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Synopsis
Near shore surging waves like tsunami, bore waves etc have hazardous nature when it
propagates towards the shore. In some cases it affects coastal habitation or costly installations. Such events which can often trigger extremely hazardous effects have attracted
intense attention over centuries and have been studied extensively from both theoretical
and practical points of view. The main emphasis of the investigations was to work towards the development of early warning systems for minimizing the the loss of human
lives. However, there are few situations where the installation of a passive warning system
is not enough, while the demand is for more active intervention. This is particularly true
for example, in protecting nuclear reactors and related installations which are located
usually at the vicinity of the sea shore due to logistic reasons, against the tsunami threat.
Therefore along with the traditional warning systems, it is desirable to find ways and
means geared towards possible invasive procedures for taming of such hazardous wave
phenomena. There are few suggestions for effective interventions, like plantation of Mangrove treas along the coastal lines , installation of breakwaters at strategic positions ,
stoppage of erosion by concrete bolders . However, these are mostly indirect ways to
counter the surging waves. Ways to directly attack the problem has received much less
attention. We have proposed in this thesis work, a direct method to control the near
shore surging waves, which could reduce the hazardous effects. A leakage based method
is proposed here, which would suck water at the bottom causing the properties of solitary
waves to change. It has been shown analytically that if the vertical fluid velocity at the
bottom is independent of the free surface wave profile then the phase of the solitary wave
gets changed controlled by the bottom boundary condition, whereas the amplitude remaining constant. But if the leakage function depends on the surface wave profile then a
variable KdV equation can be derived for slowly changing bathymetry function. An exact
solitary wave solution is obtained for a finer balance between the variable depth function
14

and leakage function .The amplitude of the solution decreases as it propagates towards
the shore in spite of the surging nature due to decreasing bathymetry. This constitutes
the first part of my thesis work.
In the second part of the thesis the deep water rogue wave phenomena has been
modelled. The most popular nonlinear model for rogue waves is the Peregrine breather
(PB) , which is an exact rational solution of Nonlinear Schrodinger equation(NLSE).
But the most problematic point is that NLSE together with its different generalizations
are equations in (1+1) dimensions and therefore all or their solutions, including the PB
and its higher order generalizations can describe the time evolution of a wave only along
a one-dimensional line. It can also be seen that the maximum amplitude of the PB
solution describing a one-dimensional rogue wave is fixed and just three times that of the
background waves. The steepness of the wave as well as the fastness of its appearance
is also fixed, as this solution admits no free parameter. Existence of rogue waves have
been analyzed in the Davey-Stewartson equation, which is an (2+1) dimensional nonlocal
generalization of NLSE. However the single peak solution is the line rogue wave, hence
it can be reduced to the PB solution by a simple rotation in the two dimensional plane.
In such a situation, an analytical (2+1) dimensional rogue wave model is desperately
needed where all of its dynamics i.e, higher amplitude, fastness of appearance, duration
of stay, steepness etc can be successfully modelled. In this context, a new completely
integrable, (2+1) dimensional, local, modulated, nonlinear, evolution, equation has been
proposed which is derivable from the basic hydrodynamic equations. The most important
part is that this equation possesses an exact two dimensional rational solution which is
analogous with the Peregrine breather in terms of mathematical form. Also it contains two
free parameters which can be chosen arbitrarily to model the full grown rogue wave. As
as extension to the problem, we have also derived this new, (2+1)D, evolution equation in
the propagation of nonlinear ion acoustic wave of lossless, magnetized plasma containing
cold ions and hot isothermal electrons.
15

As an applications to these integrable models, which have been discussed, we explored
different physical systems like inhomogeneous plasma, quantum plasma and derived various interesting results.
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On a calm day, it is an enchanting sight to see the ocean waves continuously falling
on the beach. Occasionally, the ocean reveals its fury, when, where and how, nobody
knows, leading to devastation, loss of lives and destruction of property; the beauty of the
ocean transforming into a tragedy. Scientists are always trying to fathom the reasons for
such phenomena, the mysteries of nature are profound, and the scope to understand them
is limitless. The motivation of this thesis is rooted in the author’s passionate desire to
contribute in this direction, a modicum of his own concepts perhaps, a drop in the ocean
of knowledge, with the hope that such drops make up the ocean.

17

Chapter 1
Introduction
1.1

General Introduction

The propagation of water waves has fascinated laymen and scientists for centuries. Water
waves come in a seemingly endless array of forms, shaped by ever-changing influences (e.g.
the topography of the sea floor, the speed and direction of the wind, and the presence of
an underlying current) and yet they are to some extent mathematically predictable.
The first successful water wave theories, discovered at the beginning of the nineteenth
century by Cauchy and Laplace , were linear and dispersive and solvable by the ordinary,
linear Fourier transform . Thereafter linear theories have dominated in explaining hydrodynamic and other fluid phenomena in different physical circumstances. However the
difficulties faced by the linear models in explaining phenomena related to large amplitude
waves, wave- particle, wave-wave interactions etc also concerned the scientific community and the importance of nonlinear theories has emerged. But it is evident that, as
the nonlinearity of the partial differential equations becomes higher and complex, its exact solution becomes difficult giving only approximate analytical or numerical solutions.
There lies the importance of nonlinear integrable systems as they have the generalized
mathematical method to solve themselves. The origin of the nonlinear integrable equa-
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tion came into picture long ago when John Scott Russell, a Scottish engineer and naval
architect, observed a solitary wave in the Union Canal connecting two cities, Edinburgh
and Glasgow . He identified a large solitary heap of water traveling in the shallow water
canal with undiminished speed or shape [1].
In 1895, the Dutch professor Diederik Korteweg and his doctoral student Gustav de
Vries derived a partial differential equation (PDE) which models the solitary wave that
Russell had observed [2]. But, the solitary wave was considered a relatively unimportant
curiosity in the field of nonlinear waves. That all changed in 1965, when Zabusky and
Kruskal realized that the KdV equation arises as the continuum limit of a one dimensional anharmonic lattice used by Fermi, Pasta, and Ulam (1955) to investigate thermalization or how energy is distributed among the many possible oscillations in the lattice
[3]. Zabusky and Kruskal (1965) simulated the collision of solitary waves in a nonlinear
crystal lattice and observed that they retain their shapes and speed after collision. In
analogy with colliding particles, they coined the word solitons to describe these elastically colliding waves. A new method called, inverse scattering method, was discovered by
Gardner, Greene, Kruskal and Miura (1967) [4] as a means for solving the initial value
problem for the KdV equation on the infinite line, for initial values that decay sufficiently
rapidly at infinity. Subsequently this method has been significantly enhanced and extended to other integrable systems, which have been discovered in both (1+1) and (2+1)
dimensions. The applicability of these models are expanded from hydrodynamics to other
subjects like plasma physics, condensed matter physics, atomic and molecular physics,
astrophysics etc. Though the study of nonlinear waves in oceanic systems has been done
extensively both in shallow as well as deep water regime, there are certain problems which
need to be addressed. We shall discuss these problems of oceanic wave phenomena in the
following sections.

19

1.2

Shallow water wave propagation

A surface wave is said to be in shallow water if its wavelength is much larger than the
local water depth. The KdV equation, which is a nonlinear dispersive wave equation, was
originally derived to describe shallow water waves of long wavelength and small amplitude
[2]. The nonlinear steepening of the water wave can be balanced by dispersion. If so, the
result of these counteracting effects is a stable solitary wave with particle-like properties.
A solitary wave has a finite amplitude and propagates at constant speed and without
change in shape over a fairly long distance. But when the bottom topography varies, the
amplitude ,speed, width of the solitary wave also changes. Specially when the wave moves
towards the near shore coastal region, the water depth decreases slowly reaching zero
magnitude and the amplitude of the solitary wave rises to give surging effects. In certain
conditions such surging waves show destructing nature at the shore like tsunami waves,
bore waves [5] But one of the important facts is that KdV dynamics is relevant in modelling
tsunami only when the propagation distance is large enough, otherwise higher order effects
would not be relevant. There are several equations which are also relevant in shallow water
limit, analogous to KdV equation like modified KdV equation, Kadomtsev Petviashvili
equation which is the two dimensional extension of KdV equation with weak transverse
propagation, Boussinesq equation in both (1+ 1) and (2+1) dimension , Camassa Holm
equation, Gardener equation, (2+1) Gardener equation, which is a relatively new shallow
water wave equation characterized by enhanced nonlinearity and improved directional
spreading , KP-Gardener equation etc. Each equations can be derived as an approximate
model of the evolution of long waves of moderate amplitude propagating in shallow water
of uniform depth and each of of them possesses a rich mathematical structure called
complete integrability.
But in case of propagation in variable environment, certain changes to be made in the
structure of the solution as well as in the evolution equation in the shallow water limit.
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For example in case of propagation in shear flow or in slowly variable bathymetry, KdV
equation with some modification terms can be derived.
If the variation of bathymetry occurs very slowly compared to the evolution scale of the
solitary wave a modified KdV equation with variable coefficient was derived by Johnson[4].
Its approximate solitary wave solution shows that its amplitude varies inversely with the
water depth. Hence as the wave propagates towards the shallower region, its depth decreases causing its amplitude to increase giving hazardous effects. Such surging wave
events have attracted intense attention over centuries and have been studied extensively
from both theoretical and practical points of view. The main emphasis of the investigations was to work towards the development of early warning systems for minimizing the
the loss of human lives. The present development of the tsunami warning system has
definitely been reached to a satisfactory level [6]-[11].
Therefore along with the traditional warning systems, it is desirable to find ways and
means geared towards possible invasive procedures for taming of such hazardous wave
phenomena. There are few suggestions for effective interventions, like plantation of Mangrove treas along the coastal lines [12], installation of breakwaters at strategic positions
[13]-[16], stoppage of erosion by concrete bolders . However, these are mostly indirect
ways to counter the surging waves, while we lack the proposals for directly attacking the
problem, perhaps with the exception of the proposed bubble method, aiming to stop the
incoming waves by a stream of fast and strong counter-waves, mixed with air bubbles
[17]. Though the last method was proposed more than fifty years back, its feasibility and
effectiveness has not been established yet. The attenuation of incident water waves by
a curved vane like structure positioned beneath or at the surface of a body of water is
described in a Patent [18] where the detailed design of the structure is given. An attempt
was made to reduce the devastating effects of a tsunami waves by single and double submerged barrier was done in Tel Aviv University[19]. They performed their experiments
in a basin 5 m in length and 10.5 cm in depth. The wavelength of the generated wave
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was about 3 m, which allows referring to it as a tsunami.
Thus the effective control of near shore hazardous surging wave phenomena is still
an open problem in terms of theoretical and practical points of view. In recent time,
its importance as well as necessity cannot be denied. For example, in protecting nuclear
reactors and related installations which are located usually at the vicinity of the sea shore
due to logistic reasons, against the tsunami threat.
In this thesis work, we have tried to work on this problem which will be discussed
later.

1.3

Deep water wave propagation

In deep water, the nonlinear waves behave quite differently. For example, tsunami wave
in deep water is quite small wave of amplitude ≈ 1 meter but as it propagates towards the
shore it evolves completely to give hazardous surging effects. In deep water, where the
ratio of water depth to the wavelength can no longer be taken small, Nonlinear Schrodinger
equation (NLSE) describes the propagation of modulated wave packet in (1+1) dimension.
Although, NLSE can be extrapolated to be valid at an arbitrary depth. It is a completely
integrable system having rich mathematical structure. A two dimensional generalization
of NLSE is Davey Stewartson (DS) equation [20] which in the infinite depth limit becomes
NLSE in (2+1) dimensions and non-integrable. In shallow-water limit, DS equation is a
coupled nonlocal equation having a localized solution called Dromion.
One of the most popular deep wave phenomena in the recent times is rogue wave.
These mysterious ocean waves are reported to be observed in a calm sea, where they, as a
localized and isolated surface waves, apparently appear from nowhere, make a sudden hole
in the sea just before attaining surprisingly high amplitude and disappear again without
a trace [21]. The concept of rogue waves is not confined only in the oceanography alone
but also extended in the other branches of physics like condensed matter physics, plasma
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physics, astrophysics etc. Though it is mainly a deep wave phenomena but it can occur
also in the shallow water [22].
As linear models of rogue waves the following mechanisms are mainly considered: dispersion enhancement of transient wave groups, geometrical focusing in basins of variable
depth, and wave-current interaction[21]. Taking into account nonlinearity of the water
waves, these mechanisms remain valid but should be modified.
The most popular nonlinear model for rogue waves is the Peregrine breather (PB)
[23], which is an exact rational solution of Nonlinear Schrodinger equation. The solution
is localized in both time and space, hence have the relevance with the oceanic rogue wave
phenomena. But the most problematic point is that NLSE together with its different
generalizations are equations in (1+1) dimensions and therefore all or their solutions,
including the PB and its higher order generalizations can describe the time evolution of a
wave only along a one-dimensional line. It can also be seen that the maximum amplitude
of the PB solution describing a one-dimensional rogue wave is fixed and just three times
that of the background waves. The steepness of the wave as well as the fastness of its
appearance is also fixed, as this solution admits no free parameter. This situation can be
improved to obtain higher amplitude and steepness of the PB model by using higher order
rational solutions [24]. But the maximum amplitude and steepness reachable by this class
of solutions are fixed owing to the absence of relevant free tunable parameter, making
it difficult to adjust to the continuously varied range of shape and sizes of the observed
oceanic rogue waves. However, recently higher order rational solutions to the NLSE
allowing free parameters have been discovered[25] though they seem to represent multipeak waves in the x-t plane for the nontrivial choice of parameters [25]. The single peak
solution, which is suitable for describing rogue waves having a single appearance in time, is
obtained unfortunately for a trivial choice of free parameters. The trigonometric breathers
also contain free parameters, though such periodic solutions, as mentioned already are
different in nature from the single crest RW event. The crucial fact however is that the one
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dimensional spatial nature remains the same for the whole class of PB solutions, including
its higher order rational and trigonometric generalizations. Therefore, modelling of RW,
which is a two dimensional surface wave, by these class of one dimensional PB solutions
remains problematic.
Existence of rogue waves have been analyzed in the Davey-Stewarson equation, which
is an (2+1) dimensional nonlocal generalization of NLSE. However the single peak solution is the line rogue wave, hence it can be reduced to the PB solution by a simple
rotation in the two dimensional plane. The Boiti-Leon-Pempinelli equation is another
(2+1) dimensional integrable equation, defined through two real coupled equations. Recently a RW type solution has been found in this equation allowing free parameters [26].
However the BPL equation describes wave propagation along a channel, its applicability
in modelling the ocean RW is questionable.
In such a not so clear situation, an analytical (2+1) dimensional rogue wave model is
desperately needed where all of its dynamics i.e, higher amplitude, fastness of appearance,
duration of stay, steepness etc can be successfully modelled. This is an open problem in
recent times which has been dealt in this thesis work.

1.4

Motivation and Methods used

Motivated by the nature of the problems, which are discussed in the previous sections,
we have oriented the thesis work in two different directions.
In the first part of the thesis , we have dealt with shallow water wave phenomena. The
main aim was to control the near shore surging waves by an active method, which could
reduce the hazardous effects. A leakage based method is proposed here, which would
suck water at the bottom causing the properties of solitary waves to change. It has been
shown analytically that if the vertical fluid velocity at the bottom is independent of the
free surface wave profile then the phase of the solitary wave gets changed controlled by
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the bottom boundary condition, whereas the amplitude remaining constant. But if the
leakage function depends on the surface wave profile then a variable KdV equation can
be derived for slowly changing bathymetry function. An exact solitary wave solution is
obtained for a finer balance between the variable depth function and leakage function
.The amplitude of the solution decreases as it propagates towards the shore in spite of
the surging nature due to decreasing bathymetry.
In the second part of the thesis the deep water rogue wave phenomena has been modelled. In this context, a new completely integrable, (2+1) dimensional, nonlinear, local,
modulated equation has been proposed which is derivable from the basic hydrodynamic
equations. The most important part is that this equation possesses an exact two dimensional rational solution which is analogous with the Peregrine breather in terms of
mathematical form. Also it contains two free parameters which can be chosen arbitrarily
to model the full grown rogue wave. As as extension to the problem, we have also derived
this new, (2+1)D, evolution equation in the propagation of nonlinear ion acoustic wave
of lossless, magnetized plasma containing cold ions and hot isothermal electrons. We
have applied the wave models used here to the other physical systems like inhomogeneous
plasma, quantum plasma to retrieve interesting features.
In the whole thesis work some analytical methods have been used and the other numerical calculations have been done using the software Mathematica.
In deriving nonlinear evolution equations in various situations we have used multi
-scale reductive perturbation technique [4].
In order to solve such equations and find exact solitary wave solutions we have used
Hirota Bilinearization method [27].
For finding approximate solitary wave solution, we have used Bogoliubov Mitropolsky
approximation method which is a multi-scale method to solve perturbed equations.
All of the variables in each chapter has its own meaning and do not coincide with the
variables of the other chapters.
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1.5

Summary

We can summarize our thesis in the following way.
In chapter 2, we have studied the propagation of shallow water, unidirectional nonlinear wave in constant depth with nontrivial bottom boundary conditions. We have shown
analytically that for the choice of leakage velocity functions which are independent of
the free surface wave profile, the solitary wave solution gets modified in phase where as
the amplitude remains constant. Analytic solutions have been found out for different
functional forms of the leakage velocities where we get bending of solitons in x-t plane.
In order to explore the effect of bottom boundary condition on the solitary wave
amplitude which was absent in the chapter 2, the leakage functions are assumed to depend
on the free surface wave profile in chapter 3. First the constant depth problem was
investigated to identify the profile of leakage function which would induce maximum
damping effects on the solitary wave amplitude. Taking this profile, the variable depth
problem was studied where a variable KdV equation was derived where the bathymetry
function varies slowly. For a finer balance between their Depth function and the leakage
velocity function, an exact solitary wave solutions have been found out which decays as it
propagates towards the shore in spite of the surging effects due to decreasing bathymetry.
An application to this theoretical findings have been done to a real near shore bathymetry
in Chennai, South India and the decay of amplitude due to leakage have been shown.
In chapter 4, the deep water rogue wave has been modelled using a new completely
integrable,nonlinear, (2+1) dimensional equation, proposed by us and derivable from the
basic hydrodynamic equations. An exact rational solution have been found out having two
free parameters to model the full grown rogue wave. By the tunable free parameters the
maximum amplitude of the rogue wave, steepness, position of holes can be determined. In
order to explain its dynamical behavior an ocean current term has been introduced which
will control the duration of staying of the rogue wave. Modulation instability associated
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with the new evolution equation has been found out showing asymmetric nature and
directional preference.
In chapter 5, the new (2+1) dimensional integrable equation, which was introduced
in the previous chapter, has been derived in the propagation of nonlinear ion acoustic
waves in magnetized lossless plasma containing cold ions and hot isothermal electrons. A
relation of the equation with the integrable KP equation have been established. Higher
soliton solutions have been found out using Hirota method.
These above chapters contain the main part of the thesis. As an application of the
integrable models used here we have explored other fluid systems like inhomogeneous
plasma and quantum plasma.
In chapter 6 ,the propagation of ion acoustic soliton in weak and slowly varying inhomogeneous plasma has been studied. It has been shown that the dynamics of the nonlinear
ion acoustic wave is controlled by KP equation. The two dimensional soliton of the evolution equation gets bend in the two dimensional plane controlled by the unperturbed ion
number density, whereas the amplitude remains constant.
In chapter 7, a new field called quantum plasma has been explored using KdV model.
A quantum corrections has been done in the semi-classical limit to the nonlinear ion
acoustic wave with electron Landau damping. A new higher order KdV equation has
been derived containing nonlinear quantum correction terms and the quantum correction
to the Landau damping. Using Bogoliubov Mitropolsky approximation method the decay
of amplitude due to the Landau damping term has been calculated.
Conclusions and outlook are given in chapter 8.
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Chapter 2
Phase modulation of solitary waves
controlled by bottom boundary
conditions
2.1

Introduction

Near shore coastal regions often witness surging of the approaching waves including extreme events like tsunamis [5]. Such a natural phenomenon has also been observed, though
in a miniature scale in few rivers around the world as bore waves [28, 29, 30]. Famous
examples are the river Seine [28, 5] in France and the river Hoogli in India [28]. Such
surging waves are suspected to be caused by nonlinear gravity waves, propagating over
a decreasing depth bathymetry towards the shore or along upstream river. Such events
which can often trigger extremely hazardous effects have attracted intense attention over
centuries and have been studied extensively from both theoretical and practical points of
view. The main emphasis of the investigations was to work towards the development of
early warning systems for minimizing the loss of human lives. The present development
of the tsunami warning system has definitely reached to a satisfactory level[6]-[11].
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However, there are few situations where the installation of a passive warning system
is not enough, and the demand is for more active intervention. This is particularly true
for example, in protecting nuclear reactors and related installations which are located
usually at the vicinity of the sea shore due to logistic reasons, against the tsunami threat.
As we know the tsunami of 2004 which played the devastating effects spreading over
many countries was a potential threat to the nuclear reactor at Kalpakkam of India. The
tsunami of 2010 inflected real calamities in Fukushima nuclear reactors in Japan [31, 32].
Our main aim in this chapter is to put forward an innovative proposal based on
theoretical study on the effect of sudden feedback boundary control at the bottom on
the nonlinear surface waves, governed by nonlinear equations describing unidirectional
gravitational waves, derived from basic hydrodynamic equations at the shallow water
regime. For the sake of simplicity, we shall consider here the propagation of nonlinear
waves over shallow water of constant depth.
The dynamics of the shallow water nonlinear, unidirectional, dispersive, gravity induced surface waves is described by the celebrated KdV equation[2] that admits solitary
wave solutions. The derivation of such an equation assumes that the fluid is incompressible and inviscid, bounded below by a rigid, impermeable bottom and above by a
free surface. The generalization of the KdV equation to higher order nonlinearities[33]
and multi-dimensions[34] lead to a multitude of nonlinear equations that found potential
applications[35] in various physical situations.
In this work, we encounter a series of forced KdV equations as the evolution equations
of shallow water, nonlinear dispersive waves over non-trivial bottom boundary conditions.
The different functional nature of this fixed bottom condition self-consistently generates
different types of forced KdV equations. These types of nontrivial bottom boundary
conditions can be considered to be generated artificially by a controlled feedback water
leakage at the bottom.
In most of the realistic situations, water waves propagate over a porous bed so that
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one needs to consider the transformation of the waves brought about by the permeability
of the bottom bed.
Mei[41] has developed several theoretical concepts needed to pursue the problems of
wave induced stresses in a porous media using the boundary layer approximation that facilitates even the nonlinear modelling of seabeds. The dynamics of the linear water waves
in a channel of permeable bottom has been one of the interesting research problems in
water wave theory undertaken from the early times[42]-[43]. Rigorous development of
mathematical models[44]-[45] for nonlinear, diffusive, weakly dispersive water waves interacting with a permeable bottom has begun only in the last decade, with the description
based on the Boussinesq approximation. In shallow water, Boussinesq equation gives wave
solutions propagating in both positive and negative directions. However, for unidirectional
wave propagation in shallow water, the KdV equation appears as a reasonable dynamical
equation when the vertical fluid velocity at the bottom is assumed to be zero.
In this work, we consider the non zero vertical fluid velocity at the bottom that leads
to a series of forced KdV equations self-consistently where the functional forms of the
leakage velocity appears as forcing function. But the leakage velocity at the bottom is
not due to porosity, which occurs naturally. It is a controlled feedback leakage at the
bottom which affects the solitary wave solution at the surface. The basic features of
analysis of this work run parallel to the derivation of KdV equation[46] in a hard bottom
channel. The novelty of the present work is that exact solitary wave solutions of the
forced KdV equations have been obtained analytically for different leakage conditions.
For example, constant, time dependent, space dependent or both space-time dependent
forms of leakage velocity have been considered that control the phase modulation of the
obtained solitary wave solutions leading to different types of dynamical behavior of such
waves.
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2.2

Derivation of the free surface evolution equation
in presence of water leakage at the bottom

A one dimensional, unidirectional, surface wave motion propagating through a shallow
water channel with bottom leakage is considered. The channel is of uniform cross section
and of constant depth h. The fluid is assumed to be incompressible with the wavelength,
amplitude and velocity of the wave represented by l, a and v respectively (as shown
in Figure 2.1). The surface tension and viscosity have been neglected throughout this
calculation. At an arbitrary (x, t) the free surface displacement is denoted by η(x, t) .
Two natural small parameters ǫ = a/h and δ = h/l are introduced, both of which are
very very less than 1 , and further ǫ ≈ δ 2 .

Figure 2.1: Shallow water solitary wave in a water channel with controlled leakage at the
bottom
The fluid motion can be described by the velocity vector V~ = Vh~i + Vv~j where the
subscripts h, v denote horizontal and vertical components of the fluid velocity respectively.
From the condition of irrotational flow of the fluid we can introduce a velocity potential
~
φ(x, y, t) such that V~ = ∇φ.
Since the fluid is incompressible, the mass conservation equation leads to
∇2 φ = 0
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(2.1)

Again from the momentum conservation equation, i.e, Euler equation, we get,
∂φ 1 ~ 2 p
+ (∇φ) + + gy = 0,
∂t
2
ρ

(2.2)

where ρ, p, g are density, pressure of the fluid and acceleration due to gravity respectively.
Eq. (2.2) is well known as the Lagrange equation. When φ is independent of time, then
the above equation is called Bernoulli’s condition. Equations (2.1), (2.2) are the two
main equations of the problem which must be supplemented by appropriate boundary
conditions.
The fluid is bounded by two surfaces, one is the fixed bottom and other is the free
boundary. Since at the upper free surface, p = 0, hence taking derivative of eq. (2.2)
along the direction of propagation, we obtain
∂Vh
∂Vh
∂Vv
∂η
+ Vh
+ Vv
+g
=0
∂t
∂x
∂x
∂x

(2.3)

y(x, t) = h + η(x, t)

(2.4)

Again, at the free surface

Taking time derivative of eq.(2.4), we get

Vv =

∂η ∂η
+
Vh
∂t
∂x

(2.5)

. These two equations (2.3) and (2.5) are defined at the free surface of the wave. Since
the upper free surface is movable, hence these equations are called variable boundary
conditions.
Since some amount of water is considered to be leaking through the fixed bottom of
the channel, hence the downward vertical fluid velocity at the bottom is nonzero. This
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constitutes the fixed boundary condition defined by the equation

Vv (x, 0, t) =

∂φ(x, 0, t)
= C(x, t)
∂y

(2.6)

where C(x, t) is the vertical fluid velocity at the bottom of the channel. This equation
is called the penetration condition. Here we consider the leakage velocity C(x, t) at the
bottom to be independent of the surface wave profile η(x, t).
Thus ultimately we get two equations (2.1), (2.2) that are valid in the bulk of the fluid.
Taking the derivative of eq. (2.2) and eq. (2.4) at the free boundary, we get two nonlinear
boundary conditions (2.3), (2.5) respectively and the penetration condition given by (2.6).
The velocity potential φ is expanded in Taylor series as follows

φ(x, y, t) =

∞
X

y n φn (x, t)

(2.7)

n=0

Where φn (x, t) =

∂nφ
∂y n

at y= 0. Substituting this in the Laplace’s equation (2.1) the

following recurrence relation is obtained
∂ 2 φn
= −(n + 2)(n + 1)φn+2
∂x2

(2.8)

Using penetration condition (2.6) we can arrive at φ1 (x, t) = C(x, t) and using this in the
recurrence relation (2.8) the expression for φ(x, y, t) is obtained as -

φ(x, y, t) =

∞
∞
X
X
(−1)m
(−1)m
F2m y 2m +
C2m y 2m+1
(2m)!
(2m
+
1)!
m=0
m=0

(2.9)

where F = φ0 (x, t) and the subscript -(2m) in C and F denotes 2m-th order derivative
w.r.to x. The horizontal and vertical components of the fluid velocity at the free surface
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are determined as,
1
1
Cxxx y 3 + f − y 2fxx + h.o.t
3!
2!

(2.10)

1
1
Cxx y 2 − yfx + y 3 fxxx + h.o.t
2!
3!

(2.11)

Vh = yCx −
Vv = C −

where x in the subscript denotes partial derivative with respect to x, f =

∂F
∂x

and h.o.t

denotes higher order terms in y. The different dimensional variables that have made their
appearance in the problem will be made dimensionless by incorporating the following
scaling of variables so that small parameters ǫ, δ creep into the equations and smaller
terms can be neglected in comparison to them.

2.1 Scaling of variables
All the dependent and independent variables occurring in the above equations are
scaled in the following way by taking account of the smallness parameters ǫ, δ
p
p
l
x ⇒ lx′ , η ⇒ aη ′ , t ⇒ √ t′ , Vh ⇒ ǫ ghVh′ , Vv ⇒ ǫδ ghVv′ ,
gh
p
p
f ⇒ ǫ ghf ′ , y ⇒ h(1 + ǫη ′ ), C ⇒ ǫδ ghC ′ ,

where the variables in prime are dimensionless and henceforth all terms ⋍ ǫδ 2 will be
neglected by considering them to be small compared to terms of the order of ǫ or δ 2 . Using
this scaling in equations (2.10), (2.11) dimensionless velocity components are obtained as1
Vh′ = δ 2 Cx′ ′ + f ′ − δ 2 fx′ ′ x′
2

(2.12)

1
1
Vv′ = C ′ − δ 2 Cx′ ′ x′ − (1 + ǫη ′ )fx′ ′ + δ 2 fx′ ′ x′ x′
2
6

(2.13)
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Hence from the two nonlinear boundary conditions (2.5), (2.3) we get
1
1
ηt′′ + fx′ ′ + ǫf ′ ηx′ + ǫη ′ fx′ ′ − δ 2 fx′ ′ x′ x′ = C ′ − δ 2 Cx′ ′ x′
6
2

(2.14)

1
ηx′ ′ + ft′′ + ǫf ′ fx′ ′ − δ 2 fx′ ′ x′ t′ = −δ 2 Cx′ ′ t′
2

(2.15)

For notational convenience the prime symbol will be omitted in all the variables in the
subsequent analysis, remembering however that all variables correspond to rescaled quantities. These are the equations related to the displacement of the free surface wave η,
function related to velocity potential f and the leakage velocity C.
In order to formulate the problem in a more general way C(x, t) is considered to have
different forms. In the next section, C is considered to be a constant i.e., leakage velocity
of water at the bottom is constant throughout its motion.

2.2.1

C is pure constant

Considering C to be constant, equations (2.14), (2.15) can be written as
1
ηt + fx + ǫf ηx + ǫηfx − δ 2 fxxx = C
6

(2.16)

1
ηx + ft + ǫf fx − δ 2 fxxt = 0
2

(2.17)

Expanding f in a series of small parameters as
f = f (0) + ǫf (1) + δ 2 f (2) + h.o.t

(2.18)

and neglecting higher order terms in ǫ or δ 2 , equations (2.16), (2.17) converge to 1 (0)
)=C
ηt + fx(0) + ǫ(fx(1) + ηfx(0) + ηx f (0) ) + δ 2 (fx(2) − fxxx
6
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(2.19)

(0)

ηx + ft

(1)

+ ǫ(ft

(2)

+ f (0) fx(0) ) + δ 2 (ft

1 (0)
− fxxt ) = 0
2

(2.20)

In order that equations (2.19), (2.20) are self-consistent as evolution equations for a onedimensional wave propagating along the positive x-axis, the following choice is made:
f (0) = η − Ct + O(ǫδ 2 )

(2.21)

where O(ǫδ 2 ) denote terms ∼ ǫδ 2 . Thus from equations (2.19), (2.20), we get,
1
η̃t + η˜x + ǫ(fx(1) + 2η̃η˜x + η˜x Ct) + δ 2 (fx(2) − η̃xxx ) = 0
6
(1)

η̃t + η˜x + ǫ(ft

(2)

+ η̃ η˜x ) + δ 2 (ft

(2.22)

1
− η̃xxt ) = 0
2

(2.23)

where η̃ = η − Ct.
(1)

Let f (1) , f (2) be functions of η̃ and its spatial derivatives. This leads to ft

(1)

= −η˜x fη̃ +

(1)

fη̃ O(ǫ, δ 2). where O(ǫ, δ 2 ) is the term proportional to ǫ or δ 2 . Since terms of the order
of ǫδ 2 are being neglected in the present work, the following relations are obtained

(1)

(1)

≈ −η˜x fη̃ = −fx(1)

(2)

≈ −η˜x fη̃ = −fx(2)

ft

ft

(2)

η̃xxt ≈ −η̃xxx
Using these results in equations (2.22) and (2.23), the condition for compatibility of
these two equations leads to
1
fx(1) = − η˜x (η̃ + Ct)
2

(2.24)

1
fx(2) = η̃xxx
3

(2.25)
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These results when substituted into any of the equations (2.22), (2.23), the following
single evolution equation is obtained as
1
1
3
η̃t + η˜x + ǫ( η̃η˜x + η˜x Ct) + δ 2 ( η̃xxx ) = 0
2
2
6

(2.26)

Equation (2.26) can be converted to a forced KdV equation with a constant forcing
term by redefining the dependent variable as η̄ = 3η + Ct.
Equation (2.26) is similar to KdV equation except for the 4-th term which comes from
the leakage. A suitable transformation into a moving frame can remove this term so that
the standard form of KdV equation is recovered. We use,
X = x − t − bt2 , T = t
where b is a constant denoting the acceleration of the frame. In the new frame (X, T ),
equation (2.26) will look like
3
1
1
η̃T + ǫ( η̃η̃X + η̃X CT ) + δ 2 ( η̃XXX ) − 2bT η̃X = 0
2
2
6
Choosing b =

ǫC
4

(2.27)

and defining new variables u = (3ǫ/2δ 2 )η̃, T ′ = (δ 2 /6)T the following

standard form of KdV equation is obtained which is in the accelerated frame.

uT ′ + 6uuX + uXXX = 0

(2.28)

Nature of the solution
The well known one-Soliton solution of equation (2.28) is given by
√
β
β
2
(X − βT ′ )]
u(X, T ) = Sech [
2
2
′
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(2.29)

where β is a constant. Back boosting the solution to the rest frame we get
√
β
βδ 2
ǫ|C|
β
2
(x − t{(1 +
)−
t})]
u(x, t) = Sech [
2
2
6
4

(2.30)

where | C | is the absolute value of C. The argument of u(x, t) contains linear and
quadratic terms in t and the term inside the second bracket behaves like the velocity of
the wave.
When t starts increasing from a very small value, the term inside the second parentheses decreases i.e. the wave retards.
At a critical time given by

2

4(1 + βδ6 )
,
t = tc =
ǫ|C|
the second bracketed term vanishes and the wave stops. After tc , the wave propagates
in the negative x-axis with increasing speed. Since the wave moving in positive x axis
is only of concern to us, this oppositely moving wave can be neglected in a practical
situation. Since ǫ is a small parameter, hence tc is large for small values of fluid leakage.
For large leakage velocity, tc become small causing reflection of wave at earlier time. A x-t
plot of the solution (2.30) is shown in Figure 1.2 indicating that the wave gets reflected
at time at tc and then moves in opposite direction.
Expressing the surface wave in old profile η as η̃ = η − Ct we see that a background
part −|C|t develops behind the wave. This will cause the while wave profile, η, to decrease
with time. But since we are concerned on the effect of controlled leakage on the solitary
wave, this background part doesn’t produce interesting result. The solitary wave would
be affected only in phase, not in amplitude.

2.2.2

C is function of t only

In the previous section solitary wave solution has been obtained by considering a constant
leakage velocity. The problem is now generalized by assuming C to be function of t only.
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Figure 2.2: x−t plot of the solution (2.30) with β = 1, | C |= 40000, δ = 0.01, ǫ = 0.0001.
x and t are plotted in the 2 horizontal axes and u(x, t) is plotted in the vertical axis.
From equations (2.14), (2.15)
1
ηt + fx + ǫf ηx + ǫηfx − δ 2 fxxx = C(t)
6

(2.31)

1
ηx + ft + ǫf fx − δ 2 fxxt = 0
2

(2.32)

Carrying out series expansion for f as in equation (2.18) and neglecting higher order terms
in ǫ or δ 2 the following equations are obtained from equations (2.31) and (2.32)
1 (0)
ηt + fx(0) + ǫ(fx(1) + ηfx(0) + ηx f (0) ) + δ 2 (fx(2) − fxxx
) = C(t)
6
(0)

ηx + ft

(1)

+ ǫ(ft

(2)

+ f (0) fx(0) ) + δ 2 (ft

1 (0)
− fxxt ) = 0
2

(2.33)

(2.34)

In order to make equations (2.33) and (2.34) self-consistent, the following choice is made

f

(0)

=η−

Z

C(t)dt + O(ǫδ 2 )

(2.35)

Thus from equation (2.33), (2.34) the following equations are obtained 1
η̃t + η˜x + ǫ(fx(1) + 2η̃η˜x + η˜x B(t)) + δ 2 (fx(2) − η̃xxx ) = 0
6
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(2.36)

(1)

η̃t + η˜x + ǫ(ft
where η̃ = η − B(t) where B(t) =

R

(2)

+ η̃ η˜x ) + δ 2 (ft

1
− η̃xxt ) = 0
2

(2.37)

C(t)dt.
(1)

Considering f (1) , f (2) to be functions of η̃ and its spatial derivatives, ft

(1)

= −η˜x fη̃ +

(1)

fη̃ O(ǫ, δ 2). Since terms of the order of ǫδ 2 are neglected, the following relations are
obtained
(1)

≈ −η˜x fη̃ = −fx(1)

(2)

≈ −η˜x fη̃ = −fx(2)

ft

ft

(1)

(2)

η̃xxt ≈ −η̃xxx
Using these results in any of the equations (2.36) and (2.37) together with the compatibility condition leads to the following single equation
1
1
3
η̃t + η˜x + ǫ( η̃η˜x + η˜x B(t)) + δ 2 ( η̃xxx ) = 0
2
2
6

(2.38)

Equation (2.38) can be cast in the form of a forced KdV equation by redefining a new
variable as given in the previous subsection with a time dependent forcing term. An
analytical treatment of the influence of the time dependent random external noise on
the propagation of nonlinear waves has been carried out by Orlowski[38] by considering
a forced KdV equation. Considering the Gaussian character of the noise, the nature
of deformation of the stationary solution of KdV-Burgers equation was studied[39]-[40].
during its propagation in randomly excited media.
In order to arrive at a standard form of the KdV equation from equation(2.38) a
transformation to a moving frame given by

X = x − t − a(t), T = t

40

(2.39)

is carried out, where a(t) is a function dependent on t. This leads to

η̃T +

δ2
ǫB(t) ∂a
3ǫ
η̃η̃X + η̃XXX + (
−
)η̃X = 0
2
6
2
∂t

(2.40)

With the choice ∂a/∂t = ǫB(t)/2, and defining u = (3ǫ/2δ 2 )η̃, T ′ = (δ 2 /6)T , we get the
standard form of KdV equation in the moving frame

uT ′ + 6uuX + uXXX = 0

(2.41)

Nature of the Solution
One-Soliton solution of equation (2.41) is of the standard form
√
α
α
2
(X − αT ′)]
u(X, T ) = Sech [
2
2
′

(2.42)

where α is a constant. Transforming this solution to the rest frame
√
Z
α
α
αδ 2
ǫ
2
u(x, t) = Sech [
B(t)dt)]
(x − (1 +
)t −
2
2
6
2

(2.43)

It should be noted that when C is constant then the integral term inside the argument of
u(x, t) is

ǫCabs t2
4

which is consistent with the solution of the previous case.

The functional form of B(t) controls the motion of the solution (2.43). For different
choices of the function B(t) the 3D x-t plot of the solution will have different shapes. If
the leakage velocity is dependent on the fluid velocity such that when a large upsurge of
water arrives in a region, large leakage occurs and when t −→ ±∞ the leakage goes to
zero i.e. leakage is localized in time. As an example we can choose the functional form of
C as, C(t) = b0 /(b1 + b2 t2 ), where b0 , b1 ,b2 are constants , which is localized in time. The
corresponding 3D plot of the solution is given as Figure (1.3). The solution gets curved
due to the presence of nonlinear function of t.
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Here also a background part will be developed behind the soliton which doesn’t produce interesting results as described earlier.

Figure 2.3: x−t plot of the solution (2.43) with α = 1, δ = 0.01, ǫ = 0.0001, b0 = −20000,
b1 = 1,b2 = 1. x and t are plotted in the 2 horizontal axes and u(x, t) is plotted in the
vertical axis.

2.3

C is a function of x only

The next case of interest deals with the situation where the leakage velocity is dependent
on spatial coordinate only.
From equations (2.14), (2.15) we obtain
1
1
ηt + fx + ǫf ηx + ǫηfx − δ 2 fxxx = C − δ 2 Cxx
6
2

(2.44)

1
ηx + ft + ǫf fx − δ 2 fxxt = 0
2

(2.45)

The function f is expanded in a perturbation series as in earlier sections and the
following choice is made for f (0) ,
f (0) (x, t) = η(x, t) + B(x) + O(ǫδ 2 )

where B(x) =

R

C(x)dx.
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(2.46)

The compatibility of the 2 equations (2.44) and (2.45) leads to,
1
fx(1) = − (ηx η − BC)
2

(2.47)

1
1
fx(2) = (ηxxx ) − Cxx
3
6

(2.48)

(1)

(2)

Substituting these values of fx , fx

in any of the equations (2.44) and (2.45) leads

to a single evolution equation
3
δ2
2
ǫ
δ2
η̄t + η̄x + ǫ η̄ η̄x + η̄xxx = Bx + BBx − Bxxx
2
6
3
6
18

(2.49)

where η̄ = η + 23 B and the equation(2.49) has the form of a forced KdV equation.
Nature of the Solution
For the case when the vertical fluid velocity at the bottom is a function of spatial coordinate only, the nonlinear equation for water wave propagation given by equation (2.49)
is obtained as an inhomogeneous KdV equation. The right hand side of eq. (2.49) has
a space KdV like form with the time coordinate replaced by the spatial coordinate (here
x). The mathematical elegance of this equation enables one to obtain its solitary wave
solutions in a simple manner considering the following two different cases:
Case (a)
A very simple situation occurs if the right hand side of the equation (2.49) is taken
to be zero. Using the scaling (X = x/δ, B ′ = ǫB), the inhomogeneous part of equation
(2.49) reduces to the following:
′
′
′
12BX
+ 3B ′ BX
− BXXX
=0
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(2.50)

A one-soliton like solution of this space KdV equation is obtained as
√
B ′ (X) = (−12)sech2 [ 3(X − X0 ]

(2.51)

and the corresponding leakage velocity is given by
C ′ (X) =

√
√
√
∂B ′
= (24 3)sech2 [ 3(X − X0 )]tanh[ 3(X − X0 )]
∂X

(2.52)

This leads to the conclusion that if B ′ has the functional form that satisfies (2.50),
then the evolution equation for the waves would be the standard KdV equation. Hence
its solitary wave solution will also be given by the standard KdV solitary wave solution
moving with constant velocity. Thus for those functional forms of B ′ and the corresponding leakage velocity, the solitary wave solution will be practically unaffected by the
leakage. The background wave generated behind the soliton will be unimportant since
the controlled leakage doesn’t affect the solitary wave. Since the solution of this case is
the solution of standard KdV, it is not being shown explicitly. The leakage velocity given
in equation (2.52) is plotted as Figure 1.4.
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Figure 2.4: Leakage velocity profile for X0 = 0 when B ′ satisfies (2.50)
Case (b):
An interesting analytic solution of the equation (2.49) arises if the leakage velocity
function has a preassigned form. Considering the leakage velocity to be localized in
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space, (that is often consistent with certain physical condition), the following relevant
form of B(x) is chosen

B(x) = m tanh(nx),

(2.53)

where m and n are two external small parameters dependent on the leakage profile.
Since m, n are small parameters, in the following calculation terms upto ∼ mn will
be retained and terms beyond this order are neglected. Hence second and third terms in
r.h.s of the equation (2.49) will produce higher order terms in m, n and hence these are
neglected.
Transforming to a new variable u = η̄ − 2Bx t/3, the following equation is obtained
from equation (2.49)
δ2
3
ut + ux + ǫ uux + uxxx + ǫBx ux t = 0
2
6

(2.54)

Further, a transformation to a moving frame given by

X = x−

ǫBx 2
t − t, T = t
2

is carried out to obtain
3
δ2
uT + (ǫ )uuX + ( )uXXX = 0
2
6

(2.55)

The above equation is finally cast in the standard form of a KdV equation by defining
2

the following variables U = (3ǫ/2δ 2 )u, T ′ = ( δ6 )T
UT ′ + 6UUX + UXXX = 0
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(2.56)

The corresponding solitary wave solution in the rest frame is given by
√
γ
ǫBx 2
γδ 2
γ
2
Sech [
(x −
t − t(1 +
)]
U(x, t) =
2
2
2
6
√
γ
γ
ǫmnSech2 (nx) 2
γδ 2
2
=
Sech [
(x −
t − t(1 +
)],
2
2
2
6

(2.57)

where γ is a constant. The critical time tc at which the velocity of the wave becomes zero
is also a function of x. The 3D plot of the solution is shown in Figure (5). Since our main
interest lies on the effect of the controlled leakage on solitary wave, the background part
which develops behind the solitary wave doesn’t produce interest. The solitary wave gets
affected only in phase by the leakage, whereas its amplitude remains unaffected.

Figure 2.5: x − t plot of the solution (2.57) with m = −0.1, n = 0.1, γ = 1

2.4

When C is function of both x and t

Finally the problem will be treated in the most general manner by treating the leakage
velocity C as a function of both x and t. The mathematical analysis is carried out in the
following way. As in all the earlier cases f is expanded as
f = f (0) + ǫf (1) + δ 2 f (2) + h.o.t,
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(2.58)

where f (i) ’s are functions of η and its spatial derivatives. In the present case, the leakage
velocity C(x, t) is also expanded in a series of small parameters in the following way
C(x, t) = ǫC1 (x, t) + δ 2 C2 (x, t) + h.o.t

(2.59)

Carrying out the same kind of mathematical analysis as in the earlier cases the following two equations are obtained from equations (2.14) and (2.15)
1 (0)
− C2 ) = 0
ηt + fx(0) + ǫ(fx(1) + ηfx(0) + ηx f (0) − C1 ) + δ 2 (fx(2) − fxxx
6
(0)

ηx + ft

(1)

+ ǫ(ft

(2)

+ f (0) fx(0) ) + δ 2 (ft

1 (0)
− fxxt ) = 0
2

(2.60)

(2.61)

In order to make equations (2.60), (2.61) self-consistent as evolution equation for a 1d
wave propagating to the right, the following transformation is carried out

f (0) (x, t) = η(x, t) + h.o.t

(2.62)

Since terms of the order of ǫδ 2 are neglected, the following relations are obtained

(1)

≈ −ηx fη(1) = −fx(1)

(2)

≈ −ηx fη(2) = −fx(2)

ft
,
ft

ηxxt ≈ −ηxxx
From the compatibility of the two equations (2.60) and (2.61) we get,
1
(C1 − ηx η)
2
1
1
(ηxxx ) + C2
=
3
2

fx(1) =
fx(2)
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(2.63)

Finally, a single evolution equation is obtained utilizing these functional forms of
(1)

(2)

fx , fx in any of the equations (2.60), (2.61) as:
δ2
1
3
ηt + ηx + (ǫ )ηηx + ( )ηxxx = (ǫC1 + δ 2 C2 )
2
6
2

(2.64)

For the sake of mathematical simplicity the condition C2 (x, t) = 0 is assumed. Since
ǫ ≈ δ 2 , it does not break the generality of the problem. Using Galilean transformation
ξ = x − t and τ = (δ 2 /6)t and defining the variable u(ξ, τ ) = ( 2δ3ǫ2 )η(ξ, τ ), the final form
of the evolution equation is obtained as,
9
uτ + 6uuξ + uξξξ = C1 (ξ, τ )
2

(2.65)

The above equation has the form of a forced kdV equation.

2.5.1 Nature of Solutions

For the sake of notational simplicity equation (3.17) is expressed in variables (x, t) as

ut + 6uux + uxxx =

9
C1 (x, t)
2

(2.66)

In order to obtain a solitary wave solution of the forced KdV equation, the bilinearization
technique[47] is used.
Assuming
9
∂D(x, t)
C1 (x, t) =
2
∂x
and using the bilinear transformation

u=2

∂2
G
[ln(F )], D =
2
∂x
F
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(2.67)

equation(2.66) transforms to the following bilinear equation
2
F Fxt − Fx Ft + F Fxxxx + 3Fxx
− 4Fx Fxxx = GF

(2.68)

In order to obtain similar solitary wave solutions in this case also the following choice
for the functions G and F have to be made,

G = h(t)Sech[x − vt − p(t)]

(2.69)

F = h1 (t)(exp[x − vt − q(t)] + exp[−x + vt + q(t)]),

(2.70)

where h(t), h1 (t), p(t) and q(t) are all arbitrary functions of time. Substituting the expressions for F and G in equation (2.68) leads to

p(t) = q(t), h1 (t) = −

h(t)
2(−4 + v +

∂p
)
∂t

(2.71)

Thus, the analytic solution of the forced KdV equation (2.66) is obtained as
u = 2(Sech[x − vt − p(t)])2

(2.72)

with the forcing term D given by

D(x, t) = −(−4 + v +

∂q
)(Sech[x − vt − p(t)])2
∂t

(2.73)

Hence the leakage velocity C1 (x, t) is obtained in the form

C1 (x, t) = −2(−4 + v +

∂p
)(Sech[x − vt − p(t)])2 tanh[x − vt − p(t)]
∂t

(2.74)

Since there is an arbitrary function p(t) in the leakage velocity, as well as in the solution,
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one can observe different types of waves excited by different forcing sources, i.e. different
functional forms of p(t). Here also the amplitude of the wave solution remains constant.

Figure 2.6: x − t plot of the solution (2.72) for q(t) = Sech(10t), v = 1

2.5

Summary

The problem of shallow water, unidirectional, weakly nonlinear, surface wave propagation
in a water channel is considered (in a way distinct from existing literature) by incorporating water leakage at the bottom in the form of a non-trivial penetration condition. The
controlled feedback leakage is also considered to be a function independent of the surface
wave profile η. When the vertical fluid velocity at the bottom is constant then it is shown
that the evolution equation is given by a forced KdV equation with a constant forcing
term. The solitary wave solutions of such equation will contain a constant retardation
term in the argument of the function, while the amplitude will remain constant. When
the leakage is a function of time, a time dependent retardation appears in the argument of
the solution while the amplitude still remains constant. When the leakage velocity is only
space dependent, two different kinds of solitary wave solutions are obtained analytically.
For those functional forms of B(x), satisfying the stated space KdV like equation, the solution will remain unaffected by the leakage and becomes identical to the standard KdV
soliton with constant velocity. When the leakage velocity is a slowly varying function
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localized in space a soliton solution with constant amplitude is obtained under certain
approximation related to the slowness of variation of the leakage velocity profile. When
the vertical fluid velocity at the bed is assumed to be function of both space and time,
the bilinearization technique has been employed to obtain the solutions to the evolution
equation. The technique yields a solitary wave solution with a constant amplitude and
an arbitrary function of time appearing in the argument of the solution as well as in the
argument of the leakage velocity profile. The nature of the solution can be modulated by
choosing different forms of this arbitrary function.
But the main problem in the results we obtained is that the amplitude of the solitary
wave solution remains constant whereas its phase gets modified by the feedback leakage
at the bottom which is independent of the surface wave profile. Hence the effect of the
leakage on the surface solitary wave amplitude is not observed. Again we have considered
here the nonlinear wave propagation at the constant water depth which is also an idealistic
assumption. In real situation, the bottom topography varies with distance causing the
amplitude of the solitary wave to change with propagation. These conditions will be
considered in the next chapter and the control of solitary wave amplitude with the bottom
leakage in a shallow water channel of variable bottom will also be discussed in detail.
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Chapter 3
Control of nonlinear surging waves
through bottom boundary conditions
3.1

Introduction:

In the previous chapter, we have studied the effect of controlled leakage at the bottom
which is independent of the surface wave profile on the surface solitary wave. Analytical
solitary wave solutions showed that the phase of the solitary wave gets modified controlled
by the feedback bottom leakage whereas its amplitude remains constant. Also we have
considered the propagation of solitary wave in shallow water of constant depth which
is also an idealistic approximation. In real situation the bottom topography varies and
the near shore waves show surging nature due to the decreasing bathymetry. In certain
conditions such surging waves show destructive nature at the shore like tsunami waves,
bore waves [5].
In a relatively smaller scale, the near shore waves and bore waves caused many devastating effects to the coastal habitats and in-land rivers throughout the century . Therefore along with the traditional warning systems, it is desirable to find ways and means
geared towards possible invasive procedures for taming of such hazardous wave phenom-
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ena. There are few suggestions for effective interventions, like plantation of Mangrove
treas along the coastal lines [12], installation of breakwaters at strategic positions [13][16], stoppage of erosion by concrete bolders . However, these are mostly indirect ways to
counter the surging waves, while we lack the proposals for directly attacking the problem,
perhaps with the exception of the proposed bubble method, aiming to stop the incoming
waves by a stream of fast and strong counter-waves, mixed with air bubbles [17]. Though
the last method was proposed more than fifty years back, its feasibility and effectiveness
has not been established yet. The attenuation of incident water waves by a curved vane
like structure positioned beneath or at the surface of a body of water is described in a
Patent [18] where the detailed design of the structure is given. An attempt was made to
reduce the devastating effects of a tsunami waves by single and double submerged barrier
was done in Tel Aviv University[19]. They performed their experiments in a basin 5 m
in length and 10.5 cm in depth. The wavelength of the generated wave was about 3 m,
which allows referring to it as a tsunami.
Our aim here is to put forward an innovative proposal based on a theoretical study
on the effect of sudden feedback boundary control at the bottom on the surging surface
wave amplitude, governed by nonlinear equations describing unidirectional gravitational
waves, derived from the basic hydrodynamic equations at the shallow water regime. The
key factor responsible for surging of the approaching nonlinear waves to the shore (or in
upstream rivers ) is the decreasing depth bathymetry which triggers the amplitude surge
of the surface waves.
Our strategy is similar as that of the previous chapter. The main aim is to study first
the effect of the bottom boundary condition on the nonlinear solitary surface waves of
the well-known perturbed KdV equation propagating in shallow water of constant depth.
The vertical fluid velocity at the bottom is taken as a function of surface wave profile to
identify subsequently through theoretical analysis, the linear dependence as the optimal
case inducing maximum amplitude damping to the surface waves. This knowledge is
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applied through slowly varying bathymetry which without the leakage condition, as we
know would result to solitary wave solution with increasing amplitude with the water
depth decreasing along its propagation. However when the controlled bottom leakage
with optimal feedback wave profile is imposed, the surging amplitude of the wave meets
the counter damping effect, resulting to a managed propagating waves towards the shore
with reduced hazardous effect due to the effective damping of the wave. We would like to
emphasize that there could be various natural bottom boundary effects inducing damping
of the surface wave amplitudes, like porosity [42]- [45], irregularities, uneven heights,
periodic topography [53], friction [52] apart from the fluid viscosity[51] etc. while the
long obstacle can induce fission of the solitary waves[52]. However our aim here is to
induce damping effect artificially through controlled mechanism.
The privilege of our theoretical result is the exact nature of the solutions we obtain, in
spite of the variable depth bathymetry, which is rather a rare achievement. Our theoretical
results with exact solutions allows to extract finer details and precise predictions. Our
findings are extended to cover different cases of the controlled bottom leakage conditions,
ranging from space dependent to time dependent, from vanishing of effective leakage
velocity to a desirable leakage conditions etc. Our theoretical findings for the possible
control of the surging waves like tsunamis and bore waves based on our exact results are
applied next to real sea shore bathymety. We have focused in particular two high risk
coastal zones of bay of Bengal near the city of Chennai in south India as presented in the
recent in depth study of the subject [58].
Our analysis shows that a significant upsurge could have been experienced by a future
tsunami wave approaching towards these coastal points. For example at the identified
northern coastal point (N 13◦ 10.5′ - E 80◦ 18.75′) a wave of nearby 1 meters built at
a distance of 10.5 km from the shore would have been developed to a killing height of
30 meter at the shore without any control. Similarly at a southern point (N 13◦ 0′ - E
80◦ 16.2′ ) the bathymetry would induces equally devastating upsurge for a wave of 1 m
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created at a distance of 11.1 Km away, to develop into a 30 meter killer wave at the shore.
Applications of feedback controlled method through bottom boundary condition, that we
propose here is found to be able to regulate such upsurging waves to a considerable extent,
minimizing its hazardous effects. In particular, the surging waves at the northern point
could be regulated at the height of 1.23 meters if the leakage installation could be made
starting from a distance of 900 meters from the shore. A smaller distance could result
to a higher amplitude though significantly lesser than that without control. Similarly
the surging waves at the southern coast could be controlled to a wave amplitude of 0.4
meter, if the installation starts at a distance of 900 meters. Thus the hazardous effects
of tsunami like surging waves could possibly be neutralized to some extent through a
controlled bottom leakage condition tuned by a linearly dependent wave profile, created
through a feedback mechanism.

3.2

Effect of feedback bottom boundary condition
on nonlinear surface wave in constant depth

Figure 3.1: Solitary wave in shallow water of constant depth with leakage at the bottom
The purpose of this section is to study the effect of bottom BC with controlled leakage,
designed with a feedback from the surface wave,where the leakage function would depend
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on the wave profile and its spatial derivatives. As is well known that, the nonlinear
free surface gravity waves propagating in a shallow water in constant depth with the
traditional hard bed boundary condition in the form of solitary waves retain their constant
amplitude profile with a high degree of stability [4, 41]. However, when the boundary
condition is changed to a leakage function dependent on the wave profile itself, as we find
here, the solitary wave propagating on the surface suffer an amplitude damping along
its propagation. Different forms of the leakage velocity function at the bottom induce
different types of damping. Such a controlled leakage at the bottom may be arranged
using a functional feedback from the profile of the wave appearing on the surface over
that location and at that instant of time. Our motivation for this study is to analyze
different damping effects corresponding to different leakage functions and identify the
case when the damping would be maximum, which is the most desirable feature in the
present context.
In the following subsections we derive the corresponding free surface wave equation
and investigate the nature of the solitary wave solution with damping caused by different
cases of the bottom leakage condition.

3.2.1

Surface wave evolution equation with leakage boundary
condition

We consider here the shallow water nonlinear surface-gravity wave , propagating along the
positive x-direction in a constant water depth with the viscosity and the surface tension
of the fluid, which is assumed to be incompressible, are neglected in what follows, We
start from the dimensionless basic hydrodynamic equations [4]:
ut + ǫ(uux + wuz ) = −px , δ 2 [wt + ǫ(uwx + wwz )] = −pz ,
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(3.1)

along the x and the z axis, respectively, which are reducible from the Euler equation in
the present case.
Here u, w, p, η are horizontal and vertical fluid velocity components, pressure and the
surface wave profile, respectively, with the subscripts denoting partial derivatives. ǫ is the
amplitude parameter defined by ǫ =

a
h

and δ =

h
l

is the shallowness parameter, expressed

through the maximum amplitude a, the water depth h and the wavelength l (see FIG
3.1). ǫ and δ are natural parameters supposed to be small, which is consistent with the
long wave and the shallow water limit. The continuity equation of the fluid yields

ux + wz = 0.

(3.2)

Nonlinear variable boundary conditions, valid at the free boundary z = 1 + ǫη, on the
other hand, gives
p = η, w = ηt + ǫuηx ,

(3.3)

while we take the boundary condition for the vertical component of the water velocity at
the bottom: z = 0 as
w = −ǫα̃G(η, ηx , ....),

(3.4)

where G(η, ηx , ....) is assumed, in general, to be an arbitrary function of η and its spatial
derivatives and α′ is a positive constant with ǫ being a small parameter as defined above.
It is important to note here, that usual hard bed scenario with no leakage one would have
w = 0 at the bottom whereas in our choice the nontrivial leakage function G may depend
functionally on the surface wave profile which could be designed through a feedback
route, sensing the surface movement. The leakage is considered here to be in the ǫ order.
Note that the negative sign in equation (3.4) appears because the leakage velocity occurs
along the negative z-direction, i.e, vertically downward. In order to model shallow water
solitary waves, there must be an appropriate balance between nonlinearity and dispersion,
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i.e, δ 2 = O(ǫ) as ǫ tends to zero. Thus for any δ, there exists a region in (x, t)− plane
with ǫ tending to zero, where this balance remains valid. This region of our interest may
be defined by a scaling of independent variables as x →

√δ

x, t →
ǫ

√δ

t and w →
ǫ

√
ǫ
w
δ

for

any values of ǫ and δ. The set of equations (3.1-3.4) thus becomes,

ut + ǫ(uux + wuz ) = −px , ǫ[wt + ǫ(uwx + wwz )] = −pz , ux + wz = 0,

(3.5)

together with the boundary conditions

p = η, w = ηt + ǫuηx ,

(3.6)

w = −ǫαG(η, ηx , ....).

(3.7)

valid at the free surface and at the bottom, respectively, where α = α̃ √δǫ , with a net
outcome of the transformation is to replace δ 2 by ǫ in equations (3.1-3.4). Introducing a
new frame of reference with stretched time ξ = x − t, τ = ǫt, we seek an asymptotic
solution of the system of equations and boundary conditions in the form

q(ξ, τ, z; ǫ) ∼

∞
X
n=0

ǫn qn (ξ, τ, z), η(ξ, τ ; ǫ) ∼

∞
X

ǫn ηn (ξ, τ ),

(3.8)

n=0

where q (and related qn ) represents each of the functions u, w and p for the corresponding
expansion.
Now to deduce the final evolution equation from the set of complicated nonlinear
equations (3.5-3.7) involving several variables, we have to make the asymptotic multiscale expansions as explained above. We carry out an explicit order by order calculation
to demonstrate the process.
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Result at ǫ0 order
At ǫ0 order the above set of equations (3.5)-(3.7) is reduced respectively to the following
set

u0ξ = p0ξ , p0z = 0, u0ξ + w0z = 0

(3.9)

p0 = η0 , w0 = −η0ξ ,

(3.10)

w0 = 0,

(3.11)

with equation (3.10) valid at z = 1 and (3.11) at z = 0. These equations lead to the
solutions expressed through η0 as p0 = η0 , u0 = η0 , w0 = −zη0ξ , with the appearance of
η caused only by the passage of the wave has been imposed, i.e, u0 = 0, whenever η0 = 0.
Result at ǫ order
In this order of approximation, two free boundary conditions at z = 1 + ǫη are evaluated by performing Taylor expansions of the functions u, w, p around the point z = 1.
Consequently the following set of equations are obtained from (3.5)-(3.7):

− u1ξ + u0τ + u0 u0ξ + w0 u0z = −p1ξ , p1z = w0ξ , u1ξ + w1z = 0

(3.12)

with the boundary conditions:

p1 + η0 p0z = η1 , w1 + η0 w0z = −η1ξ + η0τ + u0 η0ξ ,
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(3.13)

valid at z = 1. We also get from the BC at the bottom: z = 0, the relation

w1 = −αG0 (η0 , η0 ξ , ...)

(3.14)

where G0 is the contribution of the leakage function at ǫ0 order. Using the above result,
w1 can be expressed now as
1
1
w1 = −(η1ξ + η0τ + η0 η0ξ + η0ξξξ )z + z 3 η0ξξξ − αG0 ,
2
6

(3.15)

giving thus all other functions expressed through the fields η0 and η1 only, in this order
of approximation. Finally eliminating η1 we obtain the free surface wave equation as
1
2η0τ + η0ξξξ + 3η0 η0ξ + αG0 = 0,
3

(3.16)

with an additional term due to the wave profile dependent bottom leakage function appearing in the well known integrable KdV equation, which however spoils the integrability
of the system, in general. With a scaling of the variables as U = 9η0 , T = τ /6 equation
(7.35) takes a normalized form

UT + UUξ + Uξξξ + βG0 = 0,

(3.17)

where α is scaled to β and G0 (U, Uξ , ..) is an arbitrary smooth function, originating from
the wave profile dependent leakage velocity. It is fascinating to note, that the condition,
we impose for the fluid velocity at the bottom through a boundary condition with wave
profile dependence makes it way to the nonlinear evolution equation at the surface.
Notice that equation (3.17) is an extension of the KdV equations with arbitrary higher
nonlinearity, which in general represents a non integrable system. However an approximate method due to Bogoliubov and Mitropolsky [55, 50, 51] could be applied here for
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extracting analytic solutions for the wave equation (3.17) ,in general, in an implicit form.
For explicit analytic solution, one needs to make suitable choices for function G0 . We focus
below on some of such choices with lower order nonlinearities, e.g. G0 = U, U 2 , U 3 , Uξ2
though this set, in principle, can be extended further. We do not put emphasis on the
physical meaning for the individual forms of the leakage function, since our main motivation is to compare theoretically the result of the corresponding wave solutions, to identify
the case that would induce maximum damping of the wave amplitude. It is intriguing to
note, that similar equations for some of the cases considered by us were obtained earlier
[51, 52], though in completely different physical set-ups.
In order that this approximation scheme to be consistent with the condition for the
validity of (3.17), it is required that the leakage coefficient β should be a small parameter
of order higher than ǫ as 1 ≫ β ≫ ǫ.
Introducing a phase coordinate φ(ξ, T, β) =

q

N (T,β)
(ξ
12

− 31

RT
0

N(T, β)dT ), through

a time-dependent function N(T, β), assumed to vary slowly with time, with two different
time scales t0 = T, t1 = βT, we seek a solution of the wave equation following [55]. By
expanding U(φ, β, T ) in small parameter β as
U(φ, β, T ) = U0 (φ, t0 , t1 ) + βU1 (φ, t0 ) + O(β 2),

(3.18)

valid for long times( as large as T ∼ O(1/β)), we obtain using (3.17) an equation containing different powers of β. Equating coefficients of the same powers of β, equations at
different orders are derived, which need to be solved at each order.

3.2.2

Case G0 = U

We explore this case with some details for demonstrating the applicability of the Bogoliubov method for solving perturbed KdV equation and for identifying the quantitative
trend in the influence of the bottom leakage G0 on the amplitude of the surface waves.
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Note that the equation obtained in this case mathematically coincides with the dissipation
induced evolution considered in the context of ion-sound waves damped by ion-neutral
collisions [51].
Integrating equation (3.17) for G0 = U, over the whole range of ξ we can solve for
R∞
the total wave amplitude I(T ) = −∞ Udξ and the total intensity of the wave P (T ) =
R∞ 2
U dξ to get the explicit expressions as I(T ) = I(0) exp(−βT ) and
P (T ) =
−∞

P (0) exp(−2βT ), respectively, where U(ξ, T ) and its higher order ξ derivatives are as-

sumed to vanish at infinity. It is also evident from the exponentially decaying nature,
that the wave intensity is not conserved in time, confirming that the integrability of the
perturbed KdV equation (3.17) in this case is lost due to the leakage we have considered
here.
Since estimating the damping of the solitary water waves is the main concern of our
problem, we take the following relations as the required initial and boundary conditions:
U(φ, 0, β) = N0 sech2 (φ), U(±∞, T, β) = 0. The lowest order equation takes the form

ρ

where ρ =

√
12√12
N N

∂U0 12 ∂U0
∂U0 ∂ 3 U0
+
−4
+ U0
= 0,
3
∂t0
∂φ
∂φ
N
∂φ

(3.19)

with N(t1 ) as an arbitrary function of t1 , except for the initial condition

N(0) = N0 . Solving this equation we obtain
U0 (φ, t0 , t1 ) = N(t1 )sech2 (φ),

(3.20)

while the β order equation takes the form
∂U1
+ L[U1 ] = M[U0 ],
∂t0
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(3.21)

where,

M[U0 ] = −

φ ∂U0 dN
1 ∂ 3 U1 4 ∂U1
12 ∂(U0 U1 )
∂U0
−
− U0 , L[U1 ] =
−
+
. (3.22)
3
∂t1
2N ∂φ dt1
ρ ∂φ
ρ ∂φ
Nρ ∂φ

The boundary and initial conditions for U1 are

U1 (±∞, t0 ) = 0, U1 (φ, 0) = 0

and it is

required that U1 (φ, t0 ) should not behave secularly with t0 . To eliminate secular behavior
of U1 it is necessary that M[U0 ] be orthogonal to all solutions g(φ) of L+ [g] = 0, where
the function g(φ) should satisfy g(±∞) = 0. Here L+ is the operator adjoint to L given
by,
L+ = −

4 ∂
12
∂
1 ∂3
+
− sech2 (φ) .
3
ρ ∂φ
ρ ∂φ
ρ
∂φ

(3.23)

One can show, that the only possible solution of L+ [g] = 0, with g(±∞) = 0, is in the
solitonic form g(φ) = sech2 (φ).
Thus from the orthogonality requirement we get
Z

∞

sech2 (φ)M[U0 ]dφ = 0,

(3.24)

−∞

which yields a simple first order differential equation for N(t1 ), the solution of which is

N(t1 ) = N(0)exp(−

4t1
), t1 = βT
3

(3.25)

for positive small leakage parameter β at large time T . Therefore we obtain the final
result as
U = N(t1 )sech2 φ(ξ, t1 ) + O(β), φ(ξ, t1 ) =

r

N(t1 )
1
(ξ +
N(t1 )).
12
4β

(3.26)

The wave solution of equation (3.17) thus obtained for G0 = U, shows that the amplitude
of the solitary wave would decrease with time following (3.25).
Recall that similar dissipative soliton solution was derived earlier in many different
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physical situations [51, 52].

3.2.3

Case G0 = U 2

We take up this case for comparison and find that the same Bogoliubov- Mitropolsky
method discussed above is applicable also in this case with the wave equation taking the
form of a perturbed KdV equation

UT + UUξ + Uξξξ + βU 2 = 0.

(3.27)

Notice, that equation (3.17) with the choice for our leakage velocity function, coincides
formally with the dissipation due to friction at the bottom (Chezy law) [52], though for
completely different origin.
Using the same approximation technique, details of which we omit, the decay law of
the solitary wave amplitude for equation (3.27) can be derived as

N(T ) =

N(0)
[1 +

16N (0)β
T]
15

.

(3.28)

Observe, that in comparison with the linear choice of the leakage velocity the amplitude
decay with time becomes weaker in this nonlinear case. To confirm this trend,which is
rather anti-intuitive we take up new cases with enhanced nonlinearity and derivatives.
Interestingly, the choice of leakage function as G0 = −Uξξ would lead to very similar
decay law (3.28) and would also coincide formally with the effect of magnetosonic waves
damped by electron collisions [51].
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3.2.4

Case G = U 3

Such a choice of leakage velocity condition with cubic dependence on wave profile would
give rise to the equation
UT + UUξ + Uξξξ + βU 3 = 0,

(3.29)

representing a new perturbed KdV equation, apparently ignored earlier. The same approximate treatment leads to the decay law of the solitary wave amplitude of (3.29) as

N=q

N(0)
[1 +

32N (0)2 β
T]
35

,

(3.30)

decreasing with time as shown in FIG 3.2. Since here for cubic nonlinearity we get the
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Figure 3.2: Plot showing the dependence of the soliton amplitude N on t1 , for the solution
(3.30) with N(0) = 1. The decaying nature of N(t1 ) is explicit.
decay rate in inverse square root power as seen from (3.30), we notice again that the same
trend of the weaker decay of the soliton amplitude with higher nonlinear dependence of
the wave profile on the leakage velocity function, continues confirming the anti intuitive
trend noticed above.
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3.2.5

Case G = Uξ2

For this choice of the leakage velocity function the perturbed KdV equation reduces to
UT + UUξ + Uξξξ + βUξ2 = 0,

(3.31)

apparently not investigated earlier. Through similar procedure we can derive the damped
solitary wave amplitude of (3.31) as
N(0)
,
N=q
8N (0)2 β
[1 + 45 T ]

(3.32)

which is graphically represented in FIG 3.3.
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Figure 3.3: The solitonic wave amplitude N(t1 ) (3.32) as decays with time t1 for N(0) = 1.
Comparing (3.28) with (3.32) we may conclude, that the increase of nonlinearity as well
as derivatives, of the wave profile in the leakage velocity function weakens the decay rate
of the solitonic amplitude. Analyzing the above results for linear and nonlinear choices of
G0 , we may conclude that the leakage with the linear dependence on the profile G0 = U
is the optimal one capable of inducing maximum decay rate on the soliton amplitude as
exponential functions, compared to all other cases considered here. Therefore in the next
sections we take up this particular case, being the most desirable one, for controlling the
surging waves in a decreasing depth scenario.
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3.3

Effect of leakage BC on nonlinear shallow water
surface wave in variable depth bathymetry

Figure 3.4: Solitary wave in a shallow water of slowly varying depth with leakage at the
bottom
Propagation of nonlinear shallow water unidirectional waves over variable depth topography has been studied intensively with rich results [4, 52, 5, 53].
It is known that the slowly variable depth in comparison to the evolution scale of
the wave, can lead to the upsurging wave amplitude, for decreasing depth, which occurs
when the wave approaches to the shore. In this section we intend to focus on such a
situation due to its potentially hazardous consequences and look for its possible regulation
through bottom leakage. Since in the previous section we have identified the maximum
damping effect of surface waves for leakage velocity function depending linearly on the
wave profile, we will apply this particular leakage condition to achieve maximal damping
effect. Therefore we take up the problem of nonlinear wave propagation over shallow water
of slowly varying depth, in the framework of KdV equation, together with a nontrivial
leakage condition at the bottom with a leakage function proportional to the surface wave
profile, sensed through a feedback mechanism.
This problem targeted towards controlling the surging waves due to decreasing depth
bathymetry has not received the needed attention.
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3.3.1

Derivation of nonlinear surface wave evolution equation
with slowly variable depth under bottom boundary leakage condition

Under this physical situation one has to start with the same basic dimensionless hydrodynamic equations considered in the previous section as:

ut + ǫ(uux + wuz ) = −px , ǫ[wt + ǫ(uwx + wwz )] = −pz , ux + wz = 0,

(3.33)

together with the surface boundary conditions p = η, w = ηt + ǫuηx valid at z = 1 + ǫη.
However, the effect of variable depth and the leakage condition enter through a more
general boundary condition at the bottom, varying as z = b(x):

w=u

db
− ǫg(ǫx)G(η, ηx , ....).
dx

(3.34)

Note that in comparison with the previous case (3.4) together with the variable depth
function an additional leakage function g(ǫx) independent of the wave profile η appears
with G similar to the feedback leakage function as considered in the previous section.
The bathymetry function b is assumed to depend on the small parameter ǫ, such that
b(x) = B(ǫx). As we have identified in previous section, we assume G = η to get the
maximum benefit of damping due to leakage. For detailed investigation we introduce a
new set of variables
1
ξ = χ(X) − t, X = ǫx,
ǫ

(3.35)

where χ(X) will be determined later in equation (3.38). For solving the above set of
equations we would represent the asymptotic solutions as we have used earlier.
We stress again that the hydrodynamic equations involved here are the same as those
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used in the previous section in dealing with the constant depth problem, except the crucial
BC at the bottom.
Result at ǫ0 order
At ǫ0 order, the above equations are reduced to
u0ξ = χ′ p0ξ , p0z = 0, χ′ u0ξ + w0z = 0,

together with the boundary conditions

(3.36)

p0 = η0 , w0 = −η0ξ , valid at the surface and

w0 = 0, at the variable bottom z = B(X).
Using the above bulk equations and the boundary conditions we obtain
p0 = η0 , u0 = χ′ η0 , w0 = χ′2 η0ξ (B − z), χ′2 =

1
,
D(X)

(3.37)

where D(X) = 1 − B(X) and χ′ is the derivative of χ with respect to X. χ can be solved
explicitly through the bathymetry function for the right moving wave as

χ(X) =

Z

X

0

ǫ order approximation

p

dX1
.
D(X1 )

(3.38)

In next order approximation we obtain the set of equations
− u1ξ + χ′ u0 u0ξ + w0 u0z = −χ′ p1ξ − p0X , p1z = w0ξ , χ′ u1ξ + u0X + w1z = 0

(3.39)

together with the surface boundary conditions
p1 = η1 , w1 + η0 w0z = −η1ξ + u0 χ′ η0ξ ,
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(3.40)

and the condition
w1 = u0 B ′ (X) − g(X)η0,

(3.41)

valid at the variable bottom with B ′ (X) denoting derivative in X. Our aim is to express
other field variables only through the wave functions η0 and η1 as

p1 = η1 +

1
1
η0ξξ [ (1 − z 2 ) + B(z − 1)]
D
2

(3.42)

and
(B − z)
η0
(B − z)
(B − z)
B′
η0X + (B − z)( √ )X +
η1ξ +
η0 η0ξ
w1 = ( √ − g)η0 + √
D
D2
D
D
D
3
(z − z3 ) B 3
z2
B
η0ξξξ
−
+ B 2 − ]. (3.43)
− 2 [B( − z) +
D
2
2
3
2
Using the above expressions we can finally derive the surface wave evolution equation
√
3
D
D′
√
2 Dη0X + η0 η0ξ + (
+ g)η0 + η0ξξξ = 0.
D
3
2 D

(3.44)

Note that this variable coefficient KdV equation contains explicitly the bathymetry function D(X) linked to the variable depth as well as the function g(X) related to the leakage
at the bottom. This variable coefficient KdV equation containing the combined effect of
variable depth and the leakage is an important result we have derived here. Different types
of variable coefficient KdV like equations were studied earlier for analyzing the possible
solutions [56, 57].
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3.3.2

Nature of the solitary wave solution

It is evident that in the absence of the leakage (g = 0), our equation (3.44) would reduce
to the KdV equation with variable depth [4, 52, 5]:
√
3
D
D′
2 Dη0X + η0 η0ξ + ( √ )η0 + η0ξξξ = 0.
D
3
2 D

(3.45)

When the depth variation occurs in a scale slower than the evolution scale of the
wave, the solitary wave solution of equation (3.45),as is wellknown, can be expressed as
an approximate solution
r
5
3A0
D −( 2 ) A0 X
A0
2
sech [
(ξ −
)],
η0 =
D
4D 3
2

(3.46)

as given in [4]. Here A0 is the amplitude of the wave for constant depth (D = 1).
It is clearly seen that the amplitude of the solitary wave increases as D decreases i.e.
the channel becomes shallower, showing that such waves would approach the shore with
surging amplitude. Note that for exponentially decreasing depth D the growing of wave
amplitude will also be exponential. This particular case will be considered in more details
in the Appendix.
It is intriguing to note that for variable bathymetry with uneven depth, irregular depth
or periodic topography in place of growing amplitude one gets a damping wave amplitude
as explained in [53]. We will be concerned however with the surging waves caused by a
smoothly decreasing depth due to their hazardous effects.
Now we will analyze the solution of equation (3.44) with nontrivial boundary leakage,
rewriting it in a more general form

a(X)η0X + b(X)η0 η0ξ + c(X)η0 + d(X)η0ξξξ = 0,
√
where we have denoted a(X) = 2 D, b(X) =
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3
, c(X)
D

′

D
+ g) and d(X) =
= ( 2√
D

(3.47)

D
.
3

Di-

viding (3.47) by d(X) and defining η0 =

U
b1

where a1 = ad , b1 =

b
d

and c1 = dc , respectively,

the equation (3.47) can be transformed to

a1 UX + UUξ + Uξξξ + (c1 − a1

b1X
)U = 0,
b1

(3.48)

which in general cannot be solved exactly. However, we may notice, that for a finer
balance tuned between the variable depth bathymetry and the controlled leakage velocity
function giving the condition
9D ′
g=− √ ,
2 D

(3.49)

the last term of (3.48) vanishes reducing the equation to a more simple form of variable
coefficient KdV equation
a1 UX + UUξ + Uξξξ = 0,
where a1 =

a(X)
.
d(X)

(3.50)

It is interesting to note, that the tuning condition (3.49) relating the

leakage function with the bathymetry function is exactly same as the solvability condition
used in [57] for obtaining analytic solutions of a general variable coefficient KdV equation,
considered in a formal mathematical setting.
R √D(X)
Defining a new coordinate T =
dX equation (3.50) can be transformed into
6

the standard constant coefficient KdV equation

UT + UUξ + Uξξξ = 0,
admitting the well known solitary wave solution U = N0 sech2 [

(3.51)
q

N0
(ξ
12

−

N0
3

R

√

D
dX)].
6

Expressing in terms of the original field variable we get finally the wave solution
r
Z √
D2
N
D
N
0
0
η0 =
N0 sech2 [
(ξ − V (X)], V (X) =
dX
9
12
3
6

(3.52)

with the depth function D(X) and leakage velocity function g(X) are tuned as (3.49).
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Note that for decreasing depth D, which without leakage would make the wave amplitude
to surge as in (3.46), due to the controlled tuning of the leakage the resultant solitonic
wave function would suffer a damping of its amplitude as evident from (3.52). Moreover
the solitonic wave flattens down with a change in its velocity along its propagation (see
FIG 5). Thus we have achieved control over a surging wave approaching to the shore
by inducing combination of feedback and a controlled tuning of the the leakage at the
bottom.

Figure 3.5: 3D plot of the solitary wave solution (3.52) in the (ξ, X) plane. For demonstrating the nature of the solution, we have assumed N(0) = 1 α = 0.1, g = exp [−X],
showing exponential damping of the wave amplitude with a change in its width and velocity along its propagation.

3.4

Application of the exact result to real near shore
bathymetry

In the previous sections, we have first discussed the effect of wave profile dependent leakage
to the solitary wave amplitude at constant water depth. Applying similar mathematical
procedure to a slowly changing bathymetry, we have derived next a variable coefficient
KdV equation containing terms due to both leakage and variable depth. Though in general
such equations are non integrable, a finer balance between the leakage and variable depth
function miraculously solves the equation exactly, giving a solitary wave like solution. Its
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amplitude, which without leakage would increase giving surging effects, decreases as the
wave moves towards the shallower region. These theoretical findings of exact nature with
an intension to control near shore surging waves, by creating artificial leakage, would gain
ground when it is implemented to a real sea shore bathymetry. Therefore, in this section
we apply previously obtained exact results to a near shore bathymetry in order to see the
effectiveness of our findings.
One should remember the fact that according to the estimates of the United Nations in
1992, more than half of the population lives within 60 km of the shoreline. Urbanization
and rapid growth of coastal cities have also been dominant population trends over the last
few decades, leading to the development of numerous mega cities in all coastal regions
around the world.
Our study region is the coastal zone of Chennai district of the Tamil Nadu state, in
southeast coast of India which was one of the worst affected areas during 2004 Indian
Ocean tsunami. A Coastal Vulnerability Index was developed for this region in [58] using
eight relative risk variables including near shore bathymetry to know the high and low
vulnerable areas. According to one of those risk variables, bathymetry at about 29.11
km of coastline in that area has a high risk rating having high vulnerability ,while about
18.55 km of coastline has medium risk rating and about 10.54 km shows low risk rating,
which are displayed in FIG 3.6.
The depth contour of Chennai coastline, which is constructed from the Naval Hydrographic Charts for 2002, is also given in [58] and is displayed in FIG 3.7. Now to
implement our exact results on this coastline, we chose one of the high risk points (N 13◦
10.5′ - E 80◦ 18.75′ ) , which is denoted by the red line in FIG 3.6.
We have drawn the near shore bathymetry following the depth contour (FIG.3.7) of
this shoreline point along the latitude which is given as FIG 3.8.This diagram shows that
at the near shore region, the depth function flattens down denoting a slow variation along
X. Hence the soliton gets enough time to evolve and give the surging effects. Note also
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Figure 3.6: Risk zones of Chennai coastline bathymetry ,taken from [58] with permission
that, the variation along X is in Km whereas variation along D(X) is in meter. Hence the
depth function is very slowly varying which is consistent with our theoretical assumptions.
Note that in the absence of the leakage at the bottom, the solitary wave amplitude
would increase following (3.46) with the amplitude as

A1 =

A0
.
D

(3.53)

We see from FIG.3.8 that as the wave approaches the near shore region, the depth function
flattens out and therefore the soliton amplitude A1 develops rapidly to give surging effects.
Now if at a certain position in the near shore bathymetry, an artificial leakage following our
theoretical findings (3.52), is turned on then the amplitude would decrease as A2 =
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N0 D 2
,
9

Figure 3.7: Depth contour of the Chennai coastline,taken from [58] with permission
where N0 is a free constant as described earlier. The effectiveness of the of the amplitude
decay of the solitary waves by the leakage would be stronger, if the leakage starts at a
longer distance away from the shore. Note that the amplitude starts growing rapidly at
1.2 Km away from the shore, from where the depth function starts flattening.
Therefore, if a solitary wave of amplitude of nearly 1 meter starts approaching towards
the shore from around 10.5 Km, then it would ultimately grow to a surging wave of
amplitude ∼ 30 meter at the coast. It is obvious that such a huge wave will produce
devastating effects on coastal habitation and costly installations.
However if we implement now an artificial leakage based feedback method linked to
the surface wave profile as discussed in the previous section with exact result (3.52) the
surging amplitude would decrease when propagating towards the shore. with damping
amplitude given as (3.52)
N0 D 2
,
A2 =
9

(3.54)

where N0 is a free constant. One checks that if the leakage is implemented in a region of
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0.9 Km from the shore, the wave amplitude of 1 meter which would otherwise increase to
30 meter without any leakage, would decrease to an amplitude of ∼ 1.23 meter as shown
in FIG 3.9, where we have chosen N0 = 11.07.
If the leakage installation is implemented from a nearer point from the shore, the wave
amplitude decrease would also be less which is also displayed in FIG 3.9. For optimal
estimation however, the cost effectiveness and the concrete requirements should be taken
into account in deciding the range of such proposed installations. The main emphasis
should possibly be on the protection of sensitive installations like nuclear reactors at the
sea coast against the danger of tsunami like waves. The options known for the protection
of the Chennai coast area are dune afforestation, mangrove restoration and management,
periodic beach nourishment and building seawalls and groins etc. Our control mechanism
for the possible management of the potentially hazardous near shore waves, proposed
here, could be a new option, which may be implemented only in limited strategic areas
surrounding costly installations, for reducing the intensity of the approaching wave to a
safer limit.
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Figure 3.8: Bathymetry towards the shore of the shoreline point ( N 13◦ 10.5′ - E 80◦
18.75′)
The same methodology can be applied to another high risk point ( N 13◦ 10.5′ - E
80◦ 18.75′ ) at the shoreline, the near shore bathymetry of which is shown in FIG 10.
The increase of amplitude without leakage, and its damping due to leakage is explicit in
FIG.11.
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Figure 3.9: Surging amplitude A1 without leakage moving towards the shoreline point
( N 13◦ 10.5′ - E 80◦ 18.75′ ) and growing upto the point D (30 m) following eq.(3.53).
Figure also demonstrates the damping of the amplitude A2 due to leakage following eq.
(3.54) . Installations of the leakage starting from different points to the shore Q1 (9.6
km), Q2 (9.9 km), and Q3 (10.2 km), would damp the amplitude A2 to different values
( A (1.23 m), B (5.15m) and C (13.5m) respectively). N0 , a free constant appearing in
eq. (3.54) is chosen as 11.60, 46.29 and 122.89 respectively at these points. It is evident
that, the further the leakage is from the shore, the more the decay of the amplitude.
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Figure 3.10: Bathymetry towards the shore of the shoreline point ( N 13◦ 0′ - E 80◦ 16.2′ )

3.5

Summary

The focus of our investigation is in an innovative possibility of controlling the intensity of
near shore surging waves including tsunamis and bore waves by inducing damping effect
through a specially designed leakage mechanism at the water bed. In the previous chapter
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Figure 3.11: Surging amplitude A1 without leakage moving towards the shoreline point (
N 13◦ 10.5′ - E 80◦ 18.75′) and growing upto the point D (30 m) following eq.(3.53). Figure
also demonstrates the damping of the amplitude A2 due to leakage following eq. (3.54) .
Installations of the leakage starting from different points Q1 (10.2 km), Q2 (10.5 km) and
Q3 (10.8 km), would damp the amplitude A2 to different values ( A (0.53m), B(6.24m)
and C(13.57m) respectively). N0 , a free constant appearing in eq. (3.54) is chosen as
5.44, 56.91 and 122.89 respectively at these points. It is evident that, the further the
leakage is from the shore, the more the decay of the amplitude.
[54] we have seen that the leakage function which is independent to the free surface wave
profile, affects the phase of the solitary wave solution whereas the amplitude remains
constant. Dependence of leakage on the amplitude of the surface solitary wave, which
would give surging effects near the shore, has not been found out.
The majority of the earlier studies, concentrated on the damping of the waves occurring
due to natural effect like viscosity, bottom roughness, sand porosity etc. In contrast, our
main motivation here is to analyze the impact of artificially created bottom boundary
condition on the swelling wave approaching the shore with an aim to reduce the hazardous
effect of such near shore wave phenomenon.
Our crucial observation is that the surging of approaching waves caused by decreasing
water depth bathymetry may be thought of to be triggered by effective vertical fluid flow
proportional to the gradient of the depth profile acting as a virtual source emerging from
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the bottom. Our key idea for controlling the growing amplitude of the surface wave is
to counter this source by an effective sink through such leakage mechanism creating a
downward fluid velocity.
We have considered the propagation of an unidirectional, shallow water, nonlinear
free surface gravity wave based on the basic hydrodynamic equations at the shallow water
regime and identified first that a feedback leakage function at the bottom, dependent
linearly on the surface wave profile could induce maximum desirable damping effect on
the amplitude of the surface wave. This knowledge is then applied to the problem of
regulating the surging solitary waves propagating towards the shore due to the slowly
decreasing depth. The corresponding evolution equation for the combined effect of leakage
and the variable bathymetry turns out to be in the form of a variable depth KdV equation
different from the variable coefficient KdV equation obtained earlier. Though in general
this is a nonintegrable system, we have found that for a controlled tuning between the
topography and leakage velocity function, the equation becomes exactly solvable allowing
solitary wave solutions with damping amplitude.
A strong point of our result is its exact nature which allows one to access precise and
finer effects and make more accurate predictions. We have applied the result obtained
to real data from the bathymetry map of the high risk near shore regions on the Bay
of Bengal in India and tested the implications, range and predictions of our theoretical
result. As shown by the real bathymetry assessment, the more extensive installations
starting from a further distance into the sea would result to a more effective control of
the incoming surging waves, however, the cost effectiveness and the concrete requirements
should be taken into account in deciding the range of such proposed installations. The
main emphasis should possibly be on the protection of sensitive installations like nuclear
reactors at the sea cost against the danger of tsunami like waves. Therefore the control
mechanism for the possible management of the potentially hazardous near shore waves,
proposed here, may be implemented only in limited strategic areas surrounding costly
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installations, for reducing the intensity of the approaching wave to a safer limit.
We have studied also various possible extensions of the leakage boundary conditions
and their corresponding effects in modifying the nature of the surging solitary waves which
might be of practical importance of different other situations.(This material is included
as appendix.)

3.6

Appendix: Extension of boundary leakage condition with variable bathymetry

Though we have achieved our major goals in taming the surging waves as reported in the
main text, we consider below few extensions of this result for understanding the effect
of bottom boundary leakage condition on the surface wave solution, which might be of
applicable interest in other physical situation. In particular ,we have investigated
A) Leakage function at the bottom with a combination of both wave profile dependent
and independent functions,
B) Leakage condition linked to effective zero fluid velocity at the bottom with the
specific bathymetry profile.
C)Leakage function related to time.
All the studies yielding analytic result of different nature though all of them having
the effect of amplitude damping of the waves, surging otherwise due to decreasing depth
bathymetry.

3.6.1

Leakage function at the bottom with a combination of
both wave profile dependent and independent functions

In our previous paper [54], we considered the leakage function to be independent of the
wave profile that yielded a forced KdV like equation as the surface wave equation. Its
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solitary wave solution exhibits phase modification leading its velocity to change whereas
the amplitude remaining constant. In order to explore the effect of the bottom leakage
on the solitary wave amplitude we have considered in the main text, the leakage function
to be dependent on the free surface wave profile which exhibited damping of amplitude.
Now in this section, we have extended the problem such that the leakage velocity at
the bottom depends both on the wave profile dependent and independent functions as

w=u

db
− ǫg(ǫx)G(η, ηx , ....) + ǫC(X).
dx

(3.55)

on z = B. Here the second term in (3.55) is the wave profile dependent term whereas the
third one is the wave profile independent term.
As we have mentioned we assume G = η to get the maximum benefit of damping due
to leakage. After a bit of mathematical calculations we can finally derive the surface wave
evolution equation
√
3
D
D′
2 Dη0X + η0 η0ξ + ( √ + g)η0 + η0ξξξ = −C(X).
D
3
2 D

(3.56)

Note that this variable coefficient KdV equation contains explicitly the bathymetry function D(X) linked to the variable depth as well as the function g(X) and C(X) related to
the leakage at the bottom.
Now after applying the same balancing condition (3.49) the equation can be transformed into
a1 UX + UUξ + Uξξξ = −E1

(3.57)

and η0 = bU1 .
E1 = 27C(X)
D3
R √D(X)
dX equation (3.57) can be transformed into
Defining a new coordinate T =
6

where we have denoted a1 (X) =

√6 ,
D
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the standard constant coefficient KdV equation with a forcing term

UT + UUξ + Uξξξ = E1 (T ),

(3.58)

q
admitting the well known solitary wave solution U = N0 sech2 [ N120 (ξ −
R
f (T )] − E1 dT .

N0
3

R

√

D
dX)
6

−

Expressing in terms of the original field variable we get finally the wave solution
2

2

η0 = (D /9)[N0 sech {
where

∂ 2 f (T )
∂T 2

r

N0
N0
(ξ −
12
3

Z √

D
dX − f (T ))} −
6

Z

E1 dT ]

(3.59)

= −E1 .

Note that if we neglect the wave profile independent part C(X), then automatically
we get C1 = E1 = F = 0 and f = constant. Thus the solution (3.59) converges to the
solution of earlier case (3.52).

3.6.2

Balancing through effective hard bottom condition with
leakage giving exact result

Here we stick to a particular choice of decreasing bathymetry D = exp (−σX), for the wave
approaching to the shore. Such solitary waves without any leakage condition would result
to an exponentially surging waves carrying potential hazards. Our aim here would be to
control such wave through bottom leakage condition inducing necessary damping. For this
purpose we consider a different balancing effect of the leakage condition, obtained from
an effective hard bottom condition amounting to the vertical fluid velocity at the water
bed w to be zero. This leads at the leading order to w0 = 0, w1 = u0 B ′ (X) − g(X)η0 = 0,
at z = B, which gives a new balance between the leakage and the variable depth function
′

as g = − √DD at z = B. For this effective hard bottom condition, we follow again similar
mathematical procedure as presented in the previous section, which leads to the surface
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wave evolution equation
√
D
D′
3
2 Dη0X + η0 η0ξ − √ η0 + η0ξξξ = 0, D = D(X).
D
3
2 D

(3.60)

Note that this variable coefficient KdV equation is different from the variable bathymetry
equation (3.45) obtained earlier [4]. As such this equation is also difficult to solve analytically. However interestingly for a special choice of bathymetry function D = exp (−σX),
with D decreasing with the increase of X, which is consistent with the wave propagating
towards shallower region, we can find an exact wave solution for equation (3.60).
Dividing equation (3.60) by

D
3

and redefining the field as η0 =

D2
H,
9

the equation with

our specific choice of D can be converted to

6 exp (σX/2)HX + HHξ + Hξξξ = (

21σ
) exp (σX/2)H.
2

(3.61)

, equation (3.61) can be transDefining a new coordinate variable as T = − exp (−σX/2)
3σ
formed now to a convenient form of the so called concentric KdV equation

HT + HHξ + Hξξξ +

7
H = 0,
2T

(3.62)

which is a known integrable equation derivable from the hydrodynamic equations with
cylindrical symmetry [4]. An exact solution of the variable coefficient KdV equation
(3.62) is presented in [59] in the rational form as
our original field: η0 =

D2
H
9

H =

(c− 25 ξ)
.
T

Using the relation with

and reverting to our old coordinates ξ, X we can transform

back the solution to obtain the required exact solution for the surface wave
5ξ
σ
η0 = − (c − ) exp (−3σX/2),
3
2

(3.63)

with an arbitrary constant c. Note that this is a rational solution, not of solitonic type
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and it behaves differently for different values of ξ. For ξ <
η0 > 0, while at ξ =

2c
,
5

2c
,
5

η0 < 0, for ξ >

2c
,
5

η0 = 0 (see Figure 3.12). Solution (3.63) shows that, the

amplitude decays down due to the exponential damping factor, as the wave propagates
along the positive X direction. Thus the surging waves are controlled to damping wave
through balancing with the leakage at the bottom as we have aimed at. At ξ → ±∞ the
wave profile shows divergent nature. However since our intention is to consider the wave
propagation towards the shore the damping effect obtained along X is the relevant factor.

Figure 3.12: 3D plot of the exact wave solution (3.63) in the ξ, X plane with exponentially
decreasing depth with X and a bottom leakage with σ = 0.1. The amplitude decay with
the distance traveled along X, is evident. The divergent nature of the solution in ξ can
be detected from the figure.

3.6.3

Time dependent leakage:

In all the previously discussed cases, the leakage function g is assumed to depend slowly
on the space variable x as g(ǫx). As an extension to the problem, we consider here a
special kind of leakage function, which is depends slowly on time, as g(ǫt). Hence, the
bottom boundary condition at the variable bathymetry z = B(X) becomes

w=u

db
− ǫg(ǫt)G(η).
dx
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(3.64)

where the leakage function g depends slowly on time t. As we have mentioned we assume
G = η to get the maximum benefit of damping due to leakage. For detailed investigation
we introduce a new set of variables
1
ξ = χ(X) − t, X = ǫx, Θ = ǫt
ǫ

(3.65)

Note that, here we have introduced a new slow time variable Θ which also depends
slowly on time. After a bit of calculations we can finally derive the surface wave evolution
equation
√
D′
3
2 Dη0X + η0 η0ξ + 2η0Θ + ( √ + g(Θ))η0 + Dη0ξξξ = 0.
D
2 D

(3.66)

Note that two extra terms arise due to the slow time Θ which can be canceled in the
following way.
Let us consider a new transformation η0 = f (Θ)φ(ξ, X). We consider g(Θ) to be such
that the extra two terms which arose due to the slow time Θ cancels each other such that

2η0Θ + g(Θ)η0 = 0
1

which finally gives f = A exp− 2

R

gdΘ

(3.67)

, where A is a constant. The equation satisfied by

the function φ is nothing but that obtained by Johnson (3.45). Hence using their solution
(3.46) as given in [4] the final solution can be written as

r
5
R
3A0
D −( 2 ) A0 X
A
− 21 gdΘ
2
(ξ −
)],
η0 = exp
sech [
D
4D 3
2

(3.68)

The dynamics of the solution (3.68) can be explained like follows. As the wave propagates towards the shallower region, due to the factor 1/D the wave amplitude increases,
whereas due to the exponentially decaying factor, which depends on time the amplitude
increase is compensated to some extent. But the leakage function g(ǫt) should be syn86

chronized in such a way that as the wave starts increasing it starts working. Such physical
mechanism and installations can be used in the other physical situations as required.
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Chapter 4
Modelling rogue waves through
exact dynamical lump soliton
controlled by ocean currents
4.1

Introduction

In the previous two chapters, we have dealt shallow water wave phenomena. But as we
move into deep water, waves behave quite differently. For example a wave of amplitude
≈ 1 meter in deep sea would evolve to give surging tsunami wave at the shore. In this
chapter, we will a discuss deep water wave phenomena called rogue waves which can also be
observed at shallow water. The mysterious ocean rogue waves (RWs) are reported to being
observed in a relatively calm sea, where they, as a localized and isolated surface waves,
apparently appear from nowhere, make a sudden hole in the sea just before attaining
surprisingly high amplitude and disappear again without a trace [60, 21, 61, 62, 63]. This
elusive freak wave caught the imagination of the broad scientific community quite recently
[64, 65, 66, 67, 68, 69, 72, 73], triggering off an upsurge in theoretical [76, 75, 74, 63] and
experimental [61, 64, 65, 66, 67, 68, 69, 72, 73] studies of this unique phenomenon. For
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identifying such extreme waves the suggested signature of these rare events is a deviation of
the probability distribution function (PDF) of the wave amplitude from its usual random
Gaussian distribution (GD), by having a long-tail, indicating that the appearance of
high intensity pulses more often, has much higher probability than that predicted by the
GD [77, 63, 67]. In conformity with this definition RWs were detected in a photonic
crystal fiber [68], in a multi-stable state of an erbium doped fiber laser [73], in chaotic
but deterministic regime of optical injected semiconductor lasers [64, 61], in nonlinear
optical cavity [67], in acoustic turbulence in He II [65] and other set ups [69, 70, 71]
including other physical systems like plasma, Bose-Einstein condensates etc. On the
formation of the ocean RWs a number of supporting linear as well as nonlinear theories
have been developed [21]. Among various possible factors contributing to the creation of
the RW, the modulation instability (MI) supported by the nonlinear effect is believed to
play a crucial role, by inducing preliminary amplification of water wave height , which
may trigger self attractive nonlinear interaction, initiating the RW formation [78]. The
MI can also cause wave-wave interaction leading to the four-wave mixing at matching
frequencies and wave numbers, inducing resonance effect which might also develop into a
RW [63, 69, 84]. Though RWs have been found both in shallow [21, 22] and deep water,
in this work we shall concentrate on the oceanic rogue waves which preferably occurs at
the deep sea. Like the four-wave nonlinear interaction, a leading order nonlinear effect in
deep-sea waves, is found also to be a dominant interaction in the nonlinear Schrödinger
(NLS) equation
iqt = qxx + 2|q|2 q,

(4.1)

with the subscripts denoting partial differentiation. One of the previous works of explanation of RW by NLS equation was done by Smith [85] in the presence of Agulhas Current
where it was stated that the giant waves occur where the wave groups are reflected by
the current. The NLS based nonlinear models are the most accepted ones for the RW,
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though often with certain modifications to include higher oder dispersion or ocean currents, which are suspected to have a deciding role in the formation of the RW [62]. In
extended space dimensional systems the nonlinear effect due to the MI in combination
with a space-asymmetry, directional spectra and broken symmetry due to nonlocal coupling is suspected to be the major causes of such extreme waves [66, 67, 74]. The NLS
equation (4.1) is a well known evolution equation with integrability properties like having a Lax pair and exact soliton solutions [88]. Some models of RW generalize the NLS
equation with the addition of extra terms on physical grounds, like ocean current [62],
nonlinear dispersion [76, 89] etc. However such modifications of the NLS equation (4.1)
make the system nonintegrable, allowing only numerical solutions. The most popular 1D
RW model is a unique analytic rational solution of the original NLS equation (4.1) [79],
given by the Peregrine breather (PB) [68, 75, 72] or its higher order versions [24]-[25] and
the trigonometric variants [90, 23]. However, since the RW is an aperiodic event with a
single appearance, the trigonometric breather solutions, due to their periodic nature, are
not much suitable for a direct description of the RW. Nevertheless, interestingly these
breather solutions, periodic in time [90] or in space [23], degenerate to the rational PB
solution (4.2) at their periods going to infinity[94, 102].
Note that the conventional soliton solution of the NLS equation (4.1), representing a
localized translational wave behaves like a stable particle and unlike a RW propagates with
unchanged shape and amplitude. Tsunami waves, though highly devastating, also exhibits
different nature than the ocean RW. The ocean RW are mainly deep sea waves with 2D
character, localized in both space dimensions and appears as a single-peak event for a
short interval of time. Tsunami waves on the other hand are manifested only in shallow
water near the sea shore, though generated in the deep sea and propagate across a long
distance. In the deep sea tsunami waves behave like 1D translatory wave, moving very
fast with insignificant amplitude[80]. Therefore tsunamis and the RWs exhibit different
features and dynamics and need different types of modelling which for the RW is still an
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open problem. More details on the progress in the study of the ocean RW can be found
in some excellent reviews on the subject [21].

4.1.1

RW model on a 1D line

In contrast to the soliton or the trigonometric breather solutions of the NLS equation
(4.1), its exact rational PB solution
qP (x, t) = e−2it (u + iv), u = G − 1, v = −4tG,

1
where G = 1/F (x, t), F (x, t) = x2 + 4t2 + ,
4

(4.2)

represents a breather mode with unit amplitude at both distant past and future. The
amplitude of the wave rises suddenly at t = 0, attaining its maximum at x = 0, though
subsiding with time again to the same breathing state. This intriguing behavior makes
the PB a popular candidate for the RW [68, 75, 72].
Since the characteristics of the envelop wave is the most significant in the description
for the RW, the modulus of the PB solution (4.2)
1

1

|qP (x, t)| = (u2 + v 2 ) 2 = [(G − 1)2 + (4tG)2 ] 2 ,

(4.3)

with G as in (4.2), is used in describing the RW profile. The full grown 1D RW at t = 0
therefore may be represented by

|qP (x, 0)| = (G − 1)|t=0 = [

x2

1
+

1
4

− 1],

(4.4)

as shown in Fig. 4.1. The maximum amplitude as seen from (4.4) is attained at x = 0 as
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|qP (0, 0)| = 3. The modular inclination defined as
SPx (x) =

2x
∂
|qP (x, 0)| = − 2 1 2
∂x
(x + 4 )

(4.5)

√
attains its maximum SPx max (xm ) = 3 3 at xm = ± 2√1 3 .
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Figure 4.1: Amplitude variation of the full grown 1D rogue wave, modelled by the
modulus of the static Peregrine breather |qP (x, 0)| . The maximum amplitude 3 is attained
at x = 0, while√it goes to √its asymptotic value 1 at x → ±∞. The maximum inclination
attainable is 3 3 at x = 63 , and becomes 0 both at x = 0 and x → ±∞.
Notice however that, the NLS equation (4.1) together with its different generalizations
are equations in (1 + 1)-dimensions and therefore all of their solutions, including the PB
and its higher order generalizations, can describe the time evolution of a wave only along
an one dimensional line (as in Fig. 4.1). Looking more closely into the PB we also realize
that the maximum amplitude of this solution describing an 1D RW is fixed, and just
three times that of the background waves (see Fig.4.1). The modular inclination of this
wave as well as the fastness of its appearance are also fixed, since solution (4.2) admits no
free parameters. This situation can be improved to obtain higher amplitude and modular
inclination of the PB model by using higher order rational solutions [24]. For example,
the next higher order PB known also as Akhmediev-Peregrine breather can enhance the
maximum wave elevation by a factor of five, while the next one by a factor of seven and
so on, with an intriguing enhancement of factors by increasing odd numbers. Thus, the
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maximum amplitude occurs at the origin and have the magnitude 2j + 1 where j is the
order of rational solution. Such increments in amplitude however are discrete and could
be achieved at the cost of going to new solutions with increasingly complicated structures
involving higher and higher order polynomials [24]. The maximum amplitude and modular
inclination reachable by this class of solutions are fixed due to the absence of relevant
free tunable parameters, making it difficult to adjust to the continuously varied range
of shape and sizes of the observed oceanic RWs. However recently higher order rational
solutions to the NLS equation allowing free parameters have been discovered [82, 25],
though they seem to represent multi-peak wave in the x − t plane for the nontrivial choice
of parameters [25]. It is shown that general N−th order rogue wave contains N − 1 free
irreducible complex parameters. For different values of these free parameters, these rogue
waves can exhibit other solution dynamics such as arrays of fundamental RW arising at
different time and spatial positions and forming interesting patterns. The single-peak
solution which is suitable for describing oceanic RW having a single appearance in time,
is obtained unfortunately for a trivial choice of the free parameters. The trigonometric
breathers [90, 23] also contain free parameters [94], though such periodic solutions, as
mentioned already, are different in nature than the single crest RW event. Along with
NLSE, RW solution was also discovered in other (1+1)D integrable equations like Hirota
equation[86] and DNLS equation [87]. The crucial fact however is that, the 1D spatial
nature remains the same for the whole class of the solutions, including its higher order
rational and trigonometric generalizations. Therefore modelling an ocean RW, which is a
2D surface wave, by this class of 1D solutions remains problematic.

4.1.2

Need for a RW model on a 2D plane

Therefore, though the well accepted class of PB or other solutions of the generalized NLS
equation could fit into the working definition of the ocean RW, saying any wave with
height more than twice the nearby significant height (average height among one-third of
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the highest waves) could be treated as the RW [77], they perhaps, with their restricted
characteristics, can explain successfully only fixed and moderately intense RW-like events
on a 1D line, as observed in water channels [72], optical fibers [68, 73] or optical lasers
[61, 64], but seem to be not satisfactory for modelling the ocean surface RWs.
Oceanic RWs are said to be consist of an almost vertical wall of water preceded by a
trough so deep, that it was referred to as a hole in the sea [83]. In march 2001, two reputed
ships named as Bremen and Calendonian Star, carrying hundreds of tourists across the
South Atlantic, had a devastating encounter with RW like events. It is reported by the
witnesses that a giant isolated wave of around 30 meter high, fell upon the ship like a wall
of water, out of no where and disappeared again without a trace [91]. At the initiatives of
11 organizations involving several countries in EU tasked the Earth - scanning satellites,
named ERS-1 and ERS-2, to send images from a localized area of 10 × 5 km2 on the sea
surface at certain locations to spot the possible occurrence of rogue waves [91].
All these available facts and information suggest that unlike the tsunami and internal
waves, pictures of which can be seen through satellite images [92], ocean RWs with the
hole states must have a 2D character, localized in both the space dimensions. In 2D water
basin experiments as well as in the related simulations the amplitude and the modular
inclination of the RWs were found to be higher [66, 69, 74, 75] than those predicted and
observed in 1D [72, 75].
The above arguments should be convincing enough to go beyond the 1D equations
and search for a suitable (2+1) dimensional equations, to find a 2D alternative to the PB
and other solutions of the 1D NLS equation, for constructing a more realistic model for
the ocean RWs.
There are many nonlinear equations known in (2+1) dimensions having fruitful applications in various fields. Some of them allow exact analytic solutions, while others permit
only approximate numerical simulation.
The well known KP equation is an integrable extension of the KdV equation to 2D
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space [118, 119] describing the dynamics of a real field. However the KP equation like
the KdV is a shallow water model, whereas the oceanic RW is naturally a deep water
phenomenon.
There are also several equations extending the 1D NLS equation to (2+1) dimensions.
From the basic hydrodynamic equations, by taking the perturbation analysis to a higher
order, Dysthe has derived for the deep water waves a 2D evolution equation [94, 120] which
is applicable for a more rough sea. The Dysthe equation in general is non integrable .
The Davey-Stewartson equation [20] is a 2D generalization of NLS equation where the
existence of rogue wave has been analyzed [116, 96]. However such fundamental rogue
wave solutions of Davey-Stewartson system are line rogue waves arising from constant
background in a line profile and retreat back to constant background again. Hence, it
is reducible to the PB solution by a simple rotation in the plane. BLP equation [117]
is another (2 + 1) dimensional integrable equation, defined through two real coupled
equations. Recently a RW type solution has been found in this equation allowing a free
parameter [26]. However since the BPL equation describes wave propagation along an
infinite narrow channel of constant depth , its applicability in modelling the ocean RW is
questionable.
Zakharov have proposed several 2D equations[63], some of them are integrable [122,
121] while others are not [84, 97]. Though these equations are applicable in other fields
[97], the model proposed in [84] seem to be a successful model for the RW.
A straightforward 2D extension of the NLS equation :
iqt = d1 qxx − d2 qyy + 2|q|2 q,

(4.6)

where q(x, y, t) is a slowly varying envelop and d1 , d2 represents linear dispersion coefficients [74] of the deep water gravity wave, was proposed in connection with RW [74, 75].
Note however that the 2D NLS equation (4.6) is not an integrable system and gives
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only approximate numerical solutions with no stable soliton. Nevertheless, this unlikely
candidate is found to exhibit RW like structures numerically, with higher amplitude and
modular inclination and with an intriguing directional preference [66, 74] with broken
spatial symmetry [67, 75]. However though the experimental and theoretical studies on
nonlinear systems in 2D space have shown promises in describing more realistic situations
in the formation of 2D ocean RWs, unfortunately, all of them can give only approximate
numerical results and most of this models could not consider the effect of ocean current
which is supposed to play a crucial role in the formation of ocean RWs [75, 74].

4.2

Proposed integrable 2D NLS equation

In the light of not so satisfactory present state in modelling the deep sea RWs, we propose
an integrable extension of the 2D NLS equation:

iqt = d1 qxx − d2 qyy + 2iq(

p

d1 j x −

p

d2 j y ), j a ≡ qqa∗ − q ∗ qa ,

(4.7)

allowing an exact lump-soliton as a suitable RW model. In (4.7) the linear dispersion relation is exactly same as the conventional water wave dispersion as described in (4.6), with
the only difference from this well known 2D NLS equation being in the nonlinear term.
Notice that, when the conventional amplitude-like nonlinear term in the non-integrable
equation (4.6) is replaced by a nonlinear current-like term (expressed through j x , j y ), the
resulting equation (4.7) miraculously becomes a completely integrable system with all its
characteristic properties, which is much rarer in 2D than in 1D. Before proceeding further observe, that through scaling and a

π
4

x̄ = 21 (− √xd1 +

and t̄ = 2t, our 2D NLS equation (4.7) can be

√1 y),
d2

ȳ = 21 ( √xd1 +

√1 y)
d2

rotation on the plane : (x, y) → (x̄, ȳ) with

simplified to
iqt + qxy + 2iq(qqx∗ − q ∗ qx ) = 0,
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(4.8)

where the bar over the coordinates is omitted. Encouragingly, our 2D NLS equation (4.8),
at par with the well known 1D NLS equation is derivable from the more fundamental hydrodynamic equations and exhibits MI together with a nonlinear frequency correction, as
we show below. Equation (4.8) admits also exact soliton and breather solutions through
the standard formalism of Hirota’s bilinearization and an associated Lax pair as well as
an infinite set of conserved charges [104], proving thus the integrability of this nonlinear
equation . More satisfactorily, equation (4.8), as we see below, admits an exact 2D generalization of the PB with the desirable properties of a realistic surface RW. It is promising
that many characteristic properties like directional preference, MI, appearance of higher
amplitude etc observed theoretically and experimentally in connection with the formation
of RW in 2D models [66, 67, 75, 98, 99, 100, 74], which remained as numerical approximations, get confirmed through analytic result in our model based on the integrable equation
(4.8).

4.2.1

Nonlinear frequency correction and modulation instability

Instability of a planer wave, appearing due to the interplay between dispersion and nonlinear effect called Benjamin Feir or MI [109], which has been in the continuous focus for
many years [107, 108], has gained more importance recently in the context of the RW.
MI was first discovered by Lighthill[110], developed independently by Benjamin- Feir[109]
and Zakharov [111] and first observed experimentally by Feir[112]. The nonlinearity and
the MI are supposed to be the basic reason behind the formation of RWs. Therefore, before progressing further with our 2D NLS equation (4.8), we focus on the correction of its
linear frequency induced by the nonlinear effect and the appearance of the MI mediated
by such nonlinearity in the system. For investigating the contributions to the frequency
due to the linear dispersive and the nonlinear term in (4.8), we insert the plane wave
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solution q0 = A0 ei(ωt+k

x x+k y y)

, with A0 as the real constant amplitude, ω as frequency

and (k x , k y ) as the wave vector . For the plane wave to be an exact solution of (4.8),
the frequency should be ω = ωL + ωN L , ωL = −k x k y , ωN L = 4A20 k x , where ωL is the
frequency due to linear dispersion and ωN L is its nonlinear correction, which depends on
the amplitude of the wave as well as on the x component of the wave vector.
Now to explore the onset of MI in the system affecting this plane wave solution,
we perturb it by a small parameter function ǫ(x, y, t). Note that the perturbation is
considered in both the space directions since its importance in the instability in 2D is
emphasized in the context of RW formation [75]. The solution
qǫ = (A0 + ǫ) ei(ωt+k

x x+k y y)

,

(4.9)

neglecting the higher order terms in ǫ yields from (4.8) a linear equation for ǫ as
iǫt + ǫxy + i(k y ǫx + k x ǫy ) + 2iA20 (ǫ∗x − ǫx ) + 4A20 k x (ǫ∗ + ǫ) = 0.

(4.10)

The appearance of the last two terms in equation (4.10) is due to the nonlinearity.
x

y

For detecting the instability of the perturbation we represent ǫ = c1 ei(ωm t+km x+km y) +
x

y

c2 e−i(ωm t+km x+km y) Inserting this form of perturbation in equation (4.10) and arranging
the independent terms we get a set of two homogeneous equations for the arbitrary coefficients c1 , c2 , nontrivial solutions of which can exist only when the determinant of the
2
= K 2 − Ωc , where ω̄m = ωm − ω0 ,
matrix vanishes leading to the necessary relation ω̄m
x
y
x y
x y
x2
and ω0 = 2A20 km
− k x km
− km
k , K = km
km − 4A20 k x , Ωc = 4A40 (4k x 2 − km
), which

gives finally
1

ωm = ω0 ± iωI , ωI = (Ωc − K 2 ) 2 .

(4.11)

x
Therefore, under the condition K 2 < Ωc with Ωc > 0, i.e when |km
| < 2|k x | the modu-
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lation frequency ωm can acquire an imaginary part ωI , initiating an exponential growth
of perturbation with time t and hence onsetting the MI. ωI is the growth rate of the
instability given by (4.11), a graphical form of which is presented in Fig. 4.2, showing its
dependence on the longitudinal and transverse directions through kxm , and kym respectively.

Figure 4.2: The growth rate ωI of the MI given by (4.11), arising in our 2DNLS equax
tion, exhibiting how it changes (for A0 = 1.0, k x = 1.0) along the longitudinal (km
) and
y
transverse (km ) directions, showing a strong directional preference.
Both these figures show clearly, that the behavior of MI as well as the growth rate has a
strong directional preference and range as observed also earlier in 2D models [66, 75, 113,
99, 100, 74]. We have confirmed such properties through exact analytic result showing
x
y
explicitly that in the MI as well as in the growth rate the components (km
, km
) of the
x
wave vector do not enter symmetrically, in addition with a directional range |km
| < 2|k x |.

A comparison here with the analysis of MI in case of the known 1D NLS equation [81]
may be illuminating. The condition for the onset of instability in the 1D case involves
x
only the nonlinear amplitude A0 expressed in the form |km
| < 2A0 , while in the present
x
y
situation the condition is more complicated involving all components km
, km
, k x apart

from A0 , together with an allowed range on the wave vector component, as found above
analytically and shown graphically in Fig. 4.3. Similar situation is also true for the growth
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Figure 4.3: Graphical representation of the MI region, where the instability can occur
only within the shaded area (for fixed values of A0 = 1.0, K x = 1.0). The instability
region, showing dependence on the wave vector (kxm , kym ), varies asymmetrically along the
longitudinal and transverse direction, as seen clearly from the figure.
1

x
x 2 2
rates, where in the 1D case it is given by ωI = |km
|[(2A0 )2 − (km
) ] [81], while in the

present case the form of ωI is more complicated and depends on both longitudinal and
transverse directions, as shown above.
Thus the overall picture for the onset of the MI is similar to that occurring in the
1D NLS equation [81], though in the case of the 2D NLS equation (4.8) the details
are different and more intricate with a directional preference and range, as seen also
for the MI, initiating RW formation in some other systems in higher space-dimensions
[66, 74, 67, 75, 101]. We emphasize however, that in place of approximate numerical
result obtained earlier [114], we found here similar properties in exact analytic form in
our model. This is a strong point of our exact model. As in the case of the well studied
1D NLS model, we may expect the MI to play a key role in the creation of RWs based on
our 2D NLS model (4.8).
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4.3

Modelling of 2D rogue waves

Apart from finding a novel 2D integrable equation (4.8), our aim, relevant to the present
problem, is to construct a 2D RW model as an exact solution of this equation.

4.3.1

Static lump soliton

Before presenting the dynamical lump solution related to (4.8) we consider first its static
2D lump-like structure:
qP (2d) (x, y) = e4iy (u + iv), u = G − 1, v = −4yG,
where G ≡

1
, F (x, y) = αx2 + 4y 2 + c,
F (x, y)

(4.12)

localized in both space directions and describing a fully developed RW. One can check
by direct insertion that (4.12), having two arbitrary parameters α and c, is an exact
static solution of the 2D nonlinear equation (4.8). Solution (4.12), in spite of its close
resemblance with the well known PB solution (4.2), marks some important differences.
The static wave profile |qP (x, 0)| (4.4), obtained from PB solution (4.2) at time t = 0 is
a curve, representing full blown 1D RWs admitting no free parameters of relevance. On
the other hand
1

1

|qP (2D) (x, y)| = (u2 + v 2 ) 2 = [(G − 1)2 + (4yG)2] 2 ,

(4.13)

obtained from the static solution (4.12) represents a 2D lump with two independent free
parameters, significance of which will be is explained below and shown in Fig. 2(a-d).
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4.3.2

Rogue wave with adjustable amplitude, inclination and
hole waves

Note, that the static lump soliton (4.12), can be obtained from the dynamical RW solution
(4.19) at the static point t = 0 (Fig. 3c) similar to static PB profile obtained from (4.2),
and hence it physically represents a full grown RW solution as shown in Fig. 2 (d).
Looking more closely into solution (4.12), for understanding the physical relevance of
its free parameters c and α, we notice that the wave attains its maximum amplitude:
|qP (2D) (0, 0)| ≡ Arog (c) = ( 1c − 1), at the center (x = 0, y = 0), while at large distances
(|x| → ∞, |y| → ∞) the wave goes to the background plane wave, with its amplitude
decreasing to A∞ = 1. Therefore the maximum amplitude reachable by our RW solution,
relative to that of the background wave is

Arog (c)
A∞

= ( 1c − 1). Consequently, the amplitude

of the full grown RW described by the lump soliton can be changed continuously by
changing parameter c (with Arogue (c) increasing with decreasing c) and could therefore
be adjusted to fit the heights of any observed RW. Consequently, the maximum RW
amplitude in our model can be made as high as desired, by decreasing the value of an
arbitrary smooth parameter c (see Fig. 2 (a-d), for particular examples). Comparing this
situation with the conventional 1D RW model given by the PB (4.2) and its generalizations
[24], as mentioned above, we conclude that, in the well known class of PB solutions, the
maximum amplitudes reachable by the 1D RW are given by the fixed discrete odd numbers
2j + 1, with j = 1, 2, 3, . . . and can be obtained by going only to different higher solutions
involving more and more complicated higher order polynomials. The higher rational
solutions having free parameters [82, 25] become parameterless for a single-peak RW
solution [25]. On the other hand, in our 2D RW model the maximum amplitude Arog (c)
can be varied continuously and increased as required, by tuning an arbitrary parameter
c in the same single-peak, first order solution (4.12) or its dynamical extension (4.19)
(as shown in Fig. 2 (a-d)), making the model suitable for RWs with a diverse range of
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heights, anywhere in the range 17-30 meters in calm sea [21]-[62], as observed in deep sea
2D RWs.
Extending the modular inclination in case of 1D: SPx (x), as defined in (4.5) we get for
the full grown 2D RW solution (4.12) the modular inclination as
SPx (2D) (x, y) =

∂
∂
|qP(2D) (x, y)|, SPy (2D) (x, y) =
|qP (x, y)|
∂x
∂y (2D)

(4.14)

Focusing on the inclination SPx (2D) (x, 0) as observed at the middle of the wave front, we
notice, that it is linked also to another free parameter α and attains its maximum

SPx (2D)max (xm , 0) = −2αxm G2 (xm , 0)
at xm =

√
c
√
3α

(4.15)

with function G(x, y) as defined in (4.12).In [63], it is mentioned that

the real RWs are more steep than that predicted from NLS equation. We see that the
maximum modular inclination of a full grown 2D RW in our model depends on both the
parameters c and α in an intricate way and can be changed continuously by varying two
arbitrary parameters to fit varied situations (Fig. 4(a-d)). Note that this inclination will
be influenced by the physical steepness of the wave, contributing from the wave vector
of the career wave. We can identify another intriguing feature of our solution, by noting
that the amplitude of the wave (4.13) falls to its minimum: A0 = 0, at y = 0, x = ±x0
q
1
(1 − c), which depends again on two free parameters. This significant
where x0 =
α

feature emerging from our RW model, as will be demonstrated below in Fig. 3(a,b), is
related to the hole-wave formation observed during ocean RWs [84, 83],[75].
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(a) High amplitude (12) and high modular inclination, for c = 1/13, α = 4.0.
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(b) High amplitude (12) but low modular inclination, for c = 1/13, α = 0.4
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(c) Low amplitude (2) but low modular inclination, for c = 1/3, α = 0.4
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(d) Moderate amplitude (5) and moderate modular inclination, for c = 1/6, α = 1.2. The
last situation is the same as figure 5c, obtained at t = 0.

FIG.2: Full grown two-dimensional rogue wave modelled by the modulus (|qp(2D) |
of the static lump soliton (4.12) with different shapes and sizes, generated
from the same single- peak solution. The maximum amplitude and modular
inclination are tunable through two parameters c and α.
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4.3.3

Topological consideration

Though the static lump-solution (4.12) can describe the profile of a full grown 2D RW,
for modelling an evolving realistic RW, we need to find a time-dependent solution, which
would smoothly go to its static form (4.12) at the moment t = 0. Our next aim therefore
is to construct a dynamical lump soliton out of the static lump-solution, to create a
true picture of a RW which can appear and disappear fast with time. However, for
constructing such a solution we have to clarify first, whether it is possible in principle for
our lump soliton to disappear without a trace, i.e. whether the soliton is free from all
topological restrictions, which otherwise would prevent such a vanishing. The reason for
such suspicion is due an interesting lesson from topology stating that, when a complex
field q(x, y) is defined on a 2D space with non-vanishing boundary condition |q| → 1 at
large distances, but having vanishing values q → 0 close to the center, we can define a unit
vector φ̂ =

q
|q|

on an 1-sphere S 1 . However, this vector φ̂ = (φ1 , φ2 ) is well defined only

at the space boundaries: ∂R2 ∼ S 1 (since q = 0 at inner points), realizing a smooth map:
S 1 → S 1 with possible nontrivial topological charge Q = n. This charge with integer
values n = 0, 1, 2, . . ., labels the distinct homotopy classes and is defined as the degree of
the map, which unlike a Nöther charge is conserved irrespective of the dynamics of the
system. Such a situation occurs for example in type II superconductors with the charge
linked to the quantized flux of vortices for the magnetic field B(x, y) [106] :

2πQ =

Z

dS · B =

Z

C

dl · A,

(4.16)

where B = curl A = ẑ(∂x φ1 ∂y φ2 − ∂x φ2 ∂y φ1 ). Notice that, our complex field solution
qP (2d) (x, y) possesses clearly the features of φ̂ discussed above, since (4.12) goes to a
constant modulation −e4iy at large distances and vanishes at points (0, ±x0 ). Note that,
such a solution related to a sphere to sphere map can not go to a trivial configuration , if
it belongs to a homotopy class with nontrivial topological charge: Q = n, n = 1, 2, 3, ...,
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due to conservation of the charge, with the only exception for the class with zero charge
Q = 0. Therefore, for confirming the possible appearance/disappearance property of a
RW for solution (4.12), we have to establish first that in spite of defining a nontrivial
topological map, it belongs nevertheless to the sector with topological charge: Q = 0,
i.e. our lump soliton is indeed shrinkable to the vacuum solution. For this we calculate
explicitly the topological charge (4.16) associated with (4.12) as

2πQ =

Z

C

dl · A =

Z

(dxAx + dyAx ), ,

(4.17)

where Aa = φ1 ∂a φ2 , φ1 = Re q/|q|, φ2 = Im q/|q|, where the contour integral along x
and y are taken along a closed square at the boundaries of the plane. Substituting explicit
form of solution q(x, y) from (4.12) and arguing about the oddness and evenness of the
integrand with respect to x, y or checking directly by any analytic computational package
one can show that the related charge is indeed Q = 0 and therefore the solution belongs to
the trivial topological sector as we wanted. The intriguing reason behind this fact is that,
the two holes appearing here have opposite charges resulting to their combined charge
being zero.

4.3.4

Construction of dynamical lump soliton

For constructing a dynamical extension of the 2D static lump soliton (4.12) we realize
that, a sudden change of amplitude with time, as necessary to mimic the 2D RW behavior,
might result to a non-conservation of energy. This however can not be described by
an integrable equation alone, since the integrability demands a strict conservation of
all charges and therefore our integrable equation (4.8) needs certain modification for
allowing the appearing/disappearing nature of its lump-solution. On the other hand,
the importance of ocean currents in the formation of RWs is documented and repeatedly
emphasized [62, 84, 78, 103], which however is absent in equation (4.8). This motivates
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us to solve both these problems in one go, by modifying equation (4.8) with the inclusion
of the effect of an ocean current, as in [62], by adding a term in the form I = −iUc qx . For
obtaining an exact dynamical RW solution to the modified 2D NLS equation, we choose
the current flowing along longitudinal directions and changing with time and location as
Uc (x, t) =

µt
.
αx

Looking closely into the structure of this current term for the RW solution

(4.19):
I(x, y, t) = i(

µt ∂
) [qP (2D) (x, y, t)] = −2µt(4y − i)G2 e4iy ,
ax ∂x

(4.18)

with G as defined in (4.19), it becomes apparent, that the currents would flow to the center
of formation of the RW (x = y = 0) from both of the longitudinal and the transverse
sides, though with a directional preference, with their magnitude |I(x, y, t)| increasing as
they approach to the center, however stopping completely at the moment of the full surge
at t = 0. The picture gets reversed after the RW event with currents flowing back quickly,
away from the center with the intensity of the current |I| diminishing as the distance
increases. Such an inflow and outflow of energy seems to be physically consistent with the
formation of a 2D ocean RW. Note that, though the current factor Uc looks ill-defined,
the multiplicative factor qx makes the term I(x, y, t) well-behaved on the RW solution
(4.19), with the ocean current term becoming a smooth and bounded function in all space
and time variables, as evident from (4.18). It has been suspected in earlier studies, that
spatially nonuniform current should be responsible in the development of ocean rogue
waves [78]. Such a nonuniform dependence on space variables can be seen in our current
term I(x, y, t). Interestingly, the modified 2D NLS equation ((4.8) with the inclusion of
the current term I) admits now an exact dynamical 2D extension of the Peregrine soliton
in the analytic form, though the modified equation loses its integrability in the sense,
discussed earlier. The dynamical RW solution has a similar form as (4.12), only with the
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function G becoming dynamical by the inclusion of time variable :
qP (2d) (x, y, t) = e4iy [−1 + (1 − i4y)G],

G≡

1
, F (x, y, t) = αx2 + 4y 2 + µt2 + c.
F (x, y, t)

(4.19)

The arbitrary parameter µ appearing in the solution (4.19) is related to the ocean current
and can control how fast the RW would appear and how long it would stay. Note again
that (4.19) at t = 0, representing a full grown RW (see Fig 3c)) coinciding with the exact
static lump-solution (4.12) of the 2D NLS equation (4.8) (as in Fig. 2d)), justifying the
physical relevance of the static lump solution. At this stage, a comparison between 1D
PB soliton
qP (x, t) = [−1 +

(1 − 4it)
]e−2it
+ 4t2 + 14

x2

(4.20)

and our 2D lump soliton

qP (2D) (x, 0, t) = [−1 +

(1)
], at y = 0,
αx2 + µt2 + c

(4.21)

might be interesting. This shows that though there is some similarity between these two
solutions, there are many differences as well at y = 0. In the absence of the transverse
coordinate, the 2D solution (4.21) of our modified equation, becomes real, though still
having 3 independent free parameters. The 1D PB soliton on the other hand is complex
with a breathing mode, but without any free parameter.
We should mention here, that the 2D extension of PB solution (4.19), unlike the
standard 1D PB, unfortunately could not be derived as a limiting case from the breather
solution of 2D NLS equation (4.8), due to the two-dimensional nature of the solution and
has to be constructed by direct insertion through an ansatz.
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4.3.5

Proposed 2D rogue wave model and its dynamics

It is convincingly demonstrated in Fig. 3 (fixing the free parameters to certain values),
how the envelop wave |qP (2D) (x, y, t)| corresponding to the exact dynamical 2D lumpsoliton (4.19), dependent on time t and two space variables x and y on a plane, evolves
from a background plane wave existing in the distance past and how it could acquire a
q
sudden 2D hole at the centre (x = 0, y = 0) at the moment th = − µ1 (1 − c), (th = −0.83
for c = 1/6, µ = 1.2 in Fig. 3a), as told in marine-lore [63, 75, 83]. The hole subsequently

splits into two and shift apart from the centre (Fig. 3b)), to make space for a high steep
upsurge of the lump forming the full grown RW (Fig. 3c) at time t = 0. Note that we
have derived analytically the exact positions of these holes in the previous subsection.
With the passage of time the picture gets reversed and the 2D RW disappears fast into
the background waves with the 2D holes merging at the centre and vanishing again. Thus
our model describes vividly well the reported picture of the ocean surface RWs [62, 73, 84]
as well as those found in large scale 2D experiments [66]. Since our model is an exact one
, we could work out these details analytically. The surface RWs modelled by our solution
(4.19) and as visible from Fig. 3 (similarly from solution (4.12) and Fig. 2), shows a
distinct directional preference and an asymmetry between the two space variables x, y,
(similar to the report of [62, 73]). The maximum amplitude attained by the full grown
RW (as shown in Fig 3c) is five-times that of the background waves, due to our choice
c = 1/6. Examples of other amplitudes and modular inclination of full grown RWs for
some other choices of the free parameters c and α, as modelled by the static solution
(4.12), are presented already in Fig. 2 (a-d).
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(a) At t = th = −0.83 : creation of two dimensional hole at the centre.

(b) At t=-0.40: the hole splits into two, which are drifting away from the centre.
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(c) At t = 0.0 : The full grown RW corresponds also to the static lump soliton (4.12), as
shown in fig 4d.
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FIG.3: Snap shots of a two dimensional RW with two dimensional holes during its formation in different times, described by the modulus |qP (2D) (x, y, t)| of the dynamical lump
soliton 4.19 with parameter values c = 1/6, α = 1.2, µ = 1.2 at three crucial moments of
time.

4.4

Physical origin of the proposed 2D NLS equation
and its integrability

We have shown that the 2D NLS equation (4.8) which is equivalent to nonlinear equation (4.7) can give an exact model, considerably successful in describing realistic 2D rogue
waves. In this section we show the direct link of the 2D NLS equation with basic hydrodynamic equations. Moreover we show the underlying integrable structures of the proposed
equation.

4.4.1

Derivation of the integrable 2D NLS equation from basic
hydrodynamic equations

For emphasizing the physical significance of our main nonlinear integrable equation (4.8),
on which the ocean rogue wave model is based, we show its direct link with basic hydrodynamic equations. The procedure is based on the asymptotic multi-scale expansion, at
par with the celebrated equations like KdV, NLS etc [105, 123], though one should include
here an extra space dimension with an asymmetric scaling in space variables, considering
the perturbative expansion to the next higher order. This is consistent however with the
modelling of an ocean rogue wave, which is a surface phenomena with a likely broken
space symmetry and directional preference [67]. Before entering into the detailed calculation, three dimensionless entities: ǫ =

a
h0

,δ=
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h0
λx

and µ =

λx
λy

are defined where a is the

maximum amplitude, h0 is the constant water depth, λx and λy are the wavelengths of
the surface wave along longitudinal and transverse directions. The nonlinear parameter ǫ
is responsible for the slow evolution of a harmonic wave of wavenumber kx , ky . The wave
is thus slowly modulated as ǫ tends to 0 and therefore this small parameter can be used
for perturbative expansion. Smallness of ǫ is consistent with the deep water limit with
a << h0 and hence with the formation of oceanic rogue waves. Note that parameters ǫ
and δ are similar to those appearing in the derivation of the well known 1D NLS equation,
with ǫ small and δ without any restriction since h0 and λx both are large quantities for
deep water and long wavelength limit, as also true in our case. However, an additional
parameter µ, also without any restriction on its value appears in our 2D case, due to the
presence of an additional transverse direction.
The first step in the derivation is to write the basic hydrodynamic equations for inviscid, irrotational and incompressible fluid in dimensionless variables,
for the velocity potential field φ(t, x, y) and the gravity wave η(t, x, y) as the free
surface displacement above the mean water depth h0 in the form
φzz + δ 2 (φxx + µ2 φyy ) = 0,

(4.22)

at 0 < z < 1 + ǫη, which comes from continuity equation. The equation
φz = δ 2 [ηt + ǫ(φx ηx + µ2 φy ηy )],

(4.23)

called kinematic condition, is valid on z = 1 + ǫη. The equation
1 φ2
φt + η + ǫ[ 2z + φ2x + µ2 φ2y ] = 0
2 δ
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(4.24)

is also another free surface boundary condition valid at z = 1 + ǫη, while

φz = 0

(4.25)

is the fixed boundary condition valid at z = 0, i.e. at the bottom.
We introduce new variables with different scaling through ǫ as
ξ = kx x + ky y − ωt, ζ = ǫ(x − Mx t), Y = ǫ2 y, τ = ǫ3 t,

(4.26)

where ω, Mx are frequency and velocity parameters to be determined later. Note, that
the two space variables are treated with a non-symmetric scaling and using these set of
variables, equations (4.22 -4.25) become
φzz + δ 2 (kx2 φξξ + ǫ2 φζζ + 2ǫkx φζξ ) + µ2 δ 2 (ky2 φξξ + ǫ4 φY Y + 2ǫ2 ky φY ξ ) = 0

(4.27)

φz = δ 2 [−ωηξ − ǫMx ηζ + ǫ3 ητ ] + ǫδ 2 (kx φξ + ǫφζ )(kx ηξ + ǫηζ ) +
µ2 ǫδ 2 (ky φξ + ǫ2 φY )(ky ηξ + ǫ2 ηY )

(4.28)

and
[−ωφξ − ǫMx φζ + ǫ3 φτ ] + η + (

ǫ
µ2 ǫ
ǫ
2
2
)φ
+
(k
φ
+
ǫφ
)
+
(ky φξ + ǫ2 φY )2 = 0(4.29)
x ξ
ζ
2δ 2 z 2
2

both valid at z = 1 + ǫη, while
φz = 0, at z = 0.

(4.30)

Seeking asymptotic solution of these equations in the series form

φ=

∞
X

n

ǫ φn (ξ, ζ, Y, τ, z), η =

n=0

∞
X
n=0
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ǫn ηn (ξ, ζ, Y, τ )

(4.31)

and using this expansion of dependent variables along with the scaled independent variables, different sets of equations are obtained from the basic set (4.27)-(4.30) at different
powers of ǫ. In each ǫ order different equations are obtained for various powers of E and
E ∗ . We would consider these equations sequentially at each order of parameter ǫ.
1) ǫ0 order : The solution of interest in this case takes the form
φ0 = f0 + F0 E + F0∗ E ∗ , η = A0 E + A∗0 E ∗ ,

(4.32)

where F0 (ζ, Y, τ, z) , A0 (ζ, Y, τ ) are complex functions with F0∗ , A∗0 as complex conjugates,
while f0 (ζ, Y, τ ) is a real function and E = exp(iξ).
Using (4.27) and (4.30), F0 , can be determined as

F0 = G0 cosh (δK1 z), where G0 =

q
−iA0 ωδ
, K1 = kx2 + µ2 ky2 .
K1 sinh (δK1 )

(4.33)

Using other two nonlinear boundary conditions (4.28), (4.29) we obtain the dispersion
relation ω 2 =

K1
δ

tanh (δK1 )

2) ǫ order : Expanding φn , ηn as

φn =

n+1
X

m

Fnm E + c.c, ηn =

n+1
X

Anm E m + c.c,

(4.34)

m=0

m=0

where Fnm (ζ, Y, τ, z) and Anm (ζ, Y, τ ) are to be determined for various powers of E, at
each powers of ǫ .
At ǫ order ,the components F10 , F11 , F12 , A10 , A11 , A12 and the velocity parameter Mx
are determined from the equations corresponding to E, E 2 and E 0 , explicit forms of which
are appended in A1.
3) ǫ2 order: At this order a NLS type equation (Space coordinate Y replacing the
time coordinate) is obtained, collecting the coefficients of E from (4.28), (4.29) and by
using the quantities, already determined. Before calculating the final form of this equation
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some other components namely F21 , F20 , f0ζ at this order need to be evaluated, which are
given in the appendix A2.
The final form of the NLS like equation is obtained eliminating the unknown terms
and expressing other terms through the single function A0 as
iα1 A0Y + α2 A0ζζ + β2 |A0 |2 A0 = 0,

(4.35)

where the constant coefficients α1 , α2 and β2 are also given in appendix A22
Following the same procedure the components F22 ,A22 , A20 ,f0Y are determined ,which
we are not furnishing here due to their cumbersome expressions.
4) ǫ3 order: In this order an evolution equation is obtained, for which some relevant
components i.e. F31 ,F30 etc, are also determined by continuing with the same procedure.
The explicit forms of these coefficients presented in A3.
The evolution equation obtained by using equation (4.28), (4.29) and collecting coefficients of E takes the form
iaA0τ + α31 A0ζY + iβ̄32 A20 A∗0ζ + iβ̄31 |A0 |2 A0ζ + ieG∗11 A20 + if G11 |A0 |2 +
iα32 A0ζζζ = 0,

(4.36)

where a, α31 , β̄32 , β̄31 , e, f, α32 are real constants dependent on parameters kx , ky , µ, δ.
If it is assumed, that the term G11 depends also on A0 like the other terms as F0 ∼ A0
and G12 , A12 ∼ A20 etc. (see Appendix) , then the only consistent relation would be
G11 = P1 A0ζ , where P1 is a real constant, dependent only on kx , ky , µ, δ. Using this
relation in (4.36) one simplifies it in the form
iaA0τ + α31 A0ζY + iα32 A0ζζζ + i(β31 |A0 |2 A0ζ + β32 A20 A∗0ζ ) = 0,

(4.37)

where β31 , β32 , are another set of constant coefficients expressed through earlier coef116

ficients. Notice that the above equation (4.37) is similar to but not the same as our
integrable 2D NLS equation due to the appearance of the term iα32 A0ζζζ . However fortunately we have another equation (4.35) at our disposal, obtained at a lower order. Taking
derivative of (4.35) with respect to ζ we derive the relation
iα2 A0ζζζ = α1 A0ζY − iβ2 (|A0 |2 A0 )ζ

(4.38)

using which we can eliminate this unwanted term from (4.37) to obtain an equation in
the form
iC0 A0τ + C1 A0ζY + iC2 A0 (A0 A∗0ζ − A∗0 A0ζ ) = 0,

(4.39)

under the condition on the coefficients of the original equation as
(β32 + β31 )
β2
=
α2
3α32

(4.40)

Rescaling ζ, Y and τ and renaming A0 equation (4.39) goes directly to the 2D NLS
equation (4.8), which is equivalent to (4.7) proposed by us. Note that constraint (4.40), we
have to impose for deriving our integrable 2D NLS equation from the basic hydrodynamic
equations, though does not hold for general water wave problems, this loss of generality
is compensated for by the gain of our important exact results. This in general is true for
all integrable models.

4.4.2

Integrable structures of the proposed equation:

We present here the associated integrability properties of equation (4.8).

The one-

soliton solution of this equation is given in the form qs(2d) (x, y, t) = sechκ(y + ρx −
vt)ei(k1 x+k2 y+ωt) , while allowing also higher soliton solutions(given in the next chapter in
details) and infinite set of conserved quantities . One can also find the associated linear
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system
Φy = U(λ)Φ, Φt = V (λ)Φ,
with a Lax pair given by
(0)

(0)

U(λ) ≡ V2 (λ) = 2λV1 (λ) + V2 , V (λ) ≡ V3 (λ) = 2λV2 (λ) + V3

(4.41)

where
(0)

V1 (λ) = i(λσ 3 + U (0) ), V2
(0)

V3

2

= σ 3 (Ux(0) − iU (0) )

= −σ 3 Uy(0) − [U (0) , Ux(0) ], U (0) = qσ + + q ∗ σ − ,

(4.42)

with σ a , a = ±, 3, Pauli matrices, the flatness condition: Ut − Vy + [U, V ] = 0, of which
generates our 2D NLS equation (4.8). Note that unlike the known Lax pair of the 1D
NLS, the pair U(λ), V (λ) associated to our system have higher order dependence on the
spectral parameter λ. It is not difficult to show, that the flatness condition yields from
(4.42) different relations at different powers of λ. The equation linked to the λ corresponds
to our (2 + 1)-dimensional NLS equation (4.8), while the relation with λ0 gives another
intriguing nonlinear equation
iqxt + qyy + 2i|q|2 qy + 2qx (qqx∗ − q ∗ qx ) = 0.

(4.43)

Our main concern here however is the 2D NLS equation (4.8), which we intend to use
for constructing a 2D rogue wave model. Note however, the modification of (4.8) by the
addition of the current term as considered in the Sect. 3 though yields exact analytic RW
solution no longer remains integrable in the sense described here.
Systems with infinite degrees of freedom like the 2D-NLS equation (4.8), when integrable, should have infinite set of independent conserved quantities. We generate here
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the related infinite set of conserved charges Cn , n = 1, 2, . . . in the explicit form, demonstrating again an important feature of the 2D NLS equation linked to its integrability.
In analogy with the 1D NLS equation we start from the linear system , but use now
the Lax equation along the y-direction: Φy = U(λ)Φ. Note, that for the wave function
Φ(λ, y) = (φ, φ̃), the component
Ry

φ(y, λ) = e

with

R +∞
−∞

dy ′ρ(λ, y ′ ) =

yielding

P∞

n=1

−∞

ρ(λ,y ′ )dy ′

,

Cn λ−n acts as a generator of the conserved quantities,

lnφ(y = ∞, λ) =

∞
X

Cn λ−n .

n=1

Therefore using U(λ) as in (4.41) or in more explicit form in the Lax equation Φy = U(λ)Φ,
we can build systematically the infinite set of conserved charges: Cn , n = 1, 2, . . . through
a recurrence relation giving
Z

Z

1
dy(i (qy∗ q − q ∗ qy ) + qx∗ qx + |q|4 ), C3 =
2

Z

dy(qy∗qx + qx∗ qy ),
C1 = i dy(q qx −
C2 =
Z

∗
C4 =
dy iqxy
qx + qy∗ qy − i|q|2 (q ∗ qy − qy∗ q) − 2|q|2 qx∗ qx + (q ∗ 2 qx2 + qx∗ 2 q 2 ) ,
(4.44)
∗

qx∗ q),

and so on. We note the involvement of both the space-variables x, y in this series of
independent conserved quantities, which also gives another strong argument in favor of
the integrability of the 2D nonlinear equation (4.8). Taking these conserved quantities as
Hamiltonians H ≡ Cn we can generate the integrable hierarchy for this 2D NLS equation.

4.5

Summary

We conclude by listing a few distinguishing features of our proposed dynamical lump
soliton (4.19), which are important for a realistic ocean RW model.
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1) This is the first 2D dynamical deep water RW model given in an analytic form.
2) It is a 2D extension of Peregrine like soliton, representing an exact lump solution
linked to a novel (2 + 1)-dimensional integrable NLS equation, derivable from the basic
hydrodynamic equations.
3) The dynamics of the RW solution is induced by a ocean current term and controlled
by it. Importance of the current in the formation of RW is strongly emphasized [66, 62],
though perhaps for the first time this effect in 2D is attempted to be analyzed analytically
in our model.
4) Both the height and the inclination of the single peak RW are adjustable by two
independent free parameters present of our model.
5) The fastness of appearance of the RW and the duration of its stay can be regulated
by yet another parameter linked to the ocean current.
6) The proposed solution and MI exhibit broken spatial symmetry as well as a directional preference, which are suspected to be the crucial features in the formation of a 2D
RW [66, 67, 74, 75]. Note again that these features obtained earlier through observation
or numerical simulation, found and confirmed in our model through exact analytic result.
7) Strange appearance (and disappearance) of a 2D hole just before (and after) the
formation of the rogue wave [75, 84, 83] is also confirmed in our model, graphically as
well as by analytic findings.
In comparison the original Peregrine soliton (4.2) (together with its higher order solutions), by far the most popular model of the rogue wave, does not exhibit most of these
essential properties, due to its inherently one-dimensional nature and absence of free parameters. Therefore, while the class of Peregrine solitons are successful in modelling 1D
rogue wave like structures observed in many experiments, the two-dimensional rogue wave
model reported here should complement it, to stand close to a realistic model for ocean
surface rogue waves. We hope that, this breakthrough in describing large ocean RWs
by an analytic dynamical lump-soliton with adjustable height, inclination and duration
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would also be valuable for experimental findings of two-dimensional RWs in other systems like capillary fluid waves [69] optical cavity waves [67] and basin water waves [66].
Derivation of our exact lump soliton from the breather solution of the integrable 2D NLS
equation presented here, in a systematic way as well as to find higher order rational lump
solutions would be challenging theoretical problems.
We can conclude by stating the fact that, the new two dimensional equation which we
have introduced (4.8) demands its applications like other integrable equations as KdV,
NLS, KP, DS to other physical systems like plasma, Bose-Einstein condensates etc. Since
the equation (4.8) is an integrable two dimensional extension of NLS equation its various
integrable properties might be interesting in explaining various physical properties of those
systems. Motivated by this fact we will derive and establish this 2D-NLS equation in the
propagation of an ion acoustic wave in lossless magnetized plasma of cold ions and hot
electrons in the next chapter and its various physical properties will be explored.

4.6

Appendix:

A1: Coefficients appearing in order ǫ :

F10 = G10 (ζ, Y, τ ), A10 = Mx f0ζ −

2δK1
|A0 |2
sinh (2δK1 )

F12 = G12 cosh (2δK1 z), where G12 =

A12 =

δK1 cosh (δK1 )
[1
2[sinh (δK1 )]3

−3iωδ2
A2 ,
4 sinh4 (δK1 ) 0

+ 2 cosh2 (δK1 )]A20

F11 = G11 cosh (δK1 z) −

iδkx
G0ζ z
K1

sinh (δK1 z),
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A11 = iω[G11 cosh (δK1 ) −

iδkx
G0ζ
K1

The velocity parameter: Mx =

sinh (δK1 )] + Mx [G0ζ cosh (δK1 )]

ωkx
[1
2K12

+

2δK1
]
sinh (2δK1 )

A2: Coefficients appearing in order ǫ2 :

F21 = G21 cosh (δK1 z) −

iδkx
G11ζ z
K1
2

sinh (δK1 z) −

iδky 2
µ G0Y
K1

z sinh (δK1 z) +

2 2

δkx
δ kx
2
G0ζζ [(− 2Kδ 1 )z sinh (δK1 z) + ( 2K
3 )z sinh (δK1 z) − ( 2K 2 )z cosh (δK1 z)],
1

f0ζ =

2Mx δK1
1
[− sinh(2δK
(1−Mx2 )
1)

−

1

2ωδkx coth (δK1 )
]|A0 |2 ,
K1

2

F20 = −δ 2 f0ζζ z2 + G10 (ζ, Y, τ ),
1 δ+sinh (2K1 δ)]
α1 = −ky µ2 tanh (K1 δ) [2K
,
2ω 3 cosh2 (K1 δ)

α2 =

δ
[K13 δ{2Mx2
2ωK13

− cosh21(K1 δ) } − K12 tanh (K1 δ) + kx2 tanh (K1 δ) + 4K1 kx Mx δ 3 ω 3 −

K1 kx2 δ{1 + tanh2 (K1 δ)}],

2

δ
1
1
1
2
2
2
β2 = − ω(1−M
2 ) [4kx +K1 δ sinh (2K δ) {K1 ((−1+Mx )(8+cosh (4K1 δ) sinh2 (K δ) +2 cosh2 (K δ) )+
1
1
1
x

8kx Mx ω}]

A3: Coefficients appearing in order ǫ3 :

F30

z2
= −δ F10ζζ + G30 (ζ, Y, τ ),
2
2
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(4.45)

2

x
x 2z
F31 = G31 cosh (δK1 z) + G21ζ {( −iδk
)z sinh (δK1 z)} + G11ζζ {( iδk
) 2 cosh (δK1 z) −
K1
K1

z
x
x 2
) ( 2δK
) sinh (δK1 z) − ( 2Kδ 1 )z sinh (δK1 z)} + ( iδk
)G0ζζζ {( 2Kδ 1 )(z 2 /2) cosh (δK1 z)
( iδk
K1
K1
1
2

2

δkx z
z
) sinh (δK1 z) − ( 2K
− ( 2Kδ 1 )( 2δK
3 ) 2 cosh (δK1 z) +
1
1

2

z
) sinh (δK1 z) +
( 2Kδ 1 ) z2 cosh (δK1 z) − ( 2Kδ 1 )( 2δK
1

δkx2
(z/2δK1 ) sinh (δK1 z)
2K13

δ2 kx2 z 3
2K12 3

+

sinh (δK1 z) −

2 2
δ2 kx2
y
x
)( iδk
)[µ2 z 2
(z 2 /2δK1) cosh (δK1 z)+ δ2Kk2x (z/2δ 2 K12 ) sinh (δK1 z)}+G0ζY ( iδk
K1
K1
2K12
1

y
µ2 sinh (δK1 z)( δKz 1 ) + G11Y [−( iδk
)µ2 z sinh (δK1 z)]
K1
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cosh (δK1 z)−

Chapter 5
A new (2+1) dimensional integrable
evolution equation for an ion
acoustic wave in a magnetized
plasma
5.1

Introduction

In the previous chapter, we have introduced a new (2+1) dimensional completely integrable nonlinear evolution equation for modelling oceanic rogue wave phenomena. Since
this equation can be regarded as the integrable generalization of the (2+1) dimensional
Nonlinear Schrodinger Equation (NLSE), it demands applications like the other integrable
models, to the various physical systems. Motivated by this fact we shall try to develop
this new (2+1) dimensional integrable NLSE in the propagation of modulated ion acoustic wave packet in the lossless magnetized plasma system consisting of cold ions and hot
isothermal electrons. Now before entering into the main subject it is necessary to mention
the importance of the integrable models in explaining the nonlinear plasma systems.
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Active research on nonlinear phenomena in plasma physics has grown extensively and
gained much importance over the past few decades due to failure of linear theory in
explaining phenomena related to large amplitude waves, wave- particle, wave-wave interactions etc [124]. However, the complexity of the associated nonlinear partial differential
equations makes the system less well understood in most of the cases. There lies the
importance of the integrable nonlinear equations because of their rich analytical beauty
and availability of generalized mathematical techniques for solving them [125]. Washimi
and Taniuti [126] were first to derive the completely integrable Korteweg de Vries (KdV)
equation for small but finite amplitude ion acoustic solitary waves for collision less plasma
composed of cold ions and hot electrons. Since then the plasma physics community has
been actively involved in nonlinear phenomena related structures such as solitons, shocks,
instabilities, wave-wave and wave-particle interactions etc. The first experimental observation of ion acoustic soliton has been made by Ikezi et.al [128, 127]. Since then the KdV
model has been used extensively in various branches like dusty plasma[129, 130, 131], Bose
Einstein gravitationally condensed gas[132], weakly relativistic magnetized plasma[133],
non-thermal plasma[134], dense plasma with degenerate electron fluids[135] in planar as
well as nonplanar geometry[136, 137] and also in other branches. Other nonlinear equations like Boussinesq equation[127], Benjamin-Bona-Mahony (BBM) equation[138], which
are not integrable also find their applications in plasma physics. It is well known that
nonlinear wave propagation is generally subject to an amplitude modulation due to carrier wave self interaction resulting in a slow modulation of monochromatic plane wave
leading to the formation of an envelope soliton, which may be described by the Nonlinear
Schrödinger( NLS) equation, also a completely integrable system. This equation is also
investigated extensively in various areas of plasma systems like dusty plasma[139, 140],
multicomponent plasma[141], in explaining rogue waves[140, 142, 143], relativistic laser
plasma interactions[144] and various other fields. Peregrine soliton of NLS equation which
is used to describe rogue waves is experimentally observed in a multicomponent plasma
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with negative ions[145]. A complex Ginzberg-Landau equation is derived in compressional
dispersive Alfvenic waves in a collisional magnetoplasma[143] which reduces to standard
NLS equation in a collisionless plasma. The discussed equations are all (1+1) dimensional, but in practical circumstances the waves observed in laboratory and space are
certainly not bounded in one dimension. Franz[146] et.al have shown that a purely 1D
model cannot account for the observed features in the auroral region, especially at higher
polar altitudes. The best known 2D generalization of KdV equation are KadomtsevPetviashvili (KP) equation and Zakharov- Kuznetsov(ZK) equation. A completely integrable generalization of the KdV equation is the KP equation [119] which has also been
used in various branches of plasma such as inhomogeneous plasma with finite temperature
drifting ions[147], ultracold quantum magnetospheric plasma[148], electron positron ion
plasma [149] and also in other areas. The stability of their solutions under transverse
perturbations was also studied [150, 148]. The ZK equation [97] which is more isotropic
in transverse direction was first derived for describing weakly nonlinear ion acoustic waves
in strongly magnetized lossless plasma in 2D[152]. It was also reported that this equation is not integrable under inverse scattering method[153, 154] and till date only three
polynomial conservation laws have been given [155, 156]. This equation was also explored
vastly in the last few decades [160, 159, 158, 157] and higher dimensional solitons were
derived [162, 161]. A 2D generalization of NLS equation is DS equation which was also
derived for electrostatic ion waves [163], electron acoustic wave [164], space and laboratory
dusty plasma [165], and in cylindrical geometry [166]. For special choice of coefficients DS
equation converges to DS1 equation which is analytically integrable and admits dromion
solutions with localized structure in higher dimensions [164, 163, 165, 167, 168]. But in
case of DS1 equation additional fields are coupled in the interacting term which could
be related to the basic fields only through nonlocal transformations. Hence due to the
presence of a few integrable equations (both in 1D and 2D) in plasma systems, there is
always a requirement for the discovery of new integrable equations (specially in 2D).
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In this work we have derived a completely integrable (2+1) dimensional nonlinear
evolution equation in lossless magnetized plasma with asymmetric scaling on transverse
variable. This equation involving only local interactions of dependent variables was derived earlier in hydrodynamic system [169] in explaining oceanic RW phenomena . The
2D generalizations of NLS equation available in the literature involve either nonlocal interactions, or are non-integrable, whereas the equation presented here is the completely
integrable, local, (2+1) dimensional generalization of NLS equation which however possesses many properties similar to (1+1) dimensional NLS equation.

5.2

Derivation of (2+1) dimensional integrable equation for electrostatic waves propagating in a magnetized plasma

A new (2+1) dimensional integrable evolution equation for the propagation of nonlinear
ion acoustic waves in magnetized plasma is derived in this section. We consider the
propagation of electrostatic waves in a magnetized plasma with the magnetic field B =
B0 eˆz , where B0 is a constant. For situations where plasma pressure is much smaller
than the magnetic pressure, plasma wave excitation is in general electrostatic. The focus
is on a plasma composed of two components, ions and electrons that are described by
fluid equations under collision-free conditions in the cartesian coordinates, which include
conservation of mass and momentum together with Poisson’s equation given by

→
→ −
→→ −
−
→
→
−
∂−
v
∂n −
→
→
→
+ ▽ · (n v ) = 0,
+ (−
v · ▽)−
v + ▽φ − α(−
v × b ) = 0, ▽2 φ = ne − n, ne = exp(φ)
∂t
∂t
(5.1)
where ne , n, v, B, φ are electron, ion number densities and ion fluid velocity, magnetic
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field and electrostatic potential respectively and α is a dimensionless parameter given by
ωci /ωpi . For convenience, we have used the following normalization resulting in dimensionless parameters: electron and ion densities normalized by n0 , coordinates by electron
p
Debye length λDe = vte /ωpe , fluid velocity by the acoustic speed cs = kB Te /mi ; time

−1
by ion plasma period ωpi
, and magnetic field B by B0 = me ωpi /e, where vte , ωpe , ωpi , ωci

are the electron thermal velocity, electron and ion plasma frequencies and ion cyclotron
frequency respectively.
In the above equations, the ions are assumed to be cold and on the slow ion time scale,
the electrons are assumed to be in local thermodynamic equilibrium. When the electron
inertia is neglected, the electrons can be considered to follow a Boltzmann distribution if
the propagation vector has a small component along the magnetic field, such that the angle
χ between the wave vector normal to the magnetic field and the wave vector is larger than
p
me Ti /mi Te , so that as a special case we can take kz → 0. This enables us to consider
propagation perpendicular to the magnetic field with the wave vector k = (kx , ky , 0). The

linear propagation of electrostatic ion cyclotron waves propagating perpendicular to the
magnetic field is governed by the dispersion relation
2
ω 2 = k 2 c2s /(1 + k 2 λ2De ) + ωci

where k 2 = kx2 + ky2 .
In order to derive the nonlinear evolution equation governing the propagation of the
→ →
−
electrostatic ion cyclotron waves, we assume perturbation of the form ∼ exp[i( k · −
r -ω
t)], and adopt the reductive perturbation expansion technique. All the physical quantities
are expanded about their equilibrium values as-

n=1+

∞
X

m=1

m

ǫ

m
X

(m)

nl

l=−m
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→ −
−
exp[il( k · →
r − ωt)]

(5.2)

φ=

∞
X

m

ǫ

m=1

vj =

∞
X

m
X

→ −
−
exp[il( k · →
r − ωt)]

(5.3)

→ →
−
(m)
vjl exp[il( k · −
r − ωt)]

(5.4)

(m)

φl

l=−m

m

ǫ

m=1

m
X

l=−m

where j denotes the x and y components of ion velocities. We have introduced the
following stretched variables with asymmetric scaling on transverse direction as
ξ = ǫ(x − Mx t), η = ǫ2 y, τ = ǫ3 t

(5.5)

where Mx is the group velocity in the x axis. The scaling used here is different from
the scaling involved in the derivation of Davey-Stewartson equation that has a symmetric
dependence on all the space variables. The stretching in this case is asymmetric with
respect to one of the space variables. Such a situation may arise in some experimental
scenario where there is a possibility of weak dependence in one of the directions.
Transforming all independent variables by equation (5.5), we expand equations (5.1)
and carry out a systematic balancing of terms at each order of ǫ. The coefficients appearing
at different orders are all given at the appendix.
At ǫ : l = 1 order we get
(1)

(1)

(1) (1)

(1)

(1) (1)

φ1 = K1 n1 , vx1 = A1 n1 , vy1 = B1 n1

(5.6)

Combining the above expressions leads to the linear dispersion relation for the ion
acoustic waveω 2 = |k|2 K1 + α2 , K1 = 1/(1 + | k |2 )

(5.7)

Similiarly at ǫ2 : l = 0; we get,

(2)

(2)

(2)

(2)

(2)

(1)

(2)

vx0 = A0 |n1 |2 , vy0 = B0 |n1 |2 , φ0 = −K12 |n1 |2 + n0
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(5.8)

At ǫ2 : l = 1; we obtain,

(1)

(1)

(2)

(2)

φ1 = K1 n1 + 2ikx K12

(1)

∂n1
(2)
(2) (2)
(2) ∂n1
(2)
(2) (2)
(2) ∂n1
, vx1 = A1 n1 + B1
, vy1 = C1 n1 + D1
∂ξ
∂ξ
∂ξ
(5.9)

The group velocity along x axis, Mx , can be found out from this order of calculation
as
(1)

Mx =

(A1 (ω 2 − α2 ) + kx K1 ω − iK1 ky α − 2K12 kx ω|k|2
(1)

(1)

(1)

(5.10)

(1)

(−α2 + ω 2 + iB1 kx α + A1 kx ω − iA1 ky α + B1 ky ω)

At ǫ2 : l = 2;

(2)

(2)

(1)

(2)

(2)

(1)

(2)

(2)

(1)

(2)

(2)

(1)

φ2 = D2 (n1 )2 , vx2 = A2 (n1 )2 , vy2 = B2 (n1 )2 , n2 = C2 (n1 )2

(5.11)

At ǫ3 : l = 1; order, an NLS-type equation (space co-ordinate η replacing the time
co-ordinate) is obtained as(1)
(3) ∂n1
iA1

∂η

+

(3) ∂
B1

2 (1)
n1
∂ξ 2

(3)

(1)

(1)

+ C1 |n1 |2 n1 = 0

(5.12)

The above space-type NLS equation has resulted because in the present work, we have
scaled the transverse variable y in the same way as time is scaled in the derivation of NLS
equation.
(2)

At ǫ3 : l = 0; order we find n0

= 0 since n → 0 as ξ → ∞. The other quantities

determined are(3)
vx0

(3)
vy0

=

(1)
(3) (1)∗ ∂n1
A0 n1

=

(1)
(3) (1)∗ ∂n1
E0 n1

∂ξ

∂ξ

+

(1)∗
(3) (1) ∂n1
B0 n1

+ C0 n1 n1 + C0 n1 n1

+

(1)∗
(3) (1) ∂n1
F0 n1

+ G0 n1 n1 + H0 n1 n1

∂ξ

∂ξ
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(3) (1)∗ (2)

(3) (1) (2)∗

(5.13)

(3) (1)∗ (2)

(3) (1) (2)∗

(5.14)

(3)
φ0

=

(1)∗
(3) (1) ∂n1

(1)
(3) (1)∗ ∂n1

(3)

n0 = I0 n1

+ J0 n1

∂ξ

(1)
(3) (1)∗ ∂n1
M0 n1

∂ξ

+

∂ξ

(1)∗
(3) (1) ∂n1
P0 n1

∂ξ

(3) (1)∗ (2)

(3) (1) (2)∗

+ K0 n1 n1 + L0 n1 n1
(3) (1)∗ (2)

(5.15)

(3) (1) (2)∗

+ N0 n1 n1 + Q0 n1 n1

(5.16)

Detailed mathematical forms of all the coefficients occurring in the above equations
(3)

(3)

are given in the Appendix. Similarly the ǫ3 : l = 2; order quantities like vx2 , vy2 etc can
be determined by the same procedure but the exact expressions cannot be given in view
of their extreme cumbersome nature.
Finally at ǫ4 : l = 1; order a two dimensional evolution equation is obtained in the
form

(1)
(4) ∂n1

iA1

∂τ

(4) ∂

+ B1

2 (1)
n1

(4) ∂

+ iC1

∂ξ∂η
(4)

(1)

(2)

3 (1)
n1
∂ξ 3
(4)

(1)∗

(4)

(1)

(2)∗

+F1 |n1 |2 n1 + G1 (n1 )2 n1
(4)

(1)

+ iD1 (n1 )2

∂n1
∂ξ

(1)

(4)

(2)
(4) ∂n1

+ iH1

(1)

+ iE1 |n1 |2
∂η

(4) ∂

+ I1

∂n1
∂ξ

2 (2)
n1
∂ξ 2

= 0 (5.17)

(4)

where the coefficients A1 - I1 , which are real constants dependent on parameters
kx , ky and α, are too cumbersome to be expressed in an explicit form. This is a general
(1)

(2)

two dimensional non-integrable equation of two dependent variables n1 and n1 . If it
(2)

is assumed that the term n1
(2)

(2)

(2)

(1)

depends on n1

(1)

(1)

(1)

like the other terms as vx1 , vy1 ∼ n1 ,

(1)

(1)

(2)

vx2 , vy2 , n2 ∼ (n1 )2 etc, then the only possible consistent relation between n1 and n1
(2)

(1)

would be n1 ∼

∂n1
∂ξ

(2)

. Hence we consider n1 = iP1

(1)

∂n1
∂ξ

where P1 is a constant dependent

on kx , ky , α. Now using (5.12) in (5.17) we see that the general nonintegrable equation
(5.17) turns into the form
(1)

(1)

(1)∗

∂n
∂ 2 n1
(1)
(1) ∂n1
iC0 1 + C1
+ 2iC2 n1 (n1
∂τ
∂ξ∂η
∂ξ
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−

(1)
(1)∗ ∂n1
n1
)

∂ξ

=0

(5.18)

for the choice of the constant
[
P1 =

(3)

(4)

3C1 C1
(3)
B1

(4)

(4)

(4)

− D1 − E1 ]
(4)

[F1 − G1 −

(4)

(3)

3I1 C1
(3)

B1

(5.19)

]

where C0 , C1 , C2 depends on the parameters kx , ky , α. In case of the multidimensional
extension of modulated ion acoustic wave by Nishinari[163], general multidimensional
coupled equations were obtained which were converted to the integrable DS1 equation
for the specific choice (kx → 0, α1 α2 > 0 and all the variables independent of ζ [163]).
Similarly, in our case, for the specific choice of P1 as given in (5.19), the general nonlinear
nonintegrable equation becomes completely integrable (5.18). As the explicit representation of the coefficients C0 , C1 and C2 are too cumbersome, we will show their behavior
graphically. In Figure (5.1), we plot the variation of the coefficients C0 , C1 and C2 with
α for kx = 1, ky = 1.
Now rescaling the variables τ, ξ and η in (5.18) we get
(1)

(1)

i

(1)∗

∂ 2 n1
∂n1
(1)
(1) ∂n1
+
+ 2in1 (n1
∂t
∂x ∂y
∂x

(1)
(1)∗ ∂n1

− n1

∂x

)=0

(5.20)

(1)

and renaming n1 as u it gives
iut + uxy + 2iu(uu∗x − u∗ ux ) = 0

(5.21)

which is our new (2+1) dimensional completely integrable evolution equation that has
been obtained at a higher perturbation order compared to the NLS equation, hence expected to address weaker effects. Similar equation was derived in the context of water
waves[169] in order to model oceanic rogue waves. It has structural similarity with the
NLS equation, where the nonlinearity comes from the ponderomotive force that depends
on the square of modulus and not on the phase of u. The present equation(5.21) has
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Figure 5.1: Variation of coefficients C0 , C1 , C2 with α
slightly different characteristics, with the nonlinear potential dependent on the square of
modulus of the wave profile as well as on the x-derivative of phase. The dispersive term,
is a cross derivative term dependent on both longitudinal and transverse directions.
The study of propagation of modulated ion acoustic waves in the presence of a magnetic
field has been extensively done using the NLS equation that restricts the study to one
dimension. A multidimensional generalization of the NLS equation for a modulated ion
acoustic wave packet propagating in a magnetized plasma leads to the Davey Stewartson
equation [163, 165]. However, since all the spatial directions are scaled symmetrically, this
equation certainly does not describe weak transverse propagation. In the long wave length
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regime, the KP equation is well known to describe the propagation of such waves when
weak transverse perturbation is considered [147, 150, 148]. In an effort to obtain a 2D
extension with weak transverse dependence of modulated ion wave packets propagating in
a magnetized plasma, we obtain an asymmetric (2+1) dimensional novel equation(5.21)
along with a space-like NLS equation (5.12). Hence, we observe that our equation has
resemblance to the KP equation from the point of weak transverse propagation, and to
the DS equation from its modulated structure. In case of DS or KP, the system reduces
to NLS or KdV equation respectively when the transverse coordinate is neglected, but the
present equation given in (5.21) does not reduce to the standard NLS equation in such
limit, indicating its distinctive asymmetric nature.
Being a completely integrable system, equation (5.21) possesses Lax pair, infinite
number of conserved quantities, higher soliton solutions etc some of which are discussed
in the previous chapter. In the following section we shall derive its higher soliton solutions
using Hirota bilinearisation procedure and explore its various features.

5.3

Soliton solutions

In this section we will elaborately discuss its multisoliton solutions, which can be derived
by many methods e.g, inverse scattering transform, Hirota method and various dressing
methods. The IST method is more powerful (it can handle general, initial conditions)
and at the same time more complicated. But, if one just wants to find soliton solutions,
Hirota’s method is fastest in producing results [27, 125]. Hence, following the method,
we use the bilinearizing transformation given by

u(x, y, t) =

G(x, y, t)
,
F (x, y, t)
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(5.22)

where G(x, y, t) and F (x, y, t) are complex and real functions respectively. Using (5.21)
one derives a pair of bilinear equations:
i(F Gt −GFt )+(F Gxy +GFxy −Gx Fy −Gy Fx ) = 0, 2i(GG∗x −G∗ Gx )+2(Fx Fy −F Fxy ) = 0.
(5.23)
Multisoliton solutions are obtained by finite perturbation expansions as
F = 1 + ǫ20 F2 + ǫ40 F4 + · · · , G = ǫ0 G1 + ǫ30 G3 + · · · ,

(5.24)

where ǫ0 is formal expansion parameter need not to be small. Collecting like powers
of ǫ0 , we obtain the following series of equations:

(ǫ0 ) : iG1t + G1xy = 0

(5.25)

O(ǫ20 ) : 2F2xy = 2i[G1 G∗1x − G∗1 G1x ]

(5.26)

O(ǫ30 ) : iG3t +G3xy = i[G1 F2t −F2 G1t ]−[F2 G1xy +G1 F2xy −G1x F2y −G1y F2x ] = 0 (5.27)
O(ǫ40 ) : 2F4xy = 2i[G3 G∗1x + G1 G∗3x − G∗3 G1x − G∗1 G3x ] + 2[F2x F2y − F2 F2xy ]

(5.28)

and similarly higher order equations.

5.3.1

1-soliton

To construct 1-soliton solution for (5.21) we assume the ansatz
G1 = eη1 , η1 = k1 x + p1 y − w1 t + η10

(5.29)

where k1 , p1 , w1 , η10 are complex constants. From equation (5.25) therefore one obtains the
associated dispersion relation w1 = −ik1 p1 , using which the equation (5.26) is solved
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easily to yield
∗

F2 =

i(k1∗

e(η1 +η1 )
.
− k1 )
(p1 + p∗1 )(k1 + k1∗ )

(5.30)

We can verify using (5.29) and (5.30), that all higher order terms in ǫ beyond G1 and
F2 trivially vanish. Absorbing ǫ in arbitrary constant η10 , we construct from (5.22) using
(5.29) and (5.30) the 1 soliton solution in the form

u(x, y, t) =

G1
eη1
=
∗
1 + F2
1 + αe(η1 +η1 )

(5.31)

where α depends on the parameter k1 , p1 . One can identify the interesting 2d nature of
our equation (5.21) by making p1 = 0, then from eq. (5.30) we can see that F2 will diverge
and no soliton solution can be found. If additionally we use the dispersion relation of the
constraint equation
iuy + uxx + 2|u|2u = 0

(5.32)

which comes from (5.12) after rescaling, as p1 = −ik12 , the soliton solution (5.31) simplifies
to yield the conventional form
q(x, y, t) = sechξ eiθ , with ξ = η(x + vy y + vt), θ = (kx x + ky y + ωt).

(5.33)

A frozen picture of the modulus of our traveling soliton solution (5.33) at time t = 0
is shown in Fig.5.2.

5.3.2

2-Soliton

For obtaining 2-soliton solution we start with the standard procedure assuming
G1 = eη1 + eη2 , η1 = k1 x + p1 y − w1 t + η10 , η2 = k2 x + p2 y − w2 t + η20 ,
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(5.34)

0
0
Figure 5.2: Modulus of 1 soliton with k1r = 1, k1i = 1, η1r
= 1, η1i
= −1 and at t=0

where the parameters involved are complex numbers. Applying similar dispersion relations
as earlier we get w1 = −ik1 p1 , w2 = −ik2 p2 and obtain from (5.26)
∗

∗

∗

∗

∗

F2 = [e(η1 +η1 +R1 ) + e(η2 +η2 +R2 ) + e(η2 +η1 +δ0 ) + e(η1 +η2 +δ0 ) ],

(5.35)

where all the constant parameters can be worked out explicitly (see Appendix ). Similarly
equation (5.27) at higher order expansion gives
∗

∗

G3 = e(η1 +η1 +η2 +δ1 ) + e(η1 +η2 +η2 +δ2 ) ,

(5.36)

where the relevant parameter details are given in Appendix . Using further equation
(5.28) one obtains
∗

∗

F4 = e(η1 +η1 +η2 +η2 +R3 ) ,

(5.37)

with the relevant parameters presented in Appendix. For simplifying the expressions,as
mentioned earlier, we can use the constraint equation (5.32), imposing the relations between k1 , p1 and k2 , p2 as p1 = −ik12 , p2 = −ik22 (see Appendix). Here we find again,
that the higher order terms in ǫ beyond G3 and F4 trivially vanish, leaving the exact 2soliton solution in the form
u(x, y, t) =

G1 + G3
1 + F2 + F4
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(5.38)

0
0
Figure 5.3: Modulus of 2 soliton with k1r = 1, k1i = 1, k2r = 2, k2i = −1, η1r
= 1, η1i
=
0
0
1, η2r = 1, η2i = 1 and at t=2

Here also we can see that for no transverse dependence i.e. p1 = p2 = 0, all the quantities
determined F2 , G3 , F4 diverges and two soliton solution cannot be found which indicates
the strict 2d nature of the equation. A graphical plot of the modulus of this solution in
(2 + 1)-dimensions, frozen at time t = 2, is shown in Fig. 5.3, where the 2-soliton as two
interacting 1-solitons is clearly seen on a 2D (x, y)-plane. Following the same procedure
the higher soliton solutions of our equation can be evaluated.
These one and two soliton solutions of (5.21) have similarities with the soliton solutions
of NLS equation with an additional transverse dependence. Since a purely 1D model
cannot account for the observed features of many physical situations, specially in auroral
region with higher polar altitudes[146] corresponding 2D model is necessary. There lies
the importance of the soliton solutions of our equation (5.21), which could be applied to
many research areas of this field.

5.4

Exact static 2D lump solution:

Localized wave structure in (2+1) dimensional systems are very important in terms theoretical and experimental aspects of plasma. Localized rational structure following KP-I
equation have been found by Janaki et.al in the propagation of oblique magnetosonic
wave in warm collisional plasma system[170], where the wave profile decays algebraically
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in both directions. Whereas, in case of modulated wave equation like Davey Stewartson
system, an exponentially localized solution called Dromion, which moves with time has
been found in magnetized electron acoustic wave system [164]. Our equation (5.21) which
has some similarity with both DS and KP equations, also possesses an exact localized wave
solution which has been discussed in the previous chapter in details, decaying rationally
in both spatial directions.
The static 2D rational lump solution is given by

ustatic (x, y) = exp(4iy)(

1 − 4iy
− 1)
c + α1 x2 + 4y 2

(5.39)

where c , α1 are 2 free parameters. From this we can see that the wave attains the
maximum amplitude
Amax =

1−c
c

(5.40)

at the centre x=0, y=0 which can be controlled by c. At large distances(|x| → ∞,|y|
→ ∞) the amplitude goes to unity. The steepness of this static wave solution as observed
∂
u
∂y static

is related to another free parameter α1 .The amplitude of the
q
1−c
. Hence the density gets
wave falls to its minimum at x=0, y = ±y0 , with y0 =
α1
from the front is

localized at the centre x=0,y=0 and the concentration can be controlled by the free
parameter c. This is an interesting feature because in actual physical situation the ion
density can change which need to be controlled by the free parameters. This is absent in
the (1+1) dimensional NLS system, where Peregrine breather which is used to describe
density localization in the x-t plane, have no free parameters and hence can achieve a
fixed maximum value (3 times than the background). Whereas our solution, having two
free parameters c and α1 can achieve any amplitude and steepness, relevant to the actual
physical condition.
Thus unlike the exponentially decaying dromion solution of DS1 equation, our system
(5.21) provides a rational solution in both space directions having similar structure to
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Figure 5.4: Absolute value of the solution (5.39) with c=1/6, α = 6/5
the rational solution of KP-I equation. There lies another connection of the equation
(5.21) with KP which has similar scaling and weaker dependence on transverse directions
as (5.21). Unfortunately, the time evolution of the rational solution (5.39) could not be
found which can be explored in future.
Time evolution of the rational solution of our equation (5.21) is presented in [172] by
the one-fold Darboux transformation from a non-zero seed solution.

5.5

Connection with Kadomtsev- Petviashvili (KP)
equation

It is interesting to note that the new integrable equation (5.21) together with the space
NLS equation derived in (5.12), has a deep connection with another well known (2+1)
dimensional evolution equation. The equation (5.21) along with (5.12) is a complex
equation denoting the propagation of ion acoustic wave with modulation. But if we are
concerned with the modulus of the wave, then our system also provides another well
known, integrable equation.
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Equation (5.21) is our new evolution equation after scaling, while the space NLS
equation (5.12) at the same scaling becomes
iuy = Buxx + A|u2 |u,

(5.41)
(3)

(3)

where A, B are two real constants dependent on C1 , C2 as B = −

B1 C2
(3)
A1 C1

, A = −

C1 C1
(3)

A1 C2

.

Now, if (5.21) is multiplied by u and its complex conjugate equation by u∗ and subtracted
from one another, then taking derivative w.r.t x we get another equation containing
quadratic power in u. Now using (5.41) and its complex conjugate equation, that equation
can be simplified to yield
[4Bφt − 6ABφφx − B 2 φxxx ]x + 3φyy = 0,

(5.42)

where φ = uu∗ .
Equation (5.42) is nothing but the well known KP equation where φ being the square
of modulus of the wave u, the dependent variable of equations (5.21) and (5.41). It
means that the square of the absolute value of the wave without modulation satisfies
another real equation which is also integrable and weak in the transverse perturbation.
Note that, in the derivation of (5.21) we have implied weak scaling on the transverse
coordinate, similar as the scaling involved in the derivation of KP equation. Hence our
equation (5.21) though being a modulated equation in two dimensions, has a different
structure than the DS equation which is symmetric in both the spatial variables and has
a connection with another two dimensional long wave equation which is asymmetric in
the transverse direction.
For ion acoustic wave, KP equation has been derived and its stability properties under transverse perturbations have been discussed in many plasma systems like quantum
electron ion plasma[148] or in electron-positron-ion plasma with high energy tail electron
and positron distribution[149] and in other fields and using Sagdeev potential approach
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conditions of existence of stable solitary waves have been obtained. Unlike KdV equation
where the form of soliton solution does not depend on the sign of the dispersion term,
the form of soliton solution of KP equation is directly determined by the dispersion sign.
Again the stability of the soliton depends on the coefficients of the KP equation which
in this case also depends on the coefficients of (5.18) and (5.12). Depending on the signs
of A, B equation (5.42) can be transformed into KP-I or KP-II equations admitting different types of solutions . The square root of various solutions of (5.42) can be used for
constructing the solution of (5.21) together with a phase factor connected with (5.41),
which we plan to explore in the future. The connection of our equation (5.21) with KP
equation stresses the two dimensional and asymmetric nature of the equation.

5.6

Summary

In this chapter a completely integrable, (2+1) dimensional, modulated , nonlinear evolution equation has been derived in the propagation of an ion acoustic wave of magnetized
collisionless plasma system. It has been obtained at a higher perturbation order compared to the NLS equation, hence expected to address weaker effects. The two spatial
directions are scaled asymmetrically allowing weak transverse perturbation. Thus the
equation derived (5.21), has connection with the DS equation in terms of its modulated
structure, with KP equation in terms of its weak transverse dependence. It is shown that
the square of modulus of the dependent variable of the equation satisfies KP equation
along with the space NLS like constraint(5.12) equation. Using Hirota bilinearization
scheme its higher soliton solutions are calculated which has similar structure with the 1D
soliton with an additional dependence on transverse direction. The exact algebraic lump
solution of (5.21), carrying 2 free parameters is also given and density localization of the
system is discussed. Applications of this important and novel equation to other physical
systems and identification of its different features may pave a new direction of research
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in this field.

5.7

Appendix:

i) Coefficients appearing in the derivation of the two dimensional integrable
evolution equation (5.21):
K1 =

1
,
1+|k|2

(2)

A0 =

|k|2 = (kx2 +ky2 ),κ1 =

−2ωkx
,
|k|2

(2)

B0 =

(2)

(1)

(1)

1 kx ω)
A1 = − (iK1 k(αy 2α+K
, B1 =
−ω 2 )

1
,
1+4|k|2

(iK1 kx α−K1 ky ω)
(α2 −ω 2 )

−2ωky
,
|k|2
(2)

3 +K

ky α+K1 kx ω)
A1 = − (iK1 (α
, C1 = − (−iK1 kx α
2 −ω 2 )

2
2
3
1 ky α ω+iK1 kx αω −K1 ky ω )
(−α2 +ω 2 )2

,

(2)

(−iK1 ky Mx α2 −K1 α3 +2K12 kx2 α3 −2K1 kx Mx αω+2iK12 kx ky α2 ω−iK1 ky Mx ω 2 +K1 αω 2 −2K12 kx2 αω 2 −2iK12 kx ky ω 3 )
,
(−α2 +ω 2 )2

(2)

{−2K12 kx ky α−iK1 ω+2iK12 kx2 ω−(iK1 kx Mx α2 )/(α2 −ω 2 )+(2K1 ky Mx αω)/(α2 −ω 2 )−(iK1 kx Mx ω 2 )/(α2 −ω 2 )}
,
(α2 −ω 2 )

D1 = −
B1 = −

(2)

A2 = {−2K13 kx |k|4 κ1 + K1 |k|2 (5kx α2 + 3iky αω + 4kx3 κ1 + 4kx ky2 κ1 )
+ α2 (3kx α2 + 3iky αω + 4kx |k|2 κ1 ) + K12 |k|2 (2kx |k|2 − 2kx α2 κ1 − iky αωκ1 )}/
{3α2ω|k|2 + 4|k|4ω(K1 − κ1 )},
(2)

B2 = {−2K13 ky |k|2 κ1 + K1 |k|2 (5ky α2 − 3ikx αω + 4kx2 ky κ1 + 4ky3 κ1 )
+ α2 (3ky α2 − 3ikx αω + 4ky |k|2 κ1 ) + K12 |k|2 (2ky |k|2 − 2ky α2 κ1 + ikx αω)}/
{3α2ω|k|2 + 4|k|4ω(K1 − κ1 )},
(2)

2

2

+K1 |k| (3−K1 κ1 )}
C2 = 2 {3α
,
{3α2 +4|k|2 (K1 −κ1 )}
(2)

D2 =

{−4K1 (−3+K12 )|k|2 −3(−4+K12 )α2 }κ1
,
{6α2 +8|k|2 (K1 −κ1 )}
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(3)

A1 = 2K1 ky ω(|k|2K1 − 1),
−K1 (K1 |k|2 −1){K1 (−ky2 +3K1 kx2 |k|2 )+(4K1 kx2 −1)α2 }
,
ω

(3)

B1 =
(3)

C1 = |k|2 ω[K1 {4K1 (K13 −3)|k|2 +3(K13 −4)α2}+{4K1(12+K12(K1 −3)(K1 +2)}|k|2 +
3(k12 − 4)2 α2 }κ1 ]/{6α2 + 8|k|2 (K1 − κ1 )},
(3)

(1)∗

(1)

(3)

(1)

(1)∗

(2)

(1)∗

(1)

(2)∗

A0 = − α1 [A1 B1 − iB1 B1
B0 = − α1 [A1 B1
(3)

(2)

(1)∗

C0 = αi [A1 B1

(2)∗

(3)

− iB1 B1
(1)∗

(1)

(3)

(1)

(2)∗

(1)∗

− K12 − iB1 B1 ky + iA1 D1 ky − A0 Mx ]

(2)

(1)∗

− A1 C1 ]ky

(1)∗

(1)

(1)
1
[A1 α
Mx α

(3)

K0 =

]kx

(1)

(2)∗

(3)

(2)

(1)∗

(1)

(2)∗

(1)

(2)∗

(2)∗

(1)

(1)∗

(2)

− iB1 B1

(3)

(1) (1)∗
1
[−B1 A1
Mx α

+ iB1

(3)

(2)∗

(2)∗

(1)

(1)

(2)

(1)

(2)∗

(2)

(1)∗

(2)∗

(2)∗

(1)

kx − iA1 B1 kx ]

(1)∗

+ A1 α + iA1 B1

(1) (1)∗
1
[−A1 B1
Mx α

I0 =

(2)

]ky

+ A1 α + iA1 C1

(2)
1
[A1 α
Mx α

(1)∗

ky − iA1 D1 ky − A0 Mx ]

(2)

(3)

J0 =

(2)

(2)

H0 = − αi [A1 B1 − A1 C1
L0 =

(2)∗

− K12 + iB1 B1

G0 = αi [A1 B1
(3)

(1)

kx − iA1 D1 kx − B0 Mx ]

(1)∗

= α1 [A1 A1

(3)

(2)

(1)

E0 = α1 [A1 A1
F0

(2)

− A1 C1 ]kx

D0 = − αi [A1 B1 − A1 C1
(3)

(1)∗

kx + iA1 D1 kx − B0 Mx ]

(1)∗

(2)

kx − iA1 C1 kx ]
(1)

(2)∗

(2)

(2)∗

(1)∗

(2)

(2)

(2)

kx + iA1 D1 kx + B0 Mx + B1

(2)

α]

B1 kx − iA1 D1 kx + B0 Mx + B1 α]
(1)

(2)∗

Q0 = − M1x α [iA1 B1 kx − iA1 C1

(1)

(2)∗

kx − A1 α − A1 α + K12 Mx α]
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(3)

P0

=

(3)

M0 =

(1) (1)∗
1
[−A1 B1
Mx α

(1)

(1)∗ (1)
1
[−A1 B1
Mx α

(3)

(2)

(2)∗

− iB1 B1
(2)

(1)∗

− iB1 B1

(1)∗

(1)

(2)∗

(2)

(2)∗

kx + iA1 D1 kx + B0 Mx + B1
(1)∗

(2)

(2)

α + 2iK13 kx Mx α]

(2)

kx − iA1 D1 kx + B0 Mx + B1 α − 2iK13 kx Mx α]

(1)∗

(2)

(2)

(1)∗

N0 = − M1x α [−iA1 B1 kx + iA1 C1 kx − A1 α − A1 α + K12 Mx α]
ii) Coefficients appearing in the Hirota bilinearization procedure in solving
equation (5.21):

eR1 = i

(k2∗ − k2 )
(k1∗ − k1 )
R2
,
e
=
i
,
(p1 + p∗1 )(k1 + k1∗ )
(p2 + p∗2 )(k2 + k2∗ )

eδ0 = i

(k1∗ − k2 )
(k2∗ − k1 )
δ0∗
,
e
=
i
(p2 + p∗1 )(k2 + k1∗ )
(p1 + p∗2 )(k1 + k2∗ )

(k1∗ − k1 )(p2 − p1 )
i
[
+
[(k2 + k1∗ )(p1 + p∗1 ) + (k1 + k1∗ )(p2 + p∗1 )]
(p1 + p∗1 )
(k1∗ − k1 )(k2 − k1 ) (k1∗ − k2 )(p1 − p2 ) (k1∗ − k2 )(k1 − k2 )
+
+
]
+
(k1 + k1∗ )
(p2 + p∗1 )
(k2 + k1∗ )

eδ1 =

i
(k2∗ − k2 )(p1 − p2 )
[
+
[(k1 + k2∗ )(p2 + p∗2 ) + (k2 + k2∗ )(p1 + p∗2 )]
(p2 + p∗2 )
(k2∗ − k2 )(k1 − k2 ) (k2∗ − k1 )(p2 − p1 ) (k2∗ − k1 )(k2 − k1 )
+
+
]
+
(k2 + k2∗ )
(p1 + p∗2 )
(k1 + k2∗ )

(5.43)

eδ2 =

eR3 =
+

1
(k1 + k1∗ + k2 + k2∗ )(p1 + p∗1 + p2
∗
ieδ1 (k2∗ − k1 − k2 − k1∗ ) + ieδ1 (k1∗

+ p∗2 )

(5.44)

[{ieδ2 (k1∗ − k1 − k2 − k2∗ )
∗

+ k2∗ + k1 − k2 ) + ieδ2 (k1∗ + k2∗ + k2 − k1 )}

+ {(k2 + k2∗ − k1 − k1∗ )(p1 + p∗1 ) + (k1 + k1∗ − k2 − k2∗ )(p2 + p∗2 )}eR1 +R2
∗

+ {(k2 + k1∗ − k1 − k2∗ )(p1 + p∗2 ) + (k1 + k2∗ − k2 − k1∗ )(p2 + p∗1 )}eδ0 +δ0 ]
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(5.45)

For simplifying the expressions we can impose the relations between k1 , p1 and k2 ,
p2 as p1 = −ik12 , p2 = −ik22 , which would yield
eR1 =

1
1
1
1
∗
, eR2 =
, eδ0 =
, eδ0 =
,
∗ 2
∗ 2
∗ 2
(k1 + k1 )
(k2 + k2 )
(k1 + k2 )
(k2 + k1∗ )2
(k1 − k2 )2
(k2 − k1 )2
δ2
e =
,e =
,
(k1 + k1∗ )2 (k2 + k1∗ )2
(k2 + k2∗ )2 (k1 + k2∗ )2
δ1

eR3 =

|(k1 − k2 )|4
(k1 + k1∗ )2 (k2 + k2∗ )2 (|(k1 + k2∗ |)4
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Chapter 6
Bending of solitons in weak and
slowly varying inhomogeneous
plasma
6.1

Introduction

In chapters 1 and 2 we have discussed the modified form of completely integrable KdV
equation in modelling shallow water wave phenomena . In chapter 3 we have introduced
a new (2+1) dimensional completely integrable NLS equation in describing deep water
oceanic RW phenomena and in chapter 4 we derived this equation in the propagation of
modulated ion acoustic wave in collision-less magnetized plasma. These constitute the
main portion of the thesis. In the forgoing two chapters we shall investigate different
plasma systems namely inhomogeneous and quantum plasmas respectively and apply
these nonlinear integrable equations to explore various features. In this chapter we shall
investigate a weak and slowly varying inhomogeneous plasma and explore the bending of
ion acoustic soliton by this weak and slowly varying inhomogeneity. Before entering into
the main work, it is necessary to briefly outline the important works carried out in the
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field of inhomogeneous plasma.
In a homogeneous plasma, an ion acoustic soliton travels without change in shape,
amplitude and speed [124, 173]. But in actual experimental conditions, we encounter
inhomogeneities in plasma at the edges or boundaries of the system or in the presence
of density gradient. The propagation of ion acoustic KdV solitons in an inhomogeneous
plasma was first considered by Nishikawa and Kaw [174] who presented a WKB solution
when its spatial width is very small as compared to density gradient scale length. Gell
and Gomberoff [175] reconsidered the situation and showed that amplitude, velocity and
width of the soliton are proportional to the fractional powers of ion density which was
verified experimentally by John and Saxena[176] and modified by Rao and Verma [177]
by taking into account ion drift velocity, but allowing terms proportional to the stretched
variable ξ in their first order equations. These inconsistencies were later removed by Kuehl
and Imen [178] and their results are found to be in good agreement with those of Chang
et.al[179]. One of the most important features of ion acoustic soliton is its reflection by
plasma inhomogeneity. This phenomenon was first observed experimentally by Dahiya
et.al[180] from the sheath around a negatively biased grid, where the density gradient is
high. Popa and Oertl found reflection of ion acoustic soliton from a bipolar potential wall
structure[181], Nishida [182] and Imen - Kuehl [183] found from a finite plane boundary,
Nagasawa [184] found from a metallic mesh electrode showing nonlinear Snell’s law and
Yi and Cooney et.al found from a sheath in a negative ion plasma [185, 186]. Kuehl
investigated theoretically the reflection of ion acoustic soliton, and showed that a shelf
develops behind the soliton and the reflected wave is small compared with both trailing
shelf and soliton amplitude decrease due to energy transfer to the shelf[187, 188, 189].
Then after, many authors took the problem of soliton propagation in inhomogeneous
plasma in different physical situations like plasma with finite ion temperature[190, 191],
with negative ions [192, 193, 194, 195], with dust[196] and trapped electrons [197], in
magnetic field [198, 199], with non isothermal electrons [200], with ionization [201, 202],
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with electron inertia contribution [203] and also in other contexts [204, 205, 186].
These discussed cases are all (1+1) dimensional, but in practical circumstances the
waves observed in laboratory and space are certainly not bounded in one dimension. Nevertheless, the two dimensional propagation of ion acoustic waves in inhomogeneous plasma
has received much less attention. Zakharov- Kuznetsov (ZK) equation, which is the more
isotropic 2 dimensional generalization of KdV equation, was obtained in modified form
in magnetized dusty inhomogeneous plasma with non-extensive electrons [206], with dust
charge fluctuation[207], with quantum effects [208], with non thermal ions and dust charge
variation[209] and in other situations. But if weak transverse propagation is considered
then the possible 2 dimensional generalization of KdV model is Kadomtsev- Petviashvili
(KP) equation which was first derived in the context of plasma[118]. Malik et.al derived
KP equation in modified form in inhomogeneous plasma with finite temperature drifting
ions [147] and solved it for constant density gradient. Later in quantum inhomogeneous
plasma a modified KP equation was also obtained [211, 212, 213] and line soliton solutions
were presented. Along with reflection and transmission of line solitons in inhomogeneous
plasma, its bending in two dimensional plane is also a possible relevant phenomenon which
was not explored in literature considered earlier as well as in [214, 215] in two dimensions
as far as our knowledge goes.
In this chapter, we have taken up this problem by considering ion acoustic soliton
propagation in unmagnetized plasma containing cold plasma and hot isothermal electrons.
Using reductive perturbation technique, a modified form of KP equation is obtained for
weak transverse propagation and weak and slowly varying inhomogeneous ion number
density . Exact solitary wave solutions were presented showing the bending of ion acoustic
solitons in two dimensional plane. The soliton is modified in phase which is controlled
by a function related to equilibrium ion number density, causing soliton bending in two
dimensional plane, whereas the amplitude remains constant.
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6.2

Derivation of two dimensional evolution equation for an ion acoustic wave propagating in a
weak and slowly varying inhomogeneous plasma

We consider a two dimensional, collisionless, unmagnetized, weak and slowly varying
spatially inhomogeneous plasma consisting of hot isothermal electrons and cold ions (Ti =
0). The plasma is weakly inhomogeneous with a slow variation of the equilibrium ion
density along one spatial direction. The ion continuity and momentum equations together
with Poisson’s equation and the electron Boltzmann distribution can be written in the
dimensionless form as

→
→
→→ −
−
→
∂−
u
∂n −
→
→
+ ▽ · (n−
u ) = 0,
+ (−
u · ▽)−
u + ▽φ = 0, ▽2 φ = ne − n, ne = exp(φ) (6.1)
∂t
∂t
In equation (6.1), u ≡ (ux , uy ) is the ion fluid velocity normalized by the ion acoustic
q
Te
, n and ne are ion and electron number densities respectively normalized
speed cs = m
i

by unperturbed ion number density n˜0 at an arbitrary reference point in plasma which
we chose to be x = 0, φ is the electrostatic potential normalized by

Te
e

where Te , mi , e

are electron temperature, ion mass and electronic charge respectively. All the spatial
q
co-ordinates x, y are normalized by the Debye length λD = nǫ˜00Tee2 at x = 0 and time by
q
2
inverse of the ion plasma frequency ωpi = ǫn˜00me i at x = 0, where ǫ0 is the permettivity of

free space. We have assumed that the equilibrium electron and ion number densities are
equal at x = 0 (quasi-neutrality) and that the zero reference of the equilibrium potential
is at x = 0. In the above equations, the ions are assumed to be cold and on the slow ion
time scale, the electrons are assumed to be in local thermodynamic equilibrium. When
the electron inertia is neglected, the electrons can be considered to follow a Boltzmann
distribution. Under these assumptions, in the absence of any equilibrium drift, the ion
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acoustic waves follow the dispersion relation given by

ω = kcs ,

(6.2)

where ω, k, cs are angular frequency, wave vector and ion acoustic speed respectively. In
order to study the ion-acoustic wave propagation and its two dimensional evolution as a
solitary wave in weak and slowly varying inhomogeneous plasma, we consider the following
appropriate stretched co-ordinates
3

1

ξ = ǫ 2 (x − Mt), λ = ǫy, η = ǫ 2 x,

(6.3)

where M is a constant and ǫ is a small expansion parameter. Generally, phase velocity
is taken to be a function of x in the literatures of inhomogeneous plasma, but here we
have taken M to be a constant which is similar as the scaling used by Gell in [175]. This
assumption will be shown to be consistent with the calculations for the chosen unperturbed
ion number density profile.
Chang et.al, in their experimental studies of propagation of ion acoustic solitons in
an inhomogeneous plasma [179], created a definite ion number density profile as shown
in FIG 6.1, in a large multi dipole plasma device. To create local inhomogeneity in a
previously homogeneous quiscent plasma, a perturbing object was inserted far from the
excitation region. The left portion of FIG 6.1, where the density variation is slow was
shown to be the host environment for studying soliton characteristics. It was also reported
that the experiment had a pronounced two dimensional character.
We have followed the experimental results done by Chang et.al and numerical solutions obtained by Kuehl [8],[13] in the context of the propagation of ion acoustic wave
in inhomogeneous plasma. The ion density plot, which was reported in their paper is
reproduced here as FIG 6.1.
It is evident from the figure that, before insertion of the perturbing structure the
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Figure 6.1: Measured ion number density profile in the target chamber for the experiment
done by Chang et.al [179]. Continuous line denotes the profile if the perturbing structure
is absent and the broken line denotes if it is present at the right edge. The figure is taken
from the paper [179]
.
density was homogeneous (continuous curve) and the presence of the structure caused a
density inhomogeneity as shown by the broken curve. This plot is consistent with the
numerical solutions of the equilibrium density done in [8] and [13].
Following the above stated environment for soliton propagation, we have taken the
unperturbed ion number density profile to be of the form n˜0 (η) = 1 + δf0 (η), where
δ is a small parameter, having the same features of the left portion of FIG 6.1 . The
inhomogeneity is weak as well as slowly varying along η as shown in FIG 6.1, so that
the plasma is nearly homogeneous. Our entire work is based on this region of weak and
slowly varying inhomogeneity, showing more finer effects on the propagation of soliton.
Experimental methods of producing such density gradients have been discussed in earlier
works[176, 180].
From the steady state condition of ion continuity equation we get
∂
[n˜0 u˜0 ] = 0,
∂η
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(6.4)

where u˜0 is the equilibrium ion velocity. Hence after integration u˜0 can be determined as

u˜0 =

c1
= c1 [1 − δf0 ],
n˜0

(6.5)

where c1 is an integration constant and higher order terms are neglected due to smallness.
Now from the steady state condition of the x component of momentum equation we
get
∂
[u˜0 2 + φ˜0 ] = 0,
∂η

(6.6)

where φ˜0 is the equilibrium potential. After integration φ˜0 can be determined as
φ˜0 = C2 − u˜0 2 ,

(6.7)

where C2 is another integration constant. Choosing C2 = c21 , we get
φ˜0 = 2c21 δf0 (η),

(6.8)

where also higher order terms are neglected due to smallness. Choosing this, we can also
see that the steady state condition of Poisson’s equation is also satisfied for these functions
of φ˜0 , n˜0 if the higher order terms are neglected due to smallness.
These equilibrium quantities are obtained self consistently from the fluid equations
(6.1). To create equilibrium in a real experimental situation, external electric fields are
imposed by using appropriate biasing arrangements inside the plasma. Details of the
setup are found in [176, 180]. This also gives rise to steady drift that is space dependent
in presence of density gradients.
We give stress upon the point that equilibrium electron number density is also inhomogeneous. The inhomogeneity of the of the equilibrium electron density can be expressed
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clearly from equation (6.1) , from where we get
˜

n˜e0 = eφ0 (η) ,

(6.9)

hence it is also inhomogeneous.
A reductive perturbation method is carried out with ǫ as the expansion parameter to
obtain the two dimensional nonlinear evolution equation with weak transverse propagation. δ is a small parameter which is controlled externally to form the equilibrium density
profile. For the sake of this work we take here δ to be ≈ ǫ.
All the variables are expanded as
n = 1 + ǫf0 (η) + ǫn1 (ξ, η, λ) + ǫ2 n2 (ξ, η, λ) + ...

(6.10)

φ = 2c21 ǫf0 (η) + ǫφ1 (ξ, η, λ) + ǫ2 φ2 (ξ, η, λ) + ...

(6.11)

ux = c1 [1 − ǫf0 (η)] + ǫu1 (ξ, η, λ) + ǫ2 u2 (ξ, η, λ) + ...

(6.12)

5

3

uy = ǫ 2 v1 (ξ, η, λ) + ǫ 2 v2 (ξ, η, λ) + ...

(6.13)

The set of stretched quantities and the expansion of the physical quantities given by
(6.3)and (6.10)-(6.13) are used in the fluid equations (6.1) and the coefficients of different
powers of ǫ are collected and set to zero.
At the lowest order ǫ, we get
φ1 + 2c21 f0 = n1 + f0

(6.14)

3

At ǫ 2 we get,

(M − c1 )

∂n1
∂u1 ∂φ1
∂u1
=
,
= (M − c1 )
,
∂ξ
∂ξ
∂ξ
∂ξ
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(6.15)

from where we obtain (M − c1 )n1 = u1 and (M − c1 )u1 = φ1 , where it is assumed that as
ξ → ±∞, n1 , u1 → 0. Using (6.14) and (6.15) we get (M − c1 )2 = 1 and 2c21 = 1 which
gives c1 =

√1 , M
2

=1+

√1
2

and φ1 = n1 = u1 .

Because of the presence of drift, the equilibrium dispersion relation in normalized
variable is given by M = 1 +

√1
2

At ǫ2 ; we obtain,

∂v1
∂φ1 ∂ 2 φ1
1
=
,
+ n2 = φ2 + (f0 + φ1 )2
2
∂ξ
∂λ
∂ξ
2

(6.16)

5

Finally at ǫ 2 order we get

∂n2
∂
∂u2 ∂
∂f0 ∂u1 ∂v1
∂f0
∂n1
+ (−c1 f0 n1 + u1n0 ) +
+ (u1 n1 ) − c1
+
+
+ c1
+ c1
= 0,
∂ξ
∂ξ
∂ξ
∂ξ
∂η
∂η
∂λ
∂η
∂η
(6.17)
∂
∂φ2
∂
∂f0
∂u1
∂f0 ∂n1
∂u2
+ (−c1 f0 n1 ) +
+ n1 (n1 ) − c1
+ c1
+ 2c21
+
= 0, (6.18)
−
∂ξ
∂ξ
∂ξ
∂ξ
∂η
∂η
∂η
∂η

−

combination of which using (6.16), we get the final evolution equation
∂
∂n1
∂n1 ∂ 3 n1
∂2
∂ 2 n1
[(2 + 2c1 )
+ 2n1
+
]
+
(n
)
−
2c
f
= 0,
1
1 0
∂ξ
∂η
∂ξ
∂ξ 3
∂λ2
∂ξ 2
with c1 =

√1 ,
2

(6.19)

which is nothing but Kadomtsev-Petviashvili (KP) equation with an extra

term appearing due to inhomogeneity . Here we have considered the simplest configuration of unmagnetized plasma with cold ions and isothermal electrons, but the similar
equation with different coefficients can be derived for more complexities like ion temperature, presence of magnetic field etc for the chosen equilibrium ion number density profile.
Note that, in [210] the modified KP equation was derived, considering the fact that the
scale length of the plasma inhomogeneity is much larger than the width of the soliton,
and solitary wave solution is given for constant density gradient. Here,the equation (6.19)
is the evolution equation for the nonlinear ion acoustic wave in two dimension where the
unperturbed ion number density profile is taken to be slowly varying and weak.
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Moving into the new frame

X = ξ + a(η), Y = λ, T = η,

with
c1
a(η) = (
)
1 + c1
√1 .
2

with c1 =

Z

f0 (η)dη,

(6.20)

(6.21)

Equation (6.19) can be transformed to the standard constant coefficient

KP equation
∂ ∂U
∂U
∂3U
∂2U
[
+ 6U
+
]
+
= 0,
∂X ∂τ
∂X ∂X 3
∂Y 2
where U =

n1
3

(6.22)

and τ = T /(2 + 2c1 ). This is a standard completely integrable KP equation

which can be solved exactly giving soliton solutions. But due to the presence of the term
a(η) which is related to f0 (η) via (6.21), in the new co-ordinate X, bending of solitons in
the two dimensional plane occurs which will be shown in the next section.

6.3

Bending of solitons

One soliton solution of (6.22) is given by [217, 218],

U=

k12
1
k 4 + m21
Sech2 [ (k1 X + m1 Y − 1
τ )].
2
2
k1

(6.23)

Expressing the solution in old variables we get,

n1 = (

with c1 =

√1 ,where
2

3k12
1
k 4 + m21
)Sech2 [ {k1 ξ + k1 a(η) + m1 λ − 1
η}],
2
2
2k1 (1 + c1 )

(6.24)

a(η) is given by (6.21) and k1 , m1 are arbitrary constants.

Due to the presence of the quantity a(η) in the phase, the bending of soliton occurs
controlled by f0 (η), related to the inhomogeneous ion number density. Here the plasma is
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inhomogeneous due to the presence of the function f0 (η). For different choices of f0 , the
inhomogeneities are different. For the choice of f0 = 0 the plasma becomes homogeneous
which have the usual line solitons which is represented in FIG 6.2. Thus this trivial choice
of f0 in the equilibrium ion number density profile reproduces homogeneous plasma from
the chosen inhomogeneity profile. For different functional forms of f0 dependent on the
slowly varying co-ordinate η, different types of bending occurs, which are shown in FIG.
6.2,6.3.
Since for the sake of this problem, we have chosen δ = ǫ, which is the small perturbation
parameter of our calculation. The solitary wave solution is independent of ǫ,which is here
= δ. The solution depends on the function a(η) which is related to the function f0 (η)
through equation (6.21) , causing the soliton to bend in the two dimensional plane. But
the amplitude of the solitary wave solution remains constant.
Similarly, the two soliton solution is given by [217, 218],

n1 = 6

∂2
(ln F2 ),
∂ξ 2

(6.25)

with,
F2 = 1 + eη1 + eη2 + A12 eη1 +η2 ,
2

(6.26)

2

(K1 − K2 ) − (M1 − M2 )
,
(K1 + K2 )2 − (M1 − M2 )2
√
(K12 + 3M12 )
η],
η1 = K1 [ξ + a(η) + 3M1 λ −
(2 + 2c1 )
√
(K22 + 3M22 )
η2 = K2 [ξ + a(η) + 3M2 λ −
η],
(2 + 2c1 )
A12 =

where K1 , K2 , M1 , M2 are arbitrary constants. Bending of two soliton solution for different
functional forms of f0 (η) are also shown in FIG. 6.2,6.3. Since f0 should reach zero value at
η = 0 following FIG 6.1, it has been chosen accordingly. Now it is required to determine
how much bending is taking place by varying f0 i.e, what the condition is for larger
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bending.
Let us start from the one soliton solution (6.24). The amplitude of the ’Sech’ function
is maximum when its argument goes to zero. For static case (ξ = 0), the locus of the
highest amplitude of the solution is of the form
1
k 4 + m21
{k1 a(η) + m1 λ − 1
η} = 0,
2
2k1 (1 + c1 )
where c1 =

√1
2

(6.27)

.

Note that, for homogeneous plasma f0 is zero making a(η) to be also zero determined
from equation (6.21). Hence the locus is straight line giving line solitons for homogeneous
plasma.
Now taking derivative w.r.to η twice in the above equation (6.27) we get
ds
k 1 c1
df0
=−
dη
m1 (1 + c1 ) dη
where s =

dλ
∂η

(6.28)

is the slope of the locus of the maximum amplitude. We choose k1 , m1 such

that
df0
ds
=
dη
dη

(6.29)

We see from the above equation that for higher value of RHS, rate of variation of slope
will also be higher. Hence the slope of the maximum amplitude curve will vary large for
traversing unit distance in η. Larger rate of variation of slope describes larger bending.
Hence for large bending of solitons to take place, the first derivative of f0 w.r.to η
must also be high. This is incorporated in FIG 6.3 where bending of solitons occur for
different choices of f0 .
For FIG 6.3(a), if we increase the amplitude of f0 then the parabola will steepen
causing larger bending. Similar thing can be observed for FIG 6.3(b) where the sine
function becomes more rapid . Now if we increase the wave vector of f0 in 6.3(b) then
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also the bending will become larger. Increase/decrease of both amplitude as well as wave
vector of f0 will increase/decrease the first derivative of f0 causing more/less bending.
The same analysis can be extended to the other figures 6.3(c), 6.3(d) too.

(a) One soliton

(b) Two soliton

FIG 6.2: Static picture of one and two soliton solutions given by (6.24) and
(6.25) of the two dimensional ion acoustic wave at ξ = 0 for k1 = 1, m1 = 1, K1 =
K2 = 21 , P1 = −P2 =

2
3

and f0 = 0. For this choice of f0 , the solution converges

to the usual line solitons as observed in the homogeneous plasma.
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(a) Bending of one and two soliton for f0 = −η/3

(b) Bending of one and two soliton for f0 = −4 sin(2η)

(c) Bending of one and two soliton for f0 = −(1 +
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√

2) tanh(η)

√
(d) Bending of one and two soliton for f0 = −5( 2 + 1)(Sech(5(η − 10)))2

FIG 6.3: Static picture of one and two soliton solutions given by (6.24) and
(6.25) of the two dimensional ion acoustic wave at ξ = 0 for k1 = 1, m1 = 1, K1 =
K2 = 21 , P1 = −P2 =

2
3

and for the specified functions of f0 which is related to

unperturbed ion number density. The different functional forms of f0 causes
the phase of the solitary wave to change which causes bending in the two
dimensional plane, whereas the amplitude remains constant.

Frycz and Infeld obtained the bending of soliton [216] by studying numerically the
nonlinear stability analysis of KP equation. The characteristics of KP equation state
that the initial condition must fulfill an infinite set of constraints if the solution is to
remain localized. Just adding a perturbation to one soliton solution would violate this
constraint. Thus bending is a natural perturbation which is a choice for initial condition
of this numerical simulation. But in our work, the bending of solitons were obtained
analytically showing dependence on f0 which is related to inhomogeneous ion number
density. We have exactly solved the KP equation (6.19) obtained for the two dimensional
propagation of ion acoustic wave for weak and slowly varying inhomogeneity, related to
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the arbitrary function f0 (η). Since we have transformed the evolution equation into a
standard constant coefficient KP equation, its each and every solution faces the same
phase modification controlled by f0 , causing the shape of the solution to change in the
two dimensional plane. The amplitude of the soliton solutions is found to remain constant.
This is in view of the weak and slowly varying inhomogeneous ion number density, so that
all variations appear only in the phase of the soliton.
We see that the weak and slowly varying equilibrium potential, which exists in the
plasma, is a function of f0 , directed in the x axis (i.e, η axis). Hence due to this time independent potential an electric field develops which exert force on the ions, constituting the
soliton. But due to the inhomogeneity of the equilibrium potential function, different ions
situated at different positions are attracted (or repelled) differently. Again an equilibrium
ion drift velocity also exists, which is also directed in the x axis and inhomogeneous. Due
to the superposed effects of the inhomogeneous equilibrium and also the time dependent
quantities, the ions change their positions. This causes the ion acoustic soliton to bend in
the two dimensional plane. Since the potential drop is weak as well as slow, the number of
ions forming soliton do not change drastically. Hence the amplitude of the soliton remains
constant causing its phase to vary with f0 (η).
We see that, the one soliton solution of our evolution equation (6.19) contains the
inhomogeneous function a(η) in the phase. We see from the solution that the function
reaches its maximum value when the phase factor turns to be zero. Hence as the soliton
propagates in the two dimensional plane, η changes causing a(η) to change nonlinearly
depending on f0 (η). Now if we fix the time variable ξ, then the transverse variable λ
has to adjust itself in order to make the phase factor of the ”Sech“ function zero causing
soliton bending.
These bending features of the solitons is very relevant and important in the context of
inhomogeneous plasmas along with the other features like reflection, transmission etc. But
such a feature has not been explored till now. We see in this work that if the equilibrium
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density variation is slow and weak, which is very close to the homogeneous value then
these bending features can be seen. Hence a more accurate experiment could reveal such
finer effects.

6.4

Summary

In this work, we have obtained the bending of ion acoustic solitary wave in the two dimensional plane for the propagation in unmagnetized plasma with cold ions and isothermal
electrons with weak and slowly varying density inhomogeneity. We have obtained a modified KP equation with an extra term arising due to inhomogeneous equilibrium ion number
density . We have exactly solved the KP equation giving a solitary wave solution in which
the phase of the soliton gets modified by a function f0 , which is related to unperturbed
ion number density, causing soliton bending, where as the amplitude remains constant.
The bending features of the solitons are very relevant and important in inhomogeneous
plasma along with the other features like reflection, transmission etc. More accurate and
precession experiments could reveal such finer and interesting features.
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Chapter 7
Quantum corrections to nonlinear
ion acoustic wave with Landau
damping
7.1

Introduction

As an application to the nonlinear integrable models, which constitute the main part of
the thesis, we explore in this chapter, a new branch of plasma system, called quantum
plasma. Before entering into the main work, we briefly outline some basic facts of quantum
plasma.
The study of plasmas, is in general limited to the domain of classical physics where
temperature is high and particle density is low. In recent years, the study of plasmas such
as dense astrophysical plasmas [219], laser plasmas [220] as well as miniature electronic
devices that are under extreme physical conditions [221],[222] requires quantum mechanical effects to be taken into account. In such systems, the scale length becomes comparable
to the particle de Broglie wavelength rendering classical transport models unsuitable and
quantum mechanical effects to be relevant.
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In broad aspect there are mainly two approaches to model quantum plasmas which
are quantum hydrodynamic approach[223],[224] and quantum kinetic approach[225] i.e,
Wigner equation approach. The plasma fluid equations with the inclusion of quantum
diffraction and statistical pressure effects give rise to new physical phenomena in the
context of linear and nonlinear waves and instabilities [227]. Haas[226] et al. have examined quantum quasilinear plasma turbulence using quasilinear equation derived from
Wigner-Poisson system.
The quantum fluid equations being macroscopic in nature are relatively simple and
are easily accessible for nonlinear calculations. However, working with such macroscopic
models leads to loss of understanding in the situations where effects like Landau damping
are important which take into account the resonant interaction of many particles with
the electrostatic wave. Under certain conditions, the average effect of this interaction
appears as a damping of the wave that can be explored by moving into a kinetic picture.
The collision less damping phenomenon of electron plasma waves was first predicted by
Landau[229] in 1946 for Langmuir oscillation. At the beginning, people once thought that
Landau damping is just a mathematical result, and it did not exist in physics. Fortunately, Dawson derived it from the perspective of energy exchange between particles and
waves, and meanwhile Malmberg and Wharton[230] confirmed it experimentally in 1965.
Since derived in many ways and confirmed experimentally , Landau damping has become
perhaps one of the most important phenomena in plasma physics. Landau damping of
ion-acoustic wave [234] is investigated thoroughly in different set ups like in highly ionized
[237], multicomponent [238], dusty [240] plasmas with shock solutions[235], with ion Landau damping [233] etc. The investigation in Alfven waves [231], magnetosonic wave [236],
electromagnetic waves and electron acoustic waves [241] also received wide attention and
interest.
The kinetic description of plasma possessing quantum mechanical features is provided
by the Wigner equation that can be considered as the quantum analogue of the Vlasov
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equation. It describes the evolution of the quantum mechanical phase space distribution
function given by the Wigner-Moyal distribution and can be a useful tool to look into
the microscopic nature of the system. The Wigner function is called quasi-distribution
as it can have negative values although its velocity moments give rise to various physical
variables such as density, current etc. Gardner[228] derived the full three-dimensional
quantum hydrodynamic (QHD) model for the first time by a moment expansion of the
Wigner-Boltzmann equation. So far nonlinear problems like KdV equation and BGK
modes have been tackled successfully in classical plasma. Recently, Lange et al.[232] have
provided a quantum generalization of the classical BGK modes by obtaining a solution of
the stationary Wigner-Poisson equation.
In this work we have attempted to look into the quantum KdV problem in the semiclassical limit. For a classical plasma [50] Ott and Sudan have modeled nonlinear ion
acoustic wave in a kinetic picture taking the mass of electron into account. They obtained
a KdV equation together with a Landau damping term as an evolution equation for the
ion acoustic wave. In order to explore the quantum corrections to the nonlinear evolution
of an ion acoustic wave in presence of Landau damping terms we have to replace the
Vlasov equation by the Wigner equation.
In this chapter we have tried to investigate, in the semi-classical limit, the quantum
corrections to nonlinear ion acoustic wave with Landau damping. We have derived a
higher order KdV equation which has higher order nonlinear quantum corrections with
the usual classical Landau damping term and a term containing the quantum corrections
due to Landau damping as the dynamical evolution equation. The equation converges to
the same equation as derived by Ott and Sudan in the classical limit i.e, when ~ tends
to zero. The equation shows some features like conservation of total ion number , decay
of initial waveform due to Landau damping etc. In the next stage we have carried out
the perturbative approach of Bogoliubov and Mitropolsky to get the decay nature of
KdV solitary wave amplitude. For this purpose we have assumed the Landau damping
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parameter α1 to be of the order of the quantum factor Q. The procedure reveals that the
amplitude decays inversely with the square of time depending on the factor Q.

7.2

Derivation of the dynamical equation

The Wigner distribution function is a function of the phase-space variables (x, v) and
time, which, is given by N single particle wave function ψα (x, t) each characterized by a
P
probability Pα satisfying N
α=1 Pα = 1.
It is given as,

Z ∞
N
X
imvλ
m
Pα
ψα∗ (x + λ/2, t)ψα (x − λ/2, t)e ~ dλ,
f (x, v, t) =
2π~
−∞
α=1

(7.1)

where m is the mass of the particle. The Wigner function follows the following evolution
equation called the Wigner equation
∂f
∂f
em
+v
+
∂t
∂x 2iπ~2

ZZ

[φ(x + λ/2) − φ(x − λ/2)]f (x, v ′ , t)e

imλ(v−v ′ )
~

dλdv ′ = 0,

(7.2)

where ~, φ are the reduced Planck’s constant and self- consistent electrostatic potential.
Considering semi-classical limit, we develop the integral up to O(~2 ) and neglect all higher
order terms containing ~ to obtain
∂f
∂f
e ∂φ ∂f
e~2 ∂ 3 φ ∂ 3 f
+v
+
−(
)
=0
∂t
∂x m ∂x ∂v
24m3 ∂x3 ∂v 3

(7.3)

We can see from (7.3) that the Vlasov equation is recovered in the limit ~ → 0.
In our work, we consider a situation where ions are cold (Ti = 0) and electrons have
finite temperature and the quantum effects are relevant for electrons only. Therefore, we
consider the usual fluid equations for describing the dynamics of ions and the Wigner
equation for describing the electrons.
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Hence in this case the relevant normalized system of one-dimensional equations are ∂n ∂(nu)
+
= 0,
∂t
∂x

(7.4)

which is the continuity equation for ions. The momentum conservation equation for the
ions is given by
∂u
∂u
∂φ
+u
=− ,
∂t
∂x
∂x

(7.5)

λD 2 ∂ 2 φ
)
= ne − n,
L ∂x2

(7.6)

(

which is the Poisson’s equation appropriate for the description of dispersive ion acoustic
waves. The electron number density if obtained as the velocity space average of the single
particle distribution function f
ne =

Z

∞

f dv,

(7.7)

−∞

that is described by the Wigner equation in the semi-classical limit

(

me 1 ∂f
∂f
∂φ ∂f
∂3φ ∂3f
)2
+v
+
− Q 3 3 = 0, ,
mi ∂t
∂x ∂x ∂v
∂x ∂v

(7.8)

where ne , n, u are the electron number density, ion number density and ion velocity rep
spectively, λD = KTe /4πn0 e2 is the Debye Length, L is the characteristic length for

variations of n, u, φ, ne , f and Q is the quantum parameter = ~2 /24m2 c2s L2 .

The variables in the above equations (7.4) - (7.8) are normalized dimensionless variables. Here the following normalization scheme has been used:

x=

f˜
c0 t̃
ṽ
eφ̃
ñ
ũ
x̃
,t =
,v = ,φ =
,n = ,f = ,u = ,
L
L
cs
KB Te
n0
n0
c0

(7.9)

p
where c0 is the ion acoustic sound speed = KTe /mi , cs is the electron thermal velocity
p
= KTe /me , n0 is the ambient number density of electrons (ions) and Te is the electron
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temperature. The tilde variables appearing in (7.9) are original dimensional variables
which are made dimensionless by multiplying with appropriate scale factors.
As in case of [50], here also three basic parameters enter into the problem which are
parameters due to Landau damping by electrons, measure of nonlinearity and measure
of dispersive effects. In this calculation we do not neglect the electron to ion mass ratio
and since Ti = 0, the Landau damping is provided solely by electrons. We consider all
these three effects i.e., Landau damping, nonlinearity and dispersion to be small but of
the same order of magnitude.
p
1) (me /mi ) = α1 ǫ, effect due to Landau damping by electrons.
2)△ n/n0 = α2 ǫ, measure of the strength of nonlinearity.

3) (λD /L)2 = 2α3 ǫ, measure of strength of dispersive effects.
Here ǫ is smallness parameter. As is the usual mathematical procedure we transform
our co-ordinates to a moving frame with a stretched time as

ξ = x − t, τ = ǫt,

(7.10)

and expand the dependent variables for small nonlinearity as
n = 1 + α2 ǫn(1) + α22 ǫ2 n(2) + ...,
u = α2 ǫu(1) + α22 ǫ2 u(2) + ...,
φ = α2 ǫφ(1) + α22 ǫ2 φ(2) + ...,
2 2 (2)
ne = 1 + α2 ǫn(1)
e + α2 ǫ ne + ...,

f = f (0) + α2 ǫf (1) + α22 ǫ2 f (2) + ...

(7.11)

Considering semi-classical limit, the form of f (0) is chosen as

f

(0)

−v 2
1
√
exp (
(v) =
)
2
2π
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(7.12)

Substituting Eqns. (7.10), (7.11), (7.12) in (7.4)-(7.8) and equating coefficients of ǫ,
ǫ2 to zero we get first and second order equations which need to be solved.

7.2.1

ǫ order calculation:

From Eqns (7.4)-(7.6) we get
∂u(1)
∂φ(1) (1)
∂n(1)
=
=
, n = n(1)
e
∂ξ
∂ξ
∂ξ

(7.13)

From equation (7.8) we get
∂φ(1) (0)
∂ 3 φ(1)
∂f (1)
=v
f +Q
(3v − v 3 )f (0) ,
v
3
∂ξ
∂ξ
∂ξ

(7.14)

∂f (1)
∂φ(1) (0)
∂ 3 φ(1)
=
f +Q
(3 − v 2 )f (0) + λ(ξ, τ )δ(v),
∂ξ
∂ξ
∂ξ 3

(7.15)

which yields

where δ(v) is the Dirac delta function and λ(ξ, τ ) is an arbitrary function of ξ, τ . Here
also the problem of non-uniqueness arises as in case of [50],[242] which can be removed
by taking a τ derivative term from higher ǫ order. Thus, we write
(1)

(1)

∂fǫ
∂φ(1) (0)
∂ 3 φ(1)
∂fǫ
+v
=v
f +Q
(3v − v 3 )f (0) ,
(α1 ǫ )
∂τ
∂ξ
∂ξ
∂ξ 3
2

(7.16)
(1)

where the first term of (7.16) has been taken from order ǫ3 equation. Once fǫ

is known,

f (1) can be determined uniquely by :
f (1) = lim fǫ(1)
ǫ→0

(7.17)

We introduce Fourier transform in ξ and τ as
1
d
(1)
fǫ (ω, k) =
2π

Z

∞

ξ=−∞

Z

∞

τ =0

fǫ(1) (ξ, τ ) exp[i(ωτ − kξ)]dξdτ
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(7.18)

Now ,

and

and

\
(1)
∂fǫ
d
(1)
(
)(ω, k) = (ik)fǫ (ω, k),
∂ξ

(7.19)

Z ∞
\
(1)
1
∂fǫ
d
(1)
)(ω, k) = −(iω)fǫ (ω, k) −
exp[−ikξ]fǫ(1) |τ =0 dξ,
(
∂τ
2π ξ=−∞

(7.20)

3 φ(1)
∂\
d
(1) (ω, k)
(ω, k) = (−ik 3 )φ
∂ξ 3

(7.21)

Now applying these Fourier transforms on (7.16), letting ǫ → 0 and using
1
1
=
P
(
) + iπδ(kv)
ǫ→0 (kv − ωα1 ǫ2 )
kv

lim

(7.22)

we get,
d
d
(1) (ω, k) = φ
(1) (ω, k)f (0) − Qk 2 (3 − v 2 )φ
(1) (ω, k)f (0) ,
fd

(7.23)

where P is the principal part of the integral. Taking inverse Fourier transform we get the
form of f (1) as,
f (1) = φ(1) f (0) + Q(3 − v 2 )

∂ 2 φ(1) (0)
f
∂ξ 2

(7.24)

The first term of (7.24) is same with the classical case whereas the second term is the
quantum correction term. Thus the procedure yields that λ(ξ, τ ) appearing in (7.15) is
zero.

7.2.2

ǫ2 order calculation:

From equations (7.4)- (7.6), we can obtain in a straightforward way,

2

∂n(1)
∂ 3 n(1)
∂
∂n(1)
+ 3α2 n(1)
+ 2α3
= α2 (n(2)
− φ(2) )
3
∂τ
∂ξ
∂ξ
∂ξ e
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(7.25)

From equation (7.8) we get,
(2)

(2)

(α1 ǫ2 )

∂fǫ
∂ 3 φ(2) ∂ 3 f (0)
∂φ(2)
∂fǫ
+v
− vf (0)
−Q
= C(ξ, τ, v),
∂τ
∂ξ
∂ξ
∂ξ 3 ∂v 3

(7.26)

where the τ derivative term is taken from ǫ4 order and terms which are product of quantum
term and second order perturbation term are neglected as small compared to other terms.
Here C(ξ, τ, v) is defined as
C(ξ, τ, v) = [Ca (ξ, τ ) + Cb (ξ, τ )v + Cc (ξ, τ )v 2 + Cd (ξ, τ )v 3 ]f (0) ,

(7.27)

where
Ca (ξ, τ ) = (

Cb (ξ, τ ) = [φ

∂ 3 φ(1)
α1 ∂φ(1)
)[
+ 3Q
]
α2 ∂ξ
∂ξ 3

(7.28)

(1)

3 (1)
∂ 2 φ(1) ∂φ1
(1) ∂ φ
+ 5Q
+ 3Qφ
]
∂ξ
∂ξ 2 ∂ξ
∂ξ 3

(7.29)

α1 ∂ 3 φ(1)
)[
]
α2 ∂ξ 3

(7.30)

3 (1)
∂ 2 φ(1) ∂φ1
(1) ∂ φ
−
Qφ
]
∂ξ 2 ∂ξ
∂ξ 3

(7.31)

(1) ∂φ

Cc (ξ, τ ) = −Q(

Cd (ξ, τ ) = [−Q

Introducing Fourier transform in (7.26) and letting ǫ tends to zero we get,
d
(2) (ω, k) − f (0) φ
(2) (ω, k) = −iC
cb P ( 1 )f (0)
ca [P ( 1 ) + iπδ(kv)]f (0) − iv C
fd
kv
kv
1
cc P ( )f (0) − iv 3 C
cd P ( 1 )f (0)
−iv 2 C
kv
kv

(7.32)

Multiplying by (ik) and integrating over v yields
r
πc
d
d
(2)
(2)
cb + C
cd ,
Ca sgn(k) + C
ik n − ik φ = i
2
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(7.33)

where we have used kδ(kv) = sgn(k)δ(v).
Now taking inverse Fourier transform of equation (7.33) we obtain,
1
∂ (2)
(n − φ(2) ) = Cb + Cd − √ [P
∂ξ
2π

Z

∞

α1 ∂n(1) dξ ′
+P
( )
∂ξ ′ ξ − ξ ′
−∞ α2

Z

∞

−∞

(

3Qα1 ∂ 3 n(1) dξ ′
)
],
α2
∂ξ ′3 ξ − ξ ′

(7.34)

Now using (7.25) and (7.34) we get finally,
3 (1)
∂n(1)
∂n(1)
∂ 3 n(1)
∂ ∂n(1) 2
(1) ∂ n
+ α2 n(1)
+ α3
−
Qα
[
]
−
Qα
n
+
2
2
∂τ
∂ξ
∂ξ 3
∂ξ ∂ξ
∂ξ 3
Z ∞
Z ∞ 3 (1)
∂n(1) dξ ′
∂ n
α1
3α1 Q
dξ ′
√ [P
√
[P
]
+
], = 0
′
′
′3 (ξ − ξ ′ )
8π
8π
−∞ ∂ξ (ξ − ξ )
−∞ ∂ξ

(7.35)

which is the main equation of interest of this work. This equation implies the evolution equation of motion of nonlinear ion acoustic wave taking into account the Landau
damping effect with quantum corrections arising from semi-classical kinetic approach i.e,
the Wigner equation approach. Quantum correction to linear Landau damping of electron
plasma waves have been investigated earlier in [239]. The fourth and fifth terms of (7.35)
are nonlinear quantum corrections and the last term of the LHS is the quantum correction
on the Landau damping. We can see that the equation converges exactly to the equation
derived by Ott and Sudan [50] in the limit ~ → 0. The equation is like a higher order
KdV equation which have higher order nonlinear quantum correction terms and Landau
damping term with its quantum correction. Due to the nature of the equation we can
show that it conserves total number of particles. The presence of Landau damping terms
also assure that the amplitude of soliton must decay with time. These relevant facts are
derived in the next section.
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7.3

Some relevant properties

7.3.1

Conservation of ion number

The equation (7.35) is the higher order KdV equation with Landau damping terms. Integrating (7.35)w.r.to ξ and assuming n(1) , ∂n(1) /∂ξ, ∂ 2 n(1) /∂ξ 2 = 0 at ξ = ±∞ and
renaming n(1) = U, we can show that
Z

∂
∂τ

∞

Udξ = 0

(7.36)

dξ
=0
ξ − ξ′

(7.37)

−∞

Here we have used the fact that

P

Z

∞

−∞

Hence ion number is conserved.

7.3.2

Decay of solitary wave

Ott and Sudan in their paper [50] considered α1 to be a small perturbation parameter
and used the fact that due to Landau damping the amplitude of KdV solitary wave will
decrease with time. Then using Bogoliubov- Mitropolsky approximation method, which
has been discussed in chapter 3, they found the decay rate of amplitude, which depends
on the small parameter α1 . In (7.35),we see that there are higher order KdV terms
with Landau damping term and its quantum correction. But since exact Sech- solitary
wave solution of a general higher order KdV equation of above form is possible only when
(coefficient of the term

∂U ∂U 2
[ ] )
∂ξ ∂ξ

3

= -2 (coefficient of the term U ∂∂ξU3 ), which is not present

in (7.35), hence the exact solitary wave solution of the higher order KdV equation and its
decay due to Landau damping terms cannot be worked out here. Also it can be seen that
(7.35) contains 2 small parameters α1 and Q where α2 , α3 are assumed to be ≈ 1. Hence in
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the subsequent part of the work, the quantum correction terms and the Landau damping
term are treated as perturbation term to the KdV equation. But since perturbation with
multiple small parameters will include multiple time scales in the calculation, hence it
will be too complicated to be computed analytically. In order to simplify the case and
find out the nature of decay of the KdV solitary wave amplitude we will assume that
α1 ≈ α2 Q. For example, in the case of hydrogen plasma α1 is approximately 0.025 and in
[243, 244], the factor Q is taken to be equal to be order of 0.01. Assuming this relation
between small parameters we can consider that the quantum correction to the Landau
damping term which appears as the last term of (7.35) is α1 ≈ Q2 , and hence it can be
neglected as small compared to the other terms.
Now we have to apply the well known method of Bogoliubov and Mitropolsky with
α2 Q = C as small perturbation parameter. Hence α1 can be taken as α1 = βC where β
is any number ≈ unity. In order for the perturbation analysis to be consistent with the
condition of validity of (7.35) it is also required that 1 ≫ C ≫ ǫ. Assuming a new phase
co-ordinate to have the form

φ(ξ, τ ) =

s

N(τ )α2
α2
(ξ −
12α3
3

Z

τ

N(τ )dτ ),

(7.38)

0

where N(τ ) is assumed to vary slowly with time.
We introduce two time scales following [50] as

t0 = τ, t1 = Cτ,

(7.39)

and N = N(C, τ ) and shall seek a solution of the form

U(φ, C, τ ) = U0 (φ, t0 , t1 ) + O(C),

(7.40)

where (7.40) is to be valid for long times,i.e., times as large as τ ∼ O(1/C). In order to
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find such a solution, valid for long times, we first expand u(φ, τ, C) to O(C):
U(φ, τ, C) = U0 (φ, t0 , t1 ) + CU1 (φ, t0 ) + O(C 2 )

(7.41)

Using (7.38), (7.39), (7.41) in (7.35) we get an equation containing different powers of C
and equating coefficients of each power of C we get different order equations which need
to be solved.
Since we are interested in the damping of solitary waves, we have the following initial
and boundary conditions:
U(φ, 0, C) = N0 sech2 (φ),
U(±∞, τ, C) = 0

(7.42)

Solving the order unity equation which is
∂U0 12 ∂U0
∂U0 ∂ 3 U0
+
−4
+ U0
= 0,
ρ
3
∂t0
∂φ
∂φ
N
∂φ

(7.43)

U0 (φ, t0 , t1 ) = N(t1 )sech2 (φ),

(7.44)

we get

√
√
where ρ = 24 3α3 /(Nα2 ) Nα2 and N(t1 ) is an arbitrary function of t1 except for the
initial condition N(0) = N0 . Hence U0 doesn’t depend on t0 .
The order C equation is
∂U1
+ L[U1 ] = M[U0 ],
∂t0
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(7.45)

where
φ ∂U0 dN
∂U0
−
∂t1
2N ∂φ dt1
3
1 ∂ U0
∂U0 ∂ 2 U0
+
[ 3 U0 + 2
]
(ρα3 ) ∂φ
∂φ ∂φ2
Z ∞s
N(τ )α2 ∂U0 dξ ′
β
],
− √ [P
12α3 ∂φ′ ξ − ξ ′
8π
−∞

M[U0 ] = −

L[U1 ] =

12 ∂(U0 U1 )
1 ∂ 3 U1 4 ∂U1
−
+
ρ ∂φ3
ρ ∂φ
(Nρ) ∂φ

(7.46)

(7.47)

(7.48)

Again the boundary and initial conditions are

U1 (±∞, t0 ) = 0, U1 (φ, 0) = 0

(7.49)

In order that (7.41) to be valid for times as large as τ ∼ O(1/C) it is required that
U1 (φ, t0 ) does not behave secularly with t0 . To eliminate secular behavior of U1 it is
necessary that M[U0 ] be orthogonal to all solutions, g(φ), of L+ [g] = 0 which satisfy
(7.49)[i.e, g(±∞) = 0], where L+ is the operator adjoint to L given by,
1 ∂3
4 ∂
12
∂
+
− sech2 (φ) .
3
ρ ∂φ
ρ ∂φ
ρ
∂φ

L+ = −

(7.50)

The only solution of L+ [g] = 0, g(±∞) = 0, is g(φ) = sech2 (φ).
Thus,

Z

∞

sech2 (φ)M[U0 ]dφ = 0

(7.51)

−∞

In order to evaluate this integral we have to consider term by term of (7.47). The first
2 terms of M[U0 ] together give −dN /dt1 after integration. The third and fourth terms
which come from the nonlinear quantum correction terms give zero after integration due
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to the odd nature of the integrand. Finally using

P

Z

∞
−∞

Z

∞

sech2 (φ)

−∞

dφ′
∂(sech2 (φ′ ))
dφ
= (24/π 2 )ζ(3) = 2.92
∂φ′
(φ − φ′ )

(7.52)

we get a first order differential equation in N, solving which we get

N=

where β1 = (2.92)β

N(0)
[1 +

1
( 21 β1 α2 QN(0)( 2 ) )τ ]2

,

(7.53)

p
α2 /96πα3 .

From eqn (7.53) we see that the decay law of amplitude depends on the quantum
factor Q. A full numerical computation of (7.35) could reveal the total dynamical nature
of the solution.
N
0.20

0.18

0.16

0.14

0.12

Τ
120
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160

180

200

Figure 7.1: Decay of soliton amplitude with time when when Q = 0.01, N(0) = 1, α3 =
1, α2 = 6, and β = 1

7.4

Summary

In this work we have extended the methodology of the work of Ott and Sudan to include
the semi-classical quantum effects to obtain a new evolution equation in the context of a
nonlinear ion acoustic wave. This equation is of the form of a higher order KdV equation
having higher order nonlinear terms as quantum corrections, together with a classical
Landau damping term as well as quantum contribution coming from resonant particle
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effects.
Using the fluid equations for ions and the classical kinetic Vlasov equation for electrons, Ott and Sudan obtained a KdV equation with a Landau damping term as the
evolution equation for the nonlinear ion acoustic wave. In order to introduce the quantum corrections, the classical Vlasov equation is replaced by an appropriate quantum
analog i.e, the Wigner equation. In a similar approach using the Wigner equation in
place of the Vlasov equation gives rise to our higher order KdV equation with Landau
damping terms. The equation exactly converges to the equation done in [50] when ~ tends
to zero i.e, in the classical limit. The mathematical nature of the equation shows that it
conserves the total number of ions. The importance of the higher order KdV equation
derived here, lies in the fact that its solution would give the quantum modification of
the KdV solitary wave. But unfortunately, exact solitary wave solutions of this equation
cannot be obtained. Since there are two small parameters in the equation, α1 and Q, we
treat the quantum corrections as well as the Landau damping terms as perturbation to
the KdV equation. In order to carry out the Bogoliubov and Mitropolsky approximation
technique, multiple time scales stretched by these small parameters have to be introduced.
Such a technique is too complicated to comprehend analytically. Hence in order to get
a useful analytical result , we have assumed α1 ≈ Q. Hence, the quantum correction to
Landau damping term turns out to be of the order of Q2 and therefore neglected.
In the perturbative approach, the contribution to the decay rate coming from the
nonlinear quantum correction terms turns out to be zero because of the odd nature of
the integrand. The final contribution to the decay of solitary wave amplitude comes from
the classical Landau terms, whose coefficient, due to the perturbation scheme, turns out
to be of the order of Q. The amplitude is shown to decay inversely with the square of
time depending on the quantum factor Q. In our final equation of decay rate no terms
come from the quantum correction, i.e quantum nonlinear part goes to zero when the
integration over φ is performed and the quantum Landau damping terms being of order Q2
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are neglected. This is due to our chosen scheme, and application of perturbation scheme
with multiple time scales could give rise to solutions with more appropriate dependance
on quantum effects. But the importance of the equation cannot be turned down and could
be the initiator of numerical computation that would reveal the entire dynamical nature
of the solution with the inclusion of quantum mechanical effect.
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Chapter 8
Conclusion & Outlook
The thesis contains modelling of both deep and shallow water wave phenomena and
applications of those models in other fluid systems.
In the first part of my thesis, we have studied the propagation of shallow water,
unidirectional nonlinear wave with nontrivial bottom boundary conditions. Our aim was
to study the effect of the controlled leakage at the bottom to the surface solitary wave.
We have shown analytically that for the choice of leakage velocity functions which are
independent of the free surface wave profile, the solitary wave solution gets modified in
phase where as the amplitude remains constant. These studies are done in the shallow
water of constant depth whereas the actual bathymetry varies with position. In order to
explore the effect of bottom boundary condition on the surface solitary wave amplitude
which was absent in the chapter 1, the leakage functions are assumed to depend on the free
surface wave profile in chapter 2. First the constant depth problem was investigated to
identify the profile of leakage function which would induce maximum damping effects on
the solitary wave amplitude. Taking this profile, the variable depth problem was studied
where a variable KdV equation was derived where the bathymetry function varies slowly.
For a finer balance between the depth function and the leakage velocity function, exact
solitary wave solutions have been found out which decay as it propagates towards the
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shore in spite of the surging effects due to decreasing bathymetry.
We emphasize that obtaining exact solution in variable bathymetry in presence of
controlled leakage is a rare achievement. In place of approximate or numerical result
obtained earlier, we found here the decay of solitary wave amplitude in exact analytic
form. This is the strong point of our findings. Since our model gives a possible control
mechanism of near shore surging waves along with the other methods like plantation of
Mangrove treas along the coastal lines, installation of breakwaters at strategic positions
, stoppage of erosion by concrete bolders etc, it demands application to a near sea shore
bathymetry which has been done in Chennai, South India and the decay of amplitude
due to leakage have been shown. These are the basic things we have done in the first
part, which can be extended in future to involve realistic chaotic leakage and transverse
perturbation. Such investigations would require numerical modelling of the phenomena.
In the second part of my thesis, the deep water oceanic rogue waves have been modelled. Rogue waves are reported to being observed in a relatively calm sea, where they,
as a localized and isolated surface waves, apparently appear from nowhere, make a sudden hole in the sea just before attaining surprisingly high amplitude and disappear again
without a trace. In this regard, we have introduced a new completely integrable, (2+1)
dimensional, Nonlinear Schrodinger equation which is derivable from the basic hydrodynamic equations, to model oceanic rogue waves. Showing the discrepancies of the existing
models, an exact rational two dimensional solution containing two free parameters of the
new equation describes the full grown rogue wave. Its maximum amplitude, steepness,
position of holes can be determined by those free tunable parameters. In order to explain
its dynamical behavior an ocean current term has been introduced which will control the
duration of the rogue wave. Modulation instability associated with the new evolution
equation has been found out showing asymmetric nature and directional preference.
Since a completely integrable equation is very rich in terms of its mathematical behavior, its discovery in any physical system demands exploration of its various properties. We
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have derived its Lax pair structure, infinite conserved quantities, soliton solutions etc. Its
dynamic rational solution, as the superposition of breather solutions could not be derived
which could be explored in future. He et.al [172] presented the first order rational solution
of our new equation by the one-fold Darboux transformation from a nonzero “seed” solution. They also have discussed localization of rogue waves in their paper which is related
to the amplitude of the seed solution. We have also shown that our new 2 dimensional
NLS equation is related to another completely integrable KP equation which shows the
strong 2d nature and directional preference of our equation.
The newly discovered equation demands applications in various physical systems to
explore various features. As an application, it has been derived in the context of propagation of nonlinear ion acoustic waves in magnetized lossless plasma containing cold ions
and hot isothermal electrons. The discovery of this novel, (2+1) dimensional integrable
NLS type equation should pave a new direction of research in the field.
As an application of the integrable models derived here we have explored other fluid
systems like inhomogeneous plasma. The propagation of ion acoustic soliton in weak
and slowly varying inhomogeneous plasma has been studied. It has been shown that the
dynamics of the nonlinear ion acoustic wave is controlled by KP equation. The two dimensional soliton of the evolution equation gets bend in the two dimensional plane controlled
by the unperturbed ion number density, whereas the amplitude remains constant.
A new field called quantum plasma has been explored using KdV model. A quantum
corrections has been done in the semi-classical limit to the nonlinear ion acoustic wave with
electron Landau damping. A new higher order KdV equation has been derived containing
nonlinear quantum correction terms and the quantum correction to the Landau damping.
Using Bogoliubov Mitropolsky approximation method the decay of amplitude due to the
Landau damping term has been calculated.
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