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Abstract

Controlled transfer of photonic qubits is essential for implementing quantum infor-
mation protocols in cavity arrays. A basic requirement for effecting such a transfer is
to tailor the system parameters such as the cavity frequencies, couplings, detunings,
etc. Moreover, cavities containing atom or nonlinear medium can be considered that
have additional control parameters, namely, the atomic state and nonlinearity. Con-
trolled dynamics of photon transfer in a cavity array by appropriate choices of these
parameters is established in this thesis.

Perfect transfer of a single photon in an array is not possible if the cavity couplings
are homogeneous. A duality relation between two systems, namely, N — 1 photons
in two coupled cavities and a single photon in N cavities is employed to arrive at
the required coupling strengths and nonlinearities in the array so that controlled and
perfect photon transfer is possible between any two cavities in the array. Every tran-
sition in the two-cavity system has a dual phenomenon in terms of photon transport
in the array. The condition for perfect transfer of photon enables transfer of photonic
qubit between any two cavities in the array. Possibility of high fidelity generation of
generalized NOON states in the two coupled cavities, which are dual to the Bell states

of the photon in the cavity array, is established.

If the cavity array has more number of photons, localization and delocalization of
photons are possible. These two features are analogous to the bunching and an-
tibunching of photons. Occurrence of localization and delocalization of photons in
linear cavities are explained via quantum interference. The role of the relative phase
and entanglement in the initial superposition is discussed. Complete localization and
delocalization of product states, which are absent in linear cavities, is possible in Kerr
nonlinear cavities. Dynamics of photon transfer in dissipative structures is another

topic discussed in this thesis. A system of two coupled cavities connected between two

viil



thermal reservoirs is considered. Embedding a dispersively interacting single atom in
any one of the cavities brings a controllable flow of heat energy through the array. The
thermal current through a system of two coupled cavities containing a single atom
depends on the atomic state. By switching the state of the atom from its excited state
to the ground state, the system changes from a thermal conductor to an insulator.
In addition, by properly tuning the atomic state and system-reservoir parameters,
direction of current can be reversed, thereby violating the second law of thermody-
namics. It is shown that a large thermal rectification is achievable in this system by
tuning the cavity-reservoir and cavity-atom couplings. Partial recovery of diffusive
heat transport in an array of N cavities containing one dispersively coupled atom is

also established.
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Chapter 1

Cavity quantum optics

Quantum theory is presently the best description of nature. Formulated to under-
stand the atomic spectrum, it is believed to be the formalism that can be used to
understand nature at all scales, from the substructure of elementary particles to the
entire universe. On the pragmatic side, many technological marvels such as the semi-
conductor devices, lasers, quantum-interference devices, etc are direct applications of
quantum theory. The formalism continues to inspire new ideas. Quantum information
processing is a recent example which promises features such as the teleportation, un-
breakable codes, exponentially faster computation, etc which are not possible within
the ambit of the classical physics [1]. An essential ingredient in all these is the ability
to control the evolution of the system to achieve the desired result. Many experiments
have been performed to show that it is indeed possible to design the evolution to gain
control over the dynamics of atoms, ions and photons [2-6]. Apart from the practical
applications, fundamental issues of quantum theory can also be addressed using these
controllable systems. This thesis focuses on photon transfer in coupled cavities with

a view to show the possibility of quantum control in such systems.

This chapter provides a review of the canonical field quantization in a cavity, various
properties of cavities and cavity arrays. States of the electromangetic field such as
the number states and thermal states are introduced. Cavities containing material
medium or atom, in particular, Kerr medium and two-level atoms, are discussed.

Inclusion of Kerr medium provides for control of quantum evolution of the cavity



Electromagnetic field Chapter 1

field. Dissipative processes are important as they are unavoidable. A review of some

of the formalisms used in the study of dissipation in quantum systems is included.

1.1 Electromagnetic field

Space-time evolution of the electromagnetic field in vacuum is described by the Maxwell’s

equations, which are

V- E(7,t) =0, (1.1a)

V- B(F,t) =0, (1.1b)

V x E(7,t) = =2 B(F, 1), (1.1c)

and V x B(7,t) = poeo 3 E(7, 1), (1.1d)

where pg and ¢, are respectively the permeability and the permittivity of the free
space. A consequence of these equations is that the electric and magnetic fields satisfy

1 0% 5
E@X(ht%

V2X (7 1) = (1.2)
where X (7,t) can be E(7,t) or B(7,t). These equations imply that the electromag-
netic wave propagates in free space with speed c. Another consequence of the Eqns.
1.1(a — d) is that the fields E and B are transverse, i.e., £, B and the direction of
propagation are mutually perpendicular to each other. These equations can be modi-

fied to include source terms as well. If boundary conditions are imposed on the fields,

these equations can describe fields in confined geometry as well.

An important case is the description of the electromagnetic field between two perfectly
conducting plates separated by a length L (cavity) as shown in Fig. 1.1. In the limit
of large L, the field corresponds to the electromagnetic field in free space. The field

is assumed to be propagating along z-direction and the electric field is polarized in
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z-direction, i.e., E (r,t) = é,E.(r,t), where é, is the polarization direction.

;y/ \/ "

Figure 1.1 — Two parallel conducting surfaces located at z = 0 and z = L, forms a
cavity. Electromagnetic field is propagating along z-axis and polarized along x-axis.

As the walls are perfectly conducting, the electric field vanishes at the boundaries
at z = 0 and z = L. In order to write the explicit form of E for the cavity field,
consider the fundamental modes of the electromagnetic field. Fundamental modes are
the eigenfunctions of the spatial part of the wave equation. Any arbitrary distribution
of the electric field inside the cavity can be expressed as a linear combination of these

fundamental modes [7],

Ey(z,t) = Z A;q;(t) sin(k;z), (1.3)

where g; is the amplitude of the jth fundamental mode with the dimension of length

and k; = jm/L is the magnitude of the wave vector. The amplitude g; plays the role of

1

. o, . . . 2w; \ 2
the canonical position for an oscillator. The expansion coefficient A; = <Vief)> where

w; is the frequency of jth fundamental mode and V' is the modal volume. These
modes satisfy the orthogonality relation

L L
/ sin(k,z) sin(k,,2)dz = Eénm. (1.4)
0
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Boundary conditions on the electric field restrict the possible frequencies to
Wy = —/. (15)

These are the resonance frequencies of the cavity. Separation between two successive

resonance frequencies is me/ L, which is negligible if L is large.

Similarly, the magnetic field inside the cavity is

By(=1) = Y A, (@) cos(k;z). (1.6)

Here p;(t) = ¢;(¢) is analogous to the canonical momentum for a particle in the Hamil-

tonian dynamics.

The Hamiltonian for the electromagnetic field is

1 1
H = 5/dv {eoEz(z,t) + —Bi(z,1)], (1.7)
Ho

which is the energy of the field. Using the expressions for £, and B, respectively from

Eqn. 1.3 and 1.6, the total Hamiltonian is

H= 23 () +4 1) (18)

J

The Hamiltonian has the same structure as that for a set of independent harmonic
oscillators. In essence, each fundamental mode of the electromagnetic field is equiv-
alent to an oscillator. The electric field and the magnetic field are equivalent to the

position and the momentum respectively.
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1.2 Quantization of electromagnetic field in cavity

Many experiments in optics are explainable by treating the electromagnetic field
as classical [8]. However, there are a few notable experimental outcomes such as
the black-body spectrum, spontaneous emission, lamb shift, resonance fluorescence,
squeezed states, etc., that require quantization of the electromagnetic field [7]. As the
cavity field is equivalent to a harmonic oscillator, quantization of the electromagnetic
field is straightforward. Quantization provides an elegant way of understanding the
classical wave picture of the field in terms of quantum picture. This indicates that

the field is made up of field quanta which can be created and annihilated.

It can be inferred from the wave equation given in Eqn. 1.2 that the respective
amplitudes, namely, ¢ and p of the electric and magnetic fields obey the classical
equations of motion of a harmonic oscillator. The canonical variables ¢(¢) and p(t) are
represented by self-adjoint operators ¢ and p which satisfy the commutation relation

[G,p] = ihI. For further analysis, it is advantageous to define

. 1 S
0 = —e— (W + 1b5),
J
A 1 L
a; = 2h0<.)'<quj —1p;), (1.9)
j
which satisfy [a;,al] = I6;,. The operators a; and &} are called the creation and

annihilation operators respectively. In terms of these operators, the Hamiltonian for

the quantized electromagnetic field is

H= Zhw (aa] 2). (1.10)

The term 1/27w; corresponds to the energy of the vacuum of the jth mode.
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The electric and magnetic field operators are
R R \Y2
E.(z,t) = Z (60_‘;) (a; + aj) sink;z,
J

. hwg 1/2 1
and By(z,t) = Z Ho (6073) ~(a; — al) cos k;z, (1.11)

respectively.

1.3 Quantum states of electromagnetic field

As noted in the previous section, each mode of electromagnetic field inside the cavity
is equivalent to a harmonic oscillator. These independent modes are described in their
respective Hilbert spaces. The collection of modes is described in the tensor product
space of the respective Hilbert spaces corresponding to the modes. A single mode
electromagnetic field has specific spatial distribution of the electric field decided by
the geometry of the cavity and the boundary conditions. The amplitude of the shape

function is subjected to canonical quantization as described in the previous section.

1.3.1 Number states

The Hamiltonian for a single mode field is
H = hw (aTa—i—%) (1.12)
The eigenvalue equation for this Hamiltonian is
Hln)=E,|n), n=0123,.. (1.13)

where E, = (n+ 1/2)hw is the energy of the nth excited state of the field. The state
|n) corresponds to the eigenstate having n photons with total energy (n + 1/2)hw.

These eigenstates are called number states as they correspond to states of definite
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number of photons. Being the eigenstates of the self-adjoint operator H, the number
states {|n)} form a complete basis for the Hilbert space associated with the single

mode field. Consequently, these states satisfy the completeness relation

> |n) (n] = 1. (1.14)

Any state of that single mode field can be expressed as a superposition of the number

states.

The action of the creation and annihilation operators on a number state |n) is

aln) =+vnn—1), alo)=0,

a'ln) =vn+1|n+1). (1.15)

The reason for naming a as annihilation operator is that it changes a n-photon state
to (n—1)-photon state. Similarly, the creation operator a' changes the n-photon state
to (n+1)-photon state. Expectation value of operator a'a in a number state gives the
number of photons in the electromagnetic field, i.e., (n|a'a|n) = n. Hence, 7 = a'a

is called the number operator.

The expectation value of the electric field in the number state is
(n| Ey(z,t)|n) o« (n| (@ + af) |n) = 0, (1.16)

and the fluctuation in the electric field is

AE, = \J(B2(z, 1) — (Bulz, )2 = V2 (%)1/4 | sin k2| (n 4 %)1/2. (1.17)

€0

Interestingly, fluctuation is non-zero even if n = 0. This is the vacuum fluctuation



Quantum states of electromagnetic field Chapter 1

which is responsible for various effects such as the spontaneous emission, Lamb-shift,
Casimir force, etc [9]. The fluctuations of the electric field in a number state are
non-zero due to the fact that the electric field operator E, does not commute with
the number operator a'a. They satisfy the uncertainty relation [10]

A 1 1/2
ARAE, > 5 (%) | sin(k2)||(a" — a)). (1.18)

This uncertainty bound implies that the state of the electromagnetic field does not
lead to a well localized point in the phase space. However, it is useful to define
two dimensionless quadrature operators analogous to the position and momentum
operators, in order to describe the phase space properties of the field. Quadrature
operators are defined as X; = (a + a')/2 and X, = (a — at)/2i. The uncertainties in

X, and X, for the state |n) are
. . 1
(AX1)?) = ((AX2)?) = 1 (2n+1), (1.19)

which increase with n. Note that the vacuum state |0) minimizes the uncertainty as

(M%) = (M%) = ¢ (1.20

1.3.2 Thermal states
The electromagnetic radiation from an object at a non-zero temperature is called
thermal light. The density operator for the single mode electromagnetic field inside a

cavity at temperature 7' is

exp(—]:I/AkBT)
S exp(—H /kgT)’

N

Pth =

(1.21)

where H = (1/2 + afa)hw.
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In the number state representation, the density matrix for thermal state is

o0

ﬁthzlinZ(lin)nm)(m, (1.22)

n=0

where the average number of photons in the cavity field is the Bose-Einstein (BE)

distribution

_ 1
"= exp(hw/kpgT) — 1 (1.23)

According to the statistical distribution of the occupation of the energy levels, the

probability of finding n quanta in the mode is

exp(—FE,/kgT)
> exp(—E,/kgT)’

P, = (1.24)

where E,, = (n+1/2)hw for harmonic oscillator and Boltzmann constant kg = 1.38 x

10~2J/K. This probability can be expressed as

Pp=—— (1.25)

in terms of the mean photon number. Thus, temperature and mean photon number

are equivalent parameters for the equilibrium distribution.

Photon number fluctuation in the thermal state is

((An)?) = n +n?, (1.26)

which is larger than the average number of photons in the field.
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1.4 Cavity

A cavity is an arrangement of mirrors that confines light of certain resonance frequen-
cies. The electromagnetic field inside the cavity satisfies suitable boundary conditions
such as the vanishing of the electric field at the mirrors. The resonance frequencies
given in Eqn. 1.5 for a planar cavity are dependent on the cavity length (L) which
can be adjusted by using a shear piezo-actuator [11]. The tunability of the cavity res-
onance frequency allows to realize active tunable devices such as the microdisk lasers,
modulators, optical switches, filters for optical communication etc. [12, 13]. A cavity
containing a suitable material medium such as a two-level atom or Kerr medium offers

a wide range of potential applications.

For understanding the basic properties of a cavity, consider a planar cavity consisting
of two mirrors M; and M, with reflectivities Ry and R, respectively. This arrangement
is also known as Fabry-Perot cavity. A schematic diagram of a single Fabry-Perot

cavity is given in the Fig. 1.2.
M, M,
A
G| -
A ,,,

Figure 1.2 — A Fabry-Perot cavity of length L with two parallel mirrors M; and M.
The refractive index of the medium inside the cavity is n.

The mirrors are separated by a distance L. The cavity can be empty or filled with a
medium of refractive index n. The properties of the cavity are determined by shining a
light of wavelength A and collecting the transmitted light. In the absence of absorption

and scattering losses, the transmittivity of the cavity is [14]

1
=TT ar ) st o)’ (1.27)

10



Chapter 1: Chapter 1

where ¢ = 47nL/\ is the round-trip phase shift. Quality of the cavity is measured

by its finesse F' defined as

7T<R1R2)1/4
F=_""* 1.28
1—+vVRiRy ( )

0.8

0.6}

0.4

| D/

8.5 1 15 2
L/A

Figure 1.3 — Transmission profile of a Fabry-Perot cavity as a function of L/\ for
reflectivities of the mirrors Ry = Ry = 0.9 (black) and Ry = Ry = 0.99 (red). The
refractive index of the medium inside the cavity is taken as n = 1.

Transmission profile of a Fabry-Perot cavity is shown as a function of L/\ in Fig.
1.3. There is complete transmission if the cavity length is a half-integral multiple of
A, i.e., ¢ = 2mm, where m is an integer. The finesse of the cavity can be calculated

from the full-width at half-maximum of the spectrum peak,

27 2nr(m + 1) — 2mm
= = ) 1.29
Aprwam Aprwam (1.29)

F

Hence, finesse is also defined as the ratio of the separation between two adjacent max-
ima to the half-width which parametrizes the resolving power or spectral resolution of
the cavity. For an ideal cavity, i.e, Ry = Ry = 1, the full-width at half-maximum be-
comes zero. This, in turn, means that the finesse is infinity. The transmitted light will

have a sharp resonance frequency and its integral overtones. This is an ideal condition.

11
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Deviation from this ideal condition amounts to leakage of photons/energy from the

cavity. This is quantified by the cavity loss rate v defined as

w
el 1.30
’Y Q? ( )

where @ is the quality factor of the cavity (Q-factor). The @Q-factor is the ratio of the
energy stored in the cavity to the energy loss per round-trip. Essentially, Q)-factor
of a cavity characterizes the capability of storing the energy. A cavity with large
Q-factor stores photons for a long time. Such a high @ cavity is a suitable physical
system for generating, storing and manipulating the states of the electromagnetic field
[15]. Any state of the electromagnetic field is achievable from the vacuum state of
the cavity by a sequence of operations [16]. The state of the field can be manipulated
either by external driving or embedded atoms [17-19, 19-21]. By suitably tailoring
the external driving or atom-field coupling strengths, cavity state can be evolved to a
desired target state [22|. Experimental realization of these theoretical ideas requires
ultrahigh-Q) cavities. Such cavities are fabricated in various configurations such as
the Fabry-Perot [23, 24|, pillar [25], whispering gallery resonators [26, 27], photonic
crystal [28, 29], etc [30-32]. These cavities are being used for realizing strong atom-
field coupling [33], imaging of atoms beyond diffraction limit [34, 35|, atom-cavity
microscope [24], controlling light pulse propagation [36], atom-field entanglement [37],

bio-sensor [38, 39], optical sensor [40], etc.

1.5 Coupled cavity modes

Many of the quantum information protocols, for instance, quantum state transfer,
quantum dense coding and quantum cryptography involve transfer of a qubit through
a quantum channel. Qubits can be realized with photons [41], spins [42], atoms [43—

45], phonons [46], etc. Of these, photons have several advantages due to their transfer

12
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speed and absence of mutual interaction. Transfer of photonic qubit requires a quan-
tum channel that should allow controllability and high fidelity transfer. Coupled
cavities as quantum channels are suitable for realizing the aforementioned protocols
[43, 47-50]. Technological progress in the fabrication of high finesse cavities has ren-
dered it possible to couple several cavities to build an extended quantum network
[29]. Coupling of cavities is established by different mechanism such as the evanescent
wave [51, 52], inductive coupling and capacitive coupling [53], wave guide coupling
[54], etc. Coupling leads to energy exchange between them. The rate of exchange of
energy depends on the coupling strength (J), which in turn, depends on the overlap

of the spatial profiles of resonant modes [55] as depicted in Fig. 1.4.

Figure 1.4 — Two coupled cavities with their spatial profile of resonant modes. The
overlap of modes decide the coupling strength J.

The interaction energy for the cavities coupled via evanescent wave is [56, 57]

where € is the relative permittivity profile for the coupled cavities. The range of in-
tegration extends over the coupled cavities. The two cavities are considered to be
non-ideal in the sense that their electric field distributions extend beyond the cavity
boundaries. Here F; and E5 represent the electric fields of these cavities. If the cav-
ities are ideal then the electric fields are confined within the respective cavities and

the interaction energy vanishes.

The single mode electric field of the individual cavities in terms of the creation and

13
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annihilation operators is

Ej = (6 +abu(2),  j=1,2 (1.32)

where u;(z) is the mode function of the jth cavity in the absence of other cavity. Here
€r; is the relative permittivity of the medium present and V; is the mode volume of

the jth cavity respectively.

The interaction Hamiltonian becomes

A~ hOJ hw *
Hine = 26067’11‘/1 Qeoe;v? /E(C“+ab(a2+a;)u1(z)u2(z)dm
—J (@ + a})(az + ), o
where
hiwy hews
N S(2)dV. L34
/ \/2606r1V1 \/2606T2\/'2/6u1(z)u2(2) V. (1.34)

The total Hamiltonian for the coupled cavities is
H = hwialay + hwsabas + J(ay + al)(ay + ab). (1.35)

The evolution equations for the annihilation operators in resonant case (w1 = wy = w)

are [58]

—maAm| + MBM , (1.36)

14
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where
1 1 1
M =— ,
V2 1 -1
a267i\/w2+2Jwt . 626i\/w2+2Jwt 0
A _ X X ’
0 a2€—i\/w2—2Jwt _ /626i\/w2—2Jwt
Yy y
5 —2i0, B, sin vVw? + 2Jwt 0
0 —2ia, By sin Vw? — 2Jwt
Here
Vw2 +2Jw+w Vw2 —2Jw 4w Vw2 +2Jw —w
Oy,

::2»&3@%—+2J@0U4’ay::2»&5@%-—2J@0U4’6z::QVZXw24—2Jw)U4’

Vw2 —2Jw —w
2y/w(w? — 2Jw)V/4

and B, =

If 2J/w << 1, then B, =~ 0+ O(2J/w), B, = 0+ O(2J/w), a, = 1+ O(2J/w) and
ay, =~ 14+ O(2J/w). Therefore, in the first order approximation, B becomes a null

matrix and

A= . (1.37)

Now, the equations of motion given in Eqn. 1.36 become

a1 (t) =~ e “*cos Jt a1(0) — isin Jt as(0)], (1.38)

as(t) = e “*cos Jt ay(0) — isin Jt a;(0)). (1.39)

These evolution equations are identical to the ones generated by the Hamiltonian

H = hwalay + hwalay + J(alag + aial). (1.40)

15
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Hence, in the limit 2J/w << 1, the dynamics generated by the Hamiltonian given in
Eqn. 1.35 is similar to the dynamics generated by the Hamiltonian given in Eqn. 1.40.
In other words, the counter rorating terms do not affect the dynamics significantly[59].
In the non-resonant case, the equations of motion for the annihilation operators (using

the Hamiltonian given in Eqn. 1.35) are

d

S = —iwia; — iJ(ay + a;),
d
%ag = —iWQGQ — Z'J(a1 -+ aI) (141)

In the weak coupling limit, i.e., 2J/wy,2J/wy << 1, the annihilation operators evolve

as

a1 (t) = ai(0)e ™" and ay(t) =~ ay(0)e ™" (1.42)

Therefore,

(i) o< exp(—i(w; + w;)t)(Gia;)o,

(afaf) oc exp(i(w; +w;)t){ala))o,

and <did;)t o exp(—i(w; — wj)t)<di&;>0, (1.43)

where 7,7 = 1,2. In the near resonant case, i.e., w1 = ws, the terms (a;a;); and
(djd})t oscillate many times during a single oscillation of (&,-d;). As a result, time
averages of (a;a;) and (&Id}) are small compared to <did;) [58].  Neglecting these
highly oscillating terms from the Hamiltonian given in Eqn. 1.35 is known as the

rotating wave approximation (RWA). In this approximation, the Hamiltonian given

in Eqn. 1.35 becomes
H = hwydlay + hwrabas + J(alay + agal). (1.44)

Due to the coupling between the cavities, photons in any one of the cavities propagate

16
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to other cavity [50, 60, 61]. One way of controlling the coupling strength J is by

altering the distance between the cavities [29, 51, 62].

The Hamiltonian given in Eqn. 1.44 describes many physical systems such as the
coupled phonic crystal cavities [29], coupled whispering-gallery cavities [51], coupled
superconducting strip line resonators [53], driven optomechanical cavity in red de-
tuned regime [63], single photon scattering from microsphere resonator in subwave-
length limit [64] and a pair of trapped ions [65]. Photonic crystal cavities are coupled
via evanescent wave field [29]. The overlap of cavity mode functions allow exchange

of energy [55].

In the case of superconducting stripline resonators, coupling occurs via mutual induc-
tance and mutual capacitance. The coupling strength between two superconducting

strip line resonators is [53]

Jup W0 C? 1+1 C? wo L 1+C  v(1-L?
TV a+ o) +20) v1-c2) wi-r2\l1y20v(i— 7)1 12

(1.45)

The first term arises due to capacitive coupling and the second term corresponds to
inductive coupling. The quantities C' and L are proportional to conductance and in-
ductance of the resonator respectively, wy is the frequency of both the resonators and

v is a geometric factor.

In case of optomechanical system, an optical field is coupled to a mechanical resonator

via radiation pressure[63]. In this case coupling strength is

w [P Y
Jopt = —+ : 1.46
P LV hwg | 42 + 462 (1.46)

where w is the resonance frequency, L is the length of the cavity and ~ is the decay

17
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Table 1.1 — Experimental parameters

Resonance Coupling
Systems f(’rg;l)uenmes strengths(Hz) Q-factor Ref.
Photonic crystal cavity | 3.33x10' 1.3x 10" 2500 29]
Photonic crystal cavity | 1.169x 10 1.1x10" 10° 52]
Superconducting resonator | 6.65x10” 1.2x10° 10* —10° | [53, 66]
Optomechanical cavity | 65x10° 1.6 x 10° 4.33 67]

rate of the cavity. Laser input power is P, and its frequency is wy. The detuning

between the cavity and the laser is 6 = w — wy.

Currently achievable values of resonance frequencies, Q-factors and coupling strengths

are listed in Table. 1.1.

1.6 Open quantum system

An ideal system is characterized by its complete isolation from all possible influences
of the environment. Its dynamics is governed by a unitary transformation. The total
energy of an isolated system remains constant during time evolution. However, com-
plete isolation of a system from its surrounding is not possible. Interaction between
a system and the environment which has large number of degrees of freedom (envi-
ronment) leads to a dissipative dynamics of the system. Such systems are called open

quantum systems.

Consider a damped harmonic oscillator whose equations of motion are

p=—mw’q — p, (1.47)

where ¢ and p are position and momentum of the oscillator. The natural frequency
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of the oscillator is w. The damping rate in the system is v. Equivalently, ¢ satisfies
G+ G +wiq=0. (1.48)

To see the problem of describing the damped oscillator quantum mechanically, the
classical variables ¢ and p are replaced by the operators ¢ and p satisfying [g, p| = ih.
The Heisenberg equations of motion for ¢ and p are similar to those of the classical
equations of motion given in Eqn. 1.47. On using the solutions of the Heisenberg

equations, the commutation relation between ¢ and p satisfies

[a(t), p(t)] = e i (1.49)

For ¢t > 0, the commutation relation deviates from the canonical commutation be-
tween ¢ and p. An immediate consequence is that the Heisenberg uncertainty relation

becomes
U T
AGAD > 5716 . (1.50)

This is erroneous as quantum mechanics limits the product of AgAp to be greater
than or equal to i/2. Hence, replacing the classical variables by operators is not a

suitable prescription to quantize the damped oscillator.

There are several approaches for incorporating dissipation in quantum systems. For
instance, quantum master equation and Monte-Carlo wavefunction are the most used
approaches. The results produced in this thesis are based on the master equation

method. A review of this approach is presented here.
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1.6.1 Master equation method

One of the most commonly used approaches in the description of open quantum sys-
tems is the quantum master equation [68]. In this method, the evolution equation for
the reduced density matrix of the system is obtained by tracing over the variables of
the reservoir. Two versions of quantum master equations, one due to Redfield [69] and
another due to Lindblad [70] are known. An important characteristic of the Lindblad

approach is that it preserves the positivity of the density matrix of the system.

In order to derive the evolution equation for the reduced density matrix, consider the

Hamiltonian of the system and reservoir,

A~ A ~ ~

H=H,+H, +H,, (1.51)

where H, and H, are the Hamiltonians for system (S) and reservoir (R) respectively.
Interaction between the system and the reservoir is H,,. By incorporating the reser-
voir variables, the canonical commutation relation between ¢ and p is preserved during

time-evolution [71].

Let the density matrix of (system+reservoir) be p. Its evolution equation is governed

by the quantum Liouville equation

olt) = (i) (1.52)

This evolution is unitary as (system+reservoir) is closed. Tracing over the reservoir

variables gives the reduced density matrix for the system:

ps =Tr:(p). (1.53)
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Expectation value of a system observable is calculated as

(0) = Tr,(Opy). (1.54)

Hence, it is necessary to derive an evolution equation for the reduced density matrix.

The density matrix p in interaction picture is defined to be

ﬁ(t) _ e—i/h(ﬁs—i-f{r)tp(t)ei/h(Hs—&-HT)t’ (155)
which satisfies
d 1 .
—o(t) = =[H. (t),p 1.56

where H! = ¢/MH+HIH  o=i/MHs+H)E

The equivalent integral form is

o0 =00+ [ AL (), (), (157)

which is more suited for the present purpose. Substituting this in Eqn. 1.56,

(1) = = HL(0), 0(0)] 75 / dELEL (1), (L), 5(0)]). (L58)

The system and reservoir are initially uncorrelated so that

p(0) = p(0) = ps(0)7:(0). (1.59)

On tracing over the reservoir variables, Eqn. 1.58 gives the following evolution equa-
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tion for the reduced density matrix of the system

== || AL 0. 0. 5O, (1.60)

where Tr,{[H’,(t), p(0)]} = 0 due to the assumption Tr,(H,.p,) = 0. In the Born

approximation,

la(t) = ﬁs(t)pra (1'61)

which amounts to saying that the state of the system evolves due to the interaction of
the system with the reservoir while remaining uncorrelated. Additionally, neglecting

the higher order terms in H,, yields

R S AUN AN XS] (1.62)

Note that the state of the system at time ¢ depends on the state at earlier times.
Under the Markov approximation, the state ps(¢') under the integral is replaced by

ps(t). With this substitution, the above equation becomes

Tpm s T L 00, L (). 7.0 (1.63)

which is the master equation for p;.

Consider a single harmonic oscillator interacting with a reservoir. The later is a

collection of oscillators. Hamiltonians for the system and the reservoir are

H, = hwi'a, H, =) hwbib;, (1.64)
j=0
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respectively and the interaction between them is

= h(kjalb + k;a,bh). (1.65)

J

Here @ is the annihilation operator of the system and its adjoint is af. The annihila-

tion (creation) operator for the jth mode of the reservoir is 133(13;)

The state of the reservoir in thermal equilibrium at temperature 7T is
He Zﬁwjb b, i /kBT 1 e ifuuj/kBT>. (166)
Assuming a delta correlated reservoir, i.e.,

(Bi(£)b; () o< 6(t — 1), (1.67)
the master equation given in Eqn. 1.63 for the harmonic oscillator is

- i}
w(%pscﬂ —a'ap, — psata) + %(25”/)8& —adlps — psaal),

(1.68)

which is the Lindblad equation for p,. The average number of photons n in the

reservoir is

n= ;. (1.69)

ehw/k‘BT _ 1

The coupling constants k; are related to the decay rate v through the relation [72]

y= QWZ k?é(wj —w). (1.70)

First term in the expression given in Eqn. 1.68 corresponds to the unitary evolution
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(no dissipation and decoherence) of the quantum state p;. Second term refers to the
energy dissipation from the system to the reservoir and the last term corresponds to

absorption of energy by the system from the reservoir [68].

1.7 Two-level atom inside a cavity

A single atom in the free space interacts with a continuum of modes of the electro-
magnetic field. On de-excitation from one of its higher energy levels to a lower energy
level, the atom emits a photon to this continuum. This is an irreversible process. The
rate of emission is decided by the density of modes of the field. In three dimensions,
the density of modes is proportional to w? where w is the frequency of electromag-
netic field (appendix C of ref. [14]). Interaction between the atom and the field can
be tailored by modifying the mode density, which is possible in a cavity. For instance,
both the direction and rate of spontaneous emission from an atom in a cavity can
be controlled [73]. The rate of spontaneous can be controlled by tuning the cavity
resonance frequency and atom-field coupling strength, known as Purcell effect [74].
Strong light-matter interaction is achieved by increasing the finesse (Q-factor) of the
cavity [43, 75, 76]. Cavity mitigates the effect of dissipation on atoms so that atom-
photon entanglement is possible [77]. Control of spontaneous emission has been used

for quantum encryption [78], quantum computation [79], etc.

A cavity with a two-level atom provides an exceptional setting for understanding light-
matter interaction [80-82]. The Hamiltonian of an electron of charge —e interacting

with an external field is

= [Pt A )2 — ed(F,t) + V(r). (1.71)

- 2m

Here V(r) is the Coulomb interaction potential between the nucleus and the electron

separated by a distance r = |7]. Further, A(7,t) and ®(7,t) are the vector and
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scalar potentials respectively. Under the dipole approximation, i.e., wavelength of the

electromagnetic field is much larger than the atomic size, the Hamiltonian becomes

1 - a
H=-—P? —d- E(1). 1.72
5 PP V() —d- E(t) (1.72)

Here d = ef is the dipole moment and the electric field E(t) = A/t

Let |e) and |g) represent the excited and ground states respectively for the atom. The
raising and lowering operators for the atomic system are 6, = |e) (g| and 6_ = |g) (¢
respectively. The energy operator for the atom is 6, = |e) (e| — |g) (¢9]. Using the
expression for electric field operator E from Equ. 1.11 and d = d|e) (g| + d|g) (¢]

where d is real, the Hamiltonian becomes
gL St (s s Vo at
H = éhwoaz—i—hwa a+ g6y +a6-)(a+a"). (1.73)

The atom-field coupling strength is g = —d,,(Aw/e)V)Y/? sin kz where d., is the ma-
trix element of dipole moment operator that represents the strength of the dipole
transition. This Hamiltonian, known as the quantum Rabi Hamiltonian [10], contains
the energy non-conserving terms 6,a' and 6_a. However, as these terms are fast os-
cillating their time-averages are vanishingly small. Therefore, the Hamiltonian given

in Eqn. 1.73 becomes

.1
H = hwoo + hwala + g(6,a+ 6_al). (1.74)

This is the Jaynes-Cummings Hamiltonian to describe atom-field interaction when
the coupling strength ¢ is weak (¢ << w,wp) and wy ~ w [82]. The excitation number
operator N =6, +ala is a conserved quantity. The Hilbert space naturally splits into
distinct invariant subspaces corresponding to different excitation numbers. Therefore,

the unitary dynamics of the system is restricted to subspace corresponding to a given
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number of excitations in the initial state.

In the dispersive limit, i.e., (wp — w) >> g, the above Hamiltonian becomes [83]

~ hw

H= 70&2 + hwata 4+ x(6.6_ + 6.47a). (1.75)
Due to large detuning, the atom and the field do not exchange energy. However, the
presence of the atom shifts the cavity resonance frequency [83]. There are several ad-
vantages of nonresonant atom-field interactions than the resonant one. For instance,
generation of cat states [83, 84|, controlled superposition of number states [85], pho-

ton number-dependent phase gate [20], optical nonlinearity [86], etc. are possible with

nonresonant interaction.

Coupled cavity array can be a conduit for transmitting photons. Embedding an
atom in a cavity affects the propagation of photons in the array [87-89]. The trans-
mission and reflection probabilities depend on the atomic resonance frequency and
atom-cavity coupling strength. If there is an atom in each of the cavities in the ar-
ray, the system becomes strongly correlated [90]. Such a system is useful to explore
the equilibrium and nonequilibrium phase transitions. An interesting feature of this
system is the interplay between the atom-field coupling strength and the inter-cavity
interaction strengths [90], making it possible to study interesting phenomena such as
the transition from Mott insulator phase (excitations localized on each site) to super-
fluidity (excitations delocalized in the array) phase [91-93], localization-delocalization
of excitations [94, 95|, etc. In this system, by properly tuning the atom and cavity
resonance frequencies, transfer a superposition of polaritonic states is possible which

may be useful for quantum information processing [96].
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1.8 Kerr medium inside a cavity

Energy levels of the quantized electromagnetic field in an empty cavity are equi-spaced.
Anharmonicity in the levels arises on incorporating a nonlinear medium, especially,
Kerr medium inside the cavity. The cavity with Kerr nonlinearity is to be referred as
‘Kerr cavity’ in subsequent discussions. The energy of the electromagnetic field in a
Kerr cavity is proportional to the square of number of photons. This anharmonicity
gives rise to many interesting phenomena such as the photon blockade [86, 97-101],
bunching and antibunching of photons [102, 103], quantum phase transitions [104],
slow light [105], etc. The feature that is responsible for the aforementioned phenomena
is the strong photon-photon interaction which is possible in the presence of nonlin-
earity [86]. This strong interaction requires extra energy to populate n photons in a

Kerr cavity than in an empty cavity.

Consider a driven cavity containing a nonlinear dispersive medium. Polarization of

the medium is

A A A A

P=yVE+\DEE+ \OEEE ..., (1.76)

where y™ is (n + 1)th rank susceptibility tensor. The energy of the electromagnetic

field inside the cavity is

—

1 - - -
H_/d3r§(D-E+H- ), (1.77)
14

where V' is the mode volume, D = eoﬁ + P and H = 1/,u0§. If the field is
propagating along z-direction and polarization is along the x-direction, then E =
(E(z,1),0,0), B = (0, B(2,1),0), H = (1/110B(z,1),0,0) and the electric flux density

—

D = (egE+P,0,0). If the medium is centro-symmetric and the driving is intense then
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the third-order nonlinearity is larger than the linear (X(l)) and second-order (X(z))
susceptibilities. With this assumption, the Hamiltonian given in Eqn. 1.77 becomes

[106]

1 1
H = / dPr= KqEP + —\B|2) + X(3)|El4} . (1.78)
voo2 o

Under the rotating wave approximation, the corresponding quantum Hamiltonian is

[107]
H = hwata + hyata?, (1.79)
where
371‘:262 / lu(r)[* d®r ?:Z”;HEQ , (1.80)
is the strength of Kerr nonlinearity. The effective cavity mode volume V. ff = [ |u(r | d3r

[108]. The mode function u(r) satisfies [[u*(r)(1 + x® /e)u(r)]d?r = 1.

Recently, Fushman et. al. achieved large Kerr coefficients by embedding quantum
dots in photonic crystal [109]. The achieved value x® = 2.4 x 107'%m?/V? is many
orders of magnitude larger than the optical nonlinearities in solids. The lowest mode
volume that has been achieved so far is ~ 1072*m? [109]. Using the experimental
values w ~ 10"Hz, x® = 2.4 x 107°m?/V? Vg = 107m?, ¢, = 13.1 (for GaAs), the

Kerr nonlinear strength is calculated from Eqn. 1.80 to be y ~ 1.2 x 10'3Hz.

The Hamiltonian for an array of N cavities, each containing a Kerr medium, is
N—-1
Hyerr = Y _wjdla; + xjai%a? + > Ji(alaz o + azal ). (1.81)
Jj= J
Here w; and x; are the resonance frequency and Kerr strength of jth cavity. The
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strength of coupling between the jth and (j + 1)th cavity is J;.

1.9 DMotivation and outline

Array of coupled cavities is considered suitable for implementing quantum information
protocols, generation of non-classical states of the electromagnetic field, testing the
foundational aspects of quantum theory, etc. Cavity arrays provide desirable features
such as scalability and control, in addition to being a system that can sustain photons
for sufficiently long duration without being lost due to dissipation. What are the con-
trol parameters that can be made available in an array to steer the transfer of photons?
It is known that in the case of identical cavities with uniform inter-cavity coupling,
transfer of photon beyond three cavities does not happen with high probability. This
is a serious impediment if cavity arrays are to be used for practical applications. In
this thesis, it is shown that it is indeed possible to have array configurations wherein

the restriction on the number of cavities is not necessary.

The thesis is organized into six chapters. A brief introduction to the contents of the
chapters is presented below.

Perfect transfer of a single photon between any two cavities in an array is discussed
in Chapter 2. The conditions that determine the suitable values of the coupling
strengths and Kerr nonlinear strengths are derived by using a duality relation. The
duality relation is established between “N — 1 photons in two coupled cavities” and
“single photon in an array of N cavities”. Single photon transfer also means that it is
possible to transfer states of the form a |0) + 5]1).

Chapter 3 discusses the two photon localization and delocalization in a linear cavity
array. The emergence of localization and delocalization of photons is shown to be the
consequence of quantum interference. Importance of entanglement and relative phase

present in the initial state to bring about localization and delocalization is discussed.
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Studies on the localization and delocalization dynamics in Kerr nonlinear cavities with
intensity-dependent couplings are presented in Chapter 4. State switching condition
which relates the nonlinear strength and cavity detuning is derived for evolving a
localized product state to a delocalized state.

Controlled transfer of heat through two coupled cavities containing a single atom
is discussed in Chapter 5. The thermal current in the cavity array is shown to be
controllable by the atom. Atom acts as a switch for controlling both magnitude and
direction of heat current. By proper choices of the system parameters and atomic
state, large thermal rectification is possible. Violation of the Fourier’s law of heat
conduction and its partial recovery are also discussed.

Summary of the results and possibility of further exploration of the present work are

discussed in Chapter 6.
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Controlled transfer of photon in
cavity array

2.1 Introduction

Photons are excellent information carriers as they do not interact with each other
and fairly resilient under decoherence [104]. Currently available technology already
allows photons as elementary units in quantum information processing protocols such
as the quantum teleportation [110], quantum state transfer [47, 50, 111], quantum
dense coding [112], quantum cryptography [113], etc. at the laboratory level. An out-
standing challenge is to achieve a process for controlled, perfect and coherent transfer
of photons in order to realize the aforementioned protocols. In addition, availability
of such a process will help in designing experiments for understanding subtilities of
quantum phase transition [91, 93, 114], generating entangled states [115-117], simu-
lating many-body systems [55, 104, 118], etc. A coupled network is a basic building
block to realize these ideas mainly due to the controllability of couplings, scalability,

addressability.

Cavities provide insulation against environment induced decoherence. By and large,
the requisite conditions for controlled transfer of photon can be achieved by tailoring
the cavity resonance frequencies [119, 120] or coupling strengths [121] in cavity arrays.

Controllable transport of photons is also possible by including suitable medium inside
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the cavities. For instance, photon transport can be controlled by embedding two-level
or three-level atoms in the cavities [87-89]. Essentially, the resonance frequencies of
the filled cavities are different from the empty cavities which affect the reflection and
transmission of photons. Also, the magnitude of atom-cavity coupling dynamically
changes the transport properties [60]. Embedded atoms in the array provide for a
controllable transport of photon. Inclusion of Kerr medium inside the cavities leads
to photon-photon interaction even at a few photons level [86, 122]. This offers a wide
range of possibilities for realizing various interesting phenomena such as the photon
blockade [86, 123], quantum phase transition [55, 104, 124], bunching and antibunch-

ing of photons [94, 125], etc.

This chapter discusses about perfect and controlled transfer of a photon in a cavity
array. An array with homogeneous coupling forbids perfect transfer of a single photon
due to the nonlinear dispersion in the array. One way of realizing a perfect transfer
is to choose the coupling strengths and resonance frequencies. Appropriate choices
of the coupling strengths and resonance frequencies are derived wvia a duality relation
between two systems, namely, “N — 1 photons in two coupled cavities” and “single
photon in N coupled cavities”. This provides a condition which relates the parameters
of one system to those of the other. This modification in the coupling strengths and
resonance frequencies allows transfer of a single photon between two symmetrically
located cavities. In order to steer the perfect transfer between any two cavities in the
array, Kerr nonlinearity is included in each cavity. Duality holds for the nonlinear
cavities too. This is employed to arrive at a state switching condition which ensures
a perfect transfer of photon between any two cavities. Further, this condition enables
perfect transfer of quantum states of the form «|0) + 1), where |0) and |1) are
respectively the vacuum state and single photon state. Generation of NOON-type

states is possible in the system of two coupled cavities with N — 1 photons.
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This chapter is organized as follows. Transfer of a single photon in a homogeneously
coupled cavity array is discussed in Section. 2.2. Duality between “N — 1 photons
in two coupled cavities” and “single photon in /N coupled cavities” is established in
Section. 2.3. Controlled transfer of a single photon between any two cavities in the
array is discussed in Section. 2.4. Generation of NOON type states is presented
in Section. 2.5. A protocol for quantum state transfer is introduced in Section. 2.6.
Experimental feasibility of the scheme and the chapter summary are given in Sections.

2.7 and 2.8 respectively.

2.2 Coupled cavity array

Consider a system of an array of N linearly coupled cavities. The Hamiltonian for
the system is
N N-1
H =Y abfoy+ Y Jibjbies + bid,,), (2.1)
=1 =1
where @; is the cavity resonance frequency of the [th cavity, b, and i); are respectively
the annihilation and creation operators. The coupling strength between the [th and
(I + 1)th cavities in the array is J;. All the coupling strengths and frequencies are

expressed in terms of frequency of the first cavity. In the plots, the frequency of the

first cavity is set to unity.

Consider the simplest situation where all the coupling strengths .J; are equal (= J)
and the cavities are identical, i.e., all the resonance frequencies are equal (= w). This
array is said to be homogeneous. In this case, the Hamiltonian conserves the number
of excitations as [H, Y1 b/b;] = 0. Hence, the Hamiltonian can be diagonalized in

the subspace corresponding to different excitation numbers. Normal mode operators
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for the cavity array are

&(t) = S b,(1)S (. k), (2.2)

bi(t) =" en()S (), k). (2.3)

The transformation matrix S(j, k) is

, 2 i gk
S(j, k) = N+1Sln(N—|—1)' (2.4)

Using the orthogonality relation

N . .
. Ik i Jmm N+1
= Ok s 2.5
Sa(f)e(E) e e
the Hamiltonian for an array of resonant cavities with homogeneous coupling is
N
H=> Qéfér, (2.6)

where ¢, and élz are the creation and annihilation operators for the kth normal mode.
The Hamiltonian in the normal mode coordinates corresponds to a collection of inde-

pendent oscillators. The normal mode frequencies are

Q= (w—|—2Jcos Nﬁ+1>' k=1,23,..,N (2.7)

The evolution equation for k&th normal mode operator is

d
%ck—zH Ckl =i

ZQ C Cn,Ck] = —ZQkék (28)
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The solution of the above equation is
ér(t) = e e (0). (2.9)

Using inverse transformation given in Eqn. 2.3, the annihilation operator for the jth

mode is

bi(t) = > ey (0)S(L, k)S(j, k). (2.10)

=1 k=1

The average number of photons in the j-th cavity at time t is given by

N
(nj)e = (blby)e = Y |Gaul*(Bfbn)o, (2.11)
1=1
where
2 Y k gk Ik
L —i(w+2J cos( 7))t o .
GJZ—N+1;e N+ Sln(N—l—l)Sm(N—i—l)' (2.12)

In order to investigate the photon transfer properties, consider a single photon in the

first cavity which implies <l;lTI;l>o = 01,. Then

2

N
71 7 2 —i(w cos( -k : Nrk : mk
(nx)e = (b\bn)e = |Ga]* = |_NJr 1 ;e e sin <N+ 1) S (N + 1) ’
(2.13)

is the average photon number in the last cavity. Perfect transfer of a photon to the

end cavity corresponds to having (ny); = 1 at some time ¢.

Time evolution (ny) for arrays with N =3, 4, 5 and 10 cavities respectively are shown
in Fig. 2.1. From the figure it is clear that complete transfer occurs if the array has
three cavities. Maximum of |G y1|? decreases with increasing number of cavities. This

is inferred from Eqn. 2.12 on noting that for large N, sin(Nkn/N + 1) = sin(k7) =0
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Figure 2.1 — Average number of photon in the end cavity as a function of wt in homo-
geneous cavity array. Number of cavities in the array is N =3 (solid line), 4 (dashed), 5
(dotted) and 10 (dot-dashed). All the cavities are identical and homogeneously coupled
with coupling strength J/w = 0.01.

and G tends to zero. What happens in the limit of large N is that during the time
evolution a single photon is shared by all the cavities. Hence, detecting the photon in

any of the cavities with unit probability is not possible.

It is to be noted that the dispersion relation is linear if the array contains less than
four cavities. For two cavities, the normal mode frequencies are 2y = w + J and
2y = w — J which lie on a straight line. Similarly, the normal mode frequencies for
three cavities are 0 = w+ \/§J, Qg =w,and Q3 =w— V/2J. These are also collinear.
In order to understand the inhibition of complete transfer of single photon in array
having more than three cavities, the normal mode frequencies are shown in Fig. 2.2
for N = 4 and N = 10. Due to this nonlinear dispersion relation, any propagating
wave undergoes dispersion. Consequently, complete transfer does not occur if the

homogeneous array has more than three cavities.
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Figure 2.2 — Normal mode frequencies ; as a function of k for (a)N = 4 and
(b)N = 10. Here w =1 and J = 0.1.

2.3 Duality between two coupled cavities and an

array of cavities

Prefect transfer of a single photon from one end to the other end in an array with
homogeneous coupling is prohibited by the nonlinear dispersion. Complete transfer of
a single photon demands a correct combinations of the coupling strengths and cavity
resonance frequencies of the cavities. In order to derive the conditions for a perfect
transfer, a duality relation between “/N —1 photons in two coupled cavities” and “single

photon in N cavities” is established.

The concept of duality has been extensively discussed in various branches of physics
to facilitate understanding of nontrivial aspects of one system in terms of easily acces-
sible features of the other [126]. One of the simplest examples that can be considered
is the distribution of N photons in g levels for deriving the Planck’s blackbody spec-
trum. The indistinguishable nature of photons requires that the number of photons
and the number of levels to be occupied by them are considered together. The number

of possible ways of distributing is (N 4+ g — 1)!/N!(g — 1)!. It is interesting to note
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that the result is the same if there are g — 1 photons and N + 1 levels. This possibility
of interchanging the roles of the number of particles and the number of levels is a
duality. Another example of duality is the Euler characteristic V' — E + F = 2, where
V, E and F refer to the number of vertices, edges and faces respectively of a convex

solid. In this expression the roles of V' and F' are interchangeable.

Consider a system of two linearly coupled cavities described by the Hamiltonian
Hoi = widlay + waiihds + J [a{az + alag] . (2.14)

Here w; and w, are the resonance frequencies of the respective cavities and J is the
coupling strength. Suffix A has been used to refer to this system of two coupled
cavities. Here a;(p) and di@) are the annihilation and creation operators for the first
(respectively, second) cavity. Let |n+ 1) represent the bipartite state [N —1—mn,n) of
the two cavities corresponding to N —n — 1 photons in the first cavity and n photons
in the second cavity. The total number of photons in the two cavities is N — 1. If the

number of photons is N — 1, the Hamiltonian is

N-1 N-2
Hy=> Qupln+ 1) (n+11+ Y Jua(n+1) (n+2[+|n+2) (n+1[), (2.15)
n=0 n=0

where Q11 = [(N — 1 — n)w; + nws] and J,11 = y/(n + 1)(N — 1 —n)J.

At resonance (detuning A = w; — wy = 0), the eigenvectors of H 4 are

N—lC’
n
N—IOT

IN —r,r), (2.16)

with corresponding eigenvalues £, = (N—1)w+(N—1—-2n)J. The index r = n+k—k’.
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Now, consider the Hamiltonian for N coupled cavities

N N-1
Hp = Z(le;bl + Z jl(b;rblﬂ + bzszH) (2.17)
=1 =1

Suffix B has been used to refer to this array of IV cavities.

For a single photon in the array, the possible states are |l)) which represents one
photon in the [th cavity while the other cavities are in their respective vacuua. Then

the Hamiltonian is

N N-1
Hp =Y @ DA+ L)+ 1]+ |1+ 1)), (2.18)

=1 1=1
Duality between the two systems described by H,4 and Hp respectively is identified if

Jy = IN =1)J,

Cf)l = [(N — l)wl + (l — 1)0J2], (219)

and [ = n + 1. This is termed as the duality condition. With this identification the

two systems are equivalent. It is easy to see that the states

1 N—-1-n n N—1

, C,
1X,.)) = (=) Ny ney, W’T—i—l», (2.20)

are the eigenvectors of Hp with eigenvalues E,, = (N — 1)w + (N — 1 — 2n).J, where

r=n+k—Fk.

The transition [N — 1 —n,n) — |N —2 —n,n + 1) in the system of two cavities cor-
responds to photon transport from |n + 1)) — |n + 2)) in the array. In essence,
transitions in the two-cavity system are equivalent to transport of a photon across the

cavities in the array.
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As the total number of photons is conserved by H A, the subspace of states corre-
sponding to a given number of photons is an invariant subspace. If the initial state
belongs to the invariant subspace, the time-evolved state also belongs to the same
subspace. Therefore, the Hamiltonian is finite dimensional as far as evolution within

the invariant space is concerned.

If the initial state of the two cavity system at resonance is |[N — 1 —n,n), it evolves

to
N—1-n n
e—iﬁAt |N —1- n, TL> :e—i(N—l)wt (N _li - n) (7;) (COS Jt)N—l—(k-‘rl)
k=0 [=0
N -1 N -1
isin Jt)kH N-1-
X (—isin Jt) \/< " )/( » )’ P, D),

(2.21)

at time t, where p = n+k—1[. It is worth noting that the time-evolved state represents
an atomic coherent state [127]. At t = m/2J, the time-evolved state is [n, N — 1 — n)
corresponding to swapping the number of photons in the cavities. Time evolution
of the respective probabilities for [N —1,0) to become |0, N — 1) corresponding to

N = 2,4 and 6 are shown in Fig. 2.3.

Complete transfer of photon between the end cavities of the array corresponds to
IN —1,0) — |0, N — 1) transition in the coupled cavity system. By the duality
between H4 and H B, the profiles shown in Fig. 2.3 also represent the probability
of transferring a photon from one end to the other in an array of 2,4 and 6 cavi-
ties respectively. It may be noted that the probabilities attain their peak value of

unity corresponding to perfect transport of a photon between the end cavities at time
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Figure 2.3 — Time evolution of probability for the coupled cavities to be in |0, N — 1)
on evolution from the initial state [N —1,0), with J/w = 10~2x. By duality, these
profiles show the probability of detecting a single photon in Nth (end) cavity in the
cavity array. Different curves correspond to N = 2 (continuous), 4 (dashed) and 6
(dot-dashed).

t = m/2J. This comes from the fact that the site dependent couplings make the

dispersion relation linear which resulting in dispersionless transport.

It is to be further noted that complete transition is possible only between the states
IN—1—n,n) and |n, N —1—n) of the coupled cavities. Analogously, complete
transfer of a single photon occurs only between (n + 1)th and (N — n)th cavities
in the array. The choice for the coupling strengths given in Eqn. 2.19, therefore,

allows perfect transfer of a photon between two symmetrically located cavities.

2.4 Quantum state engineering

Complete transfer of a photon between two symmetrically located cavities is possible if
the system parameters of the array satisfy the duality relation given in Eqn. 2.19. This
is equivalent to the transition between the states [N — 1 —mn,n) and |n, N — 1 — n)
in the coupled cavity system. Transferring a photon between any two arbitrary cav-
ities in the array requires the transition between the states |m,n) to |p,q), where

m+mn =p+q= N — 1. With linear coupling, it is not possible to achieve perfect
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transition between two arbitrary states.

To see if nonlinearity helps in steering the evolution of states to achieve perfect transfer
and complete transition, Kerr-type nonlinearity is considered. Analysis of two coupled

nonlinear cavities is presented here. The Hamiltonian for the system is

HY, = widlar + wadbis + 101262 + xeai2a2 + J [@{5@ n ala;} , (2.22)

T

i

2

which describes two linearly coupled Kerr cavities. The term a Z&i corresponds to the

Kerr nonlinearity in ¢th cavity with Kerr strength x;.

If it is required to evolve from |m,n) to |p,q), consider the superposition |Xi) =
1/v2(|m,n) + |p,q)). These two states become approximate eigenstates of H', if

J << X1, X2, w1, wa, and

A (pp—1) —m(m — 1))?;1 j}gQ(q —D=nm=bhxe (2.23)

This condition is equivalent to

(m,n|H)|m,n) = (p,q|Hy|p, q). (2.24)

This equality of average energies in the two states is another way of stating the
requirement that the states | X1) are approximate eigenstates of H ’,. In the discussion
that follows it is assumed that y; = x2 = x > 0 and the condition Eqn. 2.23 simplifies

to

A =2x(n —p). (2.25)

If the initial state is |m,n) = 1/v/2(|X;) + | X_)), the state of the system at a later
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time is
(1)) = [cos (Bat) Im, n) — isin (6.1) |p, q)] , (2.26)

with 6, = (A\* — \2)/2. Here X\* and \? are the eigenvalues of H’, corresponding to
the approximate eigenvectors | X ) and |X_) respectively. The expressions for these

eigenvalues A\¢ and A% up to first order correction are

A= (m+plwr+ (n+ @uz + (m(m — 1) +n(n—1) +p(p—1) +a(g — 1))x
DIV F Do 10nger + Va0 + Dnpiibug ]
S VG Doy 1+ /a0 Dymadyn]
Ap = (m+plwr + (n+ qJw + (m(m — 1) + n(n — 1) + pp — 1) + q(q — 1))x
— S VP F D ingir + Va0 F Dopridg]
— SV Db iy + /A D1y (2.27)

At t = m/(A\?—\2), the time-evolved state is |p, ¢). This is the minimum time required
to switch from |m,n) to |p,q), referred as the state switching time (7). Thus, the
state switching (SS) condition given in Eqn. 2.25 ensures that there is perfect transfer

from the initial state |m,n) to the desired final state |p, q).

It is immediate that the detuning A and the nonlinear coupling strength y can be
properly chosen for a given value for n — p. As the value of n is specified in the
initial state |m,n), the two parameters A and x fix the number of photons (s) that
can be transferred so that the target state is [p = m +s,q =n F s). It needs to be
emphasized that for given values of A and y satisfying the SS condition, not more
than two states have their average energies equal as shown in Fig. 2.4. Once these

parameters are fixed, probability of transition to any state other than the target state
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Figure 2.4 — Average energy (m,n|H’,|m,n) as a function of m, with Ajw; =
0,x/wi = 0.1 (Left) and A/w; = 0.4, x/w1 = 0.1 (Right).
is negligible. Hence, A and x provide the requisite control to steer the system from

the initial state |m,n) to the final state |p, q).

In Fig. 2.4, (m,n|H|m,n) is plotted as a function of m keeping m + n = 28.
From Fig. 2.4(a), it is seen that every state has only one partner state with equal
average energy in the resonant case. So, SS can occur between these partner states.
It is observed from Fig. 2.4(b) that not every state has a partner state with equal
average energy in the nonresonant case. Essentially, states without partner states
are approximate eigenstates of H ', and, therefore, do not evolve. This brings out
another control aspect available in the system, namely, the possibility of inhibiting
the evolution of certain states with properly chosen values of the control parameters

x and A.

Consider the initial state of the coupled cavity system to be |50). In Fig. 2.5, the
probability of detecting the system in the state |14) at later times is shown when
the required SS condition is satisfied. The values have been generated from the ap-
proximate evolved state |¢(t)) and also by exact numerical solution for the evolution
due to H \. It is seen that photons are exchanged periodically, driving the system

between |14) and |50), while transfer to other states is insignificant. In order to effect
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Figure 2.5 — Probability of detecting the state |14) from |50) as a function of wit.
Detecting other states are practically zero. Continuous black (dashed) and continuous
green (dot-dashed) line corresponds to Psp and Pj4 calculated numerically (approximate
analytical solution |¢(t))). Here A/wy = —0.2, x/w; = 0.1, J/w; = 0.035.

transition to other states from the initial state |50), the value of A has to be different.
The maximum probabilities of detecting the target state |p,q) with p = 1,2,3,4,5
and p + ¢ = 5 from |50) are shown in Fig. 2.6 as a function of A. The value of x has
been chosen to be 0.1. Depending on the value of detuning, exchange of photons is

precisely controlled to reach different target states.

The discussion so far has been to steer the coupled cavities in an initial state |m, n) to
a desired target state |p, ¢) using the Kerr nonlinearity in the cavities. But its duality
relation with the cavity array points to the possibility of transferring a photon from
any cavity in the array to any specified target cavity without populating the other

cavities in the array.

A duality relation of the two cavity system with the cavity array system is possible

in this nonlinear case too. Consider the nonlinear cavity array Hamiltonian

N N-1
Hyy =" abby+ 2o + S VAN = (b + bidf,). (2.28)
=1 =1
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Figure 2.6 — Maximum probability of detecting quantum states |p, ¢) during the time
evolution as a function of A/w; for x/w; = 0.1 and J/w; = 0.01 from the initial state
|5,0). Note that complete switching occurs from |5,0) to |41) (blue), |32) (magenta),
|23) (green), |14)(red) and |05) (black) at A = —8x, A = —6x, A = —4x, A = —2x
and A = 0 respectively satisfying the relation given in Eqn. 2.25.

which includes Kerr nonlinearity in each cavity of the array and there is only one
photon in the array. This is dual to ]:11’4 if g1+ Xee1 = (N —1—k)wy + kwy + [(N —
1—k)(N—2—k)+k(k—1)]x. With this identification, transitions among the levels in

the two coupled Kerr cavities is mapped to transfer of photon in the Kerr cavity array.

In particular, transition from |N — 1 —n,n) to |[N — 1 — ¢,q) in the coupled cavities
corresponds to transferring a photon between (n + 1)-cavity to (¢ + 1)-cavity in the
cavity array. The condition to realize the perfect transfer between these cavities is
((n+ 1|Hyln 4+ 1)) = ({¢g + 1|Hy|q + 1)) whose dual relation for the coupled cavities

is given in Eqn. 2.24. For the Hamiltonian H 1, this condition yields

Xi+1 + Opp1 = (N — Dw—2kx(n+q¢+1—N)

+[(N=1—k)(N-2—k) +k(k-1x, (229

which realizes perfect transfer of photon between the cavities. On employing cavity-
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dependent nonlinearity x;, controlled transfer of photons between selected cavities is
achievable. Such site-dependent nonlinearity has been realized recently by embedding

quantum dots in photonic crystal cavities [128-130].

In the limit of weak coupling strength J, \/Li(|n +1)) £ |¢+1))) are eigenstates of
H % and the corresponding eigenvalues are denoted by A% and \2. The expressions for

these eigenvalues up to first order correction are

J
)\2 = Wpt1 T+ Wer1 + Xnt1 + Xgr1 + 5(5n,q+1 + Ont1,q),

J
Afz = Wnt1 + Wetr1 T Xnt1 + X1 — 5(5n,q+1 + Ont1,q)- (2.30)

The initial state |[n 4 1)) evolves under HY, to
|1(t))) = cos (Opt) n 4 1)) —isin (Opt) [g + 1)), (2.31)

where 0, = (A2 — \)/2. Tt is seen that the photon is exchanged periodically between
(n+1)th and (¢4 1)th cavities. An important feature of this process is that the other
cavities in the array are not populated to any appreciable extent during the evolution.
This conclusion is based on the observation that the states other than |n 4+ 1)) and

lg + 1)) do not contribute appreciably to |¢(t))).

For the purpose of illustration, consider a single photon transfer probability from
the 1st cavity to 5th cavity in an array of six cavities. Choosing w; = 0.185 and
X = 0.01538, the SS condition in Eqn. 2.29 gives the nonlinear parameters y;/w; =
0.077, x2/w01 = 0,x3/01 = 0.0307, x4/ = 0.0615, x5/01 = 0.077,x¢/&1 = 0 for a
given set of resonance frequencies ws /@1 = 0.985, @3 /w; = 0.92, 04 /0y = 0.92, 05/ =
1,06/ = 1.23 . With these values, probability for a single photon transfer is shown

in Fig. 2.7. Note that the probability of detecting the photon in 5th cavity is unity.
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Figure 2.7 — Single photon detection probability in 1st and 5th cavities in an array
of six cavities as a function of wit. At time ¢ = 7/(A\% — A%), photon transferred from
Ist cavity to 5th cavity with nearly unit probability. Black solid(dashed) and green
solid(dot-dashed) line corresponds to P; and P calculated numerically(approximate
analytical state evolution |[¢(t)))). Here P, is the probability of finding the single
photon in mth cavity. Setting J/w; = 0.006.

2.5 Entangled state generation

In the context of coupled cavities, generation of states of the form

|U) = cos @ |m,n) +e“sinf|p,q), (m+n=p+q=N) (2.32)

is possible if the initial state is |m,n) and the target state is |p,q). If m # p and
0 # 0,+m/2, then |¥) is entangled. These states are useful in the context of quantum
metrology and imaging [131]. Additionally, if m,q = N and 6 = /4, the resultant

state is

o) — %(\NO) e oY), (2.33)

the generalized NOON state.

In order to generate NOON-type states given in Eqn. 2.32, consider the coupling term
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in the Hamiltonian H ’, to be J [ei”dIdQ + e_i%ld; , where the coupling constants are

complex. Then the initial state |m, n) evolves to
[W(t)) & [cos (B,t) |m,n) — ie” "M sin (0,1) |p, 9] - (2.34)

The evolved state becomes | V) given in Eqn. 2.33if 0 = 0,t and ¢ = —(7/2+(¢—n)n).
This comes from the fact that the state switching condition given in Eqn. 2.25 ensures
that transition occurs between the two states |m,n) and |p,q) only. No other state
gets populated appreciably. Duality implies that in the case of the cavity array this

is equivalent to generating the Bell state |¢)) = cosf|n + 1)) + ¢ sinf |q + 1)).

2.6 Quantum state transfer

Quantum state transfer is essential for transferring information encoded in quantum
states. A qubit is sent by a sender to a receiver via a quantum channel. Sender
prepares the quantum state |1)) which encodes the information to be communicated
to the receiver. Receiver reads out the state for the information. In the context of
quantum state transfer in a cavity array, sender and receiver possess two different
cavities in the array. The sender prepares the state |¢) in his/her cavity which is to

be transferred to the receiver cavity. The state of the system is

(W) = 14) 10} [0) ....[0) [0)  [0) |0) ..., (2.35)

where the state of the sender’s cavity is [¢)) and the other cavities are in their respective
vacuua. Here ‘S’ stands for sender and ‘R’ stands for receiver. On evolution under a

suitable Hamiltonian H, if the state of the system after time ¢ is

[W(t)) = 10)510)10) ... 0) [¢) [0} 0) ..., (2.36)
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the quantum state transfer is realized.

Perfect transfer of a single quantum between any two cavities in the array can be used
for perfect transfer of quantum states. Consider the initial state of the cavity array

to be

[Yin) = alvac)) + Bln + 1)),

where

[vac)) =10); [0}y [0)

In+1)) =10); [0)y ... [1),,01 - [0) -

The state [¢;,) corresponds to the (n 4 1)-th cavity in the superposition «|0) + |1)
and the other cavities are in their respective vacuua. If the SS condition is satisfied,

the time-evolved state is

(1)) = alvac)) + Be=Mcos(Byt) [n + 1)) — ie” ™ sin(Byt) |q + 1))], (2.37)

where A = (A2 + X\°)/2. At t = 7/20,, the state of the (¢ + 1)-th cavity is the
superposition a|0) + |1) and the other cavities are in their respective vacuua for
the suitable value of 7. Thus, the SS condition ensures the state of the field in the

(n + 1)-th cavity is transferred to the (¢ + 1)-th cavity which signals perfect transfer.

2.7 Experimental feasibility

It is possible to implement the above scheme for photon transport and state transfer
in arrays of high quality photonic crystal cavities (PCC) [132]. Typical values for

the cavity resonance frequencies of PCC are in the range of mega-Hertz to tera-Hertz.
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Other advantages of PCC are their high ()-values and low modal volume. The Q) values
of PCC are of the order of ~ 10° [133]. High value of Q implies that the dissipation
is less. Kerr nonlinearity in PCC is realized by embedding two level atoms (quantum
dots) in the cavities. The realizable nonlinearity is much larger compared to the optical
nonlinearities in solids [109]. For these typical values, the effect of dissipation on the
photon transport and state transfer is negligible. For the purpose of demonstration,
an array of six identical cavities of resonance frequency 62.5 THz has been considered.
The Kerr nonlinearity parameters y; are determined using the relation given in Eqn.
2.29 for x = 1.25 THz and w; = 12.5 THz. The coupling strength is chosen to be
J = 70 GHz which is readily achievable in PCC [29]. The effect of dissipation is
quantified by the fidelity between the state realized at the target cavity (penultimate
cavity in this study) with and without considering dissipation. The state of the target
cavity has been determined numerically by solving the Lindblad evolution equation
and the estimated fidelity is 0.98. This clearly shows that the choice of the inter-cavity
couplings and Kerr nonlinearities given by the duality principle is robust enough to
achieve near perfect transfer with the currently available technology. Similar results

are possible with other platforms such as the Josephson junction arrays [134-136].

2.8 Summary

Perfect transfer of a single photon in an array of homogeneously coupled cavities is
forbidden if the array has more than three cavities. A duality relation between a
system of single photon in an array of N linearly coupled cavities and another system
of N — 1 photons in two linearly coupled cavities identifies the correct combination
of the coupling strengths and resonance frequencies for perfect transfer of a photon
between two symmetrically located cavities in the array. In particular, the coupling
strengths are required to be inhomogeneous. With this identification, transfer of a

photon in the array is dynamically equivalent to the problem of sharing N —1 photons
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between the two linearly coupled cavities. Duality is extendable even if the cavities
are of Kerr-type. This extended duality has identified the correct combination of the
coupling strengths and local nonlinearities in the cavity array for complete photon
transfer between any two selected cavities in the array. Additionally, this transfer is
effected without populating the other cavities so that the transfer cannot be viewed
as a contiguous hopping of photon from one cavity to the other. Another interesting
result of the analysis is the possibility of perfect transfer of superpositions of the form
a |0) + B |1) using a combination of Kerr nonlinearity and complex coupling strengths.
This feature is important in the context of encoding and transfer of information. High
fidelity generation of entangled states of the form cos @ |m,n) + ¢ sinf |p, q) in cou-
pled cavities is another advantage of incorporating Kerr nonlinearity. Equivalently,
Bell states in the cavity array are achievable with high fidelity. These results are
pertinent in the context of quantum information processing in cavity arrays as they
are scalable. The ideas presented here are applicable to coupled spin chains as well

to achieve controlled transfer of states between any two spins in the chain.
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Quantum interference induced
photon localization and
delocalization

3.1 Introduction

Superposition principle is important in quantum mechanics [37]. Quantum interfer-
ence, which is a consequence of superposition principle, is expected to arise when there
is coherence in the state. The phenomenon of interference is almost ubiquitous. Oc-
currence of interference patterns in the Young’s double slit experiment, lasing without
inversion [137], electromagnetically induced transparency [138, 139], coherent popu-
lation trapping [140], Hong-Ou-Mandel interferometery [141] and interference dip in
neutron-nucleus scattering cross-section are some of the consequences of interference
between transition amplitudes. In fact, interference between the multiple scatter-
ing of electron/photon in a disordered lattice leads to Anderson localization wherein
the wavefunction of the particle gets spatially localized [142]. Localization of non-
interacting particles such as photons is well understood in terms of the Anderson
localization [143-146] which was originally formulated for non-interacting particles

[147).

Localization and delocalization of photons in a linearly coupled cavity array are dis-

cussed in this chapter. An array of cavities containing two photons is considered.
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If the two photons are detected in one of the cavities, it corresponds to two photon
localization (TPL). If the two photons are detected in two different cavities, it is
two-photon delocalization(TPD). The localization in this case does not arise due to
any disorder unlike the Anderson localization. The occurrence of TPL and TPD is
understood in terms of interference between various transition amplitudes, without
requiring any disorder. It is seen that the relative phase and entanglement in the
initial state are the factors responsible for the emergence of TPL and TPD. In the
context of coupled cavities, TPL is analogous to the photon bunching while TPD

corresponds to antibunching [148].

The organization of this chapter is as follows. The Hamiltonian for two coupled
cavities and the dynamics generated by it are discussed in Section. 3.2. Importance
of the relative phase in the initial state and inter-cavity detuning in the context
of TPL and TPD is studied in Section. 3.3. Effects of dissipation and dephasing
on TPL and TPD are explored in Section. 3.4. In Section. 3.5, localization and
delocalization dynamics in an array of N cavities is discussed. Role of the array size
on the delocalization process is investigated in Section. 3.6. Results are summarized

in Section. 3.7.

3.2 Coupled cavities

Consider a system of two linearly coupled cavities whose resonance frequencies are w,

and wo respectively. The Hamiltonian for the system is

H = widlay + waiihia + J [Alag v a{aQ} . (3.1)
Here A = 1. The annihilation and creation operators for the two cavities are a,, and

al (m =1,2). The first two terms in H correspond to two uncoupled linear cavities.

The last term containing the coupling constant J describes the interaction between
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the two cavities. All the coupling strengths and frequencies are expressed in terms of

frequency of the first cavity. In the plots, the frequency of the first cavity is set to unity.

For this Hamiltonian, the excitation number operator N = &1&1 + &;dg is a conserved
quantity, i.e., [I:I N | = 0. The unitary dynamics due to H is restricted in an invari-
ant subspace corresponding to a given number of excitations. Therefore, H can be

diagonalized within the invariant subspace.

The eigenvalues of the Hamiltonian given in Eqn. 3.1, by restricting the total number

of photons to be 2, are

A1 = wy + wa,

)\QZW1+WQ— VA2+4J2,
)\3 = W1 +CU2 + VAQ +4J2, (32)

where A = w; — ws.

To discuss the occurrence of TPL and TPD, consider the state

[1(0)) = C1(0) [20) 4 C2(0) [11) + C'3(0) [02) , (3.3)

where the probability amplitudes satisfy condition |C}(0)|? + |C2(0)|* + |C3(0)|* = 1.
Each of the superposed states in the initial state has two quanta. Therefore, the initial
state belongs to the subspace spanned by the eigenstates of N corresponding to the
eigenvalue 2. As a consequence, the time-evolved state also belongs to the invariant

subspace.
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The initial state |¢/(0)) evolves in time to

e—i(wl +w2)t

9(8)) = S —[C1(6)[20) + Co()|11) + C(8)02)) (3.4)

where

Ch(t) = —[(4w? + 2J%)C1(0) + V2T (3w; 4 wy)Cy(0) + 2J°C5(0)] Ly
— i[2w1C1(0) + V/2JC4(0)] Ly + C1(0) Ls, (3.5)
Co(t) = —[V2J (3wr + w2)C1(0) + (497 + (w1 + w2)?)C5(0) + V2 (w; + 3ws)Cs(0)] L,
+i[V2JC1(0) 4 (wi 4 w2)C(0) + V2JC5(0)] Ly + C5(0) Ls, (3.6)

Cs(t) = —[(4w? + 2J%)C5(0) 4+ V2J (w1 + 3w2)C(0) + 2J2C1(0)] L,

— i[2wyC5(0) + V/2JC5(0)] Ly 4+ C5(0) Ls. (3.7)

Various terms occurring in the coefficients are

Ly =1 — cosQt, (3.8)
Ly = [2(wy + w2)(1 — cos Q) — iQ2sin Q)] (3.9)
Ly = [(w1 + w2)?(cos Qt — 1) +i(w; + wy)Qsin Qt + Q7] . (3.10)

Here Q = VAZ +4J2.

Choosing C(0) = cosf, Cy(0) = 0 and C5(0) = esin@ for the initial state, so
that

[4(0)) = 16, ¢) = cos 0]20) + €'?sin §]02) , (3.11)

makes it a TPL state. Upon detection, both the photons will be in one of the two
cavities if # # 0 or m/2. Note that the state given in Eqn. 3.11 is a NOON-type state

with N = 2.
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For use in the subsequent discussions, define

and =) =10="%,0=m)=(20) —[02)). (3.12)

It may be noted that the state |+) is symmetric under the exchange of photons, while

|—) is antisymmetric. Both |4+) and |—) are entangled states.

3.3 Localization and delocalization dynamics

To discuss in quantitative terms about TPL and TPD, relevant probabilities are de-
fined: the probability of detecting the system to be in |02) or |20) is the localization
probability Plag)1j02) and the probability of detecting the system in the state |11) is
the delocalization probability Fyy. Perfect localization corresponds to the probabil-
ity being unity for detecting both the photons in one of the cavities and zero for the

other.

The time-evolved state given in Eqn. 3.4 is used to calculate the required probability
amplitudes. With 6 = %, probability for TPD is
_G@p S

Py (t) = o= @m(l —€?)(1 — cos Qt) — Q(1 + ) sin Q]2 (3.13)

If the relative phase ¢ = 0, thereby implying |¢)=|+), then Py is

4.J%

P|11> (t) = m sin2 Qt, (314)

which varies between 0 and 1 periodically if the cavities are resonant (A = w; —wy =

0).
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On the other hand, if ¢ = 7, i.e., [)=|—), then Eqn. 3.13 becomes

4J2N?

Puy(t) = m(

1 —cos Q)2 (3.15)

In the resonant case, Fj1y vanishes, irrespective of coupling strength J. In Fig. 3.1,
the amplitudes of Py given in Eqn. 3.14 and 3.15 are shown as a function of A /w.
These amplitudes correspond to the maximum values of Fi;y that can be achieved

during time evolution.

In essence, for the state |[+) (¢ = 0), constructive interference between the two transi-
tion amplitudes Clag)— 11y and Clozy— 11y enhances the probability of transition to |11).
For the state |—) (¢ = =), the destructive interference between the two amplitudes
makes the probability of detecting the system in |11) zero. It is to be pointed out that
the initial state |—) is an eigenstate of H under resonance. As a consequence, the

state does not change during evolution apart from acquiring an overall phase factor.

—8.1 -0.08 -0.06 -0.04 -0.02 0 0.02 004 006 008 01

A/col

Figure 3.1 — Maximum achievable value of probability of delocalization Py during
time evolution is plotted as a function of cavity detuning A/w;. The two curves cor-
respond to two different initial states, namely, |+) (dashed line) and |—) (continuous).
Here J/w; = 0.01.

If A # 0, the maximum value of the delocalization probability Py for the state |+)
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18

4J%

maxtP) = g7 A

(3.16)
which decreases with increasing detuning as seen from Fig. 3.1. However, the state
|—) evolves to become a completely delocalized state, i.e., P11y = 1 due to constructive
interference if |A| = 2J, as seen from Eqn. 3.15. In Fig. 3.2, the maximum value
of the delocalization probability for the state |—) is shown as a function of detuning
for different choices of the coupling strength J. It is observed that the delocalization

probability is unity for |A| = 2J and less than unity if |A| # 2.J.

1
0.8
“H06
o
H
g 04 ' —J/wl:0.0l
3 ---Jl0,=0.015
0.2 G e =0.02

—0906 -0.04 -0.02 A/O 0.02 0.04 0.06

Figure 3.2 — Maximum of Pj;;y during time evolution is shown as a function of cavity
detuning A/w; for the state |—). Complete delocalization occurs at A/w; = £0.02,
+0.03, +0.04 for J/wy = 0.01, 0.015 and 0.02 respectively.

The discussion so far has been in the context of the entangled states |[4+) and |—).
Considering the initial state to be one of the product states [¢)) = |20) or |02) obtained
by setting # = 0 or 7/2 in Eqn. 3.11 respectively, the corresponding delocalization

probabilities are
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2 2
Piny(0 =0) = Q—J4 I[iA(1 — cos Qt) — Qsin Q]|
T 2J% _ 9
and P|11>(09 = 5) = W [ZA(l — COS Qt) + () sin Qt” . (317)

From Eqn. 3.17, the minimum time required to achieve the maximum value of delo-
calization probability (Pqyy) is T = & cos™'(—=A?/4J%) if |A| < 2J. The maximum
value that P;) can attains is 1/2, and independent of A. However, if A > 2.J, min-
imum time to attain the maximum value of Fjiyy is 7' = 7/ and the corresponding
maximum value is 8J2A%/(4J% + A?)% In Fig. 3.3, variation of the maximum delo-
calization probability is shown as a function of the detuning parameter A for the case
¢ = 0. It is seen that the maximum value of P;y remains constant for [A| < 2.J in
each case: J/w; = 0.01 (continuous), 0.015 (dashed), 0.02 (dot-dashed). In short, for

the initial state which is a localized product state, localization is dominant if |A| > 2.J.

i — -

—J/w1:0.01
---J/w1=0.015
0.1r ‘.‘.J/w1:0.02 .
—0906 -0.04 -0.02 0 0.02 0.04 0.06
A/wl

Figure 3.3 — Maximum of P11y during time evolution is shown as a function of cavity
detuning A/w; for the state [20). TPD probability starts decreasing at A/w; = £0.02,
+0.03, £0.04 for J/w; = 0.01, 0.015 and 0.02 respectively. It is clear that for |[A| > 2J,
TPL dominates over TPD.
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3.4 TPD in presence of dissipation and dephasing

An ideal cavity evolves unitarily if it is completely isolated from the influences of the
environment. In reality, there are unavoidable influences from the environment leading
to dissipation and decoherence or dephasing. The dominant mechanism of dissipation
is photon leakage. Dephasing is another aspect of system-environment interaction
which leads to the decay of the off-diagonal elements of the density operator as the

system looses its quantum coherence.

3.4.1 Effect of dissipation on TPD

Effects of dissipation are studied by coupling the system (coupled cavities) to zero
temperature reservoirs and analyzing the master equation for the density operator of
the system. In the presence of dissipation, the previously considered invariant subset
of the Hilbert space is inadequate as the number of photons is not fixed. However, since
the dissipative process does not increase the number of photons, only states with lower
number of photons than what is contained in the initial state are to be considered. To
facilitate writing down the master equation, relevant states are relabeled as follows:
00) = [1)),[10) — [2)),|01) — [3)),]20) — |4)),[11) — [5)),|02) — [6)), where
double angular brackets are used to represent the various bipartite states of the two
cavities. Using these as the basis states, the elements of the density operator are
obtained by solving the master equation [149-152]

o0 _

2
T Yij s~ A At A At A
5 = H, A+ > 7](2%@ —ala;p — palay). (3.18)

i,j=1

Here 711 and 99 are decay rates of the first and second cavities respectively and, 79
and 79, are the cross-damping rates arising due to interference of transition ampli-

tudes.
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If 719 = 91 = 0 and 717 = 722 = 7, the localization probability is

6—2'yt

Plaoy+102) () = —3 (IC1 )P + |Cs(t) ). (3.19)

The result shows that the TPL probability decreases exponentially in time at a rate
that is twice the decay rate of the cavities. The suffix [20) + |02) indicates that the
probability corresponds to the case when the state of the system subsequent to mea-

surement is a localized two photon state.

To bring out the effects of cross-damping, the master equation is solved numerically
to get ps and pes, where p;; = ((i|p|j)). Referring to the convention given in the
beginning of the subsection, it is immediate that pyy and peg are the respective proba-
bilities for detecting the system in |20) and |02). Therefore, ps4+ pgs is the localization
probability when system evolves to a mixed state due to dissipation. The evolution
equations for density matrix elements in the product basis |m,n) are

m,Mn
Py

5 U+D+C, (3.20)

where

U =—i[(m—ploipy + (n — q)uapyy” + Jy/myvn+1pp "
+ IV TPV T e+ IV 10

Y11 m+1,n m,n
D =22/ (m+1)(p+ ey — (m+p)ejy]

Y22 m,n m,n
+ 2RV D+ Depit - o+ g,

712 m,n+1 m—1,n m,n
C =12/ + Dp+ Doty = vmn + Dpp ™ = Valp + Doy ]

V21 m+1,n m+1,n— m,M
2 1+ D — Valm + D Vala D

where pf»’,’jh ={(g,h|pli,j). Here m+n < 2 and p+ ¢ < 2. Here U corresponds to the
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unitary part, D is the damping part and C' is the cross damping part.

The explicit form of the evolution equations for pss = (20| p|20) and pgs = (02| p |02)

are

Paa = —i[\/i](pm — pa5)] — 2711 paa — —2//1;%4 — —%0457 (3.21)
) ) Y12 V21

— —i[V2T (P55 — pss)] — 222965 — 2 pes — L2 . 3.22
P66 [ (/056 065)] Y22P66 \/§P65 \/§P56 ( )

It is to be noted that the evolution of localization probabilities depends on evolution
of off-diagonal elements. A typical evolution equation for an off-diagonal element, for

instance, py5 is

pas = —1[Apss + \/§J(p55 — paa — Pas))

3711 722) Y12 V21
— | —=—+= — —=(ps5 + paa) — —=pas, 3.23
( 9 9 P45 \/§(p55 p44) \/§p46 ( )

which indeed depends on the cavity frequencies. Hence, the evolution of pyy and pgg
depend on the cavity frequencies also. Temporal evolution of TPL probability for the
initial state |[+) in the presence of dissipation is shown in Fig. 3.4. Resonant (A = 0)
and non-resonant (A # 0) cases have been considered. In the resonant case, due
to interference between the various transitions shown in Fig. 3.5, the probability of
localization does not completely vanish. In non-resonant case, detuning renders the
average energies (20| H |20), (11| H |11) and (02| H |02) unequal, thereby making the
transition amplitudes unequal in magnitude. As a result, perfect interference does

not occur and localization probability decays to zero.

The above features differ if the initial state is |—) which is an eigenstate of H. The

21t as shown in Fig. 3.6. Also, the localization

localization probability decays ~ e~
probability decays to zero for any non-zero detuning due to unequal magnitudes of

the transitions amplitudes between various states.
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Figure 3.4 — Probability of localization Pyt j02) = paa + pes is shown as a function of
wit for the initial state |+). Here J/w; = 0.05 and v/wi = y11 /w1 = vya2/w1 = y12/wi =
~v21/wi = 0.005. Dashed curve corresponds to A/w; = 0 and the continuous line for
A/wl =0.3.

20)

V27 |11

Figure 3.5 — Energy levels are labeled by the expectation value of the Hamiltonian H
in the respective states. The inter-state decay rates are denoted by v with appropriate
suffixes. Here A = w1 — ws.

In dissipative systems, energy decreases if there is no suitable external forcing. So, it
is important to study the corresponding situation for the present system. Using the
master equation given in Eqn. 3.18, the evolution equation for the expectation values

of the relevant operators are obtained. These equations can be cast in the following
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Figure 3.6 — Probability of localization Pyt j02) = paa + pes is shown as a function of
wit for the initial state |—). Values used are J/w; = 0.05,7/w; = 0.005 and A/w; = 0.

Here v = 711 = 722 = 712 = 721.

form
(afar) A St T e A (ajar)
N I D e A A A 1
dt . - . » . ' '
(arad) Y3 0 A T (@ay)
(ahas) 0 g_3 1 gy (ahas)

N ~

Here v = 711 = 792 and y12 = Y21 = /11722 [153] and (O) = Tr[p(¢)O]. The matrix
differential equation is solved to get the average number of photons in the first and

second cavities. The resultant expressions are is

(alan)e = Z[Xa(8)(afar)o + Xa(t){@laz)o + Xs(D)(@al)o + Xa(t)(abaa)o),  (3.25)
(adaz); = ;l[X4(t)<dI&1>o + X5(t)(alaz)o + Xa(t)(@ral)o + X1(t)(asaz)o).  (3.26)
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where

X,(t) =1+42e " cos2Jt + e 21, (3.27)
Xo(t) = =1+ 2ie " sin 2Jt + e, (3.28)
X3(t) = —1 — 2ie” "sin 2Jt + e 27", (3.29)
X4(t) =1—2e " cos2Jt + e 2. (3.30)

For the initial state |¢)) = cos 6 |20) + ¢ sin 6 |02),

1
(aldy), = 5[26_” cos 2Jtcos 20 + 1 + e 2], (3.31)

1
(adés), = 5[—26’7lt cos 2Jt cos 20 + 1 + e~ ). (3.32)

It is clear from the expression that the evolution of the mean photon number is

independent of the relative phase ¢. If § = 7/4, then
AT AT 1 —27t
(@1dn)e = (a3a2). = 5le™™" +1], (3.33)

which saturates at 1/2 for large t. Thus, quantum interference stabilizes the average
number photons at a non-zero value in spite of dissipation. If the initial state is

[¢+) = 75 [/10) 4 |01)], then

i i e
(alan) = (afan), = - (3.34)

The average number of photons in the cavities decays to zero as t increases. Both the
cavities lose energy at the same rate, a consequence of assuming resonance and equal

damping.

If the initial state is [¢)_) = \%(\10} — |01)), the average number of photons in the
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cavities are

(@lan), = (abas), = -, (3.35)

which is independent of time. The average values do not decrease to zero as the rela-
tive phase in the initial state is © which leads to destructive interference between the
amplitudes corresponding to [10) — |00) and |01) — |00). In the present context,
the initial state is either the symmetric state |10, ) or the antisymmetric state |¢)_).
The former decays at a rate 2+ while the later does not decay. This is analogous to
the superradiance and subradiance that occur in the interaction between a three-level
atom and the electromagnetic field [152]. Due to interference, the average photon
number saturates at 1/2 though dissipation is present. It implies that quantum inter-
ference makes it possible to retain nonzero number of photons in the cavities in spite

of dissipation.

3.4.2 Effect of dephasing on TPD

As seen in the previous section, the relative phase in the initial state plays a crucial
role in TPD. In the presence of dephasing, the relative phases in the time-evolved state
are randomized. It is natural to expect dephasing to affect TPD whose occurrence is
sensitive to the relative phase. The master equation described in the previous section
can be modified to incorporate dephasing by including the Lindblad term %D(fﬂd) 0
98, 154], where D[6]p = 20p0" — 6'6p — po'6. The master equation becomes

op _

o = —ilH, p| + S Dlala)p + L Dlakanlp. (3.36)

2 2

The Lindblad term accounts for the dephasing which leads to the decay of the off-

diagonal elements in the density operator.

Evolution equations for the density matrix elements for the dephasing case can be
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expressed as

ol o B 0o =B o 0o o o o]l
P45 B A B 0 —-B 0 0 0 0 P45
Pas 0O B C 0 0 —-B 0 0 0| |psw
s ~B 0 0 A* B 0 —-B 0 0| |pm
% psl =10 =B 0 B 0 B 0 —-B 0| |ps|, (337
P56 0 0 -B 0 B A 0 0 =B||ps
Péa 0O 0 0 —-B 0 0 C* B 0| |pau
Pes 0O 0 0 0 —-B 0 B A B/ |ps
ps|] |0 0 0 0 0 -B 0 B 0| |p]

where A = —iA — vy, B =1iJv2, C = —2iA — 4v,.

To understand the effect of dephasing on delocalization, numerically obtained time-
dependence of Pj; = ps5, the probability of delocalization, is shown in Fig. 3.7 for the
initial states |—) and |+). If the initial state is |—), the time evolved state is partially
delocalized as pss is less than unity. In the absence of dephasing, complete localization
is possible due to destructive interference between the amplitudes corresponding to
the transitions [20) — |11) and |02) — |11) in Section. 3.3. But dephasing randomizes

the relative phases during time-evolution and suppresses the destructive interference.

Generally, in the presence of dephasing, the initial coherence is expected to vanish
resulting in a steady state density operator. The steady-state solutions for the evo-
lution equation given in Eqn. 3.37 are obtained by equating the time derivatives to
zero. The first and last rows of the matrix in the above equation have two non-zero

entries. This yields ps5 = pss and psg = pgs respectively in the steady state. The
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Figure 3.7 — Probability of delocalization ps5 as a function of w;t for (a) |—) and (b)
|+). Curves correspond to different values of decay rate: v4/w; = 0 (continuous), 0.005

(dot-dashed) and 0.05 (dashed). For all the cases, J/w; = 0.05 and A/w; = 0.

remaining steady state equations are

[—iA — Yalpas — iV/2J (ps5 — pas — pas) = 0,
[—2iA — 4y4lpss — V2 (pss — pas) = 0,
[iA — 74 pas + iV/2J (ps5 — pas — pes) = 0,
[—iA — Y4l pss — iV2J (pas + pes — pss) = 0,
[2iA — dy4]pes + iV/2J (pss — pas) = O,

[iA — 4] pse + Z'\/i](PM + pes — pss) = 0.

(3.38)
(3.39)
(3.40)
(3.41)
(3.42)

(3.43)

Using the Cramer’s rule for solving a system of linear equations, with the constraint

pas + pss + pes = 1, the steady state solutions are

1 1 1
pas = 5, p15 = 0, pa6 = 0,055 = 5, p56 = 0, pea = 0, pos = 3,

(3.44)

which are independent of A. It is also clear from Fig. 3.7(a) that the curves indeed

saturate at 1/3. The initial state |[+) also evolves to steady state density matrix in

presence of dephasing as shown in Fig 3.7(b) .
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The probabilities of TPD for different values of detuning are shown in Fig. 3.8 for the
initial state |—). Comparing the profiles corresponding to the different values of A, it
is clear that the rate of attaining steady state values is slow as A increases. Detuning
slows down the process of attaining the steady state. Similar conclusion holds for the

state |[4+) as the initial state.

05
0.4 |
0.37 '..-' ------ - o T P —————— :
g < —Nw, =0
a N - 1
0.21 .:‘. ”," .- Nw120.3 B
¢ ---Nw =-05
0.14 :'p",': |
0 | | | ‘
’ 200 400 600 800 1000
ot

Figure 3.8 — Delocalization probability as a function of wit for |—) with various
values of detuning. Continuous line for A/w; = 0, dot-dashed line is for A/w; = 0.3
and dashed line correspond to A/w; = —0.5 with J/w; = 0.05 and 74/w; = 0.05.

3.4.3 Role of coherence on delocalization

For a better appreciation of the role of coherence, consider the realistic situation where
an initial pure state is prepared with probability € and a related random state (noise)
with probability 1 —e. The total density matrix to represent the initial TPL state |¢)

and the added noise M is [155]

p=eld) (W@l+(1-eM, (3.45)
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where

) = cos 0 ]20) + e sin 0 ]02) (3.46)

M = cos? 0 |20) (20| + sin® # [02) (02| . (3.47)

This is a mixed state for all € < 1. The state interpolates between the TPL state |1)
(e = 1) which has coherence and the state M (e = 0) which has no coherence. Thus,
€ measures the degree of coherence in the state p. To bring out the effect of initial
coherence in the state given in Eqn. 3.45, the variation of the maximum of TPD
probability as a function of € is shown in Fig. 3.9. The value of 6 is chosen to be §
which makes the superposition coefficients in the initial state to be of equal magnitude.
The curves shown in the figure correspond to two values of ¢, namely, 0 and 7. In the
later case, as € increases the peak value of TPD probability pss decreases and vanishes
at ¢ = 1. This is due to the destructive interference between the amplitudes for the
two transitions, namely, [20) — |11) and |02) — |11). In the former case, the peak of

TPD probability increases with € due to constructive interference.

.-
-
-
-
="
-
-

00 0.2 04 0.6 0.8 1
¢(Degree of Coherence)

Figure 3.9 — Maximum value of probability of delocalization ps5 that can be achieved
during time evolution is shown as a function of e. Continuous line corresponds to state
|—) and dotted line corresponds to |4). Other parameters are J/w; = 0.05, A/w; = 0.
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3.5 Linearly coupled cavity array

In the context of two coupled cavities, |11) is the only one delocalized state. By
including more number of cavities, number of delocalized states increases. In fact,
the number of delocalized states is much more than the number of localized states
for a large array. Hence, it is interesting to study the roles of the relative phase and
entanglement on the localization-delocalization dynamics in an array of N cavities.

Hamiltonian for a chain of N linearly coupled identical cavities is
N
H=w) ala;+J) (alaj +ajal,,). (3.48)

Here a; and d} are respectively the annihilation and creation operators corresponding
to the field mode in jth cavity. The coupling between two adjacent cavities is J. The

time evolved annihilation operator for the jth cavity mode is
(1) = 3 Galan(), (349
!

where Gji(t) = Sop_, e **5(5,k)S(I, k), the normal mode frequency Q) = w +

2J cos (N”—fl) and the transformation matrix element S(j, k) = NLH sin(%). With
these results, time-evolution of any physical quantity expressible in terms of the cre-

ation and annihilation operators can be determined.

Coupling, linear or otherwise, among the cavities leads to transport of photons from
one cavity to another in the array. But realization of TPL or TPD is dependent on the
initial state as well. In order to investigate the role of entanglement and relative phase

in the initial state on the localization- delocalization phenomenon, consider states of
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the form
) = cos @ 2),]0), + € sin@0), |2), . (3.50)

The notation |p),. |¢), stands for p photons in the r-th cavity and ¢ photons in the s-th
cavity. Other cavities are in their respective vacuua. Here r and s vary from 1 to N.
Hence, the probability of detecting two photons in the r-th and s-th cavities are cos?
and sin? @ respectively. This is a two photon localized state according to the defini-

tion given earlier. The relative phase ¢ does not influence the measurement outcomes.

To study delocalization in the context of two photons, it is prudent to calculate the

coincidence detection probability P,,,:

Pon(t) = (al (t)al, (t)am (t)an(1)), (3.51)

is the probability of detecting one photon each in two different cavities (m # n) at
time ¢. As the number of photons is restricted to 2, the values of P,,,, ranges from
0 to 1 for m # n. Here (..) refers to expectation value in the initial state. The

time-developed operators used in Eqn. 3.51 are defined in Eqn. 3.49. Therefore,
Prun(t) =2 | €08 0G (1) G (1) + €8I0 0G5 (1) G (1) 2. (3.52)

The diagonal elements with a proportionality constant of this correlation matrix give

the probability of localization and the off-diagonal elements represent the probability
of delocalization. Degree of TPD, defined as
| N

S=1-— P, (1), 3.53

33 Paalt (353

is essentially the probability of detecting the photons, one each in two different cavities.
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If S = 0 then the state is TPL state, and S = 1 corresponds to TPD state.

If there are two photons in the array, states of the form 1), |1), (r # s) or their super-
positions are delocalized states. The initial state given in Eqn. 3.50 is an entangled
state. To study the influence of initial entanglement on the localization-delocalization
dynamics, the entanglement is quantified in terms of negativity. For any density

matrix p, negativity A is

Np) =3 MT_A (3.54)

where ); are the eigenvalues of p’'T the partial transposition of p [156]. For the state
|v), N' = sinf cos § which is independent of the relative phase ¢ in the initial state.
If entanglement in the initial state is the only indicator of the degree of delocalization
achievable [157], then S should be independent of ¢. However, P, , has an explicit

dependence of ¢ which, in turn, implies that S depends on ¢.

Time evolution of degree of delocalizations for different initial states are shown in
Fig. 3.10. This clearly shows that the degree of TPD or TPL during time-evolution
is dependent on the entanglement as well as the relative phase in the initial state.
To bring out this feature more clearly, it is noted that the entanglement in state [¢))
depends on 6 as indicated earlier. The maximum achievable S during time evolution
has been shown as a function of # for an array of two cavities in Fig. 3.11 (a) and for
eight cavities in Fig. 3.11(b). Different curves correspond to different values of the
relative phase ¢ in the range of 0 to m. It is seen that the delocalization probability

not only depends on # (entanglement) but also relative phase ¢ (interference).

3.6 Role of system size on TPD

It is to be noted from Fig. 3.11 that for a given initial state the maximum achievable

degree of delocalization (S) is different for different sizes of the array. This indicates
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Figure 3.10 — Time evolution of degree of two photon delocalization S for different
initial states with J/w = 0.05. Here N = 29.
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Figure 3.11 — Plot shows the maximum achievable value of degree of delocalization
in time evolution is plotted as a function of @ for various values of ¢ for (a) N = 2 and
(b) N = 8. Values used are J/w = 0.05. Here r = N/2 and s = r + 1.

that the strength of delocalization depends also on the size of the array, apart from 6
and ¢. The maximum achievable S as a function of N for different choices of ¢ and 6
is shown in Fig. 3.12. For ¢ > 7/2, the maximum of S increases with N. If ¢ < 7/2,
the maximum S is nearly unity and remain practically at the same value. If the size of
the array is large, localized states completely delocalize during time evolution. This is
consistent with the fact that the number of delocalized states is more than the number

of localized states if N is large.

75



Summary Chapter 3

I R R
. o °
0.8 * ° i
. * ¢ 0=0or 2
| ! 8=T4, ¢=0 |
706 . =174, =112
% * o ® O=174,¢=Tt
E 0t :
0.2F i
O é | | | | | | | | | | | | | | | |
2 6 10 14 18 22 26 30 34 38

Figure 3.12 — Maximum value of S during time evolution as a function of number of
cavities in the array (V) for various values of # and ¢. Here J/w = 0.05, r = N/2 and
s=r+1.

As an aside, an example of a state that never delocalizes during time evolution is

i (3.55)

n=1

%\H

where |2), refers to two photons in the nth cavity and no photons in the other cavities.
This state is a localized eigenstate of H given in Eqn. 3.48. Consequently, it will never

delocalize during time evolution under H.

3.7 Summary

Emergence of localization and delocalization of photons in an array of cavities is a con-
sequence of quantum interference between various transition amplitudes. An initially
localized entangled state remains localized or evolves to a delocalized state depending
on the relative phase present in the initial state of the two coupled cavities. Localiza-
tion occurs if the interference between the transition amplitudes is destructive whereas
constructive interference delocalizes the state. On the other hand, a product state
does not delocalize completely as there is no interference. Localization probability

dominates over delocalization if the detuning between the cavities is larger than twice
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the coupling strength.

Dissipation leads to loss of energy and decay of localization probability. However,
even in the presence of dissipation, localization probability does not vanish to zero

due to quantum interference if the initial state is chosen properly.

Decoherence due to interaction with the environment reduces the magnitude of tran-
sition from localized states to delocalized states. This is consistent with the fact that
the process of decoherence randomizes the relative phases which are very crucial for

the interference of probability amplitudes.

Localization and delocalization probabilities depend on the entanglement and relative
phase present in the initial localized state. This is true also for an array containing
more than two cavities. If the array size is large, photons tend to delocalize rather

than localize.
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Photon localization and
delocalization in nonlinear cavities

4.1 Introduction

Cavities filled with nonlinear medium have become the workhorses to investigate quan-
tum phenomena such as the photon blockade [86, 97-101], bunching and antibunching
[102, 103], quantum phase transitions [104], etc. Strong interaction between individ-
ual photons is possible in the presence of nonlinear medium [86, 122]. Kerr cavities
are useful as quantum scissors to truncate coherent states to generate finite super-
positions of number states [158]. Often, optical nonlinearities are significant only at
high intensities. Recently, several ways of generating optical nonlinearities in solids,

even at the level of individual photons, have been proposed [86, 108, 109, 159, 160].

Interaction between two systems allows exchange of energy between them. Nonlinear-
ity in the system strongly affects the exchange that may lead to localization of energy
[147, 161-163]. The localization-delocalization dynamics of photons in the presence
of nonlinearity provides a better understanding of some quantum many-body systems
[164]. Tt is of interest to understand how nonlinearity and quantum interference affect
the localization and delocalization process. Coupled cavity dynamics studied in the
literature are mostly in the context of linear interaction between the cavities [60, 165]

which contain non-linear Kerr medium [61]. As a generalization, intensity dependent
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coupling between the cavities is considered. This is the quantum equivalent of nonlin-
early coupled classical nonlinear oscillators. A deformed algebra appears as a natural

choice in studying the dynamics of the system.

The organization of this chapter is as follows. The Hamiltonian for two nonlinearly
coupled cavities and the dynamics generated by it are discussed in Section. 4.2.
Role of the nonlinearity on TPL and TPD is studied in Section. 4.3. Delocalization
dynamics is explored in the presence of dissipation and dephasing in Section. 4.4.
In Section. 4.5, localization and delocalization dynamics in an array of N nonlinear

cavities is discussed. Results are summarized in Section. 4.6.

4.2 Nonlinearly coupled cavities

In this section, a system of two nonlinear cavities is described. The Hamiltonian for

the system, setting h = 1, is

2 At a it 1259 ~12.2
H = wlaial + wgagag + xlai aj + Xgag as

+J {\/1 + kd{dlalag\ﬁ + kadag + al \/1 + ka{al\ﬁ + ka;@ag} .

(4.1)

Here a,, and af, are the annihilation and creation operators for the two cavities
(m = 1,2). The first two terms correspond to two independent linear cavities. The
next two terms which depend on x; and ys account for the Kerr nonlinearity in the
cavities. The interaction between the cavities is assumed to be intensity-dependent
with coupling strength J. Such interaction terms have been considered in the context
of intensity-dependent atom-field coupling [166-168]. In this work, the parameter k
which describes the intensity dependent interaction is non-negative and limited to
one. This ensures that the vacuum state is the only state annihilated by the deformed

annihilation operator. All the coupling strengths, nonlinear strengths and frequencies
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are expressed in terms of frequency of the first cavity. In the plots, the frequency of

the first cavity is set to unity.

The purpose of studying the system described by H is that many other well known
interactions are special cases of H. If k,x1 and xs vanish, H is the Hamiltonian for

two linearly coupled cavities,
Hy = widlay + wydban + J(anad + alas). (4.2)

If k(a'a) >> 1, then

o At ey S22 ~122
HBS = W1a101 + WalsQo + X107 A7 + X205 A5

+J {\/kdidldldgdk&;ﬁzg + ah/kaiam//{agagag} . (4.3)

which is the Buck-Sukumar Hamiltonian [169]. In the opposite limit k(a'a) << 1,

Hgerr = Wldi&l + wzdgdz + deizd% + deg%g + J(&ldg + dI&Z)’ (4.4)

which describes a Kerr interaction [158, 170-172].

To discuss the general case, consider the following deformed operators:

K, = \/1+ kahamanm,
KI = af /1 + kabnén, (4.5)

where m = 1 and 2 correspond to the first and second cavities respectively. These

deformed operators satisfy K, KT ] = 2Kopn,, with Ko, = kal a, + £ which becomes

the identity operator when k£ = 0. Thus, these operators form a closed algebra, with
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Heisenberg-Weyl algebra and SU(1,1) algebra as the limiting cases when & — 0 and
k — 1 respectively [168]. The action of these operators on the number states is as

follows:

Knln), =vn/1+k(n—1)|n—1) |
and Kl |n) =V1+knvn+1|n+1), , (4.6)

where |n) = represents the state of mth cavity with number of photons n.

With Xom = wyk, the Hamiltonian H given in Eqn. 4.1 is re-expressed in terms of the

deformed operators to yield

_HdZW1KIK1+CU2K;KQ+J(K1K;+KIK2). (47)

The deformations considered here are analogous to the Holstein-Primakoff realiza-
tion of deformed boson operators to represent spin operators in the context of ferro-
magnetism [173]. The form of the intensity dependent interaction considered in the
Hamiltonian in Eqn. 4.1 is not readily achievable. However, it allows to express the

nonlinear Hamiltonian in a form that resembles the Jaynes-Cummings Hamiltonian.

Though the Hamiltonian includes intensity-dependent interaction as well as Kerr non-
linearity, it is still possible to identify a constant of motion, namely, the operator cor-
responding to the number of quanta N = di&l + d§&2 so that [f[ N | = 0. Existence
of this constant of motion implies that there are invariant subspaces for the unitary
dynamics generated by H. The Hamiltonian can be diagonalized in the subspace of

a given number of excitations.
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Consider the initial state

[1(0)) = C1(0) [20) 4 C2(0) [11) + C3(0) [02) , (4.8)

where [C1(0)[2 + |C5(0)[2 4+ |C5(0)|2 = 1. Unitary evolution under H evolves the state

[¥(0)) to
[4(t)) = Ci(t) [20) + Ca(F) [11) + C5() [02) (4.9)

where

Ci(t) = —[((2w1 +2x1)? = 2(1 + k)J) Ly — (2w + 2x1) L + L3)C1(0)

+ (V2(1 + k) J (3w + 2x1 + wo) Ly — in/2(1 + k)JLy)C5(0)

+2(1 + k)J*L,C3(0)], (4.10)
Co(t) = =[(V2(1 + k)T (Bwr + 2x1 +ws) L1 — iv/2(1 + k) L) C1(0)

+ (41 + k) J? + (w1 + wa)*) L1 — i(w1 + wa) Lo + L3)C5(0)

+ (V21 + k) 3wz + 2x2 + wi) Ly = v/2(1 + k)T L2)C3(0)], (4.11)
Cs(t) = —[((2wa + 2x2)? — 2(1 + k)J) Ly — i(2ws + 2x2) La + L3)C3(0)

+ (\/ 2(1 + k’)J(3WQ + 2X2 + wl)Ll — i\/ 2(1 + k’)JLg)OQ(O)

+2(1 4 k) J*L,1C1(0)]. (4.12)

Various terms occurring in the coefficients are

L 6)\1t e/\Qt e)\gt
_ + + : 4.13
O VS 15 Vs W Sl s W w5 W w R v v T v w LIRS )
L, — GAlt(AQ + )\3) 6)‘2t(>\3 + )\1) 6)‘3t(/\2 + /\1) (4 14)
T =) =) e =A)a =) As—=A)(As — Ay’ '
L3 _ BAlt(/\Q)\g,) 6/\2t()\3)\1> 6)‘3t(/\2/\1) (415)

M =2)A=A3) Qe =A)A2=A3) (A3 = A)(A3 — A2)’

where A1, Ay and A3 are the eigenvalues of —iH in the two photon subspace. If A =0

83



Nonlinearly coupled cavities Chapter 4

and y; = X2, then these eigenvalues are

A1 = —i(2w + 2x), (4.16)
Ao = —i(2w+x — VX2 +4(1 + k) J?2), (4.17)
A3 = —i(2w+x + VX2 +4(1 + k) J?). (4.18)

For the nonresonant case (A # 0) with wy,ws >> x, the approximate eigenvalues are

A2
M A —i (wl 4wy 4 2 — NX—) : (4.19)
1

1+ k)J2
(
(

AQ%—Z'

X(A - R)*
2 —R— —F7—— 4.2
w1 + wa + 2x R N2(1+k)(]2 ’ ( 0)

X(A + R)? ) ’

Ny(1 + k)J? (4.21)

)\3%—2' w1+w2—|—2x+R—

where

AZ
2(1 + k)J?

_ R(R—-A) Y (R-AY
Ne=1+ (2(1 + k)2 1) 2(1 + k)J?’

B R(R+A) > (R4 A)?
%=1t (e ) i

N1:2+

and R =+/A24+4(1 +k)J2

Assuming C}(0) = cos @, Cy(0) = 0 and C3(0) = € sin 0, the initial state is

[4(0)) = 16, ¢) = cos §]20) + €'?sin §]02) , (4.22)

which is a TPL state. On detection, both the photons will be in one of the two
cavities if # # 0 or 7/2. In the next section, the delocalization features of this state

are discussed.
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4.3 Nonlinearity and delocalization

Considering the state [¢(0)) given in Eqn. 4.22 and choosing 6 = 7, the probability

for TPD is

Py (t) = |Ca(t)],

— j2] {(1 + e"‘b) [Lo + 1 L1 (w1 + wo)] + 2L (w1 + x1 + ew(wQ + X2))} |2, (4.23)

where J = /(1 + k)J.

This probability evolves in time as L; and L are time-dependent. In the context of
localization and delocalization, the quantity of interest is the maximum value attained
by Py during time evolution. If ¢ = 0, the initial state is |¢/(0)) = |[+) = (]20) +
02))/v/2. In Fig. 4.1, the maximum value of Py, is shown as a function of the
nonlinear strength x(= x1 = x2) for the resonant case (w; = wy such that A = 0).
Dashed line in Fig. 4.1 corresponds to k = x/w. To allow for independent variation of
X, maximum of P;y during time evolution is shown (continuous) in Fig. 4.1 for a fixed
value of £ = 0.1. The deviation between the two curves is insignificant. Hence, the
condition x = kw is not restrictive. However, it allows for expressing the Hamiltonian

H given in Eqn. 4.1 as a deformed JC model.

It is noted that the maximum value decreases with increasing nonlinear strength. This
comes from the fact that the cavity nonlinearity makes the average energies in the
states [20) , |11) and |02) unequal as shown in Fig. 4.2. This energy difference between

states affects the transition from localized states to delocalized state.

On the other hand, if ¢ = 7, i.e., [¥(0))=|-),

Py (t) = 4A*J*(1 + k)| Ly . (4.24)
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If the two cavities are resonant, i.e., A = 0, then Py is 0 during time-evolution,
independent of x and k. Hence, the state |—) never delocalizes during time evolution.
It is of interest to note that the state |—) is an eigenstate of H given in Eqn. 4.1 if

the cavities are resonant. As a consequence, the state does not evolve.

0.8 b

max(Pll)

0.2

| | |
0 0.05 0.1 0.15 0.2 0.25 0.3
Xlw

Figure 4.1 — Maximum achievable value of probability of delocalization Py during
time evolution is plotted a function of nonlinear strength y/w for the initial state |4).

Parameters chosen are A/w = 0 and J/w = 0.03. Continuous line corresponds to
k = 0.1 and dashed line corresponds to k = x/w.
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Figure 4.2 — Energy levels are labeled by the expectation value of the Hamiltonian H

in the respective states. The inter-state decay rates are denoted by v with appropriate
suffixes.

If the initial state is a localized product state |20) or |02), obtained by setting § = 0

86



Chapter 4: Chapter 4

or m/2 in Eqn. 4.22 respectively, the corresponding delocalization probabilities are

Puiny(0 =0) = 2(1 + k)J?|(iL1 (3w + 2x1) + w2) + La)|?, (4.25)

T .
Puy(0 = 5) = 2(1 + k) J?|(iL1 (3w + 2x2) + wi) + L) |2 (4.26)

A condition to achieve complete delocalization starting from the product states |20)
and |02) is derived. This condition ensures that the probabilities for the transitions
|20) — |11) and |02) — |11) become unity. For the Hamiltonian given in Eqn. 4.1,
the average energies in |20) and |02) shift by A+ 2y; and —A + 2y, respectively from
the average energy in the state |11) as shown in Fig. 4.2. For perfect transition to
occur, the average energy levels must be same (degenerate). The average energies of

the localized state (|20) or |02)) and delocalized state (|11)) are the same if

A = =2y, for|20),

and A = 2y, for [02) . (4.27)

These are the state swiching conditions which ensure perfect delocalization from the
states |20) and |02). When the system is detuned for one of the transitions, the other
transition does not occur. For example, if the detuning is appropriate for the transition
|20) — |11),i.e., (20| H |20) = (11| H|11), transition to |02) does not occur as the
average energy in the state [02) is detuned by 2(x1 + x2) from |20) and |11). Thus, in
the presence of Kerr nonlinearity, detuning can be used as a switch to block [20) — [02)
transition. The time evolution of probabilities Py, P;; and Py are shown in Fig. 4.3
for the two localized states |20) and |02) as the initial states. The probability of
delocalization is unity if the parameters satisfy the state switching condition given in

Eqn. 4.27 for the corresponding initial state.

If the initial state is the delocalized state |11), the probability of localization Pasg g2
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Figure 4.3 — The probabilities Py (dashed), P;1(continuous) and Pys(dot-dashed) are
plotted as a function of wyt for the initial state (a) [20) with x1 /w; = 0.02, x2/w1 = 0.015
and A/w; = —0.04 and (b) [02) with x1/w; = 0.015, x2/w1 = 0.02 and A/w; = 0.04.
Other parameters are J/w; = 0.003 and k& = 0.001.

is non-zero during time evolution in linear cavities. In the nonlinear case under con-
sideration, transitions from |11) to |02) or |20) and vice-versa are nearly forbidden if
X1, X2 >> J and A = 0. The time evolution of Py, P;; and Py, are shown in Fig.
4.4 for two different values of x(= x1 = x2) when the initial state is |11). Note that
if the nonlinear strength x is larger than the coupling strength .J, then the state |11)
is an approximate eigenstate of H. As a consequence, it does not evolve to be a lo-
calized state. What happens in this limit is that the presence of a photon in a cavity
blocks the inflow of photon from the other cavity, analogous to the photon blockade
phenomenon in a driven cavity [86]. It is the Kerr nonlinearity which leads to the

blockade, thereby stabilizing the delocalized state |11).

Now, the delocalization aspects of the superposition of the localized states [20) and
|02) are considered. In particular, the symmetric and the anti-symmetric combinations
(]4+) and |—) respectively) are studied. If |[+) or |—) is the initial state, then the
evolved state does not have complete overlap with |11) for any detuning. The states
do not delocalize completely. Essentially, the average energies of these localized states
cannot be equal to the average energy of |11) for any values detuning in the presence

of Kerr nonlinearity.
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Figure 4.4 — The probabilities Py (dashed), Py1(continuous) and Pya(dot-dashed) are
plotted as a function of w;t for the initial delocalized state |11) for (a)x /w1 = 0.03,k =
0.03 and (b)x/w; = 0.05,k = 0.05. The detuning and coupling strength are set to be
A/wy =0 and J/w; = 0.005.

4.4 Dissipative nonlinear cavities

As discussed in the previous section, Kerr nonlinearity shifts the energy levels of the
cavities which, in turn, implies that the interference cannot be perfect. This feature
has been used to explain the two-photon localization-delocalization in the coupled
cavities. Yet another feature to be considered is dissipation. Interplay between the
nonlinearity and interference when the system is subjected to dissipation (coupled

with zero temperature reservoirs) is discussed in this section.

The evolution equations for the density matrix is obtained using the master equation

2

8p S Yij s~ o~ At A At~
L i)+ Y L a0l — alagp — pilay). (428)

ij=1

Here 11 and 799 are decay rates of the first and second cavities respectively and, 712

and 7, are the cross-damping rates arising due to interference of transition ampli-

89



Dissipative nonlinear cavities Chapter 4

tudes. The evolution equations for density matrix elements are

MM
Py

= D : 4.2
P~ U+ D+ (4.29)

where

U = —i[(mwy +m(m — 1)x1)py" + (nws +n(n — 1)xa) oy

+ J/m(L+ k(m —1)\/(n+1)(1 + kn)pj, "

+ Jy/n(1+ k(n—1)y/(m+ 1)1+ km) pj
— (pw1 +p — Dxa)ppy" — (qwa +q(qg — 1)xa2) oy
+ IV p(1+k(p — D))V (g + D)1+ kq)py™ 1

+JJVa(l+ k(g — 1))/ (p+ D)L+ kp)oyii 4 1),

Y11 m+1,n m,n
D =2/ (m+ D)(p+ ey — (m+p)ejy]

Y22 m,n+1 m,n
+ 7[ (n + 1)(q + 1>pp,q+—ii - (n + q)pp7q ]?

Y12 m,n m—1,n 7,1
C =7[2\/(n + D) (p+ Dottt — Vm(n+ 1)pr b = alp + D it 1]

Y21 m-+1,n m+1,n— m,n
+ 5 2V m 4 (g + Dogaii” = v/nlm + Dpf " = v/pla+ Do gl
where p‘Z’jh = (g,h|pli,j). Here m+n < 2 and p+q < 2. Here U, D and C correspond
to unitary, damping and cross damping parts.

The evolution equations for localization probabilities py = (20| p|20) and pgs =

(02| p|02) are

. ) 12 721
= —i[\/2(1+k)J — -2 — =54 — —=pus, 4.30
P44 [V2( )J(psa — pas)] Y11P44 \/5/?54 \/§P45 ( )

. . Y12 VY21
= —i[\/2(1 + k)J — -2 - — — ——=pPs6- 4.31
Pe6 [ ( ) (P56 065)] V2266 \/§P65 \/§P56 ( )

The evolution of matrix elements pyq and pgs depend on the off diagonal elements.

Evolution of these off diagonal elements depend on frequencies (w1, ws) and nonlinear
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strengths (x1,x2). Therefore, evolution of psy and pgs are also dependent on these

parameters.

Temporal evolution of TPL probability in the presence of dissipation for the initial
state |[+) is shown in Fig. 4.5. Linear (x; = x2 = 0) and nonlinear (y; = x2 = 0.1)
cases are considered. Due to interference between the various transitions shown in
Fig. 4.2, the probability of localization does not completely vanish in the absence of
nonlinearity. Including nonlinearity (x # 0) leads to complete decay of the state |+).
Therefore, localization probability reduces in time. Essentially, nonlinearity reduces
the transition amplitudes from |20) and |02) to |11). As a result perfect interference

does not occur.

P20+02

0 100 200 300 400 500

(;Jlt

Figure 4.5 — Probability of localization Plagytj02) = p4a + pee is shown as a function
of wit for the initial state |+). Values used are J/w; = 0.05,7/w; = 0.005, k = 0.05
and A/w; = 0. Here v = 711 = 722 = 712 = 721. Dashed curve corresponds to
the linear case x1/w1 = x2/wi = 0 and the continuous line for nonlinear case with

Xl/wl = XQ/(.Ul =0.1.

The above features differ if the initial state is |—). The localization probability decays

2t independent of y, which provides the best fit for the numerical result.

as ~ e
This decay pattern is shown in Fig. 4.6 for two different y values. The curves
corresponding to different y values overlap, leading to the conclusion that the decay

rate is independent of y. As the state |—) is an eigenstate of H given in Eqn. 4.1, the

transition from |—) to |11) is forbidden and interference does not occur between the
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various transition paths. This leads to the complete decay of the localized state |—).

_x/oolzo.l
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1

Figure 4.6 — Probability of localization Pyt j02) = paa + pes is shown as a function
of wit for the initial state |—). Here J/w; = 0.05,7/w; = 0.005, k = 0.05 and A/w; = 0.
Here v = 711 = 722 = 712 = 721. Dashed curve corresponds to the linear case y/wi =0
and the continuous line for nonlinear case with x/w; = 0.1.

Another consequence of interaction between a system and environment is the decoher-
ence. Dephasing results in the decay of off-diagonal elements of the density operator.
Essentially, dephasing affects the amplitudes of various transitions. As seen earlier,
nonlinearity modifies the strength of TPL and TPD transition. It is of interest to

understand the combined effect of dephasing and nonlinearity on delocalization.

Evolution equations for the density matrix elements can be obtained by using master
equation
dp ~

o = —ilH, p| + I Dlala)p+ L Dlalasle. (4.32)

where D|[o]p = 20po" — 6T6p — po'o.
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Evolution equation for density matrix elements is

P44
P45
P46
P54
dt | P55
P56
P64
Pe5

P66

o = W

Q @

0 0 0 0 0 Paa
-B 0 0 0 0 P45
0 —-B 0 0 0 P46
B 0 —-B 0 0 P54
B 0 —-B 0 pss| > (4.33)

B D 0 0 —BY| |pse
0 0 ¢ B 0| |pu
-B 0 B D* B | |pss

0 —B 0 B 0 P66

where A = —i(A 4+ 2x1)) — Y4, B = iJ/2(1+ k), C = —2i(A + x1 — x2) — 474,

The probability of TPD pss for different values x(= x1 = x2) are shown in Fig. 4.7.

Comparing the results corresponding to different values of y, it is clear that the rate of

attaining the steady state density matrix is slow in the presence of Kerr nonlinearity.

p55
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0.4\/\A |
B\ 7
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0.1 + o, |
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(.olt

Figure 4.7 — Delocalization probability as a function of wqt for |—) for various Y.
Continuous line is for (y/w; = 0,k = 0), dot-dashed line is for (x/w; = 0.1,k = 0.1) and
dashed line is for (x/wi; = 0.3,k = 0.3) with J/w; = 0.05, A/w; = 0 and 74/w; = 0.05.
Non-linearity slows down the process of attaining steady state density operator.
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The first and last rows of the matrix given in Eqn. 4.33 have two non-zero entries.
This makes ps5 = ps4 and pse = pgs respectively in the steady state. The remaining

steady state equations are

[—i(A +2x1) = Yalpas — 1T/ 2(1+ k) (ps5 — pas = pas) = 0, (4.34)
[—2i(A + x1 = x2) — 4valpas — iTv/2(1+ k) (pss — pas) = 0, (4.35)
[i(A +2X1) — valpas + i T\/2(1 + k) (pss — pas — pes) = 0, (4.36)
[—i(A = 2x2) = Yalpse — 1T/ 2(1 + k) (pas + pes — pss) = 0, (4.37)
[2i(A + v1 — X2) — 4vdlpea + i /201 + k) (pss — pas) = O, (4.38)
[i(A — 2x2) — Yal ps6 + iJ/2(1 + k) (psa + pos — pss) = 0. (4.39)

Using the Cramer’s rule for solving the above of linear equations, with the constraint

pasa + pss + pes = 1, the steady state solutions are

1 1 1
Pas = 55 P15 = 0, pa6 = 0, ps5 = 30 P56 = 0, psa = 0, pss = 3 (4.40)

which are indeed independent of nonlinear strengths.

4.5 Array of nonlinearly coupled cavities

In this section, localization and delocalization of two photons in an array of Kerr

cavities is considered. All the cavities are in resonant. The Hamiltonian given in Eqn.
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4.1 can be generalized to an array of N cavities. The Hamiltonian is
N
H=> wala; + xal*a3

J=1
N-1

Iy [\ [14 kidlayisal 1+ kad g + a1+ kalagy/1+ kb a0
j=1

(4.41)

Here a; and d} are the annihilation and creation operators for the jth cavity. The
photon hopping strength between two adjacent cavities is J. All the cavities are having
equal Kerr strengths y. In order to investigate the role of nonlinearity, consider states
of the form [¢) = cos#]2),]0), + €?sinf |0), |2),. The notation |p), |q), stands for
p photons in the r-th cavity and ¢ photons in the s-th cavity. Other cavities are in

their respective vacuua. Here r and s vary from 1 to N.
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Figure 4.8 — Maximum achievable value of S during time evolution as a function of

nonlinear strength x/w for the initial states |+)(circle), |20)(star) and |—)(triangle).
Here J/w =0.05, k = x/w, N =6,r = N/2 and s =r + 1.

The maximum achievable value of the degree of TPD (.S), defined in Eqn. 3.53, is
shown as a function of the nonlinear strength x in Fig. 4.8 for an array of six cavities.
It is seen that delocalization probability decreases if the strength of nonlinearity in-
creases. This comes from the fact that nonlinearity localizes the energy (photons), so
that |20), |02) and their superpositions are more probable. If the initial state is |—),

the evolved state is more localized compared to the state evolving from |+). Hence,
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degree of delocalization S depends on the relative phase present in the initial state in

the nonlinear case too.

4.6 Summary

In this chapter, dynamics of localization and delocalization due to intensity-dependent
coupling of two Kerr cavities has been studied. As in the linear case localization and
delocalization probabilities depend on the entanglement and relative phase present in

the initial state.

Due to nonlinearity, the energy levels of the cavities are anharmonic (unequally
spaced) and the average energies of the localized and delocalized states are differ-
ent. As a consequence, transition from localized state to delocalized state is blocked
if the cavities are resonant. For transition to occur from a localized product state to
a delocalized state, the average energies in these states are to be nearly equal which
is achieved by adjusting the strength of nonlinearity and detuning. If the initial state
is the delocalized state |11) then transition to localized states can be forbidden, anal-

ogous to photon blockade, by suitably choosing the nonlinear strength.

The entangled state (|20) + |02))/+/2 does not achieve complete delocalization in the
presence of nonlinearity. The state (]20) — |02))/v/2 remains localized independent of
the strength of nonlinearity. Essentially, the average energies of the localized entangled
states and delocalized state are not equal for any value of detuning in the presence of

nonlinearity.
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Atomic switch for control of heat
transfer in coupled cavities

Dynamics of an isolated system is unitary and the total energy of the system is con-
stant. In practical situations, interaction of system with environment is unavoidable.
Simplest of this situation corresponds to coupling the system to a reservoir at ab-
solute zero temperature. This implies that the reservoir cannot transfer energy to
the system while the system can transfer to the environment. As a consequence, the
system suffers an irreversible dissipation. The dissipative dynamics studies presented
in the previous chapters are based on the interaction of the cavities in the array and
reservoirs at zero temperature. However, if coupled to reservoirs at non-zero absolute
temperatures, cavities can exchange energy with the reservoirs. In this context, a
linear array of cavities whose ends are connected to two reservoirs is considered. This
array forms a conduit for energy transport between the two reservoirs [174-177]. For

a conventional bulk material, steady state heat transport is governed by

J=—kVT, (5.1)

which is the Fourier’s law of heat conduction. Here J is the thermal current density
and VT is the temperature gradient. The proportionality constant x is the thermal
conductivity which is positive for bulk matter. This law is valid if the system is

close to its equilibrium, in which case linear response theory is applicable [178-182].
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A system away from equilibrium may violate the Fourier’s empirical law [179, 180].
There is no universal theory of heat transfer applicable to all nonequilibrium systems.
A chain of coupled oscillators is known to violate the Fourier’s law of heat conduc-
tion in the sense that the thermal current is independent of system size and the heat
transport is ballistic [176, 179, 183]. Diffusive transport can be recovered by including
anharmonicity and dephasing [114, 176, 184, 185]. Another interesting phenomenon
is thermal rectification which is essential for realizing thermal diodes and transistors
[186, 187]. A system shows thermal rectification if it possesses structural asymmetry
for allowing higher thermal current in one direction. Thermal rectifiers based on nan-
otubes [188], quantum spin chains [189-191], anharmonic oscillators [192], two-level

systems [193], etc. have been proposed in the literature.

In this chapter, heat transfer in a system of two coupled cavities containing a single
atom is discussed. The system-reservoir interaction is assumed to be of Lindblad type
[70]. Both magnitude and direction of current are shown to be controllable by suit-
ably choosing the atomic state and the system-reservoir coupling parameters. The
system exhibits large thermal rectification for proper choices of the cavity-reservoir

and cavity-atom couplings.

The present chapter is organized as follows. In Section. 5.1, details of the system
and its theoretical model are discussed to arrive at an expression for heat current.
Also, various special cases of importance are indicated. Based on the dependence
of the current on the reservoirs’ temperatures and coupling parameters, violation of
second law of thermodynamics is established in Section. 5.2. Thermal rectification in

the system is explored in Section. 5.3. Generalization to N cavities is discussed in
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Section. 5.4. Results are summarized in Section. 5.5.

5.1 System and its model

Consider a system of two linearly coupled cavities (right and left, for brevity) and a
two-level atom in one of the cavities. The resonance frequencies of the cavities are
wy, and wpg respectively. The cavity coupling strength is J. The right cavity interacts
dispersively with the two-level atom embedded in it. The coupling strength between
the atom and the cavity field is g. The atomic transition frequency is wy. In the

dispersive limit, i.e., A = (wgp — wg) >> ¢, the Hamiltonian is [83, 194]

~

wo . o o et o
H :7002 +wralan 4+ wrahig + x (6.6 + akaro,) + J(alar + agal),  (5.2)

where Y = ¢?/A is assumed to be positive. Here h = 1. The states |e) and |g)
are respectively the excited and ground states of the two-level atom. The operators
g, = le)(g| and 6_ = |g) (e| are the raising and lowering operators for the atom.
The energy operator for the atom is &, = |e) (e| — |g) (g|. The Hamiltonian H con-
serves the respective total excitation numbers for the cavity fields and the atom, i.e.,
6} ay, + alag, H) = 0 and [6., H] = 0. As a consequence, the atom and the field can-

not exchange energy in the dispersive limit [194], they independently conserve their

respective number of quanta.

The system is coupled to two reservoirs, each modeled as a collection of independent

oscillators [68]. The reservoir Hamiltonian is taken to be
ﬁm = Zwmj(;lji)mja (53)
J

where x = L, R is the index referring to the left reservoir and the right reservoir re-

spectively. The creation and annihilation operators of the reservoirs obey the bosonic
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commutation relation [Exj, Ezk] = 0;05y. The arrangement of the cavities and reser-
voirs is shown in Fig. 5.1. The interaction Hamiltonian for the cavity-reservoir com-

ponent is
Hy = (Z 915 (@, + an)(bey +bL;) + ) gry(af + ar)(br; + l%)) ) (5-4)
j J

where gr;(gr;) is the coupling strength of the left (right) cavity to jth mode of the

left (right) reservoir.

Figure 5.1 — Schematic representation of system of coupled cavities with a two-level
atom embedded in the right cavity. The cavities are also coupled with their respective
reservoirs.

Under the Born-Markov and rotating wave approximations [68], the reduced joint

density matrix for the two cavities (traced over the reservoirs) obeys

9 _
ot

—i[H, p] + Dr(p) + Dr(p). (5.5)
where the Lindblad operators are defined as
Fﬁ? _27 1 A~ A~ AT A AT A F.’Z_.T A A A A A A
D, (p) =2 ) (0 il i — pala,) + 0 (2l pi, — aalp — piil).

(5.6)
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for x = L, R. The parameters 'y, and T'g are related to the coupling strengths as [72]

I, = QWZgij(s(wmj - w:v)'
J

(5.7)

The two terms in Eqn. 5.6 correspond to energy flow from the system to the reservoir

and vice-versa respectively. The dynamics generated by the master equation satisfies

the detailed balance condition and gives the correct steady state if the different com-

ponents of the system are weakly coupled [195-198]. The reservoirs Ry and Ry are

assumed to be in thermal equilibrium at temperatures 77, and Tx respectively. The

density operators of the reservoirs are

T (e fle/hos )

Oz =

(5.8)

with mean photon numbers 71, = 1/[exp (w./kpT,) — 1], where x = L, R. The dy-

namics of the system can be understood from the temporal evolution of expectation

values of suitable operators. The expectation values satisfy

4(ajar) = iJ((apay) — (a}ar)) — Trlajar) + Loy,
dlakin) = —iJ((arak) — (aLar)) — Trlahar) + ki,

lanal) = —iA{araly) +iJ((afar) — (ahar)) +ix(aralhe.) — v{arak),(5.9d)

L ars,) =iJ((arakhe.) — (ahars.)) — Trlalars.) + Ting(6.),
(ahars,) = —iJ((arahe.) — (a}ars.)) — Trlahars.) + Trig(6.),
4t apo,) = iA(a}ars,) —iJ((ahard.,) — (aharo.))

~
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where v = (I';, + 'z)/2 and A, = wj, — wr. Here (A) = Tr[pA], where p satisfies
the master equation given in Eqn. 5.5. The operators in Eqn. 5.9(a — h) collectively

represent the energies of the various components, coherences and interaction energies.

As (6., H] = [6., DL(p)] = [6-, Dr(p)] = 0, the evolution equation for (5.) is d(5.) /dt =
0. This indicates that the value of (6.) remains constant during time evolution as a

consequence of the fact that the atom is dispersively coupled with the cavity field.

Steady state current is defined wvia the continuity equation

S =o, (5.10)

which expresses the conservation of total energy of the system. With (H) =Tr[pH]

and using Eqn. 5.5 for evolving p, the continuity equation given in Eqn. 5.10 yields

0 =Tr[HD.(p) + HDr(p)] =: I, + I5. (5.11)

Here I, = Tr[]:IDx(p)], x = L, R. Further, I, refers to the thermal current from the
left reservoir Ry, to the system and Iy indicates the current from the right reservoir
Rp to the system. Using Eqn. 5.5, the steady state heat current from the left reservoir

to the right reservoir through the system is

Iy = TI"[I:IDL(,O)] = FL(Ind - Icoh)~ (512)

Here I,y = (Ag — (4} dy).)wy is the current due to the average excitation number
difference between the left reservoir and the left cavity, I.,, = %J (<&TL& R)ss+(ALap)ss)

is the current due to the total coherence in the system. The steady state expectation

values are represented as (-)ss. A similar expression for the steady state heat current
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from the right reservoir to the left reservoir is

Ir = Tr[HDg(p)] = Tr(ig — (ahnr)ss) (W + (52)X) — Trlcon- (5.13)

Steady state solutions obtained by equating the time derivatives in Eqns. 5.9(a — h)

to zero are
(@hn)es = “EG R (5.14a)
(afyap). = St lann Lulonn (5.14b)
ON = (ahar)ss — (Ahin)ss = o iibail, (5.14c)
(@] ar)ss = —J PEEERTTON, (5.14d)
with

A2+ X2+ 2A,.x(6,) + 72

C=2J? .
T = A2+ 422 1 472A2

Using these steady state solutions in Eqn. 5.12 yields

Lrx(6:)(x* — A2+ 92) + (wrlr + wrLL) (A2 4+ 4?)
+ x2(2wry + ALL) + 4A:x(62)wry
(2 — AZ +192)% + 49242 '

Iy, = J*6N (5.15)
In the absence of inter-cavity coupling (J = 0), the cavities equilibrate with their
respective reservoirs with mean photon numbers 7, and ngz. The currents I, and Iy
vanish since energy cannot flow from one cavity to another as J = 0. If the coupling

is non-zero and the reservoirs are at different temperatures, energy flows from one

103



System and its model Chapter 5

reservoir to the other through the cavities.

Interestingly, expression in Eqn. 5.15 shows that the current through the system
explicitly depends on (G,) which, in turn, depends on the state of the atom. This
dependency arises as the atom modifies the cavity resonance frequency as well as the
coherences <&TL&R>SS and (dﬁz%}ss. By proper choice of the atomic state, (7,) can be
tuned from +1 corresponding to the atom in its excited state to —1 if the atom is
in its ground state. This feature can be used to control the energy flow (current)

between the reservoirs.

Consider the cavities to be coupled (J # 0) and resonant, i.e., wy, = wr = w, so that
A. = 0. In the absence of the atom, the total coherence (dTLdR>Ss + <CALL(AIJ;%>SS given in
Eqn. 5.14d vanishes under steady state condition. The current through the cavities
is

4wJ2FLFR
(412 + T Tr)(I'L +T'g)

I, = (g, — nR), (5.16)

which is proportional to the difference in the mean photon numbers. Equivalently,
current is proportional to the temperature difference between the two reservoirs for a

fixed system size, which is like the Fourier’s law.

If the temperatures of the two reservoirs are equal (n, = ng = n), the system equili-

brates with the reservoirs and no current flows through the system. The mean number

of photons in the cavities are (&Ed,;)ss = (d;&@ss = n. Also, the states of the cavity

fields satisfy the zero coherence condition, namely, <€LTL& R)ss = (&Ed L)ss = 0. To know

104



Chapter 5: Introduction Chapter 5

the states of the fields in the cavities, the fidelity F'(pu, pz),

Flonpe) =0 (y/ Voo ). (517

between the thermal field and the cavity field is calculated. Here

1 «—( 7 \"
= 5.18
= (1) 0o (5.19

is the single mode Gibbs thermal state; p,(x = L, R) are the steady state reduced
density matrices for the left- and right-cavities respectively. The steady state fidelity
F(pun, pe) is numerically calculated to be unity. Therefore, the respective states of the
cavity fields are Gibbs thermal states. The zero-time delay second order correlation

function

Tr(p.alal
g (0) = et ) >2, (5.19)
[Tr(pmdldw)]

in the steady state p, is numerically estimated to be 2, same as that of the thermal

state. This confirms that the cavity states are indeed the thermal states py,.

If the reservoirs are at different temperatures, the high temperature reservoir is the
source of energy to the system and the low temperature reservoir is the sink for the
energy to establish a steady state. As a consequence, heat continuously flows from
the high temperature reservoir to the low temperature reservoir. The system reaches
a non-equilibrium steady state with effective mean photon numbers (ELTLdL>ss and
(&Ed@ss in the left- and right- cavities respectively. Analytical expressions for these

mean photon numbers are given in Eqn. 5.14a and Eqn. 5.140.

In the presence of an atom in one of the cavities as shown in Fig. 5.1, the expression
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for current obtained from Eqn. 5.15 is

B I.lg
- E(FL + FR) —|— FLFRIV

ol

I,

(ro+ St ). (520)

where ¢ = 2J%v/(x* + 7*).

For I', = T'r = T" and finite .J, an alternate expression for the current is

I, —1
IL:(L2 R)7

I _ At _ At .
= 5 [ = (@Lan))w = (in = @har))w + @00] . (B2D)
On substituting the steady state values from Eqns. 5.14a and 5.140,

T X - _ _
=P (w+ E<o—z>) (i, — iR). (5.22)

Scaled current 7, /w? as a function of I'/w is shown in Fig. 5.2. Maximum current flows
through the system if I' = \/m . This special value \/m corresponds to
the Rabi frequency of the oscillation of the mean number of photons when the cavity
detuning is y and the cavities are not coupled to the reservoirs. The detuning between
the cavity frequencies arises due to the atom in one of the cavities. The competition
between the cavity-reservoir energy exchange rate I' and the cavity-cavity energy
exchange rate \/m affects the current through the system. If the two rates are

equal, then

J2

K<é‘z>> (7 — nr), (5.23)

P
t V4J? + x2 2

which is the maximum current. If I' >> /4.J2 + x2, the cavities and their respective
reservoirs exchange energy faster than the inter-cavity exchange. In the opposite

limit, the cavities exchange energy with each other faster than with their respective
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reservoirs. This mismatch between the energy exchange rates reduces the current.

From Eqn. 5.22, it is seen that for small I, I; oc I and for large I, Iy oc 'L

0.014
0.012r ]
0.01r ]

o 0.008 I 1

. Sea
< . b~
. -

=~ 0.006/
0004 [ /T ]
00021/ -+ |

00 005 01 015 02 025 03 03 04
MNw

Figure 5.2 — Current I /w? shown as a function of reservoir coupling strength T'/w
for different atom-cavity coupling strengths x/w = 0 (continuous), 0.1 (dashed) and
0.2 (dot-dashed). The system-reservoir parameters are J/w = 0.05,7n;, — g = 0.5 and
(6,) =1.

5.2 Switching action of atom

According to the Fourier’s law given in Eqn. 5.1, current density is proportional to
temperature gradient. Using the fact that 0N o (i, — fig) as given in Eqn. 5.14c,

the expression for Iy, in Eqn. 5.15 is written in the form

I, = R(np — ngr), (5.24)

for comparing with the Fourier’s law. Here & is the effective thermal conductivity. It
is to be noted that thermal conductivity can be tuned by choosing the atomic state.
Two important cases corresponding to the atom being in the excited state and the

ground state are considered, i.e., (6,) = £1. The corresponding currents are

Q

I, = J*N
’ (X = AZ +72)% + 497A2

(Ac£x)* +9%). (5.25)
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where Q = w g+ (wrEx). For subsequent discussion, it is assumed that nn;, > fig,
i.e., 0N > 0 without loss of generality. Under this assumption, I; and €2 have the
same sign. If the atom is in its ground state, sign of ) is changeable by properly
choosing the ratios I'g/T', and (x — wgr)/wr. Consequently, direction of current can
also be changed. It is to be pointed out that wr — x is the resonance frequency of the
right cavity modified by the atom. If the atom is in its excited state, i.e., (7,) = +1,
I}, is always positive, meaning that the thermal current flows from the high temper-
ature reservoir to the low temperature reservoir (conventional flow) and reversal of

current is not possible.

In order to exhibit the switching action by the atom, consider x > wg. If the system-

reservoir parameters satisfy

- > — 5.26
FL wr, ) ( )

to make €2 > 0, then the thermal current flows from the high temperature reservoir

to the low temperature reservoir, independent of the atomic state.

If the ratios are equal, i.e.,

REERRY S 2 (5.27)

and the atom is in the ground state, so that {2 = 0, then the thermal current vanishes
even if the reservoirs are at different temperatures. The system completely blocks
the heat flow like a thermal insulator. On driving the atom to its excited state, the

system changes from a thermal insulator to a thermal conductor.
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Table 5.1 — Conditions for positive and negative thermal currents.

(62) =+1 (02) = —1
a>1 I, >0 I >0
o= I;, >0 I, =0
a<l1 Ir >0 I; <0

If the atom is in its ground state and the system-reservoir parameters are such that

— < (5.28)

then €2 < 0 and the direction of thermal current reverses, i.e., current flows from the
low temperature reservoir to the high temperature reservoir (unconventional flow).
This phenomenon has been interpreted to be a violation of the second law of ther-
modynamics [199-201]. Alternatively, the thermal conductivity of the system can be
interpreted to be negative in which case heat flows from the low temperature reser-
voir to high temperature reservoir. On driving the atom from the ground state to its
excited state, the unconventional flow of thermal current switches to the conventional
flow. Thus, the atom acts as a thermal switch which brings about a controllable cur-

rent flow through the cavities.

To summarize, defining

a= _ ety (5.29)

(x —wr)/w’

the three conditions given in Eqns. (5.26-5.28) are equivalent to setting a greater
than, equal to or less than unity respectively. The signs of the respective currents

established in the system are indicated in Table. 5.1.

Scaled current I, /1, for the case of the atom in its ground state is shown as a function
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Figure 5.3 — Scaled currents Iy /Iy shown as a function of y/wy, for different cavity-
reservoir coupling ratio I'r/I'z, = 0.1 (continuous), 0.3 (dashed) and 0.6 (dot-dashed).
The system-reservoir parameters are J/wy, = 0.05,7;, — ng = 0.5,wr/wr, = 0.8 and
(6,) = —1. Scaled current in the system is shown in the inset for the same values of the
parameters and (5,) = +1.

of x/wy, in Fig. 5.3 for three different values of the cavity-reservoir coupling ratios
g/ : 0.1 (continuous), 0.3 (dash) and 0.6 (dot-dash). Here I, is the magnitude of
current flowing through the system when y = 0. The inset figure shows the scaled
current in the system when the atom is in its excited state. Note that the current is
always positive if the atom is in the excited state (inset figure). If the system and
reservoir parameters satisfy Eqn. 5.27, then the current vanishes. Negative current

occurs at different values of x/wy, depending on the ratio I'g /', that satisfy Eqn. 5.28.

From Eqn. 5.12, it is seen that if the contribution from the coherence part I, is
more than the current due to mean excitation number difference I,,4, then I, becomes
negative. Dimensionless quantities I,,q/w?, L., /w? and I}, /w? are shown in Fig. 5.4 as
a function of the atom-field coupling strength y/wy. If the parameters are chosen to
satisfy Eqn. 5.27, in which case I,y = I..n, the system completely blocks the current
which corresponds to the intersection of zero current axis and I, /w? in Fig. 5.4. Cur-
rent reverses its direction from the low temperature reservoir to the high temperature

reservoir when I.,;, > I,,4. In this sense, the coherence in the system drives energy to
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flow to the high temperature reservoir.

Current

0 0.2 0.4 0.6 0.8 1 12 14 1.6
)(/wL

Figure 5.4 — Dimensionless currents I, /w? (continuous), I,,q/w? (dashed) and I.op/w?
(dot-dashed) shown as function of x/wy. Here I'r/I', = 0.3, J/wr, = 0.05,n;, — g =
0.5,wr/wr, =1 and (6,) = —1.

5.3 Thermal rectification

A system exhibits thermal rectification if thermal current depends on the direction of

heat flow. Symbolically,

I(An) # —1(—An), (5.30)

2y Wl >}
B - .
7, | N

Figure 5.5 — Reverse configuration of system-reservoirs. reservoir temperatures and
the system-reservoir coupling strengths are interchanged.
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where An = ny, —npg is the difference in the average number of photons in the left and
right reservoirs. This means that by swapping the thermal reservoirs, current changes

its sign and magnitude.

If the system is symmetric under the exchange of cavities so that I(An) = —I(—An),
then thermal rectification is not possible. If the system is asymmetric, thermal rectifi-
cation is a possibility. In the system under discussion, symmetry is broken due to the
presence of the atom in one of the cavities. Thermal rectification arises by interchang-
ing the reservoirs and system-reservoir coupling strengths. The reverse configuration

is shown in Fig. 5.5. The relevant Lindblad operators for the reverse configuration

are
I'r(Rp+1),.. . At A At A
D1(p) Z%@ama} —abaLp — palar)
Irig, .+ . . A
+ R2 R(ZaTLpaL — aLaTL,o — paLaTL),
Lp(np+1) .. . At A At oA
and Dilp) = i gl — alanp — pihan)
rng v . U JU
L2 L (2akpar — apdkp — pagal,). (5.31)
The atom is taken to be in its ground state so that (o,) = —1. Steady state solu-

tions for the expectation values of the operators are obtained by the transformations

I'y, — g, i, — ng and vice-versa in Eqns. 5.14(a — d).

Current from the left reservoir Ry to the right reservoir Rp in the system shown in

Fig. 5.1 is called forward current. The expression for the forward current is

(wel'r +T'r(wr — X))

I:(An,T..Tgr) = J*N
s(Bn Ty, Tr) = (X% — AZ 4+ 92)2 + 472 A2

((Ac = x)* + 7). (5.32)

On exchanging (ny, ') with (ng,'r), reverse current from the right reservoir Rg to
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Figure 5.6 — Normalized forward current I; (continuous line) and reverse current I,
(dashed line) as a function of x/wy, for I'r /T';, = 0.3. Currents are normalized with their
respective values at y = 0. The system-reservoir parameters are J/wy, = 0.05,n, —np =
0.5,wr/wr, =1 and (6,) = —1.

the left reservoir Ry in the configuration shown in Fig. 5.5 is

(wel'L +Tr(wr — X))

I(—=An, Ty, T) = —J*N
( n, 1l g, L) (XQ_A2+72)2_‘_4,72A3

(Ac=x)*+7%).  (5.33)

The reverse current is negative as the direction of flow is opposite to the forward

current.

The currents Iy and I,, normalized with their corresponding values for y = 0 and
A. = 0, are shown as functions of the atom-field coupling strength x in Fig. 5.6.
For non-zero y, the magnitudes of the forward and reverse currents are different.
Therefore, the system shows thermal rectification. Importantly, if the parameters
satisfy the condition given in Eqn. 5.28, the forward current changes the sign. As a

result, both I; and I, flow in same direction.

Thermal rectification of a system is quantified in terms of its rectification coefficient
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Figure 5.7 — Rectification R as a function of I';, /w for I'r/w = 0.5. Here xy/w = 1.5
and (6,) = —1.

R defined as

R= -1 (5.34)

If R =1, there is no rectification. For the system under consideration

_ wilr + I'r(wr —X)
wil'p + Tr(wr — x)

(5.35)

If ', =T'g or wy = |wg — x|, the rectification coefficient R becomes unity. Rectifi-
cation coefficient R is shown as a function of I' /w in Fig. 5.7 for the resonant case
(A, = 0). Rectification is positive, zero, or negative depending on the parameters.

The system shows large rectification if

' X —WR
A 5.36
I'r wr ( )

as seen in Fig. 5.7. This comes from the fact that if Eqn. 5.36 holds then the atom
completely blocks the current in one direction (thermally insulating) and allows in the
other direction (thermally conducting) so that R becomes unbounded. Even though

the system size is finite, rectification becomes infinity, theoretically. If I'y/w is in-
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creased from values less than that satisfying Eqn. 5.36 to higher values, R jumps
from negative values of large magnitude to large positive values. Thus, R is very sen-
sitive to changes in the parameters in that region. Asymmetry can also be introduced
with non-resonant cavities without an atom (y = 0) in any of the cavities. In this
case,

. wLFR + FLwR

) 2.37
wLFL—l—FRwR ( )

obtained from Eqn. 5.35. The denominator cannot be made arbitrarily large. So,

large rectification is not possible if atom is not present.

5.4 Heat transport in cavity array

In the case of linearly coupled, homogeneous arrays, heat current does not depend on
the number of cavities in the array. However, size dependent current can be realized
by embedding atoms in the cavities. It would be interesting to study the steady state
heat transfer in N coupled cavities containing a two-level atom in one of the cavities.

The Hamiltonian for the system is

N N-1
~ W, Tt i . L it oA a

H= ?002 +w Z a;r-aj +J Z(a;ajﬂ + aja;r-ﬂ) +x(646_ +al an6.).  (5.38)

j=1 g=1
The atom is embedded in the mth cavity and considered to dispersively interact with
the cavity-field. The right most and left most cavities in the array are coupled with
two thermal reservoirs Ry, and Rp respectively. The density matrix p of the system
obeys
9p

= =ilH. 7]+ Dy(p) + Dr(p), (5.39)

where
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D1(p) :FL(”g D) (94,6 — g — i)
F (30 iy — adp — pind),
and  Dg(p) :FR(ﬁg +1) (2anpaly — alanp — palan)
FRQ”R(zajvﬁaN —analp— panal).  (5.40)

Here n;, and ng are the mean number of photons in the reservoirs R; and Ry respec-

tively. Without loss of generality, assume ny > ng.

Using Eqn. 5.39, the equation of motion for expectation values of operators is ex-

pressible as

it %TY@G) = i[My, (G)] + { My, (G) } + Ms, (5.41)

where (G) = (ATA) is the matrix whose elements are the expectation values of the

operator elements of ATA. Here

A= ROW(dlde,...CALN7(A115'Z,..‘,CALN6'Z), (542)
At = Column(al, al, ...al,,als., .. al6.). (5.43)

Further [Mi, (G)] = M1(G) — (G)M; and { My, (G)} = M2(G) + (G)Ms. The trans-

116



Chapter 5: Chapter 5

formation matrices are

M1 :]2X2®H0+O'x®X7 (544)

1 1
M, =I,y5 ® Diag (—érL, 0, ...0, —§FR) , (5.45)
NxN

M3 :IQXQ & Dlag (FLﬁL, O, 0, FRﬁR)NXN

+ 6, ® Diag(I'1711.(62),0,...0, Pritp(6:)) Nxn, (5.46)

where I5y5 is the identity matrix of dimension 2, o, is the Pauli matrix,

w J 0 ... 0
J w J oo 0
H.= )
0 0 w J
0 0 J  w
NxN

and (X)nxn is a matrix whose elements vanish except the element X, ,, which is

equal to y.

Using H given in Eqn. 5.38 in the continuity equation (refer Eqn. 5.10), the expression

for current in the array is

I =Ty |(nL — <did1>58)(w + X<&z>(5m,1) - (<d]£d2>ss + <d1d;>ss) . (5.47)

NI

Here 0,1 is Kronecker delta. If there is no atom in the array, the coherence term
(d;dﬂﬁ is purely imaginary [176]. The contribution of the coherence term to the

current vanishes as I.,, = %(<CALJ{CAL2>SS + (dﬁ;)ss) = 0. Consequently, current in the
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Figure 5.8 — Ratio of currents I1,/Iy as a function of N for x/w = 0.15 (circle)
and 0.1 (triangle). The atom is embedded in the last cavity (m = N). Here J/w =
0.05,n, —nr = 0.5,(6,) = —1,T'/w = 'g/w = 0.15. Enlarged view of current in the
array for N =4 and 5 is in inset for y/w = 0.15 to show size dependence of current.
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Note that the current I is independent of the size of the array, in violation of the
Fourier’s law. This feature is similar to the system-size independent current in the
case of ballistic transport [176, 202, 203]. This comparison indicates that the mean

free path of the photons scales in proportion to the number of cavities N.

If there is no atom in the array, then a photon travels across the array without getting
scattered. The length of the array is the mean free path of the photon. However, the
mean free path is different from the array size if an atom is embedded in one of the
cavities. In the present case, the atom is embedded in the last cavity of the array,
i.e., m = N, to keep the mean free path as close to the size of the array. This helps in
understanding the emergence of diffusive character if there is a single scatterer. The
normalized current I/l as a function of the size of the array (V) is shown in Fig.

5.8 for a fixed temperature difference (7, — ng). On increasing the size of the array,
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Figure 5.9 — Steady state mean photon number in the intermediate cavities for arrays
of length (a)N = 6 and (b)N = 12. The atom-field coupling strength is chosen to be
X/w = 0.1. Here J/w = 0.05,n, —nr =0.5,(6,) = —1,I',/w =Tr/w = 0.15.
the steady state current significantly decreases and asymptotically approaches a con-
stant value. Hence, current is size dependent for smaller array as the atom is able to
introduce diffusive character in the heat transport. It saturates with further increase

in size and becomes nearly size independent as in the case of ballistic transport. This

is not consistent with Fourier’s law.

The transition from diffusive to ballistic transport as size of the array increases is
understood by calculating the mean photon numbers (n;) = (d}dﬂ (known as local
temperature [176]) of the respective cavities in the array. The steady state mean
photon number (n;) in the intermediate cavities in arrays containing 6 and 12 cavities
are shown in Fig. 5.9(a) and (b) respectively. Gradient in the mean photon number is
noticed in Fig. 5.9(a). This implies that the transport is diffusive [183, 184]. For larger
size array, for instance N = 12, the gradient in mean photon number approaches zero
and the current is independent of the system size. Essentially, the change in mean
free path in the presence of a single scatterer at the end of the array is insignificant

in a large array and the transport is almost ballistic.
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5.5 Summary

Mesoscopic systems offer interesting possibilities when it comes to thermal properties.
A system of two coupled cavities connected between thermal reservoirs provides a
conduit for heat flow between the reservoirs. Many of the transport properties can
be modified by dispersively coupling an atom to any one of the cavities. The heat
current in the system depends on the state of the atom. For instance, the system
changes from a thermal insulator to a conductor on driving the atom from its ground
state to excited state. In addition, if the atomic state changes from the excited state
to the ground state, current through the system becomes zero or reversed depending
on the system-reservoir coupling strengths and the cavity frequencies. The vanishing
current in the system corresponds to a thermally insulating phase. Reversal of current

demonstrates the violation of second law of thermodynamics in this system.

The presence of atom provides a structural asymmetry. As a consequence, the mag-
nitude of the current changes by exchanging the reservoirs along with the coupling
strengths. This makes it possible to achieve thermal rectification. Large rectification

is possible if the parameters are chosen to make the system thermally insulating.

In an array of N linearly coupled resonant cavities, current is independent of the
array size which is characteristic of ballistic transport. If the array contains a two-
level atom in one of the cavities, the magnitude of current depends on the number of
cavities. This size-dependence indicates that the thermal current through the array is
analogous to the diffusive heat transport. With only one atom in a large sized array,
it is not possible to completely recover diffusive transport. One atom does not provide

enough dephasing to recover the diffusive character.
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Summary and future directions

6.1 Summary

The main focus of the this thesis is to study controlled transfer of photons in coupled
cavity arrays. The results obtained in the thesis are expected to be of relevance in
realizing quantum information processing, study of quantum-classical divide, etc. A
brief review of the basic facts relevant to the thesis such as the field quantization,
quantum states of the electromagnetic field, physics of microcavities and arrays, open

quantum systems is presented in the first chapter.

Analysis of controlled transfer of photons is carried out in Chapter 2. Homogeneously
coupled cavities do not allow perfect transfer if there are more than three cavities
in the array. This is a serious limitation if arrays are to be used as conduit for
photon transport. It has been established that a suitable choice of inhomogeneity in
terms of inter-cavity couplings and resonance frequencies can overcome the limitation
in the homogeneous case. An apt choice for these parameters is determined on the
basis of a duality relation between an array with one photon and a system of two
coupled cavities with suitable number of photons. These values for the parameters
enable perfect transfer between any two symmetrically located cavities in the array.
To further improve the controllability so that photon transfer can happen between
any two cavities, Kerr cavities are considered. By extending the duality notion to an

array of coupled Kerr cavities containing a photon and a system of two coupled Kerr
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cavities sharing a suitable number of photons, condition for the perfect transfer of a
photon between any two cavities in the array has been established. With this, perfect
transfer a photonic qubit which is realized on superposing the vacuum and the one

photon state is also shown to be possible.

Localization of particles due to scattering in a random medium is a well known effect.
In the case of two coupled cavities, a pair of photons can be either localized in a cavity
or distributed (delocalized) in the two cavities. The main interest is to identify the
factors that affect the delocalization and localization. This is the focus of the third
and fourth chapters. In the third chapter, two linearly coupled cavities are considered.
It is argued that the relative phase and entanglement in the initial state are the
important factors that dictate the emergence of localization and delocalization. These
two phenomena are understood in terms of quantum interference. Constructive and
destructive interference among the quantum amplitudes for the transitions between
the levels of the two-cavity two-photon system is related to the occurrence localization

and delocalization.

In continuation of discussion presented in third chapter, nonlinearity is incorporated in
the cavities to bring forth additional controllability in the system. Two new features
that emerge are the possibility of photon blockade and delocalization of localized
product state which is not possible in linear cavities. These two are particularly

interesting in the context many-body physics and quantum information processing.

Interaction between a quantum system and environment also needs to be controlled
for effective utilization of cavity network. In chapter five, the possibility of configuring
two coupled cavities as a thermal rectifier is discussed. The system consists of two
coupled cavities, where each one connected to its own independent thermal reservoir.
The two reservoirs are taken to be at two different temperatures. The system has to
be asymmetrical to ensure that the thermal current is not the same when the reser-

voirs are exchanged. This is accomplished by embedding a dispersively interacting
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atom in one of the cavities.

Interestingly, thermal current in the system depends on the atomic state. By choosing
the atomic state properly, the system is made either thermally insulating or conduct-
ing. If the atom is in its ground state, the direction also can be reversed making the
current flow from the low temperature reservoir to the high temperature reservoir,
a clear violation of the second law of thermodynamics. The magnitude of the ther-
mal current changes on exchanging the reservoirs and the cavity-reservoir couplings.
The parameters in the system, namely, the atomic state, detuning and coupling co-
efficients, can be chosen so that the system allows thermal current in one direction
and blocks in other direction. This leads to thermal rectification. As the coupled
cavity system transports energy between the reservoirs, the nature of the transport
has been analyzed in the array of N cavities. The transport is not entirely ballistic as
there is an atom in one of the cavities. It is not entirely diffusive since a single atom
is inadequate to introduce enough dephasing of the scattering amplitudes. In short,
this simple system has been shown to exhibit many interesting features: violation of
the second law of thermodynamics, thermal rectification and a mix of ballistic and

diffusive modes of thermal transport.

6.2 Future directions

Some issues that could be pursued are presented here. The focus so far has been
on cavity arrays in one dimension. It is desirable to identify the right choice of
the system parameters so that controlled transfer of photon can be accomplished in
two-dimensional and three-dimensional networks. Extending the duality notion to
these higher dimensional arrays is an interesting approach. This is a pertinent issue
as any realistic configuration for quantum information processing will require higher

dimensional networks. Design of suitable networks to implement specific quantum
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algorithms is another topic worth pursuing.

An enigmatic question in physics is the quantum-classical divide. While quantum
theory is considered to be universally applicable, most of the macroscopic proper-
ties are well described by classical physics. On the other hand, microscopic systems
wholly need a quantum approach. It is believed that mesoscopic systems, which
are between the microscopic and the macroscopic, are the best candidates to study
quantum-classical divide. Cavity arrays of suitable size belong to this mesoscopic cat-
egory. Incorporating nonlinearity allows one to explore quantum aspects of classically

nonlinear systems.

Many quantum information protocols involve quantum operations on qubit. Super-
position of the vacuum state and a single photon state is used as qubit. Another class
of qubits is being considered as a better allternative. These are the cat states, which
involve superposition of coherent states with opposite phases. Superposition of cat
states are desirable as they decohere much lesser compared to the conventional pho-
tonic qubits. Hence, generation and maneuvering of superposed cat states in cavities

are of interest.
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