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Synopsis

According to the cosmological big bang model the universe has undergone several
phase transitions (GUT, Electroweak, quark to hadron etc) at different stages of its
evolution. The quark-hadron transition occurred in the universe when it was a few
microsecond old and is the only transition which can be accessed in the laboratory. In
this phase transition, the chiral condensate is one of the order parameter measuring the
breaking of chiral symmetry and its study is important to understand the origin of the
mass of hadrons. Numerical simulation of QCD thermodynamics on the lattice predict
that at high temperature and /or baryon density, this condensate should vanish and chiral
symmetry should be restored. It is expected that the resulting changes in the vacuum
structure of QCD will affect the correlation functions of vector and axial-vector currents
of QCD. They may change in the medium leading to an identical profile at the phase
boundary signaling restoration of chiral symmetry. The correlator of vector current
of QCD is directly accessible in heavy-ion collisions since it couples to photons and
dileptons both of which undergo negligible final-state interaction. In low invariant mass,
this is proportional to the spectral function of the low lying vector mesons. The change
of the spectral properties of vector mesons in hot and dense medium is consequently
reflected in the electromagnetic spectra, specially in the invariant mass spectra of lepton

pairs.

We have investigated in-medium spectral properties of p and w mesons by calculating
their one-loop self-energy at finite temperature and density. All the branch cuts and the
associated discontinuities of the self-energy functions have been discussed in details.
The framework of real time thermal field theory that we use, enables us to evaluate
the imaginary part of the self-energy from the branch cuts for real and positive values
of energy and momentum without having to resort to analytic continuation as in the
imaginary time approach. In addition to the unitary cut, present already in the vacuum
amplitude, the thermal amplitude generates a new, so-called Landau cut. An extensive
set of spin one-half and three-half 4-star resonances in the baryonic loops are taken

with the full relativistic baryon propagator in the loop diagrams. The novelty of this



full relativistic approach is that the baryons and anti-baryons naturally appear on an
equal footing and the additional singularities which are not considered in the Lindhard
function approach are automatically included. For the spin 3/2 resonances, an extra
term, contributing only in off-mass shell, is added to the Lagrangian because a symmetry
is associated with a point transformation under which the free Lagrangian for the Rarita-
Schwinger field remains invariant up to a change in the value of its free parameter. Along
with the baryon loops, we have included relevant meson loops to get a full modified
spectral function of p and w. An almost flattened spectral density of p followed by w
are found at very high temperature and density.

The integrated yield after space-time evolution using relativistic hydrodynamics with
quark gluon plasma in the initial state leads to a very good agreement with the exper-
imental data from In-In collisions obtained by the NA60 collaboration. The variation
of the inverse slope of the transverse mass (Mr) distribution can be used as an efficient
tool to predict the presence of two different phases of the matter during the evolution
of the system. The sensitivities of the effective temperature obtained from the slopes of
the Mr spectra to the medium effects are studied.

With the help of the same frame work we have studied two other hadrons - nucleon
(N) and D meson. Using full relativistic baryon propagator as internal line, our nucleon
spectral function differs from the one in non-relativistic approximation, used in some
earlier calculations. By taking D meson as a probe of the strongly-interacting matter,
we have studied its spectral as well as transport properties with the help of covariant
formalism of heavy meson chiral perturbation theory. Owing to the Landau cut con-
tribution, the spectral modification of D mesons may result in a downward shift of the
pole leading to opening of sub-threshold channels of J/¢ decay providing nontrivial

contribution to its suppression in heavy ion collisions.
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Notation and Conventions

In the thesis, I have used the natural units, h = ¢ = kg = 1. The matric tensor used is

g" = diag(1,—1,—1,—1). Most of the notation is introduced during the discussion and

the frequently used notations are enlisted below:

0(z0)

W

s, t, u

step function, (o) = 1 when 25 > 0

=0 when g <0
time order product
Sign function, €(go) = +1 when ¢y > 0

= —1 when ¢p < 0
f =1/T, where T is temperature
Scalar propagator or scalar part of any propagator
Spin % propagator
Spin 1 propagator
Four dimensionally transverse part of Spin 1 propagator
Self-energy of Spin 0 and 1 particle respectively
Self-energy of Spin % particle
chemical potential
Particle and anti-particle distribution function
invariant mass
mass of pion
mass of nucleon
mass of baryon
Levi civita symbol representing totally antisymmetric tensor, with €% =1
spin (J) parity (P) quantum no.
initial temperature
transition temperature
chemical freeze out temperature
kinetic freeze out temperature
electromagnetic current correlation function

Madelstam Variables, where

s=(p1+p2)? t = (p1 —p3)? u=(p1 —ps)?
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Chapter 1

Introduction

In the journey of understanding the origin of matter, the main objective of our research
is to look for the basic constituents of matter and know their basic interactions. Probing
the matter at Fermi scale (1075 m) we have seen a drastically condensed structure -
nucleus, which may be considered to possess the total mass of the matter. As per
contemporary wisdom, the nucleus can be divided into nucleons which are further made
up of quarks. Similar to atomic system, the mass of the nucleus is also very easily
reproduced by adding the rest mass of individual nucleons and the extra masses of the
components provide the binding energy of the nucleus. In 1960’s it was discovered that
the nucleon (with mass ~ 940 MeV) is built of three valence quarks of up (u) and down
(d). Mysteriously the bare masses of u and d quarks are only about 5-10 MeV and our
traditional mass counting philosophy fails to understand the nucleon mass in terms of
masses of quark constituents. This 98 % of nucleon mass is believed to generate form
spontaneously breaking of chiral symmetry of the strong interaction. To be familiar
with the mysterious world of quarks and gluons inside the nucleon (or hadron), let us
begin with the QCD Lagrangian, describing the strong interaction of quarks and gluons
in Standard Model (SM).

1
GG (L.1)

Laocp = Y ¥(iy" Dy — myg)ihy —

!
where 1y denotes a quark field of flavor f and mass my, D, = 0, — ig:n®Aj /2 is the
covariant derivative and G, = J,A7 — 0, A} + gs f“bCAZAf, is the gluon field strength
tensor. The structure constants of SU(3)co10r are denoted by f%¢ where the group indices

a, b, ¢ take values from 1 to 8. The three and four gluon couplings endow QCD with

special properties which is very different from Quantum Electro Dynamics (QED) - the

1
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Figure 1.1: Left : Variation of QED and QCD coupling with momentum transfer (Q)
show an almost opposite trend [6]. Right : Running QCD coupling a4(Q) from various
measurements compared to theory [7].

theory of electromagnetic interaction. In QED the intermediate gauge particle, photon
does not have electric charge so it does not interact with itself. Renormalization of QED
loop diagrams render the electromagnetic coupling constant (o, = €*/47) dependent on
the momentum transfer Q and «.(Q?) increases with the increasing of Q. In QCD the
intermediate gauge particle, gluons unlike photons carry color charge and are self inter-
acting. Due to self interacting loop diagrams of gluons, QCD renormalization imposes
almost an opposite trend (see Fig. 1.1) in momentum dependence of strong coupling
constant (o, = g2/4m). This shows at short distances, or large Q, a,(Q?) decreases
logarithmically which means that the quarks and gluons appear to be weakly coupled at
very short distances, a behavior referred to as asymptotic freedom [1, 2]. QCD renormal-
ization introduces a scale Aqcp known as the QCD scale parameter which has a value
~ 200 MeV. For Q* >> Aqcp the value of a4 is small and standard perturbation theory
works with a high level of accuracy as tested in deep inelastic scattering and many other
high energy processes. For Q% ~ A?QCD on the other hand, the coupling is large and color
degrees of freedom get confined within hadrons like p, n, 7, p etc. which are the relevant
degrees of freedom in this domain. Along with confinement, chiral symmetry is sponta-
neously broken; both these phenomena are responsible for the origin of hadronic masses
and bindings. So this nonperturbative domain of QCD is a very crucial region where
quark confinement [3, 4, 5] and the mass generation occur, posing formidable challenges

for their theoretical understanding [8]. An ab-initio study of these nonperturbative fea-



tures of QCD is only possible through numerical simulations on a space-time lattice, a
field which has seen substantial progress in recent times. An alternative way to inves-
tigate the dynamics of strong interaction in the hadronic world is to construct effective
theories based on the symmetry structure of the underlying theory and chiral symmetry

plays a major role here.

1.1 Chiral Symmetry breaking in Hadronic spec-
trum

To discuss the chiral symmetry associated with QCD, let us rewrite Eq. (1.1) in the
limit of massless quarks *

Loon =i S U Dk HZ@z)wawf ZGfWGW (1.2)
f=u,d

where wf’R = %(1 F 75)¢s are respectively left and right chirality components of quark
field ¢¢. In this limit of vanishing quark masses, QCD Lagrangian (1.2) remains invariant

under independent transformations of left and right handed quark fields

it = Up ryp™ Upp =€ nm/? (1.3)

)

where af p(a = 1,2, 3) are three real angles and 7, are the Pauli matrices. Since the uni-
tary matrices Uy g belong to the groups SU(2), i respectively, of which the three Pauli
matrices 7, are the generators. Lqcp (1.2) is invariant under global SU(2),xSU(2)r
symmetry leading to the conserved Noether currents J R = z/Jf ; z/JJ%’R. This im-
plies that chirality or handedness is preserved and the associated symmetry of the strong

interaction in this limit is known as chiral symmetry. However, in reality the mass terms

SO (Wym T+ P impk) (1.4)
f

of the QCD Lagrangian (1.1) mixes the chiralities and breaks this symmetry explicitly.
Because of small masses, the chiral symmetry for two flavor (u and d) is still supposed

to be a good symmetry of strong interaction.

'With respect to other quarks (s, ¢, b and t), this limit may be well justified for u and d quarks
because of their small masses



The observable particles i.e. hadrons are eigenstates of parity and so it is useful to

work with the vector and axial-vector Noether currents
— 1 T¢
JEY = # — 1.5
V,A ¢f7{75}2¢f (1.5)
which are related to the left and right handed currents by
J{ﬁa = Jp" + JI. (1.6)

The triplet of charges Q4 = [ dgsz‘O,?A(x) are the corresponding (quantum) generators

of SU(2)gxSU(2), which commute with the Hamiltonian of QCD

[Qv,4, H] = 0. (1.7)

The states that from irreducible representation (basis) of the SU(2)y group can be

connected by
Qv|A) = |B) (1.8)

From Eq. (1.8) and (1.7) it follows immediately that
Ea = (AlH[A)

= (A|IQ}HQv|A) (since H= Q| QvH = Q| HQ)
= (B|H|B) =Ep (1.9)

Thus the symmetry of Hamiltonian H is manifest in the degeneracies of the energy
eigenstates corresponding to the irreducible representations of the symmetry group.
However implicit in the statement of (1.8) and hence (1.9) is invariance of the ground
state under symmetry transformation. Since |A) and |B) must be related to the ground

state |0) through some appropriate creation operators ¢4 and ¢p

|A) = ¢4l0) , |B) = ¢5/0)
and QvoaQl = ¢5 (1.10)
Eq. (1.8) follows only if [9]
Qv|0) =0 (1.11)

It was shown by Vafa and Witten [10] that the vector charges annihilate the vacuum
Q% 10) = 0. Isospin symmetry i.e. SU(2)y is consequently realized in the usual Wigner-

Weyl mode which is reflected in the spectrum through the almost degenerate doublet of
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Chiral partners fy, a; (J¥ = 0%, 1F) respectively. Figure is taken from [37]

the proton and neutron, the triplet of the p™, p°, p~ etc. In addition to the vector charges,
if the axial charges also annihilate the vacuum i.e. Q%|0) = 0, parity doublets should
exist in the spectrum. If chiral symmetry were realized in the conventional (Wigner-
Weyl) fashion one would expect there also to exist nearly degenerate but opposite parity
states (say |P)) generated by the action of the time-independent axial charges Q% =
[ d3zJ%(x) on these states [11]. Indeed since

H|P) = Ep|P),
Hence H(Q4|P)) = Qa(H|P)) (using Eq. 1.7)

— Ep(QulP)) (1.12)

we see that Q4|P) must also be an eigenstate of the Hamiltonian (H) with the same
eigenvalue as |P), which would seem to require the existence of parity doublets. This
however does not appear to be realized in nature. For example, the p meson with
JP = 17 is separated by about 500 MeV in mass from its chiral partner the a; with
JP = 17 (see Fig. 1.2). So are the masses of the nucleon and its chiral partner, the
N*(1535). One can resolve this apparent paradox by postulating that parity-doubling
is avoided because the axial symmetry is spontaneously broken. Then according to
a theorem due to Goldstone, when a continuous symmetry is broken in this fashion

a massless boson having the quantum numbers of the broken generator must also be



generated - in this case a pseudoscalar - and when the axial charge acts on a single
particle eigenstate |P) one does not get a new single particle eigenstate of opposite
parity in return [12]. Rather one generates one or more of these massless pseudoscalar

bosons (denoted by a)

Qa|P) = |Pa) + ......... (1.13)

and the interactions of such “Goldstone bosons” with each other and with other particles
are found to vanish as the four-momentum goes to zero [13]. In QCD then, according
to Goldstone’s argument, one would expect three massless pseudoscalar states to exist
there - one for each spontaneously broken SU(2) axial generator, which would be the
Goldstone bosons of QCD. Examination of the particle data tables reveals, however,
that no such massless 0~ particles exist. There exists three (22 — 1) 0~ particles -
7+, 7 and 7~ (for 2-flavor QCD) which are much lighter than their hadronic siblings.
However, these states are certainly not massless and this causes us to ask what has
gone wrong with what appears to be rigorous reasoning. The answer is found in the
feature that our discussion thus far has neglected the piece of the QCD Lagrangian which
is associated with quark mass. The actual masses of these Nambu Goldstone Bosons
(NGBs) are obtained in chiral perturbation theory through an expansion in the (small)
actual masses of the quarks.

Hence the summary of this section is that the appearance of pions as massless (ap-
proximately) NGBs and non appearance of parity doublets in degenerate states are two

crucial outcome of spontaneous chiral symmetry breaking.

1.2 Chiral condensate
It is a general result that for any operator P, if
(0][@, P10} # 0 (1.14)

then this expectation value is an order parameter of the symmetry generated by Q.

Introducing P® = ¥y°7%) we get

[Q%, P*) = =" (1.15)
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Figure 1.3: Left : Variation of the quark condensate (0[¢1|0) in T-p plane [18]. Right :
LQCD results of the chiral condensate as a function of temperature, taken from [19].

and so

Q410) # 0
= (0fF|0) £ 0, (1.16)

The chiral condensate, as it is called, is the order parameter and its non-zero value
indicates the spontaneous breaking of chiral symmetry. Its value can be obtained from

the Gell-Mann-Oakes-Renner relation [14]
ma P = —(my + ma){0y]0) + O(my, ,) (1.17)

which relates the pion mass and decay constant to the symmetry breaking parameters,
(0]¥¥|0) (spontaneous) and m,, 4 (explicit). For F, = 93 MeV obtained from 7" — ptu,
decay, one gets (0|¢1)|0) ~ —(250MeV)? indicating that the strength of spontaneous
symmetry breaking is quite large. Such vacuum expectation values of other scalar op-
erators e.g. (0|G,,G"|0) etc. serve to parameterize the QCD vacuum and their values
cannot be estimated perturbatively. In the relativistic collisions of heavy ions the vac-
uum structure of QCD is expected to undergo a strong modification which in turn will be
manifested through the temperature and/or density dependence of the condensates [15].
A first estimate can be obtained by means of a virial expansion, approximating the hot
and dense medium produced in such collisions by a non-interacting gas of pions and
nucleons [16, 17]. The thermal average of the chiral condensate in the chiral limit

(m, = 0) can be expressed as

(@)s = (O[|0)(1 — == — %) (1.18)



where py is the nuclear saturation density. The value of the chiral condensate thus
decreases with temperature 7" and baryon density p which has been pictorially shown
in Fig (1.3). Here one sees that at high enough temperature 7" and/or density p, the
quark condensate (¥1))5 drops to zero [20, 21]. At normal nuclear densities (p = py) and
T =0 (i.e. the center of a heavy nucleus) the condensate has dropped by almost 35%.
This corresponds to partial restoration of chiral symmetry. Gerber and Leutwyler [22]
have evaluated this quantity up to and including terms of O(T®) using effective field
theory to find that the value of the condensate at T ~ 160 MeV is about half its vacuum
value. Lattice simulations of QCD thermodynamics show a substantial change in the
energy and entropy density within a narrow temperature range around 7, = 170 MeV.
This is accompanied by a rapid decrease followed by vanishing of the value of the chiral
condensate indicating that chiral symmetry is restored in the Wigner-Weyl mode [23].
The order of the transition and the value of T, however, depends on the number of

flavors as well as the value of the current quark mass.

Now the question is that how can we measure this in-medium change of chiral conden-
sate (¥1))5 ? Experimentally, this chiral order parameter can not be measured directly.
Despite the fact that the condensate is not an experimental observable, it is hardly con-
ceivable that such a strong modification of the QCD vacuum should not have spectacular
consequences on hadronic properties, namely on the hadronic spectral functions. In next

section we will focus on the hadronic spectral function in vacuum and in medium.

1.3 Hadronic spectral function

In vacuum all hadrons except proton (almost a stable particle) live for a very short time
interval, quantified by mean life time (7) and they decay to other hadrons or leptons.
These daughter particles may decay further and successive processes will continue still
they disintegrate to some stable particles (proton, electron, neutrino etc.). To describe
this unstable nature of hadrons let us start from the basic quantum mechanical descrip-
tion of decay phenomena. The exponential decay law can be beautifully constructed
by considering a non-stationary wave function [24] of parent hadron (H). For a certain
1

mean life time 7 = & (' is called decay width of H) and energy w ~ mpy (mpy is mass
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Figure 1.4: Probability in time (left) and energy (right) for unstable particle

of H), the wave function of the H is

b(t) = B(0)e e (1.19)
Hence the decay probability of unstable particle will be

N 0P
NORTOR

which represents the famous exponential decay law. Taking Fourier transformation of

(1.20)

the wave function from time variable (t) to energy variable (go), the probability exhibits

a Breit-Wigner distribution as a function of ¢

@(%)\2 _ I3/4
|th(w)? (g0 — w)? +13/4
= o) (1.21)
where
1
o(q0) = —Imqo SN (1.22)

Left panel of Fig. (1.4) shows the exponential decay probability with time (¢) where
x-axis is normalized by mean life time (7). The right panel of the figure shows the
Breit-Wigner type probability distribution as a function of energy. From this figure we
see as we decrease I'y or increase 7, the function becomes narrower and in the zero width

limit, it becomes a delta function

Jim  o(qo) = 7d(g0 — w) (1.23)
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In QFT the spectral function appears as a consequence of the Kallen-Lehman represen-
tation of the two point function of local fields. The Feynman propagator —iA(g?) is

defined as the time ordered product of two point functions of fields
ie. Alg?) = i / d*ze' (0| T (x)(0)|0)
= i/d4x€iq'${9(xo)(0|¢($)¢(0)|0> +0(—20){0]9(0)p()[0)}  (1.24)

To dissect the two point function (0|7 ¢(z)¢(0)]), we will insert the identity operator,

in the form of a sum over a complete set of states, between ¢(z) and ¢(0).

=i [y [ i 2. ) 010 ) (00
i >|np><np|¢<x>|o>} (1.25)

where the identity operator is

1=3 / %32% 1) (1.26)

The sum runs over all states with arbitrary number of particles with an integration over
all the particle momenta in each of the multi-particle states. These states are eigenstates

of the energy-momentum operator p*,
pring) = |n,)p* (1.27)

Using the relation ¢(z) = e?$(0)e~?* and Eq. (1.27) in Eq. (1.25), we have

Y) = i/d4x D _{0(wo)e P2 {0]6(0) ) [* + O(—ao)e TP 7 (0] (0) ) [*} (1.28)

which after some simplification gives

00 dq/2

A(q?) :/0 o 0(q”)

~1
¢* —q%+in

(1.29)

for which

0(¢®) = 2ImA(¢?) (1.30)

where 0(¢) is a positive spectral function,

o(q”%) = >_(2m)a(q”* — mz)[{0](0)[ny) | (1.31)

n
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This general representation of interacting propagator is known as the Kallen-Lehmann
representation. In free field theory the spectral function is just a delta function whereas
in interacting field theory, the spectral function contain all possible intermediate quan-
tum fluctuation in between two points. These are quantified by the self-energy I,

in terms of which the interacting propagator (A)is obtained by solving the Dyson’s

equation,
A=Ay — AgllpeA, Ag= ﬁ (1.32)
which gives
A= 21mq2 — m;_ - (1.33)
Hence
0(q) = 2Im _ (1.34)

¢* —my +i{—ImIlc(q)}
Comparing with the quantum mechanical expression (1.22), we see that the quantity
Imlly,.(¢) (Imaginary part of vacuum self-energy) is related to the decay width and is

given by

Imllyae(qg = my) = mply (1.35)

Now in presence of medium the unstable hadrons H may collide with other thermal-
ized particles and its collision rate (I'.o; = pov, where p is density of the medium, o is
the cross section of H with other thermalized particles and v is the velocity of H.) adds
to the decay rate I'y so as to attenuate the probability amplitude more rapidly. Thus the
exponential attenuation factor become e~('e+Te)t/2 - Simultaneously the spectral profile
will be wider in medium compare to vacuum. In QFT at finite temperature these two
contributions appear automatically. The expression of self-energy at finite temperature

can be written as

I = Iyae + Iined (1.36)

which will be elaborately discussed in Ch. 3. The total self-energy depends on the
medium parameter (temperature, density) along with the momentum. Through an
explicit calculation of QFT at finite temperature, one can get a modified spectral profile

of hadrons in thermal bath.
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1.4 Probing the in-medium spectral properties of
hadrons via heavy ion collision

Our aim is to characterize strongly interacting matter by investigating the spectral
function of a hadron when it propagates through hot and dense matter. Colliding
heavy ions at ultra-relativistic energies, Ej,, >> my, is the only way to produce and
study bulk properties of the strongly interacting matter which last existed naturally
almost 14 billion years ago, a few microseconds after the Big Bang. Several large-
scale experiment at ultra-relativistic bombarding energies have been conducted over the
past twenty years to study this form of matter. Matter at large density but moderate
temperatures (SIS,BEVALAC) or matter at both large density and temperature (AGS)
can be generated in these experiments. From SPS (at CERN) to RHIC (at BNL) to
LHC (at CERN) the center of mass energy per nucleon has increased from /s = 17.3
GeV to /s = 200 GeV to /s = 5.5 TeV producing matter with high temperature
and low baryon density. Therefore, a large region of the QCD phase diagram can be
investigated through the variation of the colliding energy. In collisions of two nuclei at
ultra-relativistic energies, a large amount of energy is deposited in a small region of space
in a short duration of time. In this region, the energy density is therefore very large (of
the order of few GeV/fm?). This energy density, an order of magnitude greater than the
energy density of nuclear matter in equilibrium, may favor the formation of a new form
of matter such as Quark-Gluon Plasma. This kind of quark-hadron phase transition has
been essentially confirmed by numerical QCD lattice calculation at finite temperature.
There are some interesting phenomena which have received special importance in the
QGP. Some of them are discussed below.

(1) Jet quenching : When two protons collide at high energies, pairs of their constituent
quarks or gluons may collide with each other and scatter back to back, quickly breaking
up again into jets or spray of particles such as pions and kaons. If the jets propagate
through a medium formed after the nuclear collision due to multiple scattering, they
suffer further interaction with the medium and loss their energy. This parton energy
loss is referred to as jet quenching [25, 26] and provides fundamental information on
the thermodynamical and transport properties of the traversed medium. Results from

nucleus-nucleus collisions at the RHIC [27, 28] have shown evidence for the quenching
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effect through the suppression of inclusive high py hadron production.

(2) J/4 suppression : Suppression of J/1 production in high energy heavy ion collisions
relative to p-p collisions is considered as a signature of QQGP. This was pointed out
almost 30 years ago by Matsui and Satz [29]. In the hot QGP environment, the quark
and gluon move freely and due to Debye screening of color charges the string tension
vanishes. Hence the interaction between the c¢ quarks will be too weak to dissociate in
medium. Again the probability of forming a ¢ quark (~ e~™</T)is less than that of lighter
quark (¢ = u,d, s) (~ e /7). For charm and anti-charm quarks traveling through the
plasma, the abundance of u, d, s quarks and anti-quarks results in a high possibility that
the ¢ and ¢ can hadronize by combining with the light quarks and anti-quarks forming
open charm particles, which will result in the suppression of J/¢ in QGP.

(3) Elliptic flow : In non-central heavy-ion collisions, the initial spatial anisotropy of the
almond shape overlap region of the colliding nuclei is transformed into an anisotropy in
momentum space through interactions between the particles. As the system expands,
anisotropy is reduced and the system becomes more spherical, thus the driving force
quenches itself. The azimuthal momentum anisotropy [30] of particle emission from non-

central heavy-ion collisions can be quantified as the coefficients of the Fourier expansion

dN B dN
prdprdody 2rprdprdy

142 il vpcos{n(¢p —)}] (1.37)

where ¢ is the azimuthal angle of the particle and 1 is the angle subtended by the
reaction plane containing the beam axis and impact parameter with x-direction. The
second coefficient of the expansion, v, , is usually referred to as elliptic flow.

Typical heavy-ion collision is believed to evolve as follows. Two Lorentz-contracted
nuclei approach each other at close to the speed of light until primordial nucleon-nucleon
collisions occur. After subsequent re-interactions for 75 = 0.5 — 1fm/c the Quark-Gluon
Plasma (QGP) is supposedly created. Driven by the pressure gradient the QGP expands
and cools (for a duration of 7qgp ~ 3 — 5fm/c). The hadronization then follows with
further expansion in the hadronic phase until the chemical freeze-out point when in-
elastic interactions cease and particle abundances get frozen. Further expansion/cooling
proceeds until kinetic freeze-out when elastic interactions stop and particle transverse
momentum spectra gets fixed. The total fireball lifetime is approximately 10 — 15fm/c

depending on the beam energy. Hence the modified hadrons come to the detector (af-
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ter traversing a long path compared to the dimension of the hot matter) carrying only
the information of freeze out surface. They loose in-medium information of the matter
in early stages (i.e. before freeze out). Instead of hadronic probes, electromagnetic
probes (dileptons and photons) are considered to be superior in order to extract the
in-medium information from the interior of the matter. Their interaction rate in the
strongly interacting matter is small enough for them to escape the interior of the matter

unaffected.

In the nineties, enhancement of dilepton production in heavy ion collisions at low
invariant mass as compared to conventional hadronic cocktails (see Fig. 1.5) was first
observed. The pioneering experiments on dilepton, which exhibited such kind of en-
hancement, started in the late 1980’s at the Lawrence Berkeley Laboratory with DLS
(Dilepton Spectrometer) [31, 32, 33] and at the CERN SPS with the CERES [34] and
HELIOS [35] detector system in the energy ranges of /s = 2-3 GeV and 17 GeV, re-
spectively. A number of authors have analyzed the dilepton spectra from heavy ion
collisions; the treatments differing both in the construction of the p spectral function as
well as the space time evolution scenario employed. This includes the nature of phase
transition, the equation of state as well as numerical values of the parameters like the
initial temperature, the thermalisation time, the phase transition temperature as well
as the chemical and kinetic freeze-out temperatures. We do not attempt to review or
summarize the considerable amount of work which has been done on this topic except
to mention the most recent few. The NAGO experiment at the CERN SPS measured
dimuon pairs in In-In collisions in which an excess was observed over the contribution
from hadronic decays at freeze-out in the mass region below the p peak [36]. This was
attributed to the broadening of the p in hot and dense medium [37, 38], in contrast
to the earlier data from the CERES collaboration [39] which is unable to differentiate
between the broadening and the pole shift of the p spectral function [40]. The NA60
data for the entire (measured) invariant mass range is reproduced by taking into account
dilepton productions from Drell-Yan processes, gq annihilation, thermally broadened in-
medium p, decays of p at the freeze-out surface and primordial p produced from the
initial hard scattering [41]. The dilepton yield evaluated with the in-medium spectral

functions of p and w mesons deduced from empirical forward scattering amplitudes [42]
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Figure 1.5: Dilepton spectra from heavy-ion collisions as measured by the CERES/NA45
collaboration. Data of P-Be collisions (Left) can be reproduced by the hadronic cocktail
contributions as extrapolated from hadron multiplicities in p+p data but this cocktail
fitting fail to reproduce the data of S+Au collisions (Right). The plot is taken from
[39].

does not reproduce the data well at the low invariant mass (M < 0.5 GeV) region. The
PHENIX experiment reported a substantial excess of electron pairs in the same region
of invariant mass [43]. The data has been investigated by several groups e.g. [44, 45, 46].
The yield in all these cases have remained insufficient to explain the PHENIX data [47].
Thus the issue of low mass lepton pair yield still remains an unsettled issue.

We have done an explicit thermal field theoretical calculation of in-medium spectral
functions of light vector mesons (p and w). By coupling their spin averaged spectral
strength with dilepton channels and convoluting that static rate by hydrodynamical
space time evolution with appropriate initial conditions, we have carried out a detailed

investigation of the low mass dilepton yield in heavy ion collisions.

1.5 Organization of the thesis

The thesis is organized as follows. In Chapter 2, we have derived propagator at finite
temperature in the formalism of thermal field theory (QFT at finite temperature). We
have used the real time formalism of thermal field theory. Starting from spin 0 and spin
% propagator we have written down a general form of propagator in vacuum as well as in

medium. In the last section of this chapter we have provided the Dyson-Schwinger form
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of spectral function for propagator of spin 0, % and 1. Chapter 3 is devoted to a general
evaluation of one-loop self-energy at finite temperature in real time thermal field theory.
At the end of this general calculation we have discussed each special cases where we can
notice the differences in the phase space part. Associated branch cuts in the one loop
self-energy and their diagrammatic interpretation are discussed. In the chapters 4 and 5
we have discussed one-loop self-energy of two light vector mesons (spin 1) - p and w. We
have provided a unified description of the various sources modifying their propagation
in a meson and baryon gas at finite temperature and density. In the baryonic loops,
we have considered an exhaustive set of spin one-half and three-half 4-star resonances.
These modified spectral function of p and w leads to a large enhancement (mostly due
to p modification) of dilepton production below the bare peak of the rho. This has
been shown in Chapter 6. The integrated dilepton yield after space-time evolution
using relativistic hydrodynamics with quark gluon plasma in the initial state leads to
very good agreement with the experimental data from In-In collisions obtained by the
NAGO collaboration. Effective temperatures are extracted from the inverse slope of the
transverse mass distributions for various invariant mass windows of dileptons and they
may be used to characterize the partonic phase. In next two chapters (Ch 7 and 8) we
have studied the in-medium properties of two more hadrons - nucleon (spin %) and D
meson (spin 0). In Chapter 8 we have also studied the transport properties of D as well

as B mesons. Chapter 9 contains the thesis summary and related discussions.



Chapter 2

Propagators in real-time thermal
field theory

In the macroscopic classical world, the idea of propagation of a particle from one point
to another is very simple as the Hamiltonian of the particle predictively determine its
certain trajectory, which can be compared with our experience of daily life. But when
we go to the microscopic quantum world, it becomes very hard to visualize the picture
of propagation because the particle, owing to Heisenberg’s uncertainty principle, does
not follow any certain trajectory. Only a probabilistic description can be proposed for
this particle’. Now if this particle is propagating with very high velocity then along with
the probabilistic features one has to incorporate the idea of special theory of relativity
where the mass of the propagating particle can be more than the mass of the particle at
rest. The quantum mechanical evolution operator, e~*#* gives the probability of a state
after time ¢, where H is the Hamiltonian operator of the particle which gives an energy
eigenvalue F after operating on the state in momentum space. In non-relativistic and
relativistic cases, the energy eigenvalues of the free particle propagating with momentum
i

g are £ = - and E = /¢*> + m? respectively. The probability amplitudes for a free

particle propagating from z(= t,, %) to y(=t,,¥) for the two cases are given by [49]

Glte, by, T, 9) = (yle” " ™|z)
im(G—)> 7>
~y 62(ty_tw) for E — 2_

~ MF—E)—(ty—t)? for E = \/§? +m? (2.1)

Tn fact, our classical trajectory in the macroscopic world may be considered as a net result of all
possible probabilistic paths in microscopic domain by using the unitarity of quantum mechanics [48].

3

17
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The above relations show for (¢ — ) > (¢, — t;) i.e. in the space-like region, the
probability amplitude is non-zero which means that probabilities of a particle at two
points can be communicated by a signal with speed faster than the speed of light. In
other word causality is violated in this description. Interestingly, the causality violation
can not be cured even using the relativistic energy momentum relation. This may
suggest us to proceed from one particle description to many particle relativistic quantum
mechanical description (i.e. quantum field theory). Quantum Field Theory (QFT) solves
this causality problem in a miraculous way. The commutation of fields at two points is
an appropriate quantity to check whether the measurements at two points outside the

light cone are affected by each other or not. This commutator can be expressed as

(01[6(x). 6wII0) = ~iA* (&~ y) — {~id"(@ ~ )} 22)
where
A=) = (6)o)I0) = [ e
A=) = Q) = [ et 23)

are positive and negative energy solutions of Klein-Gordon equation (for scalar field, ¢)
with delta current source. These two quantities A*(z — y) and A~ (z — y) in space-like
region are individually non-zero (A*(z—y)|;, —t,—0 ~ €™77!) but in Eq. (2.2) they cancel
each other. So the causality is preserved in QFT and the new theoretical outcome is the
negative energy solution or antiparticle. This negative energy propagation is basic to
restore causality because it absorbs the positive energy propagation in space-like region.
In this way we get a mathematical expression of causal propagation of a relativistic

particle in the microscopic world.

2.1 Free vacuum propagator

In QFT, the intrinsic spin of the particle is included in the field operator. The expressions
of field operators as well as their corresponding Euler-Lagrange equations are different for
particles with different spin and therefore their corresponding propagation amplitudes
are also different. We will start this section with the derivation of vacuum propagator for

only spin 0 (scalar) particle and spin 1/2 (fermion) particle. At the end of the section
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we will write down the propagator for particles with spin 0, 1/2, 1, 3/2 in a general

spectral representation.

2.1.1 Scalar propagator

Let us familiarize ourselves with three kinds of forms of propagator- (1) Retarded prop-
agator, (2) Advanced propagator and (3) Feynman propagator which are generally used
in QFT. Only for scalar particle we will derive these forms as for other particles only
numerator part, containing the spin sum states, has to be changed.

The propagator are defined in terms of commutation relation of field operators at two
points with different time ordering. These three kinds of propagator can mathematically

be expressed as [49, 50]
—iAg(z —y) = 0(t: — 1,)[{0]¢(2)¢(y)[0) — (O[o(y) P (x)|0)] (2.4)
—iAa(r —y) = 0(ty — t2)[{0]¢(z)(y)]0) — (O[o(y) P (x)|0)] (2.5)

and

—iAp(z —y) = (0[Tlo(2)o(y)]|0)
= 0t — 1,)(0[o(x)o(y)[0) + 6(t, — ) 0lo(y)p(2)|0)  (2.6)

All of them satisfy the Klein-Gordon Equation with (four-dimensional) point source,
(O +m*) A —y) = 0" (z — y) (2.7)

where A is a general expression for all the three propagators. Using the spatial Fourier’s
relations
Bg
- 2 2\ I ) (1;_ ) .
Alty —t,,7— ) = / eI~ 1,0

P g
53(1’—y):/(2ﬁ)3eq( ) (2.8)

in Eq. (2.7), we get

<§7 @ A — 1. D) = St —t,)
= (5—; +w)Aty —t,, @) = 6(ts —t,) (2.9)

T
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with w = 1/¢? + m?. Here t, will be treated as a spectator point. The solution of the

equation
82
(@ + w?)Alty, t,) =0, te # 1, (2.10)
is
Aty t,) = A(t,)e ™ + B(t,)e™" te > t,

= CO(ty)e ™ + D(t,)e™" , te <ty (2.11)

Feynman propagator Ap :

According to Feynman boundary conditions, the positive and negative frequencies should

propagate for t, > t, and t, < t, respectively. Using the conditions in (2.11), we get
B(t,) =C(t,) =0 (2.12)
Another two boundary conditions [51] are
A(t,)e ™ = D(t,)e™" (as A(ty, t,) should be continuous at ¢, =t,)
A(ty)(—iw)e ™" + D(t,)(+iw)e™" = 1

0
(as the discontinuity of aTA(tx, t,) at t, = t, should be unity) (2.13)

The solution satisfying the above boundary conditions is

l

Ap(te,t,) = Ze—"w(fﬂv—%), ty > t,
7.
= —eWltamty) ty <t 2.14
2w€ ) x ) ( )

which can be combined (putting t, = 0 and t, =) as

Ap(t, §) = QL[e(t)e—w +O(—t)e™) (2.15)
w
Using the integral representation of the Heaviside step function,

;1
[ee] dq6 e:FZQ()t

O(t) = i li 2.16
(t) = 21 ¢y £1in (2.16)
Eq. (2.15) can be evaluated as
i dq/ e—igh+w)t . dql efi(q(/)er)(ft)
Ap(t.q) = o li| 50— +i [ 5]
2w 2 qy +in 2 qy +in
_ %eﬂ'(qo)t(_i)[ 1 _ 1 ]
27 2 g —w+in g+ w—1n
(using ¢y = qo —w, — qo — w for first and second part of the integrand respectively)

Ao (o)t 2
= o)t A
o e F(q°)

(2.17)
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where
-1

Ap(?) = ————

(2.18)

This is standard form of Feynman propagator in momentum space.

Retarded propagator Ay :

As neither positive nor negative energy should propagate for ¢, < t, in retarded propa-

gation, our second part of Eq. (2.11) will vanish
ie. C(t,) =D(t,) =0 (2.19)

Similar to previous case, the others two constants, which are left, have to be fixed by the

boundary conditions of continuity of amplitude and discontinuity of first derivative [51],

At,)e ™ + B(t,)e™ = 0 and

A(t))(—iw)e ™ + B(t,) (+iw)e™ = 1 (2.20)

Determining the coefficients coming from the above relations and putting in Eq. (2.11)

we have

AR(tx, ty) — 2_[6—Zw(tx—ty) _ e’lw(tx—ty) , tx > ty
w

=0, t, <t, (2.21)
ie. (fort, =0and t, =1)
Ar(t,q) = 50" + (2.22)
w

Taking the temporal Fourier’s transformation of (2.22) by using the step function (2.16),
we get retarded propagator in momentum space

1
¢ —m? +ie(qo)n

Ar(q®) (2.23)

Advanced propagator A, :

Considering the propagation for ¢, > ¢, (i.e. A(t,) = B(t,) = 0) and following the same
procedure we can achieve the expression of advanced propagator in momentum space.

-1
q? —m? —ie(qo)n

Aalg?) = (2.24)
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2.1.2 Fermion propagator

Fermion propagation is different from the boson propagation due to different quanti-
zation relations as well as the different equation of motions. Free Fermion field ¢ is

governed by the Dirac’s equation

(i — m)y =0 (2.25)

In the interaction picture there will be a current source on the right hand side of

Eq. (2.25). The Green function is defined by the equation,
(i@ — m)wSr(z —y) = 6*(x — y)lw;  a, b are Dirac indices (2.26)
where

—iSp(z —y) = (O[T {vu(2)i,(y)}0)
= 0(te — ) (0lta(2),(¥)|0) — O(t, — ta) (O[04 (y)vha(2)[0) (2.27)

Straight forward spinor algebra of fermion field give us

OB l0) = [ ot S wiami(a)e 1+

= (i(}?+m)ab/ (2j)§2weiq(xy) as Zu ;= (g +m)a (2.28)

<O|@b<y)wa<x>|0> = / (2j;32w sz(q)@ﬂq)ei(ﬂl“*y)

_<i(3+m)ab/(2;jﬁeiq(x_y) as Zv 0, = (f—m)a (2.29)

So we can express the fermion propagator in terms of scalar propagator as

Sp(x —y) = (i + m)Ap(z — y) (2.30)

From Eq. (2.17) we can write

d3§ f ﬂ
AF(.’L‘—y) = / 3 yAp( ty,(j>

4—»
=/ LT D A () (2.31)
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and putting it in Eq.(2.30) we will get

—

Sela=9) = [ e S0l 232

~

~~

where

Sr(q) = (4 +m)Ar(q) (2.33)

General representation of vacuum propagator :

Getting motivation from the Eq. (2.18) and (2.33), we can write a general representation

of the propagator? of a particle with any spin as

P(q) = ¢(a)Ar(q) (2.34)

where ( is the sum of spin states of the particle and its expression for different spin

particles are given below

Clg) = 1, S=0
1
— (f+m), 5=3
v, "
= (=" +5), S§=1
2 1 1 3
= 4+ m)<{_glw + 3m2 Qudv + g%ﬂ/u + 3_m<7qux - fquH)}) , S= B
(2.35)
In spectral representation they can be expressed as
dgy  olay,q
Plg)= [ 52 %, D (2.36)
27 g0 — qo — ne(qo)
where
olgh, @) = 2me(g)< (g6, DS (ay” — ) (2.37)

represent the general form of free spectral function.

2.2 Free propagator at finite temperature

Let us proceed to quantum field theory at finite temperature after briefly recapitulating

quantum statistical mechanics. According to quantum mechanical ensemble theory, the

2The propagator defined in Feynman rule is exactly equal to —iP(q).
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expectation value of any physical quantity A, which is dynamically represented by an
operator fl, is given by
1 N

(4) = 5 il (239)
where |1, (t)) denotes the physical state in which the kth system of the ensemble happens
to be at time ¢t and k = 1,2,..N for an ensemble of N identical systems.
In this theory, density matrix (p,,) is the most important quantity which involves a
double averaging process - once due to probabilistic aspect of the quantum mechanical
states and again due to statistical aspect of the ensemble. The statistical average is
clearly seen in (2.38). The information of quantum average can be understood if we

expand the [i(t)) as
|y (£) Za )| ) (2.39)

where a”(t) is coefficient giving the probability amplitude for kth system to be in the

various orthonormal states |¢,). So Eq. (2.38) is now given by

mw:—ZZWf%n

k mymn
= Tr(pA) (2.40)
where
= <¢n|A‘¢m>
and Py, = Z Z ak k* (2.41)
k 1m,n

Depending upon the ensemble, the form of density matrix (p) will be different. For

example, in the canonical ensemble it has the form

p= , Z =Tre PH, (2.42)

Z
It is interesting to note that the quantum mechanical time evolution operator eiflt
becomes the density operator by the replacement ¢t = —if3. This analogy provides us

with a way to incorporate the ensemble average by evolving the time parameter in com-
plex plane instead of real axis only. This is the basis of the Thermal Field Theory
(TFT) [52, 53, 54, 55, 56].
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Region of analyticity : Instead of vacuum expectation value if we take thermal ex-

pectation value of the two point function of field operators, then the vacuum propagator

will be transformed to thermal propagator. For scalar particle it is defined as?

(0(72, T)b(7y, 4)) 3 = % > e P (ml(re, D)6 (1y, ) Im) (2.43)

which can be simplified as

(@@ Ty = 5 3 PPl nlo(rlm) . X ol = 1
= 3l (0 ) (nfe T 0)e )
= 2 B i 0) ) o] (0) ) (244)
Note that the factor
i Bm(Te—Ty+if) ot Bm[Re(ro—y)+i{Im(rz —7y)+f}]
—  iBmRe(ro—1y) = EmlIm(ra—7y)+5] (2.45)

has a non oscillatory part in complex 7-plane which must be exponentially damped in
order that the correlation function is well behaved for F,, — oo. This is possible only

when

Im(r, — 7)) +5>0

= Im(r, — 7)) > -0 (2.46)
Similarly the factor
e—iEn(Tx—Ty) — e—iEnRe(Tx—Ty)eEnlm(Tx—’Ty) (247)
will be a damped only when
Im(7, —7,) <0 (2.48)

Combining Eq. (2.48) and Eq. (2.46) we get the region of analyticity in 7-plane as
—f <Im(r, —7,) <0 (2.49)

In real time formalism of thermal field theory, the contour is chosen so as to include the

real axis.

3For representing complex time in TFT, we have replaced ‘¢’ by ‘7’. ( ) represents thermal average.
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KMS relation :

The thermal propagator for a scalar field is given by

Af(z—y) = (T.o(z)o(y))s
= Oc(ro — 1)) A (z = y) + (1, — 7)) A (2 — y) (2.50)

where 7. and . denote respectively time ordering and step function with respect to the

contour. The expressions of positive and negative energy propagation in medium having

temperature 1" = % are respectively given by

m

N~ ) = (6()8(y))s = 5 X lmle " p(x)o(y)lm)
A~ y) = ()8 = 5 Sl o(y)o() m) (251)

m

These two quantities are linked by a relation, called Kubo Martin Schwinger(KMS)
relation [57, 58, 52]

AV 1y =71, F—7) = A (1, — 7, + 18,7 — 7)) (2.52)

2.2.1 Scalar propagator at finite temperature

The equation of motion of scalar propagator is given by
(02 +m*) AL (x — y) = 8ol — 7,)8%(F — §) (2.53)

Proceeding with same strategy as for vacuum [recalling the Eq. (2.8) and Eq. (2.9)], we
get the temporal part of differential equation as
2

0
<w + WQ)Af?(Tm — Ty, q_j = 5c<7-:v - Ty) (254)

and for 7, # 7,, we get same solution as Eq. (2.11) for vacuum case.
Using the KMS boundary condition (2.52) for scalar particle, we get relations among
the coefficients of A, B,C and D as

A(Ty)e_ﬁw = C(Ty)

B(Ty)eﬁw = D(t,) (2.55)
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The continuity and discontinuity boundary conditions at the spectator point give the

values of rest of the unknowns,

A(ry) = iei‘”y(len)
B(r,) = iw’wn (2.56)

1

with n = B _1"

Using these, the positive and negative energy solutions of propagation amplitude in

thermal bath can be expressed as

M(rm) = ole =T (1 4n) 4 el
Aé(Tx, Ty) _ i[efiw(mfﬂ'y)n 4+ eiw(Tszy)<1 + n)] (257)

So the scalar propagator at finite temperature is given by

e ) (G,(ry — 7)) + n) + €T (0u(r, — 1) +n)] (2.58)

Aﬁ zy Ty -
7 (T Ty, §) %%

2.2.2 Fermion propagator at finite temperature

We now derive fermion propagator at finite temperature and density. In this case the

equation of motion is
(id. — m)Sp(x — y) = 6o(1 — 7,)0°(Z — ) (omitting Dirac indices) (2.59)

Similar to the vacuum case, we can link the thermal fermion propagator with the scalar
one by
Sp(x —y) = (i + m)AL(z — y) (2.60)

and get the same equation as for scalar propagator i.e. Eq. (2.53). So guided by
Eq. (2.58) we guess a most general solution as

i —iw(Ty —T 1w(Tg —T
5[6 ( y)(Qc(Tm —-1,)—E)+e ( y)(Qc(Ty — 1) — F)] (2.61)

Af“(Txa Ty) =
where E and F' are two unknown coefficients being the functions of energy w (the
conjugate variable of 7). Using (2.61) in (2.60), we get
dB3q @9

—iw (T —Ty) 0 . _E
(271_)3 2 [6 ( C(Tx Ty) )

S ) = (100 +37- v +m) [
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+ e (0 (1, — 7)) — F)]

[(V'w = - g+ m)e” =) (0, (7, — Ty) — E)

- / (27) 2w
+ (7" = 7 G+ m)e T Gy — 1) — F)]
~ [ LS ) (2.62)
where
Sp(Tas Ty, @) = SL (T, Ty D070 — 7y) = S2 (T, Ty DTy — 72) (2.63)
with

1 — —1 — N 1w(Te —T
Sﬁ(TxaTyacf)_ ol w =T q+me wWr=m) (1 — B) + (= w — 7 - §+ m)e ) (~F)]

1

Sé(Txv Ty, q_> = 5.

S0 = 7+ G m)e T E) + (1 = 7+ 4 m)e (1L = F)

(2.64)

The KMS relation (2.52) for bosonic field identifies the coefficients £ and F' as Bose-
Einstein distribution functions. So we proceed in similar way to identify Fermi-Dirac

distribution function from the KMS relation for fermionic fields, which is given by
S (1o — 7y, T — ) = e P*S (1, — 7, +iB, T — ) (2.65)

Applying this boundary condition in Eq. (2.63) and equating the coefficients of each

Fiw(Te—Ty) )

oscillatory function (e , we get F'=ny and F'=n_, where ny = —x

1
Sy are

the fermion and anti-fermion distribution function. So Eq. (2.63) now becomes

1 N —iw(Te —T,
va(Tw,Ty,CD = [(/7 w—=79-q+ ) (e y)(QC(Tx - Ty) - n+)

—

m
+ (= 'w =7 - 7+ m)e = (0(r, — 7,) —n_)]  (2.66)

So far we got Eq. (2.58) and Eq. (2.66) as the three-momentum dependent thermal
propagator of Bosons and Fermions respectively in 7-plane which may be expressed in
spectral representation as

A7 D =1 [ (g, e 0~ 7) 4 fel) —O-a)}] (267

S o) =1 [ iy (gh, =B 7y (B b O(—))elab) +0(—5))
(2.68)
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where

p(ah, @) = 2me(gp)d(gy —w?)  and (2.69)
o (gh, @) = 2me(q)) (Vb + 7 - 7+ m)d(qf — w?) (2.70)

are the bosonic and fermionic spectral function for free theory (i.e. no interaction is
considered). We have already defined a general form of the free spectral function as
0(q6, @) in Eq. (2.37). The p(q}, q) and o(q(, ¢) may be considered as particular cases of
the o(qp, @). So we can write the two expressions (2.67) and (2.68) in a single expression
as

o /

: q —iqp (T —T;
P(7s, Ty, q) =i /_OO 2—71(')9((]6’ e 9o y)[QC(Tx - Ty) + qu(%)] (2.71)

where €,f(qy) = €,V,e(qp) — 0(—¢q(). In special cases,
e, =+1, N,=nlb(q)) +0(—q))] =n for boson

and ¢, = -1, N, =n,0(q,)+n_0(—qy) for fermion (2.72)

with BE distribution n and FD distributions n4. One can check that we can regain the
Eq. (2.15)*by putting N, = 0 (for T=0) as well as the free scalar spectral function in
Eq. (2.71).

2.2.3 Free thermal propagator in general form

Here we are interested in the expression of Feynman propagator at finite temperature in
four momentum space. So far we have established the relations for the spatial Fourier
transforms of propagators keeping the time coordinate in the complex time plane. Of the
variety of possible contours in the complex time plane [59], two are specially interesting,
namely the closed one [60] and the symmetrical one [61].

We have chosen the latter contour (Fig.2.1) which begins from —7" (say) on the
real axis and ends at —7T — i3, nowhere moving upwards [62]. Our choice is that of
Fig. (2.1), which for T" — oo, reduces to two parallel lines, the real line and the one

shifted by —i3/2, to be denoted by subscripts 1 and 2 respectively [63, 61]. Now along

“More generalized form of Eq. (2.15) will be

oo} /

- dq —iqy (Te—T,
Plretn® =1 [ GRolah e o(r, )~ Ot (273)
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Imt
.

~T-iB)2 Ret_,
T-iB/2

-T-iB

Figure 2.1: Contour in time plane for real time formalism

ab 11 12 21 22
Ty Ty Tm:t Ty = Tm:t_lﬁ/2 Tm:_t_iﬁ/Q
T, =t=0|1,=—t'—if/2=—if/2| 7, =—t'=0 |1, =—t' —if/2=—i(/2
O(rp — 7y) =0(t) =0 (1, < 7y) =1 (1, > 1) = 0(—t)

Table 2.1: Table showing the four possible sets of two points in complex time plane and
their corresponding values of step function 6(7, — 7).

the contour there are four possible ways of choosing the two points in complex time
plane. So after temporal Fourier transform of P(r,,7,,q) we get four components of

thermal propagator in four momentum space,

Poy(q,q) = z/ dtxequ(t’*ty)P(Tx — 7y, Q) x,y=1,2

% dgf .
- /_ 2—77(-)9(%’ @)Azy  [using Eq. (2.71)] (2.74)
where
Ay = ZL dtxei((IO)(tz*ty)*i(Q(/))(Tz*Ty)[90<7—m _ Ty) + eqf(q())] (2.75)

From Fig. (2.1), we see that the contour extends from —oo to +oco in first line but in
second line it follows completely opposite direction along real axis of 7-plane. So we have

to put an extra negative sign in real part of 7 at any point of second line (for example,
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7, = —t' — i /2 for 12-component as shown in Table.2.1). Now the time corresponding
any point on the second line is always greater than that of the first line, so § function for
12 and 21 components results is a definite numerical value (i.e. one or zero). In case of
11 and 22 components, 6 function is written in a functional form as two points in both
cases are located on the same line. Detailed evaluation (we will take ¢, =t and ¢, = 0)

of the four components are as follows.

Py e
M= i [ a9 4 (g
qO q0+V)t
— —/ dz// A +zeq/ dtel =) (gt
v —in
o =g +v) o
= [t (oo — 45) ()
wt 00
_ " (2
as 0(t) = 5 /_OO dI/V — and /_OO dte 21 (v)
1
= ————— + 2ime,0(qy — 2.76
pr— ¢9(d0 — 20)f (90) (2.76)

2ime0(qo — o) f(q) = 1m(qp — qo)[2€4Nge(q0) — 20(—qp)]
= im(qp — qo)[2e4Nqe(q0) +{0(q)) — O(—qp) — 1}]  as O(—¢qp) = 1 — 0(qp)
= imd(qy — qo)[2¢4Nge(qo) + {e(qp) — 1}]  as e(qp) = 0(qp) — 0(qp) (2.77)

Using Eq. (2.77) in Eq. (2.76) and rearranging, it follows

Ay = m + im0 (dy — go)[264Nge(q0) + {e(g0) — 1}]

1 . )
= P[m] + im0 (g — qo) + im0 (qy — qo)[2€4Ng€(qo) + {e(qp) — 1}]
1
1
= , — + €,2mid (gl — qo) Nye 2.78
=gty (90 — q0)Nge(qo) (2.78)

Using this Ay in Eq. (2.74) we can get Py with two different parts which are separately
evaluated below.
alqO 1
0\4o, 4
/ 27 o(do j[ — Qo —me(qo)

dq0 27e( q0 1
= [ om TRt )+ St 4 )

(using free spectral function from Eq.2.37)
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S L
S ww—q—in  —w—qo+in
—1
= (Ap(q®)  where Ap(q?) = P (2.79)
and
dag .
/- 2¥’0@<q0,q7[eq2m6< 1) Vel
dq;, 2me(q o
= /oo 233 [5(% — W) + (g + w)][e,2mi (g — go) Nye(go)]
€,2miN,
- %[5(% —w) +6(q0 +w)]
= (€,2miN,6(q*> — m?) (2.80)
So
P11 = C[A(¢®) + €,27N,i6(¢* — m?)] (2.81)
Py

e = [ )

= 2ime,e®25(q) — q0) f(d)) (2.82)

Using Eq. (2.82) in Eq. (2.74) and then putting the general expression of free spectral

function, we get

dq/
Py = /OO 2% 0(qh, @)[2imeqe 25 (qh — q0) f(ah)]

= [T 2D 5 ) 4 g5+ )]
2ime,e20(gh - a0) (N, (dp)elah) — e ~45))]
QZiﬂeqerB/Q

= = {d(a0 —w) + 3(g0 + ) H{Na(0) — €40(—0)€(20)}]
= T P50 — ) + (- — eqel )} PP (an + )]

as 0(£q)0(qo Fw) = (g0 Fw), 0(Fq0)d(q Fw)=0

0
= C;j{:eq[ ny (14 €n4)0(qo — w) + €4y/n—(1 4+ €,n-)d(qo + w)]

[ as n e™/? = P2 =\ In (1 + ey )e/?

and (e, +n_)e /2 = = e\/n_(1+e,n_)eH/?
q q q
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= 2mieyNoge™25(q* —m?) ,  Noy = \/ny (14 eny) 0(qo) + eg/n_ (1 + en_) 0(—qo)

P21:

(2.83)

In this case as (1, — 7,) =1, so

= 2ime 0925(qh — qo)[L + €, f (gp)] (2.84)

and putting it in Eq. (2.74), we get

P21 =

A22

/oo 2% o(qh, P [2ime” 25 (gh — qo){1 + egf (4)}]

[ ST 5, )+ (g + )]
[2ime™ 0728 (g5 — a0){1 + € Ng(ap)e(ar) — 0(—a5)}]
{600 — )+ 6lao + )} {eo Mol + Bao)e(ao)}]

[{eqns + €(w) e P/25(qo — w) + n_e™/?5(gp + w)]

(2imeP/?
2w
(2ime,
2w
(2
2w

[/ (1 4+ €ny)d(q0 — w) + €4y/n—(1+ €,n_)d(q0 + w)]
ePlw—m)

eBl—n) — ¢, e M = ny(1+ 6anr)eiﬁﬂﬂ

[as (egny +1)e?/? =
2 € eg( #) 2 2
and 6 n_ €Bw/ m —Bu/ = Eq n,(l + an,)e_ﬁu/ ]

C2miNyge P25 (g2 — m?) (2.85)

_ /°° dte" @B (1) + e, f (gh)]

GNP S A
- 27r/ dy/ —— - +zeq[wdte 0= f(gf)

q +v / /
— _/ d v+2n )+2weq5(qo—qo)f(q0)

) 00 iv(—t
as 0(—t) = L/ dv< : and / dte™" = 276 (v)

2m J—oo vV +1in

- 1 2ime, (g — 2.86
P — 40(d) — 90) f (q0) (2.86)
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Rearranging it like 11-component we have

dq, _
Py = / 23: o(q, q_')[ — +1m€(qo) + €,2m16(q), — qo) N4€(qo)]
dqp, 2me
= [T I Irea) 2<50><[5(q @) + (g + )]

[q — g0 +Z7’]€(q ) + 61127”5( - qO)qu(qO)]

_ i —1 -1 —w w
= Wl T Te gy TN ) ol )
= (| 1 + 27me, N, (5((]0 w?)] (2.87)

g — w* —in

So the P,,(qo,¢) in 2 x 2 matrix form can be expressed as

P:vy - / dqo (QO7 q_) (qO qO) + €q2ﬂ-25(q0 - qo)f(q(,)) qumeﬁq()ﬂ(g(qé - qO)f(Qé)
oo 27 27?26‘6(10/25((]0 q0)[1 + €, f ()] m + €,2mi0(qh — q0) f(gh)

= ¢ ( m + €,2mid (¢* — m?) N, € 27Ti€6“/25( — m?) Ny, )

2mie P25 (k2 — m?) Ny, m + €,2mid (¢* — m*)N,

(2.88)

The matrix in the first line of Eq. (2.88) gives the spectral representation of the thermal
propagator and it may be used to express dressed or interacting prpagator by putting
the interaction details in o whereas second matrix represents the form of free thermal
propagator after putting free spectral function. The matrix A,y as well as P,, can now

be diagonalized by U,,,

T Nag/ \/ﬁq €q \/ﬁqeﬁu/2
T YN Ny /|,
Noy/\/N, —\/N,ePr/?
ie. Uy = \/]2\72/6\/5772 ]\\é}\;ﬁq ) for fermion

= Yl +n) Vi for boson (2.89)
Vi y/n(l+n) '

The diagonalization procedure is as follows.

P, P
P, = 11 12
Py Py

_ P 0
= UpPoryUy, =U . |U 2.90
y-yy (0 _pP ) ( )
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where
7 — /OO d_% Q(Qé,Cf)
—o0 2T qo — g — ine(qo)
—1
_ 2.91
T (2.91)

So the diagonal elements of the free thermal propagator is exactly the same as vacuum
Feynman propagator. We can relate this to any component of P,,. The relation with

11-component is

Np— o
Py = -%P —¢N,P (2.92)
Nq
In spectral representation this relation can be expressed as
P D g D+ e,2mib (a0 — 4 £ (a))]
o 2 (90 — o) —in
_ [ @Q(%, @[p(;’) +im {1+ 2¢,f(q0) }0(q0 — qp)]
o 2T (90 — @)
SO, ImP11 _ Q(q;’@{l _'_2€qf<q0>} (293)

From Eq. (2.91) and (2.93), we can get a relation among the o(qo, ), P and Py,

— 1
0(qo, @) = 2¢(qo)ImP = T+ 26, /(00)

Re? = R6P11 (294)

2 ImP11

The factor containing the thermal distribution function multiplied with P;; can be con-

1

verted to hyperbolic function. Considering |qy| = w i.e. ny = T
—Cq

1 1
1+2¢,f(q0) 1+ 2¢e{n40(g0) +n-0(—0)}e(q0) — 26(—qo)
8 8
1 ez (lqol-p) _ €q€*§(|QO\*H)
— = fi > 0
T4 2eny  calmol 4 e e aClolm P
8 8
1 e (=laol—p) _ qu—g(—\qo\—u)
— = fi <0
T t2en. eAChlw 4o Hlwlm
(2.95)
Hence for any value of ¢, we can write this factor as
]_ e%(qo—ﬂ) — eqe_g(qo_ﬂ/)
1+26,f(q0)  e5@—n 4 qufg(fqru)
= Coth{g(qo — )} for fermion, ie. ¢, = —1

= tanh{g(qo)} for boson, i.e. ¢, =+1, p=0 (2.96)
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Figure 2.2: The diagramatic representation of Dyson’s equation. Thin and bold dashed
lines stand for free and interacting propagators respectively.

So Eq. (2.94) is now given by

0(qo, @) = 2€(go)ImP = 2 coth{g(qo — ) HmPy; for fermion

=2 tanh{g(qo)}ImPn for boson (2.97)

2.3 Interacting thermal propagator
2.3.1 Scalar propagator

So far we have discussed about the structure of free (vacuum or thermal) propagator.
The exact propagators (—iA(q)) is obtained perturbatively by summing loop diagrams
as shown in Fig. (2.2). This is actually a geometric progression with free propagator

(—iAo(q)) as the first term and the self-energy (—ill(¢)) as the common ratio.

LiA(g) = —ifolq) + {—ifo(@)}{—TI()}{~i2o(g)}
(i) {—iT1(g) i (@)} { —iTT(@) } {—iDo(a)} + ...
AO(Q)
A= T A
-1 —1 _ (2 _ 2
= Z—m? Ti(g) as Ay = —(q ) (2.98)

The above equation can be expressed as

A(q) = Ao(q) — Do(q)TI(q)A(q) (2.99)

which is a general self-consistent equation for the interacting propagator of any spin
and is known as Dyson’s equation. The real part of vacuum self-energy (a divergent
quantity) is absorbed by the mass renormalization technique. Therefore Eq. (2.98) can

be written as

-1
A =
(@) ¢ —m? —iImll(q)

(2.100)

The imaginary part of self-energy [ImII(g)] is nonvanishing in certain regions of g-axis,

where II(¢) has a discontinuity. Due to presence of this nonzero ImlI(g), the spectral
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function p(q) will exhibit a Breit-Wigner type structure.

olq) = 2€(qo)ImA(g)
_ 2¢(go)ImlI(g)
= P+ (P 21

In the limit of vanishing ImII(q), the spectral function reduces to its form of d-function

for free propagator.

| 1
o) =l 2ot Ty

I {—ImII(q)}

= {7I}nH}‘>02 (QO)[<q2 — mz)z + {_ImH(q)}Q]

= 2¢(go)md(¢° —m?®)  [since lim LS. o) | (2.102)

n—0 (ZL‘2 + 772
In real time thermal field theory the Dyson’s equation can be expressed in 2 x 2 matrix

form as

A™(q) = A§(q) — AF*(@) I (9) A (q) (2.103)
As discussed in the Eq. (2.88) the free and the exact propagator has the same spectral
representation. So the exact propagator can be diagonalised in the same way as the free
thermal propagator. Multiplying left side by (A§*)~! and right side by (A%)~! we get
ne = (A) - (aF)!

cargh _ cargh _

= (U“A”'UM)™t —(U“Ay UM )~!
= (Ue) T (Ut (2.104)

This leads to the Dyson’s equation for diagonal matrices and is given by

(UAU)™ = (UAU)™ — ({UAUMHUTTTIU P HUAU )™

A” =R — (AT A}
where A, = Ro 0_* , o = 0 « |, A — A0 N
0 —A, 0 -—II 0 —A

Hence

olq) = 2e(qo)ImA(q)

{¢®> = m? — Rell(q)}* + {ImII(q)}?
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The thermal self-energy will be manifested in the spectral properties in two different

ways. One is mass shift (Am) that can be measured by finding the root of equation

(> — m? — Rellin ()] g=miam = 0 (2.107)

ImII(m)—ImIly (m) ) .

and another is decay width enhancement (Al = —

2.3.2 Fermion propagator

The form of Dyson’s equation for diagonal element of thermal propgator is the same as
in vacuum. So we directly jump to the discussion for diagonal part. Now general form
of Dyson’s Eq. (2.105) for spin 1/2 propagator can be written as (by replacing Ay — Sy,
A — S and II — ¥ in Eq. (2.105))

§'=5"+%, S'=—(4—-m)
— —1
S = 2.108
T (2.108)
where Q* = ¢ — " and M = m — ¥, with
DR SRVNCI S U S 5)8 |
= S+ 3] (2.109)
For ¢ =0,
S =280 +S1 (2.110)
where
_ Qo M
S0 = d S;=
TG T T T g

Here i,yo and Y; contain the information of medium inputs (temperature and chemical

potential).

2.3.3 Vector propagator

For the spin 1 field we have to take care of the Lorentz indices (along with thermal

indices) in the Dyson’s equation [64, 53] and after diagonalization the equation becomes

G (q) = G (q) — G (@) Tn ()T (a) (2.112)
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where

—=(0) Qv —1
G = | —g9uw , 2.113
0 (Q) < Iu + q2 ) q2 — m% + 1€ ( )

is the four-dimensionally transverse® part of the diagonal element of thermal propagator.
In the medium, presence of four velocity w,,, introduces an additional scalar variable u-¢q
in addition to ¢*, leading to two independent tensors P, and @Q,, in terms of which the

propagator and self-energy can be written as

éuu = Pﬂyat + Quya[

0, = PLIL+Q.IL (2.115)
with
Wl .
P;w = —0w + 22 GQUMUV’ Up = Uy — (u ) Q)QM/QQ (2'116)
and
Q _ (q2)2~ ~ =2 _( . )2 2 (2 117)
By 62 uuuuaq_uq q :
satisfying the projection properties
P-P=-P, Q-Q=-¢Q, P-Q=0 (2.118)

While both P and @ are four-dimensionally transverse, P is also 3-dimensionally trans-
verse. In the literature one generally finds the factor ¢* instead of (¢*)? in the definition
of Q.. However, at finite temperature dynamical singularity can appear at ¢*> = 0. The
additional factor of ¢* keeps the kinematic covariant regular at that point. Using (2.115)
and (2.118), the Dyson equation (2.112) becomes

c%+@wa—¢<w+‘%ﬂmﬁ (P, AJM%+q@w eA
= 1 1/¢*
P, - ” - = 2.11
1 [Gs = )+ QO = i =0 (2.119)

Now equating coefficients of independent projection operators to zero,we reach our aim,

_ —1 — 1 —1
Gi(q) = Gilq) = = _ 2.120
W=emm e e m pmg
5
—(0) , q"q"” —=0 qudv -1
=G 2 where D, = (—g,w + :12 ) £ mitic (2.114)

We should note that q“@fg,) = 0 but the term Z;(Z;; is not orthogonal to g¢*.
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where

_ 1 2_ — 11— — —
I, = _§(HZ + %Hoo% I, = ?Hooa Moo = v/ u"IL,,, . (2.121)

Finally we note a kinematic relation between the transverse and the longitudinal com-
ponents of the propagator at ¢= 0. As ¢ — 0, the structures of P;; and @);; depend on

how this limit is taken. This is eliminated, if we take

Gi(q0,7=0) = ¢3 Gi(g0, 7= 0) (2.122)

Clearly a similar relation must also hold between II;;, which is already implied by

Eq. (2.120).



Chapter 3

Self-energy in real-time thermal
field theory

3.1 Vacuum Self-energy

The vacuum in quantum field theory is a stormy sea of virtual particles originating from
quantum fluctuations [48]. So during the propagation of any particle it can’t be free from
disturbances created by these virtual particles. The self-energy, which has already been
introduced in section(2.3) of chapter(2), is generally believed to provide a quantitative
measurement of the fluctuations. In the simplest possible self-energy diagram [Fig (3.1)
or (3.2)], the propagating particle may create a virtual pair which are again annihilated
after a short time mandated by the uncertainty principle. The amputated loop part
of the diagram is known as one-loop self-energy. In a perturbative treatment, the self-
energy consists of a series of loop diagrams with subsequent terms containing higher
loops [65]. Here we are interested to study the effect of one-loop self-energy diagram on
the propagation amplitude. From the mathematical expression of interacting propgator
(2.98) in the previous chapter, we have seen how one-loop self-energy modifies the free
propagation amplitude. Now we will focus on the detail expression of one-loop self-
energy.

For a general description of one-loop self-energy, we can classify it into four possible
diagrams as shown in Figs. (3.1) and (3.2). Now for fermion self-energy, boson-fermion
(BF) internal lines (Fig.3.2) are only allowed whereas for boson self-energy, boson-boson
[Fig.3.1(A)] as well as fermion-fermion internal lines are possible. There are two possible

diagrams for fermion-fermion internal lines for boson self-energy shown in Fig.3.1(B) and

41
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B (K) F (k) F (k)
/ o \
“s@ FE@ TB@ B TB@ Bl@)
B (aK) F (k+a) F (k-a)
A) ® ©

Figure 3.1: Diagram (A) shows the boson self-energy for boson-boson (BB) loop whereas
others, (B) and (C) show the two possible diagrams for fermion-fermion loop. We have
denoted the fermion internal line in negative direction of time as F'

B ()
7/ - h \\
Fa [ F@
F (@K

Figure 3.2: Fermion self-energy diagram for boson-fermion (BF) internal line

Fig Fig.3.1 (A) Fig.3.1(B) Fig.3.1(C)  Fig.3.2
External line | B (Boson) B B F' (Fermion)
Internal lines BB FF FF BF

Momentum p=q—=Fk p=k+q p=k—q p=q—k

of lower ie. e =41 ie e =41 ie ¢ =-1 1ie ¢ =+1
internal line €9 = —1 € = +1 € = +1 €9 = —1
Other sign erp = +1 ep=—1 ep=—1 erp = +1

functions ie. e, =41 le ¢ =—1 1ie ¢ =-—1 1ie. ¢ =+1
(€p, €k, €)) e = +1 e =—1 e, =—1 e, =—1

Table 3.1: Table showing the values of different sign coefficients for four possible one-loop
self-energy diagrams.
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(C). Let us denote them by F'F' and F'F respectively.
We can write the general expression of vacuum self-energy as

M) = e [ Gsgon(a ko (=P m) Hi PGPy ol )

() = ier [ g DAk, 0 p)AG ma) A, ) (31)

where L(k,q,p) = v1(q, k, p)C(pv2(g, k, p) is the product of two vertex functions (vy, v2)
and the numerator part of two internal lines ((x,(,). Recall that the general form of
vacuum propagator, P(k?* m;,) is defined in Eq. (2.34) of the previous chapter. The
extra negative sign for fermion-fermion (F'F or F'F) internal lines will be taken care of
by the sign coefficient ex. The general form of p is taken as p = €1qy + €2ko and the
values of sign coefficients, €1, €5 for different loops are given in Table. (3.1).

Decomposing the internal lines into positive and negative frequency propagation as

—1 —1 1 1
A(K?* my) = — = N : ’ 3.2
( 2 kg —wp+in 2w qo — (W — 1) QO+(Wk_Z77)] (3.2)
Eq. (3.1) becomes
Pk 1
My (¢?) = iep [ S—— .
v(a) =der (2m)3 dwiwy v (3:3)
where
o (2m) ko —wr +1n ko +wr —in
1 1 }]
(e1q0 + €2ko) —wp +1in (€10 + €2ko) + wp, — in
= Iyi+1lvao+Iys+ Iya (3.4)
with
Ve (2m) ko —wik +in (e1q0 + €2ko) —wp + i
vz (2m) ko — wi +1in (e1q0 + €2ko) + wp — in
o [Allh) () 1 \
. (2m) ko +wp —in (€10 + e2kp) — wp + 17
dko L (ko) 1 1
Tos — / , 1 35
v (2m) {ko +w — i (e1qo + €2ko) + wp — “7} (3:5)

The four individual integrations can be done by residue theorem of complex variable.



forp=q—Fk

forp=q+£k

for I\/l

Poles : k((]l) =wp — 1

k((]Q) =(qo—WwWp+ in

Poles : k((]l) =wp — 1
KD — gy wp — i

—ilq
qo—wg —wp+in

Contour : Fig. 3.3(C)

Iy =

I\/l =0
Contour : Fig. 3.3(A)

for I‘/Q

Poles : k((]l) =wp — 1

k((]Q) ={qo +wp — in

Poles : k((]l) =wp — 1
k:(()Z) = —qo —wp +1n

I‘/Q =0
Contour : Fig. 3.3(A)

(— 1)iL5
—qo—Wwg—wp+in

Contour : Fig. 3.3(C)

Iyy =

for I\/g

Poles : k((]l) = —wy, +1n

k((]Q) =(qo—WwWp+ in

Poles : k((]l) = —wy, +1n
KD = oty — i

I\/g =0
Contour : Fig. 3.3(B)

_ _ (=1)iLe
Ivs = qo—wg —wp+in

Contour : Fig. 3.3(C)

for I\/4

Poles : k((]l) = —wy, +1n

k((]Q) ={qo +wp — in

Poles : k((]l) = —wy, +1n
k:(()Z) = —qo—wp +1n

T — iL4
& qo+wi+wp—in
Contour : Fig. 3.3(C)

I\/4 = 0
Contour : Fig. 3.3(B)
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Table 3.2: Table showing the poles (denoted as k((]l) and k:(()2)) of integrands and results
of individual integration (Iy; with i=1,2,3,4) by putting their corresponding residues.
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The poles of four integrands and their residues for two! possible internal momenta are

given in Table. (3.2). The integrations will be done with the help of three possible contour

as shown in Fig. (3.3). For the contour 3.3(A) and (B) the corresponding integrations

will vanish because their poles are outside the contours (Cauchy’s Theorem). For the

contour 3.3(C), the integration will be nonvanishing. For example, residues of Iy, with

p=q—Fkis

L(ko) 1 1

[k _ W @
0= Ro 0 0

_ : _1.@
Res(Iy1) = kolil’;f)(ko ko >(27T)
—L(k 1
- ( °>[ — —. (3.6)
(2m) “qo — wr — wy + 2in

]

Collecting those nonvanishing integrations for all possible self-energy graphs we can

organize them as

—L L
IV = Z[ ! — + 1 ] ,fOI"p:q—k%k?_q
o — Wk —Wp +1n  qo+ Wk +wp — 1M
.y L
= SR ] forp=q+k (3.7)
o — Wk —Wp + 1 Qo + Wk +wp — 1N
where
L1:L(k0:wk) L4=L(l€0:%+wp)
Ly = Liko = ) Ls = Lko = —qo — w,)
L3 = L(/{ZO = ({qo — wp) L6 = L(ko = —qo + wp). (38)

L3 and Lg will be appeared in our later calculations.

3k 1 -1 Ly
Oy(¢%) = —e / — + , JJorp=q—Fk, k—
V(q ) g (277)3 dwpwp qo — Wk —wp + 190 Go + wi +wp — ”7] b= !
3k 1 —Ly Ls
= —¢ — 4 . JdJorp=q+Ek. (3.9
F/ (277)3 4Wkwp[qo — Wk — Wy +11 qo‘|“wk+wp_2n] b= ( )

The principal value of above expression give the real part of vacuum self-energy. This is
a divergent quantity which after renormalization [66, 49, 67, 68] produces a finite value.
The imaginary part of vacuum self-energy is directly related with the vacuum decay

width. From Eq. (3.9), this part can be separated out to get

Ak 1
ImHV(qZ) = —Tep / Wm{lqé(qo —wy —wp) + Lab(qo +wi +wp)} forp=qg—k,k—gq
b

! As scalar part of propagator for p = g—k and p = k — ¢ are exactly same so they will give same final
results of integrations and that’s why we have provided the information about the poles and residues
for only p = q¢ — k case in the Table.



46

FIN 0 el LN
© 0 \\\/ ®

(A) (B) ©

Figure 3.3:

ek 1
= —Tep / Wm{laé(qo —wy —wp) + L16(qo + wi +wp)} forp=q+k.
(3.10)

3.2 Thermal Self-energy

Now we proceed to evaluate the one-loop self-energy at finite temperature. In real time
thermal field theory we have seen that both thermal propagator and self-energy have
2 x 2 matrix structure and can be diagonalized. The diagonalization of thermal self-
energy is slightly different from that of the thermal propagator, discussed previously in

Eq. (2.104). In this case we have

I Nog/\/Ny,  —€q1/ N eP/?
Hab = (U_l O—* U_l)ab Where U_1 — 2(1/ —ﬁq/Q Eq qe
0 -II —/Nge P Noy /Ny
N. IN /N eBr/2
ie. Uh = 2q/ 7 a° for fermion
—\/Ne P2 Ny, / /N,
yr(l+n)  —yn
= for boson. 3.11
( —/n \/n(l+n) ) (3.11)

N2 _ J— . .
SoIl;; = N—QSH — equH* and in spectral representation,

o
IT;, :/ ﬂQ(%a@[

oo 2 — + €,2mi0(go — ) f (a0)] (3.12)

(90 — 40) — in
where Q(qy, ¢) is one-loop spectral density. Similar to thermal propagator, corresponding

quantities for self-energy also follow the same relations (compare with Eq. 2.97)

Q(qh, @) = 2¢(qo)ImTI(q) = 2 coth(B{(q0 — ptq)/2})ImIT* (q)  for fermion self — energy
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= 2tanh(Bqy/2)ImII' (¢) for boson self — energy

Rell,, (q) = Rell,, (q). (3.13)

These spectral densities (2 or g) are closely related with retarded part of corresponding
quantities.?
So we will now focus on the 11-component of the thermal self-energy matrix

. d*k
HH(Q) = ZEF/W”l(%kap)Pll(kamk)Pll(pa mp)'UQ(qakvp)

, d*k
ZGF/WL<k,q7p)A11(k,mk)A11<p7 mp) (315)
where L(k, q,p) = v1(q, k, p)(eCpv2(q, k, p) since the 11-component of thermal propagator

has a form like
Pll(k’, mk) = CkAll(ka mk) s All(k’, mk) = A(k’) + ek2m'5(k:2 - mz)Nk (316)

Each of the thermal internal lines has two parts containing the information of vacuum
and medium separately. So IT'!(g) also separates into vacuum and medium parts. The
medium contribution has a part linear in the distribution function and a part quadratic

in it. So we will decompose IT'!(g) into three parts as
T (q) = Iy (q) + 1T, (q) + 12 (q) (3.17)

where I} (q) = iep [ gLT’;IL(k, q,p)A(k)A(p) is the vacuum part, and

d*k
cL(k,q,p) [ex2mi0 (k> —mi) NpA(p) 6,276 (p* —m2 )N, A (k)] (3.18)

() = ier [ o

'L (q) = iep / %L(l{:, ¢, p)[{er2mid (k* — mp) Ni}{ep2mio (p* — m2)N,}]  (3.19)

are the medium dependent part of self-energy, explicitly showing the linear and quadratic

dependence on distribution function respectively.

2The retarded propgator, Pp = ( 7

m and diagonal element of thermal propagator,

P=¢ m suggest the relations

Re Pg (or IIg) = ReP (or II)
o (or Q) = 2ImPx (or IIg) = 2¢(go)ImP (or II) (3.14)

Imaginary part of Self-energy take the place of n and so guided from the relation ng = €(qo)7, we can
intuitively proceed to above relation for imaginary part of self-energy.
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I (q) :

Considering the general form of Ny = n* 0(ky) + n*6(—kq), we can write

Nb(R —m3) = 5[ 0ko) + nB(—ko)][5(ky — wx) + 6(ho + )]

Wk

1

Here we have used 0(ko)d (ko + wi) = 0(Fwi)d(ko £ wy) , where wy, is always a positive
quantity. Using Eq. (3.20) for momentum k as well as p in Eq. (3.18), we have

&k
Ti(g) — /—In 3.21
n (@) €F (2m)3 (3:21)
where
I, = /dk: Dllo, 4, (3o — ) + 8o )} —
n 0 0, vy 4 2wk + 0 k N 0 g p%_wg—i_,”]
] -1
_i_ﬁ{nljrg(po _ wp) + nlﬂs(po + wp)}m]
L(k}o) k k L !
— [k 3(ko — o(k -
Jn s o s
1 1
P 5(po — ) -
Fep{nio(po = wp) +nZ0(po + wp) Hm—7— in kot wp —in
1 ! 1
_ dkoL(k b6 (ko — B
T, / oL (ko) [exn 0(ko — wi){ (e1q0 + €2ko) —wp +1in  (€1qo + €2ko) + wp — in}
1 1
+exn® (ko + w n '
k ( 0 k){(€1q0+€2]{;0)_wp+m (€1C‘I0+€2k0)+wp_m}
1 1
) ko — -
+epn (€1CJO + €2/ Wp){ko — Wi + i1 ko + wy, — in
1 1
Ps k -
+epn?d(€e1qo + exko + wp){ko —wp+m kg +wr —1in
1 exnli Ly ey Ly

= - { }

dwrwy,  (€1qo + €2wk) — wp + 1N B (€190 + €awy) + wp — in

o exn® Lo _ exn® Lo )
(€10 — €awy) —wp +in  (€1g0 — €awy,) + wp — i
{ eyt Ls B eyt Ls
€a(—€1q0 +wp) —wr + 1 ea(—€1qo + wp) + Wk — i
epn’ Ly epn? Ly
e2(—€1q0 —wp) —wi +1in  €a(—€1g0 — wp) + Wi — I
B 1 exn® Ly exepn’y Ly
 dwpw, (€1go + ewr) —w, +in (€1q0 + €wy) — wy — iNE
exn® Ly eaepn? Ly

(€190 + exwi) +wp — in B (€1q0 + €awy) + wp — ineg
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2 p
en” L exe, L
+{ S — 4 kS
(€1g0 — €awr) —wp +1in  (€e1q0 — €awi) — Wy + iNen
e exn® Ly eaepn? Ly

— + -
(61q0 — EQWk) + Wp — N (61(]0 — 62&]].;;) + Wp + 1€z
(3.22)

Here Ly = L{ko = e2(—€1qo + wp)} and Ly = L{ko = e2(—€1g0 — w,)}. Note that

L3—>L3,L4—>L4 fOl"p:q—k’
L3—>L4,L4—>L3 fOI'p:k?—q

L3 — L67 L4 — L5 for P = k+ q. (323)

Now using the complex identity 1@'77 = P(1) Fimd(x), we decompose 1T} (¢) into imag-

rt
inary and real part as
d*k
11 _
ImlIl *(q) = _EF/WIIHI”
[ L (et L+ et La)d(ert + o — )
= — ————|(exn €5EpT € EoWg, —
ERT (27?)3 4wkwp kN L 2€pTy Li3 190 2Wg 'p
+ (exn® Ly + e3e,m" Ly)d(e1q0 + €awy, + wp)
+(eknliL2 -+ 6;61,77,&[13)5(61(]0 — EWE — wp)
+ (ekn’iLQ + egepn’iL4)5(elq0 — Wi + wp)]
dPk 1
= —€F7T/ Wm[Ll{(ekni + ¢,n")d(e1q0 + e2wi, — wy)

+ (exnfs + epn” )d(€1q0 + €xw + wy)}

+Lo{(exn”® + e,n%)0(e1g0 — €awy, — wy)

+ (exn® + e3e,n? )0 (€1g0 — €aw, + wp)}] (3.24)
and
d3k
11 _
Rell.*(q) = —e¢p / WReIn
_ F/ Pkl exn’ L — ezepn’y Ly —enk Ly — exe,n” Ly
(2m)3 dwpw, (€10 + €2wi) — Wy (€1q0 + €awi,) + wy
exn® Lo + eae,n’ Ly —en® Ly + 626pn’iL4]
(€1g0 — €2wi) — Wy (€1q0 — €awp) +wp ~
(3.25)

The real part arises completely due to medium and vanishes at T=0. Due to the presence

of distribution function, this part is free from any divergence Nonzero value of this real
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part may shift the pole.
1,2 (q) :

1 : &’k
II,:(q) = —zQweFekep/W_fnz (3.26)

where

Lo = [ dkoL(ko)Nud(k — wR)N,0(p3 — )

dkoL(k
- M{nljﬁ(k‘o — wi) + 1 8(ko +wi) Hnk d(e1q0 + eako — wy)

dwpwy
—+ 77}15(61%) + 62]€0 -+ wp)}
1
= o [Ll{nﬁnﬁé(elqo + ewr, — wp) + nﬁn’ié(elqo + €awy + wp) }
p
+Lo{n"nf.(e1q0 — e — wyp) +n"nP S(e1q0 — eawr + wy)}- (3.27)

Since this is a pure imaginary term, So

Relllt(q) = 0
d3k
ImIT}k(q) = —ZWEFekep/WInz
k1
= -2 /_7 Li{nfFnts —
TEp€ELEp (27r)3 4wkwp[ 1{”+”+ (61QO+€2wk Wp)
+nnP 5(€1qo + eawr, + wp)} + La{n* n¥.(e1q0 — exwr — wp)

+n"nP §(e1qo — eawr + w,)}- (3.28)

Collecting the imaginary part of self-energy from Eq. (3.28) and (3.24) we will get

medium dependent part

ImIT!!

med

= ImII!! 4 ImIT
dk 1
—Tep / Wm[lq{(eknﬁ + epn® + 2erentnh)d(e1qo + 2wy — wy)
+ (exn® + en? + 2ere,nt nP ) (e1q0 + 2w + wp) }

+Lof{(exn® + e,nf + 2epe,n" 0% )6 (e1q0 — exwr, — w,)

+ (exn® 4 e,n” + 2epe,n" 0P )6 (e1q0 — exwi + wp) }.- (3.29)

Now adding the vacuum part from Eq. (3.9) to above Eq. (3.29) we will get the 11-

component total in-medium self-energy

M = Iy + {ImIT + ImITH )} + {Rell}. (3.30)
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For the four possible cases, imaginary and real part of total self-energy are evaluated

below. We have repeatedly made use of Eq. (3.10), (3.29), (3.25) to specialize to three

cases with appropriate values of €1, €5 etc.

3.2.1 Boson self-energy for boson-boson (BB) loop

3
ImIT'! = —7T/ 'k

———[Li{(1 + 1" +n8 + 20808 )5(q0 — wi — wp)

(2m)3 dwpw,

+(n% +n? 4208 0P )6(g0 — wi + wp)} + Lo{(n® 4+ nf + 2n"nh)é(qo + wi — w,)

+ (L4 nF +n? 4+ 2n"n?)5(g0 + wi + wp)}]

= COth(M)E(qo)Imﬁ ,using Eq.(3.13)

2

1

where ImIl = _E(QO)W/WM[LI{@ +n¥ +nh)6(q0 — wi — wp)

+H(=nl +n2)d(g0 — wi +wp)} + Lof(n® = nl)d(go + wp — wp)

+ (=1 - nk — n?)(qo + wi + Wp)}]'

1

In second step we have rearranged the distribution functions as (here nip = So—=1)

(1+nf +nf +2nin?)

(n¥ +n? + 2nfn?)

(n* 4 nk 4+ 2nFnk)

(1+n" 402 +2nFn?)

Pk p T —1

(1+n%)(14nf) +nknl
(1 +nk)(1 +nh) —nfnf
COth(6{<wk + WP)Q_ (:uk + NP)} )(
(1+n%)n” +nk(1+n?)

(1+nk +nh)

1+nk +nh)

(1+nk)n? —nk(1+n") (=ni 1)
COth(6{<wk — wp)z_ (:uk + /~LP>})(_nlj_ + nzi)
nf(L+nl)+nl(1+nk)

(n? —nl)

nk(1+nk) —ni(1+nk)

A o) = i 2 by ey

nEn? + (1+n*)(1+n?) r
PP — (L k)AL )

<6{(_Wk - Wp)Q_ (,uk + ,up)}><_1 . n’i _ n}i)

coth(

(3.32)

and each of the cothyperbolic functions are attached to the different §-functions in such a

systematic manner that we can convert them into a common function, coth

suming p, = pg+p,. Fore.g. coth(ﬁ{(w’“’pr)Z_(“’“Jr“")})5(q0—wk—wp) = coth(w)é(qo—

(5(q0;uq) ), as-

for boson with nonvanishing i,

(3.31)
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wi — wp). The general form of real part, Eq. (3.25) now produces the expression

d?’l{? 1 7’L+L1 -+ TL L3 n —TL’_?_Ll + TLIiL4

RﬁszmM@:/(

2m)3 dwpw, T qo — Wk — Wy qo — Wi + Wy
KLy —nh L —nF Ly —nP L
A e L 4. (3.33)
qo + Wi — Wp Qo + Wi + wp

In this case, external and internal, all lines contain bosons. In absence of conserved

1

charges, jig = pr = p1p, = 0 and therefore ny =n = 55—

3.2.2 Fermion self-energy for boson-fermion (BF') loop

In this case only one of the boson internal lines is replaced by a fermion, so we will get
expressions similar to as Eq. (3.31) and (3.33) in which the sign attached with n? will

be opposite i.e. n? — —nP.

_ Bk 1
ImIl = —e(qo)ﬂ/ or) I ———[Li{(1+n% —n%)d(q0 — wi — wp)
p
+(=nh = n2)8(q0 — wi +wp)} + La{(n® +n)8(go + wi — wp)
+ (=1 =nt +n2)o(qo — wi + wp)}]
_ / Bk 1 nk Ly —nf Ly N —n* Ly —n? Ly
(

Rell(q) =
ell{q) 21)3 dwpw, go — Wi — Wy qo — W + Wy

n’iLg + nﬁLg 1 —n’iLg + n’iL4

Go + Wk — Wp Go + wi + wp

(3.34)

The cancellation of the common hyperbolic function (here it is tanh{5(qo — pq)}/2) is
still valid because for this case the distribution functions are rearranged as follows (here

k _ P __ 1
ny = eBlwpFur) 1 and ny = eli’(wp$lt)+1)

(14 nh)(1 —n?) — .
)0 ) T 1)
(6{(Wk+wp) (Nk+ﬂp)})(
2

L P ok Py —(1+nk)n? +nk(1—n) v p
(M == = 2mn) = Ty k(I ay T
t nh(ﬁ{(wk _w”); G +Mp)})(—nf‘i —nP)
k p k. py\ _ nﬁ<1_nﬁ)_nﬁ(1+nﬁ> k p
(nZ—mh —20inl) = AT T nt) - T

_ tanh<6{<_wk+wp) — (:uk—i_:up)})(nli _i_,ngr)

(1+nf —nf —2nfnh)

= tanh 1+n% —nh)

nk
k k _ -
(1+n2 —n? —2n"n”) = -
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5{(—&% — wp) — (:uk‘ + /~LP>})(_1

= tanh( 5

—nk 4 nP).

(3.35)
We have to assume f, = p,, to hold the relation p, = py + p, as p = 0 (i.e. we should
write in Bq. (3.34), nf = n* = —).

3.2.3 Boson self-energy for fermion-fermion loop

FF internal lines of B self-energy :

In this case momentum of lower internal line is p = k — ¢, so adding the corresponding
vacuum expression of Eq. (3.10) to the medium part (3.29) with corresponding sign

functions (see Table.3.1), we have

Bk 1
ImIl! — 7T/W%}W [Li{(=n" —nf + 2nfnk)6(—qo + wi — wp)
p
+ (=nf —nP + Qnﬁnﬂ)é(—qo + wy +wp)}

+Lo{(—nk —nff + 2080l )d(—go — wi — wy)

+ (—nf —n? + 20 n? )5 (—go — wi + wp) H
>k 1
7T/ (27T)3 M{Ll(s(% — Wi — wp) + L25(q0 + wi, + Wp)}
A3k 1 i
- W/ (2m)3 4wkwp[ {(=nf = nf +2ninf)d(q — wi + wp)

+(1—nk —n? + Znin’i)é(qo — W —wp) }

+Lo{(1 —n® —nB + 20" n8)5(qo + wi + wp)

+ (=n* —n? + 20 n?)5(qo + wp — wp)}]
= coth(w)e(qo)lmﬁ
3
where ImIl = e(qo)ﬁ/%%;w [Li{(1 —n% —nP)o(q — wi — wp)

+(nf —nB)6(go — wi + wp)} + Lo{(—n +nP)8(qo + wi — wp)

+ (=1 40" +n2)8(qo + wi + w,) ]

and Reﬁ _ _/ d3k 1 —TL]_T_Ll + nﬁL4 TLﬁ_Ll + TLIiLg
(2m)% dwpwy (=g +wi) —wp (=G0 + wk) + wp
—nlng — nﬂ’rL4 TLELQ — TLIiLg

(—qo —wr) —wp (=0 —wk) +wp
(using the replacement L34 — Ly 3 0f(3.23).)
B _/ Bkl nk Ly —nl L, N —n¥ Ly —nP Lg
B (2m)3 dwiwy, qo — Wi + Wy do — Wk — Wp
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n* Lo +nh Ly —nF Lo+ n? Ly

o + Wi + Wp o + Wi, — Wp <336)
by using the relations
1—nE)(1—n")+nkn
(1—nk —n? +2nkn?) = El —Z@t;gl _Zpi —Zﬁn” (1 —nk —nP)
—(1=nk)n? —nk(1—n"
(=nl =l 2mbt) = St Tk — )
— comn( =¥ )2‘ i = o)y e
—nF(1—=n?)—n(1—n* »
(—nf —nP +2nFn?) = — El _Z §+Z§EI—Z’1;<_nk+H)
— coth(PUZ T wp2> ~ s i)y ke
k P 1 — 1 — p
(1—nF —nk +2nfnk) = ;ni 21—2 ;El_zgg(—lenk—i—np)
~ cotn(A= p2>_ L R )
(3.37)

Here we are assuming p = p, (since p, = 0) to maintain the cancellation of common
hyperbolic functions, coth{w} i.e. coth{ZLe}.

FF internal lines of B self-energy :

A3k 1
I = [l o ek )+ )

+ (1 - nﬁ —nP 4+ 2nfn? )0 (qo + wi, + wy)}

+Lo{(1 —n® —nB +2n"n8)6(q0 — wi — wy)

+ (=nF —nP +2nF n?)6(q0 — wi + wy)}]
= Coth(w)e(qo)lmﬁ
— Bk 1
where ImIl = e(qo)ﬂ/ 2n) T, [Lo{(—=1+n" +n5)d(qo — wi — w,)
P

+H(=n +n2)d(g0 — wi +wp)} + Li{(n = nf)d(go + wp — wp)

+ (1= nf —n2)d(qo +wr + wp)}]
dgk’ 1 —n+L1 +n L6 4 niLl + n’iLg)
271')3 4wkwp Go + Wi — Wy Go + Wi + wp
—nliLg — ’nﬁ[@ 4 nliLg — IiL5

o — Wk — Wy Qo — Wi + Wy

and Rell = —/<




55

(using the replacement Ls4 — Lg5 0f(3.23).) (3.38)

So we can write the diagonal element of thermal self-energy in a general form as

— Bk 1
ImIlT = —G(qO)GFﬂ'/Wm[Cl(S(QQ — Wk — wp) + 025((]0 — Wi + wp)

C30(qo + wk — wp) + C40(qo + wi + wp)] (3.39)

and

Bk 1 R R
Rell = ep / Ly 2
(2m)3 dwpwy, o —wk — W, Qo — Wk + Wy
R3 Ry
Qo+ wr —wp Qo+ Wi+ wp

! (3.40)

where C;’s and R;’s (i=1,2,3,4) are given in Table.(3.3).

3.3 Branch cuts of self-energy

The regions, in which the four terms of imaginary part of self-energy are non-vanishing,
give rise to cuts in the self-energy function. These regions are controlled by the respective
d-functions [52]. Thus, the first and the fourth terms are non-vanishing for ¢* > (m, +
my)?, giving the unitary cut, while the second and the third are non-vanishing for
q* < (m, — my)?, giving the so-called Landau cut.

We shall now obtain the cuts and the associated discontinuities of the self-energy function
in the ¢y plane for fixed |g]. Writing d3k = 2m\/w? — m2 widwy, sin 0d6, where 6 is the
angle betwen ¢ and E, we can readily integrate over cosf using the J-functions. But we
have to take into account the physical requirement, |cosf| < 1, which, as we shall see
presently, reduces the a priori range (my, to co) of integration over wy.

First term of (3.39) :

The first term of (3.39), for which we have (g — wy)? = w7, give

le1d + 62E|2+m12, = (qo — wp)? as wy = \/\61(f+ 62E|2+m§

SE—2
— cosfy = €1€2k—fjowk ., Si=¢-mi4mg. (3.41)
2lql\/wi; = mj,

Then the inequality |cosfy| < 1 becomes

¢ (wr, — wir)(wWp —wr—) <0 (3.42)
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ImIl = —e(qo)epm [ %m[Cﬁ(qo — wy, — wp) + C20(q0 — wi, + wp)

C30(qo + wi — wp) + Cud(qo + wi + wp)]

BB

BF

Cr | Li(l4+nf +nk) | Li(l+n% —nk) | Li(l—n% —n?) | Ly(—1+n* +nk)
Cy Ly(—nk +nP) Ly(—nk —nl) Ly(nk —nk) Ly(—n* +n?)
C3 Ly(nk —nk) Ly(nk +nf) Lo(—nk +nP) Li(nk —nk)
TT C d¥k 1 R R
Rell = ep / (2m)3 4wkwplp[q07wklpr + qofwszrwp
R Ry
T QOer/?*wp q0+wk+wp]
BB BF FF FF

Ry | Link + Lgnk Link — Lynk, —Lynk — Lyn? —Lyn* — Lgn
Ry | —Lynk + Lyn” —Lin% — Lyn? Lin® — Lynk, Lon* — Lsn?
Rs Lon® — Lan®, Lon® + Lan%. —Lon® + Lsn® —Lin% + Lent,
R, | —Lynk — Lyn” —Lonk + Lyn® Lon® + Lyn%, Lin® + Lsn?

Table 3.3: Table showing the detail expressions of C; and R; for four individual loops.
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where wy4 are the roots of the quadratic equation for wy,

4¢*m}
St

SQ
s = gl £ |(SHWR) . Wild®) = | 1 (3.43)

In the first term in (3.39), for which ¢* > (m, +my)?, as already stated, we have Si > 0
and Wy < 1, so that both wy, and w;_ have the same sign like ¢p. Then this term is non-
zero only for positive ¢y with the integration variable wy, restricted to wp_ < wi < wiy

and in terms of wy, integration it become

Wk

— 1
ImHl(qO,cf):— _»/

167G ' dwiCh(wy = go—wg, cos = cosby),  qo > \/(mp +my)? + |q)%.

- (3.44)

Second term of (3.39) :

For the second term in (3.39), we split the region ¢* < (m, — mj)?* into two segments,
namely, 0 < ¢* < (m, —my)? and —¢ % < ¢*> < 0 (as ¢3 can’t be negative) , denoting
them as L, and L, respectively . The relevant region in gp-axis for the two segments are

determined below

For L,,

— (<@ <¢q (3.45)

and for Ly,

= ¢ —{q7%+ (m, —my)*} <0 and @—q¢*>0
= G2+ (my — )2 < g0 /T2 (my —me)? and go > Gor gp < —.
(3.46)

Now assuming w,, > wy, go = wi — w, < 0. So collecting from (3.45) and (3.46), relevant

inequality for this term is given below

—

—\/cj? + (my —mp)? < qo < —q (denoting as Lap)

—7<q <0 (denoting as La,). (3.47)
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As the second term follow the same inequality (3.42) we get same roots wy+ but unlike the
previous term, wy, is negative for Lo, which can be immediately perceived by applying
the conditions S? < 0 and W, > 1 in Eq. (3.43). Now for ¢> < 0, inequality (3.42) gives
W > W > Wiy 1.6. w > wi_ (other inequality wy < wiy < wk— does not hold as wy,

can’t be negative). So

— 1 0o
Im Iy (g0, @) = 16 _,/ dwrCo(w, = —qo + wy, cos @ = cosby), —7<q <0.
T™q Jwy_
(3.48)
Now for Ly, ¢* > 0, S? < 0 and W), < 1. So wy+ both are positive and the integration
become
__ 1 W —
Im I (g0, ) = — ﬁ/ dwy,Cs(w, = —qo + wy, cos§ = cosbp)
]_67Tq Wi+
- \/672 + (my —mg)? < qo < 7. (3.49)

Third term of (3.39) :

The third term has same ¢ region of the second term but ¢y > 0. So choosing from

Eq. (3.45) and (3.46) relevant go-region is given below

0<q<q (denoting as Ls,)
7<q < (T\/(T2 + (my, —mg)? (denoting as Lgp). (3.50)

The third term of (3.39) give different cos 6, which is evaluated as

(qo—i—wk)Q = W,
= |€1§+€2E|2+m;2;

= cosly = ee——F—er0. (3.51)

The roots of inequality (3.42) will be

2

_ S
Wit = 2—;2{—(10 + |‘ﬂ€<513)wk} (3-52)

Following same analysis for finding the @y limits, the final expression of integration for

this term is given by

— 1 oo _ _
Im13,(q0, ) = — 167r(j/~ dwgCs(@, = qo + Wy, cos = cos bp)

Wi —
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0<q <7
_ 1 Wl N _ N
ImIs(q0,q) = — 167ch/~ dwxCs(@, = qo + Wy, cos @ = cos bp)
Wh+
7< g0 < G2+ (my —my)2. (3.53)

Forth term of (3.39) : The fourth term contributes entirely to negative values of g,

qo < —\/472 + (m, + my)? and following same roots Wi+ as that of third term, this part

of integration can be written as

— 1 Wiy - ~
Im T14(qo, ) = — 4/~ dwgCy(@, = —qo—Wg, cos = cosby), qo < —\/(mp +my)? + ()%

167q

W —

(3.54)
The relevant limits and quantities of four different branch cut regions are organized in

Table.(3.4). The detailed branch cut region in gop-plane are shown in Fig. (3.4).

3.4 Physical significance one-loop self-energy

The distribution functions present in different terms of Eq. (3.39) may be understood
in terms of decay and recombination (inverse decay) probabilities [69].

Before going to T' # 0 let us discuss the imaginary part of oneloop self-energy in vac-
uum. It can be expressed as square of matrix element of decay , integrated over phase
space. This is nothing but the optical theorem. Let us take a simple ¢® theory and to

comprehend the theorem, we prove the relation

—Imll(g = m,)

Mg

where

Lymy) — / B Py
el = o, ] 2r)2w, (2r)2w,

kcm w4 ¢
— —|M|2 Ko =
87Tm?1

(2m)*0(q — k — p)[M]*

\/(mg —m2 —mg) — 4m2mj

(3.56)

2my

with square of spin averaged decay amplitude |M|? = 23(11+1 sy [ M (dg = ¢k, dp) |-

Now the Lagrangian of scalar ¢® theory is given by

‘Cint = g¢q¢k¢p (357)
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for which M(¢q — ¢, ¢p)|* = ¢* and so

(m2 —m2 —m2)2 — 4m2m3
Fd("”q) _ \/ q §2 k D kg2.

.58
167rm§ (3.58)

Now we turn to our self-energy calculation and using Eq. (3.44) at ¢ = m, for T=0, we

have
Imll(g = m,) — 1/wk+dL(k— 0 = cos 0y, q = my)
mll(g =m,) = 1677 Wi L(Ro = Wk, COSU = COS Vo, § = My
1
- 167T(j’g2[wk7<q =mg) —wpi(@=mg)]  as L=v1Glu = ¢°
1, Silg=my), . 4mgmi
= — _)g [ 3 2 1 - 4 — ]
167q 2mg Si(qg=my)
—ImIl(g = m,) _ \/(mg —m2 —m3})? — 4m2m} ) (3.59)
My 1671'7”2 g .

using the relation Si(q = my) — 4m2mi = (m2 — m2 —mg)* — 4m2m3).

So the imaginary part of vacuum self-energy in the unitary cut region with positive
invariant mass is related to vacuum decay width. Now the same term (3.44) for T' # 0 can
be interpreted as the vacuum width, convoluted with statistical weight factors. Here the
statistical weight factor is 1+n% +n’ and it can be rearranged as (1+n)(1+nf ) —nknf,
indicating the decay process ¢, — @y, with bose enhanced probability (1+n%)(1+n%)
minus the inverse decay process ¢r¢, — ¢, with statistical probability nﬁnﬁ Similarly
second and third terms represent in-medium forward and reverse scattering processes
in Landau cut regions. For different loops, the diagrammatic interpretation of the four
terms in (3.39) are assembled in Table.(2A). Here the ¢4, ¢, and ¢, represent general
fields instead of scalar fields. From Table.(2A) one observes that the initial state of ¢,
(or ¢y, field is attached with nf? (or n*P) whereas their final state is attached with

(14 ek,pni’p ) (or 14 ek,pnli’p ). So we see that due to presence of medium final state of

boson experiences Bose enhancement whereas that of fermion faces Pauli suppression.
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Re &U

Figure 3.4: Branch cuts of self-energy function in ¢y plane for fixed ¢. The quantities
¢1.2,3 denote the end points of cuts discussed in the text : ¢ = \/(mp + mi)? + |42,

g2 = \/(my — mi)? + |41 and g5 = |q].
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Table 2A : Table shows the diagramatic representation for individual terms of imaginary part of in—-medium self-energy.

In first column,the statistical weight factor for BB and BF loops are written in general way. In second and third column,
we have mentioned about the replacement of fields and distribution functions.
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region in qq

costy and ¢ - k

Limits of wy,

- N S2—2gowp, S2
Im I qQo = \/q 2+ (my +my)? costly = €163 "MTE‘ . wi— = 555[q0 — Wi]
52 52
q-k=—€e5 to Wi+ = ﬁ[QO‘i‘Wk]
Im ITy, —\/Jz(mp —mg)? < qo < —|q] | same as previous Wit = %[qo + Wy
S2
to wi— = 35[0 — Wi
Im Iy, —71 <q <0 same as previous tow_ = %[qe — W]
to oo
= - 52—2qowi ~ 52
Im IT3, 7] < qo < \/q 2(my — my)? | costy = €169 ’“2@(‘1,%‘ L owop = sex[—qo0 + Wil
2 - s2
q-k=—€ere3 to w_ = ﬁ[—qo—Wk]
Im I3, 0<gqo<|q] same as previous w_ = %[—QO — W]
to oo
Im I, g < —\/(IQ(mk +m,)? same as previous w_ = Q—S;%[—QO — W]
~ S2
to Wy = 55[—q0 + Wil

Table 3.4: Table shows the different branch cuts and their corresponding variables which
make the imaginary part of self-energy restrict to be nonzero on that cut region.




Chapter 4

Spectral properties of p meson in
hot and dense matter

The in-medium propagation of vector mesons, particularly p, has been extensively stud-
ied [37, 70, 71]. The reason is, of course, that it controls the rates of dileptons and
photons emitted from the hot and dense matter, created during the late stages heavy
ion collisions. The NA60 experiment at the CERN SPS measured dimuon pairs in In-In
collisions in which an excess was observed over the contribution from hadronic decays at
freeze-out in the mass region below p peak [72]. This was attributed to the broadening
of p in hot and dense medium [37]. More recently, the PHENIX experiment reported
a substantial excess of electron pairs in the same region of invariant mass [43]. This
has been investigated by several groups but the yield in all these cases have remained
insufficient to explain the data. Thus the issue of low mass lepton pair yield in heavy
ion collisions is far from closed and is one of the key issues to be addressed in the forth-
coming Compressed Baryonic Matter(CBM) experiment to be performed at the FAIR
facility in GSI [73].

The in-medium modification of p meson in presence of mesonic gas is generally be-
lieved to arise from two sources [37]. One is the change in its pion cloud, given essentially
by the mm self-energy loop [74]. The other is the collisions suffered by the vector meson
with particles in the medium [75, 76, 77, 78, 79, 80].

In baryonic sector, most of the calculations were performed at zero temperature [81,
82, 83, 84, 85]. Finite temperature effects on the p spectral function in dense matter
have been evaluated by Rapp et al [86] in terms of resonant interactions of the p with

surrounding mesons and baryons in addition to modifying the pion cloud. Eletsky [80]
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and collaborators have also evaluated the spectral function of vector mesons at finite
temperature and density in terms of forward scattering amplitudes constructed using
experimental inputs assuming resonance dominance at low energies and a Regge-type
approach at higher energies.

The sources modifying the free propagation of a particle find a unified description
in terms of contributions from the branch cuts of the self energy function as shown by
Weldon [69]. In addition to the unitary cut present already in vacuum, the thermal
amplitude generates a new cut, the so called the Landau cut which provides the effect
of collisions with the surrounding particles in the medium. Here we have used this

formalism to obtain the p self-energy in mesonic [87] and baryonic matter [88, 89

4.1 p self-energy in the medium

To study the p meson propagator, we do not start directly with the two-point function of
the p meson field, but consider instead the related object, namely the two-point function
of the vector current Vi;(z),

Vi(z) = Q(Jf)%é(J(ﬂf)a q= ( Z ) (4.1)

of the two-flavor QC'D theory. Conceptually we then keep contact with the fundamental
theory and deal with a conserved current. At the same time we can address directly
the physical processes, such as dilepton production in heavy ion collisions which will be
elaborately discussed in Ch. (6).

In the real time thermal field theory, the in medium two point function should have a

same 2 X 2 matrix structure [64]. The thermal two point function is given by
ij,ab . 3 iq-T 7 j ab
Ti(E,Q) =i [ dadr (LY (2)V; (0) (4.2)
where (O) denotes the ensemble average of an operator O,
(O) = Tr(eP20O)/Tre 1 (4.3)

and T'r indicating trace over a complete set of states. The superscripts a,b (= 1,2) are
thermal indices and T, denotes time ordering with respect to a contour in the plane of

the complex time variable [90]. The two point function of vector currents can be related
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Figure 4.1: One-loop Feynman diagrams of in-medium p self-energy for mesonic loop
(a) and for baryonic loops (b) and (c). Dashed lines are allotted for mesons (p, m, h)
whereas the solid lines are fixed for baryons (N, B).

to the p meson propagator using the method of external fields [91] where one introduces
a classical vector field v/,(x) coupled to the vector current V;/(x). The free propagator
of the rho meson can be obtained by coupling the external field to the p meson field
operator using the Lagrangian [92]
L - -
Ly = —=0"0" - (Oupy — Oupj) (4.4)
mp
where F, = 154 MeV is obtained from the decay p® — et e.
The transverse p meson propagator fo; is then obtained from the relation 7' Sfj =
K G where the factor K = (F,q°/m,)? comes from the coupling of the current with
the p field [87]. At finite temperature we have to deal with the diagonal element of the
propagator matrix and recalling the equations (2.120), we can express its spin average

form as

— 1 — —

where
— —1
Gt -

_QQ—mﬁ—ﬁt

e —1/¢’
, G = pER—— T (4.6)
p

The free propagation of the p meson is modified by interactions in the medium which
is populated by mesons and baryons. From Eq. (4.6) we see that the modification of p
propagation is controlled by the in-medium one loop self-energy of p meson. Now due
to presence of these thermal mesons and baryons in medium, we have to take in account

all possible mesonic loops (ﬁ% ) and baryonic loops (ﬁf 1)

ie. M= 10, + > I, (4.7)
M B

The detailed evaluations of p self-energy for mesonic and baryonic loops are discussed

below.
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4.1.1 Mesonic loops

In meson loops, the general structure of one loop self-energy is shown in Fig. 5.1(a).
One of the internal line is 7 and another is denoted as h which may be w, hy, a; as well
as 7 itself. For the interaction vertices entering in the four different one loop graphs, we
expand the relevant terms of the chiral Lagrangian and retain the lowest order terms to

get [93, 94, 92]

Fine = TZ_Z&HUI/ ’ @uﬁv - &fﬁu)
_niprg 0, - O'F X O'F
+Ig7—iew,\a(8”w“ﬁ’\ — W) - 0T
—E MO~ 05, O
FE O — 0,5, - x R (4.8)

Here F) is the pion decay constant, F,, = 93 MeV. The magnitude of other coupling
constants may be determined from the observed decay rates of the particles [95]. Thus
the decay rate I'(p" — eTe™) = 6.9 KeV gives F, = 154 MeV. The decay rate I'(p —
2m) = 153 MeV gives G, = 69 MeV. Similarly the decay rates I'(w — 37) = 7.6 MeV,
['(hy — pm) ~ 360 MeV and I'(a; — pm) =~ 400 MeV give respectively g; = 0.87, go =
1.0 and g3 = 1.1.
In chapter(3) we have already obtained the expression of thermal boson self-energy for
boson-boson internal lines. Recapitulating the expression (3.31) and (3.33), here we
combine them in a single expression,
Bk 1 (14nk)L" +nf L5 —nk LYY +n? LY
27)3 dww, qo — wi — wp + ine(qo)  qo — Wk + wp + ine(qo)
n® L8 — nk LE” —nk L8 + (=1 —n? ) LY

Qo +wr — wp, +ine(qo)  qo + wi + w, + ine(qo)

My (q) = /<

(4.9)

where we have introduced the Lorentz indices uv. Now to calculate p meson self-energy

for different meson loops we make the following replacements

My p — Mgp Wi,p — Wr,h
1
k,p ,h .
Ly ok — L =0). 4.10
ny n exp(Bonn) =1 (assuming fir p, ) ( )
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By obtaining the vertices from the interaction Lagrangian, L*” can be expressed in terms

of Lorentz invariant tensors A", B* and C*¥ as

26, \?
L;(er/) = ( P) Cuu(k7Q)

mpF2
1) = 4 (L) Bulk,a) + A k. 0)
|n% F7r pr vy pr\fvy
£ = (£ Bulka) - —r-Culk.a)
pv F. u\Rs 4 m2, (K> q
a g 1
1) = <2(L) (Bulka) ~ — Culhoa) (411)
s a1
where
Aap(@) = —Gas + 445/,
Ba[i(ka q) = q2kak6 —q- k(Qakﬁ + kaQB) + (q ' k)anﬁv
Cap(k,q) = q4kak5 — qQ(q k) (qaks + kags + (¢ - k)QQQQ5. (4.12)

To get a more realistic estimate we have included vacuum width of a; and h; internal

lines by using the formula [96],

T3 (g, m) = / ety ! My (¢, M) (4.13)

M @) = Nh (mh72[‘h)2 T mn M2 —m%+iM1—‘h(M) M q, .
i Ny = [ ek ! d Th(M) = Ty pu(M

h h_/<mh—2rh>2 7 M2 — g+, | w(M) = Thos e (M).

4.1.2 Baryonic loops

In the previous chapter we have seen that in case of two fermion internal lines there are
two possible diagrams (denoted previously as F'F and F'F loops) for boson self-energy.
So for baryon loops consisting of the nucleon N and another baryon B there will be
two possible diagrams as shown in Fig. 5.1(b) and (c¢). Obtaining the imaginary and
real part of NB and NB loops from Eq. (3.36) and (3.38) respectively, we write in a
compact form,
B dk 1 (1 —nk )Ly —nP LY N nk LY — nh LYY
(2m)3 4wkwp qo — wi — wp +iMe(qo)  qo — wk + wp + ine(qo)
—nk L +nP L n® L8 + (=1 +nh) LY
Qo +wi — wp +ine(qo)  qo + Wi + wp + iNe(qo)

5 (q

(4.14)
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and
T () = Pk 1 (1 —nF) LA — kLY nk LY — nP LY
vl (2m)3 4wkwp o — Wi — Wp — ”]6(%) go — Wi + wp — iNe(qo)
—n’er‘f” +nb LEY nk LYY 4+ (=1 +n? ) LE” (4.15)

Qo + wi — wp —Me(qo)  qo + wi + wp — ine(qo)
The internal lines in these loops contain a nucleon N and a baryon B which represents
several spin one-half and three-half 4—star resonances. Here B stands for the N*(1520),
N*(1650), N*(1700), A(1230), A*(1620), N*(1720) as well as the N(940) itself. The
corresponding replacement in Eq. (4.14), (4.15) for the baryon loops are

My p — MN,B Wk,p — WN,B

1
NB
o = e B T A L (4.16)

Here p is the baryonic chemical potential which is taken to be equal for all baryons.

Omitting isospin factors (Ig), the pN couplings with the resonances are described by

the gauge invariant interactions [97]

9pNB 1"
L = :np [ 50" PN + h.c] ngé

_ 1~
£ o= PR o g the]  JE =
my, 2

~ YpNB71 _u 5 P _ 3°
L = WYY puvthn + h.c.] Jp =3
m, 2

_ 3-

£ o= LNBvy by + hec) gk =2 (4.17)

my, 2

It is essential to point out that for the spin 3/2 resonances this coupling is not quite
correct owing to the fact that the free Lagrangian for the Rarita-Schwinger field [98] has
a free parameter. A symmetry is associated with a point transformation under which the
free Lagrangian remains invariant up to a change in the value of the parameter [99]. The
standard practice is to make a choice of the value of this parameter so that the spin-3/2
propagator has a simple form. In order that the interaction also remains invariant under
this transformation an additional term is added to it. Thus the Lagrangians involving

spin-3/2 fields take the form

g 3+
L = B30, 0" Yy +he]  TE ==
m, 2
Y ) 3~
L = g;fLVB (0% Ons7up™ by + hec] JE =3 (4.18)

p
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with Opa = Gua — i%ﬁa, the second term contributing only when the spin 3/2 field is
off the mass shell. The value of the coupling strength g,np thus remains unaffected by
this exercise.

Now we will get four possible structure of L*” depending upon the spin parity states
(JT) of resonances B but numerically all the seven baryon loops are different because of
different coupling strength (g,n5) as well as the masses of resonances (mp). The four

kinds of tensor structure of L* are

1:|:
trio"“qq(F + PmN)a”ﬁqg(]é—i— mp)| for JP ==
LMV(k:’q) = _(M)Z 23:|:

Mo Ve (k4 Pmy) U+ mp) K] for J7 =2

(4.19)

where Kgo = —guw + g2zkuky + 5700 + 35 (Vuky — Whky) and VEe = V'@ + cVpe,
Uke = U™ + cUF™ with

a YpNB o o v 9pNB v v
Vit =g —atgt) U =T (g =)
P p
o YpNB o o v 9dpNB , v
VIO == (0 - ) U == 0 - (4.20)
p p

The second term V/** appears due to the off shell projection operator O, = g, +cy,7-
The constant ¢ (i.e. ¢ = —i) is introduced to distinguish this contribution separately.
Here we will take p = k + €;q where ¢; = F1 for diagrams representing NB and NB
respectively [Fig. 5.1(b) and (c)]. After evaluating the trace we will get

1:|:
2 2 4 g P _
v JpNB [(k* — ei(q- k) + Pmymp)q~ A" +2B"] forJ" =
L* <q7 ]{?) = (2:n )2 3i 2 (4.21)
N [Q%AW+5%BW+”Y%C“"] forJ? = 3

where a3 = a% + cal 4 a, By = B% + ¢pY% 4 23 and vz = 0 + ey 4 c2yee. The

expressions for the various coefficients are given below

8
' = o5 [(W*mi + Pmymy = ¢°) — e1(q- k) (2K + ¢ = 2(g- k)lg"
B

B [k* +m3 + e1(q- k)]

- 2
3mp

8
¥ = 43m2 [PmaxmpSy — €1(q- k) (Sy + 3e1(q- k) — 2Pmymp)]q*
B

. .8

0% = dg— [k — mi + 26(g- k)]
B

. 8

e

3mp
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8
a® = 4@[(”&?\/ + 2Pmymp)(Sx + 261(q- k) — e1(q- k) (SF + 4ei(q- k))]g?
B

CcC 8
5 = g (2K = iy + 2a(q- k)
8
CC:4 2
_ 2¢° 202 _ 3,2 32 2
s = oo 5" (p° —3¢7) +p-q(3p” +q°)
mp

+3mQB(p2 +2mymp +p-q)
—2mymp(p® +¢° — 2p - q)]
B3 = 4(1 +p*/3m3})

V3o = —4/3m3 (4.22)

where S% = ¢*> — m% + m&.

R JE | g,n5 | Tax (GeV) | Ty, (GeV)
N(940) | 17| 77 0 0
N*(1520) | 3~ | 7.0 0.07 0.023
N*(1650) | 37| 0.9 0.132 0.013
N*(1720) | 27 | 7.0 0.03 0.155
A(1232) |27 | 105 0.118 0
A(1620) | 57 | 2.7 0.036 0.023
A(1700) | 37 | 5.0 0.045 0.128

Table 4.1: Table showing the coupling constants and partial decay widths of the reso-
nances considered.

Up to now we have been treating the baryon resonances B in the narrow width

approximation. It is indeed necessary to consider the width of the unstable baryons in a
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Figure 4.2: In left panel, the imaginary (upper) and the real (lower) parts of self-energy
from 77 loop are shown separately in longitudinal and transverse components. In right
panel, the spin average of the components for 7h(h = w, a1, hq) loops are shown.

realistic evaluation of the spectral function. For this, we follow the procedure [100, 96]
of convoluting the self energy calculated in the narrow width approximation with the

spectral function of the baryons.

I ( ) 1 /mB+2FB IM 11 1 0 ( M) (4 23)

, = 7 —1lm - , )
BW B NB mp—2I'g T M_mB+%PB(M) B\q

ith NV mere b ! ATx(M) =T M)4T M
A B /mBzFB 7 o M —mp+ %T‘B(M) and I'p(M) = g nr(M)+ BHM)( )-

The values of these partial decay widths I's_, ,, I'5_,n» and the coupling constants g,np
are organized in Table (4.1). As a consequence of this convolution, the sharp ends of
the regions of non-zero imaginary part smoothly goes to zero at a higher value of M
depending upon the width of the resonance. It is shown in the dashed lines in the left
panels of Fig. (4.3) and (4.4) which correspond to the real and imaginary parts coming
from the NN*(1520) loop computed in the narrow width approximation whereas solid

lines give their full width convoluted results

4.2 Results and discussion

We begin with the results of numerical evaluation of Fig. 5.1(A), representing the p self-
energy for meson loops. As usual, we retain the vacuum contribution in the imaginary
parts only, assuming the real (divergent) parts to renormalize the p meson mass. We cal-
culate the self-energies as a function of v/¢? = M at fixed values of the three-momentum

¢ and temperature T'. It thus suffices to calculate the self-energies in the time-like region,
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for positive values of ¢q starting from gy = |¢]. So among the six segment of branch cuts
(Ch. 3), only two segments will contribute in the time-like region and the corresponding

imaginary part of self-energy are given by

= e(qo) [ . Sa\f - ~
ImIl(qo,q) = —167“7/~ dw.Ls(q -k = 7){n(w7r) —n(n = q0 — @a)}
W+
for Landau cut, ¢ < ¢o < \/(jQ + (mp, — my)?
€(q) /“’"+ Sz
- _ Lo k=271 —
) [ dnLala k= T+ (o) + e = 0~ w2)}
for Landau cut, gy > \/(mh + m.)? +|q]? (4.24)

where S? = ¢ —m3 +m?2. The principle value of Eq. (4.9) provide the required real part
of self-energy. Excluding the vacuum part (just by excluding the unity in the numerators
of (4.9)), we get only thermal real part which may shift the vacuum mass of p. The
7w loop is distinguished by a large imaginary part of the self-energy, its vacuum part
giving I', = Imﬁ(w)/mp = 153 MeV at M = m,. Clearly it is only the unitary cut
in the time-like region that gives the imaginary part. The individual transverse and
longitudinal parts for this loop are shown in left panel of Fig. (4.2).

In showing the results for other loops, we average their imaginary and real parts

over the transverse and longitudinal components. They are shown in the right panel of

Fig. (4.2). Here it is only Lg;, part of Landau cut (|¢g] < go < \/(mh —m.)? +1q]?), which

contributes to the imaginary part. The only exception is the mw loop, where the unitary

cut (qo > \/ (mp +my)% + |¢]?) also contributes, its threshold for other loops appearing
outside the range of M plotted here. The 7w loop dominates up to about M ~ 500
MeV, beyond which the wa; loop takes over. The rising trend of the imaginary part at
the upper end is due to the contribution of the unitary cut. While the imaginary parts
add up, there is appreciable cancellation among the real parts of different loops.

As, before, the imaginary part for baryon loops can be evaluated from the discon-
tinuities of the self-energy. However, the threshold for the unitary cut for these loops
being far away from the p pole we only consider the Landau part (Ls). So by picking
up the appropriate terms from Eq. (4.14) and (4.15), contributing in the region of Ls,

the expression of the imaginary part for baryon loops is given by

_ € ON— _ 5'2 _ _ _
ImII(qo,q) = 1&5?27% don[Ly(q -k = —ZN){—”f(wN) +n_(Op =q +an)}
WN+
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Figure 4.3: Imaginary part of p meson self-energy showing the individual contributions
for different N B loops. Left panel shows results for ¢ = 0 and the right panel shows the
transverse (solid line) and longitudinal (dotted line) parts for ¢ = 300 MeV. The dashed

line shows the result evaluated in the narrow width approximation for N*(1520).
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Figure 4.5: Left panel shows The total contribution in self-energy from meson and
baryon loops for two different chemical potential. The spectral function for different
three momentum of p is shown in right panel.

Lk = =Ny (@) — s (@5 = a0+ D))

for Landau cut, ¢ < gy < \/CIQ + (mp — my)2. (4.25)

We evaluate imaginary part of the p self-energy as a function of the invariant mass
V@2 = M for two values of the three momentum. Shown in Fig. (4.3) left panel are the
contributions from the individual N B loops for a p meson at rest. The NN*(1520) loop
makes the most significant contribution followed by the N*(1720) and A(1700). The
right panel shows the corresponding results for ¢ = 300 MeV where the transverse and
longitudinal components II; and ¢*IT; have been plotted separately. (Note that for a p
meson at rest II; = ¢211;.) The corresponding results for the thermal contribution to the
real part are shown in Fig. (4.4).

On the left panel of Fig. (4.5) we plot the individual contribution of imaginary part
of spin averaged self-energy from the baryon and meson loops for two values of the
baryonic chemical potential. The small positive contribution from the baryon loops to
the real part is partly compensated by the negative contributions from the meson loops.
The substantial baryon contribution at vanishing baryonic chemical potential reflects
the importance of anti-baryons. Finally we come to the spectral function of p meson
and we have shown the spin average of the transverse and the longitudinal components.
In right panel of Fig. (4.5) we see how the vacuum spectral function is modified at
temperature, T=170 MeV and chemical potential, y=150 MeV. In same figure we have

also checked the momentum (¢) dependence of thermal spectral function which reflects
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Figure 4.6: The spectral function of the p meson for (left) different values of the tem-
perature 7" and (right) different values of the chemical potential p.

an important feature at finite temperature. It is the fact that the probability amplitude
at finite temperature depends independently on ¢y and ¢ because the rest frame of the
heat bath chooses a specific Lorentz frame and so unlike in vacuum, Lorentz invariance
does not hold at finite temperature. Therefore we see the non-zero differences in thermal
spectral function for different values of ¢, which can never be seen in vacuum. However,
we do not observe much variation with ¢ of the p as seen in the figure. In left panel
of the Fig. (4.6), we plot the spectral function at fixed values of the baryonic chemical
potential and three-momentum for various representative values of the temperature. We
observe an increase of spectral strength at lower invariant masses resulting in broadening
of the spectral function with increase in temperature. This is purely a Landau cut
contribution from the baryonic loop arising from the scattering of the p from baryons in
the medium. Right panel of Fig. (4.6) shows the spectral function for various values of
the baryonic chemical potential for a fixed temperature. For high values of 11 we observe
an almost flattened spectral density of the p which indicates an almost entire melting of
the resonance structure at the highest temperature and density. Possible consequences

for dilepton spectra in heavy-ion collision will be discussed in detail in Chapter (6).



Chapter 5

The w meson 1in the medium

A large volume of literature is dedicated to the study of vector mesons in the medium, the
bulk of which concerns the p meson. Theoretical activities regarding the w meson have
been mostly performed in cold nuclear matter (see e.g. [101] and [17, 102] for a review).
Though the lowest order virial expansion has been used in most cases [103, 104, 105]
the approaches differ widely in their methods resulting in a large variation in the results
concerning the mass and width. Consequently both positive and negative shifts of the
peak position have been proposed. On the experimental front the situation is far from
settled [17] with different groups reporting a reduction in mass [106] and increase in
width [107] in pA and A collisions respectively. The upcoming experiments at the
FAIR facility at GSI thus assumes great significance in resolving some of the issues.

Finite temperature calculations at vanishing baryon density have been done in [108]
showing a large increase in width due to w — 37 and wm — 77 processes. Baryon
induced effects on the w spectral function at finite temperature has been treated within
a virial approach in [80] where the self-energy is obtained in terms of empirical scattering
amplitudes. In [109], in addition to contributions coming from scattering with mesons,
resonance-hole contributions have been included in the self-energy.

Similar to p meson scenario (Ch. 4) here also we have evaluated w self-energy for
different meson and baryon loops by using effective Lagrangian and the real time for-

mulation of thermal field theory, which is discussed below.

5.1 Mesonic loops
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Figure 5.1: One-loop w self-energy diagrams with baryons (a) & (b) where single and
double lines represent nucleon (/N) and resonances (B) respectively. Diagram (c) indi-
cates meson loop where dashed, dotted and double dashed lines stand for w, m and p
respectively.

Let us start with w self-energy for mp loop in where the wmp vertices can be obtained

from effective Lagrangian

Lint = iﬁ—’”em,(aWﬁA NN (5.1)

The expression of in-medium self-energy for this case is exactly same as Eq. (4.9), keeping

the corresponding replacements

Mip —> M p Wrp = Wrp
1

k,p ™
nyt’ — n™f =
* exp(fwn,,) — 1

(assuming /i, = 0). (5.2)

Hence to represent w self-energy for 7p loop, Eq. (4.9) become

M) = [k LU el | sl
() (27m)3 dwrw, qo — wr — W, +iMe(Q)  Go — wWr + w, +iNe(qo)
nTIE e[ CnTIE 4 (=1 — ne) L

: : (5.3)
Qo +wr —w, +ine(qo)  qo + wr +w, +ine(qo)

where the expression for LM appearing in the w self-energy for the mp loop is given by,

v 9m 2
L?pw)<q7 k) == (?) (Bul/ + q2k2A,ul/>- (54)

™
The imaginary part in the relevant Landau and unitary cut regions are respectively given

by

— €(q 5; _ 5 _ N N
ImH?pﬂ) = _16(7T(|)2ﬂ /Z* da, LE" {n(@,) — n(@, = qo + @r)} (5.5)
and
TTHY e(qo) wr uv
Ty = g6 | et {14 niwn) + nlgo — wi)} (5.6)

where the integration limits wF = %(qo + W), oF = %(—qo + |gW,) with W, =

dg>m3g 2 _ 2 2 2
VI— @ and 57 = ¢~ —m;, +m;.
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The real part of the self-energy can be easily read off from (5.3) in terms of principal
value integrals and we do not write them here separately.
The w self-energy due to its coupling to 37 states can be estimated by folding the pm

contribution with the p spectral function A, as in [105] to find the following expression

T 1 plamma)®
Iy (q) = N, i dM* [, (g, M)A, (M) (5.7)
where N, = 4(3;%)2 dM?A,(M) and A, is the p spectral function. The value of coupling

constant is g, = 5.5 which is fixed by constructing the decay width of w in 37 channels
as % = 7.6 MeV.

Following [69, 87], the Landau cut contribution from the pr loop can be interpreted as
the probability of occurrence of processes like wm — p and wp — 7 which are responsible
for the loss of w mesons in the medium minus the reverse processes which lead to a gain.
Similarly, the unitary cut contribution accounts for processes like w — pm and its reverse.
As a consequence of folding with the p spectral function containing its 27 decay width,

all possible scatterings like wr — 7w, wrm — 7 etc. as well as the decay w — 3,

proceeding through p-exchange are effectively accounted for in the imaginary part.

5.2 Baryonic loops

The internal lines in these loops contain a nucleon N and a baryon B which represents
several spin one-half and three-half 4—star resonances. Here B stands for the N*(1440)
N*(1520), N*(1535), N*(1650), N*(1720) resonances as well as the N(940). For baryon
loops, the expression of w self-energy is exactly same as Eq. (4.14) and (4.15) where we
have to keep in mind the resonances B which we are considering here. In the time-like
region, the total contribution from the baryon loops is given by

Sk

2

W) [N g 1(q - b = —

Im I (qo, G
(%0, 9) 167|q] Jat,

Hni(@n) = ny (Wp = qo + @n)}
FI (k= 22 {0 @x) + 0 (@5 = a0 + SW))BS)

2
where the notations are same as previous chapter i.e. % = %(—qo + |dWn), Wn =

1— 4q2 m?\,

- and S% = ¢*> — m% + m3. Here the unitary cut region in time-like domain,

being far from the w pole, can be negligible in the contribution to the w spectral function.
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The real part of the self-energy is obtained by the same technique as done for p
self-energy.
To include width of the resonances like the previous analysis, we have adopt the same

convolution procedure [100] i.e.

Mg, ms) = /mBmB M1 ! Mg(g, M)  (5.9)

, M = X —1lm A , )

in vy = [ " ant ! AT 5(M) = Do nn (M) T 55, (M
s v /mB—2FB e mp + %FB<M> and I'p(M) = Tpona (M) +T 5o v, (M);

M = +/¢>.
Now to calculate L*’s we have to first calculate the w/NB vertices which can be

obtained from the interaction Lagrangians [105]

ol 92 v 1T
L = —[plgr — %Ouuaw)wNw“+h-C-] JE = 5
1A 92 v 1~
L = Z[¢375(g1w - %Uuuaw)wqu—Fh.c.] Jg =3
L o= <"y (Lo i P ge i B 90y (02 0, — 07O )W + hec J§:§+
2my 4m3; 4m3, e K 2
L= (2" i 220+ i 05) (92 Oy — 02O Yo + hec] gr_3
BYomn Am2, N T Tam3, e e w B9
(5.10)

where o = %[7“7” —y#] and O, = g — i%ﬂv is the off-shell projector contracted
with the vertices containing spin 3/2 fields [99] which contributes only when it is off the
mass shell. The values of all the coupling constants in the w N B Lagrangian are taken

from Ref. [105, 110] and are given below in Table (5.1).

For spin %i resonances the tensor L*(k,q) is given by

L (kq) = ~trl(g* + i5—0"ga) (F + Pmx) (907" = i5o—0"qa) (k + cuf +mi)]
2my 2my
(5.11)
where sign function €; has been used to generalize the two possible diagrams for baryon

loops as done in previous chapter.

Considering only the four-dimensionally transverse part of the self-energy we have

o = 4(2ij)2[(1€2 — a(q- k) + bmymp) A" + 2B™] (5.12)
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B JP g1 g2 g3
N(940) | 17| 419 |-079 | -
N*(1440) | 17| 153 | -4.35 | -
N*(1520) | 37 | 3.35 | 4.80 |-9.99
N*(1535) | 27 | 3.79 | 6.50 | -
N*(1650) | 5 | -1.13 | -3.27 | -
N*(1720) | 3" | -6.82 | -5.84 | -8.63

Table 5.1: Table showing the coupling constants of wN B vertex where B stands for
various resonances considered.

where A* BM are gauge invariant (transverse) tensors (defined in previous chapter).

For spin %i resonances
LM (k,q) = —tr[VF(F + Pma )V (F + a1 + mp) Kpa) (5.13)

where V#® = Vi** 4 ¢V for the off shell projection operator O, = g + ¢y, (e

c=—1) with
« g1 a a 92 a « g3 2 no o
yHe — _IL (gope kgl _ Rk _ 93 poe
i 2mN(¢ig Yq*) + 4m?v{(q )g q“} 4m?v(q 9" = q"q*)
@ g1 @ «@ g2 « « g3 2 « @
VHe — z — Ak k) — gk} — H - .
S = oY (Y — ") + ! {v*(q- k) — gk*} ) ("™ — 49”)
(5.14)

Considering all three coupling constants L* is given by

v 91 \o v 92 \2 v 93 oy, 91 92 ;. 91 93 ;. 92 93 v
L = L L L
(QmN) 11 +(4m?\/) 22 (4m?\/) 33+2mN am?, 12+2mN am3, 1 +4m%\/ am3,
(5.15)
where

L = (o) + cogs + Eass) A + (B + cBf + EB57) B + (i) + iy + 5 ) C* (5.16)
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Figure 5.2: Left: The upper panel shows the contribution of the N N*(1535) loop where
the result in the narrow width approximation is indicated by the dotted line. The lower
panel shows the contribution of other NB loops. Right: The corresponding results for
the real part.

with six possible sets of ij (ij = 11,22,33,12,13 and 23). The expression of all the

coefficients are provided in Appendix.

5.3 Results and discussion

We now present the results of numerical evaluation. We start with the spin-averaged
self-energy function. In Fig. (5.2) we plot the imaginary and real parts of w self-energy
for vanishing three-momentum in the left and right panels respectively. The contribution
of the NN*(1535) loop is observed to play the most significant role primarily due to the
strong coupling of this resonance with the w/N channel and is shown separately in the
upper panels. The effect of folding by the spectral function of the resonances denoted by
B is also shown where the smoothing of the sharp cut-off in the imaginary part defining
the end of the Landau cut is clearly observed in the upper panel on the left. In the
lower panels showing the contribution of the other loops the effect of the N % (1520) is
seen to be significantly more than the others. In the left and right panels of Fig. (5.3)
we have shown the imaginary and real parts of w self-energy for ¢ = 300 MeV. Here
the transverse component II; is shown along with ¢? times the longitudinal component
(note that TI; = ¢°TI; for ¢ = 0). As before, the N*(1535) makes the most important
contribution and is shown separately in the top panels.

Plotted in the left panel of Fig. (5.4) is the spin averaged w self-energy from the pm
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Figure 5.3: Imaginary (left) and real (right) parts of w self energy for the NB loops
with three-momentum ¢ = 300 MeV. Solid and dotted lines stand for transverse and
longitudinal part of the self energy respectively.
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energy for mesonic loop with and without the convolution with the p spectral function.
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w self energy for meson and baryon loops.
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Figure 5.5: Left: The w spectral function showing individual contributions due to
mesonic and baryonic loops. Right: The region close to the w pole.

loop. The effect of folding the pm self-energy with the p width is clearly visible in the
upper panel by the solid line which shows a finite contribution at the w pole instead
of a vanishing contribution in this region when this folding is not done, as shown by
the dashed line. This is because the w pole lies in between the Landau and unitary cut
thresholds at ~630 and ~910 MeV respectively. On the right panel is shown the total
contribution from the meson and baryon loops for two values of the baryon chemical
potential. A noticeable contribution is seen in the imaginary part below the nominal
w mass. In the lower panel is shown the real part where the meson and baryon loops
provide a negative and positive contribution respectively at the w pole which will be
manifested in the spectral function.

We now show the results for the spin averaged spectral function of the w. In Fig. (5.5)
we show the contributions of the different loops to the spectral function. To bring out
the relative strengths at low invariant masses a logarithmic scale is employed in the left
panel. The dashed line represents pm loop in which the Landau cut contribution falls off
in the vicinity of M = m,—m, and then increases as the unitary cut contribution builds
up. The Landau cut contributions from the baryonic loops, shown by the solid and dash-
dotted lines, however dominate in the region below the w mass. We now concentrate
on a small M range around the w mass in the right panel of Fig. (5.5). In tune with
the real part of the self-energy shown in the lower right panel of Fig. (5.3), the peak
shifts a little to the left for the meson loop in contrast to the situation when baryonic

contributions are added. The slight increase in mass in this case is also accompanied
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Figure 5.6: The spectral function of w for different values of ug (left) and 7' (right)

by a larger imaginary part causing more suppression of the spectral strength at the
peak. Next we plot the spectral function for different ug and T in the left and right
panels of Fig. (5.3) respectively for M close to the w mass. As before, the small positive
thermal mass shift of the w increases with pp and T'. The corresponding decrease of the
w-spectral function at the peak representing the enhancement of width with increasing
up and T is also seen.

In view of the fact that the p and w peaks are close to each other it is worthwhile to
compare their relative spectral strengths below their nominal masses. We have plotted
the w spectral function at two values of the chemical potential along with that of the
p which has been recently calculated in Ref. [88]. The sharp peak of the w is stands
out against the smooth profile of the p. The characteristic 27 and 37 thresholds for the
p and w in the vacuum case are also visible. Though the spectral strength of the w is

lower than the p they do have a sizable contribution in the region below ~700 MeV.

5.4 Appendix

The values of the coefficients for each set are given by

8
o} = g [(K*mi + bmymiy — k%) — a(g- k)(2k” + ¢* + 2a(g- ¥))lg®
B

8
= 3w I+ mi - alg k)]

2

8
o = 437[me71135§ — alq- k) (S} + 3a(g- k) — 2bmymp)]q®
B
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. 8
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. 8
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B
cc 8
11 = 437”213 [2{k* — m% + 2a(q- k)}]
cC 8
Y1 = 43m2 [2]
B

(5.17)

8
by = [{k* — bmymp + a(q- k) }m3)

3m%
8 = gy [+ b — alg- )
55— oy b (% -+ 2a(a- 1)
5 = grlale DSk + 2ala- b)Y
5 = gz — b5} + 2a(g- D)

(5.18)
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8
a?g - 3m?2 [(k?Q + (12 + sz — 2bmyxmp)(q- k) + aq2(k‘2 — 2memB)]mBq2
B

8
8 = g [—ams’]
8
0% = 2 [{(2mp — bmy) (a- b) — abmyg*HS% + 2a(a- B)H?
B
8
afy = 4@[{(2””% —bmy)(q- k) — abmng*}H{SK + 2a(g- k)}]g”
B
(5.21)
0 = 2 [k = 2oy + alg- K (g: K
B
8
A8 = 2 [—a{I? — 2mymp + alg- b))
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ag; = 2@[—memB(Q' k){S% + 2a(q- k) }¢?
B
Va5 = 2%[—61{512\[ + 2a(q- k)}]
8
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23 = 2%[‘“‘{5]2\7 + 2@(51' k’)}]qz

The rest of the coefficients are zero.
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Chapter 6

Probing strongly interacting matter
by dileptons

It is well known that dileptons are excellent probes to study the local properties of the
transient form of matter produced in nuclear collisions at ultra-relativistic energies as
they leave the system almost unscathed after production. In the low invariant mass
region, which we study in this chapter, the rate of dilepton production is controlled by
the spectral functions of the vector mesons, specially the p and hence the modification
of the p spectral function determines the yield of lepton pairs in this region. The
broadening of the vector meson spectral functions leads to an enhancement of lepton
pair production in the invariant mass region below the p peak. The effect of the evolving
matter is handled by relativistic hydrodynamics. The time information in the invariant
mass spectra of dileptons is also displayed explicitly in [112] using the invariant mass
dependence of the elliptic flow of lepton pairs.

The rate of production of thermal dileptons is proportional to the two-point correlator
of vector currents [113] which is intimately related with vector meson spectral function.
Consequently, the spectral properties of vector mesons, the p meson in particular has
been a subject of intense discussion [37, 114, 16, 38].

In previous chapters (Ch.4 and Ch.5) we have extensively discussed about the in-
medium spectral properties of p and w. In this chapter we first go through a brief
formulation which shows how the neutral vector meson (p, w, ...) spectral function is
proportional to the dilepton production rate from hadronic phase. Then using those
spectral functions we have calculated dilepton yields as a function of invariant mass as

well as transverse mass (or momentum). The static rate of dilepton production is then
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evolved in space and time from formation to freeze out in order to get the final dilepton
yield which can be compared to experimental data. As indicated in introduction, a large
no of theoretical attempts [115, 116, 117, 118, 119, 120, 121, 122] have been made to
study the low mass dilepton spectra in heavy ion collisions. Their efforts have suggested
that medium effects play a very important role and a careful and detailed analysis of low
mass vector meson spectral function is necessary. In this chapter we will evaluate the
dilepton spectra from heavy ion collisions at SPS, RHIC and LHC energies and show
how medium effect of the p and w mesons lead to an excellent agreement with NA60

data.

6.1 Formalism of dilepton emission rate

Let us consider an initial state |I) which goes to a final state |F") producing a lepton pair
[T1~ with momenta p; and p, respectively. The dilepton multiplicity thermally averaged
over initial states is given by [123, 124]

. 4 —BEr d? dsp
N = F it |ef ) Cimdte py 128 P1 2 6.1
;;K e IN'—Z (27)32E; (27)32Es (6.1)

where Z = Trle "] and Lin = ety (x)y,40(x) A*(x) +eJ ) (x) A*(z) in which ¢y(x) is the
lepton field operator and J [j(x) is the electromagnetic current of hadrons. Following [113,

123, 114] this expression can be put in the form

dN o?

Jigdiz gt (M) fop(@0)9" Wi (40, @) (6.2)

where the factor L(M?) = (14 2m?/M?) (1 — 4m?/M?)"/? is of the order of unity for
electrons, M (= 1/¢?) being the invariant mass of the pair and the electromagnetic (e.m.)

current correlator W, is defined by

Woulao,d) = [ d'z e (7" (), 5" (0)) (63)

Here J5™ () is the electromagnetic current and () indicates ensemble average. The rate
given by eq. (6.2) is to leading order in electromagnetic interactions but exact to all
orders in the strong coupling encoded in the current correlator W,,. The ¢* in the
denominator indicates the exchange of a single virtual photon and the Bose distribution

implies the thermal weight of the source.
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In the QGP where quarks and gluons are the relevant degrees of freedom, the W, can
be directly evaluated by writing the hadron current in terms of quarks of flavor f i.e.

J[} =>re€ fﬂffyuwf. Confining to the leading order contribution we obtain

3¢° 2 4myg
W = ——— 1—-—1). 6.4
W = 5L S0 ) (6.4

The rate in this case corresponds to dilepton production due to process qg — v* — [T1~.
To obtain the rate of dilepton production from hadronic interactions it is convenient to

break up the quark current J, ;]Z into parts with definite isospin

1 - 1 -
J) = 5(’&%14 — dy,d) + 6<ﬂ%u +dy,d)+ -
_ gV g8
= J, +J,+-

— 0T34 (6.5)

where V' and S denote iso-vector and iso-scalar currents and the dots denote currents
comprising of quarks with strangeness and heavier flavors. These currents couple to
individual hadrons as well as multi-particle states with the same quantum numbers
and are usually labeled by the lightest meson in the corresponding channel [125]. We
thus identify the isovector and isoscalar currents with the p and w mesons respectively.

Defining the correlator of these currents Wﬁ,;‘”*¢ analogously as in (6.3) we write,

Wi = W2, + W /94 .. (6.6)

v

The correlator of vector-isovector currents W}/, have in fact been measured [126] in
vacuum along with the axial-vector correlator by studying 7 decays into even and odd
number of pions. The former is found to be dominated at lower energies by the prominent
peak of the p meson followed by a continuum at high energies. The axial correlator, on
the other hand, is characterized by the broad hump of the a;. The distinctly different
shape in the two spectral densities is an experimental signature of the fact that chiral
symmetry of QCD is dynamically broken by the ground state [127]. It is expected that
this symmetry may be restored at high temperature and/or density and will be signaled
by a complete overlap of the vector and axial-vector correlators [128].

In the medium, both the pole and the continuum structure of the correlation function

gets modified [114, 92]. We will first evaluate the modification of the pole part due



91

to the self-energy of vector mesons in the following. Using Vector Meson Dominance
the isovector and scalar currents are written in terms of dynamical field operators for
the mesons allowing us to express the correlation function in terms of the exact(full)
propagators or the interacting spectral functions of the vector mesons in the medium.
To reach that goal we have to specify the coupling of the currents to the corresponding

vector fields. For this purpose we write, in the narrow width approximation [125],
(0]J™(0)|R) = Frmge, (6.7)

where R denotes the resonance in a particular channel and ¢, is the corresponding
polarization vector. The coupling constants Fr are obtained from the partial decay
widths into ete™ through the relation

3mRFR%6+6_

F2 = (6.8)

4dra?
yielding Fr=0.156 GeV, 0.046 GeV and 0.079 GeV for p, w and ¢ respectively. Eq. (6.7)

suggests the operator relations
Jh(x) = E,mp,VE(z), J(x)=3Fm,V;(z) etc. (6.9)

where Vlf(“’) (x) denotes the field operator for the p(w) meson. So using the above rela-
tions connecting currents to fields (so-called field-current identity), the current commu-

tator become

W = 3 Fimd [dwer=(Vi(2), V)

R=p,w,..

= > FpmpAy(q.q)

R=p,w,..
—R
= 2¢(qo) Z Fém%ImDW(qO,(j’) (6.10)
R=p,w,..

R

where A, are the spectral functions of corresponding vector meson resonances (R) and

ﬁfy is the diagonal element of the thermal propagator matrix. The connection between
these two quantities have already been discussed in Chapter 2 (see Eq. 2.97). The form
of the diagonal element of the exact thermal propagator matrix for the spin 1 particle

has been obtained in section 1.3 by using the Dyson equation. From Eq. (2.120) we get

the @fy which is the transverse (four dimensional) part of ﬁfy. So

—R _ ~R q.9v
D;,LV(Q) - GMV_ qgm%
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P v v 2 14
_ “ Qu/a L (6.11)

@ —m% —1L(q) ¢*—m%—q¢I(q) ¢?m}

The imaginary part is then put in egs. (6.10) and then in eq. (6.2) to arrive at the
dilepton emission rate [129, 130]

dN o?

Gt = S L) ) [P, a0, @)+ B2t Ao @4+ (612)

where e.g. A,(= —g“"Imﬁﬁy/B) is given by

A, =1 25, ImlI - ¢ X Il ; ]
3 [(¢* =m2 — X Relli*)? + (X ImlIH)? (g2 —m2 — ¢* X Rell}')? + ¢* (3 ImII})?
(6.13)
the sum running over all mesonic and baryonic loops.
As indicated earlier, coupling of the hadronic current to multi-particle states gives rise to
a continuum structure in the current correlation function W#”. Following Shuryak [125]

we take a parameterized form for this contribution and augment the dilepton emission

rate with
dN o?
= _3L<q2>fBE(QO) Z AP (6.14)

diqd*z 7 e
where
1 O 1

Acont —— (1 _)
¢ T8 U T E ) T expleo — 00)/0
with wy = 1.3, 1.1 GeV for p,w and § = 0.2 for both p and w. The continuum contribution

(6.15)

for the w contains an additional factor of %.

Thus, the dilepton emission rate in the present scenario actually boils down to the
evaluation of the self energy graphs of p and w, which we have explicitly evaluated in
previous chapters as a function of gy, ¢, temperature (7) and net baryon density (pg).
Using those functions in the Eq. (6.13) we can get a numerical estimation of dilepton

static rates.

6.2 Rate of dilepton production

First we have plotted in Fig. (6.1), upper panel the relative contributions from the cuts
in the m — h loops keeping only one of them at a time. The unitary and Landau cuts for
the m,w, hy and a; are seen to contribute with different magnitudes for different values of

the energy and three momenta of the off-shell p. In the time-like region, in the vicinity of
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the (bare) rho mass the imaginary part of the self energy from a particular loop receives
dominant contribution from only one of the cuts. The m — 7 loop for example, has only
the unitary cut and this contributes most significantly to dilepton emission near the p
pole. In contrast, the Landau cut contribution from the 7 — w loop is dominant up to
about 400 MeV. Since this cut ends at M = m, — m, and the unitary cut starts at
M = m,, + m, there is no contribution at the p pole. The Landau cut for the m — a;
self-energy extends up to about 1100 MeV and makes a substantial contribution both
at and below the p pole. The unitary cut starts at a much higher value of M and
hence does not make a significant contribution to the p spectral function. We also show
the effect of convolution over the width of the a; as discussed above. As expected, the
contributions from the Landau and unitary cuts are now joined by a continuous line, the
boundaries being smeared out due to the substantial width of the a;. While analyzing
the different contributions one must keep in mind that the total contribution from the
different loops to the spectral function is not a linear sum of the individual contributions
as is clear from the definition given in Eq. (6.13). This is seen in the lower panel where
the cumulative contribution to the lepton pair yield is shown for the 7 — 7 and © — h
loops. Also shown is the enhancement in yield obtained by including baryons at ug =

30 MeV for RHIC energies.

By adding our w spectral function (from Chapter 5) with the p one, a complete in-
medium effect in low mass dilepton rate is shown in the right panel of Fig. (6.1). Here
the sharp peak of the w resonance in vacuum has almost been dissolve in the p-profile at
finite temperature. A significant enhancement is seen in the low mass lepton production
rate due to baryonic loops over and above the mesonic ones shown by the dot-dashed line.
The substantial contribution from baryonic loops even for vanishing chemical potential
points to the important role played by antibaryons in thermal equilibrium in systems
created at RHIC and LHC energies. In that panel we have also shown the thermal

dileptons contribution from the source of QGP.
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Figure 6.1: Left : Upper panel shows contributions from the discontinuities of the self-
energy graphs to the dilepton emission rate at T'= 175 MeV and up = 30 MeV. L and
U denote the Landau and unitary cut contribution. Lower panel shows contributions
from the mesons and baryons. Right : The dilepton emission rate from different sources-
QGP (dash double dotted line), mesonic interaction (dash dotted line) as well as total
(meson + baryon) hadronic interaction (dashed line) at 7' = 175 MeV and ug = 0 MeV.
Total hadronic interaction at different chemical potential, ug = 250 MeV (solid line)
and its vacuum contribution (dotted line) are also shown

6.3 Space time evolution

Total yields is obtained by integrating the rate of dilepton emission from a fluid element

at ' = (t,7) at local temperature T(x“) and baryon density (ug(z)) over d'x i.e.
e = A G B T () (6.16)
where

q"u,, = Mpyrcosh(n —y) — qryrv.cose
and d*q = dM*nqpdqrdy (6.17)

The space time dependence of the fluid velocity u*(x) and temperature T'(z) can be

obtained by by solving the the energy momentum conservation equation
2, T" =0, T" = (e + P)u'u” + g"'P (6.18)

where € is the energy density and P is the pressure in the frame co-moving with the
fluid. With the assumption that the system undergoes a boost-invariant longitudinal
expansion along the z-axis [131] and cylindrically symmetric transverse expansion, the

hydrodynamics equations (6.18) reduce to

1 1
0.T + =0,(rT) + =(T™ +P) = 0
r T
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1 1
O, T + =0,[r(T" + Py}] + =T" + 9,P = 0 (6.19)
r T

In the set of hydrodynamic equations (6.19), the number of unknown variables exceeds
the number of equations by one. This set of equations are closed with the Equation of
State (EoS); typically a relation between the pressure P and the energy density e. It is
a crucial input which essentially controls the profile of expansion of the fireball. In order
to check sensitivity with the equation of state (EoS), we have considered two scenarios:
(a) hadronic resonance gas (HRG) with all hadrons up to mass 2.5 GeV for the hadronic
phase along with a bag model EoS for the QGP phase and (b) EoS obtained from lattice
QCD calculations (LQCD) [132].

One of the most important parameters that go into the space-time evolution are
the values of the initial temperature and the thermalisation time. In case of isentropic
expansion the experimentally measured hadron multiplicity can be related to the initial

temperature and thermalisation time by the following equation [133] :

2 AN 3y (6.20)

T (bm)7: = 45{(3)WR?44ak<d—y( "

)

where (dN/dy(by,)) is the hadron (predominantly pions) multiplicity for a given cen-
trality class with maximum impact parameter b,,, R4 is the transverse dimension of
the system and ay is the degeneracy of the system created. The initial radial velocity,
v, (7, 7) and energy density, €(7;, ) profiles are taken as [134], v.(7;,7) = 0 and €(7;,7) =
€0/ (e% + 1) where the surface thickness, § = 0.5 fm. The hadron multiplicity resulting

from nucleus-nucles (A-A) collisions is related to that from proton-proton (pp) collisions

at a given impact parameter and collision energy by

AN AN,

(d—y(bm)> = [(1 = ) (Npart (b)) /2 + 2(Neott (bm))] a0y (6.21)

where z is the fraction of hard collisions, (Npe-t) and (Ne.) are the average numbers of
participants and collisions respectively evaluated by using Glauber model. dNIf;} /dy =
2.5 — 0.25[n(s) + 0.023In?s, is the multiplicity of the produced hadrons in pp collisions
at center of mass energy, /s [135].

For the space-time picture, we thus work in the following scenario. An equilibrated
QGP is formed at initial temperature (time) 7;(7;), the system then cools due to expan-

sion and when the temperature reaches T, it undergoes a phase transition from QGP
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to hadrons. After the completion of the phase transition the hadronic matter cools
and eventually freezes out first chemically at a temperature 7., and then kinetically at
a temperature Tr. The transition temperature is taken as T, ~ 175 MeV. The other
inputs which goes into the calculations are chemical (Ty,) and kinetic freeze-out (Tr)
temperatures. The kinetic freeze-out in the system occurs when both the elastic and
in-elastic collisions stop 1.e. the freeze-out takes place when the collectivity in the system
ceases to exist. The value of Tx can be constrained from the hadronic py spectra [136].
In the present work we take T = 120 MeV which reproduces the pr spectra of pions,
kaons reasonably well [137]. The ratios of various hadrons measured experimentally at
different |/syy indicate that the system formed in heavy ion collisions chemically decou-
ple at T, which is higher than T [138]. Therefore, the system remains out of chemical
equilibrium from Ty, to Tr. The deviation of the system from the chemical equilibrium
is taken in to account by introducing chemical potential for each hadronic species [139].
The chemical non-equilibration affects the yields through the phase space factors of the
hadrons which in turn affects the productions of the EM probes. The chemical potential,

p; for the hadronic species j as a function of 7" have been taken from Ref. [140]:

s(T{ps3)  s(Ten, {ny} = 0)

where n; is the density of hadron j contains direct as well as contributions from resonance
decays. The p; is a function of T' and it vanishes at T' = Ti, (= 170 MeV here).
Therefore, the space time evolution of j; is dictated by the evolution of 7". The chemical
potentials of pions, w, hy, ai, ¢ and proton enters through their thermal distributions as
a fugacity factor. The values of the respective chemical potential at the kinetic freeze-
out temperature, Tr = 120 MeV are p, = 68 MeV, u, = 179 MeV, up, = 204 MeV
ta, = 204 MeV, py = 252 MeV fiproton = 258 MeV. Now we will discuss about numerical
results of dileptons for different center of mass energy (1/s). In space time evolution,
only initial conditions will be different which are tabulated in (6.3) for SPS, RHIC and

LHC energies.
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Figure 6.2: Dilepton invariant mass spectra for different pr-bins compared with the

NAGO data.
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\/g A-A Ti TZ

SPS | 17.3 GeV | Pb-Pb | 0.6 fm/c | 280 MeV

RHIC | 200 GeV | Au-Au | 0.2 fm/c | 320 MeV

LHC | 5.5 TeV | Pb-Pb | 0.1 fm/c | 756 MeV

Table 6.1: Initial time (7;) and temperature (7;) for different center of mass energy (1/s)
of nucleus-nucleus (A-A) collision.

6.4 Results
6.4.1 At SPS Energy

We have obtained the dimuon yield (dN/dM) in In-In collisions at SPS at a center of
mass energy of 17.3 AGeV. The initial energy density is taken as 4.5 GeV/fm? cor-
responding to a thermalisation time 7; = 0.7 fm. In Fig. (6.2) we have shown the
invariant mass spectra for different transverse momentum (pr) windows. The theoret-
ical curves agree quite well with the experimental data [36] for all the py ranges. The
strong enhancement in the low M domain is clearly due to the large broadening of the
p in the thermal medium which comes entirely from the Landau cut in the self-energy
diagrams. In the last panel we also plot for comparison the spectra calculated in [141]
where the self-energy due to baryons has been evaluated following the approach of [80].
It is seen that this approach depicted by the dashed curve does not produce the required
enhancement to explain the data in the range 0.35 < M < 0.65 GeV.

6.4.2 At RHIC Energy

Assuming 10% hard (i.e. z = 0.10) and 90% soft collisions for initial entropy production
the value of dNg//dy turns out to be about 2.43 at /s = 200 GeV. For RHIC energy,



99

10° T T T T T T T T — e B e e e S D S e |

++++ HM vacuum
— HM medium

— totLQCD
<= totHRG
—- QM LQCD E

.... QM HRG 3
— . freezeout LQCD| J
- freezeout HRG | -

T 4l LN ——
3 W0°F Z10°E-" " T T T T~
S F O F T~
N T R e N T~
s t s '.'/‘-.\.\.\
3 . 2 4
3 10'E > s \
S E o° 4
E 10 Vs \ ~. 3
£ P N 3
t - RN o d
5 - N -]
0°F E < N\
F 5L / N\ -
10°E 4 N\
E 7
10° | 1 1 | | 1 1 WA 1 1 1 1 N | 1
0.2 0.4 0.6 0.8 1 12 14 0.2 0.4 0.6 0.8 1 12 14
M [GeV] M [GeV]

Figure 6.3: Left : invariant mass distribution of dileptons from hadronic matter (HM)
for modified and unmodified p meson. Right : Freeze out, QGP and total contribution
for EoS (a) HRG (dash-double dotted, dotted and dash-dotted lines) and EoS (b) LQCD
(long dashed, dashed and solid lines) at RHIC energy.

we take T; = 320 MeV with initial time 7, = 0.2 fm/c which acts as inputs to the

hydrodynamic evolution.

For studying thermal dileptons at the RHIC energy (as well as the LHC energy) we
have included the vacuum spectral function of ¢ meson because its mass appears at a

boundary between quark and hadronic sources of dileptons.

We begin by plotting the space-time integrated invariant mass spectra of dileptons.
In the left panel of Fig. (6.3) we plot the yield of lepton pairs from the hadronic matter
(HM), evaluated with and without the modified p spectral function for RHIC energy.
The enhancement in the region 0.1 < M < 0.7 GeV is purely a medium effect and is
a contribution from the Landau cut of the meson and baryon loops. In contrast, the
vacuum spectral function naturally starts from the 2m, threshold coming from the unity
in the unitary cut contribution. The (small) kink at 0.42 GeV in this curve is due to
the 3m, threshold for w production. The enhancement in the yield due to medium
effects is ~ 20 for M around 400 MeV. In the right panel of Fig. (6.3), we have shown
the dependence of the yield from the two phases on the EoS. Dilepton radiation from
hadronic phase outshines the emission from quark matter for M up to ¢ mass. Since
the internal loops of p self energy contains a;m and wm interactions we ignore the four
pion annihilation process [142] to avoid double counting. The contributions from quark
matter phase dominates over its hadronic counter part for both the EoS for M beyond ¢-

peak. This fact may be used to extract various properties i.e. average flow, temperature
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Figure 6.4: Left : the dilepton yield plotted against My — M,, for different M windows
for RHIC initial conditions. Right : corresponding T.¢; for different values of the M-
bins. The dashed line is obtained by setting v, = 0.

etc. of quark matter and hadronic matter by selecting M windows judiciously. The
dilepton yield from hadronic matter is observed to be larger when the HRG EoS is
employed in comparison to LQCD. This can be understood in terms of the velocity of
sound vs(= dP/de evaluated at constant entropy) which controls the rate of expansion.
For EoS of the type (a) vs ~ 1/3 in the QGP phase which is larger than the value of the
corresponding quantity for EoS of the type (b). Therefore, the rate of expansion in the
scenario (b) is comparatively slower, allowing the QGP to emit lepton pairs for a longer
time resulting in greater yield for LQCD EoS. In contrast, for the EoS (a), the lower
value of v, for the hadronic phase results in a slower cooling and hence a larger yield.
Also shown for comparison is the yield from the decays of p mesons at the freeze-out for
the two types of EoS used. The yield from this source is much smaller and we will not

consider it any further.

Since the invariant mass spectra is invariant under flow we now turn to the Mp(=
\/M) spectra to study this aspect. The left panel of fig. 6.4 shows the My spectra
of lepton pairs at RHIC energies. Here the differential yield is integrated over small bins
of the pair invariant mass (from M; to Ms) and plotted against My — M,, which is
actually a measure of the kinetic energy (KE) of the pair, M,, being the average mass
(= [My+Ms)/2) of the bin. The average value of My for a static system at a temperature
T is given by (Mp) ~ M + T. Therefore, the average KE ~ T, is the slope of the Mrp
distribution. Initially, the entire energy of the system formed in HIC is thermal in

nature and with progress of time some part of the thermal energy gets converted to the
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collective (flow) energy. In other words, during the expansion stage the total energy
of the system is shared by the thermal as well as the collective degrees of freedom.
As a consequence, unlike the invariant mass spectra the My (or pr) spectra is heavily
influenced by the collective flow and the average KE or the inverse slope may be written
as Tog = T + 1/2M,,v?, where v, is the average radial flow velocity. The My spectra of
dileptons for various M-bins have an exponential nature, the inverse slope providing an
effective temperature T.g. It is important to mention at this point that for a radially
expanding system the T,z has an explicit (linear) M dependence as mentioned above.
However, it has also an implicit M dependence even when v, = 0 (i.e. with longitudinal
expansion only) because it is expected that the high (low) M pairs predominantly emit
from the high (low) temperature or early (late) time zone. For a radially expanding
system the M dependence of inverse slope is stronger than for a system which expands

longitudinally only.

In the right panel of Fig. (6.4) we have plotted the effective temperature versus
M,, for various mass windows of the lepton pairs at RHIC energies, evaluated with
the in-medium spectral function of the vector mesons. Also shown by a filled square
is the value of T.g for the vacuum case in the window 0.4 < M < 0.6 where there is
substantial difference between the yields in free and medium cases as seen in the left
panel of Fig (6.3). The slope of these curves measure the average temperature and the

flow of the matter.

Let us try to understand the non-monotonic variation of the inverse slope with M,,
depicted in the right panel of Fig. (6.4). In the right panel of Fig. (6.3), it is shown that
the high M (above ¢ peak) pairs originate predominantly from the partonic source and
the low M (below p mass) domain, although outshine by the radiation from hadronic
source, contains non-negligible contributions from quark matter i.e. the low M region
contains contributions both from the hadronic as well as QGP phases. Now, the collec-
tivity (or flow) in the system does not develop fully in the QGP because of the small life
time of this phase which means that the radial velocity extracted from the high M re-
gion is small. Here the temperature decreases mainly due to longitudinal expansion and
consequently, the effective slope decreases slowly with decreasing M,,. In contrast, the

lepton pairs with mass around p-peak almost totally originate from the hadronic source
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(which appears in the late stage of the evolving system) and are significantly affected
by the flow resulting in higher values of v, and hence a higher T.g. At still lower values
of M, v, cannot be as large despite the substantial medium induced enhancement of
the hadronic sources since this domain also contains contribution from the QGP. For a
hadronic source with vacuum properties the yield in this region in M will be entirely due
to emission from quark matter and the value of v, will be much lower. Thus the values
of v, for M below and above the p-peak are smaller compared to the values around the
p peak even in the presence of medium effects, resulting in the non-monotonic behavior
as displayed in the right panel of Fig. (6.4) for 0.5 < M(GeV) < 1.3.

The slope of the My spectra is connected with the average collective flow. It is well
known that the average magnitude of radial flow at the freeze-out surface can be ex-
tracted from the pr spectra of the hadrons. However, hadrons being strongly interacting
objects can bring the information of the state of the system when it is too dilute to sup-
port collectivity i.e. the parameters of collectivity extracted from the hadronic spectra
are limited to the evolution stage where the collectivity ceases to exist. These collective
parameters have hardly any information about the interior of the matter. On the other
hand the dileptons are produced and emitted from all space time points. Therefore, the
value of v, estimated from the dilepton spectra will be lower than the value extracted
from the hadronic spectra [36]. Indeed, the values of v, estimated from the slopes of the
curve is 0.25 for the M domains 0.5 < M (GeV)< 0.77. This value is much smaller than
the value of v, extracted from the hadronic spectra [143]. The dashed line in the right
panel of Fig. (6.4) is obtained by setting v, = 0. The results indicate that the observed
(solid line) rise (for 0.5 < M (GeV)< 0.77) and fall (for 0.77 < M (GeV)< 1.3) are
due to radial expansion of the system. However, the rise in large M domain is due to
cooling of the system due to longitudinal expansion - which is described as the implicit

M dependence of T,g above.

6.4.3 At LHC Energy

At LHC the measured values of dNIfg/dy for /snn = 900 GeV, 2.36 TeV and 7 TeV
are 3.02, 3.77 and 6.01 respectively [144]. The value dNZ'/dy at /sxy = 5.25 TeV

is obtained by interpolating the above experimental data mentioned above. Assuming
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Figure 6.5: Left : QGP and total contribution for EoS (a) HRG (dotted and dash-
dotted lines) and EoS (b) LQCD (dashed and solid lines) at LHC energy. Right : T,y
for different values of the M-bins for LHC conditions which are extracted from the
corresponding Mt spectra. The dashed line is obtained by setting v, = 0.

x = 0.2 in Eq. (6.21) we obtain dN/dy = 2607 in Pb+Pb collision for 0-10% centrality.
For 7; = 0.1 fm/c we get T; = 756 MeV.

The invariant mass spectra of lepton pairs is displayed for LHC initial conditions in
Fig. (6.5). Although, the results are qualitatively similar to RHIC, quantitatively the
yield at LHC is larger by an order of magnitude, primarily because of the large initial
temperature. This enhancement is also seen in the transverse mass distributions of the
lepton pairs at LHC.

Following the same procedure as done for RHIC energy, we have extracted the values
of T.g for different mass-bins from the corresponding My spectra. The values of T.g for
various M-bins are larger than RHIC because of the combined effects of large initial
temperature and flow. In fact the value of v, for 0.5 < M(GeV)< 0.77 is ~ 0.52. The
radial flow in the system is responsible for the rise and fall of Tog with M, (solid line)
in the mass region (0.5 < M(GeV)< 1.3) because for v, = 0 (dashed line) a completely
different behavior is obtained. This type of non-monotonic variation of Ty (or v,) can
not be obtained with a single dilepton source [145]. Therefore, such non-monotonic
variation of the inverse slope deduced from the transverse mass distribution of lepton
pairs with average invariant mass is an indication of the presence of two different phases
during the evolution of the system. Thus, such variation may be treated as a signal of

QGP formation in heavy ion collisions.



Chapter 7

The spectral function of nucleons

Heavy ion collisions provide an opportunity to investigate particle propagation through
strongly interacting media. However, only the vector mesons, particularly the p, can
at present be studied directly by detecting dileptons, into which they decay in the hot,
dense media. The media created by these collisions consist, in general, not only of
mesons, but also of nucleons. Thus the effects of both mesons and nucleons on the
vector meson spectral functions have been extensively studied in the literature [37]. For
a more complete picture, the self-energy of nucleon itself need be investigated [146, 147,
148, 149, 150, 151, 152]. The nucleon self-energy function also determines the equation
of state of nuclear matter [153]. Here we have gone through a thermal field theoretical
studies in real time formalism to see the in-medium properties of nucleon in hot and
dense matter. We have evaluated one loop nucleon self-energy at finite temperature and

baryon chemical potential (1) where 7N and A are taken as intermediate states.

7.1 Formalism
7.1.1 Expression of spectral function

We are starting our discussion from the Dyson’s equation to get the interaction picture.
The Dyson’s equation, followed by the diagonal part of Nucleon propagator at finite

temperature, is given by

5-5,-5,55 (7.1)

where 3, Sy are respectively the diagonal elements of the self-energy matrix and and

the free propagator at finite temperature.
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Figure 7.1: One-loop graphs for nucleon self-energy

The free propagator S, turns out to be the same as in vacuum,

o oy _—(+mn)

= 2
Solp) = (72)

The calculation simplifies if we take ¢ = 0 . Also restricting to the anti-nucleon pole in

Eq. (7.1), it becomes

= (1 + ) —1
S = —. 7.3
oo = 50— &
Decomposing % and S in Dirac space,
i = ZS + ’YOZU s g = SS + 705v s (74)

it follows from Dyson equation that S; = S,. Then letting > = >, 4+ ¥,, we get the

complete propagator as
0 2 po—my—X

giving the spectral function

—ImX
(po — my — ReX)? 4 (ImX)?

An(po) =

7.1.2 Vertices of nucleon self-energy

The vertices appearing in Fig. (7.1) may be obtained from chiral perturbation theory

(91, 154, 155]. The effective interaction Lagrangians are given by,

gaA — — —=\a
Lann = _M¢Na7u75(7~3“7f)b¢5’v
o B B - .
_an - [{1u75p0" 0 — Y sn0 T} + V2{Pyysnd Tt + Ay, yspdta
N

(7.7)
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Linan = g—\/%@zvaﬁ' auﬁ)lfAZbdecd + h.c.
2 1
= QA[%{Z_? GMWOA: + ﬁaMWOAg} + ﬁ{]_? 8“7T+A2 — ﬁ@“ﬁ‘A:}
—{p 8“7T7A:+ — ﬁ@“WJFA;} + h.c.] (7.8)
where the indices a, b, ¢, d take values 1 and 2 and €15 = —ey; = 1, etc.

A second term is required in L,y to ensure a pure coupling to spin % field [99]. In
the imaginary part of the self-energy, where A is on mass shell, it does not contribute.
But in the real part, it does, which, however, we ignore in our calculation. The coupling
constants g4 and ga are to be determined phenomenologically. As is well-known [151,
156], such a model requires form factors at the vertices, which we take in the Lorentz

invariant form as
A2
T A2 (g k/my)?— K2

where ¢ and k are the four-momenta of nucleon and pion at the vertices and A is

F(q,k) (7.9)

essentially a cut-off on these momenta. We first check this model with experimental
data on mN scattering. The interaction (7.8) allows us to calculate the decay width of

A — N + 7 as a function of its energy as

I(E) = ﬁ (%—i)z F2(m) gt mgg — M (7.10)

Here ¢ is the three-momentum in the centre-of-mass of 7N system,

7 {E? — (my +mq)H{E? — (my — ma)*}

= AE? : (7.11)
In this kinematic configuration, the form factor becomes
A2
F = . 7.12

The pion-nucleon partial wave f in the P33 channel may now be written in the form

1
E2 —m} +imal(E)

F(E) ~ (7.13)

We take the resonance parameters at the pole position, ma = 1210 MeV and I'(ma) =
100 MeV [157]. Taking ga = 2.2 and A = 400 MeV [156], we can satisfy Eq. (7.10) and
also achieve reasonable agreement of the phase shift d33 computed from Eq. (7.13) with
experiment [158] (left panel of Fig. 7.3). Also we take g4 = 1.26 [66] and the same form
factor at the TN N vertex.
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7.1.3 Expression of self-energy

We now evaluate the self-energy matrices from graphs of Fig (7.1). We don’t start from
11-component since a general form of fermion self-energy at finite temperature has been
already evaluated in Chapter 3 (see the Section 3.2.2). Now simply adding the imaginary
and real parts we get the diagonal element of fermion self-energy at finite temperature

and is given by !

S(g) = / Bk 1 (14nk)L—nlL; N —n% Ly —n” Ly
(2m)3 dwrwy, qo — Wi, — wp +1Me(qo) g0 — wi + Wy + iNe(qo)

Qo + wi, — wp +1Me(qo) o + wi + wp + ine(go)

(7.14)

In terms of the quantities defined for nucleon self-energy with 7B loops, We have to

make following replacement

wr (k) = wr (Mx) wp (my) = wp (mg)

1 1

m ni — ni(wB) = .

(BwpFu) 4 1° (7.15)

ni — n(w,;) =

In the following we restrict our evaluation to ¢ = 0. In the absence of angular depen-
dence, we get an analytic expression for the imaginary part which gives a physical (or
real) value only in the branch cut regions of gp-axis. With ¢'= 0, the value of |E|, fixed
by the d-functions contained in the imaginary part (given in Eq. 3.34), is the magnitude

of three-momentum in the center-of-mass of the pion-baryon system,

2 = 2 . (7.16)
In this frame, the form factor (7.12) simplifies to
A2

F(Jk|) = O

(7.17)

So in this static assumption, the regions ¢y > (mp + m,) and ¢y < —(mp + m,) define
the unitary cuts of nucleon self-energy and the region, —(mp + m,) < qo < (mp + my)
defines the Landau cuts. Let us define the variables,

2 2 .2 2 2 2
o= qo +my mB’ Wy = gy — My +mp (7.18)
2qo 2qo

1We have renamed the fermion self-energy as ¥
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which actually coincide respectively with w, and wg on all the cuts. Then the imaginary

parts of 3 for py > 0 are given by

Im¥(po) = —

ﬂ{ Llko =) {1+ (@) —no(@5)}, onmitarycut o

8mqo | L(ko = w,){n(|w.|) +ny (@)}, on Landau cut.

The real part of nucleon self-energy also simplifies for cj’ =0 to

_ oo dw? /w2 — m2h(w,)
ReX(po) = (7.20)

167r2p0 wrwp( w2 —w2)

where

h(wy) = wp{(Wat+wr) L1—(wr—wy ) Lo }n(wr ) —wr{ (wp+wp) Lan, (wr)— (wp—wp) Lin_(w,)}.
(7.21)
Having carried out the evaluation in terms of the (Dirac) matrix-function L(p, k), it

remains to write its explicit expressions for the two loops,

3

k) = 3 (L) Planhg- R E+ml, @loop)  (722)

var) = 3 (5) Pan - T G pms), ratoo)
(7.23)

The fermionic structure of the nucleon self-energy is explicitly reflected in the expression
of L(q, k) though we have not explicitly displayed the Dirac indices for notational sim-
plicity. Adding the self-energy coefficients of unity (/) and zeroth component of gamma
matrices (7°) we get the total self-energy, previously defined as .

A question arises in such calculations, whether a non-relativistic approximation could
reproduce the relativistic results in a quantitative way [97]. To define this approxima-
tion, we rewrite E'(qo, q), the spin-independent factor in the 11-component of baryon

propagator as

B g, ) — 1{1—n+(wB)+ ny(wp) _<1—n(wB)_ n_(wgs) )}

2 | @ —wp+1ie gy —wp — 1€ Qo +wp —1€ qo+wp+ i€
(7.24)

The non-relativistic approximation to this propagator consists in retaining only the first
two terms above [159, 160]. Further we set wp = mp everywhere for baryon 2. Note
that we approximate neither the propagator D!(k) for pion nor its energy-momentum

relation.

20ne also approximates wp = mp + (p — ) /2mp, but it may lead to problems at higher momenta
[159].
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Figure 7.2: Imaginary (left panel) and real (right panel) parts of self-energy from 7N
and 7A loops. Solid curves represent the results of our calculation (relativistic, including
unitary cuts). Dotted curves result from non-relativistic approximation.

7.2 Results

Fig. (7.2) compares the typical behavior of relativistic results with the non-relativistic
ones for the imaginary and real parts of self-energy, separately for the two loops — we
see that only the real part for 7A loop differ significantly between the two. Using the
imaginary part of self-energy for relativistic and non-relativistic both cases we have
constructed phase shift Ass for Ps3 partial wave in wN scattering where two parameters,
ga and A provide us a freedom to fit our calculated values with experimentally observed
values [158]. Interestingly we have got a common values of two parameters for both
cases as shown in left panel of Fig. (7.3). In the right panel of Fig. (7.3) we compare a

typical spectral function of our calculation with its non-relativistic limit.

Having made these comparisons, we come back to our model in Fig. (7.4) to draw the
nucleon spectral function at different values of T" and p, which are realized in heavy-ion
collisions [161, 162]. As expected, the height of the peak decreases with rise of tempera-
ture, while it remains about the same within the interval of chemical potential considered
here [77].  We also compare our results with two earlier calculations. Leutwyler and
Smilga [146] use virial expansion to leading order to obtain the self-energy for on-shell
nucleon in pionic medium. In Fig. (7.5) we compare their results for the imaginary and
real parts with those from our model, setting anti-particle distribution functions to zero.
The good agreement shows that our model is realistic, if we recall that they evaluate

the virial formula with experimental data on wN scattering. To conclude, we calculate
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the self-energy of the nucleon and its spectral function in the real time version of the
thermal field theory in the relativistic framework. The imaginary part of the self-energy
is built out of contributions from both Landau and unitary cuts from one loop graphs
with 7N and 7A intermediate states. In contrast to results in the literature, we find the
unitary cut from the 7A loop to contribute significantly in the upper region of (virtual)
mass of nucleon considered. The nucleon spectral function turns out to be sensitive to
non-relativistic approximation, establishing the necessity of relativistic treatment for its

quantitative determination.



Chapter 8

Heavy-light mesons in hadronic
matter

The future CBM experiment of the FAIR project at GSI will provide an opportunity
to investigate strongly interacting matter at high baryon density. In particular, the
research program will be focused on obtaining the in-medium modifications of hadrons
in the charm sector by the annihilation of antiprotons on nuclei as well as heavy ion
collisions. The charm hadrons in dense matter will also be investigated in the scattering
of electrons off nuclei at Jlab. In-medium modification of open charm mesons (D, D,
D, ﬁ*) are expected to exhibit several interesting features in dense matter like open
charm enhancement [163] as well as the possibility of D-mesic nuclei formation. Besides
the open charm meson, hidden charm mesons (7.,J/® and higher excited states) also
provide the opportunity to investigate the gluon condensate at very high temperature
and density [164, 165]. Several theoretical efforts [166, 167, 168, 169, 170] have predicted
a larger mass drop of open-charm mesons than that of J/¢) which may help to explain
the J/v suppression in a hadronic environment although a width enhancement with
negligible mass shift of open charm mesons have also been suggested in order to explain
the suppression [171]. In view of many interesting and open issues in the charm sector,
the modification of the open and hidden charm mesons in a hot and dense environment
has become an important issue in recent times. Here also we have used the same thermal
field theoretical approaches to investigate the spectral properties of open charm mesons
(D and D*). This in-medium modification of open charm mesons provides a new domain
of off-mass shell to open the DD type decay channel of charmonium states which is

related with J/v dissociation in hadronic matter.
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8.1 Spectral properties of open charm mesons in hot
hadronic matter

Figure 8.1: One-loop graph for two point function contributing to D meson self energy
and ¢ stands for 7,7 and K mesons

Let us start with D ( D*) meson self-energy where light pseudoscalar meson ® and
heavy meson D* ( D) are internal lines of the one-loop diagram. Here ® denote the
pseudoscalar octet i.e. 7+, 70, 77, KT, K—, K°, & and n. For any charge state of D (
D*) there are four possible loops. e.g. for DT (D**) meson self-energy, 7™ D*0, w0 D**
nD** and FOD;”r (7t D% 79DF nDT and K°D}) are the possible loops. Recalling the

boson self-energy expression for boson-boson loop (Sec. 3.2.1), we have

ﬁ( ) / d3k 1 (]_ + nk)Ll —+ ’erLg —TLkLl —+ ’erL4
q) = : :
(2m)3 dwpwy, g0 — Wi — wp +ine(qo) g0 — Wi + wp + ine(qo)
nkLQ — ang —nkLQ + (-1 — np)L4

: . : (8.1)
qo +wi — wp +ime(qo)  qo + Wi + wp + ine(qo)

The vertices appearing in the calculation of one-loop self-energy may be obtained using
chiral perturbation theory. The appropriate field variable for the pseudoscalar octet
(Nambu Goldstone fields) representing pions,kaons and 1 may be described by unitary

matrix u = exp(z’\“%) where,

0

m_ i/ + +
N 07r K
Aa®y = V2 L A .S E (8.2)
K- K° —2

and Fy is Nambu Goldstone Boson decay constant in chiral limit. The lowest order

chiral Lagrangian for the heavy-light pseudoscalar and vector meson is,

L = (D,PD'P) + i = (Piu" Pt — Pu'PT) + .. (8.3)
0

where P = (D%, D*, D) and P; = (D*°, D**, D;"),, are the triplets of D and D* meson
fields and,
u, = i(u'd,u — ud,ul) (8.4)
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The covariant derivatives are given by,

1
with I', = §(UT6M~L + ud,ul) (8.5)

where a,b denote SU(3) flavor index. The numerical value of the coupling constant g
is fixed by reproducing the D** — D" decay width [172]. To lowest order in ® the
vector and axial-vector currents are

1 1
F“: ﬁ[(ﬁ,@ﬂ@], U“:—Fﬂ

™

9,9 . (8.6)

Using these lowest order part we get the interaction Lagrangian for P*P® and P®P®
vertices as given below

LO _
L, = Lp«po + Lpaps ,Where

Loppe = _ZFO(PHW(I)PT — PP (8.7)

Loars = (150,12, "8 P! — P[®, 000, P') (8.8)

This Lpepe part which gives seagull graph shown in right side of Fig. (8.1), arises from
the Lagrangian (8.8). The other one-loop self energy graph shown in left side of Fig. (8.1)
is coming from the Lp«pe (8.7). The required part of Lagrangian from Eq. (8.7) and
Eq. (8.8) to calculate the self-energy of D are given by
Lpipea = —iFiO[\/inﬁﬁ;O — D97 D)
+ (D‘@“WOD:TL - D+0“7TOD;_)

1 e _ X
+ E(DJ“@’WDM - D 8“77DM+)

0 yx— 770
+V2(DT0"K°D}, — DY K D)) (8.9)
—1 + + -
Lp+ep+e = ﬁ[(D om0 D™
0

"D QD + MDY rt DT,
—Dtrt oD 9,77 ) + (DY, K 0" D™ K°
~9"D*0,K' D~ K°+ 9"D*K’D~0,K"

~DYK’9"D"9,K")] (8.10)
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However, the contribution of the seagull graph vanishes because the integrand is an odd
function of momentum (k). So we have to concentrate on the other graph, whose vertices
can be obtained from (8.9). The L(g, k)’s for all loops have same form only differing by
their different normalization factor a attached with the coupling ¢ in Eq. (8.9). So the
form of L(q, k) (L"(q,k)) in the expression of D (D*) meson self energy is given by

Libg) = —a(Lype - 2T
(MWW):—M%fWW) (8.11)

where a = v/2,1,V/2, % for 7+ D*(D°), x°D*(D*) , KD+ (D) and nD** (D) loops
respectively and m,, in Eq. (8.11) is the mass of D* meson.

We have evaluated the self energies as a function of \/¢g2 = M at fixed values of the
three-momentum ¢ and temperature 7. It thus suffices to calculate the self-energies in
the time-like region, for positive values of ¢q starting from gy = |q].

The left (right) panel of Fig (8.2) show the imaginary and real parts of D (D*)
mesons. The thermal contribution to the imaginary part leads to an enhancement in
the width and that of the real part produces a shift in the pole position. From the upper
panel of both curves, we can see a clear distinction between the two branches of T1(¢°, ¢).
One observes a region in between the Landau and unitary cuts, where the imaginary
part of the self-energy is exactly zero. We also see a negligible in-medium mass shift
from the lower panels of these figures.

The spectral modification of the D and D* mesons which comes from the Landau cut
is basically a result of collisional broadening, which can lead to a substantial contribution
to J/1) suppression through its dissociation in hadronic matter. The J/¢ can in fact
decay sub-threshold into the DD and D*D channels, resulting in a finite dissociation
width in these otherwise closed modes. By folding the spectral function of the D and
D* mesons, J/1 decay rate in medium can be obtained from the equation [173]

2
) 940D | 5 2 .2 2|3
Doeal /= DD) = [ S22 [P (i . p)
3mm3, T FDED

xImGp(p}, Pp) ImG5(pY, Pp) dpp dps (8.12)

where the P°™ is center of mass momentum for decay of J/1 meson to D and D mesons

with masses pp = /(p})* — (Pp)? and p5 = /(p%)? — (Pp)?. For the other channels
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Figure 8.2: Left :
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D*D, DD" and D*D" we have to replace corresponding in-medium spectral functions.

We have taken the value of g, ,5 = 7.8 for all channels [173].

The variation of .J/1 rate in DD and D*D channels with temperature is shown in

Fig. (8.3). This estimate compares well with existing results in the literature [173] .
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Figure 8.3: In medium collision rate vs temperature for J/v for DD (dashed line), D*D
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channels are taken.
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8.2 Transport properties of Heavy-light mesons in
hot hadronic matter

Besides thermal spectral properties, transport properties of heavy-light mesons play an
important role to characterize the medium formed in heavy ion collisions.

Let us imagine the scenario of pollen grains in water. The water molecules provide an
equilibrated background in which the pollen grains execute Brownian motion. We con-
sider a non-equilibrated heavy meson (D) executing Brownian motion in the hadronic
medium of thermalized light mesons (7, K, 7). The Fokker-Planck (FP) equation pro-
vides an appropriate framework for such processes. To arrive at the FP equation, let us

starts from the Boltzmann transport equation

0 7= - = Lo |of
_+E_Vx+F.Vp] f(Z,pit) = lat]wl (8.13)

where p'and E denote momentum and energy, Va (ﬁp) are spatial (momentum space)
gradient and f (&, p,t) is the phase space distribution (in the present case f stands for
heavy meson distribution). F represents external forces acting on the heavy mesons and
here we ignore its effect i.e. F = 0. Further assuming that the matter is uniform, that
is, that the distribution functions of light particles appearing in the right-hand side of

Eq. (8.13) are x independent, we can average (8.13) over z. Defining

, 1 o
f5.0) = 5 [ @355 (8.14)
which is the normalized probability distribution in momentum space, we have
of _|9f
hC 15
ot [ ot ‘| col <8 )

—.

If we define w(p, k), the rate of collisions which change the momentum of the heavy

meson from § to 7 — k, then we have [174]

B—ﬂ = [@F [w+ R 5+ F) - w0 (D) (8.16)

col

The first term in the integrand represents gain of probability through collisions which
knock the heavy meson into the volume element of momentum space at p, and the second
term represents loss out of that element. If we expand w(p'+ k, /;) f(p+ /2) around £,
62

73]91-3]9]' (wf) (8.17)

o+ E D)+ B) = ) [+ g o) + i
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and substitute in Eq. (8.16), we get:

[gng=é§Z[<vf+ By ()] (3.15)

where we have defined the kernels

for | p|— 0, A; = vp; and B;; — DJ;; where v and D stand for drag and diffusion

coefficients respectively. The function w(p, k) is given by

" Bq
w7 F) =98 [ i @0 (8.20)

where f is the equilibrium distribution function of light particles, v is the relative ve-
locity between the two collision partners, and gg is the degeneracy of thermalized light
particles. The cross section of D® scattering (where ® denotes the light particles of the

medium) can be expressed in terms of matrix element Mpg as

1 2
Tra=rd = (906 v 2E,2E,9p 00 2 [Mps 2E,2E,

——(2m)*(E,+ E,~ E, — E,) (8.21)

So using Eq. (8.21) and (8.20) in (8.19), the drag may be defined as the thermal average

of the momentum transfer weighted by the square of the invariant transition amplitude

)

Ai = 2E/ 3E/ 3E/27T3E

g_D ST IME @)t (p+q—p — d) (@) —1)]
= ((p—») (822)

where gp is the degeneracy factor of the heavy meson. The temperature dependence of
the drag coefficient enter through the phase space distribution.

Similarly the diffusion coefficients is a measure of the thermal average of the square
momentum transfer, weighted by the interaction through the square of the invariant

amplitude, | M |2,

Bij = ({((p —p)ilp —1);)) (8.23)
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with the scalar function

1

Bij = ((p?)) — Ue-p)%))

2 (8.24)

Using the effective Lagrangian (8.3), we have evaluated the transport coefficients,
namely the drag and diffusion co-efficients of a hot hadronic medium consist of pions,
kaons and eta where heavy-light mesons are treated as a probe. Let us first discuss
the drag and diffusion coefficients of Dt meson. The relevant diagrams to calculate
the Born amplitude are shown in Fig. (8.4). Here the first part of Lagrangian (8.3) i.e.

Lagrangian (8.10) become important for giving the non-zero matrix element of contact

diagrams (right most diagram of Fig. 8.4). In terms of Mandelstam variables (s,t,u)

D* D*

Figure 8.4: Feynman diagrams for the scattering of D mesons with pseudoscalar mesons
® (pion, kaon and eta) in the medium. Here P* denotes charmed vector meson reso-
nances.

these matrix elements in the charge state basis are given below

1
MD+7T+ = _MD+7r_ = _4—Fb2(8 - ’LL)
Mp+ro = Mp+y = Mptx+ = Mp+g- =0
1
MD+FO = —MD+K0 = —4—}?02(8 — U) (825)

From the interaction Lagrangian Lp+p«g (8.9), we get the exchange diagrams of s and
t channels exhibiting D7 elastic scattering from the pseudoscalar mesons, ® (DT (p;) +

®(py) = Dt (ps) + ®(ps)). These invariant amplitudes in charge basis are as follows

2_92 {p1-ps — (p1-ps —m2)*/mp. }

M

D+7T+ F02 t - m%*
M — 2¢%{p1-ps — (pr-pa + m2)?/mb.}

D¥m= = 2 2

0 S - mD*
2
_ (& {p1-p3s — (p1-p2 + m2)?/m3.}

MD+7T0 — =) [ P)
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+{P1'294 — (p1p3 — m?r)Q/m%)*}]

t —m3,.
e (Y [{prps — (pr p2 +m2)?/md. }
b=\ 3R2 s —mh.

{p1ps— (pr-ps — m%)Q/m%*}]

+
t —m3.
292 {p1-p3 — (p1- P2 + mio)?/mi. }
]\4D+I(0 = ﬁ P)
22 {1 pa — (P13 — m20)? /mp,. }

The various invariant amplitudes can be expressed in terms of the Mandelstam variables

2 2 2 2 2 2
. . s—m—m m+mz —t mp+mg—u
using the relations: p; - pp = —E—=2 p; - p3 = —2—-5*— and p; - py = —2—*— where

mp is the mass of D meson and mge is mass of thermalized hadrons. The drag coefficient
() can be expressed as a thermal average of the square of the momentum exchanged
between the heavy mesons and the bath particle, weighted by the interaction strength
through the above mentioned Born amplitudes. In Fig. 8.5 the variation of drag and
diffusion coefficients with 7" have been depicted for D-mesons. We observe [175] that the
values of both the transport coefficients increases with temperature and the dominant
contributions come from the pions in the medium. However, at higher temperature the
contributions from heavier hadrons become significant. The value of the spatial diffusion
coefficients, D, may be expressed in terms of drag coefficients as D, = T//(Mp~). The
value of D, at T'= 180 MeV is ~ 2.5/(2xT) i.e. 2.5 times larger than the thermal wave
length.

Recently the diffusion coefficient of D meson has been calculated using heavy meson
chiral perturbation theory [176] and also by using the empirical elastic scattering ampli-
tudes [177] of D mesons with thermal hadrons. The authors of Ref. [178] used unitarized
chiral effective D7 interactions to evaluate the drag. Our results are not very far from
their predicted values.

Now we can apply the formalism described above to calculate the drag and diffusion

coefficients for the B meson. Here we replace our heavy-light meson triplet as :
P= (D" Dt D} — (B°, BT, B})
P; — (D*O,D*+,D:+)“ N (B*O,B*+,B:+)“ (827)

But due to lack of empirical information in B sector we can not get any effective value
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Figure 8.5: The variation of drag (left panel) and diffusion (right panel) coefficients with
temperature due to the interaction of the D with thermal pions, nucleons, kaons and

eta.
of coupling strength. So we have depend on T-matrices from LQCD [172, 179, 180],

predicting the scattering length in hadronic sector.

For contact diagrams of B meson scattering we get similar forms of matrix elements

in charge basis as given in (8.25). For B® scattering, these can be represented in the

isospin basis as

3/2 1 1/2 1
MEP = -, MY = ),
1
Mp, =0, Mgk =0, My =——5(s—u),
1
W) _ a0 _

where the isospin of the B® system appears in the superscript. Denoting the threshold

matrix elements by 7', these are obtained from (8.28) and are given by

B/2) _ _MBMx (1/2) _ 2mpmg
Br  — T2 Br T Tz
1 0 2mpmy
T, =0, TS =0, Toh= — =
K
1 _ (0 _ _MpMmg
TB? - _TB? - _TI% (8:29)

One can reproduce these T-matrix elements in the isospin basis using the lowest
order H My PT Lagrangian for heavy mesons containing a heavy quark () and a light

antiquark of flavor a as given below [181]

EHMXPT = — trD(va“@MHaQ)
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—i trp (va“F“beQ)

+5 trp(H Y ul HY) + (8:30)

where HY = 1“ﬁ(P s+ iPy®) and HE = (Piy" 4 iPjA° )— and trp denotes trace
in Dirac space. In this formalism, since the factor \/mp and y/mp- have been absorbed
into the F, and F,, fields, the threshold T-matrix element (T®) now has the dimension
of scattering length ap whereas in CxyPT, we get a dimensionless T-matrix element
(TE®). The relation between these two T-matrix elements and the scattering length ap
is given by

TE® = mpTh® = 87(me + mp)ap (8.31)

The square of the isospin averaged T-matrix element is given by

2 NTpol* = |Tpal” + Tk |* + [Tzl (8.32)

where [T, [2 = ip (2ATH/” 2 + 4|75/ )

(2+4

24+ 3/ _|2). We evaluate the drag coefficients of

and |Tpyel* = m BK/K

1+3) (| BK/K
the B-meson by using the momentum dependent and momentum independent matrix
elements given by Egs.( 8.28) and (8.29) respectively. Inspired by the fact that the
results for the two scenarios are not drastically different in the LO we proceed to evaluate
the drag coefficient of heavy mesons by replacing ZW by ZW in NLO and NNLO
also where the T-matrix elements will be obtained from the scattering lengths. Liu et
al [180] have obtained the B® scattering lengths up to NNLO in HM xPT by using the
coupling constant from recent unquenched lattice results [182]. Using these NLO and
NNLO results we estimate the isospin averaged drag coefficients of B mesons [183]. The
magnitude of B meson drag coefficient reveals that the B mesons dissipate significant
amount of energy in the medium.

These non-negligible values of D and B meson drag coefficients might have crucial
consequences on quantities such as the nuclear suppression factor of single electrons
originating from the decays of heavy mesons. Though the charm and beauty quark
diffusion play a major role to explain this nuclear suppression factor but to make the
characterization of QGP reliable, the role of the hadronic phase should be taken into

consideration and its contribution must be subtracted out from the observables.



Chapter 9

Summary

The fundamental properties of low energy QCD, namely chiral symmetry and confine-
ment at finite temperature and baryon density are intimately related with the rich
structure of the nuclear many-body problem. We have devoted chapter 1 to describe
possible connections between the two. The change in the vacuum structure of QCD
under extreme conditions of T" and p possibly reached in heavy ion collision experiments
is reflected in the modified properties of hadrons which are manifested in their spectral
function. In this thesis we have evaluated the spectral function of various hadrons using

effective interaction in the framework of the real-time formalism of thermal field theory.

In chapter 2 we have derived the in-medium propagators for scalar, vector and spin
1/2 fermions in the real-time formulation. The 2 x 2 matrix structure of the propagator

resulting from the real-time contour is elaborately discussed.

In chapter 3 the matrix structure of the self-energy in this formalism is introduced.
It is explicitly shown that the diagonalisation of this matrix leads to the simplification
that the required self-energy function can be obtained by evaluating any one component
of the matrix. The general forms of one-loop digram involving bosons and fermions
have been obtained and their analytic structure in the complex energy plane have been

discussed.

Among the hadrons, neutral vector mesons are very special as their in-medium prop-
erties are reflected in the invariant mass spectra of the lepton pairs. In Chapter 4 and 5
we have investigated the in-medium spectral properties of p and w respectively in which
the interaction of the vector mesons with other mesons and baryons have been obtained

from effective Lagrangians.
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We have derived the discontinuities across all the cuts of a self-energy loop of these
light vector mesons. The novelty in this approach is the evaluation of the imaginary part
from the discontinuities of the self-energy function which provides an unified treatment
of various scattering and decay processes occurring in the thermal medium. Since the
excited nuclear matter consists of different mesons and baryons, we have to take into
account them as internal lines of one-loop diagrams. We have taken four different meson
loops for p self-energy. Near the p pole, the major contribution comes from the 77 loop,
which provides Bose enhancement in the unitary cut region. Due to unequal masses,
the other loops have some non-zero spectral strength in Landau cut region along with
the unitary cut. Only the Landau cut contribution is numerically important near the p

pole for the wh; and ma; loops whereas for ww loop both cuts become important.

Baryon loop graphs in the p self-energy involving the nucleon and 4-star N* and
A resonances up to spin 3/2 were evaluated using gauge invariant interactions and full
relativistic propagator to obtain the correct relativistic expressions. The singularities
in the complex energy plane were analyzed and the imaginary part obtained from the
Landau cut contribution. Results for the real and imaginary parts at non-zero three-
momenta for values of the temperature and baryonic chemical potential were shown for
the individual loop graphs. Adding meson and baryon loops we obtained the spectral
function of p meson as a function of temperature and density. In addition, deviations
from the neglect of the anti-baryon poles in the Lindhard function approach have been

numerically established.

For w meson, one-loop self-energy graphs have been evaluated for an extensive set
of spin one-half and three-half N* resonances in addition to the pm loop using fully
relativistic propagators and off-shell corrections for spin three-half fields. Similar to p,
for w we have also presented results of the real and imaginary parts for all the loops
considered and the full spectral function for several combinations of temperatures and

baryon chemical potentials relevant in heavy ion collisions.

We have made a comparison of the p and w spectral functions finding the w contri-
bution to be lower but of comparable magnitude. However, the fact that the latter is
suppressed by a factor ~ 10 compared to the p in the dilepton emission rate makes a

quantitative study of the w difficult. Additional hindrances could arise due to matter
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induced p—w mixing [111]. Nevertheless, the contribution of the w spectral strength is es-
sential for a quantitative description of the dilepton data from heavy ion collisions [130].
In view of high quality data expected in future from heavy ion collisions at the FAIR
facility at GSI we can conclude that an exhaustive evaluation of the spectral strength

at finite temperature and baryon density is necessary for a quantitative analysis.

The vector meson spectral function at finite temperature and baryon density have
been used to evaluate low invariant mass spectra of lepton pairs in chapter 6. Here we
have attempted to bring out distinguishing features stemming from many body effects
in the lepton pair yield from relativistic heavy ion collisions. We observe a significant
enhancement in the dilepton yield in the mass region below the p pole compared to
vacuum. The Landau cut contribution for various meson and baryon loops play the
main role in this enhancement. Since dileptons are produced at all stages of the collision
it is necessary to integrate the emission rates over the space-time volume from creation to
freeze-out. Relativistic hydrodynamics with cylindrical symmetry and boost invariance
along longitudinal directions has been used for space-time description. Equation of
states from lattice QCD and hadronic resonance gas have been used as input. After a
space-time evolution, the invariant mass spectra for various pr windows was found to be
in very good agreement with the experimental data obtained in In-In collisions at 17.3
AGeV. Comparing with the empirical approach of Ref. [80] using resonance dominance
in the forward scattering amplitude, our baryon loop calculation is more successful to fit
the low mass dilepton data. For RHIC and LHC energies we have seen similar low mass
enhancement in invariant mass spectra. It is argued that the non-monotonic variation
of the inverse slope deduced from the transverse mass distribution of lepton pairs for
various values of the average invariant mass is an indication of the presence of two
different phases during the evolution of the system. Thus, such a variation may be

treated as a signal of QGP formation in heavy ion collisions.

In Chapter 7 we have calculated the self-energy of the nucleon and its spectral func-
tion in the same thermal field theoretic formalism. The imaginary part of the self-energy
is built out of contributions from both Landau and unitary cuts from one loop graphs
with 7NV and 7A intermediate states. In contrast to results in the literature, we find the

unitary cut from the 7A loop to contribute significantly in the upper region of (virtual)



126

mass of nucleon considered. The nucleon spectral function turns out to be sensitive to
non-relativistic approximation, establishing the necessity of relativistic treatment for its
quantitative determination.

In Chapter 8 we have investigated in-medium change of hadrons of heavy quark
sector. The same formalism of thermal field theory is applied to study D and D*
mesons propagation in a hot matter composed of pions, kaons and eta. Here we have
adopted the effective Lagrangian coming from Heavy meson chiral perturbation theory.
After obtaining the full modified spectral function of open charm mesons, we have used
it to fold the J/1 decay width in DD channels. Here we take into account the fact
that in the medium the open charm mesons are not stable particles but resonances
with finite collisional widths. The D (or D*) spectral function, owing to the Landau
cut contribution, will have some strength in the invariant mass region below their bare
poles and that may help the J/1 to decay into DD (or DD, D*D, D*D") channels.
A non-negligible value of imaginary part of the self-energy for D-D loop at J/1) mass
give an estimation of .J/¢ width at finite temperature, indicating the .J/1 suppression
in hadronic environment.

It is also interesting to study in-medium properties of heavy mesons by investigating
its transport properties in the medium. The drag and diffusion coefficients of hadronic
matter have been evaluated using open charm and beauty mesons as probes where the
interactions of the probes with the hadronic matter have been treated in the framework of
effective field theory. It is observed that the magnitude of both the transport coefficients
are significant, indicating substantial amount of interaction of the heavy mesons with
the thermal hadronic system. It is expected that this should non-trivially affect the
results on the nuclear suppression factor of single electron spectra measured in high

energy heavy ion collision experiments.
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