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Summary

A Dold manifold is defined as the quotient space S™ x CP™/~, where (s, L) ~
(—s, L). These manifolds were first introduced by Albrecht Dold in 1956 to construct
generators in odd dimensions for Thom’s unoriented cobordism ring (see [Dol56]).
The above definition was generalized by Nath and Sankaran to a broader class of
manifolds in order to study certain manifold-properties, which they termed gen-
eralized Dold manifolds (see [NS19]). We generalize this even further and call it

generalized Dold spaces (GDS) in [MS22] to study cohomology of these spaces.

A GDS is defined as follows: Consider two paracompact Hausdorff topological
spaces S, X with two involutions a, o on S, X respectively. Assume « is fixed point
free and o has fixed points. Then the GDS, denoted by P(S, X), is defined to be the

quotient space of S x X by the free Z, action generated by the involution 6 := a x 0.

When S, X are CW complexes satisfying certain additional hypotheses, we show
that, as Zy-vector spaces, H*(P(S, X);Zy) = H*(Y;Zy) @ H*(X;Zy) where Y =
S/Zy. We also obtain the same result when H*(X;Z,) is generated by the Stiefel-
Whitney classes of finitely many o-conjugate (complex) vector bundles. See Propo-
sition . In our study, we consider the integral cohomology groups of P(.S, X)
assuming that X has a CW structure with cells only in even dimensions and that

each cell is stable by the involution ¢ and certain conditions on S.

We obtain a formula for Stiefel-Whitney classes of the real vector bundle over



P(S,X) associated to a o-conjugate vector bundle over X when H'(X;Z,) = 0.
This formula is applied to obtain the ring structure of H*(P(S, X);Z,) when X is
a torus manifold whose torus quotient is a homology polytope, or is a complex flag
manifold. See Theorem {.2.4| and Theorem As an application, we compute

the equivariant cohomology ring H (X;Zs) (see Theorem [7.1.1)).

We determine the integral cohomology groups of P(m,v) = P(S™,CG(v)), where
CG(v) is a complex flag manifold of type v = (ny,ng, ..., ns). In fact the additive

structure of H*(P(S, X);Z) is obtained for a much wider class of spaces.

A description of H*(P(m,v); R) as a quotient of a polynomial ring is given in

Theorem 5.4.2], when R is any commutative ring with identity in which 2 is invertible.

We have presented the K-groups of P(m,v) = P(S™,CG(v)) as:
(i) KO(P(m,v)) = Z%®Zym2) ® Ay where o(Ag) = 2! for some t, 0 < t < b —|m/2],
(ii) KY(P(m,v)) =2 Z% @ A; where o(A;) = 2! for some t, 0 <t <V,

where b, b,, b, b, are computed in terms of m and v. See Proposition [6.1.1]

0y Yer Yo

We construct certain canonical complex vector bundles over P(m, v) and consider
a subring K° of K°(P(m,v)) generated by the classes of those vector bundles and
show that as an abelian group, K°(P(m,v))/K" is finite. See Theorem [6.2.11}

As an application of Theorem [5.4.2] we provide a criterion for the existence of
fixed points of a self map on the generalized Dold manifolds P(m,n, k) = P(S™,CG,, ),

where CG,, . is a complex Grassmannian manifold. See Proposition

We have another application: Let f : P(m,n,k) — P(r,s,t) be a continuous
map between two distinct oriented same dimensional generalized Dold manifolds
satisfying the conditions: (i) |k/2] < |t/2] if m =ris odd, k < t if m = r is even,

and (i) (m,2t(s —t)) # (2,2). Then degree of f is zero. See Proposition [7.3.1]
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Notations

Z The set of integers.

Q The set of rational numbers.

R The set of real numbers.

C The set of complex numbers.
Z,,=Z/mZ The set of integers modulo m.
[n] The set {1,2,3,--- ,n}.

|n] The greatest integer < n.

« Typically a free involution on S.

Antipodal map when S is a sphere.
o Typically an involution on X with fixed points.

The involution induced from conjugation on C" when X = CG(v).

0 a X o.

P(S, X) The generalized Dold space S x X/~y, where 6 := a X 0.
sm The unit sphere in R™*!,

RP™ The real projective space of real dimension m.

CpP™ The complex projective space of complex dimension n.
CGh i The complex Grassmannian manifold consisting of

k-dimensional complex subspaces of C".

CG(v) The complex flag manifold of type v.

1l



v A finite sequence (nq,ng, ..., n,) of positive numbers.

4 n = Zlgjgs .
v, The number of odd numbers in the sequence v = (nq,na, ..., ng).
lv/2] The sequence (ny,ny,...,n,) where v = (ny,ng, ..., n)

and n}; = |n;/2] for j =1,2,...,s.

™) The multinomial coefficient n!/(n;!---ng!).
Sh The permutation group on [n].
Sy Spy X oo XS, C S, where v = (ny,ng, ..., n).

O(n) The orthogonal group of R™.

SO(n)  The special orthogonal group of R™.

Pin(m) The pin group, a double cover of O(m).

Spin(m) The spin group, a double cover of SO(m).

U(n) The unitary group of C".

SU(n)  The special unitary group of C".

U(v) U(ny) x U(ng) x ---U(ns) C U(n) where v = (nq,ng, ..., ng).

€R The trivial real line bundle.

€c The trivial complex line bundle.

1S A twisted line bundle.

we The complexified vector bundle of a vector bundle w.

w A real vector bundle of rank 2r over P(S, X) associated to

S

a o-conjugate complex vector bundle w over X of rank r. See

Yk The canonical complex k-plane bundle over CG,, .
Bk The canonical complex (n — k)-plane bundle over CG,, k.
A Spin(m) complex representation. See

AT A~ Half-spin representations of Spin(2r). See
¢t,&~  The complex vector bundles over S™ = Spin(m + 1)/Spin(m)

associated to representations A*, A~ respectively. See

v



Ty 3

[oh

The vector bundle o' (£F) over S where « is the antipodal map.

The vector bundle £ & 1~ over S™.

A bundle isomorphism of € covering « such that & o & = idg.
The complex vector bundle over S?,

whose total space is E(£°) := E(£)/(a).

Closed cells in B.

The open cell corresponding to the cell e.

For a cell e in B, e* are closed cells in B

such that p(e®) = e as oriented cells.

(et £e7)/2.

(i1,92,...,1%), where 1 <4, < i, <nif p <gq.

The set of all i = (iy,49,...,4),1 < i, <n.

S™ x CG(v)/~, where (z,L) ~ (—x,L).

The Schubert variety (cell) corresponding to i. See

The indexing set of all Schubert cells in CG(v). See
dimc X (i).

{iel(v)|(i)=0 (mod2)}.

{ielw)|li)=1 (mod2)}=1I)\ L)

A Z-basis of H,(P(m,v);Z)/torsion. See §5.3

A Zy-basis of the torsion subgroup of H,(P(m,v);Z). See
U0 Ba-

Uy By

Uyso0 Bag:

Uyso0 Bag1-

U0 Bag-

quo B/Qq—i-l =B \ Bcla'



|Bel.

By

B

B,

Bo-

Be-

|Ie(v)].

| Lo(v)]-

The canonical complex n;-plane bundle over CG(v)

whose fibre over L = (Ly, ..., L;) is L;.

The j-th Chern class of w.

The total Chern polynomial 1+ ¢;(w)t + co(w)t* + -+ + ¢ . (wW)t".
[€F] =2t =271 —[¢7] if m is even, and 0 if m is odd.

¢t ®@wdn ®w for any o-conjugate vector bundle w over CG(v).

E(¢(w)) = E(&(w)) is a bundle involution that covers 6 defined as:

Oet Qu,e” @v) = (& (e7) ®0),at(et) @ a)).

The complex vector bundle over P(m, v), whose total space is E(£(w))/(6).
The subring of K°(S™ x CG(v)) generated by the elements

(i) z + 7 and, (ii) d,,(x — Z) when m is even, as x varies in K°(CG(v)).
The subring of K°(P(m,v)) generated by the following elements:

(i) [&c], [we], and, (ii) when m is even, [€%(w)],

where w varies over o-conjugate complex vector bundles over CG(v).
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Chapter 1

Introduction

The classical Dold manifold P(m,n) is defined as the orbit space of the Zy-action on
S™ x CP™ generated by the involution (v, [z]) — (—v,[Z]),v € S™, [z] € CP™. Here
[Z] denotes [Zg : --- : Z,] when [2] = [29: - - - : 2,] € CP™. These manifolds were first
introduced by Albrecht Dold in 1956 to give explicit generators in odd dimensions

for Thom’s unoriented cobordism ring. See [Dol56].

The generalized Dold manifold P(m, X) was introduced in [NS19] as the quo-
tient of S™ x X under the identification (v,z) ~ (—v,o(z)), where 0 : X — X
be a complex conjugation on an almost complex manifold (X, .J), that is, o is an
involution with non-empty fixed point set such that, for any z € X, the differential
Tyo : T, X — T, X satisfies the equation J,) 0T, = —T,00J,. See [CE64, §24].
The main focus in [NS19] was the study of manifold-properties of P(m, X) such as
the description of its tangent bundle, a formula for its total Stiefel-Whitney class,

the (stable) parallelizability and related properties, and its cobordism class.

Sarkar and Zvengrowski [SZ22] have constructed smooth manifolds which are a
simultaneous generalization of projective product spaces due to Davis [Dav1(] and
of Dold manifolds and call them generalized projective product spaces. These are

Zy-quotients P(M, N) of products M x N by the diagonal action where M, N are



manifolds admitting Z,-actions where the action on M is assumed to be free. When
the fixed point set for Zs-action on NN is non-empty, they are also generalized Dold
spaces in our sense. Sarkar and Zvengrowski also obtain results on Z;-cohomology in
many special cases, including when M is a product of spheres and N is a quasi-toric
manifold, besides results on manifold-properties of generalized projective product

spaces.

Here, our aim is to study cohomology and complex K-theory of the generalized
Dold manifolds. While studying the homotopical /homological properties, it is nat-
ural to do away with stringent requirements such as X to be an almost complex
manifold. Also we replace (S, antipode), by a pair (S, a) where S is, say, a para-
compact Hausdorff topological space and o : S — S a fixed point free involution.
Likewise, X is any Hausdorff topological space with an involution ¢ : X — X hav-
ing a non-empty fixed point set. Then P(S,a, X, o) (or more briefly P(S, X)) is
the space S Xz, X =S x X/~ where (v,z) ~ (a(v),o(x)) which is the quotient of

S x X by the free Zy-action generated by a X o.

Denote by Y the space S/~,. Then a GDS, P(S, X) is the total space of a fibre
bundle X — P(S,X) — Y. Also, we have an embedding Y x Fiz(o) — P(S, X).

The class of GDS covers a wide range of spaces including real and complex
projective spaces, generalized Klein’s bottles, certain compact complex manifold

bundles over real projective spaces, and various other fibre bundles.

We highlight the main results of the thesis on:

1. Cohomology groups of P(S, a, X, o) for a wide class of spaces (5, ) and (X, o).

2. Mod 2 cohomology algebra of P(S, X), where S is a paracompact topologi-
cal space and X is (i) a torus manifold (see [MPOG]) under certain mild as-

sumptions, which are satisfied by quasi-toric manifolds and (ii) a complex flag

manifold CG(v).



3. Integral cohomology groups of P(S™,CG(v)).
4. The ring structure of H*(P(S™,CG(v)); Z[1/2)).

5. K-groups of P(S™,CG(v)) up to 2-torsions.

In the following sections, we present the major findings of the thesis.

1.1 Cohomology groups of GDS

This chapter focuses on studying cohomology of generalized Dold spaces P(S, X)

where S, X are topological spaces under mild assumptions.

Suppose that S, X are locally finite CW complexes. Under appropriate hypothe-
ses on the cell structures on S and X, we obtain a nice CW structure on P(S, X)
which has the property that the mod 2 cellular boundary map vanishes. Then we

have the following result.

Proposition 1.1.1 (See Proposition. Suppose that (S, «) is any Zy-equivariant
CW complex such that the induced cell structure on'Y = S/~ is perfect mod 2.
Suppose that X is a CW complex such that (i) each skeleton X® k > 1 is fi-
nite, (ii) the cell structure is perfect mod 2, and, (iii) each cell is mapped to it-
self by o : X — X. Then the CW structure on P(S,X) induced by the product

CW structure on S x X 1is perfect mod 2. In particular, one has an isomorphism

H*(P(S,X);Z) = H(Y;Zy) ® H(X;Zy) of H*(Y; Zy)-modules.

We consider another situation where the X-bundle p : P(S,X) — Y admits
a Zy-cohomology extension of fibre. Since Fix(o) = X # (), we have a cross-
section Y — P(5,X) of the X-bundle and so it follows that p* : H*(Y;Zy) —

H*(P(S,X);Zy) is a monomorphism. We have the following result.

3



Proposition 1.1.2 (See Proposition . Let (wj,05),1 < j <r, be o-conjugate
complex vector bundles over (X, o) such that the cohomology algebra H*(X;Zy) is
generated by the mod 2 Chern classes cy(w;) € H*(X;2Z5),1 < q < rank(w;),1 <
j <r. Assume that X satisfies any of the following: (i) dimz, H*(X;Z,) < oo, (ii)
X is a CW complex with finite k-skeleton for each k > 1 where each cell is stable by

o. Then we have an isomorphism of Zy-vector spaces:

H"(P(S,X);Z;) = @ HP(Y;Zy) © HY(X; Z).
pta=r
In particular, H*(P(S, X);Z2) is a free H*(Y; Zy)-module with basis B where B is
a Zy-basis for H*(X; Z,). O

Suppose that p : B — Bis a double covering projection where B is a connected
locally finite CW complex. We obtain a G-equivariant CW structure on B by lifting
the cell structure on B where G = Z, is the deck transformation group. Denote by

¢ : B — B the involution that generates G. Then we have the following lemma.

Lemma 1.1.3 (See Lemma [3.2.2). We keep the above notations. Let R be any
commutative ring in which 2 is inwertible. Then p, : H,(B; R) — H.(B; R) maps
Fiz(¢.) isomorphically onto H.(Bj; R). Moreover p.[z] = 0 if ¢.([z]) = —[z].

As an immediate corollary of the above lemma, we obtain the following propo-

sition.

Proposition 1.1.4 (See Proposition [3.2.3). Let [z] € H,(B;Z). If p.([z]) = 0 and
b.([2]) = [2], then 2F[2] = 0 for some k > 0. If ¢.([2]) = —[z], then 2p.([z]) =0. O

It is not necessarily true that any torsion in Hy(B;Z) is of order 2. A 2n-dunce
hat provides an example. Assuming some additional hypotheses, any nontrivial
torsion element in H;(B;Z) can be shown to be of order 2. We have the following

result regarding this.



Denote by H;t(S; R) the subspace of H,(S; R) on which «, acts as £1 and denote

its dimension by ;. Thus the r-th Betti number b.(S) of S equals b} + b

Proposition 1.1.5 (See Proposition . We keep the above notations. Suppose
that Y is a connected locally finite CW complex and that H.(S;Z) is free abelian.
Suppose that X is a connected locally finite CW complex with cells only in even
dimensions. Suppose that o : X — X s an involution that stabilizes each cell in X
and that o s orientation preserving on any 2k-dimensional cell e if and only if k is

even. Let R be a ring where 2 is invertible. Then: (i) We have an isomorphism

(1.1) H.(P(S,X);R) = @B (H(S; R)® Hu(X; R)® H, 5(S; R)® Hyy2(X; R))

pF+4t=r
In particular,

(1.2) dim H,(P(S,X);Q) = > (b bag(X) + b, _sbag2(X)).

p+4q=r

(ii) Suppose that m(S) is abelian. Any torsion element of H.(P(S,X);Z) is a 2-

torsion.

The cohomology version of the above propositions is valid and is equivalent to

it by the universal coefficient theorem.

1.2 Mod 2 cohomology algebras of some GDS

In this chapter, we highlight our results on mod 2 cohomology ring of P(S, X), where
S is a paracompact Hausdorff topological space and X is (i) a torus manifold (see
IMPO06] ) under certain mild assumptions, which are satisfied by quasi-toric manifolds

and (ii) a complex flag manifold.



1.2.1 Cohomology of P(S,X), where X is a torus manifold

We consider a restricted class of torus manifolds (see [MP06]), namely, those torus
manifolds where the torus T-action is locally standard and the orbit space is a
homology polytope. This restricted class itself is a generalization of the notion of
quasi-toric manifolds due to Davis and Januskiewicz [DJ91], where the orbit space
is a simple convex polytope. Let @ be the orbit space X /T, which is then an

n-dimensional manifold with corners (i.e., is modeled on R%).

We shall denote the group of 1-parameter subgroups Hom(S',T') by N and the
group of characters Hom(7,S') by NV = Z". One has a natural pairing (.,.) :
NY x N — Z defined by u o v(z) = (%),

An omni-orientation of X is a choice of an orientation on X and on each char-
acteristic submanifold X;, 1 <4 < m. The orientations on X, X; determine a unique
orientation on the normal space to T, X; C T,,X for any x € X; which in turn leads
to an orientation on S;. This determines a unique primitive vector v; € N whose

image is S;.

Fix an omni-orientation on X and assume that () is a homology polytope. Denote
by Q the set of all facets of (). We obtain a map A : @ — N defined as A(Q;) =
v;, 1 <7 < m. Local standardness of the T" action implies that A(Q;,), ..., A(Q;,)
is a Z-basis of N whenever @Q;,,...,Q;, € Q meet at a vertex of (). The map A is
called the characteristic function of X. It was shown in [MP06, Lemma 4.5] that the
pair (@, A) determines X up to equivariant homeomorphism assuming the vanishing
of H*(Q;Z). We identify X with X (Q,A). In fact, let X(Q,A) denote the space
T x Q/~ where (t,q) ~ (', ¢') if and only if ¢ = ¢’ and t~'#' belongs to the subgroup
S of T' generated by the one parameter subgroups A(Q;, ), ..., A(Q;,) where ¢ is in

the interior of the face Q;, N--- N Q.

Let o : X(Q,A) — X(Q,A) be the involution [t,q] — [t ,¢]. Then Fiz(c) =
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X7 ={[t,q] | t* € §, Vg € Q} is non empty. Assume S to be a paracompact
Hausdorff topological space and « is a free involution on S. Recall S/~ is denoted

by Y. Now we have the following proposition.

Theorem 1.2.1 (See Theorem[t.2.4). Let X = X(Q, A) be a T-torus manifold where
X/T = Q is a homology polytope with m facets. Let o : X — X be the involution
[t,q] — [t71,q]. Then, with the above notations, H*(P(S, X);Zy) is isomorphic, as
an A = H*(Y;Zy)-algebra, to the quotient R(Q,A) := A[Zy,...,Tn]|/] where the
ideal I = I1(Q, ) is generated by the following two types of elements:

(i) 31 <jem (U, v5)%5, uw € NY, and

(i) [11<y<, Tj, whenever Qj N---NQ;, = 0.

1.2.2 Cohomology of P(S,CG(v))

Let v := (nq,...,ns) be an increasing sequence of positive integers and let n =
> 1<j<sTj- Then denote by CG(v) the complex flag manifold whose elements are
complex vector subspaces U := (Uy,...,Us) of C* where U; L U; for i # j and
dimU; = n;,1 < j < s. The complex conjugation in C" induces a complex conju-
gation o on CG(v), and o stabilizes each Schubert variety. The fixed point set of o
is the real flag manifold RG(v).

In this section, we study the cohomology of P(S,CG(v)), where S is a para-
compact topological space equipped with a free involution o and the involution on

CG(v) is o.

We denote by 7, ; (or more briefly +,), the complex vector bundle over CG(v) of
rank n; whose fibre over U is the vector space U;. Also one has a natural isomor-
phism of vector bundles @;<;<s7v; = nec which respects o-conjugation. The integral
cohomology ring of CG(v) is generated by ¢;; == ¢;(7;),1 < i < n;,1 < j <'s,

where the only relations among the ¢; ; are generated by the following (inhomo-
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geneous) relation: [],_,. c(y;) = 1. It follows that the Stiefel-Whitney classes
Woj = wai(7;),1 < i < my,1 < j <s, generate H*(CG(v);Z;) and the relations

among these generators are all consequences of [[, ;. w(v;,t) = 1.

Suppose that (S, «) is a paracompact space where « is a fixed point free in-
volution. Then we have some real vector bundles 4; = P(S,~;) over P(S,CG(v))

constructed from ;. One has the following isomorphism of real vector bundles:

@ Y = néy @ ner

1<j<s

where &, is the real line bundle associated to the double cover S x CG(v) —

P(S,CG(v)). Let y denote the first Stiefel-Whitney class of £,. Therefore we obtain

w(3s,t) = L+ )" [ w0
1<j<s

We obtain a regular sequence ass,ns < s < n, in the polynomial algebra R, =
Zotg;j | 1 < i < nj,1 < j < s] that correspond to the coefficient of #** in (1 +
ty)"([Jw;(t)). Now we set R, to the polynomial algebra over H*(Y'; Z,) generated
by ‘indeterminates’ w; ;,1 < i < n;,1 < j < s, and let Z, be the ideal of R,
generated by the elements ay; = a%(y%wm),ns < ¢t < n. Then we have the

following theorem.

Theorem 1.2.2 (See Theorem {.3.4). Suppose that (S, «) is a paracompact Haus-
dorff topological space with a fixed point free involution o and let v = ny,na, ..., ng
be a sequence of positive numbers. With notations as above, we have an isomorphism

R./Z, — H*(P(S,CG(v)); Z2) of H*(Y; Zy)-algebras defined by wa; j — woe;(F;). O

As an application of Theorems [£.2.4] we obtain the Z,-equivariant coho-
mology H3 (X;Z,) of (X, o) when X is either a torus manifold whose torus quotient

is a homology polytope, or, is a complex flag manifold CG(v).
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1.3 Cohomology of P(S" CG(v))

In this chapter, we highlight the results on cohomology of P(S™,CG(v)), where S™
is equipped with antipodal involution « and the involution ¢ on CG(v) is induced

from complex conjugation on C". We denote P(S™,CG(v)) by P(m,v) for short.

1.3.1 Integral (co)homology of P(S™ CG(v))

A well-known CW structure on CG(v) is given by Schubert cells X (i), which has
the structure of a complex projective variety. Let /() denote the indexing set of
all Schubert cells X (i) in CG(v). This indexing set I(v) is in bijection with the
coset space S,,/S, where S, := S, X --- xS, and S, is the permutation group on

{1,2,--- ,n}. Denote the dimension of X (i), as a complex variety, by £(i).

A cell decomposition of S x CG(v) which is equivariant with respect to § = axo
is obtained by taking the product cells X*(j,i) := Cf x X(i) as (j,1) varies in
I(m,v) .= {j |0 <j < m}xI(v)}. The cell C;E x X (i) is given the product
orientation. We shall denote the image of the oriented cell X (j, 1) under the double
covering projection w : S™ x CG(v) — P(m,v) by X(j,i) and put the induced

orientation on it. The deck transformation group of 7 is generated by 8 = a X o.
Depending on i and j, sometimes X(7,i) € C.(P(m,v);Z) is a cycle whose

homology class we denote by [X (j,1)]. We define the sets

L(v) = {ielIw) (i) =0 (mod?2)},
I(v) = {iel(v)[L(i)=1 (mod2)}=1I(v)\IL(v),

Boy = {[X(0,1)]|q=¢(),ie L)} U{[X(mi)]|2g=m+2004),i€ L)}
Bogi1 = {[X(m,1)] | 2¢+1=m+20(i),i€ L(v)},
B, = {[X()]|q=7+200),j+Li)=1 (mod2),0<j<m,ielw)}.
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Now we have the following result where we leave out the known cases namely,

m =0 as P(0,v) = CG(v) and v = (1) in which case P(m,v) = S™.

Theorem 1.3.1 (See Theorem . We keep the above notations. Suppose that
m>1andn=|v|>2.

(i) For any ¢ > 0, H(P(m,v);Z) 2 Z" ® (Z3)" for some r,t > 0 depending on q.
(i) The set By is a basis for Hy(P(m,v);Z)/torsion and B is a Zy-basis for the

torsion subgroup of Hy(P(m,v);Z).

For v = (ny,...,n,),s > 2, set v, == {1 < j < s | n; =1 mod2} and

[v/2] = (n},ny, ..., ny), where n} := [n;/2],1 < j < s. Define (. := [I.(v)| and
b, = |1, (v)].

When A is a finitely generated abelian group we shall refer to the dimension
over Zy of the subgroup A, := {z € A | 2z = 0} as the 2-rank of A. For our
applications to K-theory, we need the ranks (resp. 2-ranks) of H®(P(m,v);Z) =
B0 H*(P(m,v);Z) and H(P(m,v);Z) = @, -, H* (P (m,v); Z), which are

denoted b, b, (resp. b.,b)). Then we have the following result.

e’ o

Theorem 1.3.2 (See Theorem |5.3.4). Let m > 1 and v = (ny,...,ns) where s > 2.
Letv, = [{1 < j < s|n;=1 (mod2)}. Then H¥(P(m,v);Z) = Z% & Z% and
HeYY(P(m,v);Z) = Z% @ 233 where

(1) Suppose that m is odd. Then

When m is even, b, = (Z) and b, = 0.
(i) U, = Bo = |m/2] - Le, b, =B = |(m+1)/2] L.

In particular the integral cohomology of P(1,v) has no torsion. ]
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1.3.2 The ring structure of H*(P(S™,CG(v)); Z[1/2])

Let R be a commutative ring in which 2 is a unit. From Theorem [5.3.1] we know
that as an R-module, HY(P(m,v); R) is free of rank |B,|. We now turn to the ring

structure of H*(P(m,v); R). We shall first describe it as a subring of
H*(S™ x CG(v); R) = Rluy] ® Rleyj;1 <1 <y, 1 <j <s]/(up,, fr,1 <p<n)

via the homomorphism 7* induced by the double covering projection © : S™ X
CG(v) — P(m,v), where ¢,; denotes the r-th Chern class of 7, ;. Since 2 is a
unit in R, 7* is a monomorphism; see Proposition [3.2.6| Then, in Theorem [5.4.2
we shall describe H*(P(m,v); R) as a quotient of a polynomial algebra. Denote by
Uy € H™(S™; Z) the positive generator concerning the standard orientation on the

sphere.

Theorem 1.3.3 (See Theorem [5.4.1)). Suppose that 2 is a unit in R. Then H*(P(m,v)
is isomorphic to the subalgebra Fiz(0*) C H*(S™ x CG(v); R) which is generated by
the following elements generate Fiz(0*):

Case (1): m_is even.

UmCop—1(Yr), 1<2p—1<mn,, 1<r<s;
02]‘(77’)7 1 S] Snra 1 STS S; and

C2p71(%)62q71(’7j), I1<2p—-1<mn; 1<2g—1<n; 1<i<j<s.

Case (2): m_is odd.

Um; Co5(), 1<j<n,, 1<r<s; and

CQp—l(rYi)CQq—l(rYj)v 1 S 2p_ 1 S ni, 1 S 2q_ 1 S nj, 1 S 1 S ] S s. d

Next, we present H*(P(m,v); R) as a quotient of a polynomial algebra over R.

Since the ideal involves intricate notations, we omit its statement here; it will be
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detailed in Theorem [£.4.21

1.4 K-theory of P(S™,CG(v))

Here we study complex K-theory of the GDS P(S™,CG(v)). We denote P(S™,CG(v))
by P(m,v) for short. Using the results on cohomology of P(S™,CG(v)), we study

the additive structure of K-groups in the following theorem.

Theorem 1.4.1. Let m > 1, v = (ny,...,ns),s > 2. Let be,b,, b, be as in
Theorem [1.3.2. Then:

(i) KO(P(m,v)) = Z% @ Ay where Ay is a finite abelian group of order 28 for some k,
with 0 < k < b.. The group Ay contains a summand Zym/2), generated by y = [Ec]—1.
(ii) K*(P(m,v)) = Z% & Ay, where Ay is a finite abelian group of order 2¢ for some
0<t<bl.

In particular, K'(P(m,v)) is a torsion group if m is even, and K°(P(1,v)) is a

torsion-free group

Next, we construct some canonical complex vector bundles over P(m,v) such
that the classes of these vector bundles generate a subring K° ¢ K°(P(m,v)) with
K°(P(m,v))/K" is a finite abelian 2-group. In particular, considering K° as sub

Z-module of K°(P(m,v)), we have K ® Q = K°(P(m,v)) ® Q.

Assume that m = 2r is even. An explicit description of a complex vector bundle
¢ over S™ such that [¢] — rank(€) is a generator of K (S™) 2 Z is well-known. See
[AHGI], [Bot69]. We take this vector bundle ¢ and denote it by {* for future usage.
Define i~ to be o'(¢1), where « is the antipodal map on the sphere. Now consider

the following definitions.

Definition 1.4.2. 1. {(w) =&t @w@n™ @@ for any complex vector bundle w
over CG(v), where n~ is defined to be o'(EV).
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2.

0: E(€(w)) = E(E(w)) is a bundle involution that covers 0, defined as:

fle" @u,e” @v)=(a (e7)®0),a"(e") ®u)).

E%w) is defined to be the complex vector bundle over P(m,v), whose total

space is E(E(w))/(0).

[F] =2t =21 —[¢&7]  ifm =0 (mod 2)

. Oy =

0 ifm =1 (mod 2).
K is the subring of K°(S™ x CG(v)) generated by the elements (i) x + T and,

(i1) 6m(x — T) when m is even, as x varies in K°(CG(v)).

K is the subring of K°(P(m,v)) generated by the following elements:

(i) [&c], [c], and, (ii) when m is even, [£°(w)],

where w varies over a-conjugate complex vector bundles over CG(v).

Now we have the following proposition.

Theorem 1.4.3 (See Thoerem [6.2.11)). Let m > 1 and let r = |[m/2]. The homo-
morphism © : K°(P(m,v)) — K°(S™ x CG(v)) defines a surjective ring homomor-

phism K° — K, again denoted 7', whose kernel equals the torsion ideal T° C K°.

The quotient group K°(P(m,v))/K° is a finite abelian 2-group.

1.5 Applications

We provide some applications of our study of cohomology of generalized Dold spaces.

As an application of Theorems [£.2.4] we obtain the Z,-equivariant coho-

mology H3 (X;Z,) of (X, o) when X is either a torus manifold whose torus quotient

is a homology polytope, or, is a complex flag manifold CG(v).
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Theorem 1.5.1 (See Theorem . We keep the above notations from .
(i) Let X = X(Q,A) be a T-torus manifold where Q = X /T is a homology polytope.
Then H3,(X; Zy) is isomorphic to the A-algebra R(Q, A) where A = H*(RP>; Zy) =
Zsly]-

(i) Letv =ny < --- <ng,n = n;. Then Hy (CG(v);Zy) is isomorphic to R, /1,
where R, = Ay ;;1 <1 < nj,1 < j < s] where A = H*(RP>®;Z,) = Zs[y] and

Z, C R, is the ideal generated by the as; € R,,ng < i < n. O

We present the following result as an application of Theorem It pro-
vides specific conditions under which a self-map on a generalized Dold manifold

P(m,n, k) := P(S™,CG, ) will have a fixed point.

Proposition 1.5.2 (See Proposition [7.2.4]). Let m be odd and either (i) k < 3
and n > 2k, or (i) k > 3 and n > 2k* — 1 hold. Then for any continuous map
f:P(m,n k) = P(m,n, k) such that the degree deg(p o f os) # 1, there exists a

fixed point.

The following result is an application of Theorem It provides some condi-

tions for a map between generalized Dold manifolds to have degree zero.

Proposition 1.5.3 (See Proposition [7.3.1). Let f : P(m,n,k) — P(r,s,t) be a
continuous map between two oriented and same-dimensional generalized Dold man-
ifolds. Further assume that

(1) |k/2] < [t/2] if m =7 is odd, and k <t if m =1 is even,

(ii) CGsy # CGoy = CP if r £m = 2.

Then the degree of f is zero.
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Chapter 2

Preliminaries

In this chapter, we shall discuss some important definitions and observations which

will be necessary to proceed further towards the main results.

The classical Dold manifold P(m,n) is defined as the orbit space of the Zy-action
on S™ x CP" generated by the involution (v, [z]) — (—v,[Z]),v € S™, [z] € CP™.

Here [z] denotes [Zp : -+ : Z,] when [z] = [z0: - : 2,] € CP™. See [Dol50].

Let us consider two connected, locally path connected, paracompact, Hausdorff
topological spaces S, X along with a fixed point free involution o : § — S and
another involution ¢ : X — X with non-empty fixed point set. We denote by Y
the quotient space S/~ where v ~ «a(v),v € S. The space P(S,a, X,0) (or more
briefly P(S,X) when there is no risk of confusion) is defined to be the quotient
space S X X/~ where (v,z) ~ (a(v),o(x)) and is called the generalized Dold space.

Sometimes, we use GDS as a shorthand for the generalized Dold space.

Note that P(S, X) is a (smooth) manifold if S, X (and «,¢) are (smooth) man-
ifolds. When P(S, X) is a manifold, we may refer to it as generalized Dold man-
ifolds. The quotient maps p; : S — Y and 7 : S x X — P(S,X) are covering

projections with deck transformation groups isomorphic to Z; generated by « and
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a x o respectively. We denote by [v] € Y the element pi(v) = {v,a(v)} and
similarly [v,z] = 7(v,2) = {(v,2), (a(v),0(x))} € P(S,X). The first projection
S x X — Y induces a map p : P(S,X) — Y which is the projection of a locally
trivial bundle with fibre space X. Denote by X7 C X the fixed points of ¢. For
cach © € X7 := Fix(o), we have a cross-section s, = s : Y — P(S,X) where
s([v]) = [v,z]. In fact, we have an embedding of Y x X7 into P(S, X) defined by

([v], z) = [v,z].

The construction of generalised Dold space is functorial in (S, «) and (X, o) for

maps (5, ) — (5, a) and (X', 0’) — (X, 0) that are Zy-equivariant maps.

Some examples of generalized Dold spaces that we will consider in our study are:

1. P(S™ «,S", o), where « is antipodal map on S™ and o is the reflection map
on S" that sends e,,; — —e,,1 and pointwise fixes S"™1 C R"® = {e,,1}*.
Note that P(S!,«a,S', o) is homeomorphic to Klein’s bottle. So, the GDS

P(S™, «,S", o) are generalized Klein’s bottles.

2. P(S™,a,CG(v),0), where « is antipodal map on S™ and o is the involution
on the complex flag manifold CG(v), induced from the complex conjugation

on C".

3. P(S™,a, X,0) where « is antipodal map on S” and X is a torus manifold
(see [MPO6]) whose torus orbit space is a homology polytope with o being a
certain involution (see §4.2)) on X.

2.1 o-conjugate vector bundles

Let ¢ : X — X be an involution on a path connected paracompact Hausdorff
topological space. We assume that X is a non-empty proper subset of X. Let w be

a complex vector bundle over X. A o-conjugation on w is an involutive bundle map
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6 : E(w) — E(w) on the total space of w that covers o and is conjugate complex
linear on the fibres of the projection 7, : E(w) — X. If such a bundle involution

exists, we call (w, &) (or more briefly w) a o-conjugate bundle.

Let (w, ) be a o-conjugate vector bundle over X with bundle projection F(w) —
X. The zero-cross section X — E(w) is o-equivariant. In particular, Fix(¢) is non-
empty. We obtain a real vector bundle P(S,w), more briefly denoted @ when there

is no danger of confusion, over P(S,X) with projection P(S, F(w),5) — P(S, X)

defined as [v, e] — [v, T, (e)].

Note that ¢ is also a o-conjugation on the conjugate complex vector bundle @

and we have an isomorphism of real vector bundles & = @.

The above construction of @ over P(S, X), as prolongation of a o-conjugate
complex vector bundle over X, can be extended to real vector bundles as follows.
Let n be any real vector bundle over X with a bundle involution ¢ that covers
0. We denote by 7 the vector bundle over P(S, X) with total space P(S, E(n)) =
P(S, E(n),0) and bundle projection m; : P(S, E(n)) — P(S,X) defined as [v,e] —
[v,m,(e)] Vv € S,e € E(n).

We can generalize the construction of the vector bundle @ over P(S,X) for a
o conjugate vector bundle w over X. Suppose that w is a real vector bundle over
a space B with projection p, : E(w) — B. Let f: B — B be a fixed point free
involution that is covered by an involutive bundle automorphism f : E(w) — E(w).
We obtain a vector bundle & over B := B/~ with total space E(&) = E(w)/ ~ ;.
The bundle projection E(&) — B sends [v] = {v, f(v)} to [b] for all v € Fy(w). If
w is a complex vector bundle and f is a complex vector bundle morphism, then w
is a complex vector bundle over B. We emphasize that the isomorphism class of @

depends not only on w, but also on f :

The construction of w behaves well with respect to Whitney sum, tensor prod-
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ucts, taking exterior powers, etc., so long as all the bundles involved are o-conjugate
(complex) vector bundles, i.e., the respective bundle involutions cover the same

o:X — X. (See [NS19].)

2.2 Functoriality

Suppose that «q : S; — 57 is a fixed point free involution and that f :.S; — S is
Zy-equivariant, i.e., f(ay(v1)) = af(v1),v; € S. By the functoriality, we obtain a
map F : P(S1,X) — P(S,X). Explicitly F is induced by the Zy-equivariant map
fxid: SixX — SxX. Also, we have a morphism of real vector bundles P(S;,w) —
P(S,w) where the map between the total spaces F' : P(Sy, E(w), ) = P(S, E(w), &)

is again got by functoriality. Explicitly, F'([vi,e]) = [f(v1),€e] Vv, € Si,e € E(w).

We have the following commuting diagram:

P(Sy, E(w)) —— P(S, E(w))

| l

P(S;, X) —E— P(S, X)

It follows that
F(P(S,w)) = P(S1,). 1)

We have the following isomorphism of real vector bundle for any o-conjugate

complex vector bundle (w,d) over X:

P(S,w) =&, ® P(S,w). (2)

An explicit bundle isomorphism can be obtained as follows: Write w := P(S,w).
The total space E({, @ w) of £, ® w is a subspace of the quotient of S x X X F(eg ®

w) under the identification (v, z,t ®@ w) ~ (a(v),o(z),—t ® o(w)). We write the
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equivalence class of (v, z,t®@w) as [v, x,t@w]. The space F({,®w) consists of triples
[v, 2, t @w] where Teg,(t@w) =2 € X. A bundle map f: E({,®@w) — E(P(S,w))
that covers the identity is obtained as [v,z,t ® w] — [v,z,v/—1tw]. The routine
verification is left to the reader. (Cf. [Ucc65, Proposition 1.4(iii) |, [NS19, Lemma

2.7].)

2.3 The Stiefel-Whitney classes of w

Assuming that H'(X;Z;) = 0, a formula for Stiefel-Whitney classes of & was ob-
tained in [NS19] in the case of generalized Dold manifolds P(S™, X, o). The proof
used functorial properties of the Dold construction and the splitting principle for
complex vector bundles over X. These properties hold for any space X as the
manifold properties of X play no role in the proof of the Stiefel-Whitney class for-
mula. Specifically, the following formula holds for o-conjugate vector bundles over

P(S™, X) for any CW complex X with H'(X;Zy) = 0.

There exist suitable cohomology classes ¢;(w) € H*(P(S™, X);Z,) which re-
stricts to the mod 2 Chern class ¢;(w) = wy;(w) € H¥(X) along the fibres of
P(S™, X) — RP™. One has the following formula for the i-th Stiefel-Whitney class

of P(S™,w) = & in terms of the é;(w), (cf. [NS19, Prop. 2.11]):

@ = 3 (2] )e e @

0<j<r

where = = w(&,) € HY(P(S™, X);Z,) & HYRP™,Z,) = Z, is non-zero and
r = rankcw. (It is understood that the binomial coefficient (2) =0ifb>aorif

a<0orb<0.) See [NS19.

We have ¢ (w) = wa(@) + (5)2* and wy (@) = rz. It can be seen easily, using (2)
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and induction, that ¢;(w) is expressible as a polynomial

Gj(w) = Qj(z%, wa(), wa(Q), . .., wei(@)) for 1 < j < 7.

Therefore, for 0 < j < r, wy;j41(w) can be expressed as a polynomial in z and even

Stiefel-Whitney classes wy;(w),0 < i < j:

2

waj1 (W) = 2 F;(27, wy (W), wa(), . .., wa;(W)) (4)

for a suitable polynomial P; = P;(2% wg,wy,...,wy;) of total degree 2j where
deg(w;) = i. As noted already, Py = r € Zy. Equations (3) and (4) are still

valid when X is any connected CW complex as long as H'(X;Zy) = 0.

We need to extend Equation (4) to the more general context of the bundle
w:= P(S,w) over P(S,a, X, o) under the assumption that Y (and hence S) and X

are CW complexes (although one can relax these restrictions even further).

We proceed as follows: First, extend the validity of (3) to the case when S = S
with antipodal involution —id so that ¥ = RP>. Then, any double cover S — Y
can be classified by a map f : ¥ — RP> and so we have an Z,-equivariant map
f: (S,a) = (S, —id). Hence we obtain formula (3) with z = w;(&,) for the
bundle P(S,w), using the naturality of Stiefel-Whitney classes and the isomorphism

(1). So, it remains only to consider the case (S, a) = (S%, —id).

Note that P(S*, X) = U,,>1 P(S™, X). Moreover, the inclusion P(S™, X) —
P(S*,X) is an (m — 1)-equivalence (as can be seen using the homotopy exact
sequence). Since the spaces involved are CW complexes i induces an isomorphism
in cohomology up to dimension m—1. Given any o-conjugate complex vector bundle

w over X of rank r we merely choose m > 2r. It follows that the formula (3) holds

for P(S*™, w).
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Using (4), or directly, we see that P(S,w) is orientable if and only if rankc(w)

1S even.

2.4 Torus manifolds

The notion of torus manifolds is due to Hattori and Masuda [HMO03], [Mas99] . We
shall use the definition as given in Masuda and Panov [MP06]. In fact, we consider
a restricted class of torus manifolds (in the sense of Masuda-Panov), namely, those
torus manifolds where the torus action is locally standard and the orbit space is a
homology polytope. This restricted class itself is a generalization of the notion of
quasi-toric manifolds due to Davis and Januskiewicz [DJ91], where the orbit space

is a simple convex polytope. We begin by recalling the basic definitions.

A torus manifold is an even dimensional smooth compact orientable manifold X
on which an n-dimensional torus 7" = U(1)" acts smoothly and effectively with non-
empty fixed point set where dim X = 2n. One says that the T-action on X is locally
standard if X is covered by open sets {U} that are equivariantly diffeomorphic to
an open subset of C* with the standard 7" = U(1)™-action. This means that, for
each U, there exists an automorphism v : T' — T and an embedding f : U — C"
such that f(t.u) = ¥(t)f(u) Yu € U,t € T. The orbit space @ := X/T is then an
n-dimensional manifold with corners (i.e., is modelled on R%). It turns out that
set of T-fixed points of X is finite and their images are the vertices of (). It is easy
to see (using the irreducible characters of the isotropy representation) that each
T-fixed point is a connected component of the intersection of exactly n distinct T-
stable submanifolds each having codimension 2 in X. There are only finitely many
T-stable codimension 2 submanifolds in X, say X;,1 < i < m, and each of these are
fixed by certain circle subgroup S; of T'. These are the characteristic submanifolds

of X. Their images, @Q; := X;/T in @ are the facets of @), which have codimension
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1 in @). The characteristic submanifolds of X are all orientable and are again torus

manifolds under the T'/S;-action with orbit space ;.

A preface of @) is a non-empty intersection of a collection of facets of Q. A face of
() is a connected component of a preface. We regard @) itself as (the improper) face;
all the other faces are proper. @) is said to be face-acyclic if all its faces (including
@ itself) are acyclic, i.e., have the integral homology of a point. If @) is face acyclic,
then every face contains a vertex of (). If @) is face-acyclic and if every preface is
a face, then @) is called a homology polytope. For example, when X is a quasi-toric
manifold, then Q = X/T is a simple convex polytope, which is evidently a homology
polytope. (A (compact) convex polytope of dimension n is simple if exactly n facets

meet at each vertex.)

A characteristic submanifold X; < X determines a circle subgroup S; C T}
namely, the subgroup of T" that fixes each point of X;. Choosing an isomorphism f; :
S! = §; amounts to choosing a primitive vector v; € Hom(S!, T') & Z" whose image
equals S;. Note that v; is determined up to sign corresponding to two isomorphisms

S! — S; namely f;, f; o where «(z) = 27! Vz € S!. The sign is determined once an

orientation on S; is fixed.

We shall denote the group of 1-parameter subgroups Hom(S!, T') by N and the
group of characters Hom(7,S') by NV = Z". One has a natural pariing (.,.) :
NV x N — Z defined by uov(z) = 2%,

An omni-orientation of X is a choice of an orientation on X and on each char-
acteristic submanifold X;, 1 < i < m. The orientations on X, X; determine a unique
orientation on the normal space to T, X; C T, X for any x € X; which in turn leads
to an orientation on S;. This determines a unique primitive vector v; € N whose

image is S;.

Fix an omni-orientation on X and assume that () is a homology polytope. Denote
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by Q the set of all facets of (). We obtain a map A : @ — N defined as A(Q;) =
v;, 1 <i < m. Local standardness of the T action implies that A(Q;,), ..., A(Q;,) is
a Z-basis of N whenever ();,, ..., Q;, € Q meet at a vertex of (). The map A is called
the characteristic function of X. The pair (@, A) determines X up to equivariant
homeomophism assuming the vanishing of H?(Q;Z). In fact, let X(Q,A) denote
the space T'x Q /~ where (t,q) ~ (t',¢') if and only if ¢ = ¢’ and ¢t~'#’ belongs to the
subgroup of T" generated by the one parameter subgroups A(Q;,), ..., A(Q;,) where
q is in the interior of the face @;, N--- N Q;,. Then X(Q,A) is a smooth manifold
on which 7" acts on the left with orbit space ). Further ) is naturally embedded
in X(Q,A) via the map ¢ — [1,q]. We regard @ as a subspace of X. The quotient
map X (Q,A) — @ is therefore a retraction. It was shown in [MPO6, Lemma 4.5],
assuming the vanishing of H?(Q;Z), that X (Q,A) is equivariantly homeomorphic
to X. We identify X with X(Q,A).

2.5 Half-spin bundles over S*

Assume that m = 2r is even. An explicit description of a complex vector bundle
¢ over S™ such that [¢] — rank(€) is a generator of K(S™) = Z is well-known. See

[AHGI], [Bot69]. For the sake of completeness, we give the details.

Explicitly, & may be taken to be associated to a half-spin representation of
Spin(m) where S™ is viewed as the homogeneous space Spin(m + 1)/Spin(m). We
shall explain this construction below, assuming familiarity with the basic properties

of the spin groups, as given in [Hus94].

We consider R™*! as the standard SO(m + 1)-representation. It becomes a
representation of Spin(m + 1) via the projection Spin(m + 1) — SO(m+1). Regard
Spin(m) C Spin(m+1) is the subgroup that stabilizes the vector e; € R™!. Consider

bundles £, associated to the half-spin (complex) representations A+ A~ of the
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spin group Spin(m). Then [¢1] — 271 is a generator of K (S™). See [AHG1], [Hus94,
Theorem 13.3, Chapter 14]. (Note that the degrees of the representations A* equal
2"=1) It turns out that [¢T] + [¢7] = 2" in K(S™). In fact, the representation
AT @ A~ is the restriction of the spin representation A of Spin(m + 1). As the

bundle associated to A’Spin(m) is trivial, we obtain that £T @& £~ = 2"¢c, whence

(2.1) €] -2 =—(lg7]-27).

Theorem 2.5.1. Let m = 2r be even. The ring K°(S™) is isomorphic to the
truncated polynomial ring Z[u,,]/{(u?,) under an isomorphism that sends u,, to [£T]—
2r=1 In particular, [¢F]? = 27[¢F] — 2272, and, [¢F][¢7] = 222, Moreover, o' :

K°(S™) — K°%S™) sends [£1] to [€7].

Proof. The description of the ring structure and the fact that wu,, is represented
by [£1] — 2771 are well-known. (See [AH61] and [Hus94].) The asserted quadratic
relation follows from ([¢T] — 2"71)2 = w2 = 0. Since [¢T] + [7] = 27, the same

relation is satisfied by [€7]. Also, [€T][¢7] = [€T](2" — [¢TF]) = 2272,
It remains to show that o'(u,,) = —u,,. This follows from the following facts:

H™(«; Q) is —id, the Chern character ch : K(S™) — H*(S™;Q) is a monomorphism,

and a* och = cho o', O

We have not been able to find a natural and explicit bundle isomorphism £~ — £+
which covers the antipodal map o : S™ — S™. For this reason, we work with the

pull-back bundle o' (£+), which will suffice for our purposes.

Denote by 7~ the pull-back bundle o'(¢). When m > 2 is even, we have 2"~ >
m/2 and any two vector bundles of rank 2"~! which represent the same class in
K (S™) are isomorphic, using [Hus94, Theorem 1.5, Chapter 8§].

For future reference, we have the following remark.
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Remark 2.5.2. From the above discussion, we have [n~] = [(7] = 2" — [£T] in

K(S™) for allm =0 (mod 2).

We have a bundle isomorphism &~ : E(n~) C S™ x E(¢1) — E(£T) given by the
second projection that covers the antipodal map «. Explicitly, &= : E(n~) — E(£7)
is the map that (v,e) € E,(n7) to e € E_,({7). Then &~ is a bundle map that
covers «. Similarly at : E(¢1) — E(n™) is the bundle map that sends e € F,(¢7) to
(—v,e) € E_,(n~). Henceforth, we shall identify the fibre E,(n~) = {v} x E_,(£")
with E_,(¢1) so that the total space E(n™) is identified with E(£1). We have, for
any v € S™ and e € E (1), at(a(e)) = e, e, @" oa” = id,-. Similarly

a - oat = Zd£+

Set £ := & @ 0. A vector in the fibre E,(€) over v € S™ will be denoted by a
triple (v;e,e),e € E,(§T), e’ € E_,(§7) = Ey(n7),v € S™. Define & : E({T®n~) —

E(T@n) as a(v;e, ) = (—v;a; (¢),a (e)). Then & covers a and & o & = id.

We therefore obtain a complex vector bundle £° over RP™ where E(£Y) :=

E(£)/(a). Apoint of Ep,)(£°) is [v; 2, y] = {(v; 2,9), (=v;y, 2)} where z € E,(£7),y €
E,(n7) = E_,(&).

Let us consider the bundle maps 5+ : E(n~) € S x E(6T) — E(¢") defined by
(v,e) — ie € E_,(€T) and similarly 3~ : E(¢") — E(5~) which maps e € E,(£*)
to (—v,ie) € E_,(n~). These two bundle maps cover . It is easy to see that
B* o B~ = —idgy-y and o B+ = —idg(e+). Define 3 : E(§) — E(£), (vie,e’)
(—v; =G~ (¢/), B*(e)) which is a bundle involution covering a. Now we can form

a vector bundles ¢' over RP™ where E(£') = E(£)/(6). A point of Ep(¢') is

[v; z,y] = {(v;2,9), (—v; —iy,iz) } where x € E,(§7),y € E,(n7) = E_,(£7).

Remark 2.5.3. We note that £ and &' are isomorphic. An explicit isomorphism

can be defined by E(E°) 3 [v;x,y] = [v; —iz,y] € E(£Y).
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Chapter 3

Cohomology groups of GDS

In this chapter, we study cohomology of P(S,X) for arbitrary topological spaces
S, X. We generally consider S, X to be paracompact and Hausdorff spaces. First,
we study the mod 2 cohomology of P(S, X) and then consider cohomology in Z[1/2]-

coeflicients as well.

3.1 Mod 2 cohomology of GDS

Let S, X be locally finite CW complexes. Under appropriate hypotheses on the cell-
structures on S and X, we obtain a nice CW structure on P(S, X) which has the
property that the mod 2 cellular boundary map vanishes. We shall see that there

are many classes of smooth manifolds S, X where there are such CW structures.

Denote by (C,(A),d4) the cellular chain complex of a CW complex A over Zs.
Every cell e has a unique orientation mod 2 and so defines a basis element, again
denoted by e, of C,(A;Z;) = H, (AW, AW=Y:Z,). When A is clear from the context
we write 0 instead of 94. In fact, we shall denote by the same symbol 9 for the
differential in any chain complexes when there is no danger of confusion which one

1S meant.
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Let X be a connected CW complex. Assume that o : X — X is an involution
which stabilizes each cell of X. In particular the zero cells are contained in Fix(o).
Since o stabilizes each cell of X, we have o,(e) = +e = e for each cell e of X and

so 0, : Cu(X;Zy) — Cu(X; Zy) is the identity map.

Let S be a Zy-equivariant CW complex where o : S — S is the generator of the
Zs-action on S. Since « is fixed point free involution, no open cell is mapped to
itself under av. The CW-structure on (5, «) yields a CW structure on Y consisting
of one cell g(e) = g(a(e)) for each pair of cells e, a(e) of S, where ¢ is the quotient
map S — Y. On the other hand, any CW structure on Y lifts to an equivariant

CW-structure on S.

Also we obtain the product CW structure on S x X which is Z,-equivariant where
the Zs-action is generated by 6 := a x ¢. It consists of cells which are products e x d
where e, d are cells of S and X respectively. The induced CW structure on P(.S, X)

consists of one cell (e, d) for each pair of cells e x d, (e x d) = a(e) x o(d) = a(e) x d.

Suppose that the cell structure on X is perfect mod 2, that is, the differential
in the cellular chain complex of X with Zy-coefficients vanishes in all dimensions.
Since 9% = 0 in all dimensions, we have H,(X;Z,) = C,(X;Z,). Our assumptions

are trivially valid when X has no odd dimensional cells. In this case the cellular

boundary map 0 vanishes even with Z-coefficients.

Fixr > 0. We have C,.(Sx X;Z3) = D4 4—+Cp(S; Z2) @C,(X; Z3). Since 0% =0,
we have d(e @ d) = J(e) ® d. Morevover 0,(e ®@d) = a.(e) @ 0.(d) = a(e) ® d. Recall
that 7 denotes the covering projection S x X — P(S,X). Since m o § = 7w we have

the following commuting diagram of chain complexes:

CT(S X XJZ2) L

Te \y v T
C.(P(S,X);Zy).

CT(S X X, ZQ)
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We denote by (e, d) the cell m(exd) = m(a(e) xd) in P(S, X). Let dime = p,dimd =
q. Suppose that 9°(e) = > jese) € € Cp-1(5;Z2) where J(e) is a suitable subset of

the indexing set for cells of S. Then, d(e x d) = ) e; ® d and so

O(e,d)) = Y mle;@d)= > (e,d) € Crma(P(S,X); Zo). (5)
JET(e) jeJ(e)

Since g, (a(e;)) = g.(ej) € Cp_1(Y), we have (e;,d) = (a(e;),d) for any cell d of X.
If a(J(e)) = J(e), then both (e;,d) and (a(e;),d) occur in the sum (5) and cancel
each other out and we conclude that d((e,d)) = 0. (Note that e;, a(e;) are distinct
cells of S.) We are ready to prove the following proposition. For the notion of
cohomology extension of fibre we refer the reader to Leray-Hirsch Theorem [Spa82),

Theorem 9, §7, Chapter 5.

Proposition 3.1.1. Suppose that (S,«) is any Zy-equivariant CW complex such
that the induced cell structure on Y 1is perfect mod 2. Suppose that X is a CW
complex such that (i) each skeleton X k > 1 is finite, (i) the cell-structure is
perfect mod 2, and, (iii) each cell is mapped to itself by o : X — X. Then the CW
structure on P(S, X)) induced by the product CW structure on S x X is perfect mod
2. In particular, one has an isomorphism H*(P(S, X);Z2) = H*(Y; Z2)@ H*(X; Z,)
of H*(Y'; Zy)-modules.

Proof. Let 9°(e) = je(e) €- Since the induced cell structure on Y is perfect, we
have 0 = 0¥ (g.(e)) = ¢.(9°(e)) = q. > jeie €+ Since q.(0°(€)) = 0 we see that J(e)
is stable by a. Hence, from Equation (5), for any cell d of X, we have d((e,d)) = 0.

Thus the induced cell-structure on P(S, X) is perfect mod 2.
Assume that X is a finite CW complex. Then we have
Hy(P(S,X);Z2) = Cp(P(S, X);Z) = @iqj=1Ci(Y; Z2) @ Ci( X5 Zy)
= @iy Hi(Y;Z2) @ Hi(X; Zy).
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Consequently H,(P(S,X);Zs) = H.(Y;Zy) @ Ho(X;Z,). Also H*(P(S,X);Z;) =
H*(Y;Zy) ® H*(X;Z,) is a free module over H*(Y;Z,) via n* : H*(Y;Zy) —
H*(P(S,X); Zy).

In the general case, the inclusion X*) < X induces an inclusion P(S, X*)) <
P(S, X)) which covers the identity map of Y. The proposition follows from the obser-
vation that, for any n > 1, the inclusion-induced homomorphism H"(P(S, X); Z,) —

H™(P(S, X®):Z,) is an isomorphism for all k > n. O

We shall obtain another situation where the X-bundle 7 : P(S, X) — Y admits
a Zy-cohomology extension of fibre. As observed already, since X7 # (), we have a
cross-section Y — P(S, X) of the X-bundle and so it follows that p* : H*(Y;Z3) —
H*(P(S,X);Z,) is a monomorphism. We have the following result. For the notion of
cohomology extension of fibre we refer the reader to [Spa82, Theorem 9, §7, Chapter
5].

Proposition 3.1.2. Let (wj,d;),1 < j <r, be o-conjugate complex vector bundles
over (X,o) such that the cohomology algebra H*(X;Zs) is generated by the mod 2
Chern classes cq(w;) € H*(X;2Z5),1 < q < rank(w;),1 < j < r. Assume that X
satisfies any of the following: (i) dimz, H*(X;Zy) < oo, (ii) X is a CW complex
with finite k-skeleton for each k > 1 where each cell is stable by o. Then we have

an isomorphism of Zo-vector spaces:
H'(P(S.X):Z,) = @) H'(Y:Z,) ® HY(X:Z). (6)
ptg=r

In particular, H*(P(S, X);Zs) is a free H*(Y'; Zy)-module with basis B where B is
a Zy-basis for H*(X; Z,).

Proof. Let ¢g € S. Set w; := P(S,w;),1 < j < r. Then (*(&;) = w; where

¢ is the inclusion ¢ : X — P(S,X) defined as x +— [eg, z]. So ws;(w;) restricts
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to wyi(w;) = ci(w;) € H*(X;Zy). Since the ¢;(w;),1 < i < rank(w;),1 < j <
r, generate the cohomology algebra H*(X;Z,), it follows that the homomorphism
H*(P(S,X);Zy) — H*(X;Zy) is surjective. Thus, the X-bundle (P(S,X),Y,n)
admits Zy-cohomology extension of the fibre. If dimz, H*(X;Z,) is finite, such
as when X is a finite CW complex, by Leray-Hirsch theorem we conclude that

H*(P(S,X);Zy) = H*(Y; Zy) ® H*(X;Z3) as H*(Y; Zy)-modules. This proves (i).

Suppose that X is a CW complex such that for any k& > 1 the k-skeleton X *)
of X is a finite CW complex. Moreover, o restricts to X®. It follows from part
(i) of the proposition that H*(P(S, X®):Z,) = H*(Y;Z,) @ H*(X™®):Z,), which

establishes the isomorphism (6). The last assertion follows readily from (6). O

3.2 Chomology of GDS in Z[1/2] coefficients

Here we study cohomology groups of generalized Dold spaces in R coefficients where
2 is invertible in R. Let us fix some notations and conventions before proceeding

further.

Let B be a (locally finite) CW complex. We shall denote the closed cells of B
by e, ej, etc., and the corresponding open cells by é,¢é;, etc. An orientation on a
(closed) k-cell e in B is the choice of a generator of Hy(e,de;Z) = Hy(S¥;Z). An

orientation on e is equivalent to an orientation of the open cell é = R¥.

First, we shall consider the homology of P(S, X) where X is a connected locally
finite CW complex that has only even dimensional cells. We assume that S is
a connected locally finite CW complex. Further restrictions on S and X will be
placed later as and when required. Some of the results here are established in the

context of a double cover p : B — B with appropriate hypotheses on B.

Lemma 3.2.1. Let X be a connected locally finite CW complex with only even

31



dimensional cells. Suppose that o : X — X is an involution that stabilizes each cell
i X and that o is orientation preserving on any 2k-dimensional cell e if and only

if k is even. Then o, acts by (—1)* on Hay(X;Z). O

We omit the proof, which is straightforward.

Suppose that p: B — B is a double covering projection where B is a connected
locally finite CW complex. We obtain a G-equivariant CW structure on B by lifting
the cell structure on B where G = Z, is the deck transformation group. Denote by
o : B — B the involution that generates GG. For each (closed) cell e of B, we have

a pair of cells et, e in B such that p(e*) = e and ¢(e™) = e~ (as unoriented cells).

Let R be any commutative ring. (It is always assumed that 0 # 1 € R.) We
denote by (C«(B; R),0) the cellular chain complex with R-coefficients. Recall that
C,(B; R) is the free R-module with basis the set of all closed oriented r-cells of B
modulo the relations e + ¢/ = 0 where €’ is the same underlying cell as e but with
opposite orientation. (We denote by the same symbol e an oriented cell as well as
the corresponding element in the cellular chain group Cx(B;R).) It is clear that
C,(B; R) is isomorphic to the free R-module with basis the set of unoriented r-cells

of B.

For each oriented cell e in B, fix orientations on e™ and e~ so that p|.+ : et > e
is orientation preserving; thus p,(e*) = e. Then ¢|.+ : e — e~ is orientation

preserving since p = p o ¢.

Suppose that 2 is invertible in R. Weset e™ := (et +¢7)/2 and ™ := (e" —e7)/2
for each closed cell e of B. Then C,(B; R) = C:(B; R) & C=(B; R) as a direct sum
of R-modules where C¥(B; R) is the free R-module with basis {€}; as e; varies
over the set of r-cells of B. Similarly {£; }; is an R-basis for C;7(B; R). Tt is readily
seen that CF(B; R) = Fix(¢,), the R-submodule of C,.(B;R) element-wise fixed

by ¢, and that ¢, acts as multiplication by —1 on C=(B;R). Clearly p, maps
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CF(B; R) isomorphically onto C,(B; R) and vanishes identically on C'-(B; R). Note
that 0 : C,(B; R) — C,(B; R) maps CF(B; R) to itself since 0 o ¢, = ¢, 0 . Hence
H,(B; R) breaks up as a direct sum of two R-modules on which ¢, acts by 1 and

(—1) respectively.

Lemma 3.2.2. We keep the above notations. Let R be any commutative ring in
which 2 is invertible. Then p, : H,(B; R) — H.(B; R) maps Fiz(¢,) isomorphically
onto H.(B; R). Moreover p.|z] = 0 if ¢.([z]) = —[2].

Proof. Since p, = p. o ¢, in homology, if ¢.([z]) = —[z], then p.[z] = —p.[z]. Since

2 is invertible in R, we have p,([z]) = 0.

Suppose that ¢,[z] = [z]. Write z = 2zt + 2= where 2* € CF¥(B;R). Since
d2F € CF(B;R) (as observed above), we have d2F = 0 and so [2] = [21] + [¢7].
Since [z] = ¢.([2]) = [z1] — [¢7], we have 2[z7] = 0 which implies that [z7] = 0 as 2

is a unit in R. So we may (and do) assume that z = z™.

Suppose that p,[z] = 0. Write p,(z) = 9(3_ aje;) and set @ := Y ajel € Cr L (B).
Then p,(d(@1)) = Ip, (i) = p.(2). Since p, : CH(B;R) — C.(B;R) is a monomor-

phism, we have z = 0t and so [z] = 0. Thus p,|pix(¢.) is @ monomorphism.

Next suppose that z = > aje; is a cycle in B (with a; € R). Then p,(2) = =
where 7 = 3" a;e; € CF(B; R). Since p.(0%) = 0z = 0 and since p, : CF(B; R) —
C«(B; R) is a monomorphism, we see that 0Z = 0. Clearly p.([Z]) = [z] and so p, is

an epimorphism. O

As an immediate consequence, we obtain the following.

Proposition 3.2.3. Let [z] € H.(B;Z). If p.([z]) = 0 and ¢.([z]) = [2], then
2™[z] = 0 for some m > 1. If ¢.([z]) = —|[z], then 2p.([z]) = 0. O

Example 3.2.4. Let B be the 2n-dunce hat, defined as the mapping cone of f :

S! — S! where f(z) = 2?*. Assume that n > 1. Then B is a two dimensional
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complex, m(B) = Z, — Zy, = m(B) is the inclusion homomorphism. We have
Hy(B;Z) = 0 for k > 2. The deck transformation group induces id on Hy(B;Z)
Z, and p, : H(B;Z) — H,(B;Z) corresponds to inclusion Z, < Z,,. We see that
H.(p; R) is an isomorphism if 2 is a unit in R. Although B has a CW complex
structure which is perfect mod 2, taking n = 2¥, k > 1, the 2-torsion elements in

H,(B;Z) need not be of order 2. O

Suppose that m (B) =2 Z". We have an exact sequence of groups where Cy = Z,:

(3.1) 1= m(B) = m(B) - Cy — 1.

If m1(B) is abelian, then either m (B) = Z"&Z; or m(B) = Z" according as whether
the exact sequence splits or not. Hence Hy(B;Z) =2 Z" @ Zy or Z".

Suppose that m(B) is not abelian. We will use additive notation for m(B).
Conjugation by y € m;(B)\n1(B) defines an automorphism A : 7 (B) — m(B).
Fixing a basis xy,...,%,, we obtain a matrix A = (a;;) € GL(n,Z) such that
A% =T, and yaxy~' = Az Vo € Z™. Since m;(B) is not abelian, A # I,,. We assume

that y is chosen so that it has order 2 when the above exact sequence splits. The

abelianization of 7 (B), namely H;(B;Z), has the following presentation

H((B,Z)=(Zxy + -+ Zx,, + Zy)/H

where H is generated by the following elements 2y — Z1§i§n ciwi, (A —Ip)x;,1 <
j < n, for some ¢ € Z". If ¢ = 0, then y generates a cyclic subgroup of order 2.
Suppose that ¢ # 0. Then the above exact sequence does not split by our hypothesis
on y, and there exists a j so that ¢; is odd. We may assume that all the non-zero ¢;
are 1. Relabeling the x;, we may assume that ¢; = 1. Now replacing =1 by ) ¢;z;
in the basis z1, ..., z, of m(B) if necessary, we may (and do) assume that 2y = x;.

1

Note that yx1y~ = x;. It follows that the image of y is an element of infinite order
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in Hy(B;Z) and that H,(B;Z) is generated by at most n elements.

Set A = {z € m(B) | Ax = —z} C m(B). Its image A_ in Hy(B;Z) is

isomorphic to Z§ where k = rank(A_).

We claim that H(B;Z)/A_ is a free abelian group of rank n — k. To see this,
let A, = {z € m(B) | Az = 2} C m(B). Since A is invertible and since A, + A_
has the same rank n as Wl(é), it suffices to show that A, maps monomorphically

into Hy(B;Z). This is immediate from the above presentation of H;(B;Z) since

yry~! = Ax = x. We summarise the result in the proposition below.

Proposition 3.2.5. Let p : B — B be a double cover where B is connected and
locally path connected. Suppose that Wl(é) is free abelian of finite rank, sayn. Then
H(B;Z) = Z' @ Z& for some k,1 > 0. Moreover, k + 1 = n except when the deck

transformation group Zy acts trivially on m(B), in which case | = n, k = 1. O

We apply Lemma to the special case of the double covering projection
m: S8 x X — P(S,X) satisfying further hypotheses. Denote by Hpi(S; R) the R-
submodule of H,(S; R) on which «a, acts as =1 and denote its dimension by b;t.

Thus the r-th Betti number b,(S) of S equals b + b, .

Proposition 3.2.6. We keep the above notations. Suppose that Y is a connected
locally finite CW complex and that H,.(S;Z) is free abelian. Assume that X is a
connected locally finite CW complex with cells only in even dimensions. Assume
that the involution o : X — X satisfies the hypothesis of Lemma[3.2.1. Let R be
a ring where 2 is invertible. Then (i) m. : H.(S X X;R) — H.(P(S,X);R) is a

monomorphism. In fact, we have an isomorphism

(3.2) H,(P(S.X);R) = @ (H(S;R)®Hu(X;R)® H, ,(S; R)® Hi12(X; R))

p+4t=r
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In particular,

(3.3) dim H,(P(S,X);Q) = > (b bag(X) + b, _sbag2(X)).

pt4q=r

(ii) Suppose that m1(S) is abelian. Then any torsion element of H.(P(S,X);Z) has

order a power of 2.

Proof. (i). We shall apply Lemma In view of our hypotheses and the Kiinneth
theorem, we have H,(S x X;Z) = @, 9., Hp(S;Z) @ Hoy(X;Z). Recall that
m = mof where 0 = a X 0. Som, = m, 00, and so 0, = a, ® 0,.. Since o,
acts on Hy (X;Z) by (—1)¢ we obtain that H,(P(S,X);R) = Fix(H,(0;R)) =
D, a—(Hy (S R) ® Hu(X; R)) © (H, »(S; R) ® Hyyo(X; R)). Taking R = Q we

obtain the asserted formula for the r-th Betti number of P(S, X).

(ii) We only need to show that there is no odd torsion element in H,(P(S, X);Z).
Our hypothesis on 7;(S) and the freeness of H,(S;Z) implies that m (S) = Z* for
some k > 0. If k& =0, then m(P(S, X)) = Z,. In general, m;(P(S, X)) has an index
2 subgroup H := 7, (m(Sx X)) = Z*. Then by Proposition m, H{(P(S,X);2) =

Z'p Z! for some [,t > 0 and so has no odd torsion.

Since H,(Sx X; Z) has no torsion and since m, maps Fix(H,(0;Q)) isomorphically
onto H,(P(S,X);Q), m induces a monomorphism Fix(H,.(6;Z)) — H.(P(S, X);Z).
Suppose that H,.(P(S,X);Z) has an element of order an odd prime p. We as-
sume that r is the least positive integer for which this happens. So r > 1 and
Tor(H,-1(P(S,X);Z),Z,) = 0. By the universal coefficient theorem, H,(P(S, X);Z,) =
H,.(P(S,X);Z)®Z,. Since the r-th Betti number of P(S, X) equals dim H, (P (S, X); Z,)
by (i), every non-zero element in H,(P(S,X);Z,) has to be the reduction mod p
of an element of H,(P(S,X);Z) of infinite order. This implies that H,(P(S, X);Z)

has no element of order p, contrary to our choice of r. Hence the proof. O

Remark 3.2.7. (i) The cohomology version of the above proposition is valid and is
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equivalent to it by the universal coefficient theorem.

(ii) Suppose that S; X as in the above theorem are compact connected orientable
manifolds (without boundary). Suppose that dim S = m,dim X = 2d. Then o is
orientation preserving if and only if d is even. It follows that P(S, X) is orientable
iof and only if « is orientation preserving and d is even, or, « orientation revers-
ing and d is odd. This follows from computation of H,,2q4(P(S,X);Q). This is
also seen from the fact that 6 is orientation preserving if and only if both o, o are

simultaneously either orientation preserving or reversing.
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Chapter 4

Mod 2 cohomology algebra of
some GDS

In this chapter, we obtain results on mod 2 cohomology ring of P(S, X), where S
is a paracompact Hausdorff topological space and X is (i) a sphere, (ii) a torus
manifold (see [MPQG]) under certain mild assumptions, which are satisfied by quasi-

toric manifolds and (iii) a complex flag manifold.

4.1 Cohomology of generalized Klein’s bottles

Let X =S",n > 1, and let 0 : S — S™ be the reflection map that sends e,,; —
—en11 and pointwise fixes S"! C R = {e,11}*. The cell structure on S with one
O-cell dy = {e1} and one (closed) n-cell d, = S™ is stable by 0. With (S, a) as in
Proposition we have H*(P(S,S");Zy) = H*(Y;Zy) ® H*(S™;Z,) which is a
free A := H*(Y;Zy)-module of rank 2. We shall determine H*(P(S,S");Z,) as an

A-algebra. The two cases n > 2 and n = 1 need to be treated separately.

Proposition 4.1.1. Let n > 2. Suppose that S satisfies the hypothesis of Proposi-
tion|3.1.1 Let A= H*(Y;Zy). Then H*(P(S,S");Zy) = Alu]/(u?®) as an A-algebra
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where degu = n.

Proof. We first prove the claim when S = S™, then extend it to the case S = S*.

The general case will be shown to follow from the case S = S*.

Let S = S™, a = —id so that Y = RP™. The Proposition is obvious when m < n
and so we assume that m > n. We shall denote P(S™,S") by P, . One has an
inclusion Py, C P, for 0 < k < m, where k = 0 corresponds to the fibre inclusion

S" = Pun.

Let y be the non-zero element in H'(P,,,;Z2) & H'(RP™;Zy) = Zy. Then
A = H*(RP™;Zy) = Zyly]/{y™"!). Observe that y is the Poincaré dual to the
submanifold P,,_1, < PF,,. Also, one may obtain Fj, as the intersection of
(m — k)-copies of P,,_1, in general position and so y™* is the Poincaré dual of

Py, In particular the Poincaré dual of the fibre S* — P, ,, equals y™.

Any z € S"! = Fix(0) defines a cross-section s : RP™ — P,,,, of the sphere
bundle projection P,,, — RP™. Any two such sections are isotopic since S"! is
connected. (Here we use the hypothesis that n > 2.) We set u = u, to be the
Poincaré dual of the submanifold s : RP™ — P, ,,. Since the intersection s(RP™) N
S™ is transverse and is exactly one point, we see that y"u € H™ (P, ,; Zs) = Z,
is non-zero. Also, taking two distinct fixed points z,2’ € S™ !, we obtain cross-
sections s, s’ where s(RP™) N s'(RP™) = (). This shows that u? = 0, completing the

proof of the proposition in this case.

Next, let S = S*. Choose m > 2n so that the inclusion j : P(S™,S") —
P(S>,S") is an (m—1)-equivalence. Let U, € H"(P(S*,S");Zy) = H"(P(S™,S"); Zs)
be the element that corresponds to u,. Since u? = 0 and j* is an isomorphism in

dimension 2n, we have U? = 0. Thus taking v = U,,, the claim holds for S = S*.

In the general case of (S,a), we have a classifying map f : ¥ — RP> which

classifies the double covering S — Y. Let f : S — S be a lift of f. Then
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we obtain a morphism of S™-bundles F : P(S,S") — P(S*,S") that covers f by
functoriality. Let u,, = F*(U,). Since H*(P(S*,S");Zy) — H*(P(S,S");Z5) is a

ring homomorphism, we have u? = 0. Setting u := u,,, the Claim follows. m

We turn to the case n = 1. Note that when m =1, P,,; is the Klein bottle. It
can be seen that, as in the special case of the Klein bottle, P, ; is a connected sum
RP™HIHRP™ ! To see this, we let J*,J~ C S! € R? to be the closed arcs with
end points ey, —ey where e; € J©,—e; € J~. Note that o stabilizes J+ and J~.
Then P(S™,J"), P(S™,J~) C P, are twisted I-bundles over RP™ with common
boundary S™. The projections of the I-bundle restricted to S is the double cover
Sm — RP™. Since RP™"! is got by attaching an m-cell via the double cover
S™ — RP™, it follows that P, ; is the connected sum RP™M#RP™! | Hence
H*(P,1;2Zy) = Zsla,b]/{a™,b™2 ab). The projection of the circle bundle p :
P,.1 — RP™ induces p* : H*(RP™;Zy) — H*(Pp,1; Z2), defined by y — a+b, where
y is the generator of A = H*(RP™;Z,). (Note that y = a +b € H'(Py,.,;Zs) is
the only element that satisfies the conditions y™™! = 0,9™ # 0.) As an A-algebra,
H*(Py,1;Z5) is isomorphic to Ala]/{a* — ay). When m = oo, A is a polynomial

algebra in y and we have H*(Py 1;Z5) = Ala]/{a* — ay).

When (S, @) is as in Proposition[3.1.1}, P(S,S) = YTUY ™ where Y* = P(S, J¥)
are total spaces of twisted I-bundles v* over Y where YT NY ™~ = P(S5,S%) = §.
We have a continuous surjection n : P(S,S') — P(S,J%)/S = T(y") where T'(y")
stands for the Thom space of y". We let a € H'(P(S,S');Z,) be the image of
the Thom class a € H'(T(y");Zy) =& Zy under the homomorphism induced by 7.

Arguing as in the proof of the above proposition, we obtain the following.

Proposition 4.1.2. Let (S, ) be as in Proposition|3.1.1. Then H*(P(S,S');Z,) =

Alal{a® — ay) where dega = 1 = degy. 0
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4.2 Cohomology of P(S,X), where X is a torus

manifold

In this section, we determine the cohomology ring of P(S, X') when X is a torus man-
ifold under certain mild assumptions, which are satisfied by quasi-toric manifolds
and S is paracompact. Basic facts concerning torus manifolds that are required for
our purposes are recalled in Now let’s begin with the following lemma which

will be needed in the sequel.

Let X be an oriented compact smooth manifold on which the torus 7" = (S!)*
acts smoothly and effectively. Suppose that H C T is a circle subgroup such that
F:=X" ={re X |tx=axVte H} is an oriented connected submanifold of
codimension 2. Then T stabilizes F'. Let v be the normal bundle of F' — X. We
put a Riemannian metric on X that is invariant under 7. Then v is the orthogonal
complement of the tangent bundle 7F in 7X|p. Moreover, v is a T-equivariant
bundle over F'. Note that H acts on v as bundle automorphisms since F' is point-
wise fixed by H. Since F' and X are oriented, so is v and we may (and do) regard

v as a complex line bundle.

Lemma 4.2.1. With notations as above, the complex line bundle v is the restriction
to F' of a T-equivariant complex line bundle w over X. Moreover, one has a T-
equivariant cross-section s : X — FE(w) which vanishes precisely on F. We have

c1(w) = [F] € H*(X;Z) where [F] denotes the cohomology class dual to F — X .

Proof. Without the equivariance part, the existence of w and s were proved in
[San08] and the equality ¢;(w) = [F] was deduced. So we need only construct w and
s as T-equivariant objects. As in the discussion before the statement of the lemma,

we put a Riemannian metric on X that is invariant under 7T'.

Denote by wq the pull-back of v to D(v) via m where m : D(v) — F is the
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projection of the unit disk bundle associated to v. Then wy := 7*(v) is a T-
equivariant complex line bundle which admits an equivariant cross-section sq :
D(v) — E(wp) defined as follows: Recall that E(wy) is the fibre product {(v,w) €
D(v) x E(v) | m(v) = m(w)} € D(v) x E(v) and that T acts on E(wg) diago-
nally: ¢.(v,w) = (tw,tw). We have so(v) = (v,v) Yo € D(v). Note that so
vanishes precisely when v = 0, i.e., on the zero-cross section F' — D(v). Moreover,
so(t.v) = (t.w,tw) =t.(v,v) = t.se(v) for all v € D(v),t € T, showing that sq is 7-
equivariant. Let S(v) = 0D(v). We have an isomorphism of complex line bundles ¢ :
E(wo|sw)) = S(v) x C defined as ¢(v, zv) = (v, 2||v||) Vv € S(v), z € C. The section
¢o sy corresponds to the constant function 1 (i.e., posg(v) = (v,1) Vv € S(v)). Since
the Riemannian metric on X is T-invariant, we have ¢(t.(v, zv)) = ¢(t.v, zt.v)) =
(tw, z||tv]]) = (tw, z||v]]) = t.(v, 2) = t.¢(v, 2v) V(v,w) € E(wp),t € T. This shows

that, with the trivial T-action on C understood, ¢ is T-equivariant.

Let N C X be an equivariant tubular neighbourhood of F© C X which is T-
equivariantly diffeomorphic to D(v). (See [Bre72l §2, Chapter VI|.) Identifying N
with D(v) via such a diffeomorphism, we obtain a T-equivariant complex line bundle,
again denoted wy, on N which restricts to v on F', and a T-equivariant cross-section
So : N — E(wp) which vanishes precisely on F. Moreover, we have an isomorphism
¢ : E(wolon) — ON x C. We glue E(wp) and (X \int(N)) x C, the total space of the
trivial line bundle e¢, along S(v) x C using ¢ to obtain a T-equivariant complex line
bundle w on X. The section sy extends to a T-equivariant section s : X — E(w)
such that s X\int(v) corresponds to the constant function z + 1 € C. In particular,

s vanishes precisely on F'. O]

Now consider a torus manifold X with 7" = U(1)" action such that X/T is a
homology polytope as discussed earlier in We continue using the facts and

notations from the earlier discussion.

Let o : X(Q,A) — X(Q,A) be the involution [t,q] — [t71,¢q]. (It is readily
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verified that this definition is meaningful.) Then X° = {[t,q] | t* € S,, Vq € Q},
which is the analogue of a small cover in the context of quasi-toric manifolds; see
[DJ91]. Suppose that X; is a characteristic submanifold of X, fixed by a subgroup
S; =2 St of T. Let ¢; be in the interior of Q; (i.e., ¢; € Q; but not in any proper face
of Q;). Then S; is the isotropy subgroup at ¢;, and X; is the closure of the T-orbit
of Q;. Since 0(Q;) = Q;, it follows that o(X;) = X;.

Let T := T x (o) be the semi-direct product where 0.t = ¢t~*.0 in T. Then T acts
on X. We put a Riemannian metric on X which is invariant with respect to 7. In
particular, o preserves the Euclidean metric on the normal bundle v; over X;. Let
N; denote a tubular neighbourhood of X; that is stably by T andis T -equivariantly
diffeomorphic to D(v;), the disk bundle of v;. We denote by 6; : N; — D(v;) such
a diffeomorphism. We have that T'o restricts to a bundle map of the unit disk
bundle m; : D(v;) — X; covering o|x, and o(N;) = N;. As in the proof of Lemma
4.2.1 we denote by w; o the bundle 0} (7} (v;)) over NV;. We shall abuse notation and
write ; for the projection N; — X;. This yields an involution ; on w; ¢ defined as
(u,v) = (0(u), Tr,o(v)) where u € N;, and v € D(v;) is in the fibre of D(v;) — X

over m;(u).

Lemma 4.2.2. (i) The bundle map T'o|p, is orientation reversing on v;.

(i) The involution 6, : E(w;o) — E(wio) is a complex conjugation that covers

J|N, -

Proof. (i) It suffices to show that ¢ is orientation reversing on the fibre of N; =
D(v;) — X; over a point ¢; € ;. Since any neighourhood of @); meets the interior
of @, we see that N; Nint(Q) # 0. Let ¢ € N; Nint(Q). Since o(q) = ¢, and
since o is fibre preserving on N; — X, it follows that ¢ is in the fibre D, over
aq € Q. Let ty € S; be the unique order two element. Then [ty,q] € D,, and
a([te,q]) = [to,q] # [1,q] = q and, moreover, no other point in the H;-orbit of ¢ is

fixed by o. This shows that o is the reflection of the disk D,, about the ‘diameter’
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of the disk D,, through ¢. Hence o is orientation reversing.

(ii) Fixing orientation on v;, we obtain a reduction of the structure group of v;
to SO(2) = U(1), making v; a complex line bundle. Since T'o|g,) preserves the
Fuclidean metric on v;, and is an involution, we conclude that it is a complex
conjugation covering o|x,. The same argument applied to the pull-back of v; via the
projection 7; : N; = X; of the disk bundle shows that (p,v) — (o(p), Tr;po(v)) is

a complex conjugation of 7/ (v;) = w; o covering oy, : N; = N;. O

Taking F' = X; C X, a characteristic submanifold in Lemma [4.2.1} we obtain a
T x (o)-equivariant complex line bundle w; over X that extends the normal bundle v;
over X;, and a T-equivariant cross-section s; : X — E(w;) which vanishes precisely

on X;. In fact w;|n, = wio and w;|x\ine(n,) = €c, the trivial complex line bundle.

We claim that the complex conjugation 0;y on w;( extends to a complex con-
jugation on w; that covers o : X — X. Explicitly, we let 6; to be the standard
complex conjugation on the trivial bundle over (X \ int(XV;)). It remains to show
that, under the identification of w; o|gn, with the trivial bundle via the cross-section
so : Ni = E(w;), the restriction &;9lon,xc is the same as the standard complex
conjugation on E(w;olan;). This is clear since sglgn, corresponds to the constant
function x — 1 as noted in the proof of Lemma Thus we have proved the

following.

Lemma 4.2.3. With the above notations, one has a o-conjugation 6; : E(w;) —
E(w;) for each 1 < i < m. Moreover, the Chern class c1(w;) € H*(X;Z) equals the

cohomology class Poincaré dual to X; — X, i.e., c;(w;) = [Xi] € H*(X;2Z). O

In view of Lemma and the fact that the cohomology algebra H*(X;Z,)
is generated by the classes [X;],1 < i < m, the hypotheses of Proposition m
are satisfied. This leads to a description of the cohomology H*(P(S,X);Z,) as

a module over H*(Y;Z,) for any pair (S, «) where S is a paracompact space and
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Y =5/Z,. Our aim is to describe H*(P(S, X ); Z,) as an H*(Y'; Zy)-algebra in terms

of generators and relations.

Recall from [MP0O6] that the integral cohomology ring H*(X; Z) is the quotient of
the polynomial algebra Z[x,. .., z,,] modulo the ideal I generated by the following

two types of elements:
(i) zj, ... z;, =0 whenever Q; N---NQ; =10,

(i) > (u,v5)x; =0 Vu € Hom(T,S"),

1<j<m
where v; = A(Q;) € N. The element z; corresponds to [X;] € H*(X;Z). In partic-
ular, X satisfies the hypothesis of Proposition and we have H*(P(S, X);Zy) =
H*(Y,Z,) ® H*(X; Z,).

For u € NV, consider the complex line bundle w, := ®1§j§mw§§aj where a;
(u,v;) € Z. Then w, is isomorphic to the trivial complex line bundle since ¢;(w,,) =
Y- ajci(wj) = > a;[X;] = 0 in view of the relation (ii) above. Using the fact that
n = Homc(n,ec) and n ® n; are o-conjugate complex vector bundles when 7,7,
are o-conjugate vector bundles yields that w, is a o-conjugate line bundle. (See
INS19, Example 2.2(iv)].) In fact, in the case of 7, the o-conjugation & of 7 is also

a o-conjugation of 7.

We have a T' X Zs-equivariant cross-section s; : X — FE(w;) whose zero locus
equals X;. We write s§ to denote the corresponding cross-section of w?a for a > 1;

when a < 0, we set s§ 1= sl regarded as a section of @?|a|. (Note that E(w) =

70

E(w)). When a = 0, w} is the trivial bundle and s} corresponds to the constant

map X — Ctox — 1.
Let Z; := wq(w;) € H*(P(S, X); Z2) where w; := P(S,w;). Then ) b;Z; restricts

to > bjx; = w2(®w§§bj) along the fibres of the X-bundle P(S,X) — Y. Let p €
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Fix(¢). Denote by s, the cross section Y — P(S, X) defined as [v] — [v,p]. Since
HY(X;Z) = 0, we have H*(P(S,X);Zy) &2 H*(Y;Zy) ® H*(X;Z,) by Proposition
B.I2

Claim: s3(%;) = 0 in H*(Y;Zy).
To see this, note that s, : ¥ — P(S,X) factors as follows: Y = P(S,p) —
P(S,X). Now W;|p(sp) = &a D er since wj|, = ec = {z¢} x C (with standard complex

conjugation). So sy(Z;) = wa({a © €r) = 0, as claimed.

It follows from the above Claim that w2(®@?bj) = > b;z;. Taking b; = (u,v;)
and using the isomorphism P(S, ®w§§bj) > P(S,w,) = P(S,ec) where the trivial

complex line bundle has the standard conjugation, we obtain that, for any v € NV,

> (u,0)E; =0, (7)

1<j<m

Next, suppose that Ni<,<,Q;, = 0. The Whitney sum w := ®;<4<,w;, admits a
cross-section s : X — E(w) given by s(z) = (s;,(2),...,s;.(z)). Clearly s vanishes
along Mi<4<,X;, = 0, that is, s is nowhere vanishing and so we obtain a splitting
w = 1@ ec. The o-conjugations on each summand w;, of w put together yields a
o-conjugation on w. Since s is T' x Zy-equivariant, the o-cojugation on w restricts
to o-conjugations on 7 and ec, and, on the latter it is the standard conjugation. It
follows that & = ®1<4<,w;, = 7 @ €r @ . Hence the top Stiefel-Whitney class of w

is zero. That is,

H z;, =0 whenever Q; N---NQ; =0. (8)

1<g<r

Let A = H*(Y;Z,) and let A[Zy,...,Z,,] denote the polynomial algebra in the

indeterminates 1, ..., ZT,. As a consequence of (7) and (8) we obtain the following.

Theorem 4.2.4. Let X = X(Q,A) be a T-torus manifold where X/T = @Q is
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a homology polytope with m facets. Let o : X — X be the involution [t,q] —
[t71,q]. Then, with the above notations, H*(P(S, X); Zy) is isomorphic, as an A =
H*(Y;Zy)-algebra, to the quotient R(Q,A\) := A[Z1,...,&,]/1 where the ideal I =
1(Q, \) is generated by the following two types of elements:

(i) 3 1<jem (U, v5)T5, u € NY, and,

(ii) [1i<qer Tjy whenever QM ---NQ;. = 0.

The isomorphism is given by T; — ws(w;) € H*(P(S, X); Zs).

Proof. From the description of the cohomology ring of X and the definition of
R(Q,A) it is clear that one has an isomorphism R(Q,A) & H*(X;A) = A ®z,
H*(X;Z5) of graded A-modules (by the universal coefficient theorem). In partic-
ular R(Q,A) is a free A-module of rank equal to dimz, H*(X;Z;) < oco. In fact,
any Zp-basis consisting of monomials in ws(w;) lifts an A-basis for R(Q), A) got by

replacing wq(w;) by Z;.

We have a well-defined A-algebra homomorphism 6 : R(Q,A) — H*(P(S, X);Z>)
defined by Z; — wy(w;),1 < j < m, in view of Equations (7) and (8). By Propo-
sition [3.1.2] we see that 6 is a surjective homomorphism of A-modules. By the
observation made above, as an A-module homomorphism, # maps an A-basis to an

A-basis and hence is an isomorphism. O

4.3 Cohomology of P(5,CG(v))

In this section, our aim is to describe the Z,- cohomology ring of generalized Dold
manifold P(S™, CG(v)), which is fibred by the complex flag manifold CG(v) of type
v = (ny,...,ns). Before proceeding to the case of P(S™,CG(v)), we study the
case of P(S™,CG(v)), where CG,,, = Gi(C") is a complex Grassmannian manifold

consisting of complex k-dimensional subspaces of C™.
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The fixed point set of the (usual) complex conjugation o on CG,,y is the real
Grassmann manifold RG,, ;. Let £ = £, denote the line bundle associated to the
double cover S — Y. We shall also denote by & the line bundle over P(S,CG,, ) ob-
tained as the pull back p'(€) via the projection p : P(S, X) — Y of the CG,, ;-bundle.
Denote by 7y, Bn.x the tautological complex k-plane bundle and its orthogonal com-
plement bundle, which is of rank (n — k). Note that the complex conjugation on C"

yields o-conjugations on 7, , and on (3, . Moreover, we have an isomorphism

Yre D B = nec.
This yields an isomorphism of real vector bundles: (cf. [NS19, Example 2.4(ii)])
Ak ® Bg =y © ner 9)

where @ := P(S,w). Consequently, the following relation among the Stiefel-Whitney

classes holds, where y = w(&,):

w(&n,k)‘w(gmw = (1 + y)n'

We rewrite the above relation in terms of Stiefel-Whitney polynomials:

wW(Brt) = (L4 yt)" w(Fng, t) =D ajt! = a(t) (10)
Jj=0
where a; := a;(y, w1(Ynk), .-, w;(Ynk)) is the homogeneous polynomial of (total)

degree j in (14 y)™.w(Ynk) "

Since H'(P(S,CGp1); Zs) = HY(Y; Zy) = Zyy, it is clear that wy (34 ), w1 (B s) €
Zyy. Moreover, wy () = 0 (resp. wy(Bn) = 0) if and only if k is even (resp. n—k
is even) as a consequence of Equation (4) (or by a direct argument). Hence we see

that, wl(Bn’k) = ny+w(Ynx) € Zoy. This also follows from the above equation. Us-
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ing Equation (4) and induction, we see that the Stiefel-Withney class w; (Bnk) = a,
is expressible as a polynomial in y, wo(Ynk), - - ., Wai(Yn k) for all j where i = [j/2].

We note that, by degree considerations, a; is divisible by y when j is odd.

We may view (10) as defining w;(fn), 1 < j < 2(n — k), as the polynomial ay;.

Since w;(fnx) = 0 for j > 2n — 2k, Equation (10) leads to the relations

a; = aj(y,wQ('Aymk), ce ,’Lng(’A}/mk)) = 0,] > 2n — 2k. (11)

Let I C Zyly, wai(Ynk); 1 < @ < k] be the ideal generated by a;,j > 2n — 2k.
Suppose that the height of y equals N € N. Then (1 +yt)~' = >7 .y %'t and
we have a(t).(3 <<y ¥ )w(An,t) = 1. Tt follows that ayiony; is in the ideal
generated by as, ok, 1 < @ < N 4 2k, for all 7 > 1 and so [ is generated by
Qon—okii, 1 < i < N + 2k. Moreover, it is easily seen that ag,.; is in the ideal

generated by y,a;,2n — 2k +1 < j < 2n for all ¢ > 1.

Consider the graded polynomial algebra R := Zsly,wq;;1 < j < k| in the
indeterminates y,wq;,1 < j < k, where degy = 1,degwy; = 25. We regard

agj = 2;(Y, W, ..., Ws;) as elements of R.

Lemma 4.3.1. The elements y,as; € R,n —k < j <n, form a reqular sequence in

R and R/(y,azj,n —k < j <n) = H(CG, x; Zs).

Proof. To see this, it suffices to show that ay;,n — k < 7 < n is a regular sequence
in R := R/(y) where dy; := ay; mod (y) € R. Note that dy; = ho;(w) where
hoj(w) denotes the complete symmetric polynomial of degree 2j in s, . . ., Wq, that
is, he; equals the coefficient of t% in (1 + wat? + - -+ + Wext?*)~!. One can show,
as in [BT82, §23], that a@s;,n — k < j < n, is a regular sequence in R and that

R/(agj,n —k <7< n} = H*(CGmk,Zg) ]

It follows from the above lemma that y™* asj,n — k < j < n, is a regular
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sequence in R and that the quotient R/(y™"! as;;n —k < j < n) is isomorphic to
Zoly]/{(y™ ) @ H*(CGyp; Zs) = H*(RP™; Zy) ® H*(CGyx; Z2) as graded Zs-vector
spaces. We are ready to prove the following proposition. Recall that &, = £ denotes
the pull-back of the Hopf line bundle over RP™ via the projection of the X-bundle

P(S™, X) — RP™.

Proposition 4.3.2. We keep all the notations as above. Then the Zy-cohomology
algebra H*(P(S™,CG,1); Z2) is isomorphic to R/I where I is the ideal generated by
m~+1

Yyt agj(w),n — k < j < n, where wy; corresponds to wa;(Ynk) and y to wy(§).

Proof. Consider the homomorphism n : R — H*(P(S™,CG,x);Zs) of rings de-

fined as 7(Ws;) = wa;(Ynk) and n(y) = wi(€). By Equation (10) and Proposition

3.1.2 n is surjective. It follows from Equation (11) that n factors as R — R/I SN

H*(P(S™;CG,);Z2). By the discussion preceding the statement of the propo-
sition, we see that 7 is an isomorphism since R/I and H*(P(S™,CGpx);Z2) =

H*(RP™;Zy) @ H*(CG,, x; Z2) have the same dimension. O

Next we prove the following theorem.

Theorem 4.3.3. We keep the above notations. Suppose that S is paracompact.
The cohomology algebra H*(P(S,CG,1); Z2) is isomorphic, as an H*(Y'; Z3)-algebra,
to H*(Y;Zy)[wWs, . .., W] /I, where T is generated by asj,n —k < j < n, under an

isomorphism that maps W to Wa;(Ynk)-

Proof. Set R := H*(Y;Zy)[wa, ..., Wyl In view of Equation (11), it is clear that
we have a surjective H*(Y';Zy)-algebra homomorphism R/Z — H*(P(S, X);Z,)
where wy; maps to wyj(9y,x). Therefore it suffices to show that R/Z is isomorphic

to H*(P(S, X);Zy) as an H*(Y'; Z)-module.

Let A denote the Zy-subalgebra of H*(Y;Z,) generated by y = w;(&,) and let
R = Afg;;1 < j < k]. Then R = H*(Y;Z;) ®4 R. Let I C R denote the ideal
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generated by asj,n —k < j <n. Then R/Z = H*(Y;Zy) @4 (R/I).

Suppose that (S, «) = (S™, —id). By Proposition we have R/ is isomor-
phic to H*(P(S™;CGnk);Z2) = A® H*(CGpi;Zs). So R/T = H*(Y;Zy) @4 A®
H*(CGhp; Zo) = H*(Y; Zo) ® H*(CG i Zs).

Next suppose that (S, ) = (S, —id). The inclusion S™ < S* defines an inclu-
sion jy,, : P(S™, X) — P(S*, X) which induces a H*(Y'; Z,)-algebra homomorphism
in cohomology. Moreover, j* is an isomorphism up to dimension m — 1. From this
observation it follows that the theorem holds for (S, —id). In the general case,
the result follows from functoriality and the fact that the X-bundle P(S, X) arises
as a pull-back of the X-bundle P(S*, X) via a classifying map S — RP>. This

completes the proof. O

Proposition [4.3.2] and Theorem [4.3.3] are valid when the Grassmann manifold
is replaced by complex flag manifolds. More precisely, let v := (ny,...,ns) be
an increasing sequence of positive numbers and let n = Z1gjgs n;. Denote by
CG(v) the complex flag manifold whose elements are complex vector subspaces
U :=(Uy,...,Us) of C* where U; L U; for i # j and dimU; = n;,1 < j <s. Then
CG(v)=U(n)/(U(ny) x ---x U(ng)) has a natural structure of a complex manifold
given by the usual inclusion of U(n) C GL,(C) so that CG(v) = GL,(C)/P, where
P, is the subgroup which is block upper-triangular, where the diagonal sizes are
ni,...,ns. (Under this identification, U corresponds to the sequence Uy C Uy +U,; C
- C U+ -+ Us =C") It is well-known that CG(r) has a CW-structure given
by Schubert cells which are all even dimensional. The Schubert cells are obtained as
B-orbits of T-fixed points where T' C GL,,(C) is the diagonal subgroup and B C P,
is the group of upper triangular matrices. Their closures are the Schubert varieties in
CG(v). The complex conjugation in C™ induces a complex conjugation o on CG(v),
and, moreover, o stabilizes each Schubert variety. The fixed points of ¢ is the real

flag manifold RG(v) = O(n)/(O(ny) x - - - x O(n,)) consisting of U where U; NR™ is
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n;-dimensional for all j.

We denote by 7, (or more briefly 7,), the complex vector bundle over CG(v)
of rank n; whose fibre over U is the vector space U;. This is the pull-back of the
bundle 7, », on CG,, ,, via the projection CG/(v) — CGy p, that sends U to U;. The
complex conjugation C" leads to a o-conjugation on ¢; of ;. Also one has a natural

isomorphism of vector bundles

@ v; = nec (12)

1<j<s

which respects o-conjugation, as in the case of Grassmann manifolds. The integral
cohomology ring of CG(v) is generated by ¢; j 1= ¢;(v;),1 <i <mn;,1 < j <s, where
the only relations among the ¢; ; are generated by the following (inhomogeneous)
relation: [],.;., c(y;) = 1. It follows that way; ; = w(7y;), 1 <i <ny, 1 < j <s, gen-
erate H*(CG(v); Zy) and the relations among these generators are all consequences

of [Ti<jn, w(ys:t) = 1.

Suppose that (S, a) is a paracompact space where « is a fixed point free invo-
lution. Then we have the real vector bundles 4; = P(S,~;) over the generalized
Dold space P(S,CG(v)). One has the following isomorphism of real vector bundles,

resulting from the isomorphism (12):

@ Y = néa D ner

1<j<s

where &, is the real line bundle associated to the double cover S x CG(v) —

P(S,CG(v)). Therefore we obtain

w(¥s,t) = (L+yt)" [ w0 (13)

1<j<s

Then H*(P(S,CG(v)); Zy) is isomorphic to H*(Y; Zy)@ H*(CG(v); Zy) as an H*(Y'; Zy)-
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module, by Proposition Arguing as in the proof of Theorem [4.3.3] we ob-
serve that H*(P(S;CG(v)); Zy) is generated by as H*(Y';Z,)-algebra by s, ; =
we;i(95),1 <1 < mj,1 <j <s. Using Equation (13), we obtain a regular sequence
asr, s < r < n, in the polynomial algebra R, = Zy[wy; | 1 < i <n;,1 <j < s
that correspond to the coefficient of 2" in (1 + ty)"([]w;(¢)) (rewriting w41 in

terms of y, Wy, < i, using Equation (4)).

We set R, to the polynomial algebra over H*(Y';Zy) generated by ‘indetermi-
nates’ Wy ;,1 < i < n;,1 < j < s, and let Z, be the ideal of R, generated by
the elements as; = ag;(y?, wa;),ns < i < n. Then ag,ns < i < n, form a regular
sequence in R,. The proof of the following theorem is analogous to that of Theorem

4.5.9

Theorem 4.3.4. Suppose that (S,«) is a paracompact space with a fized point
free involution a and let v = (ny,ne,...,ns) be a sequence of positive numbers.
With notations as above, we have an isomorphism R, /I, — H*(P(S,CG(v)); Zs)

of H*(Y'; Zy)-algebras defined by wa; ; — wo;(§;)- .

We remark that, setting k = n — n,, the projection 7 : CG(v) — G, defined as
U~ Uy + -+ Us_y is Zy-equivariant and pulls back v, (resp. Bni) to ®1<j<s7j
(resp. 7). Hence P(S,m)* (Y1) = ®1<j<s;. Moreover, using Proposition [3.1.2) and
the fact that 7* : H*(CG, x; Z2) — H*(CG(v);Z,) is a monomorphism, we see that

P(S,7): P(S,CG(v)) — P(S,CG, ) induces a monomorphism in Zy-cohomology.

We conclude this section with the following remark.

Remark 4.3.5. Let 0 : S — S be a fixed point free involution. Let X — CG(v)
be a Schubert variety in a complex flag manifold CG(r). As had already been
commented, X is stable by complex conjugation o on CG(v) and X7 = X NRG(v)
is non-empty. Moreover, X admits a cell-decomposition having cells only in even

dimensions, where the cells are the Schubert cells of CG(v) contained in X. Hence
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the inclusion X < CG(v) induces a surjection H*(CG(v);Z) — H*(X;Z). It
follows that the (mod 2) cohomology of X is generated by Chern classes (mod 2) of
complex vector bundles on X. So Proposition |3.1.2 is applicable to the X-bundle
P(S,X) — Y and we have H*(P(S,X);Zy) = H*(Y;Zy) ® H*(X) as H*(Y;Z,)-
modules. As for the H*(Y'; Zy)-algebra structure, it is determined by the surjection
H*(P(S,CG(v));Zs) — H*(P(S, X);Z3). We omit the details.
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Chapter 5

Cohomology of P(S" CG(v))

In this chapter, we study the cohomology of the specific classes of manifolds P(.S, X)
where (i) (S, a) = (S™, antipodal map), and,
(ii) X is a complex flag manifold and ¢ : X — X is the complex conjugation

(induced by the complex conjugation ~: C" — C").

Recall that CG, . = U(n)/(U(k) x U(n — k)) is the space all k-dimensional
complex vector subspaces of C". Let o : CG,r — CG,; be the involution that

sends L € CG,; to L={0€C"|v e L}.

We put the standard hermitian inner product on C". The complex flag manifold
CG(v) of type v := (ny - -+ ,n) is the space of all flags L := (L4, -+, Ls) where: (i)
Lj is a vector subspace of C" of dimension n = |v| := }7 ., n;, and, (ii) where
L; 1L L;ifi # j; thus L1+ - -+ Ly = C". The complex flag manifold CG, is identified
with the homogeneous space U(n)/U(v) where U(v) := (U(ny) X --- x U(ng)) C
U(n) is the subgroup of block diagonal matrices with block sizes nq,--- ,ns. When

s =2, CG(v) is the Grassmann manifold CG,, ,, .
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5.1 Schubert cell structure of CG(v)

One has the Schubert cell structure for the complex Grassmann manifold CG(v) (cf.
[MST74], Chapter 6]) which has a generalization to the case of complex flag manifolds
given by the Bruhat decomposition (see [Borb3b]). The closed cells are the Schubert
varieties in CG(v) are in bijection with the set of T-fixed points of CG(v) where
T C U(n) is the diagonal subgroup, which is a maximal torus of U(n). These T-
fixed points are in bijection with the coset space S,,/S, where S, := S,,; X -+ X S,,..
Here S, is the permutation group on [n] = {1,2,---,n}. In the case of CGy,
Sn/(Sk X Sp_k) is identified with the set I(n; k) of all strictly increasing sequences

i=(i1,i2,...,1),1 <1, <n. The Schubert variety X (i) C CG, is defined as
X(i) == {L € CGyy | dime(LNCP) > p Vp < k}.

The corresponding T-fixed point is Ej, the C-span of the standard basis vectors
e;,, 1 < p < k. X(i) has the structure of a complex projective variety. One has the

following formula for the dimension of X (i) as a complex variety:

dime X (i) = £(i) == Y _ (i, — p)-
1<p<k
The corresponding (open) Schubert cell is X (i) = {L € CGpny | dim(L N C¥») =
p,dim(L N C»~1) = p — 1 Vp} = C*D. We shall denote by I,(n; k) C I(n; k) the set
of all i € I(n;k) with (i) = q.

In the case of CG(v), we identify S,,/S, with the subset I(v) C S, defined as
follows: I(v) consists of all permutations i = (iy,-- ,i,) = (i,...,1s) of [n] (in
one-line notation) in which each ‘block’ i, (of size n,) is in I(n;n,),1 < p < s,
so that ipp1 = imy41 < -+ < i, Where m, = n; + --- + n, (with mg = 0),

0 < p < s. With respect to the generating set S C S5, consisting of transpositions
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s;i = (i,i+1),1 <7 < n, one has the length function ¢ = fg on the Coxeter group
(Sn,S). The set I(v) is the set of minimal length representatives of elements of

Sn/S,. We have the formula

(3) =Y Hr>t|i <i}

1<t<n

When s = 2, this is consistent with the notation ¢(i) for i € I(n;k). The above
formula for ((i),i € I(v), for s > 3 can be proved by induction on s: If i € I(v),
write v/ = (ny,...,ns_2,n5_1 + ng) and let i’ = (iy, -+ ,i5-9,1,_;) € I(¢') where
i’ | € I(n;ns_1 + ny) is the sequence is_1,is rearranged in the increasing order.

Then, it is easily seen that

£(1) = £(1") + £(i)-

As in the case of the Grassmannian Schubert varieties, the set of all Schubert
varieties (with reference to the standard complete flag C € C* C --- € C") in CG(v)
and the set of T-fixed points of CG(v) are in bijective correspondence with I(v). An
element i € I(v) corresponds to the T-fixed point (Ej,, Fi,, ..., E;,) € CG(v) and
the corresponding Schubert variety is denoted X (i). An element V' = (V4,...,V}) €
CG(v) belongs to X (i) if and only if Vi + --- 4 V], belongs to X (j,) C CGy p, for
all p < s where j, € I(n;m,) is the sequence (iy,...,1,) rearranged in increasing
order. The Schubert variety X (i) C CG(v) has (complex) dimension the length
of i. That is, dimc X (i) = £(i). See [LROS8, §3.3], [Bri05, §1]. The dimension
formula may be established for s > 3 by induction using the Grassmann bundle
CG,r — CG(v) — CG(V') (with v/ as above) where (V1,...,V;) € CG(v) projects
to (Vi,...,Vi_o, Viu1 +V5) € CG(V).

The Schubert cells have natural orientations arising from the fact that the com-
plex vector spaces have canonical orientations. In fact the open cell X (i) is isomor-

phic to the affine space C*D. We note that the conjugation map o : CG(v) — CG(v)
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that sends L = (Ly,..., L) to L = (Ly,..., L,) stabilizes each Schubert cell. In
fact, under the identification X (i) = C'D, the o corresponds to the complex conju-
gation on C/®. In particular, o is orientation preserving (resp. reversing) on X (i)

when /(i) is even (resp. odd).

Since the real dimension of each Schubert cell is even, it follows that the dif-
ferential of the cellular chain complex of CG(v) vanishes identically. Consequently,
H.(CG(v);Z) = C.(CG(v);Z) and H*(CG(v);Z) = C*(CG(v);Z). Thus CG(v)
satisfies the hypotheses of Lemma [3.2.1] The rank of H?(CG(r);Z) equals the
cardinality of I,(v) :={i € I(v) | £(i) = ¢}.

The fixed set Fix(c) C CG(v) is identified with the real flag manifold RG(v) =
O(n)/(O(ny) x - - - x O(ny)) via the embedding defined by the complexification V'

V ® C C C" where V is a real vector space V' C R".

5.2 A cell structure on P(S" CG(v))

We put the standard Zy-equivariant cell structure {C}o<p<,n on the sphere S™.
Here the equivariance is with respect to the cyclic group generated by the antipodal
map a : S™ — S™. The cell C}" (resp. C, ) is the upper (resp. lower) hemisphere of
S¥ € S™ where S C S™ is the unit sphere in R**! spanned by e;,1 < j < k+1. The
projection p : S™ — RP™ is cellular with respect to the standard cell structure on

RP™. The unique closed k-cell in RP™ is RP* corresponding the inclusion R¥*1 —

Rm+1

We put the standard orientation on C;r for each j and put the orientation on

C; induced on it via a. The cells C; in RP™ are given the orientation induced from

oo e
A cell decomposition of S x CG(v) which is equivariant with respect to § = axo

60



is obtained by taking the product cells X*(j,i) := C’f x X (i) as (j,1) varies in
I(m,v) .= {j |0 < j < m}xI(v)}. The cell C’;E x X (i) is given the product

orientation.

We shall denote the image of the oriented cell X (7,1) under the double covering
projection 7w : S™ x CG(v) — P(m,v) by X(j,i) and put the induced orientation

on it. The deck transformation group of 7 is generated by 8 = a X o.
We note that 6| x+;5) : X (4,i) = X (4,1) is orientation preserving if and only
if o x+@) : XT(i) = X~ (i) is, if and only if £(i) is even.

Since the boundary map of C.(CG(v);Z) vanishes, it is readily seen that the
boundary map of C,(S™ x CG(v)) is determined by 0 : C,(S™;Z) and we obtain,

for all (j,i) € I(m,v), that

(5.1) AXF(4,1)) = X*( — L,1) + (-1 XT(j - 1,1),
and
(5.2) 0.(X*(j,1)) = (=) DXT(j,1).

Now p.(X*(j,1)) = X(5,1) and

Po(X7(5,1) = p(O((= D) OXF(j.1))) = p (D) DXH(j,1)) = (-1) VX (5, 1).
It follows from Equation [5.1] that

(5.3)  0X(j,i) = pO(XT(j, 1) = (L+ (1)) X (5 — 1,i) V(5,i) € I(m, v).
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5.3 Integral (co)homology of P(S™,CG(v))

We now turn to the determination of the integral homology of P(m,v). It follows
from Equation that, for 0 < j < m, X(j,1) is a cycle in P(m,v) if and only if
J 4 £(i) is odd. When j + £(i) is odd and j < m, we have (X (j + 1,1)) = 2X(7,1)

and so the homology class [X (j,1)] has order 2.

It is evident from Equation [5.3]that X (0, 1) is a cycle for all i € I(v). When £(i)
is even, [X(0,1)] is of infinite order. If /(i) is odd, X (0,1) is of order 2. Similarly, if
m is odd and £(i) is even, [X (m,1)] is of infinite order. If both m and ¢(i) are even,
then X (m,1) is not a cycle. If m is even and (i) is odd, then [X (m,1i)] is of infinite

order.

Define the sets

L) = (i€ 1) [€H)=0 (mod2)},
L) = {iel()[(i)=1 (mod2)} =)\ L(v),

Bay = {IX(0.0)] | q = £(i).i € L)} U{[X(m.D)] | 20 = m +26(i).i € L)},
Bogs1 = {[X(m,i)]|2¢+1=m+20(3i),i€ L)}

By = {[X(ii)]|q=j+2(),j+ ) =1 (mod2),0<j<m, iel()}.

We note that if m is even, then Byyi1 = 0, and if m is odd, then {[X (m,1)] | 2¢ =

m +20(i),i € L(v)} = 0.

Observe that the cycle group Z,(P(m,v);Z) is the free abelian group generated
by {X(j,1)} where [X(j,1)] € B,U B, for any ¢ > 0. In particular H,(P(m,v);Z) is

generated by B, U Bj.

We have the following result where we leave out the known cases namely, m = 0

as P(0,v) 2 CG(v) and v = (1) in which case P(m,v) = S™.

Theorem 5.3.1. We keep the above notations. Suppose thatm > 1 andn = |v| > 2.

Then there is no odd torsion in H,(P(m,v);Z) and every 2-torsion element is of
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order 2. The set By is a basis for Hy(P(m,v); Z)/torsion and B, is a Zy-basis for

the torsion subgroup of H,(P(m,v);Z).

Proof. We first show that B, is Z-linearly independent. Suppose that Z = > a;; X (j, 1)
with a;; € Z, is a boundary where the sum is over (j,i) € I(m,v) such that
(X (j,i)] € By, i.e. Z = 0C for some C € Cyyq1(P(m,v)). Suppose that some
aj; # 0. Then there has to be a cell X(k,1) such that X(j,i) occurs with non-zero
coefficient in the expression of dX (k,1) for some X (k,1). However, Equation
shows that the only possibility is & = j +1 < m,1 = i and that 0X(j + 1,i) =
(14 (=1 X (5,1). As [X(4,1)] € By, we have X (j + 1,i) = 0. This shows

that there is no such C' and so the B, is Z-linearly independent.

Note that B, C Fix(6,). In view of this one can also prove the linear independence

of B, using Proposition [3.2.3]

Since B, U B generates H,(P(m,v);Z) as observed above, it follows that B,
generates the abelian group H,(P(m,v);Z)/torsion. Therefore B, is a Z-basis for
H

¢(P(m,v);Z) mod torsion. It is easily seen that B is Z,-linearly independent.

Any torsion element of H,(P(m,v);Z) is of order 2, in view of the fact that
Hy(P(m,v); Z) is generated by B,UB;. Indeed, B, generates a free abelian subgroup
of Hy(P(m,v);Z) and B generates an elementary abelian 2-group contained in

H

¢(P(m,v);Z). Hence the torsion subgroup equals the subgroup generated by Bj

and our assertion follows. O]

The cohomology groups of P(m, v) can be read off from the above theorem using
the universal coefficient theorem. Thus H?(P(m,v);Z) = Z' @ Z5 where the values
of ¢ and p depend on m, v can be explicitly determined in terms of |B,| and |B;_,|.
As a warm up, we compute H?(P(m,v);Z). Note that By = () and B} = {[X(1,19)]}
where ip = (1,2 ..., n) is the identity permutation (which is the unique element of

length 0) if m > 1 and Bj is empty if m = 1. So the rank of Hy(P(m,v);Z) is zero.
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Also Hi(P(m,v);Z) = Zy if m > 1 and is isomorphic to Z if m = 1.

Proposition 5.3.2. Let m > 1. With the above notations,

1%

H*(P(m,v);Z)
0 ifm=1.

Also the Picard group Pic(P(m,v)) = Zy generated by éc if m > 1 and is trivial

otherwise.

Proof. The first assertion follows from the universal coefficient theorem. The second
assertion follows from the fact that the first Chern class map yields an isomorphism

of the Picard group onto H?*(P(m,v);Z). O]

We now turn to the determination of the rank and the torsion subgroup of the

integral cohomology groups of P(m,v) explicitly in terms of m, v.

Write H(P(m, v); Z) = @50 H*(P(m,v); Z) = Z%@Zy and H*(P(m, v); Z) =
B H*H(P(m,v);Z) = Z% ¢ Z%. We shall obtain formulas for the numbers
be, UL, by, b, in terms of m, v.

Set B := ;50 Bys Be := U, 50 Bag and let B, = B\ B.. Likewise B’ : | J -, B, and
B, :={[X(j,i)] € B |j=0 (mod 2)}, and B, = B'\ B.. Also, set f, := |B.|, B, :=
B,

By the universal coefficient theorem, b, = |B.|,b, = |B,|, whereas b, = §,,b, =

Be.

Set l. = |I.(v)| and {, = |I,(v)|. Thus l + ¢, = (7) = x(CG(v)). We shall

determine the values of /., £,,.

The Poincaré polynomial P;(v) of CG(v) is the ¢-Gaussian multinomial coeffi-
cient Q,(v) := (Z)q = [n],/([n1], - - - [ns)q) Where ¢ := t* and [k], = [l<j<r(1— 7).
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The right hand side of (), is also the Poincaré polynomial P,(RG(v); Zy) of the real
flag manifold RG(v) with Zs-coefficients. See [Bor53bl §26], [Borb3al. Therefore

(5.4) le =, = x(RG(v)).
We conclude that

(5.5) le = (X(CG(¥)) + Xx(RG(v)))/2; Lo = (X(CG(v)) — x(RG()))/2.

If X(RG(v)) =0, then £, = £, = (") /2.

The Euler-Poincaré characteristic of RG(v) can be computed using standard
arguments and the classical result that x(G/T") = |W (G, T)|, the order of the Weyl
group W(G,T) when G is a compact connected Lie group and T is a maximal
torus. We include a proof for the sake of completeness as we could not find an

explicit reference for the result.

Lemma 5.3.3. Let v = (ny,...,ns),s > 2. Set v, : ={1 <j<s|n;=1 mod 2}.

Then x(RG(v)) = 0 if v, > 2. Suppose that v, < 1. Set n); := |n;/2],1 < j < s,

and |v/2| := (n},nb,...,n.). Then x(RG(v)) = QZ?;J)

Proof. Without loss of generality, assume that n; is even for all j > v,. When
v, > 2, RG(v) is fibred by the real Grassmann manifold RG(ny, ng) over RG(n; +
N2, N3, ..., Ns). Since dim RG(ny,n2) = ninsy is odd, x(RG(r)) = 0 and so the van-
ishing of x(RG(v)) follows from the multiplicative property of the Euler-Poincaré

characteristics for fibrations. See [Spa82, Theorem 1,§3, Chapter 9]

Let v, < 1. Consider first the Euler-Poincaré characteristic of the oriented flag
manifold F\Té<l/) :=50(n)/SO(v) where SO(v) := SO(ny) x---xSO(n). As v, < 1,
SO(v) has the same rank as SO(n). We take T' = (SO(2))"/2/ ¢ SO(v) to be the

standard maximal torus of SO(n) which sits in SO(n) as 2 x 2 block diagonal with
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top diagonal entry being 1 if n is odd. Using the fibration SO(n)/T — SO(n)/SO(v)
with fibre SO(v)/T, we obtain that x(SO(n)/T) = x(SO(v)/T)).x(SO(n)/SO(v)).
It is a classical result that when G is a compact connected Lie group and 7' C G is
a maximal torus of G, then x(G/T) = |W (G, T)|, the order of the Weyl group of
G with respect to T. See [MT91], Part-I1]. It is known [Hus94] that W (SO(n),T)
has order 2Lm=1/2 . | /2|1 This yields that x(RG(v)) = 25_1(5%). The value of

X(RG(v)) is then determined to be (ngp using the covering projection FEZ:(I/) —

RG(v), which has degree 2571 O

With notations as in the above lemma, if v, < 1, then £, = ((7) + (ﬁ%))/Z and
lo=(() ~ (/2

We tabulate below the values of ¢, and 4,,.

1% Ee go

Vo > 2 ()/2 ()/2
vo < 1)+ (B2 | () = (D)2

Table 1: The values of ¢, and /,.

From the definition of B, we see that if i € I,(v), then [X(j,1)] € B, for |(m +
1)/2] distinct values of j, namely, those which satisfy j = 0 (mod 2),0 < j < m.
Moreover, if [X (j,1)] € B., then i € I,(v). Therefore 5. = [ (m+1)/2] - {,. Similarly
Bo = |m/2] - Le.

The values of b, b, depend on v and the parity of m. We proceed to determine

them.
We have b, + b, = dimg(H*(P(m,v);Q)) and b, — b, = x(P(m,v)).

Case 1: m is even. Then HY(P(m,v);Q) = 0 if ¢ is odd and so b, = 0. It follows
that b, = x(P(m,v)) = (1/2)x(S™ x CG(v)) = (7) = n!/(ni!---ny!).
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Case 2: m is odd. We have and b, — b, = x(P(m,v)) = 0. Therefore b, = b,.
Also b, =|{i€ I(v) | ¢(i) =0 mod 2}| = /..

We summarise the above results in the theorem below.

Theorem 5.3.4. Let m > 1 and v = (ny,...,ns) where s > 2. Let v, := {1 < j <

2

s | n; =1 (mod 2)}|. Then H®(P(m,v);Z) = Z% @ZS’@ and H°Y(P(m,v);Z)
Zb @ Zgi’ where b,, by, b., b are as follows:

0y Yer Yo

(i) When m is odd,

(1)/2, if v, >2

() + (a))/2 v <1

be:l%:ge:

When m is even, b, = (Z) and b, = 0.
(1)) b, = B, = |m/2| - be, U, =p0.=|(m+1)/2]-F,.

In particular, H*(P(1,v);Z) has no torsion. O

The following remark gives some partial information about the ring structure of

the integral cohomology of P(m,v).

Remark 5.3.5. (i) It is readily seen that CG(v) equals the Schubert variety X (wy)
that corresponds to the permutation wy = (n,n — 1,...,2,1) € S, (in the one-
line notation). So o is orientation preserving if and only if d = dimc CG(v) =
D i<icj<s My is even, if and only if (”2") is even. It follows that P(m,v) is orientable
if and only if m+ (%2) is odd. (See Remark.) When P(m,v) is orientable, the

natural orientation on it corresponds to the fundamental class [ X (m, wy)].

(i1) Since the bundle p : P(m,v) — RP™ admits a cross-section s : RP™ —
P(m,v), p* : H"(RP™,Z) — H*(P(m,v);Z) is a monomorphism of rings and its
image 1S a direct summand.

(111) Let v : CG(v) — P(m,v) denote the fibre-inclusion of the bundle p :
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P(m,v) — RP™ over a point, say [e;] € RP™. Since {[XT(0,i)] | i € L(v)} is
a Z-basis for @ o Hi(CG(v);Z) C H.(S™ x CG(v);Z) and since . ([X(i)]) =
T [X1(0,1)] = [X(0,1)], it follows that 1.(@ H4(CG(v); Z)) = Z% is a direct sum-
mand of Hy,(P(m,v);Z). Therefore

(5.6) v @ HY(P(m,v);:Z) —» @ HY(CG(v); 2)

q>0 q>0

is a surjective ring homomorphism. Since @ -, H**(CG(v);Z) is torsion free, the

kernal of t* contains the torsion subgroup of @qZO HY(P(m,v);Z).

(iv) Let {x(m,1)} in Hom(H.(P(m,v);Z),2Z) be dual to [X(m,1i)] with respect
to the basis B = o B, of H(P(m,v);Z)/torsion. We have

(H(z(m,1), [X(G)) = (2(m,i), w.((X()])
= (x(m,i),[X(0,j)])
= 0,

for all [X(j)] € H(CG(v);Z). Thus the kernel * : H*(P(m,v);Z) — H*(CG(v);2)

contains x(m,1).

(iv) The cup-product x(m,i) — x(m,j) is a torsion element. This is obvious
when any one of the factors is a torsion element. Suppose that both are of infinite
order. Now 7*(x(m,1)),7*(x(m,j)) € H™(S™;Z) ® H*(CG(v);Z). Hence x(m,i) —
xz(m,j) € kerm*. By Pmposz'tion ker(m*) consists only of torsion elements,

and so our assertion follows.
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5.4 The ring structure of H*(P(S",CG(v)); Z[1/2])

Let R be a commutative ring in which 2 is a unit. From Theorem [5.3.1 we know
that as an R-module, HY(P(m,v); R) is free of rank |B,|. We now turn to the ring
structure of H*(P(m,v); R). We shall first describe it as a subring of H*(S™ x
CG(v); R) via the homomorphism 7* induced by the double covering projection
7w :S" x CG(v) — P(m,v). Note that since 2 is a unit in R, 7* is a monomorphism;
see Proposition [.2.6l Then, in Theorem we shall describe H*(P(m,v); R) as

a quotient of a polynomial algebra.

It will be convenient to use Chern classes of the canonical bundles over CG(v)

as ring generators of H*(CG(v); Z).

Let 1 < j < s and let 7; denote the complex n;-plane bundle over CG(v) whose
fibre over L = (L4, ..., Ls) is L;. Then

@ vj = nec.

1<j<s

Denote by c(w, t) the total Chern polynomial 1 + ¢;(w)t + co(w)t? + - -+ + ¢ (w)t" in
the indeterminate ¢, where ¢;(w) is the jth Chern class of w and r is the rank of w.
The following relation holds in H*(CG(v);Z), in view of the above vector bundle

isomorphism, where

(5.7) Z fptf = H c(y;,t) = 1.

0<r<n 1<5<s

Recall that

H (CG();Z) = Zlerj;1 <7 <njy 1 <5 <8/ (fr, -, fa)
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where the f; are defined by the equation

(5.8) St =] Q+et+-+ent™)

0<r<n 1<5<s
under an isomorphism that maps ¢, ; to ¢.(v;). See [Borb3b, Proposition 31.1].

Denote by u,,, € H™(S™; Z) the positive generator (with respect to the standard

orientation on the sphere).

We now describe, using Proposition [5.3.1] the subring fixed by #* in H*(S™ x
CG(v); R) = Rluy) ® Rle;;1 <1 <nj,1 <j <s]/(u, f,,1 <p<n). Since 7*
defines an isomorphism of H*(P(m,v); R) = Fix(0*), we have the following result.

We omit the proof, which involves a straightforward verification.

Theorem 5.4.1. Suppose that 2 is a unit in R. Then H*(P(m,v)) is isomorphic
to the subalgebra Fiz(0*) C H*(S™ x CG(v); R) which is generated by the following
elements:

Case (1): m_is even.

UmCop—1(Yr), 1<2p—1<mn,, 1<r<s;
02j(7r)7 1 S] Snm 1 STS S; and

Cop—1(Vi)e2g—1(75), 1<2p—1<m;, 1<2¢—1<n,;, 1<i<j<s.
Case (2): m_is odd.

Ui (1), 1<j<mn, 1<r<s; and

Cop—1(7i)C2q-1(75), 1<2p—=1<my, 1<2¢—1<n;, 1<i<j<s.

Next, we shall present H*(P(m,v); R) as a quotient of a polynomial algebra
over R. We introduce commuting ‘variables’ t,,, Capi, ¢y, 1, Cop 1941445 1 < 2D —

1 <ni,1 <2¢9—-1<mn;1 <1< 35 < s Their degrees are assigned as follows:
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[um| = m, |capi

= 4p, ‘Clzp—l,i’ =m+4p — 2, ’Cgp—l,Qq—l,i,j =4(p+q—1).

: : /! : : /!
It will be tacitly assumed that ¢5, 4 5,1, ; 1S the same as the variable ¢, 4 o, 1 ;-

Recall the polynomials f,.,1 < r < n, defined in Equation When r = 27/ is
even, one may express f, as a polynomial in ¢y, Cop—124-1,,j, Possibly in more than

one way. Choose one such expression and define F,. to be the resulting polynomial.

When m is even, the same procedure applied to cy—1,fr,2p — 1 < ny, for r odd

. . . . / p ,
yields the polynomials £ 9;—1; in the variables cog j, ¢, 1 ;5 €5 19010 0o 1 < 2p" —

3
L,2p—1<ny,1<2¢—1,2¢ <nj,1<14j<s. Similarly, assuming that r is odd,

1 3 3 / /! :
U, fr can be expressed as a polynomial in the variables cag j, €5, 1 ;, €y 10414 I

several ways. We choose one such expression and denote the resulting polynomial
by F} ..

Theorem 5.4.2. We keep the above notations. Let R be a commutative ring in
which 2 is a unit. Then H*(P(m,v); R) is isomorphic, as a graded R-algebra to
R/J where R is a polynomial algebra R whose description depends on the parity of

m and is defined below.

Case (1). Suppose that m =0 (mod 2). Then
R = Rlcari; Chyp1i5 Cop19g-145 1 < 262p—1<mn;, 1 <2¢—1<ny, 1<4,j <],

with |cari| = 4, ¢y, ;| =m+4p—2,|c5, 1o, 141 = 4p+4q—4. The ideal J C R
is the ideal generated by the following elements:

(i) C/Qp—l,iCIQq—l,j; C/Qp—l,icgq—l,2q’—1,j,j’ - Clzq/—1,j'cl2/p—1,2q—1,i,jf'

(it) Cgpfl,qul,i,jcgp’fl,Zq’fl,i’,j’ - cl2lp71,2p’71,i,i’C/2/q71,2q’71,j,j/7‘

(i1) Fory, Fop gy For120-10, 1 <2k —=1,2r <mn, 1<2t—1<my, 1 <1< s;
where 2p —1 <n;, 2p' =1 <ny, 2¢—1<mn;, 2¢ —1<ny, 1<4,ji 5 <s.

The isomorphism n: R/J — H*(P(m,v); R) is established by

Cap,i > Cap(Vi), Cl2p71,i = UmCap—1 (i), C/QIpfl,qul,i,j = Cop—1(7i)C2q—1(75)-
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Case (2). Suppose that m =1 (mod 2). Then

R = Rlum; Copis 1 <2p <mys g9y 144, 20— 1< ny, 2¢—1<mn;, 1 <i,j < 4],

With [Un| = m, [copi| = 4p, ¢y, 1 95141 = dp+4q—4. The ideal J C R is generated
by the following elements:
52 .
(1) Ui Cop—1,20-1,0,5 2 1,201t 3t Cop—1,2/—1,isi Cog—120' 1,3,
(“/) F2’r‘a FQk—l,Qt—l,la 1 S 2t —1 S n, 1 S l S S,
where 2p —1 <n;, 2p' =1 <ny, 2¢—1<n;, 2¢ —1<ny, 1<4,ji 5 <s.

An isomorphism n : R/J — H*(P(m,v); R) is obtained as

U = U, Capi = Cop( Vi), CIQ/p—l,2q—1,i,j = Cop—1(73)Caq—1(7;5)-

Proof. 1t is clear n is a well-defined R-algebra homomorphism. Also image of
n equals Fix(6*). Since 2 is a unit in R, we have H*(P(m,v); R) = Fix(6*) C
H*(S™ x CG(v); R) and so, to complete the proof, We only need to show that it is

a monomorphism of R-modules.

Let R be the polynomial algebra Ro = Rlcgi |1 <q¢<mn;;1<i<s|andlet Ry
be the R-subalgebra of 7@0 generated by the ¢y, Cop—12¢-1,ij = Cop—1iC2g—1,;- The
algebra Ry is graded by |c | = 2q Vi. Let & : Rg — Rg be the R-algebra involution
defined by cg; = (—1)%c,;. Then Ry = @, R" = Fix(5). The cohomology
algebra H*(CG(v); R) is isomorphic to Ry/Jy where Jy is generated by fi,--- , fu
defined as in Equation . The isomorphism is obtained by sending ¢, ; to ¢,(v;) €
H?*(CG(v); R).

The ideal jo is graded and we have that joﬂRo = @tzojélt- So Jo :=Ro ﬂjo C

Ry is generated as an ideal of by the following elements:

for, Cop—1ifor—1 € Fix(6),1 <2p—1<mn;,1 <i<s.
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We may express each of these elements as polynomials in the chosen generators of

Ro. The non-uniqueness of such expressions for a given ideal generator arises from

the equality cap—1,20-1,i,jCop/~1,29'~1,7," = Cap—1,2' 1,6, C2g—1,2¢' 1,5,

Consider the polynomial algebra over R generated by the indeterminates cap i, ¢, 1941,

Then the quotient algebra

/! /! /! /! /!
Rcapi, C2p—1,2q—1,z‘,j]/(CQp—1,2q—1,i,j02p/—1,2q'—1,i/,j/ - C2p—1,2p’—1,i,i’C2q—1,2q’—1,j,j’>

is isomorphic to Ry C Ry via the R-algebra homomorphism

/!
Cop,i ™7 Copjiy Cop12¢-1,j 7 C2p—1,2¢—1i5-

Set Ry := R|cap,i; Cyy 19414, and let Jo C Ry be the ideal generated by

/! /! /! /!
Cop—1,2g-1,1, 2/ 1,24 1,7~ Cop—1,29/ 1,0 C2g—1,2 14,7 L2rs For—100-1-

Then

(5.9) Ro/Jo = Ro/To = H*(CG(v); R) = Fix(c™).

The ring R/J is an Ro/Jo-module whose (definition and) structure depends on

the parity of m.

First, consider the case when m is odd. In this case, R/J is a free R/ Jp-module

with basis {1, u,,}. Also, H*(S™; R) = R[u,,]/{u?,) is fixed by a*.

m

I

Since u?, € J, we have the following isomorphisms of R-algebras R/J
(Ro/To)lum]/ (uz,) = Rlum]/(uz) @ (Ro/Jo) = H*(S™; R) & Fix(o*) = Fix(67)

H*(P(m,v); R). This completes the proof when m is odd.

I
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Now let m be even. We have a*(u,,) = —u,, and

(5.10) Fix(0%) = EB HY"(CG(v);R) ® (@ Ru,, ® H*"(CG(v); R)) :

t>0 t>0

Since each H**2(CG(v); R) is a free R-module for any ¢ > 0, so is Ru,, @ H¥**2(CG(v); R)

H*2(CG(v); R).

On the other hand, R/J is generated as a Ro/Jp-algebra by the cj, ;. Since
oy 1.iChq—1; = 0, We see that R/J is generated as an Ro/Jo-module by {1, ¢y, ; ;}.
Further, in view of the relation ¢y, ;¢ 1oy 1 i = Chy 1 4Chy 1941, 0 R/T, if
r € R/J is amonomial in the generators ¢y, |5, 1, ; and if 7 such that 1 < 2r—1 <
n;, 1 <1 < s, then ¢y, 7 is uniquely expressible as ¢, y with y a monomial
in the generators ¢, |5, 1, ; and (ro,lo) is the least in lexicographical order among

such expressions. This shows that, as R-submodules of R/7,

> (Ro/To)chp1i = EP Ruy ® H**(CG(v); R).

t>0

It follows that R/JT = Ro/To @ (Pyso(Rum @ H*?(CG(v); R) is an isomor-
phism. Thus, in view of Equation we have the R-algebra isomorphism R/J =
Fix(0*) = H*(P(m,v); R) defined by 7. O
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Chapter 6

K-theory of P(S" CG(v))

In this chapter, our goal is to determine the ring structure of the complex K-theoretic
ring K*(P(m,v)) for any m > 1 and v = (ny,...,ng),s > 2. However, we have been
greeted with limited success in our efforts. Our results are complete up to a ‘finite

ambiguity’ in a sense that will be made precise later.

The complex K-ring of the classical Dold manifolds P(m,n) was determined by
Fujii in [Fuj66], [Fuj69]. If w is a complex vector bundle over a finite CW com-
plex B and CG(v) is a complex flag manifold, one has the associated CG(v)-bundle
CG(w;v) — B. In this case, the complex K-ring of CG(w;v) is well-known. See
[Kar08, §3,Chapter IV] and also [Ati67]. However, it is easily seen that P(m,v) is
not homeomorphic to CG(w; v) for any complex vector bundle w over RP™. Indeed,
the flag manifold bundle CG(v) < CG(w;v) — RP™ admits a cohomology exten-
sion of the fibre over Z and so, by the Leray-Hirsch theorem [Spa82, §7, Chapter 5],
H*(CG(w;v);Z) is a free H*(RP™; Z)-module of rank equal to rankz(H*(CG(v); Z)).
This implies, in particular, that the rank of H?*(CG(w;v);Z) is positive. However,
H?(P(m,v); Z) has rank 0—see Theorem [5.3.1}—and so P(m,v) is not homeomor-
phic to CG(w;v) for any complex vector bundle w over RP™. Also, it should be

noted that when m > 1, P(m,v) is not a homogeneous space of Spin(m) x U(n),
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although S™ x CG(v) is. As such the computation of the K-theory of P(m,v) is a

nontrivial and interesting problem.

We now proceed to describe our results on (a) the additive structure of K*(P(m,v)),
(b) the ring structure of K*(P(m,v)) ® Q, and, (c) a subring of K°(P(m,v)) gen-

erated by the classes of certain canonical (complex) vector bundles on P(m,v).

6.1 The additive structure of K*(P(S",CG(v)))

Recall, from [AH61], the Atiyah-Hirzebruch spectral sequence (EP?, d,.), which abuts
to K*(B) for a finite CW complex B. The E,-page is defined as EY? = HP(B; K({x}))
where {x} denotes a one-point space. The differential is of bidegree d, : EP? —
EPtmati=r has bidegree (r,1 —r). As such d, = 0 if r is even, since K?({*}) = 0 for

q odd.

Let w be a complex vector bundle over B. Recall that the Chern character
ch(w) € H*(B;Q) is defined as ch(w) = 37,5032, < <, 2 /k!) where 2;,1 < j <r
are the ‘Chern roots’ of w. Thus, the x; are defined by a formal factorization of the

Chern polynomial:

c(w,t) = Z cp(w)tr = H (14 x;t).

O0<p<r 1<j<r

Atiyah and Hirzebruch [AH61] proved that the Chern character ch : K°(B) ® Q —
H(B;Q) = D0 H?1(B;Q) defined by [w] + ch(w) is an isomorphism of rings. In
particular, the rank of K°(B) equals that of H®(B;Z). It follows that if H*(B;Z)
has no p-torsion for a prime p, neither does K°(X). The same result applied to
the suspension S(B) of B yields an isomorphism K'(B) ® Q — H°Y(B;Q) =
D1 H71(B: Q).

Taking B to be P(m,v) we obtain the following. Denote by &c the complexifi-

76



cation of the Hopf line bundle & over RP™. Clearly {c ® &c = ec and so ([éc] —1)? =
—2([&c]—1). Adams [Ada62] showed that K°(RP™) = Z[y]/(y*+2y,y" ') = Z®Zyry
where y = [{c] — 1 and r = [m/2]. We shall denote by the same symbol & the pull-
back p'(&éc) on P(m,v).

Theorem 6.1.1. Let m > 1, v = (ny,...,n,),s > 2. Let be, b,, b, b be as in
Theorem [5.5.4. Then:

(i) K°(P(m,v)) & Z% & Ay where Ay is a finite abelian group of order 28 for some
k, with 0 < k < V.. The group Ay contains a summand Zym/2 1S generated by
y=[&] -1

(ii) KY(m,v) = Z% @ Ay, where Ay is a finite abelian group of order 2t for some
0<t<b.

In particular, K*(P(m,v)) is a torsion group if m is even, and, K°(P(1,v)) is a

torsion-free group.

Proof. Since ch : K*(P(m,v)) ® Q — H*(P(m,v);Q) is an isomorphism and since
K*(P(m,v)) is finitely generated group, it follows that the ranks of K°(P(m,v)), K}(P(m,v))
are the same as those of H® (P (m,v);Z), H°Y(P(m,v); Z) respectively. This shows

that the ranks of K°(P(m,v)), K}(P(m,v)) as asserted.

Since the Atiyah-Hirzebruch spectral sequence converges to K*(P(m,v)), K°(P(m,v))

has a filtration so that the associated graded group is isomorphic to EBPZO EP=P,
Since the torsion subgroup of €P,- B3P = H(P(m,v);Z) is a 2-group of order
2% we obtain that the torsion subgroup of K°(P(m,v)) is a 2-group whose orders
are bounded above by 2%. Similar argument yields that the torsion subgroup of

KY(P(m,v)) is a 2-group of order at most 2%.

To see that K°(P(m,v)) contains a summand isomorphic to 2™/ we note
that p : P(m,v) — RP™ admits a cross-section, namely s([v]) = [v, E] where
E = (C™,...,C") in which the standard basis vectors e, ...n; 1, -+, €nitin,

span the j-th coordinate C". It follows that the composition s' o p' is the identity
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map of K°(RP™). Hence p' is a monomorphism whose image is a summand of
K(P(m,v). By the work of Adams recalled above K®(RP™) = Zym/2jy. This

completes the proof. O

We pause for an example.

Example 6.1.2. (i) In the case of classical Dold manifolds, v = (1,n — 1) and
P(m,v) = P(m,n—1). The group K*(P(m,n—1)) had been completely determined
by Fugii [Fuj6é, Theorem 3.14]. The table below summarises Fujii’s results (in our
notations) yielding the rank and the order of the torsion groups of K°(P(m,n —
1)), K}(P(m,n — 1)). Our results are consistent with Fujii’s work but we have not

been able to determine the groups Ay, A;.

P(m,n—1) K° K!

m | n—1 be | o(Ag) || bo |o0(A1)

2r 2t 2t+1] 28 0 0

2r +1 2t t+1 2" t+1 0

2r 204+ 1|20 +2 ) 27 0 2"

2r4+12t+11 t+1 or t+1| 2rtt

Table 2: The values of b, by, 0(Ag), 0(A1) for P(m,n —1).

(11) When CG(v) is the complete flag manifold, that is, when v = (1,...,1), v, = n.
We leave out the trivial case when n = 1 and assume n > 2. Now the values of

be, b., by, b, for P(m,(1,...,1)) in Theorem are described in the table below.

P(m,v) K° K!

m be | W | by b

2r n!/2 | rnl/2 || n!/2 rn!/2

2r+1 n! |[rnl/2] 0 | (r+1)n!/2
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Table 3: The values of be, b, by, b for P(m,(1,...,1)).

6.2 The ring structure of K'(P(S",CG(v))).

Recall that ~;,1 < j < s, denotes the canonical complex nj-plane bundle over
CG(v). It is a o-conjugate bundle and so we obtain the real vector bundle 4; over

P(m,v). Denote by 4,c the complexification 4; ®g C.

Let f : CG(v) — P(m,v) be the inclusion of the fibre over the base point
[e1] € RP™. Thus f(L) = [e1, L. Since f'(%;) = v; as real vector bundles, it follows
that f'(§,c) = 7,®C = ~,;87; as complex vector bundles. Note that complexification

commutes with Whitney sums, tensor products, and exterior products. So, we have

F(NFie)) = Moy @ %5) =2 D, e (1) @ M(7y) = D, i AP (75) @ Ad(;) for
all k>01<j<s.

We recall the following description of the complex K-ring of CG(v). See [Kar(8),
Theorem 3.6, Chapter-1V].

Theorem 6.2.1. The ring K°(CG(v)) is isomorphic to the polynomial ring gen-
erated by Ap;, 1 < p < mn;, 1 < j < s, modulo the ideal generated by the set
{h, — (Z) | 1 < p < n}, where h, = h,(\;;) is the coefficient of t? in the following

polynomial in the variable t:

ot = T (D At

0<p<n 1<j<s 0<r<n;

Here hy = 1, o; = 1 Vj. The isomorphism is defined by sending \,; to [AP(v;)].
Moreover, K'(CG(v)) = 0. -
We shall refer to the generators A, ; as the canonical generators of K O(CG(V))_

Remark 6.2.2. For any compact connected Lie group G and a closed subgroup
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H C G, the a-construction yields a A\-ring homomorphism RH — K°(G/H) defined
by that sends [V'] € RH to the class of the associated vector bundle with projection
GxygV — G/H. (See [AHGI], [Hus94J.) The bundle v; is associated to the rep-
resentation A ; : S(U(v)) := S(U(n1) x --- x U(n,)) — U(n;), the projection to
the jth coordinate, via the so-called ‘a-construction’. Taking the pth exterior power,
we obtain that AP(v;) is associated to AP(\;;) = N, ; in the representation ring
RS(U(v)). Using the known description of the representation of the unitary group
(see [Hus9j, Chapter 14]), it is readily seen that RS(U(v)) = Z[M\,;, N,

nj,J

1<
J < nil/{Ili<jcs Anjj — 1) Note that )‘;jl,j = [Lizj Anii tn RS(U(v)). Denote by Ay
the standard representation of SU(n) on C". We denote by p([V]) € RS(U(v)) the
restriction of the class [V] of a S(U(v)) representation V. Thus p(A1) = 31 ojcq A1 j-
Set A([V]) := 21, [N (V)]E2. Then Av(Mr) = TTh<js Aa(Ay)-

If a complex representation of S(U(v)) arises as the extension of a representation
of SU(n), then the associated vector bundle is trivial. It follows that p(h,) = (Z) So
p defines a ring homomorphism p : RS(U(v))/Z — K°(CG(v)) where Z C RS(U(v))
is the ideal in (h, — (Z) | 1 < p < n-—1). The above theorem is equivalent to the

assertion that p is an isomorphism.

As a corollary, we obtain the following.

Lemma 6.2.3. K(CG(v)) is generated as an abelian group by the classes of o-

conjugate complex vector bundles.

Proof. We need only observe that if £ and 1 are o-conjugate complex vector bundles
so are E®@n,N(£),q >0, and £ ®n. (See [NS19, Example 2.2(iv), Lemma 2.3(ii)].)
Since the canonical bundles v;,1 < 7 < s, are all o-conjugate bundles, the lemma

follows from the above theorem. O]

Since 7 = mof, we have §'orr’ = (wof)' = 7. So, for any complex vector bundle w

over P(m,v), 7' (w) is a complex vector bundle over S™x CG/(v) such that §'(7'(w)) =
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7' (w). This implies that the image of 7' : K°(P(m,v)) — K°S™ x CG(v)) is

!

contained in the fixed subring Fix(6").

Since K'(CG(v)) = 0, we have isomorphisms given by the exterior tensor prod-

ucts of vector bundles. See [Ati67, Corollary 2.7.15.], [Kar(8, Prop. 3.24, Chapter

V).
(6.1) K°(S™ x CG(v)) = K°(S™) @ K°(CG(v)),
and,

(6.2) K'(S™ x CG(v)) = K'(S™) @ K°(CG(v)).

Also, if m is even K!(S™) = 0 and if m is odd, K(S™) = 0.

We shall identify y € K°(CG(v)) with pri(y) = 1@y € K°(S™ x CG(v)) and
x € K°(S™) with z®1 = pri(x) where pr; denotes the projection to the ith factor of
S™ x CG(v). Thus z®y is identified with zy € K°(S™ x CG(v)). A similar notation
holds for the K°(S™ x CG(v))-module K'(S™ x CG(v)).

Let m = 2r be even. By Theorem the element [¢T] — 271 = 271 — [¢7]

generates ker(rank : K°(S™) — Z) = Z.

Definition 6.2.4. Let m > 0. We set

5 (gt —2t=2""—[¢7] ifm =0 (mod?2)

0 ifm =1 (mod 2).

We have 6'(6,,) = &'(6,,) = —6,. (This follows from the naturality of the Chern

character.)
For any » € K°(CG(v)), 6'(z) = 0'(1 ® z) = o'(z) = 7.
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Lemma 6.2.5. Let m > 1 be arbitrary. Let K be the subring of K°(S™ x CG(v))
generated by the elements (i) x + & and, (ii) 0,,(x — T) when m is even, as x varies
in K°(CG(v)). Then the subring Fiz(0') C K°(S™ x CG(v)) contains K. Moreover,
if z € Fiz(0"), then 2z € K. Thus

2Fiz(0") C K C Fix(6").

Proof. Tt is evident that, for any z € K°(CG(v)), z + 7 € Fix(#').

When m is even, 0'(8,,(x — 7)) = &' (6,,)(Z — ) = =0, (T — 2) = 6z — Z) and
80 0y (x — 7) € Fix(6').

This shows that K C Fix(6') for any m > 1.

Let z € Fix(#') where we assume that rank(z) = 0. Write z = 2o + §,,2; where
z € K°(CG(v)) (recall that 8,, = 0 if m is odd). Then z = 0'(z) = Z) — 6,21 and

$02z=2+0(2) =2+ 2+ 6m(z1 — 21) € K. O

Remark 6.2.6. (i). If y € K°(CG(v)), then, y* + 4, (y + y)* € K. Therefore
9y =(y+9)° -y’ -7 €K

(i) Since A, ; = A,

i = Llizj Aniir we may write any x € K°CG(v)) as v =
P(X,;) as a polynomial in the canonical generators A, ;,1 < p <n;, 1 < j <s, of
K°(CG(v)). In particular, the exponents of X, j,1 < j < s, that occur in P(X,;) is

non-negative for each j. Furthermore, we may assume that, in each monomial, at

least one of the Ay, ; does not occur. This is possible since [],<;,  An;j = 1.

Recall from that, when m = 0 (mod 2), the complex vector bundles £, £~
over S™ are associated to the half-spin representations, and the bundle 1~ is defined
as the pull-back o'(£F). Also we obtained bundle maps &~ : n~ — &+ and at :
ET . &7 — n~ both covering « such that @~ o @™ and a&* o @~ are the identity

isomorphisms id¢+ and id,- respectively.
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Let 6 : E(w) — E(w) be a o-conjugate bundle involution that covers o :
CG(v) — CG(v). We regard it as a complex linear isomorphism w — @ covering o.
We have a complex vector bundle isomorphism 6% : (¢t ® w) — E(n~ ® @) that
covers . Explicitly, 0 (et ®u) = at(et)®d(u) and 6~ (e~ ®@v) = &~ (¢7)®5(v). The
bundle isomorphism 0~ : E(n~ @ @) — E(£t @ w) covering 6 is defined analogously.
We have

(6.3) 0" 00" =id, gz, and 07 0 0" = ide+ gy,

Set g(w) =T Qwdn ®w for any o-conjugate vector bundle w.

Lemma 6.2.7. With the above notations, we have:
(i) For any m > 1, we have 7'(&¢c) = w @ @.
(ii) Let m = 0 (mod 2). Then there exists a complex vector bundle £°(w) over

P(m,v) such that *(£°(w)) = €£(w).

Proof. We have identified w with the bundle prj(w) on S™ x CG(v) in the statement

and will do so in the proof as well.

(i) We shall prove the stronger statement that 7' (&) = wg, the real vector bundle
underlying w. Let ¢ be the o-conjugate vector bundle morphism of w that covers
o : CG(v) — CG(v). Recall that the total space E(w) = P(S™, E(w)) of w is
obtained as the quotient of S™ x F(w) where (v, e) is identified to (—v,&(e)). The
vector bundle projection p; : E(w) — P(m,v) maps [v,e€] to [v,p,(e)]. We have a
commuting diagram where the horizontal maps are quotient maps and the vertical

maps are bundle projections:

S™ x E(w) —— BE()
(64) idxpwl lpa;
S™ x CG(v) —— P(m,v)
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Since 7 is an R-linear isomorphism on each fibre v x E, (w), it follows that

(@)

1%

WR.

(ii) We have a bundle involution 6 : E(£(w)) — E(£(w)) that covers 6 defined
as:

Oe* @u,e” @v) = (0" (e~ @0),07 (" @u)),

for et @u € Ey(¢t @w),e” @v € By(n~ @ @), b € S™ x CG(v). Note that 6 is

fixed point free. So we obtain a vector bundle £°(w) over P(m, ), whose total space

is E(£(w))/(A) and we have the following commuting diagram in which the double

covering projection 7 is a bundle map:

E({(w)) —— B(£"w))

(6.5) ﬁl lp

S™ x CG(v) —— P(m,v)

Therefore 7'(£%(w)) = £(w). O

It is not clear whether there is a unique bundle (up to isomorphism) £°(w) such
that 7'(€%(w)) = €(w). (However, ¢ ® £2(w) = £%(w); see Lemma [6.2.10{(ii) below.)
In the sequel, £%(w) will always denote the bundle as constructed in the above proof.

The following lemma implies, that the class of any other such bundle differs from

[€%(w)] by a torsion element in K°(P(m,v)).

Lemma 6.2.8. Let m > 1 be arbitrary. With notations as in Lemma
ker v : KO(P(m,v)) — K°(S™ x CG(v)) is precisely the torsion subgroup of K°(P(m,v))

and Im(r') contains K.

Proof. By the naturality of the Chern character, we have the following commutative
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diagram:

K%(P(m,v)) —=— K°(S™ x CG(v))

(6.6) Chl lch

H*(P(m,v);Q) —— H*(S™ x CG(v);Q)

Since ch : K°(S™ x CG(v)) — H*(S™ x CG(v);Q) is a monomorphism, and
since 7 : H*(P(m,v); Q) — H*(S™ x CG(v); Q) is a monomorphism, ker 7' equals
the kernel of ch : K°(P(m,v)) — H*(P(m,v);Q), which is precisely the torsion

subgroup of K°(P(m,v)).

It remains to show that K C I'm(x'). Recall that, by definition, §,, = 0 when
m is odd. Since K is generated as a subring by x + &, d,,(x — &) where z varies in

K%CG(v)), we need only to show that x + Z and d,,(x — Z) are in Im(7').

By Lemma any = € K(CG(v)) may be expressed [w] — d where w is a o-
conjugate complex vector bundle and d = rank(w). Thus ¢'(z) = ¢'(z) = [0]—d = Z.
Consider the complex vector bundle wec = @ ®g C, the complexification of w. We
have 7'([0c] — 2d) = [w] + [©] — 2d = = + 7. Thus z + z € Im(n'). This proves that

K C Im(x") when m is odd.

Let m = 0 (mod 2). Recall from Remark that 7] = [p7] in K(S™) and
S0 Oy = [€7] =271 = —([n7] — 277Y) in K°(S™ x CG(v)). Therefore [£(w)] =
[€]w] + [n7)[@] = 6m([w] = [@]) + 27~ ([w] + [#]). By Lemmal[6.2.7] [¢(w)] € Im(w).
It follows that d,,(z — Z) = §,, - ([w] — [©]) € Im(x") since [w] + [@] € Im(x"). Hence

K c Im(r"). O

Recall that £ denotes the complexification of the Hopf line bundle £ over RP™.
We shall denote by the same symbol £ (resp. &c) the bundle p'(€) (resp.p'(&c)) over
P(m,v).

Definition 6.2.9. Let m > 1. With notations as above, define K° C K°(P(m,v))
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to be the subring generated by the following elements:

(i) [&c], [@c], and, (i1) when m is even, [€%(w)],

where w varies over o-conjugate complex vector bundles over CG(v).

We have the following proposition which gives partial information on the multi-

plicative structure of K°(P(m,v)).

Proposition 6.2.10. Let m > 1. The following relations hold in K°(P(m,v)) for
any o-conjugate vector bundles wy,ws and w over CG(v).

(i) ([&c] — 1)[@c] = 0, and, the (additive) order of ([éc] — 1) equals 21™/2).
Furthermore, when m is even, we have

(it) ([€c] = DI (W)] = 0, [€°(wi)] + [§7(w2)] = [€°(w1 & w2)];

(iii) [£%(w)] + [€°(@)] = 2"[wc] modulo torsion;

() [€°(w)][%(w2)] = 27[€° (w1 @w2)| — 222 ([wr] — [@1]) ([wa] — [@2]) modulo torsion.

Proof. (i) The assertion that ([¢c] — 1)[we] = 0 holds since w ® £ = @. (See [NS19,
Lemma 2.7].) That 2l™/2 equals the additive order of ([¢c] — 1) = 0 follows readily
from the work of Adams [Ada62] in view of the fact that the projection p : P(m,v) —
RP™ induces a monomorphism p' : K°(RP™) — K°(P(m,v)) since p admits a cross-

section.

(ii) The second assertion of (ii) is readily seen to be valid. We shall construct a
bundle isomorphism X : e¢ ®€(w) — €(w) that covers 6 : S™ x CG(v) — S™ x CG(v)
and such that it descends to yield a bundle isomorphism ¢c ® £%(w) = £%(w) on

P(m,v). This readily implies the first assertion of (ii).

We have E(¢{c) = S™ x CG(v) x C/{u) where p : ec — €c is the involutive bundle
isomorphism that covers 6 defined as p(b;t) = (0(b); —t) Vb € S™ x CG(v),t € C.
We shall denote by [b;t] € Ep(&c) the image of (b;t) € Ey(ec) under bundle map

ec — &c covering the projection S™ x CG(v) — P(m,v). Thus [b;t] = [0(b); —t].
The total space E(£%(w)) of €°(w) was described in the course of the proof
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of Lemma as F(£)/(). We shall denote by (b;z,y) € Ey(€(w)) the element
(z,y) € Ep(§T @w) @ Ey(n~ @ @) and by [b;z,y] its image in By (£”(w)) under the
projection E(¢(w)) = B(£%(w)). Thus [b;z,y] = [(b); 0~ (y), 07 (2)].

The total space of éc @ £9%(w) has the following description: The fibre over [b] €
P(m,v) is the vector space Ep(&c) ® Ep(°(w)). Let t € C,z € Ey(§T @w),y €
Ey(n~ ® w) so that [b;t] € Ep(éc), [b;2,y] € Ep(§%(w)). Then the vector [b;t] @
b;2,y] € Ep(éc @ (w)) = Ep(éc) @ Ep(§°(w)) will be denoted [(b;¢) ® (z,y)].
Note that

(6.7) [(b5) @ (2, )] = [(0(b); —t) @ (0~ (y), 07" (2))].

Consider the bundle map X : E(ec ® £(w)) — E(£(w)) defined as follows: For
beS™ x CG(v),teC,z € Bl Quw),y € By(n~ ®@w)

(6.8) M(bit) @ (b, y)) = (b —ta, ty).
Then \ is a complex vector bundle isomorphism that covers 6. Moreover,

Ao (p@0)((bit) @ (bia,y)) = A(0(b); —t) @ (0(b); 0~ (y), 07 (x)))
= (0(b); 10 (y), —tO" ()
= 0(b;—tx, ty)
= I(A((b;1) @ (b ,)))

Therefore A yields a well-defined bundle isomorphism A : & ® €%(w) — £2(w),
covering the identity map of P(m,v), defined as [(b;t) ® (z,y)] — [b; —tx, ty]. This

shows that &c ® €%(w) = £%(w).

(iii) In view of the fact that ker(r') equals the torsion subgroup of K°(P(m,v)),
it suffices to show that 7' ([¢%(w)]+[€%(@)]) = 2"7'([&c]). Since 7' (&c) = ([w]+[@]) by
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Lemma and since 7' (£%(w)) = &£(w), we need only to show that [€(w)]+ [€(@)] =
2" ([w] + [@]). It is clear that &(w) ®E@) = (€T @77 ) ® (W B @) = 2" (w P @) since

we have a complex vector bundle isomorphism £ @ n~ = T @ & = 2"¢c on S™.
(iv) We have

T((w1) @ E(w2)) = E(wr) @ E(wa)
= ((tQu+n @) R ETQuw +1 @ @)

= ( ) (w1 ®CU2>+(77_)2®((I)1 ®(D2)+£+7]_ . <W1®(D2€B(D1®w2).

Now by Theorem and Remark[2.5.2] [€T]? = 27[¢F]—2%22 [7]? = 2" [~ | 222
and [€T77] = 222, Substituting in the above equation and using &(w) = £t @ w @

N~ ®w (with w = w; ® wy) we obtain:

T ([w1) ®E(wa)]) = 27([{(wr ® wa)]) — 222 (w1 ® wa] + [01 ® @)
+22 2wy @ Wo] + 01 @ wy))
= 2" ([%(w1 ®@ wa)] — 2272 ([wn] — [@1])([w2] — [we]).

Since ker(7' : K(P(m,v)) — K(S™ x CG(v))) consists only of torsion elements, our

assertion follows. O

Theorem 6.2.11. Let m > 1 and let 1 = |m/2|. The homomorphism =" :
K°(P(m,v)) — K°S™ x CG(v)) defines a surjective ring homomorphism K° — K,
again denoted 7', whose kernel equals the torsion ideal T° C K°. The quotient group

K°(P(m,v))/K° is a finite abelian 2-group.

Proof. We have 7'([¢&x¢]) = [w]+[@] € K, and, when m is even, 7' ([€°(w)]) = [£(w)] =
[€F][w] + 7 ]lw] = [€*](lw — @)) + 27[@] = dm([w] — [@]) + 2 '7'([éc]). Therefore
Sm([w] — [@]) is in 7'(K%). This shows that the homomorphism 7' : K — K is
surjective.

Since, by Lemma the kernel of 7' : K°(P(m,v)) — K°%S™ x CG(v))
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consists only of torsion elements, it follows that the same is true of K° — K. By
the same lemma, rank(KC) = rank(K°(P(m,v))), and since K° C K°(P(m,v)),
it follows from the surjectivity of K — K that rank(K®) = rank(K°(P(m,v)).
Therefore K°(P(m,v))/K" is a torsion group. Since H*(P(m,v);Z) has no odd
torsion, it follows (for example by using the Atiyah-Hirzebruch spectral sequence)
that K°(P(m,v)) has no odd torsion. This proves the last assertion of the theorem.

O

Remark 6.2.12. [t is clear that Zyry is contained in the torsion subgroup of K°(P(m,v)).
We have not been able to determine the torsion part of K°(P(m,v)). This seems to

us to be a rather difficult, albeit an interesting problem.

89



90



Chapter 7

Applications

In this chapter, we apply our results on cohomology of generalized Dold spaces
obtained in the earlier chapters, to mod-2 equivariant cohomology of certain (X, o),
fixed-point of self-maps of P(S™,CG,, ) and degrees of maps between P(S™,CG,, 1)

and P(S",CGs ;) (under some restrictions).

7.1 Equivariant cohomology of (X, o)

As an application of Theorems [4.2.4] we obtain the Zy-equivariant cohomology
Hj (X;Z3) of (X,0) when X is either a torus manifold whose torus quotient is
a homology polytope, or, is a complex flag manifold F,. At least in the case of
complex flag manifolds, this result is perhaps known to experts but we could not

find an explicit reference.

When S = S with antipodal action, the space P(S*°, X) is identical to the
Borel construction S® xz, X (since S is contractible). Therefore the equivari-
ant cohomology algebra H3 (X;Zy) equals H*(P(S>, X);Z;). When H*(X;Z,) is
generated by mod 2 reduction of Chern classes of finitely many o-conjugate vector

bundles (w;,o;), Proposition is applicable and we obtain that Hy (X;Z,) is
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isomorphic to Zyfy] ® H*(X;Zy) as a H*(RP>™;Zy) = Zs[y]-module. The inclu-
sion S™ < S* induces an inclusion P(S™, X) < P(S*°, X) which is an (m — 1)-
equivalence. It follows that Hy (X;Z;) = H'(P(S®,X);Z;) — H'(P(S™, X);Z,)
induced by inclusion is an isomorphism for all ¢ < m. Therefore H3 (X;Z;) is iso-
morphic to the inverse limit of graded Zy-algebras { H*(P(S™, X);Zs)}}m>2. As an

illustration, we obtain the following result as an immediate consequence of Theorems

M2 4 and [4.3.4

Theorem 7.1.1. We keep the above notations from §4.3

(i) Let X = X(Q,A) be a T-torus manifold where Q = X /T is a homology polytope.
Then H3,(X; Zy) is isomorphic to the A-algebra R(Q, A) where A = H*(RP>; Zy) =
Zoly].

(i) Let v =ny < --- < ngn = Y n;. Then Hy (F,;Zs) is isomorphic to R, /L,
where R, = Al ;31 < i < mnj,1 < j < s] where A = H*(RP*®;Zy) = Zy|y| and

I, C R, is the ideal generated by the as; € R,,ns < i < n. O

7.2 Fixed-points of self maps of P(S™, CG,, 1)

A topological space X is said to have fixed-point property if for any continuous map
f on X there exists x € X such that f(z) = x. Here we shall explore the fixed-
point property of generalized Dold spaces. We shall make use of our earlier results
on cohomology of generalized Dold spaces to deduce some conditions such that
continuous maps satisfying them have fixed-points. Let us begin by the following
result which gives a necessary criterion for a generalized Dold space to have fixed-

point property.

Proposition 7.2.1. A generalized Dold space P(S,a, X,0) does not have fized-
point property if any of the following holds:

(1) Y = S/~ does not have the fized-point property.
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(1i) There exists a map f: X — X having no fized-point and f oo = oo f.

Proof. (i) Let g : Y — Y be fixed-point free. Then ¢ := so gop on P(S,X) also

has no fixed-points, where p is the X-bundle projection and s is a section.

(ii). Suppose that f: X — X has no fixed-points and that f oo = oo f. Now
define ¢ : P(S,X) — P(S5,X) as [s,z] — [s, f(z)]. The well-definedness follows
because ¢([a(s), o(z)]) = [a(s), f o o(z)] = la(s),o o f(z)] = [s, f(z)] = (s, x]).

Clearly, 1 has no fixed-points. This completes the proof. n

Remark 7.2.2. (i) Let P(m,n) be a classical Dold manifold such that at least one

of m and n is odd. Then P(m,n) does not have fixed-point property.

Proof. When m is odd, the proof immedietly follows from the above proposition.

When n is odd, we can construct a map f : CP" — CP" defined by

[T1: @9t X, Tt > [To s =Xy v g1, — )

which does not have any fixed-point. Clearly, foo = oo f, where o is the involution
on CP" induced from complex conjugation on C"”. Thus, again using Proposition

7.2.1, P(m,n) does not have fixed-point property. ]

Now we provide a criterion for the existence of a fixed-point of a self map on the
generalized Dold manifolds P(m,n, k) := S™ x CG1/ ~, where (z,L) ~ (—x,L).
We have Proposition as an application of Theorem [5.4.2

In order to prove the Proposition we need the following known result due
to Glover and Homer (see [GHTS]).

Theorem 7.2.3 (Glover-Homer). Assume that either (i) k < 3 and n > 2k, or
(i) k > 3 and n > 2k*> — 1 holds. Then every graded ring homomorphism ¢ of

H*(CGpx; Z) is an Adams map. i.e., there exists an integer X such that ¢(c;) = Nc;,
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where ¢; denotes the i-th Chern class of the canonical complex k-plan bundle 7, 1

over CG, .

Proposition 7.2.4. Let m be odd and either (i) k < 3 and n > 2k, or (i) k > 3
and n > 2k? — 1 hold. Then for any continuous map f : P(m,n,k) — P(m,n, k)

with the degree deg(po f os) # 1, there exists a fized-point.

Note that the generalized Dold manifolds considered in the above statement does
not have fixed-point property, using the fact that RP™ has fixed-point property if
and only if m is even and the Proposition [7.2.1]

Proof. Observe that the map for has a lift f to S™ x CG,, i, for the double covering

7 :S™ x CGhp — P(m,n, k), since f, o, (m(S™ x CG, 1)) C me(m1(S™ x CGhi))-

Recall from Theorem m setting v = (k,n — k) and v1 = Yok, Y2 = Bni, that
7 H*(P(m,n,k);Q) — FixH*(#;Q)) is an isomorphism, where FixH*(0;Q)) C
H*(S™%CG 4 Q) = H*(S™: Q)@ H* (Cy; Q). Note that FixH*(6;Q)) = H*(S™ Q)

FixH*(0;Q)). Then we have the following commutative diagram:

H*(P(m,n,k); Q) —=— FixH*(0;Q)) — H*(S™ x CGpx:Q)

(7.1) f*l lf* lf*

H*(P(m,n, k);Q) < FixH*(#;Q)) —— H*(S™ x CGn:Q).

Since m is odd and H°(CG,x;Q) = @qzo H?*(CG, x;Q) = 0, because of
degree reasons, there exist two graded endomorphisms ¢; : H*(S™; Q) — H*(S™; Q)
and ¢y : H*(CG,x; Q) — H*(CG,x; Q) such that fr = ©1 ® po. We regard f* as

1 ® g restricted to FixH*(6;Q)).

Now Theorem ensures the existence of an integer A such that ¢s(c;) = N,
where ¢; denotes the i-th Chern class of the canonical complex k-plane bundle ~;,
over CG,, ;. Also there exist an integer p such that o1 (u,,) = pu,,, where u,, denotes

a generator of H™(S™;Z). Note that deg(po f os) = u and so, pu # 1.
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The diagram and the fact that 7, : H*(P(m,n,k); Q) — FixH*(0;Q)) is an
isomorphism, the Lefschetz numbers computed for f* and the restriction of f * to
FixH*(0;Q)) are equal. Let us denote FixH'(6,Q)) by T* and FixH'(c;Q)) by F".
Thus the Lefschetz number of f:

L(f) = X(=Utr(f*: H(P(m,n,k);Q) — H'(P(m,n, k);Q))
= Y (=V)tr(f*: FixH'(6;Q)) — FixH'(6;Q)))
= Eizo ”’(f*‘T?i) - Zizo tr(]?*’T%“)
= Zizo tr(pe|p2) — p Zizo tr(pa|p2i)
[ .- since m is odd and @1 (uy,) = pt, |
= (1= p) D iso tr(walrei)
= (1 =) ;50 duiX* [ where dy; is the dimension of H*(CG,,;Q) |

# 0[ - p=deg(pofos)#1]

This shows that the Lefschetz number of f is nonzero and consequently, f has a

fixed-point. This completes the proof. O

7.3 Degrees of maps between certain generalized

Dold manifolds

Here we see some applications of the results on cohomology of GDS on the degrees
of maps between two oriented generalized Dold manifolds of the same dimension.
Recall that P(m,n, k) = P(S™,CG,4) := S™ x CG, 4/ ~, where (z,L) ~ (—x,L).

We have the following proposition as an application of Theorem [5.4.2]

Proposition 7.3.1. Let f : P(m,n,k) — P(r,s,t) be a continuous map between
two oriented and same-dimensional generalized Dold manifolds. Further, assume
that (i) |k/2| < [t/2] if m =1 is odd, and k <t if m =r is even,

(ii) CGyy # CGoy = CP if r £m = 2.
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Then the degree of f is zero.

The proof of Proposition [7.3.1| is divided into two following lemmas, namely

Lemma and Lemma depending on the cases (i) m # r and (ii) m = r.

Notations: Let us fix some notations before proceeding further. We denote the
canonical complex k-plane bundle of a complex Grassmannian manifold CG,,; by
Ynk- Denote the i-th Chern classs of 7, and vs; by ¢; and d; respectively. Let
U, denote a generator of H™(S™;Q). Define the degrees of ¢;,d; to be 2i and the
degree of u,, to be m. Denote both the coverings S™ x CG,,; — P(m,n, k) and
S" x CGsy — P(r,s,t) by m. Also, we shall use the same symbol 6 to denote the

involutions on S™ x CG, ; and S" x CGy ;.

It is well-known that H*(CG,;Z) = Z[cy,co, ..., cx] /T, where T is generated
by the relations f;,n — k+ 1 < [ < n for some homogeneous polynomials f; in
1, Co, ..., ¢ of degree 2/, considering the degrees of ¢; to be 2i. Now we make the

following remark for future usage.

Remark 7.3.2. There is no algebraic relation among ci,ca,...,cp up to degree
2(n — k) in Z[cy, ¢, ..., c))T = H*(CGphx;Z), where degree of ¢; is 2i. Similar

observation hold for CGy ;.

In many places of the following proofs, we will use the fact that for a continuous
map f : M — N between two closed, oriented manifolds of the same dimension, with
deg(f) # 0, the induced map on rational cohomology f*: H*(N;Q) — H*(M;Q) is

a monomorphism.

It is known that c’f(n_k) # 0 in H*(CG,x;Q), where ¢; denotes the first Chern

class of v, 5. See [§15, [Hir95]].

Lemma 7.3.3. Consider a continuous map f : P(m,n,k) — P(r,s,t) where the

generalized Dold manifolds are oriented and of the same dimension. Further assume

that (i) m # r, and, (it) (m,2t(s —t)) # (2,2). Then the degree of f is zero.
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Proof. Recall that the fundamental group of P(m,n, k) isomorphic to Z if m =1
and Z, if m > 1. Using this and the fact that 7, : 7 (S™ x CG,. ) = m(P(m,n, k))
is a monomorphism, it is not hard to see that (fom).(m (S™ x CG,x)) C mi(m (S”
CG,,.)). It follows that f can be lifted to f:Smx CG,r — S x CG,, such that
7o f = fom. This implies deg(f) = deg(f), since deg(w) = 2. Thus it is enough to

show that deg(f) = 0.
Observe that f*(dl) = au,, + bcy for some a,b € Q where a = 0 if m # 2.

It is important to note that if k(n — k), t(s — t) differ by an odd number, then
one of the generalized Dold manifolds P(m,n, k) and P(r,s,t) is non-orientable.
This follows from the fact that dimP(m,n, k) = m + 2k(n — k) = r + 2t(s — t) =
dimP(r,s,t) and P(m,n,k) is orientable if and only if m + k(n — k) is odd (see
Remark (i))). Thus my; # mgy implies |k(n — k) — t(s — t)] > 2. Define
ny = k(n—k) and ny := t(s —t). It is well-known that 0 # ¢|* € H*(CG,,x; Q) and
0 # di? € H*(CG,4; Q) (see [§15, [Hir95])).

Case 1: ny — ny > 2. Using the notations above, we have

0% dj2 — f*(d7?) = ngab™ 12, + ™2 = 0,

since ny —ny > 2 and u?, = 0. Consequently, f* is not a monomorphism.

Case 2: ny —ny > 2. In this case, f*(dl) = au,, + bep (a = 0 unless m = 2)
implies

0=di* = f*(d") = mab™ "y, + 01,

using n; — ny > 2 and w2, = 0. Since ¢}, ' 'u,, are Q-linearly independent in

H*(S™ x CG,x; Q), the right-hand side of above is zero implies b = 0, ab = 0.
If a =0, f*(d;) = 0 and so f* is not a monomorphism.
If a # 0, f*(d;) = auy. Now we have two cases: (a) d2 # 0 and (b) d? = 0.

In case (a), 0 # d? — f*(d?) = a*u2 = 0 implies f* is not a monomorphism. In case
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(b), d? = 0 implies CG,; = CGa1; and consequently, (2,2t(s —t)) = (2,2) which is

not possible because of hypothesis (ii).

Therefore, f* is not a monomorphism and hence, deg(f) = deg(f) = 0. O

Remark 7.3.4. The hypothesis (ii) in the above lemma may not be necessary. In
fact, if (m,t(s —1)) = (2,2), then we have f : P(2,n,k) — P(r,2,1). The equality
of the dimensions of P(2,n,k) and P(r,2,1) implies r = 2k(n — k). Additionally,
CGyy = CP', which is homeomorphic to S*. One can see that there exist non-
zero degree maps from S? x CG,,, to SP*(=k) x S2 ysing the degree 1 map from
CGrp — S*=F) which collapses the (2k(n — k) — 1)-th skeleton of CG,, . However,
it requires further investigation to determine whether f : S? x CG,, — SP(—k) x S2

can have non-zero degree.

We have the following lemma where we consider m = r for studying the degree
of amap f: P(m,n,k) — P(r,s,t). See Theorem 2 in [RS97] for a similar result in

the context of the complex Grassmannians.

Lemma 7.3.5. Consider a continuous map f : P(m,n, k) — P(m,s,t) where the
generalized Dold manifolds are oriented and of the same dimension. Further assume
that 1 <k <n/2,1 <t <s/2 and m > 1. Then the degree of f is zero in each of
the following cases:

(1) m is odd and |k/2] < |t/2],

(1) m is even and k < t.

Proof. We shall use the notation #' to mean “the number of distinct monomials of

degree [” throughout the proof.

Using Theorem we know that 7* : H*(P(m,n,k);Q) — FixH*(0;Q)) is
an isomorphism, and, since FixH*(0;Q)) C H*(S™; Q) ® H*(CG,x;Q), the gen-
erators of FixH*(#;Q)) involves the Chern classes of 7, and u, (using Theo-

rem and Remark [7.3.2). Thus it makes sense to say that the generators of
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H*(P(m,n,k);Q) = FixH*(0;Q)) involve certain Chern classes and u,,. Similar

observation holds for 7#* : H*(P(m, s,t); Q) — FixH*(#;Q))).

(i) Assume (i) holds. We have H*(P(m,n,k)) = FixH*(0;Q)) = H*(S™;Q) ®
FixH*(0;Q)), since m is odd. The Remark ensures that FixH*(0;Q)) is gen-
erated by monomials in ¢, ¢, . .., ¢, where each monomial’s degree is a multiple of

4. Thus, we have

dim(H'(P(m,n, k);Q)) = #'in {c;}iy if 1 <2(n — k)
<#in {e ), if 1> 2(n — k).

A similar observation is true for P(r,s,t). Combining all these, we get

dim(H*2(P(m, s,t);Q)) = #*/2 in {d;}!_,, since t < s5/2
> #H2 in {e;}k | since |k/2] < [t/2]
> dim(H*Y2 (P(m,n, k); Q)).

This shows that f* : H{¥/2)(P(m, s,t); Q) — H*/2(P(m,n, k);Q) is not a monomor-
phism and hence deg(f) = 0.
(ii) Assume (ii) holds. We proceed with two cases: (a) t is even and (b) ¢ is odd.

(a) Suppose that ¢ is even. Here k < t implies |k/2] < [t/2]. Now using Theo-

rem and Remark proceeding similarly as above, we have

dim(HA/2 (P(m, 5,1;Q) = #1072 in {d}_, U fup)} [t <s/2 <51
> #UP n {e ) U{un}, [since [k/2] < [t/2],
the left hand side counts an extra monomial da|s/2).]

> dim(H*Y2(P(m,n, k); Q)).

This shows that f* is not a monomorphism; consequently, the degree of f is zero.

(b) Suppose that ¢ is odd. Now we consider (m+2t)-th cohomology and similarly
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observe that

dim(H™ (P (m, s,t);Q)) =

>

#72 in {di}iy U {um}
#m20 in {¢; 1, U {un}, [since left hand side counts
an extra monomial u,,d; as k < t and ¢ is odd.]

dim(H™ 2 (P(m,n, k);Q)).

Thus, f* is not a monomorphism and so, deg(f) = 0.

Now we are done with all the cases and this completes the proof. O
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