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Summary

A Dold manifold is defined as the quotient space Sm × CP n/∼, where (s, L) ∼

(−s, L̄). These manifolds were first introduced by Albrecht Dold in 1956 to construct

generators in odd dimensions for Thom’s unoriented cobordism ring (see [Dol56]).

The above definition was generalized by Nath and Sankaran to a broader class of

manifolds in order to study certain manifold-properties, which they termed gen-

eralized Dold manifolds (see [NS19]). We generalize this even further and call it

generalized Dold spaces (GDS) in [MS22] to study cohomology of these spaces.

A GDS is defined as follows: Consider two paracompact Hausdorff topological

spaces S,X with two involutions α, σ on S,X respectively. Assume α is fixed point

free and σ has fixed points. Then the GDS, denoted by P (S,X), is defined to be the

quotient space of S×X by the free Z2 action generated by the involution θ := α×σ.

When S,X are CW complexes satisfying certain additional hypotheses, we show

that, as Z2-vector spaces, H∗(P (S,X);Z2) ∼= H∗(Y ;Z2) ⊗ H∗(X;Z2) where Y =

S/Z2. We also obtain the same result when H∗(X;Z2) is generated by the Stiefel-

Whitney classes of finitely many σ-conjugate (complex) vector bundles. See Propo-

sition 3.1.2. In our study, we consider the integral cohomology groups of P (S,X)

assuming that X has a CW structure with cells only in even dimensions and that

each cell is stable by the involution σ and certain conditions on S.

We obtain a formula for Stiefel-Whitney classes of the real vector bundle over
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P (S,X) associated to a σ-conjugate vector bundle over X when H1(X;Z2) = 0.

This formula is applied to obtain the ring structure of H∗(P (S,X);Z2) when X is

a torus manifold whose torus quotient is a homology polytope, or is a complex flag

manifold. See Theorem 4.2.4 and Theorem 4.3.4. As an application, we compute

the equivariant cohomology ring H∗
Z2
(X;Z2) (see Theorem 7.1.1).

We determine the integral cohomology groups of P (m, ν) = P (Sm,CG(ν)), where

CG(ν) is a complex flag manifold of type ν = (n1, n2, . . . , ns). In fact the additive

structure of H∗(P (S,X);Z) is obtained for a much wider class of spaces.

A description of H∗(P (m, ν);R) as a quotient of a polynomial ring is given in

Theorem 5.4.2, when R is any commutative ring with identity in which 2 is invertible.

We have presented the K-groups of P (m, ν) = P (Sm,CG(ν)) as:

(i)K0(P (m, ν)) ∼= Zbe⊕Z2⌊m/2⌋⊕A0 where o(A0) = 2t for some t, 0 ≤ t ≤ b′e−⌊m/2⌋,

(ii) K1(P (m, ν)) ∼= Zbo ⊕ A1 where o(A1) = 2t for some t, 0 ≤ t ≤ b′o,

where be, bo, b
′
e, b

′
o are computed in terms of m and ν. See Proposition 6.1.1.

We construct certain canonical complex vector bundles over P (m, ν) and consider

a subring K0 of K0(P (m, ν)) generated by the classes of those vector bundles and

show that as an abelian group, K0(P (m, ν))/K0 is finite. See Theorem 6.2.11.

As an application of Theorem 5.4.2, we provide a criterion for the existence of

fixed points of a self map on the generalized Dold manifolds P (m,n, k) = P (Sm,CGn,k),

where CGn,k is a complex Grassmannian manifold. See Proposition 7.2.4.

We have another application: Let f : P (m,n, k) → P (r, s, t) be a continuous

map between two distinct oriented same dimensional generalized Dold manifolds

satisfying the conditions: (i) ⌊k/2⌋ < ⌊t/2⌋ if m = r is odd, k < t if m = r is even,

and (ii) (m, 2t(s− t)) ̸= (2, 2). Then degree of f is zero. See Proposition 7.3.1.
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Notations

Z The set of integers.

Q The set of rational numbers.

R The set of real numbers.

C The set of complex numbers.

Zm = Z/mZ The set of integers modulo m.

[n] The set {1, 2, 3, · · · , n}.

⌊n⌋ The greatest integer ≤ n.

α Typically a free involution on S.

Antipodal map when S is a sphere.

σ Typically an involution on X with fixed points.

The involution induced from conjugation on Cn when X = CG(ν).

θ α× σ.

P (S,X) The generalized Dold space S ×X/∼θ, where θ := α× σ.

Sm The unit sphere in Rm+1.

RPm The real projective space of real dimension m.

CP n The complex projective space of complex dimension n.

CGn,k The complex Grassmannian manifold consisting of

k-dimensional complex subspaces of Cn.

CG(ν) The complex flag manifold of type ν.

iii



ν A finite sequence (n1, n2, . . . , ns) of positive numbers.

|ν| n =
∑

1≤j≤s nj.

νo The number of odd numbers in the sequence ν = (n1, n2, . . . , ns).

⌊ν/2⌋ The sequence (n′
1, n

′
2, . . . , n

′
s) where ν = (n1, n2, . . . , ns)

and n′
j = ⌊nj/2⌋ for j = 1, 2, . . . , s.(

n
ν

)
The multinomial coefficient n!/(n1! · · ·ns!).

Sn The permutation group on [n].

Sν Sn1 × · · · × Sns ⊂ Sn where ν = (n1, n2, . . . , ns).

O(n) The orthogonal group of Rn.

SO(n) The special orthogonal group of Rn.

Pin(m) The pin group, a double cover of O(m).

Spin(m) The spin group, a double cover of SO(m).

U(n) The unitary group of Cn.

SU(n) The special unitary group of Cn.

U(ν) U(n1)× U(n2)× · · ·U(ns) ⊂ U(n) where ν = (n1, n2, . . . , ns).

ϵR The trivial real line bundle.

ϵC The trivial complex line bundle.

ξ A twisted line bundle.

ωC The complexified vector bundle of a vector bundle ω.

ω̂ A real vector bundle of rank 2r over P (S,X) associated to

a σ-conjugate complex vector bundle ω over X of rank r. See §2.1

γn,k The canonical complex k-plane bundle over CGn,k.

βn,k The canonical complex (n− k)-plane bundle over CGn,k.

∆ Spin(m) complex representation. See §2.5

∆+,∆− Half-spin representations of Spin(2r). See §2.5

ξ+, ξ− The complex vector bundles over Sm = Spin(m+ 1)/Spin(m)

associated to representations ∆+,∆− respectively. See §2.5
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η− The vector bundle α!(ξ+) over S2r where α is the antipodal map.

ξ̃ The vector bundle ξ+ ⊕ η− over Sm.

α̃ A bundle isomorphism of ξ̃ covering α such that α̃ ◦ α̃ = idξ̃.

ξ0 The complex vector bundle over S2r,

whose total space is E(ξ0) := E(ξ̃)/⟨α̃⟩.

e, ej Closed cells in B.

e̊ The open cell corresponding to the cell e.

e± For a cell e in B, e± are closed cells in B̃

such that p(e±) = e as oriented cells.

ε± (e+ ± e−)/2.

i (i1, i2, . . . , ik), where 1 ≤ ip < iq ≤ n if p < q.

I(n; k) The set of all i = (i1, i2, . . . , ik), 1 ≤ ip ≤ n.

P (m, ν) Sm × CG(ν)/∼, where (x,L) ∼ (−x, L̄).

X(i) The Schubert variety (cell) corresponding to i. See §5.1

I(ν) The indexing set of all Schubert cells in CG(ν). See §5.1

ℓ(i) dimC X(i).

Ie(ν) {i ∈ I(ν) | ℓ(i) ≡ 0 (mod 2)}.

Io(ν) {i ∈ I(ν) | ℓ(i) ≡ 1 (mod 2)} = I(ν) \ Ie(ν).

Bq A Z-basis of Hq(P (m, ν);Z)/torsion. See §5.3

B′
q A Z2-basis of the torsion subgroup of Hq(P (m, ν);Z). See §5.3

B
⋃

q≥0 Bq.

B′ ⋃
q≥0 B′

q.

Be

⋃
q≥0 B2q.

Bo

⋃
q≥0 B2q+1.

B′
e

⋃
q≥0 B′

2q.

B′
o

⋃
q≥0 B′

2q+1 = B′ \ B′
e.
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be |Be|.

bo |Bo|.

βe |B′
e|.

βo |B′
o|.

b′e βo.

b′o βe.

ℓe |Ie(ν)|.

ℓo |Io(ν)|.

γj The canonical complex nj-plane bundle over CG(ν)

whose fibre over L = (L1, . . . , Ls) is Lj.

cj(ω) The j-th Chern class of ω.

c(ω, t) The total Chern polynomial 1 + c1(ω)t+ c2(ω)t
2 + · · ·+ cr(ω)t

r.

δm [ξ+]− 2r−1 = 2r−1 − [ξ−] if m is even, and 0 if m is odd.

ξ̃(ω) ξ+ ⊗ ω ⊕ η− ⊗ ω̄ for any σ-conjugate vector bundle ω over CG(ν).

θ̃ E(ξ̃(ω)) → E(ξ̃(ω)) is a bundle involution that covers θ defined as:

θ̃(e+ ⊗ u, e− ⊗ v) = (α̃−(e−)⊗ v̄), α̃+(e+)⊗ ū)).

ξ0(ω) The complex vector bundle over P (m, ν), whose total space is E(ξ̃(ω))/⟨θ̃⟩.

K The subring of K0(Sm × CG(ν)) generated by the elements

(i) x+ x̄ and, (ii) δm(x− x̄) when m is even, as x varies in K0(CG(ν)).

K0 The subring of K0(P (m, ν)) generated by the following elements:

(i) [ξC], [ω̂C], and, (ii) when m is even, [ξ0(ω)],

where ω varies over σ-conjugate complex vector bundles over CG(ν).
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Chapter 1

Introduction

The classical Dold manifold P (m,n) is defined as the orbit space of the Z2-action on

Sm × CP n generated by the involution (v, [z]) 7→ (−v, [z̄]), v ∈ Sm, [z] ∈ CP n. Here

[z̄] denotes [z̄0 : · · · : z̄n] when [z] = [z0 : · · · : zn] ∈ CP n. These manifolds were first

introduced by Albrecht Dold in 1956 to give explicit generators in odd dimensions

for Thom’s unoriented cobordism ring. See [Dol56].

The generalized Dold manifold P (m,X) was introduced in [NS19] as the quo-

tient of Sm × X under the identification (v, x) ∼ (−v, σ(x)), where σ : X → X

be a complex conjugation on an almost complex manifold (X, J), that is, σ is an

involution with non-empty fixed point set such that, for any x ∈ X, the differential

Txσ : TxX → Tσ(x)X satisfies the equation Jσ(x) ◦Txσ = −Txσ ◦Jx. See [CF64, §24].

The main focus in [NS19] was the study of manifold-properties of P (m,X) such as

the description of its tangent bundle, a formula for its total Stiefel-Whitney class,

the (stable) parallelizability and related properties, and its cobordism class.

Sarkar and Zvengrowski [SZ22] have constructed smooth manifolds which are a

simultaneous generalization of projective product spaces due to Davis [Dav10] and

of Dold manifolds and call them generalized projective product spaces. These are

Z2-quotients P (M,N) of products M × N by the diagonal action where M,N are

1



manifolds admitting Z2-actions where the action on M is assumed to be free. When

the fixed point set for Z2-action on N is non-empty, they are also generalized Dold

spaces in our sense. Sarkar and Zvengrowski also obtain results on Z2-cohomology in

many special cases, including whenM is a product of spheres and N is a quasi-toric

manifold, besides results on manifold-properties of generalized projective product

spaces.

Here, our aim is to study cohomology and complex K-theory of the generalized

Dold manifolds. While studying the homotopical/homological properties, it is nat-

ural to do away with stringent requirements such as X to be an almost complex

manifold. Also we replace (Sm, antipode), by a pair (S, α) where S is, say, a para-

compact Hausdorff topological space and α : S → S a fixed point free involution.

Likewise, X is any Hausdorff topological space with an involution σ : X → X hav-

ing a non-empty fixed point set. Then P (S, α,X, σ) (or more briefly P (S,X)) is

the space S ×Z2 X = S ×X/∼ where (v, x) ∼ (α(v), σ(x)) which is the quotient of

S ×X by the free Z2-action generated by α× σ.

Denote by Y the space S/∼α. Then a GDS, P (S,X) is the total space of a fibre

bundle X ↪→ P (S,X) ↠ Y . Also, we have an embedding Y × Fix(σ) ↪→ P (S,X).

The class of GDS covers a wide range of spaces including real and complex

projective spaces, generalized Klein’s bottles, certain compact complex manifold

bundles over real projective spaces, and various other fibre bundles.

We highlight the main results of the thesis on:

1. Cohomology groups of P (S, α,X, σ) for a wide class of spaces (S, α) and (X, σ).

2. Mod 2 cohomology algebra of P (S,X), where S is a paracompact topologi-

cal space and X is (i) a torus manifold (see [MP06]) under certain mild as-

sumptions, which are satisfied by quasi-toric manifolds and (ii) a complex flag

manifold CG(ν).
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3. Integral cohomology groups of P (Sm,CG(ν)).

4. The ring structure of H∗(P (Sm,CG(ν));Z[1/2]).

5. K-groups of P (Sm,CG(ν)) up to 2-torsions.

In the following sections, we present the major findings of the thesis.

1.1 Cohomology groups of GDS

This chapter focuses on studying cohomology of generalized Dold spaces P (S,X)

where S,X are topological spaces under mild assumptions.

Suppose that S,X are locally finite CW complexes. Under appropriate hypothe-

ses on the cell structures on S and X, we obtain a nice CW structure on P (S,X)

which has the property that the mod 2 cellular boundary map vanishes. Then we

have the following result.

Proposition 1.1.1 (See Proposition 3.1.1). Suppose that (S, α) is any Z2-equivariant

CW complex such that the induced cell structure on Y = S/∼α is perfect mod 2.

Suppose that X is a CW complex such that (i) each skeleton X(k), k ≥ 1 is fi-

nite, (ii) the cell structure is perfect mod 2, and, (iii) each cell is mapped to it-

self by σ : X → X. Then the CW structure on P (S,X) induced by the product

CW structure on S × X is perfect mod 2. In particular, one has an isomorphism

H∗(P (S,X);Z2) ∼= H∗(Y ;Z2)⊗H∗(X;Z2) of H
∗(Y ;Z2)-modules.

We consider another situation where the X-bundle p : P (S,X) → Y admits

a Z2-cohomology extension of fibre. Since Fix(σ) = Xσ ̸= ∅, we have a cross-

section Y → P (S,X) of the X-bundle and so it follows that p∗ : H∗(Y ;Z2) →

H∗(P (S,X);Z2) is a monomorphism. We have the following result.
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Proposition 1.1.2 (See Proposition 3.1.2). Let (ωj, σ̂j), 1 ≤ j ≤ r, be σ-conjugate

complex vector bundles over (X, σ) such that the cohomology algebra H∗(X;Z2) is

generated by the mod 2 Chern classes cq(ωj) ∈ H2q(X;Z2), 1 ≤ q ≤ rank(ωj), 1 ≤

j ≤ r. Assume that X satisfies any of the following: (i) dimZ2 H
∗(X;Z2) <∞, (ii)

X is a CW complex with finite k-skeleton for each k ≥ 1 where each cell is stable by

σ. Then we have an isomorphism of Z2-vector spaces:

Hr(P (S,X);Z2) ∼=
⊕
p+q=r

Hp(Y ;Z2)⊗Hq(X;Z2).

In particular, H∗(P (S,X);Z2) is a free H∗(Y ;Z2)-module with basis B where B is

a Z2-basis for H
∗(X;Z2). 2

Suppose that p : B̃ → B is a double covering projection where B is a connected

locally finite CW complex. We obtain a G-equivariant CW structure on B̃ by lifting

the cell structure on B where G ∼= Z2 is the deck transformation group. Denote by

ϕ : B̃ → B̃ the involution that generates G. Then we have the following lemma.

Lemma 1.1.3 (See Lemma 3.2.2). We keep the above notations. Let R be any

commutative ring in which 2 is invertible. Then p∗ : H∗(B̃;R) → H∗(B;R) maps

Fix(ϕ∗) isomorphically onto H∗(B;R). Moreover p∗[z] = 0 if ϕ∗([z]) = −[z].

As an immediate corollary of the above lemma, we obtain the following propo-

sition.

Proposition 1.1.4 (See Proposition 3.2.3). Let [z] ∈ Hr(B̃;Z). If p∗([z]) = 0 and

ϕ∗([z]) = [z], then 2k[z] = 0 for some k ≥ 0. If ϕ∗([z]) = −[z], then 2p∗([z]) = 0. 2

It is not necessarily true that any torsion in H1(B;Z) is of order 2. A 2n-dunce

hat provides an example. Assuming some additional hypotheses, any nontrivial

torsion element in H1(B;Z) can be shown to be of order 2. We have the following

result regarding this.
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Denote by H±
p (S;R) the subspace of Hp(S;R) on which α∗ acts as ±1 and denote

its dimension by b±p . Thus the r-th Betti number br(S) of S equals b+r + b−r .

Proposition 1.1.5 (See Proposition 3.2.6). We keep the above notations. Suppose

that Y is a connected locally finite CW complex and that H∗(S;Z) is free abelian.

Suppose that X is a connected locally finite CW complex with cells only in even

dimensions. Suppose that σ : X → X is an involution that stabilizes each cell in X

and that σ is orientation preserving on any 2k-dimensional cell e if and only if k is

even. Let R be a ring where 2 is invertible. Then: (i) We have an isomorphism

(1.1) Hr(P (S,X);R) ∼=
⊕

p+4t=r

(H+
p (S;R)⊗H4t(X;R)⊕H−

p−2(S;R)⊗H4t+2(X;R))

In particular,

(1.2) dimHr(P (S,X);Q) =
∑

p+4q=r

(b+p b4q(X) + b−p−2b4q+2(X)).

(ii) Suppose that π1(S) is abelian. Any torsion element of Hr(P (S,X);Z) is a 2-

torsion.

The cohomology version of the above propositions is valid and is equivalent to

it by the universal coefficient theorem.

1.2 Mod 2 cohomology algebras of some GDS

In this chapter, we highlight our results on mod 2 cohomology ring of P (S,X), where

S is a paracompact Hausdorff topological space and X is (i) a torus manifold (see

[MP06]) under certain mild assumptions, which are satisfied by quasi-toric manifolds

and (ii) a complex flag manifold.
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1.2.1 Cohomology of P (S,X), where X is a torus manifold

We consider a restricted class of torus manifolds (see [MP06]), namely, those torus

manifolds where the torus T -action is locally standard and the orbit space is a

homology polytope. This restricted class itself is a generalization of the notion of

quasi-toric manifolds due to Davis and Januskiewicz [DJ91], where the orbit space

is a simple convex polytope. Let Q be the orbit space X/T , which is then an

n-dimensional manifold with corners (i.e., is modeled on Rn
≥0).

We shall denote the group of 1-parameter subgroups Hom(S1, T ) by N and the

group of characters Hom(T,S1) by N∨ ∼= Zn. One has a natural pairing ⟨., .⟩ :

N∨ ×N → Z defined by u ◦ v(z) = z⟨u,v⟩.

An omni-orientation of X is a choice of an orientation on X and on each char-

acteristic submanifold Xi, 1 ≤ i ≤ m. The orientations on X,Xi determine a unique

orientation on the normal space to TxXi ⊂ TxX for any x ∈ Xi which in turn leads

to an orientation on Si. This determines a unique primitive vector vi ∈ N whose

image is Si.

Fix an omni-orientation onX and assume thatQ is a homology polytope. Denote

by Q the set of all facets of Q. We obtain a map Λ : Q → N defined as Λ(Qi) =

vi, 1 ≤ i ≤ m. Local standardness of the T action implies that Λ(Qi1), . . . ,Λ(Qin)

is a Z-basis of N whenever Qi1 , . . . , Qin ∈ Q meet at a vertex of Q. The map Λ is

called the characteristic function of X. It was shown in [MP06, Lemma 4.5] that the

pair (Q,Λ) determines X up to equivariant homeomorphism assuming the vanishing

of H2(Q;Z). We identify X with X(Q,Λ). In fact, let X(Q,Λ) denote the space

T ×Q/∼ where (t, q) ∼ (t′, q′) if and only if q = q′ and t−1t′ belongs to the subgroup

Sq of T generated by the one parameter subgroups Λ(Qi1), . . . ,Λ(Qik) where q is in

the interior of the face Qi1 ∩ · · · ∩Qik .

Let σ : X(Q,Λ) → X(Q,Λ) be the involution [t, q] 7→ [t−1, q]. Then Fix(σ) =
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Xσ = {[t, q] | t2 ∈ Sq, ∀q ∈ Q} is non empty. Assume S to be a paracompact

Hausdorff topological space and α is a free involution on S. Recall S/∼α is denoted

by Y . Now we have the following proposition.

Theorem 1.2.1 (See Theorem 4.2.4). Let X = X(Q,Λ) be a T -torus manifold where

X/T = Q is a homology polytope with m facets. Let σ : X → X be the involution

[t, q] 7→ [t−1, q]. Then, with the above notations, H∗(P (S,X);Z2) is isomorphic, as

an A = H∗(Y ;Z2)-algebra, to the quotient R(Q,Λ) := A[x̃1, . . . , x̃m]/I where the

ideal I = I(Q,Λ) is generated by the following two types of elements:

(i)
∑

1≤j≤m⟨u, vj⟩x̃j, u ∈ N∨, and

(ii)
∏

1≤q≤r x̃jq whenever Qj1 ∩ · · · ∩Qjr = ∅.

1.2.2 Cohomology of P (S,CG(ν))

Let ν := (n1, . . . , ns) be an increasing sequence of positive integers and let n =∑
1≤j≤s nj. Then denote by CG(ν) the complex flag manifold whose elements are

complex vector subspaces U := (U1, . . . , Us) of Cn where Ui ⊥ Uj for i ̸= j and

dimUj = nj, 1 ≤ j ≤ s. The complex conjugation in Cn induces a complex conju-

gation σ on CG(ν), and σ stabilizes each Schubert variety. The fixed point set of σ

is the real flag manifold RG(ν).

In this section, we study the cohomology of P (S,CG(ν)), where S is a para-

compact topological space equipped with a free involution α and the involution on

CG(ν) is σ.

We denote by γν,j (or more briefly γj), the complex vector bundle over CG(ν) of

rank nj whose fibre over U is the vector space Uj. Also one has a natural isomor-

phism of vector bundles ⊕1≤j≤sγj ∼= nϵC which respects σ-conjugation. The integral

cohomology ring of CG(ν) is generated by ci,j := ci(γj), 1 ≤ i ≤ nj, 1 ≤ j ≤ s,

where the only relations among the ci,j are generated by the following (inhomo-

7



geneous) relation:
∏

1≤j≤s c(γj) = 1. It follows that the Stiefel-Whitney classes

w2i,j = w2i(γj), 1 ≤ i ≤ nj, 1 ≤ j ≤ s, generate H∗(CG(ν);Z2) and the relations

among these generators are all consequences of
∏

1≤j≤sw(γj, t) = 1.

Suppose that (S, α) is a paracompact space where α is a fixed point free in-

volution. Then we have some real vector bundles γ̂j = P (S, γj) over P (S,CG(ν))

constructed from γj. One has the following isomorphism of real vector bundles:

⊕
1≤j≤s

γ̂j ∼= nξα ⊕ nϵR

where ξα is the real line bundle associated to the double cover S × CG(ν) →

P (S,CG(ν)). Let y denote the first Stiefel-Whitney class of ξα. Therefore we obtain

w(γ̂s, t) = (1 + yt)n.
∏

1≤j<s

w(γ̂j, t)
−1.

We obtain a regular sequence a2s, ns < s ≤ n, in the polynomial algebra Rν =

Z2[ŵ2i,j | 1 ≤ i ≤ nj, 1 ≤ j ≤ s] that correspond to the coefficient of t2s in (1 +

ty)n(
∏
ŵj(t)). Now we set Rν to the polynomial algebra over H∗(Y ;Z2) generated

by ‘indeterminates’ ŵ2i,j, 1 ≤ i ≤ nj, 1 ≤ j < s, and let Iν be the ideal of Rν

generated by the elements a2i = a2i(y
2, ŵ2l,j), ns < i ≤ n. Then we have the

following theorem.

Theorem 1.2.2 (See Theorem 4.3.4). Suppose that (S, α) is a paracompact Haus-

dorff topological space with a fixed point free involution α and let ν = n1, n2, . . . , ns

be a sequence of positive numbers. With notations as above, we have an isomorphism

Rν/Iν → H∗(P (S,CG(ν));Z2) of H
∗(Y ;Z2)-algebras defined by ŵ2i,j 7→ w2i(γ̂j). 2

As an application of Theorems 4.2.4, 4.3.4 we obtain the Z2-equivariant coho-

mology H∗
Z2
(X;Z2) of (X, σ) when X is either a torus manifold whose torus quotient

is a homology polytope, or, is a complex flag manifold CG(ν).
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1.3 Cohomology of P (Sm,CG(ν))

In this chapter, we highlight the results on cohomology of P (Sm,CG(ν)), where Sm

is equipped with antipodal involution α and the involution σ on CG(ν) is induced

from complex conjugation on Cn. We denote P (Sm,CG(ν)) by P (m, ν) for short.

1.3.1 Integral (co)homology of P (Sm,CG(ν))

A well-known CW structure on CG(ν) is given by Schubert cells X(i), which has

the structure of a complex projective variety. Let I(ν) denote the indexing set of

all Schubert cells X(i) in CG(ν). This indexing set I(ν) is in bijection with the

coset space Sn/Sν where Sν := Sn1 × · · · × Sns and Sn is the permutation group on

{1, 2, · · · , n}. Denote the dimension of X(i), as a complex variety, by ℓ(i).

A cell decomposition of Sm×CG(ν) which is equivariant with respect to θ = α×σ

is obtained by taking the product cells X±(j, i) := C±
j × X(i) as (j, i) varies in

I(m, ν) := {j | 0 ≤ j ≤ m} × I(ν)}. The cell C±
j × X(i) is given the product

orientation. We shall denote the image of the oriented cell X+(j, i) under the double

covering projection π : Sm × CG(ν) → P (m, ν) by X(j, i) and put the induced

orientation on it. The deck transformation group of π is generated by θ = α× σ.

Depending on i and j, sometimes X(j, i) ∈ C∗(P (m, ν);Z) is a cycle whose

homology class we denote by [X(j, i)]. We define the sets

Ie(ν) := {i ∈ I(ν) | ℓ(i) ≡ 0 (mod 2)},

Io(ν) := {i ∈ I(ν) | ℓ(i) ≡ 1 (mod 2)} = I(ν) \ Ie(ν),

B2q := {[X(0, i)] | q = ℓ(i), i ∈ Ie(ν)} ∪ {[X(m, i)] | 2q = m+ 2ℓ(i), i ∈ Io(ν)},

B2q+1 := {[X(m, i)] | 2q + 1 = m+ 2ℓ(i), i ∈ Ie(ν)},

B′
q := {[X(j, i)] | q = j + 2ℓ(i), j + ℓ(i) ≡ 1 (mod 2), 0 ≤ j < m, i ∈ I(ν)}.
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Now we have the following result where we leave out the known cases namely,

m = 0 as P (0, ν) ∼= CG(ν) and ν = (1) in which case P (m, ν) = Sm.

Theorem 1.3.1 (See Theorem 5.3.1). We keep the above notations. Suppose that

m ≥ 1 and n = |ν| ≥ 2.

(i) For any q ≥ 0, Hq(P (m, ν);Z) ∼= Zr ⊕ (Z2)
t for some r, t ≥ 0 depending on q.

(ii) The set Bq is a basis for Hq(P (m, ν);Z)/torsion and B′
q is a Z2-basis for the

torsion subgroup of Hq(P (m, ν);Z).

For ν = (n1, . . . , ns), s ≥ 2, set νo := {1 ≤ j ≤ s | nj ≡ 1 mod 2} and

⌊ν/2⌋ := (n′
1, n

′
2, . . . , n

′
s), where n

′
j := ⌊nj/2⌋, 1 ≤ j ≤ s. Define ℓe := |Ie(ν)| and

ℓo := |Io(ν)|.

When A is a finitely generated abelian group we shall refer to the dimension

over Z2 of the subgroup A2 := {x ∈ A | 2x = 0} as the 2-rank of A. For our

applications to K-theory, we need the ranks (resp. 2-ranks) of Hev(P (m, ν);Z) =⊕
q≥0H

2q(P (m, ν);Z) and Hodd(P (m, ν);Z) =
⊕

q≥1H
2q−1(P (m, ν);Z), which are

denoted be, bo (resp. b′e, b
′
o). Then we have the following result.

Theorem 1.3.2 (See Theorem 5.3.4). Let m ≥ 1 and ν = (n1, . . . , ns) where s ≥ 2.

Let νo = |{1 ≤ j ≤ s | nj ≡ 1 (mod 2)}. Then Hev(P (m, ν);Z) ∼= Zbe ⊕ Zb′e
2 and

Hodd(P (m, ν);Z) ∼= Zbo ⊕ Zb′o
2 where

(i) Suppose that m is odd. Then

be = bo = ℓe =


(
n
ν

)
/2, if νo ≥ 2(

n
ν

)
+
(⌊n/2⌋
⌊ν/2⌋

)
, if νo ≤ 1.

When m is even, be =
(
n
ν

)
and bo = 0.

(ii) b′e = βo = ⌊m/2⌋ · ℓe, b′o = βe = ⌊(m+ 1)/2⌋ · ℓo.

In particular the integral cohomology of P (1, ν) has no torsion. 2
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1.3.2 The ring structure of H∗(P (Sm,CG(ν));Z[1/2])

Let R be a commutative ring in which 2 is a unit. From Theorem 5.3.1 we know

that as an R-module, Hq(P (m, ν);R) is free of rank |Bq|. We now turn to the ring

structure of H∗(P (m, ν);R). We shall first describe it as a subring of

H∗(Sm × CG(ν);R) ∼= R[um]⊗R[cr,j; 1 ≤ r ≤ nj, 1 ≤ j ≤ s]/⟨u2m, fp, 1 ≤ p ≤ n⟩

via the homomorphism π∗ induced by the double covering projection π : Sm ×

CG(ν) → P (m, ν), where cr,j denotes the r-th Chern class of γν,j. Since 2 is a

unit in R, π∗ is a monomorphism; see Proposition 3.2.6. Then, in Theorem 5.4.2

we shall describe H∗(P (m, ν);R) as a quotient of a polynomial algebra. Denote by

um ∈ Hm(Sm;Z) the positive generator concerning the standard orientation on the

sphere.

Theorem 1.3.3 (See Theorem 5.4.1). Suppose that 2 is a unit in R. Then H∗(P (m, ν)

is isomorphic to the subalgebra Fix(θ∗) ⊂ H∗(Sm ×CG(ν);R) which is generated by

the following elements generate Fix(θ∗):

Case (1): m is even.

umc2p−1(γr), 1 ≤ 2p− 1 ≤ nr, 1 ≤ r ≤ s;

c2j(γr), 1 ≤ j ≤ nr, 1 ≤ r ≤ s; and

c2p−1(γi)c2q−1(γj), 1 ≤ 2p− 1 ≤ ni, 1 ≤ 2q − 1 ≤ nj, 1 ≤ i ≤ j ≤ s.

Case (2): m is odd.

um; c2j(γr), 1 ≤ j ≤ nr, 1 ≤ r ≤ s; and

c2p−1(γi)c2q−1(γj), 1 ≤ 2p− 1 ≤ ni, 1 ≤ 2q − 1 ≤ nj, 1 ≤ i ≤ j ≤ s. 2

Next, we present H∗(P (m, ν);R) as a quotient of a polynomial algebra over R.

Since the ideal involves intricate notations, we omit its statement here; it will be
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detailed in Theorem 5.4.2.

1.4 K-theory of P (Sm,CG(ν))

Here we study complex K-theory of the GDS P (Sm,CG(ν)). We denote P (Sm,CG(ν))

by P (m, ν) for short. Using the results on cohomology of P (Sm,CG(ν)), we study

the additive structure of K-groups in the following theorem.

Theorem 1.4.1. Let m ≥ 1, ν = (n1, . . . , ns), s ≥ 2. Let be, bo, b
′
e, b

′
o be as in

Theorem 1.3.2. Then:

(i) K0(P (m, ν)) ∼= Zbe⊕A0 where A0 is a finite abelian group of order 2k for some k,

with 0 ≤ k ≤ b′e. The group A0 contains a summand Z2⌊m/2⌋, generated by y = [ξC]−1.

(ii) K1(P (m, ν)) ∼= Zbo ⊕A1, where A1 is a finite abelian group of order 2t for some

0 ≤ t ≤ b′o.

In particular, K1(P (m, ν)) is a torsion group if m is even, and K0(P (1, ν)) is a

torsion-free group

Next, we construct some canonical complex vector bundles over P (m, ν) such

that the classes of these vector bundles generate a subring K0 ⊂ K0(P (m, ν)) with

K0(P (m, ν))/K0 is a finite abelian 2-group. In particular, considering K0 as sub

Z-module of K0(P (m, ν)), we have K0 ⊗ Q = K0(P (m, ν))⊗ Q.

Assume that m = 2r is even. An explicit description of a complex vector bundle

ξ over Sm such that [ξ] − rank(ξ) is a generator of K̃(Sm) ∼= Z is well-known. See

[AH61], [Bot69]. We take this vector bundle ξ and denote it by ξ+ for future usage.

Define η− to be α!(ξ+), where α is the antipodal map on the sphere. Now consider

the following definitions.

Definition 1.4.2. 1. ξ̃(ω) := ξ+ ⊗ ω ⊕ η− ⊗ ω̄ for any complex vector bundle ω

over CG(ν), where η− is defined to be α!(ξ+).
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2. θ̃ : E(ξ̃(ω)) → E(ξ̃(ω)) is a bundle involution that covers θ, defined as:

θ̃(e+ ⊗ u, e− ⊗ v) = (α̃−(e−)⊗ v̄), α̃+(e+)⊗ ū)).

3. ξ0(ω) is defined to be the complex vector bundle over P (m, ν), whose total

space is E(ξ̃(ω))/⟨θ̃⟩.

4. δm :=


[ξ+]− 2r−1 = 2r−1 − [ξ−] if m ≡ 0 (mod 2)

0 if m ≡ 1 (mod 2).

5. K is the subring of K0(Sm × CG(ν)) generated by the elements (i) x+ x̄ and,

(ii) δm(x− x̄) when m is even, as x varies in K0(CG(ν)).

6. K0 is the subring of K0(P (m, ν)) generated by the following elements:

(i) [ξC], [ω̂C], and, (ii) when m is even, [ξ0(ω)],

where ω varies over σ-conjugate complex vector bundles over CG(ν).

Now we have the following proposition.

Theorem 1.4.3 (See Thoerem 6.2.11). Let m ≥ 1 and let r = ⌊m/2⌋. The homo-

morphism π! : K0(P (m, ν)) → K0(Sm ×CG(ν)) defines a surjective ring homomor-

phism K0 → K, again denoted π!, whose kernel equals the torsion ideal T 0 ⊂ K0.

The quotient group K0(P (m, ν))/K0 is a finite abelian 2-group.

1.5 Applications

We provide some applications of our study of cohomology of generalized Dold spaces.

As an application of Theorems 4.2.4, 4.3.4 we obtain the Z2-equivariant coho-

mology H∗
Z2
(X;Z2) of (X, σ) when X is either a torus manifold whose torus quotient

is a homology polytope, or, is a complex flag manifold CG(ν).
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Theorem 1.5.1 (See Theorem 7.1.1). We keep the above notations from §1.2.1.

(i) Let X = X(Q,Λ) be a T -torus manifold where Q = X/T is a homology polytope.

Then H∗
Z2
(X;Z2) is isomorphic to the A-algebra R(Q,Λ) where A = H∗(RP∞;Z2) ∼=

Z2[y].

(ii) Let ν = n1 ≤ · · · < ns, n =
∑
nj. Then H

∗
Z2
(CG(ν);Z2) is isomorphic to Rν/Iν

where Rν = A[ŵ2i,j; 1 ≤ i ≤ nj, 1 ≤ j < s] where A = H∗(RP∞;Z2) = Z2[y] and

Iν ⊂ Rν is the ideal generated by the a2i ∈ Rν , ns < i ≤ n. 2

We present the following result as an application of Theorem 5.4.2. It pro-

vides specific conditions under which a self-map on a generalized Dold manifold

P (m,n, k) := P (Sm,CGn,k) will have a fixed point.

Proposition 1.5.2 (See Proposition 7.2.4). Let m be odd and either (i) k ≤ 3

and n > 2k, or (ii) k > 3 and n > 2k2 − 1 hold. Then for any continuous map

f : P (m,n, k) → P (m,n, k) such that the degree deg(p ◦ f ◦ s) ̸= 1, there exists a

fixed point.

The following result is an application of Theorem 5.4.1. It provides some condi-

tions for a map between generalized Dold manifolds to have degree zero.

Proposition 1.5.3 (See Proposition 7.3.1). Let f : P (m,n, k) → P (r, s, t) be a

continuous map between two oriented and same-dimensional generalized Dold man-

ifolds. Further assume that

(i) ⌊k/2⌋ < ⌊t/2⌋ if m = r is odd, and k < t if m = r is even,

(ii) CGs,t ̸= CG2,1 = CP 1 if r ̸= m = 2.

Then the degree of f is zero.
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Chapter 2

Preliminaries

In this chapter, we shall discuss some important definitions and observations which

will be necessary to proceed further towards the main results.

The classical Dold manifold P (m,n) is defined as the orbit space of the Z2-action

on Sm × CP n generated by the involution (v, [z]) 7→ (−v, [z̄]), v ∈ Sm, [z] ∈ CP n.

Here [z̄] denotes [z̄0 : · · · : z̄n] when [z] = [z0 : · · · : zn] ∈ CP n. See [Dol56].

Let us consider two connected, locally path connected, paracompact, Hausdorff

topological spaces S,X along with a fixed point free involution α : S → S and

another involution σ : X → X with non-empty fixed point set. We denote by Y

the quotient space S/∼ where v ∼ α(v), v ∈ S. The space P (S, α,X, σ) (or more

briefly P (S,X) when there is no risk of confusion) is defined to be the quotient

space S ×X/∼ where (v, x) ∼ (α(v), σ(x)) and is called the generalized Dold space.

Sometimes, we use GDS as a shorthand for the generalized Dold space.

Note that P (S,X) is a (smooth) manifold if S,X (and α, σ) are (smooth) man-

ifolds. When P (S,X) is a manifold, we may refer to it as generalized Dold man-

ifolds. The quotient maps p1 : S → Y and π : S × X → P (S,X) are covering

projections with deck transformation groups isomorphic to Z2 generated by α and
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α × σ respectively. We denote by [v] ∈ Y the element p1(v) = {v, α(v)} and

similarly [v, x] = π(v, x) = {(v, x), (α(v), σ(x))} ∈ P (S,X). The first projection

S × X → Y induces a map p : P (S,X) → Y which is the projection of a locally

trivial bundle with fibre space X. Denote by Xσ ⊂ X the fixed points of σ. For

each x ∈ Xσ := Fix(σ), we have a cross-section sx = s : Y → P (S,X) where

s([v]) = [v, x]. In fact, we have an embedding of Y × Xσ into P (S,X) defined by

([v], x) 7→ [v, x].

The construction of generalised Dold space is functorial in (S, α) and (X, σ) for

maps (S ′, α′) → (S, α) and (X ′, σ′) → (X, σ) that are Z2-equivariant maps.

Some examples of generalized Dold spaces that we will consider in our study are:

1. P (Sm, α,Sn, σ), where α is antipodal map on Sm and σ is the reflection map

on Sn that sends en+1 → −en+1 and pointwise fixes Sn−1 ⊂ Rn = {en+1}⊥.

Note that P (S1, α,S1, σ) is homeomorphic to Klein’s bottle. So, the GDS

P (Sm, α,Sn, σ) are generalized Klein’s bottles.

2. P (Sm, α,CG(ν), σ), where α is antipodal map on Sm and σ is the involution

on the complex flag manifold CG(ν), induced from the complex conjugation

on Cn.

3. P (Sm, α,X, σ) where α is antipodal map on Sm and X is a torus manifold

(see [MP06]) whose torus orbit space is a homology polytope with σ being a

certain involution (see §4.2) on X.

2.1 σ-conjugate vector bundles

Let σ : X → X be an involution on a path connected paracompact Hausdorff

topological space. We assume that Xσ is a non-empty proper subset of X. Let ω be

a complex vector bundle over X. A σ-conjugation on ω is an involutive bundle map
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σ̂ : E(ω) → E(ω) on the total space of ω that covers σ and is conjugate complex

linear on the fibres of the projection πω : E(ω) → X. If such a bundle involution

exists, we call (ω, σ̂) (or more briefly ω) a σ-conjugate bundle.

Let (ω, σ̂) be a σ-conjugate vector bundle over X with bundle projection E(ω) →

X. The zero-cross section X → E(ω) is σ-equivariant. In particular, Fix(σ̂) is non-

empty. We obtain a real vector bundle P (S, ω), more briefly denoted ω̂ when there

is no danger of confusion, over P (S,X) with projection P (S,E(ω), σ̂) → P (S,X)

defined as [v, e] 7→ [v, πω(e)].

Note that σ̂ is also a σ-conjugation on the conjugate complex vector bundle ω̄

and we have an isomorphism of real vector bundles ω̂ ∼= ˆ̄ω.

The above construction of ω̂ over P (S,X), as prolongation of a σ-conjugate

complex vector bundle over X, can be extended to real vector bundles as follows.

Let η be any real vector bundle over X with a bundle involution σ̂ that covers

σ. We denote by η̂ the vector bundle over P (S,X) with total space P (S,E(η)) =

P (S,E(η), σ̂) and bundle projection πη̂ : P (S,E(η)) → P (S,X) defined as [v, e] →

[v, πη(e)] ∀v ∈ S, e ∈ E(η).

We can generalize the construction of the vector bundle ω̂ over P (S,X) for a

σ conjugate vector bundle ω over X. Suppose that ω is a real vector bundle over

a space B with projection pω : E(ω) → B. Let f : B → B be a fixed point free

involution that is covered by an involutive bundle automorphism f̂ : E(ω) → E(ω).

We obtain a vector bundle ω̂ over B̄ := B/∼f with total space E(ω̂) = E(ω)/∼f̂ .

The bundle projection E(ω̂) → B̄ sends [v] = {v, f̂(v)} to [b] for all v ∈ Eb(ω). If

ω is a complex vector bundle and f̂ is a complex vector bundle morphism, then ω̂

is a complex vector bundle over B̄. We emphasize that the isomorphism class of ω̂

depends not only on ω, but also on f̂ .

The construction of ω̂ behaves well with respect to Whitney sum, tensor prod-
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ucts, taking exterior powers, etc., so long as all the bundles involved are σ-conjugate

(complex) vector bundles, i.e., the respective bundle involutions cover the same

σ : X → X. (See [NS19].)

2.2 Functoriality

Suppose that α1 : S1 → S1 is a fixed point free involution and that f : S1 → S is

Z2-equivariant, i.e., f(α1(v1)) = αf(v1), v1 ∈ S. By the functoriality, we obtain a

map F : P (S1, X) → P (S,X). Explicitly F is induced by the Z2-equivariant map

f×id : S1×X → S×X. Also, we have a morphism of real vector bundles P (S1, ω) →

P (S, ω) where the map between the total spaces F̂ : P (S1, E(ω), σ̂) → P (S,E(ω), σ̂)

is again got by functoriality. Explicitly, F̂ ([v1, e]) = [f(v1), e] ∀v1 ∈ S1, e ∈ E(ω).

We have the following commuting diagram:

P (S1, E(ω)) P (S,E(ω))

P (S1, X) P (S,X)

F̂

F

It follows that

F ∗(P (S, ω)) = P (S1, ω). (1)

We have the following isomorphism of real vector bundle for any σ-conjugate

complex vector bundle (ω, σ̂) over X:

P (S, ω) ∼= ξα ⊗ P (S, ω). (2)

An explicit bundle isomorphism can be obtained as follows: Write ω̂ := P (S, ω).

The total space E(ξα⊗ ω̂) of ξα⊗ ω̂ is a subspace of the quotient of S×X ×E(ϵR ⊗

ω) under the identification (v, x, t ⊗ w) ∼ (α(v), σ(x),−t ⊗ σ̂(w)). We write the
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equivalence class of (v, x, t⊗w) as [v, x, t⊗w]. The space E(ξα⊗ω) consists of triples

[v, x, t⊗w] where πϵR⊗ω(t⊗w) = x ∈ X. A bundle map f : E(ξα⊗ ω̂) → E(P (S, ω))

that covers the identity is obtained as [v, x, t ⊗ w] 7→ [v, x,
√
−1tw]. The routine

verification is left to the reader. (Cf. [Ucc65, Proposition 1.4(iii) ], [NS19, Lemma

2.7].)

2.3 The Stiefel-Whitney classes of ω̂

Assuming that H1(X;Z2) = 0, a formula for Stiefel-Whitney classes of ω̂ was ob-

tained in [NS19] in the case of generalized Dold manifolds P (Sm, X, σ). The proof

used functorial properties of the Dold construction and the splitting principle for

complex vector bundles over X. These properties hold for any space X as the

manifold properties of X play no role in the proof of the Stiefel-Whitney class for-

mula. Specifically, the following formula holds for σ-conjugate vector bundles over

P (Sm, X) for any CW complex X with H1(X;Z2) = 0.

There exist suitable cohomology classes c̃j(ω) ∈ H2j(P (Sm, X);Z2) which re-

stricts to the mod 2 Chern class cj(ω) = w2j(ω) ∈ H2j(X) along the fibres of

P (Sm, X) → RPm. One has the following formula for the i-th Stiefel-Whitney class

of P (Sm, ω) = ω̂ in terms of the c̃j(ω), (cf. [NS19, Prop. 2.11]):

wi(ω̂) =
∑

0≤j≤r

(
r − j

i− 2j

)
xi−2j c̃j(ω) (3)

where x := w1(ξα) ∈ H1(P (Sm, X);Z2) ∼= H1(RPm;Z2) ∼= Z2 is non-zero and

r = rankCω. (It is understood that the binomial coefficient
(
a
b

)
= 0 if b > a or if

a < 0 or b < 0.) See [NS19].

We have c̃1(ω) = w2(ω̂) +
(
r
2

)
x2 and w1(ω̂) = rx. It can be seen easily, using (2)
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and induction, that c̃j(ω) is expressible as a polynomial

c̃j(ω) = Qj(x
2, w2(ω̂), w4(ω̂), . . . , w2j(ω̂)) for 1 ≤ j ≤ r.

Therefore, for 0 ≤ j < r, w2j+1(ω̂) can be expressed as a polynomial in x and even

Stiefel-Whitney classes w2i(ω̂), 0 ≤ i ≤ j:

w2j+1(ω̂) = xPj(x
2, w2(ω̂), w4(ω̂), . . . , w2j(ω̂)) (4)

for a suitable polynomial Pj = Pj(x
2, w2, w4, . . . , w2j) of total degree 2j where

deg(wi) = i. As noted already, P0 = r ∈ Z2. Equations (3) and (4) are still

valid when X is any connected CW complex as long as H1(X;Z2) = 0.

We need to extend Equation (4) to the more general context of the bundle

ω̂ := P (S, ω) over P (S, α,X, σ) under the assumption that Y (and hence S) and X

are CW complexes (although one can relax these restrictions even further).

We proceed as follows: First, extend the validity of (3) to the case when S = S∞

with antipodal involution −id so that Y = RP∞. Then, any double cover S → Y

can be classified by a map f̄ : Y → RP∞ and so we have an Z2-equivariant map

f : (S, α) → (S∞,−id). Hence we obtain formula (3) with x = w1(ξα) for the

bundle P (S, ω), using the naturality of Stiefel-Whitney classes and the isomorphism

(1). So, it remains only to consider the case (S, α) = (S∞,−id).

Note that P (S∞, X) = ∪m≥1P (Sm, X). Moreover, the inclusion P (Sm, X) ↪→

P (S∞, X) is an (m − 1)-equivalence (as can be seen using the homotopy exact

sequence). Since the spaces involved are CW complexes i induces an isomorphism

in cohomology up to dimensionm−1. Given any σ-conjugate complex vector bundle

ω over X of rank r we merely choose m > 2r. It follows that the formula (3) holds

for P (S∞, ω).
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Using (4), or directly, we see that P (S, ω) is orientable if and only if rankC(ω)

is even.

2.4 Torus manifolds

The notion of torus manifolds is due to Hattori and Masuda [HM03], [Mas99] . We

shall use the definition as given in Masuda and Panov [MP06]. In fact, we consider

a restricted class of torus manifolds (in the sense of Masuda-Panov), namely, those

torus manifolds where the torus action is locally standard and the orbit space is a

homology polytope. This restricted class itself is a generalization of the notion of

quasi-toric manifolds due to Davis and Januskiewicz [DJ91], where the orbit space

is a simple convex polytope. We begin by recalling the basic definitions.

A torus manifold is an even dimensional smooth compact orientable manifold X

on which an n-dimensional torus T ∼= U(1)n acts smoothly and effectively with non-

empty fixed point set where dimX = 2n. One says that the T -action on X is locally

standard if X is covered by open sets {U} that are equivariantly diffeomorphic to

an open subset of Cn with the standard T ∼= U(1)n-action. This means that, for

each U , there exists an automorphism ψ : T → T and an embedding f : U → Cn

such that f(t.u) = ψ(t)f(u) ∀u ∈ U, t ∈ T . The orbit space Q := X/T is then an

n-dimensional manifold with corners (i.e., is modelled on Rn
≥0). It turns out that

set of T -fixed points of X is finite and their images are the vertices of Q. It is easy

to see (using the irreducible characters of the isotropy representation) that each

T -fixed point is a connected component of the intersection of exactly n distinct T -

stable submanifolds each having codimension 2 in X. There are only finitely many

T -stable codimension 2 submanifolds in X, say Xi, 1 ≤ i ≤ m, and each of these are

fixed by certain circle subgroup Si of T . These are the characteristic submanifolds

of X. Their images, Qi := Xi/T in Q are the facets of Q, which have codimension
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1 in Q. The characteristic submanifolds of X are all orientable and are again torus

manifolds under the T/Si-action with orbit space Qi.

A preface of Q is a non-empty intersection of a collection of facets of Q. A face of

Q is a connected component of a preface. We regard Q itself as (the improper) face;

all the other faces are proper. Q is said to be face-acyclic if all its faces (including

Q itself) are acyclic, i.e., have the integral homology of a point. If Q is face acyclic,

then every face contains a vertex of Q. If Q is face-acyclic and if every preface is

a face, then Q is called a homology polytope. For example, when X is a quasi-toric

manifold, then Q = X/T is a simple convex polytope, which is evidently a homology

polytope. (A (compact) convex polytope of dimension n is simple if exactly n facets

meet at each vertex.)

A characteristic submanifold Xi ↪→ X determines a circle subgroup Si ⊂ T ;

namely, the subgroup of T that fixes each point of Xi. Choosing an isomorphism fi :

S1 ∼= Si amounts to choosing a primitive vector vi ∈ Hom(S1, T ) ∼= Zn whose image

equals Si. Note that vi is determined up to sign corresponding to two isomorphisms

S1 → Si namely fi, fi ◦ ι where ι(z) = z−1 ∀z ∈ S1. The sign is determined once an

orientation on Si is fixed.

We shall denote the group of 1-parameter subgroups Hom(S1, T ) by N and the

group of characters Hom(T,S1) by N∨ ∼= Zn. One has a natural pariing ⟨., .⟩ :

N∨ ×N → Z defined by u ◦ v(z) = z⟨u,v⟩.

An omni-orientation of X is a choice of an orientation on X and on each char-

acteristic submanifold Xi, 1 ≤ i ≤ m. The orientations on X,Xi determine a unique

orientation on the normal space to TxXi ⊂ TxX for any x ∈ Xi which in turn leads

to an orientation on Si. This determines a unique primitive vector vi ∈ N whose

image is Si.

Fix an omni-orientation onX and assume thatQ is a homology polytope. Denote
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by Q the set of all facets of Q. We obtain a map Λ : Q → N defined as Λ(Qi) =

vi, 1 ≤ i ≤ m. Local standardness of the T action implies that Λ(Qi1), . . . ,Λ(Qin) is

a Z-basis ofN whenever Qi1 , . . . , Qin ∈ Qmeet at a vertex of Q. The map Λ is called

the characteristic function of X. The pair (Q,Λ) determines X up to equivariant

homeomophism assuming the vanishing of H2(Q;Z). In fact, let X(Q,Λ) denote

the space T ×Q/∼ where (t, q) ∼ (t′, q′) if and only if q = q′ and t−1t′ belongs to the

subgroup of T generated by the one parameter subgroups Λ(Qi1), . . . ,Λ(Qik) where

q is in the interior of the face Qi1 ∩ · · · ∩ Qik . Then X(Q,Λ) is a smooth manifold

on which T acts on the left with orbit space Q. Further Q is naturally embedded

in X(Q,Λ) via the map q 7→ [1, q]. We regard Q as a subspace of X. The quotient

map X(Q,Λ) → Q is therefore a retraction. It was shown in [MP06, Lemma 4.5],

assuming the vanishing of H2(Q;Z), that X(Q,Λ) is equivariantly homeomorphic

to X. We identify X with X(Q,Λ).

2.5 Half-spin bundles over S2r

Assume that m = 2r is even. An explicit description of a complex vector bundle

ξ over Sm such that [ξ] − rank(ξ) is a generator of K̃(Sm) ∼= Z is well-known. See

[AH61], [Bot69]. For the sake of completeness, we give the details.

Explicitly, ξ may be taken to be associated to a half-spin representation of

Spin(m) where Sm is viewed as the homogeneous space Spin(m + 1)/Spin(m). We

shall explain this construction below, assuming familiarity with the basic properties

of the spin groups, as given in [Hus94].

We consider Rm+1 as the standard SO(m + 1)-representation. It becomes a

representation of Spin(m+1) via the projection Spin(m+1) → SO(m+1). Regard

Spin(m) ⊂ Spin(m+1) is the subgroup that stabilizes the vector e1 ∈ Rm+1. Consider

bundles ξ+, ξ− associated to the half-spin (complex) representations ∆+,∆− of the
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spin group Spin(m). Then [ξ+]− 2r−1 is a generator of K̃(Sm). See [AH61], [Hus94,

Theorem 13.3, Chapter 14]. (Note that the degrees of the representations ∆± equal

2r−1.) It turns out that [ξ+] + [ξ−] = 2r in K̃(Sm). In fact, the representation

∆+ ⊕ ∆− is the restriction of the spin representation ∆ of Spin(m + 1). As the

bundle associated to ∆|Spin(m) is trivial, we obtain that ξ+ ⊕ ξ− = 2rϵC, whence

(2.1) [ξ+]− 2r−1 = −([ξ−]− 2r−1).

Theorem 2.5.1. Let m = 2r be even. The ring K0(Sm) is isomorphic to the

truncated polynomial ring Z[um]/⟨u2m⟩ under an isomorphism that sends um to [ξ+]−

2r−1. In particular, [ξ±]2 = 2r[ξ±] − 22r−2, and, [ξ+][ξ−] = 22r−2. Moreover, α! :

K0(Sm) → K0(Sm) sends [ξ+] to [ξ−].

Proof. The description of the ring structure and the fact that um is represented

by [ξ+] − 2r−1, are well-known. (See [AH61] and [Hus94].) The asserted quadratic

relation follows from ([ξ+] − 2r−1)2 = u2m = 0. Since [ξ+] + [ξ−] = 2r, the same

relation is satisfied by [ξ−]. Also, [ξ+][ξ−] = [ξ+](2r − [ξ+]) = 22r−2.

It remains to show that α!(um) = −um. This follows from the following facts:

Hm(α;Q) is −id, the Chern character ch : K(Sm) → H∗(Sm;Q) is a monomorphism,

and α∗ ◦ ch = ch ◦ α!.

We have not been able to find a natural and explicit bundle isomorphism ξ− → ξ+

which covers the antipodal map α : Sm → Sm. For this reason, we work with the

pull-back bundle α!(ξ+), which will suffice for our purposes.

Denote by η− the pull-back bundle α!(ξ+). When m ≥ 2 is even, we have 2r−1 ≥

m/2 and any two vector bundles of rank 2r−1 which represent the same class in

K(Sm) are isomorphic, using [Hus94, Theorem 1.5, Chapter 8].

For future reference, we have the following remark.
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Remark 2.5.2. From the above discussion, we have [η−] = [ξ−] = 2r − [ξ+] in

K(Sm) for all m ≡ 0 (mod 2).

We have a bundle isomorphism α̃− : E(η−) ⊂ Sm×E(ξ+) → E(ξ+) given by the

second projection that covers the antipodal map α. Explicitly, α̃− : E(η−) → E(ξ+)

is the map that (v, e) ∈ Ev(η
−) to e ∈ E−v(ξ

+). Then α̃− is a bundle map that

covers α. Similarly α̃+ : E(ξ+) → E(η−) is the bundle map that sends e ∈ Ev(ξ
+) to

(−v, e) ∈ E−v(η
−). Henceforth, we shall identify the fibre Ev(η

−) = {v} × E−v(ξ
+)

with E−v(ξ
+) so that the total space E(η−) is identified with E(ξ+). We have, for

any v ∈ Sm and e ∈ Ev(ξ
+), α̃+(α̃−(e)) = e, i.e., α̃+ ◦ α̃− = idη− . Similarly

α̃− ◦ α̃+ = idξ+ .

Set ξ̃ := ξ+ ⊕ η−. A vector in the fibre Ev(ξ̃) over v ∈ Sm will be denoted by a

triple (v; e, e′), e ∈ Ev(ξ
+), e′ ∈ E−v(ξ

+) = Ev(η
−), v ∈ Sm. Define α̃ : E(ξ+⊕η−) →

E(ξ+ ⊕ η−) as α̃(v; e, e′) = (−v; α̃−
v (e

′), α̃+
v (e)). Then α̃ covers α and α̃ ◦ α̃ = id.

We therefore obtain a complex vector bundle ξ0 over RPm where E(ξ0) :=

E(ξ̃)/⟨α̃⟩. A point ofE[v](ξ
0) is [v;x, y] = {(v;x, y), (−v; y, x)} where x ∈ Ev(ξ

+), y ∈

Ev(η
−) = E−v(ξ

+).

Let us consider the bundle maps β̃+ : E(η−) ⊂ Sm ×E(ξ+) → E(ξ+) defined by

(v, e) 7→ ie ∈ E−v(ξ
+) and similarly β̃− : E(ξ+) → E(η−) which maps e ∈ Ev(ξ

+)

to (−v, ie) ∈ E−v(η
−). These two bundle maps cover α. It is easy to see that

β̃+ ◦ β̃− = −idE(η−) and β̃
− ◦ β̃+ = −idE(ξ+). Define β̃ : E(ξ̃) → E(ξ̃), (v; e, e′) 7→

(−v;−β̃−(e′), β̃+(e)) which is a bundle involution covering α. Now we can form

a vector bundles ξ1 over RPm where E(ξ1) = E(ξ̃)/⟨β̃⟩. A point of E[v](ξ
1) is

[v;x, y] = {(v;x, y), (−v;−iy, ix)} where x ∈ Ev(ξ
+), y ∈ Ev(η

−) = E−v(ξ
+).

Remark 2.5.3. We note that ξ0 and ξ1 are isomorphic. An explicit isomorphism

can be defined by E(ξ0) ∋ [v;x, y] 7→ [v;−ix, y] ∈ E(ξ1).
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Chapter 3

Cohomology groups of GDS

In this chapter, we study cohomology of P (S,X) for arbitrary topological spaces

S,X. We generally consider S,X to be paracompact and Hausdorff spaces. First,

we study the mod 2 cohomology of P (S,X) and then consider cohomology in Z[1/2]-

coefficients as well.

3.1 Mod 2 cohomology of GDS

Let S,X be locally finite CW complexes. Under appropriate hypotheses on the cell-

structures on S and X, we obtain a nice CW structure on P (S,X) which has the

property that the mod 2 cellular boundary map vanishes. We shall see that there

are many classes of smooth manifolds S,X where there are such CW structures.

Denote by (C∗(A), ∂
A) the cellular chain complex of a CW complex A over Z2.

Every cell e has a unique orientation mod 2 and so defines a basis element, again

denoted by e, of Cq(A;Z2) = Hq(A
(q), A(q−1);Z2). When A is clear from the context

we write ∂ instead of ∂A. In fact, we shall denote by the same symbol ∂ for the

differential in any chain complexes when there is no danger of confusion which one

is meant.

27



Let X be a connected CW complex. Assume that σ : X → X is an involution

which stabilizes each cell of X. In particular the zero cells are contained in Fix(σ).

Since σ stabilizes each cell of X, we have σ∗(e) = ±e = e for each cell e of X and

so σ∗ : C∗(X;Z2) → C∗(X;Z2) is the identity map.

Let S be a Z2-equivariant CW complex where α : S → S is the generator of the

Z2-action on S. Since α is fixed point free involution, no open cell is mapped to

itself under α. The CW-structure on (S, α) yields a CW structure on Y consisting

of one cell q(e) = q(α(e)) for each pair of cells e, α(e) of S, where q is the quotient

map S → Y . On the other hand, any CW structure on Y lifts to an equivariant

CW-structure on S.

Also we obtain the product CW structure on S×X which is Z2-equivariant where

the Z2-action is generated by θ := α×σ. It consists of cells which are products e×d

where e, d are cells of S and X respectively. The induced CW structure on P (S,X)

consists of one cell (e, d) for each pair of cells e×d, θ(e×d) = α(e)×σ(d) = α(e)×d.

Suppose that the cell structure on X is perfect mod 2, that is, the differential

in the cellular chain complex of X with Z2-coefficients vanishes in all dimensions.

Since ∂X = 0 in all dimensions, we have H∗(X;Z2) ∼= C∗(X;Z2). Our assumptions

are trivially valid when X has no odd dimensional cells. In this case the cellular

boundary map ∂ vanishes even with Z-coefficients.

Fix r ≥ 0. We have Cr(S×X;Z2) ∼= ⊕p+q=rCp(S;Z2)⊗Cq(X;Z2). Since ∂
X = 0,

we have ∂(e⊗d) = ∂(e)⊗d. Morevover θ∗(e⊗d) = α∗(e)⊗σ∗(d) = α(e)⊗d. Recall

that π denotes the covering projection S ×X → P (S,X). Since π ◦ θ = π we have

the following commuting diagram of chain complexes:

Cr(S ×X;Z2)
θ∗−→ Cr(S ×X,Z2)

π∗ ↘ ↙ π∗

Cr(P (S,X);Z2).
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We denote by (e, d) the cell π(e×d) = π(α(e)×d) in P (S,X). Let dim e = p, dim d =

q. Suppose that ∂S(e) =
∑

j∈J(e) ej ∈ Cp−1(S;Z2) where J(e) is a suitable subset of

the indexing set for cells of S. Then, ∂(e× d) =
∑
ej ⊗ d and so

∂((e, d)) =
∑

j∈J(e)

π∗(ej ⊗ d) =
∑

j∈J(e)

(ej, d) ∈ Cr−1(P (S,X);Z2). (5)

Since q∗(α(ej)) = q∗(ej) ∈ Cp−1(Y ), we have (ej, d) = (α(ej), d) for any cell d of X.

If α(J(e)) = J(e), then both (ej, d) and (α(ej), d) occur in the sum (5) and cancel

each other out and we conclude that ∂((e, d)) = 0. (Note that ej, α(ej) are distinct

cells of S.) We are ready to prove the following proposition. For the notion of

cohomology extension of fibre we refer the reader to Leray-Hirsch Theorem [Spa82,

Theorem 9, §7, Chapter 5].

Proposition 3.1.1. Suppose that (S, α) is any Z2-equivariant CW complex such

that the induced cell structure on Y is perfect mod 2. Suppose that X is a CW

complex such that (i) each skeleton X(k), k ≥ 1 is finite, (ii) the cell-structure is

perfect mod 2, and, (iii) each cell is mapped to itself by σ : X → X. Then the CW

structure on P (S,X) induced by the product CW structure on S ×X is perfect mod

2. In particular, one has an isomorphism H∗(P (S,X);Z2) ∼= H∗(Y ;Z2)⊗H∗(X;Z2)

of H∗(Y ;Z2)-modules.

Proof. Let ∂S(e) =
∑

j∈J(e) ej. Since the induced cell structure on Y is perfect, we

have 0 = ∂Y (q∗(e)) = q∗(∂
S(e)) = q∗

∑
j∈J(e) ej. Since q∗(∂

S(e)) = 0 we see that J(e)

is stable by α. Hence, from Equation (5), for any cell d of X, we have ∂((e, d)) = 0.

Thus the induced cell-structure on P (S,X) is perfect mod 2.

Assume that X is a finite CW complex. Then we have

Hk(P (S,X);Z2) ∼= Ck(P (S,X);Z2) ∼= ⊕i+j=kCi(Y ;Z2)⊗ Cj(X;Z2)

∼= ⊕i+j=kHi(Y ;Z2)⊗Hj(X;Z2).
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Consequently H∗(P (S,X);Z2) ∼= H∗(Y ;Z2) ⊗ H∗(X;Z2). Also H∗(P (S,X);Z2) ∼=

H∗(Y ;Z2) ⊗ H∗(X;Z2) is a free module over H∗(Y ;Z2) via π∗ : H∗(Y ;Z2) →

H∗(P (S,X);Z2).

In the general case, the inclusion X(k) ↪→ X induces an inclusion P (S,X(k)) ↪→

P (S,X) which covers the identity map of Y . The proposition follows from the obser-

vation that, for any n ≥ 1, the inclusion-induced homomorphismHn(P (S,X);Z2) →

Hn(P (S,X(k));Z2) is an isomorphism for all k > n.

We shall obtain another situation where the X-bundle π : P (S,X) → Y admits

a Z2-cohomology extension of fibre. As observed already, since Xσ ̸= ∅, we have a

cross-section Y → P (S,X) of the X-bundle and so it follows that p∗ : H∗(Y ;Z2) →

H∗(P (S,X);Z2) is a monomorphism. We have the following result. For the notion of

cohomology extension of fibre we refer the reader to [Spa82, Theorem 9, §7, Chapter

5].

Proposition 3.1.2. Let (ωj, σ̂j), 1 ≤ j ≤ r, be σ-conjugate complex vector bundles

over (X, σ) such that the cohomology algebra H∗(X;Z2) is generated by the mod 2

Chern classes cq(ωj) ∈ H2q(X;Z2), 1 ≤ q ≤ rank(ωj), 1 ≤ j ≤ r. Assume that X

satisfies any of the following: (i) dimZ2 H
∗(X;Z2) < ∞, (ii) X is a CW complex

with finite k-skeleton for each k ≥ 1 where each cell is stable by σ. Then we have

an isomorphism of Z2-vector spaces:

Hr(P (S,X);Z2) ∼=
⊕
p+q=r

Hp(Y ;Z2)⊗Hq(X;Z2). (6)

In particular, H∗(P (S,X);Z2) is a free H∗(Y ;Z2)-module with basis B where B is

a Z2-basis for H
∗(X;Z2).

Proof. Let e0 ∈ S. Set ω̂j := P (S, ωj), 1 ≤ j ≤ r. Then ι∗(ω̂j) ∼= ωj where

ι is the inclusion ι : X → P (S,X) defined as x 7→ [e0, x]. So w2i(ω̂j) restricts
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to w2i(ωj) = ci(ωj) ∈ H2i(X;Z2). Since the ci(ωj), 1 ≤ i ≤ rank(ωj), 1 ≤ j ≤

r, generate the cohomology algebra H∗(X;Z2), it follows that the homomorphism

H∗(P (S,X);Z2) → H∗(X;Z2) is surjective. Thus, the X-bundle (P (S,X), Y, π)

admits Z2-cohomology extension of the fibre. If dimZ2 H
∗(X;Z2) is finite, such

as when X is a finite CW complex, by Leray-Hirsch theorem we conclude that

H∗(P (S,X);Z2) ∼= H∗(Y ;Z2)⊗H∗(X;Z2) as H
∗(Y ;Z2)-modules. This proves (i).

Suppose that X is a CW complex such that for any k ≥ 1 the k-skeleton X(k)

of X is a finite CW complex. Moreover, σ restricts to X(k). It follows from part

(i) of the proposition that H∗(P (S,X(k));Z2) ∼= H∗(Y ;Z2) ⊗ H∗(X(k);Z2), which

establishes the isomorphism (6). The last assertion follows readily from (6).

3.2 Chomology of GDS in Z[1/2] coefficients

Here we study cohomology groups of generalized Dold spaces in R coefficients where

2 is invertible in R. Let us fix some notations and conventions before proceeding

further.

Let B be a (locally finite) CW complex. We shall denote the closed cells of B

by e, ej, etc., and the corresponding open cells by e̊, e̊j, etc. An orientation on a

(closed) k-cell e in B is the choice of a generator of Hk(e, ∂e;Z) ∼= Hk(Sk;Z). An

orientation on e is equivalent to an orientation of the open cell e̊ ∼= Rk.

First, we shall consider the homology of P (S,X) where X is a connected locally

finite CW complex that has only even dimensional cells. We assume that S is

a connected locally finite CW complex. Further restrictions on S and X will be

placed later as and when required. Some of the results here are established in the

context of a double cover p : B̃ → B with appropriate hypotheses on B̃.

Lemma 3.2.1. Let X be a connected locally finite CW complex with only even
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dimensional cells. Suppose that σ : X → X is an involution that stabilizes each cell

in X and that σ is orientation preserving on any 2k-dimensional cell e if and only

if k is even. Then σ∗ acts by (−1)k on H2k(X;Z). 2

We omit the proof, which is straightforward.

Suppose that p : B̃ → B is a double covering projection where B is a connected

locally finite CW complex. We obtain a G-equivariant CW structure on B̃ by lifting

the cell structure on B where G ∼= Z2 is the deck transformation group. Denote by

ϕ : B̃ → B̃ the involution that generates G. For each (closed) cell e of B, we have

a pair of cells e+, e− in B̃ such that p(e±) = e and ϕ(e+) = e− (as unoriented cells).

Let R be any commutative ring. (It is always assumed that 0 ̸= 1 ∈ R.) We

denote by (C∗(B;R), ∂) the cellular chain complex with R-coefficients. Recall that

Cr(B;R) is the free R-module with basis the set of all closed oriented r-cells of B

modulo the relations e + e′ = 0 where e′ is the same underlying cell as e but with

opposite orientation. (We denote by the same symbol e an oriented cell as well as

the corresponding element in the cellular chain group Ck(B;R).) It is clear that

Cr(B;R) is isomorphic to the free R-module with basis the set of unoriented r-cells

of B.

For each oriented cell e in B, fix orientations on e+ and e− so that p|e± : e± → e

is orientation preserving; thus p∗(e
±) = e. Then ϕ|e+ : e+ → e− is orientation

preserving since p = p ◦ ϕ.

Suppose that 2 is invertible in R. We set ε+ := (e++e−)/2 and ε− := (e+−e−)/2

for each closed cell e of B. Then Cr(B̃;R) = C+
r (B̃;R)⊕C−

r (B̃;R) as a direct sum

of R-modules where C+
r (B̃;R) is the free R-module with basis {ε+i }i as ei varies

over the set of r-cells of B. Similarly {ε−i }i is an R-basis for C−
r (B̃;R). It is readily

seen that C+
r (B̃;R) = Fix(ϕ∗), the R-submodule of Cr(B̃;R) element-wise fixed

by ϕ∗ and that ϕ∗ acts as multiplication by −1 on C−
r (B̃;R). Clearly p∗ maps
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C+
r (B̃;R) isomorphically onto C∗(B;R) and vanishes identically on C−

r (B̃;R). Note

that ∂ : C∗(B̃;R) → C∗(B̃;R) maps C±
∗ (B̃;R) to itself since ∂ ◦ ϕ∗ = ϕ∗ ◦ ∂. Hence

Hr(B̃;R) breaks up as a direct sum of two R-modules on which ϕ∗ acts by 1 and

(−1) respectively.

Lemma 3.2.2. We keep the above notations. Let R be any commutative ring in

which 2 is invertible. Then p∗ : H∗(B̃;R) → H∗(B;R) maps Fix(ϕ∗) isomorphically

onto H∗(B;R). Moreover p∗[z] = 0 if ϕ∗([z]) = −[z].

Proof. Since p∗ = p∗ ◦ ϕ∗ in homology, if ϕ∗([z]) = −[z], then p∗[z] = −p∗[z]. Since

2 is invertible in R, we have p∗([z]) = 0.

Suppose that ϕ∗[z] = [z]. Write z = z+ + z− where z± ∈ C±
r (B̃;R). Since

∂z±i ∈ C±
r (B̃;R) (as observed above), we have ∂z± = 0 and so [z] = [z+] + [z−].

Since [z] = ϕ∗([z]) = [z+]− [z−], we have 2[z−] = 0 which implies that [z−] = 0 as 2

is a unit in R. So we may (and do) assume that z = z+.

Suppose that p∗[z] = 0.Write p∗(z) = ∂(
∑
ajej) and set ũ :=

∑
ajε

+
j ∈ C+

r+1(B̃).

Then p∗(∂(ũ)) = ∂p∗(ũ) = p∗(z). Since p∗ : C+
∗ (B̃;R) → C∗(B;R) is a monomor-

phism, we have z = ∂ũ and so [z] = 0. Thus p∗|Fix(ϕ∗) is a monomorphism.

Next suppose that z =
∑
ajej is a cycle in B (with aj ∈ R). Then p∗(z̃) = z

where z̃ =
∑
ajεj ∈ C+

r (B̃;R). Since p∗(∂z̃) = ∂z = 0 and since p∗ : C+
∗ (B̃;R) →

C∗(B;R) is a monomorphism, we see that ∂z̃ = 0. Clearly p∗([z̃]) = [z] and so p∗ is

an epimorphism.

As an immediate consequence, we obtain the following.

Proposition 3.2.3. Let [z] ∈ Hr(B̃;Z). If p∗([z]) = 0 and ϕ∗([z]) = [z], then

2m[z] = 0 for some m ≥ 1. If ϕ∗([z]) = −[z], then 2p∗([z]) = 0. 2

Example 3.2.4. Let B be the 2n-dunce hat, defined as the mapping cone of f :

S1 → S1 where f(z) = z2n. Assume that n > 1. Then B̃ is a two dimensional
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complex, π1(B̃) ∼= Zn → Z2n
∼= π1(B) is the inclusion homomorphism. We have

Hk(B̃;Z) = 0 for k ≥ 2. The deck transformation group induces id on H1(B̃;Z) ∼=

Zn and p∗ : H1(B̃;Z) → H1(B;Z) corresponds to inclusion Zn ↪→ Z2n. We see that

H∗(p;R) is an isomorphism if 2 is a unit in R. Although B has a CW complex

structure which is perfect mod 2, taking n = 2k, k ≥ 1, the 2-torsion elements in

H1(B;Z) need not be of order 2. 2

Suppose that π1(B̃) ∼= Zn. We have an exact sequence of groups where C2
∼= Z2:

(3.1) 1 → π1(B̃) → π1(B) → C2 → 1.

If π1(B) is abelian, then either π1(B) ∼= Zn⊕Z2 or π1(B) ∼= Zn according as whether

the exact sequence splits or not. Hence H1(B;Z) ∼= Zn ⊕ Z2 or Zn.

Suppose that π1(B) is not abelian. We will use additive notation for π1(B̃).

Conjugation by y ∈ π1(B)\π1(B̃) defines an automorphism A : π1(B̃) → π1(B̃).

Fixing a basis x1, . . . , xn, we obtain a matrix A = (aij) ∈ GL(n,Z) such that

A2 = In and yxy−1 = Ax ∀x ∈ Zn. Since π1(B) is not abelian, A ̸= In. We assume

that y is chosen so that it has order 2 when the above exact sequence splits. The

abelianization of π1(B), namely H1(B;Z), has the following presentation

H1(B,Z) = (Zx1 + · · ·+ Zxn + Zy)/H

where H is generated by the following elements 2y −
∑

1≤i≤n cixi, (A − In)xj, 1 ≤

j ≤ n, for some c ∈ Zn. If c = 0, then y generates a cyclic subgroup of order 2.

Suppose that c ̸= 0. Then the above exact sequence does not split by our hypothesis

on y, and there exists a j so that cj is odd. We may assume that all the non-zero ci

are 1. Relabeling the xj, we may assume that c1 = 1. Now replacing x1 by
∑
cixi

in the basis x1, . . . , xn of π1(B) if necessary, we may (and do) assume that 2y = x1.

Note that yx1y
−1 = x1. It follows that the image of y is an element of infinite order
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in H1(B;Z) and that H1(B;Z) is generated by at most n elements.

Set A− := {x ∈ π1(B̃) | Ax = −x} ⊂ π1(B). Its image Ā− in H1(B;Z) is

isomorphic to Zk
2 where k = rank(A−).

We claim that H1(B;Z)/Ā− is a free abelian group of rank n − k. To see this,

let A+ = {x ∈ π1(B̃) | Ax = x} ⊂ π1(B). Since A is invertible and since A+ + A−

has the same rank n as π1(B̃), it suffices to show that A+ maps monomorphically

into H1(B;Z). This is immediate from the above presentation of H1(B;Z) since

yxy−1 = Ax = x. We summarise the result in the proposition below.

Proposition 3.2.5. Let p : B̃ → B be a double cover where B is connected and

locally path connected. Suppose that π1(B̃) is free abelian of finite rank, say n. Then

H1(B;Z) ∼= Zl ⊕ Zk
2 for some k, l ≥ 0. Moreover, k + l = n except when the deck

transformation group Z2 acts trivially on π1(B̃), in which case l = n, k = 1. 2

We apply Lemma 3.2.2 to the special case of the double covering projection

π : S × X → P (S,X) satisfying further hypotheses. Denote by H±
p (S;R) the R-

submodule of Hp(S;R) on which α∗ acts as ±1 and denote its dimension by b±p .

Thus the r-th Betti number br(S) of S equals b+r + b−r .

Proposition 3.2.6. We keep the above notations. Suppose that Y is a connected

locally finite CW complex and that H∗(S;Z) is free abelian. Assume that X is a

connected locally finite CW complex with cells only in even dimensions. Assume

that the involution σ : X → X satisfies the hypothesis of Lemma 3.2.1. Let R be

a ring where 2 is invertible. Then (i) π∗ : H∗(S × X;R) → H∗(P (S,X);R) is a

monomorphism. In fact, we have an isomorphism

(3.2) Hr(P (S,X);R) ∼=
⊕

p+4t=r

(H+
p (S;R)⊗H4t(X;R)⊕H−

p−2(S;R)⊗H4t+2(X;R))
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In particular,

(3.3) dimHr(P (S,X);Q) =
∑

p+4q=r

(b+p b4q(X) + b−p−2b4q+2(X)).

(ii) Suppose that π1(S) is abelian. Then any torsion element of Hr(P (S,X);Z) has

order a power of 2.

Proof. (i). We shall apply Lemma 3.2.2. In view of our hypotheses and the Künneth

theorem, we have Hr(S × X;Z) =
⊕

p+2q=rHp(S;Z) ⊗ H2q(X;Z). Recall that

π = π ◦ θ where θ = α × σ. So π∗ = π∗ ◦ θ∗ and so θ∗ = α∗ ⊗ σ∗. Since σ∗

acts on H2q(X;Z) by (−1)q we obtain that Hr(P (S,X);R) ∼= Fix(Hr(θ;R)) =⊕
p+4t=r(H

+
p (S;R) ⊗H4t(X;R)) ⊕ (H−

p−2(S;R) ⊗H4t+2(X;R)). Taking R = Q we

obtain the asserted formula for the r-th Betti number of P (S,X).

(ii) We only need to show that there is no odd torsion element in Hr(P (S,X);Z).

Our hypothesis on π1(S) and the freeness of H1(S;Z) implies that π1(S) ∼= Zk for

some k ≥ 0. If k = 0, then π1(P (S,X)) ∼= Z2. In general, π1(P (S,X)) has an index

2 subgroup H := π∗(π1(S×X)) ∼= Zk. Then by Proposition 3.2.5, H1(P (S,X);Z) ∼=

Zl ⊕ Zt
2 for some l, t ≥ 0 and so has no odd torsion.

SinceH∗(S×X;Z) has no torsion and since π∗ maps Fix(H∗(θ;Q)) isomorphically

onto H∗(P (S,X);Q), π induces a monomorphism Fix(H∗(θ;Z)) → H∗(P (S,X);Z).

Suppose that Hr(P (S,X);Z) has an element of order an odd prime p. We as-

sume that r is the least positive integer for which this happens. So r > 1 and

Tor(Hr−1(P (S,X);Z),Zp) = 0. By the universal coefficient theorem,Hr(P (S,X);Zp) ∼=

Hr(P (S,X);Z)⊗Zp. Since the r-th Betti number of P (S,X) equals dimHr(P (S,X);Zp)

by (i), every non-zero element in Hr(P (S,X);Zp) has to be the reduction mod p

of an element of Hr(P (S,X);Z) of infinite order. This implies that Hr(P (S,X);Z)

has no element of order p, contrary to our choice of r. Hence the proof.

Remark 3.2.7. (i) The cohomology version of the above proposition is valid and is
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equivalent to it by the universal coefficient theorem.

(ii) Suppose that S,X as in the above theorem are compact connected orientable

manifolds (without boundary). Suppose that dimS = m, dimX = 2d. Then σ is

orientation preserving if and only if d is even. It follows that P (S,X) is orientable

if and only if α is orientation preserving and d is even, or, α orientation revers-

ing and d is odd. This follows from computation of Hm+2d(P (S,X);Q). This is

also seen from the fact that θ is orientation preserving if and only if both α, σ are

simultaneously either orientation preserving or reversing.
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Chapter 4

Mod 2 cohomology algebra of

some GDS

In this chapter, we obtain results on mod 2 cohomology ring of P (S,X), where S

is a paracompact Hausdorff topological space and X is (i) a sphere, (ii) a torus

manifold (see [MP06]) under certain mild assumptions, which are satisfied by quasi-

toric manifolds and (iii) a complex flag manifold.

4.1 Cohomology of generalized Klein’s bottles

Let X = Sn, n ≥ 1, and let σ : Sn → Sn be the reflection map that sends en+1 →

−en+1 and pointwise fixes Sn−1 ⊂ Rn = {en+1}⊥. The cell structure on Sn with one

0-cell d0 = {e1} and one (closed) n-cell dn = Sn is stable by σ. With (S, α) as in

Proposition 3.1.1, we have H∗(P (S,Sn);Z2) ∼= H∗(Y ;Z2) ⊗ H∗(Sn;Z2) which is a

free A := H∗(Y ;Z2)-module of rank 2. We shall determine H∗(P (S,Sn);Z2) as an

A-algebra. The two cases n ≥ 2 and n = 1 need to be treated separately.

Proposition 4.1.1. Let n ≥ 2. Suppose that S satisfies the hypothesis of Proposi-

tion 3.1.1. Let A = H∗(Y ;Z2). Then H
∗(P (S,Sn);Z2) ∼= A[u]/⟨u2⟩ as an A-algebra

39



where deg u = n.

Proof. We first prove the claim when S = Sm, then extend it to the case S = S∞.

The general case will be shown to follow from the case S = S∞.

Let S = Sm, α = −id so that Y = RPm. The Proposition is obvious whenm < n

and so we assume that m ≥ n. We shall denote P (Sm,Sn) by Pm,n. One has an

inclusion Pk,n ⊂ Pm,n for 0 ≤ k ≤ m, where k = 0 corresponds to the fibre inclusion

Sn ↪→ Pm,n.

Let y be the non-zero element in H1(Pm,n;Z2) ∼= H1(RPm;Z2) ∼= Z2. Then

A = H∗(RPm;Z2) = Z2[y]/⟨ym+1⟩. Observe that y is the Poincaré dual to the

submanifold Pm−1,n ↪→ Pm,n. Also, one may obtain Pk,n as the intersection of

(m − k)-copies of Pm−1,n in general position and so ym−k is the Poincaré dual of

Pk,n. In particular the Poincaré dual of the fibre Sn ↪→ Pm,n equals ym.

Any x ∈ Sn−1 = Fix(σ) defines a cross-section s : RPm → Pm,n of the sphere

bundle projection Pm,n → RPm. Any two such sections are isotopic since Sn−1 is

connected. (Here we use the hypothesis that n ≥ 2.) We set u = un to be the

Poincaré dual of the submanifold s : RPm → Pm,n. Since the intersection s(RPm)∩

Sn is transverse and is exactly one point, we see that ymu ∈ Hm+n(Pm,n;Z2) ∼= Z2

is non-zero. Also, taking two distinct fixed points x, x′ ∈ Sn−1, we obtain cross-

sections s, s′ where s(RPm)∩ s′(RPm) = ∅. This shows that u2n = 0, completing the

proof of the proposition in this case.

Next, let S = S∞. Choose m > 2n so that the inclusion j : P (Sm,Sn) ↪→

P (S∞,Sn) is an (m−1)-equivalence. Let Un ∈ Hn(P (S∞,Sn);Z2) ∼= Hn(P (Sm,Sn);Z2)

be the element that corresponds to un. Since u2n = 0 and j∗ is an isomorphism in

dimension 2n, we have U2
n = 0. Thus taking u = Un, the claim holds for S = S∞.

In the general case of (S, α), we have a classifying map f̄ : Y → RP∞ which

classifies the double covering S → Y . Let f : S → S∞ be a lift of f̄ . Then
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we obtain a morphism of Sn-bundles F : P (S,Sn) → P (S∞,Sn) that covers f̄ by

functoriality. Let un = F ∗(Un). Since H∗(P (S∞,Sn);Z2) → H∗(P (S,Sn);Z2) is a

ring homomorphism, we have u2
n = 0. Setting u := un, the Claim follows.

We turn to the case n = 1. Note that when m = 1, Pm,1 is the Klein bottle. It

can be seen that, as in the special case of the Klein bottle, Pm,1 is a connected sum

RPm+1#RPm+1. To see this, we let J+, J− ⊂ S1 ⊂ R2 to be the closed arcs with

end points e2,−e2 where e1 ∈ J+,−e1 ∈ J−. Note that σ stabilizes J+ and J−.

Then P (Sm, J+), P (Sm, J−) ⊂ Pm,n are twisted I-bundles over RPm with common

boundary Sm. The projections of the I-bundle restricted to Sm is the double cover

Sm → RPm. Since RPm+1 is got by attaching an m-cell via the double cover

Sm → RPm, it follows that Pm,1 is the connected sum RPm+1#RPm+1 . Hence

H∗(Pm,1;Z2) ∼= Z2[a, b]/⟨am+2, bm+2, ab⟩. The projection of the circle bundle p :

Pm,1 → RPm induces p∗ : H∗(RPm;Z2) → H∗(Pm,1;Z2), defined by y 7→ a+b, where

y is the generator of A = H∗(RPm;Z2). (Note that y = a + b ∈ H1(Pm,n;Z2) is

the only element that satisfies the conditions ym+1 = 0, ym ̸= 0.) As an A-algebra,

H∗(Pm,1;Z2) is isomorphic to A[a]/⟨a2 − ay⟩. When m = ∞, A is a polynomial

algebra in y and we have H∗(P∞,1;Z2) ∼= A[a]/⟨a2 − ay⟩.

When (S, α) is as in Proposition 3.1.1, P (S,S1) = Y +∪Y − where Y ± = P (S, J±)

are total spaces of twisted I-bundles γ± over Y where Y + ∩ Y − = P (S,S0) ∼= S.

We have a continuous surjection η : P (S,S1) → P (S, J+)/S = T (γ+) where T (γ+)

stands for the Thom space of γ+. We let a ∈ H1(P (S,S1);Z2) be the image of

the Thom class a ∈ H1(T (γ+);Z2) ∼= Z2 under the homomorphism induced by η.

Arguing as in the proof of the above proposition, we obtain the following.

Proposition 4.1.2. Let (S, α) be as in Proposition 3.1.1. Then H∗(P (S,S1);Z2) =

A[a]⟨a2 − ay⟩ where deg a = 1 = deg y. 2
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4.2 Cohomology of P (S,X), where X is a torus

manifold

In this section, we determine the cohomology ring of P (S,X) whenX is a torus man-

ifold under certain mild assumptions, which are satisfied by quasi-toric manifolds

and S is paracompact. Basic facts concerning torus manifolds that are required for

our purposes are recalled in §2.4. Now let’s begin with the following lemma which

will be needed in the sequel.

Let X be an oriented compact smooth manifold on which the torus T ∼= (S1)k

acts smoothly and effectively. Suppose that H ⊂ T is a circle subgroup such that

F := XH = {x ∈ X | t.x = x ∀t ∈ H} is an oriented connected submanifold of

codimension 2. Then T stabilizes F . Let ν be the normal bundle of F ↪→ X. We

put a Riemannian metric on X that is invariant under T. Then ν is the orthogonal

complement of the tangent bundle τF in τX|F . Moreover, ν is a T -equivariant

bundle over F . Note that H acts on ν as bundle automorphisms since F is point-

wise fixed by H. Since F and X are oriented, so is ν and we may (and do) regard

ν as a complex line bundle.

Lemma 4.2.1. With notations as above, the complex line bundle ν is the restriction

to F of a T -equivariant complex line bundle ω over X. Moreover, one has a T -

equivariant cross-section s : X → E(ω) which vanishes precisely on F . We have

c1(ω) = [F ] ∈ H2(X;Z) where [F ] denotes the cohomology class dual to F ↪→ X.

Proof. Without the equivariance part, the existence of ω and s were proved in

[San08] and the equality c1(ω) = [F ] was deduced. So we need only construct ω and

s as T -equivariant objects. As in the discussion before the statement of the lemma,

we put a Riemannian metric on X that is invariant under T .

Denote by ω0 the pull-back of ν to D(ν) via π where π : D(ν) → F is the
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projection of the unit disk bundle associated to ν. Then ω0 := π∗(ν) is a T -

equivariant complex line bundle which admits an equivariant cross-section s0 :

D(ν) → E(ω0) defined as follows: Recall that E(ω0) is the fibre product {(v, w) ∈

D(ν) × E(ν) | π(v) = π(w)} ⊂ D(ν) × E(ν) and that T acts on E(ω0) diago-

nally: t.(v, w) = (t.v, t.w). We have s0(v) := (v, v) ∀v ∈ D(ν). Note that s0

vanishes precisely when v = 0, i.e., on the zero-cross section F → D(ν). Moreover,

s0(t.v) = (t.v, t.v) = t.(v, v) = t.s0(v) for all v ∈ D(ν), t ∈ T , showing that s0 is T -

equivariant. Let S(ν) = ∂D(ν).We have an isomorphism of complex line bundles ϕ :

E(ω0|S(ν)) → S(ν)×C defined as ϕ(v, zv) = (v, z||v||) ∀v ∈ S(ν), z ∈ C. The section

ϕ◦s0 corresponds to the constant function 1 (i.e., ϕ◦s0(v) = (v, 1) ∀v ∈ S(ν)). Since

the Riemannian metric on X is T -invariant, we have ϕ(t.(v, zv)) = ϕ(t.v, zt.v)) =

(t.v, z||t.v||) = (t.v, z||v||) = t.(v, z) = t.ϕ(v, zv) ∀(v, w) ∈ E(ω0), t ∈ T . This shows

that, with the trivial T -action on C understood, ϕ is T -equivariant.

Let N ⊂ X be an equivariant tubular neighbourhood of F ⊂ X which is T -

equivariantly diffeomorphic to D(ν). (See [Bre72, §2, Chapter VI].) Identifying N

withD(ν) via such a diffeomorphism, we obtain a T -equivariant complex line bundle,

again denoted ω0, on N which restricts to ν on F , and a T -equivariant cross-section

s0 : N → E(ω0) which vanishes precisely on F . Moreover, we have an isomorphism

ϕ : E(ω0|∂N) → ∂N ×C. We glue E(ω0) and (X \ int(N))×C, the total space of the

trivial line bundle εC, along S(ν)×C using ϕ to obtain a T -equivariant complex line

bundle ω on X. The section s0 extends to a T -equivariant section s : X → E(ω)

such that s|X\int(N) corresponds to the constant function x 7→ 1 ∈ C. In particular,

s vanishes precisely on F .

Now consider a torus manifold X with T ∼= U(1)n action such that X/T is a

homology polytope as discussed earlier in §2.4. We continue using the facts and

notations from the earlier discussion.

Let σ : X(Q,Λ) → X(Q,Λ) be the involution [t, q] 7→ [t−1, q]. (It is readily
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verified that this definition is meaningful.) Then Xσ = {[t, q] | t2 ∈ Sq, ∀q ∈ Q},

which is the analogue of a small cover in the context of quasi-toric manifolds; see

[DJ91]. Suppose that Xi is a characteristic submanifold of X, fixed by a subgroup

Si
∼= S1 of T . Let qi be in the interior of Qi (i.e., qi ∈ Qi but not in any proper face

of Qi). Then Si is the isotropy subgroup at qi, and Xi is the closure of the T -orbit

of Qi. Since σ(Qi) = Qi, it follows that σ(Xi) = Xi.

Let T̃ := T ⋊⟨σ⟩ be the semi-direct product where σ.t = t−1.σ in T̃ . Then T̃ acts

on X. We put a Riemannian metric on X which is invariant with respect to T̃ . In

particular, σ preserves the Euclidean metric on the normal bundle νi over Xi. Let

Ni denote a tubular neighbourhood of Xi that is stably by T̃ and is T̃ -equivariantly

diffeomorphic to D(νi), the disk bundle of νi. We denote by θi : Ni → D(νi) such

a diffeomorphism. We have that Tσ restricts to a bundle map of the unit disk

bundle πi : D(νi) → Xi covering σ|Xi
and σ(Ni) = Ni. As in the proof of Lemma

4.2.1, we denote by ωi,0 the bundle θ
∗
i (π

∗
i (νi)) over Ni. We shall abuse notation and

write πi for the projection Ni → Xi. This yields an involution σ̂i,0 on ωi,0 defined as

(u, v) 7→ (σ(u), Tπi(u)σ(v)) where u ∈ Ni, and v ∈ D(νi) is in the fibre of D(νi) → Xi

over πi(u).

Lemma 4.2.2. (i) The bundle map Tσ|D(νi) is orientation reversing on νi.

(ii) The involution σ̂i,0 : E(ωi,0) → E(ωi,0) is a complex conjugation that covers

σ|Ni
.

Proof. (i) It suffices to show that σ is orientation reversing on the fibre of Ni
∼=

D(νi) → Xi over a point qi ∈ Qi. Since any neigbourhood of Qi meets the interior

of Q, we see that Ni ∩ int(Q) ̸= ∅. Let q ∈ Ni ∩ int(Q). Since σ(q) = q, and

since σ is fibre preserving on Ni → Xi, it follows that q is in the fibre Dqi over

a qi ∈ Qi. Let t0 ∈ Si be the unique order two element. Then [t0, q] ∈ Dqi and

σ([t0, q]) = [t0, q] ̸= [1, q] = q and, moreover, no other point in the Hi-orbit of q is

fixed by σ. This shows that σ is the reflection of the disk Dqi about the ‘diameter’
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of the disk Dqi through q. Hence σ is orientation reversing.

(ii) Fixing orientation on νi, we obtain a reduction of the structure group of νi

to SO(2) ∼= U(1), making νi a complex line bundle. Since Tσ|E(νi) preserves the

Euclidean metric on νi, and is an involution, we conclude that it is a complex

conjugation covering σ|Xi
. The same argument applied to the pull-back of νi via the

projection πi : Ni → Xi of the disk bundle shows that (p, v) 7→ (σ(p), Tπi(p)σ(v)) is

a complex conjugation of π∗
i (νi) = ωi,0 covering σ|Ni

: Ni → Ni.

Taking F = Xi ⊂ X, a characteristic submanifold in Lemma 4.2.1, we obtain a

T⋊⟨σ⟩-equivariant complex line bundle ωi over X that extends the normal bundle νi

over Xi, and a T -equivariant cross-section si : X → E(ωi) which vanishes precisely

on Xi. In fact ωi|Ni
= ωi,0 and ωi|X\int(Ni) = εC, the trivial complex line bundle.

We claim that the complex conjugation σ̂i,0 on ωi,0 extends to a complex con-

jugation on ωi that covers σ : X → X. Explicitly, we let σ̂i to be the standard

complex conjugation on the trivial bundle over (X \ int(Ni)). It remains to show

that, under the identification of ωi,0|∂Ni
with the trivial bundle via the cross-section

s0 : Ni → E(ωi), the restriction σ̂i,0|∂Ni×C is the same as the standard complex

conjugation on E(ωi,0|∂Ni
). This is clear since s0|∂Ni

corresponds to the constant

function x 7→ 1 as noted in the proof of Lemma 4.2.1. Thus we have proved the

following.

Lemma 4.2.3. With the above notations, one has a σ-conjugation σ̂i : E(ωi) →

E(ωi) for each 1 ≤ i ≤ m. Moreover, the Chern class c1(ωi) ∈ H2(X;Z) equals the

cohomology class Poincaré dual to Xi ↪→ X, i.e., c1(ωi) = [Xi] ∈ H2(X;Z). 2

In view of Lemma 4.2.3 and the fact that the cohomology algebra H∗(X;Z2)

is generated by the classes [Xi], 1 ≤ i ≤ m, the hypotheses of Proposition 3.1.2

are satisfied. This leads to a description of the cohomology H∗(P (S,X);Z2) as

a module over H∗(Y ;Z2) for any pair (S, α) where S is a paracompact space and
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Y = S/Z2. Our aim is to describe H∗(P (S,X);Z2) as an H
∗(Y ;Z2)-algebra in terms

of generators and relations.

Recall from [MP06] that the integral cohomology ring H∗(X;Z) is the quotient of

the polynomial algebra Z[x1, . . . , xm] modulo the ideal I generated by the following

two types of elements:

(i) xj1 . . . xjr = 0 whenever Qj1 ∩ · · · ∩Qjr = ∅,

(ii)
∑

1≤j≤m

⟨u, vj⟩xj = 0 ∀u ∈ Hom(T,S1),

where vj = Λ(Qj) ∈ N. The element xj corresponds to [Xj] ∈ H2(X;Z). In partic-

ular, X satisfies the hypothesis of Proposition 3.1.2 and we have H∗(P (S,X);Z2) ∼=

H∗(Y,Z2)⊗H∗(X;Z2).

For u ∈ N∨, consider the complex line bundle ωu := ⊗1≤j≤mω
⊗aj
j where aj =

⟨u, vj⟩ ∈ Z. Then ωu is isomorphic to the trivial complex line bundle since c1(ωu) =∑
ajc1(ωj) =

∑
aj[Xj] = 0 in view of the relation (ii) above. Using the fact that

η̄ ∼= HomC(η, ϵC) and η ⊗ η1 are σ-conjugate complex vector bundles when η, η1

are σ-conjugate vector bundles yields that ωu is a σ-conjugate line bundle. (See

[NS19, Example 2.2(iv)].) In fact, in the case of η̄, the σ-conjugation σ̂ of η is also

a σ-conjugation of η̄.

We have a T ⋊ Z2-equivariant cross-section sj : X → E(ωj) whose zero locus

equals Xj. We write saj to denote the corresponding cross-section of ω⊗a
j for a ≥ 1;

when a < 0, we set saj := s
|a|
j , regarded as a section of ω̄

⊗|a|
j . (Note that E(ω) =

E(ω̄)). When a = 0, ωa
j is the trivial bundle and saj corresponds to the constant

map X → C to x 7→ 1.

Let x̃j := w2(ω̂j) ∈ H∗(P (S,X);Z2) where ω̂j := P (S, ωj). Then
∑
bjx̃j restricts

to
∑
bjxj = w2(⊗ω

⊗bj
j ) along the fibres of the X-bundle P (S,X) → Y . Let p ∈
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Fix(σ). Denote by sp the cross section Y → P (S,X) defined as [v] 7→ [v, p]. Since

H1(X;Z) = 0, we have H2(P (S,X);Z2) ∼= H2(Y ;Z2) ⊕ H2(X;Z2) by Proposition

3.1.2.

Claim: s∗p(x̃j) = 0 in H2(Y ;Z2).

To see this, note that sp : Y → P (S,X) factors as follows: Y
∼=→ P (S, p) ↪→

P (S,X). Now ω̂j|P (S,p) = ξα⊕ ϵR since ωj|p ∼= ϵC = {x0}×C (with standard complex

conjugation). So s∗p(x̃j) = w2(ξα ⊕ ϵR) = 0, as claimed.

It follows from the above Claim that w2(⊗ω̂
⊗bj
j ) =

∑
bjx̃j. Taking bj = ⟨u, vj⟩

and using the isomorphism P (S,⊗ω⊗bj
j ) ∼= P (S, ωu) ∼= P (S, ϵC) where the trivial

complex line bundle has the standard conjugation, we obtain that, for any u ∈ N∨,

∑
1≤j≤m

⟨u, vj⟩x̃j = 0. (7)

Next, suppose that ∩1≤q≤rQjq = ∅. The Whitney sum ω := ⊕1≤q≤rωjq admits a

cross-section s : X → E(ω) given by s(x) = (sj1(x), . . . , sjr(x)). Clearly s vanishes

along ∩1≤q≤rXjq = ∅, that is, s is nowhere vanishing and so we obtain a splitting

ω ∼= η ⊕ ϵC. The σ-conjugations on each summand ωjq of ω put together yields a

σ-conjugation on ω. Since s is T ⋊ Z2-equivariant, the σ-cojugation on ω restricts

to σ-conjugations on η and ϵC, and, on the latter it is the standard conjugation. It

follows that ω̂ = ⊕1≤q≤rω̂jq = η̂ ⊕ ϵR ⊕ ξα. Hence the top Stiefel-Whitney class of ω̂

is zero. That is,

∏
1≤q≤r

x̃jq = 0 whenever Qj1 ∩ · · · ∩Qjr = ∅ . (8)

Let A = H∗(Y ;Z2) and let A[x̃1, . . . , x̃m] denote the polynomial algebra in the

indeterminates x̃1, . . . , x̃m. As a consequence of (7) and (8) we obtain the following.

Theorem 4.2.4. Let X = X(Q,Λ) be a T -torus manifold where X/T = Q is
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a homology polytope with m facets. Let σ : X → X be the involution [t, q] 7→

[t−1, q]. Then, with the above notations, H∗(P (S,X);Z2) is isomorphic, as an A =

H∗(Y ;Z2)-algebra, to the quotient R(Q,Λ) := A[x̃1, . . . , x̃m]/I where the ideal I =

I(Q,Λ) is generated by the following two types of elements:

(i)
∑

1≤j≤m⟨u, vj⟩x̃j, u ∈ N∨, and,

(ii)
∏

1≤q≤r x̃jq whenever Qj1 ∩ · · · ∩Qjr = ∅.

The isomorphism is given by x̃j 7→ w2(ω̂j) ∈ H2(P (S,X);Z2).

Proof. From the description of the cohomology ring of X and the definition of

R(Q,Λ) it is clear that one has an isomorphism R(Q,Λ) ∼= H∗(X;A) ∼= A ⊗Z2

H∗(X;Z2) of graded A-modules (by the universal coefficient theorem). In partic-

ular R(Q,Λ) is a free A-module of rank equal to dimZ2 H
∗(X;Z2) < ∞. In fact,

any Z2-basis consisting of monomials in w2(ωj) lifts an A-basis for R(Q,Λ) got by

replacing w2(ωj) by x̃j.

We have a well-definedA-algebra homomorphism θ : R(Q,Λ) → H∗(P (S,X);Z2)

defined by x̃j 7→ w2(ω̂j), 1 ≤ j ≤ m, in view of Equations (7) and (8). By Propo-

sition 3.1.2, we see that θ is a surjective homomorphism of A-modules. By the

observation made above, as an A-module homomorphism, θ maps an A-basis to an

A-basis and hence is an isomorphism.

4.3 Cohomology of P (S,CG(ν))

In this section, our aim is to describe the Z2- cohomology ring of generalized Dold

manifold P (Sm,CG(ν)), which is fibred by the complex flag manifold CG(ν) of type

ν = (n1, . . . , ns). Before proceeding to the case of P (Sm,CG(ν)), we study the

case of P (Sm,CG(ν)), where CGn,k = Gk(Cn) is a complex Grassmannian manifold

consisting of complex k-dimensional subspaces of Cn.
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The fixed point set of the (usual) complex conjugation σ on CGn,k is the real

Grassmann manifold RGn,k. Let ξ = ξα denote the line bundle associated to the

double cover S → Y . We shall also denote by ξ the line bundle over P (S,CGn,k) ob-

tained as the pull back p!(ξ) via the projection p : P (S,X) → Y of the CGn,k-bundle.

Denote by γn,k, βn,k the tautological complex k-plane bundle and its orthogonal com-

plement bundle, which is of rank (n− k). Note that the complex conjugation on Cn

yields σ-conjugations on γn,k and on βn,k. Moreover, we have an isomorphism

γn,k ⊕ βn,k ∼= nϵC.

This yields an isomorphism of real vector bundles: (cf. [NS19, Example 2.4(ii)])

γ̂n,k ⊕ β̂n,k ∼= nξα ⊕ nϵR (9)

where ω̂ := P (S, ω). Consequently, the following relation among the Stiefel-Whitney

classes holds, where y = w1(ξα):

w(γ̂n,k).w(β̂n,k) = (1 + y)n.

We rewrite the above relation in terms of Stiefel-Whitney polynomials:

w(β̂n,k, t) = (1 + yt)n.w(γ̂n,k, t)
−1 =

∑
j≥0

ajt
j = a(t) (10)

where aj := aj(y, w1(γ̂n,k), . . . , wj(γ̂n,k)) is the homogeneous polynomial of (total)

degree j in (1 + y)n.w(γ̂n,k)
−1.

SinceH1(P (S,CGn,k);Z2) ∼= H1(Y ;Z2) = Z2y, it is clear that w1(γ̂n,k), w1(β̂n,k) ∈

Z2y. Moreover, w1(γ̂n,k) = 0 (resp. w1(β̂n,k) = 0) if and only if k is even (resp. n−k

is even) as a consequence of Equation (4) (or by a direct argument). Hence we see

that, w1(β̂n,k) = ny+w1(γ̂n,k) ∈ Z2y. This also follows from the above equation. Us-
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ing Equation (4) and induction, we see that the Stiefel-Withney class wj(β̂n,k) = aj

is expressible as a polynomial in y, w2(γ̂n,k), . . . , w2i(γ̂n,k) for all j where i = ⌊j/2⌋.

We note that, by degree considerations, aj is divisible by y when j is odd.

We may view (10) as defining wj(β̂n,k), 1 ≤ j ≤ 2(n− k), as the polynomial a2j.

Since wj(β̂n,k) = 0 for j > 2n− 2k, Equation (10) leads to the relations

aj = aj(y, w2(γ̂n,k), . . . , w2k(γ̂n,k)) = 0, j > 2n− 2k. (11)

Let I ⊂ Z2[y, w2i(γ̂n,k); 1 ≤ i ≤ k] be the ideal generated by aj, j > 2n − 2k.

Suppose that the height of y equals N ∈ N. Then (1 + yt)−1 =
∑

0≤j≤N y
jtj and

we have a(t).(
∑

0≤j≤N y
jtj)w(γ̂n,k, t) = 1. It follows that aN+2n+j is in the ideal

generated by a2n−2k+i, 1 ≤ i ≤ N + 2k, for all j ≥ 1 and so I is generated by

a2n−2k+i, 1 ≤ i ≤ N + 2k. Moreover, it is easily seen that a2n+i is in the ideal

generated by y, aj, 2n− 2k + 1 ≤ j ≤ 2n for all i ≥ 1.

Consider the graded polynomial algebra R := Z2[y, ŵ2j; 1 ≤ j ≤ k] in the

indeterminates y, ŵ2j, 1 ≤ j ≤ k, where deg y = 1, deg ŵ2j = 2j. We regard

a2j = a2j(y, ŵ2, . . . , ŵ2j) as elements of R.

Lemma 4.3.1. The elements y, a2j ∈ R, n− k < j ≤ n, form a regular sequence in

R and R/⟨y, a2j, n− k < j ≤ n⟩ ∼= H∗(CGn,k;Z2).

Proof. To see this, it suffices to show that ā2j, n − k < j ≤ n is a regular sequence

in R̄ := R/⟨y⟩ where ā2j := a2j mod ⟨y⟩ ∈ R̄. Note that ā2j = h2j(ŵ) where

h2j(ŵ) denotes the complete symmetric polynomial of degree 2j in ŵ2, . . . , ŵ2k, that

is, h2j equals the coefficient of t2j in (1 + ŵ2t
2 + · · · + ŵ2kt

2k)−1. One can show,

as in [BT82, §23], that ā2j, n − k < j ≤ n, is a regular sequence in R̄ and that

R̄/⟨a2j, n− k < j ≤ n⟩ ∼= H∗(CGn,k;Z2).

It follows from the above lemma that ym+1, a2j, n − k < j ≤ n, is a regular
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sequence in R and that the quotient R/⟨ym+1, a2j;n − k < j ≤ n⟩ is isomorphic to

Z2[y]/⟨ym+1⟩ ⊗H∗(CGn,k;Z2) = H∗(RPm;Z2)⊗H∗(CGn,k;Z2) as graded Z2-vector

spaces. We are ready to prove the following proposition. Recall that ξα = ξ denotes

the pull-back of the Hopf line bundle over RPm via the projection of the X-bundle

P (Sm, X) → RPm.

Proposition 4.3.2. We keep all the notations as above. Then the Z2-cohomology

algebra H∗(P (Sm,CGn,k);Z2) is isomorphic to R/I where I is the ideal generated by

ym+1, a2j(ŵ), n− k < j ≤ n, where ŵ2j corresponds to w2j(γ̂n,k) and y to w1(ξ).

Proof. Consider the homomorphism η : R → H∗(P (Sm,CGn,k);Z2) of rings de-

fined as η(ŵ2j) = w2j(γ̂n,k) and η(y) = w1(ξ). By Equation (10) and Proposition

3.1.2, η is surjective. It follows from Equation (11) that η factors as R → R/I
η̄→

H∗(P (Sm;CGn,k);Z2). By the discussion preceding the statement of the propo-

sition, we see that η̄ is an isomorphism since R/I and H∗(P (Sm,CGn,k);Z2) =

H∗(RPm;Z2)⊗H∗(CGn,k;Z2) have the same dimension.

Next we prove the following theorem.

Theorem 4.3.3. We keep the above notations. Suppose that S is paracompact.

The cohomology algebra H∗(P (S,CGn,k);Z2) is isomorphic, as an H∗(Y ;Z2)-algebra,

to H∗(Y ;Z2)[ŵ2, . . . , ŵ2k]/I, where I is generated by a2j, n − k < j ≤ n, under an

isomorphism that maps ŵ2j to w2j(γ̂n,k).

Proof. Set R := H∗(Y ;Z2)[ŵ2, . . . , ŵ2k]. In view of Equation (11), it is clear that

we have a surjective H∗(Y ;Z2)-algebra homomorphism R/I → H∗(P (S,X);Z2)

where ŵ2j maps to w2j(γ̂n,k). Therefore it suffices to show that R/I is isomorphic

to H∗(P (S,X);Z2) as an H
∗(Y ;Z2)-module.

Let A denote the Z2-subalgebra of H∗(Y ;Z2) generated by y = w1(ξα) and let

R = A[ŵ2j; 1 ≤ j ≤ k]. Then R = H∗(Y ;Z2) ⊗A R. Let I ⊂ R denote the ideal
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generated by a2j, n− k < j ≤ n. Then R/I ∼= H∗(Y ;Z2)⊗A (R/I).

Suppose that (S, α) = (Sm,−id). By Proposition 4.3.2, we have R/I is isomor-

phic to H∗(P (Sm;CGn,k);Z2) ∼= A ⊗H∗(CGn,k;Z2). So R/I ∼= H∗(Y ;Z2) ⊗A A ⊗

H∗(CGn,k;Z2) ∼= H∗(Y ;Z2)⊗H∗(CGn,k;Z2).

Next suppose that (S, α) = (S∞,−id). The inclusion Sm ↪→ S∞ defines an inclu-

sion jm : P (Sm, X) ↪→ P (S∞, X) which induces a H∗(Y ;Z2)-algebra homomorphism

in cohomology. Moreover, j∗m is an isomorphism up to dimension m− 1. From this

observation it follows that the theorem holds for (S∞,−id). In the general case,

the result follows from functoriality and the fact that the X-bundle P (S,X) arises

as a pull-back of the X-bundle P (S∞, X) via a classifying map S → RP∞. This

completes the proof.

Proposition 4.3.2 and Theorem 4.3.3 are valid when the Grassmann manifold

is replaced by complex flag manifolds. More precisely, let ν := (n1, . . . , ns) be

an increasing sequence of positive numbers and let n =
∑

1≤j≤s nj. Denote by

CG(ν) the complex flag manifold whose elements are complex vector subspaces

U := (U1, . . . , Us) of Cn where Ui ⊥ Uj for i ̸= j and dimUj = nj, 1 ≤ j ≤ s. Then

CG(ν) ∼= U(n)/(U(n1)× · · ·×U(ns)) has a natural structure of a complex manifold

given by the usual inclusion of U(n) ⊂ GLn(C) so that CG(ν) ∼= GLn(C)/Pν where

Pν is the subgroup which is block upper-triangular, where the diagonal sizes are

n1, . . . , ns. (Under this identification, U corresponds to the sequence U1 ⊂ U1+U2 ⊂

· · · ⊂ U1 + · · · + Us = Cn.) It is well-known that CG(ν) has a CW-structure given

by Schubert cells which are all even dimensional. The Schubert cells are obtained as

B-orbits of T -fixed points where T ⊂ GLn(C) is the diagonal subgroup and B ⊂ Pν

is the group of upper triangular matrices. Their closures are the Schubert varieties in

CG(ν). The complex conjugation in Cn induces a complex conjugation σ on CG(ν),

and, moreover, σ stabilizes each Schubert variety. The fixed points of σ is the real

flag manifold RG(ν) ∼= O(n)/(O(n1)× · · · ×O(nr)) consisting of U where Uj ∩Rn is
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nj-dimensional for all j.

We denote by γν,j (or more briefly γj), the complex vector bundle over CG(ν)

of rank nj whose fibre over U is the vector space Uj. This is the pull-back of the

bundle γn,nj
on CGn,nj

via the projection CG(ν) → CGn,nj
that sends U to Uj. The

complex conjugation Cn leads to a σ-conjugation on σ̂j of γj. Also one has a natural

isomorphism of vector bundles

⊕
1≤j≤s

γj ∼= nϵC (12)

which respects σ-conjugation, as in the case of Grassmann manifolds. The integral

cohomology ring of CG(ν) is generated by ci,j := ci(γj), 1 ≤ i ≤ nj, 1 ≤ j ≤ s, where

the only relations among the ci,j are generated by the following (inhomogeneous)

relation:
∏

1≤j≤s c(γj) = 1. It follows that w2i,j = w2i(γj), 1 ≤ i ≤ nj, 1 ≤ j ≤ s, gen-

erate H∗(CG(ν);Z2) and the relations among these generators are all consequences

of
∏

1≤j≤ns
w(γj, t) = 1.

Suppose that (S, α) is a paracompact space where α is a fixed point free invo-

lution. Then we have the real vector bundles γ̂j = P (S, γj) over the generalized

Dold space P (S,CG(ν)). One has the following isomorphism of real vector bundles,

resulting from the isomorphism (12):

⊕
1≤j≤s

γ̂j ∼= nξα ⊕ nϵR

where ξα is the real line bundle associated to the double cover S × CG(ν) →

P (S,CG(ν)). Therefore we obtain

w(γ̂s, t) = (1 + yt)n.
∏

1≤j<s

w(γ̂j, t)
−1. (13)

ThenH∗(P (S,CG(ν));Z2) is isomorphic toH∗(Y ;Z2)⊗H∗(CG(ν);Z2) as anH
∗(Y ;Z2)-
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module, by Proposition 3.1.2. Arguing as in the proof of Theorem 4.3.3, we ob-

serve that H∗(P (S;CG(ν));Z2) is generated by as H∗(Y ;Z2)-algebra by ŵ2i,j :=

w2i(γ̂j), 1 ≤ i ≤ nj, 1 ≤ j < s. Using Equation (13), we obtain a regular sequence

a2r, ns < r ≤ n, in the polynomial algebra Rν = Z2[ŵ2i,j | 1 ≤ i ≤ nj, 1 ≤ j ≤ s]

that correspond to the coefficient of t2r in (1 + ty)n(
∏
ŵj(t)) (rewriting ŵ2i+1 in

terms of y, ŵ2l,j, l ≤ i, using Equation (4)).

We set Rν to the polynomial algebra over H∗(Y ;Z2) generated by ‘indetermi-

nates’ ŵ2i,j, 1 ≤ i ≤ nj, 1 ≤ j < s, and let Iν be the ideal of Rν generated by

the elements a2i = a2i(y
2, ŵ2l,j), ns < i ≤ n. Then a2i, ns < i ≤ n, form a regular

sequence in Rν . The proof of the following theorem is analogous to that of Theorem

4.3.3.

Theorem 4.3.4. Suppose that (S, α) is a paracompact space with a fixed point

free involution α and let ν = (n1, n2, . . . , ns) be a sequence of positive numbers.

With notations as above, we have an isomorphism Rν/Iν → H∗(P (S,CG(ν));Z2)

of H∗(Y ;Z2)-algebras defined by ŵ2i,j 7→ w2i(γ̂j). 2

We remark that, setting k = n− ns, the projection π : CG(ν) → Gn,k defined as

U 7→ U1 + · · · + Us−1 is Z2-equivariant and pulls back γn,k (resp. βn,k) to ⊕1≤j<sγj

(resp. γs). Hence P (S, π)
∗(γ̂n,k) = ⊕1≤j<sγ̂j. Moreover, using Proposition 3.1.2 and

the fact that π∗ : H∗(CGn,k;Z2) → H∗(CG(ν);Z2) is a monomorphism, we see that

P (S, π) : P (S,CG(ν)) → P (S,CGn,k) induces a monomorphism in Z2-cohomology.

We conclude this section with the following remark.

Remark 4.3.5. Let σ : S → S be a fixed point free involution. Let X ↪→ CG(ν)

be a Schubert variety in a complex flag manifold CG(ν). As had already been

commented, X is stable by complex conjugation σ on CG(ν) and Xσ = X ∩ RG(ν)

is non-empty. Moreover, X admits a cell-decomposition having cells only in even

dimensions, where the cells are the Schubert cells of CG(ν) contained in X. Hence
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the inclusion X ↪→ CG(ν) induces a surjection H∗(CG(ν);Z) → H∗(X;Z). It

follows that the (mod 2) cohomology of X is generated by Chern classes (mod 2) of

complex vector bundles on X. So Proposition 3.1.2 is applicable to the X-bundle

P (S,X) → Y and we have H∗(P (S,X);Z2) ∼= H∗(Y ;Z2) ⊗ H∗(X) as H∗(Y ;Z2)-

modules. As for the H∗(Y ;Z2)-algebra structure, it is determined by the surjection

H∗(P (S,CG(ν));Z2) → H∗(P (S,X);Z2). We omit the details.
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Chapter 5

Cohomology of P (Sm,CG(ν))

In this chapter, we study the cohomology of the specific classes of manifolds P (S,X)

where (i) (S, α) = (Sm, antipodal map), and,

(ii) X is a complex flag manifold and σ : X → X is the complex conjugation

(induced by the complex conjugation ¯: Cn → Cn).

Recall that CGn,k
∼= U(n)/(U(k) × U(n − k)) is the space all k-dimensional

complex vector subspaces of Cn. Let σ : CGn,k → CGn,k be the involution that

sends L ∈ CGn,k to L̄ = {v̄ ∈ Cn | v ∈ L}.

We put the standard hermitian inner product on Cn. The complex flag manifold

CG(ν) of type ν := (n1 · · · , ns) is the space of all flags L := (L1, · · · , Ls) where: (i)

Lj is a vector subspace of Cn of dimension n = |ν| :=
∑

1≤j≤s nj, and, (ii) where

Li ⊥ Lj if i ̸= j; thus L1+· · ·+Ls = Cn. The complex flag manifold CGν is identified

with the homogeneous space U(n)/U(ν) where U(ν) := (U(n1) × · · · × U(ns)) ⊂

U(n) is the subgroup of block diagonal matrices with block sizes n1, · · · , ns. When

s = 2, CG(ν) is the Grassmann manifold CGn,n1 .
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5.1 Schubert cell structure of CG(ν)

One has the Schubert cell structure for the complex Grassmann manifold CG(ν) (cf.

[MS74, Chapter 6]) which has a generalization to the case of complex flag manifolds

given by the Bruhat decomposition (see [Bor53b]). The closed cells are the Schubert

varieties in CG(ν) are in bijection with the set of T -fixed points of CG(ν) where

T ⊂ U(n) is the diagonal subgroup, which is a maximal torus of U(n). These T -

fixed points are in bijection with the coset space Sn/Sν where Sν := Sn1 × · · ·×Sns .

Here Sn is the permutation group on [n] = {1, 2, · · · , n}. In the case of CGn,k,

Sn/(Sk × Sn−k) is identified with the set I(n; k) of all strictly increasing sequences

i = (i1, i2, . . . , ik), 1 ≤ ip ≤ n. The Schubert variety X(i) ⊂ CGn,k is defined as

X(i) := {L ∈ CGn,k | dimC(L ∩ Cip) ≥ p ∀p ≤ k}.

The corresponding T -fixed point is Ei, the C-span of the standard basis vectors

eip , 1 ≤ p ≤ k. X(i) has the structure of a complex projective variety. One has the

following formula for the dimension of X(i) as a complex variety:

dimC X(i) = ℓ(i) :=
∑

1≤p≤k

(ip − p).

The corresponding (open) Schubert cell is X̊(i) = {L ∈ CGn,k | dim(L ∩ Cip) =

p, dim(L ∩ Cip−1) = p− 1 ∀p} ∼= Cℓ(i). We shall denote by Iq(n; k) ⊂ I(n; k) the set

of all i ∈ I(n; k) with ℓ(i) = q.

In the case of CG(ν), we identify Sn/Sν with the subset I(ν) ⊂ Sn defined as

follows: I(ν) consists of all permutations i = (i1, · · · , in) = (i1, . . . , is) of [n] (in

one-line notation) in which each ‘block’ ip (of size np) is in I(n;np), 1 ≤ p ≤ s,

so that ip+1 = imp+1 < · · · < imp+1 where mp := n1 + · · · + np (with m0 = 0),

0 ≤ p < s. With respect to the generating set S ⊂ Sn consisting of transpositions
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si = (i, i + 1), 1 ≤ i < n, one has the length function ℓ = ℓS on the Coxeter group

(Sn, S). The set I(ν) is the set of minimal length representatives of elements of

Sn/Sν . We have the formula

ℓ(i) =
∑

1≤t<n

|{r > t | ir < it}|

When s = 2, this is consistent with the notation ℓ(i) for i ∈ I(n; k). The above

formula for ℓ(i), i ∈ I(ν), for s ≥ 3 can be proved by induction on s: If i ∈ I(ν),

write ν ′ = (n1, . . . , ns−2, ns−1 + ns) and let i′ = (i1, · · · , is−2, i
′
s−1) ∈ I(ν ′) where

i′s−1 ∈ I(n;ns−1 + ns) is the sequence is−1, is rearranged in the increasing order.

Then, it is easily seen that

ℓ(i) = ℓ(i′) + ℓ(i′s−1).

As in the case of the Grassmannian Schubert varieties, the set of all Schubert

varieties (with reference to the standard complete flag C ⊂ C2 ⊂ · · · ⊂ Cn) in CG(ν)

and the set of T -fixed points of CG(ν) are in bijective correspondence with I(ν). An

element i ∈ I(ν) corresponds to the T -fixed point (Ei1 , Ei2 , . . . , Eis) ∈ CG(ν) and

the corresponding Schubert variety is denoted X(i). An element V = (V1, . . . , Vs) ∈

CG(ν) belongs to X(i) if and only if V1 + · · · + Vp belongs to X(jp) ⊂ CGn,mp for

all p < s where jp ∈ I(n;mp) is the sequence (i1, . . . , ip) rearranged in increasing

order. The Schubert variety X(i) ⊂ CG(ν) has (complex) dimension the length

of i. That is, dimC X(i) = ℓ(i). See [LR08, §3.3], [Bri05, §1]. The dimension

formula may be established for s ≥ 3 by induction using the Grassmann bundle

CGn,k ↪→ CG(ν) → CG(ν ′) (with ν ′ as above) where (V1, . . . , Vs) ∈ CG(ν) projects

to (V1, . . . , Vs−2, Vs−1 + Vs) ∈ CG(ν ′).

The Schubert cells have natural orientations arising from the fact that the com-

plex vector spaces have canonical orientations. In fact the open cell X̊(i) is isomor-

phic to the affine space Cℓ(i).We note that the conjugation map σ : CG(ν) → CG(ν)
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that sends L = (L1, . . . , Ls) to L̄ = (L̄1, . . . , L̄s) stabilizes each Schubert cell. In

fact, under the identification X̊(i) ∼= Cℓ(i), the σ corresponds to the complex conju-

gation on Cℓ(i). In particular, σ is orientation preserving (resp. reversing) on X(i)

when ℓ(i) is even (resp. odd).

Since the real dimension of each Schubert cell is even, it follows that the dif-

ferential of the cellular chain complex of CG(ν) vanishes identically. Consequently,

H∗(CG(ν);Z) ∼= C∗(CG(ν);Z) and H∗(CG(ν);Z) ∼= C∗(CG(ν);Z). Thus CG(ν)

satisfies the hypotheses of Lemma 3.2.1. The rank of H2q(CG(ν);Z) equals the

cardinality of Iq(ν) := {i ∈ I(ν) | ℓ(i) = q}.

The fixed set Fix(σ) ⊂ CG(ν) is identified with the real flag manifold RG(ν) =

O(n)/(O(n1)×· · ·×O(ns)) via the embedding defined by the complexification V 7→

V ⊗ C ⊂ Cn where V is a real vector space V ⊂ Rn.

5.2 A cell structure on P (Sm,CG(ν))

We put the standard Z2-equivariant cell structure {C±
k }0≤k≤m on the sphere Sm.

Here the equivariance is with respect to the cyclic group generated by the antipodal

map α : Sm → Sm. The cell C+
k (resp. C−

k ) is the upper (resp. lower) hemisphere of

Sk ⊂ Sm where Sk ⊂ Sm is the unit sphere in Rk+1 spanned by ej, 1 ≤ j ≤ k+1. The

projection p : Sm → RPm is cellular with respect to the standard cell structure on

RPm. The unique closed k-cell in RPm is RP k corresponding the inclusion Rk+1 ↪→

Rm+1.

We put the standard orientation on C+
j for each j and put the orientation on

C−
j induced on it via α. The cells Cj in RPm are given the orientation induced from

C+
j via p|C+

j
: C+

j → Cj.

A cell decomposition of Sm×CG(ν) which is equivariant with respect to θ = α×σ
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is obtained by taking the product cells X±(j, i) := C±
j × X(i) as (j, i) varies in

I(m, ν) := {j | 0 ≤ j ≤ m} × I(ν)}. The cell C±
j × X(i) is given the product

orientation.

We shall denote the image of the oriented cell X+(j, i) under the double covering

projection π : Sm × CG(ν) → P (m, ν) by X(j, i) and put the induced orientation

on it. The deck transformation group of π is generated by θ = α× σ.

We note that θ|X+(j,i) : X
+(j, i) → X−(j, i) is orientation preserving if and only

if σ|X+(i) : X
+(i) → X−(i) is, if and only if ℓ(i) is even.

Since the boundary map of C∗(CG(ν);Z) vanishes, it is readily seen that the

boundary map of C∗(Sm × CG(ν)) is determined by ∂ : C∗(Sm;Z) and we obtain,

for all (j, i) ∈ I(m, ν), that

(5.1) ∂(X±(j, i)) = X±(j − 1, i) + (−1)jX∓(j − 1, i),

and

(5.2) θ∗(X
±(j, i)) = (−1)ℓ(i)X∓(j, i).

Now p∗(X
+(j, i)) = X(j, i) and

p∗(X
−(j, i)) = p∗(θ∗((−1)ℓ(i)X+(j, i))) = p∗((−1)ℓ(i)X+(j, i)) = (−1)ℓ(i)X(j, i).

It follows from Equation 5.1 that

(5.3) ∂X(j, i) = p∗∂(X
+(j, i)) = (1 + (−1)j+ℓ(i))X(j − 1, i) ∀(j, i) ∈ I(m, ν).
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5.3 Integral (co)homology of P (Sm,CG(ν))

We now turn to the determination of the integral homology of P (m, ν). It follows

from Equation 5.3 that, for 0 < j ≤ m, X(j, i) is a cycle in P (m, ν) if and only if

j + ℓ(i) is odd. When j + ℓ(i) is odd and j < m, we have ∂(X(j + 1, i)) = 2X(j, i)

and so the homology class [X(j, i)] has order 2.

It is evident from Equation 5.3 that X(0, i) is a cycle for all i ∈ I(ν). When ℓ(i)

is even, [X(0, i)] is of infinite order. If ℓ(i) is odd, X(0, i) is of order 2. Similarly, if

m is odd and ℓ(i) is even, [X(m, i)] is of infinite order. If both m and ℓ(i) are even,

then X(m, i) is not a cycle. If m is even and ℓ(i) is odd, then [X(m, i)] is of infinite

order.

Define the sets

Ie(ν) := {i ∈ I(ν) | ℓ(i) ≡ 0 (mod 2)},

Io(ν) := {i ∈ I(ν) | ℓ(i) ≡ 1 (mod 2)} = I(ν) \ Ie(ν),

B2q := {[X(0, i)] | q = ℓ(i), i ∈ Ie(ν)} ∪ {[X(m, i)] | 2q = m+ 2ℓ(i), i ∈ Io(ν)},

B2q+1 := {[X(m, i)] | 2q + 1 = m+ 2ℓ(i), i ∈ Ie(ν)},

B′
q := {[X(j, i)] | q = j + 2ℓ(i), j + ℓ(i) ≡ 1 (mod 2), 0 ≤ j < m, i ∈ I(ν)}.

We note that if m is even, then B2q+1 = ∅, and if m is odd, then {[X(m, i)] | 2q =

m+ 2ℓ(i), i ∈ Ie(ν)} = ∅.

Observe that the cycle group Zq(P (m, ν);Z) is the free abelian group generated

by {X(j, i)} where [X(j, i)] ∈ Bq ∪B′
q for any q ≥ 0. In particular Hq(P (m, ν);Z) is

generated by Bq ∪ B′
q.

We have the following result where we leave out the known cases namely, m = 0

as P (0, ν) ∼= CG(ν) and ν = (1) in which case P (m, ν) = Sm.

Theorem 5.3.1. We keep the above notations. Suppose that m ≥ 1 and n = |ν| ≥ 2.

Then there is no odd torsion in H∗(P (m, ν);Z) and every 2-torsion element is of
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order 2. The set Bq is a basis for Hq(P (m, ν);Z)/torsion and B′
q is a Z2-basis for

the torsion subgroup of Hq(P (m, ν);Z).

Proof. We first show that Bq is Z-linearly independent. Suppose that Z =
∑
aj,iX(j, i)

with aj,i ∈ Z, is a boundary where the sum is over (j, i) ∈ I(m, ν) such that

[X(j, i)] ∈ Bq, i.e. Z = ∂C for some C ∈ Cq+1(P (m, ν)). Suppose that some

aj,i ̸= 0. Then there has to be a cell X(k, l) such that X(j, i) occurs with non-zero

coefficient in the expression of ∂X(k, l) for some X(k, l). However, Equation 5.3

shows that the only possibility is k = j + 1 ≤ m, l = i and that ∂X(j + 1, i) =

(1 + (−1)j+1+ℓ(i))X(j, i). As [X(j, i)] ∈ Bq, we have ∂X(j + 1, i) = 0. This shows

that there is no such C and so the Bq is Z-linearly independent.

Note that Bq ⊂ Fix(θ∗). In view of this one can also prove the linear independence

of Bq using Proposition 3.2.3.

Since Bq ∪ B′
q generates Hq(P (m, ν);Z) as observed above, it follows that Bq

generates the abelian group Hq(P (m, ν);Z)/torsion. Therefore Bq is a Z-basis for

Hq(P (m, ν);Z) mod torsion. It is easily seen that B′
q is Z2-linearly independent.

Any torsion element of Hq(P (m, ν);Z) is of order 2, in view of the fact that

Hq(P (m, ν);Z) is generated by Bq∪B′
q. Indeed, Bq generates a free abelian subgroup

of Hq(P (m, ν);Z) and B′
q generates an elementary abelian 2-group contained in

Hq(P (m, ν);Z). Hence the torsion subgroup equals the subgroup generated by B′
q

and our assertion follows.

The cohomology groups of P (m, ν) can be read off from the above theorem using

the universal coefficient theorem. Thus Hq(P (m, ν);Z) ∼= Zt ⊕ Zp
2 where the values

of t and p depend on m, ν can be explicitly determined in terms of |Bq| and |B′
q−1|.

As a warm up, we compute H2(P (m, ν);Z). Note that B2 = ∅ and B′
1 = {[X(1, i0)]}

where i0 = (1, 2 . . . , n) is the identity permutation (which is the unique element of

length 0) if m > 1 and B′
1 is empty if m = 1. So the rank of H2(P (m, ν);Z) is zero.
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Also H1(P (m, ν);Z) ∼= Z2 if m > 1 and is isomorphic to Z if m = 1.

Proposition 5.3.2. Let m ≥ 1. With the above notations,

H2(P (m, ν);Z) ∼=


Z2 if m > 1

0 if m = 1.

Also the Picard group Pic(P (m, ν)) ∼= Z2 generated by ξC if m > 1 and is trivial

otherwise.

Proof. The first assertion follows from the universal coefficient theorem. The second

assertion follows from the fact that the first Chern class map yields an isomorphism

of the Picard group onto H2(P (m, ν);Z).

We now turn to the determination of the rank and the torsion subgroup of the

integral cohomology groups of P (m, ν) explicitly in terms of m, ν.

WriteHev(P (m, ν);Z) =
⊕

q≥0H
2q(P (m, ν);Z) ∼= Zbe⊕Zb′e

2 andHodd(P (m, ν);Z) =⊕
q≥1H

2q−1(P (m, ν);Z) ∼= Zbo ⊕ Zb′o
2 . We shall obtain formulas for the numbers

be, b
′
e, bo, b

′
o in terms of m, ν.

Set B :=
⋃

q≥0 Bq,Be :=
⋃

q≥0 B2q and let Bo = B \Be. Likewise B′ :
⋃

q≥1 Bq and

B′
e := {[X(j, i)] ∈ B′ | j ≡ 0 (mod 2)}, and B′

o = B′ \ B′
e. Also, set βe := |B′

e|, βo :=

|B′
o|.

By the universal coefficient theorem, be = |Be|, bo = |Bo|, whereas b′e = βo, b
′
o =

βe.

Set ℓe := |Ie(ν)| and ℓo = |Io(ν)|. Thus ℓe + ℓo =
(
n
ν

)
= χ(CG(ν)). We shall

determine the values of ℓe, ℓo.

The Poincaré polynomial Pt(ν) of CG(ν) is the q-Gaussian multinomial coeffi-

cient Qq(ν) :=
(
n
ν

)
q
= [n]q/([n1]q · · · [ns]q) where q := t2 and [k]q =

∏
1≤j≤k(1 − qj).
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The right hand side of Qq is also the Poincaré polynomial Pq(RG(ν);Z2) of the real

flag manifold RG(ν) with Z2-coefficients. See [Bor53b, §26], [Bor53a]. Therefore

(5.4) ℓe − ℓo = χ(RG(ν)).

We conclude that

(5.5) ℓe = (χ(CG(ν)) + χ(RG(ν)))/2; ℓo = (χ(CG(ν))− χ(RG(ν)))/2.

If χ(RG(ν)) = 0, then ℓe = ℓo =
(
n
ν

)
/2.

The Euler-Poincaré characteristic of RG(ν) can be computed using standard

arguments and the classical result that χ(G/T ) = |W (G, T )|, the order of the Weyl

group W (G, T ) when G is a compact connected Lie group and T is a maximal

torus. We include a proof for the sake of completeness as we could not find an

explicit reference for the result.

Lemma 5.3.3. Let ν = (n1, . . . , ns), s ≥ 2. Set νo := {1 ≤ j ≤ s | nj ≡ 1 mod 2}.

Then χ(RG(ν)) = 0 if νo ≥ 2. Suppose that νo ≤ 1. Set n′
j := ⌊nj/2⌋, 1 ≤ j ≤ s,

and ⌊ν/2⌋ := (n′
1, n

′
2, . . . , n

′
s). Then χ(RG(ν)) =

(⌊n/2⌋
⌊ν/2⌋

)
.

Proof. Without loss of generality, assume that nj is even for all j > νo. When

νo ≥ 2, RG(ν) is fibred by the real Grassmann manifold RG(n1, n2) over RG(n1 +

n2, n3, . . . , ns). Since dimRG(n1, n2) = n1n2 is odd, χ(RG(ν)) = 0 and so the van-

ishing of χ(RG(ν)) follows from the multiplicative property of the Euler-Poincaré

characteristics for fibrations. See [Spa82, Theorem 1,§3, Chapter 9]

Let νo ≤ 1. Consider first the Euler-Poincaré characteristic of the oriented flag

manifold R̃G(ν) := SO(n)/SO(ν) where SO(ν) := SO(n1)×· · ·×SO(ns). As νo ≤ 1,

SO(ν) has the same rank as SO(n). We take T = (SO(2))⌊n/2⌋ ⊂ SO(ν) to be the

standard maximal torus of SO(n) which sits in SO(n) as 2× 2 block diagonal with
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top diagonal entry being 1 if n is odd. Using the fibration SO(n)/T → SO(n)/SO(ν)

with fibre SO(ν)/T , we obtain that χ(SO(n)/T ) = χ(SO(ν)/T )).χ(SO(n)/SO(ν)).

It is a classical result that when G is a compact connected Lie group and T ⊂ G is

a maximal torus of G, then χ(G/T ) = |W (G, T )|, the order of the Weyl group of

G with respect to T . See [MT91, Part-II]. It is known [Hus94] that W (SO(n), T )

has order 2⌊(n−1)/2⌋ · ⌊n/2⌋!. This yields that χ(R̃G(ν)) = 2s−1
(⌊n/2⌋
⌊ν/2⌋

)
. The value of

χ(RG(ν)) is then determined to be
(⌊n/2⌋
⌊ν/2⌋

)
using the covering projection R̃G(ν) →

RG(ν), which has degree 2s−1.

With notations as in the above lemma, if νo ≤ 1, then ℓe = (
(
n
ν

)
+
(⌊n/2⌋
⌊ν/2⌋

)
)/2 and

ℓo = (
(
n
ν

)
−
(⌊n/2⌋
⌊ν/2⌋

)
)/2.

We tabulate below the values of ℓe and ℓo.

ν ℓe ℓo

νo ≥ 2
(
n
ν

)
/2

(
n
ν

)
/2

νo ≤ 1 (
(
n
ν

)
+
(⌊n/2⌋
⌊ν/2⌋

)
)/2 (

(
n
ν

)
−
(⌊n/2⌋
⌊ν/2⌋

)
)/2

Table 1: The values of ℓe and ℓo.

From the definition of B′
e we see that if i ∈ Io(ν), then [X(j, i)] ∈ B′

e for ⌊(m +

1)/2⌋ distinct values of j, namely, those which satisfy j ≡ 0 (mod 2), 0 ≤ j < m.

Moreover, if [X(j, i)] ∈ B′
e, then i ∈ Io(ν). Therefore βe = ⌊(m+1)/2⌋ · ℓo. Similarly

βo = ⌊m/2⌋ · ℓe.

The values of be, bo depend on ν and the parity of m. We proceed to determine

them.

We have be + bo = dimQ(H
∗(P (m, ν);Q)) and be − bo = χ(P (m, ν)).

Case 1: m is even. Then Hq(P (m, ν);Q) = 0 if q is odd and so bo = 0. It follows

that be = χ(P (m, ν)) = (1/2)χ(Sm × CG(ν)) =
(
n
ν

)
= n!/(n1! · · ·ns!).
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Case 2: m is odd. We have and be − bo = χ(P (m, ν)) = 0. Therefore be = bo.

Also be = |{i ∈ I(ν) | ℓ(i) ≡ 0 mod 2}| = ℓe.

We summarise the above results in the theorem below.

Theorem 5.3.4. Let m ≥ 1 and ν = (n1, . . . , ns) where s ≥ 2. Let νo := |{1 ≤ j ≤

s | nj ≡ 1 (mod 2)}|. Then Hev(P (m, ν);Z) ∼= Zbe ⊕ Zb′e
2 and Hodd(P (m, ν);Z) ∼=

Zbo ⊕ Zb′o
2 where be, bo, b

′
e, b

′
o are as follows:

(i) When m is odd,

be = bo = ℓe =


(
n
ν

)
/2, if νo ≥ 2

(
(
n
ν

)
+
(⌊n/2⌋
⌊ν/2⌋

)
)/2, if νo ≤ 1.

When m is even, be =
(
n
ν

)
and bo = 0.

(ii) b′e = βo = ⌊m/2⌋ · ℓe, b′o = βe = ⌊(m+ 1)/2⌋ · ℓo.

In particular, Hev(P (1, ν);Z) has no torsion. 2

The following remark gives some partial information about the ring structure of

the integral cohomology of P (m, ν).

Remark 5.3.5. (i) It is readily seen that CG(ν) equals the Schubert variety X(w0)

that corresponds to the permutation w0 = (n, n − 1, . . . , 2, 1) ∈ Sn (in the one-

line notation). So σ is orientation preserving if and only if d = dimC CG(ν) =∑
1≤i<j≤s ninj is even, if and only if

(
νo
2

)
is even. It follows that P (m, ν) is orientable

if and only if m+
(
νo
2

)
is odd. (See Remark 3.2.7.) When P (m, ν) is orientable, the

natural orientation on it corresponds to the fundamental class [X(m,w0)].

(ii) Since the bundle p : P (m, ν) → RPm admits a cross-section s : RPm →

P (m, ν), p∗ : H∗(RPm;Z) → H∗(P (m, ν);Z) is a monomorphism of rings and its

image is a direct summand.

(iii) Let ι : CG(ν) ↪→ P (m, ν) denote the fibre-inclusion of the bundle p :
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P (m, ν) → RPm over a point, say [e1] ∈ RPm. Since {[X+(0, i)] | i ∈ Ie(ν)} is

a Z-basis for
⊕

q≥0H4q(CG(ν);Z) ⊂ H∗(Sm × CG(ν);Z) and since ι∗([X(i)]) =

π∗[X
+(0, i)] = [X(0, i)], it follows that ι∗(

⊕
H4q(CG(ν);Z)) ∼= Zℓe is a direct sum-

mand of H4q(P (m, ν);Z). Therefore

(5.6) ι∗ :
⊕
q≥0

H4q(P (m, ν);Z) →
⊕
q≥0

H4q(CG(ν);Z)

is a surjective ring homomorphism. Since
⊕

q≥0H
4q(CG(ν);Z) is torsion free, the

kernal of ι∗ contains the torsion subgroup of
⊕

q≥0H
4q(P (m, ν);Z).

(iv) Let {x(m, i)} in Hom(H∗(P (m, ν);Z),Z) be dual to [X(m, i)] with respect

to the basis B =
⋃

q≥0 Bq of H∗(P (m, ν);Z)/torsion. We have

⟨ι∗(x(m, i)), [X(j)]⟩ = ⟨x(m, i), ι∗([X(j)])⟩

= ⟨x(m, i), [X(0, j)]⟩

= 0,

for all [X(j)] ∈ H∗(CG(ν);Z). Thus the kernel ι∗ : H∗(P (m, ν);Z) → H∗(CG(ν);Z)

contains x(m, i).

(iv) The cup-product x(m, i) ⌣ x(m, j) is a torsion element. This is obvious

when any one of the factors is a torsion element. Suppose that both are of infinite

order. Now π∗(x(m, i)), π∗(x(m, j)) ∈ Hm(Sm;Z)⊗H∗(CG(ν);Z). Hence x(m, i)⌣

x(m, j) ∈ kerπ∗. By Proposition 3.2.6, ker(π∗) consists only of torsion elements,

and so our assertion follows.
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5.4 The ring structure of H∗(P (Sm,CG(ν));Z[1/2])

Let R be a commutative ring in which 2 is a unit. From Theorem 5.3.1 we know

that as an R-module, Hq(P (m, ν);R) is free of rank |Bq|. We now turn to the ring

structure of H∗(P (m, ν);R). We shall first describe it as a subring of H∗(Sm ×

CG(ν);R) via the homomorphism π∗ induced by the double covering projection

π : Sm×CG(ν) → P (m, ν). Note that since 2 is a unit in R, π∗ is a monomorphism;

see Proposition 3.2.6. Then, in Theorem 5.4.2 we shall describe H∗(P (m, ν);R) as

a quotient of a polynomial algebra.

It will be convenient to use Chern classes of the canonical bundles over CG(ν)

as ring generators of H∗(CG(ν);Z).

Let 1 ≤ j ≤ s and let γj denote the complex nj-plane bundle over CG(ν) whose

fibre over L = (L1, . . . , Ls) is Lj. Then

⊕
1≤j≤s

γj = nϵC.

Denote by c(ω, t) the total Chern polynomial 1 + c1(ω)t+ c2(ω)t
2 + · · ·+ cr(ω)t

r in

the indeterminate t, where cj(ω) is the jth Chern class of ω and r is the rank of ω.

The following relation holds in H∗(CG(ν);Z), in view of the above vector bundle

isomorphism, where

(5.7)
∑

0≤r≤n

fpt
p :=

∏
1≤j≤s

c(γj, t) = 1.

Recall that

H∗(CG(ν);Z) = Z[cr,j; 1 ≤ r ≤ nj, 1 ≤ j ≤ s]/⟨f1, · · · , fn⟩
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where the fj are defined by the equation

(5.8)
∑

0≤r≤n

frt
r =

∏
1≤j≤s

(1 + c1,jt+ · · ·+ cnj ,jt
nj)

under an isomorphism that maps cr,j to cr(γj). See [Bor53b, Proposition 31.1].

Denote by um ∈ Hm(Sm;Z) the positive generator (with respect to the standard

orientation on the sphere).

We now describe, using Proposition 5.3.1, the subring fixed by θ∗ in H∗(Sm ×

CG(ν);R) ∼= R[um] ⊗ R[cr,j; 1 ≤ r ≤ nj, 1 ≤ j ≤ s]/⟨u2m, fp, 1 ≤ p ≤ n⟩. Since π∗

defines an isomorphism of H∗(P (m, ν);R) ∼= Fix(θ∗), we have the following result.

We omit the proof, which involves a straightforward verification.

Theorem 5.4.1. Suppose that 2 is a unit in R. Then H∗(P (m, ν)) is isomorphic

to the subalgebra Fix(θ∗) ⊂ H∗(Sm × CG(ν);R) which is generated by the following

elements:

Case (1): m is even.

umc2p−1(γr), 1 ≤ 2p− 1 ≤ nr, 1 ≤ r ≤ s;

c2j(γr), 1 ≤ j ≤ nr, 1 ≤ r ≤ s; and

c2p−1(γi)c2q−1(γj), 1 ≤ 2p− 1 ≤ ni, 1 ≤ 2q − 1 ≤ nj, 1 ≤ i ≤ j ≤ s.

Case (2): m is odd.

um; c2j(γr), 1 ≤ j ≤ nr, 1 ≤ r ≤ s; and

c2p−1(γi)c2q−1(γj), 1 ≤ 2p− 1 ≤ ni, 1 ≤ 2q − 1 ≤ nj, 1 ≤ i ≤ j ≤ s.

2

Next, we shall present H∗(P (m, ν);R) as a quotient of a polynomial algebra

over R. We introduce commuting ‘variables’ um, c2p,i, c
′
2p−1,i,, c

′′
2p−1,2q−1,i,j, 1 ≤ 2p−

1 ≤ ni, 1 ≤ 2q − 1 ≤ nj, 1 ≤ i ≤ j ≤ s. Their degrees are assigned as follows:
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|um| = m, |c2p,i| = 4p, |c′2p−1,i| = m+ 4p− 2, |c′′2p−1,2q−1,i,j| = 4(p+ q − 1).

It will be tacitly assumed that c′′2p−1,2q−1,i,j is the same as the variable c′′2q−1,2p−1,j,i.

Recall the polynomials fr, 1 ≤ r ≤ n, defined in Equation 5.8. When r = 2r′ is

even, one may express fr as a polynomial in c2p,i, c2p−1,2q−1,i,j, possibly in more than

one way. Choose one such expression and define Fr to be the resulting polynomial.

When m is even, the same procedure applied to c2t−1,lfr, 2p− 1 ≤ nl, for r odd

yields the polynomials Fr,2t−1,l in the variables c2q,j, c
′
2p−1,i, c

′′
2p′−1,2q′−1,i′,j′ , 1 ≤ 2p′ −

1, 2p− 1 ≤ ni′ , 1 ≤ 2q′ − 1, 2q ≤ nj, 1 ≤ i, j ≤ s. Similarly, assuming that r is odd,

umfr can be expressed as a polynomial in the variables c2q,j, c
′
2p−1,i, c

′′
2p′−1,2q′−1,i′,j′ in

several ways. We choose one such expression and denote the resulting polynomial

by F ′
r,m.

Theorem 5.4.2. We keep the above notations. Let R be a commutative ring in

which 2 is a unit. Then H∗(P (m, ν);R) is isomorphic, as a graded R-algebra to

R/J where R is a polynomial algebra R whose description depends on the parity of

m and is defined below.

Case (1). Suppose that m ≡ 0 (mod 2). Then

R := R[c2t,i; c
′
2p−1,i; c

′′
2p−1,2q−1,i,j; 1 ≤ 2t, 2p−1 ≤ ni, 1 ≤ 2q−1 ≤ nj, 1 ≤ i, j ≤ s],

with |c2t,i| = 4t, |c′2p−1,i| = m+ 4p− 2, |c′′2p−1,2q−1,i,j| = 4p+ 4q− 4. The ideal J ⊂ R

is the ideal generated by the following elements:

(i) c′2p−1,ic
′
2q−1,j; c′2p−1,ic

′′
2q−1,2q′−1,j,j′ − c′2q′−1,j′c

′′
2p−1,2q−1,i,j;

(ii) c′′2p−1,2q−1,i,jc
′′
2p′−1,2q′−1,i′,j′ − c′′2p−1,2p′−1,i,i′c

′′
2q−1,2q′−1,j,j′;

(iii) F2r, F
′
2k−1,m, F2k−1,2t−1,l, 1 ≤ 2k − 1, 2r ≤ n, 1 ≤ 2t− 1 ≤ nl, 1 ≤ l ≤ s;

where 2p− 1 ≤ ni, 2p′ − 1 ≤ ni′ , 2q − 1 ≤ nj, 2q′ − 1 ≤ nj′ , 1 ≤ i, j, i′, j′ ≤ s.

The isomorphism η : R/J → H∗(P (m, ν);R) is established by

c2p,i 7→ c2p(γi), c′2p−1,i 7→ umc2p−1(γi), c′′2p−1,2q−1,i,j 7→ c2p−1(γi)c2q−1(γj).
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Case (2). Suppose that m ≡ 1 (mod 2). Then

R := R[um; c2p,i, 1 ≤ 2p ≤ ni; c′′2p−1,2q−1,i,j, 2p− 1 ≤ ni, 2q− 1 ≤ nj, 1 ≤ i, j ≤ s],

with |um| = m, |c2p,i| = 4p, |c′′2p−1,2q−1,i.j| = 4p+4q−4. The ideal J ⊂ R is generated

by the following elements:

(i) u2m; c′′2p−1,2q−1,i,jc
′′
2p′−1,2q′−1,i′,j′ − c′′2p−1,2p′−1,i,i′c

′′
2q−1,2q′−1,j,j′;

(ii) F2r, F2k−1,2t−1,l, 1 ≤ 2t− 1 ≤ nl, 1 ≤ l ≤ s;

where 2p− 1 ≤ ni, 2p′ − 1 ≤ ni′ , 2q − 1 ≤ nj, 2q′ − 1 ≤ nj′ , 1 ≤ i, j, i′, j′ ≤ s.

An isomorphism η : R/J → H∗(P (m, ν);R) is obtained as

um 7→ um, c2p,i 7→ c2p(γi), c′′2p−1,2q−1,i,j 7→ c2p−1(γi)c2q−1(γj).

Proof. It is clear η is a well-defined R-algebra homomorphism. Also image of

η equals Fix(θ∗). Since 2 is a unit in R, we have H∗(P (m, ν);R) ∼= Fix(θ∗) ⊂

H∗(Sm × CG(ν);R) and so, to complete the proof, We only need to show that it is

a monomorphism of R-modules.

Let R̃0 be the polynomial algebra R̃0 = R[cq,i | 1 ≤ q ≤ ni; 1 ≤ i ≤ s] and let R0

be the R-subalgebra of R̃0 generated by the c2q,i, c2p−1,2q−1,i,j := c2p−1,ic2q−1,j. The

algebra R̃0 is graded by |cq,i| = 2q ∀i. Let σ̃ : R̃0 → R̃0 be the R-algebra involution

defined by cq,i 7→ (−1)qcq,i. Then R0 =
⊕

t≥0 R̃
4t = Fix(σ̃). The cohomology

algebra H∗(CG(ν);R) is isomorphic to R̃0/J̃0 where J̃0 is generated by f1, · · · , fn

defined as in Equation 5.7. The isomorphism is obtained by sending cq,i to cq(γi) ∈

H2q(CG(ν);R).

The ideal J̃0 is graded and we have that J̃0∩R0 = ⊕t≥0J̃ 4t
0 . So J0 := R0∩J̃0 ⊂

R0 is generated as an ideal of by the following elements:

f2r, c2p−1,if2r−1 ∈ Fix(σ̃), 1 ≤ 2p− 1 ≤ ni, 1 ≤ i ≤ s.
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We may express each of these elements as polynomials in the chosen generators of

R0. The non-uniqueness of such expressions for a given ideal generator arises from

the equality c2p−1,2q−1,i,jc2p′−1,2q′−1,i′,j′ = c2p−1,2p′−1,i,i′c2q−1,2q′−1,j,j′ .

Consider the polynomial algebra overR generated by the indeterminates c2p,i, c
′′
2p−1,2q−1,i,j.

Then the quotient algebra

R[c2p,i, c
′′
2p−1,2q−1,i,j]/⟨c′′2p−1,2q−1,i,jc

′′
2p′−1,2q′−1,i′,j′ − c′′2p−1,2p′−1,i,i′c

′′
2q−1,2q′−1,j,j′⟩

is isomorphic to R0 ⊂ R̃0 via the R-algebra homomorphism

c2p,i 7→ c2p,i, c
′′
2p−1,2q−1,i,j 7→ c2p−1,2q−1,i,j.

Set R0 := R[c2p,i, c
′′
2p−1,2q−1,i,j] and let J0 ⊂ R0 be the ideal generated by

c′′2p−1,2q−1,i,jc
′′
2p′−1,2q′−1,i′,j′ − c′′2p−1,2p′−1,i,i′c

′′
2q−1,2q′−1,j,j′ , F2r, F2r−1,2t−1,l.

Then

(5.9) R0/J0 ∼= R0/J0
∼= H4∗(CG(ν);R) ∼= Fix(σ∗).

The ring R/J is an R0/J0-module whose (definition and) structure depends on

the parity of m.

First, consider the case whenm is odd. In this case, R/J is a freeR0/J0-module

with basis {1, um}. Also, H∗(Sm;R) = R[um]/⟨u2m⟩ is fixed by α∗.

Since u2m ∈ J , we have the following isomorphisms of R-algebras R/J ∼=

(R0/J0)[um]/⟨u2m⟩ ∼= R[um]/⟨u2m⟩ ⊗R (R0/J0) ∼= H∗(Sm;R) ⊗ Fix(σ∗) ∼= Fix(θ∗) ∼=

H∗(P (m, ν);R). This completes the proof when m is odd.

73



Now let m be even. We have α∗(um) = −um and

(5.10) Fix(θ∗) =
⊕
t≥0

H4t(CG(ν);R)⊕

(⊕
t≥0

Rum ⊗H4t+2(CG(ν);R)

)
.

Since eachH4t+2(CG(ν);R) is a freeR-module for any t ≥ 0, so isRum⊗H4t+2(CG(ν);R) ∼=

H4t+2(CG(ν);R).

On the other hand, R/J is generated as a R0/J0-algebra by the c′2p−1,i. Since

c′2p−1,ic
′
2q−1,j = 0, we see that R/J is generated as an R0/J0-module by {1, c′2p−1,i}.

Further, in view of the relation c′2p−1,ic
′′
2q−1,2q′−1,j,j′ = c′2q′−1,j′c

′′
2p−1,2q−1,i,j in R/J , if

x ∈ R/J is a monomial in the generators c′′2p−1,2q−1,i,j and if r such that 1 ≤ 2r−1 ≤

nl, 1 ≤ l ≤ s, then c′2r−1,lx is uniquely expressible as c′2r0−1,l0
y with y a monomial

in the generators c′′2p−1,2q−1,i,j and (r0, l0) is the least in lexicographical order among

such expressions. This shows that, as R-submodules of R/J ,

∑
(R0/J0)c

′
2p−1,i

∼=
⊕
t≥0

Rum ⊗H4t+2(CG(ν);R).

It follows that R/J ∼= R0/J0 ⊕ (
⊕

t≥0(Rum ⊗ H4t+2(CG(ν);R) is an isomor-

phism. Thus, in view of Equation 5.10, we have the R-algebra isomorphism R/J ∼=

Fix(θ∗) ∼= H∗(P (m, ν);R) defined by η.
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Chapter 6

K-theory of P (Sm,CG(ν))

In this chapter, our goal is to determine the ring structure of the complexK-theoretic

ring K∗(P (m, ν)) for any m ≥ 1 and ν = (n1, . . . , ns), s ≥ 2. However, we have been

greeted with limited success in our efforts. Our results are complete up to a ‘finite

ambiguity’ in a sense that will be made precise later.

The complex K-ring of the classical Dold manifolds P (m,n) was determined by

Fujii in [Fuj66], [Fuj69]. If ω is a complex vector bundle over a finite CW com-

plex B and CG(ν) is a complex flag manifold, one has the associated CG(ν)-bundle

CG(ω; ν) → B. In this case, the complex K-ring of CG(ω; ν) is well-known. See

[Kar08, §3,Chapter IV] and also [Ati67]. However, it is easily seen that P (m, ν) is

not homeomorphic to CG(ω; ν) for any complex vector bundle ω over RPm. Indeed,

the flag manifold bundle CG(ν) ↪→ CG(ω; ν) → RPm admits a cohomology exten-

sion of the fibre over Z and so, by the Leray-Hirsch theorem [Spa82, §7, Chapter 5],

H∗(CG(ω; ν);Z) is a freeH∗(RPm;Z)-module of rank equal to rankZ(H
∗(CG(ν);Z)).

This implies, in particular, that the rank of H2(CG(ω; ν);Z) is positive. However,

H2(P (m, ν);Z) has rank 0—see Theorem 5.3.1—and so P (m, ν) is not homeomor-

phic to CG(ω; ν) for any complex vector bundle ω over RPm. Also, it should be

noted that when m ≥ 1, P (m, ν) is not a homogeneous space of Spin(m) × U(n),
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although Sm × CG(ν) is. As such the computation of the K-theory of P (m, ν) is a

nontrivial and interesting problem.

We now proceed to describe our results on (a) the additive structure ofK∗(P (m, ν)),

(b) the ring structure of K∗(P (m, ν)) ⊗ Q, and, (c) a subring of K0(P (m, ν)) gen-

erated by the classes of certain canonical (complex) vector bundles on P (m, ν).

6.1 The additive structure of K∗(P (Sm,CG(ν)))

Recall, from [AH61], the Atiyah-Hirzebruch spectral sequence (Ep,q
r , dr), which abuts

toK∗(B) for a finite CW complexB. TheE2-page is defined as Ep,q
2 = Hp(B;Kq({∗}))

where {∗} denotes a one-point space. The differential is of bidegree dr : Ep,q
r →

Ep+r,q+1−r
r has bidegree (r, 1− r). As such dr = 0 if r is even, since Kq({∗}) = 0 for

q odd.

Let ω be a complex vector bundle over B. Recall that the Chern character

ch(ω) ∈ H∗(B;Q) is defined as ch(ω) =
∑

k≥0(
∑

1≤j≤r x
k
i /k!) where xj, 1 ≤ j ≤ r

are the ‘Chern roots’ of ω. Thus, the xj are defined by a formal factorization of the

Chern polynomial:

c(ω, t) =
∑

0≤p≤r

cp(ω)t
p =

∏
1≤j≤r

(1 + xjt).

Atiyah and Hirzebruch [AH61] proved that the Chern character ch : K0(B)⊗ Q →

Hev(B;Q) =
⊕

q≥0H
2q(B;Q) defined by [ω] 7→ ch(ω) is an isomorphism of rings. In

particular, the rank of K0(B) equals that of Hev(B;Z). It follows that if H∗(B;Z)

has no p-torsion for a prime p, neither does K0(X). The same result applied to

the suspension S(B) of B yields an isomorphism K1(B) ⊗ Q → Hodd(B;Q) =⊕
q≥1H

2q−1(B;Q).

Taking B to be P (m, ν) we obtain the following. Denote by ξC the complexifi-
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cation of the Hopf line bundle ξ over RPm. Clearly ξC ⊗ ξC
∼= ϵC and so ([ξC]− 1)2 =

−2([ξC]−1). Adams [Ada62] showed thatK0(RPm) ∼= Z[y]/⟨y2+2y, yr+1⟩ = Z⊕Z2ry

where y = [ξC]− 1 and r = ⌊m/2⌋. We shall denote by the same symbol ξC the pull-

back p!(ξC) on P (m, ν).

Theorem 6.1.1. Let m ≥ 1, ν = (n1, . . . , ns), s ≥ 2. Let be, bo, b
′
e, b

′
o be as in

Theorem 5.3.4. Then:

(i) K0(P (m, ν)) ∼= Zbe ⊕A0 where A0 is a finite abelian group of order 2k for some

k, with 0 ≤ k ≤ b′e. The group A0 contains a summand Z2⌊m/2⌋ is generated by

y = [ξC]− 1.

(ii) K1(m, ν) ∼= Zbo ⊕ A1, where A1 is a finite abelian group of order 2t for some

0 ≤ t ≤ b′o.

In particular, K1(P (m, ν)) is a torsion group if m is even, and, K0(P (1, ν)) is a

torsion-free group.

Proof. Since ch : K∗(P (m, ν)) ⊗ Q → H∗(P (m, ν);Q) is an isomorphism and since

K∗(P (m, ν)) is finitely generated group, it follows that the ranks ofK0(P (m, ν)), K1(P (m, ν))

are the same as those of Hev(P (m, ν);Z), Hodd(P (m, ν);Z) respectively. This shows

that the ranks of K0(P (m, ν)), K1(P (m, ν)) as asserted.

Since the Atiyah-Hirzebruch spectral sequence converges toK∗(P (m, ν)), K0(P (m, ν))

has a filtration so that the associated graded group is isomorphic to
⊕

p≥0E
p,−p
∞ .

Since the torsion subgroup of
⊕

p≥0E
2p,−2p
2 = Hev(P (m, ν);Z) is a 2-group of order

2b
′
e , we obtain that the torsion subgroup of K0(P (m, ν)) is a 2-group whose orders

are bounded above by 2b
′
e . Similar argument yields that the torsion subgroup of

K1(P (m, ν)) is a 2-group of order at most 2b
′
o .

To see that K0(P (m, ν)) contains a summand isomorphic to 2⌊m/2⌋, we note

that p : P (m, ν) → RPm admits a cross-section, namely s([v]) = [v,E] where

E = (Cn1 , . . . ,Cns) in which the standard basis vectors en1+···+nj−1+1, . . . , en1+···+nj

span the j-th coordinate Cnj . It follows that the composition s! ◦ p! is the identity
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map of K0(RPm). Hence p! is a monomorphism whose image is a summand of

K0(P (m, ν). By the work of Adams recalled above K̃0(RPm) = Z2⌊m/2⌋y. This

completes the proof.

We pause for an example.

Example 6.1.2. (i) In the case of classical Dold manifolds, ν = (1, n − 1) and

P (m, ν) = P (m,n− 1). The group K∗(P (m,n− 1)) had been completely determined

by Fujii [Fuj66, Theorem 3.14]. The table below summarises Fujii’s results (in our

notations) yielding the rank and the order of the torsion groups of K0(P (m,n −

1)), K1(P (m,n − 1)). Our results are consistent with Fujii’s work but we have not

been able to determine the groups A0, A1.

P (m,n− 1) K0 K1

m n− 1 be o(A0) bo o(A1)

2r 2t 2t+ 1 2r 0 0

2r + 1 2t t+ 1 2r t+ 1 0

2r 2t+ 1 2t+ 2 2r 0 2r

2r + 1 2t+ 1 t+ 1 2r t+ 1 2r+1

Table 2: The values of be, bo, o(A0), o(A1) for P (m,n− 1).

(ii) When CG(ν) is the complete flag manifold, that is, when ν = (1, . . . , 1), νo = n.

We leave out the trivial case when n = 1 and assume n ≥ 2. Now the values of

be, b
′
e, bo, b

′
o for P (m, (1, . . . , 1)) in Theorem 6.1.1 are described in the table below.

P (m, ν) K0 K1

m be b′e bo b′o

2r n!/2 rn!/2 n!/2 rn!/2

2r + 1 n! rn!/2 0 (r + 1)n!/2
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Table 3: The values of be, b
′
e, bo, b

′
o for P (m, (1, . . . , 1)).

6.2 The ring structure of K0(P (Sm,CG(ν))).

Recall that γj, 1 ≤ j ≤ s, denotes the canonical complex nj-plane bundle over

CG(ν). It is a σ-conjugate bundle and so we obtain the real vector bundle γ̂j over

P (m, ν). Denote by γ̂jC the complexification γ̂j ⊗R C.

Let f : CG(ν) → P (m, ν) be the inclusion of the fibre over the base point

[e1] ∈ RPm. Thus f(L) = [e1,L]. Since f
!(γ̂j) = γj as real vector bundles, it follows

that f !(γ̂jC) = γj⊗C ∼= γj⊕γ̄j as complex vector bundles. Note that complexification

commutes with Whitney sums, tensor products, and exterior products. So, we have

f !(Λk(γ̂jC)) = Λk(γj ⊕ γ̄j) ∼=
⊕

p+q=k Λ
p(γj)⊗ Λq(γ̄j) ∼=

⊕
p+q=k Λ

p(γj)⊗ Λq(γj) for

all k ≥ 0, 1 ≤ j ≤ s.

We recall the following description of the complex K-ring of CG(ν). See [Kar08,

Theorem 3.6, Chapter-IV].

Theorem 6.2.1. The ring K0(CG(ν)) is isomorphic to the polynomial ring gen-

erated by λp,j, 1 ≤ p ≤ nj, 1 ≤ j ≤ s, modulo the ideal generated by the set

{hp −
(
n
p

)
| 1 ≤ p ≤ n}, where hp = hp(λq,j) is the coefficient of tp in the following

polynomial in the variable t:

∑
0≤p≤n

hpt
p =

∏
1≤j≤s

(
∑

0≤r≤nj

λr,jt
r).

Here h0 = 1, λ0,j = 1 ∀j. The isomorphism is defined by sending λp,j to [Λp(γj)].

Moreover, K1(CG(ν)) = 0. 2

We shall refer to the generators λp,j as the canonical generators of K0(CG(ν)).

Remark 6.2.2. For any compact connected Lie group G and a closed subgroup
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H ⊂ G, the α-construction yields a λ-ring homomorphism RH → K0(G/H) defined

by that sends [V ] ∈ RH to the class of the associated vector bundle with projection

G ×H V → G/H. (See [AH61], [Hus94].) The bundle γj is associated to the rep-

resentation λ1,j : S(U(ν)) := S(U(n1) × · · · × U(ns)) → U(nj), the projection to

the jth coordinate, via the so-called ‘α-construction’. Taking the pth exterior power,

we obtain that Λp(γj) is associated to Λp(λ1,j) = λp,j in the representation ring

RS(U(ν)). Using the known description of the representation of the unitary group

(see [Hus94, Chapter 14]), it is readily seen that RS(U(ν)) = Z[λp,j, λ
−1
nj ,j

| 1 ≤

j ≤ nj]/⟨
∏

1≤j≤s λnj ,j − 1⟩. Note that λ−1
nj ,j

=
∏

i ̸=j λni,i in RS(U(ν)). Denote by λ1

the standard representation of SU(n) on Cn. We denote by ρ([V ]) ∈ RS(U(ν)) the

restriction of the class [V ] of a S(U(ν)) representation V. Thus ρ(λ1) =
∑

1≤j≤s λ1,j.

Set Λt([V ]) :=
∑

1≤j≤r[Λ
q(V )]tq. Then Λt(λ1) =

∏
1≤j≤s Λt(λ1,j).

If a complex representation of S(U(ν)) arises as the extension of a representation

of SU(n), then the associated vector bundle is trivial. It follows that ρ(hp) =
(
n
p

)
. So

ρ defines a ring homomorphism ρ̄ : RS(U(ν))/I → K0(CG(ν)) where I ⊂ RS(U(ν))

is the ideal in ⟨hp −
(
n
p

)
| 1 ≤ p ≤ n − 1⟩. The above theorem is equivalent to the

assertion that ρ̄ is an isomorphism.

As a corollary, we obtain the following.

Lemma 6.2.3. K(CG(ν)) is generated as an abelian group by the classes of σ-

conjugate complex vector bundles.

Proof. We need only observe that if ξ and η are σ-conjugate complex vector bundles

so are ξ ⊗ η,Λq(ξ), q ≥ 0, and ξ ⊗ η. (See [NS19, Example 2.2(iv), Lemma 2.3(ii)].)

Since the canonical bundles γj, 1 ≤ j ≤ s, are all σ-conjugate bundles, the lemma

follows from the above theorem.

Since π = π◦θ, we have θ!◦π! = (π◦θ)! = π!. So, for any complex vector bundle ω

over P (m, ν), π!(ω) is a complex vector bundle over Sm×CG(ν) such that θ!(π!(ω)) =
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π!(ω). This implies that the image of π! : K0(P (m, ν)) → K0(Sm × CG(ν)) is

contained in the fixed subring Fix(θ!).

Since K1(CG(ν)) = 0, we have isomorphisms given by the exterior tensor prod-

ucts of vector bundles. See [Ati67, Corollary 2.7.15.], [Kar08, Prop. 3.24, Chapter

IV].

(6.1) K0(Sm × CG(ν)) = K0(Sm)⊗K0(CG(ν)),

and,

(6.2) K1(Sm × CG(ν)) = K1(Sm)⊗K0(CG(ν)).

Also, if m is even K1(Sm) = 0 and if m is odd, K̃(Sm) = 0.

We shall identify y ∈ K0(CG(ν)) with pr!2(y) = 1 ⊗ y ∈ K0(Sm × CG(ν)) and

x ∈ K0(Sm) with x⊗1 = pr!1(x) where pri denotes the projection to the ith factor of

Sm×CG(ν). Thus x⊗y is identified with xy ∈ K0(Sm×CG(ν)). A similar notation

holds for the K0(Sm × CG(ν))-module K1(Sm × CG(ν)).

Let m = 2r be even. By Theorem 2.5.1, the element [ξ+] − 2r−1 = 2r−1 − [ξ−]

generates ker(rank : K0(Sm) → Z) ∼= Z.

Definition 6.2.4. Let m ≥ 0. We set

δm :=


[ξ+]− 2r−1 = 2r−1 − [ξ−] if m ≡ 0 (mod 2)

0 if m ≡ 1 (mod 2).

We have θ!(δm) = α!(δm) = −δm. (This follows from the naturality of the Chern

character.)

For any x ∈ K0(CG(ν)), θ!(x) = θ!(1⊗ x) = σ!(x) = x̄.
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Lemma 6.2.5. Let m ≥ 1 be arbitrary. Let K be the subring of K0(Sm × CG(ν))

generated by the elements (i) x+ x̄ and, (ii) δm(x− x̄) when m is even, as x varies

in K0(CG(ν)). Then the subring Fix(θ!) ⊂ K0(Sm × CG(ν)) contains K. Moreover,

if z ∈ Fix(θ!), then 2z ∈ K. Thus

2Fix(θ!) ⊂ K ⊂ Fix(θ!).

Proof. It is evident that, for any x ∈ K0(CG(ν)), x+ x̄ ∈ Fix(θ!).

When m is even, θ!(δm(x− x̄)) = α!(δm)(x̄− x) = −δm(x̄− x) = δm(x− x̄) and

so δm(x− x̄) ∈ Fix(θ!).

This shows that K ⊂ Fix(θ!) for any m ≥ 1.

Let z ∈ Fix(θ!) where we assume that rank(z) = 0. Write z = z0 + δmz1 where

zi ∈ K̃0(CG(ν)) (recall that δm = 0 if m is odd). Then z = θ!(z) = z̄0 − δmz1 and

so 2z = z + θ!(z) = z0 + z̄0 + δm(z1 − z̄1) ∈ K.

Remark 6.2.6. (i). If y ∈ K0(CG(ν)), then, y2 + ȳ2, (y + ȳ)2 ∈ K. Therefore

2yȳ = (y + ȳ)2 − y2 − ȳ2 ∈ K.

(ii) Since λ̄nj ,j = λ−1
nj ,j

=
∏

i ̸=j λni,i, we may write any x ∈ K0(CG(ν)) as x =

P (λp,j) as a polynomial in the canonical generators λp,j, 1 ≤ p ≤ nj, 1 ≤ j ≤ s, of

K0(CG(ν)). In particular, the exponents of λnj ,j, 1 ≤ j ≤ s, that occur in P (λp,j) is

non-negative for each j. Furthermore, we may assume that, in each monomial, at

least one of the λnj ,j does not occur. This is possible since
∏

1≤j≤s λnj ,j = 1.

Recall from §2.5 that, when m ≡ 0 (mod 2), the complex vector bundles ξ+, ξ−

over Sm are associated to the half-spin representations, and the bundle η− is defined

as the pull-back α!(ξ+). Also we obtained bundle maps α̃− : η− → ξ+ and α̃+ :

ξ+ : ξ+ → η− both covering α such that α̃− ◦ α̃+ and α̃+ ◦ α̃− are the identity

isomorphisms idξ+ and idη− respectively.
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Let σ̃ : E(ω) → E(ω) be a σ-conjugate bundle involution that covers σ :

CG(ν) → CG(ν). We regard it as a complex linear isomorphism ω → ω̄ covering σ.

We have a complex vector bundle isomorphism θ̃+ : E(ξ+ ⊗ ω) → E(η− ⊗ ω̄) that

covers θ. Explicitly, θ̃+(e+⊗u) = α̃+(e+)⊗σ̃(u) and θ̃−(e−⊗v) = α̃−(e−)⊗σ̃(v). The

bundle isomorphism θ̃− : E(η− ⊗ ω̄) → E(ξ+ ⊗ω) covering θ is defined analogously.

We have

(6.3) θ̃+ ◦ θ̃− = idη−⊗ω̄, and θ̃
− ◦ θ̃+ = idξ+⊗ω.

Set ξ̃(ω) := ξ+ ⊗ ω ⊕ η− ⊗ ω̄ for any σ-conjugate vector bundle ω.

Lemma 6.2.7. With the above notations, we have:

(i) For any m ≥ 1, we have π!(ω̂C) ∼= ω ⊕ ω̄.

(ii) Let m ≡ 0 (mod 2). Then there exists a complex vector bundle ξ0(ω) over

P (m, ν) such that π!(ξ0(ω)) ∼= ξ̃(ω).

Proof. We have identified ω with the bundle pr!2(ω) on Sm×CG(ν) in the statement

and will do so in the proof as well.

(i) We shall prove the stronger statement that π!(ω̂) ∼= ωR, the real vector bundle

underlying ω. Let σ̂ be the σ-conjugate vector bundle morphism of ω that covers

σ : CG(ν) → CG(ν). Recall that the total space E(ω̂) = P (Sm, E(ω)) of ω̂ is

obtained as the quotient of Sm × E(ω) where (v, e) is identified to (−v, σ̂(e)). The

vector bundle projection pω̂ : E(ω̂) → P (m, ν) maps [v, e] to [v, pω(e)]. We have a

commuting diagram where the horizontal maps are quotient maps and the vertical

maps are bundle projections:

(6.4)

Sm × E(ω) E(ω̂)

Sm × CG(ν) P (m, ν)

π̂

id×pω pω̂

π
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Since π̂ is an R-linear isomorphism on each fibre v × Ex(ω), it follows that

π!(ω̂) ∼= ωR.

(ii) We have a bundle involution θ̃ : E(ξ̃(ω)) → E(ξ̃(ω)) that covers θ defined

as:

θ̃(e+ ⊗ u, e− ⊗ v) = (θ̃−(e− ⊗ v), θ̃+(e+ ⊗ u)),

for e+ ⊗ u ∈ Eb(ξ
+ ⊗ ω), e− ⊗ v ∈ Eb(η

− ⊗ ω̄), b ∈ Sm × CG(ν). Note that θ̃ is

fixed point free. So we obtain a vector bundle ξ0(ω) over P (m, ν), whose total space

is E(ξ̃(ω))/⟨θ̃⟩ and we have the following commuting diagram in which the double

covering projection π̃ is a bundle map:

(6.5)

E(ξ̃(ω)) E(ξ0(ω))

Sm × CG(ν) P (m, ν)

π̃

p̃

π

p

Therefore π!(ξ0(ω)) = ξ̃(ω).

It is not clear whether there is a unique bundle (up to isomorphism) ξ0(ω) such

that π!(ξ0(ω)) ∼= ξ̃(ω). (However, ξC ⊗ ξ0(ω) ∼= ξ0(ω); see Lemma 6.2.10(ii) below.)

In the sequel, ξ0(ω) will always denote the bundle as constructed in the above proof.

The following lemma implies, that the class of any other such bundle differs from

[ξ0(ω)] by a torsion element in K0(P (m, ν)).

Lemma 6.2.8. Let m ≥ 1 be arbitrary. With notations as in Lemma 6.2.5,

kerπ! : K0(P (m, ν)) → K0(Sm × CG(ν)) is precisely the torsion subgroup of K0(P (m, ν))

and Im(π!) contains K.

Proof. By the naturality of the Chern character, we have the following commutative
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diagram:

(6.6)

K0(P (m, ν)) K0(Sm × CG(ν))

H∗(P (m, ν);Q) H∗(Sm × CG(ν);Q)

π!

ch

π∗

ch

Since ch : K0(Sm × CG(ν)) → H∗(Sm × CG(ν);Q) is a monomorphism, and

since π∗ : H∗(P (m, ν);Q) → H∗(Sm × CG(ν);Q) is a monomorphism, ker π! equals

the kernel of ch : K0(P (m, ν)) → H∗(P (m, ν);Q), which is precisely the torsion

subgroup of K0(P (m, ν)).

It remains to show that K ⊂ Im(π!). Recall that, by definition, δm = 0 when

m is odd. Since K is generated as a subring by x + x̄, δm(x − x̄) where x varies in

K0(CG(ν)), we need only to show that x+ x̄ and δm(x− x̄) are in Im(π!).

By Lemma 6.2.3, any x ∈ K̃(CG(ν)) may be expressed [ω] − d where ω is a σ-

conjugate complex vector bundle and d = rank(ω). Thus θ!(x) = σ!(x) = [ω̄]−d = x̄.

Consider the complex vector bundle ω̂C = ω̂ ⊗R C, the complexification of ω̂. We

have π!([ω̂C]− 2d) = [ω] + [ω̄]− 2d = x+ x̄. Thus x+ x̄ ∈ Im(π!). This proves that

K ⊂ Im(π!) when m is odd.

Let m ≡ 0 (mod 2). Recall from Remark 2.5.2 that [ξ−] = [η−] in K(Sm) and

so δm = [ξ+] − 2r−1 = −([η−] − 2r−1) in K0(Sm × CG(ν)). Therefore [ξ̃(ω)] =

[ξ+][ω] + [η−][ω̄] = δm([ω]− [ω̄])+ 2r−1([ω] + [ω̄]). By Lemma 6.2.7, [ξ̃(ω)] ∈ Im(π!).

It follows that δm(x− x̄) = δm · ([ω]− [ω̄]) ∈ Im(π!) since [ω] + [ω̄] ∈ Im(π!). Hence

K ⊂ Im(π!).

Recall that ξC denotes the complexification of the Hopf line bundle ξ over RPm.

We shall denote by the same symbol ξ (resp. ξC) the bundle p
!(ξ) (resp.p!(ξC)) over

P (m, ν).

Definition 6.2.9. Let m ≥ 1. With notations as above, define K0 ⊂ K0(P (m, ν))
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to be the subring generated by the following elements:

(i) [ξC], [ω̂C], and, (ii) when m is even, [ξ0(ω)],

where ω varies over σ-conjugate complex vector bundles over CG(ν).

We have the following proposition which gives partial information on the multi-

plicative structure of K0(P (m, ν)).

Proposition 6.2.10. Let m ≥ 1. The following relations hold in K0(P (m, ν)) for

any σ-conjugate vector bundles ω1, ω2 and ω over CG(ν).

(i) ([ξC]− 1)[ω̂C] = 0, and, the (additive) order of ([ξC]− 1) equals 2⌊m/2⌋.

Furthermore, when m is even, we have

(ii) ([ξC]− 1)[ξ0(ω)] = 0, [ξ0(ω1)] + [ξ0(ω2)] = [ξ0(ω1 ⊕ ω2)];

(iii) [ξ0(ω)] + [ξ0(ω̄)] ≡ 2r[ω̂C] modulo torsion;

(iv) [ξ0(ω1)][ξ
0(ω2)] ≡ 2r[ξ0(ω1⊗ω2)]−22r−2([ω1]− [ω̄1])([ω2]− [ω̄2]) modulo torsion.

Proof. (i) The assertion that ([ξC]− 1)[ω̂C] = 0 holds since ω̂ ⊗ ξ ∼= ω̂. (See [NS19,

Lemma 2.7].) That 2⌊m/2⌋ equals the additive order of ([ξC]− 1) = 0 follows readily

from the work of Adams [Ada62] in view of the fact that the projection p : P (m, ν) →

RPm induces a monomorphism p! : K0(RPm) → K0(P (m, ν)) since p admits a cross-

section.

(ii) The second assertion of (ii) is readily seen to be valid. We shall construct a

bundle isomorphism λ̃ : ϵC⊗ ξ̃(ω) → ξ̃(ω) that covers θ : Sm×CG(ν) → Sm×CG(ν)

and such that it descends to yield a bundle isomorphism ξC ⊗ ξ0(ω) ∼= ξ0(ω) on

P (m, ν). This readily implies the first assertion of (ii).

We have E(ξC) = Sm×CG(ν)×C/⟨µ⟩ where ρ : ϵC → ϵC is the involutive bundle

isomorphism that covers θ defined as ρ(b; t) = (θ(b);−t) ∀b ∈ Sm × CG(ν), t ∈ C.

We shall denote by [b; t] ∈ E[b](ξC) the image of (b; t) ∈ Eb(ϵC) under bundle map

ϵC → ξC covering the projection Sm × CG(ν) → P (m, ν). Thus [b; t] = [θ(b);−t].

The total space E(ξ0(ω)) of ξ0(ω) was described in the course of the proof

86



of Lemma 6.2.7 as E(ξ̃)/⟨θ̃⟩. We shall denote by (b;x, y) ∈ Eb(ξ̃(ω)) the element

(x, y) ∈ Eb(ξ
+ ⊗ ω)⊕ Eb(η

− ⊗ ω̄) and by [b;x, y] its image in E[b](ξ
0(ω)) under the

projection E(ξ̃(ω)) → E(ξ0(ω)). Thus [b;x, y] = [θ(b); θ̃−(y), θ̃+(x)].

The total space of ξC ⊗ ξ0(ω) has the following description: The fibre over [b] ∈

P (m, ν) is the vector space E[b](ξC) ⊗ E[b](ξ
0(ω)). Let t ∈ C, x ∈ Eb(ξ

+ ⊗ ω), y ∈

Eb(η
− ⊗ ω̄) so that [b; t] ∈ E[b](ξC), [b;x, y] ∈ E[b](ξ

0(ω)). Then the vector [b; t] ⊗

[b;x, y] ∈ E[b](ξC ⊗ ξ0(ω)) = E[b](ξC) ⊗ E[b](ξ
0(ω)) will be denoted [(b; t) ⊗ (x, y)].

Note that

(6.7) [(b; t)⊗ (x, y)] = [(θ(b);−t)⊗ (θ̃−(y), θ̃+(x))].

Consider the bundle map λ̃ : E(ϵC ⊗ ξ̃(ω)) → E(ξ̃(ω)) defined as follows: For

b ∈ Sm × CG(ν), t ∈ C, x ∈ Eb(ξ
+ ⊗ ω), y ∈ Eb(η

− ⊗ ω̄),

(6.8) λ̃((b; t)⊗ (b;x, y)) = (b;−tx, ty).

Then λ̃ is a complex vector bundle isomorphism that covers θ. Moreover,

λ̃ ◦ (ρ⊗ θ̃)((b; t)⊗ (b;x, y)) = λ̃((θ(b);−t)⊗ (θ(b); θ̃−(y), θ̃+(x)))

= (θ(b); tθ̃−(y),−tθ̃+(x))

= θ̃(b;−tx, ty)

= θ̃(λ̃((b; t)⊗ (b;x, y)))

Therefore λ̃ yields a well-defined bundle isomorphism λ : ξC ⊗ ξ0(ω) → ξ0(ω),

covering the identity map of P (m, ν), defined as [(b; t)⊗ (x, y)] 7→ [b;−tx, ty]. This

shows that ξC ⊗ ξ0(ω) ∼= ξ0(ω).

(iii) In view of the fact that ker(π!) equals the torsion subgroup of K0(P (m, ν)),

it suffices to show that π!([ξ0(ω)]+[ξ0(ω̄)]) = 2rπ!([ω̂C]). Since π
!(ω̂C) = ([ω]+[ω̄]) by
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Lemma 6.2.7 and since π!(ξ0(ω)) = ξ̃(ω), we need only to show that [ξ̃(ω)]+[ξ̃(ω̄)] =

2r([ω] + [ω̄]). It is clear that ξ̃(ω) ⊕ ξ̃(ω̄) = (ξ+ ⊕ η−) ⊗ (ω ⊕ ω̄) ∼= 2r(ω ⊕ ω̄) since

we have a complex vector bundle isomorphism ξ+ ⊕ η− ∼= ξ+ ⊕ ξ− ∼= 2rϵC on Sm.

(iv) We have

π!(ξ0(ω1)⊗ ξ0(ω2)) = ξ̃(ω1)⊗ ξ̃(ω2)

= (ξ̃+ ⊗ ω1 + η− ⊗ ω̄1)⊗ (ξ̃+ ⊗ ω2 + η− ⊗ ω̄2)

= (ξ+)2 ⊗ (ω1 ⊗ ω2) + (η−)2 ⊗ (ω̄1 ⊗ ω̄2) + ξ+η− · (ω1 ⊗ ω̄2 ⊕ ω̄1 ⊗ ω2).

Now by Theorem 2.5.1 and Remark 2.5.2, [ξ+]2 = 2r[ξ+]−22r−2, [η−]2 = 2r[η−]−22r−2

and [ξ+η−] = 22r−2. Substituting in the above equation and using ξ̃(ω) = ξ+ ⊗ ω ⊕

η− ⊗ ω̄ (with ω = ω1 ⊗ ω2) we obtain:

π!([ξ0(ω1)⊗ ξ0(ω2)]) = 2r([ξ̃(ω1 ⊗ ω2)])− 22r−2([ω1 ⊗ ω2] + [ω̄1 ⊗ ω̄2])

+22r−2([ω1 ⊗ ω̄2] + [ω̄1 ⊗ ω2])

= 2rπ!([ξ0(ω1 ⊗ ω2)]− 22r−2([ω1]− [ω̄1])([ω2]− [ω̄2]).

Since ker(π! : K(P (m, ν)) → K(Sm×CG(ν))) consists only of torsion elements, our

assertion follows.

Theorem 6.2.11. Let m ≥ 1 and let r = ⌊m/2⌋. The homomorphism π! :

K0(P (m, ν)) → K0(Sm ×CG(ν)) defines a surjective ring homomorphism K0 → K,

again denoted π!, whose kernel equals the torsion ideal T 0 ⊂ K0. The quotient group

K0(P (m, ν))/K0 is a finite abelian 2-group.

Proof. We have π!([ω̂C]) = [ω]+[ω̄] ∈ K, and, whenm is even, π!([ξ0(ω)]) = [ξ̃(ω)] =

[ξ+][ω] + [η−][ω] = [ξ+]([ω − ω̄]) + 2r[ω̄] = δm([ω] − [ω̄]) + 2r−1π!([ω̂C]). Therefore

δm([ω] − [ω̄]) is in π!(K0). This shows that the homomorphism π! : K0 → K is

surjective.

Since, by Lemma 6.2.8, the kernel of π! : K0(P (m, ν)) → K0(Sm × CG(ν))
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consists only of torsion elements, it follows that the same is true of K0 → K. By

the same lemma, rank(K) = rank(K0(P (m, ν))), and since K0 ⊂ K0(P (m, ν)),

it follows from the surjectivity of K0 → K that rank(K0) = rank(K0(P (m, ν)).

Therefore K0(P (m, ν))/K0 is a torsion group. Since H∗(P (m, ν);Z) has no odd

torsion, it follows (for example by using the Atiyah-Hirzebruch spectral sequence)

that K0(P (m, ν)) has no odd torsion. This proves the last assertion of the theorem.

Remark 6.2.12. It is clear that Z2ry is contained in the torsion subgroup of K0(P (m, ν)).

We have not been able to determine the torsion part of K0(P (m, ν)). This seems to

us to be a rather difficult, albeit an interesting problem.
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Chapter 7

Applications

In this chapter, we apply our results on cohomology of generalized Dold spaces

obtained in the earlier chapters, to mod-2 equivariant cohomology of certain (X, σ),

fixed-point of self-maps of P (Sm,CGn,k) and degrees of maps between P (Sm,CGn,k)

and P (Sr,CGs,t) (under some restrictions).

7.1 Equivariant cohomology of (X, σ)

As an application of Theorems 4.2.4, 4.3.4 we obtain the Z2-equivariant cohomology

H∗
Z2
(X;Z2) of (X, σ) when X is either a torus manifold whose torus quotient is

a homology polytope, or, is a complex flag manifold Fν . At least in the case of

complex flag manifolds, this result is perhaps known to experts but we could not

find an explicit reference.

When S = S∞ with antipodal action, the space P (S∞, X) is identical to the

Borel construction S∞ ×Z2 X (since S∞ is contractible). Therefore the equivari-

ant cohomology algebra H∗
Z2
(X;Z2) equals H

∗(P (S∞, X);Z2). When H∗(X;Z2) is

generated by mod 2 reduction of Chern classes of finitely many σ-conjugate vector

bundles (ωj, σj), Proposition 3.1.2 is applicable and we obtain that H∗
Z2
(X;Z2) is
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isomorphic to Z2[y] ⊗ H∗(X;Z2) as a H∗(RP∞;Z2) = Z2[y]-module. The inclu-

sion Sm ↪→ S∞ induces an inclusion P (Sm, X) ↪→ P (S∞, X) which is an (m − 1)-

equivalence. It follows that H i
Z2
(X;Z2) ∼= H i(P (S∞, X);Z2) → H i(P (Sm, X);Z2)

induced by inclusion is an isomorphism for all i < m. Therefore H∗
Z2
(X;Z2) is iso-

morphic to the inverse limit of graded Z2-algebras {H∗(P (Sm, X);Z2)}m≥2. As an

illustration, we obtain the following result as an immediate consequence of Theorems

4.2.4 and 4.3.4.

Theorem 7.1.1. We keep the above notations from §4.2.

(i) Let X = X(Q,Λ) be a T -torus manifold where Q = X/T is a homology polytope.

Then H∗
Z2
(X;Z2) is isomorphic to the A-algebra R(Q,Λ) where A = H∗(RP∞;Z2) ∼=

Z2[y].

(ii) Let ν = n1 ≤ · · · < ns, n =
∑
nj. Then H∗

Z2
(Fν ;Z2) is isomorphic to Rν/Iν

where Rν = A[ŵ2i,j; 1 ≤ i ≤ nj, 1 ≤ j < s] where A = H∗(RP∞;Z2) = Z2[y] and

Iν ⊂ Rν is the ideal generated by the a2i ∈ Rν , ns < i ≤ n. 2

7.2 Fixed-points of self maps of P (Sm,CGn,k)

A topological space X is said to have fixed-point property if for any continuous map

f on X, there exists x ∈ X such that f(x) = x. Here we shall explore the fixed-

point property of generalized Dold spaces. We shall make use of our earlier results

on cohomology of generalized Dold spaces to deduce some conditions such that

continuous maps satisfying them have fixed-points. Let us begin by the following

result which gives a necessary criterion for a generalized Dold space to have fixed-

point property.

Proposition 7.2.1. A generalized Dold space P (S, α,X, σ) does not have fixed-

point property if any of the following holds:

(i) Y = S/∼α does not have the fixed-point property.
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(ii) There exists a map f : X → X having no fixed-point and f ◦ σ = σ ◦ f .

Proof. (i) Let g : Y → Y be fixed-point free. Then ϕ := s ◦ g ◦ p on P (S,X) also

has no fixed-points, where p is the X-bundle projection and s is a section.

(ii). Suppose that f : X → X has no fixed-points and that f ◦ σ = σ ◦ f . Now

define ψ : P (S,X) → P (S,X) as [s, x] 7→ [s, f(x)]. The well-definedness follows

because ψ([α(s), σ(x)]) = [α(s), f ◦ σ(x)] = [α(s), σ ◦ f(x)] = [s, f(x)] = ψ([s, x]).

Clearly, ψ has no fixed-points. This completes the proof.

Remark 7.2.2. (i) Let P (m,n) be a classical Dold manifold such that at least one

of m and n is odd. Then P (m,n) does not have fixed-point property.

Proof. When m is odd, the proof immedietly follows from the above proposition.

When n is odd, we can construct a map f : CP n → CP n defined by

[x1 : x2 : · · · : xn, xn+1] 7→ [x2 : −x1 : · · · : xn+1,−xn]

which does not have any fixed-point. Clearly, f ◦σ = σ◦f , where σ is the involution

on CP n induced from complex conjugation on Cn. Thus, again using Proposition

7.2.1, P (m,n) does not have fixed-point property.

Now we provide a criterion for the existence of a fixed-point of a self map on the

generalized Dold manifolds P (m,n, k) := Sm × CGn,k/ ∼, where (x,L) ∼ (−x, L̄).

We have Proposition 7.2.4 as an application of Theorem 5.4.2.

In order to prove the Proposition 7.2.4, we need the following known result due

to Glover and Homer (see [GH78]).

Theorem 7.2.3 (Glover-Homer). Assume that either (i) k ≤ 3 and n > 2k, or

(ii) k > 3 and n > 2k2 − 1 holds. Then every graded ring homomorphism φ of

H∗(CGn,k;Z) is an Adams map. i.e., there exists an integer λ such that φ(ci) = λici,
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where ci denotes the i-th Chern class of the canonical complex k-plan bundle γn,k

over CGn,k.

Proposition 7.2.4. Let m be odd and either (i) k ≤ 3 and n > 2k, or (ii) k > 3

and n > 2k2 − 1 hold. Then for any continuous map f : P (m,n, k) → P (m,n, k)

with the degree deg(p ◦ f ◦ s) ̸= 1, there exists a fixed-point.

Note that the generalized Dold manifolds considered in the above statement does

not have fixed-point property, using the fact that RPm has fixed-point property if

and only if m is even and the Proposition 7.2.1.

Proof. Observe that the map f ◦π has a lift f̃ to Sm×CGn,k for the double covering

π : Sm × CGn,k → P (m,n, k), since f∗ ◦ π∗(π1(Sm × CGn,k)) ⊆ π∗(π1(Sm × CGn,k)).

Recall from Theorem 5.4.2, setting ν = (k, n− k) and γ1 = γn,k, γ2 = βn,k, that

π∗ : H∗(P (m,n, k);Q) → FixH∗(θ;Q)) is an isomorphism, where FixH∗(θ;Q)) ⊂

H∗(Sm×CGn,k;Q) ∼= H∗(Sm;Q)⊗H∗(CGn,k;Q). Note that FixH∗(θ;Q)) ∼= H∗(Sm;Q)⊗

FixH∗(σ;Q)). Then we have the following commutative diagram:

(7.1)

H∗(P (m,n, k);Q) FixH∗(θ;Q)) H∗(Sm × CGn,k;Q)

H∗(P (m,n, k);Q) FixH∗(θ;Q)) H∗(Sm × CGn,k;Q).

π∗

f∗ f̃∗ f̃∗

π∗

Since m is odd and Hod(CGn,k;Q) =
⊕

q≥0H
2q+1(CGn,k;Q) = 0, because of

degree reasons, there exist two graded endomorphisms φ1 : H
∗(Sm;Q) → H∗(Sm;Q)

and φ2 : H∗(CGn,k;Q) → H∗(CGn,k;Q) such that f̃ ∗ = φ1 ⊗ φ2. We regard f ∗ as

φ1 ⊗ φ2 restricted to FixH∗(θ;Q)).

Now Theorem 7.2.3 ensures the existence of an integer λ such that φ2(ci) = λici,

where ci denotes the i-th Chern class of the canonical complex k-plane bundle γn,k

over CGn,k. Also there exist an integer µ such that φ1(um) = µum, where um denotes

a generator of Hm(Sm;Z). Note that deg(p ◦ f ◦ s) = µ and so, µ ̸= 1.

94



The diagram 7.1 and the fact that π∗ : H∗(P (m,n, k);Q) → FixH∗(θ;Q)) is an

isomorphism, the Lefschetz numbers computed for f ∗ and the restriction of f̃ ∗ to

FixH∗(θ;Q)) are equal. Let us denote FixH i(θ,Q)) by T i and FixH i(σ;Q)) by F i.

Thus the Lefschetz number of f :

L(f) =
∑

(−1)itr(f ∗ : H i(P (m,n, k);Q) → H i(P (m,n, k);Q))

=
∑

(−1)itr(f̃ ∗ : FixH i(θ;Q)) → FixH i(θ;Q)))

=
∑

i≥0 tr(f̃
∗|T 2i)−

∑
i≥0 tr(f̃

∗|T 2i+1)

=
∑

i≥0 tr(φ2|F 2i)− µ
∑

i≥0 tr(φ2|F 2i)

[ ∵ since m is odd and φ1(um) = µum ]

= (1− µ)
∑

i≥0 tr(φ2|F 2i)

= (1− µ)
∑

i≥0 d4iλ
2i [ where d4i is the dimension of H4i(CGn,k;Q) ]

̸= 0 [ ∵ µ = deg(p ◦ f ◦ s) ̸= 1 ].

This shows that the Lefschetz number of f is nonzero and consequently, f has a

fixed-point. This completes the proof.

7.3 Degrees of maps between certain generalized

Dold manifolds

Here we see some applications of the results on cohomology of GDS on the degrees

of maps between two oriented generalized Dold manifolds of the same dimension.

Recall that P (m,n, k) = P (Sm,CGn,k) := Sm × CGn,k/∼, where (x,L) ∼ (−x, L̄).

We have the following proposition as an application of Theorem 5.4.2.

Proposition 7.3.1. Let f : P (m,n, k) → P (r, s, t) be a continuous map between

two oriented and same-dimensional generalized Dold manifolds. Further, assume

that (i) ⌊k/2⌋ < ⌊t/2⌋ if m = r is odd, and k < t if m = r is even,

(ii) CGs,t ̸= CG2,1 = CP 1 if r ̸= m = 2.
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Then the degree of f is zero.

The proof of Proposition 7.3.1 is divided into two following lemmas, namely

Lemma 7.3.3 and Lemma 7.3.5, depending on the cases (i) m ̸= r and (ii) m = r.

Notations: Let us fix some notations before proceeding further. We denote the

canonical complex k-plane bundle of a complex Grassmannian manifold CGn,k by

γn,k. Denote the i-th Chern classs of γn,k and γs,t by ci and di respectively. Let

um denote a generator of Hm(Sm;Q). Define the degrees of ci, di to be 2i and the

degree of um to be m. Denote both the coverings Sm × CGn,k → P (m,n, k) and

Sr × CGs,t → P (r, s, t) by π. Also, we shall use the same symbol θ to denote the

involutions on Sm × CGn,k and Sr × CGs,t.

It is well-known that H∗(CGn,k;Z) ∼= Z[c1, c2, . . . , ck]/I, where I is generated

by the relations fl, n − k + 1 ≤ l ≤ n for some homogeneous polynomials fl in

c1, c2, ..., ck of degree 2l, considering the degrees of ci to be 2i. Now we make the

following remark for future usage.

Remark 7.3.2. There is no algebraic relation among c1, c2, . . . , ck up to degree

2(n − k) in Z[c1, c2, . . . , ck]/I ∼= H∗(CGn,k;Z), where degree of ci is 2i. Similar

observation hold for CGs,t.

In many places of the following proofs, we will use the fact that for a continuous

map f :M → N between two closed, oriented manifolds of the same dimension, with

deg(f) ̸= 0, the induced map on rational cohomology f ∗ : H∗(N ;Q) → H∗(M ;Q) is

a monomorphism.

It is known that c
k(n−k)
1 ̸= 0 in H∗(CGn,k;Q), where c1 denotes the first Chern

class of γn,k. See [§15, [Hir95]].

Lemma 7.3.3. Consider a continuous map f : P (m,n, k) → P (r, s, t) where the

generalized Dold manifolds are oriented and of the same dimension. Further assume

that (i) m ̸= r, and, (ii) (m, 2t(s− t)) ̸= (2, 2). Then the degree of f is zero.
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Proof. Recall that the fundamental group of P (m,n, k) isomorphic to Z if m = 1

and Z2 if m > 1. Using this and the fact that π∗ : π1(Sm×CGn,k) → π1(P (m,n, k))

is a monomorphism, it is not hard to see that (f ◦π)∗(π1(Sm×CGn,k)) ⊂ π∗(π1(Sr×

CGs,t)). It follows that f can be lifted to f̃ : Sm × CGn,k → Sr × CGs,t such that

π ◦ f = f̃ ◦ π. This implies deg(f) = deg(f̃), since deg(π) = 2. Thus it is enough to

show that deg(f̃) = 0.

Observe that f̃ ∗(d1) = aum + bc1 for some a, b ∈ Q where a = 0 if m ̸= 2.

It is important to note that if k(n − k), t(s − t) differ by an odd number, then

one of the generalized Dold manifolds P (m,n, k) and P (r, s, t) is non-orientable.

This follows from the fact that dimP (m,n, k) = m + 2k(n − k) = r + 2t(s − t) =

dimP (r, s, t) and P (m,n, k) is orientable if and only if m + k(n − k) is odd (see

Remark 3.2.7 (ii)). Thus m1 ̸= m2 implies |k(n − k) − t(s − t)| ≥ 2. Define

n1 := k(n− k) and n2 := t(s− t). It is well-known that 0 ̸= cn1
1 ∈ H∗(CGn,k;Q) and

0 ̸= dn2
1 ∈ H∗(CGs,t;Q) (see [§15, [Hir95]]).

Case 1: n2 − n1 ≥ 2. Using the notations above, we have

0 ̸= dn2
1 7→ f̃ ∗(dn2

1 ) = n2ab
n2−1cn2−1

1 um + bn2cn2
1 = 0,

since n2 − n1 ≥ 2 and u2m = 0. Consequently, f̃ ∗ is not a monomorphism.

Case 2: n1 − n2 ≥ 2. In this case, f̃ ∗(d1) = aum + bc1 (a = 0 unless m = 2)

implies

0 = dn1
1 7→ f̃ ∗(dn1

1 ) = n1ab
n1−1cn1−1

1 um + bn1cn1
1 ,

using n1 − n2 ≥ 2 and u2m = 0. Since cn1
1 , c

n1−1
1 um are Q-linearly independent in

H∗(Sm × CGn,k;Q), the right-hand side of above is zero implies b = 0, ab = 0.

If a = 0, f̃ ∗(d1) = 0 and so f̃ ∗ is not a monomorphism.

If a ̸= 0, f̃ ∗(d1) = au2. Now we have two cases: (a) d21 ̸= 0 and (b) d21 = 0.

In case (a), 0 ̸= d21 7→ f̃ ∗(d21) = a2u22 = 0 implies f̃ ∗ is not a monomorphism. In case
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(b), d21 = 0 implies CGs,t = CG2,1; and consequently, (2, 2t(s− t)) = (2, 2) which is

not possible because of hypothesis (ii).

Therefore, f̃ ∗ is not a monomorphism and hence, deg(f̃) = deg(f) = 0.

Remark 7.3.4. The hypothesis (ii) in the above lemma may not be necessary. In

fact, if (m, t(s − t)) = (2, 2), then we have f : P (2, n, k) → P (r, 2, 1). The equality

of the dimensions of P (2, n, k) and P (r, 2, 1) implies r = 2k(n − k). Additionally,

CG2,1 = CP1, which is homeomorphic to S2. One can see that there exist non-

zero degree maps from S2 × CGn,k to S2k(n−k) × S2, using the degree 1 map from

CGn,k → S2k(n−k) which collapses the (2k(n−k)−1)-th skeleton of CGn,k. However,

it requires further investigation to determine whether f̃ : S2×CGn,k → S2k(n−k)×S2

can have non-zero degree.

We have the following lemma where we consider m = r for studying the degree

of a map f : P (m,n, k) → P (r, s, t). See Theorem 2 in [RS97] for a similar result in

the context of the complex Grassmannians.

Lemma 7.3.5. Consider a continuous map f : P (m,n, k) → P (m, s, t) where the

generalized Dold manifolds are oriented and of the same dimension. Further assume

that 1 ≤ k ≤ n/2, 1 ≤ t ≤ s/2 and m ≥ 1. Then the degree of f is zero in each of

the following cases:

(i) m is odd and ⌊k/2⌋ < ⌊t/2⌋,

(ii) m is even and k < t.

Proof. We shall use the notation #l to mean “the number of distinct monomials of

degree l” throughout the proof.

Using Theorem 5.4.2, we know that π∗ : H∗(P (m,n, k);Q) → FixH∗(θ;Q)) is

an isomorphism, and, since FixH∗(θ;Q)) ⊂ H∗(Sm;Q) ⊗ H∗(CGn,k;Q), the gen-

erators of FixH∗(θ;Q)) involves the Chern classes of γn,k and um (using Theo-

rem 5.4.1 and Remark 7.3.2). Thus it makes sense to say that the generators of
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H∗(P (m,n, k);Q) ∼= FixH∗(θ;Q)) involve certain Chern classes and um. Similar

observation holds for π∗ : H∗(P (m, s, t);Q) → FixH∗(θ;Q))).

(i) Assume (i) holds. We have H∗(P (m,n, k)) ∼= FixH∗(θ;Q)) ∼= H∗(Sm;Q) ⊗

FixH∗(σ;Q)), since m is odd. The Remark 7.3.2 ensures that FixH∗(σ;Q)) is gen-

erated by monomials in c1, c2, . . . , ck, where each monomial’s degree is a multiple of

4. Thus, we have

dim(H l(P (m,n, k);Q)) = #l in {ci}ki=1 if l ≤ 2(n− k)

≤ #l in {ci}ki=1 if l > 2(n− k).

A similar observation is true for P (r, s, t). Combining all these, we get

dim(H4⌊t/2⌋(P (m, s, t);Q)) = #4⌊t/2⌋ in {di}ti=1, since t ≤ s/2

> #4⌊t/2⌋ in {ci}ki=1, since ⌊k/2⌋ < ⌊t/2⌋

≥ dim(H4⌊t/2⌋(P (m,n, k);Q)).

This shows that f ∗ : H4⌊t/2⌋(P (m, s, t);Q) → H4⌊t/2⌋(P (m,n, k);Q) is not a monomor-

phism and hence deg(f) = 0.

(ii) Assume (ii) holds. We proceed with two cases: (a) t is even and (b) t is odd.

(a) Suppose that t is even. Here k < t implies ⌊k/2⌋ < ⌊t/2⌋. Now using Theo-

rem 5.4.1 and Remark 7.3.2, proceeding similarly as above, we have

dim(H4⌊t/2⌋(P (m, s, t);Q)) = #4⌊t/2⌋ in {di}ti=1 ∪ {um} [∵ t ≤ s/2 ≤ s− t]

> #4⌊t/2⌋ in {ci}ki=1 ∪ {um}, [since ⌊k/2⌋ < ⌊t/2⌋,

the left hand side counts an extra monomial d2⌊t/2⌋.]

≥ dim(H4⌊t/2⌋(P (m,n, k);Q)).

This shows that f ∗ is not a monomorphism; consequently, the degree of f is zero.

(b) Suppose that t is odd. Now we consider (m+2t)-th cohomology and similarly
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observe that

dim(Hm+2t(P (m, s, t);Q)) = #m+2t in {di}ti=1 ∪ {um}

> #m+2t in {ci}ki=1 ∪ {um}, [since left hand side counts

an extra monomial umdt as k < t and t is odd.]

≥ dim(Hm+2t(P (m,n, k);Q)).

Thus, f ∗ is not a monomorphism and so, deg(f) = 0.

Now we are done with all the cases and this completes the proof.
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