1. Hence, the running time of the algorithm is

bounded by /(2@ +2)kgoogh) || 4,710 (1)),

6.5.2 FPT algorithm for MATROID CF-SP

In this section, we design an FPT algorithm for MATROID CF-SP. In the following, we

formally define the problem MATROID CF-SP.

MATROID CF-SP Parameter: &
Input: A graph G, (distinct) vertices 5,7 € V(G), a matrix A_, (representing a matroid
A , over a field F) with columns indexed by E(G), and an integer .

Question: Is there a set M C E(G) of size at most k, such that there is an sz-path in

G[M] and the set of columns in M are linearly independent (over F)?

Our algorithm is based on a dynamic programming over representative families. Let
(G,s,t,A_y,k) be an instance of MATROID CF-SP. Before moving to the description of

the algorithm, we need to define some notations.

For distinct vertices u,v € V(G) and an integer p, we define the following.

PP ={X CE(G) ||X| = p, there is a uv-path in G[X]| containing all edges
(6.4)
inX,and X € .#}
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By the definition of convolution of sets, it is easy to see that

Zh="U 2L «{{w}}
wveE(G)

Now we are ready to describe our algorithm Alg-Mat-CF-SP for MATROID CF-SP. We
aim to store, for each v € V(G) \ {s}, p <k, and ¢ < k— p, a g-representative set éz\qu, of
2L, of size (P ;q). Notice that for each v € V(G) \ {s}, we can compute Z], in polynomial
time, since 2, = {sv} if sv € E(G), and is empty otherwise. Moreover, since | 2] | < 1,

therefore, we can set 2,9 = 2!

- for each ¢ < k — 1. Next, we iteratively compute, for

each p € {2,3,--- ,k}, in increasing order, for each ¢ < k — p, a g-representative @q, of

2L, The algorithm Alg-Mat-CF-SP is given in Algorithm 3.

Next, we prove a lemma which will be useful in establishing the correctness of Alg-

Mat-CF-SP.

Lemma 38. For each p € [k], g € [0,k— p|, and v € V(G) \ {s}, the family PP computed
by Alg-Mat-CF-SP is a g-representative of 2%, and is of size at most (p ;Lq). Moreover,
the algorithm computes all sets in {@q | p € [k],q € [0,k—p]|,v € V(G)\ {s}} in time
O(20(@K) n0(1)),

Proof. We prove the claim by induction on p. Consider v € V(G) \ {s}. For p = 1, the
set 21 = {sv} if sv € E(G), and is empty otherwise. Moreover, for each ¢ € [0,k — 1],
Alg-Mat-CF-SP sets 20 = 21 . Hence, for each g € [0,k — 1], we have 22/ Cep 21

Moreover, the set @sf is computed by the algorithm in polynomial time.

For induction hypothesis, we assume that for € N>, for each p <t, g € [0,k — p],
and v € V(G) \ {s}, we have 2 Clep 2L, Next, consider p=t+1, g € [0,k — (1 +
1)], and v € V(G) \ {s}. The step of the algorithm, where it computes P84 it has
already computed (correctly), for each p <t, g € [0,k— p|, and u € V(G) \ {s}, the set

@Tﬁf gi’ep PP This follows from the iteration of the algorithm over p from 1 to k in
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Algorithm 3 Alg-Mat-CF-SP

Input: A graph G, (distinct) vertices s, € V(G), a matrix A_; (over F), and an integer .
Output: If there is M C E(G) of size at most k, such that there is an s — ¢ path in G[M]
and the set of columns in M are linearly independent (over F) then yes. Otherwise, no.
for eachv € V(G)\ {5} do
if sv € E(G) then
return 2} = {sv}

else
P =0
end if
for g = Otok—ldo
Set @SV =7, !
end for
end for

for p=2tokdo
forq=0tok—pdo
foreachvGV( )\ {s} do

Let 204 ~Uner(c )@?5 DD s (v}

Compute i C,epp PP using Theorem 6.2.1
end for
end for
end for
for p=1tokdo
forq:/gtok—pdo
if 217 =£ ( then
return yes
end if
end for
end for
return no

’@J(Z—H) _UWVGE(G)@VQ(q+I)

increasing order at Step 6 (and Step 1). The algorithm sets
{{wv}}, and then sets P4 16 be the g-representative set of P4t 9 returned by
Theorem 6.2.1, which is of size at most (“*179). If we show that it Chep 2111, then
by Proposition 19 it will follow that 22,1 Clep 2111 But N Cep 2111 follows

from Lemma 34 and Proposition 20. Also, note that each entry can be computed in time
0 (20(@k) o (1)) O
Using Lemma 38, we obtain the following theorem.

Theorem 6.5.3. The algorithm Alg-Mat-CF-SP is correct. Moreover, it runs in time
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ﬁ(zﬁ(a)k)nﬁ(l))_

Proof. Let (G,s,t,A_y,k) be an instance of MATROID CF-SP. We claim that (G, s,t,A_, k)
is a yes-instance of MATROID CF-SP if and only if Alg-Mat-CF-SP outputs yes. In the
forward direction, let (G,s,t,A_4,k) be a yes-instance of MATROID CF-SP. Since, using
Lemma 38, Alg-Mat-CF-SP computes a g-representative of 225, of size at most (p ;“q), for
each p € [k], g € [0,k— p], and v € V(G) \ {s}, therefore, the algorithm also computes a
g-representative family for 3”5, By the definition of representative set and construction
of our family 7%, @ also contains a s — ¢ path and hence, the algorithm outputs yes.

In the reverse direction, if the algorithm outputs yes then by construction of family Pk

St
if Pe gﬂg, then it is a conflict-free s —¢ path in G. This completes the correctness of
our algorithm. Moreover, the running time bound of the algorithm follows from Lemma

38. O

Theorem 6.5.3 will also result into an FPT algorithm for CF-SP when the conflict

graph is a cluster graph.

Corollary 8. CONFLICT FREE SHORTEST PATH parameterized by the solution size is

FPT, when the conflict graph is a cluster graph.

Proof. Let (G,H k) be an instance of CF-SP, where H is a cluster graph. We construct a
partition matroid, .#Zy = (U,.#), corresponding to graph H as follows. We define ground
setas U = V(H). Now, partition U as U; = V(C;), for each clique C; in H and a; = 1, for
U; € U. By the construction of .#y, we have for S C V(H), S is an independent set in H
if and only if S is independent in .#p. Next, we compute a matrix M representing .#y,
using Proposition 17 in polynomial time.Now we use Alg-Mat-CF-SP with input (G, M, k),
and return the same output. The correctness of our algorithm follows from correctness
of the algorithm Alg-Mat-CF-SP (Theorem 6.5.3), and by construction of the instance

(G,M, k). Note that the matrix M representing .#y can be computed in polynomial time.
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This together with Theorem 6.5.3 implies the claimed running time bound, This concludes

the proof. 0

6.6 FPT Algorithm for d-degenerate Conflict Graphs

In this section, we show that CF-MM and CF-SP both are in FPT, when the conflict graph
H is a d-degenerate graphs. These algorithms are based on the notion of independence

covering family, which was introduced in [81].

Before moving onto description of our algorithms, we recall the notion of independence

covering family.

Definition 27 ([81]). For a graph H* and an integer k, a k-independence covering family,
J (H*,k), is a family of independent sets in H* such that for any independent set I’ in H*

of size at most k, there is a set I € & (H*,k) such that I’ C I.

Our algorithms rely on the construction of k-independence covering family, for a
family of graphs. But before dwelling into these details, we first design an algorithm for an
annotated version of the CF-MM and CF-SP problems, which we call ANNOTATED CF-
MM and ANNOTATED CF-SP, respectively. In the ANNOTATED CF-MM (ANNOTATED
CF-SP) problem, the input to CF-MM (CF-SP) is annotated with a k-independence

covering family.

6.6.1 Algorithms for ANNOTATED CF-MM and ANNOTATED CF-SP

In this section, we study the problems ANNOTATED CF-MM and ANNOTATED CF-SP,

which are formally defined below.
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Algorithm 4 Alg-CF-MM (Alg-CF-SP)

Input: A graph G,((distinct) vertices 5,7 € V(G)), a conflict graph H, an integer k, and a
k-independence covering family .% of H.
Output: If there a set M C E of size k in G such that M is a matching in G (there is an
s —1t path in G[M]) and M is an independent set in H, then yes, and no otherwise.
for each I € . do
Let Gy be the graph with V(G;) =V (G) and E(Gy) =1
if G; has a matching (path) of size k then
return yes
end if
end for
return no

ANNOTATED CF-MM Parameter: k + |.7 |
Input: A graph G = (V,E), a conflict graph H = (E,E’), an integer k, and a k-
independence covering family .# of H.

Question: Is there a matching M C E of size k in G such that M is an independent set

in H?

ANNOTATED CF-SP Parameter: k+ |.7 |
Input: A graph G = (V,E), (distinct) vertices s,7 € V, a conflict graph H = (E,E’), an
integer k, and a k-independence covering family .% of H.

Question: Is there a set M C E of size at most k, such that there is an s — ¢ path in

G[M] and M is an independent set in H?

The algorithm that we design for ANNOTATED CF-MM runs in time polynomial in
the size of the input. We give the algorithm Alg-CF-MM (Alg-CF-SP) (Algorithm 4) for

ANNOTATED CF-MM (ANNOTATED CF-SP).
In the following lemma we prove the correctness of Alg-CF-MM (Alg-CF-SP).

Lemma 39. The algorithm Alg-CF-MM (Alg-CF-SP) is correct. Moreover, the algorithm

runs in time polynomial in the size of the input.

Proof. Let (G, (s,t),H,k,.%#) be an instance of ANNOTATED CF-MM (ANNOTATED

CF-SP). We show that (G, (s,t),H,k,. %) is a yes-instance of ANNOTATED CF-MM
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(ANNOTATED CF-SP) if and only if Alg-CF-MM (Alg-CF-SP) outputs yes.

Note that the reverse direction easily follows from the fact that .% is a family of
independent sets in H. Therefore, we only need to prove the forward direction. In
the forward direction, let (G, (s,t),H k,.7 ) be a yes-instance of ANNOTATED CF-MM
(ANNOTATED CF-SP) and S be one of its solution. Since .% is a k-independence covering
family, there is I € .% such that S C I (see Definition 27). Hence, in the iteration where the
algorithm considers / in its for loop, the graph Gj has § as a matching (there is an s —¢

path in G/[S]). Therefore, the algorithm outputs yes at this iteration.

The running time analysis follows from the fact that maximum matching (shortest path)

can be computed in polynomial time [47, 88]( [41, 9]). ]

Next, we use Alg-CF-MM (Alg-CF-SP) together with Independence Covering Lemma
of [81] to obtain algorithms for CF-MM (CF-SP) when the conflict graph is d-degenerate
or nowhere dense graph. Towards this, first we recall some lemmas from [81] that we use

in our algorithms.

Proposition 25. [Lemma 1.1,[81]] There is a randomized algorithm running in polynomial
time, that given a d-degenerate graph H* and an integer k as input, outputs an independent
set I, such that for every independent set I' of size at most k in graph H*, the probability
that I' C I is at least ((k(dkﬂ)) k(d+1))7!

Proposition 26. [Lemmas 3.2 and 3.3,[81]] There are two deterministic algorithms <71 and
ath, which given a d-degenerate graph H* and an integer k, output independence covering

families 71 (H* k) and 9,(H* k), respectively, such that the following conditions are

satisfied.
o ) runs in time O(|%(H*,k)|- (n+m)), where | #1(H* k)| = ( (d+1) ) po(k(d+1)) .
logn.

* ot runs in time O(|S(H*,k)| - (n+m)), where | % (H* k)| = ( dH) ) - (k(d +
1)?M . 1ogn.
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Next, using Proposition 25 and 26, together with Alg-CF-MM (Alg-CF-SP), we obtain
randomized and deterministic algorithms, respectively for CF-MM (CF-SP), when the

conflict graph is a d-degenerate graph.

Theorem 6.6.1. There is a randomized algorithm, which given an instance (G,H k) of CF-
MM(CF-SP), where H is a d-degenerate graph, in time (k(d,jl)) k(d+1)-n?0), either
reports a failure or correctly outputs that the input is a yes-instance of CF-MM(CF-SP).
Moreover, if the input is a yes-instance of CF-MM(CF-SP), then the algorithm outputs

correct answer with a constant probability.

Proof. Let (G, (s,t),H, k) be an instance CF-MM (CF-SP), where H is a d-degenerate
graph.
k(1+d)

We repeat the following procedure ((*","") - k(d + 1)) many times.

1. The algorithm computes an independent set / in (H,k) using Proposition 25.

2. The algorithm calls Alg-CF-MM (Alg-CF-SP) with input (G, (s,t)H ,k,{I}).

The algorithm outputs yes, if in one of the calls to Alg-CF-MM (Alg-CF-SP), it receives
a yes. Otherwise, the algorithm outputs no. The running time analysis of the above
procedure follows from Proposition 25 and Lemma 39. Also, given a yes-instance, the
guarantee on success probability follows from Proposition 25, the number of repetitions,
and Lemma 39. Moreover, from Lemma 39 the yes output returned by the algorithm is
indeed the correct output to CF-MM(CF-SP)for the given instance. This concludes the

proof.

O]

Theorem 6.6.2. CF-MM (CF-SP) admits a deterministic algorithm running in time
2
min {(k(d,:rl)) -20(k(d+1)) 1ogn, (kz(dljl) ) - (k(d+ 1))70) -logn} -n?W), when the conflict

graph is a d-degenerate graph.
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Proof. Let (G, (s,t),H, k) be an instance CF-MM (CF-SP), where H is a d-degenerate
graph. The algorithm starts by computing a k-independence covering family .# (H, k) of H,
using Proposition 8. Next, we call Alg-CF-MM (Alg-CF-SP) with the input (G, (s,t),H ,k,
& (H,k)). The correctness and running time analysis of the above procedure follows from

Proposition 8 and Lemma 39. This completes the proof. [

6.7 Conclusion

We studied conflict-free (parameterized) variants of MAXIMUM MATCHING (CF-MM)
and SHORTEST PATH (CF-SP). We showed that both CF-MM and CF-SP are W([1]-hard,
when parameterized by the solution size. In fact, our W[1]-hardness result for CF-MM
holds even when the graph where we want to compute a matching is itself a matching and
W/[1]-hardness result of CF-SP holds even when the conflict graph is a unit interval graph.
Then, we restricted our attention to having conflict graphs belonging to some families
of graphs, where the INDEPENDENT SET problem is either polynomial time solvable or
solvable in FPT time. In particular, we considered the family of chordal graphs and the
family of d-degenerate graphs. For the CF-MM problem, we gave an FPT algorithm,
when the conflict graph belongs to the family of chordal graphs. We observed that, we
cannot obtain an FPT algorithm for the CF-SP problem when the conflict graph is a
chordal graph. This holds because unit-interval graphs are chordal, and the problem
CF-SP is W[1]-hard, even when the conflict graph is a unit-interval graph. For conflict
graphs being d-degenerate, we obtained FPT algorithms for both CF-MM and CF-SP.
Our results hold even when the conflict graph is a nowhere dense graph. Finally, we studied
a variant of CF-MM and CF-SP, where instead of conflicting conditions being imposed
by independent sets in a conflict graph, they are imposed by independence constraints in a
(representable) matroid. We gave FPT algorithms for the above variant of both CF-MM

and CF-SP.
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An interesting question is to obtain (parameterized) dichotomy results for CF-MM
and CF-SP, based on the families of graphs where the input graphs belong to. Another
direction could be studying kernelization complexity for different families of graphs, and

also to see what all FPT problems remain FPT with the conflicting constraints.
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Part 111

FVS in Hypergraphs
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Chapter 7

Feedback Vertex Set in Hypergraphs

7.1 Introduction

It would be an understatement to say that VERTEX COVER (VC) (given an undirected graph
G and a positive integer k, does there exist a set S of k vertices which intersects every edge
in G) and FEEDBACK VERTEX SET (FVS) (given an undirected graph G and a positive
integer k, does there exist a set S (called feedback vertex set or in short fvs) of k vertices
which intersects every cycle in G) have played a pivotal role in the development of the field
of Parameterized Complexity. While there has been no improvement in the parameterized
algorithm for VC in the last 14 years [27] (the conference version appeared in MFCS
2006), faster algorithms for FVS have been developed over the last decade. The best known
algorithm for VC runs in time &' (1.2738k +kn) [27]. On the other hand, for FVS, the first
deterministic & (cknﬁ(l)) algorithm was designed only in 2005; independently by Dehne
et al. [37] and Guo et al. [59]. It is important to note here that a randomized algorithm for
FVS with running time & (4knﬁ(1)) [8] was known in as early as 1999. The deterministic
algorithms led to the race of improving the base of the exponent for FVS algorithms and
several algorithms [22, 23, 26, 31, 61, 70, 77], both deterministic and randomized, have

been designed. Until few months ago the best known deterministic algorithm for FVS
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ran in time 3.619%,7(1) [70], while the Cut and Count technique by Cygan et al. [31] gave
the best known randomized algorithm running in time 3kn?(1) . However, just in last few
months both these algorithms have been improved; Iwata and Kobayashi [61, IPEC 2019]
designed the fastest known deterministic algorithm with running time ¢'(3.460%n) and Li
and Nederlof [77, SODA 2020] designed the fastest known randomized algorithm with
running time 2.7%77(1). We would like to remark that many variants of FVS have been
studied in literature such as CONNECTED FVS [31, 91], INDEPENDENT FVS [2, 78, 90],

SIMULTANEOUS FVS [4, 112] and SUBSET FVS [33, 63, 64, 67, 82].

The main objective of this chapter is a study of FVS on hypergraphs. Recall that
hypergraphs are essentially a set family H: we have a universe V(H) and a family of
hyperedges E(H ), where each hyperedge (or an edge) is a subset of V(H). When every
hyperedge in E(H) is of size at most d, it is known as a d-hypergraph. Observe that when
each hyperedge is of size exactly two, we get an undirected graph. The natural question is,
how does VC generalize to hypergraphs. Let (G, k) be an instance of VC. Then, we can
view VC as the following problem: Given a hypergraph with vertex set V(G) and the set
of hyperedges E(G), does there exist a set of k vertices that intersects every hyperedge.
Thus, VC is a special case of HITTING SET (HS): Given a hypergraph H and a positive
integer k, does there exist a set of k vertices that intersects every hyperedge. When the size
of each hyperedge is upper bounded by d, we refer to the problem as the d-HITTING SET
(d-HS) problem. Observe that VC is equivalent to the 2-HS problem. It is well known
that HS does not admit an algorithm with running time f (k)nﬁ(l) for any function f that
depends on k alone. That is, the problem is known to be W/[2]-hard. On the other hand,
d-HS is solvable in time d*n?(") and admits a kernel of size @ (k%) [1, 49]. It is worth to
note that a lower bound of size &'(k?~¢) under plausible complexity theory assumptions is
also known [38]. Thus, a generalization of VC on hypergraphs is well studied. However,
there is very little study of FVS on hypergraphs. The only known algorithmic result is a
factor d approximation for FVS on d-hypergraphs [55]. Upper bounds on minimum fvs in

3-uniform linear hypergraphs are studied in [39].

162



The objective of this chapter is to study the hypergraph variant of the FEEDBACK

VERTEX SET problem from the view point of Parameterized Complexity.

One of the main reasons for the lack of study of FVS on hypergraphs is that it is
not quite as natural to define the generalization of FVS in hypergraphs, as it is for the
case of VC (generalizing to HS and d-HS) in hypergraphs. To generalize the notion of
fvs to hypergraphs, we need to have notions of cycles and forests in hypergraphs. For
cycles, we use the same notion as that in graph theory [39]: a cycle in a hypergraph H
is a sequence (vo,eq,V1,-..,V¢,ep, Vo) such that vy, ..., v, are distinct vertices, e, ... e/
are distinct hyperedges, £ > 1 and vi,v(j;1) mod (¢41) € €; forany i € {0,...,¢}. Given the
above definition of cycle, a subset S of vertices in a hypergraph H is called a feedback
vertex set, if there does not exist a cycle in the hypergraph obtained after deleting vertices
in S. The next natural question is what do we mean by deletion of a vertex in a hypergraph.

There are two ways to define the vertex deletion operation in hypergraphs:

1. Strong deletion or simply deletion of a vertex v implies deleting v along with all the

hyperedges containing the vertex v.

2. Weak deletion of a vertex v implies deleting v without deleting the hyperedges that
contain v. That is, the hypergraph H' obtained after weak deletion of a vertex v from
H has vertex set V(H) and edge set {e € E(H): v¢ e} U{e\{v}: ec E(H),v €

e,le] >2}.

For a hypergraph H we use the notation H — S to denote the graph obtained after
(weak/strong) deletion of the vertices in S. Consequently, there are two ways one may

define the FEEDBACK VERTEX SET problem — WEAK FVS and STRONG FVS.

Given a hypergraph H, the incidence graph G corresponding to H is the bipartite graph
with bipartition V(G) = AWB where A = V(H) and B= E(H), and for any v € V(H)
and e € E(H), ve is an edge in G if and only if v € e in H. Observe that WEAK FVS

corresponds to finding a fvs S in G of size at most k, such that S C A and G — S is a forest.
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Using the best known algorithm for WEIGHTED FVS [3] running in 3.618 n7() time, we
can solve WEAK FVS in 3.61817() time, by transforming the problem to WEIGHTED
FVS. To transform WEAK FVS to WEIGHTED FVS we assign every vertex in B a weight
of k+ 1, every vertex in A a weight of 1. Now the problem of finding an fvs of weight at
most k will be equivalent to solving WEAK FVS for the original hypergraph. Thus WEAK

FVS is not challenging as a problem.

Hence, we only consider FVS on hypergraphs with respect to strong deletion. In
particular, we study HYPERGRAPH FEEDBACK VERTEX SET (HFVS). Here, given an
n-vertex hypergraph H and a positive integer k, the objective is to check whether there
exists a set S C V(H) of size at most k, such that H — S is acyclic. As in the case of HS, it
is expected that HFVS is W[2]-hard and this can be proven using a parameter preserving
reduction from SET COVER (which is “equivalent” to HS). We prove the following theorem

in Section 7.3.

Theorem 7.1.1. HFVS is W[2]-hard when parameterized by k.

Theorem 7.1.1 is not surprising as such a generalization of even VC is W[2]-hard.

FVS is a deeply studied problem in Parameterized Complexity, and thus, we tried to
generalize the existing algorithms as much as possible. However, considering the problem
on general hypergraphs is pushing it too far (Theorem 7.1.1). This motivated us to look
for families of hypergraphs, which are a strict generalizations of graphs and where FVS
turns out to be tractable. Specifically, we study the problem for the cases when the input is

restricted to linear hypergraphs and d-hypergraphs.

A hypergraph H is linear if [eNe’| < 1 for any two distinct hyperedges e,¢’ € E(H). We
show that for both these families, HFVS admits fixed parameter tractable (FPT) algorithms.
Our main result is a randomized algorithm for the case when the input hypergraph is linear,

and the size of the hyperedges is not bounded. Thus our positive results are the following.

Theorem 7.1.2. There exists a deterministic algorithm for HEVS on d-hypergraphs,
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running in time d?® o),

Theorem 7.1.3. There exists an 0*(2¢ (e 102k)) time! randomized algorithm for HEVS on
linear hypergraphs, which produces a false negative output with probability at most ﬁ,

and no false positive output.

The restriction to linear hypergraphs corresponds to exclusion of C4 or K3 5 in the
corresponding incidence graph. K; ; refers to the complete bipartite graph with partitions
of sizes i and j. There has been extensive work on RED-BLUE DOMINATING SET for K ;
free graphs [30, 53, 101, 104]. Theorem 7.1.3 can be viewed as an analog of RED-BLUE

DOMINATING SET results for K > free graphs.

The starting point of both the above mentioned algorithms (Theorems 7.1.2 and 7.1.3)
is recasting HFVS as an appropriate problem on the incidence graph G of the given
hypergraph H. Proof of Theorem 7.1.3 starts with the observation that for any subset
S CV(H), H—S is acyclic if and only if G — Ng|S] is acyclic. Consequently, HFVS is

same as the following problem (see Lemma 41 in appendix for proof).

DOMINATING FVS ON BIPARTITE GRAPHS (DFVSB) Parameter: k

Input: A bipartite graph G with bipartition V(G) = AwWB and k € N.

Question: Is there a subset S C A of size at most k such that G — Ng[S] is acyclic?

For a bipartite graph G = (AWB, E), we say that a subset S C A is a dominating feedback
vertex set for G if G — N[S] is acyclic. Let G be the incidence graph of a hypergraph H.
Then, notice that H is a d-hypergraph if and only if max.cg ) dg(e) <d. Also, H is linear
if and only if G is C4-free. As aresult HFVS on d-hypergraphs and linear hypergraphs are
equivalent to DFVSB on bipartite graphs G = (AW B, E) with max,,cpd(w) < d and on

Cy-free bipartite graphs, respectively.

Theorem 7.1.2 shows that for d-hypergraphs, HFVS is similar to the case of d-HS.

Proof of Theorem 7.1.2 utilizes iterative compression and the compression step involves

'Polynomial dependency on 7 is hidden in &* notation.
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a branching strategy that uses a measure more generalized compared to the one used in

known FVS algorithms for undirected graphs.

Our proof for Theorem 7.1.3 is inspired by the randomized algorithm of Becker et
al. [8] that runs in &'(4*n?(1)) time and the branching algorithm for POINT LINE COVER
by Langerman and Morin [75]. The algorithm of Becker et al. [8] first preprocesses the
input graph and transforms it into a graph with minimum degree at least 3 and then shows
that for any fvs, at least half the edges in a preprocessed graph are incident to the vertex
set of the fvs. This immediately implies the following algorithm: “pick an edge uniformly
at random, then pick a vertex that is an endpoint of this edge uniformly at random and
add it to a solution, and recurse”. Let G be the incidence graph of a hypergraph H. First
we preprocess G and show that in the preprocessed graph (say G) for any dominating
feedback vertex set S of size at most k, at least 1/poly(k) 2 fraction of all the edges are
incident to N[S]. We call this property a-covering, with a being poly(k). Let S be a
fixed fvs of size at most k. We now compute the probability of finding S. Note that if
we randomly pick an edge f (that is, pick an edge from graph G uniformly at random
and then select f as the hyperedge incident to the selected edge), then with probability
1/poly(k) there exists a vertex incident to f that is contained in S. However, unlike the case
of FVS in graphs, here we cannot randomly select a vertex from f, as the size of f could
be independent of k. However, for now let us assume that we can preprocess G — f such
that a-covering property holds even after we delete f from G. We assume that ¢¢-covering
property holds recursively after each iteration of preprocessing. Suppose we do this process
k? 41 times. Then we have a collection of hyperedges .# = {fi,..., fi241} such that each
of them has a non-trivial intersection with S. Observe that the pairwise intersection of
these hyperedges cannot be more than one, since G excludes C4 as a subgraph (H being a
linear hypergraph). However, S is a solution of size at most k, and hence there exist k + 1
hyperedges f}, ..., f{ among .7 such that |f/ N f}| = {v}, i # j for some v € A =V (H).

This implies that v must belong to S, as each of f],..., f] 1 has a non-trivial intersection

Zpoly denotes a polynomial function.
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with S and if we don’t pick v, then every solution is of size at least k4 1. Hence, we delete
v along with all those edges in H that v participates in, and recursively find a solution of

size k — 1 in the reduced hypergraph.

However, unlike the case with FVS for graphs, in HFVS we cannot delete degree one
vertices or contract degree 2 vertices directly. When we delete a hyperedge, we need
to remember that we are seeking a solution that is a dominating feedback vertex set as
well as a hitting set for the selected set. To implement this idea in our algorithm, we
maintain a family .# such that our solution is a dominating feedback vertex set for G as
well as a hitting set for .%. We exploit the fact that |.%| < k* + 1 and design reduction
rules that get rid of a certain degree one vertices and shorten degree 2 paths, as well as
caterpillars (defined later) like degree 2 paths. We can show that after these reduction rules

are performed, the a-covering property holds for the preprocessed graph, o being poly (k).

7.2 Preliminaries

For a positive integer £ € N, we use [¢] to denote the set {1,2,...,¢}. We use the term graph
to denote a simple graph without multiple edges, loops and labels. For the notations related
to graphs that are not explicitly stated here, we refer to the book [40]. For a graph G and a
subset of vertices U C V(G), Ng(U) and Ng[U] denote the open neighborhood and closed
neighborhood of U, respectively. Thatis, Ng(U) ={ve V(G): uc U anduv € E(G)}\U
and Ng[U] = Ng(U)UU. If U = {u}, then we write Ng(u) = Ng(U) and Ng[u] = Ng[U].
Also, we omit the subscript G, if the graph in consideration is clear from the context. For a
graph G, a vertex subset X C V(G), and an edge subset F C E(G), we use G[X], G — X,
and G — F to denote the graph induced by X, the graph induced by V(G) \ X, and the graph
with vertex set V(G) and edge set E(G) \ F, respectively. Moreover, if X = {v}, then we
write G—v=G—X. Foragraph G, X,Y CV(G),and XNY =0, E(X,Y) C E(G) denotes

the set of edges in G whose one endpoint is in X and the other one is in Y. For a graph G
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and a non-edge uv in G, we use G + uv to denote the graph with vertex set V(G) and edge
set E(G)U{uv}. A path P in a graph G is a sequence of distinct vertices u; ...u, such that
foralli € [( — 1], uju;+1 € E(G). We say that a path P = uj ...uy in a graph G is a degree
two path in G, if for each i € [/], the degree of u; in G, denoted by dg(u;), is equal to 2.
For a path/cycle P, we use V(P) to denote the set of vertices present in P. A triangle is a
cycle consisting of exactly 3 edges. A bipartite graph G = (AW B, E) is called a d-bipartite
graph if dg(b) < d for all b € B. For two hypergraphs H; and H,, H) U H, denotes the

hypergraph with the vertex set V(H;) UV (H,) and the edge set E(H,) UE(H,).

7.3 Feedback Vertex Sets on General Hypergraphs

In order to prove Theorem 7.1.1 we give a polynomial time parameter preserving reduction
from SET COVER to HFVS. In SET COVER (SC), we are given a universe U, a family .#
of sets over U, and a positive integer k, and the question is whether there is a subfamily
F' C F of size at most k, such that Jpc o F = U. Tt is well known that SET COVER is

W/[2]-hard [29, Theorem 13.28].

Given an instance (U,.Z,k) of SC, we construct an instance (H,k) of HFVS as
follows. For each element u € U, let X, be the family of sets in .% that contain u. For each
F € #, we add a vertex wr in H. Furthermore, for each u € U, we add 2(k+ 1) vertices
{ur,uy,...;uppr,up,  }in H. Hence, V(H) = {wp | F € Z}U{uy,u},... .1, U €
U }. Now, we explain the construction of hyperedges of H. For each u € U, we introduce a
hyperedge e, = {wr | F € X,,} containing vertices corresponding to the sets in X,,. Also,
for each u € U, we add hyperedges e, U {u;}, {u;,u'}, e, U{u}}, for all i € [k+ 1]. This
completes the construction. Towards the proof of Theorem 7.1.1, we give the following

lemma.

Lemma 40. (U,.% k) is a yes-instance of SC if and only if (H,k) is a yes-instance of
HFVS.
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Proof. In the forward direction, let . be a solution to (U,.%,k) of SC. We claim that
Z={wr | F € &/} is a feedback vertex set of size at most k in H. Since || < k, we have
that |Z| < k. Next, we prove that Z is a feedback vertex set in H. Since . is a set cover,
the only hyperedges of H present in H — Z are {{u;,u}} |u € U,i € [k+ 1]}. Notice that

{{uj,ul} |u € U,i € [k+ 1]} are pairwise disjoint. This implies that H — Z is acyclic.

In the reverse direction, let Z be a solution to (H,k) of HFVS. Let Z' = Z\
{ur,u},...;up1,up, | u € U}. Thatis, Z' contains only those vertices of Z that cor-
respond to some set in #. Let . = {F | wp € Z'}. Since |Z'| < |Z| < k, we have
that || < k. Next we claim that .7 is a set cover of (U,.Z,k). Towards that, we
choose an arbitrary element u € U and prove that there is a set F' € . which contains
u. Let J be an arbitrary set in .# such that u € J. Notice that there are k + 1 triangles
(wr, e U{uitug, {u,ul}, ul e, U{ui},wy), 1 <i<k+1,in H. This implies that at least
one vertex wr in e, must belong to the feedback vertex set Z (and Z). However, u belongs

to F' and F is in .. Hence u is covered by .. This completes the proof. [

7.4 Equivalence between HFVS and DFVSB

Lemma 41. (H k) is a yes-instance of HFVS if and only if (G = (AWB,E'),k) is a

yes-instance of DEVSB, where G is the incidence graph of the hypergraph H.

Proof. In forward direction, let S be a solution to (H,k) of HFVS. We claim that S is
also a solution to (G = (AWB, E'), k) of DFVSB. Suppose not. Then, there exists a cycle
C =vje;...vpepv in the graph G — Ng[S]. This implies that e, ..., e, are hyperedges in
H—S,and {vy,...,vg} CV(H)\S. Then (vy,ey,...,v¢,ezvy) is a cycle in the hypergraph

H —S. This is a contradiction to the assumption that S is a solution to (H, k).

In reverse direction, let S’ be a solution to (G,k) of DFVSB. We claim that S’

is also a solution to (H,k) of HFVS. Suppose not. Then, there exists a cycle C =
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(vi,e1,...,ve,ep,vq) in the hypergraph H — S'. This implies that {vy,...,vy} CA\ S and
{e1,...,es} CB\Ng(S). Therefore, vie;...vpepv; is a cycle in G — Ng[S'], which is a

contradiction to the assumption that S’ is a solution to (G, k). O

7.5 Feedback Vertex Sets on d-Hypergraphs: Proof of

Theorem 7.1.2

In this section we design an FPT algorithm for HFVS on d-hypergraphs. Towards this, we
will prove the following result about DFVSB, from which Theorem 7.1.2 will follow as a

corollary.

Theorem 7.5.1. There is a deterministic algorithm for DFVSB running in time
O 27k d**F n(n +m) + n®(n+m)), where the input is a bipartite graph G with bipar-

tition V(G) = AWB, and d = maxpepdg(b).

Towards designing an FPT algorithm for DFVSB, we use the well-known iterative
compression technique [29, Chapter 4]. Usually, the primary step in the technique of
iterative compression involves solving a “disjoint compression version” of the problem. In

our case, the disjoint compression version of the problem is defined as follows.

d-DISTOINT DOMINATING BOUNDED BIPARTITE FVS (d-DDBB-FVS)
Input: A d-bipartite graph G = (AW B, E), a positive integer k, and a vertex subset

W C A such that G — N[W] is acyclic.

Question: Is there a set S C A\ W of at most k vertices such that G — N[S] is acyclic?

We denote an instance of d-DDBB-FVS as (G,k,W), where G is the input graph
with bipartition A W B, k is the parameter (the solution size), and W is a set such that for a

solution S, it holds that S C A\ W. The main result of the section is the following lemma.

Lemma 42. Given an instance ((AWB,E),k,W) of d-DDBB-FVS, there exists an al-

gorithm that gives a solution in time O((8d)**"OW)(n 4 m) + n(n+m)), where d =
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max,epd(w), n=|V(G)

. m=|E(G)

, and yY(Gw) is the number of connected compo-

nents in the subgraph Gy = GIW U {b € B: N(b) CW}].

Assuming Lemma 42 one can prove Theorem 7.5.1, somewhat similar to the way it is
done for FVS on graphs (see Section 4.1 in [29]). We use the following observation in the

proof of Theorem 7.5.1.

Observation 7.5.2. Let (G = (AWB,E),k) be an instance of DFVSB, and B’ C B. If
(G'=(AWB',E(A,B')),k) is a no-instance of DFVSB, then (G = (AWB,E),k) is a

no-instance of DFVSB.

Proof. Any solution to (G = (AWB,E), k) is also a solution to (AWB',E(A,B')),k). [

Now we give a proof sketch of Theorem 7.5.1 assuming Lemma 42.

Proof sketch of Theorem 7.5.1. We employ the method of iterative compression to prove
Theorem 7.5.1. Towards that, we iteratively apply Lemma 42. Let (G = (AWB,E),k) be
the input of DFVSB. Let B = {by,...,b,}. If r <k+ 1, then any subset A’ C A of size at
most r — 1 that contains a neighbor of b; for all i € [r— 1] is a solution to (G, k). That is, if

r <k+1, then (G,k) is a yes-instance. Otherwise, we proceed as follows.

Initially we consider the instance J; = (G} = (AWBy),k) of DFVSB, where B =
{b1,...,brs2}. Let Wy ={v1,...,vk11 } be an arbitrary subset of A such that N(b;) "\W; #
0 for all j € [k+ 1]. Clearly, W; is a dominating feedback vertex set of size k+ 1 for
Gi. To compute a dominating feedback vertex set of size at most k, for each subset
S C W of size at most k (a potential guess of the intersection of a hypothetical solution
with W}), we use Lemma 42 to check whether there exists a solution to the instance
(G} =G —NIS],k—|S|,W1\S) of d-DDBB-FVS. If no such solution exists for any choice

of the subset of W1, then clearly J; is a no-instance of DFVSB due to observation 7.5.2.

Otherwise, if there is a subset S; C W, of size at most k, such that Q; is a solution

for (((A\Sl) W (B] \N(S])),E(A\Sl,B] \N(S]))),k— |S1|,W1 \S]) Ofd—DDBB—FVS,
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then S; U Q; is a solution of size at most k for the instance J;. Next, we construct an
instance J, = (G, = (AWB,E(A,By)),k) of DFVSB, where By = {by,...,br3}. Let
W, = S1UQ; U{v}, where v is an arbitrary vertex in N (b, 3). Notice that G, — N[W>] is
a subgraph of G| — N[S; U Q] which is a forest. That is, W, is a dominating feedback
vertex set of G, of size at most K+ 1. Now we repeat the same process as described above
to “compress” the solution size of J, to at most k. At each iteration, if there exists a
solution W; of size at most k for the instance J;, then in step i + 1, W; U {v} is a dominating
feedback vertex set for G;11 = (AWB;1,E(A,Biy1)), where Bi1 = B;U{byi2+;} and

v € N(by12+:), and we continue the same process.

Finally, notice that J,_ ¢ ) is actually the input instance (G, k), and we get a solution
to J,_(x+1) at the end of the algorithm (if (G,k) is a yes-instance). More formally, at
step i € [r— (k+ 1)], we have an instance J; = (G; = (AWB;,E(A,B;)),k), where B; =
{b1,...,byy1+i}, and a dominating feedback vertex set Wl-’ of G; of size at most k+ 1.
Then, by applying Lemma 42 at most 2X*! times we obtain a solution W; of size at most
k for the instance J; (if it exists). If there does not exist a solution for J;, then (G,k) is a

no-instance.

Since we apply Lemma 42 at most 2¥*!|B| — (k+ 1) times and the number of connected
components of Gy in each application of Lemma 42 is at most k + 1, the total running
time is upper bounded by @(25(84)**n(n+m) +n*(n+m)) = 6(2*d** 'n(n+m) +
n?(n+m)), where n = |V(G)| and m = |E(G)|. O

The rest of the section is devoted to the proof of Lemma 42. Towards proving
Lemma 42, we design a branching algorithm consisting of three branching rules and
some simple reduction rules. To bound the running time, we define a measure associated
with an instance of d-DDBB-FVS, and this measure decreases by at least one during each
application of the branching rules. It does not increase during the application of any of the
reduction rules. Moreover, the number of children for each node in the branching tree is

bounded by &'(d). For an instance (G = (AWB,E),k,W) of d-DDBB-FVS, recall that
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Gw = GIWU{b € B: Ng(b) C W}], and y(Gw ) is the number of connected components

in Gy . We define the measure associated with the instance (G,k,W) of d-DDBB-FVS as,

‘U(G,k,W) =k+ }/(GW)

For a reduction rule that takes an instance (G,k,W) of d-DDBB-FVS and outputs
another instance (G',k',W’) of d-DDBB-FVS, we say that the reduction rule is safe
if the following holds: (i) (G,k,W) is a yes-instance if and only if (G',k,W’) is a yes-
instance, and (ii) u(G',kK',W’) < u(G,k,W). A branching rule for .-DDBB-FVS, takes
an instance (G,k,W) and outputs a collection of instances (Gy,k;,Wy),...,(Gy, ke, Wy).
We say that the branching rule is safe if the following holds: (i) (G,k,W) is a yes-instance
if and only if (Gj,k;,W;) is a yes-instance for some i € [¢], and (ii) for each i € [/],

‘u’(Giaka/i) < ‘U(G,k,W)

Reduction Rule 21. Let (G,k,W) be an instance of d-DDBB-FVS. If k = 0 and G is not

acyclic, then return that (G,k,W) is a no-instance of d--DDBB-FVS.

Reduction Rule 22. Let (G,k,W) be an instance of d-DDBB-FVS. If G is acyclic and
k >0, then return O and STOP.

The correctness of the above reduction rules follows from the fact that (G,k,W) is a

yes-instance of d-DDBB-FVS and 0 is a solution to (G,k,W).

Reduction Rule 23. Let (G,k,W) be an instance of d-DDBB-FVS. Let v € V(G) be a

vertex of degree O in G. Then, output (G —v,k,W \ {v}).

It is easy to see that the above reduction rules are safe and can be applied in polynomial

time.

Reduction Rule 24. Ler (G = (AWB,E),k,W) be an instance of d-DDBB-FVS and

b € B be a vertex of degree 1 in G. Then, output (G —b,k,W).
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Lemma 43. Reduction Rule 24 is safe.

Proof. Since dg(b) = 1, there is no cycle in G containing b. Therefore, any solution
to (G — b,k,W) is also a solution to (G,k,W) and vice versa. Let G' = G —b. Since
dg(b) < 1, y(Gy) < 7(Gw). Therefore, u(G',k,W) < u(G,k,W) and Reduction Rule 24

is safe. =

Reduction Rule 25. Let (G = (AWB,E),k,W) be an instance of d-DDBB-FVS and
v € A\W be a vertex of degree 1 in G. Let Ng(v) = {b}. Moreover, either Ng(b) \ (W U
{v}) # 0 or dg(b) =2. Then, output (G —v,k,W).

Lemma 44. Reduction Rule 25 is safe.

Proof. First consider the case Ng(b) \ (W U{v}) # 0. Since dg(v) = 1, any solution to
(G —v,k,W) is also a solution to (G, k,W). Now suppose that, (G,k,W) is a yes-instance.
Let u be an arbitrary vertex in Ng(b) \ (WU {v}) and G’ = G — v. First we claim that there
is a solution S to (G,k, W) that does not contain v. If there exists a solution S’ to (G,k, W)
that contains v, then $* = (§'\ {v}) U{u} is a solution to (G,k, W), because N (v) C Ng(u)
and dg(v) = 1. Let S be a solution to (G,k, W) such that v ¢ S. Then, S is also a solution
to (G' = G —v,k,W) because G' — Nz [S] = (G — Ng[S]) — v, and (G — Ng[S]) is acyclic.
Notice that G}, = Gy . Therefore, u(G',k,W) < u(G,k,W).

Next, we consider the case dg(b) = 2. Here, there is no cycle in G that contains
either b or v. This implies that, if S is a solution to (G,k,W), then S\ {v} is a solution
to (G —v,k,W). Since dg(v) = 1, any solution to (G’ = G —v,k,W) is also a solution to

(G,k,W). Also, since Gy, = Gy, we have that u(G',k,W) < u(G,k,Ww). ]

Reduction Rule 26. Let (G,k,W) be an instance of d-DDBB-FVS. Let bjvibyvob3viby
be a path in G such that vibyvab3vs is a degree two path in G, {by,...,bs} C B and
{vi,v2,v3} CA\W. Now, let G' be the graph obtained by deleting the vertices by, v,
from G and adding a new edge vibs, that is, G' = (G — {vy,by}) +vib3. Then, output
(G k,W).
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Lemma 45. Reduction Rule 26 is safe.

Proof. First, we prove that (G,k,W) is a yes-instance of d-DDBB-FVS if and only if
(G',k,W) is a yes-instance of d-DDBB-FVS. In the forward direction, let S be a solution
to (G,k,W) of d-DDBB-FVS. Suppose that, v, ¢ S. Then, we claim that S is also a
solution of (G',k,W). Suppose not, then there exists a cycle C in G’ — Ng[S]. If C does
not contain the edge v, b3, then C is also a cycle in G — Ng[S], which is a contradiction.
Therefore, C contains the edge vib3. But, then we get a cycle in G — Ng[S] by replacing
the edge v b3 in C by the path v{bov,b3. This is a contradiction to the assumption that §
is a solution to (G,W, k). Now, consider the case v, € S. Then, &' = (S\ {v2})U{v1} is
a solution to (G’,k,W) because 'MW = 0 and any cycle in G which contains any of the

vertices in {by,v,,b3} also contains vy.

For the backward direction, let S* be a solution to (G’ ,k,W) of d-DDBB-FVS. Clearly,
S* C A\ W. We claim that S* is also a solution to (G,k,W). Suppose not. Then, there
exists a cycle C in G — Ng[S*]. If C does not contain any edges from {vib,,byv;,v2b3},
then C is also a cycle in G’ — Ny [S*], which is a contradiction. Therefore, at least one
edge from {viby,byv2,v2b3} is part of C. Then, since v byvyb3vs is a degree two path in
G, b1vibyvob3v3by is a subpath in C. Then, we get a cycle C' in G’ — Ng[S*] by replacing
the subpath v byv2b3 in C by vibs3. This is a contradiction to the assumption that $* is a

solution to (G’,k,W). Hence, S* is also a solution to (G,k,W).

Next, we prove that u(G',k,W') < u(G,k,W). Since vi,v2,v3 ¢ W, we have that
b1,by,b3,bs ¢ V(Gw). Therefore, we have that Gy = Gy, and hence, u(G',k,W') =

1(G,k,W). This completes the proof of the lemma. O

Branching Rule 1. Let (G,k,W) be an instance of d-DDBB-FVS and let b € B be a vertex
such that Ng(b)\W # 0 and |Ng(b) "W | > 2. Let z,7 € Ng(b) "W be two distinct vertices
and Ng(b)\W ={uy,...,us}. If zand 7' are in the same connected component of Gy, then
we branch into the following instances: (G — N{uy],k—1,W),...,(G—Nlug],k—1,W). If

zand 7 are in two distinct connected components of Gy, then we branch into the following
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instances: (G—Nu],k—1,W),...,(G—Nlug,k—1,W), and (G,k,W U{uy,...,us}).

Lemma 46. Branching Rule 1 is safe.

Proof. First consider the case that z and 7’ are in the same connected component of Gy .
If (G,k,W) is a no-instance, then clearly all the instances (G — N[u;],k—1,W),...,(G —
Nlus),k — 1,W) are no-instances. Since z and 7’ are in the same connected component
of Gy, there is a cycle C in G[V(Gw) U {b}]. Also, notice that Ng(V(C)NB)\W C
{uy,...,up}. That is, if (G,k,W) is a yes-instance, then any solution will contain a
vertex from {uy,...,up}. Therefore, if (G,k,W) is a yes-instance, then at least one of the
instances (G — Nuj],k—1,W),...,(G— Nlug|,k—1,W) is a yes-instance. Now we prove
that (G —N[u;],k—1,W) < u(G,k,W)—1, forall i € [¢]. Towards that, we fix an arbitrary
i € [(]. Let G' = G—Nlu;]. Since u; € A\W, Gy = GJ;,. This implies that, y(G},) = y(Gw ).
Therefore, u(G',k—1,W) =k—14+v(G}) =k+y(Gw) — 1 = u(G,k,W) — 1.

Next, consider the case that z and 7’ are in two different connected components of Gy .
If (G,k,W) is a no-instance, then clearly all the instances (G — N[u;|,k—1,W),...,(G—
Nlugl,k—1,W), and (G,k,W U{uy,...,up}) are no-instances. Suppose that, (G,k,W) is
yes-instance. Let S be a solution to (G,k,W). If SN {uy,...,us} # 0, then at least one of
(G—=Nlu],k—1,W),....(G—Nluy|,k—1,W) is a yes-instance. Otherwise, S is a solution
to (G,k,W U{uy,...,us}). The proof of u(G — Nlu;],k—1,W) < u(G,k,W) —1 for all
i € [¢], given in the above paragraph holds in this case as well. Finally, we prove that
w(G,k,WU{uy,...,up}) < u(G,k,W) — 1. Note that, it is enough to prove that y(Gy) <
Y(Gw) — 1, where W/ = W U{uy,...,up}. Observe that, each connected component in Gy
contains a vertex from W’, as Reduction Rule 23 is no longer applicable. Moreover, Gy is
a subgraph of Gy and there is a connected component in Gy containing z and 7/, because
7,7 € Ng(b) and b € V(Gy). Also, notice that in this case z and 7’ belong to different
connected components in Gy . This implies that, Y(Gy) < y(Gw) — 1. This completes the

proof of the lemma. O
Branching Rule 2. Let (G,k,W) be an instance of d-DDBB-FVS. If there exists a

176



path/cycle P = byvy...byv by in G, such that {vy,...,v,} CA\W, 0 <r <6, and there
is a cycle in the graph G[V (Gw) UV (P)), then we branch into the following instances:
(G_N[u1]7k_ l,W),...,(G—N[Mg],k— 17W>’ where {ula'- -,M[} :NG({b()a'--,br—H})\
W.

Lemma 47. Branching Rule 2 is safe.

Proof. If (G,k,W) is a no-instance, then clearly all the instances (G — N[uj],k —
1,W),...,(G— Nluyg],k— 1,W) are no-instances. Now, we prove that if (G,k,W) is a yes-
instance, then at least one of the instances (G — N(uj],k—1,W),...,(G—Nlu),k—1,W)
is a yes-instance. Notice that there exists a cycle C in G[V(Gw) UV (P)]. Therefore,
any solution to (G,k,W) contains a vertex from Ng(V(C)NB)\ W. Since Ng(b) C W
for all b € BNV (Gw), we have that Ng(V(C)NB)\W C N({bo,...,by+1})\W =
{uy,...,us}. Therefore, if (G,k,W) is a yes-instance, then at least one of the instances

(G—Nlu],k—1,W),....,(G—N[uy],k— 1,W) is a yes-instance as well.

Next, we prove that (G —N[u;],k—1,W) = u(G,k,W)—1 forall i € [¢]. Towards that,
we fix an arbitrary i € [{]. Let G' = G — N[u;]. Since u; € A\ W, we have that Gy = GJ;.
Therefore, u(G'.,k—1,W) =k —1+7y(G}) = k+y(Gw) — 1 = u(G,k,W) — 1. This

completes the proof of the lemma. O

Branching Rule 3. Let (G, k,W) be an instance of d-DDBB-FVS. Let P = byvy, . ..,b,v,b, 41
be a path in G, such that 0 < r < 6 and {vy,...,v;} CA\W. Let z and 7' be two ver-
tices in two distinct connected components of Gy. If there is path from z to 7' in the
graph G[V(Gw) UV (P)], then we branch into the following instances: (G — N|uj],k —
LLW),....(G—Nlu,k—1,W), and (G,k,W U{uy,...,us}), where

{I/tl, cee ,I/lf} :NG({b07' . >br+l}) \W
Lemma 48. Branching Rule 3 is safe.
Proof. If (G,k,W) is a no-instance, then clearly all the instances (G — N|uj],k —
LLW),....,(G—Nlug],k—1,W) and (G,k,W U{uy,...,us}) are no-instances. Now we
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prove that if (G,k,W) is a yes-instance, then at least one of the instances (G —
Nlui],k—1,W),...,(G— Nlug|,k—1,W) and (G,k,W U{uy,...,us}) is a yes-instance.
Let S be a solution to (G,k,W). If SN{uj,...,us} # 0, then at least one of (G —
Nlui],k—1,W),....(G— Nlug],k—1,W) is a yes-instance. Otherwise S is a solution
to (G, k,W U{uy,...,up}).

Next, we prove that (G — N{u;],k—1,W) < u(G,k,W) — 1, for all i € [¢]. Here, the
proof follows the arguments similar to those in the proof of Lemma 47. Now we prove
that u(G,k,W U{uy,...,up}) < u(G,k,W) — 1. Towards that, it is enough to prove that
Y(Gw') < y(Gw)—1, where W =W U{uy,...,us}. Notice that each connected component
in Gy contains a vertex from W’. Moreover, Gy is a subgraph of Gy and there is a
connected component in Gy containing z and 7, because V (P) C V(Gy). Also, notice
that by our assumption z and 7’ belong to different connected components in Gy . This

implies that, Y(Gy) < ¥(Gw) — 1. This completes the proof of the lemma. O

Now we are ready to complete the proof of Lemma 42.

Proof of Lemma 42. We design a branching algorithm for the problem. Let (G,k,W) be an
instance of d-DDBB-FVS. We prove that we can always apply either one of the reduction
rules or one of the branching rules until we reach a solution or a no-instance. First we test
if any of the Reduction Rules 21, 22, 23, 24, and 25 is applicable. This can easily be tested
in linear time. If any of these reduction rules are applicable, we apply them. Next, we test
whether Reduction Rule 26 is applicable. Towards that, let H be a graph obtained from
G by deleting all the vertices in W and the vertices of degree at least 3 in G. Then, for
any maximal path P such that the internal vertices of P have degree exactly two in G and
V(P)NW = 0, there exists a component in H which is an induced path containing all the
vertices of P. Thus, we can identify such a path P = byv{byv,b3v3b4 in G such that the
internal vertices of P are degree exactly two in G and V(P) W = 0 (if it exists) in linear

time. If such a path exists, then we apply Reduction Rule 26. Next, if Branching Rule 1 is
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applicable, then we apply it. This can be done in linear time as well.

For rest of the proof, we assume that Reduction Rules 21-26, and Branching Rule 1 are
not applicable on (G, k,W). We know that F' = G — Ng|[W] is acyclic. Since dg(b) > 2 for
all b € B (because Reduction Rules 23 and 24 are not applicable) and F = G — Ng[W], (i)
any vertex u € V(F) with degree at most 1 in F (that is, dr (1) < 1) belongs to A\ W. Now
we claim that (ii) there is no vertex of degree zero in F. Suppose not. Let v € V(F) be such
that dr (v) = 0. Because of statement (i), we have that v € A\ W. Since Reduction Rule 23
is not applicable, we have that dg(v) > 1. If dg(v) = 1, then Ng(b)\ (WU {v}) =0
and dg(b) > 2, where {b} = Ng(v), as Reduction Rules 24 and 25 are not applicable.
This implies that, Ng(b) \ W # 0 and |Ng(b) "W| > 2. As a result Branching Rule 1 is

applicable, which is a contradiction. Thus, we have proven statement (if).

Next we prove that (iii) for each v € V(F) such that degree of v is 1 in F, there is
a vertex b € Ng(W) such that vb € E(G). Towards that, it is enough to prove that for
each v € V(F) of degree 1 in F, dg(v) > 2. If dg(v) = 1, then Ng(b)\ (WU {v}) =0
and dg(b) > 2, where {b} = Ng(v), as Reduction Rules 24 and 25 are not applicable.
This implies that, Ng(b) \ W # 0 and |Ng(b) "W| > 2. As a result Branching Rule 1 is

applicable, which is a contradiction. Thus, we have proven statement (iii).

Let Q be a path in F (of length more than 0) such that the end-vertices of Q have
degree 1 in F, and all but at most one internal vertex of Q has degree exactly 2 in .. Any
forest F' containing at least one edge contains such a path and it can be computed in linear
time. Since the end-vertices of Q have degree 1 in F, by statement (i), the end-vertices of
O belong to A\ W. Let Q = vob; ...byv, for some ¢ € N, where {vy,...,v;} CA\W and
{b1,...,bs} € B\ Ng(W). Due to statement (iii), there exist vertices b,b’ € Ng(W) (not

necessarily distinct), such that bvy,b'v, € E(G).

Case 1: ¢ < 6. Let P be the path/cycle bvgb ...byvsb'. Note that, P is a cycle if b = b’ and
Pis apathif b # D'. If P is a cycle, then Branching Rule 2 is applicable and we apply it.

Suppose that, b’ # b. Notice that b,b’ € Ng(W). This implies that, there exist vertices z
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and 7’ in W, such that bz,b'7’ € E(G). If z and 7’ belong to the same connected component
in G, then either Branching Rule 2 is applicable, or Branching Rule 3 will be applicable

due to existence of path P. We apply the branching rule accordingly.

Case 2: ¢ > 7. Recall that, all but at most one vertex in Q = vob; ...byvy has degree at
most 2 in F. If all the vertices in Q have degree at most two in F, then either no vertex
vi, i € {1,...,3} has a neighbor in N(W) and Reduction Rule 26 is applicable, or there
exists a vertex v;, i € {1,...,3}, such that v; has a neighbor in N(W) and either Branching
Rule 2, or Branching Rule 3 is applicable. Next, consider that there exists a vertex in Q
with degree more than 2 in F. (a) A vertex in {vy,v,v3,b1,b2,b3} has degree more than
2 in F. (b) A vertex in {vg4,vs,ve,bs,bs,bg,b7} has degree more than 2 in F. Without
loss of generality let us assume (b) (Other case can be argued similarly). That is, each
vertex in {vi,v,v3,b1,b2,b3, } has degree at most 2 in F. First, we prove that there exists
i €{l,...,3} such that Ng(v;) N\Ng(W) # 0. Otherwise v;byv,b3v3 is a degree two path
in G, and hence, Reduction Rule 26 is applicable, a contradiction to the assumption that

none of the reduction rules are applicable.

Now, we fix i € {1,...,3} such that Ng(v;) "\Ng(W) # 0. Let b* € Ng(W) be such
that v;b* € E(G). Let Q* be the subpath of Q between vy and v; and P* be the path bQ*b*.
Clearly, due to existence of path P*, either Branching Rule 2 or Branching Rule 3 is

applicable. We apply the branching rule accordingly.

Now we do the running time analysis. Let n = |V (G)| and m = |E(G)/|. Each application
of a reduction rule takes linear time. Moreover, after each application of a reduction rule,
the number of vertices in the graph drops by at least one. Therefore, the total time taken
to apply all the reduction rules together in one branch of the branching tree is upper
bounded by &' (n(n+m)). Each application of a branching rule takes linear time. The
number of branches created during an application of Branching Rules 2 or 3 is at most 8d.
Moreover, after each application of Branching Rules 2 and 3, the measure associated with

the instance drops by at least one. Therefore, the total running time is upper bounded by
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O((8d4)1W) (n 4+ m) +n(n+m)). This concludes the proof. O

7.6 Feedback Vertex Sets on Linear Hypergraphs

In this section we design an FPT algorithm for HFVS on linear hypergraphs. Towards
this, we prove the following result about DFVSB, from which Theorem 7.1.3 follows as a

corollary.

Theorem 7.6.1. There exists an ﬁ*(Zﬁ(k3 102k)) time randomized algorithm for DFVSB
on Cy-free bipartite graphs, which produces a false negative output with probability at

most %, and no false positive output.

To prove Theorem 7.6.1, we need to take a detour and define few generalizations of
these problems that appear naturally in the recursive steps. Let .% be a family of sets
over a universe A, then we define a bipartite graph G & as follows. Let the bipartition of
V(Gz)be Az WB4, where Az = A and By = .%. We define the edge set E(G#) as
the set {{u,Y}: uc A,ucY € .Z}. Let G be a Cy free bipartite graph with bipartition
V(G) = AWB, and .% be a family of sets over the universe A. We define the graph
GUGgz = (A*WB*,E) as follows. Let A* =A,B* =BWBg and E* = E(G)UE(G ).

The following problem generalizes HFVS on linear hypergraphs.

HITTING HYPERGRAPH FEEDBACK VERTEX SET (HHFVS) Parameter: k+ |E(H>)|
Input: Two linear hypergraphs H,H, such that V(H,) = V(H,), E(H,)NE(Hy) = 0,
and H; U H; is a linear hypergraph, k € N.

Question: Does there exist a set S C V(H]) of size at most k, such that H; — S is

acyclic and S is a hitting set for E(H;)?

Observe that, HHFVS generalizes HFVS. Indeed, HHFVS is the same as HFVS,
when H; is an empty hypergraph. Next, we define the “graph” version of HHFV'S, which

generalizes DFVSB on Cy-free graphs.
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HITTING DOMINATING BIPARTITE FVS (HDBFVS) Parameter: k + |.7 |
Input: A C, free bipartite graph G with bipartition V(G) = AW B, a family .# of
subsets of A such that the graph GU G # is a Cy4 free bipartite graph, k € N.

Question: Does there exist a set S C A of size at most &, such that G — N|S] is a forest

and S is a hitting set for .%?

We say that an instance (G = (AWB, E),.# k) is a valid instance of HDBFVS, if .7

is a family of subsets of A such that the graph GU G # is a C4-free bipartite graph.

In the rest of the section, whenever we say (G = (AWB,E),.Z k) is an instance of
HDBFVS, it implies that (G = (AWB, E),.% k) is a valid instance of HDBFVS. Further,

after each application of a reduction rule, we ensure that the instance remains valid.

Following is a simple observation, and its proof follows from the fact that GUG # is

Cy-free.

Observation 7.6.2. If (G = (AWB,E),.Z k) is an instance of HDBFVS, then (i) pairwise
intersection of sets in ¥ is of size at most 1, and (ii) for every vertex b € B and F € .Z,

IN(b) N F| is at most one.

Given an instance (Hj,Hy,k) of HHFVS, we can obtain an instance, (G,.#,k), of

HDBFVS in a canonical way. Next lemma shows their equivalence.

Lemma 49. (H,,H,,k) is a yes-instance of HHFVS if and only if (G,.% k) is a yes-
instance of HDBFVS, where G is the incidence graph of the hypergraph H, and % =

E(Hz)

Proof. Observe that, (G = (AWB,E"),.# k) is a valid instance of HDBFVS.

In the forward direction, let S be a solution to (H;,Hy,k) of HHFVS. We claim that
S is also a solution to (G = (AWB,E’),.# k) of HDBFVS. Suppose not. Then, either
there exists a cycle C = vjej ...vgepvy in the graph G — Ng[S] such that for each i € [/],

vi €A, e; € Band vie; € E', and eyv; € E’, or S does not hit a set Y € .#. The former
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case implies that, ey, ..., ey are hyperedges in H; — S, and {vi,...,vo} CV(H;)\S. Then,
(vi,e1,...,vp,ep,v1) is a cycle in the hypergraph Hy — S. This is a contradiction to the
assumption that H; — S is acyclic. The later case implies that, there is an edge Y in H, — S,
which is a contradiction to the assumption that H, — § is edgeless (that is, S is a hitting set

for H).

In the backward direction, let S’ be a solution to (G = (AWB,E’),.7 k). We claim
that S’ is also a solution to (Hj,H,,k) of HDBFVS. Suppose not. Then, either there
exists a cycle C = (vy,ey,...,vp,ep,v1) in the hypergraph H; — S, or there exists an edge
Y € H, —S. The former case implies that, {vy,...,vy} CA\S and {ey,...,e,} CB\Ng(S").
Therefore, vie; ...vpepvy is acycle in G— Ng[S'], which is a contradiction to the assumption
that G — N[S'] is acyclic. The later case implies that, S’ does not hit the set Y € %, a

contradiction to the assumption that S’ is a hitting set for .%. [

The rest of the section is devoted to designing an FPT algorithm for HDBFVS. Given
an instance (G = (AWB, E),.# k) of HDBFVS, we first define some notations that will be
used throughout the section. For a vertex v € A, by X, we denote the set {Y |Y € F#,veY}.

We distinguish the vertices in A as follows.

o If |X,| > 2, that is, v is in at least two sets in ., then we say that v is a special vertex.

» If |X,| = 1, that is, v is contained in exactly one set in .#, then we say that v is an

easy vertex.

* Otherwise, we say that v is a trivial vertex.

By V(.%) we denote the set {v € A | v € Y for some Y € .% }. For a graph G*, the notations
Vo(G*), V=1(G*), V=»(G*), and V>3(G*) denote the set of isolated vertices, the set of
vertices of degree 1, the set of vertices of degree 2, and the set of vertices of degree at least
3 in G*, respectively.

Lemma 50. Let (G = (AWB,E),.% k) be an instance of HDBFVS. Then, the number of

special vertices in A is upper bounded by ("Of').
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Proof. For the sake of contradiction, assume that the number of special vertices in A is
more than (|"a22|). Then, by pigeonhole principle there exist two special vertices u,v in
A such that |X, N X,| > 2. Let Y},Y» € X, NX,. This implies that u,v € ¥} NY,, which

contradicts Observation 7.6.2(1). ]

Now we state some reduction rules that are applied exhaustively by the algorithm in
the order in which they appear. Let (G,.%#,k) be an instance of HDBFVS and (G',.7' k)
be the resultant instance after application of a reduction rule. To show that a reduction
rule is safe, we will prove that (G,.% k) is a yes-instance if and only if (G',.Z' k) is a

yes-instance.

Reduction Rule 27. If one of the following holds, then return a trivial no-instance: (i)

k < 0; (ii) k = 0 and G is not acyclic; and (ii) k = 0 and .F is not empty.

Reduction Rule 28. If k > 0, G is acyclic and ¥ is empty, then return a trivial yes-

instance.

Reduction Rule 29. Let (G = (AWB,E),.% k) be an instance of HDBFVS and b € B be

a vertex that does not participate in any cycle in G. Then, output (G — b, % k).

Reduction Rule 30. Let (G = (AWB,E),.% k) be an instance of HDBFVS and v € A be

an isolated vertex in G. If v is a trivial vertex, then output (G — v, F k).

It is easy to see that the above reduction rules are safe and can be applied in polynomial
time. Observe that, when Reduction Rules 29 and 30 are no longer applicable, then
Vo(G) C A and each isolated vertex in G is either easy or special. Next, we state a

reduction rule that will help to bound the number of easy isolated vertices in G.

Reduction Rule 31. Let (G = (AWB,E),.% k) be an instance of HDBFVS and v € A be
an isolated vertex in G. Suppose v is an easy vertex, X, = {Y }, and |Y| > 1. Then output
(G, 7' k), where G =G —vand F' = (F\{YH)U{(Y\{v})}.

Lemma 51. Reduction Rule 31 is safe.
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Proof. Observe that, the instance (G',.%’ k) is a valid instance of HDBFVS.

In the forward direction, let S be a solution to (G,.%# , k) of HDBFVS. Observe that, if S
does not contain v, then S is also a solution to (G, %' k), as G' — N [S] = (G — Ng[S]) — v,
(G —Ng|S]) is acyclic and S is also a hitting set of .7’. Next, consider the case when v € S.
Let 8’ =S\ {v}. Since v is an isolated vertex in G, we have that G — N[S§'] is acyclic. Let
u €Y, u#v,then observe that, S’ U{u} is also a solution to (G, .7, k) of HDBFV'S, which

does not contain v and hence a solution to (G, %’ k).

In the backward direction, let S’ be a solution to (G’,.%#’ k). Suppose that, G — N|[S']
contains a cycle C. Then, since G' = G —v, and dg(v) =0, C is also a cycle in G’ — N[S].
Observe that, # \ {Y} =.7"\ (Y \ {v}). Therefore, S is also a hitting set of .%. This

implies that S’ is also a solution to (G,.%#,k) of HDBFVS. ]

Reduction Rule 32. Let (G = (AWB,E),.# k) be an instance of HDBFVS and v € A be

a vertex of degree 1 in G. If v is a trivial vertex, then output (G',.7 ,k), where G' = G —v.

Lemma 52. Reduction Rule 32 is safe.

Proof. Observe that, the instance (G',.% k) is a valid instance of HDBFVS.

In the forward direction, let S be a solution to (G,.%# k) of HDBFVS. If S does not
contain v, then clearly S is also a solution to (G, .7, k) because G' — N [S] = (G — Ng|[S]) —
v and (G — Ng[S]) is acyclic. Suppose that, v € S. Let {b} = Ng(v). Since Reduction
Rule 29 is no longer applicable, we have that d(b) > 1. Let u # v be an arbitrary
vertex in Ng(b). Then, $* = (S\ {v}) U{u} is also a solution to (G,.# k) of HDBFVS
because Ng(v) C Ng(u) and dg(v) = 1. Then, $* is also a solution to (G' = G — v, % k)

of HDBFVS because G’ — Ng/[S*] = (G — Ng[S*]) — v and (G — Ng[S*]) is acyclic.

In the backward direction, let S" be a solution to (G',.Z k). Suppose that, G — N|[S']
contains a cycle C. Then, since G' = G —v, and dg(v) = 1, C is also a cycle in G’ — N[S].

This implies that S’ is also a solution to (G,.%#,k) of HDBFVS. O
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When Reduction Rules 27 to 32 are no longer applicable, we obtain the following result.

Lemma 53. Let (G,.% k) be an instance reduced with respect to Reduction Rules 27 to

32. Then, the following holds.

1. Vo(G)UV_|(G) CA, all vertices in Vo(G) UV=|(G) are either easy or special.

2. Vo(G) < |7+ (7).

Lemma 54. For any vertex b € B,

Ng(b)NV=1(G)| < |F].

Proof. 1f there exists a vertex v € Ng(b) NV_;(G) which is a trivial vertex, then Reduction
Rule 32 is applicable. Thus, (i) for all v € Ng(b) NV=;(G), v belongs to some set in .%.
Suppose that, for a contradiction, there exists a vertex b € B such that Ng(b) contains at
least |.% |+ 1 vertices of degree 1 in G. Then, by pigeonhole principle and statement (i),
at least two degree 1 vertices say u,v € Ng(b) are contained in a set Y € .%, which is a

contradiction to item (ii) of Observation 7.6.2. This completes the proof of the lemma. [

Recall the definition of a degree two-path; P is a degree two path in G if each vertex in
P has degree exactly two in G. Next, we state the reduction rules that help us bound the
length of a long degree two path in G — V_;(G), that is, to bound the length of degree two
paths in the graph obtained after deleting vertices of degree 1 from G. Towards this, we

first define the notion of a nice path.

Definition 28. We say that P is a nice path in G, if P does not have any special vertex, and
the degree of each vertex in P in the graph G —V_1(G) is exactly 2. A nice path P in G is

a degree two nice path if each vertex in P has degree exactly 2 in G.

Reduction Rule 33. Let (G = (AWB,E),.Z k) be an instance of HDBFVS, P be a nice
path in G and b,b’ € B be two vertices in P. If there exist two easy vertices u,u’ whose
degree is 1 in G, adjacent to b,b', respectively, such that X,, = X,y = {Y}, then return

(G',F' k), where G' =G —u, F' = (F\{Y})U{Y \{u}}.
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Lemma 55. Reduction Rule 33 is safe.

Proof. Observe that, the instance (G',.%’ k) is a valid instance of HDBFVS.

In the forward direction, let S be a solution to (G,.%#,k) of HDBFVS. Suppose that,
u ¢ S. Since dg(u) = 1, we have that u does not participate in any cycle in G. Therefore,
any cycle C in G’ — N[S] is also a cycle in G — N|S]. This implies that G’ — N[S] is acyclic.
Observe that, % \ {Y} = .#'\ {Y \ {u}}. This implies that S is a hitting set of .%’. Hence,
S is also a solution to (G',.#', k) of HDBFVS. Next, consider that u € S. Since u does not
participate in any cycle in G, u is only used to hit cycles containing b (recall that when
we delete u, we also delete all its neighbors) and to hit the set Y. Since P is a nice path,
any cycle that contains b also contains all the vertices in P and hence contains Ng(u') = b/,
therefore ' can hit all the cycles containing b. Further, since u’ € Y, it holds that &’ hits the
set Y. This implies that $* = (S\ {u#}) U{«'} is also a solution to (G,.%,k) of HDBFVS.

As argued before, S* is a solution to (G',.%#’ k) of HDBFVS.

In the backward direction, let S’ be a solution to (G',.%',k) of HDBFVS. Since u does
not participate in any cycle, any cycle in G — N[S'] is also a cycle in G’ — N[S’]. Hence,
G — N[S'] is acyclic. Also, since # \ {Y} =.Z'\ {Y \ {u}}, we have that §’ is a hitting set

of .7. Hence, §' is also a solution to (G,.7 k) of HDBFVS. O

Lemma 56. Let (G = (AWB,E),.% k) be an instance of HDBFVS reduced with respect
to Reduction Rules 27 to 33. Then, in any nice path P in G, the number of vertices that are

adjacent to a vertex of degree 1 in G is bounded by (‘?) + |7

Proof. From statement 1 in Lemma 53, we have that V_; (G) C A. This implies, Ng(V=(G)) C
B. Also, each vertex in V_|(G) is either easy or special. By Lemma 50, the number of

vertices that are special is bounded by ("fl). Therefore, the number of vertices in P that
are adjacent to special degree 1 vertices is at most (‘?) Since Reduction Rule 33 is no
longer applicable, we have that corresponding to each set Y € .7, there exists at most 1

vertex in P that has a degree 1 neighbor u such that X, = {Y'}. This implies that at most
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Figure 7.1: (a) is an illustration of Reduction Rule 33, (») and (c) are illustrations of two
cases of Reduction Rule 34, (d) is an illustration of Reduction Rule 35. In (a), (b) and (c)
blue vertices denote easy vertices, and in (d) green vertices denote trivial vertices.

|7 | vertices in P can be adjacent to degree 1 easy vertices, resulting in the mentioned

upper bound. [

The next reduction rule helps us in upper bounding the length of degree two paths in G.

Reduction Rule 34. Let (G = (AWB,E),.7 k) be an instance of HDBFVS and P =
vob1vi ...vy_1by be a degree two nice path in G, where {by,...,b;} CB, {vo,...,vp_1} C
A, and € > 5. Let vi,v; € AN (V(P)\ {vo,v1}) be two distinct easy vertices such that

Xy, =Xy, ={Y} for someY € F and i < j.

1 IfX,, , # X, or Xy, , =X,,,, =0, then let G' = (G —{b;,vi}) +vi—1bi1 (that is,
G’ be the graph obtained by deleting the vertices b;,v; from G and by adding a new
edge vi_1biy1) and F' = (F\{Y})U{Y \ {vi}}.

2. Otherwise, X,, | =X,,,, ={Y*}, then let G' = (G — {bj_1,vi—1,bi,vi}) +Vvi—2bit1
(that is, G' be the graph obtained by deleting the vertices b;_1,vi_1,b;,v; from G and

by adding a new edge vi_1b;y1) and F' = (F\{Y,Y*})U{Y*\{vi.1 },Y \ {vi} }.

188



Return (G',.F' k).

Lemma 57. Reduction Rule 34 is safe.

Proof. We first give a proof for Case 1, followed by a proof of Case 2.

Casel: X,  #X,  orX, =X

viep = 0. The vertices v; 1 and b; 1 do not have two
common neighbors in G’, and hence there is no C4 in G'. Observe that G5, is a subgraph
of G 4. Further, since G # does not have Cy, G’y/ does not have C4. Now we claim that
there is no C4 in G'UG',. There is no C4 in G', G';,, and GUG 2. Thus, if there is a
C4 in G' UGy, then there is a set F € .’ such that |(Ng/(bir1) N F| > 2. Notice that

Ng/(biv1) = {vi-1,vit1}. Since (X,, | #X,,,, or X,, , =X

v = 0) and [X,, [, [X,,,,| <1
(because P does not have any special vertex), there is no set F € %’ such that {v;_1,v;11} C
F. Thus, we have proved that there is no C4 in G’ UG'y,. This implies that the instance

(G',.#' k) is a valid instance of HDBFVS.

In the forward direction, let S be a solution to (G,.#,k) of HDBFVS. Suppose that,
v; ¢ S. Then, we claim that S is also a solution to (G',. %', k) of HDBFV'S. Suppose not,
then either there exists a cycle C in G’ — N [S] or there exists a set Z € .%' such that
SN Z = 0. First consider the former case. If C does not contain the edge v;_1b;1, then
C is also a cycle in G — Ng[S], which is a contradiction. Therefore, C contains the edge
vi—1bi+1. But, then we get a cycle in G — Ng[S] by replacing the edge v;_1b; in C by
the path v;,_1b;v;b;11. This is a contradiction to the assumption that (G — N|S]) is acyclic.
Now, consider the later case. Note that S hits . \ {Y'} and Y \ {v;} (since v; ¢ S). Thus, it
implies that S is a hitting set of .%’. Hence, S is also a solution to (G’,.#',k) of HDBFVS.
Next, consider that v; € S. Since P is a degree two nice path in G, any cycle that contains a
vertex from N[v;] also contains all the vertices in P. In particular, it contains v j» and v; hits
all the cycles that any vertex in N[v;] hits. Also, observe that, v; € ¥ and hence v; hits the
set Y. This implies that $* = S\ {v;} U{v;} is also a solution to (G, .#,k) of HDBFVS.

As argued before S* is a solution to (G, %', k) of HDBFVS.
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In the backward direction, let S be a solution to (G',.%’, k) of HDBFV'S. We claim
that §’ is also a solution to (G,.%,k) of HDBFVS. Suppose not. Then, either there exists
a cycle C in G — Ng[S'] or there exists a set Z € .% such that §'NZ = 0. First consider
the former case. If C does not contain any edge from the path P, then C is also a cycle in
G' — Ng[S'], which is a contradiction. Therefore, at least one edge from the path P is part
of C. Then, since P is a degree two nice path in G, P is a subpath of C. Then, we get a
cycle C' in G’ — N [S'] by replacing the subpath v;_1bv;b; 11 in C by v;_1b;,1. This is a
contradiction to the assumption that S’ is a solution to (G’,.%',k). Now, consider the later
case. Since 7 \ {Y} =.Z'\{Y \ {vi}} and |Y| > 2, we have that §’ is a hitting set of .7.

Hence, §' is also a solution to (G,.#,k) of HDBFVS.

Case 2: X,, | =X

vin = 1Y}, The vertices v;_» and b;;; do not have two common
neighbors in G, and hence there is no Cy in G’. Observe that G, is a subgraph of G z.
Further, since G # does not have Cy, Gi@ does not have C4. Next we claim that there
is no C4 in G’ UG'y,. By item (ii) of Observation 7.6.2, X,, , # X,, ,. This implies that
Xy, # X,,,,. Note that, there is no C4 in G’, G/, and GUG 2. Thus, if there is a Cy
in G'UG';/, then there exists a set F € .%#' such that |(Ng(biy.1) N F| > 2. Notice that
Ng (bit1) = {vi—2,vi+1}. Since X,, , # X,,,, and |X,, ,|,|X,,,,| <1 (because P does not
have any special vertex), there is no set F € .%’ such that {vi—2,vit1} C F. Thus, we have

proved that there is no C4 in G’ U G',. This implies that the instance (G',.#’ k) is a valid

instance of HDBFVS.

In the forward direction, let S be a minimal solution to (G,.%# ,k) of HDBFVS. Suppose
vi_1 € Sorv; € S. Consider the case when v;_; € S. Then, we claim that $* = (S\ {v;_; }) U
{vi+1} is also a solution to (G,.#,k). Since P is a nice path, any cycle that contains a
vertex of P must contain all the vertices of P. Thus, all the cycles containing a vertex
from N[v;_], also contain v;; 1. Therefore v;, hits all those cycles that N[v;_] hits. Since

Xy =X

Vi) = {Y*}, viy1 and v;_ hits the same set (only one) from .%. Now suppose

that v; € S. Then, we claim that §' = (S\ {v;}) U{v;} is a solution to (G,.# k). Since all
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the cycles containing a vertex from N[v;], also contain v j» therefore v; hits all the cycles

that N[v;] hits. Since X,, = X,; = {Y*}, v; and v; hits the same set (only one) from .7,

Thus, if (G,.Z,k) is a yes-instance, then there is a solution S such that v;_,v; ¢ S.
Then, we claim that S is also a solution to (G',. %, k) of HDBFVS. Suppose not, then
either there exists a cycle C in G’ — Ng/[S] or there exists a set Z € %' such that SNZ = 0.
First consider the former case. If C does not contain the edge v;_»b;11, then C is also
a cycle in G — Ng[S], which is a contradiction. Therefore, C contains the edge v;_2b; 1.
But, then we get a cycle in G — Ng[S] by replacing the edge v;_»b;.1 in C by the path
Vi—ob;i_1vi_1b;vibiy1. This is a contradiction to the assumption that (G — N[S]) is acyclic.
Now, consider the later case. Note that S hits .% \ {Y,Y*} and {Y*\ {v;_1},Y \ {vi}} (since
vi_1,vi € S). Thus, it implies that S is a hitting set of .#’. Hence, S is also a solution to

(G',.Z' k) of HDBFVS.

In the backward direction, let S’ be a solution to (G',.%’,k) of HDBFVS. We claim
that 8’ is also a solution to (G,.%#,k) of HDBFVS. Suppose not. Then, either there exists
a cycle C in G — Ng[S'] or there exists a set Z € % such that S'NZ = 0. First consider
the former case. If C does not contain any edge from the path P, then C is also a cycle in
G' — Ng[S'], which is a contradiction. Therefore, at least one edge from the path P is part
of C. Since P is a degree two nice path in G, P is a subpath of C. Thus, we get a cycle C’
in G’ — Ng/[S'] by replacing the subpath v;_»b;_1v;_1bjv;b;1 in C by v;_»b;+1. This is a
contradiction to the assumption that S’ is a solution to (G’,.%',k). Now, consider the later
case. Since # \{Y,Y*} = Z'\{Y*\{vi_1},Y \ {vi}} and |Y|,|Y*| > 2, we have that S’

is a hitting set of .%. Hence, S’ is also a solution to (G,.%#,k) of HDBFVS. O

Let (G = (AWB,E),.# k) be an instance of HDBFVS reduced with respect to Reduc-
tion Rules 27 to 34. Observe that, for each set Y € .% and a degree two nice path P in G,
the number of easy vertices among the last |V (P)| — 3 vertices in V (P) that belong to Y, is

upper bounded by one. Reduction Rule 34 leads us to the following observation.
Observation 7.6.3. Let (G = (AWB,E),. % k) be a reduced instance of HDBFVSS with
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respect to Reduction Rules 27 to 34. Then, in any degree two nice path P of length at least

10 in G, the number of easy vertices is bounded by |.F | + 2.

Reduction Rule 35. Let (G = (AWB,E),.% k) be an instance of HDBFVS and P =
b1vibavabiviby be a degree two nice path in G, such that {by,...,bs} C B, {vi,vp,v3} CA
and vy,vy,v3 are trivial vertices. Then, return (G',.7 ,k), where G’ is the graph obtained

by deleting the vertices by, v, from G and adding a new edge vib3 (that is, G' = (G —

{v2,b2}) +v1b3).

Lemma 58. Reduction Rule 35 is safe.

Proof. Observe that, the instance (G',.% k) is a valid instance of HDBFVS.

In the forward direction, let S be a solution to (G,.%#,k) of HDBFVS. Suppose that
vy ¢ S. Then, we claim that S is also a solution to (G, %, k) of HDBFVS. Suppose not,
then there exists a cycle C in G’ — N [S]. If C does not contain the edge vib3, then C is
also a cycle in G — Ng[S], which is a contradiction. Therefore, C contains the edge v;b3.
But, then we get a cycle in G — Ng[S] by replacing the edge v b3 in C by the path vibyvyb3.
This is a contradiction to the assumption that (G — N[S]) is acyclic. Hence, S is also a
solution to (G',.%,k) of HDBFVS. Next, consider that v, € S. Since P is a degree two
nice path, any cycle that contains v, also contains all the vertices in P and hence contains
v1. Therefore S* = S\ {v,} U{v;} is also a solution to (G,.#,k) of HDBFVS. As argued

before S* is a solution to (G, .#,k) of HDBFVS.

In the backward direction, let S’ be a solution to (G',.% k) of HDBFVS. We claim
that S’ is also a solution to (G,.%,k) of HDBFVS. Suppose not. Then, there exists a cycle
C in G — Ng[S']. If C does not contain any edges from the path P, then C is also a cycle in
G' — Ng[S'], which is a contradiction. Therefore, at least one edge from the path P is part
of C. Since P is a degree two nice path in G, P is a subpath in C. Thus, we get a cycle C’
in G’ — Ng[S'] by replacing the subpath vib,v2b3 in C by v1b3. This is a contradiction to

the assumption that S’ is a solution to (G',.% k). Hence, ' is also a solution to (G,.% k)

192



of HDBFVS. [

Next, we have the following observation, which is easily verifiable.

Observation 7.6.4. Let (G = (AWB,E),. % k) be an instance of HDBFVS and let
(G' = (A"WBE"),Z' k) be the reduced instance of HDBFVS obtained from (G =

(AWB,E),.Z k), by exhaustive applications of Reduction Rules 27 to 35. Then, | F'| = |.Z |

and k' < k.

We now bound the size of degree 2 path, when there is no degree 1 vertex in the graph.

Lemma 59. Let (G = (AWB,E),.# k) be an instance of HDBFVS reduced with respect
to Reduction Rules 27 to 35. Then, the number of vertices in a degree two path P in
G —V_1(G) is bounded by 63|.7 |° +21.

Proof. By Lemma 50, the number of special vertices in P is bounded by (“’f‘). Let P' be a
maximum length subpath of P such that P’ is a nice path. That is, P’ does not contain any
special vertices. Then, by Lemma 56, the number of vertices in P’ that are adjacent to a
vertex in V_;(G) in G is bounded by (“?) +|%|. Let P” be a maximum length subpath
of P’ such that P” does not contain any vertex that is adjacent to a vertex in V_1(G) in
G. Then, by Observation 7.6.3, either the length of P’ is bounded by 10, or the number
of easy vertices in P” is bounded by |.#|+ 2. Let P* be a maximum length subpath
of P” such that P* does not contain any easy vertices. Then, since Reduction Rule 35
is no longer applicable, the length of P* is bounded by 7. Therefore, we have that the
length of P” is bounded by 7(|.%| + 3). This implies that the length of P’ is bounded
by 7(|.Z |+ 3)((‘?) +|Z|+1) < (35].7)> +21). Hence, the length of P is bounded by
(3517 +21)((7) +1) < 63|7]° +21. O

From now on, we say that (G = (AWB,E),.Z k) is a reduced instance of HDBFVS if

it is reduced with respect to Reduction Rules 27 to 35. In the following lemma, we observe
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that, if (G = (AWB, E),.Z k) is a yes-instance of HDBFVS, then a large number of edges

in G is incident to the neighborhood of the solution.

Lemma 60. Let (G = (AWB,E), % k) be a reduced instance of HDBFVS where G is not
a forest. Then, for any solution S, at least 1/(445|.% |5 4 68) fraction of the total edges in

E are incident to N[S|.

Proof. Let Eg be the set of edges incident to all the vertices of N[S] in G. Observe that,
E(G) =EsWE(G—NIS]). Since G — N|[S] is a forest, we have that |[E(G—NIS])| < |[V(G—
(N[S]UVo(G)))|. We aim to show that [V (G — (N[S]UVy(G)))| < (445|.F|%+67) - |Es].
Let V* be the set of vertices of degree 1 in G — N|S]. Let V;" C V* be the set of vertices that
have some neighbor in N[S] and V- = V*\ V}". That is, V3" C V_;(G). Since the vertices in

V[ have neighbors in N[S], they contribute at least one edge to the set Eg and these edges

are distinct. Hence, |V}| < |Es].

Since V5 C V_{(G), by Lemma 53, we have that V;* C A. Thus, V5 have neighbors
only in the set BNV (G — N|[S]). Also, by Lemma 54, any vertex in B can be adjacent
to at most |.# | vertices of degree 1 in G. Hence, each vertex in BNV (G — N[S]) can be
adjacent to at most |.# | vertices of V. Thus, we have that |V;| < [Z|-|[BNV (G —NIS])|.
Let G’ be the graph G — (Vp(G) UVy). Since Vo(G) U V5 C A, we have that, BC V(G')

and BNV (G — NI[S]) = BNV (G' — N|[S]). Hence, we obtain the following.

7§ < |[F][BOV(G =N[S])| < |.Z]- V(G —NI[S])]

T = [VI[+|VF] <|F] V(G —NIS])|+ |Es] (By (7.1) and [V['| < |Eg])

Since the graph G’ is obtained from G by deleting a subset of vertices that are contained in
Vo(G)UV_1(G) C A, the vertices that are degree 1 in G’ — N[S] are either degree 1 vertices
in G — N|S] and are contained in A, in particular in V", or they are contained in B and
are neighbors of vertices in V" in G. Let L be the set of leaves (vertices of degree 1) in

G’ — NIS]. We claim that L = V}*. For contradiction, assume that a vertex b € BN L. Since
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Reduction Rule 29 is no longer applicable, we have that each vertex in B participates in a
cycle in G and hence, participates in a cycle in G'. Therefore, degree of b is at least 2 in G'.
Observe that b cannot have a neighbor in S, otherwise b € N|S]. This implies that b has 2
neighbors in G’ — N|[S], which contradicts that b € L. Observe that each vertex in V}" is a

leaf vertex in G’ — N|S]. Hence L = V. Therefore, we obtain the following.

(7.3) |L|

IN

|Es.

(7.4Y>3(G' = N[S]) < |Es] (Since, G’ — N|S] is a forest, V>3(G' — N[S]) < |L])
Next we bound |Vo(G' — N[S])|. Since, for any vertex v in G' — N[S], dg(v) > 1, we

have that any vertex w € Vo(G' — N[S]) is adjacent to some vertex in N[S]. Then, each

vertex in V(G — N[S]) contributes at least 1 edge to the set Es and these edges are distinct.

Therefore, we obtain the following.

(7.5) Vo(G" = NIS])| < |Es|.

Let V.1, (G') be the set of vertices of degree 2 in G’ — N[S] that have a neighbor in N[S].
Then, each vertex in V! »,(G’) contributes at least 1 edge to the set Eg. Therefore, we obtain

the following.

(7.6) V1, (G')| < |Eg).

Let V2,(G’) be the set of vertices of degree 2 in G’ — N[S], that do not have a neighbor
in N[S]. Then, each vertex in V2,(G’) is contained in some maximal degree two path
not containing any vertex of V.,(G') in G’ — N[S]. Observe that, since G’ — N[S] is a
forest, (i) the number of maximal degree two paths not containing any vertex of V.1, (G') in
G' — N|S] is bounded by |LUV>3(G’) UV, (G)| and hence bounded by 3|Es| (because of

(7.3),(7.4), and (7.6)). Observe that a degree two path not containing any vertex of V:12(G’ )
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in G’ — N[S] is also a degree two path in G —V_;(G). By Lemma 59, (ii) the number
of vertices in a degree two path in G — V_{(G) is bounded by 63|.%|° + 21. Therefore,

statements (i) and (if) imply the following.

(7.7) IV2,(G")| < (189].7 ° +63) | Eg|

Observe that V_,(G' —NIS]) = V1, (G')UV2,(G'). By (7.6) and (7.7), we get the following.

(7.8) Voa(G' = NIS| = [V2,(G) + [V25(G')| < (189|.7 +64) ||

Note that, V(G' —NIS]) = Vo(G' — N[S]) ULUV>3(G' = N|[S])UV_> (G’ — N[S]). Hence,
we obtain the following using (7.3), (7.5), (7.4), and (7.8).

V(G'=NIS)| = Vo(G' = NIS])| + |L| +|V>3(G = N[S])| + [V=2(G" — NIS])|
< |Es|+ |Es|+ |Es| + (189|.7|° + 64)|Es]|

(7.9) < (189|.7 4-67)|Es|

Using (7.1) and (7.9), we obtain the following.

V(G — (N[SJUVo(G))| < [V(G' = NI[S])| + V5|
< (IZ1+1V(G' -NI[s))] (By (7.1)
< (|Z|+1)((189|.7] +67)|Es])
< (445|.71° 4-67)|Es|
Thus, [E(G)| = |Es|+|E(G —N[S])]

< |Es|+|V (G~ (N[S]UVo(G))| < (4457 |° +68) | Es|.

This concludes the proof. [

Lemma 61. Let (G = (AWB,E),.Z k) be an instance of HDBFVS, where G is a forest
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and |.F| < k*. Then, there exists an algorithm which solves the instance in ﬁ*((2k4)k)

time.

Proof. The Algorithm first applies Reduction Rules 27 to 35 exhaustively in the order in
which they are stated. If any reduction rule solves the instance, then output yes and no
accordingly. All the reduction rules are safe, and can be applied in polynomial time, and
they can be applied only polynomial many times since each reduction rule decreases the
size of the graph. Let (G' = (A’ WB' E"), %' k') be the reduced instance. Since Reduction
Rule 29 is no longer applicable, B’ = 0, and hence G’ is an edge-less graph with vertex
set A’. By Lemma 53, [V(G')| = |A'| < |F'| + ("%/|). By Observation 7.6.4, we have
that |.#’| = |.Z| < k? and hence, |V (G')| < 2k*. We enumerate all the subsets of V(G')
of size at most k£ and check if either of them forms a solution; else return that it is a
no-instance. Clearly, this algorithm runs in time (2k4)nﬁ(1) =0*( (2k4)k). This completes

k
the proof. 0

Lemma 62. There is a randomized algorithm that takes an instance (G = (AWB,E), % k)
of HDBFVS as input, runs in ﬁ*((2k4)k) time, and outputs either yes, or no, or an
instance (G* = (A*WB*,E*), #*,k*) of HDBFVS where k* < k, with the following

guarantee.

» If (G,.7 k) is a yes-instance, then the output is yes or an equivalent yes-instance
(G*,.F*,k*) where k* < k, with probability at least (445k'2 4 68)~ (K +1),
* If (G, Z k) is a no-instance, then the output is no or an equivalent no-instance

(G*, F*,k*) where k* < k, with probability 1.

Proof. Let (G = (AWB,E),.% k) be an input instance of HDBFVSS. Recall that, for any

veEA,X,={F € %:vec F}. The algorithm applies the following iterative procedure.

Step 1. If G is acyclic and |.#| < k2, then apply Lemma 61 and solve the instance.
Step 2. If |.F| > k> + 1,

197



(i) If there exists a vertex v such that |X,| > k+ 1, return (G — N[v],.Z# \ X,k —
1).

(ii) Otherwise, return that (G = (AWB, E),.% k) is a no-instance of HDBFVS.

Step 3. Apply Reduction Rules 27 to 35 exhaustively in the order in which they are stated.
If any reduction rule solves the instance, then output yes and no accordingly. Let

(G'=(A’"WBE"),. 7" k') be the reduced instance.

Step 4. Pick an edge ¢ = ub in E(G’) uniformly at random, where u € A",b € B'. Set

G:=G —b,F:=F U{Ng()},and k :=k'. Go to Step 1.

Now we prove the correctness of the algorithm. Correctness of Step 1 follows from
Lemma 61. Next assume that |.%| > kK2 +1. Suppose that, v is a vertex that is contained
in at least k+ 1 sets in .#. By Observation 7.6.2, pairwise intersection of two sets in
% is at most 1. Thus, if we do not pick v in our solution, then we have to pick at least
k+ 1 vertices to hit sets in X,. This implies that v is contained in every solution of
(G,.#,k) of HDBFVS. Therefore, we have that (G,.7 k) is a yes-instance of HDBFV'S
if and only if (G —v,.# \ X,,k— 1) is a yes-instance of HDBFVS, and correctness of
Step 2i follows. Suppose that, each vertex in A is contained in at most k sets in .%.
This implies that no set of size at most k can hit k> + 1 sets of .%. Therefore, (G,.7 k)
is a no-instance of HDBFVS, and correctness of Step 2ii follows. Correctness of the
Step 3 is implied by the fact that all our reduction rules are safe. Suppose that, the
algorithm does not stop in Step 3. Let (G,.#’,k’) be the reduced instance, where k' < k.
Now, let S be a hypothetical solution to (G',.#' k). By Lemma 60, the picked edge
e = ub is incident to a vertex in N [S] with probability at least 1/(445].% |+ 68). This
implies that with probability at least 1/(445|.% (% 4+ 68) a vertex in N (b) is contained
in S. Therefore, if (G',.#',k’) is a yes-instance, then (G’ — b,. 7" U{Ng(b)},k') is a yes-
instance, with probability at least 1/(445].7|% 4+ 68). Also, notice that any solution to
(G'—b, F'U{Ng(b)},k') is also a solution to (G', %’ k). Therefore, if (G',.#’,k’) is a no-

instance, then (G' — b, #'U{Ng(b)},k’) is a no-instance, with probability 1. Consequently,
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if (G,.#,k) is a no-instance, then the output is no or a no-instance (G*,.#*,k*) with

probability 1.

Now, suppose that (G,.#,k) is yes-instance. By Observation 7.6.4, we know that
after the application of Reduction Rules 27 to 35, (a) the size of the family % in the
reduced instance is |.%|. Therefore, Step 4 is applied at most k> 4 1 times. Moreover, each
execution of Step 4 is a success with probability at least 1/ (445|§:| 6+ 68), where 7 is
the family in the instance considered in that step. In Step 4, the size of the family of any
instance is bounded by k%, because of Step 2. Therefore each execution of Step 4 is a
success with probability at least 1/(445k'? 4+ 68). This implies that either our algorithm
outputs yes or a yes-instance (G*,.Z*,k*) with probability at least (445k'> + 68)‘("2“).
By Observation 7.6.4, we know that after the application of Reduction Rules 27 to 35, the
parameter k' in the reduced instance is at most the parameter k in the original instance.
Moreover, if the algorithm outputs an instance, then that will happen in Step 2i and there k
decreases by 1. This implies that k* < k. This completes the proof of correctness of the

algorithm.

By Lemma 61, Step 1 runs in ﬁ*((2k4)k) time. Observe that, Step 2 runs in polynomial
time. All the reduction rules run in polynomial time, and are applied only polynomially
many times. Step 4 runs in polynomial time, and we have at most k% + 1 iterations.

Therefore, the total running time is 6"*((2k4)k). This completes the proof. O

By applying Lemma 62 at most k times, we can show the the following.

Lemma 63. There exists a randomized algorithm 9B that takes an instance (G = (AW
B,E),.% k) of HDBFVS as input, runs in ﬁ*((2k4)k) time, and outputs either yes or no

with the following guarantee.

s If(G,.Z k) is a yes-instance, then the output is yes with probability at least (445k'? 4
68)_k(k2+]).

» If (G, Z k) is a no-instance, then the output is no with probability 1.
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Let t(k) = (445k12 4+ 68)*(*+1 (10g 2)?(1). To boost the success probability of algorithm
A, we repeat it 0(t(k)logn) times. After applying algorithm % &'(t(k)logn) times, the

success probability is at least

1 O(t(k)logn) 1 1
- (1 - @) 2 1= 20 (logn) 2 1= Z0kR

Thus, we have the following result.

Theorem 7.6.5. There exists a randomized algorithm </ that takes an instance (G =
(AWB,E),.Z k) of HDBFVS as input, runs in ﬁ*(Zﬁ(k3 12k)) time, and outputs either

yes or no with the following guarantee.

* If (G,.Z k) is a yes-instance, then the output is yes with probability at least 1 — ﬁ

» If (G,Z k) is a no-instance, then the output is no with probability 1.

7.7 Conclusion

In this chapter, we initiated the study of FEEDBACK VERTEX SET problem on hypergraphs.
We showed that the problem is W[2]-hard on general hypergraphs. However, when the input
is restricted to d-hypergraphs and linear hypergraphs, which are a strict generalization
of graphs, FVS turns out to be tractable (FPT). We believe that this opens up a new
direction in the study of parameterized algorithms. That is, extending the study of other
graph problems, in the realm of Parameterized Complexity, to hypergraphs. Designing
substantially faster algorithms for HFVS on linear hypergraphs and designing polynomial

kernels remain interesting questions for the future.
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