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+RPL %KDED 1DWLRQDO ,QVWLWXWH
5HFRPPHQGDWLRQV RI WKH 9LYD 9RFH &RPPLWWHH

$V PHPEHUV RI WKH 9LYD 9RFH &RPPLWWHH� ZH FHUWLI\ WKDW ZH KDYH UHDG WKH GLVVHUWDWLRQ
SUHSDUHG E\ $EKURM\RWL 6HQ HQWLWOHG ³6ROXWLRQV LQ WKH FODVV RI PHDVXUHV IRU VRPH K\SHUEROLF
V\VWHPV RI FRQVHUYDWLRQ ODZV DQG VFDODU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[´ DQG
UHFRPPHQG WKDW LW PD\ EH DFFHSWHG DV IXOILOOLQJ WKH WKHVLV UHTXLUHPHQW IRU WKH DZDUG RI
'HJUHH RI 'RFWRU RI 3KLORVRSK\�
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)LQDO DSSURYDO DQG DFFHSWDQFH RI WKLV WKHVLV LV FRQWLQJHQW XSRQ WKH FDQGLGDWH¶V VXEPLV�
VLRQ RI WKH ILQDO FRSLHV RI WKH WKHVLV WR +%1,�
,�:H KHUHE\ FHUWLI\ WKDW ,�ZH KDYH UHDG WKLV WKHVLV SUHSDUHG XQGHU P\�RXU GLUHFWLRQ DQG
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7KLV GLVVHUWDWLRQ KDV EHHQ VXEPLWWHG LQ SDUWLDO IXOILOOPHQW RI UHTXLUHPHQWV IRU DQ DGYDQFHG

GHJUHH DW +RPL %KDEKD 1DWLRQDO ,QVWLWXWH �+%1,� DQG LV GHSRVLWHG LQ WKH /LEUDU\ WR EHPDGH

DYDLODEOH WR ERUURZHUV XQGHU UXOHV RI WKH +%1,�

%ULHI TXRWDWLRQV IURP WKLV GLVVHUWDWLRQ DUH DOORZDEOH ZLWKRXW VSHFLDO SHUPLVVLRQ� SURYLGHG

WKDW DFFXUDWH DFNQRZOHGJHPHQW RI VRXUFH LV PDGH� 5HTXHVWV IRU SHUPLVVLRQ IRU H[WHQGHG

TXRWDWLRQ IURP RU UHSURGXFWLRQ RI WKLV PDQXVFULSW LQ ZKROH RU LQ SDUW PD\ EH JUDQWHG E\

WKH &RPSHWHQW $XWKRULW\ RI +%1, ZKHQ LQ KLV RU KHU MXGJPHQW WKH SURSRVHG XVH RI WKH

PDWHULDO LV LQ WKH LQWHUHVWV RI VFKRODUVKLS� ,Q DOO RWKHU LQVWDQFHV� KRZHYHU� SHUPLVVLRQ PXVW

EH REWDLQHG IURP WKH DXWKRU�

$EKURM\RWL 6HQ
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,� KHUHE\ GHFODUH WKDW , DP WKH VROH DXWKRU RI WKLV WKHVLV LQ SDUWLDO IXOILOOPHQW RI WKH

UHTXLUHPHQWV IRU D 3K�' GHJUHH IURP 1DWLRQDO ,QVWLWXWH RI 6FLHQFH (GXFDWLRQ DQG 5HVHDUFK

�1,6(5�� , DXWKRUL]H 1,6(5 WR OHQG WKLV WKHVLV WR RWKHU LQVWLWXWLRQV RU LQGLYLGXDOV IRU WKH

SXUSRVH RI VFKRODUO\ UHVHDUFK�

$EKURM\RWL 6HQ
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/LVW RI 3XEOLFDWLRQV DULVLQJ IURP WKH WKHVLV

-RXUQDO

�� $JJDUZDO� $HNWD� 6DKRR� 0DQDV 5DQMDQ� 6HQ� $EKURM\RWL� 9DLG\D� *DQHVK� 6ROXWLRQV

ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV DSSOLFDWLRQV

WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV� 6WXG� $SSO� 0DWK� ��� ������� QR� ��

���±����

�� 6DKRR� 0DQDV 5�� 6HQ� $EKURM\RWL� 9DQLVKLQJ YLVFRVLW\ OLPLW IRU D V\VWHP RI EDODQFH

ODZV ZLWK JHQHUDO W\SH LQLWLDO GDWD DULVLQJ IURP �' 6DLQW�9HQDQW PRGHO� -� 0DWK�

3K\V� �� ������� QR� �� ������� �� SS�

�� 6DKRR� 0DQDV 5�� 6HQ� $EKURM\RWL� /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU HTXD�

WLRQV RI FRPSUHVVLEOH IOXLG IORZ� =� $QJHZ� 0DWK� 3K\V� �� ������� QR� �� 3DSHU 1R�

��� �� SS�

�� 6DKRR� 0DQDV 5�� 6HQ� $EKURM\RWL� /LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHUEROLF

V\VWHPV RI FRQVHUYDWLRQ ODZV� $V\PSWRW� $QDO� ��� ������� QR� �� ���±����

2WKHUV

�� /XNDV1HXPDQQ�0LFKDHO 2EHUJXJJHQEHUJHU� 0DQDV 5� 6DKRR� $EKURM\RWL 6HQ� ,QLWLDO�

ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV JDV G\QDPLFV� VXEPLWWHG� �����

$EKURM\RWL 6HQ
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)RUHPRVW� , ZRXOG OLNH WR GHGLFDWH WKLV WKHVLV WR P\ )DWKHU DQG 0RWKHU ZKRVH LPPHQVH
ORYH� DIIHFWLRQ� HQFRXUDJHPHQW DQG SUD\V RI GD\ DQG QLJKW PDGH PH ZKDW , DP WRGD\� 7KH\

KDYH DOZD\V EHHQ F\QRVXUH WR P\ OLIH DQG ZLOO UHPDLQ WKH VDPH� $OVR WKLV ZRUN LV GHGLFDWHG

WR 3UDGLS .XPDU 5D\ �MHWKX�� 7ULSWL 5D\�MHWKLPD�� 3DUWKD 6DUDWKL 5D\ �SDUWKD GDGD� DQG

6KLNKD 5D\ �PRP GLGL�� ZKR LQWURGXFHG PH ZLWK JRRG OLWHUDWXUH� ILOPV DQG PXVLF ZLWKRXW

ZKLFK , ZRXOG UHPDLQ LQFRPSOHWH DQG ILQDOO\ WR P\ DOO FKLOGKRRG IULHQGV IRU JLIWLQJ PH

IDQWDVWLF PHPRULHV�
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, KDYH EHHQ IRUWXQDWH WR KDYH 'U� 0DQDV 5DQMDQ 6DKRR DV P\ WKHVLV DGYLVRU� +H SURYLGHG

PH LQYDOXDEOH JXLGDQFH DQG VXSSRUW WKURXJKRXW P\ VWD\ DW 1,6(5� %KXEDQHVZDU� , DP

GHHSO\ LQGHEWHG WR KLP IRU DOO WKH NQRZOHGJH DQG DGYLFH UHFHLYHG RYHU WKH \HDUV� ZLWKRXW

ZKLFK ZULWLQJ WKLV WKHVLV ZRXOG QRW KDYH EHHQ SRVVLEOH�

, ZRXOG OLNH WR WKDQN WKH 'RFWRUDO &RPPLWWHH &KDLUPDQ 'U� $QLO .DUQ DQG WKH 0HP�

EHUV� 'U� 5LWZLN 0XNKHUMHH� 'U� 6XWDQX 5R\ IRU WKHLU FULWLFDO UHYLHZ DQG LQVSLUDWLRQDO HQ�

FRXUDJHPHQW WKURXJKRXW P\ WKHVLV ZRUN� $OVR� , ZRXOG OLNH WR WKDQN WKH H[WHUQDO PHPEHU

RI WKH GRFWRUDO FRPPLWWHH 3URI� .� 7� -RVHSK IRU KLV YDOXDEOH VXJJHVWLRQV DQG GLVFXVVLRQV

GXULQJ P\ YLVLW WR 7,)5 &$0�

, RZH P\ GHHSHVW JUDWLWXGH WR WKH 6FKRRO RI 0DWKHPDWLFDO 6FLHQFHV IDFXOW\ PHPEHUV

ZKR KDYH WDXJKW PH YDULRXV FRXUVHV GXULQJ 3K�'� FRXUVHZRUN DW 1,6(5� 'U� 0DQDV 5DMDQ

6DKRR WRRN WKH FRXUVH RI 0HDVXUH WKHRU\ DQG 'HJUHH WKHRU\� IURP ZKLFK , OHDUQHG D ORW�

, WKDQN 'U� $HNWD $JJDUZDO IURP ,,0� ,QGRUH IRU VXJJHVWLQJ WR PH DQ LPSRUWDQW SUREOHP

ZKLFK HYHQWXDOO\ ZH VROYHG DQG QRZ LV D SDUW RI P\ WKHVLV� $OVR� , ZRXOG OLNH WR WKDQN KHU

IRU WKH IUXLWIXO GLVFXVVLRQV GXULQJ WKH SURFHVV RI ZULWLQJ WKLV WKHVLV� , DP WKDQNIXO WR P\

EDWFK PDWHV DQG FROOHDJXHV $WLEXU� $QDQWD� 1LONDQWKD� 6DQWX� 'LSWHVK� 3XVSHQGX� 5DMHHE�

0ULW\XQMD\� DQG 7DWKDJDWD IRU WKHLU JHQHURXV KHOS DQG IULHQGVKLS GXULQJ WKH 3K�'� ZRUN�

ZKLFK PDGH P\ MRXUQH\ HDVLHU�

, ZRXOG OLNH WR DFNQRZOHGJH WKH ILQDQFLDO VXSSRUW SURYLGHG E\ WKH'HSDUWPHQW RI $WRPLF

(QHUJ\� *RYHUQPHQW RI ,QGLD� WKURXJK D UHVHDUFK IHOORZVKLS WR SXUVXH P\ GRFWRUDO VWXGLHV

DQG WKH QHFHVVDU\ IDFLOLWLHV H[WHQGHG E\ 1,6(5 WR FDUU\ RXW P\ UHVHDUFK ZRUN�

/DVWO\� , KHDUWLO\ H[SUHVV P\ VLQFHUH JUDWLWXGH DQG LQGHEWHGQHVV WR P\ EHORYHG SDUHQWV

DQG RWKHU IDPLO\ PHPEHUV IRU WKHLU EOHVVLQJV� HQFRXUDJHPHQW� DQG VXSSRUW�
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7KH REMHFWLYH RI WKLV WKHVLV LV PDQLIROG� %DVHG RQ WKH GLIIHUHQW SUREOHPV DQG PHWKRGV� ZH

GLYLGH WKH WKHVLV LQWR IRXU SDUWV� ,Q WKH ILUVW SDUW� ZH FRQVLGHUHG VRPH VWULFWO\ K\SHUEROLF

V\VWHPV DGMRLQHG ZLWK 5LHPDQQ�W\SH LQLWLDO GDWD DQG VWXGLHG WKH OLPLWLQJ EHKDYLRU RI WKHLU

VROXWLRQV� :H VKRZHG WKDW WKH VROXWLRQ RI D QRQ�VWULFWO\ K\SHUEROLF V\VWHP FDQ EH REWDLQHG

E\ VWXG\LQJ WKH OLPLWV RI WKH VROXWLRQV IRU D VWULFWO\ K\SHUEROLF V\VWHP� ,Q WKH VHFRQG SDUW�

ZH FRQVLGHU WKH �' 6DLQW�9HQDQW PRGHO ZKLFK LV D QRQ�VWULFWO\ K\SHUEROLF V\VWHP RI EDO�

DQFH ODZV� 7KH WKLUG SDUW FRQVLVWV RI WKH RQH�GLPHQVLRQDO JDV G\QDPLFV HTXDWLRQ LQ WKH

TXDUWHU SODQH� )LQDOO\ LQ WKH IRXUWK SDUW� PHDVXUHG YDOXHG VROXWLRQV IRU VFDODU FRQVHUYDWLRQ

ODZV ZLWK GLVFRQWLQXRXV IOX[ DUH REWDLQHG� ,Q FKDSWHU 1� ZH FROOHFW WKH VWDQGDUG UHVXOWV

IRU WKH V\VWHP RI FRQVHUYDWLRQ ODZV� QXPHULFDO DSSUR[LPDWLRQ IRU FRQVHUYDWLRQ ODZV� DQG

VRPH LQWURGXFWRU\ PDWHULDO IRU QRQ VWULFWO\ K\SHUEROLF V\VWHPV� &KDSWHU 2 DQG FKDSWHU 3 DUH

GHYRWHG WR VWXG\LQJ WKH OLPLWLQJ EHKDYLRU RI WKH VROXWLRQV IRU WKH (XOHU HTXDWLRQ RI FRP�

SUHVVLEOH IOXLG IORZ DQG LWV JHQHUDOL]DWLRQ� 0RUHRYHU� LQ FKDSWHU 2� ZH SURYLGH DQ H[DPSOH

RI D VWULFWO\ K\SHUEROLF V\VWHP ZKRVH VROXWLRQ FRQWDLQV δ�PHDVXUH� ,Q FKDSWHU 4,:H VWXG\

WKH NLQHPDWLF �' 6DLQW�9HQDQW PRGHO DQG XVH WKH YDQLVKLQJ YLVFRVLW\ PHWKRG WR REWDLQ

DQ H[SOLFLW IRUPXOD IRU WKH PRGHO� ,Q FKDSWHU 5, WKH TXHVWLRQ RI VROYDELOLW\ RI WKH LQLWLDO�

ERXQGDU\ YDOXH SUREOHP IRU WKH �' JDV G\QDPLFV HTXDWLRQ LV DGGUHVVHG� 8VLQJ WKH PHWKRG

RI JHQHUDOL]HG SRWHQWLDOV DQG FKDUDFWHULVWLF WULDQJOHV� H[WHQGHG WR WKH ERXQGDU\ YDOXH FDVH�

DQ H[SOLFLW ZD\ RI FRQVWUXFWLQJ PHDVXUH�YDOXHG VROXWLRQV LV SUHVHQWHG� 7KH SUHVFULSWLRQ

RI ERXQGDU\ GDWD LV VKRZQ WR GHSHQG RQ WKH EHKDYLRU RI WKH JHQHUDOL]HG SRWHQWLDOV DW WKH

ERXQGDU\� ,Q FKDSWHU 6, ZH VWXG\ WKH VFDODU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ ZLWK

RYHUFRPSUHVVLYH IOX[ SDLU� $ JHQHUDOL]HG VROXWLRQ FRQWDLQLQJ δ�PHDVXUH LV SURSRVHG� 7KH

YDQLVKLQJ YLVFRVLW\ PHWKRG LV XVHG IRU WKH OLQHDU IOX[HV DQG D /D[�2OHLQLN W\SH IRUPXOD

LV REWDLQHG IRU JHQHUDO IOX[HV� $Q H[SOLFLW QXPHULFDO VFKHPH LV GHYHORSHG WR FDSWXUH WKH

δ�VKRFN VROXWLRQ HIILFLHQWO\�
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&RQWHQWV
6XPPDU\ �

/LVW RI )LJXUHV �

&KDSWHU � 6\VWHP RI FRQVHUYDWLRQ ODZV �

��� 0DWKHPDWLFDO SUHOLPLQDULHV � � � � � � � � � � � � � � � � � � � � � � � � � � �

��� 7KH QRWLRQ RI ZHDN VROXWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � �

��� $GPLVVLELOLW\ FRQGLWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� /D[ DGPLVVLELOLW\ FRQGLWLRQ � � � � � � � � � � � � � � � � � � � � � � ��

����� 9DQLVKLQJ YLVFRVLW\ DQG WUDYHOLQJ ZDYHV � � � � � � � � � � � � � � � ��

����� (QWURS\ DQG HQWURS\ IOX[ SDLUV � � � � � � � � � � � � � � � � � � � � ��

��� 7KH 5LHPDQQ SUREOHP � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 5DUHIDFWLRQ ZDYHV � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 6KRFN ZDYHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 7KH JHQHUDO VROXWLRQ RI WKH ORFDO 5LHPDQQ SUREOHP � � � � � � � � � ��

��� )LQLWH 'LIIHUHQFH 6FKHPHV IRU $SSUR[LPDWLQJ 6FDODU &RQVHUYDWLRQ /DZV � � ��

����� ([DPSOHV RI ��SRLQW VFKHPH� � � � � � � � � � � � � � � � � � � � � � ��

����� 0RQRWRQH DQG 79' 6FKHPHV � � � � � � � � � � � � � � � � � � � � ��

��� 1RQ�VWULFWO\ K\SHUEROLF V\VWHPV � � � � � � � � � � � � � � � � � � � � � � � ��

����� $SSUR[LPDWLRQ SURFHVVHV IRU QRQ VWULFWO\ K\SHUEROLF V\VWHPV � � � � ��

����� %9 IXQFWLRQ DQG 9ROSHUW¶V SURGXFW � � � � � � � � � � � � � � � � � � ��

����� &RQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ � � � � � � � � � � � � � ��

&KDSWHU � /LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHUEROLF V\VWHPV RI FRQVHUYD�

WLRQ ODZV ��

��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 7KH 5LHPDQQ VROXWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� )RUPDWLRQ RI VKRFN ZDYHV IRU ul > ur � � � � � � � � � � � � � � � � � � � � ��
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��� (QWURS\ DQG HQWURS\ IOX[ SDLUV � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 6ROXWLRQ IRU WKH FDVH ul ≤ ur � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� /LPLWLQJ EHKDYLRU RI DQRWKHU VWULFWO\ K\SHUEROLF PRGHO� 6KDGRZ ZDYHV � � ��

&KDSWHU � /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU HTXDWLRQV RI FRPSUHVV�

LEOH IOXLG IORZ ��

��� ,QWURGXFWLRQ� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 7KH 5LHPDQQ SUREOHP� � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

��� )RUPDWLRQ RI FRQFHQWUDWLRQ IRU ul > ur� � � � � � � � � � � � � � � � � � � � ��

��� (QWURS\ DQG HQWURS\ IOX[ SDLUV� � � � � � � � � � � � � � � � � � � � � � � � � ��

��� )RUPDWLRQ RI FRQWDFW GLVFRQWLQXLW\ DQG FDYLWDWLRQ IRU ul ≤ ur� � � � � � � � ��

��� &RQFOXGLQJ UHPDUNV DQG IXUWKHU SRVVLELOLWLHV� � � � � � � � � � � � � � � � � ���

&KDSWHU � 9DQLVKLQJ YLVFRVLW\ OLPLW IRU D V\VWHP RI EDODQFH ODZV ZLWK JHQHUDO

W\SH LQLWLDO GDWD DULVLQJ IURP �' 6DLQW�9HQDQW PRGHO ���

��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� ([SOLFLW IRUPXOD XVLQJ +RSI�&ROH WUDQVIRUPDWLRQ � � � � � � � � � � � � � � ���

��� /DUJH WLPH EHKDYLRU � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 9DQLVKLQJ YLVFRVLW\ EHKDYLRU � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� 3URRI RI 7KHRUHP ����� � � � � � � � � � � � � � � � � � � � � � � � � ���

����� 7KH 5LHPDQQ SUREOHP � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 6SDFH LQGHSHQGHQW QRQ�KRPRJHQHRXV V\VWHP � � � � � � � � � � � � � � � � ���

&KDSWHU � ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV JDV G\QDPLFV ���

��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� &RQVWUXFWLRQ RI VROXWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� ([LVWHQFH RI JHQHUDOL]HG VROXWLRQ � � � � � � � � � � � � � � � � � � � � � � � ���

��� 9HULILFDWLRQ RI LQLWLDO DQG ERXQGDU\ FRQGLWLRQ � � � � � � � � � � � � � � � � ���

��� (QWURS\ FRQGLWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 6RPH H[SOLFLW H[DPSOHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

L[
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&KDSWHU � 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQ�

XRXV IOX[ DQG LWV DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF

V\VWHPV ���

��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 3UHOLPLQDULHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� *HQHUDOL]HG ZHDN VROXWLRQ ZLWK OLQHDU RYHUFRPSHUHVVLYH IOX[ SDLU � � � � � ���

��� 'LVWULEXWLRQDO 6ROXWLRQ RI /LQHDU 7UDQVSRUW (TXDWLRQ DV D 9DQLVKLQJ 9LV�

FRVLW\ /LPLW � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� &RQWLQXRXV 6ROXWLRQ RI WKH 3DUDEROLF $SSUR[LPDWLRQ ������� � � � � ���

����� 9DQLVKLQJ YLVFRVLW\ OLPLW � � � � � � � � � � � � � � � � � � � � � � � ���

��� ([SOLFLW )RUPXODH IRU JHQHUDOL]HG ZHDN VROXWLRQ � � � � � � � � � � � � � � � ���

��� 1XPHULFDO 6FKHPH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� 1XPHULFDO 6FKHPH IRU ��������������� � � � � � � � � � � � � � � � � ���

����� ([WHQVLRQ WR 6\VWHPV � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� 1XPHULFDO 6FKHPH IRU %DODQFH /DZV � � � � � � � � � � � � � � � � ���

��� 1XPHULFDO 5HVXOWV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� 6LPXODWLRQV IRU WKH HTXDWLRQ ��������������� � � � � � � � � � � � � � ���

����� 6LPXODWLRQV IRU WKH V\VWHP ��������������� � � � � � � � � � � � � � � ���

&KDSWHU � &RQFOXVLRQV DQG IXWXUH UHVHDUFK ���

��� &RQFOXVLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� 9DQLVKLQJ SUHVVXUH OLPLW IRU VRPH VWULFWO\ K\SHUEROLF V\VWHPV � � � � ���

����� 9DQLVKLQJ YLVFRVLW\ DSSURDFK IRU VRPH QRQ�VWULFWO\ K\SHUEROLF V\V�

WHPV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� 0HDVXUH YDOXHG VROXWLRQV IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV

IOX[ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV JDV G\QDPLFV � ���

��� )XWXUH 5HVHDUFK � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� 9DQLVKLQJ YLVFRVLW\ DSSUR[LPDWLRQ IRU VFDODU FRQVHUYDWLRQ ODZVZLWK

GLVFRQWLQXRXV IOX[ � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� 9DQLVKLQJ YLVFRVLW\ OLPLW IRU DGKHVLRQ PRGHO � � � � � � � � � � � � ���

[
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����� ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV IORZ ZLWK PHD�

VXUH GDWD � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

5HIHUHQFHV ���

[L



6XPPDU\
7KH ZHOO�HVWDEOLVKHG WKHRU\ IRU WKH V\VWHP RI FRQVHUYDWLRQ ODZV JHQHUDOO\ DVVXPHV WKDW WKH

V\VWHP LV VWULFWO\ K\SHUEROLF DQG WKH FKDUDFWHULVWLF ILHOGV DUH HLWKHU JHQXLQHO\ QRQ�OLQHDU RU

OLQHDUO\ GHJHQHUDWH� 0RUHRYHU� WKH FODVVLFDO H[LVWHQFH WKHRULHV DUH DSSOLFDEOH ZKHQ WKH WRWDO

YDULDWLRQ RI WKH LQLWLDO GDWD LV VPDOO� ,W LV ZHOO NQRZQ WKDW WKH VROXWLRQ RI FRQVHUYDWLRQ ODZV

PD\ GHYHORS GLVFRQWLQXLWLHV DIWHU D ILQLWH WLPH HYHQ WKRXJK WKH LQLWLDO GDWD LV VPRRWK� ,Q

WKDW FDVH� WKH VROXWLRQ VSDFH LV JHQHUDOO\ Lp, 1 ≤ p ≤ ∞ RU BV, WKH VSDFH RI WKH IXQFWLRQV

RI ERXQGHG YDULDWLRQ� 7KH VROXWLRQ LV XQGHUVWRRG LQ D ZHDN VHQVH DQG LQ JHQHUDO WKH ZHDN

VROXWLRQV DUH QRW XQLTXH� ,Q WKH OLWHUDWXUH� VHYHUDO DGPLVVLEOH FULWHULD KDYH EHHQ GHYHORSHG WR

HVWDEOLVK WKH XQLTXHQHVV RI WKH VROXWLRQ GHSHQGLQJ XSRQ LWV SK\VLFDO UHOHYDQFH� ,Q SUDFWLFH�

WKHUH DUH V\VWHPV WKDW PD\ YLRODWH ERWK RI WKH FRQGLWLRQV �VWULFW K\SHUEROLFLW\ DQG VPDOO WRWDO

YDULDWLRQ RI LQLWLDO GDWD� DVVXPHG LQ WKHVH WKHRULHV� 7KH VROXWLRQ FODVV IRU WKHVH V\VWHPV PD\

EH ZLGHU WKDQ L∞ RU BV. .RUFKLQVNL ILUVW REVHUYHG WKDW WKH VROXWLRQ RI D 2× 2 QRQ VWULFWO\

K\SHUEROLF V\VWHP GRHV QRW OLH LQ BV (R) EXW D %RUHO PHDVXUH�
7KLV WKHVLV LV FRQFHUQHG DERXW WKH H[LVWHQFH DQG XQLTXHQHVV RI WKH QRQ�FODVVLFDO �PHDVXUH�

YDOXHG� VROXWLRQV IRU WKH IROORZLQJ FRQVHUYDWLRQ ODZV DULVLQJ IURP YDULRXV SK\VLFDO PRG�

HOV� �L� (XOHU HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ DQG LWV JHQHUDOL]DWLRQ� �LL� V\VWHP RI

QRQ�VWULFWO\ EDODQFH ODZV DULVLQJ IURP �' 6DLQW�9HQDQW PRGHO� �LLL� LQLWLDO�ERXQGDU\ YDOXH

SUREOHPV IRU �' SUHVVXUHOHVV JDV G\QDPLFV PRGHO DQG �LY� VFDODU FRQVHUYDWLRQ ODZV ZLWK

GLVFRQWLQXRXV IOX[ IXQFWLRQ� 7KH PDLQ IRFXV RI WKLV WKHVLV LV WR REWDLQ WKH H[SOLFLW IRUPXODH

IRU WKH DERYH V\VWHPV� )RU WKH V\VWHP PHQWLRQHG LQ �L�� ZH XVHG WKH VKDGRZ�ZDYH PHWKRG

DQG D YDQLVKLQJ SUHVVXUH OLPLW DSSURDFK ZKLFK FDQ EH YLHZHG DV D YDULDQW RI WKH YDQLVKLQJ

YLVFRVLW\ PHWKRG� ,Q WKH SUHVHQFH RI VPDOO SUHVVXUH� WKH V\VWHP LV VWULFWO\ K\SHUEROLF WKXV E\

XVLQJ /D[ WKHRU\ ZH FRQVWUXFWHG D VROXWLRQ DQG IRXQG LWV GLVWULEXWLRQDO OLPLW DV WKH SUHVVXUH

WHUP DSSURDFKHV ]HUR� 7KH REWDLQHG GLVWULEXWLRQDO OLPLW VDWLVILHV DV WKH VROXWLRQ LQ D ZHDN

VHQVH� )RU WKH V\VWHP PHQWLRQHG LQ �LL�� ZH XVHG WKH YDQLVKLQJ YLVFRVLW\ PHWKRG� 7R EH

SUHFLVH� ZH PDLQO\ XVHG D WUDQVIRUPDWLRQ VLPLODU WR +RSI�&ROH WUDQVIRUPDWLRQ WR OLQHDUL]H

WKH SDUDEROLF DSSUR[LPDWLRQ �YLVFRXV DSSUR[LPDWLRQ� RI WKH V\VWHP� DQG WKHQ E\ SDVVLQJ

WR WKH OLPLW ZH JRW DQ H[SOLFLW IRUPXOD� 8VLQJ 9ROSHUW¶V SURGXFW ZH VKRZHG WKDW WKH RE�

�
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WDLQHG H[SOLFLW IRUPXOD LV D VROXWLRQ� 7KH LQLWLDO YDOXH SUREOHP IRU WKH V\VWHP PHQWLRQHG LQ

�LLL� LQ RQH DQG KLJKHU VSDFH GLPHQVLRQ KDV EHHQ H[WHQVLYHO\ SXUVXHG LQ WKH OLWHUDWXUH LQ WKH

SDVW GHFDGHV EXW WR WKH EHVW RI RXU NQRZOHGJH� QR DWWHPSWV KDYH EHHQ PDGH VR IDU WR VROYH

WKH LQLWLDO�ERXQGDU\ YDOXH SUREOHP� :H H[WHQGHG WKH ZRUN +XDQJ E\ LQWURGXFLQJ D VHFRQG

W\SH RI SRWHQWLDO�ERXQGDU\ SRWHQWLDO� )XUWKHUPRUH� WKH ERXQGDU\ FRQGLWLRQ LV GHVLJQHG LQ D

SK\VLFDOO\ PHDQLQJIXO ZD\� )RU WKH VFDODU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ �IRU

RYHUFRPSUHVVLYH IOX[ SDLU� PHQWLRQHG LQ �LY�� ILUVW� ZH XVHG WKH YDQLVKLQJ YLVFRVLW\ PHWKRG

WR REWDLQ DQ H[SOLFLW IRUPXOD IRU D VSHFLDO W\SH RI IOX[ IXQFWLRQ� )RU JHQHUDO RYHUFRPSUHV�

VLYH IOX[ SDLU� D ZHDN IRUPXODWLRQ LV SURSRVHG ZKLFK DOORZV FRQFHQWUDWLRQ DORQJ W�D[LV DQG

DQ H[SOLFLW IRUPXOD LV FRQVWUXFWHG VDWLVI\LQJ WKH ZHDN IRUPXODWLRQ� $ QXPHULFDO VFKHPH

LV SURSRVHG ZKLFK HIIHFWLYHO\ FDSWXUHV WKH VROXWLRQ DQG LWV FRQYHUJHQFH DQDO\VLV LV FDUULHG

RXW�

�



/LVW RI )LJXUHV
��� &URVV VHFWLRQ RI DQ RSHQ FKDQQHO � � � � � � � � � � � � � � � � � � � � � � � ���

��� ,OOXVWUDWLRQ RI FKDUDFWHULVWLF WULDQJOHV � � � � � � � � � � � � � � � � � � � � � ���

��� &KDUDFWHULVWLF WULDQJOHV �EOXH OLQHV� FRUUHVSRQGLQJ WR D UDUHIDFWLRQZDYH HP�

DQDWLQJ IURP WKH RULJLQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� ,QWHUVHFWLQJ WULDQJOHV IRU ERXQGDU\ SRWHQWLDO � � � � � � � � � � � � � � � � � ���

��� ,QWHUVHFWLQJ WULDQJOHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� ,OOXVWUDWLRQ RI /HPPD ������ � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� %RXQGV RQ VORSH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 5DUHIDFWLRQ DEVRUEHG E\ VKRFN JHQHUDWHG IURP LQLWLDO GDWD DQG PHHWV WKH

ERXQGDU\ DW ILQLWH WLPH� � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� /HIW� 3RWHQWLDO µ = PLQ{F,G} LQ EOXH� 5LJKW� 6ROXWLRQ� FDOFXODWHG IURP
SRWHQWLDO DFFRUGLQJ WR /HPPD ����� DQG 'HILQLWLRQ ����� � � � � � � � � � � ���

��� XSSHU OHIW� F � XSSHU ULJKW� G� ORZHU OHIW� µ = PLQ{F,G}� ORZHU ULJKW�
6ROXWLRQ VDWLVI\LQJ LQLWLDO DQG ERXQGDU\ FRQGLWLRQV� 7KH GHOWD DSSURDFKHV

x = 3/4 DV\PSWRWLFDOO\ IRU D ODUJH WLPH� � � � � � � � � � � � � � � � � � � � ���

���� 5DUHIDFWLRQ JHQHUDWHG IURP LQLWLDO DQG ERXQGDU\ GDWD� � � � � � � � � � � � � ���

��� 1R δ�VKRFN ZLWK aul − bur = 0 � � � � � � � � � � � � � � � � � � � � � � � � ���

��� δ�VKRFN DW x = 0 ZLWK ZHLJKW 3.0024 � � � � � � � � � � � � � � � � � � � � � ���

��� δ�VKRFN DW x = 0 ZLWK ZHLJKW 0.5 � � � � � � � � � � � � � � � � � � � � � � � ���

��� 1RQ�OLQHDU DSSUR[LPDWLRQ IRU VPDOO ε � � � � � � � � � � � � � � � � � � � � � ���

��� 1R δ�VKRFN ZKHQ aul − bur = 0 � � � � � � � � � � � � � � � � � � � � � � � ���

��� &RPSDULVRQ RI VFKHPHV LQ SUHVHQFH RI VRXUFH WHUPV IRU FDSWXULQJ δ�VKRFNV ���

��� δ�VKRFN ZLWK ZHLJKW −T EHLQJ DEVRUEHG E\ D SRLQW VRXUFH WHUP � � � � � � � ���

��� 6RXUFH�6LQN 3KHQRPHQRQ RI δ�VKRFN � � � � � � � � � � � � � � � � � � � � � ���

��� 1RQ±OLQHDU 0RQRWRQH IOX[HV � � � � � � � � � � � � � � � � � � � � � � � � � ���

���� 1R δ�VKRFN ZLWK LQLWLDO GDWD DV FRQVWDQW v � � � � � � � � � � � � � � � � � � ���

���� &ODVVLFDO 0RYLQJ 6KRFNV IRU u, v � � � � � � � � � � � � � � � � � � � � � � � ���

�
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���� 9DFXXP VROXWLRQ IRU u ZLWK LQLWLDO GDWD DV 5LHPDQQ 'DWD vl < vr � � � � � � ���

���� 6WDWLRQDU\ δ�VKRFN IRU u ZLWK ZHLJKW vl = −vr > 0 � � � � � � � � � � � � � ���

���� 0RYLQJ δ�VKRFN DW x = st ZLWK ZHLJKW vl > vr� ZKHUH s = .5(vl + vr) � � � ���

�



&KDSWHU �

6\VWHP RI FRQVHUYDWLRQ ODZV
,Q WKLV FKDSWHU� ZH UHFROOHFW WKH ZHOO�NQRZQ UHVXOWV DERXW WKH JHQHUDO WKHRU\ RI WKH K\SHU�

EROLF V\VWHP RI FRQVHUYDWLRQ ODZV DQG UHYLHZ WKH JHQHUDO VROXWLRQ RI WKH 5LHPDQQ SUREOHP�

$OVR� ZH LQWURGXFH VRPH SUHOLPLQDU\ IDFWV DERXW WKH QRQ�VWULFWO\ K\SHUEROLF V\VWHPV DQG

QXPHULFDO DSSUR[LPDWLRQ RI FRQVHUYDWLRQ ODZV� 7KH SURRIV DUH PRVWO\ WDNHQ IURP >�� �@�

)RU IXUWKHU UHIHUHQFH� VHH /D[ >�@� *OLPP >�@�

��� 0DWKHPDWLFDO SUHOLPLQDULHV

,Q WKLV VHFWLRQ� ZH UHFDOO VRPH RI WKH EDVLF IDFWV DQG WRROV ZKLFK ZLOO EH XVHIXO LQ WKH JHQHUDO

WKHRU\ RI FRQVHUYDWLRQ ODZV�

7KHRUHP ����� �,PSOLFLW IXQFWLRQ WKHRUHP�� /HW U ⊂ Rn� V ⊂ Rm DUH RSHQ VHWV DQG

f : U × V → Rm EH D k�WLPHV FRQWLQXRXVO\ GLIIHUHQWLDEOH IXQFWLRQ ZLWK k ≥ 1� VXFK WKDW

f(a, b) = 0 IRU VRPH SRLQW (a, b) ∈ U × V. $VVXPH DOVRDxf(a, b) LV LQYHUWLEOH� 7KHQ WKHUH

H[LVWV D QHLJKERXUKRRGW ⊂ V RI b DQG D k�WLPHV GLIIHUHQWLDEOH IXQFWLRQ g : W → U VXFK

WKDW

g(b) = a DQG f(g(y), y) = 0

IRU HYHU\ y ∈ W.

7KH GHULYDWLYH RI g DW WKH SRLQW b LV D n×m PDWUL[ DQG LV JLYHQ E\

Dg(b) = −[Dxf(a, b)]
−1Dyf(a, b).

7KH QH[W UHVXOW LV WKH SDUDPHWHUL]HG YHUVLRQ RI WKH LPSOLFLW IXQFWLRQ WKHRUHP� PHDQLQJ

f GHSHQGV DOVR RQ D SDUDPHWHU z�

�



� 6\VWHP RI FRQVHUYDWLRQ ODZV

7KHRUHP ����� �3DUDPHWDUL]HG YHUVLRQ RI LPSOLFLW IXQFWLRQ WKHRUHP�� /HW U ⊂ Rn� V ⊂

Rm DQG W ⊂ Rm DUH RSHQ VHWV DQG f : U × V × W → Rm LV D k�WLPHV FRQWLQXRXVO\

GLIIHUHQWLDEOH PDS� ZLWK k ≥ 1� /HW ξ : W → U×V EH D k�WLPHV FRQWLQXRXVO\ GLIIHUHQWLDEOH

PDS VXFK WKDW f(ξ(z), z) = 0 IRU HYHU\ z ∈ W � ,I WKH -DFRELDQDxf(ξ(z), z) LV LQYHUWLEOH IRU

HYHU\ z LQ D FRPSDFW VHWK ⊂ W � 7KHQ WKHUH H[LVWV D VPDOO ε > 0 DQG D k�WLPH FRQWLQXRXVO\

GLIIHUHQWLDEOH PDS ϕ : V ×W → U VXFK WKDW

ϕ(ξ2(z), z) = ξ1(z), f(ϕ(y, z), y, z) = 0

ZKHUH z ∈ K DQG |y − ξ2(z)| < ε.

/HW A EH D m × m PDWUL[ ZKHUH WKH HQWULHV aij¶V DUH VPRRWK IXQFWLRQV RQ Rm� WKDW LV

A : Rm → Mm×m� :H DVVXPH WKH IROORZLQJ SURSHUW\ RI A.

)RU HDFK z ∈ Rm� WKH HLJHQYDOXHV RIA(z) DUH UHDO DQG GLVWLQFW� 7KXV WKH HLJHQYDOXHV λi(z)

FDQ EH DUUDQJHG LQ DQ LQFUHDVLQJ RUGHU

λ1(z) < λ2(z) < · · ·· < λm(z), (z ∈ Rm) �������

/HW ri(z), i = 1, 2, ..,m DUH WKH FRUUHVSRQGLQJ ULJKW HLJHQYHFWRUV VXFK WKDW

A(z)ri(z) = λi(z)ri(z), i = 1, 2, ...,m DQG (z ∈ Rm)

6LQFH ZH DOZD\V DVVXPH �������� WKH HLJHQYHFWRUV {ri(z)}mi=1 VSDQ WKH ZKROH VSDFH RI Rm.

:H DOVR LQWURGXFH OHIW HLJHQYHFWRUV {li(z)}mi=1, i = 1, 2, ....,m VXFK WKDW

li(z)A(z) = λi(z)li(z), i = 1, 2, ...,m DQG (z ∈ Rm)

2QH FDQ HDVLO\ REVHUYH WKDW

λi(z)[lj(z) · ri(z)] = lj(z)[A(z) · ri(z)]

= λj(z)[lj(z) · ri(z)]

�



� 6\VWHP RI FRQVHUYDWLRQ ODZV

6LQFH λj(z) )= λi(z) IRU i )= j� ZH JHW lj(z) · ri(z) = 0. :H LPSRVH WKH FRQGLWLRQV RQ WKH

HLJHQYHFWRUV

|ri(z)| = |li(z)| = 1, lj(z) · ri(z) =
{
0, if i )= j

1 if i = j
�������

1RZ ZH VWXG\ WKH EHKDYLRU RI λi(z), ri(z), li(z) DV WKH SDUDPHWHU z FKDQJHV� :H ZLOO VHH

WKDW LI A LV D PDWUL[ RI VPRRWK IXQFWLRQV GHSHQGLQJ RQ D SDUDPHWHU z� WKH HLJHQYDOXHV DQG

WKH FRUUHVSRQGLQJ HLJHQYHFWRUV DUH DOVR VPRRWK IXQFWLRQV GHSHQGLQJ RQ z.

7KHRUHP ������ /HW A = [ai,j]mi,j=1 LV D PDWUL[ ZKHUH aij(z) DUH k�WLPHV FRQWLQXRXVO\ GLI�

IHUHQWLDEOH IXQFWLRQ IRU z ∈ Rm DQG A VDWLVILHV WKH FRQGLWLRQ �������� 7KHQ

�D� 7KH HLJHQYDOXHV {λi(z)}mi=1 DUH k�WLPHV FRQWLQXRXVO\ GLIIHUHQWLDEOH IXQFWLRQV�

�E� 7KH FRUUHVSRQGLQJ ULJKW DQG OHIW HLJHQYHFWRUV {ri(z)}mi=1 DQG {li(z)}mi=1 DUH DOVR k�WLPHV

FRQWLQXRXVO\ GLIIHUHQWLDEOH IXQFWLRQV�

3URRI� 6LQFH A VDWLVILHV WKH FRQGLWLRQ �������� IRU D IL[HG z̄ ∈ Rm ZH ILQG

λ1(z̄) < λ2(z̄) < · · ·· < λm(z̄).

)RU D IL[HG i ∈ {1, 2....,m} DQG z̄ ∈ Rm� OHW ri(z̄) VDWLVI\

A(z̄)ri(z̄) = λi(z̄)ri(z̄).

:LWKRXW ORVV RI DQ\ JHQHUDOLW\� RQH PD\ DVVXPH

ri(z̄) = (0, ...., 1).

:H VKRZ WKDW IRU |z − z̄| < ε� WKHUH H[LVWV k�WLPHV GLIIHUHQWLDEOH PDSV λi(z) DQG ri(z) VXFK

WKDW

A(z)ri(z) = λi(z)ri(z). �������

)LUVW OHW XV GHILQH χ : Rm × R× Rm → Rm+1 E\

χ(ξ,λ, z) =
(
A(z)ξ − λI, |ξ|2

)

�
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6LPSOLI\LQJ WKH PDS DQG UHZULWLQJ� ZH KDYH

χ(ξ,λ, z) =
(
ξ1a11 + · ·+ξma1m − λξ1, · · ·, ξ1am1 + · ·+ξmamm − λξm, |ξ|2

)

1RZ ZH FDOFXODWH

∂χ(ξ,λ, z)

∂(ξ,λ)
=





∂χ1

∂ξ1
∂χ1

∂ξ2
.... ∂χ1

∂λ

...

...
∂χm+1

∂ξ1

∂χm+1

∂ξ2
.... ∂χm+1

∂λ





=





−ξ1
A(z)− λI

−ξm
2ξ1 .. 2ξ2.. 2ξm 0





6LQFH WKH HLJHQYHQFWRU FRUUHVSRQGLQJ WR λi(z̄) LV WDNHQ DV (0, ..., 1)� ZH ZLOO DEOH WR DSSO\

LPSOLFLW IXQFWLRQ WKHRUHP LI ZH KDYH�

GHW





0
A(z̄)− λi(z̄)I

−1
0 .. 0.. 2 0



 )= 0 �������

7R SURYH WKH DERYH DVVHUWLRQ ZH FRQVWUXFW D SHUWXUEHG PDWUL[

Aδ(z) = A(z)− (λi(z) + δ)I, IRU δ > 0 VPDOO�

:H QRWH WKDWAδ(z) LV LQYHUWLEOH IRU VXIILFLHQWO\ VPDOO δ. ,QGHHG� VXSSRVHAδ LV QRW LQYHUWLEOH�

VR ZH KDYH GHW(A(z)− (λi(z)+ δ)I) = 0 ZKLFK LPSOLHV λi(z)+ δ LV DQ HLJHQYDOXH RIA(z)�

7KXV λi(z) + δ = λj(z) IRU VRPH j )= i� %XW ZH FDQ FKRRVH δ VXIILFLHQWO\ VPDOO VR WKDW WKH

DERYH UHODWLRQ GRHV QRW KROG IRU DQ\ j. 6LQFH ri(z̄) = (0, .., 1)� ZH DOVR KDYH

Aδ(z̄)ri(z̄) = −δri(z̄). �������

1RZ XVLQJ ������� RQH FDQ HDVLO\ REVHUYH WKDW




0
Aδ(z̄)

−1
0 .. 0.. 2 0









0
I

−1
δ

0 .. 0.. 2 1



 =





0
Aδ(z̄)

0
0 .. 0.. 2 −2

δ





�
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7KXV

GHW





0
Aδ(z̄)

−1
0 .. 0.. 2 0



 =
2

δ
GHW(Aδ(z̄)) = 2

∏

i $=j

(λj(z̄)− (λi(z̄) + δ))

1RZ DV δ → 0� WKH ODVW H[SUHVVLRQ WHQGV WR 2
∏

i $=j(λj(z̄) − λi(z̄) DQG VLQFH A(z̄) VDWLVILHV

�������� ZH JHW WKDW WKH H[SUHVVLRQ LV QRQ]HUR ZKLFK SURYHV RXU FODLP �������� 7KXV DSSO\LQJ

LPSOLFLW IXQFWLRQ WKHRUHP ZH ILQG λi(z), ri(z) IRU |z − z̄| < ε VDWLVI\LQJ �������.

7R VKRZ WKH JOREDO H[LVWHQFH RI λi(z), ri(z)� ZH GHILQH

R = VXS
r>0

{
r : λi(z), ri(z) H[LVW DQG k�WLPHV FRQWLQXRXVO\ GLIIHUHQWLDEOH RQ B(0, r)

}

,I R LV ILQLWH� ZH FDQ FRYHU ∂B(0, R) E\ D ILQLWH QXPEHU RI RSHQ VHWV ZKHUH ZH FDQ H[WHQG

λi(z), ri(z) FRQWLQXRXVO\� %XW WKLV JLYHV D FRQWUDGLFWLRQ WR WKH GHILQLWLRQ RIR. 7KXVR = ∞

DQG ZH DUH GRQH�

��� 7KH QRWLRQ RI ZHDN VROXWLRQ

,Q WKLV VHFWLRQ� ZH ZLOO GLVFXVV WKH QRWLRQ RI WKH ZHDN VROXWLRQ DQG 5DQNLQH�+XJRQLRW FRQ�

GLWLRQ IRU D VROXWLRQ� /HW XV VWDUW ZLWK UHYLHZLQJ WKH GHILQLWLRQ RI FRQVHUYDWLRQ ODZV� $

VFDODU FRQVHUYDWLRQ ODZ LV D ILUVW�RUGHU 3'( RI WKH IRUP

ut + f(u)x = 0 �������

ZKHUH u(x, t) LV D ORFDOO\ LQWHJUDEOH IXQFWLRQ GHILQHG RQ U ⊂ R × R+ DQG f : R → R LV

D VPRRWK IXQFWLRQ� +HUH u DQG f DUH WKH FRQVHUYHG TXDQWLW\ DQG IOX[ IXQFWLRQ UHVSHFWLYHO\�

,QWHJUDWLQJ ������� RYHU DQ LQWHUYDO [a, b] ZH ILQG

d

dt

∫ b

a

u(x, t)dx = −
∫ b

a

f(u(x, t))dx = f(u(a, t))− f(u(b, t)).

7KLV VKRZV WKDW WKH FKDQJH RI u RQO\ GHSHQGV RQ WKH IORZ WKURXJK WKH HQGSRLQWV RI DQ

LQWHUYDO� 7KLV FDOFXODWLRQ MXVWLILHV WKH QDPH FRQVHUYDWLRQ ODZV� 1H[W� ZH ZLOO EH VWXG\LQJ

�



� 6\VWHP RI FRQVHUYDWLRQ ODZV

WKH n× n V\VWHP RI FRQVHUYDWLRQ ODZV GHILQHG EHORZ�





∂u1
∂t + ∂f1(u1,...um)

∂x = 0

...

...
∂um
∂t + ∂fm(u1,...um)

∂x = 0

�������

ZKHUH u = (u1, ...., um) LV D YHFWRU LQ Rm DQG f : Rm → Rm LV D VPRRWK PDS� )RU VPRRWK

VROXWLRQV WKH DERYH V\VWHP ������� LV HTXLYDOHQW WR

∂

∂t
u+ A(u)

∂

∂x
u = 0

ZKHUH

A(u) := Df(u) =





∂f1

∂u1

∂f1

∂u2
.... ∂f1

∂um

...

...
∂fm

∂u1

∂fm

∂u2
.... ∂fm

∂um



 ,

LVm×m -DFRELDQ PDWUL[ RI f DW WKH SRLQW u.

'HILQLWLRQ ����� �6WULFWO\ K\SHUEROLF V\VWHPV�� $ V\VWHP RI FRQVHUYDWLRQ ODZV LV VDLG WR EH

VWULFWO\ K\SHUEROLF LI IRU HYHU\ u ∈ Rm� WKH -DFRELDQ PDWUL[ A(u) := Df(u) KDV m UHDO

GLVWLQFW URRWV ZLWK λ1(u) < ..... < λm(u).

7KH QH[W WKHRUHP VKRZV WKDW WKH VWULFWO\ K\SHUEROLF SURSHUW\ LV LQGHSHQGHQW RI FRRUGL�

QDWH WUDQVIRUPDWLRQ�

7KHRUHP ������ /HW u(x, t) EH D VPRRWK VROXWLRQ IRU WKH VWULFWO\ K\SHUEROLF V\VWHP �������

DQG φ : Rm → Rm EH D VPRRWK GLIIHRPRUSKLVP VXFK WKDW φ(v(x, t)) = u(x, t). 7KHQ v(x, t)

VROYHV D VWULFWO\ K\SHUEROLF V\VWHP

vt +B(v)vx = 0.

3URRI� $VWUDLJKWIRUZDUG FDOFXODWLRQ VKRZV WKDWut = Dφ(v(x, t))vt DQGux = Dφ(v(x, t))vx�

��
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7KHQ
0 = ut + A(u)ux = Dφ(v)vt + A(φ(v))Dφ(v)vx

= vt +Dφ(v)−1A(φ(v))Dφ(v)vx

= vt +B(v)vx

,W UHPDLQV WR VKRZ WKDW vt +B(v)vx LV VWULFWO\ K\SHUEROLF� 6LQFH A(u) LV VWULFWO\ K\SHUEROLF

ZH KDYH

A(u)ri(u) = λi(u)ri(u)

IRU VRPH HLJHQYDOXH λi(u) DQG FRUUHVSRQGLQJ HLJHQYHFWRU ri(u). 1RZ ZH VHW

ri(v) = Dφ(v)−1ri(φ(v)), λi(v) = λi(φ(v))

$ VLPSOH FDOFXODWLRQ JLYHV�

B(v)ri(v) = Dφ(v)−1A(φ(v))ri(φ(v)) = λi(φ(v))ri(v).

$ VLPLODU SURRI KROGV IRU WKH OHIW HLJHQYHFWRU lj(u). 7KLV FRPSOHWHV WKH SURRI�

1H[W� ZH GHVFULEH D IXQGDPHQWDO SKHQRPHQRQ RI WKH &DXFK\ SUREOHP

ut + f(u)x = 0

u(x, 0) = u0(x).

ZKHUH f : R → R D QRQOLQHDU VPRRWK IXQFWLRQ DQG LQLWLDO GDWD u0(x) LV DOVR VPRRWK� )RU

H[DPSOH� ZH VKRZ WKDW HYHQ WKH LQLWLDO GDWD LV VPRRWK� WKH VROXWLRQ FDQ GHYHORS GLVFRQWLQXLW\

DIWHU D ILQLWH WLPH�

([DPSOH ������ /HW XV FRQVLGHU WKH %XUJHUV¶ HTXDWLRQ ZLWK D FRQWLQXRXV LQLWLDO GDWD�

ut +
(u2

2

)

x
= 0;

u(x, 0) =






1, x ≤ 0;

1− x, 0 ≤ x ≤ 1;

0, x ≥ 1.

��
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:H XVH WKH PHWKRG RI FKDUDFWHULVWLF WR VROYH WKH &DXFK\ SUREOHP XS WR WKH WLPH ZKHQ FKDU�

DFWHULVWLFV GR QRW PHHW� 7KXV� ZH KDYH

dx(t)

dt
= u(x(t), t), x(0) = η.

1RZ
d

dt
u(x(t), t) = ut(x(t), t) +

dx(t)

dt
ux((t), t) = 0.

6R WKH VROXWLRQ LV FRQVWDQW DORQJ WKH FKDUDFWHULVWLF FXUYH DQG RQH ILQGV

X(η, t) = η + tu0(η), WKDW LV�

X(η, t) =






η + t, η ≤ 0;

η + t(1− η), 0 ≤ η ≤ 1;

η, η ≥ 1.

:H REVHUYH WKDW WKH FKDUDFWHULVWLFV PHHW DW WLPH t = 1 DQG IRU t < 1� VROXWLRQ L JLYHQ E\

u(x, t) =






1, η ≤ 0
1−x
1−t , 0 ≤ η ≤ 1

0 η ≥ 0.

%XW DIWHU WLPH t > 1 DQG LQ WKH UHJLRQ {1 ≤ x ≤ t} WKH VROXWLRQ u(x, t) EHFRPHV GRXEOH�

YDOXHG IXQFWLRQ� 6R GLVFRQWLQXLW\ PXVW GHYHORS LQ WKLV UHJLRQ� 7KLV SKHQRPHQRQ OHDGV XV

WR VHHN JOREDO �LQ WLPH� VROXWLRQV LQWR WKH FODVV RI GLVFRQWLQXRXV IXQFWLRQV DQG WR GHILQH WKH

VROXWLRQ LQ D ZHDN VHQVH�

'HILQLWLRQ ������ *LYHQ DQ LQLWLDO GDWD

u(x, 0) = u0(x) �������

ZLWK u0 ∈ L1
loc(R;Rm)� D IXQFWLRQ u : [0, T ] × R → Rm LV VDLG WR EH D GLVWULEXWLRQDO

VROXWLRQ IRU WKH &DXFK\ SUREOHP ��������������� LI WKH IROORZLQJ LQWHJUDO LGHQWLW\ KROGV�
∫ T

0

∫ ∞

−∞
[u(x, t)ϕt(x, t) + f(u)ϕx(x, t)]dxdt+

∫ ∞

−∞
u0(x)ϕ(x, 0)dx = 0

IRU HYHU\ WHVW IXQFWLRQ ϕ ∈ C∞
c (R× [0, T )).

��
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1H[W� ZH GHILQH WKH QRWLRQ RI ZHDN VROXWLRQ ZKLFK LV VRPHZKDW D VWURQJHU FRQFHSW LQ

WKH VHQVH WKDW� ZH GHPDQG WKH FRQWLQXLW\ RI u DV D IXQFWLRQ RI t� ZLWK YDOXHV LQWR L1
loc(R).

'HILQLWLRQ ������ $ IXQFWLRQ u : [0, T ]×R → Rm LV VDLG WR EH D ZHDN VROXWLRQ RI WKH &DXFK\

SUREOHP ��������������� LI u(·, t) : [0, T ] → L1
loc(R) LV FRQWLQXRXV� WKH LQLWLDO FRQGLWLRQ

������� KROGV DQG u|(0,T )×R LV D GLVWULEXWLRQDO VROXWLRQ�

7KHRUHP ������ (YHU\ ZHDN VROXWLRQ LV D GLVWULEXWLRQDO VROXWLRQ EXW QRW YLFH�YHUVD�

3URRI� 6HH >�@

7KHRUHP ����� �5DQNLQH�+XJRQLRW FRQGLWLRQ�� /HW U ⊂ Rm× [0,∞) LV DQ RSHQ VHW DQG u :

U → Rm EH D FRQWLQXRXVO\ GLIIHUHQWLDEOH IXQFWLRQ H[FHSW D ILQLWH QXPEHU RI FRQWLQXRXVO\

GLIIHUHQWLDEOH FXUYHV Ci : (0,∞) → R� :H GHILQH

OLP
x→Ci(t)+

u(x, t) = u+
i (t), OLP

x→Ci(t)−
u(x, t) = u−

i (t).

7KHQ WKH IROORZLQJ VWDWHPHQWV DUH HTXLYDOHQW�

�D� u(x, t) LV D GLVWULEXWLRQDO VROXWLRQ RI ��������

�E� u(x, t) VDWLVILHV WKH HTXDWLRQ

ut + A(u)ux = 0

IRU DOPRVW HYHU\ (x, t) DQG IRU HDFK i DQG DOPRVW HYHU\ t ∈ (ai, bi) ZH KDYH

Ċi(t)[u
+
i (t)− u−

i (t)] = f(u+
i (t))− f(u−

i (t)

3URRI� 6HH >�@

��� $GPLVVLELOLW\ FRQGLWLRQV

7KH VROXWLRQ RI FRQVHUYDWLRQ ODZV PD\ QRW EH XQLTXH LQ SUDFWLFH� 7KXV WR FKRRVH D µSK\VL�

FDOO\ UHOHYDQW VROXWLRQ¶ ZH QHHG FHUWDLQ FRQGLWLRQV� WKH VR�FDOOHG DGPLVVLELOLW\ FRQGLWLRQV�

��
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����� /D[ DGPLVVLELOLW\ FRQGLWLRQ

/HW XV ILUVW EHJLQ E\ GHILQLQJ WKH DYHUDJHG PDWUL[ IRU Df(u) = A(u).

'HILQLWLRQ ������ *LYHQ WZR IL[HG VWDWH u, v ∈ Rm� ZH GHILQH WKH DYHUDJHG PDWUL[ IRU Df

E\

A(u, v) =

∫ 1

0

Df(θu+ (1− θ)v)dθ.

DQG λi(u, v) IRU i = 1, ..,m DUH FDOOHG WKH HLJHQYDOXHV RI A(u, v).

1RZ WDNH D SLHFHZLVH FRQVWDQW IXQFWLRQ

u(x, t) =

{
ul, x < λt

ur, x > λt.

%\ 5DQNLQH�+XJRQLRW FRQGLWLRQ DQG WKH IXQGDPHQWDO WKHRUHP RI FDOFXOXV ZH KDYH

λ(ul − ur) = f(ul)− f(ur) =

∫ 1

0

f ′(θul + (1− θ)ur)dθ

=

∫ 1

0

Df(θul + (1− θ)ur) · (ul − ur)dθ

= A(ul, ur)(ul − ur)

7KH ODVW HTXDOLW\ VKRZV WKDW WKH VSHHG RI WKH GLVFRQWLQXLW\ FXUYH λ FRUUHVSRQGV WR WKH HLJHQ�

YDOXH λ(ul, ur) RI WKH DYHUDJHG PDWUL[ A(ul, ur) ZLWK WKH HLJHQYHFWRU (ul − ur). 1RZ ZH

VWDWH /D[ DGPLVVLELOLW\ FRQGLWLRQ�

/HW u(x, t) LV D ZHDN VROXWLRQ RI ��������������� RI WKH IRUP

u(x, t) =

{
ul, x < ξ(t)

ur, x > ξ(t)

ZKHUH x = ξ(t) LV D GLVFRQWLQXLW\ FXUYH RI u(x, t). 7KHQ IURP WKH DERYH FDOFXODWLRQ ZH

FRQFOXGH WKDW ξ̇(t) = λi(ul, ur) IRU VRPH i ∈ {1, ..,m}. 7KH ZHDN VROXWLRQ u(x, t) LV VDLG WR

EH DGPLVVLEOH LQ /D[¶V VHQVH LI WKH IROORZLQJ FRQGLWLRQ KROGV�

λi(ul) > ξ̇(t)(= λi(ul, ur)) > λi(ur). �������

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

����� 9DQLVKLQJ YLVFRVLW\ DQG WUDYHOLQJ ZDYHV

1RZ ZH FRQVLGHU WKH IROORZLQJ UHJXODULVHG V\VWHP

uεt + f(uε)x = εuεxx �������

ZKHUH WKH WHUP εuεxx LV LQWHUSUHWHG DV D YLVFRVLW\� 2XU SODQ LV WR VWXG\ WKH OLPLW RI uε DV

ε → 0� ,I ||uε − u||L1
loc

→ 0 DV ε → 0� WKH u LV WKH DGPLVVLEOH VROXWLRQ RI �������� ,Q

WKH QH[W WKHRUHP ZH GHPRQVWUDWH D FRQQHFWLRQ EHWZHHQ YDQLVKLQJ YLVFRVLW\ OLPLW DQG /D[

DGPLVVLELOLW\ FRQGLWLRQ� /HW XV VWDUW ZLWK D SLHFHZLVH FRQVWDQW IXQFWLRQ

u(x, t) =

{
ul x < λt

ur x > λt

7KH IXQFWLRQ u(x, t) VDWLVILHV WUDYHOOLQJ ZDYH HQWURS\ FRQGLWLRQ LI uε(x, t) → u(x, t) D�H DV

ε→ 0 ZKHUH

uε(x, t) = v
(x− λt

ε

)

DQG uε LV D FODVVLFDO VROXWLRQ RI �������� ,QVHUWLQJ v
(

x−λt
ε

)
LQWR WKH HTXDWLRQ ������� ZH ILQG

−λv̇(s) + ∂

∂s
f(v(s)) = v̈(s)

ZKHUH s = x−λt
ε . ,QWHJUDWLQJ WKH DERYH HTXDWLRQ RQFH� ZH JHW

v̇(s) = −λv(s) + f(v(s)) + const. �������

1RZ VLQFH

OLP
ε→0

uε(x, t) = OLP
ε→0

v
(x− λt

ε

)
=

{
ul x < λt

ur x > λt,

VR ZH KDYH

OLP
s→−∞

v(s) = ul, OLP
s→+∞

v(s) = ur.

1RZ HPSOR\LQJ WKH DERYH OLPLWV LQ WKH HTXDWLRQ ������� ZH JHW

0 = OLP
s→±∞

v̇(s), const. = λul − f(ul) = λur − f(ur)

��
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+HQFH IURP WKH DERYH HTXDWLRQV ZH KDYH

λ(ul − ur) = f(ul)− f(ur) DQG

{
v̇(s) = −λ(v(s)− ul) + f(v(s))− f(ul)

OLPs→−∞ v(s) = ul, OLPs→+∞ v(s) = ur.
�������

7KHRUHP ������ /HW WKH i�WK FKDUDFWHULVWLF ILHOG EH JHQXLQHO\ QRQOLQHDU DQG |ul−ur| < ε. ,I

WKHUH H[LVWV D WUDYHOOLQJ ZDYH VROXWLRQ FRQQHFWLQJ ul WR ur WKHQ λi(ul) > λ(= λi(ul, ur)) >

λi(ur).

3URRI� )URP WKH DERYH FDOFXODWLRQ ZH QRWH WKDW ur = Si(ξ)(ul) IRU VRPH i ∈ {1, ..., n}.

1RZ LW LV HQRXJK WR VKRZ WKDW ur = S−
i (ξ)(ul). 6HWWLQJ g(z) := f(z)− f(ul)− λ(z − ul)�

WKH DERYH 2'( LQ ������� WDNHV WKH IRUP

v̇(s) = g(v(s)), DQG g(ul) = g(ur) = 0

1RZ VLQFH Dg(ul) = A(ul)− λI � WKH HLJHQYDOXHV RI Dg(ul) DUH λi(ul)− λ DQG WKH FRUUH�

VSRQGLQJ OHIW DQG ULJKW HLJHQYHFWRUV DUH {li(ul)}mi=1 DQG {ri(ul)}mi=1 UHVSHFWLYHO\� 1H[W ZH

VWDWH D IDFW

λ =
λi(ul) + λi(ur)

2
+O(ξ2), ξ → 0.

7KH SURRI RI WKH DERYH IDFW VKDOO EH SUHVHQWHG LQ WKH QH[W VHFWLRQ� VHH ��������� $VVXPLQJ

WKH DERYH DQG |ul − ur| < ε IDFW ZH ILQG

λi(ul)− λ =
λi(ul)− λi(ur)

2
+O(|ul − ur|2)

VLQFH v(−∞) = ul DQG v(∞) = ur WKHQ ZH KDYH λi(ul) − λ > 0 DQG λi(ur) − λ < 0 LQ

UHVSHFWLYHO\� 7KLV SURYHV WKH FODLP ur = S−
i (ul).

����� (QWURS\ DQG HQWURS\ IOX[ SDLUV

'HILQLWLRQ ������ $ VPRRWK IXQFWLRQ η : Rm → R LV FDOOHG DQ HQWURS\ IRU WKH V\VWHP

ut + f(u)x = 0� ZLWK DQ HQWURS\ IOX[ q : Rm → R LI η LV FRQYH[ DQG

Dη(z)Df(z) = Dq(z), z ∈ Rm.

��
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2QFH DJDLQ OHW XV FRQVLGHU WKH YLVFRXV HTXDWLRQ

uεt + f(uε)x = εuεxx.

$VVXPH WKDW uε LV XQLIRUPO\ ERXQGHG IRU VXIILFLHQWO\ VPDOO ε DQG uε → u LQ L1
loc DV ε→ 0.

7KH IXQFWLRQ u LV WKH YDQLVKLQJ YLVFRVLW\ OLPLW ZKLFK LV D VROXWLRQ IRU WKH V\VWHPut+f(u)x =

0. /HW XV FKRRVH DQ\ VPRRWK HQWURS\�HQWURS\ IOX[ SDLUV (η, q)� /HIW PXOWLSO\LQJ Dη(uε) LQ

WKH DERYH YLVFRXV HTXDWLRQ� ZH JHW

Dη(uε)uεt +Dη(uε)f(uε)x = εDη(uε)uεxx

 ⇒ η(uε)t +Dη(uε)Df(uε)uεx = εDη(uε)uεxx.

 ⇒ η(uε)t +Dq(uε)uεx = εDη(uε)uεxx.

 ⇒ η(uε)t + q(uε)x = εDη(uε)uεxx.

6LQFH

η(uε)xx =
(
D2η(uε)uεx

)
· uεx +Dη(uε)uεxx,

WKH ODVW HTXDOLW\ FDQ EH ZULWWHQ DV

η(uε)t + q(uε)x = εη(uε)xx − ε
(
D2η(uε)uεx

)
· uεx �������

7KH FRQYH[LW\ RI η LPSOLHV WKH +HVVLDQ PDWUL[ RI η WR EH SRVLWLYH VHPL GHILQLWH� WKDW LV
(
D2η(uε)uεx

)
· uεx ≥ 0.0XOWLSO\LQJ D WHVW IXQFWLRQ ϕ(x, t) ∈ C∞

c (R× (0,∞)) ZLWK ϕ ≥ 0

DQG XVLQJ LQWHJUDWLRQ E\ SDUWV ZH JHW
∫ ∞

0

∫ ∞

−∞
η(uε)ϕt + q(uε)ϕxdxdt =

∫ ∞

0

∫ ∞

−∞
ε
(
D2η(uε)uεx

)
· uεxv − εη(uε)vxxdxdt

≥ −εη(uε)vxxdxdt.

,Q WKH ODVW LQHTXDOLW\� ZH XVHG WKH FRQYH[LW\ RI η DQG SRVLWLYLW\ RI ϕ. 1RZ XVLQJ WKH LQ�

HTXDOLW\ RQ FRPSDFW VXEVHWV RI R× (0,∞)

∫ ∞

0

∫ ∞

−∞
|η(uε)− η(u)| ≤ ||η||∞

∫ ∞

0

∫ ∞

−∞
|uε − u| → 0

��
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DV ε→ 0� ZH ILQG ∫ ∞

0

∫ ∞

−∞
η(u)ϕt + q(u)ϕxdxdt ≥ 0.

6XPPLQJ XS WKH DERYH FDOFXODWLRQV ZH ZULWH

'HILQLWLRQ ����� �(QWURS\ LQHTXDOLW\�� $ ZHDN VROXWLRQ u(x, t) RI WKH V\VWHP ut+f(u)x = 0

LV VDLG WR EH HQWURS\ DGPLVVLEOH LI

η(u)t + q(u)x ≤ 0

KROGV LQ WKH VHQVH RI GLVWULEXWLRQ� IRU HYHU\ HQWURS\�HQWURS\ IOX[ SDLUV (η, q) ZLWK FRQYH[

HQWURS\ η DQG WKH FRUUHVSRQGLQJ IOX[ SDLU q.

��� 7KH 5LHPDQQ SUREOHP

,Q WKLV VHFWLRQ� ZH LQYHVWLJDWH WKH VWUXFWXUH RI WKH VROXWLRQ IRU D V\VWHP RI FRQVHUYDWLRQ ODZ

ZKHQ WKH LQLWLDO GDWD LV SLHFH�ZLVH FRQVWDQW� 0RUH SUHFLVHO\� ZH ZLOO ILQG WKH ZHDN VROXWLRQV

WR WKH 5LHPDQQ SUREOHP IRU WKH V\VWHP RI FRQVHUYDWLRQ ODZV

ut + f(u)x = 0 �������

ZLWK WKH LQLWLDO GDWD

u(x, 0) =

{
ul, x < 0

ur, x > 0,
�������

ZKHUH f : Rm → Rm VPRRWKPDS DQG ul, ur ∈ Rm./HW XV VWDUW ZLWK VHHNLQJ WKH VROXWLRQV RI

������� RI WKH IRUP u(x, t) = V
(
x
t

)
, (x, t) ∈ R× (0,∞) ZKHUH v = (v1, ..., vm) : R → Rm

1RZ VXEVWLWXWLQJ u(x, t) = v
(
x
t

)
LQWR WKH HTXDWLRQ ������� ZH ILQG

1

t

[
A
(
v
(x
t

))
v̇
(x
t

)
− x

t
v̇
(x
t

)]
= 0

7KLV LPSOLHV

v̇
(x
t

)
= ri

(
v
(x
t

))
, λi(v

(x
t

)
) =

x

t
, IRU VRPH i ∈ {1, ...,m}. �������

��
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2Q WKH RWKHU KDQG� LI ZH HPSOR\ D FKDQJH RI YDULDEOH x
t = ξ� IURP ������� ZH ILQG

0 = v̇(ξ)ξt + A(v(ξ))v̇(ξ)ξx

= v̇(ξ)
[
ξt + λi(v(ξ))ξx

]

= ri(v(ξ))
[
ξt + λi(v(ξ))ξx

]
,

VLQFH HLJHQYHFWRUV DUH QRQ�]HUR� ZH JHW

ξt + λi(v(ξ))ξx = 0.

1RWH WKDW WKH DERYH HTXDWLRQ FDQ EH ZULWWHQ LQ D IRUP RI D VFDODU FRQVHUYDWLRQ ODZ

ξt + fi(ξ)x = 0

ZKHUH

fi(ξ) =

∫ ξ

0

λi(v(s))ds.

6LQFH WKH JHQHUDO WKHRU\ RI VFDODU FRQVHUYDWLRQ ODZ LV GHYHORSHG >�@ XQGHU WKH FRQGLWLRQ RI

FRQYH[ RU FRQFDYH IOX[HV� ZH FRPSXWH�

f ′′
i (ξ) = Dλi(v(ξ)) · v̇(ξ) = Dλi(v(ξ)) · ri(v(ξ)).

7KXV ZH REWDLQ WKH IROORZLQJ SRVVLELOLWLHV�

Dλi(v(ξ)) · ri(v(ξ)) > 0 RU Dλi(v(ξ)) · ri(v(ξ)) < 0.

$OVR IRU OLQHDU IOX[HV ZH JHW Dλi(v(ξ)) · ri(v(ξ)) = 0. $OO WKH FRPSXWDWLRQV DERYH OHDG XV

WR GHILQH WKH IROORZLQJ�

'HILQLWLRQ ������ �D� )RU i ∈ {1, ..,m}� WKH i�WK FKDUDFWHULVWLF ILHOG LV VDLG WR EH JHQXLQHO\

QRQ�OLQHDU LI WKH SDLU (λi(z), ri(z)) VDWLVILHV

Dλi(z) · ri(z) )= 0, ∀ z ∈ Rm.

�E� )RU i ∈ {1, ..,m}� WKH i�WK FKDUDFWHULVWLF ILHOG LV VDLG WR EH OLQHDUO\ GHJHQDUDWH LI WKH

SDLU (λi(z), ri(z)) VDWLVILHV

Dλi(z) · ri(z) = 0, ∀ z ∈ Rm.

��
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����� 5DUHIDFWLRQ ZDYHV

0RWLYDWHG E\ WKH SUHYLRXV FRPSXWDWLRQV DQG IURP WKH HTXDWLRQ ������� ZH GHILQH

'HILQLWLRQ ������ )RU D JLYHQ IL[HG VWDWH z̄ ∈ Rm� ZH GHILQH WKH i�UDUHIDFWLRQ FXUYH E\ ξ ,→

Ri(ξ)(z̄)ZKLFK LV D VROXWLRQ RI WKH2'( LQ ������� DQG SDVVHV WKURXJK z̄. ,I i�WK FKDUDFWHULVWLF

ILHOG LV JHQXLQHO\ QRQOLQHDU� ZH ZULWH

R+
i (ξ)(z̄) := {z ∈ Ri(ξ)(z̄)|λi(z) > λi(z̄)}

DQG

R−
i (ξ)(z̄) := {z ∈ Ri(ξ)(z̄)|λi(z) < λi(z̄)}.

7KHQ WKH UDUHIDFWLRQ FXUYH LV H[SUHVVHG DV

Ri(ξ)(z̄) = R+
i (ξ)(z̄) ∪ {z̄} ∪R−

i (ξ)(z̄)

5HPDUN ������ 1RWH WKDW ZKHQ WKH i�WK FKDUDFWHULVWLF ILHOG LV JHQXLQHO\ QRQ�OLQHDU� λi(z)

LV LQFUHDVLQJ DORQJ WKH LQWHJUDO FXUYH RI ri(z). ,QGHHG� VLQFH λi(z) LV VPRRWK� ZH FDOFX�

ODWH d
dξλi(v(ξ)) = Dλi(v(ξ)) · ri(v(ξ)) > 0 IRU DOO v ∈ Rm� E\ FKDQJLQJ WKH VLJQ RI WKH

HLJHQYHFWRU ri� LI QHFHVVDU\� 2Q WKH RWKHU KDQG� ZKHQ WKH i�WK FKDUDFWHULVWLF ILHOG LV OLQHDUO\

GHJHQHUDWH� λi(z) LV FRQVWDQW DORQJ WKH LQWHJUDO FXUYH RI ri.

7KHRUHP ����� �([LVWHQFH RI 5DUHIDFWLRQ ZDYHV�� /HW ul, ur DUH JLYHQ DV ������� DQG WKH

i�WK FKDUDFWHULVWLF ILHOG LV JHQXLQHO\ QRQ�OLQHDU� $VVXPH WKDW WKHUH H[LVWV ξ̄ ≥ 0 VXFK WKDW

ur = R+
i (ξ)(ul). 7KHQ IRU t > 0�

u(x, t) =






ul, x < λi(ul)t

R+
i (ξ)(ul), λi(ul)t < x < λi(ur)t

ur, x > λi(ur)t.

�������

GHILQHV D ZHDN VROXWLRQ RI ����������������

��
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3URRI� 6LQFH ur = R+
i (ξ̄)(ul)� ZH KDYH λi(ur) > λi(ul) DQG ZH GHILQH D PDS Φ : [0, ξ̄] →

[λi(ul),λi(ur)] VXFK WKDWΦ(ξ) = λi(R
+
i (ξ)(ul)).$JDLQ VLQFHΦ(0) = λi(ul)�Φ(ξ̄) = λi(ur)

DQG Φ LV LQFUHDVLQJ GXH WR WKH JHQXLQHO\ QRQ�OLQHDULW\� WKHUHIRUH Φ LV RQWR� ,Q WKH UHJLRQV

{x < λi(ul)t} DQG {x > λi(ur)t}� u(x, t) VDWLVILHV WKH HTXDWLRQ ������� WULYLDOO\� 1RZ OHW XV

FRQVLGHU WKH UHJLRQ {λi(ul) < x < λi(ur)}. 6LQFH ZH DUH LQWHUHVWHG LQ VHOI VLPLODU VROXWLRQV�

WKDW LV u(x, t) = v(xt )� FOHDUO\ u(x, t) LV FRQVWDQW x = ct OLQH IRU DQ\ FRQVWDQW c.+HQFH DORQJ

WKLV OLQH ZH KDYH

0 =
d

dt
u(ct, t) = ut(ct, t) +

x

t
ux(ct, t). �������

2EVHUYH WKDW LQ WKH UHJLRQ {λi(ul) < x < λi(ur)}� ZH KDYH x
t = λi(R

+
i (ξ)(ul)) IRU VRPH

ξ ∈ [0, ξ̄] EHFDVXH WKH PDS Φ LV RQWR� 1RZ ZH FDOFXODWH�

∂

∂x
u(x, t) =

∂

∂x
[R+

i (ξ)(ul)] =
dR+

i (ξ)(ul)

dξ
· dξ

dλi
· dλi
dx

= ri(R
+
i (ξ)(ul))

[
Dλi(R

+
i (ξ)(ul)) · ri(R+

i (ξ)(ul))
]−11

t

6LQFH WKH i�WK FKDUDFWHULVWLF ILHOG LV JHQXLQHO\ QRQ OLQHDU DQG t > 0 WKH ODVW H[SUHVVLRQ LV

SDUDOODO WR ri(u), u ∈ Rm. 7KHUHIRUH LW LV DOVR DQ HLJHQYHFWRU RI A(u) FRUUHVSRQGLQJ WR WKH

HLJHQ YDOXH λi(u), u ∈ Rm, WKDW LV A(u)ux = λi(u)ux. 7KXV IURP WKH HTXDWLRQ �������� ZH

ILQG

ut +
x

t
ux = ut + λi(R

+
i (ξ)(ul))ux = ut + A(u)ux = 0.

1RZ LW UHPDLQV WR VKRZ ||u(x, t)−u(x, 0)||L1
loc

→ 0 DV t → 0+. ,Q WKH UHJLRQV {x < λi(ul)t}

DQG {x > λi(ur)t}� WKH VROXWLRQ LV GHILQHG E\ WKH LQLWLDO GDWD� WKXV WKH DVVHUWLRQ KROGV

WULYLDOO\� 1RZ FRQVLGHU WKH UHJLRQ {λi(ul) < x < λi(ur)}. 1RWH WKDW

||u(x, t)− u(x, 0)||L1
loc

=

∫ λi(ur)t

λi(ul)t

|R+
i (ξ)(ul)− u(x, 0)|dx → 0

DV t → 0+. 7KLV FRPSOHWHV WKH SURRI�

5HPDUN ������ ,W LV ZRUWK IXOO WR QRWH WKDW LI ur = R−
i (ξ̄)(ul) �HTXLYDOHQW WR VD\LQJ ξ̄ < 0��

WKHQ E\ WKH GHILQLWLRQ RIRz
i (ξ)(z), z ∈ Rm� ZH KDYH λi(ul)t > λi(ur)t. 7KXV IURP WKH DERYH

��
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FRQVWUXFWLRQ RI VROXWLRQ ZH ILQG u(x, t) =

{
ul

ur

LQ WKH UHJLRQ {λi(ul)t > x > λi(ur)t}

ZKLFK LV DEVXUG�

����� 6KRFN ZDYHV

,Q WKLV VHFWLRQ� ZH ZDQW WR GHVFULEH WKH VROXWLRQ IRU ��������������� ZKLFK LV RI WKH IRUP

u(x, t) =

{
ul, x < λt

ur, x > λt
�������

IRU VRPH λ ∈ R. 7KHQ E\ 5DQNLQH�+XJRQLRW FRQGLWLRQ RQH PXVW KDYH

f(ul)− f(ur) = λ(ul − ur). �������

1RZ JLYHQ D VWDWH ul ∈ Rm� ZH ZDQW WR ILQG DOO ur DQG λ VXFK WKDW WKH VROXWLRQ FDQ EH

H[SUHVVHG LQ WKH DERYH IRUP �������� %XW LQ WKH DERYH HTXDWLRQ �������� n HTXDWLRQV DQG

n+ 1 XQNQRZQV� 6R WR REWDLQ D VROXWLRQ LW LV QDWXUDO WR LQYRNH LPSOLFLW IXQFWLRQ WKHRUHP�

7KHRUHP ������ /HW WKH V\VWHP ������� EH VWULFWO\ K\SHUEROLF� 7KHQ IRU D IL[HG ul ∈ Rm

WKHUH H[LVWV ξ̄ > 0� n QXPEHU RI VPRRWK FXUYHV Si : [−ξ̄, ξ̄] → Rm DQG n QXPEHU RI VFDODU

IXQFWLRQV λi : [−ξ̄, ξ̄] → R VXFK WKDW

f(ul)− f(Si(ξ)(ul)) = λi(ξ)(ul − Si(ξ)(ul)), ξ ∈ [−ξ̄, ξ̄]. �������

)XUWKHUPRUH� ZH KDYH

�D� |dSi(ξ)(ul)
dξ | = 1 DQG Si(0)(ul) = ul� λi(0) = λi(ul).

�E� dSi(ξ)(ul)
dξ |ξ=0 = ri(ul).

�F� dλi(ξ)(ul)
dξ |ξ=0 =

1
2Dλi(ul) · ri(ul).

�G� d2Si(ξ)(ul)
dξ2 |ξ=0 = Dri(ul) · ri(ul).

3URRI� )RU DQ\ WZR SLQWV u, v ∈ Rm� GHILQH

A(u, v) =

∫ 1

0

A(θu+ (1− θ)v)dθ.

��
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6LQFH A(u) FRQVLVWV RI VPRRWK HQWULHV� DV v → u A(u, v) → A(u). A(u) KDV n UHDO GLVWLQFW

VPRRWK HLJHQYDOXHV ZLWK λ1(u) < ... < λm(u).:H ZDQW WR VKRZ WKDW WKHUH H[LVWV D QHLJK�

ERXUKRRG B(u, δ) RI u VXFK WKDW IRU DQ\ v ∈ B(u, δ)� PDWUL[ A(u, v) KDV n UHDO GLVWLQFW

VPRRWK HLJHQYDOXHV ZLWK λ1(u, v) < ... < λm(u, v). &RQVLGHU WKH SRO\QRPLDO

P (v,λ)=̇ GHW(A(u, v)− λI).

)RU D IL[HG i ∈ {1, ...,m}� ZH KDYHP (u,λi(u)) = GHW(A(u)−λi(u)I) = 0 DQG ∂P
∂λ (u,λi(u)) )=

0.7KXV E\ LPSOLFLW IXQFWLRQ WKHRUHPZH JHW D VPRRWKPDS v → λi(u, v) VXFK WKDWP (v,λi(u, v)) =

0. 7KLV LPSOLHV λi(u, v) LV DQ HLJHQYDOXH RI A(u, v). $OVR IROORZLQJ WKH VLPLODU DUJXPHQWV

RI WKHRUHP �� ZH JHW WKDW WKH FRUUHVSRQGLQJ OHIW HLJHQYHFWRUV {li(u, v)}mi=i DQG ULJKW HLJHQ�

YHFWRUV {ri(u, v)}mi=1 DUH VPRRWK VDWLVI\LQJ WKH FRQGLWLRQV �������� 1RZ IURP IXQGDPHQWDO

WKHRUHP RI FDOXFXODV� ZH KDYH

f(u)− f(ul) =

∫ 1

0

Df(θu+ (1− θ)ul)(u− ul)dθ = A(u, ul)(u− ul).

6R 5�+ FRQGLWLRQ WR EH VDWLVILHG� ZH PXVW KDYH

f(u)− f(ul) = λ(u− ul) = A(u, ul)(u− ul)

ZKLFK PHDQV WKDW (u − ul) LV D ULJKW HLJHQYHFWRU RI A(u, ul) ZLWK WKH HLJHQYDOXH λi(u, ul)

IRU VRPH i ∈ {1, ..,m}. 0XOWLSO\LQJ D OHIW HLJHQYHFWRU lj(u, ul) LQ WKH DERYH HTXDWLRQ ZH

KDYH
lj(u, ul)A(u, ul)(u− ul) = λi(u, ul)lj(u, ul)(u− ul)

 ⇒ λj(u, ul)lj(u, ul)(u− ul) = λi(u, ul)lj(u, ul)(u− ul)

 ⇒ lj(u, ul)(u− ul)(λj(u, ul)− λi(u, ul)) = 0.

6LQFH λj(u, ul) )= λi(u, ul)� WR ILQG WKH i�WK HLJHQYHFWRU RI A(u, ul) LW LV HQRXJK WR VROYH

WKH HTXDWLRQ lj(u, ul)(u − ul) = 0 IRU j )= i. 1RWH WKDW WKHUH DUH m XQNQRZQV DQG m − 1

HTXDWLRQV� WKXV WR DSSO\ LPSOLFLW IXQFWLRQ WKHRUHP OHW XV GHILQH Φ : Rm → Rm−1

Φ(u) =
(
l1(u, ul)(u− ul), .., li−1(u, ul)(u− ul), li+1(u, ul)(u− ul), .., lm(u, ul)(u− ul)

)
)

��
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:H REVHUYH WKDW Φ(ul) = 0 DQG DΦ(ul) =
(
l1(ul), .., li−1(ul), li+1(ul).., lm(ul)

)

(m−1)×m
.

6LQFH lj(ul)
m
j=1 IRUPV D EDVLV RI Rm, rank{DΦ(ul)} = m− 1. +HQFH E\ LPSOLFLW IXQFWLRQ

WKHRUHP ZH FDQ ILQG D VPRRWK IXQFWLRQ �ZLWK D FKRLFH RI SDUDPHWDULVDWLRQ ξ DQG IRU D IL[HG

i� Si(.)(ul) : [−ξ̄, ξ̄] → Rm VXFK WKDW

Φ(Si(ξ)(ul)) = 0, Si(0)(ul) = ul. �������

DQG

|dSi(ξ)(ul)

dξ
| = 1.

7KHUHIRUH f(Si(ξ)(ul)) − f(ul) = λi(Si(ξ)(ul), ul)(Si(ξ)(ul) − ul) KROGV DQG GHQRWLQJ

λi(Si(ξ)(ul), ul) = λi(ξ) ZH ZULWH

f(Si(ξ)(ul))− f(ul) = λi(ξ)(Si(ξ)(ul)− ul) ��������

KROGV� 1RZ WKH HTXDWLRQ ������� LPSOLHV Φj(Si(ξ)(ul)) = lj(Si(ξ)(ul), ul)(Si(ξ)(ul) −

ul), j )= i. 6LQFH ri(.) LV SHUSHQGLFXODU WR lj(.) ZH ILQG (Si(ξ)(ul) − ul) LV SDUDOOHO WR

ri(Si(ξ)(ul), ul). 6R WKHUH H[LVWV D IXQFWLRQ α : R → R VXFK WKDW

Si(ξ)(ul) = ul + α(ξ) · ri(Si(ξ)(ul), ul).

ZKLFK VDWLVILHV α(0) = DQG α̇(0) = 1� 7KXV

dSi(ξ)(ul)

dξ
|ξ=0 = α(ξ) · d

dξ
ri(Si(ξ)(ul), ul)|ξ=0 + ri(Si(ξ)(ul), ul) ˙α(ξ)|ξ=0 = ri(ul)

1H[W� GLIIHUHQWLDWLQJ WKH HTXDWLRQ �������� Z�U�W ξ ZH JHW

Df(Si(ξ)(ul))Ṡi(ξ)(ul) = λi(ξ)Ṡi(ξ)(ul) + λ̇i(ξ)(Si(ξ)(ul)− ul)

7R VLPSOLI\ WKH QRWDWLRQV� VHWWLQJ A(Si(ξ)(ul)) = Ai(ξ) DQG GURSSLQJ WKH GHSHQGHQFH RQ ξ�

ZH ZULWH

AiṠi = λ̇i(Si − ul) + λiṠi ��������

��
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'LIIHUHQWLDWLQJ RQFH DJDLQ� ZH JHW

AiS̈i + ṠiȦi = 2λ̇iṠi + λ̈i(Si − ul) + λiS̈i ��������

6LQFH Ṡi(0) = ri(ul)� FDOFXODWLQJ �������� DW WKH SRLQW ξ = 0 ZH ILQG

Ai(0)S̈i(0)(ul) + Ȧi(0)ri(ul) = 2λ̇i(0)ri(ul) + λi(ul)S̈i(0)(ul) ��������

/HW XV FRQVLGHU

Ai(ξ)ri(Si(ξ)) = λi(Si(ξ))ri(Si(ξ))

'LIIHUHQWLDWLQJ WKH DERYH HTXDWLRQ DW ξ = 0� ZH ILQG

Ai(0)Dri(ul) · ri(ul) + Ȧi(0)ri(ul)

=
(
Dλi(ul) · ri(ul)

)
ri(ul) + λi(ul)

(
Dri(ul) · ri(ul)

) ��������

1RZ VXEVWLWXWLQJ Ai(0)ri(ul) IURP �������� WR �������� ZH JHW

Ai(0)S̈i(0)(ul) +
(
Dλi(ul) · ri(ul)

)
ri(ul) + [λi(ul)− Ai(0)]

(
Dri(ul) · ri(ul)

)

= 2λ̇i(0)ri(ul) + λi(ul)S̈i(0)(ul).
��������

6LQFH Ai(0) = A(ul), PXOWLSO\LQJ WKH DERYH HTXDWLRQ E\ li(ul) ZH JHW

λ̇i(0) =
1

2
Dλi(ul) · ri(ul). ��������

1H[W XVLQJ �������� LQ WKH HTXDWLRQ �������� ZH ILQG

(
A(ul)− λi(ul)

)(
S̈i(0)(ul)−Dri(ul) · ri(ul)

)
= 0. ��������

7KLV LPSOLHV S̈i(0)(ul) − Dri(ul) · ri(ul) LV DQ HLJHQYHFWRU RI A(ul) ZLWK WKH HLJHQYDOXH

λi(ul). 7KXV S̈i(0)(ul)−Dri(ul) · ri(ul) = βri(ul) IRU VRPH β ∈ R. 7DNLQJ LQQHU SURGXFW

ZLWK ri(ul)

〈ri(ul), βri(ul)〉 = 〈ri(ul), S̈i(0)(ul)−Dri(ul) · ri(ul)〉

= 〈ri(ul), S̈i(0)(ul)〉 − 〈ri(ul), Dri(ul) · ri(ul)〉
��������

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

1RZ ZH XVH WKH IROORZLQJ LGHQWLWLHV�

�L� /HW X : Rm → Rm � WKHQ

〈X,DX ·X〉 = 1

2
D〈X,X〉 ·X. ��������

�LL� /HW ξ ,→ X(ξ) : R → Rm� WKHQ

〈Ẋ, Ẍ〉 = 1

2

d

dξ
〈Ẋ, Ẋ〉 ��������

7KH ODVW H[SUHVVLRQ RI �������� FDQ EH ZULWWHQ DV

〈Ṡi(0)(ul), S̈i(0)(ul)〉 − 〈ri(ul), Dri(ul) · ri(ul)〉

=
1

2

d

dξ
〈 ˙Si(0)(ul), ˙Si(0)(ul)〉 −

1

2
D〈ri(ul), ri(ul)〉 · rl(ul) = 0,

��������

DV |Ṡi(0)(ul)| = |ri(ul)| = 1.

7KXV IURP HTXDWLRQ �������� ZH KDYH 〈ri(ul), βri(ul)〉 = 0� KHQFH β PXVW EH ]HUR� 6R

ZH JHW WKH LGHQWLW\ �G��

7KHRUHP ������ ,I WKH i�WK FKDUDFWHULVWLF ILHOG LV OLQHDUO\ GHJHQHUDWH WKHQ Ri(ξ)(ul) =

Si(ξ)(ul).

3URRI� 6XSSRVH v(ξ) VROYHV WKH RGH

v̇(ξ) = ri(v(ξ))

v(0) = ul

6LQFH λi(·) LV FRQVWDQW LQ WKLV FDVH� ZH FDOFXODWH

f(v(ξ))− f(ul) =

∫ ξ

0

d

dξ
f(v(s))ds =

∫ ξ

0

Df(v(s))v̇(s)ds =

∫ ξ

0

Df(v(s))ri(s)ds

=

∫ ξ

0

λi(v(s))ri(s)ds

=

∫ ξ

0

λi(ul)ri(s)ds

= λi(ul)(v(ξ)− ul)

+HQFH v(ξ) OLHV LQ WKH i�WK VKRFN FXUYH WKURXJK ul.

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

1RZ OHW XV DVVXPH WKH i�WK FKDUDFWHULVWLF ILHOG LV JHQXLQHO\ QRQOLQHDU� %\ WKH SUHYLRXV

WKHRUHP� ZH REVHUYH WKDW

dλi(ξ)

dξ
|ξ=0 =

1

2
Dλi(ul) · ri(ul) > 0 ��������

DQG
dλi(Si(ξ))(ul)

dξ
|ξ=0 = Dλi(ul) · ri(ul) > 0 ��������

6LQFH λi DQG Si DUH VPRRWK IXQFWLRQ� WKXV LQ D QHLJKERXUKRRG RI 0� dλi(ξ)
dξ DQG dλi(Si(ξ))(ul)

dξ

ZLOO EH SRVLWLYH� LQ RWKHU ZRUGV λi(ξ) DQG λi(Si(ξ)(ul)) DUH LQFUHDVLQJ LQ D QHLJKERXUKRRG

RI 0. 1RZ OHW XV GHILQH D VPRRWK IXQFWLRQ Ψ : R → R JLYHQ E\

Ψ(ξ) = 2λi(ξ)− λi(Si(ξ)(ul))

8VLQJ D 7D\ORU H[SDQVLRQ RI Ψ QHDU 0, ZH JHW

Ψ(ξ) = Ψ(0) + ξΨ̇(0) +O(ξ2)

= 2λi(0)− λi(ul) + ξ
[
2
dλi(ξ)

dξ
|ξ=0 −

dλi(Si(ξ))(ul))

dξ
|ξ=0

]
+O(ξ2)

= λi(ul) +O(ξ2)

7KH ODVW HTXDOLW\ KROGV EHFDXVH RIλi(0) = λi(ul) DQG WKH HTXDWLRQV ������������������ +HQFH

2λi(ξ)− λi(ul)− λi(Si(ξ)(ul)) = O(ξ2) ��������

IRU ξ QHDU WR 0. 1H[W ZH REVHUYH WKDW IRU ξ ∈ (0, ξ̄@� ZH KDYH

λi(ul) < λi(ξ) < λi(Si(ξ)(ul)). ��������

,QGHHG� 6LQFH λi(ξ) DQG λi(Si(ξ)) LV LQFUHDVLQJ QHDU 0� ZH ILQG

λi(ul) = λi(0) < λi(ξ) ��������

DQG

λi(ul) = λi(Si(0)(ul)) < λi(Si(ξ)(ul)) ��������

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

1RZ IURP WKH HTXDWLRQ �������� DQG �������� ZH KDYH

λi(ξ) =
λi(ul) + λi(Si(ξ)(ul))

2
+O(ξ2)

< λi(Si(ξ)(ul)) +O(ξ2)

��������

7KXV FRPELQLQJ �������� DQG �������� ZH JHW ��������� 8VLQJ VLPLODU DUJXPHQWV ZH JHW

λi(ul) > λi(ξ) > λi(Si(ξ)(ul)) ��������

IRU ξ ∈ [−ξ̄, 0) IRU VRPH VXLWDEO\ VPDOO ξ̄. 1RWH WKDW WKH LQHTXDOLW\ LQ �������� FRUUHVSRQGV

WR /D[ DGPLVVLELOLW\ FRQGLWLRQ�

'HILQLWLRQ ������ )RU D JLYHQ IL[HG VWDWH z̄ ∈ Rm� ZH GHILQH WKH L�VKRFN FXUYH E\ ξ ,→

Si(ξ)(z̄) ZKLFK VDWLVILHV WKH HTXDWLRQ �������� ,I WKH i�WK FKDUDFWHULVWLF ILHOG LV JHQXLQHO\

QRQOLQHDU� ZH ZULWH

S+
i (ξ)(z̄) := {z ∈ Si(ξ)(z̄)|λi(z̄) < λi(ξ) < λi(Si(ξ)(z̄))}

DQG

S−
i (ξ)(z̄) := {z ∈ Si(ξ)(z̄)|λi(z̄) > λi(ξ) > λi(Si(ξ)(z̄))}

7KHQ WKH VKRFN FXUYH LV H[SUHVVHG DV

Si(ξ)(z̄) := S+
i (ξ)(z̄) ∪ {z̄} ∪ S−

i (ξ)(z̄)

1RZ E\ WKH FRQVWUXFWLRQ RI WKH WKHRUHP ������� WKH VKRFN VROXWLRQ u(x, t) RI WKH V\VWHP

������� LV GHILQHG DV

'HILQLWLRQ ������ $VVXPH WKDW WKHUH H[LVWV D ξ̄ < 0 VXFK WKDW S−
i (ξ̄)(ul) = ur� WKHQ WKH

IXQFWLRQ

u(x, t) =

{
ul, x < tλi(ξ)

S−
i (ξ)(ul), x > tλi(ξ)

LV VDLG WR EH D VKRFN VROXWLRQ LI LW LV D ZHDN VROXWLRQ RI ����������������

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

����� 7KH JHQHUDO VROXWLRQ RI WKH ORFDO 5LHPDQQ SUREOHP

,Q WKLV VHFWLRQ ZH GLVFXVV WKH H[LVWHQFH RI D JHQHUDO VROXWLRQ WR WKH ORFDO 5LHPDQQ SURE�

OHP� PRUH SUHFLVHO\ ZH SURYLGH D XQLTXH ZHDN VROXWLRQ RI ���������������� ,Q WKH SUHYLRXV

VHFWLRQV� ZH GLVFXVVHG WKH VROXWLRQV ZKHQ ur LQ HLWKHU RQ D UDUHIDFWLRQ FXUYH RU RQ D VKRFN

FXUYH SDVVLQJ WKURXJK ul. +HUH ZH XVH WKH SUHYLRXV FRQVWUXFWLRQ WR SURYLGH D VROXWLRQ IRU

DQ\ 5LHPDQQ W\SH LQLWLDO GDWD� ul, ur ZLWK |ul − ur| VPDOO� /HW XV VWDUW ZLWK WKH IROORZLQJ

GHILQLWLRQ�

'HILQLWLRQ ������� �D� ,I WKH i�WK FKDUDFWHULVWLF ILHOG LV JHQXLQHO\ QRQOLQHDU� IRU D IL[HG z̄ ∈

Rm ZH ZULWH

Ti(ξ)(z̄) := R+
i (ξ)(z̄) ∪ {z̄} ∪ S−

i (ξ)(z̄)

�E� ,I i�WK FKDUDFWHULVWLF ILOHG LV OLQHDUO\ GHJHQHUDWH� IRU D IL[HG z̄ ∈ Rm ZH ZULWH

Ti(ξ)(z̄) := R+
i (ξ)(z̄) = S−

i (ξ)(z̄).

7KHRUHP ������� $VVXPH WKDW WKH i�WK FKDUDFWHULVWLF ILHOG LV HLWKHU JHQXLQHO\ QRQOLQHDU RU

OLQHDUO\ GHJHQHUDWH� 7KHQ IRU HYHU\ FRPSDFW VHW K ⊂ Rm� WKHUH H[LVWV ε > 0 VXFK WKDW

WKH 5LHPDQQ SUREOHP ��������������� KDV D XQLTXH ZHDN VROXWLRQ ZKHQHYHU ul, ur ∈ K DQG

|ul − ur| < ε.

3URRI� :H SODQ WR XVH LPSOLFLW IXQFWLRQ WKHRUHP WR D IXQFWLRQ Λ : Rm → Rm GHILQHG LQ D

QHLJKERUKRRG RI 0� LQ WKH IROORZLQJ PDQQHU�

*LYHQ D ξ = (ξ1, ..., ξm) ∈ Rm ZLWK |ξ| VPDOO� 1RZ IL[LQJ WKH VWDWH z0 = ul ZH ZLOO FKRRVH

WKH VWDWHV z0, ...., zm VXFK WKDW �

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

z1 = T1(ξ1)(z0), λ1(z1)− λ1(z0) = ξ1,

z2 = T2(ξ2)(z1), λ2(z2)− λ1(z1) = ξ2,

.

.

zm = Tm−1(ξm)(zm−1), λm(zm)− λm(zm−1) = ξm.

DQG ZH GHILQH WKDW PDS Λ(ξ1, ..., ξm)(z0) = zm. 1H[W ZH REVHUYH WKDW E\ WKH GHILQLWLRQ RI

R+
i (ξ)(z̄) DQG S

−
i (ξ)(z̄)� WKH FKRVHQ VWDWH z1, ...., zm FDQ EH UHSUHVHQWHG DV�

z1 =

{
R+

1 (ξ1)(z0), ξ1 ≥ 0,

S−
1 (ξ1)(z0), ξ1 < 0.

z2 =

{
R+

2 (ξ2)(z1), ξ2 ≥ 0,

S−
2 (ξ2)(z1), ξ2 < 0.

DQG ILQDOO\�

zm =

{
R+

m(ξm)(zm−1), ξm ≥ 0,

S−
m(ξm)(zm−1), ξm < 0.

7KXV Λ FDQ EH UHSUHVHQWHG DV�

Λ(ξ1, ..., ξm)(z0) = Tm(ξm) ◦ Tm−1(ξm−1) ◦ · · · ◦ T1(ξ1)(z0)

1RZ ZH REVHUYH WKDW

Λ(0, .., 0)(z0) = z0

DQG
∂Λ

∂ξi
|ξ=0 = ri(z0). ��������

,QGHHG� ZH FDOFXODWH�
Λ(0, ..., ξi, ..0)(z0)− Λ(0, ..., 0)(z0)

= Ti(ξi)(z0)− z0.

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

Ti(ξi)(z0) LV HLWKHU R+
i (ξi)(z0) RU S

−
i (ξi)(z0) GHSHQGLQJ RQ ξi ≥ 0 RU ξ < 0. 1RZ E\

GHILQLWLRQ RI UDUHIDFWLRQ FXUYH� ZH JHW

R+
i (ξi)(z0) = R+

i (0)(z0) + ξi
∂

∂ξi
R+

i (ξi)(z0)|ξi=0 +O(ξ2i ).

= z0 + ξiri(z0) +O(ξ2i ).

1

6LPLODUO\� XVLQJ WKH WKHRUHP �������� ZH KDYH

S−
i (ξi)(z0) = S−

i (0)(z0) + ξi
∂

∂ξi
S−
i (ξi)(z0)|ξi=0 +O(ξ2i ).

= z0 + ξiri(z0) +O(ξ2i ).

6R LQ DQ\ FDVH �ξ ≥ 0 RU ξ < 0� ZH KDYH�

Λ(0, ..., ξi, ..0)− Λ(0, ..., 0) = ξiri(z0) +O(ξ2i )

7KXV �������� LV SURYHG� 7KHUHIRUH WKH PDWUL[DΛ(0) = [{ri(z0)}mi=1]m×m LV LQYHUWLEOH VLQFH

ri(z0) IRUPV D EDVLV RI Rm IRU HDFK i. 1RZ HPSOR\LQJ LPSOLFLW IXQFWLRQ WKHRUHP ZH KDYH

D XQLTXH ξ QHDU 0 VXFK WKDW Λ(ξ)(ul) = zm = ur ZKHQHYHU |ul − ur| < ε. 1RZ ZH ZLOO

GHILQH H[SOLFLW IRUP RI D ZHDN VROXWLRQ u(x, t) E\ FRPELQLQJ UDUHIDFWLRQ DQG VKRFN ZDYHV�

%\ SUHYLRXV WKHRUHPV� ZH NQRZ WKDW HDFK 5LHPDQQ SUREOHP

ut + f(u)x = 0

u(x, 0) =

{
zi−1, x < 0

zi, x > 0.

KDV D XQLTXH HQWURS\ VROXWLRQ FRQVLVWV RI UDUHIDFWLRQ DQG VKRFN ZDYHV�

&DVH ,� ,I WKH i�WK FKDUDFWHULVWLF ILHOG LV JHQXLQHO\ QRQOLQHDU DQG ξi ≥ 0� WKHQ WKH VROXWLRQ

FRQVLVWV RI D UDUHIDFWLRQ ZDYH DQG LW LV JLYHQ E\

u(x, t) =






zi−1, x < λi(zi−1)t

R+
i (ξ)(zi−1) λi(zi−1)t < x < λi(zi)t

zi x > λi(zi)t

&DVH ,,� ,I WKH i�WK FKDUDFWHULVWLF FXUYH LV JHQXLQHO\ QRQOLQHDU DQG ξi < 0 RU WKH i�WK FKDUDF�

WHULVWLF FXUYH LV OLQHDUO\ GHJHQHUDWH WKH VROXWLRQ LV JLYHQ E\

u(x, t) =

{
zi−1, x < λi(zi−1, zi)

zi, x > λi(zi−1, zi)

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

ZKHUH λi(zi−1) > λi(zi−1, zi) > λi(zi) DQG λi(zi−1) = λi(zi−1, zi) = λi(zi) KROG UHVSHF�

WLYHO\� 1RZ IRU (ξ1, .., ξm) QHDU 0� XVLQJ WKH VWULFW K\SHUEROLFLW\ DQG FRQWLQXLW\ RI λi¶V ZH

FRQFOXGH WKDW WKH LQWHUYDOV [λi(zi−1),λi(zi)]ZRXOG QRW LQWHUVHFW HDFK RWKHU� +HQFH GHQRWLQJ

λ+i = λi(zi) DQG λ−i = λi(zi−1) ZH KDYH

λ−1 ≤ λ+1 ≤ λ−2 ≤ λ+2 ≤ ·· ≤ λ−m ≤ λ+m.

1RZ WKH ZHDN VROXWLRQ u : R× [0,∞) → Rn LV GHILQHG DV

u(x, t) =






ul, −∞ < x < λ−1 t

R+
i (s)(zi−1) λ−i t < x < λ+i t

zi, λ+i t < x < λ−i+1t

ur, λ+mt < x < ∞.

��� )LQLWH 'LIIHUHQFH 6FKHPHV IRU $SSUR[LPDWLQJ 6FDODU
&RQVHUYDWLRQ /DZV

+HUH ZH UHVWULFW RXUVHOYHV WR H[SOLFLW RQH VWHS ILQLWH GLIIHUHQFH VFKHPHV� 'LVFUHWL]H WKH

x−D[LV E\ D VHTXHQFH {xi+ 1
2
} ZLWK xi+ 1

2
= (i + 1

2)h, i ∈ Z, h > 0 DQG t−D[LV E\ {tn}

ZLWK tn = n∆t, n = 0, 1, 2, ...,∆t > 0.∆t DQG h DUH FDOOHG WLPH VWHS DQG VSDFLDO PHVK VL]H

UHVSHFWLYHO\� /HW λ = ∆t
h DQG xi =

x
i+1

2
+x

i− 1
2

2 �

7R DSSUR[LPDWH WKH FRQVHUYDWLRQ ODZ
{

ut + f(u)x = 0 LQ R× (0,∞),
u(x, 0) = u0(x), x ∈ R �������

ZH LQWURGXFH (2k + 1) SRLQW VFKHPH RI WKH IRUP

vn+1
i = H(vni−k, v

n
i−k+1, ....., v

n
i , ....., v

n
i+k−1, v

n
i+k) �������

ZKHUH H : R2k+1 → R LV D FRQWLQXRXV IXQFWLRQ DQG vni GHQRWHV WKH DSSUR[LPDWLRQ RI WKH

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

H[DFW VROXWLRQ u DW WKH JULG SRLQW (xi+ 1
2
, tn). ,QLWLDO GDWD {v0i } LV GHILQHG E\

v0i =
1

h

∫ x
i+1

2

x
i− 1

2

u0(x) dx. �������

,I u0(x) LV FRQWLQXRXV�WKHQ RQH FDQ WDNH

v0i = u0
i = u0(xi) ∀i

'HILQLWLRQ ������ $ GLIIHUHQFH VFKHPH ������� LV VDLG WR EH LQ WKH FRQVHUYDWLYH IRUP�LI WKHUH

H[LVWV D FRQWLQXRXV IXQFWLRQ F : R2k → R VXFK WKDW

H(vni−k, ..., v
n
i+k) = vni − λ(F n

i+ 1
2
− F n

i− 1
2
) �������

ZKHUH F n
i+ 1

2
= F (vni−k+1, ..., v

n
i+k)� 7KH IXQFWLRQ F LV FDOOHG QXPHULFDO IOX[�

'HILQLWLRQ ������ 7KH GLIIHUHQFH VFKHPH ������� LV VDLG WR EH FRQVLVWHQW ZLWK WKH HTXDWLRQ

������� LI

F (v, ..., v) = f(v) ∀v ∈ R �������

i.e., H(v, ..., v) = v ∀v ∈ R �������

,Q RUGHU WR DQDO\VH WKH FRQYHUJHQFH RI WKH VROXWLRQ {vni } RI WKH GLIIHUHQFH VFKHPH �������

ZH LQWURGXFH WKH SLHFHZLVH FRQVWDQW IXQFWLRQ vh GHILQHG D�H� LQ R× (0,∞) E\

vh(x, t) = vni IRU (x, t) ∈ (xi− 1
2
, xi+ 1

2
)× [tn, tn+1) �������

7KHRUHP ����� �/D[�:HQGURII�� /HW vh EH WKH QXPHULFDO VROXWLRQ REWDLQHG IURP WKH VFKHPH

������� ZKLFK LV LQ WKH FRQVHUYDWLYH IRUP DQG FRQVLVWHQW ZLWK HTXDWLRQ �������� $VVXPH WKDW

WKHUH H[LVWV D VHTXHQFH {hk} ZKLFK WHQGV WR 0 DV k → ∞ VXFK WKDW� LI ZH VHW ∆kt = λhk

(λ = ∆kt
hk

, NHSW FRQVWDQW�

�L�||vhk
||L∞(R×(0,∞)) ≤ C IRU VRPH FRQVWDQW C > 0�

�LL� vhk
FRQYHUJHV LQ L1

loc(R× (0,∞)) DQG D�H WR D IXQFWLRQ v� 7KHQ v LV D ZHDN VROXWLRQ RI

��������

)RU GHWDLO VHH >�� &KDSWHU �� 7KHRUHP ���@

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

����� ([DPSOHV RI ��SRLQW VFKHPH�

7KH HQWURS\ VROXWLRQ RI WKH 5LHPDQQ SUREOHP





ut + f(u)x = 0 LQ R× (0,∞)

u(x, 0) =

{
ul LI x < 0
ur LI x > 0

�������

LV VHOI�VLPLODU�L�H�� RI WKH IRUP

u(x, t) = wR(
x

t
, ul, ur) �������

ZKHUHwR GHSHQGV RQO\ RQ WKH IXQFWLRQ f DQG FRQVLVWV RI WZR FRQVWDQW VWDWHV ul DQG ur� 1RZ

REVHUYH WKDW ξ → f(wR(ξ, ul, ur)) LV D FRQWLQXRXV IXQFWLRQ DW ξ = 0� ,QGHHG LI wR(ξ, ul, ur)

LV GLVFRQWLQXRXV DW ξ = 0�WKLV PHDQV WKDW WKLV GLVFRQWLQXLW\ LV VWDWLRQDU\�WKH FRUUHVSRQGLQJ

GLVFRQWLQXRXV ZDYH PRYHV ZLWK ]HUR VSHHG�� +HQFH E\ 5DQNLQH�+XJRQLRW FRQGLWLRQ DQG

FRQWLQXLW\ RI f(wR(ξ, ul, ur)) DW ξ = 0 ZH KDYH

f(wR(0−, ul, ur)) = f(wR(0+, ul, ur)) = f(wR(0, ul, ur)) ��������

([DPSOH ����� �7KH *RGXQRY VFKHPH�� 1RZ *RGXQRY VFKHPH LV JLYHQ E\

vn+1
i = vni − λ(F n

i+ 1
2
− F n

i− 1
2
) ��������

ZKHUH LWV QXPHULFDO IOX[

F n
i+ 1

2
= FG(vni , v

n
i+1) = f(wR(0, v

n
i , v

n
i+1)).

*RGXQRY KDV JLYHQ WKH IROORZLQJ VLPSOH IRUPXOD IRU D JHQHUDO f WR HYDOXDWH WKH QXPHULFDO

IOX[

FG(u, v) = f(wR(0, u, v)) ��������

=

{
PLQw∈[u,v] f(w) LI u ≤ v
PD[w∈[v,u] f(w) LI u ≥ v

��������

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

*RGXQRY VFKHPH �������� LV LQ FRQVHUYDWLYH IRUP� FRQVLVWHQW ZLWK WKH FRQVHUYDWLRQ ODZ

������� DQG DOVR DQ XSZLQG VFKHPH L�H��

FG(u, v) =

{
f(u) if f is a nondecreasing function between u and v
f(v) if fis a nonincreasing function between u and v

��������

5HPDUN ������ ,I f LV D FRQYH[ IXQFWLRQ DQG f(θ) = PLQw∈R f(w)�WKHQ WKH *RGXQRY IOX[

�������� FDQ EH H[SUHVVHG LQ PRUH VLPSOHU IRUP

FG(u, v) = PD[(f(PD[(u, θ)), f(PLQ(v, θ))).

6LPLODUO\ LI f LV FRQFDYH DQG f(θ) = PD[w∈R f(w)�WKHQ

FG(u, v) = PLQ(f(PLQ(u, θ)), f(PD[(v, θ))).

([DPSOH ����� �7KH /D[�)ULHGULFKV VFKHPH�� 7KLV LV WKH VLPSOHVW FHQWHUHG ILQLWH VFKHPH

ZKLFK LV JLYHQ E\

vn+1
i = vni − λ

2
(f(vni+1)− f(vni−1))

= vni − λ(F n
i+ 1

2
− F n

i− 1
2
) ��������

ZKHUH

F n
i+ 1

2
= FLF (vni , v

n
i+1) =

1

2
(f(vni ) + f(vni+1)−

1

λ
(vni+1 − vni ))

7KLV LV LQ D FRQVHUYDWLYH IRUP DQG LV FRQVLVWHQW ZLWK FRQVHUYDWLRQ ODZ ������� EXW LV QRW DQ

XSZLQG VFKHPH�

����� 0RQRWRQH DQG 79' 6FKHPHV

'HILQLWLRQ ������ 7KH ILQLWH GLIIHUHQFH VFKHPH ������� LV VDLG WR EH PRQRWRQH LI H LV QRQ

GHFUHDVLQJ IXQFWLRQ RI HDFK RI LWV DUJXPHQWV�

1RWDWLRQ� /HW v = (vi)i∈Z DQG w = (wi)i∈Z WKHQ v ≥ w PHDQV vi ≥ wi ∀i ∈ Z�

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

/HW (H∆(v))i = H(vi−k, vi−k+1, ....., vi, ....., vi+k−1, vi+k) DQG H∆(v) = (H∆(v))i)i∈Z

WKHQ VFKHPH ������� LV PRQRWRQH PHDQV�

v ≥ w ⇒ H∆(v) ≥ H∆(w)

([DPSOHV RI PRQRWRQH VFKHPHV� *RGXQRY�/D[�)ULHGULFKV DQG (QTXLVW�2VKHU VFKHPHV

DUH PRQRWRQH XQGHU WKH &)/ OLNH FRQGLWLRQ

λ VXS
vj

|f ′(vj)| ≤ 1. ��������

7KHRUHP ������ ,I D VFKHPH LV LQ FRQVHUYDWLYH IRUP� FRQVLVWHQW� DQG PRQRWRQH� 7KHQ ZH

KDYH WKH IROORZLQJ

�� ,I D ��SRLQW VFKHPH� WKHQ WKH QXPHULFDO IOX[ F (u, v) LV DQ LQFUHDVLQJ IXQFWLRQ LQ LWV

ILUVW DUJXPHQW DQG D GHFUHDVLQJ IXQFWLRQ LQ LWV VHFRQG DUJXPHQW�

�� �l∞ VWDELOLW\��/HW vn = (vni )i∈Z ∈ l∞� WKHQ vn+1 = (vn+1
i )i∈Z ∈ l∞ DQG

||vn+1||∞ ≤ ||vn||∞ ��������

�� �l1 FRQWUDFWLRQ� 6XSSRVH vn ∈ l∞ � 7KHQH∆ : l1 → l1 LV D PDSSLQJ ZKLFK SUHVHUYHV

WKH LQWHJUDO DQG IRU DQ\ VHTXHQFH u DQG v LQ l1 ZH KDYH

||H∆(u)−H∆(v)||1 ≤ ||u− v||1 ��������

)RU GHWDLO VHH >�� &KDSWHU �@

'HILQLWLRQ ������ $ VFKHPH LV VDLG WR EH WRWDO YDULDWLRQ GLPLQLVKLQJ�79'� LI

TV (vn+1) ≤ TV (vn) ∀n = 0, 1, 2, ....

/HPPD �������

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

�� �79'�� $Q\ FRQVHUYDWLYH� FRQVLVWHQW PRQRWRQH VFKHPH VDWLVILHV WRWDO YDULDWLRQ GLPLQ�

LVKLQJ SURSHUW\ L�H��

∑

i∈Z

|vn+1
i − vn+1

1−1 | =
∑

i∈Z

|vni − vni−1|.

i.e., T v(vn+1) ≤ TV (vn) ��������

�� �7LPH HVWLPDWH�� /HW VFKHPH ������� EH LQ FRQVHUYDWLYH IRUP� FRQVLVWHQW ZLWK �������

DQG 79' ZLWK D /LSVFKLW] FRQWLQXRXV QXPHULFDO IOX[ Fi+ 1
2
� $VVXPH PRUHRYHU WKDW

VFKHPH LV l∞ VWDEOH� 7KHQ WKHUH H[LVWV D FRQVWDQW C > 0 VXFK WKDW ∀ 0 ≤ m ≤ n,

h
∑

i∈Z

|vmi − vni | ≤ C(m− n)∆tTV (v0) ��������

)RU GHWDLO VHH >�� &KDSWHU �@

7KHRUHP ������ �([LVWHQFH RI D ZHDN VROXWLRQ�� /HW IRU DQ\ T > 0�

�D� u0 ∈ L∞(R) DQG BV (R)�D IXQFWLRQV RI ERXQGHG YDULDWLRQV DQG v0 JLYHQ E\ ��������

�E� vh(x, t) EH DQ DSSUR[LPDWH VROXWLRQ REWDLQHG IURP D GLIIHUHQFH VFKHPH ������� ZKLFK LV

LQ FRQVHUYDWLYH IRUP DQG FRQVLVWHQW ZLWK ��������

�F� ||vh(., t)||∞ < ∞ DQG D TV (vh(., t)) < ∞ IRU 0 ≤ t ≤ T �

�G�

||vh(., t)− vh(., s)||L1 ≤ C(|t− s|+∆t)TV (vh(., 0)

IRU VRPH FRQVWDQW C > 0, 0 ≤ s ≤ t ≤ T.

7KHQ WKHUH H[LVWV D VHTXHQFH hk → 0 VXFK WKDW LI ZH VHW�∆kt = λh�ZLWK λ EHLQJ NHSW

FRQVWDQW�WKH VHTXHQFH vhk
FRQYHUJHV LQ L∞(0, T ;L1

loc(R)) � VD\ WR u� 7KLV OLPLW u LV D ZHDN

VROXWLRQ RI ��������

)RU GHWDLO VHH >�� &KDSWHU �� 7KHRUHP ���� 7KHRUHP ���@

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

��� 1RQ�VWULFWO\ K\SHUEROLF V\VWHPV

,Q WKLV VHFWLRQ� ZH PRYH RQ WR GHVFULEH QRQ�VWULFWO\ RU ZHDNO\ K\SHUEROLF V\VWHPV� ,Q WKH

SUHYLRXV VHFWLRQV� ZH SUHVHQWHG DQ RYHUYLHZ RI WKH H[LVWLQJ WKHRU\ IRU WKH V\VWHP RI FRQVHU�

YDWLRQ ODZV WKDW JHQHUDOO\ DVVXPHV WKDW WKH V\VWHP LV VWULFWO\ K\SHUEROLF DQG WKH FKDUDFWHULV�

WLF ILHOGV DUH HLWKHU JHQXLQHO\ QRQ�OLQHDU RU OLQHDUO\ GHJHQHUDWH� )XUWKHUPRUH� WKH FODVVLFDO

H[LVWHQFH WKHRULHV DUH DSSOLFDEOH ZKHQ WKH WRWDO YDULDWLRQ RI WKH LQLWLDO GDWD LV VPDOO� ,W LV

ZHOO NQRZQ WKDW WKH VROXWLRQ RI FRQVHUYDWLRQ ODZV PD\ GHYHORS GLVFRQWLQXLWLHV DIWHU D ILQLWH

WLPH HYHQ WKRXJK WKH LQLWLDO GDWD OLHV LQ WKH VSDFH C∞(R). ,Q WKDW FDVH� WKH VROXWLRQ VSDFH

LV JHQHUDOO\ Lp, 1 ≤ p ≤ ∞ RU BV, WKH VSDFH RI WKH IXQFWLRQV RI ERXQGHG YDULDWLRQ� 7KH

VROXWLRQ LV XQGHUVWRRG LQ D ZHDN VHQVH DQG LQ JHQHUDO WKH ZHDN VROXWLRQV DUH QRW XQLTXH�

,Q WKH OLWHUDWXUH� VHYHUDO DGPLVVLEOH FULWHULD >�� �� �@ KDYH EHHQ GHYHORSHG WR HVWDEOLVK WKH

XQLTXHQHVV RI WKH VROXWLRQ GHSHQGLQJ XSRQ LWV SK\VLFDO UHOHYDQFH� ,Q SUDFWLFH� VRPH V\VWHPV

PD\ YLRODWH ERWK RI WKH FRQGLWLRQV �VWULFW K\SHUEROLFLW\ DQG VPDOO WRWDO YDULDWLRQ RI LQLWLDO

GDWD� DVVXPHG LQ WKHVH WKHRULHV� 7KH VROXWLRQ FODVV IRU WKHVH V\VWHPV PD\ EH ZLGHU WKDQ L∞

RU BV. ,W LV LPSRUWDQW WR QRWH WKDW� XQOLNH WKH VWULFWO\ K\SHUEROLF V\VWHPV� WKHUH LV QR VLQJOH

WKHRU\ RU IUDPHZRUN WRZDUGV WKH ZHOO�SRVHGQHVV RI VROXWLRQV IRU QRQ�VWULFWO\ K\SHUEROLF

V\VWHPV�

'HILQLWLRQ ������ $ V\VWHP RI FRQVHUYDWLRQ ODZV ������� LV FDOOHG QRQ VWULFWO\ K\SHUEROLF LI

WKH HLJHQYHFWRUV RI WKH -DFRELDQPDWUL[Df(u) GRHV QRW IRUP D FRPSOHWH EDVLV� FRQVHTXHQWO\

WKHUH H[LVWV u ∈ Rm VXFK WKDW DW OHDVW WZR HLJHQYDOXHV RI WKH -DFRELDQ PDWUL[ Df(u) DUH

HTXDO� L�H� LI λ1(u), · · ·,λm(u) DUH WKH HLJHQYDOXHV RI Df(u), WKHQ λi(u) = λj(u) IRU VRPH

i )= j.

([DPSOH ������ �L� 7KH ILUVW H[DPSOH RI QRQ VWULFWO\ K\SHUEROLF V\VWHP DSSHDUHG LQ WKH WKHVLV

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

RI .RUFKLQVNL>�@� 7KH IROORZLQJ V\VWHP ZDV FRQVLGHUHG

ut + (
u2

2
)x = 0

ρt + (ρu)x = 0

2EVHUYH WKDW WKH ERWK HLJHQYDOXHV IRU WKLV V\VWHP DUH u DQG LQ WKH VROXWLRQ� WKH VHFRQG

FRPSRQHQW ρ FRQWDLQV δ− PHDVXUH� 2WKHU HTXDWLRQV RI WKLV W\SH ZKLFK DULVH IURP YDULRXV

SK\VLFDO PRGHOV� ZHUH VWXGLHG E\ PDQ\ DXWKRUV� H�J /H)ORFK >��@� -RVHSK >��@� 7DQ HW�DO�

>��@�� 'DQLORY DQG 6KHONRYLFK >��@�

�LL� $QRWKHU ZHOO�VWXGLHG QRQ VWULFWO\ K\SHUEROLF V\VWHP LV WKH (XOHU HTXDWLRQ RI JDV G\QDP�

LFV� VHH >��@�
ρt + (ρu)x = 0

(ρu)t + (ρu2)x = 0.
�������

)RU ZRUNV RQ LQLWLDO YDOXH SUREOHPV RI PRUH VLQJXODU W\SH� VHH -RVHSK >��@� 6KHONRYLFK

>��@ DQG WKH UHIHUHQFHV WKHUHLQ�

����� $SSUR[LPDWLRQ SURFHVVHV IRU QRQ VWULFWO\ K\SHUEROLF V\VWHPV

7KLV VXEVHFWLRQ FRQWDLQV WKH DSSUR[LPDWLRQ SURFHVVHV ZKLFK DUH FRPPRQO\ XVHG LQ OLWHUD�

WXUH DQG UHOHYDQW WR WKLV WKHVLV WR VROYH QRQ VWULFWO\ K\SHUEROLF V\VWHPV�

�� 9DQLVKLQJ 9LVFRVLW\ PHWKRG � 7KH YDQLVKLQJ YLVFRVLW\ PHWKRG LV DOUHDG\ GHVFULEHG LQ

VHFWLRQ ������ $PRQJ DOO WKH PHWKRGV� YDQLVKLQJ YLVFRVLW\ LV FRQVLGHUHG DV WKH PRVW ³SK\V�

LFDOO\ UHOHYDQW´ RQH�

�� 6WULFWO\ K\SHUEROLF DSSUR[LPDWLRQ � 6ROXWLRQ IRU VRPH VWULFWO\ K\SHUEROLF V\VWHPV FDQ

EH WKRXJKW RI DV DQ DSSUR[LPDWLRQ IRU WKH VROXWLRQ RI QRQ�VWULFWO\ K\SHUEROLF V\VWHPV� )RU

H[DPSOH� &KHQ DQG /LX >��@ FRQVLGHUHG WKH VFDOHG �L�H FRQVLGHULQJ WKH SUHVVXUH WHUP DV D

IXQFWLRQ RI VRPH VPDOO SDUDPHWHU ε > 0� V\VWHP RI JDV G\QDPLFV HTXDWLRQV

ρt + (ρu)x = 0

(ρu)t + (ρu2 + εp(ρ))x = 0.
�������

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

DQG LW ZDV VKRZQ WKDW WKH VROXWLRQ RI ������� FRQYHUJHUV WR WKH VROXWLRQ RI ������� DV ε→ 0.

�� 6KDGRZZDYHV � 6KDGRZZDYH VROXWLRQV �6':� DUH FRQVWUXFWHG E\ D IDPLO\ RI SLHFHZLVH

FRQVWDQW IXQFWLRQV ZLWK UHVSHFW WR WKH WLPH YDULDEOH GHSHQGLQJ RQ D VPDOO SDUDPHWHU ε >

0� 3ULPDULO\ 6': LV DLPHG WR DSSUR[LPDWH δ�VKRFNV LQ D ε�QHLJKERXUKRRG RI WKH VKRFN

ORFDWLRQ� 2XWVLGH RI WKDW ε�QHLJKERXUKRRG� WKH\ DUH MXVW GHILQHG DV D FODVVLFDO VROXWLRQ RI

WKH V\VWHP� 6KDGRZ ZDYHV DUH LQWURGXFHG E\ 0�1HGHOMNRY>��@ LQ �����

����� %9 IXQFWLRQ DQG 9ROSHUW¶V SURGXFW

/HW Ω ⊂ Rm EH RSHQ�

'HILQLWLRQ ����� �%9 IXQFWLRQ�� $ ORFDOO\ LQWHJUDEOH IXQFWLRQ u : Ω → R KDV ORFDOO\

ERXQGHG YDULDWLRQ LI IRU HYHU\ FRPSDFW VHWK ⊂ Rm, WKHUH H[LVWV D FRQVWDQW Ck VXFK WKDW

|
∫

u · ∂ϕ
∂yi

dy| ≤ Ck||ϕ||C0

IRU HDFK i DQG IRU HYHU\ ϕ ∈ C1
c ZLWK FRPSDFW VXSSRUW LQK.

5HPDUN ������ :KHQ u LV D IXQFWLRQ RI ERXQGHG YDULDWLRQ LWV GLVWULEXWLRQDO GHULYDWLYHV

Dxiu IRU i = 1, 2, ..,m DUH PHDVXUHV�

'HILQLWLRQ ����� �$SSUR[LPDWH MXPS�� $ IXQFWLRQ u KDV DQ DSSUR[LPDWH MXPS GLVFRQWLQXLW\

DW WKH SRLQW ȳ LI WKHUH H[LVWV YHFWRUV ur )= ul DQG D XQLW YHFWRU η ∈ Rm VXFK WKDW� VHWWLQJ

U(y) =

{
ul if y · η < 0

ur if y · η > 0

WKH IROORZLQJ KROGV

OLP
R→0

1

Rm

∫

|y|<R

|u(ȳ + y)− U(y)|dy = 0.

)XUWKHUPRUH� ZKHQ ul = ur, ZH VD\ u LV DSSUR[LPDWHO\ FRQWLQXRXV DW ȳ.

7KH QH[W WKHRUHP GHVFULEHV WKH VWUXFWXUH RI %9 IXQFWLRQV�

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

7KHRUHP ������ /HW Ω ∈ Rm EH RSHQ DQG u : Ω → Rn EH D %9 IXQFWLRQ� 7KH WKHUH H[LVWV

D VHW N ⊂ Ω ZLWKHm−1(N ) = 0 VXFK WKDW DW HDFK SRLQW y )∈ N , u LV HLWKHU DSSUR[LPDWHO\

FRQWLQXRXV RU KDV DSSUR[LPDWH MXPS GLVFRQWLQXLW\�

'HILQLWLRQ ������ /HW ȳ EH D SRLQW RI DSSUR[LPDWH MXPS GLVFRQWLQXLW\ IRU u = (u1, ..., un)

DQG f : Rn → R EH C1 IXQFWLRQ� :H GHILQH WKH IXQFWLRQDO VXSHULPSRVLWLRQ RI f(u(ȳ)) DV

f̄(u(ȳ)) LQ WKH IROORZLQJ PDQQHU�

f̄(u(ȳ)) =

∫ 1

0

f(tul + (1− t)ur)dt

ZKHUH ul, ur DUH GHILQHG DV EHIRUH�

7KH QH[W WKHRUHP VWDWHV WKDW WKH IXQFWLRQDO VXSHUSRVLWLRQ LV PHDVXUDEOH�

7KHRUHP ������ ,I u = (u1, ..., un) ∈ BV (Ω;Rn) DQG v ∈ BV (Ω), WKHQ f̄(u(x)) LD D

PHDVXUDEOH ZLWK UHVSHFW WR WKH PHDVXUH vx LQ DQ\ ERXQGHG UHJLRQ ZKRVH FORVHU OLHV LQ Ω.

1RZ ZH GHILQH 9ROSHUW¶V SURGXFW DV IROORZV�

7KHRUHP ������ ,I u = (u1, ..., un) ∈ BV (Ω;Rn) DQG v ∈ BV (Ω), WKHQ WKH SURGXFW RI

f(u) DQG WKH PHDVXUH vx LV D %RUHO PHDVXUH µ DQG JLYHQ E\

µ(U) =

∫

U

f̄(u)vx,

IRU DQ\ %RUHO PHDVXUDEOH VXEVHW U RI Ω.

����� &RQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[

7KH VFDODU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ UHDGV

ut + (F (x, u))x = 0,

u(x, 0) = u0(x)
�������

��



� 6\VWHP RI FRQVHUYDWLRQ ODZV

ZKHUH F (x, u) = H(x)f(u) + (1 −H(x))g(u)� H LV D +HDYLVLGH IXQFWLRQ� u0 LV ERXQGHG

PHDVXUDEOH IXQFWLRQ DQG f �g DUH ORFDOO\ /LSVFKLW] IXQFWLRQ LQ JHQHUDO� 1RQ�VWULFWO\ K\SHU�

EROLF V\VWHPV DQG VFDODU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DUH FORVHO\ UHODWHG� )RU

LQVWDQFH� FRQVLGHU WKH IROORZLQJ QRQ VWULFWO\ K\SHUEROLF V\VWHP

ut + (f(u))x = 0

ρt + (ρf ′(u))x = 0

ZKHUH f : R → R D /LSVFKLW] IXQFWLRQ DQG f ′(u) LV SRVVLEO\ GLVFRQWLQXRXV� ,Q WKDW FDVH�

WKH VHFRQG HTXDWLRQ RI WKH DERYH V\VWHP EHFRPHV D WUDQVSRUW HTXDWLRQ ZLWK D GLVFRQWLQXRXV

FRHIILFLHQW� $ GHWDLOHG GLVFXVVLRQ DERXW WKH UHODWHG SUREOHPV FDQ EH IRXQG LQ &KDSWHU ��

��



&KDSWHU �

/LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHU�
EROLF V\VWHPV RI FRQVHUYDWLRQ ODZV
��� ,QWURGXFWLRQ

7KLV FKDSWHU GHDOV ZLWK WKH OLPLWLQJ EHKDYLRU RI WZR VWULFWO\ K\SHUEROLF V\VWHPV RI GLIIHUHQW

QDWXUH� 7KH ILUVW RQH LV WKH RQH�GLPHQVLRQDO PRGHO IRU WKH (XOHU HTXDWLRQ RI FRPSUHVVLEOH

IOXLG IORZ DQG WKH VHFRQG RQH LV D SHUWXUEHG YHUVLRQ RI D QRQ�VWULFWO\ K\SHUEROLF V\VWHP

RI FRQVHUYDWLRQ ODZV� FDOOHG RQH GLPHQVLRQDO PRGHO IRU WKH ODUJH VFDOH VWUXFWXUH IRUPDWLRQ

RI WKH XQLYHUVH� ZKLFK ZDV ILUVW VWXGLHG E\ .RUFKLQVNL>�@� %RWK WKH FKDUDFWHULVWLF ILHOGV RI

WKH ILUVW V\VWHP DUH JHQXLQHO\ QRQOLQHDU ZKHUHDV WKH VHFRQG RQH GRHV QRW SRVVHVV WKH VDPH

SURSHUW\� )RU WKH VHFRQG V\VWHP� WKH ILUVW FKDUDFWHULVWLF ILHOG LV JHQXLQHO\ QRQOLQHDU DQG WKH

VHFRQG FKDUDFWHULVWLF ILHOG LV OLQHDUO\ GHJHQHUDWH�

(XOHU HTXDWLRQ RI RQH�GLPHQVLRQDO FRPSUHVVLEOH IOXLG IORZ UHDGV




ut + (

u2

2
+ P (ρ))x = 0,

ρt + (ρu)x = 0.
�������

:H WDNH WKH LQLWLDO FRQGLWLRQV

u(x, 0) = u0(x), ρ(x, 0) = ρ0(x). �������

7KH HTXDWLRQ ������� ZDV ILUVW GHULYHG E\ 6� (DUQVKDZ >��� ��@ IRU LVHQWURSLF IORZ� ,W LV D

VFDOLQJ OLPLW V\VWHP RI 1HZWRQLDQ G\QDPLFV ZLWK ORQJ�UDQJH LQWHUDFWLRQ IRU D FRQWLQXRXV

GLVWULEXWLRQ RI PDVV >��� ��@� 7KLV HTXDWLRQ LV DOVR K\GURG\QDPLF OLPLW RI 9ODVRY HTXD�

WLRQ >��@� )RU VPRRWK QRQ]HUR VROXWLRQV WKH V\VWHP������� LV HTXLYDOHQW WR LVHQWURSLF JDV

��



� /LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV

G\QDPLFV HTXDWLRQ� QDPHO\





ρt + (ρu)x = 0

(ρu)t + (ρu2 + P̃ (ρ))x = 0, P̃ (ρ) =

∫ ρ

0

sP ′(s)ds.
�������

7KLV LV HYLGHQW IURP WKH IROORZLQJ�

(ρu)t + (ρu2 + (P̃ (ρ))x = u
[
ρt + (ρu)x

]
+ ρ
[
ut + (

u2

2
+ P (ρ))x

]
.

%XW IRU VKRFN VROXWLRQV� WKH DERYH LGHQWLW\ LV QR PRUH YDOLG DQG WKH WZR V\VWHPV ������� DQG

������� DUH FRPSOHWHO\ GLIIHUHQW�

7KH H[LVWHQFH RI YLVFRVLW\ VROXWLRQ RI ������� ZLWK LQLWLDO GDWD ρ0(x) > 0� ZDV VKRZQ LQ

>��@ DQG H[LVWHQFH RI JOREDO ZHDN VROXWLRQV IRU ORFDOO\ ILQLWH ERXQGHG YDULDWLRQ LQLWLDO GDWD

IRU WKH HTXDWLRQ ������� ZDV E\ 'L3HUQD >��@� ZKHUH KH WRRN p(ρ) = k2ργ, γ ∈ (1, 3)�

+HUH ZH DUH LQWHUHVWHG LQ WKH OLPLWLQJ EHKDYLRU RI WKH VROXWLRQV RI ������� DV WKH SUHVVXUH

WHUP P DSSURDFKHV ]HUR� )RU WKDW SXUSRVH ZH WDNH VFDODU IXQFWLRQ P LV QRW RQO\ D IXQFWLRQ

RI GHQVLW\ ρ EXW DOVR D VPDOO SDUDPHWHU ε > 0� VDWLVI\LQJ OLPε→0 P (ρ, ε) = 0 DQG ZH WDNH

P (ρ, ε) = εp(ρ)� ZKHUH p(ρ) LV D WZLFH GLIIHUHQWLDEOH IXQFWLRQ DQG VDWLVILHV

p′(ρ) > 0, 3p′(ρ) + ρp′′(ρ) > 0. �������

)RU WKH FDOFXODWLRQ RI WKH ³HQWURS\�HQWURS\ IOX[ SDLU´ ZH XVH WKH IROORZLQJ SDUWLFXODU IRUP

RI p ZKLFK DOVR VDWLVILHV ��������

p(ρ) =

∫ ρ

0

q
′
(ξ)

ξ
dξ, ZKHUH q(ρ) =

∫ ρ

0

ξ2 H[S(ξ)dξ. �������

$W WKLV SRLQW� WKH V\VWHP������� FDQ EH H[SUHVVHG DV




ut + (

u2

2
+ εp(ρ))x = 0

ρt + (ρu)x = 0.
�������

2QH FDQ UHDGLO\ VHH WKDW DV ε→ 0� IRUPDOO\ WKH V\VWHP ������� EHFRPHV




ut + (

u2

2
)x = 0, x ∈ R, t > 0

ρt + (ρu)x = 0, x ∈ R.
�������

��



� /LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV

7KH DERYH HTXDWLRQ ������� LV D RQH�GLPHQVLRQDO PRGHO IRU WKH ODUJH�VFDOH VWUXFWXUH

IRUPDWLRQ RI WKH XQLYHUVH>��@� 7KLV LV DQ H[DPSOH RI D QRQ�VWULFWO\ K\SHUEROLF V\VWHP� ZKLFK

JRW ZLGHVSUHDG DWWHQWLRQ� VWDUWHG ZLWK WKH ZRUN RI .RUFKLQVNL>�@� )RU VRPH LQWHUHVWLQJ

DUWLFOHV UHJDUGLQJ WKLV V\VWHP ZH FLWH>��� ��� ��� ��@� 7KH LPSRUWDQFH RI WKLV V\VWHP OLHV LQ

WKH IDFW WKDW WKH VROXWLRQ LV QRW D IXQFWLRQ RI ERXQGHG YDULDWLRQ� UDWKHU WKH VHFRQG FRPSRQHQW

ρ LV D PHDVXUH�

3K\VLFDO VLJQLILFDQFH IRU LQWURGXFLQJ WKH WHUPP (ρ, ε) = εp(ρ) DUH DV IROORZV� )RU ε > 0�

L�H� LQ WKH SUHVHQFH RI SUHVVXUH WKHUH LV QR FRQFHQWUDWLRQ RI PDVV LQ WKH VROXWLRQ DV ZH FDQ

REVHUYH LQ VHFWLRQ 3� $V SUHVVXUH YDQLVKHV�ε→ 0�� WKH VROXWLRQ FRQWDLQV D FRQFHQWUDWLRQ RI

PDVV ZKHQHYHU WKHUH LV D MXPS LQ WKH YHORFLW\ FRPSRQHQW u�VHH 6HFWLRQ �� 7KHRUHP���������

$OVR� ������� FDQ EH WKRXJKW RI DV D VWULFWO\ K\SHUEROLF V\VWHP RI FRQVHUYDWLRQ ODZV DSSUR[�

LPDWLQJ WKH QRQ�VWULFWO\ K\SHUEROLF V\VWHP RI FRQVHUYDWLRQ ODZV��������

,Q WKLV FKDSWHU� ZH VWXG\ WKH H[LVWHQFH RI VROXWLRQ IRU WKH HTXDWLRQ������� IRU 5LHPDQQ

W\SH LQLWLDO GDWD� QDPHO\�

(
u0(x)
ρ0(x)

)
=






(
ul

ρl

)
, LI x < 0

(
ur

ρr

)
, LI x > 0.

�������

1RWH WKDW IRU ε > 0� WKH V\VWHP ������� LV VWULFWO\ K\SHUEROLF DQG ERWK WKH FKDUDFWHULVWLFV

ILHOGV DUH JHQXLQHO\ QRQOLQHDU� )RU D VWULFWO\ K\SHUEROLF V\VWHP ZKRVH FKDUDFWHULVWLFV ILHOG

DUH HLWKHU JHQXLQHO\ QRQOLQHDU RU OLQHDUO\ GHJHQHUDWH� WKH WKHRU\>�� ��@ GHPRQVWUDWHV WKH

H[LVWHQFH RI D VROXWLRQ IRU FORVH�E\ 5LHPDQQ W\SH LQLWLDO GDWD� %XW IRU RXU V\VWHP��������

ODUJH 5LHPDQQ GDWD LV QRW DQ REVWUXFWLRQ�

,Q WKLV FKDSWHU ILUVW� ZH ILQG WKH VROXWLRQ IRU WKH V\VWHP������� IRU DQ\ 5LHPDQQ W\SH

LQLWLDO GDWD DQG WKH VROXWLRQ LV D FRPELQDWLRQ RI VKRFN DQG UDUHIDFWLRQ ZDYHV� 7KHQ ZH

VWXG\ WKH OLPLWLQJ EHKDYLRU RI WKHVH VROXWLRQV DV WKH SDUDPHWHU ε DSSURDFKHV WR ]HUR� ,W

WXUQV RXW WKDW WKLV OLPLW LV D VROXWLRQ IRU ������� DQG DJUHHV ZLWK WKH YDQLVKLQJ YLVFRVLW\ OLPLW

��



� /LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV

>��@� 7KLV NLQG RI PHWKRG LV QRW YHU\ FRPPRQ LQ WKH OLWHUDWXUH DQG FDQ EH XVHG WR FRQVWUXFW

VROXWLRQV IRU QRQ�VWULFWO\ K\SHUEROLF V\VWHPV� ,Q WKLV UHJDUG� ZH UHIHU WR WZR LQWHUHVWLQJ

DUWLFOHV �>��@�>��@� RQ LVHQWURSLF JDV G\QDPLFV�

7KH VHFRQG VWULFWO\ K\SHUEROLF V\VWHP ZH VWXG\ LQ WKLV FKDSWHU LV





ut + (

(u+ ε)2

2
)x = 0

ρt + (ρu)x = 0,
�������

7KRXJK WKH V\VWHP ������� LV VWULFWO\ K\SHUEROLF IRU ε > 0� LW FDQ EH VROYHG RQO\ IRU

FORVH E\ 5LHPDQQ GDWD� :H REVHUYH WKDW LI ul − ur ≥ 2ε� RQH FDQ QRW JHW /D[ W\SH VROX�

WLRQ FRQVLVWLQJ RI VKRFN DQG UDUHIDFWLRQ ZDYHV� 7KLV LV DQ H[DPSOH RI D V\VWHP ZKHUH D

VPDOOQHVV FRQGLWLRQ LV UHTXLUHG RQ WKH LQLWLDO GDWD WR JHW /D[ W\SH VROXWLRQ� )RU ODUJH 5LH�

PDQQ GDWD� WKH VROXWLRQ LV QRW D IXQFWLRQ RI ERXQGHG YDULDWLRQ� 7KHUH DUH PDQ\ PHWKRGV

VXFK DV &RORPEHDX JHQHUDOL]HG IXQFWLRQV>��@� ZHDN DV\PSWRWLF PHWKRG>��@� 9ROSHUW SURG�

XFW >��� ��@DQG VKDGRZ ZDYH DSSURDFK>��@ WR RYHUFRPH VXFK GLIILFXOWLHV� :H FLWH >��@

ZKLFK GHDOV ZLWK D KLJKO\ QRQ�VWULFWO\ K\SHUEROLF V\VWHP RI FRQVHUYDWLRQ ODZV XVLQJ VRPH

RI WKHVH PHWKRGV� +HUH LQ WKLV FDVH VKDGRZ ZDYH DSSURDFK >��@ ZLOO EH RXU PHWKRG RI

FKRLFH�

6KDGRZ ZDYH LV D IDPLO\ RI SLHFHZLVH FRQWLQXRXV IXQFWLRQV (uη, ρη), η > 0 VXFK WKDW

WKH HTXDWLRQV ������� KROGV LQ WKH VHQVH RI GLVWULEXWLRQ DV η DSSURDFKHV ]HUR� ,W WXUQV RXW WKDW

WKH GLVWULEXWLRQDO OLPLW RI (uη, ρη) DV η WHQGV WR ]HUR VDWLVILHV WKH HTXDWLRQ�

7KLV FKDSWHU LV VWUXFWXUHG DV IROORZV� ,Q VHFWLRQ 2� VKRFN DQG UDUHIDFWLRQ FXUYHV DUH GH�

VFULEHG IRU WKH V\VWHP�������� ,Q VHFWLRQ 3� VKRFN�ZDYH VROXWLRQ LV FRQVWUXFWHG IRU ��������

�������� ZKHQ ul > ur DQG WKH GLVWULEXWLRQDO OLPLW LV REWDLQHG ZKHQ WKH SDUDPHWHU ε DS�

SURDFKHV WR ]HUR DQG LW LV VKRZQ WKDW OLPLW VDWLVILHV ������� LQ WKH VHQVH RI GLVWULEXWLRQ� ,Q

VHFWLRQ 4� HQWURS\�HQWURS\ IOX[ SDLU LV IRXQG IRU ������� DQG LW VDWLVILHV HQWURS\ FRQGLWLRQ IRU

VPDOO ε� ,Q VHFWLRQ 5� WKH VROXWLRQ IRU WKH FDVH ul ≤ ur LV REWDLQHG E\ XVLQJ RWKHU HOHPHQWDU\

��



� /LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV

ZDYHV� )LQDOO\� LQ VHFWLRQ 6� ZH H[SOLFLWO\ GHWHUPLQH WKH VROXWLRQ IRU WKH V\VWHP ������� IRU

DQ\ 5LHPDQQ W\SH LQLWLDO GDWD� DQG DOVR WKH GLVWULEXWLRQDO OLPLW RI WKH VROXWLRQV DV ε YDQLVKHV�

DUH REWDLQHG�

��� 7KH 5LHPDQQ VROXWLRQ

7KH FR�HIILFLHQW PDWUL[ A(u, ρ) RI WKH HTXDWLRQ ������� LV JLYHQ E\

A(u, ρ) =

(
u εp′(ρ)
ρ u

)
.

(LJHQYDOXHV IRU WKLV FR�HIILFLHQW PDWUL[ DUH WKH IROORZLQJ� λ1(u, ρ) = u −
√
εp′(ρ)ρ DQG

λ2(u, ρ) = u +
√
εp′(ρ)ρ DQG WKH HLJHQYHFWRUV FRUUHVSRQGLQJ WR λ1 DQG λ2 DUH X1 =

(−
√

εp′(ρ)
ρ , 1) DQG X2 = (

√
εp′(ρ)
ρ , 1) UHVSHFWLYHO\ DQG∇λi.Xi )= 0 IRU i = 1, 2�

(DFK FKDUDFWHULVWLF ILHOG LV JHQXLQHO\ QRQOLQHDU IRU SUREOHP ��������

6KRFN FXUYHV� 7KH VKRFN FXUYHV s1�s2 WKURXJK (ul, ρl) DUH GHULYHG IURP WKH 5DQNLQH�

+XJRQLRW FRQGLWLRQV

λ(u− ul) =(
u2

2
+ εp(ρ))− (

u2
l

2
+ εp(ρl)),

λ(ρ− ρl) =ρu− ρlul.

�������

(OLPLQDWLQJ λ IURP �������� WKH DGPLVVLEOH SDUW RI WKH VKRFN FXUYHV SDVVLQJ WKURXJK (ul, ρl)

DUH FRPSXWHG DV

s1 =
{
(u, ρ) : (u− ul)

2 (ρ+ ρl)

2
= ε(ρ− ρl)(p(ρ)− p(ρl)), ρ > ρl; u < ul

}
,

s2 =
{
(u, ρ) : (u− ul)

2 (ρ+ ρl)

2
= ε(ρ− ρl)(p(ρ)− p(ρl)), ρ < ρl; u < ul

}
.

5DUHIDFWLRQ FXUYHV� 7KH 5DUHIDFWLRQ FXUYHV R1� R2 SDVVLQJ WKURXJK (ul, ρl) DUH WKH IRO�

ORZLQJ �

��



� /LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV

�� 5DUHIDFWLRQ FXUYH� 7KH ILUVW 5DUHIDFWLRQ FXUYH SDVVLQJ WKURXJK (ul, ρl) LV GHULYHG E\

VROYLQJ
du

dρ
= −

√
εp′(ρ)

ρ
, u(ρl) = ul;

R1 =
{
(u, ρ) : u− ul = −

∫ ρ

ρl

√
εp′(ξ)

ξ
dξ, ρ < ρl

}
.

�� 5DUHIDFWLRQ FXUYH� 7KH VHFRQG 5DUHIDFWLRQ FXUYH R2 SDVVLQJ WKURXJK (ul, ρl) LV GHULYHG

E\ VROYLQJ
du

dρ
=

√
εp′(ρ)

ρ
, u(ρl) = ul;

R2 =
{
(u, ρ) : u− ul =

∫ ρ

ρl

√
εp′(ξ)

ξ
dξ, ρ > ρl

}
.

7R VROYH WKH HTXDWLRQ ������� ZLWK �������� WKUHH FDVHV DUH UHTXLUHG WR EH FRQVLGHUHG� WKDW LV

�,� ul > ur� �,,� ul = ur DQG �,,,� ul < ur� ,Q FDVH �,� IRU VXIILFLHQWO\ VPDOO ε� ZH KDYH

VROXWLRQV DV D FRPELQDWLRQ RI WZR VKRFN ZDYHV� LI WKH 5LHPDQQ W\SH LQLWLDO GDWD DUH IL[HG�

)RU FDVH �,,� VROXWLRQV DUH JLYHQ DV WKH FRPELQDWLRQ RI ��UDUHIDFWLRQ DQG ��VKRFN FXUYHV RU

��VKRFN DQG ��UDUHIDFWLRQ FXUYHV GHSHQGLQJ XSRQ ρl > ρr RU ρl < ρr UHVSHFWLYHO\� $QG

ILQDOO\� LQ FDVH �,,,� IRU VXIILFLHQWO\ VPDOO ε DQG ZLWK IL[HG 5LHPDQQ W\SH LQLWLDO GDWD� WKH

VROXWLRQ FRQVLVWV RI WZR UDUHIDFWLRQ ZDYHV DQG D YDFXXP VWDWH� :H REWDLQ WKH OLPLW IRU WKH

VROXWLRQV LQ HDFK FDVH DQG LW LV H[DFWO\ HTXDO WR WKH YDQLVKLQJ YLVFRVLW\ OLPLW IRXQG LQ >��@

ZKLFK VDWLVILHV WKH HTXDWLRQ LQ WKH VHQVH RI GHILQLWLRQ��������

��� )RUPDWLRQ RI VKRFN ZDYHV IRU ul > ur

,Q WKLV VHFWLRQ WKH OLPLWLQJ EHKDYLRU IRU WKH VROXWLRQ RI WKH HTXDWLRQV ��������������� IRU

ul > ur DV ε WHQGV WR ]HUR KDV EHHQ VWXGLHG� :H DVVXPH p(ρ) LV D WZLFH GLIIHUHQWLDEOH

IXQFWLRQ DQG VDWLVILHV �������� )LUVW� ZH ILQG VROXWLRQ IRU WKH V\VWHP ������� VDWLVI\LQJ /D[�

HQWURS\ FRQGLWLRQ IRU WKH FDVH ul > ur� ρl DQG ρr DUH WDNHQ SRVLWLYH WKURXJK RXW WKLV VHFWLRQ�

7KH NH\ UHVXOW RI WKLV VHFWLRQ LV WKH IROORZLQJ�

��



� /LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV

7KHRUHP ������ ,I ul > ur� WKHUH H[LVWV DQ η > 0 VXFK WKDW IRU DQ\ ε < η� ZH KDYH D XQLTXH

LQWHUPHGLDWH VWDWH (u∗
ε , ρ

∗
ε) ZKLFK FRQQHFWV (ul, ρl) WR (u∗

ε , ρ
∗
ε) E\ ��VKRFN DQG (u∗

ε , ρ
∗
ε) WR

(ur, ρr) E\ ��VKRFN DQG VDWLVILHV /D[�HQWURS\ FRQGLWLRQ�

3URRI� 7KH DGPLVVLEOH ��VKRFN FXUYH SDVVLQJ WKURXJK (ū, ρ̄) VDWLVILHV WKH IROORZLQJ�

(u− ū)s1 =(
u2

2
+ εp(ρ))− (

ū2

2
+ εp(ρ̄)),

(ρ− ρ̄)s1 =ρu− ρ̄ū,

�������

DQG VDWLVILHV WKH LQHTXDOLW\

s1 < λ1(ū, ρ̄), λ1(u, ρ) < s1 < λ2(u, ρ). �������

(OLPLQDWLQJ s1 IURP ������� DQG VLPSOLI\LQJ \LHOGV

(u− ū)2 = 2ε
ρ− ρl
ρ+ ρl

(p(ρ)− p(ρl)). �������

:H VKRZ WKDW IRU D JLYHQ u < ū� WKHUH H[LVWV D XQLTXH ρ > ρ̄ VXFK WKDW HTXDWLRQ �������

KROGV� )RU WKDW OHW XV GHILQH D IXQFWLRQ

F (ρ) := 2ε
ρ− ρ̄

ρ+ ρ̄
(p(ρ)− p(ρ̄)). �������

:H VHH WKDW F (ρ̄) = 0 DQG F (ρ) → ∞ DV ρ → ∞� 6R E\ LQWHUPHGLDWH YDOXH WKHRUHP ZH

KDYH F ([ρ̄,∞)) = [0,∞)� +HQFH IRU D JLYHQ u WKHUH H[LVW D ρ > ρ̄ VXFK WKDW

F (ρ) = (u− ū)2.

7KLV SURYHV WKH H[LVWHQFH RI ρ� 7R SURYH WKH XQLTXHQHVV� QRZ ZH GLIIHUHQWLDWH WKH HTXDWLRQ

������� ZLWK UHVSHFW WR ρ WR JHW

F ′(ρ) = 2ε
2ρ̄

(ρ+ ρ̄)2
(p(ρ)− p(ρ̄)) + 2ε

ρ− ρ̄

ρ+ ρ̄
p
′
(ρ).

��



� /LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV

$V ρ>ρ̄ DQG p
′
(ρ) > 0� F ′(ρ) LV SRVLWLYH� 6R (u − ū)2 ZLOO EH DFKLHYHG RQO\ RQFH LQ WKH

LQWHUYDO [ρ̄,∞)� ZKLFK SURYHV WKH XQLTXHQHVV� 7KH FRQGLWLRQV ������� DQG ������� KROG LI DQG

RQO\ LI u < ū DQG ρ > ρ̄� ,Q IDFW� s1 VDWLVILHV ������� LI

ρu− ρ̄ū

ρ− ρ̄
< ū−

√
εp′(ρ̄)ρ̄ ,

u−
√
εp′(ρ)ρ <

ρu− ρ̄ū

ρ− ρ̄
< u+

√
εp′(ρ)ρ. �������

1RZ IURP WKH ILUVW LQHTXDOLW\ RI ������� RQH FDQ JHW�

ρ(u− ū)

(ρ− ρ̄)
< −

√
εp′(ρ̄)ρ̄.

6LQFH u < ū� WKH DERYH LQHTXDOLW\ LPSOLHV

ρ2(u− ū)2

(ρ− ρ̄)2
> εp′(ρ̄)ρ̄. �������

7KHQ WKH HTXDWLRQ ������� \LHOGV

2ερ2(p(ρ)− p(ρ̄)

(ρ+ ρ̄)(ρ− ρ̄)
> εp′(ρ̄)ρ̄. �������

7R VKRZ WKDW WKH LQHTXDOLW\ ������� KROGV OHW XV GHILQH

G(ρ) := 2ρ2(p(ρ)− p(ρ̄))− p′(ρ̄)ρ̄(ρ2 − ρ̄2).

'LIIHUHQWLDWLQJ WKH DERYH HTXDWLRQ RQH FDQ JHW

G′(ρ) := 2p′(ρ)ρ(ρ− ρ̄) + 4ρ(p(ρ)− p(ρ̄)) > 0.

7KH DERYH LQHTXDOLW\ LV HYLGHQW VLQFH p LV DQ LQFUHDVLQJ IXQFWLRQ DQG ρ > ρ̄� 6R� G LV DQ

LQFUHDVLQJ IXQFWLRQ DQG G(ρ) > G(ρ̄) = 0� 7KXV ZH DUH GRQH�

$JDLQ IURP WKH VHFRQG LQHTXDOLW\ RI �������� RQH FDQ JHW

ρ̄2(u− ū)2

(ρ− ρ̄)2
< εp′(ρ)ρ.

��
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7R SURYH WKLV LQHTXDOLW\� OHW XV GHILQH WKH IROORZLQJ�

H(ρ) := 2ρ̄2(p(ρ)− p(ρ̄))− p′(ρ)ρ(ρ2 − ρ̄2).

'LIIHUHQWLDWLQJ WKH DERYH HTXDWLRQ�

H ′(ρ) = −(ρ2 − ρ̄2)(3p′(ρ) + p′′(ρ)ρ) < 0,

VLQFH ρ > ρ̄ DQG 3p′(ρ)+p′′(ρ)ρ > 0� 6R�H LV D GHFUHDVLQJ IXQFWLRQ DQGH(ρ) < H(ρ̄) = 0�

7KHUHIRUH� WKH EUDQFK RI WKH FXUYH VDWLVI\LQJ ������� DQG ������� FDQ EH SDUDPHWHUL]HG E\ D

C1 IXQFWLRQ ρ1 : (−∞, ū] → [ρ̄,∞) ZLWK WKH SDUDPHWHU u�

)URP WKH HTXDWLRQ �������� ρ1(u) VDWLVILHV

(u− ū)2

ε

ρ̄+ ρ1(u)

2(ρ1(u)− ρ̄))
+ p(ρ̄) = p(ρ1(u)). �������

'LIIHUHQWLDWLQJ WKH DERYH HTXDWLRQ ZLWK UHVSHFW WR u� ZH JHW

(u− ū)(ρ̄+ ρ1(u))

ε(ρ1(u)− ρ̄)
+

−ρ̄ρ′1(u)(u− ū)2

ε(ρ1(u)− ρ̄)2
= p′(ρ1(u))ρ

′
1(u).

6LQFH ρ1(u) > ρ̄ � ρ̄+ρ1(u) DQG−ρ̄+ρ1(u) DUH SRVLWLYH� OHIW�KDQG VLGH RI WKH DERYH HTXDWLRQ

LV QHJDWLYH� 7KLV LPSOLHV ρ′1(u) LV QHJDWLYH� EHFDXVH p′ LV SRVLWLYH�

6LPLODUO\� WKH EUDQFK RI WKH FXUYH VDWLVI\LQJ

s1 > λ2(u, ρ), λ1(ū, ρ̄) < s1 < λ2(ū, ρ̄),

LV WKH DGPLVVLEOH ��VKRFN FXUYHZKLFK FDQ EH SDUDPHWHUL]HG E\ DC1 IXQFWLRQ ρ2 : (−∞, ū] →

(−∞, ρ̄] ZLWK WKH SDUDPHWHU u�

$OVR ρ2 VDWLVILHV WKH IROORZLQJ HTXDWLRQ�

(u− ū)2

ε

ρ̄+ ρ2(u)

2(ρ2(u)− ρ̄))
+ p(ρ̄) = p(ρ2(u)). �������

'LIIHUHQWLDWLQJ WKH DERYH HTXDWLRQ ������� ZLWK UHVSHFW WR u� ZH JHW

(u− ū)(ρ̄+ ρ2(u))

ε(ρ2(u)− ρ̄)
+

−ρ̄ρ′2(u)(u− ū)2

ε(ρ2(u)− ρ̄)2
= p′(ρ2(u))ρ2′(u).

��



� /LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV

7KDW LV�
(u− ū)(ρ̄+ ρ2(u))

ε(ρ2(u)− ρ̄)
= ρ′2(u)

[
p′(ρ2(u)) +

ρ̄(u− ū)2

ε(ρ2(u)− ρ̄)2

]
��������

)URP �������� ZH JHW

(u− ū)

ε

ρ̄+ ρ2(u)

2(ρ2(u)− ρ̄))
=

p(ρ2(u))− p(ρ̄)

u− ū
. ��������

6LQFH p LV LQFUHDVLQJ DQG u < ū� IURP �������� DQG ��������

ρ′2(u)

[
p′(ρ2(u)) +

ρ̄(u− ū)2

ε(ρ2(u)− ρ̄)2

]
> 0.

7KLV LPSOLHV ρ′2(u) > 0 RQ (−∞, ū)�

&RQVLGHU WKH EUDQFK RI WKH FXUYH SDVVLQJ WKURXJK (ur, ρr) VDWLVI\LQJ WKH FRQGLWLRQ u >

ur, ρ > ρr� ,Q D VLPLODU ZD\ DV DERYH LW FDQ EH SDUDPHWHUL]HG E\ D C1� FXUYH ρ∗2 :

[ur,∞) → [ρr,∞)� 7KH SDUW RI WKH FXUYH ρ∗2 IURP (w, z) WR (ur, ρr) ZLOO EH WKH DGPLV�

VLEOH ��VKRFN FXUYH FRQQHFWLQJ (w, z) WR (ur, ρr)� 6R LW LV FOHDU WKDW ρ∗2′(u) LV SRVLWLYH�

/HW XV GHQRWH WKH DGPLVVLEOH ��VKRFN FXUYH SDVVLQJ WKURXJK (ul, ρl) DV ρ∗1� )URP WKH

SUHYLRXV DQDO\VLV� WKLV LV SDUDPHWHUL]HG E\ DC1 FXUYH ρ∗1 : (−∞, ul] → [ρl,∞) DQG VDWLVILHV

ρ∗1
′(u) < 0 �

ρ∗1(ur) VDWLVILHV ������� ZLWK ρ1(u) DQG u UHSODFHG E\ ρ∗1(ur) DQG ur UHVSHFWLYHO\� DQG ū�

ρ̄ UHSODFHG E\ ul DQG ρl UHVSHFWLYHO\� L�H��

(ur − ul)2

ε

ρl + ρ∗1(ur)

2(ρ∗1(ur)− ρl)
+ p(ρl) = p(ρ∗1(ur)).+ ��������

$JDLQ ρ∗2(ul) VDWLVILHV ������� ZLWK ρ2(u) DQG u UHSODFHG E\ ρ∗2(ul) DQG ul UHVSHFWLYHO\� DQG

ū, ρ̄ UHSODFHG E\ ur DQG ρr UHVSHFWLYHO\� L�H��

(ul − ur)2

ε

ρl + ρ∗2(ul)

2(ρ∗2(ul)− ρr)
+ p(ρr) = p(ρ∗2(ul)). ��������

,W LV HYLGHQW IURP �������� DQG �������� WKDW ρ∗1(ur) DQG ρ∗2(ul) WHQG WR∞ DV ε WHQGV WR ]HUR�

7KHUHIRUH WKHUH H[LVWV DQ η > 0 VXFK WKDW ε < η, ZH KDYH ρ∗2(ul) > ρl DQG ρ∗1(ur) > ρr�

��
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1RZ OHW XV FRQVLGHU WKH IXQFWLRQ ρ∗1 − ρ∗2� 6LQFH ρ∗1(ul) − ρ∗2(ul) = ρl − ρ∗2(ul) < 0 DQG

ρ∗1(ur)− ρ∗2(ur) = ρ∗1(ur)− ρr > 0� E\ LQWHUPHGLDWH YDOXH WKHRUHP WKHUH H[LVWV D SRLQW u∗
ε

VXFK WKDW ρ∗1(u∗
ε) = ρ∗2(u

∗
ε) = ρ∗ε �VD\�� ρ∗ε LV XQLTXH EHFDXVH ρ∗1 LV VWULFWO\ GHFUHDVLQJ DQG

ρ∗2 LV VWULFWO\ LQFUHDVLQJ� 6LQFH ZH DUH FRQVLGHULQJ RQO\ DGPLVVLEOH FXUYHV� WKH /D[ HQWURS\

FRQGLWLRQ KROGV� 7KLV FRPSOHWHV WKH SURRI�

1RZ ZH GHWHUPLQH WKH OLPLW RI WKH SUREOHP ������� IRU WKH VKRFN FDVH� )RU WKLV� ILUVW� ZH

ZLOO GHILQH δ�GLVWULEXWLRQ IROORZHG E\ D VLPSOH WHFKQLFDO OHPPD ZKLFK ZLOO EH XVHIXO ODWHU�

'HILQLWLRQ ������ $ ZHLJKWHG δ�GLVWULEXWLRQ ³d(t)δx=c(t)´ FRQFHQWUDWHG RQ D VPRRWK FXUYH

x = c(t) FDQ EH GHILQHG E\

〈 d(t)δx=c(t),ϕ(x, t)〉 =
∫ ∞

0

d(t)ϕ(c(t), t)dt

IRU DOO ϕ ∈ C∞
c (R× (0,∞))�

/HPPD ������ 6XSSRVH aε(t)(> 0) DQG bε(t)(> 0) FRQYHUJH XQLIRUPO\ WR 0 RQ FRPSDFW

VXEVHWV RI (0,∞) DV ε WHQGV WR ]HUR� $OVR DVVXPH WKDW dε(t) FRQYHUJHV WR d(t) XQLIRUPO\ RQ

FRPSDFW VXEVHWV RI (0,∞) DV ε WHQGV WR ]HUR� 7KHQ

1

bε(t) + aε(t)
dε(t)χ(c(t)−aε(t),c(t)+bε(t))(x)

FRQYHUJHV WR d(t)δx=c(t) LQ WKH VHQVH RI GLVWULEXWLRQ�

3URRI� /HW XV GHQRWH

Ψ(x, t) =
1

bε(t) + aε(t)
dε(t)χ(c−aε(t),c+bε(t))(x).

/HW XV QRZ FRQVLGHU WKH LQWHJUDO
∣∣∣
∫ ∞

0

∫ ∞

−∞

(
Ψ(x, t)ϕ(x, t)dxdt−

∫ ∞

0

d(t)ϕ(c(t), t)dt
)∣∣∣

≤
∫ ∞

0

∣∣∣
1

bε(t) + aε(t)

∫ c(t)+bε(t)

c(t)−aε(t)

dε(t)ϕ(x, t)− d(t)ϕ(c(t), t)
∣∣∣ dx dt.

��
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1RZ� VLQFH ϕ(x, t) KDV FRPSDFW VXSSRUW DQG dε(t) FRQYHUJHV WR d(t) XQLIRUPO\ RQ FRPSDFW

VHWV DV ε→ 0� WKH LQWHJUDO LQ WKH WKH ULJKW KDQG VLGH RI WKH LQHTXDOLW\ DERYH FRQYHUJHV WR 0�

6LQFH WKLV LV WUXH IRU DOO WHVW IXQFWLRQ ϕ� WKH SURRI RI WKLV OHPPD LV FRPSOHWHG�

7KHRUHP ������ 7KH SRLQWZLVH OLPLW uε LV u ZKLFK LV DOVR D GLVWULEXWLRQDO OLPLW DQG LV JLYHQ

E\

u(x, t) =






ul, LI x < ul+ur

2 t
ul+ur

2 , LI x = ul+ur

2 t

ur, LI x > ul+ur

2 t.

7KH GLVWULEXWLRQDO OLPLW RI ρε LV ρ DQG LV JLYHQ E\

ρ(x, t) =






ρl, LI x < ul+ur

2 t

(ul − ur)
ρl+ρr

2 tδ
x=

ul+ur
2 t

, LI x = ul+ur

2 t

ρr, LI x > ul+ur

2 t.

3URRI� )URP WKH DERYH WKHRUHP� (u∗
ε , ρ

∗
ε) VDWLVILHV WKH IROORZLQJ FRQGLWLRQV�

(u∗
ε − ul)

ρ∗εu
∗
ε − ρlul

ρ∗ε − ρl
= (

u∗
ε
2

2
+ εp(ρ∗ε))− (

u2
l

2
+ εp(ρl)),

(u∗
ε − ur)

ρ∗εu
∗
ε − ρrur

ρ∗ε − ρr
= (

u∗
ε
2

2
+ εp(ρ∗ε))− (

u2
r

2
+ εp(ρr)).

��������

:H NQRZ u∗
ε ∈ (ur, ul)� 6R WKH VHTXHQFH u∗

ε LV ERXQGHG� :H FODLP WKDW ρ∗ε LV XQERXQGHG

DV ε WHQGV WR ]HUR� ,Q IDFW� LI ρ∗ε LV ERXQGHG� WKHQ LW KDV D FRQYHUJHQW VXEVHTXHQFH VWLOO GHQRWHG

E\ ρ∗ε DQG LW FRQYHUJHV WR ρ∗ DV ε WHQGV WR ]HUR� 7KHQ IURP WKH HTXDWLRQ �������� ZH JHW WKDW

ρ∗ε VDWLVILHV�

(u∗
ε − ul)

2 (ρ
∗
ε + ρl)

2
= ε(ρ∗ε − ρl)(p(ρ

∗
ε)− p(ρl)).

1RZ DV ε→ 0� WKH DERYH HTXDWLRQ EHFRPHV

(u∗ − ul)
2 (ρ

∗ + ρl)

2
= 0,

DV ULJKW KDQG VLGH RI WKH HTXDWLRQ LV ERXQGHG� 1RZ VLQFH ρ∗ + ρl > 0� ZH JHW u∗ = ul�

$JDLQ VLQFH ρ∗ε VDWLVILHV�

(u∗
ε − ur)

2 (ρ
∗
ε + ρr)

2
= ε(ρ∗ε − ρr)(p(ρ

∗
ε)− p(ρr)).

��
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%\ WKH VLPLODU DUJXPHQW DV DERYH� ZH JHW� u∗ = ur� 7KLV LPSOLHV ul = ur� OHDGV WR D FRQ�

WUDGLFWLRQ�

6R IRU VXEVHTXHQFH RI u∗
ε DQG ρ∗ε VWLOO ODEHOHG DV u∗

ε DQG ρ∗ε UHVSHFWLYHO\ DQG WKDW u∗
ε FRQ�

YHUJHV WR u∗ DQG ρ∗ε WHQG WR +∞� 3DVVLQJ WR WKH OLPLW IRU WKLV VXEVHTXHQFH LQ ��������� ZH

JHW

u∗(u∗ − ul) =
u∗2

2
− ul

2

2
+ l

u∗(u∗ − ur) =
u∗2

2
− ur

2

2
+ l,

ZKHUH OLP
ε→0

εp(ρ∗ε) = l. 6ROYLQJ WKH DERYH WZR HTXDWLRQV ZH JHW

u∗ =
ul + ur

2
DQG l =

1

8
(ul − ur)

2. ��������

7KH VROXWLRQ IRU (uε, ρε) LV JLYHQ E\

uε(x, t) =






ul LI x < (u
∗
ε+ul
2 + ε(p(ρ∗ε )−p(ρl))

u∗
ε−ul

)t

u∗
ε LI (u

∗
ε+ul
2 + ε(p(ρ∗ε )−p(ρl))

u∗
ε−ul

)t < x < (u
∗
ε+ur
2 + ε(p(ρ"ε )−p(ρr))

u∗
ε−ur

)t

ur LI x > (u
∗
ε+ur
2 + ε(p(ρ∗ε )−p(ρr))

u∗
ε−ur

)t,

��������

ρε(x, t) =






ρl LI x < (u
∗
ε+ul
2 + ε(p(ρ∗ε )−p(ρl))

u∗
ε−ul

)t

ρ∗ε LI (u
∗
ε+ul
2 + ε(p(ρ∗ε )−p(ρl))

u∗
ε−ul

)t < x < (u
∗
ε+ur
2 + ε(p(ρ"ε )−p(ρr))

u∗
ε−ur

)t

ρr LI x > (u
∗
ε+ur
2 + ε(p(ρ∗ε )−p(ρr))

u∗
ε−ur

)t.

��������

$V u∗
ε FRQYHUJHV WR u∗ = ul+ur

2 DV ε → 0� ZH KDYH WKH OLPLW IRU u(x, t) DV VWDWHG LQ WKH

WKHRUHP�

)URP �������� DQG ��������� RQH FDQ VKRZ WKDW

OLP
ε→0

[u∗
ε + ul

2
+
ε(p(ρ∗ε)− p(ρl))

u∗
ε − ul

]
=

ul + ur

2
,

DQG

OLP
ε→0

[u∗
ε + ur

2
+
ε(p(ρ∗ε)− p(ρr))

u∗
ε − ur

]
=

ul + ur

2
.

/HW XV GHQRWH

��
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c(t) =
ul + ur

2
t,

aε(t) = c(t)−
(u∗

ε + ul

2
+
ε(p(ρ∗ε)− p(ρl))

u∗
ε − ul

)
t,

bε(t) =
(u∗

ε + ur

2
+
ε(p(ρ∗ε)− p(ρr))

u∗
ε − ur

)
t− c(t),

dε(t) =
[ur − ul

2
+
ε(p(ρ∗ε)− p(ρr))

u∗
ε − ur

− ε(p(ρ∗ε)− p(ρl))

u∗
ε − ul

]
ρ∗ε t.

:LWK WKH DERYH QRWDWLRQV� WKH IRUPXOD IRU ρε LQ HTXDWLRQ �������� FDQ EH ZULWWHQ LQ WKH

IROORZLQJ IRUP DV LQ WKH /HPPD������

ρε =ρlχ(−∞,c(t)−aε(t))(x) +
dε(t)

bε(t) + aε(t)
χ(c(t)−aε(t),c(t)+bε(t))(x)

+ ρrχ(c(t)+bε(t),∞)(x).

��������

2EVHUYH WKDW aε(t) DQG bε(t) VDWLVILHV WKH FRQGLWLRQ RI WKH OHPPD� L�H� aε(t) > 0 DQG bε(t) > 0

IRU VPDOO ε�

1RZ ZH ZLOO GHWHUPLQH WKH OLPLW RI dε(t) DV ε→ 0�

7KH HTXDWLRQ �������� FDQ DOVR EH ZULWWHQ LQ WKH IROORZLQJ IRUP�

(ρ∗ε − ρl)
{u∗

ε + ul

2
+
ε(p(ρ∗ε)− p(ρl))

u∗
ε − ul

}
= ρ∗εu

∗
ε − ρlul

(ρ∗ε − ρr)
{u∗

ε + ur

2
+
ε(p(ρ∗ε)− p(ρr))

u∗
ε − ur

}
= ρ∗εu

∗
ε − ρrur.

��������

6XEWUDFWLQJ VHFRQG HTXDWLRQ IURP WKH ILUVW LQ ��������� ZH JHW
[ur − ul

2
+
ε(p(ρ∗ε)− p(ρr))

u∗
ε − ur

− ε(p(ρ∗ε)− p(ρl))

u∗
ε − ul

]
ρ∗ε

= ρlul − ρrur + ρr(
u∗
ε + ur

2
)− ρl(

u∗
ε + ul

2
)

+ ρr
ε(p(ρ∗ε)− p(ρr))

u∗
ε − ur

− ρl
ε(p(ρ∗ε)− p(ρl))

u∗
ε − ul

.

3DVVLQJ WR WKH OLPLW DV ε→ 0� ZH JHW

OLP
ε→0

[ur − ul

2
+
ε(p(ρ∗ε)− p(ρr))

u∗
ε − ur

− ε(p(ρ∗ε)− p(ρl))

u∗
ε − ul

]
ρ∗ε =

1

2
(ul − ur)(ρl + ρr). ��������

��
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7KLV LPSOLHV

OLP
ε→0

dε(t) =
1

2
(ul − ur)(ρl + ρr)t. ��������

+HUH LQ WKH FDOFXODWLRQ RI ��������� ZH KDYH XVHG WKH IDFW WKDW OLP
ε→0

εp(ρ∗ε) =
1

8
(ul −ur)

2 DQG

OLP
ε→0

u∗
ε =

ul + ur

2
IURP WKH HTXDWLRQ ���������

7KH ILUVW DQG WKH WKLUG WHUPV RI �������� FRQYHUJH WR ρlχ(−∞,
ul+ur

2 t)
(x) DQG

ρrχ(
ul+ur

2 t,∞)
(x) UHVSHFWLYHO\� +HQFH� HPSOR\LQJ WKH DERYH OHPPD WR WKH VHFRQG WHUP RI

��������� ZH JHW WKH GLVWULEXWLRQ OLPLW ρ(x, t) DV JLYHQ LQ WKH WKHRUHP� 1RWH WKDW DOO WKH

DQDO\VLV KDV EHHQ GRQH IRU D VXEVHTXHQFH� 6LQFH WKH OLPLW LV WKH VDPH IRU DQ\ VXEVHTXHQFH�

WKLV LPSOLHV WKH VHTXHQFH LWVHOI FRQYHUJHV WR WKH VDPH OLPLW� 7KXV WKH SURRI RI WKHRUHP ���

LV FRPSOHWHG�

7KH OLPLW (u, ρ) VDWLVILHV WKH HTXDWLRQ LQ WKH VHQVH RI 9ROSHUW LV DYDLODEOH LQ >��� ��@�

7KHUH LW ZDV VKRZQ WKDW Rt + uRx = 0 � ZKHUH ρ = Rx DQG uRx LV NQRZQ DV 9ROSHUW

SURGXFW >��@� 7KHQ ρ = Rx VDWLVILHV WKH HTXDWLRQ ������� LQ WKH VHQVH RI GLVWULEXWLRQ� )RU

FRPSOHWHQHVV� ZH LQWHQG KHUH WR VKRZ WKDW WKH OLPLW (u, ρ) VDWLVILHV WKH HTXDWLRQ E\ IRUPX�

ODWLQJ LW DV IROORZV�

'HILQLWLRQ ������ /HW u LV D %RUHO PHDVXUDEOH IXQFWLRQ DQG ρ = dν LV D 5DGRQ PHDVXUH RQ

R× [0,∞)� 7KHQ (u, ρ = dν) LV VDLG WR EH D VROXWLRQ IRU WKH V\VWHP ������� ZLWK LQLWLDO GDWD

������� LI WKH IROORZLQJ FRQGLWLRQV KROG�
∫

R×[0,∞)

(uφt + uφx)dxdt+

∫

R
u0(x)φ(x, 0)dx = 0

∫

R×[0,∞)

(φt + uφx)dν +

∫

R
ρ0(x)φ(x, 0)dx = 0,

��������

IRU DQ\ WHVW IXQFWLRQ φ VXSSRUWHG LQ R× [0,∞)�

7KHRUHP ������ )RU ul > ur� WKH SRLQWZLVH OLPLW u RI uε DQG GLVWULEXWLRQDO OLPLW RI ρ RI ρε

VDWLVILHV WKH HTXDWLRQ���������

��
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3URRI� )URP 7KHRUHP������ WKH SRLQWZLVH OLPLW u RI uε DQG WKH GLVWULEXWLRQDO OLPLW ρ RI ρε

DUH JLYHQ E\

u(x, t) =






ul, LIx < st

s, LI x = st

ur, LIx > st

ρ(x, t) =






ρl, LI x < st

(ul − ur)
ρl+ρr

2 tδx=st, LI x = st

ρr, LI x > st,

ZKHUH s = ul+ur

2 �

/HW φ EH DQ\ WHVW IXQFWLRQ VXSSRUWHG LQR× [0,∞)� ,W LV ZHOO NQRZQ WKDW u VDWLVILHV WKH ILUVW

HTXDWLRQ RI ��������� 1RZ ZH VKRZ WKDW (u, ρ) VDWLVILHV WKH VHFRQG HTXDWLRQ RI ���������

2EVHUYH WKDW WKH OLPLW ρ LV D 5DGRQ PHDVXUH DQG FDQ EH ZULWWHQ LQ WKH IROORZLQJ ZD\�

ρ = dν = {ρl + (ρr − ρl)H(x− st)}dxdt+ (ul − ur)
ρl + ρr

2
tδx=stdt,

ZKHUH H LV WKH +HDYLVLGH IXQFWLRQ DQG δ LV WKH 'LUDF GHOWD GLVWULEXWLRQ� 1RWH WKDW u LV D

%RUHO PHDVXUDEOH IXQFWLRQ DQG GHILQHG HYHU\ZKHUH RQ WKH GRPDLQ� :H FDOFXODWH
∫

R×[0,∞)

φtdν

=

∫

x<st

ρlφtdxdt+

∫

x>st

ρrφtdxdt+ (ul − ur)
ρl + ρr

2

∫ ∞

0

∫

R
tφt(x, t)δx=stdt

=

∫

x<st

ρlφtdxdt+

∫

x>st

ρrφtdxdt+ (ul − ur)
ρl + ρr

2

∫ ∞

0

tφt(st, t)dt.

��������

8VLQJ LQWHJUDWLRQ E\ SDUWV IRU WKH ILUVW WZR LQWHJUDOV RI WKH HTXDWLRQ��������� ZH JHW
∫

R×[0,∞)

φtdν

= −sρl

∫ ∞

0

φ(st, t)dt+ sρr

∫ ∞

0

φ(st, t)dt−
∫

R
ρ0(x)φ(x, 0)dx

+ (ul − ur)
ρl + ρr

2

∫ ∞

0

tφt(st, t)dt

= s(ρr − ρl)

∫ ∞

0

φ(st, t)dt−
∫

R
ρ0(x)φ(x, 0)dx+ (ul − ur)

ρl + ρr
2

∫ ∞

0

tφt(st, t)dt,

��������

ZKHUH ρ0(x) = ρl + (ρr − ρl)H(x). 6LPLODUO\ ZH FDOFXODWH

��
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∫

R×(0,∞)

uφxdν

=

∫

x<st

ρlulφxdxdt+

∫

x>st

ρrurφxdxdt+ (ul − ur)s
ρl + ρr

2

∫ ∞

0

tφx(st, t)dt

= ρlul

∫ ∞

0

φ(st, t)dt− ρrur

∫ ∞

0

φ(st, t)dt+ s(ul − ur)
ρl + ρr

2

∫ ∞

0

tφx(st, t)dt

= (ρlul − ρrur)

∫ ∞

0

φ(st, t)dt+ s(ul − ur)
ρl + ρr

2

∫ ∞

0

tφx(st, t)dt,

��������

ZKHUH LQ WKH WKLUG VWHS ZH XVHG LQWHJUDWLRQ E\ SDUWV� )URP HTXDWLRQV �������� DQG ���������

ZH JHW
∫

R×[0,∞)

(φt + uφx)dν +

∫

R
ρ0(x)φ(x, 0)dx

=
[
s(ρr − ρl) + ρlul − ρrur

] ∫ ∞

0

φ(st, t)dt

+ (ul − ur)
ρl + ρr

2

∫ ∞

0

t(sφx(st, t) + φt(st, t))dt

=
[
s(ρr − ρl) + ρlul − ρrur

] ∫ ∞

0

φ(st, t)dt

+ (ul − ur)
ρl + ρr

2

∫ ∞

0

t
d

dt
(φ(st, t))dt

=
[
s(ρr − ρl) + ρlul − ρrur − (ul − ur)

ρl + ρr
2

] ∫ ∞

0

φ(st, t)dt = 0.

7KLV FRPSOHWHV WKH SURRI�

��� (QWURS\ DQG HQWURS\ IOX[ SDLUV

,Q WKLV VHFWLRQ� ZH VKRZ WKDW WKH VROXWLRQ FRQVWUXFWHG IRU WKH V\VWHP ������� IRU 5LHPDQQ

W\SH GDWD LV HQWURS\ DGPLVVLEOH� )RU WKH VDNH RI FRPSOHWHQHVV� ZH VWDUW ZLWK WKH IROORZLQJ

GHILQLWLRQV>�@ UHVWULFWHG WR WKH 2× 2 V\VWHP� QDPHO\

ut + (f1(u, ρ))x = 0

ρt + (f2(u, ρ))x = 0.
�������

��
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'HILQLWLRQ ������ $ FRQWLQXRXVO\ GLIIHUHQWLDEOH IXQFWLRQ η : R2 ,→ R LV FDOOHG DQ HQWURS\

IRU WKH V\VWHP������� ZLWK HQWURS\ IOX[ q : R2 ,→ R LI

Dη(u, ρ).Df(u, ρ) = Dq(u, ρ),

ZKHUH f(u, ρ) = (f1(u, ρ), f2(u, ρ))� :H VD\ (η, q) DV HQWURS\�HQWURS\ IOX[ SDLU RI WKH V\V�

WHP��������

'HILQLWLRQ ������ $ ZHDN VROXWLRQ (u, ρ) RI WKH V\VWHP ������� LV FDOOHG HQWURS\ DGPLVVLEOH

LI ∫∫

R×(0,∞)

η(u, ρ)ϕt + q(u, ρ)ϕx dx dt ≥ 0,

IRU HYHU\ QRQ�QHJDWLYH WHVW IXQFWLRQ ϕ : R × (0,∞) → R ZLWK FRPSDFW VXSSRUW LQ R ×

(0,∞)� ZKHUH (η, q) LV WKH HQWURS\�HQWURS\ IOX[ SDLU DV LQ WKH GHILQLWLRQ��������

)RU RXU V\VWHP �������� f(u, ρ) = (u
2

2 + εp(ρ), uρ)� ZKHUH p LV RI WKH IRUP ��������

7KHUHIRUH (η, q) ZLOO EH DQ HQWURS\�HQWURS\ IOX[ SDLU RI ������� LI
(
∂η

∂u
u+

∂η

∂ρ
ρ , ερeρ

∂η

∂u
+ u

∂η

∂ρ

)
=

(
∂q

∂u
,
∂q

∂ρ

)
.

7KDW LV�
∂q

∂u
=
∂η

∂u
u+

∂η

∂ρ
ρ,

∂q

∂ρ
= ερeρ

∂η

∂u
+ u

∂η

∂ρ
.

�������

(OLPLQDWLQJ q IURP �������� ZH KDYH

∂2η

∂ρ2
= εeρ

∂2η

∂u2
.

2QH FDQ VHH WKDW

η(u, ρ) =
1

2
u2 + εeρ

LV D VROXWLRQ RI DERYH WKH HTXDWLRQ ZKLFK LV VWULFWO\ FRQYH[ �VLQFH D2η > 0� DQG WKH FRUUH�

VSRQGLQJ HQWURS\ IOX[ LV

q(u, ρ) =
1

3
u3 + ερueρ.

��
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:H VKRZ KHUH WKDW RXU VROXWLRQ FRQVWUXFWHG LQ WKH SUHYLRXV VHFWLRQ IRU 5LHPDQQ W\SH

LQLWLDO GDWD �ul > ur� LV HQWURS\ DGPLVVLEOH DV LQ WKH GHILQLWLRQ��������

:H FDOFXODWH

ηt + qx =− s1

(
1

2
u∗2
ε + εeρ

∗
ε − 1

2
u2
l − εeρl

)
δx=s1t

− s2

(
1

2
u2
r + εeρr − 1

2
u∗2
ε − εeρ

∗
ε

)
δx=s2t

+

(
1

3
u∗3
ε + ερ∗εu

∗
εe
ρ∗ε − 1

3
u3
l − ερlule

ρl

)
δx=s1t

+

(
1

3
u3
r − ερrure

ρr − 1

3
u∗3
ε − ερ∗εu

∗
εe
ρ∗ε

)
δx=s2t,

�������

ZKHUH
s1 = (

u∗
ε + ul

2
+
ε(p(ρ∗ε)− p(ρl))

u∗
ε − ul

),

s2 = (
u∗

ε + ur

2
+
ε(p(ρ∗ε)− p(ρr))

u∗
ε − ur

).

2QH VKRXOG QRWH WKDW WR VKRZ η(u, ρ) DQG q(u, ρ) VDWLVILHV WKH HQWURS\ LQHTXDOLW\ IRU VPDOO

ε� ZH VHSDUDWHO\ VKRZ WKDW WKH FRHIILFLHQWV δx=s1t DQG δx=s2t DUH QHJDWLYH� 7KHUHIRUH LW LV

HQRXJK LI WKH OLPLWLQJ YDOXHV RI WKH FRHIILFLHQWV DUH QHJDWLYH DV ε WHQGV WR ]HUR�

&RHIILFLHQW RI δx=s1t

=−s1

(
1

2
u∗2
ε + εeρ

∗
ε − 1

2
u2
l − εeρl

)

︸ ︷︷ ︸
,

+

(
1

3
u∗3
ε + ερ∗εu

∗
εe
ρ∗ε − 1

3
u3
l − ερlule

ρl

)

︸ ︷︷ ︸
,,

�������

)URP ���������

εeρ
∗
ε (ρ∗ε − 1) → (ul − ur)2

8
DV ε→ 0. �������

6LQFH ρ∗ε LV XQERXQGHG� ZH JHW

εeρ
∗
ε =

εeρ
∗
ε (ρ∗ε − 1)

(ρ∗ε − 1)
→ 0 DV ε→ 0. �������

1RZ XVLQJ ������� DQG REVHUYLQJ WKDW s1 → (ul+ur)
2 � RQH FDQ VHH

I → −(ul + ur)(3ul + ur)(ur − ul)

16
DV ε→ 0.

��
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$JDLQ XVLQJ ������� DQG �������� D VLPSOH FDOFXODWLRQ \LHOGV

II → (ur − ul)(7u2
l + 4ulur + u2

r)

24
+

(ur − ul)(u2
r − u2

l )

16
DV ε→ 0.

7KHUHIRUH IURP WKH HTXDWLRQ��������

&RHIILFLHQW RI δx=s1t = I + II → 2(ur − ul)(ul − ur)2

48
DV ε→ 0.

6LQFH ul > ur� &RHIILFLHQW RI δx=s1t = I + II < 0 IRU VPDOO ε� ,Q D VLPLODU ZD\� WKH

FRHIILFLHQWV RI δx=s2t FDQ EH KDQGOHG�

5HPDUN ������ ,W LV ZHOO NQRZQ WKDW LI η EH D VPRRWK HQWURS\ RI WKH V\VWHP ������� ZLWK WKH

HQWURS\ IOX[ q DQG LI RQH DVVXPHV WKDW WKH +HVVLDQ D2η > 0� WKHQ IRU JHQXLQHO\ QRQ�OLQHDU

FKDUDFWHULVWLF ILHOGV WKH HQWURS\ LQHTXDOLW\ η(u)t + q(u)x ≤ 0 LV VDWLVILHG IRU VXIILFLHQWO\

FORVH LQLWLDO GDWD� )RU GHWDLOV� RQH FDQ VHH >�@� %XW LQ RXU FDVH� LQLWLDO GDWD QHHG QRW WR EH

VXIILFLHQWO\ FORVH� 2XU SURRI UHOLHV RQO\ RQ WKH VPDOOQHVV RI ε�

��� 6ROXWLRQ IRU WKH FDVH ul ≤ ur

7KLV VHFWLRQ LV GHYRWHG WR GLVFXVV RWKHU WZR FDVHV� L�H� ul = ur DQG ul < ur� :H DVVXPH

WKH VDPH FRQGLWLRQV RQ p(ρ) DV LQ VHFWLRQ 3� L�H�� p(ρ) LV D WZLFH GLIIHUHQWLDEOH IXQFWLRQ DQG

VDWLVILHV �������� ,Q WKLV VHFWLRQ RXU SURRI JRHV LQ WKH VSLULW RI >��@�

&DVH , (ul = ur)� )RU ul = ur� LQLWLDO GDWD LV

(
u0(x)
ρ0(x)

)
=






(
ul

ρl

)
, LI x < 0

(
ul

ρr

)
, LI x > 0.

1RZ LI ρl = ρr, ZH KDYH WKH WULYLDO VROXWLRQ u(x, t) = ul DQG ρ(x, t) = ρl� $QRWKHU WZR

SRVVLELOLWLHV DUH ρr < ρl RU ρr > ρl�

6XEFDVH ,�ρr < ρl�� )RU WKLV FDVH� ZH VWDUW WUDYHOLQJ IURP WKH VWDWH (ul, ρl) LQ WKH FXUYHR1 WR

��
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UHDFK DW (u∗
ε , ρ

∗
ε)� WKHQ IURP (u∗

ε , ρ
∗
ε) ZH WUDYHO E\ S2 WR UHDFK DW (ul, ρr)� ��UDUHIDFWLRQ FXUYH

R1 WKURXJK (ul, ρl) LV REWDLQHG VROYLQJ WKH GLIIHUHQWLDO HTXDWLRQ

du

dρ
= −

√
εp′(ρ)

ρ
, u(ρl) = ul. �������

6R� WKH EUDQFK RI WKH FXUYH VDWLVI\LQJ ������� FDQ EH SDUDPHWHUL]HG E\ D FRQWLQXRXV IXQFWLRQ

u1 : [ρr, ρl] → [ul,∞) ZLWK SDUDPHWHU ρ� 6LQFH p′
(ρ) > 0� ZH VHH WKDW u1 LV GHFUHDVLQJ�

7KHUHIRUH� u1(ρr) > ul�

$Q\ VWDWH (u, ρ) FRQQHFWHG WR WKH HQG VWDWH (ul, ρr) E\ DGPLVVLEOH ��VKRFN FXUYH S2 VDWLVILHV

WKH IROORZLQJ HTXDWLRQ�

(u− ul)
ρu− ρrul

ρ− ρr
= (

u2

2
+ εp(ρ))− (

u2
l

2
+ εp(ρr)), u > ul, DQG ρ > ρr, �������

DQG

s > λ2(u, ρ), λ1(ul, ρr) < s < λ2(ul, ρr), ZKHUH s =
ρu− ρrul

ρ− ρr
. �������

(TXDWLRQ ������� LPSOLHV

(u− ul)
2 = 2ε

(ρ− ρr)

(ρ+ ρr)
(p(ρ)− p(ρr)). �������

2XU FODLP LV WKDW IRU HYHU\ IL[HG ρ > ρr WKHUH H[LVWV D XQLTXH u > ul VXFK WKDW WKH HTXDWLRQ

������� KROGV� /HW XV GHILQH

F (u) := (u− ul)
2.

6LQFH F (ul) = 0 DQG F (u) → ∞ DV u → ∞� ZH KDYH F ([ul,∞)) = [0,∞)� 6LQFH p LV

LQFUHDVLQJ DQG ρ > ρr� ULJKW KDQG VLGH RI ������� LV SRVLWLYH� 7KHUHIRUH IRU WKH JLYHQ ρ > ρr�

WKHUH H[LVWV D u > ul VXFK WKDW

F (u) = 2ε
(ρ− ρr)

(ρ+ ρr)
(p(ρ)− p(ρr))

$OVR VLQFH F (u) LV DQ LQFUHDVLQJ IXQFWLRQ IRU u > ul� u LV XQLTXH IRU WKH JLYHQ ρ�

��
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6LPLODUO\ LQ 7KHRUHP ���� WKH EUDQFK RI WKH FXUYH VDWLVI\LQJ ������� DQG ������� FDQ EH

SDUDPHWHUL]HG E\ D C1�IXQFWLRQ u2(ρ) = u2 : [ρr, ρl] → [ul,∞) VDWLVI\LQJ

F (u2(ρ)) = (u2(ρ)− ul)
2 = 2ε

(ρ− ρr)

(ρ+ ρr)
(p(ρ)− p(ρr)). �������

1RWH WKDW u2(ρr) = ul DQG LW LV FOHDU WKDW WKH IXQFWLRQ u2 LV ZHOO GHILQHG� 7KH IXQFWLRQ u2 LV

LQFUHDVLQJ LQ WKH LQWHUYDO (ρr, ρl)� ,QIDFW� GLIIHUHQWLDWLQJ WKH DERYH HTXDWLRQ ������� ZH JHW�

(u2(ρ)− ul)u2
′(ρ) = ε

[
p′(ρ)

ρ− ρr
ρ+ ρr

+ (p(ρ)− p(ρr))
2ρr

(ρ+ ρr)2

]
.

6LQFH ρ > ρr DQG p(ρ) LV DQ LQFUHDVLQJ IXQFWLRQ� L�H� p′(ρ) > 0� 5+6 RI DERYH HTXDWLRQ LV

SRVLWLYH IRU VPDOO ε > 0� 7KDW LV� (u2(ρ)− ul)u2
′(ρ) > 0� 6LQFH u2(ρ) > ul, u2

′(ρ) > 0�

)URP WKH DERYH DQDO\VLV� WKHUH H[LVWV DQ LQWHUPHGLDWH VWDWH ρ∗ε ∈ (ρr, ρl) VXFK WKDW

u1(ρ∗ε) = u2(ρ∗ε) = u∗
ε . +HQFH WKH VROXWLRQ IRU ������� LV JLYHQ E\�

uε =






ul LI x < λ1(ul, ρl)t
Ru

1(x/t)(ul, ρl) LI λ1(ul, ρl)t < x < λ1(u∗
ε , ρ

∗
ε)t

u∗
ε LI λ1(u∗

ε , ρ
∗
ε)t < x < ρrul−ρ∗εu∗

ε
ρr−ρ∗ε

t

ur LI x > ρrul−ρ∗εu∗
ε

ρr−ρ∗ε
t

DQG

ρε =






ρl LI x < λ1(ul, ρl)t
Rρ

1(x/t)(ul, ρl) LI λ1(ul, ρl)t < x < λ1(u∗
ε , ρ

∗
ε)t

ρ∗ε LI λ1(u∗
ε , ρ

∗
ε)t < x < ρrul−ρ∗εu∗

ε
ρr−ρ∗ε

t

ρr LI x > ρrul−ρ∗εu∗
ε

ρr−ρ∗ε
t.

:KHUH R1(ξ)(ū, ρ̄) = (Ru
1(ξ)(ū, ρ̄), R

ρ
1(ξ)(ū, ρ̄)) DQG Ru

1(ξ)(ū, ρ̄) LV REWDLQHG E\ VROYLQJ

du

dξ
=

2p
′
(ρ)

3p′(ρ) + ρp′′(ρ)
, u(λ1(ū, ξ̄)) = ū.

DQG Rρ
1(ξ)(ū, ρ̄) LV REWDLQHG E\ VROYLQJ

dρ

dξ
= −

2
√
εp′(ρ)ρ

3εp′(ρ) + ερp′′(ρ)
, ρ(λ1(ū, ξ̄)) = ρ̄.

6XEFDVH ,, �ρl < ρr�� 7KLV FDQ EH KDQGOHG LQ D VLPLODU ZD\� ,Q IDFW� KHUH ZH VWDUW IURP

(ul, ρl) DQG UHDFK DW (u∗
ε , ρ

∗
ε) E\ S1 DQG IURP (u∗

ε , ρ
∗
ε) WR (ul, ρr) E\ R2� 6R� WKH VROXWLRQ LV

��
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JLYHQ E\ �

uε =






ul LI x < ρ∗εu
∗
ε−ρlul

ρ∗ε−ρl
t

u∗
ε LI ρ

∗
εu

∗
ε−ρlul

ρ∗ε−ρl
t < x < λ2(u∗

ε , ρ
∗
ε)t

Ru
2(x/t)(u

∗
ε , ρ

∗
ε) LI λ2(u∗

ε , ρ
∗
ε)t < x < λ2(ul, ρr)t

ur LI x > λ2(ul, ρr)t

DQG

ρε =






ρl LI x < ρ∗εu
∗
ε−ρlul

ρ∗ε−ρl
t

ρ∗ε LI ρ
∗
εu

∗
ε−ρlul

ρ∗ε−ρl
t < x < λ2(u∗

ε , ρ
∗
ε)t

Rρ
2(x/t)(u

∗
ε , ρ

∗
ε) LI λ2(u∗

ε , ρ
∗
ε)t < x < λ2(ul, ρr)t

ρr LI x > λ2(ul, ρr)t

ZKHUH R2(ξ)(ū, ρ̄) = (Ru
2(ξ)(ū, ρ̄), R

ρ
2(ξ)(ū, ρ̄)) DQG Ru

2(ξ)(ū, ρ̄) LV REWDLQHG E\ VROYLQJ

du

dξ
=

2p
′
(ρ)

3p′(ρ) + ρp′′(ρ)
, u(λ2(ū, ξ̄) = ū.

DQG Rρ
2(ξ)(ū, ρ̄) LV REWDLQHG E\ VROYLQJ

dρ

dξ
=

2
√
εp′(ρ)ρ

3εp′(ρ) + ερp′′(ρ)
, ρ(λ2(ū, ξ̄) = ρ̄.

1RZ RXU DLP LV WR ILQG WKH OLPLW RI (uε, ρε) DV ε → 0 LQ ERWK RI WKH DERYH FDVHV� 6LQFH

ρ∗ε ∈ (ρl, ρr) RU ρ∗ε ∈ (ρr, ρl) WKLV LPSOLHV ρ∗ε LV ERXQGHG� $OVR ρ∗ε DQG u∗
ε VDWLVILHV

(u∗
ε − ul)

2 (ρ
∗
ε + ρr)

2
= ε(ρ∗ε − ρr)(p(ρ

∗
ε)− p(ρr)).

6LQFH 5�+�6 LV ERXQGHG� DV ε→ 0 ZH JHW�

OLP
ε→0

(u∗
ε − ul)

2 (ρ
∗
ε + ρr)

2
= 0,

WKDW LV� OLPε→0 u∗
ε = ul� 7KHUHIRUH WKH VROXWLRQ (uε, ρε) → (u, ρ) DV ε → 0 ZKHUH (u, ρ) LV

JLYHQ E\�

ρ =

{
ρl LI x < ult
ρr LI x > ult.

DQG

u =

{
ul LI x < ult
ur LI x > ult.

��
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6LQFH KHUH ul = ur ZH KDYH u ≡ ul�

&DVH ,, (ul < ur) � 7KH �VW�UDUHIDFWLRQ FXUYH SDVVLQJ WKURXJK (ul, ρl) LV JLYHQ E\ WKH

VROXWLRQ RI WKH IROORZLQJ &DXFK\ SUREOHP�

du

dρ
= −

√
εp′(ρ)

ρ
, ρ < ρl, u(ρl) = ul.

1RWH WKDW IRU WKLV FDVH LW GRHV QRW PDWWHU ZKHWKHU ρl < ρr RU ρl > ρr� 6R� :�/�2�* ZH FDQ

WDNH ρl > ρr > 0� 1RZ D EUDQFK RI R1 FDQ EH SDUDPHWHUL]HG E\ D GLIIHUHQWLDEOH IXQFWLRQ

u1 : [0, ρl] → [ul,∞) ZLWK D SDUDPHWHU ρ� ([SOLFLWO\ u1 FDQ EH ZULWWHQ DV

u1(ρ)− ul = −
∫ ρ

ρl

√
εp′(ξ)

ξ
dξ.

6LQFH ρ ∈ [0, ρl] LV ERXQGHG DQG p LV LQFUHDVLQJ� ZH KDYH u1(ρ) → ul DV ε→ 0 GHFUHDVLQJO\�

6LPLODUO\� WKH �QG�UDUHIDFWLRQ FXUYH LV JLYHQ E\ WKH VROXWLRQ RI WKHQ &DXFK\ SUREOHP �

du

dρ
=

√
εp′(ρ)

ρ
, ρ < ρr, u(ρr) = ur. �������

/HW u2 : [0, ρr] → (−∞, ur] LV GLIIHUHQWLDEOH DQG SDUDPHWHUL]HG EUDQFK RI R2 VDWLVI\LQJ

������� DQG FDQ EH ZULWWHQ DV

u2(ρ)− ur =

∫ ρr

ρ

√
εp′(ξ)

ξ
dξ.

6LQFH ρ ∈ [0, ρr] DQG p LV LQFUHDVLQJ� ZH KDYH u2(ρ) → ur DV ε → 0 LQFUHDVLQJO\� 6LQFH

ul < ur� E\ WKH DERYH FDOFXODWLRQ RQH FDQ VHH u1(0) < u2(0) IRU VPDOO ε� ,Q WKLV FDVH WKH

FRPSOHWH VROXWLRQ LV WKH IROORZLQJ�

uε =






ul LI x < λ1(ul, ρl)t

Ru
1(x/t)(ul, ρl) LI λ1(ul, ρl)t < x < λ1(u

∗(1)
ε , 0)t

x/t LI λ1(u
∗(1)
ε , 0)t < x < λ2(u

∗(2)
ε , 0)t

Ru
2(x/t)(u

∗(2)
ε , 0) LI λ2(u

∗(2)
ε , 0)t < x < λ2(ur, ρr)t

ur LI x > λ2(ur, ρr)t.

�������

��
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DQG

ρε =






ρl LI x < λ1(ul, ρl)t

Rρ
1(x/t)(ul, ρl) LI λ1(ul, ρl)t < x < λ1(u

∗(1)
ε , 0)t

0 LI λ1(u
∗(1)
ε , 0)t < x < λ2(u

∗(2)
ε , 0)t

Rρ
2(x/t)(u

∗(2)
ε , 0) LI λ2(u

∗(2)
ε , 0)t < x < λ2(ur, ρr)t

ρr LI x > λ2(ur, ρr)t,

ZKHUH Ru
1(.)� R

ρ
1(.)� Ru

2(.)� R
ρ
2(.) DUH DV DERYH�

1RZ LW UHPDLQV WR ILQG WKH OLPLW RI (uε, ρε) DV ε → 0� 6LQFH u∗(1)
ε = u1(0)� ZH KDYH

u∗(1)
ε → ul DQG LQ WKH VDPH ZD\ u∗(2)

ε → ur DV ε → 0� 3DVVLQJ WR WKH OLPLW DV ε WHQGV

WR ]HUR� ZH JHW

u(x, t) =






ul LI x < ult
x/t LI ult < x < urt
ur LI x > urt

DQG

ρ(x, t) =






ρl LI x < ult
0 LI ult < x < urt
ρr LI x > urt.

5HPDUN ������ ,Q HTXDWLRQ �������� RQH KDV WR WDNH uε(x, t) = x
t LQ WKH UHJLRQ λ1(u

∗(1)
ε , 0)t <

x < λ2(u
∗(2)
ε , 0)t� 7KLV NLQG RI VHOHFWLRQ JLYHV XQLTXH HQWURS\ VROXWLRQ� ,Q IDFW� VLQFH ρ = 0

LQ WKLV UHJLRQ� WKH ILUVW HTXDWLRQ RI ������� WXUQV RXW WR EH WKH %XUJHUV HTXDWLRQ DQG u(x, t) =
x
t LV WKH XQLTXH HQWURS\ VROXWLRQ IRU WKH UDUHIDFWLRQ FDVH�

��� /LPLWLQJ EHKDYLRU RI DQRWKHU VWULFWO\ K\SHUEROLFPRGHO�
6KDGRZ ZDYHV

7KLV VHFWLRQ DLPV WR VWXG\ WKH OLPLWLQJ EHKDYLRU RI WKH VROXWLRQ IRU WKH IROORZLQJ VWULFWO\

K\SHUEROLF V\VWHP�

ut + (
(u+ ε)2

2
)x = 0

ρt + (ρu)x = 0,

�������

��
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ZLWK 5LHPDQQ W\SH LQLWLDO GDWD�

(
u0(x)
ρ0(x)

)
=






(
ul

ρl

)
, LI x < 0

(
ur

ρr

)
, LI x > 0.

�������

,Q FRPSDULVRQ WR WKH SUHYLRXV V\VWHP GHDOW ZLWK LQ WKH ILUVW SDUW RI WKLV DUWLFOH� WKLV V\VWHP

LV YHU\ PXFK GLIIHUHQW LQ QDWXUH DQG RQO\ UHWDLQV WKH VWULFW K\SHUEROLFLW\ SURSHUW\� 7KH

HLJHQYDOXHV DQG WKH HLJHQYHFWRUV IRU WKH V\VWHP ������� DUH WKH IROORZLQJ�

7KH ILUVW HLJHQYDOXH λ1(u) = u DQG WKH FRUUHVSRQGLQJ HLJHQYHFWRU LV r1(u) = (0, 1) DQG WKH

VHFRQG HLJHQYDOXH λ2(u) = u + ε DQG WKH FRUUHVSRQGLQJ HLJHQYHFWRU LV r1(u) = (1, ρ/ε).

$JDLQ�∇λ1(u).r1(u) = 0 DQG∇λ2(u).r2(u) = 1� 6R� WKH ILUVW FKDUDFWHULVWLF ILHOG LV OLQHDUO\

GHJHQHUDWH DQG WKH VHFRQG FKDUDFWHULVWLF ILHOG LV JHQXLQHO\ QRQOLQHDU� ZKHUHDV WKH SUHYLRXV

V\VWHP LV JHQXLQHO\ QRQOLQHDU LQ ERWK RI WKH FKDUDFWHULVWLF ILHOGV� 7KH PDLQ GLIILFXOW\ LV WKDW

IRU FHUWDLQ FDVHV� /D[�W\SH VROXWLRQV GRQ¶W H[LVW� ,Q WKRVH FDVHV ZH XVH D UHFHQW WHFKQLTXH

LQWURGXFHG LQ >��@ FDOOHG 6KDGRZ :DYH VROXWLRQ� 1RZ ZH GHVFULEH H[SOLFLWO\ VKRFN DQG

UDUHIDFWLRQ FXUYHV IRU WKH V\VWHP ��������

��UDUHIDFWLRQ FXUYH� ��UDUHIDFWLRQ FXUYH LV WKH VROXWLRQ RI WKH 2'(�

ẇ(ξ) = r1(w(ξ)), w(λ1(ul, ρl)) = (ul, ρl),

ZKHUH w(ξ) = (w1(ξ), w2(ξ)). 6R� VROYLQJ WKH IROORZLQJ SDLU RI 2'(�

ẇ1(ξ) = 0, w1(ul) = ul.

ẇ2(ξ) = 1, w2(ul) = ρl.

ZH JHW WKH ��UDUHIDFWLRQ FXUYH R1 SDVVLQJ WKURXJK (ul, ρl)�

R1(ξ) = (ul, ξ + ρl − ul).

��UDUHIDFWLRQ FXUYH� ��UDUHIDFWLRQ FXUYH LV WKH VROXWLRQ RI WKH 2'(�

ẇ(ξ) = r2(w(ξ)), w(λ2(ul, ρl)) = (ul, ρl),

��
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ZKHUH w(ξ) = (w1(ξ), w2(ξ)).

7KLV JLYHV WKH IROORZLQJ V\VWHP RI 2'(V ZLWK LQLWLDO FRQGLWLRQV�

ẇ1(ξ) = 1, w1(ul + ε) = ul.

ẇ2(ξ) =
w2(ξ)

ε
, w2(ul + ε) = ρl.

6ROYLQJ WKH DERYH SDLU RI 2'(V� ZH JHW WKH ��UDUHIDFWLRQ FXUYHR2 SDVVLQJ WKURXJK (ul, ρl)�

R2(ξ) = (ξ − ε, ρl. H[S(
ξ − (ul + ε)

ε
)). �������

7KH DGPLVVLEOH SDUW RI WKH FXUYH LV R+
2 �

R+
2 (ξ) = (ξ − ε, ρl. H[S(

ξ − (ul + ε)

ε
)), ξ > ul + ε. �������

6LQFH WKH ILUVW FKDUDFWHULVWLFV ILHOG LV OLQHDUO\ GHJHQHUDWH� WKH �VW�6KRFN FXUYH DQG WKH

�VW�5DUHIDFWLRQ FXUYH ZLOO FRLQFLGH� L�H�� R1(ξ) = S1(ξ)�

$GPLVVLEOH ��VKRFN FXUYH� $GPLVVLEOH ��VKRFN FXUYH SDVVLQJ WKURXJK (ul, ρl) LV JLYHQ

E\�

ρ(u) =
ρl(

u−ul
2 + ε)

ε− u−ul
2

, u < ul, ul − u ≤ 2ε.

1RZ� D EULHI GHVFULSWLRQ RI WKH FRQFHSW RI 6KDGRZ ZDYHV LV JLYHQ EHORZ� 6KDGRZ ZDYHV

DUH FRQVWUXFWHG DV IDPLOLHV RI IXQFWLRQV WKDW DSSUR[LPDWH GHOWD VKRFN ZDYHV �RU� LQ IDFW DQ\

W\SHV RI VLQJXODU VKRFNV� LQ D VPDOO QHLJKERUKRRG RI WKH VKRFN ORFDWLRQ� 2XWVLGH WKDW VPDOO

QHLJKERUKRRG� WKH\ DUH FODVVLFDO VROXWLRQV RI WKH V\VWHP�

'HILQLWLRQ ������ /HW f ∈ C(Ω : Rn) DQG U : R2
+ → Ω ⊂ Rn EH D SLHFHZLVH FRQVWDQW

IXQFWLRQ JLYHQ E\

Uη(x, t) = (uη, ρη)(x, t) =






(ul, ρl), LI x < (c− aη)t

(uη1, ρ
η
1), LI (c− aη)t < x < ct

(uη2, ρ
η
2), LI ct < x < (c+ bη)t

(ur, ρr), LI x > (c+ bη)t.

��



� /LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV

,I (Uη)t + (f(Uη)x → 0 LQ WKH VHQVH RI GLVWULEXWLRQ� WKHQ Uη LV FDOOHG D 6KDGRZ :DYH

VROXWLRQ WR WKH FRQVHUYDWLRQ ODZV

Ut + f(U)x = 0

7KH PDLQ UHVXOW RI WKLV VHFWLRQ LV WKH IROORZLQJ�

7KHRUHP ������ 7KH VROXWLRQV (uε, ρε) RI WKH V\VWHP ������� ZLWK 5LHPDQQ W\SH LQLWLDO GDWD

������� DUH JLYHQ EHORZ FDVH E\ FDVH�

)RU ul < ur�

(uε, ρε)(x, t) =






(ul, ρl) LI x < ult

(ul, ρr. H[S( (ul−ur)
ε )) LI ult < x < (ul + ε)t

(x/t− ε, ρr. H[S(x/t−(ur+ε)
ε )) LI (ul + ε)t < x < (ur + ε)t

(ur, ρr) LI x > (ur + ε)t.
�������

)RU ul = ur� WKH VROXWLRQ LV JLYHQ E\

(uε, ρε)(x, t) =






(ul, ρl) LI x < ult
(ul, ρr) LI ult < x < (ul + ε)t
(ul, ρr) LI x > (ul + ε)t.

�������

,I ul > ur DQG ul − ur ≤ 2ε� WKHQ WKH VROXWLRQ LV JLYHQ E\�

(uε, ρε)(x, t) =






(ul, ρl) LI x < ult
(ul, ρ*) LI ult < x < (ul+ur

2 + ε)t
(ur, ρr) LI x > (ul+ur

2 + ε)t.
�������

ZKHUH

ρ* = ρr
ul−ur

2 + ε
ur−ul

2 + ε
.

,I ul > ur DQG ul−ur > 2ε� WKHQ WKH V\VWHP DGPLWV VKDGRZ ZDYH VROXWLRQ (uη,ε, ρη,ε)η>0�

7KH SRLQWZLVH OLPLW RI uη,ε LV uε DQG WKH GLVWULEXWLRQDO OLPLW RI ρη,ε LV ρε DQG DUH JLYHQ DV

IROORZV�

uε(x, t) =






ul LI x < (ul+ur

2 + ε)t
ul+ur

2 + ε, LI x = (ul+ur

2 + ε)t.

(ur, ρr) LI x > (ul+ur

2 + ε)t,

�������

��



� /LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV

ρε =






ρl LI x < (ul+ur

2 + ε)t( (ul−ur)(ρl+ρr)
2 + ε(ρr − ρl)

)
tδ

x=(
ul+ur

2 +ε)t
, LI x = (ul+ur

2 + ε)t.

ρr LI x > (ul+ur

2 + ε)t.

�������

)XUWKHU (uε, ρε) VDWLVILHV WKH HTXDWLRQ ������� ZLWK LQLWLDO GDWD ������� LQ WKH VHQVH RI WKH

GHILQLWLRQ ��������

3URRI� &DVH �� ul < ur� 7KH VWDWH (ul, ρl) FDQ EH MRLQHG WR (ul, ρ∗ε) E\ ��VKRFN FXUYH DQG

(ul, ρ∗ε) FDQ EH MRLQHG WR (ur, ur) E\ ��UDUHIDFWLRQ FXUYH� 7KHQ E\ �������� (ul, ρ∗ε)ZLOO VDWLVI\

WKH IROORZLQJ HTXDWLRQV�

ur = ξ − ε, ρr = ρ∗ε . H[S(
ξ − (ul + ε)

ε
).

:KLFK \LHOGV

ξ = ur + ε, ρ∗ε = ρr. H[S(
(ul − ur)

ε
).

6R WKH VROXWLRQ IRU WKH SHUWXUEHG SUREOHP LV JLYHQ E\�

(uε, ρε)(x, t) =






(ul, ρl) LI x < λ1(ul, ρl)t
(ul, ρ∗ε) LI λ1(ul, ρl)t < x < λ2(ul, ρ∗ε)t
R2(ξ)(ul, ρ∗ε) LI λ2(ul, ρ∗ε) < x < λ2(ur, ρr)t
(ur, ρr) LI x > λ2(ur, ρr)t.

��������

ZKHUH λ2(R2(ξ)(ul, ρl) = x/t� L�H� ξ = x/t� 8VLQJ HTXDWLRQ ������� DQG SXWWLQJ WKH

YDOXHV RI λ1 DQG λ2 \LHOGV ��������

&DVH �� ul = ur� 7KH VWDWH (ul, ρl) LV FRQQHFWHG WR (ul, ρr) E\ ��VKRFN DQG (ul, ρr) WR

(ul, ρr) E\ ��VKRFN�

(uε, ρε)(x, t) =






(ul, ρl) LI x < ult
(ul, ρr) LI ult < x < (ul + ε)t
(ul, ρr) LI x > (ul + ε)t.

��������

&DVH �� ul > ur� ul − ur ≤ 2ε � ,Q WKLV FDVH (ul, ρl) FDQ EH FRQQHFWHG (ul, ρ∗) E\ ��VKRFN

DQG (ul, ρ∗) FDQ EH FRQQHFWHG WR (ur, ρr) E\ ��VKRFN DQG D VLPSOH FDOFXODWLRQ \LHOGV

ρ* = ρr
ul−ur

2 + ε
ur−ul

2 + ε
.

��



� /LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV

&DVH �� ul > ur� ul − ur > 2ε � ,Q WKLV FDVH /D[ PHWKRG FDQQRW EH XVHG� 7KLV VLWXDWLRQ

LV KDQGOHG E\ XVLQJ VKDGRZ ZDYH DSSURDFK� 8VH DQVDW]�

(uη, ρη)(x, t) =






(ul, ρl), LI x < (c− η)t

(u,
ρ

η
), LI (c− η)t < x < (c+ η)t

(ur, ρr), LI x > (c+ η)t.

:H ZDQW WR GHWHUPLQH c� u� DQG ρ VXFK WKDW WKH IROORZLQJ OLPLWV KROG LQ WKH VHQVH RI GLVWUL�

EXWLRQ� $V η → 0�




(uη)t +

((uη + ε)2

2

)

x
⇀ 0,

(ρη)t + (uηρη)x ⇀ 0.

7KDW LV� DV η → 0� 



〈 (uη)t +

((uη + ε)2

2

)

x
,ϕ〉 → 0,

〈 (ρη)t + (uηρη)x,ϕ〉 → 0.
��������

IRU DOO WHVW IXQFWLRQ ϕ ∈ C∞
c (R× (0,∞))� 1RZ ZH FDOFXODWH

〈
(uη)t +

((uη + ε)2

2

)

x
,ϕ
〉
= −(c− η)(u− ul)

∫ ∞

0

ϕ((c− η)t, t)dt

−(c+ η)(ur − u)

∫ ∞

0

ϕ((c+ η)t, t)dt

+
((u+ ε)2

2
− (ul + ε)2

2

)∫ ∞

0

ϕ((c− η)t, t)dt

+
((ur + ε)2

2
− (u+ ε)2

2

)∫ ∞

0

ϕ((c+ η)t, t)dt.

��������

6LQFH ϕ KDV FRPSDFW VXSSRUW� SDVVLQJ WR WKH OLPLW DV η WHQGV WR 0� DQG XVLQJ WKH ILUVW HTXDWLRQ

RI �������� DQG HTXDWLRQ ��������� ZH JHW

[
− c(ur − ul) +

(ur + ε)2

2
− (ul + ε)2

2

] ∫ ∞

0

ϕ(ct, t)dt = 0. ��������

%XW HTXDWLRQ �������� LV WUXH IRU DOO ϕ KDYLQJ FRPSDFW VXSSRUW LQ R× (0,∞)� 7KHUHIRUH

c =
ul + ur

2
+ ε.

��



� /LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV

1H[W�
〈
(ρη)t + (uηρη)x,ϕ

〉
= −(c− η)(

ρ

η
− ρl)

∫ ∞

0

ϕ((c− η)t, t)dt

−(c− η)(
ρ

η
− ρl)

∫ ∞

0

ϕ((c+ η)t, t)dt

+(
uρ

η
− ulρl)

∫ ∞

0

ϕ((c− η)t, t)dt

+(urρr −
uρ

η
)

∫ ∞

0

ϕ((c+ η)t, t)dt.

��������

7D\ORU H[SDQVLRQV RI WKH IXQFWLRQV ϕ((c− η)t, t) DQG ϕ((c+ η)t, t) DERXW (ct, t) DUH

ϕ((c− η)t, t) = ϕ(ct, t)− atϕx((ct, t) + η2/2

∫ t

0

ϕxx(ct− ηr, t)(t− r)2dr.

ϕ((c+ η)t, t) = ϕ(ct, t) + atϕx((ct, t) + η2/2

∫ t

0

ϕxx(ct+ ηr, t)(t− r)2dr.

8VLQJ WKH H[SDQVLRQV LQ ��������� ZH JHW
〈
(ρη)t + (uηρδ)x,ϕ

〉

=
[
− (c− η)(ρ/η − ρl)− (c+ η)(ρr − ρ/η)− ulρl + urρr

] ∫ ∞

0

ϕ(ct, t)dt

+ t
[
(c− η)(ρ− ρlη)− (uρ− ηulρl)− (c+ η)(ηρr − ρ) + (ηurρr − uρ)

]
×

∫ ∞

0

ϕx(ct, t)dt+O(η).

��������

3DVVLQJ WR WKH OLPLW DV η → 0 LQ WKH HTXDWLRQ �������� DQG FRPSDULQJ WKH FRHIILFLHQWV RI WKH

LQWHJUDOV DV DERYH� ZH JHW

u = c DQG ρ =
ulρl − urρr − c(ρl − ρr)

2
.

1RZ ������� DQG ������� IROORZV HDVLO\� (u, ρ) JLYHQ LQ ������� DQG ������� VDWLVILHV WKH LQWH�

JUDO IRUPXODWLRQ�������� LQ WKH GHILQLWLRQ������� LV H[DFWO\ VLPLODU WR WKH SURRI RI WKH 7KHR�

UHP������� DQG LV RPLWWHG� 7KLV FRPSOHWHV WKH SURRI�

5HPDUN ������ )URP WKH IRUPXOD IRU (uε, ρε) JLYHQ LQ WKH 7KHRUHP ������ RQH FDQ HDVLO\ YHU�

LI\ WKDW IRU WKH FDVH ul ≤ ur� WKH GLVWULEXWLRQDO OLPLW RI (uε, ρε) DV ε WHQGV WR ]HUR� FRQYHUJHV

��



� /LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV

WR

(u(x, t), ρ(x, t)) =






(ul, ρl) LI x < ult
(x/t, 0) LI ult < x < urt
(ur, ρr) LI x > urt

DQG IRU WKH FDVH ul > ur� WKH GLVWULEXWLRQDO OLPLW RI (uε, ρε) DV ε WHQGV WR ]HUR� FRQYHUJHV WR

(uε, ρε)(x, t) =






(ul, ρl) LI x < (ul+ur

2 )t

(ul+ur

2 , (ul−ur)(ρl+ρr)
2 δ

x=(
ul+ur

2 )t
) LI x = (ul+ur

2 )t

(ur, ρr) LI x > (ul+ur

2 )t

LQ WKH VHQVH RI GLVWULEXWLRQ� 7KLV LV WKH YDQLVKLQJ YLVFRVLW\ OLPLW IRU WKH ODUJH VFDOH VWUXFWXUH

IRUPDWLRQ RI WKH XQLYHUVH� VHH >��� ��@� 7KLV OLPLW VDWLVILHV WKH HTXDWLRQ ������� LV DOUHDG\

SURYHG LQ 7KHRUHP��������

��



&KDSWHU �

/LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU
HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ
��� ,QWURGXFWLRQ�

*HQHUDO (XOHU HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ UHDG




ut + (

u2

2
+ f(ρ))x = 0,

ρt + (uρ+ g(ρ))x = 0.
�������

:H WDNH WKH LQLWLDO FRQGLWLRQV

u(x, 0) = u0(x), ρ(x, 0) = ρ0(x) > 0. �������

)RU WKH DERYH V\VWHP� WKH DVVXPSWLRQV RQ f(ρ) DQG g(ρ) DUH WKH IROORZLQJ�

+�� f � g ∈ C3[0,∞) DQG f1 = f ′

ρ ∈ C2[0,∞)� g1 = g′

ρ ∈ C2[0,∞)�

+�� f1 ≥ d DQG 2f ′
1 + g′1(r1 + g1) ≥ 0� 2f ′

1 + g′1(r1 − g1) ≥ 0� ZKHUH d LV D IL[HG SRVLWLYH

FRQVWDQW DQG r1 =
√

g21 + 4f1�

8QGHU WKHVH DVVXPSWLRQV +��+�� WKH V\VWHP ������� LV VWULFWO\ K\SHUEROLF DQG JHQXLQHO\

QRQOLQHDU LQ ERWK RI LWV FKDUDFWHULVWLF ILHOGV>��@� +HUH ZH DUH LQWHUHVWHG LQ WKH V\VWHP �������

ZLWK WKH IROORZLQJ FRQGLWLRQV RQ f DQG g�

$�� f ∈ C2(0,∞)� f ′ > 0 DQG f ′′ > 0�

$�� g ∈ C1(0,∞) DQG g LV DQ\ OLQHDU GHFUHDVLQJ IXQFWLRQ�

��



� /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ

,W FDQ EH HDVLO\ REVHUYHG WKDW RXU DVVXPSWLRQV RQ f DQG g DUH FRPSDWLEOH ZLWK +� DQG +��

6LQFH RXU g LV DQ\ OLQHDU GHFUHDVLQJ IXQFWLRQ� LW LV HQRXJK WR ZRUN ZLWK g(ρ) = −ρ� 6R WKH

V\VWHP ������� FDQ EH H[SUHVVHG DV�




ut + (

u2

2
+ f(ρ))x = 0,

ρt + (uρ− ρ)x = 0.
�������

,I f(ρ) = ρ2

2 � ZH JHW WKH IROORZLQJ %ULR V\VWHP�




ut + (

u2 + ρ2

2
)x = 0,

ρt + (ρ(u− 1))x = 0.
�������

7KHUHIRUH WKH V\VWHP ������� FDQ EH UHJDUGHG DV D JHQHUDOL]DWLRQ RI WKH SK\VLFDOO\ VLJQLILFDQW

V\VWHP NQRZQ DV %ULR V\VWHP �������� 7KH %ULR V\VWHP ������� ZDV ILUVW GHULYHG E\ 0� %ULR

>��@ DQG PDLQO\ DULVHV DV D VLPSOLILHG PRGHO LQ LGHDO PDJQHWRK\GURG\QDPLFV�0+'�� 7KH

VWXG\ RI 0+' LV EDVHG RQ WKH LGHD WKDW WKH FXUUHQWV LQ WKH PDJQHWLF ILHOGV DUH LQKHUHQW IURP

PRYLQJ HOHFWULFDOO\ FRQGXFWLQJ IOXLGV� ,Q WKLV V\VWHP (u, ρ) UHSUHVHQWV WKH YHORFLW\ RI WKH

IOXLG ZKRVH G\QDPLFV LV GHWHUPLQHG E\ PDJQHWRK\GURG\QDPLFV IRUFHV� ,Q >��@� HTXDWLRQ

������� ZDV FRPSDUHG ZLWK D V\VWHP ZKRVH ILUVW HTXDWLRQ DYRLGV WKH QRQOLQHDU WHUP 1
2ρ

2�

VXFK DV 



ut + (

u2

2
)x = 0,

ρt + (ρ(u− 1))x = 0.
�������

,W ZDV VKRZQ LQ >��@ WKDW WKH VROXWLRQ IRU WKH 5LHPDQQ SUREOHP RI WKH V\VWHP ������� FRQ�

WDLQV δ� VKRFN ZDYHV� ,Q >��@� δ�VKRFN ZDYHV DUH REVHUYHG LQ WKH VROXWLRQ RI ������� E\ D

FRPSOH[�YDOXHG JHQHUDOL]DWLRQ RI ZHDN DV\PSWRWLF PHWKRG >��� ��@ DQG LQ >��@ VLPLODU UH�

VXOW LV REWDLQHG YLD D GLVWULEXWLRQDO SURGXFW� $OWKRXJK XQLTXHQHVV ZDV DQ XQUHVROYHG LVVXH

IRU ERWK RI WKHP� 5HFHQWO\ WKH TXHVWLRQ RI XQLTXHQHVV LV DOVR VHWWOHG LQ >��@ E\ LQWURGXFLQJ

VRPH QRQOLQHDU FKDQJH RI YDULDEOH LQ WKH IOX[ IXQFWLRQ RI WKH ILUVW HTXDWLRQ RI ��������

,Q WKLV FKDSWHU� ZH DUH LQWHUHVWHG LQ WKH OLPLWLQJ EHKDYLRU RI WKH VROXWLRQV IRU WKH VFDOHG YHU�

VLRQ RI ������� DV WKH VFDOLQJ SDUDPHWHU DSSURDFKHV ]HUR� 7KH VFDOHG YHUVLRQ RI WKH V\VWHP

��



� /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ

������� FDQ EH ZULWWHQ DV 



ut + (

u2

2
+ εf(ρ))x = 0,

ρt + (uρ− ερ)x = 0,
�������

ZKHUH ε > 0 LV LQWURGXFHG DV D VFDOLQJ SDUDPHWHU� 5HFHQWO\ >��@ GHDOV ZLWK WKH V\VWHP




ut + (

u2

2
+ εf(ρ))x = 0,

ρt + (ρu)x = 0.
�������

2QH FDQ VHH WKDW WKH V\VWHP ������� FDQ EH REWDLQHG E\ WDNLQJ g(ρ) = 0 DQG LQWURGXFLQJ WKH

VFDOLQJ SDUDPHWHU ε LQ WKH V\VWHP �������� ,W FDQ EH UHDGLO\ VHHQ WKDW DV ε→ 0� IRUPDOO\ WKH

DERYH V\VWHPV ������� DQG ������� EHFRPHV




ut + (

u2

2
)x = 0, x ∈ R, t > 0

ρt + (ρu)x = 0, x ∈ R.
�������

,Q >��@� LW LV VKRZQ WKDW WKH VROXWLRQ RI WKH V\VWHP ������� FRQYHUJHV WR WKH VROXWLRQ RI �������

LQ WKH VHQVH RI GLVWULEXWLRQ� $V D FRQWLQXDWLRQ RI >��@� KHUH RXU JRDO LV WR REWDLQ WKH VROXWLRQ

RI ������� DV D GLVWULEXWLRQDO OLPLW RI WKH VROXWLRQ RI ��������

7KH DERYH HTXDWLRQ������� LV D RQH�GLPHQVLRQDO PRGHO IRU WKH ODUJH�VFDOH VWUXFWXUH IRUPD�

WLRQ RI WKH XQLYHUVH >��@� 7KLV LV DQ H[DPSOH RI D QRQ�VWULFWO\ K\SHUEROLF V\VWHP� ZKLFK ZDV

VWXGLHG E\ PDQ\ DXWKRUV >��� ��� ��� ��� ��� ��@� VWDUWHG ZLWK WKH ZRUN RI .RUFKLQVNL >�@�

:H VWXG\ WKH H[LVWHQFH RI VROXWLRQ IRU WKH HTXDWLRQ ������� IRU 5LHPDQQ W\SH LQLWLDO GDWD�

QDPHO\�

(
u0(x)
ρ0(x)

)
=






(
ul

ρl

)
, LI x < 0

(
ur

ρr

)
, LI x > 0.

�������

1RWH WKDW IRU ε > 0� WKH V\VWHP ������� LV VWULFWO\ K\SHUEROLF DQG ERWK WKH FKDUDFWHULVWLFV

ILHOGV DUH JHQXLQHO\ QRQOLQHDU �VHH VHFWLRQ 2�� )RU D VWULFWO\ K\SHUEROLF V\VWHP ZKRVH FKDU�

DFWHULVWLFV ILHOGV DUH HLWKHU JHQXLQHO\ QRQOLQHDU RU OLQHDUO\ GHJHQHUDWH� WKH /D[ WKHRU\>�� ���

��@ FDQ EH DSSOLHG WR VKRZ WKH H[LVWHQFH RI D VROXWLRQ IRU FORVH�E\ 5LHPDQQ W\SH LQLWLDO

��



� /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ

GDWD� L�H�� WKH 5LHPDQQ W\SH LQLWLDO GDWD KDV VPDOO WRWDO YDULDWLRQ� %XW IRU RXU V\VWHP�������

ZLWK D VPDOO HSVLORQ ZKLFK PD\ GHSHQG XSRQ WKH LQLWLDO GDWD� ZH VKRZ WKDW WKH H[LVWHQFH

RI D VROXWLRQ IRU DQ\ W\SH RI 5LHPDQQ LQLWLDO GDWD� 6XPPDUL]LQJ WKH DERYH SDUDJUDSKV� WKH

PDLQ UHVXOW FDQ EH VWDWHG DV IROORZV�

7KHRUHP ������ 7KH DGPLVVLEOH VROXWLRQ RI WKH V\VWHP ������� ZLWK 5LHPDQQ W\SH LQLWLDO

GDWD ������� FRQYHUJHV WR WKH VROXWLRQ �VROXWLRQ LQ WKH VHQVH RI GHILQLWLRQ �������� RI WKH QRQ

VWULFWO\ K\SHUEROLF PRGHO ������� LQ WKH VHQVH RI GLVWULEXWLRQ ZKHQ WKH SDUDPHWHU ε JRHV WR

]HUR�

:HSURSRVH D GLIIHUHQW UHJXODUL]DWLRQ IRU WKH V\VWHP ������� E\ LQWURGXFLQJ WKH SDUDPHWHU

ε LQ WKH IOX[ IXQFWLRQ RI �������� ,QWURGXFWLRQ RI WKH VFDOLQJ SDUDPHWHU ε > 0 LV PRWLYDWHG

DV IROORZV� 7KH IOX[ (u
2

2 + εf(ρ), ρu − ερ) LQ ������� FRPSDUHG WR WKH IOX[ (u
2

2 , ρu) LQ

V\VWHP ������� JLYHV D PRUH UHJXODUL]HG HIIHFW� %HVLGHV WKLV LQ SUHVHQFH RI ε > 0 WKHUH LV

QR FRQFHQWUDWLRQ RI PDVV LQ WKH VROXWLRQ� KRZHYHU LQ WKH DEVHQFH RI ε� WKH V\VWHP �������

EHFRPHV ������� DQG FRQFHQWUDWLRQ RI PDVV FDQ RFFXU LQ WKH VROXWLRQ�

,Q WKLV FKDSWHU ILUVW� ZH ILQG WKH VROXWLRQ IRU WKH V\VWHP������� IRU DQ\ 5LHPDQQ W\SH

LQLWLDO GDWD IRU VPDOO ε DQG WKH VROXWLRQ LV D FRPELQDWLRQ RI VKRFN DQG UDUHIDFWLRQ ZDYHV�

7KHQZH VWXG\ WKH OLPLWLQJ EHKDYLRU RI WKHVH VROXWLRQV DV WKH SDUDPHWHU ε DSSURDFKHV WR ]HUR�

:H VKRZ WKDW WKH OLPLW LV D VROXWLRQ IRU ������� ZKLFK LV DOVR WKH YDQLVKLQJ YLVFRVLW\ OLPLW

>��@� 7KLV W\SH RI VLQJXODU IOX[ IXQFWLRQ OLPLW DSSURDFK LV YHU\ XVHIXO IRU FHUWDLQ V\VWHPV

DQG FDQ EH YLHZHG DV DQ DOWHUQDWLYH DSSURDFK RI YDQLVKLQJ YLVFRVLW\ WR FRQVWUXFW VROXWLRQ

�ZKLFK PD\ EH VLQJXODU LQ QDWXUH� IRU QRQ�VWULFWO\ K\SHUEROLF V\VWHPV� ,Q WKLV UHJDUG� ZH

UHIHU >��@ IRU WKH /H5RX[ V\VWHP DQG >��� ��� ��� ��� ��@ IRU LVHQWURSLF DQG QRQ LVHQWURSLF

V\VWHPV RI JDV G\QDPLFV� 2Q D VOLJKWO\ GLIIHUHQW QRWH� RQH FDQ VHH >��@ ZKHUH 5LHPDQQ

VROXWLRQ IRU ������� LV REWDLQHG YLD D OLQHDU DSSUR[LPDWLRQ RI IOX[ IXQFWLRQ�

7KLV FKDSWHU LV RUJDQL]HG DV IROORZV� ,Q VHFWLRQ 2� VKRFN DQG UDUHIDFWLRQ FXUYHV DUH GHVFULEHG

��



� /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ

IRU WKH V\VWHP�������� ,Q VHFWLRQ 3� VKRFN�ZDYH VROXWLRQ LV FRQVWUXFWHG IRU ����������������

ZKHQ ul > ur DQG WKH GLVWULEXWLRQDO OLPLW LV REWDLQHG ZKHQ WKH SDUDPHWHU ε DSSURDFKHV

WR ]HUR DQG LW LV VKRZQ WKDW OLPLW VDWLVILHV ������� LQ WKH VHQVH RI WKH GHILQLWLRQ�������� ,Q

VHFWLRQ 4� DQ HQWURS\�HQWURS\ IOX[ SDLU LV IRXQG IRU ������� ZKLFK VDWLVILHV HQWURS\ FRQGLWLRQ

IRU VPDOO ε� ,Q VHFWLRQ 5� WKH VROXWLRQ IRU WKH FDVH ul ≤ ur LV REWDLQHG DV D FRPELQDWLRQ RI

RWKHU HOHPHQWDU\ ZDYHV� /DVWO\ LQ VHFWLRQ 6� ZH GLVFXVV WKH FDVH ZKHQ f(ρ) = ρ2

2 DQG

g(ρ) = −ρ2� )XUWKHU SRVVLELOLWLHV DUH DOVR GLVFXVVHG IRU JHQHUDO f DQG g�

��� 7KH 5LHPDQQ SUREOHP�

7KH FR�HIILFLHQW PDWUL[ A(u, ρ) RI WKH HTXDWLRQ ������� LV JLYHQ E\

A(u, ρ) =

(
u εf ′(ρ)
ρ u− ε

)
.

(LJHQYDOXHV IRU WKLV FR�HIILFLHQWPDWUL[ DUH WKH IROORZLQJ� λ1(u, ρ) = u− ε
2−

1
2

√
4ερf ′(ρ) + ε2

DQG λ2(u, ρ) = u− ε
2 +

1
2

√
4ερf ′(ρ) + ε2 DQG WKH HLJHQYHFWRUV FRUUHVSRQGLQJ WR λ1 DQG λ2

DUH X1 = (
ε
2−

1
2

√
4ερf ′(ρ)+ε2

ρ , 1) DQG X2 = (
ε
2+

1
2

√
4ερf ′(ρ)+ε2

ρ , 1) UHVSHFWLYHO\� 1RZ FRQVLGHU�

∇λ1.X1 =
ε
2 −

1
2

√
4ερf ′(ρ) + ε2

ρ
− ε(ρf ′′(ρ) + f ′(ρ))√

4ερf ′(ρ) + ε2

$V f(ρ) DQG f ′(ρ) DUH LQFUHDVLQJ� ZH KDYH ∇λ1.X1 < 0� $ VLPLODU FDOFXODWLRQ VKRZV WKDW

∇λ2.X2 > 0. 6R HDFK FKDUDFWHULVWLF ILHOG LV JHQXLQHO\ QRQOLQHDU IRU SUREOHP ��������

6KRFN FXUYHV� 7KH VKRFN FXUYHV s1�s2 WKURXJK (ul, ρl) DQG (ur, ρr) DUH GHULYHG IURP WKH

5DQNLQH�+XJRQLRW FRQGLWLRQV

λ(ul − ur) =(
1

2
u2
l + εf(ρl))− (

1

2
u2
r + εf(ρr)),

λ(ρl − ρr) =(ρlul − ε)− (ρrur − ε).

�������

(OLPLQDWLQJ λ IURP ������� DQG VLPSOLI\LQJ IXUWKHU� RQH FDQ JHW WKH IROORZLQJ TXDGUDWLF

HTXDWLRQ

(ul − ur)
2 +

(2ε(ρr − ρl)

ρl + ρr

)
(ul − ur)− 2ε

(ρl − ρr)(f(ρl)− f(ρr))

ρl + ρr
= 0 �������

��



� /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ

6ROYLQJ WKH DERYH HTXDWLRQ �������� WKH DGPLVVLEOH SDUW RI WKH VKRFN FXUYHV SDVVLQJ WKURXJK

(ul, ρl) DUH FRPSXWHG DV

s1 =
{
(u, ρ) : (u−ul) =

ρ− ρl
ρ+ ρl

[
ε−

√

ε2 +
2ε(ρ+ ρl)(f(ρ)− f(ρl))

(ρ− ρl)

]
, ρ > ρl; u < ul

}
,

s2 =
{
(u, ρ) : (u−ul) =

ρ− ρl
ρ+ ρl

[
ε+

√

ε2 +
2ε(ρ+ ρl)(f(ρ)− f(ρl))

(ρ− ρl)

]
, ρ < ρl; u < ul

}
.

5DUHIDFWLRQ FXUYHV� 7KH 5DUHIDFWLRQ FXUYHV R1� R2 SDVVLQJ WKURXJK (ul, ρl) DUH WKH IRO�

ORZLQJ �

�� 5DUHIDFWLRQ FXUYH� 7KH ILUVW 5DUHIDFWLRQ FXUYH SDVVLQJ WKURXJK (ul, ρl) LV GHULYHG E\

VROYLQJ
du

dρ
=
ε−

√
4ερf ′(ρ) + ε2

2ρ
, u(ρl) = ul;

R1 =
{
(u, ρ) : u− ul =

∫ ρ

ρl

ε−
√

4εξf ′(ξ) + ε2

2ξ
, ρ < ρl

}
.

�� 5DUHIDFWLRQ FXUYH� 7KH VHFRQG 5DUHIDFWLRQ FXUYH R2 SDVVLQJ WKURXJK (ul, ρl) LV GH�

ULYHG E\ VROYLQJ
du

dρ
=
ε+

√
4ερf ′(ρ) + ε2

2ρ
, u(ρl) = ul;

R2 =
{
(u, ρ) : u− ul =

∫ ρ

ρl

ε+
√

4εξf ′(ξ) + ε2

2ξ
, ρ > ρl

}
.

7R VROYH WKH HTXDWLRQ ������� ZLWK �������� WKUHH FDVHV DUH UHTXLUHG WR EH FRQVLGHUHG� WKDW

LV �,� ul > ur� �,,� ul = ur DQG �,,,� ul < ur� ,Q FDVH �,� IRU VXIILFLHQWO\ VPDOO ε(> 0)� ZH

KDYH VROXWLRQV DV D FRPELQDWLRQ RI WZR VKRFN ZDYHV� )RU FDVH �,,� VROXWLRQV DUH JLYHQ DV

WKH FRPELQDWLRQ RI ��UDUHIDFWLRQ DQG ��VKRFN FXUYHV RU ��VKRFN DQG ��UDUHIDFWLRQ FXUYHV

GHSHQGLQJ XSRQ ρl > ρr RU ρl < ρr UHVSHFWLYHO\� )LQDOO\� LQ FDVH �,,,� IRU VXIILFLHQWO\ VPDOO

ε(> 0)� WKH VROXWLRQ FRQVLVWV RI WZR UDUHIDFWLRQ ZDYHV DQG D YDFXXP VWDWH� :H REWDLQ WKH

OLPLW IRU WKH VROXWLRQV LQ HDFK FDVH DQG LW H[DFWO\ PDWFKHV ZLWK WKH YDQLVKLQJ YLVFRVLW\ OLPLW

IRXQG LQ >��@ ZKLFK VDWLVILHV WKH HTXDWLRQ LQ WKH VHQVH RI GHILQLWLRQ��������

��



� /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ

��� )RUPDWLRQ RI FRQFHQWUDWLRQ IRU ul > ur�

,Q WKLV VHFWLRQ WKH OLPLWLQJ EHKDYLRU IRU WKH VROXWLRQ RI WKH HTXDWLRQV ��������������� IRU

ul > ur DV ε WHQGV WR ]HUR KDV EHHQ VWXGLHG� :H ILQG VROXWLRQ IRU WKH V\VWHP ������� VDWLVI\LQJ

/D[� HQWURS\ FRQGLWLRQ IRU WKH FDVH ul > ur� 7KH ILUVW VWHS WRZDUGV WKLV LV WR VKRZ WKH

H[LVWHQFH RI WKH LQWHUPHGLDWH VWDWH� 1RWH WKDW ρl DQG ρr DUH WDNHQ SRVLWLYH WKURXJKRXW WKLV

VHFWLRQ�

7KHRUHP ������ �([LVWHQFH RI DQ LQWHUPHGLDWH VWDWH��

,I ul > ur� WKHUH H[LVWV DQ η > 0 VXFK WKDW IRU DQ\ ε < η� ZH KDYH D XQLTXH LQWHUPHGLDWH

VWDWH (u∗
ε , ρ

∗
ε) ZKLFK FRQQHFWV (ul, ρl) WR (u∗

ε , ρ
∗
ε) E\ ��VKRFN DQG (u∗

ε , ρ
∗
ε) WR (ur, ρr) E\ ��

VKRFN ZKLFK VDWLVILHV /D[�HQWURS\ FRQGLWLRQ�

3URRI� 7KH DGPLVVLEOH ��VKRFN FXUYH SDVVLQJ WKURXJK (ū, ρ̄) VDWLVILHV WKH IROORZLQJ�

(u− ū)s1 =
1

2
(u2 − ū2) + ε(f(ρ)− f(ρ̄)),

(ρ− ρ̄)s1 =(ρu− ρ̄ū) + ε(ρ̄− ρ),

�������

DQG VDWLVILHV WKH /D[ HQWURS\ LQHTXDOLW\

s1 < λ1(ū, ρ̄), λ1(u, ρ) < s1 < λ2(u, ρ). �������

(OLPLQDWLQJ s1 IURP ������� DQG VLPSOLI\LQJ DV LQ 6HFWLRQ 2� ZH KDYH

(u− ū) =
ρ− ρ̄

ρ+ ρ̄

[
ε−

√

ε2 +
2ε(ρ+ ρ̄)(f(ρ)− f(ρ̄))

(ρ− ρ̄)

]
. �������

:H VKRZ WKDW IRU D JLYHQ u < ū� WKHUH H[LVWV D XQLTXH ρ > ρ̄ VXFK WKDW HTXDWLRQ �������

KROGV� )RU WKDW OHW XV GHILQH D IXQFWLRQ

F (ρ) =
ρ− ρ̄

ρ+ ρ̄

[
ε−

√

ε2 +
2ε(ρ+ ρ̄)(f(ρ)− f(ρ̄))

(ρ− ρ̄)

]

=
1− ρ̄

ρ

1 + ρ̄
ρ

[
ε−

√√√√ε2 +
2ε(ρ+ ρ̄)(f(ρ)ρ − f(ρ̄)

ρ )

(1− ρ̄
ρ)

]
�������

��



� /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ

$V OLP
ρ→∞

f(ρ)

ρ
= OLP

ρ→∞
f ′(ρ) ≤ ∞� ZH KDYH OLP

ρ→∞
F (ρ) = −∞� 6LQFH F (ρ̄) = 0� ZH KDYH

F ([ρ̄,∞)) = (−∞, 0]� +HQFH WKH HTXDWLRQ������� LV VROYDEOH IRU DQ\ JLYHQ u ∈ (−∞, ū]�

7R SURYH WKH XQLTXHQHVV RI ρ LQ WKH LQWHUYDO [ρ̄,∞)� REVHUYH WKDW F (ρ) VDWLVILHV WKH IROORZLQJ

HTXDWLRQ�

F (ρ)2 − 2ε(ρ− ρ̄)

(ρ+ ρ̄)
F (ρ)− 2ε(ρ− ρ̄)(f(ρ)− f(ρ̄))

(ρ+ ρ̄)
= 0.

'LIIHUHQWLDWLQJ WKH DERYH HTXDWLRQ� ZH KDYH

F ′(ρ)
[
F (ρ)− ε(ρ− ρ̄)

(ρ+ ρ̄)

]
=

2ερ̄(f(ρ) + f(ρ̄)) + ε(ρ2 − ρ̄2)f ′(ρ) + 2ερ̄F (ρ)

(ρ+ ρ̄)2
�������

6LQFH F (ρ)− ε(ρ−ρ̄)
(ρ+ρ̄) < 0 DQG 2ερ̄(f(ρ) + f(ρ̄)) + ε(ρ2 − ρ̄2)f ′(ρ) + 2ερ̄F (ρ) > 0� IURP WKH

DERYH HTXDWLRQ ZH FRQFOXGH WKDW F (ρ) LV GHFUHDVLQJ LQ [ρ̄,∞)� 7KLV VKRZV WKH XQLTXHQHVV

RI ρ� 7KH FRQGLWLRQV ������� DQG ������� KROG LI DQG RQO\ LI u < ū DQG ρ > ρ̄� ,Q IDFW� s1

VDWLVILHV ������� LI

ρu− ρ̄ū

ρ− ρ̄
− ε < ū− ε

2
− 1

2

√
4ερ̄f ′(ρ̄) + ε2 ,

u− ε

2
− 1

2

√
4ερf ′(ρ) + ε2 <

ρu− ρ̄ū

ρ− ρ̄
− ε < u− ε

2
+

1

2

√
4ερf ′(ρ) + ε2. �������

1RZ IURP WKH ILUVW LQHTXDOLW\ RI ������� RQH FDQ JHW�

ρ(u− ū)

(ρ− ρ̄)
− ε

2
< −1

2

√
4ερ̄f ′(ρ̄) + ε2.

8VLQJ WKH HTXDWLRQ ������� WKH DERYH LQHTXDOLW\ FDQ EH UHSKUDVHG DV

ρ

ρ+ ρ̄

[
ε−

√

ε2 +
2ε(ρ+ ρ̄)(f(ρ)− f(ρ̄))

(ρ− ρ̄)

]
− ε

2
< −1

2

√
4ερ̄f ′(ρ̄) + ε2. �������

7R SURYH WKH DERYH LQHTXDOLW\ �������� ZH FRQVLGHU

G(ρ) =
ρ

ρ+ ρ̄

[
ε−

√

ε2 +
2ε(ρ+ ρ̄)(f(ρ)− f(ρ̄))

(ρ− ρ̄)

]
− ε

2
. �������

1RZ ZH FODLP WKDW WKH DERYH IXQFWLRQ G(ρ) LV GHFUHDVLQJ� $VVXPLQJ WKDW WKH FODLP LV WUXH�

OHW XV FRPSOHWH WKH SURRI RI WKH LQHTXDOLW\ �������� 6LQFH G(ρ) LV GHFUHDVLQJ DQG ρ > ρ̄�

��



� /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ

ZH KDYH G(ρ) < G(ρ̄)� 1RWH WKDW� HPSOR\LQJ PHDQ YDOXH WKHRUHP RQ f(ρ)� ������� FDQ EH

ZULWWHQ DV

G(ρ) =
ρ

ρ+ ρ̄

[
ε−

√
ε2 + 2ε(ρ+ ρ̄)f ′(ξρ)

]
− ε

2
, ξρ ∈ [ρ̄, ρ].

7KHUHIRUH�

G(ρ̄) = −1

2

√
ε2 + 4ερ̄f ′(ξρ̄)

$V G(ρ) LV GHFUHDVLQJ DQG ρ > ρ̄� ZH KDYH

G(ρ) < −1

2

√
ε2 + 4ερ̄f ′(ξρ̄)

6R LW LV HQRXJK WR VKRZ WKDW

−1

2

√
ε2 + 4ερ̄f ′(ξρ̄) < −1

2

√
ε2 + 4ερ̄f ′(ρ̄)

7KLV LV HYLGHQW VLQFH f ′(ρ) LV LQFUHDVLQJ� 1RZ ZH VKRZ WKDW G(ρ) LV D GHFUHDVLQJ IXQFWLRQ�

'LIIHUHQWLDWLQJ ������� RQH FDQ JHW

G′(ρ) =
−ερ d

dρ

[
(ρ+ρ̄)(f(ρ)−f(ρ̄))

(ρ−ρ̄)

]

(ρ+ ρ̄)
√
ε2 + 2ε(ρ+ρ̄)(f(ρ)−f(ρ̄))

(ρ−ρ̄)

+
ρ̄
[
ε−

√
ε2 + 2ε(ρ+ρ̄)(f(ρ)−f(ρ̄))

(ρ−ρ̄)

]

(ρ+ ρ̄)2
. �������

1RZ OHW XV DQDO\]H WKH QXPHUDWRU RI WKH ILUVW WHUP RI �������� &RQVLGHU�

d

dρ

[(ρ+ ρ̄)(f(ρ)− f(ρ̄))

(ρ− ρ̄)

]

=
(ρ2 − ρ̄2)f ′(ρ)− 2ρ̄(f(ρ)− f(ρ̄))

(ρ− ρ̄)2
.

��������

6LQFH f ′(ρ) LV LQFUHDVLQJ� D XVH RI PHDQ YDOXH WKHRUHP RQ f(ρ) LQ WKH LQWHUYDO [ρ̄, ρ] VKRZV

WKDW (ρ2 − ρ̄2)f ′(ρ) − 2ρ̄(f(ρ) − f(ρ̄)) > 0� 6R IURP ������� ZH FRQFOXGH WKDW G′(ρ) < 0�

L�H� G(ρ) LV GHFUHDVLQJ� 7KLV SURYHV RXU FODLP�

1RZ WKH VHFRQG LQHTXDOLW\ RI ������� FDQ EH UHZULWWHQ DV

ρ̄(u− ū)

(ρ− ρ̄)
− ε

2
<

1

2

√
ε2 + 4ερf ′(ρ),

ρ̄(u− ū)

(ρ− ρ̄)
− ε

2
> −1

2

√
ε2 + 4ερf ′(ρ).

��������

��



� /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ

$V ρ > ρ̄� u < ū� WKH ILUVW LQHTXDOLW\ RI �������� LV HYLGHQW� $JDLQ XVLQJ WKH HTXDWLRQ ��������

WKH VHFRQG LQHTXDOLW\ RI �������� FDQ EH ZULWWHQ DV

ρ̄

ρ+ ρ̄

[
ε−

√

ε2 +
2ε(ρ+ ρ̄)(f(ρ)− f(ρ̄))

(ρ− ρ̄)

]
− ε

2
> −1

2

√
ε2 + 4ερf ′(ρ).

7R SURYH WKH DERYH LQHTXDOLW\� ZH FRQVLGHU�

H(ρ̄) =
ρ̄

ρ+ ρ̄

[
ε−

√

ε2 +
2ε(ρ+ ρ̄)(f(ρ)− f(ρ̄))

(ρ− ρ̄)

]
− ε

2
. ��������

,Q D VLPLODU ZD\ DV DERYH ZH FDQ VKRZ WKDW H(ρ̄) LV D GHFUHDVLQJ IXQFWLRQ RI ρ̄ DQG VLQFH

ρ̄ < ρ� ZH KDYH H(ρ̄) > H(ρ)� 1RZ IROORZLQJ WKH VLPLODU VWHSV DV DERYH RQH JHWV WKH

VHFRQG LQHTXDOLW\ RI ��������� 1RWH WKDW WKH DERYH LQHTXDOLW\ LV LQGHSHQGHQW RI ε DQG KROGV

IRU DQ\ (u, ρ) DQG (ū, ρ̄) VDWLVI\LQJ WKH FRQGLWLRQ u < ū DQG ρ > ρ̄�

7KHUHIRUH� WKH EUDQFK RI WKH FXUYH VDWLVI\LQJ ������� DQG ������� FDQ EH SDUDPHWHUL]HG E\ D

C1 IXQFWLRQ ρ1 : (−∞, ū] → [ρ̄,∞) ZLWK WKH SDUDPHWHU u�

)URP WKH HTXDWLRQ �������� ρ1(u) VDWLVILHV

(u− ū) =
ρ1(u)− ρ̄

ρ1(u) + ρ̄

[
ε−

√

ε2 +
2ε(ρ1(u) + ρ̄)(f(ρ1(u))− f(ρ̄))

(ρ1(u)− ρ̄)

]
. ��������

'LIIHUHQWLDWLQJ WKH DERYH HTXDWLRQ �������� ZLWK UHVSHFW WR WKH SDUDPHWHU u� ZH KDYH

1 =
[ρ1(u)− ρ̄

ρ1(u) + ρ̄

−ε d
dρ

[
(ρ1(u)+ρ̄)(f(ρ1(u))−f(ρ̄))

(ρ1(u)−ρ̄)

]

√
ε2 + 2ε(ρ1(u)+ρ̄)(f(ρ1(u))−f(ρ̄))

(ρ1(u)−ρ̄)

+
2ρ̄

(ρ1(u) + ρ̄)2

(
ε−

√

ε2 +
2ε(ρ1(u) + ρ̄)(f(ρ1(u))− f(ρ̄))

(ρ1(u)− ρ̄)

)]
ρ′1(u).

��������

6LQFH ρ1(u) > ρ̄ DQG f ′(.) LV LQFUHDVLQJ� IURP �������� ZH KDYH

d

dρ

[(ρ1(u) + ρ̄)(f(ρ1(u))− f(ρ̄))

(ρ1(u)− ρ̄)

]
> 0.

1RZ VLQFH ρ1(u) > ρ̄� WKH ILUVW WHUP LQ WKH ULJKW KDQG VLGH RI �������� LV QHJDWLYH DQG WKH

VHFRQG WHUP LV DOVR QHJDWLYH� 7KHUHIRUH ZH FRQFOXGH WKDW ρ′1(u) < 0�

��



� /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ

6LPLODUO\� WKH EUDQFK RI WKH FXUYH VDWLVI\LQJ

s1 > λ2(u, ρ), λ1(ū, ρ̄) < s1 < λ2(ū, ρ̄),

LV WKH DGPLVVLEOH ��VKRFN FXUYHZKLFK FDQ EH SDUDPHWHUL]HG E\ DC1 IXQFWLRQ ρ2 : (−∞, ū] →

(−∞, ρ̄] ZLWK WKH SDUDPHWHU u�

$OVR� ρ2 VDWLVILHV WKH IROORZLQJ HTXDWLRQ�

(u− ū) =
ρ2(u)− ρ̄

ρ2(u) + ρ̄

[
ε+

√

ε2 +
2ε(ρ2(u) + ρ̄)(f(ρ2(u))− f(ρ̄))

(ρ2(u)− ρ̄)

]
. ��������

'LIIHUHQWLDWLQJ WKH DERYH HTXDWLRQ �������� ZH KDYH�

1 =
[ 1

(ρ2(u) + ρ̄)

{ε(ρ2(u)− ρ̄) d
dρ

[
(ρ2(u)+ρ̄)(f(ρ2(u))−f(ρ̄))

(ρ2(u)−ρ̄)

]

√
ε2 + 2ε(ρ2(u)+ρ̄)(f(ρ2(u))−f(ρ̄))

(ρ2(u)−ρ̄)

+
(
ε+

√

ε2 +
2ε(ρ2(u) + ρ̄)(f(ρ2(u))− f(ρ̄))

(ρ2(u)− ρ̄)

)}

−
(ρ2(u)− ρ̄)

[
ε+

√
ε2 + 2ε(ρ2(u)+ρ̄)(f(ρ2(u))−f(ρ̄))

(ρ2(u)−ρ̄)

]

(ρ2(u) + ρ̄)2

]
ρ′2(u).

��������

1RWH WKDW� VLQFH ρ2(u) < ρ̄ WKH VHFRQG WHUP RI WKH DERYH HTXDWLRQ �������� LV SRVLWLYH� 1RZ

ZH GHWHUPLQH WKH VLJQ RI WKH ILUVW WHUP� 7R GHWHUPLQH WKH VLJQ� ZH FDOFXODWH

ε(ρ2(u)− ρ̄) d
dρ

[
(ρ2(u)+ρ̄)(f(ρ2(u))−f(ρ̄))

(ρ2(u)−ρ̄)

]

√
ε2 + 2ε(ρ2(u)+ρ̄)(f(ρ2(u))−f(ρ̄))

(ρ2(u)−ρ̄)

+
(
ε+

√

ε2 +
2ε(ρ2(u) + ρ̄)(f(ρ2(u))− f(ρ̄))

(ρ2(u)− ρ̄)

)

=
ε(ρ2(u)− ρ̄) d

dρ

[
(ρ2(u)+ρ̄)(f(ρ2(u))−f(ρ̄))

(ρ2(u)−ρ̄)

]
+ 2ε(ρ2(u)+ρ̄)(f(ρ2(u))−f(ρ̄))

(ρ2(u)−ρ̄)√
ε2 + 2ε(ρ2(u)+ρ̄)(f(ρ2(u))−f(ρ̄))

(ρ2(u)−ρ̄)

+
ε
[
ε+

√
ε2 + 2ε(ρ2(u)+ρ̄)(f(ρ2(u))−f(ρ̄))

(ρ2(u)−ρ̄)

]

√
ε2 + 2ε(ρ2(u)+ρ̄)(f(ρ2(u))−f(ρ̄))

(ρ2(u)−ρ̄)

.

��������

1RZ REVHUYH WKDW� LQ WKH YLHZ RI �������� DQG HPSOR\LQJ PHDQ YDOXH WKHRUHP RQ f(.) LQ

WKH LQWHUYDO [ρ2(u), ρ̄]� WKH WKH QXPHUDWRU RI WKH ILUVW WHUP RI WKH DERYH HTXDWLRQ� L�H

ε(ρ2(u)− ρ̄)
d

dρ

[(ρ2(u) + ρ̄)(f(ρ2(u))− f(ρ̄))

(ρ2(u)− ρ̄)

]
+

2ε(ρ2(u) + ρ̄)(f(ρ2(u))− f(ρ̄))

(ρ2(u)− ρ̄)
> 0.

��
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7R VKRZ WKH DERYH LQHTXDOLW\ ZH DOVR XVHG WKH IDFW WKDW f(.) LV LQFUHDVLQJ� 7KHUHIRUH IURP

��������� ZH FRQFOXGH WKDW ρ′2(u) > 0�

1RZ FRQVLGHU WKH EUDQFK RI WKH FXUYH SDVVLQJ WKURXJK (ur, ρr) VDWLVI\LQJ WKH FRQGLWLRQ

u > ur, ρ > ρr� ,Q D VLPLODU ZD\ DV DERYH LW FDQ EH SDUDPHWHUL]HG E\ D C1� FXUYH

ρ∗2 : [ur,∞) → [ρr,∞)� 7KHQ IRU DQ\ JLYHQ SRLQW (α, β)� WKH SDUW RI WKH FXUYH ρ∗2 FRQQHFW�

LQJ (α, β) WR (ur, ρr) ZLOO EH WKH DGPLVVLEOH ��VKRFN FXUYH� /HW XV GHQRWH WKH DGPLVVLEOH

��VKRFN FXUYH SDVVLQJ WKURXJK (ul, ρl) DV ρ∗1� )URP WKH SUHYLRXV DQDO\VLV� WKLV LV SDUDPHWHU�

L]HG E\ D C1 FXUYH ρ∗1 : (−∞, ul] → [ρl,∞)� 7KHQ ρ∗1(ur) VDWLVILHV �������� ZLWK ρ1(u) DQG

u UHSODFHG E\ ρ∗1(ur) DQG ur UHVSHFWLYHO\� DQG ū� ρ̄ UHSODFHG E\ ul DQG ρl UHVSHFWLYHO\� L�H��

(ur − ul) =
ρ∗1(ur)− ρl
ρ∗1(ur) + ρl

[
ε−

√

ε2 +
2ε(ρ∗1(ur) + ρl)(f(ρ∗1(ur))− f(ρl))

(ρ∗1(ur)− ρl)

]
. ��������

$JDLQ ρ∗2(ul) VDWLVILHV �������� ZLWK ρ2(u) DQG u UHSODFHG E\ ρ∗2(ul) DQG ul UHVSHFWLYHO\� DQG

ū, ρ̄ UHSODFHG E\ ur DQG ρr UHVSHFWLYHO\� L�H��

(ul − ur) =
ρ∗2(ul)− ρr
ρ∗2(ul) + ρr

[
ε+

√

ε2 +
2ε(ρ∗2(ul) + ρr)(f(ρ∗2(ul))− f(ρr))

(ρ∗2(ul)− ρr)

]
. ��������

,W LV HYLGHQW IURP �������� DQG �������� WKDW ρ∗1(ur) DQG ρ∗2(ul) WHQG WR∞ DV ε WHQGV WR ]HUR�

6XSSRVH ρ∗1(ur) DQG ρ∗2(ul) DUH ILQLWH DV ε WHQGV WR ]HUR� WKHQ �������� DQG �������� LPSOLHV

ul = ur� ZKLFK LV QRW WKH FDVH� 7KHUHIRUH WKHUH H[LVWV DQ η > 0 VXFK WKDW IRU DQ\ ε < η, RQH

KDV ρ∗2(ul) > ρl DQG ρ∗1(ur) > ρr� 1RZ OHW XV FRQVLGHU WKH IXQFWLRQ ρ∗1 − ρ∗2 : [ur, ul] → R�

6LQFH ρ∗1(ul) − ρ∗2(ul) = ρl − ρ∗2(ul) < 0 DQG ρ∗1(ur) − ρ∗2(ur) = ρ∗1(ur) − ρr > 0� E\

LQWHUPHGLDWH YDOXH WKHRUHP WKHUH H[LVWV D SRLQW u∗
ε VXFK WKDW ρ∗1(u∗

ε) = ρ∗2(u
∗
ε) = ρ∗ε �VD\��

7KH XQLTXHQHVV RI ρ∗ε IROORZV IURP WKH IDFW WKDW ρ∗1 LV VWULFWO\ GHFUHDVLQJ DQG ρ∗2 LV VWULFWO\

LQFUHDVLQJ� 6LQFH ZH DUH FRQVLGHULQJ RQO\ WKH DGPLVVLEOH SDUW RI WKH FXUYHV� WKH /D[ HQWURS\

FRQGLWLRQ KROGV� 7KLV FRPSOHWHV WKH SURRI�

7KH QH[W WDVN LV WR GHWHUPLQH WKH OLPLW RI WKH SUREOHP ������� IRU WKH VKRFN FDVH� )LUVW�

ZH UHFDOO WKH GHILQLWLRQ RI δ�GLVWULEXWLRQ DQG VWDWH D /HPPD IURP WKH &KDSWHU 2 ZLWKRXW

��
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SURRI �

'HILQLWLRQ ������ $ ZHLJKWHG δ�GLVWULEXWLRQ ³d(t)δx=c(t)´ FRQFHQWUDWHG RQ D VPRRWK FXUYH

x = c(t) FDQ EH GHILQHG E\

〈 d(t)δx=c(t),ϕ(x, t)〉 =
∫ ∞

0

d(t)ϕ(c(t), t)dt

IRU DOO ϕ ∈ C∞
c (R× (0,∞))�

/HPPD ����� �>��@�� 6XSSRVH aε(t)(> 0) DQG bε(t)(> 0) FRQYHUJH XQLIRUPO\ WR 0 RQ FRP�

SDFW VXEVHWV RI (0,∞) DV ε WHQGV WR ]HUR� $OVR DVVXPH WKDW dε(t) FRQYHUJHV WR d(t) XQLIRUPO\

RQ FRPSDFW VXEVHWV RI (0,∞) DV ε WHQGV WR ]HUR� 7KHQ

1

bε(t) + aε(t)
dε(t)χ(c(t)−aε(t),c(t)+bε(t))(x)

FRQYHUJHV WR d(t)δx=c(t) LQ WKH VHQVH RI GLVWULEXWLRQ� χ(a,b)(·) GHQRWHV WKH FKDUDFWHULVWLF IXQF�

WLRQ RQ WKH LQWHUYDO (a, b)�

7KHRUHP ������ �/LPLWLQJ EHKDYLRU DV ε→ 0 �

7KH GLVWULEXWLRQDO OLPLW RI (uε, ρε) LV (u, ρ) DQG LV JLYHQ E\

(u, ρ)(x, t) =






(ul, ρl), LI x < ul+ur

2 t(
ul+ur

2 , (ul − ur)
ρl+ρr

2 tδ
x=

ul+ur
2 t

)
, LI x = ul+ur

2 t

(ur, ρr), LI x > ul+ur

2 t.

3URRI� )URP WKH SUHYLRXV 7KHRUHP 3.1� ZH KDYH (u∗
ε , ρ

∗
ε) VDWLVILHV WKH IROORZLQJ HTXDWLRQV�

(u∗
ε − ul) =

ρ∗ε − ρl
ρ∗ε + ρl

[
ε−

√

ε2 +
2ε(ρ∗ε + ρl)(f(ρ∗ε)− f(ρl))

(ρ∗ε − ρl)

]
,

(u∗
ε − ur) =

ρ∗ε − ρr
ρ∗ε + ρr

[
ε+

√

ε2 +
2ε(ρ∗ε + ρr)(f(ρ∗ε)− f(ρr))

(ρ∗ε − ρr)

]
.

��������

��
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:H NQRZ u∗
ε ∈ (ur, ul)� 6R WKH VHTXHQFH u∗

ε LV ERXQGHG� :H FODLP WKDW ρ∗ε LV XQERXQGHG DV

ε WHQGV WR ]HUR� ,Q IDFW� LI ρ∗ε LV ERXQGHG� WKHQ LW KDV D FRQYHUJHQW VXEVHTXHQFH VWLOO GHQRWHG

E\ ρ∗ε DQG LW FRQYHUJHV WR ρ∗( )= ρl, ρr) DV ε WHQGV WR ]HUR� 7KHQ SDVVLQJ WR WKH OLPLW DV ε→ 0

LQ WKH DERYH HTXDWLRQ ��������� ZH KDYH u∗ = ul = ur� 1RZ VXSSRVH ρ∗ = ρl� VLQFH

OLP
ρ∗ε→ρl

f(ρ∗ε)− f(ρl)

ρ∗ε − ρl
> 0� ZH KDYH u∗

ε = ul = ur� 6LPLODU DUJXPHQW ZRUNV ZKHQ ρ∗ = ρr�

,Q DOO RI WKH FDVHV ZH JHW D FRQWUDGLFWLRQ�

6R IRU VXEVHTXHQFH RI u∗
ε DQG ρ∗ε VWLOO GHQRWHG DV u∗

ε DQG ρ∗ε UHVSHFWLYHO\ ZH KDYH WKDW u∗
ε

FRQYHUJHV WR u∗ DQG ρ∗ε WHQG WR +∞ DV ε → 0� 3DVVLQJ WR WKH OLPLW IRU WKLV VXEVHTXHQFH LQ

��������� ZH JHW
(u∗ − ul) = −

√
l

(u∗ − ur) =
√
l,

ZKHUH OLP
ε→0

2ε
(
f(ρ∗ε)− f(ρl)

)
= OLP

ε→0
2ε
(
f(ρ∗ε)− f(ρr)

)
= l. 6ROYLQJ WKH DERYH WZR HTXD�

WLRQV RQH FDQ HDVLO\ ILQG

u∗ =
ul + ur

2
DQG l =

1

4
(ul − ur)

2. ��������

1RZ IURP WKH DERYH 7KHRUHP 3.1� ZH VHH WKDW WKH LQWHUPHGLDWH VWDWH (u∗
ε , ρ

∗
ε) VDWLVILHV WKH

HTXDWLRQ �������� 7KDW LV�

(u− u∗
ε)s1,ε =

1

2
(u2 − u∗2

ε ) + ε(f(ρ)− f(ρ∗ε)),

(ρ− ρ∗ε)s1,ε =(ρu− ρ∗εu
∗
ε)− ε(ρ− ρ∗ε),

��������

ZKHUH s1,ε LV WKH ��VKRFN VSHHG� )URP WKH DERYH HTXDWLRQ ZH KDYH�

s1,ε =
ρu− ρ∗εu

∗
ε

ρ− ρ∗ε
− ε. ��������

1RZ ZH REVHUYH WKDW� XVLQJ WKH ILUVW HTXDWLRQ RI ���������ZLWK ul UHSODFHG E\ u� s1,ε FDQ EH

��
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UHZULWWHQ DV

s1,ε =
ρu− ρ∗εu

∗
ε

ρ− ρ∗ε
− ε

=
(u+ u∗

ε)(ρ− ρ∗ε) + (u− u∗
ε)(ρ+ ρ∗ε)

2(ρ− ρ∗ε)
− ε

=
u+ u∗

ε

2
− ε

2
− 1

2

[
ε− (u− u∗

ε)(ρ+ ρ∗ε)

ρ− ρ∗ε

]

=
u+ u∗

ε

2
− ε

2
− 1

2

√

ε2 +
2ε(ρ+ ρ∗ε)(f(ρ)− f(ρ∗ε))

(ρ− ρ∗ε)
.

��������

6LPLODUO\ XVLQJ WKH VHFRQG HTXDWLRQ RI �������� s2,ε FDQ EH ZULWWHQ DV

s2,ε =
u+ u∗

ε

2
− ε

2
+

1

2

√

ε2 +
2ε(ρ+ ρ∗ε)(f(ρ)− f(ρ∗ε))

(ρ− ρ∗ε)
. ��������

ZKHUH s2,ε LV WKH ��VKRFN VSHHG�

7KH VROXWLRQ IRU (uε, ρε) LV JLYHQ E\

(uε, ρε)(x, t) =






(ul, ρl) LI x <
(

ul+u∗
ε

2 − ε
2 −

1
2

√
ε2 + 2ε(ρl+ρ∗ε )(f(ρl)−f(ρ∗ε ))

(ρl−ρ∗ε )

)
t

(u∗
ε , ρ

∗
ε) LI

(
ul+u∗

ε
2 − ε

2 −
1
2

√
ε2 + 2ε(ρl+ρ∗ε )(f(ρl)−f(ρ∗ε ))

(ρl−ρ∗ε )

)
t < x

<
(

ur+u∗
ε

2 − ε
2 +

1
2

√
ε2 + 2ε(ρr+ρ∗ε )(f(ρr)−f(ρ∗ε ))

(ρr−ρ∗ε )

)
t

(ur, ρr) LI x >
(

ur+u∗
ε

2 − ε
2 +

1
2

√
ε2 + 2ε(ρr+ρ∗ε )(f(ρr)−f(ρ∗ε ))

(ρr−ρ∗ε )

)
t,

��������

$V u∗
ε FRQYHUJHV WR u∗ = ul+ur

2 DV ε → 0� ZH KDYH WKH OLPLW IRU u(x, t) DV VWDWHG LQ WKH

WKHRUHP�

)URP ��������� RQH FDQ VKRZ WKDW

OLP
ε→0

[ul + u∗
ε

2
− ε

2
− 1

2

√

ε2 +
2ε(ρl + ρ∗ε)(f(ρl)− f(ρ∗ε))

(ρl − ρ∗ε)

]
=

ul + ur

2
,

DQG

OLP
ε→0

[ur + u∗
ε

2
− ε

2
+

1

2

√

ε2 +
2ε(ρr + ρ∗ε)(f(ρr)− f(ρ∗ε))

(ρr − ρ∗ε)

]
=

ul + ur

2
.

/HW XV GHQRWH

��
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c(t) =
ul + ur

2
t,

aε(t) =
(ul + u∗

ε

2
− ε

2
− 1

2

√

ε2 +
2ε(ρl + ρ∗ε)(f(ρl)− f(ρ∗ε))

(ρl − ρ∗ε)

)
t− c(t),

bε(t) = c(t)−
(ur + u∗

ε

2
− ε

2
+

1

2

√

ε2 +
2ε(ρr + ρ∗ε)(f(ρr)− f(ρ∗ε))

(ρr − ρ∗ε)

)
t,

dε(t) =
[ur − ul

2
+

1

2

(
√

ε2 +
2ε(ρl + ρ∗ε)(f(ρl)− f(ρ∗ε))

(ρl − ρ∗ε)

+

√

ε2 +
2ε(ρr + ρ∗ε)(f(ρr)− f(ρ∗ε))

(ρr − ρ∗ε)

)]
ρ∗ε t.

:LWK WKH DERYH QRWDWLRQV� WKH IRUPXOD IRU ρε LQ HTXDWLRQ �������� FDQ EH ZULWWHQ LQ WKH

IROORZLQJ IRUP DV LQ WKH /HPPD������

ρε =ρlχ(−∞,c(t)+aε(t))(x) +
dε(t)

bε(t) + aε(t)
χ(c(t)+aε(t),c(t)−bε(t))(x)

+ ρrχ(c(t)−bε(t),∞)(x).

��������

1RWH WKDW aε(t) DQG bε(t) VDWLVILHV WKH FRQGLWLRQ RI WKH OHPPD� L�H� aε(t) > 0 DQG bε(t) > 0

IRU VPDOO ε�

1RZ ZH DUH LQ D SRVLWLRQ WR GHWHUPLQH WKH OLPLW RI dε(t) DV ε→ 0� 7KH HTXDWLRQ ��������

FDQ DOVR EH ZULWWHQ LQ WKH IROORZLQJ IRUP�

(ρ∗ε + ρl)(u
∗
ε − ul) = (ρ∗ε − ρl)

[
ε−

√

ε2 +
2ε(ρ∗ε + ρl)(f(ρ∗ε)− f(ρl))

(ρ∗ε − ρl)

]

(ρ∗ε + ρr)(u
∗
ε − ur) = (ρ∗ε − ρr)

[
ε+

√

ε2 +
2ε(ρ∗ε + ρr)(f(ρ∗ε)− f(ρr))

(ρ∗ε − ρr)

]
.

��������

6XEWUDFWLQJ VHFRQG HTXDWLRQ IURP WKH ILUVW LQ ��������� ZH JHW
[
(ur − ul) +

√

ε2 +
2ε(ρ∗ε + ρl)(f(ρ∗ε)− f(ρl))

(ρ∗ε − ρl)
+

√

ε2 +
2ε(ρ∗ε + ρr)(f(ρ∗ε)− f(ρr))

(ρ∗ε − ρr)

]
ρ∗ε

+ ρl(u
∗
ε − ul)− ρr(u

∗
ε − ur)− ε(ρr − ρl)

= ρl

√

ε2 +
2ε(ρ∗ε + ρl)(f(ρ∗ε)− f(ρl))

(ρ∗ε − ρl)
+ ρr

√

ε2 +
2ε(ρ∗ε + ρr)(f(ρ∗ε)− f(ρr))

(ρ∗ε − ρr)
.

��
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3DVVLQJ WR WKH OLPLW DV ε→ 0� ZH JHW

OLP
ε→0

[
(ur − ul) +

√

ε2 +
2ε(ρ∗ε + ρl)(f(ρ∗ε)− f(ρl))

(ρ∗ε − ρl)
+

√

ε2 +
2ε(ρ∗ε + ρr)(f(ρ∗ε)− f(ρr))

(ρ∗ε − ρr)

]
ρ∗ε

= (ul − ur)(ρl + ρr).
��������

7KLV LPSOLHV

OLP
ε→0

dε(t) =
1

2
(ul − ur)(ρl + ρr)t. ��������

+HUH LQ WKH FDOFXODWLRQ RI ��������� ZH KDYH XVHG WKH IDFW WKDW OLP
ε→0

2ε
(
f(ρ∗ε) − f(ρl)

)
=

OLP
ε→0

2ε
(
f(ρ∗ε)−f(ρr)

)
= l =

1

4
(ul−ur)

2DQG OLP
ε→0

u∗
ε =

ul + ur

2
IURP WKH HTXDWLRQ ���������

7KH ILUVW DQG WKH WKLUG WHUPV RI �������� FRQYHUJH WR ρlχ(−∞,
ul+ur

2 t)
(x) DQG

ρrχ(
ul+ur

2 t,∞)
(x) UHVSHFWLYHO\� +HQFH� HPSOR\LQJ WKH DERYH OHPPD WR WKH VHFRQG WHUP RI

��������� ZH JHW WKH GLVWULEXWLRQ OLPLW ρ(x, t) DV JLYHQ LQ WKH WKHRUHP� 1RWH WKDW DOO WKH DQDO\�

VLV KDV EHHQ FDUULHG RXW IRU D VXEVHTXHQFH� 6LQFH WKH OLPLW LV WKH VDPH IRU DQ\ VXEVHTXHQFH�

WKLV LPSOLHV WKH VHTXHQFH LWVHOI FRQYHUJHV WR WKH VDPH OLPLW� 7KLV FRPSOHWHV WKH SURRI RI WKH

WKHRUHP�

1RZ LW UHPDLQV WR VKRZ WKDW WKH OLPLW (u, ρ) IRXQG LQ WKH WKHRUHP DERYH� VDWLVILHV WKH

HTXDWLRQ �������� 7KH OLPLW (u, ρ) VDWLVILHV WKH HTXDWLRQ LQ WKH VHQVH RI 9ROSHUW LV DYDLODEOH LQ

>��@� 7KHUH LW ZDV VKRZQ WKDW Rt + uRx = 0 � ZKHUH ρ = Rx DQG uRx LV NQRZQ DV 9ROSHUW

SURGXFW >��@� 7KHQ ρ = Rx VDWLVILHV WKH HTXDWLRQ ������� LQ WKH VHQVH RI GLVWULEXWLRQ� 7KH

OLPLW (u, ρ) VDWLVILHV WKH HTXDWLRQ ������� LV DOVR VKRZQ LQ >��@ WKH VHQVH RI WKH IROORZLQJ

GHILQLWLRQ�

'HILQLWLRQ ����� �>��@�� /HW u LV D %RUHO PHDVXUDEOH IXQFWLRQ DQG ρ = dν LV D 5DGRQ PHD�

VXUH RQ R × [0,∞)� 7KHQ (u, ρ = dν) LV VDLG WR EH D VROXWLRQ IRU WKH V\VWHP ������� ZLWK

��
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LQLWLDO GDWD ������� LI WKH IROORZLQJ FRQGLWLRQV KROG�
∫

R×[0,∞)

(uφt + uφx)dxdt+

∫

R
u0(x)φ(x, 0)dx = 0

∫

R×[0,∞)

(φt + uφx)dν +

∫

R
ρ0(x)φ(x, 0)dx = 0,

��������

IRU DQ\ WHVW IXQFWLRQ φ VXSSRUWHG LQ R× [0,∞)�

1RZ ZH VWDWH WKH IROORZLQJ WKHRUHP DQG WKH SURRI FDQ EH IRXQG LQ >��@�

7KHRUHP ����� �>��@�� )RU ul > ur� WKH SRLQW ZLVH OLPLW u RI uε DQG GLVWULEXWLRQDO OLPLW RI

ρ RI ρε VDWLVILHV WKH HTXDWLRQ���������

��� (QWURS\ DQG HQWURS\ IOX[ SDLUV�

7KLV VHFWLRQ LV GHYRWHG WR FRQVWUXFWLQJ DQ H[SOLFLW HQWURS\�HQWURS\ IOX[ SDLUV IRU WKH V\VWHP

������� ZKHQ f(ρ) = ρ2

2 � L�H IRU %ULR V\VWHP� :H VWDUW ZLWK WKH IROORZLQJ GHILQLWLRQV>�@

UHVWULFWHG WR WKH 2× 2 V\VWHP� QDPHO\

ut + (f1(u, ρ))x = 0

ρt + (f2(u, ρ))x = 0.
�������

'HILQLWLRQ ������ $ FRQWLQXRXVO\ GLIIHUHQWLDEOH IXQFWLRQ η : R2 ,→ R LV FDOOHG DQ HQWURS\

IRU WKH V\VWHP������� ZLWK HQWURS\ IOX[ q : R2 ,→ R LI

Dη(u, ρ).Df(u, ρ) = Dq(u, ρ),

ZKHUH f(u, ρ) = (f1(u, ρ), f2(u, ρ))� :H VD\ (η, q) DV HQWURS\�HQWURS\ IOX[ SDLU RI WKH V\V�

WHP��������

'HILQLWLRQ ������ $ ZHDN VROXWLRQ (u, ρ) RI WKH V\VWHP ������� LV FDOOHG HQWURS\ DGPLVVLEOH

LI ∫∫

R×(0,∞)

η(u, ρ)ϕt + q(u, ρ)ϕx dx dt ≥ 0,

IRU HYHU\ QRQ�QHJDWLYH WHVW IXQFWLRQ ϕ : R × (0,∞) → R ZLWK FRPSDFW VXSSRUW LQ R ×

(0,∞)� ZKHUH (η, q) LV WKH HQWURS\�HQWURS\ IOX[ SDLU DV LQ WKH GHILQLWLRQ��������

��



� /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ

1RZ IRU WKH V\VWHP �������� f(u, ρ) =
(

u2

2 + ε
2ρ

2, uρ− ερ
)
� 7KHUHIRUH (η, q) ZLOO EH

DQ HQWURS\�HQWURS\ IOX[ SDLU RI ������� LI
(
∂η

∂u
u+

∂η

∂ρ
ρ , ερ

∂η

∂u
+ (u− ε)

∂η

∂ρ

)
=

(
∂q

∂u
,
∂q

∂ρ

)
.

7KDW LV�
∂q

∂u
=
∂η

∂u
u+

∂η

∂ρ
ρ,

∂q

∂ρ
= ερ

∂η

∂u
+ (u− ε)

∂η

∂ρ
.

�������

(OLPLQDWLQJ q IURP �������� ZH KDYH

ε
(
ρ
∂2η

∂u2
− ∂2η

∂ρ∂ρ

)
− ρ

∂2η

∂ρ2
= 0.

2QH FDQ VHH WKDW

η(u, ρ) =
1

2
u2 +

ε

2
ρ2

LV D VROXWLRQ RI DERYH WKH HTXDWLRQ ZKLFK LV VWULFWO\ FRQYH[ �VLQFH D2η > 0� DQG WKH FRUUH�

VSRQGLQJ HQWURS\ IOX[ LV

q(u, ρ) =
1

3
u3 +

(
u− ε

2

)
ερ2.

%\ FRQVWUXFWLQJ DQ H[SOLFLW HQWURS\�HQWURS\ IOX[ SDLU IRU WKH %ULR V\VWHP� ZH VKRZ KHUH

WKDW RXU VROXWLRQ FRQVWUXFWHG LQ WKH SUHYLRXV VHFWLRQ IRU 5LHPDQQ W\SH LQLWLDO GDWD �ul > ur�

ZKLFK FDQ DOVR EH WUHDWHG DV D VROXWLRQ FRPLQJ IURP VFDOHG %ULR V\VWHP LI ZH SOXJ f(ρ) = ρ2

2

LQWR WKH HTXDWLRQ�������� LV HQWURS\ DGPLVVLEOH LQ WKH VHQVH RI WKH DERYH GHILQLWLRQ��������

)RU WKDW ZH FDOFXODWH

ηt + qx =− s1,ε

(
1

2
u∗2
ε +

ε

2
ρ∗2ε − 1

2
u2
l −

ε

2
ρ2l

)
δx=s1,εt

− s2,ε

(
1

2
u2
r + εeρr − 1

2
u∗2
ε − ε

2
ρ∗ε

2

)
δx=s2,εt

+

(
1

3
u∗3
ε + (u∗

ε −
ε

2
)ερ∗2ε − 1

3
u3
l − (ul −

ε

2
)ερ2l

)
δx=s1,εt

+

(
1

3
u3
r − (ur −

ε

2
)ρ2r −

1

3
u∗3
ε − (u∗

ε −
ε

2
)ερ∗2ε

)
δx=s2,εt,

�������

��
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ZKHUH s1,ε DQG s2,ε GHQRWH ��VKRFN VSHHG DQG ��VKRFN VSHHG UHVSHFWLYHO\� 6R IURP ��������

s1,ε DQG s2,ε FDQ EH ZULWWHQ DV

s1,ε =
(ul + u∗

ε

2
− ε

2
− 1

2

√
ε(ρl + ρ∗ε)

2 + ε2
)
,

s2,ε =
(ur + u∗

ε

2
− ε

2
+

1

2

√
ε(ρr + ρ∗ε)

2 + ε2
)
.

2QH FDQ REVHUYH WKDW WR VKRZ η(u, ρ) DQG q(u, ρ) VDWLVILHV WKH HQWURS\ LQHTXDOLW\ IRU VPDOO

ε� ZH PXVW WUHDW WKH FRHIILFLHQWV δx=s1t DQG δx=s2t VHSDUDWHO\� :H VKRZ WKDW HDFK RI WKH

FRHIILFLHQW ZLOO EH QHJDWLYH DV ε WHQGV WR ]HUR� OHW XV ILUVW FRQVLGHU WKH FRHIILFLHQW RI δx=s1t�

&RHIILFLHQW RI δx=s1,εt

= −s1

(
1

2
u∗2
ε +

ε

2
ρ∗2ε − 1

2
u2
l −

ε

2
ρ2l

)

︸ ︷︷ ︸
,

+

(
1

3
u∗3
ε + (u∗

ε −
ε

2
)ερ∗2ε − 1

3
u3
l − (ul −

ε

2
)ερ2l

)

︸ ︷︷ ︸
,,

�������

)URP �������� ZH KDYH (u∗
ε , ρ

∗
ε) VDWLVILHV WKH IROORZLQJ HTXDWLRQV�

u∗
ε − ul =

ρ∗ε − ρl
ρ∗ε + ρl

[
ε−

√
ε2 + ε(ρ∗ε + ρl)2

]
,

u∗
ε − ur =

ρ∗ε − ρr
ρ∗ε + ρr

[
ε−

√
ε2 + ε(ρ∗ε + ρr)2

]
.

�������

1RZ VLPLODUO\ DV LQ 7KHRUHP 3.3 ZH KDYH

u∗
ε − ul = −

√
l

u∗
ε − ur =

√
l

ZKHUH

OLP
ε→0

ε(ρ∗ε + ρl)
2 = OLP

ε→0
ε(ρ∗ε + ρr)

2 = OLP
ε→0

ερ∗2ε =
1

4
(ur − ul)

2. �������

1RZ XVLQJ ������� DQG REVHUYLQJ WKDW s1 → (ul+ur)
2 � RQH FDQ VHH

I → −(ul + ur)(u2
r − u2

l )

8
DV ε→ 0.

$JDLQ XVLQJ �������� D VLPSOH FDOFXODWLRQ \LHOGV

II → (u3
r − u3

l )

6
DV ε→ 0.

��
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7KHUHIRUH IURP WKH HTXDWLRQ��������

&RHIILFLHQW RI δx=s1t = I + II → (ur − ul)(ul − ur)2

24
DV ε→ 0.

6LQFH ul > ur� &RHIILFLHQW RI δx=s1t = I + II < 0 IRU VPDOO ε� 6LPLODUO\� WKH FRHIILFLHQWV

RI δx=s2t FDQ EH KDQGOHG�

5HPDUN ������ ,W LV ZHOO NQRZQ WKDW LI η EH D VPRRWK HQWURS\ RI WKH V\VWHP ������� ZLWK WKH

HQWURS\ IOX[ q DQG LI RQH DVVXPHV WKDW WKH +HVVLDQ D2η > 0� WKHQ IRU JHQXLQHO\ QRQ�OLQHDU

FKDUDFWHULVWLF ILHOGV WKH HQWURS\ LQHTXDOLW\ η(u)t + q(u)x ≤ 0 LV VDWLVILHG IRU 5LHPDQQ W\SH

LQLWLDO GDWD KDYLQJ VPDOO WRWDO YDULDWLRQ� 'HWDLOV FDQ EH IRXQG LQ >�@� +HUH ZH VKRZHG WKDW

WKH VROXWLRQ (uε, ρε) VDWLVILHV WKH HQWURS\ FRQGLWLRQ LQ WKH IROORZLQJ VHQVH� IRU DQ\ JLYHQ

LQLWLDO GDWD (ul, ρl) DQG (ur, ρr) WKHUH H[LVWV D µ > 0 VXFK WKDW
∫∫

R×(0,∞)

η(uε, ρε)ϕt + q(uε, ρε)ϕx dx dt ≥ 0

KROGV IRU ε < µ DQG IRU DQ\ WHVW IXQFWLRQ ϕ ≥ 0 FRPSDFWO\ VXSSRUWHG LQ R× (0,∞)�

��� )RUPDWLRQ RI FRQWDFW GLVFRQWLQXLW\ DQG FDYLWDWLRQ IRU
ul ≤ ur�

,Q WKLV VHFWLRQ ZH GLVFXVV RWKHU WZR FDVHV� L�H� ul = ur DQG ul < ur� 7KH GLVFXVVLRQ LQ

WKLV VHFWLRQ LV D PHUH UHSHWLWLRQ RI WKH VWHSV >��@ H[FHSW IRU WKH IDFW WKDW KHUH ZH KDYH WZR

GLIIHUHQW VKRFN VSHHGV�

&DVH , (ul = ur)� )RU ul = ur� LQLWLDO GDWD LV

(
u0(x)
ρ0(x)

)
=






(
ul

ρl

)
, LI x < 0

(
ul

ρr

)
, LI x > 0.

1RZ LI ρl = ρr, ZH KDYH WKH WULYLDO VROXWLRQ u(x, t) = ul DQG ρ(x, t) = ρl� $QRWKHU WZR

SRVVLELOLWLHV DUH ρr < ρl RU ρr > ρl�

��
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6XEFDVH ,�ρr < ρl�� ,Q WKLV FDVH� ZH VWDUW WUDYHOLQJ IURP WKH VWDWH (ul, ρl) LQ WKH FXUYH R1 WR

UHDFK DW (u∗
ε , ρ

∗
ε)� WKHQ IURP (u∗

ε , ρ
∗
ε) ZH WUDYHO E\ S2 WR UHDFK DW (ul, ρr)� ��UDUHIDFWLRQ FXUYH

R1 WKURXJK (ul, ρl) LV REWDLQHG VROYLQJ WKH GLIIHUHQWLDO HTXDWLRQ

du

dρ
=
ε−

√
4ερf ′(ρ) + ε2

2ρ
, u(ρl) = ul �������

7KHUHIRUH WKH EUDQFK RI WKH FXUYH VDWLVI\LQJ ������� FDQ EH SDUDPHWHUL]HG E\ D C1 IXQFWLRQ

u1 : [ρr, ρl] → [ul,∞) ZLWK SDUDPHWHU ρ� 6LQFH ρ > 0� ZH VHH WKDW u1 LV GHFUHDVLQJ�

7KHUHIRUH� u1(ρr) > ul�

$Q\ VWDWH (u, ρ) FRQQHFWHG WR WKH HQG VWDWH (ul, ρr) E\ DGPLVVLEOH ��VKRFN FXUYH S2 VDWLVILHV

WKH IROORZLQJ HTXDWLRQ�

(u− ul) =
ρ− ρr
ρ+ ρr

[
ε+

√

ε2 +
ε(ρ+ ρr)(f(ρ)− f(ρr))

(ρ− ρr)

]
, ρr < ρ < ρl; u > ul �������

DQG

s > λ2(u, ρ), λ1(ul, ρr) < s < λ2(ul, ρr), ZKHUH s =
ρu− ρrul

ρ− ρr
− ε. �������

2XU FODLP LV WKDW IRU HYHU\ IL[HG ρ > ρr WKHUH H[LVWV D XQLTXH u > ul VXFK WKDW WKH HTXDWLRQ

������� KROGV� )RU WKDW OHW XV GHILQH

F (u) := u− ul.

6LQFH F (ul) = 0 DQG F (u) → ∞ DV u → ∞� ZH KDYH F ([ul,∞)) = [0,∞)� 6LQFH ρ > ρr�

ULJKW KDQG VLGH RI ������� LV SRVLWLYH� 7KHUHIRUH IRU WKH JLYHQ ρ > ρr� WKHUH H[LVWV D u > ul

VXFK WKDW

F (u) =
ρ− ρr
ρ+ ρr

[
ε+

√

ε2 +
2ε(ρ+ ρr)(f(ρ)− f(ρr))

(ρ− ρr)

]
.

$OVR REVHUYH WKDW F (u) LV DQ LQFUHDVLQJ IXQFWLRQ IRU DOO u VLQFH F ′(u) = 1 � u LV XQLTXH IRU

WKH JLYHQ ρ�

��



� /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ

6LPLODUO\ LQ 7KHRUHP ���� WKH EUDQFK RI WKH FXUYH VDWLVI\LQJ ������� DQG ������� FDQ EH

SDUDPHWHUL]HG E\ D C1�IXQFWLRQ u2(ρ) = u2 : [ρr, ρl] → [ul,∞) VDWLVI\LQJ

F (u2(ρ)) = (u2(ρ)− ul) =
ρ− ρr
ρ+ ρr

[
ε+

√

ε2 +
2ε(ρ+ ρr)(f(ρ)− f(ρr))

(ρ− ρr)

]
�������

1RWH WKDW u2(ρr) = ul DQG LW LV FOHDU IURP WKH DERYH HTXDWLRQ ������� WKDW WKH IXQFWLRQ u2 LV

ZHOO GHILQHG� 2QH FDQ HDVLO\ FKHFN WKDW WKH IXQFWLRQ u2 LV LQFUHDVLQJ LQ WKH LQWHUYDO (ρr, ρl)�

,Q IDFW� GLIIHUHQWLDWLQJ WKH DERYH HTXDWLRQ ������� ZH JHW�

u2
′(ρ) =

ε(ρ− ρr)
d
dρ

[
(ρ+ρr)(f(ρ)−f(ρr))

(ρ−ρr)

]

√
ε2 + 2ε(ρ+ρr)(f(ρ)−f(ρr))

(ρ−ρr)

+
[
ε+

√

ε2 +
2ε(ρ+ ρr)(f(ρ)− f(ρr))

(ρ− ρr)

]
.

6LQFH ρ > ρr DQG ρr > 0� LQ WKH YLHZ RI �������� ULJKW KDQG VLGH RI DERYH HTXDWLRQ LV

SRVLWLYH IRU DQ\ ε > 0� 7KDW LV� u2
′(ρ) > 0�

)URP WKH DERYH DQDO\VLV� WKHUH H[LVWV DQ LQWHUPHGLDWH VWDWH ρ∗ε ∈ (ρr, ρl) VXFK WKDW

u1(ρ∗ε) = u2(ρ∗ε) = u∗
ε . +HQFH WKH VROXWLRQ IRU ������� LV JLYHQ E\�

(uε, ρε) =






(ul, ρl) LI x < λ1(ul, ρl)t(
Ru

1(x/t)(ul, ρl), R
ρ
1(x/t)(ul, ρl)

)
LI λ1(ul, ρl)t < x < λ1(u∗

ε , ρ
∗
ε)t

(u∗
ε , ρ

∗
ε) LIλ1(u∗

ε , ρ
∗
ε)t < x < s2,ε(ul, ρr, u∗

ε , ρ
∗
ε)t

(ur, ρr) LI x > s2,ε(ul, ρr, u∗
ε , ρ

∗
ε)t

:KHUH R1(ξ)(ū, ρ̄) = (Ru
1(ξ)(ū, ρ̄), R

ρ
1(ξ)(ū, ρ̄)) DQG Ru

1(ξ)(ū, ρ̄) LV REWDLQHG E\ VROYLQJ

du

dξ
=
ε−

√
4ερf ′(ρ) + ε2

2ρ
, u(λ1(ū, ξ̄)) = ū.

DQG Rρ
1(ξ)(ū, ρ̄) LV REWDLQHG E\ VROYLQJ

dρ

dξ
= 1, ρ(λ1(ū, ξ̄)) = ρ̄.

DQG

s2,ε(ul, ρr, u
∗
ε , ρ

∗
ε) =

ul + u∗
ε

2
− ε

2
+

1

2

√

ε2 +
2ε(ρr + ρ∗ε)(f(ρr)− f(ρ∗ε))

(ρr − ρ∗ε)
.

��
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6XE�FDVH ,, �ρl < ρr�� ,Q D VLPLODU ZD\ RQH FDQ VWDUW IURP (ul, ρl) DQG UHDFK DW (u∗
ε , ρ

∗
ε) E\

S1 DQG IURP (u∗
ε , ρ

∗
ε) WR (ul, ρr) E\ R2� 7KHUHIRUH WKH VROXWLRQ LV JLYHQ E\ �

(uε, ρε) =






(ul, ρl) LI x < s1,ε(ul, ρl, u∗
ε , ρ

∗
ε)t

(u∗
ε , ρ

∗
ε) LI s1,ε(ul, ρl, u∗

ε , ρ
∗
ε)t < x < λ2(u∗

ε , ρ
∗
ε)t(

Ru
2(x/t)(u

∗
ε , ρ

∗
ε), R

ρ
2(x/t)(u

∗
ε , ρ

∗
ε)
)

LI λ2(u∗
ε , ρ

∗
ε)t < x < λ2(ul, ρr)t

(ur, ρr) LI x > λ2(ul, ρr)t

ZKHUH R2(ξ)(ū, ρ̄) = (Ru
2(ξ)(ū, ρ̄), R

ρ
2(ξ)(ū, ρ̄)) DQG Ru

2(ξ)(ū, ρ̄) LV REWDLQHG E\ VROYLQJ

du

dξ
=
ε+

√
4ερf ′(ρ) + ε2

2ρ
, u(λ2(ū, ξ̄) = ū.

DQG Rρ
2(ξ)(ū, ρ̄) LV REWDLQHG E\ VROYLQJ

dρ

dξ
= 1, ρ(λ2(ū, ξ̄) = ρ̄.

DQG

s1,ε(ul, ρl, u
∗
ε , ρ

∗
ε) =

ul + u∗
ε

2
− ε

2
− 1

2

√

ε2 +
2ε(ρl + ρ∗ε)(f(ρl)− f(ρ∗ε))

(ρl − ρ∗ε)
.

1RZ ZH DLP WR ILQG WKH OLPLW RI (uε, ρε) DV ε → 0 LQ ERWK RI WKH DERYH FDVHV� 6LQFH ρ∗ε ∈

(ρl, ρr) RU ρ∗ε ∈ (ρr, ρl) WKLV LPSOLHV ρ∗ε LV ERXQGHG� $OVR IURP WKH DERYH DQDO\VLV LW LV HYLGHQW

WKDW ρ∗ε DQG u∗
ε VDWLVILHV ��VKRFN FXUYH DQG ��VKRFN FXUYH� 7KLV LPSOLHV

(u∗
ε − ul) =

ρ∗ε − ρl
ρ∗ε + ρl

[
ε−

√

ε2 +
2ε(ρ∗ε + ρl)(f(ρ∗ε)− f(ρl))

(ρ∗ε − ρl)

]
, ρr > ρ∗ε > ρl; u∗

ε < ul

(u∗
ε − ul) =

ρ∗ε − ρr
ρ∗ε + ρr

[
ε+

√

ε2 +
2ε(ρ∗ε + ρr)(f(ρ∗ε)− f(ρr))

(ρ∗ε − ρr)

]
, ρr < ρ∗ε < ρl; u∗

ε > ul

�������

6LQFH ULJKW KDQG VLGH RI ������� LV ERXQGHG� DV ε→ 0 ZH JHW� OLPε→0 u∗
ε = ul� 7KHUHIRUH WKH

VROXWLRQ (uε, ρε) → (u, ρ) DV ε→ 0 ZKHUH (u, ρ) LV JLYHQ E\�

(u, ρ) =

{
(ul, ρl) LI x < ult
(ur, ρr) LI x > ult.

��
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6LQFH KHUH ul = ur ZH KDYH u ≡ ul�

&DVH ,, (ul < ur) � ,W FDQ EH REVHUYHG WKDW VROXWLRQ IRU WKLV FDVH LV H[DFWO\ VDPH DV WKH

VROXWLRQ IRU WKH FDVH ul < ur GHVFULEHG LQ >��@� )RU WKH VDNH RI FRPSOHWHQHVV ZH LQFOXGH

KHUH WKDW SDUW RI WKH UHVXOW IURP >��@� 7KH �VW�UDUHIDFWLRQ FXUYH SDVVLQJ WKURXJK (ul, ρl) LV

JLYHQ E\ WKH VROXWLRQ RI WKH IROORZLQJ &DXFK\ SUREOHP�

du

dρ
=
ε−

√
4ερf ′(ρ) + ε2

2ρ
, u(ρl) = ul, ρ < ρl.

1RWH WKDW IRU WKLV FDVH LW GRHV QRW PDWWHU ZKHWKHU ρl < ρr RU ρl > ρr� 7KHUHIRUH ZLWKRXW

ORVV RI DQ\ JHQHUDOLW\ RQH FDQ WDNH ρl > ρr > 0� 1RZ D EUDQFK RI R1 FDQ EH SDUDPHWHUL]HG

E\ D GLIIHUHQWLDEOH IXQFWLRQ u1 : [0, ρl] → [ul,∞) ZLWK D SDUDPHWHU ρ� ([SOLFLWO\ u1 FDQ EH

ZULWWHQ DV

u1(ρ)− ul =

∫ ρl

ρ

ε−
√

4εξf ′(ξ) + ε2

2ξ
dξ. �������

6LQFH ρ ∈ [0, ρl] LV ERXQGHG DQG ρ > 0� WKH DERYH LQWHJUDO JRHV WR ]HUR DV ε DSSURDFKHV WR

]HUR� 7KHUHIRUH ZH KDYH u1(ρ) → ul DV ε → 0 GHFUHDVLQJO\� 6LPLODUO\� WKH �QG�UDUHIDFWLRQ

FXUYH LV JLYHQ E\ WKH VROXWLRQ RI WKHQ &DXFK\ SUREOHP �

du

dρ
=
ε+

√
4ερf ′(ρ) + ε2

2ρ
, ρ < ρr, u(ρr) = ur. �������

/HW u2 : [0, ρr] → (−∞, ur] LV GLIIHUHQWLDEOH DQG SDUDPHWHUL]HG EUDQFK RI R2 VDWLVI\LQJ

������� DQG FDQ EH ZULWWHQ DV

u2(ρ)− ur =

∫ ρr

ρ

ε+
√

4εξf ′(ξ) + ε2

2ξ
dξ.

6LQFH ρ ∈ [0, ρr] DQG ρ > 0� XVLQJ WKH VDPH DUJXPHQW DV DERYH� ZH KDYH u2(ρ) → ur DV

ε→ 0 LQFUHDVLQJO\� 6LQFH ul < ur� E\ WKH DERYH FDOFXODWLRQ RQH FDQ VHH u1(0) < u2(0) IRU

��



� /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ

VPDOO ε� ,Q WKLV FDVH WKH FRPSOHWH VROXWLRQ LV JLYHQ E\�

(uε, ρε) =






(ul, ρl) LI x < λ1(ul, ρl)t(
Ru

1(x/t)(ul, ρl), R
ρ
1(x/t)(ul, ρl)

)
LI λ1(ul, ρl)t < x < λ1(u

∗(1)
ε , 0)t

(x/t, 0) LI λ1(u
∗(1)
ε , 0)t < x < λ2(u

∗(2)
ε , 0)t(

Ru
2(x/t)(u

∗(2)
ε , 0), Rρ

2(x/t)(u
∗(2)
ε , 0)

)
LI λ2(u

∗(2)
ε , 0)t < x < λ2(ur, ρr)t

(ur, rhor) LI x > λ2(ur, ρr)t.
�������

ZKHUH Ru
1(.)� R

ρ
1(.)� Ru

2(.)� R
ρ
2(.) DUH GHILQHG DV DERYH�

1RZ ZH ILQG WKH OLPLW RI (uε, ρε) DV ε → 0� 6LQFH u∗(1)
ε = u1(0)� ZH KDYH u

∗(1)
ε → ul DQG

VLPLODUO\ u∗(2)
ε → ur DV ε → 0� $IWHU SDVVLQJ WR WKH OLPLW LQ ������� DV ε WHQGV WR ]HUR� ZH

JHW

(u, ρ)(x, t) =






(ul, ρl) LI x < ult
(x/t, 0) LI ult < x < urt
(ur, ρr) LI x > urt

5HPDUN ������ ,Q HTXDWLRQ �������� RQH KDV WR WDNH uε(x, t) = x
t LQ WKH UHJLRQ λ1(u

∗(1)
ε , 0)t <

x < λ2(u
∗(2)
ε , 0)t� 7KLV NLQG RI FKRLFH JLYHV DQ XQLTXH HQWURS\ VROXWLRQ� ,Q IDFW� VLQFH ρ = 0

LQ WKLV UHJLRQ� WKH ILUVW HTXDWLRQ RI ������� EHFRPHV WKH ZHOO NQRZQ %XUJHUV HTXDWLRQ DQG

u(x, t) = x
t LV WKH XQLTXH HQWURS\ VROXWLRQ IRU WKH UDUHIDFWLRQ FDVH RI %XUJHUV HTXDWLRQ�

��� &RQFOXGLQJ UHPDUNV DQG IXUWKHU SRVVLELOLWLHV�

�� 7KHRUHP 1.1 FDQ EH DFKLHYHG E\ FRPELQLQJ WKH UHVXOWV RI 7KHRUHP 3.1� 7KHRUHP 3.3 DQG

WKH GLVFXVVLRQ LQ 6HFWLRQ 5� ,Q WKLV DUWLFOH� ZH VWXGLHG WKH JHQHUDOL]HG (XOHU V\VWHP ZKHQ

f(ρ) DQG f ′(ρ) ERWK DUH LQFUHDVLQJ DQG g(ρ) LV DQ\ OLQHDU GHFUHDVLQJ IXQFWLRQ� :H REVHUYHG

WKDW RXU DQDO\VLV LV VWLOO YDOLG IRU VRPH SDUWLFXODU QRQ OLQHDU GHFUHDVLQJ g(ρ) DQG SDUWLFXODU

f(ρ) ZLWK WKH SURSHUW\ VWDWHG DERYH� )RU H[DPSOH� LI ZH WDNH f(ρ) = ρ2

2 DQG g(ρ) = −ρ2�

WKH VKRFN FXUYHV SDVVLQJ WKURXJK (ul, ρl) DUH WKH IROORZLQJ�

s1 =
{
(u, ρ) : (u− ul) = (ρ− ρl)

[
ε−

√
ε2 + ε

]
, ρ > ρl; u < ul

}
,

s2 =
{
(u, ρ) : (u− ul) = (ρ− ρl)

[
ε+

√
ε2 + ε

]
, ρ < ρl; u < ul

}

���



� /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO (XOHU HTXDWLRQV RI FRPSUHVVLEOH IOXLG IORZ

)RU WKH FDVH ul > ur� RQH FDQ KDYH WKH H[LVWHQFH RI WKH LQWHUPHGLDWH VWDWH LQ WKH VDPH ZD\

DV LQ 7KHRUHP 3.1� KRZHYHU� LQ WKLV FDVH� FDOFXODWLRQV DUH VLPSOHU WKDQ WKH FDOFXODWLRQV SUH�

VHQWHG KHUH� 2QH FDQ VKRZ WKDW OLPε→0
√
ερ∗ε H[LVWV DQG IROORZLQJ WKH VWHSV RI 7KHRUHP3.3�

GLVWULEXWLRQDO OLPLW RI (uε, ρε) DV ε→ 0 FDQ EH GHWHUPLQHG� )LQDOO\� WKH FDVH ul ≤ ur FDQ EH

KDQGOHG LQ D VLPLODU ZD\ DV LQ 6HFWLRQ 5�

�� 2QH FDQ DGGUHVV D VLPLODU TXHVWLRQ ZLWK JHQHUDO g(ρ)� 1RWH WKDW WKH VKRFN FXUYHV SDVVLQJ

WKURXJK (ul, ρl) IRU DQ\ JHQHUDO f(ρ) DQG g(ρ)� FDQ EH IRXQG LQ WKH IROORZLQJ PDQQHU�

s1 =
{
(u, ρ) : (u− ul) =

g(ρl)− g(ρ)

(ρ+ ρl)

[
ε−

√

ε2 +
2ε(ρ2 − ρ2l )(f(ρ)− f(ρl))

(g(ρ)− g(ρl))2

]}
,

s2 =
{
(u, ρ) : (u− ul) =

g(ρl)− g(ρ)

(ρ+ ρl)

[
ε+

√

ε2 +
2ε(ρ2 − ρ2l )(f(ρ)− f(ρl))

(g(ρ)− g(ρl))2

]}

7KH QH[W GLIILFXOW\ LV WR FKRRVH WKH DGPLVVLEOH VKRFN FXUYHV VDWLVI\LQJ /D[ HQWURS\ LQHTXDO�

LW\ DQG VKRZ WKH H[LVWHQFH RI WKH LQWHUPHGLDWH VWDWH DV LQ WKHRUHP ������ 7KHQ RQH QHHGV WR

GHWHUPLQH WKH SURSHU JURZWK FRQGLWLRQ RQ g WR ILQG WKH GLVWULEXWLRQDO OLPLW RI VROXWLRQV RI

WKH VFDOHG V\VWHP�

���



&KDSWHU �

9DQLVKLQJ YLVFRVLW\ OLPLW IRU D V\VWHP RI
EDODQFH ODZVZLWK JHQHUDO W\SH LQLWLDO GDWD
DULVLQJ IURP �' 6DLQW�9HQDQW PRGHO
��� ,QWURGXFWLRQ

7KLV FKDSWHU FRQVLGHUV WKH IROORZLQJ QRQ�VWULFWO\ K\SHUEROLF V\VWHP RI EDODQFH ODZV
{
ut + uux = Γ(x, t),

ρt + (ρu)x = 0
�������

ZLWK LQLWLDO GDWD

u(x, 0) = u0(x), ρ(x, 0) = ρ0(x). �������

+HUH ZH DVVXPH WKH LQLWLDO GDWXP DUH PHDVXUDEOH IXQFWLRQV� :H VWXG\ ��������������� IRU

WKH FODVV RI IXQFWLRQV Γ(x, t) = Ψ(t)x� ZKHUH Ψ(t) EHORQJV WR WKH VHW

H =

{
h′′(t)

h(t)
|h : [0,∞) → R DQG h(t) )= 0 ∀ t ∈ [0,∞), h(t) ∈ C2[0,∞)

}
.

7KH DERYH V\VWHP ������� SK\VLFDOO\PRWLYDWHG E\ WKH IROORZLQJ V\VWHP NQRZQ DV ��' 6DLQW�

9HQDQW HTXDWLRQ� QDPHO\ 




At + (Au)x = 0,

ut + uux + gξx = −P τ

Ad
.

�������

7KH DERYH LV D PRGHO IRU LQFRPSUHVVLEOH IOXLG IORZ LQ DQ RSHQ FKDQQHO RI DQ DUELWUDU\ FURVV�

VHFWLRQ >��@� ZKHUH A(x, t) GHQRWHV WKH FURVV VHFWLRQDO DUHD� u(x, t) LV WKH YHORFLW\ RI WKH

IORZ� ξ(x, t) LV WKH IUHH VXUIDFH HOHYDWLRQ DQG τ(x, t) LV VWUHVV DORQJ WKH SHULPHWHU P (x, t) RI

WKH FURVV VHFWLRQDO DUHD DW x� )XUWKHUPRUH� d GHQRWHV WKH FRQVWDQW GHQVLW\ RI WKH IOXLG DQG g

LV WKH JUDYLWDWLRQDO DFFHOHUDWLRQ ZKLFK PD\ GHSHQG RQ WKH ORFDWLRQ x �VHH )LJ���� 1RWH WKDW�

���
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DULVLQJ IURP �' 6DLQW�9HQDQW PRGHO

$�FURVV VHFWLRQDO DUHDK

z = ξ

z = zb

)LJXUH ���� &URVV VHFWLRQ RI DQ RSHQ FKDQQHO

WKH ILUVW HTXDWLRQ RI WKH V\VWHP ������� LV D FRQWLQXLW\ HTXDWLRQ DQG D VXEVWLWXWLRQ A = ρ

JLYHV WKH VHFRQG HTXDWLRQ RI WKH V\VWHP �������� 7KLV V\VWHP KDV H[WHQVLYH XVDJH LQ YDULRXV

ILHOGV VXFK DV FRPSXWHU PRGHOOLQJ >��@� IORRG IRUHFDVWLQJ >��@� GDP EUHDNLQJ DQDO\VLV DQG

VR RQ� ,I S = −dzb
dx � Sf = τ

ρgR DQG R = A
P � WKH VHFRQG HTXDWLRQ RI WKH V\VWHP������� FDQ EH

ZULWWHQ DV �VHH >��@�

ut + uux + ghx + g(Sf − S) = 0,

ZKHUH h LV WKH GHSWK IURP WKH IUHH VXUIDFH� 1RZ IRU WKH NLQHPDWLF ZDYHV� LW LV DVVXPHG WKDW

Sf �IULFWLRQ VORSH� LV DSSUR[LPDWHO\ HTXDO WR S �VORSH RI WKH FKDQQHO� ZKLFK VLPSOLILHV WKH

DERYH HTXDWLRQ DV

ut + uux + ghx = 0.

1RWH WKDW� LI ZH FRQVLGHU −ghx DV D IXQFWLRQ RI (x, t)� VD\ Γ(x, t) ZH JHW WKH ILUVW HTXDWLRQ

RI ��������

0RUHRYHU IRU WKH GLIIXVLYH ZDYHV ghx + g(Sf − S) = 0 DQG WKH V\VWHP ������� WXUQV RXW

WR EH WKH ZHOO�NQRZQ RQH GLPHQVLRQDO PRGHO IRU WKH ODUJH VFDOH VWUXFWXUH IRUPDWLRQ RI WKH

XQLYHUVH>��@� ,Q RXU FDVH� WKLV FDQ EH REWDLQHG E\ WDNLQJ h′′(t) = 0� )RU WKLV FDVH� WKHUH

DUH OLWHUDWXUH ZKLFK GHDOV ZLWK WKH H[LVWHQFH DQG XQLTXHQHVV RI VROXWLRQV� )RU WKLV� ZH FLWH

>��� ��� ��� ��� �� ��� ��� ��@ DQG WKH UHIHUHQFHV WKHUHLQ� 2QH FDQ DOVR XVH WKH YDQLVKLQJ

SUHVVXUH OLPLW DSSURDFK>��� ��@ WR FRQVWUXFW WKH VROXWLRQ�

,Q WKLV FKDSWHU� ZH XVH WKH YDQLVKLQJ YLVFRVLW\ PHWKRG WR VWXG\ WKH V\VWHP��������������� IRU

���



� 9DQLVKLQJ YLVFRVLW\ OLPLW IRU D V\VWHP RI EDODQFH ODZV ZLWK JHQHUDO W\SH LQLWLDO GDWD
DULVLQJ IURP �' 6DLQW�9HQDQW PRGHO

D JHQHUDO W\SH RI LQLWLDO GDWD� 7KH YLVFRXV IRUP RI ������� FDQ EH ZULWWHQ DV IROORZV�





ut + (
u2

2
)x = Γ(x, t) +

ε

2
uxx

ρt + (ρu)x =
ε

2
uxx.

�������

7KH ILUVW HTXDWLRQ RI WKH DERYH V\VWHP������� LV D YLVFRXV %XUJHUV HTXDWLRQ ZLWK D VRXUFH

WHUP Γ(x, t)� )RU Γ(x, t) = 0� WKH YDQLVKLQJ YLVFRVLW\ OLPLW DQG ODUJH WLPH EHKDYLRU IRU WKH

ILUVW HTXDWLRQ DUH VWXGLHG E\ (� +RSI>��@�

+RSI >��@� XVLQJ D WUDQVIRUPDWLRQ �ZLGHO\ NQRZQ DV +RSI�&ROH WUDQVIRUPDWLRQ� OLQ�

HDUL]HG WKH %XUJHUV HTXDWLRQ WR KHDW HTXDWLRQ DQG LQ WKLV ZD\ REWDLQHG DQ H[SOLFLW VROXWLRQ�

'LQJ HW DO� >��@ VWXGLHG HTXDWLRQ RI WKH IRUP

ut + uux = µuxx − kx, x ∈ R, t > 0, �������

ZKHUH µ DQG k DUH SRVLWLYH FRQVWDQW� $ +RSI�&ROH WUDQVIRUPDWLRQ WUDQVIRUPHG WKH DERYH

HTXDWLRQ LQWR WKH IROORZLQJ OLQHDU HTXDWLRQ�

ϕt − µϕxx = −x2ϕ, x ∈ R, t > 0.

7KHQ XVLQJ +HUPLWH SRO\QRPLDOV� WKH\ JRW DQ H[SOLFLW IRUPXOD IRU �������� ,Q WKH VDPH

SDSHU� WKH\ DOVR DQDO\]HG ODUJH�WLPH EHKDYLRU IRU �������� ,Q D VXEVHTXHQW SDSHU� IROORZLQJ

WKH DUJXPHQWV RI +RSI >��@� 'LQJ HW DO�>��@ VWXGLHG WKH OLPLWLQJ EHKDYLRU RI WKH VROXWLRQ

DV µ DSSURDFKHV WR ]HUR� 7KH\ DOVR VKRZHG WKDW WKH GLVWULEXWLRQDO OLPLW RI WKH VROXWLRQ uµ

VDWLVILHV WKH LQYLVFLG IRUFHG %XUJHUV HTXDWLRQ ut+uux = kx ZKHQ WKH LQLWLDO GDWD LV ORFDOO\

ERXQGHG PHDVXUDEOH DQG WKH JURZWK LV RI RUGHU o(x)� ,Q WKH VDPH SDSHU� WKH\ DOVR REVHUYHG

WKH δ�ZDYH SKHQRPHQRQ IRU 5LHPDQQ W\SH LQLWLDO GDWD E\ FRXSOLQJ ������� ZLWK WKH HTXDWLRQ

ρt + (uρ)x = 0, x ∈ R, t > 0. �������

7KH HTXDWLRQ������� FDQ EH YLHZHG DV D FRQVHUYDWLRQ ODZ ZLWK GLVFRQWLQXRXV IOX[ ZKHQ WKH

LQLWLDO GDWD IRU u LV RI 5LHPDQQ W\SH� ,Q WKH FDVH RI RYHUFRPSUHVVLYHQHVV� LW LV LQWHUHVWLQJ WR

���
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REVHUYH δ�ZDYHV IRU OLQHDU GLVFRQWLQXRXV IOX[HV� VHH>��@� )RU D JHQHUDO GLVFRQWLQXRXV IOX[�

WKLV LV D GLIILFXOW TXHVWLRQ� ([WHQVLYH ZRUNV RQ WKLV GLVFRQWLQXRXV IOX[ DUH EHLQJ GRQH� VHH

>��@ DQG UHIHUHQFHV WKHUHLQ�

,W LV ZRUWK PHQWLRQLQJ WKDW WKH QRQ KRPRJHQHRXV WHUP Γ(x, t) LQ WKH V\VWHP ������� LV QRW LQ

Lp(R× [0,∞)) IRU DQ\ p ∈ [1,∞]� $OVR� LW LV QRW YHU\ FRPPRQ LQ WKH OLWHUDWXUH WR GHDO ZLWK

WKLV NLQG RI IXQFWLRQ GHSHQGLQJ XSRQ ERWK VSDFH DQG WLPH�YDULDEOH (x, t) WKDW LV XQERXQGHG

LQ DQ\ VWULS 0 < t < T � 2OHLQLN>��@ VWXGLHG VFDODU FRQVHUYDWLRQ ODZ LQ WKH 6REROHY VHWWLQJ�

+RZHYHU� GXH WR WKH XQERXQGHGQHVV RI RXU QRQ�KRPRJHQHRXV WHUP� WKH ILUVW HTXDWLRQ RI

������� GRHV QRW OLH LQ 2OHLQNL¶V IUDPHZRUN�

$Q H[SOLFLW IRUPXOD IRU ������� LV REWDLQHG E\ OLQHDULVLQJ WKH V\VWHP� $ XVH RI D JHQHUDOL]HG

+RSI�&ORH WUDQVIRUPDWLRQ WR WKH ILUVW HTXDWLRQ RI WKH V\VWHP ������� OHDGV WR D OLQHDU HTXDWLRQ

RI WKH IRUP

φt − aφxx = f(x, t)φ, x ∈ R, t > 0, a > 0.

$SSDUHQWO\� RQH FDQQRW H[SHFW WR REWDLQ DQ H[SOLFLW VROXWLRQ IRU WKH DERYH W\SH RI OLQHDU

HTXDWLRQ� )ROORZHG E\ DQRWKHU WUDQVIRUPDWLRQ� ZH DUH DEOH WR FKDQJH LW LQWR D KHDW HTXDWLRQ�

,Q WKLV ZD\� ZH JRW DQ H[SOLFLW IRUPXOD IRU WKH FRPSRQHQW u DV ZHOO DV WKH FRPSRQHQW ρ DQG

RXU ILUVW UHVXOW LV WKH IROORZLQJ�

7KHRUHP ������ /HW u0 EH D ORFDOO\ LQWHJUDEOH IXQFWLRQ VDWLVI\LQJ WKH JURZWK FRQGLWLRQ
∫ x

0 u0(ξ)dξ = o(x2) DQG ρ0 EH D ORFDOO\ LQWHJUDEOH IXQFWLRQ ZLWK R0(y) =
∫ y

0 ρ0(ξ)dξ =

O(|y|β)� IRU DQ\ β ∈ N� 7KHQ WKH H[SOLFLW IRUPXODV

u(x, t, ε) = n(t)x+ l(t)

∫∞
−∞

l(t)x−y
m(t) e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy

∫∞
−∞ e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy

DQG

R(x, t, ε) =

∫∞
−∞ R0(y)e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy

∫∞
−∞ e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy

,

���
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DUH UHJXODU LQ WKH UHJLRQ t > 0 DQG VDWLVILHV WKH HTXDWLRQ������� DQG WKH LQLWLDO FRQGLWLRQ

������� KROGV LQ WKH IROORZLQJ VHQVH�
∫ x

0

u(y, t, ε)dy →
∫ x

0

u0(y)dy as t → 0
∫ x

0

ρ(y, t, ε)dy →
∫ x

0

ρ0(y)dy as t → 0,
�������

ZKHUH l(t)�m(t) DQG n(t) DUH JLYHQ E\ WKH HTXDWLRQ ���������

:H DOVR VWXG\ WKH ODUJH WLPH EHKDYLRU IRU WKH VROXWLRQV RI ������� ZKHQ WKH LQLWLDO GDWD

u0 DQG ρ0 DUH OLHV LQ L1(R)� ,Q WKLV UHJDUG� ZH KDYH WKH IROORZLQJ UHVXOW�

7KHRUHP ������ 6XSSRVH WKH LQLWLDO GDWD (u0, ρ0) ∈ L1(R) DQG n(t) GHILQHG E\ WKH HTXD�

WLRQ�������� LV LQWHJUDEOH RQ [0,∞]� WKHQ DV t → ∞

(i)

√
m(t)

2

(
u(x, t, ε)− n(t)x

)
→ l(∞)

√
ε

π

[
ϕ0(−∞)− ϕ0(∞)

ϕ0(−∞) + ϕ0(∞)

]

(ii) R(x, t, ε) →
[
R0(−∞)ϕ0(−∞) +R0(∞)ϕ0(∞)

ϕ0(−∞) + ϕ0(∞)

] �������

XQLIRUPO\ LQ FRPSDFW VHWV� ZKHUH ϕ0(x) = e−
1
ε

∫ x
0 u0(ξ)dξ DQG R0(y) =

∫ y

0 ρ0(ξ)dξ� $OVR IRU

x ∈ R DQG t > 0

∣∣∣u(x, t, ε)− n(t)x
∣∣∣ ≤

C1√
m(t)

,

∣∣∣R(x, t, ε)
∣∣∣ ≤ C2

�������

IRU VRPH FRQVWDQWV C1 DQG C2 ZKLFK GHSHQG RQO\ RQ WKH LQLWLDO GDWD DQG ε�

2XU QH[W DLP LV WR ILQG WKH WKH YDQLVKLQJ YLVFRVLW\ OLPLW IRU (u(x, t, ε), ρ(x, t, ε)) WR REWDLQ

WKH VROXWLRQ (u(x, t), ρ(x, t)) IRU �������� 7KLV LV GRQH WKURXJK WZR VWHSV� ,Q WKH ILUVW VWHS ZH

ILQG WKH YDQLVKLQJ YLVFRVLW\ OLPLW IRU WKH VROXWLRQV RI WKH V\VWHP������� E\ LPSRVLQJ WKH VDPH

FRQGLWLRQV RQ WKH LQLWLDO GDWD u0 DQG ρ0 WKDW
∫ x

0 u0(z)dz = o(x2)�
∫ x

0 ρ0(z)dz = O(|x|β)� IRU

DQ\ β ∈ N� ,Q WKLV FRQWH[W ZH VWDWH WKH IROORZLQJ WKHRUHP�

���
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7KHRUHP ������ $VVXPH u0 DQG ρ0 DUH ORFDOO\ LQWHJUDEOH IXQFWLRQV� )XUWKHUPRUH� DVVXPH
∫ x

0 u0(ξ)dξ = o(x2)� R0(x) =
∫ x

0 ρ0(ξ)dξ = O(|x|β)� IRU DQ\ β ∈ N DQG 6XSSRVH

(u(x, t, ε), ρ(x, t, ε)) EH D VROXWLRQ RI ������� VXEMHFW WR �������� 7KHQ ZH KDYH�

OLP
ε→0

u(x, t, ε) = n(t)x+
l(t)

m(t)
[l(t)x− y(x, t)]

R(x, t) = OLP
ε→0

R(x, t, ε) = R0(y(x, t)).
��������

IRU D�H� �[� W� LQR×(0,∞)� 7KLV LQ WXUQ JLYHV OLP
ε→0

ρ(x, t, ε) =
∂

∂x
(R(x, t))� +HUH WKH SDUWLDO

GHULYDWLYH ∂
∂x LV XQGHUVWRRG LQ WKH VHQVH RI GLVWULEXWLRQ� ZKHUH n(t)� l(t)� m(t) DUH GHILQHG

E\���������

,Q WKH VHFRQG VWHS ZH VKRZ WKDW WKH OLPLWV u(x, t) DQGR(x, t) VDWLVILHV WKH V\VWHP ��������

$ ORFDOL]DWLRQ WHFKQLTXH LV XVHG WR SURYH WKDW WKH OLPLW u(x, t) IRU WKH ILUVW HTXDWLRQ RI �������

VDWLVILHV WKH ZHDN IRUPXODWLRQ� 7R SURYH WKDW R(x, t) VDWLVILHV WKH HTXDWLRQ� ZH HPSOR\ WKH

9ROSHUW SURGXFW>��@� )LUVW� WKLV LV GRQH ZKHQ WKH IXQFWLRQ u(x, t) KDV D VLPSOH JHRPHWULF

VWUXFWXUH DQG WKHQ H[WHQGHG IRU DQ\ u(x, t) E\ ZULWLQJ WKH IOX[ IXQFWLRQ LQ WKH VHFRQG HTXD�

WLRQ LQ D FHUWDLQ ZD\� 1RZ ZH PHQWLRQ VRPH UHPDUNV LQ WKH IROORZLQJ�

5HPDUN ������ 7KH V\VWHP ������� LV PRUH JHQHUDO WKDQ WKH V\VWHP ������� WKDW LV FRQVLGHUHG

LQ >��@ DQG WKH QRQ�KRPRJHQHRXV WHUP GHSHQGV ERWK RQ WLPH DQG VSDFH� )RU LQVWDQFH� WKH

HTXDWLRQ FRQVLGHUHG E\ 'LQJ HW DO�>��� ��@ FDQ EH REWDLQHG IURP WKH ILUVW HTXDWLRQ RI �������

LI ZH WDNH h(t) = e−2t�

5HPDUN ������ ,Q >��@ RQO\ WKH 5LHPDQQ SUREOHP LV VROYHG IRU WKH GH�FRXSOHG V\VWHP�

ZKHUHDV ZH IRXQG DQ H[SOLFLW IRUPXOD IRU WKH GH�FRXSOHG V\VWHP IRU DQ\ JHQHUDO W\SH RI

LQLWLDO GDWD�

5HPDUN ������ :H XVHG D WHFKQLTXH WKDW LV EDVHG RQ WKH LGHD RI ORFDOL]DWLRQ RI WKH LQLWLDO

GDWD� :H SURYH /HPPD ����� ZKLFK SOD\V DQ LPSRUWDQW UROH LQ WKH SURRI RI WKH 7KHRUHP ������

���
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2XU DQDO\VLV GLIIHUV IURP WKH XVXDO ZD\ IROORZHG E\ >��� ��@� 7KLV DSSURDFK PD\ EH XVHG

IRU D PRUH JHQHUDO W\SH RI V\VWHP DV ZHOO�

0RUHRYHU� ZH FRQVLGHU WKH IROORZLQJ QRQ�KRPRJHQHRXV V\VWHPZKHUH WKH QRQ�KRPRJHQHRXV

WHUP RQO\ GHSHQGV RQ WKH YDULDEOH t� QDPHO\�
{
ut + uux = h(t),

ρt + (ρu)x = 0
��������

ZLWK LQLWLDO GDWD

u(x, 0) = u0(x), ρ(x, 0) = ρ0(x). ��������

7KH ILUVW HTXDWLRQ RI WKLV V\VWHP �������� LV D JHQHUDOL]HG IRUP RI WKH HTXDWLRQ VWXGLHG LQ

>��@�QDPHO\�

ut + uux =
k√

(2βt+ 1)
.

:H JLYH DQ H[SOLFLW VROXWLRQ IRU ����������������� E\ IROORZLQJ D PHWKRG LQWURGXFHG E\

/D[>��@�

7KH SODQ RI WKLV FKDSWHU LV DV IROORZV� ,Q VHFWLRQ 2� ZH SURYH WKH 7KHRUHP �����XVLQJ D

JHQHUDOL]HG +RSI�&ROH WUDQVIRUPDWLRQ� ,Q VHFWLRQ 3� ZH JLYH SURRI RI WKH 7KHRUHP������ ,Q

VHFWLRQ 4� ZH SURYH 7KHRUHP �����DQG WKH YDQLVKLQJ YLVFRVLW\ OLPLW VDWLVILHV WKH HTXDWLRQ LQ

D GLVWULEXWLRQDO VHQVH LV DOVR VKRZQ� )LQDOO\� LQ VHFWLRQ 5 ZH FRQVLGHU WKH V\VWHP ���������

�������� DQG REWDLQ D VROXWLRQ FKDUDFWHUL]HG E\ D YDULDWLRQDO IRUPXOD�

��� ([SOLFLW IRUPXOD XVLQJ +RSI�&ROH WUDQVIRUPDWLRQ

,Q WKLV VHFWLRQ� ZH SURYH WKH 7KHRUHP ������ :H XVH JHQHUDOL]HG +RSI�&ROH WUDQVIRUPDWLRQ

DQG REWDLQ DQ H[SOLFLW IRUPXOD IRU WKH VROXWLRQ RI WKH HTXDWLRQ ���������������� /HW XV DVVXPH

WKH IROORZLQJ WZR FRQGLWLRQV RQ h(t)�

� �+�� h(t) )= 0, 0 ≤ t < ∞ LV D C2� IXQFWLRQ�

���
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� �+�� ,I h′(0) )= 0� WKHQ IRU t ≥ 0� h(t) VDWLVILHV
∫ t

0

1

h2(s)
ds− 1

h′(0)h(0)
)= 0.

3URRI RI 7KHRUHP ������ &RQVLGHU WKH HTXDWLRQ ������� ZLWK LQLWLDO GDWD �������� 6HW u = Ux

DQG ρ = Rx� WKHQ (U,R) VDWLVI\

Ut +
U2
x

2
=
ε

2
Uxx +

h′′(t)x2

2h(t)

Rt + UxRx =
ε

2
Rxx,

�������

ZLWK LQLWLDO FRQGLWLRQV

U(x, 0) = U0(x) =

∫ x

0

u0(y)dy, R0(x) =

∫ x

0

ρ(y)dy. �������

8VLQJ WKH JHQHUDOL]HG +RSI�&ROH WUDQVIRUPDWLRQ

φ(x, t) = e
−U
ε , ψ(x, t) = −R

ε
e

−U
ε , �������

ZH REWDLQ

Ut = −εφt

φ
, Ux = −εφx

φ
, Uxx = −εφxx

φ
+ ε(

φx

φ
)2. �������

)URP HTXDWLRQV ������� ��������� φ VDWLVILHV

φt −
ε

2
φxx = −h′′(t)x2

2h(t)ε
φ

φ(x, 0) = e−
U0(x)

ε .

�������

8VLQJ WKH WUDQVIRUPDWLRQ

φ(x, t) = k(t)e−
n(t)x2

2ε φ̃(l(t)x,m(t)), �������

���
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ZH JHW

φt(x, t) = k(t)e−
n(t)x2

2ε
[
m′(t)φ̃t(l(t)x,m(t)) + l′(t)xφ̃x(l(t)x,m(t))

]

+ k′(t)e−
n(t)x2

2ε φ̃(l(t)x,m(t))− k(t)e−
n(t)x2

2ε φ̃(l(t)x,m(t))
n′(t)x2

2ε

φxx(x, t) = k(t)l2(t))e−
n(t)x2

2ε φ̃xx(l(t)x,m(t))− 2k(t)l(t)n(t)x

ε
e−

n(t)x2

2ε φ̃x(l(t)x,m(t))

− k(t)n(t)

ε
e−

n(t)x2

2ε φ̃(l(t)x,m(t)) +
k(t)n2(t)x2

ε2
e−

n(t)x2

2ε φ̃(l(t)x,m(t)).

�������

(TXDWLRQV ������� DQG ������� \LHOGV�

k(t)e−
n(t)x2

2ε
[
m′(t)φ̃t(l(t)x,m(t))− l2(t)

ε

2
φ̃xx(l(t)x,m(t))

]

+ k(t)xe−
n(t)x2

2ε
[
l′(t) + n(t)l(t)

]
φ̃x + e−

n(t)x2

2ε
[
k′(t) +

1

2
k(t)n(t)

]
φ̃

− 1

2ε
e−

n(t)x2

2ε k(t)x2
[
n′(t) + n2(t)− h′′(t)

h(t)

]
φ̃ = 0.

�������

,Q RUGHU WR JHW D VLPSOLILHG HTXDWLRQ RI φ̃� ZH WDNH WKH IROORZLQJ FRPSDWLEOH FRQGLWLRQV�





k′(t) + 1
2k(t)n(t) = 0,

n′(t) + n2(t)− h′′(t)
h(t) = 0,

k(t) {l′(t) + n(t)l(t)} = 0,

m′(t) = l2(t).

�������

:H LPSRVH WKH IROORZLQJ LQLWLDO DVVXPSWLRQV RQ k(t), l(t),m(t) DQG n(t)�

k(0) = 1, l(0) = 1, m(0) = 0, n(0) = 0. ��������

6ROXWLRQ IRU WKH HTXDWLRQ������� ZLWK LQLWLDO FRQGLWLRQV �������� DUH DV IROORZV�

���
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n(t) =






h′(t)
h(t) , LI h′(0) = 0

h′(t)
h(t) +

1

h2(t)
[ ∫ t

0
1

h2(s)ds−
1

h′(0)h(0)

] , LI h′(0) )= 0

l(t) = H[S

(
−
∫ t

0

n(s)ds

)

m(t) =

∫ t

0

(
H[S

(
−
∫ s

0

n(r)dr
))2

ds.

��������

$IWHU WDNLQJ VXFK FRPELQDWLRQV ZH VHH WKDW ������� VDWLVILHV WKH XVXDO KHDW HTXDWLRQ�

φ̃t −
ε

2
φ̃xx = 0.

7KHUHIRUH�

φ̃(l(t)x,m(t)) =

∫ ∞

−∞
e
− 1

ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy.

)URP WKH JLYHQ WUDQVIRUPDWLRQ ������� ZH JHW�

φ(x, t) = k(t)e−
n(t)x2

2ε

∫ ∞

−∞
e
− 1

ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy.

1RZ IURP �������� Ux = u(x, t) = −εφxφ � WKHQ

u(x, t, ε) = n(t)x+ l(t)

∫∞
−∞

l(t)x−y
m(t) e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy

∫∞
−∞ e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy

. ��������

1RZ D GLUHFW FDOFXODWLRQ VKRZV WKDW ψ VDWLVILHV WKH HTXDWLRQ�

ψt −
ε

2
ψxx = −e−

U
ε

ε

[
Rt + UxRx −

ε

2
Rxx

]
+

R

ε
e−

U
ε

[
Ut +

U2
x

2
− ε

2
Uxx

]
= −h′′(t)x2

2h(t)ε
ψ,

ZLWK WKH LQLWLDO FRQGLWLRQ ψ(x, 0) = −R0(x)
ε e−

U0(x)
ε � $V EHIRUH� WKH VROXWLRQ IRU ψ LV WKH

IROORZLQJ�

ψ(x, t) = k(t)e−
n(t)x2

2ε

∫ ∞

−∞
−R0(y)

ε
e
− 1

ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy.

���



� 9DQLVKLQJ YLVFRVLW\ OLPLW IRU D V\VWHP RI EDODQFH ODZV ZLWK JHQHUDO W\SH LQLWLDO GDWD
DULVLQJ IURP �' 6DLQW�9HQDQW PRGHO

)URP WKH +RSI�&ROH WUDQVIRUPDWLRQ�������� ZH JHW R(x, t) = −εψφ � 7KHQ

R(x, t, ε) =

∫∞
−∞ R0(y)e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy

∫∞
−∞ e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy

, ��������

ZKHUH R0(y) =
∫ y

0 ρ0(z)dz DQG
∂
∂x(R(x, t, ε)) = ρ(x, t, ε)�

7KH SURRI RI WKH HTXDWLRQ ������� LV D PHUH UHSHWLWLRQ RI WKH DUJXPHQWV RI +RSI>��@ DQG

WKHUHIRUH RPLWWHG� +HQFH WKH HTXDWLRQV �������� DQG �������� WRJHWKHU ZLWK WKH DUJXPHQWV

RI +RSI>��@ FRPSOHWH WKH SURRI RI WKH WKHRUHP�

5HPDUN ������ ,Q JHQHUDO WKH OLQHDU HTXDWLRQ φt − ε
2φxx = f(x,t)

ε φ FDQQRW EH VROYHG H[�

SOLFLWO\� ,Q RXU FDVH f(x, t) = −h′′(t)x2

2h(t) � DQG LV VROYHG XVLQJ D FOHYHU FKRLFH RI WKH WUDQVIRU�

PDWLRQ �������� $OVR ZH ZRXOG OLNH WR PHQWLRQ WKDW LQ WKLV ZD\ ZH DYRLGHG WKH XVH RI +HU�

PLWH SRO\QRPLDOV DQG JRW WKH H[SOLFLW IRUPXOD IRU PRUH JHQHUDO FODVV RI QRQ�KRPRJHQHRXV

WHUP LQ FRPSDULVRQ WR WKH DUWLFOH>��� ��@� $OVR QRWH WKDW LI WKH FRQGLWLRQ H2 LV YLRODWHG�

L�H��
∫ t1
0

1
h2(s)ds − 1

h′(0)h(0) = 0� IRU VRPH t = t1 > 0� WKHQ WKH VROXWLRQ u RQO\ YDOLG LQ

{x ∈ R, t < t1}�

��� /DUJH WLPH EHKDYLRU

,Q WKLV VHFWLRQ� ZH GLVFXVV WKH ODUJH WLPH EHKDYLRU RI WKH VROXWLRQ u(x, t, ε) DQG R(x, t, ε)�

7R EH PRUH SUHFLVH ZH SURYH WKH 7KHRUHP ������ +HUH ZH QHHG DQ DGGLWLRQDO FRQGLWLRQ RQ

n(t) GHILQHG LQ �������� WKDW n(t) LV LQWHJUDEOH RQ [0,∞)�

3URRI RI 7KHRUHP ������ 5HFDOO WKH H[SOLFLW IRUPXOD �������� IRU WKH ILUVW HTXDWLRQ� GHULYHG

LQ WKH SUHYLRXV VHFWLRQ� 2EVHUYH WKDW LW LV HQRXJK WR LQYHVWLJDWH WKH ORQJ WLPH EHKDYLRU IRU

u(x, t, ε) DQG VLPLODU DUJXPHQWV KROG IRU R(x, t, ε)� )URP WKH H[SOLFLW IRUPXOD ���������

u(x, t, ε) = n(t)x+ l(t)

∫∞
−∞

l(t)x−y
m(t) e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy

∫∞
−∞ e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy

. �������

���
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ZKHUH n(t)� l(t) DQGm(t) DUH GHILQHG LQ ���������

)LUVW� ZH VWXG\ WKH DV\PSWRWLF EHKDYLRU RI WKH IROORZLQJ WHUP DV t → ∞�

∫∞
−∞

l(t)x−y
m(t) e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy

∫∞
−∞ e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy

. �������

8VLQJ FKDQJH RI YDULDEOH l(t)x−y√
2m(t)

= u� ZH KDYH

∫∞
−∞

l(t)x−y
m(t) e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy

∫∞
−∞ e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 u0(z)dz

]

dy

=

√
2

m(t)

∫∞
−∞ ue

− 1
ε

[
u2+

∫ l(t)x−
√

2m(t)u
0 u0(z)dz

]

du

∫∞
−∞ e

− 1
ε

[
u2+

∫ l(t)x−
√

2m(t)u
0 u0(z)dz

]

du

=

√
2

m(t)

∫ 0

−∞ ue
− 1

ε

[
u2+

∫ l(t)x−
√

2m(t)u
0 u0(z)dz

]

du+
∫∞
0 ue

− 1
ε

[
u2+

∫ l(t)x−
√

2m(t)u
0 u0(z)dz

]

du

∫ 0

−∞ e
− 1

ε

[
u2+

∫ l(t)x−
√

2m(t)u
0 u0(z)dz

]

du+
∫∞
0 e

− 1
ε

[
u2+

∫ l(t)x−
√

2m(t)u
0 u0(z)dz

]

du

=

√
2

m(t)

I1 + I2
I3 + I4

.

�������

+HQFH √
m(t)

2
(u(x, t)− n(t)x) = l(t)

I1 + I2
I3 + I4

.

6LQFH u0 LV LQWHJUDEOH� XVLQJ GRPLQDWHG FRQYHUJHQFH WKHRUHP LQ Ii, i = 1, 2, 3, 4; \LHOGV

OLP
t→∞

√
m(t)

2
(u(x, t)− n(t)x) = l(∞)

√
ε

π

[
ϕ0(−∞)− ϕ0(∞)

ϕ0(−∞) + ϕ0(∞)

]
,

XQLIRUPO\ LQ FRPSDFW VHWV� 7KLV SURYHV ILUVW DV\PSWRWLF EHKDYLRU RI �������� 6HFRQG DV\PS�

WRWLF EHKDYLRU RI ������� LV D PHUH UHSHWLWLRQ RI WKH DERYH DQDO\VLV�

���
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7R SURYH �������� QRWH WKDW IURP WKH SUHYLRXV FDOFXODWLRQ

∣∣∣u(x, t)− n(t)x
∣∣∣ ≤

√
2

m(t)
l(t)

∫∞
−∞ |u|e

− 1
ε

[
u2+

∫ l(t)x−
√

2m(t)u
0 u0(z)dz

]

du

∫∞
−∞ e

− 1
ε

[
u2+

∫ l(t)x−
√

2m(t)u
0 u0(z)dz

]

du

≤ C1√
m(t)

,

IRU VRPH FRQVWDQWC1� ZKLFK PD\ GHSHQG RQ WKH LQLWLDO GDWD DQG ε� $ YHU\ VLPLODU FDOFXODWLRQ

IRU R FDQ OHDG WR WKH HVWLPDWH |R(x, t)| ≤ C2� IRU VRPH FRQVWDQW C2�

5HPDUN ������ $Q LPPHGLDWH UHPDUN LV WKDW

VXS
x∈K

|u(x, t, ε)− n(t)x| ≤ C(K, ε)√
m(t)

∣∣∣∣∣
ϕ0(−∞)− ϕ0(∞)

ϕ0(−∞) + ϕ0(∞)

∣∣∣∣∣

≤ C(K, ε)√
m(t)

,

DV t WHQGV WR LQILQLW\� ZKHUH C(K, ε) LV D FRQVWDQW ZKLFK GHSHQGV RQ WKH FRPSDFW VHWK DQG

ε� DQG LV LQGHSHQGHQW RI WKH LQLWLDO GDWD�

��� 9DQLVKLQJ YLVFRVLW\ EHKDYLRU

7KLV VHFWLRQ DLPV WR LQYHVWLJDWH WKH YDQLVKLQJ YLVFRVLW\ EHKDYLRU RI WKH V\VWHP RI HTXDWLRQV�

:H VWDUW ZLWK WZR VWDQGDUG OHPPDV� /HPPD ����� DQG /HPPD ����� DUH XVHG WR SURYLQJ WKH

7KHRUHP ����� LQ ZKLFK YDQLVKLQJ YLVFRVLW\ OLPLW LV GHWHUPLQHG� ,Q 7KHRUHP ������ ZH VKRZ

WKDW WKH YDQLVKLQJ YLVFRVLW\ OLPLW u(x, t) VDWLVILHV WKH HTXDWLRQ� 7KHRUHP ����� FRQWDLQV WKH

SURRI RI WKH IDFW WKDW WKH YDQLVKLQJ YLVFRVLW\ OLPLW IRU WKH VHFRQG FRPSRQHQWR(x, t) VDWLVILHV

WKH HTXDWLRQ� 7KLV VHFWLRQ ILQLVKHV ZLWK D 5LHPDQQ VROXWLRQ� /HW XV GHQRWH

G(x, y, t) =
(l(t)x− y)2

2m(t)
+

∫ y

0

u0(z)dz.

/HPPD ������ 6XSSRVHG(x, y, t) DWWDLQV PLQLPXP DW y1 IRU IL[HG (x, t)� 7KHQG(x′, y1, t) <

G(x′, y, t) KROGV IRU y < y1 DQG x < x′�

���
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3URRI� 6LQFH G(x, y, t) DWWDLQV PLQLPXP DW y1� 7KHUHIRUH

(l(t)x− y1)2

2m(t)
+

∫ y1

0

u0(z)dz ≤ (l(t)x− y)2

2m(t)
+

∫ y

0

u0(z)dz. �������

1RZ REVHUYH WKDW IRU y < y1 DQG x < x′�

(l(t)x− y)2

2m(t)
+

(l(t)x′ − y1)2

2m(t)
<

(l(t)x− y1)2

2m(t)
+

(l(t)x′ − y)2

2m(t)
. �������

$GGLQJ HTXDWLRQ ������� DQG HTXDWLRQ �������� ZH JHW

(l(t)x− y1)2

2m(t)
+

(l(t)x− y)2

2m(t)
+

(l(t)x′ − y1)2

2m(t)
+

∫ y1

0

u0(z)dz

<
(l(t)x− y)2

2m(t)
+

(l(t)x− y1)2

2m(t)
+

(l(t)x′ − y)2

2m(t)
+

∫ y

0

u0(z)dz.

�������

(TXDWLRQ ������� OHDGV DIWHU FDQFHOODWLRQV�

(l(t)x′ − y1)2

2m(t)
+

∫ y1

0

u0(z)dz) ≤
(l(t)x′ − y)2

2m(t)
+

∫ y

0

u0(z)dz).

7KLV LPSOLHV, G(x′, y1, t) < G(x′, y, t).

)RU IL[HG (x, t)� GHILQH

y−(x, t) = LQI{y(x, t) ∈ R|G(x, y, t) DWWDLQV PLQLPXP DW y(x, t)}

y+(x, t) = VXS{y(x, t) ∈ R|G(x, y, t) DWWDLQV PLQLPXP DW y(x, t)}.

7KH IROORZLQJ OHPPD LV D VWUDLJKWIRUZDUG DSSOLFDWLRQ RI /HPPD ��������

/HPPD ������ )RU IL[HG t� y−(x, t) DQG y+(x, t) DUH PRQRWRQLF LQFUHDVLQJ IXQFWLRQ LQ WKH

YDULDEOH x� +HQFH WKHUH LV D XQLTXH PLQLPL]HU RI G(x, y, t) IRU D�H� (x, t) ∈ R× (0,∞)�

����� 3URRI RI 7KHRUHP �����

3URRI RI 7KHRUHP ������ )RU t > 0� OHW y(x, t) LV D XQLTXH PLQLPL]HU IRU G(x, y, t)� WKHQ LW

LV HQRXJK WR GHWHUPLQH WKH OLPLW RI WKH H[SUHVVLRQ
∫∞
−∞

(
l(t)x−y
m(t)

)
H[S

{
−1
εG(x, y, t)

}
dy

∫∞
−∞ H[S

{
−1
εG(x, y, t)

}
dy

.

���
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1RZ IRU DQ\ δ > 0�

∣∣∣

∫∞
−∞

(
l(t)x−y
m(t)

)
H[S

{
−1
εG(x, y, t)

}
dy

∫∞
−∞ H[S

{
−1
εG(x, y, t)

}
dy

− l(t)x− y(x, t)

m(t)

∣∣∣

=
∣∣∣

∫∞
−∞

(
y(x,t)−y
m(t)

)
H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

∫∞
−∞ H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

∣∣∣ ≤ I1 + I2,

ZKHUH

I1 =

∫
|y−y(x,t)|<δ

∣∣y(x,t)−y
m(t)

∣∣ H[S
{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

∫∞
−∞ H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

I2 =

∫
|y−y(x,t)|>δ

∣∣y(x,t)−y
m(t)

∣∣ H[S
{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

∫∞
−∞ H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

.

,W FDQ EH HDVLO\ VHHQ WKDW |I1| ≤ δ
m(t) � 1RZ ZH KDYH

OLP
|y|→∞

G(x, y, t)−G(x, y(x, t), t)

(y − y(x, t))2
=

1

2m(t)
.

6LQFH y(x, t) LV WKH XQLTXH PLQLPL]HU� VR G(x, y, t)−G(x, y(x, t), t) > 0� 7KHUHIRUH WKHUH

H[LVW DQ a > 0 VXFK WKDW

G(x, y, t)−G(x, y(x, t), t)

(y − y(x, t))2
> a,

IRU |y − y(x, t)| > δ� 1RZ FRQVLGHU�

I2 =

∫
|y−y(x,t)|>δ

∣∣y(x,t)−y
m(t)

∣∣ H[S
{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

∫∞
−∞ H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

=

∫ y(x,t)−δ
−∞

∣∣y(x,t)−y
m(t)

∣∣ H[S
{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

∫∞
−∞ H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

+

∫∞
y(x,t)+δ

∣∣y(x,t)−y
m(t)

∣∣ H[S
{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

∫∞
−∞ H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

:H HVWLPDWH WKH ILUVW SDUW RI WKH DERYH HTXDOLW\ DQG WKH HVWLPDWLRQ RI VHFRQG SDUW ZLOO IROORZ

VLPLODUO\� )RU D VPDOO η > 0� VLQFH y(x, t) < y < y(x, t)+ η� E\ FRQWLQXLW\ RIG(x, y, t) ZH

���
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KDYH 0 < G(x, y, t)−G(x, y(x, t), t) < aδ2� 1RZ FRQVLGHU WKH ILUVW SDUW RI I2�
∫ y(x,t)−δ
−∞

∣∣y(x,t)−y
m(t)

∣∣ H[S
{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

∫∞
−∞ H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

≤
∫ y(x,t)−δ
−∞

∣∣y(x,t)−y
m(t)

∣∣ H[S
{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

∫ y(x,t)+η

y(x,t) H[S
{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

≤
∫ y(x,t)−δ
−∞

y(x,t)−y
m(t) H[S

{
−1
εa(y − y(x, t))2

}
dy

ηe−
aδ2

ε

=

∫ −δ
−∞

−z
m(t) H[S

{
−1
εaz

2
}
dz

ηe−
aδ2

ε

=
ε

2am(t)η
,

�������

ZKLFK WHQGV WR ]HUR DV ε WHQGV WR ]HUR� 6LQFH δ LV DUELWUDU\� ZH KDYH WKH ILUVW LGHQWLW\ RI

���������

1RZ ZH ILQG WKH OLPLW IRU WKHR(x, t, ε)� 6LQFHR0 LV FRQWLQXRXV� VR IRU DQ\ JLYHQ η > 0�

WKHUH H[LVW δ > 0 VXFK WKDW

|R0(y)−R0(y(x, t))| < η IRU |y − y(x, t)| < δ�

∣∣∣R(x, t, ε)−R0(y(x, t))
∣∣∣

≤

∫∞
−∞

∣∣∣R0(y)−R0(y(x, t))
∣∣∣ H[S

{
−1
εG(x, y, t)

}
dy

∫∞
−∞ H[S

{
−1
εG(x, y, t)

}
dy

= I1 + I2,

ZKHUH

I1 =

∫
|y−y(x,t)|<δ

∣∣R0(y)−R0(y(x, t))
∣∣ H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

∫∞
−∞ H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

I2 =

∫
|y−y(x,t)|>δ

∣∣R0(y)−R0(y(x, t))
∣∣ H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

∫∞
−∞ H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

.

,W FDQ EH HDVLO\ VHHQ WKDW |I1| ≤ η. 1RZ IURP WKH SUHYLRXV DQDO\VLV� WKHUH H[LVW DQ a > 0�

VXFK WKDW
G(x, y, t)−G(x, y(x, t), t)

(y − y(x, t))2
> a,

���
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IRU |y − y(x, t)| > δ� 6LQFH R0(y) = O(|y|β)� IRU DQ\ β ∈ N� ZH FDQ FKRRVH D ODUJH C > 0

VXFK WKDW WKH IROORZLQJ KROGV�

I2 ≤ C

∫
|y−y(x,t)|>δ |y(x, t)− y|β H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

∫∞
−∞ H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

= C

∫ y(x,t)−δ
−∞ |y(x, t)− y|β H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

∫∞
−∞ H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

+ C

∫∞
y(x,t)+δ |y(x, t)− y|β H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

∫∞
−∞ H[S

{
−1
ε [G(x, y, t)−G(x, y(x, t), t)]

}
dy

.

�������

$ VLPLODU DUJXPHQW DV �������� VKRZV WKH H[SUHVVLRQ ������� WHQGV WR ]HUR DV ε WHQGV WR ]HUR�

7KHUHIRUH OLPε→0 R(x, t, ε) = R0(y(t, x))�

2XU QH[W DLP LV WR SURYH WKDW WKH OLPLW IXQFWLRQ u VDWLVILHV D ZHDN IRUPXODWLRQ �VHH HTXD�

WLRQ������� LQ 7KHRUHP ��������� )RU WKLV SXUSRVH� ZH SURYH WKH IROORZLQJ OHPPD UHJDUGLQJ

WKH ERXQG RQ WKH PLQLPL]HU y(x, t)�

/HPPD ������ ,I x EHORQJV WR D ERXQGHG VHW B DQG 0 < t ≤ T � WKHQ WKH PLQLPL]HU

|y(x, t)| < M � IRU VRPH FRQVWDQWM > 0� ZKLFK PD\ GHSHQG RQ B DQG T �

3URRI� )RU x ∈ B DQG 0 < t ≤ T � FKRRVH ODUJH M > 0� VXFK WKDW IRU |y| ≥ M � WKH

IROORZLQJ KROG�

�L�

B ⊂ (−M,M).

�LL�
∣∣∣
∫ y

0 u0(z)dz

(l(t)x− y)2
2m(t)

∣∣∣ < ε < 1,

IRU VRPH ε > 0�

�LLL� )RU 0 < t ≤ T � 0 < m(t) ≤ T DQG

(l(t)x− y)2

2T

[
1− ε

]
≥ VXS

x∈B

(∫ l(t)x

0

u0(z)dz
)
.

���
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1RZ IRU |y| ≥ M DQG 0 < t ≤ T �

(l(t)x− y)2

2m(t)
+

∫ y

0

u0(z)dz =
(l(t)x− y)2

2m(t)

[
1 +

∫ y

0 u0(z)dz

(l(t)x− y)2
2m(t)

]

≥ (l(t)x− y)2

2m(t)

[
1− ε]

≥ (l(t)x− y)2

2T

[
1− ε]

≥ VXS
x∈B

(∫ l(t)x

0

u0(z)dz
)
.

7KHUHIRUH� WKH PLQLPXP LV DFKLHYHG IRU |y(x, t)| ≤ M � ZKHUH M GHSHQGV RQO\ RQ B DQG

T � 7KLV SURYHV WKH OHPPD�

7KHRUHP ������ ,I u0(x) LV ORFDOO\ ERXQGHG PHDVXUDEOH IXQFWLRQ DQG
∫ x

0 u0(z)dz = o(x2)�

WKHQ WKH OLPLW IXQFWLRQ u(x, t) = OLP
ε→0

u(x, t, ε) VDWLVILHV WKH ZHDN IRUPXODWLRQ LQ WKH IROORZLQJ

ZD\�
∫ ∞

0

∫ ∞

−∞
[u(x, t)ϕt +

u2

2
ϕx + Γ(x, t)ϕ]dxdt+

∫ ∞

−∞
u(x, 0)ϕ(x, 0)dx = 0, �������

IRU DOO WHVW IXQFWLRQV ϕ FRPSDFWO\ VXSSRUWHG LQ R× [0,∞).

3URRI� :H GLYLGH RXU SURRI LQWR WKUHH VWHSV�

6WHS 1� /HWB = (a, b)�M DV LQ WKH SUHYLRXV WKHRUHP� &KRRVH D FXW RII IXQFWLRQ ζ VDWLVI\LQJ

WKH FRQGLWLRQV

ζ ≡ 1 RQ [−M,M ], ζ ≡ 0 RQ R− [−M,M ].

7KHQ IRU x ∈ B� 0 < t ≤ T � ZH KDYH WKH IROORZLQJ �

PLQ
y∈R

[(l(t)x− y)2

2m(t)
+

∫ y

0

u0(z)dz
]
= PLQ

y∈R

[(l(t)x− y)2

2m(t)
+

∫ y

0

ζ(z)u0(z)dz
]

DQG WKH PLQLPXP LV DFKLHYHG DW WKH VDPH SRLQW DW |y(x, t)| ≤ M � 7KLV IROORZV HDVLO\ IURP

WKH SUHYLRXV OHPPD��������

6WHS 2� /HW XV GHILQH

ũ0(z) = ζ(z)u0(z).

���
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7KHQ FOHDUO\ ũ0 LV D ERXQGHG IXQFWLRQ� 1RZ FRQVLGHU WKH SUREOHP




ũt + (

ũ2

2
)x = Γ(x, t) +

ε

2
ũxx,

ũ(x, 0) = ũ0(x).
�������

2QH FDQ GHULYH DQ H[SOLFLW IRUPXOD IRU ũ(x, t, ε)�

ũ(x, t, ε) = n(t)x+ l(t)

∫∞
−∞

l(t)x−y
m(t) e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 (ũ0(z))dz

]

dy

∫∞
−∞ e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 (ũ0(z))dz

]

dy

. �������

1RZ� REVHUYH WKDW
∫ ∞

−∞

l(t)x− y

m(t)
e
− 1

ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 (ũ0(z))dz

]

dy

=− ε

l(t)

∫ ∞

−∞

d

dx

[
e−

1
ε
(l(t)x−y)2

2m(t)

]
e−

1
ε

∫ y
0 ũ0(z)dzdy

=− ε

l(t)

∫ ∞

−∞
−l(t)

d

dy

[
e−

1
ε
(l(t)x−y)2

2m(t)

]
e−

1
ε

∫ y
0 ũ0(z)dzdy

=ε

∫ ∞

−∞

d

dy

[
e−

1
ε
(l(t)x−y)2

2m(t)

]
e−

1
ε

∫ y
0 ũ0(z)dzdy.

8VLQJ LQWHJUDWLRQ E\ SDUWV� ZH KDYH
∫ ∞

−∞

l(t)x− y

m(t)
e
− 1

ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 ũ0(z)dz

]

dy =

∫ ∞

−∞
ũ0(y)e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0

˜u0(z)dz

]

dy.

)URP �������� ZH KDYH

ũ(x, t, ε) = n(t)x+ l(t)

∫∞
−∞

l(t)x−y
m(t) e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 (ũ0(z))dz

]

dy

∫∞
−∞ e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 (ũ0(z))dz

]

dy

= n(t)x+ l(t)

∫∞
−∞ ũ0(y)e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 (ũ0(z))dz

]

dy

∫∞
−∞ e

− 1
ε

[
(l(t)x−y)2

2m(t) +
∫ y
0 (ũ0(z))dz

]

dy

.

6LQFH ũ0(x) LV ERXQGHG� ũ(x, t, ε) LV ORFDOO\ ERXQGHG LQGHSHQGHQW RI ε� $JDLQ E\ VWHS 1 RQH

FDQ REVHUYH WKDW

OLP
ε→0

ũ(x, t, ε) = OLP
ε→0

u(x, t, ε) = u(x, t).

���
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6WHS 3� 6LQFH ũ(x, t, ε) LV VPRRWK DQG VDWLVILHV �������� PXOWLSO\LQJ ZLWK WHVW IXQFWLRQ φ

VXSSRUWHG LQ B × [0, T ) DQG XVLQJ LQWHJUDWLRQ E\ SDUWV ZH JHW
∫ ∞

t1

∫ ∞

−∞
[ũ(x, t, ε)φt +

ũ(x, t, ε)2

2
φx + Γ(x, t)φ]dxdt

+

∫ ∞

−∞
ũ(x, t1, ε)φ(x, t1)dx = − ε

2

∫ ∞

t1

∫ ∞

−∞
ũ(x, t, ε)φxxdxdt.

7KLV LPSOLHV�
∫ ∞

t1

∫ ∞

−∞
[ũ(x, t, ε)φt +

ũ(x, t, ε)2

2
φx + Γ(x, t)φ]dxdt

+

∫ ∞

−∞

(∫ x

0

ũ(y, t1, ε)dy
)

x
φ(x, t1)dx = − ε

2

∫ ∞

t1

∫ ∞

−∞
ũ(x, t, ε)φxxdxdt.

�������

$SSO\LQJ LQWHJUDWLRQ E\ SDUWV LQ �������� ZH KDYH
∫ ∞

t1

∫ ∞

−∞
[ũ(x, t, ε)φt +

ũ(x, t, ε)2

2
φx + Γ(x, t)φ]dxdt

−
∫ ∞

−∞

∫ x

0

ũ(y, t1, ε)dyφx(x, t1)dx = − ε

2

∫ ∞

t1

∫ ∞

−∞
ũ(x, t, ε)φxxdxdt.

��������

$V ũ(x, t, ε) LV ORFDOO\ ERXQGHG DQG OLPt→0

∫ x

0 ũ(y, t, ε)dy =
∫ x

0 ũ0(y)dy� DSSO\LQJ OLPLW

t1 → 0 LQ ��������� ZH JHW
∫ ∞

0

∫ ∞

−∞
[ũ(x, t, ε)φt +

ũ(x, t, ε)2

2
φx + Γ(x, t)φ]dxdt

−
∫ ∞

−∞

( ∫ x

0

ũ0(y)dy
)
φx(x, 0)dx = − ε

2

∫ ∞

0

∫ ∞

−∞
ũ(x, t, ε)φxxdxdt.

��������

1RZ� E\ VWHS 2� OLPε→0 ũ(x, t, ε) = u(x, t) DQG ũ(x, t, ε) LV ORFDOO\ ERXQGHG LQGHSHQGHQW RI

ε� SDVVLQJ WR WKH OLPLW ε → 0 LQ ��������� ZH KDYH WKH GHVLUHG UHVXOW� 7KLV FRPSOHWHV WKH

SURRI�

1H[W ZH VKRZ WKDW R(x, t) VDWLVILHV WKH HTXDWLRQ Rt + uRx = 0 LQ WKH VHQVH RI 9ROSHUW�

,I u LV D IXQFWLRQ RI ERXQGHG YDULDWLRQ� ZH ZULWH

R× [0,∞) = Sc ∪ Sj ∪ Sn,

���
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ZKHUH Sc DQG Sj DUH WKH VHW RI SRLQWV RI DSSUR[LPDWH FRQWLQXLW\ DQG SRLQWV RI DSSUR[L�

PDWH MXPS GLVFRQWLQXLW\� Sj FDQ EH H[SUHVVHG DV D FRXQWDEOH XQLRQ RI /LSVFKLW] FRQWLQXRXV

FXUYHV� 7KH VHW Sn KDV RQH GLPHQVLRQDO +DXVGRUII PHDVXUH ]HUR� $W DQ\ SRLQW (x, t) ∈ Sj �

u(x−, t) DQG u(x+, t) DUH UHVSHFWLYHO\ GHQRWH WKH OHIW DQG ULJKW YDOXHV RI WKH MXPS GLVFRQWL�

QXLW\� )RU DQ\ FRQWLQXRXV IXQFWLRQ g : R → R� WKH DYHUDJHG VXSHUSRVLWLRQ g(u)�VHH 9ROSHUW

>��@� LV GHILQHG DV

g(u)(x, t) =

{
g(u(x, t)), LI (x, t) ∈ Sc∫ 1

0 g((1− α)u(x−, t) + αu(x+, t))dα, LI (x, t) ∈ Sj.
��������

)RU DQ\ v ∈ BV (R × (0,∞))� g(u) LV D %RUHO PHDVXUDEOH IXQFWLRQ ZLWK UHVSHFW WR WKH

PHDVXUH vx DQG WKH SURGXFW g(u)vx LV GHILQHG DV IROORZV�

g(u)vx(E) =

∫

E

g(u)vx ��������

IRU DQ\ %RUHO PHDVXUDEOH VHW E ⊂ R× (0,∞)�

7KHRUHP ������ /HW u0 EH D ERXQGHG PHDVXUDEOH IXQFWLRQ� WKHQ WKH OLPLW IXQFWLRQR(x, t) =

OLP
ε→0

∫ x

0

ρ(y, t, ε)dy = R0(y(t, x)) VDWLVILHV WKH HTXDWLRQ

Rt + uRx = 0

LQ WKH VHQVH RI 9ROSHUW DQG OLPt→0 R(x, t) = R0(x)� D�H� x ∈ R�

3URRI� )URP WKH IRUPXOD� LW LV FOHDU WKDW u LV D IXQFWLRQ RI ERXQGHG YDULDWLRQ DQG LW VDWLVILHV

ut + uux = Γ(x, t)

LQ WKH UHJLRQ x ∈ R, t > 0� 1RZ ZH VKRZ WKDWR(x, t) VDWLVILHV WKH HTXDWLRQRt+uRx = 0

LQ WKH YROSHUW VHQVH� :H GLYLGH RXU SURRI LQWR IRXU VWHSV�

6WHS 1� /HW XV LQWURGXFH WKH HTXDWLRQ

(un)t + un(un)x = Γ(x, t)

un(x, 0) = u0,n(x).
��������

���
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7DNH D SDUWLWLRQ−R−LT = x1 < x2... < xn = R+LT � IRU VRPH T > 0 DQG L = ||u0||∞�

+HUH WKH LQLWLDO GDWD u0,n(x) LV D SLHFHZLVH FRQVWDQW IXQFWLRQ

u0,n(x) =






u1, LIx < x1

ui, LIxi ≤ x ≤ xi+1

un, LIx > xn,

DQG
∫
|x|≤R+LT

∣∣∣u0(x)− u0,n(x)
∣∣∣dx → 0�

7KHQ E\ L1� FRQWUDFWLRQ �VHH >�@�� ZH KDYH�
∫ T

0

∫

|x|≤R

∣∣∣u(x, t)− un(x, t)
∣∣∣dxdt → 0 DV n → ∞.

6R� yn(x, t) → y(x, t) LQ L1([−R,R] × [δ, T ]) IRU VRPH δ > 0� DV n → ∞� ZKHUH yn(x, t)

LV WKH PLQLPL]HU FRUUHVSRQGLQJ WR WKH LQLWLDO GDWD u0,n�

6WHS 2� :H FODLP WKDW WKH VHW RI DOO GLVFRQWLQXRXV SRLQWV RI un(x, t) RI �������� FDQ EH

ZULWWHQ DV WKH XQLRQ RI ILQLWH QXPEHUV RI /LSVFKLW] FRQWLQXRXV FXUYHV�

2EVHUYH WKDW IRU (x, t) ∈ [−R,R] × [δ, T ] LV D SRLQW RI GLVFRQWLQXLW\� WKH PLQLPL]HU

LV QRW XQLTXH� /HW WKH OHIW PRVW PLQLPL]HU LV (yn)−(x, t) DQG WKH ULJKW PRVW PLQLPL]HU LV

(yn)+(x, t)� :H VHH WKDW�

�L� ,I (yn)−(x, t), (yn)+(x, t) ∈ [xi, xi+1]� WKHQ (yn)−(x, t) = xi DQG (yn)+(x, t) = xi+1�

7KLV LV EHFDXVH
∫ x

0 u0n(z)dz LV DQ DIILQH IXQFWLRQ RQ (xi, xi+1)�

�LL� ,I (yn)−(x, t) ∈ (xi, xi+1) DQG (yn)+(x, t) ∈ (xj, xj+1) �i < j�� WKHQ

l(t)x− (yn)−(x, t)

m(t)
= u0n((yn)−(x, t)) = ui

DQG
l(t)x− (yn)+(x, t)

m(t)
= u0n((yn)+(x, t)) = uj

7KHUHIRUH IURP �L� DQG �LL�� ZH KDYH

|(yn)−(x, t)− (yn)+(x, t)| > δ1|ui − uj|,

���
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IRU t > δ� &KRRVH δ2 = PLQ {δ1|ui − uj|, i )= j ∀i, j}� ,I (x, t) LV D SRLQW RI GLVFRQWLQXLW\�

WKHQ ((yn)+(x, t)− (yn)−(x, t)) > δ1� 1RZD(un) EH WKH VHW RI DOO GLVFRQWLQXRXV SRLQWV RI

un� /HW t1 = LQI
(x,t)∈D(un)

{t}� 3LFN x1 VXFK WKDW (x1, t1) ∈ D(un)� &RQVLGHU WKH GLVFRQWLQXRXV

FXUYH γ1 VWDUWLQJ DW (x1, t1) ZKLFK LV SRVVLEOH EHFDXVH DQ\ GLVFRQWLQXRXV SRLQW LV SDUW RI D

GLVFRQWLQXRXV FXUYH� 1RZ OHW t2 = LQI
(x,t)∈D\γ∗1

{t}ZKHUH γ∗1 GHQRWHV WKH UDQJH RI γ1� 6LPLODUO\

RQH FDQ FKRRVH x2 VXFK WKDW (x2, t2) ∈ D(un)� $JDLQ FRQVLGHU WKH GLVFRQWLQXRXV FXUYH γ2

VWDUWLQJ IURP (x2, t2)� &RQWLQXLQJ WKLV ZD\ ZH ZLOO ILQG GLVFRQWLQXRXV FXUYHV γ1, γ2, γ3����

ZLWK VWDUWLQJ SRLQWV (x1, t1), (x2, t2), (x3, t3)����� UHVSHFWLYHO\ DQG WKLV SURFHVVZLOO HYHQWXDOO\

VWRS DIWHU D ILQLWH QXPEHU RI VWHSV DV WKH FKDUDFWHULVWLF WULDQJOHV FRQVWUXFWHG IURP WKH SRLQWV

(xi, ti) ZLOO QHYHU LQWHUVHFW DQG WKH OHQJWK RI WKH EDVH RI WKH FKDUDFWHULVWLF WULDQJOHV LV DWOHDVW

δ1 ZKHQ t > δ� 6R WKLV LPSOLHV LQ WKH FRPSDFW VHW [−R,R] × [δ, T ]� γi¶V DUH ILQLWH� 7KLV

FRPSOHWHV WKH SURRI RI RXU FODLP�

6WHS 3� :H VKRZ WKDW Rn = R0(yn(x, t)) VDWLVILHV WKH HTXDWLRQ (Rn)t + ūn(Rn)x = 0 LQ

WKH VHQVH RI 9ROSHUW� 6LQFH WKHUH DUH RQO\ ILQLWH QXPEHU RI GLVFRQWLQXLW\ FXUYHV DQG LQ WKH

FRPSOHPHQW VROXWLRQ LV VPRRWK� /HW {x = χj(t)}nj=1 EH WKH GLVFRQWLQXRXV FXUYHV� 1RZ ZH

ZULWH
(Rn)t = (Rc

n)t +
(
Rn(χj(t)−, t)−Rn(χj(t)+, t)(−χ̇j(t))δx=χj(t)

(Rn)x = (Rc
n)x +

(
Rn(χj(t)−, t)−Rn(χj(t)+, t)δx=χj(t)

:KHUH Rc
n GHQRWH WKH FRQWLQXRXV SDUW RI Rn DQG XVLQJ ��������� ZH KDYH

un(x, t) =

{
un(x, t) LI (x, t) ∈ Ω− {(χj(t), t), j = 1...n}
un(χj(t)−,t)+un(χj(t)+,t)

2 LI (x, t) ∈ {(χj(t), t), j = 1...n} .

1RZ XVLQJ 5�+ FRQGLWLRQ� ZH JHW�

(Rn)t + un(Rn)x = (Rc
n)t + un(R

c
n)x.

,I (x, t) LV D SRLQW RI FRQWLQXLW\ RI un� LW LV HQRXJK WR VKRZ�

(Rc
n)t + un(R

c
n)x = 0.

���
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/HW (x, t) ∈ Sc� L�H� WKH SRLQW RI FRQWLQXLW\ RI un DQG ZH NQRZ WKDW

un(x, t) = n(t)x+
l(t)

m(t)
[l(t)x− yn(x, t)].

7KHQ
(un)t = x

d

dt

[
n(t) +

l2(t)

m(t)

]
− yn(x, t)

d

dt

( l(t)

m(t)

)
− l(t)

m(t)
(yn)t(x, t),

(un)x =
[
n(t) +

l2(t)

m(t)

]
− l(t)

m(t)
(yn)x(x, t).

:H FDOFXODWH

(un)t + un(un)x =x
d

dt

[
n(t) +

l2(t)

m(t)

]
− yn(x, t)

d

dt

( l(t)

m(t)

)
− l(t)

m(t)
(yn)t(x, t)

+
(
[n(t) +

l2(t)

m(t)
]x− l(t)

m(t)
yn(x, t)

)[
n(t) +

l2(t)

m(t)
− l(t)

m(t)
(yn)x(x, t)

]

=x
[ d
dt

(
n(t) +

l2(t)

m(t)

)
+
(
n(t) +

l2(t)

m(t)

)2]

−
[ d
dt

( l(t)

m(t)

)
+

l(t)

m(t)

(
n(t) +

l2(t)

m(t)

)]
yn

− l(t)

m(t)
((yn)t + u(yn)x).

��������

1RZ�
d

dt

(
n(t) +

l2(t)

m(t)

)
+
(
n(t) +

l2(t)

m(t)

)2

=
d

dt
n(t) + n2(t) +

d

dt

( l2(t)
m(t)

)
+
( l2(t)
m(t)

)2
+ 2

l2(t)n(t)

m(t)

=
h′′(t)

h(t)
+

d

dt

(m′(t)

m(t)

)
+
(m′(t)

m(t)

)2
+ 2

m′(t)

m(t)
n(t)

=
h′′(t)

h(t)
+

m′′(t)

m(t)
+ 2

m′(t)

m(t)
n(t)

=
h′′(t)

h(t)
+

2l(t)
(
l′(t) + l(t)n(t)

)

m(t)
=

h′′(t)

h(t)
.

,Q WKH DERYH FDOFXODWLRQ ZH XVHG WKH UHODWLRQ �������� $ VLPLODU FDOFXODWLRQ UHYHDOV WKDW WKH

FRHIILFLHQW RI yn LQ WKH HTXDWLRQ ��������� WKDW LV� d
dt

( l(t)
m(t)

)
+ l(t)

m(t)

(
n(t) + l2(t)

m(t)

)
= 0� 6LQFH

un VDWLVILHV (un)t + un(un)x = Γ(x, t)� ZH JHW

���
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(yn)t + un(yn)x = 0.

7KHUHIRUH

(Rc
n)t + un(R

c
n)x = ρ0(yn(x, t))[(yn)t + u(yn)x] = 0.

6WHS 4� )URP VWHS 2� ZH KDYH (Rn)t + ūn(Rn)x = 0� 7KLV FDQ EH UHZULWWHQ E\ XVLQJ WKH

FKDLQ UXOH IRU 9ROSHUW SURGXFW�VHH >��@�

(Rn)t + (unRn)x − R̄n(un)x = 0. ��������

:H FDOFXODWH�

R̄n(un)x = R0(yn(x, t))
(
n(t)x+

l(t)

m(t)
[l(t)x− yn(x, t)]

)

x

= R0(yn(x, t))
[(
n(t) +

l2(t)

m(t)

)
− l(t)

m(t)
(yn(x, t))x

]

= R0(yn(x, t))
(
n(t) +

l2(t)

m(t)

)
− l(t)

m(t)

(
M0(yn(x, t))

)

x
,

��������

ZKHUH R0(y) = M ′
0(y)� 6LQFH (R0,M0) ∈ W 1,∞

loc (R)� VWHS � JLYHV�

R0(yn(x, t)) → R0(y(x, t)) LQ L1([−R,R]× [δ, T ]),

M0(yn(x, t)) → M0(y(x, t)) LQ L1([−R,R]× [δ, T ]).

+HQFH�

R0(yn(x, t))
(
n(t) +

l2(t)

m(t)

)
− l(t)

m(t)

(
M0(yn(x, t))

)

x

→ R0(y(x, t))
(
n(t) +

l2(t)

m(t)

)
− l(t)

m(t)

(
M0(y(x, t))

)

x

��������

LQ WKH VHQVH RI GLVWULEXWLRQ�

6R IURP HTXDWLRQV ������������������ ZH JHW

(Rn)t + (unRn)x − R̄n(un)x →

(R)t + (uR)x −R0(y(x, t))
(
n(t) +

l2(t)

m(t)

)
+

l(t)

m(t)

(
m0(y(x, t))

)

x

LQ WKH VHQVH RI GLVWULEXWLRQ�

���
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)LQDOO\ RQH KDV�

Rt + (uR)x −R0(y(x, t))
(
n(t) +

l2(t)

m(t)

)
+

l(t)

m(t)

(
m0(y(x, t))

)

x
= 0,

L�H�

Rt + (uR)x −R0(y(x, t))
(
n(t) +

l2(t)

m(t)

)
+

l(t)

m(t)
R0(y(x, t))yx(x, t) = 0.

7KLV LPSOLHV�

Rt + (uR)x −R0(y(x, t))
(
n(t)x+

l(t)

m(t)
[l(t)x− y(x, t)]

)

x

 ⇒ Rt + (uR)x − R̄ux  ⇒ Rt + uRx = 0.

7KLV FRPSOHWHV WKH SURRI RI WKH WKHRUHP�

����� 7KH 5LHPDQQ SUREOHP

7KH IROORZLQJ WKHRUHP GHVFULEHV DQ H[SOLFLW VROXWLRQ IRU ������� ZKHQ WKH LQLWLDO GDWD LV RI

5LHPDQQ W\SH� L�H�

(
u0(x)
ρ0(x)

)
=






(
uL

ρL

)
, LI x < 0

(
uR

ρR

)
, LI x > 0.

8VLQJ H[SOLFLW IRUPXOD ��������� RQH FDQ HDVLO\ GHGXFH WKH VROXWLRQV IRU 5LHPDQQ W\SH LQLWLDO

GDWD�

7KHRUHP ������ 7KH VROXWLRQ IRU WKH SUREOHP

ut + uux = Γ(x, t) x ∈ R, t > 0
ρt + (uρ)x = 0, x ∈ R, t > 0,

ZLWK LQLWLDO GDWD

(u, ρ)T (x, 0) =

{
(uL, ρL)T LI x < 0,

(uR, ρR)T LI x > 0,

���
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ZKHUH (., .)T GHQRWHV WKH WUDQVSRVH� FDVH E\ FDVH DUH JLYHQ EHORZ�

&DVH� uL > uR�

u(x, t) =






n(t)x+ l(t)uL LI x < g(t),
[n(t)m(t)

l(t) + l(t)
](

uL+uR
2

)
LI x = g(t),

n(t)x+ l(t)uR LI x > g(t),

DQG

ρ(x, t) =






l(t)ρL LI x < g(t),

m(t)(ρL + ρR)
(

uL−uR
2

)
δx=g(t) LI x = g(t).

l(t)ρR LI x > g(t),

ZKHUH

g(t) =
m(t)

l(t)

(uL + uR

2

)

&DVH� uL ≤ uR�

u(x, t) =






n(t)x+ l(t)uL LI x < m(t)
l(t) uL,(

n(t) + l2(t)
m(t)

)
x LI m(t)

l(t) uR < x < m(t)
l(t) uL,

n(t)x+ l(t)uR LI x > m(t)
l(t) uR

DQG

ρ(x, t) =






l(t)ρL LI x < m(t)
l(t) uL,

0 LI m(t)
l(t) uR < x < m(t)

l(t) uL,

l(t)ρR LI x > m(t)
l(t) uR,

ZKHUH n(t)� l(t)�m(t) DUH GHILQHG DV LQ ���������

3URRI� &DVH ,� uL > uR : )RU y < 0, WKH PLQLPL]HU RI WKH IXQFWLRQDO G(y, x, t) LV y =

l(t)x− uLm(t) DQG WKH PLQLPXP YDOXH LV uL

(
l(t)x− uL

2 m(t)
)
.

)RU y > 0, WKH PLQLPL]HU RI WKH IXQFWLRQDO G(y, x, t) LV y = l(t)x − uRm(t) DQG WKH

PLQLPXP YDOXH LV uR

(
l(t)x− uR

2 m(t)
)
.

���
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)RU y = 0, WKH YDOXH RI G(y, x, t) LV l2(t)x2

2m(t) .

$ VWUDLJKWIRUZDUG FDOFXODWLRQ JLYHV�

uL

(
l(t)x− uL

2
m(t)

)
< uR

(
l(t)x− uR

2
m(t)

)

LII

x <
m(t)

l(t)

(uL + uR

2

)
= g(t).

1RZ REVHUYLQJ WKH IDFW

uL

(
l(t)x− uL

2
m(t)

)
≤ l2(t)x2

2m(t)

uR

(
l(t)x− uR

2
m(t)

)
≤ l2(t)x2

2m(t)
,

ZH FRQFOXGH WKDW� LQ WKH UHJLRQ x < g(t), WKH PLQLPL]HU RI WKH IXQFWLRQDOG(y, x, t) LV JLYHQ

E\ y(x, t) = l(t)x− uLm(t). 1RZ UHFDOOLQJ WKH IRUPXOD

u(x, t) = n(t)x+
l(t)

m(t)

(
l(t)x− y(x, t)

)
,

R(x, t) = R0(y(x, t)),

ZH REWDLQ

u(x, t) = n(t)x+ l(t)uL, R(x, t) = ρL
(
l(t)x− uLm(t)

)
.

6LPLODUO\� LQ WKH UHJLRQ x > g(t), WKH PLQLPL]HU RI WKH IXQFWLRQDO G(y, x, t) G(y, x, t) LV

JLYHQ E\ y(x, t) = l(t)x− uRm(t), ZH JHW

u(x, t) = n(t)x+ l(t)uR, R(x, t) = ρR
(
l(t)x− uRm(t)

)
.

6LQFH ρ = Rx LQ WKH VHQVH RI GLVWULEXWLRQ� ZH JHW WKH DERYH IRUPXOD�

&DVH ,,� uL < uR : ,Q WKH UHJLRQ x < m(t)
l(t) uL, WKH PLQLPL]HU RI WKH IXQFWLRQDO G(y, x, t) LV

y(x, t) = l(t)x− uLm(t). 6R WKH IURP WKH H[SOLFLW IRUPXOD IRU u(x, t) DQG R(x, t), ZH JHW

u(x, t) = n(t)x+ l(t)uL

R(x, t) = ρL(l(t)x− uLm(t)).

���
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6LPLODUO\� LQ WKH UHJLRQ x > m(t)
l(t) uR, WKH PLQLPL]HU RI WKH IXQFWLRQDO G(y, x, t) LV y(x, t) =

l(t)x− uRm(t). 6R WKH IURP WKH H[SOLFLW IRUPXOD IRU u(x, t) DQG R(x, t), ZH JHW

u(x, t) = n(t)x+ l(t)uR

R(x, t) = ρR(l(t)x− uRm(t)).

,Q WKH UHJLRQ m(t)
l(t) uL < x < m(t)

l(t) uR, G(y, x, t) DWWDLQV WKH PLQLPXP DW y = 0, KHQFH WKH

VROXWLRQ LV JLYHQ E\

u(x, t) =
(
n(t) +

l2(t)

m(t)

)
x

R(x, t) = 0.

7KLV FRPSOHWHV WKH SURRI RI WKH WKHRUHP�

��� 6SDFH LQGHSHQGHQW QRQ�KRPRJHQHRXV V\VWHP

,Q WKLV VKRUW VHFWLRQ� ZH DUH LQWHUHVWHG LQ WKH K\SHUEROLF V\VWHP ZLWK QRQ�KRPRJHQHRXV

WHUPV GHSHQGLQJ RQO\ RQ t� :H IROORZ /D[ >��@ WR VKRZ WKH H[LVWHQFH RI D VROXWLRQ IRU WKLV

V\VWHP RI EDODQFH ODZV� /HW XV FRQVLGHU WKH IROORZLQJ V\VWHP
{
ut + uux = h(t), x ∈ R, t > 0,

ρt + (uρ)x = 0, x ∈ R, t > 0,
�������

ZKHUH h(t) LV D ERXQGHG PHDVXUDEOH IXQFWLRQ RQ [0,∞)� )RU VLPSOLFLW\� ZH WDNH WKH LQLWLDO

GDWD IRU u DQG ρ DV ERXQGHG PHDVXUDEOH IXQFWLRQ�

u(x, 0) = u0(x), ρ(x, 0) = ρ0(x). �������

'HILQH WKH IROORZLQJ IXQFWLRQV

f1(t) = −
∫ t

0

( 1

w2

∫ w

0

sh(s)ds
)
dw,

f2(t) = −1

t

∫ t

0

sh(s)ds,

f3(t) = −
∫ t

0

f 2
2 (s)ds.

���



� 9DQLVKLQJ YLVFRVLW\ OLPLW IRU D V\VWHP RI EDODQFH ODZV ZLWK JHQHUDO W\SH LQLWLDO GDWD
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1RWH WKDW f1(t)� f2(t) DQG f3(t) VDWLVILHV WKH IROORZLQJ GLIIHUHQWLDO HTXDWLRQV�

f1
′(t) =

f2(t)

t
,

f2
′(t) = −h(t)− f2(t)

t
,

f ′
3(t) = −f 2

2 (t).

�������

'HILQH

U(x, y, t) = PLQ
y∈R

{(x− y)2

2t
+ f1(t)y + f2(t)x+ f3(t) +

∫ y

0

u0(z)dz
}
. �������

$OPRVW UHSHDWLQJ WKH SURRI RI OHPPDV ����� DQG ������ RQH FDQ JHW

/HPPD ������ 6XSSRVHU(x, y, t) DWWDLQV PLQLPXP DW y1 IRU IL[HG (x, t)� 7KHQU(x′, y1, t) <

U(x′, y, t) KROGV IRU y < y1 DQG x < x′�

/HPPD ������ )RU IL[HG t� y−(x, t) DQG y+(x, t) DUH PRQRWRQLF LQFUHDVLQJ IXQFWLRQ LQ WKH

YDULDEOH x� +HQFH WKHUH LV D XQLTXH PLQLPL]HU RI U(x, y, t) IRU D�H� (x, t) ∈ R× (0,∞)�

7KHRUHP ������ )RU D�H� (x, t) ∈ R × (0,∞)� WKHUH H[LVWV D XQLTXH PLQLPL]HU RI �������

DQG WKH VROXWLRQ IRU WKH HTXDWLRQ ��������������� LV JLYHQ EHORZ�

u(x, t) =
x− y(x, t)

t
+ f2(t)

ρ(x, t) =
∂

∂x
R0(y(x, t)),

�������

∂
∂x LV XQGHUVWRRG DV WKH GLVWULEXWLRQDO GHULYDWLYH ZLWK UHVSHFW WR x�

3URRI� 'HQRWH

G(x, y, t) =
(x− y(x, t))2

2t
+ f1(t)y(x, t) + f2(t)x+ f3(t) +

∫ y(x,t)

0

u0(z)dz.

)ROORZLQJ /D[ >��@� ZH GHILQH

UN(x, t) = − 1

N
ORJ
[ ∫ ∞

−∞
e−NG(x,y,t)dy

]
.

���
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7KHQ

UN
x =

∫∞
−∞

(
x−y
t + f2(t)

)
e−NG(x,y,t)dy

∫∞
−∞ e−NG(x,y,t)dy

UN
t =

∫∞
−∞

(
− (x−y)2

2t2 + f ′
1(t)y + f ′

2(t)x+ f ′
3(t)
)
e−NG(x,y,t)dy

∫∞
−∞ e−NG(x,y,t)dy

%HFDXVH RI WKH UHODWLRQV ��������

−(x− y)2

2t2
+ f ′

1(t)y + f ′
2(t)x+ f ′

3(t) = −

(
x−y
t + f2(t)

)2

2
− h(t)x.

%\ OHPPD ����� DQG XVLQJ WKH PHWKRG RI SURRI RI WKH SUHYLRXV UHVXOW LQ VHFWLRQ 4� RQH FDQ

DOVR VKRZ IRU D IL[HG t� WKH IXQFWLRQV UN
t DQG UN

x FRQYHUJHV D�H� x ∈ R WR WKH IROORZLQJ

OLPLW�
OLP

N→∞
UN
x (x, t) =

x− y(x, t)

t
+ f2(t) = u(x, t)

OLP
N→∞

UN
t (x, t) = −(x− y(x, t))2

2t2
+ f ′

1(t)y(x, t) + f ′
2(t)x+ f ′

3(t)

= −u(x, t)2

2
− h(t)x.

6R WKH DERYH OLPLW KROGV IRU D�H� (x, t) ∈ R× (0,∞)�

6LQFH UN
xt = UN

tx , PXOWLSO\LQJ ZLWK WHVW IXQFWLRQ DQG LQWHJUDWLQJ E\ SDUWV RQ WKH GRPDLQ

R× [t1∞)� ZH JHW�
∫ ∞

t1

∫ ∞

−∞
UN
x φt(x, t)dxdt−

∫ ∞

t1

∫ ∞

−∞
UN
t φx(x, t)dxdt+

∫ ∞

−∞
UN
x φ(x, t1)dx = 0.

8VLQJ LQWHJUDWLRQ E\ SDUWV�
∫ ∞

t1

∫ ∞

−∞
UN
x φt(x, t)dxdt−

∫ ∞

t1

∫ ∞

−∞
UN
t φx(x, t)dxdt−

∫ ∞

−∞
UNφx(x, t1)dx = 0.

1RZ SDVVLQJ WR WKH OLPLW DV t1 → 0� ZH JHW

∫ ∞

0

∫ ∞

−∞
UN
x φt(x, t)dxdt−

∫ ∞

0

∫ ∞

−∞
UN
t φx(x, t)dxdt−

∫ ∞

−∞

(∫ x

0

u0(z)dz
)
φx(x, 0)dx = 0.

���
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1RZ SDVVLQJ WR WKH OLPLW DV N → ∞� ZH JHW
∫ ∞

0

∫ ∞

−∞
uφtdxdt+

∫ ∞

0

∫ ∞

−∞
(
u2

2
+ h(t)x)φxdxdt−

∫ ∞

−∞

(∫ x

0

u0(z)dz
)
φx(x, 0)dx = 0.

$SSO\LQJ LQWHJUDWLRQ E\ SDUWV� ZH JHW

∫ ∞

0

∫ ∞

−∞

(
uφt +

u2

2
φx

)
dxdt−

∫ ∞

0

∫ ∞

−∞
h(t)φ(x, t)dxdt+

∫ ∞

−∞
u0(x)φ(x, 0)dx = 0.

7KH SURRI WKDW R(x, t) = R0(y(x, t)) VDWLVILHV WKH HTXDWLRQ

Rt + uRx = 0,

ZLWK LQLWLDO GDWD R(x, 0) = R0(x) LV VRPH ZKDW VLPLODU WR WKH SURRI RI 7KHRUHP 4.6 DQG

GHWDLOV DUH RPLWWHG� 7KHUHIRUH ρ = Rx VDWLVILHV

ρt + (uρ)x = 0,

ZLWK LQLWLDO GDWD ρ(x, 0) = ρ0(x)�

5HPDUN ������ :H VKRZHG WKDW WKH IRUPXOD ������� VDWLVILHV WKH HTXDWLRQ ���������������

ZKHQ WKH LQLWLDO GDWD u0(x) DQG ρ0(x) DUH ERXQGHG PHDVXUDEOH IXQFWLRQV� %XW WKLV IRUPXOD

������� VWLOO VDWLVILHV WKH HTXDWLRQ ZKHQ
∫ x

0 u0(z)dz = o(x2) DQG
∫ x

0 ρ0(z)dz = O(|x|β)� IRU

DQ\ β ∈ N�

���



&KDSWHU �

,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �'SUHV�
VXUHOHVV JDV G\QDPLFV
��� ,QWURGXFWLRQ

7KLV FKDSWHU DGGUHVVHV WKH VROYDELOLW\ RI WKH LQLWLDO�ERXQGDU\ YDOXH SUREOHP IRU WKH V\VWHP

RI SUHVVXUHOHVV JDV G\QDPLFV
ρt + (ρu)x = 0

(ρu)t + (ρu2)x = 0
�������

LQ RQH VSDFH GLPHQVLRQ� +HUH ρ GHQRWHV WKH GHQVLW\ DQG u WKH YHORFLW\� 7KH WZR OLQHV

LQ HTXDWLRQ ������� H[SUHVV FRQVHUYDWLRQ RI PDVV DQG PRPHQWXP� UHVSHFWLYHO\� :H DGMRLQ

LQLWLDO GDWD

ρ(x, 0) = ρ0(x), u(x, 0) = u0(x), x > 0, �������

DQG DVN XQGHU ZKDW FRQGLWLRQV DQG LQ ZKDW VHQVH ERXQGDU\ GDWD

u(0, t) = ub(t), (ρu)(0, t) = (ρbub)(t), t > 0, �������

FDQ EH SUHVFULEHG� ,W LV DVVXPHG WKDW WKH GDWD u0 DQG ub DUH ERXQGHG PHDVXUDEOH IXQFWLRQV

ZLWK ub > 0� )XUWKHU� ρ0 DQG ρb DUH SRVLWLYH ORFDOO\ ERXQGHG PHDVXUDEOH IXQFWLRQV�

7KH LQLWLDO YDOXH SUREOHP �������� ������� KDV EHHQ LQWHQVLYHO\ VWXGLHG LQ WKH OLWHUDWXUH�

7KH NH\ LVVXH LV WKDW� LQ JHQHUDO� ρ LV QR ORQJHU D IXQFWLRQ� EXW D PHDVXUH� 7KLV OHG WR WKH

LQWURGXFWLRQ RI YDULRXV VWURQJO\ UHODWHG QRWLRQV RI ZHDN VROXWLRQV� VXFK DV PHDVXUH VROX�

WLRQV >��@� GXDOLW\ VROXWLRQV >��@ �EDVHG RQ >��@�� GXDOLW\ VROXWLRQV REWDLQHG E\ YDQLVKLQJ

YLVFRVLW\ >��@� PDVV DQG PRPHQWXP SRWHQWLDOV >��� ��� ��@� WRJHWKHU ZLWK JHQHUDOL]HG FKDU�

DFWHULVWLFV >��@� JHQHUDOL]HG SRWHQWLDOV DQG YDULDWLRQDO SULQFLSOHV >��� ��� ��@� ,Q WKLV SDSHU�

���
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ZH VKDOO H[WHQG WKH DSSURDFK RI >��� ��@ WR WKH ERXQGDU\ YDOXH SUREOHP�

/HW XV EHJLQ E\ GLVFXVVLQJ ZKDW LV PHDQW E\ D JHQHUDOL]HG VROXWLRQ WR WKH V\VWHP RI

GLIIHUHQWLDO HTXDWLRQV �������� :H VKDOO FRQVWUXFW ORFDOO\ ERXQGHG PHDVXUDEOH IXQFWLRQV

m(x, t)� u(x, t) VXFK WKDW IRU DOPRVW DOO t�m(x, t) LV RI ORFDOO\ ERXQGHG YDULDWLRQ ZLWK UHVSHFW

WR x� 7KXV� IRU DOPRVW DOO t� WKH GLVWULEXWLRQDO GHULYDWLYHmx GHILQHV D 5DGRQ PHDVXUH ρ� ,Q

DGGLWLRQ� u LV PHDVXUDEOH ZLWK UHVSHFW WR ρ� )ROORZLQJ >��� 'HILQLWLRQ ���@� WKH SDLU (ρ, u)

LV YLHZHG DV D JHQHUDOL]HG VROXWLRQ WR �������� LI
∫∫

ϕtmdxdt−
∫∫

ϕu dmdt = 0
∫∫ (

ψtu+ ψxu
2
)
dmdt = 0

�������

IRU DOO WHVW IXQFWLRQV ϕ,ψ ∈ D(R2
+)� 7KH FRQVWUXFWLRQ RI WKH VROXWLRQ (m,u) WR ������� ZLOO

EH EDVHG RQ WKH PHWKRG RI JHQHUDOL]HG SRWHQWLDOV DQG FKDUDFWHULVWLF WULDQJOHV >��@� +RZHYHU�

GLIIHUHQWO\ IURP >��@� ZH ZLOO QHHG WZR W\SHV RI JHQHUDOL]HG SRWHQWLDOV �LQLWLDO DQG ERXQGDU\

SRWHQWLDO� DQG WKHLU UHODWLRQ� DV ZHOO DV GLIIHUHQW W\SHV RI FKDUDFWHULVWLF WULDQJOHV� GHSHQGLQJ

RQ WKH ORFDWLRQ RI WKHLU DSH[�

0RUH SUHFLVHO\� WKH LQLWLDO DQG ERXQGDU\ SRWHQWLDOV DUH GHILQHG E\

F (y, x, t) =

∫ y

0

[tu0(η) + η − x]ρ0(η)dη, �������

G(τ, x, t) =

∫ τ

0

[x− ub(η)(t− η)]ρb(η)ub(η)dη . �������

)XUWKHU�

F (x, t) = PLQ
y∈[0,∞)

F (y, x, t), �������

G(x, t) = PLQ
τ∈[0,∞)

G(τ, x, t). �������

7KH FKDUDFWHULVWLF WULDQJOHV ZLWK DSH[ (x, t) ZLOO GHSHQG RQ ZKHWKHU F (x, t) < G(x, t)�

F (x, t) > G(x, t) RU F (x, t) = G(x, t)� )RU x = 0� WKH UHVSHFWLYH UHODWLRQ EHWZHHQ F (0, t)

DQG G(0, t) ZLOO DOVR GHFLGH DERXW WKH DVVXPSWLRQ RI WKH ERXQGDU\ GDWD�

���



� ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV JDV G\QDPLFV

7R IXUWKHU FODULI\ WKH VROXWLRQ FRQFHSW� ZH ZLVK WR VKRZ WKDW (ρ, u) DFWXDOO\ LV D ZHDN

VROXWLRQ WR V\VWHP ������� LQ LWV SURSHU VHQVH� /HW XV UHFDOO WKH PHDVXUH�WKHRUHWLF SRLQW RI

YLHZ DQG WKH GLVWULEXWLRQDO SRLQW RI YLHZ �IRU VLPSOLFLW\ LQ WKH RQH�GLPHQVLRQDO FDVH�� ,Im

LV D IXQFWLRQ RI ORFDOO\ ERXQGHG YDULDWLRQ� LW GHILQHV D /HEHVJXH�6WLHOWMHV PHDVXUH dm� 2Q

WKH RWKHU KDQG� LWV GHULYDWLYH LQ WKH VHQVH RI GLVWULEXWLRQV GHILQHV D 5DGRQ PHDVXUH ρ = mx�

7KH WZR REMHFWV DUH WKH VDPH� LGHQWLILHG E\ WKH FKDLQ RI HTXDOLWLHV
∫

R
ϕ(x)m(dx) = 〈ρ,ϕ〉 = −〈m,ϕx〉 = −

∫

R
ϕx(x)m(x)dx

IRU ϕ ∈ D(R)� 7KH ILUVW HTXDOLW\ FDQ EH H[WHQGHG WR ϕ ∈ C(R) ZLWK FRPSDFW VXSSRUW�

:KDW LV PRUH� WKH /HEHVJXH�6WLHOWMHV LQWHJUDO FDQ EH H[WHQGHG WR DOO IXQFWLRQV ϕ ZKLFK DUH

LQWHJUDEOH ZLWK UHVSHFW WR ρ� 7KLV D SULRUL PDNHV QR VHQVH DW WKH RWKHU HQG RI WKH FKDLQ

RI HTXDOLWLHV EXW DOORZV XV WR GHILQH WKH SURGXFW RI WKH PHDVXUH ρ ZLWK WKH ERXQGHG� ρ�

PHDVXUDEOH IXQFWLRQ u DV WKH GLVWULEXWLRQ JLYHQ E\

〈ρu,ϕ〉 =
∫

R
ϕ(x)u(x)m(dx)

IRU ϕ ∈ D(R)�

8VLQJ WKLV LGHQWLILFDWLRQ� WKH VHFRQG OLQH LQ ������� PHDQV

0 =

∫∫ (
ψtu+ ψxu

2
)
dmdt = 〈ρu,ψt〉+ 〈ρu2,ψx〉,

ZKLFK LV H[DFWO\ WKH GLVWULEXWLRQDO PHDQLQJ RI WKH VHFRQG OLQH RI �������� 7R REWDLQ WKH ILUVW

OLQH RI �������� RQH KDV WR LQVHUW ϕx LQ SODFH RI ϕ LQ ������� WR REWDLQ

0 =

∫∫
ϕxtmdxdt−

∫∫
ϕxu dmdt = −〈ρ,ϕt〉 − 〈ρu,ϕx〉.

7KH DFWXDO SURRI RI ������� ZLOO EH GRQH RQ \HW D KLJKHU OHYHO� $SDUW IURP WKH PDVV SRWHQ�

WLDOm(x, t)� PRPHQWXP DQG HQHUJ\ SRWHQWLDOV q(x, t) DQG E(x, t) ZLOO EH FRQVWUXFWHG� ERWK

ERXQGHG PHDVXUDEOH IXQFWLRQV ZKLFK DUH LQ DGGLWLRQ RI ERXQGHG YDULDWLRQ LQ x IRU DOPRVW

���
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DOO t� )XUWKHU� WKH /HEHVJH�6WLHOWMHV PHDVXUHV dq DQG dE DUH DEVROXWHO\ FRQWLQXRXV ZLWK

UHVSHFW WR dm� QDPHO\

dq = udm, dE = 1
2u

2dm,

DQG WKH\ VDWLVI\ WKH V\VWHP
mt + qx = 0

qt + (2E)x = 0
�������

LQ WKH VHQVH RI GLVWULEXWLRQV� %\ VLPLODU DUJXPHQWV DV DERYH� WKLV V\VWHP LV HTXLYDOHQW WR

��������

:KDW FRQFHUQV WKH LQLWLDO GDWD� ZH ZLOO VKRZ WKDW ������� LV VDWLVILHG LQ WKH VHQVH WKDW ρ

DQG u DUH FRQWLQXRXV IXQFWLRQV RI WLPH ZLWK YDOXHV LQD′(R)� $FWXDOO\ IRU DOPRXVW DOO x ZH

VKRZ OLPt→0 u(x, t) = u0(x)� DQG OLPt→0 m(x, t) =
∫ x

0 ρ0(y)dy�

:H WXUQ WR WKH DVVXPSWLRQ RI WKH ERXQGDU\ GDWD �������� $V LV ZHOO NQRZQ IURP WKH

WKHRU\ RI FRQVHUYDWLRQ ODZV >��� ��� ��@� RQH FDQQRW DUELWUDULO\ SUHVFULEH ERXQGDU\ GDWD�

EHFDXVH D SULRUL WKHUH LV QR FRQWURO RI WKH VLJQ RI u(0+, t)� H[FHSW LQ WKH FDVH ZKHQ u0 LV

SRVLWLYH DQG KHQFH u(x, t) > 0 HYHU\ZKHUH �UHFDOO WKDW ub ZDV DVVXPHG WR EH SRVLWLYH��

:H ZLOO VKRZ WKH IROORZLQJ� ,I t > 0 LV D /HEHVJXH SRLQW RI ub DQG ρb DQG F (0, t) >

G(0, t)� WKHQ OLPx→0+ u(x, t) = ub(t)� ,I LQ DGGLWLRQ ub LV FRQWLQXRXVO\ GLIIHUHQWLDEOH DQG

ρb LV ORFDOO\ /LSVFKLW] FRQWLQXRXV� WKHQ OLPx→0+ ρ(x, t)u(x, t) = ρb(t)ub(t)� ,I F (0, t) <

G(0, t) WKHQ u(0+, t) < 0 DQG WKH ERXQGDU\ FRQGLWLRQ ������� FDQQRW EH IXOILOOHG� 5DWKHU� LW

PD\ KDSSHQ WKDW PDVV DFFXPXODWHV DW WKH ERXQGDU\ LQ WKH IRUP RI δ · (m(0+, t)−m(0, t))�

+RZHYHU� WKH VROXWLRQ ZH FRQVWUXFW FRQVHUYHV WRWDO PDVV� 0RPHQWXP LV FRQVHUYHG DW WKH

SRLQWV RI WLPH t IRU ZKLFK F (0, t) ≥ G(0, t)� ZKLOH LW VDWLVILHV DQ LQHTXDOLW\ RWKHUZLVH� )RU

IXUWKHU DVSHFWV RI ERXQGDU\ FRQGLWLRQV IRU V\VWHPV LQYROYLQJ PHDVXUH VROXWLRQ� VHH >��� ��@�

7KH SODQ RI WKLV FKDSWHU LV DV IROORZV� 6HFWLRQ � LV GHYRWHG WR WKH FRQVWUXFWLRQ RI WKH

VROXWLRQ� ,Q 6HFWLRQ � LW ZLOO EH VKRZQ WKDW WKH FRQVWUXFWHG VROXWLRQ VDWLVILHV V\VWHP ��������

DQG KHQFH �������� 6HFWLRQ � DGGUHVVHV WKH DVVXPSWLRQ RI LQLWLDO DQG ERXQGDU\ YDOXHV� DV

���
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ZHOO DV FRQVHUYDWLRQ RI PDVV DQG PRPHQWXP� ,Q 6HFWLRQ �� LW ZLOO EH VKRZQ WKDW WKH VR�

OXWLRQ VDWLVILHV 2OHLQLN¶V HQWURS\ FRQGLWLRQ� )LQDOO\� 6HFWLRQ � FRQWDLQV VHYHUDO H[DPSOHV

LOOXVWUDWLQJ VRPH RI WKH SRVVLEO\ RFFXUULQJ HIIHFWV�

��� &RQVWUXFWLRQ RI VROXWLRQ

,Q WKLV VHFWLRQ� ZH FRQVWUXFW WKH VROXWLRQ IRU WKH LQLWLDO�ERXQGDU\ YDOXH SUREOHP� 5HFDOO WKH

GHILQLWLRQ RI WKH LQLWLDO DQG ERXQGDU\ SRWHQWLDOV �������� ��������

F (y, x, t) =

∫ y

0

[tu0(η) + η − x]ρ0(η)dη ,

G(τ, x, t) =

∫ τ

0

[x− ub(η)(t− η)]ρb(η)ub(η)dη .

*LYHQ (x, t)� OHW τ ∗(x, t) DQG τ∗(x, t) EH WKH XSSHUPRVW DQG ORZHUPRVW SRLQWV RQ WKH

t�D[LV VXFK WKDW

PLQ
τ≥0

G(τ, x, t) = G(τ ∗(x, t), x, t) = G(τ∗(x, t), x, t) .

6LPLODUO\� OHW y∗(x, t) DQG y∗(x, t) EH WKH OHIWPRVW DQG ULJKWPRVW SRLQWV UHVSHFWLYHO\ RQ WKH

x�D[LV VXFK WKDW

PLQ
y≥0

F (y, x, t) = F (y∗(x, t), x, t) = F (y∗(x, t), x, t) .

1RWH WKDW WKHVH PLQLPD H[LVW DV UHDO QXPEHUV EHFDXVH u0 LV ERXQGHG IURP DERYH DQG EHORZ

DQG ub LV SRVLWLYH� 7KH IROORZLQJ OHPPD FROOHFWV VRPH SURSHUWLHV RI WKH PLQLPL]HUV�

/HPPD ������ :LWK RXU DVVXPSWLRQV RQ WKH LQLWLDO DQG ERXQGDU\ GDWD ZH KDYH

�� τ∗(x, t) DQG τ ∗(x, t) DUH� IRU IL[HG x� PRQRWRQLFDOO\ LQFUHDVLQJ LQ t DQG IRU IL[HG t

PRQRWRQLFDOO\ GHFUHDVLQJ LQ x� 0RUHRYHU� ZH KDYH IRU t1 < t2 WKDW τ ∗(x, t1) ≤

τ∗(x, t2) DQG IRU x1 < x2 WKDW τ∗(x1, t) ≥ τ ∗(x2, t)�

���



� ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV JDV G\QDPLFV

�� y∗(x, t) DQG y∗(x, t) DUH� IRU IL[HG t� PRQRWRQLFDOO\ LQFUHDVLQJ LQ x DQG IRU x1 < x2

ZH KDYH y∗(x1, t) ≤ y∗(x2, t)�

�� τ∗(0, t) = τ ∗(0, t) = t�

�� y∗(x, t) LV ORZHU VHPLFRQWLQXRXV DQG y∗(x, t) LV XSSHU VHPLFRQWLQXRXV�

�� τ∗(x, t) LV ORZHU VHPLFRQWLQXRXV DQG τ ∗(x, t) LV XSSHU VHPLFRQWLQXRXV�

3URRI� ��� /HW x, t1, t2 > 0 EH DUELWUDU\ EXW IL[HG DQG τ1 D PLQLPL]HU RI G(τ, x, t1) DQG τ2

RQH RI G(τ, x, t2)� 1RZ ZH KDYH

0 ≤ G(τ2, x, t1)−G(τ1, x, t1) , DQG 0 ≤ G(τ1, x, t2)−G(τ2, x, t2) .

6XPPLQJ WKH WZR LQHTXDOLWLHV UHVXOWV LQ

0 ≤ (t2 − t1)

∫ τ2

τ1

ρ(η)ub(η)
2dη .

6LQFH WKH WHUP LQ WKH LQWHJUDO LV SRVLWLYH E\ RXU DVVXPSWLRQV ZH FRQFOXGH WKDW WKHPLQLPL]HUV

KDYH WR EH LQFUHDVLQJ LQ t�

1RZ RQ WKH RWKHU KDQG IL[LQJ t, x1, x2 DQG GHQRWLQJ E\ τ1 D PLQLPL]HU RI G(τ, x1, t) DQG

E\ τ2 RQH RI G(τ, x2, t) ZH GHULYH LQ WKH VDPH ZD\

0 ≤ (x1 − x2)

∫ τ2

τ1

ρ(η)ub(η)dη .

)URP WKLV RQH FDQ FRQFOXGH WKDW WKH PLQLPL]HUV DUH GHFUHDVLQJ LQ x�

��� LV /HPPD ��� LQ >��@� IURP ZKLFK DOVR WKH SURRI RI ��� LV DGRSWHG� ��� LV REYLRXV� ���

VHH /HPPD ��� LQ >��@� ��� LV SURYHG DORQJ WKH OLQHV RI ����

5HPDUN ������ ,I PLQτ≥0 G(τ, x, t) LV FRQVWDQW RQ DQ LQWHUYDO [x1, x2]× {t} RQH FDQ DUJXH

VLPLODUO\ WR WKH SURRI RI ��� DERYH�

0 ≤ G(τ2, x1, t)−G(τ1, x1, t) = G(τ2, x1, t)−G(τ2, x2, t) = (x1 − x2)

∫ τ2

0

ρb(η)ub(η)dη

���
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1RZ VLQFH ρb DQG ub DUH DVVXPHG WR EH VWULFWO\ SRVLWLYH ZH FRQFOXGH WKDW DQ\ PLQLPL]HU τ2

RI G(τ, x2, t) KDV WR EH ]HUR DQG WKXV PLQτ≥0 G(τ, x2, t) = 0� 6LQFH G LV FRQVWDQW RQ WKH

LQWHUYDO LW KDV WR EH HTXDO WR ]HUR RQ WKH ZKROH LQWHUYDO� 1RWH DOVR WKDW WKH PLQLPL]HUV RQ

WKH ZKROH LQWHUYDO KDYH WR EH ]HUR �XQLTXHO\� EHFDXVH RQH FDQ UHSODFH x2 E\ DQ\ SRLQW LQ

WKH LQWHUYDO LQ WKH HVWLPDWH DERYH�

7KLV VLWXDWLRQ ZLOO FRUUHVSRQG WR WKH FDVH ZKHQ WKH VROXWLRQ FRQWDLQV D UDUHIDFWLRQ ZDYH

VWDUWLQJ DW WKH RULJLQ�

:H ILUVW TXRWH WKH IROORZLQJ UHVXOW� ZKLFK ZDV HVWDEOLVKHG E\ :DQJ� +XDQJ� DQG 'LQJ

>��@ LQ WKHLU VWXG\ RI WKH LQLWLDO YDOXH SUREOHP� 7KLV ZLOO EH FHQWUDO DOVR LQ RXU ZRUN IRU

SDUWV RI WKH VROXWLRQ GHSHQGLQJ RQO\ RQ WKH LQLWLDO GDWD�

/HPPD ������ )RU IL[HG (x, t)� OHW WKH PLQLPXP PLQy∈[0,∞)F (y, x, t) EH DWWDLQHG DW y(x, t)�

7KHQ IRU DQ\ JLYHQ SRLQW (x′, t′) RQ WKH OLQH VHJPHQW MRLQLQJ (y(x, t), 0) DQG (x, t)� ZH KDYH

F (y, x′, t′) > F (y(x, t), x′, t′) IRU y )= y(x, t)�

3URRI� 7KH SURRI IROORZV GLUHFWO\ IURP WKH SURRI RI /HPPD ���� LQ >��@� ,W DOVR IROORZV

IURP WKH SRRI RI /HPPD ��� LQ >��@� QRWLQJ WKDW ZH DVVXPHG ρ0 WR EH VWULFWO\ SRVLWLYH �DW

OHDVW LQ WKH L∞�VHQVH��

1RZ ZH HVWDEOLVK D VLPLODU UHVXOW IRU WKH SDUW RI WKH VROXWLRQ GHSHQGLQJ RQ WKH ERXQGDU\

GDWD�

/HPPD������ )RU IL[HG (x, t)� x, t > 0� OHW τ = τ1 EH D SRLQW ZKLFKPLQLPL]HV WKH IXQFWLRQDO

G(τ, x, t)� /HW (x̄, t̄) )= (x, t) EH DQ\ SRLQW RQ WKH OLQH VHJPHQW MRLQLQJ (x, t) DQG (0, t1)� 7KHQ

WKH PLQLPL]HU RI G(τ, x̄, t̄) LV XQLTXH DQG LV τ1�

3URRI� :H ZDQW WR VKRZ WKDW IRU τ )= τ1 :

G(τ, x̄, t̄)−G(τ1, x̄, t̄) > 0 .

���



� ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV JDV G\QDPLFV

%\ GHILQLWLRQ ZH KDYH

G(τ, x̄, t̄)−G(τ1, x̄, t̄) =

∫ τ

τ1

[x̄− ub(η)(t̄− η)] ρb(η)ub(η)dη =

= x̄

∫ τ

τ1

[
1− ub(η)

t̄− η

x̄

]
ρb(η)ub(η)dη =

= x̄

∫ τ

τ1

[
1− ub(η)

t̄− τ1
x̄

− ub(η)
τ1 − η

x̄

]
ρb(η)ub(η)dη .

6LQFH (x̄, t̄) OLHV RQ WKH OLQH FRQQHFWLQJ (x, t) DQG (0, τ1) ZH FRQFOXGH

G(τ, x̄, t̄)−G(τ1, x̄, t̄) = x̄

∫ τ

τ1

[
1− ub(η)

t− τ1
x

− ub(η)
τ1 − η

x̄

]
ρb(η)ub(η)dη =

= x̄

∫ τ

τ1

[
1− ub(η)

t− η

x

]
ρb(η)ub(η)dη + x̄

∫ τ

τ1

u2
b(η)ρb(η)(τ1 − η)

[
1

x
− 1

x̄

]
dη .

1RZ WKH ILUVW WHUP LQ WKH VXP LV x̄
x [G(τ, x, t)−G(τ1, x, t)]� ZKLFK LV QRQ�QHJDWLYH E\ DV�

VXPSWLRQ� )RU WKH VHFRQG WHUP REVHUYH WKDW x̄ < x� 7KXV LW LV VWULFWO\ SRVLWLYH LI τ1 < τ EXW

�FRQVLGHULQJ WKH GLUHFWLRQ RI LQWHJUDWLRQ� DOVR LI τ1 > τ �

7KH PLQLPD RI WKH LQLWLDO DQG ERXQGDU\ SRWHQWLDOV� UHVSHFWLYHO\� ZHUH LQWURGXFHG LQ

������� DQG ������� DV

F (x, t) = PLQ
y∈[0,∞)

F (y, x, t) ,

G(x, t) = PLQ
τ∈[0,∞)

G(τ, x, t) .

2EVHUYH WKDW IRU D IL[HG t > 0 WKH IXQFWLRQ F (x, t) LV PRQRWRQLFDOO\ GHFUHDVLQJ LQ x ZKLOH

G(x, t) LV PRQRWRQLFDOO\ LQFUHDVLQJ�

/HPPD ������ 7KH IXQFWLRQ [0,∞[×[0,∞[→ R : (x, t) ,→ F (x, t) LV ORFDOO\ /LSVFKLW] FRQ�

WLQXRXV DQG WKH VDPH KROGV IRU G(x, t)�

3URRI� /HW U EH D ERXQGHG RSHQ VXEVHW RI [0,∞[×[0,∞[� 6LQFH y∗(x, t) LV ORFDOO\ ERXQGHG

LQ [0,∞[×[0,∞[� WKHUH H[LVWV DQM > 0 VXFK WKDW
∣∣∣
∫ y∗(x,t)

0

ρ0(η)dη
∣∣∣ < M

���



� ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV JDV G\QDPLFV

IRU DOO (x, t) ∈ U � )RU (x1, t), (x2, t) ∈ U ZH KDYH

F (x1, t)− F (x2, t) = F (y∗(x1, t), x1, t)− F (y∗(x2, t), x2, t) =

= [F (y∗(x1, t), x1, t)− F (y∗(x1, t), x2, t)] + [F (y∗(x1, t), x2, t)− F (y∗(x2, t), x2, t)] .

6LQFH WKH VHFRQG WHUP LV QRQ�QHJDWLYH ZH LQIHU WKDW

F (x1, t)− F (x2, t) ≥ (x2 − x1)

∫ y∗(x1,t)

0

ρ0(η)dη .

6LPLODUO\� ZH JHW

F (x1, t)− F (x2, t) ≤ (x2 − x1)

∫ y∗(x2,t)

0

ρ0(η)dη .

&RPELQLQJ WKH LQHTXDOLWLHV DERYH UHVXOWV LQ

|F (x1, t)− F (x2, t)| ≤ M |x1 − x2| .

2Q WKH RWKHU KDQG YDU\LQJ t ZH REWDLQ LQ D VLPLODU PDQQHU IRU (x, t1), (x, t2) ∈ U �

|F (x, t1)− F (x, t2)| ≤ M |t1 − t2| .

7KHUHIRUH IRU (x1, t1), (x2, t2) ∈ U ZH FRQFOXGH

|F (x1, t1)− F (x2, t2)| ≤ M
(
|x1 − x2|+ |t1 − t2|

)
.

/LSVFKLW] FRQWLQXLW\ RI G FDQ EH FKHFNHG VLPLODUO\�

1H[W� ZH GHILQH WKH FKDUDFWHULVWLF WULDQJOH DVVRFLDWHG WR D SRLQW (x, t)� :HZLOO ODWHU VKRZ

WKDW WKLV WULDQJOH FRQWDLQV DOO WKH LQLWLDO RU ERXQGDU\ LQIRUPDWLRQ� UHVSHFWLYHO\� QHFHVVDU\ WR

JLYH WKH VROXWLRQ DW SRLQW (x, t)�

'HILQLWLRQ ������ /HW x ≥ 0� t > 0 DQG F (x, t)� G(x, t) EH JLYHQ E\ HTXDWLRQV ��������

��������

���



� ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV JDV G\QDPLFV

�� )RU F (x, t) < G(x, t) DQG x > 0 ZH GHILQH WKH FKDUDFWHULVWLF WULDQJOH DW WKH SRLQW

(x, t) DV WKH FRQYH[ KXOO JHQHUDWHG E\ WKH SRLQWV (x, t), (y∗(x, t), 0) DQG (y∗(x, t), 0)�

�� )RU F (x, t) > G(x, t) ZH GHILQH WKH FKDUDFWHULVWLF WULDQJOH DW WKH SRLQW (x, t) DV WKH

FRQYH[ KXOO JHQHUDWHG E\ WKH SRLQWV (x, t), (0, τ∗(x, t), DQG (0, τ ∗(x, t))�

�� )RU F (x, t) = G(x, t) ZH GHILQH WKH FKDUDFWHULVWLF WULDQJOH DW WKH SRLQW (x, t) DV WKH

FRQYH[ KXOO JHQHUDWHG E\ WKH SRLQWV (x, t)� (y∗(x, t), 0)� (0, τ ∗(x, t)) DQG (0, 0)�

�� )RU x = 0 DQG F (0, t) < G(0, t) ZH GHILQH WKH FKDUDFWHULVWLF WULDQJOH DV WKH FRQYH[

KXOO JHQHUDWHG E\ WKH SRLQWV (0, t)� (0, 0) DQG (y∗(x, t), 0)�

:H GHQRWH WKH FKDUDFWHULVWLF WULDQJOH DVVRFLDWHG ZLWK WKH SRLQW (x, t) E\ ∆(x, t)�

1RWH WKDW WKH FKDUDFWHULVWLF WULDQJOH PD\ FROODSVH WR D OLQH VHJPHQW RU HYHQ WR D VLQ�

JOH SRLQW �&DVH � ZLWK x = 0�� )LJXUH ��� VHUYHV DV DQ LOOXVWUDWLRQ RI SRVVLEOH FDVHV IRU

FKDUDFWHULVWLF WULDQJOHV�

x

t

ρ0� u0

ρ b
�u

b

T

G < F G = F G > F
x1

τ∗(x1, T )

τ ∗(x1, T )

x2

τ ∗(x2, T )

y∗
(x

2
,T

)

x3

y ∗
(x

3
,T

)

y∗
(x

3
,T

)

)LJXUH ���� ,OOXVWUDWLRQ RI FKDUDFWHULVWLF WULDQJOHV

���
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1RWH WKDWG = F FDQ KDSSHQ RQ DQ LQWHUYDO LQ x IRU IL[HG t� 6LQFH KRZHYHUF LV GHFD\LQJ

LQ x DQGG LV LQFUHDVLQJ LQ x WKLV FDQ RQO\ KDSSHQ LI ERWK� F DQGG� DUH FRQVWDQW� :H GHQRWH

WKLV FORVHG LQWHUYDO E\

I(t) = {x|F (x, t) = G(x, t)} = [l(t), r(t)] .

7KH IROORZLQJ /HPPD JLYHV D FKDUDFWHUL]DWLRQ RI WKH VHW ZKHUH F = G�

/HPPD ������ :LWK WKH QRWDWLRQ DV DERYH� OHW t EH VXFK WKDW
◦
I(t) )= ∅� 7KHQ�

�� )RU DOO x ∈ I(t) LW KROGV WKDW F (x, t) = G(x, t) = 0�

�� τ∗(x, t) = τ ∗(x, t) = 0 RQ ]l(t), r(t)] DQG τ∗(l(t), t) = 0�

�� y∗(x, t) = y∗(x, t) = 0 RQ [l(t), r(t)[ DQG y∗(r(t), t) = 0�

�� )RU DOO t′ < t ZH KDYH
◦
I(t′) )= 0�

�� 7KH VHW
⋃

0≤t′≤t I(t) LV VWDU�VKDSHG ZLWK UHVSHFW WR (0, 0)�

3URRI� ��� DQG ��� DUH GLUHFW FRQVHTXHQFHV RI 5HPDUN ������

)RU WKH SURRI RI ��� QRWH WKDW� VLQFH F (x, t) = 0� FOHDUO\ y = 0 LV D PLQLPL]HU RI F (y, x, t)

DQG WKXV y∗(x, t) = 0 RQ I(t)� 7KH VWDWHPHQW IRU y∗ WKHQ IROORZV IURP WKH VHFRQG SRLQW LQ

/HPPD ������

7R SURYH ��� OHW x1 < x2 ∈
◦
I(t) DQG FRQVLGHU WKH OLQH VHJPHQWV MRLQLQJ (xi, t) DQG (0, 0)�

1RZ GHQRWH WKH SRLQWV RQ WKHVH OLQH VHJPHQWV DW WLPH t′ < t E\ (x′
1, t

′) DQG (x′
2, t

′)� 7KHQ

IURP /HPPD ����� DQG /HPPD �����

τ∗(x
′
1, t

′) = τ∗(x
′
2, t

′) = y∗(x
′
1, t

′) = y∗(x
′
2, t

′) = 0 ,

DQG WKXV ∀x ∈ [x′
1, x

′
2] : F (x, t′) = G(x, t′)� OHDGLQJ WR

◦
I(t′) )= ∅�

��� IROORZV IURP WKH SURRI RI ��� LPPHGLDWHO\�

���



� ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV JDV G\QDPLFV

&RUROODU\ ������ ,I IRU VRPH t′ > 0 ZH KDYH WKDW l(t′) = r(t′)� WKHQ

∀t > t′ : l(t) = r(t) .

)LJXUH ��� LOOXVWUDWHV WKH SURRI RI /HPPD ����� DV ZHOO DV WKH VHW *  )� LQFOXGLQJ WKH

FKDUDFWHULVWLF WULDQJOHV� LQ WKH VLWXDWLRQ RI &RUROODU\ �����

x

t

ρ0� u0

ρ b
�u

b

t′
x′
1 x′

2

τ∗(x′
1, t

′)
τ ∗(x′

2, t
′)

y∗
(x

′ 1
,t

′ )
y ∗
(x

′ 2
,t

′ )

F = G

F = G = 0

)LJXUH ���� &KDUDFWHULVWLF WULDQJOHV �EOXH OLQHV� FRUUHVSRQGLQJ WR D UDUHIDFWLRQ ZDYH HPD�
QDWLQJ IURP WKH RULJLQ

2XU QH[W JRDO LV WR VKRZ WKDW� DV DQWLFLSDWHG LQ )LJXUH ���� FKDUDFWHULVWLF WULDQJOHV DVVRFLDWHG

ZLWK GLIIHUHQW SRVLWLRQV DW WKH VDPH WLPH GR QRW LQWHUVHFW� )RU WZR WULDQJOHV UHDFKLQJ RQO\

WKH LQLWLDO GDWD� WKLV LV FOHDU IURP /HPPD ������ 7KH VDPH KROGV WUXH LI ERWK WULDQJOHV RQO\

UHDFK WKH ERXQGDU\ GDWD E\ /HPPD ������ :H VWLOO QHHG WR VWXG\ WKH FDVH ZKHQ RQH RI WKH

WULDQJOHV LV DV GHILQHG LQ SRLQWV ��� RU ��� RI 'HILQLWLRQ ������ )RU WKLV SXUSRVH� ZH SURYH

WKH IROORZLQJ OHPPD�

/HPPD ������ /HW t > 0 EH IL[HG� DQG x1� x2 > 0� x1 )= x2 EXW DUELWUDU\� 7KHQ WKH

FKDUDFWHULVWLF WULDQJOHV DVVRFLDWHG WR (x1, t) DQG (x2, t) GR QRW LQWHUVHFW LQ WKH LQWHULRU RI

R2
+�

3URRI� /HW t EH IL[HG DQG DVVXPH Z�O�R�J� WKDW x2 > x1� 6LQFH F (x, t) LV GHFUHDVLQJ DQG

G(x, t) LV LQFUHDVLQJ LQ x ZH RQO\ KDYH WKH IROORZLQJ FDVHV�

���



� ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV JDV G\QDPLFV

&DVH �� G(x2, t) < F (x2, t)� 7KHQ DXWRPDWLFDOO\ DOVR G(x1, t) < F (x1, t)� 1RZ DVVXPH

WKDW WKH WZR FKDUDFWHULVWLF WULDQJOHV LQWHUVHFW� 6LQFH WKH SRLQW RI LQWHUVHFWLRQ p = (xp, tp)

x

t
x1

τ∗(x1, t)

τ ∗(x1, t)

x2

τ ∗(x2, t)

τ∗(x2, t)

p

)LJXUH ���� ,QWHUVHFWLQJ WULDQJOHV IRU ERXQGDU\ SRWHQWLDO

OLHV RQ WKH OLQH VHJPHQW MRLQLQJ (x1, t) WR (0, τ∗(x1, t)) ZH NQRZ IURP /HPPD ������ WKDW

G(τ, xp, tp) DWWDLQV LWV PLQLPXP IRU τ = τ∗(x1, t)� 6LQFH p LV DOVR RQ WKH OLQH VHJPHQW

MRLQLQJ (x2, t) WR (0, τ ∗(x2, t)) ZH KDYH WKDW G(τ ∗(x2, t), xp, tp) = G(τ∗(x1, t), xp, tp)� 7KLV

KRZHYHU FRQWUDGLFWV /HPPD ������ EHFDXVH WKH PLQLPL]HU LV QRW XQLTXH�

&DVH ��G(x2, t) = F (x2, t)� ,I DOVRG(x1, t) = F (x1, t) WKHQ RQ DQ LQWHUYDO WKH FKDUDFWHULV�

WLF WULDQJOHV DUH OLQHV DQG GR QRW LQWHUVHFW �VHH )LJXUH ����� 2WKHUZLVH� LIG(x1, t) )= F (x1, t)�

GHQRWH E\ y2 DPLQLPL]HUF (x2, t) = F (y2, x2, t) DQG E\ τ2 RQH ZLWKG(x2, t) = G(τ2, x2, t)�

7KHQ ZH KDYH IRU y > 0 DUELWUDU\

F (y, x1, t) > F (y, x2, t) ≥ F (y2, x2, t) = G(τ2, x2, t) > G(τ2, x1, t) ,

DQG ZH FRQFOXGH G(x1, t) < F (x1, t)� 7KXV ZH DUH LQ WKH VLWXDWLRQ GHSLFWHG LQ )LJXUH ����

$JDLQ ZH FDQ FRQFOXGH DV LQ &DVH � WKDW DQ LQWHUVHFWLRQ LV LPSRVVLEOH�

&DVH �� G(x2, t) > F (x2, t)� +HUH ZH GLVWLQJXLVK WKUHH PRUH FDVHV� QDPHO\

�� G(x1, t) > F (x1, t)� 7KLV FDVH LV WKH VDPH DV &DVH � EXW XVLQJ /HPPD ������

�� G(x1, t) = F (x1, t)� 7KH DUJXPHQW IROORZV DORQJ WKH OLQHV RI &DVH �� XVLQJ /HPPD ������

�� G(x1, t) < F (x1, t)� +HUH LQWHUVHFWLRQ LV QRW SRVVLEOH E\ GHILQLWLRQ�

���
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x

t
x1

τ∗(x1, t)

τ ∗(x1, t)

x2

τ ∗(x2, t)

y∗(x2, t)

p

)LJXUH ���� ,QWHUVHFWLQJ WULDQJOHV

/HPPD ������� /HW t > 0 EH IL[HG� DQG x1 > 0� 7KHQ WKH FKDUDFWHULVWLF WULDQJOHV DVVRFLDWHG

WR (0, t) DQG (x1, t) GR QRW LQWHUVHFW LQ WKH LQWHULRU RI R2
+�

3URRI� 7KH SURRI LV WULYLDO LI F (0, t) ≥ G(0, t)� 7KXV OHW XV DVVXPH WKDW F (0, t) < G(0, t)�

7KHQ� E\ PRQRWRQLFLW\� ZH KDYH F (x, t) < G(x, t) IRU DOO x > 0� 7KXV WKH FKDUDFWHULVWLF

WULDQJOH DW (x1, t) LV WKH FRQYH[ KXOO RI (x1, t)� (y∗(x1, t), 0) DQG (y∗(x1, t), 0)� 6LQFH E\ SRLQW

��� RI /HPPD ����� ZH KDYH y∗(0, t) ≤ y∗(x1, t) WKH DVVHUWLRQ IROORZV�

1RZ ZH DUH LQ WKH SRVLWLRQ WR VWDWH WKH ILUVW WKHRUHP WKDW FRPELQHV WKH UHVXOWV IRU IL[HG

t DQG WKH OHPPDV EHIRUH�

7KHRUHP ������� ,I WZR FKDUDFWHULVWLF WULDQJOHV LQWHUVHFW LQ R2
+� WKHQ RQH LV FRQWDLQHG LQ

WKH RWKHU� 0RUHRYHU� LI WKH\ LQWHUVHFW RQ WKH ERXQGDU\ DW PRUH WKDQ RQH SRLQW� WKHQ DOVR RQH

KDV WR EH FRQWDLQHG LQ WKH RWKHU�

3URRI� 7KH UHVXOW IROORZV IURP WKH GLUHFW DSSOLFDWLRQ RI /HPPDV �����±�������

7KH SURSHUWLHV RI FKDUDFWHULVWLF WULDQJOHV HVWDEOLVKHG VR IDU DOORZ XV WR GHULYH DGGLWLRQDO

SURSHUWLHV RI τ∗, τ ∗, y∗, y∗� ZKLFK ZLOO EH XVHG IUHTXHQWO\ ODWHU� :H FROOHFW WKHP LQ D UHPDUN�

���
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5HPDUN ������� �D� $W IL[HG t� WKH IXQFWLRQ x → τ∗(x, t) LV ULJKW FRQWLQXRXV DQG x →

τ ∗(x, t) LV OHIW FRQWLQXRXV� )XUWKHU� τ∗(x+, t) = τ∗(x, t) = τ ∗(x+, t) IRU DOO x ≥ 0 DQG

τ∗(x−, t) = τ ∗(x, t) = τ ∗(x−, t) IRU x > 0�

�E� $W IL[HG t� WKH IXQFWLRQ x → y∗(x, t) LV OHIW FRQWLQXRXV DQG x → y∗(x, t) LV ULJKW

FRQWLQXRXV� )XUWKHU� y∗(x+, t) = y∗(x, t) = y∗(x+, t) IRU DOO x ≥ 0�

,QGHHG� WR YHULI\ �D�� FRPELQH WKH VHPLFRQWLQXLW\ SURSHUWLHV VWDWHG LQ /HPPD ����� ZLWK

WKH IDFW WKDW τ(x, t) LV GHFUHDVLQJ LQ x� ,Q SDUWLFXODU� τ∗(x, t) = τ∗(x+, t)� %\ /HPPD ������

τ ∗(x+, t) ≤ τ∗(x, t)� 2Q WKH RWKHU KDQG� τ∗(x+, t) ≤ τ ∗(x+, t)� &RPELQLQJ WKH LQHTXDOL�

WLHV OHDGV WR τ∗(x+, t) = τ∗(x, t) = τ ∗(x+, t)� 7KH VHFRQG DVVHUWLRQ DQG LWHP �E� LV SURYHG

LQ WKH VDPH ZD\�

7KH IROORZLQJ OHPPD VWDWHV WKDW WKH GRPDLQ RI LQWHUHVW LV LQGHHG FRYHUHG E\ FKDUDFWHU�

LVWLF WULDQJOHV�

/HPPD ������� )RU DQ\ WLPH t0 > 0 ZH KDYH

⋃

x∈[0,∞)

∆(x, t0) = {(x, t)|x ∈ [0,∞), 0 ≤ t ≤ t0} .

3URRI� &DVH I(t0) )= ∅� $VVXPH ILUVW WKDW I(t0) FRQVLVWV RI WKH VLQJOH SRLQW x0 = l(t0) =

r(t0)� /HW (x, t) EH D SRLQW ZKLFK OLHV OHIW RI ∆(x0, t0) �VHH )LJXUH ����� &RQVLGHU SRLQWV

(z, t0) RQ WKH KRUL]RQWDO OLQH VHJPHQW MRLQLQJ (0, t0) ZLWK (x0, t0)� $V z GHFUHDVHV WR 0� ERWK

τ∗(z, t0) DQG τ ∗(z, t0) FRQYHUJH WR (0, t0) �5HPDUN �������� /HW

x1 = LQI{z : τ ∗(z, t0) ≤ τ∗(x, t)}.

7KHQ τ ∗(x1+, t0) ≤ τ∗(x, t)� DQG E\ 5HPDUN ������� τ ∗(x1+, t0) = τ∗(x1, t0)� VR WKDW

τ∗(x1, t0) ≤ τ∗(x, t)� :KHQHYHU z < x1� ZH KDYH τ ∗(z, t0) > τ∗(x, t) DQG FRQVHTXHQWO\�

E\ WKH QRQ�LQWHUVHFWLRQ SURSHUW\� τ ∗(z, t0) ≥ τ ∗(x, t) DV ZHOO� $JDLQ E\ 5HPDUN �������

τ ∗(x1, t0) = τ ∗(x1−, t0) ≥ τ ∗(x, t)� 7KXV ∆(x, t) ⊂ ∆(x1, t0)� DV GHVLUHG�

���
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x

t

ρ0� u0

ρ b
�u

b

t0
t

z
x

τ∗(x, t)

τ ∗(x, t)

x0

τ ∗(x0, t0)

y∗(x0, t0)

)LJXUH ���� ,OOXVWUDWLRQ RI /HPPD ������

6HFRQG� LI l(t0) )= r(t0)� WKHQ τ∗(l(t0), t0) = 0 DQG y∗(r(t0), t0) = 0 E\ /HPPD ������

:H PD\ DSSO\ WKH VDPH DUJXPHQWV WR SRLQWV (x, t) O\LQJ WR WKH OHIW RI WKH VHJPHQW MRLQ�

LQJ (0, τ ∗(x0, t0)) ZLWK (l(t0), t0) RU WR WKH ULJKW RI WKH VHJPHQW MRLQLQJ (y∗(x0, t0)) ZLWK

(r(t0), t0)� UHVSHFWLYHO\� ,I (x, t) OLHV EHWZHHQ WKRVH VHJPHQWV� WKHQ x ∈ I(t) DQG )LJXUH ���

DSSOLHV�

&DVH I(t0) = ∅� 7KHQ∆(0, t0) FRQWDLQV WKH OLQH VHJPHQW FRQQHFWLQJ (0, t0) DQG (y∗(0, t0), 0)

DV ZHOO DV DOO SRLQWV WR WKH OHIW RI LW� )RU SRLQWV WR WKH ULJKW RI WKH OLQH VHJPHQW WKH VDPH

DUJXPHQW DV LQ WKH ILUVW FDVH HQVXUHV WKDW WKH\ DUH FRQWDLQHG LQ WKH FKDUDFWHULVWLF WULDQJOH RI

D SRLQW (z, t0)�

/HPPD ������� /HW t1 EH VWULFWO\ SRVLWLYH� (DFK SRLQW (x1, t1) XQLTXHO\ GHWHUPLQHV D FXUYH

x = X(t)� IRU t ≥ t1� ZLWK x1 = X(t1) VXFK WKDW WKH FKDUDFWHULVWLF WULDQJOHV DVVRFLDWHG WR

SRLQWV RQ WKH FXUYH IRUP DQ LQFUHDVLQJ IDPLO\ RI VHWV� 7KLV FXUYH LV /LSVFKLW] FRQWLQXRXV DV

D IXQFWLRQ RI t ∈ [t1,∞[� $W HYHU\ t ≥ t1� DQG (x, t) RQ WKH FXUYH ZH KDYH WKH IROORZLQJ�

���
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�L� ,I F (x, t) < G(x, t) WKHQ

OLP
t′′,t′↘t

X(t′′)−X(t′)

t′′ − t′
=






x− y∗(x, t)

t
LI y∗(x, t) = y∗(x, t)

∫ y∗(x,t)

y∗(x,t)
ρ0u0

∫ y∗(x,t)

y∗(x,t)
ρ0

LI y∗(x, t) < y∗(x, t) .
�������

�LL� ,I F (x, t) > G(x, t) WKHQ

OLP
t′′,t′↘t

X(t′′)−X(t′)

t′′ − t′
=






x

t− τ∗(x, t)
LI τ∗(x, t) = τ ∗(x, t)

∫ τ∗(x,t)
τ∗(x,t)

ρbu2
b

∫ τ∗(x,t)
τ∗(x,t)

ubρb
LI τ∗(x, t) < τ ∗(x, t) .

�������

�LLL� ,I F (x, t) = G(x, t) DQG y∗(x, t) )= 0 RU τ ∗(x, t) )= 0 WKHQ

OLP
t′′,t′↘t

X(t′′)−X(t′)

t′′ − t′
=

∫ y∗(x,t)

0 ρ0u0 +
∫ τ∗(x,t)
0 ρbu2

b∫ y∗(x,t)

0 ρ0 +
∫ τ∗(x,t)
0 ubρb

. �������

�LY� ,I F (x, t) = G(x, t) DQG y∗(x, t) = τ ∗(x, t) = 0� WKHQ

OLP
t′′,t′↘t

X(t′′)−X(t′)

t′′ − t′
=

x

t

�Y� ,I x = 0� t > 0 DQG F (0, t) < G(0, t)� WKHQ

OLP
t′′,t′↘t

X(t′′)−X(t′)

t′′ − t′
= 0

3URRI� 7KH VWDWHPHQW �L� FRUUHVSRQGV WR /HPPD ��� LQ >��@ DQG WKH SURRI FDQ EH IRXQG WKHUH�

)RU WKH SURRI RI �LL� OHW t′′ > t′ > t DQG X(t′′) = x′′, X(t′) = x′� 7KH QRQ�LQWHUVHFWLQJ

SURSHUW\ RI FKDUDFWHULVWLF WULDQJOHV LPSOLHV WKH FKDLQ RI LQHTXDOLWLHV

τ∗(x
′′, t′′) ≤ τ∗(x

′, t′) ≤ τ∗(x, t) ≤ τ ∗(x, t) ≤ τ ∗(x′, t′) ≤ τ ∗(x′′, t′′),

DQG WKH VHPLFRQWLQXLW\ WKHQ JLYHV WKDW τ∗(x′′, t′′) → τ∗(x, t) DQG τ ∗(x′′, t′′) → τ ∗(x, t) DV

t′′ → t� &RQVLGHU WKH FDVH ZKHQ τ ∗(x, t) = τ∗(x, t)� )URP )LJXUH ��� LW LV VWUDLJKWIRUZDUG

WR VHH WKH IROORZLQJ LQHTXDOLW\ RQ LQFOLQDWLRQV�

���
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x

t

τ∗(x, t) = τ ∗(x, t)

(x, t)
(x′, t′)

(x′′, t′′)

τ ∗(x′′, t′′)

τ∗(x′′, t′′)

X(t)

)LJXUH ���� %RXQGV RQ VORSH

x′′

t′′ − τ ∗(x′′, t′′)
≥ x′′ − x′

t′′ − t′
≥ x′′

t′′ − τ∗(x′′, t′′)
. �������

3DVVLQJ WR WKH OLPLW DV t′′, t′ ↘ t OHDGV WR WKH ILUVW LGHQWLW\ RI HTXDWLRQ ��������

1RZ FRQVLGHU τ∗(x, t) < τ ∗(x, t)� )URP WKH GHILQLWLRQV RI WKH ERXQGDU\ IXQFWLRQDOG(τ, y, x, t)�

τ∗ DQG τ ∗� ZH KDYH

G
(
τ ∗(x′′, t′′), x′′, t′′

)
−G
(
τ∗(x

′, t′), x′′, t′′
)
≤ 0 ≤

≤G
(
τ ∗(x′′, t′′), x′, t′

)
−G

(
τ∗(x

′, t′), x′, t′
)
.

�������

$IWHU VLPSOLILFDWLRQ LQHTXDOLW\ ������� \LHOGV
τ∗(x′′,t′′)∫

τ∗(x′,t′)

[x′′ − ub(η)(t
′′ − η)]ρb(η)ub(η)dη ≤

τ∗(x′′,t′′)∫

τ∗(x′,t′)

[x′ − ub(η)(t
′ − η)]ρb(η)ub(η)dη .

7KXV ZH FDQ FRQFOXGH

x′′ − x′

t′′ − t′
≤
∫ τ∗(x′′,t′′)

τ∗(x′,t′) u2
b(η)ρb(η)dη

∫ τ∗(x′′,t′′)

τ∗(x′,t′) ub(η)ρb(η)dη
. �������

2Q WKH RWKHU KDQG� FRQVLGHULQJ WKH LQHTXDOLW\

G
(
τ∗(x

′′, t′′), x′′, t′′
)
−G
(
τ ∗(x′, t′), x′′, t′′

)
≤ 0 ≤

≤G
(
τ∗(x

′′, t′′), x′, t′
)
−G

(
τ ∗(x′, t′), x′, t′

)
,

ZH JHW� XVLQJ τ ∗(x′, t′) ≥ τ∗(x′′, t′′) WKDW

x′′ − x′

t′′ − t′
≥
∫ τ∗(x′,t′)

τ∗(x′′,t′′) u
2
b(η)ρb(η)dη

∫ τ∗(x′,t′)

τ∗(x′′,t′′) ub(η)ρb(η)dη
. �������

���
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1RZ SDVVLQJ WR WKH OLPLW DV t′′, t′ ↘ t LQ HTXDWLRQV ������� DQG �������� ZH SURYHG WKH VHFRQG

LGHQWLW\ RI ��������

1RZ WR YHULI\ WKH VWDWHPHQW RI �LLL� ZH DVVXPH F (x, t) = G(x, t)� 7KHQ E\ GHILQLWLRQ RI

WKH FXUYH DQG WKH FKDUDFWHULVWLF WULDQJOHV� F (X(t′), t′) = G(X(t′), t′) IRU DOO t′ ≥ t� 8VLQJ

WKH PLQLPL]LQJ SURSHUWLHV ZH KDYH WKH IROORZLQJ LQHTXDOLW\�

F
(
y∗(x′′, t′′), x′′, t′′

)
−G

(
τ ∗(x′, t′), x′′, t′′

)
=

=G
(
τ ∗(x′′, t′′), x′′, t′′

)
−G

(
τ ∗(x′, t′), x′′, t′′

)
≤ 0 ≤

≤F
(
y∗(x′′, t′′), x′, t′

)
− F

(
y∗(x′, t′), x′, t′

)
=

=F
(
y∗(x′′, t′′), x′, t′

)
−G

(
τ ∗(x′, t′), x′, t′

)
.

7KLV LQHTXDOLW\ LPSOLHV
∫ y∗(x′′,t′′)

0

ρ0(η)u0(η)(t
′′ − t′) + ρ0(η)(x

′ − x′′)dη ≤

≤
∫ τ∗(x′,t′)

0

(x′′ − x′)ρb(η)ub(η) + u2
b(η)ρb(η)(t

′ − t′′)dη ,

DQG VLPSOLILFDWLRQ OHDGV WR
∫ y∗(x′′,t′′)

0 ρ0u0 +
∫ τ∗(x′,t′)

0 ρbu2
b∫ y∗(x′′,t′′)

0 ρ0 +
∫ τ∗(x′,t′)

0 ubρb
≤ x′′ − x′

t′′ − t′
. �������

1RZ LQ WKH VDPH ZD\ VWDUWLQJ IURP WKH LQHTXDOLW\

G
(
τ ∗(x′′, t′′), x′′, t′′

)
−F
(
y∗(x′, t′), x′′, t′′

)
≤

≤G
(
τ ∗(x′′, t′′), x′, t′

)
− F

(
y∗(x′, t′), x′, t′

)

DQG VLPSOLI\LQJ DV EHIRUH ZH JHW
∫ y∗(x′,t′)

0 ρ0u0 +
∫ τ∗(x′′,t′′)

0 ρbu2
b∫ y∗(x′,t′)

0 ρ0 +
∫ τ∗(x′′,t′′)

0 ubρb
≥ x′′ − x′

t′′ − t′
. �������

3DVVLQJ WR WKH OLPLW DV t′′, t′ ↘ t LQ ������� DQG ������� FRPSOHWHV WKH SURRI RI �LLL��

7R SURYH �LY� REVHUYH WKDW LQ WKLV FDVH WKH FXUYH X(t′) IRU t′ ≤ t LV MXVW D VWUDLJKW OLQH ZLWK

���
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LQFOLQDWLRQ x/t�

,Q FDVH �Y� WKH VWDWHPHQW LV REYLRXV E\ WKH GHILQLWLRQ RI FKDUDFWHULVWLF WULDQJOHV�

)LQDOO\� WKH /LSVFKLW] FRQWLQXLW\ IROORZV IURP WKH IDFW WKDW� ZKHQHYHU t′′ > t′ > t� WKH

GLIIHUHQFHV X(t′′) − X(t′) DUH ERXQGHG E\ D FRQVWDQW WLPHV t′′ − t′� DFFRUGLQJ WR ��������

�������� �������� ������� DQG ��������

5HPDUN ������� 1RWH WKDW IURP �Y� LW IROORZV WKDW ZKHQ VXFK D FXUYH X(t) UHDFKHV �ZLWK

LQFUHDVLQJ WLPH� x = 0 LW VWD\V WKHUH XQWLO F DQG G EHFRPH HTXDO DQG WKHQ OHDYHV x = 0

DFFRUGLQJ WR �LLL��

:H FRQFOXGH WKLV VHFWLRQV E\ GHILQLQJ WKH IXQFWLRQV u(x, t) DQG m(x, t)� ,Q WKH QH[W

VHFWLRQ ZH ZLOO SURYH WKDW WKHVH DUH LQGHHG VROXWLRQV RI V\VWHP ��������

'HILQLWLRQ ������� )RU x, t > 0 ZH GHILQH WKH UHDO YDOXHG IXQFWLRQ u(x, t) E\

u(x, t)=






x− y∗(x, t)

t
LI F (x, t) < G(x, t) DQG y∗(x, t) = y∗(x, t)

∫ y∗(x,t)

y∗(x,t)
ρ0u0

∫ y∗(x,t)

y∗(x,t)
ρ0

LI F (x, t) < G(x, t) DQG y∗(x, t) < y∗(x, t)

x

t− τ∗(x, t)
LI F (x, t) > G(x, t) DQG τ∗(x, t) = τ ∗(x, t)

∫ τ∗(x,t)
τ∗(x,t)

ρbu2
b

∫ τ∗(x,t)
τ∗(x,t)

ρbub

LI F (x, t) > G(x, t) DQG τ∗(x, t) < τ ∗(x, t)

∫ τ∗(x,t)
0 ρbu2

b +
∫ y∗(x,t)

0 ρ0u0
∫ τ∗(x,t)
0 ρbub +

∫ y∗(x,t)

0 ρ0
LI F (x, t) = G(x, t) DQG






y∗(x, t) )= 0 RU

τ ∗(x, t) )= 0

x

t
LI F (x, t) = G(x, t) DQG






y∗(x, t) = 0 DQG

τ ∗(x, t) = 0 .

)RU x = 0 DQG t > 0 ZH GHILQH u = ub LI F (0, t) > G(0, t) DQG u = 0 LI F (0, t) < G(0, t)�

)RU F (0, t) = G(0, t) ZH XVH WKH VDPH GHILQLWLRQ DV IRU x > 0�

0RUH VSHFLILFDOO\� ZKHQ x = 0 DQG F (0, t) = G(0, t)� WKH VHFRQG WR ODVW IRUPXOD DSSOLHV

EHFDXVH τ ∗(0, t) = t DOZD\V�

���
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'HILQLWLRQ ������� )RU t > 0 DQG x ≥ 0 ZH GHILQH WKH UHDO YDOXHG IXQFWLRQm(x, t) E\

m(x, t) =






∫ y∗(x,t)

0

ρ0(η)dη LI F (x, t) ≤ G(x, t) DQG x > 0

−
∫ τ∗(x,t)

0

ρb(η)ub(η)dη LI F (x, t) > G(x, t) RU x = 0 .

5HPDUN ������� 6LQFH RQO\ �ZHDN� GHULYDWLYHV RI m DUH RI LQWHUHVW ODWHU� WKH GHILQLWLRQ DW

LVRODWHG SRLQWV LV QRW LPSRUWDQW DSDUW IURP x = 0� ZKHUH ZH ZLOO XVH WKH KHLJKW RI WKH MXPS

IURPm(0, t) WR OLPx↘0 m(x, t) WLPHV GHOWD DV WKH PDVV FRQFHQWUDWHG DW x = 0� ,I ZH KDYH D

ZKROH DUHD ZLWK F = G WKHQm ZLOO EH ]HUR� VLQFH LQ WKLV FDVH F = G = 0 DQG y∗ = τ ∗ = 0

�F�I� /HPPD ����� �� 7KLV LV DOVR FRQVLVWHQW ZLWK WUDFLQJ EDFN DORQJ WKH WULDQJOHV �OLQHV� LQ

WKH UDUHIDFWLRQ ZDYH�

1RWH WKDW LQ DUHDV DORQJ WKH t�D[LV x = 0 ZKHUH F ≤ G ZH FDQ QRW DVN WR IXOILOO WKH

ERXQGDU\ FRQGLWLRQV ������� ORFDOO\� )RU DOO RWKHU UHJLRQV RQ WKH ERXQGDU\� WKH ERXQGDU\

FRQGLWLRQV ZLOO EH VKRZQ WR KROG� DW OHDVW XQGHU VRPH PLOG UHJXODULW\ FRQGLWLRQV RQ WKH

ERXQGDU\ GDWD �FI� 6HFWLRQ �����

��� ([LVWHQFH RI JHQHUDOL]HG VROXWLRQ

,Q WKLV VHFWLRQ� ZH DUH JRLQJ WR VKRZ WKDW (u,m) DV GHVFULEHG LQ GHILQLWLRQV ������ DQG ������

VDWLVI\ WKH V\VWHP RI HTXDWLRQV �������� )RU WKDW SXUSRVH� ZH ILUVW VKRZ KRZ WR H[WHQG WKH

FXUYHV GHILQHG LQ /HPPD ������ WR WKH LQLWLDO� RU ERXQGDU\ PDQLIROG�

/HPPD ������ 7KHUH LV D FRXQWDEOH VHW S RI SRLQWV RQ WKH x� DQG t�D[LV ZLWK WKH IROORZLQJ

SURSHUWLHV�

�L� )RU DOO (η, 0) )∈ S WKHUH LV D XQLTXH /LSVFKLW] FRQWLQXRXV FXUYH x = X(η, t)� t ≥ 0�

VXFK WKDW X(η, 0) = η DQG WKH FKDUDFWHULVWLF WULDQJOHV DVVRFLDWHG WR SRLQWV RQ WKH

FXUYH IRUP DQ LQFUHDVLQJ IDPLO\ RI VHWV�

���
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�LL� )RU DOO (0, η) )∈ S WKHUH LV D XQLTXH /LSVFKLW] FRQWLQXRXV FXUYH x = Y (η, t)� t ≥ η�

VXFK WKDW Y (η, η) = 0 DQG WKH FKDUDFWHULVWLF WULDQJOHV DVVRFLDWHG WR SRLQWV RQ WKH

FXUYH IRUP DQ LQFUHDVLQJ IDPLO\ RI VHWV�

)XUWKHU� IRU DOO η > 0 VXFK WKDW (η, 0) DQG (0, η) GRHV QRW EHORQJ WR S�
∂
∂tX(η, t) = u(X(η, t), t) IRU DOPRVW DOO t > 0

∂
∂tY (η, t) = u(Y (η, t), t) IRU DOPRVW DOO t > η ,

ZKHUH WKH ULJKW KDQG VLGH LV D PHDVXUDEOH IXQFWLRQ�

3URRI� 2XU SURRI IROORZV WKH DUJXPHQWV IRXQG LQ >��@ DQG >��@ H[WHQGV WKHP WR LQFOXGH WKH

ERXQGDU\ SRLQWV� :H LQWURGXFH a±(η, t) DQG b±(ξ, t) WR FRQVLGHU DOO WKH FDVHV VLPXOWDQHRXVO\�

)RU D IL[HG SRLQW (0, ξ) RQ WKH t�D[LV DQG t > 0 ZH GHILQH

B−(ξ, t) = {x ∈ [0,∞[ : F (x, t) ≥ G(x, t) DQG τ∗(x, t) < ξ}

B+(ξ, t) = {x ∈ [0,∞[ : F (x, t) ≥ G(x, t) DQG τ∗(x, t) > ξ} ,

DQG

b−(ξ, t) =

{
VXSB−(ξ, t) , B−(ξ, t) )= ∅
0 , B−(ξ, t) = ∅ ,

DV ZHOO DV

b+(ξ, t) =

{
VXSB+(ξ, t) , B+(ξ, t) )= ∅
0, B+(ξ, t) = ∅ .

1RZ IRU D IL[HG SRLQW (η, 0) RQ [�D[LV DQG t > 0 ZH GHILQH VLPLODUO\

A−(η, t) = {x ∈]0,∞[ : F (x, t) ≤ G(x, t) DQG y∗(x, t) < η}

A+(η, t) = {x ∈]0,∞[ : F (x, t) ≤ G(x, t) DQG y∗(x, t) > η} ,

DQG

a−(η, t) = VXSA−(η, t) , a+(η, t) = LQIA+(η, t) .

/HW XV GHQRWH

Sb(t) = {(0, ξ) : ξ ∈ (0,∞), b−(ξ, t) )= b+(ξ, t)}

Sa(t) = {(η, 0) : η ∈ (0,∞), a−(η, t) )= a+(η, t)} .

���
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:H GHILQH WKH VHW S(t) E\

S(t) = Sa(t) ∪ Sb(t) .

7KHQ IRU DQ\ IL[HG t > 0 WKH VHW S(t) LV FRXQWDEOH� 7KLV IROORZV IURP WKH IDFW WKDW WKH

LQWHUYDOV [a−(η, t), a+(η, t)] DQG [a−(η′, t), a+(η′, t)], FDQ QRW LQWHUVHFW IRU η )= η′ H[FHSW

DW WKH HQGSRLQWV� DQG WKH VDPH KROGV WUXH IRU [b−(ξ, t), b+(ξ, t)] DQG [b−(ξ′, t), b+(ξ′, t)] IRU

ξ )= ξ′� ,QGHHG� OHW η′ > η DQG DVVXPH WKDW a−(η′, t) < a+(η, t)� 7KLV PHDQV WKDW

VXS{x ∈ R : F (x, t) ≤ G(x, t) DQG y∗(x, t) < η′} < a+(η, t) .

7KHUHIRUH� IRU DOO x EHWZHHQ a−(η′, t) DQG a+(η, t)ZH KDYH y∗(x, t) ≥ η′ > η� FRQWUDGLFWLQJ

WKH GHILQLWLRQ RI a+(η, t)� $ VLPLODU SURRI ZRUNV IRU WKH RWKHU LQWHUYDOV�

2EVHUYH WKDW IRU GHFUHDVLQJ t WKH VHWV Sa(t) IRUP DQ LQFUHDVLQJ IDPLO\ RI VHWV� 7R VHH WKLV

OHW 0 < t′ < t DQG η ∈ Sa(t)� 7KHQ QHFHVVDULO\ y∗(x, t) = η IRU DOO x ∈ [a−(η, t), a+(η, t)]�

/HW L(x, t) EH WKH OLQH FRQQHFWLQJ (x, t) DQG (η, 0) �IRU VXFK x�� %\ /HPPD ��� RI >��@ ZH

KDYH WKDW y∗ = η DORQJ WKLV OLQH� ,Q SDUWLFXODU� WKH OLQH VHJPHQW FXW RXW E\ WKH ERXQGLQJ

OLQHV L(a−(η, t), t) DQG L(a+(η, t), t) DW KHLJKW t′ LV FRQWDLQHG LQ [a−(η, t′), a+(η, t′)]� 7KXV

η ∈ Sa(t′)� ,Q SDUWLFXODU� IRU HYHU\ t WKHUH LV n ∈ N VXFK WKDW Sa(t) ⊂ Sa(
1
n)� $ VLPLODU

UHDVRQLQJ FDQ EH DSSOLHG WR Sb(t)� 7KHUHIRUH� WKH VHW

S =
⋃

t>0

S(t) =
⋃

n∈N

S
(
1
n

)

LV FRXQWDEOH�

1H[W� ZH GLVFXVV WKH GHILQLWLRQ RI JHQHUDOL]HG FKDUDFWHULVWLFV DFFRUGLQJ WR >��@� )RU

(η, 0) /∈ S� WKH JHQHUDOL]HG FKDUDFWHULVWLF LV GHILQHG E\

X(η, t) = a+(η, t) , t > 0 ,

ZLWK X(η, 0) = η� 6LQFH (η, 0) )∈ S� a−(η, t) = a+(η, t) IRU DOO t > 0�

���
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/HW x = X(η, t) EH WKH JHQHUDOL]HG FKDUDFWHULVWLF� :H FODLP WKDW WKH FKDUDFWHULVWLF WULDQ�

JOHV DW WKH SRLQW (X(η, t), t) IRUP DQ LQFUHDVLQJ IDPLO\ RI VHWV� WKDW LV LI (x1, t1) DQG (x2, t2)

DUH WZR SRLQWV RQ WKH FXUYH ZLWK t1 < t2� WKHQ ∆(x1, t1) ⊂ ∆(x2, t2). ,QGHHG� LQ WKH FDVH

ZKHQ ERWK FKDUDFWHULVWLF WULDQJOHV DUH JLYHQ E\ (xi, ti)� (y∗(xi, ti), 0)� (y∗(xi, ti), 0)� FRQ�

VLGHU WKH OLQH VHJPHQW MRLQLQJ WKH SRLQW (x2, t2) WR (y∗(x2, t2), 0) DQG DVVXPH WKDW VHJPHQW LQ�

WHUVHFWV t = t1 DW WKH SRLQW (x3, t1)� 7KHQ IURP/HPPD ����� ZH KDYH y∗(x2, t2) = y∗(x3, t1).

7KHQ E\ GHILQLWLRQ RI X(η, t)� ZH ILQG

X(η, t1) ≤ x3 .

2Q WKH RWKHU KDQG� DVVXPH WKDW WKH WKH OLQH VHJPHQW MRLQLQJ WKH SRLQWV (x2, t2) DQG (y∗(x2, t2), 0)

LQWHUVHFWV WKH OLQH t = t1 DW (x̄3, t1). 7KHQ ZH FODLP

x̄3 ≤ X(η, t1) .

,QGHHG� WKH PDS x → y∗(x, t2) LV ORZHU VHPLFRQWLQXRXV DQG LQFUHDVLQJ� KHQFH OHIW FRQWLQ�

XRXV� )XUWKHU� x2 = VXS{x : F (x, t2) ≤ G(x, t2) DQG y∗(x, t2) < η}� 7KXV y∗(x2, t2) =

OLPx→x2− y∗(x, t2) ≤ η� DQG FRQVHTXHQWO\ x̄3 ≤ η DV ZHOO� &RPELQLQJ WKH WZR DUJXPHQWV

VKRZV WKDW (x1, t1) ∈ ∆(x2, t2) DQG KHQFH XVLQJ WKH QRQ�LQWHUVHFWLRQ SURSHUW\ RI FKDUDFWHU�

LVWLF WULDQJOHV ZH KDYH

∆(x1, t1) ⊂ ∆(x2, t2) .

,Q WKH FDVHZKHQ HLWKHU RI WKH FKDUDFWHULVWLF WULDQJOHV LV JLYHQ E\ WKH HGJHV (xi, ti)� (0, τ ∗(x2, t2))�

(y∗(xi, ti), 0)� WKH LQFOXVLRQ ∆(x1, t1) ⊂ ∆(x2, t2) IROORZV GLUHFWO\ IURP WKH ILUVW DUJXPHQW

DERYH DQG WKH QRQ�LQWHUVHFWLRQ SURSHUW\�

1RZ ZH WXUQ WR WKH WLPH GHULYDWLYH RI WKH FXUYHVX(η, t)� ,W LV REYLRXV WKDW η → X(η, t)

LV DQ LQFUHDVLQJ IXQFWLRQ DW IL[HG t > 0� 7KHUHIRUH� LW LV %RUHO �DQG /HEHVJXH� PHDVXUDEOH�

/HPPD ������ WRJHWKHU ZLWK 'HILQLWLRQ ������ PHDQ WKDW

∂

∂t
X(η, t) = u(X(η, t), t) �������

���
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LQ WKH VHQVH RI D ULJKW GHULYDWLYH� DW OHDVW IRU (η, 0) )∈ S� 6LQFH X(η, t) LV /LSVFKLW] FRQ�

WLQXRXV� LW LV GLIIHUHQWLDEOH DOPRVW HYHU\ZKHUH DQG LWV GHULYDWLYH VDWLVILHV �������� )XUWKHU�

u(X(η, t), t) LV D OLPLW RI GLIIHUHQFH TXRWLHQWV RI PHDVXUDEOH IXQFWLRQV� DQG WKXV PHDVXUDEOH�

6LPLODUO\� IRU (0, ξ) /∈ S WKH JHQHUDOL]HG FKDUDFWHULVWLF LV GHILQHG E\

Y (ξ, t) = b+(ξ, t), t > 0 .

$Q DQDORJRXV DVVHUWLRQ DV DERYH LV WUXH IRU WKH FKDUDFWHULVWLF WULDQJOHV� DQG

∂

∂t
Y (ξ, t) = u(Y (ξ, t), t)

KROGV IRU DOPRVW DOO t > ξ�

5HPDUN ������ 7KH H[FHSWLRQDO VHW S FRUUHVSRQGV WR SRLQWV RQ WKH x� RU t�D[LV IURP ZKLFK

D UDUHIDFWLRQ ZDYH VWDUWV� ,QGHHG� LI (η, 0) )∈ Sa(t) DQG t > 0� WKHQ y∗(x, t) = η = y∗(x, t)

ZKHQHYHU x ∈ [a−(η, t), a+(η, t)]� 2QH FRXOG GHILQHX(η, t) E\X(η−, t) DV LV GRQH LQ >��@

RU E\ X(η+, t) �WR LQFOXGH η = 0�� +RZHYHU� WR VWDWH DQG SURYH WKH UHVXOWV RI WKH SUHVHQW

SDSHU� LW LV QRW UHTXLUHG WR DVVLJQ D YDOXH WR X(η, t) DW WKH H[FHSWLRQDO SRLQWV�

'HILQLWLRQ ������ :H GHILQH� IRU x, t > 0 WKH PRPHQWXP DQG WKH NLQHWLF HQHUJ\ DVVRFLDWHG

WR HTXDWLRQ ����� E\

q(x, t) =






∫ y∗(x,t)

0

ρ0(η)u0(η)dη , LI F (x, t) ≤ G(x, t)

−
∫ τ∗(x,t)

0

ρb(η)u
2
b(η)dη , LI F (x, t) > G(x, t) ,

�������

DQG

E(x, t) =






1
2

∫ y∗(x,t)

0

ρ0(η)u0(η)u(X(η, t), t)dη , LI F (x, t) ≤ G(x, t)

−1
2

∫ τ∗(x,t)

0

ρb(η)u
2
b(η)u(Y (η, t), t)dη , LI F (x, t) > G(x, t) .

�������

7KH IROORZLQJ OHPPD ZLOO PDNH RXU SK\VLFDO LQWHUSUHWDWLRQ PRUH SUHFLVH�

���
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/HPPD ������ ,Q WKH VHQVH RI 5DGRQ�1LNRG\P GHULYDWLYHV LQ x� WKH IROORZLQJ KROGV LQ WKH

LQWHULRU RI R2
+� �L� dq = udm� �LL� dE = 1

2u
2dm�

3URRI� ,I F (x, t) < G(x, t)� WKHQ WKH UHVXOW LV /HPPD ���� LQ >��@�

/HW (x, t) EH D SRLQW ZKHUH G(x, t) < F (x, t)� ,I τ∗ LV FRQVWDQW LQ VRPH QHLJKERUKRRG RI

(x, t)� WKHQ WKH DERYH TXDQWLWLHV DUH FRQVWDQW DQG WKH OHPPD KROGV WULYLDOO\� 1RZ VXSSRVH

τ∗(x, t) LV QRW FRQVWDQW LQ D QHLJKERUKRRG RI (x, t) DQG DVVXPH τ∗(x, t) = τ ∗(x, t) = τ(x, t)�

/HW x1 < x < x2� WKHQ E\ GHILQLWLRQ

G(τ∗(x1, t), x1, t) =

∫ τ∗(x1,t)

0

[x1 − (t− η)ub(η)]ρb(η)ub(η)dη

G(τ∗(x2, t), x1, t) =

∫ τ∗(x2,t)

0

[x1 − (t− η)ub(η)]ρb(η)ub(η)dη .

%\ WKH PLQLPL]LQJ SURSHUWLHV ZH KDYH ZH KDYH

G(τ∗(x1, t), x1, t) ≤ G(τ∗(x2, t), x1, t) ,

DQG XVLQJ WKH GHILQLWLRQV OHDGV WR

x1

t− τ∗(x2, t)
≥
∫ τ∗(x2,t)

τ∗(x1,t)

(
t−η

t−τ∗(x2,t)

)
u2
b(η)ρb(η)dη

∫ τ∗(x2,t)

τ∗(x1,t)
ρb(η)ub(η)dη

. �������

1RZ VLQFH
t− τ∗(x1, t)

t− τ∗(x2, t)
≤ t− η

t− τ∗(x2, t)
≤ 1 ,

DQG VLQFH τ∗(x, t) = τ ∗(x, t) = τ(x, t) LV FRQWLQXRXV DW (x, t) ZH FDQ WDNH WKH OLPLWV x1 ↗ x

DQG x2 ↘ x LQ ������� WR GHULYH

x

t− τ(x, t)
≥ OLP

x2,x1→x

q(x2, t)− q(x1, t)

m(x2, t)−m(x1, t)
. �������

6LPLODUO\ FRQVLGHULQJ WKH LQHTXDOLW\

G(τ∗(x2, t), x2, t) ≤ G(τ∗(x1, t), x2, t)

���
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DQG IROORZLQJ WKH DQDO\VLV DV DERYH� ZH JHW

x

t− τ(x, t)
≤ OLP

x2,x1→x

q(x2, t)− q(x1, t)

m(x2, t)−m(x1, t)
. �������

)URP HTXDWLRQV ������� DQG ������� DQG 'HILQLWLRQ ��������� ZH FRQFOXGH dq = udm�

,I τ∗(x, t) < τ ∗(x, t)� WKHQ

OLP
x2,x1→x

q(x2, t)− q(x1, t)

m(x2, t)−m(x1, t)
= OLP

x2,x1→x

∫ τ∗(x1,t)

τ∗(x2,t)
ρbu2

b
∫ τ∗(x1,t)

τ∗(x2,t)
ρbub

=

∫ τ∗(x,t)
τ∗(x,t)

ρbu2
b

∫ τ∗(x,t)
τ∗(x,t)

ρbub

.

+HUH ZH XVHG 5HPDUN ������� 1RZ ZH FRQVLGHU WKH UHPDLQLQJ FDVH� ZKHUH (x, t) LV D SRLQW

ZLWK F (x, t) = G(x, t)� ,I WKLV KDSSHQV LQ DQ LVRODWHG SRLQW WKHQ ZH KDYH� IRU x1 < x < x2

OLP
x2,x1→x

q(x2, t)− q(x1, t)

m(x2, t)−m(x1, t)
=

= OLP
x2,x1→x

∫ τ∗(x1,t)

0 ρbu2
b +

∫ y∗(x2,t)

0 ρ0u0
∫ τ∗(x1,t)

0 ρbub +
∫ y∗(x2,t)

0 ρ0
=

∫ τ∗(x,t)
0 ρbu2

b +
∫ y∗(x,t)

0 ρ0u0
∫ τ∗(x,t)
0 ρbub +

∫ y∗(x,t)

0 ρ0
,

DJDLQ XVLQJ 5HPDUN ������� ,I RQ WKH RWKHU KDQG F (x, t) = G(x, t) LQ D ZKROH QHLJKERU�

KRRG RI (x, t) WKHQ ZH DUH LQ D UDUHIDFWLRQ ZDYH HPDQDWLQJ IURP ]HUR DQG WKXV τ ∗(x, t) =

y∗(x, t) = 0 LQ D ZKROH QHLJKERUKRRG� 7KHQ m� q� DQG E DUH ]HUR E\ GHILQLWLRQ DQG WKH

SURRI LV ILQLVKHG� ,Q WKH ERXQGDU\ SRLQWV RI WKH UHJLRQ F (x, t) = G(x, t)� WKH VDPH SURRI DV

LQ WKH FDVH F < G RU F > G ZRUNV� RQ WKH ULJKW DQG OHIW ERXQGDU\� UHVSHFWLYHO\� 7KXV LQ

DOO SRVVLEOH FDVHV� ZH GHULYHG WKDW dq = udm LQ WKH VHQVH RI 5DGRQ�1LNRG\P GHULYDWLYH�

1RZ ZH WXUQ RXU DWWHQWLRQ WR WKH SURRI RI dE = 1
2u

2dm� )LUVW OHW (x, t) DJDLQ EH D SRLQW

ZKHUH G(x, t) < F (x, t) DQG τ∗(x, t) = τ ∗(x, t)� 7KHQ

E(x2, t)− E(x1, t) =
1
2

∫ τ∗(x1,t)

τ∗(x2,t)

ρb(η)u
2
b(η)u(Y (η, t), t)dη . �������

1RWH WKDW IRU τ∗(x2, t) ≤ η ≤ τ∗(x1, t) ZH KDYH

x

t− τ∗(x2, t)
≤ u(Y (η, t), t) ≤ x

t− τ∗(x1, t)
. �������

���
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+HQFH IURP HTXDWLRQ ������� DQG ������� ZH GHULYH

1

2

x

t− τ∗(x2, t)
≤ E(x2, t)− E(x1, t)

q(x1, t)− q(x2, t)
≤ 1

2

x

t− τ∗(x1, t)
.

,Q WKH OLPLW x1 ↗ x ↙ x2� ZH KDYH E(x2,t)−E(x1,t)
q(x1,t)−q(x2,t)

→ 1
2u DQG ZH NQRZ

dq
dm = u� &RPELQLQJ

WKHVH WZR� ZH JHW dE = 1
2u

2dm�

)RU WKH ILQDO FDVH DVVXPH F (x, t) = G(x, t) LQ DQ LVRODWHG SRLQW� 7KHQ QRWLQJ WKDW (x1, t)

OLHV OHIW RI (x, t) DQG WKXV F (x1, t) > G(x1, t)� DQG WKH RSSRVLWH KROGV WUXH IRU (x2, t)� ZH

KDYH

OLP
x1,x2→x

E(x2, t)− E(x1, t)

q(x2, t)− q(x1, t)
=

=
1
2

∫ y∗(x,t)

0 ρ0(η)u0(η)u(X(η, t), t)dη + 1
2

∫ τ∗(x,t)
0 ρb(η)u2

b(η)u(Y (η, t), t)dη
1
2

∫ y∗(x,t)

0 ρ0(η)u0(η)dη +
1
2

∫ τ∗(x,t)
0 ρb(η)u2

b(η)dη

)RU η ∈ [0, y∗(x, t))]� ZH KDYH u(X(η, t), t) = u(x, t) DQG VLPLODUO\ IRU η ∈ [0, τ ∗(x, t))]

ZH NQRZ WKDW u(Y (η, t), t) = u(x, t)�

7KXV IURP WKH HTXDWLRQ DERYH� ZH KDYH

OLP
x1,x2→x

E(x2, t)− E(x1, t)

q(x2, t)− q(x1, t)
=

1

2
u(x, t) .

6LQFH dq = udm� ZH DJDLQ FRQFOXGH dE = 1
2u

2� 7KLV FRPSOHWHV WKH SURRI�

/HPPD ������ 'HILQH

µ(x, t) = PLQ(F (x, t), G(x, t)) ,

WKHQ WKH IROORZLQJ KROGV IRU x1, x2, t > 0:
∫ x2

x1

m(x, t)dx = µ(x1, t)− µ(x2, t) . �������

∫ t2

t1

q(x, t)dt = µ(x, t2)− µ(x, t1) . ��������

3URRI� :H VWDUW ZLWK SURYLQJ WKH ILUVW HTXDOLW\� )RU WKDW SXUSRVH OHW t > 0 EH IL[HG DQG SLFN

DQ\ WZR SRLQWV x, x′ ∈ [x1, x2], x < x′� :H FODLP WKDW

(x− x′)m(x′, t) ≤ µ(x′, t)− µ(x, t) ≤ (x− x′)m(x, t) . ��������

���
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)RU µ(x, t) DQG µ(x′, t) GHSHQGLQJ XSRQ WKH PLQLPL]DWLRQ WKH SRVVLEOH FDVHV DUH�

(a) µ(x, t) = F (x, t) , µ(x′, t) = F (x′, t)

(b) µ(x, t) = G(x, t) , µ(x′, t) = F (x′, t)

(c) µ(x, t) = G(x, t) , µ(x′, t) = G(x′, t)

��������

7KH SURRI RI WKH LQHTXDOLW\ �������� IRU WKH FDVH (a) LQ �������� FDQ EH IRXQG LQ /HPPD ����

LQ >��@� ,Q FDVH �E� ZH KDYH

µ(x′, t)− µ(x, t) = F (y∗(x
′, t), x′, t)−G(τ∗(x, t), x, t) =

= [F (y∗(x
′, t), x′, t)− F (y∗(x

′, t), x, t)] + [F (y∗(x
′, t), x, t)−G(τ∗(x, t), x, t)] .

6LQFH WKH WHUP LQ WKH VHFRQG EUDFNHW LV SRVLWLYH� ZH JHW

µ(x′, t)− µ(x, t) ≥ F (y∗(x
′, t), x′, t)− F (y∗(x

′, t), x, t). ��������

2QH FDQ DOVR ZULWH

µ(x′, t)− µ(x, t) = F (y∗(x
′, t), x′, t)−G(τ∗(x, t), x, t) =

= [F (y∗(x
′, t), x′, t)−G(τ∗(x, t), x

′, t)] + [G(τ∗(x, t), x
′, t)−G(τ∗(x, t), x, t)] .

6LQFH WKH WHUP LQ WKH ILUVW EUDFNHW LV QHJDWLYH� ZH JHW

µ(x′, t)− µ(x, t) ≤ G(τ∗(x, t), x
′, t)−G(τ∗(x, t), x, t) . ��������

&RPELQLQJ ����������������� DQG XVLQJ WKH GHILQLWLRQ RIm� F DQGG� ZH FRQFOXGH ���������

,Q FDVH�F� ZH KDYH

µ(x′, t)− µ(x, t) = G(τ∗(x
′, t), x′, t)−G(τ∗(x, t), x, t)

= [G(τ∗(x
′, t), x′, t)−G(τ∗(x, t), x

′, t)] + [G(τ∗(x, t), x
′, t)−G(τ∗(x, t), x, t))] .

���
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6LQFH WKH ILUVW EUDFNHW RI WKH DERYH H[SUHVVLRQ LV QHJDWLYH� ZH JHW

µ(x′, t)− µ(x, t) ≤ G(τ∗(x, t), x
′, t)−G(τ∗(x, t), x, t) . ��������

2Q WKH RWKHU KDQG� ZH ZULWH

µ(x′, t)− µ(x, t) = G(τ∗(x
′, t), x′, t)−G(τ∗(x, t), x, t)

= [G(τ∗(x
′, t), x′, t)−G(τ∗(x

′, t), x, t)] + [G(τ∗(x
′, t), x, t)−G(τ∗(x, t), x, t))] .

1RZ WKH VHFRQG EUDFNHW RI WKH H[SUHVVLRQ LV SRVLWLYH DQG WKXV

µ(x′, t)− µ(x, t) ≥ G(τ∗(x
′, t), x′, t)−G(τ∗(x

′, t), x, t) . ��������

$JDLQ� FRPELQLQJ ��������� �������� DQG XVLQJ WKH GHILQLWLRQV RIG DQGm ZH KDYH ���������

6LQFH m LV PRQRWRQRXV LQ x� LW LV DOVR 5LHPDQQ LQWHJUDEOH� 7DNLQJ 5LHPDQQ VXPV DQG

XVLQJ ��������� ZH JHW
∫ x2

x1

m(x, t)dx = µ(x1, t)− µ(x2, t) ,

ILQLVKLQJ WKH SURRI RI ��������

)RU WKH SURRI RI �������� OHW x > 0 EH IL[HG DQG SLFN t < t′ LQ [t1, t2]� :H FODLP WKDW

(t′ − t)q(x, t′) ≤ µ(x, t′)− µ(x, t) ≤ (t′ − t)q(x, t) . ��������

7R YHULI\ WKLV� ZH GLVWLQJXLVK WKH IROORZLQJ SRVVLELOLWLHV IRU µ(x, t) DQG µ(x, t′)�

(a) µ(x, t) = F (x, t) , µ(x, t′) = F (x, t′)

(b) µ(x, t) = G(x, t) , µ(x, t′) = G(x, t′)

(c) µ(x, t) = F (x, t) , µ(x, t′) = G(x, t′)

(d) µ(x, t) = G(x, t) , µ(x, t′) = F (x, t′)

���
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1RWH WKDW DJDLQ WKH FDVH (a) RQ {x} × [t1, t2] LV FRYHUHG E\ /HPPD ���� LQ >��@� 6LQFH WKH

SURRIV LQ DOO FDVHV DUH UDWKHU VLPLODU� ZH RQO\ SUHVHQW WKH SURRI RI FDVH (b) H[SOLFLWO\� :H

VWDUW E\ REVHUYLQJ WKDW

µ(x, t′)− µ(x, t) = G(τ∗(x, t
′), x, t′)−G(τ∗(x, t), x, t) =

= [G(τ∗(x, t
′), x, t′)−G(τ∗(x, t), x, t

′)] + [G(τ∗(x, t), x, t
′)−G(τ∗(x, t), x, t))] ≤

≤ G(τ∗(x, t), x, t
′)−G(τ∗(x, t), x, t)) ,

DQG

µ(x, t′)− µ(x, t) = G(τ∗(x, t
′), x, t′)−G(τ∗(x, t), x, t) =

= [G(τ∗(x, t
′), x, t′)−G(τ∗(x, t

′), x, t)] + [G(τ∗(x, t
′), x, t)−G(τ∗(x, t), x, t))] ≥

≥ G(τ∗(x, t
′), x, t′)−G(τ∗(x, t

′), x, t) .

7KRVH WZR LQHTXDOLWLHV FRPELQHG LPSO\ ���������

)RU D IL[HG x WKH IXQFWLRQ y∗(x, t) LV PRQRWRQH LQ WKH LQWHUYDO [t1, t2] DQG WKXV q(x, t)

LV D IXQFWLRQ RI ERXQGHG YDULDWLRQ� KHQFH 5LHPDQQ LQWHJUDEOH� 1RZ IROORZLQJ D VLPLODU

DUJXPHQW DV EHIRUH� LGHQWLW\ �������� IROORZV IURP ���������

)URP WKH SUHYLRXV OHPPD ZH KDYH µx = −m DQG µt = q� DQG WKXV ZH YHULILHG WKH ILUVW

HTXDWLRQ RI V\VWHP �������� $V DQWLFLSDWHG LQ WKH LQWURGXFWLRQ� IRU D WHVW IXQFWLRQ ϕ ZLWK

FRPSDFW VXSSRUW LQ ]0,∞[2 ZH LQIHU XVLQJ /HPPD ������

0 =

∫∫
[−ϕtµx(x, t) + ϕxµt(x, t)]dxdt =

=

∫∫
[ϕt(x, t)m(x, t) + ϕx(x, t)q(x, t)]dxdt =

=

∫∫
ϕt(x, t)m(x, t)dxdt−

∫∫
ϕ(x, t)u(x, t)m(dx, t)dt . ��������

7KLV LGHQWLW\ SURYHV WKDW (u,m) VDWLVILHV WKH ILUVW HTXDWLRQ RI WKH V\VWHP ��������

7R SURYH WKH VHFRQG HTXDWLRQ� ZH XVH WKH IROORZLQJ QRWDWLRQ�

���
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/HPPD ������ )RU x, t > 0� OHW XV GHQRWH

H(x, t) =






H1(x, t) =

∫ y∗(x,t)

0

ρ0(η)u0(η)(X(η, t)− x)dη , LI F (x, t) ≤ G(x, t)

H2(x, t) = −
∫ τ∗(x,t)

0

ρb(η)u
2
b(η)(Y (η, t)− x)dη , LI F (x, t) > G(x, t) .

7KHQ ZH KDYH Hx = −q DQG Ht = 2E LQ WKH ZHDN VHQVH�

3URRI� :H ZLOO ILUVW VKRZ WKDW

−
∫ x2

x1

q(x, t)dx = H(x2, t)−H(x1r, t) . ��������

/HW t EH IL[HG DQG [x1, x2] EH DQ LQWHUYDO� $VVXPH WKDW x DQG x′ DUH DQ\ WZR SRLQWV LQ

[x1, x2] ZLWK x < x′.:H ZLOO DJDLQ DUJXH E\ WDNLQJ 5LHPDQQ VXPV� )LUVW� GHSHQGLQJ RQ WKH

PLQLPL]DWLRQ ZH GLVWLQJXLVK WKH FDVHV

(a) H(x1, t) = H1(x1, t) , H(x2, t) = H1(x2, t)

(b) H(x1, t) = H2(x1, t) , H(x2, t) = H2(x2, t)

(c) H(x1, t) = H2(x1, t) , H(x2, t) = H1(x2, t) .

)RU FDVH (a) LW LV VKRZQ LQ >��@ �ZKDW ZH GHQRWH E\H1 LV GHQRWHG E\ θ LQ >��@�� WKDW ��������

KROGV�

)RU VWXG\LQJ FDVH (b)� ZH GHILQH H2(τ, x, t) = −
∫ τ
0 ρb(η)u

2
b(η)(Y (η, t) − x)dη� 6LQFH

Y (η, t) LV GHFUHDVLQJ LQ η �E\ WKH QRQ�LQWHUVHFWLQJ SURSHUW\ RI WKH FKDUDFWHULVWLF WULDQJOHV�

DQG Y (η, t) = x IRU τ∗(x, t) < η < τ ∗(x, t)� ZH KDYH

H2(x, t) = PLQ
τ≥0

H2(τ, x, t) . ��������

,Q SDUWLFXODU� H2(·, t) LV XSSHU VHPLFRQWLQXRXV� 1RWH WKDW f(x, t) > G(x, t) DQG KHQFH

H(x, t) = H2(x, t) IRU DOO x LQ WKH LQWHUYDO [x1, x2]� 7KH UHVW RI WKH SURRI LV VLPLODU WR WKH

���
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RQH RI /HPPD ������ :H KDYH� GHQRWLQJ PLQLPL]HUV LQ WKH XVXDO ZD\�

H(x, t)−H(x′, t) = H2(x, t)−H2(x
′, t) = H2(τ∗(x, t), x, t)−H2(τ∗(x

′, t), x′, t) =

= [H2(τ∗(x, t), x, t)−H2(τ∗(x
′, t), x, t)] + [H2(τ∗(x

′, t), x, t)−H2(τ∗(x
′, t), x′, t)] ≤

≤ H2(τ∗(x
′, t), x, t)−H2(τ∗(x

′, t), x′, t) = −(x− x′)q(x′, t) .

2Q WKH RWKHU KDQG

H(x, t)−H(x′, t) = H2(x, t)−H2(x
′, t) = H2(τ∗(x, t), x, t)−H2(τ∗(x

′, t), x′, t) =

= [H2(τ∗(x, t), x, t)−H2(τ∗(x, t), x
′, t)] + [H2(τ∗(x, t), x

′, t)−H2(τ∗(x
′, t), x′, t)] ≥

≥ H2(τ∗(x, t), x, t)−H2(τ∗(x, t), x
′, t) = −(x− x′)q(x, t) .

&RPELQLQJ WKRVH WZR LQHTXDOLWLHV HVWDEOLVKHV

−(x− x′)q(x, t) ≤ H(x, t)−H(x′, t) ≤ −(x− x′)q(x′, t) . ��������

1RZ WDNLQJ WKH VXSUHPXP RI WKH 5LHPDQQ VXPV RYHU DOO SDUWLWLRQV RI WKH LQWHUYDO [x1, x2]�

ZH GHGXFH �������� RQ DOO LQWHUYDOV [x1, x2] ZLWK F > G�

7KH FDVH F (x, t) = G(x, t) UHTXLUHV VSHFLDO FRQVLGHUDWLRQ� 5HFDOO IURP /HPPD �����

WKDW WKLV KDSSHQV RQ DQ LQWHUYDO I(t) = [l(t), r(t)]� ,I l(t) = r(t) = x� WKHQ ∆(x, t) FRQ�

WDLQV [0, y∗(x, t)] × {0} DQG {0} × [0, τ ∗(x, t)]� 7KXV E\ WKH QRQ�LQWHUVHFWLQJ SURSHUW\� ZH

KDYH X(η, t) = x IRU η ∈ [0, y∗(x, t)] DQG Y (η, t) = x IRU η ∈ [0, τ ∗(x, t))]� 7KLV LPSOLHV

H1(x, t) = 0 = H2(x, t)� 1RWH WKDW WKLV LV DOVR WUXH LI (x, t) OLHV LQ D UDUHIDFWLRQ ZDYH

HPDQDWLQJ IURP 0� ,Q WKLV FDVH ZH KDYH y∗(x, t) = τ ∗(x, t) = 0 IRU DOO SRLQWV LQ WKH LQ�

WHULRU RI I(t) DQG WKXV H DV ZHOO DV q LV ]HUR LQ WKHVH SRLQWV� )XUWKHU� ∆(l(t), t) FRQWDLQV

{0} × [0, τ ∗(l(t), t)] DQG ∆(r(t), t) FRQWDLQV [0, y∗(r(t), t)] × {0}� VR H LV DOVR ]HUR LQ WKH

ERXQGDU\ SRLQWV RI I(t)�

7KH SURRI LQ FDVH (c) WKHQ IROORZV IURP WKHVH IDFWV� 6LQFHF (x1, t) > G(x1, t) DQGF (x2, t) ≤

���
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G(x2, t)� ZH KDYH I(t) ⊂]x1, x2]� :ULWH x3 = l(t)� x4 = r(t)� :H VSOLW WKH LQWHJUDO LQ WKUHH

�SRVVLEO\ RQO\ WZR� SDUWV DQG XVH WKH UHVXOWV RI FDVHV (a) DQG (b) DFFRUGLQJO\�

−
∫ x2

x1

q(x, t)dx = −
∫

[x1,x3[

q(x, t)dx−
∫

[x3,x4]

q(x, t)dx−
∫

]x4,x2]

q(x, t)dx =

= H2(x3−, t)−H2(x1, t) + 0 +H1(x2, t)−H1(x4+, t) = H(x2, t)−H(x1, t) .

+HUHZH XVHG WKH DVVHUWLRQV RI 5HPDUN ������� QDPHO\ τ∗(x3−, t) = τ ∗(x3, t) DQG y∗(x4+, t) =

y∗(x4, t)� 7KH FRQVLGHUDWLRQ DERYH WKHQ DOORZV XV WR FRQFOXGH WKDWH2(x3−, t) = H1(x4+, t) =

0�

&ROOHFWLQJ DOO FDVHV SURYHV WKDWHx = −q ZHDNO\ IRU IL[HG t� 6LPLODU DUJXPHQWV FDQ EH

XVHG WR VKRZ Ht = 2E�

1RZ ZH FRQFOXGH WKDW DJDLQ IRU D WHVW IXQFWLRQ ZLWK FRPSDFW VXSSRUW LQ ]0,∞[2

0 =

∫∫
H(x, t)(−ψxtx + ψtxx)dxdt =

∫∫
[Hxψtx(x, t)−Htψxx(x, t)]dxdt =

=

∫∫
[−q(x, t)ψtx(x, t)− 2Eψxx(x, t)]dxdt =

=

∫∫
u(x, t)ψt(x, t)dmdt+

∫∫
u2(x, t)ψx(x, t)dmdt . ��������

,GHQWLW\ �������� SURYHV WKDW (u,m) VDWLVILHV WKH VHFRQG HTXDWLRQ RI WKH V\VWHP �������� &RP�

ELQLQJ �������� DQG �������� ZH SURYHG WKH IROORZLQJ WKHRUHP�

7KHRUHP ������ 7KH IXQFWLRQV u DQGm DV JLYHQ LQ 'HILQLWRQ ������ DQG ������UHVSHFWLYHO\�

DUH JOREDO VROXWLRQV RI ������� LQ WKH VHQVH VSHFLILHG LQ WKH LQWURGXFWLRQ� 7KH IXQFWLRQV m�

q DQG E JLYHQ LQ 'HILQLWLRQ ������ DQG 'HILQLWLRQ ����� DUH JOREDO ZHDN VROXWLRQV RI V\VWHP

������� RQ R2
+�

3URRI� 7KH VWDWHPHQW DERXW VROXWLRQV RI ������� LV FOHDU IURP /HPPD ����� DQG ������ 1RZ

E\ /HPPD ����� WKHVH IXQFWLRQV DQG u DUH UHODWHG LQ WKH FRUUHFW ZD\ DV 5DGRQ�1LNRG\P

GHULYDWLYHV� 7KXV IROORZLQJ WKH GLVFXVVLRQ LQ WKH LQWURGXFWLRQ u DQG m DUH VROXWLRQV RI

��������

���
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1RWH WKDW ZH GLG QRW GLVFXVV LQLWLDO DQG ERXQGDU\ GDWD \HW� ,Q WKH QH[W VHFWLRQ ZH ZLOO

VKRZ WKDW ρ� DV WKH GHULYDWLYH RIm� DQG u VDWLVI\ WKH ERXQGDU\ DQG LQLWLDO FRQGLWLRQV ��������

������� LQ DQ DSSURSULDWH VHQVH�

��� 9HULILFDWLRQ RI LQLWLDO DQG ERXQGDU\ FRQGLWLRQ

1RZ ZH WXUQ RXU DWWHQWLRQ WR WKH LQLWLDO DQG ERXQGDU\ FRQGLWLRQV� )RU WKDW SXUSRVH� ZH

GHILQH� DV DOUHDG\ GLVFXVVHG LQ WKH LQWURGXFWLRQ� WKH 5DGRQ PHDVXUH ρ DV WKH GHULYDWLYH RI

m� :H DOVR H[SOLFLWO\ GHILQH WKH PDVV DW x = 0 DV WKH RQH�VLGHG GLVWULEXWLRQDO GHULYDWLYH RI

m DQG ZLOO VKRZ ODWHU LQ WKLV FKDSWHU WKDW WKLV OHDGV WR FRQVHUYDWLRQ RI PDVV�

'HILQLWLRQ ������ /HWm EH DV LQ 'HILQLWLRQ ������� 7KHQ ZH GHILQH

ρ(x, t) =






∂xm IRU x, t > 0

OLP
x↘0

ρ(x, t) IRU x = 0 DQG F (0, t) > G(0, t)

δ · OLP
x↘0

(m(x, t)−m(0, t)) IRU x = 0 DQG F (0, t) ≤ G(0, t) .

�������

+HUH δ LV WKH 'LUDF PHDVXUH� ∂x LV WKH GLVWULEXWLRQDO GHULYDWLYH DQG ρ LV LQWHUSUHWHG DV D

PHDVXUH�

/HPPD ������ )RU u DFFRUGLQJ WR 'HILQLWLRQ ������ DQG IRU DOO t > 0 ZH KDYH

�� F (0, t) < G(0, t) ⇒ u(0+, t) < 0

�� u(0+, t) < 0 ⇒ F (0, t) ≤ G(0, t) .

3URRI� :H VWDUW E\ SURYLQJ WKH ILUVW LPSOLFDWLRQ� 6LQFH F DQGG DUH FRQWLQXRXV LQ (x, t)� WKH

VWDWHPHQW F (x, t) < G(x, t) KROGV WUXH LQ D ZKROH QHLJKERUKRRG RI WKH SRLQW (0, t)� 1RZ

IROORZLQJ 'HILQLWLRQ ������ LQ WKLV QHLJKERUKRRG u LV GHILQHG DV

u(x, t) =






x− y∗(x, t)

t
LI y∗(x, t) = y∗(x, t)

∫ y∗(x,t)

y∗(x,t)
ρ0u0

∫ y∗(x,t)

y∗(x,t)
ρ0

LI y∗(x, t) < y∗(x, t) .

���
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,Q WKH ILUVW FDVH ZH VHH WKDW IRU x ↘ 0 WKH YHORFLW\ u EHFRPHV QHJDWLYH� DSDUW IURP WKH

FDVH ZKHQ OLPx↘0 y∗(x, t) = 0� 7KLV LV KRZHYHU LPSRVVLEOH EHFDXVH WKDW ZRXOG OHDG WR

F (y∗(0, t), 0, t) = 0 DQG WKXV F (0, t) = 0 ≥ G(0, t) FRQWUDGLFWLQJ WKH DVVXPSWLRQ�

,Q WKH VHFRQG FDVH� REVHUYLQJ WKDW F (y∗(x, t), x, t) = F (y∗(x, t), x, t) DQG VLPSOLI\LQJ ZH

JHW ∫ y∗(x,t)

y∗(x,t)

(tu0(η) + η − x)ρ0(η)dη = 0.

7KLV LPSOLHV

tu(x, t)− x = −
∫ y∗(x,t)

y∗(x,t)
ηρ0(η)dη

∫ y∗(x,t)

y∗(x,t)
ρ0(η)dη

≤ −y∗(x, t).

1RZ SDVVLQJ WR WKH OLPLW DV x ↘ 0� ZH REWDLQ tu(0+, t) ≤ −y∗(0+, t) = y∗(0, t) E\

5HPDUN ������� 6LQFH G(0, t) ≤ 0 DOZD\V DQG F (0, t) < G(0, t) E\ DVVXPSWLRQ� ZH PXVW

KDYH y∗(0, t) > 0 DQG KHQFH u(0+, t) < 0�

,Q RUGHU WR SURYH (2) ILUVW QRWH WKDW� IRU x > 0 ZH KDYH WKDW τ ∗(x, t) < t� 7KLV LV GXH WR WKH

IDFW WKDW DW IL[HG (x, t) WKH TXDQWLW\ G(τ, x, t) EHFRPHV LQFUHDVLQJ IRU τ > t− x/‖ub‖∞� DV

VHHQ IURP WKH GHILQLWLRQ RI G DQG UHPHPEHULQJ WKDW ZH DVVXPHG ρb DQG ub WR EH SRVLWLYH�

7KXV WKH RQO\ FDVHV LQ 'HILQLWLRQ ������ WKDW FDQ OHDG WR QHJDWLYH u(0+, t) DUH FDVHV ZLWK

F < G RU F ≤ G�

7KHRUHP ������ 7KH SDLU (ρ, u) DV GHILQHG DERYH VROYHV HTXDWLRQ ������� LQ R2
+�

7KH LQLWLDO FRQGLWLRQV DUH VDWLVILHG LQ WKH VHQVH WKDW IRU DOPRVW DOO xZH KDYH OLPt↘0 u(x, t) =

u0(x) DQG ρ = ∂xm ZLWK OLPt↘0 m(x, t) =
∫ x

0 ρ0(y)dy�

7KH ERXQGDU\ FRQGLWLRQ LV VDWLVILHG LQ UHJLRQV ZKHUH F (0, t) > G(0, t) LQ WKH IROORZLQJ

VHQVH� )RU DOPRVW DOO t ZH KDYH OLPx↘0 u(x, t) = ub(t)�

,I LQ DGGLWLRQ ub LV FRQWLQXRXVO\ GLIIHUHQWLDEOH DQG ρb LV ORFDOO\ /LSVFKLW] FRQWLQXRXV� WKHQ

OLPx↘0 ρ(x, t)u(x, t) = ρb(t)ub(t)�

3URRI� 7KH IDFW WKDW (ρ, u) LV D VROXWLRQ LV FOHDU IURP WKH GLVFXVVLRQ LQ WKH LQWURGXFWLRQ VLQFH

WKH\ DUH GHULYHG IURP D VROXWLRQ (m,u) RI ��������

���
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7R SURYH WKH YDOLGLW\ RI WKH LQLWLDO FRQGLWLRQV REVHUYH WKDW

OLP
t↘0

F (y, x, t) =

∫ y

0

(η − x)ρ0(η)dη �������

DQG

OLP
t↘0

G(x, t) = 0. �������

7KH DVVXPSWLRQ ρ0 > 0 LPSOLHV WKDW F (x, t) < G(x, t) IRU VPDOO YDOXHV RI t� 6R WKH LQLWLDO

FRQGLWLRQ KROGV IRU u E\ WKH DUJXPHQWV RI :DQJ >��@� 6LQFH y∗(x, t), y∗(x, t) → x DV t ↘ 0

� ZH JHW

OLP
t↘0

m(x, t) =

∫ x

0

ρ0(y)dy.

1H[W ZH YHULI\ WKH ERXQGDU\ FRQGLWLRQV� )URP RXU DVVXPSWLRQV ZH KDYH F (0, t) > G(0, t)

DQG E\ FRQWLQXLW\� IRU x FORVH HQRXJK WR ]HUR� G(x, t) < F (x, t)� /HW t0 EH D /HEHVJXH

SRLQW RI ub DQG ρb� :H VWDUW E\ VKRZLQJ WKDW WKH ERXQGDU\ FRQGLWLRQV IRU u KROG� L�H�

OLPx↘0 u(x, t0) = ub(t0)� /HW (xn, t0) EH VHTXHQFH FRQYHUJLQJ WR (0, t0)� )LUVW DVVXPH

WKDW τ∗(xn, t0) = τ ∗(xn, t0) = τ(x, t0)� ,Q WKLV FDVH� WKH PLQLPXP LV XQLTXH DQG WKXV IRU

h > 0 �LQ IDFW� DQ\ h )= 0� ZH KDYH

G(τ(xn, t0), xn, t0) < G(τ(xn, t0) + hxn, xn, t0).

7KLV LPSOLHV

xn

∫ τ(xn,t0)+hxn

τ(xn,t0)

ρb(η)ub(η)dη ≥
∫ τ(xn,t0)+hxn

τ(xn,t0)

u2
b(η)(t0 − η)ρb(η)dη

≥ (t0 − τ(xn, t0)− hxn)

∫ τ(xn,t0)+hxn

τ(xn,t)

u2
b(η)ρb(η)dη. �������

6LPSOLI\LQJ ������� DQG XVLQJ 'HILQLWLRQ������� ZH JHW

( 1

u(xn, t0)
− h
)∫ τ(xn,t0)+hxn

τ(xn,t0)
u2
b(η)ρb(η)dη

∫ τ(xn,t0)+hxn

τ(xn,t0)
ρb(η)ub(η)dη

≤ 1 ,

���



� ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV JDV G\QDPLFV

DQG DV n → ∞� ZH KDYH

OLP VXS
n→∞

( 1

u(xn, t0)
− h
)
ub(t0) ≤ 1 . �������

6LPLODUO\ FRQVLGHULQJ WKH LQHTXDOLW\

G(τ(xn, t0), y, xn, t0) < G(τ(xn, t0)− hxn, y, xn, t0),

DQG IROORZLQJ WKH VDPH DQDO\VLV DV DERYH� ZH ILQG

OLP LQI
n→∞

( 1

u(xn, t0)
+ h
)
ub(t0) ≥ 1. �������

6LQFH h LV DUELWUDU\ SRVLWLYH QXPEHU� LQHTXDOLWLHV ������� DQG ������� UHVXOW LQ

OLP
n→∞

1

u(xn, t0)
ub(t0) = 1 .

7KXV ZH SURYHG WKDW OLPn→∞ u(xn, t0) = ub(t0) LPSO\LQJ FRQWLQXLW\ RI u XS WR WKH ERXQGDU\

DQG YDOLGLW\ RI WKH ERXQGDU\ FRQGLWLRQ LQ WKLV FDVH�

,I τ∗(xn, t0) < τ ∗(xn, t0)� WKHQ E\ 'HILQLWLRQ ������ ZH KDYH

u(xn, t0) =

∫ τ∗(xn,t0)

τ∗(xn,t0)
ρbu2

b
∫ τ∗(x,t)
τ∗(x,t)

ρbub

6R LI t0 LV D /HEHVJXH SRLQW RI ρbub DQG ρbu2
b � DV LV WUXH IRU DOPRVW DOO t0� ZH JHW OLPn→∞ u(xn, t0) =

ub(t0) DJDLQ�

,W UHPDLQV WR VKRZ WKDW WKH ERXQGDU\ FRQGLWLRQ IRU ρ KROGV� ,Q WKLV FDVH� LI WKH ERXQGDU\

SRWHQWLDO

G(τ, x, t) =

∫ τ

0

[x− ub(η)(t− η)]ρb(η)ub(η)dη

DWWDLQV WKH PLQLPXP LQ (0,∞) DW D SRLQW τ̄ � WKHQ ∂G
∂τ |τ=τ̄ = 0. 7KDW LV

∂G

∂τ
|τ=τ̄ = (x− ub(τ̄)(t− τ̄)) ρb(τ̄)ub(τ̄) = 0 .

���
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6LQFH τ∗(x, t), τ ∗(x, t) ↗ t DV x ↘ 0� IRU x FORVH HQRXJK WR 0� WKH PLQLPL]LQJ SRLQW OLHV LQ

(0,∞)� &RQVLGHU WKH IXQFWLRQ f : R+ × [0,∞) → R ZKHUH f LV GHILQHG DV

f(x, τ) = x− ub(τ)(t− τ) .

7KHQ ∂f
∂τ = −(t − τ)u′

b(τ) + ub(τ)� f(0, t) = 0 DQG ∂f
∂τ (0, t) > 0. 7KXV E\ WKH LPSOLFLW

IXQFWLRQ WKHRUHP WKHUH H[LVWV D QHLJKERUKRRG RI (0, t) ZKHUH f(x, τ) = 0 KDV D XQLTXH

VROXWLRQ� 7KDW JLYHV WKH XQLTXH PLQLPL]HU RI WKH ERXQGDU\ SRWHQWLDO G(τ, x, t) DQG WKXV

τ∗(x, t) LV D FRQWLQXRXVO\ GLIIHUHQWLDEOH IXQFWLRQ RI x LQ VRPH QHLJKERUKRRG RI 0� 1RZ

IURP WKH UHODWLRQ u(x, t) = x
t−τ∗(x,t) � ZH VHH WKDW OLPx↘0

∂
∂xτ∗(x, t) = − 1

ub(t)
. &RQVHTXHQWO\�

OLP
x↘0

ρ(x, t) = OLP
x↘0

∂

∂x
m(x, t) = − OLP

x↘0
ρb(τ∗(x, t))ub(τ∗(x, t))

∂

∂x
τ∗(x, t) = ρb(t) .

7KLV FRPSOHWHV WKH YHULILFDWLRQ RI WKH LQLWLDO DQG ERXQGDU\ FRQGLWLRQ IRU (u, ρ)�

7KH QH[W WKHRUHP FRQFHUQV WKH JOREDO FRQVHUYDWLRQ RI PDVV DQG PRPHQWXP IRU RXU

VROXWLRQV�

7KHRUHP ������ /HW ρ0 ∈ L1([0,∞))� WKHQ WKH VROXWLRQ JLYHQ LQ 'HILQLWLRQ ����� FRQVHUYHV

WKH WRWDO PDVV� L�H�

∀t ≥ 0:

∫ ∞

0

ρ(dx, t) =

∫ ∞

0

ρ0(x)dx+

∫ t

0

ρb(η)ub(η)dη .

0RUHRYHU� WKH WRWDO PRPHQWXP LV FRQVHUYHG EXW RQO\ IRU WLPHV ZLWKRXW LQIOX[ WR WKH ERXQG�

DU\� 0RUH SUHFLVHO\ ZH KDYH IRU t > 0:

∫ ∞

0

u(x, t)ρ(dx, t)






=

∫ ∞

0

ρ0(x)u0(x)dx +

∫ t

0

ρb(η)u
2
b(η)dη LI F (0, t) ≥ G(0, t)

≥
∫ ∞

0

ρ0(x)u0(x)dx −
∫ t

0

ρb(η)u
2
b(η)dη LI F (0, t) < G(0, t) .

3URRI� )LUVW ZH SURYH WKH PDVV FRQVHUYDWLRQ SURSHUW\� :H VWDUW LQ WKH VLWXDWLRQ� ZKHQ

F (0, t) > G(0, t)� 6LQFH F DQG G DUH FRQWLQXRXV IXQFWLRQV� LQ D QHLJKERUKRRG RI (0, t)

���



� ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV JDV G\QDPLFV

ZH KDYH F (x, t) > G(x, t) DQG WKXVm(x, t) = −
∫ τ∗(x,t)
0 ub(η)ρb(η)dη. 1RWH WKDW τ∗(x, t) LV

GHFUHDVLQJ LQ x DQGm(x, t) LV LQFUHDVLQJ LQ x� 0RUHRYHU�m(x, t) LV XSSHU VHPLFRQWLQXRXV

LQ WKLV FDVH DV ZH VKDOO SURYH QRZ�

)RU WKLV SXUSRVH FRQVLGHU D VHTXHQFH zn = (xn, tn) → z = (x, t). 7KHQ�

OLP VXS
n→∞

m(zn) = − OLP
n→∞

VXS
n≥k

∫ τ∗(zn)

0

ρb(η)ub(η)dη =

= − OLP
n→∞

∫ VXS
n≥k

τ∗(zn)

0

ρb(η)ub(η)dη = −
∫ OLP

n→∞
VXS
n≥k

τ∗(zn)

0

ρb(η)ub(η)dη .

%\ ORZHU VHPLFRQWLQXLW\ ZH KDYH τ∗(z) ≤ OLP LQIn→∞ τ∗(zn) ≤ OLP VXSn→∞ τ∗(zn)� 7KXV

ZH FRQFOXGH

OLP VXS
n→∞

m(zn) = −
∫ OLP

n→∞
VXS
n≥k

τ∗(zn)

0

ρb(η)ub(η)dη ≤ −
∫ τ∗(z)

0

ρb(η)ub(η)dη = m(z) .

1RZm(x, t) LV ULJKW FRQWLQXRXV LQ x VLQFH LW LV LQFUHDVLQJ DQG XSSHU VHPLFRQWLQXRXV� 7KLV

OHDGV WR WKH GHVLUHG PDVV FRQVHUYDWLRQ IRU F (0, t) > G(0, t)�
∫ ∞

0

ρ(dx, t) =

∫

x∈(0,∞)

m(dx, t) = m(∞, t)−m(0, t) =

∫ ∞

0

ρ0(x)dx+

∫ t

0

ub(η)ρb(η)dη .

)RU WKH RWKHU FDVH ZKHQ F (0, t) ≤ G(0, t) ZH GHFRPSRVH WKH LQWHJUDO LQ WKH IROORZLQJ

PDQQHU�
∫ ∞

0

ρ(dx, t) = m(0+, t)−m(0, t) +

∫

x∈(0,∞)

m(dx, t) = m(∞, t)−m(0, t) =

=

∫ ∞

0

ρ0(x)dx+

∫ t

0

ub(η)ρb(η)dη .

7KLV ILQLVKHV WKH SURRI RI PDVV FRQVHUYDWLRQ�

1RZ ZH VKRZ PRPHQWXP FRQVHUYDWLRQ� 7KH PRPHQWXP ρ.u LV XQGHUVWRRG DV

ρ(x, t)u(x, t) =






umx = qx IRU x, t > 0

ρb(t)ub(t) IRU x = 0 DQG F (0, t) > G(0, t)

0 IRU x = 0 DQG F (0, t) < G(0, t)

ρ(0, t)u(0, t) IRU x = 0 DQG F (0, t) = G(0, t) .

�������
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1RWH WKDW LQ WKH ODVW FDVH WKLV LV WKH 'LUDF PDVV DW ]HUR� PXOWLSOLHG E\ WKH QRQ�]HUR YHORFLW\

H[SHFWHG DW WKLV SRLQW� 7KLV LV FRQVLVWHQW ZLWK WKH SRLQW�ZLVH LQWHUSUHWDWLRQ DV ρu XS WR WKH

ERXQGDU\ LI u LV DV LQ 'HILQLWLRQ ������ DQG ρ DV LQ 'HILQLWLRQ ������ :KHQF (0, t) > G(0, t)�

E\ VLPLODU DUJXPHQW DV LQ WKH SURRI RI PDVV FRQVHUYDWLRQ RQH FDQ VKRZ WKDW q(x, t) LV ULJKW

FRQWLQXRXV LQ x� +HQFH ZH ILQG
∫ ∞

0

uρ(dx, t) =

∫

x∈(0,∞)

q(dx, t) = q(∞, t)− q(0, t) =

=

∫ ∞

0

ρ0(x)u0(x)dx+

∫ t

0

ρb(η)ub(η)dη .

1RZ ZH FRQVLGHU WKH FDVH F (0, t) < G(0, t)� ,Q WKLV FDVH
∫ ∞

0

uρ(dx, t) =

∫

x∈(0,∞)

q(dx, t) + 0 = q(∞, t)− q(0+, t) =

=

∫ ∞

0

ρ0(x)u0(x)dx−
∫ y∗(0,t)

0

ρ0(η)u0(η)dη .

)RU WKH ODVW HTXDOLW\� 5HPDUN ������ ZDV XVHG� 6LQFH ZH DUH LQ WKH FDVH F (0, t) < G(0, t)�

ZH KDYH ∫ y∗(0,t)

0

(tu0(η) + η)ρ0(η)dη ≤ −
∫ t

0

(t− η)u2
b(η)ρb(η)dη ,

OHDGLQJ WR

0 ≥ −t

∫ t

0

u2
b(η)ρb(η)dη −

∫ y∗(0,t)

0

ηρ0(η)dη ≥

≥
∫ y∗(0,t)

0

tu0(η)ρ0(η)dη −
∫ t

0

ηu2
b(η)ρb(η)dη ≥

≥ t

(∫ y∗(0,t)

0

u0(η)ρ0(η)dη −
∫ t

0

ρb(η)u
2
b(η)dη

)
.

7KLV LPSOLHV
∫ ∞

0

ρ(x, t)u(x, t)dx ≥
∫ ∞

0

ρ0(x)u0(x)dx−
∫ t

0

ρb(η)u
2
b(η)dη .

)LQDOO\ ZH KDYH WR FRQVLGHU WKH FDVH F (0, t) = G(0, t)� )LUVW QRWH WKDW ZH KDYH y∗(0+, t) =

���
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y∗(0, t)� DJDLQ E\ 5HPDUN ������� 1RZ IRU F (0, t) = G(0, t) ZH KDYH

∫ ∞

0

uρ(dx, t) =

=

∫

x∈(0,∞)

q(dx, t) + OLP
x↘0

(
m(x, t)−m(0, t)

)
∫ τ∗(0,t)
0 ρbu2

b +
∫ y∗(0,t)

0 ρ0u0
∫ τ∗(0,t)
0 ρbub +

∫ y∗(0,t)

0 ρ0
=

= q(∞, t)− q(0+, t) +

(∫ y∗(0+,t)

0

ρ0dη +

∫ t

0

ρbubdη

) ∫ t

0 ρbu
2
b +

∫ y∗(0,t)

0 ρ0u0
∫ t

0 ρbub +
∫ y∗(0,t)

0 ρ0
=

=

∫ ∞

0

ρ0(x)u0(x)dx−
∫ y∗(0+,t)

0

ρ0(η)u0(η)dη +

∫ t

0

ρbu
2
bdη +

∫ y∗(0,t)

0

ρ0u0dη =

=

∫ ∞

0

ρ0(x)u0(x)dx+

∫ t

0

ρbu
2
bdη ,

FRPSOHWLQJ WKH SURRI�

��� (QWURS\ FRQGLWLRQ

,Q WKLV VHFWLRQ� ZH ZLOO VKRZ WKDW WKH VROXWLRQ ZH FRQVWUXFWHG LV DQ HQWURS\ VROXWLRQ XS WR

WKH ERXQGDU\�

7KHRUHP ������ /HW t > 0 DQG x > 0� ,I x LV D SRLQW RI GLVFRQWLQXLW\ RI u(·, t)� WKHQ ZH KDYH

u(x−, t) > u(x, t) > u(x+, t) .

0RUHRYHU� IRU DOPRVW DOO t > 0 ZH KDYH WKDW u(·, t) LV HLWKHU ULJKW FRQWLQXRXV DW x = 0 RU

u(0, t) > u(0+, t) .

3URRI� )LUVW OHW x > 0� t > 0� ,I (x, t) LV D SRLQW ZKHUH F (x, t) < G(x, t) DQG y∗(x, t) =

y∗(x, t) WKHQ u(x, t) = (x−y∗(x, t))/t LV FRQWLQXRXV DW (x, t)� 2Q WKH RWKHU KDQG LI ZH KDYH

y∗(x, t) < y∗(x, t) VLQJXODULWLHV FDQ IRUP DQG WKLV FDVH LV FRQVLGHUHG LQ >��@�

1RZ ZH ORRN DW SRLQWV (x, t)� ZKHUH F (x, t) > G(x, t) DQG ZH KDYH τ∗(x, t) < τ ∗(x, t)�

8VLQJ DJDLQ 5HPDUN ������ ZH KDYH WKDW u(x−, t) = x
t−τ∗(x,t) DQG u(x+, t) = x

t−τ∗(x,t) �

���
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)URP

G(τ∗(x, t), x, t) = G(τ ∗(x, t), x, t) ,

ZH NQRZ WKDW ∫ τ∗(x,t)

τ∗(x,t)

[x− ub(η)(t− η)]ρb(η)ub(η)dη = 0 .

7KLV LPSOLHV

x

t− τ∗(x, t)

∫ τ∗(x,t)

τ∗(x,t)

ρb(η)ub(η)dη =

∫ τ∗(x,t)

τ∗(x,t)

(t− η)

t− τ∗(x, t)
u2
b(η)ρb(η)dη ,

IURP ZKLFK ZH FRQFOXGH u(x+, t) < u(x, t)� 7KH RWKHU LQHTXDOLW\ DOVR IROORZV HDVLO\ LI RQH

GLYLGHV WKH DERYH HTXDOLW\ E\ (t− τ ∗(x, t))�

7KH FDVH F (x, t) = G(x, t) LV VOLJKWO\ PRUH FRPSOLFDWHG� ,I F (x, t) = G(x, t) LQ DQ LQWHUYDO

WKHQ ZH DUH LQ WKH FDVH RI WKH UDUHIDFWLRQ ZDYH HPDQDWLQJ IURP ]HUR DQG WKH VROXWLRQ LV

FRQWLQXRXV� 7KXV ZH FDQ DVVXPH WKDW WKH HTXDOLW\ KROGV LQ DQ LVRODWHG SRLQW� $V DOUHDG\

REVHUYHG DERYH� ZH KDYH WKDW u(x−, t) = x
t−τ∗(x,t) � 1RWH WKDW

F (y∗(x, t), x, t)−G(τ ∗(x, t), x, t) < F (y∗(x, t), 0, τ ∗(x, t))−G(τ ∗(x, t), 0, τ ∗(x, t)) ,

VLQFH WKH WHUP RQ WKH OHIW VLGH LV ]HUR� 7KH LQHTXDOLW\ DERYH \LHOGV

∫ y∗(x,t)

0

((
t− τ ∗(x, t)

)
u0(η)− x

)
ρ0(η)dη <

<

∫ τ∗(x,t)

0

(
x−

(
t− τ ∗(x, t)

)
ub(η)

)
ρb(η)ub(η)dη

DQG GLYLGLQJ E\ t− τ ∗(x, t) ZH JHW u(x, t) < x
t−τ∗(x,t) � XVLQJ WKH GHILQLWLRQ RI u(x, t)�

7R GHULYH WKH LQHTXDOLW\ IRU u(x+, t) = x−y∗(x,t)
t ZH SURFHHG LQ D VLPLODU ZD\� VWDUWLQJ IURP

G(τ ∗(x, t), x, t)− F (y∗(x, t), x, t) < G(τ ∗(x, t), y∗(x, t), 0)− F (y∗(x, t), y∗(x, t), 0) .

7KLV FRPSOHWHV WKH SURRI LQ WKH LQWHULRU�

,W UHPDLQV WR FRQVLGHU WKH ERXQGDU\ x = 0� )RU DOPRVW DOO t > 0 VXFK WKDW F (0, t) > G(0, t)

���
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ZH NQRZ IURP 7KHRUHP ����� WKDW OLPx↘0 u(x, t) = ub(t)� WKDW LV u(·, t) LV ULJKW FRQWLQXRXV�

)RU F (0, t) < G(0, t)� /HPPD ����� LPSOLHV WKDW u(0+, t) < 0 ZKLOH u(0, t) = 0 DFFRUGLQJ

WR 'HILQLWLRQ ������� )RU WKH RQO\ UHPDLQLQJ FDVH F (0, t) = G(0, t)� WKH HQWURS\ FRQGLWLRQ

IROORZV IURP WKH VDPH DUJXPHQW DV LQ WKH LQWHULRU� VLQFH u(0, t) LV GHILQHG LQ WKH VDPHPDQQHU

LQ WKLV VLWXDWLRQ�

��� 6RPH H[SOLFLW H[DPSOHV

)LUVW� ZH SUHVHQW DQ H[DPSOH WKDW LQFOXGHV D UDUHIDFWLRQ ZDYH HPHUJLQJ IURP ]HUR DQG D

GHOWD PDVV IRUPLQJ IURP WKH LQLWLDO GDWD GXH WR D GRZQZDUG MXPS LQ WKH YHORFLW\� 7R PDNH

WKH FRQVWUXFWLRQ RI WKH VROXWLRQ HDVLHU WR IROORZ ZH SUHVHQW µ = PLQ(F,G) LQ WKH OHIW KDOI RI

)LJXUH ���� 7KH ULJKW KDOI LV WKH VROXWLRQ WKDW ZH JHW IURP WKH GHULYDWLYHV RI µ� 7KH ERXQGDU\

FRQGLWLRQV ρb = 1� ub = 1 DUH VDWLVILHG XS WR t = 16/3� $W WKLV WLPH WKH δ KLWV WKH ERXQGDU\

DQG VWD\V WKHUH� LQFUHDVLQJ LWV PDVV� DV LQIOX[ IURP WKH ULJKW FRQWLQXHV� :H DOVR LQGLFDWHG

WKH YDOXHV RI τ DQG y LQ WKH ULJKW SLFWXUH�

7KH QH[W H[DPSOH� SUHVHQWHG LQ )LJXUH ���� LV LQWHUHVWLQJ VLQFH LW LV D FDVH ZKHUH D GHOWD

DW ]HUR IRUPV GULYHQ E\ LQIOX[ IURP WKH LQLWLDO GDWD� 0RUHRYHU� WKH H[DPSOH LV FRQVWUXFWHG LQ

VXFK D ZD\ WKDW WKH LQIOX[ IURP WKH LQLWLDO PDQLIROG VWRSV DIWHU VRPH WLPH ZKLOH WKH ERXQGDU\

GDWD FRQWLQXHV WR JLYHV D SRVLWLYH PRPHQWXP LQIOX[� 7KXV WKH GHOWD LQGHHG OHDYHV ]HUR ZKHQ

WKH LQIOX[ RI PRPHQWXP IURP WKH ERXQGDU\ LV VXIILFLHQW� 1RWH WKDW WKH GHOWD GRHV QRW OHDYH

x = 0 ZLWK ]HUR YHORFLW\� 7KXV RXU VROXWLRQ FDQ EH LQWHUSUHWHG DV RQH IRU D VWLFN\ ERXQGDU\�

0RUHRYHU� LW FDQ EH VHHQ IURP WKLV WKDW WKH VROXWLRQ GRHV QRW VDWLVI\ D VHPL�JURXS SURSHUW\� ,W

FRXOG EH UHVWRUHG E\ NHHSLQJ WKH QHJDWLYH PRPHQWXP LQ VXFK FDVHV� ZKLFK KRZHYHU ZRXOG

OHDG WR WKH PRPHQWXP QR ORQJHU EHLQJ WKH SURGXFW RI PDVV DQG YHORFLW\� :H FKRRVH QRW WR

GR WKDW IRU SK\VLFDO UHDVRQV � HYHQ LI WKH PRPHQWXP FRXOG EH FRQVLGHUHG DV D NLQG RI GXPP\

YDULDEOH LQ WKLV FDVH� 1RWH DOVR WKDW VWULFWO\ VSHDNLQJ WKH VLWXDWLRQ GHSLFWHG LQ )LJXUH ��� LV

���
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x

t

x = 2ρ0 = 1
u0 = 2

ρ0 = 1
u0 = −2

x
=

2

x = −2t
+ 4

√
t

x
=
−
1
2 t+

8
3

−(2t−x)2

2 = F
x =

2tF
=
G
=
0

−(t−x)2

2 = G

x
=
t

−(2t−x)2

2 + 8t = F < G = 0

(0, 1)−
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=
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=
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=
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=
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=
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y ∗
=
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∗ =

0

u
=

x
t
,m

=
0
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∗
=
τ ∗

=
t
−

x
u
=

1,
m

=
x
−

t

y∗ = y∗ = x+ 2t
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2t

ρ = 4
√
tδ(x +

2t− 4
√
t)

ρ
=
3tδ(x

+
1
2 t−

8
3 )

ρ
=

3t
δ

)LJXUH ���� 5DUHIDFWLRQ DEVRUEHG E\ VKRFN JHQHUDWHG IURP LQLWLDO GDWD DQG PHHWV WKH ERXQG�
DU\ DW ILQLWH WLPH�
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� ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV JDV G\QDPLFV

QRW FRYHUHG E\ RXU WKHRU\ VLQFH ρ0 = 0 IRU x > 2 EXW WKH VROXWLRQ LV VLPLODU LI ρ LV YHU\

VPDOO IRU x > 2�

x

t

x
+
4
+
2
√ 3

√ x
+
1

ρ0 = 1
u0 = −2

ρ0 = 0
u0 DUELWUDU\

2−x
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=
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=

1
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t
=

1
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2√
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√ 3
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1)
δ

ρ0 = 1
u0 = −2

ρ0 = 0
u0 DUELWUDU\

m
=

−
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ρ
=

3t
δ

ρ
=

(2
+
t)
δ

ρ
=
ρ b

x = 2

m = 2� q = −4

ρ = 0� u = m
q = −2

m = 2t + x� q =
−2(2t+ x)ρ = 1� u = −2

m = x−
t�
q = t−xρ = 1�
u = 1

)LJXUH ���� /HIW� 3RWHQWLDO µ = PLQ{F,G} LQ EOXH� 5LJKW� 6ROXWLRQ� FDOFXODWHG IURP
SRWHQWLDO DFFRUGLQJ WR /HPPD ����� DQG 'HILQLWLRQ �����

,Q )LJXUH ��� ZH JLYH DQ H[DPSOH ZKHUH D GHOWD IRUPV GXH WR D MXPS XS LQ WKH ERXQGDU\

YHORFLW\� 0RUHRYHU� ZH LQFOXGHG D MXPS GRZQ LQ WKH LQLWLDO GDWD DQG WKH WZR GLVFRQWLQXLWLHV

PHUJH LQWR D VLQJOH 'LUDF�PDVV� )RU WKH YDOXHV� ZH FKRRVH WKH GHOWD WKDW GRHV QRW UHDFK WKH

ERXQGDU\ DJDLQ�
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� ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV JDV G\QDPLFV
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�98 ,
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t = 1
ρ = 1
u = 1

ρ = 1
u = −2

ρ = 1
u = 2

�98 ,
7
4 �

3
4

ρ
=
3tδ

(t−
1)δ

ρ
=

(4t−
1)δ

)LJXUH ���� XSSHU OHIW� F � XSSHU ULJKW� G� ORZHU OHIW� µ = PLQ{F,G}� ORZHU ULJKW� 6ROXWLRQ
VDWLVI\LQJ LQLWLDO DQG ERXQGDU\ FRQGLWLRQV� 7KH GHOWD DSSURDFKHV x = 3/4 DV\PSWRWLFDOO\
IRU D ODUJH WLPH�

)LQDOO\ LQ ILJXUH 5.10 ZH VKRZ WKDW UDUHIDFWLRQ FDQ JHQHUDWH IURP WKH LQLWLDO DQG ERXQG�

DU\ YDOXHV� 7KH LQLWLDO DQG ERXQGDU\ GDWD DUH WKH IROORZLQJ� LQLWLDO GDWD ρ0 = 1, u0 = 3

IRU x < 1 DQG ρ0 = 1, u0 = 4 IRU x > 1 DQG ERXQGDU\ GDWD ρb = 1, ub = 2 IRU t < 1 DQG

ρb = 1, ub = 2 IRU t > 1.5DUHIDFWLRQV DUH JHQHUDWHG IURP WKH SRLQWV (x, t) = (1, 0), (x, t) =

(0, 0) DQG (x, t) = (0, 1).
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� ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV JDV G\QDPLFV
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)LJXUH ����� 5DUHIDFWLRQ JHQHUDWHG IURP LQLWLDO DQG ERXQGDU\ GDWD�
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&KDSWHU �

6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHU�
YDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG
LWV DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU
K\SHUEROLF V\VWHPV
��� ,QWURGXFWLRQ

7KH DLP RI WKLV VWXG\ LV WZR�IROG�

�� 7R ORRN IRU VROXWLRQV ZLWK FRQFHQWUDWLRQ IRU WKH IROORZLQJ VFDODU FRQVHUYDWLRQ ODZ

ZLWK GLVFRQWLQXRXV IOX[�

ut + (F (x, u))x = 0, (x, t) ∈ R× R+, �������

u(x, 0) = u0(x), x ∈ R, �������

ZKHUH F (x, u) = H(x)f(u)+(1−H(x))g(u), u0 LV D ERXQGHG PHDVXUDEOH IXQFWLRQ�

H LV WKH +HDYLVLGH IXQFWLRQ� g DQG f DUH ORFDOO\ /LSVFKLW] FRQWLQXRXV IXQFWLRQV RQR�

�� 7R XVH WKH DERYH DQG SURSRVH FRQYHUJHQW� FRQVHUYDWLYH ILQLWH YROXPH QXPHULFDO VFKHPHV

IRU WKH JHQHUDO FODVV RI K\SHUEROLF V\VWHPV RI WKH IROORZLQJ IRUP�

vt + (k(v))x = 0, �������

ut + (l(u)k
′
(v))x = 0, �������

ZKLFK PD\ QRW DGPLW ERXQGHG ZHDN VROXWLRQV GHSHQGLQJ RQ WKH QDWXUH RI WKH IXQF�

WLRQV k DQG l�

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

7KH V\VWHP RI WKH IRUP ��������������� LV SK\VLFDOO\ LPSRUWDQW� IRU H[DPSOH� WKH $XJPHQWHG

%XUJHUV V\VWHP ILQGV DSSOLFDWLRQV LQ FRVPRORJ\ DQG LV FORVHO\ OLQNHG WR =HOGRYLFK DSSUR[�

LPDWLRQ� VHH >��@� $FFRUGLQJ WR WKLV PRGHO� WKH HYROXWLRQ LQ WKH ODVW VWDJH RI WKH H[SDQVLRQ

RI WKH XQLYHUVH� WKH PDWWHU LV GHVFULEHG DV FROG GXVW PRYLQJ XQGHU JUDYLW\ DORQH DQG WKH

ODZV DUH JRYHUQHG E\ WKH V\VWHP �������±������� ZLWK k(v) =
v2

2
DQG l(u) = u LQ RQH GL�

PHQVLRQ� 7KLV V\VWHP ZDV VWXGLHG H[WHQVLYHO\ LQ WKH OLWHUDWXUH� VHH IRU H[DPSOH� >��@ DQG

WKH UHIHUHQFHV WKHUHLQ�

)RU D K\SHUEROLF V\VWHP RI n HTXDWLRQV RI FRQVHUYDWLRQ ODZV JLYHQ E\

Xt + I�X�x = 0, x ∈ R, t > 0,

X(x, 0) =

{
XL, LI x < 0,
XR, LI x > 0,

LW FDQ EH VHHQ WKDW LQ WKH DEVHQFH RI VWULFW K\SHUEROLFLW\ DQG VPDOO WRWDO YDULDWLRQ RI WKH LQLWLDO

GDWD� WKH V\VWHP PD\ QRW DGPLW ERXQGHG VROXWLRQV� IRU H[DPSOH� VHH .H\ILW]�.UDQ]HU V\V�

WHP� >��@� $XJPHQWHG %XUJHUV V\VWHP >��@� WKH V\VWHP RI 3UHVVXUHOHVV JDV G\QDPLFV>��@�

WKH V\VWHP RI 3UHVVXUHOHVV JDV G\QDPLFV ZLWK &RXORPE IULFWLRQ >��@ HWF�

,W LV WR EH QRWHG WKDW VLQFH WKH V\VWHP ��������������� DGPLWV δ�VKRFNV� VHH>��@� H[DFW RU

VWDQGDUG DSSUR[LPDWH 5LHPDQQ VROYHUV FDQQRW EH XVHG� 7R WKLV HQG� ZH DLP WR DSSUR[LPDWH

WKLV V\VWHP XVLQJ D ILQLWH YROXPH W\SH VFKHPH� E\ YLHZLQJ WKH V\VWHP HTXDWLRQ E\ HTXDWLRQ�

,W ZDV VKRZQ LQ WKH OLWHUDWXUH WKDW WKLV V\VWHP DGPLWV δ� VKRFN ZKHQHYHU WKH ILUVW HTXDWLRQ�

L�H� WKH %XUJHUV HTXDWLRQ DGPLWV D FODVVLFDO VKRFN� 6LQFH WKH ILUVW HTXDWLRQ ������� RI WKH V\V�

WHP LV D VFDODU QRQOLQHDU FRQVHUYDWLRQ ODZ� DQ\ VWDQGDUG 3� SRLQW VFKHPH VXFK DV *RGXQRY

VFKHPH FDQ EH XVHG IRU �������� +RZHYHU� WKH VHFRQG HTXDWLRQ LV RI WKH IRUP

ut + (k′(v(x, t))u)x = 0, (x, t) ∈ R× R+,

LI ZH DVVXPH WKDW v(x, t) LV NQRZQ DW WKH SRLQW (x, t)� 7KLV LV D VFDODU FRQVHUYDWLRQ ODZ

ZLWK OLQHDU IOX[ k′(v(x, t))u WKDW KDV D YDULDEOH FRHIILFLHQW k′(v(x, t))� ,W ZLOO EH VKRZQ

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

LQ WKLV FKDSWHU WKDW LW FDQ EH VROYHG QXPHULFDOO\ E\ FRQVLGHULQJ D ORFDO 5LHPDQQ SUREOHP

DW HDFK QXPHULFDO LQWHUIDFH RI WKH IRUP ���������������� 'HSHQGLQJ RQ WKH QDWXUH RI g, f �

WKH ,93 ��������������� KDV QXPHURXV SK\VLFDO DSSOLFDWLRQV LQ GLIIHUHQW ILHOGV VXFK DV WZR�

SKDVH IORZ LQ D GLVFRQWLQXRXV SRURXV PHGLXP >��@� VHGLPHQWDWLRQ SURFHGXUH >��@� WUDIILF

IORZ RQ KLJKZD\V ZLWK GLIIHUHQW IORZ GHQVLW\ >��@� RSLQLRQ G\QDPLFV >��@� EORRG IORZ� WKH

IORZ RI JDV LQ D QRQ�FRQVWDQW FKDQQHO� IDEULFDWLRQ RI VHPLFRQGXFWRU GHYLFH >��@ HWF� 7KH

,93 ��������������� KDV EHHQ VWXGLHG LQ WKH OLWHUDWXUH H[WHQVLYHO\� 9DULRXV PHWKRGV KDYH

HVWDEOLVKHG WKH H[LVWHQFH RI VROXWLRQV� IRU H[DPSOH� YDQLVKLQJ YLVFRVLW\ PHWKRG >��� ��� ��@�

IURQW WUDFNLQJ PHWKRG >��� ��@� FRQYHUJHQW QXPHULFDO VFKHPHV >��� ��� ��� ��@ DQG WKH

UHIHUHQFHV WKHUHLQ� ,Q WKH FRQWH[W RI WKH H[LVWHQFH DQG XQLTXHQHVV RI HQWURS\ VROXWLRQV�

LW KDV EHHQ REVHUYHG LQ WKH OLWHUDWXUH WKDW WKH JHRPHWU\ RI IOX[ IXQFWLRQV g DQG f SOD\ DQ

LPSRUWDQW UROH� ,Q IDFW� WKH ,93 ��������������� KDV EHHQ VKRZQ WR KDYH XQLTXH ERXQGHG

VROXWLRQV ZKHQ g DQG f DUH IXQFWLRQV ZLWK RQH FULWLFDO SRLQW RU WKH\ DUH PRQRWRQH ZLWK

WKH VDPH PRQRWRQLFLW\� VHH >��� ��� ��@� ,Q IDFW� +RSI�/D[ 7\SH IRUPXODH ZHUH GHULYHG LQ

VRPH RI WKHVH VWXGLHV� +RZHYHU� WKH H[LVWHQFH RI ERXQGHG ZHDN VROXWLRQ RI WKH ,93 ��������

������� IRU WKH RYHUFRPSHUHVVLYH IOX[ SDLU (f, g)ZLWK g LQFUHDVLQJ DQG f GHFUHDVLQJ UHPDLQV

FXUUHQWO\ XQVHWWOHG� )RU H[DPSOH� ZLWK g(u) = au, f(u) = bu, WKH H[LVWHQFH RI WKH VROXWLRQV

IRU WKH 5LHPDQQ SUREOHP IRU WKH 3'( ��������������� ZLWK WKH 5LHPDQQ LQLWLDO GDWD

u0(x) = ulχ{x<0} + urχ{x>0},

FDQ EH KDQGOHG XVLQJ WKH H[LVWLQJ OLWHUDWXUH RI GLVFRQWLQXRXV IOX[� H[FHSW IRU WKH FDVH a ≥

0, b ≤ 0� 7KH FDVH a ≥ 0, b ≤ 0� GRHV QRW ILW LQWR WKH H[LVWLQJ WKHRU\ RI FRQVHUYDWLRQ ODZV

ZLWK GLVFRQWLQXRXV IOX[ DV� g DQG f GR QRW KDYH GHFUHDVLQJ DQG LQFUHDVLQJ SDUWV UHVSHFWLYHO\

WR ORRN IRU WKH LQWHUPHGLDWH FRQQHFWLRQ YDOXHV A DQG B VXFK WKDW g(A) = f(B), g′(A) ≤

0, f ′(B) ≥ 0� VHH >��@ IRU GHWDLOV� $V FKDUDFWHULVWLFV RYHUODS HDFK RWKHU DW WKH LQWHUIDFH

x = 0� FDVHV PD\ DULVH ZKHQ WKHUH PD\ QRW H[LVW D ZHDN VROXWLRQ IRU WKH ,93 ���������������

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

WKDW VDWLVI\ WKH IROORZLQJ ZHDN IRUPXODWLRQ�
∫ ∞

0

∫

5
(u(x)φt(x, t) + F (x, u(x, t))φx(x, t)dxdt+

∫

5
u0(x)φ(x, 0)dx = 0,

IRU DOO φ ∈ C∞
c (R× (0,∞).

�������

,Q >��@� WKH DXWKRUV UHOD[HG WKH 5�+ FRQGLWLRQ DW WKH LQWHUIDFH x = 0 WR VHHN ZHDN VROXWLRQ

DQG SURSRVHG D QRQ±FRQVHUYDWLYH ERXQGHG HQWURS\ VROXWLRQ� 7KH OLQHDU WUDQVSRUW HTXDWLRQ

ZLWK YDULDEOH FRHIILFLHQW KDV EHHQ VWXGLHG LQ VRPH HDUOLHU SDSHUV� IRU H[DPSOH� >��@ IRU RQH�

GLPHQVLRQDO FDVH DQG >��@ IRU PXOWL�GLPHQVLRQV EXW WKLV FDVH RI RYHUFRPSUHVVLYH IOX[ SDLU

KDV QRW EHHQ GHDOW ZLWK� ,Q YLHZ RI PDVV FRQVHUYDWLRQ� D QDWXUDO FKRLFH WR GHILQH D VROXWLRQ�

LQ WKLV FDVH� FRXOG EH WR ORRN IRU D VROXWLRQ WKDW FRQVHUYHV WKHPDVV EXW LW PD\ QRW EH ERXQGHG�

$W WKLV SRLQW� ZH SURSRVH D GLIIHUHQW FRQFHSW RI VROXWLRQ� WKH VR�FDOOHG δ�VKRFN W\SH VROXWLRQ

IRU WKH ,93 ���������������� 7KLV SDSHU SURYHV WKDW WKLV SURSRVHG VROXWLRQ LV D YDQLVKLQJ YLV�

FRVLW\ OLPLW RI DQ DSSUR[LPDWH SDUDEROLF 3'(� WKDW DSSUR[LPDWHV ���������������� 0RUHRYHU�

LW DOVR VKRZV D VXUSULVLQJ FRQQHFWLRQ EHWZHHQ IUDFWLRQDO GLIIHUHQWLDO HTXDWLRQ DQG WKH ,93

���������������� $V\PSWRWLF EHKDYLRU RI WKLV SDUDEROLF DSSUR[LPDWLRQ LV DOVR VWXGLHG LQ �����

7KH FRQFHSW RI VROXWLRQ ZLWK δ�PHDVXUH PDLQO\ DULVHV LQ WKH H[LVWHQFH WKHRU\ RI QRQ�VWULFWO\

K\SHUEROLF V\VWHPV� 7KLV W\SH RI XQERXQGHG VROXWLRQ ZDV ILUVW LQWURGXFHG E\ .RUFKLQVNL

LQ KLV 3K�'� WKHVLV>�@� SRVW ZKLFK LW ZDV H[SORUHG H[WHQVLYHO\ LQ WKH OLWHUDWXUH� ,Q WKLV UH�

JDUG� ZH PHQWLRQ WKH YDQLVKLQJ YLVFRVLW\ PHWKRG >��� ��� ��@� ZHDN DV\PSWRWLF PHWKRG

>��� ��� ���@� &RORPEHDX JHQHUDOL]HG IXQFWLRQV>��@� VKDGRZ ZDYH DSSURDFK >��@ DQG PRUH

UHFHQWO\� VLQJXODU IOX[ IXQFWLRQ OLPLW >��� ��@� 1XPHULFDO VFKHPHV IRU FDSWXULQJ δ�VKRFNV

ZHUH SURSRVHG LQ� VHH IRU H[DPSOH� >���� ��� ���� ���� ���@ DQG UHIHUHQFHV WKHUHLQ� $OVR�

LW LV WR EH QRWHG WKDW WKH QXPHULFDO VFKHPHV IRU WKH K\SHUEROLF V\VWHPV DGPLWWLQJ δ�VKRFNV

IDLO WR FRQYHUJH WR WKH H[SHFWHG VROXWLRQ LI WKH QXPHULFDO VFKHPHV DUH FRQVWUXFWHG XVLQJ

ERXQGHG VROXWLRQV SURSRVHG LQ >��@� ,W LV LQWHUHVWLQJ WR QRWH WKDW WKH K\SHUEROLF V\VWHPV RI

(XOHU JDV G\QDPLFV DOVR DGPLW δ�VKRFNV IRU VXLWDEOH SUHVVXUH P � >��� ��@ ZKLFK DUH RI WKH

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

IRUP

ρt + (ρu)x = 0, �������

(ρu)t + (ρu2 + P (ρ))x = 0. �������

7KHVH PRGHOV ZRUN DV D VXLWDEOH PDWKHPDWLFDO DSSUR[LPDWLRQ WR FDOFXODWH WKH OLIWLQJ IRUFH

RQ D ZLQJ RI DQ DLUSODQH LQ DHURG\QDPLFV� ILQG SUHVHQFH LQ FRVPRORJ\� DQG DUH XVHG DV

SRVVLEOH PRGHOV IRU GDUN HQHUJ\� ,W LV WR EH QRWHG WKDW WKH ILUVW HTXDWLRQ RI WKH V\VWHP �������

LV DOVR RI WKH IRUP ��������

,Q WKLV FKDSWHU� D QXPHULFDO VFKHPH IRU WKH V\VWHP ��������������� ZLOO EH SURSRVHG E\

SURSRVLQJ D VFKHPH IRU WKH ,93 ���������������� 6LQFH ��������������� LV D W\SH RI OLQHDU WUDQV�

SRUW HTXDWLRQ ZLWK D GLVFRQWLQXRXV FRHIILFLHQW� IRU ZKLFK WKH H[LVWHQFH WKHRU\ RI VROXWLRQV

LV QRW FRPSOHWHO\ VHWWOHG� WKLV SDSHU ZLOO DOVR HVWDEOLVK WKH QRWLRQ RI WKH VROXWLRQ DORQJ ZLWK

LWV H[LVWHQFH XVLQJ WKH YDQLVKLQJ YLVFRVLW\ DSSURDFK�

7KH UHVW RI WKH FKDSWHU LV RUJDQL]HG DV IROORZV� ,Q ����� ZH JLYH WKH QRWLRQ RI JHQHUDOL]HG

ZHDN VROXWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG GLVFXVV WKH XQLTXHQHVV RI

WKH VROXWLRQV� ,Q ���� DQG ����� ZH GHULYH WKH VROXWLRQ IRU OLQHDU RYHUFRPSUHVVLYH IOX[ SDLU

DQG VKRZ WKDW WKLV VROXWLRQ LV REWDLQHG DV D GLVWULEXWLRQDO OLPLW RI YLVFRXV DSSUR[LPDWLRQ RI

WKH SUREOHP ���������������� $OVR� WKH DV\PSWRWLF EHKDYLRU RI WKLV YLVFRXV DSSUR[LPDWLRQ

LV VWXGLHG� ,Q ����� ZH GHULYH WKH /D[±2OHLQLN W\SH IRUPXODH IRU WKH δ� VKRFN W\SH VROX�

WLRQV RI ��������������� ZLWK QRQ�OLQHDU RYHUFRPSUHVVLYH IOX[ SDLU (f, g)� ,Q ����� XSZLQG

QXPHULFDO VFKHPH IRU ��������������� LV SURSRVHG DQG VKRZQ WR FRQYHUJH DQDO\WLFDOO\ WR WKH

JHQHUDOL]HG ZHDN VROXWLRQ� 6RPH DGGLWLRQDO SURSHUWLHV RI WKH VFKHPH DUH DOVR HVWDEOLVKHG

DQG WKH VFKHPH LV DOVR H[WHQGHG WR WKH V\VWHP ��������������� DQG WKH FRQYHUJHQFH RI WKH

QXPHULFDO VFKHPH WR WKH VROXWLRQ LV HVWDEOLVKHG� 7KH VFKHPH LV DOVR H[WHQGHG WR EDODQFH

ODZV� L�H�� ��������������� ZLWK VRXUFH WHUPV� ERWK UHDO�YDOXHG DQG PHDVXUH�YDOXHG� )LQDOO\�

LQ ����� QXPHULFDO UHVXOWV DUH SUHVHQWHG WR H[KLELW WKH SHUIRUPDQFH RI WKH VFKHPHV�

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

��� 3UHOLPLQDULHV

,Q WKLV VHFWLRQ� ZH FROOHFW VRPH SUHOLPLQDU\ UHVXOWV DQG EDVLF IDFWV�

'HILQLWLRQ ������ �,QWHULRU (QWURS\ &RQGLWLRQ� )RU u ∈ L∞(R × R+) DQG f, g /LSVFKLW]

FRQWLQXRXV� WKH LQWHULRU HQWURS\ FRQGLWLRQ LV JLYHQ E\�

∂t|u− k|+ ∂x [VJQ(u− k)(g(u)− g(k))] ≤ 0, IRU x < 0,
∂t|u− k|+ ∂x [VJQ(u− k)(f(u)− f(k))] ≤ 0, IRU x > 0,

�������

IRU DOO k ∈ R� LQ WKH VHQVH RI GLVWULEXWLRQ�

/HPPD ������ /HW u, v ∈ L∞(R × [0,∞)) ∩ C([0,∞);L1
loc(R)) VDWLVI\LQJ WKH LQWHULRU

HQWURS\ FRQGLWLRQ ������� DQG u(x+, t), v(x+, t), u(x−, t) DQG v(x−, t) H[LVW� IRU DOPRVW

HYHU\ t > 0� ZKHUH u(x±, t) = OLPx→0± u(x, t). WKHQ� ZH KDYH WKH IROORZLQJ�

∞∫

0

φ′(t)




b+Mt∫

a−Mt

|u(x, t)− v(x, t)|dx



 dt ≥
∞∫

0

(
g̃(u−(t), v−(t))− f̃(u+(t), v+(t))

)
φ(t)dt,

ZKHUH h̃(a, b) = VJQ(a− b)
(
h(a)− h(b)

)
, h = g, f.

7KH DERYH OHPPD LV WUXH IRU DQ\ /LSVFKLW] FRQWLQXRXV IOX[ SDLU (f, g) DQG LV D FRQVH�

TXHQFH RI LQWHJUDWLRQ E\ SDUWV IROORZHG E\ D GRXEOLQJ RI WKH YDULDEOH WHFKQLTXH� 3URRI FDQ

EH IRXQG LQ� IRU H[DPSOH� >��@�

7KHRUHP ������ 7KH ,93 ��������������� ZLWK DQ RYHUFRPSHUHVVLYH IOX[ SDLU (f, g) DGPLWV

DW PRVW RQH ZHDN VROXWLRQ ������� VDWLVI\LQJ WKH K\SRWKHVLV RI WKH /HPPD������

3URRI� )RU f GHFUHDVLQJ DQG g LQFUHDVLQJ� f̃(a, b) ≤ 0 DQG g̃(a, b) ≥ 0. 6XSSRVH u DQG v

DUH WZR ZHDN VROXWLRQV� WKHQ IURP /HPPD ������ ZH KDYH WKH IROORZLQJ�

∞∫

0

φ′(t)




b+Mt∫

a−Mt

|u(x, t)− v(x, t)|dx



 dt ≥ 0,

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

ZKLFK LPSOLHV t ,→
b+Mt∫

a−Mt

|u(x, t)− v(x, t)|dx LV QRQ LQFUHDVLQJ DQG OHDGV WR WKH L1 FRQWUDF�

WLRQ LQHTXDOLW\�

b+Mt∫

a−Mt

|u(x, t)− v(x, t)|dx ≤
b∫

a

|u0(x)− v0(x)|dx,

ZKLFK LPSOLHV WKH u = v D�H�

7KH DERYH WKHRUHP WDONV DERXW XQLTXHQHVV RI WKH VROXWLRQV RI ��������������� JLYHQ WKDW

WKH ZHDN VROXWLRQV H[LVW� +RZHYHU� ERXQGHG ZHDN VROXWLRQ VDWLVI\LQJ ������� GRHV QRW H[LVW

LQ JHQHUDO IRU u0 ∈ L∞(R). )RU H[DPSOH� ZLWK g(u) = u, f(u) = −u, u0(x) = k )= 0,

��������������� GRHV QRW KDYH DQ\ ERXQGHG ZHDN VROXWLRQ VDWLVI\LQJ �������� ,Q WKLV SDSHU�

ZH ORRN IRU PHDVXUH�YDOXHG VROXWLRQV ZKLFK DUH VROXWLRQV RI WKH ,93 ��������������� LQ WKH

IROORZLQJ VHQVH�

'HILQLWLRQ ������ $ PHDVXUH YDOXHG IXQFWLRQ u(x, t) = u(x, t) + w(t)δ{x=0} LV VDLG WR EH D

JHQHUDOL]HG ZHDN VROXWLRQ RI WKH ,93 ��������������� LI WKH IROORZLQJ KROGV�
∫ ∞

0

∫

5
(u(x)φt(x, t) + F (x, u(x, t))φx(x, t)dxdt+

∫ ∞

0

w(t)φt(0, t)dt

+

∫

5
u0(x)φ(x, 0)dx = 0, ∀φ ∈ C∞

c (R× (0,∞)),

ZKHUH u DQG w DUH ORFDOO\ ERXQGHG�

7KHRUHP ������ ,I u1(x, t) = u1(x, t) +w1(t)δ{x=0} DQG u2(x, t) = u2(x, t) +w2(t)δ{x=0}

DUH WZR JHQHUDOL]HG ZHDN VROXWLRQV RI ���������������� LQ WKH VHQVH RI �������� 6XSSRVH u1

DQG u2 VDWLVI\ WKH K\SRWKHVLV RI WKH /HPPD ����� DQG w1, w2 ∈ C([0, T ];R), WKHQ u1 = u2

D�H� DQG w1 = w2.

3URRI� 1RWH WKDW ū1 DQG ū2 DUH ERXQGHG VROXWLRQV RI WKH FRQVHUYDWLRQ ODZV DZD\ IURP WKH

LQWHUIDFH� 7KXV ū1 DQG ū2 VDWLVILHV LQWHULRU HQWURS\ FRQGLWLRQ DQG D SURRI FDQ EH IRXQG LQ

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

>��@� +HQFH E\ /HPPD ����� LPSOLHV WKDW u1 = u2. )URP 'HILQLWLRQ ������ ZH KDYH
∫ ∞

0

(w1(t)− w2(t))φt(0, t)dt = 0, ∀φ ∈ C∞
c (R× (0,∞)),

ZKLFK LPSOLHV w1(t) − w2(t) = C, &� VRPH FRQVWDQW� 6LQFH w1(0) = w2(0) = 0, ZH KDYH

w1 = w2.

:H QRZ JLYH WKH JHQHUDOL]HG ZHDN VROXWLRQ IRU ��������������� ZLWK RYHUFRPSUHVVLYH

IOX[ SDLU (f, g) DQG VWDUW ZLWK WKH FDVH ZKHQ g DQG f DUH OLQHDU�

��� *HQHUDOL]HG ZHDN VROXWLRQ ZLWK OLQHDU RYHUFRPSHUHV�
VLYH IOX[ SDLU

/HW g(u) = au, f(u) = bu, a ≥ 0, b ≤ 0. 7R SURSRVH WKH JHQHUDOL]HG ZHDN VROXWLRQ IRU

���������������� ZH FRQVLGHU WKH IROORZLQJ QRQOLQHDU YHUVLRQ RI ����������������

)RU DQ ε > 0� FRQVLGHU

ut + (Fε(x, u))x = 0, (x, t) ∈ R× R+, �������

Fε(x, u) = H(x)fε(u) + (1−H(x))gε(u), �������

gε(u) = au+
ε

2
(au)2, �������

fε(u) = bu+
ε

2
(bu)2, �������

u0(x) = ulχ{x<0} + urχ{x>0}. �������

,W LV FOHDU WKDW fε DQG gε DUH FRQYH[ IXQFWLRQV DQG WKH DERYH 3'( KDV D XQLTXH HQWURSLF

VROXWLRQ ZLWK DQ\ 5LHPDQQ GDWD (ul, ur) RZLQJ WR WKH WKHRU\ RI GLVFRQWLQXRXV IOX[ RI >��@�

)RU H[DPSOH� LQ WKH FDVH ZKHUH gε(ul) ≥ fε(ur)�

uε(x, t) =






ul, LI x < 0,

−1

b

(
2

ε
+ aul

)
, LI 0 < x < sεt,

ur, LI x > 0,

,

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

ZKHUH

sε =
−εb
2

(aul − bur).

)RU DQ\ WLPH t > 0, ZH KDYH
∫ sεt

0
uε(x, t)dx = (aul − bur)(1 + aul

ε

2
),

ZKLFK DV ε→ 0� FRQYHUJHV WR aul − bur. $OVR� QRWH WKDW WKH SRLQWZLVH OLPLW

OLP
ε→0

uε(x, t) = u(x, t) := ulχ{x<0} + urχ{x>0}, �������

LV� LQ IDFW� WKH VROXWLRQ SURSRVHG LQ >��@� ,W LV ZRUWKZKLOH QRWLQJ WKDW WKLV SRLQWZLVH OLPLW LQ

������� GRHV QRW UHVSHFW WKH FRQVHUYDWLRQ RI PDVV LQ WKH LQWHUYDO [α, β],α < 0 < β DV

0 =
d

dt

∫ β

α

u(x, t)dx )= −bur + aul,

LQVWHDG� WKH ZHDN FRQYHUJHQFH RI {uε}{ε>0} ∈ /�
ORF(R) LQ WKH VSDFH RI VLJQHG 5DGRQ PHD�

VXUHV JLYHV

u(x, t) := u(x, t) + t(aul − bur)δ{x=0}(x, t),

WDNHV FDUH RI WKH PLVVLQJ PDVV ur E\ FRQFHQWUDWLQJ LW DW WKH SRLQW x = 0, WKURXJK WKH WHUP

t(aul − bur)δ{x=0}(x)� 6LQFH ZH DUH ORRNLQJ IRU VROXWLRQV ZKLFK VDWLVILHV WKH FRQVHUYDWLRQ

SULQFLSOH IRU ���������������� LW PRWLYDWHV WR ORRN IRU VROXWLRQV RI WKH W\SH

u(x, t) + w(t)δ{x=0}(x) �������

VR WKDW WKH PLVVLQJ PDVV (aul− bur)t LV UHSUHVHQWHG E\ WKH WLPH�GHSHQGHQW IXQFWLRQ w. 7KH

ZHDN OLPLW VWDWHG LQ WKH HTXDWLRQ ������� VROYHV WKH SUREOHP ��������������� LQ WKH VHQVH RI

'HILQLWLRQ ������ ,W LV LPSRUWDQW WR QRWH WKDW WKH VROXWLRQV RI WKH SUREOHP ��������������� ZLWK

DQ\ RWKHU VLJQ RI a, b FDQ DOVR EH VHHQ DV YDQLVKLQJ ε− OLPLW RI WKH VROXWLRQV RI WKH VDPH

QRQOLQHDU YHUVLRQ ����������������

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

6LPLODU FDOFXODWLRQV DOORZ XV WR FRQVLGHU WKH ,93 ��������������� ZLWK D VRXUFH WHUP�

QDPHO\

ut + (bH(x)u+ a(1−H(x))u)x = k(t)u.

)RU H[DPSOH� IRU a = 1, b = −1� V (x, t) = H[S
(
−
∫ t

0

k(s)ds

)
, u(x, t) VDWLVILHV WKH

KRPRJHQHRXV HTXDWLRQ

Vt + (−H(x)V + (1−H(x))V )x = 0, �������

ZKLFK JLYHV�

u(x, t) =






H[S
(∫ t

0

k(s)ds

)
u0(x+ t), LI x > 0, t > 0,

H[S
(∫ t

0

k(s)ds

)
[U0(t)− U0(−t)]δ{x=0}, LI x = 0,

H[S
(∫ t

0

k(s)ds

)
u0(x− t) LI x < 0, t > 0.

:H FDQ DOVR FRQVLGHU ��������������� ZLWK SRLQW VRXUFH�

ut + F (x, u)x = S(t)δ{x=0},

IRU ZKLFK WKH ZHDN IRUPXODWLRQ LV JLYHQ E\
∫ ∞

0

∫

5
(u(x, t)φt(x, t) + F (x, u(x, t))φx(x, t)dxdt+

∫ t

0

w(t)φt(0, t)dt

+

∫

5
u0(x)φ(x, 0)dx =

∫ t

0

S(t)φ(0, t)dt, ∀φ ∈ C∞
c (R× R+ ∪ {0}).

�������

,I u(x, t) + w(t)δ{x=0} LV WKH VROXWLRQ RI WKH SUREOHP

ut + F (x, u)x = 0,

VXEMHFWHG WR WKH LQLWLDO GDWD u0 ∈ L∞(R), WKHQ WKH SUREOHP

ut + F (x, u)x = −ẇ(t)δ{x=0}(x),

KDV D ERXQGHG VROXWLRQ IRU WKH VDPH LQLWLDO GDWD� 3K\VLFDOO\� WKLV FDQ EH LQWHUSUHWHG DV WKH

PDVV FRQFHQWUDWLRQ DW x = 0 FDQ EH DYRLGHG E\ NHHSLQJ D QHJDWLYH SRLQW VRXUFH �VLQN� RI D

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

VXLWDEOH VWUHQJWK DW x = 0�

,Q WKLV VHFWLRQ� ZH VKRZ WKDW WKH SUHYLRXVO\ VWDWHG VROXWLRQ FDQ EH REWDLQHG DV D OLPLW RI WKH

YDQLVKLQJ YLVFRVLW\ RI WKH VROXWLRQV RI YLVFRXV IRUPXODWLRQ RI WKH HTXDWLRQ ����������������

��� 'LVWULEXWLRQDO 6ROXWLRQ RI /LQHDU 7UDQVSRUW (TXDWLRQ
DV D 9DQLVKLQJ 9LVFRVLW\ /LPLW

,Q WKLV VHFWLRQ� ZH REWDLQ WKH SUHYLRXVO\ VWDWHG VROXWLRQ DV D OLPLW RI WKH YDQLVKLQJ YLVFRVLW\

RI WKH VROXWLRQV RI YLVFRXV IRUPXODWLRQ RI WKH HTXDWLRQ ���������������

ut + F (x, u)x = εuxx,

u(x, 0) = u0(x).
�������

,Q WKH VHFWLRQ ������� ZH REWDLQ WKH VROXWLRQ RI �������� ZKLFK LV WKH SDUDEROLF DSSUR[LPDWLRQ

RI ��������������� DQG LQ WKH VHFWLRQ ������� ZH VKRZ WKDW WKH YDQLVKLQJ YLVFRVLW\ OLPLW RI

WKHVH VROXWLRQV LV WKH GLVWULEXWLRQDO VROXWLRQ RI ����������������

����� &RQWLQXRXV 6ROXWLRQ RI WKH 3DUDEROLF $SSUR[LPDWLRQ �������

7KH ZHDN IRUPXODWLRQ RI WKH SUREOHP ������� LV JLYHQ DV IROORZV�

'HILQLWLRQ ������ $ IXQFWLRQ u ∈ &�(R×R+;R) LV D ZHDN VROXWLRQ RI WKH HTXDWLRQ �������

LI WKH IROORZLQJ LQWHJUDO LGHQWLW\ KROGV
∫ ∞

0

∫ ∞

−∞
(uφt − εuxφx)dxdt+

∫ ∞

0

∫ ∞

−∞
F (x, u)φxdxdt

+

∫ ∞

0

[f(u(0, t)− g(u(0, t))]φ(0, t)dt+

∫ ∞

−∞
u0(x)φ(x, 0)dx = 0,

�������

IRU DOO φ ∈ &∞
F (R× [0,∞))�

)RU VLPSOLFLW\� DVVXPH a = 1, b = −1� ,Q WKLV VHFWLRQ� WKH H[SOLFLW VROXWLRQ IRU WKH SURE�

OHP ������� ZLOO EH GHULYHG LQ WKH DERYH VHQVH DQG LQ WKH QH[W VHFWLRQ� ZH VKRZ WKDW DV ε→ 0,

WKH OLPLW LV D PHDVXUH DQG VDWLVILHV WKH ZHDN IRUPXODWLRQ VWDWHG LQ 'HILQLWLRQ������ 7KH QH[W

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

WKHRUHP JLYHV XV DQ H[SOLFLW IRUPXOD IRU WKH VROXWLRQ IRU WKH SDUDEROLF DSSUR[LPDWLRQ RI

GLVFRQWLQXRXV IOX[ SUREOHP� :H FRQVLGHU WKH SUREOHP LQ WZR VHSDUDWH TXDUWHU SODQHV ZLWK D

ERXQGDU\ IXQFWLRQ β(t). 7KHQ WKH LGHD LV WR VWXG\ WZR ERXQGDU\ YDOXH SUREOHPV VHSDUDWHO\

DQG LQ WKH HQG ZH IRXQG DQ H[SOLFLW IRUPXODWLRQ IRU WKH ERXQGDU\ IXQFWLRQ β(t) ZKLFK ZLOO

EH XVHIXO WR VWXG\ DV\PSWRWLF EHKDYLRXU ODWHU�

7KHRUHP ������ 7KH H[SOLFLW VROXWLRQ RI WKH HTXDWLRQ ������� LQ WKH VHQVH RI WKH 'HILQLWLRQ

������� LV JLYHQ E\�

u(ε, x, t) = u1(ε, x, t)χ{x>0,t>0} + u2(ε, x, t)χ{x<0,t>0}, �������

ZLWK

u1(ε, x, t)

=
1

2
√
πεt

∫ ∞

0

u0(ξ)
[
H[S

(
−(ξ − (x+ t))2

4εt

)
− H[S

(
−(ξ + (x− t))2

4εt
− x

ε

)]
dξ

+
1

2
√
πε

∫ t

0

β(τ)x

(t− τ)3/2
H[S

(
−(x+ t− τ)2

4ε(t− τ)

)
dτ

�������

DQG

u2(ε, x, t)

=
1

2
√
πεt

∫ ∞

0

u0(−ξ)
[
H[S

(
−(ξ + (x− t))2

4εt

)
− H[S

(
−(ξ − (x+ t))2

4εt
+

x

ε

)]
dξ

− 1

2
√
πε

∫ t

0

β(τ)x

(t− τ)3/2
H[S

(
−(x− t+ τ)2

4ε(t− τ)

)
dτ,

�������

ZKHUH

β(t) =
1

2

∫ t

0

(t− τ)−
1
2E 1

2 ,
1
2

(
− 1

2

√
t− τ

ε

)[√
ε H[S

(
−t− τ

4ε

)
F (τ)dτ

−
∫ t

0

2β(0)√
π

1√
τ
H[S

(
− t

4ε

)]
dτ,

�������

ZLWK Eα,α̃ EHLQJ WKH 0LWWDJ�/HIIOHU IXQFWLRQ >���@ ZLWK α, α̃ > 0 DQG F (.) EH GHILQHG LQ

���������

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

3URRI� 7KH DERYH SUREOHP ������� FDQ EH VSOLW LQWR WKH IROORZLQJ WZR LQLWLDO�ERXQGDU\ YDOXH

SUREOHPV�
u1
t − u1

x = εu1
xx, x > 0, t > 0,

u1(x, 0) = u0(x), u
1(0, t) = β(t),

�������

DQG
u2
t + u2

x = εu2
xx, x < 0, t > 0,

u2(x, 0) = u0(x), u
2(0, t) = β(t).

�������

7KH SUREOHP ������� KDV WKH H[SOLFLW IRUPXOD>���� VHF� �����@�

u1(ε, x, t) =

∫ ∞

0

u0(ξ)G(x, ξ, t)dξ + ε

∫ t

0

β(τ)λ(x, t− τ)dτ �������

ZLWK

G(x, ξ, t) =
1

2
√
πεt

H[S
(
ξ − x

2ε
− t

4ε

)[
H[S

(
−(x− ξ)2

4εt

)
− H[S

(
−(x+ ξ)2

4εt

)]

=
1

2
√
πεt

[
H[S

(
−(ξ − (x+ t))2

4εt

)
− H[S

(
−(ξ + (x− t))2

4εt
− x

ε

)]

��������

DQG

λ(x, t) =
x

2
√
π(εt)3/2

H[S
(
−
( x

2ε
+

t

4ε
+

x2

4εt

))
=

x

2
√
π(εt)3/2

H[S
(
−(x+ t)2

4εt

)
.

��������

1RZ VXEVWLWXWLQJG(x, ξ, t) DQG λ(x, t−τ) LQ �������� ZH JHW WKH UHTXLUHG H[SUHVVLRQ ��������

1RZ� VLPSOLI\LQJ WKH VHFRQG LQWHJUDO LQYROYLQJ β(τ)� IURP �������� ZH KDYH

1

2
√
πε

∫ t

0

β(τ)x

(t− τ)3/2
H[S

(
−(x+ t− τ)2

4ε(t− τ)

)
dτ =

1√
π

∫ t

0

β(τ)
dL1

dτ
dτ, ��������

ZKHUH

L1 = HUI

(
x+ t− τ

2
√
ε(t− τ)

)
+ HUI

(x− (t− τ)

2
√
ε(t− τ)

)
H[S

(
−x

ε

)
,

ZKHUH

HUI(z) =
∫ z

0

H[S
(
−s2

)
ds, HUI(∞) = OLP

z→∞
HUI(z).

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

1RZ LQWHJUDWLQJ �������� E\ SDUWV� ZH KDYH�
1

2
√
πε

∫ t

0

β(τ)x

(t− τ)3/2
H[S

(
−(x+ t− τ)2

4ε(t− τ)

)
dτ

=
−1√
π

∫ t

0

β′(τ)
[
HUI
( x+ t− τ

2
√
ε(t− τ)

)
+ HUI

(x− (t− τ)

2
√
ε(t− τ)

)
H[S

(
−x

ε

) ]
dτ

+
β(t)√
π

[
HUI(∞) + HUI(∞) H[S

(
−x

ε

) ]

− β(0)√
π

[
HUI
(x+ t

2
√
εt

)
+ HUI

(x− t

2
√
εt

)
H[S

(
−x

ε

) ]

��������

7KHUHIRUH� u1(ε, x, t) =

1

2
√
πεt

×
∫ ∞

0

u0(ξ)
[
H[S

(
−(ξ − (x+ t))2

4εt

)
− H[S

(
−(ξ + (x− t))2

4εt
− x

ε

)]
dξ

−1√
π

∫ t

0

β′(τ)
[
HUI
( x+ t− τ

2
√
ε(t− τ)

)
+ HUI

(x− (t− τ)

2
√
ε(t− τ)

)
H[S

(
−x

ε

) ]
dτ

+
1√
π
β(t)

[
HUI(∞) + HUI(∞) H[S

(
−x

ε

) ]

−β(0)√
π

[
HUI
(x+ t

2
√
εt

)
+ HUI

(x− t

2
√
εt

)
H[S

(
−x

ε

) ]
.

��������

'LIIHUHQWLDWLQJ u1 ZLWK UHVSHFW WR x� ZH JHW

u1
x(ε, x, t) =

1

2
√
πεt

∫ ∞

0

u0(ξ)
[
H[S

(
−(ξ − (x+ t))2

4εt

)(ξ − (x+ t)

2εt

)

+ H[S
(
−(ξ + (x− t))2

4εt
− x

ε

)(ξ + x− t

2εt
+

1

ε

)]
dξ

− 1√
π

∫ t

0

β′(τ)
[
H[S

(
−(x+ t− τ)2

4ε(t− τ)

)
1√

ε(t− τ)

− 1

ε
HUI
(x− (t− τ)

2
√
ε(t− τ)

)
H[S

(
−x

ε

) ]
dτ − β(t)√

πε
HUI(∞) H[S

(
−x

ε

)

− β(0)√
επt

[
H[S

(
−(x+ t)2

4εt

)
−
√

t

ε
HUI
(
x− t

2
√
εt

)
H[S

(
−x

ε

)]
.

��������

6LPLODUO\� OHW XV QRZ FRQVLGHU WKH SUREOHP �������� 8VLQJ WKH WUDQVIRUPDWLRQ v(ε, x, t) =

u2(ε,−x, t), IRU x > 0� ZH REVHUYH IURP ������� WKDW v(x, t) VDWLVILHV
vt − vx = εvxx, x > 0, t > 0,

v(x, 0) = u0(−x), x > 0, v(0, t) = β(t), t > 0.
��������

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

7KH H[SOLFLW IRUPXOD IRU HTXDWLRQ �������� LV WKHQ JLYHQ E\>���� VHF� �����@�

v(x, t) =

∫ ∞

0

v0(ξ)G(x, ξ, t)dξ + ε

∫ t

0

β(τ)λ(x, t− τ)dτ. ��������

ZKHUH

G(x, ξ, t) =
1

2
√
πεt

H[S
(
ξ − x

2ε
− t

4ε

)[
H[S

(
−(x− ξ)2

4εt

)
− H[S

(
−(x+ ξ)2

4εt

)]

=
1

2
√
πεt

[
H[S

(
−(ξ − (x+ t))2

4εt

)
− H[S

(
−(ξ + (x− t))2

4εt
− x

ε

)]

��������

DQG

λ(x, t) =
x(εt)−3/2

2
√
π

H[S
(
−
( x

2ε
+

t

4ε
+

x2

4εt

))
=

x(εt)−3/2

2
√
π

H[S
(
−(x+ t)2

4εt

)
.

��������

1RZ VXEVWLWXWLQJ G(x, ξ, t) DQG λ(x, t− τ) LQ ��������� ZH JHW v(ε, x, t) =

1

2
√
πεt

×
∫ ∞

0

v0(ξ)
[
H[S

(
−(ξ − (x+ t))2

4εt

)
− H[S

(
−(ξ + (x− t))2

4εt
− x

ε

)]
dξ

+
1

2
√
πε

∫ t

0

β(τ)x

(t− τ)3/2
H[S

(
−(x+ t− τ)2

4ε(t− τ)

)
dτ.

��������

5HSODFLQJ x E\ −x� ZH JHW ������� DQG IXUWKHU VLPSOLILFDWLRQ JLYHV u2(ε, x, t) =

1

2
√
πεt

×
∫ ∞

0

u0(−ξ)
[
H[S

(
−(ξ + (x− t))2

4εt

)
− H[S

(
−(ξ − (x+ t))2

4εt
+

x

ε

)]
dξ

−1√
π

∫ t

0

β′(τ)
[
HUI
(−x+ t− τ

2
√
ε(t− τ)

)
+ HUI

(−x− (t− τ)

2
√
ε(t− τ)

)
H[S

(x
ε

) ]
dτ

+
1√
π
β(t)

[
HUI(∞) + HUI(∞) H[S

(x
ε

) ]

−β(0)√
π

[
HUI
(−x+ t

2
√
εt

)
+ HUI

(−x− t

2
√
εt

)
H[S

(x
ε

) ]
.

��������

'LIIHUHQWLDWLQJ u2 LQ �������� ZLWK UHVSHFW WR x DQG IROORZLQJ D VLPLODU DQDO\VLV DV EHIRUH�

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

ZH JHW

−u2
x(ε, x, t) =

1

2
√
πεt

∫ ∞

0

u0(−ξ)
[
H[S

(
−(ξ + (x− t))2

4εt

)((ξ + (x− t))

2εt

)

+ H[S
(
−(ξ − (x+ t))2

4εt
+

x

ε

)(ξ − x− t

2εt
+

1

ε

)]
dξ

− 1√
π

∫ t

0

β′(τ)
[
H[S

(
−(x− (t− τ))2

4ε(t− τ)

)( 1√
ε(t− τ)

)

+
1

ε
HUI
(x+ (t− τ)

2
√
ε(t− τ)

)
H[S

(x
ε

) ]
dτ − β(t)√

πε
HUI(∞) H[S

(x
ε

)

− β(0)√
επt

[
H[S

(
−(−x+ t)2

4εt

)
−
√

t

ε
HUI
(
−x− t

2
√
εt

)
H[S

(x
ε

) ]
.

��������

1RZ� ZH DLP WR FKDUDFWHUL]H β(t) VXFK WKDW WKH VROXWLRQ RI WKH SUREOHP ������� LV GLIIHUHQ�

WLDEOH DQG KHQFH ZH PXVW KDYH

u1
x(ε, 0+, t) = u2

x(ε, 0−, t).

1RZ SDVVLQJ WKURXJK WKH OLPLW DV x → 0+ LQ HTXDWLRQ ��������� x → 0− LQ HTXDWLRQ

�������� DQG HTXDOL]LQJ ZH JHW

1

2
√
πεt

∫ ∞

0

u0(ξ)
[
2 H[S

(
−(ξ − t)2

4εt

)(ξ − t

2εt

)
+

1

ε
H[S

(
−(ξ − t)2

4εt

)]
dξ

− 1√
π

∫ t

0

β′(τ)
[
H[S

(
−t− τ

4ε

)
1√

ε(t− τ)
+

1

ε
HUI
(√t− τ

4ε

)]
dτ − β(t)HUI(∞)

ε
√
π

− β(0)√
επt

[
H[S

(
− t

4ε

)
−
√

t

ε
HUI

(
−
√

t

4ε

)]

=
−1

2
√
πεt

∫ ∞

0

u0(−ξ)
[
2 H[S

(
−(ξ − t)2

4εt

)(ξ − t

2εt

)
+

1

ε
H[S

(
−(ξ − t)2

4εt

)]
dξ

+
1√
π

∫ t

0

β′(τ)
[
H[S

(
−t− τ

4ε

)
1√

ε(t− τ)
+

1

ε
HUI
(√t− τ

4ε

)]
dτ +

β(t)HUI(∞)

ε
√
π

+
β(0)√
επt

[
H[S

(
− t

4ε

)
−
√

t

ε
HUI

(
−
√

t

4ε

)]
.

��������
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� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

7KLV LPSOLHV

2√
π

∫ t

0

β′(τ)
[1
ε
HUI
(√t− τ

2
√
ε

)
+

1√
ε(t− τ)

H[S
(
−t− τ

4ε

)]
dτ +

β(t)

ε

+
2β(0)√
επt

H[S
(
− t

4ε

)
+

2β(0)√
πε

HUI

(√
t

4ε

)

=
1

2
√
πεt

∫ ∞

0

[
u0(ξ) + u0(−ξ)

][
2 H[S

(
−(ξ − t)2

4εt

)(ξ − t

2εt

)

+
1

ε
H[S

(
−(ξ − t)2

4εt

)]
dξ = F (t), [VLQFH HUI(x) = −HUI(−x)]

��������

8VLQJ LQWHJUDWLRQ E\ SDUWV� ZH FDOFXODWH WKH ILUVW WHUP LQ /+6 RI ��������

2√
π

∫ t

0

β′(τ)
[1
ε
HUI
(√t− τ

2
√
ε

)
+

1√
ε(t− τ)

H[S
(
−t− τ

4ε

)]
dτ

=
2√
π

∫ t

0

β(τ)
[ 1

4ε
√
ε(t− τ)

H[S
(
−t− τ

4ε

)]
+ β′(τ)

1√
ε(t− τ)

H[S
(
−t− τ

4ε

)
dτ

−2β(0)√
πε

HUI

(√
t

4ε

)

=
2√
π

1√
ε
H[S

(
− t

4ε

)∫ t

0

d
dτ

(
β(τ) H[S

( τ
4ε

))

√
(t− τ)

dτ−2β(0)√
πε

HUI

(√
t

4ε

)
.

��������

)URP HTXDWLRQV ������������������ ZH JHW

1√
π

∫ t

0

d

dτ

(
β(τ) H[S

( τ
4ε

))

√
t− τ

dτ +
1

2
√
ε
H[S

(
t

4ε

)
β(t) =

√
ε

2
H[S

(
t

4ε

)
F (t)−β(0)√

πt
.

��������

7KH DERYH HTXDWLRQ LV LQ WKH IRUP RI D QRQ�KRPRJHQHRXV IUDFWLRQDO GLIIHUHQWLDO HTXDWLRQ

0D
1
2
t y(t)− λy(t) = h(t), ��������

ZKHUH 0D
1
2
t y(t) LV GHILQHG DV

0D
1
2
t y(t) =

1

Γ(12)

∫ ∞

0

(t− τ)−
1
2y′(t)dτ.

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

6ROXWLRQ RI WKH DERYH SUREOHP� VHH >���� S� ���@� LV JLYHQ E\

β(t) H[S
(

t

4ε

)
=

1

2

∫ t

0

(t− τ)−
1
2E 1

2 ,
1
2

(
− 1

2

√
t− τ

ε

)[√
ε H[S

( τ
4ε

)
F (τ)−2β(0)√

πτ

]
dτ,

��������

ZKHUH Eα,α̃(.) LV 0LWWDJ�/HIIOHU IXQFWLRQ GHILQHG DV

Eα,α̃(z) =
∞∑

k=0

zk

Γ(αk + α̃)
, (α > 0, α̃ > 0, z ∈ C).

)URP HTXDWLRQ ��������� ZH JHW �������� 1RZ XVLQJ LQWHJUDWLRQ E\ SDUWV� RQH FDQ HDVLO\ FKHFN

WKDW u JLYHQ LQ ������� VDWLVILHV ZHDN IRUPXODWLRQ ��������

3URSRVLWLRQ ������ 7KH ERXQGDU\ GDWD β(t) LV ERXQGHG� LQGHSHQGHQW RI ε DQG t�

3URRI� /HW XV UHFDOO WKDW WKH H[SOLFLW IRUPXOD IRU β(t) LV WKH IROORZLQJ�

β(t) = I1 + I2

=
1

2

∫ t

0

(t− τ)−
1
2E 1

2 ,
1
2

(
− 1

2

√
t− τ

ε

)[√
ε H[S

(
−t− τ

4ε

)
F (τ)dτ

−
∫ t

0

2β(0)√
π

1√
τ
H[S

(
− t

4ε

)]
dτ,

��������

ZKHUH�

I1 =
1

2

∫ t

0

(t− τ)−
1
2E 1

2 ,
1
2

(
− 1

2

√
t− τ

ε

)√
ε H[S

(
−t− τ

4ε

)
F (τ)dτ .

DQG

I2 = −
∫ t

0

(t− τ)−
1
2E 1

2 ,
1
2

(
− 1

2

√
t− τ

ε

)β(0)√
π

1√
τ
H[S

(
− t

4ε

)
.

1RZ� ZH FRQVLGHU
√
πF (t)

=
1

2
√
εt

∫ ∞

0

(u0(ξ) + u0(−ξ))
[
2 H[S

(
−(ξ − t)2

4εt

)(ξ − t

2εt

)
+

1

ε
H[S

(
−(ξ − t)2

4εt

)]
dξ

=

∫ ∞
−t√
4εt

[
u0(

√
4εtz + t) + u0(−

√
4εtz − t)

][
H[S

(
−z2

) ( 2z√
εt

+
1

ε

)]
dz,

��������
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� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

E\ D VLPSOH FKDQJH RI YDULDEOH IRUPXOD� 6LQFH u0 LV ERXQGHG PHDVXUDEOH IXQFWLRQ� FOHDUO\

|F (t)| ≤ K
[ 1√

πεt
H[S

(
− t

4ε

)
+

1

ε
√
π
HUIF

(
−
√

t

4ε

)]
� ZKHUHK LV LQGHSHQGHQW RI ε DQG

t� 1RZ XVLQJ D FKDQJH RI YDULDEOH LQ I1, RQH JHWV

|I1| ≤ εK

∫
√

t

4ε
0

|E 1
2 ,

1
2
(−z)| H[S{−z2} 1√

πε(t− 4εz2)
H[S

(
−(t− 4εz2)

4ε

)
dz

+ εK

∫
√

t

4ε
0

|E 1
2 ,

1
2
(−z)| H[S{−z2} 1

ε
√
π
HUIF(−

√
(t− 4εz2)

4ε
)dz

= I11 + I12.
��������

8VLQJ WKH FKDQJH RI YDULDEOH IRUPXOD� RQH FDQ SURYH WKDW I12 LV ORFDOO\ ERXQGHG LQGHSHQGHQW

RI ε LQ R+ ∪ {0}� 1RZ�

|I11| ≤
√
ε

π
K H[S

(
− t

4ε

)∫
√√√√ t

4ε
0

|E 1
2 ,

1
2
(−z)| 1√

(t− 4εz2)
dz.

1RZ XVLQJ WKH UHFXUVLYH UHODWLRQ Eα,α̃(z) = zEα,α+α̃(z) +
1

Γ(α̃)
� ZH JHW

E 1
2 ,

1
2
(−z) = −z H[S{z2}HUIF(z) + 2√

π
, ��������

ZKHUH E 1
2 ,1
(z) = H[S{z2}HUIF(−z) DQG HUIF(z) LV WKH FRPSOHPHQWDU\ HUURU IXQFWLRQ GH�

ILQHG DV

HUIF(z) =
2√
π

∫ ∞

z

H[S
(
−s2

)
ds.

1RZ IURP �������� DQG ��������� ZH KDYH

|I11| ≤
√
ε

π
K H[S

(
− t

4ε

)∫ √
t
4ε

0

∣∣∣− z HUIF(z) H[S
(
z2
)
+

2√
π

∣∣∣
1√

(t− 4εz2)
dz

≤
√
ε

π
K1

∫ √
t
4ε

0

1√
(t− 4εz2)

dz.
(
VLQFH −z HUIF(z) H[S

(
z2
)
+

2√
π
LV ERXQGHG

)

$JDLQ XVLQJ WKH VDPH FKDQJH RI YDULDEOH LQ I2� ZH JHW

|I2| ≤
4K2|β(0)|

√
ε√

π

∫ √
t
4ε

0

1√
t− 4εz2

dz.

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

7KHUHIRUH� β(t) LV ERXQGHG LQGHSHQGHQW t DQG ε�

1RZ� ZH REWDLQ WKH DV\PSWRWLF EHKDYLRU RI WKH VROXWLRQ RI WKH SUREOHP �������� /HW XV

DVVXPH

u0(±∞) = OLP
x→±∞

u0(x)

7KHRUHP ������ /HW OLP
x→±∞

u0(x) H[LVWV�7KHQ

OLP
t→∞

β(t) =
3

2
[u0(∞) + u0(−∞)]

DQG WKH VROXWLRQ RI WKH HTXDWLRQ ������� DSSURDFKHV WR WKH VWHDG\ VWDWH VROXWLRQ�

OLP
t→∞

u(ε, x, t) =






u0(∞) + 1
2

[
u0(∞) + 3u0(−∞)

]
H[S

(
−x

ε

)
, LI x > 0, t > 0,

u0(−∞) + 1
2

[
u0(∞) + 3u0(−∞)

]
H[S

(x
ε

)
, LI x < 0, t > 0.

7KH DERYH FRQYHUJHQFH LV XQLIRUP LQ FRPSDFW VHWV�

3URRI� )LUVW� OHW XV FRQVLGHU WKH UHJLRQ x > 0, t > 0� )URP WKH H[SUHVVLRQ RI F (t) LQ

��������� LW LV VWUDLJKWIRUZDUG WR VHH WKDW

OLP
t→∞

F (t) =
1

ε
[u0(∞) + u0(−∞)]. ��������

1RZ� WKH WDVN LV WR ILQG WKH DV\PSWRWLF EHKDYLRU RI β(t)� ZKHQ t → ∞� ZKHUH

β(t) =
1

2

∫ t

0

(t−τ)− 1
2E 1

2 ,
1
2

(
−1

2

√
t− τ

ε

)[√
ε H[S

(
−t− τ

4ε

)
F (τ)−2β(0)√

πτ
H[S

(
− t

4ε

)]
dτ.

��������

$IWHU D FKDQJH RI YDULDEOHV� LQ WKH DERYH HTXDWLRQ� ZH JHW�

β(t) = 2
√
ε

∫
√

t

4ε
0

E 1
2 ,

1
2
(−z)

[√
ε H[S

(
−z2

)
F (t− 4εz2)− 2β(0)√

π

H[S
(
− t

4ε

)
√
t− 4εz2

]
dz.

��������

$V t → ∞�

OLP
t→∞

β(t) = 2[u0(+∞) + u0(−∞)]

∫ ∞

0

E 1
2 ,

1
2
(−z) H[S

(
−z2

)
dz.

=
3

2
[u0(+∞) + u0(−∞)].

��������

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

8VLQJ D FKDQJH RI YDULDEOHV� ZH JHW

−(x+ t)√
4εt

= p,
x− t√
4εt

= q

u1(ε, x, t) =
1√
π

[ ∫ ∞

p

u0(
√
4εtz + (x+ t)) H[S

(
−z2

)
dz

− H[S
(
− x

ε

) ∫ ∞

q

u0(
√
4εtz + t− x)) H[S

(
−z2

)
dz
]

+
1

2
√
πε

∫ t

0

β(t− z)x

z
3
2

H[S
(
−(x+ z)2

4εz

)
dz.

��������

&OHDUO\ WKH ILUVW WHUP RI WKH DERYH HTXDWLRQ DSSURDFKHV WR u0(+∞)
(
1 − H[S

(
−x

ε

))
DV

t → ∞� ,Q WKH YLHZ RI ��������� WKH VHFRQG WHUP RI WKH DERYH HTXDWLRQ FDQ EH ZULWWHQ DV�

1

2
√
πε

∫ t

0

β(t− z)x

z
3
2

H[S
(
−(x+ z)2

4εz

)
dz = − 1√

π

∫ t

0

β(t− z)
dL

dz
dz ��������

ZKHUH

L = HUI
(x+ z

2
√
εz

)
+ HUI

(x− z

2
√
εz

)
H[S

(
−x

ε

)
.

1RZ SDVVLQJ WR WKH OLPLW DV t → ∞ LQ ��������� ZH KDYH

−3[u0(+∞) + u0(−∞)]

2
√
π

∫ ∞

0

dL

dz
dz =

3

2

[
u0(+∞) + u0(−∞)

]
H[S

(
−x

ε

)
.

)URP WKH DERYH DQDO\VLV� LW FDQ EH HDVLO\ VHHQ WKDW WKDW

OLP
t→∞

u1(ε, x, t) = u0(+∞) +
1

2

[
u0(+∞) + 3u0(−∞)

]
H[S

(
−x

ε

)
,

ZKLFK LV FOHDUO\ WKH VWHDG\ VWDWH VROXWLRQ� 7KH FDVH x < 0, t > 0 FDQ EH VLPLODUO\ KDQGOHG�

����� 9DQLVKLQJ YLVFRVLW\ OLPLW

,Q WKLV VHFWLRQ� ZH REWDLQ WKH YDQLVKLQJ YLVFRVLW\ OLPLW IRU WKH SUREOHP �������� /HW

U0(x) =

∫ x

0

u0(z)dz.

7KHQ� ZH KDYH WKH IROORZLQJ WKHRUHP�

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

7KHRUHP ������ 7KH GLVWULEXWLRQDO OLPLW RI u(ε, x, t) DV ε→ 0 LV u(x, t) DQG LV JLYHQ E\

u(x, t) =






u0(x+ t), LI x > 0, t > 0,

[U0(t)− U0(−t)]δ{x=0}, LI x = 0,

u0(x− t), LI x < 0, t > 0.

��������

3URRI� /HW XV UHFDOO WKH H[SUHVVLRQ RI u1(ε, x, t)�

u1(ε, x, t)

=
1

2
√
πεt

∫ ∞

0

u0(ξ)
[
H[S

(
−(ξ − (x+ t))2

4εt

)
− H[S

(
−(ξ + (x− t))2

4εt
− x

ε

)]
dξ

+
1

2
√
πε

∫ t

0

β(τ)x

(t− τ)3/2
H[S

(
−(x+ t− τ)2

4ε(t− τ)

)
dτ

=
∂

∂x

[
A1(ε, x, t) + B1(ε, x, t)− B1(ε, 0, t)

]
,

ZKHUH
A1(ε, x, t)

=
1

2
√
πεt

∫ ∞

0

U0(ξ) H[S
(
−(ξ − (x+ t))2

4εt

)
dξ

+
H[S

(
−x

ε

)

2
√
πεt

∫ ∞

0

U0(ξ) H[S
(
−(ξ + (x− t))2

4εt

)
dξ

+
1√
πε

∫ ∞

0

U0(ξ)HUI
(ξ + x+ t√

4εt

)
H[S

(
−ξ
ε

)
dξ

DQG

B1(ε, x, t) =

√
ε

π

∫ t

0

β(τ)√
t− τ

[
− H[S

(
−(x+ t− τ)2

4ε(t− τ)

)
−
√

t− τ

ε
HUI
(x+ (t− τ)√

4ε(t− τ)

)]
dτ.

6LPLODUO\� RQH GHGXFHV

u2(ε, x, t)

=
1

2
√
πεt

∫ ∞

0

u0(−ξ)
[
H[S

(
−(ξ + (x− t))2

4εt

)
− H[S

(
−(ξ − (x+ t))2

4εt
+

x

ε

)]
dξ

− 1

2
√
πε

∫ t

0

β(τ)x

(t− τ)3/2
H[S

(
−(x− t+ τ)2

4ε(t− τ)

)
dτ

=
∂

∂x

[
A2(ε, x, t) + B2(ε, x, t)− B2(ε, 0, t)

]
.

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

ZKHUH
A2(ε, x, t)

=
1

2
√
πεt

∫ ∞

0

U0(−ξ) H[S
(
−(ξ + (x− t))2

4εt

)
dξ

+
H[S

(
x
ε

)

2
√
πεt

∫ ∞

0

U0(−ξ) H[S
(
−(ξ − (x+ t))2

4εt

)
dξ

+
1√
πε

∫ ∞

0

U0(−ξ)HUI
(ξ − x+ t√

4εt

)
H[S

(
−ξ
ε

)
dξ

DQG

B2(ε, x, t) =

√
ε

π

∫ t

0

β(τ)√
t− τ

[
H[S

(
−(x− t+ τ)2

4ε(t− τ)

)
+

√
t− τ

ε
HUI
(−x+ (t− τ)√

4ε(t− τ)

)]
dτ.

1RZ GHILQH

U(ε, x, t) =

{
A1(ε, x, t) + B1(ε, x, t)− B1(ε, 0, t), LI x > 0, t > 0,

A2(ε, x, t) + B2(ε, x, t)− B2(ε, 0, t), LI x < 0, t > 0.

7KHQ� U LV C2 IXQFWLRQ DQG Ux = u� U(ε, x, t) LV D ORFDOO\ ERXQGHG IXQFWLRQ� WKHUHIRUH WKH

SRLQW ZLVH OLPLW LV WKH GLVWULEXWLRQDO OLPLW� 8VLQJ FKDQJH RI YDULDEOH� A1(ε, x, t) =

1√
π

∫ ∞

− x+t√
4εt

U0(
√
4εtz + x+ t) H[S

(
−z2

)
dz

+
H[S

(
−x

ε

)
√
π

∫ ∞

− x+t√
4εt

U0(
√
4εtz − x+ t) H[S

(
−z2

)
dz

+
1√
π

∫ ∞

0

U0(εz)HUI
(εz + x+ t√

4εt

)
H[S (−z) dz

7KH SRLQWZLVH OLPLW RI WKH ILUVW WHUP� VHFRQG WHUP� WKLUG WHUP DQG IRXUWK WHUP RI A1(ε, x, t)

UHVSHFWLYHO\ DUH

U0(x+ t), 0, U0(0) = 0,

DQG WKH SRLQW ZLVH OLPLW IRU B1(ε, x, t) = −1

2

∫ t

0

β(τ)dτ. +HQFH� WKH SRLQW±ZLVH OLPLW

RI A1(ε, x, t) + B1(ε, x, t) − B1(ε, 0, t) LV U0(x + t)� 6LPLODUO\ WKH SRLQW�ZLVH OLPLW RI

A2(ε, x, t) + B2(ε, x, t) − B2(ε, 0, t) LV U0(x − t)� 7KHUHIRUH� WKH GLVWULEXWLRQDO OLPLW RI

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

U(ε, x, t) LV

OLP
ε→0

U(ε, x, t) = U(x, t) =

{
U0(x+ t), LI x > 0, t > 0,

U0(x− t), LI x < 0, t > 0.
��������

6LQFHu(ε, x, t) = Ux(ε, x, t)� WKH GLVWULEXWLRQDO OLPLW RIu(ε, x, t) LV HTXDO WR WKH GLVWULEXWLRQDO

GHULYDWLYH RI U(x, t) DQG LV JLYHQ E\

u(x, t) =






u0(x+ t), LI x > 0, t > 0,[
U0(t)− U0(−t)

]
δ{x=0}, LI x = 0,

u0(x− t), LI x < 0, t > 0.

��������

,I ZH DVVXPH WKDW

u0(±∞) = OLP
x→±∞

u0(x),

WKHQ u0(±∞) = 0 DV u0 ∈ L1(R)� 7KHUHIRUH� IURP ������� WKH DV\PSWRWLF EHKDYLRU RI WKH

VROXWLRQV RI ��������������� FDQ EH JLYHQ DV IROORZV�

OLP
t→∞

u(x, t) =
( ∫

R

u0(x)dx
)
δ{x=0}

7KH DERYH OLPLW LV XQGHUVWRRG LQ WKH VHQVH RI GLVWULEXWLRQ� 1RZ� UHFDOOLQJ WKH DV\PSWRWLF

EHKDYLRU RI WKH YLVFRXV HTXDWLRQ JLYHQ LQ 7KHRUHP ������ ZH VHH WKDW OLP
t→∞

u(ε, x, t) = 0�

7KHUHIRUH� OLP
ε→0

OLP
t→∞

u(ε, x, t) )= OLP
t→∞

OLP
ε→0

u(ε, x, t)� L�H�� WKH YDQLVKLQJ YLVFRVLW\ DQG ODUJH WLPH

OLPLWV GR QRW FRPPXWH� ,Q >���@� WKLV SURSHUW\ RI YLVFRVLW\ VROXWLRQ u(ε, x, t)ZDV HVWDEOLVKHG

IRU %XUJHUV HTXDWLRQ� 7R WKLV HQG� ZH REVHUYHG WKDW ��������������� LV DQ H[DPSOH RI D VFDODU

FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[HV ZKHUH WKLV SURSHUW\ KROGV�

5HPDUN ������ 2QH FDQ DOVR FRQVLGHU WKH PXOWL�GLPHQVLRQDO WUDQVSRUW HTXDWLRQ ZLWK D

GLVFRQWLQXRXV FRHIILFLHQW� WKDW LV

ut +
n∑

i=1

aiuxi = 0, LI x′ ∈ Rn−1, xn < 0,

ut +
n∑

i=1

biuxi = 0, LI x′ ∈ Rn−1, xn > 0.

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

DQG an > 0� bn < 0� $ VLPLODU DQDO\VLV DV SUHYLRXV JLYHV WKH VROXWLRQ�

u(x, t) =






u0(x1 − b1t, x2 − b2t, .., xn − bnt), LI xn > 0, t > 0,

[U0(x1 − b1t, x2 − b2t, ..,−bnt)

−U0(x1 − a1t, x2 − a2t, ..− ant)]δ{xn=0}, LI xn = 0,

u0(x1 − a1t, x2 − a2t, .., xn − ant), LI xn < 0, t > 0,

1RZ� ZH PRYH RQ WR SURYLGLQJ H[SOLFLW IRUPXODH IRU JHQHUDOL]HG ZHDN VROXWLRQV IRU

QRQOLQHDU RYHUFRPSUHVVLYH IOX[ SDLUV�

��� ([SOLFLW )RUPXODH IRU JHQHUDOL]HG ZHDN VROXWLRQ

7KLV VHFWLRQ FRQFHQWUDWHV RQ GHULYLQJ H[SOLFLW IRUPXODH IRU WKH VROXWLRQV IRU ���������������

IRU RYHUFRPSUHVVLYH IOX[ SDLU (f, g)� ZKHUH f DQG g DUH HLWKHU VWULFWO\ FRQYH[ RU FRQFDYH�

:H GHULYH WKH IRUPXODH IRU WKH FDVH ZKHQ f DQG g DUH ERWK VWULFWO\ FRQYH[� WKH RWKHU WKUHH

FDVHV FDQ EH KDQGOHG VLPLODUO\�

/HPPD ������ /HW v EH /LSVFKLW] FRQWLQXRXV LQ R/{0} × (0,∞)� ZKLFK LV WKH YLVFRVLW\

VROXWLRQ RI

vt + g(vx) = 0, x < 0, t > 0,

vt + f(vx) = 0, x > 0, t > 0.

WKHQ� LWV GLVWULEXWLRQDO GHULYDWLYH VDWLVILHV ��������������� LQ WKH VHQVH RI 'HILQLWLRQ ������

3URRI� 7KH SURRI LV PRWLYDWHG E\ WKH SURRI LQ >&KDSWHU �� 7KHRUHP �� >�@@� 6LQFH v LV

/LSVFKLW] LQ R/{0}× (0,∞)� LW LV GLIIHUHQWLDEOH D�H� LQ R× R+ DQG VDWLVILHV

vt + (H(−x)g(vx) +H(x)f(vx)) = 0 D�H� LQ R× R+,

WKXV� IRU HYHU\ φ ∈ C∞
c (R× [0,∞)), ZH KDYH

∞∫

−∞

∞∫

0

vtφxdxdt+ (H(−x)g(vx) +H(x)f(vx))φxdxdt = 0. �������

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

1RZ QRWH WKDW
∞∫

−∞

∞∫

0

vtφxdtdx = −
∞∫

−∞

∞∫

0

vφxtdtdx−
∞∫

−∞

v(x, 0)φxdx

= −
∞∫

0

∞∫

0

vφtxdxdt−
∞∫

0

0∫

−∞

vφtxdxdt+

∞∫

−∞

vx(x, 0)φdx

=

∞∫

0

∞∫

−∞

vxφtdxdt+

∞∫

−∞

[v(0+, t)− v(0−, t)]φtdt+

∞∫

−∞

vx(x, 0)φdx.

6XEVWLWXWLQJ WKLV LQ ������� DQG VHWWLQJ u = vx, ZH JHW�

∞∫

−∞

∞∫

0

[uφt + (H(−x)g(u) +H(x)f(u))φx] dxdt +
∞∫

−∞
[v(0+, t)− v(0−, t)]φtdt

+
∞∫

−∞
u(x, 0)φ(x)dx = 0,

L�H�
∞∫

−∞

∞∫

0

[uφt + (H(−x)g(u) +H(x)f(u))φx] dxdt+

∞∫

−∞

w(t)φtdt+

∞∫

−∞

u0(x)φ(x)dx = 0,

ZKHUH w(t) = v(0+, t)− v(0−, t)�

%HIRUH SURFHHGLQJ IXUWKHU� ZH UHFDOO VRPH SUHOLPLQDULHV LQ WKH IROORZLQJ OHPPD�

/HPPD������ /HWh : R → R EH D FRQYH[ IXQFWLRQZLWK VXSHUOLQHDU JURZWK �L�H� OLP
|u|→∞

h(u)

|u| =

∞. WKHQ WKH IROORZLQJ SURSHUWLHV KROG�

�L� 'HILQH WKH /HJHQGUH WUDQVIRUP E\ h∗(u) := VXS
p∈R

{pu− h(p)}� WKHQh∗ : R → R LV D

FRQYH[ IXQFWLRQ ZLWK VXSHU�OLQHDU JURZWK�

�LL� h∗∗(u) := VXS
p∈R

{pu− h∗(p)} = h(u).

�LLL� ,Q DGGLWLRQ LI h ∈ C1(R) DQG VWULFWO\ FRQYH[� WKHQ WKH IROORZLQJ KROGV WUXH�

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

�D� h∗′(u) = (h′)−1(u).

�E� h∗(h′(u)) = uh′(u)− h(u).

�F� h(h∗′(u)) = uh∗′(u)− h∗(u).

&RQVLGHU WKH RYHUFRPSUHVVLYH IOX[ SDLU (f, g) VXFK WKDW� f, g ∈ C1(R) DUH VWULFWO\ FRQ�

YH[ DQG VXSSRVH LQLWLDO GDWD u0 ∈ [m,M ], GHILQH f̃ , g̃ ∈ C1(R) ZKLFK DUH VWULFWO\ FRQYH[

IXQFWLRQV ZLWK VXSHUOLQHDU JURZWK VXFK WKDW f̃ = f DQG g̃ = g RQ [m,M ]� 7KHQ� ZH KDYH

WKH IROORZLQJ H[SOLFLW IRUPXOD�

7KHRUHP ������ /HW u0 ∈ [m,M ], v0(x) =

x∫

0

u0(s)ds� 'HILQH WKH IROORZLQJ FRVW IXQF�

WLRQDO�

v1(x, t) = PLQ
y1≤0

{
v0(y1) + tg̃∗

(
x− y1

t

)}
, x ≤ 0, t > 0, �������

v2(x, t) = PLQ
y2≥0

{
v0(y2) + tf̃ ∗

(
x− y2

t

)}
, x ≥ 0, t > 0. �������

,I u(x, t) = u(x, t) + w(t)δ0 LV WKH VROXWLRQ RI ���������������� WKHQ WKH /D[�2OHLQLN W\SH

IRUPXOD IRU WKH VROXWLRQ RI ��������������� LV JLYHQ E\�

u(x, t) =





(g̃′)−1

(
x−y1(x,t)

t

)
, LI x < 0, t > 0,

(f̃ ′)−1
(

x−y2(x,t)
t

)
, LI x > 0, t > 0,

ZLWK

w(t) = v2(0, t)− v1(0, t), t > 0,

ZKHUH y1(x, t) DQG y2(x, t) DUH WKH PLQLPL]HUV RI v1 DQG v2 UHVSHFWLYHO\ DW WKH SRLQW �[� W� DV

GHILQHG LQ ���������������� >VHH >�@@�

3URRI� )ROORZLQJ WKH SURRIV LQ >�� ��@ LW IROORZV WKDW� v1(·, ·) DQG v2(·, ·) GHILQHG LQ ��������

������� DUH /LSVFKLW] FRQWLQXRXV LQ R− × R+ DQG R+ × R+, UHVSHFWLYHO\ DQG VDWLVI\ WKH

IROORZLQJ �

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

�L� m ≤ (v1)x, (v2)x ≤ M.

�LL� v1 DQG v2 LV WKH YLVFRVLW\ VROXWLRQ WR WKH IROORZLQJ SUREOHP�

(v1)t + g̃((v1)x) = 0, x < 0, t > 0,

(v2)t + f̃((v2)x) = 0, x > 0, t > 0.

�LLL� (v1)x DQG (v2)x DUH JLYHQ E\�

(v1)x (x, t) = (g̃′)−1

(
x− y1(x, t)

t

)
, LI x < 0, t > 0,

(v2)x (x, t) = (f̃ ′)−1

(
x− y2(x, t)

t

)
, LI x < 0, t > 0.

)URP /HPPD ������

u(x, t) =

{
(v1)x(x, t), LI x < 0, t > 0,

(v1)x(x, t), LI x > 0, t > 0,

ZLWK

w(t) = v2(0, t)− v1(0, t),

VDWLVILHV 'HILQLWLRQ ����� ZLWK F (x, u) = H(−x)g̃(u) + H(x)f̃(u)� 'XH WR �L� DQG WKH

'HILQLWLRQ RI f̃ DQG g̃, IRU DOO (x, t) ∈ R× R+ ZH KDYH�

H(−x)g̃(u(x, t)) +H(x)f̃(u(x, t)) = H(−x)g(u(x, t)) +H(x)f(u(x, t)).

7KXV ZH KDYH u VDWLVILHV ������� ZLWK F (x, u) = H(−x)g(u) +H(x)f(u)�

5HPDUN ������ 7KH IRUPXOD IRU v(x, t) LV LQGHSHQGHQW RI WKH FKRLFH RI WKH H[WHQVLRQV f̃ DQG

g̃, RI f DQG g. u VDWLVILHV LQWHULRU HQWURS\ FRQGLWLRQ ��������

,Q WKH QH[W VHFWLRQ� ZH SURSRVH D ILQLWH YROXPH QXPHULFDO VFKHPH DSSUR[LPDWLRQ ��������

��������

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

��� 1XPHULFDO 6FKHPH

����� 1XPHULFDO 6FKHPH IRU ���������������

,Q WKLV VHFWLRQ� ZH FRQVLGHU WKH 5LHPDQQ SUREOHP IRU ��������������� ZLWK RYHUFRPSHUHVVLYH

IOX[ SDLU (f, g)� :H VWDUW ZLWK SURSRVLQJ WKH VFKHPH IRU WKH OLQHDU FDVH� 7KH VFKHPH LV EDVHG

RQ WKH IDFW WKDW WKH 5LHPDQQ SUREOHP IRU ��������������� ZLWK f(u) = bu DQG g(u) = au FDQ

EH VKRZQ WR KDYH WKH VROXWLRQV XVLQJ WKH YDQLVKLQJ ε OLPLW RI VROXWLRQV RI D QRQOLQHDULILFDWLRQ

RI WKH FRQVHUYDWLRQ ODZ JLYHQ E\ ���������������� ,W FDQ EH REVHUYHG WKDW

OLP
ε→0

gε(u) = au, OLP
ε→0

fε(u) = bu,

DQG

u(x, t) = OLP
ε→0

uε(x, t).

7KH 5LHPDQQ 3UREOHP VROXWLRQ RI ��������������� LV NQRZQ LQ HDFK FDVH DQG 5DQNLQH +XJR�

QLRW FRQGLWLRQ LV VDWLVILHG� KHQFH� WKH IOX[ DW WKH LQWHUIDFH x = 0 LV H[SOLFLWO\ NQRZQ DQG LV

JLYHQ E\

Fε,0(a, b, ul, ur) := gε(u
−) = fε(u

+),

ZKHUH u− = OLPx→0− uε(x, t), u+ = OLPx→0+ uε(x, t) DUH REWDLQHG IURP WKH VROXWLRQV RI WKH

5LHPDQQ SUREOHP RI ���������������� 6LQFH gε DQG fε DUH QRQ�OLQHDU FRQYH[ IXQFWLRQV� WKH

IOX[ DW WKH LQWHUIDFH x = 0 FDQ EH REWDLQHG XVLQJ WKH WKHRU\ RI GLVFRQWLQXRXV IOX[ >��@ DQG

LV JLYHQ E\�

Fε,0(a, b, ul, ur) = PD[
(
gε

(
PD[

(
ul,

−a

ε

))
, fε

(
PLQ

(
ur,

−b

ε

)))
. �������

2ZLQJ WR WKH EHKDYLRU RI WKH VROXWLRQV DQG WKH IOX[HV DV ε → 0� ZH GHILQH WKH IOX[ DW WKH

LQWHUIDFH x = 0 IRU WKH SUREOHP ��������������� ZLWK g(u) = au, f(u) = bu DV

F0(a, b, ul, ur) := OLP
ε→0

gε(u
−) = OLP

ε→0
fε(u

+) = OLP
ε→0

Fε,0(a, b, ul, ur),

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

ZKLFK LPSOLHV WKDW

F0(a, b, ul, ur) =






aul LI a ≥ 0, b > 0,

bur LI a < 0, b ≤ 0,

0 LI a < 0, b > 0,

PD[(aul, bur) LI a ≥ 0, b ≤ 0.

�������

7KH DERYH GHILQHV WKH IOX[ DW WKH LQWHUIDFH DW x = 0 IRU WKH SUREOHP ���������������� :H QRZ

SUHVHQW WKH QXPHULFDO VFKHPH� /HW h > 0 DQG xi+ 1
2
= ih, i ∈ = ZLWK xi =

xi− 1
2
+ xi+ 1

2

2
VXFK WKDW x 1

2
= 0� WKH ORFDWLRQ RI WKH δ� VKRFN� )RU ∆t > 0� GHILQH WKH WLPH GLVFUHWL]DWLRQ

SRLQWV tn = n∆t IRU QRQ�QHJDWLYH LQWHJHU n� DQG λ = ∆t/h LV IL[HG� 'HILQH

un
i =

1

h

∫ x
i+1

2

x
i− 1

2

u(x, tn)dx,

DV WKH DSSUR[LPDWLRQ IRU u LQ WKH FHOO Ci = [xi− 1
2
, xi+ 1

2
) DW WLPH tn� 7KHQ WKH ILQLWH YROXPH

VFKHPH LV JLYHQ E\

un+1
i = un

i − λ(F n
i+ 1

2
− F n

i− 1
2
) �������

ZKHUH F n
i+ 1

2
LV WKH QXPHULFDO IOX[ DVVRFLDWHG ZLWK WKH IOX[ F (x, u) DW WKH LQWHUIDFH x = xi+ 1

2

DQG GHILQHG DV IROORZV�

F n
i+ 1

2
=






aul LI i < 0,

bur LI i > 0,

F0(a, b, ul, ur) LI i = 0,

�������

DV DZD\ IURP WKH LQWHUIDFH x 1
2
, WKH IOX[HV DUH au DQG bu ZLWK a ≥ 0, b ≤ 0 DQG KHQFH WDNH

EDFNZDUG DQG IRUZDUG QXPHULFDO IOX[HV UHVSHFWLYHO\� )RU D QRQOLQHDU RYHUFRPSHUHVVLYH

IOX[ SDLU (f, g)�

F n
i+ 1

2
=






g(ul) LI i < 0,

f(ur) LI i > 0,

PD[(g(ul), f(ur)) LI i = 0,

�������

DV DZD\ IURP WKH LQWHUIDFH x 1
2
= 0, WKH IOX[HV DUH g DQG f ZKLFK DUH LQFUHDVLQJ DQG GHFUHDV�

LQJ UHVSHFWLYHO\ DQG KHQFH WDNH EDFNZDUG DQG IRUZDUG QXPHULFDO IOX[HV UHVSHFWLYHO\�

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

/HPPD ������ 8QGHU WKH &)/ FRQGLWLRQ�

1− λ VXS
u∈R

(|g′(u)|, |f ′(u)|) ≥ 0,

WKH IROORZLQJ SURSHUWLHV KROG WUXH�

�D�
∑

i∈Z

un+1
i =

∑

i∈Z

un
i .

�E� /HW

un+1
i = H(un

i−1, u
n
i , u

n
i+1),

7KHQ� WKH IXQFWLRQ H LV PRQRWRQH LQ HDFK RI WKH DUJXPHQWV�

�F� /HW (un
i ){i∈Z}GHQRWH WKH VHTXHQFH RI DSSUR[LPDWLRQ REWDLQHG E\ WKH QXPHULFDO VFKHPH�

'HILQH D QHZ VHTXHQFH zn = (un
i ){i∈Z/{±1}}� 7KHQ

||zn+1||∞ ≤ ||zn||∞.

�G�

h
∑

i∈Z

|un+1
i | ≤ h

∑

i∈Z

|un
i |.

�H� ,I u0 ∈ R+ ∪ {0}, WKHQ un
i ∈ R+ ∪ {0}, ∀i, n.

�I� ,I u0(x) ∈ L1(R), WKHQ WKH IROORZLQJ UHVXOW KROGV�

∑

i∈Z

(
un+1
i − un

i

)
=
∑

i∈Z

λ
(
F n
i+ 1

2
− F n

i− 1
2

)
= 0.

3URRIV FDQ EH GRQH RQ WKH VDPH OLQHV DV LQ >��� ���@� :H QRZ SURFHHG WR SURYH WKH

H[LVWHQFH RI WKH VROXWLRQ SURSRVHG LQ ���� YLD WKH FRQYHUJHQFH RI WKH QXPHULFDO VFKHPH

�������� 7R WKLV HQG� ZH DVVXPH WKDW LQLWLDO GDWD OLHV LQ L! ∩ %9(R)� /HW ∆tN
hN

= λ� :H

WKHQ KDYH WKH IROORZLQJ WKHRUHP�

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

7KHRUHP ������ /HW uh DQG wh EH WKH QXPHULFDO DSSUR[LPDWLRQV REWDLQHG IURP WKH VFKHPH

�������� $VVXPH WKDW WKHUH H[LVWV D VHTXHQFH hk ZKLFK WHQGV WR 0 DV k → ∞ VXFK WKDW LI ZH

VHW ∆kt = λhk, wi
h(t) = hun

i , t ∈ [n∆t, (n+ 1)∆t) , i = 0, 1, ZLWK

�D�
∥∥wi

hk

∥∥
L∞(C0×R+)

≤ K,
∥∥∥
(
1− χ

[−hk
2 ,

hk
2 ]

)
uhk

∥∥∥
L∞(R×R+)

≤ K IRU VRPH K > 0

�E�
(
1− χ

[−hk
2 ,

hk
2 ]

)
uhk

FRQYHUJHV LQ /�
ORF(R/{0}×R+) DQG D�H WR D IXQFWLRQ u DQG whk

FRQYHUJHV LQ /�
ORF(R+) DQG D�H WR D IXQFWLRQ w,

7KHQ� u+ wδ{x=0} LV WKH ZHDN VROXWLRQ RI ����������������

3URRI� 7KH SURRI IROORZV RQ WKH VDPH OLQHV DV LQ >��� ���@ H[FHSW IRU WKH FHOOV DGMDFHQW WR

WKH LQWHUIDFH {x = 0}� /HW φ ∈ C∞
c (R× R+) DQG φn

i = φ(xi, tn)� 'HILQH

φh(x, t) = φn
i LI (x, t) ∈ Ci × [n∆t, (n+ 1)∆t) ,

uh(x, t) = un
i LI (x, t) ∈ Ci × [n∆t, (n+ 1)∆t) i )= 0, 1,

Fh(x, t) = F n
i+ 1

2
LI (x, t) ∈ (xi, xi+1)× [n∆t, (n+ 1)∆t) ,

wi
h(t) = hun

i LI t ∈ [n∆t, (n+ 1)∆t) i = 0, 1.

�������

0XOWLSO\LQJ ������� E\ φn
i IRU HDFK i ∈ Z, n ≥ 0 DQG VXPPLQJ WKHP�

h
∑

5

∞∑

n=0

(
un+1
i − un

i

)
φn
i +∆t

∞∑

i=2

∞∑

n=0

(
F n
i+ 1

2
− F n

i− 1
2

)
φn
i

+∆t
i=−1∑

−∞

∞∑

n=0

(
F n
i+ 1

2
− F n

i− 1
2

)
φn
i +∆t

∞∑

n=0

(
F n

3
2
− F n

1
2

)
φn
1 +∆t

∞∑

n=0

(
F n

1
2
− F n

− 1
2

)
φn
0 = 0

6XPPDWLRQ E\ SDUWV DQG UHDUUDQJLQJ WKH WHUPV ZH JHW�

0 = h
∞∑

−∞

∞∑

n=1

(
φn+1
i − φn

i

)
un
i −∆t

∞∑

n=0

∞∑

i=−∞

F n
i+ 1

2

(
φn
i+1 − φn

i

)
+ h

∑

5

u0
iφ

0
i

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

&RQYHUWLQJ WKH DERYH VXPPDWLRQV LQWR LQWHJUDOV� ZH KDYH WKH IROORZLQJ�

0 =

∫

R/[−h,h]

∞∫

∆t

uh(x, t)
φh(x, t)− φh(x, t−∆t)

∆t
dxdt+

∫

5

∞∫

0

Fh(x, t)
φh(x+ h, t)− φh(x, t)

∆x
dxdt

+

∫

R

uh(x, 0)φh(x, 0)dx+

∞∫

∆t

w0
h(t)

φh(
−h
2 , t)− φh(0, t−∆t)

∆t
dt

+

∞∫

∆t

w1
h(t)

φh(
h
2 , t)− φh(0, t−∆t)

∆t
dt

$SSO\LQJ /HEHVJXH GRPLQDWHG FRQYHUJHQFH WKHRUHP DQG SDVVLQJ WR WKH OLPLW�
∫

R×R+

(uφt + F (x, u)φx) dxdt+

∫

R

u0(x)φ(x, 0)dx+

∫ ∞

0

w1(t)φt(0, t)dt

+

∫ ∞

0

w2(t)φt(0, t)dt = 0.

1RZ� VHWWLQJ w(t) = w1(t) + w2(t) JLYHV WKH GHVLUHG ZHDN IRUPXODWLRQ
∫

R×R+

(uφt + F (x, u)φx) dxdt+

∫

R

u0(x)φ(x, 0)dx+

∫ ∞

0

w(t)φt(0, t)dt = 0.

6XEVWLWXWLQJ WKH DERYH OLPLWV� ZH JHW�

∫

R×R+

(uφt + F (x, u)φx) dxdt+

∫

R

u0(x)φ(x, 0)dx+

∫ ∞

0

w(t)φt(0, t)dt = 0.

6LQFH φ ∈ C∞
c (R×R+) LV DUELWUDU\� u+wδ{x=0} LV D ZHDN VROXWLRQ RI ����������������

����� ([WHQVLRQ WR 6\VWHPV

:H H[WHQG WKH DERYH LGHDV WR WKH V\VWHP ���������������� ZKLFK DGPLWV δ�VKRFNV� VHH>��@�

H[DFW RU VWDQGDUG DSSUR[LPDWH 5LHPDQQ VROYHUV FDQQRW EH XVHG� 7KH LGHD LV WR DYRLG FUH�

DWLQJ D 5LHPDQQ VROYHU EDVHG RQ WKH HLJHQVWUXFWXUH RI WKH V\VWHP DQG LQVWHDG WUHDW HDFK

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

HTXDWLRQ RI WKH V\VWHP VHSDUDWHO\� DVVXPLQJ WKDW WKH IOX[ RI WKH HTXDWLRQ LV D IXQFWLRQ RI

WKH UHPDLQLQJ VWDWH YDULDEOH DW WKH SUHYLRXV WLPH VWHS� $V GLVFXVVHG LQ WKH LQWURGXFWLRQ�

WKLV V\VWHP DGPLWV δ� VKRFN ZKHQHYHU WKH ILUVW HTXDWLRQ DGPLWV D FODVVLFDO VKRFN� 6LQFH WKH

ILUVW HTXDWLRQ ��������������� RI WKH V\VWHP LV D K\SHUEROLF FRQVHUYDWLRQ ODZ� DQ\ VWDQGDUG

3− SRLQW VFKHPH VXFK DV *RGXQRY VFKHPH FDQ EH XVHG IRU ���������������� +RZHYHU� WKH

VHFRQG HTXDWLRQ LV RI WKH IRUP

ut + (k′(v(x, t))u)x = 0, (x, t) ∈ R× R+, �������

LI ZH DVVXPH WKDW l(u) = u DQG v(x, t) LV NQRZQ DW WKH SRLQW (x, t) IURP WKH ILUVW HTXDWLRQ�

7KLV LV D VFDODU FRQVHUYDWLRQ ODZ ZLWK D YDULDEOH FRHIILFLHQW� ZKLFK FDQ EH GLVFRQWLQXRXV�

1RWH WKDW k′(v(x, t)) LV DOZD\V ERXQGHG�

6LQFH WKH SUHYLRXV VHFWLRQ RQO\ GHDOW ZLWK D VLQJOH GLVFRQWLQXLW\ RI WKH IOX[ RI WKH OLQHDU

WUDQVSRUW HTXDWLRQ� WR SURSRVH WKH VFKHPH IRU �������� ZH QHHG WR JHQHUDOL]H WKH VFKHPH IRU

DQ\ JHQHUDO OLQHDU WUDQVSRUW HTXDWLRQ ZLWK YDULDEOH� SRVVLEO\ GLVFRQWLQXRXV FRHIILFLHQW� ERWK

LQ VSDFH DQG WLPH� LQ SDUWLFXODU�

ut + (a(x, t)u)x = 0, (x, t) ∈ R× R+, u(x, 0) = u0(x), x ∈ R. �������

)RU h > 0, OHW WKH VSDFH JULG SRLQWV DV xi+ 1
2
= ih, i ∈ Z� /HW xi =

xi− 1
2
+ xi+ 1

2

2
. )RU

∆t > 0� GHILQH WKH WLPH GLVFUHWL]DWLRQ SRLQWV tn = n∆t IRU QRQ�QHJDWLYH LQWHJHU n� DQG

λ = ∆t/h. 'HILQH

ani =
1

h

∫ x
i+1

2

x
i− 1

2

a(x, tn)dx, un
i =

1

h

∫ x
i+1

2

x
i− 1

2

u(x, tn)dx,

DV WKH DSSUR[LPDWLRQ IRU a DQG u LQ WKH FHOO Ci = [xi− 1
2
, xi+ 1

2
) DW WLPH tn� 7KHQ WKH ILQLWH

YROXPH VFKHPH IRU WKH V\VWHP ������� LV JLYHQ E\

un+1
i = un

i − λ(F n
i+ 1

2
− F n

i− 1
2
) �������

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

ZKHUH F n
i+ 1

2
LV WKH QXPHULFDO IOX[ DVVRFLDWHG ZLWK WKH IOX[ F (x, t, u) = a(x, t)u DW xi+ 1

2
DW

WLPH tn� 7KH\ DUH WKH IXQFWLRQV RI OHIW DQG ULJKW YDOXHV RI a DQG u DW xi+ 1
2
DW WLPH tn ZLWK

F n
i+ 1

2
= F (ani , a

n
i+1, u

n
i , u

n
i+1).

'HQRWH

F = a(x, t)u,

ZKHUH a(x, t) LV NQRZQ IXQFWLRQ DW WLPH tn ZKLFK LV DOORZHG WR EH GLVFRQWLQXRXV DW WKH VSDFH

GLVFUHWL]DWLRQ SRLQWV� 7KHUHIRUH RQ HDFK Ci × (tn, tn+1)� ZH ORRN DW WKH FRQVHUYDWLRQ ODZ�

vt + (F (ani , u))x = 0, ��������

ZKHUH F (ani , u) = ani u, ZLWK a(x, tn) = ani IRU x ∈ (xi− 1
2
, xi+ 1

2
)� 1RZ� WKH FRUUHVSRQGLQJ

ORFDO 5LHPDQQ SUREOHP UHGXFHV WR

ut + l(x, a)x = 0 LQ (xi− 1
2
, xi+ 1

2
)× (tn, tn+1), ��������

ZKHUH

l(x, u) =

{
F (ani , u) LI x < xi+ 1

2
,

F (ani+1, u) LI x > xi+ 1
2
,

ZLWK WKH LQLWLDO GDWD

u(x, tn) =

{
un
i LI x < xi+ 1

2
,

un
i+1 LI x > xi+ 1

2
.

7KH REMHFWLYH LV WR FRQVWUXFW DQ XSZLQG QXPHULFDO IOX[ Fi+ 1
2
IRU WKH IOX[ IXQFWLRQ l(x, u) DW

WKH FHOO LQWHUIDFH xi+ 1
2
� 1RWH WKDW HDFK ith FRQVHUYDWLRQ ODZ LV RI WKH W\SH ��������������� DQG

KHQFH FRQVLGHULQJ WKH GLIIHUHQW VLJQV RI ani � ZH FDQ GHILQH WKH QXPHULFDO IOX[ F n
i+ 1

2
E\

F n
i+ 1

2
= F0(a

n
i , a

n
i+1, u

n
i , u

n
i+1), ��������

ZKHUH F0(a, b, ul, ur) LV JLYHQ E\ ��������

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

8VLQJ WKH VFKHPH ������� ZLWK a(x, t) = k′(v(x, t)) IRU ������� DQG *RGXQRY VFKHPH IRU

������� JLYHV WKH VFKHPH IRU WKH V\VWHP ���������������� ,Q SDUWLFXODU� WKH VFKHPH LV JLYHQ

E\�

vn+1
i = vni − λ

(
F v,n
i+ 1

2

− F v,n
i− 1

2

)

un+1
i = un

i − λ
(
F u,n
i+ 1

2

− F u,n
i− 1

2

)

ZKHUHF v,n
i+ 1

2

= FGod(vni , v
n
i+1) DQGF n

i+ 1
2
= F0(ani , a

n
i+1, u

n
i , u

n
i+1)� ZLWK a(x, t) = k′(v(x, t))�

/HW XV GHILQH WKH SLHFHZLVH FRQVWDQW DSSUR[LPDWH VROXWLRQ WR WKH V\VWHP ���������������

Uh(x, t) =

(
vh
uh

)
� :H WKHQ KDYH WKH IROORZLQJ WKHRUHP VKRZLQJ WKDW WKH DERYH VFKHPH

FRQYHUJHV WR D ZHDN VROXWLRQ RI WKH V\VWHP�

7KHRUHP ������ )RU HYHU\ φ ∈ C∞
c (R× R+), ZH KDYH

OLP
h→0

∫

R×R+

uhφt + k′(vh)uhφx = 0, ��������

3URRI� )L[φ ∈ C∞
c (R×R+)./HW i ∈ =, n ∈ 1,φn

i = φ(xi, tn) DQGφn
x,i =

φ(xi, tn)− φ(xi−1, tn)

h
, ∀i, n.

7R SURYH WKH WKHRUHP� LW LV HQRXJK WR VKRZ WKDW

OLP
h→0

A(h) = 0, ��������

ZKHUH

A(h) = −h
∑

i∈Z,n∈N

[
un+1
i − un

i + λ((k′(v)u)ni − (k′(v)u)ni−1)
]
φn
i .

%\ WKH 'HILQLWLRQ RI WKH VFKHPH�

A(h) = −h
∑

i,n

[
−λ(F u,n

i+ 1
2

− F u,n
i− 1

2

) + λ((k′(v)u)ni − (k′(v)u)ni−1)
]
φn
i ,

ZKLFK� RQ UHDUUDQJLQJ WKH WHUPV DQG DSSO\LQJ VXPPDWLRQ E\ SDUWV� JLYHV

A(h) = −λh2
∑

i,n

[
F u,n
i− 1

2

− (k′(v)u)ni−1

]
φn
x,i. ��������

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

7KH SRVVLEOH FKRLFHV IRU F u,n
i− 1

2
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XVLQJ WKH L1 VWDELOLW\ RI k′(v)u� ZKHUH Kφ = 2‖φx‖L∞(R×R+)� 6XPPLQJ RYHU n ∈ N, ZH

JHW

−λh2
∑

i,n

[
F u,n
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]
φn
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n

Kφλh
2‖k′(v0)u0‖L1 = KφTh‖k′(v0)u0‖L11,
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ZKHUH T LV WKH ILQDO WLPH� 7KLV VKRZV WKDW �������� DQG HTXLYDOHQWO\A(h) = O(h) DV h → 0.

7KLV SURYHV WKH FODLP�

����� 1XPHULFDO 6FKHPH IRU %DODQFH /DZV

7KLV VHFWLRQ DLPV WR H[WHQG WKH QXPHULFDO VFKHPH GHVFULEHG LQ WKH SUHYLRXV VHFWLRQ IRU WKH

HTXDWLRQV RI WKH W\SH

ut + F (x, u)x = s(x, u, t),

ZKHUH s(x, t) LV D UHDO YDOXHG IXQFWLRQ� :H ZLOO DOVR H[WHQG WKH QXPHULFDO VFKHPH IRU VLQ�

JXODU VRXUFH WHUP� 7KH LGHD ZLOO EH WR ´ORFDOO\´ PRGLI\ WKH EDODQFH ODZ DV D FRQVHUYDWLRQ

ODZ ZLWK D VSDFH�WLPH GHSHQGHQW GLVFRQWLQXRXV FRHIILFLHQW

ut + F̃ (x, u, t)x = 0,

ZKHUH F̃ LV WKH IOX[ IXQFWLRQ ORFDOO\ PRGLILHG E\ WKH VRXUFH� 7KLV VWUDWHJ\ KDV EHHQ HDUOLHU

XVHG LQ OLWHUDWXUH� VHH IRU H[DPSOH� >���@ IRU EDODQFH ODZV ZLWK FRQWLQXRXV FRQYH[ IOX[

IXQFWLRQV DQG >���� ���@ IRU QRQ�VWULFWO\ K\SHUEROLF V\VWHPV ZLWK VRXUFH WHUPV� )RU WKLV�

ZH PRGLI\ WKH IOX[ IXQFWLRQ F (x, u) LQ HDFK FHOO Ci E\ LQFOXGLQJ ZLWK LW� DQ DSSUR[LPDWH

GLYHUJHQFH IRUP RI VRXUFH WHUP s(x, t, u)� 7R WKLV HQG� ZH GHILQH

Bn(x) =
∑

i

Bn
i χCi

(x, t), Bn
i =

∫ xi

x 1
2

s(x, u, t)dx,
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� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

DQG FDQ EH FDOFXODWHG XVLQJ DQ DSSUR[LPDWH LQWHJUDWLRQ UXOH� $V HDUOLHU� WKH GLVFUHWL]DWLRQ LV

GRQH LQ VXFK D ZD\ WKDW WKH ORFDWLRQ RI WKH δ�VKRFN OLHV LQ WKH FHOO C0� 7KHQ� IRU [tn, tn+1),

ZH VROYH WKH IROORZLQJ FRQVHUYDWLRQ ODZ ZLWK GLVFRQWLQXRXV FRHIILFLHQW�

ut + (F (x, u)− Bn(x))x = 0, u(x, tn) = un(x),

WKHQ GHILQH

un+1
i = un

i − λ(F n
i+ 1

2
− F n

i− 1
2
), ��������

ZKHUH F n
i+ 1

2
LV WKH QXPHULFDO IOX[ DW WKH LQWHUIDFH x = xi+ 1

2
DQG GHILQHG DV IROORZV�

F n
i+ 1

2
=






bun
i+1 − Bn

i+1 LI i ≥ 0,

aun
i − Bn

i LI i < 0,

1RZ� OHW XV H[WHQG WKH QXPHULFDO VFKHPH IRU WKH FDVH ZKHQ s(x, t, u) = kδ{x=0}� 7KHVH

NLQG RI HTXDWLRQV KDYH EHHQ RI LQWHUHVW� IRU H[DPSOH� >���� ��@� 6LQFH WKH GLVWULEXWLRQDO

GHULYDWLYH RI

(kH)′(x) = kδ{x=0},

WKH EDODQFH ODZ FDQ EH UHZULWWHQ DV

ut + F̃ (x, u) = 0, F̃ (x, u) = H(x)au+ (1−H(x))(bu− k),

IRU ZKLFK VFKHPHV KDYH DOUHDG\ EHHQ GLVFXVVHG EHIRUH�

��� 1XPHULFDO 5HVXOWV

7KLV VHFWLRQ GLVSOD\V WKH SHUIRUPDQFH RI WKH VFKHPH SURSRVHG LQ ���� IRU YDULRXV VHWV RI

5LHPDQQ GDWD LQ FDSWXULQJ ERWK δ�VKRFNV DQG FODVVLFDO VKRFN VROXWLRQV HIILFLHQWO\ IRU WKH

V\VWHP ��������������� DQG ��������������� ZLWK DQG ZLWKRXW VRXUFH WHUPV� 7KH GRPDLQ IRU

WKH V\VWHP ��������������� LV [−1, 1] DQG IRU ��������������� LV [−0.2, 0.2]� ZLWK M = 200,

ZLWK a = 1, b = −1, T = 1.008� k = 1� 7KH ILQDO WLPH T LV WDNHQ VPDOO HQRXJK VR WKDW
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� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

WKH VROXWLRQ GRHV QRW UHDFK WKH ERXQGDU\ RI WKH QXPHULFDO GRPDLQ� +HQFH� ZH FDQ WDNH

ERXQGDU\ FRQGLWLRQV WR EH ul DQG ur UHVSHFWLYHO\�

����� 6LPXODWLRQV IRU WKH HTXDWLRQ ���������������

([DPSOH �� s(x, u) = 0�

�D� &ODVVLFDO DQG δ� VKRFN VROXWLRQ RI ���������������

:H WDNH WZR FDVHV KHUH� ILUVW ZKHUH WKHUH LV RQO\ FODVVLFDO VROXWLRQ DQG VHFRQG

ZKHUH WKHUH LV D FRQFHQWUDWLRQ DW WKH LQWHUIDFH x = 0�

L� aul − bur = 0, ul = 1, ur = −1 : ,W FDQ EH VHHQ LQ )LJXUH ��� WKDW WKHUH LV

QR δ� VKRFN DV WKH 5DQNLQH�+XJRQLRW FRQGLWLRQ LV VDWLVILHG DW x = 0� ,W

FRLQFLGHV ZLWK WKH H[DFW VROXWLRQ

u(x, t) =

{
ul, LI x < 0,

ur, LI x > 0.
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Approximate Solution

Exact Solution

)LJXUH ���� 1R δ�VKRFN ZLWK aul − bur = 0

LL� aul − bur )= 0, ul = 1, ur = 2 : 7R VKRZ WKH HIILFLHQF\ RI WKH VFKHPH WR

FDSWXUH WKH ZHLJKW RI δ� VKRFN� SULPLWLYH RI WKH DSSUR[LPDWH VROXWLRQ LV

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

FDOFXODWHG DW ILQDO WLPH T � $W WKH ORFDWLRQ RI δ� VKRFN� WKH JUDSK RI WKH

SULPLWLYH ZLOO EH VHHQ WR KDYH D VXGGHQ MXPS� HTXDO WR WKH ZHLJKW RI WKH

δ�VKRFN� ,W FDQ EH VHHQ LQ )LJXUH ��� WKDW WKHUH LV D δ� VKRFN ZLWK QXPHULFDO

ZHLJKW 3.0024ZKLFK LV WKH H[DFW ZHLJKW RI WKH δ�VKRFN DW WLPH T � L�H� (aul−

bur)T = 3.0024�
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)LJXUH ���� δ�VKRFN DW x = 0 ZLWK ZHLJKW 3.0024

,W FDQ EH DOVR EH VHHQ WKDW WKH DSSUR[LPDWH VROXWLRQ FRLQFLGHV ZLWK WKH H[DFW

VROXWLRQ

u(x, t) =






ul, LI x < 0,

(aul − bur)δ{x=0}, LI x = 0,

ur, LI x > 0.

DZD\ IURP WKH LQWHUIDFH�

LLL� &RPSDULVRQ ZLWK VFKHPHV RI >���@� 7R VKRZ WKH HIILFLHQF\ RI WKH VFKHPH

WR FDSWXUH WKH ZHLJKW RI δ� VKRFN� ZH FRPSDUH WKH UHVXOWV RI RXU VFKHPH

ZLWK WKH UHVXOWV SUHVHQWHG LQ >���@� 7KH IOX[ LV DVVXPHG WR EH F (x, u) =

−H(x− .5) + (1−H(x− .5))1 ZLWK u0(x) = 0H(x− .5) + (1−H(x−

.5))1� /HW WKH GRPDLQ EH [0.44, 0.56], T = 0.5, h = 0.002� 7KH VROXWLRQ

LV JLYHQ E\ u(x, 0.5) = 0.5(1 − H(x − .5))� 7KH QXPHULFDO ZHLJKW LV
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� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

FRPSXWHG DV HDUOLHU DQG LW FDQ EH VHHQ LQ )LJXUH ��� WKDW RXU VFKHPH GRHV

QRW KDYH GLIIXVLRQ DQG FDSWXUHV WKH H[DFW ZHLJKW 0.5. $OVR� RQ FRPSDULVRQ

ZLWK )LJXUHV 1 DQG 2 RI >���@� LW FDQ EH QRWLFHG WKDW WKH ORFDWLRQ RI δ�VKRFN

LV OLWWOH VKLIWHG WR WKH OHIW RI WKH H[DFW δ�VKRFN ORFDWLRQ� x = 0.5, ZKLOH

WKH VFKHPH SUHVHQWHG LQ WKLV SDSHU FDSWXUHV WKH δ�VKRFN SUHFLVHO\ DW WKH

ORFDWLRQ�
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)LJXUH ���� δ�VKRFN DW x = 0 ZLWK ZHLJKW 0.5

�E� ��������������� DV D YDQLVKLQJ ε− OLPLW RI ��������

7KLV H[SHULPHQW LV WR VKRZ WKDW WKH QRQ±OLQHDU DSSUR[LPDWLRQ ������� LV D JRRG

DSSUR[LPDWLRQ WR ���������������� 6LQFH ������� LV D FRQVHUYDWLRQ ODZ ZLWK GLV�

FRQWLQXRXV IOX[ FRQVLGHUHG LQ >���@� ZLWK ERWK IXQFWLRQV FRQYH[� WKH ILQLWH YRO�

XPH VFKHPH IRU ������� LV JLYHQ E\�

un+1
i = un

i − λ(F n
ε,i+ 1

2
− F n

ε,i− 1
2
),

F n
ε,i+ 1

2
= PD[

(
gε
(
PD[

(
un
i ,

−1
viε

))
, fε
(
PLQ(un

i+1,
−1

vi+1ε
)
))

,

vi = aχ{i<0} + bχ{i>0}.

,W FDQ EH VHHQ LQ )LJXUH ����� WKDW WKH VROXWLRQV RI ��������������� DQG ������� DUH

FHQWHUHG DURXQG WKH x = 0ZLWK WKHZLGWK RI WKH VKRFN LQFUHDVLQJZLWK LQFUHDVLQJ

���



� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

ε� $OVR� DV ε LV WHQGLQJ WRZDUGV ]HUR� WKH KHLJKW RI WKH VKRFN LV DSSURDFKLQJ

WKH KHLJKW DFKLHYHG E\ WKH VROXWLRQ RI ���������������� ,W LV HYLGHQW WKDW ZLWK

GHFUHDVLQJ ε� WKH VROXWLRQ RI ������� DUH KDYLQJ PRUH KHLJKW DQG OHVV ZLGWK DQG

KHQFH FRQYHUJLQJ WR δ�VKRFN VROXWLRQ RI ����������������
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Exact Solution

ε = .1

ε = .075

)LJXUH ���� 1RQ�OLQHDU DSSUR[LPDWLRQ IRU VPDOO ε

([DPSOH �� s(x, u) = ku, k )= 0� 1RZ� ZH SUHVHQW WKH QXPHULFDO UHVXOWV ZLWK D OLQHDU QRQ�]HUR

VRXUFH WHUP

�D� aul − bur = 0, ul = 1, ur = −1 : ,W FDQ EH VHHQ LQ )LJXUH ��� WKDW WKHUH LV QR δ�

VKRFN� ,W FRLQFLGHV ZLWK WKH H[DFW VROXWLRQ

u(x, t) = H[S(T )

{
ul, LI x > 0,

ur, LI x < 0.
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� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2
-3

-2

-1

0

1

2

3
Approximate Solution
Exact Solution

)LJXUH ���� 1R δ�VKRFN ZKHQ aul − bur = 0

�E� aul − bur )= 0, ul = 1, ur = 2 : ,W FDQ EH QRWHG WKDW WKH QXPHULFDO VROXWLRQ RE�

WDLQHG IURP HLWKHU RI WKH VFKHPHV LV VDPH DV WKH H[DFW VROXWLRQ

u(x, T ) = H[S (kT )






ur, LI x > 0,

(aul − bur)δ{x=0}, LI x = 0,

ul, LI x < 0,

DZD\ IURP WKH LQWHUIDFH� :H FRPSDUH WKH SHUIRUPDQFH RI RXU VFKHPH ZLWK WKH

IROORZLQJ VWDQGDUG VFKHPH IRU VRXUFH WHUP

un+1
i = un

i − λ(F n
i+ 1

2
− F n

i− 1
2
) + k∆tun

i ,

ZKLFKZH FDOO6FKHPH �� 7KH GLIIHUHQFH EHWZHHQZHLJKW FDSWXUHG E\ RXU VFKHPH

DQG WKH H[DFW ZHLJKW 3T H[S(T ) = 8.1679 LV 8.06e − 4� ZKLOH E\ 6FKHPH � LV

9e− 3� ,Q WKH )LJXUH ���� RXU VFKHPH LV VKRZQ LQ ²± DQG UHVXOWV E\ 6FKHPH �

LV JLYHQ LQ ²± ZKLOH WKH H[DFW VROXWLRQ DZD\ IURP LQWHUIDFH LV JLYHQ E\ ²±�
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� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV
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Scheme 1

Scheme 2

Exact Solution

)LJXUH ���� &RPSDULVRQ RI VFKHPHV LQ SUHVHQFH RI VRXUFH WHUPV IRU FDSWXULQJ δ�VKRFNV

([DPSOH �� s(x, u) = kδ{x=0} : /HW XV VWDUW ZLWK a = 0 = ul DQG b = 1, ur = −1 VR WKDW WKHUH LV

a = ul = 0, b = ur = −1, k = 0 δ�VKRFN ZLWK ZHLJKW −T � 1RZ� D VLQJXODU VRXUFH

WHUP RI WKH VDPH ZHLJKW LV DGGHG WR WKH ULJKW�KDQG VLGH RI WKH KRPRJHQHRXV FRQVHU�

YDWLRQ ODZV VR WKDW WKH SUHYLRXVO\ RFFXUULQJ δ�VKRFN LQ ´QXOOLILHG´ DQG FRQFHQWUDWLRQ

ZLOO EH DEVRUEHG� 5HVXOWV FDQ EH VHHQ )LJXUH ����
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Solution in Presence of Source Term

)LJXUH ���� δ�VKRFN ZLWK ZHLJKW −T EHLQJ DEVRUEHG E\ D SRLQW VRXUFH WHUP
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� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

1RZ� OHW¶V VWDUW ZLWK WKH GDWXP a = ul = 1, b = ur = −1 VR WKDW WKHUH LV QR δ�VKRFN�

7KHQ� E\ DGGLQJ D SRLQW VRXUFH WHUP −δ{x=0}� D QHJDWLYH GHOWD VKRFN RI ZHLJKW −T

LV REWDLQHG� 7KH ILJXUH ��� GLVSOD\V WKDW WKH QHJDWLYH δ�VKRFN FDQ EH QXOOLILHG E\

DSSURSULDWHO\ PRGLI\ WKH IOX[ F (x, u) WR a = 2, b = −1.
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)LJXUH ���� 6RXUFH�6LQN 3KHQRPHQRQ RI δ�VKRFN

([DPSOH �� 1RQ±OLQHDU 2YHUFRPSUHVVLYH IOX[ 3DLU�

+HUH ZH LOOXVWUDWH WKH SHUIRUPDQFH RI RXU VFKHPHV IRU RYHUFRPSUHVVLYH IOX[ SDLUV�

,Q SDUWLFXODU� OHW

g(u) =
u3

3
, f(u) =

−u5

5
, T = .05,M = 101,

ZLWK WKH GRPDLQ [−1, 1]. 7KHQ WKH SUREOHP ��������������� DGPLWV δ�VKRFNV DW WKH LQ�

WHUIDFH x = 0 ZLWK u0(x) =






1, LI x < −0.5,

1.5, LI − 0.5 < x < 0,

2, LI 0 < x < 0.5,

0, HOVH .

,W FDQ EH VHHQ LQ WKH )LJXUH ���WKDW WKH VFKHPH LV DEOH WR FDSWXUH WKH δ� VKRFN DW WKH

LQWHUIDFH HIIHFWLYHO\�
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� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV
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)LJXUH ���� 1RQ±OLQHDU 0RQRWRQH IOX[HV

����� 6LPXODWLRQV IRU WKH V\VWHP ���������������

7KLV VHFWLRQ GLVSOD\V WKH SHUIRUPDQFH RI WKH VFKHPH SURSRVHG LQ ������ IRU YDULRXV 5LH�

PDQQ GDWD LQ FDSWXULQJ ERWK δ�VKRFNV DQG FODVVLFDO VKRFN VROXWLRQV HIILFLHQWO\ IRU $XJ�

PHQWHG %XUJHUV V\VWHP ���������������� 7KH QXPHULFDO VROXWLRQV KDYH EHHQ FRPSDUHG ZLWK

WKH VROXWLRQV HVWDEOLVKHG LQ >��� ��@ DQG UHIHUHQFHV WKHUHLQ�

([DPSOH �� &ODVVLFDO 6KRFN IRU u�

/HW vl = vr = 1, ul = 1, ur = 2� 7KH VROXWLRQ LV JLYHQ E\� v(x, t) = v0(x) DQG

u(x, t) =

{
ul, LI x < v0t,

ur, LI x > v0t.
.

7KH ILJXUH ������ VKRZV WKDW WKH ULJKW VROXWLRQ KDV EHHQ FDSWXUHG E\ WKH VFKHPH�
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� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV
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u

v

vl = vr = 1 = ul, ur = 2

)LJXUH ����� 1R δ�VKRFN ZLWK LQLWLDO GDWD DV FRQVWDQW v

([DPSOH �� 0RYLQJ &ODVVLFDO 6KRFNV�

/HW vl = 3 = 3vr, ul = −1 = −ur� 7KH VROXWLRQ LV JLYHQ E\�

v(x, t) =

{
vl, LI x < st,

vr, LI x > st.
, s = .5(vl + vr),

DQG

u(x, t) =

{
ul, LI x < v0t,

ur, LI x > v0t.
, v0 =

vlul − vrur

vl − vr
.

7KH ILJXUH ������ VKRZV WKDW WKH ULJKW VROXWLRQ KDV EHHQ FDSWXUHG E\ WKH VFKHPH�
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Approximate Solution v

Approximate Solution u

Exact Solution v

Exact Solution u
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� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV

([DPSOH �� 9DFXXP 6ROXWLRQ�

/HW −2vl = vr = 1 = ul = 2ur� 7KH VROXWLRQ LV JLYHQ E\�

v(x, t) =






vl, LI x < vlt,
x
t , LI vlt < x < vrt,

vr, LI x > vrt,

DQG u(x, t) =






ul, LI x < vlt,

0, LI vlt < x < vrt,

ur, LI x > vrt.

7KH

ILJXUH ������ VKRZV WKDW WKH ULJKW VROXWLRQ KDV EHHQ FDSWXUHG E\ WKH VFKHPH�
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)LJXUH ����� 9DFXXP VROXWLRQ IRU u ZLWK LQLWLDO GDWD DV 5LHPDQQ 'DWD vl < vr

([DPSOH �� 6WDWLRQDU\ δ�VKRFN IRU u�

/HW vl = −vr = 1 = ur = 2ul� 7KH VROXWLRQ LV JLYHQ E\�

v(x, t) =

{
vl, LI x < 0,

vr, LI x > 0,
DQGu(x, t) =






ul, LI x < 0,

(ul − ur)stδ{x = 0}, LI x = 0,

ur, LI x > 0,

ZKHUH

s =
vl + vr

2
. 7KH ILJXUH ������ VKRZV WKDW WKH ULJKW VROXWLRQ KDV EHHQ FDSWXUHG E\ WKH

VFKHPH�
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� 6ROXWLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV
DSSOLFDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV
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)LJXUH ����� 6WDWLRQDU\ δ�VKRFN IRU u ZLWK ZHLJKW vl = −vr > 0
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)LJXUH ����� 0RYLQJ δ�VKRFN DW x = st ZLWK ZHLJKW vl > vr� ZKHUH s = .5(vl + vr)

([DPSOH �� 0RYLQJ δ�VKRFN IRU u� /HW vl = −vr = 1 = ur = 2ul� /HW s =
vl + vr

2
� 7KH VROXWLRQ

LV JLYHQ E\�

v(x, t) =

{
vl, LI x < st,

vr, LI x > st,
DQG u(x, t) =






ul, LI x < st,

(ul − ur)stδ{x=0} LI x = st,

ur, LI x > st.

7KH ILJXUH ������ VKRZV WKDW WKH ULJKW VROXWLRQ KDV EHHQ FDSWXUHG E\ WKH VFKHPH�

���



&KDSWHU �

&RQFOXVLRQV DQG IXWXUH UHVHDUFK
��� &RQFOXVLRQV

7KH PDLQ IRFXV RI WKLV WKHVLV LV WR VWXG\ WKH QRQ�FODVVLFDO � PHDVXUHG YDOXHG � VROXWLRQV IRU

V\VWHP RI FRQVHUYDWLRQ ODZV DQG VFDODU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ IXQFWLRQ

ZLWK LQLWLDO DQG ERXQGDU\ YDOXHV� )RU V\VWHP RI FRQVHUYDWLRQ ODZV� P\ VWXG\ UHYROYHV ZLWKLQ

WKH 2×2 V\VWHPV DULVLQJ IURP YDULRXV SK\VLFDO PRGHOV� 7KHPDLQ WRROV� ZH XVHG WR VWXG\ WKH

V\VWHPV DUH� D JHQHUDOLVHG +RSI�&ROH WUDQVIRUPDWLRQ� YDQLVKLQJ YLVFRVLW\ PHWKRG� YROSHUW¶V

SURGXFW� VLQJXODU IOX[ IXQFWLRQ OLPLW RU YDQLVKLQJ SUHVVXUH OLPLW� VKDGRZ ZDYHV DSSURDFK

DQG DQDO\VLV RQ FKDUDFWHULVWLF FXUYHV� 7KH GHWDLOHG FKDSWHUZLVH FRQFOXVLRQV DUH JLYHQ EHORZ�

����� 9DQLVKLQJ SUHVVXUH OLPLW IRU VRPH VWULFWO\ K\SHUEROLF V\VWHPV

,Q WKH VHFRQG DQG WKLUG FKDSWHU RIP\ WKHVLV� ZH VWXGLHG WKH OLPLWLQJ EHKDYLRU RI VRPH VWULFWO\

K\SHUEROLF V\VWHP RI FRQVHUYDWLRQ ODZV� 7KH VHFRQG FKDSWHU FRQVLGHUV WKH IROORZLQJ VWULFWO\

K\SHUEROLF V\VWHP RI FRQVHUYDWLRQ ODZV NQRZQ DV (XOHU HTXDWLRQ RI FRPSUHVVLEOH IOXLG IORZ�

ut + (
u2

2
+ P (ρ))x = 0;

ρt + (ρu)x = 0

7KH OLPLWLQJ EHKDYLRU RI VROXWLRQV IRU WKH DERYH V\VWHP ZLWK 5LHPDQQ W\SH LQLWLDO GDWD LV

VWXGLHG ZKHQ WKH SUHVVXUH WHUP P (ρ) DSSURDFKHV ]HUR� )RU WKDW SXUSRVH ZH WDNH WKH VFDODU

IXQFWLRQ P QRW RQO\ DV D IXQFWLRQ RI GHQVLW\ ρ EXW DOVR D VPDOO SDUDPHWHU ε > 0 VDWLVI\�

LQJ OLPε→0 P (ρ, ε) = 0� 0RUH SUHFLVHO\� ZH WDNH P (ρ, ε) = εp(ρ) ZKHUH p(ρ) LV D WZLFH

GLIIHUHQWLDEOH IXQFWLRQ� 2QH FDQ UHDGLO\ REVHUYH WKDW ZKHQ ε JRHV WR ]HUR� WKH DERYH V\V�

WHP IRUPDOO\ JRHV WR WKH RQH�GLPHQVLRQDO PRGHO IRU WKH ODUJH�VFDOH VWUXFWXUH IRUPDWLRQ RI

���



� &RQFOXVLRQV DQG IXWXUH UHVHDUFK

WKH XQLYHUVH� 7KLV LV DQ H[DPSOH RI D QRQ�VWULFWO\ K\SHUEROLF V\VWHP WKDW KDV QR FODVVLFDO

VROXWLRQ DQG D VROXWLRQ FRQWDLQLQJ FRQFHQWUDWLRQ �δ�VKRFNV� KDG LQWURGXFHG E\ .RUFKLQVNL

>�@� ,Q WKH SUHVHQFH RI SUHVVXUH �ε > 0�� WKHUH ZLOO EH QR FRQFHQWUDWLRQ RI PDVV DQG WKH

VROXWLRQ ZLOO OLH LQ WKH VSDFH RI ERXQGHG YDULDWLRQ� 7KHUHIRUH /D[¶V WKHRU\ FDQ EH HPSOR\HG

WR FRQVWUXFW WKH VROXWLRQ� 7KHQ WKH GLVWULEXWLRQDO OLPLW DV ε WHQGV WR ]HUR RI WKH VROXWLRQ IRU

WKLV VWULFWO\ K\SHUEROLF V\VWHP FRQYHUJHV WR WKH δ�VKRFN VROXWLRQ RI WKH QRQ�VWULFWO\ K\SHU�

EROLF V\VWHP>��@� 7KLV NLQG RI PHWKRG FDQ EH WKRXJKW RI DV DQ DOWHUQDWLYH WR WKH YDQLVKLQJ

YLVFRVLW\ PHWKRG�

,Q WKH VHFRQG SDUW RI WKH VHFRQG FKDSWHU� ZH VWXGLHG DQRWKHU VWULFWO\ K\SHUEROLF V\VWHPZKLFK

LV D SHUWXUEHG YHUVLRQ RI WKH PRGHO IRU ODUJH VFDOH VWUXFWXUH IRUPDWLRQ RI XQLYHUVH� QDPHO\�

ut + (
(u+ ε)2

2
)x = 0;

ρt + (ρu)x = 0

:KHQ ε > 0� WKH DERYH V\VWHP LV VWULFWO\ K\SHUEROLF DQG FDQ EH VROYHG E\ /D[¶V WKHRU\

RQO\ IRU FORVH E\ 5LHPDQQ W\SH LQLWLDO GDWD� ,W LV REVHUYHG WKDW LI u− − u+ ≥ 2ε� RQH FDQ

QRW JHW /D[ W\SH VROXWLRQ FRQWDLQLQJ VKRFN DQG UDUHIDFWLRQ ZDYHV� 7KHUHIRUH WR KDQGOH WKH

FDVH RI ODUJH 5LHPDQQ W\SH GDWD� WKH 6KDGRZ ZDYH DSSURDFK LV FKRVHQ� 7KLV V\VWHP DOVR

SURYLGHV DQ H[DPSOH ZKHUH D VPDOOQHVV FRQGLWLRQ LV UHTXLUHG RQ WKH LQLWLDO GDWD WR JHW /D[

W\SH VROXWLRQ�

7KH WKLUG FKDSWHU LV D FRQWLQXDWLRQ RI WKH ILUVW RQH� ZKHUH , GHDOW ZLWK D PRUH JHQHUDO V\VWHP�

7KH JHQHUDO HTXDWLRQ RI FRPSUHVVLEOH IOXLG IORZ UHDGV

ut + (
u2

2
+ F (ρ, ε))x = 0;

ρt + (ρu+G(ρ, ε))x = 0

ZKHUH F (ρ, ε) = εf(ρ) DQG G(ρ, ε) = εg(ρ) DQG f LV C2� LQFUHDVLQJ DQG FRQYH[ IXQFWLRQ

ZKHUH DV g LV DQ\ GLIIHUHQWLDEOH OLQHDU GHFUHDVLQJ IXQFWLRQ� ,W LV WR EH QRWHG WKDW ZKHQ

ε = 1� f(ρ) = ρ2

2 DQG g(ρ) = −ρ WKH V\VWHP WDNHV WKH IRUP RI ZHOO NQRZQ %ULR V\VWHP

���



� &RQFOXVLRQV DQG IXWXUH UHVHDUFK

ZKLFK DGPLWV D δ�VKRFN VROXWLRQ� 7KH DERYH V\VWHP LV VWULFWO\ K\SHUEROLF ZKHQ ε > 0�

7R GHDO ZLWK WKLV SUREOHP ZH XVHG D VLPLODU WHFKQLTXHV IURP WKH SUHYLRXV ZRUN PHQWLRQHG

DERYH� ZLWK VRPH DGGLWLRQDO GLIILFXOWLHV DQG VKRZHG WKDW WKH GLVWULEXWLRQDO OLPLW �DV ε WHQGV WR

]HUR� RI WKH VROXWLRQ IRU VWULFWO\ K\SHUEROLF V\VWHP FRQYHUJHV WR WKH VROXWLRQ RI QRQ�VWULFWO\

K\SHUEROLF V\VWHP ZKLFK FRQWDLQV δ PHDVXUH� ,Q WKH VDPH SURMHFW ZH DOVR GHDO ZLWK VRPH

QRQ OLQHDU g� IRU H[DPSOH g(ρ) = −ρ2 DQG f(ρ) = ρ2

2 �

����� 9DQLVKLQJ YLVFRVLW\ DSSURDFK IRU VRPH QRQ�VWULFWO\ K\SHUEROLF
V\VWHPV

7KH IRXUWK FKDSWHU RI WKH WKHVLV LV GHYRWHG WR VWXG\ D QRQ�VWULFWO\ V\VWHP RI EDODQFH ODZV�

QDPHO\�
ut + uux = Γ(x, t);

ρt + (ρu)x = 0

ZLWK WKH LQLWLDO GDWD u(x, 0) = u0(x)� ρ(x, 0) = ρ0(x)� ZKHUH u0 DQG ρ0 DUH ORFDOO\ LQWH�

JUDEOH IXQFWLRQV ZLWK FHUWDLQ JURZWK FRQGLWLRQ� 7KLV NLQG RI EDODQFH ODZV DULVHV IRUP ��'

6DLQW�9DQHQW PRGHO ZKLFK LV D W\SH RI VKDOORZ ZDWHU HTXDWLRQ� PRGHOLQJ LQFRPSUHVVLEOH

IOXLG IORZ LQ DQ RSHQ FKDQQHO RI DQ DUELWUDU\ FURVV�VHFWLRQ� 7KLV FKDSWHU GHDOV ZLWK WKH

NLQHPDWLF FDVH RI WKH 6DLQW�9DQHQW PRGHO� %HVLGHV WKLV� WKH SUREOHP LV RI PDWKHPDWLFDO

LQWHUHVW DOVR� ,QGHHG� WKH YDQLVKLQJ YLVFRVLW\ OLPLW IRU WKH %XUJHUV HTXDWLRQ ZDV VWXGLHG E\

(�+RSI>��@ DQG LQ ���� 'LQJ [LDTL DQG 'LQJ <L>��@ H[WHQGHG WKH LGHD RI +RSI IRU %XUJHUV

HTXDWLRQ ZLWK D QRQKRPRJHQHRXV WHUP� 7KH LPSRUWDQW SRLQW LV WR QRWH KHUH WKDW WKH QRQKR�

PRJHQHRXV WHUP FRQVLGHUHG E\ 'LQJ LV XQERXQGHG LQ WKH VSDFH YDULDEOH� ,Q WKLV ZRUN� ZH

DGGUHVVHG WKH DERYH�PHQWLRQHG SUREOHP FRXSOHG ZLWK D FRQWLQXLW\ HTXDWLRQ� 8QOLNH 'LQJ

HW�DO� ZH FRQVLGHU D V\VWHP RI FRQVHUYDWLRQ ODZV ZKHQ WKH QRQKRPRJHQHRXV WHUP GHSHQGV

ERWK RQ WLPH DQG VSDFH YDULDEOHV� 7KH YDQLVKLQJ YLVFRVLW\ PHWKRG LV XVHG WR ILQG DQ H[SOLFLW

IRUPXOD IRU WKDW LQKRPRJHQHRXV V\VWHP ZLWK D JHQHUDO W\SH RI LQLWLDO GDWD� $ORQJ WKH ZD\�

ZH FRQWULEXWHG VRPH GHYHORSPHQWV LQ WKH YDQLVKLQJ YLVFRVLW\ PHWKRG� DOVR E\ ORFDOL]DWLRQ

���



� &RQFOXVLRQV DQG IXWXUH UHVHDUFK

RI LQLWLDO GDWD� ZH VKRZHG WKDW WKH YDQLVKLQJ YLVFRVLW\ OLPLW IRU WKH ILUVW HTXDWLRQ � LQKR�

PRJHQHRXV %XUJHUV HTXDWLRQ � VDWLVILHV WKH HTXDWLRQ� 1RZ WKH TXHVWLRQ LV� LQ ZKDW VHQVH

ρ VDWLVILHV WKH HTXDWLRQ DV uρ LV QRW ZHOO GHILQHG LQ JHQHUDO� 7R KDQGOH WKLV VLWXDWLRQ� ZH

XVH QRQ�FRQVHUYDWLYH SURGXFW >��@� IRU H[DPSOH 9ROSHUW SURGXFW>��@�� 7KHUH DUH DOVR FHUWDLQ

GLIILFXOWLHV GHSHQGLQJ XSRQ WKH JHRPHWU\ RI u� :H UHVROYH WKH SUREOHPV DV IROORZV� LI u LV

SLHFHZLVH VPRRWK WKHQ ZH VKRZHG WKDW ρ VDWLVILHV WKH VHFRQG HTXDWLRQ LQ WKH FODVVLFDO VHQVH

LQ WKH FRQWLQXRXV UHJLRQ RI u� $ORQJ WKH GLVFRQWLQXLW\ FXUYHV ZH VKRZHG WKDW WKH PHDVXUH

Rt + uRx = 0, (ρ = Rx) ZKHUH uRx LV XQGHUVWRRG DV 9ROSHUW SURGXFW� ,I u LV QRW SLHFH�

ZLVH VPRRWK WKHQ E\ XVLQJ D OLPLWLQJ DSSUR[LPDWLRQ DUJXPHQW DQG WKH SURSHUWLHV RI 9ROSHUW

SURGXFW ZH VKRZHG WKDW ρ VDWLVILHV WKH HTXDWLRQ� 7KH WHFKQLTXHV XVHG KHUH DUH VLJQLILFDQWO\

GLIIHUHQW IURP 'LQJ DQG PD\ EH DSSOLHG WR RWKHU V\VWHPV�

����� 0HDVXUH YDOXHG VROXWLRQV IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQ�
XRXV IOX[

,Q WKH ILIWK FKDSWHU� ZH SURSRVH WKH PHDVXUHG YDOXHG ZHDN VROXWLRQ IRU VFDODU FRQVHUYDWLRQ

ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG SURYLGH DQ H[SOLFLW IRUPXOD IRU WKH VDPH� 7KH VFDODU FRQ�

VHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ UHDG

��ut + (F (x, u))x = 0,

��u(x, 0) = u0(x)��
�������

ZKHUH F (x, u) = H(x)f(u) + (1 −H(x))g(u)� H LV D +HDYLVLGH IXQFWLRQ� u0 LV ERXQGHG

PHDVXUDEOH IXQFWLRQ DQG f �g DUH ORFDOO\ /LSVFKLW] IXQFWLRQ LQ JHQHUDO� 'HSHQGLQJ RQ WKH

QDWXUH RI f DQG g WKH DERYH HTXDWLRQ KDV YDULRXV SK\VLFDO DSSOLFDWLRQV LQ GLIIHUHQW ILHOGV

VXFK DV WZR�SKDVH IORZ LQ WKH GLVFRQWLQXRXV SRURXV PHGLXP� WUDIILF IORZ RQ KLJKZD\V ZLWK

GLIIHUHQW GHQVLWLHV� HWF� 7KH DERYH LQLWLDO YDOXH SUREOHP KDV EHHQ VKRZQ WR KDYH D XQLTXH

ERXQGHG VROXWLRQ ZKHQ f DQG g DUH IXQFWLRQV ZLWK RQH FULWLFDO SRLQW RU WKH\ DUH PRQRWRQH

ZLWK WKH VDPH PRQRWRQLFLW\>��� ��@� ,Q IDFW� >��@ SURYLGHV D /D[�2OHLQLN W\SH IRUPXOD

���



� &RQFOXVLRQV DQG IXWXUH UHVHDUFK

ZKHQ f, g ∈ C1(R) DQG VWULFWO\ FRQYH[ ZLWK VXSHUOLQHDU JURZWK� L�H OLP
|u|→∞

f(u)

|u| = ∞�

+RZHYHU� WKH H[LVWHQFH RI ERXQGHG ZHDN VROXWLRQ� ZKHQ f DQG g DUH VWULFWO\ FRQYH[�RU

VWULFWO\ FRQFDYH� ZLWK g LQFUHDVLQJ DQG f GHFUHDVLQJ UHPDLQHG XQVHWWOHG� ,W LV LPSRUWDQW WR

QRWH WKDW ZKHQ f, g DUH GHFUHDVLQJ DQG LQFUHDVLQJ UHVSHFWLYHO\� LQ ZKROHR� RQH DOUHDG\ ORVHV

WKH VXSHUOLQHDULW\ FRQGLWLRQ�� $OVR� LQ WKLV FDVH� DV WKH FKDUDFWHULVWLFV RYHUODS HDFK RWKHU DW

WKH LQWHUIDFH x = 0� FDVHV PD\ DULVH ZKHQ WKHUH LV QR ERXQGHG ZHDN VROXWLRQ H[LVWV�� 7R

VHWWOH WKLV TXHVWLRQ� ILUVW ZH ORRNHG IRU WKH OLQHDU FDVH� WKDW LV g(u) = au DQG f(u) = bu�

ZLWK a ≥ 0� b ≤ 0� 2EVHUYH WKDW WKH OLQHDU IOX[HV DUH QRW VWULFWO\ FRQYH[ DQG WKHUHIRUH

QHHG WR EH WUHDWHG VHSDUDWHO\�� :H XVH WKH YDQLVKLQJ YLVFRVLW\ PHWKRG DQG HQG XS ZLWK D

VROXWLRQ FRQWDLQLQJ δ�PHDVXUH� )RU DQ\ JHQHUDO f, g ∈ C1(R) VWULFWO\ FRQYH[ ZLWK f ′ ≤ 0

DQG g′ ≥ 0� ZH DUH DOVR DEOH WR SURYLGH D /D[�2OHLQLN W\SH IRUPXOD ZLWK D δ�PHDVXUH DORQJ

WKH LQWHUIDFH� )XUWKHUPRUH� FRQYHUJHQW� FRQVHUYDWLYH ILQLWH YROXPH QXPHULFDO VFKHPHV DUH

SURSRVHG WR FDSWXUH δ�VKRFN HIILFLHQWO\� 7KH QXPHULFDO VFKHPHV DUH DOVR H[WHQGHG WR WKH

K\SHUEROLF V\VWHP ZKLFK GRHV QRW SRVH D ERXQGHG ZHDN VROXWLRQ�

����� ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV JDV G\QDP�
LFV

7KH ILIWK FKDSWHU RI WKH WKHVLV GHDOV ZLWK WKH SUHVVXUHOHVV JDV G\QDPLFV V\VWHP LQ WKH TXDUWHU

SODQH� 0RUH SUHFLVHO\� WKH TXHVWLRQ LV WR JLYH DQ H[SOLFLW HQWURS\ VROXWLRQ IRU SUHVVXUHOHVV

JDV IORZ ZLWK LQLWLDO�ERXQGDU\ YDOXHV� L�H

ρt + (ρu)x = 0;

(ρu)t + (ρu2)x = 0.
�������

ZLWK WKH LQLWLDO GDWD (ρ(x, 0), u(x, 0)) = (ρ0, u0) DQG WKH ERXQGDU\ GDWD (ρ(0, t), ρ(0, t)u(0, t)) =

(ρb, ρbub)� ZKHUH WKH LQLWLDO DQG ERXQGDU\ GDWD DUH ERXQGHG PHDVXUDEOH IXQFWLRQ� $OVR ZH

DVN XQGHU ZKDW FRQGLWLRQV DQG LQ ZKDW VHQVH ERXQGDU\ GDWD FDQ EH SUHVFULEHG� 7KH LQLWLDO

YDOXH SUREOHP IRU ������� KDV EHHQ LQWHQVLYHO\ VWXGLHG LQ WKH OLWHUDWXUH� 7KH NH\ LVVXH LV WKDW�

���
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LQ JHQHUDO� ρ LV QR ORQJHU D IXQFWLRQ EXW D PHDVXUH� 7KLV OHG WR WKH LQWURGXFWLRQ RI YDULRXV

VWURQJO\ UHODWHG QRWLRQV RI ZHDN VROXWLRQV VXFK DV PHDVXUH VROXWLRQV� GXDOLW\ VROXWLRQV� GX�

DOLW\ VROXWLRQV EDVHG RQ YDQLVKLQJ YLVFRVLW\ HWF� 2Q WKH RWKHU KDQG H[SOLFLW IRUPXOD IRU WKH

DERYH V\VWHP ZLWK LQLWLDO YDOXH ZDV JLYHQ E\ 5\NRY� 6LQDL DQG :HLQDQ>��@ YLD JHQHUDOL]HG

YDULDWLRQDO SULQFLSOH DQG WKHVH IRUPXODH DUH H[WHQGHG E\ :DQJ�+XDQJ DQG 'LQJ>��@ ZKHQ

u0 LV QRW FRQWLQXRXV� 7KHLU NH\ LGHD LV WR LQWURGXFH D JHQHUDOL]HG SRWHQWLDO� � �

��F (y, x, t) =

∫ y

0

ρ0(η)(tu0(η) + η − x)dη.��

7KH H[SOLFLW IRUPXOD IRU WKH %XUJHUV HTXDWLRQ LQ WKH TXDUWHU SODQH YLD YDQLVKLQJ YLVFRVLW\

ZDV JLYHQ E\ -RVHSK >���@� 7KHQ -RVHSK DQG *RZGD H[WHQGHG WKHLU SUHYLRXV ZRUN WR SUR�

YLGH DQ H[SOLFLW IRUPXOD IRU VFDODU FRQVHUYDWLRQ ODZV ZKHQ WKH IOX[ LV VWULFWO\ FRQYH[ ZLWK

VXSHUOLQHDU JURZWK >��@� 7R WKH EHVW RI RXU NQRZOHGJH� QR DWWHPSWV KDYH EHHQ PDGH LQ WKH

OLWHUDWXUH VR IDU WR VROYH WKH LQLWLDO�ERXQGDU\ YDOXH SUREOHP IRU WKH SUHVVXUHOHVV JDV G\QDP�

LFV PRGHO� 7KH UHDVRQ IRU WKLV QHJOHFW PD\ EH WKDW LW LV QRW FOHDU LQ ZKDW VHQVH ERXQGDU\

GDWD FDQ EH SUHVFULEHG�

,Q WKLV FKDSWHU� ZH VXFFHHGHG LQ JLYLQJ D SK\VLFDOO\ PHDQLQJIXO DQVZHU WR WKLV TXHVWLRQ�

LQ RQH VSDFH GLPHQVLRQ� ZH H[WHQG WKH PHWKRG RI +XDQJ DQG :DQJ >��@ E\ LQWURGXFLQJ D

VHFRQG W\SH RI SRWHQWLDO ± ERXQGDU\ SRWHQWLDOV�

��G(τ, x, t) =

∫ τ

0

[x− (t− η)ub(η)]ub(η)ρb(η)dη.

7KH ORFXV DW ZKLFK WKH QHZ ERXQGDU\ SRWHQWLDOV DQG WKH SUHYLRXVO\ HVWDEOLVKHG LQLWLDO SR�

WHQWLDOV FRLQFLGH SOD\V D FUXFLDO UROH DV D QHZ LQJUHGLHQW LQ FRQVWUXFWLQJ WKH VROXWLRQ�

7KH SRVVLELOLW\ RI SUHVFULELQJ ERXQGDU\ GDWD LV VKRZQ WR GHSHQG RQ WKH EHKDYLRU RI WKH

JHQHUDOL]HG SRWHQWLDOV DW WKH ERXQGDU\� :H VKRZ WKDW WKH FRQVWUXFWHG VROXWLRQ VDWLVILHV DQ

HQWURS\ FRQGLWLRQ DQG LW FRQVHUYHV PDVV� ZKHUHE\ PDVV PD\ DFFXPXODWH DW WKH ERXQGDU\�

&RQVHUYDWLRQ RI PRPHQWXP DJDLQ GHSHQGV RQ WKH EHKDYLRU RI WKH JHQHUDOL]HG ERXQGDU\

SRWHQWLDOV�

���



� &RQFOXVLRQV DQG IXWXUH UHVHDUFK

��� )XWXUH 5HVHDUFK

7KH IXWXUH SUREOHPV� SURSRVDOV DUH PRVWO\ RQ �L� YDQLVKLQJ YLVFRVLW\ DSSUR[LPDWLRQ RI FRQ�

VHUYDWLRQ ODZV DQG �LL� FRQVWUXFWLQJ H[SOLFLW IRUPXOD IRU JDV G\QDPLFV HTXDWLRQ DQG UHODWHG

PRGHOV�

����� 9DQLVKLQJ YLVFRVLW\ DSSUR[LPDWLRQ IRU VFDODU FRQVHUYDWLRQ ODZV
ZLWK GLVFRQWLQXRXV IOX[

7KH VWXG\ RI WKH FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG UHODWHG SDUDEROLF SUREOHPV

KDV EHHQ DQ LPSRUWDQW DUHD RI LQWHUHVW GXULQJ WKH ODVW GHFDGH� (YHQ LQ RQH GLPHQVLRQ� WKH

SUREOHPV DUH TXLWH LQWHUHVWLQJ EHFDXVH RI WKH SRVVLELOLW\ WR JLYH GLIIHUHQW QRQ�HTXLYDOHQW

JHQHUDOL]DWLRQV RI .UX]NRY¶V HQWURS\ VROXWLRQ� 0RUHRYHU� LQ WKH OLWHUDWXUH WKHUH DUH VHYHUDO

FRQFHSWV RI HQWURS\ VROXWLRQV IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[� VHH HTXDWLRQ�

$GLPXUWKL HW�DO>��@ VWXGLHG WKH FRQFHSW RI AB�HQWURS\ VROXWLRQ ZKHQ ERWK WKH IOX[HV DUH

HLWKHU FRQYH[ RU FRQFDYH� )RU OLQHDU IOX[HV� WKH\ XVHG FRQYH[�RU FRQFDYH� DSSUR[LPDWLRQV

WR ILQG AB FRQQHFWLRQV� +RZHYHU� WKH DGGLWLRQDO FRQGLWLRQV f ′ ≤ 0 DQG g′ ≥ 0 JLYHV

ULVH WR D SUREOHP RI ILQGLQJ AB FRQQHFWLRQV� L�H LW PD\ KDSSHQ WKDW WKHUH GRHVQ¶W H[LVW

DQ\ (A,B) FRQQHFWLRQ ZKLFK FDQ SURGXFH D AB�HQWURS\ VROXWLRQ� ,Q WKLV FDVH� WKHUH LV D

FRQFHQWUDWLRQ�δ�ZDYH� DORQJ WKH GLVFRQWLQXLW\ ZKLFK LV VXFFHVVIXOO\ VROYHG LQ FKDSWHU ��

:H XVHG YDQLVKLQJ YLVFRVLW\ PHWKRG IRU OLQHDU IOX[HV f(u) = bu DQG g(u) = au ZLWK

a ≥ 0� b ≤ 0 DQG IRU JHQHUDO FRQYH[ IOX[HV f �g ZLWK WKH FRQGLWLRQV f ′ ≤ 0 DQG g′ ≥ 0� D

/D[�2OHLQLN W\SH IRUPXOD LV JLYHQ�� 2XU QH[W DLP LV WR XVH WKH YDQLVKLQJ YLVFRVLW\ DSSURDFK

IRU JHQHUDO IOX[HV f, g ZLWK WKH DERYH�PHQWLRQHG FRQGLWLRQV �ZH FDOO LW RYHUFRPSUHVVLYH

IOX[ SDLU�� 7KH LQWURGXFWLRQ RI D YLVFRXV WHUP LQ WKH ULJKW�KDQG VLGH RI ������� PDNHV WKH

HTXDWLRQ SDUDEROLF W\SH DQG LW UHDGV

ut + F (x, u)x = εuxx, �������

���



� &RQFOXVLRQV DQG IXWXUH UHVHDUFK

ZKHUH

F (x, u) = H(x)f(u) + (1−H(x))g(u).

,Q &KDSWHU 6, WKH ZHDN IRUPXODWLRQ IRU WKH DERYH YLVFRXV HTXDWLRQ LV JLYHQ E\

'HILQLWLRQ ������ $ IXQFWLRQ u ∈ C0(R×R+;R) LV D ZHDN VROXWLRQ RI WKH HTXDWLRQ �������

LI WKH IROORZLQJ LQWHJUDO LGHQWLW\ KROGV
∫ ∞

0

∫ ∞

−∞
(uφt − εuxφx)dxdt+

∫ ∞

0

∫ ∞

−∞
F (x, u)φxdxdt

+

∫ ∞

0

[f(u(0, t)− g(u(0, t))]φ(0, t)dt+

∫ ∞

−∞
u0(x)φ(x, 0)dx = 0,

�������

IRU DOO φ ∈ C∞
c (R× [0,∞))�

:H VKDOO VWXG\ WKH SUREOHP ������� DQG ILQG RXW DQ DSSURSULDWH HQWURS\ FRQGLWLRQ IRU WKH

OLPLW VROXWLRQ� 7R FDUU\ RXW WKH DQDO\VLV� RXU SODQ LV WR VWXG\ WKH YLVFRXV HTXDWLRQ VHSDUDWHO\

LQ WZR TXDUWHU SODQHV SXWWLQJ ERXQGDU\ FRQGLWLRQ u(0, t) = β(t). 7KDW LV ZH VKDOO VWXG\ WZR

SDUDEROLF ERXQGDU\ YDOXH SUREOHPV VXFK DV

ut + f(u)x = εuxx, x > 0

u(x, 0) = u0(x), u(0, t) = β(t)
�������

DQG
ut + g(u)x = εuxx, x < 0

u(x, 0) = u0(x), u(0, t) = β(t)
�������

DQG WR VKRZ WKH H[LVWHQFH RI C1 �ZLWK UHVSHFW WR WKH VSDFH YDULDEOH� VROXWLRQ uε(ε > 0) LQ

WKH KDOI SODQH� 7KHQ RQH KDV WR REWDLQ SURSHU HVWLPDWHV RQ WKH ERXQGDU\ IXQFWLRQ β(t) DQG

WKLV LQ WXUQ ZLOO JLYH HVWLPDWHV RQ uε IRU SDVVLQJ WR WKH OLPLW DV ε WHQGV WR ]HUR�

,Q &KDSWHU 6� ZH REWDLQHG WKH DV\PSWRWLF EHKDYLRU IRU WKH VROXWLRQ RI ������� DQG VKRZHG

WKDW WKH VROXWLRQ FRQYHUJHV WR D VWHDG\ VWDWH VROXWLRQ DV t → ∞ ZKHQ IOX[HV DUH OLQHDU� L�H

f(u) = bu DQG g(u) = au ZLWK a ≥ 0� b ≤ 0. 1RZ ZH SURSRVH WR VWXG\ WKH DV\PSWRWLF

EHKDYLRU IRU PRUH JHQHUDO RYHUFRPSUHVVLYH IOX[ SDLU� $OVR ZH DLP WR FRQVWUXFW D QXPHULFDO

VFKHPH LQ WKH SUHVHQFH RI WKH YLVFRXV WHUP �L�H IRU WKH SDUDEROLF HTXDWLRQ��

���



� &RQFOXVLRQV DQG IXWXUH UHVHDUFK

����� 9DQLVKLQJ YLVFRVLW\ OLPLW IRU DGKHVLRQ PRGHO

7KH QH[W SURSRVDO LV WR VWXG\ WKH YDQLVKLQJ YLVFRVLW\ OLPLW IRU WKH DGKHVLRQ PRGHO >���@ � �

��
����ut + (u ·∇)u = ε∆u

����ρt +∇ · (uρ) = 0.����
��

,I u = ∇φ� WKH YDQLVKLQJ YLVFRVLW\ OLPLW IRU WKH ILUVW HTXDWLRQ LV GHWHUPLQHG LQ >���@� 7KH

OLPLW IRU ρε LV H[SHFWHG WR EH D PHDVXUH NQRZQ IRU WKH RQH�GLPHQVLRQDO FDVH� :H DLP WR

GHWHUPLQH DQ H[SOLFLW UHSUHVHQWDWLRQ RI WKH VHFRQG FRPSRQHQW ρε DV ε WHQGV WR ]HUR IRU PXOWL�

GLPHQVLRQ� 7KHUH DUH FHUWDLQ GLIILFXOWLHV WR ILQG WKH OLPLW IRU ρε LQ WKHPXOWLGLPHQVLRQDO FDVH�

,QGHHG� WKH H[SOLFLW IRUPXOD RI ρε(ε > 0) LV LQ WKH QRQ�FRQVHUYDWLYH IRUP� (YHQ WKH OLPLWV

IRU WKH LQGLYLGXDO WHUPV DUH NQRZQ� ZH FDQQRW ILQG WKH OLPLW DV D ZKROH LQ WKH VSDFH RI

GLVWULEXWLRQ� $ YDULDQW RI FRPSHQVDWHG FRPSDFWQHVV DUJXPHQW PD\ EH UHTXLUHG WR ILQG WKH

OLPLW� 7KH QH[W GLIILFXOW\ LV WR GHYHORS D QRWLRQ RI VROXWLRQ VXFK WKDW WKH OLPLW VDWLVILHV WKH

VHFRQG HTXDWLRQ� 7KLV LV EHFDXVH WKH OLPLW RI ρε LV D PHDVXUH LQ JHQHUDO� WKH OLPLW RI uε LV D

IXQFWLRQ RI ERXQGHG YDULDWLRQ DQG WKH SURGXFW GRHV QRW PDNH VHQVH LQ JHQHUDO LQ WKH VSDFH

RI GLVWULEXWLRQV�

����� ,QLWLDO�ERXQGDU\ YDOXH SUREOHP IRU �' SUHVVXUHOHVV IORZ ZLWK
PHDVXUH GDWD

$V DQ H[WHQVLRQ RI &KDSWHU 5� QH[W ZH ZDQW WR FRQVWUXFW DQ H[SOLFLW HQWURS\ VROXWLRQ IRU

WKH LQLWLDO�ERXQGDU\ YDOXH SUREOHP ������� ZKHQ GDWXP DUH QRQ�QHJDWLYH 5DGRQ PHDVXUHV�

0RUH SUHFLVHO\� ρ0 DQG ρb DUH QRQ�QHJDWLYH 5DGRQ PHDVXUHV DQG u0, ub DUH ERXQGHG PHD�

VXUDEOH �ZLWK UHVSHFW WR ρ0 DQG ρb UHVSHFWLYHO\� IXQFWLRQV� 7KH FKRLFH RI LQLWLDO�ERXQGDU\

GDWD DV QRQ�QHJDWLYH PHDVXUHV LV QDWXUDO VLQFH WKH VROXWLRQ IRU WKH SUHVVXUHOHVV PRGHO WXUQV

RXW WR EH PHDVXUH RU SURGXFH D YDFXXP� )RU H[DPSOH� LQ WKH VKRFN FDVH WKH VROXWLRQ IRU WKH

5LHPDQQ W\SH GDWD FRQWDLQV D δ−PHDVXUH LQ WKH VHFRQG FRPSRQHQW ρ� DQG LQ WKH UDUHIDFWLRQ

FDVH ρ FRQWDLQV D YDFXXP� +XDQJ DQG :DQJ >��@ REWDLQHG WKH H[SOLFLW IRUPXOD IRU SXUHO\

���



� &RQFOXVLRQV DQG IXWXUH UHVHDUFK

LQLWLDO YDOXH SUREOHP E\ LQWURGXFLQJ WKH LQLWLDO SRWHQWLDO� ,Q RUGHU WR FRQVWUXFW D VROXWLRQ IRU

WKH LQLWLDO ERXQGDU\ YDOXH SUREOHP� ZH QHHG D QHZ ERXQGDU\ SRWHQWLDO DQG D SURSHU QRWLRQ

RI ERXQGDU\ FRQGLWLRQ�

$QRWKHU LQWHUHVWLQJ GLUHFWLRQ LV WR VWXG\ WKH H[SOLFLW IRUPXOD IRU YDULRXV V\VWHPV UHODWHG

WR WKH SUHVVXUHOHVV JDV PRGHO �H�J SUHVVXUHOHVV JDV PRGHO ZLWK D WLPH�GHSHQGHQW VRXUFH�

(XOHULDQ GURSOHW PRGHO� PXOWLGLPHQVLRQDO JDV PRGHO >��@� JDV IORZ LQ D JHQHUDO QR]]OH

>���@ � DFFRPSDQLHG ZLWK LQLWLDO�ERXQGDU\ YDOXH E\ GHWHUPLQLQJ WKH DSSURSULDWH JHQHUDOL]HG

SRWHQWLDOV DQG VWXG\LQJ JHQHUDOL]HG FKDUDFWHULVWLFV�

���



5HIHUHQFHV
>�@ /DZUHQFH & (YDQV� 3DUWLDO GLIIHUHQWLDO HTXDWLRQV� YROXPH ��� $PHULFDQ 0DWKHPDW�

LFDO 6RF�� �����

>�@ $OEHUWR %UHVVDQ� +\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV� WKH RQH�GLPHQVLRQDO

&DXFK\ SUREOHP� YROXPH ��� 2[IRUG 8QLYHUVLW\ 3UHVV RQ 'HPDQG� �����

>�@ 3� '� /D[� +\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV� ,,� &RPP� 3XUH $SSO� 0DWK��

������±���� �����

>�@ -DPHV *OLPP� 6ROXWLRQV LQ WKH ODUJH IRU QRQOLQHDU K\SHUEROLF V\VWHPV RI HTXDWLRQV�

&RPP� 3XUH $SSO� 0DWK�� ������±���� �����

>�@ (GZLJH *RGOHZVNL DQG 3LHUUH�$UQDXG 5DYLDUW� 1XPHULFDO DSSUR[LPDWLRQ RI K\SHU�

EROLF V\VWHPV RI FRQVHUYDWLRQ ODZV� YROXPH ���� 6SULQJHU 6FLHQFH	%XVLQHVV0HGLD�

�����

>�@ &RQVWDQWLQH 0� 'DIHUPRV� +\SHUEROLF FRQVHUYDWLRQ ODZV LQ FRQWLQXXP SK\VLFV� YRO�

XPH ��� RI *UXQGOHKUHQ GHU 0DWKHPDWLVFKHQ :LVVHQVFKDIWHQ >)XQGDPHQWDO 3ULQ�

FLSOHV RI 0DWKHPDWLFDO 6FLHQFHV@� 6SULQJHU�9HUODJ� %HUOLQ� IRXUWK HGLWLRQ� �����

>�@ 3KLOLSSH *� /H)ORFK� +\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV� /HFWXUHV LQ 0DWK�

HPDWLFV (7+ =�ULFK� %LUNKlXVHU 9HUODJ� %DVHO� ����� 7KH WKHRU\ RI FODVVLFDO DQG

QRQFODVVLFDO VKRFN ZDYHV�

>�@ 7DL 3LQJ /LX� $GPLVVLEOH VROXWLRQV RI K\SHUEROLF FRQVHUYDWLRQ ODZV� 0HP� $PHU�

0DWK� 6RF�� ��������LY���� �����

>�@ 'HQQLV -DPHV .RUFKLQVNL� 6ROXWLRQ RI D ULHPDQQ SUREOHP IRU D 2 × 2 V\VWHP RI

FRQVHUYDWLRQ ODZV SRVVHVVLQJ QR FODVVLFDO ZHDN VROXWLRQ� 3K�' 7KHVLV� �����

���



5()(5(1&(6

>��@ 3KLOLSSH /H)ORFK� $Q H[LVWHQFH DQG XQLTXHQHVV UHVXOW IRU WZR QRQVWULFWO\ K\SHUEROLF

V\VWHPV� ,Q 1RQOLQHDU HYROXWLRQ HTXDWLRQV WKDW FKDQJH W\SH� YROXPH �� RI ,0$ 9RO�

0DWK� $SSO�� SDJHV ���±���� 6SULQJHU� 1HZ <RUN� �����

>��@ .7 -RVHSK� $ ULHPDQQ SUREOHP ZKRVH YLVFRVLW\ VROXWLRQV FRQWDLQ δ�PHDVXUHV�

$V\PSWRWLF $QDO\VLV� ��������±���� �����

>��@ 'H &KXQ 7DQ� 7RQJ =KDQJ� 7XQJ &KDQJ� DQG <; =KHQJ� 'HOWD�VKRFN ZDYHV DV

OLPLWV RI YDQLVKLQJ YLVFRVLW\ IRU K\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV� -RXUQDO

RI 'LIIHUHQWLDO (TXDWLRQV� ��������±��� �����

>��@ 9� *� 'DQLORY DQG 9� 0� 6KHONRYLFK� 'HOWD�VKRFN ZDYH W\SH VROXWLRQ RI K\SHUEROLF

V\VWHPV RI FRQVHUYDWLRQ ODZV� 4XDUW� $SSO� 0DWK�� ���������±���� �����

>��@ :HLQDQ (� <X� *� 5\NRY� DQG <D� *� 6LQDL� *HQHUDOL]HG YDULDWLRQDO SULQFLSOHV� JOREDO

ZHDN VROXWLRQV DQG EHKDYLRU ZLWK UDQGRP LQLWLDO GDWD IRU V\VWHPV RI FRQVHUYDWLRQ

ODZV DULVLQJ LQ DGKHVLRQ SDUWLFOH G\QDPLFV� &RPP� 0DWK� 3K\V�� ����������±����

�����

>��@ .� 7� -RVHSK� ([SOLFLW JHQHUDOL]HG VROXWLRQV WR D V\VWHP RI FRQVHUYDWLRQ ODZV� 3URF�

,QGLDQ $FDG� 6FL� 0DWK� 6FL�� ����������±���� �����

>��@ 90 6KHONRYLFK� 7KH ULHPDQQ SUREOHP DGPLWWLQJ δ�� δƍ�VKRFNV� DQG YDFXXP VWDWHV

�WKH YDQLVKLQJ YLVFRVLW\ DSSURDFK�� -RXUQDO RI 'LIIHUHQWLDO (TXDWLRQV� ����������±

���� �����

>��@ *XL�4LDQJ &KHQ DQG +DLOLDQJ /LX� )RUPDWLRQ RI δ�VKRFNV DQG YDFXXP VWDWHV LQ WKH

YDQLVKLQJ SUHVVXUH OLPLW RI VROXWLRQV WR WKH HXOHU HTXDWLRQV IRU LVHQWURSLF IOXLGV� 6,$0

MRXUQDO RQ PDWKHPDWLFDO DQDO\VLV� ���������±���� �����

���



5()(5(1&(6

>��@ 0DUNR 1HGHOMNRY� 6KDGRZ ZDYHV� HQWURSLHV DQG LQWHUDFWLRQV IRU GHOWD DQG VLQJXODU

VKRFNV� $UFKLYH IRU 5DWLRQDO 0HFKDQLFV DQG $QDO\VLV� ����������±���� �����

>��@ 5HY 6 (DUQVKDZ DQG0$ 6KHIILHOG� 2Q WKH PDWKHPDWLFDO WKHRU\ RI VRXQG� ,Q&ODVVLF

3DSHUV LQ 6KRFN &RPSUHVVLRQ 6FLHQFH� SDJHV ��±���� 6SULQJHU� �����

>��@ *HUDOG %HUHVIRUG :KLWKDP� /LQHDU DQG QRQOLQHDU ZDYHV� YROXPH ��� -RKQ :LOH\ 	

6RQV� �����

>��@ .DUO 2HOVFKOlJHU� 2Q WKH FRQQHFWLRQ EHWZHHQ KDPLOWRQLDQ PDQ\�SDUWLFOH V\VWHPV

DQG WKH K\GURG\QDPLFDO HTXDWLRQV� $UFKLYH IRU UDWLRQDO PHFKDQLFV DQG DQDO\VLV�

����������±���� �����

>��@ .DUO 2HOVFKOlJHU� $Q LQWHJUR�GLIIHUHQWLDO HTXDWLRQ PRGHOOLQJ D QHZWRQLDQ G\QDPLFV

DQG LWV VFDOLQJ OLPLW� $UFKLYH IRU 5DWLRQDO 0HFKDQLFV DQG $QDO\VLV� ���������±����

�����

>��@ 6� &DSULQR� 5� (VSRVLWR� 5� 0DUUD� DQG 0� 3XOYLUHQWL� +\GURG\QDPLF OLPLWV RI WKH

9ODVRY HTXDWLRQ� &RPP� 3DUWLDO 'LIIHUHQWLDO (TXDWLRQV� �����������±���� �����

>��@ <81�*8$1* /8� &RQYHUJHQFH RI YLVFRVLW\ VROXWLRQV WR D QRQVWULFWO\ K\SHUEROLF

V\VWHP� ,Q $GYDQFHV ,Q 1RQOLQHDU 3DUWLDO 'LIIHUHQWLDO (TXDWLRQV $QG 5HODWHG $UHDV�

$ 9ROXPH LQ +RQRU RI 3URIHVVRU ;LDTL 'LQJ� SDJHV ���±���� :RUOG 6FLHQWLILF� �����

>��@ 5RQDOG - 'L3HUQD� *OREDO VROXWLRQV WR D FODVV RI QRQOLQHDU K\SHUEROLF V\VWHPV RI

HTXDWLRQV� &RPPXQLFDWLRQV RQ 3XUH DQG $SSOLHG 0DWKHPDWLFV� �������±��� �����

>��@ <D % =HO¶GRYLFK� *UDYLWDWLRQDO LQVWDELOLW\� $Q DSSUR[LPDWH WKHRU\ IRU ODUJH GHQVLW\

SHUWXUEDWLRQV� $VWURQRP\ DQG DVWURSK\VLFV� ����±��� �����

���
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>��@ .7 -RVHSK DQG 0DQDV 5 6DKRR� 9DQLVKLQJ YLVFRVLW\ DSSURDFK WR D V\VWHP RI FRQ�

VHUYDWLRQ ODZV DGPLWWLQJ δ´ ZDYHV� &RPPXQLFDWLRQV RQ 3XUH DQG $SSOLHG $QDO\VLV�

����������±����� �����

>��@ 0LFKDHO 2EHUJXJJHQEHUJHU� &DVH VWXG\ RI D QRQOLQHDU� QRQFRQVHUYDWLYH� QRQVWULFWO\

K\SHUEROLF V\VWHP� 1RQOLQHDU $QDO\VLV� 7KHRU\� 0HWKRGV 	 $SSOLFDWLRQV� ��������±

��� �����

>��@ ;LD[L 'LQJ DQG =KHQ :DQJ� ([LVWHQFH DQG XQLTXHQHVV RI GLVFRQWLQXRXV VROXWLRQV

GHILQHG E\ /HEHVJXH�6WLHOWMHV LQWHJUDO� 6FL� &KLQD 6HU� $� ���������±���� �����

>��@ &RQVWDQWLQH 0 'DIHUPRV DQG &RQVWDQWLQH 0 'DIHUPRV� +\SHUEROLF FRQVHUYDWLRQ

ODZV LQ FRQWLQXXP SK\VLFV� YROXPH �� 6SULQJHU� �����

>��@ 'DUNR 0LWURYLü DQG 0DUNR 1HGHOMNRY� 'HOWD VKRFN ZDYHV DV D OLPLW RI VKRFN ZDYHV�

-RXUQDO RI +\SHUEROLF 'LIIHUHQWLDO (TXDWLRQV� ���������±���� �����

>��@ -HDQ )UDQoRLV &RORPEHDX� 1HZ JHQHUDOL]HG IXQFWLRQV DQG PXOWLSOLFDWLRQ RI GLVWUL�

EXWLRQV� (OVHYLHU� �����

>��@ ( <X 3DQRY DQG 90 6KHONRYLFK� δ′�VKRFN ZDYHV DV D QHZ W\SH RI VROXWLRQV WR V\V�

WHPV RI FRQVHUYDWLRQ ODZV� -RXUQDO RI 'LIIHUHQWLDO (TXDWLRQV� ���������±��� �����

>��@ $� ,� 9ROSHUW� 6SDFHV %9 DQG TXDVLOLQHDU HTXDWLRQV� 0DW� 6E� �1�6��� �� ���������±

���� �����

>��@ *LDQQL 'DO 0DVR� 3KLOLSSH * /HIORFK� DQG )UDQoRLV 0XUDW� 'HILQLWLRQ DQG ZHDN

VWDELOLW\ RI QRQFRQVHUYDWLYH SURGXFWV� -RXUQDO GHPDWKpPDWLTXHV SXUHV HW DSSOLTXpHV�

���������±���� �����

���
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>��@ 0DQDV 5 6DKRR� *HQHUDOL]HG VROXWLRQ WR D V\VWHP RI FRQVHUYDWLRQ ODZV ZKLFK LV QRW

VWULFWO\ K\SHUEROLF� -RXUQDO RI 0DWKHPDWLFDO $QDO\VLV DQG $SSOLFDWLRQV� ����������±

���� �����

>��@ .D\\XQQDSDUD 7KRPDV -RVHSK� 2QH�GLPHQVLRQDO DGKHVLRQ PRGHO IRU ODUJH VFDOH

VWUXFWXUHV� (OHFWURQLF -RXUQDO RI 'LIIHUHQWLDO (TXDWLRQV� ����������±��� �����

>��@ 3KLOLSSH /H)ORFK� ([SOLFLW IRUPXOD IRU VFDODU QRQOLQHDU FRQVHUYDWLRQ ODZV ZLWK

ERXQGDU\ FRQGLWLRQ� 0DWK� 0HWKRGV $SSO� 6FL�� ���������±���� �����

>��@ 0 %ULR� $GPLVVLELOLW\ FRQGLWLRQV IRU ZHDN VROXWLRQV RI QRQVWULFWO\ K\SHUEROLF V\V�

WHPV� ,Q 1RQOLQHDU +\SHUEROLF (TXDWLRQV²7KHRU\� &RPSXWDWLRQ 0HWKRGV� DQG $S�

SOLFDWLRQV� SDJHV ��±��� 6SULQJHU� �����

>��@ %ULDQ 7 +D\HV DQG 3KLOLSSH * /H)ORFK� 0HDVXUH VROXWLRQV WR D VWULFWO\ K\SHUEROLF

V\VWHP RI FRQVHUYDWLRQ ODZV� 1RQOLQHDULW\� ���������� �����

>��@ +HQULN .DOLVFK DQG 'DUNR 0LWURYLü� 6LQJXODU VROXWLRQV RI D IXOO\ QRQOLQHDU �× �

V\VWHP RI FRQVHUYDWLRQ ODZV� 3URFHHGLQJV RI WKH (GLQEXUJK 0DWKHPDWLFDO 6RFLHW\�

���������±���� �����

>��@ +HQULN .DOLVFK DQG 'DUNR 0LWURYLF� 6LQJXODU VROXWLRQV IRU WKH VKDOORZ�ZDWHU HTXD�

WLRQV� 7KH ,0$ -RXUQDO RI $SSOLHG 0DWKHPDWLFV� ���������±���� �����

>��@ 9* 'DQLORY� *$ 2PHO� 90 6KHONRYLFK� HW DO� :HDN DV\PSWRWLFV PHWKRG DQG

LQWHUDFWLRQ RI QRQOLQHDU ZDYHV� ,Q ³$V\PSWRWLF 0HWKRGV IRU :DYH DQG 4XDQWXP

3UREOHPV´� $PHU� 0DWK� 6RF� 7UDQVO� 6HU� ��� SDJHV ��±���� ɂɡɞɚɬɟɥɶɫɤɢɣ ɐɟɧɬɪ

©Ⱥɤɚɞɟɦɢɹª� �����

���
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>��@ &25 6DUULFR� 7KH ULHPDQQ SUREOHP IRU WKH EULR V\VWHP� D VROXWLRQ FRQWDLQLQJ D

GLUDF PDVV REWDLQHG YLD D GLVWULEXWLRQDO SURGXFW� 5XVVLDQ -RXUQDO RI 0DWKHPDWLFDO

3K\VLFV� ���������±���� �����

>��@ +HQULN .DOLVFK� 'DUNR 0LWURYLF� DQG 9LQFHQW 7H\HNSLWL� ([LVWHQFH DQG XQLTXHQHVV

RI VLQJXODU VROXWLRQV IRU D FRQVHUYDWLRQ ODZ DULVLQJ LQ PDJQHWRK\GURG\QDPLFV� DU;LY

SUHSULQW DU;LY������������ �����

>��@ 0DQDV 5 6DKRR DQG $EKURM\RWL 6HQ� /LPLWLQJ EHKDYLRU RI VRPH VWULFWO\ K\SHUEROLF

V\VWHPV RI FRQVHUYDWLRQ ODZV� $V\PSWRWLF $QDO\VLV� ����������±���� �����

>��@ 3HWHU ' /D[� +\SHUEROLF V\VWHPV RI FRQVHUYDWLRQ ODZV LL� &RPPXQLFDWLRQV RQ SXUH

DQG DSSOLHG PDWKHPDWLFV� ���������±���� �����

>��@ &KXQ 6KHQ� :DQFKHQJ 6KHQJ� DQG 0HLQD 6XQ� 7KH DV\PSWRWLF OLPLWV RI VROXWLRQV

WR WKH ULHPDQQ SUREOHP IRU WKH VFDOHG OHURX[ V\VWHP� &RPPXQLFDWLRQV RQ 3XUH 	

$SSOLHG $QDO\VLV� ���������� �����

>��@ *XL�4LDQJ &KHQ DQG +DLOLDQJ /LX� &RQFHQWUDWLRQ DQG FDYLWDWLRQ LQ WKH YDQLVKLQJ

SUHVVXUH OLPLW RI VROXWLRQV WR WKH HXOHU HTXDWLRQV IRU QRQLVHQWURSLF IOXLGV� 3K\VLFD '�

1RQOLQHDU 3KHQRPHQD� ������������±���� �����

>��@ 0HLQD 6XQ� &RQFHQWUDWLRQ DQG FDYLWDWLRQ SKHQRPHQD RI ULHPDQQ VROXWLRQV IRU WKH

LVHQWURSLF HXOHU V\VWHP ZLWK WKH ORJDULWKPLF HTXDWLRQ RI VWDWH� 1RQOLQHDU $QDO\VLV�

5HDO :RUOG $SSOLFDWLRQV� ���������� �����

>��@ 5DQGDOO - /H9HTXH� 7KH G\QDPLFV RI SUHVVXUHOHVV GXVW FORXGV DQG GHOWD ZDYHV� -RXU�

QDO RI +\SHUEROLF 'LIIHUHQWLDO (TXDWLRQV� ���������±���� �����

���



5()(5(1&(6

>��@ 0HLQD 6XQ� 7KH OLPLWV RI ULHPDQQ VROXWLRQV WR WKH VLPSOLILHG SUHVVXUHOHVV HXOHU

V\VWHP ZLWK IOX[ DSSUR[LPDWLRQ� 0DWKHPDWLFDO 0HWKRGV LQ WKH $SSOLHG 6FLHQFHV�

�����������±����� �����

>��@ % 'H 6W 9HQDQW� 7KHRULH GX PRXYHPHQW QRQ�SHUPDQHQW GHV HDX[ DYHF DSSOLFDWLRQ

DX[ FUXHV GHV ULYHUV HW D O¶LQWURGXQWLRQ GHV PDUHHV GDQV OHXU OLW� $FDGHPLF GH 6FL�

&RPSWHV 5HGXV� ����������±���� �����

>��@ 6\OYDLQ 1pHO] HW DO� 'HVNWRS UHYLHZ RI �' K\GUDXOLF PRGHOOLQJ SDFNDJHV� %ULVWRO�

(QYLURQPHQW $JHQF\� �����

>��@ 9HQ 7H &KRZ� $SSOLHG K\GURORJ\� 7DWD 0F*UDZ�+LOO (GXFDWLRQ� �����

>��@ 9HQ 7 &KRZ� 2SHQ�FKDQQHO K\GUDXOLFV� 0F*UDZ�+LOO FLYLO HQJLQHHULQJ VHULHV� �����

>��@ )HLPLQ +XDQJ� ([LVWHQFH DQG XQLTXHQHVV RI GLVFRQWLQXRXV VROXWLRQV IRU D K\SHUEROLF

V\VWHP� 3URFHHGLQJV RI WKH 5R\DO 6RFLHW\ RI (GLQEXUJK 6HFWLRQ $� 0DWKHPDWLFV�

�����������±����� �����

>��@ 0DQDV 5 6DKRR DQG $EKURM\RWL 6HQ� /LPLWLQJ EHKDYLRU RI VFDOHG JHQHUDO HXOHU HTXD�

WLRQV RI FRPSUHVVLEOH IOXLG IORZ� =HLWVFKULIW I�U DQJHZDQGWH 0DWKHPDWLN XQG 3K\VLN�

�������±��� �����

>��@ (EHUKDUG +RSI� 7KH SDUWLDO GLIIHUHQWLDO HTXDWLRQ XW� XX[ µ[[� &RPPXQLFDWLRQV RQ

3XUH DQG $SSOLHG PDWKHPDWLFV� ��������±���� �����

>��@ ;LDTL 'LQJ� 4XDQVHQ -LX� DQG &KHQJ +H� 2Q D QRQKRPRJHQHRXV EXUJHUV¶ HTXDWLRQ�

6FLHQFH LQ &KLQD 6HULHV $� 0DWKHPDWLFV� ���������±���� �����

>��@ ;LDTL 'LQJ DQG <L 'LQJ� 9LVFRVLW\ PHWKRG RI D QRQ�KRPRJHQHRXV EXUJHUV HTXDWLRQ�

$FWD 0DWKHPDWLFD 6FLHQWLD� ���������±���� �����

���
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>��@ $HNWD $JJDUZDO� 0DQDV 5DQMDQ 6DKRR� $EKURM\RWL 6HQ� DQG *DQHVK 9DLG\D� 6ROX�

WLRQV ZLWK FRQFHQWUDWLRQ IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[ DQG LWV DSSOL�

FDWLRQV WR QXPHULFDO VFKHPHV IRU K\SHUEROLF V\VWHPV� 6WXGLHV LQ $SSOLHG 0DWKHPDW�

LFV� ����������±���� �����

>��@ $GLPXUWKL DQG *� '� 9HHUDSSD *RZGD� &RQVHUYDWLRQ ODZ ZLWK GLVFRQWLQXRXV IOX[�

-RXUQDO RI PDWKHPDWLFV RI .\RWR 8QLYHUVLW\� ��������±��� �����

>��@ 2OJD $UVHQ¶HYQD 2OHLQLN� 'LVFRQWLQXRXV VROXWLRQV RI QRQ�OLQHDU GLIIHUHQWLDO HTXD�

WLRQV� 8VSHNKL 0DWHPDWLFKHVNLNK 1DXN� �������±��� �����

>��@ (QJX 6DW\DQDUD\DQD� 0RKG $KPHG� DQG 9 0XUXJDQ� /DUJH WLPH DV\PSWRWLFV ZLWK

HUURU HVWLPDWHV WR VROXWLRQV RI D IRUFHG EXUJHUV HTXDWLRQ� 6WXGLHV LQ $SSOLHG 0DWKH�

PDWLFV� ����������±���� �����

>��@ )� %RXFKXW� 2Q ]HUR SUHVVXUH JDV G\QDPLFV� ,Q %� 3HUWKDPH� HGLWRU� $GYDQFHV LQ

NLQHWLF WKHRU\ DQG FRPSXWLQJ� YROXPH �� RI 6HULHV RQ $GYDQFHV LQ 0DWKHPDWLFV IRU

$SSOLHG 6FLHQFHV� SDJHV ���±���� :RUOG 6FLHQWLILF 3XEOLVKLQJ &R�� ,QF�� 5LYHU (GJH�

1-� ����� 6HOHFWHG SDSHUV�

>��@ )UDQoRLV %RXFKXW DQG )UDQoRLV -DPHV� 'XDOLW\ VROXWLRQV IRU SUHVVXUHOHVV JDVHV�

PRQRWRQH VFDODU FRQVHUYDWLRQ ODZV� DQG XQLTXHQHVV� &RPP� 3DUWLDO 'LIIHUHQWLDO

(TXDWLRQV� ��������������±����� �����

>��@ )UDQoRLV %RXFKXW DQG )UDQoRLV -DPHV� 2QH�GLPHQVLRQDO WUDQVSRUW HTXDWLRQV ZLWK

GLVFRQWLQXRXV FRHIILFLHQWV� 1RQOLQHDU $QDO\VLV� ���������� �����

>��@ /DXUHQW %RXGLQ� $ VROXWLRQ ZLWK ERXQGHG H[SDQVLRQ UDWH WR WKH PRGHO RI YLVFRXV

SUHVVXUHOHVV JDVHV� 6,$0 -� 0DWK� $QDO�� ���������±���� �����

���
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>��@ <DQQ %UHQLHU DQG (PPDQXHO *UHQLHU� 6WLFN\ SDUWLFOHV DQG VFDODU FRQVHUYDWLRQ ODZV�

6,$0 -� 1XPHU� $QDO�� ����������±����� �����

>��@ )HLPLQ +XDQJ� :HDN VROXWLRQ WR SUHVVXUHOHVV W\SH V\VWHP� &RPP� 3DUWLDO 'LIIHUHQ�

WLDO (TXDWLRQV� �����������±���� �����

>��@ =KHQ :DQJ DQG ;LDTL 'LQJ� 8QLTXHQHVV RI JHQHUDOL]HG VROXWLRQ IRU WKH &DXFK\

SUREOHP RI WUDQVSRUWDWLRQ HTXDWLRQV� $FWD 0DWK� 6FL� �(QJOLVK (G��� ���������±����

�����

>��@ )HLPLQ +XDQJ DQG =KHQ :DQJ� :HOO SRVHGQHVV IRU SUHVVXUHOHVV IORZ� &RPP� 0DWK�

3K\V�� ����������±���� �����

>��@ =KHQ :DQJ� )HLPLQ +XDQJ� DQG ;LDTL 'LQJ� 2Q WKH &DXFK\ SUREOHP RI WUDQVSRUWD�

WLRQ HTXDWLRQV� $FWD 0DWK� $SSO� 6LQLFD �(QJOLVK 6HU��� ���������±���� �����

>��@ &� %DUGRV� $� <� /H 5RX[� DQG -��&� 1pGpOHF� )LUVW RUGHU TXDVLOLQHDU HTXDWLRQV ZLWK

ERXQGDU\ FRQGLWLRQV� &RPP� 3DUWLDO 'LIIHUHQWLDO (TXDWLRQV� ���������±����� �����

>��@ .� 7� -RVHSK DQG *� '� 9HHUDSSD *RZGD� ([SOLFLW IRUPXOD IRU WKH VROXWLRQ RI FRQYH[

FRQVHUYDWLRQ ODZV ZLWK ERXQGDU\ FRQGLWLRQ� 'XNH 0DWK� -�� ���������±���� �����

>��@ .D\\XQQDSDUD 7KRPDV -RVHSK DQG 0DQDV 5DQMDQ 6DKRR� $ V\VWHP RI JHQHUDOL]HG

%XUJHUV¶ HTXDWLRQV ZLWK ERXQGDU\ FRQGLWLRQV� $SSO� 0DWK� (�1RWHV� ������±����

�����

>��@ .� 7� -RVHSK DQG 0DQDV 5� 6DKRR� %RXQGDU\ 5LHPDQQ SUREOHP IRU WKH RQH�

GLPHQVLRQDO DGKHVLRQ PRGHO� &DQ� $SSO� 0DWK� 4�� ��������±��� �����

>��@ 0DUNR 1HGHOMNRY� /XNDV 1HXPDQQ� 0LFKDHO 2EHUJXJJHQEHUJHU� DQG 0DQDV 5� 6D�

KRR� 5DGLDOO\ V\PPHWULF VKDGRZ ZDYH VROXWLRQV WR WKH V\VWHP RI SUHVVXUHOHVV JDV

G\QDPLFV LQ DUELWUDU\ GLPHQVLRQV� 1RQOLQHDU $QDO�� �������±���� �����

���
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>��@ +RQJMXQ &KHQJ� 'HOWD VKRFN ZDYHV IRU D OLQHDUO\ GHJHQHUDWH K\SHUEROLF V\VWHP RI

FRQVHUYDWLRQ ODZV RI NH\ILW]�NUDQ]HU W\SH� $GYDQFHV LQ 0DWKHPDWLFDO 3K\VLFV� �����

�����

>��@ &KXQ 6KHQ� 7KH ULHPDQQ SUREOHP IRU WKH SUHVVXUHOHVV HXOHU V\VWHPZLWK WKH FRXORPE�

OLNH IULFWLRQ WHUP� ,0$ -RXUQDO RI DSSOLHG 0DWKHPDWLFV� ��������±��� �����

>��@ 6� .XPDU .�� 3UDYHHQ &�� DQG *� '� 9HHUDSSD *RZGD� $ ILQLWH YROXPH PHWKRG IRU D

WZR�SKDVHPXOWLFRPSRQHQW SRO\PHU IORRGLQJ� -� &RPSXW� 3K\V�� �������±���� �����

>��@ 6WHIDQ 'LHKO� $ FRQVHUYDWLRQ ODZ ZLWK SRLQW VRXUFH DQG GLVFRQWLQXRXV IOX[ IXQF�

WLRQ PRGHOOLQJ FRQWLQXRXV VHGLPHQWDWLRQ� 6,$0 -RXUQDO RQ $SSOLHG 0DWKHPDWLFV�

���������±���� �����

>��@ 6 0RFKRQ� $Q DQDO\VLV RI WKH WUDIILF RQ KLJKZD\V ZLWK FKDQJLQJ VXUIDFH FRQGLWLRQV�

0DWK� 0RGHOOLQJ� ������±��� �����

>��@ &ODXGLR &DQXWR� )DELR )DJQDQL� DQG 3DROR 7LOOL� $Q HXOHULDQ DSSURDFK WR WKH DQDO�

\VLV RI NUDXVH¶V FRQVHQVXV PRGHOV� 6,$0 -RXUQDO RQ &RQWURO DQG 2SWLPL]DWLRQ�

���������±���� �����

>��@ 'DYLG 6WHZDUW 5RVV� 7ZR QHZ PRYLQJ ERXQGDU\ SUREOHPV IRU VFDODU FRQVHUYDWLRQ

ODZV� &RPPXQLFDWLRQV RQ SXUH DQG DSSOLHG PDWKHPDWLFV� ���������±���� �����

>��@ .HQQHWK + .DUOVHQ� 1LOV + 5LVHEUR� DQG -RKQ ' 7RZHUV� 2Q D QRQOLQHDU GHJHQHUDWH

SDUDEROLF WUDQVSRUW�GLIIXVLRQ HTXDWLRQ ZLWK D GLVFRQWLQXRXV FRHIILFLHQW� (OHFWURQLF

-RXUQDO RI 'LIIHUHQWLDO (TXDWLRQV �(-'(�>HOHFWURQLF RQO\@� �����3DSHU±1R� �����

>��@ ( <X 3DQRY� 2Q H[LVWHQFH DQG XQLTXHQHVV RI HQWURS\ VROXWLRQV WR WKH FDXFK\ SUREOHP

IRU D FRQVHUYDWLRQ ODZ ZLWK GLVFRQWLQXRXV IOX[� -RXUQDO RI +\SHUEROLF 'LIIHUHQWLDO

(TXDWLRQV� ���������±���� �����

���
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>��@ %RULV $QGUHLDQRY� .HQQHWK +YLVWHQGDKO .DUOVHQ� DQG 1LOV +HQULN 5LVHEUR� 2Q YDQ�

LVKLQJ YLVFRVLW\ DSSUR[LPDWLRQ RI FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[� 1HW�

ZRUNV DQG +HWHURJHQHRXV 0HGLD� �����SS±���� �����

>��@ 7RUH *LPVH DQG 1LOV +HQULN 5LVHEUR� 6ROXWLRQ RI WKH FDXFK\ SUREOHP IRU D FRQ�

VHUYDWLRQ ODZ ZLWK D GLVFRQWLQXRXV IOX[ IXQFWLRQ� 6,$0 -RXUQDO RQ 0DWKHPDWLFDO

$QDO\VLV� ���������±���� �����

>��@ &KULVWLDQ .OLQJHQEHUJ DQG 1LOV +HQULN 5LVHEUR� &RQYH[ FRQVHUYDWLRQ ODZV ZLWK

GLVFRQWLQXRXV FRHIILFLHQWV� H[LVWHQFH� XQLTXHQHVV DQG DV\PSWRWLF EHKDYLRU� &RPPX�

QLFDWLRQV LQ 3DUWLDO 'LIIHUHQWLDO (TXDWLRQV� ��������������±����� �����

>��@ .HQQHWK + .DUOVHQ DQG -RKQ ' 7RZHUV� &RQYHUJHQFH RI WKH OD[�IULHGULFKV VFKHPH

DQG VWDELOLW\ IRU FRQVHUYDWLRQ ODZV ZLWK D GLVFRQWLQXRXV VSDFH�WLPH GHSHQGHQW IOX[�

&KLQHVH $QQDOV RI 0DWKHPDWLFV� ����������±���� �����

>��@ -RKQ ' 7RZHUV� &RQYHUJHQFH RI D GLIIHUHQFH VFKHPH IRU FRQVHUYDWLRQ ODZV ZLWK D

GLVFRQWLQXRXV IOX[� 6,$0 MRXUQDO RQ QXPHULFDO DQDO\VLV� ���������±���� �����

>��@ $GLPXUWKL� 6LGGKDUWKD 0LVKUD� DQG *� '� 9HHUDSSD *RZGD� 2SWLPDO HQWURS\ VROX�

WLRQV IRU FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV IOX[�IXQFWLRQV� -RXUQDO RI +\SHUEROLF

'LIIHUHQWLDO (TXDWLRQV� ���������±���� �����

>��@ $GLPXUWKL� 6LGGKDUWKD 0LVKUD� DQG *� '� 9HHUDSSD *RZGD� &RQVHUYDWLRQ ODZ ZLWK

WKH IOX[ IXQFWLRQ GLVFRQWLQXRXV LQ WKH VSDFH YDULDEOH�LL� &RQYH[�FRQFDYH W\SH IOX[HV

DQG JHQHUDOL]HG HQWURS\ VROXWLRQV� -RXUQDO RI &RPSXWDWLRQDO DQG $SSOLHG 0DWKH�

PDWLFV� ����������±���� �����

���
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>��@ $GLPXUWKL� 6LGGKDUWKD 0LVKUD� DQG *� '� 9HHUDSSD *RZGD� ([SOLFLW KRSI±OD[ W\SH

IRUPXODV IRU KDPLOWRQ±MDFREL HTXDWLRQV DQG FRQVHUYDWLRQ ODZV ZLWK GLVFRQWLQXRXV

FRHIILFLHQWV� -RXUQDO RI 'LIIHUHQWLDO (TXDWLRQV� ��������±��� �����

>��@ %HQHGHWWR 3LFFROL DQG 0DJDOL 7RXUQXV� $ JHQHUDO EY H[LVWHQFH UHVXOW IRU FRQVHU�

YDWLRQ ODZV ZLWK VSDWLDO KHWHURJHQHLWLHV� 6,$0 -RXUQDO RQ 0DWKHPDWLFDO $QDO\VLV�

����������±����� �����

>��@ )5e'e5,& 3RXSDXG DQG 0LFKHO 5DVFOH� 0HDVXUH VROXWLRQV WR WKH OLQHDU PXOWL�

GLPHQVLRQDO WUDQVSRUW HTXDWLRQ ZLWK QRQ�VPRRWK FRHIILFLHQWV� &RPPXQLFDWLRQV LQ

3DUWLDO 'LIIHUHQWLDO (TXDWLRQV� �����������±���� �����

>��@ 9 'DQLORY DQG 9 6KHONRYLFK� 'HOWD�VKRFN ZDYH W\SH VROXWLRQ RI K\SHUEROLF V\VWHPV

RI FRQVHUYDWLRQ ODZV� 4XDUWHUO\ RI $SSOLHG 0DWKHPDWLFV� ���������±���� �����

>���@ 0DQDV 5DQMDQ 6DKRR DQG +DUHQGUD 6LQJK� :HDN DV\PSWRWLF VROXWLRQ IRU D QRQ�

VWULFWO\ K\SHUEROLF V\VWHP RI FRQVHUYDWLRQ ODZV�LL� (OHFWURQ - 'LII (TX� ����������±

��� �����

>���@ 6HUJH\ &KDSO\JLQ� *DV MHWV� 6FL� 0HP� 0RVFRZ 8QLY� 0DWK� 3K\V� ��� SDJHV �±����

�����

>���@ )UDQoRLV %RXFKXW� 6KL -LQ� DQG;LDQWDR /L� 1XPHULFDO DSSUR[LPDWLRQV RI SUHVVXUHOHVV

DQG LVRWKHUPDO JDV G\QDPLFV� 6,$0 -RXUQDO RQ 1XPHULFDO $QDO\VLV� ���������±����

�����

>���@ <DQJ <DQJ� 'RQJPLQJ :HL� DQG &KL�:DQJ 6KX� 'LVFRQWLQXRXV JDOHUNLQ PHWKRG IRU

NUDXVH�V FRQVHQVXV PRGHOV DQG SUHVVXUHOHVV HXOHU HTXDWLRQV� -RXUQDO RI &RPSXWD�

WLRQDO 3K\VLFV� �������±���� �����

���
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>���@ <DQJ <DQJ DQG &KL�:DQJ 6KX� 'LVFRQWLQXRXV JDOHUNLQ PHWKRG IRU K\SHUEROLF HTXD�

WLRQV LQYROYLQJ δ �VLQJXODULWLHV� QHJDWLYH�RUGHU QRUP HUURU HVWLPDWHV DQG DSSOLFD�

WLRQV� 1XPHULVFKH 0DWKHPDWLN� ����������±���� �����

>���@ ,JRU 3RGOXEQ\� )UDFWLRQDO GLIIHUHQWLDO HTXDWLRQV� DQ LQWURGXFWLRQ WR IUDFWLRQDO

GHULYDWLYHV� IUDFWLRQDO GLIIHUHQWLDO HTXDWLRQV� WR PHWKRGV RI WKHLU VROXWLRQ DQG VRPH

RI WKHLU DSSOLFDWLRQV� YROXPH ���� (OVHYLHU� �����

>���@ $QGUHL ' 3RO\DQLQ� +DQGERRN RI OLQHDU SGHV IRU HQJLQHHUV DQG VFLHQWLVWV� �����

>���@ /LYLX ,JQDW� $OHMDQGUR 3R]R� DQG (QULTXH =XD]XD� /DUJH�WLPH DV\PSWRWLFV� YDQLVKLQJ

YLVFRVLW\ DQG QXPHULFV IRU ��G VFDODU FRQVHUYDWLRQ ODZV� 0DWKHPDWLFV RI FRPSXWD�

WLRQ� ������������±����� �����

>���@ $GLPXUWKL� -pU{PH -DIIUp� DQG *� '� 9HHUDSSD *RZGD� *RGXQRY�W\SH PHWKRGV IRU

FRQVHUYDWLRQ ODZV ZLWK D IOX[ IXQFWLRQ GLVFRQWLQXRXV LQ VSDFH� 6,$0 -RXUQDO RQ

1XPHULFDO $QDO\VLV� ���������±���� �����

>���@ .�+� .DUOVHQ� 6LGGKDUWKD 0LVKUD� DQG 1�+� 5LVHEUR� :HOO�EDODQFHG VFKHPHV IRU

FRQVHUYDWLRQ ODZV ZLWK VRXUFH WHUPV EDVHG RQ D ORFDO GLVFRQWLQXRXV IOX[ IRUPXODWLRQ�

0DWK� &RPSXW�� ����������±��� �����

>���@ $GLPXUWKL� $HNWD $JJDUZDO� DQG *� '� 9HHUDSSD *RZGD� *RGXQRY�W\SH QXPHULFDO

PHWKRGV IRU D PRGHO RI JUDQXODU IORZ� -RXUQDO RI &RPSXWDWLRQDO 3K\VLFV� ��������±

����� �����

>���@ $GLPXUWKL� $HNWD $JJDUZDO� DQG *� '� 9HHUDSSD *RZGD� *RGXQRY�W\SH QXPHULFDO

PHWKRGV IRU D PRGHO RI JUDQXODU IORZ RQ RSHQ WDEOHV ZLWK ZDOOV� &RPPXQLFDWLRQV LQ

&RPSXWDWLRQDO 3K\VLFV� ����������±����� �����

���



5()(5(1&(6

>���@ 5DLPXQG %�UJHU� $ *DUFLD� .HQQHWK + .DUOVHQ� DQG -RKQ ' 7RZHUV� 2Q DQ H[WHQGHG

FODULILHU�WKLFNHQHU PRGHO ZLWK VLQJXODU VRXUFH DQG VLQN WHUPV� (XURSHDQ -RXUQDO RI

$SSOLHG 0DWKHPDWLFV� ���������±���� �����

>���@ /DXUHQW *RVVH DQG )UDQoRLV -DPHV� 1XPHULFDO DSSUR[LPDWLRQV RI RQH�GLPHQVLRQDO

OLQHDU FRQVHUYDWLRQ HTXDWLRQV ZLWK GLVFRQWLQXRXV FRHIILFLHQWV� 0DWKHPDWLFV RI &RP�

SXWDWLRQ� �����������±����� �����

>���@ 6LGGKDUWKD 0LVKUD� &RQYHUJHQFH RI XSZLQG ILQLWH GLIIHUHQFH VFKHPHV IRU D VFDODU

FRQVHUYDWLRQ ODZ ZLWK LQGHILQLWH GLVFRQWLQXLWLHV LQ WKH IOX[ IXQFWLRQ� 6,$0 -� 1XPHU�

$QDO�� ���������±���� �����

>���@ .� 7� -RVHSK� %XUJHUV¶ HTXDWLRQ LQ WKH TXDUWHU SODQH� D IRUPXOD IRU WKH ZHDN OLPLW�

&RPP� 3XUH $SSO� 0DWK�� ���������±���� �����

>���@ $QXSDP 3DO &KRXGKXU\� .� 7� -RVHSK� DQG 0DQDV 5� 6DKRR� 6SKHULFDOO\ V\PPHWULF

VROXWLRQV RI PXOWLGLPHQVLRQDO ]HUR�SUHVVXUH JDV G\QDPLFV V\VWHP� -� +\SHUEROLF

'LIIHU� (TX�� ���������±���� �����

>���@ :HQWDR &DR� )HLPLQ +XDQJ� DQG 'LIDQ <XDQ� *OREDO HQWURS\ VROXWLRQV WR WKH JDV

IORZ LQ JHQHUDO QR]]OH� 6,$0 -� 0DWK� $QDO�� ����������±����� �����

���




