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SUMMARY

We present here a robust analytical model based on nuclear reaction theory for non-

resonant fusion cross sections near Coulomb barrier. The astrophysical S-factors involving

stable and neutron rich isotopes of Carbon, Oxygen, Neon, Magnesium and Silicon for

fusion reactions have been calculated in the centre of mass energy range of 2-30 MeV.

The model is based on the tunnelling through barrier arising out of nuclear, Coulomb and

centrifugal potentials. Our formalism predicts precisely the suppression of S-factor at

sub-barrier energies which are of astrophysical interest by using only five parameters for

asymmetric systems and just four parameters for symmetric systems and thus providing an

accurate and very compact description of S-factor. The cross sections can be convoluted

with Maxwell-Boltzmann distribution of energies to obtain thermo- or pycno- nuclear

reaction rates relevant to nucleosynthesis at high density environments and stellar burning

at high temperatures as well as for 34Ne + 34Ne fusion occurring inside accreting neutron

stars in the inner crust region.

The cross sections for deep sub-barrier fusion reaction of light nuclei are calculated

within the theoretical framework of selective resonant tunnelling model. In this model,

complex square-well form of nuclear potential is assumed to describe absorption inside

a nuclear well. The theoretical estimates for these cross sections agree well with the

experimentally measured values. The features of the astrophysical S-factor are derived

in terms of this model. Present formalism appears to be particularly useful for the low

energy resonant reactions between two charged nuclei.

A new reaction rate equation has been developed as a function of T9 (in units of 109

K) by fitting the results for this reaction rate generated from nuclear reaction calculations

which turns out to be NA < σv >= 389.5+218.1T9−20.21T 2
9 +0.853T 3

9 cm3s−1mol−1. The

results for elemental abundances remained unchanged whether Malaney-Fowler reaction
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rate or this new reaction rate or any other reaction rate is used for it. However, this new

reaction rate may find its usefulness in other domains of nuclear astrophysics.

The primordial abundance predictions of elements in the BBN is one of the three

important pieces of evidence for the big bang model. The other two being the Cosmic

Microwave Background Radiation (CMBR) and the Hubble expansion of the Universe.

Precise knowledge of the baryon-to-photon ratio of the Universe from observations of the

anisotropies of cosmic microwave background radiation has made the Standard BBN a

parameter-free theory. Although there is a good consistency between abundances of light

elements calculated in primordial nucleosynthesis and those deduced from observations,

there still remains an unexplained discrepancy of 7Li which appears to be larger by a factor

of ∼ 3 when compared with experimental data. The primordial abundances depend on

the astrophysical nuclear reaction rates and on three additional parameters, the number of

light neutrino flavours, the neutron lifetime and the baryon-to-photon ratio in the universe.

The effect of the modification of thirty-five reaction rates on the natural abundances of

light elements during the BBN was investigated earlier. In the present work we have

incorporated the most recent values of neutron lifetime and the baryon-to-photon ratio

and further modified 3He(4He,γ)7Be reaction rate which is used directly for estimating

the formation of 7Li as a result of β+ decay as well as the reaction rates for t(4He,γ)7Li

and d(4He,γ)6Li. We find that these modifications reduce the theoretically calculated

abundance of 7Li by ∼ 12%.
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Chapter 1

INTRODUCTION

1.1 Background, Motivation and Highlights

Ever since their existence, humankind in its endeavour has continuously been trying to

decipher the origin of the universe and its constituents in their ultimate goal to know their

very own existence. While the Big-Bang theory [1, 2, 3, 4, 5] is one of the most widely

accepted theories for our origin [6], a plethora of information still needs to be explored.

Our knowledge about elemental abundances is still in a haze, especially about 6,7Li. The

observational manifestations of astrophysical processes viz. Big-Bang Nucleosynthesis

(BBN), Stellar Nucleosynthesis, Supernova explosion and its remnants such as White

dwarfs, Neutron stars and Black holes have been a rich source of information for Nuclear

Astrophysics.

Nuclear reactions play a vital role in the structure, evolution, nucleosynthesis and

various observational manifestations of main-sequence stars, giants and supergiants, pre-

supernovae, white dwarfs, and neutron stars. Stellar burning often involves many reactions

among different nuclei, from stable to neutron and proton-rich and from light to heavy,

rates of which depend on density, temperature and other parameters. These reaction
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rates can be calculated by using the reaction cross sections σ(E). The astrophysical

process, however, occurs at very low energies, much below the Coulomb barrier, which

exponentially suppresses [7] the cross sections σ(E) to the point that it is hardly or not at

all measurable. There are cases, in particular involving the weak interaction such as the

basic fusion reaction of p+p to deuterium in the solar p-p chain, where no experimental

data are available, and one completely relies on theoretical calculations [8]. In general,

the laboratory measurements of σ(E) are available over a range of energies much higher

than those prevalent in stellar interiors and other astrophysical processes. Extrapolation

of existing lab measurements is thus often required at energies of astrophysical relevance

that are many orders of magnitude smaller. At the same time, σ(E) which vary very

rapidly with energy leads to concerns about the accuracy of such extrapolations.

Astrophysical S-factor S(E) on the other hand, except for narrow resonances, is com-

paratively a much slower and a smoothly varying function of energy. So, it is much less

prone to extrapolation errors down to low energies of astrophysical interest than cross sec-

tion σ(E). Calculations show that for the reactions between different pairs of interacting

nuclei, the theoretical estimates of S(E) [9, 10] can vary by several orders of magnitude.

Even for the reaction between the same pair, it may vary by many orders of magnitude

in the range of energies of astrophysical relevance. One among the other motivations of

the present work is to provide a robust theoretical model of S(E) for non-resonant fusion

reactions using a minimum number of parameters and approximations. The astrophysical

S-factors involving stable and neutron-rich isotopes of C, O, Ne, Mg and Si for fusion

reactions have been calculated using our model [11] in the centre of mass energy range of

2-30 MeV and has been presented in chapter 2.

The model mentioned above, however, cannot incorporate the effect of resonances.

This fact motivated to develop a reliable theoretical model which can facilitate extrapo-

lations to energies of astrophysical relevance and is particularly useful for the low energy

2



resonant reactions between two charged nuclei. Calculations have been performed within

the theoretical framework of selective resonant tunnelling model where the nuclear reso-

nance not only selects the energy level (frequency) but the damping as well which causes

nuclear reactions. Energy dependence of cross sections and astrophysical S-factors for the

deep sub-barrier fusion reactions of light nuclei have been calculated using this theoreti-

cal model. The astrophysical S-factors for D+D, D+T, D+3He, p+D, p+6Li and p+7Li

fusion reactions have been calculated [12] and presented in chapter 3. Improved estimates

of these quantities are of prime importance for calculating the elemental abundances in

nucleosynthesis.

The extreme conditions of high temperature and pressure occur in the nuclear pro-

cesses which drive the birth and evolution of stars. The nuclei which make up the majority

of matter were first made from nucleons created within a short time after the beginning of

the Universe, in the expanding fireball of the Big-Bang, and later forged in the interiors

of stars and stellar explosions. The primordial abundance predictions of elements in the

BBN is one of the three important pieces of evidence for the big bang model. The other

two being the Cosmic Microwave Background Radiation (CMBR) and the Hubble expan-

sion of the Universe. Standard BBN theory predictions depend upon the astrophysical

nuclear reaction rates and additionally upon three more parameters, viz., the number of

light neutrino flavours, the neutron lifetime and the baryon-to-photon ratio in the Uni-

verse. The astrophysical reaction rates are described in detail in chapter 4 while chapter

5 deals with the details of BBN.

Although there is a good consistency between abundances of light elements calculated

in primordial nucleosynthesis and those deduced from observations, there still remains

an unexplained discrepancy of 7Li which appears to be larger by a factor of ∼ 3 when

compared experimentally. Calculations have been done by incorporating the most recent

values of neutron lifetime and the baryon-to-photon ratio and by further modifying the

3



reaction rates of d(4He,γ)6Li, t(4He,γ)7Li and 3He(4He,γ)7Be. It is found from our studies

[13] that the theoretically calculated abundance of 7Li now stands reduced by ∼ 12%

when compared with the latest available results. It is found from our studies [13] that the

theoretically calculated abundance of 7Li now stands reduced by ∼ 12% when compared

with the latest available results and this has been presented in chapter 6.

In the following the basic definitions, terminology and processes relevant to some

aspects of nuclear astrophysics has been described. Though rudimentary, it may be useful

in the overall understanding of subject dealt with in this thesis.

1.2 Nuclear reaction cross section and Reaction rate

1.2.1 For Lab events

ions/s

atoms/cm2

reactions/s

Figure 1.1: Schematic of ions impinging on a target and causing nuclear reaction.

Definition of Nuclear reaction cross section σ(E)

No. of reactions

s
=

No. of incident particles

s
× No. of target nuclei

Area
× σ (1.1)

Reaction cross section thus characterizes the probability of a nuclear reaction to occur.

Larger the σ(E), greater is the probability of reaction. Its dimension is that of area and

the unit that we use is barn (b), where 1b = 10−24 cm2 = 10−28 m2.

4



Reaction rate

For a nuclear reaction between nucleus A and X, the reaction rate rAX is given by

rAX = (σNA)(vNX) (1.2)

where NX = Number density of nucleus of type X and

NA = Number density of nucleus of type A

1.2.2 For Astrophysical events

In Astrophysical events, there is a distribution of velocities φ(v) as opposed to a fixed

velocity in experiments. Condition of normalization requires

∫ ∞

0
φ(v) dv = 1

Here the quantity that governs the rate of reaction is < σv >. Thus the reaction rate

per particle pair for astrophysical events can be obtained by folding with φ(v) as given

below :

< σv >=
∫ ∞

0
(σv)φ(v) dv (1.3)

The reaction rate rAX is therefore

rAX =
1

(1 + δAX)
NXNA < σv > (1.4)

where

δAX =



















0 A 6= X

1 A = X
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Maxwell−Boltzmann Velocity Distribution

In thermodynamic equilibrium, the Maxwell-Boltzmann distribution of velocities φ(v)

describes the thermal picture of the interacting particles and is given by

φ(v)dv = 4πv2
[

µ

2πkT

]3/2

exp

(

− µv2

2kT

)

dv (1.5)

where µ is the reduced mass of the interacting nuclei, v is the relative velocity, T is the

temperature in Kelvin and k is the Boltzmann constant.

1.3 The Gamow Peak

Substituting Eq.(1.5) in Eq.(1.3), we get

< σv >= 4π
[

µ

2πkT

]3/2 ∫ ∞

0
v3σ(v) exp

(

− µv2

2kT

)

dv (1.6)

As the energies involved are non-relativistic, using energy E = 1
2
µv2 in centre-of-mass

frame, we get

< σv >=

[

8

πµ

]1/2 [
1

kT

]3/2 ∫ ∞

0
σ(E) exp

(

− E

kT

)

E dE (1.7)

Since

σ(E) =
S(E) exp(−2πη)

E
(1.8)

where S(E) is the astrophysical S-factor, Eq.(1.7) reduces to

< σv >=

[

8

πµ

]1/2 [
1

kT

]3/2 ∫ ∞

0
S(E) exp(−2πη) exp

(

− E

kT

)

dE

=

[

8

πµ

]1/2 [
1

kT

]3/2 ∫ ∞

0
S(E) exp

{

−
(

EG

E

)1/2
}

exp
(

− E

kT

)

dE (1.9)
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Maxwell-Boltzmann
Distribution 
∝ exp(-E/kT) 

Tunnelling through 
Coulomb barrier 
∝ exp{-(EG/E)1/2} 

Gamow Peak 

R
e
la

ti
v
e
 P

ro
b
a
b
il
it

y

EnergyE0

∆E0

Figure 1.2: Plot showing Maxwell-Boltzmann’s distribution, tunnelling probability and

Gamow Peak.

Here η = Z1Z2e2

h̄v
is the Sommerfeld parameter where Z1 and Z2 are the atomic numbers of

the interacting nuclei, e denotes the elementary charge and EG = (2πη)2E is the Gamow

energy. At particle energies less than the Coulomb barrier the reaction is classically

forbidden, but quantum mechanically there is a finite probability for the particle to tunnel

through the barrier which is called tunnelling probability. The tunnelling probability is

dependent on the term e−2πη = e−
√

EG/E and the particle density is proportional to the

term e−E/kT . These are the two competing factors: the tunnelling probability increases

with increase in energy, whereas the number of particles decreases with increasing energy.

It implies that there exists a limited energy range at which most of the reactions occur.

This is illustrated in Fig.-1.2; the product of these two exponential terms leads to the

‘Gamow peak’. The area under the Gamow peak determines the reaction rate and fusion

is most likely to occur in the energy window defined by the Gamow peak [14].

It is worthwhile to mention here that the Gamow peak is not the maximum of the
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enclosed shaded curve in the figure 1.2, but the entire shaded region. It is named so

because it is indeed quite sharply peaked. Therefore, it is a reasonable approximation to

assume that the term S(E) is locally constant. The integrand thus peaks at energy E0,

when

d

dE

[

E

kT
+
(

EG

E

)1/2
]

=
1

kT
− 1

2

(

EG

E3
0

)1/2

= 0

⇒ E0 =

(

kT
√
EG

2

)2/3

⇒ E0 =
[√

2(παkc)2µ(Z1Z2T )
2
]1/3

(1.10)

the maximum of the Gamow peak E0 is the most efficient energy for thermonuclear

reactions to occur. It is much larger than the typical thermal energy kT but is far below

the Gamow energy EG of the Coulomb barrier.

To calculate the width of the peak, there exists no simple analytical solution. One

reasonable and common approach is to approximate the exponential term appearing in

the Eq.(1.9) with a Gaussian term centered at E0. We thus need to solve

exp

[

− E

kT
−
(

EG

E

)1/2
]

≃ C exp



−
(

E − E0

∆/2

)2


 (1.11)

where we have used symbol ∆ instead σ, as σ has been reserved for cross section in this

dissertation. ∆ is the full width at 1/e of the peak value. Demanding that the two sides

be equal at E = E0 , we find that

C = exp
(

−E0

kT
− EG

E0

)

= exp
(

−3E0

kT

)

(1.12)

Now requiring the second derivatives on either side of Eq.(1.11) to be equal results in

∆ =

√

16

3
E0kT (1.13)
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Using Eq.(1.11) and Eq.(1.12) in Eq. (1.9), we get

< σ(v)v >=

[

8

πµ

]1/2
S(E0)

(kT )3/2
exp

(

−3E0

kT

)
∫ ∞

0
exp



−
(

E − E0

∆/2

)2


 dE

≃
[

8

πµ

]1/2
S(E0)

(kT )3/2
exp

(

−3E0

kT

)

∆
√
π

2
(1.14)

where the integral has been solved by changing the limit from 0 to +∞ to −∞ to +∞.

The error due to this is negligible provided E0 >
∆
2
.

1.4 The Astrophysical S-factor

Nuclear reactions can take place at a rather low temperature in highly dense matter. The

energies involved are much below the coulomb barrier leading to very low reaction cross

section, but due to high density matter, such reactions do contribute substantially. From

the partial wave analysis of formal nuclear reaction theory [15], the cross section for two

nuclei undergoing nuclear reaction is given by

σ(E) =
π

k2

∞
∑

l=0

(2l + 1)Tl(E)fl(E) (1.15)

where k =
√
2µE
h̄

, µ being the reduced mass of the interacting nuclei and Tl(E) is the

transmission coefficient given by

Tl(E) = 1− |ηl|2 (1.16)

whereas fl(E) is the fusion probability of the penetrating wave which at low energies of

astrophysical interest is close to unity. The quantity ηl = e2iδl where δl is the phase shift

for the lth partial wave. The transmission coefficient Tl(E) can also be expressed as

Tl(E) = exp
{

−2

h̄

∫ r2

r1

√

2µ[Veff (r)− E]dr
}

(1.17)
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Figure 1.3: Plot showing tunnelling of a particle through a potential barrier and the

classical turning points r1 and r2.

within WKB approximation, where r1 and r2 are classical turning points, E is the energy

in the centre of mass frame and Veff (r) is the effective barrier potential given by

Veff (r) = V (r) +
l(l + 1)h̄2

2µr2
(1.18)

The term V (r) in the above equation accounts for the potential energy arising out of

nuclear and coulomb force at that value of r. The term l(l+1)h̄2

2µr2
arises out of centrifugal

potential. At low energies, the contribution mainly comes from s-wave (i.e., l = 0) making

the second term of the above equation to be zero. This approximations can be invoked

for solving the integral given by Eq.(1.17). Thus

σ(E) =
π

k2
exp

{

−2

h̄

∫ r2

r1

√

2µ[V (r)− E] dr
}
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=
π

k2
exp







−2
√
2µE

h̄

∫ r2

r1

√

V (r)

E
− 1 dr







(1.19)

At the turning point as shown in Fig.-1.3, r1 = a and r2 = b. Further in the region of our

interest, assuming negligible contribution from nuclear force, the contribution to potential

V (r) can be taken to come only from coulomb force and therefore, V (r) = (Z1Z2e
2)/r.

The value of the integral
∫ r2
r1

√

V (r)
E

− 1 dr is πb
2
, whose detailed derivation is presented in

the Appendix 1. At the turning point r2 = b, V (r) = E = (Z1Z2e
2)/b. Thus Eq.(1.19)

can be rewritten as

σ(E) =
π

k2
exp

{

−2
√
2µE

h̄

π

2

Z1Z2e
2

E

}

=
π

k2
exp

{

−2π
Z1Z2e

2

h̄v

}

=
π

k2
exp {−2πη} (1.20)

where we have used E = µv2/2 and η = (Z1Z2e
2)/h̄v is the Sommerfeld parameter. Now,

by using k2 = (2µE)/h̄2, we can write the Eq.(1.20) as

σ(E) =

(

πh̄2

2µ

)

1

E
exp {−2πη} (1.21)

One may write S0 = πh̄2

2µ
which is independent of energy. In this derivation nuclear con-

tribution has not been taken explicitly. The obvious generalization of the above behavior

of cross section in the low energy domain is

σ(E) =
S(E)

E
exp {−2πη} . (1.22)

It may be emphasized that astrophysical S-factor S(E) is not the same as S0 since unlike

it, the former takes into account the nuclear contribution and, albeit weak, depends on

energy as well. Thus the strong exponential dependence of cross section on center-of-mass

11



energy E caused due to the Coulomb barrier is remedied by the astrophysical S-factor

S(E) by factoring out the Coulomb component of the cross section.

1.5 Organization of the Thesis

In chapter 2, the astrophysical S-factors involving stable and neutron-rich isotopes of

C, O, Ne, Mg and Si for fusion reactions have been calculated [11] using our model in the

centre of mass energy range of 2-30 MeV.

The astrophysical S-factors for D+D, D+T, D+3He, p+D, p+6Li and p+7Li fusion

reactions have been calculated [12] and presented in chapter 3.

The astrophysical reaction rates are described in detail in chapter 4 while chapter 5

deals with the details of BBN.

In chapter 6, our studies [13] have found that the theoretically calculated abundance

of the 7Li now stands reduced by ∼ 12% when compared with the latest available results.

Finally, concluding remarks have been made in chapter 7.
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Chapter 2

NON-RESONANT FUSION

REACTIONS OF

ASTROPHYSICAL IMPORTANCE

The nuclear reaction cross sections and its convolution with Maxwell-Boltzmann distri-

bution of energies are important for modeling many physical phenomena occurring under

extreme conditions [16, 17, 18]. Such environments of very high temperature or density

exist in main-sequence stars and compact stars which are in final stages of their evolution-

ary development. The exothermic nuclear fusion drives nuclear explosions in the surface

layers of the accreting white dwarfs (nova events), in the cores of massive accreting white

dwarfs (type Ia supernovae) [19, 20] and in the surface layers of accreting neutron stars

(type I X-ray bursts and superbursts [21, 22, 23, 24]). The type-I X-ray bursts and the

nova events are generally produced by stellar burning of hydrogen in the thermonuclear

regime, without significant effect of plasma screening on the Coulomb tunnelling of inter-

acting nuclei. The superbursts and type Ia supernovae are driven by the burning of C, O,

Ne, Si and heavier elements [21, 22, 23, 24] at high densities, where the plasma screening
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effect may be significant. In the inner crust of accreting neutron stars (in binaries with

low-mass companions [24, 25, 26]) the pycnonuclear burning of neutron rich nuclei such

as 34Ne + 34Ne is most likely the source of their internal heat. All these astrophysical

processes require precise knowledge of nuclear reaction rates.

The thermonuclear reaction rates can be obtained by convoluting fusion cross sections

with Maxwell-Boltzmann distribution of energies. These cross sections can vary by sev-

eral orders of magnitude across the required energy range. The sharp energy dependence

of these cross sections can be accounted by an exponential factor while the astrophysical

S-factor is a smooth slowly varying function of energy facilitating its extrapolation down

to astrophysical energies. The low energy fusion cross sections σ, some of which are not

sufficiently well known, can be obtained from laboratory experiments. The theoretical

estimations of thermonuclear reaction rates is dependent on the use of various approxi-

mations. Several factors influence the experimentally measured cross section values. We

need to take into account the Maxwellian-averaged thermonuclear reaction rates in the

network calculations used in Big-Bang and stellar nucleosynthesis.

At energies much below the Coulomb barrier, the radius of the nucleus is too small

compared to the classical turning point. In this situation exp(−2πη) approximates the

tunnelling probability through the barrier quite well, where η = Z1Z2e2

h̄v
is the Sommerfeld

parameter with Z1 and Z2 being the atomic numbers of the interacting nuclei and e

being the elementary charge. As a consequence, the charge induced cross section can be

factorized as

σ(E) =
S(E) exp(−2πη)

E
(2.1)

where E is the energy measured in the centre-of-mass frame, S(E) is the astrophysical S-

factor which is a smoothly varying function of energy (as long as the narrow resonances are
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excluded) and hence facilitating extrapolation of experimentally measured cross sections

down to the energies of astrophysical interest. For narrow resonance cases, in general a

Breit-Wigner expression approximates the resonant cross section, whereas at low energies

the cross sections of neutron induced reactions is given by σ(E) = R(E)
v

[15] with R(E)

being a slowly varying function of energy [27] is similar to S-factor.

Depending on the temperature and the density, along with other parameters, stellar

burning may involve reactions of different kind from light to heavy nuclei, and from stable

to unstable proton or neutron rich. The rates of these reactions can be calculated from

the reaction cross sections σ by folding it with a Maxwell-Boltzmann energy distribution

corresponding to the plasma temperature T . The Maxwellian-averaged thermonuclear

reaction rate thus obtained can now be given by the following integral [8, 28]:

< σv >=
[ 8

πµ(kBT )3

]1/2
∫

σ(E)E exp(−E/kBT )dE, (2.2)

for per particle pair at temperature T with µ being the reduced mass of the reacting

nuclei and v being the relative velocity. Therefore, the reaction rate between two nuclei

can be written as r12 =
n1n2

1+δ12
< σv > where n1 and n2 are the number densities of nuclei

of types 1 and 2. The Kronecker delta δ12 prevents double counting in the case of identical

particles.

The nuclear fusion reactions at very low energies play the most important role in the

nucleosynthesis of light elements in big bang nucleosynthesis as well as nuclear burning

inside the stellar core. In the present work, we have calculated S(E) for a number of

fusion reactions of astrophysical importance. The theoretical formulation is based on

barrier penetration model. The barrier arising out of nuclear and Coulomb potentials

is assumed to be of parabolic shape and the centrifugal barrier is added to it. The

energy dependence of the cross sections and astrophysical S-factors for the fusion reactions
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Figure 2.1: Plots of S-factors for C+C fusion reaction. The filled dots with error bars

represent the experimental data points [29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40] while

the solid and the dashed lines are our present calculations corresponding to two ε values.

involving stable and several neutron rich isotopes of C, O, Ne, Mg and Si covering a wide

range of energy from 2 MeV to 30 MeV, below and above the Coulomb barrier, have

been calculated using this model and compared with the experimentally measured data

[29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40].

2.1 Theoretical foundation

The knowledge of astrophysical S-factor S(E) for numerous nuclear reactions is the prime

requirement for explaining various astrophysical phenomena. The experimental measure-

ments of cross sections σ(E) at energies involved are quite often not available due to the

fact that the Coulomb barrier suppresses exponentially the cross sections at low energies.

The nuclear physics uncertainties of the calculated S(E) can be significant since the the-

oretical calculations are model dependent. The calculations show that for the reactions
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Figure 2.2: Plots of S-factors for six C+C fusion reactions. The filled dots are the São

Paulo (SP) [10] calculations while the solid lines are our present calculations (see Table-

2.1).

between different pairs of interacting nuclei, the theoretical estimates of S(E) [9, 10] can

vary by several orders of magnitude. Even for the reaction between the same pair it may

vary by many orders of magnitude in the range of energies of astrophysical relevance.

The primary motivation of this work is to provide a robust theoretical model of S(E) for

non-resonant fusion reactions using minimum number of parameters and approximations.

The present theoretical model is based on the theory of inelastic scattering [41]. The

reaction cross section has been derived accordingly. The transmission coefficient Tl for

l = 0 is calculated assuming quantum mechanical barrier penetration. The potential

barrier arising due to nuclear and Coulomb interactions has been assumed to be of a

parabolic form. The height and the slope of the barrier are matched at a matching radius

Rm greater than the radius Rc at which the barrier peaks by an amount characterized

by ε. The transmission coefficients for l > 0 are calculated from physical consideration

which accounts for the effect of the centrifugal barrier as well.
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Figure 2.3: Plots of S-factors for six C+O fusion reactions. The filled dots are the São

Paulo (SP) [10] calculations while the solid lines are our present calculations (see Table-

2.1).

2.1.1 Ion-ion Nuclear and Coulomb potentials

We select an inverse parabolic form for the barrier potential arising due to nuclear and

Coulomb interactions. The nuclear force being short range, it is assumed to be an inverse

parabolic potential at radial separation r < Rm and pure Coulomb potential beyond:

V (r) =



















λ
r

∀ r ≥ Rm

Ec

[

1− ζ (r−Rc)2

R2
c

]

∀ r < Rm

(2.3)

where λ = Z1Z2e
2, Ec is the maximum height of the barrier at r = Rc and ζ defines

the parabolic shape of the barrier. We demand that the logarithmic derivative of the

potential to be continuous to have a very smooth change of the force. This implies that

V (r) and dV (r)
dr

be continuous at r = Rm which yield
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Ec = V (Rc) =
λ(2 + 3ε)

2Rc(1 + ε)2
, ζ = [ε(2 + 3ε)]−1, (2.4)

Em = V (Rm) = Ec
2(1 + ε)

2 + 3ε
where ε =

(Rm −Rc)

Rc

.

Thus the model is very natural and realistic [42] as well, which allows one to obtain

analytic expressions for the barrier penetrability.

2.1.2 Quantum tunnelling and fusion cross section

The basic picture of the analytical model is that the fusion cross section can be given by

the formal nuclear reaction theory [15]

σ(E) =
π

k2

∞
∑

l=0

(2l + 1)Tl(E)fl(E) (2.5)

where k =
√
2µE
h̄

, µ being the reduced mass of the interacting nuclei and Tl(E) is the

transmission coefficient given by

Tl(E) = 1− |ηl|2 (2.6)

whereas fl(E) is the fusion probability of the penetrating wave which at low energies of

astrophysical interest is close to unity. The quantity ηl = e2iδl where δl is the phase shift

for the lth partial wave. The phase shift δl has to have a finite imaginary part in order to

find a transmission coefficient Tl different from zero. In the energy domain involved, the

transmission coefficient Tl(E) decreases with l and the largest contribution comes from

the T0(E) term suggesting one to introduce a quantity N(E) such that

N(E) = 1 +
∞
∑

l=1

(2l + 1)
Tl(E)

T0(E)
(2.7)
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Figure 2.4: Plots of S-factors for six C+Ne fusion reactions. The filled dots are the

São Paulo (SP) [10] calculations while the solid lines are our present calculations (see

Table-2.1).

whose magnitude is expected to be larger than unity due to the contributions from higher

partial waves.

Substituting Eq.(2.7) in Eq.(2.5) one finds that

σ(E) =
S0

E
N(E)T0(E) (2.8)

where S0 =
πh̄2

2µ
and the s-wave transmission coefficient

T0(E) = exp
{

− 2

h̄

∫ r2

r1

√

2µ[V (r)− E]dr
}

(2.9)

where r1 and r2 are classical turning points. Prompted by Eq.(2.1), expressing T0(E) as

exp(Θ− 2πη), analytical expressions can be derived for Θ for the barrier potential given

by Eq.(2.3) which for 0 ≤ E < Em given by

Θ(E) = 4

√

Er

E

[

sin−1 √yr +
√

yr(1− yr)
]

(2.10)
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Figure 2.5: Plots of S-factors for six C+Mg fusion reactions. The filled dots are the

São Paulo (SP) [10] calculations while the solid lines are our present calculations (see

Table-2.1).

− ξ

√

Er

Ec

(Ec − E)

Ec

[π

2
+ sin−1 yl + yl

√

1− y2l
]

and for Em ≤ E ≤ Ec given by

Θ(E) = π
[

2

√

Er

E
− ξ

(Ec − E)

Ec

√

Er

Ec

]

(2.11)

where yr =
RmE
λ

, yl = ε
√

ζEc

Ec−E
, Er =

λ2µ
2h̄2 and ξ = (2+3ε)3/2

√
ε

(1+ε)2
.

The expressions provided above are for sub-barrier energies where the S-factor is

influenced by several low l values at E ≤ Ec in which l = 0 contributing the most. The

correcting factor N(E) is expected to be a slowly varying function of energy. It is likely

that the transmission coefficients Tl(E) at these l values are similar functions of energy as

T0 but of strengths reducing progressively with increasing l implying s-wave like energy

dependence. A crude estimate for N(E) at E ≤ Ec goes as ∼ 1 +
√

Ec

E0

[43]. To simplify

the model it is assumed that N(E) can be approximated by an overall normalization

factor
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Figure 2.6: Plots of S-factors for six C+Si fusion reactions. The filled dots are the São

Paulo (SP) [10] calculations while the solid lines are our present calculations (see Table-

2.1).

N(E) ≈ N0 = 1 + n0

√

Ec

E0

(2.12)

where E0 =
h̄2

2µR2
c
is the characteristic quantum of centrifugal energy and n0 can be treated

as a parameter characterizing the significance of higher partial waves.

For above barrier energies E > Ec the effective barrier is transparent for low l waves

resulting Tl = 1. The summation over partial waves in the expression of cross section

provided by Eq.(2.5) goes from l = 0 to maximum l = lm at which the effective barrier

V (r)+ h̄2l(l+1)
2µr2

becomes classically forbidden. In this case a simplified derivation [43] yields

Θ(E) = 2πη +
1

2
ln
[

1 +
y2(E)

N2
0

]

(2.13)

where y(E) = (E−Ec)
E0

[

1− (E−Ec)
ζEc

]

.

Recalling the definition from Eq.(2.1), the S-factor can be given by
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Figure 2.7: Plots of S-factors for six O+O fusion reactions. The filled dots are the São

Paulo (SP) [10] calculations while the solid lines are our present calculations (see Table-

2.1).

S(E) = N0S0 expΘ(E) (2.14)

where the expressions of Θ(E) for different energy domains have been provided by Eq.(2.10),

Eq.(2.11) and Eq.(2.13).

2.2 Calculation of astrophysical S-factor

The calculation of astrophysical S-factor using present formalism involves five parameters.

The barrier potential is defined by Rc and ζ (or equivalently ε) since barrier height Ec can

be expressed in terms of Rc and ε. The radius at which the barrier peaks can be given in

terms of the mass numbers A1 and A2 of the interacting nuclei by Rc = r0(A
1/3
1 +A

1/3
2 )+

|A1 − 2Z1|∆1 + |A2 − 2Z2|∆2 which involves three parameters. The isotopic dependence

of Rc is simulated by entities ∆1,2 and r0 is the radius parameter. The fifth parameter
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Figure 2.8: Plots of S-factors for six O+Ne fusion reactions. The filled dots are the

São Paulo (SP) [10] calculations while the solid lines are our present calculations (see

Table-2.1).

n0 characterizes the effect of partial waves l > 0. The present formalism causes two

fold simplifications: it reduces two parameters and relies on exact theoretical expressions

for barrier penetration rather than the approximated ones [43, 44]. The five parameters

for various fusing systems have been obtained by fitting the astrophysical S-factors from

experimental measurements and theoretical results of a nine-parameter phenomenological

analytic expression [10] which were also compared previously [9, 45, 46] with experimental

data wherever available. The errors in the fitted parameters are calculated from the

correlation matrix in the final stage of the fitting procedure when changes in the fitted

parameters by amounts equal to the corresponding uncertainties in the fitted parameters

cause changes in the corresponding quantity by less than the stipulated value. Thus large

uncertainty in a fitted parameter implies that the hyper-surface is rather flat with respect

to that parameter.
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Table 2.1: Values of parameters for S(E) for various isotopes of reactions

Reactions r0 (fm) ε n0 ∆1 (fm) ∆2 (fm)

C+C 1.5223 ±0.0084 0.0379 ±0.0015 1.7982 ±0.1027 0.1006 ±0.0013 0.1006 ±0.0013

C+O 1.5346 ±0.0054 0.0360 ±0.0010 1.9156 ±0.0913 0.0967 ±0.0012 0.0549 ±0.0008

C+Ne 1.4857 ±0.0082 0.0326 ±0.0014 2.3993 ±0.1775 0.1150 ±0.0017 0.0548 ±0.0007

C+Mg 1.5162 ±0.0053 0.0401 ±0.0008 1.7216 ±0.1192 0.0915 ±0.0009 0.0524 ±0.0004

C+Si 1.6732 ±0.0038 0.0531 ±0.0007 0.0975 ±0.0134 0.0602 ±0.0012 0.0481 ±0.0005

O+O 1.5766 ±0.0057 0.0410 ±0.0008 1.5939 ±0.0985 0.0527 ±0.0009 0.0527 ±0.0009

O+Ne 1.5628 ±0.0049 0.0423 ±0.0008 1.3828 ±0.1007 0.0606 ±0.0009 0.0555 ±0.0004

O+Mg 1.5712 ±0.0054 0.0450 ±0.0007 0.7472 ±0.0639 0.0481 ±0.0010 0.0491 ±0.0004

Ne+Ne 1.5036 ±0.0055 0.0387 ±0.0008 2.1797 ±0.2504 0.0585 ±0.0004 0.0585 ±0.0004

Ne+Mg 1.5237 ±0.0072 0.0443 ±0.0010 1.7510 ±0.1981 0.0720 ±0.0005 0.0399 ±0.0004

Mg+Mg 1.4791 ±0.0066 0.0387 ±0.0007 1.2801 ±0.1959 0.0473 ±0.0004 0.0473 ±0.0004
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Figure 2.9: Plots of S-factors for six O+Mg fusion reactions. The filled dots are the

São Paulo (SP) [10] calculations while the solid lines are our present calculations (see

Table-2.1).

2.3 Results and discussion

The astrophysical S-factors involving stable and neutron rich isotopes of C, O, Ne, Mg

and Si for fusion reactions have been calculated in the centre of mass energy range of

2-30 MeV. The experimental measurements of 12C+12C reaction cross sections have also

been performed by various groups. The fusion cross section for 12C+12C system is the

sum of the cross sections for proton, α and neutron channels where contributions from

the first two channels are substantial. These cross sections contain both resonances and

the non-resonant part. The present theoretical calculations can be compared with the

non-resonant contribution only. Therefore, for comparison with the present theoretical

model the experimental data for S(E) have been chosen selectively from Refs.[29, 30, 31,

32, 33, 34, 35, 36, 37, 38, 39, 40] which cover the range of energies from ≈ 2 MeV to

20 MeV. These data are not fully consistent and somewhat non uniform, particularly in
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Figure 2.10: Plots of S-factors for six Ne+Ne fusion reactions. The filled dots are the

São Paulo (SP) [10] calculations while the solid lines are our present calculations (see

Table-2.1).

the lower energy range, where experimental S(E) measurements are most difficult and

experimental uncertainties are high. The experimental values of S(E) are rather uncertain

at lower energies, moderately uncertain in the energy range of 3 - 4 MeV and seem to be

reasonably accurate at energies ≥ 4 MeV. The data analysis becomes complicated due to

the presence of low-energy resonances [38, 40].

In order to compare with the present theoretical calculations, which do not take into

account the resonances, and to smooth out the effect of experimental uncertainties, the

experimental data have been binned with 1 MeV width [44]. The binned data are shown

by crosses (filled dots with error bars) in the Fig.-2.1. In Fig.-2.1 the S-factors for 12C+12C

fusion reaction have been plotted as a function of centre of mass energy of the colliding

nuclei. The filled dots with error bars represent the experimental data points [29, 30,

31, 32, 33, 34, 35, 36, 37, 38, 39, 40]. The solid line represents our present calculations

fitted to the São Paulo (SP) [10] calculations. The dashed line has been fitted to the
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Figure 2.11: Plots of S-factors for six Ne+Mg fusion reactions. The filled dots are the

São Paulo (SP) [10] calculations while the solid lines are our present calculations (see

Table-2.1).

experimental data by just varying the value of ε while keeping the other four parameters

identical as provided in Table-2.1 for C+C system. This exercise has been done to show

that the parameters extracted by fitting the São Paulo (SP) [10] results are good enough

for predictions of astrophysical S-factors. In Figs.-2.2-2.12, plots of S-factors for various

isotopes of C, O, Ne, Mg and Si for fusion reactions have been plotted as a function of

centre of mass energy. The filled dots are the São Paulo (SP) [10] calculations while the

solid lines are our present calculations. The parameter sets for these reactions are listed

in Table-2.1.

We find that the standard errors in the fitted parameters are minimum for r0 and ε

and maximum for n0. This implies that the results of the calculations are most sensitive

to r0 and ε and least sensitive to n0. The sensitivity of ∆1 and ∆2 on S(E) indicates a

possible path of finding isotopic dependence of nuclear radius. The results of the present

calculations show that the same set of the five parameters as stated can provide good es-
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Figure 2.12: Plots of S-factors for six Mg+Mg fusion reactions. The filled dots are the

São Paulo (SP) [10] calculations while the solid lines are our present calculations (see

Table-2.1).

timates of S(E) for the entire range of isotopes for a particular combination of interacting

nuclei. In case of same nuclei such as C+C or Mg+Mg, the number of parameters further

reduces from five to four since in these cases ∆1 = ∆2. Moreover, the present formalism

not only removes two parameters of Ref.[43] but also relies on exact theoretical expressions

for barrier penetration rather than the approximated ones used in Refs.[43, 44].

2.4 Summary and conclusion

In this work, we present analytical formulation based on barrier penetration model for

the astrophysical S-factor S(E). The potential barrier due to nuclear and Coulomb

interactions has been assumed to be of parabolic nature. The effect of the centrifugal

barrier for l > 0 which in turn means the contributions from higher l values have been

simulated phenomenologically. Except for this, the entire formulation is exact and does
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not invoke any other approximation. However, the issue of strong variation with the

energy [47] due to possible resonances, which could not be encompassed in earlier works

[10, 43, 44] as well, still remains but the present endeavor causes two fold simplifications. It

reduces two parameters and relies on exact theoretical expressions for barrier penetration

rather than the approximated ones [43, 44]. The energy dependence of the astrophysical

S-factors for the fusion reactions involving stable and several neutron rich isotopes of C,

O, Ne, Mg and Si covering a wide range of energy from 2 MeV to 30 MeV, below and

above the Coulomb barrier, have been calculated. The mentioned reactions are merely

a few illustrative examples, but the elegance of the theoretical model in describing the

experimental data suggests that it may be used successfully for large number of other

nuclei encompassing the entire spectra of isotopes.
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Chapter 3

RESONANT FUSION REACTIONS

IN ASTROPHYSICS

The cross sections for deep sub-barrier fusion reaction of light nuclei are calculated within

the theoretical framework of selective resonant tunnelling model. In this model, assump-

tion of a complex square well potential for nuclear interaction is invoked to explain the ab-

sorption inside a nuclear potential well. The theoretical estimates for these cross sections

agree well with the experimentally measured values. The features of the astrophysical

S-factor are derived in terms of this model. Present formalism appears to be particularly

useful for the low energy resonant reactions between two charged nuclei.

Nuclear fusion reactions at very low energies plays important role in nucleosynthesis

of light elements in big bang nucleosynthesis as well as inside the stellar core. Fusion

cross section is also one of the most important physical quantity required for both design

and research in fusion engineering. Nuclear fusion reactions in the energy range of ∼1eV

to few keV can be explained successfully by the phenomenon of quantum mechanical

tunnelling through Coulomb barrier of interacting nuclei. The measurements of these

cross sections of astrophysical importance are rarely possible since the energies involved
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in these processes are extremely low causing its exponential suppression due to coulomb

barrier. The astrophysical S-factor which is related to cross section [Eq.(2.1)] is, however, a

slowly varying function and is much less prone to extrapolation errors down to low energies

of astrophysical interest than cross section which has sharp energy dependence owing to

the exponential factor. Primary motivation of this work is to provide a reliable theoretical

model which can facilitate such extrapolations. Energy dependence of cross sections and

astrophysical S-factors for the deep sub-barrier fusion reactions of light nuclei have been

calculated using the theoretical model. In the present work, the astrophysical S-factors for

D+D, D+T, D+3He, p+D, p+6Li and p+7Li fusion reactions have been calculated whose

improved estimates are of prime importance for calculating the elemental abundances in

nucleosynthesis.

3.1 Theoretical framework

In the present work, a simple square-well potential model with an imaginary part has

been used to describe the nuclear fusion reaction of light nuclei where the nuclear po-

tential’s real part is primarily derived from the resonance energy whereas its imaginary

part is determined by Gamow factor at the resonance energy. This complex square-well

nuclear potential describes the absorption inside the nuclear well. In case of light nu-

clei fusion, treating the resonant tunnelling through the Coulomb barrier as a two-step

process, that is, first tunnelling and then decay, fails to provide an adequate description.

Such a oversimplified one-dimensional model [48], based on the assumption of decay be-

ing independent of tunnelling, does not depict a true picture of the physical process. In

reality, the wave function of the system of two colliding nuclei reflects back and forth

inside the nuclear potential well after it penetrates the barrier. These reflections inside

the nuclear well are completely neglected in the one dimensional model where the wave
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suffers no reflection while penetrating the barrier. In the case of α-decay as well, the

outgoing α-particle will encounters no reflection after penetrating the barrier in a three

dimensional model [49]. While the decay of the penetrating nuclei terminates the bounc-

ing motion inside the nuclear well, if nuclear reaction happens quickly enough, the wave

function will have no time to execute this bouncing motion. In other words, the short

lifetime of the penetrating wave may forbid resonant tunnelling. This is because of the

fact that there will be not enough bouncing motion for the growth of the wave function

by means of constructive interference inside the nuclear well. The tunnelling and decay

can no longer be independent in light nuclear fusion process and need to be combined as

a selective process.

The lifetime effect on the resonant tunnelling can be best achieved by introducing an

imaginary part into the nuclear interaction potential. The complex nuclear potential has

been shown to describe successfully the resonant tunnelling effects in deep sub-barrier

fusion using a three dimensional model for wide range of energies [50, 51, 52]. It is actu-

ally the overcoming of Gamow tunnelling insufficiencies by maximizing a damp-matching

resonant tunnelling. This theory is called the ‘selective resonant tunnelling’ and was

originally developed by Xing Zhong Li et al. [52]. When a light nucleus is injected into

another, the reduced radial wave function ψ(r) describing the relative motion can be re-

lated to the full wave function Φ(r, t) = 1√
4πr
ψ(r) exp(−iE

h̄
t). Here, Φ(r, t) represents the

solution of the general Schrödinger equation for the system. The reaction cross section in

terms of the phase shift δ0 due to the nuclear potential (in low energy limit only s-wave

contributes) is given by σ = π
k2
[1 − |η0|2] where η0 = e2iδ0 and k =

√

2µE
h̄2 is the relative

motion wave number between the reacting nuclei. In the three dimensional calculation,

nuclear potential being complex, the corresponding phase shift δ0 is complex and is given

by [52]
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cot(δ0) = Wr + iWi (3.1)

where instead of conventional phase shift δ0, a new pair of parameters, Wr and Wi,

the real and the imaginary parts of the cotangent of phase shift have been introduced.

Consequently, the reaction cross section for the s-wave given by σ = π
k2

(

1 − |e2iδ0 |2
)

can

be rewritten as

σ =
π

k2

{

− 4Wi

(1−Wi)2 +W 2
r

}

(3.2)

=
(

π

k2

)

(

1

χ2

)







− 4ωi

ω2
r + (ωi − 1

χ2 )2







where χ2=
{

exp( 2π
kac

)−1

2π

}

and 1/χ2 is the Gamow penetration factor, ω = ωr + iωi =

W/χ2 = (Wr + iWi)/χ
2 and ac = h̄2/µZ1Z2e

2 is the length of Coulomb unit. The above

expression is for inclusive cross section in which all the exit channels are summed over.

Since only the fusion cross section is being calculated, explicit treatment to incorporate

exit channels has not been taken into account. It is evident that the cross section reaches

its maximum when Wr = 0 and Wi = −1 and Wr = 0 corresponds to the condition for

resonance. Thus the condition for resonance is Re(δ0) = (2n+1)π/2 where n is an integer.

The dimensionless quantity Sr(E) given by

Sr(E) =







− 4ωi

ω2
r + (ωi − 1

χ2 )2







(3.3)

provides an alternative expression for a dimensionless astrophysical S-function which is

related to the astrophysical S-factor S(E) by S(E)=πh̄2 exp(2πη)
2µχ2 Sr(E). The two parame-

ters Vr and Vi which are respectively the real and imaginary parts of nuclear potential,

determine the wave function inside the nuclear well. Outside the potential well of the nu-

cleus, Coulomb wave function is determined by two parameters: (δ0)r and (δ0)i which are
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respectively the real and the imaginary parts of the complex phase shift. The derivation

of Eq.(3.4) does not invoke ‘compound nucleus model’, rather it contains not only the

conventional Gamow factor at front but also has an energy dependence of the S-factor (or

the astrophysical S-function). It is true that a composite system is formed by the fusion

process but the compound nucleus model can not be employed in the present case since

there are not enough collisions in case of light nuclei to justify the assumption of thermal

equilibrium as in the compound nucleus model. Any compound nuclear model has two

parts: one is the formation cross section and the second is its decay. We are not concerned

about decay but about its formation for which we are using the present model which can

tackle fusion at energies far below Coulomb barrier. The pair of convenient parameters,

Wr and Wi, have been brought in to link the cross section with the nuclear well, so that

it is convenient to describe the phenomenon of resonance and selectivity in damping. The

boundary condition for the wave function can be expressed by its logarithmic derivative,

which for a square well is given by

R
[sin(Kr)]′

sin(Kr)
|r=R = KR cot(KR) (3.4)

and in Coulomb field, it is given by

R

ac

{

1

χ2
cot(δ0) + 2

[

ln
(

2R

ac

)

+ 2A+ y(kac)
]

}

(3.5)

so that

ωi = Wi/χ
2 = Im

[

ac
R
(KR) cot(KR)

]

(3.6)

=
ac
R

{

γi sin(2γr)− γr sinh(2γi)

2[sin2(γr) + sinh2(γi)]

}
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Figure 3.1: Plots of cross section as a function of lab energy for p+D fusion reaction. The

continuous line represents the theoretical calculations while the hollow circles represent

the experimental data points.

ωr = Wr/χ
2 =

ac
R

{

γr sin(2γr) + γi sinh(2γi)

2[sin2(γr) + sinh2(γi)]

}

− 2H (3.7)

where K2 = 2µ
h̄2 [E − (Vr + iVi)], the real part Kr of K and its imaginary part Ki

are related by the equation Ki = µ
Krh̄

2 (−Vi), γ = (γr + iγi) ≡ (KrR + iKiR), H =

[

ln
(

2R
ac

)

+ 2A+ y(kac)
]

, radius of the nuclear well R = r0(A
1/3
1 + A

1/3
2 ), r0 is the ra-

dius parameter, A1 and A2 are the mass numbers of the reacting nuclei, Euler’s constant

A = 0.5772156649 and and y(kac) is connected to logarithmic derivative of the Γ function

given as y(x) = 1
x2

∑∞
j=1

1
j(j2+x−2)

− A + ln(x). In the above relations k =
√

2µE
h̄2 is the

wave number outside the nuclear well.
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Figure 3.2: Plots of cross section as a function of lab energy for p+6Li fusion reaction. The

continuous line represents the theoretical calculations while the hollow circles represent

the experimental data points.

3.2 Methodology of theoretical calculations

There are mainly two adjustable parameters, Vr and Vi, in the selective resonant tunnelling

model. These are adjusted to meet the resonance peak and the data points covering the

entire range of energy. The radius parameter r0 may be kept fixed or adjusted to fine

tune the calculations. In the present calculations, it is varied slightly from one system to

the other in order to obtain better theoretical estimates. The fusion cross sections and

the dimensionless astrophysical S-functions are calculated using Eq.(3.2) and Eq.(3.3),

respectively whereas the astrophysical S-factors (in units of keV-barn) can be calculated

using the relation S(E)=πh̄2 exp(2πη)
2µχ2 Sr(E) obtained by comparing Eq.(2.1) with Eq.(3.2).
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Figure 3.3: Plots of cross section as a function of lab energy for p+7Li fusion reaction. The

continuous line represents the theoretical calculations while the hollow circles represent

the experimental data points.

3.3 Results and discussion

The present formalism has been used to calculate the fusion cross sections for D+D, D+T,

D+3He, p+D, p+6Li and p+7Li. While the first three [50, 51, 52, 53, 54, 55] of these

fusion reactions have been done in past with a completely different motive of fusion power

production, the rest have been explored in the present work with an intention to use all

these six reactions for astrophysical purposes. For reactions D+D, D+T and D+3He, we

use the same Vr, Vi and R from Refs. [55], [55] and [53], respectively. For the rest of

the fusion reactions, Vr and Vi are adjusted to meet the position and magnitude of the

resonance peak in the fusion cross section. The radius parameter r0 (or equivalently the

radius of the nuclear well R defined after Eq.(3.7)) has been further adjusted to fine tune

so that the calculations reproduces the experimental data points covering the entire range

of energy.
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Table 3.1: Values of potential parameters for fusion reactions

Reactions Vr [MeV] Vi [keV] r0 (fm)

D+D -48.52 -263.27 2.778

D+T -40.69 -109.18 1.887

D+3He -11.859 -259.02 3.331

p+D -55.0 -0.0235 1.177

p+6Li -44.25 -7500 1.180

p+7Li -85.0 -395.0 1.330

The results of present calculations for cross sections of D+D, D+T, D+3He fusion

reactions have been shown to compare well [56] with experimental data as well as those

calculated using the three and five parameter fitting formulas of Ref.[55]. The results

of the cross section calculations for D+D, D+T, D+3He fusion reactions are available in

Ref.[55], Ref.[55] and Ref.[53], respectively and the magnitudes of Vr, Vi and r0 for these

three cases are provided in Table-3.1. The large difference in the radius parameter r0

reflects the fact that nuclear radius of tritium is smallest while that for 3He is largest [57].

The scattering cross section mainly depends on real part of the potential and the radius

parameter. Since the scattering cross sections for D+D, D+T, D+3He are of same order,

the radius parameter of D+3He being largest, forces the real part of the potential to be

smallest.

The results of the cross section calculations for p+D, p+6Li and p+7Li fusion reactions

are [58] shown in Figs.-3.1-3.3, and the magnitudes of Vr, Vi and r0 for these three cases are

tabulated in Table-3.1. It is interesting to note that the magnitude of Vi for fusion of p+6Li

is about twenty times larger compared to that of p+7Li. The reason may be attributed

to extremely low lifetime of 8Be inhibiting its formation. The reason for extremely small

Vi in case of p+D system lies in the fact that the binding energy for deuteron is very
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Figure 3.4: Plots of S-function as a function of lab energy for D+D, D+T, D+3He fusion

reactions.

small and therefore it easily disintegrates into p+n causing very small p+D fusion cross

section and correspondingly very small Vi. The experimental data [59] and the quantum-

mechanical calculations show very good agreement [12]. In similar works, new three

parameter formula describes well the low energy behavior of the fusion cross section for

light nuclei [60, 61]. The results of present calculations for dimensionless S-functions,

given by Eq.(3.5), are shown in Figs.-3.4-3.5. Somewhat, mismatch with experimental

data in case of p+D fusion reaction may be due to lack of experimental data points and

any conclusion at this stage regarding drawback of resonance tunnelling model in case

of heavier nuclei would be improper. However, calculations of fusion cross sections for

reactions involving medium and heavy nucleus-nucleus systems do need, altogether, a

completely different approach [62].
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fusion reactions.

3.4 Summary and conclusion

In the deep sub-barrier fusion of light nuclei, the nuclear resonance not just selects the

frequency or the energy level only but damping as well that causes reaction between

nuclei. When the resonance occurs, the selectivity becomes very sharp. In such selective

resonant tunnelling processes the neutron-emission reaction is suppressed. The process of

fusion of light nuclei at very low energies can recall the phase factor of the wave function

describing the system. The imaginary part in the square well potential describes the

formation of compound nucleus [63] formed by the fusion process, but there are not enough

collisions to justify the assumptions for compound nucleus model in case of light nuclei.

There is no such independent decay process in the light nuclei. In the compound nuclear

model, reaction is assumed to proceed in two steps: first fusing to form the compound

nucleus followed by its decay. In the present calculations that deal with selective resonant

tunnelling, the probability of tunnelling itself depends upon the decay lifetime and is a
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single step process of fusion of two light nuclei. The agreement with the experimental data

for the deep sub-barrier fusion of light nuclei also suggests that such tunnelling proceeds

in single step. The recent findings of halo nuclei [64] further strengthens the fact that the

nucleons can keep their features without forgetting the memory of wave function while

inside the well of the strongly interacting nuclear region. However, the situation is totally

different from the astrophysical reactions, since the weakly bound nature is essential in

halo nuclei, whereas a low level density plays an important role in astrophysical reactions

implying that the mechanism is different between halo nuclei and astrophysical reactions

for a nucleus to retain its identity inside the barrier.

The complex potential causes absorption of the projectile into the nuclear well. For

over last few decades researches on controlled nuclear fusion have been focused mostly

on D-T fusion since it has large fusion cross section compared to that of D-D fusion

reaction cross section by a very large factor of the order of several hundred in spite of

both having almost the same Coulomb barrier. The reason for a large cross section of the

D+T reaction can be attributed to a resonance state near 100 keV. A simple square-well

potential model with an imaginary part can be used to describe the D+T nuclear fusion

as well as other very light nuclei fusion reactions. The D+D, D+T, D+3He, p+6Li, p+7Li

and p+D fusion reactions are of astrophysical importance. It is worthwhile to mention here

that the nuclear potential’s real part is primarily determined from the resonance energy

whereas its imaginary part is obtained by Gamow factor at the resonance energy. The

consistency between the present quantum-mechanical calculation and the experimental

data suggests strongly of selective resonant tunnelling. The penetrating particle keeps

memory of its wave function’s phase factor. The applications of the model of the selective

resonant tunnelling can be explored further for other fusion reactions among light nuclei.
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Chapter 4

ASTROPHYSICAL

THERMONUCLEAR REACTION

RATES

The astrophysical thermonuclear reactions generate energy that makes stars shine. These

are also responsible for the synthesis of the elements in stars. The interstellar medium

are enriched with the nuclear ashes when stars eject part of their matter through various

means. These processes provide the building blocks for the birth of new stars, of planets

and of life itself. The theory of production of elements is called nucleosynthesis and in

describing the nuclear processes in stars that are located so far away from us in space and

time, it is remarkably successful. The process of synthesis of the elements can be broadly

classified into two categories: the primordial or big-bang nucleosynthesis and the steller

nucleosynthesis. As the name suggests the primordial nucleosynthesis refers to what hap-

pened at the beginning of the universe when light elements such as D, T, 3,4He, 6,7Li and

7Be were synthesized while steller nucleosynthesis occurs in stars and causes synthesis of

heavier elements. It is also worthy of attention how the theory predicts these processes
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based on the quantum mechanical properties of atomic nuclei. The nuclear energy gen-

eration in stars, nucleosynthesis and other issues at the intersection of astrophysics and

nuclear physics make up the science of nuclear astrophysics. Similar to most areas of

physics, it involves both experimental and theoretical activities. In the following these

concepts with special emphasis on nuclear processes and their interplay in stars will be

described.

4.1 Thermonuclear Cross Sections

The cross section for nuclear interaction (scattering or reaction) can be defined as

σ =
No. of interactions/time/target nucleus

No. of incident particles/time/area
(4.1)

and hence it has the dimension of area. It follows from the definition that

No. of reactions

s
=

No. of incident particles

s
× No. of target nuclei

Area
× σ (4.2)

The above relation can be written as

r = rij = ninjvijσ (4.3)

where σ is the reaction cross section, r = rij is the no. of reactions/volume/s, nj is the

no. of target nuclei/volume, vi is the velocity of incident particle, vj is the velocity of

target nuclei and ~vij = |~vi − ~vj| is the relative velocity.
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4.1.1 Nuclear Astrophysical Plasmas: Ion Distribution Func-

tions

Under astrophysical conditions, interacting nuclei in plasma are in thermal equilibrium at

temperature T and the individual particles follow a distribution of velocities. It is assumed

that the plasma is non-degenerate and non-relativistic and the temperatures being high

it is assumed to follow the Maxwell-Boltzmann velocity [65, 66, 67] distribution. The

number of reactions per unit volume per unit time rij should, therefore, be rewritten as

rij =
1

1 + δij

∫ ∫

σ|~vi − ~vj|d3nid
3nj (4.4)

where Kronecker delta δij prevents double counting in the case of identical particles and

d3ni = ni

[ mi

2πkT

]3/2
exp

(

− miv
2
i

2kT

)

d3vi = niφ(vi)d
3vi

d3nj = nj

[ mj

2πkT

]3/2
exp

(

− mjv
2
j

2kT

)

d3vj = njφ(vj)d
3vj (4.5)

Here d3ni and d
3nj are the number of particles per unit volume having velocities between

vi & vi + dvi and vj & vj + dvj respectively.

4.1.2 Thermonuclear Reaction Rates

Thus reaction rate per unit volume, rij can be written as rij =
ninj

1+δij
< σv >, where ni, nj

are the number of particles of type i, j per unit volume with any velocity. Therefore,

reaction rate per pair of particles (i, j) is given by

< σv >=
∫ ∞

0

∫ ∞

0
φ(vi)φ(vj)σvijd

3vid
3vj (4.6)

The variables vi and vj are related to the variables v = vij, the relative velocity and

V , velocity of the center of mass , by the usual kinematic relations v = |~vi − ~vj| and
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V = |mi~vi+mj~vj
mi+mj

|. Using the reduced mass µ = mimj

mi+mj
and the total mass M = mi +mj,

the rate < σv > can be written as

< σv >=
∫ ∞

0

∫ ∞

0
φ(V )φ(v)σ(v)v d3V d3v (4.7)

where the transformed velocity distribution φ(V ) and φ(v) are :

φ(V )d3V = 4πV 2
[ M

2πkT

]3/2
exp

(

− MV 2

2kT

)

dV (4.8)

φ(v)d3v = 4πv2
[ µ

2πkT

]3/2
exp

(

− µv2

2kT

)

dv

These are Maxwell-Boltzmann distribution with usual normalization and hence
∫∞
0 φ(v)d3v =

∫∞
0 φ(V )d3V = 1 and

< σv >= 4π
[ µ

2πkT

]3/2
∫ ∞

0
v3σ(v) exp

(

− µv2

2kT

)

dv (4.9)

Using the energy in centre-of-mass frame E = 1
2
µv2, the above equation can be written

in the form

< σv >= 4π
[ µ

2πkT

]3/2
∫ ∞

0

(2E

µ

)3/2
σ(v) exp

(

− E

kT

)1

2

( 2

µ

)1/2
E−1/2dE

= 4π
[ µ

2πkT

]3/2
∫ ∞

0
σ(E) exp

(

− E

kT

)1

2

( 2

µ

)2
E dE

⇒ < σv >=
[ 8

πµ

]1/2[ 1

kT

]3/2
∫ ∞

0
σ(E) exp

(

− E

kT

)

E dE (4.10)

In case of one of the particles being photon i ≡ γ and using hν = Eγ & Planck’s

distribution for photons

d3ni = d3nγ =
[8πν2

c3

] dν

exp( hν
kT
)− 1

=
8πE2

γdEγ

c3h3[exp(Eγ

kT
)− 1]

(4.11)

⇒ d3nγ =
1

π2(h̄c)3
E2

γ

exp(Eγ

kT
)− 1

dEγ
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and vij is always equal to the velocity of light c and hence

γ =
1

π2(h̄c)3

∫

d3nj

∫ ∞

0

c σ(Eγ)E
2
γ

exp(Eγ

kT
)− 1

dEγ (4.12)

where
∫

d3nj =
∫

njφ(vj) d
3vj = nj

∫

φ(vj) d
3vj = nj · 1 = nj

and hence λj =
r

nj

=
1

π2(h̄c)3

∫ ∞

0

c σ(Eγ)E
2
γ

exp(Eγ

kT
)− 1

dEγ

where the symbol λj is used in case of one of the interacting particle being γ, instead of

< σv > which is used for particle-particle interaction.

4.2 Analytical Parametrization of Reaction Rates

The reaction rates used in BBN reaction network have temperature dependence. Although

there are many neutron induced reactions which also have temperature dependence, but

few like 6Li(n,γ)7Li are constant with respect to temperature. This has drawn our at-

tention. At thermal energies neutron absorption cross section shows an approximate 1/v

behavior. Hence, using σ(E) ∝ E−1/2 in Eq.(4.10) immediately shows that the reaction

rates are approximately constant with respect to temperature at low energies. However,

this fact is true for thermal neutrons (∼ 0.025 eV) only with energies of the order of eV

and below. But at energies of astrophysical interest, the neutron induced reaction cross

sections can be given by σ(E) = R(E)
v

[15], where R(E) is a slowly varying function of en-

ergy [27] and is similar to the astrophysical S-factor and one expects 〈σv〉 to be dependent

on temperature.

The computer code TALYS [68] allows a comprehensive astrophysical reaction rate

calculations apart from other nuclear physics calculations. To a good approximation, in

the interior of stars the assumption of a thermodynamic equilibrium holds and nuclei

exist both in the ground and excited states. This assumption along with cross sections
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calculated from compound nucleus model for various excited states facilitates Maxwellian-

averaged reaction rates. For stellar evolution models this is quite an important input. The

nuclear reaction rates are generally evaluated using the statistical model [69, 70] and as-

trophysical calculations mostly use these reaction rates. Stellar reaction rate calculations

have been routinely done in past [71, 72]. However, TALYS has extended these calcula-

tion by adding some new and important features. Apart from coherent inclusion of fission

channel it also includes reaction mechanism that occurs before equilibrium is reached,

multi-particle emission, competition among all open channels, width fluctuation correc-

tions in detail, coupled channel description in case of deformed nuclei and level densities

that are parity-dependent. The nuclear models are also normalized for available experi-

mental data using separate approaches such as on photo-absorption data the E1 resonance

strength or on s-wave spacings the level densities .

In the low energy domain, compound nucleus is formed by the fusion of the projectile

and the target nuclei. While the total energy Etot is fixed from energy conservation, the

total spin J and parity Π can have a range of values. The reaction obeys the following

conservation laws,

Ea + Sa = Ea′ + Ex + Sa′ = Etot, energy conservation,

s+ I + l = s′ + I ′ + l′ = J, angular momentum conservation,

π0Π0(−1)l = πfΠf (−1)l
′

= Π, parity conservation.

The formula for binary cross section, assuming the compound nucleus model, is given by

σcomp
αα′ = Dcomp π

k2

lmax+I+s
∑

J=mod(I+s,1)

1
∑

Π=−1

2J + 1

(2I + 1)(2s+ 1)

J+I
∑

j=|J−I|

j+s
∑

l=|j−s|

J+I′
∑

j′=|J−I′|

j′+s′
∑

l′=|j′−s′|
(4.13)

× δπ(α)δπ(α
′)

T J
αlj(Ea)〈T J

α′l′j′(Ea′)〉
∑

α′′,l′′,j′′ δπ(α′′)〈T J
α′′l′′j′′(Ea′′)〉

W J
αljα′l′j′ ,
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The glossary of symbols used in the equations mentioned above are:

Ea = the energy of the projectile

l = the orbital angular momentum of the projectile

s = the spin of the projectile

j = the total angular momentum of the projectile

π0 = the parity of the projectile

δπ(α) =



















1 if (−1)lπ0Π0 = Π

0 otherwise

α = the designation of the channel for the initial projectile-target system:

α = {a, s, Ea, E
0
x, I, Π0}, where a and E0

x are the type of the projectile and the

excitation energy (which is zero usually) of the target nucleus, respectively

lmax = the maximum l-value of the projectile

Sa = the separation energy

Ea′ = the energy of the ejectile

l′ = the orbital angular momentum of the ejectile

s′ = the spin of the ejectile

j′ = the total angular momentum of the ejectile

πf = the parity of the ejectile

δπ(α
′) =



















1 if (−1)l
′

πfΠf = Π

0 otherwise

α′ = the designation of channel for the ejectile-residual nucleus final system:

α′ = {a′, s′, Ea′ , Ex, I
′, Πf}, where a′ and Ex are the type of the ejectile and the

residual nucleus excitation energy, respectively

I = the spin of target nucleus

Π0 = the parity of target nucleus

I ′ = the spin of residual nucleus
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Πf = the parity of residual nucleus

J = the total angular momentum of the compound system

Π = the parity of the compound system

Dcomp = the depletion factor so as to take into account for pre-equilibrium and direct

effects

k = the wave number of the relative motion

T = the transmission coefficient

W = the correction factor for width fluctuation (WFC).

The velocities of both the targets and projectiles obey Maxwell- Boltzmann distribu-

tions corresponding to ionic plasma temperature T at the site. The astrophysical nuclear

reaction rate can be calculated by folding the Maxwell-Boltzmann energy distribution for

energies E at the given temperature T with the cross section given by Eq.(4.13). Addi-

tionally, target nuclei exist both in ground and excited states. The relative populations of

various energy states of nuclei with excitation energies Eµ
x and spins Iµ in thermodynamic

equilibrium follows the Maxwell-Boltzmann distribution. In order to distinguish between

different excited states the superscript µ is used along with the incident α channel in the

formulas that follow. Taking due account of various target nuclei excited state contribu-

tions, the effective nuclear reaction rate in the entrance channel α → α′ can be finally

expressed as

NA〈σv〉∗αα′(T ) = (
8

πm
)1/2

NA

(kT )3/2G(T )

∫ ∞

0

∑

µ

(2Iµ + 1)

(2I0 + 1)
× (4.14)

σµ
αα′(E)E exp(−E + Eµ

x

kT
)dE,

where NA is the Avogadro number which is equal to 6.023×1023, k and m are the Boltz-

mann constant and the reduced mass in the α channel, respectively, and
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G(T ) =
∑

µ

(2Iµ + 1)/(2I0 + 1) exp(−Eµ
x/kT )

is the temperature dependent normalized partition function. By making use of the reci-

procity theorem, the reverse reaction cross sections or rates can also be estimated.

Table 4.1: Reaction Rate in units of cm3s−1mol−1 for the reaction 6Li(n,γ)7Li as a function

of temperature T9 (expressed in units of 109 K) generated from TALYS [68].

T9 Reaction Rate T9 Reaction Rate T9 Reaction Rate

0.0001 408.43 0.3 436.44 2.5 824.89

0.0005 440.24 0.4 466.02 3.0 883.00

0.001 423.09 0.5 492.41 3.5 936.22

0.005 414.78 0.6 516.58 4.0 985.55

0.01 392.78 0.7 539.18 5.0 1074.75

0.05 369.81 0.8 560.55 6.0 1153.17

0.1 375.42 0.9 580.88 7.0 1222.50

0.15 388.01 1.0 600.31 8.0 1284.74

0.2 403.71 1.5 686.76 9.0 1342.36

0.25 420.29 2.0 760.28 10.0 1397.99

The reaction rate for the reaction 6Li(n,γ)7Li has been calculated theoretically using

the TALYS [68] code. Although, in this reaction the nuclei involved are light, the results of

the calculations may be reasonable since apart from the compound nuclear contribution, it

accounts for the pre-equilibrium and the direct effects as well. The result of the calculation

for reaction rate in units of cm3s−1mol−1 as a function of temperature T9 (expressed in

units of 109 K) generated from TALYS [68] code is presented in Table-4.1.

In order to provide analytical parametrization of reaction rate for neutron capture

reactions [73], the results presented in Table-4.1 has been fitted quite accurately as a
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Figure 4.1: Plot of reaction rate as function of temperature T9. The dots represent results

of calculations using TALYS [68] while the continuous line represents the fit to it.

function of T9. The plot of reaction rate as a function of temperature T9 is shown in Fig.-

4.1. The dots represent results of calculations using TALYS [68] while the continuous line

represents its fitting by the function of T9: 389.5+218.1T9−20.21T 2
9 +0.853T 3

9 . This yields

a new reaction rate equation given by NA < σv >= 389.5 + 218.1T9 − 20.21T 2
9 + 0.853T 3

9

cm3s−1mol−1. This reaction rate is meant to supersede the earlier reaction rate used in

the BBN calculations.

4.3 Theoretical Calculations and Results

All the reaction rates used in BBN reaction network have temperature dependence except

few neutron induced reactions like 6Li(n,γ)7Li. The Malaney-Fowler reaction rate [74]

for 6Li(n,γ)7Li in the BBN reaction network calculations has been taken as 5.10×103

cm3s−1mol−1 which is constant with respect to temperature. Since this reaction rate

is independent of temperature and remained so for several decades, it attracted special

52



attention for further investigation of its temperature dependence. A new reaction rate

equation has been developed as a function of T9 (in units of 109 K) by fitting the results

for this reaction rate generated from TALYS [68] which turns out to be NA < σv >=

389.5 + 218.1T9 − 20.21T 2
9 + 0.853T 3

9 cm3s−1mol−1. The results for elemental abundances

remained unchanged whether Malaney-Fowler reaction rate or this new reaction rate or

any other reaction rate [75] is used for it. However, this new reaction rate may find its

usefulness in other domains of nuclear astrophysics.
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Chapter 5

BIG-BANG NUCLEOSYNTHESIS

The Hubble expansion of the Universe, the Cosmic Microwave Background Radiation

(CMBR) and the big bang nucleosynthesis (BBN) are the three signatures of the big

bang model. These are supported by a large number of observational evidences. The

BBN, which predicts the primordial abundances of the light elements such as D, 3,4He and

6,7Li, whose syntheses took place few seconds after the big-bang [76] and then the rapidly

evolving universe allowed only the nucleosynthesis of the lightest nuclei. In addition to the

stable nuclei D, 3,4He and 6,7Li, during the BBN some unstable radioactive isotopes like 3H

and 7,8Be were also synthesized. These unstable isotopes ultimately became stable isotopes

by either fusing with other nuclei or by decaying. From the beginning of space expansion,

BBN lasted during the period from three to about twenty minutes and thereafter, the

density and temperature of the universe fell below the threshold required for nuclear

fusion reaction to take place and hence averted elements heavier than beryllium to be

synthesized primordially and simultaneously it did allow unburned light elements (that

did not undergo fusion), such as deuterium, to still exist.
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Figure 5.1: The history of our Universe. The vertical time axis is not linear in order to

show early events on a reasonable scale. (Photo Courtesy: www.ctc.cam.ac.uk)
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5.1 Time Evolution of the Early Universe

The nucleosynthesis calculation requires the knowledge of the temperature and the time

evolution of baryonic density. These can be calculated from the thermodynamic consider-

ations and the expansion rate of the universe. The Friedmann-Robertson-Walker (FRW)

metric given by

ds2 = dt2 − a2(t)
( dr2

1− kr2
+ r2(dθ2 + sinθdφ2)

)

(5.1)

describes the geometry of the universe which assumes homogeneity and isotropy, where

the scale factor a(t) describes the expansion and k = 0, ±1 denotes the flat, closed or

open universe, respectively. From Einstein equations one obtains

H2(t) =
( ȧ

a

)2
=

8πG(ρR + ρM)

3
− k

a2
+

Λ

3
(5.2)

where H(t) is the Hubble parameter, G is the gravitational constant, ρM and ρR are the

matter and radiation densities respectively and Λ is the cosmological constant. It is conve-

nient to consider the critical density ρC =
3H2

0

8πG
for a flat (Euclidean) space corresponding

to k = 0, Λ = 0 in Eq.(5.2) for the density components of universe.

As is well known, during the early stages of expansion the matter density (dark and

baryonic) ρM ∝ a−3, while the radiation density ρR ∝ a−4. During the BBN epoch, when

a is about 10−8 times the present value, H(t) is controlled solely by relativistic particles

whereas there is no role of the cosmological constant, curvature terms and the matter

density. In this case Eq.(5.2) takes the form

( ȧ

a

)2
=

8πG

3
aR
g∗(T )

2
× T 4 (5.3)

where the Stefan-Boltzmann law aRT
4 for the radiation energy density is used and g∗

is the effective spin factor which reduces as and when the temperature falls below a
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threshold mass for the annihilation of every species of particle with its antiparticle. During

BBN, only electron and positron annihilates implying that the photons, neutrino/anti-

neutrino and e+/e− contribute to g∗(T ) before they annihilate. The energy released gets

shared by those particles which were in equilibrium with baryons and photons but not

neutrinos because it occurs after they decouple. Using the constraint that the entropy

densities of neutrinos and photons+electrons stay separately constant during the adiabatic

expansion [77, 78] and by solving Eq.(5.3) [79, 80] numerically, the neutrino temperature,

the photon/ion temperature and the baryonic density can be obtained as a function of

time. These are the important inputs required for BBN calculations along with the

thermonuclear reaction rates. The expansion rate of the universe remains unaffected by

the baryonic density at this epoch. However, the higher baryonic density causes larger

number of nuclear reactions per unit time, thereby influencing nucleosynthesis.

Standard BBN theory predictions depend upon the astrophysical nuclear reaction

rates and on three more parameters, namely, the number of light neutrino flavours (Nν),

the neutron lifetime (τn) and the baryon-to-photon ratio (η00 = nB/nγ) in the universe

[81, 82]. In its standard Nν = 3.0 form, BBN is a parameter-free theory because of the

precise knowledge of the baryon-to-photon ratio of the Universe from the observations of

the anisotropies of the CMBR. The big-bang cosmology relies on the Hubble expansion,

CMBR and the BBN. The primordial nucleosynthesis or the BBN traces back to the

beginning of the universe and deals with nuclear physics, particle physics and cosmology.

In spite of the fact that the Hubble expansion may also be explained by using other

theories of cosmology, the evidences of CMBR and the observations of the BBN implies a

universe which was extremely dense and hot at the very beginning. As described above,

the standard scenario for the BBN theory is the FRW cosmological model. The facts

that the solution to Einstein equations leads to a homogeneous and isotropic universe

implying uniformity of the CMBR temperature across the sky, which is T = 2.7277±0.002
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K, and the successfulness of the standard BBN theory validate this approximation. The

Friedmann equation relates the big-bang expansion rate, H, to the thermal properties of

the particles present at that epoch. The strong interaction in nuclear reactions produces

complex nuclei whereas the weak interaction transforms neutrons into protons and vice

versa. The rates of these processes are involved during expansion. The syntheses of light

elements in the early universe is ascertained by the time during its expansion.

5.2 The BBN reaction network

The reactions which took place during BBN can be organized into two categories, viz the

nuclear reactions which convert neutrons to protons and vice versa: n ↔ p + e− + ν̄e;

n + e+ ↔ p + ν̄e and p + e− ↔ n + νe and the rest of the other reactions. The first

categorization is in terms of the mean lifetime of neutrons while the second categorization

is on the basis of cross section measurements of different nuclear reactions. The deuterium

formation starts with the p + n ↔ D + γ process. This is an exothermic reaction

releasing 2.2246 MeV of energy. The photons are 109 times more numerous than protons,

therefore photo-destruction rate is more than the production rate of deuterons. Hence

the deuterium formation reaction can proceed only when the temperature drops to about

0.3 MeV by the expanding universe. The reactions that make 4He nuclei: D + n →
3H + γ, 3H + p → 4He + γ, D + p → 3He + γ, 3He + n → 4He + γ follow once the

deuteron formation starts. Apart from the 4He (normal helium), 3He (light helium) is

also formed along with the 3H. The 4He nucleus has a binding energy of 28.3 MeV and is

more bound than the deuterons. Moreover, the temperature of the plasma by this time

has dropped down to 0.1 MeV already, forces these reactions (being photo-reactions) to

proceed one way only. The reactions: D + D → 3He + n, D + D → 3H + p, 3He + D

→ 4He + p, 3H + D → 4He + n also produce 3He and 4He. These four reactions are
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not associated with the relatively slow process of emission of photons and hence usually

proceed faster. The reaction between deuterons and other charged particles eventually

stops due to electrostatic repulsion when the temperature falls too low to overcome it.

When these reactions stops, the ratio of deuteron to proton is very small as it varies as -1.6

power of the total density of neutrons and protons. Most of the neutrons of the universe

at that epoch end up as 4He nuclei. At the time of deuteron formation, neutron:proton

ratio is about 1:7 and 25% of the mass ends up in the synthesis of the helium. After about

100 seconds of the big-bang the deuterium concentration peaks which subsequently ends

up in helium nuclei. Thereafter, a very small amount of helium nuclei can fuse to form

heavier nuclei producing a small BBN 7Li abundance. As half-life of 3H which decays into

3He is twelve years, so no primordial 3H can survive till now. Similarly, half-life of 7Be

which decays into 7Li is fiftythree days, so no primordial 7Be also can exist today.

Instead of cross sections σ, the thermonuclear reaction rates are used as the inputs

to BBN calculations. These rates are calculated by folding Maxwell-Boltzmann energy

distribution with energy dependent nuclear reaction cross sections. Thus the Maxwellian-

averaged reaction rate per interacting particle pair < σv > at a temperature T , can be

described by the equation [8, 28] given below:

< σv >=
[ 8

πµ(kBT )3

]1/2
∫

σ(E)E exp(−E/kBT )dE, (5.4)

where kB, E, µ and v are, respectively, the Boltzmann constant, the energy in centre-

of-mass frame, the reduced mass of the reactants and the relative velocity. At energies

much below the Coulomb barrier, the radius of the nucleus is too small compared to

the classical turning point. In this situation exp(−2πη) approximates the tunnelling

probability through the barrier quite well, where η = Z1Z2e2

h̄v
is the Sommerfeld parameter

with Z1 and Z2 being the atomic numbers of the interacting nuclei and e being the
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elementary charge. As a consequence, the charge induced cross section is factorized as

σ(E) =
S(E) exp(−2πη)

E
(5.5)

where S(E) being the astrophysical S-factor is a smooth function of energy (insofar the

narrow resonances are excluded) and hence facilitating extrapolation of the experimentally

measured cross sections down to the energies of astrophysical regime. For the narrow

resonance case, in general a Breit-Wigner expression approximates the resonant cross

section, whereas at low energies the cross sections for neutron induced reaction is given

by σ(E) = R(E)
v

[15] with R(E) being a function which changes slowly with energy [27]

and is similar to S-factor.
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Figure 5.2: Plot of the Nuclear Reaction Network used for Big Bang Nucleosynthesis.

The twelve most important reactions have bold arrows.
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Chapter 6

PRIMORDIAL ABUNDANCES OF

ELEMENTS

Although, there is a good match between primordial abundances of D and 3,4He deduced

from observations and from primordial nucleosynthesis calculations, but that of 6,7Li are

off by quite large factors. The standard BBN theory predictions depend upon the as-

trophysical nuclear reaction rates and additionally on three more parameters, viz., the

number of light neutrino flavours, the neutron lifetime and the baryon-to-photon ratio in

the Universe. The observations by the Wilkinson Microwave Anisotropy Probe [WMAP]

[83, 84] and the Planck [85, 86] space missions enabled precise extraction of the baryon-

to-photon ratio of the Universe. The standard theory of the weak interaction provides

for the weak reaction rates involved in n-p equilibrium. These rates are obtained [87]

using neutron lifetime as the only experimental input, whose recent experimental value,

880.3±1.1 s [88], may be further updated [89, 90], that influence the production of 4He

[91]. In the past, sensitivity of the predictions to various parameters and physics inputs

in the BBN model were investigated [92, 93, 94, 95, 96, 97, 98].

The cardinal inputs for modeling the stellar evolution and BBN are the nuclear reac-
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tion rates per particle pair < σv > in the BBN and stellar network calculations, where

σ and v are, respectively, the reaction cross section for nuclear fusion and the relative

velocity between the interacting nuclei. These low energy fusion cross sections σ, some

of which are not sufficiently well known, can be obtained from laboratory experiments

[92, 93, 94, 95, 96]. However, for a given temperature T , a Maxwellian velocity dis-

tribution describes v well. The cross section measurements are influenced by various

factors involved whereas the theoretical thermonuclear reaction rate estimates depend

upon the several approximations taken into consideration. In the network calculations,

the Maxwellian-averaged thermonuclear reaction rates needs to be taken into account

and the variations [99, 100] in these thermonuclear reaction rates have an effect on the

predictions of elemental abundances in stellar evolution and the BBN.

In the present work, we have taken into account the effects of the thermonuclear reac-

tion rates, neutron lifetime and the baryon-to-photon ratio on the primordial abundances

of elements. The effect of the modification of thirty-five thermonuclear reaction rates

on the abundance of light elements in BBN was investigated earlier. We have used the

most recent values of neutron lifetime and baryon-to-photon ratio and further modified

reaction rates for d(4He,γ)6Li, t(4He,γ)7Li and 3He(4He,γ)7Be, which is used directly for

estimating the formation of 7Li as a result of β+ decay, by the most recent rate equations

in the temperature ranges up to 5T9 (in units of 109 K) [101, 102, 103, 104, 105]. We have

studied abundance yields of light element as functions of temperature and evolution time.

6.1 Observed Primordial Abundances

After BBN, 4He is synthesized in stars as well whose primordial abundance can be deduced

from the observations of the ionized hydrogen regions of compact blue galaxies. Galaxies

are considered as more primitive since these are formed by the agglomeration of dwarf
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galaxies, in a hierarchical structure formation paradigm. To take into account the stellar

production of 4He, the observations are extrapolated to zero, followed by atomic physics

corrections. Aver et al. [106] have obtained its mass fraction to be 0.2449± 0.0040.

Deuterium can be destroyed after BBN throughout stellar evolution. Its primordial

abundance is estimated from the observations of cosmological clouds in the line of sight

of highly redshifted distant quasars. Recently, Cooke et al. [107] have reanalyzed existing

data as well as made new observations that led to D/H relative abundance of (2.53 ±

0.04)× 10−5 with lesser uncertainties than earlier estimates.

Contrary to 4He, 3He is not only produced but also destroyed in stars resulting in

its abundance to be not well known as a function of time. Because of the observational

difficulties of helium and the small 3He/4He ratio, 3He has only been observed in our

Galaxy and its relative abundance is estimated to be (1.1± 0.2)× 10−5 [108].

The BBN started approximately three minutes from the beginning of space expan-

sion and continued for about next seventeen minutes. Consequently, the density and the

temperature of the expanding universe dropped to a value which prevented syntheses

of elements heavier than beryllium, while enabling unburned light elements (which did

not undergo fusion), such as deuterium, to exist at the same time. The heavier element

nucleosynthesis takes place mainly in massive stars. During the evolution of galaxies,

these stars explode as supernovae and eject heavy element enriched matter into the in-

terstellar medium. Accordingly, the abundances of heavier elements increase with time

in stars. Therefore, the abundance of metals (elements heavier than 3,4He) observed is

an indication of its age. To be explicit, those having the lower metallicity are the older

ones. Hence, observations from the objects having very small metallicity are the candi-

dates for extracting primordial abundances. After BBN 7Li can both be produced (AGB

stars, novae, spallation) and destroyed (in the stellar interiors). In the halo of our Galaxy,

very old stars are still observable since the life span of lower than one solar mass stars is
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greater than the age of our universe. At the surface of these stars 6,7Li can be observed.

Its abundances were found to be remarkably constant with respect to metallicity as long

as it is below the metallicity of the Sun (≈0.1). This constant plateau [109] of Lithium

abundance has been correlated to the production of 7Li during BBN. Therefore, it should

reflect the primordial value since thinness of the plateau implies that the surface Lithium

depletion probably has not been very effective. Sbordone’s et al. [110] analysis provides

7Li/H = (1.58+0.35
−0.28)× 10−10.

6.2 Calculations of Abundances in Primordial Nucle-

osynthesis

In a previous work [111], thirty-five Maxwellian-averaged thermonuclear reaction rates

from Caughlan et al. [99] and Smith et al. [112] used in the Kawano/Wagoner BBN code

[77, 79, 80] were modified by using the latest compilations of Angulo et al. [100] and

Descouvemont et al. [73] and its effects were studied with regard to the elemental abun-

dances in primordial nucleosynthesis. These reactions were d(p,γ)3He, d(d,n)3He, d(d,p)t,

d(α, γ)6Li, t(d,n)4He, t(α, γ)7Li, 3He(n,p)t, 3He(d,p)4He, 3He(3He,2p)4He, 3He(α, γ)7Be,

4He(αn,γ)9Be, 4He(αα, γ)12C, 6Li(p,γ)7Be, 6Li(p,α)3He, 7Li(p,α)4He, 7Li(α, γ)11B, 7Be(n,p)7Li,

7Be(p,γ)8B, 7Be(α, γ)11C, 9Be(p,γ)10B, 9Be(p,dα)4He, 9Be(p,α)6Li, 9Be(α,n)12C, 10B(p,γ)11C,

10B(p,α)7Be, 11B(p,γ)12C, 11B(p,αα)4He, 12C(p,γ)13N, 12C(α, γ)16O, 13C(p,γ)14N, 13C(α,n)16O,

13N(p,γ)14O, 14N(p,γ)15O, 15N(p,γ)16O and 15N(p,α)12C [111]. In the present work we

have employed the most recent values of neutron lifetime and the baryon-to-photon ratio

and further modified 3He(4He,γ)7Be reaction rate which is used directly for estimating

the formation of 7Li as a result of β+ decay [102, 104]. We have also used the most recent

parametrization for t(4He,γ)7Li and d(4He,γ)6Li reaction rates in the temperature ranges
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up to 5T9 [102, 104], though it is found that these two modifications produced little effect

on 7Li abundance over the earlier ones. We have also compared results of the present

calculations with our previous one [111] and other recent calculations [113, 114, 115],

the most recent one [115] used the same values of τn and η00 as our present work and

performed calculations based on the PARTHENOPE code.

6.2.1 Impact of fundamental constants on the primordial nucle-

osynthesis

Apart from the astrophysical nuclear reaction rates, the primordial abundances depend

upon three more parameters, the number of light neutrino flavours, the neutron lifetime

and the baryon-to-photon ratio in the universe. In standard form the number of light

neutrino flavours Nν is taken as 3.0. The observations by the WMAP [83, 84] and the

Planck [85, 86] space missions enabled precise extraction of the baryon-to-photon ratio of

the Universe as η00 = 6.0914±0.0438×10−10. The most recent experimental value for the

neutron lifetime τn which is 880.3± 1.1 s [88] has been used in the present calculations.

6.2.2 Thermonuclear reaction rates for radiative d4He, t4He and

3He4He captures

The twelve most relevant nuclear reactions that affect most the predictions of elemental

abundances of light nuclei [4He, D, 3He, 7Li] are n−decay, p(n,γ)d, d(p,γ)3He, d(d,n)3He,

d(d,p)t, 3He(n,p)t, t(d,n)4He, 3He(d,p)4He, 3He(α, γ)7Be, t(α, γ)7Li, 7Be(n,p)7Li and

7Li(p,α)4He. The uncertainties for the reactions 3He + 4He → 7Be + γ, 3H + 4He

→ 7Li + γ and p + 7Li → 4He + 4He directly reflect uncertainty in the predicted yield

of 7Li.

The 3He(4He,γ)7Be reaction rate which is used directly for estimating the formation of
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7Li as a result of β+ decay is now replaced by the most recent rate equation [102, 104]. The

refined variant of calculations for the astrophysical S-factor of the d(4He,γ)6Li, t(4He,γ)7Li

and 3He(4He,γ)7Be reactions, are in better agreement with the previously available as well

as the most recent experimental data and its predictive reliability is also demonstrated.

The new parametrization for the reaction rates [102, 104] given, respectively, by

NA < σv >= 17.128/T
2/3
9 exp(−7.266/T

1/3
9 )

×(1.0− 4.686 T
1/3
9 + 15.877 T

2/3
9

−21.523 T9 + 18.703 T
4/3
9 − 4.554 T

5/3
9 )

+53.817/T
3/2
9 exp(−6.933/T9), (6.1)

NA < σv >= 2304.319/T
2/3
9 exp(−6.165/T

1/3
9 )

×(1.0− 25.706 T
1/3
9 + 74.057 T

2/3
9

+28.460 T9 − 61.303 T
4/3
9 + 19.591 T

5/3
9 )

+29.322/T
3/2
9 exp(−1.641/T9), (6.2)

NA < σv >= 36807.346/T
2/3
9 exp(−11.354/T

1/3
9 )

×(1.0− 15.748 T
1/3
9 + 56.148 T

2/3
9

+27.650 T9 − 66.643 T
4/3
9 + 21.709 T

5/3
9 )

+44350.648/T
3/2
9 exp(−16.383/T9) (6.3)

in units of cm3s−1mol−1 are used in the temperature ranges up to 5T9 for the astrophys-

ical evaluations of 6Li, 7Li and 7Be productions. For temperatures higher than 5T9, for

d(4He,γ)6Li reaction, Angulo et al. [100] reaction rate has been used. For t(4He,γ)7Li
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and 3He(4He,γ)7Be reactions, above 5T9 and up to 8T9 reaction rates of Descouvemont et

al. [73] and above 8T9, Angulo et al. [100] reaction rates have been used.

6.3 Results and discussion

An exhaustive study of the effects of fundamental constants and thermonuclear reaction

rates on the primordial nucleosynthesis has been carried out. The entire calculations

performed so far by us is for the standard Big Bang Nucleosynthesis but with the mod-

ified reaction rates [73, 100, 102, 104] and with the most recent experimental value for

the neutron lifetime τn = 880.3 ± 1.1 s and with the value of η00 = η10 × 10−10 =

6.0914±0.0438×10−10 for the baryon-to-photon ratio. In Table-6.1 the results of present

calculations [13, 116] have been compared with the previous one [111] and other recent

calculations [113, 114, 115]. The theoretical uncertainties quoted in the table arise out of

experimental uncertainties in the magnitudes of τn and η10. However, the other dominant

source of uncertainty arises from the reaction rates which would certainly increase the

theoretical uncertainties quoted in this work.

So far as the accuracy of the calculations is concerned, the computations performed

are correct far beyond the results quoted in Table-6.1 where the entries have been rounded

up to four significant digits only. Thus the corresponding computational errors are orders

of magnitude smaller than those related to the experimental parameters involved. The

calculations have been performed using twenty-six nuclides and eighty-eight reaction rates.

These include the twelve most important nuclear reactions which are listed in section 6.2.2

and have the largest effects on the predictions of the primordial elemental abundances of

light nuclei. Truncation of the reaction network from 26 nuclides and 88 reaction rates to

18 nuclides and 60 reaction rates or to 9 nuclides and 25 reaction rates cause changes in

final abundances by only about 0.1% and 0.5%, respectively. Exclusion of reaction rates
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beyond 88 already included causes no changes so far as the abundances of light elements

are concerned.

We find that using the most recent values of fundamental constants and new reaction

rate result in marginal decrease in helium mass fraction causing slight improvement than

obtained previously in standard BBN calculations. On the contrary, the relative abun-

dances of deuteron and 3He increase marginally, yet remaining within the uncertainties

of experimental observations. It is also observed that the yield of 7Li slightly improves

(∼ 12%) (which was off by a factor of ∼ 3 in the standard BBN calculation) over the stan-

dard BBN abundance. It is, therefore, evident that even with appreciable nuclear physics

uncertainties, the primordial lithium abundance problem of BBN is hardly influenced by

most of these nuclear reaction rates.
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6.4 Summary and conclusion

In summary, the standard BBN theory predictions depend upon the astrophysical nuclear

reaction rates and additionally on three more parameters, the number of light neutrino

flavours, the neutron lifetime and the baryon-to-photon ratio in the universe. The effect

of the modification of thirty-five reaction rates on elemental abundance of light nuclei in

BBN was investigated earlier. In the present work we have replaced the neutron lifetime

and baryon-to-photon ratio by most recent values and further modified the reaction rates

d(4He,γ)6Li, t(4He,γ)7Li and 3He(4He,γ)7Be (which is used directly for estimating the

formation of 7Li as a result of β+ decay) by the most recent equations [102, 104]. We

have studied light element abundance yields as functions of the temperature and the

evolution time. We found that these changes caused only slight improvement (∼ 12%) on

the standard BBN abundance yield of 7Li. In a few other recent studies [113, 114, 115, 117]

also it was found that inclusion of some new reaction rates to the BBN code and thus

increasing the reaction network had no effect virtually on the BBN abundances. It is

interesting to note that the earlier observed relative abundance of 7Li (1.1± 0.1× 10−10)

[118] has been revised upward by ∼ 44% recently [110]. Moreover, if one takes the lower

limit of the present theoretical estimate and compares it with the upper limit of the

observed value of 7Li relative abundance then these two values appear to be converging

but still overestimated by a factor of 2.27. If the other dominant source of uncertainty from

the reaction rates is also considered then certainly the theoretical and the observed values

would converge further. Nevertheless, the chances of finding solutions by conventional

nuclear physics means, to either of the ‘lithium problems’ are improbable and, if 6,7Li

problems remain up to experimental observations in future, we may be compelled to

consider more exotic scenarios.

Beyond Standard Model extension of BBN is motivated by the fact that it could find a
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solution to the lithium abundance problem and test fundamental physics as well as probe

the early universe. The expansion rate of the universe may be affected if gravity differs

from its general relativistic description and the variation of the fundamental constants

may have to be constrained by BBN [119, 120]. The 7Li abundance may be lowered by a

massive particle decay during BBN or afterwards. Similar effects with negatively charged

relic particles, like the supersymmetric partner of the τ lepton could also be obtained, that

could form bound states with nuclei and lower the Coulomb barrier causing enhancement

of nuclear reactions [121]. Other nonstandard solutions to the 6,7Li problems comprise of

photon cooling [122], possibly combining magnetic fields [123] and particle decays.
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Chapter 7

CONCLUDING REMARKS

An analytical model based on nuclear reaction theory for non-resonant fusion cross sec-

tions near Coulomb barrier has been developed. The astrophysical S-factors involving

stable and neutron rich isotopes of C, O, Ne, Mg and Si for fusion reactions have been

calculated in the centre of mass energy range of 2-30 MeV. The present formalism predicts

precisely the suppression of S-factor at sub-barrier energies which are of astrophysical in-

terest. The cross sections can be convoluted with Maxwell-Boltzmann distribution of

energies to obtain thermo- or pycno- nuclear reaction rates relevant to nucleosynthesis at

high density environments and stellar burning at high temperatures as well as for 34Ne +

34Ne fusion occurring in the inner crust of accreting neutron stars.

The present theoretical model is based on the tunnelling through barrier arising out

of nuclear, Coulomb and centrifugal potentials. The potential barrier due to nuclear and

Coulomb interactions has been assumed to be of parabolic nature. The effect of the

centrifugal barrier for l > 0 which in turn means the contributions from higher l values

have been simulated phenomenologically. Except for this, the entire formulation is exact

and does not invoke any other approximation. Compared to the earlier works [10, 44, 43],

the present endeavor causes two fold simplifications. This model uses five parameters as
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against seven parameters used earlier [43] and relies on exact theoretical expressions for

barrier penetration rather than the approximated ones [43, 44]. The energy dependence

of the astrophysical S-factors for the fusion reactions involving stable and several neutron

rich isotopes of C, O, Ne, Mg and Si covering a wide range of energy from 2 MeV to

30 MeV, below and above the Coulomb barrier, have been calculated. The mentioned

reactions are merely a few illustrative examples, but the elegance of the theoretical model

in describing the experimental data suggests that it may be used successfully for a large

number of other nuclei and their isotopes for which a few experimental data covering a

reasonable span of energy is available. As the experimental data is not easily available

at relevant energies, the main purpose of this theoretical model is to extrapolate, in a

reliable way, the experimental data, where ever available, to the astrophysical relevant

energies as well as to extend it to other isotopes.

The model described above, however, does not take into account the resonances in the

cross sections which are more prominent in case of the deep sub-barrier fusion of light

nuclei. When the resonance occurs, the nuclear resonance not just selects the frequency or

the energy level only but the damping as well which causes nuclear reactions. The process

of fusion of light nuclei at very low energies can recall the phase factor of the wave function

describing the system. A simple square-well potential model with an imaginary part has

been used here to describe the nuclear fusion of very light nuclei. The imaginary part

in the square well potential describes the formation of compound nucleus formed by the

fusion process, but there are not enough collisions to justify the assumptions for compound

nucleus model in case of light nuclei. There is no such independent decay process in the

light nuclei. In the compound nuclear model, reaction is assumed to proceed in two steps:

first fusing to form the compound nucleus followed by its decay. In the present calculations

that deal with selective resonant tunnelling, the probability of tunnelling itself depends

upon the decay lifetime and is a single step process of fusion of two light nuclei. The
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agreement with the experimental data for the deep sub-barrier fusion of light nuclei also

suggests that the tunnelling proceeds in a single step.

This simple model has been used to describe the nuclear fusion of D+D, D+T, D+3He,

p+6Li, p+7Li and p+D fusion reactions which are of astrophysical importance. It is

important to note that the nuclear potential’s real part is primarily determined from

the resonance energy while its imaginary part can be obtained by Gamow factor at the

resonance energy. The consistency between the present quantum-mechanical calculations

performed and the experimental data suggests strongly of selective resonant tunnelling.

The potential parameters have been extracted and the radius parameters obtained truly

reflects the measured nuclear radii. This model of selective resonant tunnelling model can

be applied further to explore for nuclear fusion reactions among other light nuclei.

The primordial elemental abundance predictions of the BBN is one of the three strong

evidences for the Big-Bang model apart from the Cosmic Microwave Background and

the observational verification of Hubble’s expansion. Precise knowledge of the baryon-to-

photon ratio of the Universe from observations of the anisotropies of cosmic microwave

background radiation has made the Standard BBN a parameter-free theory. Although,

there is a good agreement between abundances calculated in primordial nucleosynthesis

and those of light elements deduced from observations over nine orders of magnitude, the

discrepancy of 7Li abundance higher by a factor of ∼ 3 still remains when calculated the-

oretically. The primordial abundances depend on the astrophysical nuclear reaction rates

and on three additional parameters, the number of light neutrino flavours, the neutron

lifetime and the baryon-to-photon ratio in the universe. The effect of the modification of

thirty-five reaction rates on the elemental abundances in BBN was investigated earlier by

us. In the present work we have incorporated the most recent values of neutron lifetime

and the baryon-to-photon ratio and further modified 3He(4He,γ)7Be reaction rate which

is used directly for estimating the formation of 7Li as a result of β+ decay as well as the
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reaction rates for t(4He,γ)7Li and d(4He,γ)6Li. We find that these modifications reduce

the theoretically calculated abundance of 7Li by ∼ 12%.

The Malaney-Fowler reaction rate [74] for 6Li(n,γ)7Li in the BBN reaction network

calculations has been taken as 5.10×103 cm3s−1mol−1 which is constant with respect to

temperature. A new reaction rate equation has been developed as a function of T9 by

fitting the results for this reaction rate generated from TALYS [68]. The results for

elemental abundances remained unchanged whether Malaney-Fowler reaction rate or the

new reaction rate or any other reaction rate [75] is used for it. However, this new reaction

rate may find its usefulness in other domains of nuclear astrophysics. In fact, it has

been found that the twelve major BBN reactions viz. 4He, D, 3He, 7Li] are n−decay,

p(n,γ)d, d(p,γ)3He, d(d,n)3He, d(d,p)t, 3He(n,p)t, t(d,n)4He, 3He(d,p)4He, 3He(α, γ)7Be,

t(α, γ)7Li, 7Be(n,p)7Li and 7Li(p,α)4He affect the elemental abundance predictions of

light nuclei, the most. To elaborate it further, truncation of the reaction network from 26

nuclides and 88 reaction rates to 9 nuclides and 25 reaction rates cause changes in final

abundances by about 0.5% while for 18 nuclides and 60 reaction rates the change is only

about 0.1%. Inclusion of reaction rates beyond the 88 reactions which have been included

in the present calculations causes minimal changes so far as the abundances of light

elements are concerned. In a few other recent studies [113, 114, 115, 117] also it was found

that some new reaction rate inclusions in the BBN code and thus increasing the reaction

network had no effect virtually on the BBN abundances. Recently the reaction cross

section for 7Be(n,p)7Li reaction, which belongs to the twelve most important reactions

affecting abundances, has been measured at CERN [124]. In the region of BBN domain,

the new result yields only very minor improvement on the cosmological lithium problem.

It is interesting to note that the earlier observed relative abundance of 7Li (1.1±0.1×

10−10) [118] has been revised upward by ∼ 44% recently [110]. Moreover, if one takes the

lower limit of our theoretical estimate and compares it with the upper limit of the observed
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value of 7Li relative abundance then these two values appear to be converging but still

overestimated by a factor of 2.27. If the other dominant source of uncertainty from the

reaction rates is also considered then certainly the theoretical and the observed values

would converge further. Nevertheless, the chances of finding solutions by conventional

nuclear physics means, to either of the ‘lithium problems’ are improbable and, if 6,7Li

problems remain up to experimental observations in future, we may be compelled to

consider more exotic scenarios.

Beyond the Standard Model extension to BBN could be used to find a solution to

the lithium problem as well as to probe the early universe and test fundamental physics.

The rate of expansion of the universe may be affected if gravity differs from its general

relativistic description and the variation of the fundamental constants may have to be

constrained by BBN [119, 120]. The 7Li abundance may be lowered by a massive par-

ticle decay during BBN or afterwards. With negatively charged relic particles, like the

supersymmetric partner of the τ lepton, that could form bound states with nuclei and

lower the Coulomb barrier leading to the enhancement of nuclear reactions [121]. Other

nonstandard answers to the 6,7Li problems comprise of photon cooling [122], possibly

combining magnetic fields [123] and particle decay. The possibility of solving either of the

unresolved 6,7Li problems by other means, moving to the physics beyond the Standard

Model [125] that includes the shortcomings of the Standard BBN model of physics includ-

ing dark matter, dark energy, matter-antimatter symmetry, gravity such as f(R) gravity

generalization of Einstein’s general relativity, may be needed to be explored.
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Appendix I

Derivation of
∫ r2

r1

√

V (r)
E

− 1 dr:

At the turning point as shown in Fig.-1.3, r1 = a and r2 = b. As the inner turning point

r1 = a is extremely small in comparison to b, we can therefore take an approximation,

r1 = a→ 0. So,

∫ r2

r1

√

V (r)

E
− 1 dr =

∫ b

a

√

V (r)

E
− 1 dr

=
∫ b

0

√

V (r)

E
− 1 dr

=
∫ b

0

√

(Z1Z2e2)/r

E
− 1 dr

=
∫ b

0

√

b

r
− 1 dr (8.1)

where we have used V (r) = (Z1Z2e
2)/r and b = Z1Z2e2

E
.

Let r = b sin2 θ ⇒ dr = 2b sin θ cos θdθ

⇒ dr = b sin2 θdθ

Also, as r → 0, θ → 0

78



and r → b, sin2 θ → 1 ⇒ θ → π/2

therefore
∫ b

0

√

b

r
− 1 dr =

∫ π/2

0

√
cosec2θ − 1 (2b sin θ cos θ) dθ

=
∫ π/2

0
cot θ 2b sin θ cos θ dθ

= 2b
∫ π/2

0
cos2 θ dθ

= b
π

2
(8.2)
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