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Remarkale progress has been made in recent years in the computation of exact
spectra, partition functions and correlation functions of one-dimentional quantum
integrable spin chains and dynamical models as well as their supersymmetric gener-
alizations. These quantum integrable systems are closely related to different areas
of physics and mathematics such as quantum optics, condensed matter systems
exhibiting generalized exclusion statistics, random matrix theory, quantum Hall ef-
fect, Dunkl operators, N = 4 super Yang-Mills theory and Yangian quantum groups.
Since these models are exactly solvable, many statistical properties related to the
spectra of these models can be studied from their exact solutions.

Broadly speaking, there exist two different types of quantum integrable models—
quantum integrable models with short-range interaction where the particles or spins
interact locally within a short distance and quantum integrable models with long-
range interaction where all particles or spins interact with each other. One dimen-
tional systems like d-function bose gas, Hubbard model, isotropic and anisotropic
versions of Heisenberg spin—% chain are some examples of quantum integrable mod-
els with short-range interactions [1]. On the other hand, one dimentional systems
like Calogero model, Sutherland model, Haldane-Shastry (HS), Polychronakos spin
chain are the examples of quantum integrable models with long-ranged interaction.

The study of quantum integrable and exactly solvable models with long-range
interactions was pioneered by Calogero [2]. He introduced the exactly solvable
Calogero model in which particles move on a line and interact with each other
through a two-body potential proportional to the inverse square of their relative
distances. Sutherland investigated a similar system in which particles move on a
circle, instead of moving on a line and interact with each other through a two-body
potential proportional to the inverse square of their chord distances [3]. Apart from

these dynamical models, Haldane and Shastry have derived the exact spectrum of
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a spin—% chain with lattice sites equally spaced on a circle and spins interacting
through pairwise interactions inversely proportional to the square of their chord dis-
tances [4]. A close relation between the su(m) generalization of this HS spin chain
and the su(m) spin Sutherland model has been established by using the ’freezing
trick’, which we briefly describe in the following. In contrast to the case of HS spin
chain where lattice sites are fixed at equidistant positions on a circle, the particles of
the spin Sutherland model can move on a circle and they contain both coordinate as
well as spin degrees of freedom. However, in the strong coupling limit, the dynamics
of the decoupled spin degrees of freedom of the su(m) spin Sutherland model is gov-
erned by the Hamiltonian of the su(m) HS model. Application of the freezing trick
to the spin (rational) Calogero model leads to the quantum integrable Polychronakos
spin chain, which is also known in the literature as the Polychronakos-Frahm (PF)
spin chain. The site of such rational PF spin chain are inhomogeneously spaced on
a line and, in fact, they coincide with the zeros of the Hermite polynomial [5].

My research topic is mainly focussed on study of BCy and Dy types of ra-
tional quantum integrable models associated with polarized spin reversal operators
(PSRO). In this context one may note that, it is often possible to construct many
variants of a quantum integrable system by using different classical root systems such
as Ay_1, By, Cn, BCy and Dy. These different root systems are related to the gen-
erators of the corresponding simple Lie algebras. One of the fundamental features
of the BCy root system and its By and Cy degenerations is the fact that the cor-
responding Weyl algebras contain a family of reflection operators S;(i = 1,--- , N)
satisfying S? = 1. (In the case of Dy root system, the Weyl group only contains
products 5;S; with ¢ # j.) In the spin chains studied earlier by some authors
6, 7, 8,9, 10], the operators S; are represented by spin reversal operators P; (acting

on the Hilbert space of the i-th spin), However, such a representation of .S; is by no
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means the only possible choice. In the spin Calogero model of BCy type and its
corresponding PF chain studied in Ref.[11], the operators S; are represented instead
by arbitrarily polarized spin reversal operators (PSRO) R(ml’mz), which act as the
identity on the first m; elements of the spin basis and act as minus the identity
on the rest. These operators are equivalent under a similarity transformation to
the usual spin reversal P; only when m; = my or my = my £ 1, i.e., when there is
minimal polarization.

In our first paper, we have studied the spin Calogero model of Dy type with
polarized spin reversal operators and its associated spin chain namely PF spin chain
of Dy type with PSRO. We have solved the former model and from the spectrum
of this model we are able to compute its partition function in closed form, which
yields the partition function of the related spin chain via Polychronakos’s freezing
trick. More preciously, we have shown that the latter partition function can be
expressed in terms of the partition function of the PF chain of the type-A. Since
the type-A partition function can be efficiently evaluated by using a simple recursion
formula that we have also derived in this paper, we are able to explicitly compute
the exact spectrum of the Dy -type chain for relatively high number of lattice
sites of the system. We have studied several global properties of the spectrum of
this chain. We have provided strong numerical evidence showing that its energy
levels are a sequence of consecutive integers and its level density becomes normally
distributed when the number of spins tends to infinity. We have also determined
the number of distinct energy levels of the spin chain, showing that it is a second-
degree polynomial in N, as is the case with PF chain of Ay_; type. For the spin
chains of HS type related to the Ay_; root system, it is known that the polynomial
growth of the number of distinct levels is a consequence of the fact that these models

are equivalent to a Yangian-invariant vertex model with linear energy function and
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polynomial dispersion relation. Our results strongly suggest that this is also the
case for the present model, a conjecture which certainly deserves further study.

It is well known that the SU(m|n) supersymmetric extension of the Ay _; type of
HS and PF models are also possible where each site is occupied by either one of the
m type of bosonic states or one of the n type of fermionic states [12, 13, 14]. In our
second paper, we have derived the exact spectra as well as partition functions for
a class of BCy type of spin Calogero models, whose Hamiltonians are constructed
by using supersymmetric analogues of polarized spin reversal operators (SAPSRO).
The strong coupling limit of these spin Calogero models yields BCy type of PF
spin chains with SAPSRO. We have obtained an exact expression for the partition
functions of such PF spin chains by applying the freezing trick. We have also derived
a formula, which expresses such a partition function in terms of known partition
functions of several Ax type of supersymmetric PF spin chains, where K < N — 1.
By using this formula, we have analyzed statistical properties like level density
distribution in the spectra of spin chains with sufficiently large number of lattice
sites. It turns out that, in analogy with the case of many other integrable systems
with long-range interactions, the level density of PF spin chains with SAPSRO
follows the gaussian distribution and the cumulative nearest neighbour spacings
distribution obeys the so called ‘square root of a logarithm’ law. In this paper,
we have also shown that the partition functions of PF spin chains with SAPSRO
obey an interesting type of duality relation. To this end, we have considered a new
quantum number which measures the parity of the spin states under the action of
SAPSRO. It has been found that the partition functions of these spin chains satisfy
an ‘extended’ boson-fermion duality relation, which involvs not only the exchange
of bosonic and fermionic degrees of freedom, but also the exchange of positive and

negative parity degrees of freedom associated with SAPSRO. As an application of

4 | Page



this duality relation, we have computed the highest energy levels of these spin chains
from their ground state energies. We have found that partition functions of a large
class of integrable and nonintegrable spin chains with Hamiltonians of a similar form
satisfy this type of extended boson-fermion duality relation.

We have also computed the partition functions of the BCy type of spin Calogero
model with SAPSRO through the grand-cannonical approach. Finally, by using the
freezing trick, we have obtained an alternative formula for the cannonical partition
function of the PF chain with SAPSRO and have shown that such partition functions
obey a set of recursion relations. These recursion relations can be used to compute

the exact spectra of PF spin chains with SAPSRO in an efficient way.
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CHAPTER 1

Introduction

In the last few decades, significant progress has been made in understanding the
behaviour of quantum integrable many-body systems and their supersymmetric gen-
eralisations. Initial research interest in this field started with the discovery of exact
solution of the one-dimensional isotropic Heisenberg spin chain by Bethe [1]. The
two-dimensional Ising model and related vertex models [2,3], the Lieb-Liniger model
with zero-range contact interactions in free space [4], the Calogero model with in-
verse square interactions [5] are some other prominent examples of exactly solvable
classical statistical models and quantum integrable systems. Usually the integra-
bility of a quantum system is found in one spatial dimension. However, such one
dimensional systems might be useful to approximately describe various features of
some quantum systems in higher dimension that are relevant for physical applica-
tions. Exact solutions of those quantum systems in higher dimension can not be
computed analytically in most cases. Hence, numerical calculations and perturba-
tive methodologies are the only ways to handle such problems. In those scenarios,
rigorous analysis of one-dimensional integrable models can provide a testing ground
for numerical analysis to understand the properties of real physical systems. Thus
the significance of exact solutions of quantum integrable models can be justified in

a larger context to test the relevance of various approximate formalisms. More-
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over, recent experiments involving optical lattice of ultra-cold Rydberg atoms and
trapped ions, neutral atoms in optical cavities, etc., have opened up the possibility
of realizing various theoretical models of lower-dimensional spin systems in a very
precise way [6-10]. In such experiments it has been observed that, in contrast to
the case of spin chains with nearest or next-to-nearest neighbour interactions, spin
chains with long-range interactions often exhibit interesting physical phenomena
such as the realisation of quantum spin glasses, quantum crystals, and high-speed

propagation of correlations exceeding the Lieb-Robinson bound [7-12].

Quantum integrable models are classified into two types depending on the nature
of their interaction — quantum integrable models with short-range interaction and
quantum integrable models with long-range interaction. For the case of quantum
integrable models with short-range interaction, particles or spins interact locally like
within nearest neighbour or next-to-nearest neighbour sites in a lattice system. One
dimensional systems like §-function Bose gas [4,13,14], Hubbard model [13,15-17],
isotropic and anisotropic variants of Heisenberg spin—% chain [1, 13,14, 17-19] are
some examples of quantum integrable models with short-range interactions, exact
solutions of which can be obtained by using the Bethe ansatz. This type of integrable
systems have found applications in physical phenomena like electromagnetic field

propagation in quantum optics [20-22], strongly interacting ultracold atomic gases

[23-30] etc.

For the case of quantum integrable models with long-range interactions, all parti-
cles or spins interact with each other. Calogero has pioneered the study of quantum
integrable and exactly solvable models with long-range interactions [5,31]. In partic-
ular, he found the exact spectrum of the well known Calogero model with harmonic
confining interaction, in which particles move on a line and interact with each other
through a two-body potential proportional to the inverse square of their relative dis-

tances. Sutherland investigated a similar exactly solvable system in which particles
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move on a circle and interact with each other through a two-body potential propor-
tional to the inverse square of their chord distances [32,33]. Subsequently Khare
found that a variant of the Calogero model, where the harmonic confining potential
is replaced by a Coulomb-like interaction, also represents an exactly solvable sys-
tem [34,35]. Apart from these dynamical models, Haldane and Shastry derived the
exact spectrum of a spin—% chain with long-range interaction, where the lattice sites
are equally spaced on a circle and the spins interact with each other through pairwise
interactions inversely proportional to the square of their chord distances [36,37]. A
close relation between the su(m) generalization of this Haldane-Shastry (HS) spin
chain and the su(m) spin Sutherland model has been established by using the ‘freez-
ing trick’ [38,39]. Application of the freezing trick to the su(m) spin Calogero model
with confining harmonic potential leads to the quantum integrable su(m) Polychron-
akos spin chain, which is also known in the literature as the Polychronakos-Frahm
(PF) spin chain [38,40,41]. The sites of such su(m) PF spin chain are inhomoge-
neously spaced on a line and, in fact, they coincide with the zeros of the Hermite
polynomial. Quantum integrable spin chains and dynamical models with long-range
interaction have found applications in diverse areas of physics and mathematics
like condensed matter systems exhibiting generalized exclusion statistics [42-45],
quantum Hall effect [46], Dunkl operators related to various root systems [47-51],
random matrix theory [52], conformal field theory [53-56], super Yang-Mills the-
ory [57-59], quantum electric transport phenomena [60,61] and Yangian quantum
groups [42,62-67]. In this context it may be noted that, although Dunkl operators
were introduced in Ref. [47] in a purely mathematical setting, the first explicit use
of such operators for Calogero-like systems and their integrability was presented in
Ref. [48]. Subsequently, such Dunkl operators were used in Ref. [49] to derive spin

Calogero systems.

Let us first briefly review the concept of classical and quantum integrability. Li-

ouville introduced the concept of integrability in the context of classical mechan-
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ics [68,69]. A system characterized by a 2N- dimensional phase space I" with co-
ordinates ( = (¢;,pi), @ =1,---, N and Hamiltonian H(q,p) is called completely
integrable if their exist N number of independent functions I;(g, p) such that they

have vanishing Poisson bracket among themselves:

(I, I} =0, (1.1.1)

and H can be written as a function of I;’s, i.e.

H(q,p) = H(I). (1.1.2)

Therefore, it follows that {H(q,p), I;} = 0. Hence, I;’s are called the commuting in-
tegrals of motion or conserved quantities of the integrable system. For an integrable

system, one can in principle find a canonical transform of the form

(¢:p) = (0,1) (1.1.3)

such that the following relations are satisfied

{0i, 1;} = 0y5. (1.1.4)
Therefore it follows that
- OH
{oi, H} = oL = wi(I). (1.1.5)

In terms of new canonical variables, the equations of motion are given by



CHAPTER 1. INTRODUCTION

ji = {Izwﬁ} =0, Cbz = {¢i>g} = w;(1). (1.1.6)

Since w;([) does not depend on ¢, these equations of motion can be integrated to

find explicit solutions as

where ¢;’s are some constants. These (¢, ) are known as the ‘action-angle’ vari-
ables. For the case of classical integrable field models, one obtains infinite number

of conserved quantities in involution.

In quantum mechanical treatment, one replaces the Poisson brackets by the cor-
responding commutator brackets. However, the definition of a quantum integrable
system is not so straightforward as in the classical case [15]. In particular, some
definition of integrability similar to the classical case can not be used for quantum
systems with finite dimensional Hilbert space (which do not have any classical limit),
such as spin chains. There will be two major problems regarding such definition of
integrability. First, what will be the number N7 Whether it will be the number of
spins or it will be the dimension of the direct product space constituted from the
Hilbert spaces of individual spin degrees of freedom. And secondly, what will be the
nature of NV independent conserved commuting operators? It is not clear that inde-
pendence of such operators means linear independence or algebraic independence.
Indeed for a quantum mechanical system associated with a finite dimensional Hilbert
space, the root idea behind the existence of N number of algebraically independent

commuting operators does not seem to be very well-defined for N > 1 [15].

To avoid the above mentioned problems, a different approach may be taken to ex-

tend the idea of classical integrability to the quantum case. Such an approach is
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known as scattering without diffraction [15]. However, this approach is only appli-
cable to quantum systems that support scattering, which means that the particles
of the system will fly apart into pieces and move as free particles unless bound
in a finite region of space. The pieces are the particles or bound states of cluster
of particles. In the process of scattering without diffraction, the number of pieces
N will be conserved for an integrable system. Consequently, for a non-diffractive
scattering process involving N number of pieces, local conserved charges like I},
k=1,2,3,....,N can be constructed and each of those charges would be a sym-
metric polynomial function of the asymptotic momenta pg, k = 1,2, 3, ....., N. The
information about the total momentum and total energy of the system is included
in this set of conserved charges. The higher order charges can be related to the
hidden symmetries of the Hamiltonian. Such new definition of quantum integrabil-
ity seems to be more appropriate as the corresponding classical definition can be

directly related to it.

The conserved charges of an integrable system can be determined through an an-
alytical technique which requires the knowledge of the Lax pair corresponding to
the model. This technique was first used by Calogero [68,69] and Moser [70] to
prove the integrability of some classical systems with pairwise long-range interac-
tion. Remarkably, this Lax pair technique of proving integrability is also applicable
for Calogero like quantum systems with long-range interaction [15,71-73]. It can be
shown that there exists a deep connection between the Hamiltonian of the original
classical or quantum Calogero model and the root system of the Ay_; Lie algebra.
Such a connection leads to the construction of different variants of original Calogero
model related to the other root systems of Lie algebra [74]. For the purpose of

explaining this point, let us briefly review the concept of root system.

Even though the root systems are closely connected to the Lie algebras, they can

be defined independently in the following way. For any two vectors a, 3 € RY, the



CHAPTER 1. INTRODUCTION

Weyl reflection of 8 through the hyperplane perpendicular to « is defined as

(8, @)

(@, q)

da(f) = B =2

a, (1.1.8)

where (3, @) is the scalar product of 3 and « in RY. Note that 02(3) = 5. A finite
set ¥ of non-zero vectors in RY gives a non-reduced root system, if it satisfies the

following three conditions:
1) ¥ spans RY or a subspace of RY,

2) 289 ¢ 7 for any a, 8 € .

(@)

3) 0,2 =%, for any a € X.

The elements of ¥ are called as roots. The dimension of the vector space spanned by
Y. is called the rank of this root system. The group generated by the reflections o,
(i.e, by combining these reflections in all distinct ways) is called the Weyl group [75]

W associated with the root system . It may be noted that:
1) Since 04(a) = —a, —a € Y if a € X.

2) Since each element of W permutes the set X, W is a subgroup of the permutation

group defined on the elements of X.

A subset I' € 3 is called a simple root system, if I" forms a basis of 3, and any p € 3
can be expressed as p = > pa, where all p,,’s are either non-negative (> 0) integers
or non-positive (< 0) inizgers. The elements of I' are called as simple roots. If all
po’s are non-negative integers in the expansion p = ) pa«, p is called a positive
root. The collection of all such positive roots is denoted by »,. T' is a subset of
Y, and for a, 8 € T, 2% < 0. Starting from I', one can construct the whole

root system X by giving all possible Weyl reflections till their closure condition is

satisfied.
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Let us denote by {e1,es,--+ ,ex} the usual orthonormal basis in RY. The simple
root systems I' = {a1,as, -+ ,ay_1 or ax} for four classical Lie algebras are given
by:

1) For Ay_q,1i.e su(N): a; =€; —ejpg with 1 <i< N — 1.

2) For By, i.e. so(2N +1): a; =€; —e;11 with 1 <i < N —1 and any = ey.

3) For Cy, i.e. sp(2N): a; =e; —e;01 with 1 <@ < N — 1 and ay = 2ey.

4) For Dy, i.e. so(2N): a; =¢e; —e;rq with 1 <i < N —1and ay =en_1 + en.

However, all root systems are not directly related to the Lie algebras. In addition
to the above mentioned four root systems, one can construct another (non-reduced)
BCy type of root system, whose simple root system is obtained through the union
of simple roots corresponding to the By and C'x root systems. In the following, we

give a list of positive roots X, associated with various root systems:
1) For Ay_1,ie. su(N): e;—e; (1<i<j<N).

2) For By, i.e. so2N +1):¢e; (i=1,--- ,N),e;£e; (1 <i<j<N).
3) For Cy, ie. sp(2N): 2¢; (i=1,--- ,N),e; £e; (1 <i<j<N).
4) For Dy, i.e. so(2N): e; £e; (1 <i<j<N).

5) For BCy: €;,2e; (1 =1,--- ,N),e; £e; (1<i<j<N).

The general form of quantum integrable Calogero model (with harmonic confine-
ment), where particles on a line interact with each other through a rational Weyl-

invariant potential, can be expressed for any root system as [76]

N
H_Z;(_a_ﬂf?+wxi)+§ > o (1.1.9)

PEX

where r = > z,e; € RY and g,’s are real positive coupling constants which are
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defined on the orbits of the Weyl group. For the case of Ay_; root system, H in

(1.1.9) reduces to the original Calogero Hamiltonian given by [5]

HWY = Z (—% + oﬂx?) +u(v—1) Y ﬁ (1.1.10)

X
1<iAj<N

For the case of By, Cy or BCy root system, H in (1.1.9) yields a Hamiltonian of

the form
N
0? 1 1
H® = (——+w2x?) +rv(v—1) { + }
— axg 1<§;§N (.Z'Z — xj)2 (.CEZ + 513]-)2
N

—1 —. 1.1.11

+p(p ); 2 ( )

For the case of Dy root system, H in (1.1.9) yields

o N~ . 1 1
oY =2 (g +es2) vt L;w{(xi—wm ! <xi+xj>2}‘

(1.1.12)
Comparing Eq. (1.1.10) with Eqgs. (1.1.11) and (1.1.12), we observe that only Ay_;
type of Calogero Hamiltonian possesses the translational symmetry and this sym-
metry is broken for the corresponding BC'y and Dy type of models. Furthermore, it
may be noted that, the Hamiltonian (1.1.12) of the Dy type of Calogero model can
be obtained from its By counterpart (1.1.11) by taking p — 0 limit. Nevertheless,
the spectrum of the Dy type of Calogero model can not be reproduced from that

of its By counterpart as a special case [73,77].

The general form of quantum integrable Sutherland model, where particles moving
on a circle interact with each other through a trigonometric Weyl-invariant potential,

is given by [76]
N

_ 0 1 9o(9p — 1)p?
H__Za_x?+§zm' (1.1.13)
pEX

=1

where r = > x,6; € RY and g,’s are real positive coupling constants which are
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defined on the orbits of the Weyl group. The Hamiltonian of the original Sutherland
model associated with the Ax_; root system can be obtained from the general Weyl-

invariant Hamiltonian (1.1.13) as

N
02 1
HW = — — -1 — . 1.1.14
izl 02 +a(a ); sin?(z; — @) ( )

Different variants of this Sutherland model associated with other root systems can

also be derived from the general Hamiltonian (1.1.13) in a similar way.

The study of quantum integrable spin chains with long-range interactions was pi-
oneered by Haldane and Shastry, who derived the exact spectrum of a spin—% HS
spin chain with lattice sites equally spaced on a circle and spins interacting through
pairwise exchange interactions inversely proportional to the square of their chord
distances [36,37]. It has been found that, the exact ground state wave function of
this su(2) symmetric HS spin chain coincides with the U — oo limit of Gutzwiller’s
variational wave function describing the ground state of the one-dimensional Hub-
bard model [78-80]. The Hamiltonian of the su(m) HS spin chain is given by

1 1 —EHJ'
His=5 ), —5a/ (1.1.15)

. 2 . .
1<i<j<N SI %(Z —J)

where € = +1 (—1) corresponds to the ferromagnetic (anti-ferromagnetic) case, the

spin exchange operator P;; is defined as
-P7§j|317"' 3 Siy S, 7SN> - |817"' ySgy 3 S, 7SN>7 (1116)

with s; € {M, M —1,--- ,—M} and M = mT_l One of the key properties of the
HS chain—already noted by Haldane and Shastry in their original papers—is its
intimate connection with the scalar (trigonometric) Sutherland model [32,33]. This

connection was subsequently elucidated by Polychronakos in Ref. [38], who showed

10
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how to derive the su(m) HS chain from the su(m) spin Sutherland model [49,72,81]
by a technique that he called the ‘freezing trick’. The particles of the su(m) spin
Sutherland model possess dynamical as well as spin degrees of freedom, and the

corresponding Hamiltonian is given by

i Zﬁ (1.1.17)

The main idea behind this freezing trick is to note that when the coupling constant a
in the spin Sutherland model goes to infinity the particles tend to concentrate on the
coordinates of the (essentially unique) minimum of the scalar part of the interaction
potential, which are precisely the sites of the HS chain. Thus, in this limit the
dynamical and the spin degrees of freedom decouple, and the latter are governed
by the chain’s Hamiltonian. Using this idea it is straightforward, for instance, to
obtain the first integrals of the HS chain from their well-known counterparts for the

spin Sutherland model.

It may noted that, the Hamiltonian of the su(m) spin Calogero model of Ay_; type

is given by [49]
a — el
Z—+a Zm +az(x_$) , (1.1.18)
i#]

where ¢ = +1 (—1) corresponds to the ferromagnetic (anti-ferromagnetic) case.
Application of the freezing trick to this su(m) spin Calogero model leads to the

quantum integrable su(m) PF spin chain with Hamiltonian given by [38]

1 —€P;
Hpr =Y —%, (1.1.19)
— (pi = py)

where the sites of this chain, i.e., p;’s are the coordinates of the unique minimum

point of the scalar part of the potential of the spin Calogero Hamiltonian (1.1.18).

11
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Such minimum of the scalar part of the potential is determined by the algebraic

system of equations like

al 1

pizzj;(#i)m, i=1,...,N, (1.1.20)
which are satisfied by the roots of the Hermite polynomial of degree N [82]. Hence,
the lattice sites of the PF spin chain (1.1.19) are given by the roots of the Hermite
polynomial of degree N. The spectrum of this PF spin chain was first studied
numerically by Frahm [41] and then exactly computed by Polychronakos [40], who
also derived an exact formula for the partition function by means of the freezing
trick. On the other hand, the partition function of the su(m) HS chain was only

evaluated more than a decade later by Finkel and Gonzalez-Lépez [83].

Both of the above mentioned spin Sutherland and spin Calogero models (and their
corresponding HS and PF spin chains) are associated with the Ay_; root system,
where N is the number of particles. Indeed, in these models the interactions only
depend on the difference between the coordinates, and the spin operators appearing
in the Hamiltonian are permutation operators, and thus generate a realization of
the Weyl group of Ay_; type. In fact, there are versions of the Sutherland and
Calogero models associated to any (extended) classical root system [74]. Among
these systems, those of BCy, By, Cn and Dy type are by far the most studied in
the literature, since they make it possible to construct integrable models with an
arbitrary number of particles. By applying the freezing trick to the spin version
of these models one obtains the corresponding generalizations of the HS and PF
chains, that we shall collectively refer to as spin chains of HS type [84-90]. One of
the fundamental features of the BCy root system and its By and Cy degenerations
is the fact that its Weyl algebra contains a family of reflection operators S; (i =
1,...,N) satisfying S? = 1. (In the case of the Dy root system, the Weyl group

only contains products S;S; with i # j.) In the spin chains studied in Refs. [84-88],

12
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the operators S; are represented by spin reversal operators P; (acting on the Hilbert

space of the i-th particle), which acts on the states as

pilsla"' y Syt 7SN> = |81>"' y TSiy 7SN>- (1121)

By using this P;, one can define the Hamiltonian of the BCy type of spin Calogero
model [84] as

a+ P a+Pij b—eP, a* ,
(g;.—.)2 - (xf)Q +bZT+ZT‘ , (1.1.22)
) i

(B) 0
H :_;a_l'?+az

i#]

i 3

=242, r2 =N 22 and P, = P,P;P,. By

_ - e ot
where € = +1, x;; = v; — ¥, ¥; i1 Ti

ij
setting b = fBa (here § is a positive parameter) in the Hamiltonian (1.1.22) and using
the freezing trick at a — oo limit, one obtains the PF spin chain of BC'y type, with

Hamiltonian given by

1+ Py 1+ P 1 —€P,
H(B) — Y + & + 6 . , 1.1.23

e ; & —&)? (&G+&) Zz: & ( )
where & = /2y; and y; represents the i-th zero point of the generalized Laguerre

. B—1
polynomial L .

The Dy type of Calogero models associated with the spin reversal operator P; have
also been studied in the literature [86]. The Hamiltonian of the such spin Calogero

model of Dy type is obtained by setting b = 0 in its BCy counterpart (1.1.22) as

02 a+ Py, a+ P
HD) — _ i ij ij
257 *;( ERNEHE

a2
+ Zr? (1.1.24)

Taking the a — oo limit of this spin Calogero Hamiltonian (1.1.24) and using the

13
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freezing trick, the Hamiltonian of the PF chain of Dy type can be derived as

b 1+P;  1+P

i - ; CEDCET R (1.1.25)
where the lattice sites of this chain are obtained from those of its BC'y counterpart
(1.1.23) in the limit 5 — 0. However, it should be noted that, the Hamiltonian
(1.1.23) of the PF chain of BCy type does not reduce to its Dy variant (1.1.25)
in the above mentioned limit. To explain this fact it may be noted that, all roots
of the equation L'f\fl(y) = 0, except the smallest one, tend to some finite nonzero
values in the limit 3 — 0. Consequently, terms like 3(1 — eP;)/£2, which appear in
the r.h.s. of Eq. (1.1.23), vanish for i = 2,--- | N. However it can be shown that, at
£ — 0 limit, the smallest root &; of the equation L]’ifl(y) = 0 satisfies the relation
limg_ﬂ)(%) = N [86]. Substituting this limiting value in (1.1.23), it is easy to see

that the Hamiltonians of the BCy and Dy types of PF chains are related as

tim HE = )+ 5 (1 - R (1.1.26)
It may be noted that, although the Hamiltonian (1.1.24) of the Dy type of su(m)
spin Calogero model can be obtained by taking b — 0 limit of its BCy counterpart
(1.1.22), the Hilbert space of the former Hamiltonian is drastically different from
its BCy counterpart [86]. Indeed, it can be shown that the Hilbert space of the
Dy model gets “doubled” in comparison with the BCy one. More precisely, the
Hilbert space of the Dy spin Calogero model can be written as a direct sum of the
Hilbert spaces associated to two different BC'y models with opposite “chiralities”
corresponding to € = £1. Due to this remarkable property of the Dy model, the
spectra of this model and its associated spin chain cannot be obtained as a limiting

case of their BCy counterparts.

However it should be noted that, for the purpose of constructing BCy and Dy

14
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types of integrable spin models, the above mentioned representation of the operators
S; as spin reversal operators P; is by no means the only possible choice. As a
matter of fact, in the novel version of the spin Calogero model of BC'y type and its
corresponding (PF) chain introduced in Ref. [91], the operators S; are represented

ml ma) , which act

instead by arbitrarily polarized spin reversal operators (PSRO) P,
as the identity on the first m; elements of the spin basis and as minus the identity
on the remaining moy elements of the spin basis. For the purpose of more precisely

(m1,mz2)

describing such action of P, , let us define the total spin space § through a set

of orthonormal basis vectors as

S = <|51,--- s € {1,2, - ,m}>, (1.1.27)

where m = my + my. The action of P m1m2) o0 these basis vectors can be written

as
P sy s sw) = (D) (1129)
where
0, 1<s,<my
F(s:i) = (1.1.29)
1, mi+1<s; <mg+ma.

The Hamiltonian of the BCy-type Calogero model with PSRO is defined as [91]

(mi,m2)
H(m17m2 _Z Z G+Pij+“+Pij
(23;)? (z3)?
)

i#j g
(m1,mz) 2
Ba — P a® ,
— 1.1.30
+,8(IZ + 4 r, ( )
where a > §, 8 > 0, ¢ = £1, a; = 2; £ x5, > = Y, 2}, and ]Bl-gml’m) =
Pi(ml’m)Pj(ml’mQ)Pij. It can be shown that when m is even (resp. odd) and m; = my

(resp. my = my £ 1), the PSRO in (1.1.28) is equivalent via a similarity transforma-

tion to the usual spin reversal operator P;. As a result, for these special choices of

15
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my and mg, the Hamiltonian (1.1.30) reduces to that of the standard spin Calogero
model of BCy type studied in Ref. [84]. However, for the remaining values of the
discrete parameters m; and mo, Hp (ml ™2) in (1.1.30) differs from the standard spin
Calogero model of BCy-type. From the spin dynamical model (1.1.30) one can
construct a PF chain of BCy type with PSRO by applying the freezing trick. The

Hamiltonian of this chain is given by

(m1,ma) (m1,mz2)
1+ P 1+ B 1— eP
mel ma) _ L +5 , 1.1.31
LlE-er Gror |

where the lattice sites & are related to the zeros y; of the Laguerre polynomial
L5 by y; = €2/2. The exact partition function of the chain (1.1.31) has also been
computed in Ref. [91] by exploiting its connection with the spin dynamical model

(1.1.30).

It is often possible to construct su(m|n) supersymmetric generalisation of the in-
tegrable spin chains with long-range interaction, in which each lattice site is occu-
pied by either one of the m number of ‘bosonic’ spins or one of the n number of
‘fermionic’ spins [92-94]. Such supersymmetric spin chains with different types of
interactions play an important role in describing some quantum impurity problems
and disordered systems in condensed matter physics, where holes moving in the
dynamical background of spins behave as bosons, and spin-1/2 electrons behave as
fermions [95-99]. It is worth noting that the Hamiltonians (1.1.15) and (1.1.19) of
the Ay_; type of HS and PF spin chains admit natural su(m|n) supersymmetric
generalizations. For example, the Hamiltonian of the su(m|n) supersymmetric HS

spin chain is given by [92,100]:

! 1= pl
—Z 1.1.32
2 Z sin® Z(i — 5)’ ( )

1<j<k<N N ])

Hm\n .

16
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p(m|n)

where the supersymmetric exchange operator P is defined as

m-+n

P =" cf ol e . (1.1.33)
a,p=1

Here the creation and annihilation operators, C’l o and Cj 4 are assumed to be bosonic
for a« = 1,---,m and fermionic for « = m + 1,--- ,m + n. These creation and
annihilation operators act on a restricted Hilbert space where each lattice site is
occupied by only one spin, i.e., 77" C; ,C; = 1 for all i. It may be observed that
for the special case m # 0, n = 0, the supersymmetric Hamiltonian (1.1.32) reduces
to the standard su(m) HS spin chain (1.1.15) with ¢ = 1. Similar to the case of
supersymmetric HS spin chain, the Hamiltonian of the supersymmetric PF chain is

defined as [93]
1 — plmin)
Hop = > — (1.1.34)
where p;’s are the zeros of the N-th order Hermite polynomial. The partition func-

tions of these supersymmetric PF and HS spin chains have been calculated in closed

form by using the freezing trick [93,94,100].

We have mentioned earlier that, the Weyl algebra associated with the BCy root
system contains a family of reflection operators S; (i = 1,..., N) satisfying S? = 1.
By taking S; as the spin reversal operator on a superspace which contains both
‘bosonic” and ‘fermionic’ spin states, the Hamiltonian of a supersymmetric analogue
of the PF chain associated with the BCy root system has been constructed in
Ref. [101]. The Hamiltonian of the spin dynamical model of Calogero type, which
yields the above mentioned PF spin chain in the strong coupling limit, has also
been introduced in the later reference. Furthermore, the partition function of such
BC'y type of PF chain containing supersymmetric analogue of spin reversal operator

(SASRO) has been computed by using the freezing trick.

It may be noted that multivariate Rogers-Szeg6 (RS) polynomials play an important

17
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role in analyzing the spectra and partition functions of the Ax_; type of PF spin
chains [62,102]. The classical Rogers-Szegt (RS) polynomial in a single variable (say,
z) is defined as Hy(z,q) = Son [k,]ifvfk]qu [103]. This RS polynomial has been
studied in connection with the well known Rogers-Ramanujan identities in number
theory. Moreover, this RS polynomial can be viewed as a g-deformed version of the
Hermite polynomial, which provides a basis for the coordinate representation of the
g-oscillator algebra [104,105]. Different types of homogeneous and inhomogeneous
multivariate generalizations of the classical RS polynomial have also been studied in
the literature. In particular, Hikami has observed that the homogeneous multivariate

RS polynomials (depending on only one type of variables) of the form

a a ) a
ST a=N 1, 2, s Um
(1120

m N
Hfax,z)v(ﬂfl,@"z; S T Q) = Z [ } [ S (1.1.35)
q

reproduce the partition function of the Ax_; type of su(m) PF spin chain in the
limit 1 = 29 = -+ = x,, = 1 [62,102,106]. Consequently, a representation of the
motifs associated with the Yangian quantum group symmetry of the Ay_; type of
su(m) PF spin chain can be constructed by using a recursion relation satisfied by the
RS polynomials (1.1.35). In a similar way, super RS (SRS) polynomials containing
two different types of variables have been studied for the purpose of analyzing the
spectra and partition functions of the supersymmetric PF spin chains (1.1.34) on

the basis of their super Yangian symmetry [94].

In this thesis our aim is to study some rational quantum integrable spin dynamical
models and spin chains associated with PSRO and supersymmetric analogues of
PSRO (SAPSRO). In particular, in Chapter 2 of this thesis, we study the spin
Calogero model of Dy type with PSRO, as well as its associated PF spin chain, both
in the antiferromagnetic and ferromagnetic cases [107]. We compute the spectrum
and the partition function of the former model in closed form, from which we derive

an exact formula for the chain’s partition function in terms of products of partition
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functions of PF spin chains of type A. Using a recursion relation for the latter
partition functions, we are able to numerically evaluate the partition function, and
thus the spectrum, of the D y-type spin chain for relatively high values of the number
of spins N. We analyze several global properties of the chain’s spectrum, such as
the asymptotic level density, the distribution of consecutive spacings of the unfolded

spectrum, and the average degeneracy.

In Chapter 3 of this thesis, we derive the exact spectra as well as partition functions
for a class of BCy type of spin Calogero models, whose Hamiltonians are constructed
by using SAPSRO [108]. The strong coupling limit of these spin Calogero models
yields BCy type of PF spin chains with SAPSRO. By applying the freezing trick,
we obtain an exact expression for the partition functions of such PF spin chains.
We also derive a formula which expresses the partition function of any BCy type
of PF spin chain with SAPSRO in terms of partition functions of several Ax type
of supersymmetric PF spin chains, where K < N — 1. Subsequently we show that
an extended boson-fermion duality relation is obeyed by the partition functions of
the BCy type of PF chains with SAPSRO. Some spectral properties of these spin
chains, like level density distribution and nearest neighbour spacing distribution, are

also studied.

In Chapter 4, we construct SRS polynomials associated with the BCy type of PF
spin chains with SAPSRO [109]. To this end, we compute the grand canonical
partition functions of the BCy type of ferromagnetic as well as anti-ferromagnetic
spin Calogero models with SAPSRO, and expand those grand canonical partition
functions as some power series of the fugacity parameter to obtain the corresponding
canonical partition functions. Applying the freezing trick, subsequently we derive
new expressions for the canonical partition functions of the related BCy type of
PF spin chains with SAPSRO. Inspired by the form of such partition functions, we

introduce novel multivariate SRS polynomials depending on four types of variables.
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We construct the generating functions for such SRS polynomials and show that these
polynomials can be written as some bilinear combinations of the Ay_; type of SRS
polynomials. We also use the above mentioned generating functions to derive a set
of recursion relations for the partition functions of the BC'y type of PF spin chains

involving different numbers of lattice sites and internal degrees of freedom.

In Chapter 5 of this thesis, we make some concluding remarks.

20



CHAPTER 2

Rational quantum integrable systems of
Dy type with polarized spin reversal

operators

2.1 Introduction

As mentioned in Chapter 1, a class of BCy type of spin Calogero models and their
associated spin chains were introduced in Ref. [91]. The distinguishing feature of
these models is that they are constructed using a new representation of the Weyl
group of the BCy root system, obtained by replacing the standard spin reversal
operators by PSRO. As shown in the latter reference, these models are exactly
solvable for all such representations and, in particular, the partition function of the

spin chains can be exactly computed by using Polychronakos’s freezing trick [38,40].

In this Chapter, we shall introduce the spin Calogero model of Dy-type with PSRO
and its corresponding spin chain of HS type, i.e., the PF chain of Dy type with
PSRO. As explained in Ref. [86], Dy type of models with spin reversal operators

are singular limits of their corresponding BC'y counterparts, so that their spectrum
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cannot be obtained by setting to zero the parameter § in the latter models. This
is also apparent at the level of the Hilbert space, which is the direct sum of the
Hilbert spaces of two BC'y models with opposite chiralities. Similarly, the Dy type
of models which will be studied in this Chapter are not limiting cases of their BCy

versions in Ref. [91].

The main result of this Chapter is the derivation of a closed-form expression for the
partition function of the PF chain of Dy type with PSRO in terms of products of
partition functions of type-A PF chains. Our approach is based on the computation
of the spectrum and partition function of the corresponding spin Calogero model,
from which the chain’s partition function follows by a standard freezing trick argu-
ment. The structure of this partition function turns out to be more involved than
that of its BCy counterpart. In particular, it is not manifest that it is a polynomial
in ¢ = e /*87) a5 follows from the freezing trick. Using the explicit expression for
the partition function, we shall study several global properties of the chain’s spec-
trum, such as the behaviour of the level density and the average degeneracy when

the number of spins tends to infinity.

This Chapter is organized as follows. In Section 2.2 we recall the definition and

), and construct the

main properties of the polarized spin reversal operators Pi(ml’mQ
Hamiltonians of the Dy-type spin Calogero model with PSRO and its associated
spin chain. Section 2.3 is devoted to the derivation of the closed-form expression
of the chain’s partition function, as explained in the previous paragraph. Using
this expression, in Section 2.4 we analyze several global properties of the spectrum,
providing strong numerical evidence of the Gaussian character of the level density
when the number of spins is large enough. In Section 2.5 we extend the above
results to the ferromagnetic version of the models under consideration. This Chapter

ends with a short technical Appendix establishing a useful recursion relation for the

partition function of the PF chain of type Ay_1.
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2.2 Construction of the models

For the purpose of describing the D y-type Calogero model with polarized spin rever-
sal operators, let us briefly recapitulate the construction of its BCy counterpart [91].
To this end, let

S={|s1,...,sn) [si € {1,2,...,m}). (2.2.1)

denote the internal spin space for N particles. As usual, the action of the spin

exchange operator F;; on § is defined as
Pij’Sh...,SZ',...,SJ',...,SN> = |81,...,Sj,...78i7...,SN>. (222)

Let us denote the PSRO associated with the ¢-th particle as Pl-(ml’mz), where m; and
meo are two nonnegative integers satisfying the relation m; + mo = m. The action

of P™™) on S is given by [91]

IDi(m17m2)‘317 sy iy, SN> = (_1)f(5i)

where

f(si) = (2.2.4)

1, mi+1< s <my+mo.

In terms of these operators, the Hamiltonian of the BCy-type Calogero model with
PSRO is defined as [91]

N H(mi,ms2)
02 a+P; a+ P
H(Wll,mﬂ _ +a il ij
b ; O} ; ( (z;;)? (xz+])2
N (m1,m2) 2
a— €P, a
+Ba) 2 i +—r2, (2.2.5)
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where the sums run from 1 to N, a > %, >0, e = £1, acf] =z taxj,rP=>a?

e ]
and

S(mi,ma)  plmi,me) plmi,ma)
B =B PR

It can be shown that when m is even (resp. odd) and m; = my (resp. m; = mo 1),
the PSRO in (2.2.3) is equivalent via a similarity transformation to the usual spin
reversal operator P;, which changes s; into m — s; + 1. As a result, for these special
choices of m; and msy, the Hamiltonian (1.1.30) reduces to that of the standard

su(m) spin Calogero model of BCy type studied in Ref. [84].

Since H](;Zl’m) contains the discrete parameters mi, ms and e, it is natural to in-
quire whether there exists any relation between models (2.2.5) with different sets
of parameters. In fact, we shall now show that ngl’m) is equivalent to H](;lfe’ml)
through a unitary transformation. To this end, consider the unitary operator T

whose action on the spin space S is given by
T|S1,- vy Siy-es SN) = |81,y 80 SN, (2.2.6)

where

si+my, 1< s <my
o = (2.2.7)
8; —ma, mgo+ 1< s <my+mao.

Using Eqs. (2.2.3) and (2.2.6) we easily obtain

TTf)i(mth)T‘Sl, ey Siy e, 8N> — <_1)f(82)

S1yeveySiyeey SN - (2.2.8)

From Eq. (2.2.7) it follows that s, € {m; +1,...,my +may} for 1 < s; < my and

sie{l,...,mq} for mg +1 < s; < mg + my, so that

fsi) = (2.2.9)
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Equations (2.2.8) and (2.2.9) clearly imply that

TtpIm I = —plmem) (2.2.10)

(2

It is also obvious from Egs. (2.2.2) and (2.2.6) that
T'P,;T = Py . (2.2.11)
From Egs. (2.2.5), (2.2.10) and (2.2.11) we readily obtain
THHT T = B, (2.2.12)

as claimed. In view of the above relation, it suffices to study the Hamiltonian (2.2.5)
in the case e = 1. However, in the following we shall intentionally keep the parameter
€ in ngl’m) in order to facilitate the comparison with its Dy counterpart that we

shall introduce below.

Due to the nature of the singularities of the Hamiltonian H](BT’W), its configuration
space can be taken as one of the Weyl chambers of the BC'y root system, i.e., one of
the maximal open subsets of RV on which the functions x;+2; and x; have constants

signs. We shall choose this configuration space as the principal Weyl chamber
CB =IxeRV:0<z <ap < <an}, (2.2.13)

where x = (z1,...,zy). The Hamiltonian H](;zl’mz) is thus defined on an appropriate
dense subset of the Hilbert space L?(C®))®S. When ¢ = 1, the spectrum of H](gi'él’m)
was computed in Ref. [91] by constructing a suitable (non-orthogonal) basis of this

Hilbert space in which this Hamiltonian acts triangularly.

As explained in the latter reference, from the spin dynamical model (2.2.5) one can

construct a PF chain of BCy type with PSRO by applying the freezing trick. The
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Hamiltonian of this chain is given by

(m1 ma) (m1 ma)
Hm) =y ¥4 BE (2214
2 G- T Gror (221

where the lattice sites (; are related to the zeros y; of the Laguerre polynomial
L5 by y; = (/2. The exact partition function of the chain (2.2.14) has also

been computed in Ref. [91] by exploiting its connection with the spin dynamical

model (2.2.5).

The Hamiltonian H(™2) of the Dy-type spin Calogero model with PSRO is natu-

ml m2

rally defined by dropping the term related to the roots z; in Hy , 1.e., by setting

f =0in Eq. (2.2.5). We thus obtain

H(mi,me 2
y(mims) _ at By  at by a2 2.2.15
232 Z (90[]-)2+ (27:)? T (2:2.15)
It should be noted that, unlike its BC'y counterpart, the latter Hamiltonian does not
depend on ¢. Just as before, from Eqgs. (2.2.10) and (2.2.11) it follows that H(m2m1)

is unitarily equivalent to H1™2) under T
TrHmm)T = fimem) (2.2.16)

Thus we can impose without loss of generality the restriction m; > my. Conse-
quently, for any given m one can construct [m/2 + 1| inequivalent spin Calogero
models of Dy type with PSRO, where | - | denotes the integer part. Among these
models, only those with m; = my (for even m) or m; = ms + 1 (for odd m) are
unitarily equivalent to the su(m) spin Calogero model of Dy type with standard

spin reversal operators introduced in Ref. [86].

As is the case with the latter model, the configuration space C' of the Hamilto-

nian (2.2.15) can be taken as one of the maximal open subsets of RY on which the
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linear functionals x; = x; have constant signs. We shall again take C' as the principal

Weyl chamber of the Dy root system, namely
C={xeR": |z <zs< - <ayn}. (2.2.17)

Note that this configuration space contains its BCy counterpart (2.2.13) as a subset.
As before, the Hamiltonian (2.2.15) is defined on a suitable dense subspace of the
Hilbert space L*(C) ® S.

We shall next explain in detail how to construct the Dy-type PF chain with PSRO
associated to the spin dynamical model (2.2.15) by means of Polychronakos’s freezing

trick. To begin with, note that the Hamiltonian H (™2 can be decomposed as
Himm) = [ 4 g3 mm2)(x), (2.2.18)

where

0? 1 1 a?
H=-Y —— +ala—1) — + + =72 (2.2.19)
zi: Ox? ; [(mij)Q (x:;)Q 4
is the Hamiltonian of the scalar Dy Calogero model and
p(m1,ma)
5 14+ P, 1+PF;
(m1,mz2) _ ij ij
7 (x)=>_ T ] (2.2.20)
i#j i i

is a spin-dependent multiplication operator. On the other hand, in the strong cou-
pling limit @ — oo the coefficient of the dominant term (of order a?) in the Hamil-

tonian (2.2.15) is given by

+—. (2.2.21)

i#j

Hence as a — oo the particles concentrate at the coordinates &; of the unique mini-
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mum & of the potential U(x) in the configuration space C' [76], and the coordinate
degrees of freedom of H(™™2) decouple from the internal ones. By Eq. (2.2.18), in

this limit the eigenvalues of H(™™2) are approximately given by

where E7¢ and &; are two arbitrary eigenvalues of H*® and

1+Pp; 1+B0m
(& —&)? & +&) |

gy (mim2) — f;:[(ml,mz)(g) — Z (2.2.23)

i#]
We shall take Eq. (2.2.23) as the precise definition of the Hamiltonian of the Dy-
type PF chain with PSRO. In fact, using Egs. (2.2.10) and (2.2.11), it is easy to

show that the Hamiltonians H(™™2) and H(™2™) are related by
Trmem) T = g mam) (2.2.24)

Thus, we may assume without loss of generality that m; > ms, so that there are
again |m/2 + 1] inequivalent PF chains of Dy type with PSRO. Since the sites of
these chains depend only on the scalar potential (2.2.21), the above models reduce
to the su(m) PF chain of Dy type with standard spin reversal operators [86] when
my = my (for even m) or my; = mo+1 (for odd m). See, e.g., Fig. 2.1 for a comparison
of the spectra of the Dy chain with PSRO (2.2.23) with m; = 3,my = 1 and the
su(4) Dy-type PF chain with standard time-reversal operators (corresponding to

m1 = ms = 2) for N = 10 spins.

A brief remark on the relation between the Dy and BCy spin chains with PSRO in
Egs. (2.2.23) and (2.2.14) is now in order. As shown in [86], the lattice sites of the
former chain are given by &; = 0 and & = /2y, 1 (2 < i < N), where y;, > 0 denotes
the k-th root of the generalized Laguerre polynomial Ly_,. From the well-known

identity NLy' (y) = —yL%_,(y) and the previous characterization of the sites ¢; of
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Figure 2.1: Degeneracy d (in units of 10*) versus energy £ of the Dy chain (2.2.23)
with my = 3, ma = 1 (blue), compared to the su(4) Dy-type PF chain with standard
time-reversal operators (red), for N = 10 spins.

the BCy chain (2.2.14), it immediately follows that & = limg_,o{. Although one
may naively think that the Hamiltonian #H (™2 is simply the 8 — 0 limit of its

(m1,mz2)
B,e

BCx counterpart Hy , this is certainly not the case. The point is that, although
the roots (; with 2 <7 < N tend to finite nonzero limits when 5 — 0, the first root
(1 tends to 0 in this limit. As a consequence, the ¢ = 1 term of the last sum in

Eq. (2.2.14) need not vanish as § — 0, and in fact it can be shown [86] that
lim = = —. (2.2.25)
Letting 8 — 0 in Eq. (2.2.14) and using the latter identity we immediately obtain

. (m1,m2) mi,m N (m1,mz2)
lim HE " = HOm ) (1= e ). (2.2.26)

Thus, the 8 — 0 limit of the Hamiltonian ?—[l(sqzl’m) differs from its Dy counterpart
H(m™1m2) by the surface term or impurity interaction N (1 — ePl(ml’mQ)) /2. It is easy
to see that this term vanishes only for e = 1, m; = m, ms = 0 (or, equivalently,
e = —1, my =0, my = m). For any other choice of m; and my, this surface term is
nonzero and does not commute with the Hamiltonian H(™2). Thus, except in the
previously noted special cases, the spectrum of H (™) cannot be obtained from

that of Hgil’m) by taking the 8 — 0 limit. This fact is illustrated in Fig. 2.2, which
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shows that the spectra of these chains with m; = 3, mg = 1 and N = 10 spins are

clearly different.
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Figure 2.2: Degeneracy d (in units of 10*) versus energy £ of the Dy chain (2.2.23)
with m; = 3, my = 1 and N = 10 spins (blue), compared to its BCy counterpart in
Eq. (2.2.14) (green; recall that the spectrum of the latter chain does not depend on

B)

2.3 Spectrum and partition function

In this section, we shall compute in closed form the spectrum and partition func-
tion of the spin Calogero model of Dy type with PSRO in Eq. (2.2.15). This will
enable us to compute the partition function Z(™12) of the Dy-type PF chain with
PSRO (2.2.23) by a standard freezing trick argument. Indeed, from Eq. (2.2.22) it
is straightforward to derive the following exact formula for Z(™1™2) in terms of the
partition functions Z(™1™2) and Z of the spin dynamical model (2.2.15) and of its
scalar counterpart (2.2.19):

Zmima) (o
Zmma)(T) = lim (aT)

lim =~ (2.3.1)

Since Z has already been computed in Ref. [86], Eq. (2.3.1) provides an effective

way of evaluating Z(™™2) once Z(™1™2) is known.

The key idea for deriving the spectrum of the spin Hamiltonian (2.2.15) is to observe
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that it can be obtained by applying a suitable projection to a simpler differential-
difference operator H' acting on scalar functions. The spectrum of H’ can be readily
computed by constructing a (non-orthogonal) basis of its Hilbert space on which this
operator acts triangularly. The spectrum of H(™1™2) is then easily determined by

projecting onto the Hilbert space of the latter operator.

More precisely, the auxiliary operator H' is given by [86]

a a® ,
Z o 2 +a Z ij) + Ty(a — Kij) + ZT‘ , (2.3.2)
where K;; and K; are coordinate exchange and sign reversing operators, defined by

Kijf(xl,...,xi,...,xj,...,x]v):f(xl,...,xj,...,xi,...,xN),

Kif(xy,...;z...,xen) = f(o1, ..., =24, ..., TN)

and KZJ = K;K;K;;. The domain of the operator H' is of course a suitable dense
subset of the Hilbert space L?*(RY). The operator H' can be expressed in terms of

the Dy-type rational Dunkl operators [47]

G, 1 1 .
Jo = . T aj;i L—ija — K;j) + x_jj(l — Kij)] (2.3.3)
[110]
H' = p(x) [ Z —|—ale p(x)7t, (2.3.4)
where

) =t T je? = a3l

1<j

is the ground state of the scalar Calogero model of Dy-type and

Ey= Na(a(N —1)+1) (2.3.5)
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is its ground-state energy. A basis of this Hilbert space on which H' acts triangularly

is provided by the functions
on(x) =p(x) [, n=(n,....,nn), (2.3.6)

where the n;’s are arbitrary non-negative integers. Indeed, since .J; lowers the
degree n| = ny + - - + ny of any monomial [ [, 27, from Eqgs. (2.3.3) and (2.3.4) it

immediately follows that

H' Pn(x) = Ell’l Pn(x) + Z Cmn $m(X) (2.3.7)

|m|<|n]

where the coefficients ¢, are real constants and
E, =aln|+ Ey. (2.3.8)

As the diagonal elements of any upper triangular operator coincide with its eigen-

values, the spectrum of H' is given by Eq. (2.3.8).

The spectrum of the spin Hamiltonian H(™™2) can be derived from that of H' by

noting that these Hamiltonians are formally related by

H (mum2) H'| (2.3.9)

Kij——Pij, KK~ P2 plmima):

In order to take advantage of this observation, we introduce the operator A(m1:72)

projecting the Hilbert space L*(RY) ® S onto states that are antisymmetric under

‘(ml,mz)P'(mLmz
J

particle permutations and symmetric under the action of K, K;P, ) for

mi,ma2

any i # j. In other words, the projector Al ) is determined by

ﬂ-z‘jA(m17m2) _ _A(ml,mg)7 7T§m17m2)ﬂ](ml’m2)A(ml’m2) _ A(ml,mg)7

(2.3.10)
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where

)

my = KiyPy,  m™™) = K P (2.3.11)

so that

K,-j/\(ml’m2) - _pijA(mhmz)7 KinA(m1,m2) _ plmimz) p(mima)  (my,ma)

i j

(2.3.12)
We shall now outline the construction of the projector A™™2) in terms of the analo-
gous projectors Agﬁl’m” for the BC'y-type spin Calogero model with PSRO (2.2.14)
with chirality ¢ = £1 (cf. [91]). To this end, recall that Agﬁ’mz) projects from

the Hilbert space L?(R")® S onto spin wavefunctions antisymmetric under particle

permutations and with parity 41 under ﬂgml’m), ie.,
mAG ™) = —AQLT) g p g A, (2.3.13)

The projector Agi’m) can then be expressed as

N N!
mi,m 1 mi,m
A = e TT (1 am?). e, (2.3.14)
j=1 =1

where P; denotes an element of the realization of the permutation group generated
by the operators 7;; and ¢; is the signature of P;,. From Egs. (2.3.10) and (2.3.13)
we conclude that

Al = NG AT (2.3.15)

Indeed, the right-hand side of the latter equation is clearly a projector, since

A(B’rtl+17m2)Ag7;1’m2) — A(BTzli,m2)Agt7i,m2) — 0’
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and it satisfies (2.3.10) on account of (2.3.13). Thus the space
V = Amm)(L2RY) @ S)
decomposes as the direct sum
V=Vas ®Voo, Vo= AYI"(LARY)®S). (2.3.16)

We have already mentioned that, due to the impenetrable nature of the singularities
of the Hamiltonian H (™) its Hilbert space can be taken as the space L?(C)®S of
spin wavefunctions square integrable on the open set C'in Eq. (2.2.17). On the other
hand, any point in RY not lying on the singular subset z; +2; =0, 1 <i < j < N,
can be mapped in a unique way to a point in C' by a suitable element of the Dy
Weyl group, which is generated by coordinate permutations and sign reversals of an
even number of coordinates [111]. Using this fact, it can be shown that L*(C) ® S

mi,ma)

is actually isomorphic to the space V, and H! is equivalent to its natural

extension to the latter space which (with a slight abuse of notation) we shall also

denote by H(™™2) With this identification, in view of Eq. (2.3.12) we can write

gmema) = pyimims) pGmims) — pp/ g (mima) (2.3.17)

where H' acts trivially (as the identity) on S.

We shall now explain how the spectrum of H™12) can be derived from that of H’
using the previous equation. To this end, note that by Eq. (2.3.16) the Hilbert space

V' is the closure of the linear subspace spanned by the spin wavefunctions

(%) = AT (gu(x)]s)), e==, (2.3.18)

n,s

where [s) = |sy,...,sn) is an arbitrary element of the canonical spin basis. In fact,
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the wavefunctions (2.3.18) with fized e span a subspace whose closure is the Hilbert
space Vp.. Clearly, the functions (2.3.18) are not linearly independent. Indeed,
using Eq. (2.3.13) it is easy to show that these functions satisfy the relations

ns(X) =~ o (x), s (%) = (=1 YL (), (2.3.19)

n,s n’,s’ n,s

where n’ and s’ are respectively obtained from n and s by permuting any two of
their components (the same for both). Due to these identities, the sets {17 ;(x)} and
{¥ns(x)} are both linearly independent provided that the following three conditions

are imposed on the quantum numbers n and s:

1. To avoid overcounting, and for later convenience, we shall order the compo-

nents of n as follows:

k1 ks

A A\

nE(ne7no>: (éplw"aszy "‘aépsw"an;

It

I
7\ o\

2 +1,....2¢+1, ..., 2+ 1,...,2¢,+ 1),

where 0 <s5,t < N, pr >pa>--->p;=20and ¢ >q >--->¢q = 0.

2. By the second equation in (2.3.19), the allowed values of s; corresponding to

each n; are given by

{1,2,...,m}, for even n; ,
S; &

{mi+1,m +2,...,m; +my}, foroddn,,

for the set {1 (x)}, and by

{1,2,...,m}, for odd n; ,
siE

{mi+1,my +2,...,my +my}, forevenn;.
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for the set {1y (x)}.

3. If n;, = n; and 7 < j we shall take s; > s;, again to avoid overcounting.

If the above conditions are satisfied, each of the sets {15, ((x)} (¢ = %) is a non-
orthogonal basis of the corresponding subspace Vg ., and the union of these sets
provides a non-orthogonal basis of the whole Hilbert space V' by Eq. (2.3.16). We
shall next show that H(™12) leaves invariant each of the subspaces VB, and that it
acts triangularly on the corresponding basis {95, ;(x)} provided that we (partially)

order it by the total degree |n|. Indeed, using Egs. (2.3.15) and (2.3.17), and taking

into account that [H’, A](BT ’mQ)] = 0 we obtain
HOmm2ye (x) = A" (H'gn(x))]8)). (2.3.20)

From this equation and Egs. (2.3.7) and (2.3.18) it readily follows that

HMm2ye (%) = Eptn () + Y Comting (%), (2.3.21)

|m|<|n]
where the Cinn’s are real constants and s’ is a permutation of s such that (m,s’)
satisfies conditions 1)—iii) above; see [86] for more details. By Eq. (2.3.21), the action
of H(m1m2) on the whole Hilbert space V = Vi +@®Vp — is the direct sum of two upper
triangular actions on each of the subspaces Vg 1. Consequently, the eigenvalues of

this operator are given by
Ey.=FE,=an|+ E, (2.3.22)

where € = £ and (n, s) satisfies conditions i)—iii) above. Since the RHS of Eq. (2.3.22)

does not depend on € and s, the eigenvalue associated with the quantum number

2)

n has an intrinsic degeneracy gimem coming from the two possible chiralities and
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the spin degrees of freedom. This intrinsic degeneracy is in fact the sum

J(mima) dﬁ:ﬁ:’mﬂ + dﬁj’_l’m?), (2.3.23)

n

where d\7%"™) is the number of spin states satisfying conditions i)-iii) for the given

n and e. Using these conditions we readily obtain [91]

my,me : mi ma mi,m2 ma,mi
dglﬂr )= H <k ) H < I >’ dglﬁ ) = dl(rw g (2.3.24)
. 7 i

and therefore

e I E() e

i=1 j=1

Thus the spectrum of the Dy-type spin Calogero model with PSRO (2.2.15) is given
by the RHS of Eq. (2.3.22), where each level possesses an intrinsic degeneracy given

by Eq. (2.3.25). Of course, the actual degeneracy of an energy a|n| + Ej is the sum

> |=[n] d'7™) where the sum is over all multiindices n’ satisfying condition i)

above.

It is worth mentioning at this point that the spectrum of the BCy-type spin
Calogero model with PSRO and chirality € in Eq. (2.2.5) is also given by the RHS
of Eq. (2.3.22), with Ej replaced by [91]

EO,B = Eo + NBCL2 .

Moreover, the intrinsic degeneracy of the energy a|n| + Eyp is given by dgﬁl’m). It
follows from Eq. (2.3.23) that the Dy spin Hamiltonian H (™) is (up to a constant)
the direct sum of two BCy-type spin Calogero models of opposite chiralities with

PSRO. Using Egs. (2.3.22) and (2.3.25), the canonical partition function of the
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Dy-type spin Calogero model with PSRO can be written as
Z(ml,mg)(aT) _ qu/a Z dglml,mz)q\m : qg= e—l/(kBT) , (2326)

where the sum ranges over all multi-indices n satisfying condition i) above. Similarly,

the partition functions of the corresponding BCy-type models (2.2.5) are given by

25" (aT) = glFoe)/ay " dinmHgl = Zimem), (2.3.27)

From Eq. (2.3.23) it then follows that

q /e Zm e (aT) = P (2707 (aT) + 25 (aT)

= g Fom)/e[Z5mm) (aT) + 252" (aT)) . (2.3.28)

In order to apply the freezing trick formula (2.3.1), we need only recall the expression
for the partition function Z of the scalar Calogero model of Dy-type derived in

Ref. [86], namely
gl Z(aT) = (1+¢") H(1 — @)t =g Fonlle(1 4 ¢MY Zp(aT),  (2.3.29)

where Zp denotes the partition of the scalar Calogero model of BCy type. Di-
viding Eq. (2.3.28) by Eq. (2.3.29) and applying the analog of the freezing trick
formula (2.3.1) for the partition function Z]gﬁ:’m) of the PF spin chain of BCy

type (2.2.14) we finally obtain
mi,m2 _ -1 mi,m2 mo,m1
Zlmm2)(q) = (1+¢V) [Zé,+ N(q) + 25 )(q)] , (2.3.30)

where from now on we shall use the variable ¢ = e=%/*sT) in place of T. The partition

function Z](s”:f ") can in turn be expressed in terms of the partition function ZXTQ(q)
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of the su(m) PF chain of type A with k spins with Hamiltonian

1y = N (J“—J (2.3.31)

pi —pi)?’
1<i<j<k Mt J

where p; is the i-th zero of the Hermite polynomial of degree k. Indeed, it is shown

in Ref. [91] that for my > 0 we have

N —ﬂ 2y ! Y
[k]qa_@?)( ’ (@), =[[1=¢*). (2.3.33)

i=1

Combining Egs. (2.3.30) and (2.3.32) we finally arrive at the following expression
for the partition function of the Dy-type PF chain with PSRO (2.2.23) in terms of

its type A counterpart as

N
20 (q) =3 fuala) 280 (@) ZVR @) (ma > 0), (23.34)

k=0

where fnx(q) is given by

N—k k

q ¢ |N

- 7 ) 2.3.35
fN,k(q) 1 qN |: ‘|q2 ( )

The case my = 0, for which P'™% =1 and the Hamiltonian (2.2.23) reduces to the
rational version of the (trigonometric) Simons—Altshuler chain [112], deserves special
attention. Indeed, in this case by Eq. (2.3.19) the components of the multiindex n

are all even (resp. odd) for the eigenfunctions 1y ¢ (resp. ¢, ). Asshown in Ref. [91],
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this entails that for my = 0 Eq. (2.3.32) should be replaced by

m1,0 m
209(g) = 200 (¢) -

On the other hand, since PZ-(O’mQ) = —1 we have

m mi, 26 mi,
Ml =g+ 3 = HET N
by Egs. (A2)-(A5) of Ref. [84]. From (2.3.36) it then follows that

0,m
287 (q) = ¢V 20V (@)

and substituting into Eq. (2.3.30) we finally obtain

20 0(g) = 23 (¢").

(2.3.36)

(2.3.37)

(2.3.38)

Note that, as shown in Ref. [91], the RHS of the latter equation also coincides with

the partition function of the BCn-type chain (2.2.14) with e = 1 and my = 0. This

was to be expected, as the latter model reduces to its Dy counterpart (2.2.23) when

mo = [ = 0 and its spectrum does not depend on f.

As is well known, several equivalent closed-form expressions for the partition function

of the Ay_1-type PF chain (2.3.31) exist in the in the literature [40,64,66,113]. For

instance, Polychronakos [40] showed that this function is given by

m

m LS ki(ki—1)
ZA'(Q,I{)(Q) = Z q2 =1 [klv s 7km]q )

40

(2.3.39)



CHAPTER 2. RATIONAL QUANTUM INTEGRABLE SYSTEMS OF Dy
TYPE WITH POLARIZED SPIN REVERSAL OPERATORS

where the g-multinomial coefficient [k1,. .., k], is defined by
[kl""vkm]q: @T,:l—}——-&-lwn

Another well-known expression for the partition function Zl(:;c) was derived in Ref. [113],

namely
(m) T-Z::Iff T F!
Z0 )= du®) ™ T -q). (2.3.40)
fePy, j=1

Here Py, represents the set of all ordered partitions f = {fi, fa,..., f.} of the inte-
ger k, d,(f) = T1_, (;fj), F; = Zle f; are the partial sums of f, and the complemen-
tary partial sums are defined as {F}, Fi,..., Fr_.} ={1,2,.. ., k}\{F1, Fo,..., F. }.
A related expression for the partition function of the chain (2.3.31) can be obtained
by exploiting its connection with a one-dimensional classical vertex model consisting

of k+ 1 vertices connected by k intermediate bonds [64]. Any possible state for this

vertex model can be represented by a path configuration given by
S={s1,59,..., 5}, (2.3.41)

where s; € {1,2,--- ,m} denotes the spin state of the i-th bond. The energy function

associated with this spin path configuration § is defined as
k—1
&) = 3 0(s; — 571). (2342
j=1
where 6 is Heaviside’s step function, defined as

0, ifxz<O,
0(x) = (2.3.43)

1, ifz>0.

Using the Yangian quantum group symmetry of the model (2.3.31), it can be shown
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that its partition function coincides with that of the one-dimensional vertex model

with energy function (2.3.42) (cf. [64]). Thus Zg’r;)(q) can be expressed as
m (m) (3
20 =", (2.3.44)

where the sum has runs over all possible m” spin path configurations. In particular,

from Eq. (2.3.44) it follows that
(ke
Z{4(a) = g7,
Thus the partition function (2.3.34) with mq = 1 reduces to

gD py 4 (g) Z/ml)(QQ) : (2.3.45)

M =

Z(mhl) (q) —

B
Il

0

It is obvious from any of the expressions (2.3.39), (2.3.40) or (2.3.44) that the parti-
tion function Zj(ﬁg) (q) is a polynomial in ¢. In particular, from Eq. (2.3.38) it follows
that 209 is an even polynomial in ¢, and its energies are therefore even nonneg-
ative integers. By Eq. (2.3.34), to show that the partition function of the Dy-type
PF chain with PSRO is a polynomial in ¢ when my > 0 it suffices to prove that the
coeflicients fy(q) in Eq. (2.3.35) depend polynomially on ¢. Although it is well
known that the g-binomial coefficient [ %] 2 0 (2.3.33) is indeed an even polynomial
in ¢ of degree 2k(IN — k) [124], it is not clear whether fx;(q) is also a polynomial.
In fact, we have verified that this is the case for a wide range of values of N and all
k < N. We conjecture that this is true in general, so that when my > 0 the energies
of the spin chain (2.2.23) are also nonnegative integers. Note that the latter fact
also follows from the freezing trick formula (2.2.22), Eq. (2.3.22) for the spectrum of

the spin dynamical model (2.2.15) and the analogous formula for the scalar Dy-type

Calogero model in Ref. [86].
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2.4 Statistical properties of the spectrum

A characteristic property of all spin chains of Haldane—Shastry type is the fact that
their level density approaches a Gaussian distribution as the number of spins tends
to infinity. This property has been rigorously proved for the chains of Ay_; type
and their related one-dimensional vertex models [77,114], and has been numerically
checked for the By, BCy and Dy type chains with standard spin reversal oper-
ators [84-86, 88]. More recently, it has been established that the level density of
the BCn-type PF chain with PSRO shows a similar behaviour [91]. It is therefore
of interest to ascertain whether the level density of the Dy-type spin chain with
PSRO in Eq. (2.2.23) becomes normally distributed as the number of spins tends
to infinity. In fact, Figs. 2.1 and 2.2 clearly suggest that this is actually the case.
We shall restrict ourselves in the rest of this section to the case my > 0, since for
mg = 0 the spectrum of the chain (2.2.23) is twice that of an su(m;) PF chain of

An_; type (with the same degeneracies) on account of Eq. (2.3.38).

The spectrum of the spin chain (2.2.23) can be determined for any fixed N by
evaluating its partition function (2.3.34) with the help of, e.g., MATHEMATICA.
It turns out that the most efficient way to compute the partition function Z/(ﬂc)

appearing in the latter equation is using the recursion relation

min(m,k) 1—1
m m _ i m

2= > (1) Tla-¢ 200 2.4.)

=1 i=1
with the initial condition Zlg%)(q) =1 (see 2.5). In this way it is possible to evaluate
the partition function Z(m™2)(g) on a standard desktop computer for relatively
high values of N (of the order of 50) and, say, m; + my < 4. Our computations
show that the energy levels of the Dy-type spin chain with PSRO are always a set

of consecutive integers. This result is consistent with the fact that the spectrum of
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all previously studied rational spin chains of HS type is a set of consecutive integers
[40, 84, 86], including the rational spin chain of BCy type with PSRO introduced
in Ref. [91]. For this reason, in order to test the Gaussian character of the level
density of the chain (2.2.23) as N — oo one can compare directly its normalized
level density

L
f(&) :m_NZdi(S(E—&), m=my+ms, (2.4.2)
i=1

where & < --- < &, are the distinct energy levels and d; is the degeneracy of &;,

with the Gaussian distribution

9(&) = e 27 (2.4.3)

2mo

with parameters p and o given by the mean and standard deviation of the spectrum,
respectively. More precisely, the level density of the chain (2.2.23) is asymptotically

Gaussian provided that

In order to check the validity of the latter equation for any given my, mo and N we
need to compute the corresponding values of  and 0. We shall next show that, as is
the case with other spin chains of HS type, these parameters can be easily evaluated

in closed form from their definition
p=m=N trHmma), o> =m Ntr [(’H(ml’m))z} —u?. (2.4.4)

The traces appearing in (2.4.4) can be computed in essentially the same way as for

the BCn-type PF chain with PSRO (2.2.14), using the traces of the spin operators
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Py, P and ]Bz.(jml’m) given in Ref. [91]. Proceeding in this way we obtain

p= (1 + %) > (hij + hij), (2.4.5)

i#]

1 ~ 4 ~
0% =2 (1 - ﬁ) > (hi+ k) + w(ﬂ — 1)) hijhi;, (2.4.6)

i#] i#]

where t = m; — mo and
hip=(&—&)7%, hy=(&+&)7

The sums in Egs. (2.4.5)-(2.4.6) can be evaluated by taking the § — 0 limit of the

corresponding formulas in Appendix A of Ref. [84]. We thus obtain

= % (1 4 %) N(N - 1), (2.4.7)
o2 = % <1 _ %) N(N = 1)AN +1) + ﬁzv(zv D@ —1). (248

0.014F
0.012
0.010}
= 0.008f
< 0.006F
0.004
0.002

L L L L L L - 0.000 L L L
20 30 40 50 60 70 8 90 100 150 200 250 300 350

3 &

Figure 2.3: Left: level density of the chain (2.2.23) with m; = 3, my = 1 and
N = 10 (blue dots) compared to the Gaussian distribution (2.4.3) (continuous red
line). Right: analogous plot for N = 20 spins.

We have checked that the normalized level density of the spin chain (2.2.23) is
indeed in excellent agreement with the Gaussian distribution (2.4.3) for different
values of my, ms, and even moderately large values of N 2 15. As an example, in

Fig. 2.3 we compare the normalized level density of the chain (2.2.23) with m; = 3,
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mo = 1, for N = 10 and N = 20 spins, respectively, with the corresponding Gaussian
distribution (2.4.3). It is apparent from these plots that the fit, already quite good
for N = 10, improves significantly for N = 20. This is confirmed by computing the
RMSE errors for both fits, which are respectively equal to 3.66x 1072 and 2.18 x 10~2.
For comparison purposes, we note that this error decreases to 1.11x 1072 for N = 50

spins.

Another interesting property of the spectrum of the chain (2.2.23) is connected to
the distribution of the spacings between consecutive levels of the unfolded spec-

trum [115], which in this case is given by

si = (Mig1 — M)/ A, t=1,...,L—1,

where A = (n, —m)/(L — 1), 5 = n(&;), and

(&) :/_:g(é")dé":%{l—i—erf (5\/;:)} .

According to a celebrated conjecture due to Berry and Tabor [116], the distribution
of these spacings for a “generic” quantum integrable system should be Poissonian,
i.e., p(s) = e *. On the other hand, a fundamental conjecture in quantum chaos due
to Bohigas, Giannoni and Schmit [117] posits that the spacings distribution for a
fully chaotic quantum system invariant under time reversal should follow Wigner’s

law

p(s) = (ws/2)exp(—7s*/4),

characteristic of the Gaussian orthogonal ensemble in random matrix theory [118].
In fact, it has been shown that the spacings distribution of a large class of integrable
spin chains of Haldane-Shastry type follows neither Poisson’s nor Wigner’s law
[83,84,91,113,119]. More precisely, it is shown in Refs. [84, 101, 113] that the

cumulative spacings density P(s) = fos p(s")ds’ of a quantum system with equispaced
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energy levels and asymptotically Gaussian level density follows the “square root of

a logarithm law”

2 log <smax> | EL—&

P s)~1-— Smax = )
( ) \/7_T5max vV 2mo

(2.4.9)

provided that a few mild technical conditions are satisfied. We have just shown
that the energy levels of the rational Dy chain with PSRO (2.2.23) are equispaced
and its level density is asymptotically Gaussian, and it can be easily checked using
the formulas for £ and &£, below that the technical assumptions in Ref. [101] are
satisfied. Thus the spacings distribution of this chain is again approximately given
by Eq. (2.4.9). It should be noted that for a more precise test of the validity of the
Berry—Tabor conjecture one should restrict oneself to eigenspaces with well-defined
quantum numbers corresponding to the main symmetries of the model. On the other
hand, the fact that the spacings distribution of the whole spectrum is not Poisso-
nian suggests that the Berry—Tabor conjecture does not hold in these eigenspaces,
since the superposition of even a small number of Poissonian distributions is also

Poissonian [120].

One of the characteristic properties of both the original Haldane—Shastry and the
Polychronakos—Frahm spin chains of Ay_; type is their invariance under the quan-
tum group Y (sl(m)). From the existence of such a large symmetry group one should
expect that the spectrum of these chain exhibits a high degree of degeneracy. In
fact, it is shown in Ref. [121] that the spectrum of these models is far more de-
generate than that of a generic Yangian-invariant system, due to their equivalence
to a vertex model of the form (2.3.42) with a very simple dispersion relation. In-
deed, as shown in the latter reference, the number (™ of distinct levels of a generic
Y (sl(m))-invariant spin system with a large number of sites N behaves as A\, where
1 < A\ < 2 is the highest real root of the polynomial \™ — A™~! — ... — 1. In con-

trast, v(™ grows as a polynomial in N for all spin chains of HS type associated with
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the Ay_1 root system. For instance, in the case of the type Ay_; PF chain this
polynomial is simply given by £, — & + 1, since its spectrum is a set of consecutive
integers. From the explicit expressions for the maximum and minimum energies of
this model in Ref. [113] we easily obtain

pm) 1(1 _ l>N2 LAm=D (PF chain), (2.4.10)
m 2m

where [ = N modm. The situation is far less clear for spin chains of HS type
associated to other root systems, with either standard or polarized spin reversal
operators. On the one hand, the presence of these spin reversal operators breaks
su(m) invariance, so that it is not obvious whether these models are invariant under
a suitable quantum group, let alone Y'(sl(m)). On the other hand, it has been
observed that the spectrum of some of these chains is also highly degenerate, which

seems to indicate the presence of a large symmetry group.

In the particular case of the Dy-type chain with PSRO in Eq. (2.2.23), the number of
distinct energy levels can again be exactly computed under the assumption (which

we have numerically checked) that the spectrum consists of consecutive integers.

Indeed, it suffices to evaluate the maximum and minimum energies glmm) and
5;’;;1’”‘2), in terms of which the number v(™1™2) of distinct energy levels is given by

plmime) _ e(mimz) _ g(mlymz) +1.

max min

In the first place, the maximum energy can be easily computed by taking into

m 7m2)

account that F;; and ]52(] ! are self-adjoint operators whose square is the identity,
so that their eigenvalues are +1. Moreover, it is clear that a state of the form

|s,s,...,s) is a simultaneous eigenvector of all the operators P,; and f’i(jml’m) with
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eigenvalue 1. Hence the maximum energy of the chain (2.2.23) is given by

glmmd) =23 (& — &) 2+ (6 + &)Y = N(N - 1), (2.4.11)
i#
where the sum was evaluated in [86]. On the other hand, by Eq. (2.3.30) the

minimum energy is given by

min

glmma) _ o (5}(37"2””2), ggjf’mﬂ) , (2.4.12)

ma)

where 51(;?11’ is the minimum energy of the BCy-type chain (2.2.14) with e = +1.

The latter energy was computed in Ref. [91], with the result
EGm™) = (N = 1)(N + 1 —my)/m+ (I — m)0( —my) (2.4.13)

where [ = N modm and 6 is Heaviside’s function (cf. Eq. (2.3.43)). Using the above
relation it is straightforward to check that if m; > my we have 5](37:&’7”2) < ngf’ml),
and therefore

gt = g my > my. (2.4.14)

From Eqgs. (2.4.11) and (2.4.14), and the assumption that the energy levels are
equispaced, we finally obtain the following closed formula for the number of distinct
energy levels of the Dy chain (2.2.23):

1 Ll —
mima) _ (1 _ —>N2 _ma gy W) (=m0l —m)+1. (2.4.15)
m m m

Thus, it is apparent that v(™™2) is a quadratic polynomial in N, as is the case with
the PF chain of Ay_; type (cf. Eq. (2.4.10)). In particular, the spectrum of the
chain (2.2.23) exhibits a very high degeneracy, much larger than that of a generic

Yangian-invariant su(m) spin model; see, e.g., Fig. 2.4.
The low number v(™™2) of distinct energy levels of the model (2.2.23) entails an
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Figure 2.4: Logarithmic plot of the number of distinct energy levels of the rational
Dn-type chain with PSRO (2.2.23) with m; = 3, ma = 1 (blue dots) and of a generic
su(4) Yangian spin model (red dots) for 10 < N < 50.

extremely high average degeneracy d™1™2) = m» /p(m1m2) which in turn suggests
the existence of a large symmetry group. More precisely, it was shown in Ref [121]
that the polynomial growth of the number of distinct energy levels of the spin chains
of HS type associated to the Ay _; root system is ultimately due to the equivalence of
these chains to a Yangian-invariant vertex model of the form (2.3.42) with a suitable
dispersion relation. This observation makes it reasonable to conjecture that the Dy-
type spin chain with PSRO (2.2.23) is also invariant under a suitable Yangian group,
and that its spectrum coincides with that of a vertex model analogous to (2.3.42)

with an appropriate energy function.

2.5 The ferromagnetic models

We shall consider in this section the ferromagnetic counterparts of the Dy-type spin
Calogero model with PSRO (2.2.15) and its corresponding spin chain (2.2.23), with

Hamiltonians respectively given by

0? a—P,; a— P a?
glmume) o Y * —r? 2.5.1
F a7 + a; (2;,)? T (7)) T ( )

30



CHAPTER 2. RATIONAL QUANTUM INTEGRABLE SYSTEMS OF Dy
TYPE WITH POLARIZED SPIN REVERSAL OPERATORS

and
(m1,m2) 1—p, 1—pimm)
o) Vo U . 2.5.2
‘ ; (& —&)? (& +&)? (2:5.2)

The spectrum of the ferromagnetic spin Calogero model (2.5.1) can be studied in a
similar way as its antiferromagnetic counterpart, following the procedure described
in Section 2.3. To begin with, we note that the Hamiltonian (2.5.1) and the auxiliary

operator (2.3.2) are related by

Héml ;ma) 2

(2.5.3)

179

Hence, the operator A™12) in Section 2.3 should be replaced by the projector

AI™™2) onto states symmetric under simultaneous exchange of the particles’ spatial

and spin coordinates, and with parity +1 under the product of an even number of

(m

operators 1ma) (cf. (2.3.11)). The new projection operator is the sum

A£m17m2) _ A](gml’mQ) + A](BmSleQ

of the symmetric analogs of the BCy-type projectors in Section 2.3, determined by

mGAGI = AGR, g A — gl (35.)
As explained in Section 2.3 for the antiferromagnetic case, the operator Hy (m1.ma)

equivalent to its natural extension to the Hilbert space
V=Voer @ Vosor  Vise = Aful(LARY) 2 S). (2.5.5)

A set of (non-orthogonal) vectors whose linear span is dense in each of the Hilbert
spaces Vg .+ can be constructed in much the same way as in the antiferromagnetic
case, replacing A moma) Ag’?fQ in (2.3.18). Due to the symmetry of ABmslim”

under permutations, in order to obtain a basis of these Hilbert spaces we must
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replace condition iii) in Section 2.3 by

iii") s; > s;if n; =n; and i < 5.

As aresult, the spectrum of the ferromagnetic model (2.5.1) is still given by Eq. (2.3.22),

but the corresponding degeneracy factor dmme) iy (2.3.25) should be replaced by

s t
(m1,ma) ml—i-k:i—l m2+lj—1
=1 7=1
® mo+k; — 1 ! ml—i—lj—l
+H( . )H( AR CET)

i=1 j=1 J

Using this formula for the degeneracy factor and proceeding as in Section 2.3, we
find that the partition function of the Dy-type ferromagnetic spin chain (2.5.2) is

given by the following analog of Eq. (2.3.30):
zlmm) () = (14 ¢V) 71| Z20mm) (q) + (e 2.5.7
F (@)= (1+4¢") Br. @)+ 25k (@] (2.5.7)

where Z}(B?,TQ) denotes the partition function of the ferromagnetic counterpart of
the rational BCn-type chain (2.2.14). Proceeding as in Ref. [91] one can readily

prove the ferromagnetic version of Eq. (2.3.32), namely
al N
S ERIUED Sran I I C T E NS B CES
q2

Here ZX})’ . denotes the partition function of the ferromagnetic version of the su(m)
PF chain of type Ay_; (2.3.31) with k spins, obtained replacing P,; by —P;; in the
latter equation. Finally, from Eqgs. (2.5.7) and (2.5.8) we immediately obtain the fol-

lowing explicit formula for the partition function of the ferromagnetic chain (2.5.2):

2" g Zka )ZUEA) 2P ) (ma>0), (259)
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where fyr(q) is again given by (2.3.35). For my = 0, proceeding exactly as in
Section 2.3 we obtain

Several explicit expressions for the partition function ngm) . of the ferromagnetic PF
chain of A;_; type appearing in the previous formulas are known in the literature.

The first of these expressions is the analog of Eq. (2.3.39), namely

ZRu@ = Y ke kaly.
k1tetkm=k
Alternatively, Z/(;})’k may be obtained from Eq. (2.3.40) replacing d,,(f) by its ferro-
magnetic version dg ,(f) = []\_, (m+}{:"_1). Finally, Z/(gl)’k is also given by the RHS
of Eq. (2.3.44) with 6(x) replaced by 1 — #(z) in the definition (2.3.42) of E™(5).
From any of these explicit formulas for Z AVF,k(q)(m), it follows that this function is a

polynomial in ¢. By Egs. (2.5.9)-(2.5.10) the same is true for the partition function

of the chain (2.2.23), provided that the coeflicient fy x(q) is a polynomial in g.

As is well known, the partition functions of the Ay _i-type ferromagnetic and antifer-
romagnetic PF spin chains satisfy a certain duality relation [40,93,94]. In fact, a sim-
ilar relation also holds for PF chains associated with other root systems [84,86,91].
In order to establish a duality relation between the partition functions of the fer-
romagnetic and antiferromagnetic spin chains of Dy type with PSRO, it suffices to

observe that their Hamiltonians (2.5.2) and (2.2.23) are related by

ngmhmZ) + H(m1,m2) —9 Z [(,fl _ fj)*z + (f@ + €j>,2} = N(N — 1) (2.5.11)
i#j

(cf. Eq. (2.4.11)). This obviously implies that the eigenvalues of ’H%ml’mﬂ and

H(m1m2) are also related by (2.5.11), so that their partition functions satisfy the
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duality relation

Zéml,mz)@) — qN(N—l)Z(mlme)(q_l)‘ (2.5.12)

Appendix A : Recursion relation for the partition function of

the PF chain of A, ; type

We shall provide in this Appendix a short derivation of the recursion relation (2.4.1)
satisfied by the partition function Z/(:;) of the su(m) PF chain of A;_; type. The
main idea behind the proof is to decompose the multiindex f € Py in Eq. (2.3.40)

as

f= (fla"'afrflal)z (fal)a

with 1 < I < min(m, k) and f € Pj_;. Setting s =7 — 1 we have
Fit o+ Fa=Fi+ +Fa+Fa=F++Fa+k—-1, (Al
and therefore
{F.  F={F, . F_Ju{k—1+1,...k—1}. (A.2)

Substituting (A.1) and (A.2) into Eq. (2.3.40) we obtain

min(m,k) -1  k—l-s i
ZX”]?(Q) = Z (T?) (]k_l H(l — q Z H ( ) FitFFso1 H (1 . q]:z,)
=1 i=1 Fep,_ i=1

min(Zme)( > - lH 20 (a),

=1

as claimed. As to the initial condition, from Eq. (2.3.40) with k£ = 1 it easily follows
that Zfﬂ)(q) = m. From the recursion relation (2.4.1) with £ = 1 we easily obtain

2 () = 1.
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CHAPTER 3

Supersymmetric analogue of BC'y type
rational integrable models with polarized

spin reversal operators

3.1 Introduction

In this Chapter, our aim is to study a class of BCy type of spin Calogero models
and related PF chains, whose Hamiltonians are constructed by using SAPSRO. We
have already mentioned that a class of exactly solvable spin Calogero models of BC'y
type and the corresponding PF chains have been introduced in Ref. [91], where the
reflection operators are represented by PSRO (which is denoted by P{™"™)). For the
particular case my = 0 and m; = m, Pi(ml’m) reduces to the identity operator and

leads to a novel su(m) invariant spin chain, which is described by the Hamiltonian

HOO = (—32(1_€P,(. ), (3.1.1)

Y v
1<izj<N Wi v)

. . . . B—1
where € = %1, y; denotes the i-th zero of the generalized Laguerre polynomial L .

Thus, the lattice sites of H™% implicitly depend on the real positive parameter
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f. Computing the partition function of the spin chain (3.1.1) by using the freezing
trick and analyzing such partition function, it has been found that the spectrum of
this spin chain coincides (up to a scale factor) with that of the original PF model

(1.1.19) [91].

Even though the spectrum and partition function of the supersymmetric generaliza-
tion of the Ay_; type of PF spin chain (1.1.19) have been computed earlier [93,94],
no such result is available till now for the supersymmetric generalization of the spin
chain (3.1.1). In this context it is interesting to ask whether it is possible to com-
pute the partition function for the supersymmetric version of the spin chain (3.1.1)
by using the freezing trick, and whether the corresponding spectrum can be related
in a simple way with that of the supersymmetric PF spin chain. In the present
Chapter, we try to answer these questions by constructing SAPSRO, which would
satisfy the BC'y type of Weyl algebra. By using such SAPSRO, we obtain a rather
large class of exactly solvable spin Calogero models and PF chains of BCy type.
In a particular case where polarization is minimal, SAPSRO reduce to SASRO and
lead to the spin Calogero models as well as PF chains of BC'y type which have been
studied earlier [101]. However, in all other cases, these SAPSRO can be used to
generate novel exactly solvable spin Calogero models and PF chains of BCy type.
In particular, for the case where polarization is maximal, we find that SAPSRO
reduces to the trivial identity operator and lead to a supersymmetric extension of
the spin chain (3.1.1), whose partition function and spectrum can be computed by

using the freezing trick.

Another interesting topic which we shall address in this Chapter is a modification of
the usual boson-fermion duality relation which is satisfied by the partition functions
of Ay_1 type of spin chains. This type of modified duality relation has been studied
earlier for the special case of BCy type of PF chains associated with SASRO [101]. It

has been observed in the later reference that this duality relation not only involves
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the exchange of bosonic and fermionic degrees freedom, but also certain changes
of the two discrete parameters which appear in the corresponding Hamiltonian.
However, the full significance for such change of the two discrete parameters has not
been explored till now. We find that the underlying reason for such change of the
discrete parameters can be understood in a natural way if one studies the duality
relation for BC'y type of PF chains in the broader context of SAPSRO. Indeed, in
this Chapter we consider a new quantum number which measures the parity of the
spin states under the action of SAPSRO. Curiously, it turns out that the partition
functions of the spin chains now satisfy an ‘extended’ boson-fermion duality relation,
which involves not only the exchange of bosonic and fermionic degrees of freedom,

but also the exchange of positive and negative parity degrees of freedom associated

with the SAPSRO.

The arrangement of this Chapter is as follows. In Section 2, we construct SAPSRO
which, along with the supersymmetric spin exchange operators, lead to new repre-
sentations of the BCy type of Weyl algebra and related PF spin chains with open
boundary conditions. Next, in Section 3, we consider BCy type of spin Calogero
models associated with SAPSRO, which in the strong coupling limit yield the above
mentioned class of PF spin chains. We derive the exact spectra as well as partition
functions of these BC type of spin Calogero models with SAPSRO. By apply-
ing the freezing trick, subsequently we obtain an exact expression for the partition
functions of the related PF spin chains. In Section 4, we derive a formula which
expresses the partition function of any BCy type of PF spin chain with SAPSRO in
terms of partition functions of several Ax type of supersymmetric PF spin chains,
where K < N — 1. By taking a particular limit of the above mentioned formula, we
find that the partition function of the supersymmetric extension of the spin chain
(3.1.1) coincides with that of a Ay_; type of supersymmetric PF spin chain. In
Section 5, we derive an extended boson-fermion duality relation for the BC'y type

of PF chains with SAPSRO. In Section 6, we compute the ground state and the
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highest state energies of these spin chains. Some spectral properties of these spin
chains, like level density distribution and nearest neighbour spacing distribution, are

studied in Section 7.

3.2 BCy type of Weyl algebra and related PF

chains

As is well known, different representations of the BC'y type of Weyl algebra play
a key role in constructing exactly solvable variants of HS and PF spin chains with
open boundary conditions. This BCy type of Weyl algebra is generated by the

elements W;; and W, satisfying the relations

WZQJ == Il, Wijok; == WmWZ] == ijWik, WijWkl = Wleij s (3.2.1&)

W2 =1, WiW; = WWi, WiW, = WiW,;, WyW; = WiW,;, (3.2.1b)

where i, 7, k, [ are all different indices. Let us assume that the Hermitian opera-
tors P;; and P; yield a realization of the elements W;; and W; respectively on an
appropriate spin space. Motivated by the earlier works [84,90,91,101], we define a

general form of Hamiltonian for the BCy type of PF spin chain as

H= Z — (51@ 52 52 , (32.2)

i#]

where [ is a positive parameter, ﬁij = P;P;Pi;, & = +/2y; and y; represents the
i-th zero point of the generalized Laguerre polynomial L’]B\fl. In the following, at
first we shall briefly discuss how this general form of Hamiltonian yields already
known PF spin chains associated with the BC'y root system for different choices of

the operators P;; and P;. Subsequently, we shall construct SAPSRO which, along
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with the supersymmetric spin exchange operators, would lead to a new class of

representations for the BC'y type of Weyl algebra and the related PF chains.

In the case of a non-supersymmetric spin chain with N number of lattice sites, the

total internal space 3™ is expressed as

2 =Cp@Cn® @ C,, (3.2.3)

.

N

where C,, denotes a m-dimensional complex vector space. In terms of orthonormal

basis vectors, 3™ may be written as

1
E(m):<|317...’5N> si€ {-M,~M+1,--, M} M:mT>. (3.2.4)

The spin exchange operator Pi(Jm) and the spin reversal operator P; act on these

orthonormal basis vectors as

Pigm)|817"',3i,"'73j,"'73N>:|31,"';Sja"'731‘7"'73N>7(3-2-5a)

-F)’Z|Sla"' ySiy e 7SN>:|817"' y TSyt 7SN>- (325b)

It is easy to check that ePZ-(;n) and € P; (where €, ¢ = 41 are two independent signs)
yield a realization of the BCx type of Weyl algebra (3.2.1). Substituting ePZ-(]m)
and €'P; in the places of P;; and P; respectively in the general form of Hamiltonian
(3.2.2), one obtains an exactly solvable BCy type of non-supersymmetric PF spin

chain whose partition function has been computed by using the freezing trick [84].

For the purpose of generalizing the above mentioned spin chain through PSRO, it
is convenient to define the space (™ through a different set of orthonormal basis

vectors as

n0m) — <]51,--- Lsw) |sie (1,2, ,m}>. (3.2.6)
The action of spin exchange operator Pl-gm) on these orthonormal basis vectors is
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again given by an equation of the form (3.2.5a). However, the spin reversal operator
is replaced by PSRO (denoted by Pi(ml’m) for the i-th lattice site) which acts on
these orthonormal basis vectors as [91]

P sy sy sy = (=105 s ), (3.2.7)

()

where

07 ifSiE{l,Z,"' ,ml},
f(si) =

1, ifs;e{m+1,---,m +ms},

and m; and msy are two arbitrary non-negative integers satisfying the relation m; +
my = m. Using Egs. (3.2.5a) and (3.2.7), it is easy to check that ePZ-(Jm) and P/™™)

yield a realization of BCy type of Weyl algebra (3.2.1). Substituting ePZ-(Jm) and
plmama)

g (in places of P;; and P;, respectively) in the general form of Hamiltonian

(3.2.2) and taking different possible values of m; and ms, one obtains a class of
exactly solvable BCy type of PF spin chains with PSRO [91]. Using a similarity
transform it has been shown in the latter reference that, in the special case given by
my = ms (my = my + €) for even (odd) values of m, the operator Pi(ml’mz) becomes
equivalent to ¢ P;. Consequently, PF spin chain associated with PSRO reduces to
PF spin chain associated with spin reversal operators in this special case. It may

also be observed that, in another special case given by m; = m, msy = 0, plmima)

f n

(3.2.7) reduces to the trivial identity operator and the corresponding Hamiltonian
(3.2.2) yields the exactly solvable su(m) invariant spin chain (3.1.1) which has been

discussed earlier.

Next, for the purpose of discussing representations of the BCy type of Weyl algebra
(3.2.1) on a superspace, we consider a set of operators like C;a(Cj ) which creates

(annihilates) a particle of species o on the j-th lattice site. The parity of these
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operators are defined as

m(Cja) = m(Cl,) =0 for a € [1,2,....,m],

7(Cja) = 7(CL) = 1for a € [m+1,m+2,....,m+n],

i.e, they are assumed to be bosonic when « € [1,2,....,m] and fermionic when « €
[m+1,m+2,...,m+n]. These operators satisfy commutation (anti-commutation)
relations given by

[Cja, Crgle = 0, [Cl,, Clols =0, [Ca, Clyls = djub0as ., (3.2.8)

Ja?

where [C, D]. = CD — (—1)"©*@)DC. On a subspace of the corresponding Fock
space, where each lattice site is occupied by only one particle (i.e., Zgjln C}aCja =1

for all j), the supersymmetric exchange operator is defined as

m—+n
P = 3" Ol CisCha (3.2.9)
a,f=1

This supersymmetric exchange operator can equivalently be described as an operator
on a spin space in the following way. Let us assume that each lattice site of a spin
chain is occupied by either one of the m number of ‘bosonic’ spins or one of the n
number of ‘fermionic’ spins. Hence, the total internal space associated with such

spin chain can be expressed as

S0 = iy @ Con @+ @ Con (3.2.10)

~
N

Using the notation of Ref. [101], the orthonormal basis vectors of (™ may be

denoted as |si,- -, sn), where s; = (s}, s7) is a vector with two components taking

1771
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values within the range

. 0, for bosons,
s =7(s) = (3.2.11a)
1, for fermions,

—mlmel m=11 - if 7(s;) = 0,
s2 e =" R (s:) (3.2.11b)

AT
Thus the component s} = 7(s;) denotes the type of spin (bosonic or fermionic) and

the component s? denotes the numerical value of the spin. A supersymmetric spin

exchange operator P( ™" has been defined earlier on the space XM as [65,100]
Pi(jm|n)fs1, e Sg e Sy SN) = (_1)%(5)‘31, Sy Sy SN, (3.2.12)

where av;(s) = m(s;)m(s;)+ (m(s:) + 7(s;)) hij(s) and hyj(s) = S0 111 T(s1) denotes
the number of fermions in between the i-th and j-th spins. From Eq. (3.2.12)
it follows that, the exchange of two bosonic (fermionic) spins produces a phase
factor of 1(—1). However, the exchange one bosonic spin with one fermionic spin
(or, vice versa) produces a phase factor of (—1)%i®). Using the commutation (anti-

p(m|n) .

commutation) relations in (3.2.8), it can be shown that F;;™" in (3.2.9) is completely

equivalent to P(m‘ ™ in (3.2.12) [65,100].

It may be noted that, SASRO can also be defined on the space (™" [101]. While
acting on the basis vectors of 2™ this SASRO (denoted by Pf) reverses the
value of the ¢-th spin without affecting its type and multiplies the state by a sign

factor. More precisely, the action of P is given by

‘P'£€€,|Sl7"' y Sty 78N> :p(Si)|81,"' ’Si_7'“ ’SN>’ (3213)

where s; = (s}, —s?), p(s;) = € (¢') for m(s;) = 0 (1), and ¢,¢ = +1 are two

independent signs. With the help of (3.2.12) and (3.2.13), one can easily check
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that Pi(Jm'") and P yield a realization of the BCy type of Weyl algebra (3.2.1).
Substitution of pi(]mln) and P in Eq. (3.2.2) yields an exactly solvable Hamiltonian

given by [101]

1 P(Amm) | Pl

1 PEE
M = > +8 : (3.2.14)
; (gz 5]) (f +£J Z
where PZJ = P P66 P, mln). However, since ?—[EZL'") in the above equation does

not reduce to H™% in (3.1.1) for the special case n = 0 (and for any possible choice
of € and €¢), the former Hamiltonian can not be considered as a supersymmetric

extension of the later one.

At present our aim is to construct SAPSRO which would satisfy the BCx type of
Weyl algebra (3.2.1). To this end, we denote the total internal space of the related
spin system as X(m1m2n0m2) where my, ma, Ny, N9 are some arbitrary non-negative
integers satisfying the relations m; + mo = m and n; + ny = n. This 3 (ma,ma|ny,ng)
can be expressed in a direct product form exactly like (3.2.10), but each s; within the
corresponding basis vectors now possess an extra quantum number associated with
the action of SAPSRO. More precisely, L71m2171m2) is spanned by orthonormal state

vectors like [sy, -+, sy), where s; = (s}, 52, s?) is a vector with three components

17717

taking values within the range

0, for bosons,
st =m(s;) = (3.2.15a)

1, for fermions,

) 0, for positive parity under SAPSRO
AENICHER (3.2.15h)
1, for negative parity under SAPSRO,

{1,2,--- ,my}, if w(s;) =0 and f(s;) =0,

1,2,--- ,ms}, if w(s;) =0 and f(s;) =1,
gel 2} 1 m(si) fls) (3.2.15¢)

{1,2,-- ,ny}, if w(s;) = 1 and f(s;) =0,

~

{1,2,--- ,na}, if w(s;) =1 and f(s;) = 1.
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Indeed, we define the action of SAPSRO (denoted by P"™"™"2)) o these state

vectors as
Pi(ml’WQ‘nl’M)|81, P ,3N> _ (—1)f(5i)|81, e S ;3N>7 (3.2.16)

which shows that s? = f(s;) is determined through the parity of the spin s; under the

action of SAPSRO. As before, the action of supersymmetric spin exchange operator

plmin)

;| on the space S (mumaninz) ig given by an equation of the form (3.2.12), where
the phase factor a;;(s) depends on the first components of the spins like s; =
7(sy). Using Eqgs. (3.2.12) and (3.2.16), we find that PZ,(JW‘") and Pmm2imn2) vielq
a realization of the BCy type of Weyl algebra (3.2.1). Substituting these operators

in the general form of Hamiltonian (3.2.2), we obtain the Hamiltonian for a large

class of BC'y type of PF spin chains as

1 — P(m‘n) 1— ﬁ'(tmhmﬂnlanZ) N 1 — P~(m1’m2|nl7n2)
— | &—&) (& +&) Py &
(3.2.17)

where ﬁi(jmhmﬂnl,m) = Pi(m17m2|n1,n2)P](m1,m2\N17n2)P)i(Jm\")'

It is worth noting that the Hamiltonian (3.2.17) can reproduce all of the previously
studied BC'y type of PF spin chains at certain limits. For example, in the presence
of only bosonic or fermionic spins, i.e., when either ny = no = 0 or m; = my =
0, Hmm2lnin2) reduces to the non-supersymmetric PF spin chain associated with
PSRO [91]. Next, let us assume that the discrete parameters my, msy, ny, ns in the

Hamiltonian (3.2.17) satisfy the relations

1
mi=—=(m+em), my==(m—em), ny==(Mn+¢€en), n2:§(n_€/ﬁ)7

(3.2.18)
where €, = £1, m = m mod 2 and 7 = n mod 2. One can easily check that,

for these particular values of the discrete parameters, the trace of B(ml’m2|”1’n2) in
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(3.2.16) would coincide with that of P in (3.2.13). Furthermore, it would be
possible to construct an unitary transformation which maps P ™2mm2) ¢ pee

3 2

and keeps P

i invariant. Consequently, for the special case given in (3.2.18),

Hmmalninz) in (3.2.17) becomes equivalent to the exactly solvable Hamiltonian

# in (3.2.14).

ee’

Except for the two particular cases which are discussed above, the Hamiltonian
in (3.2.17) represents novel class of BCy type of PF spin chains associated with
SAPSRO. For example, if we choose the discrete parameters as m; = m, my =
0, ng =n, ny = 0, then Eqgs. (3.2.15¢) and (3.2.16) imply that Pi(m,0|n,0) = 1 and
égm’0|"’0) = Pi(jmln). Consequently, for this particular case, Hm1m2mim2) in (3.2.17)

yields a supersymmetric spin chain of the form

24(m0ln,0) _ ; —(jj;j)z (1 _ pl.gm\m) , (3.2.19)
which has not been studied previously in the literature. It is interesting to observe
that, for the special case n = 0, the above Hamiltonian reduces to H(™% in (3.1.1)
with € = 1. On the other hand, by putting n = 0 after interchanging m and n in
(3.2.19), one easily gets H™ with e = —1. Therefore, the Hamiltonian 700

in (3.2.19) can be considered as a supersymmetric extension of #% in (3.1.1).

We would like to make a comment at this point. The integrability of the Hamiltonian
Hmmzlninz) in (3.2.17) can be established by using a procedure similar to that
of Ref. [90] in the non-supersymmetric case. However, there exists an important
difference between the symmetry algebra of spin chains associated with the BCy
root system and that of spin chains associated with the Ay_; root system. As is
well known, the Hamiltonian (1.1.19) of the Ay_; type of PF spin chain exhibit
global su(m) symmetry along with more general Y (gl(m)) Yangian quantum group
symmetry [62]. Moreover, the supersymmetric extension of this Ay_; type of PF

spin exhibit global su(m|n) supersymmetry as well as Y (gl(m|n)) Yangian symmetry
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[94]. On the other hand, PF spin chains associated with the BC'y root system do not,
in general, exhibit global su(m) symmetry or su(m|n) supersymmetry. For example,
the presently considered Hamiltonian #(™1™m2m1m2) in (3.2.17), which depends on
operators like Pi(;nln) and P™™I"m2) " qoes not commute with all generators of the
su(m|n) super Lie algebra for arbitrary values of the discrete parameters my, ma, ng
and ny. This happens because, while Pi(jmln) commutes with all generators of the
su(m/|n) super Lie algebra, P{™™"™) defined in (3.2.16) does not commute with
those generators for arbitrary values of the discrete parameters. However, we have
already mentioned that in the particular case given by m; = m, my = 0, n; =
n, ny =0, Pi(ml’mz‘m’"z) reduces to the trivial identity operator. Consequently, the

corresponding Hamiltonian H0"9 in (3.2.19) commutes with all generators of the

su(m|n) super Lie algebra.

3.3 Spectra and partition functions of BCy type

models with SAPSRO

In the following, our aim is to compute the partition functions of the BCy type of PF
spin chains (3.2.17) for all possible choice of the corresponding discrete parameters.
To this end, we shall consider a class of BC'y type of spin Calogero models with
SAPSRO and, by using the freezing trick, show that the strong coupling limit of such
spin Calogero models leads to the Hamiltonian H(mvm2inim2) in (3.2.17). Next, we
shall find out the exact spectra for the above mentioned BC'y type of spin Calogero
models with SAPSRO and also compute the corresponding partition functions in the
strong coupling limit. Finally, by ‘modding out’ the contribution of the coordinate
degrees of freedom from the above mentioned partition functions, we shall obtain
an exact expression for the partition functions of the BCy type of PF spin chains

(3.2.17).
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By using SAPSRO in (3.2.16), let us define the Hamiltonian for a class of BCy type

of spin Calogero models as

plmin) o plmimaln,ng)
] ij
= + y
] <Iij)2 (xij)Q

N (

i »)

—|—5a§ pa L
i=1

a —

(1.l ns) S
| (mimalninz) — 4+ —r%21q
; (93:12 4

mi1,mz|ny,n2)

(3.3.1)

2
T3

where a > %, B > 0 are real coupling constants and the notations z;; = z; — xj,

;Lj =z +axj, r? = ZN x? are used. It should be noted that this Hamiltonian

Z i=1"1

contains both coordinate and spin degrees of freedom. Similar to the case of BCy
type of spin Calogero models considered earlier [84,90, 91, 101], the potentials of
H(mimzlnin2) in (3.3.1) become singular in the limits z; + 2; — 0 and z; — 0.
Therefore, the configuration space of this Hamiltonian can be taken as one of the
maximal open subsets of R on which linear functionals z; +2; and z; have constant
signs. Let us choose this configuration space as the principal Weyl chamber of the

BC'y root system given by
C={x=(x1,29, - ,2n): 0<z1 <29<...<2N}. (3.3.2)

Next, we express H (m1:m2[n1,n2) (3.3.1) in powers of the coupling constant a as

N 82
H(ml,m2|n1,n2) - _ @ 4 CL2 U(X) + O(CL) , (333)
i=1 %

with

Ux)=>_ [(;jy + (x;;)z + 2 ; % + %. (3.3.4)

Since the a? order term in (3.3.3) dominates in the strong coupling limit a — oo,
the particles of H(1m2ln1.m2) concentrate at the coordinates & of the minimum & of
the potential U(x) in C. As a result, the coordinate and spin degrees of freedom

of these particles decouple from each other and the Hamiltonian H(mm2lmm2) ip
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(3.3.1) can be written in a — oo limit as

H(ml,mz\nl,m) ~ H,.+ aﬁ(m17m2|n1,n2)|x_>£’ (3.3.5)

where H,. is the scalar (spinless) Calogero model of BCy type given by

Z —+ Tty Lxl) ! (;)} > T @39

i#]

and

§(mimalnin2) Z

\ {7 1 - P
ij ij i

) + E =
i#] !

_|_
(z; — 15)? (@ + ;) i=1

1— P(mln) 1— ﬁ(m17m2|n1,n2)] N P(ml,mzlm,nz)

(3.3.7)
The uniqueness of the unique minimum & of the potential U (3.3.4) within the
configuration space C' (3.3.2) has been established in Ref. [76] by expressing this
potential in terms of the logarithm of the ground state wave function of the scalar
Calogero model (3.3.6). The ground state wave function of this scalar Calogero

model, with ground state energy

Ey = Na(ﬁa ta(N-1)+ %) , (3.3.8)

is given by

H i T la? — 231" (3.3.9)

1<J
Using the fact that the sites §; coincide with the coordinates of the (unique) critical

point of log 11(x) in C, one obtains a set of relations among these sites as [76, 84]

N,
S =y, (3.3.10)
o YT

()

where & = /2y; and y;’s denote the zeros of the generalized Laguerre polynomial
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L', Consequently, the operator $(™m2imm2)| . in (3.3.5) coincides with the
Hamiltonian #(™m2lmm2) (3.2 17) of PF spin chains with SAPSRO. Furthermore,

due to Eq. (3.3.5), eigenvalues of H(™m2":m2) are approximately given by

plmumalning) B+ a5;m17m2|n1an2) , (3.3.11)

v

where E?¢ and S}ml’mlm’"?) are two arbitrary eigenvalues of H,, and #(m1m2ln1n2)

respectively.  With the help of Eq. (3.3.11), we obtain an exact formula for the

(m1,mz2n1, nz)(T>

partition function Zy of the spin chain (3.2.17) at a given temperature

T as

(m1,maln1,n2)
Z (aT)
Z(ml,m2|n1,n2) TY = 1 N
N ( ) al—golo ZN<CLT) )

(3.3.12)

(m1,mz|n1,n2) (T)

where Z); represents the partition function of the BCy type of spin

Calogero Hamiltonian (3.3.1) and Zy(T) represents that of the scalar model (3.3.6).

An exact expression for the partition function of the scalar model (3.3.6) has been

obtained earlier as [84]
Eg

Zn(al) = —1° (3.3.13)
(1—q%)

::]2

1

J

1/(ksT)

where ¢ = e~ . Therefore, for the purpose of evaluating the partition function

Z{mmanin2) (7 of the spin chain (3.2.17) by using Eq. (3.3.12), it is required to com-
(m1,maln1,n2)

pute the spectrum and partition function of spin Calogero Hamiltonian H

in (3.3.1). To this end, we start with the BCy type of auxiliary operator given by [84]

N 92 ~ Ky — K, 5 ,
H:—Z@+aZ[a(%)2 Tt + Ba Z - r, (3.3.14)

v

where K;; and K; are coordinate permutation and sign reversing operators, defined
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by

(Kijf)<I1, s Ty ey Ly e ,IN):f(I'l, R T P ,xN),(3.3.15a)

(Kif) (1, 2y xny) = f(T1, .00 =Ty o, TN) (3.3.15b)

and [N(ij = K,;K;K;;. Asshown in the latter reference, the auxiliary operator (3.3.14)

can be written as

“I(x), (3.3.16)

H = u(x) [—Z ; —|—a2::l:Z —i—EO

i

where J;’s are BC'y type of Dunkl operators given by

FBat(1- K, (3.317)

[

0 1 1 ~
J; = —(1-Ky) +—(1- K,
with ¢ € {1,2,...,N}. Let us now consider a Hilbert space spanned by a set of

basis vectors like

x) [ [ =7, (3.3.18)

with r;’s being arbitrary non-negative integers, and (partially) order these basis
vectors according to their total degree |r| = ry + 1o + -+ + ry. Since the Dunkl
operators (3.3.17) clearly map any monomial [ [, z* into a polynomial of total degree
ri+re+---+ry—1, it follows from Eq. (3.3.16) that H acts as an upper triangular

matrix in the aforementioned non-orthonormal basis:

H¢r( ) = r(br Z crr¢r , (3319)
[r/]<]r|
where
E.=alr| + Ep, (3.3.20)

and the coefficients ¢,/ are some real constants. Hence the spectrum of H is given
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by the diagonal entries of this upper triangular matrix, i.e., F,’s in Eq. (3.3.20),

where r;’s can be taken as arbitrary non-negative integers.

In the following, we shall compute the spectrum of the spin Calogero Hamiltonian
H(mimzlnin2) from that of H by taking advantage of the fact that these two operators

are related through formal substitutions like

H(ml,m2|n1,n2) — H‘ (3321)

(my1,ma|ny,ng) -
KinPij,Ki%Pi ’

Due to the impenetrable nature of the singularities of the spin Calogero Hamiltonian
H(mmzlnins) Cits Hilbert space can be taken as the space L2(C) @ X0mmzinune) of
wave functions square integrable on the set C' in Eq. (3.3.2). However, any point
in RY not lying within the singular subset z; £+ 2; = 0, 2; = 0,1 <i < j < N,
can be mapped in a unique way to a point in C' by an element of the BCy Weyl
group [111]. Using this fact, it can be shown that L?(C') @ X (m1m2nn2) is jsomorphic

to the Hilbert space V defined as

VY = Almymalnn2)(12(RN) @ s(masmainine)) (3.3.22)

)
with A(mum2lmm2) heing a projector which satisfies the relations

T AGmamainanz) — p(mimalmne) [IO07) — pGmimainnz) - (3.3.93a)

1

H(m1,m2|n1,n2) Almimaning) — A (mi,malni,n2) H(ml’m2|nl’n2) = A(ml’m2|n1’"(23,3.23b)

7

where HZ(T'") = Kl-jPi(jml”) and T1{mom2inine) = g plmimainem) polowing the usual
procedure of constructing projectors associated with the BCy type of Weyl alge-

bra [122,123], we obtain an expression for A(m1m21m2) gatisfying (3.3.23) as

J=1

N!
1 mi,ma|ni,n2
A(mhmz\m,m) _ NN {H <1 + H; ;ma|ni, )> } Z Pl; (3.3.24)
' =1
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where P; denotes the realization of an element of the permutation group (for N

(mln)

number of particles) through the operators 11 For example, in the simplest

N = 2 case, Eq. (3.3.24) yields
m1.,m9o|ni.n 1 mi,Mm2(ni,n mi1,m2(niy,n min
At ) — 2 (g ) (1) (1),

It may be noted that A(mvm2lmin2) in (3.3.24) commutes with the auxiliary operator
in (3.3.14):
[Almmalnn2) ] = 0. (3.3.25)

Since H(mim2lnin2) g equivalent to its natural extension to the space V (3.3.22),
with a slight abuse of notation we also denote the latter operator as H(mtm2n1n2),
Thus, by using the relations (3.3.23), we can transform Eq. (3.3.21) into an operator

relation given by

[ (m1ma|ni,n2) A (mi,malni,ne) g A (maymeln,ne) (3.3.26)

We shall now explain how the operator relation (3.3.26) plays an important role in
finding the spectrum of H™vm2mum2) from that of H. To this end, it may be noted
that the Hilbert space V in (3.3.22) is the closure of the linear subspace spanned by
the wave functions of the form

wi = 1/)51 ,,,,, SigernsSgsesSN A(ml,m2|n1,n2) <¢r(X)|S>) : (3327)

T1yeeey Tiyeeey Tgyeeey TN

where ¢, is given in (3.3.18) and [s) = |s1, -+, sxy) is an arbitrary basis element of
the spin space Xmm2lmm2) - However, 1%’s defined in Eq. (3.3.27) do not form a
set of linearly independent state vectors. Indeed, by using (3.3.23a), (3.3.15a) and

an equation of the form (3.2.12) for the basis elements of X(m1:m2Im1:m2) e find that
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Y3’s satisfy the condition

wsl ..... SigeresSgsesSN (_1)a¢j(s) wsl ..... 8jyeesSis SN (3328)

T1yeeesTiyeees T yees TN T1yeeesTyeees Ty s TN

Moreover, by using (3.3.23b), (3.3.15b) and (3.2.16), we obtain

PSSN = (1) () e (3.3.29)

Due to Eqgs. (3.3.28) and (3.3.29) it follows that, ¢$’s defined through Eq. (3.3.27)
would be nontrivial and linearly independent if the following three conditions are

imposed on the corresponding r;’s and s;’s.

1) An ordered form of r, which separately arranges its even and odd components

into two non-increasing sequences, i.e.,

k ks
/—"1\‘ ——
r = (re,to) = (20y,...,20y, ..., 2l,...,2,
g1 gt

o +1,.. 24+ 1, . 2+ 1, 2p+ 1), (3.3.30)

where 0 < s, t < N, 1 >y > ... >, >0and p; > ps > ... > p = 0, is chosen
as the lower index of ¢f. It may be noted that, any given r can be brought in
the ordered form (3.3.30) through an appropriate permutation of its components.
Therefore, as a consequence of Eq. (3.3.28), we can choose the ordered form (3.3.30)

in the lower index of independent state vectors.

2) Using Eq. (3.3.29), we find that the second component of s; corresponding to
each r; is given by
0, forr; €re,

si = f(si) = (3.3.31)

1, forr, €ry.

3) Let us consider the special case where r; = r; for ¢ < j. Then, due to the con-

73



CHAPTER 3. SUPERSYMMETRIC ANALOGUE OF BCy TYPE RATIONAL
INTEGRABLE MODELS

dition 2), the second components of the corresponding spins s; and s; must have
the same value. In this special case, we can further use Eq. (3.3.28) along with
the definition of «;;(s) which appears just after Eq. (3.2.12), and arrange the first
components of s; and s; (and also their third components in some cases) associated

with independent state vectors such that

i) 7m(si) <7(s)

i) ¢ >80 +7(s;) , if w(s;) = 7(s;).

All linearly independent v%’s (3.3.27), satisfying the above mentioned three condi-
tions, may now be taken as a set of (non-orthonormal) basis vectors for the Hilbert
space V in (3.3.22). Let us define a partial ordering among these basis vectors as:
PS> % | if [r| > |r'|. Applying the key relation (3.3.26) along with (3.3.27), we
obtain

H(ml,m2|n1,n2)¢: _ A(m1,m2\n17n2) ((HQﬁr(x)) |S>) .
Using this equation as well as (3.3.25) and (3.3.19), we find that H(mumzrin2) in

(3.3.1) acts on the above mentioned partially ordered basis vectors of V as

H(m1,m2|n1,n2) ,¢§ — Ef ¢i + Z Crry ¢:: , (3332)

e <]

where Cp.’s are real constants, s’ is a suitable permutation of s and
ES =alr|+ Ey . (3.3.33)

Due to such upper triangular matrix form of H(mm2ln1m2) 5]l eigenvalues of this
Hamiltonian are given by Eq. (3.3.33), where the quantum number r satisfies the
condition 1) and the quantum number s satisfies the conditions 2) and 3). Since the

RHS of Eq. (3.3.33) does not depend on the spin quantum number s, the eigenvalue
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associated with the quantum number r in Eq. (3.3.30) has an intrinsic degeneracy
d l(jg’mﬂm’m) which counts the number of all possible choice of corresponding spin
degrees of freedom. Using the conditions 2) and 3), we compute this intrinsic spin

degeneracy associated with the quantum number r as

~

dymin ) - Hdmlm ) T dinoins (95)- (3.3.34)

Jj=1

where the function d, ,(v) is given by

doy(v) = mii(lfy) (i’) (x " o z - 1) . (3.3.35)

Due to Eq. (3.3.33), the actual degeneracy of an energy aF;+ Ej is evidently obtained
by summing over the intrinsic degeneracy (3.3.34) for all multi-indices r in (3.3.30)
with fixed order F;. Consequently, the actual degeneracy factors for the energy
levels of spin Calogero Hamiltonian H(mtm2im:m2) in (3.3.1) would depend on the

discrete parameters mq, mo, ny and no.

Let us now calculate the partition function for the Hamiltonian H (™ ™m2"1m2) - Since
|r| corresponding to the multi-index r in (3.3.30) is given by 2> 7| I;k;+2 22:1 P9+

Z;Zl gj, we can express the energy eigenvalues (3.3.33) of H(m1m2inin2) aq

s t t
E} =20 Lki+2a) pigi+ay g+ Eo. (3.3.36)
i=1 j=1 j=1

By using Eq. (3.3.30), we obtain the numbers of the even and the odd components

of r (denoted by N; and N, respectively) as

s t
= Zku Ny = Zgj>
i=1 Jj=1

which satisfy the condition Ny 4+ Ny = N. Hence, we can write k = {ky, ko, ..., ks} €
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Py, and g = {91, 92, --,9:} € Pn,, where Py, and Py, denote the sets of all ordered
partitions of N; and N, respectively. Next, we compute the sum over the Boltzmann
weights corresponding to all r’s of the form (3.3.30) with energy eigenvalues (3.3.36)
and intrinsic degeneracy factors (3.3.34). Thus, we obtain the canonical partition

function for the BC'y type of spin Calogero model (3.3.1) with SAPSRO as

E,
Z](le,mz\nhnz)(aT): qTO E : 2 : dlggl,mﬂnlﬂu)
Ni,No kE’PNl,gGPN2
(N1+N2:N)

S
23 Liki+2 Z p;g;j+N2

x> Yoo ogm A . (3.3.37)

l1>->1:20 p1>-->pt =0

It may be noted that, the summations over [;’s and p;’s appearing in the above
equation can be performed through appropriate change of variables [84]. As a result,

we get a simpler expression for Z0™™" ") (¢T) in (3.3.37) as

E
Z](Vm17m2\n1,m)<aT) _ qTO Z Z dlgghmﬂm,m)q—(N—f—ns)
Ny,Nap kEPN,,8EPN,
(N1+N2=N)

s oy t 2¢;

q q’
S o 1= o (3339

i=1 j=1

with k; = Z;Zl kyand ¢; = 2{21 g; representing the partial sums associated with the
sets k and g respectively. Inserting the expressions for Z{™™"™) (qT) in (3.3.38)
and Zx(aT') in (3.3.13) to the relation (3.3.12), we derive the partition functions for

the BCy type of PF spin chains with SAPSRO (3.2.17) as

N
Z](thmz\nhnz)(q) _ H(l . qQZ) Z Z d (m1 m2|n1 n2) —(N—i—ns)

=1 N7p,Ngo kEle gEPNQ
(N1+N2:N)
s D t 20,
qa q’
X , 3.3.39

—1/kT

where from now on we shall use the variable ¢ = e instead of T. Let us now try
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to write the above partition function as a polynomial function of ¢, which is expected
for the case of any spin system with finite number of lattice sites. To this end,
we define complementary sets of the two sets {k1, ko, ..., ks} and {1, G, ..., G} as
{R KGRy =412, Ni—1, Nip\{k1, ke, .o ks and {C, Gy -, Qo =
{1,2,...,No — 1, No} \ {(1, (s, ..., (i}, respectively. Using the elements of the sets
{K1, K2, ..., ks} and {1, o, - - ., (i}, along with the elements of their complementary

sets, the partition function in (3.3.39) can be explicitly written as a polynomial in

q as
N 2521 2ti1C
m1,ma|ni,n m1,ma|nf, 2+v7ﬂi+v7j
RS DD DI 4 PR
Ni,Ng  KEPN,;,8€PN,
(N1+N2=N)
N1—S 2/ ]\[2_11L 2(,
x  JT (A=g¢™) IT (1 —¢™). (3.3.40)
i=1 j=1

In the above expression, [N

NJQQ denotes a ¢-binomial coefficient given by

[N] ) llfll(l—q”)
Mo fa-e o)

which can be expressed as an even polynomial of degree 2N;(N — Ny) in g [124].

3.4 Connection with Ay type of supersymmetric

PF chains

In the following, our aim is to establish a connection between the partition func-
tion (3.3.40) and the partition functions of some supersymmetric PF spin chains of

type A. To this end, we note that the Hamiltonian of the Ax_; type of su(m|n)
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supersymmetric PF spin chain is given by [93,94]

L _ plmin)
Hop = Y (3.4.1)

It is evident that, for the special case n = 0, the above Hamiltonian reduces to
Hgg) in (1.1.19) with ¢ = 1. Moreover, by putting n = 0 after interchanging
m and n in (3.4.1), one gets HS;’ with e = —1. There exists a few different but
equivalent expressions for the partition function of the su(m|n) supersymmetric spin

chain (3.4.1) in the literature [64,66,93,94]. One such expression for the partition

function of the spin chain (3.4.1) is given by [66]

N—r
m|n m|n TTLF ;
Z((A)‘z\;(@ — Z d( \ )(f) qzjzl Fj H (1 — q‘FJ> . (342)
fePn Jj=1

where f = {fi, fo--- f.}, the partial sums are given by F, = 22:1 fi, and the
complementary partial sums are defined as {F7, F{,--- ,Fn_,} = {1,2,--- ,N} —
{Fi,Fo,---,F.}. Moreover, d™™(f) in the above expression is defined through
dyy(v)in (?7) as

A (f) = H Ao (f3) - (3.4.3)

Using Eq. (3.4.3), one can express the spin degeneracy factor d,’;™* in (3.3.34) as
qgmmelna) _ gmim) (1) qomine) (g)

Substituting this factorised form of dl(:;l’mz’lm’m’) to Eq. (3.3.40), we obtain

Ni—s
N - '
ZJ(le,m2|n1,n2)(q) _ Z qNg {N } Z d(m1|7Z1)(k> q2 o1k H (1-— q2m‘)
Np,No Ll g2 kePn, J=1
(N1+N2=N)
t—1 Nt
< [ 30 atm(g) PEm G TT (-0 | (3.44)

g€Pn, J=1
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Using the expression of Z )|n) (q) in (3.4.2) for all nontrivial cases where NV > 1 and
(mn)

m+n > 1, and also assuming that Z;/;’(¢) = 1 and Z((gl)ogv(q) = dn, we finally

rewrite Z](\,ml’m2|m’"2)(q) in (3.4.4) as

N
m1,ma|ni,n —Ny N miin ma|n
Zgnee = 3 V] 2@ 2. e
g2

Thus we find that the partition function of the BCy type of PF spin chain with
SAPSRO (3.2.17) can be expressed in an elegant way through the partition functions

of several Ag type of supersymmetric PF spin chains, where K < N — 1.

We have previously mentioned that, for a particular choice of the discrete parameters
given by m; = m, my = 0, ny = n, ny = 0, Hmm2lren2) in (3.2.17) reduces to
HO0m0) in (3.2.19). Applying Eq. (3.4.5) for this particular choice of the discrete

parameters and also using Z((Sll)o 3\7 N, (@) = O, v, We obtain

N
(mOn0), \ _ N | Y (mn) (0/0)
Zy (q9) = Z q {NJ Z(A) N1< )Z(A) Nle(qz)

q?

= zg;;g'”)( 2y, (3.4.6)

Hence, replacing ¢ by ¢? in the RHS of (3.4.2), it is possible to get an explicit
expression for the partition function of H™9™% in (3.2.19). Since Z((Z)‘?\;(q) in
(3.4.2) can be expressed as a polynomial function of ¢, Eq. (3.4.6) also implies that
the spectrum of H (™00 would coincide with that of the following Hamiltonian
’H(mln which is obtained by multiplying Hpp (mn) i) (3.4.1) by a factor of two:

| plmin

As shown in Ref. [94], the spectrum of such su(m|n) supersymmetric PF spin chain
can be expressed through Haldane’s motifs which characterize the irreducible repre-

sentations of the Y (gl(m|n) Yangian quantum group. The motif § for the spin chain
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(3.4.7) is given by a (N — 1) sequence of 0’s and 1’s, i.e. § = (1,02, -+ ,0n-_1), With
9; € {0,1}. In the non-supersymmetric case where the value of n is taken as zero,
the motifs of the spin chain (3.4.7) obey a ‘selection rule” which forbids the appear-
ance of m number of consecutive 1’s. On the other hand, 9;’s can freely take the
values 0 or 1 for supersymmetric spin chains with m > 1 and n > 1. Consequently,
it is possible to construct 2¥~! number of distinct motifs in the case of supersym-
metric spin chains. All energy levels of the spin chain (3.4.7), in the supersymmetric
as well as non-supersymmetric cases, can be expressed through the corresponding

motifs as [94]

N-1
Es=2) jo;. (3.4.8)
=1

Hence, due to Eq. (3.4.6), it follows that the spectrum of H(™%™0 in (3.2.19) is
also be given by Fg in the above equation. In particular, for the supersymmetric
case, the motif § = (0,0,---,0) gives the ground state energy of this Hamiltonian
as 5151”;‘,;0'”’0) = 0 and the motif § = (1,1,--- , 1) gives the corresponding highest state
energy as gm0 — N2 _ N. The degeneracy of each energy level in (3.4.8) can
also be computed for all possible values of m and n, by taking appropriate limits of
the supersymmetric Schur polynomials [94]. Thus it is possible to find out the full
spectrum of the supersymmetric spin chain (3.2.19), by using our key result that

this spectrum coincides with that of the Ay_; type of su(m|n) supersymmetric PF

spin chain (3.4.7).

We have already mentioned that, the lattice sites of ™0 in (3.2.19) and Hip™
in (3.4.7) are determined through the zero points of the generalized Laguerre poly-
nomial L’?\fl and the zero points of the Hermite polynomial Hy respectively. Thus
the lattice sites of these two Hamiltonians are quite different in nature. However,

since H™0"0 and ﬁ;’;'") share exactly same spectrum, these two Hamiltonians
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must be related through a unitary transformation like
~ T
fH(m,0|n,0) — Sém\n) Hg’;\") (Sém|n)> ' (349)

Even though we do not know the explicit form of S ém‘"), it is possible to find out the
asymptotic form of this operator at f — oo limit by using the following conjecture.
For any N > 2, let us order the zero points of the of the Hermite polynomial Hy and
the generalized Laguerre polynomial L/]B\fl on the real line as p; > py > -+ > py
and y; > yo > --- > yy respectively. Then, based on numerical results, it has
been conjectured that these zero points would satisfy the asymptotic relations given

by [91]

lim ——_ — : (3.4.10)

where 1 <7 < j < N. Using this conjecture, it is easy to see that the f — oo limit
of H™00) in (3.2.19) yields ﬁé’;'”) in (3.4.7). Hence Eq. (3.4.9) would be satisfied

in this limit if we take the asymptotic form of S[gm‘”) as limg S/gm‘”) = 1.

3.5 Extended boson-fermion duality for BC'y type

of PF chains with SAPSRO

Boson-fermion duality relations involving the partition functions of various Ax_;
type of supersymmetric spin chains with long-range interaction have been estab-
lished in the literature [66,93,94,100]. Subsequently, a similar type of duality rela-
tion has been studied for the case of BCy type of PF spin chains associated with
SASRO [101]. More precisely, it has been found in the latter reference that
200 (q) = 20 a7, (3.5.1)
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where ZgZ‘n) (q) represents the partition function for the Hamiltonian HEZW in
(3.2.14). It is evident that the duality relation (3.5.1) not only involves the ex-
change of bosonic and fermionic degrees freedom, but also the exchange of the two
discrete parameters € and ¢’ along with their sign change. For the purpose of gaining
some deeper understanding for such change of the two discrete parameters, in the

following we aim to study the duality relation for the case of BCy type of PF chains
(3.2.17) associated with SAPSRO.

To begin with, we define the star operator S: XL(mmalninz) _y s3(mimelninz) g

N
> gm(s)
j=1

S|s1, 89, ,sn) = (—1) |S1, 892, ,SN) - (3.5.2)

It is easy to verify that S operator is self-adjoint and S o § is the identity in
S(mimalnin) - Next, we consider the Hilbert space X(m2m1lm2m1) and denote the
corresponding supersymmetric spin exchange operator and the SAPSRO as Pi]mm)
and P">™1M2™) pespectively. The Hamiltonian HM2milm2m1) agsociated with this
Hilbert space is evidently obtained from #(™1m2mim2) in (3.2.17) through the re-
placements: m; — ns, my — ny, Ny — mg and ny — my. In analogy with the
basis vectors of (m1m2ln1.m2) and the ranges of the corresponding spin components
in (3.2.15), we assume that X("2m1m2m1) s spanned by orthonormal state vectors
— 3

like |51, -+ ,5x), where the components of 5, = (5},5?,5}) are taking values within

177171

82



CHAPTER 3. SUPERSYMMETRIC ANALOGUE OF BCy TYPE RATIONAL
INTEGRABLE MODELS

the ranges
. 0, for bosons,
5; =7(5) = (3.5.3a)
1, for fermions,
) 0, for positive parity under SAPSRO,
5= f(5) = (3.5.3h)
1, for negative parity under SAPSRO,
{1,2,--- ,mo}, if m(s;) =0 and f(s;) =0,
1,2,--- ,ni}, if m(s;) =0 and f(s;) =1,
gl t 3, if w(s) £(s:) 550

{1,2,--- ,mo}, if n(s;) =1 and f(s;) =0,

{1,2,--- ,mq}, if m(s;) =1 and f(s;) = 1.

It is evident that the spaces B(m1m2lnin2) gnd S(r2mlm2m) have the same dimen-

sion given by (m + n)Y. Let us now define an invertible operator y(mm2lni.n2).

Z(ml,m2|n1,n2) — 2(ng,n1|m2,m1) by

(m17m2|n17n2)|817 S2, 73N> = |§17 Sg, - ’SN> ) (354)

X

where

=1 1 =2 2 3 _ .3
s5;,=1—s;, 5, =1—5;, 5] =s5.

From the above relation it is clear that, if s; represents a bosonic (fermionic) spin
with parity £1 under SAPSRO, then §; would represent a fermionic (bosonic)
spin with parity F1 under SAPSRO. Using Eq. (3.5.4), it is easy to check that
X(ml’m'”lm)T = ym2mlmem) and y(r2milmzmi) oy (mimalnine) g the identity in
s (mimanine) - Suhsequently, we define the operator Y (mimzlninz), sy(mumzjnine)

S(n2mlma.m) a9 the composition
Y mamalnanz) — X(ml’m‘”l’”?) oS. (3.5.5)

By using the above mentioned properties of S and (™t ™2l"1:m2) it is easy to show
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that ¢/(mm2inin2) i (3.5.5) is an unitary operator satisfying the relation

Utmmalnn)t — ggommairn) ~E _ g o  (ramilmam), (3.5.6)

Using Egs. (3.5.2) and (3.5.4), and closely following the procedure of Ref. [66]
for establishing boson-fermion duality relation in the case of Ay_; type of super-
symmetric HS spin chain, it is straightforward to show that (ml’m'”l’m)Pi(]mln) =

_]Di(]ﬁ|m)u(m17m2|nlv"2)7 or equivalently

Z/{(ml’mz‘”l’"Q)_IPA(mm)Z/[(ml’mQ'”l’m) — _PA(?”\”). (357)

) )

Next, by using Egs. (3.2.16), (3.5.2), (3.5.4) and (3.5.5), we find that

N .
Jm(s;
=1

)
) P sy = (<) ()5 s ), (359

and

N .
1J7r(8j)

plramimemyymamamn g, o sy) = (—1)f @) (—1)) |51, sw) . (3.5.9)

Since, due to Eqgs. (3.5.4), it follows that (—1)/() = —(—1)#(%) comparing Eq. (3.5.8)
with Eq. (3.5.9) we find that

u(m17m2\n17n2)Pi(m1=m2|"17"2) _ _Pi(n%”l\m%ml)u(mhmﬂnhm) ’

or, equivalently

u(mhmzlm,nz) -1

plremlmzmm)ygnmajnnz) - plmmaine) (3.5.10)

7
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With the help of Egs. (3.2.17), (3.5.7) and (3.5.10), we obtain

H(m1,m2\n1,n2) + u(ml’m2|m’n2)_l7'[(n2’m \mg,m1)u(m1,m2|n1,n2)

=2) [(G-&) 7+ (6 +4) 7 +28) &7 =N (3511

i#j i
where the last sum has been derived in Ref. [84]. Since the Hamiltonians H ("2m1/mz:m1)
and Y (mimelnang) =gy (naimmema)g g(mamalnng) e isospectral, Eq. (3.5.11) implies
that the spectra of H(muvm2nun2) and H(m2mlm2m1) gre ‘dual’ to each other. More
precisely, the eigenvalues of H(mtm2lmin2) and 3 (m2malm2mi) gre related as

5§m1,m2|n1,n2) — N2 _ g("2’”1|m2’m1) . (3.5.12)

(2 3

Using the above equation, we obtain a novel type of duality relation between the

partition functions of #H(m1m2lnin2) and H(n2milmam) aq
Zlmumalnan) () — oN* Znzmlmzm) =1y, (3.5.13)

It is interesting to observe that this duality relation not only involves the exchange
of bosonic and fermionic degrees of freedom, but also involves the exchange of pos-
itive and negative parity degrees of freedom associated with SAPSRO. Therefore,
the duality relation (3.5.13) can be interpreted as a nontrivial extension of the usual
boson-fermion duality relation which holds for the case of Ay_; type of supersym-
metric spin chains. It is also interesting to note that, applying the relation (3.5.12)
in the special case where n; = msy and ny = my, the spectrum of the Hamiltonian
H(mamalmem) can be shown to be invariant under £ — N?—& i.e., to be symmetric

about the mean energy N?/2.

We have mentioned in Sec. 2 that, for the special values of discrete parameters ap-

pearing in (3.2.18), it is possible to construct an unitary transformation which maps
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’
plrmaninz) o pee and keeps Pl,(j”"”) invariant. It is interesting to observe that
Eq. (3.2.18) remains invariant under the simultaneous transformations given by:
my — Mo, Mo —> Ny, N1 —> Mo, No — mq and € — —¢, ¢ — —e. Hence, it is also

ni|ma,mi) t

possible to construct an unitary transformation which would map Pi(m’ 0

P~ and keep Pz-(jnlm) invariant. Due to the existence of such unitary transforma-

tions in the special case (3.2.18), H(mum2lnn2) in (3.2.17) and related H (m2malmzm)
become equivalent to the Hamiltonians ng,‘n) in (3.2.14) and related 7-[(1'7” 26 respec-
tively. Consequently, for the special values of discrete parameters given in (3.2.18),
our duality relation (3.5.13) would naturally reproduce the previously obtained du-

ality transformation (3.5.1).

Next, let us now investigate whether extended boson-fermion duality relation like
(3.5.13) holds for some other quantum spin chains associated with SAPSRO. To
this end, we consider a class of one dimensional spin chains with Hamiltonian of the

form

Flmomalmnz) — Y [wij(l — PIMMY (1 — Pimomeinena))

+> w, (1 . Pi(”“’m?'”l’"?)) : (3.5.14)

where w;;, W;;, w; are arbitrary real parameters. Clearly, the above Hamiltonian
would represent a non-integrable system for almost all values of these parameters.

Using again Eqs. (3.5.7) and (3.5.10), we find that

44 (m1,mz2|n1.nz) _l_u(mhmz\m,m)*l;ﬁl(nz,nlImz,m1)u(m1,m2|n1,n2) =W, (3.5.15)

where W = Q(Zi;ej(wij +;;)+ Y, w;). Using this relation and proceeding as before,

we obtain a duality relation given by

ZA(ml,m2|n1,n2)(q) — qVVZA(77»2,77,1|7n2,’n‘L1)(q—l)7 (3516)
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where Z(ml’m‘"h"?)(q) denotes the partition function of H(mm2ln1.n2) - Hence, the
extended boson-fermion duality relation can be applied to a wide range of spin chains
of the form (3.5.14). In the following, however, we shall restrict its application only
for the case of BCy type of PF chains (3.2.17) associated with SAPSRO. Indeed,
in the next section, at first we shall compute the ground state energies for the
spin chains (3.2.17) with the help of the freezing trick and subsequently derive the

corresponding highest state energies by using this duality relation.

3.6 Ground state and highest state energies for

PF chains with SAPSRO

It is well known that the spectra of the Ay_; type of PF spin chain (1.1.19) and
its supersymmetric generalization (3.4.1) are equispaced within the corresponding
lowest and highest energy levels. This result follows from the fact that corresponding
partition functions can be expressed as some polynomials in ¢, where all consecutive
powers of ¢ (within the allowed range) appear with positive integer coefficients. It
has been shown in Ref. [91] that spectrum for the BCy type of PF chains (3.2.17)
are also equispaced in the special case where either bosonic or fermionic spins are
present. Using the expression of the partition function (3.4.5) and following the
arguments of the later reference, it can be shown that the spectra for the BCy type
of PF chains (3.2.17) are also equispaced when both of the bosonic and fermionic
spins are present, i.e., when m,n > 1. At present, our aim is to compute the lower
and the upper limits of such equispaced spaced spectra, i.e., the ground state and
the highest state energies of the Hamiltonian H(mvm2intm2) in (3.2.17) for the cases

where m,n > 1.

In Sec. 4 it has been shown that, for the particular choice of the discrete parameters
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given by m;y = m, mg = 0, ny = n, ny = 0, the spectrum of the Hamiltonian
H(mimzininz) coincides with that of HUE™ in (3.4.7). By using such coincidence,
we have found the ground state and the highest state energies of the Hamiltonian
H(mOIn0) g 00 — (g ang m0™0 — N2_ N respectively. The above mentioned
method of calculating the ground state and the highest state energies is clearly not
applicable for more general cases where my or ny takes nontrivial value. However,
by using the freezing trick, it is possible to compute the ground state energy of
H(mumalninz) in (3.2.17) for all cases where m,n > 1. To this end, we consider

Eq. (3.3.11) which implies that

5(m1 ,malny,ne
min

]' mi1,ma2|ni,n
) = lim —(EUmmelim) gy (3.6.1)

asoo q - T

where Ej is the known ground state energy (3.3.8) of the BC'y type of scalar Calogero

E(mlme‘nlynQ)
min

model and represents the ground state energy of the BCy type of spin

Calogero model (3.3.1). Using Eq. (3.3.33), we can express the latter ground state

E(m17m2|n17”2)
mwn

energy as = a|r|min + Eo, where |r|,,;, denotes the minimum value of
05

|r| for all possible choice of the multi-index r compatible with the conditions 1) — 3)
of Sec. 3. Substituting this expression of B ™2"m2) iy Fq. (3.6.1), we find that
the ground state energy of the spin chain (3.2.17) is given by

g(m1,m2|n1 n2)
mwn

= [t (3.6.2)

g(ml,m2|n1 n2)

For the purpose of finding out the explicit value of £ .~ , in the following we

divide the spin chains (3.2.17) with m,n > 1 into two distinct classes.

Case I: Here, we consider all spin chains (3.2.17) with m; > 1 and n > 1. In
this case, there exists at least one type of bosonic spin with positive parity (under

SAPSRO). From the conditions 2) and 3) of Sec. 3 it follows that, all s;’s can be
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filled up by this type of spin if we choose the corresponding r as (0,0,---,0). So,
using (3.6.2) we obtain
glmmalnin) _ o (3.6.3)

min

Case II: Let us consider all spin chains (3.2.17) with m; =0, my > landn > 1. In
this case, there exist mo types of bosonic spins with negative parity. Furthermore,
if ny > 0, there exist n; types of fermionic spins with positive parity. Due to the
condition 2) of Sec. 3, s;’s can be filled up by only these n; types of spin states
corresponding to r; = 0. Since these are fermionic spin states, due to the condition
3) of Sec. 3, at most n; number of consecutive r;’s are allowed to take the zero value.
Now if N < nq, then it is evident that &,,;, = 0. For N > ny, we can take r; = 1 for
the remaining N — n; number of positions, and fill up the corresponding s;’s by any
of the msy types of bosonic spins with negative parity. Consequently, we find that

the configuration

yields |r|mn in Eq. (3.6.2). Thus for all possible spin chains with m; = 0 and n > 1,
we obtain

g(m1,m2\n1,n2) = maz {N —ny,0}. (3.6.4)

min

It is interesting to observe that the highest eigenvalue of H(™12I71:72) can be deter-
mined in terms of the lowest eigenvalue of H(™2™1m2m1) Ly using the duality relation
(3.5.12). Hence, for the purpose of computing the highest energy eigenvalues of the
spin chains (3.2.17) for m,n > 1, it is convenient to divide these spin chains into
following two distinct classes. At first, we consider all spin chains (3.2.17) with
ny =1, ng =0 and m > 1. With the help of Egs. (3.5.12) and (3.6.4), we find that
the highest energy eigenvalues for this class of spin chains are given by

g(m1,m2\n1,n2) — N2 — max {N — Mo, O} (365)

max
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Finally, we consider all spin chains (3.2.17) with ny > 1 and m > 1. Using
Egs. (3.5.12) and (3.6.3), we obtain the highest energy eigenvalues for this class
of spin chains as

glmimaninz) _ Ar2. (366)

max

3.7 Some spectral properties of PF spin chains

with SAPSRO

It may be noted that, with the help of symbolic software package like Mathematica,
the partition function Z](le’m2|m’n2)(q) in (3.4.5) can be explicitly written as a poly-
nomial of ¢ for a wide range of values of the parameters my, mq, ny, ny, and N. If the
term ¢ appears in such a polynomial with (positive) integer valued coefficient c(&;),
then & would represent an energy level with degeneracy factor or ‘level density’ ¢(&;)
in the corresponding spectrum. Since the sum of these degeneracy factors for the full
spectrum is given by the dimension of the corresponding Hilbert space, the normal-
ized level density d(&;) is obtained through the relation d(&;) = ¢(&;)/(m +n)V. In
this way, it is possible to compute the level density distribution for the BCy type of
PF chains with SAPSRO. By using such procedure, it has been found earlier that the
level densities of both Ay_; type of PF spin chain (1.1.19) and its supersymmetric
extension (3.4.1) follow the Gaussian distribution with high degree of accuracy for
sufficiently large number of lattice sites [113,119]. Furthermore, the level densities
of the BC'y type of PF chain with usual spin reversal operator and its extension
on a superspace (3.2.14) have been found to satisfy the Gaussian distribution for
sufficiently large values of N [84,101]. The Gaussian behaviour of the level density
distributions at N — oo limit has also been established analytically for the case of

several Ay_1 type of spin chains and related vertex models [77,114].
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In this section, at first we shall study the level density distributions of the BCy
type of PF spin chains with SAPSRO (3.2.17) for the case of finite but sufficiently
large number of lattice sites. However it has been mentioned earlier that, for the
special case (3.2.18), H(mm2nin2) in (3.2.17) becomes equivalent to the previously
studied Hamiltonian HE:}‘") in (3.2.14). We have also shown that, in another special
case given by my; = m, mg = 0, n;y = n, ny = 0, the spectrum of the Hamiltonian
H(mimalnine) coincides with that of the Ay_; type of supersymmetric PF spin chain
(3.4.7). For the purpose of excluding these two special cases for which spectral
properties are already known, in the following we shall restrict our attention to the
spin chains (3.2.17) where my, ms, ny and ny are taken as positive integers satisfying
the conditions |m; — ma| > 1 and |n; — na| > 1. To begin with, let us compute the
mean (i) and the variance (o) for the spectrum of the Hamiltonian #(m1m2lninz),
which are given by the relations

tr [’H(mhmﬂm,nz)} ) tr [(’H(mhmﬂm,nz))?} )

CrT o = (m )™ —pe. (3.7.1)

M:

Defining four parameters such as 7y = my + mo + ny + Ng, 79 = My — Mg + Ny — No,
T3 = my + mg — Ny — ng, and 74 = my — my — ny + ng, and applying Egs. (3.2.12)

as well as (3.2.16), we obtain a set of trace relations given by

tr[1] =7, tr [Pi(ml’mz‘nl’nﬂ] =77, tr[Py] = tr [P(ml’m2|m’"2)] =131 2
tr [ Py Pmimeininn)] g [t plmimaininn) | _

e [Pyl g [l pimmin ] _ v

tr [P, Py = tr [Bj]%(fll,m2ln1m2)] _ [Pz(ml’mﬂm’nQ)Pf“’mﬂm’m)] = N2,

tr [P Pl = tr [Bjﬁé;nl’m2|nl’n2)} =tr [P(ml,mzlm,ng)P(mhmglm,nz)} =i

2

tr [Bjﬁi(]ml,m2\n1,n2)] tr |:P(m1 m2|n1,n2)Pj(m1,m2\n1,n2)] _ 7_22 7_1]\[ 27

where it is assumed that ¢, 7, k, [ are all different indices. Substituting the explicit
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form of H(mum2inin2) iy (3.2.17) to Eq. (3.7.1) and using the aforementioned trace

formulae, we get

= (1 - %) S (hij + hiy) + (1 - :—j> ih (3.7.2)

and

2 3 2, 72 7172_ 73 - 2
o2 (15 0+ B+ 4 (TR ) Shhy+ (1- 3 ) 2on
i=1

i#j i#]
4 — ~ 16 ~ ~
M S (hij + hig)hi + # S iy + Toig) (g + Tg), - (3.7.3)
! i#j L igk

where hy; = 1/(& — &)2, hi; = 1/(& + €)%, hi = 5/€2, and the symbol 3’ denotes
ik
summation over ¢ # j # k # i. Using equations (3.7.2) and (3.7.3) along with the

identities given by [84,125,126]

~ N al N
> (B3 + k) = %[2&(%%) +4N +1],
#j
2 _ N NN +8) =~ NIV -1) ~ N
hi ) hijhij = ————=v. ) _(hij + hij)hi = (N — 1),
Z A(1+p8) ; 16(1 + 3) ; 4
S (hy + Eij)(hjk + ) = gN(N )N -2), (3.7.4)

we finally express ;1 and o2 as some functions of the discrete parameters mq, mso,

§= (1 . g) g(zv 1)+ (1 - 3) g (3.7.5)

ni, ng, and N:

2
=L ( - 7—3) N(AN? + 6N — 1) + >0 N(N ~ 1)(N ~2)

(1174 — T2T3) 1 (72 9
-— = N(N -1 — | = - N. 3.7.6
e - B Ry
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Since the Gaussian distribution (normalized to unity) corresponding these p and o

is given by

1 _(E-w)?

G(E) = e (3.7.7)

2mo
now it is possible to easily check whether the normalized level density of the spin
chain (3.2.17) satisfies the condition d; ~ G(&;) for sufficiently large numbers of
lattice sites. Indeed, by taking different sets of positive integer values of my, mso, ny
and ny satisfying the conditions |m; — msg| > 1 and |n; — ny| > 1, we find that the
normalized level density of the spin chain (3.2.17) is in excellent agreement with
the Gaussian distribution (3.7.7) for moderately large values of N (N > 15). As
an example, in Fig. 1 we compare the normalized level density with the Gaussian
distribution for the case m; = 3, my = 1, ny = 4, no = 1 and N = 20. We also
calculate the mean square error (MSE) for the above mentioned case and find it to be
as low as 1.34 x 10~%. Furthermore, this MSE reduces to 1.86 x 1071° when we take
N = 40 and keep all other parameters unchanged. Thus the agreement between
normalized level density of the spin chain (3.2.17) and the Gaussian distribution

(3.7.7) improves with the increasing value of N.

0.014 .

0012 [

0010

0.008 [

d&

0.006 [
0.004 [

0.002 [

0()0() L il L L L L L L L L L L L L
50 100 150 200 250 300 350

Figure 3.1: Continuous red curve represents the Gaussian distribution and blue dots
represent the level density distribution of the spin chain (3.2.17) with m; = 3, mg = 1,
ny =4, ng =1 and N = 20.

Next, we shall study the distribution of spacing between consecutive energy levels
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for the spin chain (3.2.17). For the purpose of eliminating the effect of local level
density variation in the distribution of spacing between energy levels, an unfolding
mapping is usually employed to the ‘raw’ spectrum [115]. Since the level density of
the spin chain (3.2.17) obeys Gaussian distribution for large number of lattice sites,
one can express the corresponding cumulative level density 7(€) through the error

function as

n(E) = /g G(x)dz = % {1 4 erf (5;2:)} | (3.7.8)

For the case of spin chain (3.2.17), this cumulative level density function is applied
to map the energy levels &, ¢ = 1,...,1, into unfolded energy levels of the form
n; = n(&;). The cumulative level spacing distribution for such unfolded energy levels

is obtained through the relation

P(s) = /0 Cp(@)dz, (3.7.9)

where p(s;) denotes the probability density of normalized spacing s; given by s; =
(Mix1 — mi)/A and A = (g, — m)/(l — 1) is the mean spacing between unfolded
energy levels. According to a well-known conjecture by Berry and Tabor, the density
of normalized spacing for a ‘generic’ quantum integrable system should obey the
Poisson’s law given by p(s) = e™® [116]. However, it has been observed earlier
that p(s) does not exhibit this Poissonian behaviour for a large class of quantum

integrable spin chains with long-range interactions [83-85,91,113,119].

To explain the above mentioned anomalous behaviour in the spectra of quantum
integrable spin chains with long range interactions, it has been analytically shown
in Ref. [84] that if the discrete spectrum of a quantum system satisfies the following
four conditions:

i) the energy levels are equispaced, i.e., &1 — & =0, fori=1,2,...,1—1,

ii) the level density is approximately Gaussian,

111) gmax — K, B gmin >0,

94



CHAPTER 3. SUPERSYMMETRIC ANALOGUE OF BCy TYPE RATIONAL
INTEGRABLE MODELS

iV) |gmam + Emm - 2,u| < gmaz - Emm )

then the corresponding cumulative level spacing distribution is approximately given

by
P(s) =~ 1 2 (Sm‘“> (3.7.10)
S) >~ — n .
ﬁsmax § ’
where
Smax = M . (3711)

2T o

Since, the spectra of many quantum integrable spin chains with long-range inter-
actions satisfy the above mentioned four conditions with reasonable accuracy, the
cumulative level density of such spin chains obey the ‘square root of a logarithm’
law (3.7.10). In the case of presently considered spin chain (3.2.17), it has been al-
ready found that the conditions i) and ii) are satisfied. For the purpose of analyzing
the remaining conditions, we use Egs. (3.6.3), (3.6.4), (3.6.5) and (3.6.6) to obtain
Emin = O(N) and &4, = N? + O(N). Moreover, with the help of Eqgs. (3.7.2) and
(3.7.3), we find that

1 1 2 _ 32
M:—<1—T—Z) N2+ O(N), 02:-@-%} N3 + O(N?).
2 Ti 9 T

Since 71 = m + n and 73 = m — n, the leading order contributions to mean and
variance in the above equation interestingly depend only on the values of m and n.
Using the leading order contributions to Enin, Emaez, p and o2, it is easy to check
that the conditions iii) is also obeyed for the spectrum of the spin chain (3.2.17)
with N > 1, whereas condition iv) holds only in the case when m = n. However, it
can be shown that even if condition iv) is dropped, Eq. (3.7.10) is still obeyed within
a slightly smaller range of s [101]. Hence, it is expected that P(s) in (3.7.9) would
follow the analytical expression P(s) in (3.7.10) for the case of spin chain (3.2.17).
With the help of Mathematica, we compute P(s) by taking different sets of positive
integer values of my, ms, ny and ny satisfying the conditions |m; — msy| > 1 and

|ny — ng| > 1, and for moderately large values of N.
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It turns out that P(s) obeys the analytical expression (3.7.10) with remarkable
accuracy in all of these cases. As an example, in Fig. 2 we compare P(s) with 15(3)

for the particular case m; =3, mo =1, ny =4, no =1 and N = 20.

1.0

09 |

08 F

07 F

P(s)

06 F

0.5

04§ ,:

03 T S S R S S S S S I
0

Figure 3.2: Blue dots represent cumulative level spacing distribution P(s) for the
spin chain with m; = 3, mg =1, n; =4, ng = 1 and N = 20, while continuous red
line is the corresponding analytic approximation P(s).
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CHAPTER 4

Super Rogers-Szego polynomials
associated with

BC'y type of Polychronakos spin chains

4.1 Introduction

In this Chapter our aim is to construct multivariate SRS polynomials associated
with the BCy type of PF spin chains with SAPSRO and study some properties of
such polynomials. As we have mentioned earlier, by applying the freezing trick to
the Ay_; type of su(m) spin Calogero model with confining harmonic potential, one
can obtain the corresponding PF spin chain. The sites of this Ay_; type of su(m)
PF spin chain, which are inhomogeneously spaced on a line, coincide with the zeros
of the Hermite polynomial. The Hamiltonian of such ferromagnetic su(m) PF spin
chain is given by

1— po™
HgﬂF) _ Z ( Y (4.1.1)

1<i<j<N M? J
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where Pl-(Jm) denotes the exchange operator which interchanges the spins of the i-th
and j-th lattice sites, and p; is the i-th zero point of the Hermite polynomial of degree
N. A remarkable feature of Ay_; type of su(m) PF and HS spin chains is that they
exhibit Yangian quantum group symmetry even for finite number of lattice sites. As
a result, the energy eigenvalues of these spin chains can be expressed in an elegant
way by using certain sequences of the binary digits ‘0" and ‘1’, which are called as
‘motifs’ in the literature [62,63,127]. Furthermore, the complete spectra of these
PF and HS spin chains, including the degeneracy factors of all energy levels, can
be reproduced from the energy functions of some one-dimensional classical vertex

models [64].

Due to the decoupling of the spin and coordinate degrees of freedom in the case
of su(m) spin Calogero model for large values of its coupling constant, the canon-
ical partition function of the su(m) PF spin chain (4.1.1) can be derived by using
the freezing trick. More precisely, this partition function can be obtained by di-
viding the canonical partition function of the su(m) spin Calogero model through
that of the spinless Calogero model. Thus, for the purpose of deriving the partition
function of the su(m) PF spin chain by using the freezing trick, it is necessary to
calculate at first the canonical partition function of the su(m) spin Calogero model.
This partition function has been computed in the literature by using two different
approaches — a direct one and an indirect one. Polychronakos has originally com-
puted this partition function in an indirect way by expanding the corresponding
grand canonical partition function (which can be obtained easily from the grand
canonical partition function of the spinless Calogero model) as a power series of
the fugacity parameter [40]. Finally, by applying the freezing trick, the partition
function of the ferromagnetic su(m) PF spin chain (4.1.1) has been derived in the

form

2= > { N L, (4.1.2)

E?;I a;=N
a; =0
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where ¢ = e~V/*57) summation is taken over all a; (which are non-negative integers)
satisfying the condition )", a; = N, and the g-multinomial coefficients are defined

as

A1,Q2,* ,Am <Q)a1 (q)az e (Q)am ’

with (¢), = (1 —¢)(1 — ¢?)---(1 — ¢"). Since each g-multinomial coefficient is a

[ N } (9)n

polynomial of ¢, the partition function Zl(ﬁ\),(q) in (4.1.2) can also be expressed as
a polynomial of g. A supersymmetric generalization of the PF spin chain (4.1.1),
containing both bosonic and fermionic spin degrees of freedom, has also been stud-
ied and the corresponding partition function has been computed with the help of
the freezing trick via the indirect approach as described above [93]. However, it is
also possible to directly compute the canonical partition function of the su(m) spin
Calogero model from the knowledge of its spectrum. Proceeding in this way and
subsequently applying the freezing trick, Barba et al. have derived [113] the canoni-
cal partition function of the su(m) PF spin chain (4.1.1) in a form which apparently

looks quite different from ng]\),(q) in (4.1.2).

In this context it may be noted that, the classical RS polynomial in a single variable
(say, x) is defined as Hy (z,q) = S.n, [Mak] q:ck [103]. This RS polynomial has been
studied in connection with the well known Rogers-Ramanujan identities in number
theory. Moreover, this RS polynomial can be viewed as a ¢-deformed version of the
Hermite polynomial, which provides a basis for the coordinate representation of the
g-oscillator algebra [104,105]. Different types of homogeneous and inhomogeneous
multivariate generalizations of the classical RS polynomial have also been studied in
the literature. In particular, Hikami has observed that the homogeneous multivariate

RS polynomials (depending on only one type of variables) of the form

(m) . _ N ai a2 a
HA,N(:L‘17:E27"' 7$m7Q) - xl l'2 "'l‘mm, (413)
m A1,0A2,* , Qm q
Zi:l a;=N
a; =0
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reproduce the partition function (4.1.2) of the PF spin chain in the limit 27 = o =

- =y = 1[62,102,106]. Consequently, a representation of the Y (gl,,) Yangian
invariant motifs associated with the PF spin chain (4.1.1) can be constructed by
using a recursion relation satisfied by the RS polynomials (4.1.3). It may also be
noted that, SRS polynomials containing two different types of variables have been
proposed in Ref. [94] for the purpose of analyzing the spectra and partition functions
of the supersymmetric PF spin chains on the basis of their Y (gl(mn)) super Yangian
symmetry. From the above discussion it is clear that RS and SRS polynomials
play an important role in the study of PF spin chains and their supersymmetric
generalizations. However, since the partition function of the su(m) PF spin chain
obtained by using the freezing trick via the direct approach appears to be quite
different from (4.1.2), such a form of the partition function cannot be connected

with the RS polynomials (4.1.3) in a straightforward way.

As is well known, root systems associated with Lie algebras are widely used in
the classification of quantum integrable systems with long-range interaction. In
particular, the above discussed su(m) PF spin chains with N number of lattice
sites and their supersymmetric generalization are related to the Ayx_; root system.
However, it is possible to construct exactly solvable variants of the PF spin chain
(4.1.1) associated with the BCy and Dy root systems [84,86,90]. One remarkable
feature of the Hamiltonians of the PF spin chains associated with the latter root
systems is that they contain reflection operators like S; (i = 1,..., N), which satisfy
the relation S? = 1 and yield a representation of some elements appearing in the
BCy or Dy type of Weyl algebra. In the special case when S; is taken as the
spin reversal operator P;, which changes the sign of the spin component on the i-
th lattice site, the partition functions of PF spin chains associated with the BCy
and Dy root systems have been computed by using the freezing trick via the direct
approach [91,107]. Furthermore, by taking reflection operators as supersymmetric

analogue of spin reversal operators (SASRO), partition functions of PF spin chains
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associated with the BCy root system have been computed by using the freezing

trick via the direct as well as indirect approaches [108].

However, it has been found recently that reflection operators can be chosen in more
general way than the above mentioned spin reversal operators and their supersym-
metric analogues. For example, choosing the reflection operators as such PSRO, new
exactly solvable spin Calogero models of BCy and Dy type have been constructed
and the partition functions of the related PF chains have also been computed by us-
ing the freezing trick via the direct approach [91,107]. Furthermore, exactly solvable
spin Calogero models of BC'y type have been constructed by taking reflection opera-
tors as SAPSRO [108]. The strong coupling limit of such spin Calogero models yields
a large class of BCy type of PF spin chains with SAPSRO, which can reproduce all

of the previously studied BC'y type of PF spin chains at certain limits.

In spite of the above mentioned developments on different variants of the BC'y type
of PF spin chains, it is not clear till now whether the spectra of these spin chains can
be described by some motif like objects related to the symmetry of these spin chains.
Furthermore, one may interesting ask whether there exist some one-dimensional
classical vertex models whose energy functions would generate the complete spectra
of these BCy type of PF spin chains. However it is known that, in the cases of
An_1 type of PF spin chains and their supersymmetric generalizations, multivariate
RS and SRS polynomials play a key role in solving such problems. Hence, as a first
step towards solving these problems for the case of BCy type of PF spin chains, at
present our aim is to construct the corresponding multivariate SRS polynomials and
explore some of their properties. Since all of the previously studied PF spin chains
of BCy type can be obtained by taking certain limits of the PF spin chains with
SAPSRO, it is expected that canonical partition functions of the later spin chains
would help us in finding out the general form of the BC)y type of multivariate SRS

polynomials. In this context it may be noted that, the canonical partition functions
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of the BCy type of PF chains with SAPSRO have been computed earlier by using the
freezing trick via the direct approach [108]. However it may be recalled that, for the
case of Ayx_; type of PF spin chains, partition functions obtained by using the above
mentioned procedure cannot be connected with the multivariate RS polynomials in
a straightforward way. Therefore, in this Chapter we shall derive a new expression
for the canonical partition functions of the BCy type of PF chains with SAPSRO
by using the freezing trick via the indirect approach, and subsequently use those

partition functions to construct the corresponding multivariate SRS polynomials.

The arrangement of this Chapter is as follows. In Sec. 2 we shall briefly review
some results of Ref. [108] which are relevant for our purpose, like the construction of
SAPSRO by using the BCy type of Weyl algebra and the method of generating PF
spin chains with SAPSRO from the related spin Calogero models by applying the
freezing trick. Furthermore, we shall describe the Hilbert space associated with the
BCy type of spin Calogero models with SAPSRO and the procedure of deriving the
spectra of these models by choosing a partially ordered set of basis vectors where the
corresponding Hamiltonians can be expressed in a triangular form. In Sec. 3, we shall
compute the grand canonical partition functions of the BC'y type of ferromagnetic
as well as anti-ferromagnetic spin Calogero models with SAPSRO, and expand those
grand canonical partition functions as some power series of the fugacity parameter to
obtain the corresponding canonical partition functions. Applying the freezing trick,
subsequently we shall derive novel expressions for the canonical partition functions
of the BCy type of ferromagnetic and anti-ferromagnetic PF chains with SAPSRO.
Inspired by the form of such partition functions, in Sec. 4 we shall define BC'y type
of homogeneous multivariate SRS polynomials and also find out the corresponding
generating functions. Using these generating functions, we shall show that the BC'y
type of SRS polynomials can be expressed as some bilinear combinations of the Ay _
type of SRS polynomials. Furthermore, we shall derive a set of recursion relations

for the partition functions of the BCy type of PF spin chains involving different

102



CHAPTER 4. SUPER ROGERS-SZEGO POLYNOMIALS

numbers of lattice sites and internal degrees of freedom.

4.2 BCy type of spin models with SAPSRO

It is well known that the BCy type of Weyl algebra is generated by the elements

like W;; and W;, which satisfy the relations

W2 =1, WiiWi = WaWij = WiWie,  WijWia = WiuWij ,
W2 = ]1, WZWJ = WjWi, szWk = WkWZJ s Wijo = WlWZ] s

)

(4.2.1)

where i, j, k, | € {1,2,--- N} are all different indices. Representations of this
Weyl algebra play an important role in constructing BC'y type of quantum integrable
spin models with long-range interaction. For the purpose of describing a class of
representations of the BCy type of Weyl algebra (4.2.1) on a superspace, let us
consider a set of operators like C’}La (Cja) which creates (annihilates) a particle
of species v on the j-th lattice site. These creation (annihilation) operators are
assumed to be bosonic when a € [1,2,....,m| and fermionic when o € [m + 1,m +

2,....,m + n|. Hence, the parity of these operators are defined as

m(Cjo) = m(Cl,) =0 for a € [1,2,....,m],

m(Cja) =m(Cl) =1lfora € [m+1,m+2,....,m+n|,
and they satisfy commutation (anti-commutation) relations given by

[Clas Crple =0, [C]

jaor

Cliﬁ]i =0, [ij C;Iﬁ]ﬁ: = 5jk5a5 , (4.2.2)
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where [C, D]y = CD — (=1)™™P)DC. Let us now consider a finite dimensional
subspace of the related Fock space, where each lattice site is occupied by only one
particle, i.e., z;njln C’;raC'ja =1 for all j € {1,2,---,N}. The supersymmetric

(mn)

exchange operator JSZ»J» is defined on such subspace of the Fock space as [42]

m+n
P = N 0f CliCisCla (4.2.3)
a,f=1

The supersymmetric exchange operator (4.2.3) can equivalently be expressed as an
operator on the total internal space of N number of spins, which is defined in the fol-
lowing way [65,108]. Let us denote such total internal space as S(mmalnine) where
mi, Mo, My, Mo are some arbitrary non-negative integers satisfying the relations
my +mo = m and ny + ny = n . The space X(mm2I"1m2) ig gpanned by orthonor-
mal state vectors of the form [sy, -+, s;,-++,sy), where s; = (s}, s7,s7) has three

components which take discrete values like s} = 7(s;) € {0,1}, s? = f(s;) € {0, 1},

and
{1,2,--- ,;mq}, if 7(s;) =0 and f(s;) =0,

»
oo
M

(4.2.4)

( (s:)
{1,2,--+ ,mao}, if m(s;) =0 and f(s;) =1,
{1,2,--- ,ny}, if n(s;) =1 and f(s;) =0,
( (s:)

{1,2,--- ,no}, if w(s;) =1 and f(s;

\

Hence, each local spin vector s; may be chosen in (m + n) number of different ways

and X(m1m2inin2) can be expressed in a direct product form given by

) (mi,malninz) — Cm+n ® Cm+n R---® Cm+n , (425)

~~
N

where Cy,+,, denotes an (m+n)-dimensional complex vector space. It is evident that
this X0mvm2lnin2) ig jsomorphic to the subspace of the Fock space, on which 13i(]-m|n)

(m[n)

in (4.2.3) is defined. A supersymmetric spin exchange operator P is defined on
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the space L(m1m2lnin2) aq
.Pigmln)|81, e 787;7” . 78j7' . 7SN> — (_1>aij(s)‘sl’. . ,8]‘, e 7Si7'. . 78N>7 (426)

where ay;(s) = m(s;)m(s;) + (w(s:) + 7(s;)) hij(s) and hy;(s) = 31—} 41 (k). From
Eq. (4.2.6) it follows that, the exchange of two spins with 7(s;) = n(s;) = 0 or
7(s;) = m(s;) = 1 produces a phase factor of 1 or —1 respectively. So we may call
s; as a ‘bosonic’ spin if s} = 7(s;) = 0 and a ‘fermionic’ spin if s} = 7(s;) = 1.
However, it should be noted the exchange one bosonic spin with one fermionic
spin (or, vice versa) produces a nontrivial phase factor of (—1)"i®) where h;;(s)
represents the number of fermionic spins within the i-th and j-th lattice sites. Using
the commutation (anti-commutation) relations in (4.2.2), it can be shown that pi(jmln)
in (4.2.3) is completely equivalent to P in (4.2.6) [65]. The action of SAPSRO
(denoted by P ™M)y ig defined on the space S(mimzininz) a5 [108]

P.(ml’mQ‘nth)‘Sl, SR PR 7SN> = (—1)‘)((81)

7

S1yc 4 Siy SN (4.2.7)

Hence, the second component of the spin s; determines its parity under the action
of SAPSRO. It is easy to verify that P (min) in (4.2.6) and P(m1 malnin2) iy (4.2.7)
respectively yield representations of the elements W;; and W; appearing in the BCy
type of Weyl algebra (4.2.1). These representations of the Weyl algebra can be used
to construct a large class of exactly solvable BC'y type of ferromagnetic PF spin

chains with Hamiltonians given by

1 — ptmin)q _ plmaimainine) 1_ P<m1 maln1,ny)
—~ | & - (& +&)
(4.2.8)

where # > 0 is a real parameter, & = /2y; with y; being the i-th zero point of the
generalized Laguerre polynomial L5, and f’i(]ml’mz‘”l’m) = Pi(ml’m2|m’"2)Pj(ml’mﬂm’m)P-(m'n).

It may be noted that, the Hamiltonian (4.2.8) can reproduce all of the previously
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studied BCy type of PF spin chains for some specific values of the discrete param-
eters my, mo, ny and ny. For example, in the presence of only bosonic or fermionic
spins, i.e., when either ny = ny = 0 or m; = my = 0, H™1m2"172) reduces to the
non-supersymmetric PF spin chain associated with PSRO [91]. In another special

case, where the discrete parameters in (4.2.8) satisfy the relations

mlzé(m%—wh),mgzé(m—em),nlzl n :%(n—e'ﬁ),

(4.2.9)
with €, = +1, m = m mod 2 and 7 = n mod 2, the exactly solvable Hamil-
tonian (which depends on the parameters m,n, e, €') of the BCy type of PF spin
chains with SASRO [101] can be obtained from H(™™m2mm2) through a unitary

transformation [108].

Applying the freezing trick, the Hamiltonians (4.2.8) of the BCy type of PF spin
chains with SAPSRO can be derived from those of BCy type of spin Calogero
models containing both coordinate and spin degrees of freedom. The Hamiltonians

of such spin Calogero models are given by

N (m|n) B(m1,mz|ni,n2)
a— P a— P
[ (mima[nin2) E CL_ _|_a§ iJ + ]
o2 - +
el 8 i 4 it (xij>2 (xij)2
N (m1,ma2ln1,n2)
a— P,
+Ba E b sz , (4.2.10)

1: ; - — + — 2 — WV 2
where a > 5 is a real coupling constant, z;; = z;—x;, ¥; = r;+x;and r* = Y )0z

The coefficient of the a? order term in the r.h.s. of (4.2.10) may be written as

Ux) =" [(%)2 + I Ziz TZ (4.2.11)

i)

2

Since this a? order term in H(™m2m1m2) dominates in the strong coupling limit

a — 00, the particles of this spin Calogero model concentrate at the minimum &
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of the potential U(x). Consequently, the coordinate and spin degrees of freedom of
these particles decouple from each other. Furthermore one can show that, within
the configuration space of the Hamiltonian (4.2.10), the coordinates &; of the unique
minimum & of the potential U(x) are given by & = +/2y;, where y;’s denote the
m1,ma|ni,nz)

zeros of the generalized Laguerre polynomial L?V_l [76]. Consequently, H

in (4.2.10) can be written in a — oo limit as
H(mima|ning) o o+ a H (m1malnine) , (4.2.12)

where H,. is the scalar (spinless) Calogero model of BCy type given by

H XN: O Ly (a—1)> L
sc — S5 T T ala— —
— 0x7 4 = L(z5) ()

} +Z% (4.2.13)

Thus the Hamiltonians (4.2.8) of the BCy type of PF spin chains with SAPSRO
emerge naturally from the strong coupling limit of the corresponding spin Calogero
models (4.2.10). Due to Eq. (4.2.12), the eigenvalues of H(m1m2nim2) gatisfy the

relation

(m1,mz|n1,n2) _ rosc (m1,m2|n1,n2)
Eimmann) o e g g glmimalmina) (4.2.14)

where £ and Ej(ml’mlm’n"’) are two eigenvalues of Hy, and H(™-72m1m2) yrespectively.
With the help of Eq. (4.2.14), one can derive an exact formula for the canonical
partition function Z](;]\l,’mﬂm’nQ)(T) of the BCy type of PF spin chain (4.2.8) at a

given temperature 7' as

Z(ml,m2|n1,n2) ((IT)
Z(m17m2|m,n2) T = i B,N
B,N (T) al_{glo Zon(al) ,

(4.2.15)

where Zg y(aT) and Zglj\l,’m'm’””(aT) represent canonical partition functions (at
the temperature aT") of the BCy type of spinless Calogero model (4.2.13) and spin

Calogero model (4.2.10) respectively.
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The BCy type of spinless Calogero model (4.2.13) is a well known exactly solvable

system with ground state wave function of the form
_ag2 “ “
p(x) = e Tl J]1a? —231°, (4.2.16)
i i<j

and ground state energy given by

Eo = Na(ﬁa a(N—1)+ %) . (4.2.17)

An exact expression for the canonical partition function of the BCy type of spinless

Calogero model (4.2.13) has been derived earlier as [84]

I
10— ¢)

J=1

ZB7N(CLT) = y (4218)

—1/(kpT

where ¢ = e ) and the contribution from the ground state energy has been

ignored without any loss of generality.

The exact spectrum of the BCy type of spin Calogero Hamiltonian (4.2.10) can be
computed by expressing it in a triangular form while acting on a partially ordered
set of basis vectors of the corresponding Hilbert space [108]. As found in the later
reference, the Hilbert space associated with this spin Calogero Hamiltonian is the
closure of the linear subspace spanned by the wave functions of the form

77Z)§ = 1/)51 ,,,,, SiyernsSgsesSN A(ml,m2|n1,n2) <¢r(X)|S>) : (4219)

T1yeeey Tiyeeey Tgyeeey TN

where r;’s are arbitrary non-negative integers, ¢x(x) = pu(x) [, 21, [s) = |s1,- -+, sn)

=11

represents an arbitrary basis element of the spin space X(m1m2lm1.m2) apd Almima(ninz)

is a completely symmetric projector related to the BCy type of Weyl algebra. It
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can be shown that ¢%’s in (4.2.19) satisfy the symmetry conditions

wsl,...,si,...,sj,...,sN _ (_1)a¢j(s) wsl,...,s]-,.,.,si,...,sN (422())

TR F I SN TlyeeesTGyeeesTiyees'TN )

and

8150184538 N (_1)T1+f(sl) 815004385y ySN (4221)

T1yeesTiyeres TN T1y-e5T45-TN 7

where «;;(s) is defined after (4.2.6) and 1 < i < j < N. Due to these symmetry
conditions, ¥¢’s corresponding to all possible values of r and s do not form a set
of linearly independent basis vectors for the Hilbert space associated with the spin
Calogero Hamiltonian H(™tm2lmm2) - However, ¢8's in (4.2.19) would lead to a
complete set of basis vectors if the following three conditions are imposed on the

possible values of r and s.

i) The lower index r in % is chosen in an ordered form which separately arranges

its even and odd components into two non-increasing sequences:

k ks
/—/g —
r = (re,vo) = (20y,...,20, ..., 2l,..., 2,
91 gt

O+ 1,200+ 1, 21, 20+ 1), (4.2.22)

where 0 < s, t < N, Iy >lp > ... >, >0and p > py > ... > p > 0. Since
any given r can be brought in the ordered form (4.2.22) through an appropriate
permutation of its components, one can choose this ordered form as a consequence

of the symmetry condition (4.2.20).

ii) The second component of s; corresponding to each r; is given by

0, forr; €re,
P=f(s) = (4.2.23)
1, forr; Er,.

This is a direct consequence of the symmetry condition (4.2.21).
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iii) If r; = r; for ¢ < j, then from Eq. (4.2.23) it follows that the second components
of the corresponding spins s; and s; must have the same value. In that case, one
can further apply Eq. (4.2.20) to obtain an ordering among s; and s;, by using
the rule 7m(s;) < 7(s;), and subsequently, for the case m(s;) = m(s;), by using the

rule s > 5% + 7(s;).

All ¢¢’s in (4.2.19), satisfying the above mentioned three conditions, represent a
set of (non-orthonormal) basis vectors of the Hilbert space associated with the spin
Calogero Hamiltonian in (4.2.10). If a partial ordering is defined among these basis
vectors like 18 > o, for |r| > ||, where |r| = SV, 7y, it can be shown that
Hmimzlninz) in (4.2.10) acts as an upper triangular matrix on such partially ordered

basis vectors:

HOmomalmnz) s = BEyi 4y " Copt (4.2.24)

e <[]

where Cp,’s are real constants, s’ is a suitable permutation of s and

E® = alr| + Ey. (4.2.25)

Consequently, all eigenvalues in the spectrum of H(mm2lnin2)

are given by EP in
(4.2.25), where the quantum numbers r and s satisfy the conditions i)-iii). Since the
r.h.s. of (4.2.25) does not depend on the quantum number s, E¥ has an ‘intrinsic
degeneracy’ which is obtained by counting the number of all possible choice of spin
degrees of freedom corresponding to a given r. By using the energy levels (4.2.25)
and corresponding intrinsic degeneracy factors, it is possible to directly compute the

canonical partition function Zglji,’mQ‘"l’"Z)(aT) of the spin Calogero model (4.2.10).

Furthermore, by inserting such expression of Zgl]@’mQ‘"l’nQ)(aT ) and Zp y(aT) given
in (4.2.18) to the relation (4.2.15), one can evaluate the canonical partition function

Zg?]i,’m'nl’m)(T) of the spin chains (4.2.8) [108].

However the partition functions of the BCy type of PF spin chains with SAPSRO,
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obtained in the above mentioned way, have a rather complicated form which can
not be expressed through the ¢g-multinomial coefficients in a straightforward way.
Hence, for the purpose of constructing BCy type of multivariate SRS polynomials,
in the next section we shall derive a new expression for the canonical partition
functions of the BCy type of PF spin chains (4.2.8) through the indirect approach.
More precisely, we shall first compute the grand canonical partition functions of the
BCy type of spin Calogero models with SAPSRO (4.2.10) and expand such grand
canonical partition functions as a power series of the fugacity parameter to obtain
the corresponding the canonical partition functions. Substitution of those canonical
partition functions to the relation (4.2.15) would lead to the desired expressions for

the canonical partition functions of the spin chains (4.2.8).

4.3 Partition functions of BCy type of spin mod-

els with SAPSRO

A remarkable feature of the grand canonical partition functions associated with the
An_1 type of spin Calogero models (with harmonic confining potentials) and their
supersymmetric generalizations is that such partition functions can be expressed as
some simple products of the corresponding ‘basic modes’. For example, the grand
canonical partition function Z(Amlo) of the m-flavor bosonic spin Calogero model can
be written through the corresponding basic mode, i.e., the grand canonical partition

function of the one-flavor (spinless) bosonic Calogero model as [40]
Z(m0) _ (Z(A”O))m . (4.3.1)

It is well known that, up to a constant shift of all energy levels, the spectrum of one-

flavor bosonic Calogero model of Ayx_; type coincides with that of the N number

111



CHAPTER 4. SUPER ROGERS-SZEGO POLYNOMIALS

of free bosonic oscillators. Dropping the zero-point energy of these oscillators and

using an identity given by

N
>k 1
Z =t =< (432)
k1 >ko > >k >0 (9)

the canonical partition function Z,(4 ‘0)( ) of such one-flavor bosonic Calogero model

with N number of particles can be obtained as

oy, v _ L~
Zyn(q) = On (4.3.3)

As a result, the corresponding grand canonical partition function may be expressed

as

200 = 3y 200 Z_(y (13.4)
N=0

N=0
where y = ¢~* (with p being the chemical potential) denotes the fugacity parameter.
Inserting this expression of Z(Al‘o) into Eq. (4.3.1), one can derive the grand canonical

partition function of the m-flavor bosonic spin Calogero model [40].

The grand canonical partition function of the su(m|n) supersymmetric spin Calogero
model of Ax_; type can also be written as the product of two types of basic modes
as [93]

zZym = (257)" (297" (4.3.5)

where Z(Xll) represents the grand canonical partition function of the one-flavor (spin-

less) fermionic Calogero model. By using the identity

N
k; - 1
Z qi;1 = qw N (4.3.6)

k1>ko>-->kn=0

the canonical partition function of such Calogero model with N number of particles
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can be derived as

Z0WN () =q 7 -, (4.3.7)

and the corresponding grand canonical partition function may be obtained as

o0 i N(N-1) 1

Z(Xm _ yNZgO,liz)(Q) _ § :qu . (4.3.8)
> (@)n
N=0 N=0

Inserting Z(Al‘o) in (4.3.4) and Zfll) in (4.3.8) into Eq. (4.3.5), one can derive the

grand canonical partition function of the su(m|n) supersymmetric spin Calogero

model of Ay_; type [93].

It may be noted that, grand canonical partition functions of the BC'y type of spin
Calogero models with SASRO have been computed earlier in Ref. [101]. Those
spin Calogero models with SASRO may be considered as some special cases of the
BC'y type of spin Calogero models with SAPSRO (4.2.10), since the former models
can be obtained from the latter ones by imposing the condition (4.2.9) and also
using a unitary transformation. However it has been found in the later reference
that, instead of only BC'y type of basic modes, both BCy and Ay_; types of basic
modes appear in the expressions of grand canonical partition functions of the spin
Calogero models with SASRO. Such a mixture of two different types of basic modes
in the expression of the grand canonical partition function is clearly not suitable
for our present purpose of constructing BCy type of multivariate RS polynomials.
In the following, our aim is to derive the grand canonical partition functions of the
BCy type of spin Calogero models with SAPSRO (4.2.10) as simple products of

only BCy types of basic modes.

In the previous section it has been mentioned that $’s in (4.2.19), with indices r
and s satisfying the rules i)-iii), represent a set of (non-orthonormal) basis vectors
of the Hilbert space associated with the spin Calogero Hamiltonian with SAPSRO

(4.2.10). While these rules for ordering r and s are very convenient for computing
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the canonical partition function of the Hamiltonian (4.2.10), they are not suitable
for computing the corresponding grand canonical partition function and they do
not uniquely follow from the symmetry conditions (4.2.20) and (4.2.21). Indeed, for
the purpose of computing the grand canonical partition function of the Hamiltonian
(4.2.10) from its spectrum, it is necessary to order at first the upper index s of 1%
in an appropriate way and subsequently find out the rules which the lower index r
should obey. Hence, instead of using the rules i)-iii), we order the indices s and r
of the state vectors (4.2.19) by using the following equivalent set of rules to obtain

essentially the same set of complete basis vectors:

1) Let us define the difference between two local spin vectors s = (s', 5%, s*) and

1 1

5= (5,5%5) as s — 5= (st — 5,5 — 5% s® — 5), and assume that s < 5 if the
first non-vanishing component of s — 5 is negative. Using the symmetry condition

(4.2.20), we order the index s = (s, 52, -+, sn) such that s; < s; for i < j.

2) If s; = s; for i < j, then by using (4.2.20) we order the components r; and r;

within r = (rq,72,- -+ ,7n) such that r; > r; + 7(s;).

3) Due to the condition (4.2.21), r; is taken as an even non-negative integer if

s? = f(s;) = 0, and 7; is taken as an odd positive integer if s? = f(s;) = 1.

As before, a partial ordering may be defined among these relabeled basis vectors as:
¢S > 43, for [r| > |r'|. It is evident that, in analogy with (4.2.24), the spin Calogero
Hamiltonian (4.2.10) would act as an upper triangular matrix on such partially
ordered basis vectors. As a result, all eigenvalues in the spectrum of H(m1-m2lnin2)

can equivalently be given by Ef in (4.2.25), where the indices r and s are ordered

by using the new set of rules 1)-3).

sts2 s

Next, we assume that the local spin s = (s',s% s%) occurs ~y ® times in the
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configuration s = (81, Sg, -+, sy). It is evident that N can be written as

N= Y 4 (4.3.9)

51,52 63

Using the condition 1), we explicitly order the configuration s as

s = (51,55, 53, 54) , (4.3.10)
where
S1 = (001),---,(001),------ , (00my), -+, (00my),
) ’7361 ’ 70?3;1
S :£011),~'- ,(011)1, ~~~~~ ,\(Olmg),-~~ ,(OlmZ)J,
7?)?1 ~01lma
S :£101),~-- ,(101)1, ------ ,\(10n1),~-- ,(10n1)1,
7‘161 A,?Orm
S4:\<111)7"' ’(111>7 """ 7\(11712)7"' 7(11n2)1- (4.3.11)
e 1ing

Let 77 55" he the local lower index corresponding to the i-th copy of the local

upper index s = (s', 5%, s%), where i € {1,2,---,7*****}. Due to the condition 2),

3
as

sls2s
i

we obtain a restriction on r
;T iy s (4.3.12)

where i € {1,2,---,7**>s" — 1}. Furthermore, by using the condition 3), we can

142 g3

express any r; " *° in the form

1.2

T‘f " 783 - 2]{3:1782’83 + 652,1 ’ (4313)

1 2 3 . . . . .
where k7 **% is a non-negative integer. Hence, the lower index r corresponding to
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the upper index s in (4.3.10) and (4.3.11) may be written as

r = (Rl, RQ, Rg, R4) ) (4314)
where
Rl = 2]{??01 koooh """ ;2k90m1 ' koggjnll )
7331 ,YO?):nl
Ry =2k + 1, 2K05h + 1, 2k 2k031’22 +1,
4 ) e ’
R3 == 2]?%01 k1101, """ 5 Qkiom, o kl?gnll )
,ﬁgl ,71‘0:7‘1
Ry=2ki" + 1, 2kML +1,--- - 2k 2k1}?32 +1 (4.3.15)
o e

Due to Egs. (4.3.12) and (4.3.13), we obtain a restriction on kfl’SQ’sg appearing in
Eq. (4.3.15) as
1.2 .3 1

k’;l’s ,83 ks ,5%,8 +s

i+1 ) (4316)

where 1 € {1727 .. ,751,32733 - 1}

Let us now try to evaluate the grand canonical partition function of the BC'y type of
spin CS model with SAPSRO (4.2.10). To this end, we note that |r| can be written

as
s1s253

BEEY Z (4.3.17)

sl 253 i=1
By using the above form of |r|, the expression of N given in (4.3.9) and the en-
ergy eigenvalue relation (4.2.25), we define the grand canonical partition function

associated with the Hamiltonian (4.2.10) as

A D DD DI LU PRI ER T

142 43 142 43
A LN P
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3

where the symbol 3 1.2, implies multiple sums over all At ranging from

. . . . 1 $2 43
implies restricted multiple sums over all r; ™"

0 to oo, the symbol Z{rt17t2’t3}>0
j =

(ranging from 0 to oco) which satisfy the conditions (4.3.12) and (4.3.13), and the
contribution from the ground state energy has been ignored as before. Using (4.3.13),

one can rewrite |r| in (4.3.17) as

s1s243

|r| _ Z {72 2]@51’52’33 n 582’1 731,52,33} '

51,6263 i=1

Inserting the above expression of |r| along with N given in (4.3.9) into Eq. (4.3.18),

we obtain

Z(m1 ,ma|ny,n2)
B

1,243 14243
{4t 331 >0 {k; St ,t}>0

1.2.3

s7,8%s

, v sl 263 _
. SOOI & T s

{,Ytl,tz,t3}>0 {kt_l,tQ,t3}>0 51,52 83
J

where Zgﬂl’m2|m’"2) = Zgnl’m2‘"1’n2)(aT, 1), and the symbol 3, 1,2 implies

(k) >0
restricted multiple sums over all k;l’tz’ts (ranging from 0 to oo) which satisfy the
condition (4.3.16). It is possible to express Z{™ ™™™ in (4.3.19) in a factorized

form like

Z(ml,m2|n1 n2)
B

1.2.3
s,87,8
AR 1.2.3
oo
6 Jystists® . X2k
= ” 5 q\os2 1 TRy E q =t , (4.3.20)
1 o2 o3 1.2.3 1 .2 .3 1 .2 .3
sl 52,89 rsls4s9 sl,s2s sl s?2s
TR =0 kl’ ok 3’132’,3320

. . . 1
123 __implies restricted multiple sums over the variables k]

where Z 51,5263 s
Ky vk 515243 20

2 .3

k§1’52’53, e kjllsQSS (ranging from 0 to oo) which satisfy the condition (4.3.16).
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Let us now rewrite Eq. (4.3.20) in the form

Z(gll,wwlm,nz) _ H (H Z;j’SQ’SS> ; (4.3.21)

sl s2 83

sts2,83 . .
where Z, is given by

s142.3
oo , s7,8%s
sl 32 8'5 _ s 92733 Z ka :
Z™" = Y ¢l > q = (4.3.22)
1,23 1 42 43 1 .2 43

Even though the above expression of Zg’SQ’SS implicitly depends on s; through the
condition (4.3.16) and explicitly depends on ss, it does not depend at all on the
value of s3. Consequently, by replacing each value of s3 with 1, we can express

Eq. (4.3.21) in a factorized form like
Z(énl,mg\nl,ng) _ {Z%O,l}ml {Z%I,l}mz {ZEO,I}TH {Zgl,l}fw . (4323)

For small values of the discrete parameters satisfying the condition my 4+ msy + ny +
ny = 1 (like my = 1,my = ny = ngy = 0), Eq. (4.3.23) leads to the relations

(1,0[0,0) __ 50,0,1 (0,110,0) __ 0,1,1 (0,01,0) __ r»1,0,1 (0,0[0,1) __ ~1,1,1
ZHO00) = 7001 7 01100) _ 7011 7 001L0) _ 7101 70001 _ 7111

(4.3.24a,b,c,d)
Hence, we can write the grand canonical partition function (4.3.23) of the BCy
type of spin CS model (4.2.10) completely in terms of the corresponding basic modes

as

Z(Bm1,m2|n1,n2) _ {Zg,om,o)} 1 {Zguo,())} 2 {Zgyou,o)} 1 {Zg,om,l)} 2 . (4‘3‘25)

Let us now try to evaluate the four BCy type of basic modes appearing in the above

relation. Using Eqgs. (4.3.24a) and (4.3.22), along with the condition (4.3.16) (for
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the case s' =0, s> = 0,53 = 1), we obtain

%) N
1 (1,0/0,0) N P 2k701
Yy q= .
N=0

k(1)01>k801>"' Zkf?\?l >0

Using the identity (4.3.2), the above equation can be written as

Z0000) — Z y (4.3.26)

Next, by using Eqs. (4.3.24b) and (4.3.22), along with the condition (4.3.16) (for

the case s = 0,s* = 1,s% = 1), we obtain

0 Al 9011
0 (0,1/0,0) N N 2 2k
Yy q q= .
N=0

k?11>k8112~-~ Zk?\,u >0

Again, using the identity (4.3.2), the above equation can be written as

0 (0,1]0,0) - N q
Y (4.3.27)

Next, by using Eqgs. (4.3.24¢) and (4.3.22), along with the condition (4.3.16) (for the

case s' = 1,52 =0,s® = 1), we obtain

N
Z(0 0[1,0) Z ” Z qi; 201 7

k101> k301> > KA1 >0

which, due to the identity (4.3.6), leads to

o0

Z{OD =37 N q (4.3.28)

N=0

Finally, by using Eqs. (4.3.24d) and (4.3.22), along with the condition (4.3.16) (for
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the case s' = 1,5 = 1,53 = 1), we obtain

0 ]zV: op111
0,0[0,1 > 2k}
2 =" Vg >, =
N=0 FUSENTS Sk >0
which, due to the identity (4.3.6), leads to
(0,0[0,1) f: N QN2
Z9n NN (4.3.29)
N=0 (¢*)n
The grand canonical partition function Zg”’m2|"1’"2) can be formally expanded as a
power series of the fugacity parameter y as
g = NN g (o). (4.3.30)

N=0

Inserting the expressions of the basic modes given in Eqgs. (4.3.26), (4.3.27), (4.3.28)
and (4.3.29) into the r.h.s. of Eq. (4.3.25), and comparing this r.h.s. of the latter
equation with that of Eq. (4.3.30), we obtain a new expression for the canonical

partition function of the BCy type of spin CS model (4.2.10) as

ma ny ng
Z bj"r Z Ck(ck—l)—‘rz dl2
Z(Mhmzlm,nz) T) — ¢! =t =1
B,N (a )_ mi me ni n9
o T g T T Tl T
i=1 =17 k=1 = =1 1=1 Jj=1 k=1 =1

a; >0, b;>0, ¢;>0, ;>0

(4.3.31)
Inserting the above expression of Z](;fl]i,’mQInl’m)(aT), along with Zp y(aT") given in
(4.2.18), into the relation (4.2.15), we also get a new expression for the canonical

partition function of the BCy type of ferromagnetic PF chain (4.2.8) as

mo nj ny
> b+ Y er(ce—1)+ 3 df
=1

m1,ma|ni,n (qQ) SR
ZJ(B,KI 2|n1 2)((]): Z — 2Nm2 — :
E‘l u.i?L% bj+7§ cpt 33 =N ljl(q )a l:ll(q )bj kl:ll(q )Ck ll:ll(q )dl
i=1 =1 k=1 =1 1= = = =

a;20, b;20, x>0, d; >0

(4.3.32)

120



CHAPTER 4. SUPER ROGERS-SZEGO POLYNOMIALS

where, for the sake of convenience, the variable ¢ is used (instead of T') as the
argument of 2,7](3"3\1,””‘"1 "2) Tt may be noted that, Z(m1 mamn2) () in (4.3.32) can be
rewritten by using the ¢?>-multinomial coefficients as

Ze" 0

Zb-l—zckck 1)+Zd2 N

- e (@ (bl 7 5

ma ny ng
> oait 3 b+ X cpt+ X dj=N
i=1 =17 k=1 0 =

a; >0, b]>0 cp =0, d; =0

where the notations {a}n,, = a1, ,amy, {b}my = b1, by, {Chny =1, oy

and {d},, = di, - ,d,, are used.

We like to make a comment here on the rather surprising appearance of both BC'y
and An_; types of basic modes in the grand canonical partition functions of the
BC'y type of spin Calogero models with SASRO, as found in Ref. [101]. Choosing
m as any odd number, n as any even number and taking two discrete parameters

m\n

as € = ¢ = 1, the grand canonical partition function Z; of the BC'y type of spin

Calogero model with SASRO has been computed in the latter reference as

—1

Zmin) _ 71000) {Zg\m} 2 {Z(X“)}Q , (4.3.34)

where we have used the notations of the present Chapter for all basic modes appear-
ing in the r.h.s. of the above equation. Since spin Calogero models with SASRO can
be reproduced from the more general class of spin Calogero models with SAPSRO
(4.2.10) by imposing the condition (4.2.9), it should be possible to obtain the grand
canonical partition functions of the former models from those of the later models
by imposing the same condition. If m is an odd number, n is an even number and
e = ¢ = 1, the condition (4.2.9) yields m; = (m 4+ 1)/2, my = (m — 1)/2 and

ny = ny = n/2. Substituting these values of my, mso, n; and ny in Eq. (4.3.25), and
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(m1,mz2|n1,m2)

also replacing the corresponding Z with the notation Zﬁ”'n), we find that

m—1

Z§T|n) _ Zg,mo,o) {Zg,mo,o)zg,uo,m} 2 {Zg,ou,o)zg,om,n}a . (4.3.35)

Equating the r.h.s. of Eq. (4.3.34) with that of Eq. (4.3.35), we obtain novel relations
like

ZS\O) _ Zg,O|O,O)Zg],1|O,O) Zf\l) _ Zg’o‘l’O)Z(g’O'O’l)

: (4.3.36a,b)

)

which connects the Ay_; and BCy types of basic modes associated with the grand
canonical partition functions of the corresponding one-flavor Calogero models. In-
serting the expressions on 19 in (4.3.4), Z(l 01004 n (4.3.26), and Z(O 10074 n (4.3.27)
into Eq. (4.3.36a), and comparing the coefficients of ¢V from both sides of the later

equation, we obtain a g-identity of the form

(4.3.37)

Similarly, inserting the expressions of Z} O n (4.3.8), Z00|1 9 in (4.3.28), and
Zg,om,l) in (4.3.29) into Eq. (4.3.36b), and comparing the coefficients of ¢ from

both sides of the later equation, we obtain another g-identity of the form

(N—2r)(N—2r+1)

= qf . (4.3.38)

—r

r=

One can easily verify that, for all possible choice of the parameters m, n, e and ¢, the
grand canonical partition functions of the spin Calogero models with SASRO [101]
can be reproduced in a similar way from Eq. (4.3.25) by using the condition (4.2.9)
and the relations (4.3.36a,b). Hence, the appearance of both BCy and Ay_; types
of basic modes in the grand canonical partition functions of the BCy type of
spin Calogero models with SASRO can be explained by employing the relations
(4.3.36a,b).
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It may be noted that, following a procedure similar to the case of BCy type of
ferromagnetic PF chain (4.2.8), one can also calculate the partition function of the

BC'y type of anti-ferromagnetic PF chain with Hamiltonian given by

1 + P(m|n) 1 _'_ ﬁ}(m17m2|nl:n2) (ml,m2|n1,n2)
ij i
2

N
~ 1+ P,
44 (m1,mzlni,nz) + J + 8 i
; (& —&)? (& +¢&5)? ; &

(4.3.39)
By using the freezing trick, the above Hamiltonian can be obtained from the BCy

type of spin Calogero Hamiltonian like

N (m|n) D(mi,ma|ni,n2)
~ 0%  a? a+ P a+ Py
H(m17m2|n1,n2) - + _7,.2 ta j] + 1]
; Oxf 4 ; (z7;)? (z75)?
N (m17m2|n1:n2)
a—+ P,
+Bay P — . (4.3.40)

i=1 ¢

Hence, we can derive an analogue of Eq. (4.2.15) as

~ Z(m17m2|n17n2) (CLT)
(m1,mz|n1,n2) 1 B,N
ZB,N (T) - ah—{{olo ZBJV(CLT) )

(4.3.41)

where Zvj(gz\l,’mﬂm’"” (T) and Zgﬁ;mﬂm’m) (aT') represent canonical partition functions
of the BCy type of anti-ferromagnetic PF spin chain (4.3.39) and spin Calogero
model (4.3.40) respectively. The Hilbert space of H(mim2lnin2) i (4.3.40) can be
obtained as the closure of the linear subspace spanned by the wave functions which
are quite similar to their ferromagnetic counterparts (4.2.19). More precisely, the

state vectors associated with the Hilbert space of H(mumalning) gre given by

U = ptessnesi — Amimzinunz) (6 (x)]s)) (4.3.42)

where the completely symmetric projector Amm2Imim2) in (4.2.19) is replaced by the
completely antisymmetric projector Almimzlnine) related to the BCly type of Weyl

algebra. Due to this change of the projector, the symmetry conditions (4.2.20) and
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(4.2.21) of the wave functions are now modified as

181 5es8isees8 50 SN (_1)aij(s)+1 &sl,...,sj,...,si,.‘.,sN (4343)

T1yeensTigeeesTjyees TN T1yeensTjyeeesTiyees TN )

and

708100038400y SN _ (_1>ri+f(si)+l 781 5eees805eySN (4'3'44)

T1yeeesTiyesTN T1lyeeesTiyesTN ?

where 1 <7 < 7 < N. Due to these modified symmetry conditions, it is possible to
obtain a set of (non-orthonormal) basis vectors for the Hilbert space of H (m1;mz|na,n2)
by ordering the indices s and r of the state vectors 12)5 in a suitable way. More
precisely, the rule 1) described in this section for ordering s in the ferromagnetic

case remains unchanged in the present case, while the rules 2) and 3) for ordering r

in the ferromagnetic case are modified in the following way:

2') If s;, = s; for i < j, then by using (4.3.43) the components r; and r; within

r = (11,72, ,ry) are ordered such that r; > r; + 1 — 7(s;).

3') Due to the condition (4.3.44), r; is taken as an odd positive integer if s? = f(s;) =

0 and r; is taken as an even nonnegative integer if s? = f(s;) = 1.

If one defines a partial ordering among the above mentioned basis vectors as: 1/?5 >

s, for |r| > |r/|, then H(mm2lnin2) in (4.3 40) would act as an upper triangular
matrix on such partially ordered basis vectors. Consequently, all eigenvalues in the
spectrum of H (mm2lnin2) gre given by E? in (4.2.25), where the indices r and s are
now ordered by using the set of rules 1), 2'), and 3'). Appropriately modifying the
procedure described in this section for the ferromagnetic case, in accordance with

this new set of rules, we find that the grand canonical partition function of the BCy

type of spin CS model (4.3.40) can be expressed as

z(Bm1,m2|n17n2) _ {ngo,o)} 1 {Zguo,())} 2 {Zgou,())} 1 {Zg,om,l)} 2 . (43.45)
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where the anti-ferromagnetic basic modes appearing in the r.h.s. of the above equa-

tion are related to their ferromagnetic counterparts as

Zg,om,o) _ Z(BE),O\O,I)’ Zg,uo,o) _ Zg,ou,o)’ Zg,ou,o) _ Zg,uo,o)’ Zg’o‘o’l) _ Z(B},mo,o)'
(4.3.46)

Expanding the grand canonical partition function (4.3.45) as a power series of the
fugacity parameter, we derive the corresponding canonical partition function as

m

1 mg ny
> ai+ Y bi(bi—1)+ Y ek
=1 k=1

~ i=1
Z}(;l]irymﬂm,m)(aT) _ Z — q — _ _ '
™ [1(¢%)a; I1(a)s, 11(a%)e, 11(4%)a,

mo ny ng
; b d;=N : :
i§1a1+j§1 ]+k§1ck+l§1 ! =1 7j=1 k=1 =1
a;20, b;20, cx=0, d; =0

(4.3.47)
Substituting this expression of Zgﬁiﬁm‘mm)(aT), along with Zp n(aT') given in
(4.2.18), to the relation (4.3.41), we finally obtain the canonical partition function

of the BCy type of anti-ferromagnetic PF chain (4.3.39) as

% “?Jr% bj(b;—1)+ %1: ck
ZV(BmJi[,mgmhng)(q) — Z (q )N . qlzl j=1 k=1

3 mi mo ni no *
meome o e [1(6%)as [T, TT(6%)er T1(0%)a,
i=1 ~ j=1" k=1 = I=1 i=1 Jj=1 k=1 =1

a; 20, b;>0, ¢x>0, d;>0

(4.3.48)

In the next section, we shall use the expressions (4.3.32) and (4.3.48) for the par-
tition functions of the BCy type of PF spin chains for the purpose of constructing

corresponding multivariate SRS polynomials.

125



CHAPTER 4. SUPER ROGERS-SZEGO POLYNOMIALS

4.4 SRS polynomials associated with BCy type

of PF spin chains

We have seen earlier that the homogeneous multivariate RS polynomial (4.1.3) is
closely related to the partition function (4.1.2) of the Ay_; type of su(m) PF spin
chain. Before starting the discussion on the BC'y type of homogeneous multivariate
SRS polynomial, let us briefly review the connection between the partition function
of the Ay_; type of su(m|n) supersymmetric PF spin chain and the corresponding
SRS polynomial [94]. The partition functions of the Ax_; type of su(m|n) super-

symmetric PF spins have been computed by using the freezing trick as [93]

by (by—1)

>

mln (Q) i
zZi = Y N D . (4.4.1)
é ‘”ﬂé e il;ll(Q)ai j:l(Q)bj

a; 20, bj >0

It may be noted that, in the absence of the fermionic spin degrees of freedom (i.e.,
for the case n = 0), ZX"A',”)(Q) reduces to Z%\),(q) in (4.1.2). Motivated by the form of
the partition functions (4.4.1), the Ay_; type of SRS polynomials have been defined
as [94]

HEXZL?)(@% q) = Z (q)n - qulf H x;‘z H (?;J)b ’ (4.4.2)

m n
> oa;+ 2 bj=N
i=1 | =1

a; 20, b; >0

(along with ]I-]Igfg")(:v?y;q) = 1), where x = 21,29, , Ty and ¥y = y1,Y2, " , Yn
represent two different types of variables. It is evident that the partition functions
(4.4.1) can be obtained from the SRS polynomials (4.4.2) as Zﬁﬁ\l,")(q) = ]I—]IXZ‘V’” (x =

1,y = 1;q). Moreover, for the special case n = 0, the SRS polynomial (4.4.2) reduces
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to its bosonic counterpart (4.1.3). By using the relation

(+1)
(= (-D'g = (q), (4.4.3)
the SRS polynomials (4.4.2) may be rewritten as
H("n'n) (ZL' . _ s x?i - (_qilyj)bj 4 4 4
SESCHE D DR OIS | ol | eyt (44.4)
i=1 (q)az j:1 (q )bj

m n
> ai+ 30 bj=N
i=1 j=1

a; >0, bj >0

The above form of the SRS polynomials can be obtained from a power series expan-

sion of the generating function given by [94]

min 1
Gy (@, y; q,1) = 0 : (4.4.5)

(75 @)oo - TT(—ta7 Y5507 ) oo
j=1

—3

)

Il
—_

where (t;q)o = 1 and (t;9); = (1 —¢)(1 —qt)--- (1 — ¢"'t) for I > 0. Indeed, by

using the identity [103]
tN

L i A (4.4.6)

(w2 @y

it is easy to check that the generating function in (4.4.5) can be expanded as a power

series of the parameter ¢ as

mln < HW (2, 3 9)
T 2,y t) = Y ’N(—) N (4.4.7)
N—0 qg)N

Inspired by the form of partition functions (4.3.32) of the BCy type of ferromagnetic

PF chains with SAPSRO, we define BCy type of homogeneous multivariate SRS
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polynomials of the first kind as

H%W‘“h"”(:ﬂ, T,Y,7;q)

mo ny no
Yobit el d Lg% I () Syt D ()4
_ 2 :(q2)N g k=1 =1 . | | i | | J H k
( (

2 2 2 2y’
A ey, W), U ey
3 oajt+ 30 b+ X cpt+ X di=N

i=1 =17 k=1 =1
a;20,b;20,¢,20,d; >0

(4.4.8)

(m1,ma2|n1,n2) _ _. _ - _
and set Hp (x,Z,y,7;q9) = 1, where x = x1, 29, , Tyy, T = T1, T2y, Ty

Y=Y1,Y2, " ,Yn, a0d Y = Y1, Y2, - , Yn, represent four different types of variables.
The partition functions in (4.3.32) can be obtained from these BCy type of SRS

polynomials as
Zgrmemns) () — g (p = 15 = 1,y = 1,5 = 1,q). (4.4.9)

In the absence of the fermionic spin degrees of freedom, i.e., for the case ny = ny = 0,
the BC)y type of SRS polynomials (4.4.8) reduce to that type of RS polynomials of

the form

HYW ™ (2, 350) =Y (q2)N.qj1'.H(i H(q?);' (4.4.10)

Interestingly, in another special case like m; = m, my = 0, ny = n, ny = 0, the
BC'y type of SRS polynomials (4.4.8) can be connected with the Ay_; type of SRS

polynomials (4.4.2) as
Hy " (@, y5.9) = HyN (2,5 6%) (4.4.11)

By using the relation (4.4.3), we express the BCy type of SRS polynomials (4.4.8)
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in a more compact form as

H%’”Z'Wk %, 9,7 q)
m1 a mo _\p, M n9
' ')J q yk q yz
— (4.4.12)

.Zlu.+z b +Z ck+z d;=
=
a;20,b; 20 Ck>0 dl>0

Let us now define a generating function of the form

ghmmelnm) (g z oy g t) = G (g, ) - G (35 0,1) - G5 (0, 1) - GV (500 ),

(4.4.13)
where
(m1) 1
G (wgt) = (4.4.14a)
=1
1
" (3, 1) = FE— (4.4.14b)
H(tqjjaq )oo
j=1
1
Ty q,t) = + , (4.4.14c)
IT(=ta2yr; 07 %)
k=1
(n2) [~ 1
G, (00, 1) = (4.4.14d)

IT(—=tq "1; %)

Expanding all terms appearing in the r.h.s. of Eq. (4.4.13) by using the identity
(4.4.6) and subsequently using the expression of the BCy type of SRS polynomials

given in (4.4.12), we obtain

oo H(m1 ma|ni,ng) .7 ~
G oy g ) = Y N (TR e )
N0 (¢*)n

Thus gj(gml’mQ‘"l’nZ)(x, T,y,¥;q,t) in (4.4.13) represents the generating function of the
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BCy type of SRS polynomials.

We have already seen in Eq. (4.4.11) that, in a particular case, the BCy type of
SRS polynomial can be expressed through the Ay_; type of SRS polynomial. For
the purpose of exploring such connection between the BCy and Ay _; types of SRS
polynomials in a general case, we use Eqs. (4.4.14a), (4.4.14c) and (4.4.5) to find
that

T (2q.8) - G (g g t) = G (2, 6 ). (4.4.16)

Hence, by using the power series expansion (4.4.7), we obtain

= HYW™ (2,55 ¢)
G (w1, 1) - G (.t = Y A t (4.4.17)
N1:0 (q )Nl
Next, by using Eqs. (4.4.14b), (4.4.14d) and (4.4.5), we find that
(TTLQ) t . (n2) (m2‘7’l2) o Aate 2 t 44 ]_8
2 (ZL' Q7) (?J CL) gA (xayaq7)7 ( . )
where T = ¢ -7 and § = ¢ - y. Hence, by using (4.4.7), we obtain
(m2) [~ (n2) - qumjiflgnﬂ( Y Q) N
Gy (T, 1) - G (T t) = ) 5 . (4.4.19)
N2:0 (q )NQ

Since H W ]@L *(z,7;¢%) is a homogeneous polynomial of the variables Z, ¢ of order

N5, the above equation can be rewritten as

[o¢] Ng
m — n q mao |1 —  —
G (@q.1) G (Frg ) = D o HY A (7,5 P (4.4.20)
N2:0 (q )N2

Inserting the series expansions (4.4.17) and (4.4.20) in Eq. (4.4.13), it is easy to find
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that

glromalmonz) (g 2y g, t)
K g (majmn) 2y rr(malna) )
mi1|n mo|n -
= 3OS o R ) B ) (4421
N=0 N;=0 1 1

Comparing the coefficients of " in the r.h.s. of (4.4.15) and (4.4.21), we finally

obtain a relation between the BCy and Ay_; types of SRS polynomials as

H(m1 ,malny,n2)

B,N (waay?g;%t)

N
— N min mo|n _
=) N (N1> HW (2, y:.6%) - HY™ (7,53 ¢7) , (4.4.22)
N1=0 q?

N

where the notation (]]\X) = [Nl,Nle

) } ) has been used.
q q

It may be noted that, even though the BCy type of partition function given in
(4.3.32) is rather complicated in form, it can be easily computed for arbitrary values

of N and for some small values of the discrete parameters my, mso, ny and no. In

particular, by using (4.3.32), it is easy to find that

Zon @) =1 253"V (@) =", 2N (@) = ", 20 = ¢
(4.4.23)
In this context it is interesting to ask whether there exists some recursion relations
such that, by taking the partition functions given in (4.4.23) as the initial condi-
tions, it is possible to compute Z](g]\l,’mlmm)(q) for arbitrarily values of the discrete

parameters mq, ms, Ny, Ny and N. To answer this question, we define a generating

function as
glmemalmena) (g gy = glmmamm) () p =1y =1,5=1;¢,¢).  (4.4.24)

Inserting x = 1, 2 =1,y = 1, g = 1 in (4.4.15) and also using (4.4.9), one can
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e (g, 1)

expand Gp in a power series of ¢ as

oo Z(ml ,ma|ni, n2)<q)
N

(Bm1,m2\n17n2 — Z t (4425)
=0

where it is assumed that Z(m1 marn2) () — 1 Therefore, GU™ ™) (¢ 1) may

be considered as the generating function for the partition function Zj (ml mzfninz) (q).

Next, by using Eqgs. (4.4.13), (4.4.14) and (4.4.24), we find that

g(Bm17m2|7L17n2) <q7 t)
- 1

At }™ {1t 6%) 00} - {(—t% a0} {(—tg T D)}

Consequently, this generating function satisfies a factorization relation given by

(Bml-‘rm’l,m2+m’2|n1+n’1,n2+n'2)(q’ t) _ g(Bml,mg\nl,ng)(q’t) ) (Bm’l,m’z\n’l,n;)<q’ t). (4426)

Expanding both sides of the above equation by using (4.4.25) and comparing the

coefficients of tV, we find that

N
Z(Br’rz]\lf—i—m’l,mg—&—mglnl—i-n’l,n2+n’2)(q) _ Z <N) 2Z}(Bnm]\l/nﬁ[\fn n2)(q) . Z(Byjl];l[;mélnllmé) )
q
(4.4.27)

Appropriately choosing the values of discrete variables m}, m}, n}, nin Eq. (4.4.27)
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and also using Eq. (4.4.23), we derive a set of recursion relations like

N
m ma|n1,n N mi1,ma(niy,n
Zé]b—&-l, 2|n1 2)<q) _ Z <N1) 2 Z(B,]\lf—ﬁ/‘l 1 2)((])7
q
N
Z(m17m2+1|n17n2) o N Ny Z(m1,m2\n1,n2)
B,N (¢) = Z N, "4 2BN-N (q),
q

N
mi,man n N — mi,ma|ni,n
Z(B,Ji/ 2|n1+1, 2)<q) _ Z ( ) 2 'qu(Nl 1)'21(3’]\1/_]3)1 1, 2)<Q),
q

N1=0 N
N o/N
Zprremet gy = % ( Nl) 2 LN ZGmalnna) gy (4.4.28)
N1=0 q

By using this set of recursion relations and also using the initial conditions in

Z(m1 ;mz|ni,nz)

(4.4.23), it is possible to compute Zj (q) for arbitrarily values of the dis-
crete parameters my, msg, ny, no and N. Furthermore, it is easy to check that,
all initial conditions appearing in (4.4.23) can also be derived from the recursion
relations (4.4.28) by using only one initial condition given by

2N (q) = b (4.4.29)

)

Next, we define BCy type of homogeneous multivariate SRS polynomials of the

second kind as

mr(m1,ma|ni,n2) - —.

HB,N (LL%?/#])

my ma ny - )
> ai+ 3 bi(bi—1)+ 3 ck 2%
=1 k=1 .

= Z(qz)N gt

my  mg ny ng

> oait+ 30 b+ 3 cpt+ 3 di=N

=1 s = =
a;20,b;>0,c;,20,d; >0

(4.4.30)

which is related to the partition function (4.3.48) associated with the BCy type of
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anti-ferromagnetic PF spin chain as
21(3"’1]\1[,7712\711,712)((]) — }ﬁlgﬁ;mﬂm,m)(l‘ =1,xz= 1,y = 17ﬂ =1; q) . (4_4'31)

Comparing (4.4.30) with (4.4.8), we find that BCy type of SRS polynomials of the

first kind and the second kind are related as
H(g’};mﬂm,nz)(% T, Y, J; CI) — H(Bﬁ\}mlmz,ml)(g, Y, T, T Q) . (4.4'32>

It may be noted that, by using Eqs. (4.4.32) and (4.4.22), one can easily derive
a relation between BC'y type of SRS polynomials of the second kind and Ax_;
type of SRS polynomials. Let us now try to find out the generating function for

va]I(Bn?}V’mQ‘m’"Q)(x, 7,y,¥;q), which would satisfy the relation

> x? j’ Y 7;
Gy 0,y g 1) = Y 2 LTy (4.4.33)

Using Eqs. (4.4.15), (4.4.32) and (4.4.33), it is easy to find that
Gy (1, 7y, 5 g, t) = G (5, y, 3, @ g, ). (4.4.34)

By using the above relation along with (4.4.13), we get an expression for this gen-

erating function as

Gt (o gy giq ) = G (0. t) - G (i t) - G (@3q,) - GV (50, 1)

(4.4.35)
where the factors appearing in the r.h.s. can be obtained from Eq. (4.4.14). Using
the x = ¥ = y = y = 1 limit of this generating function and following a procedure
similar to the ferromagnetic case, it can be shown that gj(;}\l,’mﬂmm)(q) satisfies a

relation exactly of the form (4.4.27). For some small values of the discrete parameters
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mi, Mg, Ny, ng, and for arbitrary values of N, Eq. (4.3.48) yields

~ ) -
ZeW0g) = ¢, 2330 (q) = "NV, 2000 g) = ¢V, 25NV () = 1.

(4.4.36)

Using these partition functions and an equation of the form (4.4.27) corresponding

to the anti-ferromagnetic case, we derive a set of recursion relations like

N
~ N .~
mi1+1,ma|ni,n mi1,m2z(ni,n
21(97]\1[—5- 2|n1 2)<q)zz <N) 'qu'Zé,ﬁ_zsrLl 2)(q)7
N1=0 1 q?
N
g(ml,mg+1|n1,n2) o N C Ni(N1-1) §(m1,m2|n1,n2)
BN (q) = Z N q B,N—N; (q)
N, =0 1 q?
N
- N -
mi,ma|ni+1,n mi,ma|ni,n
Z(B,]\lf 2|n1+ 2)<q):Z(N) 'qu'ZJ(B,]\lI—]ff‘ll 2)(q>7
N1=0 1 q?
N
g(ml,mg|n1,n2+l) o N Z"(ml,mg\nl,ng)
B,N (q) = Z N,/ " <B,N-N; (q) -
q

(4.4.37)

By using this set of recursion relations and the initial conditions given in (4.4.36)
(or, alternatively, a single initial condition of the form (4.4.29)), in principle it is
possible to compute géfﬁ’mzlm’"z) (q) for arbitrarily values of the discrete parameters
m1, Mo, N1, No and N. Indeed by using the symbolic software package Mathemat-
ica we have seen that, in comparison to the direct use of the expressions (4.3.32)
and (4.3.48), it is much more efficient to use the set of corresponding recursion
relations (4.4.28) and (4.4.37) to obtain explicit forms of the ferromagnetic and
anti-ferromagnetic partition functions as some polynomials of the variable q. Hence,
the set of recursion relations (4.4.28) and (4.4.37) might be useful in studying vari-

ous spectral properties like level density distribution and nearest neighbour spacing

distribution for the BCy type of ferromagnetic and anti-ferromagnetic PF chains.
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CHAPTER 5

Conclusion

In this thesis we compute the exact spectra and partition functions of some rational
quantum integrable systems like Dy type of spin Calogero models as well as PF spin
chains associated with PSRO, and BC'y type of spin Calogero models as well as PF
spin chains associated with SAPSRO. Furthermore, we construct some novel BCy
type of multivariate homogeneous SRS polynomials which are closely connected
with the partition functions of the BCy type of PF spin chains with SAPSRO and

investigate various properties of such SRS polynomials.

In the Chapter 2 of this thesis, we introduce the Dy type of spin Calogero model with
PSRO and its associated spin chain of HS type, namely the Dy type of PF chain
with PSRO. We solve the former model by finding a suitable (non-orthonormal)
basis of its Hilbert space on which its Hamiltonian acts triangularly. From the
spectrum of this model we are able to compute its partition function in closed form,
which yields the partition function of the spin chain via Polychronakos’s freezing
trick. More precisely, we show that the latter partition function can be expressed in
terms of the partition function of the type-A PF chain. Since the type-A partition
function can be efficiently evaluated by using a simple recursion formula, we are able

to exactly compute the spectrum of the Dy-type chain for relatively high values of
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N. In this way, we are able to study several global properties of the spectrum of
the latter chain. In particular, we provide strong numerical evidence showing that
its energy levels are a sequence of consecutive integers, and that its level density
becomes normally distributed when the number of spins tends to infinity. From
these facts we conclude that the spacings between consecutive levels of the unfolded
spectrum follows a “square-root-of-a-logarithm” distribution, characteristic of most

spin chains of HS type.

In the Chapter 3 of this thesis, we construct SAPSRO which satisfy the BCy type
of Weyl algebra and lead to a novel class of spin Calogero models as well as related
PF chains with reflecting ends. We compute the exact spectra of these BCy type of
spin Calogero models, by using the fact that their Hamiltonians can be represented
in triangular forms while acting on some partially ordered sets of basis vectors of the
corresponding Hilbert spaces. Since the strong coupling limit of these spin Calogero
models yields BCy type of PF chains with SAPSRO, we apply the freezing trick
to obtain the partition functions of this type of PF spin chains in a closed form.
We also derive a formula (3.4.5) which expresses such a partition function in terms
of known partition functions of several Ax type of supersymmetric PF spin chains,
where K < N — 1. By using this formula, we analyze statistical properties like
level density distribution and nearest neighbour spacings distribution in the spectra
of spin chains with sufficiently large number of lattice sites. It turns out that, in
analogy with the case of many other integrable systems with long-range interactions,
the level density of PF spin chains with SAPSRO follows the Gaussian distribution
and the cumulative nearest neighbour spacings distribution obeys the ‘square root

of a logarithm’ law.

In Chapter 3, we also show that the partition functions of the BC'y type of PF spin
chains with SAPSRO obey an interesting type of duality relation. To this end, we

consider a new quantum number which measures the parity of the spin states under
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the action of SAPSRO. It is found that the partition functions of these spin chains
satisfy an ‘extended’ boson-fermion duality relation (3.5.13), which involves not only
the exchange of bosonic and fermionic degrees of freedom, but also the exchange
of positive and negative parity degrees of freedom associated with SAPSRO. As an
application of this duality relation, we compute the highest energy levels of these spin
chains from their ground state energies. Moreover, we find that partition functions
of a large class of integrable and nonintegrable spin chains with Hamiltonians of the

form (3.5.14) satisfy this type of duality relation.

In Chapter 4 of this thesis, we derive the canonical partition functions of the BCy
type of PF spin chains with SAPSRO by employing the freezing trick via the indi-
rect approach, and subsequently construct the related BC'y type of homogeneous
multivariate SRS polynomials. More precisely, we compute the grand canonical par-
tition functions of the BCy type of ferromagnetic as well as anti-ferromagnetic spin
Calogero models with SAPSRO, and expand those grand canonical partition func-
tions as some power series of the fugacity parameter to obtain the corresponding
canonical partition functions. Applying the freezing trick, subsequently we derive
novel expressions for the canonical partition functions of the related BC'y type of PF
spin chains. Inspired by the form of such partition functions, we define BCy type
of homogeneous multivariate SRS polynomials and also find out the corresponding
generating functions. Using these generating functions, we show that the BCy type
of SRS polynomials can be expressed as some bilinear combinations of the Axn_;
type of SRS polynomials. We also use the above mentioned generating functions to
derive a set of recursion relations (4.4.28) and (4.4.37) for the partition functions
of the BC'y type of PF spin chains involving different numbers of lattice sites and

internal degrees of freedom.

It is worth noting that, the grand canonical partition functions of the BCy type

of spin Calogero models with SAPSRO are expressed as some simple products of
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only BCy types of basic modes in Eqgs. (4.3.25) and (4.3.45). Such expressions of
the grand canonical partition functions play an important role in our construction
of the BCy type of SRS polynomials. Even though the grand canonical partition
functions of the BC'y type of spin Calogero models with SASRO have been computed
earlier [101], it was found that both BCy and Ay_; types of basic modes appear in
the expressions of such grand canonical partition functions. Comparing our results
with this earlier work, we find novel relations like (4.3.36a,b), which connect the
basic modes of the Ay_; and BCy types of grand canonical partition functions and

also lead to interesting g-identities of the form (4.3.37) and (4.3.38).

The works done in this thesis suggest some possible future developments. Among
them, the most natural one would be to study the spin Sutherland (both trigonomet-
ric and hyperbolic) models of BCy, By and Dy type and their related spin chains
with PSRO and SAPSRO. Another interesting point is that, in Chapter 2 of this
thesis we determine the number of distinct energy levels of the Dy type of PF spin
chain with PSRO, showing that it is a second-degree polynomial in N, as is the case
with the PF chain of Ay_; type. For spin chains of HS type related to the Ay_; root
system, it is known [121] that the polynomial growth of the number of distinct levels
is a consequence of the fact that these models are equivalent to a Yangian-invariant
vertex model with linear energy function and polynomial dispersion relation. Our
results strongly suggest that this is also the case for the present model, a conjecture
which certainly deserves further study. In particular, the validity of this conjecture
would also point out at the existence of a suitable Yangian symmetry for both the
Dy-type spin chain and the spin Calogero model with PSRO, as is the case with
the rational and trigonometric Calogero—Sutherland models of Ayx_;-type and their

associated spin chains.

As we have discussed in Chapter 3 of this thesis, BCy type of PF spin chains

with SAPSRO do not exhibit global su(m|n) supersymmetry for arbitrary values
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of the related discrete parameters. However, for a particular choice of these dis-
crete parameters, SAPSRO reduce to the trivial identity operator and lead to the
su(m|n) supersymmetric Hamiltonian H ™m0 in (3.2.19). Curiously, we find that
the partition function of this (™" coincide with those of Ay_; type of su(m|n)
supersymmetric PF chain with Hamiltonian (3.4.7). Consequently, the spectrum of
HOm0) can be expressed through Haldane’s motifs as given in (3.4.8). It would
be interesting to find out whether some modification of these motifs can be used to
describe the spectra of BC'y type of PF spin chains with SAPSRO for other possible

choice of the related discrete parameters.

As has been mentioned earlier, in Chapter 4 of this thesis we derive a set of recursion
relations (4.4.28) and (4.4.37) for the partition functions of the BCy type of PF spin
chains involving different numbers of lattice sites and internal degrees of freedom.
In this context it may noted that, another type of recursion relations, involving
different numbers of lattice sites and fixed values of the internal degrees of freedom,
have been computed earlier for the partition functions of the Ay_; type of PF (resp.
supersymmetric PF) spin chains and the corresponding RS (resp. SRS) polynomials
[62,94,102,128]. The later type of recursion relations play a key role in expressing the
spectra of the Ax_; type of PF spin chains and their supersymmetric generalizations
through the motifs and in constructing the related one-dimensional vertex models.
Therefore, it would be interesting to investigate whether the BCy type of SRS
polynomials studied by us also satisfy the later type of recursion relations, involving
different values of N and fixed values of the internal parameters m;, ms, n; and
ne. By using such recursion relations, it might be possible to describe the spectra
of BCy type of PF spin chains with SAPSRO through some motif like objects
similar to the case of Ay_; type of spin chains. Furthermore, it might be possible
to construct some one-dimensional classical vertex models whose energy functions

would generate the complete spectra of these BCy type of PF spin chains.
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