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SYNOPSIS

This is an exciting era of particle physics, the most powerful accelators ever built are

now exploring physics at scales and distances never probed before. The theory which

describes the physics of elementary particles, known as the Standard Model (SM) has

been very successful so far. Over the last few years the predictions of the SM have been

well tested in di↵erent experiments. The last and the most wanted missing piece of the

SM, the Higgs boson, has been discovered at the Large Hadron Collider (LHC) recently

in early 2012. With the advancement of the detector technology, it has been possible

to study the predictions of the SM to a very high degree of precision at the hadron

colliders like Tevatron and LHC. To match the precision of the experimental data, very

precise and accurate predictions are needed from theoretical side. Precise predictions

for the SM processes are important as the quantum corrections are often very large.

In spite of its tremendous success, SM is not complete on many accounts. There are

hints from theoretical questions, such as the hierarchy problem as well as experimental

observations, such as the neutrino mass, existence of dark matter etc., to expect new

physics beyond the SM (BSM). SM successfully decribes three forces viz. the strong

force, the weak force and the electromagnetic force through the gauge group SU(3)c ⌦
SU(2)L⌦U(1)Y . SU(3)c describes the color group of Quantum Chromo Dynamics (QCD)

where the interactions of strongly interacting particles (quarks and gluons) are described.

v
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SU(2)L⌦U(1)Y gauge group describes the electro-weak sector of the SM. After the electro-

weak symmetry breaking through the Brout-Englert-Higgs mechanism this gives three

massive gauge bosons of weak interaction and one massless gauge boson- the photon of

electromagnetic interaction. Gravity on the other hand is excluded from the SM. The main

reason behind this, is the large scale hierarchy between the gravity scale or Planck scale

and the electro-weak scale, commonly known as the hierarchy problem. Many solutions

have been proposed over the past few decades to address this issue. Extra-dimensional

models which predict the existence of a spin-2 graviton could be an interesting solution

which can be tested at the LHC energies.

LHC collides protons with protons at high centre-of-mass energies and luminosities and

can scan a large energy range, hence it is an ideal discovery machine. The observables

like cross-section, distributions etc., su↵er from large QCD radiative corrections. These

QCD corrections are needed to take into account for precise prediction of any result.

Precise measurements are needed not only to test the SM more accurately, to probe its

gauge structure but also any deviation from the SM prediction can lead to potential

BSM signature. In addition, they are essential to reduce the theoretical uncertainties

arising from the missing higher order quantum corrections through the renormalisation

and factorisation scales. This necessitates the calculation of observables to a very high

degree of accuracy in the SM and the BSM physics. SM and the BSM scenarios are

mostly based on the perturbation theory where the scattering amplitudes are expanded

to an infinite series in powers of coupling constant. Since QCD strong coupling constant

dominates over the weak and electromagnetic couplings, it has the most pronounced e↵ect

at hadron colliders like the LHC. Therefore the perturbative amplitudes are expanded in

terms of strong coupling constant to an infinite series. The first term of this series is

known as the leading order (LO), next one is the next-to-leading order (NLO) and so on.

The LO approximation fails to make accurate predictions of observables at the hadron

colliders, whereas a tiny deviation from the SM result could lead to the signature of new
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physics. Therefore NLO, NNLO or in some cases even N3LO corrections are needed to

have precise description of observables.

The main theme of this thesis is to explore theoretical and phenomenological aspects

of spin-2 particle at the LHC. In particular, the focus is kept on the extra dimensional

theories that can incorporate gravity with the SM. Analyses are performed at LO, NLO

and NNLO level, employing simulations and computational tools to directly link theories

with experimental data.

To address the hierarchy problem Randall and Sundrum proposed a model named

as RS model based on the warped 5-dimensional space-time. Only gravity is allowed to

explore the full space-time, whereas SM fields are confined to the usual 4-dimensional

3-brane. The e↵ect of gravity on the 3-brane is realized through a tower of Kaluza-Klein

(KK) excitations. Due to the exponential warping, the Planck scale could be of the or-

der of the electroweak scale thus solving the hierarchy problem. These KK states couple

universally to the SM fields. Their signature could be observed in di-final scattering ampli-

tudes viz., di-photon (��), di-lepton (`+`�), di-electro-weak gauge bosons (ZZ, W+W�),

di-jet etc., as well as in triple neutral gauge bosons productions ���, ��Z, �ZZ and ZZZ,

through the virtual KK graviton exchange. The LO predictions for cross-section or dis-

tributions are not adequate to make precise prediction. Therefore NLO corrections have

to be considered for these processes. While NLO accuracy is good enough to predict the

cross-section to a good accuracy, some kinematical distributions are not well described

by the fixed order NLO computation. This happens due to extra QCD radiations from

initial or final legs of the scattering amplitudes. Particularly the soft region of some

kinematical variables su↵ers from such extra QCD radiation and gives unreliable distri-

butions which can not be compared to the experimental outputs. For example, the total

transverse momenta (PT ) of the di-photon pair in case of di-photon production at fixed

order NLO computation diverges in the soft region. These e↵ects of extra soft radiations

can be included at the NLO level using a Parton Shower (PS) monte carlo algorithm.
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Combining NLO along with PS would make the final state more realistic to be compared

with experimental situation. This thesis includes all the important color-neutral di-final

state productions ��, `+`�, ZZ and W+W� in the RS model at NLO+PS accuracy. NLO

results are matched to the HERWIG PS at the MC@NLO formalism. For the first time

the MC@NLO formalism have been used for these processes in the RS model. Di↵erent

kinematical distributions have been presented along with flexible kinematical cuts. Based

on the �� and `+`� channels a search sensitivity is presented for the search of RS KK

states at the LHC. All the codes are automatized and are publicly available at the website

http://amcatnlo.cern.ch to be used in the analysis at the LHC. These codes are flex-

ible enough to be used for any centre-of-mass energy or any cuts which would be useful

in the upcoming LHC runs.

This thesis also includes the study of triple neutral gauge boson production processes

within the RS model. Triple neutral gauge bosons final states are also phenomenologically

important, as they could e↵ectively participate in interesting new physics searches at the

TeV scale. In the SM, the triple gauge boson processes serve as potential backgrounds to a

number of new physics signals coming from di↵erent BSM scenarios. For example, the SM

��� process is a background to single photon production, together with one techni-pion

in technicolor model, whereas ��Z process in the SM is a background to the signal with

di-photon plus missing energy in gauge-mediated supersymmetric theories. Moreover the

tri-gauge final state provides the measurement of quartic gauge couplings, which can be

used to test not only the electroweak sector of the SM but also to probe any new physics

beyond the SM. In this thesis the neutral triple gauge bosons productions are considered

at the LO level merged to one extra jet. In LHC, additional jets are often produced from

initial state radiation and can alter the LO predictions for relevant observables. Generally

these additional jets are simulated using PS monte carlo. But these QCD radiations in

the PS programs are generated in the soft and collinear approximation based on Sudakov

form factors. The widely separated and hard emissions are not well-described in the PS

http://amcatnlo.web.cern.ch/amcatnlo/
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approach, whereas the fixed order tree level amplitudes can provide reliable predictions in

the hard region, but it fails in the collinear and soft limits. Therefore it is also essential

to take into account the tree level amplitude containing additional jets. Both descriptions

have to be combined in an appropriate matching method by avoiding double counting or

gaps between samples with di↵erent multiplicity. The fixed order merging approach gives

a better description of the region of hard and well separated jet, whereas the parton shower

takes care of the infrared region correctly. These merged-matched events provide a real-

istic framework to be compared to the experimental outcomes. This thesis contains the

production of neutral triple electroweak gauge bosons in warped extra dimension model

at the LHC, i.e., PP ! V1V2V3 X, where Vi = �, Z and X denotes some hadronic final

states. The study of these processes in the RS scenario bears much importance, as their

contributions in searching new physics using the triple gauge boson productions are unde-

niable, particularly in distinguishing physics arising from the potential BSM candidates

like supersummetry or technicolor. Event samples for PP ! V1V2V3 and PP ! V1V2V3+j

have been merged for better prediction of the distributions. Any final state Z bosons are

decayed leptonically. It is observed that the addition of the extra jet gives harder distri-

butions compared to the un-merged sample. To make theoretical prediction closer to the

experimental situation, the merged events have been matched to PYTHIA6 parton shower.

All these computations have been carried out in the MADGRAPH5 AMC@NLO framework

which provides a nice interface to merge event samples of di↵erent jet-multiplicity and to

link to parton shower programs for proper matching. Numerical results of some selective

di↵erential distributions for a set of kinematical variables have been presented for the

merged samples. Using the ��� channel an estimate of signal over background events has

been provided for 100 fb�1 luminosity at the LHC.

The processes with missing energy associated with a SM particle can also give signif-

icant information about new physics. Particularly, the jet+missing energy is one impor-

tant process studied at the LHC to look for BSM signature like dark matter in simplified
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models. A massive spin-2 particle which goes undetected could be an important dark

matter candidate. The NLO correction for this process in large extra dimension model

is known to have large QCD corrections, it could be as large as 50% and su↵ers from

large scale uncertainties. Therefore a full NNLO correction is important for such process

to have accurate prediction of cross-section and distributions and also to have the scale

uncertainties under control. Although the gluon-gluon (gg) initiated sub-process is the

dominant contribution at the LHC, as the perturbative order increases, the other sub-

processes like the quark-anti-quark (qq̄) and the quark(anti-quark)-gluon (q(q̄)g) begin

to contribute significantly. In fact, for full NNLO correction to spin-2+jet, one needs to

have the virtual contributions from all the sub-processes, the real-virtual piece and the

pure real corrections. This thesis includes the two-loop virtual QCD correction to the

process massive spin-2 ! q + q̄ + g. After appropriate analytical continuation of the

kinematical variables to the respective regions, the result can be used for other scatter-

ing sub-processes viz. q + q̄ ! G + g and q(q̄) + g ! G + q(q̄), where G denotes the

spin-2 field. Feynman diagrammatic approach has been employed to achieve the goal. As

expected, the computation becomes very tedious not only due to the presence of a large

number of Feynman diagrams but also due to the involvement of a spin-2 tensorial cou-

pling. In-house codes and state-of-the-art techniques, in particular, Integration-by-parts

and Lorentz-invariance identities, are employed extensively to execute the computation

successfully. The Lorentz, Dirac and color algebra are performed in a systematic way.

The bare matrix elements contain ultraviolet (UV) as well as infrared (IR) divergences.

The strong coupling constant renormalization is su�cient to make it UV finite. No extra

UV renormalization is required for the spin-2 coupling as a consequence of the conserved

SM energy-momentum tensor through which it couples universally to the SM fields. The

UV finite matrix elements exhibit poles of infrared origin in dimensional regularization.

The resulting infrared pole structure ensures the universal factorization property of QCD

amplitudes even in the presence of spin-2 field. This serves a crucial check on the correct-
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ness of the computation. The result presented here is an important piece, which can be

used for full NNLO calculation of real graviton production associated with a jet.
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1
INTRODUCTION TO THE STANDARD

MODEL

1.1 A brief history towards the Standard Model

We are living in an interesting era of particle physics. We have the largest collider- the

Large Hadron Collider running perfectly. It has already given interesting results in it’s first

phase of run (Run-I). Recently it is running with higher energy (13 TeV) and luminosity

with the hope to explore the properties of the elementary particles in more detail and

to shed some light into new physics. The theory of elementary particles is described by

the Standard Model (SM). The development of the SM started with the advancement of

theoretical ideas and experimental verification around 1960s.

Prior to accelerators, Rutherford had shown that atoms have relatively tiny but mas-

sive nuclei. By the mid 1930s, protons, neutrons and electrons provided the building blocks

of all matter, the understanding of the fundamental structure of matter seemed almost

complete. But some questions remained unanswered, like what holds protons together

to form a nucleus; or, what causes radioactive decays to produce alpha, beta, gamma

rays etc. To study the nucleus and the interactions of neutrons and protons, we needed

1
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accelerators that can make scattering experiments at high energies as well as we needed

a well-defined mathematically formulated theory. Around 1960s, accelerator experiments

had revealed that the world of particles is very rich, many more particle types similar to

protons and neutrons (called baryons) and a whole new family of particles (called mesons)

were discovered. Physicists realized that their previous understanding, where all matter is

composed of the fundamental protons, neutrons, and electrons, was insu�cient to explain

the myriad of new particles being discovered. Thus theoretical ideas were developed and

experimental findings backed those ideas and played important role to construct and test

the theory of elementary particles which is now known as the SM.

In 1948 Feynman [3,4], Schwinger [5,6], Tati and Tomonaga [7,8] created the covariant

theory of Quantum Electrodynamics (QED) which describes the interactions of photons

with fermions. In subsequent few years, several important theoretical ideas were devel-

oped. For example, the Ward identity [9] in QED, the invention of renormalization group

by Stukelberg, Gell-Mann etc. all [10, 11] in 1953, non-abelian gauge theory by Yang

and Mills [12] in 1954, to name a few. In 1957, Salam [13], Lee, Yang [14], Landau [15]

proposed the two-component theory of neutrinos i.e. neutrinos are either left-handed or

right-handed. This was crucial to measure the structure of weak-current. At the same

time, experiments showed some interesting results. Parity violation in weak decays was

observed [16] by Wu in 1957 motivated by theoretical review [17] by Lee and Yang. Reines

and Cowan confirmed [18] the detection of anti-electron neutrino (⌫̄e) in 1959 and so on.

The interplay between theory and experiments continued. In fact around 1960s there

was a revolution in the field of particle physics. Feynman, Gell-Mann [19], Marshak and

Sudarshan [20] and Sakurai [21] proposed the universal V -A type interaction for the weak

force. Gell-Mann [22] and Zweig [23,24] put forth the idea of quarks to explain the newly

discovered mesons and baryons from the accelerator experiments. They proposed three

quarks viz. up, down and strange with spin 1/2 and electric charges 2/3, �1/3, �1/3
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respectively. At the same year, Glashow and Bjorken [25] proposed a partner for strange

quark and named as charm quark which was discovered later. In 1961, Goldstone pre-

dicted [26] the massless Goldstone bosons if Lagrangian is spontaneously broken. Later

in 1964, Higgs [27], Englert and Brout [28], Guralnik, Hagen and Kibble [29] proposed an

example of field theory with spontaneous symmetry breaking but no massless Goldstone

bosons, rather the degrees of freedom is used to generate masses for vector bosons, which

is now known as the Brout-Englert-Higgs mechanism. In 1965 Greenberg [30], Han and

Nambu [31] introduced the idea of Color charge for the strong interaction. Along the road,

Weinberg [32] and Salam [33] proposed in 1967, a theory to unify electromagnetism and

weak interaction. The unified theory is known as the electro-weak theory which proposes

two charged W± bosons which explains the beta decay along with the existence of one

new neutral Z boson.

The linear accelerator of electrons at Stanford took the first clean look inside the

atomic nucleus in 1968 and discovered that what we know as protons and neutrons are

actually made of quarks. This was the first evidence of the quarks as proposed by Gell-

Mann and Zweig. Later in 1969 Feynman and Bjorken analyzed the data from SLAC and

proposed the Parton model [34–36] to describe the structure of proton although they did

not use the name ‘quark’ for the constituents of the proton. They calculated that roughly

half of the proton momenta is carried by quark type partons whereas other half is carried

by gluons- carrier of the strong force. A quantum theory for the strong interaction is

formulated with quarks and gluons similar to the QED. Quarks and gluons are colored

charged and thus it is named as Quantum Chromo Dynamics (QCD). In 1973 Politzer [37],

Gross and Wilczek [38] proved the asymptotic freedom of strong interaction. The electro-

weak interactions along with the inclusion of strong force now form the theory which is

known as the SM.

Although the theoretical set up for the SM was almost complete by the year 1974,
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still the predictions of the SM were yet to confirm. In 1974 a new particle J/ was

discovered [39, 40] which is a bound state of charm-anti-charm quarks confirming the

existence of the charm quark. In 1977 a new quark was discovered through the discovery

of a new meson ⌥( a bound state of bb̄) in Fermilab, which is called bottom quark. Since

quarks come in pairs, this demands the existence of a sixth quark- the top quark. In

1983, the weak bosons i.e. W± and Z are discovered in UA1 [41, 42] and UA2 [43, 44]

experiments. They predicted the W± mass, MW = 81±5GeV which is in good agreement

with the SM prediction. In 1995 CDF [45] and D/0 [46] experiments found the top quark.

Finally the last missing piece of the SM, the Higgs boson has been discovered at the LHC

by ATLAS [47] and CMS [48]collaborations in 2012.

1.2 Standard Model in a nutshell

The SM contains 12 elementary fermions which are broken into three classes formed out of

quarks and leptons. There are six quarks, oddly named up, down, charm, strange, top and

bottom. Out of the leptons, the most familiar is the electron. There are two other charged

leptons, called muon and tau. There are also some electrically neutral leptons called

neutrinos. Neutrinos originate in nuclear reactions through the weak decays. They rarely

interact with matter due to their weak interactions. For each of the 12 regular particles,

there are another 12 anti-particles, there are anti-neutrinos, anti-muons, anti-up quarks,

and anti-electrons etc. In addition to the particle content, the SM also includes three

forces that govern the behavior of matter. These forces are electromagnetism, the strong

force and the weak forces. These forces are governed through the exchange particles:

photons, gluons, Z bosons, and W± bosons. Gravity is currently not included in the

standard model and it will be the subject of discussion in this thesis.

The SM also contains another important particle– the higgs boson, which is the only
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scalar particle present in the SM. Higgs Boson is responsible for giving mass to all the

SM particles.

Figure 1.1: The full particle content of the Standard Model [1].

1.3 Standard Model as a gauge theory

Gauge symmetry plays an important role in constructing the Lagrangian for the funda-

mental forces. The basic idea of gauge symmetry is that if we start with a quantum

field theory of a free matter field and promote a global symmetry to a local one, then we

automatically get interaction between the matter fields with spin-1 bosons. For example,

let us consider the Lagrangian for a massive free fermion,

Lfree =  ̄(i/@ � m) (1.1)

Now this Lagrangian is invariant under a global phase transformation i.e. U(1) symmetry.

 !  
0
= exp(i↵) . (1.2)
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Let us impose a stronger requirement i.e. if we consider a phase transformation which

depends on the local space-time,

 !  
0
= exp(i↵(x)) (1.3)

then the Lagrangian 1.1 is no longer invariant. However the gauge invariance can be

restored if we make the following replacement

@µ ! Dµ = @µ + ieAµ (1.4)

The physical properties must not depend on the phases of the fields. Thus the e↵ect of

the local phase change in  is compensated by the introduction of a gauge field Aµ. As

a result the free Lagrangian now becomes,

L =  ̄(i /D � m) 

=  ̄(i/@ � m) � e ̄ /A(x) 
(1.5)

Under the gauge transformation, the field Aµ transforms as

A
0

µ(x) = Aµ(x) � 1

e
@µ↵(x) (1.6)

The field strength of the gauge field Aµ is given by

Fµ⌫ = @µA⌫ � @⌫Aµ (1.7)

Dµ in Eq. 1.4 is called the covariant derivative which transforms as

Dµ ! exp(i↵(x))Dµ (1.8)
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This local phase transformation is an example of the Abelian gauge theory. With the

inclusion of the kinetic term of the gauge field, the Lagrangian represents QED and is

given by

LQED = �1

4
Fµ⌫F

µ⌫ +  ̄(i/@ � m) � e ̄ /A (1.9)

The last term in the Lagrangian comes due to the demand of gauge invariance of the

theory which describes the interaction of the gauge field with the fermions.

This idea has been generalized to non-abelian cases in order to describe the Weak and

Strong forces which corresponds to the SU(2)L and SU(3)c gauge groups respectively. We

see that to enforce the invariance of the Lagrangian under a local gauge transformation,

it is necessary to introduce vector fields. In case of SU(2)L we will need three such gauge

bosons which are actually two W± bosons and one Z boson, whereas in case of SU(3)c

there are eight such colored gluons. The electromagnetic and the weak forces in the SM,

are unified through SU(2)L ⌦ U(1)Y gauge theory. The fermions which are represented

as four-component Dirac fields ( ), can be split, in the chiral representation, into two

separate pieces for the left-handed and right-handed fermions:

 L =
1 � �5

2
 ,  R =

1 + �5
2

 (1.10)

The left handed charged fermion together with left-handed neutrino form a doublet under

the SU(2)L. Similarly, left handed up-type quark and left-handed down-type quark form

a quark doublet under the SU(2)L. However, the right-handed fermions (or quarks)

transform as singlets under the same gauge group.
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1.3.1 Spontaneous Symmetry Breaking

In physics, symmetries play important roles; studying the symmetries of the system (La-

grangian), a lot of information can be obtained. Noether provided an important theo-

rem [49] to particle physics by studying the symmetries and conserved quantities. Accord-

ing to the Noether’s theorem, if there is symmetry in a Lagrangian then there must be

some conserved quantities. For example, space translation symmetry gives conservation

of energy, rotational symmetry gives conservation of angular momentum etc. Actually,

Noether’s theorem is a consequence of the invariance of both the Lagrangian and the

vacuum of the theory. However there could be cases where the Lagrangian is invariant

under a symmetry but the vacuum is not. In such a case the symmetry is broken. Let us

consider the Lagrangian for a real scalar field,

L� =
1

2
(@µ�)(@µ�) � 1

2
µ2�2 � 1

4
��4 (1.11)

with � > 0 to guarantee that the Hamiltonian is bounded. This Lagrangian is invariant

under the transformation � ! �� which is a discrete Z2 symmetry to the Lagrangian.

Now if µ2 > 0, then the vacuum expectation value (VEV) h�i0 = 0, and thus the

vacuum is also invariant under the symmetry. However, if µ2 < 0, then the vacuum is no

longer invariant under the symmetry. In fact the VEV is found to be

h�i0 = ±
r

�µ2

�
= ±v (1.12)

Clearly the vacuum is degenerate (see Fig. 1.3.1). But once the choice is made for the

vacuum, the symmetry is then told to be spontaneously broken since the Lagrangian is

invariant but the vacuum is not. We can redefine the field to have the vacuum at the
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V(�)

�

� = +v� = �v

Figure 1.2: Spontaneous symmetry breaking.

origin,

h = �� v (1.13)

for which the VEV hhi = 0. Therefore the Lagrangian after the spontaneous symmetry

breaking (SSB) becomes

L =
1

2
@µh@

µh � 1

2
m2

hh
2 � �vh3 � 1

4
�h4 +

1

4
�v4 (1.14)

where mh =
p�2µ2 is the mass for the scalar field (h). This Lagrangian now loses

the original Z2 symmetry due the cubic term in h. Note that the last term has less

importantance which is a constant contribution to the potential and we always measure

energy di↵erence.

1.3.2 Goldstone theorem: Spontaneous breaking of continuous

symmetry

Goldstone explained [26] that if the Lagrangian has a continuous symmetry which is

spontaneously broken, then there will be massless scalars known as Goldstone bosons.
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The number of such Goldstone bosons is equal to the number of broken generators of the

symmetry group. Let us now consider a complex scalar doublet � given by,

� =
1p
2

0

B@
�1 + i �2

�0 + i �3

1

CA (1.15)

and the scalar potential V (�) is given by,

V (�) = µ2�†�+ �(�†�)2 (1.16)

The Lagrangian thus has a continuous rotational symmetry corresponding to O(4) which

has six generators. For the SSB, let us choose the VEV at h�0i. So we choose,

h�0i = v and h�ii = 0 for i = 1, 2, 3 (1.17)

As before we will redefine the field �0 to have the vacuum at 0. Thus

�0 = h + v (1.18)

The potential can be written as

V (h,�i) =
1

2
µ2

✓
(h + v)2 +

3X

i=1

�2
i

◆
+

1

4
�

✓
(h + v)2 +

3X

i=1

�2
i

◆2

(1.19)

It is easy to check from Eq. 1.19 that only h field gets mass whereas the other three fields

�i, i = 1, 2, 3 are still massless after SSB. These are the Goldstone bosons. After SSB

the Lagrangian still has an O(3) symmetry with 3 generators.
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1.3.3 Brout-Englert-Higgs mechanism

In gauge theories, the mass of the gauge boson does not come naturally. The explicit

introduction of the mass term for the gauge bosons will break the gauge symmetry. How-

ever the mass term for the gauge bosons can be generated through SSB by introducing a

scalar doublet in a gauge invariant way. Let us consider a real scalar doublet given by,

� =

0

B@
�1

�2

1

CA (1.20)

The kinetic part of the scalar and the gauge field (abelian) is

L��A = (Dµ�)†(Dµ�) � 1

4
Fµ⌫F

µ⌫

= [(@µ � igAµ)�1(@
µ + igAµ)�1] + [(@µ � igAµ)�2(@

µ + igAµ)�2] � 1

4
Fµ⌫F

µ⌫

(1.21)

For SSB we choose �2 = h + v. The Lagrangian after SSB thus written as,

L��A = (Dµh)†(Dµh) + (Dµ�1)
†(Dµ�1) + 2g2v2AµA

µh2 + g2v2AµA
µ � 1

4
Fµ⌫F

µ⌫ (1.22)

Note that the gauge field (Aµ) acquires mass term g2v2AµAµ even though the gauge

symmetry is unbroken. However there is one ambiguity, the number of degrees of freedom

before SSB was four, two corresponding to the massless gauge field and two from the two

real scalars. However after SSB, there is one extra degrees of freedom, three from the

massive gauge field and two from the real scalars. This can be avoided by choosing a

particular gauge. We can rewrite the fields �1 and �2 as

�+ =
1p
2
(�1 + i�2) and �� =

1p
2
(�1 � i�2) (1.23)
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When gauge transformation is applied, these fields transform as,

�+(x) ! exp(i↵(x))�+(x) and ��(x) ! exp(�i↵(x))��(x) (1.24)

The vacuum-shifted configuration can be written as

�+ =
1p
2
(h + v + i�2) ⌘ 1p

2
(h + v)exp(i�2/v), (1.25)

keeping terms linear in fields. Note that we have the freedom to choose the gauge trans-

formation ↵(x). Therefore we could choose it such a way that it exactly cancels with the

exponential part. Thus we choose,

↵(x) = ��2(x)

v
(1.26)

Thus after the gauge transformation there is no �2 field in the potential and we can remove

this degree of freedom. Thus we can say that the gauge boson acquires mass by eating

the Goldstone boson. This is known as the Brout-Englert-Higgs mechanism 1.

1.3.4 Electroweak unification

The SM unifies the weak and the electromagnetic forces through the SU(2)L ⌦ U(1)Y

theory, which was first realized by Sheldon Glashow. Later Salam and Weinberg formu-

lated the theory in great detail. Electromagnetic interaction is governed by the exchange

of photons. The theory is described by the quantum field theory known as the Quantum

Electrodynamics (QED) which is a U(1) gauge theory. It has been successful to describe

the Lamb shift in hydrogen, anomalous magnetic moment of electron etc. On the other

side the weak force is the theory of SU(2), involves point-like Fermi interaction. It su↵ers

1Anderson, Englert and Brout, and Guralnik, Hagen, and Kibble came to the same idea as P. Higgs did at the same
time. However in the Higgs’s paper, he had predicted (in a single line) that a massive scalar could exist.
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from the problem of renormalization. The weak current is charge-changing and identified

as the V � A form (vector-axial vector). In early 50’s many have attempted to unify the

QED with weak-interaction. In 1961 it was Glashow who realized that the weak interac-

tion and QED can be described through the SU(2)L⌦U(1)Y theory with the introduction

of heavy bosons.

The weak interaction belongs to the SU(2) gauge group which has three generators

corresponding to three gauge bosons. The weak bosons are massive. To generate the

masses for these three weak gauge bosons we must choose a complex scalar doublet which

gives rise to three Goldstone bosons, to be eaten up by the three weak gauge bosons. The

weak isospin (T3) quantum number can be used to label SU(2). Di↵erent experiments

suggests that weak interaction violets parity, also neutrinos are completely left-handed.

These suggested that left handed fermions ( L) are doublet under SU(2) i.e. they live in

fundamental representation. However the right-handed fermions ( R) are singlet under

the SU(2). The gauge group is thus labeled as SU(2)L.

The U(1) in the unbroken theory is not the electromagnetism we know, because the

U(1) generator must commute with all the generators of SU(2) which leads to the fact

that all component of SU(2) doublet must have same charge under U(1). However we

know that this is not true. Thus this U(1) is not electromagnetism. However after the

spontaneous symmetry breaking, we need one unbroken sub-group U(1)em to keep the

electric charge conserved. Thus

SU(2)L ⌦ U(1)Y ! U(1)em . (1.27)

For the unbroken U(1) however one can choose 2(Q � T3) as the charge since this is same

for each component of the SU(2) doublet. Thus the U(1) hypercharge (Y ) is defined
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through,

Q = T3 +
Y

2
. (1.28)

The unbroken U(1) group is labeled as U(1)Y .

In 1967 Weinberg and Salam have shown that it is possible to incorporate the Brout-

Englert-Higgs mechanism to give the masses for the W± and Z bosons. The electro-

weak symmetry is broken by the Brout-Englert-Higgs mechanism and thus producing one

massless photon, one neutral Z boson and two massive charged W± bosons. However we

have to use a complex higgs doublet as given in Eq. 1.15.

The Lagrangian for the SU(2)L ⌦ U(1)Y is given as

LEW = L̄ /DL + ēR /D
0
eR � 1

4
W µ⌫iW i

µ⌫ � 1

4
Bµ⌫Bµ⌫ . (1.29)

Here L represents an isospin doublet for the left-handed neutrino and electron. eR is

the right handed electron. g and g
0

are the couplings in SU(2)L and U(1)Y theories

respectively. Wµ⌫ , Bµ⌫ are the corresponding field strength tensors, given by,

W i
µ⌫ = @µW

i
⌫ � @⌫W

i
µ � g✏ijkW

j
µW k

⌫ ,

Bµ⌫ = @µB⌫ � @⌫Bµ .
(1.30)

To maintain the gauge invariance under SU(2)L⌦U(1)Y , the covariant derivative is given

by

Dµ = @µ + ig
⌧ i

2
W i

µ + i
g

0

2
Y Bµ (1.31)

where ⌧ i are the Pauli matrices corresponding to the SU(2)L generators given by,

⌧ 1 =

0

B@
0 1

1 0

1

CA , ⌧ 2 =

0

B@
0 �i

i 0

1

CA , ⌧ 3 =

0

B@
1 0

0 �1

1

CA .
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The right handed electron being singlet under the SU(2)L transforms only under the

U(1)Y group. The covariant derivative is thus given as,

D
0

µ = @µ + i
g

0

2
Y Bµ . (1.32)

Note that SU(2)L introduces three massless gauge fields W i, i = 1, 2, 3 and U(1)Y intro-

duces one massless gauge field Bµ.

For the SSB, the Higgs doublet can be parametrized as

� =

0

B@
i!+

(v + h � iz0)/
p

2

1

CA

where !±, z0 are the Goldstone bosons. These Goldstone bosons will give mass to the

W±, Z bosons after the SSB. The scalar Lagrangian can now be written as

L =

�����

⇣
@µ + ig

⌧ i

2
W i

µ + i
g

0

2
Y Bµ

⌘
0

B@
0

(v+h)p
2

1

CA

�����

2

� µ2 (v + h)2

2
� �

(v + h)4

4
(1.33)

The two W -bosons (W±
µ ) are defined through the linear combination of two fields W 1 and

W 2,

W±
µ =

1p
2
(W 1

µ ± W 2
µ) . (1.34)

The mass term of W -bosons found from the 1.33 is given by

M2
W±W+

µ W µ
� =

g2v2

4
W+

µ W µ
� (1.35)

The remaining two fields W 3
µ and Bµ can be rotated to get right orthogonal combinations
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which actually give the Z-boson and a photon A,

0

B@
Aµ

Zµ

1

CA =

0

B@
cos ✓W sin ✓W

�sin ✓W cos ✓W

1

CA

0

B@
Bµ

W 3
µ

1

CA (1.36)

where ✓W is the Weinberg angle,

sin ✓W =
g

0

p
g2 + g02

and cos ✓W =
gp

g2 + g02
. (1.37)

Photon still remains massless whereas the mass term of the Z boson as found from Eq.

1.33 using Eq. 1.36 is given by

1

2
M2

ZZµZ
µ =

g2v2

8cos2✓W
ZµZ

µ . (1.38)

Note that the usual electric charge of QED can be found in terms of the gauge couplings

as,

e =
gg

0

p
g2 + g02

. (1.39)

The masses of the W± and Z bosons are given by

MW± =
g v

2
and MZ =

g v

2cos✓W
. (1.40)

The coupling constant associated with the SU(2)L group i.e. g can be related to the

Fermi constant (GF ) at the low energy limit as,

g

2
p

2
=
⇣M2

WGFp
2

⌘1/2
. (1.41)

Thus the vacuum expectation value is found to be

v =
⇣p

2GF

⌘�1/2

⇡ 246 GeV (1.42)
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The value of sin2✓W as measured in experiment is ⇠ 0.22. Thus the SM prediction for the

mass of the W± bosons and Z boson are 80.38 GeV and 91.18 GeV respectively. Another

important quantity derived is the ⇢-parameter defined by

⇢ =
M2

W

cos2✓WM2
Z

, (1.43)

which actually represents the ratio of the strength of the neutral current and charged

current. In SM the value of ⇢ parameter is 1 at the tree level. The ⇢-parameter provides

a good test for the SM particularly the isospin structure of the SM.

The masses for the fermions can be generated using the Higgs doublet. The explicit

introduction of a fermion mass like (m  ̄ ) violets the SU(2)L gauge symmetry. However

the fermion mass can be introduced into the SM after electroweak symmetry breaking

(EWSB) through the Yukawa interaction of Higgs field with the fermions,

Lyukawa = ��eL̄� eR � �dQ̄L� dR � �uQ̄L
e� uR + h.c. (1.44)

Here �f with f = e, u, d are the Yukawa couplings. QL is the left-handed iso-spin doublet

containing the left-handed up-type and down-type quarks, uR and dR are the right-handed

up-type and down-type quarks respectively. e� is given by,

e� = i⌧ 2�⇤ . (1.45)

After the SSB, neutrinos remain massless whereas other fermions acquire mass given by,

Mf =
yfvp

2
. (1.46)
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The mass of the Higgs boson can also be found from Eq. 1.33 and is given by,

Mh =
p

2�v . (1.47)

1.4 Experimental tests on the Standard Model

SM is the most extensively tested theory in physics. Colliders are the best tools for

discovering fundamental particles and measuring their properties as predicted by the SM.

Colliders like SLC, LEP, PEP-II, KEKB etc. collided e+e� at di↵erent energies. Some

other kind of collider uses only hadrons as colliding particles like Tevatron (pp̄) or LHC

(pp). On the other hand collider like HERA collided e� with proton (p) mainly to study

deep inelastic scattering. e+e� colliders are best used for detailed study due to the clean

signature whereas hadron colliders are well-suited for discovery as they can scan over a

broad energy range.

The predictions of the SM are verified in these experiments at a very high accuracy.

Anomalous magnetic moment of electron (g � 2) has been measured to a great precision

and it agrees very well with the SM. The electro-weak V -A theory is verified with the

discovery of W± [41, 43] and Z bosons [42, 44] in UA1, UA2 experiments. The masses

of these bosons are found to be in agreement with the SM. Three generations of matter

are found as SM predicts. The properties of the strong force are also precisely measured.

Observance of 3-jet events in e+e� collision in PETRA collider confirms the existence

of gluons [50–53]. The LEP collaborations also used four-jet events to verify the QCD

predictions for the three-gluon coupling, a crucial consequence of the non-Abelian nature

of QCD which we will discuss in the next chapter.

All the predictions of the SM were verified by 1995 with the discovery of the top quark
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by CDF and D/0 at Fermilab. The last missing piece was the Higgs boson. The Higgs mass

can not be found from the SM since the quartic coupling � is an unknown parameter.

However if we assume the SM to be valid at energy scales all the way up to the Planck

scale, then the Higgs mass should lie between 115 and 180 GeV. Finally in 2012, the

Higgs boson was found with mass 125.7 ± 0.3 GeV by the ATLAS [47] and CMS [48]

collaborations at the LHC. With the discovery of the Higgs boson, all the predictions of

the SM are experimentally verified. However SM is not a complete theory of nature as

it lacks to explain many observations which are currently beyond the scope of SM and

requires new physics beyond the SM.





2
BASICS OF QCD

2.1 Introduction

After the discovery of proton in 1919 by E. Rutherford, it was felt that there should be

something stronger force than the electromagnetic force present to bind the positively

charged protons together. This binding force must be of short range so that it can confine

protons and neutrons within the distance of nuclear size at the same time it should be

strong enough to overcome the Coulomb repulsion of positively charged protons. In fact

the force through which the protons are bound together inside the nucleus is one of the

fundamental forces in the nature and is known as the strong force. The theory which

describes the strong interaction is known as the quantum chromodynamics (QCD), which

is an SU(3) Yang-Mills gauge theory of colored quarks. Similar to the electromagnetic

and weak theory, QCD is governed by the exchange of spin-1 vector boson, known as

gluons. The dynamics among quarks and gluons leads to the theory of QCD.

Each quark comes in one of three color quantum numbers: red (r), green (g) or blue

(b) whereas the anti-quarks are anti-colored (r̄, ḡ, b̄). In QCD color plays the role of charge

and gluons are also colored which is in contrary to the QED. However all the physical

states appear as color-singlet i.e. they are invariant under the rotation in color space.

21
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Di↵erent quarks or anti-quarks with di↵erent color quantum number pair up to form

colorless hadrons. The non-observance of colored object is an important property of QCD

and is known as the color confinement.

The vacuum of QCD consists of infinite numbers of qq̄ pairs as well as virtual gluon

pairs as a result of gluon self couplings. Gluons however give negative contribution to the

beta function of QCD. This negative contribution dominates over the positive contribution

coming from quarks, resulting a negative beta function in case of QCD. The result is that

the e↵ective strong coupling becomes small at short distances or at high energies. This

property is known as the asymptotic freedom. This enables us to use perturbation theory

for the strong force at high energies. Contrary to the W± and Z bosons, gluons are

massless which is compatible to the experiments.

2.2 QCD as non-abelian gauge theory

The generalization of local gauge transformation to non-abelian groups SU(N) leads to

the theory of strong interaction. Let us consider the free Lagrangian for n-plet Dirac field

( ) as

L =  ̄(i/@ � m ) (2.1)

where  transforms in the fundamental representation of SU(N),

 (x) !  
0
(x) = U(x) (x) . (2.2)

Here U(x) is n ⇥ n unitary matrix dependent on space-time. They are hermitian and

traceless since U is special unitary i.e.

U †U = 1, det(U) = 1 . (2.3)
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Note that as long as U is space-time independent the theory is still gauge invariant,

however once it depends on the local space-time the gauge invariance is lost.

To retain the gauge invariance we need to introduce extra gauge fields as we did in the

local U(1) case. However unlike the U(1) case where only one gauge field was needed, here

we need N2 � 1 gauge fields (Aa
µ) since this is the number of independent parameters in

case of SU(N) group. The local gauge transformation thus can be written in the following

form,

U(x) = exp(�ig↵a(x)T a) ⇡ 1 � ig↵a(x)T a 2 SU(N), (2.4)

where T a, a = 1, . . . N2 � 1 are the generators of the SU(N) in the fundamental repre-

sentation.

QCD belongs to non-abelian SU(3)c gauge, where the subscript c denotes the color

quantum number associated to the SU(3) charge. The covariant derivative takes the form

Dµ = @µ � igT aAa
µ . (2.5)

Under the gauge transformation, the fermion fields transform in the fundamental repre-

sentation of SU(3) as,

 
0

i =  i � ig↵a(x)T a
ij j . (2.6)

The gauge fields (Aa
µ) transform in the adjoint representation as

A
0 a
µ = Aa

µ � ig↵b(x)
h
T b,(adj)

iac
Ac

µ , (2.7)

where
h
T b,(adj)

iac
⌘ ifabc is the generator in the adjoint representation. Here fabc is the

anti-symmetric tensor. In case of QCD there are 8 such gauge fields which are actually

gluon fields. The field strength of the gluon field is not gauge invariant on its own in
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contrast to the QED. The field strength F a
µ⌫ is given by,

F a
µ⌫ = @µA

a
⌫ � @⌫A

a
µ + gfabcAb

µA
c
⌫ (2.8)

Note that the last term in the above equation gives the self-interactions among the gluons

fields which is absent in abelian gauge theories.

2.3 The quark-parton model

In 1950s-60s experiments revealed a jungle of new hadrons produced through the strong

interaction for which a theory was still lacking. Gell-Mann [22] and Zweig [23, 24] in-

dependently came forward with a bold idea in 1964. They proposed that the observed

mesons and hadrons are bound states of some hypothetical fundamental particles. Gell-

Mann named them as quarks. The quark picture is a nice mathematical scheme to clas-

sify the hadronic world. At that time three quarks were proposed to describe the ob-

served hadrons. For example, a proton is a bound state of two u-quarks and one d-quark

whereas neutron is a bound state of two d-quark and one u-quark. In 1972 Gell-Mann and

Fritzsch [54] interpreted that the dynamics of the quarks follow the color gauge group.

The interaction of the quarks is described by an octet of massless color gauge bosons,

which are called gluons. The resulting gauge theory is similar to the QED, however un-

like QED here the gluons interact among themselves. The self interaction among gluons

leads to the reduction of the coupling constant with higher energy, i.e. the theory is

asymptotically free, as discovered in 1972 by ’t Hooft (unpublished) and in 1973 by Gross

and Wilczek [38] and by David Politzer [37].

By the mid-1970s, almost 10 years after quarks were first proposed, evidence for quark

has showed up, that quarks do exist but are locked within the individual hadrons in such
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a way that they can never escape as single entities. It is also observed that the quarks

can indeed have fractional charges of +2/3e or �1/3e and thus confirmed one of the more

surprising predictions of the quark model. Gell-Mann and Zweig required only three

quarks to build the particles known in 1964. These quarks are the ones known as up (u),

down (d), and strange (s). Later experiments have revealed a number of heavy hadrons

which show that there are more than three quarks. In fact, the SU(3) symmetry is part

of a larger mathematical symmetry that incorporates quarks of several flavors. There

are quarks known as charm (c), bottom (or beauty, b), and top (or truth, t) which were

discovered subsequently. Quarks can also change from one flavor to another only by way

of the weak force, which is responsible for the decay of these particles.

In 1969 Bjorken predicted that scattering of high-energy electrons on the proton is in-

dependent of Q2. This phenomenon is called scale invariance (Bjorken scaling) [36]. The

experiments at SLAC studied the scattering of high-energy electrons on the proton and

found similar behavior. This implied that the proton is built up of point-like constituents.

In 1969 R. Feynman proposed the parton model to explain the deep-inelastic scattering

experiments from SLAC [55, 56]. The idea was similar, that the nucleons are made up

of point-like constituents known to be partons which behave as free particles at the high

energy. Parton model provides a very simple framework for calculating the e-P scattering

cross section in terms of the subprocess cross section involving partons and their probabil-

ity of finding inside a proton. Bjorken scaling is, however, not exact. In fact, by explicit

calculation in various perturbation theories (Adler and Tung 1969 [57, 58], Jackiw and

Preparata 1969 [59]) it was found that Bjorken limit and Bjorken scaling can not hold

exactly in any realistic interacting quantum field theory; scaling-breaking terms appear

invariably order-by-order in perturbative calculations. A mild violation of scaling would

be possible in a special class of theories that are asymptotically free, characterized by

e↵ective couplings that approach zero as the renormalization scale increases indefinitely.
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The experimental discovery of such approximate scaling behavior of the DIS structure

functions set o↵ an urgent search in the theoretical physics community for quantum field

theories that are asymptotically free which essentially gives birth to QCD. This picture

was very successful in describing a large set of data. Later partons are identified with

quarks and gluons.

The di↵erent quark flavors organize themselves into families under the weak interac-

tions. Up and down form the first family (or generation), charm and strange the second,

and top and bottom the third. These three families are basically repetitions of the same

pattern i.e. same quantum numbers. For example, the electric charges of the up, charm

and top quarks are all 2/3 of that of the proton, and the charges of the down, strange,

and bottom are all -1/3. They are distinguished by their masses and associated flavor

quantum numbers. Quark masses are free parameters in QCD and depend on momentum

scale and renormalization scheme. In the MS scheme they are given by,

Quark type Electric charge Mass
u +2/3 mu(2 GeV) = 2.2+0.6

�0.4 MeV
d -1/3 md(2 GeV) = 4.7+0.5

�0.4 MeV
s -1/3 ms(2 GeV) = 96+8

�4 MeV
c +2/3 mc(m̄c) = 1.27+0.03

�0.03 GeV
b -1/3 mb(m̄b) = 4.18+0.04

�0.03 GeV
t +2/3 mt = 174.2+1.4

�1.4 GeV

Table 2.1: Masses and electric charges (in the unit of +e) of quarks [2]. Top quark mass
is given as the pole mass.

2.4 Introduction to Color

Quark model appeared to be very useful to describe the observed hardrons but it su↵ered

from Fermi-Dirac statistics of the quarks. Contradiction arises with the discovery of �++
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baryon in 1957. The flavor and spin content of �++ is given as

|�++i = |u"u"u"i (2.9)

which appears to be a highly symmetric state whereas �++ baryon being a fermion should

have an anti-symmetric wave function. This puzzle has been addressed in 1965 through the

introduction of a new quantum number called color. In 1965 O. Greenberg introduced [30]

the notion of the color charge as a way out to describe how quarks could coexist inside

a hadron without violating the Pauli’s exclusion principle. This new quantum number is

associated with the group SU(3). Through the introduction of color quantum number,

the �++ baryon can now be written as anti-symmetric wave function by arranging the

quarks anti-symmetrically in the color quantum numbers.

|�++i = ✏ijk |ui"uj"uk"i . (2.10)

2.4.1 Color Algebra

Color is associated to the generator (T a
ij) of the SU(3)c gauge group. T a

ijs are proportional

to the Gell-Mann matrices of SU(3)c. The proportional constant is taken to be 1/2, i.e.

T a
ij =

1

2
�aij . (2.11)

The Gell-Mann matrices (�aij) are given as

�1 =

0

BBBB@

0 1 0

1 0 0

0 0 0

1

CCCCA
, �2 =

0

BBBB@

0 �i 0

i 0 0

0 0 0

1

CCCCA
, �3 =

0

BBBB@

1 0 0

0 �1 0

0 0 0

1

CCCCA
, �4 =

0

BBBB@

0 0 1

0 0 0

1 0 0

1

CCCCA
,
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�5 =

0

BBBB@

0 0 �i

0 0 0

i 0 0

1

CCCCA
, �6 =

0

BBBB@

0 0 0

0 0 1

0 1 0

1

CCCCA
, �7 =

0

BBBB@

0 0 0

0 0 �i

0 i 0

1

CCCCA
, �8 =

1p
3

0

BBBB@

1 0 0

0 1 0

0 0 �2

1

CCCCA
.

(2.12)

The generators follow the Lie algebra,

[T a, T b] = ifabcT c . (2.13)

The structure constants fabc are the adjoint representation of the SU(3) group. They

follow the Jacobi identity,

fabdf cde + f bcdfade + f cadf bde = 0 . (2.14)

The generators T a
ij are traceless Hermitian matrices i.e.

Tr(T a) = 0, (T a)† = T a . (2.15)

The generators (T a
ij) and the anti-symmetric tensors (fabc) follow some algebra, which are

needed for calculation of Feynman amplitudes and are listed in the Appendix A.1. The

two Casimir in QCD are given by,

CA = N = 3 and CF =
N2 � 1

2N
=

4

3
(2.16)

It can be very easy to prove that to CA, CF are indeed Casimir of SU(3)c corresponding

to the adjoint and fundamental representations respectively (see Appendix A.1).

Color charge however is not directly observed in nature, all the hadrons appear as

color neutral entity. This is an important property of QCD known as color confinement.

Color confinement is a peculiar property of QCD. Its a phenomenon which predicts that
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quarks and gluons can not be isolated and thus can not be directly observed as a singular

particle. Although there is no mathematical proof of color confinement so far, the naive

idea is rather very simple. When a quark-anti-quark pair separates from each other, the

gluon field forms a narrow tube of color field between them. Since gluons also carry

color charges, the strong force between the quark pair acts constantly, regardless of their

distance. Which means the pair can not be separated. However if the external energy

is very large, then this procedure becomes less favorable and new quark-anti-quark pairs

appear from the vacuum which essentially lead to hadronisation forming new mesons or

baryons. The mesons are bound state of quark-anti-quark pair and baryons are bound

state of three valence quarks. The Belle and BES III experiments confirmed the existence

of tetra-quark bound state which is formed out of four valence quarks. Very recently in

2016, the LHCb experiment of CERN has also confirmed the existence of new tetra-quark

bound state [60, 61]. LHCb has also reported the existence of penta quark [62] formed

out of five valence quarks. With upcoming runs at the LHC with higher statistics it will

be possible to understand the color structure of QCD in great detail.

Direct observation of colored state is not possible by means of color confinement. How-

ever evidence can be found from indirect measurements. Particularly, through measuring

cross-section for e+e� collision producing hadrons in the final state and looking at some

kinematical region. For this purpose the following ratio is defined,

Re+e� =
�(e+e� ! hadrons)

�(e+e� ! µ+µ�)
. (2.17)

At energies below the Z-peak, the cross-section is dominated by �⇤ exchange, so that the

ratio Re+e� is given by the sum of electric charge squared of the quarks. Therefore,

Re+e� = NC

NfX

f=1

Q2
f . (2.18)
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For Nf = 5, the value of Re+e� = 11/3 which agrees very well with the experimental

measurements.

2.5 Running of Coupling

Like QED vacuum consists of e+e� pairs, the QCD vacuum also consists of infinite virtual

qq̄ pairs which lead to positive contribution in the beta-function. But unlike the QED,

QCD has self-couplings among the gluons, thus the vacuum is also filled with virtual gluon

pairs. It turns out that the e↵ective charge thus becomes larger with larger distance, which

leads to the negative contribution to the beta function. This phenomena is known as the

anti-screening e↵ect. As a result of this, the QCD beta function becomes negative and

the e↵ective strong coupling becomes small in short distances. The strong coupling (↵s)

thus depends on the energy scale. The running of ↵s is governed by the beta function,

Q2 @↵s

@Q2
=

@↵s

@lnQ2
= �(↵s) (2.19)

where the beta function is defined as,

�(↵s) = �↵2
s(b0 + b1↵s + b2↵

2
s + · · · )

= �↵s

1X

n=0

�n
⇣↵s

4⇡

⌘n+1 (2.20)

where b0 is the 1-loop coe�cient, b1 is the 2-loop coe�cient and so on. These coe�cients

are calculated upto five loops [63]. bi’s are given by

b0 =
11CA � 4TRnf

12⇡

b1 =
17C2

A � 10TRCAnf � 6TRCFnf

24⇡2
.

(2.21)
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Each term in the expressions for b0, b1 etc. can be trace backed to the Feynman diagrams.

For example, the first term in b0 corresponds to a gluon loop whereas the second term

belongs to a quark loop. Similarly, the first term in b1 comes from a double gluon loop,

whereas the second and the third terms are from mixed gluon-quark loop. It is to be

noted that the higher bi coe�cients are renormalization scheme dependent. Solving Eq.

2.19, we can get the expression for strong coupling at one loop as

↵s(Q
2) =

↵s(µ2
0)

1 + �0↵s(µ2
0)ln(Q

2

µ2
0
)

+ O(↵s) (2.22)

For Q2 >> µ2
0 the strong coupling ↵s << 1, which enables us to use perturbation theory

in terms of expansion of the small parameter ↵s. However, perturbation theory fails at

some lower scale roughly of the order of hadron masses. This reference scale is known as

⇤QCD which is roughly 200 MeV. In the figure 2.5 we show the summary of measurements

of the strong coupling at various energy scales, which is in agreement with the theoretical

prediction for the running of ↵s.
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QCD αs(Mz) = 0.1181 ± 0.0011

pp –> jets
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Figure 2.1: Running of strong coupling [2].

Apart from the quark masses, strong coupling is the only free parameter in QCD as

well as a fundamental parameter to the SM. This coupling constant is not a constant

but it varies with the energy scale for the process involved. The interesting property

of the strong coupling is that it’s strength decreases with energy. This leads to the

distinguished phenomena in QCD known as the asymptotic freedom. When the quarks

are close together, they don’t feel each other presence, as if they are free particle. But

when they try to move away, they feel the force strongly. The reason behind this is that,

the gluons are themselves colored charged. Therefore QCD vacuum also consists of gluon

pairs in addition to the quark-anti-quark pairs. Since in case of QCD, the anti-screening

e↵ect from gluons wins over the screening e↵ect of the quark-anti-quark pairs, at higher

energies, the e↵ective charge becomes weaken. In fact asymptotic freedom is a property

of any non-abelian gauge theory. The discovery of asymptotic freedom led to Nobel prize
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to Gross, Wilczek and Politzer in 2004.

2.6 QCD Lagrangian

QCD is based on the SU(3) gauge group. It has 8 generators corresponding to 8 di↵erent

gluons. The gauge invariant QCD Lagrangian is given by

LQCD =  ̄i
q

⇣
i�µ(Dµ)ij � mq�ij

⌘
 j
q � 1

4
F a
µ⌫F

aµ⌫ (2.23)

where

(Dµ)ij = �ij@µ � igsT
a
ijA

a
µ (2.24)

is the covariant derivative,  i
q is the quark field with mass mq and color index i. gs is the

strong coupling constant which is related to ↵s by

↵s =
g2
s

4⇡
. (2.25)

Aa
µ is the gluon field with color index a in adjoint representation. F a

µ⌫ is the strength

tensor for the gluon field which is given by,

F a
µ⌫ = @µA

a
⌫ � @⌫A

a
µ + gsf

abcAb
µA

c
⌫ (2.26)

Note that the last term in the above equation gives the self coupling of gluons which is

the reason the theory is non-abelian in nature and di↵ers from QED. The Feynman rules

for QCD as extracted from the Lagrangian (Eq. 2.23) is given in Appendix A.3. The

Lagrangian 2.23 is invariant under local gauge transformation.

The quantization of QCD gives the quarks and gluon fields, at the same time the
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gluon fields Aa
µ contain too many degrees of freedom, some of them are nonphysical, which

creates problem in quantising the theory. This invites the introduction of the gauge-fixing

(GF) term in the Lagrangian. Several choices are possible although the final result must

not depend on the choices. Particularly a clever choice of the gauge fixing term can

reduce the complexity of the loop calculation in QCD. We will consider covariant gauge

throughout. For this, the e↵ect of the unphysical degrees of freedom are compensated by

the auxiliary complex scalar fields with Fermi statics, known as the Fadeev-Popov ghosts.

The choice of GF term is provided by the following

LGF = � 1

2⇠
(@µAa

µ)
2 (2.27)

where ⇠ is the gauge parameter. Now with the introduction of the GF term, the La-

grangian must be supported by the ghost term Lghost given by.

Lghost = �@µ!̄a(Dµ!a) (2.28)

where !a is the ghost field. With the introduction of the GF term the gluon propagator

now takes the form as

�ab
gluon = �ab

i

p2


� gµ⌫ + (1 � ⇠)

pµp⌫
p2

�
(2.29)

⇠ = 1, 0, 1 correspond to the Feynman, Landau and Unitary gauge respectively. Through-

out this thesis we will use the Feynman gauge for the multiloop calculations. For pertur-

bative calculations of QCD, the total Lagrangian is thus

Ltotal = LQCD + LGF + Lghost (2.30)
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The second term in LQCD represents the mass term for the quark fields. This however

does not mean that isolated quarks can exist in nature, be accelerated, and have their

masses measured by their inertia with respect to acceleration. In fact since quarks are

not free (which is a result of color confinement), we do not know exactly what are their

masses. Note that quark masses appear in the Lagrangian as �mq ̄q q which is not the

same as the mass appearing as pole in the quark propagator. Since quark mass appears

in the Lagrangian rather directly, it undergoes radiative corrections and it runs i.e. it

depends on the scale at which it is measured. Usually MS renormalization scheme is used

to define the quark masses (see Table 2.3).

2.7 Structure of NLO calculation

With the currently available techniques, it is not possible to compute cross-sections ex-

actly. A powerful technique is to use the perturbative methods. Within the perturbation

theory, an observable can be computed as a series expansion in the coupling constant, in

the case of QCD, in terms of the strong coupling constant gs. The first term of this series

is known as the leading-order (LO) term, next one is next-to-leading-order (NLO) and so

on. Note that the asymptotic property of the QCD is the reason for the weakness of strong

coupling gs at higher energies so that we can use the perturbative technique. In order to

fully exploit the quality of the LHC measurements and to discriminate between di↵erent

new physics models and theoretical calculations we must include quantum corrections at

least to NLO. The complexity of traditional NLO approaches grows very fast with the

number of scattering particles, and the abundant production of multi-particle final states

at the LHC poses new challenges.

The scattering cross-section at the hadron collider for the production of a final state
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X is given by,

d�(pp ! X) =
X

ij

Z
dx1dx2f

(p)
i (x1, µF )f (p)

j (x2, µF )d�̂ij!X(x1, x2, Q
2, µF ) (2.31)

where ij are the initial state partons. f (p)
i (x1, µF )f (p)

j (x2, µF ) are the parton distribution

functions (PDF), x1, x2 are the momentum fraction carried by partons, µF is the factor-

ization scale which is introduced to seperate collinear sinularities appearing in the initial

legs. Thus any collinear singularities from the initial state are factored out from the hard

cross-section and absorbed in the bare PDFs. The evolution of PDFs can be calculated

perturbatively from DGLAP equations 2.60. Here d�̂ij!X(x1, x2, Q2, µF ) is the hard scat-

tering cross-section for the process ij ! X at the scale Q2. d�̂ij!X(x1, x2, Q2, µF ) can be

calculated perturbatively as,

d�̂ij!X(Q2, µF ) = ↵k
s(µF )

1X

n=0

d�̂(n)
ij (Q2, µF , µR)↵n

s (µR)

= d�̂LO
ij + d�̂NLO

ij + · · ·
(2.32)

The n = 0 term in Eq. 2.32 is the LO term (d�̂LO
ij ), n = 1 is the NLO (d�̂NLO

ij ) and so on.

Here ↵k
s(µF ) in front of the sum at the right hand side denotes any ↵s dependence in the

process at the LO itself. Note that at each order of the ↵s, both the hard cross-section

and the PDFs have a residual factorization scale (µF ) dependence. The hard cross-section

also su↵ers from the UV divergences at higher orders which can be renormalized at the

cost of dependence on a renormalization scale µR.

2.7.1 Dimensional Regularization

Dimensional regularization (DR) is one of the popular as well as powerful method for

regularizing the multiloop Feynman diagrams. DR is easy to implement and it preserves
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Poincare invariance as well as the gauge invariance which is important in proving the

renormalizability of the theory. The main idea in DR is to shift the theory to a higher

space-time dimension D. Therefore all the calculations, for example, Lorentz contraction,

Dirac algebra etc. are performed in the D-dimension. The divergences present in the

calculation then appear as poles when we get back to the physical 4-dimension.

The idea was implemented by ’t Hooft and Veltman in 1972 to regularize the UV

divergences. The poles are manifested in terms of powers of ✏ when the result is expanded

in terms of D � 4 ⌘ �2✏. An important feature of the DR is that it regulates the infrared

singularities as well. Note that the UV divergences occur when the loop momenta k ! 1,

thus in general the UV behavior becomes better if ✏ > 0, whereas the IR behavior becomes

better if one chooses ✏ < 0. In practice however both the choices can not be applied at

the same time. What is done is that, first the IR divergences are regulated in some other

way for example considering a small mass of the all massless particles. Next assuming

✏ > 0 one obtains a well defined UV convergent result. Next the auxiliary IR regulator is

removed and the IR poles appear as powers of 1/✏.

2.7.2 Renormalization

QCD is a renormalizable theory meaning all the divergences coming from the loop correc-

tions of Green’s functions constructed from the fundamental fields of the Lagrangian can

be rendered finite through the redefinition of the fields and parameters appearing in the

Lagrangian. The bare quantities (fields, couplings, masses) lead to the divergent Green’s
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functions. Thus the renormalized quantities are defined as

 ̂ = Z1/2
2  ,

Âa
µ = Z1/2

3 Aa
µ,

!̂a = eZ1/2
3 !a,

m̂ = Zmm,

ĝs = Z1/2
g gs,

⇠̂ = Z1/2
3 ⇠

(2.33)

Here the quantities at the left hand side of these equations i.e.  ̂, Âa
µ, ⇠̂, !̂

a, m̂, ĝs, are the

bare quantities appearing in the QCD Lagrangian, whereas the renormalized quantities

are  , Aa
µ, ⇠,!

a, m, gs appearing on the right hand side of the equations. Z2, Z3 and eZ3

are the quark, gluon and ghost field renormalization constants respectively. Zm and

Zg are called the mass renormalization and coupling constant renormalization constant

respectively. Note that the original Lagrangian can be written in terms of renormalized

quantities plus counter-term Lagrangian which contains the renormalized fields, masses,

coupling constant as well as the renormalization constants, i.e.

L( ̂, Âa
µ, ⇠̂, !̂

a, m̂, ĝs) = LR( , Aa
µ, ⇠,!

a, m, gs) + Lc( , Aa
µ, ⇠,!

a, m, gs, Z2, Z3, eZ3, Zm, Zg)

(2.34)

It is obvious that through the redefinition of the fields, masses and coupling constants,

the renormalization constants Zis become infinite.

In general an overall UV divergence of a l-loop amplitude is a l-degree polynomial in

✏�1, and can be written as,

Cl

✏l
+

Cl�1

✏l�1
+ · · · +

C1

✏
+ C0 (2.35)

where Ci’s are some constants. Now to cancel such divergences we need a l-loop order
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counter-term which has similar form,

�lZ ⇡ Cl

✏l
+

Cl�1

✏l�1
+ · · · +

C1

✏
+ C

0

0 (2.36)

Note that, in the counter term, the coe�cients Ci’s are completely determined by the

UV divergence of the l-loop diagram except for the finite term C
0
0. In fact the value of

the finite term follows from the renormalization scheme chosen. We will work in the MS

scheme where the constant (��E +log(4⇡)) accompanied with 1/✏ pole is removed by the

definition,
1

✏̄
⌘ 1

✏
� �E + log(4⇡) (2.37)

The di↵erential cross-section at the NLO level is given by,

d�̂NLO =
h
B(�B) + ↵sV (�B)

i
d�B + ↵sR(�B+1) d�B+1 (2.38)

where B(�B) is the tree-level or the Born contribution, V (�B) is the order ↵s one-loop

virtual correction, both of these contribution have phase-space integration (d�B) same

as the tree-level. The last term R(�B+1) is the order ↵s real emission with one extra

phase-space integration due to extra emission.

The virtual and the real contributions both separately contain singularities of infrared

nature, only their sum is finite and free from any divergences which is possible due to the

Kinoshita-Lee-Nauenberg (KLN) theorem [64, 65]. In practice one needs a regularization

scheme like infrared cut-o↵ or dimensional regularization to explicitly express the singu-

larities. Usually the cancellation of these infrared singularities is dealt with a subtraction

method, in which a counter term is introduced which has similar infrared structure as the

real emission. Therefore including the subtraction term, the di↵erential cross-section is
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written as,

d�̂NLO =
h
B(�B) + ↵sV (�B) + ↵s

Z
S(�1) d�1

i
d�B

+
h
↵sR(�B+1) � ↵sS(�1)

i
d�B+1

(2.39)

The universality of soft and the collinear divergences enables us to write this subtraction

term as follows,

S(�1) = B(�B) ⌦ U (2.40)

where U is universal in nature and analytically known in DR. The real emission terms

can be written as the singular R(�1)s and the non-singular R(�1)ns terms as,

R(�1) = Rs(�1) + Rns(�1) (2.41)

Therefore the di↵erential NLO cross-section can be written as,

d�̂NLO =
h
B(�B) + ↵sV (�B) + ↵s

Z
S(�1) d�1

i
d�B

+
h
↵sR

s(�B+1) � ↵sS(�1)
i

d�B+1 + ↵sR
ns(�1) d�B+1

(2.42)

With the introduction of proper subtraction terms, it is now possible to calculate each

term in the square brackets at the right hand side of Eq. 2.42 numerically.

Virtual calculation

The di�culties in the virtual loop calculation comes due to the tensorial integrand ap-

pearing in the Feynman integrals. There are several methods to perform these Feynman

integrals for example Passarino-Veltmann reduction, OPP reduction etc. Most of these

methods rely on the reduction of these tensoral integrals into scalar integrals which are

rather easier to compute. Di↵erent methods are available based on reduction at the

integral level for example Passarino-Veltman reduction (PV) [66], or reduction at the
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integrand level for example OPP reduction (OPP) [67, 68].

At one-loop, the structure of the tensorial integral has a general structure in d-

dimensions,

Iµ1...µr
n =

Z
ddl

(2⇡)d
lµ1 · · · lµr

((l � q1)2 + i") · · · ((l � qn)2 + i")
(2.43)

where q1 = p1, q2 = p1 + p2, · · · , qn = p1 + p2 + · · · + pn. r is the rank of the tensor

integrals which has n propagators.

To evaluate the tensor integral, first one has to expand the integral in a basis of

external momenta. For r > 2 one has to also consider the metric tensor gµ⌫ in the basis.

Next thing is to contract the expansion with each basis vectors. After this there will be

scalar products which are then converted in terms of the propagators. Finally the set of

equations expressed in terms of the expansion coe�cients are found in terms of the lower

rank tensor integrals. The tensor integrals coe�cients are proportional to inverse powers

of the Gram determinant (det(pi.pj)), where pi, pj are independent external momenta.

All loop integrals can be reduced to basic “scalar” integrals A0, B0, C0, D0 which don’t

have any Lorentz index on the numerator. The basic integral with the help of which PV

integrals can be computed is of the form,

I(n)
d =

Z
ddq

1

(q2 � m2 + i✏)n
(2.44)

which is converging provided m2 > 0 and d < 2n. In fact the integral of this type has the

solution of the following form,

I(n)
d = i(�1)n⇡d/2�(n � d/2)

�(n)
(m2 � i✏)d/2�n (2.45)

However PV reduction can be problematic while considering high rank tensor integrals

with more external particles, as Gram determinant might vanish and leads to numerical
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instability. This can be avoided for example by eliminating such integrals at the amplitude

level or by putting numerical cuts etc. Another numerically well-fitted procedure is to

adopt the OPP reduction at the integrand level [67, 68]. The method is based on idea

of expressing the integrand of the one-loop amplitude in terms of the propagators that

depends on the integration momentum.

Real Correction

The IR singularities from the real emission can be extracted from di↵erent methods. For

example, phase space slicing method, subtraction method etc. These two methods can

be best described using a toy example in one dimension. Let us consider the sum of the

real and virtual pieces as

� =

Z 1

0

dx

x1+✏
F (x) +

F (0)

✏
(2.46)

Note that the virtual piece has pole structure of 1/✏ kind, we expect similar pole struc-

ture from the real part after the phase space integration. Now in phase space slicing

method, the phase space is sliced into two parts: one is singularity free region and other

is problematic singular region. This separation is done by introducing a scale �. Thus

0 < x < � is the divergent region, with � small. As long as � is very small, we assume

that F (x) ⇡ F (0). Therefore the cross-section can be approximated as,

� =

Z 1

�

dx

x1+✏
F (x) +

Z �

0

dx

x1+✏
F (0) +

F (0)

✏
(2.47)

The first term is safe from divergences and thus the limit ✏ ! 0 can be taken. Performing

the integration, it can be very easily seen that the poles are canceled and the result is

given as,

� =

Z 1

�

dx

x1
F (x) + F (0) ln(�) + O(�) (2.48)
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Note that in the phase space slicing method, there is residual dependency on the scale �

chosen to slice the phase space. In the practical method however, the real phase space is

decomposed into soft and hard regions. The hard region is further decomposed into hard

collinear and hard non-collinear region. Correspondingly two scales �s, �c are introduced

which define the boundary of these regions.

In the subtraction method, however, no such scale is chosen to slice the phase space,

instead a counter-term is added and subtracted to the virtual and to the real pieces

respectively. This subtraction term must have the same pole structure as the virtual (or

real). With the example of our toy model, let us choose a subtraction term F (0)/x1+✏.

Therefore the cross-section can be written as,

� =

Z 1

0

dx

x1+✏

⇥
F (x) � F (0)

⇤
+

Z 1

0

dx

x1+✏
F (0) +

F (0)

✏
(2.49)

Since the divergent term is added and subtracted to the virtual and real terms respectively,

therefore the divergences in those terms separately cancel and the cross-section finally

takes the form (taking the limit ✏ ! 0),

� =

Z 1

0

dx

x1

⇥
F (x) � F (0)

⇤
(2.50)

Note that unlike the phase space slicing method there is no residual � scale dependence

in the subtraction method. This makes it perfect for the implementation in monte carlo

programs. Next we will discuss on the FKS subtraction scheme which is being used in

the subsequent chapters.
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FKS subtraction

The central idea behind the FKS subtraction [69,70] formalism is that in the integration of

the real emission matrix elements, one e↵ectively defines partonic processes with at most

one soft and one collinear singularities. As a result the subtraction structure becomes

much simpler than that of the original matrix elements. The real contribution to the

cross-section at NLO level can be written as the product of the matrix element squared

for the real emission and the phase space for the emission,

d�R = |M (n+1)|2d�B+1 (2.51)

One introduces a set of positive definite terms, called S-functions Sij to partition the

phase space such that
X

{ij}

Sij = 1 (2.52)

For a given pair (ij) all the S-functions vanish in the soft and the collinear limit except

for the cases where ki ! 0 and ki||kj. Thus the real emission term in FKS formalism can

be written as,

d�R =
X

ij

Sij|M (n+1)|2d�B+1 (2.53)

Note that the sum in the above equation gives finite contribution in all over the phase

space except the cases where i ! 0 or i, j become collinear. These singularities are

subtracted through the following substitution,

Sij|M (n+1)|2d�B+1 !
✓

1

Ei

◆

+

✓
1

1 � cos ✓ij

◆

+

✓
Ei(1 � cos ✓ij)|M (n+1)|2

◆
d�B+1 (2.54)

The two plus prescriptions in Eq. 2.54 is that of constructing the linear combination,

|M (n+1)|2 � |M (n+1)|2
���
Ei!0

� |M (n+1)|2
���
✓ij!0

+ |M (n+1)|2
���
(Ei,✓ij)!(0,0)

(2.55)
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The second, third and the last terms are respectively the soft, collinear and soft-collinear

terms respectively. Each term in the sum in Eq. 2.53 must have well-defined soft, collinear,

and soft-collinear limits, for each such individual term a linear combination identical to

that of Eq. 2.55 can be defined, which is finite locally in the phase space. Eq. 2.54 defines

the subtraction scheme in FKS formalism.

2.8 Parton Shower

While a fixed order result is essential to describe the rate precisely, in practice the dis-

tributions are not correctly described for jet exclusive observable. While the infrared

divergences are canceled in a fixed order calculation, it leaves behind large logarithms

due to which some observables for example PT of lepton-pair in Drell-Yan production are

not correctly described in the infrared region. The parton shower (PS) approximation

takes care of these enhanced contributions from large logarithms in the soft and collinear

region. In the collinear limit, the n + 1 body cross-section factorizes in terms of n body

cross-section and a universal splitting kernel.

d�̂n+1(�n+1) = d�̂n(�n)P (�1)d�1 (2.56)

The 1-particle phase-space can be parametrized in terms of hardness q of emitted parton,

fraction of longitudinal momentum z of the emitter and the azimuthal angle � of splitting.

P (�1)d�1 ⇡ ↵s(q)

2⇡

dq2

q2
P (z,�)dz

d�

2⇡
(2.57)

where, P (z,�)’s when averaged over the azimuthal angle gives the universal splitting

functions P (z). Note that the variable q2, also known as the virtuality serves as the

evolution variable of the PS. There are many other choices for the evolution variable, like
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the opening angle ✓ or pT of the daughter particle, all are equivalent i.e.

dq2

q2
⌘ dp2T

p2T
⌘ d✓2

✓2
(2.58)

Di↵erent PS generator chooses di↵erent evolution variables. For example in Pythia-6 it

is virtuality q2, in Pythia-8 and in Pythia-6.4 it is pT , whereas in Herwig the evolution

variable is ✓. The splitting i ! j + k can not take place unless the partons are o↵-

shell. The dominant contribution comes from the configuration where all the partons are

strongly ordered in virtuality i.e. the partons nearest to the hard subprocess are farthest

from its mass-shell and virtuality decreases as the parton shower evolves down to the

hadronization scale Q2
0 which is roughly of the order of 1 GeV.

In the collinear limit, the scattering amplitude can be factorized. Using this property,

it is possible to derive the DGLAP equations which determines the behavior of the PDFs

in the collinear limit with the changing factorization scales,

µ2
F

dfa(x, µ2
F )

dµ2
F

=
X

b2{q,g}

Z 1

x

dz

z

↵2

2⇡
P̂ba(z)fb(x/z, µ2

F ) (2.59)

Here P̂ba(z) describes the splitting of parton a into b. They are known as the regularized

Alterelli-Parisi splitting functions and are given by,

P̂qq(z) = CF


1 + z2

(1 � z)+
+

3

2
�(1 � z)

�
+ O(↵s)

P̂gq(z) = CF


1 + (1 � z)2

z

�
+ O(↵s)

P̂qg(z) = TR


z2 + (1 � z)2

�
+ O(↵s)

P̂gg(z) = 2CA


z

(1 � z)+
+

1 � z

z
+ z(1 � z)

�
+ �(1 � z)

✓
11

6
CA � 2

3
nfTR

◆
+ O(↵s)

(2.60)

The Alterelli-Parisi splitting functions are known to NNLO [71–74]. In addition to the
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collinear branching, the soft emissions also give logarithmic enhancement. Note that the

soft gluon emission gives a color factor times a universal spin-independent factor (Fsoft)

at the amplitude level,

Fsoft =
p.✏

p.q
(2.61)

where a soft gluon with momenta qµ and polarization ✏µ is emitted from a parton of

momenta pµ. It is worth noting that there is however no soft enhancement from the

internal lines, since the associated denominator factor does not diverge at the soft limit.

Therefore soft emission happens only from the external partons and thus at the level of

cross-section the soft-enhancement is given by,

d�̂n+1 = d�̂n
↵s

2⇡

d!

!

d⌦

2⇡

X

{i,j}

CijWij (2.62)

Here ! is the energy of the emitted gluon in the solid angle ⌦. Cij is the color factor. Note

that this is summed over since enhancement at the amplitude level implies cross-section

is summed over all pairs of external lines {i, j}. Wij in the above equation is known as

the radiation function, and for massless partons it is given by,

Wij =
1 � cos ✓ij

(1 � cos ✓iq)(1 � cos ✓jq)
(2.63)

Soft emission in any gauge theory is always angular ordered [75]. This can be seen by

rewriting the Eq. 2.63 in the following form,

Wij = W i
ij + W j

ij (2.64)

where

W i
ij ⌘ 1

2(1 � cos ✓iq)


1 +

cos ✓iq � cos ✓ij
cos ✓jq

�

W j
ij ⌘ 1

2(1 � cos ✓jq)


1 +

cos ✓jq � cos ✓ij
cos ✓iq

� (2.65)
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Now writing the angular integration as d⌦ = dcos ✓iqd�iq and performing integration over

W i
ij, it can be shown that

Z 2⇡

0

d�iq

2⇡
W i

ij =
1

1 � cos ✓iq
when ✓iq < ✓ij

= 0 otherwise

(2.66)

Thus the contribution of W i
ij is confined into a cone centered on the direction of i, ex-

tending to the direction to j. Similar happens when same calculation is performed on

W j
ij. In fact the property of angular order is common to all gauge theory. In QED it is

known as the Chudakov e↵ect, which suppresses the soft radiation from the e+e� pair.

If a soft photon is emitted from either of the e+ or e� at an angle ✓� > ✓e+e� , then this

radiation is heavily suppressed as the photon at this large angle can not resolve e+ and

e� separately.

2.8.1 Sudakov Form Factor

While the collinear contributions are taken into account through the Eq. 2.56, the unre-

solvable and virtual contributions are also considered through the Sudakov form factor

(SFF). SFF gives the probability of a non-splitting between the evolution from q21 to q22

and is given by,

�i(q
2
1, q

2
2) = exp

 
�
Z q21

q22

dq2

q2
↵s(q)

2⇡

Z 1�Q2
0/q

2

Q2
0/q

2

dz

Z 2⇡

0

d�

2⇡
Pji(z,�)

!
(2.67)

Parton shower develops from o↵-shell quarks or gluons from initial as well as final

legs of the scattering amplitudes. For a final state shower i.e. parton shower starts

from the colored final leg and with high energy and a large time-like virtuality scale

Q2 set by the hard subprocess. The parton thus continues to lose energy and ends up
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with virtually below Q2
0 where the parton shower stops and hadronization starts. For

initial state parton shower, the parton coming from each of hadrons starts at a high

energy but low virtuality. In contrast to final-state showers, initial-state ones are space-

like. Partons are then evolved to a higher space-like virtuality by emitting partons and

losing energy. The showering of these partons terminates when they collide to initiate the

hard subprocess, which sets the scale that limits the endpoint virtualities of the showers.

However this procedure is highly ine�cient as at the end of the shower the partons have to

have a precise values for momenta to set the hard scale. In practice, what is done is known

as the backward evolution. What is done is that, longitudinal momentum fractions x1 and

x2 of the incoming partons of the hard subprocess are chosen using the parton distribution

functions at the high hard-subprocess scale, subjected to the kinematic constraint that

x1x2S = s where S and s are the collider and subprocess centre-of-mass energies-squared

respectively. The incoming partons are then evolved backwards, gaining energy in each

emission. However the no emission probability is no longer given by the Sudakov, rather

it is reweighted through the PDF,

�
0

i(q
2
1, q

2
2) =

fi(x, q22)

fi(x, q21)
�i(q

2
1, q

2
2) . (2.68)

2.9 Matching Parton Shower with Fixed Order

Parton shower only populates the infrared region of the phase space. However we need to

describe hard cross-section with more hard jets as well, thereby achieving higher accuracy

in the perturbation theory. These two procedure are complimentary to each other and to

have a complete description of the cross-section and the distributions at higher accuracy

we need to incorporate these two approaches in a systematic way. However care should be

taken particularly in the infrared region of the phase space as both matrix element as well
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as parton shower can contribute thus leading to double counting or in some cases gaps in

those region. The naive way of approaching is to cut the phase space in such a way that the

infrared region is populated only by parton shower whereas the hard region is taken care

of by the matrix element radiation. This obviously calls for a merging scale by which the

phase space region is separated. Thus the problem is that the cross-section now depends

on an unphysical scale. However a proper choice of this scale could reduce the dependency

of cross-section on this scale. Another useful approaches like MC@NLO, POWHEG etc.

are implemented in case of matching parton shower with NLO matrix elements. In case

of MC@NLO method, the subtraction term is chosen cleverly to match with the singular

term in the real emission and universal parton shower splitting kernel. We will discuss

more about it in Chapter 5. In the POWHEG, one starts with NLO weighted Born cross-

section i.e. hardest emission is performed first with full NLO accuracy. The PS is used

next for the subsequent emissions. The di↵erential cross-section in this approach is given

by,

d�POWHEG = d�BB(�B)
h
�̄(Q2, Q2

0) +

Z
d�1�̄(Q2, q2)

Rs(�1)

B(�B)

i
(2.69)

Note that the Sudakov is redefined here as,

�̄(Q2, q2) = exp
h

�
Z

d�1↵s
Rs(�1)

B(�B)
✓(Q2 � q2)

i
(2.70)

Note that the cross-section 2.70 matches with NLO cross-section in the hard region.

Moreover the infrared region also has the NLO accuracy. A fixed order and parton shower

description both have advantages and disadvantages in di↵erent phase space region. For

an optimal description of observables and distributions however both have to be taken into

account. The matched and merged results can be directly compared to the experimental

data.
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2.10 Conclusion

The SM successfully describes the physics of elementary particles. However as we know

SM is not complete description of the nature. It can not explain many theoretical dilemma

like the hierarchy problem, strong CP problem etc. as well as experimental observations

like the existence of neutrino mass, dark matter etc. One main shortcoming of the SM

is that it does not include gravity. The obvious reason behind this is that gravity is

very weak compared to the other three forces. However we will see in the next chapter,

gravity can be incorporated in the SM to address di↵erent issues beyond the SM and more

importantly the signature of these models might be observed at the LHC energies.





3
GRAVITY BEYOND THE STANDARD

MODEL

3.1 Introduction

The Standard Model is only a “low-energy” e↵ective theory, which means that it is valid

only up to a certain scale (roughly O(TeV )) and may have to be modified at TeV energies.

While strong, weak and electromagnetic forces are described satisfactorily within the SM,

gravity still remains unexplained in a QFT framework. Various scenarios have been

discussed how to modify the SM in order to extend its validity to the Planck scale, where

gravity cannot be neglected anymore.

For a long time the impact of gravity was ignored as it is the most weakly interacting

force. The interaction of gravity with the SM is Planck mass suppressed. Therefore it’s

e↵ect on the SM is so small that it can be practically ignored in collider experiments

and the e↵ects of quantum gravity are only expected to non-negligible near the Planck

scale. Moreover there is no consistent quantum field theoretic description for gravity

till now. Any theory involving gravity su↵ers from a basic problem, that the theory

is non-renormalizable which is due the fact that gravity coupling is not dimensionless.

53
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Therefore when calculating higher loops with graviton one generally encounters UV di-

vergences which can not be renormalized through redefining fundamental parameters of

the theory. This also restricts the incorporation of gravity within the SM. Therefore the

current understanding of gravity is based on Einstein’s general theory of relativity, which

is formulated within the framework of classical physics.

3.2 Spin-2 in BSM physics

Although a consistent quantum field theory for gravity is still lacking, one can build

an e↵ective field theory with gravity and comparatively low energy phenomena can be

studied. The motivation is to investigate the impact of gravity on the quantum phenomena

on a first approximation, relying on semi-classical theory for gravity. The action describing

gravity is given by the Einstein-Hilbert action [76],

SGRAV ITY =
1

16⇡GN

Z
d4x

p�g [ R ] (3.1)

where GN is the universal Newton’s constant, R is the Ricci scalar found from contracting

Ricci tensor Rµ⌫ with metric tensor gµ⌫ i.e. R = gµ⌫Rµ⌫ and g = det(gµ⌫). Ricci tensor

Rµ⌫ is given in terms of connection as,

Rµ⌫ = @⌫�
⇢
µ⇢ � @⇢�

⇢
µ⌫ + ��µ⇢�

⇢
⌫� � ��µ⌫�⇢⇢� (3.2)

where the connections are defined as,

�⇢µ⌫ =
g⇢�

2
(@µg⌫� + @⌫gµ� � @�gµ⌫) (3.3)



3.2. SPIN-2 IN BSM PHYSICS | 55

To get the equation of motion one needs to vary the action 3.1. This leads to the Einstein’s

field equations given by [77,78],

Rµ⌫ � 1

2
gµ⌫R = �8⇡GNT µ⌫ = �

2

2
T µ⌫ (3.4)

where we have used the definition 2 = 16⇡GN and T µ⌫ is the stress-energy tensor of

matter fields. In the semi-classical approximation, gravitational field is considered as a

classical background field which satisfy the field equations of General Relativity while

other fields are quantized. By varying the metric field gµ⌫ in weak field approximation

one can obtain the action (or Lagrangian) for the gravity field (Gµ⌫). Metric is varied as

below:

gµ⌫ = ⌘µ⌫ +  Gµ⌫ (3.5)

Correspondingly,

gµ⌫ = ⌘µ⌫ �  Gµ⌫ + 2 Gµ
⇢G

⇢⌫ + · · · (3.6)

The action takes the form,

SGRAV ITY =

Z
d4x

p�g[L0 + L1 + L2 + · · · ] (3.7)

where,

L0 =
1

2
R

L1 =
1



✓
⌘µ⌫

2
R � Rµ⌫

◆
Gµ⌫

L2 =
1

2
@⇢Gµ⌫@

⇢Gµ⌫ � 1

2
@⇢G@

⇢G + @µG@⌫G
µ⌫ � @⇢Gµ�@

�Gµ⇢

+ R

✓
1

4
G2 � 1

2
Gµ⌫G

µ⌫

◆
+ Rµ⌫

✓
1

2
G�

µG⌫� � GGµ⌫

◆

(3.8)

Note that the indices are raised or lowered using flat metric ⌘µ⌫ and therefore Ricci scalar

in this case is R = ⌘µ⌫Rµ⌫ . By considering the variation of the action 3.7 we get the
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interaction between the linearised Gravity and the SM fields in weak field approximation,

Sint = �
2

Z
d4x Gµ⌫T

µ⌫ (3.9)

The stress-energy tensor of the SM (T µ⌫) is given by,

T µ⌫(�, , Aµ) =

 
⌘µ⌫LSM(�, , Aµ) + 2

�LSM(�, , Aµ)

�gµ⌫

!�����
gµ⌫=⌘µ⌫

(3.10)

The actions for the SM for scalar (�), fermion ( ) and gauge fields (Aµ) is given as follows,

S� =

Z
d4x

p�g


1

2
@µ�@

µ�� m2
�

2
�2

�

S =

Z
d4x

p�g
h
 ̄��D � m  ̄ 

i

SAµ =

Z
d4x

p�g


� 1

4
Fµ⌫F

µ⌫

�
(3.11)

Corresponding Stress-energy tensors are given by

T �
µ⌫ = �⌘µ⌫

2

�
@⇢�@

⇢�� m2
��

2
�

+ @µ�@⌫�

T 
µ⌫ = �⌘µ⌫

�
 ̄��D � m  ̄ 

�
+

i

4

h
 ̄�µ(@⌫ � igsT

aAa
⌫) �  ̄(@⌫ + igsT

aAa
⌫)�µ + (µ $ ⌫)

i

TAµ
µ⌫ =

⌘µ⌫
4

F⇢�F
⇢� � F �

µ F⌫�

(3.12)

Using the expressions for the stress-energy tensor Eq. 3.12 in the interaction action Eq.

3.9 we can get all the Feynman rules needed to describe Gravity-SM interaction. These

Feynman rules are listed in Appendix B.
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3.3 Extra Dimensions

From the early Twentieth century, there has been a growing interest in unifying Einstein

gravity with the other forces. The first attempt [79] was made by T. Kaluza in 1921.

While trying to study Einstein’s gravity in 5-dimensional space-time, he discovers that it

is possible to unify gravity with electromagnetism with the incorporation of extra spacial

dimensions. A few years later in 1926 O. Klein realized [80] the same and predicted that

there could be extra dimension which are small and compact. But their theories were not

explored for a long time since gravity interacts very weakly with SM whose signature is

negligible. Later in the 80s with the advancement of superstring theories, where multiple

extra dimensions are essential, the idea of Kaluza-Klein again revived.

The central idea of Kaluza-Klein theory is to consider 5-dimensional graviton field

GMN , where M, N 2 {0, 1, 2, 3, 4}. The 5-D metric could be a flat metric like gMN =

diag(1, �1, �1, �1, ±1). Here ±1 corresponds to the time-like (space-like) extra dimen-

sion. For a time-like extra dimension i.e. where extra dimension has signature +1, tachyon

particle with negative mass will appear which violates the causality. Therefore it is always

good to choose a spacial extra dimension to have the interactions with the SM particle as

well. The 5-dimensional manifold is factorizable,

M(5) ⌘ M(4) ⌦ M(1) (3.13)

where M(4) is the usual Minkowski space-time and M(1) is the one-dimensional Euclidean

manifold. The background metric can be decomposed in the following form

gMN =

0

B@
(gµ⌫ � 2�2AµA⌫) ��2Aµ

��2Aµ �2

1

CA

Here µ, ⌫ represent the usual 1 + 3 dimensional Minkowski space-time whereas M, N 2
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{0, 1, 2, 3, 4}. In fact the gµ⌫ , Aµ and � naively look as metric, vector and scalar fields in

4-dimensions. The 5-D Christo↵els are given by

�P
MN =

gPQ

2
(@MgQN + @NgQM � @QgMN) (3.14)

Here M, N, P, Q run over 0,1,2,3,4. Correspondingly the Ricci tensor and Ricci scalar are

given as

RMN = @N�
P
MP � @P�

P
MN + �Q

MP�
P
NQ � �Q

MN�
P
PQ

R5 = gMNRMN

(3.15)

The 5-dimensional Einstein action is then

S =
1

16⇡G

Z
R5

p�g d4xdy (3.16)

Varying the action we can get the Einstein’s equation in 5-dimensions as

�S = 0

RMN � gMN

2
R5 = 0

(3.17)

If we identify 2 = 16⇡GN where GN = G/
R

dy, then substitution of the metric 3.3 in

Eq. 3.16 leads to the action

S =

Z
d4x

p�g�
⇣ R

16⇡GN
� �2Fµ⌫F µ⌫

4
� 2@µ�@µ�

32�2

⌘
(3.18)
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By varying action 3.18, one gets the field equations in terms of 4D quantities as:

Gµ⌫ = Rµ⌫ � gµ⌫
2

R

= �
2�2

2
TA
µ⌫ +

1

�

�rµ(@⌫�) � gµ⌫⇤�
�

rµFµ⌫ = 3
@µ�

�
Fµ⌫

⇤� =
2�3

4
Fµ⌫F

µ⌫

(3.19)

where TA
µ⌫ is given in Eq. 3.12. Thus Eqs. 3.19 imply that the 4D EM radiation can arise

from a 5D geometry. In fact in Kaluza-Kelin’s original idea � is taken to be constant

(particularly � = 1). Then the fields equations Eq. 3.19 are exactly reduced to the Ein-

stein and Maxwell equations:

Gµ⌫ = � 8⇡GNTA
µ⌫

rµFµ⌫ = 0
(3.20)

In KK theory, it is considered that our universe is a four-dimensional subspace of M (5)

where all derivatives with respect to the fifth coordinate vanish. This is known as the

Cylinder condition. The scalar field � is called the dilaton field and the vector field Aµ as

the KK gauge field. In the original Kaluza-Klein idea, it was found that the gµ⌫ and Aµ

fields satisfy the Einstein’s field equation Eq. 3.4 and Maxwell’s equations respectively.

Klein’s idea was based on extra dimensions which are compactified, meaning that the

extra dimension has a finite boundary unlike the usual Euclidean x-y-z co-ordinates which

are infinitely extended. Therefore the extra-dimension is postulated to be compactified

on a small circle with a periodicity

y ! y + 2⇡R (3.21)
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where R is the size of the extra-dimension. The topology of the space-time is given by

M (5) = M(4) ⌦ S(1) (3.22)

where M(4) is the usual Minkowski space-time and S(1) is the topology of a circle. Due

to the periodicity of the fifth dimension, all the fields can be Fourier expanded as,

�(xµ, y) =
1X

n=�1
�(n)(xµ)exp

⇣ iny

R

⌘

A⇢(x
µ, y) =

1X

n=�1
A(n)
⇢ (xµ)exp

⇣iny

R

⌘

G⇢�(x
µ, y) =

1X

n=�1
G(n)
⇢� (xµ)exp

⇣iny

R

⌘

(3.23)

3.3.1 Kaluza-Klein Reduction

Periodicity in the extra dimension implies that the 5-dimensional fields can be Fourier

expanded. The equations of motion for the Fourier modes are wave equations:

@M@
M� = 0

=)
1X

n=�1

⇣
@µ@

µ � n2

R2

⌘
�(n)(xµ)exp

⇣iny

R

⌘
= 0

=)@µ@
µ�(n)(xµ) � n2

R2
�(n)(xµ) = 0

(3.24)

Eq. 3.24 indicates an infinite number of Klein-Gordon equations for massive 4D scalar

fields. This implies that each Fourier mode �(n) is a scalar particle in 4-dimension with

mass given by

m2
n =

n2

R2
(3.25)
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The zero mode here is massless which is generally identified with the 4D field. The massive

states are called Kaluza-Klein states which originates from the extra dimensions.

3.3.2 ADD model

Arkani-Hamed, Dimopoulos and Dvali revived the idea of Kaluza-Klein and proposed [81–

83] a way to lower the scale of gravity to TeV scale. The main idea was to consider extra

spatial dimensions which are compactified and the Planck scale is not the fundamental

scale. The idea is backed from the fact that gravity has not been probed at small distances

less than a centimeter. Therefore they postulated that gravity behaves quite di↵erently

in small range than the usual. Motivated by the string theory, the number of such extra

dimensions can be more than one. According to ADD model, the space-time is 4 + �

dimensional and only gravity can probe the full d = 4 + � dimensional bulk, whereas the

SM is contained within 4-dimensional brane. These � extra dimensions are compactified

on a torus with radius R and volume V� = (2⇡R)�. The fundamental gravity scale can be

related to the 4-dimensional Planck scale simply through Gauss’s law, according to which

the gravitational potential at a distance r << R is given by

V (r)r<<R ⇠ m1m2

M �+2
F

1

r�+1
(3.26)

where m1, m2 are two test masses placed at a distance r. Similarly the expression for

potential at a distance larger than the extra dimension is given by

V (r)r>>R ⇠ m1m2

M �+2
F

1

R� r
(3.27)
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which can be equated to our usual Newtonian gravity

V (r)Nr>>R ⇠ m1m2

M2
P l

1

r
. (3.28)

Equating Eq. 3.27 with Eq. 3.28, we find the relation between the 4-dimensional Planck

scale and fundamental gravity scale as

M2
P l = C�M

�+2
F R�, (3.29)

where C� = 2/(4⇡)
�
2�( �2). The fundamental scale for gravity thus can be of the order

of the electro-weak scale through the large volume of the extra dimension. One extra

dimension i.e. � = 1 is excluded as this leads to R ⇠ 1011m i.e. roughly the astrophysi-

cal distances, and the non-observance of any deviations from Newtonian gravity at this

distances basically rules out � = 1 scenario. For � = 2, R ⇠ 1mm which is within the

experimental limit, for � even higher the radius of extra dimension becomes even smaller.

The coupling strength of graviton to the SM fields are very small and thus apparently can

not be relevant for the collider search. However the number of such massive states are

very large. In fact there are (ER)� number of massive KK states which are kinematically

accessible in a collider of centre of mass energy E. Therefore the sum over the contribu-

tion from each KK state removes the Planck scale suppression in a process and replaces

it by powers of the fundamental scale MF (O(TeV )). The signature of these massive

KK states at the collider can be observed in two ways. One through the signature of

missing energy where the KK modes escapes the detection. Other is through the virtual

KK mode exchange by which any deviations in some observable from the SM may lead

to the ADD signature. The density of the KK states increases rapidly with the numbers

of extra dimensions and the KK mass distribution is shifted to higher values.This is not

reflected in the missing energy distribution: although the heavier KK gravitons are more

likely to carry larger energy, they are also more likely to be produced at threshold due to
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the rapidly decreasing parton distribution functions. These two e↵ects compensate each

other, leaving nearly identical missing energy distributions.

Searches for direct KK graviton production through the first kind of processes have

been performed in LEP-II as well as at the LHC [84, 85]. LEP-II has put bound [86, 87]

on the fundamental scales up to 1.45 TeV for two extra compactified dimensions and 0.6

TeV for six extra dimensions using the characteristic final states of missing energy plus

a single photon or Z boson. The second kind of collider signature is through the virtual

KK exchange in 2 ! 2 scattering processes which lead to deviation of cross sections and

asymmetries from the SM processes.

The Lagrangian for the ADD case is given by

L = �
2

X

(n̄)

T µ⌫h(n̄)
µ⌫ (x) (3.30)

Here h(n̄)
µ⌫ (x) denotes the KK states which contains one spin-2 state, (n� 1) spin-1 states,

and n(n � 1)/2 spin-0 states with mass given by,

m2
n̄ =

(2⇡n)2

R2
(3.31)

The sum of the KK modes is given by

2D(s) = 2
X

(n̄)

1

s � m2
n̄ + i✏

=
8⇡

M4
F

⇣p
s

MF

⌘(��2)h
⇡ + 2iI

✓
⇤p
s

◆i (3.32)

where s is the partonic centre of mass energy, ⇤ is the UV cut o↵ of the KK modes which
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is roughly taken of the order of MF . The integral I( ⇤ps) is given in [88] as,

I
⇣ ⇤p

s

⌘
= �

(��2)/2X

n=1

1

2n

⇣ ⇤p
s

⌘2n
� 1

2
log
⇣⇤2

s
� 1
⌘

for � = even

= �
(��1)/2X

n=1

1

(2n � 1)

⇣ ⇤p
s

⌘(2n�1)

+
1

2
log
⇣⇤+

p
s

⇤� p
s

⌘
for � = odd

(3.33)

To order 2, the ADD action allows scattering processes involving SM fields and virtual

gravitons in the intermediate state or real gravitons in the final state. In the context of

collider phenomenology, this gives rise to a very rich and interesting signals that can be

seen at the present LHC. The virtual exchange of the gravitons can lead to deviations

from the SM predictions whereas the real emission of the gravitons can lead to the missing

energy signals. Since the size of the extra dimension is large in ADD case, the mass

splitting among the KK modes i.e. 2⇡/R is small, as a result of which one can approximate

the summation of the KK modes as integral in continuum limit, with the density of the

KK modes is given by,

⇢(mn̄) =
R� m(��2)

n̄

(4⇡)
�
2�( �2)

(3.34)

The inclusive cross-section for the real graviton production at the colliders is then given

by the convolution with this state density function and is given by,

d� =

Z
dm2

n̄d�mn̄ (3.35)

where d�mn̄ is the di↵erential cross-section for producing single KK mode of mass mn̄.

3.3.3 RS model

The fundamental idea for RS model is to consider a 5-dimensional geometry which can

describe the physical world through a warping in the 5 dimensional metric. The metric
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thus must follow the Poincare invariance i.e. it must have 4-dimensional symmetry under

boost, translation and rotation. This leads to the following ansatz for the metric,

ds2 = e�2�(�)⌘µ⌫dxµdx⌫ � r2cd�
2 , (3.36)

where e�2�(�) is known as the warped factor and ⌘µ⌫ represents the flat Minkowski metric.

� denotes the fifth dimension (0  �  ⇡) which is compactified on a S1/Z2 orbifold with

a radius rc and  is related to the curvature of the AdS5 space-time. Two 3-branes with

opposite tensions are situated on two fixed points (� = 0, ⇡) of the extra dimension. The

brane at � = 0 is called the Planck brane and the other one at � = ⇡ is known as the

TeV brane. Solving the 5-dimensional Einstein’s equation 3.17 for the metric 3.36, we

can get the form for the warped factor. In the RS model, the non-factorizable geometry

is governed by the following 5-dimensional warped metric [89],

ds2 = e�2rc|�|⌘µ⌫dxµdx⌫ � r2cd�
2 , (3.37)

The RS action is taken as

SRS =

Z
d4xdy

p�gM3
FR5 (3.38)

The 4-dimensional Planck scale MP l is related to the fundamental gravity scale MF

through the warp factorr. With this exponential warping it is now possible to bring

down the hierarchy,

M2
P l =

M2
F



�
1 � e�2⇡rc

�
(3.39)

In the RS scenario, all SM fields are considered to be confined on the TeV brane,

whereas the gravity can propagate in the full 4 + 1 dimensions. The interaction among

the SM fields with the massive KK excitations (h(n)
µ⌫ ) of the graviton [88,90] is determined
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by the following Lagrangian,

LRS = � 1

MP l

T µ⌫(x)h(0)
µ⌫ (x) � c0

m0
T µ⌫(x)

1X

n=1

h(n)
µ⌫ (x) , (3.40)

where c0 = 
MPl

, m0 = e�rc⇡, T µ⌫ is the energy-momentum tensor for the SM particles

and MP l is the reduced Planck scale which is related to the Planck mass (MP l) through

MP l = MP l/
p

8⇡. Note that, the couplings of the zeroth KK mode to the SM fields

are MP l suppressed and hence this term can be practically neglected. However, the

contribution from the higher modes with the coupling c0/m0 can be of the order of few

TeV for a choice of rc ⇠ O(10) [91, 92] and they can produce significant observable

e↵ects. The masses of the KK mode excitations are given by

Mn = xn  e�⇡rc , (3.41)

where xns are the zeros of the Bessel function J1(x).

The e↵ective graviton propagator after summing over all the massive KK modes except

the zeroth one takes the following form [93,94],

Deff (sij) =
1X

n=1

1

sij � M2
n + i�nMn

=
1

m2
0

1X

n=1

(x2 � x2
n) � ixn

�n
m0

(x2 � x2
n)

2 + x2
n

⇣
�n
m0

⌘2 , (3.42)

where sij = (pi +pj)2, x =
p

sij/m0 and �n denotes the width of the resonance with mass

Mn. Note that unlike the ADD case here individual KK mode can give rise to massive

resonance. The total decay width of the graviton can be calculated with the KK states

decaying to the SM particles [88, 95] in the following way,

�n = m0 c20 x3
n�n , (3.43)
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where �n is given by,

�n = ���
n +�ZZ

n +�WW
n +�HH

n +
X

⌫

�⌫⌫
n +

X

l

�ll
n +�gg

n +
X

q

�qq
n . (3.44)

Here each �aa
n corresponds to the coe�cient coming from the decay width calculation of

the process h(n) ! aa. Unlike the large extra dimension model, the individual resonances

of the graviton are well-separated in the RS model and they can be probed in invariant

mass distribution. All the relevant decay widths can be found in [88], nevertheless below

we present them,

���
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2M3
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(3.45)

In RS scenario, the principal collider signature is the direct resonant production of the

spin-2 states in the graviton KK tower. The two parameters in RS case are chosen as

c̄0 =


M̄P l

m0 = e�⇡rc
(3.46)
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m0 has the dimension of mass and sets the scale for the masses of the KK excitations

whereas c0 is an e↵ective coupling. Searches for the first graviton KK resonance in Drell-

Yan and di-jet data from Run I at the Tevatron restrict (34) the parameter space of this

model.

Since  is related to the curvature of the fifth dimension, we need to restrict it to small

enough values to avoid e↵ects of strong curvature. On the other hand  should not be too

small compared to MP , as that would reintroduce a hierarchy. This suggest to restrict

the value of c̄0 within [0.01, 0.1]. Although there are motivations from string theory to

the theoretical bounds of c̄0. The curvature is assumed to be less than the Planck scale

i.e.  < M̄P l ) c̄0 < 1. Now the tension on D3 brane from the argument of string theory

is given by,

T (D3)
string =

M4
string

(2⇡)3gstring
(3.47)

where gstring is the string coupling constant ⇠ 1. Mstring is the string scale ⇠ gYMM̄P l,

where gYM is the 4D Yang-Mills gauge coupling constant ⇠ 0.7. The tension on the

3-brane from RS scenario is found to be

T (D3)
RS = 242M̄2

P l (3.48)

Equating Eq. 3.47 with Eq. 3.48 gives the lower bound on c̄0 to be ⇠ 0.01. Although the

electro-weak precision data from LEP sets the lower bound for c̄0 to be ⇠ 0.03.

3.4 Conclusion

Discovering extra dimensions could give us clues about the mysterious workings of gravity

and also show the path to unify the forces. The ADD and the RS models provide simple

frameworks through which gravity can be incorporated at the first order approximation
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within the SM. Clearly the rates and distributions of scattering amplitudes will deviate

from the SM one in the presence of such extra dimensions. LHC with its high energy run

provides a great opportunity to test these models and existence of such extra dimensions.

QCD corrections to the scattering amplitudes are also important to these models as often

the correction is large. In the next two chapters we will consider how RS signature

can be found at the hadron colliders like the LHC. In chapter-4 we will use the technique

ME+PS for triple neutral gauge boson production, in chapter-5 we will use the MC@NLO

formalism to consider the NLO+PS production for di-final states.





4
TRIPLE NEUTRAL GAUGE BOSONS

PRODUCTION IN RS MODEL

4.1 Introduction

LHC is now running at the its phase-II with higher energies and luminosity. Precision

measurement of the properties of the newly discovered Higgs boson is a priority and will

be matched with precise higher order theoretical predictions to look for any deviations

from the SM. Now that the Higgs boson is discovered it is important to look at the massive

vector boson scattering (VBS) cross section which is uniterised by the Higgs boson. The

VBS gets contribution from the non-abelian couplings of the electro-weak gauge boson

sector (a) triple gauge boson coupling (TGC), (b) quartic gauge boson coupling (QGC)

and in addition, Higgs coupling to the massive gauge boson. The TGC will contribute to

the di-boson final state and Run-I has already placed comparable limits to the anomalous

couplings as the LEP experiments. The QGC coupling leads to tri-gauge boson final

states, though the full process would involve the TGC, fermion mediated processes and

also Higgs mediated processes. The QGC has been reported for the first time by ATLAS

collaboration using the VBS process, yielding a final state with two same sign W boson in

association with two jets [96] in a purely electro-weak process and also measured the W��

71
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production cross section [97] which is now accessible with the 8 TeV LHC data set. The

CMS collaboration has also measured the QGC in the WW� and WZ� final states [98].

So far the observations are consistent with SM predictions and as the sensitivity of these

measurements improves, the TGC and QGC that lead to tri-boson final states can not

only test the electro-weak sector of the SM but also probe new physics. In this chapter

we look at some of the tri-boson production processes merged to 1-jet in the warped extra

dimension model.

In the model proposed by Randall and Sundrum (RS) [99], the non-factorizable ge-

ometry of the space-time with the inclusion of a single warped extra spatial dimension,

proposes a solution to the hierarchy problem. The SM fields are confined to a 3-brane,

whereas the gravity which propagates the full 5-dimensional space-time, manifests as mas-

sive Kaluza-Klein (KK) modes in 4-dimensional space-time. RS model phenomenology of

the virtual graviton exchange have extensively been studied for gauge boson pair produc-

tion processes viz., �� [94], ZZ [100], W+W� [101] and also for DY production [102] at

the next-to-leading order (NLO) accuracy, because of their rich sensitivity to the model

parameters. This in turn helps to reduce the theoretical uncertainties whereby constrain-

ing the RS model parameters. Recently the parton shower e↵ect has been considered

for those processes in [103]. Nevertheless, the study of triple gauge boson production

processes within this model would also be phenomenologically important, as they could

e↵ectively participate in interesting new physics searches at the TeV scale. They have been

studied in the SM at NLO [104–107] level. NLO results of the triple photon production in

the SM have recently been presented including the e↵ect of photon fragmentation [108] or

matching them with di↵erent parton shower (PS) Monte Carlo programmes [109]. These

SM processes also serve as potential backgrounds to a number of new physics signals

coming from di↵erent BSM scenarios. For example, the SM ��� process is a background

to single photon production, together with one techni-pion in technicolor model, whereas
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��Z process in the SM is a background to the signal with di-photon plus missing energy

in gauge-mediated supersymmetric theories.

In this chapter, we will consider the production of neutral triple electro-weak gauge

bosons in warped extra dimension model at the LHC, i.e., PP ! V V V X, where V = �, Z

and X denotes some hadronic final states. Similar processes have been analyzed at LO

in case of large extra dimensional models [110–112]. In fact, study of these processes in

RS scenario bears equal importance, as their contributions in searching new physics using

the triple gauge boson productions are undeniable in distinguishing physics arising from

the potential BSM candidates like supersummetry or technicolor.

4.2 Merging Matrix Element with Parton Shower

In LHC, additional jets are often produced from initial state radiation and can alter the

LO predictions for relevant observables. Generally these additional jets are simulated

using PS monte carlo. But these QCD radiations in the PS programs are generated in the

soft and collinear approximation based on Sudakov form factors. The widely separated

and hard emissions are not well-described in the PS approach, whereas the fixed order

tree level amplitudes can provide reliable predictions in the hard region, but it fails in

the collinear and soft limits. Therefore it is also essential to take into account the tree

level amplitude containing additional jets. Both descriptions have to be combined in

an appropriate matching method by avoiding double counting or gaps between samples

with di↵erent multiplicity. Several algorithms have been proposed for this purpose, mainly

based on the event re-weighting (eg. CKKW) [113,114] or event rejection (eg. MLM) [115].
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4.2.1 CKKW

The naive approach to matrix element merging with parton shower at LO is done choosing

a scale Qcut. It is required that PS will fill the phase space below Qcut whereas the ME

describes the region above Qcut. The idea is to use matrix element along with Sudakov

form factor above the merging scale and the parton shower below the merging scale.

Therefore the correction to the first emission is given by,

d�CKKW =B(�B) ⇥
h
�(Q2, Q2

0) +

Z

Q2
0

dq2

q2

Z
dz
↵s

2⇡
P(z)�(Q2, q2)⇥(Q2

cut � q2)
i

d�B

+
h
↵sR(�B+1)�(Q2, q2)⇥(q2 � Q2

cut)
i

d�B+1

(4.1)

One important feature evident from Eq. 4.1 that it violates unitarity due to cut posed

on the phase-space. But this will not have a large impact if this cut is chosen reasonably

so that the total cross-section remains relatively stable with respect to the variations of

the scale Qcut. For more than one jet merging, the second term in Eq. 4.1 can be treated

as the born for one extra emission process and the same expression as Eq. 4.1 can be

repeated.

The implementation of CKKW algorithm follows as:

1. Di↵erent multiplicity events are generated with fixed strong coupling constant ↵s

using matrix element cut-o↵ Qcut defined by kT jet measure. This will remove any

divergences from the ME.

2. Merging scale QME is chosen to the same as the matrix element cut o↵ scale Qcut.

3. Events are re-weighted using Sudakov form factors and running coupling constants.

4. Parton shower is introduced where the starting scale of the parton shower from each
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parton is chosen according to the scale where the parton first appears and veto any

shower emission above Qcut.

The jet measure used in CKKW is the Durham k? and the shower evolution variable is

used to be the virtuality which somewhat constraints its applicability. Another variation of

CKKW has been implemented named as the CKKW-L method which di↵ers in calculating

the Sudakov form factor (the Sudakov form factor factorizes unlike the original CKKW

case). The shower veto algorithm also di↵ers from the original CKKW.

4.2.2 MLM

MLM approach is the easiest to invoke the jet merging with parton shower since there

is no need to change the PS program. In this scheme the ME is directly fed to the PS

program. The final state partons are then clustered back to jets using a cone algorithm.

If all the jets match with the ME partons then event is selected, otherwise it is rejected.

The parton shower is restricted below the merging scale and Sudakov form factor is built

to take care of no emission above the merging scale. The merging scale QME and matrix

element cuts of scale Qcut are chosen such a way that QME > Qcut. This happens as the

events slightly below the merging scale can end up above the shower. The choice of such

scale depends on the process considered.

The algorithm follows as:

1. Generate the events with di↵erent jet multiplicity n and matrix element cut Qcut.

2. The merging scale QME is chosen such that QME > Qcut.

3. Shower is generated with a veto QME > Qcut. The starting scale of shower is chosen

as
p

pi.pj, where i and j are the color-connected partons.
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4. The generated partons from shower are clustered back into N jets using a cone

algorithm.

5. If N < n, where n is matrix element partons, the event is rejected otherwise if N � n

and each of the original n partons is uniquely contained within any reconstructed

jets, then the event is accepted.

4.2.3 Shower-kT

The shower-kT scheme [116] is based on event rejection like MLM which is implemented

in MadGraph5. Unlike the MLM cone algorithm here one uses KT jet algorithm as jet

measure. In this scheme the events are generated by MG with a minimum separation

in the phase space Qcut and PTmin
between the final-state partons (ij) and between the

final-state and initial-state partons (iB) respectively which is characterized by the kT jet

measure:

d2
ij = min(p2Ti

, p2Tj
)�R2

ij > Q2
cut, d2

iB = p2Ti
> p2Tmin

(4.2)

Here �R2
ij = 2[cosh(⌘i � ⌘j) � cos(�i � �j)], where pTi

, ⌘i, �i are the transverse mo-

mentum, pseudo-rapidity and azimuthal angle of the parton i. The kT value is set as

the renormalization scale at each QCD emission vertex. The events are then passed to

Pythia [117] for showering. In shower-kT scheme, pythia pT -ordered shower is used for

showering. Pythia reports the scale of the hardest emission (QPS
hardest) in the shower and

vetoes events based on the kT values of the hardest shower emission instead of performing

a jet clustering and comparing to the ME. If QPS
hardest > Qcut for lower multiplicity samples,

then the event is rejected, whereas for highest multiplicity sample an event is rejected if

QPS
hardest > QME

softest, the scale of the softest parton in the event from ME.

Note that all these merging procedures di↵er from each other in the definition of jet
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measure and in determining the starting conditions and vetoing in shower. In this analysis

however we have used the shower-kT scheme for jet merging which is implemented in

MadGraph5, where we choose to work with Qcut = pTmin
.

4.3 Triple Neutral Gauge boson production in RS

The leading order neutral triple gauge boson production processes PP ! V V V X at the

LHC come from the subprocess,

q(p1) + q̄(p2) ! V (p3) + V (p4) + V (p5) ,

where V = �, Z and X is any final state hadron. Typical Feynman diagrams for the SM

are shown in Fig. (4.1). The contribution from RS case is shown in Fig. (4.2).

q(p1)

q̄(p2)

V(p3)

V(p4)

V(p5)

Figure 4.1: Typical SM Feynman diagrams for neutral tri-boson production.

This process has been merged with the 1-jet process PP ! V V V j X in MadGraph5

(MG) [118]framework to have a better description of di↵erent distributions. Due to extra

radiation emission, q(q̄)g initiated subprocesses also come up. The merged events are

then matched to a Parton Shower (PS). The Z bosons are let to decay to lepton pairs,

thus accounting for the o↵-shell contributions.

The fixed order merging approach gives a better description of the region of hard and

well separated jet whereas the parton shower takes care of the infrared region correctly.
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q q

qq

q̄ q̄

q̄q̄

Figure 4.2: Typical RS contribution for neutral tri-boson production. The double-line
represents RS graviton. For diagrams with one extra jet one can attach a gluon to any of
the initial or internal lines.

These merged-matched events provide a realistic framework to be compared to the exper-

imental outcomes. The Lagrangian of the RS model is written using FeynRules [119] and

it is combined together with the SM Lagrangian. The universal FeynRules output (UFO)

of the combined Lagrangian (i.e., LRS + LSM) is then imported within MadGraph5

framework and used for the generation of events. The model parameters c0 and M1, the

mass of the first excited KK mode have been set as external inputs and we choose to

work with the following values: M1 = 1.7 TeV and c0 = 0.03 which remain within the lat-

est experimental bounds provided by ATLAS [84, 120] and CMS [85, 121] collaborations.

In addition, we have systematically implemented the KK mode summation algorithm in

the spin-2 HELAS routine [122]. Kinematical distributions of various observables have

been recalculated for di↵erent di-final states such as, di-photon, Drell-Yan, ZZ, W+W�

in fixed order NLO and NLO+PS using this present layout and they are found to be

in excellent agreement with those results that are present in the literature [94, 100–103].

This essentially ensures the proper execution of the whole computational set-up. We have

generated events for the following four neutral triple vector boson production processes:

(i) ���, (ii) ��Z, (iii) �ZZ and (iv) ZZZ under the above mentioned arrangements. The
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Z bosons are decayed to lepton-pair which will be discussed in the next section in detail.

Each of these processes consists of three types of contributions coming from pure SM,

pure RS and the interference between these two.

4.4 Numerical Result

In this section, we present numerical results of various kinematical distributions for the

above four processes. All the results are presented for LHC with center of mass energy
p

S = 13 TeV. In our analysis, the following set of external parameters are used as input:

mZ = 91.188 GeV , sin2(✓W ) = 0.222 ,

GF = 1.16639 · 10�5 GeV�2 , ↵�1 = 132.507 . (4.3)

During the generation of events we let the Z bosons to decay to `+`� pair. Events are

generated with loose cuts on the transverse momentum (PT ) and rapidity (y) of the final

state particles:

P �,`
T > 15GeV , |y�,`|  2.6 . (4.4)

The factorization scale (µF ) as well as the renormalization scale (µR) are chosen as the

invariant mass of the final state particles and MSTW2008LO (68%CL) PDF has been

used. Throughout this chapter, we have considered five massless quark flavors (nf = 5)

and neglected all top quark contributions. In case of processes containing two or three

photons in final state, a photon separation cut�R�� > 0.3 is used during event generation.

�R�� =
p

(�y)2 + (��)2 is the separation of the two photons in the rapidity-azimuthal

angle (y,�) plane. For processes involving leptons and photons in final state, we have

applied �R�` > 0.3 and �R`+`� > 0.3. For consistently merging 0-jet sample with 1-jet

sample we have followed the path prescribed in [116] and checked the stability of the cross-
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section by varying the scale Qcut. Additional checks on the smoothness of the distributions,

for example the di↵erential jet-rate (DJR) plots, in the ME and PS transition region have

been done. For the four processes under consideration the choices of Qcut are much the

same around 90 - 95 GeV where we find best smooth DJR plots and also the matched

cross-section remains within 13% of the unmatched cross-section. For ���, �ZZ and

ZZZ we choose Qcut = 95 GeV whereas for ��Z we took Qcut = 90 GeV. Showering

is done with Pythia PT -ordered shower as described in the previous section. Di↵erent

analysis cuts used on the final state particles at the time of analysis are described in the

following subsections for each processes.

For the processes involving photons, the photons can come from the hard process or

as a result of fragmentation which is a QED collinear e↵ect. In order to get rid of such

collinear divergences without involving additional non-perturbative e↵ects, the smooth

cone isolation criteria on the photons as proposed by Frixione [123], is used. A cone of

radius R =
q

(y � y�)
2 + (�� ��)

2 is considered in the (y � �) plane around a photon

satisfying the condition that the total hadronic transverse energy E(R) within R < R�

would be less than a maximum limit E(R)max given by,

E(R)max = ✏� E�
T

✓
1 � cos R

1 � cos R�

◆n

, (4.5)

where E�
T is the transverse energy of the photon; ✏�, R�, n are three parameters of the

Frixione isolation. During event generation we choose ✏� = 1, R� = 0.3, n = 1.

For the reconstruction of Z bosons from opposite sign lepton-pair, events are selected

based on the selection criterion:

|M`+`� � MZ |  15 GeV , (4.6)

where M`+`� is the reconstructed invariant mass of the opposite sign lepton-pair. The
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following transverse momentum and pseudo-rapidity cut on jets during analysis in all four

processes are used

P j
T > 50 GeV, ⌘j  4.5 (4.7)

For all four processes, an extra cut has been put on the final state particles invariant

mass (M > 600 GeV) for transverse momentum distributions and rapidity distributions

which are displayed in the respective figures. We have checked that the generated events

give unbiased results with reference to the choices of generation and analysis cuts. Scale

dependencies are obtained by varying the renormalization scale (µR) and the factorization

scale (µF ) [124] in the range (µR, µF ) = (Rµ0,Fµ0), where µ0 is the invariant mass of

the three vector boson final states or its decay products when Zs are involved. The scale

factors R,F are in the range (1/2, 2), we choose the combination (R,F ) = (1/2,1/2),

(1,1), (1/2,1), (1,1/2), (1,2), (2,1), (2,2) to study the scale variation. The scale uncertainty

is represented by taking the envelope of all individual variations.
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Figure 4.3: Invariant masses of ��� (left) and of two hardest photons (right) for ���
production.

Next we discuss and present our results for each of the neutral triple boson final states
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separately presenting some select distribution that are of interest for the RS model. For

all figures, we followed the following convention; we give the distributions corresponding

to the SM and SM+RS that contribute to the observable for ME+PS merged to 1-jet

for central scale choice (R,F ) = (1, 1). In the lower inset we put the fractional scale

uncertainty for ME+PS with 1-jet for RS case.

4.4.1 ���

Observing the ��� channel has a great advantage over the other triple neutral channels,

because experimentally it provides a cleaner signature. ��� production in the RS model

has also been studied in [125]. Here we present the result merged with 1-jet as well as

include showering thus improving the result, viable to the experimental search. During

the analysis level we use more stringent cuts than that used at the generation level: (a)

cuts on transverse momentum and pseudo-rapidity of final state photons used are P �
T > 25

GeV, ⌘�  2.5, (b) Frixione parameters used are R� = 0.4, ✏� = 1, n = 2 and (c) photon-

photon separation cut R�� > 0.4. Finally the photons are ordered according to their

transverse momentum.

In the Fig. 4.3, we present the invariant mass distribution for tri-photon on the left

panel and the invariant mass of the hardest di-photon state on the right panel. In the

invariant mass distribution of the tri-photon the peak appears near 1.7 TeV. The peak

is slightly shifted from 1.7 TeV towards higher invariant mass region. This is evident

from the fact that the RS graviton is produced in association with a vector boson. In the

expression for invariant mass there are dot products between all three momenta of the final

state photons, thus shifting the peak slightly towards the higher invariant mass region.

A cleaner signature of RS graviton can be found in the invariant mass distribution of the

hardest two photon pairs where the RS peak appears at 1.7 TeV. From the transverse
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Figure 4.4: Transverse momentum distributions of hardest photon �1(left) and next hard
photon �2(right) for ��� production.
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Figure 4.5: Rapidity distributions of hardest photon (left) and hardest pair (right) for
��� production.

momentum distributions (Fig. 4.4) as well as in the rapidity distributions (Fig. 4.5),

significant deviation from SM results is observed. In general the 1-jet merged sample

gives a harder distributions. For the Fig. 4.3 (left panel) the uncertainty at the RS peak
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is about 7.7% and for the di-photon invariant mass (right panel) the uncertainty is about

10%. For the pT distribution the uncertainties are larger, for the hardest photon (Fig. 4.4)

it is about 15% and for the second hardest it is about 8.3% around the peaks in the PT

distribution which correspond to about half the RS resonance. For the rapidity plots

(Fig. 4.5) the uncertainty is about 10% in the central rapidity region.
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Figure 4.6: Invariant mass distributions of ��µ+µ� (left) and ��(right) for ��Z produc-
tion.

In ��Z production the e↵ect of the massive RS KK-modes can be observed in the

��Z invariant mass as well as in the di-photon invariant mass (Fig. 4.6). The Z boson

is allowed to decay to µ+µ� pair. Minimal analysis level cuts on the final state leptons

and photons transverse momentum P �,l
T � 25 GeV and pseudo-rapidity cut ⌘�,l  2.5 are

put. In order to fulfill detector resolution, cuts on the separation of photon, lepton and



4.4.2 ��Z | 85

/b
in

  
[p

b
 /

 1
5
 G

e
V

]
σ

9−
10

8−
10

7−
10

6−
10

ME+PS 1-jet (RS) 

ME+PS 1-jet (SM) 

  = 0.03
0
C

 = 1.7 TeV 1M

 > 600 GeVZγγ
M

Zγγ

  [ GeV ]1
γ

T P

200 400 600 800 1000 1200 1400

F
r
a

c
. 

U
n

c
e
r
. 

0.6

0.8

1

1.2

1.4

/b
in

  
[p

b
 /

 1
5
 G

e
V

]
σ

9−
10

8−
10

7−
10

6−
10

ME+PS 1-jet (RS) 

ME+PS 1-jet (SM) 

  = 0.03
0
C

 = 1.7 TeV 1M

 > 600 GeVZγγ
M

Zγγ

  [ GeV ]2
γ

T P

100 200 300 400 500 600 700 800 900

F
r
a

c
. 

U
n

c
e
r
. 

0.6

0.8

1

1.2

1.4

Figure 4.7: Transverse momentum distributions of hardest photon �1(left) and second
hard photon �1(right) for ��Z production.

jets are imposed:

R�l > 0.4, Rll > 0.4, Rlj > 0.7 . (4.8)

The invariant mass distribution of ��µ+µ� system shows an enhancement at about the

RS peak but is additionally shifted compared to the tri-photon case due to the mass of

the Z boson. In this process the RS graviton can only decay into a photon-pair, hence

the invariant mass distribution of di-photon pair shows the peak at the RS mass. The un-

certainty in the enhanced region is about 8% for the ��µ+µ� invariant mass distribution

and for the di-photon invariant mass at the RS peak it is about 9.9%. The transverse

momentum distributions (Fig. 4.7) of each photon clearly shows the RS signature appear-

ing nearly at the half of the KK mass. The uncertainty for the transverse momentum

distribution are much higher, at about 26%.

In the PT distributions in Figs. 4.4, 4.7 the parton shower resums the large logarithms
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in the collinear region which suppress the low PT cross section. In this region the scale

uncertainty is also low as the higher logarithms are resummed to all orders.

4.4.3 �ZZ
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Figure 4.8: Invariant mass distributions of �e+e�µ+µ� (left) and e+e�µ+µ� (right) for
�ZZ production.

The same set of analysis cuts are used here, as the ��Z case. One Z-boson is decayed

to a e+e� pair and the other Z-boson to a µ+µ� pair during event generation. In the

�ZZ invariant mass distribution (Fig. 4.8) there is slight enhancement of RS contribution

over the SM, around the invariant mass region (1.7 TeV). But the e↵ect of massive KK

state is best found on the di-Z boson invariant mass distribution (Fig. 4.8) and it peaks

at 1.7 TeV as expected. The pT distributions are not very useful to discriminating the

RS signatures. The uncertainty for the invariant mass distribution of �e+e�µ+µ� system

is about 15% and for the invariant mass of the e+e�µ+µ� system which is as a result of

the RS graviton decay is about 8.8%.
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Figure 4.9: Invariant mass distributions of e+e�µ+µ�µ+µ� (left) and hardest two lepton
pairs (right) for ZZZ production.

For ZZZ production, we choose to decay two Z bosons to two µ+µ� pairs whereas

the other Z boson is decayed to a e+e� pair. For this process also same set of analysis

cuts has been used, P l
T � 25 GeV, ⌘l  2.5, where l = e+, e�, µ+, µ�. The Z bosons are

reconstructed according to the criterion described at the beginning of this section (see

Eq. (4.6)). The reconstructed Z bosons are then ordered according to their transverse

momentum. Thus in the figures Z1,2 represents transverse momentum ordered Z bosons.

Small enhancement over the SM can be seen in the ZZZ invariant mass distribution

(Fig. 4.9 left panel). The uncertainty in that region is found to be about 13-14%. In this

case also the RS contribution is best found in the hardest two Z boson invariant mass

distribution (Fig. 4.9 right panel). The uncertainty at the peak region is about 13.25%.
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4.4.5 Event Estimation at the LHC

The invariant mass spectrum can be used to estimate the signal as well as background

events at the LHC. We have taken the ��� process for this purpose. Here signal refers to

the SM+RS events and background as SM only. From the invariant mass distributions

(Fig. 4.3) an estimation of the signal and background events for the LHC Run-II with

13 TeV center-of-mass energy can be made. For this purpose we have considered the

invariant mass distributions over 1500 GeV where the enhancement due to RS graviton

signal is clearly visible over the SM background. We find that for 100 fb�1 luminosity

there are 8 signal events over 3 background events from the M��� distribution (Fig. 4.3

left panel) and 6 signal events over 2 background events from M�1�2 distribution (Fig. 4.3

right panel).

4.5 Conclusions

In the context of RS model, e↵ects of the exchange of virtual KK graviton have been

studied on the neutral triple gauge boson production processes at the 13 TeV LHC. This

process could play a vital role in discriminating physics beyond the SM and in estimating

the contribution coming from potential BSM scenarios in new physics searches. We have

incorporated the RS model, using FeynRules in association with an algorithm that takes

care of the KK mode summation of gravitons within MadGraph5 environment and

performed a number of checks to ensure their proper implementation.

We have merged P P ! V V V and P P ! V V V + j event samples for better

prediction of the distributions and observe that it gives harder distributions compared to

the unmerged sample. To make theoretical prediction closer to the experimental situation,

we have also matched the merged events with parton shower. Final state Z bosons are
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allowed to decay to either of the following leptonic decay modes: (i) Z ! e+e�, (ii)

Z ! µ+µ� at the time of event generation, thus taking into account o↵-shell e↵ects as

well. For process with more than one stable photon, the photons are ordered according to

their PT and then the required number of photons are collected, based on their hardness.

Likewise, for triple Z-boson production, Z bosons are reconstructed from their daughter

particles and then ordered according to the hardness. Numerical results of some selective

di↵erential distributions for a set of kinematical variables have been presented for the

merged samples. All these codes are flexible enough to incorporate the experimental cuts,

di↵erent values for model parameters etc. and they can be used to obtain numerical results

of any kind of distributions that would indeed help the experimental collaborations.

Of the neutral tri-gauge boson final states considered here, the tri-photon final state

has the highest rate and can be used to look for signatures of the RS model. For the tri-

photon process, the invariant mass, PT distributions of various photons ordered in terms of

the hardness and rapidity distributions are all good discriminators of the RS model. The

scale uncertainties are by and large within 10% for the invariant mass distribution. In the

tri-final invariant mass distribution the cross section is enhanced in the RS resonance peak

region, which diminishes in going from the ��� to the ZZZ final state. The di-invariant

mass distribution for all four processes is a clear indicator of the RS resonance peak. In

the di-invariant mass distributions the peak of the RS resonance is most enhanced for the

��� and diminishes in going to the ZZZ production process.

Although the soft region is correctly described by parton shower and the hard region

by extra jet merging, the cross-section is still LO accurate. It would be more convenient

to have the cross-section with NLO accuracy as well. There are several methods like

POWHEG, MC@NLO etc. which can achieve the NLO cross-section as well as the soft

region is correctly described by parton shower. In the next chapter we will explore the

production of di-final states in the RS model with MC@NLO matching.





5
DI-FINAL PRODUCTION AT NLO+PS

ACCURACY IN RS MODEL

5.1 Introduction

Search of physics beyond the SM is an important objective of the LHC physics program

and is motivated by the large hierarchy that exists between the gravitational Planck scale

and the electro-weak symmetry breaking scale. Among various options, an interesting

alternative that addressed the hierarchy problem was achieved by invoking extra spacial

dimensions in TeV scale brane world scenarios [81, 82, 99]. Classification based on the

geometry of extra spacial dimension leads to two classes of model viz. the factorizable [81,

82] and non-factorizable extra dimensions [99]. In both these models the SM particles are

constrained in the 4-dimensional world and only gravity is allowed in the extra dimensional

bulk. The ADD model with factorizable extra dimensions, has negligible curvature results

in a tower of spin-2 Kaluza-Klein (KK) modes while the RS model with non-factorizable

extra dimension has significant curvature leading to narrow spin-2 KK mode resonances.

The phenomenology of these two models are quite distinct, with the ADD model leading

to an enhancement of the tale of the invariant mass distribution as a result of the combined

e↵ect of the tower of KK modes. In contrast, the RS model leads to the production of

91
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a narrow width RS KK mode resonances. The KK modes could be produced via the

qq̄ channel or the gg channel which would then decay to SM bosons or fermions leading

to di-final states. These processes are being explored at the LHC leading to bounds

on the model parameters [84, 85, 120, 126]. Of course, to put stringent bounds on the

model parameters at a hadron collider like the LHC, it is essential to have the next-to-

leading order (NLO) QCD corrections, as the leading order (LO) predictions su↵er from

large theoretical uncertainties. Presently the di-final state processes are available to NLO

accuracy for DY [127, 128], di-photon [94, 129], ZZ [100, 130], W+W� [101, 131] and di-

jet [132] for the extra dimension scenarios ADD and RS. This has been further extended

to the NLO+PS accuracy for the ADD model for the di-final state processes [133, 134],

excluding the jets.

In this chapter, we present the di-final state production processes (except those con-

taining jet(s) in the LO) at hadron colliders which are interfaced with Parton Shower

(PS) Monte Carlo to NLO accuracy using the MC@NLO formalism for the RS model. It

should be pointed out that, the success to fully automatize the SM calculations to this

accuracy is rather recent [118], but the status of BSM models to the same accuracy is still

wanting. Precise theoretical predictions to NLO+PS accuracy are extremely desirable

for the RS model and hence these codes are being made available for the LHC commu-

nity. Various physical observables are studied, which are of relevance to future studies of

these processes. These processes have been probed at the LHC Run I, in the SM, Higgs

production and BSM searches and a more detailed study is expected in the Run II.

5.2 NLO with PS : MC@NLO

The fixed order NLO result is needed for better accuracy for the cross-section but it fails

in the soft and collinear region whereas PSMC correctly describes the infrared region.
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Therefore for better description of the observables it is needed to merge these two ap-

proach. The main problem in this procedure is that there could be double counting (or

deficit) due to real emission (or non-emission) from MC as well as from fixed order NLO

computation in some kinematical configurations. This happens in the soft and collinear

region where both MC and fixed order (FO) NLO have contributions. Therefore the goal

is to avoid any double counting or gap so that the full phase-space is correctly described.

The MC@NLO approach to match PS with fixed order NLO is mainly based on a

modified subtraction method. The subtraction term S(�1) is taken to be identical with

the singular part from the real emission Rs(�1) which in turn can be factorized in terms

of universal subtraction terms containing parton shower splitting kernels,

S(�1) = B(�B) ⌦ P(�1) (5.1)

The di↵erential cross-section for the first emission can be written as,

d�NLO =
h
B(�B) + ↵sV (�B) + ↵sB(�B) ⌦

Z
P(�1) d�1

i
d�B

⇥
h
�(Q2, Q2

0) +

Z

Q2
0

dq2

q2

Z
dz
↵s

2⇡
P(z)�(Q2, q2)

i

+
h
↵sR(�B+1) � ↵sB(�B) ⌦ P(�1)

i
d�B+1

(5.2)

Naively in a parton shower monte carlo one adds shower approximations on the born

configurations. But then the rate won’t be NLO accurate and also the hard region will

not be correctly described. So it needs to shower from NLO results, but in that case there

will be double counting as shower also can add contributions which are already present

in NLO. Through the MC@NLO formalism these double counting are avoided so that the

soft and collinear is correctly described by parton shower and the hard region by NLO
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result. The matched di↵erential cross-section is given by

d�MC@NLO =
h
B(�B) + ↵sV (�B) + ↵sB(�B) ⌦

Z
P(�1) d�1

i
d�BIMC

B

+
h
↵sR(�B+1) � ↵sB(�B) ⌦ P(�1)

i
d�B+1I

MC
B+1

(5.3)

where IMC is so called the interface-to-MC. It can be seen from Eq. 5.3, two kinds of

events can be generated, one with born configurations named as S events and one with

real emission configurations called H events. Each of these terms are separately divergent

free. It can be seen from Eq. 5.3 that the MC@NLO result is mostly dominated by the

S events except for the large pT region. The H events have minor contribution to the

infrared region since it is almost vanishing at this region, whereas it is non-vanishing

in the hard region and gives contribution to the cross-section and distributions. One

important feature evident from Eq. 5.3 is that the weight of H events can be negative

for some cases where the counter term dominates. Note that this is necessary for correct

prediction of NLO rate and we can’t force to have positive events unlike generators like

POWHEG. Needless to say that the fraction of such negative weights is small in order

to get a physical NLO cross-section. There is no restriction put on the radiations from

the shower emission from the H events, i.e. the shower emission should be softer than

the NLO real emission. The cross-section for producing events in the phase space region

where shower can generate much harder radiations than in H events are power suppressed

as H events being non-singular in the infrared region. The MC@NLO result correctly

describes the soft and collinear region also more stable than the fixed order NLO result.

This is due to the absence of divergences in the weights within the S and the H events

separately, rather than cancellation of opposite divergences between two samples. The

MC@NLO result correctly predicts the high-pT region at NLO accuracy as well as the

low-pt region the distributions are correctly described by parton shower dominated by

the S events.
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5.3 Di-final State Production in RS Model

We have considered NLO QCD corrections to all the jet-exclusive tree level di-final state

processes, namely Drell-Yan, di-photon, ZZ and W+W� production processes in the SM

as well as in the RS scenario and these O(↵s) corrected results are then matched with

parton shower Monte Carlo using MC@NLO formalism [135]. The Feynman diagrams

for the born process are shown in Fig. (5.1). The long-dash lines represent the colorless

di-final states viz. ��, `+`�, ZZ and W+W�. The RS graviton is shown as the double

curly lines. The typical virtual corrections are shown in Fig. (5.2). The real correction

Feynman diagrams are shown in Fig. (5.3) for qq̄, Fig. (5.4) for qg and in Fig. (5.5) for

gg channels. The total RS contribution represents both the signal and background

q

q̄

g

g

Figure 5.1: Born contribution for colorless di-final production through RS graviton. The
long-dash line represents the di-final states viz. ��, `+`�, ZZ and W+W�

. The RS graviton is shown as double curly lines.

q

q

q̄

q̄

g

g

g

g

g

g

g

g

Figure 5.2: Virtual corrections for colorless di-final production through RS graviton. The
last diagram involves ghost loop (dotted line) appearing due to the use of Feynman Gauge.



5.3. DI-FINAL STATE PRODUCTION IN RS MODEL | 96

q q

qq

q̄ q̄

q̄q̄

Figure 5.3: Real corrections (qq̄ initiated) for colorless difinal production through RS
graviton.

g

g

g g

q

q q

q

Figure 5.4: Real corrections (qg initiated) for colorless difinal production through RS
graviton.

together consisting of pure SM, pure BSM and the interference between the two, whereas

the SM contribution alone is treated as background.

For all the above mentioned processes, the parton level Born squared amplitude in the

SM comes only from qq̄ initiated Feynman diagrams, while in the RS model both qq̄ and
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g

g
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Figure 5.5: Real corrections (gg initiated) for colorless difinal production through RS
graviton.

gg initiated Feynman diagrams contribute. In addition there is interference terms between

the SM and RS model subprocesses. In the fixed order analysis, the O(↵s) correction terms

correspond to two categories of Feynman diagrams: (i) real emission and (ii) one-loop

virtual correction. In the real emission part, qq̄ or gg initiated subprocesses contribute

leading to an extra gluon emission in addition to the desired final state. The q̄(q)g

initiated partonic subprocesses begin to contribute at O(↵s). Matrix elements coming

from the one-loop virtual diagrams participate in the O(↵s) correction, when multiplied

by the corresponding Born amplitude. All these partonic subprocesses producing O(↵s)

correction terms behave alike for all of our processes of interest. Moreover, one additional

O(↵s) contribution shows up in the fixed order calculation for the di-boson final state

processes due to the interference between gg initiated box diagrams in the SM and gg

initiated Born diagrams in the RS scenario. We have taken care of all the aforesaid

contributions in our present calculation.

While dealing with Drell-Yan process, we have only considered e+e� final state, as the

other possible channel i.e. PP ! µ+µ�X would be phenomenologically same with the
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chosen one, apart from the experimental identification of the final state particles. In case

of di-photon production, we have adopted smooth cone isolation technique [123] proposed

by Frixione to get rid of using fragmentation contribution which are non-perturbative in

nature which indicate the probability of fragmenting a parton into photon. We call it as

Frixione isolation (FI) which ensures that soft radiation is not eliminated in any region

of phase space and at the same time guarantees infra-red (IR) safety of the observable.

In order to implement it, a cone of radius r =
p

(⌘ � ⌘�)2 + (�� ��)2 is to be defined

centering around the direction of each photon in the pseudo-rapidity (⌘) and azimuthal

angle (�) plane. It is then demanded that in order to satisfy the isolation criteria, the sum

of the hadronic transverse energy H(r) has to be always less than H(r)max for all cones

with radius r  r0. In the present analysis, we have taken following choice of H(r)max

defined as,

H(r)max = ✏� E�
T

✓
1 � cos r

1 � cos r0

◆n

, (5.4)

where E�
T is the transverse energy of the photon and ✏�, r0 and n are three FI parameters

that are to be specified while applying such isolation. On-shell Z and W± have been

produced while generating events for ZZ and W+W� production processes respectively.

The two Z bosons are then leptonically decayed to e+e� and µ+µ� respectively at the

time of showering. The decay channels W+ ! e+⌫e and W� ! µ�⌫̄µ have been taken

into account while showering W+W� events.

Owing to the tremendous development in computation of NLO correction in the last

few years, automation plays an important role throughout this work. The universal Feyn-

Rules [119] output (UFO) of the RS model has been imported within the MadGraph5

(MG5) environment [136]. We choose to work in the MG5 aMC@NLO framework [118]

in which the Born level square matrix elements are generated using MG5 and calcula-

tion of the real emission cross sections together with their singularities are overseen by
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MadFKS [137] package which uses the FKS subtraction scheme [69] in an automated

way. However, a set of external FORTRAN codes, that handle virtual contributions, have

been prepared using the analytical results involving one-loop amplitudes for e+e� [102],

�� [94], ZZ [100], W+W� [101] in the SM & RS model and they have been systemati-

cally implemented into this framework. Nevertheless, another in-house FORTRAN code

which takes care of the summation of KK-tower propagators, has suitably been fitted in

this environment, thereby making essential and appropriate changes in the spin-2 HELAS

routines [133]. We have explicitly checked numerical cancellation of double and single

poles coming from the real and virtual parts for all these processes and thereafter used

this complete set-up to generate corresponding events. The generated events are then

matched with HERWIG6 [138] parton shower using aMC@NLO, where the MC@NLO

formalism is being automatized. Uncertainties in renormalization (µR) and factorization

(µF ) scale and in parton distribution functions (PDF) are also estimated in an automated

way with no extra CPU cost. Note that, instead of decaying a particle at the time of

showering, it is also possible to decay it into its preferred decay channel at the event

generation level itself by making the use of MadSpin [139] that restrains nearly all spin

correlations. However, to use the same for Z or W± decay is beyond the current scope

due to the significant complexity involved in including KK-tower summation and changing

HELAS [140,141] routines accordingly.

5.4 Numerical Results

In this section, we present a number of di↵erential distributions of various kinematical

observables at the NLO+PS accuracy for e+e�, ��, ZZ, W+W� production processes

at the LHC with center of mass energy
p

S = 14 TeV. Following electro-weak input

parameters have been used at the time of event generation: (i) ↵�1
EW = 132.507, (ii) GF =
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1.16639 ⇥ 10�5 GeV�2, (iii) MZ = 91.188 GeV and using them as input the mass of W

boson MW = 80.419 GeV and sin2 ✓w = 0.222 are evaluated. We have considered nf = 5

massless quark flavors in our present study. The central choices of µR and µF are always

set equal to the invariant mass of the corresponding di-final state. MSTW(n)lo2008cl68

PDF sets [142] have been used throughout the analysis in order to generate (N)LO events

and they determine the value of strong coupling ↵s. (N)LO events are generated with very

loose cuts on transverse momentum (PT ) and rapidity (y) of the final state particles and

they are detailed here under: (a) Drell-Yan: P e+,e�

T � 15 GeV, |ye+,e� |  2.7, �Re+e� >

0.3, where �R =
p

(�y)2 + (��)2 denotes the separation between two particles in the

rapidity-azimuthal angle plane, (b) Di-photon: P �
T � 15 GeV, |y�|  2.7 with a set of

particular FI parameters i.e., ✏� = 1, r0 = 0.3 and n = 2. However, no such kinematical

cuts have been provided while generating events for ZZ and W+W� processes. Besides,

for W+W� event generation we have taken diagonal unit CKM matrix and neglected top

quark contribution in the whole analysis.

/GeV )  
-e+e

T
( P

10
 log

-1 -0.5 0 0.5 1 1.5 2 2.5 3

/b
in

 [
p

b
/0

.0
5
]

σ

-4
10

-3
10

-2
10

-1
10

1

10

2
10

3
10

NLO+PS (RS) 

NLO FO (RS)

  = 0.050C

 = 1.65 TeV 1M

/GeV )  
γγ

T
( P

10
 log

-1 -0.5 0 0.5 1 1.5 2 2.5 3

/b
in

 [
p

b
/0

.0
5
]

σ

-3
10

-2
10

-1
10

1

10

NLO+PS (RS) 

NLO FO (RS)

  = 0.050C

 = 1.65 TeV 1M

Figure 5.6: Transverse momentum distribution of RS contribution, shown in log-log scale
at fixed order NLO and NLO+PS for the Drell-Yan (left) and di-photon (right) production
processes.
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The events thus generated are then matched with HERWIG6 [138] parton shower

Monte Carlo using the MC@NLO formalism [135]. While showering di-lepton events,

P l
T � 20 GeV, |yl|  2.5, �Rll > 0.4 have been used for the analysis purpose, where

l = e+, e�. In order to separate leptons from jets �Rlj > 0.7 has also been applied at

this stage and finally we have found out hardest e+ and e� to build several kinematical

observables with them. In case of showering di-photon events, following analysis cuts

are put on each photon with the following FI parameters: P �
T � 20 GeV, |y�|  2.5,

�R�� > 0.4 and ✏� = 1, r0 = 0.4, n = 2 and we have collected two hardest photons �1,

�2 among many others. As described earlier, Z bosons are leptonically decayed at the

time of showering ZZ events and the applied analysis cuts are as follows: P l
T � 20 GeV,

|yl|  2.5, �Rll > 0.4, �Rlj > 0.7, where l = e+, e�, µ+, µ�. After that, all the final state

stable leptons (i.e., e±, µ±) are being collected to make pair of leptons that have equal

flavor but opposite charge. Finally we have selected those leptons that are contributing as

the hardest e+e� and µ+µ� pairs with the condition that their invariant masses (M l+l�)

satisfy the criteria |M l+l� � MZ | < 10 GeV, to make sure that those leptons are actually

decay products of the Z bosons. At the time of showering W+W� events with their

corresponding decay modes, we have identified the final state stable lepton-neutrino pair

whose mother is one of the W± bosons and make them pass through the following set of

analysis cuts: P l
T � 20 GeV, |yl|  2.5, �Rll > 0.4, �Rlj > 0.7 and ��ET > 30 GeV. We

have checked that all the above events generated in each processes produce completely

unbiased results with the appliance of our present choices of generation and analysis cuts.

To show the e↵ect of parton shower over the fixed order NLO results, we have presented

in Fig. (6.3) the log10 PT distributions of the e+e� (left) and �� (right) pair at fixed order

NLO (solid black) as well as in NLO+PS (dashed blue) accuracy for the RS case. Both the

curves in each figure are plotted using respective analysis cuts and we have used the RS
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Figure 5.7: Transverse momentum distribution of RS contribution, shown in log-log scale
at fixed order NLO and NLO+PS for the ZZ (left) and W+W� (right) production pro-
cesses.

model parameter c0 = 0.05 and the corresponding M1 value is taken as M1 = 1.65 TeV.

Note that, by the label ‘RS’ in the figure, we mean the total contribution that consists

of SM, RS and the interference between the two and we maintain the same convention

in the rest of the figures as well. Likewise, Fig. (5.7) represents similar distributions for

the ZZ (left) and W+W� (right) pairs. Each of these figures shows diverging nature

of the fixed order NLO curve in the PT ! 0 region, whereas the NLO+PS result gets

convergent in that region ensuring the correct resummation of the Sudakov logarithms and

thereby leading to a suppression in cross section in the low-PT region. As expected, both

the results are in good agreement with one another in the high-PT region. Uncertainty

calculations of various distributions have been performed automatically in the aMC@NLO

framework by using its built-in re-weighting procedure that stores su�cient information

in the parton level Les Houches event files. Independent variation of µR and µF scales are

considered to calculate scale uncertainties. We have set µR = ⇠RM and µF = ⇠FM , where

M denotes the invariant mass of the di-final state (i.e., M e+e� , M��, MZZ or MW+W�
,
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as applicable) and ⇠R, ⇠F can take any one of the values (1, 1/2, 2) at a time. The

scale uncertainty band would then be determined as the envelope [133] of the following

(⇠R, ⇠F ) combinations: (1, 1), (1, 1/2), (1, 2), (1/2, 1/2), (1/2, 1), (2, 1), (2, 2). On the

other hand, PDF uncertainties are estimated using Hessian method as prescribed by the

MSTW collaboration [142].

In all the subsequent figures, various distributions of kinematical observables are de-

picted using a consistent graphical representation. In the Figures the main frame, de-

picts distributions that are of outcome of both the RS (dash-dotted blue) and SM (solid

black), are shown to NLO+PS accuracy, whereas the corresponding lower insets provide

the estimation of the fractional scale (dashed red) and PDF (dash-double dotted green)

uncertainties, which basically denote the variation of the central value (i.e, the extremum

value divided by the central value). Unless stated otherwise, c0 = 0.05 and M1 = 1.65

TeV are used in all these plots.

5.4.1 `+`�

Drell-Yan process is considered to be the standard candle which is both theoretically

calculable and experimentally measurable with highest accuracy at the hadron colliders

like the LHC. For the Drell-Yan production process, invariant mass distribution of the

e+e� pair is shown in Fig. (5.8). The two peaks in the RS case indicate first (M1) and

second (M2) excitations of the RS graviton and they perfectly match with the theoretical

values (see Eq. ??). Fig. (5.9), (5.10) and (5.11) apprise the transverse momentum (left)

and rapidity (right) distributions of the e+e� pair, e+ and e� respectively in the region

M e+e� > 600 GeV. Such invariant mass cut, which is also applied consistently to the rest

processes, is an optimal choice to reduce SM background e↵ects, ensuring the influence of

su�cient signal events at the same time. Individually, transverse momentum distributions
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Figure 5.8: Invariant mass distribution of the di-lepton pair in Drell-Yan process for RS
and SM.
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Figure 5.9: Transverse momentum (left) and rapidity (right) distribution of the di-lepton
pair in both RS and SM.
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of e+ and e� are of similar kind and two kinks are arising near the half of the M1 and M2

values. However, in the combined transverse momentum distribution of the e+e� pair,
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Figure 5.10: Transverse momentum (left) and rapidity (right) distribution of the positron
for the Drell-Yan production process in SM and RS.

washing out of such kinks points out that the directions of outgoing e+ and e� are opposite

to each other in the transverse plane of the beam direction. The fractional uncertainties

associated with these PT distributions are large in the high transverse momentum region,

although they are quite minimal in the low-PT region, where the higher order e↵ects

are included as a result of resummation. In the high-PT region of e+e� pair, the large

uncertainty is a reflection of the fact that it is in fact a leading order process. Note

that, the rapidity distributions of e+ and e� are not similar because the high invariant

mass cut is responsible in breaking the angular correlation between them. To estimate

the improvement in the results while including NLO corrections, we find that the scale

uncertainties in the central rapidity region of all these rapidity distributions in the RS case

reduce to about 6-8% in NLO+PS, from about 10-12% at LO+PS. PDF uncertainties in

NLO+PS are about 1-1.5% less compared to the LO+PS outcomes.
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Figure 5.11: Transverse momentum (left) and rapidity (right) distribution of the electron
for the Drell-Yan production process in SM and RS.

5.4.2 ��

Di-photon production is one important process to look for RS graviton resonance at the

LHC. Distributions related to the di-photon production are shown in Fig. (5.12)-(5.14). In

Fig. (5.12), we have presented invariant mass (left) distribution of the di-photon system

and the separation (right) between the two hardest photons in the rapidity-azimuthal

angle plane with the cut M�� > 600 GeV. The invariant mass distribution clearly shows

two peaks that correspond to the choice of M1 value and the respective M2 value derived

from that. The �R�� distributions are almost same for SM and RS and the peaks near

the angle ⇡ (i.e., 180̊ ) in these distributions indicate the abundance of such two hardest

photons that are mostly back-to-back and the associated scale uncertainty is becoming

almost nil as the two photons are getting much away from one another. Fig. (5.13) and

(5.14) represent the transverse momentum (left) and rapidity (right) distributions of the

di-photon system and the hardest photon respectively in the region where the condition
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Figure 5.12: Invariant mass distribution of the di-photon pair (left) in RS and SM. The
right panel shows the separation between two hardest photons in the rapidity-azimuthal
angle plane.

M�� > 600 GeV is satisfied. Here also, we are getting two kinks in the transverse

momentum distribution of the individual hardest photon around the half of the first

and second excitation values of the RS graviton. The scale uncertainties in the central

rapidity regions in LO+PS were around 13-14% and they are as expected reduced to 10%

in NLO+PS, although the reduction in PDF uncertainties is only about 0.2% between

the NLO+PS and LO+PS results.

5.4.3 ZZ

In case of ZZ production, we have decayed the Z bosons into lepton pairs at the stage of

showering. Then oppositely charged leptons are collected to form di↵erent observables like

invariant mass of di-Z, transverse momentum, rapidity etc. Fig. (5.15)-(5.17) correspond

to the distributions of decay products that are coming from the ZZ events. The invariant
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Figure 5.13: Di-photon transverse momentum (left) and rapidity (right) distribution in
RS and SM.
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Figure 5.14: Transverse momentum (left) and rapidity (right) distribution of the hardest
photon in di-photon production process in RS and SM.
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Figure 5.15: Four-lepton invariant mass (M e+e�µ+µ�
) distribution for RS and SM coming

from the decay products of ZZ process.
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Figure 5.16: Transverse momentum (left) and rapidity (right) distribution of the e+e�

pair coming from the decay products of ZZ process in RS and SM.
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Figure 5.17: Transverse momentum (left) and rapidity (right) distribution of the µ+µ�

pair coming from ZZ decay for RS and SM.

mass (M e+e�µ+µ�
) distribution of all the final state leptons is depicted in Fig. (5.15). As

expected, there are two peaks in this distribution indicating the first two excitations of

the graviton considered in the RS model. The transverse momentum (left) and rapidity

(right) distributions of the e+e� pair and µ+µ� pair are respectively shown in Fig. (5.16)

and (5.17) with the insertion of M e+e�µ+µ�
> 600 GeV cut. In these PT distributions the

first kink is visible at the half value of the first excitation. The rapidity distributions of

those pairs are not alike because of the same reason of applying aforesaid high invariant

mass cut for which the angular correlation between the decay products of the two Z bosons

has been lost.

5.4.4 W+W�

Similar to the di-Z production, we have decayed the W bosons into leptonic channels. W+

is decayed to e+ and ⌫e, whereas W� is decayed into µ� and ⌫̄µ. Few selective distributions
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Figure 5.18: Invariant mass (left) distribution of the decay products of W± and the total
missing ��ET distribution (right) in SM and RS.
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Figure 5.19: Transverse momentum distribution of e+ (left) and µ� (right) coming from
W± decay in RS and SM.
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that are coming from W+W� events are given in Fig. (5.18) and (5.19). The left panel of

Fig. (5.18) shows the invariant mass (M e+µ�⇢ET ) distribution of the W± decay products

and in the right panel of this figure, we have presented the transverse missing energy

(��ET ) distribution that is coming from the electron neutrino and muon anti-neutrino which

practically escape the experimental detection in the collider. M e+µ�⇢ET > 600 GeV cut

is used for the later one to di↵erentiate the missing ��ET signal of the RS from the SM

one. In Fig. (5.19), the transverse momentum distributions of the positron (left) and

the muon (right) are shown in the region where M e+µ�⇢ET > 600 GeV and we find that

the distribution in the RS case is comparatively harder than the SM distribution in this

region.

c̄0 0.03 0.05 0.07 0.10

M (3�)
1 (TeV) 4.5 6.3 7.4 10.3

M (5�)
1 (TeV) 4.2 5.2 6.0 8.3

Table 5.1: Bounds on M1 for various c̄0 values at the 14 TeV LHC with integrated
luminosity of 50 fb�1 at 3-sigma and 5-sigma signal significance, coming from Drell-Yan
process.

5.5 Search sensitivity at LHC-14

Di-photon and Drell-Yan channels are experimentally more favorable since these chan-

nels give clean signatures. Therefore these two channels can be used to investigate the

search sensitivity of the RS model at the LHC. We have studied the search sensitivity

of the RS model using these channels for the following c0 values at the 14 TeV LHC:

c0 = 0.03, 0.05, 0.07, 0.10. We have calculated the total cross section for the signal plus

background and the background alone using the invariant mass distribution of the e+e�

(��) pair in Drell-Yan (di-photon) production and estimated the minimum required lu-

minosity that distinguishes the signal from the background at 3-sigma (3�) and 5-sigma
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(5�) signal significance for various values of M1 for a fixed c0. The required minimum

luminosity is defined as, Lmin = max{L3�(5�), L3NS(5NS)}, where L3�(5�) describes the in-

tegrated luminosity at 3-sigma (5-sigma) signal significance and L3NS(5NS) denotes the

integrated luminosity to have at least 3(5) signal events. From the data set of M1 vs. Lmin

thus prepared, by inversion we find the M1 value that corresponds to 50 fb�1 luminosity

for each of the c0 values listed above and those bounds that are counted using Drell-Yan

and di-photon processes are tabulated in Table 5.1 and 5.2 respectively. Of course, a

full analysis including the e↵ects of detector simulation, non-reducible backgrounds etc.

would lead these bounds to their betterment.

c̄0 0.03 0.05 0.07 0.10

M (3�)
1 (TeV) 5.2 5.6 6.1 7.5

M (5�)
1 (TeV) 5.0 5.3 5.6 6.4

Table 5.2: Bounds on M1 for various c̄0 values at the 14 TeV LHC with integrated
luminosity of 50 fb�1 at 3-sigma and 5-sigma signal significance, coming from di-photon
production process.

5.6 Conclusions

In this chapter, we have studied all the important di-final state processes (`+`�, ��, ZZ

and W+W�) in the RS model to NLO+PS accuracy, implemented in the aMC@NLO

framework. All the subprocesses to NLO in QCD have been taken into account for

both the SM and RS model. For the di-final state processes under consideration, we

demonstrate the importance of NLO+PS results over the fixed order NLO computations,

by studying the pT distribution of the di-final states. For suitable choice of RS model

parameters, a selection of the results for various observables at the 14 TeV LHC are

presented. PDF and scale uncertainties are presented for the various distributions which

significantly reduce with the inclusion of NLO corrections. The di-lepton and di-photon
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processes are used to study the search sensitivity of the RS model at 14 TeV LHC with

50 fb�1 luminosity. The stand-alone codes can be used to generate events with any choice

of RS model parameters for di-final state processes discussed here to NLO+PS accuracy

and are being made available on the website http://amcatnlo.cern.ch which would be

useful in upcoming LHC runs at 13 and 14 TeV.

http://amcatnlo.cern.ch


6
TWO-LOOP QCD CORRECTION TO

MASSIVE GRAVITON DECAYING TO

QUARK-ANTIQUARK-GLUON

6.1 Introduction

Since the early 1980s, the search for new physics using mono-jet events has attracted a

lot of attention. This is a simple final state, with one jet of hadrons and nothing else, but

it could be crucial to reveal the presence of new phenomena. Particularly search topology

with missing transverse energy accompanied by a jet plays an important role in searches

for new physics containing dark matter candidates. It is undeniable that the nature of

dark matter is one of the big open questions in particle physics nowadays and despite years

of searching, no one actually knows what dark matter actually is, the closest we’ve gotten

to figuring that out is crossing o↵ each potential candidate one by one. The mono-jet

analysis has been always considered the golden channel for the search for dark matter at

colliders. Dark matter particle can arise from various BSM scenarios, such as neutralinos

from supersymmetric models could be one interesting example; a massive graviton from

extra dimensional models also serves as potential dark matter candidate etc. Mono-jet

115
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final states provide an unique access to the search for such exotic particles at the hadron

colliders. But events with this kind of topology do not automatically point to new physics

as the SM processes can give rise to similar signatures. For example, consider the produc-

tion of a Z boson in association with a jet in the SM, where the Z boson decays to a pair of

neutrinos. This also gives similar signature as neutrino escapes the detection. Therefore

mono-jet searches require that we understand these backgrounds to a very good accuracy.

The CDF and D/0 experiments at the Fermilab searched for such signature before the LHC

era. At that time it was commonly believed that jet-related measurements at colliders

could not achieve experimental precisions better than 10-20%. But the advancement of

detector technology along with carefully designed event selection strategy, with the use

of data-driven techniques in constraining the irreducible backgrounds, translates into ex-

tremely precise background predictions. As the background estimation is needed to a

good accuracy for this process, one also needs precise knowledge for the signal to make

any discovery of new physics.

The processes with hadronic final state such as mono–jet, di–jet, tt̄ etc. su↵er from

large QCD corrections, as a result of QCD radiation from the initial legs as well as from the

final legs. NLO corrections for these kind of processes fail to provide good accuracy, theory

error at NLO often already larger than the experimental one. It is therefore important to

evaluate the next order in perturbative expansion, since this is the only way to enhance

the credibility of theoretical predictions. It has been seen that the precise theoretical

predictions help a lot to make any discovery or to constraint parameter space of some

models. For Example, for several years the tt̄ forward-backward asymmetry measured

at Tevatron was several standard deviations away from the LO SM prediction and for a

long time it was thought to be signature of new physics beyond the SM; people thought

there could be heavy axi-gluon or KK gluons or even new phenomena in the t-channel or

u-channel. Even the NLO correction along with soft gluon resummation fails to address
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the discrepancy measured at the D/0 and CDF. Whereas at the LHC with higher accuracy

measurements show no such asymmetry [143]. Later with the full NNLO calculation [144],

it has been seen that the correction is as large as 27% relative to the NLO correction and

it is shown that the result agrees very well with the experimental results. Thus higher

order correction becomes crucial to fully understand the experimental results or even to

establish or rule out any new model beyond the SM. Another important example is the

Higgs boson production via gluon fusion. NLO accuracy turned out to be insu�cient

for this process. The reason behind this is that the LO cross-section is proportional to

↵2
s and therefore exhibits a strong dependence on the choice of the scale. Including the

NLO corrections decreases the scale dependence, but the cross-section increases by a very

large amount, approximately 70%. Clearly NLO correction for this case fails miserably,

the large size of the NLO corrections indicate potentially significant contributions from

even higher perturbative orders, and it is essential to calculate the full NNLO corrections

to this process. Even for this case it has been found that the cross-section increases

less from NLO to NNLO than from LO to NLO, indicating a slow convergence of the

perturbative expansion. This demands the N3LO calculation for this process which is

done very recently [145].

The full NNLO calculation mainly consists of three parts: the virtual contributions

from all the sub-processes, the real-virtual piece and the pure real corrections. The vir-

tual contribution comes from the two-loop corrections to the basic 2 ! 2 process, the

real-virtual piece consists of one-loop virtual corrections to the single real radiation 2 ! 3

process and the pure real corrections comes from the double real radiation 2 ! 4 process

at the tree-level (see Fig. 6.1). Each of these contributions is infrared divergent. In par-

ticular, the double-virtual piece contains all IR divergences explicitly at the level of the

amplitude, in the real-virtual and in the double-real parts the divergences become explicit

only after the integration over their respective phase-spaces. The phase-space integrals are
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Z 
vv4
✏4 + vv3

✏3 + vv2
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rr0
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d�B+2

� � �

VV RV RR

Figure 6.1: The di↵erent components of NNLO calculation (gravion+jet). VV is the
double virtual piece which contains two-loop diagrams. RV is the one loop diagrams with
one extra radiation. RR is the pure double radiation diagram.

typically extremely di�cult to be computed analytically and the only possibility is that of

resorting to numerical integration. There have been recent progress towards this direction

and di↵erent methods have become available, like qT -Subtraction [146,147], Antenna Sub-

traction [148], Sector Decomposition [149–152] etc. After the ultraviolet renormalization,

and performing the phase-space integrations, all the IR divergences become explicit and

their sum yields finite result as a consequence of the KLN theorem [64,65].

In this chapter we will discuss the calculation of the two-loop virtual QCD correction

to massive spin-2 Graviton decaying to q + q̄ + g considering a generic universal spin-2

coupling to the SM through the conserved energy-momentum tensor. Such a massive spin-

2 particle can arise in extra-dimension models [99, 153] . We will discuss the ultraviolet

and infrared structure of the QCD amplitudes in the presence of spin-2 field. Study of

spin-2 production at NNLO level is not new. The quark and gluon form-factors for spin-2

production have been calculated at two-loop level [154] and at three-loop level [155] in

peturbative QCD (pQCD). An attempt to consider the soft and collinear contribution at

NNLO accuracy was made [156] in the context of spin-2. This reduces the unphysical

scale uncertainties, thereby improving the predictions. The full NNLO correction has



6.2. METHOD OF DIAGRAM REDUCTION | 119

been studied [157] for Drell-Yan process with spin-2 mediators in the context of ADD.

6.2 Method of Diagram Reduction

The most e�cient procedure to calculate the two loop correction is the method of diagram

reduction. In this section we will briefly describe this procedure with a toy example. The

computational strategy is two-fold: First to convert the Feynman integrals into scalar

integrals. Then exploiting the properties of dimensional regularization like IBP, LI to

establish several relations among the scalar integrals associated to the original Feynman

diagram thereby reducing the large number of scalar integrals into a smaller irreducible

set of master integrals. Secondly, the actual evaluation of the MI’s.

6.2.1 Reduction to Master Integrals

Classification to Topologies

Any Feynman diagram can be decomposed as a linear combination of scalar integrals

times tensors. Consider the process qq̄ ! ZZ at 1-loop. Typical Feynman diagram takes

the form:

F (1)(p1, p2, p3, p4) = ū(p2)

⇢X

i

Ci(p1, p2, p3, p4)T µ⌫(pi)

�
u(p1)✏

µ(p3)✏
⌫(p4) (6.1)

The functions C 0
is contain all the di↵erent scalar integrals. For example consider a simple

example for the expression inside the braces of Eq. 6.1 as,

Z
Ddk

kµk⌫

(k2)((k � p)2))
= C1(p

2) gµ⌫ + C2(p
2)

pµp⌫

p2
(6.2)
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We can find the expressions for C1(p2) and C2(p2) as a linear combinations of scalar

integrals by multiplying Eq. 6.2 with gµ⌫ and pµp⌫ respectively. In d-dimension this is

given by,

C1(p
2) =

1

(d � 1)

✓Z
Ddk

k2

D1D2
� 1

p2

Z
Ddk

(k.p)2

D1D2

◆

C2(p
2) =

1

(d � 1)

✓
d

p2

Z
Ddk

(k.p)2

D1D2
�
Z

Ddk
k2

D1D2

◆ (6.3)

The most general scalar integral for any loop can be written as,

J(pi) =

Z lY

j=1

Ddkj
Sa1
1 ...Sam

m

Db1
1 ...Dbn

n

(6.4)

where Si = qx.qy are di↵erent irreducible scalar products with qx,y = {pi, kj} i.e. the set

of all internal (kj) and independent external momenta (pi) and Di = (q2i + m2
i ) di↵erent

propagators. The number of irreducible scalar products are completely determined by the

number of external legs e, number of loops l and n number of di↵erent propagators and

is given by,

m = l

✓
e +

l

2
� 1

2

◆
� n (6.5)

At 1-loop, there is no irreducible scalar products. At 1-loop, same number of denominators

appear as the number of scalar products for any external leg diagram. Thus at 1-loop

all scalar products are reducible and can be written in terms of denominators only. For

example, 1-loop, 2-leg diagram has 2 scalar products viz. k1.k1 and k1.p which are written

in terms of two denominators D1 = k2
1 and D2 = (k1 � p)2. Similarly all 3-leg or 4-leg

diagrams are also reducible in terms of 3 or 4 denominators respectively.

At higher loop, this is not the case. Let us consider a 2-loop massive Sunrise diagram

(see Fig. 6.2) with denominators D1 = k2
1+m2

1, D2 = k2
2+m2

2 and D3 = (k1�k2�p)2+m2
3.

For this topology, the number of scalar products are 5 (viz. k1.k1, k2.k2, k1.k2, k1.p and

k2.p) constructed out of internal momenta k1, k2 and external momenta p. Therefore the

number of irreducible scalar products are 2 according to Eq. 6.5. Thus the most general
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p2

m1

m2

m3

Figure 6.2: Two-loop massive Sunrise diagram.

scalar integral in 2-loop Sunrise diagram is according to Eq. 6.4,

J(b1, b2, b3, a4, a5) =

Z 2Y

j=1

Ddkj
Sa4
4 Sa5

5

Db1
1 Db2

2 Db3
3

(6.6)

where S4 = k1.p and S5 = k2.p. There is another way to characterize the most general

scalar integrals coming out of Sunrise topology. Instead of irreducible scalar products one

can introduce the same number of auxiliary propagators. For this case, let us introduce

D4 = (k1�p)2 and D5 = (k2�p)2. Therefore the most general scalar integrals are written

in the following form,

J(b1, b2, b3, b4, b5) =

Z 2Y

j=1

Ddkj
1

Db1
1 Db2

2 Db3
3 Db4

4 Db5
5

(6.7)

with b1, b2, b3 � 0 and b3, b4 2 Z. In this way all scalar products can be expressed in terms

of 5 denominators only. Note that approach 6.6 and 6.7 are completely equivalent.

With Eq. 6.7, all scalar integrals can be classified as topologies, defined by the prop-

agators regardless of their powers.

Integration-By-Parts Identities

The IBP identities are the most important class of identities that can be established

among dimensionally regularized Feynman integrals. They are simply manifestation of
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Gauss’s law in d-dimension, which states that the total derivative with respect to the loop

momenta vanishes in dimensional regularization.

Z
ddk1

(2⇡)d
· · ·
Z

ddkl

(2⇡)d
@

@kµ
i

.

 
vµ
j

1

⇧pDnp
p

!
= 0 (6.8)

where l is the number of loops, np 2 Z, Dp are the propagators. vµ
j is loop momenta (kµ

j )

or the external momenta (pµj ). Performing the di↵erentiation on the left and rewriting

the scalar products in terms of the Di’s, the IBP relations can be expressed in to more

compact form as follows :

X

i

aiJ(bi,1 + n1, · · · , bi,N + nN) = 0 (6.9)

where

J(m1, · · · , mN) =

Z
ddk1

(2⇡)d
· · ·
Z

ddkl

(2⇡)d
1

⇧pDmp
p

(6.10)

Here ai are polynomials in nj, bi,j 2 {�1, 0, 1}. Let us consider a simple example,

J(1, 1, 1, 1, 1) =

Z
ddk1

(2⇡)d

Z
ddk2

(2⇡)d
1

D1D2D3D4D5
(6.11)

One IBP relation yields (derivative w.r.t kµ
1 )

Z
ddk1

(2⇡)d

Z
ddk2

(2⇡)d
@kµ1

 
pµ

D1D2D3D4D5

!
= 0

)
Z

ddk1

(2⇡)d

Z
ddk2

(2⇡)d
1

D1D2D3D4D5

 
2k1.p

D1
+

2(k1.p � k2.p � p2)

D3
+

2(k1.p � p2)

D4

!
= 0

(6.12)
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Now converting the scalar products k1.p and k2.p in terms of Di’s and taking p2 = 0,

Z
ddk1

(2⇡)d

Z
ddk2

(2⇡)d

 
� 1

D2
1D2D3D5

+
1

D2D2
3D4D5

� 1

D1D2
3D4D5

� 1

D1D2D2
3D5

+
1

D1D2D2
3D4

+
1

D2D3D2
4D5

!
= 0

(6.13)

In other way written in terms of J ’s

�J(2, 1, 1, 0, 1) + J(0, 1, 2, 1, 1) � J(1, 0, 2, 1, 1) � J(1, 1, 2, 0, 1)

+ J(1, 1, 2, 1, 0) + J(0, 1, 1, 2, 1) = 0
(6.14)

Note that each IBP identity may relate the original scalar integral with other scalar

integrals with one power of any propagator raised or lowered. For each integrand, the

number of IBP relations is given by l(l + e � 1). Thus IBP relation reduces the number

of scalar integrals through these identities.

Lorentz Invariance Identities

LI identities are realized as a result of the invariance of loop integral under the Lorentz

transformation of external momenta,

J(pi + �pi) = J(pi) (6.15)

This leads to the following scalar LI relation,

pµi p
⌫
j

 
X

k

pk[⌫
@

@pµ]k

!
J(n1, · · · , nN) = 0 (6.16)

For box topologies i.e. topologies with 3 independent external momenta, one can have

3 LI identities corresponding to Eq. 6.16. The LI identities are not independent from
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the IBP identities, in fact it is shown [158] that LI identities can always be represented

as a linear combination of the IBP identities. Nevertheless, the inclusion of LI identities

accelerates the solution of the system of equations.

Evaluation of Master Integrals

Using the IBP and LI identities, a scattering amplitude at a certain order in perturbation

theory can be reduced to a small sub-set of scalar integrals known as the Master Integrals.

There is no way out to reduce this set further. Therefore the issue remains to the compu-

tation of these MIs. There are di↵erent techniques developed for the analytical evaluation

of these MIs, for example at 1-loop the Feynman parametrization, Mellin-Barnes repre-

sentations etc. At higher loops, some alternatives have been developed. For example

the dispersion relation [159,160] approach to compute 3-loop QED correction to electron

g � 2 [161]. The idea is to make use of the unitarity properties of the S-matrix in order to

write a dispersion relation for a given Feynman diagram in terms of its imaginary part,

whose computation is usually easier than that of the entire Feynman graph.

One more e�cient procedure is to consider di↵erential equations for the MIs [162,163].

The method consists in using IBPs in order to derive linear first order di↵erential equations

in the external invariants satisfied by the master integrals. Although there is an issue of

fixing the boundary conditions. This can be done for example, by explicitly calculating

the integrals in a specific kinematical point, either attempting a direct integration or using

for example asymptotic expansions [164–166].
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6.3 Spin-2 in association with a jet

The processes with missing energy associated with a SM particle can also give significant

information about new physics predicting spin-2 particle. Particularly, jet + missing

energy is one important process studied at the LHC to look for BSM signature like dark

matter in simplified models. A massive spin-2 particle which goes undetected could be

an important dark matter candidate. The NLO correction for this process in large extra

dimension has been considered in [167] and it is shown that the QCD corrections for this

process could be as large as 50% and su↵er from large scale uncertainties. Therefore a full

NNLO correction is important for such process to have accurate prediction of cross-section

and distributions and also to have the scale uncertainties under control. An attempt has

been made towards this direction in [168], where the virtual NNLO QCD correction has

been studied for massive spin-2 ! g + g + g. Although the gg initiated sub-process is

the dominant contribution at the LHC, as the perturbative order increases the other sub-

processes like qq̄, q(q̄)g begin to contribute significantly. In this chapter we present the

analytical result for the two loop virtual QCD correction to the process massive spin-2

! q + q̄ + g. After appropriate analytical continuation of the kinematical variables to

the respective regions [169], the result presented here can be used for other scattering

sub-processes viz. q + q̄ ! G + g and q(q̄) + g ! G + q(q̄), where G denotes the spin-2

field. This computation along with the G ! g + g + g [168] to two-loop completes the

full two-loop QCD corrections to the production of spin-2+jet at a hadron collider.

Our main motivation here is two-fold; first to probe the structure of Quantum Field

Theory in the presence of a spin-2 field, to check the universality of infrared (IR) pole

structure in QCD [170]. The correct IR pole structure has been realized in the case of

spin-2! g + g + g [168]. Here we demonstrate the same for spin-2! q + q̄ + g. Secondly,

we present one of the important ingredients for full two-loop QCD correction for real
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graviton production associated with a jet. The rank-2 nature of spin-2 increases the

complexity of the calculation. Using state-of-the-art techniques like Integration-By-Parts

(IBP) identities [171, 172] and Lorentz Invariance (LI) identities [163], we are able to

reduce all the scalar integrals to a fewer set of Master Integrals (MI). These MIs are

available in [163,173–177]. Finally we observe the universality of infrared factorization of

QCD amplitudes as predicted by Catani [170] (see also [178]).

6.3.1 E↵ective Action

We consider a generic spin-2 particle minimally coupled to the SM fields through the

conserved SM energy-momentum tensor. The e↵ective action which describes a spin-2

particle (Gµ⌫(x)) interacting with colored particles is given by [81–83,88,90,99]

Sint = �
2

Z
d4x TQCD

µ⌫ (x) Gµ⌫(x), (6.17)

where  is a dimensionful universal coupling which determines the strength of graviton

coupling to the SM. TQCD
µ⌫ is given by

TQCD
µ⌫ = � gµ⌫LQCD � F a

µ⇢F
a⇢
⌫ � 1

⇠
gµ⌫@

⇢(Aa
⇢@

�Aa
�) +

1

⇠
(Aa

⌫@µ(@
�Aa

�) + Aa
µ@⌫(@

�Aa
�))

+
i

4

h
 ̄�µ(@⌫ � igsT

aAa
⌫) �  ̄(@⌫ + igsT

aAa
⌫)�µ + (µ $ ⌫)

i

+
h
@µ!̄

a(@⌫!
a � gsf

ARCAc
⌫!

b) + (µ $ ⌫)
i
,

(6.18)
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where gs is the strong coupling constant and ⇠ is gauge fixing parameter. Here LQCD is

the QCD Lagrangian, given by,

LQCD = � 1

4
F a
µ⌫(x)F a,µ⌫(x) +  ̄(x)

⇣
i/@ + gsT

a /A
a � m 

⌘
 (x) � 1

2⇠

⇣
@µAa

µ(x)
⌘2

+ @µ!̄a(x)
⇣
@µ!

a(x) � gsf
abcAc

µ(x)!b(x)
⌘ (6.19)

Here !a is the ghost field introduced in order to cancel the unphysical degrees of freedom

associated with the gluon fields (Aa
µ). T a and fabc represent the generator and structure

constants of SU(N) gauge group, respectively. Throughout the computation, we consider

SU(N) as our gauge group and the QCD corresponds to N = 3.

6.3.2 Notations

The decay process considered is

G(Q) ! q(p1) + q̄(p2) + g(p3). (6.20)

The corresponding Mandelstam variables for this process are defined as

s ⌘ (p1 + p2)
2, t ⌘ (p2 + p3)

2, u ⌘ (p3 + p1)
2. (6.21)

They satisfy the following relation

s + t + u = M2
G ⌘ Q2. (6.22)

Here MG is the mass of the spin-2 field. The following dimensionless invariants which

appear in the argument of harmonic polylogarithms (HPL) [179] and two-dimensional
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HPLs [176] are also defined:

x ⌘ s/Q2, y ⌘ u/Q2, z ⌘ t/Q2. (6.23)

Accordingly, Eq. (6.22) becomes

x + y + z = 1. (6.24)

6.3.3 Ultraviolet Renormalization

Beyond leading order in perturbation theory, the on-shell QCD amplitudes develop both

ultraviolet and infrared divergences. The spin-2 coupling to the SM particles  is free from

such ultraviolet renormalization, which is due to the fact that spin-2 couples universally

to the SM through conserved current. So the only UV renormalization required is for the

strong coupling constant ĝs. Before performing the renormalization, we need to regularize

the theory in order to identify the true nature of the divergences. We regularize the theory

under dimensional regularization where the space-time dimension is chosen to be d = 4+✏.

Expanding the scattering amplitude in powers of âs = ĝ2
s/16⇡2, the matrix element (ME)

is given by:

|Mi =
⇣ âs

µ✏0
S✏
⌘ 1

2

✓
|M̂(0)i +

⇣ âs

µ✏0
S✏
⌘

|M̂(1)i +
⇣ âs

µ✏0
S✏
⌘2

|M̂(2)i + O(â3
s)

◆
(6.25)

where ĝs is the unrenormalized strong coupling constant, S✏ = exp[ ✏
2(�E � ln 4⇡)] and

�E = 0.5772 . . . is the Euler constant. |M̂(i)i is the unrenormalized color-space vector

representing the ith loop-amplitude. µ0 is a mass scale introduced to make the strong

coupling constant (ĝs) dimensionless in d-dimension. We work within the MS scheme

for performing the UV renormalization, in which the renormalized coupling constant

as ⌘ as(µ2
R) is defined at the renormalization scale µR and is related to the unrenormalized
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âs by
âs

µ✏0
S✏ =

as

µ✏R
Z(µ2

R),

=
as

µ✏R

h
1 + as

2�0
✏

+ a2
s

⇣4�2
0

✏
+
�1
✏

⌘
+ O(a3

s)
i
,

(6.26)

where

�0 =
⇣11

3
CA � 4

3
TF nf

⌘
, �1 =

⇣34

3
C2

A � 20

3
CATF nf � 4CFTF nf

⌘
. (6.27)

Here CA = N and CF = (N2 � 1)/2N are the quadratic Casimir of the SU(N) group.

TF = 1/2 and nf is the number of light active quark flavors.

The matrix element can also be expressed as a power series of renormalized strong

coupling constant with UV finite matrix elements |M(i)i,

|Mi = (as)
1
2

⇣
|M(0)i + as |M(1)i + a2

s |M(2)i + O(a3
s)
⌘

(6.28)

where

|M(0)i =
⇣ 1

µ✏R

⌘ 1
2 |M̂(0)i ,

|M(1)i =
⇣ 1

µ✏R

⌘ 3
2
h
|M̂(1)i + µ✏R

r1

2
|M̂(0)i

i
,

|M(2)i =
⇣ 1

µ✏R

⌘ 5
2
h
|M̂(2)i + µ✏R

3r1

2
|M̂(1)i + µ2✏

R

⇣r2

2
� r2

1

8

⌘
|M̂(0)i

i
(6.29)

with

r1 =
2�0
✏

, r2 =
⇣4�2

0

✏2
+
�1
✏

⌘
(6.30)
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6.3.4 Infrared Factorization

In higher order calculation, the UV renormalized matrix elements contain singularities of

infrared origin. Generally two kinds of singularities arise – the soft and collinear while

working with massless QCD. According to the KLN theorem, these singularities get can-

celed against the similar contribution from real emission Feynman diagrams, resulting in

infrared safe observables. The IR divergences have a universal structure in dimensional

regularization, which was predicted in [170] to two loop, except the two loop single pole

in ✏. In [178, 180, 181] the infrared structure of scattering amplitudes are studied and

connection of the single pole to soft anomalous dimension matrix is predicted. The fac-

torization of the single pole in quark and gluon form factors in terms of soft and collinear

anomalous dimensions was demonstrated to two-loop level [182] whose validity at three-

loop was later established in [183]. The proposal by Catani was generalized beyond two

loops using soft collinear e↵ective field theory by Becher and Neubert in [184]. Gardi and

Magnea have arrived at the same conclusion [185] using Wilson lines for hard partons and

soft and eikonal jet functions in dimensional regularization.

According to Catani’s prediction [170], the renormalized amplitude factorizes in di-

mensional regularization. The ME at a given order |M(i)i can be expressed as the sum

of the lower order MEs times appropriate insertion operators (I(i)q (✏)) and a finite piece

|M(i)fini. These insertion operators contain the infrared pole structure which are univer-

sal. For the present case, we have two external massless quarks and a gluon, for which

the one-loop and the two-loop ME can be written in the following form,

|M(1)i = 2 I

(1)
q (✏) |M(0)i + |M(1)fini ,

|M(2)i = 2 I

(1)
q (✏) |M(1)i + 4 I

(2)
q (✏) |M(0)i + |M(2)fini

(6.31)
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where the one-loop and two-loop insertion operators are given by

I

(1)
q (✏) =

1

2

e�
✏
2�E

�(1 + ✏
2)

(⇣ 4

✏2
� 3

✏

⌘
(CA � 2CF )

⇣
� s

µ2
R

⌘ ✏
2

�

+
⇣

� 4CA

✏2
+

3CA

2✏
+
�0
2✏

⌘⇣
� t

µ2
R

⌘ ✏
2

+
⇣

� u

µ2
R

⌘ ✏
2

�)
,

I

(2)
q (✏) =

1

2
I

(1)
q (✏)


I

(1)
q (✏) � 2�0

✏

�
+

e
✏
2�E �(1 + ✏)

�(1 + ✏
2)


� �0

✏
+ K

�
I

(1)
q (2✏)

+
⇣
2H(2)

q (✏) + H

(2)
g (✏)

⌘

(6.32)

where

K =

✓
67

18
� ⇡2

6

◆
CA � 10

9
TF nf . (6.33)

The functions H

(2)
q (✏),H(2)

g (✏) are dependent on the renormalization scheme. In the MS

scheme these are given by

H

(2)
q (✏) =

1

✏

(
CACF

⇣
� 245

432
+

23

16
⇣2 � 13

4
⇣3
⌘

+ C2
F

⇣ 3

16
� 3

2
⇣2 + 3⇣3

⌘

+ CF nf

⇣ 25

216
� 1

8
⇣2
⌘)

,

H

(2)
g (✏) =

1

✏

(
C2

A

⇣
� 5

24
� 11

48
⇣2 � 1

4
⇣3
⌘

+ CA nf

⇣29

54
+

1

24
⇣2
⌘

+
1

4
CF nf � 5

54
n2
f

)
.

(6.34)

Here ⇣i is the Riemann Zeta function, some of them are listed below,

⇣0 = �1

2
, ⇣1 = 1, ⇣2 =

⇡2

6
, ⇣3 = 1.20205 . . . , ⇣4 =

⇡4

90
(6.35)
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6.4 Calculation of Amplitudes

In this section we discuss the calculational details of the amplitudes |M̂(i)i for the process

G ! q + q̄ + g to two-loop level in pQCD. Particularly we calculate the squared matrix

elements hM(0)|M(1)i and hM(0)|M(2)i. Due to the tensorial coupling of spin-2 with

the SM, the computational procedure becomes tedious. Starting from the generation of

Feynman amplitudes, we systematically automatize the calculational procedure using in-

house codes based on FORM [186], Mathematica, Reduze 2 [187] and LiteRed [188,189].

6.4.1 Generation of Feynman Diagrams and Simplification

QGRAF [190] is used to generate all the Feynman amplitudes in terms of symbolic ex-

pressions. For the process under consideration, we have 4 Feynman diagrams in the Born,

43 in the one-loop and 847 in the two-loop level; where all the tadpoles and self-energy

corrections to the external legs have been excluded. The raw QGRAF output is then

manipulated using in-house FORM routines to incorporate the Feynman rules [88, 90]

and to take care of the color and Dirac matrix ordering. For the internal gluons Feynman

gauge is used and the ghost-graviton interactions [191] are introduced in the Lagrangian

(see Eq. (6.18)) as is necessary for higher order computations. For the external gluon the

physical polarisations are summed using

X

�=±1

✏µ(p3,�)✏⌫⇤(p3,�) = �gµ⌫ +
pµ3n

⌫ + nµp⌫3
p3.n

. (6.36)

Here � is the helicity which takes the value ±1 for massless gluons, p3 is the momentum

of the external gluon. n is an arbitrary light-like 4-vector. We choose n = p1, one of

the external fermion momenta without loss of generality. The spin-2 polarisation sum in
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d-dimension is given by [88,191]:

Bµ⌫;⇢�(q) =

✓
gµ⇢ � qµq�

q.q

◆✓
g⌫� � q⌫q�

q.q

◆
+

✓
gµ� � qµq�

q.q

◆✓
g⌫⇢ � q⌫q⇢

q.q

◆

� 2

d � 1

✓
gµ⌫ � qµq⌫

q.q

◆✓
g⇢� � q⇢q�

q.q

◆
.

(6.37)

where the metric gµ⌫ = diag(1 , �1 , �1 , �1 ). The squared matrix elements are further

processed using in-house codes based on LiteRed and Mathematica.

6.4.2 Reduction of Tensor Integrals

Two loop calculation involves a large number of higher rank Feynman integrals, particu-

larly in the present case it contains tensorial integrals. The conventional approach is to

convert the di↵erent Feynman integrals into scalar integrals. This generates thousands of

scalar integrals which need to be properly classified. The idea is to connect all the scalar

integrals to belong to a particular basis. The basis is chosen keeping in mind that any

scalar products of loop momenta and external momenta can be expressed only in terms

of linear combinations of the propagators. In the case of one-loop there are four di↵erent

scalar products which are written in terms of four propagators. It is straight forward to

choose the following set as the basis for the one-loop case,

B11 = {D1, D1;1, D1;12, D1;123},

B12 = {D1, D1;2, D1;23, D1;123},

B13 = {D1, D1;3, D1;31, D1;123}

(6.38)

where

D1 = k2
1, D1;i = (k1 � pi)

2, D1;ij = (k1 � pi � pj)
2, D1;ijk = (k1 � pi � pj � pk)

2 (6.39)
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with i, j, k = 1, 2, 3. At two-loop case, the choice of basis is not trivial. At two-loop

one has 9 independent scalar products of loop momenta and external momenta, viz.

{(k↵ · k�), (k↵ · pi)}; ↵, � = 1, 2 and i = 1, 2, 3. whereas the physical diagrams contain at

most 7 di↵erent propagators. At this stage we have two choices: either we can express 7

out of 9 scalar products in terms of 7 di↵erent propagators and remaining 2 as irreducible

scalar products, otherwise we can invoke two extra auxiliary propagators so that all 9

scalar products can be expressed in terms of denominators only. We choose the later and

hence we need to increase the number of propagators to 9. With the help of Reduze 2,

all the two-loop diagrams are classified into six di↵erent auxiliary topologies presented

below:

B21 = {D0, D1, D2, D1;1, D2;1, D1;12, D2;12, D1;123, D2;123},

B22 = {D0, D1, D2, D1;2, D2;2, D1;23, D2;23, D1;123, D2;123},

B23 = {D0, D1, D2, D1;3, D2;3, D1;31, D2;31, D1;123, D2;123},

B24 = {D0, D1, D2, D1;1, D2;1, D0;3, D1;12, D2;12, D1;123},

B25 = {D0, D1, D2, D1;2, D2;2, D0;1, D1;23, D2;23, D1;123},

B26 = {D0, D1, D2, D1;3, D2;3, D0;2, D1;31, D2;31, D1;123}

(6.40)

where

D0 = (k1 � k2)
2, D↵ = k2

↵, D↵;i = (k↵ � pi)
2, D↵;ij = (k↵ � pi � pj)

2,

D0;i = (k1 � k2 � pi)
2, D↵;ijk = (k↵ � pi � pj � pk)

2.
(6.41)

Although properly classified, these large number of scalar integrals are not all inde-

pendent. In fact they are related by the IBP identities [171, 172] and LI identities [163]

which follow from the Poincare invariance. At a fixed order, IBP and LI identities result

in a large linear system of equations for the integrals. The inclusion of LI identities ac-

celerates the solution of the system of equations, although they are not independent from

the IBP identities [158]. We generate the IBP relations and LI identities using Laporta
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algorithm [192] as implemented in LiteRed. Using LiteRed along with Mint [193,194] we

reduce all di↵erent scalar integrals to a fewer set of irreducible scalar integrals i.e. the

MIs.

6.4.3 Master Integrals

After the application of IBP and LI identities, a small number of remaining integrals which

are not reducible further i.e. the MIs, must be evaluated explicitly. There are powerful

techniques such as the di↵erential equation method [162, 163, 195] or the Mellin-Barnes

integral representation [196, 197] which can then be employed to derive an expansion of

the master integrals in ✏. For the current case, the topologies consist of one o↵-shell and

three massless external legs with all internal propagators being massless. At one-loop,

two kinds of MIs appear, viz. the Bubble- two-propagator MI and Box - four-propagator

MI. In case of two-loop we find a total of 24 topologies, out of which 8 are non-planar

topologies and 16 planar topologies. All the two-loop MIs topologies in our calculation

can be related to the MI computed in [176,177]. At this point we would like to note that

some of the MIs in our case do not appear as given in [176, 177]. The reason behind this

is the di↵erent convention in the basis in LiteRed and in [176, 177] (see the di↵erence

between Eq. 6.6 and Eq. 6.7 in section 6.2.1). Thus we found topologies containing higher

power of propagators instead of the irreducible numerator in [176,177]. Nevertheless those

can be related by properly using the IBP and LI identities. In this way we reduce all the

scalar integrals to the known set of MIs. We also found two extra topologies for the

MI [168], viz. Kite and GlassS which are basically product of two one-loop MIs. GlassS

is found to be the product of two Bubbles. Kite is the product of one Bubble and one

Box one-loop MIs. In the Appendix ?? we present these extra MIs. Using all the MIs we

finally find the unrenormalized one-loop hM̂(0)|M̂(1)i and two-loop hM̂(0)|M̂(2)i matrix

elements which are presented in the next section.
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Figure 6.3: Planar and non-planar topologies for the master integrals.

6.5 Results

We have checked that the gauge fixing term appearing at the g-g-G vertex cancels against

the contributions coming from ghost-ghost-G and ghost-ghost-gluon-G vertices. This

cancellation of gauge dependent terms involving spin-2 serves a crucial check on our com-

putation. Following the renormalization prescription in section (6.3.3), we compute the
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UV renormalized matrix elements hM(0)|M(1)i and hM(0)|M(2)i in terms of the unrenor-

malized ones,

hM(0)|M(1)i =

✓
1

µ✏R

◆2 
hM̂(0)|M̂(1)i + µ✏R

r1

2
hM̂(0)|M̂(0)i

�

hM(0)|M(2)i =

✓
1

µ✏R

◆3 
hM̂(0)|M̂(2)i + µ✏R

3r1

2
hM̂(0)|M̂(1)i

+ µ2✏
R

✓
r2

2
� r2

1

8

◆
hM̂(0)|M̂(0)i

�
.

(6.42)

Similarly the renormalized matrix elements according to Catani’s prescription can be

written as

hM(0)|M(1)i = 2 I

(1)
q (✏) hM(0)|M(0)i + hM(0)|M(1)fini

hM(0)|M(2)i = 2 I

(1)
q (✏) hM(0)|M(1)i + 4 I

(2)
q (✏) hM(0)|M(0)i + hM(0)|M(2)fini .

(6.43)

From Eq. (6.42) we extract the coe�cients of di↵erent poles viz. the 1/✏4, 1/✏3, 1/✏2, 1/✏

and we find that they exactly agree with the respective poles coming from Eq. (6.43). By

comparing the O(✏0) terms from these two sets of equations (Eq. (6.42)) and (Eq. (6.43)),

we obtain the unknown pieces hM(0)|M(1)fini and hM(0)|M(2)fini.
The final result is written in the following form:

hM(0)|M(0)i = Fb A(0),

hM(0)|M(1)fini = Fb

(
A(1)

0 ln

✓
� Q2

µ2
R

◆
+
⇣
A(1)

1 ⇣2 + A(1)
2

⌘)
,

hM(0)|M(2)fini = Fb

(
A(2)

0 ln2

✓
� Q2

µ2
R

◆

+
⇣

A(2)
1 ⇣3 + A(2)

2 ⇣2 + A(2)
3

⌘
ln

✓
� Q2

µ2
R

◆

+
⇣
A(2)

4 ⇣22 + A(2)
5 ⇣3 + A(2)

6 ⇣2 + A(2)
7

⌘)

(6.44)
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where

Fb = 16⇡22
�
N2 � 1

�
Q2, (6.45)

A(0) =

✓
2 + y2

�
3 � 9z

�� 4z + 3z2 � z3 + y3
�� 1 + 4z

�
+ y
�� 4 + 12z � 9z2 + 4z3

�◆

4yz(1 � y � z)
,

(6.46)

A(1)
i = A(1)

i;CA
CA + A(1)

i;CF
CF + A(1)

i;nf
nf ,

A(2)
i = A(2)

i;C2
A
C2

A + A(2)
i;C2

F
C2

F + A(2)
i;n2

f
n2
f + A(2)

i;CACF
CACF + A(2)

i;CAnf
CAnf + A(2)

i;CFnf
CFnf .

(6.47)
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A(1)
0 = �

�0

2
A0;

A(1)
1;CA

= �CA A0; A(1)
1;CF

= 0; A(1)
1;nf

= 0;

A(1)
2;CA

=

(
� 6(�1 + y)y4(�1 + z)(y + z) + 6(�1 + y)y5(�1 + z)(y + z) + 84(�1 + y)y3(�1 + z)z(y + z) � 54(�1 + y)y4(�1

+ z)z(y + z) + 44(�1 + y)y5(�1 + z)z(y + z) + 132(�1 + y)y2(�1 + z)z2(y + z) � 152(�1 + y)y3(�1 + z)z2(y

+ z) + 48(�1 + y)y5(�1 + z)z2(y + z) + 84(�1 + y)y(�1 + z)z3(y + z) � 152(�1 + y)y2(�1 + z)z3(y + z) � 88(�1

+ y)y3(�1 + z)z3(y + z) + 144(�1 + y)y4(�1 + z)z3(y + z) � 6(�1 + y)(�1 + z)z4(y + z) � 54(�1 + y)y(�1

+ z)z4(y + z) + 144(�1 + y)y3(�1 + z)z4(y + z) + 6(�1 + y)(�1 + z)z5(y + z) + 44(�1 + y)y(�1 + z)z5(y + z)

+ 48(�1 + y)y2(�1 + z)z5(y + z) + 3(�1 + y)y(�1 + z)(y + z)4(16y3 + y
2(�41 + 12z) � 2(7 � 6z + 3z2)

+ 3y(13 � 9z + 4z2))H(0, y)2 + 3(�1 + y)(�1 + z)z(y + z)4(�14 + 39z � 41z2 + 16z3 + 6y2(�1 + 2z) + 3y(4

� 9z + 4z2))H(0, z)2 + 3(�1 + y)(�1 + z)(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z)

+ 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(1, z)2 + 2(�1 + z)(y + z)4H(0, y)(�10 + 30y � 35y2

+ 20y3 � 5y4 + 20z � 80yz + 132y2
z � 116y3

z + 44y4
z � 15z2 + 60yz2 � 72y2

z
2 + 24y3

z
2 + 5z3

� 25yz3 + 20y2
z
3 + 3(�1 + y)(2 + y

2(3 � 9z) � 4z + 3z2 � z
3 + y

3(�1 + 4z) + y(�4 + 12z � 9z2

+ 4z3))H(0, z) + 3(�1 + y)(2 + 16y4 � 4z + 3z2 � z
3 + 2y3(�21 + 8z) + 6y2(7 � 6z + 2z2) + y(�18 + 24z

� 15z2 + 4z3))H(1, z)) + (�1 + y)(�1 + z)(y7(�9 + 84z) + 3y6(9 � 83z + 144z2) � 9z4(�2 + 4z � 3z2 + z
3)

+ 3y5(�12 + 92z � 373z2 + 324z3) + yz
3(�36 � 136z + 276z2 � 249z3 + 84z4) + y

2
z
2(�60 � 292z + 1053z2

� 1119z3 + 432z4) + y
3
z(�36 � 292z + 1608z2 � 2175z3 + 972z4) + y

4(18 � 136z + 1053z2 � 2175z3

+ 1248z4))H(2, y) + 3(�1 + y)(�1 + z)(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15

� 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(2, y)2 + 2(�1 + y)(y + z)4H(0, z)(�5(�1 + z)2(2 � 2z + z
2)

+ 5y3(1 � 5z + 4z2) + 3y2(�5 + 20z � 24z2 + 8z3) + 4y(5 � 20z + 33z2 � 29z3 + 11z4) + 3(�1 + z)(y3(�1

+ 4z) + 4y(�1 + z)2(�1 + 4z) + 3y2(1 � 5z + 4z2) + 2(1 � 9z + 21z2 � 21z3 + 8z4))H(2, y)) + (�1 + y)(�1

+ z)H(1, z)(3y7(�3 + 28z) + 3y6(9 � 83z + 144z2) � 9z4(�2 + 4z � 3z2 + z
3) + 3y5(�12 + 92z � 373z2

+ 324z3) + yz
3(�36 � 136z + 276z2 � 249z3 + 84z4) + y

2
z
2(�60 � 292z + 1053z2 � 1119z3 + 432z4)

+ y
3
z(�36 � 292z + 1608z2 � 2175z3 + 972z4) + y

4(18 � 136z + 1053z2 � 2175z3 + 1248z4) � 6(y + z)4(4

+ 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2

+ 20z3))H(3, y)) � 6(�1 + y)y(�1 + z)(y + z)4(16y3 + y
2(�41 + 12z) � 2(7 � 6z + 3z2) + 3y(13 � 9z

+ 4z2))H(0, 0, y) � 6(�1 + y)(�1 + z)z(y + z)4(�14 + 39z � 41z2 + 16z3 + 6y2(�1 + 2z) + 3y(4 � 9z

+ 4z2))H(0, 0, z) � 6(�1 + y)(�1 + z)(y + z)4(2 + 16y4 � 4z + 3z2 � z
3 + 2y3(�21 + 8z) + 6y2(7 � 6z

+ 2z2) + y(�18 + 24z � 15z2 + 4z3))H(0, 1, z) + 6(�1 + y)(�1 + z)(y + z)4(2 + 16y4 � 4z + 3z2 � z
3

+ 2y3(�21 + 8z) + 6y2(7 � 6z + 2z2) + y(�18 + 24z � 15z2 + 4z3))H(0, 2, y) � 6(�1 + y)y(�1 + z)(y

+ z)4(16y3 + y
2(�41 + 12z) � 2(7 � 6z + 3z2) + 3y(13 � 9z + 4z2))H(1, 0, y) + 6(�1 + y)(�1 + z)(y + z)4(2

+ y
2(3 � 9z) � 4z + 3z2 � z

3 + y
3(�1 + 4z) + y(�4 + 12z � 9z2 + 4z3))H(1, 0, z) � 6(�1 + y)(�1 + z)(y

+ z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2

+ 20z3))H(1, 1, z) + 6(�1 + y)(�1 + z)(y + z)4(2 + 16y4 � 4z + 3z2 � z
3 + 2y3(�21 + 8z) + 6y2(7 � 6z

+ 2z2) + y(�18 + 24z � 15z2 + 4z3))H(2, 0, y) � 6(�1 + y)(�1 + z)(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3

+ 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(2, 2, y) � 6(�1 + y)(�1 + z)(y

+ z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2

+ 20z3))H(3, 2, y)

).⇣
24(�1 + y)y(�1 + z)z(�1 + y + z)(y + z)4

⌘
;

A(1)
2;CF

=

(
20(�1 + y)y(�1 + z)(y + z) � 59(�1 + y)y2(�1 + z)(y + z) + 68(�1 + y)y3(�1 + z)(y + z) � 39(�1 + y)y4(�1

+ z)(y + z) + 10(�1 + y)y5(�1 + z)(y + z) + 20(�1 + y)(�1 + z)z(y + z) � 138(�1 + y)y(�1 + z)z(y + z) + 316(�1

+ y)y2(�1 + z)z(y + z) � 318(�1 + y)y3(�1 + z)z(y + z) + 161(�1 + y)y4(�1 + z)z(y + z) � 41(�1 + y)y5(�1

+ z)z(y + z) � 59(�1 + y)(�1 + z)z2(y + z) + 316(�1 + y)y(�1 + z)z2(y + z) � 578(�1 + y)y2(�1 + z)z2(y + z)

+ 435(�1 + y)y3(�1 + z)z2(y + z) � 142(�1 + y)y4(�1 + z)z2(y + z) + 28(�1 + y)y5(�1 + z)z2(y + z) + 68(�1

+ y)(�1 + z)z3(y + z) � 318(�1 + y)y(�1 + z)z3(y + z) + 435(�1 + y)y2(�1 + z)z3(y + z) � 202(�1 + y)y3(�1
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+ z)z3(y + z) + 20(�1 + y)y4(�1 + z)z3(y + z) � 39(�1 + y)(�1 + z)z4(y + z) + 161(�1 + y)y(�1 + z)z4(y + z)

� 142(�1 + y)y2(�1 + z)z4(y + z) + 20(�1 + y)y3(�1 + z)z4(y + z) + 10(�1 + y)(�1 + z)z5(y + z) � 41(�1

+ y)y(�1 + z)z5(y + z) + 28(�1 + y)y2(�1 + z)z5(y + z) � (�1 + y)2(�1 + 4y)(�1 + z)2(y + z)2(�2 + 2y3 + 4z

� 3z2 + z
3 + y

2(�6 + 4z) + y(6 � 8z + 3z2))H(0, y)2 + (1 � y)(�1 + y)(y3 + 3y2(�1 + z) + 4y(�1 + z)2 + 2(�1

+ z)3)(�1 + z)2(y + z)2(�1 + 4z)H(0, z)2 + (1 � y)(�1 + y)(�1 + z)2(y + z)2(4 + 8y4 � 18z + 33z2 � 27z3

+ 8z4 + y
3(�27 + 20z) + 3y2(11 � 17z + 8z2) + y(�18 + 48z � 51z2 + 20z3))H(1, z)2 + (�1 + z)2(�1 + y + z)(y

+ z)2H(0, y)(�(yz(8y3 + y(30 � 27z) + 12(�1 + z) + 2y2(�13 + 6z))) � 2(�1 + y)2(�1 + 4y)(2 + 2y2 + 2y(�2

+ z) � 2z + z
2)H(1, z)) + (1 � y)(�1 + y)(�1 + z)2(y5(�3 + 20z) + y

4(9 � 73z + 80z2) � 3z2(�2 + 4z � 3z2

+ z
3) + 6y3(�2 + 15z � 34z2 + 20z3) + yz(�8 � 32z + 90z2 � 73z3 + 20z4) + 2y2(3 � 16z + 81z2 � 102z3

+ 40z4))H(2, y) + (1 � y)(�1 + y)(�1 + z)2(y + z)2(4 + 8y4 � 18z + 33z2 � 27z3 + 8z4 + y
3(�27 + 20z)

+ 3y2(11 � 17z + 8z2) + y(�18 + 48z � 51z2 + 20z3))H(2, y)2 + (1 � y)(�1 + y)(�1 + y + z)(y

+ z)2H(0, z)(yz(�12 + 30z � 26z2 + 8z3 + 3y(4 � 9z + 4z2)) + 2(y2 + 2y(�1 + z) + 2(�1 + z)2)(�1 + z)2(�1

+ 4z)H(2, y)) + (�1 + y + z)(�1 + y + z � yz)2H(1, z)(y4(3 � 20z) + y
3(�6 + 50z � 60z2) + 3z2(2 � 2z + z

2)

+ y
2(6 � 34z + 94z2 � 60z3) � 2yz(4 + 17z � 25z2 + 10z3) + 2(y + z)2(�4 + 8y3 + 14z � 19z2 + 8z3

+ y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(3, y)) + 2(1 � y)(1 � 5y + 4y2)(�y � z)(�1 + z)2(2y4 + 6y3(�1 + z)

+ y
2(6 � 14z + 7z2) + z(�2 + 4z � 3z2 + z

3) + y(�2 + 10z � 11z2 + 4z3))H(0, 0, y) + 2(1 � y)(�1 + y)(�y

� z)(�1 + z)(1 � 5z + 4z2)(y4 + 2(�1 + z)3z + 2y(�1 + z)2(�1 + 3z) + y
3(�3 + 4z) + y

2(4 � 11z

+ 7z2))H(0, 0, z) + 2(�1 + y)2(�1 + 4y)(�1 + z)2(y + z)2(�2 + 2y3 + 4z � 3z2 + z
3 + y

2(�6 + 4z) + y(6 � 8z

+ 3z2))H(0, 1, z) � 2(�1 + y)2(�1 + 4y)(�1 + z)2(y + z)2(�2 + 2y3 + 4z � 3z2 + z
3 + y

2(�6 + 4z) + y(6 � 8z

+ 3z2))H(0, 2, y) + 2(�1 + y)2(�1 + 4y)(�1 + z)2(y + z)2(�2 + 2y3 + 4z � 3z2 + z
3 + y

2(�6 + 4z) + y(6 � 8z

+ 3z2))H(1, 0, y) + 2(�1 + y)2(�1 + z)2(y + z)2(4 + 8y4 � 18z + 33z2 � 27z3 + 8z4 + y
3(�27 + 20z)

+ 3y2(11 � 17z + 8z2) + y(�18 + 48z � 51z2 + 20z3))H(1, 1, z) � 2(�1 + y)2(�1 + 4y)(�1 + z)2(y + z)2(�2

+ 2y3 + 4z � 3z2 + z
3 + y

2(�6 + 4z) + y(6 � 8z + 3z2))H(2, 0, y) + 2(�1 + y)2(�1 + z)2(y + z)2(4 + 8y4

� 18z + 33z2 � 27z3 + 8z4 + y
3(�27 + 20z) + 3y2(11 � 17z + 8z2) + y(�18 + 48z � 51z2 + 20z3))H(2, 2, y)

+ 2(�1 + y)2(�1 + z)2(y + z)2(4 + 8y4 � 18z + 33z2 � 27z3 + 8z4 + y
3(�27 + 20z) + 3y2(11 � 17z + 8z2)

+ y(�18 + 48z � 51z2 + 20z3))H(3, 2, y)

).⇣
4(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2

⌘
;

A(1)
2;nf

=

(
� 24y4

z + 12y5
z � 8y6

z � 24y3
z
2 + 8y4

z
2 � 8y5

z
2 � 24y2

z
3 � 8y3

z
3 + 16y4

z
3 � 24yz4

+ 8y2
z
4 + 16y3

z
4 + 12yz5 � 8y2

z
5 � 8yz6 � (y + z)4(2 + y

2(3 � 9z) � 4z + 3z2 � z
3 + y

3(�1 + 4z)

+ y(�4 + 12z � 9z2 + 4z3))H(0, y) � (y + z)4(2 + y
2(3 � 9z) � 4z + 3z2 � z

3 + y
3(�1 + 4z) + y(�4 + 12z

� 9z2 + 4z3))H(0, z) + 4yz(�5y3 + 3y4 + yz
2 + y

2(6 + z � 6z2) + z
2(6 � 5z + 3z2))H(1, z) + 4yz(�5y3

+ 3y4 + yz
2 + y

2(6 + z � 6z2) + z
2(6 � 5z + 3z2))H(2, y)

).⇣
24yz(�1 + y + z)(y + z)4

⌘
.

We notice that unlike the Higgs decay i.e. H ! b + b̄ + g [198], there is no CF term in

the A(1)
0 , which is due to the absence of Yukawa-like term in spin-2 case. All the two-loop

coe�cients are presented in the Appendix C.2, except for the A(2)
7 coe�cients which are

available in the arXiv submission as ascillary file in Mathematica format [199].
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6.6 Conclusion

In this chapter, we present the two-loop virtual QCD correction to massive G ! q + q̄ + g

considering the minimal and universal coupling between spin-2 and the SM particles. We

confine ourselves within the framework of massless QCD where only the light quark de-

grees of freedom are taken into account. We employ the Feynman diagrammatic approach

to achieve our goal. As expected, the computation becomes very tedious not only due to

the presence of a large number of Feynman diagrams but also due to the involvement of

a tensorial coupling. In-house codes and state-of-the-art techniques, in particular, IBP

and LI identities, are employed extensively to execute the computation successfully. The

bare matrix elements contain UV as well as IR divergences. The strong coupling constant

renormalization is su�cient to make it UV finite. No extra UV renormalization is required

for the spin-2 coupling as a consequence of the conserved SM energy-momentum tensor

through which it couples universally to the SM fields. The UV finite matrix elements

exhibit poles of infrared origin in dimensional regularization. The resulting infrared pole

structures are in exact agreement with the Catani’s prescription which ensures the uni-

versal factorization property of QCD amplitudes even in the presence of spin-2 field. This

serves a crucial check on the correctness of our computation. The result presented here

is an important piece, which now completes the full two-loop calculation of real graviton

production associated with a jet. The full NNLO computation to this process needs addi-

tional inputs like the real-virtual piece and double real emission piece, with all these pieces

together we will be able to predict precisely the mono-jet cross-section and distributions

at the NNLO level.





7
CONCLUSION

Precision study is very important in searching for new physics as well as to provide

reliable theoretical predictions. In hadron collider like the LHC, scattering processes

greatly su↵er from the QCD corrections thereby necessitate the inclusion of NLO, NNLO

or even N3LO corrections. From theoretical point of view, the calculation of scattering

amplitudes become more and more complex with the inclusion of more and more particle

in the final state as well as to achieve higher accuracy in the perturbation theory.

To this aim, we have studied at LO the triple neutral vector bosons viz. ���, ��Z, �ZZ

and ZZZ productions in the context of RS scenario. To get more realistic distributions

we have taken into account e↵ect of extra hard jet for these processes through the merging

procedure. Moreover, the e↵ect of soft radiations can not be neglected in hadron collider

like the LHC. We have also taken those into account through the Pythia-6.4 matching

program. This enables our results to be directly compared with the experiments and to

search for RS signature in those channels.

To estimate the higher order e↵ect in RS model, we have considered four impor-

tant scattering channels ��, `+`�, ZZ, W+W� at the NLO. Theoretical scale uncertainties

which are very large at the LO order are reduced with the inclusion of NLO calculation,

thereby predicting high accuracy for cross-section and distributions. However this NLO
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accuracy is not su�cient to describe the infrared region in some observable like transverse

momentum. The reason is QCD radiation from the initial legs in this region leaves large

logarithms which need to be taken into account. This necessitates the inclusion of a par-

ton shower program. However care should be taken as the parton shower and the hard

process both might contribute in the infrared region which might lead to double counting

or gaps in those phase space region. Several methods like MC@NLO, POWHEG etc. are

available to systematically address those issues. We have used the MC@NLO method

as implemented in MG5 aMC@NLO framework. Using Herwig6 parton shower, we are

able to provide NLO+PS accuracy for these di-final processes. We have systematically

automatized the procedure and provide UFO model and codes for those processes so that

they can be used in the search of RS signature at the LHC. These codes are publicly

available in the website http://amcatnlo.cern.ch and can be used for any parameters

and energies at the LHC.

NLO corrections provide reliable results for many processes. However it is always

interesting to check the convergence of the perturbation theory by going beyond the

NLO. In hadron colliders, scattering processes which involves more number of jets su↵er

greatly from large QCD correction. For example jet with missing energy is one such

process which is used in the search for Dark Matter or any other BSM physics. It is

found that the NLO correction for this process is very large. Therefore NLO accuracy is

not su�cient for such processes and we have to think about the NNLO order. Whereas

a full automation is possible at the NLO level for all SM processes and many BSM

processes, automation at the NNLO level is still not possible. Not only the multi-loop

calculations make the job di�cult, but also the real emissions corrections are di�cult

to calculate. However, development are in progress towards these directions. Several

methods are being proposed to achieve NNLO accuracy for di↵erent type of scattering

processes. Towards this direction we have computed the full two-loop QCD corrections

http://amcatnlo.web.cern.ch/amcatnlo/
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for a massive spin-2 decaying to quark-anti-quark-gluon. This is one of the important

subprocesses contributing in the calculation of jet+missing energy, where the missing

energy is a massive graviton. Using state-of-the-art techniques we are able to show the

universal infrared behavior of QCD. We have systematically automatized the procedure

using several tools like FORM, Mathematica, LiteRed etc. This result can be used in the

full NNLO correction to this process.





A
A.1 Color algebra

Below we present some important relations followed by the generators (T a
ij) and structure

constants (fabc) of SU(3)c.

Tr(T aT b) =
1

2
�ab,

Tr(T aT bT c) =
1

4
(dabc + ifabc),

Tr(T aT bT aT c) = � 1

4N
�bc,

T a
ijT

a
kl =

1

2

⇣
�il�jk � 1

N
�ij�kl

⌘
,

T a
ijT

a
jk =

N2 � 1

2N
�ik,

fabc = �2iTr(T a[T b, T c]),

facdf bcd = N�ab,

fadef beff cfd =
N

2
fabc,

dabc = 2Tr(T a[T b, T c]),

{T a, T b} =
1

N
�ab + dabcT c,

T aT b =
1

2

⇣ 1

N
�ab + (dabc + ifabc)T c

⌘
,
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Tr(T aT bT c) =
1

4
(dabc + ifabc),

facddbcd = 0 .

dabc is known as the symmetric structure constant and for QCD N = 3.

In the fundamental representation of SU(3), T aT a is a Casimir operator which com-

mutes with all the generators of SU(3). It is easy to prove that T aT a = N2�1
2N = CF .

(T aT a)ij = T a
ikT

a
kj =

1

2

⇣
�ij�kk � 1

N
�ik�kj

⌘

=
N2 � 1

2N
�ij

= CF �ij

(A.1)

where we define,

CF =
N2 � 1

2N
(A.2)

Therefore T aT a = CF I, a multiple of the unit matrix and thus commutes with all the

generators of SU(3).

In similar fashion, the Casimir in the adjoint representation can be found to be CA =

N . Note that in the adjoint representation the structure constants can be written as

(N2 � 1) ⇥ (N2 � 1) matrices as,

Aa
bc ⌘ �ifabc (A.3)

Therefore the Jacobi identity (Eq. 2.14) reflects as

[F a, F b] = ifabcF c (A.4)
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Thus in the adjoint representation F cF c represents a Casimir operator.

(F cF c)ab = F c
adF

c
db

= i2f cadf cdb

= facdf bcd

= N�ab

= CA�ab

(A.5)

where CA = N is the Casimir in the adjoint representation. Therefore in the case of QCD,

we have

CF =
4

3
, CA = 3 (A.6)

A.2 Dirac Algebra in D-dimension

The anti-commutation relation among the gamma matrices are defined same as the 4-

dimensional case. Thus

{�µ, �⌫} ⌘ �µ�⌫ + �⌫�µ = 2gµ⌫1 (A.7)

where µ, ⌫ = 0, 1, 2, . . . , D � 1.

gµ⌫g
µ⌫ = D

�µ�
µ = D1

(A.8)

In the D dimension, for simplicity the following is taken,

Tr(1) = 4 (A.9)

With this choice, the trace relations among the gamma matrices do not get a↵ected in
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D-dimension. Note that one can also choose

Tr(1) = 2D/2 (A.10)

with even D. However, this choice di↵ers by one " term which when multiplied with the di-

vergent term gives constant term. This constant term can be absorbed in renormalisation

and provides the renormalisation scheme.

In D dimension however, there is now an ambiguity with the definition of �5 matrix.

In 4-dimensions �5 is defined as

�5 =
i

4!
"µ⌫⇢��

µ�⌫�⇢�� (A.11)

with the properties,

{�5, �µ} = 0, �25 = 1, Tr(�5�µ�⌫�⇢��) = 4i"µ⌫⇢� (A.12)

However this definition can’t be used in D-dimension as this will lead to inconsistencies.

For example, in D-dimension,

Tr(�µ�5�
µ) = �Tr(�µ�

µ�5) = DTr(�5) (A.13)

This implies that

DTr(�5) = 0 (A.14)

Now since D 6= 0, we must have Tr(�5) = 0. In a similar way it can be proved that

Tr(�5�µ�⌫�⇢��) = 0 (A.15)

which actually contradicts with the 4-dimensional result. In fact if we demand that our
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expressions can be analytically continued from the D-dimensions to the 4-dimesnions,

then we can not choose that �5 matrix anticommutes with all other gamma matrices in

D-dimensions. Several way out are possible to this problem. For example ’t Hooft and

Veltman suggested to define �5 such that it anti-commutes with the 4-dimensional subset

of gamma matrices but it commutes with the rest D � 4 gamma matrices. More details

can be found on this problem in [200] and references therein.

A.3 QCD Feynman rules

A.3.1 Propagators

Gluon propagator

i j
k

Quark propagator

a b

µ ⌫

k k
a b

Ghost propagator
(QQ) (GG) (GhGh)

QQ ⌘ i�ij(/k + mq)

(k2 � m2
q + i✏)

,

GG ⌘ �i�ab
k2 + i✏

h
gµ⌫ � (1 � ⇠)

kµk⌫
k2

i
,

GhGh ⌘ �i�ab
k2 + i✏

.

(A.16)

⇠ is the gauge parameter, ⇠ =

(
1, Feynman Gauge

0, Landau Gauge
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A.3.2 Vertices

Three � gluon vertex

⌫

Quark � gluon vertex

j

i

a

µ

c

a

⇢

b

µ

Ghost � gluon vertex

a

b

µ

c

Four � gluon vertex

a b

cd

µ

⌫�

�

(QQG) (GhGhG)

(GGG) (GGGG)

QQG ⌘ � igs�µT
a
ij ,

GhGhG ⌘ gsf
abcqµ ,

GGG ⌘ � gsf
abc
h
(q1 � q2)⌫gµ⇢ + (q2 � q3)⇢gµ⌫ + (q3 � q1)µg⌫⇢

i
,

GGGG ⌘ � ig2
s

h
fabef cde(g⌫⇢gµ� � g⇢�gµ⌫)

+ facef bde(gµ⇢g⌫� � g⇢�gµ⌫)

+ fadef cbe(g⌫⇢gµ� � g⇢µg�⌫)
i
.

(A.17)



B
B.1 Feynman rules for SM-graviton interactions

Feynman rules for a spin-2 graviton interacting with the SM with tensorial couplings are

summarized below.

Gµ⌫(p) Gµ⌫(p) Gµ⌫(p)

q(k1)

q̄(k2)

Ab
�(k2)

Aa
⇢(k1) !̄(k2)

!(k1)

j

i

n

m

FFT VVT SST

Gµ⌫(p) Gµ⌫(p) Gµ⌫(p)

q(k1)

q̄(k2)

Ab
�(k2)

Aa
⇢(k1) !̄(k2)

!(k1)

j

i

n

m

Aa
⇢(k3) Aa

�(k3) Aa
⇢(k3)

FFVT VVVT SSVT

153



B.1. FEYNMAN RULES FOR SM-GRAVITON INTERACTIONS | 154

Gµ⌫(p) Gµ⌫(p)

Ab
�(k2)

Aa
⇢(k1) !̄(k2)

!(k1)

n

m

Aa
�(k3) Aa

⇢(k3)

Ad
�(k4) Ab

�(k4)

VVVVT SSVVT

Figure B.1: Feynman rules for graviton interaction with scalar, vector and fermions.

FFT ⌘ � i

8
�ij
h
�µ(k1 � k2)⌫ + �⌫(k1 � k2)µ � 2⌘µ⌫(/k1 � /k2 � 2mq)

i
,

VVT ⌘ � i

2
�ab
h
(k1.k2 + m2

A)Cµ⌫⇢� + Dµ⌫⇢� + ⇠�1Eµ⌫⇢�

i
,

SST ⌘ � i

2
�mn

h
m2
�⌘µ⌫ + Cµ⌫⇢�k

⇢
1k

�
2

i
,

FFVT ⌘ ig

4
T a
ij

h
Cµ⌫⇢� � ⌘µ⌫⌘⇢�

i
��,

VVVT ⌘ g

2
fabc

h
Cµ⌫⇢�(k1 � k2)� + Cµ⌫⇢�(k3 � k1)� + Cµ⌫��(k2 � k3)⇢ + Fµ⌫⇢��

i
,

SSVT ⌘ ig

2

h
Cµ⌫⇢�(k1 + k2)

�
i
T a
mn,

VVVVT ⌘ � ig2

2

h
f eacf ebdGµ⌫⇢��� + f eabf ecdGµ⌫⇢��� + f eadf ebcGµ⌫⇢���

i
,

SSVVT ⌘ � ig2

2
[Cµ⌫⇢�{T a, T b}mn].

The parameters C, D, E, F, G are defined as,

Cµ⌫⇢� = ⌘µ⇢⌘⌫� + ⌘µ�⌘⌫⇢ � ⌘µ⌫⌘⇢�,

Dµ⌫⇢�(k1, k2) = ⌘µ⌫k1�k2⇢ �
h
⌘µ�k1⌫k2⇢ + ⌘µ⇢k1�k2⌫ � ⌘⇢�k1µk2⌫ + (µ $ ⌫)

i
,

Eµ⌫⇢�(k1, k2) = ⌘µ⌫(k1⇢k1� + k2⇢k2� + k1⇢k2�) �
h
⌘⌫�k1µk1⇢ + ⌘⌫⇢k2µk2� + (µ $ ⌫)

i
,

Fµ⌫⇢��(k1, k2, k3) = ⌘µ⇢⌘��(k2 � k3)⌫ + ⌘µ�⌘⇢�(k3 � k1)⌫ + ⌘µ�⌘⇢�(k1 � k2)⌫ + (µ $ ⌫),

Gmu⌫⇢��� = ⌘µ⌫(⌘⇢�⌘�� � ⌘⇢�⌘��) +
h
⌘µ⇢⌘⌫�⌘�� + ⌘µ�⌘⌫�⌘⇢�

� ⌘µ⇢⌘⌫�⌘�� � ⌘µ�⌘⌫�⌘⇢� + (µ $ ⌫)
i
.

(B.1)



C
C.1 Harmonic polylogarithms

Harmonic polylogarithms (HPLs) play a central role in the analytic evaluation of integrals

arising in perturbative quantum field theory. They are generalisation of Neilson’s poly-

logarithms and are defined as one-variable functions depending, besides the argument,

on a set of indices, grouped for convenience into a vector. Here we briefly discuss some

important properties of HPLs. For more details one can see [176,179]. The HPLs are rep-

resented by H(
!
m!; y);

!
m! being a !-dimensional vector which belongs to the set {-1,0,1}

through which we define the following rational functions

f(1; y) ⌘ 1

1 � y
, f(0; y) ⌘ 1

y
, f(�1; y) ⌘ 1

1 + y
. (C.1)

The weight-1 (! = 1) HPLs are then defined as

H(1, y) ⌘ � ln(1 � y), H(0, y) ⌘ ln(y), H(�1, y) ⌘ ln(1 + y). (C.2)
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For ! > 1 HPLs are defined as

H(m,
!
m!; y) ⌘

Z y

0

dx f(m, x) H(
!
m!; x), m 2 0, ±1. (C.3)

Moreover the higher dimensional HPLs are defined following the Eq. (C.3) for the new

elements 2,3 in
!
m!, representing a new class of rational functions

f(2; y) ⌘ f(1 � z; y) ⌘ 1

1 � y � z
, f(3; y) ⌘ f(z; y) ⌘ 1

y + z
; (C.4)

correspondingly the weight-1 (! = 1) two-dimensional HPLs are given by

H(2, y) ⌘ � ln
⇣
1 � y

1 � z

⌘
, H(3, y) ⌘ ln

⇣y + z

z

⌘
. (C.5)

Properties

HPLs follow some important properties,

Shu✏e algebra: Product of two HPLs with weights !1 and !2 of same argument y is

a HPL of weight (!1 + !1) and argument y. This way all possible permutations of the

elements of
!
m!1 and

!
m!2 are considered preserving the relative orders of the element of

!
m!1 and

!
m!2 ,

H(
!
m!1 ; y) H(

!
m!2 ; y) =

X

!
m!=

!
m!1

U!
m!2

H(
!
m!; y) (C.6)

Integration-by-parts identities: Using the integration-by-parts identities the ordering of

the elements of
!
m! inside the HPL can be reversed and in this process some products of
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two HPLs can be generated.

H(
!
m!; y) ⌘ H(m1, m2, ...m!; y) = H(m1; y) H(m2, ...m!; y)

� H(m2, m1; y) H(m3, ...m!; y)

+ ... + (�1)!+1 H(m!, ..., m2, m1; y).

(C.7)

Equations C.6 and C.7 are very useful in writing the higher-weight HPLs in terms of

lower-weight HPLs or products of HPLs, which have been used in the checks of the

di↵erent poles in chapter 6. Below we provide the necessary relations of HPLs used in

our computation.

H(0, 2, 0, y) = H(0, y)H(0, 2, y) � 2H(0, 0, 2, y),

H(1, 0, 2, y) = H(1, y)H(0, 2, y) � H(0, 1, 2, y) � H(0, 2, 1, y),

H(1, 2, 0, y) = H(1, y)H(2, 0, y) � H(2, 1, y)H(0, y) + H(0, 2, 1, y),

H(2, 0, 0, y) = H(2, y)H(0, 0, y) � H(0, 2, y)H(0, y) + H(0, 0, 2, y),

H(2, 0, 2, y) = H(2, y)H(0, 2, y) � 2H(0, 2, 2, y),

H(2, 2, 2, y) =
1

3
H(2, y)H(2, 2, y),

H(2, 2, 0, y) = H(2, y)H(2, 0, y) � H(2, 2, y)H(0, y) + H(0, 2, 2, y),

H(3, 0, 2, y) = H(3, y)H(0, 2, y) � H(0, 3, 2, y) � H(0, 2, 3, y),

H(3, 2, 0, y) = H(3, y)H(2, 0, y) � H(2, 3, y)H(0, y) + H(0, 2, 3, y),

H(3, 3, 2, y) = H(3, y)H(3, 2, y) � H(3, 3, y)H(2, y) + H(2, 3, 3, y),

H(2, 1, 0, y) = H(2, y)H(1, 0, y) � H(1, 2, y)H(0, y) + H(0, 1, 2, y),

H(2, 3, 2, y) = H(2, y)H(3, 2, y) � 2H(3, 2, 2, y)

(C.8)
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C.2 Two-loop coe�cients

A(2)
0 = �

3�2
0

8
A0;

A(2)

1;C2
A

= � A0; A(2)

1;C2
F

= 24 A0; A(2)

1;n2
f

= 0; A(2)
1;CACF

= �26 A0; A(2)
1;CAnf

= 0; A(2)
1;CF nf

= 0;

A(2)

2;C2
A

=
55

12
A0; A(2)

2;C2
F

= �12 A0; A(2)

2;n2
f

= 0; A(2)
2;CACF

=
23

2
A0; A(2)

2;CAnf
= �

5

6
A0; A(2)

2;CF nf
= � A0;

A(2)

3;C2
A

=

(
8(�1 + y)2y(�1 + z)2z(y + z)(39y6(�1 + 4z) + y

5(84 � 710z + 204z2) + 3z3(26 � 41z + 28z2 � 13z3)

� 3y4(41 � 372z + 507z2 + 56z3) + 2yz2(117 � 543z + 558z2 � 355z3 + 78z4) � 2y3(�39 + 543z � 1354z2

+ 850z3 + 84z4) + y
2
z(234 � 1662z + 2708z2 � 1521z3 + 204z4)) � 8(�1 + y)2y(�1 + z)2z(y + z)4(56 + 500y4

+ 34z � 396z2 + 550z3 � 244z4 + y
3(�1415 + 1348z) + 3y2(433 � 715z + 180z2) � 4y(110 � 219z + 42z2

+ 38z3))H(0, y)3 + 8(�1 + y)2y(�1 + z)2z(y + z)4(�56 + 244y4 + 440z � 1299z2 + 1415z3 � 500z4 + 2y3(�275

+ 76z) + y
2(396 + 168z � 540z2) � y(34 + 876z � 2145z2 + 1348z3))H(0, z)3 � 32(�1 + y)2y(�1 + z)2z(y + z)4(9

+ 364y4 � 203z + 702z2 � 872z3 + 364z4 + y
3(�872 + 564z) + 6y2(117 � 167z + 92z2) + y(�203 + 606z � 1002z2

+ 564z3))H(1, z)3 + (�1728y12(�1 + z)2 + 216(�1 + z)5z6(�1 + 4z) + 24y11(�1 + z)2(375 + 718z) + y
10(�19080

� 28289z + 250122z2 � 338949z3 + 136304z4) � y(�1 + z)2z5(�8082 + 36428z � 80967z2 + 91745z3 � 40992z4 + 1728z5)

+ y
9(20808 + 63133z � 748547z2 + 1624467z3 � 1359901z4 + 400256z5) + y

2(�1 + z)2z4(25944 � 171016z + 438304z2

� 585767z3 + 364650z4 � 73560z5 + 864z6) + y
8(�12024 � 69787z + 1130000z2 � 3636494z3 + 4922656z4 � 3035579z5

+ 701120z6) + y
7(3312 + 52501z � 1005911z2 + 4577790z3 � 9135618z4 + 9138769z5 � 4491307z6 + 860032z7)

+ y
3
z
3(32844 � 401168z + 1810731z2 � 4338377z3 + 6108582z4 � 5103134z5 + 2392815z6 � 537669z7 + 35376z8)

+ y
4
z
2(23424 � 374888z + 2225864z2 � 6614805z3 + 11116384z4 � 10963698z5 + 6184528z6 � 1787581z7 + 190880z8)

+ y
5
z(6066 � 175600z + 1559775z2 � 6176973z3 + 12917254z4 � 15269476z5 + 10196989z6 � 3546779z7 + 488960z8)

+ y
6(�288 � 26312z + 553704z2 � 3461777z3 + 9763000z4 � 14401588z5 + 11527644z6 � 4728907z7 + 774416z8))H(2, y)2

� 32(�1 + y)2y(�1 + z)2z(y + z)4(9 + 364y4 � 203z + 702z2 � 872z3 + 364z4 + y
3(�872 + 564z) + 6y2(117 � 167z

+ 92z2) + y(�203 + 606z � 1002z2 + 564z3))H(2, y)3 + H(0, y)2((y + z)2(1728y10(�1 + z)2 + 216(�1 + z)5z3(�1

+ 4z) � 72y9(�1 + z)2(149 + 87z) + y
8(28080 � 43945z � 17990z2 + 55603z3 � 21640z4) + y(�1 + z)2z2(144 � 3573z

+ 10219z2 � 12168z3 + 4234z4 + 864z5) � y
7(39888 � 94511z + 2851z2 + 137595z3 � 104887z4 + 19064z5) + y

6(32832

� 125478z + 90408z2 + 113163z3 � 158918z4 + 46681z5 + 1096z6) � y
2(�1 + z)2z(360 � 2430z � 10125z2 + 18134z3

� 1460z4 � 13140z5 + 4320z6) + y
5(�15336 + 94486z � 141904z2 + 19649z3 + 66045z4 + 13557z5 � 53601z6 + 17104z7)

+ y
4(3600 � 38177z + 94480z2 � 70947z3 + 25180z4 � 94718z5 + 142546z6 � 75040z7 + 13184z8) + y

3(�288 + 7227z

� 28965z2 + 25131z3 + 4151z4 + 35390z5 � 108748z6 + 97128z7 � 33618z8 + 2592z9)) + 48(�1 + y)2y(�1 + z)2z(y

+ z)4(16y4 + 4y3(�11 + 6z) + 6y2(8 � 9z + 2z2) � 3(�2 + 4z � 3z2 + z
3) + y(�26 + 48z � 33z2 + 12z3))H(0, z)

+ 144(�1 + y)2y(�1 + z)2z(y + z)4(2 + 16y4 � 4z + 3z2 � z
3 + 2y3(�21 + 8z) + 6y2(7 � 6z + 2z2) + y(�18

+ 24z � 15z2 + 4z3))H(1, z) + 48(�1 + y)2y(�1 + z)2z(y + z)4(2 + 16y4 � 4z + 3z2 � z
3 + 2y3(�21 + 8z)

+ 6y2(7 � 6z + 2z2) + y(�18 + 24z � 15z2 + 4z3))H(2, y)) + H(0, z)2((y + z)2(1728y9(�1 + z)2(�1 + 3z)

� 216(�1 + z)6z3(�1 + 4z) + y
8(9000 � 48470z + 93492z2 � 78258z3 + 23552z4) + 4y7(�4770 + 28897z � 69529z2

+ 79974z3 � 42772z4 + 8200z5) + y(�1 + z)2z2(144 � 3501z + 19081z2 � 43239z3 + 50375z4 � 23976z5 + 1728z6)

+ y
6(20808 � 148735z + 427794z2 � 614728z3 + 447358z4 � 140145z5 + 9016z6) + y

5(�12024 + 107821z � 367983z2

+ 619778z3 � 507386z4 + 132177z5 + 54601z6 � 26984z7) � y
2(�1 + z)2z(360 � 2934z � 12651z2 + 74708z3 � 142537z4

+ 119942z5 � 36936z6 + 864z7) + y
4(3312 � 41639z + 174106z2 � 315241z3 + 188404z4 + 184665z5 � 356162z6

+ 199207z7 � 37336z8) + y
3(�288 + 7155z � 40995z2 + 60519z3 + 92277z4 � 437623z5 + 633399z6 � 444135z7 + 146323z8

� 16632z9)) + 48(�1 + y)2y(�1 + z)2z(y + z)4(y3(�1 + 4z) + 4y(�1 + z)2(�1 + 4z) + 3y2(1 � 5z + 4z2) + 2(1

� 9z + 21z2 � 21z3 + 8z4))H(1, z) + 144(�1 + y)2y(�1 + z)2z(y + z)4(y3(�1 + 4z) + 4y(�1 + z)2(�1 + 4z)

+ 3y2(1 � 5z + 4z2) + 2(1 � 9z + 21z2 � 21z3 + 8z4))H(2, y)) + H(1, z)2(�1728y12(�1 + z)2 + 216(�1

+ z)5z6(�1 + 4z) + 24y11(�1 + z)2(375 + 718z) + y
10(�19080 � 28289z + 250122z2 � 338949z3 + 136304z4) � y(�1

+ z)2z5(�8082 + 36428z � 80967z2 + 91745z3 � 40992z4 + 1728z5) + y
9(20808 + 63133z � 748547z2 + 1624467z3

� 1359901z4 + 400256z5) + y
2(�1 + z)2z4(25944 � 171016z + 438304z2 � 585767z3 + 364650z4 � 73560z5 + 864z6)

+ y
8(�12024 � 69787z + 1130000z2 � 3636494z3 + 4922656z4 � 3035579z5 + 701120z6) + y

7(3312 + 52501z � 1005911z2

+ 4577790z3 � 9135618z4 + 9138769z5 � 4491307z6 + 860032z7) + y
3
z
3(32844 � 401168z + 1810731z2 � 4338377z3
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+ 6108582z4 � 5103134z5 + 2392815z6 � 537669z7 + 35376z8) + y
4
z
2(23424 � 374888z + 2225864z2 � 6614805z3

+ 11116384z4 � 10963698z5 + 6184528z6 � 1787581z7 + 190880z8) + y
5
z(6066 � 175600z + 1559775z2 � 6176973z3

+ 12917254z4 � 15269476z5 + 10196989z6 � 3546779z7 + 488960z8) + y
6(�288 � 26312z + 553704z2 � 3461777z3

+ 9763000z4 � 14401588z5 + 11527644z6 � 4728907z7 + 774416z8) � 96(�1 + y)2y(�1 + z)2z(y + z)4(13 + 380y4 � 225z

+ 747z2 � 915z3 + 380z4 + y
3(�915 + 584z) + 9y2(83 � 117z + 64z2) + y(�225 + 654z � 1053z2 + 584z3))H(2, y)

� 96(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2)

+ y(�22 + 48z � 51z2 + 20z3))H(3, y)) � 2(y + z)2(1728y10(�1 + z)2 + 216(�1 + z)5z3(�1 + 4z) � 72y9(�1

+ z)2(149 + 87z) + y
8(28080 � 43945z � 17990z2 + 55603z3 � 21640z4) + y(�1 + z)2z2(144 � 3573z + 10219z2

� 12168z3 + 4234z4 + 864z5) � y
7(39888 � 94511z + 2851z2 + 137595z3 � 104887z4 + 19064z5) + y

6(32832 � 125478z

+ 90408z2 + 113163z3 � 158918z4 + 46681z5 + 1096z6) � y
2(�1 + z)2z(360 � 2430z � 10125z2 + 18134z3 � 1460z4

� 13140z5 + 4320z6) + y
5(�15336 + 94486z � 141904z2 + 19649z3 + 66045z4 + 13557z5 � 53601z6 + 17104z7) + y

4(3600

� 38177z + 94480z2 � 70947z3 + 25180z4 � 94718z5 + 142546z6 � 75040z7 + 13184z8) + y
3(�288 + 7227z � 28965z2

+ 25131z3 + 4151z4 + 35390z5 � 108748z6 + 97128z7 � 33618z8 + 2592z9))H(0, 0, y) � 2(y + z)2(1728y9(�1 + z)2(�1

+ 3z) � 216(�1 + z)6z3(�1 + 4z) + y
8(9000 � 48470z + 93492z2 � 78258z3 + 23552z4) + 4y7(�4770 + 28897z � 69529z2

+ 79974z3 � 42772z4 + 8200z5) + y(�1 + z)2z2(144 � 3501z + 19081z2 � 43239z3 + 50375z4 � 23976z5 + 1728z6)

+ y
6(20808 � 148735z + 427794z2 � 614728z3 + 447358z4 � 140145z5 + 9016z6) + y

5(�12024 + 107821z � 367983z2

+ 619778z3 � 507386z4 + 132177z5 + 54601z6 � 26984z7) � y
2(�1 + z)2z(360 � 2934z � 12651z2 + 74708z3 � 142537z4

+ 119942z5 � 36936z6 + 864z7) + y
4(3312 � 41639z + 174106z2 � 315241z3 + 188404z4 + 184665z5 � 356162z6

+ 199207z7 � 37336z8) + y
3(�288 + 7155z � 40995z2 + 60519z3 + 92277z4 � 437623z5 + 633399z6 � 444135z7 + 146323z8

� 16632z9))H(0, 0, z) + 8(�1 + y)2y(�1 + z)z(528y8(�1 + z) � 3(�1 + z)2z4(14 � 14z + 3z2) + 6y7(227 � 631z

+ 404z2) + 6y6(�223 + 1245z � 1758z2 + 738z3) + 3y5(182 � 2102z + 5517z2 � 4865z3 + 1284z4) + 2y2
z
2(�294

+ 1706z � 2858z2 + 1581z3 + 225z4 � 354z5) + yz
3(�384 + 1354z � 1582z2 + 531z3 + 261z4 � 180z5) � 4y3

z(96

� 1033z + 2746z2 � 2667z3 + 666z4 + 180z5) + y
4(�42 + 2398z � 11683z2 + 18420z3 � 10149z4 + 1128z5))H(0, 1, z)

� 8(�1 + y)y(�1 + z)2z(528y9 + 6y8(�323 + 492z) + 12y7(237 � 866z + 609z2) + 3z4(�30 + 60z � 49z2 + 19z3)

+ 3y6(�692 + 4784z � 7993z2 + 3540z3) + yz
3(�144 + 1364z � 1944z2 + 1374z3 � 405z4) + y

5(732 � 9572z + 30498z2

� 31161z3 + 9960z4) + y
2
z
2(�204 + 3656z � 8678z2 + 7902z3 � 3411z4 + 348z5) + 2y3

z(�72 + 2320z � 8830z2

+ 11118z3 � 6117z4 + 1086z5) + y
4(�90 + 2804z � 18275z2 + 34641z3 � 24864z4 + 6048z5))H(0, 2, y) + 264(�1

+ y)2y2(�1 + z)2z(y + z)4(16y3 + y
2(�41 + 12z) � 2(7 � 6z + 3z2) + 3y(13 � 9z + 4z2))H(1, 0, y) � 8(�1

+ y)2y(�1 + z)z(�3(�1 + z)2z4(30 � 30z + 19z2) + y
7(57 � 405z + 348z2) + 3y6(�49 + 392z � 939z2 + 592z3)

+ 3y5(60 � 516z + 1941z2 � 2857z3 + 1356z4) + yz
3(�144 + 956z � 2180z2 + 2505z3 � 1581z4 + 444z5)

+ y
2
z
2(�204 + 1868z � 6197z2 + 9312z3 � 6951z4 + 2160z5) + y

3
z(�144 + 1808z � 8288z2 + 15567z3 � 13539z4

+ 4548z5) + y
4(�90 + 902z � 5345z2 + 13260z3 � 14271z4 + 5472z5))H(1, 0, z) + 2(1728y12(�1 + z)2 � 216(�1

+ z)5z6(�1 + 4z) � 24y11(�1 + z)2(375 + 718z) + y
10(19080 + 28289z � 250122z2 + 338949z3 � 136304z4) + y(�1

+ z)2z5(�8082 + 36428z � 80967z2 + 91745z3 � 40992z4 + 1728z5) � y
9(20808 + 63133z � 748547z2 + 1624467z3

� 1359901z4 + 400256z5) + y
8(12024 + 69787z � 1130000z2 + 3636494z3 � 4922656z4 + 3035579z5 � 701120z6) � y

2(�1

+ z)2z4(25944 � 171016z + 438304z2 � 585767z3 + 364650z4 � 73560z5 + 864z6) � y
7(3312 + 52501z � 1005911z2

+ 4577790z3 � 9135618z4 + 9138769z5 � 4491307z6 + 860032z7) + y
6(288 + 26312z � 553704z2 + 3461777z3 � 9763000z4

+ 14401588z5 � 11527644z6 + 4728907z7 � 774416z8) + y
5
z(�6066 + 175600z � 1559775z2 + 6176973z3 � 12917254z4

+ 15269476z5 � 10196989z6 + 3546779z7 � 488960z8) + y
4
z
2(�23424 + 374888z � 2225864z2 + 6614805z3 � 11116384z4

+ 10963698z5 � 6184528z6 + 1787581z7 � 190880z8) + y
3
z
3(�32844 + 401168z � 1810731z2 + 4338377z3 � 6108582z4

+ 5103134z5 � 2392815z6 + 537669z7 � 35376z8))H(1, 1, z) + H(3, y)(96(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z

+ 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(0, 1, z) + 96(�1

+ y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22

+ 48z � 51z2 + 20z3))H(1, 0, z) + 192(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4

+ y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(1, 1, z)) � 8(�1 + y)y(�1 + z)2z(528y9

+ 6y8(�323 + 492z) + 12y7(237 � 866z + 609z2) + 3z4(�30 + 60z � 49z2 + 19z3) + 3y6(�692 + 4784z � 7993z2

+ 3540z3) + yz
3(�144 + 1364z � 1944z2 + 1374z3 � 405z4) + y

5(732 � 9572z + 30498z2 � 31161z3 + 9960z4)

+ y
2
z
2(�204 + 3656z � 8678z2 + 7902z3 � 3411z4 + 348z5) + 2y3

z(�72 + 2320z � 8830z2 + 11118z3 � 6117z4

+ 1086z5) + y
4(�90 + 2804z � 18275z2 + 34641z3 � 24864z4 + 6048z5))H(2, 0, y) + 2(1728y12(�1 + z)2 � 216(�1

+ z)5z6(�1 + 4z) � 24y11(�1 + z)2(375 + 718z) + y
10(19080 + 28289z � 250122z2 + 338949z3 � 136304z4) + y(�1
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+ z)2z5(�8082 + 36428z � 80967z2 + 91745z3 � 40992z4 + 1728z5) � y
9(20808 + 63133z � 748547z2 + 1624467z3

� 1359901z4 + 400256z5) + y
8(12024 + 69787z � 1130000z2 + 3636494z3 � 4922656z4 + 3035579z5 � 701120z6) � y

2(�1

+ z)2z4(25944 � 171016z + 438304z2 � 585767z3 + 364650z4 � 73560z5 + 864z6) � y
7(3312 + 52501z � 1005911z2

+ 4577790z3 � 9135618z4 + 9138769z5 � 4491307z6 + 860032z7) + y
6(288 + 26312z � 553704z2 + 3461777z3 � 9763000z4

+ 14401588z5 � 11527644z6 + 4728907z7 � 774416z8) + y
5
z(�6066 + 175600z � 1559775z2 + 6176973z3 � 12917254z4

+ 15269476z5 � 10196989z6 + 3546779z7 � 488960z8) + y
4
z
2(�23424 + 374888z � 2225864z2 + 6614805z3 � 11116384z4

+ 10963698z5 � 6184528z6 + 1787581z7 � 190880z8) + y
3
z
3(�32844 + 401168z � 1810731z2 + 4338377z3 � 6108582z4

+ 5103134z5 � 2392815z6 + 537669z7 � 35376z8))H(2, 2, y) + H(0, z)(�88(�1 + y)2y(�1 + z)z(y + z)4(�5(�1 + z)2(2

� 2z + z
2) + 5y3(1 � 5z + 4z2) + 3y2(�5 + 20z � 24z2 + 8z3) + 4y(5 � 20z + 33z2 � 29z3 + 11z4)) + 96(�1

+ y)2y(�1 + z)2z(y + z)4(1 + 8y4 � 9z + 21z2 � 21z3 + 8z4 + y
3(�21 + 8z) + 3y2(7 � 7z + 4z2) + y(�9 + 18z

� 21z2 + 8z3))H(1, z)2 � 264(�1 + y)2y(�1 + z)2z(y + z)4(y3(�1 + 4z) + 4y(�1 + z)2(�1 + 4z) + 3y2(1 � 5z

+ 4z2) + 2(1 � 9z + 21z2 � 21z3 + 8z4))H(2, y) + 96(�1 + y)2y(�1 + z)2z(y + z)4(8y4 + 2y3(�11 + 6z)

+ 12y2(2 � 3z + 2z2) + y(�13 + 42z � 57z2 + 24z3) + 3(1 � 9z + 21z2 � 21z3 + 8z4))H(2, y)2 + H(1, z)(32(�1

+ y)2y(�1 + z)z(�6(�1 + z)2z4(1 � z + z
2) + 6y7(1 � 10z + 9z2) + 3y6(�4 + 54z � 155z2 + 104z3) + 3y5(4

� 52z + 279z2 � 497z3 + 262z4) + yz
3(30 + 8z � 182z2 + 321z3 � 255z4 + 78z5) + y

2
z
2(48 + 38z � 650z2

+ 1338z3 � 1185z4 + 408z5) + 2y3
z(15 + 28z � 475z2 + 1158z3 � 1185z4 + 453z5) + 2y4(�3 + 22z � 301z2

+ 981z3 � 1260z4 + 552z5)) + 96(�1 + y)2y(�1 + z)2z2(y + z)4(�14 + 39z � 41z2 + 16z3 + 6y2(�1 + 2z) + 3y(4

� 9z + 4z2))H(2, y) � 96(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z)

+ 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(3, y)) � 96(�1 + y)2y(�1 + z)2z(y + z)4(16y4 + 4y3(�11

+ 6z) + 6y2(8 � 9z + 2z2) � 3(�2 + 4z � 3z2 + z
3) + y(�26 + 48z � 33z2 + 12z3))H(0, 0, y) � 96(�1 + y)2y(�1

+ z)2z2(y + z)4(�14 + 39z � 41z2 + 16z3 + 6y2(�1 + 2z) + 3y(4 � 9z + 4z2))H(0, 0, z) � 96(�1 + y)2y(�1

+ z)2z(y + z)4(2 + 16y4 � 4z + 3z2 � z
3 + 2y3(�21 + 8z) + 6y2(7 � 6z + 2z2) + y(�18 + 24z � 15z2

+ 4z3))H(0, 1, z) � 96(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)4(�4 + 18z � 27z2 + 16z3 + y
2(�2 + 8z) + 2y(2

� 7z + 2z2))H(0, 2, y) + 96(�1 + y)2y(�1 + z)2z(y + z)4(2 + y
2(3 � 9z) � 4z + 3z2 � z

3 + y
3(�1 + 4z) + y(�4

+ 12z � 9z2 + 4z3))H(1, 0, z) � 96(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43

+ 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(1, 1, z) � 96(�1 + y)2y(�1 + z)2z(�1 + y + z)(y

+ z)4(�4 + 18z � 27z2 + 16z3 + y
2(�2 + 8z) + 2y(2 � 7z + 2z2))H(2, 0, y) � 192(�1 + y)2y(�1 + z)2z(y

+ z)4(8y4 + 2y3(�11 + 6z) + 12y2(2 � 3z + 2z2) + y(�13 + 42z � 57z2 + 24z3) + 3(1 � 9z + 21z2 � 21z3

+ 8z4))H(2, 2, y)) + 264(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z)

+ 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(3, 2, y) + H(0, y)(�88(�1 + y)y(�1 + z)2z(y + z)4(y4(�5

+ 44z) + 4y3(5 � 29z + 6z2) + 5(�2 + 4z � 3z2 + z
3) � 5y(�6 + 16z � 12z2 + 5z3) + y

2(�35 + 132z � 72z2

+ 20z3)) + 48(�1 + y)2y(�1 + z)2z(y + z)4(6 � 26z + 48z2 � 44z3 + 16z4 + 3y3(�1 + 4z) + 3y2(3 � 11z + 4z2)

+ 6y(�2 + 8z � 9z2 + 4z3))H(0, z)2 + 96(�1 + y)2y(�1 + z)2z(y + z)4(3 + 24y4 � 13z + 24z2 � 22z3 + 8z4

+ 3y3(�21 + 8z) + 3y2(21 � 19z + 8z2) + 3y(�9 + 14z � 12z2 + 4z3))H(1, z)2 + 32(�1 + y)y(�1 + z)2z(y8(�6

+ 78z) + 3y7(6 � 85z + 136z2) + 6z4(�1 + 2z � 2z2 + z
3) + 3y6(�8 + 107z � 395z2 + 302z3) + 2yz3(15 + 22z

� 78z2 + 81z3 � 30z4) + 2y5(9 � 91z + 669z2 � 1185z3 + 552z4) + y
2
z
2(48 + 56z � 602z2 + 837z3 � 465z4

+ 54z5) + y
3
z(30 + 38z � 950z2 + 1962z3 � 1491z4 + 312z5) + y

4(�6 + 8z � 650z2 + 2316z3 � 2520z4

+ 786z5))H(2, y) + 96(�1 + y)2y(�1 + z)2z(y + z)4(1 + 8y4 � 9z + 21z2 � 21z3 + 8z4 + y
3(�21 + 8z) + 3y2(7

� 7z + 4z2) + y(�9 + 18z � 21z2 + 8z3))H(2, y)2 + H(0, z)(�264(�1 + y)2y(�1 + z)2z(y + z)4(2 + y
2(3 � 9z)

� 4z + 3z2 � z
3 + y

3(�1 + 4z) + y(�4 + 12z � 9z2 + 4z3)) + 96(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)4(16y3

+ y
2(�27 + 4z) � 2(2 � 2z + z

2) + 2y(9 � 7z + 4z2))H(1, z) + 96(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)4(�4

+ 18z � 27z2 + 16z3 + y
2(�2 + 8z) + 2y(2 � 7z + 2z2))H(2, y)) + H(1, z)(�264(�1 + y)2y(�1 + z)2z(y + z)4(2

+ 16y4 � 4z + 3z2 � z
3 + 2y3(�21 + 8z) + 6y2(7 � 6z + 2z2) + y(�18 + 24z � 15z2 + 4z3)) + 96(�1 + y)2y2(�1

+ z)2z(y + z)4(16y3 + y
2(�41 + 12z) � 2(7 � 6z + 3z2) + 3y(13 � 9z + 4z2))H(2, y) � 96(�1 + y)2y(�1

+ z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z

� 51z2 + 20z3))H(3, y)) � 96(�1 + y)2y2(�1 + z)2z(y + z)4(16y3 + y
2(�41 + 12z) � 2(7 � 6z + 3z2) + 3y(13

� 9z + 4z2))H(0, 0, y) � 96(�1 + y)2y(�1 + z)2z(y + z)4(6 � 26z + 48z2 � 44z3 + 16z4 + 3y3(�1 + 4z) + 3y2(3

� 11z + 4z2) + 6y(�2 + 8z � 9z2 + 4z3))H(0, 0, z) � 96(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)4(16y3 + y
2(�27

+ 4z) � 2(2 � 2z + z
2) + 2y(9 � 7z + 4z2))H(0, 1, z) + 96(�1 + y)2y(�1 + z)2z(y + z)4(2 + 16y4 � 4z + 3z2

� z
3 + 2y3(�21 + 8z) + 6y2(7 � 6z + 2z2) + y(�18 + 24z � 15z2 + 4z3))H(0, 2, y) � 96(�1 + y)2y2(�1 + z)2z(y
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+ z)4(16y3 + y
2(�41 + 12z) � 2(7 � 6z + 3z2) + 3y(13 � 9z + 4z2))H(1, 0, y) � 96(�1 + y)2y(�1 + z)2z(�1 + y

+ z)(y + z)4(16y3 + y
2(�27 + 4z) � 2(2 � 2z + z

2) + 2y(9 � 7z + 4z2))H(1, 0, z) � 192(�1 + y)2y(�1 + z)2z(y

+ z)4(3 + 24y4 � 13z + 24z2 � 22z3 + 8z4 + 3y3(�21 + 8z) + 3y2(21 � 19z + 8z2) + 3y(�9 + 14z � 12z2

+ 4z3))H(1, 1, z) + 96(�1 + y)2y(�1 + z)2z(y + z)4(2 + 16y4 � 4z + 3z2 � z
3 + 2y3(�21 + 8z) + 6y2(7 � 6z

+ 2z2) + y(�18 + 24z � 15z2 + 4z3))H(2, 0, y) � 96(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3

+ 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(2, 2, y) � 96(�1 + y)2y(�1

+ z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z

� 51z2 + 20z3))H(3, 2, y)) + H(2, y)(�44(�1 + y)2y(�1 + z)2z(y7(�9 + 84z) + 3y6(9 � 83z + 144z2) � 9z4(�2

+ 4z � 3z2 + z
3) + 3y5(�12 + 92z � 373z2 + 324z3) + yz

3(�36 � 136z + 276z2 � 249z3 + 84z4) + y
2
z
2(�60

� 292z + 1053z2 � 1119z3 + 432z4) + y
3
z(�36 � 292z + 1608z2 � 2175z3 + 972z4) + y

4(18 � 136z + 1053z2 � 2175z3

+ 1248z4)) � 96(�1 + y)2y2(�1 + z)2z(y + z)4(16y3 + y
2(�41 + 12z) � 2(7 � 6z + 3z2) + 3y(13 � 9z

+ 4z2))H(0, 0, y) � 288(�1 + y)2y(�1 + z)2z(y + z)4(y3(�1 + 4z) + 4y(�1 + z)2(�1 + 4z) + 3y2(1 � 5z + 4z2)

+ 2(1 � 9z + 21z2 � 21z3 + 8z4))H(0, 0, z) � 96(�1 + y)2y(�1 + z)2z2(y + z)4(�14 + 39z � 41z2 + 16z3

+ 6y2(�1 + 2z) + 3y(4 � 9z + 4z2))H(0, 1, z) + 96(�1 + y)2y(�1 + z)2z(y + z)4(2 + 16y4 � 4z + 3z2 � z
3

+ 2y3(�21 + 8z) + 6y2(7 � 6z + 2z2) + y(�18 + 24z � 15z2 + 4z3))H(0, 2, y) � 96(�1 + y)2y2(�1 + z)2z(y

+ z)4(16y3 + y
2(�41 + 12z) � 2(7 � 6z + 3z2) + 3y(13 � 9z + 4z2))H(1, 0, y) � 96(�1 + y)2y(�1 + z)2z2(y

+ z)4(�14 + 39z � 41z2 + 16z3 + 6y2(�1 + 2z) + 3y(4 � 9z + 4z2))H(1, 0, z) + 192(�1 + y)2y(�1 + z)2z(y

+ z)4(13 + 380y4 � 225z + 747z2 � 915z3 + 380z4 + y
3(�915 + 584z) + 9y2(83 � 117z + 64z2) + y(�225 + 654z

� 1053z2 + 584z3))H(1, 1, z) + 96(�1 + y)2y(�1 + z)2z(y + z)4(2 + 16y4 � 4z + 3z2 � z
3 + 2y3(�21 + 8z)

+ 6y2(7 � 6z + 2z2) + y(�18 + 24z � 15z2 + 4z3))H(2, 0, y) � 96(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z

+ 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(2, 2, y) � 96(�1

+ y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22

+ 48z � 51z2 + 20z3))H(3, 2, y)) + H(1, z)(�44(�1 + y)2y(�1 + z)2z(y7(�9 + 84z) + 3y6(9 � 83z + 144z2)

� 9z4(�2 + 4z � 3z2 + z
3) + 3y5(�12 + 92z � 373z2 + 324z3) + yz

3(�36 � 136z + 276z2 � 249z3 + 84z4)

+ y
2
z
2(�60 � 292z + 1053z2 � 1119z3 + 432z4) + y

3
z(�36 � 292z + 1608z2 � 2175z3 + 972z4) + y

4(18 � 136z

+ 1053z2 � 2175z3 + 1248z4)) � 96(�1 + y)2y(�1 + z)2z(y + z)4(13 + 380y4 � 225z + 747z2 � 915z3 + 380z4

+ y
3(�915 + 584z) + 9y2(83 � 117z + 64z2) + y(�225 + 654z � 1053z2 + 584z3))H(2, y)2 + 264(�1 + y)2y(�1

+ z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z

� 51z2 + 20z3))H(3, y) � 96(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z)

+ 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(2, y)H(3, y) � 288(�1 + y)2y(�1 + z)2z(y + z)4(2 + 16y4

� 4z + 3z2 � z
3 + 2y3(�21 + 8z) + 6y2(7 � 6z + 2z2) + y(�18 + 24z � 15z2 + 4z3))H(0, 0, y) � 96(�1 + y)2y(�1

+ z)2z2(y + z)4(�14 + 39z � 41z2 + 16z3 + 6y2(�1 + 2z) + 3y(4 � 9z + 4z2))H(0, 0, z) � 96(�1 + y)2y(�1

+ z)2z(y + z)4(2 + 16y4 � 4z + 3z2 � z
3 + 2y3(�21 + 8z) + 6y2(7 � 6z + 2z2) + y(�18 + 24z � 15z2

+ 4z3))H(0, 1, z) � 96(�1 + y)2y2(�1 + z)2z(y + z)4(16y3 + y
2(�41 + 12z) � 2(7 � 6z + 3z2) + 3y(13 � 9z

+ 4z2))H(0, 2, y) + 96(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z)

+ 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(0, 3, y) + 96(�1 + y)2y(�1 + z)2z(y + z)4(2 + y
2(3 � 9z)

� 4z + 3z2 � z
3 + y

3(�1 + 4z) + y(�4 + 12z � 9z2 + 4z3))H(1, 0, z) � 96(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4

� 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(1, 1, z)

� 96(�1 + y)2y2(�1 + z)2z(y + z)4(16y3 + y
2(�41 + 12z) � 2(7 � 6z + 3z2) + 3y(13 � 9z + 4z2))H(2, 0, y)

+ 192(�1 + y)2y(�1 + z)2z(y + z)4(13 + 380y4 � 225z + 747z2 � 915z3 + 380z4 + y
3(�915 + 584z) + 9y2(83 � 117z

+ 64z2) + y(�225 + 654z � 1053z2 + 584z3))H(2, 2, y) + 96(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z + 45z2

� 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(2, 3, y) + 96(�1 + y)2y(�1

+ z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z

� 51z2 + 20z3))H(3, 0, y) + 96(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43

+ 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(3, 2, y)) + 48(�1 + y)2y(�1 + z)2z(y + z)4(56

+ 596y4 + 34z � 396z2 + 550z3 � 244z4 + y
3(�1661 + 1420z) + 3y2(511 � 769z + 204z2) � 4y(131 � 237z + 51z2

+ 38z3))H(0, 0, 0, y) � 48(�1 + y)2y(�1 + z)2z(y + z)4(�56 + 244y4 + 524z � 1533z2 + 1661z3 � 596z4

+ 2y3(�275 + 76z) + y
2(396 + 204z � 612z2) � y(34 + 948z � 2307z2 + 1420z3))H(0, 0, 0, z) + 96(�1 + y)2y(�1

+ z)2z(y + z)4(2 + 32y4 � 4z + 3z2 � z
3 + y

3(�83 + 28z) + 3y2(27 � 21z + 8z2) + y(�32 + 36z � 21z2

+ 4z3))H(0, 0, 1, z) � 96(�1 + y)2y(�1 + z)2z(y + z)4(32y4 + y
3(�85 + 36z) + 3y2(29 � 27z + 8z2) � 3(�2 + 4z
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� 3z2 + z
3) + y(�40 + 60z � 39z2 + 12z3))H(0, 0, 2, y) + 96(�1 + y)2y2(�1 + z)2z(y + z)4(16y3 + y

2(�41 + 12z)

� 2(7 � 6z + 3z2) + 3y(13 � 9z + 4z2))H(0, 1, 0, y) + 96(�1 + y)2y(�1 + z)2z(y + z)4(�2 + 16y4 + 8y3(�5 + z)

+ 4z � 3z2 + z
3 + 6y2(6 � 3z + 2z2) + y(�10 + 3z2 � 4z3))H(0, 1, 0, z) + 96(�1 + y)2y(�1 + z)2z(y

+ z)4(32y4 + y
3(�85 + 36z) + 3y2(29 � 27z + 8z2) � 3(�2 + 4z � 3z2 + z

3) + y(�40 + 60z � 39z2

+ 12z3))H(0, 1, 1, z) � 96(�1 + y)2y(�1 + z)2z(y + z)4(32y4 + y
3(�85 + 36z) + 3y2(29 � 27z + 8z2) � 3(�2

+ 4z � 3z2 + z
3) + y(�40 + 60z � 39z2 + 12z3))H(0, 2, 0, y) � 96(�1 + y)2y(�1 + z)2z(y + z)4(2 + 32y4 � 4z

+ 3z2 � z
3 + y

3(�83 + 28z) + 3y2(27 � 21z + 8z2) + y(�32 + 36z � 21z2 + 4z3))H(0, 2, 2, y) + 96(�1 + y)2y(�1

+ z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z

� 51z2 + 20z3))H(0, 3, 2, y) + 192(�1 + y)2y2(�1 + z)2z(y + z)4(16y3 + y
2(�41 + 12z) � 2(7 � 6z + 3z2)

+ 3y(13 � 9z + 4z2))H(1, 0, 0, y) � 288(�1 + y)2y(�1 + z)2z(y + z)4(2 + y
2(3 � 9z) � 4z + 3z2 � z

3 + y
3(�1

+ 4z) + y(�4 + 12z � 9z2 + 4z3))H(1, 0, 0, z) + 96(�1 + y)2y(�1 + z)2z(y + z)4(2 + 16y4 � 4z + 3z2 � z
3

+ 2y3(�21 + 8z) + 6y2(7 � 6z + 2z2) + y(�18 + 24z � 15z2 + 4z3))H(1, 0, 1, z) + 96(�1 + y)2y2(�1 + z)2z(y

+ z)4(16y3 + y
2(�41 + 12z) � 2(7 � 6z + 3z2) + 3y(13 � 9z + 4z2))H(1, 0, 2, y) � 96(�1 + y)2y(�1 + z)2z(y

+ z)4(2 + y
2(3 � 9z) � 4z + 3z2 � z

3 + y
3(�1 + 4z) + y(�4 + 12z � 9z2 + 4z3))H(1, 1, 0, z) + 96(�1 + y)2y(�1

+ z)2z(y + z)4(30 + 776y4 � 472z + 1539z2 � 1873z3 + 776z4 + y
3(�1873 + 1188z) + 3y2(513 � 719z + 392z2)

+ y(�472 + 1356z � 2157z2 + 1188z3))H(1, 1, 1, z) + 96(�1 + y)2y2(�1 + z)2z(y + z)4(16y3 + y
2(�41 + 12z) � 2(7

� 6z + 3z2) + 3y(13 � 9z + 4z2))H(1, 2, 0, y) � 96(�1 + y)2y(�1 + z)2z(y + z)4(32y4 + y
3(�85 + 36z) + 3y2(29

� 27z + 8z2) � 3(�2 + 4z � 3z2 + z
3) + y(�40 + 60z � 39z2 + 12z3))H(2, 0, 0, y) � 96(�1 + y)2y(�1 + z)2z(y

+ z)4(2 + 32y4 � 4z + 3z2 � z
3 + y

3(�83 + 28z) + 3y2(27 � 21z + 8z2) + y(�32 + 36z � 21z2

+ 4z3))H(2, 0, 2, y) + 96(�1 + y)2y2(�1 + z)2z(y + z)4(16y3 + y
2(�41 + 12z) � 2(7 � 6z + 3z2) + 3y(13 � 9z

+ 4z2))H(2, 1, 0, y) � 96(�1 + y)2y(�1 + z)2z(y + z)4(2 + 32y4 � 4z + 3z2 � z
3 + y

3(�83 + 28z) + 3y2(27

� 21z + 8z2) + y(�32 + 36z � 21z2 + 4z3))H(2, 2, 0, y) + 96(�1 + y)2y(�1 + z)2z(y + z)4(30 + 776y4 � 472z

+ 1539z2 � 1873z3 + 776z4 + y
3(�1873 + 1188z) + 3y2(513 � 719z + 392z2) + y(�472 + 1356z � 2157z2

+ 1188z3))H(2, 2, 2, y) + 96(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z)

+ 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(2, 3, 2, y) + 96(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4

� 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(3, 0, 2, y)

+ 96(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2)

+ y(�22 + 48z � 51z2 + 20z3))H(3, 2, 0, y) + 192(�1 + y)2y(�1 + z)2z(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3

+ 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(3, 2, 2, y)

).⇣
192(�1 + y)2y2(�1

+ z)2z2(�1 + y + z)(y + z)4
⌘
;

A(2)

3;C2
F

=

(
� 18(�1 + y)2y(�1 + z)2z(y + z)2(2 + y

2(3 � 9z) � 4z + 3z2 � z
3 + y

3(�1 + 4z) + y(�4 + 12z � 9z2 + 4z3))

� 12(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�44 + 528y3 + 66z � 99z2 + 64z3 + y
2(�829 + 412z) + 2y(187 � 176z

+ 58z2))H(0, y)3 � 12(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�44 + 64y3 + 374z � 829z2 + 528z3 + y
2(�99

+ 116z) + y(66 � 352z + 412z2))H(0, z)3 � 12(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(4 + 72y3 + 46z � 131z2

+ 72z3 + y
2(�131 + 108z) + 2y(23 � 50z + 54z2))H(1, z)3 � 2(432y10(�1 + z)2 � 54(�1 + z)5z4(�1 + 4z)

+ 2y9(�1 + z)2(�1125 + 1321z) + 3y8(1590 � 7130z + 10312z2 � 5603z3 + 822z4) + y
7(�5202 + 29970z � 47113z2

+ 16349z3 + 14834z4 � 8838z5) + y(�1 + z)2z3(�1653 + 4845z � 5811z2 + 4198z3 � 2002z4 + 432z5) + y
6(3006

� 18611z + 14103z2 + 65692z3 � 134393z4 + 90425z5 � 20168z6) � y
2(�1 + z)2z2(792 � 14109z + 32355z2 � 27545z3

+ 10016z4 � 1898z5 + 216z6) + y
5(�828 + 945z + 35948z2 � 178242z3 + 329525z4 � 282687z5 + 110081z6 � 14742z7)

+ y
4(72 + 4209z � 39045z2 + 174583z3 � 372816z4 + 403037z5 � 220595z6 + 54578z7 � 4050z8) + y

3
z(�1401 + 13065z

� 78255z2 + 213625z3 � 291633z4 + 209152z5 � 75802z6 + 11847z7 � 598z8))H(2, y)2 � 12(�1 + y)2y(�1 + z)2z(�1

+ y + z)(y + z)2(4 + 72y3 + 46z � 131z2 + 72z3 + y
2(�131 + 108z) + 2y(23 � 50z + 54z2))H(2, y)3

+ H(0, z)2(�108(�1 + z)6z3(�1 + 4z) � 4y9(�1 + z)2(216 + 215z) + y
8(4500 � 8947z � 426z2 + 9495z3 � 4692z4)

+ y(�1 + z)3z2(�72 + 2469z � 8130z2 + 15633z3 � 12928z4 + 864z5) � y
7(9540 � 30281z + 21427z2 + 17363z3

� 25789z4 + 7740z5) � 2y6(�5202 + 24062z � 33217z2 + 1427z3 + 33635z4 � 28049z5 + 7274z6) � y
2(�1 + z)2z(180

+ 114z � 13297z2 + 48726z3 � 88199z4 + 76698z5 � 22076z6 + 432z7) � 4y5(1503 � 9820z + 19651z2 � 5048z3

� 33560z4 + 51210z5 � 31336z6 + 7400z7) + y
4(1656 � 15965z + 40998z2 + 3632z3 � 193426z4 + 388782z5 � 361522z6

+ 164423z7 � 28648z8) � y
3(144 � 2787z + 8149z2 + 23010z3 � 166174z4 + 387958z5 � 474394z6 + 314077z7 � 100103z8
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+ 10120z9) + 48(�1 + y)2y(y2 + 2y(�1 + z) + 2(�1 + z)2)(�1 + z)2z(�1 + y + z)(y + z)2(�1 + 4z)H(1, z) + 48(�1

+ y)2y(y2 + 2y(�1 + z) + 2(�1 + z)2)(�1 + z)2z(�1 + y + z)(y + z)2(�1 + 4z)H(2, y)) + H(0, y)2(864y10(�1 + z)2

+ 108(�1 + z)5z3(�1 + 4z) � 4y9(�1 + z)2(1341 + 1234z) + y
8(14040 � 14991z � 32938z2 + 54743z3 � 20800z4)

+ y
7(�19944 + 36561z + 52567z2 � 160807z3 + 117263z4 � 25640z5) � y(�1 + z)2z2(�72 + 2577z � 8383z2 + 13377z3

� 10501z4 + 3020z5) � 4y6(�4104 + 13505z + 4189z2 � 53569z3 + 65725z4 � 30346z5 + 4627z6) + y
2(�1 + z)2z(�180

� 366z + 14249z2 � 35168z3 + 44729z4 � 26794z5 + 4744z6) � 2y5(3834 � 21096z + 12153z2 + 79661z3 � 164736z4

+ 132075z5 � 49685z6 + 7794z7) + y
4(1800 � 16449z + 20344z2 + 84562z3 � 275038z4 + 340574z5 � 219676z6 + 73813z7

� 9876z8) � y
3(144 � 2823z + 4349z2 + 40704z3 � 163328z4 + 272002z5 � 250136z6 + 128747z7 � 31815z8 + 2156z9)

+ 48(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(1, z) + 48(�1 + y)2y(�1

+ 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(2, y)) + H(1, z)2(�2(432y10(�1 + z)2

� 54(�1 + z)5z4(�1 + 4z) + 2y9(�1 + z)2(�1125 + 1321z) + 3y8(1590 � 7130z + 10312z2 � 5603z3 + 822z4)

+ y
7(�5202 + 29970z � 47113z2 + 16349z3 + 14834z4 � 8838z5) + y(�1 + z)2z3(�1653 + 4845z � 5811z2 + 4198z3

� 2002z4 + 432z5) + y
6(3006 � 18611z + 14103z2 + 65692z3 � 134393z4 + 90425z5 � 20168z6) � y

2(�1 + z)2z2(792

� 14109z + 32355z2 � 27545z3 + 10016z4 � 1898z5 + 216z6) + y
5(�828 + 945z + 35948z2 � 178242z3 + 329525z4

� 282687z5 + 110081z6 � 14742z7) + y
4(72 + 4209z � 39045z2 + 174583z3 � 372816z4 + 403037z5 � 220595z6 + 54578z7

� 4050z8) + y
3
z(�1401 + 13065z � 78255z2 + 213625z3 � 291633z4 + 209152z5 � 75802z6 + 11847z7 � 598z8)) � 60(�1

+ y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 56y3 + 50z � 109z2 + 56z3 + y
2(�109 + 84z) + y(50 � 92z

+ 84z2))H(2, y) � 96(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z)

+ 2y(7 � 10z + 6z2))H(3, y)) � 2(864y10(�1 + z)2 + 108(�1 + z)5z3(�1 + 4z) � 4y9(�1 + z)2(1341 + 1234z)

+ y
8(14040 � 14991z � 32938z2 + 54743z3 � 20800z4) + y

7(�19944 + 36561z + 52567z2 � 160807z3 + 117263z4 � 25640z5)

� y(�1 + z)2z2(�72 + 2577z � 8383z2 + 13377z3 � 10501z4 + 3020z5) � 4y6(�4104 + 13505z + 4189z2 � 53569z3

+ 65725z4 � 30346z5 + 4627z6) + y
2(�1 + z)2z(�180 � 366z + 14249z2 � 35168z3 + 44729z4 � 26794z5 + 4744z6)

� 2y5(3834 � 21096z + 12153z2 + 79661z3 � 164736z4 + 132075z5 � 49685z6 + 7794z7) + y
4(1800 � 16449z + 20344z2

+ 84562z3 � 275038z4 + 340574z5 � 219676z6 + 73813z7 � 9876z8) � y
3(144 � 2823z + 4349z2 + 40704z3 � 163328z4

+ 272002z5 � 250136z6 + 128747z7 � 31815z8 + 2156z9))H(0, 0, y) + 2(108(�1 + z)6z3(�1 + 4z) + 4y9(�1 + z)2(216

+ 215z) + y
8(�4500 + 8947z + 426z2 � 9495z3 + 4692z4) � y(�1 + z)3z2(�72 + 2469z � 8130z2 + 15633z3 � 12928z4

+ 864z5) + y
7(9540 � 30281z + 21427z2 + 17363z3 � 25789z4 + 7740z5) + 2y6(�5202 + 24062z � 33217z2 + 1427z3

+ 33635z4 � 28049z5 + 7274z6) + y
2(�1 + z)2z(180 + 114z � 13297z2 + 48726z3 � 88199z4 + 76698z5 � 22076z6

+ 432z7) + 4y5(1503 � 9820z + 19651z2 � 5048z3 � 33560z4 + 51210z5 � 31336z6 + 7400z7) + y
4(�1656 + 15965z

� 40998z2 � 3632z3 + 193426z4 � 388782z5 + 361522z6 � 164423z7 + 28648z8) + y
3(144 � 2787z + 8149z2 + 23010z3

� 166174z4 + 387958z5 � 474394z6 + 314077z7 � 100103z8 + 10120z9))H(0, 0, z) � 48(�1 + y)2y2
z
2(�1 + y + z)(y

+ z)2(�12 + 30z � 26z2 + 8z3 + 3y(4 � 9z + 4z2))H(0, 1, z) � 48y2(�1 + z)2z2(�1 + y + z)(y + z)2(8y3 + y(30

� 27z) + 12(�1 + z) + 2y2(�13 + 6z))H(0, 2, y) � 48(�1 + y)2y2
z
2(�1 + y + z)(y + z)2(�12 + 30z � 26z2 + 8z3

+ 3y(4 � 9z + 4z2))H(1, 0, z) + 4(432y10(�1 + z)2 � 54(�1 + z)5z4(�1 + 4z) + 2y9(�1 + z)2(�1125 + 1321z)

+ 3y8(1590 � 7130z + 10312z2 � 5603z3 + 822z4) + y
7(�5202 + 29970z � 47113z2 + 16349z3 + 14834z4 � 8838z5)

+ y(�1 + z)2z3(�1653 + 4845z � 5811z2 + 4198z3 � 2002z4 + 432z5) + y
6(3006 � 18611z + 14103z2 + 65692z3

� 134393z4 + 90425z5 � 20168z6) � y
2(�1 + z)2z2(792 � 14109z + 32355z2 � 27545z3 + 10016z4 � 1898z5 + 216z6)

+ y
5(�828 + 945z + 35948z2 � 178242z3 + 329525z4 � 282687z5 + 110081z6 � 14742z7) + y

4(72 + 4209z � 39045z2

+ 174583z3 � 372816z4 + 403037z5 � 220595z6 + 54578z7 � 4050z8) + y
3
z(�1401 + 13065z � 78255z2 + 213625z3

� 291633z4 + 209152z5 � 75802z6 + 11847z7 � 598z8))H(1, 1, z) + 192(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4

+ 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(3, y)H(1, 1, z) + H(0, y)(96(�1 + y)2y(�1

+ 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(1, z)2 + 48y2(�1 + z)2z2(�1 + y + z)(y

+ z)2(8y3 + y(30 � 27z) + 12(�1 + z) + 2y2(�13 + 6z))H(2, y) + 96(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y

+ z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(1, z)H(2, y) � 192(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2

+ 2y2 + 2y(�2 + z) � 2z + z
2)H(1, 1, z)) � 48y2(�1 + z)2z2(�1 + y + z)(y + z)2(8y3 + y(30 � 27z) + 12(�1 + z)

+ 2y2(�13 + 6z))H(2, 0, y) + 4(432y10(�1 + z)2 � 54(�1 + z)5z4(�1 + 4z) + 2y9(�1 + z)2(�1125 + 1321z)

+ 3y8(1590 � 7130z + 10312z2 � 5603z3 + 822z4) + y
7(�5202 + 29970z � 47113z2 + 16349z3 + 14834z4 � 8838z5)

+ y(�1 + z)2z3(�1653 + 4845z � 5811z2 + 4198z3 � 2002z4 + 432z5) + y
6(3006 � 18611z + 14103z2 + 65692z3

� 134393z4 + 90425z5 � 20168z6) � y
2(�1 + z)2z2(792 � 14109z + 32355z2 � 27545z3 + 10016z4 � 1898z5 + 216z6)

+ y
5(�828 + 945z + 35948z2 � 178242z3 + 329525z4 � 282687z5 + 110081z6 � 14742z7) + y

4(72 + 4209z � 39045z2
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+ 174583z3 � 372816z4 + 403037z5 � 220595z6 + 54578z7 � 4050z8) + y
3
z(�1401 + 13065z � 78255z2 + 213625z3

� 291633z4 + 209152z5 � 75802z6 + 11847z7 � 598z8))H(2, 2, y) + H(0, z)(96(�1 + y)2y(y2 + 2y(�1 + z) + 2(�1

+ z)2)(�1 + z)2z(�1 + y + z)(y + z)2(�1 + 4z)H(2, y)2 + H(1, z)(48(�1 + y)2y2
z
2(�1 + y + z)(y + z)2(�12 + 30z

� 26z2 + 8z3 + 3y(4 � 9z + 4z2)) + 96(�1 + y)2y(y2 + 2y(�1 + z) + 2(�1 + z)2)(�1 + z)2z(�1 + y + z)(y

+ z)2(�1 + 4z)H(2, y)) � 192(�1 + y)2y(y2 + 2y(�1 + z) + 2(�1 + z)2)(�1 + z)2z(�1 + y + z)(y + z)2(�1

+ 4z)H(2, 2, y)) + H(2, y)(�96(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z

+ z
2)H(0, 0, y) � 96(�1 + y)2y(y2 + 2y(�1 + z) + 2(�1 + z)2)(�1 + z)2z(�1 + y + z)(y + z)2(�1 + 4z)H(0, 0, z)

� 96(�1 + y)2y(y2 + 2y(�1 + z) + 2(�1 + z)2)(�1 + z)2z(�1 + y + z)(y + z)2(�1 + 4z)H(0, 1, z) + 96(�1 + y)2y(�1

+ 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(0, 2, y) � 96(�1 + y)2y(�1 + 4y)(�1

+ z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(1, 0, y) � 96(�1 + y)2y(y2 + 2y(�1 + z) + 2(�1

+ z)2)(�1 + z)2z(�1 + y + z)(y + z)2(�1 + 4z)H(1, 0, z) + 120(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 56y3

+ 50z � 109z2 + 56z3 + y
2(�109 + 84z) + y(50 � 92z + 84z2))H(1, 1, z) + 96(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y

+ z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(2, 0, y) � 96(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 8y3

+ 14z � 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(2, 2, y) � 96(�1 + y)2y(�1 + z)2z(�1 + y + z)(y

+ z)2(�4 + 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(3, 2, y)) + H(1, z)(�60(�1 + y)2y(�1

+ z)2z(�1 + y + z)(y + z)2(�4 + 56y3 + 50z � 109z2 + 56z3 + y
2(�109 + 84z) + y(50 � 92z + 84z2))H(2, y)2

� 96(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z

+ 6z2))H(2, y)H(3, y) � 96(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z

+ z
2)H(0, 0, y) � 96(�1 + y)2y(y2 + 2y(�1 + z) + 2(�1 + z)2)(�1 + z)2z(�1 + y + z)(y + z)2(�1 + 4z)H(0, 0, z)

� 96(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(0, 1, z) � 96(�1

+ y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(0, 2, y) � 96(�1 + y)2y(�1

+ z)2z(�1 + y + z)(y + z)2(�4 + 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(1, 1, z) � 96(�1

+ y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(2, 0, y) + 120(�1 + y)2y(�1

+ z)2z(�1 + y + z)(y + z)2(�4 + 56y3 + 50z � 109z2 + 56z3 + y
2(�109 + 84z) + y(50 � 92z + 84z2))H(2, 2, y)

+ 96(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z

+ 6z2))H(2, 3, y) + 96(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z)

+ 2y(7 � 10z + 6z2))H(3, 2, y)) + 72(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�44 + 528y3 + 66z � 99z2 + 64z3

+ y
2(�829 + 412z) + 2y(187 � 176z + 58z2))H(0, 0, 0, y) + 72(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�44 + 64y3

+ 374z � 829z2 + 528z3 + y
2(�99 + 116z) + y(66 � 352z + 412z2))H(0, 0, 0, z) + 192(�1 + y)2y(�1 + 4y)(�1

+ z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(0, 1, 1, z) � 192(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y

+ z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(0, 2, 2, y) + 96(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y

+ z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(1, 0, 1, z) + 96(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2

+ 2y2 + 2y(�2 + z) � 2z + z
2)H(1, 0, 2, y) + 72(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�12 + 104y3 + 102z

� 207z2 + 104z3 + 3y2(�69 + 52z) + 6y(17 � 30z + 26z2))H(1, 1, 1, z) + 96(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y

+ z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(1, 2, 0, y) � 192(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y

+ z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(2, 0, 2, y) + 96(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2

+ 2y2 + 2y(�2 + z) � 2z + z
2)H(2, 1, 0, y) � 192(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2

+ 2y(�2 + z) � 2z + z
2)H(2, 2, 0, y) + 72(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�12 + 104y3 + 102z � 207z2

+ 104z3 + 3y2(�69 + 52z) + 6y(17 � 30z + 26z2))H(2, 2, 2, y) + 96(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4

+ 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(2, 3, 2, y) + 192(�1 + y)2y(�1 + z)2z(�1 + y

+ z)(y + z)2(�4 + 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(3, 2, 2, y)

).⇣
48(�1 + y)2y2(�1

+ z)2z2(�1 + y + z)(y + z)2
⌘
;

A(2)

3;n2
f

=

(
4(5y7(�1 + 4z) + y

6(15 � 83z + 80z2) � 5z4(�2 + 4z � 3z2 + z
3) + y

5(�20 + 147z � 273z2 + 140z3) + yz
3(40

� 154z + 147z2 � 83z3 + 20z4) + y
2
z
2(60 � 254z + 363z2 � 273z3 + 80z4) + y

3
z(40 � 254z + 462z2 � 439z3

+ 140z4) + y
4(10 � 154z + 363z2 � 439z3 + 160z4)) � 9(y + z)4(2 + y

2(3 � 9z) � 4z + 3z2 � z
3 + y

3(�1 + 4z)

+ y(�4 + 12z � 9z2 + 4z3))H(0, y) � 9(y + z)4(2 + y
2(3 � 9z) � 4z + 3z2 � z

3 + y
3(�1 + 4z) + y(�4 + 12z � 9z2

+ 4z3))H(0, z) + 36yz(�5y3 + 3y4 + yz
2 + y

2(6 + z � 6z2) + z
2(6 � 5z + 3z2))H(1, z) + 36yz(�5y3 + 3y4

+ yz
2 + y

2(6 + z � 6z2) + z
2(6 � 5z + 3z2))H(2, y)

).⇣
216yz(�1 + y + z)(y + z)4

⌘
;
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A(2)
3;CACF

=

(
� 4(�1 + y)y(�1 + z)z(y + z)((�1 + z)2z(5450 � 5153z + 2725z2) + y

5(2725 � 10952z + 7336z2) + y
4(�10603

+ 43407z � 37764z2 + 4960z3) + y
3(18481 � 86606z + 117680z2 � 53624z3 + 4960z4) + y(5450 � 38046z + 86747z2

� 86606z3 + 43407z4 � 10952z5) + y
2(�16053 + 86747z � 157946z2 + 117680z3 � 37764z4 + 7336z5)) + 36(�1

+ y)2y(�1 + z)2z(y + z)2(272 + 3128y4 � 470z + 417z2 � 419z3 + 200z4 + y
3(�8003 + 5572z) + 3y2(2355 � 3089z

+ 936z2) + y(�2462 + 4440z � 2739z2 + 772z3))H(0, y)3 + 36(�1 + y)2y(�1 + z)2z(y + z)2(272 + 200y4 � 2462z

+ 7065z2 � 8003z3 + 3128z4 + y
3(�419 + 772z) + 3y2(139 � 913z + 936z2) + y(�470 + 4440z � 9267z2

+ 5572z3))H(0, z)3 + 36(�1 + y)2y(�1 + z)2z(y + z)2(60 + 1048y4 � 1190z + 3387z2 � 3305z3 + 1048z4

+ y
3(�3305 + 2652z) + y

2(3387 � 5793z + 3624z2) + y(�1190 + 3984z � 5793z2 + 2652z3))H(1, z)3 + 9(2592y10(�1

+ z)2 � 324(�1 + z)5z4(�1 + 4z) + 4y9(�1 + z)2(�3375 + 1232z) + y
8(28620 � 84611z + 64366z2 + 10459z3

� 18996z4) + y(�1 + z)2z3(�10284 + 31286z � 47769z2 + 47069z3 � 22936z4 + 2592z5) � y
7(31212 � 112231z

+ 31885z2 + 231313z3 � 265795z4 + 83616z5) + y
6(18036 � 61763z � 163792z2 + 837127z3 � 1162130z4 + 669294z5

� 136448z6) � y
2(�1 + z)2z2(8364 � 92610z + 217312z2 � 239107z3 + 137650z4 � 33236z5 + 1296z6) � y

5(4968

+ 12031z � 343845z2 + 1384321z3 � 2358789z4 + 1969504z5 � 787230z6 + 119040z7) + y
4(432 + 28202z � 276976z2

+ 1189366z3 � 2507872z4 + 2799861z5 � 1679342z6 + 504259z7 � 58092z8) + y
3
z(�8772 + 93570z � 525300z2

+ 1423618z3 � 2064667z4 + 1697887z5 � 784219z6 + 182395z7 � 14512z8))H(2, y)2 + 36(�1 + y)2y(�1 + z)2z(y

+ z)2(60 + 1048y4 � 1190z + 3387z2 � 3305z3 + 1048z4 + y
3(�3305 + 2652z) + y

2(3387 � 5793z + 3624z2) + y(�1190

+ 3984z � 5793z2 + 2652z3))H(2, y)3 + H(0, z)2(9(324(�1 + z)6z3(�1 + 4z) + 16y9(�1 + z)2(162 + 73z)

+ y
8(�13500 + 34093z � 26250z2 + 5391z3 + 1180z4) + y

7(28620 � 106481z + 143631z2 � 77501z3 + 5003z4 + 6728z5)

� 2y(�1 + z)2z2(108 � 3068z + 15065z2 � 37089z3 + 46088z4 � 22256z5 + 1296z6) + y
6(�31212 + 163509z

� 312112z2 + 240300z3 � 456z4 � 105981z5 + 44124z6) + 2y2(�1 + z)2z(270 � 1316z � 14807z2 + 70951z3

� 142240z4 + 124888z5 � 36250z6 + 648z7) + y
5(18036 � 132635z + 331953z2 � 300344z3 � 147828z4 + 523715z5

� 390745z6 + 97848z7) + y
4(�4968 + 54838z � 176524z2 + 144129z3 + 393770z4 � 1110625z5 + 1146516z6 � 538862z7

+ 92640z8) + y
3(432 � 9848z + 42974z2 + 4423z3 � 410951z4 + 1156123z5 � 1515467z6 + 1025284z7 � 326466z8

+ 33496z9)) � 864(�1 + y)2y(�1 + z)2z(y + z)2(y3(�1 + 4z) + 4y(�1 + z)2(�1 + 4z) + 3y2(1 � 5z + 4z2)

+ 2(1 � 8z + 18z2 � 17z3 + 6z4))H(1, z) � 1728(�1 + y)2y(�1 + z)2z(y + z)2(2 � 15z + 33z2 � 30z3 + 10z4

+ y
3(�1 + 4z) + 4y(�1 + z)2(�1 + 4z) + 3y2(1 � 5z + 4z2))H(2, y)) + H(0, y)2(�9(2592y10(�1 + z)2 + 324(�1

+ z)5z3(�1 + 4z) � 4y9(�1 + z)2(4023 + 4486z) � 6y8(�7020 + 5368z + 21840z2 � 31731z3 + 11516z4) + y
7(�59832

+ 90672z + 223220z2 � 565474z3 + 397382z4 � 85968z5) � y(�1 + z)2z2(�216 + 6244z � 21180z2 + 34761z3 � 27075z4

+ 7648z5) + y
6(49248 � 151456z � 105440z2 + 735113z3 � 850650z4 + 378865z5 � 56004z6) + y

2(�1 + z)2z(�540

+ 1876z + 30168z2 � 80106z3 + 101421z4 � 58502z5 + 11408z6) � y
5(23004 � 128508z + 71864z2 + 470215z3

� 932695z4 + 701645z5 � 235797z6 + 30272z7) + y
4(5400 � 53988z + 88836z2 + 166115z3 � 638606z4 + 766830z5

� 456762z6 + 139069z7 � 16732z8) � y
3(432 � 9956z + 29272z2 + 57505z3 � 334959z4 + 576238z5 � 518670z6

+ 256651z7 � 61569z8 + 5056z9)) � 432(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z)

� 2z + z
2)H(0, z) � 1728(�1 + y)2y(�1 + z)2z(y + z)2(2 + 10y4 � 4z + 3z2 � z

3 + 2y3(�15 + 8z) + 3y2(11

� 12z + 4z2) + y(�15 + 24z � 15z2 + 4z3))H(1, z) � 864(�1 + y)2y(�1 + z)2z(y + z)2(2 + 12y4 � 4z + 3z2

� z
3 + 2y3(�17 + 8z) + 12y2(3 � 3z + z

2) + y(�16 + 24z � 15z2 + 4z3))H(2, y)) + H(1, z)2(9(2592y10(�1 + z)2

� 324(�1 + z)5z4(�1 + 4z) + 4y9(�1 + z)2(�3375 + 1232z) + y
8(28620 � 84611z + 64366z2 + 10459z3 � 18996z4)

+ y(�1 + z)2z3(�10284 + 31286z � 47769z2 + 47069z3 � 22936z4 + 2592z5) � y
7(31212 � 112231z + 31885z2

+ 231313z3 � 265795z4 + 83616z5) + y
6(18036 � 61763z � 163792z2 + 837127z3 � 1162130z4 + 669294z5 � 136448z6)

� y
2(�1 + z)2z2(8364 � 92610z + 217312z2 � 239107z3 + 137650z4 � 33236z5 + 1296z6) � y

5(4968 + 12031z

� 343845z2 + 1384321z3 � 2358789z4 + 1969504z5 � 787230z6 + 119040z7) + y
4(432 + 28202z � 276976z2 + 1189366z3

� 2507872z4 + 2799861z5 � 1679342z6 + 504259z7 � 58092z8) + y
3
z(�8772 + 93570z � 525300z2 + 1423618z3

� 2064667z4 + 1697887z5 � 784219z6 + 182395z7 � 14512z8)) + 108(�1 + y)2y(�1 + z)2z(y + z)2(124 + 1240y4

� 1510z + 4011z2 � 3865z3 + 1240z4 + y
3(�3865 + 2972z) + y

2(4011 � 6609z + 4008z2) + y(�1510 + 4752z � 6609z2

+ 2972z3))H(2, y) + 1728(�1 + y)2y(�1 + z)2z(y + z)2(4 + 12y4 � 20z + 39z2 � 35z3 + 12z4 + 5y3(�7 + 4z)

+ 3y2(13 � 17z + 8z2) + y(�20 + 48z � 51z2 + 20z3))H(3, y)) + 18(2592y10(�1 + z)2 + 324(�1 + z)5z3(�1 + 4z)

� 4y9(�1 + z)2(4023 + 4486z) � 6y8(�7020 + 5368z + 21840z2 � 31731z3 + 11516z4) + y
7(�59832 + 90672z

+ 223220z2 � 565474z3 + 397382z4 � 85968z5) � y(�1 + z)2z2(�216 + 6244z � 21180z2 + 34761z3 � 27075z4

+ 7648z5) + y
6(49248 � 151456z � 105440z2 + 735113z3 � 850650z4 + 378865z5 � 56004z6) + y

2(�1 + z)2z(�540

+ 1876z + 30168z2 � 80106z3 + 101421z4 � 58502z5 + 11408z6) � y
5(23004 � 128508z + 71864z2 + 470215z3
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� 932695z4 + 701645z5 � 235797z6 + 30272z7) + y
4(5400 � 53988z + 88836z2 + 166115z3 � 638606z4 + 766830z5

� 456762z6 + 139069z7 � 16732z8) � y
3(432 � 9956z + 29272z2 + 57505z3 � 334959z4 + 576238z5 � 518670z6

+ 256651z7 � 61569z8 + 5056z9))H(0, 0, y) � 18(324(�1 + z)6z3(�1 + 4z) + 16y9(�1 + z)2(162 + 73z) + y
8(�13500

+ 34093z � 26250z2 + 5391z3 + 1180z4) + y
7(28620 � 106481z + 143631z2 � 77501z3 + 5003z4 + 6728z5) � 2y(�1

+ z)2z2(108 � 3068z + 15065z2 � 37089z3 + 46088z4 � 22256z5 + 1296z6) + y
6(�31212 + 163509z � 312112z2

+ 240300z3 � 456z4 � 105981z5 + 44124z6) + 2y2(�1 + z)2z(270 � 1316z � 14807z2 + 70951z3 � 142240z4

+ 124888z5 � 36250z6 + 648z7) + y
5(18036 � 132635z + 331953z2 � 300344z3 � 147828z4 + 523715z5 � 390745z6

+ 97848z7) + y
4(�4968 + 54838z � 176524z2 + 144129z3 + 393770z4 � 1110625z5 + 1146516z6 � 538862z7 + 92640z8)

+ y
3(432 � 9848z + 42974z2 + 4423z3 � 410951z4 + 1156123z5 � 1515467z6 + 1025284z7 � 326466z8

+ 33496z9))H(0, 0, z) � 216(�1 + y)2yz(88y6(�1 + z)2 � (�1 + z)3z2(14 � 14z + 3z2) + y
5(�278 + 828z � 816z2

+ 272z3) � y(�1 + z)2z(�68 + 202z � 114z2 � 61z3 + 60z4) + 2y4(157 � 686z + 1012z2 � 591z3 + 114z4)

� y
3(138 � 984z + 2141z2 � 1802z3 + 433z4 + 68z5) + y

2(14 � 340z + 1129z2 � 1351z3 + 427z4 + 293z5

� 172z6))H(0, 1, z) + 216y(�1 + z)2z(88y8 + y
7(�470 + 456z) + 2y6(511 � 1064z + 482z2) + z

2(30 � 60z + 49z2

� 19z3) + y
5(�1156 + 4028z � 3857z2 + 1036z3) + yz(20 � 342z + 666z2 � 509z3 + 162z4) + y

4(716 � 3888z

+ 6107z2 � 3483z3 + 564z4) + y
2(30 � 432z + 1885z2 � 2545z3 + 1441z4 � 273z5) + y

3(�230 + 1944z � 4787z2

+ 4380z3 � 1557z4 + 124z5))H(0, 2, y) � 2376(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2

+ 2y(�2 + z) � 2z + z
2)H(1, 0, y) + 432(�1 + y)2yz(�4(�1 + z)3z2(1 � z + z

2) + y
5(�4 + 48z � 87z2 + 40z3)

+ 4y(�1 + z)2z(�3 � 5z + 27z2 � 31z3 + 13z4) + y
4(8 � 128z + 407z2 � 465z3 + 172z4) + y

3(�8 + 124z

� 552z2 + 1046z3 � 889z4 + 276z5) + y
2(4 � 28z + 244z2 � 760z3 + 1079z4 � 735z5 + 196z6))H(1, 0, z)

� 18(2592y10(�1 + z)2 � 324(�1 + z)5z4(�1 + 4z) + 4y9(�1 + z)2(�3375 + 1232z) + y
8(28620 � 84611z + 64366z2

+ 10459z3 � 18996z4) + y(�1 + z)2z3(�10284 + 31286z � 47769z2 + 47069z3 � 22936z4 + 2592z5) � y
7(31212

� 112231z + 31885z2 + 231313z3 � 265795z4 + 83616z5) + y
6(18036 � 61763z � 163792z2 + 837127z3 � 1162130z4

+ 669294z5 � 136448z6) � y
2(�1 + z)2z2(8364 � 92610z + 217312z2 � 239107z3 + 137650z4 � 33236z5 + 1296z6)

� y
5(4968 + 12031z � 343845z2 + 1384321z3 � 2358789z4 + 1969504z5 � 787230z6 + 119040z7) + y

4(432 + 28202z

� 276976z2 + 1189366z3 � 2507872z4 + 2799861z5 � 1679342z6 + 504259z7 � 58092z8) + y
3
z(�8772 + 93570z

� 525300z2 + 1423618z3 � 2064667z4 + 1697887z5 � 784219z6 + 182395z7 � 14512z8))H(1, 1, z) + H(3, y)(�864(�1

+ y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z

+ 6z2))H(0, 1, z) � 864(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z)

+ 2y(7 � 10z + 6z2))H(1, 0, z) � 3456(�1 + y)2y(�1 + z)2z(y + z)2(4 + 12y4 � 20z + 39z2 � 35z3 + 12z4

+ 5y3(�7 + 4z) + 3y2(13 � 17z + 8z2) + y(�20 + 48z � 51z2 + 20z3))H(1, 1, z)) + 216y(�1 + z)2z(88y8

+ y
7(�470 + 456z) + 2y6(511 � 1064z + 482z2) + z

2(30 � 60z + 49z2 � 19z3) + y
5(�1156 + 4028z � 3857z2

+ 1036z3) + yz(20 � 342z + 666z2 � 509z3 + 162z4) + y
4(716 � 3888z + 6107z2 � 3483z3 + 564z4) + y

2(30

� 432z + 1885z2 � 2545z3 + 1441z4 � 273z5) + y
3(�230 + 1944z � 4787z2 + 4380z3 � 1557z4 + 124z5))H(2, 0, y)

� 18(2592y10(�1 + z)2 � 324(�1 + z)5z4(�1 + 4z) + 4y9(�1 + z)2(�3375 + 1232z) + y
8(28620 � 84611z + 64366z2

+ 10459z3 � 18996z4) + y(�1 + z)2z3(�10284 + 31286z � 47769z2 + 47069z3 � 22936z4 + 2592z5) � y
7(31212

� 112231z + 31885z2 + 231313z3 � 265795z4 + 83616z5) + y
6(18036 � 61763z � 163792z2 + 837127z3 � 1162130z4

+ 669294z5 � 136448z6) � y
2(�1 + z)2z2(8364 � 92610z + 217312z2 � 239107z3 + 137650z4 � 33236z5 + 1296z6)

� y
5(4968 + 12031z � 343845z2 + 1384321z3 � 2358789z4 + 1969504z5 � 787230z6 + 119040z7) + y

4(432 + 28202z

� 276976z2 + 1189366z3 � 2507872z4 + 2799861z5 � 1679342z6 + 504259z7 � 58092z8) + y
3
z(�8772 + 93570z

� 525300z2 + 1423618z3 � 2064667z4 + 1697887z5 � 784219z6 + 182395z7 � 14512z8))H(2, 2, y) + H(0, z)(1188(�1

+ y)2y2
z
2(�1 + y + z)(y + z)2(�12 + 30z � 26z2 + 8z3 + 3y(4 � 9z + 4z2)) � 864(�1 + y)2y(�1 + z)2z(y

+ z)2(4y4 + (�1 + z)3(�1 + 4z) + y
3(�13 + 8z) + 3y2(5 � 7z + 4z2) + y(�7 + 18z � 21z2 + 8z3))H(1, z)2

+ 2376(�1 + y)2y(y2 + 2y(�1 + z) + 2(�1 + z)2)(�1 + z)2z(�1 + y + z)(y + z)2(�1 + 4z)H(2, y) � 864(�1

+ y)2y(�1 + z)2z(y + z)2(5 + 4y4 � 39z + 87z2 � 81z3 + 28z4 + y
3(�15 + 16z) + 3y2(7 � 17z + 12z2)

+ y(�15 + 66z � 93z2 + 40z3))H(2, y)2 + H(1, z)(�432(�1 + y)2yz(�4(�1 + z)3z2(1 � z + z
2) + y

5(�4 + 48z

� 87z2 + 40z3) + 4y(�1 + z)2z(�3 � 5z + 27z2 � 31z3 + 13z4) + y
4(8 � 128z + 407z2 � 465z3 + 172z4)

+ y
3(�8 + 124z � 552z2 + 1046z3 � 889z4 + 276z5) + y

2(4 � 28z + 244z2 � 760z3 + 1079z4 � 735z5 + 196z6))

� 864(�1 + y)2y(�1 + z)2z(y + z)2(2 � 28z + 69z2 � 67z3 + 24z4 + y
3(�1 + 4z) + 3y2(1 � 7z + 8z2) + y(�4

+ 36z � 63z2 + 28z3))H(2, y) + 864(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 8y3 + 14z � 19z2 + 8z3

+ y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(3, y)) + 864(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2
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+ 2y(�2 + z) � 2z + z
2)H(0, 0, y) + 864(�1 + y)2y(y2 + 2y(�1 + z) + 2(�1 + z)2)(�1 + z)2z(�1 + y + z)(y

+ z)2(�1 + 4z)H(0, 0, z) + 864(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z

+ z
2)H(0, 1, z) + 864(�1 + y)2y(�1 + z)2z(y + z)2(4 � 18z + 33z2 � 27z3 + 8z4 + y

3(�2 + 8z) + 6y2(1 � 4z

+ 2z2) + y(�8 + 36z � 45z2 + 20z3))H(0, 2, y) + 864(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 8y3 + 14z

� 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(1, 1, z) + 864(�1 + y)2y(�1 + z)2z(y + z)2(4 � 18z

+ 33z2 � 27z3 + 8z4 + y
3(�2 + 8z) + 6y2(1 � 4z + 2z2) + y(�8 + 36z � 45z2 + 20z3))H(2, 0, y) + 1728(�1

+ y)2y(�1 + z)2z(y + z)2(5 + 4y4 � 39z + 87z2 � 81z3 + 28z4 + y
3(�15 + 16z) + 3y2(7 � 17z + 12z2)

+ y(�15 + 66z � 93z2 + 40z3))H(2, 2, y)) � 2376(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 8y3 + 14z

� 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(3, 2, y) + H(0, y)(1188y2(�1 + z)2z2(�1 + y + z)(y

+ z)2(8y3 + y(30 � 27z) + 12(�1 + z) + 2y2(�13 + 6z)) � 432(�1 + y)2y(y2 + 2y(�1 + z) + 2(�1 + z)2)(�1

+ z)2z(�1 + y + z)(y + z)2(�1 + 4z)H(0, z)2 � 864(�1 + y)2y(�1 + z)2z(y + z)2(5 + 28y4 � 15z + 21z2

� 15z3 + 4z4 + y
3(�81 + 40z) + y

2(87 � 93z + 36z2) + y(�39 + 66z � 51z2 + 16z3))H(1, z)2 � 432y(�1

+ z)2z(y7(�4 + 52z) + 4y6(4 � 57z + 49z2) � 4z2(�1 + 2z � 2z2 + z
3) + y

5(�28 + 408z � 735z2 + 276z3)

+ 4yz(�3 � 7z + 31z2 � 32z3 + 12z4) + y
4(28 � 360z + 1079z2 � 889z3 + 172z4) + y

2(4 + 4z + 244z2 � 552z3

+ 407z4 � 87z5) + y
3(�16 + 136z � 760z2 + 1046z3 � 465z4 + 40z5))H(2, y) � 864(�1 + y)2y(�1 + z)2z(y

+ z)2(4y4 + (�1 + z)3(�1 + 4z) + y
3(�13 + 8z) + 3y2(5 � 7z + 4z2) + y(�7 + 18z � 21z2 + 8z3))H(2, y)2

+ H(0, z)(�864(�1 + y)2y(�1 + z)2z(y + z)2(4 + 8y4 � 8z + 6z2 � 2z3 + y
3(�27 + 20z) + 3y2(11 � 15z

+ 4z2) + 2y(�9 + 18z � 12z2 + 4z3))H(1, z) � 864(�1 + y)2y(�1 + z)2z(y + z)2(4 � 18z + 33z2 � 27z3 + 8z4

+ y
3(�2 + 8z) + 6y2(1 � 4z + 2z2) + y(�8 + 36z � 45z2 + 20z3))H(2, y)) + H(1, z)(2376(�1 + y)2y(�1 + 4y)(�1

+ z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2) � 864(�1 + y)2y(�1 + z)2z(y + z)2(2 + 24y4 � 4z

+ 3z2 � z
3 + y

3(�67 + 28z) + 3y2(23 � 21z + 8z2) + y(�28 + 36z � 21z2 + 4z3))H(2, y) + 864(�1 + y)2y(�1

+ z)2z(�1 + y + z)(y + z)2(�4 + 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(3, y)) + 864(�1

+ y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(0, 0, y) + 864(�1 + y)2y(y2

+ 2y(�1 + z) + 2(�1 + z)2)(�1 + z)2z(�1 + y + z)(y + z)2(�1 + 4z)H(0, 0, z) + 864(�1 + y)2y(�1 + z)2z(y

+ z)2(4 + 8y4 � 8z + 6z2 � 2z3 + y
3(�27 + 20z) + 3y2(11 � 15z + 4z2) + 2y(�9 + 18z � 12z2

+ 4z3))H(0, 1, z) � 864(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z

+ z
2)H(0, 2, y) + 864(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z

+ z
2)H(1, 0, y) + 864(�1 + y)2y(�1 + z)2z(y + z)2(4 + 8y4 � 8z + 6z2 � 2z3 + y

3(�27 + 20z) + 3y2(11 � 15z

+ 4z2) + 2y(�9 + 18z � 12z2 + 4z3))H(1, 0, z) + 1728(�1 + y)2y(�1 + z)2z(y + z)2(5 + 28y4 � 15z + 21z2

� 15z3 + 4z4 + y
3(�81 + 40z) + y

2(87 � 93z + 36z2) + y(�39 + 66z � 51z2 + 16z3))H(1, 1, z) � 864(�1

+ y)2y(�1 + 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(2, 0, y) + 864(�1 + y)2y(�1

+ z)2z(�1 + y + z)(y + z)2(�4 + 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(2, 2, y)

+ 864(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z

+ 6z2))H(3, 2, y)) + H(1, z)(1188(�1 + y)2y(�1 + z)2z(�1 + y + z)(y4(�3 + 20z) � 3z2(2 � 2z + z
2) + y

3(6

� 50z + 60z2) + 2yz(4 + 17z � 25z2 + 10z3) + y
2(�6 + 34z � 94z2 + 60z3)) + 108(�1 + y)2y(�1 + z)2z(y

+ z)2(124 + 1240y4 � 1510z + 4011z2 � 3865z3 + 1240z4 + y
3(�3865 + 2972z) + y

2(4011 � 6609z + 4008z2) + y(�1510

+ 4752z � 6609z2 + 2972z3))H(2, y)2 � 2376(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 8y3 + 14z � 19z2

+ 8z3 + y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(3, y) + 1728(�1 + y)2y(�1 + z)2z(y + z)2(4 + 12y4 � 20z + 39z2

� 35z3 + 12z4 + 5y3(�7 + 4z) + 3y2(13 � 17z + 8z2) + y(�20 + 48z � 51z2 + 20z3))H(2, y)H(3, y) + 3456(�1

+ y)2y(�1 + z)2z(y + z)2(2 + 10y4 � 4z + 3z2 � z
3 + 2y3(�15 + 8z) + 3y2(11 � 12z + 4z2) + y(�15 + 24z

� 15z2 + 4z3))H(0, 0, y) + 864(�1 + y)2y(�1 + z)2z(y + z)2(2 � 28z + 69z2 � 67z3 + 24z4 + y
3(�1 + 4z)

+ 3y2(1 � 7z + 8z2) + y(�4 + 36z � 63z2 + 28z3))H(0, 0, z) + 1728(�1 + y)2y(�1 + z)2z(y + z)2(2 + 12y4

� 4z + 3z2 � z
3 + 2y3(�17 + 8z) + 12y2(3 � 3z + z

2) + y(�16 + 24z � 15z2 + 4z3))H(0, 1, z) + 864(�1

+ y)2y(�1 + z)2z(y + z)2(2 + 24y4 � 4z + 3z2 � z
3 + y

3(�67 + 28z) + 3y2(23 � 21z + 8z2) + y(�28 + 36z

� 21z2 + 4z3))H(0, 2, y) � 864(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 8y3 + 14z � 19z2 + 8z3 + y
2(�19

+ 12z) + 2y(7 � 10z + 6z2))H(0, 3, y) � 864(�1 + y)2y(�1 + z)2z(y + z)2(2 + y
2(3 � 9z) � 4z + 3z2 � z

3

+ y
3(�1 + 4z) + y(�4 + 12z � 9z2 + 4z3))H(1, 0, z) + 1728(�1 + y)2y(�1 + z)2z(y + z)2(4 + 12y4 � 20z + 39z2

� 35z3 + 12z4 + 5y3(�7 + 4z) + 3y2(13 � 17z + 8z2) + y(�20 + 48z � 51z2 + 20z3))H(1, 1, z) + 864(�1

+ y)2y(�1 + z)2z(y + z)2(2 + 24y4 � 4z + 3z2 � z
3 + y

3(�67 + 28z) + 3y2(23 � 21z + 8z2) + y(�28 + 36z

� 21z2 + 4z3))H(2, 0, y) � 216(�1 + y)2y(�1 + z)2z(y + z)2(124 + 1240y4 � 1510z + 4011z2 � 3865z3 + 1240z4
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+ y
3(�3865 + 2972z) + y

2(4011 � 6609z + 4008z2) + y(�1510 + 4752z � 6609z2 + 2972z3))H(2, 2, y) � 1728(�1

+ y)2y(�1 + z)2z(y + z)2(4 + 12y4 � 20z + 39z2 � 35z3 + 12z4 + 5y3(�7 + 4z) + 3y2(13 � 17z + 8z2)

+ y(�20 + 48z � 51z2 + 20z3))H(2, 3, y) � 864(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 8y3 + 14z � 19z2

+ 8z3 + y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(3, 0, y) � 1728(�1 + y)2y(�1 + z)2z(y + z)2(4 + 12y4 � 20z

+ 39z2 � 35z3 + 12z4 + 5y3(�7 + 4z) + 3y2(13 � 17z + 8z2) + y(�20 + 48z � 51z2 + 20z3))H(3, 2, y))

+ H(2, y)(1188(�1 + y)2y(�1 + z)2z(�1 + y + z)(y4(�3 + 20z) � 3z2(2 � 2z + z
2) + y

3(6 � 50z + 60z2)

+ 2yz(4 + 17z � 25z2 + 10z3) + y
2(�6 + 34z � 94z2 + 60z3)) + 864(�1 + y)2y(�1 + z)2z(y + z)2(2 + 24y4

� 4z + 3z2 � z
3 + y

3(�67 + 28z) + 3y2(23 � 21z + 8z2) + y(�28 + 36z � 21z2 + 4z3))H(0, 0, y) + 3456(�1

+ y)2y(�1 + z)2z(y + z)2(2 � 15z + 33z2 � 30z3 + 10z4 + y
3(�1 + 4z) + 4y(�1 + z)2(�1 + 4z) + 3y2(1 � 5z

+ 4z2))H(0, 0, z) + 864(�1 + y)2y(�1 + z)2z(y + z)2(2 � 28z + 69z2 � 67z3 + 24z4 + y
3(�1 + 4z) + 3y2(1

� 7z + 8z2) + y(�4 + 36z � 63z2 + 28z3))H(0, 1, z) � 1728(�1 + y)2y(�1 + z)2z(y + z)2(2 + 12y4 � 4z + 3z2

� z
3 + 2y3(�17 + 8z) + 12y2(3 � 3z + z

2) + y(�16 + 24z � 15z2 + 4z3))H(0, 2, y) + 864(�1 + y)2y(�1

+ z)2z(y + z)2(2 + 24y4 � 4z + 3z2 � z
3 + y

3(�67 + 28z) + 3y2(23 � 21z + 8z2) + y(�28 + 36z � 21z2

+ 4z3))H(1, 0, y) + 864(�1 + y)2y(�1 + z)2z(y + z)2(2 � 28z + 69z2 � 67z3 + 24z4 + y
3(�1 + 4z) + 3y2(1

� 7z + 8z2) + y(�4 + 36z � 63z2 + 28z3))H(1, 0, z) � 216(�1 + y)2y(�1 + z)2z(y + z)2(124 + 1240y4 � 1510z

+ 4011z2 � 3865z3 + 1240z4 + y
3(�3865 + 2972z) + y

2(4011 � 6609z + 4008z2) + y(�1510 + 4752z � 6609z2

+ 2972z3))H(1, 1, z) � 1728(�1 + y)2y(�1 + z)2z(y + z)2(2 + 12y4 � 4z + 3z2 � z
3 + 2y3(�17 + 8z) + 12y2(3

� 3z + z
2) + y(�16 + 24z � 15z2 + 4z3))H(2, 0, y) + 1728(�1 + y)2y(�1 + z)2z(y + z)2(4 + 12y4 � 20z + 39z2

� 35z3 + 12z4 + 5y3(�7 + 4z) + 3y2(13 � 17z + 8z2) + y(�20 + 48z � 51z2 + 20z3))H(2, 2, y) + 1728(�1

+ y)2y(�1 + z)2z(y + z)2(4 + 12y4 � 20z + 39z2 � 35z3 + 12z4 + 5y3(�7 + 4z) + 3y2(13 � 17z + 8z2)

+ y(�20 + 48z � 51z2 + 20z3))H(3, 2, y)) � 216(�1 + y)2y(�1 + z)2z(y + z)2(296 + 3224y4 � 518z + 453z2

� 431z3 + 200z4 + y
3(�8315 + 5764z) + 3y2(2475 � 3233z + 984z2) + y(�2630 + 4728z � 2919z2

+ 820z3))H(0, 0, 0, y) � 216(�1 + y)2y(�1 + z)2z(y + z)2(296 + 200y4 � 2630z + 7425z2 � 8315z3 + 3224z4

+ y
3(�431 + 820z) + 3y2(151 � 973z + 984z2) + y(�518 + 4728z � 9699z2 + 5764z3))H(0, 0, 0, z) � 864(�1

+ y)2y(�1 + z)2z(y + z)2(2 + 16y4 � 4z + 3z2 � z
3 + y

3(�51 + 28z) + 3y2(19 � 21z + 8z2) + y(�24 + 36z

� 21z2 + 4z3))H(0, 0, 1, z) + 864(�1 + y)2y(�1 + z)2z(y + z)2(16y4 + y
3(�53 + 36z) + 3y2(21 � 27z + 8z2)

� 3(�2 + 4z � 3z2 + z
3) + y(�32 + 60z � 39z2 + 12z3))H(0, 0, 2, y) � 864(�1 + y)2y(�1 + 4y)(�1 + z)2z(�1 + y

+ z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(0, 1, 0, y) � 864(�1 + y)2y2(�1 + z)2z(y + z)2(8y3 + y

2(�25

+ 12z) � 2(5 � 6z + 3z2) + 3y(9 � 9z + 4z2))H(0, 1, 0, z) � 864(�1 + y)2y(�1 + z)2z(y + z)2(48y4 + y
3(�137

+ 68z) + 3y2(49 � 51z + 16z2) � 5(�2 + 4z � 3z2 + z
3) + y(�68 + 108z � 69z2 + 20z3))H(0, 1, 1, z) + 864(�1

+ y)2y(�1 + z)2z(y + z)2(16y4 + y
3(�53 + 36z) + 3y2(21 � 27z + 8z2) � 3(�2 + 4z � 3z2 + z

3) + y(�32 + 60z

� 39z2 + 12z3))H(0, 2, 0, y) + 2592(�1 + y)2y(�1 + z)2z(y + z)2(2 + 16y4 � 4z + 3z2 � z
3 + 5y3(�9 + 4z)

+ y
2(47 � 45z + 16z2) + y(�20 + 28z � 17z2 + 4z3))H(0, 2, 2, y) � 864(�1 + y)2y(�1 + z)2z(�1 + y + z)(y

+ z)2(�4 + 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(0, 3, 2, y) � 1728(�1 + y)2y(�1

+ 4y)(�1 + z)2z(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z) � 2z + z
2)H(1, 0, 0, y) + 864(�1 + y)2y(�1 + z)2z(y

+ z)2(2 + y
2(3 � 9z) � 4z + 3z2 � z

3 + y
3(�1 + 4z) + y(�4 + 12z � 9z2 + 4z3))H(1, 0, 0, z) � 1728(�1

+ y)2y(�1 + z)2z(y + z)2(2 + 12y4 � 4z + 3z2 � z
3 + 2y3(�17 + 8z) + 12y2(3 � 3z + z

2) + y(�16 + 24z

� 15z2 + 4z3))H(1, 0, 1, z) � 864(�1 + y)2y(�1 + z)2z(y + z)2(2 + 24y4 � 4z + 3z2 � z
3 + y

3(�67 + 28z)

+ 3y2(23 � 21z + 8z2) + y(�28 + 36z � 21z2 + 4z3))H(1, 0, 2, y) + 864(�1 + y)2y(�1 + z)2z(y + z)2(2 + y
2(3

� 9z) � 4z + 3z2 � z
3 + y

3(�1 + 4z) + y(�4 + 12z � 9z2 + 4z3))H(1, 1, 0, z) � 216(�1 + y)2y(�1 + z)2z(y

+ z)2(156 + 1336y4 � 1670z + 4323z2 � 4145z3 + 1336z4 + y
3(�4145 + 3132z) + y

2(4323 � 7017z + 4200z2) + y(�1670

+ 5136z � 7017z2 + 3132z3))H(1, 1, 1, z) � 864(�1 + y)2y(�1 + z)2z(y + z)2(2 + 24y4 � 4z + 3z2 � z
3 + y

3(�67

+ 28z) + 3y2(23 � 21z + 8z2) + y(�28 + 36z � 21z2 + 4z3))H(1, 2, 0, y) + 864(�1 + y)2y(�1 + z)2z(y

+ z)2(16y4 + y
3(�53 + 36z) + 3y2(21 � 27z + 8z2) � 3(�2 + 4z � 3z2 + z

3) + y(�32 + 60z � 39z2

+ 12z3))H(2, 0, 0, y) + 2592(�1 + y)2y(�1 + z)2z(y + z)2(2 + 16y4 � 4z + 3z2 � z
3 + 5y3(�9 + 4z) + y

2(47

� 45z + 16z2) + y(�20 + 28z � 17z2 + 4z3))H(2, 0, 2, y) � 864(�1 + y)2y(�1 + z)2z(y + z)2(2 + 24y4 � 4z

+ 3z2 � z
3 + y

3(�67 + 28z) + 3y2(23 � 21z + 8z2) + y(�28 + 36z � 21z2 + 4z3))H(2, 1, 0, y) + 2592(�1

+ y)2y(�1 + z)2z(y + z)2(2 + 16y4 � 4z + 3z2 � z
3 + 5y3(�9 + 4z) + y

2(47 � 45z + 16z2) + y(�20 + 28z

� 17z2 + 4z3))H(2, 2, 0, y) � 216(�1 + y)2y(�1 + z)2z(y + z)2(156 + 1336y4 � 1670z + 4323z2 � 4145z3

+ 1336z4 + y
3(�4145 + 3132z) + y

2(4323 � 7017z + 4200z2) + y(�1670 + 5136z � 7017z2 + 3132z3))H(2, 2, 2, y)
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� 1728(�1 + y)2y(�1 + z)2z(y + z)2(4 + 12y4 � 20z + 39z2 � 35z3 + 12z4 + 5y3(�7 + 4z) + 3y2(13 � 17z

+ 8z2) + y(�20 + 48z � 51z2 + 20z3))H(2, 3, 2, y) � 864(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2(�4 + 8y3

+ 14z � 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(3, 0, 2, y) � 864(�1 + y)2y(�1 + z)2z(�1 + y + z)(y

+ z)2(�4 + 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(3, 2, 0, y) � 3456(�1 + y)2y(�1

+ z)2z(y + z)2(4 + 12y4 � 20z + 39z2 � 35z3 + 12z4 + 5y3(�7 + 4z) + 3y2(13 � 17z + 8z2) + y(�20 + 48z

� 51z2 + 20z3))H(3, 2, 2, y)

).⇣
864(�1 + y)2y2(�1 + z)2z2(�1 + y + z)(y + z)2

⌘
;

A(2)
3;CAnf

=

(
� 8(�1 + y)(�1 + z)(y + z)(103y6(�1 + 4z) + 6y5(47 � 272z + 170z2) + z

3(206 � 385z + 282z2 � 103z3) + y
4(�385

+ 2703z � 4017z2 + 1000z3) + 3y2
z(206 � 1022z + 1843z2 � 1339z3 + 340z4) + yz

2(618 � 2620z + 2703z2 � 1632z3

+ 412z4) + y
3(206 � 2620z + 5529z2 � 4976z3 + 1000z4)) + 9(�1 + y)(�1 + z)(y + z)4(�56 + 72y4 + 529z � 1569z2

+ 1834z3 � 744z4 � 4y3(31 + 12z) � 3y2(5 � 182z + 216z2) + y(105 � 1020z + 2160z2 � 1336z3))H(0, y)2 � 216(�1

+ y)(�1 + z)z(�1 + y + z)(y + z)4(3 � 12z + 10z2 + y(�3 + 6z))H(0, y)3 � 9(�1 + y)(�1 + z)(y + z)4(56 + 744y4

� 105z + 15z2 + 124z3 � 72z4 + 2y3(�917 + 668z) + 3y2(523 � 720z + 216z2) + y(�529 + 1020z � 546z2

+ 48z3))H(0, z)2 � 216(�1 + y)y(3 + 10y2 + 6y(�2 + z) � 3z)(�1 + z)(�1 + y + z)(y + z)4H(0, z)3 + 1080(�1 + y)(�1

+ z)(�1 + y + z)(y + z)4(10y3 + 6y2(�2 + z) + y(3 � 6z + 6z2) + z(3 � 12z + 10z2))H(1, z)3 � 72(�1 + y)(�1

+ z)(358y8 + 14y7(�63 + 152z) + y
6(732 � 4821z + 5640z2) + y

5(�223 + 3798z � 11757z2 + 9136z3) + z
4(14 � 223z

+ 732z2 � 882z3 + 358z4) + yz
3(128 � 1175z + 3798z2 � 4821z3 + 2128z4) + 2y3

z(64 � 1109z + 5394z2 � 8670z3

+ 4568z4) + y
2
z
2(84 � 2218z + 8460z2 � 11757z3 + 5640z4) + y

4(14 � 1175z + 8460z2 � 17340z3

+ 10532z4))H(2, y)2 + 1080(�1 + y)(�1 + z)(�1 + y + z)(y + z)4(10y3 + 6y2(�2 + z) + y(3 � 6z + 6z2) + z(3 � 12z

+ 10z2))H(2, y)3 + H(0, y)(18(�1 + z)(y + z)4(y4(�31 + 220z) + y
3(124 � 607z + 96z2) + 31(�2 + 4z � 3z2 + z

3)

� 31y(�6 + 16z � 12z2 + 5z3) + y
2(�217 + 759z � 387z2 + 124z3)) + 216(�1 + y)(�1 + z)(y + z)4(2 + y

2(3 � 9z)

� 4z + 3z2 � z
3 + y

3(�1 + 4z) + y(�4 + 12z � 9z2 + 4z3))H(0, z) + 216(�1 + y)(�1 + z)(y + z)4(2 + 16y4 � 4z

+ 3z2 � z
3 + 2y3(�21 + 8z) + 6y2(7 � 6z + 2z2) + y(�18 + 24z � 15z2 + 4z3))H(1, z) + 288(�1 + y)y(�1

+ z)z(�5y3 + 3y4 + yz
2 + y

2(6 + z � 6z2) + z
2(6 � 5z + 3z2))H(2, y)) + H(1, z)2(�72(�1 + y)(�1 + z)(358y8

+ 14y7(�63 + 152z) + y
6(732 � 4821z + 5640z2) + y

5(�223 + 3798z � 11757z2 + 9136z3) + z
4(14 � 223z + 732z2

� 882z3 + 358z4) + yz
3(128 � 1175z + 3798z2 � 4821z3 + 2128z4) + 2y3

z(64 � 1109z + 5394z2 � 8670z3 + 4568z4)

+ y
2
z
2(84 � 2218z + 8460z2 � 11757z3 + 5640z4) + y

4(14 � 1175z + 8460z2 � 17340z3 + 10532z4)) + 3240(�1 + y)(�1

+ z)(�1 + y + z)(y + z)4(10y3 + 6y2(�2 + z) + y(3 � 6z + 6z2) + z(3 � 12z + 10z2))H(2, y)) + H(0, z)(18(�1 + y)(y

+ z)4(�31(�1 + z)2(2 � 2z + z
2) + 31y3(1 � 5z + 4z2) + y

2(�93 + 372z � 387z2 + 96z3) + y(124 � 496z + 759z2

� 607z3 + 220z4)) + 288(�1 + y)y(�1 + z)z(�5y3 + 3y4 + yz
2 + y

2(6 + z � 6z2) + z
2(6 � 5z + 3z2))H(1, z)

+ 216(�1 + y)(�1 + z)(y + z)4(y3(�1 + 4z) + 4y(�1 + z)2(�1 + 4z) + 3y2(1 � 5z + 4z2) + 2(1 � 9z + 21z2 � 21z3

+ 8z4))H(2, y)) � 18(�1 + y)(�1 + z)(y + z)4(�56 + 72y4 + 529z � 1569z2 + 1834z3 � 744z4 � 4y3(31 + 12z)

� 3y2(5 � 182z + 216z2) + y(105 � 1020z + 2160z2 � 1336z3))H(0, 0, y) + 18(�1 + y)(�1 + z)(y + z)4(56 + 744y4

� 105z + 15z2 + 124z3 � 72z4 + 2y3(�917 + 668z) + 3y2(523 � 720z + 216z2) + y(�529 + 1020z � 546z2

+ 48z3))H(0, 0, z) � 72(�1 + y)(�1 + z)(48y8 + 6y7(�21 + 40z) + 6y6(21 � 102z + 86z2) � 3z4(�2 + 4z � 3z2

+ z
3) + 3y5(�18 + 196z � 411z2 + 212z3) + yz

3(48 � 122z + 120z2 � 57z3 + 12z4) + 2y2
z
2(18 � 142z + 234z2

� 153z3 + 42z4) + 4y3
z(12 � 92z + 237z2 � 210z3 + 66z4) + y

4(6 � 248z + 1053z2 � 1335z3 + 504z4))H(0, 1, z)

+ 72(�1 + y)(�1 + z)(48y8 + 6y7(�21 + 40z) + 6y6(21 � 102z + 86z2) � 3z4(�2 + 4z � 3z2 + z
3) + yz

4(�82

+ 96z � 57z2 + 12z3) + 4y3
z
2(�94 + 249z � 210z2 + 66z3) + 3y5(�18 + 188z � 411z2 + 212z3) + 2y2

z
2(18

� 146z + 234z2 � 153z3 + 42z4) + y
4(6 � 208z + 1053z2 � 1335z3 + 504z4))H(0, 2, y) � 216(�1 + y)y(�1 + z)(y

+ z)4(16y3 + y
2(�41 + 12z) � 2(7 � 6z + 3z2) + 3y(13 � 9z + 4z2))H(1, 0, y) + 72(�1 + y)(�1 + z)(3y7(�1 + 4z)

+ y
6(9 � 39z + 48z2) � 3z4(�2 + 4z � 3z2 + z

3) + yz
4(�40 + 60z � 39z2 + 12z3) + 3y5(�4 + 20z � 51z2

+ 28z3) + y
3
z
2(�124 + 312z � 285z2 + 84z3) + y

2
z
2(36 � 124z + 207z2 � 153z3 + 48z4) + y

4(6 � 40z + 207z2

� 285z3 + 96z4))H(1, 0, z) + 144(�1 + y)(�1 + z)(358y8 + 14y7(�63 + 152z) + y
6(732 � 4821z + 5640z2) + y

5(�223

+ 3798z � 11757z2 + 9136z3) + z
4(14 � 223z + 732z2 � 882z3 + 358z4) + yz

3(128 � 1175z + 3798z2 � 4821z3

+ 2128z4) + 2y3
z(64 � 1109z + 5394z2 � 8670z3 + 4568z4) + y

2
z
2(84 � 2218z + 8460z2 � 11757z3 + 5640z4)

+ y
4(14 � 1175z + 8460z2 � 17340z3 + 10532z4))H(1, 1, z) + H(2, y)(36(�1 + y)(�1 + z)(y7(�9 + 84z) + 3y6(9 � 83z

+ 144z2) � 9z4(�2 + 4z � 3z2 + z
3) + 3y5(�12 + 70z � 373z2 + 324z3) + yz

3(�168 � 26z + 210z2 � 249z3

+ 84z4) + y
2
z
2(�60 � 314z + 1053z2 � 1119z3 + 432z4) + y

3
z(�168 � 314z + 1740z2 � 2175z3 + 972z4) + y

4(18
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� 26z + 1053z2 � 2175z3 + 1248z4)) � 6480(�1 + y)(�1 + z)(�1 + y + z)(y + z)4(10y3 + 6y2(�2 + z) + y(3 � 6z

+ 6z2) + z(3 � 12z + 10z2))H(1, 1, z)) + 72(�1 + y)(�1 + z)(48y8 + 6y7(�21 + 40z) + 6y6(21 � 102z + 86z2)

� 3z4(�2 + 4z � 3z2 + z
3) + yz

4(�82 + 96z � 57z2 + 12z3) + 4y3
z
2(�94 + 249z � 210z2 + 66z3) + 3y5(�18

+ 188z � 411z2 + 212z3) + 2y2
z
2(18 � 146z + 234z2 � 153z3 + 42z4) + y

4(6 � 208z + 1053z2 � 1335z3

+ 504z4))H(2, 0, y) + 144(�1 + y)(�1 + z)(358y8 + 14y7(�63 + 152z) + y
6(732 � 4821z + 5640z2) + y

5(�223 + 3798z

� 11757z2 + 9136z3) + z
4(14 � 223z + 732z2 � 882z3 + 358z4) + yz

3(128 � 1175z + 3798z2 � 4821z3 + 2128z4)

+ 2y3
z(64 � 1109z + 5394z2 � 8670z3 + 4568z4) + y

2
z
2(84 � 2218z + 8460z2 � 11757z3 + 5640z4) + y

4(14 � 1175z

+ 8460z2 � 17340z3 + 10532z4))H(2, 2, y) + H(1, z)(36(�1 + y)(�1 + z)(y7(�9 + 84z) + 3y6(9 � 83z + 144z2)

� 9z4(�2 + 4z � 3z2 + z
3) + 3y5(�12 + 70z � 373z2 + 324z3) + yz

3(�168 � 26z + 210z2 � 249z3 + 84z4)

+ y
2
z
2(�60 � 314z + 1053z2 � 1119z3 + 432z4) + y

3
z(�168 � 314z + 1740z2 � 2175z3 + 972z4) + y

4(18 � 26z

+ 1053z2 � 2175z3 + 1248z4)) + 3240(�1 + y)(�1 + z)(�1 + y + z)(y + z)4(10y3 + 6y2(�2 + z) + y(3 � 6z + 6z2)

+ z(3 � 12z + 10z2))H(2, y)2 � 216(�1 + y)(�1 + z)(y + z)4(4 + 16y4 � 22z + 45z2 � 43z3 + 16z4 + y
3(�43 + 20z)

+ 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(3, y) � 6480(�1 + y)(�1 + z)(�1 + y + z)(y + z)4(10y3

+ 6y2(�2 + z) + y(3 � 6z + 6z2) + z(3 � 12z + 10z2))H(2, 2, y)) � 216(�1 + y)(�1 + z)(y + z)4(4 + 16y4 � 22z

+ 45z2 � 43z3 + 16z4 + y
3(�43 + 20z) + 3y2(15 � 17z + 8z2) + y(�22 + 48z � 51z2 + 20z3))H(3, 2, y) + 1296(�1

+ y)(�1 + z)z(�1 + y + z)(y + z)4(3 � 12z + 10z2 + y(�3 + 6z))H(0, 0, 0, y) + 1296(�1 + y)y(3 + 10y2 + 6y(�2 + z)

� 3z)(�1 + z)(�1 + y + z)(y + z)4H(0, 0, 0, z) � 6480(�1 + y)(�1 + z)(�1 + y + z)(y + z)4(10y3 + 6y2(�2 + z) + y(3

� 6z + 6z2) + z(3 � 12z + 10z2))H(1, 1, 1, z) � 6480(�1 + y)(�1 + z)(�1 + y + z)(y + z)4(10y3 + 6y2(�2 + z) + y(3

� 6z + 6z2) + z(3 � 12z + 10z2))H(2, 2, 2, y)

).⇣
864(�1 + y)y(�1 + z)z(�1 + y + z)(y + z)4

⌘
;

A(2)
3;CF nf

=

(
(�1 + y)(�1 + z)((�1 + z)2z2(490 � 463z + 245z2) + y

6(245 � 982z + 656z2) + y
5(�953 + 4142z � 4366z2

+ 1096z3) + y
4(1661 � 8739z + 14467z2 � 8188z3 + 880z4) + yz(980 � 4869z + 9468z2 � 8739z3 + 4142z4 � 982z5)

+ y
3(�1443 + 9468z � 21992z2 + 21140z3 � 8188z4 + 1096z5) + y

2(490 � 4869z + 15614z2 � 21992z3 + 14467z4

� 4366z5 + 656z6)) + 9(�1 + y)2(�1 + 4y)(�1 + z)2(y + z)2(�2 + 2y3 + 4z � 3z2 + z
3 + y

2(�6 + 4z) + y(6 � 8z

+ 3z2))H(0, y)2 � 9(1 � y)(�1 + y)(y3 + 3y2(�1 + z) + 4y(�1 + z)2 + 2(�1 + z)3)(�1 + z)2(y + z)2(�1

+ 4z)H(0, z)2 + 63(1 � y)(�1 + y)(�1 + z)2(y + z)2(4 + 8y4 � 18z + 33z2 � 27z3 + 8z4 + y
3(�27 + 20z) + 3y2(11

� 17z + 8z2) + y(�18 + 48z � 51z2 + 20z3))H(1, z)2 + H(0, y)(�27y(�1 + z)2z(�1 + y + z)(y + z)2(8y3 + y(30

� 27z) + 12(�1 + z) + 2y2(�13 + 6z)) � 54(�1 + y)2(�1 + 4y)(�1 + z)2(�1 + y + z)(y + z)2(2 + 2y2 + 2y(�2 + z)

� 2z + z
2)H(1, z)) + 27(1 � y)(�1 + y)(�1 + z)2(y5(�3 + 20z) + y

4(9 � 73z + 80z2) � 3z2(�2 + 4z � 3z2 + z
3)

+ 6y3(�2 + 15z � 34z2 + 20z3) + yz(�8 � 32z + 90z2 � 73z3 + 20z4) + 2y2(3 � 16z + 81z2 � 102z3

+ 40z4))H(2, y) + 63(1 � y)(�1 + y)(�1 + z)2(y + z)2(4 + 8y4 � 18z + 33z2 � 27z3 + 8z4 + y
3(�27 + 20z)

+ 3y2(11 � 17z + 8z2) + y(�18 + 48z � 51z2 + 20z3))H(2, y)2 + H(0, z)(�27(�1 + y)2yz(�1 + y + z)(y + z)2(�12

+ 30z � 26z2 + 8z3 + 3y(4 � 9z + 4z2)) � 54(�1 + y)2(y2 + 2y(�1 + z) + 2(�1 + z)2)(�1 + z)2(�1 + y + z)(y

+ z)2(�1 + 4z)H(2, y)) + H(1, z)(27(1 � y)(�1 + y)(�1 + z)2(�1 + y + z)(y4(�3 + 20z) � 3z2(2 � 2z + z
2) + y

3(6

� 50z + 60z2) + 2yz(4 + 17z � 25z2 + 10z3) + y
2(�6 + 34z � 94z2 + 60z3)) + 54(�1 + y)2(�1 + z)2(�1 + y + z)(y

+ z)2(�4 + 8y3 + 14z � 19z2 + 8z3 + y
2(�19 + 12z) + 2y(7 � 10z + 6z2))H(3, y)) + 18(1 � y)(1 � 5y + 4y2)(�1

+ z)2(y + z)(2y4 + 6y3(�1 + z) + y
2(6 � 14z + 7z2) + z(�2 + 4z � 3z2 + z

3) + y(�2 + 10z � 11z2

+ 4z3))H(0, 0, y) + 18(1 � y)(�1 + y)(�1 + z)(y + z)(1 � 5z + 4z2)(y4 + 2(�1 + z)3z + 2y(�1 + z)2(�1 + 3z)

+ y
3(�3 + 4z) + y

2(4 � 11z + 7z2))H(0, 0, z) + 54(�1 + y)2(�1 + 4y)(�1 + z)2(y + z)2(�2 + 2y3 + 4z � 3z2 + z
3

+ y
2(�6 + 4z) + y(6 � 8z + 3z2))H(0, 1, z) � 54(�1 + y)2(�1 + 4y)(�1 + z)2(y + z)2(�2 + 2y3 + 4z � 3z2 + z

3

+ y
2(�6 + 4z) + y(6 � 8z + 3z2))H(0, 2, y) + 54(�1 + y)2(�1 + 4y)(�1 + z)2(y + z)2(�2 + 2y3 + 4z � 3z2 + z

3

+ y
2(�6 + 4z) + y(6 � 8z + 3z2))H(1, 0, y) + 126(�1 + y)2(�1 + z)2(y + z)2(4 + 8y4 � 18z + 33z2 � 27z3 + 8z4

+ y
3(�27 + 20z) + 3y2(11 � 17z + 8z2) + y(�18 + 48z � 51z2 + 20z3))H(1, 1, z) � 54(�1 + y)2(�1 + 4y)(�1 + z)2(y

+ z)2(�2 + 2y3 + 4z � 3z2 + z
3 + y

2(�6 + 4z) + y(6 � 8z + 3z2))H(2, 0, y) + 126(�1 + y)2(�1 + z)2(y + z)2(4

+ 8y4 � 18z + 33z2 � 27z3 + 8z4 + y
3(�27 + 20z) + 3y2(11 � 17z + 8z2) + y(�18 + 48z � 51z2 + 20z3))H(2, 2, y)

+ 54(�1 + y)2(�1 + z)2(y + z)2(4 + 8y4 � 18z + 33z2 � 27z3 + 8z4 + y
3(�27 + 20z) + 3y2(11 � 17z + 8z2)

+ y(�18 + 48z � 51z2 + 20z3))H(3, 2, y)

).⇣
108(�1 + y)2y(�1 + z)2z(�1 + y + z)(y + z)2

⌘
;

A(2)

4;C2
A

=
39

20
A0; A(2)

4;C2
F

= �
44

5
A0; A(2)

4;n2
f

= 0; A(2)
4;CACF

=
93

10
A0; A(2)

4;CAnf
= 0; A(2)

4;CF nf
= 0;
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A(2)

5;C2
A

=

(
6048y9

z + (�1 + z)5(814 � 814z + 83z2) + 216y8
z(�177 + 74z � 12z2 + 3z3) + y(�1 + z)4(4884 � 4916z � 10029z2

+ 20360z3 � 14040z4 + 6048z5) + y
7(83 + 112808z � 124552z2 + 79000z3 � 39863z4 + 8812z5) + y

2(�1 + z)3(12293

� 2060z � 65043z2 + 119980z3 � 76600z4 + 15984z5) � y
3(�1 + z)2(�16695 � 44834z + 223663z2 � 364320z3 + 263636z4

� 73816z5 + 2592z6) + y
6(�1229 � 199901z + 397732z2 � 413860z3 + 281873z4 � 103639z5 + 14832z6) + y

5(5714

+ 219568z � 670767z2 + 965408z3 � 836204z4 + 417156z5 � 103639z6 + 8812z7) + y
4(�13040 � 131106z + 629609z2

� 1215939z3 + 1324022z4 � 836204z5 + 281873z6 � 39863z7 + 648z8) + 36(�1 + y)4(�1 + z)4(2 + y
2(3 � 9z) � 4z

+ 3z2 � z
3 + y

3(�1 + 4z) + y(�4 + 12z � 9z2 + 4z3))H(0, y) + 36(�1 + y)4(�1 + z)4(2 + y
2(3 � 9z) � 4z + 3z2

� z
3 + y

3(�1 + 4z) + y(�4 + 12z � 9z2 + 4z3))H(0, z) � 36(�1 + y)4(�1 + z)4(220y4 + y
3(�443 + 324z) + 3y2(81

� 117z + 32z2) + y(�8 + 24z + 6z2 � 24z3) + 6(�2 + 4z � 3z2 + z
3))H(1, y) + 36(�1 + y)4(�1 + z)4(220y4

+ 4y3(�111 + 82z) + 6y2(41 � 60z + 16z2) + 5(�2 + 4z � 3z2 + z
3) � y(12 � 36z + 3z2 + 20z3))H(1, z) + 72(�1

+ y)4(�1 + z)4(�11 + 110y4 + 6z + 114z2 � 219z3 + 110z4 + y
3(�219 + 152z) + 3y2(38 � 59z + 32z2) + y(6 + 30z

� 177z2 + 152z3))H(2, y)

).⇣
144(�1 + y)4y(�1 + z)4z(�1 + y + z)

⌘
;

A(2)

5;C2
F

=

(
� 432y9

z � 6(�1 + z)5(31 � 30z + 20z2) � 12y8
z(�261 + 147z � 40z2 + 10z3) � 6y(�1 + z)4(185 � 354z + 224z2

+ 102z3 � 234z4 + 72z5) + y
7(�120 � 8820z + 8139z2 � 1414z3 � 733z4 + 356z5) � 3y2(�1 + z)3(960 � 2620z

+ 2922z2 � 754z3 � 949z4 + 588z5) + y
3(�1 + z)2(�4260 + 13428z � 23904z2 + 19624z3 � 6031z4 � 454z5 + 480z6)

+ y
6(780 + 11256z � 11571z2 � 4643z3 + 9499z4 � 4121z5 + 528z6) + y

5(�2286 � 2220z � 5247z2 + 31232z3 � 36206z4

+ 18060z5 � 4121z6 + 356z7) + y
4(3930 � 13818z + 38097z2 � 69183z3 + 68534z4 � 36206z5 + 9499z6 � 733z7

� 120z8) � 12(�1 + y)4(�1 + z)4(14y4 + 6y2(�3 + z)z + y
3(�23 + 28z) + y(13 � 18z + 15z2 � 8z3) + 2(�2 + 4z

� 3z2 + z
3))H(1, y) + 12(�1 + y)4(�1 + z)4(2 + 14y4 � 4z + 3z2 � z

3 + y
3(�26 + 40z) + y

2(9 � 45z + 6z2) + y(1

+ 18z � 12z2 + 4z3))H(1, z) + 12(�1 + y)4(�1 + z)4(�2 + 14y4 + 9z + 3z2 � 24z3 + 14z4 + 8y3(�3 + 4z)

+ 3y2(1 � 10z + 4z2) + y(9 � 30z2 + 32z3))H(2, y)

).⇣
6(�1 + y)4y(�1 + z)4z(�1 + y + z)

⌘
;

A(2)

5;n2
f

= 0;

A(2)
5;CACF

=

(
3456y9

z + (�1 + z)5(2470 � 2290z + 1613z2) + 72y8
z(�351 + 207z � 64z2 + 16z3) + y

7(1613 + 64136z � 47008z2

� 12968z3 + 21871z4 � 6908z5) + y(�1 + z)4(14640 � 32276z + 25053z2 � 2392z3 � 11448z4 + 3456z5) + y
2(�1

+ z)3(37763 � 128708z + 163755z2 � 83348z3 � 2296z4 + 14904z5) � y
3(�1 + z)2(�55665 + 243490z � 455855z2

+ 399648z3 � 166612z4 + 22184z5 + 4608z6) � y
6(10355 + 47891z + 31748z2 � 206372z3 + 191809z4 � 69095z5

+ 7488z6) + y
5(30050 � 97592z + 392007z2 � 755056z3 + 679888z4 � 308028z5 + 69095z6 � 6908z7) + y

4(�51380

+ 292182z � 867721z2 + 1421763z3 � 1305946z4 + 679888z5 � 191809z6 + 21871z7 + 1152z8) + 36(�1 + y)4(�1

+ z)4(64y4 + 18y2
z(�5 + 2z) + 4y3(�27 + 34z) + y(66 � 96z + 81z2 � 44z3) + 11(�2 + 4z � 3z2 + z

3))H(1, y)

� 36(�1 + y)4(�1 + z)4(4 + 64y4 � 8z + 6z2 � 2z3 + y
3(�121 + 188z) + 3y2(13 � 69z + 12z2) + 2y(7 + 30z

� 18z2 + 4z3))H(1, z) � 72(�1 + y)4(�1 + z)4(�9 + 32y4 + 29z + 3z2 � 55z3 + 32z4 + y
3(�55 + 72z) + y

2(3 � 63z

+ 36z2) + y(29 � 18z � 63z2 + 72z3))H(2, y)

).⇣
72(�1 + y)4y(�1 + z)4z(�1 + y + z)

⌘
;

A(2)
5;CAnf

=

(
� 1296y9

z � 37(�1 + z)5(2 � 2z + z
2) � 18y8

z(�459 + 177z � 8z2 + 2z3) � y
7(37 + 23464z � 21866z2 + 9620z3

� 4555z4 + 1076z5) � y(�1 + z)4(444 � 388z � 1653z2 + 3376z3 � 3078z4 + 1296z5) � y
2(�1 + z)3(1147 + 878z

� 10719z2 + 18518z3 � 12308z4 + 3186z5) + y
6(259 + 38809z � 65000z2 + 56576z3 � 38287z4 + 15203z5 � 2376z6)

+ y
3(�1 + z)2(�1665 � 9214z + 35399z2 � 55404z3 + 37768z4 � 9332z5 + 144z6) � y

5(814 + 40088z � 106383z2

+ 140272z3 � 121660z4 + 62292z5 � 15203z6 + 1076z7) + y
4(1480 + 24504z � 100897z2 + 183975z3 � 196954z4

+ 121660z5 � 38287z6 + 4555z7 � 36z8) + 108(�1 + y)4y(�1 + z)4(10y3 � 3(�1 + z)2 + 2y2(�11 + 8z) + 3y(5 � 7z

+ 2z2))H(1, y) � 108(�1 + y)4y(�1 + z)4(10y3 � 3(�1 + z)2 + 2y2(�11 + 8z) + 3y(5 � 7z + 2z2))H(1, z) � 108(�1

+ y)4(�1 + z)4(�1 + y + z)(10y3 + 6y2(�2 + z) + y(3 � 6z + 6z2) + z(3 � 12z + 10z2))H(2, y)

).⇣
72(�1 + y)4y(�1

+ z)4z(�1 + y + z)
⌘
;

A(2)
5;CF nf

= �
1

9
A0;
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A(2)

6;C2
A

=

(
8(�1 + y)(�1 + z)(y + z)(�1008y12

z + 4(�1 + z)4z5(10 � z + 5z2) + 4y11(5 + 622z � 51z2 � 1631z3 + 551z4)

� y(�1 + z)3z4(200 � 96z + 1182z2 � 2503z3 + 536z4 + 1008z5) + y
10(�84 + 1087z � 12868z2 + 50961z3 � 50902z4

+ 13822z5) � y
2(�1 + z)2z3(�400 + 3298z � 10431z2 + 24380z3 � 31260z4 + 13276z5 + 204z6) + y

9(176 � 9291z

+ 57608z2 � 186114z3 + 279822z4 � 174455z5 + 38302z6) + y
8(�264 + 11687z � 100176z2 + 374314z3 � 739622z4

+ 736539z5 � 343702z6 + 61224z7) + y
7(276 � 6537z + 90451z2 � 436329z3 + 1100987z4 � 1543684z5 + 1154814z6

� 427250z7 + 61224z8) + y
3
z
2(400 � 4252z + 32055z2 � 129393z3 + 304882z4 � 436329z5 + 374314z6 � 186114z7

+ 50961z8 � 6524z9) + 2y6(�82 + 1035z � 24270z2 + 152441z3 � 484929z4 + 903470z5 � 973380z6 + 577407z7

� 171851z8 + 19151z9) + y
4
z(200 � 4098z + 32055z2 � 165612z3 + 515832z4 � 969858z5 + 1100987z6 � 739622z7

+ 279822z8 � 50902z9 + 2204z10) + y
5(40 � 696z + 17427z2 � 129393z3 + 515832z4 � 1240356z5 + 1806940z6

� 1543684z7 + 736539z8 � 174455z9 + 13822z10)) � 9(�1 + y)4(�1 + z)4(y + z)6(496y4 + y
3(�1129 + 1244z)

+ 3y2(213 � 557z + 284z2) + y(62 + 444z � 870z2 + 416z3) + 4(�17 � 46z + 234z2 � 301z3 + 130z4))H(0, y)2

� 9(�1 + y)4(�1 + z)4(y + z)6(�68 + 520y4 + 62z + 639z2 � 1129z3 + 496z4 + 4y3(�301 + 104z) + y
2(936 � 870z

+ 852z2) + y(�184 + 444z � 1671z2 + 1244z3))H(0, z)2 + 9(�1 + y)4(�1 + z)4(y + z)6(�104 + 992y4 + 246z + 861z2

� 1995z3 + 992z4 + 5y3(�399 + 436z) + 3y2(287 � 881z + 440z2) + y(246 + 696z � 2643z2 + 2180z3))H(1, z)2

+ H(1, y)(�48(�1 + y)3(�1 + z)4(y + z)6(�98 + 160y5 + 247z � 279z2 + 96z3 + y
4(�697 + 232z) + y

3(1221 � 871z

+ 318z2) + y(503 � 856z + 768z2 � 192z3) + 3y2(�363 + 416z � 270z2 + 32z3)) + 144(�1 + y)4(�1 + z)4(y

+ z)6(84y4 + y
3(�193 + 76z) + 3y2(51 � 39z + 16z2) + 2(�2 + 4z � 3z2 + z

3) � 2y(20 � 12z + 3z2

+ 4z3))H(1, z)) � 12(672y15
z � (�1 + z)5z6(�306 + 1094z � 1417z2 + 640z3) � 8y14(80 + 211z � 246z2 � 284z3

+ 71z4) � 3y13(�1539 + 3624z � 2740z2 + 6256z3 � 6117z4 + 1188z5) + y
12(�14579 + 71063z � 127704z2 + 152312z3

� 144029z4 + 67593z5 � 10032z6) + y(�1 + z)4z5(�1644 + 10824z � 23462z2 + 24135z3 � 10904z4 + 1000z5 + 672z6)

+ 6y2(�1 + z)3z4(947 � 7217z + 22516z2 � 36737z3 + 33102z4 � 15206z5 + 2354z6 + 328z7) � 2y11(�13173 + 94377z

� 256362z2 + 378172z3 � 374314z4 + 238281z5 � 76309z6 + 8656z7) � 2y10(14920 � 147049z + 552045z2 � 1083308z3

+ 1307983z4 � 1034540z5 + 496204z6 � 121179z7 + 10892z8) + y
9(21725 � 293156z + 1483434z2 � 3858986z3 + 5967465z4

� 5942620z5 + 3826296z6 � 1476766z7 + 296968z8 � 23016z9) + 2y3(�1 + z)2z3(�3384 + 44062z � 198605z2 + 462415z3

� 632873z4 + 523576z5 � 249468z6 + 60796z7 � 7112z8 + 1136z9) + y
8(�9947 + 189503z � 1308468z2 + 4503474z3

� 8996757z4 + 11383863z5 � 9480686z6 + 5112368z7 � 1673910z8 + 296968z9 � 21784z10) � 2y7(�1312 + 38311z

� 380649z2 + 1756308z3 � 4551510z4 + 7339866z5 � 7783882z6 + 5514200z7 � 2556184z8 + 738383z9 � 121179z10

+ 8656z11) + y
5
z(�1644 + 60348z � 580226z2 + 2711300z3 � 7384344z4 + 12777180z5 � 14679732z6 + 11383863z7

� 5942620z8 + 2069080z9 � 476562z10 + 67593z11 � 3564z12) + y
4
z
2(�5682 + 101660z � 722026z2 + 2711300z3

� 6165396z4 + 9103020z5 � 8996757z6 + 5967465z7 � 2615966z8 + 748628z9 � 144029z10 + 18351z11 � 568z12)

� 2y6(153 � 8700z + 141024z2 � 903687z3 + 3082698z4 � 6388590z5 + 8608206z6 � 7783882z7 + 4740343z8 � 1913148z9

+ 496204z10 � 76309z11 + 5016z12))H(2, y) + 9(�1 + y)4(�1 + z)4(y + z)6(�104 + 992y4 + 246z + 861z2 � 1995z3

+ 992z4 + 5y3(�399 + 436z) + 3y2(287 � 881z + 440z2) + y(246 + 696z � 2643z2 + 2180z3))H(2, y)2 + H(0, y)(�12(�1

+ y)3(y + z)6(672y6
z + 49(�1 + z)5(2 � 2z + z

2) + 24y5
z(�93 + 74z � 12z2 + 3z3) � y(�1 + z)4(�306 + 1096z

� 1680z2 + 1205z3) + y
3(�1 + z)2(304 � 3453z + 4062z2 � 2983z3 + 984z4) + y

2(�1 + z)3(415 � 2620z + 4200z2

� 3661z3 + 1156z4) + y
4(�97 + 3488z � 6112z2 + 3784z3 � 1283z4 + 220z5)) � 432(�1 + y)4(�1 + z)4(y + z)6(2

+ y
2(3 � 9z) � 4z + 3z2 � z

3 + y
3(�1 + 4z) + y(�4 + 12z � 9z2 + 4z3))H(0, z) + 144(�1 + y)4(�1 + z)4(y

+ z)6(22y3 + 4y4 � 6y2(10 � 9z + 4z2) + y(40 � 60z + 39z2 � 12z3) + 3(�2 + 4z � 3z2 + z
3))H(1, z) + 144(�1

+ y)4(�1 + z)4(y + z)6(2 + y
2(3 � 9z) � 4z + 3z2 � z

3 + y
3(�1 + 4z) + y(�4 + 12z � 9z2 + 4z3))H(2, y))

+ H(0, z)(�12(�1 + z)3(y + z)6(�((�1 + z)2(98 � 110z + 97z2)) + y
7(49 � 1205z + 1156z2) + y

6(�343 + 6500z

� 7129z2 + 984z3) + y
5(1078 � 15046z + 18651z2 � 4951z3 + 220z4) + y

3(2205 � 15725z + 24536z2 � 14560z3 + 3784z4

� 288z5) + y
4(�1960 + 19590z � 27359z2 + 11012z3 � 1283z4 + 72z5) + y

2(�1519 + 7900z � 13305z2 + 11272z3

� 6112z4 + 1776z5) + y(588 � 2320z + 3865z2 � 4061z3 + 3488z4 � 2232z5 + 672z6)) + 144(�1 + y)4(�1 + z)4(y

+ z)6(88y4 + y
3(�201 + 124z) + 3y2(49 � 57z + 20z2) + 2(�2 + 4z � 3z2 + z

3) � 2y(15 � 18z + 6z2

+ 4z3))H(1, y) + 144(�1 + y)4(�1 + z)4(y + z)6(2 + y
2(3 � 9z) � 4z + 3z2 � z

3 + y
3(�1 + 4z) + y(�4 + 12z � 9z2

+ 4z3))H(1, z) � 288(�1 + y)4(�1 + z)4(y + z)6(44y4 + 34y3(�3 + 2z) � (�1 + z)2(�1 + 14z + 2z2) + 3y2(26

� 35z + 14z2) � y(21 � 48z + 33z2 + 4z3))H(2, y)) + H(1, z)(�12(672y15
z � (�1 + z)5z6(86 � 134z + 91z2)

� 8y14(80 + 211z � 246z2 � 284z3 + 71z4) � 3y13(�1411 + 2984z � 1460z2 + 4976z3 � 5477z4 + 1060z5)

+ y
12(�11927 + 54659z � 85020z2 + 92588z3 � 96701z4 + 47481z5 � 6456z6) + y(�1 + z)4z5(708 � 1452z + 1870z2

� 2253z3 + 2456z4 � 1560z5 + 672z6) � 2y11(�9295 + 64627z � 158940z2 + 201252z3 � 181596z4 + 112239z5 � 30455z6
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+ 1496z7) + 2y2(�1 + z)3z4(�99 + 1107z � 3248z2 + 8087z3 � 15336z4 + 17678z5 � 10838z6 + 2904z7) + 2y10(�8632

+ 86311z � 304059z2 + 516984z3 � 511401z4 + 325416z5 � 105440z6 � 739z7 + 5592z8) � 2y3(�1 + z)2z3(�536 � 852z

+ 7455z2 � 903z3 � 46165z4 + 106706z5 � 114712z6 + 62368z7 � 14048z8 + 144z9) + 3y9(3127 � 46340z + 231586z2

� 539722z3 + 671983z4 � 471956z5 + 148964z6 + 36522z7 � 42364z8 + 8648z9) + y
8(�2527 + 64339z � 489624z2

+ 1601594z3 � 2644553z4 + 2271207z5 � 738570z6 � 439680z7 + 556890z8 � 212212z9 + 27760z10) + 2y7(34 � 6481z

+ 102519z2 � 502456z3 + 1134338z4 � 1263358z5 + 486190z6 + 442468z7 � 684158z8 + 375311z9 � 94127z10 + 8712z11)

+ y
4
z
2(198 + 2720z � 54406z2 + 215036z3 � 276280z4 � 222736z5 + 1183523z6 � 1711791z7 + 1308226z8 � 546976z9

+ 107843z10 � 5429z11 + 72z12) + y
5
z(708 + 2880z � 75318z2 + 390360z3 � 862488z4 + 683692z5 + 668588z6

� 2089833z7 + 2146884z8 � 1135548z9 + 302226z10 � 32683z11 + 1204z12) + 2y6(43 � 562z � 22170z2 + 191307z3

� 617668z4 + 934096z5 � 486604z6 � 520444z7 + 1071647z8 � 795420z9 + 294048z10 � 50805z11 + 3204z12)) � 144(�1

+ y)4(�1 + z)4(y + z)6(100y4 + 2y3(�127 + 60z) + 6y2(38 � 41z + 24z2) + z(�38 + 153z � 203z2 + 88z3) + y(�74

+ 144z � 231z2 + 132z3))H(2, y) � 144(�1 + y)4(�1 + z)4(y + z)6(�4 + 36y4 � 4z + 51z2 � 79z3 + 36z4 + y
3(�79

+ 52z) + y
2(51 � 75z + 48z2) + y(�4 + 24z � 75z2 + 52z3))H(3, y)) + 18(�1 + y)4(�1 + z)4(y + z)6(496y4

+ y
3(�1129 + 1244z) + 3y2(213 � 557z + 284z2) + y(62 + 444z � 870z2 + 416z3) + 4(�17 � 46z + 234z2 � 301z3

+ 130z4))H(0, 0, y) + 18(�1 + y)4(�1 + z)4(y + z)6(�68 + 520y4 + 62z + 639z2 � 1129z3 + 496z4 + 4y3(�301

+ 104z) + y
2(936 � 870z + 852z2) + y(�184 + 444z � 1671z2 + 1244z3))H(0, 0, z) � 288(�1 + y)4(�1 + z)4(y + z)6(2

+ 10y4 � 4z + 3z2 � z
3 + 7y3(�3 + 4z) + 6y2(2 � 6z + z

2) + y(�3 + 18z � 12z2 + 4z3))H(0, 1, z) + 144(�1

+ y)4(�1 + z)4(y + z)6(�8 + 36y4 + 2z + 27z2 � 37z3 + 16z4 + 11y3(�7 + 4z) + y
2(45 � 51z + 36z2) � y(�4

+ 12z + 3z2 + 4z3))H(0, 2, y) � 144(�1 + y)4y(�1 + z)4(y + z)6(4y3 + y
2(19 + 12z) + 4(7 � 6z + 3z2) � 3y(17

� 9z + 8z2))H(1, 0, y) � 144(�1 + y)4(�1 + z)4(�1 + y + z)(y + z)6(88y3 + 13y2(�9 + 4z) � 2(2 � 2z + z
2) + y(42

� 38z + 8z2))H(1, 0, z) + 288(�1 + y)4y(�1 + z)4(y + z)6(5 + 2y3 + 6z � 3z2 + 4y2(�1 + 6z) + 3y(�1 � 9z

+ 2z2))H(1, 1, y) � 18(�1 + y)4(�1 + z)4(y + z)6(�72 + 1792y4 + 182z + 909z2 � 2011z3 + 992z4 + y
3(�4043

+ 3204z) + 3y2(911 � 1505z + 664z2) + y(�410 + 1560z � 3123z2 + 2244z3))H(1, 1, z) + 144(�1 + y)4(�1 + z)4(y

+ z)6(84y4 + y
3(�193 + 76z) + 3y2(51 � 39z + 16z2) + 2(�2 + 4z � 3z2 + z

3) � 2y(20 � 12z + 3z2

+ 4z3))H(1, 2, y) + 144(�1 + y)4(�1 + z)4(y + z)6(�4 + 4y4 + 46z � 159z2 + 205z3 � 88z4 + y
3(21 + 4z) + y

2(�57

+ 75z � 84z2) + y(36 � 108z + 219z2 � 140z3))H(2, 0, y) � 144(�1 + y)4(�1 + z)4(y + z)6(20y4 + y
3(�49 + 60z)

+ 3y2(11 � 35z + 24z2) + 4z(�10 + 27z � 25z2 + 8z3) + 4y(�1 + 18z � 30z2 + 12z3))H(2, 1, y) � 18(�1 + y)4(�1

+ z)4(y + z)6(�104 + 1536y4 � 26z + 1821z2 � 3227z3 + 1536z4 + y
3(�3227 + 2756z) + 3y2(607 � 1217z + 632z2)

+ y(�26 + 1272z � 3651z2 + 2756z3))H(2, 2, y) � 144(�1 + y)4(�1 + z)4(y + z)6(�4 + 36y4 � 4z + 51z2 � 79z3

+ 36z4 + y
3(�79 + 52z) + y

2(51 � 75z + 48z2) + y(�4 + 24z � 75z2 + 52z3))H(3, 2, y)

).⇣
576(�1 + y)4y(�1

+ z)4z(�1 + y + z)(y + z)6
⌘
;

A(2)

6;C2
F

=

(
4(�1 + y)(�1 + z)(y + z)(288y13

z � 3(�1 + z)5z5(90 � 90z + 43z2) + y
12(�129 � 1327z + 1720z2 + 488z3

� 176z4) + y
11(915 + 342z � 6679z2 + 3734z3 + 1168z4 � 56z5) + y(�1 + z)4z4(1350 � 4968z + 5525z2 � 2086z3

� 175z4 + 288z5) + y
2(�1 + z)3z3(�2700 + 15672z � 38367z2 + 41471z3 � 16563z4 � 1519z5 + 1720z6) + y

10(�2910

+ 11667z � 6846z2 � 9291z3 + 9388z4 � 7000z5 + 3264z6) + y
9(5340 � 38596z + 84883z2 � 66628z3 + 1089z4 + 39320z5

� 36152z6 + 10744z7) + y
3(�1 + z)2z2(2700 � 29448z + 105101z2 � 188876z3 + 176750z4 � 72056z5 � 359z6 + 4710z7

+ 488z8) + y
8(�6045 + 62541z � 210950z2 + 320503z3 � 225267z4 + 21438z5 + 93980z6 � 69672z7 + 15200z8) + y

7(4179

� 59394z + 271749z2 � 614432z3 + 753510z4 � 469026z5 + 49426z6 + 123492z7 � 69672z8 + 10744z9) + y
6(�1620 + 33497z

� 206288z2 + 659603z3 � 1187244z4 + 1201898z5 � 610940z6 + 49426z7 + 93980z8 � 36152z9 + 3264z10) + y
4
z(1350

� 23772z + 166697z2 � 565574z3 + 1068831z4 � 1187244z5 + 753510z6 � 225267z7 + 1089z8 + 9388z9 + 1168z10

� 176z11) + y
5(270 � 10368z + 93483z2 � 428526z3 + 1068831z4 � 1510552z5 + 1201898z6 � 469026z7 + 21438z8

+ 39320z9 � 7000z10 � 56z11)) � 3(�1 + y)4(�1 + z)4(�1 + y + z)2(y + z)6(46 + 704y3 � 112z + 254z2 � 192z3

+ y
2(�717 + 404z) � 2y(�21 + 11z + 88z2))H(0, y)2 + 3(�1 + y)4(�1 + z)4(�1 + y + z)2(y + z)6(�46 + 192y3 � 42z

+ 717z2 � 704z3 + 2y2(�127 + 88z) + y(112 + 22z � 404z2))H(0, z)2 + 9(�1 + y)4(�1 + z)4(�1 + y + z)2(y + z)6(4

+ 56y3 + 34z � 101z2 + 56z3 + y
2(�101 + 84z) + y(34 � 76z + 84z2))H(1, z)2 + H(1, y)(�8(�1 + y)2(�1 + z)4(�1 + y

+ z)(y + z)6(150 + 136y6 � 406z + 411z2 � 155z3 + y
5(�761 + 460z) + y

4(1819 � 2033z + 456z2) + y
2(1859 � 3607z

+ 2367z2 � 465z3) + y
3(�2401 + 3730z � 1665z2 + 164z3) + y(�802 + 1856z � 1569z2 + 474z3)) � 96(�1 + y)4y(�1

+ z)4(�1 + y + z)2(y + z)6(3 + 14y2 � 3z + 3y(�5 + 2z))H(1, z)) + H(0, y)(8(�1 + y)2y(�1 + y + z)2(y
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+ z)6(144y5
z + 12(�1 + z)3z(7 � 6z + z

2) + 4y4
z(�153 + 111z � 40z2 + 10z3) � 3y(�1 + z)2(�4 � 162z + 220z2

� 108z3 + 11z4) + y
3(12 + 1112z � 1955z2 + 1610z3 � 799z4 + 164z5) + 2y2(�12 � 511z + 1395z2 � 1516z3 + 831z4

� 189z5 + 2z6)) + 144(�1 + y)4y(�1 + z)4(�1 + y + z)2(y + z)6(4 + 12y2 � 4z + y(�15 + 8z))H(1, z)) + 8(�1 + y

+ z)(144y15
z + (�1 + z)5z6(�132 + 340z � 341z2 + 136z3) + 4y14(34 � 397z + 567z2 � 176z3 + 44z4) + y

13(�1021

+ 8884z � 22137z2 + 20586z3 � 8560z4 + 1816z5) + y(�1 + z)4z5(468 � 3576z + 7726z2 � 7779z3 + 3972z4 � 1012z5

+ 144z6) + y
12(3405 � 30315z + 100809z2 � 152893z3 + 116054z4 � 46660z5 + 8448z6) + 3y2(�1 + z)3z4(�748 + 5012z

� 15992z2 + 27958z3 � 27830z4 + 16002z5 � 5111z6 + 756z7) + y
11(�6602 + 66866z � 275775z2 + 575010z3 � 652809z4

+ 420138z5 � 149708z6 + 23168z7) + y
10(8150 � 98054z + 493695z2 � 1321709z3 + 2031803z4 � 1859997z5 + 1019924z6

� 313380z7 + 41296z8) � y
3(�1 + z)2z3(�1416 + 28792z � 145538z2 + 374050z3 � 574998z4 + 551544z5 � 328166z6

+ 113833z7 � 19178z8 + 704z9) + y
9(�6561 + 96216z � 598074z2 + 2006252z3 � 3969623z4 + 4828260z5 � 3670950z6

+ 1713820z7 � 448924z8 + 49872z9) + y
8(3361 � 62011z + 494076z2 � 2075590z3 + 5157019z4 � 8018097z5 + 8000348z6

� 5125514z7 + 2032884z8 � 448924z9 + 41296z10) + 2y7(�500 + 12419z � 137577z2 + 734318z3 � 2271456z4 + 4429489z5

� 5635698z6 + 4719742z7 � 2562757z8 + 856910z9 � 156690z10 + 11584z11) + y
4
z
2(2244 � 31624z + 242798z2

� 1036852z3 + 2692286z4 � 4542912z5 + 5157019z6 � 3969623z7 + 2031803z8 � 652809z9 + 116054z10 � 8560z11 + 176z12)

+ y
5
z(468 � 21768z + 204538z2 � 1036852z3 + 3244920z4 � 6575600z5 + 8858978z6 � 8018097z7 + 4828260z8 � 1859997z9

+ 420138z10 � 46660z11 + 1816z12) + 2y6(66 � 2724z + 49908z2 � 346959z3 + 1346143z4 � 3287800z5 + 5273177z6

� 5635698z7 + 4000174z8 � 1835475z9 + 509962z10 � 74854z11 + 4224z12))H(2, y) + 9(�1 + y)4(�1 + z)4(�1 + y + z)2(y

+ z)6(4 + 56y3 + 34z � 101z2 + 56z3 + y
2(�101 + 84z) + y(34 � 76z + 84z2))H(2, y)2 + H(0, z)(8(�1 + z)2z(�1 + y

+ z)2(y + z)6(12(�1 + z)2z + y
6(12 � 33z + 4z2) + 2y5(�54 + 195z � 189z2 + 82z3) + y

4(336 � 1341z + 1662z2

� 799z3 + 40z4) � 2y3(240 � 1065z + 1516z2 � 805z3 + 80z4) + y
2(324 � 1620z + 2790z2 � 1955z3 + 444z4)

+ 2y(�42 + 231z � 511z2 + 556z3 � 306z4 + 72z5)) + 48(�1 + y)4y(�1 + z)4(�1 + y + z)2(y + z)6(6 + 8y2 � 6z

+ 3y(�5 + 4z))H(1, y) � 48(�1 + y)4(�1 + z)4(�1 + y + z)2(y + z)6(8y3 + 3y2(�5 + 4z) + 6y(1 + z � 4z2) � 3z(4

� 15z + 12z2))H(2, y)) + H(1, z)(8(�1 + y + z)(144y15
z + 6(�1 + z)5z6(3 � 2z + 2z2) + 4y14(34 � 397z + 567z2

� 176z3 + 44z4) + y
13(�866 + 8100z � 20569z2 + 19018z3 � 7767z4 + 1652z5) + 2y(�1 + z)4z5(�216 + 221z + 222z2

� 456z3 + 370z4 � 234z5 + 72z6) + y
12(2374 � 23858z + 83917z2 � 129245z3 + 97321z4 � 38669z5 + 7008z6) + y

2(�1

+ z)3z4(6 � 780z � 2588z2 + 13184z3 � 18942z4 + 14294z5 � 6479z6 + 1452z7) + y
11(�3622 + 43744z � 199491z2

+ 436042z3 � 501379z4 + 321120z5 � 113638z6 + 17512z7) + y
10(3290 � 50918z + 300333z2 � 878721z3 + 1407853z4

� 1304275z5 + 713376z6 � 217490z7 + 28280z8) � y
3(�1 + z)2z3(1584 � 2338z � 14788z2 + 72720z3 � 149820z4

+ 171732z5 � 117066z6 + 45939z7 � 8478z8 + 160z9) + 2y9(�863 + 18146z � 145902z2 + 567991z3 � 1216836z4

+ 1534256z5 � 1178239z6 + 547769z7 � 141466z8 + 15288z9) + 2y8(213 � 6663z + 89049z2 � 480126z3 + 1360821z4

� 2265678z5 + 2330148z6 � 1502619z7 + 590049z8 � 126886z9 + 11116z10) + 2y7(3 + 76z � 31201z2 + 259264z3

� 985699z4 + 2156109z5 � 2918981z6 + 2511740z7 � 1366047z8 + 447153z9 � 77957z10 + 5324z11) + y
4
z
2(�6 + 5026z

+ 3058z2 � 165362z3 + 688552z4 � 1444642z5 + 1850424z6 � 1531142z7 + 816755z8 � 264717z9 + 44437z10 � 2423z11

+ 40z12) + y
5
z(�432 � 66z + 18020z2 � 196646z3 + 926280z4 � 2346594z5 + 3574134z6 � 3448086z7 + 2127944z8

� 811205z9 + 172740z10 � 16485z11 + 540z12) + 2y6(�9 + 845z + 4861z2 � 81055z3 + 437656z4 � 1299435z5

+ 2341652z6 � 2665679z7 + 1940166z8 � 884963z9 + 236428z10 � 31919z11 + 1596z12)) + 48(�1 + y)4(�1 + z)4(�1 + y

+ z)2(y + z)6(�4 + 28y3 + 18z � 21z2 + 8z3 + 4y2(�8 + 5z) + 2y(5 � 10z + 2z2))H(2, y) � 144(�1 + y)4(�1

+ z)4(�1 + y + z)2(y + z)6(12y3 + y
2(�15 + 8z) + y(4 � 8z + 8z2) + z(4 � 15z + 12z2))H(3, y)) + 6(�1 + y)4(�1

+ z)4(�1 + y + z)2(y + z)6(46 + 704y3 � 112z + 254z2 � 192z3 + y
2(�717 + 404z) � 2y(�21 + 11z + 88z2))H(0, 0, y)

� 6(�1 + y)4(�1 + z)4(�1 + y + z)2(y + z)6(�46 + 192y3 � 42z + 717z2 � 704z3 + 2y2(�127 + 88z) + y(112 + 22z

� 404z2))H(0, 0, z) � 96(�1 + y)4(�1 + 4y)(�1 + z)4(�1 + y + z)2(y + z)6(2 + 2y2 + 2y(�2 + z) � 2z

+ z
2)H(0, 1, y) � 144(�1 + y)4y(�1 + z)4(�1 + y + z)2(y + z)6(4 + 12y2 � 4z + y(�15 + 8z))H(0, 1, z) + 48(�1

+ y)4(�1 + z)4(�1 + y + z)2(y + z)6(52y3 + y
2(�81 + 40z) � 2(2 � 2z + z

2) + 4y(9 � 8z + 2z2))H(0, 2, y)

� 144(�1 + y)4y(�1 + z)4(�1 + y + z)2(y + z)6(4 + 12y2 � 4z + y(�15 + 8z))H(1, 0, y) � 48(�1 + y)4y(�1 + z)4(�1

+ y + z)2(y + z)6(6 + 8y2 � 6z + 3y(�5 + 4z))H(1, 0, z) + 48(�1 + y)4(�1 + z)4(�1 + y + z)2(y + z)6(20y3

+ y
2(�9 + 8z) + 2(2 � 2z + z

2) � 4y(3 � 2z + 2z2))H(1, 1, y) + 6(�1 + y)4(�1 + z)4(�1 + y + z)2(y + z)6(56y3

+ y
2(63 � 156z) � 18y(3 � 10z + 14z2) � 3(4 + 34z � 101z2 + 56z3))H(1, 1, z) � 96(�1 + y)4y(�1 + z)4(�1 + y

+ z)2(y + z)6(3 + 14y2 � 3z + 3y(�5 + 2z))H(1, 2, y) + 48(�1 + y)4(�1 + z)4(�1 + y + z)2(y + z)6(36y3

+ 3y2(�15 + 8z) + z(�6 + 15z � 8z2) � 6y(�2 + z + 2z2))H(2, 0, y) � 48(�1 + y)4(�1 + z)4(�1 + y + z)2(y

+ z)6(36y3 + 16y(�1 + z)2 + 4(�1 + z)2(�1 + 4z) + y
2(�47 + 32z))H(2, 1, y) + 6(�1 + y)4(�1 + z)4(�1 + y + z)2(y
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+ z)6(�76 + 184y3 + 170z � 241z2 + 184z3 + y
2(�241 + 36z) + 2y(85 � 94z + 18z2))H(2, 2, y) � 144(�1 + y)4(�1

+ z)4(�1 + y + z)2(y + z)6(12y3 + y
2(�15 + 8z) + y(4 � 8z + 8z2) + z(4 � 15z + 12z2))H(3, 2, y)

).⇣
48(�1

+ y)4y(�1 + z)4z(�1 + y + z)2(y + z)6
⌘
;

A(2)

6;n2
f

=
1

18
A0;

A(2)
6;CACF

=

(
� 2(�1 + y)(�1 + z)(y + z)(1152y13

z � 9(�1 + z)5z5(90 � 94z + 41z2) + 3y12(�123 � 2483z + 4229z2

� 1283z3 + 428z4) + 3y(�1 + z)4z4(1350 � 5784z + 5943z2 � 1088z3 � 947z4 + 384z5) + 3y11(897 + 5004z

� 25436z2 + 30556z3 � 16597z4 + 4808z5) + 3y2(�1 + z)3z3(�2700 + 13740z � 36361z2 + 35633z3 � 2149z4

� 12749z5 + 4229z6) + y
10(�8730 + 9231z + 146355z2 � 412685z3 + 451131z4 � 253782z5 + 61568z6) + 2y9(8100

� 47868z � 594z2 + 355100z3 � 742645z4 + 700596z5 � 341189z6 + 68500z7) � y
3(�1 + z)2z2(�8100 + 99768z

� 310125z2 + 455122z3 � 249510z4 � 144438z5 + 240896z6 � 83970z7 + 3849z8) + y
8(�18405 + 190647z � 410874z2

� 280262z3 + 2163621z4 � 3406317z5 + 2683478z6 � 1092120z7 + 177144z8) + y
7(12699 � 194892z + 695613z2

� 809704z3 � 883105z4 + 3818004z5 � 4987759z6 + 3306568z7 � 1092120z8 + 137000z9) + y
6(�4896 + 111537z

� 565908z2 + 1469879z3 � 1595836z4 � 916967z5 + 4424978z6 � 4987759z7 + 2683478z8 � 682378z9 + 61568z10)

+ y
4
z(4050 � 65520z + 517761z2 � 1698158z3 + 2639853z4 � 1595836z5 � 883105z6 + 2163621z7 � 1485290z8

+ 451131z9 � 49791z10 + 1284z11) + y
5(810 � 33552z + 257043z2 � 1175140z3 + 2639853z4 � 2346720z5 � 916967z6

+ 3818004z7 � 3406317z8 + 1401192z9 � 253782z10 + 14424z11)) + 9(�1 + y)4(�1 + z)4(�1 + y + z)(y + z)6(�27

+ 612y4 + 7z � 18z2 + 130z3 � 92z4 + 6y3(�219 + 206z) + 6y2(127 � 251z + 78z2) � 3y(11 � 102z + 26z2

+ 52z3))H(0, y)2 � 9(�1 + y)4(�1 + z)4(�1 + y + z)(y + z)6(27 + 92y4 + 33z � 762z2 + 1314z3 � 612z4

+ 26y3(�5 + 6z) + y
2(18 + 78z � 468z2) � y(7 + 306z � 1506z2 + 1236z3))H(0, z)2 � 9(�1 + y)4(�1 + z)4(�1

+ y + z)(y + z)6(�58 + 80y4 + 136z + 27z2 � 185z3 + 80z4 + 5y3(�37 + 68z) + 3y2(9 � 139z + 112z2) + y(136

� 12z � 417z2 + 340z3))H(1, z)2 + H(0, y)(�12(�1 + y)2y(�1 + y + z)(y + z)6(192y6
z + 4y5

z(�255 + 207z

� 64z2 + 16z3) � 6(�1 + z)4(1 + 18z � 47z2 + 32z3) + 3y(�1 + z)3(3 + 6z + 242z2 � 344z3 + 134z4)

� y
2(�1 + z)2(�63 � 1120z + 692z2 + 644z3 � 824z4 + 208z5) + y

4(27 + 2224z � 3883z2 + 2826z3 � 1250z4

+ 248z5) � y
3(75 + 2315z � 5945z2 + 5649z3 � 2530z4 + 376z5 + 60z6)) � 72(�1 + y)4(�1 + z)4(�1 + y + z)(y

+ z)6(56y4 � 3y2(�7 + 9z) + y
3(�91 + 60z) + y(20 � 36z + 27z2 � 12z3) + 3(�2 + 4z � 3z2 + z

3))H(1, z))

+ H(1, y)(12(�1 + y)3(�1 + z)4(�1 + y + z)(y + z)6(�406 + 388y5 + 1020z � 1029z2 + 383z3 + y
4(�1877 + 1092z)

+ y
3(3592 � 3873z + 1116z2) + y(1814 � 3714z + 3018z2 � 859z3) + y

2(�3511 + 5475z � 3111z2 + 476z3)) + 72(�1

+ y)4(�1 + z)4(�1 + y + z)(y + z)6(2 + 24y4 � 4z + 3z2 � z
3 + 4y3(�7 + 10z) � 6y2(2 + 3z + 2z2) + y(14

� 3z2 + 4z3))H(1, z)) � 6(�1 + y + z)(384y15
z + (�1 + z)5z6(�726 + 1882z � 2105z2 + 776z3) + 8y14(97

� 739z + 1077z2 � 452z3 + 113z4) + y
13(�5985 + 40168z � 92560z2 + 89128z3 � 40267z4 + 8364z5) + y(�1

+ z)4z5(2964 � 19836z + 41602z2 � 41559z3 + 20360z4 � 4376z5 + 384z6) + y
12(20167 � 150791z + 451180z2

� 659196z3 + 502581z4 � 202437z5 + 35424z6) + 2y2(�1 + z)3z4(�6765 + 42879z � 127932z2 + 212727z3

� 204354z4 + 112598z5 � 33356z6 + 4308z7) + 2y11(�19473 + 173943z � 646524z2 + 1262820z3 � 1387944z4

+ 876471z5 � 304141z6 + 45232z7) + 2y10(23690 � 260707z + 1196939z2 � 2976262z3 + 4350991z4 � 3849912z5

+ 2048644z6 � 608211z7 + 77132z8) � 2y3(�1 + z)2z3(�4252 + 81656z � 390703z2 + 946461z3 � 1380495z4

+ 1270200z5 � 730084z6 + 245894z7 � 40948z8 + 1808z9) + y
9(�37381 + 518516z � 2983546z2 + 9301958z3

� 17356961z4 + 20206452z5 � 14838192z6 + 6708682z7 � 1702288z8 + 183528z9) + y
8(18775 � 338839z + 2538420z2

� 9955302z3 + 23235465z4 � 34337223z5 + 32931038z6 � 20432684z7 + 7885302z8 � 1702288z9 + 154264z10)

+ 2y7(�2756 + 69365z � 731925z2 + 3664120z3 � 10625532z4 + 19591238z5 � 23845782z6 + 19305676z7 � 10216342z8

+ 3354341z9 � 608211z10 + 45232z11) + y
4
z
2(13530 � 180320z + 1309202z2 � 5314260z3 + 13155096z4 � 21251064z5

+ 23235465z6 � 17356961z7 + 8701982z8 � 2775888z9 + 502581z10 � 40267z11 + 904z12) + y
5
z(2964 � 126348z

+ 1116534z2 � 5314260z3 + 15703800z4 � 30293056z5 + 39182476z6 � 34337223z7 + 20206452z8 � 7699824z9

+ 1752942z10 � 202437z11 + 8364z12) + 2y6(363 � 15846z + 276864z2 � 1809523z3 + 6577548z4 � 15146528z5

+ 23154650z6 � 23845782z7 + 16465519z8 � 7419096z9 + 2048644z10 � 304141z11 + 17712z12))H(2, y) � 9(�1 + y)4(�1

+ z)4(�1 + y + z)(y + z)6(�58 + 80y4 + 136z + 27z2 � 185z3 + 80z4 + 5y3(�37 + 68z) + 3y2(9 � 139z

+ 112z2) + y(136 � 12z � 417z2 + 340z3))H(2, y)2 + H(0, z)(12(�1 + z)2z(�1 + y + z)(y + z)6(�3(�1 + z)3(2

+ 9z) + 2y7(96 � 201z + 104z2) + 2y6(�525 + 1119z � 620z2 + 30z3) � 4y5(�597 + 1257z � 625z2 � 94z3
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+ 62z4) � y(�1 + z)2(�84 � 159z + 760z2 � 636z3 + 192z4) + y
2(�678 + 699z + 2869z2 � 5945z3 + 3883z4

� 828z5) � 2y4(1443 � 2829z + 710z2 + 1265z3 � 625z4 + 32z5) + y
3(1944 � 3165z � 1860z2 + 5649z3 � 2826z4

+ 256z5)) � 72(�1 + y)4(�1 + z)4(�1 + y + z)(y + z)6(�2 + 32y4 + 4z � 3z2 + z
3 + y

3(�93 + 68z) + 3y2(29

� 39z + 16z2) � y(24 � 36z + 15z2 + 4z3))H(1, y) + 288(�1 + y)4(�1 + z)4(�1 + y + z)(y + z)6(1 + 8y4 � 4z

� 6z2 + 23z3 � 14z4 + 4y3(�6 + 5z) + 12y2(2 � 3z + z
2) + y(�9 + 18z + 3z2 � 16z3))H(2, y))

+ H(1, z)(�6(�1 + y + z)(384y15
z + (�1 + z)5z6(86 � 122z + 97z2) + 8y14(97 � 739z + 1077z2 � 452z3

+ 113z4) + y
13(�5219 + 36152z � 84156z2 + 80352z3 � 35693z4 + 7412z5) + y(�1 + z)4z5(�1908 + 2348z � 286z2

� 1305z3 + 1608z4 � 1272z5 + 384z6) + y
12(15045 � 117921z + 362964z2 � 532604z3 + 400231z4 � 158267z5

+ 27480z6) + 2y2(�1 + z)3z4(�675 � 195z � 1902z2 + 12975z3 � 20676z4 + 17018z5 � 8414z6 + 1980z7)

+ 2y11(�12039 + 115335z � 450060z2 + 899424z3 � 987042z4 + 612507z5 � 208045z6 + 30304z7) + 2y10(11498

� 141313z + 701873z2 � 1830608z3 + 2724693z4 � 2395960z5 + 1248128z6 � 359939z7 + 43932z8) � 2y3(�1

+ z)2z3(3868 � 2404z � 34723z2 + 117005z3 � 200991z4 + 214578z5 � 145420z6 + 58736z7 � 11368z8 + 256z9)

+ y
9(�12895 + 213812z � 1415134z2 + 4813534z3 � 9392031z4 + 11059916z5 � 8020592z6 + 3525722z7 � 858756z8

+ 87192z9) + y
8(3685 � 89137z + 912288z2 � 4186350z3 + 10584771z4 � 16190181z5 + 15575102z6 � 9479600z7

+ 3525138z8 � 718540z9 + 59752z10) + 2y7(�112 + 5193z � 179561z2 + 1190012z3 � 3904772z4 + 7681554z5

� 9620890z6 + 7790928z7 � 4023410z8 + 1256653z9 � 210091z10 + 13920z11) + y
4
z
2(1350 + 16400z + 21642z2

� 611924z3 + 2286652z4 � 4384532z5 + 5218711z6 � 4097291z7 + 2122526z8 � 683628z9 + 116791z10 � 6825z11

+ 128z12) + y
5
z(�1908 � 10644z + 125622z2 � 840744z3 + 3311496z4 � 7624456z5 + 10838140z6 � 9884853z7

+ 5831340z8 � 2153460z9 + 452070z10 � 43743z11 + 1524z12) + 2y6(�43 + 3050z + 40106z2 � 411629z3 + 1786766z4

� 4630398z5 + 7634856z6 � 8152400z7 + 5636279z8 � 2461502z9 + 635000z10 � 83925z11 + 4224z12)) � 288(�1

+ y)4(�1 + z)4(�1 + y + z)(y + z)6(4y3 + 4y4 + 3(�1 + z)z2 � 3y2(6 � 7z + 6z2) � 2y(�5 + 9z � 12z2

+ 6z3))H(2, y) + 432(�1 + y)4(�1 + z)4(�1 + y + z)2(y + z)6(12y3 + y
2(�15 + 8z) + y(4 � 8z + 8z2) + z(4

� 15z + 12z2))H(3, y)) � 18(�1 + y)4(�1 + z)4(�1 + y + z)(y + z)6(�27 + 612y4 + 7z � 18z2 + 130z3 � 92z4

+ 6y3(�219 + 206z) + 6y2(127 � 251z + 78z2) � 3y(11 � 102z + 26z2 + 52z3))H(0, 0, y) + 18(�1 + y)4(�1

+ z)4(�1 + y + z)(y + z)6(27 + 92y4 + 33z � 762z2 + 1314z3 � 612z4 + 26y3(�5 + 6z) + y
2(18 + 78z � 468z2)

� y(7 + 306z � 1506z2 + 1236z3))H(0, 0, z) + 144(�1 + y)4y(�1 + z)4(�1 + y + z)(y + z)6(16y3 + y
2(�41 + 12z)

� 2(7 � 6z + 3z2) + 3y(13 � 9z + 4z2))H(0, 1, y) + 72(�1 + y)4(�1 + z)4(�1 + y + z)2(y + z)6(2 + 64y3 � 2z

+ z
2 + 8y2(�9 + 5z) � 2y(�6 + 7z + 2z2))H(0, 1, z) � 72(�1 + y)4(�1 + z)4(�1 + y + z)(y + z)6(104y4 + 2(�1

+ z)3(�1 + 4z) + y
3(�245 + 148z) + 3y2(65 � 77z + 28z2) + 8y(�7 + 12z � 9z2 + 2z3))H(0, 2, y) + 72(�1

+ y)4(�1 + z)4(�1 + y + z)(y + z)6(56y4 � 3y2(�7 + 9z) + y
3(�91 + 60z) + y(20 � 36z + 27z2 � 12z3) + 3(�2

+ 4z � 3z2 + z
3))H(1, 0, y) + 72(�1 + y)4(�1 + z)4(�1 + y + z)(y + z)6(�2 + 32y4 + 4z � 3z2 + z

3 + y
3(�93

+ 68z) + 3y2(29 � 39z + 16z2) � y(24 � 36z + 15z2 + 4z3))H(1, 0, z) � 216(�1 + y)4y(�1 + z)4(�1 + y + z)(y

+ z)6(6 + 8y3 + 4z � 2z2 + y
2(�13 + 28z) + y(�1 � 27z + 4z2))H(1, 1, y) + 18(�1 + y)4(�1 + z)4(�1 + y + z)(y

+ z)6(�50 + 16y4 + 120z + 39z2 � 189z3 + 80z4 + y
3(�253 + 356z) + y

2(327 � 741z + 528z2) + y(�40 + 228z

� 549z2 + 356z3))H(1, 1, z) + 72(�1 + y)4(�1 + z)4(�1 + y + z)(y + z)6(2 + 24y4 � 4z + 3z2 � z
3 + 4y3(�7

+ 10z) � 6y2(2 + 3z + 2z2) + y(14 � 3z2 + 4z3))H(1, 2, y) � 288(�1 + y)4(�1 + z)4(�1 + y + z)(y + z)6(�1

+ 14y4 + 9z � 24z2 + 24z3 � 8z4 + y
3(�23 + 16z) � 3y2(�2 + z + 4z2) + y(4 � 18z + 36z2 � 20z3))H(2, 0, y)

+ 144(�1 + y)4(�1 + z)4(�1 + y + z)(y + z)6(4 + 32y4 � 38z + 87z2 � 77z3 + 24z4 + y
3(�75 + 68z) + 3y2(19

� 39z + 20z2) + y(�18 + 84z � 111z2 + 44z3))H(2, 1, y) � 18(�1 + y)4(�1 + z)4(�1 + y + z)(y + z)6(90 + 176y4

� 280z + 381z2 � 367z3 + 176z4 + y
3(�367 + 12z) � 3y2(�127 + 45z + 48z2) + y(�280 + 396z � 135z2

+ 12z3))H(2, 2, y) + 432(�1 + y)4(�1 + z)4(�1 + y + z)2(y + z)6(12y3 + y
2(�15 + 8z) + y(4 � 8z + 8z2) + z(4

� 15z + 12z2))H(3, 2, y)

).⇣
144(�1 + y)4y(�1 + z)4z(�1 + y + z)2(y + z)6

⌘
;

A(2)
6;CAnf

=

(
(�1 + y)(�1 + z)(y + z)(864y12

z + 7(�1 + z)4z5(2 � 2z + z
2) + y

11(7 � 3181z + 2877z2 + 3053z3 � 1028z4)

+ y(�1 + z)3z4(�70 + 138z + 447z2 � 697z3 � 589z4 + 864z5) � 2y10(21 � 1831z + 3460z2 + 8127z3 � 12227z4

+ 3314z5) + y
9(112 � 93z � 3293z2 + 54841z3 � 123339z4 + 85304z5 � 18716z6) + y

2(�1 + z)2z3(140 � 770z

� 1605z2 + 8180z3 � 8502z4 � 1166z5 + 2877z6) � y
8(168 + 2705z � 24018z2 + 117638z3 � 307100z4 + 350637z5

� 170234z6 + 30204z7) + y
7(147 + 1554z � 26467z2 + 142908z3 � 438373z4 + 710452z5 � 567495z6 + 212662z7

� 30204z8) + y
6(�70 + 177z + 10620z2 � 97217z3 + 373368z4 � 794957z5 + 925784z6 � 567495z7 + 170234z8 � 18716z9)
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+ y
3
z
2(140 + 376z � 7503z2 + 37294z3 � 97217z4 + 142908z5 � 117638z6 + 54841z7 � 16254z8 + 3053z9) + y

5(14

� 348z + 75z2 + 37294z3 � 197115z4 + 514818z5 � 794957z6 + 710452z7 � 350637z8 + 85304z9 � 6628z10) + y
4
z(70

� 1050z � 7503z2 + 62552z3 � 197115z4 + 373368z5 � 438373z6 + 307100z7 � 123339z8 + 24454z9 � 1028z10)) + 12(�1

+ y)4(y + z)6(72y5
z � (�1 + z)5(2 � 2z + z

2) + y
4
z(�171 + 177z � 8z2 + 2z3) + y

3(�1 + z)2(�1 + 150z � 33z2

+ 12z3) + 3y2(�1 + z)3(�1 + 25z � 33z2 + 22z3) + y(�1 + z)4(�4 + 30z � 81z2 + 64z3))H(0, y) + 27(�1 + y)4(�1

+ z)4z(�1 + y + z)(y + z)6(3 � 12z + 10z2 + y(�3 + 6z))H(0, y)2 + 27(�1 + y)4y(3 + 10y2 + 6y(�2 + z) � 3z)(�1

+ z)4(�1 + y + z)(y + z)6H(0, z)2 � 108(�1 + y)4(�1 + z)4(�1 + y + z)(y + z)6(10y3 + 6y2(�2 + z) + y(3 � 6z

+ 6z2) + z(3 � 12z + 10z2))H(1, z)2 + H(1, y)(12(�1 + y)4(�1 + z)4(y + z)6(22y4 + z(�1 + 3z) + 2y3(�29 + 8z)

� 3y(7 � 6z + 3z2) + 3y2(19 � 13z + 6z2)) � 72(�1 + y)4y(3 + 10y2 + 6y(�2 + z) � 3z)(�1 + z)4(�1 + y + z)(y

+ z)6H(1, z)) + 6(144y15
z � (�1 + z)5z6(�2 + 44z � 73z2 + 44z3) � 2y14(22 + 371z � 477z2 � 80z3 + 20z4)

+ y
13(293 + 1168z � 5070z2 + 2496z3 + 821z4 � 140z5) + y(�1 + z)4z5(�24 + 332z � 904z2 + 1005z3 � 360z4

� 166z5 + 144z6) + y
12(�849 + 873z + 9576z2 � 16678z3 + 5423z4 + 311z5 + 192z6) + 6y2(�1 + z)3z4(5 � 169z

+ 700z2 � 1162z3 + 833z4 + 15z5 � 368z6 + 159z7) + 2y11(696 � 3138z � 1425z2 + 18410z3 � 21716z4 + 10176z5

� 3835z6 + 976z7) + 2y10(�700 + 5626z � 9744z2 � 13652z3 + 51737z4 � 54675z5 + 33289z6 � 13437z7 + 2420z8)

+ 2y3(�1 + z)2z3(�168 + 1335z � 5622z2 + 12199z3 � 12840z4 + 3543z5 + 5796z6 � 5603z7 + 1408z8 + 80z9)

+ y
9(869 � 11156z + 40020z2 � 28260z3 � 100851z4 + 231456z5 � 227034z6 + 134608z7 � 45724z8 + 6360z9) + y

8(�313

+ 6709z � 39528z2 + 82844z3 � 7079z4 � 224019z5 + 385714z6 � 333886z7 + 169290z8 � 45724z9 + 4840z10) + 2y7(27

� 1188z + 11322z2 � 42860z3 + 61782z4 + 15764z5 � 162079z6 + 229116z7 � 166943z8 + 67304z9 � 13437z10 + 976z11)

+ y
5
z(�24 + 1104z � 16920z2 + 80478z3 � 172200z4 + 157568z5 + 31528z6 � 224019z7 + 231456z8 � 109350z9

+ 20352z10 + 311z11 � 140z12) + y
4
z
2(�30 + 3342z � 24582z2 + 80478z3 � 141088z4 + 123564z5 � 7079z6 � 100851z7

+ 103474z8 � 43432z9 + 5423z10 + 821z11 � 40z12) + 2y6(�1 + 214z � 3666z2 + 24778z3 � 70544z4 + 78784z5

+ 23768z6 � 162079z7 + 192857z8 � 113517z9 + 33289z10 � 3835z11 + 96z12))H(2, y) � 108(�1 + y)4(�1 + z)4(�1 + y

+ z)(y + z)6(10y3 + 6y2(�2 + z) + y(3 � 6z + 6z2) + z(3 � 12z + 10z2))H(2, y)2 + H(0, z)(12(�1 + z)4(y + z)6(2

� 4z + 3z2 � z
3 + y

7(�1 + 64z) + y
6(7 � 337z + 66z2) + y

5(�22 + 738z � 297z2 + 12z3) + y
3(�45 + 584z � 591z2

+ 228z3 � 8z4) + y
4(40 � 866z + 570z2 � 57z3 + 2z4) + y

2(31 � 225z + 333z2 � 334z3 + 177z4) + y(�12 + 46z

� 84z2 + 152z3 � 171z4 + 72z5)) � 72(�1 + y)4y(3 + 10y2 + 6y(�2 + z) � 3z)(�1 + z)4(�1 + y + z)(y + z)6H(1, y)

+ 72(�1 + y)4y(3 + 10y2 + 6y(�2 + z) � 3z)(�1 + z)4(�1 + y + z)(y + z)6H(2, y)) + H(1, z)(6(144y15
z + (�1

+ z)5z6(2 � 2z + z
2) � 2y14(22 + 371z � 477z2 � 80z3 + 20z4) + y

13(293 + 1168z � 5070z2 + 2496z3 + 821z4

� 140z5) + y(�1 + z)4z5(�24 + 78z � 16z2 � 225z3 + 400z4 � 342z5 + 144z6) + y
12(�843 + 831z + 9720z2

� 16954z3 + 5717z4 + 149z5 + 228z6) + 2y2(�1 + z)3z4(15 � 186z + 305z2 + 667z3 � 2514z4 + 3319z5 � 2176z6

+ 609z7) + 2y11(683 � 3014z � 1956z2 + 19678z3 � 23503z4 + 11652z5 � 4496z6 + 1100z7) + 2y10(�678 + 5313z

� 8022z2 � 18773z3 + 60879z4 � 64750z5 + 39999z6 � 15912z7 + 2808z8) � 2y3(�1 + z)2z3(168 � 900z + 2040z2

+ 85z3 � 10206z4 + 22176z5 � 23052z6 + 12257z7 � 2704z8 + 8z9) + y
9(833 � 10292z + 33702z2 � 4660z3 � 153421z4

+ 305336z5 � 293084z6 + 170960z7 � 56910z8 + 7824z9) + y
8(�299 + 6023z � 32496z2 + 49134z3 + 86751z4 � 389079z5

+ 574814z6 � 474284z7 + 234114z8 � 62510z9 + 6680z10) + 2y7(26 � 1040z + 8961z2 � 27672z3 + 8010z4 + 134028z5

� 332223z6 + 391604z7 � 268514z8 + 106908z9 � 22068z10 + 1764z11) + y
4
z
2(�30 + 2672z � 15902z2 + 33612z3

+ 1816z4 � 152124z5 + 346211z6 � 406001z7 + 279114z8 � 108142z9 + 19425z10 � 655z11 + 4z12) + y
5
z(�24 + 822z

� 11768z2 + 45164z3 � 41376z4 � 142688z5 + 485144z6 � 685563z7 + 546704z8 � 249740z9 + 58512z10 � 5199z11

+ 156z12) + 2y6(�1 + 187z � 2784z2 + 16395z3 � 31152z4 � 31320z5 + 222248z6 � 400783z7 + 385277z8 � 215282z9

+ 66695z10 � 9876z11 + 540z12)) + 72(�1 + y)4(�1 + z)4(�1 + y + z)(y + z)6(10y3 + 6y2(�2 + z) + y(3 � 6z + 6z2)

+ z(3 � 12z + 10z2))H(2, y)) � 54(�1 + y)4(�1 + z)4z(�1 + y + z)(y + z)6(3 � 12z + 10z2 + y(�3 + 6z))H(0, 0, y)

� 54(�1 + y)4y(3 + 10y2 + 6y(�2 + z) � 3z)(�1 + z)4(�1 + y + z)(y + z)6H(0, 0, z) + 72(�1 + y)4y(3 + 10y2

+ 6y(�2 + z) � 3z)(�1 + z)4(�1 + y + z)(y + z)6H(1, 0, z) + 72(�1 + y)4(�1 + z)4(�1 + y + z)(y + z)6(40y3

+ 24y2(�2 + z) + 3y(4 � 7z + 6z2) + 3z(3 � 12z + 10z2))H(1, 1, z) � 72(�1 + y)4y(3 + 10y2 + 6y(�2 + z)

� 3z)(�1 + z)4(�1 + y + z)(y + z)6H(1, 2, y) + 72(�1 + y)4(�1 + z)4z(�1 + y + z)(y + z)6(3 � 12z + 10z2 + y(�3

+ 6z))H(2, 0, y) + 288(�1 + y)4(�1 + z)4(�1 + y + z)(y + z)6(10y3 + 6y2(�2 + z) + y(3 � 6z + 6z2) + z(3 � 12z

+ 10z2))H(2, 2, y)

).⇣
144(�1 + y)4y(�1 + z)4z(�1 + y + z)(y + z)6

⌘
;

A(2)
6;CF nf

=

(
45(�1 + z)3z6(2 � 2z + z

2) + 3y11(15 � 6z � 39z2 + 28z3) � 3y(�1 + z)2z5(180 � 528z + 506z2 � 167z3

+ 6z4) + 3y10(�75 + 179z + 81z2 � 417z3 + 224z4) + y
9(495 � 2538z + 2541z2 + 3020z3 � 5974z4 + 2432z5)
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+ y
8(�585 + 5121z � 10623z2 + 3201z3 + 13112z4 � 15226z5 + 5024z6) � 3y2

z
4(450 � 2184z + 4776z2 � 5694z3

+ 3541z4 � 847z5 � 81z6 + 39z7) + 2y7(180 � 2613z + 8541z2 � 11754z3 + 2089z4 + 12163z5 � 11756z6 + 3180z7)

+ y
3
z
3(�1800 + 13656z � 34518z2 + 41110z3 � 23508z4 + 3201z5 + 3020z6 � 1251z7 + 84z8) + 2y4

z
2(�675 + 6828z

� 24831z2 + 39456z3 � 26784z4 + 2089z5 + 6556z6 � 2987z7 + 336z8) + 2y5
z(�270 + 3276z � 17259z2 + 39456z3

� 38370z4 + 7389z5 + 12163z6 � 7613z7 + 1216z8) + 2y6(�45 + 1332z � 7164z2 + 20555z3 � 26784z4 + 7389z5

+ 13973z6 � 11756z7 + 2512z8) � 12(�1 + y)2(�1 + 4y)(�1 + z)2(y + z)6(�2 + 2y3 + 4z � 3z2 + z
3 + y

2(�6 + 4z)

+ y(6 � 8z + 3z2))H(1, y) + 3(�1 + y)2(�1 + z)2(32y10 + y
9(�101 + 244z) + 3y8(37 � 241z + 280z2) � z

6(�2 + 4z

� 3z2 + z
3) + 2y7(�22 + 351z � 1125z2 + 856z3) + yz

5(�36 + 4z + 54z2 � 39z3 + 4z4) + 6y2
z
4(69 � 146z

+ 118z2 � 55z3 + 12z4) + 2y3
z
3(�348 � 98z + 825z2 � 659z3 + 200z4) + 6y5

z(�6 � 206z + 527z2 � 726z3

+ 332z4) + 2y4
z
2(207 � 198z + 1263z2 � 1518z3 + 572z4) + 2y6(1 � 98z + 1110z2 � 1987z3 + 1132z4))H(1, z)

+ 3(�1 + y)2(�1 + z)2(32y10 + 5y9(�21 + 52z) + 3y8(41 � 269z + 328z2) + 6y7(�10 + 145z � 469z2 + 384z3)

+ z
6(10 � 60z + 123z2 � 105z3 + 32z4) + 6y2

z
4(89 � 302z + 516z2 � 469z3 + 164z4) + yz

5(12 � 348z + 870z2

� 807z3 + 260z4) + 6y5
z(2 � 302z + 927z2 � 1400z3 + 724z4) + 2y3

z
3(�268 � 778z + 2781z2 � 2961z3 + 1152z4)

+ 2y4
z
2(267 � 778z + 3213z2 � 4200z3 + 1860z4) + 2y6(5 � 174z + 1548z2 � 2961z3 + 1860z4))H(2, y)

).⇣
36(�1

+ y)2y(�1 + z)2z(�1 + y + z)(y + z)6
⌘
.
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