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Synopsis

During recent times, terahertz (THz) sources of radiation are actively being developed for a

variety of potential applications in material and biological sciences, information and commu-

nication technology, astronomical observation, global environmental monitoring, quality con-

trol of food and security etc. [1, 2]. Commercially available conventional laser-enabled THz

sources, e.g., parametric oscillators and time domain systems have limited use due to their low

average output power (∼ tens of nW) [3]. Direct laser based THz sources like quantum cascade

lasers and optically or electrically pumped gas lasers give relatively high average power (∼ tens

or hundreds of mW), but are not continuously tunable [3]. On the other hand, electron beam

based THz sources, e.g., traveling wave tubes (TWTs), backward wave oscillators (BWOs),

synchrotrons and undulator based conventional free-electron lasers (FELs) are well known for

their wide tunability and relatively high average output power [4–7]. The TWTs and the BWOs

produce an average output power of the order of few tens of mW, but their operation is limited

up to a maximum frequency of about 1 THz [4]. In modern synchrotrons such as BESSY II

in Berlin [5] and the recirculating linac at Jefferson Laboratory [6], short electron bunches are

used to generate broadband THz radiation with an average power of tens of watts. A dedicated

facility having an undulator based FEL can generate high average power (∼ tens or hundreds of

watt) in the THz regime [7]. Both the synchrotrons and the undulator based FELs are operated

with a relativistic electron beam, and consequently require large radiation shielding structures

and expensive infrastructure. Recently, efforts have been made to reduce the physical size of

undulator based FELs at ENEA-Frascati centre in Italy [8] and at Argonne National Laboratory

iii
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in the USA [9]; however, their functioning as a viable mobile or a compact tabletop device is

yet to be demonstrated [10].

Over the last few decades, a considerable amount of attention has also been paid to make

FELs by utilizing the Čerenkov radiation and the Smith-Purcell radiation. Both the Čerenkov

free-electron lasers (CFELs) [11–13] and the Smith-Purcell free-electron lasers (SP-FELs) [14–

16] use low energy electron beam and therefore require only a nominal radiation shielding.

They are very compact, which makes them useful for tabletop THz experiments. In this thesis,

we have carried out a detailed analysis of these systems in order to develop an enhanced un-

derstanding of the electron beam based compact THz sources. Within the same framework, we

have also explored the possibility of generating THz radiation through spontaneous emission

by passing an electron beam emerging from a high average power industrial electron linear

accelerator (linac) in an irradiation facility through an optimized undulator, before striking the

irradiation target. This makes the device compact since it does not require a high-quality elec-

tron beam, and enhances the utility of the high average power industrial linac.

The CFELs and the SP-FELs support an electromagnetic wave with phase velocity less than

the speed of light, which interacts with the co-propagating electron beam to generate coherent

THz radiation. In the CFEL, a thin dielectric material lined on an ideal conductor acts as a

slow wave structure and in the SP-FEL, a metallic reflection grating is used as a slow wave

structure. The configurations studied so far in these systems are: single or double slab/grating

based structures in the planar geometry, and the cylindrical waveguide geometry. Our work in

the present thesis remains focused on the planar geometry of these devices, which is helpful in

achieving a high frequency of operation [17] and in reducing the space charge effects.

Earlier analyses of the planar geometries of the CFELs have used the Maxwell-Vlasov

approach [18–20] and the hydrodynamic approach [21–24] to find the small-signal gain and

growth rate. Despite their success in the linear regime, both these approaches are difficult to

extend to the non-linear regime to analyze the saturation behavior of the system. We would like

to mention that in the conventional undulator based FELs, the approach based on the coupled
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Maxwell-Lorentz equations has been extremely successful to study the saturation behavior of

the system. It is therefore natural to ask whether this approach can be established for the de-

tailed analysis of CFEL and SP-FEL system. A detailed non-linear analysis based on the cou-

pled Maxwell-Lorentz equations has recently been presented by Kumar and Kim [25] for the

planar geometry based SP-FELs, driven by a flat electron beam. In the present thesis, we have

established the Maxwell-Lorentz approach for the single slab based CFELs. A computer code

based on the leapfrog method has been developed to solve the coupled Maxwell-Lorentz equa-

tions. We would like to mention that there have been earlier attempts to establish the Maxwell-

Lorentz approach for the single slab based CFELs in Refs. [26–28], however, the evanescent

nature of the electromagnetic field was not included in these analyses, which we have included

in the present thesis. It is important to mention here that the reported output power in the ex-

perimental studies on the CFELs [11–13] and the SP-FELs [14–16] was very low. In order

to obtain a copious amount of coherent THz radiation from these devices, an enhanced un-

derstanding is required; which includes analyzing the realistic effects due to diffraction and

attenuation of the surface mode supported by these systems, and then working out the require-

ment on electron beam parameters, which is very critical for the performance of the system.

Andrew and Brau [22] have included the effect of diffraction in the hydrodynamic approach

for the CFELs, and the hydrodynamic approach has also been explored to evaluate the growth

rate of the SP-FELs [29] including the effects of diffraction [30] and attenuation [31]. These

results [21–24, 29–31] are however not directly useful in obtaining the required electron beam

parameters in the vertical direction. This is because the analysis is for the case of an electron

beam filling uniformly the entire half space above the dielectric or grating, as opposed to an

electron beam with a very small vertical width in the realistic situation. For the case of SP-FEL,

Kim and Kumar [32, 33] have extended the Maxwell-Lorentz approach to include the effects

of diffraction and attenuation and found the requirements on the electron beam parameters for

the successful operation. In the present thesis, we have used a similar approach to include the

diffraction and attenuation effects in the analysis of CFELs by setting up the three-dimensional

(3D) coupled Maxwell-Lorentz equations. More importantly, the stringent requirements on the

electron beam parameters for the successful operation of the CFELs have been worked out to
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explain the poor performance of past experiments. Inclusion of deleterious effect of attenuation

turns out to be very important, like for any high frequency device that uses a metallic conduc-

tor. However, all the earlier analyses on single slab based CFELs have neglected the effect of

attenuation. In the present thesis, we have included the effect of attenuation and optimized the

parameters of a CFEL working in a realistic condition. By following the approach quite similar

to the case of the CFELs, we provide a rigorous derivation of the 3D coupled Maxwell-Lorentz

equations for the SP-FELs also, and highlighted some important and interesting differences

in the behavior of CFELs and SP-FELs. We have then further explored the Maxwell-Lorentz

approach for two novel configurations of CFELs, i.e., a side wall configuration and a double

slab configuration, which are shown to give enhanced performance. Our results in the present

thesis indicate that it should be possible to produce copious amount of THz radiation from the

CFELs and the SP-FELs, even after including the attenuation and 3D effects, if the electron

beam parameters are chosen properly.

Next, we have also explored the possibility of generating THz radiation through sponta-

neous emission in an undulator by utilizing an electron beam emerging from a high average

power (∼ 100 kW) industrial linac. Typically, a low average power (∼ tens or hundreds of watt)

electron beam is used in undulator based conventional FELs to generate few tens or hundreds of

mW output power through the process of stimulated emission. This, however, requires a high

quality electron beam with low energy spread and high peak current. The infrastructure needed

to meet these requirements makes an undulator based FEL bulky and impractical for the table

top THz experiments. The quality of the electron beam emerging from a 100 kW industrial

linac may not be very good for the operation of an FEL system, but such a high average power

electron beam passing through an undulator can emit THz radiation with average power of the

order of µW through spontaneous emission. The spent electron beam can be used subsequently

for irradiation applications. We have performed a detailed optimization study for such a device

in the thesis.

The organization of the thesis is as follows. In Chapter 1 of the thesis, we provide an

overview of existing THz sources and their applications. It is followed by a brief discussion on
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the importance of Čerenkov and Smith-Purcell FELs, which are electron beam based compact

sources of powerful and tunable terahertz radiation. Here, we also mention various approaches

used to study beam-wave interaction in the Čerenkov and Smith-Purcell FELs and emphasize

the need to set up the non-linear Maxwell-Lorentz equations including realistic effects, i.e.,

diffraction effects, attenuation effects, and effect due to finite beam emittance in these systems.

The possibility of using a high power industrial electron linear accelerator to produce THz

radiation is also discussed at the end of this chapter.

The detailed analysis of the surface mode supported by a dielectric slab placed on a con-

ducting surface is presented in Chapter 2. These calculations have been performed under the

two-dimensional (2D) approximation, where the system is assumed to be uniform along the

dielectric surface in the direction perpendicular to the electron beam propagation. Calculations

for the electromagnetic fields in this structure have been carried out by evaluating the reflectiv-

ity of the dielectric slab for an incident plane evanescent wave. We have shown that the surface

mode arises when there is a singularity in the reflectivity for the incident evanescent wave. This

condition gives us the dispersion relation of the surface mode. This is followed by calculations

for the energy stored and the energy velocity of the surface mode. We have then calculated the

attenuation coefficient of the surface mode due to the finite conductivity of the metal and the

dielectric. It is observed that the effect of attenuation becomes prominent at higher frequencies,

and can be reduced by cooling the system. Finally, we have briefly discussed important prop-

erties of the surface mode supported by a metallic grating. The results obtained in this chapter

are important ingredients for the detailed analysis of beam-wave interaction in the CFELs and

the SP-FELs, which are discussed later in the thesis.

In Chapter 3 we present a 2D analysis of single dielectric slab based CFEL driven by a

flat electron beam. For this purpose, we have carried out a rigorous analysis of reflectivity

of the dielectric slab around the singularity, for the growing evanescent waves, and set up the

coupled Maxwell-Lorentz equations for the system. We solve these equations analytically to

obtain formulas for the small-signal gain and growth rate of the CFEL system. It is observed

that the results obtained for the growth rate are in exact agreement with those obtained using
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the hydrodynamic approach discussed in Refs. [22, 34]. To study the saturation behavior of

the system, we have developed a computer code based on the leapfrog scheme and obtained

numerical solution of the coupled Maxwell-Lorentz equations in the non-linear regime. As

an example case, we have considered parameters used in the Dartmouth experiment [12]. We

find that the CFEL is a low gain system for these parameters and needs to be operated in the

oscillator configuration to get an appreciable power. The observed power in the Dartmouth

experiment was very low compared to the theoretical results.

With an objective to explain the poor performance of the past experiments, we have per-

formed analysis for the realistic situation by setting up the 3D coupled Maxwell-Lorentz equa-

tions for the CFELs and SP-FELs in Chapter 4. We observe that the size of the optical beam

increases due to diffraction. This affects the overlap of the optical beam with the electron beam,

resulting in reduction of the gain and saturated power obtained in the system. We perform a de-

tailed 3D surface mode analysis for CFELs and choose electron beam parameters such that the

electron beam envelope remains inside the optical beam envelope over the interaction length,

which is necessary for maximum beam-wave interaction. We would like to mention that the

optical field is confined within a very short distance (evanescent wavelength) from the dielectric

surface in the vertical direction. The electron beam therefore needs to maintain a very small

vertical size over the entire interaction length, which means that the beam should have a very

small vertical emittance. In the horizontal direction, the required electron beam parameters de-

pend on the diffraction effects and the conditions on the beam emittance in this direction is quite

relaxed compared to the conditions on beam emittance in the vertical direction. It is observed

that a flat electron beam with horizontal to vertical emittance ratio of about 1000 is required for

the successful operation of a typical THz CFEL. This value is 10 times higher than the max-

imum value achieved in recent experiments [35, 36]. To relax the stringent requirements on

the vertical beam emittance, we have discussed techniques of external focusing of a flat beam

by using wiggler and solenoid magnetic fields, and also proposed several ways to achieve the

required beam quality. We then perform a detailed optimization study of a CFEL, including

the effects of attenuation of the surface mode. To optimize the system for minimum losses, we
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suggest that the metallic base should be kept at cryogenic temperature, i.e., 77 K. We find that

a CFEL utilizing 5 cm long GaAs dielectric slab can deliver average output power of about ten

watt at 0.1 THz frequency by using a 40 keV, 35 mA electron beam. Next, we have established

3D coupled Maxwell-Lorentz equations for the SP-FELs by following an approach similar to

our analysis of the CFELs, and observed that the diffraction effects are more prominent in the

SP-FELs as compared to the CFELs. Based on these analyses, we have made some interesting

comparisons between the CFELs and the SP-FELs at the end of this chapter. Results presented

on this work would be helpful in the detailed optimization of the CFELs and SP-FELs operating

in realistic conditions.

In Chapter 5 we propose two novel configurations of the CFELs in the planar geometry to

enhance the performance of these devices. First, we discuss a single slab based CFEL system

with metallic side walls, which are used to confine the diffracting electromagnetic surface mode.

We set up the coupled Maxwell-Lorentz equations for the system, and obtain expressions for

the small-signal gain and growth rate in the case of narrow electron beam limit. By choosing

the sidewall separation as two third the value of the minimum optical mode width that can

be achieved in the absence of waveguiding, we find that the gain of a sidewall CFEL can be

enhanced up to a factor of three as compared to a CFEL without any side wall. We have

considered the effects due to finite beam size and finite beam energy spread in the numerical

simulations. A sidewall CFEL has higher efficiency and saturates quickly as compared to a

CFEL without any sidewall. The stringent requirements on the vertical beam emittance also

get relaxed in the case of sidewall CFEL. We then studied the second novel configuration,

i.e., a double slab based rectangular waveguide CFEL by setting up the coupled Maxwell-

Lorentz equations, and observed that this device has improved single pass gain as compared

to a single slab based sidewall CFEL. In the oscillator configuration, however, the presence of

severe losses in a double slab based rectangular CFEL offset the marginal improvement in gain

that was achieved during a single pass, and this configuration becomes less efficient than the

single slab based sidewall CFEL.

In Chapter 6 we have discussed a proposal in which a high power electron beam emerging
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from an industrial electron linac is first passed through an undulator to generate powerful THz

radiation through spontaneous emission, and the spent electron beam coming out of the undula-

tor can still be used for industrial applications. This enhances the utility of the industrial linac.

By taking an example case with typical parameters of a high average power industrial linac, we

have optimized the undulator parameters, and shown that an average output power of the order

of µW can be obtained from this device. The output radiation can be tuned from 1.6 to 4.3 THz

by changing the undulator K parameter from 0.6 to 2.1, and electron beam energy from 7.5

MeV to 10 MeV. Results presented in this work would be helpful in the detailed optimization

of a high average power electron linac based source of THz radiation.

We summarize the thesis and provide a brief discussion on the possible future work in

Chapter 7.
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3.1 Schematic of a Čerenkov FEL driven by a flat electron beam. . . . . . . . . . . 45

3.2 Plots of imaginary (dashed) and real (solid) parts of µR as a function of the

imaginary (a) and real (b) parts of the growth rate parameter µ near the reso-

nance frequency, i.e., 0.1 THz. By parametrising R as (iχ/µ+ χ1) in this graph,

we obtain χ = 1.81 per cm and χ1 = 0.86. . . . . . . . . . . . . . . . . . . . . 51

3.3 Plot of gain as a function of dimensionless input electric field in a CFEL. . . . 59

3.4 Plot of output power per unit beam width in the surface mode as a function of

number of passes in a CFEL oscillator. . . . . . . . . . . . . . . . . . . . . . . 60

3.5 (a) Plot of growth of the bunching parameter along the interaction length at

saturation of the power in the surface mode. (b) The phase space of electron

beam at the entrance and at the exit of interaction region at saturation. . . . . . 62

4.1 Schematic of a 3D configuration of CFEL driven by a flat electron beam. . . . . 71
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Chapter 1

Introduction

1.1 Why terahertz sources?

About a hundred years ago, the electromagnetic spectrum that exists at the boundary between

microwave and infrared radiation started attracting significant interest [1]. This region covers

the frequency range from 1011 to 1013 Hz and is now commonly known as the terahertz (THz)

spectral regime. For a long time, the THz spectral regime remained poorly explored due to a

paucity of sources in this regime. This situation has however changed in the past three decades

because of rapid development of coherent THz sources [2, 3], which in turn has stimulated

many key applications in science and industry [4]. The specific appeal of THz radiation in

these applications is due to its several attractive and unique properties [5].

One of the most important properties of the THz radiation (below 3 THz) is that it can

penetrate through most of the dry, non-metallic and non-polar materials, which block visible

radiation [4, 6]. These include plastics, ceramics, cardboards and paper based envelopes. Due

to this penetrative ability, THz radiation is used for the non-destructive inspection of materi-

als that show unique spectral features in the THz range, without actually making a physical

contact with the envelop containing these materials. Due to this non-intercepting measurement

process, THz imaging is sometime advantageous as compared to ultrasound imaging for fragile

1
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Figure 1.1: Absorption coefficient of triply deionized water at 292 K between 100 MHz and
the ultraviolet (UV). Reprinted from “Terahertz technology in biology and medicine” by P. H.
Siegel, 2004, IEEE Transactions on Microwave Theory and Techniques, 52, pp. 2438-2447.
Copyright cO 2004 IEEE.

samples [7]. Another important feature of the THz radiation is that it has a low photon energy

(∼meV) compared to X-ray photon energy (∼keV), which is also lower than the bond energy

of several organic molecules and chemicals [6]. Hence, THz radiation does not cause harm-

ful ionizing reaction. The recent studies however indicate that it can damage DNA at higher

intensities, but is still safer than X-rays [8, 9]. Due to these features, THz imaging is capable

of replacing X-ray imaging for security related applications, and can also be utilized in quality

control of food via non-destructive testing [4]. It has important implications for airport security

and related areas. The THz radiation band contains enormous spectral information about sev-

eral organic compounds, polar molecules, explosives, drugs and narcotic materials [4]. These

materials have distinct signatures in the THz regime, which allow their identification through

THz imaging and spectroscopy. Water, which is main content in various organic and biological

compounds absorbs THz radiation [10], as shown in Fig. 1.1. Hence, we can identify sub-

stances on the basis of their hydration level. In biological sciences, cancer tissues are detected

through THz imaging because of their different hydration level compared to the normal tis-

sues [10]. Research in THz science is also going on to study the structures of DNA molecules,

proteins and bacteria [11, 12]. A non-destructive evaluation of biological samples requires low

average power (few tens of nW) [10–12]. In the upper part of earth’s atmosphere, i.e., in the
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Figure 1.2: Schematic illustration of an experimental setup for THz time domain spectroscopy
technique.

stratosphere, compounds contain water, chlorine, oxygen and nitrogen, which have vibrational

or thermal emission line peaks in the THz spectral range [2]. By performing THz spectroscopy

and imaging measurements of these compounds, we can monitor environmental conditions like

global warming, ozone destruction, atmospheric pollution and weather forecast [13]. All the

above mentioned applications are widely carried out through the THz time-domain imaging

and spectroscopy techniques [4, 14–16].

A schematic illustration of the experimental setup for THz time-domain imaging and spec-

troscopy techniques is shown in Fig. 1.2. In this technique, one starts with a femtosecond laser,

which produces an optical-pulse train. Each optical-pulse train is separated into two parts, i.e.,

pump pulse and probe pulse, by using a beam splitter (BS). The pump pulse is used to generate

a broadband pulsed THz radiation with about one picosecond duration from an emitter after

passing through a time delay stage. The THz emitter here can be a photoconductive antenna

or a non-linear crystal. In photoconductive antenna, the incoming optical-pulse illuminates the

gap between the closely spaced electrodes to generate charge carriers, which are then acceler-

ated by an applied voltage to generate THz radiation. In second case, the optical laser pulse

passes through a crystal that emits THz radiation through a non-linear optical process known

as optical rectification. The THz pulses are usually focused onto a sample and then allowed to
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reach the THz detector. Now, the probe pulse is combined with the THz beam at the detector.

The pump and probe beam are perfectly synchronized since they originate from the same laser

pulse. Because the probe beam is much shorter than the THz pulse, it can repeatedly sample

the THz waveform at various time delays to perform the THz time domain imaging and spec-

troscopy measurements. By measuring the decrease in amplitude and delay in THz waveform

as compared to the case without any sample in the passage of the THz pulse, one can find the

absorption coefficient and refractive index of materials. This gives us the complex value of

permittivity without carrying out a detailed Kramers-Kroning analysis. THz radiation can be

collimated and focused by using lenses or mirrors and images are obtained by scanning the

beam. The imaging resolution depends upon radiation beam diameter, and increases with the

radiation frequency. Hence, THz waves provide better imaging resolution than microwaves, but

are not good enough for nanoscale applications [17, 18].

A majority of the THz applications are covered with the above mentioned time-domain

spectroscopy technique, which describes the equilibrium properties of materials [19]. The dy-

namical properties are studied by using the time-resolved spectroscopy technique [20]. This

technique is now widely used to investigate the dynamics of electrons and phonons in high-Tc

superconductors [21], which have energy gap in the THz regime. In this scheme, one employs

a near-infrared laser pump pulse and a THz-probe pulse, which are intrinsically synchronized.

The laser pump pulse is used to excite an electron above the superconducting gap, and subse-

quently the THz probe pulse, reflected from the sample, is analyzed to determine the supercon-

ducting gap. The superconducting gap closes and opens as time progresses, which is reflected in

the THz reflectivity. Research is now focussed on using this technique to understand the energy

dynamics and coupling of excitations in recently discovered iron-based superconductors [22].

Clearly, the field of THz science has evolved significantly in last couple of decades and its

advancement is critically dependent on the progress in the development of the THz sources. In

the next section, we give an overview of existing THz sources that serve ongoing THz applica-

tions.
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1.2 Overview of the existing terahertz sources

At present, available THz sources are broadly categorized into three types: optically or elec-

trically pumped gas lasers, solid state devices, and electron-beam driven sources. Optically

pumped THz lasers (OPTLs), which date back to the 1960’s [23], use a grating tuned CO2

laser to pump the molecules of methanol gas, which undergo molecular rotational transitions

to generate THz radiation. These devices are commercially available at selected THz frequen-

cies between 0.5 to 5 THz with output power ranging from 10 µW to 1 W in continuous wave

mode [24]. In the pulsed operation mode, a megawatt order of power can be reached in these

devices [24]. OPTLs are inherently not tunable and are therefore suitable only for some spe-

cific applications [3]. Due to a rapid progress of the semiconductor industry, solid state devices

also have been investigated for compact THz sources. These include quantum cascade lasers

(QCLs) [25–27], p-type Ge lasers [28] and laser driven THz emitters [29]. QCLs [25] are

recently developed THz sources in which electrons are injected into a periodic super lattice

structure under electrical bias. The electrons cascading down the structure undergo inter sub-

band transition with the emission of a THz photon, which is excited by resonant tunnelling

through multiple wells. The frequency of the emitted light is controlled by the width of the

quantum well. These devices are now available with hundreds of mW average power. Rela-

tively high output power of these devices is very useful in several spectroscopic applications

such as remote sensing of environmental gases and pollutants in the atmosphere, and home-

land security [27]. QCLs are not continuously tunable and are operated only in the cryogenic

temperature range [26]. A tunable THz radiation in the range 1-4 THz can be obtained from

a p-type Ge laser, which, however is operated at low temperatures (20 K) and using large ex-

ternal magnetic field (1 T) [28]. Another solid state device, a photoconductive antenna [29], is

commonly used to produce broadband pulsed THz radiation with an average power of the order

of µW. These are laser driven THz sources where sub-picosecond optical laser pulses are used

to illuminate the gap between closely spaced electrodes on a photoconductor (e.g., silicon-on-

sapphire or GaAs) to generate carriers, which are then accelerated by an applied bias voltage
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(100 V) to generate pulsed THz radiation [30]. Similar type of THz radiation can also be gener-

ated in parametric oscillators [31] where a sub-picosecond laser is applied to a non linear crystal

like ZnTe, which produce THz radiation through frequency down conversion due to non-linear

response of the crystal. Both the above mentioned laser driven THz emitters cover a typical

frequency range from 0.2 to 2.0 THz. These sources provide broadband THz pulses with low

frequency resolution. Another important laser driven THz emitter is a photomixer [32], which

operates with a principle similar to a parametric oscillator except that it uses a continuous wave

optical laser to generate a narrow band continuous THz wave with average power of the order

of few nW. These sources are very useful in spectroscopy of biological samples, where a low

average power THz wave is required [10–12].

Despite the widespread use of the conventional laser based THz sources, many of the THz

applications are still limited due to the unavailability of high power pulsed/cw-THz sources that

can be continuously tunable. To overcome these limitations, electron beam based sources were

proposed [33–44], which include travelling wave tubes (TWTs), backward wave oscillators

(BWOs), synchrotrons and free-electron lasers (FELs) utilizing undulator radiation, Čerenkov

radiation and Smith-Purcell radiation. These sources provide a continuously tunable, high

power THz radiation. Both TWTs and BWOs support waveguided transverse electric (TE)

or transverse magnetic (TM) modes, which have phase velocity less than the velocity of light.

These waves, known as slow waves, interact with a co-propagating electron beam and produce

THz radiation with average output power of the order of few tens of mW and output frequency

in range from 100 GHz to 1.2 THz [33]. Both TWTs and BWOs cannot be used at higher fre-

quencies because the physical size of the system decreases with the operational frequency [33].

The limitation of reduction of physical size of the source components as the frequency is in-

creased is overcome in coherent synchrotron radiation (CSR) sources and conventional undu-

lator based FEL devices, which convert the kinetic energy of a relativistic electron beam into

freely propagating transverse electromagnetic (TEM) modes. The CSR based sources utilize

a pre-bunched electron beam, where the bunching is done at the scale of or shorter than the
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Figure 1.3: Schematic of an undulator based FEL using a relativistic electron beam to generate
coherent THz radiation .

desired THz wavelength and the electrons in a bunch are transversely accelerated by the mag-

netic field to generate broadband THz radiation. In a bunch, the fields emitted from different

electrons are in phase and add coherently. The total radiated power in this case will have a

quadratic dependence on the number of electrons in the bunch. The modern CSR sources such

as BESSY II in Berlin [34] and the recirculating linac at Jefferson Laboratory [35] utilize this

principle to generate high average power (∼ tens of watt) THz radiation. However, an additional

radio frequency (RF) accelerator facility is needed here to bunch the electron beam [36, 37].

The performance of these systems is also critically dependent on the shape of the electron

bunch; an issue which has been addressed both theoretically and experimentally over the years

to improve the system performance [38–40]. As compared to the CSR sources, conventional

undulator based FELs can generate orders of magnitude higher peak as well as average radi-

ation power [41]. As shown in Fig. 1.3, coherent THz radiation is produced in an undulator

based FEL due to the interaction of a relativistic electron beam with an on-axis, static trans-

verse magnetic field varying sinusoidally along the undulator axis, in the presence of a freely

propagating TEM mode building up in the resonator cavity [42, 43]. The radiated power in an

undulator based FEL is confined within a narrow spectral width (∆ν/ν ' 10−8−10−3) and has a

typical enhancement of 106 in average brightness as compared to the synchrotron sources [41].
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Apart from the continuous tunability over the entire THz regime, these devices offer control of

the spectral and temporal pulse width, which make them very useful in probing materials with

higher temporal and spectral resolution. Historically, the first undulator based THz FEL was

started at UCSB in 1984 [45]. At the present time, UCSB-FEL provides tunable THz radiation

ranging from 0.12 THz to 4.80 THz with peak power in the range from 500 W to 5 kW and

a pulse duration of 1-20 µs at 1 Hz repetition rate. Besides the UCSB FEL, there are several

undulator based THz FELs in operation, e.g., Novosibirsk THz-FEL (1.6 - 2.5 THz), Stanford

FEL (3.75 - 20 THz), Nijmegen FELIX (1.2 - 100 THz) and THz FEL (0.1 THz) in Israel [46].

To meet the requirements of various table top THz applications, efforts are now being made

to reduce the physical size of these sources. FEL-CATS at ENEA-Frascati centre in Italy [47]

and THz radiator source at Argonne National Laboratory in USA [48, 49] are examples of such

compactness. The availability of compact laser wake-field accelerators and an improved under-

standing of the design of X-ray shielding structures of the accelerator will be helpful to realize

these sources as a viable mobile or a compact tabletop device in the near future [48].

Although synchrotron and undulator based FELs are used to generate radiation over the

entire electromagnetic spectrum, the successful operation of these devices requires a relativistic

electron beam. The necessity of a relativistic electron beam in an undulator based FEL can be

easily understand by looking at the formula for the resonant wavelength λR, which is given

by [42]

λR =
λu

2γ2

(
1 +

K2

2

)
. (1.1)

Here, λu is undulator period, γ is the energy of the electron beam in units of its rest mass en-

ergy, K = eB0/kumc is the peak value of the undulator parameter, e is the electronic charge, B0

represents the on-axis peak undulator magnetic field, ku = 2π/λu, m is rest mass of the elec-

tron, and c is the speed of light. It is clear from Eq. (1.1) that if we use a low energy electron

beam (small γ) to generate THz radiation, the value of λu has to be kept very small. This, how-

ever, decreases the value of K parameter or equivalently decreases the effective magnetic field

strength, which results in feeble output radiation. Therefore, one has to work with relativistic
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Figure 1.4: Schematic of a Čerenkov FEL. This system supports a surface mode which has
standing wave pattern (solid lines) inside the dielectric slab, and is evanescent (dashed lines)
in the perpendicular direction above the dielectric surface. An electron beam propagating very
close to the dielectric surface interacts with this surface mode and generates coherent electro-
magnetic radiation under suitable conditions.

electron beams to generate THz or higher frequency radiation in these devices. This requires

large radiation shielding structures and an expensive infrastructure. Another approach is to use

slow wave free-electron lasers, i.e., Čerenkov free-electron lasers (CFELs) [50–68] and Smith-

Purcell free-electron lasers (SP-FELs) [53, 69–73], which utilize low energy electron beam for

THz generation.

In CFELs, Čerenkov radiation is emitted when an electron moves with a velocity v equal to

or greater than the velocity of light in the dielectric medium in close proximity to a dielectric

material lining a metallic structure. In the absence of metallic structure, the dielectric emits

Čerenkov radiation at a range of wavelengths, but at a fixed angle θ given by the following

expression [74]:

cos θ =
1

β
√
εµII

. (1.2)

Here, β = v/c and ε and µII are relative permittivity and relative permeability respectively of

the dielectric medium. If there is a metal beneath the dielectric, this radiation gets reflected

by the metal, and undergoes reflection at the dielectric-vacuum boundary, and so on to form

a standing wave pattern inside the dielectric slab as shown in Fig. 1.4. The path difference

between the rays AB and CD will be AB+BC-AX=2d sin θ, which will give a phase difference

2d sin θ × 2π
√
ε/λ. There will be an extra phase difference of 2δ, where δ = − tan−1 (ε/γ tan θ)

due to a total internal reflection of ray BC. In this scenario, there is one particular wavelength for



Chapter 1. Introduction 10

which the sum of these two phase differences is zero, resulting into constructive interference,

due to which the Čerenkov radiation builds up. This wavelength is the resonant wavelength:

λ =
2πd

√
εβ2 − 1

β tan−1 (
ε
/
γ
√
εβ2 − 1

) , (1.3)

where d is dielectric slab thickness. For the above mentioned conditions, the system supports

an evanescent wave above the dielectric surface and standing wave inside the dielectric slab.

Due to the evanescent nature of electromagnetic field, the electromagnetic energy is confined

in the close vicinity of the dielectric surface, we call it a surface mode. This system can support

TE and TM surface mode having phase velocity less than the speed of light. This is in contrast

to the conventional undulator based FELs, where the electromagnetic energy is in the form of

freely propagating (TEM) modes having phase velocity equal to the velocity of light, and a

relativistic electron beam is required for generating radiation. Due to the presence of a slow

wave in a CFEL, a low energy or non-relativistic electron beam propagating very close to the

dielectric surface can be used for the beam-wave interaction. This scheme was first proposed

by Ginzburg [50] in 1947, and since then many experimental studies have been performed for

the generation of electromagnetic radiation from the CFEL devices [55–68, 75]. The configura-

tions studied so far in these systems are: (1) single or double slab based open configuration, (2)

rectangular waveguide configuration in a planar geometry, and (3) cylindrical waveguide ge-

ometry. The single slab based configurations consist of a rectangular dielectric slab placed on a

conducting surface as shown in Fig. 1.4. In a double slab configuration, we have two such slabs

with a gap in between them as shown in Fig. 1.5(a). The rectangular waveguide configuration

is a closed configuration as shown in Fig. 1.5(b), where a rectangular metallic waveguide sup-

ports a dielectric slab on the bottom surface. In the cylindrical waveguide geometry, a dielectric

material lines on the inner surface of a cylindrical metallic waveguide as shown in Fig.1.5(c).

The first successful experiment with a CFEL was performed by Walsh et al. [55] in a cylin-

drical waveguide geometry in 1977. They used an intense relativistic electron beam with 0.5

MeV energy and 10 kA beam current. After that, several experimental efforts have been made
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Figure 1.5: Schematic showing different configurations of Čerenkov FELs: (a) double slab
based open configuration, (b) single slab based rectangular waveguide, and (c) cylindrical
waveguide configuration.

to reach higher microwave frequencies by utilising moderate electron beam energies in this ge-

ometry [56–58]. Fuente et al. have recently demonstrated operation of a cylindrical geometry

based CFEL and obtained an average output power of few watts at 24 GHz by using a 250 mA

current and 80 keV electron beam [59]. A rectangular waveguide geometry based CFEL was

first demonstrated by Garate et al. [60] at a frequency 0.3 to 0.8 THz by using a relativistic

electron beam with a beam energy of 1 MeV and beam current of 100 A. This system, however,

suffers from power handling related instabilities at high power operation. To overcome these

problems, a multi-electron-beam multi-dielectric waveguide CFEL was demonstrated at 33.4

GHz by Wang et al. [61, 62] by utilizing four sheet beams of total current 280 A at 500 kV.

The use of sheet electron beams enables us to achieve high power operation because a sheet

beam allows to propagate more current without increasing the space-charge effect due to its

larger size in the direction along the dielectric surface compared to the direction perpendicular

to the dielectric surface. Open configuration based single slab CFELs are also investigated due

to the ease in high frequency operation in these devices [63, 64, 66]. The experimental efforts

on the single slab based CFELs began at ENEA Frascati Centre [63, 64], where peak power up

to 50 W in pulses of 4 µs duration has been observed at the wavelengths of 1.6 and 0.9 mm.

Subsequently, Fisch and Walsh [65] used a low energy electron beam (∼30-200 keV) to drive a
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Figure 1.6: Schematic of a planar configuration of Smith-Purcell FEL utilizing a rectangular
metallic grating.

sapphire based single slab CFEL which was designed to produce 1 mW average power in the

frequency range from 0.3 to 1.5 THz. An efficient and compact version of the device described

in Ref. [65], which uses a very low energy (∼ 30 keV) electron beam has been tested recently at

the Dartmouth college [66] for the generation of THz radiation. However, the observed output

power in the Dartmouth experiment [66] was very low (∼ picowatt). Experimental studies are

also in progress on a double slab based THz CFELs in the planar geometry under the joint

research of Osaka Sangyo University and Kansai University in Japan [67, 68].

Another electron beam based compact THz source is the SP-FEL, which is similar to a

CFEL, except that the “dielectric lining on a conducting surface” is replaced with a “metallic

reflection grating” as shown in Fig. 1.6. In this system, an electron beam travelling near and

parallel to the metallic reflection grating, with grating ruling perpendicular to the electron beam

direction, gives off polarized electromagnetic radiation having a wavelength given by [76]

λ =
λg

|m|β
(1 − n.β). (1.4)

Here, λg is period of the metallic grating, m is the spectral order, β = v/c is the electron velocity

in the unit of speed of light c, and n is the unit vector along the emission direction. Due to the

periodicity of the metallic grating, the system supports several harmonics labelled by the spec-

tral order m. Unlike CFELs, the propagation vectors for some of the spectral orders can be real

in SP-FELs and these waves, known as propagating waves, can propagate the electromagnetic

energy away from the grating. For a given phase velocity, there exists a particular wavelength
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for which all the outgoing wave are evanescent and they together satisfy the Maxwell equation

in the absence of incident evanescent wave. This constitutes a surface mode. The expression for

the resonant wavelength of the surface mode supported by a metallic reflection grating will be

discussed in Chapter 2. Similar to the case of CFELs, the surface mode supported by a metallic

grating interacts with a low energy co-propagating electron beam to generate THz radiation. In

the past few years, several efforts have been made to generate electromagnetic radiation using

this scheme [69–73]. The most notable experimental work on compact and tunable single grat-

ing based THz SP-FEL in the planar geometry was performed by Walsh and co-workers at the

Dartmouth College, USA in 1998 [69]. This device was designed to generate THz radiation

with frequency ranging from 0.3 to 1 THz and average power of the order of µW by using a

low energy (20-40 keV) and low current (≤ 1mA) electron beam emerging from a scanning

electron microscope (SEM). A widely tunable (0.3 - 3 THz) and efficient version of the device

used at the Dartmouth College, which can operate in the pulsed as well as in the cw mode to

give tens of µW average power, was proposed at Vermont, USA in 2003 [70]. However, sub-

sequent experiment performed at the Enrico Fermi Institute (EFI) in the University of Chicago

to reproduce the results of Dartmouth experiment has not been successful [77]. This result has

motivated several groups to further investigate the conditions under which a THz SP-FEL can

lase by utilizing a low-energy electron beam [78]. Recent experiments at Vanderbilt Univer-

sity [71] in USA and at CEA/Cesta [72] in France to generate THz radiation in a planar grating

based SP-FEL are example of such efforts. In the cylindrical geometry, the SP-FEL has been

demonstrated at 30 GHz frequency in 2015 under the joint research of Advanced Energy Sys-

tems, Princeton, USA and Cesta, France [73], and proposals have also been made to utilize the

double grating based SP-FEL for the generation of THz radiation [79].

In summary, both the CFELs and the SP-FELs utilize a low energy electron beam, and hence

can be realized as a table top compact source. Both these devices can be operated in pulsed as

well as continuous wave mode to generate widely tunable and high power THz radiation, which

make them very useful for cutting edge THz applications.
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1.3 Motivation for the present work

By looking at the overall scenario of existing THz sources, it is clear that FELs may be very

helpful in fulfilling the requirements of cutting edge THz applications by providing tunable and

high peak/average power THz radiation with controllable spectral and temporal pulse width.

Conventional undulator based FELs, however, are fast-wave devices, which utilize good qual-

ity relativistic electron beam for the THz generation. This requires an expensive and bulky

infrastructure with very elaborate radiation shielding, which makes these devices impractical to

use like a viable source for the table top THz experiments. On the other hand, CFELs and SP-

FELs are slow-wave devices, which can be operated with a low-energy electron beam for the

THz generation. A low-energy electron beam does not require very elaborate radiation shield-

ing. Hence, such devices can be made compact to fulfil the requirements of novel tabletop

THz applications. The experimental studies till date, however, report a very low output power

in these devices [65, 66, 69]. One of the important reasons for the performance limitation is

the loss due to diffraction and attenuation of the surface mode supported by the CFELs and

the SP-FELs. To obtain a copious amount of THz radiation from both these devices, an en-

hanced understanding of their operation under the realistic effects of diffraction and attenuation

is required. In this thesis, we have carried out such a detailed analysis in order to develop an

enhanced understanding of electron beam based compact THz sources.

As discussed in Sec. 1.2, CFELs and SP-FELs have been investigated in the planar geometry

as well as in the cylindrical geometry. In the planar geometry, CFELs have been investigated

in single and double slab based open configurations as well as in the rectangular waveguide

configurations. Similarly, SP-FELs have been investigated in single or double grating based

open configurations. In the circular geometry, these devices are investigated in a cylindrical

waveguide configuration. In this thesis, we have performed detailed investigation of these

devices in the planar geometry. This is because the planar geometry has several advantages

over the circular geometry, which can be understood as follows. In the circular geometry, the

supported electromagnetic surface mode decays when we move away from the dielectric or
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the grating surface and approach the axis of the waveguide. The decay rate will be very small

for an electromagnetic wave having phase velocity nearly equal to the speed of light, which

however requires a relativistic electron beam that can co-propagate with the electromagnetic

wave to drive these systems. A more practical case of interest is when the phase velocity of

the electromagnetic wave is reasonably lower than the speed of light such that a low energy

electron beam can exchange energy with the co-propagating electromagnetic wave to drive the

system. However, the field decays faster in this case while moving away from the dielectric

or the grating surface in the vacuum region. In such a situation, it becomes advantageous to

use an annular electron beam having a radius nearly equal to the radius of the waveguide to

have an effective beam-wave interaction. For operation at higher frequencies, the transverse

dimension of cylindrical waveguide is required to be small [80], and we therefore need to use

an annular electron beam of very small radius. This reduces the cross sectional area of the

beam, thereby increasing the space charge effects, which may inhibit high power operation

of these devices. Also, in order to ensure that the beam remains close to the dielectric or

grating surface as it propagates, the hollow cylindrical beam is required to have very stringent

transverse emittance in the radial direction, which may be difficult to achieve. These problems

can be avoided in the planar geometry, where the supported surface mode is evanescent only

in the vertical direction, i.e., perpendicular to the dielectric or the grating surface. To have an

effective beam-wave interaction in such case, the electron beam has to maintain a very small

beam-size and small beam-emittance only in the vertical direction and can have larger beam-

size and beam-emittance in the horizontal direction. This type of electron beam is known as

a flat electron beam. By increasing the horizontal size of the flat beam, the cross sectional

area can be large such that the space charge effect is reduced compared to the hollow beam

used in the circular geometry. In the planar geometry based open configuration, the double

slab or the double grating structure has an extra dielectric or metallic surface on the top as

compared to the single slab structure. Although the surface mode is already confined close

to the dielectric or the grating surface, the top dielectric or grating surface helps in further

confining the electromagnetic surface mode if the vertical dimension of the double slab/grating

structure is small. This however results in attenuation of the wave due to heat dissipation on
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the top surface. Similarly, the rectangular waveguide configuration may exhibit limitations on

the power-handling capacity at high-power high-frequency operation due to its closed structure.

Hence, single dielectric and single grating based open configurations are comparatively more

efficient configurations to generate THz radiation in the CFELs and in the SP-FELs respectively.

Over the years, many theoretical studies have been performed to understand the mechanism

of generation of electromagnetic radiation in the single slab based CFELs. Walsh et al. [81]

made one of the earlier theoretical analysis based on the Maxwell-Vlasov equation to evaluate

small-signal gain in a single slab based CFEL [82]. In this approach, the linearized Vlasov

equation was solved for the distribution of the electrons, treating them like a plasma fluid.

This analysis was presented only in the small-signal small-gain regime and by neglecting the

space-charge effects [81, 82]. In the small-signal, high-gain regime, this approach has been

recently used by Fares [83] to find the growth rate of a CFEL. The growth rate of a single

slab based CFEL has also been evaluated by Owens and Brownell by using the hydrodynamic

approach [84]. In this approach, one treats the electron beam as a plasma dielectric and solves

the Maxwell equations to find the dispersion relation of the system. The dispersion relation can

be expanded in a Taylor series about the roots of no-beam dispersion to find the growth rate of

the electromagnetic field. Despite their success in the linear regime, both the Maxwell-Vlasov

and the hydrodynamic approach are very difficult to extend to the non-linear regime, and to

analyze the saturation behavior of the system.

For the conventional undulator based FELs, another approach known as the Maxwell-

Lorentz approach [85–87] has been extremely successful to understand both the linear as well

as non-linear regime. This is a single-particle approach, where the evolution of the electro-

magnetic field is described by a self consistent dynamical Maxwell-field equation, and the

evolution of electron trajectories is calculated by using the single particle Lorentz equation of

motion. This approach turned out to be quite useful in writing computer codes for detailed sim-

ulations, and also to include the realistic effects in the simulations [42]. It is therefore natural

to ask whether this approach can be established for the detailed analysis of CFEL and SP-FEL

systems.
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A detailed non-linear analysis based on the coupled Maxwell-Lorentz equations has been

presented recently by Kumar and Kim [78, 88–90] for a single grating based SP-FEL driven by

a flat-electron beam. In this approach, the electromagnetic field due to a flat beam is presented

as a superposition of plane waves having different frequencies but phase velocity equal to the

velocity of the electron beam [53]. These waves are evanescent in nature and decay away from

the electron beam. When the electron beam propagates close enough to the metallic grating,

these evanescent waves are incident on the grating surface and give rise to reflected evanescent

waves. Owing to the periodicity of the grating, the waves are reflected at various spectral

orders. For some of the spectral orders, the component of the propagation vector normal to

the grating is imaginary, and hence they cannot propagate the electromagnetic energy away

from the grating surface. An interesting observation in this analysis [88] is that the reflectivity

amplitude of the outgoing evanescent waves becomes singular for a particular combination

of frequency and wavenumber, satisfying the dispersion relation. This means that the system

supports a particular combination of outgoing evanescent waves self consistently, without any

incident evanescent wave. This particular combination of outgoing evanescent waves forms

the surface mode supported by the structure. Due to the beam-wave interaction, the surface

mode starts growing. The reflectivity is then analysed around the singularity for the growing

evanescent waves, and Maxwell-Lorentz equations are set up to study the dynamics of the

surface mode and the co-propagating electron beam. This approach is used to study the small-

signal regime as well as the saturation behaviour of the SP-FELs. The results obtained using

this approach [88] were useful to remove the inconsistencies among the earlier analyses of

SP-FELs [91–93]. In the present thesis, we have established a similar approach based on the

Maxwell-Lorentz equations for the single slab based CFELs in the linear as well in the non-

linear regime. A computer code based on the leapfrog method has been developed to explore

the non-linear solution of the coupled Maxwell-Lorentz equations. Although attempts have

been made earlier to establish Maxwell-Lorentz approach for the single slab based CFELs in

Refs. [94–96], the evanescent nature of the electromagnetic field has not been included in these

analyses, which we have included in the present thesis.
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In order to explain the poor performances of past experiments on the CFELs [63–66] and

SP-FELs [69–72], an enhanced understanding is required. This includes analyzing the realistic

effects due to diffraction and attenuation of the surface mode supported by these systems, and

then working out the requirement on electron beam parameters, which is very critical for the

performance of the system. The importance of diffraction effects on the system performance

has also been reported in literature for the conventional undulator based FELs [97]. Andrew

and Brau [98] have included the effect of diffraction in the hydrodynamic approach for the

CFELs, and the hydrodynamic approach has also been explored to evaluate the growth rate of

the SP-FELs [93] including the effects of attenuation [99] and diffraction [100]. The results

of the hydrodynamic approach [84, 93, 98–102] are however not directly useful in obtaining

the required electron beam parameters since the analysis is for the case of an electron beam

filling uniformly the entire half space above the dielectric or grating. Recently, Kim and Kumar

have included the effects of diffraction and attenuation in their analysis based on the coupled

Maxwell-Lorentz equations and found the requirements on the electron beam parameters for

the successful operation of a SP-FEL [78, 89]. In the present thesis, we have extended this

approach to CFELs by setting up the 3D coupled Maxwell-Lorentz equations, including the

diffraction effects. More importantly, the requirements on the electron beam parameters for

the successful operation of the CFELs have been worked out to explain the poor performance

of past experiments on CFELs. Inclusion of deleterious effect of attenuation turns out to be

very important for the THz SP-FELs, like for any high frequency device that uses a metallic

conductor. However, all the earlier analyses on single slab based CFELs have neglected the

effect of attenuation. In the present thesis, we have included the effect of attenuation and

optimized the parameters of a CFEL for minimum losses. By following an approach quite

similar to the case of the CFELs, a rigorous derivation has been provided for the 3D coupled

Maxwell-Lorentz equations for the SP-FELs. Based on these findings, we have highlighted

some important and interesting differences in the behaviour of CFELs and SP-FELs.

The diffraction effects are observed to deteriorate the performance of the CFELs and the
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SP-FELs, particularly at longer wavelengths. In order to avoid the diffraction losses, waveg-

uiding can be used with the help of metallic sidewalls, as is done in conventional undulator

based waveguided FELs [103] and in waveguided SP-FELs [104–106]. Due to the waveguid-

ing, the diffraction of optical beam reduces, which in turn increases the coupling between the

optical mode and the co-propagating electron beam, resulting in the enhancement of system

performance. To investigate the enhancement in the performance of a CFEL in the presence

of metallic sidewalls, we have set up coupled Maxwell-Lorentz equations for a sidewall CFEL

system. These equations have been solved analytically in the linear regime to find the small-

signal gain, and solved numerically in the non-linear regime to find the saturation power of

the system. The effect of finite-beam size, finite beam-emittance and finite energy-spread on

the performance of a sidewall CFEL has also been investigated. In addition, we have extended

the Maxwell-Lorentz approach for the rectangular configuration of a double slab based CFEL

and compared the results with the case of single slab based CFEL. Our results in the present

thesis indicate that it is possible to produce copious THz radiation from both the CFELs and the

SP-FELs, even after including the attenuation and 3D effects, if the electron beam parameters

are chosen properly.

Within the framework of this thesis, we have also explored the possibility of generating THz

radiation through spontaneous emission in an undulator by utilizing an electron beam emerg-

ing from a high average power (∼ 100 kW) industrial electron linear accelerator (linac). High

average power (up to 100 kW) linacs [107–109] are built nowadays for various industrial appli-

cations such as polymer reforming, materials irradiation and sterilization of medical products.

The quality of the electron beam emerging from an industrial linac may not be very good for

the operation of the undulator based FEL system, where stimulated emission of radiation re-

quires an electron beam with very short pulse duration (∼ picoseconds) and with low energy

spread and low emittance. In our proposal, such a high average power electron beam is allowed

to pass through an undulator, so that it emits THz radiation with an average power of the or-

der of µW through spontaneous emission. After emitting the THz radiation, the spent electron

beam can still be used for the irradiation applications, which gives us a two-fold advantage.
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Note that the radiation spectrum of the undulator radiation is broad in the laboratory frame and

contains several harmonics of the fundamental mode. The expression for the on axis central

wavelength of the fundamental mode is given by Eq. (1.1) [110, 111]. For practical purposes,

a narrow bandwidth, quasi-monochromatic and high-brightness radiation inside the central ra-

diation cone having semi-angle θ = 1/γ
√

Nu around the beam axis [111] can be selected by

using a narrow bandpass filter [111]. By taking an example case of electron beam parameters

of a typical industrial linac, we have performed detailed calculations for the power of emitted

spontaneous radiation in the central radiation cone, and optimized the operational parameters.

The proposed device is compact as it does not require a high quality electron beam, and also

helps in enhancing the utility of the high power industrial linac.
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Two-dimensional analysis of the surface

mode supported in planar geometry of

Čerenkov and Smith-Purcell free-electron

lasers

Starting from the later half of the 20th century, several efforts [50–55, 81–84, 98] have been

made to understand the generation of electromagnetic radiation in Čerenkov free-electron lasers

(CFELs). As can be inferred from the literature study presented in the previous chapter, the

most basic and convenient configuration of CFEL that can be used to generate THz radia-

tion is the single slab configuration, which consists of a rectangular dielectric slab placed on

a conducting surface. This structure supports an evanescent electromagnetic field having de-

caying amplitude in the perpendicular direction above dielectric surface. The electromagnetic

energy for such a field distribution is confined in the close vicinity of the dielectric surface.

An electron beam passing very close to the dielectric surface interacts with the co-propagating

21
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field supported by the system, gets bunched, and subsequently generates coherent electromag-

netic radiation. To understand the mechanism of interaction of electron beam with the elec-

tromagnetic field, it is necessary to know the electromagnetic properties, i.e, power flow, en-

ergy velocity and attenuation coefficient etc. of the field distribution supported by the system.

The electromagnetic field distribution here can be obtained by solving the Helmholtz wave

equation, and applying the appropriate boundary conditions at different interfaces in the sys-

tem [51, 81, 94, 112]. Murphy and Walsh [81] used this approach to find the dispersion relation,

i.e., the relation between wavenumber and frequency, and the energy stored in the electromag-

netic fields supported by a dielectric slab placed on a conducting surface. The analysis for the

dispersion relation of the higher order modes in this system has been presented by Owens and

Brwonell in Ref. [84]. Though the results obtained in the above mentioned studies [81, 84]

have been successfully used to find the resonant wavelength and also to evaluate the growth

rate of the instability of the system; to the best of our knowledge, a systematic study for the

power, energy velocity and attenuation of the fields due to the losses present in the system has

never been presented for this case. In this chapter, we present such a study.

In order to find the dispersion relation and the electromagnetic field distribution for the

surface mode, we have followed a different approach in which one calculates the reflectivity

of the plane evanescent wave incident on the dielectric slab placed on the conducting surface.

Note that the calculation of reflectivity for the plane propagating waves is a standard textbook

calculation [113, 114], which we have extended here for the case of plane evanescent waves.

One very interesting thing that happens if the incident wave is evanescent is that the reflectivity

becomes infinity for certain combinations of frequency and wavenumber, which means that the

reflected evanescent wave along with the standing wave inside the dielectric slab is supported

self-consistently without any incident evanescent wave. This is identified as the surface mode

and the particular combination of the frequency and wavenumber at which this occurs gives us

the dispersion relation. This analysis also gives us the expressions of the electromagnetic fields

in different regions. We would like to mention that this approach is similar to the one followed

by Kumar and Kim [88, 115] for a detailed analysis of the electromagnetic fields supported by
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a rectangular metallic grating, where it was shown that extension of this analysis for growing

evanescent waves (resulting due to interaction with the co-propagating electron beam) is useful

in setting up the coupled Maxwell-Lorentz equations for the system.

After having performed the detailed analysis of the surface mode, we have calculated power,

energy, and energy velocity of the electromagnetic fields. These results are then used to study

the effect of dielectric and Ohmic losses on the propagation of electromagnetic fields in the

system. We would like to mention here that although the effect of attenuation is expected to

be significant at THz frequencies, all the previous analyses had ignored it. Finally, we also

describe the surface mode analysis of a metallic reflection grating given in Refs. [88, 93, 115],

and bring out some interesting comparisons between the metallic grating and dielectric slab

structures.

In the next section, we perform calculations for the reflectivity and resonant frequency of

a dielectric slab placed on a conducting surface for the incident evanescent wave. We find the

expressions for power flow, energy stored, and energy velocity of the electromagnetic fields

in Sec. 2.2. In Sec. 2.3, we present calculations for the field attenuation coefficient due to

dielectric losses and Ohmic losses due to finite conductivity of metal. The important properties

of the electromagnetic field supported by a rectangular metallic grating have been presented in

Sec. 2.4. In Sec. 2.5 we conclude the results by comparing some of the interesting properties

of the surface mode in dielectric based system and the metallic grating.

2.1 Reflectivity analysis and resonant frequency calculations

In this section, we calculate the reflectivity and the resonant frequency of a dielectric slab

placed on a conducting surface for the incident evanescent wave. A schematic of the system

is shown in Fig 2.1, where we assign region I to vacuum, region II to the dielectric medium

and region III to the metallic structure. The dielectric slab has a thickness d and a relative

permittivity ε. The length of the system in z-direction is taken as L. The system is assumed to
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Figure 2.1: Schematic of a rectangular dielectric slab placed on a conducting surface.

have translational invariance in the y-direction such that the electromagnetic fields supported by

this structure do not have any variation along the y-axis. The appropriate electromagnetic field

supported by the system can be in the form of a TM or TE mode. Our analysis focuses here

on the TM mode, which has longitudinal electric field and can be easily excited by an electron

beam moving along the z-direction. We have assumed that the metallic structure consists of

an ideal conductor having infinite conductivity. Due to this assumption, the electromagnetic

field inside the metallic structure is zero. The dielectric slab is also assumed to be a lossless

structure such that the electromagnetic field propagates without any attenuation. Note that the

effect of attenuation will be discussed in Sec. 2.3. For the incident evanescent wave in region I,

the components of electromagnetic field that satisfy the Maxwell wave equation can be written

as follows:

HIy (x, z, t) = H exp[i(k0z − ωt) + Γx], (2.1)

EIx (x, z, t) =
k0H
ε0ω

exp[i(k0z − ωt) + Γx], (2.2)

EIz (x, z, t) =
iΓH
ε0ω

exp[i(k0z − ωt) + Γx], (2.3)

and HIx = HIz = EIy = 0. Here, H is the amplitude of HI
y at the dielectric surface, i.e., at

x = 0, k0 = ω/v is the longitudinal wavenumber in the z-direction, ω is angular frequency of
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the electromagnetic field, v is the phase velocity of the field, ε0 is permittivity of free space, Γ =√
k2

0 − ω
2/c2 is wavenumber in the x-direction and c is the speed of light. Due to presence of the

dielectric slab, the incident wave gives rise to a reflected wave in region I. The electromagnetic

field components of the outgoing evanescent wave are given by

HR
y (x, z, t) = RH exp[i(k0z − ωt) − Γx], (2.4)

ER
x (x, z, t) =

k0RH
ε0ω

exp[i(k0z − ωt) − Γx], (2.5)

ER
z (x, z, t) =

−iΓRH
ε0ω

exp[i(k0z − ωt) − Γx], (2.6)

where R is the amplitude reflectivity. The transmitted field components inside the dielectric

slab, which satisfy the wave equation inside the dielectric, and the boundary conditions at the

metallic surface (x = −d) are given as follows:

HTy (x, z, t) = T H cos [k1(x + d)] exp[i(k0z − ωt)], (2.7)

ETx (x, z, t) =
k0T H
ε0εω

cos [k1(x + d)] exp[i(k0z − ωt)], (2.8)

ETz (x, z, t) =
−ik1T H
ε0εω

sin [k1(x + d)] exp[i(k0z − ωt)]. (2.9)

Here, T H represents the amplitude of Hy inside the dielectric slab, and k1 =

√
εω2/c2 − k2

0.

Now, by applying the boundary condition that Hy and Ez are continuous at the dielectric

surface, i.e., at x = 0, we obtain the following expression for the reflectivity R:

R =
1 + (k1/Γε) tan (k1d)
1 − (k1/Γε) tan (k1d)

. (2.10)

It can be seen that for a given phase velocity v = ω/ko, the denominator in the above equation

vanishes for a combination of ω and k0, and R becomes singular. The condition under which

this occurs is given by the following expression:

k1 tan (k1d) = εΓ. (2.11)
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We would like to digress here a bit and explain this interesting result. If the incident wave

is a propagating wave, the reflectivity is always less than one. If the reflectivity is greater than

one, it would mean that the reflected power is more than the incident power, which would

violate the conservation of energy. In the case of an evanescent wave, the reflectivity can be

greater than one, and it can even become infinite as shown here. Since the evanescent waves do

not propagate any power in the x-direction here, this does not violate conservation of energy.

A singularity in R means that the dielectric slab placed on the conducting surface supports an

outgoing evanescent wave and the standing wave inside the dielectric on its own, i.e., in the

absence of any incident wave. This represents the surface mode supported by the system and

the above equation is the dispersion relation, i.e., a relation between the frequency and phase

velocity of the surface mode.

It may be in order here to discuss briefly the different choices of dielectric material for

a CFEL system. Many different dielectric materials, e.g., lucite [55], quartz [56], boron-

nitride [58], polymethylene or TPX [60], polyethylene [64], sapphire [65] and GaAs [66] have

been used for the operation of CFELs. These materials have also been employed in dielectric

wakefield accelerating structures in modern electron accelerators [116–118]. In order to find

the resonant frequency, we plot the Doppler line for the electron beam and dispersion curve

of the surface mode supported by the structure. In Fig. 2.2, we have shown such a plot for

an example case of parameters, which are discussed below in detail and are used in a recent

experiment performed at the Dartmouth College, USA [66]. The intersection point between the

beam line and the dispersion curve in this figure gives us the resonant frequency of the system.

At the resonant frequency, the structure supports a surface mode with phase velocity equal to

the electron beam velocity, thus capable of exchanging energy with the electron beam. Here,

we require the phase velocity at the intersection point should be considerably smaller than c

such that the CFEL can be operated with a non-relativistic electron beam. Also, the velocity

of electron beam must be greater than the phase velocity of the light inside the dielectric ma-

terial, i.e., vt = c/
√
ε, in order to generate the Čerenkov radiation. Hence, by following the

above-mentioned conditions, one has to choose a higher value of ε to operate a CFEL with a
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Figure 2.2: Plot of dispersion curve of the surface mode, light line, and beam line for a 30
keV electron beam. The dielectric slab consists of GaAs material having dielectric constant
ε = 13.1, and the slab thickness is taken as 350 µm. At the intersection point of the dispersion
curve and the beam line, we find the resonant frequency of the system as 0.1 THz.

non-relativistic electron beam. Typically, a material with ε ≥ 8 is required to operate a CFEL

with a minimum electron beam energy of 35 keV. This condition can be fulfilled by sapphire

(dielectric constant ranging from 9.6 to 10) [119] and GaAs (dielectric constant 13.1) [120]

among the above mentioned dielectric materials. Both these materials have been used in the

Dartmouth experiment [66]. In our example case, we have considered GaAs only because it is

an isotropic material. Due to the isotropic nature of the dielectric medium, three-dimensional

(3D) effects can be easily incorporated in the analysis of Čerenkov FELs, which will be dis-

cussed in detail in Chapters 4 and 5. On the other hand, sapphire, which is single crystal of

alumina, is an anisotropic material. The detailed 3D theory of beam-wave interaction for an

anisotropic dielectric based CFEL is involved and is not presented in this thesis. The dispersion

curve for a GaAs dielectric slab having thickness d = 350 µm is plotted in Fig. 2.2 by using

Eq. (2.11). The electron beam energy is taken as 30 keV, which gives us the Doppler beam line

in Fig. 2.2. The intersection of the dispersion curve and the beam line gives us a resonant fre-

quency of 0.1 THz and phase velocity of the synchronous surface mode as v = ω/k0 = 1 × 108

m/s for the considered parameters. The group velocity of the surface mode can be evaluated by

finding the slope of the dispersion curve at the intersection point.
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Figure 2.3: Plot of reflectivity R as a function of wavelength for the parameters discussed in
the text. The singularity in R appears at 0.1 THz, which is the resonant frequency of the system.

In Fig. 2.3, we have plotted R as a function of wavelength for the above mentioned parame-

ters and by keeping the phase velocity constant, i.e., v = 1× 108 m/s corresponding to a 30 keV

electron beam. The singularity occurs at 0.1 THz, which is the resonant frequency of the sys-

tem. Hence, the condition for a system to support surface mode at resonant frequency ω = βck0

is equivalent to the requirement that the reflectivity is singular at that particular frequency [91].

Equation (2.11) is also solved to obtain an analytical expression for the resonant wavelength of

the dielectric slab placed on a conducting surface, which is given by

λ =
2πb

β tan−1 (1/a)
, (2.12)

where β = v/c, b = d
√
εβ2 − 1, a = (γ/ε)

√
εβ2 − 1, and γ = 1/

√
1 − β2. Note that this is

similar to Eq. (1.3). From the above equation, it can be inferred that at a fixed phase velocity

v of the surface mode, lowering the dielectric constant and decreasing the dielectric thickness

tunes the system to higher operating frequency. We find that the resonant frequency increases

with decrease in the phase velocity of the surface mode, keeping other system parameters fixed.

Hence, to excite a high frequency surface mode in this system, one has to go for a low energy

electron beam. This is advantageous since the requirement of radiological shielding is relaxed

at a low beam energy.
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2.2 Calculations for power, energy and energy velocity

After knowing the dispersion relation of the surface mode, we now set up the electromagnetic

fields supported by the configuration shown in Fig. 2.1. These results will be used to calculate

the power flow, energy stored and energy velocity of the surface mode. The electromagnetic

fields which satisfy Maxwell-wave equation in the region I can be written as follows:

HI
y(x, z, t) = H exp[i(k0z − ωt) − Γx] + c.c., (2.13)

EI
x(x, z, t) = (H/βε0c) exp[i(k0z − ωt) − Γ(x)] + c.c., (2.14)

EI
z(x, z, t) = (−iH/βγε0c) exp[i(k0z − ωt) − Γx] + c.c.. (2.15)

Here, H is half amplitude of the peak field at x = 0, and c.c. represents complex conjugate of

the quantity written on the right hand side. In region II, we obtain the following expressions for

the electromagnetic fields:

HII
y (x, z, t) =

εΓ

k1

cos[k1(x + d)]
sin(k1d)

H exp[i(k0z − ωt)] + c.c., (2.16)

EII
x (x, z, t) =

k0Γ

ωε0k1

cos[k1(x + d)]
sin(k1d)

H exp[i(k0z − ωt)] + c.c., (2.17)

EII
z (x, z, t) =

−iΓ
ωε0

sin[k1(x + d)]
sin(k1d)

H exp[i(k0z − ωt)] + c.c.. (2.18)

These fields are calculated by satisfying the boundary conditions at various interfaces in Fig. 2.1.

Power flow in the electromagnetic fields can be calculated by integrating the Poynting vector

over an area transverse to the direction of field propagation. Since we have assumed the system
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Čerenkov and Smith-Purcell free-electron lasers 30

to be translational invariant along the y-direction, an arbitrary width ∆y is considered in the

integration limits along this direction. With this consideration, the region I consists of vacuum

having x ∈ [0,∞] and y ∈ [−∆y/2,∆y/2]. The time-averaged power flow due to the fields in

region I can be written as PI = (1/2)
∆y/2∫
−∆y/2

∞∫
0

(EI × HI∗)dxdy [113], where the symbols EI and

HI represents amplitude, i.e., barring the ei(k0z−ωt) dependence, of the electric and magnetic field

respectively, and the superscript ∗ is meant for the complex conjugate. Evaluating this integral

by explicating the expressions for electromagnetic fields given in Eqs. (2.13-2.15), we obtain

the following expression for PI

PI =
γ∆y|H|2

ε0ω
. (2.19)

Inside the dielectric medium, namely the region II, x ∈ [−d, 0] and y ∈ [−∆y/2,∆y/2]. The

time-averaged power flow in this region is given by PII = (1/2)
∆y/2∫
−∆y/2

0∫
−d

(EII × HII∗)dxdy. We

solve this integral by using the expressions for electromagnetic fields given in Eqs. (2.16-2.18)

and obtain

PII =
γ∆y|H|2

ε0ω

[ 1
ε2a2 +

k0d(1 + a2)
εγa2

]
. (2.20)

Total power P in the surface mode is sum of the power in region I and in region II. By adding

Eq. (2.19) and Eq. (2.20), we find the total time-averaged power flow in the surface mode as:

P =
∆yγ|H|2

ε0ω

[
1 +

1
ε2a2 +

k0d(1 + a2)
εγa2

]
. (2.21)

It is important to note here that the power flow in the x-direction is zero in region I, as well as

region II. However, there is a net power flow in the z-direction, which is given by Eq. (2.21).

Next, we derive the expression for the total energy stored in the electromagnetic fields.

In region I, the time-averaged energy stored U I in the fields can be evaluated by integrating

the time-averaged energy density (ε0|EI |2 + µ0|HI |2)/4 over the volume having x ∈ [0,∞],

y ∈ [−∆y/2,∆y/2], and z ∈ [0, L]. Here, µ0 is absolute permeability of the free space. Now,
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by using Eqs. (2.13-2.15) for the components of electric field EI and magnetic field HI in the

energy density expression, we obtain the following expression for the time-averaged energy

stored in fields in the region I

U I =
γ∆yL|H|2

βε0cω
. (2.22)

In region II, the time-averaged energy stored U II in the fields has been evaluated by integrating

the time-averaged energy density (ε0ε |EII |2 +µ0µ
II |HII |2)/4 over the volume having x ∈ [−d, 0],

y ∈ [−∆y/2,∆y/2], and z ∈ [0, L]. Doing this, we obtain

U II =
γ∆yL|H|2

βε0cω

[ 1
ε2a2 +

k0βd(1 + a2)
γa2

]
. (2.23)

Note that we have assumed the dielectric slab to be non-magnetic, i.e., the relative permeability

µII is 1. The total time-averaged energy stored in electromagnetic fields is denoted by U,

which is the sum of energy in vacuum and in the dielectric medium, and is obtained by adding

Eq. (2.22) and Eq. (2.23). We express this result in terms of energy stored per unit mode width

∆y per unit length in the z-direction as:

U =
γ|H|2

βε0cω

[
1 +

1
ε2a2 +

k0dβ2(1 + a2)
γa2

]
. (2.24)

By knowing the expression for P andU, one can find the energy velocity as ve=P/∆yU. Sub-

stituting for P and U in this expression, we obtain the following analytical formula for the

energy velocity:

ve =
βc

[
β2γ3(ε − 1) + k0dε(1 + a2)

][
β2γ3(ε − 1) + k0dε2β2(1 + a2)

] . (2.25)

We would like to mention that the analytical expression for the group velocity (∂ω/∂k) of

the surface mode supported by the dielectric slab placed on the conducting surface has been

evaluated in Ref. [121]. We find that the energy velocity given by Eq. (2.25) and the expression

of group velocity given in Ref. [121] are identical. The energy velocity of the surface mode

here is therefore equal to the group velocity.
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2.3 Analysis for the field attenuation coefficient

In the previous sections, we have performed calculations by neglecting the losses occurring

due to the lossy dielectric medium and due to the finite conductivity of the metallic structure.

Now we consider a more realistic case, where the dielectric slab consists of a lossy dielectric

material and the conducting surface consists of a metal having finite conductivity. Due to these

losses, there will be an attenuation in the electromagnetic surface mode as it propagates. The

importance of attenuation effects due to the lossy dielectric and the Ohmic conductor has been

emphasized for the guided surface modes in microwave devices [112, 122], and it is known that

these losses typically increase with the frequency of the guided modes. Here, we are discussing

the operation of the system at THz frequencies, and therefore, it is important to study the

deleterious effect of attenuation. In this section, we will follow a textbook approach [113, 122]

to evaluate the field attenuation coefficient due to the dielectric and Ohmic losses present in the

system shown in Fig. 2.1. We denote the total field attenuation coefficient by α, which is due to

the dielectric and Ohmic losses. As the electromagnetic field propagates down the interaction

length L, it will attenuate by a factor of e−αL. The power is quadratic in the field amplitude

and decays by a factor of e−2αL over the length L. Hence, power P in the surface mode at any

arbitrary position z can be written by taking the effect of attenuation as

P = P0e−2αz, (2.26)

where P0 is initial power at position z = 0. By defining the power loss per unit length along the

z-direction as Pl = −dP/dz, and using Eq. (2.26), we obtain the following expression for the

attenuation coefficient of the surface mode:

αd,c =
Pd,c

l

2P
, (2.27)

where, the superscripts d and c are meant for the dielectric and metallic structure respectively.

In the dielectric medium, namely the region II, we need to take into account the complex
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nature of relative permittivity in order to evaluate the dielectric losses. The complex relative

permittivity is given by ε̃ = ε − iε′, where tan δ = ε′/ε is identified as the tangent loss of the

dielectric medium [123]. Due to the complex nature of relative permittivity, the wavenum-

ber of the surface mode also becomes complex. The imaginary part of this wavenumeber

accounts for the dissipation of the electromagnetic surface mode in a lossy dielectric. The

power loss per unit length due to the losses present in the dielectric medium can be written

as Pd
l = ε0εω tan δ

∫ (
|EII

x |
2 + |EII

z |
2)dxdy [113], where the integration is carried out from −d to

0 in the x-direction and over length ∆y in the y-direction. This integral has been evaluated by

using Eqs. (2.17) and (2.18), which gives us the following expression for the power loss in the

dielectric medium:

Pd
l

∆y
=

k0|H|2 tan δ
ε0ωε2a2 [γ(2 − εβ2) + ε2β2k0d(1 + a2)]. (2.28)

Now, Eqs. (2.21) and (2.28) are used in Eq. (2.27) to obtain the following expression for dielec-

tric attenuation coefficient:

αd =
k0 tan δ

2
[γ(2 − εβ2) + ε2β2k0d(1 + a2)]
[γ(1 + ε2a2) + εk0d(1 + a2)]

. (2.29)

The dielectric attenuation coefficient is directly proportional to the tangent loss (tan δ) of the

dielectric medium. Hence, the dielectric losses increase with tangent loss of the dielectric

medium.

In region III, which consists of metal, the power dissipates in the form of Ohmic losses

due to the finite conductivity of the metal. In this situation, the electromagnetic field inside the

metallic structure is not zero, and for a good but not perfect conductor, the electromagnetic field

decays inside the metal within an effective length, known as the skin depth of the metal. Here,

we have assumed that the skin depth of metal is very small. Due to this, the volume current

flowing within the skin depth acts as a surface current, which produces the resistive heating due

to the finite conductivity in a very small region near the metallic surface [113]. The power loss

per unit length along the metallic surface is given by Pc
l = (Rs/2)

∫
|HII

y |
2dy [113, 122], where
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the integration is carried out over a length ∆y in the y-direction. Here, Rs =
√
µ0ω/2σcond

is the surface resistance of the metal and σcond is conductivity of the metallic structure. The

magnitude of electromagnetic field HII
y at the metallic surface, which is given in Eq. (2.16) is

now used to evaluate the power loss per unit length along the metallic surface. This gives us

the following expression for Pc
l

Pc
l =

2Rs(1 + a2)|H|2

a2 . (2.30)

Next, by using the above equation together with Eqs. (2.21) and (2.30), we obtain the following

expression for Ohmic attenuation coefficient

αc =
Rs

Z0

βε2k0(1 + a2)
[γ(1 + ε2a2) + εk0d(1 + a2)]

. (2.31)

With increase in the operating frequency and decrease in the conductivity of the metallic struc-

ture, the surface resistance Rs increases, which implies high Ohmic losses. The sum of dielectric

losses and losses due to finite conductivity of the metal gives total losses present in the system,

which can be expressed in terms of the total attenuation coefficient α of the surface mode as

α = αd + αc.

2.4 Surface mode analysis for a metallic reflection grating

After discussing the important properties of the surface mode supported by a dielectric slab

placed on a conducting surface, we now discuss the properties of the surface mode supported

by a metallic reflection grating. The essential features of the surface mode supported by a

rectangular grating have been worked out earlier in the literature [88, 93, 115], which we briefly

summarize here. In Fig. 2.4, we have shown the schematic of a rectangular reflection grating,

which consists of a metallic conductor, having parallel grooves along the y-direction. The

grating has period λg, groove width w, and groove depth d. For the incident evanescent wave
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Figure 2.4: Schematic of a metallic reflection grating with the co-ordinate system used in our
analysis.

in region x > 0, the y-component of the electromagnetic (TM) field is given by

HI
y(x, z, t) = AI

0 exp [i(k0z − ωt) + Γ0x]. (2.32)

Here, AI
0 is the amplitude of the HI

y at the grating surface, i.e., at x = 0, k0 = k/β, k = ω/c, kg =

2π/λg and Γ0 = −

√
k2

0 − k2. In the presence of grating, the incident evanescent field gives rise

to the reflected field. Owing to the periodicity of the grating , the reflected electromagnetic field

contains several space harmonics satisfying the Floquet-Bloch theorem. The y-component of

the electromagnetic field can be written in the following Floquet-Bloch expansion form [115]:

HR
y (x, z, t) =

+∞∑
m=−∞

AR
m exp [i(kmz − ωt) − Γmx], (2.33)

where m represents the spectral order, AR
m = Rm0AI

0, Rm0 is the ratio of amplitude of the mth order

reflected wave to the zeroth-order incident evanescent and is identified as the component of the

reflection matrix R, km = k/β − mkg, and Γm = −
√

k2
m − k2. It is important to mention here that

unlike the case of a dielectric slab supported on a conducting surface discussed in Sec. 2.2 where

the reflected wave is one evanescent wave, the reflected wave in this case has several spectral

orders out of which some could be propagating and others are evanescent. Also, compared to

the case of a dielectric slab supported on a conducting surface, the calculation of reflectivity
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is an extremely involved problem for the case of reflection grating, which has been studied for

more than hundred years [124]. The calculation of R requires a detailed numerical computation

that was only possible in the later half of the 20th century [125]. The matrix elements of

R were first calculated by Van den Berg for the outgoing propagating modes [126, 127]. A

more practical case of interest is to study the matrix element R00 for the zeroth-order outgoing

evanescent wave, which can be easily excited by a co-propagating electron beam [88, 115].

Since the calculation of the reflection matrix of a metallic reflection grating is a fairly in-

volved problem and can be only done numerically, it is not possible to obtain an analytical

expression for the dispersion relation of the surface mode here. Andrew and Brau [93] have

formulated this problem in terms of the amplitudes of the Floquet space harmonic terms of the

electromagnetic fields inside the grooves and shown that the dispersion relation is expressed as

|Rmn − Imn| = 0. Here, the scattering matrix Rmn relates mth order wave in the groove to the nth

order wave and | | indicates the determinant of the matrix. Their computation shows that this

dispersion relation is accurately described (within a few percent) even if we take single element

R00 in the above dispersion relation. This gives us the following simplified expression for the

dispersion relation of the surface mode supported in a metallic reflection grating [93]:

R00 = −
2k

wλg
tan (kd)︸           ︷︷           ︸

m=1∑
m=−1

cos(kmw) − 1
Γmk2

m
= 1. (2.34)

Note that although the full expression for R00 is in terms of an infinite series, we have taken

only three terms (that is, −1 ≤ m ≤ 1) in the above equation, which accurately describes the

dispersion relation [93]. Kumar and Kim [115] have investigated a solution of Eq. (2.34) for

the case of a shallow metallic grating (kd � π/2) and found an analytical expression for the

resonant wavelength of the system for that case. They found that for the case of a shallow

metallic grating, the underbraced term is very small and the series sum has to be very large in

order to satisfy Eq. (2.34). This condition can be satisfied for the m = 1 term, which blows

up at λ = λ0
R, where λ0

R = λg(1 + β)/β. Using these conditions, Eq. (2.34) has been solved in

the vicinity of λ0
R by Kumar and Kim [115] to obtain the following expression for the resonant
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wavelength of the system:

λ = λ0
R + ∆λ. (2.35)

Here, k0
R = 2π/λ0

R,∆λ = (λg/2)(δ/K0
R)2, and δ =

(
2 tan(k0

Rd)/wλgk0
R
)(

1 − cos (wk0
R)

)
. For the ap-

plicable cases, this formula has been verified with the results of detailed numerical calculations

performed without invoking any approximation discussed in this section [115]. This simple

analytical formula for the resonant wavelength was remarkable for the surface mode supported

in a metallic grating, where most of the calculations rely on the numerical computation tech-

niques. It is also important to mention here that unlike the case of the dielectric slab placed on

a conducting surface, simple analytical expressions for power and attenuation coefficient of the

surface mode are difficult to obtain for the reflection metallic grating, since the grating supports

several space harmonics. This can be however done numerically as discussed in Ref. [99].

2.5 Discussions and conclusion

In this chapter, we have performed a detailed analysis of the surface mode supported by a

dielectric slab placed on a conducting surface. We have assumed the system to be uniform along

one direction, i.e., perpendicular to the direction of electron beam propagation and along the

dielectric surface. Hence, the calculations presented in this chapter are essentially 2D in nature.

These calculations have been performed by evaluating the reflectivity of the system for the

incident evanescent wave. It has been observed that at a particular phase velocity of the surface

mode, the reflectivity becomes singular for a combination of frequency and wavenumber that

satisfy the dispersion relation. This singularity condition gives us the resonant frequency of

the surface mode at a particular phase velocity. We have then calculated power flow, energy

velocity and group velocity of the surface mode by following a simple textbook approach based

on the Poynting vector calculations. These results have been used to evaluate the attenuation

coefficient of the surface mode due to the losses present in the dielectric medium and Ohmic
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loss due to the finite conductivity of the metallic structure. The losses are observed to be

prominent at high frequency of the guided surface mode. Finally, we have summarized the

essential features of the surface mode supported by a rectangular metallic grating that have

been worked out in earlier analyses [88, 93, 115].

Based on these results, it is interesting to compare some of the interesting features of the

surface mode supported by a dielectric slab placed on a conducting surface and the surface

mode supported by a rectangular grating. The group velocity of the surface mode supported by

a dielectric slab placed on a conducting surface is always in the direction of its phase velocity

[see Fig. 2.2], while for the case of grating system it can also be opposite to the direction of

its phase velocity [93]. Due to the periodicity of metallic structure, a grating is a complex

electromagnetic system compared to the dielectric based system. The electromagnetic field

supported by the metallic grating, therefore, contains infinite Floquet space harmonics. The

presence of several space harmonics increases the attenuation of the surface mode in a metallic

grating. A metallic grating is also expected to have more attenuation compared to the dielectric

slab placed on the conducting surface because it has more metallic area per unit length. As

discussed in Sec. 2.3 for the case of dielectric based system and in Ref. [99] for the metallic

grating, the attenuation effect increases with the operating frequency. Hence, grating based

system is preferred for low-frequency operation and dielectric based system is preferred for

high-frequency operation. If we ignore the small correction term ∆λ in Eq. (2.35), the radiation

wavelength of a rectangular grating can be simply written as λg(1 + β)/β. It can be seen that

the resonant wavelength of the grating based system decreases with the phase velocity of the

surface mode, while it is opposite for the case of resonant wavelength of the surface mode

supported by the dielectric based system. This means that for the dielectric based system,

higher frequency can be generated at lower phase velocity or equivalently by using a low-

energy electron beam compared to the grating based system. The above results indicate that a

dielectric based system can be preferred for high-frequency operation, and this can be achieved

by using a relatively low-energy electron beam. However, there is more scope in optimizing

and enhancing the system performance for the grating based system compared to the dielectric
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based system. This is because the grating has more system parameters, i.e., grating period,

groove width, and groove depth, which can be optimized for the best performance compared

to the dielectric slab based system, where we have only one parameter, i.e., the dielectric slab

thickness, to optimize a particular dielectric.

To conclude, we have described a detailed 2D analysis of the surface mode supported by two

systems- (i) dielectric slab placed on a conducting surface and (ii) metallic reflection grating.

The results obtained in this chapter will be used for the detailed 2D analysis of beam-wave

interaction in these two systems in the following chapters.





Chapter 3

Analysis of Čerenkov free-electron lasers

As discussed in the previous chapter, a dielectric slab placed on a metallic conductor supports

an electromagnetic surface mode. An electron beam travelling in close proximity and paral-

lel to the dielectric surface may exchange energy with the surface mode, thereby amplifying

it and producing a gain in the system. This system is known as a single slab based Čerenkov

free-electron laser (CFEL), and can produce copious amount of coherent THz radiation. A the-

oretical analysis of CFEL involves detailed study of the self consistent evolution of the surface

mode and the electron beam. During the last few decades, several theoretical models have been

proposed for the analysis of CFELs. One of the earliest analysis was presented by Walsh et

al. [81, 82], who have presented a model based on the linearized Maxwell-Vlasov equations to

calculate the small-signal gain of a single slab based CFEL. In their approach, the evolution of

the self-consistent electromagnetic field is described by solving the linearized Vlasov equation

treating electrons as a plasma fluid. They have, however, neglected the space charge effect and

performed the calculations only in the low-gain regime [81, 82]. The Maxwell-Vlasov approach

was extended to the high-gain regime by several authors [83, 128, 129], and the growth rate of

the system was calculated. The growth rate of single slab based CFELs was also calculated by

using the hydrodynamic approach, as discussed in Refs. [84, 98]. In this approach, one treats

the electron beam as a plasma dielectric and solves the Maxwell wave equation to find the dis-

persion relation of the system. The dispersion relation can be expanded in the Taylor series

41
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about the roots of no-beam dispersion to find the growth rate of the electromagnetic field. Both

the hydrodynamic approach and the approach based on the coupled Maxwell-Vlasov equations

are successful in explaining the behaviour of the CFEL in the linear regime. However, these

are very difficult to extend to the non-linear regime.

To study the non-linear regime, an approach based on the Maxwell-Lorentz equations is

very well established for the conventional undulator based FELs [42, 85, 130, 131]. This is a

single-particle approach, where the evolution of field is given by a self consistent dynamical

Maxwell-field equation, and the evolution of electron trajectories is described by single particle

Lorentz equation of motion. This approach turned out to be quite useful in writing computer

codes for the detailed simulation of the non-linear regime. Several realistic effects, i.e., finite

beam emittance, finite energy spread are also included in the simulations [42]. There have been

earlier attempts to study the non-linear regime of single slab based CFELs by setting up the

Maxwell-Lorentz equations in Refs. [94–96]. However, the evanescent nature of the surface

mode has not been included in these analyses in a rigorous way, while setting up the coupled

Maxwell-Lorentz equations. Also, their analyses [95, 96] assume an electron beam of infinite

vertical size above the dielectric surface, and does not properly describe the case where a CFEL

is driven by a flat electron beam with a very small vertical size. As will be discussed later, a flat

beam is more appropriate for a single slab based CFEL.

In all the above mentioned analyses of CFELs, the size of the electron beam is taken to be

either very large or infinite. Since the surface mode supported in a CFEL is evanescent in the

direction perpendicular to the dielectric surface, it is more appropriate to take a flat transverse

profile of the electron beam that allows the beam to travel very close to dielectric surface and

ensures a significant interaction with the evanescent field. We would like to emphasize that

a flat beam has vertical size much smaller than its horizontal size over the entire interaction

length. The importance of utilising a flat electron beam to drive the single slab based CFEL has

been discussed by several authors [51, 52, 66, 132]. In comparison to a round electron beam, a

flat beam with the same current allows more effective interaction with the surface mode, since

all the electrons are at a reduced height from the dielectric surface. Also, a flat beam can allow
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much more current within the required dimension in the vertical direction, and thus will help to

enhance the output power of the device [132].

In this chapter, we have performed a detailed non-linear analysis of a single slab based

CFEL driven by an infinitesimal thin flat electron beam by setting up the coupled Maxwell-

Lorentz equations. Our approach incorporates the evanescent nature of the surface mode and

also includes the space charge effect. Unlike the hydrodynamic approach and the approach

based on the Maxwell-Vlasov equations, our analysis is easily extended to the non-linear

regime. To perform this analysis, we have extended the calculations of amplitude reflectiv-

ity given in Chapter 2, for the case of growing evanescent wave. By analyzing the singularity

in the reflectivity for this case, we set up a dynamical Maxwell field equation to study the evo-

lution of the amplitude of the surface mode. The dynamics of the electron beam in the presence

of this surface mode is described by the Lorentz equations of motion. The coupled-Maxwell

Lorentz equations have been solved analytically in the linear regime, and numerically to study

the non-linear regime. We would like to mention that our approach based on the coupled

Maxwell-Lorentz equations here is similar to the one used by Kumar and Kim to analyze the

working of Smith-Purcell free-electron lasers (SP-FELs) [88], except that the group velocity

of the surface wave is positive here, which was negative in Ref. [88]. This affects the solution

of the coupled Maxwell-Lorentz equations as follows. Due to the positive group velocity in

CFELs, the electromagnetic field grows as it travels along the electron beam direction, which

is similar to the conventional undulator based FELs [42]. If the single pass gain is not high, a

set of external mirrors has to be used, which can reflect back the electromagnetic field to the

entrance of the interaction regime so that power can build up to saturation after many round

trips. This configuration is known as the oscillator configuration for which we have solved the

coupled Maxwell-Lorentz equations in this chapter. When the group velocity is negative, as in

SP-FELs discussed in Ref. [88], the electromagnetic field builds up in the direction opposite

to the electron beam direction, without the use of the external mirrors. This is because the

backward flow of energy modifies the dynamics of electrons at the entrance point, and these

electrons, after travelling further, give their energy to the field, which flows backward and again
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interacts with the incoming electrons. This process continues and the system reaches satura-

tion when the current density exceeds a certain threshold value. This system is known as the

backward wave oscillator (BWO) [133], and the coupled Maxwell-Lorentz equations have been

solved for a SP-FEL in BWO configuration in Ref. [88], which is different from the case of the

CFEL discussed in this chapter.

In the next section, we find the electromagnetic field due to a bunched flat electron beam

propagating over the surface of a dielectric slab placed over a conducting surface. In Sec. 3.2,

the detailed calculations of the amplitude reflectivity of this system has been presented for

the case of a growing evanescent wave. Using these results, the coupled Maxwell-Lorentz

equations have been set up to study the beam-wave interaction in CFELs in the same section.

Next, we obtain the analytical solutions of the coupled Maxwell-Lorentz equations in linear

regime to find the formulas for the small-signal gain in Sec. 3.3.1 and growth rate in Sec. 3.3.2.

In Sec. 3.4, we solve the coupled Maxwell-Lorentz equations numerically to study the non-

linear regime of CFELs. Finally, we conclude with a discussion of results in Sec. 3.5.

3.1 Basic electromagnetic field equations

The working mechanism of a CFEL is essentially due to the bunching of the electron beam in

the presence of the electromagnetic field supported by the system. The bunched electron beam

generates an electromagnetic field, which in turn further bunches the beam and this process

continues till saturation. In order to understand the beam-wave interaction phenomena, we start

by evaluating the electromagnetic field due to a bunched flat electron beam propagating very

close to the dielectric surface in the CFEL system. The schematic of a single slab based CFEL

system with the co-ordinate system used in our analysis is shown in Fig. 3.1. The dielectric

slab of thickness d, length L and dielectric constant ε is supported on an ideal conductor. The

system is assumed to be translationally invariant along the y-direction. A flat electron beam

with vanishing thickness in the x-direction and width ∆y in the y-direction travels with a speed

v along the z-direction, at a height h above the dielectric slab. It is clarified here that a flat beam
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Figure 3.1: Schematic of a Čerenkov FEL driven by a flat electron beam.

is actually a simplified way of representing a beam having a thickness 2h in the x-direction with

its centroid at a height h above the dielectric surface. The thickness as well as the emittance

of the beam in the x-direction is much smaller than the corresponding value in the y-direction.

The expression for the z-component of the volume current density and surface current density

of such a flat electron beam can be written as

Jz(x, z, t) =
e

∆y
δ(x)

∑
i

δ[z − zi(t)]v, (3.1)

Kz(z, t) =
e

∆y

∑
i

δ[z − zi(t)]v, (3.2)

where e is electronic charge, δ is the Dirac delta function, zi is the position of the ith electron

at time t, and the summation is over all the electrons. While propagating along the longitudinal

direction, the electron beam interacts with the surface mode supported by the system. As

discussed in the previous chapter, the system here supports an evanescent surface mode having

a range of frequencies and corresponding k0 given by the dispersion relation. The electron beam

will interact resonantly with the surface mode having a particular frequency ω = vk0, for which

the phase velocity is same as the electron velocity. Due to this interaction, the electron beam

develops micro-bunching at the wavelength of the surface mode. This results in a sinusoidal

component of electron beam current having frequency ω and wavenumber k0, same as that

of the surface mode. The surface current density can then be expanded in a Fourier series,

which will have a component at the fundamental frequency ω, and also higher harmonics. We
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are interested in the component K(z, t)ei(k0z−ωt) + c.c. of the current density, which contains the

fundamental frequency and shows the strongest interaction with the surface mode. Here, c.c.

denotes the complex conjugate. The expression for K(z, t) is given by

K(z, t) =
ev
∆y

1
λz

z+ λz
2∫

z− λz
2

∑
i

δ[z − zi(t)]e−i(k0z−ωt)dz, (3.3)

where λz = 2πv/ω is the wavelength of the surface mode. In the above equation, the integration

is performed at a particular time t over one wavelength λz around the location z. Hence, only

the electrons, which are distributed over one wavelength will contribute in the summation term.

Following these arguments, we obtain the expression for the surface current density as:

K(z, t) =
ev
∆y

Nλz

λz
〈e−iψ〉, (3.4)

where Nλz is the number of electrons distributed over the wavelength λz, ψ = k0z − ωt is

the electron phase, 〈· · · 〉 indicates averaging over the number of particles distributed over λz,

and term 〈e−iψ〉 is the bunching factor, which grows due to interaction between the electron

beam and the co-propagating surface mode. The term evNλz/λz is identified as the electron

beam current I. Following these notations, the total surface current density can be written as

(I/∆y)〈e−iψ〉ei(k0z−ωt) + c.c.. Assuming an exp (µz)-type dependence of the bunching factor, the

total surface current density is given by K0ei(α0z−ωt) +c.c.. Here, α0=k0− iµ, µ is the field growth

rate parameter and K0 = I/∆y is independent of z.

Now, we find the electromagnetic field generated by the bunched flat electron beam dis-

cussed above. The electromagnetic field due the surface current density K0ei(α0z−ωt) should have

ei(α0z−ωt)-type dependence on z and t in the region above, as well as below the flat beam. In order

to satisfy the free-space wave equation in these regions, the field should have exp (±Γx)-type

dependence in the x-direction, such that α2
0 − Γ2 = ω2/c2. Since the field should not diverge

at x = ±∞, we require that fields should have exp (−θ(x)Γx)-type dependence on x, where

θ(x) = 1 for x > 0 and θ(x) = −1 for x < 0. We will first calculate the y-component of the
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magnetic field, which is denoted by Hy. In order to satisfy the boundary conditions, Hy should

be discontinuous at x = 0 due the presence of the surface current. Due to symmetry arguments,

the magnitude of Hy should however be continuous at x = 0. These two conditions can be

satisfied only if the sign of Hy changes as we cross the plane x = 0. Using these arguments and

the boundary condition Hy(x = 0+) − Hy(x = 0−) = K0ei(α0z−ωt), we obtain

HIy (x, z, t) =
1
2
θ(x)K0 exp[−θ(x)Γx]ei(α0z−ωt). (3.5)

Other field components can be easily derived in terms of Hy and are like the field components

of a plane evanescent wave. We observe that the electromagnetic field has H polarisation,

which means that Hx = Hz = Ey = 0. The total y-component of the magnetic field is given by

HIy (x, z, t)+c.c..

The flat electron beam acts as a source of the above described electromagnetic field, which

will be incident on the dielectric slab. Due to the presence of the dielectric slab, the incident

field is reflected back towards the electron beam. The reflected and incident electromagnetic

fields are coupled through the reflectivity R of the dielectric surface. We obtain the following

expression for the reflected electromagnetic field:

HRy (x, z, t) = −
1
2

K0Re−Γ(2h+x)ei(α0z−ωt). (3.6)

The sum of incident and reflected electromagnetic field effectively interacts with the electron

beam. Using the Maxwell equation, the longitudinal component of the electric field Ez can

be written as Ez = (i/ε0ω)(∂Hy/∂x − δ(x)K(z, t)). We obtain the following expression for the

amplitude of the electromagnetic field experienced by the electron beam:

Ez(x = 0, z, t) =
iIZ0

2βγ∆y
(Re−2Γh − 1)〈e−iψ〉. (3.7)

Here, Z0 = 1/(ε0c) = 377 Ω is the characteristic impedance of free space, γ = 1/
√

1 − β2 is the

relativistic Lorentz factor and ε0 is the permittivity of free space. Note that the total longitudinal
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electric field is given by Ezei(k0z−ωt) + c.c.. It is clear from the above equation that to calculate

the total electromagnetic field experienced by the electron beam, one needs to evaluate the

reflectivity of the dielectric slab supported on a conducting surface, for the growing evanescent

wave. These calculations are presented in the following section.

3.2 Reflectivity analysis and coupled Maxwell-Lorentz equa-

tions

Calculations of reflectivity were presented in Chapter 2 for the case of a plane evanescent

wave incident on a dielectric slab placed on a conducting surface. These calculations were

performed for the empty structure, i.e., without the electron beam. For this case, the plane

evanescent wave does not have any growth as it propagates along the z-direction, hence the

wavenumber k0 along that direction is a real number. In the presence of an electron beam,

the evanescent wave supported by the structure grows due to the beam-wave interaction. The

longitudinal wavenumber for this wave is a complex quantity, which is given by α0 = k0 − iµ,

where µ is the growth rate of the electromagnetic field. Hence, we repeat the procedure given

in Sec. 2.1 of Chapter 2 by replacing k0 with α0, and obtained the following expression for

amplitude reflectivity for growing evanescent wave:

R =
1 + r tan

[
d(εβ2k2

0 − α
2
0)1/2]

1 − r tan
[
d(εβ2k2

0 − α
2
0)1/2] , (3.8)

where r = (εβ2k2
0 − α

2
0)1/2/ε(α2

0 − β
2k2

0)1/2. Note that for µ = 0, i.e., without any beam-wave

interaction, the above equation reduce to Eq. (2.10). In this case, R becomes infinity for a

combination of ω and k0 satisfying the dispersion relation of the surface mode as discussed in

the previous chapter.

For positive value of µ, the electromagnetic surface mode grows due to interaction with

the electron beam and this instability in CFEL can be studied by analyzing the behavior of
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amplitude reflectivity R given by Eq. (3.8) in the vicinity of µ = 0. Therefore, we perform a

Laurent series expansion of R as a function of µ and obtain the following expression of R:

R =
m0 + m1µ + m2µ

2 + o(µ3)....
n0 + n1µ + n2µ2 + o(µ3)....

, (3.9)

where the coefficients of expansion are given as:

n1 =
−i

k0ab2

[
ad2 + ab2γ2 + k0bd2(1 + a2)

]
, (3.10)

n2 =
−1

2k2
0b4

[
d4 + b2d2(1 − 2γ2) + γ2b4(1 − 3γ2)

]
.

+
(1 + a2)
2k0a2b3

[
ad4 + 2k0bd4 − ab2d2(1 − 2γ2)

]
, (3.11)

m0 = 2, n0 = 0, m1 = −n1, m2 = −n2. In Eq. (3.9), we have a division of two infinite series. By

keeping the terms of the order of 1/µ and µ0 in Eq. (3.9) and performing the required algebra,

we obtain the following simple expression for the reflectivity:

R =
iχ
µ

+ χ1. (3.12)

Here, χ and χ1 are given by

χ =
−im0

n1
, (3.13)

χ1 =
1
n2

1

(m1n1 − m0n2) . (3.14)

This simple parametrization of R in terms of χ and χ1 is very important to understand the evo-

lution of the surface mode in a CFEL system. As discussed later in this section, the parameter

χ is associated with the growth rate of the surface mode and the parameter χ1 is related to the

ac space charge effect in the system. To perform calculations, we now consider an example
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Table 3.1: Parameters of a CFEL used in the calculation

Electron-beam energy 30 keV
Electron-beam height (h) 35 µm
Electron-beam current (I) 1 mA
Dielectric constant (ε) 13.1
Length of slab (L) 0.15 m
Dielectric thickness (d) 350 µm
Operating frequency 0.1 THz

case having the parameters listed in Table 3.1. These parameters are taken from a recent ex-

periment [66, 98] performed at the Dartmouth College, USA, as discussed earlier in Chapter 2.

We find χ = 1.81 per cm and χ1 = 0.86 from Eqs. (3.13) and (3.14) respectively for this case.

We also confirmed these values by numerically evaluating the value of µR and plotting it in the

vicinity of µ = 0. The value of χ and χ1 are obtained separately from two graphs in Fig. 3.2,

which are in agreement with our analytical calculations.

We now substitute for R in Eq. (3.7) and obtain the following expression for the amplitude

of the longitudinal electric field at the position of the electron beam:

Ez =
iIZ0

2βγ∆y

( iχ
µ

e−2Γh + χ1e−2Γh − 1
)
〈e−iψ〉. (3.15)

The first part of the right hand side of the above expression depends on µ, and is responsible

for the growth of the electromagnetic surface mode. The remaining terms are independent of

the growth rate parameter and represent the ac space-charge effect in the longitudinal field.

This approach of separating the total electromagnetic field into surface mode field and space

charge field is similar to the approach described in Ref. [134], where it is stated that “The total

fields from an arbitrary, spatially periodic current are shown to consist of a pole term, which is

identified as the structure field, and a remainder, which is identified as the space charge field”.

A similar approach was also used by Pierce [135] while studying the travelling wave tubes. The

dynamics of the electron beam is governed by the surface mode field as well as the ac space

charge field. We write the ac space-charge field as Esc and the amplitude of surface-mode as E
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Figure 3.2: Plots of imaginary (dashed) and real (solid) parts of µR as a function of the imagi-
nary (a) and real (b) parts of the growth rate parameter µ near the resonance frequency, i.e., 0.1
THz. By parametrising R as (iχ/µ+χ1) in this graph, we obtain χ = 1.81 per cm and χ1 = 0.86.

in further calculations. We can replace the growth rate parameter by d/dz in Eq. (3.15), and by

including the group velocity vg, we get the following time-dependent differential equation for

E:

∂E
∂z

+
1
vg

∂E
∂t

=
−IZ0χ

2βγ∆y
e−2Γh〈e−iψ〉. (3.16)
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The ac space charge field is given by

Esc =
−iIZ0

2βγ∆y
(1 − χ1e−2Γh)〈e−iψ〉. (3.17)

Next, we discuss the longitudinal dynamics of the ith electron in presence of the surface

mode field and the ac space charge field. We neglect the transverse motion of the electron beam

and obtain the following equations for the evolution of energy and phase of the ith electron:

∂γi

∂z
+

1
v
∂γi

∂t
=

e
mc2 (E + Esc)eiψi + c.c., (3.18)

∂ψi

∂z
+

1
v
∂ψi

∂t
=

ω

cβ3
Rγ

3
R

(γi − γR). (3.19)

Here, the subscript i is meant for the ith particle, the subscript R is meant for the resonant

particle, βR = vR/c, γR = 1/
√

1 − β2
R is the relativistic Lorentz factor, and m is the rest mass

of the electron. At resonance, the electron velocity is same as the phase velocity of the co-

propagating surface mode. Equations (3.16)-(3.19) are known as the coupled Maxwell-Lorentz

equations, which govern the behaviour of a single slab based CFEL driven by a flat electron

beam.

3.3 Analytical results

In general, the coupled Maxwell-Lorentz equations described in the previous section have to

be solved numerically with the given initial conditions for a detailed analysis of the CFEL

system. However, we can find an analytical solution of these equations in two regimes, i.e,

the small-signal, small-gain regime and the small-signal, high-gain regime. Before performing

these calculations, we first write Eqs. (3.16)-(3.19) in the form of dimensionless variables and

present some interesting calculations to obtain an analytical formula for power in the surface
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mode. The dimensionless variables are introduced as follows:

ξ = z/L, (3.20)

τ =

(
t −

z
vR

)( 1
vg
−

1
vR

)−1 1
L
, (3.21)

ηi =
k0L
β2

Rγ
3
R

(γi − γR), (3.22)

E =
4πk0L2

IAZ0β
2
Rγ

3
R

Ez, (3.23)

Esc =
4πk0L2

IAZ0β
2
Rγ

3
R

Esc, (3.24)

J = 2π
χ

∆y
I
IA

k0L3

β3
Rγ

4
R

e−2Γh. (3.25)

Here, ξ is the dimensionless distance, which varies from 0 to 1, and τ is the dimensionless

time variable, having an offset of z/vR from the real time t. The normalised energy detun-

ing of the ith electron is ηi, E is the dimensionless surface mode field, and Esc represents

dimensionless ac space charge field. The dimensionless beam current is written as J and

IA = 4πε0mc3/e = 17.04 kA is the Alfvén current. These dimensionless variables are helpful

in illustrating the importance of various terms in the coupled Maxwell-Lorentz equations, and

therefore, in understanding of various physical effects. With these dimensionless variables, the

set of Eqs. (3.16)-(3.19) assumes the following elegant form:

∂E

∂ξ
+
∂E

∂τ
= −J〈e−iψ〉, (3.26)

∂ηi

∂ξ
= (E + Esc)eiψi + c.c., (3.27)

∂ψi

∂ξ
= ηi, (3.28)

Esc = iΘ〈e−iψ〉, (3.29)

where Θ=(J/χL)(χ1 − e2Γh).
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Now, we calculate the power associated to the surface mode by using the principle of energy

conservation. For simplicity, we perform the calculations for the steady state regime. In this

regime, Eqs. (3.26)-(3.29) are expressed in the following form:

∂|E|2

∂ξ
= −2JRe[E〈eiψ〉], (3.30)

∂〈η〉

∂ξ
= 2Re[E〈eiψ〉] + 2Re[Es〈eiψ〉]. (3.31)

The second term on the right-hand side of Eq. (3.31) can be shown to be zero by using Eq. (3.29).

Using this result and by combining Eqs. (3.30) and (3.31), we obtain

∂

∂ξ

(
|E|2 +J〈η〉

)
= 0, (3.32)

which is the equation for conservation of energy in the CFEL system. It indicates that the

energy lost by the electron beam while travelling down the interaction region, appears in the

surface mode. Using Eq. (3.32), we find the energy lost per unit time by the electron beam and

by equating it to the power developed in the surface mode, we obtain:

P
∆y

=
2βRγR

χZ0

(mc2β2
Rγ

3
R

ek0L2

)2

e2Γh|E|2. (3.33)

Note that the parameter χ appears in the above expression. We would like to mention that the

power in the surface mode supported by the dielectric slab placed on an ideal conductor was

also calculated in Chapter 2 by using the Poynting vector, which is given by Eq. (2.21). Here,

we have used energy conservation principle to derive the expression for power, and expressed

the results in terms of χ parameter. Using the expression for χ given in Eq. (3.13) and the

expression for E given in Eq. (3.23), we find that the expressions for power evaluated using the

two approaches, which are given by Eq. (2.21) and (3.33), are exactly identical. This confirms

that the formulation of the beam-wave interaction in terms of χ parameter is correct.
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3.3.1 Small-signal small-gain regime

We now proceed for the analytical solution of the coupled Maxwell-Lorentz equations in the

small-signal, small-gain regime. In this regime, the small-signal gain determines whether the

system will reach the threshold to lase. For the small-signal gain analysis, we will proceed with

the time-independent form of Eqs. (3.26)-(3.28) and neglect the ac space charge term. Defining

the differential gain as (1/E2)(dE2/dξ) and following the procedure closely given in Ref. [42]

for the conventional undulator based FEL, we get the following expression for the small-signal

gain:

G(η0) = 4J
(1 − cos η0 − η0 sin η0/2

η3
0

)
. (3.34)

The term in parentheses is the usual gain function and η0 = (k0L/β2
Rγ

3
R)(γ−γR) is the normalised

energy detuning at ξ = 0. The gain function has a maximum value of 6.75× 10−2 at η0 = 2.6.

By substituting the maximum value of gain function and using J from Eq. (3.25) in the above

equation, the expression for the small-signal gain in a single pass operation of CFEL is written

as follows:

G = 4 × 6.75 × 10−2 × 2π
χ

IA

I
∆y

k0L3

β3
Rγ

4
R

e−2Γh. (3.35)

The gain increases linearly with the surface current density, and has cubic dependence on the

length of the dielectric slab. It has a negative exponential dependence on the beam height h,

and dependencies on dielectric constant ε and slab thickness d are given through the parameter

χ.

The gain of a CFEL crucially depends upon the diffraction effects in the electromagnetic

surface mode. Due to diffraction, the optical beam size increases, resulting in partial overlap of

the optical mode with the electron beam, which reduces the gain of the CFEL. One has to choose

the electron beam size ∆y same as the effective optical beam size in the y-direction for maximum

overlap. The effective optical beam size can be estimated by considering the diffraction of

electromagnetic fields in y-direction in a similar way as described in Refs. [78, 89]. These
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calculations are performed in the next chapter, where the effective beam size of the surface

mode that needs to be taken in Eq. (3.35) is obtained as ∆y =
√
πβRλL/4. We find ∆y =

10.6 mm for the parameters listed in Table 3.1. The value of small-signal gain predicted by

our calculations is about 56.3 %. This value of gain is low and the system will not able to

reach saturation in a single pass. For such case, one has to operate the system in oscillator

configuration by using a set of mirrors. The solution of coupled Maxwell-Lorentz equation in

the oscillator configuration will be the subject of discussion in Sec. 3.4, where we will study

the saturation behaviour of a single slab based CFEL system.

3.3.2 Small-signal high-gain regime

Analysis in the previous sub-section was done for the small-signal, small-gain regime. Another

regime of interest is the small-signal, high-gain regime, where we calculate the growth rate

in the system. Several authors have presented the calculation of the growth rate in the single

slab based CFEL [84, 98, 136]. In this section, we perform the calculation of growth rate in

CFEL using collective variables. These variable were introduced for the study of conventional

undulator based FELs [86] and later extended for the case of SP-FELs [88]. For the small-signal

regime, we assume a perturbative solution of the coupled Maxwell-Lorentz equations. We have

neglected the ac space charge effect here. For simplicity, we assume a monoenergetic and

unbunched electron beam at the entrance, i.e., 〈e−iψ0〉 = 0. We can then write the equilibrium

solutions of Eqs. (3.26)-(3.28) as E = 0, ηi = η0 and ψi = η0ξ + ψi,0. The perturbative solutions

for these equations are defined as: Ep = E, ηi,p = η0 + δηi and ψi,p = ψi + δψi. The collective

variables are introduced as:

p = 〈δψe−iψ0〉, (3.36)

q = 〈δηe−iψ0〉. (3.37)
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Using above variables, we linearise the set of Eqs. (3.26)-(3.28) and keep the terms only up to

the first order. Doing this, we obtain

∂p
∂ξ

= q − iη0 p, (3.38)

∂q
∂ξ

= E − iη0q, (3.39)

∂E

∂ξ
= iJ p. (3.40)

In order to solve the above equations, we assume solution of the type eνξ, i.e. p = p0eνξ,

q = q0eνξ and E = E0eνξ. With these solutions, Eqs. (3.38)-(3.40) now assume the form:

νp0 = q0 − iη0 p0, νq0 = E0 − iη0q0, νE0 = iJ p0. (3.41)

The above expression can be solved to obtain the following cubic equation:

ν3 + 2iη0ν
2 − η2

0ν = iJ . (3.42)

The growth rate will be maximum for η0 = 0. Solving the above equation for the positive value

of real ν and substituting J from Eq. (3.25), we obtain the maximum growth rate as:

µ =

√
3

2L

(
2π

χ

∆y
I
IA

k0L3

β3
Rγ

4
R

e−2Γh
)1/3

. (3.43)

The growth rate depends on cube root of the beam current density. This form of growth rate

is already familiar in the hydrodynamic approach [84, 98, 136]. Note that we have used a flat

electron beam in our calculations. The growth rate for a thick beam having thickness ∆x in the

x direction has been calculated by Li et al. [136] using the hydrodynamic approach. If we take

limit ∆x→0 in the formula given in Ref. [136], we recover Eq. (3.43).

Using the parameters listed in Table 1, we find the value of growth rate parameter as 8

m−1. The growth rate calculated by Andrew and Brau [98] for these parameters, using the three
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dimensional analysis is about 10 m−1, which is in agreement with our calculations. The value

of the growth rate parameter reported in the Dartmouth experiment is 250 to 450 m−1 [66]. The

value of growth rate parameter obtained from two different analyses are approximately same,

but not in agreement with the results of Dartmouth experiment. It is likely that a larger growth

rate was measured in Dartmouth experiment due to coherent spontaneous emission.

3.4 Numerical simulations

Next, we discuss the numerical solution of the coupled Maxwell-Lorentz equations, in order

to understand the saturation behaviour of the CFEL system. For this purpose, we have written

a computer code based on the leapfrog method, which is widely used to compute oscillatory

solutions of differential equations [137, 138]. This is a second order method like the second-

order Runge-Kutta method, but takes less time and less memory compared to the latter [138].

In the leapfrog scheme, we require the initial value of variables on the left side in Eqs. (3.26)-

(3.29) at ξ, and the value of terms on the right side in Eqs. (3.26)-(3.29) at ξ + ∆ξ/2, to find the

value of variables at ξ + ∆ξ using the mid-point method. In the first step, i.e., from ξ = 0 to

ξ = ∆ξ, we solve Eqs. (3.26)-(3.28) by taking the initial value of variables at ξ = 0 in the Euler

method to find the value of variables at ∆ξ/2. These value are then used to find the value of

terms on the right side in Eqs. (3.26)-(3.29) at ∆ξ/2 and to finally estimate the value of variables

at ∆ξ. Next, the values of variables at ∆ξ/2 are set as initial conditions, and value of variables at

∆ξ are used in the right hand side of Eqs. (3.26)-(3.29) to find the solution of Eqs. (3.26)-(3.29)

at 3∆ξ/2. This scheme is repeated step by step, and we ensure that the energy conservation

[Eq. (3.32)] is satisfied in each step of integration.

For the initial conditions, the input electron beam is considered to be monoenergetic with

η = 2.6 for maximum gain, and the initial dimensionless electric field is set to be very small,

i.e., E = 0.001. In order to evaluate the first term on the right side of Eq. (3.26), we need

to perform an averaging over the electrons distributed over one wavelength of the evanescent

wave. Hence, in the simulation, we need to take the number of electrons same as the number
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Figure 3.3: Plot of gain as a function of dimensionless input electric field in a CFEL.

of electrons distributed over one spatial wavelength of the evanescent wave i.e., Nλz = Iλz/evR.

We obtain Nλz ' 216 for our system. The numerical solution for the trajectories of 216 particles

will require a large computer memory and will be a time consuming task. Instead of taking

the actual number of particles, we consider macroparticles [42] in our simulations, where each

macroparticle carries a charge larger than the charge on actual particle, but the same charge to

mass ratio. In this way, we have taken 213 particles, which carry the same charge as carried by

the actual electron bunch, and can be easily handled in the numerical simulations. To initialize

the electron beam in the phase space, we have used the quiet start scheme [139]. In this scheme,

electrons are assumed to have uniform distribution in the phase space. The phase of nth electron

is set to be 2πn/Nλz , which ensures that 〈e−iψ〉 = 0 at ξ = 0. The total length of the system is

divided into a number of small steps having step size ∆ξ = 0.01.

We now discuss the results of our numerical simulations. The parameters used in the cal-

culations are listed in Table 3.1. Figure 3.3 shows the gain as a function of dimensionless

input electric field. We obtain a small-signal gain of about 57%, which is consistent with our

analytical calculations. For the chosen parameters, CFEL is a low gain system and has to be

operated in the oscillator configuration, as discussed in Sec. 3.1. For this purpose, a set of
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Figure 3.4: Plot of output power per unit beam width in the surface mode as a function of
number of passes in a CFEL oscillator.

mirrors is used to provide an external feedback. One mirror at the upstream end is assumed to

have 100% reflectivity for the field amplitude, while the second mirror at the downstream end

is assumed to have an amplitude reflectivity of 98%. A fraction of the intra-cavity power can

be outcoupled through the mirror at the downstream end, and the output THz radiation can be

guided via suitable optical arrangements to a nearby experimental station. In this configuration,

the recirculation of THz pulse is simulated by numerically copying the electromagnetic field,

which is reflected from the second mirror at the downstream end. The electromagnetic field

then propagates to the upstream mirror (which is 100% reflective), and becomes input field for

the next pass. This input field interacts with the incoming electron beam as it propagates down

the interaction region. The coupled Maxwell-Lorentz equations have been solved under the

above mentioned conditions for an oscillator configuration to obtain the power in the surface

mode.

We examine the non-linear behaviour of the system by performing numerical simulation, as

discussed above. Figure 3.4 shows the growth in power of the surface mode with the number

of passes. The power builds up slowly in this low-gain system, and saturates at 20.4 W/m. The
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input power per unit width of the electron beam is about 2.8 kW/m. This gives us efficiency

of about 0.7% at saturation. As discussed by Walsh and Murphy [81], the upper bound of the

efficiency for power conversion in a CFEL can be written as:

ηe f f =
β3

Rγ
3
R

(γR − 1)
λ

L
. (3.44)

We get an upper bound of 1.4 % for the efficiency of the considered CFEL. This is in good

agreement with the results of numerical simulations as the analytic expression is only a rough

estimate for the maximum value of efficiency.

We also examined the evolution of the phase space distribution of the electrons along the

interaction region. Figure 3.5(a) shows the amplitude of bunching parameter |〈e−iψ〉| along

the distance after the saturation of output power. We observed that the electrons are nicely

bunched at the exit of the interaction region, where the amplitude of bunching parameter is

about 0.7. Similar mechanism is observed in Fig. 3.5(b), where we have plotted the phase space

distribution of electrons at the entrance and at the exit of the interaction region. We clearly see

in Fig. 3.5(b) that the electrons are randomly distributed at the entrance, and become bunched

at the end due to the interaction with the co-propagating surface mode. Also, due to over-

bunching of the electron beam as seen in Fig. 3.5(a), there will be a double-peaked distribution

of the electron phase. This will generate higher harmonics in the electromagnetic field. The

interaction of the higher-order modes with the electron beam is however feeble since the phase

velocity of the higher-order modes is not matched with the electron beam velocity.

3.5 Discussions and conclusion

In this chapter, we have established a novel approach for the analysis of a single slab based

CFEL driven by a flat electron beam. The calculations have been performed by analyzing the

reflectivity of the system for the incident evanescent wave generated by a flat electron beam
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Figure 3.5: (a) Plot of growth of the bunching parameter along the interaction length at satu-
ration of the power in the surface mode. (b) The phase space of electron beam at the entrance
and at the exit of interaction region at saturation.

propagating very close to the dielectric surface. As discussed in the previous chapter, the am-

plitude reflectivity shows a singularity at a certain frequency for a particular phase velocity of

the surface mode, meaning that the system supports a surface mode at this frequency. In this

chapter, we have studied the interaction of this surface mode with a co-propagating electron

beam by performing a Laurent series expansion of reflectivity around the singularity condition,

as a function of growth rate parameter µ. The reflectivity has been expressed in terms of param-

eter χ and χ1, where parameter χ is related to the growth of the surface mode and the parameter
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χ1 is related to the ac space charge field. Using this parametrization, we set up the coupled

Maxwell-Lorentz equations for the system. In the small-signal, small-gain regime, we find an

analytical expression for the small-signal gain, which is given by Eq. (3.35). We would like to

mention here that the expression for gain obtained from our analysis, and the expression derived

by Walsh et al. in the Ref. [82] give comparable results in the relativistic regime. In Ref. [82],

the gain analysis has been done for the relativistic regime, while our analysis is applicable to

both relativistic as well as non-relativistic regimes. In the small-signal, high-gain regime, we

have solved the coupled Maxwell-Lorentz equations to find an analytical expression for the

growth rate. Our results for the growth rate are in agreement with the hydrodynamic approach.

To study the non-linear regime, we have written a computer code based on the leapfrog scheme.

We have considered the parameters used in the Dartmouth experiment [66] to perform cal-

culations. The output power reported in the Dartmouth experiment [66] was of the order of

picowatt. To get an appreciable output power, authors in Ref. [66] suggested the use of the

flat electron beam to drive the CFEL. We performed the analysis with flat electron beam and

obtained an output power of around 216 mW with an efficiency of about 0.7% at saturation in

the oscillator configuration. Outcoupling of THz radiation can be done by putting a hole in the

outcoupling mirror and the radiation power can be directed to useful experiments. Note that

these calculations have been performed by ignoring the effect of attenuation in the surface mode

due to the dielectric and Ohmic losses. These effects will be discussed in the next chapter.

It is important to note here that while calculating the output power, we have assumed that

a fraction of the total intra-cavity power can be outcoupled through the outcoupling mirror.

Total intra-cavity power is the sum of the power in the radiative mode inside the dielectric slab,

and the power in the evanescent mode in the vacuum region. Although the radiation inside

the dielectric may undergo total internal reflection at the ends, the power in the evanescent

mode in the vacuum region can be outcoupled through a hole in the mirror, where it will get

converted to useful radiative mode. Here, the hole can also be used to extract the electron

beam. Although the detailed analysis of outcoupling will be an involved one, we have assumed

that with a suitable design of outcoupling system, a small fraction (4 % in our case) of the
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intra-cavity power can be outcoupled through the downstream mirror. In order to model this

situation in a simple manner, we have assumed that the downstream mirror is semi-transparent

with 98 % reflectivity in the field amplitude. The upstream mirror in our analysis is assumed

to be transparent to the electron beam. In practice, the electron beam is injected by putting

a hole in the upstream mirror, and it is not 100 % reflective, as assumed in our calculations.

Also, due to the presence of hole in the mirrors, field inside the cavity will contain higher order

modes, which are not considered in our model. These are some of the approximations used in

our analysis to model the oscillator configuration.

Our overall analysis is built up on the earlier analysis of SP-FEL [88], where the parameters

χ and χ1 are obtained numerically from the Laurent expansion of reflectivity of the reflection

grating system around the singularity. The expression for power in the surface mode was ob-

tained in terms of the χ parameter using the energy conservation principle in a way discussed

in Sec. 3.3. As discussed in Chapter 2, it is not possible to derive a simple expression for power

in the surface mode by integrating the Poynting vector in the SP-FEL since a reflection grating

is a complex electromagnetic system and has infinite number of space harmonics. Thus, the

power calculation in terms of χ parameter could not be cross checked with the expression de-

rived by integration of Poynting vector in Ref. [88]. On the other hand, for the case of a CFEL,

it has been possible to derive an analytical expression for the power by integrating the Poynting

vector as discussed in Chapter 2 since a dielectric placed on the conducting surface is a much

simpler system compared to a reflection grating. We have thus been able to check the analytical

expression of power calculated in terms of χ parameter with that of that using the Poynting

vector, and confirmed that the formulation in terms of the χ parameter is correct.

To conclude, we have presented an analysis for the working of a single slab based CFEL

by studying the singularity in the reflectivity of the dielectric slab. We have set up the single

particle based coupled Maxwell-Lorentz equations, taking into account the evanescent nature of

surface mode and also the ac space charge field. For the conventional undulator based FELs [85]

and for the SP-FELs [88], this approach has already been very successful, and by extending this

approach to the CFELs, we have stepped forward towards having a unified theory for all FELs.



Chapter 4

Diffraction and attenuation effects in

Čerenkov and Smith-Purcell FELs

In Chapter 2, we presented a detailed two-dimensional (2D) analysis of the surface mode sup-

ported in a single slab configuration of the CFELs. The surface mode exponentially decays

in the direction perpendicular to the dielectric surface, i.e., the x-direction, and propagates in

the z-direction, which is the direction of the propagation of the electron beam. Under the 2D

approximation, the surface mode was assumed to have a translational invariance along the hori-

zontal direction, i.e., the y-direction, and it was therefore non-localized in the (y, z) plane. Using

the results of 2D surface mode analysis from Chapter 2, we developed a 2D non-linear analysis

to study the beam-wave interaction in a single slab based CFEL driven by a flat electron beam

in Chapter 3. The electron beam in this analysis was assumed to have an infinite width along the

horizontal direction and a vanishing thickness in the vertical direction. Analytical expressions

for the small-signal gain and growth rate of CFEL were derived for this case. Although an arbi-

trary width ∆y was chosen for the electron beam, the model presented in Chapter 3 essentially

describes the interaction of a surface current and a surface wave having infinite extent along

the y-direction. In a realistic situation, however, the electron beam size as well as the radiation

beam size will be finite along the y-direction. Size of the radiation beam will increase due to

diffraction. This will affect the overlap of the radiation beam with the electron beam, resulting

65
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in reduction of the small-signal gain, as well as the saturated power obtained in the device. For

an effective beam-wave interaction, one has to ensure that the electron beam envelope remains

inside the radiation beam envelope over the entire interaction region. A realistic estimate of the

radiation beam size requires the inclusion of diffraction effects and a detailed three-dimensional

(3D) analysis of the surface mode.

One way to invoke 3D effects is to solve the electromagnetic Helmholtz wave equation by

considering the diffraction in the surface mode. Andrew and Brau [98] used this technique

to study the effect of diffraction on the growth rate in a single slab based CFEL. Growth rate

was found to be decreasing on the accounts of the 3D effects as compared to the 2D analysis.

The analysis in Ref. [98] is however performed for uniform electron beam having infinite ver-

tical size, and hence, is not very useful to obtain the electron beam parameters in the vertical

direction, which are critical to improve the performance of the system.

We have followed a different approach to consider the diffraction effects, where a 3D surface

mode is constructed by combining plane waves propagating along different directions in the

(y, z) plane with suitable weight factor. The surface mode constructed in this way is localized

in the horizontal direction and represents a realistic situation. The technique of localization of

electromagnetic modes by using superposition of plane waves is a standard technique in laser

optics [110, 140, 141]. Kim and Kumar [78, 90] used this approach to study the diffraction

effects in SP-FELs, and worked out the requirements on the electron beam parameters for a

THz SP-FEL [78, 89]. They observed that a SP-FEL system can produce copious amount of

THz radiation if a specially designed electron beam with a flat transverse profile that allows the

beam to travel very close to the grating surface, is used to drive the system. They also pointed

out that these criteria were not met in the earlier experimental studies of SP-FELs [69]. As a

consequence, the observed output power in these experiments has been low. Observation of low

output power has also been mentioned in experimental studies on single slab based CFELs at

ENEA Frascati Centre [63, 64] and at the Dartmouth college[65, 66]. In this chapter, we have

examined the conditions under which performance of the CFELs can be improved. For this

purpose, we have extended the work of Kim and Kumar [78, 90] on SP-FELs to CFELs, and
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determined the requirements on the electron beam parameters, i.e., beam size, beam emittance,

and beam current for the successful operation of a THz CFEL.

Another important effect that can deteriorate the system performance is the attenuation of

the surface mode due to the losses present in the system. In a CFEL, the amplitude of the

surface mode attenuates as it propagates inside a lossy dielectric slab supported over a metallic

structure having finite conductivity. It is well known to the microwave community that the

effect of attenuation increases with the frequency of the guided surface modes in dielectric-

metal hybrid structures [122]. Despite this, the existing model on THz CFELs have always

neglected such deleterious effect by assuming it to be insignificant. In our analysis, we have

found that the dielectric and Ohmic losses can even prevent a CFEL from lasing, especially in

the low-gain regime. For a low gain CFEL oscillator system, the small-signal gain has a cubic

dependence on the length L [142]. Hence, one would like to increase the interaction length to

obtain a higher gain [142]. However, at higher interaction length, attenuation effects increase

as the power in the surface mode decays by a factor of e−4αL for a round trip, where α is the

field attenuation coefficient. Thus one needs to optimize the system length by considering the

attenuation effects due to the dielectric and Ohmic losses present in the system. The calculations

for the attenuation coefficient due to the dielectric losses and Ohmic losses were presented in

Chapter 2 for a single slab based CFEL. In this chapter, we have used these results to perform

a detailed optimization study for a real world THz CFEL.

Considering the effects of attenuation and diffraction, we have established 3D coupled

Maxwell-Lorentz equations for the CFELs. Following an approach similar to the approach

discussed for CFELs, we have set up the 3D coupled Maxwell-Lorentz equations for the SP-

FELs too. Although for the case of SP-FELs, the diffraction and attenuation effects have been

studied in detail in Refs. [78, 89, 90, 93], a detailed derivation for the 3D coupled Maxwell-

Lorentz equations was not presented, which is provided in this chapter. While discussing the

3D analysis of the CFELs and SP-FELs, we have highlighted important differences between

the CFELs and SP-FELs in terms of diffraction effects, and explained the fundamental reason

for these differences.
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This chapter is organized as follows. In Sec. 4.1.1, we have discussed the effect of atten-

uation due to the dielectric losses and Ohmic losses on the performance of a single slab based

CFEL. We determine the properties of the surface mode, including the effect of diffraction in

Sec. 4.1.2. Next, in Sec. 4.1.3, we set up the 3D coupled Maxwell-Lorentz equations for a

CFEL system. Considering the effect of diffraction, the requirements on the quality of electron

beam for the successful operation of such devices become very stringent, which is discussed

in Sec. 4.2 for the case of a CFEL. We also discuss the techniques to relax these stringent re-

quirements, and also the methods for production of electron beam of required quality in the

same section. In Sec. 4.3, we perform an optimization study of a THz CFEL to show that with

achievable beam quality, it should be possible to generate copious amount of THz radiation

in this device, even after including the 3D effects and the effects due to attenuation. Next, in

Sec. 4.4.1, we describe essential features of the 3D surface mode analysis in SP-FELs [78, 89]

and set up the 3D coupled Maxwell-Lorentz equations for the SP-FEL system. Here, we also

highlight the differences in the analyses of a SP-FEL and a CFEL. Finally, we discuss the results

and conclude our analysis in Sec. 4.5.

4.1 Attenuation and diffraction effects in Čerenkov FELs

4.1.1 Attenuation effects

In this section, we will consider the effect of attenuation of the surface mode on the performance

of a single slab based CFEL. The field attenuation coefficient α is the sum of the dielectric

attenuation coefficient αd and the Ohmic attenuation coefficient αc, which can be obtained by

adding the results of Eqs. (2.29) and (2.31), as discussed in Chapter 2. We find the following

expression for the total attenuation coefficient of the surface mode in a CFEL:

α =
γRk0Z0 tan δ(2 − εβ2

R) + βRε
2k0(1 + a2)(2Rs + βRk0Z0d tan δ)

2Z0[γR(1 + ε2a2) + εk0d(1 + a2)]
, (4.1)
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where tan δ represents tangent loss of the dielectric medium, Rs =
√
µ0ω/2σcond is surface

resistance of the metal, µ0 is the permeability of the free-space andσcond represents conductivity

of the metal.

In a CFEL based on a positive refractive index dielectric, the surface mode will have a

positive group velocity vg and will be amplified as it co-propagates with the electron beam in

the positive z-direction [98]. The longitudinal component of the electric field of a 2D non-

localized surface mode supported in a CFEL is given by

Ez(x, z, t) = Eei(k0z−ωt)e−Γx, (4.2)

where E is the amplitude of the field at the location of the electron beam i.e., x = 0, k0 is the

propagation wavenumber in the z-direction, and Γ is the attenuation constant due to evanescent

nature in the x-direction. The evolution of the amplitude E of the surface mode is mathemati-

cally described by Eq. (3.26), which after including the attenuation of the surface mode can be

written as:

∂E
∂z

+
1
βgc

∂E
∂t

=
−Z0χ

2βRγR

dI
dy

e−2Γh〈e−iψ〉 − αE, (4.3)

Here, the subscript R is meant for the resonant particle having velocity same as the phase

velocity of the surface mode, ψ = k0z − ωt is the electron phase, and the second term on

the right hand side represents attenuation of the surface mode due to losses present in the

dielectric and metallic structures. It should to be noted that in the oscillator configuration, the

electromagnetic field will be attenuated as it propagates from the beginning to the end of the

dielectric slab, and also during its backward propagation from the end point to the beginning of

the dielectric slab. This results in a decay in the power of the surface mode by a factor of e−4αL

during a round trip. The input field for the next pass is e−αL times the field in the previous pass,

which is reflected from the mirror placed at the end point. The dynamical field equation given

by Eq. (4.3) together with the Lorentz equations of motion given by Eqs. (3.18) and (3.19)
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need to be solved under the above mentioned conditions to obtain the saturated power in the

non-linear regime.

In the linear regime, the coupled Maxwell-Lorentz equations were solved without taking

the effect of attenuation in Chapter 3 and an analytical expression was obtained for the small-

signal gain, which is given by Eq. (3.35). Taking into account the effect of attenuation, there

will be a single trip loss given by (1 − e−2αL) in addition to the gain described by Eq. (3.35).

Note that in these calculations, we have assumed the losses to be small, i.e., 2αL � 1. Taking

the effect of attenuation, the growth rate of a CFEL system can be written as µ − α, where µ is

given by Eq. (3.43). For an optimum performance of the system, one has to maximize the net

gain and the net growth rate of the system. The gain and the growth rate will also reduce due

to diffraction. This is because of the partial overlap of the diffracting radiation beam and the

co-propagating electron beam. To estimate the size of the diffracting radiation beam, we need

to perform a full 3D analysis of the surface mode, which is presented in the following section.

4.1.2 Diffraction effects

Now, we consider the effect of diffraction of the surface mode in the y-direction and construct

the 3D localized surface mode supported in a single slab based CFEL system. As shown in

Fig. 4.1, the dielectric slab is an open structure in the y-direction. Hence, the electromagnetic

surface mode supported in this configuration is expected to behave like a freely propagating

radiation beam and will undergo diffraction in the (y, z) plane. The diffracting electromagnetic

surface mode can be constructed by combining plane waves propagating at different angles in

the (y, z) plane, with suitable weight function A(ky) in ky as

Ez(x, y, z, t) =
1
√

2π

∫
dkyA(ky)ei(kzz−ωt)eikyye−Γ′x. (4.4)

Here, Ez is the longitudinal electric field, Γ′ is the attenuation constant due to evanescent nature

in the x-direction, when the wave is propagating in the (y, z) plane with wavenumbers ky and
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Figure 4.1: Schematic of a 3D configuration of CFEL driven by a flat electron beam.

kz in the y-direction and the z-direction respectively. The surface mode constructed in this way

will have a variation along the y-direction and will represent the generalized case of surface

mode given by Eq. (4.2). We now invoke the paraxial wave approximation, i.e., ky � kz.

Considering this, the electromagnetic surface mode given by Eq. (4.4) is mainly propagating in

the z-direction and undergoes diffraction in the y-direction.

In the CFEL based on an uniform and isotropic dielectric medium, the optical properties

of the surface mode will remain invariant under any arbitrary rotation of the propagating wave

vector in the (y, z) plane. In this situation, the 2D dispersion relation of the surface mode

propagating along the z-axis can be easily generalized to the case where the surface mode is

propagating along any arbitrary direction in the (y, z) plane. For a given frequency ω, if the

phase velocity of the surface mode propagating along the z-axis is v, we obtain the following

relation between ω, ky and kz for a surface wave propagating in the (y, z) plane:

ω = v
√

k2
y + k2

z . (4.5)
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The wavenumber in the longitudinal direction can be written as kz = k0 + ∆k, where k0 = ω/v.

By using the paraxial approximation (ky � kz), we obtained the following expression for kz:

kz = k0

(
1 −

k2
y

2k2
0

)
. (4.6)

Note that due to the property of isotropy in the (y, z) plane, Γ′ = Γ. We can substitute Eq. (4.6)

for kz and Γ′ = Γ in Eq. (4.4) to obtain the localized surface mode in a CFEL as

Ez(x, y, z, t) =
e−Γxei(kzz−ωt)

√
2π

∫
A(ky)e−ik2

y z/2k0︸          ︷︷          ︸ eikyydky. (4.7)

Above expression for the longitudinal field appears as a Fourier transform in ky of the under-

braced term. If we choose A(ky) = e−k2
y/2σ

2
ky , the integration in Eq. (4.7) is Fourier transform of

a Gaussian function. Gaussian functions belong to the distinct family of functions which are

self-Fourier functions [143]. Hence, the resultant of integration in Eq. (4.7) is also a Gaussian

function, and we obtain the intensity for the localized Gaussian mode at x = 0 as:

Intensity : Ez × E∗z ∝ e
−

y2
2

2σ2
ky

1+σ4
ky

z2/k2
0 . (4.8)

We want to emphasize that this approach can easily be generalized for higher order modes by

taking Gauss-Hermite functions for A(ky), which are also self-Fourier functions and will give

higher order Gauss-Hermite modes.

Next, we analyze the transverse properties of the localized surface mode. Using Eq. (4.8),

we obtain an expression for the variation of rms optical beam size σy with z as

σ2
y(z) = σ2

y(0)
(
1 +

z2

Z2
R

)
, (4.9)
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Here, σy(0) is the rms optical beam waist at z = 0 and ZR is the Rayleigh range, which is

obtained as:

ZR =
4πσ2

y(0)

βRλ
. (4.10)

Another quantity of interest is the product of rms beam waist size and rms angular divergence

σθ, which is given by

σy(0) × σθ =
βRλ

4π
. (4.11)

Note that above expressions are similar to the standard expressions for the case of Gaussian

mode propagating in free-space except that λ is replaced with βRλ. It is well known in optics

that for a Gaussian mode propagating in a uniform, isotropic medium, λ gets replaced with λ/n

in the above formulas, where n is the refractive index of the medium. Using n = c/vp, where

vp = βRc is the phase velocity of light in the medium, λ/n is same as βRλ. This is thus similar

to our results obtained for a surface mode supported by a uniform, isotropic dielectric slab in a

CFEL.

The present analysis for the localized surface mode will be used in Sec 4.2 to estimate the

required parameters of the electron beam for efficient working of the CFEL.

4.1.3 3D Maxwell-Lorentz equations

Next, we will extend our 2D analysis of the beam-wave interaction in a CFEL for the 3D case

by setting up the 3D Maxwell-Lorentz equations. For this purpose, we will perform the analysis

of the 3D localized surface mode given by Eq. (4.4) in terms of its Fourier components, which

are evolving due to their interaction with the corresponding Fourier components of the current

density vector of a co-propagating electron beam. We start with the generalized expression for

the sinusoidal component of the beam current density: J = J(x, y)ei(k0z−ωt)〈e−iψ〉+c.c., where

J(x, y) is the dc current density, 〈e−iψ〉 indicates bunching of the electron beam due to interaction
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with the surface mode and c.c. represents the complex conjugate of quantity written on the right

hand side. We can express the beam current density into its Fourier components as:

J =
ei(kzz−ωt)

√
2π

∫
J̃(x, ky)eik2

y z/2k0〈e−iψ〉︸                   ︷︷                   ︸ e−ik2
y z/2k0eikyydky + c.c.. (4.12)

Note that we have cast the integral in a form such that the Fourier component of the electro-

magnetic field can be understood to be evolving with the Fourier component of the electron

beam current density. For further calculations, we consider a flat electron beam for which

J(x, y) = j(y)δ(x) and its Fourier transform is written as J̃(x, ky) = j̃(ky)δ(x). The longitudinal

component of the electromagnetic field that evolves due to interaction with this current density

is given by:

Ez(x, y, z, t) =
e−Γxei(kzz−ωt)

√
2π

∫
A(ky, z, t)︸    ︷︷    ︸ e−ik2

y z/2k0eikyydky + c.c.. (4.13)

The amplitude A(ky, z, t) of the surface mode will evolve due to interaction with the co-propagating

electron beam and we have assumed it to be a slowly varying function of z and t. The beam-

wave interaction mechanism in a CFEL system, which describes the evolution of the 2D surface

mode and the dynamics of the electron beam in the presence of this surface mode, has been dis-

cussed in detail in Chapter 3. Now, by following the same approach and realizing that the

underbraced term in Eq. (4.13), which is the amplitude of the Fourier component of the electro-

magnetic field, is evolving due to interaction with the amplitude of the corresponding Fourier

component of the current density denoted by the underbraced terms in Eq. (4.12), we obtain the

following time dependent differential equation for the evolution of A(ky, z, t):

∂A
∂z

+
1
βgc

∂A
∂t

=
−Z0χ

2βRγR
j̃(ky)eik2

y z/2k0e−2Γh〈e−iψ〉 − αA. (4.14)

By taking Fourier transform with respect to ky in above equation and using the fact that Ae−ik2
y z/2k0

is the Fourier transform of the longitudinal surface field E, we obtain the following dynamical
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equation for the 3D surface mode:

∂E
∂z
−

i
2k0

∂2E
∂y2 +

1
βgc

∂E
∂t

=
−Z0χ

2βRγR

dI
dy

e−2Γh〈e−iψ〉 − αE. (4.15)

Here, E is the amplitude of the longitudinal field Ez and dI/dy is the linear current density

of the flat beam. Note that while deriving the above equation, we have assumed dI/dy to be

constant, although it is a function of x and y. The second term on the left hand side of above

equation represents diffraction of the surface mode and allows us to study the transverse profile

of the optical beam. In an approximate way, the effect of partial overlap between the electron

beam and optical mode can be considered in the numerical solutions of 2D Maxwell-Lorentz

equations by writing the linear current density dI/dy as I/∆y, where ∆y is the electron beam

width, and is replaced with the effective optical beam width ∆ye. The effective optical mode

width ∆ye here has to be chosen by suitably matching the optical beam size given by Eq. (4.9)

and the corresponding electron beam size. To find the electron beam size in the horizontal

direction, we need to give a detailed description of the transverse profile of the electron beam,

which is discussed in the following section.

4.2 Electron beam requirements and its production for the

Čerenkov FELs

In this section, based on the analysis of the surface mode presented in Sec. 4.1.2, we will work

out the electron beam requirements for successful operation of a CFEL. To perform these cal-

culations, we will closely follow the approach given in Refs. [78, 89], where the requirements

on the electron beam parameters have been determined for the successful operation of a SP-

FEL system. Before discussing the transverse profile of the electron beam, we will first review

some of the properties of the electron beam in phase space. The electron beam distribution in

the four dimensional phase space (x, ϕ, y, φ) is assumed to be Kapchinskij-Vladimirskij (KV)

distribution [144], where x and y are the vertical and horizontal coordinates respectively, and
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ϕ and φ represents vertical and horizontal angles, respectively. The electron beam distribu-

tion is assumed to have half-widths (∆x,∆ϕ,∆y,∆φ) at the middle of the dielectric slab and

the half widths are two times the rms values (σx, σϕ, σy, σφ). Thus, ∆x = 2σx, ∆ϕ = 2σϕ,

∆y = 2σy and ∆φ = 2σφ. The geometric rms emittance in the y-direction is therefore given

by ε0
y = (1/4)∆y∆φ. The Courant-Snyder envelope βy, also known as the beta function in the

y-direction, is defined as βy = σ2
y/ε

0
y . Similar quantities are defined with the subscript x in the

x-direction.

Let us first look for the requirements on the electron beam in the y-direction. The product

of rms beam size σy(o) and divergence σθ for the surface mode supported in the CFEL is given

by βRλ/4π. Now to ensure that electron beam envelope is within the envelope of optical beam,

the rms unnormalized emittance is required to be less than this product. Applying this for the

case of the CFEL, we get

εy ≤
β2

RγRλ

4π
, (4.16)

where εy = βRγRε
0
y is the normalized beam emittance in the y-direction. Next, the half width

∆y of the electron beam, which is taken the same as the half width 2σy of the optical beam, is

chosen by requiring that the Rayleigh range ZR is equal to the interaction length L. This choice

of ZR ensures that the variation in the rms optical beam size over the interaction length is within

10%, as can be seen by putting z = L/2 (z = 0 corresponds to middle of the dielectric slab and

z = ±L/2 corresponds to the end points), and ZR = L in Eq.(4.9). Now, by using Eq. (4.10), we

find σy =
√
βRλZR/4π and by inserting it in the above-mentioned condition, we obtain

∆y =

√
βRλL
π

. (4.17)

Let us now discuss the required electron beam parameters in the x-direction. In the view of

the exponential factor e−2Γh in Eq. (3.35), where Γ = 2π/βRγRλ, it is desirable that the height h

of the electrons should satisfy h ≤ 1/2Γ for sufficient beam-wave interaction. Assuming that
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the electron beam is propagating over the dielectric slab such that its centroid is at height h and

its lower edge just touches the dielectric surface, we can take the half-width ∆x of the electron

beam same as h = 1/2Γ, and obtain

∆x =
βRγRλ

4π
. (4.18)

This implies that rms electron beam size σx = ∆x/2 = βRγRλ/8π at the middle of the dielec-

tric slab. The rms beam size in the x-direction at the end of the dielectrics slab is given by√
ε0

xβx[1 + (L/2βx)2] [78]. In order to ensure that the variation in σx over the interaction length

. 10%, we require βx ≥ L. Using these two conditions and the relation that ε0
x = σ2

x/βx, we

obtain

εx ≤
β3

Rγ
3
Rλ

2

64π2L
, (4.19)

where εx = βRγRε
0
x is the normalized beam emittance in the x-direction. The condition on the

normalized beam emittance εx comes out to be very stringent. As discussed in detail in the

next section, a flat electron beam with transverse emittance ratio, εy/εx ' 1000 is required for

the operation of a practical THz CFEL. This value is roughly 10 times higher than the value

achieved in a recent experiment [145, 146].

The stringent requirement on the emittance of a flat electron beam can be relaxed by intro-

ducing an external focusing by either using a wiggler field [147, 148] or by using a solenoid

field [149–151]. Details of the two schemes are described in Ref. [89] for the case of a SP-FEL.

Both the schemes are applicable for the case of the CFEL also. In the next two subsections, we

will discuss these two schemes for a CFEL system.

4.2.1 Focusing of a flat electron beam by using a wiggler field

A flat electron beam can be focused in both the vertical and horizontal planes by using a wiggler

field, as discussed and demonstrated by Booske et al. [152]. A flat electron beam for this
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Figure 4.2: Schematic of external focusing in a Čerenkov FEL using a wiggler.

scheme can be generated by a novel phase space technique [78, 153], in which a round electron

beam is first produced from a cathode placed in an axial magnetic field, and then the angular

momentum of the beam is removed by using a set of quadrupoles. This gives a flat electron

beam with transverse emittance ratio [78]:

εy

εx
=

( eB
mc

r2
t

4εI

)2

, (4.20)

where B represents the magnetic field at the cathode, rt is the radius of the thermionic cathode,

and εI =
√
εxεy is the initial beam emittance of the round beam. The radius rt is related to

the initial emittance as rt = 2εI/
√

kBT/mc2 [78], where kB is Boltzmann’s constant and T is

the absolute temperature of the thermionic cathode. The magnetic field required to produce an

electron beam with the desired transverse emittance ratio is evaluated by using Eq. (4.20) as

B = kBT/eεxc. Note that B is independent of εy. The current density Jt at the cathode for a

given beam current I is Jt = I/πr2
t [78].

In Fig. 4.2, we have shown the schematic for focussing of the above mentioned flat beam in

a CFEL by using a wiggler with a parabolic pole shape. In the presence of a wiggler magnetic

field, the electron beam will be focused in both x- and y-directions. We need to find an electron

beam matched to the focusing forces such that the beam size remains minimum and nearly uni-

form along the wiggler length. By neglecting the space charge effect in the envelope equation,
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the matched rms beam sizes in the x- and y-directions are obtained as [89]:

σx,y = 21/4
√

εx,y

aukx,y
. (4.21)

Here, au = eBu/kumc, Bu represents the peak value of the magnetic field in the x-direction,

along the z-axis, ku = 2π/λu, λu is the wiggler period, and kx and ky represent spatial frequency

of the wiggler field in the x- and the y-direction respectively. We require k2
u = k2

x + k2
y to satisfy

the Maxwell equations. In Eq. (4.21), we choose σy = 1/2∆y and σx = 1/2∆x, where ∆y

and ∆x are given by Eqs. (4.17) and (4.18) respectively, and find the appropriate value of au, kx

and ky for a given values of emittances (εx, εy), such that the beam sizes are matched inside a

wiggler and thus maintain a constant size throughout the wiggler. For a typical set of parameters

of a CFEL, the focusing requirement in the vertical direction is very strong as compared to the

horizontal direction. We can therefore choose ky = 0 and kx = ku. It is clear from Eq. (4.21)

that for a matched beam size, one can tolerate a larger vertical emittance by choosing a higher

value of the peak wiggler magnetic field Bu. This helps us to relax the stringent requirement

given by Eq. (4.19). Note that in case of external focusing in the vertical direction, we do not

need to satisfy Eq. (4.19).

4.2.2 Focusing of a flat electron beam by using a solenoid field

In the second scheme, a solenoid magnetic field is used to focus a low energy flat electron

beam. The required flat beam is generated by using an elliptically shaped, planar thermionic

cathode with major axis ∆yc = ∆y and minor axis ∆xc = ∆x. The normalized thermal emittances

for the thermionic cathode are given by (εx, εy) = 0.5(∆xc,∆yc)
√

kBT/mc2, and current density

at cathode, corresponding to current I, is given by Jc = I/π∆xc∆yc [78]. For generating a flat

beam, the vertical dimension of the cathode is very small compared to the horizontal dimension,

and such a cathode is called a line cathode. The line cathode together with the dielectric slab

is immersed inside the solenoid such that the electron beam is generated in the uniform field

region of the solenoid. On the contrary, if line cathode is placed outside the solenoid in the
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field-free region then the flat electron beam generated from such line cathode starts rotating

as it enters into the solenoid field. To avoid the rotation of flat beam as it propagates over the

dielectric slab, both the line cathode and the dielectric slab are placed inside the solenoid. The

solenoid field strength required to focus a flat beam can be evaluated with the condition that the

Larmor radius should be much smaller than the vertical rms beam size σx [89], which gives us

the following expression for the required axial magnetic field B(0) near the cathode [89]:

B(0) �
mcεx

eσ2
x
. (4.22)

The nonuniformity in the longitudinal on-axis magnetic field gives rise to a rotation θ to the flat

beam, which is given by [89]

θ(z) =
zωL

3βRc
∆B(z)
B(0)

, (4.23)

where ∆B(z) = B(z)−B(0) and ωL is the Larmor frequency. Here, it is assumed that the cathode

is placed at the centre of the solenoid (z = 0), where the field is maximum, and the variation

of the quantities in the radial direction is assumed to be very slow. We have to ensure that the

electron beam does not rotate significantly such that the flat beam nature is preserved.

Clearly, both the external focusing techniques allow us to tolerate larger emittance of the

electron beam. A large emittance of the electron beam, however, gives rise to a spread in the

trajectory angle θt, and therefore in the longitudinal velocity given by

∆βR

βR
= 1 − cos θt. (4.24)

Using (1 − cos θt) ' θ2
t /2 and θ2

t = ε2
x/β

2
Rγ

2
Rσ

2
x in the above equation, we obtain

∆βR

βR
∼

ε2
x

2β2
Rγ

2
Rσ

2
x
. (4.25)

Focusing in the y-direction will also give similar contribution to the velocity spread. The effect

of the longitudinal velocity spread is equivalent to an effective energy spread. The deleterious
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effect of energy spread become prominent as we increase the interaction length to achieve a

higher gain. The maximum energy spread that can be tolerated in a CFEL corresponds to the

phase mismatch of π between the electrons and the co-propagating surface mode at the exit of

the interaction region, or equivalently ∆βRL/βR = βRλ/2. This condition gives us the maximum

value of emittance which can be tolerated by the system as:

εx < σx

√
β3

Rγ
2
Rλ

L
. (4.26)

With the external focussing, we can increase the length L of the dielectric slab to obtain a higher

gain. However, increase in L value will restrict the maximum emittance that can be tolerated,

as indicated by Eq. (4.26). We need to choose an optimum value of L for which the deleterious

effects due to the energy spread are significantly less.

Finally, we summarize the procedure for optimization of the focusing strength and the emit-

tance as follows: we first choose the vertical beam size from Eq. (4.18) for the given parameters

of a CFEL, and then we choose the maximum focussing strength by using Eq. (4.21) (in the

case of wiggler focusing) or using Eq. (4.22) (in the case of solenoid focusing) to attain the

maximum tolerance on the vertical emittance, keeping in mind that the constraint is given by

Eq. (4.26).

4.3 Optimization study of a THz Čerenkov FEL

In this section, we will perform an optimization study of a THz CFEL in accordance with the

analysis given in the earlier sections. For an example case of a practical CFEL, we take the

parameters of the Dartmouth experiment [66] discussed earlier in Chapters 2 and 3, where

a CFEL device was tested with an operating frequency of 0.1 THz by using an electron beam

having 1 mA beam-current and 30 keV (βR = 0.33) beam-energy. Two different materials, GaAs

(ε = 13.1) [120] and sapphire (ε varying from 9.6 to 10.0) [119] were used for the dielectric

slab having slab thickness 350 µm, and a silver polished copper metal was used to support the
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dielectric slabs. Among the above-mentioned dielectric materials, we have considered GaAs

in our calculations for the reasons discussed earlier in Chapter 2. GaAs has a tangent loss

tan δ = 2 × 10−4 at room temperature, i.e., at 300 K. For these parameters, we find λ = 2.7 mm

(operating frequency = 0.1 THz), βg = 0.23 and χ = 181 per m. The conductivity of silver metal

at 300 K is given by 6.3 × 107/Ω-m [154], for which the Ohmic attenuation coefficient, αc =

2.5 m−1, as calculated by using Eq. (2.31). The dielectric attenuation coefficient is calculated

by using Eq. (2.29) as αd = 0.9 m−1 at 300 K. Note that the dielectric losses are less compared

to the Ohmic losses. In the context of 3D analysis, the linear current density dI/dy, which is

needed to evaluate the gain and the growth rate of the system by using Eqs. (3.34) and (3.43)

respectively, can be interpreted as the peak value at the middle of the electron beam distribution.

We obtain the following expression for the linear current density [78]

dI
dy

=
I

π∆y/2
, (4.27)

for the KV distribution discussed in Sec. 4.3. The effective electron beam width in the y-

direction is thus taken as π times the rms optical beam waist size σy(0). We denote the effective

electron beam width in the y-direction as ∆ye, which we have evaluated by using Eq. (4.17) as

∆ye =
√
πβRλL/4. The centroid of the electron beam is taken at height h = ∆x = βRγRλ/4π.

The length of the dielectric slab was taken around 1 cm in the Dartmouth experiment. Note

that in the previous chapter a larger interaction length (15 cm) was considered to achieve a

reasonable gain, i.e., 56%. However, If we include the effect due to attenuation, we find a

round trip loss (1 − e−4αL) of around 87% for this length, which is higher than the gain and the

system is unable to lase in these conditions. By taking the system length, i.e., L = 1 cm, we find

the small signal gain of around 0.04%, which is also too low to overcome the losses present in

the system as the round trip loss is around 13.0%. To get an appreciable gain, we take L = 5 cm

and increase the electron beam current from 1 mA to 35 mA. With the increased length, power

loss due to attenuation also increases. To reduce the attenuation, we kept the silver metal and

the dielectric slab at low temperature i.e., at 77 K, which is boiling point of liquid nitrogen. At
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Figure 4.3: Plot of net gain and net growth rate as a function of electron beam energy for the
parameters discussed in the text.

77 K, the tangent loss of GaAs is 2 × 10−5 and the conductivity of silver is about 3.3 × 108/Ω-

m [154]. Now to find the optimum value of electron beam energy and dielectric thickness, we

have kept the operating wavelength fixed, i.e., λ = 2.7 mm, and plotted the net gain and net

growth rate as a function of beam energy and dielectric thickness respectively [155]. Note that

we have to vary both the electron beam energy and the dielectric thickness simultaneously such

that they satisfy dispersion relation to give λ = 2.7 mm. The plots of net gain and net growth

rate as a function of electron beam energy are shown in Fig. 4.3. We obtain an optimum value

of electron beam energy as 40 keV for which the net gain comes out to be 88% and net growth

rate is obtained as 25.4 m−1. Figure 4.4 shows plots of net gain and net growth rate as a function

of dielectric slab thickness. The optimum value of slab thickness is obtained as 265 µm. For

the 40 keV beam energy and 265 µm of slab thickness, the attenuation coefficient is calculated

as 1.73 m−1 at 77 K, which gives us a round trip loss of 29.3% over the 5 cm length.

The proposed system is a low-gain device, and has to be operated in the oscillator config-

uration. The Maxwell-Lorentz equations have been solved numerically to obtain the power in

the surface mode supported in this configuration by using the leapfrog scheme [138] discussed

in Chapter 3. The power builds up slowly and saturates at 3.6 W, as shown by the solid curve in

Fig 4.5. The input electron beam power is 1.4 kW for the considered beam kinetic energy of 40
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Figure 4.4: Plot of net gain and net growth rate as a function of dielectric thickness.

keV (βR = 0.374, γR = 1.078), and beam current of 35 mA. For these parameters, we find the

efficiency of the optimized CFEL as 0.26%. The analytic estimate for the upper bound of the ef-

ficiency ηe f f is given by Eq. (3.44) in Chapter 3, which represents the fraction of electron beam

energy which appears in the form of outcoupled power plus the heat dissipated in the system. In

the oscillator configuration, the outcoupled power is given by Pin(1−R2
m), where Pin is the mean

intra-cavity power and Rm = 0.98 is the reflection coefficient of the outcoupling mirror. Taking

the effect of attenuation, there will be a round trip loss of power given by Pin(1−e−4αL). Consid-

ering these effects, efficiency of the system is obtained as ηe f f = Pin((1−R2
m) + (1− e−4αL))/Pb.

We define ηsim as the efficiency observed in the simulation, which is also the actual efficiency

representing the fraction of electron beam power that appears in the form of outcoupled power,

i.e., ηsim = Pin((1 − R2
m))/Pb. This gives us ηsim = [(1 − R2

m)/((1 − R2
m) + (1 − e−4αL))]ηe f f . Thus,

the upper bound for ηsim is obtained by multiplying a factor of (1−R2
m)/((1−R2

m) + (1− e−4αL))

to Eq. (3.22) as

η
upper bound
sim =

β3
Rγ

3
Rλ(1 − R2

m)
L(γR − 1)[(1 − R2

m) + (1 − e−4αL)]
. (4.28)

For the prescribed parameters, we obtain an upper bound η
upper bound
sim as 0.54%, which is in

agreement with our numerical results. Figure 4.5 also shows the output power (dashed curve)

of a CFEL, where Ohmic and dielectric losses are assumed to be zero. In this case, the CFEL
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Figure 4.5: Plot of output power as a function of pass number for the optimized parameters
of a Čerenkov FEL discussed in the text. The dashed curve represents the case, where Ohmic
losses are assumed to be zero, and solid curve shows the output power with finite Ohmic losses
in the system at 77 K temperature. The linear current density (dI/dy) of the electron beam is
taken as 5.6 A/m.

system gives 24.75 W output power on saturation with an efficiency of 1.77%, which is less

than the analytically estimated value for the upper bound of 4%. Note that the presence of

dielectric losses and Ohmic losses on the metallic surface severely affects the output power and

efficiency of a CFEL system, and one has to optimize the system for minimum losses.

The requirements on electron beam sizes are evaluated by using Eqs. (4.17) and (4.18),

as ∆y = 4.0 mm in the y-direction and ∆x = 87 µm in the x-direction respectively. By using

Eq. (4.19), we find that an electron beam with normalized vertical emittance εx ≤ 1.5×10−8 m-

rad is needed in the absence of any external focussing, which is a very stringent requirement.

In the horizontal direction, the condition on beam emittance is quite relaxed as an electron

beam with εy ≤ 3.3 × 10−5 m-rad is required, which is calculated from Eq. (4.16). If we take

εy = 1.65 × 10−5 m-rad, which is 2 times less than the maximum allowed value, then a flat

electron beam with transverse emittance ratio εy/εx = 1000 is required for the operation of the

CFEL. In the Dartmouth experiment [66], these conditions have been clearly violated, where a

round electron beam having large vertical emittance was used to drive the Čerenkov FEL.

To relax the stringent requirement on the electron beam emittance, external focusing can be
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provided by using a wiggler field as described in Sec. 4.2.1. Here, we will take an explicit ex-

ample to perform the calculations for the analytical results discussed in Sec. 4.2.1. We assume

a round electron beam with initial normalized emittance εI = 1 × 10−6 m-rad, which is easily

achievable. A flat electron beam can be produced by using round to flat beam transformation

as discussed earlier, and under this transformation εI =
√
εxεy. We choose the ratio of hori-

zontal and vertical emittances as 100 : 1, i.e., εy = 10−5 m-rad and εx = 10−7 m-rad. Taking

the cathode temperature 1300 K, this scheme requires an axial magnetic field B = 71.87 Gauss

at the position of the cathode, which can be generated by using either a permanent magnet or

an electromagnet [78]. The current density at the cathode, which is required to produce an

electron beam of desired emittances as discussed above, is obtained by using the prescription

given in Sec.4.2.2 as JT = 0.12 A/cm2 at T = 1300 K. This value of current density (current

density upto 10 A/cm2) can be easily achieved in thermionic cathodes e.g., oxide, dispenser and

M-type cathodes [156, 157], which can be operated for tens of thousands of hours at around

1300 K. Next, we discuss the requirements of the wiggler parameters to focus the flat beam

described above. For a matched beam size σx = 43.5 µm and vertical emittance εx = 10−7 m-

rad, we require Bu = 1.3 kG. This value of magnetic field can be obtained by using an array of

regular pure permanent magnets in a Halbach configuration, which gives a peak field strength

of 1.43Brem exp(−πgu/λu) [158], where Brem is the remnant field of the magnetic material and

gu is the gap between the jaws of the wiggler. We have considered NdFeB as the magnetic

material for which Brem = 1.1 T [158]. We have considered two example cases for the wiggler

gap, i.e., gu = 1 mm and gu = 2 mm, such that the beam transport is feasible. For gu = 1

mm, we need a mini-wiggler with 1.25 mm period and for gu = 2 mm, we need a wiggler

period of 2.50 mm to obtain the required magnetic field of 1.3 kG. This type of mm or sub mm

period wiggler can be fabricated by using laser micromachining of bulk permanent magnets as

discussed in Ref. [159]. We would like to mention that when an electron beam is focused by a

spatially modulated magnetic field as discussed above, it can cause a parametric instability of

the beam envelope oscillations due to the mismatch of the beam parameters and the focusing

field [160, 161]. These oscillations, if amplified enough, could cause emittance growth and lead

to an unstable electron beam [160, 161]. In this case, the envelope equation for the flat beam
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evolving in the presence of wiggler magnetic field can be used to obtain the following stability

condition: (eλuBu/2
√

2πmcβRγR)2 < 0.5 [162]. This condition is known as the Mathieu stabil-

ity condition of wiggler focusing [162]. We have checked that for the proposed wiggler field

and wiggler period, the condition for the Mathieu stability of the wiggler focusing is satisfied.

It has also been checked that the criterion for the maximum tolerance on beam emittance as

given by Eq. (4.26) is easily met for the above discussed case.

Next, we discuss another possibility to relax the stringent requirement on the vertical beam

emittance, where we can use a line cathode immersed in a solenoid field to produce a flat

electron beam. This method has been discussed in detail in Sec. 4.2.2. To produce a flat

electron beam with beam half widths ∆x = 87 µm and ∆y = 4.0 mm, we need a line cathode

with ∆xc = 87 µm, and ∆yc = 4.0 mm. At T = 1300 K, we obtain εx = 2.2 × 10−8 m-rad and εy

= 9.7 × 10−7 m-rad using equation (εx, εy) = 0.5(∆xc,∆yc)
√

kBT/mc2. These values for (εx, εy)

are quite acceptable. For a beam current of 35 mA, the current density at the line cathode is

obtained as Jc = 3.2 A/cm2. By using Eq. (4.22), we find that the solenoid magnetic field B(0)

is required to be greater than 0.25 kG to focus such a flat electron beam. We choose B(0) =

1.0 kG. The Larmor radius is obtained as 10.3 µm for these parameters, which is significantly

smaller than the rms beam size σx = 43.5 µm. To keep the flat beam rotation less than 10

mrad over a length L = 5 cm, we require the field uniformity ∆B/B to be better than 0.4%, as

calculated by using Eq. (4.23).

4.4 Attenuation and diffraction effects in Smith-Purcell FELs

The essential features of the analysis of surface mode supported in a SP-FEL system have

been worked out earlier in Refs. [78, 88–93, 163] and are summarized in Sec. 2.4. Here, we

further elaborate these results to highlight interesting differences in the analyses of CFEL and

SP-FEL systems. We first review some important results of the 2D analysis of the beam-wave

interaction in SP-FELs [88], which is similar to the 2D analysis of the CFELs presented in
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Figure 4.6: Schematic of a 3D SP-FEL, using a flat electron beam.

Chapter 3. Then, we extend the results obtained in the earlier analysis of SP-FELs presented in

Refs. [78, 88–90] to set up the 3D Maxwell-Lorentz equations for the system.

A schematic of a SP-FEL system is shown in Fig. 4.6, where a flat electron beam skims

over the surface of a metallic reflection grating having length L, period λg, groove depth d and

groove width w. A metallic grating supports an electromagnetic field, which is a combination of

Floquet space harmonics since the grating is a periodic structure. Under the 2D approximation,

the longitudinal component of electric field can be written as:

Ez(x, z, t) =
∑

n

Enei[(kz+nkg)z−ωt]e−Γn x, (4.29)

where kz is the propagation wavenumber in the z-direction for the n = 0 term , k = ω/c, kg =

2π/λg and Γn =
√

(kz + nkg)2 − k2. The zeroth-order field component has a similar structure as

given by Eq. (4.2) [88] and shows the strongest interaction with the electron beam since it is

the only component that has phase velocity equal to the electron beam velocity [88]. Higher

space harmonics will have a feeble interaction since the phase velocity is not matched with

the beam velocity. However, one needs to include higher space harmonics in order to satisfy

the boundary condition and to find the dispersion relation of the surface mode as discussed in

Ref. [88]. Similar to the case of the CFEL described in the previous chapter, the electron beam
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interacts with the co-propagating surface mode and the dynamical equation for the evolution of

the amplitude of surface mode is given by [78, 88]

∂E
∂z
−

1
βgc

∂E
∂t

=
Z0χ

2βRγR

dI
dy

e−2Γh〈e−iψ〉 + αE. (4.30)

Here, E is the amplitude of the zeroth-order longitudinal field. The calculation of χ for a SP-

FEL requires numerical evaluation of R as a function of growth rate for a given value of (ω, k0)

of the surface mode, and details regarding the procedure for this calculation are described in

Ref. [88]. Evaluation of the attenuation coefficient α requires calculation of the heat dissipation

at the metallic surfaces for the given surface mode, which has been discussed for the case of

the SP-FEL in Ref. [99]. Note the difference in sign of terms containing βg, χ and α in above

equation as compared to Eq. (4.3) for the CFEL. This is due to the fact that the SP-FEL has

negative group velocity for the surface mode, as described in Ref. [88], whereas the group

velocity is positive in case of the CFEL system. The negative group velocity for the SP-FEL

makes it a BWO and oscillations build up when the linear current density dI/dy exceeds a

threshold value dIs/dy [78, 88]:

dI
dy

>
dIs

dy
= J(ηs)

IAβ
4
Rγ

4
R

2πχkL3 e2Γh. (4.31)

Here,J(ηs) represents a dimensionless start current as a function of the loss parameter ηs = αL.

The calculations of J(ηs) are given in Ref. [164].

After having briefly discussed the 2D analysis, we next discuss the localized surface mode

and set up the 3D coupled Maxwell-Lorentz equations for the SP-FEL system.

4.4.1 Localized surface mode and 3D Maxwell-Lorentz equations

In order to construct the localized surface mode, we need to combine the plane waves propa-

gating at different angles in the (y, z) plane with a suitable weight factor. In order to perform

this calculation, we need to know the 3D dispersion relation of the metallic grating, i.e., the



Chapter 4. Diffraction and attenuation effects in Čerenkov and Smith-Purcell FELs 90

dependence of ω on kz, for different values of ky. The 3D dispersion relation for a rectangular

metallic grating is obtained by Kumar and Kim [90] by deriving the condition for singularity

in R. A remarkable observation in their analysis is that if we replace ω by
√
ω2 − c2k2

y in the

expression for the reflectivity for the case ky = 0; we obtain the reflectivity for the 3D case,

where a finite value of ky is considered [90, 163]. This is because here we have electromag-

netic field present only in one medium, i.e., the space above the surface of the reflection grating

(including the grooves of the grating), which is in vacuum. Due to this feature, the expression

for reflectivity has terms like (ω2 − c2k2
z ) in the 2D case, which can be simply replaced with

(ω2 − c2k2
y − c2k2

z ) for the 3D case. This amounts to replacing ω in the 2D case by
√
ω2 − c2k2

y ,

to determine the dispersion relation for the 3D case with finite ky.

It is important here to note the difference between the dispersion relation of the SP-FEL and

the CFEL systems. A careful observation of the 2D dispersion relation of a CFEL:
√
εω2/c2 − k2

0×

tan(d
√
εω2/c2 − k2

0) = ε
√

k2
0 − ω

2/c2 indicates that the simple “replacement rule” as in the case

of the SP-FEL system i.e., replacing ω in 2D dispersion relation with
√
ω2 − c2k2

y will not give

us the 3D dispersion relation. This is because here, the electromagnetic field in a CFEL is

present in vacuum as well as in the dielectric medium, unlike in the SP-FEL case; therefore

terms like (ω2 − c2k2
o) as well as (ω2 − c2k2

o/ε) appear in the 2D dispersion relation. In the

case of the CFEL, the “isotropic nature” of the dielectric slab in (y, z) plane facilitates us to

analyze the diffraction in the surface mode as described in Sec. 4.1.2. The grating structure

used in the SP-FEL system has grooves along the surface in the transverse direction and lacks

isotropic behaviour in the (y, z) plane. Due to this difference, the optical properties of the sur-

face mode in the SP-FEL system are different as compared to the CFEL system, as elaborated

in the following paragraph.

We now discuss the construction of localized surface mode in the SP-FEL. Due to the

replacement rule: ω3D(ky) =

√
ω2

2D + (cky)2, we write the longitudinal wavenumber kz as

kz = k0 +
∂k
∂ω

∣∣∣∣∣
ky=0

∆ω, (4.32)
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where ∆ω = ω2D − ω3D and the term ∂k/∂ω at ky = 0 is identified as (−1/βgc). Using these

results along with the paraxial approximation in Eq. (4.32), we obtain

kz = k0

(
1 +

k2
y

2βRβgk2
0

)
. (4.33)

Here, we note the difference between above equation and corresponding equation [Eq. (4.6)] for

the case of the CFEL. On the account of 3D effects, the magnitude of change in the longitudinal

wavenumber (|kz − k0|) is given by βRλk2
y/4π for the CFEL and λk2

y/4πβg for the SP-FEL case

respectively. It can be seen that in this term, βRλ in case of the CFEL is replaced with λ/βg for

the case of the SP-FEL.

Next, by satisfying the wave equation for the electromagnetic field, we obtain the expression

for Γ′ as:

Γ′ = Γ

(
1 +

k2
y(1 + βRβg)

2βRβgΓ2

)
. (4.34)

By following an approach similar to the one described in Sec. 4.1.2, the analysis for the local-

ized surface mode supported by the grating structure is performed. The Rayleigh range for the

optical surface mode is obtained as [78]:

ZR =
4πβgσ

2
y(0)

λ
, (4.35)

where σy(0) is the rms beam size at the waist. Under paraxial approximation, the product of

rms beam waist size and rms divergence is given by [78]

σy(0) × σθ =
λ

4πβg
. (4.36)

Note that Eqs. (4.35) and (4.36) have dependence on the group velocity, while equivalent quan-

tities in the CFEL system [Eqs. (4.10) and (4.11)] have dependence on the phase velocity of

the surface mode. In these expressions, the term βRλ in the case of the CFEL is replaced with

λ/βg in the case of the SP-FEL, as expected. We emphasize that this difference arises due to
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a fundamental difference in the way the dispersion relation for the two systems gets modified

for the 3D case, which we have explained. Due to this nature, it can be seen that the diffraction

effects are more prominent in case of the SP-FEL as compared to the CFEL. The length L of the

grating in case of SP-FEL has to be kept small to maintain sufficient interaction of the surface

mode with the co-propagating electron beam.

Next, the expression for kz and Γ′ can be used in Eq. (4.4) to set up the three-dimensional

electromagnetic surface mode for the SP-FEL. By following the procedure described in Sec. 4.1.3,

the following time dependent 3D differential equation for the evolution of the surface mode in

a SP-FEL is obtained [90]:

∂E
∂z

+
i

2βRβgk0

∂2E
∂y2 −

1
βgc

∂E
∂t

=
Z0χ

2βRγR

dI
dy

e−2Γh〈e−iψ〉 + αE. (4.37)

Note the difference in the second term of above equation as compared to the corresponding

term in Eq. (4.15) for the CFEL. Here, a factor βRβg appears, which shows large diffraction

in the surface mode in an SP-FEL as compared to the CFEL. We would like to emphasize that

although the diffraction term in the above equation has the same form as in the case of undulator

based FEL [42], the free-space wavelength λ appearing in this term for the undulator based FEL

is replaced with βRλ in the CFEL and λ/βg in the SP-FEL, and this is an important finding of

our analysis.

4.5 Discussions and conclusion

In this chapter, we have presented a three-dimensional analysis of the surface mode in Čerenkov

and Smith-Purcell FELs. Expressions have been derived for the electromagnetic field in a

localized surface mode by suitably combining the plane wave solutions of Maxwell equations,

propagating at different angles in the (y, z) plane. A crucial input for this calculation was to

have the information about the change in kz, after we include the exp (ikyy)-type dependence

in the electromagnetic field, keeping the value of ω fixed. For the case of the CFEL, this was
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simplified due to “isotropic nature” of the system in the (y, z) plane, and in the case of the SP-

FEL, this was simplified due to the “replacement rule” for the evaluation of reflectivity of the

incident evanescent wave. Interestingly, the “isotropic nature” is not applicable for the SP-FEL

case and the “replacement rule” is not applicable for the CFEL case.

A three-dimensional analysis of the surface mode allows us to include the effect of diffrac-

tion, which plays an important role in the performance of the CFEL and the SP-FEL systems.

We have explained in the chapter that for an isotropic system, as in the case of the CFEL, the

free-space wavelength λ in the diffraction term in the wave equation gets replaced with βRλ.

On the other hand if the system is not isotropic, but the electromagnetic field is present only

in vacuum, as in the case of the SP-FEL, λ gets replaced with λ/βg. Due to this difference,

diffraction effects are observed to be prominent in the SP-FELs as compared to the CFELs.

To incorporate the 3D effects in the analytical formulas for the gain and the growth rate of the

CFEL system discussed in Chapter 3, we have taken the electron beam size to be same as the

effective optical beam size, which has been evaluated by taking the 3D variations in the surface

mode.

We also included the effect of the dielectric losses and losses due to finite conductivity

of the metal, which play an important role when we increase the interaction length in order

to increase the gain in a CFEL. Although all earlier analyses on the single slab CFELs have

ignored this effect, it is important to take such realistic effects into account in a practical device,

as is the case in any device using guided waves at high frequency. It is interesting to point out

that even in the case of SP-FELs, the effect of attenuation was neglected in earlier studies, and

its importance was realized in later studies [99, 164]. In order to reduce the loss due to finite

conductivity of metal in a CFEL, we have proposed that the metallic base can be kept at low

temperature, i.e., 77 K. We have optimized the parameters for a CFEL designed to operate at 0.1

THz and have shown that using a 40 keV electron beam with a current of 35 mA, an optimized

CFEL oscillator can deliver an output power of 3.6 W at saturation with an efficiency of 0.26%.

Our overall approach to study CFELs is built on the earlier analyses given for SP-FELs in
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Refs. [78, 89]. Like the SP-FEL [89], the requirements on the vertical beam emittance in a

CFEL come out to be stringent and we have discussed two ways to relax the stringent require-

ments. In the first scheme, a wiggler magnetic field is used to focus a flat electron beam, which

is produced by a novel phase-space technique discussed in Ref. [78]. This scheme requires a

peak wiggler field of about 1.3 kG to focus a flat electron beam having transverse emittance

ratio εy/εx = 100. Such a DC electron beam can be produced by employing a round to flat

beam transformation to the initially round electron beam produced using a thermionic cathode

such as LaB6 as described in Ref. [78]. This technique of round to flat beam transformation

has been demonstrated experimentally at Fermi National Accelerator Laboratory to generate an

electron beam directly from a photoinjector with transverse emittance ratio of 100 [145]. In the

second scheme, we used a solenoid field to focus a flat electron beam, which is produced by a

line shaped tungsten cathode placed at the centre of a solenoid. The solenoid field is taken as 1

kG with field uniformity ∆B/B required to be better than 0.4% over a length of 5 cm. We would

like to mention that although both the external focusing schemes may add to the complexity of

the system, these are implementable and are needed to satisfy the stringent requirements for

optimum performance of the system.

It is important to mention here that there could be problems with the transmission of a flat

beam by using a uniform solenoid magnetic field at higher beam currents as discussed earlier

in Refs. [152, 165], where it is pointed out that due to Es × B(0) drift, where Es is the electric

field from space charge, the flat beam gets a vertical kick in the opposite direction at its two

edges, which results in the edge curling phenomenon. Beyond a certain threshold, this leads

to instabilities like diocotron and/or filamentation instabilities [152], which can disrupt the

flat nature of the electron beam resulting in significant interception of the beam. An analytic

estimate for the threshold length LD, after which the diocotron instability grows exponentially

can be given by LD(cm) ' 800β2
Rγ

3
RB(0)(kG)/Jc (A/cm2) [152]. It can be seen that for a given

beam energy and focussing field strength, the diocotron instability is suppressed at low beam

current densities Jc or equivalently at reduced effective space charge. The considered electron

beam in our analysis is not space charge dominated as the space charge term in the envelope
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equation is small compared to the emittance term, i.e., I∆x3/4βRγRIAε
2
x(∆x + ∆y) < 1 [144] for

the x-direction. We have evaluated the left-hand side in this inequality and obtained its value

as 0.86. The condition in the y-direction is less restrictive for our case. For the beam current

density of 3.2 A/cm2 and axial magnetic field of 1.0 kG, we find the lower bound estimate

for LD as 44.1 cm. The proposed length of CFEL system (5 cm) is about 9 times less than

the threshold growth length, hence, the diocotron instability due to Es × B(0) effect is not of

concern in our system.

It is also important to mention here that for the thermionic cathode, we have taken only

the thermal emittance into consideration. In reality, the beam emittance could be larger than

this [166]. We have checked that with suitable change in the parameters, our schemes would

still work. For the case of wiggler focusing, this would requires us to choose a smaller cathode

size and hence, the beam current density at cathode would increase and also the magnetic field

required at cathode for the flat beam production would increase. We have checked that even

if the total emittance is twice the thermal emittance, the required current density and magnetic

field required at cathode are increased by 4 times, and these values are still easily achievable.

For the case of solenoid focussing, if we take the total emittance as twice the thermal emittance,

the required minimum solenoid focussing field B(0) increases by a factor of two and therefore

becomes 0.50 kG. In our calculation, we have considered a solenoid focussing field of 1 kG,

which is still higher than 0.50 kG.

To summarize, we have performed a 3D analysis of the surface mode and set up 3D

Maxwell-Lorentz equations for a CFEL and a SP-FEL system. Based on these results, we

have made some interesting comparison between the analyses of these systems. We have op-

timized the parameters of a Čerenkov FEL by including the 3D effects and attenuation due to

dielectric and Ohmic losses, and found that the device can produce copious THz radiation even

after including these effects. Our analysis can be used for the detailed optimization of both the

CFEL and the SP-FEL systems.





Chapter 5

Novel configurations of slab-type

Čerenkov FELs

In Chapter 3, we discussed the dynamics of a single slab based CFEL driven by a flat electron

beam, and it was noted that the small-signal gain of the system is proportional to the effective

surface current density K = I/∆ye, where I is the electron beam current and ∆ye is the effective

mode width in the y-direction. Over an interaction length L, the minimum possible value of

∆ye is constrained by the diffraction effects. In the previous chapter, we included the diffraction

effects and found that ∆ye =
√
πβpλL/4 [167], where βp = vp/c, vp is the phase velocity of the

surface mode, c is the speed of light, and λ is the free-space wavelength. For a low-gain CFEL

system, the small-signal gain has a cubic dependence on the length L as shown in Ref. [142],

and therefore one tends to increase L to increase the value of gain. However, as L is increased

to get a reasonable value of gain, the value of ∆ye increases, which reduces the gain. The

question therefore arises whether the effective mode width ∆ye can be made independent of L

and be reduced below the limiting value described above. It turns out that this can be achieved

with the help of waveguiding of the surface mode, as is done in conventional undulator based

FELs [97] and in cylindrical [54–59, 75, 168, 169] or rectangular [62, 170, 171] geometry of

CFELs. This helps in increasing the gain, and thus achieving a reasonable value of gain in a

shorter interaction length.

97
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Figure 5.1: Schematic of a single slab based Čerenkov FEL with metallic side walls.

The simplest way to achieve waveguiding in single slab based CFELs is to put a pair of

metallic sidewalls along the sides of dielectric slab in the y-direction, as shown in Fig. 5.1.

This is a novel configuration of single slab based CFEL, which is open from the top in the

x-direction and has metallic sidewalls along the y-direction. Due to the presence of metallic

side walls, the surface mode is guided in the y-direction, and maintains a constant width over

any arbitrary interaction length. A smaller value of mode width results in a good overlap

between the electron beam and a copropagating guided surface mode, and consequently the

gain of CFEL can be increased. This is the primary advantage of the waveguiding. The second

advantage is that the requirement on vertical emittance of the electron beam is relaxed with

the help of side walls, which can be understood as follows. The surface mode supported in

single slab based CFELs is evanescent in the direction perpendicular to the dielectric surface

with a scale height h = βpγpλ/4π [80], where γp = 1/
√

1 − β2
p. To maintain a good overlap

with the radiation beam, the electron beam should maintain its vertical beam size around this

value over the entire interaction length. As discussed in Refs. [64, 80], one of the challenges

in a CFEL is to maintain a very small vertical beam size over the entire interaction length.

Waveguiding reduces the required interaction length and therefore we need to maintain a small

vertical beam size now over a smaller interaction length, which relaxes the requirement on

the vertical beam emittance. The third advantage of the sidewall configuration is that it helps

in reducing the losses due to attenuation of surface mode, which is caused by the Ohmic and

dielectric losses. For a low gain CFEL oscillator system, the small-signal gain has a cubic
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dependence on L, whereas the attenuation results in exponential decay of power by e−4αL for a

round trip. Here, α is the field attenuation coefficient. In order to reduce the degradation in net

gain due to attenuation, it is therefore desired to reduce the interaction length. With the help of

waveguiding, we can choose a shorter interaction length, and still obtain higher gain such that

the device can produce powerful electromagnetic radiation.

We would like to mention that waveguiding in CFELs has been discussed earlier for the

cylindrical [54–59, 75, 168, 169] and single slab based rectangular [62, 170, 171] configura-

tions. As discussed in detail in Chapter 1, both the cylindrical and the rectangular waveguide

geometries of CFELs are closed structures and may have problems in the power handling ca-

pacity at high frequency operation. This is because in a cylindrical CFEL driven by a low

energy electron beam, the supported electromagnetic field decays quickly as we move towards

the axis of the waveguide. In such a situation, we require a hollow electron beam having a ra-

dius nearly equal to the radius of the waveguide to have an effective beam-wave interaction. For

operation at higher frequencies, the transverse dimension of cylindrical waveguide is required

to be small [59], and we therefore need to use a hollow electron beam of very small radius.

This reduces the cross sectional area of the beam, thereby increasing the space charge effects,

which may inhibit high power operation of the device. Also, in order to ensure that the beam

remains close to the dielectric surface as it propagates, the hollow cylindrical beam is required

to have very stringent transverse emittance in the radial direction, which may be difficult to

achieve. These problems are overcome in the planar configuration i.e., a CFEL in single or

double slab configuration [66, 80–82, 98, 136, 142], or a CFEL in rectangular waveguide ge-

ometry [170, 171]. In the planar configuration, a flat electron beam can be used, which remains

close to the dielectric surface but has relatively larger size in the horizontal direction. Hence,

the cross sectional area of the beam can be larger such that the space charge effect is relatively

reduced and the stringent emittance is required to be maintained only in the vertical direction.

In a rectangular waveguide geometry of a CFEL, the field decays in the vertical direction as we

move away from the dielectric surface. Although the surface mode is already confined close

to the dielectric surface, the top surface of the rectangular waveguide helps in further confining
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Figure 5.2: Schematic of a rectangular configuration of a double slab based CFEL system.

the electromagnetic surface mode if the vertical dimension of the waveguide is small. This

however may result in attenuation of the wave due to the additional heat dissipation on the top

surface. One option is to remove the top surface such that the structure is open, and thus use

only two side walls to confine the surface mode in the horizontal direction as shown in Fig. 5.1.

In this chapter, we present a detailed analysis of this configuration in both linear as well as

non-linear regimes. As discussed earlier, a waveguided configuration has lots of advantages,

i.e., in reducing the loss due to diffraction and attenuation effects, and in relaxing the stringent

criteria on the electron beam emittance. Hence, it is a novel configuration of a CFEL. We there-

fore investigate the performance of this system in more realistic conditions, i.e., by considering

the effect due to finite beam-size, finite energy-spread and finite beam-emittance, and also the

attenuation of the surface mode at room temperature conditions. We have also extended our

analysis based on the coupled Maxwell-Lorentz equations for a double slab based rectangular

CFEL system, as shown in Fig. 5.2. An open configuration of double slab based CFEL, i.e.,

without any sidewall, has been studied extensively in the literature [101, 102, 128, 172]. Here,

we will investigate the effect of waveguiding in the double slab based rectangular CFEL and

compare its performance with the open configuration of a double slab based CFEL and a single

slab based sidewall CFEL.

In the next section, we derive the dispersion relation of the surface mode supported by a

single slab based CFEL having metallic side walls. The coupled Maxwell-Lorentz equations
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are set up for a sidewall CFEL driven by a flat electron beam in Sec. 5.1.2. In Sec. 5.1.3 we

extend our analysis based on the coupled Maxwell-Lorentz equations for the finite-thickness

electron beam. The numerical solutions of the coupled Maxwell-Lorentz equations are ob-

tained in Sec. 5.1.4 for the case of single slab based sidewall CFEL. In Sec. 5.2, we establish

the Maxwell-Lorentz approach for the double slab based rectangular CFEL, and compare the

results with those obtained for a single slab based sidewall CFEL. Finally, we present some

discussions and conclude our analysis in Sec. 5.3.

5.1 Single-slab based Čerenkov FEL with metallic side walls

5.1.1 Formula for the resonant wavelength

The sidewall configuration of a single slab based CFEL is shown in Fig. 5.1, where the dielectric

slab supported by a conducting surface is surrounded with metallic side walls having spacing

w along the y-direction. The dielectric slab has thickness d, length L and relative dielectric

permittivity ε. The electromagnetic surface mode supported by this geometry can be obtained

by combining the plane wave solutions of an open structure, i.e., the structure without any side

wall, in a suitable manner such that it satisfies the boundary conditions. Field components of the

lowest order TM surface mode, which satisfy the Maxwell equations with the given boundary

conditions, are discussed in detail in Appendix A. The expression for longitudinal electric field

EI
z is given by

EI
z = E0e−Γ(x−h)ei(kzz−ωt) cos(kyy) + c.c.,

=
E0

2
[
ei(kzz+kyy−ωt) + ei(kzz−kyy−ωt)]e−Γ(x−h) + c.c.. (5.1)

Here, 2Eo is defined as the peak amplitude of EI
z at the location of the electron beam at x = h,

kz = 2π/βλ is the propagation wavenumber in the z-direction, β = v/c, ω = 2πc/λ, λ is the

free space wavelength, Γ =
√

k2
y + k2

z − ω
2/c2, ky = π/w, and c.c. denotes complex conjugate
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Table 5.1: Parameters of a sidewall CFEL used in the calculation

Electron energy 40.0 keV
Electron-beam height (h) 90.0 µm
Electron-beam current (I) 35 mA
Dielectric constant (ε) 13.1
Length of slab (L) 5 cm
Dielectric thickness (d) 265 µm
Side walls separation (w) 4.2 mm
Operating frequency 0.11 THz

of written right hand side. The phase velocity of the surface mode here is taken as equal to the

electron velocity v. As seen in the above equation, the guided surface mode is a combination

of two plane evanescent waves travelling in different directions in the (y, z) plane, each having

frequency ω and wave vector k0 =
√

k2
y + k2

z . Each of these two plane evanescent waves is

a solution of the wave equation for a CFEL without side walls, and should therefore satisfy

the corresponding dispersion relation k0 = tan−1(1/ap)/bp for that case [81, 84, 142]. Here,

ap = (γp/ε)
√
εβ2

p − 1, bp = d
√
εβ2

p − 1, and βp = ω/ck0. It should be emphasize here that the

representation of the surface mode as a combination of two plane evanescent waves as given

by Eq. (5.1) is possible only when the dielectric slab is an isotropic structure in that plane. For

this case, the optical properties of the system will remain invariant under any arbitrary rotation

in the (y, z) plane. Now, using k0 = tan−1(1/ap)/bp, ky = π/w and kz = 2π/βλ in the expression

k0 =
√

k2
y + k2

z , and solving for the operating wavelength λ, we obtain

λ =
2π

β
√

[tan−1(1/ap)/bp]2 − [π/w]2
. (5.2)

From the above equation, it is clear that for a finite sidewall spacing w, we obtain a higher

value of operating wavelength λ as compared to that obtained in a CFEL without any side wall

since the denominator term gets reduced for finite w. Now, to achieve the same λ, we can

increase β for the case of a sidewall CFEL. Hence, in sidewall CFEL, we require an electron

beam with higher energy to achieve the same operating wavelength as compared to the case of a
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Figure 5.3: Plot of the dispersion curve of the electromagnetic surface mode (in the empty
structure, i.e., without the electron beam), and the beam line for the electron beam. The pa-
rameters used in this calculation are listed in Table 5.1. The resonant frequency of the CFEL
system is obtained at the intersection, which we obtain as 0.11 THz.

CFEL without any side wall, provided that all other parameters are same. The dispersion curve

for the CFEL with side walls is shown in Fig. 5.3. The parameters used in our calculations

are summarized in Table 5.1. For the dielectric slab, we choose GaAs having ε = 13.1 [66].

We have taken side wall spacing w = (2/3)
√
πβpλL/4, which gives an enhancement in small-

signal gain up to a factor of three as compared to the case of a CFEL without any side wall,

as discussed in detail in the next section. The resonant frequency is obtained as 0.11 THz for

these parameters.

5.1.2 Maxwell-Lorentz equations and small-signal gain for a sidewall

Čerenkov FEL driven by a flat beam

We now derive the coupled Maxwell-Lorentz equations to study the interaction of a guided

surface mode with a co-propagating electron beam in a sidewall CFEL. For this, we have closely

followed an approach given by Levush et al. [133], which is very successful to study the beam-

wave interaction in BWOs. In this model [133], we first set up the electromagnetic fields by
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solving Maxwell equations in the empty configuration, i.e., without the electron beam, and then

solve the Maxwell equations in the presence of the electron beam with the assumption that the

amplitude of the fields vary slowly due to the interaction with the electron beam. This approach

is mathematically simple as it only requires the solution of the Maxwell field equations as

compared to the approach discussed in Chapters 3 and 4, where one has to perform the residue

analysis of reflectivity in terms of the parameters χ and χ1. The calculations of χ and χ1 may

get involved in a complex electromagnetic system. However, once calculated, the parameter

χ1 gives us the space charge field in the system, which is not calculated in the approach given

by Levush et al. [133]. We would like to mention here that both these approaches give similar

results as shown in Ref. [88], and therefore can be used interchangeably to study the beam-wave

interaction.

For simplicity, we will first perform the analysis for a flat electron beam having vanishing

thickness in the x-direction and width ∆y in the y-direction. The flat electron beam here is

assumed to be propagating with velocity v along the z-direction at a height h above the dielec-

tric surface. In the presented model, an ensemble of electrons interacts with a co-propagating

surface mode, and we have assumed that the amplitude of the surface mode is a slowly varying

function of z and t due to interaction with the co-propagating electron beam. Now, the elec-

tromagnetic surface field described in the earlier section can be written in a more general form

as

ET =
[
A(z, t)Ep(x, y, ky) + Esc

]
ei(kzz−ωt) + c.c., (5.3)

BT =
[
A(z, t)Bp(x, y, ky) + Bsc

]
ei(kzz−ωt) + c.c., (5.4)

where A(z, t) is the amplitude of the fundamental mode and the symbols Ep and Bp represent

the field distributions for the fundamental mode in the empty structure, i.e., in the absence of

an electron beam. Here, Esc and Bsc denote the small first-order ac space charge fields. The

total electromagnetic fields ET and BT in Eqs. (5.3) and (5.4) will satisfy Maxwell equations
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with the beam current density J to give:

1
c2

∂A
∂t

Ep −
iω
c2 Esc = ∇ × Bsc + ikzẑ × Bsc +

∂A
∂z

ẑ × Bp − µ0 Je−i(kzz−ωt), (5.5)

−
∂A
∂t

Bp + iωBsc = ∇ × Esc + ikzẑ × Esc +
∂A
∂z

ẑ × Ep, (5.6)

where µ0 is the permeability of free space. By taking the dot product of Eq. (5.5) with E∗p and

Eq. (5.6) with B∗p, and subtracting the resultants respectively, we obtain

[
|Ep|

2

c2 + |Bp|
2
]
∂A
∂t

+ ẑ.
[
E∗p × Bp + Ep × B∗p

]∂A
∂z

= −µ0 J.E∗pe
−i(kzz−ωt)

+ ∇.[Bsc × E∗p − Esc × B∗p]. (5.7)

Note that while deriving the above equation, we have used the fact that the complex conjugate

fields E∗p and B∗p satisfy the Maxwell wave equation in the empty structure (i.e., without the

electron beam). We performed integration on both sides of Eq. (5.7) over a volume having

x ∈ [−d,∞], y ∈ [−w/2,w/2] and z ∈ [z − λz/2, z + λz/2]. In doing this, we assume that

A(z, t) varies slowly in the longitudinal direction, and can therefore be taken out of the integral.

Further, the tangential components of Ep vanish at the metallic surfaces located at x = −d, and

at y = ±w/2. The same condition will also be satisfied by the tangential components of Esc in

the presence of the electron beam. The electromagnetic fields are evanescent in the x-direction,

and vanish at x = ∞. Due to these conditions, the last term on the right hand side of Eq. (5.7)

will vanish upon integration, and we obtain

∂A
∂t

+ vg
∂A
∂z

=
−|A|2

wλzU

∫ z+λz/2

z−λz/2

∫ w/2

−w/2

∫ ∞

−d
J.E∗pe

−i(kzz−ωt)dxdydz, (5.8)

where vg is the group velocity of the surface mode given by P/wU for the CFEL [121, 142],

P is total power contained in the surface mode, and U is the electromagnetic energy stored

in the fields per unit mode width w per unit length in the z-direction. The current density of
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the flat beam propagating at a height h from the dielectric surface is given by J = e
∑
i
δ(x −

h)δ(y − yi)δ[z − zi(t)]vẑ, where e is the magnitude of the electron’s charge and yi and zi are the

coordinates of the ith particle in the y and z-direction respectively at time t. The z component

of the field Ep, which interacts with the electron beam is given by E0 cos(kyy)e−Γ(x−h)ẑ, and the

term AEo is represented by E in further calculations. Substituting E∗p and J in Eq. (5.8) and

performing the integral, we obtain the following dynamical equation for E:

∂E
∂z

+
1
vg

∂E
∂t

= −
I|E|2

vgwU
〈cos(kyy)e−iψ〉. (5.9)

Here, I = evNλz/λz is the electron beam current, Nλz is the number of electrons distributed over

one spatial wavelength of the evanescent wave, i.e., λz, ψ = kzz−ωt is the phase of the electron,

and 〈· · · 〉 represents the averaging over the total number of electrons distributed over λz and over

the beam width ∆y in the y-direction. The term 〈cos(kyy)e−iψ〉 represents a weighted bunching

factor, which arises due to interaction of the electron beam with the co-propagating surface

mode. Taking the effect of attenuation, the generalized time dependent differential equation for

the E can be written as

∂E
∂z

+
1
vg

∂E
∂t

= −
I|E|2

vgwU
〈cos(kyy)e−iψ〉 − αE. (5.10)

Here, α is the field attenuation coefficient, which can be calculated by using Eqs. (A.15) and

(A.16).

Now, we discuss the longitudinal dynamics of the electron beam. We neglect the transverse

motion of the electrons, and write the equations for the evolution of energy and phase of ith

electron respectively as:

∂γi

∂z
+

1
v
∂γi

∂t
=

eE
mc2 cos(kyy)eiψi + c.c., (5.11)

∂ψi

∂z
+

1
v
∂ψi

∂t
=

ω

cβ3
Rγ

3
R

(γi − γR). (5.12)
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Here, the subscript i represents the ith particle, subscript R represents the resonant particle

having velocity same as the velocity of the surface mode, βR = vR/c, γR = 1/
√

1 − β2
R is

the relativistic Lorentz factor, and m is the rest mass of the electron. For the parameters of a

CFEL discussed earlier, the ac space charge field does not have any significant effect on the

dynamics of the electron beam [142], and we have therefore neglected it in our calculations.

Equations (5.10-5.12) can be expressed in a more elegant form by defining the following di-

mensionless variables [88, 142]:

ξ = z/L, (5.13)

τ =

(
t −

z
vR

)( 1
vg
−

1
vR

)−1 1
L
, (5.14)

ηi =
kzL
β2

Rγ
3
R

(γi − γR), (5.15)

E =
4πkzL2

IAZ0β
2
Rγ

3
R

E, (5.16)

J =
4πkzL3

Z0β
2
Rγ

3
R

I
IA

|E|2

vgwU
. (5.17)

The definition and physical significance of the above mentioned dimensionless variables has

already been discussed in the paragraph following Eq. (3.25) in Chapter 3. With these dimen-

sionless variables, the set of Eqs. (5.10-5.12) assumes the following form:

∂E

∂ξ
+
∂E

∂τ
= −J〈cos(kyy)e−iψ〉 − αLE, (5.18)

∂ηi

∂ξ
= E cos(kyy)eiψi + c.c., (5.19)

∂ψi

∂ξ
= ηi. (5.20)

In the limit of a narrow electron beam i.e., ∆y � w, and in the small-signal small-gain regime,

we can find an approximate analytical solution of the above equations by following a procedure

given in Ref. [42]. Neglecting the attenuation effect, and taking the initial detuning parameter
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η = 2.6 to maximize the gain [42], we obtain the expression for the small-signal gain in a single

pass operation of the sidewall CFEL as:

G = 6.75 × 10−2 16πkzL3

Z0β
2
Rγ

3
R

I
IA

|E|2

vgwU

(sin(ky∆y/2)
ky∆y/2

)2

. (5.21)

The expression for U/|E|2 is given by Eq. (A.12) through which it can be seen that the gain

has e−2Γh dependence on the height h of the flat electron beam. Note that, as we move away

from the limit ∆y � w, the value of gain obtained by numerically solving the Eqs. (5.18-5.20)

may no longer be in a good agreement with that obtained using Eq. (5.21). We observe that

the above equation is similar to Eq. (3.35) for the gain of a CFEL without any side wall as

discussed in Chapter 3, with some notable differences. First, the parameter w appearing in the

denominator of the above equation appears as ∆ye =
√
πβpλL/4 in the corresponding equation

[Eq. (3.35)] for the case of a CFEL without any side wall. Here, w is independent of L because

of waveguiding, and can be made much smaller compared to ∆ye. Next, by comparing the

expression forU/|E|2 given by Eq. (A.12) with the corresponding equation [Eq. (2.24)] for the

case of a CFEL without any side wall, we observe that the value of U/|E|2 is reduced nearly

by a factor of 2 due to the presence of side walls. Thus the effective mode width for the case

of a sidewall CFEL can be taken as w/2. Also, one can enhance the gain of a sidewall CFEL

by n times as compared to the open configuration of a CFEL by choosing the sidewall spacing

as 2/n times the value of the minimum surface mode width that can be achieved in the absence

of waveguiding. However, one cannot take an arbitrary small value of w as it would require an

electron beam with very a fine horizontal emittance and also increases the space charge effects.

Considering this, we choose w = (2/3)∆ye = (2/3)
√
πβpλL/4 such that the gain in a sidewall

CFEL can be enhanced by a factor of 3. Finally, we observe that there is a term containing the

square of a sinc function on the right hand side of Eq. (5.21). This term is maximum if ∆y→ 0,

which means that if all the electrons are at y = 0, they experience the peak of the electric field

amplitude, and the gain is maximum. Taking the effect of attenuation, there will be a single

pass loss (1 − e−2αL) in addition to the gain given by Eq. (5.21).
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5.1.3 Maxwell-Lorentz equations and small-signal gain for a sidewall

Čerenkov FEL driven by a finite-thickness beam

Analysis in the previous section was performed for a CFEL driven by an electron beam having

vanishing thickness in the x-direction. In this section, we will generalize our results by explic-

itly taking into account the finite-thickness of the electron beam in the x-direction. We assume

that the thick electron beam can be described as a combination of Nl layers, where the lth layer

is at a height hl = (2l − 1)∆x/2Nl with current Il, and thickness ∆xl = ∆x/Nl, corresponding to

x ∈ [(l − 1)∆x/Nl, l∆x/Nl]. The dimensionless current Jl for the lth layer is defined as:

Jl =
4πkzL3

Z0β
2
Rγ

3
R

Il

IA

|E|2

vgwU
. (5.22)

The electromagnetic surface mode interacts with current in all layers, and the dynamical field

equation for the surface mode can be written as:

∂E

∂ξ
+
∂E

∂τ
= −

l=Nl∑
l=1

Jle−Γhl〈cos(kyy)e−iψ〉l − αLE, (5.23)

where 〈· · · 〉l indicates averaging over all the electrons present in the lth layer. The Lorentz

equations for the energy and phase of ith electron in lth layer are given by:

∂ηl
i

∂ξ
= E cos(kyy)eiψie−Γhl + c.c., (5.24)

∂ψl
i

∂ξ
= ηl

i. (5.25)

To find an analytical expression for gain in this case, we proceed as follows. Gain of a CFEL

driven by the flat electron beam propagating at height h varies as e−2Γh, as discussed earlier.

The finite-thickness electron beam with ∆x = 2h, and its centroid at x = h can be equivalently

represented by a set of infinite number of flat layers located between x = 0, and x = 2h, and the

gain for the finite-thickness case can be obtained by averaging over all the layers between x = 0

and x = 2h. This gives us a factor of (1/2h)
2h∫
0

e−2Γxdx = (1 − e−4Γh)/4Γh. This factor, together
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with the term e2Γh, has to be multiplied in the formula for gain given by Eq. (5.21) to account

for the effect of finite beam thickness. We therefore obtain the formula for the small-signal gain

as:

G = 6.75 × 10−2 16πkzL3

Z0β
2
Rγ

3
R

I
IA

|E|2

vgwU
e2Γh(1 − e−4Γh)

4Γh

(sin(ky∆y/2)
ky∆y/2

)2

. (5.26)

Note that in our analysis, the electron beam is assumed to be uniformly distributed in the region

above the dielectric surface in the x-direction. One can also simulate an arbitrary profile of the

electron beam by taking different surface current density in different layers.

5.1.4 Numerical simulations

To study the saturation behaviour of the system, we now solve the coupled Maxwell-Lorentz

equations numerically by using the leapfrog method [138] as described in Chapter 3. First,

we seek a steady state solution of Eqs. (5.18-5.20) for the flat beam case. The input electron

beam is taken as a monoenergetic DC beam with η = 2.6, and the initial dimensionless electric

field is set to be very small i.e., E=0.001. To save the computation time and memory, we have

taken 217 macroparticles, which are significantly less than the number of electrons distributed

over one wavelength of the evanescent wave, i.e., Nλz = Iλz/evR = 1021. In order to simulate

a flat electron beam, we have put all the electrons in one layer located at a height h. Further,

to model the width ∆y of the electron beam, this layer consists of 25 arrays, which are equally

distributed along the y-direction in the range (−∆y/2,∆y/2). Each array consists of 212 electrons

propagating along the z-direction, and all electrons in one array will see the same magnitude

of the electric field depending upon the array position along the y-direction. The energy and

phase of electrons evolve in accordance with Eqs. (5.19) and (5.20) respectively. In each array,

the electron beam is initialised in the phase space by using the quiet start scheme [139].

The main parameters used in the simulations have been listed in Table 5.1. In the CFEL
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1 2 3 4 5 6 7 8 9
0

0.5

1.0

1.5

2.0

2.5

3.0
G

a
in

y = 0.84 mm

y = 2.10 mm

y = 3.36 mm

y = 4.20 mm

y
e

= 6.32 mm

Figure 5.4: Plot of net gain as a function of dimensionless input electric field in a single slab
based sidewall CFEL driven by a monoenergetic flat electron beam. Dashed curve shows gain
plot for a single slab based CFEL without any side wall, and solid curves represent the case of
single slab based sidewall CFEL having sidewall spacing w=4.2 mm.

system, the gain has e−2Γh dependence on the height h of the flat beam, and therefore it is de-

sirable that h ≤ 1/2Γ to have a sufficient beam-wave interaction. Here Γ = 2π/βRγRλ. Using

this criteria, we take h = 1/2Γ = 90.0 µm in our calculations. For the metallic structure, we

choose silver metal, which is maintained at 77 K to reduce the ohmic loss. At this temperature,

the conductivity of silver is given by 3.3 × 108/Ω-m [154], and the Ohmic attenuation coeffi-

cient is calculated by using Eq. (A.16) in Appendix A as 1.62 m−1. The value of tangent loss

(tan δ) for GaAs dielectric at 77 K is 2 × 10−5 [120], and by using this value in Eq. (A.15) in

Appendix A, we obtain the dielectric attenuation coefficient as 0.11 m−1. The single pass loss

(1 − e−2αL) due to attenuation in the system is calculated as 15.8%. The sidewall spacing w

is taken as w = (2/3)
√
πβpλL/4 = 4.2 mm. In Fig. 5.4, gain has been plotted as a function

of input field for different values of electron beam width assuming an initially mono-energetic

and flat electron beam. The dashed curve shows gain of a CFEL without any side wall, and

solid curves represent gain of a side wall CFEL for different values of electron beam width ∆y.

The values of small-signal gain obtained from numerical simulations are in good agreement
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Table 5.2: Comparison of analytical and simulation results for the net small-signal gain of a
single slab based CFEL, assuming different values of electron beam width. Here, ∆x = 0, and
w = 4.2 mm.

Electron beam width Analytically calculated gain Simulation results for gain
6.3 mm(without side walls) 88% 87%
4.2 mm 103% 134%
3.4 mm 152% 160%
2.1 mm 222% 223%
0.84 mm 267% 267%

with the analytical results obtained using Eq. (5.21), and these results have been summarized

in Table 5.2. It is observed that in the case of the sidewall configuration of a CFEL, we can

obtain an enhancement in gain up to a factor of 3 as compared to the gain of a CFEL without

any side wall. For the sidewall configuration of a CFEL, gain is enhanced when we decrease

the electron beam width. It can be noted that as we decrease ∆y, the agreement between the

gain obtained using numerical simulations, and the gain calculated using Eq. (5.21) becomes

better. For further simulations discussed in this section, we take the electron beam size in the

y-direction as ∆y = w/2 = 2.1 mm.

Next, we take into account the effect of finite beam-thickness in the vertical direction in

simulations by following the prescription given in Sec. 5.1.3. We first consider an electron

beam of thickness ∆x = 2h = 180 µm with its centroid located at x = h. The gap g′ between

the lower edge of the electron beam and the dielectric surface is taken as zero. The finite-

thickness of the electron beam is represented by Nl number of layers distributed along the

vertical direction. In our simulations, we have taken Nl = 4. We have solved coupled Maxwell-

Lorentz equations [Eqs. (5.23-5.25)] for this case, and plotted the results for the gain as a

function of dimensionless input field, as shown in Fig. 5.5. The small-signal gain is obtained as

261% for the thick beam case having zero beam-dielectric gap g′, which is about 17% higher

compared to the case of a flat beam. This is because for a thick electron beam, the enhancement

in the gain due to some electrons coming closer to the dielectric surface is significant due to

e−2Γh dependence of the gain. This effect has been included in Eq. (5.26) to obtain a modified
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Figure 5.5: Plot of net gain as a function of dimensionless input electric field for different
values of gap g′ between the lower edge of the thick electron beam, and the dielectric surface
in a single slab based sidewall CFEL. The electron beam is monoenergetic with ∆x=180 µm,
and ∆y = 2.1 mm.

formula for the gain for the case of finite thickness beam. The numerical results described

above are in agreement with this modified formula. We have also varied the gap g′ between

the lower edge of the electron beam and the dielectric surface. The CFEL gain for g′ = 23 µm

and 45 µm are shown in Fig. 5.5. The vertical thickness of the electron beam is taken as 180

µm. For g′ = 23 µm, we obtain a small-signal gain of 198%, which is 24% less as compared

to the g′ = 0 case. As expected, the gain decreases exponentially with an increase in the gap

g′. We would like to mention that we have also performed the numerical simulations for a

thick beam by taking Nl = 2, 8 and 12, and observed that for Nl ≥ 4, the simulation results

converge. Most importantly, the converged result for the gain is in good agreement with the

gain calculated using Eq. (5.26). For further simulations discussed in this section, we have

considered g′ = 23 µm, and taken Nl = 4 to represent the electron beam with a vertical thickness

of 180 µm.

We now consider the effect of energy spread in the electron beam. For this, we assume a

uniform distribution of electron energy around the mean value. We have considered three cases

corresponding to relative rms energy spread of 0.5%, 1.0%, and 1.5%, which correspond to



Chapter 5. Novel configurations of slab-type Čerenkov FELs 114
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Figure 5.6: Plot of net gain as a function of dimensionless input electric field in a single slab
based sidewall CFEL driven by a thick electron beam having finite energy spread.

half width in ∆η of 1.21, 2.42, and 3.63 respectively. Note that ∆η = kzL∆γ/β2
Rγ

3
R. As shown

in Fig. 5.6, we obtain a small-signal gain of 178% for an electron beam having 0.5 % relative

rms energy spread. This value of gain is 10% less than the gain for the case of a monoenergetic

electron beam. We find that as the energy spread increases, the small-signal gain of the system

decreases. For further simulations discussed in the section, we have considered 0.5 % relative

rms energy spread. We would like to mention that as in conventional FELs, the effect of trans-

verse emittance can be considered in terms of equivalent energy spread [42]. The equivalent

rms energy spread corresponding to a normalized emittance εn is given by γRmc2ε2
n/2σ

2
e , where

σe is the rms beam size. Since the emittance of the electron beam considered in our analysis is

very small, the equivalent relative rms energy spread is less than 0.1%, and therefore not signif-

icant. However, it is important to note that we need a very low emittance such that a small beam

size can be maintained over the interaction length. This condition is particularly important for

the vertical direction since we need to maintain a very small beam size in the vertical direc-

tion. Larger value of vertical emittance will lead to larger beam size in the vertical direction,

resulting in an increase in the height of the beam centroid above the dielectric surface. This

will deteriorate the value of gain, and will lead to a e−4Γ
√
εxL/βRγR type dependence of gain on

the normalized rms vertical emittance εx [142].
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Figure 5.7: Plot of output power as a function of pass number for a single slab based side-
wall CFEL oscillator, and for a single slab based CFEL oscillator without any side wall. The
solid curves represent the case where the dielectric, and the metallic structure are kept at 77
K, whereas the dashed curve shows output power for the case having dielectric, and metallic
structure at 300 K.

The sidewall CFEL discussed here is a low gain system, and the device has to be operated

in an oscillator configuration to achieve saturation. Using the detailed scheme discussed in the

previous chapter, we therefore model the CFEL in an oscillator configuration and solved the

coupled Maxwell-Lorentz equations to obtain the power in the surface mode. The solid curve

in Fig. 5.7 shows output power as a function of pass number for a sidewall CFEL oscillator,

where the temperature of the metallic and the dielectric structure is taken as 77 K. The sidewall

CFEL oscillator saturates to give an output power of 4.4 W. For 35 mA current and 40 keV

energy, the input electron beam power is given by Pb = 1.4 kW. For these parameters, we

obtain an efficiency of 0.3% for the sidewall CFEL oscillator, which is in agreement with the

theoretically estimated upper bound value of 0.55% as calculated by using Eq. (4.28).

In Fig. 5.7, we have also plotted the output power (dashed curve) of a sidewall CFEL oscil-

lator with its dielectric and metallic structure kept at room temperature (300 K). At 300 K, the

conductivity of silver is 6.3 × 107/Ω-m [154], and the tangent loss for GaAs is 2 × 10−4 [120].

The total attenuation coefficient is calculated as α = 4.75 m−1 at 300 K, which results in a

round trip loss (in power) of 62%. The system is above the threshold at 300 K, and saturates



Chapter 5. Novel configurations of slab-type Čerenkov FELs 116

at an output power of 1.6 W as shown by the dashed curve in Fig. 5.7. The efficiency of the

CFEL system is 0.1 % at room temperature, which is around 67% less than the efficiency of the

CFEL system at 77 K. This is because the attenuation of the surface mode increases at room

temperature, and reduces the output power of the CFEL system.

Next, we would like to discuss that for the case of a waveguided CFEL, we can take a

shorter interaction length to improve the performance of the system. As mentioned earlier, by

taking a smaller beam size ∆y, one can achieve a higher value of gain. However, the condition

on the electron beam horizontal emittance becomes stringent at smaller beam size. In order to

maintain a given value of electron beam size ∆y over the interaction length L, we require that

the normalized rms beam emittance should satisfy εy ≤ βRγR∆y2/16L [78]. Similar condition

can be written with subscript x in the x-direction. For L = 5 cm, we have taken ∆y = w/2 = 2.1

mm, and ∆x = 180 µm, which requires a flat beam with fine beam emittances εy ≤ 2.2 × 10−6

m-rad and εx ≤ 1.5 × 10−8 m-rad. Hence, to drive the CFEL system, we require an asymmetric

electron beam with transverse emittance ratio εy/εx ∼ 150. The stringent requirements on

the beam emittances can be relaxed by taking a smaller interaction length L. The additional

advantage is that we can achieve a higher efficiency at small L, as is clear from Eq. (4.28). It is

to be noted that with a decrease in L, the gain will decrease. Hence, one has to take an optimum

value of L such that the system can overcome the losses. This criterion can be easily achieved

in the sidewall CFEL, which has improved gain as compared to a CFEL without side walls. We

take L = 3.5 cm for a sidewall CFEL for which the net small-signal gain is 85%. We require an

electron beam with relaxed transverse emittance ratio of 100 for this case. In Fig. 5.8, the solid

curve shows the output power of a sidewall CFEL oscillator with L = 3.5 cm. As expected, a

CFEL oscillator at shorter interaction length saturates at a higher power of about 7.3 W and has

an increased efficiency of 0.52 %. Analysis in the linear as well as in the non-linear regimes

shows that guiding of the surface mode in a CFEL is helpful in improving the performance of

the system.
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Figure 5.8: Plot of output power as a function of pass number in single slab based sidewall
CFEL oscillator with its metallic, and dielectric structure kept at 77 K. The dashed and solid
curves represent the power of a side wall CFEL with L = 5 cm, and L = 3.5 cm respectively.

5.2 Double-slab based Čerenkov FEL in rectangular waveg-

uide configuration

After studying the effect of waveguiding in a single slab based CFEL, we now analyze the effect

of waveguiding in a rectangular waveguide configuration of a double slab based CFEL, which is

shown in Fig. 5.2. As compared to the single slab based sidewall CFEL [173], this configuration

has an extra dielectric slab supported by the top conducting surface. A relatively simple form of

this configuration, i.e., an open configuration (without any side wall) of double slab based CFEL

was proposed by Garate et al. [128, 174] to generate mm wave in 1980’s. Since then, several

experimental studies have been performed for the open configuration of a double slab based

CFEL at the Dartmouth College, USA [174], ENEA Frascati Centre, Italy [174], and at Osaka

Sangyo University and Kansai University in Japan [67]. We have proposed that the metallic side

walls can be implemented in an open configuration of a double slab based CFEL, which will be

helpful in improving the performance of the above mentioned experiments. We also perform

a comparative analysis between the performance of a single slab based sidewall CFEL and a

double slab based rectangular CFEL. It is important to mention here that a comparative study of
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the spontaneous emission spectrum in the open configuration of single and double slab based

CFELs was presented by Ciocci et al. in Refs. [80, 175]. They suggested that a double slab

based CFEL can give an enhanced performance as compared to the single slab based geometry.

These analyses were however carried out by neglecting the effect of attenuation due to dielectric

losses and Ohmic losses. In this section, we will investigate the performance of a double slab

based rectangular CFEL by including the effect of attenuation.

In the following subsection, we will set up the coupled Maxwell-Lorentz equations and

obtain small-signal gain for a double slab based rectangular CFEL. The coupled Maxwell-

Lorentz equations are solved numerically to obtain the saturation power of the surface mode,

and results have been compared with the results of a similar single slab CFEL system.

5.2.1 Theoretical analysis and results

The geometry of a rectangular configuration of a double slab based CFEL with the coordinate

system used in our analysis is shown in Fig. 5.2. A rectangular metallic waveguide with inner

width w and inner height 2(g + d) supports dielectric slabs of thickness d on the top as well as

on the bottom surface. Hence the structure is symmetric along both the x- and y-directions. For

simplicity, we have assumed a flat electron beam having a vanishing thickness in the x-direction,

and width ∆y in the y-direction. We will not consider the effect of finite beam thickness here,

which, however can be included by following the analysis discussed earlier in Sec. 5.1. The

flat electron beam is propagating with a velocity v along the z-direction at a location x = 0,

and at a distance g from the dielectric surface. As discussed earlier in Sec. 5.1, the expression

for electromagnetic surface mode supported by a sidewall configuration of CFEL based on an

isotropic dielectric can be obtained by combining the plane wave solutions of an open structure,

i.e., without any side wall, in a suitable manner such that it satisfies the boundary conditions.

Field components of the lowest order TM surface mode, which satisfy the Maxwell equations

with the given boundary conditions, are discussed in detail in Appendix B for the case of a

double slab based rectangular CFEL. We find the following expression for the longitudinal
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electric field EI
z:

EI
z = E0 cosh(px) cos(kyy)ei(kzz−ωt) + c.c., (5.27)

Here, 2Eo is defined as the peak amplitude of EI
z at the location of the electron beam at x = 0,

kz = 2π/βλ is the propagation wavenumber in the z-direction, p =
√

k2
y + k2

z − ω
2/c2, and

ky = π/w. For the isotropic dielectric slab, the electromagnetic surface mode given in Eq. (5.27)

can be represented as a combination of two plane waves travelling in different directions in

the (y, z) plane, each having frequency ω and wave vector k0 =
√

k2
y + k2

z . The wave vec-

tor k0 here is a solution of the dispersion relation ap tan(k0bp) tanh(k0g/γp) = 1 [128] for the

open configuration of a double slab based CFEL [81, 84, 142]. Here, ap = (γp/ε)
√
εβ2

p − 1,

bp = d
√
εβ2

p − 1, βp = ω/ck0, and γp = 1/
√

1 − β2
p. This dispersion relation can be solved

numerically to obtain the resonant wavelength (λp = 2π/βpk0) of the open configuration of a

double slab CFEL. Using this information and the property that the dielectric slabs are isotropic

structures in the (y, z) plane, we obtain the resonant wavelength of a rectangular configuration

of double slab based CFEL as

λ =
2π

β
√

[2π/βpλp]2 − [π/w]2
. (5.28)

Above equation has been solved for the parameters listed in Table 5.3. These parameters are

similar to the one considered for the single slab based sidewall CFEL, except that the gap 2g

between the two dielectric slabs is here taken as 180 µm, which is same as the vertical size of

the electron beam. We obtain the resonant frequency of 0.12 THz for these parameters.

Next, we extend our approach based on the coupled Maxwell-Lorentz equations to study

the beam-wave interaction in a double slab based rectangular CFEL. For this, we have followed

the approach discussed earlier in Sec. 5.1.2, and obtain the following dynamical equation for

the longitudinal field:

∂E
∂z

+
1
vg

∂E
∂t

= −
I|E|2

P
〈cos(kyy)e−iψ〉 − αE. (5.29)
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Note that we have assumed the longitudinal field E to be a slowly varying function of z and

t while deriving the above equation, and have substituted wvgU = P. The expression for

P/|E|2 for a double slab based rectangular CFEL is given by Eq. (B.20) in Appendix B. Here,

α is the field attenuation coefficient, which can be obtained by using Eqs. (B.22) and (B.23)

given in Appendix B for the case of the double slab based rectangular CFEL. The electron

beam will evolve under the influence of the dynamical field given by Eq. (5.29). The equations

for the evolution of energy and phase of the ith electron can be written in a way similar to

the Eqs. (5.19) and (5.20). In the small-signal small-gain regime and in the limit of a narrow

electron beam i.e., ∆y � w, we find an approximate analytical solution of the coupled Maxwell-

Lorentz equations by following a procedure described earlier in the chapter. By neglecting the

attenuation effects, we obtain the expression for the maximum small-signal gain in a single pass

operation of the double slab rectangular based CFEL as:

G = 6.75 × 10−2 16πkzL3

Z0β
2
Rγ

3
R

I
IA

|E|2

P

(sin(ky∆y/2)
ky∆y/2

)2

. (5.30)

Note that the form of the above equation is similar to the form of corresponding Eq. (5.21)

for the case of a single slab based sidewall CFEL. Here, we have to use Eq. (B.20) given in

Appendix B for the case of a double slab based rectangular CFEL, to evaluate the term P/E2.

As discussed earlier, we chose the sidwall spacing as 2/3 times the minimum surface mode

width.

Next, we would like to compare the performance of the following two waveguided configu-

rations of the CFELs- (i) single slab based sidewall CFEL discussed in Sec. 5.1, and (ii) double

slab based rectangular CFEL discussed in this section. For this purpose, we perform analytical

calculations by taking a monoenergetic flat electron beam having a width ∆y = w/2 in both

the cases. The metallic structure and the dielectric medium are maintained at 77 K. For the

parameters listed in Table 5.3 and taking ∆y = w/2 = 2.1 mm, we find the small-signal gain

using Eq. (5.30) as 286%. Taking the effect of attenuation, we obtain a single pass loss of about

31%, which reduces the small-signal gain of the double slab based rectangular CFEL to 255%.

This value is 15% higher than the net gain of 222% in the single slab based sidewall CFEL
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Table 5.3: Parameters of double slab based rectangular CFEL used in the calculation

Electron-beam energy 40.0 keV
Electron-beam current (I) 35 mA
Dielectric constant (ε) 13.1
Length of dielectric slabs (L) 5 cm
Dielectric slab thickness (d) 265 µm
Vacuum-gap between slabs (2g) 180 µm
Waveguide width (w) 4.2 mm
Operating frequency 0.12 THz

with similar parameters. The improvement in the net gain in the double slab based rectangular

CFEL is due to the confinement of the surface mode in the vertical direction due to the presence

of an extra dielectric slab on the top conducting surface as compared to the single slab based

sidewall CFEL, which is open in the vertical direction. Our results indicate that a double slab

rectangular CFEL has better performance as compared to the single slab based sidewall CFEL

in the single pass operation. However, to reach the saturation, both these devices have to be

operated in the oscillator configuration. In the oscillator configuration, there will be an addi-

tional attenuation of the surface mode during its backward propagation from the end point to

the beginning of the dielectric slab. The attenuation effects during the round trip are prominent

in a double slab based rectangular CFEL that has 31% loss during the backward propagation of

the electromagnetic field, which is twice the corresponding value of 15% in a single slab based

CFEL, for the considered parameters. Due to the presence of higher losses, the output power

and efficiency of a double slab based rectangular CFEL is expected to reduce significantly in

the oscillator configuration as compared to the single slab based sidewall CFEL. To investigate

this, we have solved the coupled Maxwell-Lorentz equations numerically for the double slab

based rectangular CFEL by using the leapfrog scheme, and compared the results with the case

of a single slab based sidewall CFEL. As shown by the solid curve in Fig. 5.9, the double slab

based rectangular CFEL saturates to give an output power of about 2.8 W at a saturation effi-

ciency of 0.2%, which are about 42% less than that of a single slab based sidewall CFEL, as

represented by dashed curve.
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Figure 5.9: Plot of power as a function of pass number in the waveguided configuration of
slab-type CFELs. For the parameters discussed in the text, the solid curve shows power of a
double slab based rectangular CFEL and the dashed curve shows power of a single slab based
sidewall CFEL.

5.3 Discussions and conclusion

In this chapter, we have studied the effect of waveguiding in the single slab as well in the

double slab configurations of CFELs by setting up the coupled Maxwell-Lorentz equations.

The waveguiding provided by the metallic side walls is very useful to enhance the performance

of a CFEL at longer wavelengths, where diffraction effects are prominent and cause a reduction

of gain. Due to waveguiding, we can reduce the mode width below the minimum possible

value that can be achieved in the absence of waveguiding. Hence, we can achieve higher gain

as well as higher saturation power as compared to the CFEL system without any waveguiding.

We also observed that the stringent requirements on electron beam emittances also get relaxed

in the waveguided CFELs as compared to the corresponding open configurations. Hence, our

analysis can be very useful in improving the performance of ongoing experiments on the single

slab and double slab based CFELs by implementing waveguiding in them.

It is interesting to point out here that the electromagnetic surface mode supported in the

proposed waveguided configuration has a cos(kyy) variation along the y-direction, where ky =
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π/w for the fundamental mode, and has maximum amplitude at the middle of the dielectric, i.e.,

(y = 0). For a very narrow electron beam, most of the electrons are at y = 0 and will experience

the peak of the electric field amplitude resulting in an effective exchange of energy. This gain

peaking effect is observed to become more pronounced as we decrease the transverse width

∆y of the electron beam in the single as well as in the double slab based waveguided CFELs.

Higher order modes corresponding to ky = (2n + 1)π/w will not have a good overlap with the

electron beam in these configurations, and will not be able to exchange energy with the electron

beam in an effective manner. We have therefore not considered these modes in our analysis.

Based on the results obtained in this chapter, we have compared the performance of a single

slab based sidewall CFEL and a double slab based rectangular CFEL. We find that a marginally

higher single pass gain can be achieved in a double slab based rectangular CFEL as compared

to a single slab based sidewall CFEL, because of the vertical confinement of the surface mode

in the presence of an extra dielectric slab supported by the top conducting surface. However,

dielectric and Ohmic losses also increase by a factor of 2 in the double based rectangular CFEL,

which reduces the net gain in the round trip in an oscillator configuration, and this system be-

comes less efficient than a single slab based sidewall CFEL. We would like to mention that

the performance of a double slab based rectangular CFEL can be further optimized by inde-

pendently changing the slab thickness and the relative dielectric permittivity of the top and the

bottom dielectric slabs, which we have not considered in this chapter. An independent variation

of system parameters of the top and the bottom dielectric slabs will make this configuration an

asymmetric one. An open configuration of a double slab based asymmetric CFEL has been

studied by Sharma and Mishra in Ref. [102]. Our analysis for the waveguided CFELs can be

extended for this configuration too, which may be taken up in the future.

To explore the viability of a compact single slab based sidewall CFEL in more realistic con-

ditions, we have included several realistic effects, i.e., finite beam size, finite beam emittance,

and finite energy spread. We find that a single slab based sidewall CFEL with length L = 3.5 cm

and spacing between the side walls as 3.5 mm, can be operated at 0.11 THz by using a 40.0 keV,

35 mA electron beam to give output power of 7.3 W with an efficiency of 0.5 % at saturation.



Chapter 5. Novel configurations of slab-type Čerenkov FELs 124

The relative rms energy spread is taken as 0.5 % for a 180 µm thick electron beam. It is to be

noted that we have not considered the fluctuations in the dielectric slab properties (relative per-

mittivity, slab uniformity), which can reduce the gain as well as the saturated power [176, 177].

We can however estimate the tolerable fluctuations of liner thickness and relative permittivity

along the length of the dielectric. For a given beam energy, if we vary the liner thickness d, or

relative permittivity ε, the resonant wavelength will change along the length. Like in the case

of conventional FEL, this will result in a spread in the detuning parameter η, and therefore gain

will decrease. In order to ensure that the gain does not deteriorate significantly, it is required

that the spread in η is much less than 2π. Using this criterion, we have estimated that the tolera-

ble fluctuation in liner thickness and relative permittivity are around 10 µm and 5% respectively

for the above mentioned CFEL parameters.

To conclude, we have performed a detailed analysis of the single and double slab based

CFEL systems with metallic side walls by setting up coupled Maxwell-Lorentz equations.

CFELs with metallic side walls are shown to have a gain significantly higher than the CFELs

without side walls. In contrary to the results obtained for the single pass operation, we observed

that a single slab based sidewall CFEL has an enhanced performance compared to the double

slab based rectangular CFEL in the oscillator configurations.



Chapter 6

Terahertz undulator radiation using a

high-power industrial linac

In the previous chapters, we have theoretically investigated the planar configuration of CFELs

and SP-FELs for the generation of coherent THz radiation, taking the deleterious effect of

diffraction and attenuation into account. These devices support surface modes, which are con-

fined very close to the dielectric or grating surface in the vertical direction. The electron beam

therefore needs to have a very small vertical size such that it can propagate very close to the

dielectric or grating surface and can interact efficiently with the surface mode. Maintaining a

small vertical size over the full interaction length requires a very small vertical emittance. In the

horizontal direction, requirement on the beam emittance depends upon the diffraction effects

and is observed to be less stringent. Hence, one requires a specially designed flat electron beam

having very small vertical emittance and large horizontal emittance to generate THz radiation

from a CFEL and a SP-FEL, which are yet to be demonstrated [78]. Another device, which

converts the kinetic energy of electrons into coherent electromagnetic radiation is an undulator

based FEL system, where a relativistic electron beam is passed through an undulator immersed

in a quasi-optical resonator. THz radiation is produced in the undulator based FEL due to

interaction of the electron beam with the on-axis, static transverse magnetic field, varying sinu-

soidally along the undulator axis, in the presence of an electromagnetic field building up in the
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resonator cavity [43]. Note that in contrast to a CFEL and an SP-FEL, where the electron beam

interacts with the surface mode confined in the close vicinity of the dielectric or the grating

surface, the electron beam here couples, via the static magnetic field of undulator, with a freely

propagating electromagnetic mode. This implies that the electron beam size and therefore the

electron beam emittance can be relatively relaxed in an undulator based FEL compared to a

CFEL or an SP-FEL. However, the gain of an undulator based FEL depends strongly on the

electron beam size and energy spread, and a very high peak beam current is required to achieve

a reasonable gain [42]. The electron beam needs to have a very short pulse duration (∼ picosec-

onds) to achieve such a high peak beam current. Typically, a low average power electron beam

with very fine energy spread and emittance is used to generate powerful THz radiation in an

undulator based FEL system through coherent stimulated emission. The infrastructure needed

to meet these requirements is quite complex, which makes these devices impractical for table

top THz experiments.

Recently, there has been a lot of interest in making high average power (up to 100 kW)

industrial electron linear accelerators (linac) for various industrial applications such as polymer

reforming, materials irradiation, and for pasteurization of food products [107–109]. A high

energy (∼ 10 MeV) electron beam is favourable for the irradiation processes due to its high

penetration depth. A beam energy higher than 10 MeV is not allowed for food irradiation

applications due to radiation safety issues. The quality of the electron beam from a typical

industrial linac may not be very good for the operation of a free-electron laser, but when such a

high average power electron beam passes through an undulator, it can emit copious amount of

THz radiation even through spontaneous emission. This radiation can fulfil the requirements of

many scientific applications, such as imaging of biological samples, inspection of packages and

analyzing chemical composition of materials [19, 178, 179]. After the spontaneous emission

of THz radiation in an undulator, the spent electron beam can still be used for the irradiation

application, which gives us two fold advantage. An experimental observation of THz radiation

from undulator through spontaneous emission by using a 2 mA, 7.5 MeV electron beam has

been reported recently in Ref. [180]. In this chapter, we have performed analytical as well as
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Figure 6.1: Schematic of a device based on a high average power industrial linac and an opti-
mized undulator, to produce THz radiation along with the intended irradiation applications.

numerical calculations to estimate the power of emitted spontaneous radiation when an electron

beam emerging from a high average power industrial linac dedicated for irradiation applications

is passed through an undulator with optimized parameters.

In the next section, we discuss the theoretical analysis of the undulator radiation and present

the calculations of magnetic field of a pure permanent magnet (PPM) based undulator. By tak-

ing an example case of parameters of a high average power industrial electron linac, we per-

form a detailed optimization of the parameters of the undulator to obtain useful THz radiation

in Sec. 6.2. In Sec. 6.3, we present results of numerical simulations by using a computer code

ginger [181]. Finally, we conclude with a discussion of results in Sec. 6.4.

6.1 Theoretical analysis

A schematic of a THz device based on a high average power industrial linac and an undulator

is shown in Fig. 6.1. A high energy electron beam emerging from a powerful industrial linac is

allowed to pass through an undulator, before being directed on the target to be irradiated. It will

generate a useful THz radiation in the undulator through spontaneous emission. The proposed
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system is a single pass system, i.e., without any optical resonator. Hence, we will perform an

analysis for the calculation of power radiated through spontaneous emission in the single pass

operation. The undulator is assumed to consist of Nu number of periods having a period length

λu. A detailed analysis for the motion of electron beam in the undulator is already available

in the literature [42, 110, 111, 113, 182, 183], and we can write the expression for the energy

radiated per unit frequency width dω per unit solid angle dΩ by a system of N electrons in a

bunch, along the direction of unit vector n as [182]:

d2I

dωdΩ
= [N + (N2 − N) f (ω)]

e2ω2

16π3ε0c3

∣∣∣∣∣∣
∞∫

−∞

n× (n× v)ei(ωt−kR n.r)dt

∣∣∣∣∣∣2. (6.1)

Here, ω = ckR is the angular frequency of the emitted radiation, kR is the wavenumber of

light, c is the speed of light, e is the electronic charge, ε0 is permittivity of free space, r and v

represent the instantaneous position and velocity respectively of the electron bunch centre that

evolves due to interaction with the undulator field, f (ω) = |
∫

eiωr/cS (r)d3r|2 is a form factor,

which describes coherence of the emitted light, and S (r) is a continuous normalized density

distribution function of the electron bunch such that the factor NS (r)d3r gives the probabil-

ity of finding an electron in the region d3r around r. The total power radiated by an electron

beam passing through an undulator will depend upon the bunch length of the electron beam.

If the electron bunch length is significantly greater than the wavelength of light, then the form

factor f (ω) = 0 represents the incoherent limit and the emitted power will be N times the

result from a single electron [182]. This is known as incoherent spontaneous emission or sim-

ply spontaneous emission (SE). For the electron bunch length shorter than the wavelength of

light; form factor f (ω) = 1 represents the coherent limit and the power radiated by the electron

beam will be N2 times the result of a single electron [182]. This is known as coherent spon-

taneous emission (CSE). Thus, a pre-bunched electron beam with bunch length smaller than

the wavelength of light can generate high power, coherent THz radiation, when passed through

an undulator[184, 185]. This scheme has been used in a Compact Advanced Terahertz Source

(CATS) at ENEA, Italy to generate THz radiation [186]. However, this approach requires an

electron beam with low energy spread, and an additional RF cavity to produce a pre-bunched
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electron beam. Moreover, the performance of the system is critically dependent on the shape

of the electron bunch [38–40, 187]. In the scheme proposed in this chapter, we are considering

the situation where the electron beam bunch length is significantly greater than the wavelength

of light, which is the case of spontaneous emission. The finite energy spread of the electron

beam also affects the radiation emitted when the electron beam passes through the undulator.

In the case of lasing in an FEL, the gain resulting due to stimulated emission is very sensi-

tive to the electron energy and therefore, one requires a high quality electron beam with low

energy spread to maintain the resonance condition of the system [188, 189]. In the proposed

system, the electron beam emerging from the industrial linac has high relative energy spread

(around 10%) and large pulse duration (∼ 0.5 ms). When this electron beam passes through an

undulator, the output radiation will be generated only through spontaneous emission, unlike in

the case of FELs where it is through stimulated emission. It is to be noted that if the energy

spread of the electron beam is large, the intensity spectrum in the case of spontaneous emission

of radiation will be broad, keeping the total output power nearly the same [190]. The relative

frequency width δω/ω due to the energy spread is 2δγ/γ, where γ is the energy of the electron

beam in units of its rest mass energy.

It may be in order to explain here some of the important features of the undulator radi-

ation spectrum. The characteristics of the undulator radiation spectrum can be analyzed by

studying the motion of electron [110, 111, 191]. In the presence of undulator magnetic field,

the electron undergoes a periodic transverse deflection with maximum angular excursion given

by K/γ, where K = eB0/kumc is the deflection parameter or peak value of the undulator pa-

rameter, B0 represents peak on-axis undulator magnetic field, ku = 2π/λu, and m is the rest

mass of the electron. Due to this periodic deflection, the average longitudinal velocity of the

electron gets reduced to c
√

1 − 1/γ∗2 [191], following the law of energy conservation. Here,

γ∗ = γ/
√

1 + K2/2. Over and above this average value, the longitudinal velocity will have an

oscillatory component too. In a frame of reference moving with the electron’s average longitu-

dinal velocity, the electron executes a simple harmonic motion in the transverse direction, and

acts like an oscillating dipole. It will have a doughnut-like angular distribution of the radiated
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Figure 6.2: (a) Schematic representation of the radiation pattern of an oscillating electron in the
frame of reference moving with electron’s average velocity in an undulator. (b) The radiation
spectrum in this frame is narrow with a spectral band width 1/Nu.

power as shown in Fig. 6.2(a)[191]. In this reference frame, an electron will emit radiation

with a narrow relative spectral bandwidth of the order of 1/Nu, as shown in Fig. 6.2(b). For the

case when Nu is very large, i.e., Nu → ∞, the emitted radiation spectrum from the relativistic

electron (v ' c) will be like a delta function at wavelength λ∗ = λu/γ
∗, which is contracted by

a factor γ∗ from the undulator period. Note that in this reference frame, the electron radiates

at the same frequency in all directions. Now, upon the transformation to the laboratory frame,

the radiated power gets confined into a half angle θ ' 1/2γ∗ around the direction of motion as

shown in Fig. 6.3(a). The radiation spectrum undergoes a Doppler shift to a higher frequency,

and more importantly, this spectrum gets broadened due angle dependent Doppler effects. The

Doppler shifted wavelength in the laboratory frame is given by

λθR =
λu

2γ∗2

(
1 + γ∗2θ2

)
, (6.2)

where θ is the observation angle measured form the direction of motion. Note that the second

term is responsible for the angle dependent broadening in the radiation spectrum. A schematic

illustration for the undulator radiation spectrum in the laboratory frame of reference has been

shown in Fig. 6.3(b). It can be seen that the natural spectral width (∼ 1/Nu) of the undulator ra-

diation spectrum in the electron’s reference frame gets broadened considerably upon the trans-

formation into the laboratory frame due to the off-axis Doppler effects. A practical choice of in-

terest is to select the near-axis radiation, as shown in Fig. 6.3(c), which is quasi-monochromatic
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Figure 6.3: (a) Schematic representation of the radiation pattern of a relativistic electron in the
laboratory frame during its motion inside an undulator. In this case the radiation gets confined
in a cone having semi angle 1/2γ. (b) The radiation spectrum seen in the laboratory frame in an
undulator. The wavelength gets shorter and the radiation spectrum gets broader due to the angle
dependent Doppler effects. (c) The selection of near axis radiation having natural bandwidth
∆ω/ω = 1/Nu in the laboratory frame, where Nu is the number of undulator periods.

in nature with a narrow spectral bandwaidth, and is useful for the spectroscopy and imaging re-

lated applications. Since the undulator radiation has a natural spectral width of 1/Nu, it is more

useful to select the radiation having the natural spectral bandwidth ∆λ/λ ' 1/Nu, by using a

monochromator in the path of the radiation on the axis. This radiation is contained in a very

narrow cone, known as the central radiation cone having half angle θcen around the beam-axis.

The half angle θcen can be estimated by requiring that the additional spectral width of the ra-

diation emitted within the central cone due to angle dependent Doppler effect is equal to the

natural width, i.e., 1/Nu. This gives us the following expression for θcen:

θcen =
1

γ∗
√

Nu
. (6.3)

Note the appearance of Nu in the above equation. Typically Nu is large, which means that the

central radiation cone is confined into a very small angle around the beam axis. The electromag-

netic radiation is quasi-monochromatic around the beam axis, with on-axis central wavelength

given by:

λR =
λu

2γ2

(
1 +

K2

2

)
. (6.4)

Th electromagnetic radiation inside the central radiation cone can be selected by using a nar-

row bandpass filter in the path of the output radiation as shown in Fig. 6.1. For the case of
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spontaneous emission by N electrons in a beam having beam current I, the average power in

the central radiation cone for an arbitrary K is given by [110]:

Pcen =
πeγ2I
ε0λu

f (K)K2

(1 + K2/2)2 , (6.5)

where f (K) = [J0(x) − J1(x)]2, J0 and J1 are zeroth and first order Bessel function of first

kind respectively, and x = K2/(4 + 2K2). Note that the power emitted in the central radiation

cone goes as square of the beam energy for a relativistic electron beam. Therefore higher

energy beams are preferred for the generation of radiation through spontaneous emission. Note

that the above mentioned power in the central radiation cone is far less than the total power

radiated in all harmonics, integrated over all wavelengths, and angles, which is given by PT =

πeγ2INuK2/3ε0λu [110, 111].

Another important property of electromagnetic radiation is the spectral brightness, which is

defined as the photon flux per unit area and per unit solid angle at the source within a relative

bandwidth of 0.1%. This quantity is conserved in a perfect optical system, and is very important

for the imaging related applications. A higher brightness is desired to obtain high-resolution

images. In the case of undulator radiation spectrum, as we move away from the beam axis,

the brightness of radiation decreases [111], which makes the off-axis radiation less useful for

experiments. On the axis, however, the brightness of radiation is high due to a very narrow

spectral bandwidth. The expression for the on-axis spectral brightness of undulator radiation is

given by [110, 111]

B(∆ω/ω) =
7.25 × 106 × γ2I(A)N2

u K2 f (K)

σ2
T (mm2)

(
1 + σ′2e /θ

2
cen

)(
1 + K2/2

)2

photons/s
mm2mrad2 (0.1% BW)

, (6.6)

where I is in amperes, σT =

√
σ2

e + σ2
0 is the rms source size of the undulator radiation in

millimeters, σe is the rms electron beam size, σ0 is the rms beam waist of radiation, and σ′e is

the rms beam divergence. Note that above formula is valid for a monoenergetic electron beam

having very small divergence, i.e., σ
′

e � θcen. For the case σ
′

e ' θcen, Eq. (6.6) overestimates
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the brightness by a factor of 2, and we need to use numerical simulations for more accurate

estimate of the spectral brightness [111].

The emitted radiation while propagating along the direction of the electron beam, can be

out-coupled by putting a window at the end of the interaction region, and can be used for ex-

periments. The radiation beam will undergo diffraction in the transverse direction. A rigorous

analysis for the representation of the undulator radiation with diffraction effects has been re-

cently given by Lindberg and Kim [183]. In the central radiation cone, which is the region of

our interest in this chapter, authors in Ref. [183] have shown that the electron beam generates

a freely diffracting Gaussian radiation beam having rms beam waist size σ0 =
√
λRL/2π, and

rms beam divergence σ′0 = (1/2)
√
λR/L [183], where L is the length of the undulator. In this

analysis, the beam waist is assumed to be formed at the centre of the undulator. As we move

away from the centre of the undulator, the beam size increases due to diffraction, which is de-

scribed here in terms of Rayleigh range ZR = L/π [183]. The rms beam size σ at the exit of

the undulator is given by σ = σ0

√
1 + (L/2ZR)2. Note that this calculation assumes an electron

beam of negligible size and divergence. Taking a finite size and divergence for the electron

beam, the formulae for the rms beam size at the waist and the rms beam divergence get mod-

ified as σT =
√
λRL/4π2 + σ2

e , and σ′T =
√
λR/4L + σ′2e respectively [110]. We would like

to mention that the effect of finite electron beam size and divergence is not very significant if

the unnormalized rms electron beam emittance εun, which can be understood as product of rms

electron beam waist size and divergence, is much less than λR/4π, which is the product of rms

optical beam waist size and divergence [110]. In terms of normalized rms beam emittance εn,

this criterion can be expressed as εn � βγλR/4π, where β is the speed of electron in units of

speed of light.

In order to ensure that the radiation beam does not hit the vacuum chamber of the undu-

lator, the undulator gap gu should be chosen sufficiently greater than the total beam diameter

at the undulator exit, i.e., four times the rms beam size σ. Here, one has to keep in mind that

increase in gu value will diminish the on-axis undulator magnetic field since it is proportional to
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exp (−kugu/2) [42]. One needs to optimize the magnetic field strength together with the undu-

lator length such that the beam diameter at the undulator exit remains sufficiently less than the

undulator gap gu. The expression for the peak undulator field B0 for the Halbach configuration

of a pure permanent magnet (PPM) based undulator is given by [42]:

B0 = 2Breme−kugu/2(1 − e−kuL′)
sin (επ/M)
π/M

. (6.7)

Here, Brem is the remnant field of the PPM, and has value 1.1 T for NdFeB magnets [158], M is

the number of magnets required to complete one period, L′ represents the height of the magnet,

and width of the magnet is ελu/M. The schematic of the Halbach configuration of the undulator

is shown in Fig. 6.1. In the most common configuration, M = 4, ε = 1 and L′ = λu/4. Using

these values in Eq. (6.7), we obtain the peak magnetic field in an undulator as [42]:

B0 = 1.57 × exp
(
−
πgu

λu

)
. (6.8)

The expression for the peak value of undulator parameter K is given by:

K = 1.48 × λu(cm) × exp
(
−
πgu

λu

)
. (6.9)

The analysis which we have presented in this section for the spontaneous emission of THz

radiation in an undulator will be helpful in obtaining the parameters of a practical device, as

described in the following section.

6.2 An example case

To perform the calculations, we now take an example case of a high average power industrial

linac, and optimize the parameters of undulator in accordance with the analysis described in the

previous section. The considered parameters in our calculations are listed in Table 6.1, which

are close to the parameters of the ILU-14 linac operating in Budker Institute of Nuclear Physics,
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Table 6.1: Linac parameters used in our calculations. These parameters are taken from “ILU-14
industrial electron linear accelerator with a modular structure” by A. A. Bryazgin et al., 2011,
Instruments and Experimental Techniques, 54, pp. 295-311. Copyright cO Pleiades Publishing,
Ltd., 2011.

Electron beam energy 10 MeV
Beam peak current 480 mA
Beam pulse duration 420 µs
Repetition rate 50 Hz
Average beam current (I) 10 mA
Average beam power 100 kW
Relative rms energy spread (δγ/γ) 7%
Electron beam diameter (4σe) 2.4 mm
Normalized beam emittance (εn) 30 mm-mrad

Russia [109, 192]. This device is a pulsed linac having the electron beam energy in the range

7.5 to 10 MeV, average beam current of 10 mA, and average power up to 100 kW. The relative

rms energy spread δγ/γ for this system is around 7% [109, 192].

For a given energy spread of the electron beam from linac, we choose the number of undula-

tor periods Nu ' γ/δγ. Based upon this argument, we have chosen Nu = 15 in our calculations.

A longer undulator will generate brighter radiation according to Eq. (6.6). However, as dis-

cussed, Eq. (6.6) is valid for monoenergetic beam. For a beam with finite energy spread, the

brightness will reduce since finite energy spread will lead to additional width in radiation spec-

trum. If we take δγ/γ > 1/Nu, the brightness and the spectral width of the emitted radiation

will be limited by the energy spread of the electron beam. Also, if we take a longer undulator,

the radiation beam size at the exit of the undulator will increase and the radiation beam may

strike the edge of the vacuum pipe of the undulator. We have taken the undulator period λu as

50 mm and the undulator parameter K from 0.6 to 2.1. These values of the K parameter can be

achieved by choosing the undulator gap gu between 40 to 20 mm for an undulator made up of

pure permanent magnets, as can be seen using Eq. (6.9).

In Fig. 6.4, we have shown the variation of the output power in the central cone, and the

radiation wavelength, as a function of undulator parameter K for a 10 MeV electron beam. The

parameters used in the calculations have been listed in Table 6.1 and Table 6.2. The radiation
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Figure 6.4: Plot of output power (dashed) in central cone and operating wavelength (solid) as
a function of undulator parameter K for E = 10 MeV, I = 10 mA, Nu = 15, and λu=50 mm.

wavelength increases with K value, and the output power shows a maxima near K = 1.2. The

maximum output power in the central radiation cone is obtained as 1.8 µW at 3 THz frequency.

The selection of a narrow spectrum around the central wavelength can be made by using a

THz bandpass filter in the path of the output radiation. The bandpass filters fabricated from

gold-mesh frequency-selective surfaces are commercially available, and have transmission of

about 80% at 3 THz frequency [193]. The filtered radiation will thus have a continuous average

power of 1.5 µW, and can be transported into a nearby experimental station via suitable opti-

cal arrangements. We would like to mention that an average power of around tens of nW can

be achieved in conventional THz sources such as parametric oscillators and photoconductive

Table 6.2: Parameters of the undulator used in our calculation.

Undulator period (λu) 50 mm
No. of periods (Nu) 15
Undulator gap (gu) 20 - 40 mm
Undulator parameter (K) 2.1 - 0.6
Peak magnetic field (B0) 0.45 - 0.13 T
Radiation wavelength (λR) 190 - 70 µm
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Figure 6.5: Plot of output power (dashed) in central cone and operating wavelength (solid) as
a function of electron beam energy for I = 10 mA, K = 1.2, λu = 50 mm, and Nu = 15.

antennas [194]. However, all these sources are not continuously tunable. Further, the rela-

tive bandwidth of the output radiation at central wavelength in the proposed system is around

14%, which is nearly three times less than the relative bandwidth of output radiation in the

conventional sources described above [194].

For a fixed undulator period, the wavelength of the output radiation in the proposed system

can be tuned by either changing the electron beam energy or by changing the undulator gap. In

our example case, we take the energy range from 7.5 MeV to 10 MeV, and the undulator gap

gu can be changed from 20 mm to 40 mm under normal tuning range. As shown in Fig. 6.4, the

radiation wavelength can be tuned from 70 µm to 190 µm by varying K from 0.6 to 2.1 for a

10 MeV electron beam. For E = 10 MeV and K = 2.1, the rms radiation beam waist size σT

is calculated as 2 mm by taking into account the finite electron beam size as mentioned in the

previous section. The radiation beam diameter at the exit of undulator is obtained as 15.3 mm.

It is thus ensured that the maximum value of optical beam size is sufficiently smaller than the

minimum value of the undulator gap. Further increment in K value will make the optical beam

size comparable or larger than the minimum undulator gap. The radiation wavelength can also

be tuned by changing the electron beam energy. In Fig. 6.5, we have shown such an example.
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Here, we have considered K = 1.2 to keep the output power around the maximum value and

varied the electron beam energy in range 7.5 MeV to 10 MeV. By using these parameters, we

can get output radiation ranging from 1.6 THz to 4.3 THz with average power of the order of 1

µW.

An approximate value of spectral brightness B∆ω/ω of the emitted radiation for K=1.2 and

E=10 MeV is estimated by using Eq. (6.6) as 9×108 photons/s/mm2/ mrad2 (0.1% BW), which

can also be written as B∆ω/ω = 0.6 × 10−6 W/mm2/sr (0.1% of BW). The spectral brightness of

output radiation in the proposed system is comparable to the brightness of coherent synchrotron

radiation at the meterology light source [195], and higher than the conventional thermal sources.

We would now like to mention some applications that can be performed by using a contin-

uously tunable radiation in the frequency range from 1.6 THz to 4.3 THz, having an average

power of the order of µW. As discussed in the literature [4, 5], THz radiation is easily passed

through the paper based envelopes and is partially passed through the plastics and ceramics [5].

This has great utility in performing the multispectral THz imaging to identify substances with-

out opening the envelopes containing sensitive materials [179]. THz radiation with average

power of the order µW is useful in non-destructive probing of sensitive biological materials and

fragile electronic parts [2, 10, 12], where low average power (form tens of ∼ nW up to 1 µW) is

required [8]. At the present time, most of the commercially available conventional THz sources

produce tens or hundreds of nW average power [194], which is commonly used in the imaging

and spectroscopy applications [2, 4, 10, 12]. The proposed THz source with average power

of the order of µW and very high brightness will be helpful in obtaining the high-resolution

images in the spectroscopy and imaging related applications [19].

In our calculations, a moderate value of normalized electron beam emittance is considered,

i.e., εn = 30 mm-mrad, which can be easily achieved in a typical 10 MeV electron linac [196].

Note that the effect of finite electron beam size and divergence is not be significant as long as

the normalized rms electron beam emittance is much less than βγλR/4π, which is 310 mm-

mrad for λR = 190 µm, and 115 mm-mrad for λR = 70 µm. We have also found that the space
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charge effects are negligible for the chosen parameters of the electron beam as the space-charge

term turns out to be much smaller then the emittance term in the beam envelope equation. This

condition can be expressed as [144]:

σ2
e

2βγε2
n

Ip

IA
< 1, (6.10)

where Ip = 4.8 A is the peak current of micropulse. The value of the left-hand side of the above

equation is obtained as 0.003, for which the inequality is satisfied.

6.3 Numerical simulations

We have also performed numerical simulations using the computer code ginger [181] to study

the power growth and power spectrum of the spontaneous emission in the optimized undula-

tor. ginger is a multi-dimensional [full 3D for particles and 2D (r − z) for radiation], time

dependent computer code, which is primarily developed to simulate FELs in various configu-

rations. In addition, it can also simulate the process of spontaneous emission discussed in this

chapter. It solves KMR [197] undulator-period-averaged equations in slowly varying envelope

approximation. Spontaneous emission evolves from the shot noise, which is modelled in gin-

ger by appropriately giving a controlled amount of randomness in initial longitudinal phases of

particles [198].

Here, we describe the simulation results for one particular case, i.e., beam energy of 10

MeV and K = 1.2, which has been discussed in the previous section. The rest of the parameters

of the electron beam and the undulator are same as described earlier in the text. The simulation

code ginger has taken a Gaussian profile for the electron beam with the transverse beam sizes

given in Table 6.1. Figure 6.6 shows the evolution of the radiated power along the length of

the undulator. It is seen that ∼3 µW of average power is radiated at the undulator exit, which is

higher than the value of 1.8 µW obtained using the analytic formula for the power radiated in the

central cone. This is because the computer code ginger integrates the power over a bandwidth,
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Figure 6.6: Plot of radiated power as a function of interaction length for the spontaneous emis-
sion in an undulator having K = 1.2, Nu = 15, and λu=50 mm. For the input electron beam,
energy E is taken as 10 MeV, and average current I is considered as 10 mA.
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Figure 6.7: Plot of power spectrum in spontaneous emission of radiation at the exit of a 75 cm
long undulator having K = 1.2, Nu = 15, and λu = 50 mm. The input electron beam energy E
is taken as 10 MeV, and input electron beam current I is considered as 10 mA.

which is larger than the bandwidth of the radiation emitted in the central radiation cone [199],

as seen in Fig. 6.7. The full spectrum of radiation emitted in the central radiation cone should

have wavelength in the range 100 ± 14µm, whereas the radiation spectrum calculated using

ginger has wavelength even outside this range. The simulation result thus reasonably agrees
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Figure 6.8: Plot of output power (dashed) and spectral brightness (solid) as a function of rela-
tive rms beam energy spread for εn = 30 mm-mrad, I = 10 mA, and K = 1.2. Calculations are
performed using the code ginger.

with the results of the analytical calculations.

We have also performed numerical simulations to study the effect of energy spread and

emittance of the electron beam on the power and brightness of undulator radiation. Figure 6.8

shows the effect of variation of energy spread, when the beam emittance is kept constant at 30

mm-mrad. As expected, there is only a nominal reduction in the radiated power with energy

spread, whereas the brightness decreases significantly with energy spread. This is because as

the energy spread increases, there are more particles with reduced energy, resulting in slightly

reduced emission of spontaneous emission. The bandwidth of emitted radiation however in-

creases significantly with energy spread as discussed in Sec. 6.2, which results in significant

reduction of brightness. We have then studied the effect of variation in beam emittance as

shown in Fig. 6.9. Here, as the beam emittance increases, the electron beam size increases be-

cause of which more number of particles become off axis and radiate with less efficiency. Also,

as the emittance increases, the radiated power decreases because the average longitudinal speed

of particles decreases due to increase in the off-axis component of velocity. This also leads to a
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Figure 6.9: Output power (dashed) and spectral brightness (solid) as a function of normalized
beam emittance for the undulator parameters K = 1.2. The beam current is here assumed to be
10 mA and the relative rms energy spread of the electron beam is taken as 7%. Calculations are
performed using the code ginger.

spread in the frequency of radiation emitted by different electrons. As can be understood from

the formula for the source size described in Sec. 6.2, the source size increases with emittance.

Due to the broadening of the radiation spectrum and increase in the source size, the brightness

decreases with emittance, as seen in Fig. 6.9. We would like to mention that we have verified in

the simulation that the power and brightness are here directly proportional to the beam current,

which is expected from Eqs. (6.5) and (6.6).

Based on the results of numerical simulation studies presented in this section, we find that

the proposed system will be able to generate ∼ 1 µW of terahertz power with a brightness 109

photons/s/mm2/ mrad2 (0.1% BW), including the effect of finite emittance and energy spread

of the electron beam.
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6.4 Discussions and conclusion

In this chapter, we have discussed a proposal to enhance the utilization of a high average power

industrial electron linac by using an undulator to generate terahertz radiation, in addition to

the intended irradiation application. In an FEL, the average power of the electron beam is

typically low, which is usually of the order of few tens or hundreds of Watts. Such an electron

beam typically generates THz radiation of sub-nW power through spontaneous emission, which

gets enhanced to the order of few tens or hundreds of mW through the process of stimulated

emission. To have a strong interaction between the electron beam and the optical beam in

an FEL system such that it generates stimulated radiation, the electron beam envelope has to

be well inside the optical beam envelope throughout the interaction length, and its average

electron beam radius over the length of the undulator needs to be minimum. This requires that

the parameters related to the profile of the electron beam are suitably matched at the entrance

of the undulator. Also, for the operation in the FEL oscillator configuration, we need to use an

achromat to bend the electron beam and match it with axis of the undulator immersed in the

quasi-optical resonator. All this is achieved by having a suitable beam transport line between

the linac and the undulator. In addition, as discussed, very high quality electron beam with low

energy spread, low emittance and high peak current is needed for the generation of stimulated

emission in an FEL. These requirements are not there, when we use a high average power

electron beam for the generation of THz radiation through the process of spontaneous emission,

as discussed in the chapter. This makes the proposed device simpler.

We would like to mention that as the electron beam propagates down the undulator, an

additional energy spread will be induced due to the quantum fluctuations of the spontaneous

undulator radiation [200]. For parameters considered in our example case, we have calculated

the relative energy spread induced by the undulator as 0.015% by following an analysis given

in Ref. [200]. This value of induced energy spread is quite low as compared to the considered

initial relative energy spread of 7.0%. Hence, the spent electron beam after emitting the THz

radiation can still be used for the irradiation applications.
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To conclude, we have presented an analysis of a device, which is based on the arrangement

of a powerful industrial linac and an undulator, to produce useful THz radiation, along with the

intended irradiation applications. For the analysis of undulator radiation, we followed a recent

approach given in Ref. [183]. By taking an example case of the high average power industrial

linac, we have optimized the parameters of an undulator which can be used to produce copious

THz radiation. We observed that an undulator with moderate parameters such as length 0.75 m,

period 50 mm and K from 0.6 to 2.1, can be used with 7.5 to 10 MeV, 100 kW linac to produce

a continuous tunable THz radiation (1.6 THz to 4.3 THz) with an output power in the central

cone of the order of µW and spectral brightness of the order of 109 photons/s/mm2/ mrad2

(0.1% BW). We have also verified these calculations by performing the numerical simulations

using a computer code ginger [181]. Thus, the utilization of a high power electron linac can be

enhanced with the help of a short undulator, which . The device can simultaneously be used for

terahertz generation, as well as irradiation applications. The output radiation can be tuned by

changing the undulator gap or by changing the electron beam energy. Tunable continuous THz

radiation generated using such a device will be very useful in the imaging and spectroscopy

related applications [19, 179].
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Conclusions and outlook

In this thesis, we have performed theoretical studies on electron beam based compact devices,

which utilize either the phenomena of Čerenkov radiation or Smith-Purcell radiation or undula-

tor radiation to generate copious THz electromagnetic waves for various possible applications.

Currently, undulator based conventional FELs are used to generate coherent electromagnetic

radiation starting from the THz up to X-ray wavelengths. Successful operation of such FELs,

however, requires a relativistic electron beam with stringent parameters such as a small en-

ergy spread and emittance, and a high peak current. Generation of such high quality electron

beams requires large and expensive infrastructure, and the radiological hazard associated with

such electron beams requires an elaborated radiation shielding for its mitigation. It is therefore

imperative to look for alternate innovative schemes wherever possible. Although undulator

based FELs are inevitable for the production of high power radiation at X-ray wavelengths, it

is possible to use low energy electron beam based FELs utilizing Čerenkov radiation or Smith-

Purcell radiation as an alternative to undulator based FELs for the generation of high power

radiation at THz wavelengths. Use of a low energy electron beam here leads to two impor-

tant advantages - (1) it requires only a nominal radiation shielding, and (2) the device becomes

compact. The research work presented in this thesis is mainly focused towards the theoretical

understanding of such compact sources of THz radiation, namely the Čerenkov FEL and the

Smith-Purcell FEL. Amongst different configurations of these sources, the single slab based

145
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CFELs and single grating based SP-FELs in the open configuration are observed to be more

feasible for high-frequency and high-power operation. Our aim in this thesis has been to un-

derstand the challenges involved in the successful operation of CFELs and SP-FELs in this

configuration and suggest ways to overcome these challenges such that it become feasible to

generate a copious amount of tunable THz radiation using low energy electron beams, even

after including the realistic effects.

In order to study a single slab based CFEL system, we have established a single particle

approach based on coupled Maxwell-Lorentz equations, in analogy with the undulator based

FELs. Due to the evanescent nature of the electromagnetic field, taking a flat electron beam hav-

ing vertical size very small compared to the horizontal size leads to a better performance. We

have therefore set up the coupled Maxwell-Lorentz equations for the single slab based CFEL

driven by a flat electron beam. In order to do this, we have followed an approach developed by

Kumar and Kim [88] for setting up the coupled Maxwell-Lorentz equations for SP-FELs, where

they analyzed the singularity in the reflectivity of an evanescent wave incident on the grating

surface. This singularity arises when the frequency and wavenumber of the wave satisfy the dis-

persion relation. The Laurent series expansion of reflectivity around this singularity here gives

two important parameters- χ and χ1 related to the growth rate and the ac space charge term

respectively. Following a similar approach, we could derive analytical expressions for χ and χ1

for the case of a single slab based CFEL. Note that for the SP-FEL, the analytical calculations

for χ and χ1 were not possible, and therefore these parameters were obtained numerically. We

then set up the Maxwell-Lorentz equations for a CFEL in terms of χ and χ1 parameters. By

analytically solving these equations in the small-signal regime, we have obtained expressions

for the gain and the growth rate of the system. We have probed the non-linear behavior of this

system by numerically solving the Maxwell-Lorentz equations using a self-written computer

code, and calculated the saturated power to obtain the efficiency of the system. It is possible to

include the effect of finite beam thickness and finite energy spread in our analysis. To perform

the calculations, we have considered the parameters of the Dartmouth experiment [66]. The

observed output power in the Dartmouth experiment was very low compared to the theoretical
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results. The observation of low output power has also been reported in the experimental studies

on the SP-FEL system at Dartmouth College [69] and Vanderbit University [71] in USA, and

at CEA/Cesta [72] in France.

With an objective to explain the poor performance of the past experiments on CFELs and

SP-FELs, we performed a full 3D analysis for these devices by including the realistic effects of

diffraction and attenuation. For a CFEL, we derived the attenuation coefficient due to Ohmic

and dielectric losses. We showed that these effects are significant, and it may be required to

operate the system at lower temperature, i.e. at 77 K. In order to study the effect of diffraction,

we have set up localized surface modes supported by a dielectric slab placed on the conducting

surface and calculated its important properties. By analyzing the surface mode in terms of its

Fourier components which interact with the corresponding Fourier components of the current

density vector, we could set up the 3D Maxwell-Lorentz equations for a single slab based

CFEL. We use the same approach to derive 3D Maxwell-Lorentz equations for a SP-FEL,

which are applicable in low as well as high gain regime. We found that there is a difference in

the way diffraction is manifested in the CFEL system and in the SP-FEL system. We observed

that the free-space wavelength λ is replaced by βλ in CFELs and by λ/βg in SP-FELs, and

have provided an interesting explanation for this difference. In a low gain FEL, the gain is

maximum when the radiation beam size averaged over the interaction length is minimum. We

found the value of this minimum possible radiation beam size in the horizontal direction for

the CFEL case using the expressions derived for the localized surface mode. We showed that

for the gain calculation, this minimum possible radiation beam size should be taken as the

effective horizontal size of the flat electron beam. In the vertical direction, the electron beam

size was taken same as the decay length of the evanescent wave. Having derived the electron

beam sizes in the vertical and horizontal directions, the required beam emittances in both these

directions were evaluated such that these values of beam sizes are maintained over the entire

interaction length. It is observed that a flat electron beam with vertical to horizontal emittance

ratio of about 1000 is required for a typical THz CFEL, which is very difficult to achieve

experimentally [146]. To relax the stringent requirements on the vertical beam emittance, we
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have discussed techniques of external focusing of a flat beam by using wiggler and solenoid

magnetic fields, and also proposed several ways to achieve the required beam quality. These

schemes are similar to the ones proposed for THz SP-FELs [78, 89].

Taking the effects of attenuation and diffraction into account, we have developed a technique

to optimize the value of electron beam energy and dielectric slab thickness for the given values

of operating wavelength and dielectric constant in a single slab based CFEL. We found that

for an operating frequency of 0.1 THz and taking the dielectric material as GaAs (ε = 13.1),

the most optimum electron beam energy is 40 keV and dielectric thickness is 265 µm. The

electron beam current was taken as 35 mA and the dielectric slab and the metallic base were

maintained at 77 K during this optimization study. For these parameters, a CFEL having 5 cm

long dielectric slab can deliver an average output power of about 3.6 W with 0.26% efficiency.

In order to circumvent the deleterious effect of diffraction, we have explored the use of

waveguiding in improving the performance of CFELs, while keeping in mind that waveguiding

leads to an additional attenuation. We have used the Maxwell-Lorentz approach to analyze two

such novel configurations- single-slab based sidewall CFEL and double-slab based rectangular

CFEL. A detailed analysis of the surface mode is performed and a formula for the small-signal

gain is derived for both these configurations. This was followed by analyzing the non-linear

behaviour by numerically solving the Maxwell-Lorentz equations. It has been explicitly shown

in our analysis that the small-signal gain and saturation power in a single slab based CFEL

having metallic side walls are larger compared to the configuration without the side walls but

with similar system parameters. Our results reveal that a waveguided CFEL can be operated

with a shorter interaction length to achieve higher efficiency, and also to relax the stringent

requirements on the vertical beam emittance as compared to the CFEL system without any

waveguiding. It has also been observed that in the single pass operation, the gain as well as

the loss increases in a double-slab based rectangular CFEL as compared to a single slab based

sidewall CFEL, and there is increase of 15% in net gain for a particular set of parameters

discussed in thesis. Now for the oscillator configuration, in a round trip, the loss needs to be

considered twice. Thus the marginal gain that is achieved during a single pass is offset by the
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loss in a double slab based rectangular CFEL, and this configuration becomes less efficient than

the single slab based sidewall CFEL.

Finally, we have explored the possibility of generating THz radiation by utilizing a high av-

erage power (100 kW) electron beam emerging from an industrial electron linac. The basic idea

here was that such a high power industrial linac may not give good quality electron beam for

lasing in an FEL, but when such a beam is passed through an undulator with suitably optimized

parameters, it could generate useful THz radiation through spontaneous emission. We showed

that for a 10 MeV, 100 kW electron linac having 7% beam energy spread, we can put a 75 cm

long undulator with a period length of 50 mm in between the linac exit and the irradiation tar-

get to generate THz radiation having an average power of around 1 µW and brightness around

109 photons/s/mm2/ mrad2 (0.1% BW). The output radiation can be tuned from 1.6 to 4.3 THz

by changing the undulator parameter K from 0.6 to 2.1 and the electron beam energy from

7.5 MeV to 10 MeV. Thus, the utility of an industrial linac can be enhanced with a moderate

investment in terms of putting a small undulator as an additional component.

In summary, we have performed a rigorous analysis to understand the working mechanism

of CFELs in planar geometry by setting up the coupled Maxwell-Lorentz equations. We have

used analytical as well as numerical technique to solve these equations, and included real-

istic effects such as diffraction, attenuation, finite beam-size, and finite energy spread in our

calculations. We have also pointed out the importance of a good quality electron beam for

the successful operation of this system and proposed different methods for production of the

required beam quality. While setting up the 3D Maxwell-Lorentz equations, important dif-

ferences between CFELs and SP-FELs have been understood, which has implication on their

performances. Two novel configurations of CFELs - Sidewall CFEL in single slab geometry

and rectangular CFEL in double slab geometry have been studied, which show enhanced per-

formance. In addition, we have performed an optimization study to explore the possibility of

generating THz radiation through spontaneous emission in an undulator, when a high average

power electron beam emerging from an industrial linac is allow to pass through the undulator.
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Outlook and future perspective

In the past two decades, the field of THz science has evolved significantly due to rapid devel-

opment of coherent THz sources. During these years, there has been emphasis on the develop-

ment of compact and tunable sources of high power coherent THz radiation, which are useful

for tabletop experiments. Our work on electron beam based compact THz sources in this thesis

contributes to this development.

Our approach based on the single particle coupled Maxwell-Lorentz equations, which in-

cludes the 3D effects and attenuation effects, is useful to understand the working of real world

CFEL and SP-FEL systems. The 3D coupled Maxwell-Lorentz equations derived for the case

of the CFEL and the SP-FEL are observed to have a form which is similar to the correspond-

ing equations for the case of undulator based FELs. Hence, the numerical techniques that are

applied for solution of such equations in a typical 3D FEL code such as genesis [201] can be

extended for the 3D simulation of CFELs and SP-FELs.

We have followed two different approaches to set up the coupled Maxwell-Lorentz equa-

tions for the CFELs: (1) by analyzing the reflectivity of the system in terms of χ and χ1 param-

eters, and (2) an approach discussed by Levush et al. [133] for the case of a BWO. In Ref. [88],

it has been shown that both these approaches give similar results for the SP-FELs having no

side walls. We have checked that even in the presence of side walls, the χ and χ1 parameters can

be derived and an analysis can be performed in terms of these parameters, and it gives the same

results as described in this thesis for the case of sidewall CFELs. The same will be applicable

to SP-FELs [88, 202], and the approach based on Maxwell-Lorentz equations can certainly be

extended to the case of sidewall SP-FELs. The analytical formulas for χ and χ1 can also be

used for the case of negative index material based CFELs. In that case the CFEL system will

work like a BWO [136], and can be studied by following an approach given in Refs. [78, 88]

for Smith-Purcell BWOs.

To drive the CFEL and the SP-FEL systems, we have used a DC electron beam and hence

neglected the time-dependent effects while solving the coupled Maxwell-Lorentz equations in
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our analysis. Both these systems can also be operated by using a bunched electron beam pro-

duced by an rf accelerator [64, 203], and the time dependent effects i.e., slippage effects become

prominent for very short electron pulses and at long wavelengths, as discussed in Ref. [121].

These effects can be included in the approach based on the coupled Maxwell-Lorentz equa-

tions discussed here. In the pulsed operation mode of CFELs and SP-FELs, we can increase

the output THz radiation power, which can be very useful in the dynamical study of molecular

systems.

In this thesis, we have considered an operating frequency of about 0.1 THz for the CFELs

in order to perform an optimization study around the parameters considered in the existing

experiments [66]. For high frequency operation, the vertical decay length (βγλ/2π) of the

surface mode decreases and one has to use an electron beam having very small vertical size and

vertical emittance for effective beam-wave interaction. Another option is to use a relativistic

electron beam. Our detailed optimization study is also applicable for this case.

For the dielectric slab in the CFEL system, we have chosen an isotropic material. Sapphire

crystals, which have also been used in CFEL projects [65], are anisotropic. It may be involved

but interesting and useful to develop a detailed theory of a CFEL based on anisotropic dielectric.

As discussed in the thesis, the power that grows in the surface mode in CFELs and SP-FELs

due to its interaction with an electron beam, is in the form of near field and non-radiative elec-

tromagnetic radiation. In order to make it useful for experiments, it is important to outcouple

this electromagnetic energy in the form of freely propagating radiation. This requires a detailed

analysis of the outcoupling effects, which could be taken up as future work.

Based on the results obtained in this thesis, it is interesting to compare some of the features

of the CFEL and the SP-FEL system that can be helpful in the development of a practical THz

source. First, it is observed that the diffraction effects are prominent in the SP-FEL as compared

to the CFEL. Therefore, in the case of SP-FEL, the grating length has to be kept small to reduce

the diffraction loss and to maintain the sufficient interaction of the surface mode with the co-

propagating electron beam. Second, the attenuation due to the finite conductivity of the metal
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is more in the case of the SP-FEL compared to the CFEL. This is because the SP-FEL has more

metallic surface area for a unit length as compared to the CFEL. The attenuation effect increases

with the operating frequency [99, 167]. Hence, at higher frequency, it will be preferable to use

the structure which has less attenuation. From this point of view, it will be preferable to opt

for CFEL for high-frequency operation, and SP-FEL for low-frequency operation. Third, we

have more number of variables to tune the radiation properties in a SP-FEL as compared to a

CFEL. This is because the basic system parameters of CFEL are d and ε, where ε is fixed for

a particular dielectric material. We are thus effectively left with only one variable in the single

slab based CFEL. On the other hand, in the SP-FEL, the system variables are: grating period,

groove depth, and groove width [88, 204]. Although the efficiencies of both these systems

are similar, varying from fraction of a percent to few percent, it is possible to obtain slightly

higher efficiency for the SP-FEL since there are more number of system parameters that can be

optimized.

For the undulator based THz source driven by a high power industrial linac that we have

discussed in the thesis, we have taken the vacuum chamber diameter such that the THz beam

does not get cut by hitting the vacuum chamber. This puts a constraint on the undulator gap

and corresponding K parameter. In order to operate at higher values of K parameter, it may be

useful to explore the concept of waveguiding in this system, which is similar to the theory of

waveguided CFELs discussed in the thesis.



Appendix A

Surface mode analysis in a single-slab

based sidewall Čerenkov FEL

In this appendix, we present a detailed analysis of the surface mode supported by an empty

configuration (without the electron beam) of a single slab based sidewall CFEL. This system

is shown in Fig. A.1, where a dielectric slab with thickness d, length L, and relative dielectric

permittivity ε is placed on a metallic surface. Along the y-direction, the dielectric slab is sur-

rounded with metallic side walls, which are placed at y = ±w/2. We assign the region above the

dielectric slab as region I, and dielectric medium as region II. The dielectric slab is assumed to

be an isotropic structure in the (y, z) plane. The optical properties of the system will therefore

remain invariant under any arbitrary rotation in the (y, z) plane. Hence, the electromagnetic sur-

face mode supported by this geometry can be obtained by combining the plane wave solutions

of an open structure [142], i.e., the structure without any side wall, in a suitable manner such

that it satisfies the boundary conditions. The detailed analysis of the surface mode supported

by a CFEL without any sidewall has been presented in Chapter 2. By using the property of

isotropy in this way, we combine two plane evanescent waves each having frequency ω and

wave vector k0 =
√

k2
y + k2, travelling in different directions in the (y, z) plane to obtain the

following field components of the surface mode in region I:
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Metallic side walls

y

x

w

d

Metallic base

I

Figure A.1: Schematic of a single slab based CFEL having metallic side walls. The electron
beam is not shown here.

HI
y = (kzH/k0) cos(kyy)i(kzz−ωt)e−Γ(x−h) + c.c., (A.1)

HI
z = (−ikyH/k0) sin(kyy)ei(kzz−ωt)e−Γ(x−h) + c.c., (A.2)

EI
x = (k0H/ε0ω) cos(kyy)ei(kzz−ωt)e−Γ(x−h) + c.c., (A.3)

EI
y = (kyΓH/ε0ωk0) sin(kyy)ei(kzz−ωt)e−Γ(x−h) + c.c., (A.4)

EI
z = (−ikzΓH/ε0ωk0) cos(kyy)ei(kzz−ωt)e−Γ(x−h) + c.c., (A.5)

and HI
x = 0. Here, kz = 2π/βλ is the propagation wavenumber in the z-direction, β = v/c,

ω = 2πc/λ, λ is the free space wavelength, Γ =
√

k2
y + k2

z − ω
2/c2, ky = π/w, and c.c. denotes

complex conjugate. Inside region II, the components of electromagnetic field are obtained as:

HII
y =

εkzΓH
k1k0

cos[k1(x + d)]
sin(k1d)

cos(kyy)eΓhei(kzz−ωt) + c.c., (A.6)
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HII
z =

−iεkyΓH
k1k0

cos[k1(x + d)]
sin(k1d)

sin(kyy)eΓhei(kzz−ωt) + c.c., (A.7)

EII
x =

k0ΓH
ε0ωk1

cos[k1(x + d)]
sin(k1d)

cos(kyy)eΓhei(kzz−ωt) + c.c., (A.8)

EII
y =

kyΓH
ε0ωk0

sin[k1(x + d)]
sin(k1d)

sin(kyy)eΓhei(kzz−ωt) + c.c., (A.9)

EII
z =

−ikzΓH
ε0ωk0

sin[k1(x + d)]
sin(k1d)

cos(kyy)eΓhei(kzz−ωt) + c.c.. (A.10)

Here, HII
x = 0 and k1 =

√
εω2/c2 − k2

y − k2
z .

The power flow in the surface mode can be evaluated by integrating the Poynting vector

over x ∈ [−d,∞], and over y ∈ [−w/2,w/2]. The total power in the surface mode is sum of

power flow in the vacuum and inside the dielectric medium, which we obtain as

P =
wβpγ

3
p

2kzZ0

[
1 +

1
ε2a2

p
+

k0d(1 + a2
p)

εγpa2
p

]
|E|2e2Γh. (A.11)

Here, βp = ω/ck0 is the phase velocity of the surface mode in units of c, γp = 1/
√

1 − β2
p,

ap = (γp/ε)
√
εβ2

p − 1, and Z0 = 1/ε0c is the characteristic impedance of the free space. Note

that the above equation has been expressed in term of half amplitude E of the peak field at the

location of electron beam by using Eq. (A.5). It should be noted that the total power in the

sidewall CFEL is kz/2k0 times the power contained in the surface mode supported in the CFEL

without any side wall [142], which is given by Eq. (2.21). This is obvious as the electromagnetic

field in the sidewall CFEL is propagating at an angle, whose cosine gives the factor kz/k0 with

respect to the z-direction. The factor 1/2 accounts for the variation of electromagnetic field

along the y-direction. The energy stored in the electromagnetic fields is obtained by integrating

the energy density over the volume of the dielectric, and over the volume of the vacuum region.

The expression for the time-averaged energy stored per unit mode width w per unit length in
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the z-direction is obtained as:

U

|E|2
=

koγ
3
p

2ck2
z Z0

[
1 +

1
ε2a2

p
+

k0dβ2
p(1 + a2

p)

γpa2
p

]
e2Γh. (A.12)

The energy velocity of the electromagnetic fields is given by P/wU. Using Eqs. (A.11) and

(A.12), we obtain the group velocity of the surface mode supported in the sidewall CFEL as:

vg =
βpckz

k0

[
β2

pγ
3
p(ε − 1) + k0dε(1 + a2

p)
][

β2
pγ

3
p(ε − 1) + k0dε2β2

p(1 + a2
p)
] . (A.13)

In the sidewall CFEL, the group velocity of the surface mode is kz/k0 times the group velocity

of the CFEL without any side wall [142].

Next, by following the approach given in chapter 2, we evaluate the attenuation coefficient

of the surface mode, which is given by [122]

αd,c =
Pd,c

l

2P
, (A.14)

where Pl represents the power loss per unit length along the z-direction, and the subscripts

d and c are used to represent the dielectric medium and the metallic conductor respectively.

Inside the dielectric medium, losses are described in the terms of complex relative permittivity

ε̃ = ε − iε′ with tangent loss defined as tan δ = ε′/ε [123]. The power loss per unit length inside

the dielectric material is given by Pd
l = ε0εω tan δ

∫ 0

−d

∫ w/2

−w/2

(
|EII

x |
2 + |EII

y |
2 + |EII

z |
2)dxdy. By using

Eqs. (A.8-A.10), we first evaluate Pd
l , and then by using Eq. (A.14), we obtain the attenuation

coefficient αd as:

αd =
k2

0 tan δ
2kz

[γp(2 − εβ2
p) + ε2β2

pk0d(1 + a2
p)]

[γp(1 + ε2a2
p) + εk0d(1 + a2

p)]
. (A.15)

In the metallic structure with finite conductivity σcond, dissipation of power occurs due to the

Ohmic losses. At the location x = −d, the power loss per unit length along the surface of metal

is given by:(Rs/2)
∫ w/2

−w/2
|HII

y |
2dy [113], where Rs =

√
µ0ω/2σcond is the surface resistance of

metal. At the location of side walls, i.e., at y = ±w/2, we can write the power loss per unit
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length as (Rs/2)(
∫ 0

−d
|HII

z |
2dx +

∫ ∞
0
|HI

z |
2dx) [113]. Note that the limit of integration over x has

been extended up to infinity, which is due to the fact that the electromagnetic field is decaying in

the x-direction, and has a negligible value at the top of the side walls. The total power dissipated

along the metallic surface Pc
l is sum of power dissipated at the metallic surface located at

x = −d, and the power dissipated at the side walls located at y = ±w/2. By performing the

required algebra for Pc
l and by using the expression (A.14), we obtain the ohmic attenuation

coefficient as:

αc =
2βpRsk2

y

γpwkzΓZ0

[
1 + (wΓk2

z /2a2
pk2

y)(1 + a2
p) + (ε2Γ3/k3

1)(ap + k1d(1 + a2
p))

][
1 + (1/ε2a2

p) + (k0d/εγpa2
p)(1 + a2

p)
] . (A.16)

Total attenuation coefficient α of the surface mode can be written as α = αd + αc, which gives

us attenuation due to both the Ohmic losses and the dielectric losses.





Appendix B

Surface mode analysis in a double-slab

based rectangular Čerenkov FEL

In this appendix, we describe the electromagnetic fields supported by the empty configuration

(without the electron beam) of a double slab based rectangular CFEL. By using the Poynting

vector approach, we calculate power in the surface mode. These results are then explored to

find the attenuation coefficient by following an approach [113, 122] discussed earlier in Chap-

ter 2 and Appendix A. The schematic of the transverse cross section of a double slab based

rectangular CFEL is shown in Fig. B.1, where a rectangular metallic waveguide with inner

height 2g and inner width w supports dielectric slab on the top as well as on the bottom surface.

The configuration is symmetric in both the x- and the y-direction. Both the dielectric slabs have

thickness d and dielectric constant ε. We assign the vacuum region inside the waveguide as

region I, dielectric medium in region between x = d to x = g + d as region II, and the lower

dielectric slab with vertical dimension −(g + d) < x < −g as region III. The electromagnetic

surface mode in this configuration can be obtained by following an approach discussed in Ap-

pendix A, where it is shown that for an isotropic system in the (y, z) plane, the surface modes

in the waveguided geometry can be constructed by taking the superposition of plane wave so-

lutions of the electromagnetic field supported in an open configuration, i.e., the configuration

without any side wall along the y-direction. The solution of electromagnetic fields in the open
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Figure B.1: Schematic of a double slab based rectangular CFEL system. The electron beam is
not shown here.

configuration of a double slab CFEL has been discussed earlier in the literature [101, 128, 175].

We use results given in Refs. [101, 128, 175] and the property of isotropy of the dielectric slabs

in the (y, z) plane to obtain the following components of electromagnetic fields in region I of

the double slab based rectangular CFEL

EI
z =

kzA
k0

cosh(px) cos(kyy)ei(kzz−ωt) + c.c., (B.1)

EI
y =

ikyA
k0

cosh(px) sin(kyy)ei(kzz−ωt) + c.c., (B.2)

EI
x =
−ik0A

p
sinh(px) cos(kyy)ei(kzz−ωt) + c.c., (B.3)

HI
y =
−iε0ωkzA

pk0
sinh(px) cos(kyy)ei(kzz−ωt) + c.c., (B.4)

HI
z =
−ε0ωkyA

pk0
sinh(px) sin(kyy)ei(kzz−ωt) + c.c., (B.5)
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and HI
x = 0. Here, kzA/k0 is half peak amplitude of the longitudinal electric field at x = 0, and is

represented by E in our analysis, kz = 2π/βλ is the propagation wavenumber in the z-direction,

β = v/c, ω = 2πc/λ, λ is the free space wavelength, ky = π/w, k0 =
√

k2
y + k2

z = 2π/βpλ,

p =
√

k2
y + k2

z − ω
2/c2, and c.c. denotes complex conjugate. Inside region II, the components

of electromagnetic field are given by

EII
z =

kzC
k0

[
sin(qx) − tan[q(g + d)] cos(qx)

]
cos(kyy)ei(kzz−ωt) + c.c., (B.6)

EII
y =

ikyC
k0

[
sin(qx) − tan[q(g + d)] cos(qx)

]
sin(kyy)ei(kzz−ωt) + c.c., (B.7)

EII
x =

ik0C
q

[
cos(qx) + tan[q(g + d)] sin(qx)

]
cos(kyy)ei(kzz−ωt) + c.c., (B.8)

HII
y =

iε0εωkzC
qko

[
cos(qx) + tan[q(g + d)] sin(qx)

]
cos(kyy)ei(kzz−ωt) + c.c., (B.9)

HII
z =

ε0εωkyC
qko

[
cos(qx) + tan[q(g + d)] sin(qx)

]
sin(kyy)ei(kzz−ωt) + c.c., (B.10)

and HII
x = 0. Here, q =

√
εω2/c2 − k2

y − k2
z . As the system is symmetric in the vertical di-

rection, we replace x to −x in the above equations to obtain the following equations for the

electromagnetic fields in region III:

EIII
z =

−kzC
k0

[
sin(qx) + tan[q(g + d)] cos(qx)

]
cos(kyy)ei(kzz−ωt) + c.c., (B.11)

EIII
y =

−ikyC
k0

[
sin(qx) + tan[q(g + d)] cos(qx)

]
sin(kyy)ei(kzz−ωt) + c.c., (B.12)



Appendix B. Surface mode analysis in a double-slab based rectangular Čerenkov FEL 162

EIII
x =

ik0C
q

[
cos(qx) − tan[q(g + d)] sin(qx)

]
cos(kyy)ei(kzz−ωt) + c.c., (B.13)

HIII
y =

iε0εωkzC
qko

[
cos(qx) − tan[q(g + d)] sin(qx)

]
cos(kyy)ei(kzz−ωt) + c.c., (B.14)

HIII
z =

ε0εωkyC
qko

[
cos(qx) − tan[q(g + d)] sin(qx)

]
sin(kyy)ei(kzz−ωt) + c.c., (B.15)

and HIII
x = 0. Here, C = (D1k0/kz)E and D1 is given by the following expression:

D1 =
cosh(pg)

sin(qg) − cos(qg) tan[q(g + d)]
. (B.16)

The total power flow in the surface mode is sum of power flow in the dielectric and vac-

uum regions. In vacuum region, i.e., region I, the time-averaged power flow is given by

Pv = (1/2)
w/2∫
−w/2

g∫
−g

(EI × HI∗)dxdy, which we have calculated as:

Pv =
ε0ωwk2

o|E|
2

2kz p3

[
sinh(2pg) − 2pg

]
. (B.17)

In region II, the time-averaged power flow is given by pII = (1/2)
w/2∫
−w/2

g+d∫
g

(EII × HII∗)dxdy. A

similar contribution will be from the bottom dielectric, namely region III. After performing the

required algebra, we obtain the time-averaged power flow in both the dielectric slabs as:

Pd =
ε0εωwk2

oD2D2
1|E|

2

kzq3 , (B.18)

where D2 is given by the following expression

D2 = qd + sin(qd) cos[q(2g + d)] + tan2[q(g + d)]
(
qd − sin(qd) cos[q(2g + d)]

)
+2 tan[q(g + d)] sin(qd) sin[q(2g + d)]. (B.19)
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The total time-averaged power is obtained by taking sum of Eqs. (B.17) and (B.18), which we

write as:

P
|E|2

=
ε0ωwk2

o

2kz p3q3

[
q3(sinh(2pg) − 2pg) + 2εD2D2

1 p3], (B.20)

where the coefficients D1 and D2 are given by Eqs. (B.16) and (B.19) respectively.

Now, we find the attenuation coefficient of the surface mode due to the presence of dielectric

and Ohmic losses. The attenuation coefficient is defined as:

αc,d =
Pc,d

l

2P
. (B.21)

As discussed in Chapter 1 and Appendix A, the Ohmic losses occur due to the finite con-

ductivity σcond of the metallic structure. By assuming that the dissipation occurs in a very

small region near the metallic surface, the Ohmic losses occur at the metallic sidewalls lo-

cated at y = ±w/2 and at the bottom and top conducting surfaces located at x = −(g + d)

and x = (g + d) respectively. We can write the total power loss per unit length at locations

x = ±(g + d) as (Rs/2)
∫ w/2

−w/2

(
|HII

y |
2 + HIII

y |
2)dy [113], where Rs =

√
µ0ω/2σcond. At the lo-

cation of metallic sidewalls, i.e., y = ±w/2, we can write the power loss per unit length as

(Rs/2)
( ∫ g

−(g+d)
|HIII

z |
2dx +

∫ g

−g
|HI

z |
2dx +

∫ g+d

g
|HII

z |
2dx

)
[113]. The total power dissipated per unit

length Pc
l is calculated in this way, and by using Eq. (B.20), we find the Ohmic attenuation

coefficient as

αc =
2Rsε0ω

wkzk2
0

[
k2

yq3(sinh(2pg) − 2pg) + 2ε2k2
y p3D2D2

1 + wqε2k2
z p3D2

1 cos2[q(g + d)](1 + tan2[q(g + d)])2][
q3(sinh(2pg) − 2pg) + 2εD2D2

1 p3] .

(B.22)

Inside the dielectric medium, losses are described in the terms of tangent loss, i.e., tan δ =

ε′/ε, where ε and ε′ are real and complex part of the dielectric permittivity ε̃ = ε − iε′ re-

spectively. The power loss per unit length inside the dielectric material is given by Pd
l =

ε0εω tan δ
( ∫ −g

−(g+d)

∫ w/2

−w/2

(
|EIII

x |
2 + |EIII

y |
2 + |EIII

z |
2)dxdy +

∫ g+d

g

∫ w/2

−w/2

(
|EII

x |
2 + |EII

y |
2 + |EII

z |
2)dxdy

)
.

By using the set of Eqs. (B.6-B.8) and (B.11-B.13), we first evaluate Pd
l , and then by using
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Eq. (B.20), we obtain the dielectric attenuation coefficient αd as:

αd =
2εp3 tan δD2

1
[
k2

0D2 + q2D3
]

kz
[
q3(sinh(2pg) − 2pg) + 2εD2D2

1 p3] , (B.23)

where the coefficient D3 is given by the following expression

D3 = qd − sin(qd) cos[q(2g + d)] + tan2[q(g + d)]
(
qd − sin(qd) cos[q(2g + d)]

)
−2 tan[q(g + d)] sin(qd) sin[q(2g + d)]. (B.24)

The sum of the Ohmic losses and the dielectric losses gives the total losses present in the

system, which we have represented by the total attenuation coefficient: α = αc +αd, and can be

obtained by adding Eqs. (B.22) and (B.23).
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