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SYNOPSIS

A large number of astronomi
al observations indi
ate that more than 25 % of the

energy budget of the universe exists in the form of non-luminous gravitating

material 
alled Dark Matter (DM). Luminous matter in the form of stars, galaxies,

and 
lusters a

ounts for < 5%, and some unknown form of energy often 
alled

Dark Energy, responsible for the present day a

eleration of the universe,


onstitutes the remaining ∼ 70 % of the energy 
ontent of our universe [1℄. The

DM thus 
ontributes to more than 80 % of the total gravitating mass in the

universe. DM is present on mass s
ales ranging from those of dwarf spheroidals to

the largest super
lusters. In large spiral galaxies, su
h as our own Milky Way, the

most 
ompelling eviden
e for the presen
e of DM 
omes from the behavior of their

rotation 
urve (RC), i.e., the 
ir
ular velo
ity of a test parti
le as a fun
tion of the

gala
to
entri
 distan
e. The observed ��at� RC of spiral galaxies out to distan
e of

several tens of kp
 from the gala
ti
 
enter 
an be explained naturally under the

hypothesis that the luminous matter 
omponent is embedded in a roughly

spheri
al, DM halo. However, the 
omposition, the extents and phase spa
e


hara
teristi
s of the su
h halos of galaxies are not known with 
ertainty.

Currently the most favored 
andidate for the DM belongs to a 
lass of parti
les

known as Weakly Intera
ting Massive Parti
les (WIMPs) that are predi
ted in

many beyond-Standard-Model theories like those involving supersymmetry and

large extra dimensions. WIMPs in the mass range ∼ few GeV to few hundreds of

TeV 
an naturally a

ount for the DM 
osmologi
al reli
 density [2℄. Several

experiments worldwide are 
urrently trying to dete
t these hypotheti
al WIMPs,

thought to 
onstitute the dark halo of our Galaxy. Dire
t dete
tion (DD) sear
h

1



experiments like DAMA, COGENT, CRESST, XENON, CDMS [3℄ and so on

sear
h for nu
lear re
oil events due to s
attering of WIMPs o� nu
lei of suitably


hosen dete
tor materials in low ba
kground underground fa
ilities. The WIMPs

are also being sear
hed for indire
tly through dete
tion of their self-annihilation

produ
ts like antiprotons, gamma rays, positrons, neutrinos et
. [4℄. Su
h

annihilations 
an happen in likely high WIMP density regions su
h as in the 
ore

of the sun, Gala
ti
 
entre, dwarf spheroidal galaxies and so on. In addition there

are a

elerator sear
hes trying to dete
t missing momentum and energy

attributable to WIMPs produ
ed in 
ollider experiments like LHC [5℄. Although

several proje
ts have 
laimed tentative positive signals, no 
on�rmed dete
tion of

WIMPs have so far been reported.

Two 
ru
ial astrophysi
al inputs required for a proper analysis of the results of any

DD experiment are the lo
al (i.e., the solar neighborhood) density of DM , ρDM,⊙,

and the lo
al velo
ity distribution fun
tion (VDF) of the DM parti
les, fDM,⊙(v),

in the Galaxy. These are a priori unknown. Customarily, the Standard Halo Model

(SHM) [6℄ is adopted as a des
ription of the Gala
ti
 DM halo. However, this

model su�ers from several limitations as dis
ussed in one of the 
hapters in this

thesis. In this thesis, I study the phase spa
e 
hara
teristi
s of the DM halo of our

Galaxy with a view to providing a more realisti
 and physi
ally a

eptable

des
ription of the phase spa
e distribution of the DM parti
les in the Galaxy and

study their impli
ations for the interpretation of the results of DD experiments. In

doing this, I use the RC data for the Galaxy as the primary observational input for

deriving the parameters of the possible phase spa
e distribution fun
tion (PSDF)

of the WIMP parti
les hypothesized to 
onstitute the DM halo of the Galaxy. In

parti
ular, I study the e�e
t of self-
onsistent gravitational in�uen
e of the visible

2



matter (VM) whi
h dominates the dynami
s of the Galaxy within the solar 
ir
le,

on the phase spa
e stru
ture of the DM halo. Sin
e the RC plays a major role in

my work des
ribed in this thesis, I also present our new results on the 
onstru
tion

of the RC of the Galaxy and it's dependen
e on the Gala
ti
 Constants (GC),

(r0,v0), i.e. the sun's distan
e from and 
ir
ular rotation speed of the Lo
al

Standard of Rest around the Gala
ti
 
enter, respe
tively.

This thesis is arranged as follows. In Chapter 1, I present a broad overview of the

eviden
es for DM and the arguments for WIMPs being a probable DM 
andidate.

Also, I dis
uss the phenomenology of DD of DM, sear
h strategies of di�erent DD

experiments, analysis methods et
. with emphasis on the role of astrophysi
al

inputs and prevailing un
ertainties thereof [2, 6, 7, 8℄.

In Chapter 2, I des
ribe the 
onventionally used SHM spe
i�ed by a velo
ity

dispersion of 270 km s−1
and ρDM,⊙ set at ∼ 0.3 GeV cm−3

. The impli
ations of

the SHM for DD experiments 
onsidering both WIMP-nu
leon elasti
 and inelasti


s
attering 
ases are also dis
ussed here. In the SHM, the PSDF of the WIMPs is

des
ribed by the Isothermal Distribution Fun
tion (IDF) [9℄, whi
h is a stationary

solution of the 
ollisionless Boltzmann equation. This IDF is a fun
tion of energy

(E) only whi
h implies that the velo
ity spa
e is isotropi
. The VDF of this model

follows a standard Maxwellian distribution, trun
ated at some 
hosen value of the

lo
al es
ape speed for pra
ti
al purposes. I determine the parameters of the IDF

by �tting the theoreti
ally 
al
ulated RC with an observed set of RC data [10℄ for

our Galaxy. In this exer
ise, I in
lude the gravitational in�uen
e of the observed

VM [11℄ on the DM in a self-
onsistent manner and �nd that the resulting

additional gravitational potential of the VM - negle
ted in earlier studies - 
an

support signi�
antly higher velo
ity dispersions than usually 
onsidered in the

3



DM-only SHM �ts. I then study the impli
ations of these results for several DD

experiments and 
ompare them with those obtained using the SHM.

In Chapter 3, I dis
uss the short
omings of the SHM and motivate the study of a

more physi
ally a

eptable PSDF of a �nite size DM halo of the Galaxy. In

parti
ular, I use the King model [9℄, a PSDF with isotropi
 VDF des
ribing a �nite

extent and spheri
ally symmetri
 
ored system of 
ollisionless parti
les. The

relevant parameters of the model are determined by �tting the theoreti
ally

predi
ted RC pro�le with the available RC data set for the Galaxy [10, 12℄,

in
luding self-
onsistent gravitational 
oupling between the VM and DM


omponents [8℄. Unlike in SHM, the isotropi
 VDF of the DM parti
les in this

model deviates signi�
antly from the Maxwellian form as indi
ated by re
ent

simulations as well [13℄, and has a natural 
ut-o� at a �nite velo
ity determined by

the model itself. Interestingly, it is found that the VM �pulls in� the DM towards

the 
enter as well as towards the disk of the Galaxy, thereby in
reasing the DM

densities in those regions 
ompared to the densities that one would obtain in

absen
e of the VM. I then dis
uss the impli
ations of the best �t King model for

the results of DD experiments for the 
ases of both spin-independent and

spin-dependent WIMP-nu
leon s
attering. These results [8℄ are shown to

strengthen the possibility of low-mass (≤ 10 GeV) WIMPs being a 
andidate for

DM, as indi
ated by several re
ent experiments.

The RC plays a major role - indeed the main observational an
hor - in my

approa
h to the problem of deriving information on the phase spa
e stru
ture of

the DM halo of the Galaxy. It is a dire
t observational probe of the total

gravitational potential and hen
e mass distribution in the Galaxy. In Chapter 4,

I present the results of my work pertaining to 
onstru
ting the RC of the Galaxy

4



from a Gala
to
entri
 distan
e of 0.2 kp
 up to about 20 kp
 without assuming

any theoreti
al models of the mass 
omponents of the Galaxy. The RC of the

Galaxy, is, of 
ourse, not a dire
tly measured obje
t and has to be derived from

the kinemati
al as well as positional data on a variety of tra
er obje
ts moving in

the gravitational �eld of the Galaxy. I study the sensitivity of the RC on the


hoi
e of GC set. It is found that the RC of the Galaxy in the disk region depends

signi�
antly on the value of GC adopted.

Chapter 5 deals with a study of the sensitivity of ρDM,⊙ on the GC set 
hosen for


onstru
ting the RC data as dis
ussed in Chapter 4. I perform the analysis for the

Einasto pro�le, the DM density form, whi
h provides a good des
ription of the

density pro�les obtained by 
osmologi
al simulations [14℄. I obtained the most

likely DM and VM parameters and their 68 % CL bounds using an extensive

Markov Chain Monte Carlo analysis, using our RC data for three separate GC

sets. It is seen that the best �t value of ρDM,⊙ depends signi�
antly on the value of

v0 used in the analysis. In parti
ular, ρDM,⊙ de
reases from ∼ 0.56 GeV cm−3
to ∼

0.19 GeV cm−3
as v0 is varied from 244 km s−1

to 200 km s−1
. This is shown to be

the 
ase for other assumed DM pro�les as well.

In Chapter 6, I study the possible nature of the full phase spa
e stru
ture of the

DM halo 
orresponding to the best-�t Einasto DM density pro�le des
ribed in the

previous Chapter. In doing this, I 
onsidered the possible anisotropi
 VDF of DM

parti
les, as indi
ated by re
ent high resolution 
osmologi
al simulations [15℄.

Unlike in Chapter 3, here I adopt an alternative approa
h to 
onstru
ting the

PSDF.

Spe
i�
ally, I �invert� the best-�t Einasto density pro�le dis
ussed in Chapter 5 to

obtain the anisotropi
 VDF of the DM parti
les by the Osipkov Merritt (OM)

5



method [9, 16℄ by in
luding the gravitational in�uen
e of the VM on the DM

parti
les in a self-
onsistent manner. The resulting VDFs for the three velo
ity


omponents are seen to be of non-Maxwellian nature. I also determine the

anisotropy radius and the 
onsequent radial pro�le of the velo
ity anisotropy

parameter, β(r), of the DM parti
les in the halo. I also dis
uss how the in
lusion

of the gravitational in�uen
e of the VM signi�
antly 
hanges the VDF for all the

velo
ity 
omponents.

Finally, Chapter 7 
ontains a summary of the main results presented in this

thesis and 
on
ludes by mentioning future works in this dire
tion.
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Chapter 1

Introdu
tion

1.1 Overview

A variety of astronomi
al and 
osmologi
al observations involving measurements of

the anisotropies of the 
osmi
 mi
rowave ba
kground radiation [1℄, weak and

strong gravitational lensing [2℄, inner dynami
s of dwarf spheroidal galaxies [3℄

rotation 
urves (RC) of large spiral galaxies [4℄-[8℄, merger of Bullet 
luster [9℄, and

so forth (see [10℄ for a review), indi
ate that more than 80 % of the total

gravitating matter density in the Universe is attributable to some non-baryoni


and stable (with life time at least as large as the age of the Universe) form of

matter, whi
h emits no dete
table ele
tromagneti
 radiation of any kind, and is,

therefore, 
alled `Dark Matter' (DM). The baryoni
 matter in the form of stars and

gas in galaxies, 
lusters et
. 
onstitutes less than 20 % of the gravitating matter


ontent of the Universe. In terms of total energy density, the baryoni
 matter

17
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onstitutes less than 5 % whereas the non-baryoni
 DM 
onstitutes ∼ 26 % to the

total energy density in the Universe. The rest, ∼ 69 %, 
onstituting the dominant


omponent in terms of energy density exists in a form 
alled `Dark Energy' (DE)

that seems to exhibit �repulsive gravity� and is thought to be responsible for the

observed a

elerated expansion of the Universe today [1℄. See Figure 1.1 for a pie


hart representation of the energy density distribution of various 
omponents of

the Universe, as it stands today, reported by Plan
k satellite mission [1℄.

Figure 1.1: Pie 
hart for energy density budget of the di�erent 
omponents of the

Universe [1℄.

The nature and 
omposition of both DE and DM are 
urrently unknown. In this

thesis, we will not dis
uss DE any further, but rather fo
us on DM.

Currently, one of the most favored 
andidates for DM are the so - 
alled Weakly

Intera
ting Massive Parti
les or WIMPs (denoted by χ hen
eforth) with masses

whi
h may lie anywhere between a few GeV to several hundreds of TeV [11, 12℄.

Su
h parti
les naturally arise in well-motivated extensions of the Standard Model

(SM), su
h as those involving supersymmetry (SUSY) [13℄ and/or large extra
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dimensions [14℄. The attra
tive feature of the WIMPs is that, owing to their weak

intera
tions, they 
an �freeze out� su�
iently early in the Universe so that their

reli
 abundan
e in the present epo
h 
an be su�
ient to naturally explain the

measured 
osmologi
al density of DM in the Universe - a fa
t well known as the

`WIMP Mira
le' [15, 16℄. For a 
omprehensive review on possible 
andidates of

DM, one 
an refer to [10, 17℄, for example.

On the s
ale of galaxies, su
h as our Galaxy (the Milky Way), the observed

non-de
lining nature of the RC beyond the visible edge 
an be naturally explained

under the hypothesis that the observed visible matter (VM) of the galaxies are

embedded in roughly spheri
al halos of DM (s
hemati
ally represented in Figure

1.2), extending to large gala
to
entri
 distan
es (perhaps to few hundreds of kpc).

However, the true extents and phase spa
e 
hara
teristi
s of the DM halos around

galaxies are still unknown.

An alternative explanation of the nature of the rotation 
urve was �rst suggested

by M. Milgrom in 1983 [18℄ and subsequently studied in further detail by various

authors. This involves modifying Newtonian gravitational dynami
s to interpret

observations without introdu
ing any invisible dark matter. The resulting theory is


alled Modi�ed Newtonian Dynami
s (MOND). It has also been suggested as an

alternative to DM on larger s
ales. However, there are several issues that remain

to be understood. See [19℄ for a 
omprehensive review and the referen
es therein.

In this thesis we will not dis
uss MOND any further and rather 
on
entrate on the

DM interpretation of RC behavior in our Galaxy.

In 1985, Goodman and Witten [20℄ pointed out that the WIMPs, by virtue of their

weak intera
tion with SM parti
les, may s
atter from nu
lei of ordinary VM, thus
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Luminous Matter

Figure 1.2: A s
hemati
 diagram of visible matter for a typi
al spiral galaxy (
om-

prising of a 
entral bulge, disk, and stellar halo) embedded in a dark matter halo.

o�ering a way of dire
tly dete
ting the WIMPs in a laboratory set up. Following

this suggestion, several experiments worldwide are 
urrently engaged in attempts

to dire
tly dete
t the WIMPs through observing signals like s
intillation, phonon,


harge deposition et
. attributable to nu
lear re
oil events arising from WIMP

s
atterings o� nu
lei of suitably 
hosen dete
tor materials. To avoid 
osmi
 ray

ba
kgrounds, these experiments are typi
ally performed in deep underground

laboratories. Attempts are also being made to dete
t WIMPs indire
tly through

their self annihilation produ
ts like antiprotons, positrons, gamma rays, neutrinos

et
. likely to originate from high DM density regions su
h as in the 
ore of the Sun,

Gala
ti
 
enter, dwarf spheroidal galaxies, and so on. Experiments like PAMELA,

FERMI, AMS, Super-Kamionkande, I
e
ube et
. are some promising proje
ts in

this 
ategory [21℄. In addition, there are a

elerator sear
hes, looking for missing

momentum/energy attributable to WIMPs produ
ed in 
ollider experiments like

LHC [22℄. Till date, though some experiments have reported 
laims of dete
tion,

no 
on�rmed dete
tion has been reported so far; see, e.g., Ref. [23℄ for an re
ent



Chapter 1. Introdu
tion 21

review. Hen
eforth, in this thesis, we shall 
on
entrate only on DD of WIMPs.

Two 
ru
ial astrophysi
al inputs, namely, the lo
al (i.e., the Solar neighborhood)

density of DM, ρDM,⊙, and the lo
al velo
ity distribution fun
tion (VDF) of the

DM parti
les (assumed to be WIMPs throughout this thesis) populating the

Gala
ti
 halo, are required for the analysis and interpretation of the results of the

DD experiments for WIMPs. There is 
urrently 
onsiderable amount of

un
ertainty in these astrophysi
al quantities. In this thesis, we shall attempt to

derive the value of ρDM,⊙ as well as the nature of lo
al VDF from observational

data pertaining to our Galaxy.

There have been several attempts to derive the value of ρDM,⊙ [24℄-[34℄ based on

varied observational data, with values as small as 
lose to zero to as high as 1.32

GeV cm−3
being quoted in literature. In 
ontrast, not mu
h knowledge dire
tly

based on observational data is available on the likely form of VDF of the DM

parti
les 
onstituting the Gala
ti
 halo. It is a standard pra
ti
e to assume the

VDF to be of Maxwell Boltzmann form. However, some re
ent 
osmologi
al

simulations [35℄-[39℄ and proposed forms [40, 41, 42℄ seem to indi
ate signi�
ant

departure of the VDF from typi
al Maxwellian nature. In addition, some of them

(for example, [38, 40℄) even indi
ate an anisotropi
 behavior of the VDF.

In this thesis, we shall derive the values for ρDM,⊙ and the possible forms of VDF

of the DM parti
les populating the Gala
ti
 halo using the observational data


orresponding to the Milky Way itself. We attempt to throw light on the possible

forms of the phase spa
e distribution fun
tion (PSDF), f(x(t),v(t)), as a

des
ription of our Gala
ti
 DM halo. Owing to their weak intera
tion, the WIMPs

are assumed to satisfy the 
ollisionless Boltzmann equation (CBE) [43℄, the
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stationary solutions of whi
h 
an represent possible PSDFs for the DM


onstituting the Gala
ti
 halo. Customarily, the `standard halo' model (SHM)

[44℄-[47℄, whi
h is based on the `isothermal sphere' (IS) solution of the steady state

CBE, is widely used in the analysis of DD experiment results. The SHM is de�ned

by a parti
ular 
hoi
e of ρDM,⊙ ≃ 0.3 GeV cm−3
and VDF as a Maxwellian

distribution with velo
ity dispersion 〈v2〉1/2 ≃ 270 km s−1
.

However, the IS model of the Gala
ti
 halo (adopted in SHM) su�ers from some

serious short
omings, namely, it has a divergent total mass as the halo radius

r → ∞ and hen
e is unsuitable for representing a halo of a �nite size and mass like

our Milky Way. In addition, the signi�
ant gravitational in�uen
e of the VM on

the spatial as well as velo
ity distribution of the DM parti
les, espe
ially in the

inner regions of the Galaxy, is not taken into a

ount in the 
ustomarily adopted

�isolated� SHM.

We shall therefore, 
onsider self-
onsistent models of PSDF that are stationary

solutions to CBE representing a DM halo of �nite mass. Towards this end, we


onsider two approa
hes in 
onstru
ting the models of the PSDF. In the �rst

approa
h, we start with an ansatz for the PSDF for a �nite sized halo of the

Galaxy endowed with an isotropi
 VDF. We use the RC data of the Galaxy, whi
h

is the 
ir
ular velo
ity of a test parti
le as a fun
tion of Gala
ti
 radius, as the

primary observational input for deriving the parameters of the PSDF of the WIMP

parti
les hypothesized to 
onstitute the DM halo of the Galaxy and study their

impli
ations for the interpretation of the results of DD experiments. In doing this,

we in
lude the e�e
t of the gravitational in�uen
e of the VM, whi
h dominates the

dynami
s of the Galaxy within the Solar 
ir
le on the phase spa
e stru
ture of the

DM halo in a self-
onsistent manner, using the formalism des
ribed in earlier
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works [48, 49℄. In the se
ond approa
h, we start with a density model de�ning the

Gala
ti
 halo, motivated by the results of numeri
al simulations and determine the

parameters of the model by �t to the RC of the Galaxy. Thereafter, we use the

Osipkov-Merritt (OM) te
hnique [50℄, a formalism whi
h allows the determination

of the PSDF 
hara
terized by an anisotropi
 VDF by �inverting� an assumed form

of a spheri
ally symmetri
 density pro�le. In this exer
ise, we again in
lude the

gravitational e�e
t of VM on the PSDF of DM parti
les 
onstituting our Gala
ti


halo in a self-
onsistent manner.

In both of the above mentioned approa
hes, the RC of the Galaxy plays a 
entral

role in determining the parameters of the models. In this thesis, we also devote a


hapter, where we dis
uss the 
onstru
tion of RC data parti
ularly in the disk

region and its dependen
e on Gala
ti
 Constants (GCs),

[

R0

kpc
, V0

km s−1

]

, where R0

and V0 are the distan
e of the Sun from the Gala
ti
 
enter and 
ir
ular rotation

speed of the lo
al standard of rest frame around the Gala
ti
 
enter, respe
tively.

We also study the impli
ations of the RC data for determination of ρDM,⊙ and

VDF of the DM parti
les 
onstituting the Gala
ti
 halo, and thus determine the

astrophysi
al inputs required for the analysis and interpretation of DD

experiments.

The following se
tion presents the organization of the rest of the thesis.

1.2 Layout of the Thesis

In the next 
hapter (Chapter 2), we begin with a brief introdu
tion to DD sear
h

phenomenology. Then, we present a summary of the dete
tion methods being used

in 
urrently operating dete
tors. We summarize the 
urrent status of di�erent



Chapter 1. Introdu
tion 24

ongoing DD experiments running worldwide.

In Chapter 3, we des
ribe the SHM and its �t to the RC data of the Galaxy. We

also study the e�e
t of the gravitational in�uen
e of the VM on DM and the

resultant modi�
ation of SHM parameters in the 
ontext of an IS model for the

Gala
ti
 DM halo. Finally, we study the impli
ations of our results for the analysis

of di�erent DD experiments.

In Chapter 4, motivated by the short
omings of the IS (des
ribing an SHM), we

adopt a PSDF namely the `King' model or `trun
ated isothermal' model [43℄

representing a �nite sized DM halo of the Galaxy, whi
h is a also steady state

solution to CBE like IS model dis
ussed earlier. The velo
ity distributions of this

model is isotropi
 but of non-Maxwellian form unlike SHM and has a �nite 
ut o�

self-
onsistently determined by the model itself. We �x the parameters of the

model by �tting to the RC data of the Galaxy in a self-
onsistent manner


onsidering the the gravitational in�uen
e of the underlying VM distribution. The

gravitational e�e
t of VM on the DM halo density pro�les is expli
itly

demonstrated for this halo. Finally, with the values of the parameter set adopted

to be those giving best �t to the RC data, we study the impli
ations of the King

model for the analysis of DD experiments. A 
omparison is drawn with the results

obtained with SHM, for the sake of 
ompleteness.

In Chapter 5, we perform the exer
ise of 
onstru
ting the RC of the Galaxy in

the disk region 
onsidering a variety of disk tra
ers moving in the gravitational

potential of our Galaxy, in a manner independent of any models for the VM or DM


omponents of the Galaxy and study the sensitivity of the RC data on the

assumed sets of GCs.
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In Chapter 6, we attempt to derive the value of ρDM,⊙ using the RC data [8℄ of

our Galaxy extending to large gala
to
entri
 distan
e of ∼ 200 kpc and s
aled to

di�erent GC sets. We 
onsider various DM halo density models motivated by

N-body simulations and determine the values of ρDM,⊙ and their dependen
e on the


hosen GC set. We also derive the values for some physi
ally relevant quantities

like total mass, halo virial radius, maximum lo
al velo
ity, et
., and present the

best �t RC-, mass-, density-, and maximum velo
ity pro�les for the various DM

models 
onsidered.

In Chapter 7, we derive the PSDF of the DM halo of our Galaxy by using the

OM formalism. The so obtained PSDF satis�es the steady state CBE and is also


hara
terized by an anisotropi
 VDF. In doing this, we again in
lude the

gravitational e�e
t of VM on the PSDF of DM parti
les 
onstituting our Gala
ti


halo in a self-
onsistent manner. The parameters of the DM (taken to be the

Einasto density pro�le) as well as of the VM density pro�les, have been

determined by �t to the RC data of our Galaxy extending to ∼ 200 kpc. We also


al
ulate the normalized total, radial, and transverse VDF at di�erent lo
ations of

the Galaxy. We dis
uss the e�e
t of VM on the so obtained anisotropi
 velo
ity

distribution and their variation with gala
ti
 radii. In addition, we also present a

list of the best �t values of some of the most relevant physi
al quantities of interest

asso
iated with the Galaxy, like, mass within various radial distan
es, lo
al values

of es
ape velo
ity, 
ir
ular velo
ity, velo
ity dispersion (〈v2〉1/2), bounds on the

anisotropy parameter β(r) = [1− σ2
t (r)

2σ2
r (r)

] (based on the non-negativity 
ondition of

the PSDF) et
., where, σt and σr are the velo
ity dispersions in tangential and

radial dire
tions, respe
tively, with, < v2 >= σ2
r + σ2

t .

Finally, in Chapter 8, we summarize the main results of this thesis.
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Chapter 2

Dire
t Dete
tion of Dark Matter

In this 
hapter, �rst we will present a des
ription of the phenomenology of dire
t

dete
tion (DD) of dark matter (DM). Thereafter, we will brie�y review the pro
ess

of dete
tion of nu
lear re
oil signals in DD setup and mention the 
urrent status of

several DD experiments sear
hing for the Weakly Intera
ting Massive Parti
le

(WIMP) 
andidates of DM.

2.1 Dete
tion Phenomenology

The basi
 idea of DD for dete
ting the WIMP 
andidates 
onstituting the Gala
ti


DM halo is to look for nu
lear re
oil events due to s
atterings of the Gala
ti


WIMPs o� nu
lei of the dete
tor material, as �rst suggested by Goodman and

Witten in 1985 [20℄.

27
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Let us 
onsider a WIMP, χ, of mass mχ s
attering elasti
ally from a nu
leus, N, of

mass M. Sin
e the typi
al velo
ity of a DM parti
le in the Galaxy is ∼ few 100

km s−1
, the s
attering pro
ess 
an be treated as non-relativisti
. Using energy and

momentum 
onservation equations, it is easily seen that the nu
leus re
eives a

re
oil kineti
 energy,

ER = q2/(2M) = (µ2u2/M)(1− cos θ∗), (2.1)

where θ∗ is the s
attering angle in the 
enter of momentum frame, q is the

momentum transferred to the re
oiling nu
leus, µ = mχM/(mχ +M) is the

WIMP-nu
leus redu
ed mass and u = |u| is the speed of the WIMP relative to the

nu
leus assumed to be at rest on earth. The minimum WIMP speed that 
an

produ
e a re
oil energy ER of the nu
leus is, therefore,

umin(ER) =

(

MER

2µ2

)1/2

. (2.2)

It is also possible that the WIMPs may s
atter inelasti
ally, as χN → χfN , where

χf is the DM parti
le after s
attering. In this 
ase, the minimum WIMP speed

that 
an deposit a re
oil energy ER to the nu
leus is again obtained by 
onsidering

mass-energy and momentum 
onservation equations, giving, in the non-relativisti


limit,

umin(ER) =

√

1

2MER

(

MER

µ
+ δ

)

, (2.3)

where δ ≡ mχf
−mχ is the inelasti
ity parameter. It should be noted that δ may

take both positive and negative values. For a given WIMP mass, nu
lear mass and

re
oil energy, a 
hosen value of δ is allowed only if umin ≥ 0. Note that Equation
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(2.3) redu
es to Equation (2.2) for δ = 0. Figure 2.1 shows a s
hemati
 diagram of

the s
attering pro
ess.

WIMP

Nucleus

Figure 2.1: A s
hemati
 diagram of s
attering of a Weakly Intera
ting Massive

Parti
le (WIMP) from a target nu
leus in a dark matter dire
t dete
tion experiment.

The di�erential event rate per unit dete
tor mass (typi
ally measured in


ounts/day/kg/keV) 
an be written as [15, 51℄,

dR
dER

(ER, t) =
σ(q)

2mχµ2
ρχξ(ER, t) , (2.4)

where ρχ ≡ ρDM,⊙ is the density of WIMPs in the Solar neighborhood, σ(q) is the

WIMP-nu
leus e�e
tive intera
tion 
ross se
tion, and

ξ(ER, t) =

∫

u>umin(ER)

d3u
f̃(u, t)

u
. (2.5)

Here f̃(u, t) is the normalized time-dependent velo
ity distribution fun
tion (VDF)

of the WIMPs in the Solar neighborhood relative to the dete
tor at rest on earth.

Sin
e the intera
tion is weak, the expe
ted event rates are low and typi
ally . 0.1

events per day per kg of dete
tor material. The re
oil energy deposited by the
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non-relativisti
 WIMPs 
an be as low as few tens to hundreds of keV, whi
h

requires highly pre
ise sensors with low energy threshold to dete
t su
h re
oil

events. The right hand side of Equation (2.4) 
an be 
learly fa
tored into two

parts: the fa
tor

σ(q)
2mχµ2 
arries all the parti
le physi
s information about WIMPs

and dete
tor nu
lei, whereas, the fa
tor ρχξ(ER, t) 
arries the astrophysi
al

information of the Gala
ti
 DM halo 
onsidered for the analysis.

Given a steady state phase spa
e distribution fun
tion (PSDF) of the DM

parti
les, f(x,v), in the rest frame of the halo, the time dependen
e of the VDF,

f̃(u, t), arises from the motion of the earth with respe
t to the Gala
ti
 rest frame.

The two distribution fun
tions are simply related as,

f̃(u, t) =
1

ρχ
f (x = x⊙,v = u+ vE(t)) , (2.6)

where x⊙ represents the Sun's position (R = R0, z = 0) and vE(t) is the earth's

velo
ity ve
tor in the Galaxy's rest frame. If the DF f(x,v) vanishes or is

trun
ated at some �nite speed v = vmax(x), then using Equation (2.6), Equation

(2.5) 
an be expli
itly written as,

ξ(ER, t) =
2π

ρDM,⊙

∫ 1

−1

d(cos θ) Θ (umax − umin)

∫ umax(cos θ)

umin(ER)

uf (x = x⊙,v = u+ vE(t)) du.

(2.7)

Here, umax is the positive root of the equation,

v2max = u2
max + v2E + 2umaxvE cos θ , (2.8)

and is given by,

umax = −vE cos θ +
√

v2max − v2E sin
2 θ, (2.9)
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with vmax ≡ vmax(x⊙), and vE = |vE| given by [52℄

vE(t) = Vc,⊙ + vE,orb cos γ cos [ω(t− t0)] . (2.10)

In Equation (2.10), Vc,⊙ ≈ V0 + vpec, is the magnitude of the dominant 
omponent

of Sun's total velo
ity ve
tor, with V0 being the 
ir
ular velo
ity of the lo
al

standard of rest (LSR) around the Gala
ti
 
enter and vpec being the 
omponent of

Sun's �pe
uliar� velo
ity in the LSR rest frame along the dire
tion of V0. Here,

vE,orb ≈ 30 km s−1
is the average orbital speed of the earth around the Sun and

γ ≈ 60◦ is the angle subtended by earth's orbital plane with the Gala
ti
 plane

(see Figure 2.2). Here, ω = 2π/365 and t0 = 152.5, 
orresponding to 2nd June

when the earth's speed with respe
t to the Gala
ti
 rest frame is maximum, t

being 
ounted in days. The periodi
 variation of vE in Equation (2.10) is expe
ted

to give rise to an annual modulation of the event rates in a DD experiment. Su
h

an annual modulation has been 
laimed to have been dete
ted by DAMA [53℄ and

CoGeNT [54℄ 
ollaborations, although, other non-DM explanations of the 
laimed

signal exist in literature as well [55℄. For the purpose of analysis of DD

experiments in the following two 
hapters, the IAU re
ommended values of the

Gala
ti
 Constants (de�ned in Chapter 1),

[

R0

kpc
, V0

kms−1

]

= [8.5, 220℄, have been

adopted and vpec has been set equal to 12 km s−1
[56℄.

Using Equation (2.2) and (2.10), it 
an be dedu
ed that for a given re
oil energy

dete
tion threshold, Eth, of an experiment, there is a lowest WIMP mass, mχ,min,

that 
an be probed by the experiment is given by,

mχ,min = M
[

(

2M(vmax + vE(t = t0))
2/Eth

)1/2 − 1
]−1

. (2.11)
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( V )0 pec+ v

g ~ 60
o

( vE,orb cos )x g

( vE,orb cos )x g

Sun

June

December

Galactic Plane

C
y
g
n
u
s

WIMP wind

WIMP wind

Figure 2.2: A s
hemati
 diagram of motion of earth around Sun in the Gala
ti
 rest

frame.

For dete
tors 
omposed of more than one kind of elements, the total di�erential

nu
lear re
oil event rate is,

(

dR
dER

)

tot

=
∑

i

fi

(

dR
dER

)

i

, (2.12)

where fi is the mass fra
tion of, and

(

dR
dER

)

i
the di�erential event rate [Equation

(2.4)℄ for, the nu
lear spe
ies i.

The number of nu
lear re
oil events in a re
oil energy range between E1
R and E2

R is

NR(E
1
R, E

2
R) =

∑

i

∫ E2
R

E1
R

dER

(

dR
dER

)

i

Ki(ER) , (2.13)

where Ki = MiTǫ(ER) is the total exposure of the dete
tor, Mi being the total

�du
ial mass of the spe
ies i in the dete
tor, T the total e�e
tive exposure time,

and ǫ(ER) the energy-dependent dete
tor e�
ien
y.
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The WIMP-nu
leus intera
tion 
ross-se
tion, σ(q), 
an be derived from �rst

prin
iples given a parti
le physi
s model of the WIMPs and their fundamental

intera
tions with the quarks 
onstituting the nu
leons in the nu
leus. It has been

shown [15℄ that in the non-relativisti
 limit, the WIMP-nu
leus total e�e
tive

s
attering 
ross se
tion, σ(q), 
an be written as a sum of two 
ontributions arising

from spin-independent and spin-dependent e�e
tive 
ouplings of the WIMP to the

target nu
leus,

σ(q) = σSI(q) + σSD(q) . (2.14)

Spin-independent (SI) (or Coherent) S
attering : In this 
ase the WIMP intera
ts


oherently with the nu
leus as a whole. The σSI
is generally written as [15, 51℄,

σSI(q) = σSI
0 |F (q)|2, (2.15)

where σSI
0 is the �zero-momentum� WIMP-nu
leus s
attering 
ross se
tion and

F(q) (normalized to F(0)=1) is a momentum dependent form fa
tor that takes into

a

ount the loss of 
oheren
e due to the �nite size of the nu
leus. The loss of


oheren
e results in a suppression of the s
attering 
ross-se
tion at large

momentum transfers.

We use the 
onventional Helm form for the nu
lear form fa
tor [57℄ :

F (q) = 3
j1(qr0)

qr0
e−(qs)2/2, (2.16)

where qr0 or qs are s
aled by ~, hen
e are dimensionless, j1(z) =
sin(z)
z2

− cos(z)
z

is

the spheri
al Bessel fun
tion of order 1, s = 0.9 fm is the nu
lear skin thi
kness,

and r0 = 1.14A1/3
fm is the e�e
tive nu
lear radius [51℄.
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The zero-momentum 
ross-se
tion, σSI
0 , 
an be written, in the non-relativisti
 limit

as [15℄,

σSI
0 (q) =

[

fpZ + fn(A− Z)
]2 4µ2

π
(2.17)

where A and Z are the mass number and atomi
 number of the target nu
leus

respe
tively. Here fn and fp are the WIMP 
ouplings to protons and neutrons,

respe
tively. Sin
e many types of target nu
lei may be involved in dete
tion

experiments, it is 
onvenient to express the WIMP-nu
leus 
ross-se
tion in terms

of WIMP-proton or WIMP-neutron 
ross-se
tion. In most instan
es, fn ≈ fp, so

one 
an write the WIMP-nu
leon 
ross-se
tion as

σSI
0 =

(

µ

µχ−nucleon

)2

A2σSI
χ−nucleon, (2.18)

where µχ−nucleon is the WIMP-nu
leon redu
ed mass. The 
oherent nature of the

intera
tion is evident sin
e σSI
0 s
ales with the square of the atomi
 mass number A

(number of protons plus neutrons) of the nu
leus. Hen
e, massive nu
lei are

appropriate targets for SI s
atterings.

Spin-dependent (SD) S
attering : In this 
ase the WIMP 
ouples to the total

angular momentum, J , of the nu
leus whi
h has 
ontributions from the spins of

the individual protons and neutrons within the nu
leus. The shell model of the

nu
leus provides a framework for 
al
ulating J from proton and nu
lear spins,

although it 
an be 
al
ulated in other nu
lear models as well su
h as the single

parti
le model, odd group model et
. [15, 51℄. In the non relativisti
 limit, the

σSD(q) 
an be written as [58℄

σSD(q) = σSD
0

S(q)

S(0)
, (2.19)
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with

σSD
0 = 32G2

F

µ2Λ2J(J + 1)]

π
, (2.20)

where GF is the Fermi 
onstant, Λ = (1/J)[an < Sn > +ap < Sp >], where ap and

an are the WIMP-proton and WIMP-neutron 
ouplings, respe
tively, and

< Sp > ,< Sn > are respe
tively the expe
tation values of the spin 
ontent of the

protons and neutrons in the nu
leus [59℄-[61℄. The fa
tor `Λ2J(J + 1)' is sometimes


alled the `spin enhan
ement fa
tor' sin
e it 
arries all the spin 
ontent

information of the target nu
leus

1

. Here,

S(q)
S(0)

behaves as the form fa
tor with

S(q) = a2pSpp(q) + apanSpn(q) + a2nSnn(q) as the nu
lear stru
ture fun
tion and

S(0) = 2J+1
π

Λ2J(J + 1). The forms for Spp(q), Snn(q) and Spn(q), whi
h are in

general polynomials in q, for various nu
lei are available in literature. Table 2.1

summaries the relevant parameters for some nu
lei of our interest relevant for


al
ulation of SD 
ross-se
tions in this thesis.

ANucleusZ J odd nu
leon < Sp > < Sn >
73Ge32 [62℄ 9/2 n 0.030 0.378

29Si14 [63℄ 1/2 n -0.002 0.13

27Al13 [64℄ 5/2 p 0.030 0.343

23Na11 [65℄ 3/2 p 0.2477 0.0198

127I53 [65℄ 5/2 p 0.354 0.064

129Xe54 [65℄ 1/2 n 0.028 0.359

131Xe54 [65℄ 3/2 n -0.009 -0.227

Table 2.1: Values of the total nu
lear angular momentum (J) and the expe
tation

values of the proton and neutron spins within the nu
leus, < Sp(n) >, for various
nu
lei with odd numbers of protons or neutrons as indi
ated.

1

Fluorine has a high spin enhan
ement fa
tor and hen
e 
onsidered as a suitable target for

studying SD intera
tions with WIMPs in DD experiments like PICASSO [66℄, COUPP [67℄ et
.
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In this paper, following the standard pra
ti
e, we study the situations when the

WIMP 
ouples to either proton (i.e. an = 0) or to neutron (i.e. ap = 0); the

relevant e�e
tive 
ross se
tion in the two 
ases will be denoted by σSD
χ−p and σSD

χ−n,

respe
tively whi
h are related to σSD
0 (q) as,

σSD
0 (q) =

µ2

µ2
χp(n)

4

3
Λ2J(J + 1)σSD

χ−p(n), (2.21)

whi
h 
an be obtained by 
onstru
ting σSD
χ−p(n) from Equation (2.20) for a single

proton (neutron) for whi
h Jp(n) and < Sp(n) > take the value 0.5 and µ −→ µχp(n).

In general both an and ap 
an be non-zero, but we will not 
onsider this 
ase here.

2.2 Dete
tion Methods and Present status of

Dire
t Dete
tion Experiments

DD dete
tors are designed to dete
t di�erent types of signals generated due to

WIMP s
attering events depending on the dete
tor material. The re
oil energy is

measured using s
intillation, phonon or ionization te
hniques. Various experiments

employ one or more of the three basi
 strategies for dete
ting nu
lear re
oils, as

dis
ussed below.

A re
oiling nu
leus may transfer energy to a nu
leus in the 
rystal latti
e and thus

generates latti
e vibrations (phonons). If the 
rystal is 
ryogeni
ally 
ooled, the

resulting phonon signal 
an be 
olle
ted to give a measure of the original energy of

the re
oiling nu
leus. A bolometer, whi
h is basi
ally a resistor, is thermally

isolated and exposed to the in
ident phonons. As the bolometer absorbs the

in
ident energy, its temperature 
hange leads to 
hange in resistan
e of the devi
e.
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This 
hange in ele
tri
al resistan
e is ampli�ed �rst by a SQUID 
ir
uit pla
ed

within the 
ryostat with the dete
tor itself and then by a sophisti
ated series of

ampli�ers kept at room temperature. This ampli�ed 
hange in resistan
e generates

an ele
tri
 pulse whi
h is measured to 
al
ulate the phonon energy.

A re
oiling nu
leus 
an also often ionize nearby atoms as it loses energy. This free


harge is dire
ted by a drift ele
tri
 �eld and 
olle
ted at the ele
trodes as the

ionization signal. The re
oil energy of nu
leus is sometimes taken up by ele
trons

in the target material to rea
h a bound ex
ited state. It subsequently radiates to

attain a lower energy state through s
intillation, whi
h 
an be dete
ted by photo

multiplier tubes (PMT). The ratio of the ionization or s
intillation to phonon

energy (
alled yield) allows dis
rimination of the nu
lear-re
oil signal from more

abundant ele
tron-re
oil ba
kgrounds on an event-by-event basis. Figure 2.3

s
hemati
ally summarizes the basi
 dete
tion methods used by some of the


urrently operating dete
tors.
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Figure 2.3: Di�erent dire
t dete
tion experiments for weakly intera
ting massive

parti
le 
andidates for dark matter and their strategies for dete
tion.
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DD experiments are mostly performed in underground lo
ations su
h as in deep

mines or under heavy ro
k overburden to 
ut o� ba
kgrounds due to 
osmi
 rays.

However, there are lo
al ba
kgrounds like radioa
tive de
ay from surrounding

ro
ks whi
h are 
ut o� by proper shielding of the dete
tor material. Unfortunately,

sometimes the shielding material, the supporting 
lamps or the internal


ontamination in the target material itself 
an a
t as a sour
e of ba
kground.

Though ele
tron re
oils 
an be dis
riminated from nu
lear ones based on ionization

or s
intillation yield, it's the neutrons (mostly 
osmi
 ray muon-indu
ed)

undergoing nu
lear re
oils that mimi
 WIMP-like signals. However, a 1-2 km of

ro
k overburden aids suppressing the atmospheri
 muon �ux by 5-7 orders of

magnitude. Neutron re
oils are mostly eliminated on the basis of multiple

s
attering or �du
ialization (
onsidering a 
ertain inner 
ore part of the target for

event analysis to disregard surfa
e events). Hen
e, a set up with proper shielding

of high-Z materials su
h as lead or 
opper, plus polyethylene to moderate the

neutron and alpha parti
les, plasti
 s
intillator as muon veto, ultra pure targets

et
. are ne
essary to suppress most of the ba
kground indu
ed s
attering events to

fa
ilitate the identi�
ation of a
tual WIMP-nu
leus s
attering events.

There are several ongoing experiments aiming for dete
tion of WIMPs via dire
t

DM sear
hes. However, there have been no 
on�rmed dete
tion of DM till date.

Although some experiments 
laim to have dete
ted a positive signal, many others

have 
laimed no events or have as
ribed events to ba
kgrounds after data analysis.

In the 
ase of positive results from a DD experiment, the observed events are


ompared to the expe
ted number using Equation (2.4) with an assumed

astrophysi
al model for the halo. Hen
e, a region in the parameter spa
e of WIMP

mass vs WIMP-nu
leon 
ross-se
tion 
an be identi�ed at a 
ertain 
on�den
e level
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en
losing the most likely values of mass and 
ross-se
tion. In the 
ase of null

events, or in the 
ase of tentatively positive signals that 
an be also as
ribed to the

ba
kground, the results are generally expressed as an `ex
lusion plot' in the WIMP

mass vs WIMP-nu
leon 
ross-se
tion parameter spa
e su
h that, for any given

WIMP mass, the 
ross-se
tion larger than a 
ertain upper limit are ex
luded at a

given 
on�den
e level. The 
ompatibility of several DM experiments 
an hen
e be

studied in this two dimensional plane.

Below we give a brief review of the present status of some of the major DD

experiments. The DArk MAtter (DAMA) experiment set up at Gran Sasso

underground fa
ility has 
laimed dete
tion of annual modulation of the event rates

and as
ribed them to DM parti
les

2

. Both DAMA/NaI and DAMA/LIBRA

proje
ts whi
h are part of the DAMA 
ollaboration, use ultra-pure sodium iodide

[NaI(Tl)℄ 
rystal as the target material whi
h are 
onne
ted to several PMTs for

dete
tion of s
intillation signals. The threshold of ea
h PMT is set at single

photoele
tron level. Using a target mass of 250 kg NaI, DAMA/LIBRA [68℄ has


laimed non zero values for modulation amplitude with an exposure of 0.53 ton-yr

from data 
olle
ted for 4 annual 
y
les. Combining with data from former

DAMA/NaI [69℄ for 7 annual 
y
les, with a mass of 100 kg and a total exposure of

0.29 ton-yr, and thus with a total exposure of 0.82 ton-yr, the presen
e of DM

parti
les in the Gala
ti
 halo is 
laimed at 8.2 σ C.L. in 2-6 keV re
oil energy

window. Re
ently, based on 14 year data with 1.33 ton-yr exposure,

DAMA/LIBRA [53℄ has reported dete
tion of annual modulation at 9.3 σ C. L.

However, it has 
laimed null results on diurnal variation of event rates limited by

their present level of sensitivity [70℄.

2

Though several non-DM explanations also exist in literature; see [55℄.
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Lo
ated in Soudan Underground Laboratory in Minnesota, the Coherent

Germanium Neutrino Te
hnology (CoGeNT) [54℄ 
ollaboration, employing p-type

point 
onta
t Germanium dete
tor 
ooled to liquid nitrogen temperatures, has

showed an ex
ess of events above the expe
ted ba
kground that are potentially


ompatible with a DM signal. The �rst data set was obtained with 56 days of

operation with 330 g of �du
ial mass in a ionization signal window ∼ 0.4-3.2 keV.

The results of the experiment were 
laimed to be 
ompatible with a DM mass of ∼

7-11 GeV for SI WIMP-nu
leon 
ross-se
tion in the range (3− 10)× 10−41cm2
. A

later analysis of an a

umulated data set spanning over 15 months has showed a

2.8 σ signi�
an
e modulation of the monthly low energy event rates in the

ionization window of 0.5-3.0 keV whi
h has been 
onsidered as an eviden
e


ompatible with a DM interpretation.

Cryogeni
 Rare Event Sear
h with Super
ondu
ting Thermometers (CRESST)-II,

installed in Gran Sasso Laboratory, uses Cal
ium Tungstate (CaWO4) 
rystals as

target material and measures simultaneous light and phonon signals under


ryogeni
 
ondition. Sixty-seven events were found in the signal region of 10-140

keV with an exposure of 730 kg-days. Ba
kground 
ontributions from leakage of

e/γ-events, neutrons, α-parti
les, re
oiling nu
lei in α-de
ays et
. were 
laimed to

be not su�
ient to explain all the observed events [71℄. The ex
ess above the

ba
kground expe
tation of ∼ 40 events 
ould be explained by a WIMP signal with

a WIMP mass, mχ ∼ 11.6 GeV at WIMP-nu
leon SI 
ross-se
tion,

σSI
χ−nucleon=3.7× 10−41cm2

or ∼ 25.3 GeV at σSI
χ−nucleon=1.6× 10−42cm2

.

Cryogeni
 Dark Matter Sear
h or (CDMS-II) experiment, using ultra 
old

Germanium/Sili
on dete
tors, measures both the ionization and phonon energy

deposited by ea
h parti
le intera
tion. The setup is installed at the Soudan
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Underground Laboratory under 
ryogeni
 
ondition. In 2013, this 
ollaboration

using Sili
on dete
tor, has reported three DM 
andidate events with a raw

exposure of 140.2 kg-days [72℄. A pro�le likelihood ratio test gave a 0.19%

probability for the known-ba
kground-only hypothesis when tested against the

alternative WIMP + ba
kground hypothesis and 
laimed 8.6 GeV to be the most

likely DM mass with a WIMP-nu
leon SI 
ross se
tion of 1.9× 10−41cm2
. However,

the 
ollaboration has reported negative result on annual modulation [73℄.

ZEPLIN-III [74℄, installed at the Boulby Underground Laboratory, employs a two

phase 12 kg mass Xenon dete
tor and measures both s
intillation and ionization

energy deposited by parti
le intera
tions. A raw �du
ial exposure of 1,344 kg-days

was a

rued over 319 days of 
ontinuous operation in the se
ond s
ien
e run and a

total of eight events were observed in the signal a

eptan
e region in the nu
lear

re
oil energy range of 7-29 keV, whi
h is 
ompatible with ba
kground expe
tations.

This allows the ex
lusion of the SI WIMP-nu
leon 
ross-se
tion with minimum at

∼ 4.8× 10−44cm2
near mχ ∼ 50 GeV cm−3

at 90% C.L. Combined with data from

the �rst run [75℄, this result improves the WIMP-nu
leon 
ross-se
tion (under SI

intera
tions) to ∼ 3.9× 10−44cm2
. The 
orresponding WIMP-neutron SD


ross-se
tion 90% C.L. upper limit was found to be 8.0× 10−39cm2
only.

XENON-100, operating at Gran Sasso Laboratory sin
e 2009 is a dual-phase

(liquid and gas) time proje
tion 
hamber where the dete
tor material is ultra-pure

liquid Xenon (LXe). A nu
lear re
oil from parti
le s
attering is inferred from the

simultaneous measurements of s
intillation light and ionization ele
trons, together

with the arrival dire
tion. It has a resolution of ≤ 1 keV at 1 keV and ∼ 3 keV at

30 keV. Based on 225 livedays × 34 kg of exposure, the experiment yielded no

eviden
e for DM intera
tions in the 6-30.5 keV window [76℄. The 
ollaboration has
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published a WIMP-nu
leon SI elasti
 s
attering 
ross se
tion upper limit with

minimum of 2× 10−45cm2
for mχ ∼ 55 GeV at 90 % CL whi
h is more stronger

than those set by by EDELWEISS-II [77℄, ZEPLIN-III [74℄, SIMPLE [78℄ (for

mχ > 6GeV) and in
ompatible with positive results from CoGeNT [54℄,

CRESST-II [71℄, DAMA/LIBRA [68℄ and CDMS-Si [72℄. Also, in the SD 
ase,

XENON- 100 [79℄ has set the stringent upper limit on WIMP- neutron 
ross

se
tions for mχ > 6GeV with a minimum at 3.5× 10−40cm2
at mχ ∼ 45 GeV at

90 % C.L. whi
h is almost two orders of magnitude stronger than the SD

WIMP-proton minimum 
ross se
tion.

The Large Underground Xenon (LUX) experiment, lo
ated in the Homestake mine

in South Dakota, re
ords s
intillation and ionization signals under 
ryogeni



ondition from a dual-phase time-proje
tion 
hamber employing LXe target. With

118 kg of �du
ial volume and data taking for 85.3 live days, the 
ollaboration [80℄

has reported the so far strongest ex
lusion limits of σSI
χ−nucleon= 7.6× 10−46cm2

at

33 GeV of WIMP mass at 90 % C.L. and disagreement over the low WIMP mass

s
enarios hinted at by several other experiments. The LUX results are

in
ompatible with the results from EDELWEISS-II [77℄, CDMS-II [81℄, ZEPLIN

-III [74℄, SIMPLE [78℄, XENON-100 [76℄, CDMS-Si [72℄ and CRESST-II [71℄ and

are also in
ompatible with the positive 
laims of annual modulation by CoGeNT

[54℄ and DAMA/LIBRA [68℄.

The Proje
t in Canada to Sear
h for Supersymmetri
 Obje
ts (PICASSO)

experiment [66℄, lo
ated at SNOLAB, uses droplets of superheated liquid C4F10

embedded in polymerized water saturated a
rylamide. The phase transition of the

droplets from liquid to vapour phase due to energy deposition by re
oiling nu
lei

leads to an a
ousti
 signal dete
ted by piezoele
tri
 
rystals. The resetting of the
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energy threshold to a low value of ∼ 1.7 keV 
ombined with the light

19F target

nu
lei, gives PICASSO a good sensitivity to WIMPs with mχ < 10GeV. The

experiment has used a total target mass of 0.72 kg and an exposure of 114 kg-days.

By tuning the operating 
onditions, these dete
tors 
an be made insensitive to

gamma and beta ba
kgrounds, while nu
lear re
oil intera
tions (from WIMPs or

neutrons) and alphas 
an inje
t enough energy into the droplets to 
ause a phase

transition. In this type of dete
tors, parti
ularly alpha parti
les pose a serious

ba
kground. However, the pulse 
hara
teristi
s of the a
ousti
 signals of the

bubble formation 
an be used to e�e
tively to distinguish them from nu
lear re
oil

events. The spe
i�
 spin-stru
ture of

19F makes it very sensitive to proton-only


ouplings (an = 0). It has reported null results so far, with upper limit on SD

WIMP-proton 
ross-se
tion as, σSD
χ−p of 3.2× 10−38cm2

at mχ ∼ 20 GeV at 90 %

C.L. There are other experiments too employing similar dete
tion te
hnology and

sensitive to SD 
ross-se
tions, viz., SIMPLE [78℄ and COUPP [67℄.

We 
lose this 
hapter by noting and emphasizing that, as 
lear from the

dis
ussions in Se
tion 2.1 [see in parti
ular Equation 2.4)℄, interpretation of the

results of DD experiments depend on two essential astrophysi
al inputs, namely,

the lo
al (i.e., the Solar neighborhood) density of DM (ρDM,⊙) and the lo
al

velo
ity distribution fun
tion of the WIMPs, in the rest frame of Galaxy. In this

thesis, we shall attempt to derive these quantities from a physi
ally a

eptable

steady state PSDF, f(x(t),v(t)), des
ribing the Gala
ti
 halo populated by WIMP


andidates of DM. It is worth mentioning that all the results from various DD

experiments mentioned above are all based on standard assumptions for the PSDF

of the DM halo embodied in the so 
alled `standard halo' model (SHM) [44℄-[47℄.

A major theme of the present thesis is to highlight the limitations of the SHM as a
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model of the Gala
ti
 DM halo and study possible models beyond SHM that 
an

better represent the DM halo of the Galaxy based on observational data on the

rotation 
urve (RC) of our Galaxy.

To set the stage, though, in the next 
hapter, we will fo
us SHM �rst and �t the

parameters of the model to the observed RC data of the Galaxy to examine how

the model fares in �tting the RC data of the Galaxy in addition to visible matter

(VM) 
ontribution. We shall study the modi�
ations of the `isothermal sphere'

(IS) distribution fun
tion, the PSDF representing the SHM, in �tting the RC data

by in
luding the e�e
t of gravitational in�uen
e of VM on the DM parti
les in a

self-
onsistent manner. Finally, we shall study the impli
ations of a self-
onsistent

IS des
ribing the DM halo of our Galaxy for the analysis of several DD

experiments and 
ompare the results with those within the 
ontext of the


ustomarily used `isolated' SHM, i.e., halo des
ription without in
luding the VM

e�e
t on the phase spa
e stru
ture.



Chapter 3

The Isothermal Halo Model for the

Milky Way's Dark Matter Halo

3.1 Introdu
tion

The WIMPs, hypothesized to 
onstitute the dark matter (DM) halo of the Galaxy,


an, for all pra
ti
al purposes be 
onsidered as essentially 
ollisionless and

dissipationless parti
les. As su
h, the phase spa
e distribution fun
tion (PSDF),

f(x(t),v(t)), of the WIMPs 
an be 
onsidered to be a steady-state solution of the


ollisionless Boltzmann equation (CBE) or Vlasov Equation [43℄:

δf

δt
+ Σ3

i=1

[

δ

δxi
(fẋi) +

δ

δvi
(f v̇i)

]

= 0. (3.1)

45
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The CBE essentially expresses the fa
t that the lo
al phase spa
e density remains


onstant for an observer moving along a parti
le traje
tory. In general, there 
an

be many steady state solutions of the CBE and the a
tual PSDF of the WIMPs


onstituting the halo of the Galaxy is a priori unknown. One approa
h is to make

a suitable ansatz for the PSDF that would be a solution of the steady state CBE.

In doing this, one is guided by the Jeans Theorem, whi
h states,

JEANS THEOREM [43℄: Any steady state solution of the 
ollisionless

Boltzmann Equation depends on the phase spa
e 
o-ordinates only through integrals

of motion in the given potential, and any fun
tion of the integrals yields a steady

state solution of the 
ollisionless Boltzmann Equation.

Therefore, mathemati
ally any fun
tion, f(x(t),v(t)) = f(I1, I2...Ii), of the

integral(s) of motion, Ii(x(t),v(t)), should satisfy the time independent CBE. For

a spheri
ally symmetri
 DM halo of the Galaxy the simplest ansatz is to 
hoose

f(x(t),v(t)) = f(E), where E = Φ(x) + 1
2
v2 is the total energy (per unit mass) of

the system, Φ(x) being the gravitational potential and v = |v| denotes the speed of

a DM parti
le. Su
h a system is 
hara
terized by an isotropi
 velo
ity distribution

fun
tion (VDF). In 
hoosing a spe
i�
 form of f(E), a parti
ularly popular 
ase is

f(E) ∝ e−E/σ2

. This des
ribes a system of 
ollisionless parti
les 
onstituting a so


alled �isothermal sphere� (IS) [43℄. The 
orresponding halo PSDF, 
onsisting of

WIMP 
andidates of DM, 
an be written as,

f(x,v) = f(E) =
ρ0

(2πσ2)
3

2

e−E/σ2

, (3.2)

whi
h is 
hara
terized by a density parameter, ρ0, and velo
ity parameter, σ.
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The density of DM at any point x is,

ρ(x) =

∫

f(x,v)d3v = ρ0e
[−Φ(x)/σ2]. (3.3)

Clearly, with 
enter of the IS 
hosen to be at the origin, and boundary 
ondition


hosen as Φ(0) = 0 implies that ρ0 is the 
entral density of the IS. The solution for

the isothermal density pro�le 
an be obtained by using the Poisson's equation

given by,

∇2Φ(x) = 4πGρ(x). (3.4)

Assuming spheri
al symmetry we repla
e ρ(x) in the above equation by using

Equation (3.3) to obtain,

1

r2
d

dr

(

r2
dΦ

dr

)

= 4πGρ0e
[−Φ/σ2]. (3.5)

Again in terms of density, we have,

1

r2
d

dr

(

r2
d

dr
(lnρ)

)

= −4πG

σ2
ρ. (3.6)

This equation has a trivial solution as, ρ(r) = σ2

2πGr2
, with in�nite density at r=0 is

known is the �Singular Isothermal Sphere�. A well behaved non-singular IS

solution 
an be obtained by imposing appropriate boundary 
ondition on the

gravitational potential. Using, φ = σ2ζ and r = αη where α2 = σ2

4πGρ0
we get,

d2ζ

dη2
+

2

η

dζ

dη
= e−ζ . (3.7)

Under the boundary 
ondition, ζ = ζ ′ = 0 at η = 0, the above equation provides a
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non-singular solution to IS. Near the 
entre ζ ∝ η2 and therefore, ρ = ρ0e
−ζ

behaves as ρ0(1 +
η2

η2
0

)−1
. In terms of a
tual radial distan
e, the density pro�le for

the non-singular solution appears as ρ0(1 +
r2

r2
0

)−1
with r0 =

√

9σ2

4πGρ0
, where, G is

the universal gravitational 
onstant. This 
learly represents a 
ored density pro�le

that falls o� as 1/r2 for r ≪ r0 and 
hara
terized by a 
ore radius r0. At r = r0,

the proje
ted surfa
e density falls to ∼ half of its 
entral value.

The VDF of the DM parti
les 
onstituting the system is de�ned as,

fx(v) =
1

ρ(x)
f(x,v). (3.8)

The nomen
lature `isothermal sphere' arises from the fa
t that the VDF is of

Maxwell-Boltzmann form des
ribing an isothermal gas whose velo
ity dispersion,

〈v2〉1/2, is independent of position x, whi
h is easily obtained by substituting

Equations (3.3) and (3.2) in Equation (3.8) as,

f(v) =
1

(2πσ2)3/2
e−

v2

2σ2 , (3.9)

independent of x.

In the Maxwellian distribution, the parameter, σ, is related to the velo
ity

dispersion as 〈v2〉1/2 =
√
3σ.

At a basi
 level, the justi�
ation for adopting this PSDF as a des
ription of the

DM halo of the Galaxy, 
omes from the work of Lynden-Bell [82℄, who argued that

evolution of systems of 
ollisionless parti
les under gravitational 
ollapse is

governed by the pro
ess of �violent relaxation� whereby the observationally

relevant `
oarse-grained' PSDF of the system rapidly relaxes, due to 
olle
tive
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e�e
ts, to a quasi-Maxwellian stationary state

1

. However, one must keep in mind

that the a
tual PSDF of the DM halo is not known and the IS is only a simple and


onvenient model and the real PSDF may be rather di�erent from this.

An important property of a self-gravitating IS is that, the radial pro�le of the


ir
ular speed, Vc, of a test parti
le in the gravitating �eld of the system, in other

words, the rotation 
urve (RC), given by Vc(r) =
√

GM(r)
r

, where M(r) is the mass

interior to r, is asymptoti
ally �at, with 
ir
ular velo
ity at r → ∞ related to the

velo
ity dispersion, 〈v2〉1/2, as [43℄,

Vc(r → ∞) =
√
2σ =

√

2

3
〈v2〉1/2. (3.10)

In the `standard halo' model (SHM), the DM halo is an IS with spe
i�
 
hoi
e of

parameters. Assuming that the RC of the Milky Way is ��at� at all distan
es from

the Solar lo
ation all the way up to r → ∞, we 
an put Vc(∞) ≈ Vc(R0)= 220

km s−1
for the 
hoi
e of Vc(R0) = V0 = 8.5 kpc a

ording to the GCs:

[

R0

kpc
, V0

km s−1

]

= [8.5, 220℄ a�xed by the adopted RC data set [83℄. Hen
e, from

Equation (3.10), one 
an 
al
ulate the DM velo
ity dispersion parameter

2

,

〈v2〉1/2 =
√
3σ ≃ 270 km s−1

. To �x the other remaining parameter, ρ0, it is


onvenient to 
onsider the value of the DM density at the Solar lo
ation, ρDM,⊙,

whi
h is 
urrently unknown, but 
an in prin
iple be estimated from dynami
s of

stars in the Solar neighborhood or by mass modeling of the Galaxy 
onsidering

dynami
al 
onstraints like RC data, motion of high velo
ity stars et
. giving a

wide range of values [see details in Chapter 6℄. In the SHM, the lo
al DM density

is 
hosen as ρDM,⊙ ≃ 0.3 GeV cm−3
. The SHM is generally taken as a sort of

1

The `�ne-grained' DF may, however, never rea
h equilibrium.

2

A re
ent study suggests a somewhat higher value of Vc,⊙ = 244 kms−1
[84℄, whi
h would imply

a 
orrespondingly higher value of 〈v2〉1/2 ≈ 299 kms−1
.
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ben
hmark model of the DM halo of the Galaxy, and the results of various DM

sear
h experiments are mostly analyzed within the 
ontext of this model.

In the following se
tions, we �rst dis
uss how the SHM fares as a des
ription of the

RC data for the Galaxy and then study the RC �t to the halo des
ribed by an IS

in
luding the gravitational in�uen
e of the observed visible matter (VM) (sin
e,

it's the VM that dominates the gravitational potential espe
ially in the inner

regions of the Galaxy) on the DM parti
les in a self-
onsistent manner. Thereafter,

we study the impli
ations of the IS model of the Galaxy's DM Halo for the

analysis of the results of several DM dire
t dete
tion experiments for WIMPs,


onsidering elasti
 and inelasti
 s
attering of WIMPs under spin-independent (SI)

intera
tions and summarize at the end.

3.2 Fit to Rotation Curve

The 
ir
ular rotation speed, Vc(R), as a fun
tion of the gala
to
entri
 distan
e R,

is 
al
ulated as,

V 2
c (R) = R

∂

∂R

[

ΦDM(R, z = 0) + ΦVM(R, z = 0)
]

, (3.11)

where z is the distan
e normal to the equatorial plane.

The gravitational potentials for VM, ΦVM(x), and DM ,ΦDM(x), 
an be 
al
ulated

by numeri
ally solving the respe
tive Poisson's equations given the respe
tive

densities (ρVM(x) and ρDM(x)). The Poisson's equations are,
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∇2ΦVM(x) = 4πGρVM(x) , and ∇2ΦDM(x) = 4πGρDM(x) , (3.12)

with appropriate boundary 
onditions,

ΦVM(0) = ΦDM(0) = 0 , and (∇ΦVM)|x|=0 = (∇ΦDM)|x|=0 = 0. (3.13)

To 
al
ulate the theoreti
al RC for our Galaxy, we require forms of the density

distribution of DM halo and VM in the Galaxy. We assume that the density

distribution of the VM 
an be e�e
tively des
ribed by a spheroidal bulge

superposed on an axisymmetri
 disk [85℄. The density distributions of these


omponents are given, respe
tively, by,

ρb(r) = ρb0

(

1 +
r2

r2b

)−3/2

, (3.14)

and

ρd(R, z) =
Σ⊙
2zh

e−(R−R0)/Rd e−|z|/zh , (3.15)

where r = (R2 + z2)1/2 . Typi
al parameter values are [85, 86℄, for bulge 
entral

density: ρb(0) = 4.2× 102M⊙ pc−3
, bulge s
ale length: rb = 0.103 kpc , disk s
ale

length: Rd = 3 kpc , disk s
ale height: zh = 0.3 kpc and the surfa
e density of the

disk at the Solar lo
ation: Σ⊙ ≈ 48M⊙ pc−2
, with R0 = 8.5 kpc as the Solar

gala
to
entri
 distan
e. The total VM density is, therefore,

ρVM(x) = ρb(r) + ρd(R, z), (3.16)

whi
h 
an be plugged in the RHS of the Poisson's equation for VM [Equation
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(3.12)℄ to solve for ΦVM(x) using a numeri
al pro
edure. The Poisson solver 
ode

used here has been veri�ed with known analyti
 solutions for several known

ρ(x)− Φ(x) pairs available in literature [43℄.

There exist more detailed models of the mass distribution of the VM in the Galaxy

than those adopted above, involving a possible stellar �thi
k� disk (with a s
ale

height of ∼ 1 kpc) and 
ontribution by the Galaxy's interstellar medium in

addition to the stellar spheroid plus the bulge and �thin� disk des
ribed by

Equations (3.14) and (3.15). However, there are also large un
ertainties in the

values of the parameters that 
hara
terize these various 
omponents, as is 
lear

from the values of the parameters of the two representative models summarized,

for example, in Table 2.3 of Ref. [43℄. We �nd, as shown below, that the typi
al

values of the various VM parameters 
hosen above give a reasonably good �t to

the RC data in the inner Galaxy region, R <∼ R0, where the e�e
t of the DM is

subdominant. As su
h, this �minimal� model of the distribution of the VM of the

Galaxy adopted above is, we believe, good enough for the purpose of illustrating

the general nature of the e�e
t of the DM halo on the RC of the Galaxy.

To solve for ΦDM(x), we plug in the isothermal density pro�le given by Equation

(3.3) as ρDM(x) to the RHS of the Poisson's equation for DM [Equation (3.12)℄. It

is important to note that, in the presen
e of VM, a DM parti
le responds to the

sum of gravitational potentials due to both DM and VM 
omponents. The

methodology to a

ount for this is adopted along the lines des
ribed in earlier

works [48, 49℄ whi
h in
luded the e�e
ts of the gravitation of the VM on the DM

in a self-
onsistent manner. Therefore, the Φ(x) term appearing in the right hand

side of Equation (3.3) is a
tually,
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Φ(x) ≡ Φtot(x) = ΦDM(x) + ΦVM(x), (3.17)

giving,

ρDM(x) = ρ0e
[−ΦDM(x)+ΦVM(x)]/σ2

. (3.18)

Consequently, the Poisson's equation for DM is modi�ed to,

∇2ΦDM(x) = 4πGρ0e
[−ΦDM(x)+ΦVM(x)]/σ2

. (3.19)

The Poisson's equation for DM (Equation 3.19) is thus a 
oupled non linear

equation whi
h 
an be solved to generate self-
onsistent solutions of ΦDM(x) and

ρDM(x) through an iterative pro
edure. The pro
edure is as follows: for the �rst

iteration, we set ΦDM(x) = 0 on the RHS of Equation (3.19) and numeri
ally solve

for ΦDM. Then, we use this new ΦDM to re
al
ulate the new ρDM from Equation

(3.18) and this pro
ess is 
ontinued until 
onvergen
e is rea
hed.

To asses the degree of �t of the theoreti
ally 
al
ulated RC to the a
tual data, the

χ2
- test statisti
 has been used. It is de�ned as,

χ2 ≡
i=N
∑

i=1

(

V i
c,obs − V i

c,th

V i
c,error

)2

, (3.20)

where V i
c,obs and V i

c,error are, respe
tively, the observational value of the 
ir
ular

rotation speed and its error at the i-th value of the gala
to
entri
 distan
e, and

V i
c,th is the 
orresponding theoreti
ally 
al
ulated 
ir
ular rotation speed.

In the 
ustomary mass modeling approa
h, the DM halo is often represented as a
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isolated or single 
omponent SHM, where the density is simply

ρDM(x) = ρ0e
[−ΦDM(x)/σ2]. (3.21)

For the single 
omponent SHM, the potential, ΦDM(x), obtained by solving the

Poisson's equation for DM given by Equation (3.12) with ρDM(x) given by

Equation (3.21) (rather than Equation 3.18), is simply added to the VM potential,

ΦVM(x), to 
al
ulate the V 2
c using Equation (3.11).

Figure 3.1 shows the resulting �t of the theoreti
al Vc pro�le to the RC data given

by Honma and Sofue by analysis of Gala
ti
 H1 survey results [83℄ in both linear

and logarithmi
 s
ales with the single 
omponent SHM, i.e., without in
luding the

gravitational in�uen
e of VM on DM (hen
eforth referred to as the un
oupled


ase). It is seen that, reasonably good �t to the RC data is obtained out to a

gala
to
entri
 distan
e of ∼ 10 kpc beyond whi
h the �t quality is 
onsiderably

poorer. Note that, the dominant 
ontribution to the RC within the Solar 
ir
le

(i.e., R ≤ 8.5 kpc) 
omes from VM. The DM starts dominating the 
ontribution to

RC only at R ≥ 15 kpc and indeed the RC asymptoti
ally approa
hes the

expe
ted value Vc(∞) =
√

2/3 〈v2〉1/2 ≃ 220 km s−1
value. Thus, it is 
lear that

the VM dominates the gravitational dynami
s in the inner regions of the Galaxy

up to the Solar distan
e ∼ 8.5 kpc, and the DM 
ontrols the gravitational

dynami
s of the Galaxy only at larger gala
to
entri
 distan
es. However, as seen

from Figure 3.1, the single 
omponent halo model assumed in the SHM with the

standard values of its parameters (namely, ρDM,⊙ ≃ 0.3 GeV cm−3
and 〈v2〉1/2 ≃

270 km s−1
) does not seem to be good �t to the RC data at large gala
to
entri


distan
es either. The χ2
(s
aled by the degree of freedom (dof) i.e., number of
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Figure 3.1: Rotation 
urve data [83℄ �tted in linear (top) and logarithmi
 (bottom)

s
ale for the `un
oupled' 
ase with Gala
ti
 visible matter de�ned by a Bulge + Disk

[see Equations (3.14) and (3.15)℄ and the dark matter halo des
ribed by a single


omponent standard halo model with dark matter velo
ity dispersion, 〈v2〉1/2 ≃ 270

km s−1
and a lo
al dark matter density, ρDM,⊙ ≃ 0.3 GeV cm−3

. The dotted line for


ir
ular velo
ity value 220 km s−1
denotes the asymptoti
 value of the SHM rotation


urve pro�le for 〈v2〉1/2 ≃ 270 km s−1
.
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rotation 
urve data points) indi
ated in the inset is measure of the �t. Motivated

by these 
onsiderations, we next 
onsider the more realisti
 
oupled 
ase, in whi
h

we in
lude the gravitational in�uen
e of the VM on the phase spa
e stru
ture of

the IS that represents the DM halo, in a self-
onsistent manner through Equations

(3.18) and (3.19). The iterative pro
edure used to solve these two equations has

already been dis
ussed above.

In
lusion of the gravitational in�uen
e of the VM on the DM parti
les has two

related e�e
ts: (a) The additional gravitational pull of the VM draws the DM

parti
les towards the 
entral region, thereby, in
reasing the 
entral density of the

DM parti
les there. However, this is a

ompanied by, (b) a de
rease of the 
ore

radius of the density pro�le of the DM, sin
e, as mentioned earlier, the 
ore radius

(r0) of the IS is ∝
√

σ2

ρ0
, where σ = 〈v2〉1/2√

3
, where 〈v2〉1/2 is the velo
ity dispersion

and ρ0 is the 
entral density of the DM parti
les. The net result is that the halo

DM density pro�le be
omes too 
entrally 
on
entrated and the 
ore radius

be
omes too small to be 
onsistent with the DM density of ρDM,⊙ ≃ 0.3 GeV cm−3

at the Solar lo
ation required for a good �t to the observed RC data, unless the

velo
ity dispersion, 〈v2〉1/2, is 
orrespondingly in
reased. Indeed, from our

numeri
al 
al
ulations we �nd that, for the given set of the observed VM

parameters, a value of DM 〈v2〉1/2 ≃ 270 km s−1
(as assumed in the SHM), 
an

only support a maximum value of ρDM,⊙ ≃ 0.03 GeV cm−3
, an order of magnitude

smaller than the standard value of ρDM,⊙ = 0.3 GeV cm−3
. These values of the

〈v2〉1/2 and ρDM,⊙, however, provide a rather poor �t to the RC data indi
ated by

the χ2
value (s
aled by the dof) as seen from the upper panel of Figure 3.2. The

obvious solution is to require higher values of the 〈v2〉1/2 of the DM parti
les. In

fa
t we �nd that, to support a value of ρDM,⊙ = 0.3 GeV cm−3
, we need a minimum
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Figure 3.2: Rotation 
urve �t for our Galaxy with its dark matter halo des
ribed by

an isothermal sphere, in
luding the gravitational in�uen
e of the underlying visible

matter on the dark halo, �tted with RC data [83℄. The top panel shows the �t with

dark matter velo
ity dispersion, 〈v2〉1/2 = 270 km s−1
and value of lo
al dark matter

density, ρDM,⊙ ≃ 0.03 GeV cm−3
, whi
h is the maximum value allowed for `
oupled'


ase but leads to a poor �t indi
ated by the χ2
value (s
aled by the degree of freedom

(dof) i.e., number of rotation 
urve data points). The bottom panel shows the �ts

with ρDM,⊙ = 0.3 GeV cm−3
for various values of 〈v2〉1/2 ≥ 〈v2〉1/2min ≃ 330 km s−1

for the '
oupled' 
ase. Higher velo
ity dispersions values are in
reasingly preferred

yielding lesser χ2
values indi
ated along with.
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value of 〈v2〉1/2min ≃ 330 km s−1
. Fits to the RC data for various values of 〈v2〉1/2 ≥

330 km s−1
(with ρDM,⊙ �xed at 0.3 GeV cm−3

), are shown in the lower panel of

Figure 3.2 along with the 
orresponding χ2
/dof values of the �ts. It is seen that

reasonably good �ts to the RC data would require 〈v2〉1/2 ge 450 km s−1
or so.

3.3 Impli
ations of the Isothermal Halo model of

the Galaxy's Dark Matter Halo for the

Analysis of Dire
t Dete
tion Experiments

To 
al
ulate the expe
ted DD rates following Equation (2.4), we �rst need to


al
ulate the velo
ity integral in Equation (2.5) in the 
ontext of the IS halo. The

VDF of the IS is Maxwellian in nature extending to v → ∞. For a �nite system

like our Gala
ti
 halo with a �nite mass, it is 
ustomary for the purpose of


al
ulating the DD event rates to trun
ate the VDF for the IS system at a 
hosen

value of the lo
al es
ape speed, vesc. However, then the �nal PSDF no longer

remains a self-
onsistent solution of the CBE. Here, for simpli
ity we take the

upper limit of the velo
ity integral in Equation (2.5) as in�nity but restri
t the

minimum velo
ity required for transferring a kineti
 energy (ER) to a re
oiling

nu
leus in the earth's rest frame, umin(ER), to be limited to vesc by using a step

fun
tion. Under these 
onditions, the velo
ity integral, Equation (2.5), has a 
losed

form given by [52℄,

ξ(ER, t) =
erf(xmin + η)− erf(xmin − η)

η
×Θ(vesc − umin(ER)), (3.22)
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where xmin = umin√
2σ

and η = vE(t)√
2σ

with umin and vE(t) given by Equations (2.3) and

(2.10), respe
tively.

We note here that, for exa
t 
al
ulations, the velo
ity integral in Equation (2.5)


an be 
onsidered as a double integral as in Equation (2.7) where the limits on

umax(cos θ), the maximum WIMP velo
ity in earth's rest frame, is given by the

positive roots of Equation (2.8). However, sin
e we have vmax → ∞, this implies

umax → ∞ in Equation (2.7) as well. At the same time, the Θ fun
tion in Equation

(3.22) restri
ts the largest allowed value of the lower limit of integration to the

�nite value of vesc. This approximation is reasonable sin
e the tail of the

Maxwellian VDF makes only a relatively small 
ontribution to the quantity

ξ(ER, t). With ξ(ER, t) as given by Equation (3.22), we 
an 
al
ulate the expe
ted

event rates using Equation (2.4) by averaging over time in the 
ontext of an

isothermal DM halo for the Galaxy.

Below we shall analyze several DD experiments 
onsidering SI intera
tion of

WIMPs with the nu
lei in the 
ontext of Gala
ti
 DM halo des
ribed by an

isothermal distribution fun
tion. The exa
t value of DM velo
ity dispersion,

〈v2〉1/2, appearing in the Maxwellian VDF of the IS is not known. From our

studies in the previous se
tion, we have seen that good �ts to the RC data prefer

values of 〈v2〉1/2 ≥ 330 km s−1
with larger values preferred for better �ts. At the

same time, the value of vesc is also not pre
isely known. The RAVE survey [87℄ has

reported values of vesc in the range 498-608 km s−1
(at 90 % C.L.), with a mean

value of 544 km s−1
. Given these un
ertainties, we shall study the variation of our

DD analysis results for di�erent values of 〈v2〉1/2 and vesc within the broad range of

their values mentioned above. We shall also study the variation of our results with

di�erent values of the inelasti
ity parameter, δ, for the 
ase of inelasti
 WIMP-
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nu
leus s
attering [Equation (2.3)℄.

3.3.1 Dire
t Dete
tion Experiments Considered

Here we dis
uss the impli
ations of the isothermal halo model for the results of

three �null� experiments namely, CDMS-II [88, 81℄, CRESST-I [89℄ and

XENON-10 [90, 91℄, in addition to results reported by DAMA 
ollaboration [68℄

whi
h has 
laimed the dete
tion of an annual modulation of the re
oil event rates

attributable to the WIMPs

3

. In parti
ular we study the 
ompatibility of the

DAMA's annual modulation results with the null results of other experiments.

This question of 
ompatibility of the DAMA results [68℄ has also been the subje
t

of several earlier studies in
luding those that take into a

ount the e�e
t of �ion


hanneling� on the analysis [92, 52, 46℄ (see below). For simpli
ity, we shall here


onsider only the SI 
ase.

DAMA/NaI and DAMA/LIBRA :

The DAMA/NaI [69℄ and DAMA/LIBRA [68℄ experiments (hereafter together

simply referred to as the �DAMA� 
ollaboration) has long been 
laiming an annual

modulation of their event rate based on dete
tion of s
intillation signals with

radio-pure Sodium Iodide (

23Na127I) target and interpreting the same as an

eviden
e for WIMPs. The DAMA 
ollaboration [69, 68℄ has reported a non-zero

annual modulation amplitude out of the dete
ted re
oil event rates over a period of

eleven annual 
y
les [see Figure 3.3℄, with a total exposure of 0.82 ton-year at a


on�den
e level of 8.2 σ.

3

There have been more re
ent updated results published by the 
ollaborations. However, the

analyses presented here with the old versions of the experimental results, should, we believe, be

good enough for the purpose of illustrating the e�e
ts of the variations of the relevant astrophysi
al

parameters on the results of the various DD experiments.
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Figure 3.3: The DAMA modulation signal reported for 11 annual 
y
les with a total

exposure of 0.82 ton-year at a 
on�den
e level of 8.2 σ [68, 69℄.

This annual modulation is attributed to the periodi
 variation of Earth's velo
ity

in the Gala
ti
 rest frame, vE [see Equation (2.10)℄, whi
h also results in a periodi


variation of the re
oil event rates (
al
ulated in the 
ontext of the 
hosen DM halo

of the Galaxy) that 
an be approximately written as [46, 44, 45℄,

dR
dER

(ER, t) ≈ S0(ER) + Sm(ER) cosω(t− t0) , (3.23)

where S0 is the average re
oil rate over a year and Sm is the �modulation

amplitude� de�ned as,

Sm(ER) =
1

2

[

dR
dER

(ER, June 2)− dR
dER

(ER, Dec 2)

]

. (3.24)

A nonzero value of Sm is taken to be a signal for WIMP-indu
ed nu
lear re
oils.

To 
ompare with experimental data given in spe
i�
 re
oil energy bins, the average

value of Sm over a given energy range is 
al
ulated as:

SE1−E2

m =
1

E2 − E1

∫ E2

E1

Sm(ER)dER . (3.25)
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Now, for dete
tors like DAMA only a part of the re
oil energy is dete
ted via the

s
intillation signal and the rest is lost as phonons. In this 
ase, the a
tual energy

of the re
oil nu
leus ER is related to the dete
table energy, ED � often 
alled the

�ele
tron-equivalent energy� and denoted by �keVee� � through the relation

ED = QER, where the �quen
hing fa
tor� Q(< 1) depends on the nu
lear material

and 
hara
teristi
s of the dete
tor. For the NaI target, the quen
hing fa
tors are

QNa ≈ 0.3 and QI ≈ 0.09.

However, as �rst pointed out by E. M. Drobyshevski [93℄ and studied in detail in

the 
ontext of the s
intillating NaI material of DAMA dete
tor in [94℄, for 
ertain

energies and in
iden
e angles of the parti
le (for example, along the 
rystal axis),

the re
oiling nu
leus transfers energy almost entirely to the ele
trons (rather than

to other nu
lei) of the s
intillator material. In su
h a 
ase, 
alled �
hanneling�, one

has Q ≈ 1. We shall use the following simple parametrizations [95℄, of the fra
tions

of �
hanneled� events for re
oiling Sodium and Iodine nu
lei in the DAMA

experiment:

fNa ≃
1

1 + 1.14ER( keV)
, fI ≃

1

1 + 0.75ER( keV)
. (3.26)

Note that the use of `keVee' is only a bookkeeping devi
e to distinguish the

measured energy by the dete
tor from the true re
oil energy; the a
tual unit is still

keV.

To take into a

ount the �nite energy resolution of the dete
tor, the a
tually

measured energies ED are usually taken to be normally distributed about the true

dete
table energy E ′
D (i.e., the energy that would be measured if the dete
tor had

100% energy resolution) with a standard deviation σ(E ′
D). Thus, the measured
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di�erential rate is obtained by 
onvolving

dR
dE′

D
with a normalized Gaussian with a

given standard deviation as,

dR
dED

(ED, t) =
1√
2π

∫

dE ′
D

σ

dR
dE ′

D

e−(ED−E′
D)2/2σ2

. (3.27)

For DAMA, we have the form [96℄, σ(E ′
D) = (0.448 keV)

√

E ′
D/ keV + 0.0091E ′

D .

Thus, the expe
ted modulation amplitude is obtained by 
onvolving Equation

(3.24) (after 
hanging the integration variable to ED = QER) with a normalized

Gaussian with the above standard deviation. The theoreti
al modulation

amplitude over a given interval of measured energy between ED1 and ED2 is then


al
ulated from Equation (3.25) after the above 
onvolution. The e�
ien
y of the

DAMA dete
tor is taken to be unity.

For the analysis of the annual modulation results, we 
onsider the 2-bin data set

given by the DAMA 
ollaboration [68℄, namely, the low-energy bin spanning 2-6

keVee within whi
h a non-zero modulation amplitude is measured and the high

energy bin spanning 6-14 keVee in whi
h the modulation amplitude is 
onsistent

with zero. Table 3.1 gives the modulation amplitudes (Sm) measured by DAMA in

these two energy bins.

Energy (ED in keVee) Modulation Amplitude (Sm) (
ounts/day/kg/keVee)

2 - 6 0.0131 ± 0.0016

6 - 14 0.0009 ± 0.0011

Table 3.1: DAMA modulation amplitude data reported from event rates 
olle
ted

for 11 annual 
y
les [68℄.
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With the theoreti
ally expe
ted modulation amplitude in the k-th energy bin,

Sth
m,k, 
al
ulated as des
ribed above, a χ2

�t to the 
orresponding experimental

modulation amplitude data given in Table 3.1 is 
al
ulated as

χ2 ≡
∑

k

(

Sm,k − Sth
m,k

σk

)2

, (3.28)

where Sm,k is the experimentally measured modulation amplitude in the k-th

energy bin and σk the 
orresponding error in the experimental value. In this

simple analysis pro
edure, there are only two free parameters in the problem,

namely, the WIMP mass (mχ) and the relevant WIMP-nu
leon 
ross se
tion

(σχ−nucleon)
4

. For a given value of mχ, we �nd χ2
min (the minimum value of χ2

) by

s
anning over the values of σχ−nucleon. The 90% C.L. allowed region of the relevant


ross se
tion, for the given value of mχ, is then found by a

epting those values of

σχ−nucleon for whi
h χ2 − χ2
min ≤ 2.71, with χ2

min < 2.

Experiments giving null results :

These experiments 
an be divided into two 
lasses: those whi
h report no events at

all (after all the relevant 
uts are employed), and those whi
h report events (after

analysis 
uts) but as
ribe them to ba
kground. In both 
ases, we follow the simple

analysis pro
edure outlined in Ref. [52℄.

For experiments reporting zero events after relevant analysis 
uts, we 
al
ulate a

90% C.L. one sided upper limit for σχ−nucleon for a given mχ by using Poisson

statisti
s. We demand that the theoreti
ally predi
ted number of events, N , over

the entire energy range of interest be su
h as to allow a Poisson probability of

4

Here, we are only 
onsidering SI WIMP-nu
leus intera
tions, therefore, σχ−nucleon ≡
σSI
χ−nucleon
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observing j(= zero) events as bad as 10% but not worse. This 
orresponds to the

Poissonian probability,

N j

j!
exp(−N) = 0.1, (3.29)

whi
h is solved to get N(mχ, σχ−nucleon) = 2.3.

For experiments that report non-zero events after analysis 
uts but attribute those

events to ba
kground, a simpli�ed version of Yellin's [97℄ optimum interval method

[52℄ is used. Here, we again 
al
ulate, for a given mass mχ, and for all 
ontiguous


ombination of energy bins, the 90% C.L. upper limit allowed theoreti
ally

expe
ted number of events N(mχ, σχ−nucleon) 
orresponding to the observed

number of events n di
tated by Poisson statisti
s as,

j=n
∑

j=0

N j

j!
exp(−N) = 0.1. (3.30)

We then 
hoose the most stringent (i.e., the lowest) value of σχ−nucleon so obtained

by 
omparing the values from all the bins. A referen
e table for the mean value,

N , for a Poisson variable n is given in [98℄.

In both the above mentioned 
ases, the pro
edure dis
ussed above allows us to

generate the ex
lusion plot in the mχ-σχ−nucleon parameter spa
e, su
h that regions

above the ex
lusion 
urves are disallowed for WIMPs.

The experiments 
onsidered for analysis are as follows:-

CDMS-II (Ge) [81℄ :

The CDMS-II 
ollaboration [81℄ had reported two 
andidate events at re
oil

energies 12.3 keV and 15.5 keV after applying all 
uts in the 10-100 keV window

of their �signal region� with an estimated probability of ∼ 23% of observing 2 or
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more ba
kground events in that region, for the estimated level of the ba
kground.

With su
h a high value of the estimated ba
kground probability, these events were

as
ribed to ba
kground. The total e�e
tive exposure, for CDMS-II experiment

used in our 
al
ulations below, in
ludes the spe
trum-averaged equivalent exposure

of ≈ 194.1 kg-days (for a WIMP mass of ∼ 60GeV cm−3
) [81℄ 
ombined with that

of CDMS-II 
ollaboration's previous published paper [99℄ of ∼ 110.4 kg-days (after

redu
tion of the �gure quoted in [99℄ by a fa
tor of ∼ 9% due to improved estimate

of their dete
tor mass [81℄). The above �gures in
lude the approximately 
onstant

(in energy) dete
tor e�
ien
y of ∼ 30% [81℄ already folded in. We obtain 90%

C.L. upper limits on the relevant WIMP 
ross se
tion as a fun
tion of WIMP mass

using the simpli�ed version of Yellin's optimum interval method [97℄ des
ribed

above. In this analysis we have used a minimum re
oil energy bin width of 5 keV.

CDMS-II (Si) [88℄ :

This experiment employs high purity sili
on 
rystals as the dete
tor material. No

events passed all the data analysis 
uts. We derive 90% C.L. upper limit on the

relevant 
ross se
tion as a fun
tion of the WIMP mass by using Poisson statisti
s

dis
ussed above, i.e., by demanding that, for a given WIMP mass mχ, the upper

limit of the 
ross se
tion yields 2.3 expe
ted events.

CRESST-I [89℄ :

The Phase I of the CRESST experiment employed sapphire (Al2O3) dete
tors with

an exposure of 1.51 kg-days over an energy range of 0.6-20 keV. After all the

relevant analysis 
uts, all the observed events were �nally as
ribed to ba
kground.

We take into a

ount the energy resolution of the dete
tor des
ribed by a Gaussian

distribution of the measured energies around the true value with a standard
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deviation σ(ER) =
√

(0.220 keV)2 + (0.017ER)2) [89℄

5

. Upper limits were

obtained similar to CDMS-II (Ge) analysis with a smallest allowed energy-interval

width of 1.2 keV [89℄.

XENON-10 [90, 91℄ :

XENON-10 is a dual phase time proje
tion 
hamber employing liquid Xenon as

target material and uses the ratio of ionization to s
intillation yield for

dis
riminating between the dominant ele
tron re
oil ba
kground and sear
hed for

nu
lear re
oil WIMP signal over a nu
lear re
oil energy range of ∼ 6.1-36.5 keV.

A total of 10 events were re
orded in the WIMP signal region for a total e�e
tive

exposure of about 136 kg-days after analysis 
uts. We obtain 90 % C.L. upper

limits on the relevant WIMP 
ross se
tion as a fun
tion of WIMP mass using the

simpli�ed version of Yellin's optimum interval method des
ribed earlier.

Table 3.2 summarizes the relevant features of the experiments 
onsidered above.

Further details of ea
h experiment 
an be found in the 
ited Referen
es.

Experiment Target Mass no (A) E�e
tive exposure Threshold

(kg-days) ( keV)
CDMS-II [81℄ Ge 73 304.5 10

CDMS-II [88℄ Si 28 12.1 7

CRESST-I [89℄ Al2O3 27 (Al) & 16 (O) 1.51 0.6

XENON-10 [90, 91℄ Xe 131 136 6.1

Table 3.2: Relevant features of the experiments (exposures relevant for spin-

independent WIMP-nu
leus intera
tions only) 
onsidered for generating ex
lusion

plots in the WIMP mass vs WIMP-nu
leon 
ross se
tion plane.

5

Referen
e [89℄ a
tually quotes their energy resolution in terms of the FWHM, ∆ER
FWHM

,

whi
h is related to the standard deviation σ by ∆ER
FWHM ≈ 2.354σ.
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3.3.2 Impli
ations for the WIMP parameters

We now present the results of our analyses of the DD experiments dis
ussed above


onsidering SI intera
tion of WIMPs with the nu
lei in the 
ontext of the

isothermal Gala
ti
 DM halo model des
ribed in Se
tion 3.1.

Figure 3.4 shows ex
lusion 
urves in the mχ − σχ−nucleon plane derived from the

null results of di�erent DD experiments 
onsidered above with ρDM,⊙ = 0.3

GeV cm−3
under elasti
 SI s
attering (δ = 0) 
ases with four di�erent values of the

DM velo
ity dispersion

6

, 〈v2〉1/2 along with the 
losed parameter spa
e in the

same plane implied by the annual modulation of the event rates seen by the

DAMA experiment. The value of lo
al vesc has been taken to be 544 km s−1
, the

mean value as reported by the RAVE Survey [87℄. It is seen that the region in the

mχ − σχ−nucleon plane, where the DAMA results are 
ompatible with the null

results of other experiments (the �DAMA 
ompatible� regions) shrinks with higher

values of 〈v2〉1/2. Parti
ularly, for the SHM 
ase (see top-left panel of Figure 3.4),

it is found that there exists a region of the parameter spa
e bounded by,

2.8 <∼ mχ
<∼ 11.8GeV and 7.3× 10−6 <∼ σχ−nucleon

<∼ 4.8× 10−3 pb, within whi
h

DAMA's 
laimed modulation signal is 
ompatible with the parameter spa
e

allowed by the other experiments under SI elasti
 s
attering. Simply by 
hanging

the velo
ity dispersion to a value of 550 km s−1
(keeping other parameters same),

for example, the DAMA 
ompatible region (see bottom-right panel of Figure 3.4)


hanges to 5.2 <∼ mχ
<∼ 6.8GeV and 1.0× 10−4 <∼ σχ−nucleon

<∼ 9.8× 10−4 pb.

Next, in Figure 3.5, we 
ompare the DAMA 
ompatible regions in the

mχ − σχ−nucleon plane for vesc spanning between 500-600 km s−1
, 
overing the

6〈v2〉1/2= 270 km s−1
refers to the SHM 
ase.
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Figure 3.4: DAMA implied ranges of values of WIMP mass, mχ, and WIMP-nu
leon


ross-se
tion, σχ−nucleon superposed on the ex
lusion 
urves from the null results of

various experiments in themχ−σχ−nucleon plane, for the 
ase of SI elasti
 (inelasti
ity

parameter, δ = 0) s
attering for an isothermal DM halo of our Galaxy. The four

panels 
orresponds to four di�erent values of DM velo
ity dispersions, 〈v2〉1/2, as
indi
ated of the isothermal halo model. The values of ρDM,⊙ and vesc have been kept

�xed at 0.3 GeV cm−3
and 544 km s−1

, respe
tively.
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Figure 3.5: Same as top right of Figure 3.4, but for two di�erent lo
al es
ape velo
ity,

(vesc) values as indi
ated.

extremities of the 90 % C.L. range of vesc reported by the RAVE survey [87℄, for a

DM 〈v2〉1/2 = 330 km s−1
(the lowest value allowed for the `
oupled' 
ase; see

Se
tion 3.2) with ρDM,⊙ = 0.3 GeV cm−3
and for elasti
 (δ = 0) SI s
attering. It is

seen that the results are not strongly sensitive to the variation of vesc within its

range of values 
onsidered.

Figure 3.6 shows the DAMA 
ompatibility regions as in the previous two �gures,

but for the 
ase of inelasti
 SI s
attering of WIMPs with the nu
lei for various

values of the inelasti
ity parameter, δ. The rest of the halo parameters taken are

〈v2〉1/2 = 330 km s−1
, ρDM,⊙ = 0.3 GeV cm−3

and vesc = 544 km s−1
. We see that

the DAMA 
ompatible region 
hanges signi�
antly with values of δ.

Note that, though we have not expli
itly in
luded the e�e
t of variation of ρDM,⊙

on the analysis results, its e�e
t is basi
ally an overall s
aling of the 
ross-se
tions

in inverse proportion manner to the value of ρDM,⊙, ex
ept for WIMP masses ≪

mass of the target nu
lei, as dis
ussed further in the next 
hapter in the 
ontext of

a more realisti
 �nite-size model of the Gala
ti
 DM halo.
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Figure 3.6: Same as top right of Figure 3.4, but for four di�erent inelasti
ity pa-

rameter, δ, values as indi
ated.

3.4 Summary

The VM is the dominant mass 
omponent in the inner regions of the Galaxy up to

the Solar distan
e ∼ 8.5 kpc. The DM 
ontrols the gravitational dynami
s of the

Galaxy only at larger gala
to
entri
 distan
es. As su
h, it is important to in
lude

the e�e
t of gravitational in�uen
e of the VM on the phase spa
e distribution of

the DM parti
les.
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In this 
hapter, we have studied the IS model of the Gala
ti
 DM halo in
luding

the e�e
t of gravitational in�uen
e of the observed VM on the phase spa
e

distribution of the DM parti
les 
onstituting the halo. We have studied how the

resulting model �ts the RC data of the Galaxy. We have seen that with the e�e
t

of the VM on DM phase spa
e stru
ture in
luded in a self-
onsistent manner, the

DM velo
ity dispersion 〈v2〉1/2 ≃ 270 km s−1
assumed in the SHM, is in
ompatible

with a value of ρDM,⊙ = 0.3 GeV cm−3
and a minimum value of velo
ity dispersion,

〈v2〉1/2min ≃ 330 km s−1
is required to support values of ρDM,⊙ = 0.3 GeV cm−3

.

Indeed, we have seen that a 〈v2〉1/2 ≥ 450 km s−1
is preferred for a reasonably

good �t to the RC data.

We then studied the 
ompatibility of the DAMA annual modulation data [68℄ with

the null results of several other experiments, viz., CDMS-II (Ge and Si targets)

[88, 81℄, CRESST-I [89℄ and XENON-10 [90, 91℄ in the 
ontext of an IS as the


hosen halo model in the 
ase of WIMP-nu
leus SI intera
tion. The DAMA


ompatible region in the mχ − σχ−nucleon plane depends signi�
antly on the value

of DM velo
ity dispersion, 〈v2〉1/2. In parti
ular the 
ompatibility region shrinks as

the value of 〈v2〉1/2 is made larger. In addition, the 
ompatibility region also

depends signi�
antly on the inelasti
ity parameter, δ. Our results unders
ore the

important fa
t that a proper determination of parameters of the PSDF of the DM

parti
les 
onstituting the halo of the Galaxy using observational data plays a


ru
ial role in interpreting the results of DD experiments. In addition, the nature

of the WIMP-nu
leus s
attering pro
ess ( elasti
 or inelasti
) is also important.



Chapter 4

A Self-
onsistent Trun
ated

Isothermal Model for the Milky

Way's Dark Matter Halo

4.1 Introdu
tion

In the previous 
hapter, we have dis
ussed the `standard halo' model (SHM),

whi
h is 
ustomarily 
hosen as the DM halo model for analyzing the dire
t

dete
tion (DD) experiments sear
hing for the Weakly Intera
ting Massive Parti
le

(WIMP) 
andidates of dark matter (DM) . Although this model serves the purpose

of analysis, it has several drawba
ks. It is therefore ne
essary to 
onsider improved

astrophysi
al models for our Gala
ti
 halo.

73
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The SHM su�ers from some serious short
omings. The basi
 reason is that the

density varies as r−2
at higher radii whi
h implies that the halo mass varies as as

∼ r and therefore diverges as r → ∞. Clearly, su
h a system 
annot represent a

realisti
 DM halo of �nite physi
al size. Se
ondly, the maximum velo
ity of the

Maxwellian velo
ity distribution of a SHM extends to in�nity. However, for a

Galaxy of �nite mass and extent, we expe
t that DM parti
les 
an have velo
ities

only up to a 
ertain �nite value in order for it to remain bound within the system.

Therefore, it is a standard pra
ti
e, in the 
ontext of studying the phenomenology

of DD experiments, to trun
ate the Maxwellian speed distribution at some 
hosen

value of the lo
al es
ape speed. However, this is not a self-
onsistent pro
edure

be
ause the resulting phase spa
e stru
ture with a �trun
ated Maxwellian� speed

distribution does not satisfy the steady-state 
ollisionless Boltzmann equation

(CBE). Also, the 
ir
ular rotational speed (Vc) in the `isothermal sphere' (IS)

model of the phase spa
e distribution fun
tion (PSDF) des
ribing the SHM

in
reases linearly for small r, has an os
illatory dependen
e on r for intermediate

r, and tends to a 
onstant only asymptoti
ally as r → ∞ (see Figure 3.1). Thus,

there is no parti
ular reason why Vc(∞) should be equal to Vc(R0) as is done to �x

the DM velo
ity dispersion 〈v2〉1/2 = 270 km s−1
for SHM. In addition, 
onsidering

the signi�
ant un
ertainty in ρDM,⊙, there is no strong reason to set the value

spe
i�
ally at 0.3 GeV cm−3
. Further, in the usual treatment of SHM, the

gravitational in�uen
e of visible matter (VM) on DM parti
les is generally not

taken into a

ount and the system is assumed to be an isolated DM halo. As we

have seen in the previous 
hapter, in
lusion of the e�e
t of VM substantially


hanges the values of the 〈v2〉1/2 required to �t the rotation 
urve (RC) data.

Indeed, we have seen there that a value of ρDM,⊙ ≃ 0.3 GeV cm−3
is in
onsistent

with 〈v2〉1/2 of 270 km s−1
as is 
ustomarily adopted in the 
ontext of SHM
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des
ription of Gala
ti
 halo.

There are indeed well understood phase spa
e stru
tures that allow trun
ation of

the DM halo at a �nite radius and the velo
ity distribution at appropriate limits in

a self-
onsistent manner as will be studied in this 
hapter. Here, we adopt su
h a

model of the phase-spa
e stru
ture of the WIMPs 
onstituting the DM halo with

�nite-size and mass and study its impli
ations for the analysis of the results of the

same set of DD experiments as analyzed in Chapter 3 (done there in the 
ontext of

the IS model for DM halo). This model is based on des
ribing the PSDF of the

WIMPs 
onstituting a spheri
ally symmetri
 DM halo of the Galaxy by the

so-
alled �lowered� (or �trun
ated�) isothermal model (often 
alled �King�

model) [43℄. This PSDF, again depends only on the spe
i�
 energy, E, of the

system, and is thus 
hara
terized by an isotropi
 velo
ity distribution fun
tion

(VDF). By Jean's theorem (see Se
tion 3.1), it is therefore a steady state solution

of the CBE. In this model, at every lo
ation x within the system, a DM parti
le


an have speeds up to a maximum �nite value of vmax(x), whi
h is self-
onsistently

determined by the model itself. A parti
le of velo
ity vmax(x) at x within the

system 
an just rea
h its outer boundary, generally 
alled the trun
ation radius

(rt), where the DM density by 
onstru
tion vanishes. As will be seen below, the

speed distribution of the parti
les 
onstituting a King model 
an be des
ribed as

�quasi-Maxwellian� by nature. When the VM density is set to zero and the

trun
ation radius is set to in�nity, this halo model redu
es to a single-
omponent

IS as used for SHM des
ribed in the previous 
hapter.

In the following se
tions, �rst we present the basi
 formalism of the King model as

a des
ription of the Gala
ti
 DM halo and then obtain the best �t parameters of

the model by �tting to the RC data of the Galaxy 
onsidering self-
onsistent
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gravitational 
oupling to the underlying VM distribution in the Galaxy. We

demonstrate the e�e
t of VM on the halo density pro�les and present the mass

and maximum speed pro�les and lo
al VDFs of the DM parti
les for the best �t

halo parameters. Finally, we study the impli
ations of the King model as the

Galaxy's DM halo for the analysis of the results of several DM DD experiments


onsidering elasti
 s
attering of WIMPs with target nu
lei under spin-independent

(SI) and spin-dependent (SD) intera
tions with the dete
tor nu
leus and

summarize at the end. A 
omparison is also drawn with the results obtained in the


ontext of SHM in the previous 
hapter, for the sake of 
ompleteness.

4.2 The Basi
 Formalism of King Model

To des
ribe a �nearly isothermal� system of �nite size and �nite total mass, one

must have, in addition to the two parameters of the IS halo model, a parameter

that 
hara
terizes the �nite size of the system. This is a

omplished in the 
ontext

of a King model by taking the PSDF of the WIMPs in the Gala
ti
 halo to be of

the following form [43℄:

f(x,v) ≡ f(E) =











ρ1(2πσ
2)−3/2

(

eE/σ
2 − 1

)

for E > 0 ,

0 for E ≤ 0 ,
(4.1)

where

E(x) ≡ C −
(

1

2
v2 + Φ(x)

)

≡ Ψ(x)− 1

2
v2 , (4.2)

is the so-
alled �relative energy� and Ψ(x) (≡ −Φ(x) + C) the �relative

potential� [43℄. The three (
onstant) parameters of the model are ρ1 (with

dimension of density), σ (with dimension of velo
ity) and the new parameter C
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(with dimension of potential or squared velo
ity) whi
h is related to the �nite size

of the system (see below) and is 
hosen su
h that f(E) > 0 for E > 0 and f(E) = 0

for E ≤ 0.

The density at any position x is obtained by integrating f(x,v) over all velo
ities

giving

ρDM(x) =
ρ1

(2πσ2)3/2

∫

√
2Ψ(x)

0

dv 4πv2
[

exp

(

Ψ(x)− v2/2

σ2

)

− 1

]

, (4.3)

whi
h, in 
losed form appears as,

ρDM(x) = ρ1

[

exp

(

Ψ(x)

σ2

)

erf

(√
Ψ(x)

σ

)

−
√

4Ψ(x)

πσ2

(

1 +
2Ψ(x)

3σ2

)

]

. (4.4)

Given the expressions for PSDF and density, the normalized (to unity) velo
ity

distribution of the DM parti
les, at the given lo
ation x 
an be obtained as,

fx(v) ≡
4πv2

ρDM(x)
f(x,v), (4.5)

where f(x,v) and ρDM(x) are given by Equations (4.1) and (4.4), respe
tively.

For 
onvenien
e, we repla
e the parameter ρ1 in Equation (4.1) and (4.4) by the

value of the DM density at the Solar lo
ation, ρDM,⊙, and res
ale the expressions

a

ordingly.

The King model approa
hes the IS solution at small radii r = |x|, but have density

pro�les that fall o� faster than that of the IS halo model at large radii (whi
h

makes the total mass �nite). Indeed, the density vanishes at r = rt, the trun
ation

radius where vmax = 0, representing the outer edge of the system. This is ensured
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by 
hoosing:

C = Φ(rt) , so that Ψ(rt) = −Φ(rt) + C = 0 . (4.6)

As evident from Equation (4.6), the parameter C �xes the �nite size, rt, of the

system.

Note also that, unlike in the 
ase of the (in�nite) IS halo model, the parameter σ

in the King model is not equal to the one-dimensional velo
ity dispersion of the

parti
les 
onstituting the system; the latter 
an be 
al
ulated for the DF given

above and is a fun
tion of r (again unlike IS halo), vanishing at r = rt. In fa
t,

unlike in the 
ase of the Maxwellian DF, for whi
h the velo
ity dispersion is

linearly related to the most probable speed of the parti
les of the system, there is

no simple relation between the velo
ity dispersion and the most probable speed of

the parti
les of the system des
ribed by a skewed velo
ity distribution in the


ontext of a King model type DM halo; see below.

At any lo
ation x the maximum speed a parti
le of the system 
an have is,

vmax(x) =
√

2Ψ(x) , (4.7)

and for v ≥ vmax the relative energy E ≤ 0 in Equation (4.2) and, as a


onsequen
e, the VDF in Equation (4.5) vanishes too.

The usual es
ape speed at any lo
ation, vesc(x), whi
h is in general larger than

vmax(x), is de�ned as the speed required for a parti
le to es
ape from the given

lo
ation out to in�nity. It 
an be expressed as v2esc(x) = 2 [Φ(∞)− Φ(x)]. For a

King model DM halo of �nite size, it is the maximum speed (at the Solar

neighborhood) and not the es
ape speed that is relevant in 
onsiderations of DD
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experiments.

It is 
ru
ial to note that, in presen
e of VM a test parti
le responds to not only the

potential due to DM but it senses the sum of gravitational potentials due to both

DM and VM 
omponents. The methodology to a

ount for this `
oupled' situation

has been des
ribed in the previous 
hapter. Therefore, the Ψ(x) appearing in the

expressions for PSDF and DM density [Equations (4.1) and (4.4)℄ is expli
itly,

Ψ(x) = Φtot(|x| = rt)− Φtot(x), (4.8)

where,

Φtot(x) = ΦDM(x) + ΦVM(x). (4.9)

4.3 Rotation Curve �t to King Model

To 
al
ulate the 
ir
ular speed, Vc(R), as a fun
tion of the gala
to
entri
 distan
e

R [see Equation (3.11)℄, we need to solve the Poisson's equations [see Equation

(3.12)℄ numeri
ally for the gravitational potentials of VM and DM from respe
tive

density pro�les under boundary 
onditions given in Equation (3.13). The ρVM(x) is

the known VM density of the Galaxy given by Equation (3.14) and (3.15) and

ρDM(x) for King model has been de�ned already in the previous se
tion in

Equation (4.4). Therefore, the Poisson equation for the VM part is solved

numeri
ally with the given ρVM(x), whereas that for DM is a 
oupled non linear

equation and is solved by an iterative pro
edure des
ribed in the previous 
hapter

(see Se
tion 3.2) in the 
ontext of an isothermal halo. It generates a

three-parameter (rt , σ , ρDM,⊙) family of self-
onsistent solutions to ΦDM(x) and
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ρDM(x) under the 
hosen boundary 
onditions.

The theoreti
al RC is 
al
ulated for three di�erent values of ρDM,⊙, namely,

0.2 , 0.3 and 0.4 GeV cm−3
, in ea
h 
ase with a wide range of values of the other

two King model parameters rt and σ and with the VM parameters �xed as before

in the previous 
hapter. These two parameters of the model are then determined

by �t to the RC data of the Galaxy.

We adopt the RC data given by Xue et al. [6℄, whi
h extends up to a

gala
to
entri
 distan
e (R) of ∼ 60 kpc starting from R ≥ 7.5 kpc. This set of RC

data is derived from 
omparison of 
osmologi
al simulations with the kinemati
al

data of a sample of ∼ 2400 blue horizontal-bran
h (BHB) stars taken from the

Sloan Digital Sky Survey (SDSS) DR6 [100℄ database. The RC given by Xue et al.

gently falls from the adopted value at the Sun's lo
ation, V0 ≈ 220 km s−1
, to

∼ 180 km s−1
at ∼ 60 kpc. The RC data for R < 7.5 kpc are taken from Ref. [83℄.

To asses the degree of �t, the χ2
-test statisti
 is used as de�ned in Equation (3.20).

Figure 4.1 shows our theoreti
ally 
al
ulated RC for the Galaxy with its DM halo

des
ribed by the King model DF, Equation (4.1), and in
luding the gravitational

e�e
t of the VM distribution in a self-
onsistent manner, for three di�erent sets of

values of the King model parameters (rt, σ, ρDM,⊙) as indi
ated. The RC pro�les

are shown for ρDM,⊙ = 0.2 , 0.3 and 0.4GeV cm−3
, and in ea
h 
ase, the shown

theoreti
al 
urve 
orresponds to the values of the other two parameters (rt and σ)

and the χ2
values (s
aled by the degree of freedom (dof) i.e., number of rotation


urve data points) that yield best �t (giving lowest χ2
/dof) to the adopted RC

data of the Galaxy.

For the range of King model density parameter 
onsidered



Chapter 4. Trun
ated Isothermal Dark Matter Halo 81

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

 0  10  20  30  40  50  60

V
c 

[1
00

km
/s

ec
]

R [kpc]

King: (rt [kpc], σ [100 km/sec], ρDM,sun  [GeV/cm3])

χ2/dof = 1.3

χ2/dof = 0.5

χ2/dof = 0.4

[80,3,0.4]

[80,4,0.3]

[120,3,0.2]

Figure 4.1: Rotation 
urves for the Galaxy with its dark matter halo des
ribed by

the King model by in
luding the gravitational e�e
t of the visible matter in a self-


onsistent manner, for three di�erent sets of values of the King model parameters viz.

trun
ation radius, velo
ity parameter and lo
al dark matter density, (rt , σ , ρDM,⊙),
as indi
ated. The 
urves are shown for three di�erent values of ρDM,⊙, and in ea
h


ase, the 
urve shown 
orresponds to the values of the other two parameters (rt
and σ) and the 
orresponding χ2

values (s
aled by the degree of freedom (dof) i.e.,

number of rotation 
urve data points) that yield best �t to the rotation 
urve data

of the Galaxy [83, 6℄.
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(0.2 ≤ ρDM,⊙ ≤ 0.4GeV cm−3
), the �global� best �t to the RC data (giving globally

lowest value of χ2
/dof) is obtained for the King model DM parameter set

ρDM,⊙ = 0.2GeV cm−3
, rt = 120 kpc and σ = 300 km s−1

(the dotted 
urve in

Figure 4.1). The best �t lo
al V0 is found to be 232 km s−1
in the 
ontext of this

model. The separate 
ontributions of the VM and the DM 
omponents to the total

RC and the total mass of the Galaxy for the �best-�t� set of parameter values are

shown in Figure 4.2.

The mass of a generalized system with azimuthal symmetry with given density

pro�le, ρ(r, θ), 
an be 
al
ulated as,

M(≤ r) =

∫ +1

cos θ=−1

∫ r

0

2πr′2dr′d(cos θ)ρ(r′, θ). (4.10)

It is of interest to note that the DM halo mass for the best-�t model obtained

above, MDM(≤ rt) ∼ 1.3× 1011M⊙, is only about a fa
tor of ∼ 1.5 times larger

than the total VM mass, MVM(≤ rt) ∼ 8.4× 1010M⊙, giving a total Galaxy mass

of ∼ 2.1× 1011 M⊙ within rt. A
tually, this is fairly independent of the exa
t values

of the VM model parameters adopted as long as those parameters are su
h that

the VM by itself gives the dominant 
ontribution to the RC data at inner Gala
ti


regions. The main reason for the relatively low DM halo mass is the de
lining

nature of the adopted RC data beyond the Solar 
ir
le. Note that the values of the

trun
ation radius and other physi
al quantities derived here are in the 
ontext of a

spe
i�
 model of the DM halo �tted to a RC data extending up to ∼ 60 kpc only.

In re
ent past, RC data for Galaxy extended up to several hundreds of kpc have

been put forward by di�erent groups [7, 8℄ and it is worth investigating the halo

properties in the light of these data sets (See Chapters 6 and 7 for details).
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Figure 4.2: The 
ontributions of the visible and dark matter 
omponents to the rota-

tion 
urve data (top panel) and total mass (bottom panel) of the Galaxy for the best-

�t King model parameters giving lo
al dark matter density ρDM,⊙ = 0.2GeV cm−3
,

trun
ation radius rt = 120 kpc and velo
ity parameter σ ≃ 300 km s−1
for the `
ou-

pled' 
ase are shown. The rotation 
urve data of the Galaxy has been adopted from

Ref. [83, 6℄.
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4.4 Dark Matter Density Pro�le

In the `
oupled' 
ase, the main e�e
t of the gravitational in�uen
e of the VM on

the DM halo is to �pull in� the DM parti
les towards the 
enter of the halo leading

to an in
reased 
entral 
on
entration and redu
ed 
ore radius of the DM density

pro�le. Here, by 
ore radius we refer to that of the density distribution in the

plane of the Gala
ti
 disk. This is illustrated in Figure 4.3 for the equatorial

density pro�les and 
ompared with those in the `un
oupled' situation, in whi
h the

DM phase spa
e distribution is determined by its own gravity alone.

Another dire
t e�e
t of the VM on the DM is the relative enhan
ement of the DM

density on the plane of the Gala
ti
 disk (z = 0) to that o� the disk. Figure 4.4

shows that this e�e
t, attributed to the in�uen
e of the axisymmetri
 disk

potential, 
an be as large as ∼ 30-40 %. The spheri
al symmetry of DM halo

density is thus broken by the axisymmetri
 Gala
ti
 disk. Note, however, that

while the resulting density distribution of the halo be
omes anisotropi
, one 
an

still assume, as done in this 
hapter, that the velo
ity distribution of the DM

parti
les remains isotropi
 every where, although anisotropi
 (velo
ity) models are

also possible [43℄ as dis
ussed in detail in Chapter 7.

4.5 Maximum Speed and Speed Distribution of

the parti
les

The self-
onsistently 
al
ulated maximum speeds of DM parti
les on the Gala
ti


equatorial plane are shown in Figure 4.5 (top panel) for the same three sets of

King model halo parameters as in Figure 4.1. The 
orresponding normalized speed
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Figure 4.3: The top panel shows the density pro�les of the King model halo of the

Galaxy for the same three sets of halo parameters as in Figure 4.1 that yield best �t

to the rotation 
urve data of the Galaxy [83, 6℄ for the `
oupled' 
ase. The density

pro�les refer to those on the equatorial plane (z = 0) of the Galaxy. In the bottom

panel, the density pro�les are plotted for the same set of dark matter parameters

for an isolated halo or `un
oupled' 
ase for the sake of 
omparison.
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Figure 4.4: The ratio of the DM density on the z = 0 plane to that on the z axis as a
fun
tion of gala
to
entri
 distan
e, for the same three sets of King model parameters

as in Figure 4.1 that yield best �t to the rotation 
urve data of the Galaxy [83, 6℄

for the `
oupled' 
ase.
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Figure 4.5: Maximum speed of a test parti
le vmax(x) =
√

2Ψ(x) as a fun
tion

of gala
to
entri
 distan
e R (top panel) and the normalized dark matter speed

(v = |v|) distribution fun
tion (see Equation 4.5) (bottom panel), at Sun's lo
ation

(R = R0, z = 0), for the same three sets of King model parameters as in Figure 4.1

that yield best �t to the rotation 
urve data of the Galaxy [83, 6℄ for the `
oupled'


ase. The Maxwellian speed distribution in the standard halo model (SHM) with

velo
ity dispersion of 〈v2〉1/2 ≃ 270 km s−1
, is shown along with the best-�t King

model speed distributions in the bottom panel, for 
omparison.
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distribution fun
tions of the DM parti
les (in the Gala
ti
 rest frame),

f(v) ≡ 4πv2

ρ(x)
f(x,v) (with

∫ vmax(x)

0
f(v)dv = 1), at Sun's lo
ation

(R = R0, z = 0, for |x| = R0), are also shown (bottom panel). For 
omparison,

the Maxwellian speed distribution used in the SHM at Sun's lo
ation (R0 =

8.5 kpc), is also shown. Evidently, the speed distribution for the DM parti
les


onstituting a King model type PSDF is signi�
antly non-Maxwellian, espe
ially

at the high speed end of the distribution.

For the three King model parameter sets 
onsidered in the top panel of Figure 4.5

the maximum speeds of the DM parti
les at the lo
ation of Sun are, from bottom

to top, 396, 403 and 439 km s−1
, respe
tively. The best �t model with

ρDM,⊙ = 0.2GeV cm−3
, trun
ation radius: rt = 120 kpc and velo
ity parameter:

σ ≃ 300 km s−1
with 
orresponding lo
al VDF shown in the bottom panel of Figure

4.5, will be used in the 
al
ulation of the expe
ted WIMP dete
tion rates and

analysis of the results of DD experiments in the following Se
tion. It should be

emphasized that the above values refer to the maximum speeds that any test

parti
le 
an have at the lo
ation of the Sun to remain bound within the halo.

4.6 Impli
ations of the Trun
ated Isothermal

Model of the Galaxy's Dark Matter Halo for

the Analysis of Dire
t Dete
tion Experiments

4.6.1 Dire
t Dete
tion Experiments Considered

In this subse
tion, we study the issue of 
ompatibility of the 
laimed modulation

signal reported by the DAMA experiment [68℄ with the null results from three
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other experiments, namely, CDMS-II (Ge and Si) [88, 81℄, CRESST-I [89℄ and

XENON-10 [90, 91℄

1

within the 
ontext of the King model as a des
ription of the

Galaxy's DM halo des
ribed above. In doing this, we 
hoose the best �t parameter

set for the model determined by �tting to the RC data of the Galaxy as dis
ussed

in Se
tion 4.3. Here, we restri
t our attention to only elasti
 s
attering of WIMPs

o� nu
lei due to SI as well as SD WIMP-nu
leus intera
tions, denoting


orresponding intera
tion 
ross se
tions with the nu
leons by σχ−nucleon and σχ−n(p)

for SI and SD 
ase, respe
tively, for this analysis. .

The details of all the experiments 
onsidered here are same as des
ribed in Se
tion

3.3 where we have only 
onsidered SI intera
tions of the WIMPs with the target

nu
lei while analyzing the results. Here, we also 
onsider SD intera
tions of the

WIMPs. Re
all that DAMA [69, 68℄ employs radio-pure NaI 
rystals as target

dete
tor material. Sin
e natural Na and I 
ome almost entirely in the form of

23Na

and

127I (with other isotopes present only in tra
e amounts), the total target mass

for DAMA is e�e
tive for SD intera
tions of the WIMPs. For CDMS-II (Ge) [81℄,


onsidering SD intera
tion of the WIMPs, merely 7.73% of the exposure 
onsisting

of

73Ge isotope (sin
e its natural abundan
e ≈ 7.73%) is sensitive to the WIMPs,

whereas for CDMS-II (Si) [88℄, a fra
tion of 4.67 % of the exposure 
onsisting of

29Si isotope (where, natural abundan
e ≈ 4.67%) is e�e
tive. For CRESST-I [89℄,

100% of the

27Al 
ontained in the Al2O3 target 
ontributes to the SD intera
tion

whereas

16O has null 
ontribution sin
e J=0 for Oxygen nu
leus. In the 
ase of

XENON-10 [90, 91℄, for the SD 
ase, only the isotopes

129Xe with a natural

abundan
e of ≈ 26.4% and

131Xe with a natural abundan
e of ≈ 21.2% are

1

There have been updated results published by the 
ollaborations. However, the analyses

presented here with the old versions of the experimental results, should, we believe, be good

enough for the purpose of illustrating the e�e
ts of the variations of the relevant astrophysi
al

parameters on the results of the various DD experiments.
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e�e
tive.

For analysis of data for CDMS-II (employing Ge target) [81℄, we use a minimum

bin width of 0.4 keV for pre
ise results in 
ontrast to 5 keV used earlier in the


ontext of an IS model in Se
tion 3.3. For XENON-10 [90, 91℄, we use an energy

resolution fun
tion of the form [46℄ σ(ER) = (0.579 keV)
√

ER/ keV + 0.021ER, an

e�
ien
y fun
tion of the form [46℄ ǫ(ER) = 0.46
(

1− ER

135keV

)

and an exposure of

316.4 kg-days (58.6 live days × 5.4 kg) [91℄.

Table 4.1 summarizes the relevant features of the �null� experiments we 
onsider in

this analysis. The values of the relevant quantities like total angular momentum, J,

and expe
tation value of the spin 
ontent of the protons and neutrons in the

nu
leus i.e., < Sp > and < Sn > required for 
al
ulation of SD 
ross-se
tions for

the target nu
lei 
onsidered here are already given in Table 2.1.

Experiment Target E�e
tive exposure Threshold

(kg-days) ( keV)
CDMS-II [81℄

73Ge 304.5 (SI), 23.5 (SD) 10

CDMS-II [88℄

29Si 12.1 (SI), 0.57 (SD) 7

CRESST-I [89℄

27Al162 O3 1.51 (SI), 0.80 (SD) 0.6

XENON-10 [90, 91℄

129Xe & 131Xe 316.4 (SI), 150.6 (SD) 6.1

Table 4.1: Relevant features of the experiments (exposures indi
ated for spin-

independent (SI) and spin-dependent (SD) WIMP-nu
leus intera
tions) with null

results. Spe
i�
 isotopes relevant for 
al
ulation of SD 
ross-se
tions are also indi-


ated here as supers
ripts to the target nu
lei.

We now analyze the results of the above mentioned DD experiments in the 
ontext

of King model of the DM halo of the Galaxy with parameters determined by �t to

RC data following the analysis te
hniques already des
ribed in Se
tion 3.3.
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Figure 4.6: The 90% 
on�den
e level upper limits on the WIMP-nu
leon spin-

independent 
ross se
tion as a fun
tion of WIMP mass as implied by the CDMS-II

(Ge) results [81℄, for the self-
onsistent King model type Gala
ti
 dark matter halo

des
ribed by the same three sets of halo model parameters as in Figure 4.1 that

yield best �t to the rotation 
urve data of the Galaxy [83, 6℄ for the `
oupled' 
ase.

4.6.2 Impli
ations for the WIMP parameters

Figures 4.6 - 4.9 show our main results [101℄ in terms of the 
onstraints on the

relevant WIMP-nu
leon 
ross se
tions as a fun
tion of the WIMP mass, as implied

by the results of the DD experiments 
onsidered in the last subse
tion, in the


ontext of a self-
onsistent King model type Gala
ti
 DM halo des
ribed by the

model parameters that yield best �t to the rotation 
urve data of the Galaxy

[83, 6℄ for the `
oupled' 
ase. In all these Figures, the regions above the 
urves are

ex
luded at the 90% C.L. by the results of the respe
tive null experiments.
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Figure 4.7: The 90% 
on�den
e level upper limits on the WIMP-nu
leon spin-

independent 
ross se
tion as a fun
tion of WIMP mass as implied by the CDMS-II

(Si) experiment [88℄ and XENON-10 experiment [90℄ using standard halo model or

SHM (with dark matter velo
ity dispersion 〈v2〉1/2 = 270 km s−1
and a lo
al dark

matter density ρDM,⊙ = 0.3GeV cm−3
) and the King model for same lo
al DM den-

sity as ρDM,⊙ = 0.3GeV cm−3
and the values of the other two parameters (rt and σ)

that yield best �t to the rotation 
urve data of the Galaxy [83, 6℄ for the `
oupled'


ase.
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Figure 4.6 shows the 90% C.L. upper limit on WIMP-nu
leon SI 
ross se
tion as a

fun
tion of WIMP mass as implied by the CDMS-II (Ge) results [81℄ for the King

model with ρDM,⊙ = 0.2, 0.3, 0.4GeV cm−3
(with other halo parameters �xed by

�tting to the RC data). For ρDM,⊙ = 0.3GeV cm−3
the lowest upper limit on the

WIMP-nu
leon SI 
ross se
tion is 3.4× 10−8 pb at mχ = 69GeV. For our

self-
onsistent King model des
ription of the DM halo used here, giving

ρDM,⊙ = 0.2GeV cm−3
as the lo
al DM density as the global best �t to the RC

data, the above upper limit on the SI 
ross se
tion 
hanges to ∼ 5.3× 10−8 pb at

mχ = 71GeV. In the high WIMP mass regions, we note that, the upper limits on

the 
ross se
tion approximately s
ales inversely with the lo
al DM density, ρDM,⊙,

values. However, for small WIMP mass region, with mχ ≪ M , the mass of the

target nu
leus, the velo
ity integral part 
ontained in the `ξ' fa
tor [see Equation

(2.5)℄ 
ontributes di�erently for di�erent values of VDF as well as mχ, and


onsequently, the upper limit on the 
ross-se
tion does not have the simple inverse

s
aling with the value of ρDM,⊙.

In the Figure 4.7, we 
ompare SI results from CDMS-II (Si) experiment [88℄ and

XENON-10 experiment [90℄ analyzed using the SHM with those analyzed in the


ontext of King model for the same value of the lo
al DM density as

ρDM,⊙ = 0.3GeV cm−3
. Note that, for mχ ≪ M (For Si, mass number is 28 and for

Xenon mass number is 131), the SHM and King model results on the upper limits

on the 
ross-se
tions di�er from ea
h other, while agreeing well at high mχ region.

The reason for this behavior is not hard to understand. In Equation (2.2), the

WIMP-nu
leus redu
ed mass µ ≈ mχ for mχ ≪ M . Therefore, the lower limit of

the velo
ity integral, ξ, redu
es to umin(ER) =
(

MER

2m2
χ

)1/2

, whi
h is larger for

smaller values of mχ. This implies that, as mχ gets smaller, 
orrespondingly
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smaller portion of the high velo
ity end of the WIMP VDF 
ontributes to the ξ

fa
tor of the Equation (2.5). Sin
e, the high velo
ity end of the VDFs for SHM and

King model di�er signi�
antly from ea
h other, this results in a signi�
ant

di�eren
e in the ex
lusion plots for the two models in the mχ ≪ M region.

However, in the large mχ region, where umin is independent of mχ, the ξ fa
tor

re
eives 
ontribution from the entire VDF, not just from the high velo
ity ends of

the VDF, thus averaging out the di�eren
es due to the di�erent behaviors of the

two VDFs at their high velo
ity ends yielding approximately similar values of the ξ

fa
tor for the two VDFs. This, in turn, makes the upper limits on the 
ross-se
tions

fairly insensitive to the exa
t form of the VDF, and are thus essentially same for

the same 
hosen value of ρDM,⊙. These results unders
ore the important role played

by the form of VDF, espe
ially at its high velo
ity end for exploring the relatively

low mass WIMPs in DD experiments and the 
onsequent need to adopt physi
ally

realisti
 models of the phase spa
e stru
ture of the DM halo of the Galaxy.

Figures 4.8 and 4.9 show the �DAMA 
ompatible� regions (de�ned in Se
tion

3.3.2), for the 
ases of WIMP-nu
leon SI and SD intera
tions under elasti


s
attering. The analysis is based on the King model for lo
al DM density,

ρDM,⊙ = 0.2GeV cm−3
and the values of the other two parameters (rt and σ) that

yield best �t to the rotation 
urve data of the Galaxy [83, 6℄ for the `
oupled' 
ase.

For the SI 
ase, we �nd that there is a range of small WIMP masses,

2.6 <∼ mχ
<∼ 10.8GeV, within whi
h DAMA's 
laimed modulation signal is


onsistent with the null results of other experiments. The allowed WIMP-nu
leon

SI 
ross se
tion varies from ∼ 1.2× 10−5 pb at the lower end of the WIMP mass

range to ∼ 1.0× 10−2 pb at the upper mass end. In the previous 
hapter the


orresponding regions for SI intera
tion were obtained as 2.8 <∼ mχ
<∼ 11.8GeV
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Figure 4.8: The 90% 
on�den
e level allowed region in the WIMP mass vs. WIMP-

nu
leon spin-independent 
ross se
tion plane implied by the DAMA modulation

signal, for our global best-�t King model parameter set obtained from �t to the

rotation 
urve data of the Galaxy [83, 6℄ (for the `
oupled' 
ase), namely, rt =
120 kpc, σ = 300 km s−1

and ρDM,⊙ = 0.2GeV cm−3
. Also shown are 90% 
on�den
e

level upper limits on 
ross se
tion as a fun
tion of WIMP mass as implied by the

null results of other experiments for the same dark matter halo parameter set.

and 7.3× 10−6 <∼ σχ−nucleon
<∼ 4.8× 10−3 pb in the 
ontext of SHM (see top-left

panel of Figure 3.4). It is seen that the mass range be
omes a little bit 
onstrained

and the 
ross se
tion limits are about one order of magnitude less stringent in the

King model 
ase 
ompared to those in the SHM. However, it should be noted that

for the King model analysis the lo
al dark matter density is taken to be

0.2GeV cm−3
whereas for the SHM, 
onsidered in the previous 
hapter, it is 1.5

times higher at 0.3GeV cm−3
. However, the shifts in the allowed parameter spa
e

do not s
ale with the value of ρDM,⊙ in the low mass regions, where the lo
al
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velo
ity integral is important.

For the SD 
ase, the DAMA-
ompatible mass range for WIMP-neutron intera
tion

(i.e., ap = 0) is 2.5 <∼ mχ
<∼ 7.4GeV, with the 
orresponding WIMP-neutron

intera
tion 
ross se
tion range of 9.5× 103 - 42.0 pb. For the 
ase of WIMP-proton

intera
tion (with an = 0), the 
orresponding WIMP mass and 
ross se
tion ranges

are 2.3 <∼ mχ
<∼ 16GeV and 79.0 - 0.45 pb, respe
tively. The SD allowed 
ross

se
tions for WIMP-proton and WIMP-neutron intera
tions are seen to be widely

di�erent sin
e WIMP intera
ts with the protons and neutrons di�erently be
ause

of the di�erent stru
ture fun
tions involved (see Se
tion 2.1).

4.7 Summary

In this Chapter, we have presented a self-
onsistent model of the �nite-size DM

halo of the Galaxy with its PSDF des
ribed by a �trun
ated isothermal� model (or

�King� model) [43℄. The parameters of the model are determined by �tting with a


ir
ular velo
ity 
urve of the Galaxy that extends up to a gala
to
entri
 distan
e

of ∼ 60 kpc [83, 6℄ with best �t parameter values for lo
al dark matter density

ρDM,⊙ = 0.2GeV cm−3
, trun
ation radius rt ≃ 120 kpc and velo
ity parameter

σ ≃ 300 km s−1
with lo
al 
ir
ular velo
ity of ∼ 232 km s−1

and DM velo
ity

dispersion at Solar lo
ation, 〈v2〉1/2⊙ , as 252 km s−1
. In doing this the modi�
ations

of the phase-spa
e stru
ture of the halo due to the gravitational in�uen
e of the

observed VM is taken into a

ount in a self-
onsistent manner. The speed

distribution fun
tion of the WIMPs 
onstituting the halo is found to be of

non-Maxwellian form, with a �nite 
ut-o� at a maximum speed lying within a

range of 400 - 450 km s−1
for 0.2GeV cm−3 ≤ ρDM,⊙ ≤ 0.4GeV cm−3

that is
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Figure 4.9: This �gure shows the 90% 
on�den
e level allowed region in the WIMP

mass versus WIMP-neutron (ap = 0) (top panel) and WIMP-proton (an = 0) (bot-
tom panel) spin-dependent 
ross se
tion plane implied by the DAMA modulation

signal, for the self-
onsistent King model type Gala
ti
 DM halo with parameters

rt = 120 kpc, σ = 300 km s−1
and ρDM,⊙ = 0.2GeV cm−3

that gives global best �t to

the rotation 
urve data of the Galaxy [83, 6℄ (for the `
oupled' 
ase). Also shown

are 90% 
on�den
e level upper limits on the 
ross se
tions as a fun
tion of WIMP

mass as implied by the null results of other experiments, again for the same set of

halo parameters.
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self-
onsistently determined by the model itself.

The VM 
oupling also leads to a DM density enhan
ement of about 30-40 % on

the disk plane and leads to a higher 
entral density and lower 
ore radius of the

DM density pro�le 
ompared to the isolated DM halo without the e�e
t of VM on

DM (the `un
oupled' 
ase). The de
lining trend of the RC imposes strong


onstraints on the (trun
ation) radius, 
entral density and hen
e on the total mass

of the Galaxy. Spe
i�
ally, for values of lo
al DM density in the range

ρDM,⊙ = 0.2-0.4GeVcm−3
, reasonable �ts to the RC data require the trun
ation

radius of the halo to be in the 
orresponding range rt ≈ 120-80 kp
, in all 
ases

restri
ting the total mass of the Galaxy (in
luding its DM halo) to relatively low

values of MGalaxy
<∼ 3× 1011M⊙.

Note, however, that the rotation 
urve estimated in Ref. [6℄, whi
h is used in

determining the parameters of our halo model, was derived assuming a value of the

lo
al 
ir
ular velo
ity to V0 ≈ 220 km s−1
. On the other hand, as suggested in [84℄,

the value of the lo
al 
ir
ular speed may be larger, namely, Vc,⊙ ≈ 244 km s−1
. This

would require appropriate s
aling up of the RC data, as explored in a later 
hapter.

Interestingly, with the King model type DM halo, the upper limits on the relevant

WIMP-nu
leon intera
tion 
ross se
tion implied by the null results of the DD

experiments are primarily determined by the 
hosen value of the lo
al DM density

ρDM,⊙, s
aling roughly inversely with the value and are relatively less sensitive to

integral of the lo
al velo
ity pro�le, en
oded in the `ξ' fa
tor in Equation (2.5),

ex
ept for small WIMP masses, mχ ≪ M , the mass of target nu
lei, where the

form of the VDF (espe
ially its high velo
ity ends) plays an important role. This is

shown by 
omparing the CDMS-II (Ge) experiment [81℄ ex
lusion plots for three
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best �t parameter sets of the King model for lo
al DM density

ρDM,⊙ = 0.2, 0.3, 0.4GeV cm−3
. For parameter regions where mχ ≪ M and umin

takes high enough values and therefore the 
ross se
tions are a�e
ted by the

velo
ity integral, parti
ularly by the tail of the VDFs. This is also evident from


omparing the CDMS-II (Si) experiment [88℄ and XENON-10 experiment [90℄

results from SHM and the King model 
hara
terized by same lo
al DM density as

ρDM,⊙ = 0.3GeV cm−3
, but di�erent lo
al VDFs. The plots agree 
losely ex
ept for

mχ ≪ M otherwise 
ross-se
tion varies roughly as inversely with the value of ρDM,⊙.

For our global best-�t self-
onsistent King model with parameter values as,

ρDM,⊙ = 0.2GeV cm−3
, rt = 120 kpc and σ ≃ 300 km s−1

, the null result of the

CDMS-II (Ge) experiment [81℄, for example, gives a 90% C.L. upper limit on the

WIMP-nu
leon SI intera
tion 
ross se
tion σχ−nucleon ∼ 5.3× 10−8 pb at a WIMP

mass of 71 GeV though the strongest upper limit on 
ross se
tion is obtained for

ρDM,⊙ = 0.4GeV cm−3
.

It is found that for the global best-�t halo model, that o

urs for

ρDM,⊙ = 0.2GeV cm−3
, there exists a region of the WIMP mass (mχ) vs.

WIMP-nu
leon SI 
ross se
tion parameter spa
e bounded by 2.6 <∼ mχ
<∼ 10.8GeV

and 1.0× 10−2 >∼ σSI
χ−nucleon

>∼ 1.2× 10−5 pb, within whi
h the DAMA's 
laimed

modulation signal is 
ompatible with the null results of other experiments. Similar

�DAMA-
ompatible� regions of small WIMP masses are also obtained for SD

intera
tions. For WIMP-neutron intera
tion (i.e., ap = 0), we get

2.5 <∼ mχ
<∼ 7.4GeV with the 
orresponding WIMP-neutron intera
tion 
ross

se
tion range of 9.5× 103 - 42.0 pb. For the 
ase of WIMP-proton intera
tion

(with an = 0), the 
orresponding WIMP mass and 
ross se
tion ranges are

2.3 <∼ mχ
<∼ 16GeV and 79.0 - 0.45 pb, respe
tively.
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For 
omparison, the above upper limits on the WIMP-nu
leon SI 
ross-se
tions are

about an order of magnitude less stringent than those derived in the previous


hapter in the 
ontext of SHM. However, it should be noted that for the King

model analysis the lo
al dark matter density is taken to be 0.2GeV cm−3
whereas

for the SHM, 
onsidered in the previous 
hapter, it is 1.5 times higher at

0.3GeV cm−3
and the shifts in the allowed parameter spa
e bounds do not s
ale

simply with the value of ρDM,⊙ in the low mass regions where the e�e
t of lo
al

velo
ity integral is signi�
ant.



Chapter 5

Rotation 
urve of Milky Way from

Disk Tra
ers

5.1 Introdu
tion

As 
lear from the dis
ussions in the previous 
hapters, the rotation 
urve (RC) or


ir
ular velo
ity of the Galaxy, Vc(r) =
√

GM(r)/r, of a test parti
le as a fun
tion

of Gala
ti
 radius, r, from the 
enter of a mass distribution gives a dire
t

observational probe of the total gravitational potential and hen
e total mass,

M(r), 
ontained within that radius. See for e.g., [102℄, [103℄ for reviews. It is

indeed the main observational an
hor in our approa
h to the problem of deriving

information on the phase spa
e distribution of the parti
les hypothesized to


onstitute the dark matter (DM) halo of our Galaxy. In parti
ular, we have

dis
ussed how the RC data 
an be used to determine both the density pro�le and

101
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the velo
ity distribution of the DM parti
les in the Galaxy, whi
h are essential for

analyzing the results of both dire
t as well as indire
t DM sear
h experiments [15℄

(See also [104, 105℄). For this purpose, it is 
ru
ial to 
onstru
t the RC to as large

a gala
to
entri
 distan
e as possible without referring to any spe
i�
 model of the

visible matter (VM) distribution or DM halo of the Galaxy.

The 
ir
ular velo
ity of a test parti
le in the Galaxy is, of 
ourse, not a dire
tly

measured quantity. The RC of the Galaxy has to be derived from the kinemati
al

as well as positional data for an appropriate set of tra
er obje
ts moving in the

gravitational �eld of the Galaxy. Ex
ept in few 
ases, the full 3-D velo
ity

information of the tra
ers is not available, and the RC has to be re
onstru
ted

from only the measured line-of-sight (los) velo
ity, vh, of the tra
ers and their

position 
oordinates in the Galaxy, by applying 
orre
tions for the pe
uliar motion

of the Sun with respe
t to the lo
al standard of rest (LSR). The later is de�ned by

Gala
ti
 Constants (GCs),

[

R0

kpc
, V0

km s−1

]

, where R0 and V0 are the distan
e from

and 
ir
ular rotation speed of the LSR frame around the Gala
ti
 
enter,

respe
tively. Some re
ent 
ompilations of RC data for the disk region of the

Galaxy 
an be found, e.g., in [105℄ and [106℄.

In this 
hapter, we parti
ularly fo
us on deriving the RC of the Galaxy spanning a

range of gala
to
entri
 distan
es starting from its inner regions (∼ 0.2 kpc) out to

∼ 20 kpc using kinemati
al data on a variety of disk tra
er obje
ts, in a manner

independent of any models for the VM and DM 
omponents of the Galaxy. We use

observations on a wide range of tra
ers su
h as HI regions, CO emission asso
iated

with HII regions, 
ompa
t obje
ts like Carbon stars (C stars), Cepheids, planetary

nebulae (PNe), and so on, to derive the RC of the Galaxy in the disk region.
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The investigation of the dependen
e of the RC data on the 
hoi
e of GCs is 
ru
ial

at this point sin
e there have been re
ent revisions proposed for both the R0 and

V0 values [107, 84℄. It is to note that RC data do not simply s
ale with the values

of R0 and V0. Here, we have therefore studied the behavior of RC data for various

GCs sets by properly 
al
ulating the data for di�erent GCs sets starting from �rst

prin
iples. The values of the adopted GCs set are seen to in�uen
e the resultant

RC data whi
h in turn determine the lo
al DM density obtained by Gala
ti
 mass

modeling, as will be dis
ussed in Chapter 6. Re
ent 
omprehensive dis
ussions of

the RC and mass models for our Galaxy 
an be found, e.g., in [32, 7, 108℄.

In the following se
tions, �rst we show the formalism of 
onstru
ting the disk RC

given the position and helio
entri
 line of sight velo
ity of a tra
er. Thereafter, we

derive the RC 
onsidering a variety of disk tra
ers and 
ombining the


orresponding data sets by standard weighted average method to obtain the �nal

disk RC for three di�erent GCs sets. We summarize our results at the end.

5.2 Formalism of Constru
tion of Disk Rotation

Curve

Let us 
onsider a tra
er obje
t with Gala
ti
 
oordinates (l, b) at a helio
entri


distan
e rh and observed helio
entri
 los velo
ity vh (see Figure 5.1).

For deriving the RC in the disk region of the Galaxy, it is reasonable to assume

that the disk tra
er obje
ts move in 
ir
ular orbits around the Gala
ti
 
enter. The

velo
ity of the tra
er as would be measured by an observer stationary with respe
t
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Figure 5.1: Left: S
hemati
 diagram showing the 
oordinate system, velo
ity and

distan
e notations used in this 
hapter. Right: Illustration of the tangent point

method for deriving the 
ir
ular speeds for distan
es R < R0, where R0 is the

distan
e of the Sun on the disk from Gala
ti
 
enter.

to the LSR, vLSR, 
an be obtained from the measured vh through the relation,

vLSR = vh + U⊙ cos b cos l + V⊙ cos b sin l +W⊙ sin b, (5.1)

where (U⊙, V⊙,W⊙) denote the pe
uliar motion of the sun with respe
t to LSR

(see Figure 5.1). In the 
al
ulations below, we shall take revised values for the

pe
uliar velo
ities, ( U⊙

km s−1 ,
V⊙

kms−1 ,
W⊙

km s−1 ) = (11.1, 12.24, 7.25) [109℄.

For a tra
er lying on the equatorial plane (i.e., b = 0) at gala
to
entri
 distan
e R,

the vLSR 
an be 
al
ulated by taking the proje
tion of the di�eren
e of 
ir
ular

velo
ity ve
tor at the point R given by Vc(R) and that at LSR (or Solar) lo
ation,

R0 given by V0, along the ve
tor joining Solar lo
ation and the point at R, given

by d = R0 −R. Therefore, vLSR is given by,
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vLSR =
R0 −R

|R0 −R| . (ΩR ×R−ΩR0
× R0), (5.2)

where Vc = ΩR ×R and V0 = ΩR0
× R0, and ΩR and ΩR0

are the angular

velo
ities at R and R0, respe
tively.

Using ve
tor identities, a.(a× b) = 0 and a.(b× c) = b.(c× a), we get,

vLSR = [ΩR −ΩR0
].
R × R0

|R0 −R| . (5.3)

We have, R0 ×R = R0R sin q n̂ where q is the angle between R0 and R and n̂ is

the unit ve
tor pointing away verti
ally upward from the disk. Therefore, we have,

vLSR = [ΩR −ΩR0
].
(R0R sin q n̂)

|R0 −R| . (5.4)

Now, by the law of sines

sin q
|R−R0| =

sin(l)
R

and using Ω = Ωn̂, we have,

vLSR = [ΩR − ΩR0
]R0 sin l. (5.5)

Therefore, the 
ir
ular velo
ity at R is given by,

Vc(R) =
R

R0

[vLSR
sin l

+ V0

]

, (5.6)

with ΩR = Vc

R
and ΩR0

= V0

R0
.
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For tra
ers lying o� the equatorial plane (i.e., b 6= 0) at r, Equation (5.6)

generalizes to,

Vc(R) =
R

R0

[ vLSR
sin l cos b

+ V0

]

, (5.7)

where R is the proje
tion of the gala
to
entri
 distan
e r onto the equatorial plane,

R =
√

R2
0 + r2h cos

2 b− 2R0 rh cos b cos l . (5.8)

For a given set of GCs, the Cartesian 
oordinates of the tra
er are given by,

x = rh cos b sin l ,

y = R0 − rh cos b cos l , (5.9)

z = rh sin b ,

with the Gala
ti
 
enter at the origin and Sun lying on the Gala
ti
 mid-plane

(z = 0) with 
oordinates (x, y, z) = (0, R0, 0) as illustrated in the left panel of

Figure 5.1. Hen
e, for known (l, b, rh, vh) for a given tra
er 
andidate one 
an

solve for Vc from Equation (5.7) assuming a given GCs set.

Tangent Point Method (TPM) : For R < R0, one 
an 
al
ulate Vc by the simple

tangent point method [110℄ as follows: Along a given los, the maximum los

velo
ity will o

ur for the tra
er 
losest to the Gala
ti
 
enter as the tangent to

the 
ir
ular orbit of the tra
er at that point (see right panel of Figure 5.1). This

maximum los velo
ity, 
alled the terminal velo
ity (vt), is easily seen to be related
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to Vc through the relation (see right panel of Figure 5.1),

Vc(Rt) = |vt,LSR(Rt) + V0 sin l| , (b = 0) , (5.10)

where

Rt = |R0 sin l| (5.11)

is the distan
e of the tangent point from the Gala
ti
 
enter, and vt,LSR is the vt


orre
ted for the Sun's pe
uliar motion as in Equation (5.1).

For non zero gala
ti
 latitude (b), Equation (5.10) generalizes to:

Vc(Rt) =

∣

∣

∣

∣

vt,LSR(Rt)

cos b
+ V0 sin l

∣

∣

∣

∣

. (5.12)

Hen
e, for a given GCs set, the 
ir
ular velo
ity Vc 
an be 
al
ulated dire
tly from

the measured terminal velo
ity (vt) by using Equation (5.12), on
e the gala
ti



oordinates of the tra
er are known. In this 
ase the Cartesian 
oordinates of the

tra
er are given by,

x = R0 sin l cos l ,

y = R0 sin2 l , (5.13)

z = R0 cos l tan b .
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5.3 Disk Rotation Curve for Di�erent Gala
ti


Constants

The details of the disk tra
er samples used for this analysis along with referen
es

to the 
orresponding data sour
es for ea
h tra
er genre are given in the Table 5.1.

The 
uts on l and b are adopted from the published sour
e papers. Towards the

Gala
ti
 
enter (l → 0◦) or anti-
enter (l → 180◦), one should expe
t vLSR to

approa
h zero to prevent unphysi
al Vc values there [see Equation (5.7)℄. However,

vLSR observations in pra
ti
e have �nite values due to 
ontamination from non


ir
ular motions dominant there. Therefore, additional restri
tions have been

applied on l ranges so as to avoid observations too 
lose to Gala
ti
 
enter

(anti-
enter) regions. We further impose a 
ut to keep only the tra
ers whose

|z| ≤ 2 kpc and R ≤ 25 kpc so as to ensure that the sele
ted tra
ers `belong' to the

stellar disk of the Galaxy. The x�y and l�z s
atter plots for the sele
ted disk

tra
ers listed in Table 5.1 are shown in Figures 5.2 and 5.3, respe
tively (after l, b


uts).

It is 
lear from Equations (5.7) � (5.13) that the RC depends on the set of values

of the GCs:

[

R0

kpc
, V0

km s−1

]

adopted in the 
al
ulation. Values of R0 in the range

∼ (7− 9) kpc and V0 in the range ∼ (180− 250) km s−1
exist in literature

[126℄-[133℄. A
tually, the ratio V0/R0 = (A−B), A and B being the Oort


onstants [110℄, is 
onsiderably better 
onstrained. Maser observations and

measurements of stellar orbits around SgrA* near the Gala
ti
 
enter report values

of (A− B) in the range from about 29 to 32 km s−1 kpc−1
[134, 129, 130℄. RCs

have been traditionally presented with the IAU re
ommended set of values
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Table 5.1: Disk tra
er types, their sour
e referen
es and (l, b) ranges of the data

sets used for deriving the rotation 
urve data in the disk region. Supers
ript `a'
denotes the tra
ers limited within the Solar 
ir
le (R < R0) where tangent point

method has been used to derive the rotation speeds. The identi�er for ea
h tra
er

data set used in the 
hapter is given within parentheses in the �rst 
olumn under

the respe
tive tra
er type for subsequent referen
es in this 
hapter.

Tra
er Type Data Sour
e (l, b) Ranges

HI regions

a

(HI-W76-B78)

[111, 112℄ 1◦ < l < 90◦

CO 
louds

a

(CO-B78)

[112℄ 9◦ < l < 82◦

CO 
louds

a

(CO-C85)

[113℄ 13◦ < l < 86◦

HI regions

a

(HI-F89)

[114℄ 15◦ < l < 89◦ and 271◦ < l <
345◦

HII regions

(HII-F89)

[114℄ 10◦ < l < 170◦ and 190◦ < l <
350◦

HII regions &

re�e
tion nebulae

(HII-RN-B93)

[115℄ 10◦ < l < 170◦ and 190◦ < l <
350◦

Cepheids

(Cepheid-P94)

[116℄ 10◦ < l < 170◦ and 190◦ < l <
350◦; |b| < 10◦

Planetary nebulae

(PNe-M05-M84-D98)

[117℄-[119℄ 15◦ < l < 345◦; |b| < 10◦

Open star 
lusters

(OSC-F08-D02)

[120, 121℄ 10◦ < l < 170◦ and 190◦ < l <
350◦; |b| < 9◦

HII regions

(HII-H09)

[122℄ 10◦ < l < 170◦ and 190◦ < l <
350◦

HII regions

a

(HII-U11)

[123℄ 10◦ < l < 65◦ and 280◦ < l <
350◦

C stars

(C stars-D07-B12)

[124, 125℄ 54◦ < l < 150◦; 3◦ < |b| < 9◦

[

R0

kpc
, V0

km s−1

]

IAU
= [8.5, 220℄, for whi
h, however, the ratio V0/R0 = 25.9 is outside

the range of values of this ratio mentioned above. A re
ently suggested set of
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Figure 5.2: x�y s
atter plots for the di�erent disk tra
er samples listed in Table 5.1,

for the 
ase

R0

kpc
= 8.3. The Gala
ti
 Center is 
hosen to be at origin (0, 0) with the

Sun lo
ated at (0, R0).
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Figure 5.3: Gala
ti
 longitude, l (x-axis), versus height from Gala
ti
 mid-plane, z
(y-axis), for the di�erent disk tra
er samples listed in Table 5.1, for the 
ase

R0

kpc
=

8.3.
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values of GCs, 
onsistent with observations of masers and stellar orbits around

SgrA* mentioned above, is

[

R0

kpc
, V0

km s−1

]

= [8.3, 244℄ (see Refs: [107, 84℄).

In general, as easily seen from Equation (5.7), given a Vc(R) data, for a 
ertain set

of values of GCs as [R0, V0], one 
an obtain the new RC, Ṽc(R), for another set of

values of the GCs denoted by [R̃0, Ṽ0], through the relation

Ṽc(R) =
R0

R̃0

[

Vc(R)− R

R0

(

V0 − Ṽ0

)

]

. (5.14)

In order to illustrate the dependen
e of the RC on the 
hoi
e of the GCs, in this


hapter we shall 
al
ulate RCs with three di�erent sets of values of

[

R0

kpc
, V0

kms−1

]

,

namely, the set [8.3, 244℄ mentioned above as well as two other sets, namely, the

IAU re
ommended set [8.5, 220℄ and the set [8.0, 200℄ (see Ref: [7℄).

Figure 5.4 shows our 
al
ulated RCs for the disk region of the Galaxy for ea
h of

the di�erent tra
er samples listed in Table 5.1 for the GCs set

[

R0

kpc
, V0

km s−1

]

= [8.3,

244℄. The top panel of Figure 5.5 shows the RCs obtained by taking the weighted

averages of the 
ombined Vc data from all the samples shown in Figure 5.4, for

three di�erent sets of values of the GCs as indi
ated.

The 
ir
ular velo
ities and their errors for individual disk tra
er samples displayed

in the top panel of Figure 5.5 are obtained in the following way: For ea
h tra
er

obje
t in a given sample we 
al
ulate Vc and R for the obje
t from the known

position 
oordinates of the obje
t and its measured los velo
ity as des
ribed above.

We then bin the resulting data (Vc vs. R) in R, and in ea
h R bin 
al
ulate the

mean of all the Vc values of all the obje
ts 
ontained within that bin and assign it

to the mean R value of the obje
ts in that bin. The error bars on Vc 
orrespond
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Figure 5.4: Rotation 
urve data of our Galaxy obtained using the various di�erent

disk tra
er samples listed in Table 5.1 for the Gala
ti
 Constants

[

R0

kpc
, V0

km s−1

]

=

[8.3, 244℄.

simply to the standard deviation (s.d.) of the Vc values in that bin

1

. We have

taken a bin size of 0.25 kp
 for 0 < R ≤ 1 kpc, 1.0 kp
 for 1 < R ≤ 15 kpc, and 2.5

kp
 for 15 < R ≤ 17.5 kpc. The obje
ts with R > 17.5 kpc are few in number and

are pla
ed in one single bin. The above 
hoi
es of the bin widths in R for various

ranges of R, arrived at by trial and error, are �optimal� in the sense that the bin

widths are large enough so that there are su�
ient number of obje
ts in ea
h bin

(to allow the mean value of Vc in the bin to be a reasonably good representative of

the true value of Vc at the value of R under 
onsideration), while at the same time

being not too large as to miss the �ne features of the RC. The RCs in the top

panel of Figure 5.5 are obtained by 
ombining the Vc data from all the samples

1

Note that the los velo
ities vh of individual tra
er obje
ts are measured fairly a

urately and

their measurement errors 
ontribute negligibly little to the �nal errors on the Vc values.
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Figure 5.5: Top: Averaged Rotation Curves of the Galaxy for the three di�erent

sets of values of

[

R0

kpc
, V0

km s−1

]

as indi
ated obtained using the various di�erent disk

tra
er samples listed in Table 5.1. Bottom: Averaged Rotation Curve of the Galaxy

for the Gala
ti
 Constants

[

R0

kpc
, V0

kms−1

]

= [8.0, 200℄ 
ompared to the data published

by Sofue et al. [106℄ for the same Gala
ti
 Constants set.

shown in Figure 5.4 in the same R bins as above and then 
al
ulating the mean


ir
ular speed (Vc) and its 1σ un
ertainty (∆Vc) within ea
h bin by the standard
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weighted average method [135℄:

Vc =

∑

iwiVc,i
∑

i wi

, and ∆Vc =

√

1
∑

iwi

, (5.15)

with wi = 1/(∆Vc,i)
2
, where Vc,i and ∆Vc,i are the Vc value and its 1σ error,

respe
tively, of the i-th data point within the bin.

As seen from the top panel in Figure 5.5, the RC in the disk region seems to have

dips around ∼ 3 and 9 kpc and depends signi�
antly on the 
hoi
e of GCs.

Parti
ularly, at any given R the 
ir
ular velo
ity is higher for higher value of V0.

The bottom panel of the Figure 5.5 shows a 
omparison of the averaged RC

obtained here for the GCs set

[

R0

kpc
, V0

kms−1

]

= [8.0, 200℄ to that published in an

earlier work by Sofue et al. [106℄ that used the same GCs set values. Our data are

in reasonable good agreement with those reported by Sofue et al. At the same

time, we note that our error bars are signi�
antly smaller than those of Sofue et al.

[106℄, whi
h we attribute to our better statisti
al estimates due to large variety of

tra
er samples used in our analysis.

In order to extra
t information on the phase spa
e stru
ture of the DM halo of our

Galaxy we need to extend the RC up to large gala
to
entri
 distan
es sin
e it's the

DM that dominates the gala
ti
 mass at large gala
to
entri
 distan
es. This 
an

be done by using data sets on distant tra
ers like Blue Horizontal Bran
h stars, K

Giant stars and relatively rare tra
er obje
ts like Globular Clusters, dwarf

spheroidal galaxies and so forth, populating the DM halo beyond the disk out to

gala
to
entri
 distan
es of several hundreds of kpc. The method of deriving the

RC using non-disk tra
ers are di�erent from that dis
ussed in se
tion 5.2 sin
e

these tra
ers do not follow any systemati
 
ir
ular motion like tra
ers populating
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the disk. Re
ently, we have derived the RC in the non-disk region (dis
ussed in

detail in [136℄) and published [8℄ an uni�ed RC ∼ 0.2 kpc up to ∼ 200 kpc


ombining with the disk RC data derived in this 
hapter. The full RC data so

obtained for GCs set

[

R0

kpc
, V0

km s−1

]

= [8.3 , 244℄ is presented in Table: 5.2. An

important feature of this uni�ed RC is that it de
lines beyond about ∼ 60 kpc, as

would be expe
ted of an e�e
tively �nite size of the DM halo of the Galaxy.

5.4 Summary

In this 
hapter, we have presented the results pertaining to the 
onstru
tion of the

RC of our Galaxy from a gala
to
entri
 distan
e of ∼ 0.2 kpc out to ∼ 20 kpc

using kinemati
al data on a wide variety of disk obje
ts that tra
e the

gravitational potential of the Galaxy, without assuming any theoreti
al models of

the VM and DM 
omponents of the Galaxy. The results seem are in overall good

agreement with published data in literature, but out results have smaller

un
ertainties in the 
ir
ular velo
ity values. We have studied the dependen
e of

the disk RC on the 
hoi
e of the GCs and found that at a given gala
to
entri


distan
e, R, the derived disk 
ir
ular velo
ity, Vc(R), varies dire
tly with the value

of V0. However, up
oming data on positions, proper motions, distan
es and

photometri
 data of ∼ few billion stars in our Galaxy from satellite missions like

Gaia [137℄ will enable us to 
onstru
t more a

urate RCs with less systemi
 errors.
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Table 5.2: The rotation 
urve data, Vc, up to ∼ 200 kpc and its 1-σ error, ∆Vc, for

various values of the gala
to
entri
 distan
e, R, for Gala
ti
 Constants
[

R0

kpc
, V0

km s−1

]

= [8.3,244℄ [8℄.

R Vc ∆Vc R Vc ∆Vc

( kpc) ( km s−1
) ( km s−1

) ( kpc) ( km s−1
) ( km s−1

)

0.20 233.0 13.32 38.41 191.57 11.73

0.38 268.92 4.67 40.42 197.59 14.12

0.66 250.75 11.35 42.40 192.79 5.92

1.61 217.83 5.81 44.49 213.22 17.17

2.57 219.58 1.48 45.99 179.39 11.23

3.59 223.11 2.43 48.06 213.03 24.72

4.51 247.88 2.99 49.49 178.57 17.63

5.53 253.14 1.69 51.39 183.31 23.58

6.50 270.95 2.19 53.89 157.89 19.57

7.56 267.80 0.96 56.89 191.76 24.35

8.34 270.52 0.66 57.98 210.72 29.81

9.45 235.58 8.44 60.92 168.02 25.67

10.50 249.72 13.44 64.73 206.47 36.27

11.44 261.96 11.71 69.31 203.62 40.89

12.51 284.30 17.50 72.96 190.53 40.98

13.53 271.54 15.57 76.95 222.72 74.37

14.59 251.43 25.60 81.13 186.29 66.53

16.05 320.70 25.27 84.90 122.25 36.46

18.64 286.46 101.18 89.35 143.95 29.49

26.30 189.64 6.74 92.44 154.66 67.23

28.26 237.99 11.54 97.41 184.0 72.86

29.51 209.82 9.16 100.72 108.68 40.99

32.04 179.14 6.65 106.77 137.15 53.17

33.99 170.37 6.93 119.98 150.18 25.46

36.49 175.92 6.62 189.49 125.01 37.32
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Chapter 6

Lo
al Density of the Dark Matter

Parti
les in the Galaxy from

Rotation Curve Data

6.1 Introdu
tion

As mentioned in Chapter 2, the knowledge of lo
al density, ρDM,⊙, and the lo
al

velo
ity distribution fun
tion (VDF) of the dark matter (DM) parti
les


onstituting the halo of our Galaxy are 
ru
ial for interpreting the results of DM

dire
t dete
tion (DD) experiments [15, 51℄. One of the approa
hes in determining

ρDM,⊙ is to use the kinemati
s of stars in the Solar neighborhood perpendi
ular to

the Gala
ti
 disk. Here, one uses the one dimensional (in dire
tion perpendi
ular

to the disk) Jeans equation and Poisson's equation to obtain a relationship

119
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involving the measured stellar density and verti
al velo
ity dispersion and the total

matter density. Finally, by separately estimating lo
al visible matter (VM)


ontent, one 
an obtain the lo
al DM density. As a se
ond approa
h, one 
an


onsider mass modeling of the Galaxy using rotation 
urve (RC) data or

kinemati
s of high velo
ity stars, et
 by starts by adopting suitable density pro�les

for VM as well as the DM halo of the Galaxy and then determine the parameters

of the model by �tting to relevant observational data. In this 
hapter we shall

follow the se
ond approa
h to determine the value of ρDM,⊙.

There have been many earlier attempts to derive limits on ρDM,⊙ from a variety of


onsiderations. However, there is a large range of un
ertainty on the values of

ρDM,⊙ obtained by di�erent methods. A wide range of values have been quoted in

literature in
luding lo
al and global measures [24℄-[34℄,[138℄-[150℄. For a re
ent


omprehensive review, see [151℄.

In this 
hapter, we determine the parameters (ρDM,⊙ being one of them) of an

assumed form of the VM and DM halo density pro�les, by �t to a rotation 
urve

(RC) data set of our Galaxy extending from ∼ 0.2 kpc up to ∼ 200 kpc [8℄. We

use the Markov Chain Monte Carlo (MCMC) [152℄ analysis to determine the best

�t parameters and the un
ertainty ranges by �tting to the RC data for three

di�erent Gala
ti
 Constants (GCs) sets, namely,

[

R0

kpc
, V0

km s−1

]

= [8.3, 244℄, [8.5,

220℄ and [8.0, 200℄.

In the following se
tions, we �rst des
ribe the density models (both VM and DM)

used for this mass modeling exer
ise and present a short des
ription of the MCMC

formalism. Finally, we present our results and summarize at the end.
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6.2 Visible Matter Model

For the present analysis, we use the form of the VM distribution taken as a

spheri
al bulge superposed on a double exponential disk [85℄ given in Equations

(3.14) and (3.15) and parameters as de�ned in Se
tion 3.2.

The prior ranges on VM parameter set for MCMC runs are taken as follows:-

Bulge 
entral density (ρb0): [0.5-3℄× 4.2 × 102 M⊙pc
−3

[85℄,

bulge s
ale radius (rb): [0.5-2℄× 0.103 kpc [85℄,

lo
al disk visible matter surfa
e density (Σ⊙): [35-58℄× M⊙pc
−2

[32℄,

disk s
ale length (Rd): [1.5-5℄ kpc 
onsistent with [153℄.

However, the disk s
ale height (zh) has been kept �xed at 0.3 kpc sin
e the results

are fairly insensitive to this parameter.

6.3 Dark Matter Models

We 
hoose four density models all of whi
h 
an serve as a good des
ription of the

DM halo as observed in N-body simulations. These are given below. In all these

expressions of ρDM given below, rs is the s
ale radius of the system and R0 is the

distan
e of Sun from the Gala
ti
 
enter.

Navarro-Frenk-White Model:

The Navarro-Frenk-White (NFW) density pro�le [154℄-[156℄ is given by

ρDM(r) = ρDM,⊙
R0

r

(

rs + R0

rs + r

)2

. (6.1)

This was �rst proposed as the universal pro�le that 
an ni
ely des
ribe the DM
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halos obtained in numeri
al N-body simulations. Evidently, this two parameter

pro�le shows a 
uspy behavior for small r, where ρDM(r) varies as ∝ r−1
and varies

as ∝ r−3
for larger radii.

Hernquist Model:

Hernquist density pro�le [157, 158℄ has the form,

ρDM(r) = ρDM,⊙
R0

r

(

rs + R0

rs + r

)3

. (6.2)

It is also a two parameter density pro�le. Similar to the NFW model, this pro�le

too shows a 
uspy behavior for small r where ρDM(r) varies as ∝ r−1
and varies as

∝ r−4
for larger radii.

Einasto Model:

Einasto density pro�le [159℄-[161℄ 
an be written as,

ρDM(r) = ρDM,⊙e
−2sn[(r/rs)

1
sn −(R0/rs)

1
sn ]

(6.3)

where sn is the shape parameter. This model 
an a

ount for 
ored as well as


uspy pro�les (though with a �nite 
entral density unlike NFW), 
ontrolled by the

shape parameter sn.

Burkert Model:

Burkert density pro�le [162℄ has the form

ρDM(r) = ρDM,⊙
(rs + R0)(r

2
s + R2

0)

(rs + r)(r2s + r2)
. (6.4)
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This two parameter model has a density pro�le with a 
onstant 
ore while the

ρDM(r) varies as ∝ r−3
for larger radii like NFW.

For ea
h of the halo models we de�ne the virial radius, rvir, as the radius within

whi
h the average DM density is 200 times the 
riti
al density of Universe. For a

given virial radius, the total mass 
ontained within that radius is 
al
ulated using

Equation (4.10) by putting r = rvir and ρ = ρDM + ρVM . The lo
al surfa
e mass

density of DM on the equatorial plane is 
al
ulated by integrating the halo density

over |z| ≤ 1.1 kpc using,

ΣDM =

∫ +z

−z

ρDM(x)dz
′. (6.5)

The prior ranges on DM parameter set for our MCMC runs have been kept wide

enough and are as follows:-

ρDM,⊙: 0.01-1 GeV cm−3
, rs: 1-150 kpc, sn: 0.5-7.

6.4 Markov Chain Monte Carlo analysis

Having spe
i�ed the VM and DM density pro�les in Se
tion 6.2 and 6.3, for a

given parameter set, we 
an 
al
ulate the respe
tive gravitational potentials by

solving the Poisson's equations (Equation 3.12) with the boundary 
onditions

given in Equation (3.13) and solve for the theoreti
al RC as a fun
tion of the

gala
to
entri
 distan
e R, using Equation (3.11). Our motive to use the time

e�
ient MCMC analysis is to determine the most likely values and the

un
ertainties in the VM and DM parameters by �tting with a given set of RC
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data.

1

The RC data extending from ∼ 0.2 kpc up to ∼ 200 kpc for three

di�erent GCs sets [8℄ have been used to 
al
ulate the χ2
[see Equation (3.20)℄ used

as a test statisti
 for the MCMC analysis.

Bayesian inferen
e, as we use here, is a method of statisti
al inferen
e in whi
h

eviden
e (RC data here) is used to estimate parameters (say n parameters) and

predi
tions in a probability model. In Bayesian inferen
e, all un
ertainty is

summarized by a �posterior distribution fun
tion� (PDF) whi
h is a probability

distribution for all un
ertain quantities (i.e., the parameters), given the data and

the model. Consider a model g depending on n parameters,

g = g(a) where a ≡ [a(1), a(2)....a(n)]. (6.6)

We aim to determine the 
onditional PDF of the parameters, P(a|data), given the

data. This posterior probability quanti�es the 
hange in the degree of belief one


an have in the n parameters of the model in the light of the data. Bayes theorem


an be expressed as,

P (a|data) = P(data|a)P(a)
P(data)

, (6.7)

where P(data) is the data probability whi
h does not depend on the parameters

and hen
e 
an be 
onsidered to be a normalization fa
tor. This theorem links the

posterior probability to the likelihood of the data, L(a) ≡ P(data|a) and the

so-
alled prior probability, P(a), indi
ating the degree of belief one has before

observing the data. Having determined the posterior PDF, P(a|data), to extra
t

1

However, this parameter estimation exer
ise 
an also be performed in prin
iple by using grid

method analysis but that will be highly time 
onsuming with in
reasing dimension of parameter

spa
e. For e.g., if a 
ertain run 
onsumes m se
onds, then to s
an a n dimensional parameter spa
e

with ea
h parameter divided into M values, the total 
omputation time is ∼ m×Mn
.
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information about a single parameter, a(j) , the posterior density is integrated

over all other n− 1 parameters a(k 6= j) in a pro
edure 
alled marginalization.

Finally, by integrating the individual posterior PDF further, we are able to

determine the expe
tation value, 
on�den
e level, or higher order modes of the

parameter a(j). There is a te
hni
al di�
ulty in Bayesian parameter estimations:

determining the individual posterior PDF requires a high-dimensional integration

of the overall posterior density. Thus, an e�
ient sampling method for the

posterior PDF is mandatory. MCMC methods explore the probability distribution

of a n dimensional parameter spa
e, where ea
h point 
an be represented by a

ve
tor a by generating a sequen
e of i points (hereafter a 
hain). Ea
h position of

a is a ve
tor of n 
omponents, ea
h representing one parameter value, in the

n-dimensional parameter spa
e.

For our problem, we run several 
hains for 1,00,000 
hain length i.e., ea
h sampling

the parameter spa
e 1,00,000 times in a random manner via a given n× n

dimension proposal matrix, limited by the �at priors set on ea
h of the parameters.

In addition, the 
hain is Markovian in the sense that the 
ondition to a

ept the

randomly 
hosen (i+ 1)th position in the parameter spa
e is solely de
ided by the

ith position. The pres
ription that we use to generate the Markov 
hains by

random sampling of the parameter spa
e is the so-
alled Metropolis-Hastings

algorithm [163, 164℄. For ea
h new position, our MCMC algorithm 
al
ulates a

quantity α = e−0.5(χ2
i+1

−χ2
i )
where χ2

i denotes the test statisti
 [see Equation (3.20)℄

for ith position of the 
hain. A

ording to Metropolis-Hastings algorithm, if α > 1,

the new position is a

epted, else a random number generator is employed to

generate any number ζ lying in the range, 0 ≤ ζ ≤ 1, from an uniform distribution.

If α > ζ , the position is a

epted, otherwise the 
hain stays in the ith position and
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again randomly jumps to another position in the parameter spa
e and 
he
ks the

a

eptability by using the Metropolis-Hastings algorithm. Therefore, the time

spent by the Markov 
hain in a region of the parameter spa
e is proportional to

the target PDF value in this region. Finally, for our analysis we 
olle
t about six

or more 
hains with a

eptan
e value of 20-25% and are analyzed by the `getdist'

programme supplied by the COSMOMC routine [165℄. The analysis re
al
ulates

the proposal matrix whi
h takes into a

ount the di�erent 
orrelations between the

parameters and gives a value of R. The quantity `R' basi
ally measures (varian
e

of 
hain means)/(mean of varian
es), hen
e for 
onvergen
e R should approa
h 1.

We have set a value of R− 1 < 0.1 to be good a toleran
e for 
onvergen
e, and

on
e we attain that, we adopt the resultant posterior probability distributions,

best �t parameter sets, desired limits et
. obtained from the `getdist' programme

as our �nal result. If not, we repla
e the proposal matrix and re-run the 
hains till


onvergen
e is rea
hed.

6.5 Results

In Figure 6.1, the 
olored plots show the 2D posterior probability density fun
tion

for the Gala
ti
 DM halo parameters marginalized over the rest of the parameters

and the bla
k/white plots show the 1D probability distributions for the DM

parameters where dotted line and solid line show the mean likelihood from all


onsidered 
hains and the marginalized distribution for a given parameter,

respe
tively. In the 2D plots, the bla
k region denotes the area with higher

probability (and 
ontains the best �t points) and the probability values de
rease

with orange to yellow regions. Results are presented for the four DM halo models

(NFW, Hernquist, Einasto and Burkert) using MCMC with Gala
ti
 rotation



Chapter 6. Lo
al Dark Matter Density 127


urve data [8℄ for three di�erent sets of values for the GCs,

[

R0

kpc
, V0

km s−1

]

= [8.3, 244℄, [8.5, 220℄ and [8.0, 200℄. As is evident, with de
reasing

V0 (towards right) the ρDM,⊙ de
reases, irrespe
tive of the halo model 
onsidered.

The derived most likely values of ρDM,⊙ along with their marginalized limits for

mean and 1 σ range for the four di�erent DM halo models, for the three di�erent

sets of values of GCs are displayed in Figure 6.2. It is quite evident that the ρDM,⊙

values are sensitive to the 
hoi
e of GC, espe
ially to the values of 
ir
ular rotation

speed of the lo
al standard of rest frame around the Gala
ti
 
enter, V0,

irrespe
tive of the nature of the DM halo model used (be it 
ored or 
uspy). The

best �t value of ρDM,⊙ in
reases by about a fa
tor of three from ∼ 0.2 to ∼ 0.6

GeV cm−3
as V0 
hanges from 200 to 244 km s−1

.

Table 6.1 shows the most-likely values of the DM halo model parameters, their

mean ± one sigma values (µ ± σ), the χ2
values s
aled by the degree of freedom

(dof) i.e., number of RC data points, halo virial radius (rvir), total virial mass

(Mtot(≤ rvir)) and maximum speed at Solar lo
ation (vmax,⊙)
2

obtained for the

four dark matter halo models by MCMC analysis using the Gala
ti
 rotation 
urve

data [8℄ for three di�erent sets of values of the GCs,

[

R0

kpc
, V0

km s−1

]

= [8.3, 244℄, [8.5, 220℄ and [8.0, 200℄, as indi
ated. Unlike the lo
al

quantity like ρDM,⊙, the large s
ale quantities like total mass, halo virial radius et
.

whi
h are dependent on large distan
e behavior of the RC are seen to be

un
orrelated with GCs values sin
e RC data beyond disk regime are not sensitive

to the GCs set adopted [8℄.

2

Sin
e these halo pro�les have in�nite extent, the maximum parti
le speed at any lo
ation is

given by, vmax(x) =

√

2
[

Φtot(|x| = ∞)− Φtot(x)
]

where, Φtot(x) = ΦDM(x) + ΦVM(x).
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For all the three GCs sets, Figures 6.4 and 6.3 show the density- and RC pro�les

for the best �t set of parameters for the four DM halo models. Figures 6.5 and 6.6

show the best �t mass- and maximum speed pro�les, for the same DM halo models.

6.6 Summary

In this 
hapter, �t to the RC data of our Galaxy extending up to ∼ 200 kpc, for

three di�erent sets of values of the GCs sets

[

R0

kpc
, V0

km s−1

]

= [8.3,244℄, [8.5,220℄ and

[8.0,200℄ have been used to determine the parameters for four DM halo pro�les

(NFW, Hernquist, Einasto and Burkert) 
onsidering a standard VM density

distribution by an extensive MCMC analysis. The derived best �t values of ρDM,⊙

marginalized over all the rest of DM and VM parameters, show a monotoni


behavior with the V0 value of the 
hosen GCs set. This feature is generi
, i.e.,

independent of the DM halo model type employed for the analysis. We will

therefore, 
hoose a parti
ular halo model, namely the Einasto pro�le, to represent

the DM halo of our Galaxy for our su

essive 
al
ulations. The lo
al DM density

is un
ertain by a fa
tor of ∼ 3, roughly 
hanging from ∼ 0.2 to ∼ 0.6 GeV cm−3

for V0 
hanging from 200 to 244 km s−1
. The large s
ale quantities like total mass,

virial radius et
. whi
h are dependent on large distan
e behavior of the RC are

seen to be un
orrelated with the GCs sin
e RC data beyond disk regime are not

sensitive to GCs set adopted [8℄.
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Figure 6.1: 2D posterior probability density fun
tion (
olored plots) for the Gala
ti


dark matter (DM) halo parameters (lo
al DM density: ρDM,⊙, halo s
ale radius: rs and

shape parameter: sn) marginalized over the rest of the parameters. The bla
k/white plots

shows the 1D probability distributions for the DM parameters where dotted line and solid

line show the mean likelihood and the marginalized distribution, respe
tively. The 
olor


ode is shown along the horizontal bar at the bottom. Results are given for four di�erent

Gala
ti
 dark matter halo models (NFW, Hernquist, Einasto and Burkert) using Markov

Chain Monte Carlo analysis with Gala
ti
 rotation 
urve data [8℄ for three di�erent sets

of values of the Gala
ti
 Constants, as

[

R0

kpc ,
V0

kms−1

]

= [8.3, 244℄, [8.5, 220℄ and [8.0, 200℄

as indi
ated.
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Figure 6.2: Best �t (
ir
les) and marginalized limits (µ ± σ) (
rosses with error bars)
for lo
al dark matter density (denoted by ρ) for four di�erent Gala
ti
 dark matter

halo models (NFW, Hernquist, Einasto and Burkert) obtained by �t to Gala
ti


rotation 
urve data [8℄ using Markov Chain Monte Carlo analysis for three di�erent

sets of values of the Gala
ti
 Constants,

[

R0

kpc
, V0

km s−1

]

= [8.3, 244℄, [8.5, 220℄ and

[8.0, 200℄ as indi
ated.
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GCs sets parameters Best-�t µ ± σ χ2
/dof rvir Mtot(≤ rvir) vmax,⊙

( kpc) (M⊙ × 1011) ( km s−1
)

NFW

[8.3, 244] rs ( kpc) 5.8 6.8 ± 1.99 10.469 191 7.8 566

ρDM,⊙ (GeV cm−3
) 0.51 0.57 ± 0.06

[8.5, 220] rs ( kpc) 5.7 8.1 ± 4.2 3.967 169 5.7 505

ρDM,⊙ (GeV cm−3
) 0.36 0.396 ±0.062

[8.0, 200] rs ( kpc) 42.5 57.82 ±40.8 5.322 241 14.9 560

ρDM,⊙ (GeV cm−3
) 0.2 0.23 ±0.077

Hernquist

[8.3, 244] rs ( kpc) 12.1 13.6 ± 3.35 7.75 163 5.3 541

ρDM,⊙ (GeV cm−3
) 0.56 0.59 ± 0.06

[8.5, 220] rs ( kpc) 14.3 15.998 ± 5.57 3.553 157 4.5 492

ρDM,⊙ (GeV cm−3
) 0.39 0.41 ± 0.063

[8.0, 200] rs ( kpc) 79.7 66.7 ± 36.4 5.153 223 12.0 528

ρDM,⊙ (GeV cm−3
) 0.18 0.25 ± 0.072

Einasto

[8.3, 244] rs ( kpc) 5.74 7.35 ± 2.81 7.57 157 4.5 532

ρDM,⊙ (GeV cm−3
) 0.56 0.57 ± 0.062

sn 3.09 3.97 ± 0.94

[8.5, 220] rs ( kpc) 6.95 8.76 ± 4.17 3.56 145 3.9 482

ρDM,⊙ (GeV cm−3
) 0.39 0.39 ± 0.06

sn 3.01 4.29 ± 0.86

[8.0, 200] rs ( kpc) 36.97 25.69 ± 11.35 5.15 214 11.4 525

ρDM,⊙ (GeV cm−3
) 0.19 0.261 ± 0.072

sn 3.08 3.26 ± 1.14

Burkert

[8.3, 244] rs ( kpc) 3.89 4.18 ± 0.81 4.91 176 6.5 554

ρDM,⊙ (GeV cm−3
) 0.56 0.61 ± 0.065

[8.5, 220] rs ( kpc) 4.4 4.38 ± 1.32 2.90 157 5.1 499

ρDM,⊙ (GeV cm−3
) 0.385 0.41 ± 0.058

[8.0, 200] rs ( kpc) 16.79 12.5 ± 7.01 5.381 206 9.8 520

ρDM,⊙ (GeV cm−3
) 0.175 0.27 ± 0.106

Table 6.1: The most-likely values of the dark matter (DM) halo model parameters

(rs is the s
ale radius of the system, ρDM,⊙ is lo
al DM density and sn is the shape

parameter), their mean ± one sigma values (µ ± σ), the χ2
values (s
aled by the

degree of freedom (dof) i.e., number of rotation 
urve data points), halo virial ra-

dius (rvir), total virial mass (Mtot(≤ rvir)) and maximum speed at Solar lo
ation

(vmax,⊙) are tabulated for four di�erent Gala
ti
 DM halo models viz. NFW, Hern-

quist, Einasto and Burkert obtained by �t to Gala
ti
 rotation 
urve data [8℄ using

Markov Chain Monte Carlo analysis for three di�erent sets of values of the Gala
ti


Constants,

[

R0

kpc
, V0

km s−1

]

= [8.3, 244℄, [8.5, 220℄ and [8.0, 200℄ as indi
ated.
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Figure 6.3: Best-�t rotation 
urves with visible matter (red line), dark matter (green

line) and total matter (blue line) 
ontributions shown for four di�erent Gala
ti
 dark

matter halo models (NFW, Hernquist, Einasto and Burkert) and assuming the same

visible matter model [see Equations (3.14) and (3.15)℄ obtained by �t to Gala
ti


rotation 
urve data [8℄ for three di�erent sets of values of the Gala
ti
 Constants,

[

R0

kpc
, V0

km s−1

]

= [8.3, 244℄, [8.5, 220℄ and [8.0, 200℄ as indi
ated.
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Figure 6.4: Best-�t density pro�les with visible matter (red line), dark matter (green

line) and total matter (blue line) 
ontributions shown for four di�erent Gala
ti
 dark

matter halo models (NFW, Hernquist, Einasto and Burkert) and assuming the same

visible matter model [see Equations (3.14) and (3.15)℄ obtained by �t to Gala
ti


rotation 
urve data [8℄ for three di�erent sets of values of the Gala
ti
 Constants,

[

R0

kpc
, V0

km s−1

]

= [8.3, 244℄, [8.5, 220℄ and [8.0, 200℄ as indi
ated.
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Figure 6.5: Best-�t mass pro�les with visible matter (red line), dark matter (green

line) and total matter (blue line) 
ontributions shown for four di�erent Gala
ti
 dark

matter halo models (NFW, Hernquist, Einasto and Burkert) and assuming the same

visible matter model [see Equations (3.14) and (3.15)℄ obtained by �t to Gala
ti


rotation 
urve data [8℄ for three di�erent sets of values of the Gala
ti
 Constants,

[

R0

kpc
, V0

km s−1

]

= [8.3, 244℄, [8.5, 220℄ and [8.0, 200℄ as indi
ated.
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Figure 6.6: Best-�t maximum speed, vmax, pro�les of the Galaxy modeled with four

di�erent Gala
ti
 dark matter halo models (NFW, Hernquist, Einasto and Burkert)

in the presen
e of visible matter model [see Equations (3.14) and (3.15)℄, obtained

by �t to Gala
ti
 rotation 
urve data [8℄ for three di�erent sets of values of the

Gala
ti
 Constants,

[

R0

kpc
, V0

km s−1

]

= [8.3, 244℄, [8.5, 220℄ and [8.0, 200℄ as indi
ated.
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Chapter 7

Velo
ity Distribution of Dark Matter

Parti
les in the Galaxy from

Rotation Curve Data

7.1 Introdu
tion

In the previous 
hapter, we have derived the lo
al density of dark matter (DM),

ρDM,⊙, using the rotation 
urve (RC) data [8℄ of our Galaxy. As already mentioned

in Chapter 2, in addition to ρDM,⊙, another 
ru
ial input for analyzing and

interpreting the results of dire
t dete
tion experiments sear
hing for the Weakly

Intera
ting Massive Parti
le (WIMP) 
andidates of DM is the lo
al velo
ity

distribution fun
tion (VDF) of the DM parti
les in the Galaxy.

137
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There is no dire
t observational data available for the DM velo
ity distribution till

date. However, phenomenologi
al models of VDFs motivated by the results of

N-body simulations are available in literature; see for e.g., [166℄. There are also

propositions in literature on possible forms of the VDFs [40, 41, 42℄. Re
ent

simulations (see for e.g., [35℄-[39℄) indi
ate a signi�
ant departure from typi
al

Maxwellian behavior 
ustomarily used in the standard halo model and also

anisotropi
 nature of the VDFs of the DM parti
les in the halos. Though

simulations have be
ome the standard way to investigate the stru
ture, dynami
s

and evolution of DM halos, they do not yet satisfa
torily in
lude the gravitational

e�e
ts of the visible matter (VM) 
omponents of the real Galaxy, whi
h, for our

Milky Way, provide the dominant gravitational potential in the inner regions

in
luding the Solar neighborhood region.

Given a phase spa
e distribution fun
tion (PSDF), the density pro�le is obtained

by integrating over the velo
ity spa
e of the DM parti
les [see Equation (3.3)℄. It

is of interest to ask the question if, given a density pro�le, Equation (3.3) 
an be

�inverted� to derive the PSDF and 
onsequently a VDF 
onsistent with the given

density pro�le. This problem was studied way ba
k in 1916 by A. S. Eddington

[167℄. In parti
ular, he showed that an ergodi
 PSDF, f(x(t),v(t)) = f(E)

(introdu
ed in Chapter 2) with an isotropi
 VDF 
an be obtained by �inverting� a

spheri
ally symmetri
 density pro�le. This approa
h has been dis
ussed in [168℄

(also dis
ussed in detail in Ref. [136℄). This formalism was subsequently

generalized to 
onstru
t anisotropi
 VDFs appli
able to spheri
al systems.

Osipkov-Merritt te
hnique (OM) [50, 43℄ is one su
h formalism. For systems with

anisotropi
 VDF, the PSDF has the fun
tional dependen
e as f(E,L2), where E

and L are the spe
i�
 energy and angular momentum of the system. In the OM
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formalism, given that the PSDF depends on E and L only through a third variable

Q obeying a parti
ular form (see below), the density 
an be inverted to obtain the

PSDF, f(Q). The OM te
hnique has been used earlier to study anisotropi


spheri
al systems in di�erent 
ontexts [169℄-[172℄.

In this 
hapter, we attempt to 
onstru
t the anisotropi
 VDF of the DM parti
les

using the OM formalism starting from a spheri
ally symmetri
 halo density pro�le,

the parameters of whi
h have been determined by �t to a RC data set of our

Galaxy [8℄, whi
h provides a dire
t observational probe of the total gravitational

potential pro�le of the Galaxy. It is to note that the VDF of the DM parti
les at

any lo
ation in the Galaxy is self-
onsistently related to the total gravitational

potential, i.e., potentials exerted by the DM as well as the underlying VM pro�le,

of the Galaxy. Therefore, it is important to take into a

ount the e�e
t of VM

potential while deriving the VDFs of the DM parti
les.

In the following se
tions, �rst we des
ribe the OM formalism in detail. Then, we

des
ribe the DM and VM pro�les and parameter sets adopted for the analysis.

Finally, we present our results and summarize at the end.

7.2 Osipkov-Merritt Formalism

For a spheri
al system of 
ollisionless parti
les (WIMPs, for example) with

anisotropi
 VDF, the Jeans theorem [43℄ ensures that the PSDF, f(x,v), satisfying

the 
ollisionless Boltzmann equation depends on the phase spa
e 
oordinates (x, v)

through the total energy per unit mass, E, de�ned before as E = 1
2
v2 + Φ(r) and

total angular momentum per unit mass, L, where ~L = x× v. Here, v = |v| is the

speed, r = |x| being the radial position of a DM parti
le and Φ(r) is the spheri
ally
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symmetri
 gravitational potential seen by a test parti
le at radial distan
e r.

Following the dis
ussions for King model in Chapter 3, we set the relative

potential and relative energy as,

Ψ(r) ≡ −Φ(r) + C, (7.1)

E ≡ −E + C = Ψ(r)− 1

2
v2. (7.2)

As mentioned earlier, one 
an invert a 
hosen spheri
ally symmetri
 DM density

pro�le, ρ(r), with underlying potential, Φ, to obtain the PSDF, f(Q), by OM

te
hnique where f depends on E and L only through the variable Q de�ned as,

Q ≡ E − L2

2r2a
. (7.3)

Here, ra is a 
onstant known as the anisotropy radius of the system within whi
h

the velo
ity spa
e has a nearly isotropi
 behavior and is still unknown for our

Galaxy. The 
onstant C in Equations (7.1 and 7.2) is 
hosen su
h that f > 0 for

Q > 0, and f = 0 for Q ≤ 0. With ra → ∞, Q → E and the system has isotropi


VDF every where. One 
an also express Q in any of the forms given below,

Q = Ψ− 1

2
v2(1 +

r2

r2a
sin2 η), (7.4)

Q = Ψ− 1

2

[

v2r + (1 +
r2

r2a
)v2t

]

, (7.5)
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where η is the polar angle variable, and vr and vt are the radial and tangential

velo
ity 
omponents, respe
tively, with v2 = v2r + v2t .

The density is related to f(Q) as,

ρ(r) =

∫

f(Q)d3v. (7.6)

Now, repla
ing the integration variable v by Q at 
onstant r and η, we have

dQ = −[1 + r2

r2a
sin2 η] v dv, and then Equation (7.6) simpli�es to

ρ(r) = 2π

∫ π

0

dη sin η

∫ Ψ

0

dQ f(Q)

√

2(Ψ−Q)

[1 + ( r
ra
)2 sin2 η]3/2

, (7.7)

and further performing integration over η �rst, we get,

∫ π

0

sin η dη

[1 + ( r
ra
)2 sin2 η]3/2

=
2

1 + ( r
ra
)2
. (7.8)

Hen
e, we 
an de�ne a new variable ρ̃,

ρ̃(r) ≡ ρ(r)(1 +
r2

r2a
) = 4π

∫ Ψ

0

dQf(Q)
√

2(Ψ−Q). (7.9)

Sin
e Ψ is a monotoni
 fun
tion of r in any spheri
al system, we 
an express ρ̃ in

terms of Ψ and rewrite Equation (7.9) as

ρ̃(Ψ)√
8π

= 2

∫ Ψ

0

dQf(Q)
√

(Ψ−Q). (7.10)

Now, di�erentiating both sides of the above integral with respe
t to Ψ we obtain
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1√
8π

dρ̃(Ψ)

dΨ
=

∫ Ψ

0

dQ
f(Q)

√

(Ψ−Q)
. (7.11)

Equation (7.11) is a Abel integral equation whi
h 
an be solved for f(Q) as [43℄,

f(Q) =
1√
8π2

[
∫ Q

0

dΨ√
Q−Ψ

d2ρ̃

dΨ2
+

1√
Q

(

dρ̃

dΨ

)

Ψ=0

]

. (7.12)

For a given DM density pro�le, ρ(r), one 
an 
onstru
t ρ̃(r) from Equation (7.9)

and plug in the total potential in
luded in Ψ(r) as seen by a DM parti
le, and


al
ulate f(Q) using Equation (7.12) for a 
hosen value of ra. A model for whi
h

the PSDF has the form f(Q), where Q is given by Equation (7.3), is 
alled an OM

model.

At any lo
ation r, a DM parti
le feels not only its own gravitational potential but

also the potential of the underlying VM. Therefore the relative potential, Ψ(r), 
an

be written as,

Ψ(r) ≡ Ψtot(r) = ΨDM(r) + ΨVM(r). (7.13)

To 
al
ulate Ψ(r), the spheri
al ΦDM is obtained by using ρDM by solving Poisson's

equation [Equation (3.12)℄ with the boundary 
onditions given as in Equation

(3.13). In this 
ontext it must be mentioned that ΦVM (obtained from ρVM by

solving Poisson's equation) is axisymmetri
 due to in�uen
e of the axisymmetri


nature of the VM disk. The OM formalism as des
ribed above is valid for spheri
al

systems, therefore, we use the spheri
al approximation [172, 173℄ to generate the

spheri
ally symmetri
 VM potential to be used for Equation (7.12) as,

ΦVM(r) ≃ G

∫ r

0

MVM(r
′)/r′2dr′, (7.14)
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where MVM(r) is the total VM mass 
ontained within r.

On
e f(Q) is 
al
ulated from Equation (7.12), at any lo
ation `r', the normalized

radial VDF, f rad
r (vr), tangential VDF, f

tan
r (vt), and speed distribution, fr(v), 
an

be written as

f rad
r (vr) =

2π

ρ(r)

∫

√

2Ψ−v2r
γ2

0

dvt vt f(Q), (7.15)

where −vr,max ≤ vr ≤ vr,max with vr,max =
√
2Ψ(r),

f tan
r (vt) =

2π

ρ(r)

∫

√
2Ψ−γ2v2t

−
√

2Ψ−γ2v2t

dvr vt f(Q), (7.16)

where 0 ≤ vt ≤ vt,max with vt,max =
√

2Ψ
γ2 (r), with γ2 = (1 + r2

r2a
), and

fr(v) =
2π

ρ(r)

∫ −ηlim

−ηlim

dη sin η v2f(Q), (7.17)

where ηlim =
√

r2a
r2v2

[ v
2r2

γ2r2a
− 2(Ψ−Q)] and 0 ≤ v ≤ vmax with vmax =

√
2Ψ(r).

All the distributions are normalized to unity at any r:

∫ vr,max

−vr,max

f rad
r (vr)dvr = 1 (7.18)

∫ vt,max

0

f tan
r (vt)dvt = 1 (7.19)

∫ vmax

0

fr(v)dv = 1. (7.20)
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Using Equations (7.15), (7.16), (7.17) one 
an 
onsequently 
al
ulate the velo
ity

moments of the distribution. The anisotropy parameter, denoted by β, is de�ned as

β(r) = 1− σ2
t (r)

2σ2
r (r)

, (7.21)

where σt and σr are the velo
ity dispersions in tangential and radial dire
tions,

respe
tively, and are given by,

σ2
r(r) =

∫ vr,max

−vr,max

v2rf
rad
r (vr)dvr, (7.22)

σ2
t (r) =

∫ vt,max

0

v2t f
tan
r (vt)dvt, (7.23)

and

< v2 >= σ2
r + σ2

t =

∫ vmax

0

v2fr(v)dv. (7.24)

For the OM te
hnique, β follows a spe
i�
 form of the radial variation

parametrized by ra and is given by [43℄,

β(r) =
r2

r2 + r2a
. (7.25)
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This fun
tion rises from zero (true for isotropi
 VDFs) at r ≪ ra to unity at

r ≫ ra (radially biased VDF), and already ex
eeds 0.9 for r > 3ra. This form

whi
h holds good irrespe
tive of the DM halo and underlying VM model used, also

serves as a 
onsisten
y 
he
k of our numeri
al 
al
ulations,

7.3 The Dark and Visible Matter Model

In order to derive the VDF for the DM parti
les 
onstituting the Gala
ti
 halo, we

adopt the simulation motivated Einasto pro�le [159℄-[161℄ given in Equation (6.3)

and a VM density distribution given in Equations (3.14) and (3.15). The

parameters of both the DM and VM pro�les have been determined by �t to the

RC data for our Galaxy [8℄ using Markov Chain Monte Carlo analysis as done in

the previous 
hapter. In parti
ular, we adopt the best �t parameters obtained

from �t to RC data for the Gala
ti
 Constants (GCs) set

[

R0

kpc
, V0

km s−1

]

= [8.3, 244℄


ompatible with re
ent measurements Oort's 
onstants (see Chapter 5 for details).

The resultant best-�t values of the parameters are listed below in Table 7.1. Sin
e

both VM and DM pro�les 
onsidered have no physi
al trun
ation, we 
an set,

C ≡ Φ(∞), (7.26)

in Equation (7.2) and 
onstru
t relative potentials as,

ΨVM or DM(r) ≡ ΦVM or DM(∞)− ΦVM or DM(r). (7.27)
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Parameter Units Most-likely

Visible Matter

ρb0 102M⊙ pc−3
11.01

rb kpc 0.06

Σ⊙ M⊙ pc−2
56.82

Rd kpc 4.02

zh kpc 0.3

Dark Matter

ρDM,⊙ GeV cm−3
0.56

rs kpc 5.74

sn − 3.09

Table 7.1: Best �t parameters values of visible matter model [see Equations (3.14)

(3.15)℄ and Einasto type dark matter halo model obtained by �t to a Gala
ti


rotation 
urve data [8℄ for Gala
ti
 Constants

[

R0

kpc
, V0

km s−1

]

= [8.3, 244℄.

7.4 Results and Dis
ussions

We now numeri
ally invert the Einasto density pro�le to solve for the most likely

PSDF, f(Q), using Equation (7.12) by in
luding the gravitational in�uen
e of the

VM model on the DM parti
les in a self-
onsistent manner. The parameters of the

Einasto DM halo and VM parameters have been adopted as the best �t values as

obtained by �t to the Gala
ti
 RC data [8℄ for GCs set

[

R0

kpc
, V0

kms−1

]

= [8.3, 244℄

by assuming a parti
ular form of VM distribution [see Equations (3.14) and

(3.15)℄. We thereafter derive the VDF pro�les at di�erent lo
ations for di�erent

values of the anisotropy radius, ra.

The PSDF i.e., f(Q) pro�le for the Einasto halo, as obtained by OM formalism, is

found to be non-negative every where for ra ≥ 4 kpc. Hen
e, we 
an 
on
lude that

the Gala
ti
 halo 
an take any value of anisotropy radius greater than or equal to

4 kpc.



Chapter 7. Velo
ity Distribution of Dark Matter 147

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0  1  2  3  4  5  6  7

f r(
v)

v [100 km/sec]

r = 8.3 kpc (Solar location)

With VM

ra= 4kpc
ra= 10kpc
ra= 20kpc
ra= 50kpc

ra= 100kpc

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0  1  2  3  4  5  6  7

f r(
v)

v [100 km/sec]

r = 8.3 kpc (Solar location)

Without VM

ra= 4kpc
ra= 10kpc
ra= 20kpc
ra= 50kpc

ra= 100kpc

Figure 7.1: Top : The speed distribution (fr(v)) of the dark matter parti
les 
on-

stituting an Einasto type Gala
ti
 halo at Solar lo
ation (r = 8.3 kpc) for various
values of anisotropy radius (ra), `with VM'. Bottom : Same for `without VM'.
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.
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The lo
al VDFs of the DM parti
les 
onstituting an Einasto type Gala
ti
 halo

`with' and `without' VM for various ra are presented in Figures 7.1, 7.2, 7.3 and

7.4 
al
ulated using Equations (7.15), (7.16) and (7.17), respe
tively, for

r ≡ R0 = 8.3 kpc. The VDFs are seen to be of non-Maxwellian form and

anisotropi
 in nature and the 
oupling to VM 
learly broadens the distribution by

supporting higher velo
ity dispersion. The phrase `with VM' refers to the usual

`
oupled 
ase' where Ψ ≡ ΨDM +ΨVM in Equation (7.12), and `without VM' refers

to the isolated halo or `un
oupled 
ase' with Ψ ≡ ΨDM in Equation (7.12). In all


ases, the Einasto halo and VM parameters have been obtained by �tting to the

rotation 
urve data [8℄ for GCs set

[

R0

kpc
, V0

km s−1

]

= [8.3, 244℄ by assuming a form of

the VM distribution given by Equations (3.14) and (3.15).

Figures 7.5, 7.6 and 7.7 show the normalized speed, radial and tangential velo
ity

distributions 
al
ulated using Equations (7.15), (7.16) and (7.17), respe
tively, of

the dark matter parti
les 
onstituting an Einasto type Gala
ti
 halo at various

gala
to
entri
 radii for a 
hosen anisotropy radius, ra= 4 kpc `with' and `without'

VM. It is 
learly evident that VDFs of this system is not only non-Maxwellian but

also shows anisotropi
 behavior every where throughout the halo and the e�e
t of

VM de
reases with higher radii, as expe
ted.

Figure 7.8 shows the radial variation of radial and tangential 
omponents of

velo
ity dispersions and the total velo
ity dispersion of the DM parti
les


onstituting an Einasto type halo density pro�le. These has been self-
onsistently


al
ulated using Equations (7.22), (7.23) and (7.24), respe
tively, for di�erent

possible values of the anisotropy radius, ra ≥ 4 kpc. It is evident that `
oupling' to

VM signi�
antly a�e
ts the velo
ity dispersion pro�les of the DM parti
les. In

fa
t, as the DM parti
les move under the total gravitational potential of DM +
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Figure 7.5: Normalized speed distribution (fr(v)) of the dark matter parti
les 
on-

stituting an Einasto type Gala
ti
 halo at various gala
to
entri
 radii for anisotropy

radius, ra= 4 kpc, `with' (Top) and `without' (Bottom) VM.
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VM, the additional VM potential is 
apable of supporting higher velo
ity

dispersion values and also introdu
es an additional broad peak at some inner radii.

It is interesting to note that for both with and without VM 
ase, the velo
ity

dispersion pro�les exhibit non-monotoni
 behavior with radius.

Figure 7.9 shows the radial pro�le of the anisotropy parameter, β(r), asso
iated

with an OM model. It is to note that the β(r) is only determined by the ra value

and is insensitive to the parti
ular DM and VM model details. The limit on ra

puts a upper bound on β⊙ ≡ β(r = R0) from Equation (7.25) as β⊙ ≤ 0.81.

Finally in Table 7.2, the values of some of the relevant physi
al quantities of

interest 
hara
terizing the Galaxy, derived from the most likely VM and (Einasto

type) DM parameters listed in Table 7.1, are presented. The best �t total mass

has been found to be ∼ 4.5× 1011M⊙ for a virial radius of 157 kpc, roughly 2

times larger than that obtained for the King model earlier in Chapter: 4. Also, the

best �t values of the lo
al 
ir
ular velo
ity (∼ 267 km s−1
), lo
al es
ape speed (∼

532 km s−1
) and lo
al velo
ity dispersion (∼ 283 km s−1

) are found to take higher

values than those in King model where the values were ∼ 232, 396, 252 km s−1
,

respe
tively.
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dispersion pro�les of dark matter parti
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-

to
entri
 distan
e up to virial radius shown for `with VM' and `without VM' 
ases, for

di�erent anisotropy radius (ra) values.
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7.5 Summary

In this 
hapter, we have studied the VDF of the WIMPs hypothesized to


onstitute the dark matter halo in our Galaxy 
onsidering the N-body simulation

motivated Einasto density pro�le as the halo density model. The best �t Einasto

type DM and VM [see Equations (3.14) and (3.15)℄ parameters have been obtained

by �tting to a RC data set extending up to ∼ 200 kpc for the GCs set,
[

R0

kpc
, V0

km s−1

]

= [8.3, 244℄ [8℄. The best �t ρDM,⊙ is found to be ∼ 0.56 GeV cm−3

whereas a value of 0.2 GeV cm−3
was obtained with the �nite sized King model

DM halo in Chapter 4 with RC extending to ∼ 60 kpc for GCs set
[

R0

kpc
, V0

km s−1

]

=

[8.5, 220℄ with pre-�xed VM parameters. The OM te
hnique has been employed to
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Derived Quantities Unit Einasto

Bulge mass (Mb) 1010M⊙ 2.2
Disk mass (Md) 1010M⊙ 4.7
Total VM mass (MVM = Mb +Md) 1010M⊙ 6.9
DM Halo virial radius (rvir) kpc 157
Con
entration parameter (

rvir
rs
) − 27.3

DM halo virial mass (MDM) 1011M⊙ 3.8
Total virial mass of Galaxy (Mtot = MVM +MDM) 1011M⊙ 4.5
VM mass within R0 1010M⊙ 4.1
DM mass within R0 1010M⊙ 9.1
Total mass within R0 1011M⊙ 1.3
DM surfa
e density, ΣDM at R0 (|z| ≤ 1.1 kpc) M⊙ pc−2 35.2
Total Mass within 50 kpc 1011M⊙ 3.9
Total Mass within 60 kpc 1011M⊙ 4.1
Total Mass within 100 kpc 1011M⊙ 4.4
Lo
al 
ir
ular velo
ity (Vc,⊙) km s−1 267
Lo
al maximum velo
ity (vmax,⊙) km s−1 532

Lo
al total dispersion* (〈v2〉1/2⊙ ) km s−1 282.7

Lo
al radial dispersion* (σ2
r,⊙

1/2
) km s−1 240.0

Lo
al tangential dispersion* (σ2
t,⊙

1/2
) km s−1 147.4

Lo
al anisotropy* (β⊙) − 0.81

Table 7.2: The most-likely values of various relevant physi
al parameters of the

Milky Way 
al
ulated with visible matter [see Equations (3.14) and (3.15)℄ and

dark matter 
onstituting an Einasto type Gala
ti
 halo with the most-likely values

of the parameters listed in Table 7.1 obtained by �t to a Gala
ti
 rotation 
urve

data [8℄ for Gala
ti
 Constants

[

R0

kpc
, V0

km s−1

]

= [8.3, 244℄. The quantities marked

with a * have been 
al
ulated for the lowest allowed value of the anisotropy radius,

ra = 4 kpc.

�invert� the Einasto density pro�le to derive a self-
onsistent PSDF 
onsidering the

gravitational in�uen
e of the underlying VM. The PSDF, des
ribing the WIMPs,

is found to be non-negative for ra ≥ 4 kpc whi
h sets an upper bound β⊙ ≤ 0.81.

The VDFs so obtained indi
ates that the velo
ity spa
e throughout the halo is

anisotropi
 in nature and exhibits signi�
ant departure from typi
al Maxwellian

form. It is observed that 
oupling to VM introdu
es an additional broad peak

within the Solar 
ir
le and supports higher values of velo
ity dispersions. The
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gravitational in�uen
e (through gravitational potential) of VM also leads to rise in

values of maximum velo
ities [see Equations (7.15), (7.16) and (7.17)℄ sin
e it is ∝
√

Ψtot(r), where Ψtot(r) is the total (DM+VM) relative gravitational potential of

the Galaxy. However, the VM e�e
t de
reases with higher radii as expe
ted.

The relevant physi
al parameters like total mass (∼ 4.5× 1011M⊙ for a virial

radius of 157 kpc), lo
al es
ape speed (∼ 532 km s−1
), lo
al 
ir
ular velo
ity

(∼ 267 km s−1
) and lo
al velo
ity dispersion (∼ 283 km s−1

) are found to take

higher values than the analysis done earlier in Chapter 4 with King model in the


ontext of an RC for GCs set

[

R0

kpc
, V0

kms−1

]

= [8.5, 220℄.

Due to the restri
tive form of β(r) the in OM formalism, there have been re
ent

attempts to extend the OM te
hnique to address more general forms of β(r); see,

e.g., Refs. [174℄ - [179℄. We wish to 
onsider these aspe
ts in a future work.
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Chapter 8

Summary

In this 
hapter, we summarize the results we have obtained in this thesis.

Dete
tion of dark matter (DM), whi
h 
onstitutes ∼ 26% of the present energy

density in our Universe, has been one of the toughest 
hallenges in astroparti
le

physi
s for several de
ades. There has been various lines of eviden
e for this

elusive matter 
omponent on s
ales ranging from dwarf galaxies to the largest s
ale

stru
tures seen in the Universe today. The behavior of the observed rotation 
urve

(RC) of spiral galaxies, like our own Milky Way, provides one of the strongest

pie
es of eviden
e in support of the existen
e of DM on the gala
ti
 s
ale. In

parti
ular, the non-de
lining nature of RC beyond the visible edge of the Galaxy


an be naturally explained within the hypothesis that the luminous matter is

embedded in a roughly spheri
al halo of DM, the true extent of whi
h is, however,


urrently unknown. A range of pre
ise 
osmologi
al surveys indi
ate them to be

stable, non-baryoni
 and essentially dissipationless and 
ollisionless by nature.

Currently, one of the most favored 
andidates of DM belongs to a 
lass of parti
les

161
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alled `Weakly Intera
ting Massive Parti
les' or WIMPs, with masses possibly

lying within few GeV to several hundreds of TeV. The WIMPs 
an naturally

explain the observed 
osmologi
al reli
 density of DM-a fa
t known as `WIMP

mira
le'. Several experiments worldwide are 
urrently sear
hing for WIMPs via

dire
t dete
tion (DD) experiments (that look for nu
lear re
oil events arising from

WIMPs s
attering o� nu
lei of suitably 
hosen dete
tor materials) as well as

through indire
t dete
tion experiments (that look for signals of self-annihilation

produ
ts of the WIMPs, su
h as, neutrinos, gamma rays, anti protons, positrons,

et
. in high WIMP density regions). In addition there are sear
hes going on in

a

elerators su
h as LHC.

For this thesis, we have fo
used parti
ularly on DD of WIMPs. In order to analyze

and interpret the results from DD experiments, one needs two 
ru
ial astrophysi
al

inputs, namely, the lo
al (i.e., the Solar neighborhood) density of DM, ρDM,⊙, and

the lo
al velo
ity distribution fun
tion (VDF) of the DM parti
les 
onstituting the

Gala
ti
 halo, whi
h are 
urrently not known with 
ertainty. Towards this end, in

this thesis, we attempted to derive these quantities from dire
t observational data,

pertaining to the Milky Way.

We have explored two approa
hes to the problem of determining the phase spa
e

distribution fun
tion (PSDF) of the DM parti
les (assumed to be WIMPs

throughout this thesis) in our Galaxy. In the �rst approa
h, we use a suitable

ansatz for the form of the PSDF des
ribing the WIMPs that is a stationary

solution of the 
ollisionless Boltzmann equation (CBE). Su
h PSDFs 
an be

expressed, due to Jeans theorem, as fun
tion of integral of motions su
h as the

spe
i�
 energy (E), angular momentum (L), and so forth. In parti
ular we have

studied PSDFs, that depend only on E, whi
h implies that the VDFs
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orresponding to the 
hosen PSDF is isotropi
 in nature. Spe
i�
ally, we have

studied the `isothermal sphere' (IS) model 
ustomarily used in the so 
alled

`standard halo' model (SHM) des
ription of the phase spa
e stru
ture of the DM

parti
les populating the Gala
ti
 halo. However, the IS (des
ribing the SHM)

su�ers from some serious limitations in providing a realisti
 des
ription of Gala
ti


halo., viz., it has a diverging total mass and the VDF of this system is Maxwellian

by nature where the maximum attainable velo
ity of a parti
le 
an be as large as

∞, whi
h is unexpe
ted of the WIMPs populating a �nite sized gala
ti
 halo, like

Milky Way, in order for it to remain bound to the system. We have, therefore,


onsidered the `King' or `lowered isothermal' model des
ribing a �nite size PSDF

of the Gala
ti
 halo. In both 
ases (IS and King), the parameters of the models

have been determined by �tting the observed RC data of our Galaxy. In doing

this, we have in
luded the e�e
t of gravitational in�uen
e of the observed visible

matter (VM) on the PSDF des
ribing the DM halo in a self 
onsistent manner

sin
e it's the VM that dominates the gravitational potential in the inner regions of

the Galaxy. Further, we have studied the impli
ations of this model, for the

various DD experiments.

In the se
ond approa
h, we have used the Osipkov-Merritt (OM) formalism to

obtain the PSDF of the DM halo of our Galaxy by �inverting� a given spheri
ally

symmetri
 density pro�le of the DM halo. Su
h a PSDF satis�es the stationary

CBE and depends on both E and L, whi
h implies that the VDFs 
orresponding

to the 
hosen PSDF is anisotropi
 in nature. We have 
hosen the `Einasto' density

pro�le, whi
h provides a good des
ription of the DM halo pro�le obtained in

numeri
al N-body simulations. The parameters of this pro�le have been

determined by �t to the RC data of our Galaxy. As in the �rst approa
h, we have
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again in
luded the e�e
t of the gravitational in�uen
e of VM on DM in a self


onsistent manner.

We have shown that, the in
lusion of VM e�e
t signi�
antly 
hanges the nature of

the PSDFs both in the 
ase of IS and King models, whi
h signi�
antly in�uen
e

the results of the analysis of the DD experiments. In parti
ular, in Chapter 3, we

have found that, by 
onsidering the e�e
t of the gravitational in�uen
e of the VM,

the IS halo requires values of DM velo
ity dispersion, 〈v2〉1/2, 
onsiderably higher

than 270 km s−1
, a 〈v2〉1/2 value 
ustomarily adopted in the SHM model along with

ρDM,⊙ ≃ 0.3 GeV cm−3
, to �t the RC data. This is be
ause the added VM potential

is now able to support higher DM 〈v2〉1/2 values in order to tolerate a ρDM,⊙ ≃ 0.3

GeV cm−3

ompared to the `isolated' SHM model. The 
ompatibility region in the

WIMP mass versus WIMP nu
leon spin-independent 
ross-se
tion parameter spa
e

(where the annual modulation seen by DAMA experiment is 
ompatible with the

null results of other experiments) shrinks with in
reasing values of 〈v2〉1/2. In

addition, we have found that there is signi�
ant 
hange in the 
ompatibility region

with varied values of the WIMP-nu
leus s
attering inelasti
ity parameter, δ.

The King model, studied in Chapter 4, represents a spheri
ally symmetri
 
ored

�nite size DM halo of the Galaxy. The gravitational in�uen
e of VM has a

signi�
ant e�e
t in �pulling in� more DM towards the 
enter of the Galaxy leading

to a shrinking of the 
ore radius by enhan
ing the 
entral DM density and

introdu
ing a �attening of DM density on the disk by 30-40% with respe
t to

verti
al density of the DM halo pro�le. The VDF is non-Maxwellian in nature

with a sharp 
ut o� at a �nite maximum speed self-
onsistently determined by the

model itself. This form of VDF has signi�
ant e�e
t on the best �t DAMA


ompatible regions, parti
ularly for low mass (for WIMP mass ≪ mass of target
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nu
lei) regions 
ompared to results in the 
ontext of SHM, whi
h has a a typi
al

Maxwellian VDF. In the low WIMP mass regions the velo
ity integral part (low

WIMP mass implies a higher value of the lower limit of this integration) in the


al
ulation of dire
t dete
tion event rates [see Equation (2.4)℄ 
ontributes

di�erently for di�erent VDFs and WIMP masses, whereas, a simple approximation

of the upper limits on 
ross-se
tion ∼ ρ−1
DM,⊙ holds otherwise. This also indi
ates

the importan
e of adopting a physi
ally a

eptable halo model to explore low mass

WIMP regions.

Throughout this thesis, RC has been the main observational an
hor in our

approa
h to the problem of deriving information on the PSDF of the DM parti
les

hypothesized to 
onstitute the halo of our Galaxy. In Chapter 5, we have

attempted the 
onstru
tion of the RC data of our Galaxy without referring to any

spe
i�
 model of the VM or DM halo of the Galaxy. We have parti
ularly


on
entrated in the disk region and 
onsidered kinemati
al data on a variety of disk

tra
er obje
ts to 
ompile the RC data. We have also investigated the sensitivity of

the disk RC data with the assumed set of Gala
ti
 Constants (GCs) values and

found that, at any given R, the 
ir
ular velo
ity is higher for higher value of V0,

the 
ir
ular velo
ity of the lo
al standard of rest frame around the Gala
ti
 
enter.

The RC set so obtained is found to have dips around 3 and 9 kpc 
onsistent with

earlier works in literature. In addition, our results are seen to have signi�
antly

smaller error bars, whi
h we attribute to the better statisti
al estimates obtained

in our analysis due to 
onsideration of a larger variety of tra
er samples.

In Chapter 6, we have presented a 
omprehensive study of the derivation of the

ρDM,⊙, using RC data of our Galaxy extending up to ∼ 200 kpc for various GCs

sets, by adopting four di�erent pro�les for the Gala
ti
 DM halo model. The
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parameters of the models have been determined by �t to the RC data by a Markov

Chain Monte Carlo analysis. We have found that the best �t ρDM,⊙ is fairly

independent of the DM halo density pro�le (be it 
ored or 
uspy) and rather shows

a monotoni
 behavior with the value of V0 value of the GCs set 
hosen.

Spe
i�
ally it varies by a fa
tor of ∼ 3 (from ∼ 0.2 to ∼ 0.6 GeV cm−3
for V0


hanging from 200 to 244 km/se
) within the 
hosen V0 range. The global

properties like halo virial radius, total virial mass et
. whi
h are dependent on the

large distan
e behavior of RC data, are seen to be un
orrelated to the V0 values

sin
e it has been observed that RC pro�le beyond the disk region is insensitive to

the GCs set adopted.

Following the se
ond approa
h to determining the PSDF of the DM halo of the

Galaxy in Chapter 7, we derived the PSDF of the WIMPs populating the DM

halo by �inverting� the Einasto density pro�le using OM te
hnique. The self


onsistent PSDF so obtained is 
hara
terized by an anisotropi
 velo
ity spa
e and

parametrized by an anisotropy radius, ra, within whi
h the VDF has a nearly

isotropi
 behavior. We have found that the ra has a lower bound based on the


ondition of non-negativity of the PSDF every where, whi
h in turn pla
es a upper

bound on anisotropy parameter values at all positions throughout the halo. The

e�e
t of gravitational in�uen
e of VM is signi�
ant up to ∼ Solar radius and found

to support higher radial and tangential values and introdu
e an additional broad

peak in the inner Solar 
ir
le region for the velo
ity dispersions. However, the VM

e�e
t de
reases with higher radii, as expe
ted.

Our �ndings, presented in this thesis, have signi�
ant impli
ations for the analysis

and interpretation of the results of DD experiments, whi
h we propose to study in

more detail in future work.
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