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SYNOPSIS

In recent years, Accelerator Driven Systems (ADSs) have attracted worldwide attention due
to their superior safety characteristics as compared to critical reactors and their potential to
incinerate Minor Actinides (MAs) and transmute Long Lived Fission Products (LLFPs). In a
critical reactor, the number of neutrons produced by fission is exactly balanced by the
number lost by leakage and absorption in various materials in the reactor. This balance is
responsible for maintaining reactor power at any desired level. In sub-critical reactors, the
number of neutrons produced by fission is less than that lost by leakage and absorption and
hence, such reactors need an external neutron supply in order to maintain a constant power
level. This external supply of neutrons comes from the interaction of a high energy proton

beam with a heavy atom nucleus such as lead through a process known as spallation.

Such systems, first proposed for production of fissile material, were not pursued mainly due
to the technological difficulties associated with building the required high power (about 1
GeV energy and few hundred mA current) proton accelerators, and developing suitable
targets and windows which could withstand the severe thermal and radiation environment
associated with such high power beams. The other reason was that uranium prices did not
increase significantly so as to make accelerator breeding economically attractive. In the mid
nineties, the Nobel laureate Carlo Rubia proposed ADSs for energy production using
thorium fuel in a self sustaining cycle and requiring relatively modest power accelerators
(about 1 GeV energy and 10 mA current). This initiated a renewed interest in sub-critical
systems, and has presently caught the attention of the world for the equally important role of

nuclear waste transmutation.



Indian interest in ADS is primarily related to the planned utilization of our large thorium
reserves for future nuclear energy generation. Thorium has an added advantage that it

produces much less quantities of long-lived radioactive wastes as compared to uranium.

The main R&D efforts are related to development of accelerator technologies leading to
construction of a high energy high current accelerator. A major effort is also directed
towards target and window technologies. Basic research activities in the area of the sub-
critical reactor physics include new measurements and evaluations of nuclear data both at
traditional reactor energies as well as at high energies, development of computer codes for
describing the interaction of high energy protons with targets, and new Monte Carlo codes
for predicting the properties of the sub-critical cores including the effects of fuel burn-up.
Theoretical studies on new and more suitable definitions of parameters such as sub-critical

reactivity, reactivity worth and the parameter Kk in addition to kg are being carried out.

Considerable theoretical and experimental effort is being devoted to developing methods for
measuring and monitoring the sub-criticality of an ADS. The fission power in an ADS is
directly proportional to the neutron source strength and inversely proportional to the degree
of sub-criticality. To get a high power, the sub-criticality should be low. However if the
reactor is operated too close to criticality, it may go critical due to addition of reactivity
during operating transients such as xenon decay or decay of Pa®>> to U*>. Thus, sub-critical
reactivity is an important parameter from the point of view of ADS operation. It decides not
only the accelerator current that will be required to produce the desired power but also the
margin of safety available. Measurement and continuous monitoring of this parameter in

operating ADS reactors will be an essential safety requirement.

Several low power experiments (Kitamura et al., 2004; Kloosterman and Rugama, 2005)

have been performed for evaluating various methods (deterministic as well as stochastic) for



measuring the sub-critical reactivity in ADS. The well known pulsed neutron method and a
recently proposed method viz., the source jerk method are the deterministic methods that
have been studied in these experiments There have also been suggestions regarding use of
noise techniques for monitoring the sub-criticality of ADS (Behringer and Wydler, 1999;
Carta and D’ Angelo, 1999; Munoz-Cobo et al., 2001). Similar experiments are planned to be

carried out in the Purnima sub-critical facility at BARC.

Noise methods have long been used for measurement of reactor kinetics parameters and as
diagnostic tools for monitoring the health of a nuclear power plant. It is conceivable that
noise techniques would find similar applications in ADS. For this reason, theoretical and
experimental studies on ADS noise methods have appeared since the late nineties. The
earliest theoretical studies on various noise techniques for ADS (Pazsit and Yamane, 1998;
Kuang and Pazsit, 2000; Behringer and Wydler, 1999) assumed that the neutron producing
source events in an ADS form a Stationary Poisson Point Process (SPPP). Each such event

(spallation) was assumed to produce neutrons with a large multiplicity distribution.

However, the principal difference between critical reactor noise and ADS noise is due to the
statistical properties of the source. Unlike the source due to radioactive decay present in
ordinary reactors, the accelerator produced neutron source in an ADS cannot be assumed to
be a Poisson process. Moreover, the source may be pulsed. It was first pointed out by
Degweker (2000, 2003) that a new theoretical approach is required to describe noise in

ADS.

In the present thesis, we discuss theoretical work aimed at developing noise methods for
measurement of the sub-criticality in the light of the new theoretical approach mentioned
above. The scope and content of the theory has been considerably expanded by us

(Degweker and Rana, 2007; Rana and Degweker, 2009; Degweker and Rana, 2011; Rana



and Degweker, 2011). A diffusion theory based analogue Monte Carlo method (Rana, Singh
and Degweker, 2013) has been developed for simulating the noise experiments planned at
BARC. These are the new results presented in this thesis. The thesis is divided into seven

chapters as elaborated below.

1. Introduction and Overview

Chapter I is a brief introduction to the ADS concept. The concept of ADS and its evolution
over the years is discussed. A survey of the theoretical and experimental studies on such

systems is presented.

2. Reactor Noise in Traditional Reactors and ADS

Chapter II gives a general introduction to the subject of reactor noise and presents an
overview of theoretical methods employed for studying the subject. The Kolmogorov
forward and backward equations are discussed and the probability generating function
method for obtaining their solutions is described. The Bartlett formula for source dependent
problems is presented. A discussion on the space dependent effects in reactor noise is
included as also the theoretical approaches to this problem. The Langevin method, which is

an alternative theoretical approach for studying reactor noise problems, is discussed.

Measurement of the variance to mean ratio in counting intervals, the Rossi alpha function,
the Auto Correlation Function (ACF) or the Cross Correlation Function (CCF), of the
number of counts in one or two detectors, or in the frequency domain, the Power Spectral
Density (PSD) or the Cross Power Spectral Density (CPSD) are some of the commonly used
experimental methods for noise analysis. The theory is used to obtain expressions for these
quantities which include various parameters such as the sub-critical reactivity, delayed

neutron fraction and neutron lifetime. The parameters are extracted by fitting measured



quantities to these expressions. A discussion of various experimental procedures used for
analyzing reactor noise and the connection of the theory with these procedures for extracting

reactor physics parameters is also included.

This is followed by a review of the various theoretical studies on Reactor Noise in ADS. The
earliest theoretical studies on various noise techniques for ADS (Pazsit and Yamane, 1998;
Kuang and Pazsit, 2000; Behringer and Wydler, 1999) did not account for either periodic
pulsed source or for its non-Poisson character. By a Poisson source we mean that the arrival
times of protons or ions (and therefore the injection times of neutron bunches) constitute a
stochastic Poisson point process. For such sources, the Bartlett formula is valid whether the
source is stationary as in ordinary radioactive sources or even if it is pulsed, with finite or

infinitesimal width.

On the other hand if the arrival times do not constitute a Poisson point process, the
previously described and commonly used theoretical approaches such as the Kolmogorov
forward equation or the Bartlett formula are inapplicable and we call such sources as non-
Poisson sources. These features were considered by Degweker (2000, 2003) treating the
individual pulses as Dirac delta functions, uncorrelated with one another. In these papers, it
was shown that reactor noise in ADS is different from that in critical or radioactive source
driven sub-critical systems due to non-Poisson character of the periodically pulsed source.
Various noise descriptors, such as Rossi alpha, Feynman alpha (or variance to mean), PSD

and CPSD were derived.

The method developed for treating non-Poisson sources consisted of obtaining the
probability generating function (pgf) of detected counts for a single neutron injected in a
source free medium. Using the multiplicative property of pgfs for different source events,

the pgf for the case of an arbitrary source was obtained. This property is due to the



independent propagation of chains initiated by different source neutrons and is a

consequence of the linear character of the neutron transport and multiplication.

A similar treatment was subsequently used by Ballester & Munoz Cobo (2005a). Using a
space dependent model the authors derived CPSD for sub-critical assemblies driven by
external non-Poisson source. The results were validated (Ballester & Munoz Cobo, 2005b)
against the data gathered in MUSE-4 experiments to investigate the application of the
Feynman-alpha method using an external pulsed source as a sub-criticality level monitoring
technique. They also made an attempt to study the influence of the non-Poisson nature of the
pulsed source. Pazsit et al. (2005) and Kitamura et al. (2005) included periodic pulsing but
with a Poisson source. They considered the pulse to be of finite width of rectangular and

Gaussian shapes and also included the effect of delayed neutrons.

3. Finite Pulses and Correlations between Different Pulses

In Chapter III, we extend the scope of the earlier papers (Degweker, 2000, 2003) to include
the possibility of correlations between different pulses and finite pulses of different shapes.
A possible reason for the non-Poisson nature of the source is identified as being due to
fluctuations in the beam current. Measurements of the number of protons per shot during the
TARC experiments (Abanades et al., 2002) clearly show that the fluctuations in the current

are much too large so as to be described by a Poisson distribution.

At any instant of time, the probability per unit time for a spallation (neutron producing
reaction) event to occur is taken to be proportional to the instantaneous proton (ion) current
I(t) at that time. I(t) itself is treated as a stochastic process which is moreover having a
periodic modulation corresponding to the pulsed nature of the proton (ion) beam. The source
is thus treated as a doubly stochastic Poisson point process. Each pulse can have any shape

but calculations are done for the two commonly occurring shapes — rectangular and

6



Gaussian. Thus, this approach allows us to extend the earlier formulation based on delta
function pulses to take care of finite pulses as well as correlations between different pulses.

The development in this chapter is restricted to the case of prompt neutrons only.

Expressions for v/m, Rossi alpha, ACF and PSD are obtained for the cases of Gaussian and
rectangular pulses. The correlations in the source fluctuations introduce additional terms
which could confuse interpretation of alpha measurements by the variance method. The
Rossi alpha and PSD methods might perform better in this case. The finiteness of the pulse

width introduces small corrections to the formulae for delta function pulses.

4. Theory of Reactor Noise in ADS with Delayed Neutrons

In Chapter IV, we develop the theory further to include delayed neutrons and derive
Feynman alpha and Rossi alpha formulae by considering the source to consist of periodic
pulses (delta functions) with non-Poisson statistics, but without correlations between
different pulses. By carrying out calculations of the Feynman alpha and Rossi alpha for
typical experimental parameters, it is shown that the delayed neutron effects become
important in those situations where the prompt and delayed neutron timescales are not very
distinct and the formulae derived by us would serve as corrections even on prompt neutron
timescales. The derived formulae provide important corrections for delayed neutron effects

to the formulae obtained earlier.

We find that in addition to the terms due to source and fission chain correlations, the
formulae contain periodic variations in the uncorrelated terms. The terms representing
neutron chain correlations in the formulae have forms similar to that given in the literature
and have been expressed by us in terms of the properties of the zero power transfer function.
The term due to source correlations is different from that appearing in recently published

formulae because of the non-Poisson character of accelerator-based sources.



An analysis of the results of experiments in the KUCA facility (Pazsit et al., 2005) using our
formulae also clearly shows the presence of a source contribution to the Feynman Y
function. Such a contribution is not expected for D-D or D-T sources since neutron
production in these reactions is in singlets (i.e., there is no bunching) and can be explained
due to the non-Poisson character of the ion beam. In the absence of delayed neutrons, the

expressions reduce to the form derived in an earlier paper (Degweker, 2003), as they should.

Subsequently, we also include correlations between different source pulses. It is assumed
that source can be described as a periodic sequence of delta function non-Poisson pulses,
with exponential correlations. Feynman alpha and Rossi alpha formulae are derived for such

a source taking into account the effect of delayed neutrons.

Calculation of the Rossi alpha formula for typical experimental parameters shows that if the
external source fluctuations are correlated with correlation times greater than or of the order

of the prompt neutron decay times, it will be difficult to use methods such as Rossi alpha.

It is therefore important to study the current fluctuation statistics of ion beams from

accelerators, either theoretically or experimentally.

5. The Langevin Approach to Reactor Noise in ADS

Behringer and Wydler (1999) considered the Langevin approach for ADS noise, but they
used a modified Schottky prescription to include the Noise Equivalent Source (NES) for
source fluctuations. This formulation is valid only for Poisson sources. Thus the pulsed non-
Posisson character of the source is not brought out in their paper. Another paper based on the
Langevin approach for ADS noise is due to Pazsit and Arzhanov (1999). They however have
presented a treatment using the Langevin approach in the context of power reactor ADS

noise.



In Chapter V, we develop the Langevin approach to reactor noise in ADS. Apart from being
simpler, the Langevin approach allows treatment of feedback effects arising in ADS with
significant power as well as other noise sources if any. We examine if it is possible to treat
zero power neutron fluctuations in an ADS with non-Poisson source using this formulation.
We show that this is possible and for this purpose, the external source fluctuations cannot be
treated only as an NES or only as an external parametric fluctuation but rather as a
combination of an internal noise described by the Schottky formula and as an external

fluctuating function. This way, non-Poisson sources of all kinds can be treated.

We first demonstrate, for two models of the source studied by us earlier, that it is possible to
obtain the correct expressions for various noise descriptors using the Langevin approach
with Schottky prescription for fission, detector, and capture events but with a separate
treatment for ADS source fluctuations. In both these cases we show that our earlier results
by the more rigorous method are reproduced. The demonstration is important as it fixes the
recipes required for treating a new system (ADS, in this case) using the heuristic Langevin

approach.

The method is then applied to treat the more general problem of zero power ADS noise viz.,
correlated non-Poisson pulsed sources with finite pulse width including delayed neutrons.
The rather complicated nature of this problem makes the calculations by the pgf method
wholly intractable and this necessitates the use of a simpler approach. We find that the
Langevin method fits the bill. We obtain the PSD of the noise as the Langevin method is
simplest to use in the frequency domain. This is the main new result presented in this

chapter.



6. Simulation of Noise Experiments in Sub-critical Systems by Diffusion Theory Based

Analogue Monte Carlo

Various low power experiments are being planned (Rasheed et al., 2010) to be carried out at
Bhabha Atomic Research Centre (BARC) with the aim of demonstrating pulsed neutron and
noise methods for measuring the sub-critical reactivity of ADS. One of the aims of the
experiments would be to verify the theory of reactor noise in ADS developed by us and
interpret the results in terms of the theory. The system planned is a natural uranium sub-

critical assembly moderated by water or high density polyethylene. The maximum Kk of
such a system is expected to be about 0.9. At such a low value ofk , noise experiments for

determining alpha are likely to face difficulties in interpretation due to modal contamination

effects at such low values of the k . By the time the higher modes have died out and the

fundamental mode decay of the correlation sets in, very few correlated counts remain and
the background noise dominates. However, for both types of experiments it is possible to
select certain detector positions where the modal contamination of many of the higher modes

immediately above the fundamental mode can be eliminated.

As part of the planning of the experiments, a simulation of the kind of results that might be
expected with different detector locations and counting and analyzing setups is necessary,
particularly in view of the difficulty mentioned above. Simulations with standard code
packages (MCNP, 1987; MONALI 1991) are not appropriate because of several non-
analogue features built into such codes. These need to be modified into completely analogue
simulation codes. Munoz Cobo et al. (2001) coupled the high energy code LAHET with
another Monte Carlo code MCNP-DSP and simulated cross power spectral density between
the proton current signal and a neutron detector signal for a typical fast energy amplifier

configuration. While LAHET simulates the spallation process and transport of charged

10



particles, MCNP-DSP is used to simulate the counting statistics from neutrons counters.
Pozzi et al. (2012) have developed a variant of MCNP, called MCNP-PoliMi. The code can
simulate correlated statistics of neutrons and photons. It can also handle the effect of delayed
neutrons. However, completely analogue computations are very time consuming. There have
been attempts to remedy (Maté Szieberth and Gergely Klujber, 2010) some of these
problems by special methods of correcting tallies which give not only the correct value of
the first moment but also of the second moment. The simulation is still having many time

reducing features and takes less time compared to purely analogue simulations.

But the purpose of simulations of proposed experiments is often not to obtain the ‘correct’
value of say the variance to mean ratio but rather to obtain the kind of results that are
expected. For example one may be interested in knowing the magnitude of this quantity for

given values of system parameters such ask, , detection efficiency etc., and how it

compares with the background random noise for a given counting time or the magnitude of
the space dependent effects, delayed neutron contributions and dead time effects that
invariably appear in the experiment. All this is possible only if the simulation is completely

analogue and, as mentioned above, such simulation requires long computing times.

In Chapter VI, we describe an analogue Monte Carlo code developed by us for carrying out
such simulations. The simulator generates a detailed time history of counts in the detector so
that any method of analysis can be carried out. Since analogue MC takes very long
computing time, instead of carrying out a simulation to yield results equivalent to transport
theory, we attempt to reproduce results equivalent to few-group diffusion theory, which
requires much less time. While few-group diffusion theory may not be as accurate as exact
MC simulations, it will be adequate for the purpose mentioned above. Moreover, it is always

possible to substitute the diffusion equivalent simulation with a transport equivalent

11



simulation in regions where diffusion theory is not valid. We discuss the basic theory of the
simulation method and some results of our simulations. We describe some simple reactor
models for which analytical diffusion kernels can be used very effectively to get some of the
required results. We also describe a numerical approach based on the finite differenced

diffusion equation which is applicable to more general situations.

The few group diffusion theory based analogue MC code for simulating reactor noise
experiments is used to study the problem of suitable location (at the intersection of the zeros
of the symmetric modes) of the neutron detectors to avoid contamination due to contribution
from higher modes. A simplified model of one of the proposed Purnima sub-critical
assemblies is used for the purpose of the study. We simulate the ACF and Feynman alpha
experiments. The value of alpha obtained from the simulation agrees well with the value
obtained from the analytical solution for the geometry. The simulations show that proper
location of detectors gives an almost single exponential (fundamental mode) response
making alpha measurements by the noise methods possible even in deeply sub-critical

systems.

7. Summary and Conclusions

Chapter VII gives a brief summary of the results presented in the thesis and the main

conclusions drawn.

Reactor noise in ADS is different from ordinary reactors due to the different statistical
characteristics of the driving source. Since Reactor Noise techniques are potential candidates
for sub-criticality measurement / monitoring of ADSs, it is important that these are put on a
sound theoretical footing. A beginning was made in this direction by Degweker through two

pioneering papers (Degweker, 2000, 2003) in which the individual pulses are treated as

12



Dirac delta functions, uncorrelated with one another. The theory treated all neutrons as

prompt.

In this thesis we (Degweker and Rana, 2007; Rana and Degweker, 2009; Degweker and
Rana, 2011; Rana and Degweker, 2011) present developments carried out to include the
effects of finite pulses, delayed neutrons and correlations between different pulses of the
source. Formulae for Rossi alpha, Feynman alpha (or variance to mean), PSD and CPSD
have been derived. While much of the work is based on the probability generating function
approach, for the more complicated problems, we have successfully developed the simpler,
though somewhat heuristic, Langevin approach to ADS noise theory. A novel method (Rana,
Singh and Degweker, 2013) for simulating noise experiments (planned to be carried out at
BARC) using diffusion based analogue Monte Carlo, and some interesting results on the

spatial dependence of noise in ADS, thus obtained, are also discussed in the thesis.
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3.2

4.1

LIST OF FIGURES

Variation of the v/m with inverse of the decay constant. The points are
based on the experimental results presented by Pazsit et al. (2005). In the
graph (a) we show a power law fit while in (b) we show a quadratic fit.
While both fits are equally good, the power obtained is not 2 as is
expected on the assumption of a Poisson source. The quadratic fit passes
through the origin and the linear term indicates a non-Poisson source
contribution.

Variation of different terms of the Rossi alpha formula [Eq. (3.8)] withz .
B, C, D, and E refer to the second, the third, the fourth and the sum of the
second and fourth terms, respectively. The three sets of graphs (a)—(c) are

forf<<a, f~a and f >> a respectively.

Comparison of the (uncorrelated part) Rossi alpha formula for delta
function and rectangular shaped pulses. The two are identical except close
to an integral multiple of the pulse period. In the former we get a sharp
cusp whereas for the latter we get a smooth curve in these regions.

Variation of different terms of the v/m formula with the length of the
counting interval. The parameters used to plot the graphs are listed under
set 1 in table 4.1. (a) Fission chain contribution on prompt neutron
lifetime scale; (b) Fission chain contribution on delayed neutron lifetime
scale; the contribution of delayed neutrons is to be noticed; (c)
Contribution due to source correlations; (d) Oscillatory term due to the

periodicity of the source.
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4.2

4.3

4.4

4.5

4.6

Variation of different terms of the v/m formula with the length of the
counting interval. The parameters used to plot the graphs are listed under
set 2 in table 4.1. (a) Fission chain contribution on prompt neutron lifetime
scale; (b) Fission chain contribution on delayed neutron lifetime scale; this
being a heavy water reactor case, the two scales can be seen overlapping;
(c) Contribution due to source correlations; (d) Oscillatory term due to the
periodicity of the source.

Variation of different terms of the v/m formula with the length of the
counting interval. The parameters used to plot the graphs are listed under
set 3 in table 4.1. (a) Fission chain contribution on prompt neutron lifetime
scale; (b) Fission chain contribution on delayed neutron lifetime scale;
again this being a heavy water reactor case, the two scales can be seen
overlapping, also the magnitude is more than that in Fig. 4.2 because of
lesser sub-criticality level; (¢) Contribution due to source correlations; (d)
Oscillatory term due to the periodicity of the source.

Variation of different terms of the Rossi Alpha formula with delay time.
The parameters used to plot the graphs are listed under set 1 in table 4.1.
(a) on prompt neutron lifetime scale; (b) on delayed neutron lifetime scale;
(c) term arising due to source correlations.

Variation of different terms of the Rossi Alpha formula with delay time.
The parameters used to plot the graphs are listed under set 2 in table 4.1.
(a) on prompt neutron lifetime scale; (b) on delayed neutron lifetime scale.
Variation of different terms of the Rossi Alpha formula with delay time.
The parameters used to plot the graphs are listed under set 3 in table 4.1.

(a) on prompt neutron lifetime scale; (b) on delayed neutron lifetime scale.
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4.7

4.8

4.9

Counting gate system for Rossi alpha measurements. The first count
occurs in the interval dtaround t=0 and the second in the interval
dz aroundt = 7. The last source pulse that contributes to the counts occurs

at t, and the ones prior to this will occur att,—1/f, t,-2/f, ... etc. t;

is a random variable and has equal probability of occurrence between

r—1/f, 7. Correspondingly, the earlier pulse will lie between 7 —2/ f
and 7—1/f and so on.

Variation of different terms of the Rossi alpha formula (Eq. 4.50)
withz on prompt neutron lifetime scale. The parameters used to plot the
graphs are listed under set 1 in Table 4.2 corresponding to light water
systems. Also shown is the Rossi alpha function oscillates with time and
has a decaying part in the beginning which later on becomes non-
decaying. The correlated component (due to fission chain, source
multiplicity and correlations in the source fluctuations) of Rossi alpha
function falls exponentially. The contribution of the fourth term of the
Rossi alpha function i.e. oscillating part of the term arising due to
correlations in the source fluctuations is rather small to be significant in
this case.

Variation of different terms of the Rossi alpha formula withz . The graphs
a-c are for ¢ <<a, ¢ ~a and ¢>>a respectively. If ¢~a or ¢ << q, it is
likely that noise experiments might yield ¢ which may be mistaken for a!

Only in the case of ¢>>a i.e. where source fluctuations can be treated as

white do we get Rossi alpha which will give correct a. Fig. 4.9 (d) shows

contribution to Rossi alpha due to correlations in the source fluctuations
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4.10

4.11

4.12

6.1

and that due to source multiplicity plus fission chain. The parameters used
to plot the graphs are listed under set 2 in Table 4.2 corresponding to
heavy water systems.

Counting gate system for V/m measurements. The counting interval

1s[0,T]. The last source pulse that contributes to the counts occurs at t,
and the ones prior to this will occur att, -1/ f, t,—2/f, ...etc. t, isa

random variable and has equal probability of occurrence between

T-1/f, T. Correspondingly, the earlier pulse will lie between T —2/ f
and T —1/f and so on.

Variation of total and different terms of the v/m formula with the length
of the counting interval. The parameters used to plot the graphs are listed
under set 1 in Table 4.2. (a) On prompt neutron life time scale. It is seen
that the v/m appears to saturate and hence use of formula with only
prompt neutrons may be adequate for analyzing the experimental results.
(b) On delayed neutron life time scale; the contribution of delayed
neutrons is however seen.

Variation of total and different terms of the v/m formula with the length
of the counting interval. The parameters used to plot the graphs are listed
under set 3 in Table 4.2 corresponding to heavy water systems. Here the
prompt and delayed scales are not very distinct and corrections due to
delayed neutron terms will be necessary for analyzing experimental
results. (a) On short life time scale. (b) On delayed neutron life time scale.
The problem of determining the potential (to the left of the plane P) due to

a positive charge +q near the conducting plane P which is earthed can be
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6.2

6.3

6.4

6.5

solved by adding an image charge —q at an equal distance behind the
plane.

On the left we show the case of a single plane boundary with the medium
on the left and vacuum on the right. A single negative image source on the
right at the same distance from the boundary as the original source
reproduces the zero flux boundary condition on B. For the two
dimensional case shown on the right, we need three image sources to
reproduce the zero flux boundary condition on B and BB.

Mesh arrangement in finite differencing scheme.

(a) Plot of the auto covariance of the count rate with the time separation
with symmetrically placed detectors at the zeros of the first symmetric
harmonics. After removing the first point, the single exponential fit is
almost exact and gives a value of alpha close to the expected value. (b)
Plot of the variance to mean ratio with the counting interval length with
symmetrically placed detectors at the zeros of the first symmetric
harmonics.

(a) Plot of the auto covariance of the count rate with the time separation
with symmetrically placed detectors at the zeros of the first symmetric
harmonics with inclusion of delayed neutrons. Note that the auto
covariance reaches an approximately constant value after 1 ms due to
delayed neutrons. (b) Plot of the auto covariance of the count rate with the
time separation with symmetrically placed detectors at the zeros of the
first symmetric harmonics after subtracting the delayed neutron
contribution. The exponential fit is good and gives a value of alpha close

to the expected value.
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6.6

6.7

6.8

6.9

(a) Plot of the auto covariance of the count rate with the time separation
with detectors placed symmetrically but away from the zeros of the first
symmetric harmonics. The exponential fit is not good nor does it give a
value of alpha close to the expected value. (b) Plot of the auto covariance
of the count rate with the time separation with detectors placed at the
zeros of the first symmetric harmonics but in a single quadrant. The
exponential fit is not good nor does it give a value of alpha close to the
expected value.

(a) Plot of the auto covariance of the count rate with the time separation
with symmetrically placed detectors at the zeros of the first symmetric
harmonics as simulated by few group diffusion theory based analogue
Monte Carlo code with coarse mesh size. (b) Plot of the auto covariance of
the count rate with the time separation with symmetrically placed
detectors at the zeros of the first symmetric harmonics as simulated by few
group diffusion theory based analogue Monte Carlo code with fine mesh
size.

(a) Plot of the variance to mean ratio with the counting interval length
with symmetrically placed detectors at the zeros of the first symmetric
harmonics as simulated by few group diffusion theory based analogue
Monte Carlo code with coarse mesh size. (b) Plot of the variance to mean
ratio with the counting interval length with symmetrically placed detectors
at the zeros of the first symmetric harmonics as simulated by few group
diffusion theory based analogue Monte Carlo code with fine mesh size.
Plot of the variance to mean ratio with the counting interval length with

symmetrically placed detectors at the zeros of the first symmetric
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harmonics- a comparison of the results obtained by analytical diffusion

theory based kernels and simulation (for fine mesh structure) by few

group diffusion theory based analogue Monte Carlo code.
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CHAPTER 1

Introduction and Overview

Accelerator Driven Systems (ADSs) are being studied around the world for energy
production using thorium and for nuclear waste transmutation. Such systems are attractive
due to their superior safety characteristics as super criticality related accidents can be avoided
in a well designed ADS. India also has a program on R & D of ADS which includes
development of technologies for high energy high current accelerators, targets and windows

and the basic research activities in the area of reactor physics.

One of the important issues related with the operation of an ADS is measurement and
monitoring of its sub-criticality. Studies are being carried out around the world towards
developing suitable methods for the purpose. Among the various methods proposed for this
purpose, there have been suggestions (Behringer and Wydler, 1999; Carta and D'Angelo,
1999; Munoz-Cobo et al., 2001) regarding use of noise techniques. A considerable amount of
theoretical work has been carried out towards understanding Reactor Noise in ADS (Pazsit
and Yamane, 1998a,b; Kuang and Pazsit, 2000; Behringer and Wydler, 1999; Degweker,
2000, 2003). The theoretical formulation of Degweker (2000, 2003) is different in so far as it
treats the ADS source as a non-Poisson source, which is a major departure from conventional

reactor noise theory.

Various experimental studies (Soule et al., 2004; Carl-Magnus Persson et al., 2005) at low
power have been carried out for evaluating both deterministic as well as stochastic methods
for measuring the sub-critical reactivity in ADS. Similar experiments are planned (Rasheed et

al., 2010) to be carried out in the upcoming Purnima sub-critical facility at BARC as a part of
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the Indian program on R & D of ADS. Apart from demonstrating pulsed neutron and noise
methods for measuring the sub-critical reactivity of ADS, the experiments aim to verify the
theory of reactor noise in ADS mentioned above, and to interpret the results in terms of the

theory.

The work described in the thesis generally relates to the problem of sub-criticality
measurement by the noise technique and also in particular to the proposed experimental
program of the Purnima sub-critical facility. The thesis extends the scope and content of the
theory of noise in ADS (Degweker and Rana, 2007, 2011; Rana and Degweker, 2009, 2011).
The thesis also describes the development of a diffusion theory based analogue Monte Carlo

code (Rana et al., 2013) for simulating the noise experiments being planned at Purnima.
1.1 ADS: A historical background

The earliest suggestion of using accelerator produced neutrons for breeding fissile material
from fertile isotopes (referred to as electronuclear breeding) can be traced back to Glenn
Seaborg around 1940. However, due to requirements of high energy and high current
accelerators it did not pick up. The discovery of the spallation process (Goeckerman and
Perlman, 1948) opened up the possibility of producing fissile material on large scale. Around
1950, USA started the program of Materials Testing Accelerator (MTA) [Van Atta C.M.,
1977] for producing fissile materials Pu** and U*** from fertile materials. The program was
finally terminated around 1954 with the discovery of large uranium reserves in the United
States. Other countries such as Canada also performed theoretical studies on the subject
(Bartholomew, 1965). A project proposal called Intense Neutron Generator (ING) was made
in 1960s. Feasibility studies on electronuclear breeding were also performed in Russia in

1970s (Davidenko, 1970).
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Another application of accelerator based neutron sources was for nuclear waste
transmutation. The idea was to convert long lived sources of radio-toxicity (Plutonium, Minor
Actinides, Long Lived Fission Fragments) into stable or short lived materials. Steinberg et al.
(1964) carried out the earliest transmutation studies in thermal reactors having high neutron
flux. Subsequent studies (Gregory and Steinberg, 1967; Claiborne, 1972; Beaman and
Aitken, 1976; Croff et al., 1980; Steinberg et al., 1979) on the subject investigated
transmutation in liquid-metal fast breeder reactors (LMFBR's) and accelerator based

enrichers and transmuters.

More recently, Bowman (1992) and Venneri et al. (1993) carried out studies on Accelerator-
Driven Transmutation of Waste (ATW) at Los Alamos. The proposed sub-critical system was
designed to transmute both fission products and higher actinides using a thermal neutron flux
of about 10'® n/cm*/sec. Another recent development has been the TARC (Transmutation by
Adiabatic Resonance Crossing) experiment (Abanades et al. 2002) at CERN for

129
I

demonstration of transmutation of Tc”” and by using the high resonance cross sections of

the nuclides and the Adiabatic Resonance Crossing principle.
1.2 Present interest in ADS

There has been an increased interest in recent years in the use of accelerator based neutron
sources to drive sub-critical blankets for the purposes of thorium utilization and waste
transmutation [referred to as accelerator driven system (ADS)], particularly after the
proposals from the CERN group led by Carlo Rubia. The fast energy amplifier (Rubia, C. et
al. 1995) is one of their proposed designs for power production using thorium. The proposal
is based on much lower power accelerator (a proton cyclotron with 1 GeV -12.5 mA beam)
than the earlier ones. Lead acts as spallation target, coolant and radiation shield. The beam

window, which separates the vacuum in accelerator from the reactor vessel (RV), is cooled
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by lead whose circulation in the RV is maintained by natural convection. The reactor does not
have control rods and the power is controlled by varying the proton beam current. Initially,
the system was proposed as a sub-critical device for power production using thorium fuel in a
self sustaining cycle. During operation, thorium gets converted into U*** which compensates
for decrease in reactivity due to depletion of initial fissile material and build up of fission
products. Thus, long cycles of operation are possible after which the full core is replaced; the
fuel being replaced with (Th-U**) MOX from second cycle onwards. Presently, fast ADS
systems cooled by liquid lead or lead bismuth eutectic (LBE) and driven by low power

accelerators (as in the energy amplifier) are being studied primarily for waste transmutation.

As a consequence of the renewed interest in ADS, several countries (Abderrahim et al. 2001;
Kapoor, 2001; Mukaiyama et al., 2001; Gohar and Smith, 2010; Shvedov et al. 1997) have
drawn roadmaps for development of ADS. India has also a program (Kapoor, 2001) for
development of ADS which, besides waste transmutation, aims at thorium utilization for
nuclear power production. We present a brief discussion of the work being carried out in

these two areas.
1.2.1 Waste transmutation

Considering long term safety, IAEA has defined six classes of radioactive waste (IAEA,
2009). The spent nuclear fuel, generated as a result of nuclear power production, falls in the

class of High Level Waste (HLW). This HLW can broadly be divided into two categories:

1. The TRUs, which include Plutonium and Minor Actinides (Am, Cm and Np), form
about 1% (Nifenecker et al., 2001) of the spent fuel of a typical PWR. These
nuclides are formed by neutron capture reactions in the fuel and have long half lives

(24000 years for Pu®”).
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2. Fission Fragments (FFs) form about 4% (Nifenecker et al., 2001) of the spent fuel
and, based on their half lives, are divided into two categories namely Long Lived
Fission Fragments (LLFFs) having half lives of more than 1000 years e.g. Tc”’, I'*

and Medium Lived Fission Fragments (MLFFs) e.g. Sr’, cs'’ having half lives of

about 30 years.

The degree of potential risk associated with HLW is represented in terms of a quantity known
as radio-toxicity. It is defined (IAEA, 2002) as “the activity or quantity of radio-nuclides in
spent fuel or HLW multiplied by their effective dose coefficients accounting for radiation and

tissue weighting factors by ingestion, inhalation and absorption™.

During first few hundred years after its discharge, the major contribution to the radio-toxicity
of spent fuel is from short-lived fission products (Cs’ and Sr’°), and subsequently from
TRUs (NEA-OECD, 2004). Since the fission products have larger mobility compared to
actinides, waste management strategies to reduce the long term risk from the MAs should

also consider long lived fission products such as I'*, Tc”” and Cs'*°.

The conventional method of waste management is its storage in deep geological repositories.
An alternate method for waste management is partitioning (separation of long lived radio-

nuclides from the HLW by a chemical process) and transmutation (IAEA-TRS 435, 2004).
Transmutation in Fast Reactors

Average cross sections of MAs for typical thermal and fast spectrums indicate that fission to
capture ratio is higher for the latter (NEA-OECD, 1999). Thus, incineration of MAs is more
efficient in fast systems. Though, LLFPs have high capture cross sections in thermal systems,
from neutron economy point of view, it is favorable to use fast systems for their

transmutation. Several studies (NEA-OECD, 2002; Wakabayashi, 1997; Tommasi, 1995;
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Bays et al., 2009; Ackerman, 1997) have been carried out on recycling of Pu and MAs in fast
reactors. The addition of minor actinides adversely affects reactor safety parameters such as
effective delayed neutron fraction, Doppler coefficient and coolant void coefficient of
reactivity in a liquid-metal cooled reactor. This puts a constraint on the quantity of TRUs to

be loaded in critical fast reactors (Wakabayashi, 1997; Tommasi, 1995; Bays et al., 2009).

Transmutation in ADS

Based on the foregoing discussions it is clear that critical reactors loaded with a large fraction
of MA fuel will be difficult to operate safely. Accelerator Driven Systems (ADS) have been

proposed (Bowman, 1992; Rubia et al., 1995) to address the safety issues.

Since an ADS is always in sub-critical state, criticality related accidents can be avoided in a
well designed system. Moreover, the response of an ADS to insertion of reactivity is much
more benign than that due to similar insertions in a critical reactor; the ADS clearly has an
advantage in that it can be loaded with considerably larger MA fuel than a fast reactor,
without the need to add any fertile component, and therefore has a much higher rate of

incineration over that in fast reactors.

1.2.2 Thorium utilization

Thorium fuel cycles drew a lot of attention in the 1970s (IAEA TECDOC 1319; Rosenthal,
1970; Haubenreich and Engel, 1970; Beck and Pincock, 2011) due to limited uranium
reserves estimated at that time. However, due to various reasons, including discovery of new
uranium reserves (Van Atta, 1977), the programs did not pick up and came to a stop. India
has continued its efforts in this direction; an example being work for the design and

development of the Advanced Heavy Water Reactor (AHWR). The reason for this is of
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course its large thorium reserves and the unique three stage nuclear power programme

(Kakodkar, 2008).
Self sustaining thorium cycles in ADS

The ADS designs, proposed by Rubia et al. (1995) and Bowman (1992) for energy
production using thorium and nuclear waste transmutation, initiated new interest in thorium
utilization around the world. Since then, lot of studies on the subject (Bowman, 2011; Nuttin
et al., 2012; Coates and Parks, 2010; Cheol Ho Pyeon et al., 2011; Bergelson et al., 2007,
Lindley and Parks, 2012; Juraj Breza et al., 2010; Si Shengyi, 2009; Adonai Herrera-
Marti'nez et al., 2007; Degweker, 2001a), both with respect to critical and sub-critical

systems, have been carried out.

Studies on self sustaining thorium cycles in ADS have been carried out by Rubia et al.
(1995), Bowman (1997), Furukawa et al. (1997) and subsequently by Kadi and Adonai
(2006), Bowman (2000), Degweker (2001b). The studies show that thorium-uranium cycle,
which is not easily self sustaining in critical reactors due to low burn-ups achievable, is much

easier to sustain in ADS.
Once through cycles

The reprocessing of spent fuel in a thorium-uranium cycle is associated with high costs due to
U*? contamination. In-situ breeding and burning of U*** is an attractive alternative. Bowman
and coworkers have studied (Bowman and Venneri, 1993; Bowman, 1997, 2000) molten salt
systems in once through mode. Other fuel systems in fast and thermal spectrum cycles have
also been studied (Cisneros et al., 2012; Szuta and Wojciechowski, 2010). Studies on PHWR

and fast spectrum ADS by Degweker et al. (2001b, 2010) show that such systems can be
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operated in once through cycle with an initial seed fuel which can be natural uranium in

PHWRs and plutonium in fast reactors.
1.3 The external neutron source

Due to the requirements of high source strengths of about 10"°-10'® n/s, radioactive neutron

sources (based on a,n and y,nreactions) cannot be used for driving the sub-critical reactor.

The neutron sources based on high energy deuteron beams (Ridikas and Mitting, 1998) have
the major drawback of causing very strong activation of accelerator structures. Electron
accelerators can produce high neutron source strengths (Devan et al., 2006; Gohar et al.,
2004; Beller, 2004) and are compact in size. However, the energy efficiency of an electron
based source is rather low (Nifenecker et al., 2003). There have been proposals (Gohar et al.,
2004; Beller, 2004; Brolly and Vertes, 2004) regarding use of electron LINAC based neutron
sources in experimental or research ADS facilities. Another source that has been used for
experimental systems is the D-D or D-T fusion based neutron generator. For driving a sub-
critical power reactor, spallation seems to be the best practical method for producing

neutrons.
1.3.1 The spallation source

Spallation refers to interaction of high energy (typically about 1 GeV) protons with target
nuclei (Nifenecker et al., 2003). Due to very high energy (small d’Broglie wavelength) of the
projectile, it can be treated as classical particle. The proton interacts with individual nucleons
which in turn collide with other nucleons and a cascade develops. Some of these nucleons
may escape from the nucleus. These nucleons have high energies and may cause further
spallation reactions in other nuclei of the target. This stage is commonly referred to as
intranuclear cascade. At energies below 150 MeV, the classical description does not hold and

a quantum mechanical treatment is required to describe this pre-equilibrium stage. Finally the
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nucleus reaches equilibrium and decays by emitting neutrons and protons through
evaporation process or by fission. The spectrum of neutrons emitted during this stage is
similar to the fission. There is however a high energy tail in the overall spallation spectrum

due to neutrons emitted in the intra-nuclear cascade

The distribution of the residual nuclei, called the spallation products, and the number of
emitted neutrons depends on the target nuclei and the energy of the incident particle. For a
given target, the number of emitted neutrons increases with energy of the projectile. The
number of neutrons emitted per unit energy however increases with proton energy up to about
1-2 GeV and decreases subsequently. The reason is that at low energies, the particle looses
much of its energy to electronic excitations while at higher energies other non-productive
reactions such as neutral pion production start dominating. The number of neutrons produced
per unit energy is an important quantity since it is related with the energy gain of an ADS.

Experimental studies (Andriamonje et al., 1995) have been carried out in this regard.

The possible spallation targets are lead, bismuth, thorium, uranium, tantalum and tungsten.
Due to very high heat deposition density by proton beam (about few kW/cc) and very high
radiation damage (about 100 DPA or more per year), circulating liquid targets are preferred.
Thus, liquid lead and lead-bismuth eutectic (LBE) are considered to be the main choice for
the purpose. The proposed MYRHHA facility (Abderrahim, 2005) in Belgium will use liquid

LBE as spallation target.

1.4 Physics studies in ADS: A review
1.4 .1 Theoretical studies

Computer codes and nuclear data

Simulation of Accelerator Driven Systems (ADS) can be conveniently divided into two parts:

one involving description of the interaction of high energy protons with the target and the
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other involving the low energy (< ~10 MeV) neutronics of the sub-critical core. The
quantities of interest obtained in the first part are the number of spallation neutrons produced
per proton and their spectrum, the heat deposited in the target and the distribution of the
spallation products. LAHET, FLUKA and CASCADE (Prael and Madland, 2000; Ferrari and
Sala, 1996; Kumawat and Barashenkov, 2005) are examples of the codes used for the
interaction of high energy protons with the target. The core neutronics codes on the other
hand are expected to perform calculations for criticality, sub-critical multiplication, power
distribution, neutron transport, fuel burn-up, fission products evolution and finally kinetics
for discussing transients and safety. Multi-group transport/ diffusion theory codes (Sa. Kondo
et al., 1992; Suzuki et al., 2005; Singh et al., 2009, 2011) and continuous energy Monte Carlo
codes (Catsaros et al., 2009; Ghosh and Degweker, 2004) for reactor physics analysis fall in

this category.

Unlike critical reactors (fast or thermal), neutron energies in an ADS can extend up to
hundreds of MeV. Nuclear data for nuclides involved in the thorium-uranium cycle and for
minor actinides are also not as well developed as for the uranium cycle. This requires
augmentation of existing nuclear data files. Experimental and theoretical studies (Sugawara et
al., 2011; Koning et al., 2007) with regard to measurement of cross sections,
sensitivity/uncertainty analysis and extension of existing nuclear data files are being carried
out by various groups. In this respect, a neutron Time of Flight (n'TOF) facility (Abbondanno

et al., 2002) has been constructed at CERN and has become operational since 2002.

Degree of sub-criticality and ADS power

For commercial applications such as electricity generation, waste transmutation and fissile
material breeding, the power of an ADS is an important quantity. While in critical reactors

the maximum power is decided by the heat removal capacity of the coolant system, the
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fission power in an ADS is directly proportional to the external neutron source strength and
inversely proportional to the degree of sub-criticality of the core (Nifenecker et al., 2003).
Thus, for a given source strength (which is proportional to the proton beam current), the
power output can be maximized by minimizing the sub-criticality level. However, at small
sub-criticality levels, there are chances of reactor attaining criticality due to reactivity
addition under operating transients such as xenon decay or decay of Pa** to U***. The sub-
criticality level should thus be decided based on a balance between requirements of proton
current and margin of safety available. The power distribution in an ADS is also different

from that in critical reactors and depends on the degree of sub-criticality (Rubia et al., 1995).

Source multiplication and k, concept

In a sub-critical finite system, the number of secondary neutrons due to a neutron created at
the center will not be the same as that due to a neutron created at the boundary. This has led

to the concept of source multiplication factor k, (Gandini and Salvatores, 2002) which is

defined as the ratio of number of fission neutrons produced to the total number of neutrons
produced due to fission and external source. In other words, the number of fission neutrons

produced with external source S, present is given as:
S, /(1/k,=1) n/s
We also know that the number of fission neutrons produced in a sub-critical system

(characterized by multiplication factork, ) with external source of strength S is given as:
Se#*/(1/ky —1) n/s
Here, ¢* is the ratio of average importance of source neutrons to that of fission neutrons and

is commonly known as source importance factor.

Equating the above expressions, the importance of external source can be obtained as:
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The k,value depends on the properties of the reactor core and characteristics (position,

energy) of the external source as it is obtained by solving transport equation with external

source. K, together with the source importance factor gives us information about reactor

power and its level of sub-criticality. The source multiplication factor Kk, can directly be used

to obtain reactor power but is not very useful as a measure of departure from criticality.
New definitions of various reactor parameters

The neutron flux in a sub-critical core is peaked at the centre and falls exponentially as one
moves away from the core (Andriamonje et al., 1995). Thus, the usual procedure of deriving
reactor kinetics equations i.e. using solution of an adjoint criticality equation as a weighting
function cannot be used due to the presence of higher modes. Various suggestions (Gandini,
1997; Gandini and Salvatores, 2002; Sandra Dulla et al., 2006; Kobayashi, 2005; Makai,
2008) have been made in this regard. Depending on the choice of weighting function, new

definitions of reactor parameters have been introduced such as K., (Gandini, 1997; Gandini

sub

and Salvatores, 2002) and K, (Sandra Dulla et al., 2006) but it still remains an open question

to define a proper weighting function which fits in the framework of conventional reactor

parameters.
Studies related to measurement of parameters

The sub-critical reactivity is an important parameter from the point of view of ADS
operation. It decides the accelerator current that will be required to produce the desired power
as well as the margin of safety available. Measurement and continuous monitoring of this

parameter in operating ADS reactors will be an essential safety requirement. Theoretical and

35



experimental studies (Abderahim, 2005; Soule et al., 2004; Carl-Magnus Persson et al., 2005;
Baeten et al., 2010) are being carried out around the world for developing suitable methods
for this purpose. Noise techniques have also been suggested (Behringer and Wydler, 1999;
Carta and D’Angelo; 1999 Munoz Cobo et al., 2001) for monitoring the sub-criticality of
ADS. Since noise methods do not require any perturbation of the system, they might be more
suitable for the purpose (Degweker and Rana, 2007). The earliest theoretical studies on
various noise techniques for ADS (Pazsit and Yamane, 1998a, b; Kuang and Pazsit, 2000;
Behringer and Wydler, 1999) assumed the neutron producing source events in an ADS to
form a Stationary Poisson Point Process (SPPP) with each such event (spallation) producing
neutrons with a large multiplicity distribution. A new theoretical approach considering
periodic pulsing and non-Poisson character of the source was proposed by Degweker (2000,
2003). The theory has, since then, been considerably expanded by us and forms a major part

of this thesis (Degweker and Rana, 2007, 2011; Rana and Degweker, 2009, 2011).

1.4 .2 Experimental studies

In order to develop suitable methods for measurement and monitoring the sub-criticality of
ADS, low power experiments (Andriamonje et al., 1995; Soule et al., 2004; Carl-Magnus
Persson et al., 2005; Kitamura et al., 2006; Imel et al., 2004) have been carried out. Other
parameters pertaining to operation of a future ADS have also been studied/planned in FEAT
and TRADE experiments (Andriamonje et al, 1995; Imel et al, 2004). Recently the Guinevere
experimental facility in Belgium has become operational (Billebaud et al., 2009).
Experiments aimed towards measurement and monitoring of sub-criticality and evolution of

procedures for operation of an ADS are planned in the facility.
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Pulsed Neutron Source (PNS) experiments

By studying the prompt neutron decay after a neutron pulse insertion in a sub-critical system,
it is possible to determine the reactivity of the core. The methods used for analyzing a PNS
experiment are slope fit method (Keepin, 1965) and area ratio method (Sjostrand, 1956).
MUSE experiments (Soule et al., 2004) show that space and energy effects may introduce
some bias in the results and detailed computer simulations should be used to take into
account the spatial and spectral effects. The PNS experiments in YALINA (Carl-Magnus
Persson et al., 2005) were found in good agreement with those obtained by Monte Carlo
calculations. The experiments showed that the slope fit method gives better results compared
to area ratio and source jerk methods. However, when applied to deep sub-criticalities, it may

be difficult to find the correct slope.

Noise experiments

Noise methods using Rossi alpha, Feynman alpha and CPSD have been studied in MUSE
experiments (Soule et al., 2004). The Rossi alpha and Feynman alpha methods were found
suitable for low sub-criticalities. CPSD measurements demonstrated the inference of alpha
through the break frequency. Rossi alpha measurements have been carried out at the Kyoto
University Critical Assembly (KUCA) by using a D-T pulsed neutron source (Kitamura et
al., 2006). Since the authors used a solution technique that is based on the Laplace transform,
the formula derived by them contains infinite series expansion structure of the oscillating
term. Therefore, it was difficult to fit the formula to the experimental data and only the
correlated term was used to extract the value of alpha. Similar experiments for demonstrating
pulsed neutron and noise methods for sub-criticality measurement are planned in the

upcoming Purnima facility at the Bhabha Atomic Research Centre (BARC), India.
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CHAPTER 2

Reactor Noise in Traditional Reactors and ADS

The subject of reactor noise has been studied for a long time — indeed it is as old as reactor
physics itself. Reactor noise methods are important in the sense that one can obtain dynamic
information from measurements at steady state. The subject can broadly be divided in two
parts viz., zero power reactor noise and power reactor noise. Zero power reactor noise arises
due to the inherently random interactions of neutrons with nuclei and the fission chain
multiplication produced correlations and is used to measure kinetic parameters such as
prompt neutron lifetime and reactivity. A number of theoretical and experimental techniques
have been developed for the purpose. Power reactor noise on the other hand studies the
neutronic and other fluctuations associated with vibration of fuel and control rods due to
turbulent coolant flow, voids and temperature fluctuations, and is used for online monitoring
of the health of the power plant. The recent interest in accelerator driven sub-critical systems
(ADS) and the necessity of monitoring their degree of sub-criticality has created a renewed
interest in noise methods. In this chapter, we review the subject of noise in critical reactors.
We also present a review of noise theories in ADS. We consider only zero power systems in

this thesis.

2.1 Noise in critical reactors

2.1.1 Experimental methods

The output of a detector, monitoring the neutron population of a reactor in its steady state,

will have fluctuations around a mean value and is referred to as noise. The experimental
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methods in reactor noise aim at getting information about reactor kinetics parameters by
analyzing such fluctuations. Number of experimental methods (Williams, 1974; Saito, 1979)

have been developed and are reviewed in the following section.
2.1.1.1 Rossi alpha technique

Bruno Rossi (1944) observed that, due to the presence of fission chains, critical assemblies

are self modulated and could be used for measurement of prompt neutron decay time. The

method is based on measurement of the probability P(t, |t1)dt2 of detecting a neutron

between times t, and t, +dt, given that there has been a detection at some earlier timet,.
Theoretical analysis (Orndoff, 1957; Babala, 1967) shows that in the point model,

sv(v-1) " k,

P(t, |t)dt, = N, + ===
2|1 2 0 21/2 (l—kp)z

e—ar

where 7 =t, —t,, N, is the average count rate, k, is the prompt neutron multiplication factor,

o is prompt neutron decay constant, & is detector efficiency, v and v(v—1) are first and

second moments of number of fission neutrons respectively.

The experimental procedure was first developed by Orndoff (1957) and was based on
continuous registration of delayed coincidences of counts. The author made measurements of
a on Godiva (a U™ based bare critical assembly) and its plutonium equivalent. Another
procedure proposed by Brunson (1957) measured time interval distribution between
successive counts. The experimental procedure developed by Stribel (1963) was based on
multi-channel analyzer wherein neutron counts were used to trigger a channel sweep.

However, the measurements did not agree with the Rossi alpha formula. Later on Babala

(1967) derived expression for P(t, |t1)dt2 for the experimental procedure adopted by Stribel

(1963) and showed that the difference was due to smaller amplitude of the exponential term.
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2.1.1.2 Feynman alpha (variance to mean ratio) technique

This method was proposed by Feynman et al. (1956) and was used by the authors to measure
the second moment of the number of neutrons in thermal fission of U*°. The method
consists of measuring number of counts in a time interval At. The number of counts in At is
measured repeatedly and used to calculate the variance and the mean. The ratio v/m is plotted
as a function of At. By fitting the plot to an expression for v/m (Bennett, 1960), information

about the reactor kinetic parameters can be obtained.

where J is the number of delayed neutron groups andY; = AG(«,)/ ;. G(S) is the zero power
transfer function and A and ¢; are its residues and poles respectively. Subsequently,

Albrecht (1962) carried out v/m measurements and analyzed the results in two group
structure of delayed neutrons. It was concluded that the effect of delayed neutrons should be

considered in measurement of prompt neutron lifetime.
2.1.1.3 Correlation function and power spectral density methods

The most commonly used techniques in reactor noise analysis are based on Auto Correlation
Function (ACF) and Power Spectral Density (PSD) methods. The ACF of a fluctuating signal

N (t) is defined as:

1
B (1) = lim — jT NN (t+7)dt

If one considers correlation between two different noise signals (e.g. neutron density and

detector current), the function is called Cross Correlation Function (CCF).
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For zero power reactor noise, the expression for ACF is related to reactor kinetics parameters

as follows (Williams, 1974):
b () =1, N {5(r)+ zYae‘“' }

where the first term 1s due to the detector noise and the second term is due to fission chain

correlations.

For small values of 7, the main contribution comes from the prompt neutrons and accordingly

the above expression for ACF can be approximated as:

L (0) = ﬂfﬁ s ev(v—-1) e
R A VY

Dragt (1966a) analyzed current from ion chamber by ACF and was able to evaluate reactor

kinetics parameters with high accuracy.

The PSD is defined as the Fourier Transform of ACF and is a measure of the power of the
noise signal per unit of frequency. Similarly, the Fourier transform of CCF is called Cross

Power Spectral Density (CPSD).
P (@) = j g (T)e77dT

Performing the Fourier transform we obtain:

B (©) = €A, N[HZ o j

,a+a)

In the neighborhood of ¢, , the above expression can be approximated to the form:

B
S (@) = A+—; 3
a +w

Kinetic parameters have been determined (Kuramoto et al., 2007) in IPEN/MB-01 research

reactor by PSD technique. Suzuki (1966) suggested a method of measuring absolute power of
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a reactor by PSD measurements. Due to increase in sensitivity of the measurements at low

powers, it was suggested that the method can be implemented in research reactors.

At high frequencies, the contribution of detector noise (the first term) increases and the PSD
measurements become difficult. The two detector covariance method suggested by Nomura
(1966) does not have the first term and overcomes this difficulty. Such measurements
(Rugama et al., 2003) in MASURCA at CEA showed better results compared to those
obtained by single detector PSD analysis due to low signal to noise ratio in the latter coming

from strong inherent spontaneous fission source.
2.1.1.4 Other methods

A variant of Feynman-Y technique has been proposed by Bennett (1960) and is commonly
referred to as Bennett variance technique. Based on computation of variance from cross-
correlation of count rates in two successive time intervals, the author derived an expression
for variance to mean ratio which does not diverge as reactor approaches criticality. Similar to
correlation function method, a method based on polarity correlation function has been
proposed (Veltman and Kwakernaak, 1961; Dragt, 1966b). Other methods for measurement
of prompt neutron decay constant include the interval distributions method (Babala, 1966)
and the dead time method (Srinivasan, 1967; Srinivasan and Sahni, 1967). The Cf*? method
was developed and studied intensively by Mihalczo (1974, 1990) for measuring degree of

sub-criticality.
2.1.2 Basics of noise theory of critical reactors

The inherent neutron noise in a low power reactor can be considered theoretically as a
Markov process. Markov processes are the stochastic processes which are characterized by

the fact that the conditional probability of a system being in a certain state at a certain time
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t,, given that it was in some state at an earlier time t,_,, is uniquely determined and does not

n-1»

depend on its state prior to t. . If P,(X,t)is the probability of the system being in state X at

time t and P

n(Xast |X1,t1) is the transition probability of the system going from state X, at

time t, to the state X, at timet,, all other states can be determined as follows:
Pl(xptz) = z Pm(xzvtz |X17t1)P1(X19t1)
Xy

Thus, the Markov processes are completely described by the two probability functions

P(X,t)and P (X,,t, |X1,tl) . It can be shown that these probabilities are related through what

It

is known as the Chapman Kolmogorov equation:

P (Xt [ X,t) = 3P (X6, [ XL DR (XX, )
X

A Markov process is called homogeneous if the transition probability Pm(Xz,t2|X1,t1)

depends only on the time differencer =t, —t,. For such processes, if it can be assumed that
for small 7 the transition probability can be written as follows:
Tr(xz |X1) = é‘(Xz - X])_W(Xz |X1)T+O(T)

then the Chapman Kolmogorov equation can be written (Van Kampen, 1983) as a differential

equation in time as given below.

70X = S [WOG XOTOXX) WX [T, X, %)

This equation is known as the Master equation and is a statement of gain-loss for the

probability of a state.
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At zero power, there are no feedback effects and we get a linear equation. Starting with
Chapman Kolmogorov equation and using probability balance equations, ‘forward’ and

‘backward’ equations can be derived for a point reactor model (Arcipiani and Pacilio, 1980).
2.1.2.1 Kolmogorov forward equation

This approach was first used by Courant and Wallace (1947) who derived expressions for
standard deviation by considering distributed sources in a reactor whose power was assumed
to be either steady or changing periodically. Subsequent studies on the subject were carried
out by Matthes (1962), Norelli et al. (1975), Dalfes (1966), Pazsit (1987) and Degweker
(1994). In the point model (Arcipiani and Pacilio, 1980; Dalfes, 1966; Norelli et al. 1975),
one writes the probability equation for state of the reactor at time t + At in terms of its state at

timet.

We start with the Chapman-Kolmogorov equation:

P(n,t|m,s)=> P(nt|1,z)P(l,z|m,s)

and set 7 =t —dt for deriving the forward equation.
P(N,t+dt)=A (N +1dtP(N +1)+ z/lf (N—v+1D)dtp(v)P(N —v+1)
+SAtP(N - 1,t) +[1-{(4; + AN + S}th]P(N,t)
where Sis the source strength, 4., A, are the capture, fission probabilities per neutron per

unit time and p(v)is the probability that a fission reaction produces v neutrons. Expanding

the term on the LHS up to first order indt , we can obtain the following equation:

dP(N,t)
dt
+SP(N —1,t) = {(4, + A, )N + S}P(N, t)

= 2,(N+DP(N+1)+ > 2, (N =v+1)p(r)P(N —v +1)
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We define the probability generating function (pgf) as:

F(x,t) =Y P(N,t)x"

We can rewrite the above equation in terms of the pgf as follows:

FOD [ d=x)+ 4, (F(0- )]

aF(:’t) +S(X=DF(x.t)

0
Various moments are obtained by successive differentiation with respect to x and

settingX =1.

Using forward equation approach in point model, Norelli et al. (1975) set up reactor kinetics
equations and obtained analytical solutions for different cases. Dalfes (1966) derived
expressions for correlation function and PSD of detector output for a subcritical reactor

driven by a Poisson source.
2.1.2.2 Kolmogorov backward equation

The backward equation approach was first used by Pal (1958) and Bell (1965) and has been
significantly developed by Matthes (1966), Munoz-Cobo and Verdu (1987) and Pazsit
(1987). In the point model (Arcipiani and Pacilio, 1980), one writes the probability equation
for state of the reactor at time t given its state at some earlier timeS. The Chapman-
Kolmogorov equation is written with the intermediate time point S+ ds considering all the

possible processes in the interval ds.

For deriving the backward equation, we choose 7 =s+ds & m=1
P(n,t|m,s)=AmdsP(n,t|m-1,s+ds)+ 4, mdsz p(v)P(n,t|m+v—1,s+ds)

+SdsP(n,t|m+1,s+ds)+[1-{m(4, + A,)+ S}ds]P(n,t | m,s+ds)

—3—P= ZmP(n,t|m=1,8)+2,m> p(»)P(n,t|m+v-1,5)
S v

+SP(N,t|m+1,5)— {m(4, +4,)+SIP(n,t|m,s)
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The equation for the pgf is obtained by multiplying by x" and summing over n

_OF(x,t|m,s)
0s
+SF(X,t|m+1,5)—{m(4, + 4,)+S}F(X,t|m,s)

= AMF(XtIm=1,5)+A,m> p()F(x,t|m+v-1,5)

Suppose m=1 and S=0 i.e. a single initial neutron in a source free medium. The above
equation then becomes

_ OF(xt]Ls)
05

=2 + A1 2, POF (%,t]1,8) = (4, + A)F (x,t[1,9)

where we have used the following relation due to of independence of chains
F(x.t[m,s)=F"(xt[Ls)

By considering a multivariate joint distribution for neutrons and detector counts and

following Kolmogorov forward equation approach, Pacilio et al. (1976) developed a unified

theory of reactor neutron noise analysis techniques.

In the space energy dependent formulation, discussed below, the backward equation is almost
invariably used due to its simplicity. This equation closely resembles the adjoint neutron

transport equation.
2.1.2.3 The Bartlett formula

The normal procedure for deriving moments of any observable (say detector counts) in a
multiplying medium with an external source consists of either writing forward Master
equation with source or using the backward Master equation approach. In this method, first
the backward Master equation is solved to find the pgf due to a single particle. The pgf for

the case of external source is then obtained by using the Bartlett formula (Bartlett, 1955).

Suppose we have a Poisson source switched at times. There can be Kk source events

(k=12,...,0)at t,t,,...,t, with probability:
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[S(t—s)]* e dt, dt,
a0 exp{—S(t S)}(t—s)w(t—s)

The pgf from each of these events is F(X,t|Lt)and that due to all the k events can be

written (using the property of independence of neutron behavior) as follows:
FOGULE)F(XGELE)..... . F(XtLt,)

Multiplying the two expressions and summing over all possibilities of source events, we get

the resultant pgf.

w t t k
F.(x,t|1,7) =exp{-S(t —s)}Zjdtl...jdtk %dtl...dth(x,t ILt)F (Gt L) F(Xt|Lt,)

k=0 S

t
= exp sj{F(x,t|1,r)—1}dr

For a steady source, the lower limit can be taken to be —.
2.1.2.4 Space energy dependence

The earliest space dependent theory was developed by Pal (1958) who obtained an integral

equation for pgf G(z,R,t,;r,v,t) of number of neutrons in some region R of the reactor at
time t; starting from a single neutron at time t in region r with velocityVv. The author also

derived equations for first and second moments. Bell (1965) developed integro-differential

equation forG . Dropping the explicit dependence of G on Randt,, the equation can be

written as follows:

_%:QVG—ZG +ZSI f (E,Q—) E',Q')G(Z,r,Q', Ev,t)dQ,dE,

+3, F(jZ(E )G(z,r,Q',E',t)dQ'dE'j
4r
It was shown by the author that the equation is adjoint to the Boltzman transport equation.

Asymptotic solutions for sub-critical and super-critical systems were obtained and found to

be consistent with physical arguments. Matthes showed that the space-energy dependent
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backward equation is adjoint to the transport equation. Munoz-Cobo and Verdu (1987)
derived stochastic transport equation including delayed neutrons. They obtained expressions

for Feynman Y function and studied the effect of delayed neutrons on it.

Based on probability distribution of neutrons in phase cells, Matthes (1962) developed the
forward equation for space-energy dependence. He derived ACF formula for output of a
detector placed in a reactor. Pazsit (1987) derived forward and backward equations from a
single equation representing Markovian property of the process. The author however pointed
out the difficulties in getting higher order moments. Degweker (1994) developed a new
formalism for describing the stochastic neutron transport by the forward approach. The
formalism is based on the probability of having N neutrons in the entire reactor with each
neutron lying in a phase space cell located at any point in phase space. It was shown that the
first moment of the equation is the usual transport equation for the singlet density while

higher moments yield equations for the doublet and higher multiplet densities.

2.1.2.5 The Langevin approach

The Langevin method for studying reactor noise problems was introduced in the point model
by Cohn (1960) and was applied to space dependent problems by Moore (1964) and has been
developed considerably by Sheff and Albrecht (1966), Ackasu and Osborn (1966) and Saito
(1967). The method looks upon reactor noise as being the response of a linear system to a
random source commonly referred to as the noise equivalent source (NES). The equations of
the linear system are the usual kinetics equations for the variables referring to the mean
values while the noise characteristics of the NES are determined by the so called Schottky
prescription. Let us consider a simple point model with one group of delayed neutrons and a

detector. The Langevin equations giving the neutron number (N ), the number of precursors

(C)and the detection rate (D)are given by
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dN

E:[/va_p—(/10+/1d)]N+ch +1,5 +5, (t) (2.1)
dc —
g = ArveN G s (2.2)
dz
e D(t) = A,N +5s, (1) (2.3)

where A,,4, ,A4, are probabilities per unit time of fission, capture, detection respectively,

M, 1s delayed neutron precursor decay constant, v, is the number of neutrons in each source
event, v, is number of prompt neutrons, v,is number of delayed neutrons, D is the
detection rate, Z is the number of counts accumulated in a detector over a timet and s, S.,
S, are noise equivalent sources for neutrons, delayed neutron precursors and detection

respectively.

The NES is a white noise whose magnitude is determined by the Schottky prescription.
According to this, each of the processes such as absorption, fission, source, etc contribute a
white noise to the NES. The contribution of the power spectral density of the NES due to
each of these reactions is given by ?m where ( is the change in the number of particles

(corresponding to that equation, neutrons, precursors etc) in one reaction and m is the mean

reaction rate of that reaction. Similarly, the cross power spectral density between NES for
two different particles has a contribution given by ¢,q;m where g; and q; are the change in

the number of particles of type i and j in the reaction and m is the mean reaction rate of that

reaction (Cohn, 1960). Using this prescription, we can write the following statistical
properties for the NES terms of Egs. (2.1) — (2.3)

<8y (t) >=< s, (1) >=<5,(1)>=0 (2.4)

<y (D3 (1) >=[(4 + AN + 24, (v, D’ N(®) + 1,CO) + 1,2 S®ISE-t) (2.5)
<se (D5e (1) >= [4, v N + 1,C (D}5(E-t) 2.6)
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(55 (1)s, (') = A, N(D)S(t ~t") (2.7)

<5y (Dse (t)>=[4, (v, —Dvy N(t) - 4, C(D]S(t 1) (2.8)
(55 (t)sy (1) = =4, N(D)S(t ~ 1) (2.9)
< S (D)sp () >=0 (2.10)

If we are dealing with a stationary system, the mean values of the variables in Egs. (2.1)-
(2.10) are independent of time. Writing Egs. (2.1-2.3) in terms of the fluctuations about the

mean values for a stationary system, we have

dn —
E:[/vap—(ﬁ,c+/1d)]n+,ucc+s,\,(t) 2.11)
dc —
E:;tf vy —1,C+S. (1) (2.12)
d(t) = An+s, (1) (2.13)

where n,c,d stand for the fluctuations of the neutron number, precursor number and the
detection rate over their mean values i.e.n(t) = N(t) — N, c(t)=C(t) —C and d (t)=D(t) -D

respectively.

The Langevin approach can be used for obtaining any noise descriptor but gets more
complicated in the time domain if the problem involves several variables. In such cases the
Langevin approach is particularly suitable for doing calculations in the frequency domain i.e.,
for obtaining the power spectral density of detection rate. For this, we recall that according to
the Weiner-Khinchin theorem (Van Kampen, 1983), the PSD is proportional to the mod-
square of the Fourier transform of the signal, in this case the fluctuation of the detection

rated(t). To determine the PSD of d(t), we Fourier transform Eq. (2.13) and write
<d*(w)d(w) >= 4, <n*(@)n(w)>+24, Re[< n*(@)s, () >]+ < S, *(@)s, (@) > (2.14)
Fourier transforming Eq. (2.7) [w.r.t. to the time difference t—t'], we get the following

contribution (known as the detector noise) to the PSD.
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AN (2.15)
Fourier transforming Eqs. (2.11) and (2.12) and solving the resulting algebraic equations, we
get

X(@) = (—io+A)"'s(0) =T *s(w)

X* (@) =Ts*(w) (2.16)

Sy

n
where X and s stand for the vectors [ J and ( j respectively and A is the matrix in terms
c S

C
of which Egs. (2.11) and (2.12) can be written as

%+Ax=s (2.17)
dt

and we have written T for the matrix (io+A)™".

Now we can write the contribution from the first term of (2.14) as
<n*(@)n(w) >=[< X * (@)X (@) >],, = [(im A)" (@) (—io+ A" )1] (2.18)
00

where we have used the index 0 for the neutron variable and 1 for the precursor variable and
where X(w) =< s*(w)s'(w) > is spectral density matrix of the NES i.e. the Fourier transform
of the covariance matrix of the NES. The individual elements of X(w) can be simply

obtained by taking the Fourier transform of Egs. (2.5), (2.6) and (2.8) w.rt. z=t'-t and we

get

o[ + AN+ 2, (v, = 1PN+ 4,.C+v2S 2, (v, ~Dv,N-uC

- _ - _ (2.19)
(v, =DvyN—u.C Avi N +uC
Finally, we obtain the contribution of the second term of Eq. (2.14). We write,
244 Re[< n*(@)sy (@) >] =24, Re[< {Toos:l () +T01S:; (0)}Sp (@) >] (2.20)
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The second term in Eq. (2.20) above vanishes in view of Eq. (2.10) while the first term can be

written down using (2.9) to yield

27, Re[{T,, < 53, ()8, (@) >} 1= 22N Re T, }

_ ) (2.21)
=—-24; N Re[G(iw)]

as the contribution due to the middle term of Eq (2.14) where G(i®)can be recognized as the

zero power transfer function. The PSD of the detection rate is obtained by adding (2.18),

(2.21) and the detector noise term (2.15).

The Langevin method described above can be extended to problems of reactor noise
including power reactor noise where the noise source is external and moreover may not be
white. The white noise source assumption is specific to the internal noise description through
the Schottky prescription but is not generic to the Langevin approach. Due to its non-Poisson
character, the ADS source cannot be described by the Schottky formulae. However, by
choosing the fluctuation character of the source appropriately, it is still possible to use the

Langevin approach. This is illustrated in chapter V in both the time and frequency domain.

In the context of zero power noise, some authors (Williams, 1974; Difiliippo, 1988) have
questioned the validity of the Langevin formulation and the recipes based on the Schottky
prescription to give correct results in all situations. While the Langevin approach is less
fundamental than the probability balance equation methods (Kolmogorov forward or
backward equations, pgf etc) [Williams, 1974], Ackasu and Stolle (1989) have argued that the
Schottky prescription is derivable from the Master equation and with a proper vector
formulation involving all relevant variables of the problem, yields correct results in all

situations for second moments.
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2..2 Review of noise theories in ADS

2.2.1 Early studies on theory of reactor noise in ADS

As mentioned earlier, in addition to the well known deterministic methods such as pulsed
neutron method and source jerk method, noise techniques were also suggested for monitoring
the sub-criticality of ADS (Behringer and Wydler, 1999; Carta and D’Angelo, 1999; Munoz
Cobo et al., 2001). In view of this, theoretical studies on various noise techniques for ADS
(Pazsit and Yamane, 1998a,b; Kuang and Pazsit, 2000; Degweker, 2000; Behringer and

Wydler, 1999; Munoz Cobo et al., 2001) were initiated.

In the earlier publications (Pazsit and Yamane, 1998a,b; Kuang and Pazsit, 2000; Behringer
and Wydler, 1999), the authors assumed that the ADS source was a continuous Poisson
source and that the main difference from traditional reactors was that in each source event
spallation reaction produces a large number of neutrons having a multiplicity distribution
with a large mean and a large second factorial moment. Theoretically speaking, such a
situation is very similar to that of a spontaneous fission source and has been studied in detail

by Munoz Cobo and Difilippo (1988).

However, the principal difference between critical reactor noise and ADS noise is due to the
statistical properties of the source. Unlike the source due to radioactive decay present in
ordinary reactors, the accelerator produced neutron source in an ADS cannot be assumed to
be a Poisson process. Moreover, the source may be pulsed. The initial studies did not account

for these effects.

Behringer and Wydler (1999) assumed that the arrival of the protons is Poissonian distributed
in time and neglected periodic appearance of source pulses. They also assumed that the

number of protons in a pulse is Poisson distributed. They used simple probability balance
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equation to derive the formula for variance. It was concluded that, in addition to the fission
chain correlations, fluctuations in the burst of spallation neutrons contribute to the increased
variance above that for a pure Poissonian process. Pazsit and Yamane (1998a) derived
variance to mean formula by using a master equation technique. Source characteristics were
assumed to be same as that in the model of Behringer and Wydler. The authors also included
the effect of delayed neutrons (Pazsit and Yamane, 1998b; Kuang and Pazsit, 2000). It was
shown that in deep subcritical reactors, the large source multiplicity enhances the amplitude
of the prompt term of variance to mean formula which can be used for monitoring the

reactivity.

2.2.2 Studies with periodic pulses

Periodically pulsed sources were treated by Degweker (2000, 2003), Munoz Cobo et al.
(2001), Pazsit et al. (2005) and Kitamura et al. (2005). Munoz Cobo et al. (2001) proposed a
method for on line sub critical reactivity monitoring based on the measurement of the cross
power spectral density (CPSD) between the proton current signal and a neutron detector
signal. They considered the source to be a periodic sequence of delta function pulses with a
fixed number of protons per pulse and derived an expression for CPSD. Numerical
calculations were done for a typical fast energy amplifier configuration and the value of

k. was obtained by break frequency method. The results were also compared with Monte

Carlo simulations. Pazsit et al. (2005) and Kitamura et al. (2005) also considered the
periodicity of the source. They considered the pulse to be of finite width of rectangular and

Gaussian shapes. They also included the effect of delayed neutrons.
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2.2.3 Studies with non-Poisson sources

Basis for the possibility of non-Poisson behavior of the ADS source

Radioactive sources present in critical reactors consist of large number of radioactive atoms,
of which, relatively small number decay independently in the time scales of interest and
therefore can be deemed to be stationary Poisson sources (Uhrig, 1970). However, such a
description may not necessarily hold for accelerator produced neutron sources. It has been
suggested (Pazsit et al., 2004) that since the continuous arrival of charged particles may be
treated as a Poisson process, if the same is periodically chopped, the resulting particle stream
may be looked upon as a periodically pulsed Poisson source. The argument is valid for a
perfectly steady machine. A practical accelerator on the other hand, is expected to show small
fluctuations in current which can lead to the non-Poisson distribution of number of particles
in a pulse (Degweker and Rana, 2007). Moreover, accelerators produce particles in the form
of short bunches at periodic intervals rather than at random. There may also be correlations
introduced during production of protons. Thus, irrespective of the type of accelerator used
for the purpose, it cannot be tacitly assumed that the source events would constitute a
Stochastic Poisson Point Process. To give an empirical evidence of the non-Poisson character

of the ADS source, we present below observations on some experimental results.

The TARC experiments

One of the measurements carried out during the TARC experiment (Abanades et al., 2002)
was number of protons per shot; each shot being about 14 s separated from the previous shot.
The magnitude of the fluctuations in the number of protons per shot in the experiment was a
few percent which is much larger than would be expected for a Poisson source. For small
current fluctuations, the accelerator may be treated as linear system with Gaussian current

fluctuations having exponential correlation. Simulation of such a process for various
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correlation times was carried out by us (Degweker and Rana, 2007) and a comparison with
the TARC experiment showed that the measured results appear to be closest to an
uncorrelated Gaussian process thereby implying that correlation times if any are short
compared to 14 seconds. Thus, the number of protons in a pulse cannot be considered to be

Poisson distributed.

The KUCA experiments

In their paper on the calculation of pulsed Feynman alpha formulae and their experimental
verification, Pazsit et al. (2005) have presented experimental results obtained at the KUCA
facility showing variation of the Feynman Y function with counting interval for different
levels of sub-criticality (or alpha). From this data, it is possible to deduce the asymptotic
values (i.e. for large counting intervals on the prompt decay time scale) of the Y function.
Fig. 2.1 shows the variation of the asymptotic Y values obtained this way with the inverse of
alpha estimated in the above mentioned paper. In the graph (a) we show a power law fit,
while in (b) we show a quadratic fit. While both fits are equally good, the power shown is not
2 as is expected on the assumption of a Poisson source. In Fig. 2.1(b), the fitted curve passes
through the origin. The quadratic term is due to fission chain correlations while the linear
term indicates a non-Poisson source contribution. Since the D-D or D-T reaction produces
neutrons in singlets, the origin of the source correlation can be only due to the non-Poisson

characteristics of the ion beam.

Other experiments

A third piece of evidence of the non-Poisson character of accelerator based neutron sources
can be seen in the experimental study by Hiroshi Taninaka et al. (2011). The authors have

carried out Feynman alpha measurements with a pulsed D-T source. It has been reported that
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instabilities in the accelerator current result in a divergent variance to mean ratio and the

formula based on Poisson source assumption underestimates the value of alpha.
Theory of ADS noise with non-Poisson sources

Degweker (2000, 2003) argued that the usual procedure (using forward equation approach or
writing down backward equation for single particle induced moments and then using Bartlett
formula for source induced moments) for deriving reactor noise formulae are invalid with

such sources. The method suggested for treating non-Poisson sources is described below.

Let G(z,,z,,t) be the pgf of detecting counts in a short interval around time 0 and counts in a

short interval around time 7 due to single neutron injected in a source free medium at timet.

If it is assumed that bursts of neutrons appear at times t, with a multiplicity distribution p(v)
and the last of these bursts occurs at t, then the ones prior to this will occur at t,—1/f,
t,—2/f and so on. Here fis the frequency of the accelerator. Using the multiplicative

property of pgfs for different source events, the pgf for the case of an arbitrary source is
obtained. This property is due to the independent propagation of chains initiated by different
source neutrons and is a consequence of the linear character of the neutron transport and

multiplication. The resultant pgf is:

12, ,)G (z,,2,,t,—n/ £)=][F,(G(z.2,.t,—n/ f))
n=0

n=0 v

Since measurement intervals are generally not synchronized with the source pulses, t, is a
uniformly distributed (between 7 —1/ f andz ) random variable. Averaging over t,, the pgf

becomes:

g=f I Fp z,zz,to—n/f,r))dt0
r-1/f N
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By differentiating with respect to z, and z, , and setting z, = z, =1, one obtains the Rossi alpha

formula.

fﬂz m2 a r—[fr] -a r—[f—r]
f,(0,7) =—-1 L e‘“”e[ fj+e [ f] +(m, —m’ +2m,Y,)e
200 | 1—-€7°

The individual pulses were treated as Dirac delta functions, uncorrelated with one another.
Various noise descriptors, such as Rossi alpha, Feynman alpha (or variance to mean), Power
Spectral Density (PSD), Cross Power Spectral Density (CPSD), were derived. It was shown
that the large neutron emission multiplicity of the spallation source is mainly responsible for
the enhanced variance compared to critical reactors and the correlated component of the noise
is reduced due to regularity of the source pulses. The author (2003) pointed out anomaly in
the CPSD formula derived by Munoz Cobo et al. (2001) and showed that if one uses the
method of joint pgf for current and neutronic signals, the cross-covariance is identically zero.
The scope and content of the noise theory (Degweker, 2000, 2003) has been considerably
expanded by us (Degweker and Rana, 2007, 2011; Rana and Degweker, 2009, 2011) and is

described in detail in the following chapters.

Later on Ballester and Munoz Cobo et al. (2005, 2006) have also considered the periodic
nature of the source and its non-Poisson character. By considering pulsed neutron source
along with the spontaneous fissions in the fuel, they derived a generalized relationship

between the pgfs of the kernel and the source.
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Fig. 2.1 Variation of the v/m with inverse of the decay constant. The points are based on the
experimental results presented in by Pazsit et al. (2005). In the graph (a) we show a power
law fit while in (b) we show a quadratic fit. While both fits are equally good, the power
obtained is not 2 as is expected on the assumption of a Poisson source. The quadratic fit

passes through the origin and the linear term indicates a non-Poisson source contribution.
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CHAPTER 3

Finite Pulses and Correlations between

Different Pulses

As discussed in chapter 2, a theory of Reactor Noise in ADS assuming a general non-Poisson
periodically pulsed source of neutrons was constructed by Degweker (2003). In this chapter,
we generalize the non-Poisson character of the source to include the possibility of
correlations between pulses and derive formulae for Rossi alpha and Feynman alpha. We
also take up the case of pulses of finite widths by considering rectangular and Gaussian pulse
shapes. We present numerical results based on the derived formulae to illustrate the
importance of correlations between pulses in typical experimental conditions. The effect of

finite width of source pulses is also illustrated.

Pazsit et al. (2005) have also considered finite width pulses in the context of reactor noise in
ADS but for Poisson sources. The formulation in the present chapter is different in that the
source is assumed to be non-Poisson with exponential correlation between pulses. In section
3.2, we consider the case of correlated non-Poisson delta function source pulses. The case of
finite width pulses is discussed in section 3.3. Our analysis is restricted to the experimental
situation in which the counting interval is opened at a time point that is essentially random
since this has been shown to be experimentally better for extracting parameters of interest
(Pazsit et al., 2005). We do not consider the effect of delayed neutrons. Hence, the formulae
are valid only for time scales which are short compared to the delayed neutron precursor

lifetimes and all quantities (such as k, v, etc.) are to be regarded as prompt.
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3.1 The doubly stochastic Poisson point process

If 1(t)is the ion current, the probability of a neutron producing event (spallation, D-D or D-T
reactions) in a short time dt can be written as

I (H)E(t)dt
where, E(t) is the deterministic variation of the current (periodically occurring pulses). Since
this is the probability at any time and independent of any occurrences at other times, we can

write for the probability of obtaining S source events at times t,t,,....,t as follows:

Q,(t,t,est) = EA)I(L)...... E(t)] (ts)exp[—T E(t)1(t)dt] 3.1)

As mentioned before, we assume |(t)as an exponentially correlated Gaussian stochastic
process. Since, for averaging various functions we have to perform a double averaging; one

over the variables Sand t and the second over the stochastic variable I (), we have a doubly

stochastic Poisson point process (Saleh, 1978). We shall use such a description in a later

section. The explicit form for the functions Q. (Van Kampen, 1983) given above will not be

required in the subsequent discussions as we shall see that it is only the averages of products

of the beam current at various times that will be required.
3.2 Correlated Gaussian pulsed source

We assume that the pulses are short compared to all other time scales in the problem and may
be represented as a sum of delta functions. Moreover, the neutron source pulses have an

exponential correlation in intensity.
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3.2.1 Rossi alpha formula

We assume that the first count occurs at t =0 and the second one att = 7. The occurrence of

the last source pulse at t, is randomly distributed between —1/ f and0 . Following Degweker

(2003), the expression for the Rossi alpha can be written as follows:

0 azF X,t aF X,t
LO.n=1 | o(%%) 06, (x,7) | Fo(Xly) Oy (X,7,1y)

-1/ f

dt, (3.2)

x=1

where F, and F; are the pgfs of the distributions P and R defined by Degweker (2003)
while G, is the pgf of the distribution P for n=1and by the independence of neutrons,
clearly G,"(x,7)is the corresponding pgf for arbitrary n. We write expressions for F, and

taking into account the fact that there are correlations between pulses, as follows:

N
0 n n
Fo(xt)= > P(NO,Nl,...Nw)H(Gl(x,—to+T)] (3.3)
Ng,N,..N, n=0
[f7] 1\
Fe(Xt) = > P(Nl,N2,...N[fr])H(Gl(x,r—t0—T)J (3.4)
NNy N I=1

where P(N,, N,,....) is the joint probability distribution of the source leading to production of

N,,N,,...etc. neutrons at the corresponding times. We have used the standard notation [X] to
denote the largest integer less than or equal to x. Using these equations, it is possible to write
down the derivatives required in Eq. (3.2) in terms of the derivatives of G, evaluated at x=1.
The pgf G, is given by

e (1-X)

G(xt) =1- 1+Y,(1-e)(1-x)

(3.5)

where Y, = 4, v(v-1)/2a

Using Eq. (3.5), we obtain the following expressions for the first two derivatives ofG; :
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G, (Lt =e® (3.5a)

G, (LH)y=2Y,(1-e)e™ (3.5b)
The number of neutrons in a source event is due to the compounding of the number of

protons in a bunch and the number of spallation neutrons. The compounded pgf can be

written as
I:NiNj (Xv y) = I:pi,j [ fsp(X)v fsp(y)] (36)

Differentiating with respect to x and y and setting x=y=1, we get

N; =<Nj >v,=m (3.6a)
— —2 o

NN, =<N_ N >v =m’+TZexp(-Bli—j|/f) (3.6b)
N;(N; =1)=N;(N; =) =<N_;(N, _1)>V—sz+ N,ive (e —D=m, (3.6¢)

where I'* is the variance of the number of neutrons produced in a pulse and f is the decay

constant of the source correlations. We obtain,

f,(0,7)=fA; j l:i{mz exp(2a(t, —;) +2myY, (1 —exp(a(t, _é)]eXp(to _%H e,
ok [ i ore oo o et e

_17¢| k=0 1=k

0 o [fr]
+fA; J. Z {(m12 +T%exp(-p|1+k|/f )exp(oc(t0 —;) exp(—a(r—t, —I?)H dt,
—1/f k=0 1=l
‘r—H[fT]
e k 1+[fz]
+fA; .[ {(m12+1“'2 exp(—ﬂ|[fr+k+1]/f)exp(a(tO—T)exp(—a(T—to— ; )} dt,
-1/f | k=0

(3.7)

Integration and summation are again straight forward and we finally obtain,
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I m2 a[r—[ fr]j - {r—[f—r]J
et Ldefet T/te Pl (m, —m? +2mY,)e
7
fz (O, T) = :
2a e—(a+ﬂ)/ f ea(r—[ fr]/f) e—a(r—[fr]/ f) e_(a+/3)/ f 1
4T? n oAV _
1— e—(a+ﬁ')/f 1— e—(a—ﬁ)/f 1— e—(a+ﬁ)/f 1— e—(a—ﬂ)/f

(3.8)
The presence of the last term is due to correlations in the source fluctuations. For g >> f i.e.,

for correlation times which are short compared to the time between successive neutron
pulses, this term vanishes and the formula reduces to that derived by Degweker (2003). When
the frequency f is large compared to alpha and beta, the uncorrelated term tends to its usual
form for uncorrelated sources while the correlated term remains the same. Thus, for large

frequencies we have,

2pfT" ~ 20fT”
—az_ﬂz}exp( 0{2’)+—_ﬂ2 exp(—p7) [(3.9)

2
(24

UL

f,(0,7)= " Y

H(m2 —m’+2mY,) +

This shows that even for large frequencies, the above distribution does not reduce to the

random source distribution.
3.2.2 The Variance to Mean Ratio

The expression for the variance to mean ratio is derived as usual by integration of the

expression (3.8) as follows:

1:1—m+3ja—r)f2(0,r)dr (3.10)
m ms

where m is the mean given by f ()T ; f (t)=mA, f /o being the mean count rate.

We obtain,
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Agmy

Asm,

=]l+—21
m a’T(1—-e "

——{fT—2[fT]+[fT]([
a f

) {exp[aﬂ' -

fT]+1)

T

[ fo] +1)j + exp[—a(T —[f%)j-i- exp[—a(T +%)J _ 2e—a/f _e—a'r :|
A ' NGO 1
:|+ mlda {(mz + 2m1Y1)+F 2 (l_e(mﬁ)/f - l_ef(a—ﬁ)/f ]}

(aT—l)(l—efa/f) e/t (l_e—ﬂ[ﬁ]/f e/t
+ —
? f 1-e /'t f
1—exp(—aT) A,T" ¢ “ ¢ “
1= + ) ~(a-p)/f
al mT(l-e ) l_e—ﬁ[fT]/f_[ﬂ—]e—ﬂ[ﬂ']/f
(l—e’/’”)2 ]—e '
i (aT+l)(ea/f—1) oo/ (l_e-ﬁ[m/fJ (ea/f_lj_
AT et a’ af 1—e /" af
mlT(l—e‘“”ﬁ)”) | ALV _[ﬂ-]e—ﬁ[fT]/f
(l—e’ﬂ”)z 1—e 't
_ _(1_ TtV 1) ~(a+p)/ [ qa(T-LTUE) 4 B
s ([a(T-1m1)-(i-e )Le E 1-a(T-[fT1/f)] i
2 “(a-p)/ T “(a+p)/ T
amT (1-e ) (1-e )
(3.11)
For high frequencies, the above formula reduces to
2pfIr"
A,(my, —m} +2mY, + =2 ——
A o (M, =, H az—ﬁz)(l_l—exp(—aT)j+ 24,0 fT" | 1=exp(-4T)
m ma oT (@ = fmp AT
(3.12)

The reduction of the variance due to the regularity of the pulses should be noted. The other
point worth noting here is the appearance of an enhancement of the variance due to

correlations in the number of source neutrons from successive pulses.

3.2.3 The ACF and PSD

We visualize the times of absorption of neutrons in a detector as a stochastic point process
(Van Kampen, 1983) described by the functions Q,(t,t,,..t;). Suppose absorption of a

neutron in the detector produces a total charge q which may be a random number and results

in a time response given by h(z) (the response function of the detector operating in the
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current mode and assumed deterministic), defined such that h(z) is non zero only for T > 0
and Ih(r)dr =1.
0

The mean current and the ACF are then given by

+00

i(t) =i j<[q1h(t—tl)+....qsh(t—ts)]>Qs(t1,....ts)dt1...dts =(a)f (t) (3.13)

s=0 9

v;|~

|(t)|(t = ié]ﬁz [gh(t—t)+...ght-t)][qh" -t ) +..q.h{" -t )] > Q. (t,,...t)dt,...dt,

- <q2> flhc(t'—t)+<q>2Thc(t’—t—r) f,(r)dr (3.14)

where the bar indicates overall averaging while <> indicates averaging over the distribution

of the number of charges per neutron detection and
h (t—t) = jh(t —t)h(t' —t,)dt, =Ih(T)h(t'—t +T)dT (3.15)
—® 0

In writing Egs. (3.13) and (3.14), we have used the fact that f,(t,) is independent of t; while
f,(t,—t) depends only on 7=t,-t,due to stationarity of the process. If we use the
expression for f, [Eq. (3.8)] in Eq. (3.14) and the expression for f, (see section 3.2.2 above)

in Eq. (3.13), we can write the following formula for the auto covariance:

__ — 2 fml;td 2 £29202
(O -TO)i(t)-i0) - mT n(-p- 1AM

+<C{>—th (t'-t-— z‘){ e/ exp(a(r—“Tr]j+exp(—a(r—[f—r]j}dr

2a(1-e'") f
a(r [fr+1]<a+ﬂ)j _a(r_m (a—ﬁ)]
f a e f a

<q> re?fa,

5 _J;h t'-t-7) EpECET + P dr
<9 > fA] L eterht 1 o, o
= {(m = 2mY,) + T | J;hc(t ~t-7)e"dr

(3.16)
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Taking the Fourier transform of the above equation it is clear that the PSD can be written as

follows:
<q2> fm, 4, 2
G(w) = H(w) T+<Q> (o) (3.17)

where H(w) is the PSD of the detector response and g(w)is the Fourier transform

of f,(0,7)— i’. Before taking the Fourier transform of Eq. (3.8) we note that the two terms in
the second line of Eq. (3.16) represent a periodic and even function of 7 having period 1/ f

and can therefore be expanded into a Fourier cosine series.

[fz] [FeI))_ caey| 2f N 4af
e exp[a(r—TJJ+exp(—a(r—TjJ—(1 e )[a +;a2+(2nﬁf)zcos2n7rfrJ

(3.18)

. T2 . . .
The constant term cancels with—1i . The other terms give a discrete spectrum i.e. a sum of

delta functions at frequencies +2nzf whose strength is given by

4z fim’ A’
—— (3.19)
a +@2nxt)

Fourier transformation of the other terms is as usual and finally we get the following

expression for the PSD

Z4ﬂfmf5(a)—2n7rf)
“~ ‘+2nxf)?
() ma, o] @D
G(w) = H(w)| —L——+(q)" f4 ) S et 1
o (mz —m +2le1)+F l_e—(a+ﬁ)/f _1_e—(a—ﬁ)/f
+ 2 2
o +a

[2(e’(”’*2ﬂ)/f —e ! )Cos(a)/ f)+(1+e”")(1-e " )}
(0 +a)(1-2¢""Cos(w/ f)+e ™" )(l—e’("”ﬂ)/f )(l—e’(“’ﬁ)”)

+H(@){(q)’ fAr"

(3.20)
The first term is the usual detector white noise. The second term is a series of discrete lines

due to the periodic nature of the uncorrelated terms in the Rossi alpha and autocorrelation
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function and is caused by the periodic source pulses. Such a term is not present in the usual
PSD method. The third term is the usual response of the reactor to a white noise source and is
usually sought to determine alpha. The fourth and fifth terms have the same functional form
as the third but are obtained due to the non-Poisson character of the source. The last term is
also due to the non-Poisson character of the source and shows the effect of correlations
between different source pulses. The magnitude of various terms in the above expression
follows the same pattern as that of the Rossi alpha function.

Similarly, expressions for cross correlation function and cross power spectral density can be

derived (Degweker and Rana, 2007).

3.3 Effect of finite spread of source pulse

3.3.1 The Rossi alpha formula

Degweker (2003) has shown that the pulse widths of a source bunch are very short for typical
RF proton accelerators producing spallation neutrons to be of any consequence in the noise
characteristics of interest. Nevertheless, there could be situations where this might be
important. One case is that of an experimental deuteron beam source such as the MUSE
facility where the width is significant compared to the die away time. For such situations,
Pazsit et al. (2005) have considered Gaussian and rectangular pulse shapes and used the
Laplace transform approach to carry out the rather complicated mathematics. For the case of
Poisson processes, one can use the Bartlett formula with a source intensity which is time
varying in a periodically pulsed fashion. For non Poisson source events, it is not immediately
clear how to generalize our approach for delta function pulses to the case of finite pulse
widths. We treat the neutron source (spallation) events as a doubly stochastic Poisson point

process and derive an expression for f,. As regards detailed calculations for obtaining f, , and
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v/m for Gaussian and rectangular pulses, we use a variant of the approach taken by Pazsit et

al. (2005).
The pgf for getting one count in a small interval dz,at time 0 and another dz at time T due to

one neutron at time t in a source free medium is denoted by G(z,, z,,t) . Then the required pgf

is given by
1 0
J= fJ.dtO <Z; j Q, (tl,....ts)fsp[G(zl,zz,tl)]....fsp[G(zl,zz,ts)]dtl...dts> (3.21)

The required Rossi alpha function can now be written by differentiating successively with

respect to z,and z,

fdz, = Z—" = f [, <Zi, [ dt,..dtQ, 4. t)> vy, B2l 1> (3.22)
Z, s 51, i=1 621

fzdrodr—a = f [, <Z jdt AtQ, (... [ZZ

|z 1
07,07, i A Z, ‘ 0z,

> ———06(z,,2,,1) 0G(z,,z,,t) > 0°G(z,,2,,t)
+> v, (v, —1 L L —L2in > 3.23
izzll (Ve =D az, = oz, le 2,01, g 1 (3:23)

Since Q is symmetric in the interchange of any of its arguments, we can write the above

functions as follows:

03 0G(z,,2,,t,)
fdr, = =" vy [ dt, j L e A (3.24)
_ 82 aG(213229t) aG(ZlaZZatz)
f,dr,dz = o202, = fjdt I(Pz(tpt ) Voo &, ’zl:l oz, ‘22:1 dt,dt,
(3.25)
a G(Zlazzat ) aG(217229t ) aG(217227t )
+f J-dt I ¢1(t) oz 18 , ‘21:1 +Vsp (Vsp _1) 621 |zl:l 822 ‘22:1 dt

where ¢, and ¢, are the average source event rate and the two point source event density

respectively given as usual by.
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o
(L) = ijdtz ..... dtQ,(t,....t,) (3.26)

¢)2(t1,t2)<z(512)! j dt, ... dL.Q, (t, ... ts)> (3.27)

It is fairly easy to show that the first and second derivatives of G are given by (Kitamura et

al., 2006)
G, (LLt) = A,e“dz,, for t <0 and zero otherwise (3.27a)
G, (LLt) = A4,e*“dr, for t <z and zero otherwise (3.27b)
G, (LLt)= 2Y, A, e (1-e™)e ™ dr,dr for t <0 and zero otherwise. (3.27¢)

Introducing (3.1) in (3.26) and (3.27) we can write

(pl(t):E(t)<I(t)>:25(t—t0+n/f)< | > (3.28)

n

o, (t,4) =EM)E®,) <I{)It)>
=ZZ€(tl —t,+n/ fe(t,—t, +m/ F)< 1{t)I (L) >

(3.29)
where we have written the (deterministic) variation of the current E(t) as a periodic sum of
narrow pulse shape functions &(t—t,)around t, = The latter represents the pulse shape
(obtained by chopping or bunching of the ion current). With the assumption of an
exponentially correlated process for the current fluctuations, we can rewrite the above

expressions for f, and f, as follows:

0 -
f=<l>v A, f | dt,) et-t,+n/f)e“dt (3.30)
1 sp’™d 0 0

~1/f n=0
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0 o o ® o
f,=v, A1 [ dt,> > [ Jat—t,+n/ e, —t,+m/ f)(< 15>+ ¢4 )ete dtdt,

—1/f n=0 m=0
0 o L o
Pl AT [ ATty D20 ey T e
~1/f n=0

(3.31)

where, T =< 17 >—< 1 >,

The main difference between non-Poisson bunches and Poisson bunches had been noted by
Degweker (2003) and was due to the absence of the n = m term in the first line of the second
of the above two equations whereas here we seem to be summing over all values of n andm .
To understand this effect, we look at the term representing the correlations between

fluctuations in current. If 1/ is small compared to time differences within a bunch, we have

perfectly uncorrelated (i.e. Poisson) statistics of the protons and as such we get the same
results as those by Pazsit et al. (2005). However, for the opposite case, there is an additional

contribution to the variance. If we further assume that 1/ £ is small compared to 1/f, then the

term is zero for all m # nbut is non zero and equal to I"> form = n. This corresponds to the
situation wherein there is no correlation between successive pulses and was considered by
Degweker (2003) assuming delta function pulses. Finally, we may have the situation in which

1/ B is not small compared tol/ f .

Assuming a finite spread in the protons within a bunch and that the bunches are non-Poisson,
we evaluate the above integrals for the case of correlation time 1/ £ being much larger than
the pulse width but much smaller than 1/f. Evaluations for the other two cases (correlation
time much smaller than the pulse width and correlation time much larger than the pulse

width) have also been carried out by us (Degweker and Rana, 2007).
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Rectangular pulses

The rectangular pulses are defined by
et)=g/o for 0O<t<o; &(t)=0 otherwise
We assume that the square pulse triggers at time ty and has a width of o . The one time

probability or the count rate is simply given by

1 817
— [ e“dtdt, + [ —[edtdt, | (3.32)
(e O'to

ty—n/f -1/ f ty -

o 1t0—n/f+o- o
— [ evdtdt,+ |

n=1 O

0
fi=<1>gAv,f '[

-1/ f
Thus the integration over one period gives a factor of « in the denominator:

<l>gA,v_f
f oSl 0%Vs A MM (3.33)
a a

where m =<1 > gv_p is the mean number of neutrons per pulse. For finding the two time

probability density or Rossi alpha, the integration and summation involved in second line of

the expression for f, [Eq.(3.31)] is similar to the one for f, and we get the following

contribution to f,.

<> g/Idzf ‘va(v_l)ﬁf n Vsp(vsp _1)
a 2 2

e (3.34)
In the first line of expression for f,[Eq. (3.31)], we have uncorrelated and correlated terms.
For the first term (uncorrelated), the integrations over t,, and t, factorize. Moreover each of
these factors which are functions of t,, are periodic with period 1/f having a phase

difference of o = ([ f r]+1)/ f —7. We can therefore expand each of the factors in a Fourier

series. The product is also a Fourier series related to the Fourier series of the individual

factors. Integration over t,can then be carried out term by term. We write the two factors as

G(t,) and G(t, +0) where G(t,)is obtained as follows:
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w f-n/f+o 1 eato (eag _1)
G, = —e”dt = ———~ fort<-c 3.35a
=2 1 5 ey T (3.35a)
to-n/f+o 0 at ac -alf
S 1 1 0 -1 1
= J' —e“‘dt+_[ edtdt = & G _)ae/f +—(1-e™) fort,>-c
oyt O i o ac(l-¢“") ao

(3.35b)

Expanding each of these factors (which are functions of ty) in Fourier series we can integrate

over t; as follows

0

0 0 o - -
G601, = | $a, 3 a e
1/

-1/f 1/ f h=—x m=—0

0
— J. a a eizmﬂ'fé‘eiZITﬁO(Her)dtO (3.36)

Only terms form = —n have a non zero value, and hence,

j)A
1/

We can compute the coefficientsa, | a  using Fourier formula & the above expressions for

0 2
G(t,)G(t, + 5)dt, = %Zana_ncos(Znﬁ f r)+a% (3.37)
n=1

f

G(t,)

0
a,=f [ e™hG(,)udt, (3.38)
1/

n
f

Integration is straight forward and we get

_ f? 2(1-cos(w,0)

aa
o’ ol(@+o))

n="—n

, where @, = 2nnf and (3.39a)

a’ =— (3.39b)

Substituting the values of a a . and a,” in Eq. (3.37) and using Eq. (3.31), we get the

following contribution from the uncorrelated term:

<> @AV | & 4a’(1-cos(w,0))cos(w,
2 g 2 Z ( 2 ( > ))2 (@ )+O-2 (3.40)
a o n=l1 a)n (a)n +ta )
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As far as the second term (correlated) is concerned, our assumption about the correlation time

1/ being much smaller than 1/ f implies that terms for which n= mwill give zero
contribution. For n=m we can set exp— |tl —t2| =1. [Since this case shows no correlations

between the number of protons (ions) in successive pulses, it will correspond to the results

obtained earlier by Degweker (2003)]. The contribution of this term can then be written as
- 0 o © ®©
o AT E [ dt D [ [et, =t +n/ lect, —t, +n/ f)ee " dtdt (3.41)

0 to n/f+o ty—n/f+o - t()+a ty+o

_ e B I ) A I A
gt feer| Mt n=l to-n/f O t-nit it o
=vy 4170 fe

0 10

0
+_jo ;{ e“‘ldtléi e,

—2
Mg f _g
_ Vsp d g |:1 . l1-e :|ear (342)

a’o aoc

Adding (3.34), (3.40) and (3.42), the final expression for f, becomes

2 2
a o

<> A {i 4’ (1-cos(w, o)) cos(w, ) +02}

n=1 a)nz (a)n2 +a2)

(3.43)

e—O{T

o 2 a’‘o oo

= 272 42 o
+<I >gﬁd2f{vspv(v—l)ﬂf +vsp(v;p—l)}a_m_Ir /11“ g f{ l—e
a

The Feynman Y function can be obtained (Degweker and Rana, 2007) from the expression

for f, using the relation in Eq. (3.10) and we get:

4<|>/1V a{z (1- cos(a) 0))sin (a)T/Z)}

nN“r’ow’ (o’ +a’)

A A v(v 1 D_2r°g4W, e’
J{ v(v— ) Ay Voo Ve — ) 944V [1—06‘7/3@(1_1 : ]

a’ a V. <l>a aT

sp

(3.44)
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Gaussian pulses

The Gaussian pulses are defined by

e(t)= g exp| — r
\27o P 20"
The pulses are assumed to be centered at t;+n/f and having a width (S.D.)o. The

summation is over all integral values of n since even pulses which appear later than 0 (or7)
will have leading edges which lie before these times.

(t-ty+ )2
o 0 1 f

f=<I1>giv,f j dtozj —— e 2 g%t (3.45)

d " sp
Ut -y N2TO

Substituting u=t-t,+n/f

<l> g/ld e [ @ BT W } <> gAv,f ool g v
f = j J' e 2°du |e — J' je 20°du je”dt
—0 n= no e

—0 t+n/ f —o0

_<I>gAv,f amf

(3.46)
a (94

Thus the integration over one period gives a factor of « in the denominator.
For finding Rossi alpha formula we note that the integration involved in second part of the

expression for f, [Eq. (3.31)]is similar to the one for f, and gives us the following term

<I>ga’°f iprV(V—l)Jerp(Vsp—l) oo

3.47
a 20 2 ( )

The uncorrelated component in the first line of the expression for f, [Eq. (3.31)] can be
written as

0 ( 40*'%)2 (t 40*'?)2
1 — — -
I ——e 2 eM———e 2 e““7dtdt, (3.48)

0 © 0
<1>* 9’2, v, f j dt, > > j
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For solving Eq. (3.48), we again use the Fourier series expansion technique described in

detail for rectangular pulses. In the present case

(-t +)"

0

0 —
\/Z_Lz [ e 2 edt (3.49)
TO e >,

G(t,) =
and hence we get for a_ , the Fourier coefficient

0 0 1 _ .
a,=f | e™NG(t)dt, = f | dt | dt, > 207 gtgi2rly (3.50)
IJ:f J;o IJ/-f m —0 \/272'0-

Setting u=t-t,+m/f , we can write

e “%.22”2“”“” (at-i2nzft) _ f ’@
a, = '[ dtI du\/_J e _(a+—ia)n)e (3.51)
Thus,
aa., =%, and a,’ :;—j (3.52)
Substitutinga, a_,, and a,” in Eq. (3.37) and using Eq. (3.31), we get the following
contribution:

2 2 2— 2¢2 _ 2
<> g4V, 7 & 20°e ) cos(w,7)

az n=1 (a)n2 +a2)

+1 (3.53)

On making the substitutions U =—t, +n/ f t =—t, and t, = —t, and substituting the Gaussian

form for the pulse shape function, the correlated component of f, [Eq. (3.41)] after slight

algebraic manipulation becomes

—2

v 121—‘2 2f « « 2 ' ’ Y

o 2 9 [ aufay ot exp(——lz [w—‘l“z P )ﬂ}“ﬁe““z-ﬂ (3.54)
e o

2o

—0 0

Performing the integration over u gives
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T2 02 25 0w 12

VSP )’dr 9 fJ‘ ' ’ (tl _tz) ' ' —ar

= [dt/ [ dt] exp| -| T2+ a(t/ +1}) (3.55)
Viro 0 1_, 2 40’

The integrations over t/,t; can be carried out using the substitutions X =t/ +t),y =t/ —t; to

give

WANKY dod

—2
ﬂlzrz 2f T. , , o0 o0 , , o0
Vsp d g [ dye-y /40 IdXeax _l_jdye-y /40 J- dXeax]ear
b -y T y-27 (356)

v AT gt f ( f
_ sp g e—ar j dye-y2/4az+ay + earIdye-y2/4azay
2N4roa J ’

The expression can be evaluated in terms of the error function to give

—2 2 2

v ﬂ/Zl—wZ ZfeaU _ 2 2

» 49 {1+Erf (fjﬂ]{l_grf (%D] 357)
(04 O O

The final expression for f, can be obtained by adding (3.47), (3.53) and (3.57)

<1>*g*°A v 2| 2g=(@no)’ 2fl Av.oviv=-1) v (v, -1
f, = g zd o 2a°e 2 cozs(a)nz')+1 +<I>/1d f|Avev( )+ 2V —D -
a n=1 (a)n +ta ) (24 2a 2
—2 2 2
v.. AT g fe“” —252 2
et O 1+ Erf | L2299 | [ prf [ ZF2T 4 ) | e | e (3.58)
da 20 20

The corresponding Feynman Y function (Degweker and Rana, 2007) is given as

Y(T) = 2<1> v, [i g (@0 sin’(w,T /2)}+{/1d/1f175pv(v—1) +ﬁvsp(‘fp —1):|[1_ l—e J

fT = n’ri (e’ +a’) a’ a vy aT
v A, e
fYetad 9 12€ 7 g2 (3.59)
a<l> al

3.4 Numerical results

In Fig. 3.1, we show the variation with the delay time 7 of the Rossi alpha function of Eq.
(3.8). The input parameters roughly correspond to the analysis of the MUSE experiment

discussed in Ballester and Munoz-Cobo (2005). For spallation, we have taken the TARC
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experimental conditions as regards to fluctuations, but adjusted the pulsing rate and source
strength to be the same as for the D-T MUSE experiment. Since measurements of the
fluctuations of the D+ ion beams are not available, we have assumed for our calculations a
o/m =0.01, i.e. 1% (and o/m = 0.1, i.e. 10%) fluctuation in the beam current. The three

sets of graphs in the figure correspond to the cases f <<a, f~a and f>> . It is obvious
that if ¢ and £ are of about the same magnitude or if f <<« , it is likely that noise
experiments might yield # which may be mistaken forar! Only in the case S>> «, i.e.

where the source fluctuations can be treated as white, do we get a variation of the Rossi alpha

which will give the correct value of «r .

Finiteness of the pulse width has a smoothening effect on the Rossi alpha function. This is
illustrated in Fig. 3.2 which shows a comparison of the uncorrelated part of the Rossi alpha

function.

3.5 Conclusion

The finiteness of the pulse width adds small corrections to the delta function based formulae.
The correlations in the source fluctuations introduce additional terms which could confuse
interpretation of alpha measurements by the variance method which is likely to suffer most
from the presence of other sources of fluctuations. The Rossi alpha, correlation and spectral

density methods might perform better in this case.
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Figure 3.1: Variation of different terms of the Rossi alpha formula [Eq. (3.8)] withz . B, C,
D, and E refer to the second, the third, the fourth and the sum of the second and fourth terms,

respectively. The three sets of graphs (a)—(c) are for f <<, f =« and f >> a respectively.

79



0.25

delta
rectangular
0.20
Y
s
©
2 o015
-
L
o}
o
—
g 010
c
0.00

—_— 77—
0.000 0.002 0.004 0.006 0.008 0.010 0.012 0014 0.016
Time, tau (arbitrary units)

Figure 3.2: Comparison of the (uncorrelated part) Rossi alpha formula for delta function and
rectangular shaped pulses. The two are identical except close to an integral multiple of the
pulse period. In the former we get a sharp cusp whereas for the latter we get a smooth curve

in these regions.
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CHAPTER 4

Theory of Reactor Noise in ADS with

Delayed Neutrons

In this chapter, we extend the theory of reactor noise in ADS by taking delayed neutrons in to
account. We describe the source using non-Poisson periodic delta function pulses and derive
formulae for Rossi alpha and Feynman alpha (or variance to mean) by following a method
based on resultant pgf of counts (Degweker, 2000). The possibility of correlations between
different pulses is also considered. Numerical results based on the derived formulae are

presented to illustrate the importance of delayed neutrons in typical experimental conditions.

An earlier study on the effect of delayed neutrons on ADS (driven by a pulsed source) noise
characteristics has been performed by Kitamura et al. (2005). This study is based on the use
of the Bartlett formula which is valid for Poisson sources. The formulation in the present
chapter, as in our earlier chapter, is different in so far as it applies to non-Poisson sources. In
section 4.1 we consider the case of un-correlated non-Poisson source pulses. The case of

correlated pulses is treated in section 4.2.

4.1 No correlation between different pulses

4.1.1 The variance to mean ratio (Feynman alpha) formula

We define G(z,t) as the pgf of the number of counts in an interval[O,T] , due to one neutron

at time t. As discussed in section 2.2.3 of chapter 2, if at times t we get bursts of neutrons
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having a multiplicity distribution given by p(v) and if the last of these bursts occurs at time

t,, we can write the resultant pgf of counts as follows:

t ﬁFp (z,t,—n/f,T))dt, (4.1)

T-1/f n=0

~

where F (X)stands for the pgf of the multiplicity distribution of the number of neutrons
produced by a proton bunch i.e. of p(v). Using this pgf, equations for source induced first
(M,) and second (M, ) factorial moments of the number of counts in the interval Oto T can

be deduced by repeated differentiation with respect to z and setting z =1. Thus, we obtain
T
m=fm, [ G'(1,t)dt 4.2)

M, = jZmG(lt —n,/ £)G'(Lt, n/f)dt+fj mG"(LH+mG (L)t (4.3)

T-1/f M#N,
where m and m,stand for the first and second factorial moments of the multiplicity
distribution of neutrons produced by a proton bunch and f is the pulse repetition frequency.

The variance to mean ratio can be obtained as usual from mandM, .
Backward equation for the Green’s function G

To evaluate m andM,, we need to have expressions for G'(I,t) andG'(1,t). For this
purpose, the backward equation technique for G(z,t)[Pal 1958] is utilized. The backward
equation without delayed neutrons was written down by Degweker (2000). The one with
delayed neutrons can be derived along the lines given by Pal (1958). The following equation

is a straight generalization to several groups of delayed neutrons.

_%6 =—AG+A + A yO)z+ 2, F(G(z),1,,..1,) (4.4)
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where ;=] e G(z,t)dt +e T

- |

f(X,Y,,...yy)is the pgf z X"y, Lyt p(n,my,..my )5 p(n,m;) being the probability of

n,m,..My

finding nneutrons and m, delayed neutron precursors of the i™ group at time t, uis
precursors decay constant of the i group and y(t)is unity in the interval [O,T], and zero

outside.

We get the first and second factorial moments by differentiating with respect to z and

settingz =1.
oG' — —r i (t'-t)
o =~ A0G 4 y eG4 S (43)
i t
oG" - " — -t~ n v '
== Ay~ V2G4 S vy Iﬂie (TG, t)dt + S, (1) (4.6)
i t
where,
5,(t) = 2 2() @7

.
S, =v(v-1),4G"+2 v v, 4,G' j G'(Lt) e " dt'+ > v(v-1), 4,
i t i
T 2 T T ' (4.8)
t i t t
where the first two terms on the right hand side are referred to as the prompt-prompt, prompt-

delayed correlations, respectively and the last two terms are referred to as delayed-delayed

correlations.

If we write v(v—1), =v(v—-1)— Z v(v—1)y — Z z Ve Va, ~ 22 VoV

i j=

then
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.
S,(t)=v(v-DA,G"+2) v v, 4,G UG (LtYue " Vdt' -G ]
i t
T 2
+D V(v =Dy A (U G'(Lt) eVt ] ¢ '2} (4.9)
i t

T T
v [U e J
t t

i je
It is clear that all terms other than the first are of order B or . Since the contribution of

prompt-delayed and delayed-delayed correlations to the final result is negligible, we consider

only the first term in the following derivations.
Therefore, we get
S,tY=v(v-1A,G" (4.10)
Both G'(I,t)and G"(1,t) obey the final condition G'(1,T)=G"(1,T)=0.
Note that the last term in Eq. (4.5) and the last three terms in Eq. (4.6) are the adjoint (or

backward) equation source terms. The difference between the two equations lies only in these

source terms and hence both the equations have a common Green’s function given by

Z Ae Y (4.11a)
J

where ¢; are roots of the inhour equation,

g _
p(MZpM.j p=0 (4.11b)

and p=(ky —1)/ky and A =1/k, isthe generation time.

If we define A} =A; /A, we note that the left side of Eq. (4.11b) is the inverse of the zero

power transfer function G(s) and A are the residues of the transfer function i.e.

G(s)=). A (4.11c)

~S+a,
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where

1
@_s(mzsmj— “.11d)

From Eq. (4.11¢),G(0) = Z A /a, . Also, from Eq. (4.11d),G(0)=-1/p. Combining these
two relations yields
Zﬂ:—l/p (4.11e)
i 4
Hence it is possible to write the solutions of Egs. (4.5) and (4.6) as follows

G'(Lt)= ZAje“ O, 2()]dt (4.12)

.
G'LH=> A j e’ s (t)dt’ (4.13)
] t
Solving the integral in Eq. (4.12), the result can be shown to be

G'(Lt) = /12 ‘“t(l—e_“"T)fort<0

J

= Z—J(l—e*“l'”*”) for 0<t<T
[ (Z

=0 (4.14)

We will not solve the integral in Eq. (4.13) because the future derivations will not require it.
The Feynman alpha formula

Having written down expressions for the first and second moments of the single neutron pgf
G'andG", we now proceed to evaluate the expressions for the source induced moments

given by (4.2) and (4.3).

The average number of counts in the interval [0,T ], or the (source induced) first moment can

be written down using Eq. (4.2) and the solution of Eq. (4.5) given above.
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]
= fm, j G'(Lt,T)dt

A,
=fm| [ 4, J‘“1e‘dt+/1 —L(1-e ") dt
[Jas e faz e
A
= fmA, 7Y - (4.15)
i ¢
Therefore the average count rate is given by
A
f.(t)=fmi, > —L (4.16)
i
This expression is similar to the one without delayed neutrons that was obtained in chapter 3.

Before evaluating Eq. (4.3), we make a slight change in it to simplify further calculations.

The double summation in the first term excludesn, =n, However, we include this term and
subtract it from the second term in Eq. (4.3). With this change, we can rewrite the expression
for M, given by Eq. (4.3) as a sum of three terms:

; . T 2
fm, j G"(,tydt+ f(m, — mf)j (G'(Lt)) dt + f j {mIZG'(l,tO —n/ f)} dt, (4.17)

T-1/f

The three terms in the above expression will be denoted by[1], [l ]and [l ]respectively.

[1]= fm jG"(l tydt = fm, j dtjdt ZAe““ s (t") (4.18)

—0

Interchanging the order of integration, we have

T T
= fm, [ G"(,tydt = fm, | [zﬁJsz(t')dt'
b ht o

IS

j

= fmyv(v-DA, [29] j).|:ﬁdz%eat (l_e—ajT )} dt +_[{ 2_(1 ea.(Tt')):| qt’
i i 0
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- V(V 0, (z A J/’LZZZ AA { - _l—efaiT N 2l _e"kT:| 4.19)

a,a a, a, o, +a,

The above expression can be written in a form given by Williams (1974)

[ a

[1]=fmA, v (zﬁ] AT, [1 - l_e:iT ] (4.20a)
C(J- i i

where we have introduced the notation Y, for

Yi -2 V(‘i_zl) AG(O{I) (420]3)
(v) a;

1= £ (m, ) [ (G0,

f(mz—mf)['[l: z ““(l—e“”T)} dt+J'P 22_(_ aao)m

—ajT AT _ —ajT oo T
= fm-m)z Yy, 'Ak( e = e’ 2-e ¢ J 4.21)
a

a.a a, (a;+a,)

As in Eq. (4.20a), this expression can be written in terms of Y, as follows:

f(m,—m> v 4,°T 1-e™"
1= Y[1- 422
L11] v(v-1) Z‘ '( aT ] (4.22)
[]=f j {mIZG'(l,to—n/f)} dt, (4.23)

If t,is between —1/f and 0, then

Fort<0

A

ZG'(l,tO—n/f):;tdz_sz:(l ol a0
" J

] n=0

:Z Ay o (l_e_a;)

(1 e—a]/f)

(4.24)
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For O0<t,—n/f <T,

A L]
ZG'(lat n/f) ﬂ’dz_J [l_e a; (Tt~ n/f))j|’
n j j n=-1
if[ﬂ']isveryclosetoTi.e.ift0+[fo]+1>T
Al a;[fTV _
_ 74 [fT] —a (T tu)e—_a/fl (4253)
A, (T
) Ny | —e i T=n/ 1) ;
DN }
) . .. [fT]+1
if [ fT +1]is very close to T i.e. if t,+ <T
Aﬂ, JLIT+1)/ 1 _
=S 4T +1]-e ™™ ”“O)e—_,l 4.25b
a;lf
Thus,
ajt aiT
0 1—e 7 » eal[fT -1
ZG(lt —n/ f)=4, Z %Hﬂ] e “’)l_e—_a]/f (4.26a)
for t0+[fT]+1>T
ait,
A e"’(l e ’) el M _y
A, T4l (4.26b)
dzi:aj (l—e"’””) 1-e™ !
for t0+[fT]+1<T
Therefore,
1+ fT] 2
T A ea,to (l_e—a;T) e a; [T+ f 1
Ut i Otj (l_e aj ) 1-e 7
[H]=A;m/ f 5 (4.27a)
0 A ea,to l_e—a]—T T/ 3
+ Z ( —a;/f )+[fT] “t tO)e —():-/f1 dtO
T ] a] (1 ) - :
f
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2(1-

()= i)

e—(aj-#ak)/f )

+T+2[fT]T —[f%([ fT]+1)

a (e—aJ(T [fT]/f)+eal(T ([fT]+1)/f))
k
1
_ﬂzmzfzz AAN — a; +a, (4.27b)
o | a, (l—e ! ) P
~1-¢e
Q. (e—ak(T—[fT /f) +eak(T ( rr]+1)/f))
i
1
+—a (l—e_ak/f) a; +a,
k _l_e—ak/f

This expression, as earlier, can be written in terms of Y; as follows:

[ =A2m? f

P

i &

A]@+qﬁ]_LJ

f

([fT]+1)j

fT1+1)/ )

(4.28)

—o;/ f

-2
v Y (e aT-TVH | aa (=1
1-e

_l_e—ai/f ]

Now, since variance to mean ratio Yo +&— m, from Egs. (4.20a), (4.22) and (4.28), the
m m

vivr-1)5 ¢

final expression for variance to mean ratio can be written as follows

—2 _aaT
l:l-}-V ld ZYI 1——1 ¢ mllf (m il )
m m 4 aT v(v— 1)2(A /a;)

[fT]
A N 1+2[fT]——([fT]+1

%m(Z—‘] =5 (LT3+1)

FA)

V mﬂ, /f)+eai(T—([fT]+1)/f)_l_e—ai/f

(4.29)
T

Yi g a(T fT]
Z [

v(v I)Z(A la;) T(l_e—ai/f)

Replacing A, by A'j and employing Eq. (4.11e), the final expression for Y becomes
m
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X‘”ZY 1_ﬂ 1_lj;r)(mz—mf) ~ AmA 1+2[fT]—[::%([fT]+1)
mo 2l mv(v—1) Pl s

(4.30)

~ ;m &P Z —a,(T—[fT]/f) +eai(T—([fT]+l)/f) _l_e—ai/f
viv-1)45 T(l—e""i”)
where we have used the relations 4, = &4, and _L =A

VA,

Also we have redefined Y, as

v(v—1) AG(«,)

Y, =2¢
(V)2 a;

In the above expression, first part of the first term represents the usual uncorrelated
component and the second part represents the correlated component. The second and third

terms are oscillating in nature and appear due to the periodicity of the source.

It can be seen that the correlated terms have the same form as described by Williams (1974).

The correlated term is different from that for a random source in that it contains the
termm, —m,> rather thanm,. The subtraction of the square of m reduces the correlated

component of the noise. This reduction may be ascribed to the regularity of the source pulses.

If there are no delayed neutrons, summations are removed, A =1=A ,a, =a =, and Y,are

(V )

VO(

replaced by

Thus the expression for variance to mean ratio without delayed neutrons becomes

[fT]([fT] 1)

e 2 1420 fT]-
Yo, VA v(v— 1)(1_1 e ]{mlﬁﬁ- (m,-m?) }zm [T]

m m g2 aT viv-)(1/e)| «a T

;zml V(V——l) e—a(T—[fT]/f)+ea(T—([fT]+l)/f)_l_e—a/f
+—1 d ~— —
viv-D(1/e) Vo T(1-e'")
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:1+ﬂd(m2+2le1)(l_1—e“Tj_/ldml {fT—Z[fT] [fT]([ﬂ_] 1)}

ma ol a
(4.31)
ﬂ. m, e @ TV 4 qa@-(THD/f) | g-a(T+/f) _yg-alf _ g-aT
a Ta(l—e*"” )

Where we have used Y, =4, v(v—-1)/ 2

Thus, in the absence of delayed neutrons, the expression for variance to mean ratio reduces to

the form derived earlier by Degweker (2003), as it should.

In Appendix I, we have derived expression for the v/m ratio taking into account the terms
involving prompt-delayed and delayed—delayed neutron correlations. There are six additional
terms in the variance formulae having a functional variation with time similar to the usual

variance formula, corresponding to the six precursor decay constants.
4.1.2 The two time probability density (Rossi alpha) formula

We introduce the pgf G(z,,z,,t) of detecting counts in a short interval around time 0 and

counts in a short interval around time 7 due to one neutron at timet. This obeys the backward
equation. The Rossi-alpha formula can be derived by introducing the Master equation

technique for G(z,,z,,t) [Kitamura et al., 2005].

—%:—AGM +,1dz D xM+4, f(G(z,2,,1),1) (4.32)
i=1

where
Ii — I/’lie_#i (t'—t)G(Z,t v)dt "+ e—ﬂi(f—t)
t
2, (t)=1,1in an interval dt,around t=0

and

2, (H)=1,in an interval dz around t=7
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Since the short interval is infinitesimal, we only consider the possibility that there are either 0

or 1 counts in these intervals.

We get the first and second factorial moments by differentiating with respect to z;and z, and

setting z, =1 and z, =1respectively.

aGZi _ — —pu(t'-t) l [
= (A =V, A G, + Ay vy [ 1B, (LU + 4,7,(0) (4.33)
t
oG, , — —t
— a1:1 2 — _(ﬁ“a —Vpﬂ,f )Gzlzz +ﬂf Zl/di .[,Uie Hi( )Gzlzz (l,l,tv)dt'-f- 82 (t) (4343.)
i t

Sz (t) = V(V - l)pif GZ1 GZ2 + szVdi lf GZ1 J‘GZZ (1’1,1: v)luie*ﬂi (t'—t)dtv
i t

+2 v,V 4G, [ G, (Lt ue Yt

| e . (4.34b)

SV, A, [I 4G, (L1 t)e Vet jU #G,, (L Lthe J
i t t

i

DD Ve Ve, A [ j G, (ILLt")me "t JUG (L1t eV dt j
t t

As described earlier, neglecting the prompt-delayed and delayed-delayed correlations
S,t)=v(v-1,4G,G,
The solution of (4.33) can be shown to be

G, =/, Z Ae™  fort<0
J

=0 otherwise

and

G, =4 2 A" t<r
i
=0 otherwise
T v
GZIZZ (l,t) = Z Aj '[eaj(t*t )SZ (t ')dt !
j t
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To get the source induced moments, we simply replace Eq. (4.1) with the following

f j - F,(G(z,2,,t,—-n/ f,T))dt,

p
-1/ f n:

On differentiating with respect to z; and z, and setting z;=z,=1, we get the following

expression for the Rossi alpha

fm, [ G, (L,ydt+f(m, -m)[ G, G, dt’

+fm! j HZGZ’ (L,t,—n,/ f)j[ZGzz (1,t, —n,/ f)ﬂdto

(4.35)

-1/ f
The three terms that are required to be evaluated for calculating the (source induced) second

moment become

[1]= fm, j G,,, (Lbdt = fm, j (Zﬁ}z (thdt'
% A\ Ta

I

:fml[z ]v(v DA, A4 Zz

+C¥k

:fml[z j’” ZaYe’“i’ (4.36)

i O

From Eq. (4.35),

[1]=f(m, —mfﬂGzlGhdt' =f(m,-m)A D > e™ (ij
o ik

a; +a

=2  m2yg 2
_ 1% f (m2 m] )j’d zaiYiefair (437)
2v(v—1) i

From Eq. (4.35),
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[H]= fm/ j [[ZGZI (L,t, —nl/f)J[ZGZZ (l,to—nz/f)J:ldto

j KZG (1,t, nl/f)}( i G;z(l,to—nz/f)J:Idto
[fr] ny=—[fr]

f

. fr]+l
f o 0

+ jl KZ_;}GZI(I,tO—nI/f)](n > Gzz(l,to—nz/f)ﬂdto
i

=—([fr]+])

= fm

e—ak(r—[fz’]/f) 1_e—ai/f + 1_e—ak/f e(aﬁak)(rf[f‘r]/f)fai/f
L (1-e)r-e)

(1-e“Ny1-e'") a +a,
2,272
_ fm1 ﬂd \% (ZiYi (e—a ([ /f)+ea (7—( fr]+l)/f)) (4 38)
2v(v -1) i(l—e’“i”) '

From Egs. (4.36), (4.37) and (4.38), the final expression for Rossi-alpha with delayed

neutrons becomes

fﬂ“ 2 -t ﬁ (mz _mlz)
ZaYe { (Zj:ajJ-’_——V(V—l) }

—2
—a (r—[fz)/ f) o (r—([fr]+1)/ )
d z ( —a,/f ) ( te )

(4.39)

2v(v 1)
Replacing A, by A} and employing Eq. (4.11e), the final expression for Rossi Alpha

becomes

m A -m?
f2 — EZCX-YAE_%T 177f + (mz m] )
2 Yo, v(v-1)

(4.40)

fgmlz Z Y, (efai(rf[fr]/f)_I_eai(r—([fr]ﬂ)/f))
w-D5(1-e'")

Again, as in the case of variance to mean ratio, we have the termm, — mf, arising due to non-

Poisson character of the source, and the oscillating terms due to the periodic nature of the

source.

94



If there are no delayed neutrons, the above expression reduces to

. FA2 e v(v—1)[ mA L (m—m)
? 2 a a v(v-1)
—2
n vV fm24.2 v(v-1) (efa(rf[fr]/f) +ea(r7([fr]+1)/f))

2= Va(1—e )

2

fA,’
_ d {(2lel+m2_mlz)em+ m, {ea/fea(r[fr]/f)+ea(r[fr]/f)}:| (4.41)

20

l_efa/f

Thus, we see that the Rossi alpha expression (4.39) reduces to the form derived earlier by

Degweker (2003).

In Appendix II, we have derived expression Rossi alpha taking into account the terms
involving prompt-delayed and delayed—delayed neutron correlations. It appears from these
formulae that in the Rossi-alpha formula, in addition to the well known exponentials with
decay constants given by the roots of the inhour equation, there are six other exponentials

corresponding to the six delayed neutron precursor decay constants.

4.1.3 Numerical Results

We have done calculations of the Feynman alpha and Rossi alpha for typical ADS

experimental parameters given in Table 4.1.

Figs. 4.1-4.3 show the variation of v/m with the length of the counting interval. Fig. 4.1(a)
shows the results on prompt neutron time scale while Fig. 4.1(b) shows the results on the
delayed neutron time scale. On the latter scale, we see a prompt jump followed by a slower
rise. From these graphs it can be seen that the contribution of delayed neutrons is significant.
Fig 4.1(c) shows the contribution due to source correlations. The magnitude of this term is
small compared to that due to fission chain correlations for the parameters assumed and the

level of sub-criticality. However, under different circumstances, this could become large and
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even the dominant contributor to the Feynman Y function. Fig. 4.1(d) represents the

contribution of the oscillatory term due to the periodicity of the source.

The same sets of graphs are shown in Fig. 4.2 but with a prompt neutron lifetime of about 1
ms, typical of a heavy water reactor. The important point to note is that the prompt and
delayed neutron time scales overlap; they are not distinctly separated like in case of Fig. 4.1.
As a result we do not see a sharp prompt jump in the v/m on delayed neutron time scales. The
significance of this is that in trying to extract alpha from a plot of v/m or Y versus counting
interval, it is necessary to include corrections due to delayed neutron terms. The four sets of
graphs in Fig 4.3 again correspond to the case of a heavy water reactor but with lower level
of sub-criticality. Here once again the two time scales overlap and the important point to note

is that the magnitude of v/m is more as it should be.

In Figs. 4.4-4.6, we show for different sets of parameters listed in table 4.1, the magnitude of
various terms of the Rossi Alpha formula with delay time. An interesting feature is that a plot
of the logarithm of the correlated term with time separation results in two sharply defined
lines for the light water case where the prompt and delayed time scales are well separated but
for the heavy water case, there is a smooth transition from the prompt to the delayed region.
It can be seen from Fig. 4.4(c) that in this particular case, the magnitude of the term arising
due to source correlations is very small compared to other terms which is why the
contribution of this term appears negligible when plotted along with other terms (see Figs.

4.4(a), 4.5(a), and 4.6(a)).

4.2 Correlation between different pulses

4.2.1 The two time probability density (Rossi alpha) formula

The counting gate system assumed for deriving the Rossi alpha formula is shown in Figure

4.7. If at times t we get bursts of neutrons having a multiplicity distribution given
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by p(v,,V,,....,vy)and if the last of these bursts occurs at timet,, we can write the resultant

pgf of counts, to get the source induced moments, as follows:

T

f J‘ Z p(vl’vz”"’vN)GVI(Zlbz2at0_1/f)sz(Zlozzato_z/f)
71/ V1:V2 sV

G (z,,2,,t,— N/ f)dt,

On differentiating w.r.t. z; and z, and setting z,=z,=1 we get the following expression for the

Rossi alpha

f,(0,7)= I {ZmG (Lt,-n/ )G, (t,—n/f)+mG,, (,t,—n/f)

r—1/f Ln=0

#3 (mpare G, (g -0/ )G, (1Lt —n, / ) |dt, (4.42)

n;#n,

where T'* is the variance of the number of neutrons produced in a pulse and ¢ is the decay

constant of the source correlations.

The n, # n, term can be written as

>3 (m e )G, (1t -0/ )G, (Lt ~n, /1)

,=01,=0

>

=> (M +T7)G, (Lt,—n/ )G, (L,t,—n/ ) (4.43)
n=0

First summation in the above equation, can be written as

Zz(m + D%, (1Lt =,/ )G, (Lt,—n, / T)

n, =0 n,=0

+Z Z (m? + %6 =G, (1t -0,/ )G, (L, —n, / T)

n, =0 ny=n+1

Changing order of summation in the first summation, we can write

- i i (ml2 L 2e s/t )GZ1 (Lt,—n/ )G, (L,t,—n,/ )
n,=0 n;=n,

o0

+i > (m7+ e )G, (Lt -0/ )G, (L, -0,/ T)

n=0n,=n;+1
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In first of the above summations, substitutingn, =n, +m and in the second onen, =n,+m,

we get
Z > (mP+T%e )G, (Lt,—(n,+m)/ £)G, (Lt,—n,/ )

+i i (m2 +%e ™ )GZ] (Lt,—n/ )G, (Lt,—(n +m)/ f)

n =0 m=0

(=}

—i(mf +I?)G, (Lt,—n/ )G, (Lt,—n/ f)

n=0

Thus from Eq. (4.43), the n, # n, term becomes

Z (m? +%e")G, (Lt,—(n,+m)/ )G, (Lt,—n,/ f)

i)

2

+i i (mf +T %/ )GZ] (Lt,—n/ )G, (Lt,—(n +m)/ f)
n =0 m=0
—Zi(mf +I)G, (Lt,-n/ )G, (Lt,—n/ f)

n=0

Substituting this in Eq. (4.42), the expression for Rossi alpha becomes

f,(0,7)=fm, [ G, (1,H)dt+ fm, jG G, dt+sz m; +T%"")G, (Lt,—m/ )G, (Lt,)dt,

—oo M=0
S maren )6, 06, 0y -m/ 21 (mer) e G
—oo M=0 i

The first, second and fifth terms have been solved in section 4.1.2 and are as follows

T 2
fm, jG (Ltydt = fm, (Z ]’H Zave-“if (4.45)
2 T a
f fm/1
f G,G dt—V d g " 4.46
mzjw Gyt =" 1)2 Ye (4.46)
Vv f(m +F2)

D aYe (4.47)

2f(mf+F2)_J‘GZIGZZdt: oD i

v(v 1) AG(¢)

(V) 2

where we have used Y; =2

98



G(s) is zero power transfer function and A are the residues of the transfer function i.e.

6=y D

~s+a,

The third term in Eq. (4.44) can be written as

o -

) j (m +T%<"")G, (Lt, —m/ )G, (Lt,)dt,

£
TP+ T )G, (1Lt —m/ )G, (Lt )dt,

0

Since [frf]+l

>7 and keeping in mind the fact that G, (1,t) is non zero only for t <0, the

second term in the above expression is split in two parts and the final form of the third term

in Eq. (4.44) becomes

0 o«

]2 (m+T%e ™ ")G, (L, —m/ )G, (1t,)dt,

b3 f(me e )G, (- m/ DG, (L
0

AA( m2 l—*2
— 2 ] A&
- f/idz ~ |:1_e—1a-/f +1_e—(aj+g)/f

T a+a j
A | g (Frl/ AR
+1‘/1[,22—‘Ak (e"‘”—e‘“”) m’ ——+I7 ——
Tk aj+ak 1—e 7 l1—e ite
i | — e (FrD/f gyt
2
m —
1 /f P
o AA e e
+1A5) ———e" o (4.48)
ik aj +C¥k l_e(ak—g)([fr]+l)/f l_e_(aj+§)([ r]+1)
, - ~
+ 1— e(ak —6)/ f 1— e*(a'j +¢)/ f

Similarly, the fourth term in Eq. (4.44) can be written as
0

> (m +T%e "G, (1t,)G, (1L,t,—m/ fdt,

o m=0
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A. 2 2
=fa3) i e{ m T } (4.49)

o+ l—e /T [—g @t

Substituting Eq. (4.45)-(4.49) in Eq. (4.44) and simplifying, we get the following expression

for Rossi-alpha

272 A .
f2 (O,T):devzaiYie—air mllf (Z J_’_(mz m;)

s
T, v(v-1)

i fm24.2 aiYi (efai(rf[fr]/f) _"_eai(z'f([fr]ﬂ)/f))
1 74 —a
2v(v -1) P (1-e ")

_eiair e_(ai+g)/f ~ 1
f ld2;2 Y 1 _ e—(ai +¢)/ f 1 _ e—(ai —¢)/ f

R E— ai
2v(v-1)4 +(e—(ai+g)/feai(r—[fr]/f) e—ai(f—[ff]”)} el t

+I° (4.50)

l—e @/t + 1_g (@

The first term has two parts one coming from the source multiplicity and the second due to
the chain multiplication. The second term is the uncorrelated term i.e. coming from two
neutrons unrelated to one another. It however has a periodic character rather than the usual
constant form due to the periodicity of the source. The presence of the last term is due to

correlations in the source fluctuations. For ¢ >>f, i.e., for correlation times which are short

compared to the time between successive neutron pulses, this term vanishes and the formula

reduces to that derived in section 4.1.2.

If there are no delayed neutrons, summations are removed, A =1=A ,a, =a =, and Y, are

v(v-1)
vVa

replaced by

Thus the expression for Rossi-alpha without delayed neutrons becomes
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(4.51)

f,(0,7) =

where Y, = 4, v(v-1)/2c.

Thus, in absence of delayed neutrons, the expression for the Rossi-alpha reduces to the form

[Eq. (3.8)] derived in chapter 3, as it should.
4.2.2 The variance to mean ratio (Feynman alpha) formula

The expression for the variance to mean ratio (the counting gate system is shown in Figure

4.10) is derived as usual by integration of the expression for Rossi alpha [Eq. (4.50)], as

follows:

\Y% 2%

—=1—m+—j(T—f)f2(o,r)dr (4.52)
m ms

where m is average number of counts in the interval[0,T], or the (source-induced) first

moment and, as described in section 4.1.1, is given as

(4.53)

A
m=fmA,TY —
i (04

j
The integration is somewhat tricky since f, is a piecewise continuous function and has to be
handled by breaking the range into periods of sizel/ f . All the terms of the Feynman formula

will be same as in our previous paper but for the term arising due to source correlations i.e.

the I'* term of f,.

As discussed in section 4.1.1 earlier, the contribution of first two terms of f, to the Feynman

formula is as follows:
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! (4.54)
v(v I)Z(A /a)z.:a T(1-e='")
Let us consider the I'* term of f, i.e.
B ( e—(ai+g)/f 1 7
g " _

22 l_e*(ai+§)/f l_e*(aifg)/f
md—VZaiY L o (4.55)
ZV(V _ 1) i N e_(ai +6)/ eai(T_[ t]/ ) N e_ai(z-_[ 7]/ f) [ fe)/f

e (@) |_e @

The integration of the first term is straightforward and gives the following contribution

tov/m:

IV v 1= exp( aT) | et 1 (4.56)
Z l_g @/t | _g(@oif

v(v—l)ml[ZAj/a] !
i

For integrating the second term in Eq. (4.55), we break the integration range as follows

[i] mf (T-2)f,(0,7)dz + j (T -7)f,(0,7)dr

m=1 (m-1)/ f [fT)/ f

Integration leads to the following contribution to the Feynman formula
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(4.57)

From Eq. (4.54), (4.56) and (4.57), the final expression for the Feynman formula becomes
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l_efai/f
f

e

If there are no delayed neutrons, summations are removed, A =1=A ,a, =a =, and Y, are

v(v-1)
-2
Va

replaced by

2

Thus, the expression for Feynman formula without delayed neutrons becomes

104




1—1+¢{exp(a(‘l’—@)]+exp(—a(‘r—[fj)l+exp(—aﬁ +%)]—2e"”f —e"‘T}

m o’ T-e*") f f
(mz +2m1Y1)
M o fT]+[fT]([ fT1+D) |, 4 oot | (1_1—exp(—aT)j
a fT mea |+ - aT
1 l—e (a+¢)/ f l—e (a—¢)/ f

ldrz (aT—l)(l—efa/f) eg/f}(leg[ﬁ]/f] (l_e—a/fj l_e—g[fT]/f [fT]e—g[fT]/f
(1

+
mT(1—e ") a’ af 1-e<'" af _pe!f )2 1-e<'"

(l_e—ﬂ/f)2 1-e~'"

Adrz [a(T_[fT]/f)_(l_e—a(Tf[fT]/f)):| e—(a+g)/f|:ea(T—[fT]/f)_l_a(T_[fT]/f):|
+

aZmlT (1 _ e—(a—g)/ f ) (1 _ ef(a+g)/f )

ﬂdrze‘(“”” (aT +1)(ea/f _1) ea/f ]{l_eg[fT]/f j_(ea/f _1] l_e—ﬁ’[fT]/f [fT]e—g[fT]/f

mT (1—e @M o Caf | 1—ef of

+ g el

Thus, in the absence of delayed neutrons, the expression for the Feynman formula reduces to

the form [Eq. (3.11)] derived in chapter 3, as it should.
4.2.3 Numerical results

We show in Figs. 4.8 and 4.9 the variation with the delay time t of the Rossi alpha function
for light water and heavy water systems respectively. The parameters used to plot Figure 4.8

are taken from Kitamura et al. (2006) and are given in set 1 of table-4.2. The parameters
m,—m’ and I'* (defined asI"> =m, —m’ +m,) are evaluated by considering fluctuations in
ion current. Here in all the cases, current fluctuations are about 1%. It can be seen from the
figure that Rossi alpha function oscillates with time and has a decaying part in the beginning

which later on becomes non-decaying. Since strength of the external source is very small,

source fluctuations are close to Poisson and hence have negligible contribution.

Figs. 4.9(a), 4.9(b) and 4.9(c) correspond to three different cases viz. ¢<<a, ¢ ~ a and
¢ >>a respectively. The assumed parameters, corresponding to a typical heavy water system,
are listed under set 2 in Table 4.2. The source characteristics correspond to a typical D-T
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source (Soule et al., 2004). Figs. 4.9(a) and 4.9(b) show that if ¢~a or ¢ << a, it is likely
that noise Experiments might yield ¢ which may be mistaken for a! Only in the case of
¢ >>a i.e. where source fluctuations can be treated as white do we get Rossi Alpha which

will give correct a..

Fig. 4.9(d) shows the contribution to Rossi alpha due to correlations in the source fluctuations
and that due to source multiplicity plus fission chain. From the figure it can be seen that if we
have heavy water systems, correlations in the source fluctuations will be particularly
important if their correlation time is comparable or larger than that of prompt neutrons. For

short correlation times this effect is not important.

Figs. 4.11(a) and 4.11(b) show variation of total and different terms of the v/ m formula with
the length of the counting interval on prompt and delayed neutron lifetime scales
respectively. The parameters used to plot the graphs are listed under set 1 of Table 4.2 and
correspond to a typical light water system. From Figure 4.11(a), it is seen that the v/m
appears to saturate and hence use of formula with only prompt neutrons may be adequate for
analyzing the experimental results. In Figure 4.11(b), the contribution of delayed neutrons is

however seen.

Figs. 4.12(a) and 4.12(b) show variation of total and different terms of the v/m formula with
the length of the counting interval on prompt and delayed neutron lifetime scales
respectively. The parameters used to plot the graphs are listed under set 3 of Table 4.2 and
correspond to a typical heavy water system. From the Fig. 4.12(b) it can be seen that, unlike
Fig. 4.11(b), the prompt and delayed neutron lifetime scales are not distinctly separable. Thus
if one tries to extract alpha from a plot of v/m versus counting interval, it is necessary to

include corrections due to delayed neutron terms.
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4.3 Conclusion

The importance of the delayed neutron contributions will be most clearly felt in those
situations where the prompt and delayed time scales are not very distinct and the formulae
derived by us would serve as corrections even on prompt neutron time scales. While the
periodic variation with the period of the driving source is similar to that obtained by other
authors, the source correlation term has a different magnitude. This is due to the non-Poisson

character of the source.

If correlation (between the number of neutrons emitted in different pulses) times are greater
than or of the order of the prompt neutron decay times, it will be difficult to use methods such
as Rossi alpha. It is therefore important to study the current fluctuation statistics of ion beams

from accelerators, either theoretically or experimentally.
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Table 4.1: Numerical parameters used to plot Figures (4.1) through (4.6)

Values

Parameters

Set 1 Set 2 Set 3

Light water system | Heavy water system | Heavy water system

Ay 3.3485X10° 6.1164 6.1788
A 2.1686X10* 3.9612X10° 4.0016X10*
a, 1.4438X10° 2.1066X10" 1.1139X10'
a, 6.0676X10 1.2106 1.1445
A 5.3650X10* 9.7682X10’ 9.7707X10?
A, 0.7181 3.17852 1.2928X10'
(v 2.4740 2.4740 2.4740
(v(v—=1)) | 4.8965 4.8965 4.8965
m, 5.0000X10' 5.0000X10' 5.0000X10'
m, 3.0040X10' 3.0040X10" 3.0040X10"
f 5.0000X10° 7.0000 7.0000
A 1.8639X107 1.0204X107 1.0101X107
i 6.5000107 1.0200X107 1.0200X107
A 0.0800 1.2750 1.2750
P -0.0204 -0.0204 -0.0101
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Table 4.2: Numerical parameters used to plot Figures (4.8), (4.9), (4.11) and 4.12)

Values
Parameters
Set 1 Set 2 Set 3
Light water system | Heavy water system | Heavy water system
A 334.85 6.24 6.24
A 21686 404.2 404.2
2, 1566.3 29.149 29.149
a, 0.0608 0.061 0.061
A 53762.8 999.338 999.338
0.66 0.662 0.662
v 2.4740 2.4740 2.4740
v(v—1) 4.8965 4.8965 4.8965
m 50.0 3.0X10° 3.0X10°
m, —m? 0.25 9.0X10° 9.0X10°
2 50.25 9.03X10° 9.03X10°
f 500.0 10.0 500.0
A 1.86X10° 1.0X107 1.0X107
B 7.0X107 7.0X107 7.0X107
1 0.08 0.08 0.08
o -0.02213 -0.02213 -0.02213
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Appendix I

Additional terms in the Feynman alpha formula due to prompt-delayed and delayed-

delayed correlations

In the main text we had evaluated only the first term in the integral for obtaining the source

induced second moment

AT
[1]= fm, (Z}“a—Jhsz (t)dt
where

S,()=v(v—1)4,G >+ 22@@ G ( j G'(Lthue " Vdt'-G ]
+Z v(v=1), 4 H j G'(,t) e Vdt j -G '2] (A.1)
DY Ve A UIG (1t eVt j{je (L t)ue t)dtj ]

i j=i

For evaluating the integral over the source for the other three terms we must first obtain
T
| = j G'(Lt)me Ot (A.2)
t

Instead of using explicitly the form (4.14) we use the form (4.12) and write the above integral

as
T

]
L= [ e 0de Y A e [ 2(tn)]dt" (A.3)
i t

t

Interchanging the order of integration makes the evaluation easier and we finally obtain

A . ,. A 1 T
=1y —31 e“t(1—e“T)-1 flaal “H1—e™™" ) for t<0 A4
() dzj:(aj_lui) ( ) ‘ i aj(aj_:ui) ( ) . ( )
dz(a e (l—e““”‘”) ;LZ ﬂl)(l e ™) for 0<t<T
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Due to the formal similarity between (4.14) and expression (A.4) for I (t), the evaluation of

the integral over the source becomes easier. With a little algebraic manipulation it is possible

to write the combined contribution of all the above source terms to the variance as follows

-2 pp pd dd 1-e " —2 pd dd 1-e
AgAev. DG =Y P =Y 1 - + A v DL(ZP + 20| 1- - (A.5)
i G [ [
where
Y. — 2‘/(‘:_1) AG(a)
| v) & ’
y P _4 Vde|,U|2AG(0‘i)
| VT ae’ -t ’
y dd _ 2 5 VaVathhAG() +£ Va Vo =Dt AA)
I ;2 i (a4 + p ) — p)e 1_/2 % (o — p (e +aj)(ai + 1)
pd _ 2
Z” = :Vp‘/cuG(_M )G(4),
1%
and

w2 Vg Va 2 vy vy —1)
A —— dk " dl kG_ : G : = dk \ " dk G(- | G ).
. Ezzk:—(#kﬂl.) (—44) (#)"‘V Zk:—z (—4)G(14)

The expression (A.5) should replace the term due to induced fission chain correlations (first

term) of Eq. (4.29)
Appendix 11

Additional terms in the Rossi alpha formula due to prompt-delayed and delayed-

delayed correlations

In this case since theG, and G, are simpler, the evaluation of various contributions is more

straightforward. In addition to the prompt-prompt correlation term given in the main text, we

get the following terms which must be added to the RHS of Eq. (4.39)
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Fig. 4.1 Variation of different terms of the v/m formula with the length of the counting
interval. The parameters used to plot the graphs are listed under set 1 in table 4.1. (a) Fission
chain contribution on prompt neutron lifetime scale; (b) Fission chain contribution on delayed
neutron lifetime scale; the contribution of delayed neutrons is to be noticed; (c¢) Contribution

due to source correlations; (d) Oscillatory term due to the periodicity of the source.
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Fig. 4.2 Variation of different terms of the v/m formula with the length of the counting

interval. The parameters used to plot the graphs are listed under set 2 in table 4.1. (a) Fission

chain contribution on prompt neutron lifetime scale; (b) Fission chain contribution on delayed

neutron lifetime scale; this being a heavy water reactor case, the two scales can be seen

overlapping; (c) Contribution due to source correlations; (d) Oscillatory term due to the

periodicity of the source
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Fig. 4.3 Variation of different terms of the v/m formula with the length of the counting
interval. The parameters used to plot the graphs are listed under set 3 in table 4.1. (a) Fission
chain contribution on prompt neutron lifetime scale; (b) Fission chain contribution on delayed
neutron lifetime scale; again this being a heavy water reactor case, the two scales can be seen
overlapping, also the magnitude is more than that in Fig. 2 because of lesser sub-criticality
level; (c) Contribution due to source correlations; (d) Oscillatory term due to the periodicity

of the source
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Fig. 4.4 Variation of different terms of the Rossi Alpha formula with delay time. The
parameters used to plot the graphs are listed under set 1 in table 4.1. (a) on prompt neutron
lifetime scale; (b) on delayed neutron lifetime scale; (c¢) term arising due to source

correlations.
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Fig. 4.5 Variation of different terms of the Rossi Alpha formula with delay time. The
parameters used to plot the graphs are listed under set 2 in table 4.1. (a) on prompt neutron

lifetime scale; (b) on delayed neutron lifetime scale.
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Fig. 4.6 Variation of different terms of the Rossi Alpha formula with delay time. The
parameters used to plot the graphs are listed under set 3 in table 4.1. (a) on prompt neutron

lifetime scale; (b) on delayed neutron lifetime scale.
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Fig. 4.7: Counting gate system for Rossi alpha measurements. The first count occurs in the
interval dt around t =0 and the second in the interval dz aroundt =7 . The last source pulse
that contributes to the counts occurs at t, and the ones prior to this will occur att,—1/f,
t,—2/f, ... etc. t, is a random variable and has equal probability of occurrence between
7—1/ f, r. Correspondingly, the earlier pulse will lic between 7—2/f and 7—1/f and so

on.
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Fig. 4.8: Variation of different terms of the Rossi alpha formula (Eq. 4.50) withz on prompt
neutron lifetime scale. The parameters used to plot the graphs are listed under set 1 in Table
4.2 corresponding to light water systems. Also shown is the Rossi alpha function oscillates
with time and has a decaying part in the beginning which later on becomes non-decaying.
The correlated component (due to fission chain, source multiplicity and correlations in the
source fluctuations) of Rossi alpha function falls exponentially. The contribution of the fourth
term of the Rossi alpha function i.e. oscillating part of the term arising due to correlations in

the source fluctuations is rather small to be significant in this case.
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Fig. 4.9: Variation of different terms of the Rossi alpha formula withz . The graphs a-c are

for ¢ <<a, ¢~o and ¢>>a respectively. If ¢ ~a or ¢ <<a, it is likely that noise experiments

might yield ¢ which may be mistaken for a! Only in the case of ¢>>a i.e. where source

fluctuations can be treated as white do we get Rossi alpha which will give correct a. Fig. 4.9

(d) shows contribution to Rossi alpha due to correlations in the source fluctuations and that

due to source multiplicity plus fission chain. The parameters used to plot the graphs are listed

under set 2 in Table 4.2 corresponding to heavy water systems.
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Fig. 4.10: Counting gate system for v/m measurements. The counting interval is[0,T]. The
last source pulse that contributes to the counts occurs at t; and the ones prior to this will
occur att,—1/f, t,—2/f, ...etc. t, is a random variable and has equal probability of

occurrence between T —1/f, T. Correspondingly, the earlier pulse will lie between

T-2/f and T -1/ f and so on.
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Fig. 4.11: Variation of total and different terms of the v/m formula with the length of the

counting interval. The parameters used to plot the graphs are listed under set 1 in Table 4.2.

(a) On prompt neutron life time scale. It is seen that the v/m appears to saturate and hence

use of formula with only prompt neutrons may be adequate for analyzing the experimental

results. (b) On delayed neutron life time scale; the contribution of delayed neutrons is

however seen.
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Fig. 4.12: Variation of total and different terms of the v/m formula with the length of the
counting interval. The parameters used to plot the graphs are listed under set 3 in Table 4.2
corresponding to heavy water systems. Here the prompt and delayed scales are not very
distinct and corrections due to delayed neutron terms will be necessary for analyzing

experimental results. (a) On short life time scale. (b) On delayed neutron life time scale.
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CHAPTER 5

The Langevin Approach to Reactor Noise in ADS

In chapter 3, we described the non-Poisson source as a periodic sequence of delta function
pulses with correlations between different pulses and derived expressions for Rossi alpha and
Feynman alpha functions. Pulses of finite widths were also considered. By considering
rectangular and Gaussian pulse shapes, Rossi alpha and Feynman alpha formulae were
derived. However, the study was limited to the case of prompt neutrons. In chapter 4, we
extended the theory of reactor noise in ADS by including delayed neutrons. The source was
described using non-Poisson periodic delta function pulses and formulae for Rossi alpha and
Feynman alpha were derived. The possibility of correlations between different pulses was
also considered. The further extension of the theory to the more general case of correlated
non-Poisson pulsed sources with finite pulse width including delayed neutrons becomes
difficult as it involves mathematical complexity. Hence, we develop a simpler approach to
reactor noise in ADS based on the Langevin method. We first demonstrate that it is possible
to obtain the correct expressions for various noise descriptors using the Langevin approach
with Schottky prescription for fission, detector, and capture events but with a separate
treatment for ADS source fluctuations. We carry out the demonstration for one of the models
of the source studied by us earlier. It is shown that our earlier results by the more rigorous
method of pgf are reproduced. The method is then applied to treat the more general problem
of zero power ADS noise as described above.

Behringer and Wydler (1999) have considered the Langevin approach for ADS noise, but
they use a modified Schottky prescription to include the noise equivalent (NES) source for

source fluctuations. Pazsit and Arzhanov (1999) have presented a treatment of source
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fluctuations based on the Langevin approach in the context of power reactor ADS noise
which also includes spatial effects. Kitamura et al. (2005), in their study on the effect of
delayed neutrons on ADS noise, have treated finite width pulses. However, the study is based
on the assumption of Poisson sources. We examine the possibility of treating zero power
neutron fluctuations in an ADS with non-Poisson source using the Langevin formulation. We
show that this is possible and for this purpose, the external source fluctuations cannot be
treated only as a noise equivalent source or only as an external parametric fluctuation but
rather as a combination of an internal noise described by the Schottky formula and as an

external fluctuating function. This way, non-Poisson sources of all kinds can be treated.

5.1 The Langevin theory of noise measurements

5.1.1 Un-correlated delta pulsed source

In this section, we assume that the pulses are short compared to all other time scales in the
problem and may be represented as a sum of delta functions. We assume no correlation
between the pulses and that all neutrons are prompt. We assume that the counting intervals
are not deliberately correlated with the incoming source pulses; i.e., we consider the case of
stochastic pulsing. This means that the various noise descriptors are averaged over one period
of the pulsed neutron source in addition to normal averaging due to the stochastic nature of
the variables. This is the model Degweker (2003) had developed in detail using the pgf
method and is described in section 2.2.3 of chapter 2. We write down the following Langevin

equations for the number of neutrons N(t) at time t and the detection rate D(t) [or number

of detected particles Z(t) in the interval 0 to t]:

%—T:—aN+isn5(t—n/f—t0)+sN(t) (5.1)
D(t) J;—f = 24N +55(t) (5.2)
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where

. . . th
S, = random variable representing number of neutrons in the n™ pulse

sy (t) =NES for neutrons and includes capture and fission events
S (1) =NES for detection

o = prompt neutron decay constant

t, = arrival time of one of the pulses

A4 = probability per unit time of detection

Due to the assumption of stochastic pulsing, all quantities are to be averaged with respect to

t, over one periodT, =1/ f . Note however that we do not treat the fluctuations in source

events by the Schottky prescription. Instead, we treat it as an external source of noise with the

properties described in section 3.2.1 of chapter 3. The properties of the various noise sources

are as follows:

<8y () >=<s,(t)>=0

(sy ()8 (') =[(4, + 4N + (v =1)’4, N]o(t -t")
=[a+v(v—-DA, INS(t-t)

(35(sp (') = 4, NSt~ 1)
(sy (Dsp (1) = =2, NSt —t")
(s, (S, ) =(sp(1)S,)=0
(s,)=5=m,
(8,8,)=8"+(887)8,, =m> +(m, +m —m*)3,,

where

A¢ » A, = probabilities per unit time of fission and capture respectively
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m, = mean number of neutrons produced in one pulse

m, =second factorial moment of m,

Egs. (5.4), (5.5) and (5.6) are the usual Schottky formulae for vector Langevin method
(Ackasu and Stolle, 1989) while Egs. (5.7) through (5.9) are substituted for the external noise
source due to source fluctuations in place of the Schottky formula for the source fluctuations.
We may note in passing that if we had used the usual Schottky prescription for the source
fluctuations, we would get the same results as for a Poisson source, i.e. what would be

obtained by the forward Kolmogorov equation or by use of the Bartlett formula.

Another important point to be noted is that, in the Schottky prescription, the average

quantities such as N are (generally speaking) a function of t if we are dealing with
nonstationary processes. Since the periodically pulsed source produces a nonstationary
process, we should have a similar time dependence on the averaged values of the variables
shown in Egs. (5.4), (5.5) and (5.6). However, as noted above, the measurements are made
with randomly triggered intervals, which implies a further averaging of all measured
quantities, e.g., the ACF over one pulsing period. For this reason, as is shown below, only

averages over one pulse period of the variables on the right side of Egs. (5.4), (5.5) and (5.6)
are required. Hence, all such averaged quantities, e.g.,ﬁ =f .fol/f N(t)dt , that are independent

of time are deemed to be used on the right side of Egs. (5.4), (5.5) and (5.6).

Integrating Eqs. (5.1) and (5.2), we write:

N(t) = j exp[—a(t—t')]{z S5t ~t )+s, (t’)}dt'
J - (5.10)
_ i S, exp[—a(t—%—to)]+ [ expl-at-t)s, ®)dt

Z(t) = [[AN )+ 5, (t)]dt (5.11)
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The summation in (5.10) extends to M =[ ft] for t, >t—([ft]+1)/ f and to M =[ft]+1 for

t, <t—([ft]+1)/ f . Taking averages of Egs. (5.10) and (5.11), we get

(N®)=S 3. exp[—a(t—%—to)] (5.12)
(z(T))= [ AN @)dt (5.13)

The average neutron count rate and number of counts in an interval

On averaging over the location of the counting interval vis-a-vis the periodic pulses, we can

write for the average number of neutrons at any randomly chosen point of time as

0
N=f [ (N(t|t))dt, :%

-1/ f

(5.14)

Hence, the mean count rate at a randomly chosen time point and the mean number of counts

in a randomly triggered interval of length T are given by

D=4,N =M
(04
5.15
Zz/ld fmlT ( )
(04

The Autocorrelation Function

To obtain the ACF, we first compute < D(t,)D(t,) > by averaging over t; as follows:
0
<DE)D(,) >= T | dt,[ 4> (NAIN))+ Ay (N(1)So (1)) + A (N (18 (8)+ (85 (8)s5 (1) ]
. (5.16)
The last of the four terms in the integrand in Eq. (5.16) is a delta function and is simply
written using Eq. (5.5) as

_ fm 4,
a

/1d N(S(tl _tz)

ot —t,) (5.17)
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Of the two middle terms in the integrand in Eq. (5.16), the first can be evaluated using the

form (5.10) for N(t) and the fact that the external source and the internal noise equivalent

sources are uncorrelated:

A, | dt,(Nts(t)) =4, [ dt, j exp[—a(t, —t)](s, (1)s, (t,))dt’
=— 4N [ dt,exp[-a(t,—t,)] =4, N exp[-a(t, ~t,)]

-1/ f

(5.18)

For t, >1,. In the first line of Eq. (5.18), we have used the relation (5.6) after averaging over
one period. For t, <t,, the delta function gives a zero contribution and the above expression

is zero. Likewise, we can show that the second of the middle terms in the integrand in Eq.

(5.16) gives a contribution
—2,*N exp[—a(t, —t))] (5.19)

for t <t, and zero for t >t,. Eq. (5.18) and expression (5.19) together imply a total
contribution

— fmA.2
—ANexp[-a|t, -t |]= —Tdexp[—a 'L, =t 1] (5.20)

The first term in the integrand in Eq. (5.16) can be evaluated using the form in Eq. (5.10)
for N(t), and because the external and internal sources are uncorrelated, we obtain only the

following two terms:

0 [fi] [f]

m n
fA,° I dt, > (S,S,)exp[-aft, —?—to)]exp[—a(tl —T—to)]
-1/ f N=—20 M=—0

(5.21)

0 Y

+f47 | dt, | dt'Jz.dt”exp[—a(tl—t')]exp[—a(t2—t”)]<SN(t')SN(t")>

-1/ f

Before proceeding, we note that we can, without loss of generality, assume thatt, >t ,t, =0
and 7 =t, —t,. The summation over n is then up to 0 while the summation over m goes up

to the last source pulse before t, which could be either [ ft,] or [ ft, +1] depending upon the
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value of t;. We split the first term into two parts. In the first, we have a double summation

with the n=m term excluded. The second part has the term withn =m. The two terms can
then be written using Eq. (5.9). As regards the second term, the evaluation is straight forward

using the properties of the NES corresponding to neutrons. The expression (5.21) thus

becomes
, () m n 0 2n
f 44 J. dt, z m; exp[-a(t, _T_to)]exp[_a(_T_to)]+ Z (m, +m,)exp[-a(t, _T_zto)]
1/ f n#m,m=—c0 n=—o
Al [a+v(v =14, IN
+- Lo Vz(v V] exp(—at,) (5.22)
a

Expression (5.22) is evaluated by Degweker (2003) [in fact most of the terms can be

recognized as being the same], and we obtain

Mj{ mi/f {e‘“” exp(a(r—“TT]]Jrexp(—a(r—[fTﬂj}vL(mz +2m1(1+Y1)—m12)e“”}(5-23)

200 | 1—¢

where Y, = A4, v(v —1)/2a and we have written 7 =|t, —t, |. The final expression for the auto-

correlation function is obtained by adding (5.17), (5.20) and (5.23).

2 2
M&t -t) +fﬁ{ mla” {eo’/f exp(a(r—LfT]}r exp [—a(r —[fTT]j}Jr (m, +2mY, —m’ )e‘”:l
a

200 | 1—-¢

(5.24)

A number of points are worth noting. If t, <t,, we get a formula similar to (5.24) for the ACF
with 7=t —t,. In other words, the ACF is symmetric with respect to t,, t, and depends on
the absolute value of 7 =t —t,. Secondly, expression (5.24) for the ACF is the same as the
equation for the function f, described in section 2.2.3 of chapter 2 apart from the first delta

function term representing the detector noise. Since the Rossi alpha formula is interpreted in
terms of the probability of getting a second count in a (infinitesimally) short time interval

around t, given a count at t,, rather than averages of the product of the number of counts in
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short intervals, the detector noise term is absent from the Rossi alpha formula. Thus, we also

interpret (5.24) [minus the detector noise term] to be the expression for f, .

The Variance to mean

From the expression for f,, the variance can thus be derived in the same way as by Degweker

(2003) and we expect to obtain the same result. The variance can also be obtained from (5.24)
noting that

TT T 2
75 ”< D(t,)D(t,) > dt,dt, —U< D(t) > dt)

00 0

Z = - (5.25)
J-< D(t) > dt

V —
m Z
The detector noise term in (5.24) contributes unity to the variance to mean, and thus, we can
look upon the unity in the v/m formula as being due to the detector noise. We have therefore
demonstrated the applicability of the Langevin approach to Reactor Noise in ADS provided

the external source is modeled explicitly rather than as an internal noise source given by the

Schottky prescription.
5.1.2 Correlated finite pulsed source including delayed neutrons

We now consider the general case of correlated non-Poisson pulsed source with finite pulse
width including delayed neutrons. As is well known, the Langevin approach is the simplest in
the frequency domain and we exploit this simplicity. Hence, we restrict ourselves to the
frequency domain and obtain the power spectral density as the mathematics for the time
domain is rather intractable. We continue to make the assumption of stochastic pulsing in this

section.

The Langevin equations for this model can be written as follows
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dN

E:[ifv_p_(ﬁ‘c_'-ﬁ“d+ﬂ’f)j|N+ZIU|CI+S(t)+SN (t) (526)
% = A vaN = 4C, +5, (1) (5.27)
% AN 550 (5.28)

where z4;,C;, vy and s () are decay constant, concentration, yield and NES respectively of

i"™ group of delayed neutron precursors. The other symbols have the same meaning as in the

previous section.

The NESs are assumed to have the following statistical properties

<y (1) >=< s (1) >=<55(1) >=0 (5.29)

<Sy (1) (1) >=[(4 + AN + A, (v, =1)’N + 4,C, +v,,*SI6(t 1) (5.30)

(s5()s, (1) = A, NS(t ) (5.31)

(s5(t)sy (') = =4, NS(t —t') (5.32)

<8y (1), (1) >=[4, (v, = Dvg N = 44C 1ot -t") (5.33)
<5 (D5, (1) >=[4, V" N + 4, C15(t 1) (5.34)
<5 (D5 (1) >= 4 VgV NS —t") (5.35)

<. (D, (t) >=0 (5.37)

The inclusion of the last term in Eq. (5.30) for the correlation function of the noise equivalent
source for the neutronic variable is to account for the fact that the source produces neutrons
randomly even if it were a constant function rather than a periodically modulated stochastic

process.
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The external source is defined such that S(t)dt represents the probability of a spallation

event occurring in time dt . To describe the source, we add one more equation for the number

of protons (ions) in the target.

?j—I::—/iPJrE(t)I(t)JrsP(t) (5.38)

where A is the probability per unit time for a proton (ion) to induce a spallation (neutron

producing) reaction in the target, E(t) is shape function for periodic sequence of pulses,
I (t) is randomly fluctuating proton current and S, (t) is noise equivalent source for protons.

Thus, the first term is the removal of protons by spallation while the second represents the
addition of protons in the target region due to the incoming beam current. The last term
represents a noise term corresponding to the proton removal process whose characteristics are

given by the Schottky formula as follows:

<Sp(t)>=0 (5.39)
(sp(1)sp (1) = APS(t—t)) (5.40)
(sp()sy (') = —Av, PS(t 1) (5.41)

The justification for the last of these equations is that removal of a proton leads to the

production of v, spallation neutrons. As in chapter 3, the incoming current is modeled as the

product of a periodically varying function consisting of narrow pulses of any shape (Gaussian

or rectangular) and a stationary stochastic process.

EM®I(t) =) et—t,+nT)I(t)

1(t) =< | > +i(t)

(5.42)

i(t) has zero mean and we assume that it has an exponential auto correlation function i.e.

<i(t)>=0

o X (5.43)
<i)it) >=Texp(-B|t-t')

Eq. (5.38) can be easily solved to give
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St)=AP() = j Aexp[-A(t—t[{E@X")I(t") +s,(t')}dt’ (5.44)

Since the time given by the inverse of A is very short compared to all other times, we can
replace the kernel in Eq. (5.44) by a delta function to finally yield

SO =E@)It)+s.(1) (5.45)
The functional form for these pulses is such that each of the pulses has an area (integral over

time) equal to g so that the average source event rate isS=AP = g<I>/T,.

The PSD of the detection rate

If we write D(t)=dZ/dt for the detection rate, then the measured quantity is the auto-
covariance function:
<d(t)d(t") >=< D(t)D(t") > — < D(t) >*

or its Fourier transform, the PSD. Fourier transforming Eq. (5.28), we can write the PSD as
<d*(@)d(w) >= 4, <n*(@)N(w) > +21, Re[< N*(@)s, (@) >+ < S, * (), (@) > (5.46)

Contribution from the (Internal) NESs

The PSD corresponding to the last term in Eq. (5.46) is simply written down using Eq. (5.31):

AN (5.47)

which is the white noise contribution from the detector. Using Eq. (5.32), the PSD due to the
middle term in Eq. (5.46) is

—22,>N Re(G(iw)) (5.48)

Following Ackasu and Stolle (1989) [see section 2.1.2.5 of chapter 2], we write the PSD of

the first term in Eq. (5.46) due to the noise equivalent sources as follows:

[(ia)+A)_12'(—ia)+A‘ )1] (5.49)

00
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where ¥ is the spectral density matrix of NES and external source and can be written as a
sum of three parts. The first is due to the internal NESs (neutronic and precursor) and the
second due to the external source. Since the latter is not at all correlated with the former,
there are no cross terms. The third part is due to the proton noise equivalent source and its
correlation with the neutronic noise equivalent source as given by Egs. (5.40) and (5.41). We

write the three parts explicitly as follows:

3 () =< 5" (@)s' (@) >=< col (S} () + $(@),S ¢ (®)...8¢ (@) )(Sy (@) + S (@) Sg, (@).. S, (@))>
=2+2+2,

[2,],, =< ! *(@)|(0)E *(w)E(@) >

[2,],, =< Sx (@)Sp (@) + Sp (@)Sy (@) + Sy (@) S, (@) >= AP(1-2v,)

[2], =[2.], =0, i, j=0

where
¥ = spectral density matrix of NES coming from the neutron and precursor contributions
(section 5.1.2.5 of chapter 2)

2, = spectral density matrix due to the external source fluctuations

2, = spectral density matrix due to the proton NES (and its correlation with the neutrons)

The matrix A defines the system of linear differential equations (5.26) and (5.27). The

explicit forms of ¥ and A are as follows:

S0 = (A + AN+ 4, (v, =1’ N+ ,C, +v’S (5.50)
£ =2, vg N+ 4,C (i #0) (5.51)

S =% =4(v,—DvgN-uC (5.52)

z, = VgV NG # J) (5.53)

A== 4V, ~ (4 +4) |=a, (5.54)
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Ay; =4, (5.55)

Ajg =—A Vg =~y (5.56)
Ay = 1495 (5.57)
It is fairly easy to write down the inverse of the matrix (iw+A)™ =T, and we obtain
1 : :
Too :BH(M‘H‘/UK):G('CU) (5.58)
k

a;G(iw)

PUW p) = 25220 (5.59)
k¢j ( + ﬂj )
uG(lw

H(' ﬂk)=.'—() (5.60)
ki (|0)+ /u|)

With this, we can evaluate the first part of (5.49) to finally yield

2 2
(Gl 3+ TR 2t 5 Buata Uit 0D | (s
- @ + f, (@0 + )@ + p4)

where G is the zero power transfer function.

Contribution from the (External) source fluctuations

The matrix multiplication corresponding to the second part, namely, the contribution due to

the external sourceX,, is easily carried out since most of the elements are zero, and one

obtains

P(0)|G(io)| (5.62)
where gp(w)=[Z,],,1s the PSD of the external source averaged over one pulse period, which

can be written as
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go(a))—— j dt, j <SMS(t+7)>exp(iwr)dr

0 Ty —0

—jexp(um)drz jg(t—t0+nT0)g(t+r—tO+mT0)[< LOI(t+7)> - < 1(t)> [dt,

anT(J

= j exp(la)r)drz j e(t—t, +nT)e(t+7—t, +mT,)[? exp(—3 | 7 dt, (5.63)

anT0

Gaussian Pulses

We assume a narrow Gaussian form for the pulse shape having variance o’. The two
Gaussians in the product will overlap significantly for only that value of m which is different

from n by[ fr]+1. Integration over ty gives us a periodic function of 7 whose form within

one period is another Gaussian somewhat broader with a variance equal to2¢>. The PSD is

thus given by

i T 1 > CXP(—%}” exp(—f |7 |)exp(ior)dr (5.64)

n=—o "o \N 47O

We write the periodic function as a Fourier series:

~ , . . To/2 ; 2
Z ( mj: 5 exp(2n7ZIT£TO) I exp _(M +-L 2J dz (5.65)
n=-o0 \/7 40' n=—o0 T() \/E —To/2 TO 40_

Since the pulses are narrow compared to the pulsing period, the limits of integration on the
RHS can be replaced by Zoo which then becomes the Fourier transform of a Gaussian.

Hence, we obtain

(r—nT,)’ j '|} zexp[ (2nzo /T,)* lexp(2nzic /T,)  (5.66)

DL

The PSD of Eq. (5.64) is now easily written as

_2ﬂ1“2 < exp[—(2n7m/T0)2]
ploy=—1 n_z_:;(a)+2n7r/T0)2+ﬂ2 (5.67)
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Rectangular Pulses

Here we assume a rectangular pulse of width o and height 1/o . The result of averaging
over ty finally gives us a periodic function of 7 whose form within one period is a triangular

pulse extending from (say) —o to o and having a height of 1/ o . The PSD is thus given by

Zw: "J-" [%—@jl‘z exp(—=f |t |)exp(iwr)dr

N=-0nT)-o o

+i T"[ (nTG—+a)jr2 exp(=f| 7 [)exp(iwr)dr

n=— qT,

(5.68)

where as before we can expand the periodic function in a Fourier series and we obtain an

expression for the PSD similar to (5.67) with a different Fourier coefficient:

(@) = 440 i 1-cos(2nzo /T,) (5.69)

T, = @2nzo/T,)) [(o+2n7T,)" + 5]

Contribution from the proton NESs

In a manner similar to that used for obtaining (5.62), the proton NES and the correlation term

with the neutronic NES corresponding to the matrix X, give the following contribution [the
third of expression (5.49)]:

AP(1-2v,)| G(iw) | (5.70)
Final Expression for the PSD

The PSD of the detected signal can now be written by adding (5.47), (5.48), (5.61), (5.62), &

(5.70):

o’ + /Uk K.l (0" + lukz)(a)z + /42)
—22,*N Re(G,, (iw)) + A4, N (5.71)

2
|G(|0))| ( (a))+(1 2V )ip_i_zoo_i_z kkadk +220kﬂkadk +2z z:kladka{dl(:ukll“ll +o )J
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where it may be noted that the quantities N,a,g,E appearing in Eq. (5.71) [through the X

matrix defined by Eqgs. (5.50) through (5.53)] are not independent but are related to each

other through the stationary solution of Egs. (5.26) and (5.27) for the averages as

follows: N = v, S/(4, + 4, =4 v), Ci=AVyN/4 and S=AP=g <1 >/T,

The PSD for the general ADS noise problem given by Eq. (5.71) has not been obtained by us
by the first principle methods due to the mathematical difficulties involved. The Langevin
formulation makes it fairly tractable. Eq. (5.71) thus represents a new result not presented

earlier.
5.2 Conclusion

The Langevin approach is capable of correctly describing the non-Markov process resulting
from a non-Poisson source. We have shown that a complete description of the spallation
neutron source is possible by treating it as a combination of an internal noise given by the
Schottky prescription and another that is of external origin arising from the proton beam. We
have obtained the PSD of the Reactor Noise in ADS by considering delayed neutrons, finite

pulsed width and correlations if any between proton pulses.
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CHAPTER G

Simulation of Noise Experiments in Sub-critical
Systems by Diffusion Theory Based Analogue

Monte Carlo

Low power sub-critical experiments are being planned (Rasheed et al., 2010) to be carried out
at the Bhabha Atomic Research Centre (BARC) with the aim of demonstrating pulsed
neutron and noise methods for measuring the sub-critical reactivity of ADS. Another aim of
the experiments is to verify the theory of reactor noise in ADS developed by us and interpret
the results in terms of the theory. The system planned is a natural uranium sub-critical
assembly moderated by water or high density polyethylene and driven by a D-D or D-T
neutron generator. The maximum kg of the assembly is expected to be about 0.9. At such a
low value of ke while it may be possible to carry out pulsed neutron experiment
successfully, noise experiments for determining alpha are likely to face difficulties in
interpretation due to much greater modal contamination effects. By the time the higher modes
have died out and the fundamental mode decay of the correlation sets in, very few correlated
counts remain and the background noise dominates. However, for both types of experiments,
it is possible to select certain detector positions where the modal contamination of many of
the higher modes immediately above the fundamental mode can be eliminated. In view of
these difficulties, it is necessary to simulate the experiments and get an idea of the kind of
results that might be expected with different detector locations and counting and analyzing
setups. Simulations with standard code packages (MCNP, 1987; Gupta, 1991) are not

appropriate because of several non-analogue features built into such codes. These need to be
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modified into completely analogue simulation codes. Munoz Cobo et al. (2001) coupled the
high energy code LAHET with another Monte Carlo code MCNP-DSP and simulated cross
power spectral density between the proton current signal and a neutron detector signal for a
typical fast energy amplifier configuration. While LAHET simulates the spallation process
and transport of charged particles, MCNP-DSP is used to simulate the counting statistics
from neutrons counters. Pozzi et al. (2012) have developed a variant of MCNP, called
MCNP-PoliMi. The code can simulate correlated statistics of neutrons and photons. It can
also handle the effect of delayed neutrons. However, completely analogue computations are
very time consuming. There have been attempts to remedy (Maté Szieberth and Gergely
Klujber, 2010) some of these problems by special methods of correcting tallies which give
not only the correct value of the first moment but also of the second moment. The simulation
is still having many time reducing features and takes less time compared to purely analogue

simulations.

In this chapter, we describe an alternate method of time reduction in analogue Monte Carlo
through the development of a diffusion theory based analogue Monte Carlo simulator. The
simulator generates a detailed time history of counts in the detector so that any method of
analysis can be carried out. While few-group diffusion theory may not be as accurate as exact
Monte Carlo simulations, it will be adequate for the purpose mentioned above. We discuss
the basic theory of the simulation method and the results of our simulations on a simplified
model of one of the proposed assemblies. In section 6.1, we describe a simple reactor model
for which analytical diffusion kernel can be used very effectively to get some of the required
results. Our approach is well suited to the study of few group time dependent diffusion
equations. In section 6.2, we describe a numerical approach based on the finite differenced
diffusion equation. The approach is general enough to be applicable to all problems of

interest. In section 6.3, we discuss modal effects on noise experiments by following the

138



backward stochastic transport equation approach and expanding the probability generating
functions in terms of the alpha modes of the adjoint equations. Results of our simulations are

discussed in section 6.4 and in section 6.5 we present our conclusions.

6.1 Analytical diffusion theory kernels

6.1.1 Infinite medium kernel

At the outset, we note that while the transport theory simulation by Monte Carlo is possible
by using the transport kernel, the same is not easy in diffusion theory using the diffusion
kernel. In transport, theory we are looking at the next collision and subsequently at what
happens at the collision site. In diffusion theory, we are looking at the next significant event
which is removal (an absorption or slowing down to the next group). A large number of
intermediate transport steps would have been covered in the process (including diffusion in
two or more neighboring media) before the final event. This is the reason that the diffusion
kernel approach is faster but this is also the reason that it is more difficult to implement, since
the particle does not follow a simple path. However, there are certain situations in which
diffusion kernel can be used very effectively to reduce the number of simulation steps and
hence the computing time. Suppose we have a reactor consisting of a number of large sized
homogeneous zones such as core regions with different enrichments or core and reflector.
Each of the regions is assumed to be large compared to the slowing down length or the
diffusion length in that group. In such a situation, at most of the points of the reactor, the
neutron is likely to diffuse in a single region before absorption or slowing down and the
infinite medium kernel is approximately valid. In this sub-section, we obtain the infinite
medium kernel and in subsequent sub-section, we derive simple corrections for a finite

medium.
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The quantity of interest in Monte Carlo simulation is the probability that a neutron will

undergo removal in the small space-time interval dxdydzdt . This can be obtained (Rana et al.,
2013) by solving the one group time dependent diffusion equation with a single neutron
(assumed to be located atx=y=z=t=0):

X +y*+7°

1
P(x,y,z,t)dxdydzdt = ——«——
(Y. 2.yt = v eXp[ 4DVt

j exp(—t/l)dxdydzdt (6.1)

The marginal distribution for the time variable can be obtained by integrating over the space

coordinates:
1
Texp(—t /1)dt (6.2)

The conditional distribution for the space variables for a given value of time is obtained by
dividing (6.1) by (6.2) to give:

X +y+7°

S dxdyd 6.3
(47Dvt)"” eXp{ 4Dvt j e (¢3)

Eq. (6.3) indicates that the distribution can be written as a product of three Gaussians for the
three coordinates each having zero mean and 2Dvt as variance. Egs. (6.2) and (6.3) suggest
the following algorithm for obtaining the next time and position of a removal event. We
sample the time as an exponential distribution (having meanl) and for the sampled value of
the time, we sample the position coordinates as three independent Gaussians each with zero

mean and 2Dvt as the variance.

6.1.2 Finite medium kernel: Method of images for bare homogenous reactor

Rectangular parallelepiped

While Eq. (6.1) is valid for an infinite medium, it is possible to use it also for a finite bare
homogeneous reactor. For this, we recall the method of images for obtaining the potential due

to a charge in a finite region bounded by an earthed conducting plane. Specifically, we refer
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to the case of an infinite earthed plane P shown in Fig. 6.1. The presence of the image charge
of equal magnitude and opposite sign at an equal distance behind the plane neutralizes the
potential due to the real charge on the conducting plane and results in a zero potential at the

plane and hence the correct solution on the left of P.

In the case of a bare homogenous reactor, of rectangular geometry, we need to have a zero
flux boundary condition at the reactor (extrapolated) boundary i.e. at all six faces of the
parallelepiped. Such a geometry in electrostatics requires an infinite number of image charges
due to the long range nature of the interaction. In the case of diffusion theory, since the
reactor dimensions are usually much larger than a diffusion length, multiple images
contribute very little and it is possible to do with one, three or seven images depending upon
whether the point is near a face, edge or corner as illustrated in Fig. 6.2. For the simplest
case of the source being near a face, the probability density for points inside the medium (to

the left of the system boundary) can be written as:

re L o[ lr=rF (= _
P(r,t)—|(4”th)3/{exp( DVt j exp( DVt ﬂexp( t/1), (6.4)

where r'and r'' are the coordinates of the source point and image point respectively.

Note that on the boundary plane |F—F' < r—r" > and hence the above expression vanishes

identically as it should and thus simulates the zero flux boundary condition. The random

variables X,Y,z and t can be sampled for the distribution given by Equation (6.4) by first
sampling X,y,z and t according to Egs. (6.1-6.3) and then using a rejection technique. If the

sampled point falls outside the medium, the history is terminated. If it falls inside the

o . . (x=x")’ =(x=x")’ o
medium, it is accepted with probability 1—exp| — 4Dvi else the history is
\

terminated.
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6.2 Finite difference diffusion theory kernels

The method described in the previous section works best for bare homogeneous reactors and
can possibly be extended to situations involving one or two core zones and a reflector. Where
there are several regions interwoven in a complex manner, the method described above will
not work well. For such complicated problems involving several regions, numerical methods
have to be used to obtain solution of the diffusion equations. The finite difference method is
one of the commonly used techniques for the purpose. Using this method, the following
equation for the finite difference form of the multi-group time dependent diffusion equation

can be derived (see the derivation in Appendix I):

1 d(”i,',k

V dtl =(za+zs)¢i,j,k
l 2Di,j,k(Di-1,j,k¢i,j,k - Di-l,j,k(”i-l,j,k) B 2Di+1,j,k(Di,j,k¢i+1,j,k - Di,j,k(”i,j,k)
h, (Di—l,j,kh(i) + Di,j,kh(i—l)) (Di+1,j,kh(i) + Di,j,kh(i+1))

+L{2Di,j,k(Di,j—l,k(Di,j,k B Di,j—l,k¢i,j—1,k) _ 2Di,j+1,k(l:)i,J,k(”iJ“’k — Di’j’kgoi’j’k)}
hj (Di,j—l,kh(j) + Di,j,kh(j—l)) (Di,j+1,kh(j) + Di,j,kh(j+1))

+L{2Di,j,k(Di,j,k1¢i,j,k - Di,j,k—lqoi,j,k—l) B 2Di,j,k+1(Di,j,k¢i,j,k+1 - Di,j,kgoi,j,k)}, (6.5)

h, (Di,j,k—lh(k) + Di,j,kh(k—l)) (Di,j,k+1h(k) + Di,j,kh(k+1))
where we have written X, for the slowing down cross section. The equation is simply a

statement of the decrease in number of neutrons in a mesh due to removal from the mesh by
absorption, slowing down or diffusion leakage. We can rewrite the above equation in terms of

the number of particles N, in a mesh and using probabilities per unit time in place of

macroscopic cross sections (A, =V, ) as follows:

dN..
ijk _ B
ot (/1a+/”tS)Nijk (/Ir+/1| +lf +/1b+/1u+/1d)Nijk
TN kAN kT Nk A Nij— ik A Nijeen TANi-1) 69
where

Nijk :Vijk¢i,j,k /v
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and

/1r = Dijk Di+1jkV/[h(i)(Di+l,j,k h(i) + Di,j,kh(i+1))]
is the probability per unit time for a particle to diffuse out of the mesh to the mesh on the
right. It may be noted that the various As are mesh dependent quantities though we have
suppressed the mesh indices for the purpose of clarity. Similar equations for the other
lambdas can be written down. By using a similar procedure, it is possible to obtain an
equation like (6.6) for meshes which lie on the outer boundary of the reactor and have some

missing neighbors from the finite differenced form of the diffusion equation for such meshes

around them.

If a large number of particles are present in each of the meshes, the first term on the right
hand side of Eq. (6.6) represents the average rate of absorption and second set of six terms,
the diffusion of particles from the central mesh (under consideration) to the neighboring

meshes (the subscripts r,l, f,b,uand d indicating right, left, front, back, top and bottom

respectively of the given mesh) while the third set of terms represents the rate of return of
particles from the neighboring meshes to the central mesh. With a single particle, clearly we
can reinterpret Eq. (6.6) as a probability balance equation with the coefficients giving the
probability per unit time of absorption, diffusion out of the central mesh into the neighboring

meshes and vice versa.

dP,
(2 ARy~ + A Ay + Ay ARy (6.7)

+(AP + AP + 4P

ij+1

« T AP + AP

e T AP
This probabilistic interpretation suggests the following algorithm for carrying out the

analogue Monte Carlo simulation. We sample a random number from an exponential
distribution [exp(=At) [; A4 =4, + A, + 4, + A4 + 4, + 4 + 4, + 4, being the total probability of
interaction per unit time] to get the time of the next event. Whether it is an absorption,

slowing down or diffusion out to the neighboring meshes is decided by the relative
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probabilities (e.g. 4,/ 4). In a typical multi-group scheme, the mesh indices and energy

group of the source neutron would be sampled according to the space-energy distribution of
the source. The neutron is then followed till it finally gets absorbed or leaks out of the

system.

It may be noted that the algorithm described in this section is somewhat different from that of

Sadiku et al. (2006), wherein space and time are both treated by finite differences.

Before concluding this section, we make a comment on the time savings expected in the
diffusion Monte Carlo approach over the traditional transport Monte Carlo. The number of
collisions required for a neutron to be removed is typically 25, 50 and 100 for light water, fast
and heavy water reactors respectively. In transport Monte Carlo, these many collisions must
be followed for each history. In the analytical approach of the previous sub-section, a single
sampling of the distribution is enough and a very substantial saving in computer time is
expected. In the numerical approach, the savings will depend upon the number of samplings
required which will depend on how fine is the mesh and the number of energy groups and

would not be as spectacular as in the analytical approach.

6.3 Modal effects in noise experiments

The space and energy dependence of neutron flux in a reactor gives rise to higher modes.
These modes are responsible for contamination of measured values of alpha by noise
experiments. A lot of theoretical studies have been carried out in the past (Munoz-Cobo et al.,
2011; Yamamoto, 2011) to investigate the effect of higher modes on noise measurements.
Munoz-Cobo et al. (2011) have derived Feynman alpha and Rossi alpha formulae for
stochastic and continuous neutron sources by taking higher alpha modes into account. The
derived formulae are then compared with the point kinetics formulae in the fundamental
mode approximation to deduce spatial correction factors. They have also included the
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delayed neutrons. The derived formulae are validated experimentally. Yamamoto (2011) has
estimated the Feynman alpha function by considering the higher alpha modes obtained by
diffusion approximation and applying transport correction to low order modes. The results
are compared with the values obtained by Monte Carlo simulation of the Feynman alpha
method. It is concluded that in a deeply sub-critical system, variance to mean ratio is
seriously contaminated by the higher order modes, and applying the conventional Feynman-

alpha formula may give a completely wrong result.

Since the source is usually located at the centre of a symmetric reactor, it might appear that
the anti-symmetric modes would not be present in the flux distribution and these would be
automatically eliminated. While this is true in pulsed neutron experiments, a careful modal
analysis of the noise method shows that elimination of the anti-symmetric modes requires
also that the detectors be placed symmetrically. Moreover to eliminate the next higher
symmetric modes, we locate the detectors at the intersection (common zeros) of the zeros of
the symmetric modes. This way, all the first set of symmetric and first and second set of anti-
symmetric modes are eliminated and the first higher mode contributing to the detected noise
signal is from the second set of symmetric modes. In what follows, we make an explicit

mathematical demonstration of this result.

Let p(r,Q,E,t;n,n,) be the probability of the number of detections in two intervals of

length At, and At, around the times t, and t, (t, >t ) due to a neutron injected at(r,€, E,t).

The corresponding pgf is given by the following equation:

G(r,.Q,E.t;7,2,)= >, p(r.Q,E,t;n,n,)z"zy (6.8)
n;,n =0

The pgf obeys the backward stochastic transport equation (Pazsit and Pal, 2007; Bell, 1965;

Pal, 1958):
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—l%—QVG +2G =X +22, +2,2,, +IZS(Q, E->QEYG(rQ',E\t;z,2,)dQ"dE'
v

+x, f U ZL(”E[ ) G(rQEt: zl,zz)dQ'dE} (6.9)

In equation (6.9), f stands for the pgf of the number of neutrons in a fission reaction.

If S(r,Q,E)is a steady source of the Poisson type, the pgf G, (z,,z,) with the source is given
by the Bartlett formula (Bartlett, 1955):

Gy (2,2,) =exp| ~[{S(r,Q,E)G(r,Q,E t;2,,2,) -1} drdQdEdt | (6.10)
The Rossi alpha formula is obtained by differentiating (6.10) twice with respect to z, and
Z,and settingz, =z, =1:
P(t,,t,)dtdt, = J‘ S(r,Q,E)G,, (r,Q,E,t;1,1)drdQdEdt
+( [sr.a.E)G, o E,t;l,l)drdeEdt)( [sr.a.B), .0, E,t;l,l)drdeEdt) (6.11)
On differentiating (6.9) with respect to z, (orz,) and twice with respect to z, andz,, and

settingz, =z, =1, we obtain the following equations for these derivatives i.e. the first and
second moments:

LG, =%, (6.12)

L'G, =2, (6.13)

L'G,, =v(v-1)Z, ULE)G (r, Q' E"t;1,1)dQ'dE j(jLE)G (r Q' E"t;1,1)dQ'dE )
i 4z " Adr 7
(6.14)
The equation for the flux due to the source can be written as follows:

Lp=S$ (6.15)

In Egs. (6.12-6.15), we have used the symbols L and L' for the time dependent backward

(adjoint) and forward transport operators defined below:
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: 1 0G, ) 1 0G,
UG, =—~—*+H'G, =———*-QVG, + 3G, - [ 5,(Q.E Q" EG, (rQ"E' ;1 1)dQ'dE’
‘ v ot ' v ot 1 1 ‘
v, ILE)GZ (rQE'\t;1,1)dQ'dE" (6.16)
4 '
Lp=199, H¢=l%+g.v¢+2¢—jzs(g',E'—>Q,E)¢(r,g',E*,t)dg'dE'
v ot v ot
vy,
—2(B)[ - g(r 2 E".H)dQ'dE" (6.17)
iy

and where H and H' are the corresponding time independent transport operators. Using the
fact that the various terms on the RHS in Eq. (6.11) are scalar products between the source

and the functions G, etc., and Egs. (6.12), (6.13) and (6.14), and the properties of mutually

adjoint operators, we can rewrite (6.11) as follows:
P(t,.t)dtdt, = ([ 2,000, E)drdeEdt)( [ Z020(r.Q, ExdrdQdEdt

X(E) | j
2E)6 (rQ'ELt1,1)dQ dE
U — G, ) (6.18)

+[o(r. Q. EW(v-DZ, drd QdEdt,

E '
U—;‘f‘ g, (r,Q',E',t;l,l)dQ'dE'j

T
where we have omitted the time variable for the flux, as we are considering a stationary
Poisson source. The first term in Eq. (6.18) is merely the product of the average number of
counts in the two intervals and is the uncorrelated term whereas the second term is due to
fission chain correlations. It is this term that allows the estimation of « from Rossi alpha [or

Auto Correlation Function (ACF)] measurements. We expand the functionG, , in terms of the

alpha modes ¢! of the adjoint equations obeying:
H'gl =22 g) (6.19)
v

and that of the forward equation obeying

H o =%¢n (6.20)

as follows:
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G, (rQ,EtLl)= Zan ! (rQ,E) (6.21)
and similarly the detector cross section(s):

z, =6t-t)> dg; (rQ,E) (6.22)

The coefficients can be written down using bi-orthogonality relation (¢! ,lqon) =0, of the
Vv

eigen-functions to yield:
v )
2y =o(t-t) E —l(prf(r,Q, E) (6.23)

Substituting the expansions of Egs. (6.21) and (6.22) in Eq. (6.12) and using Eq. (6.19), we

get the following equation fora, (t) :

1

(¢r:r s Zdl )
% =a.a () ++5(t ~t) (6.24)
(@7~ @0)
v
Solving the above equation, we finally obtain:
1
(@h,—24)
G, (rQ.EtlLl) =3 — ¢l exp[-a,(t,~1)] (6.25)
" (g o)

If the detectors are symmetrically located and at the intersection of the zeros of the first set of
symmetric forward eigen-functions, it is clear that in (6.22), all anti-symmetric modes and the
first set of symmetric modes do not contribute. Thus to a very good approximation we can
write:

1
(¢0 s Zdl ) )
G, (rQ.Et1,1) =————g@; exp[a,(t, ~1)] (6.26)

(0= 0)
Similarly we can obtain the following expression for GZ2 (r,Q,E,t;1,1)
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1
((00 s Zdz )
G, (rQ,E,t;1,1)= +¢g exp[—a, (t, —1)] (6.26a)

(¢0’Tn(p(;r)

Using Egs. (6.26) and (6.26a), the second term of Eq. (6.18) becomes

2

2
YD R, (nFdr q)—ﬂ) [ explar,t, ~lexpl-at,(t, ~DJt. (6.27)
“ CRONE
where
|0(r):j%i')gog(r,g',lz')dg'dlz' (6.28)
and
F(r) =] Z¢(rQ,E)dQdE (6.29)

The time integration is carried out easily and we obtain the traditional Rossi alpha type

expression:

2

Py
— (%si)
D TR dr| ——Y— | exp-at -t (6.30)
% (@)

\4

What if the detectors are not located symmetrically though the source is symmetrically
located? To answer the question, we examine Eq. (6.18). The second term has a spatial
integral over the flux and the product of two neutron importance functions. Since the detector
is not symmetrically located, each of these factors would have anti-symmetric modal
contributions. With regard to the product, two anti-symmetric factors give a symmetric factor
and hence its integral weighted over the symmetric flux function does not vanish. Hence the
time response would contain higher exponentials due to the anti-symmetric modes.
Therefore, unlike in the pulsed neutron experiment, we cannot assume that if the source is

located at the centre of a symmetrical reactor, the anti-symmetric modes would automatically
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vanish. In the following section, we show confirmation of this result by simulation using the

diffusion theory based simulator described in previous sections.

6.4 Results

Analytical diffusion theory kernel method

We study the problem of suitable location of the neutron detectors to avoid contamination
due to contribution from higher modes as much as possible. We assume a bare homogeneous
reactor in the shape of a rectangular parallelepiped which is described by one group diffusion
theory with the source located at the centre. The dimensions (inclusive of extrapolation
distance) and other properties are listed in Table-6.1 and are chosen to roughly correspond to
natural uranium fuelled and High Density Poly Ethylene (HDPE) moderated assembly likely
to be used in the first phase of the experiments. For the bare assembly, the points of
intersection of the zeros of the first set of symmetric modes are easily seen to be at the

coordinates (+14,+14,420). For actual geometries, the problem of obtaining these locations is

more complex and can be solved using the code developed by Singh et al. (2009).

Fig. 6.4a shows a plot of the auto-covariance with eight detectors centered at the

coordinates (£14,+14,£20). We see that barring the first point all others fall on a single

exponential. Fitting an exponential to the remaining points gives us a value of =3897 s,
which is close to the theoretical value of 3746 s'. The small difference between the
estimated and theoretical values appears to be due to small but non-zero contributions from
higher modes which are probably not fully suppressed by placement of the detectors. The
first point, which is clearly an outlier, might be due to contribution from the second set of
symmetric modes which are not at all suppressed by placement of detectors. Fig. 6.4b shows
the ratio of variance to mean with counting interval. In Figs. 6.5a and 6.5b we show the

results of the same simulation including the effect of delayed neutrons. We see from Fig. 6.5a
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that beyond a separation time of about 1 ms i.e. about 4/« , the ACF is mostly on account of
delayed neutrons and is approximately constant on the prompt neutron time scale. Subtracting
the constant value gives us Fig. 6.5b. Again after leaving out the first point, we get an almost
single exponential with o =3723s™. Thus, we clearly see that with the detectors located
symmetrically at the intersection of the zeros the Rossi alpha or ACF response is almost

entirely due to the fundamental mode.

On the other hand in Fig. 6.6a, we locate the detectors symmetrically but at (£10,+£10,%0)

i.e. not at the zeros of the symmetric modes. We see that a single exponential does not fit the
data well and moreover the computed value of alpha is also not close to the theoretical value.
In Fig. 6.6b, we locate the detector at the zero of the symmetric modes but only in one
quadrant. Due to the reduced efficiency, the data are not as good as in Fig. 6.4 & 6.5 but more
than that we see that neither a single exponential fits the data well nor the value of alpha, so
derived, is anywhere near the theoretical value. The important point to be noted is that by the
time we reach a time separation where the fundamental mode dominates, the correlations
have more or less died out and the ACF is weak. Moreover delayed neutron effects start
playing an important role and these have to be corrected for. This introduces additional
uncertainty. The suppression of higher modes by proper selection of detector locations
constitutes an important study for determining the sub-criticality in highly sub-critical

systems.
Finite difference method

We study the problem of bare homogeneous reactor, described above, by finite diffusion
theory based analogue Monte Carlo as mentioned in section 6.2. Simulations were carried out
for meshes of two different sizes. In one case, coarse meshes of about 5 to 6 cm size were

chosen while in other case fine meshes of about 2.5-3.5 size were considered.
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Figs. 6.7a, 6.7b show a plot of the auto-covariance with eight detectors centered at the

coordinates (£14,+£14,£20) for coarse and fine mesh structures respectively. Fitting an

exponential to the data points gives us values of alpha to be 3902 and 3788 for coarse and
fine mesh schemes respectively. Thus, the value of alpha obtained by fine mesh scheme is
closer to the theoretical value. Figs. 6.8a and 6.8b show the ratio of variance to mean with
counting interval for the coarse and fine mesh structure respectively. In Fig. 6.9 we show a
comparison of the results (for fine mesh structure) with those obtained by analytical diffusion
theory based kernels. It can be seen that the two are in agreement within +4%. It may again
be noted that mesh size does have an impact on the shape and maximum size of variance to

mean ratio and the small difference can be ascribed to this effect.

In Table 6.2, we show a comparison of simulation results for various parameters obtained

using analytical kernel and finite difference kernels with exact values.

By following the method described in section 6.3, it can be shown that maximum value of

variance to mean ratio is given as:

v(v=D[Z,(r,E)g, (r, E)I (P drdE
[ 45 (r.E)Z, (r. E)drdE

where
1(r) = [ 2(ENpl(rE)dE".
Thus, to get an estimate of the maximum value of variance to mean ratio, direct and adjoint

fluxes were calculated by running the finite difference diffusion theory code. The above

expression was then used to estimate the maximum value.

The maximum value of variance to mean ratio thus obtained was 2.09 (corresponding value
of Feynman Y function i.e. Y-inf is 1.09) for fine mesh structure. Using the (input) value of

alpha given in Table-6.1, together with this value for Y-inf, we find that the value of Y at 10
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ms is 1.06 which may be compared with the value obtained by the (finite difference)
simulator i.e. 1.064. Similarly, the value obtained for the coarse mesh structure was 2.19
which corresponds to a value of 1.16 for Y at 10 ms. This may be compared with the value

obtained by the (finite difference) simulator i.e. 1.12.

Dead time effects

In this section, we study effect of detector dead-time on variance to mean ratio for the
problem described in the previous section. Two types of detector dead-times have been
considered namely non-paralyzable and paralyzable. Figure-6.10 shows the variance to mean
ratios for non-paralyzable dead-times of 2 and 4 micro seconds. The effect of dead-time can
clearly be seen on the maximum value of variance to mean ratio. For a dead time of 2 micro
seconds, the maximum value of variance to mean ratio is about 1.968 as compared to the
value of 2.064 without dead-time effect. The count rate also reduces from 5070 to 4974 cps.
In case of 4 micro seconds, the maximum value of variance to mean ratio reduces further to

1.892 and the corresponding count rate is 4912 cps.

Figure-6.11 shows the variance to mean ratios for paralyzable dead-times of 2 and 4 micro
seconds. For a dead time of 2 micro seconds, the maximum value of variance to mean ratio is
about 1.965 as compared to the corresponding value of 1.970 for non-paralyzable dead-time.
The count rate in this case is 4972 cps. In case of 4 micro seconds, the maximum value of

variance to mean ratio is 1.887 and the corresponding count rate is 4884 cps.

6.5 Conclusion

The few group diffusion theory based analogue Monte Carlo simulator gives a fairly realistic
picture of the kind of results that may be expected with regard to the errors and the accuracy

that may be expected from actual measurements.
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Simulations of proposed Purnima sub-critical assemblies show that proper location of
detectors gives an almost single exponential (fundamental mode) response making alpha

measurements by the noise methods possible even in deeply sub-critical systems.
Appendix |
Derivation of flux at the boundary of a mesh

The multi-group time dependent diffusion equation can be written as:

10
D,V'0, ~Zg Py =D g s+ 0 Tt +ngv2m%+S y E(D (A1)

hwg hwg g
The first term on the left hand side is the (negative of) neutron leakage, while the second and
third terms are removal by absorption and by transfer to other groups respectively. The
fourth, fifth and sixth terms are sources due to -transfer from other groups, -fission and -
external source respectively. All the quantities are per unit volume and per unit time around
the point under consideration. To convert the diffusion equation into a finite difference
equation, we introduce a rectangular mesh such that the nuclear properties within a mesh are
constant. We label a mesh by its indices 1, j and k along the x, y ad z directions respectively
and the various nuclear properties such as diffusion coefficients, and various cross sections
for absorption, fission, scattering accompanied by slowing down to lower energy groups will

be labeled by the corresponding mesh indices. h;,h;,h, are the lengths of the sides of the

rectangular mesh (i, j, k). By integrating over a mesh volume, the above equation becomes

(using the divergence theorem for the leakage term):

1 0
ZI( }js +\/Ijk|: Z%w% +zzh%%+ZgZ‘2fh%+s } v (;i)vuk’ (A.2)
g

h=g h=g
where V, ;, =hh;h, is the volume of the mesh (i, j, k), the integration is over all the six

surfaces of a mesh and nis a unit vector normal to the surface. Each of the six integrals can
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be written as the product of the average normal component of the current at the surface with
the area of the surface. If there is no source (external, fission or slowing down), the above
equation then becomes:
6

ﬁm;(_[)g %}5’“ {—zag% —gg:zgm¢g } =é%‘” (A.3)
Henceforth we drop group indices as they are no longer required. To obtain expressions for
the average currents on the six surfaces, we consider the mesh arrangements in the reactor as
shown in Fig. 6.3. Each mesh is a rectangular region with uniform material properties.
Material properties in the neighboring meshes might however be different. The average flux

in the mesh (1, J, k) is denoted by ¢, ;, and the same is assumed to be the flux at the centre of

the mesh. The corresponding average fluxes at the boundaries of the mesh are as indicated in

the figure. Continuity of current is ensured by the flowing equation:

J —— Di+1,j,k(¢i+1,j,k —-¥,) __ Di,j,k (v, _§9i,j,k) (A.4)

r N /2 h, /2

The same value of the flux at the boundary (y,) is used on the left and right side of the

above equation to ensure continuity of the flux.

From eq. (A.4), the following expression for the flux at the boundary is obtained:

Di+1,j,kh(i)(/’i+1,j,k + Di,j,kh(i+1)§”i,j,k
D h.,+D. . h

i+1, ),k (i) i,k (i+1)

(A.5)

Vv, =

Substituting this expression on the LHS of (A.4), current on the right edge (J, ) is given as:

J=— 2Di+1,j,k(Di,j,kh(i+1)¢i+1,j,k - Di,j,kh(i+1)¢’i,j,k) (A.6)
' h(i+1)(Di+1,j,kh(i) + D',j,kh(i+1))

Similarly currents on all the six edges can be evaluated which in turn are used for getting
expressions for leakages in x, y and z directions. By substituting the expressions for currents

on the six faces, we obtain the following equation:
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(za +Zs)¢i,j,k +
l{zDi,j,k(Di—l,j,kh(i)goi,j,k - Di—l,j,kh(i)¢i—l,j,k) 3 2Di+l,j,k(Di,j,kh(i+l)§0i+1,j,k - Di,j,kh(i+1)¢i,j,k)}

h, h(i)(Di—l,j,kh(i) + Di,j,kh(i—l)) h(i+1)(Di+l,j,kh(i) + Di,j,kh(i+1))

+L 2Di,j,k(Di,j—l,kh(j)(oi,j,k - Di,j—l,kh(j)(”i,j—l,k) B 2Di,j+1,k(Di,j,kh(j+1)¢i,j+1,k - Di,j,kh(j+1)(0i,j,k)
h; hey (D jachiy + Do) Nien (D jakchiy + Bijuchan)

+L 2Di,j,k(Di,j,k—lh(k)(oi,j,k - Di,j,k—lh(k)¢i,j,k—1) 3 2Di,j,k+1(Di,j,kh(k+1)¢i,j,k+l - Di,j,kh(k+1)¢i,j,k)
h, h(k)(Di,j,k—l h(k) + Di,j,kh(k—l)) h(k+1)(Di,j,k+1h(k) + Di,j,kh(k+1))

:l d¢i,j,k
v dt

(A7)

Table 6.1: Bare homogeneous reactor: geometrical and nuclear data

Width and height (a, b) 84 cm
Length (c) 120 cm
Migration area M~ 36 cm’

k-inf 0.982

k-eff 0.873

k-eff (p) 0.867

Infinite medium lifetime (1) 40 ps
Neutron lifetime (1) 35.5 us

B 0.0065
o 3746 5"
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Table 6.2:

Comparison of various parameters obtained using analytical kernel

and finite difference kernels with exact values

Parameter Exact Analytical FD (coarse) FD (fine)
Keff (p) 0.8673 0.8676+0.0009 | 0.8706+0.0003 | 0.8676+0.0003
a(sh) 3746 3897+35.4 3902+52.81 3788+55.68
1 (us) 35.5 34.1 33.0 354

P
O O
+q -q

Fig. 6.1: The problem of determining the potential (to the left of the plane P) due to a positive

charge +q near the conducting plane P which is earthed can be solved by adding an image

charge —q at an equal distance behind the plane.
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]
—

Fig. 6.2: On the left we show the case of a single plane boundary with the medium on the left
and vacuum on the right. A single negative image source on the right at the same distance
from the boundary as the original source reproduces the zero flux boundary condition on B.
For the two dimensional case shown on the right, we need three image sources to reproduce

the zero flux boundary condition on B and BB.

€}

i.j+Lk

D

(I}r'.j.k 1P,, q)r’—l.j.k

i-1.7.k Y

(I}r'.j—l.k

Fig. 6.3: Mesh arrangement in finite differencing scheme
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Fig. 6.5 (a) Plot of the auto covariance of the count rate with the time separation with
symmetrically placed detectors at the zeros of the first symmetric harmonics with inclusion of
delayed neutrons. Note that the auto covariance reaches an approximately constant value after
1 ms due to delayed neutrons. (b) Plot of the auto covariance of the count rate with the time
separation with symmetrically placed detectors at the zeros of the first symmetric harmonics

after subtracting the delayed neutron contribution. The exponential fit is good and gives a
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Fig. 6.6 (a) Plot of the auto covariance of the count rate with the time separation with
detectors placed symmetrically but away from the zeros of the first symmetric harmonics.
The exponential fit is not good nor does it give a value of alpha close to the expected value.
(b) Plot of the auto covariance of the count rate with the time separation with detectors placed
at the zeros of the first symmetric harmonics but in a single quadrant. The exponential fit is

not good nor does it give a value of alpha close to the expected value.
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CHAPTER 7

Summary and Conclusions

As part of our program on R & D of ADS, we have carried out theoretical studies on the
development of reactor noise methods for measuring sub-criticality of such systems. The
principal difference between reactor noise in ADS and traditional reactors, as also between
our approach and that followed by other authors (Pazsit and Yamane, 1998a,b; Kuang and
Pazsit, 2000; Behringer and Wydler, 1999; Munoz-Cobo et al.,, 2001), lies in the
characteristics of the external source. As elaborated in section 2.2.3 of chapter 2, there are
reasons to believe that the accelerator produced neutron source cannot be assumed to be a
Poisson process. An immediate consequence of this is that the commonly used approaches in
traditional reactor noise theory such as the Kolmogorov forward equation and the Bartlett

formula are not applicable to the study of reactor noise in ADS.

Thus, it is necessary to have a different theoretical approach to the subject. In view of this, a
theory of reactor noise in ADS considering periodically pulsed source and its non-Poisson
character was developed earlier by Degweker (2000, 2003). The theory has been further

developed in the thesis as outlined below.

In chapter 3, we have characterized the non-Poisson source by considering exponentially
correlated Gaussian statistics of the proton beam intensity. We have also treated pulses of
finite widths by considering rectangular and Gaussian pulse shapes. Expressions for various
noise descriptors have been obtained. In chapter 4, we have extended the theory to include
the effect of delayed neutrons. The source is considered to be a periodic sequence of delta

function pulses with non-Poisson character. Two cases have been considered. In one case it is
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assumed that there is no correlation between different source pulses while in the other case
we have considered a specific model viz. exponential correlation between the proton pulses.
We have derived expressions for Rossi alpha and Feynman alpha formulae. For further
extension of the theory of reactor noise in ADS to the more general case of correlated non-
Poisson pulsed sources with finite pulse width including delayed neutrons, we have followed
the Langevin approach in chapter 5. We have obtained the PSD of the reactor noise in ADS

for the general case described above.

Experimental studies are planned (Rasheed et al., 2010) to be carried out in the upcoming
Purnima sub-critical facility at BARC to study pulsed neutron and noise methods for
measuring the sub-critical reactivity of ADS and to interpret the results in the light of the
above theory. As a part of the planning of these experiments, we have developed a few group
diffusion theory based analogue Monte Carlo code for simulating the proposed experimental
set-up. The simulator incorporates delayed neutron effects and dead time effects. The

development of the simulator and some results obtained are described in chapter 6.

The main conclusions of our studies are as follows.

The correlations in the source fluctuations introduce additional terms which could confuse
interpretation of alpha measurements by the variance method. The variance method is likely
to suffer most from the presence of other sources of fluctuations. The Rossi alpha, correlation
and spectral density methods might perform better in this case. On the other hand,
correlations between the numbers of neutrons emitted in different pulses give rise to extra
terms. Calculation of Rossi alpha shows that if correlation times are greater than or of the
order of the prompt neutron decay times, it will be difficult to use methods such as Rossi
alpha. The importance of the delayed neutron contributions will be most clearly felt in those

situations where the prompt and delayed time scales are not very distinct and the formulae
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derived by us would serve as corrections even on prompt neutron time scales. The Langevin
approach is capable of correctly describing the non-Markov process resulting from a non-
Poisson source. We have shown that a complete description of the spallation neutron source
is possible by treating it as a combination of an internal noise given by the Schottky
prescription and another that is of external origin arising from the proton beam. With such a
description, we have obtained the PSD of ADS reactor noise complete with delayed neutrons,
finite pulsed width, and correlations if any between proton pulses. The simulator gives a
fairly realistic picture of the kind of results that may be expected with regard to the errors and
the accuracy that may be expected from actual measurements. Simulations of proposed
Purnima sub-critical assemblies show that proper location of detectors gives an almost single
exponential (fundamental mode) response making alpha measurements by the noise methods

possible even in deeply sub-critical systems.

Further studies on the subject can be carried out along the lines given below.

If noise methods are to be used for sub-criticality measurements, experimental studies on the
statistical characteristics of the proton bunches should be carried out. Since the Feynman
alpha method has been studied in several experimental facilities, it would be worthwhile to
look for non-Poisson behavior of the source. A study of the variation of the Feynman Y
function with the degree of sub-criticality would bring out the relative contributions from the
external source and from the fission source. It is also important to study the current
fluctuation statistics of ion beams from accelerators, either theoretically or experimentally.
Our treatment of reactor noise in ADS is limited to very low power systems and we have
completely disregarded the effects of thermal hydraulic feedbacks and other noise sources
which are expected to be important in an operating power reactor. It will be worthwhile to
investigate these effects. Finally, development of a robust procedure for diffusion in multi-

media, and which does not use numerical approximations such as finite differencing, remains
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an interesting problem which needs to be studied further. A more accurate simulation of the
process using time dependent analogue Monte Carlo is being attempted (Singh and

Degweker).
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