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CHAPTER 14

CONCLUSIONS AND FUTURE OUTLOOK

In the thesis, three important aspects of Astroparticle Physics have been addressed, namely, particle

dark matter (DM) phenomenology, neutrino oscillation and primordial Gravitational Waves (GWs)

from first order electroweak phase transition.

The known luminous object in the Universe accounts for only about 4.9 % of the total mass-

energy budget of the Universe. The analysis of satellite borne PLANCK experiment on the anisotropy

of Cosmic Microwave Background Raditaion or CMBR suggests that the Universe ovewhelmingly

contains unknown DM and dark energy. The former one is an unseen unknown matter, whose only

definite evidence so far is due to their gravitational effects, makes up for around 26.8 % of the

Universe’s contents. The rest around 68.3 % is yet another unknown energy known as dark energy

thought to invoke a negative pressure opposite to gravity and cause the recent accelerated expansion

of the Universe. Although Standard Model (SM) of particle physics very satisfactorily explains the

known fundamental particles in nature with which the luminous matter of the Universe is made up

of, it cannot explain the particle nature of DM. SM cannot also explain the neutrino mass and hence

mass induced oscillation. Theories are proposed in the thesis for particle DM by simple extension

of SM, by a scalar, a pseudo scalar or a fermion or combinations of all. It is then shown in the
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thesis that such models can well explain some of the possible indirect DM signatures from different

astrophysical bodies such as Galactic Centre (GC), dwarf galaxies etc.

A two component DM model is proposed in the thesis where the SM is extended by a scalar,

a fermion and a pseudo scalar. The scalar and the fermion constitute each of the components of

this two component DM while the fermion component is of Weakly Interacting Massive Particle

or WIMP in nature, the other scalar component is the Feebly Interacting Massive Particle or FIMP.

The stability of the fermionic component is assured by imposing a global U(1)DM symmetry on this

fermion such that this Dirac fermion is a singlet under SM gauge group and it has a global U(1)DM

charge. On the other hand, a Z2 symmetry is imposed on the scalar component to ensure its stability.

It is shown in the thesis that, while the annihilation end product of the fermionic component can

explain the observed gamma-ray (γ-ray) excess from GC in the 1-3 GeV energy range, the other

scalar component accounts for the emission of 3.55 keV X-ray lines reported to have observed from

Persues and Andromeda galaxies. The FIMP component is also found to be useful in explaining

the self interaction of DM. The experimental bound for the cross-section of this self interaction is

σDM/m < 0.47 cm2/gm [217].

A two component DM model where both the components are scalars and FIMPs are also pro-

posed and explored in the thesis in order to explain the DM self interaction.

Dwarf satellite galaxies of Milky Way can be rich in DM. The Fermi-LAT satellite borne exper-

iment provided upper bounds of the γ-ray flux observed from dwarf satellite galaxies. Proposing

that the γ-rays from the dwarf galaxies are produced by the annihilations of DM present in the dwarf

galaxies, γ-rays from 45 dwarf galaxies are analysed in the thesis with two different particle DM

models. One is the WIMP-FImP model proposed in the thesis by simple extension of SM while the

other is Kaluza-Klein or KK DM in theories of extra dimension - a beyond SM theory. These two

DM candidates are also explored to explain the extragalactic γ-ray flux observed by Fermi-LAT.

It is seen that the γ-rays from annihilation of KK DM when added to other possible background

sources for γ-rays such as BL LAC objects, Gamma Ray Bursts (GRBs) etc. very well satisfy the
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Fermi-LAT data for extragalactic γ-rays.

It is also explored in the thesis, whether the decay of primordial superheavy dark matter (SHDM)

may produce the ultrahigh energy (UHE) neutrinos as a secondary product. Southpole based Ice-

Cube observatory reported UHE neutrinos in the energy range∼ 120 TeV to∼ 50 PeV from their 6

year data analysis known as HESE (High Energy Starting Event) data. From a through χ2 analysis

of HESE energy region of IceCube (∼ 105 GeV - ∼ 5 × 106 GeV), in the thesis a prediction is

made for the mass and lifetime of a primordial SHDM that can explain the HESE results of UHE

neutrino. It is found that the decay of a primordial SHDM mass ∼ 108 GeV with a lifetime ∼ 1028

sec, can explain the HESE results of UHE neutrinos. The SHDM undergoes cascading decay and

such decay process can proceed through two decay channels namely hadronic and leptonic. While

the former study was only assuming the hadronic decay cascade, the scope of the analysis has lat-

ter been broadened by including the leptonic channel as well. In addition, the energy range of the

analysis has been extended further in the lower energy regime to include the two IceCube data of

astrophysical origin. A combined analysis is then performed in the thesis including the astrophysi-

cal flux and the hadronic and leptonic decay channels of the SHDM of the 7.5 year IceCube HESE

data and the two astrophysical neutrino data. From this analysis, again the SHDM mass and decay

lifetime are obtained.

The possible existence of a sterile fourth neutrino in addition to the usual 3 active neutrino

flavours is a long standing issue. Although it is not conclusively confirmed but several terrestrial

neutrino detectors analyse their experimental data for neutrino ocillations assuming 4 neutrino (3

active + 1 sterile) oscillations and determined bounds on various 4 neutrino oscillation parameters.

In the thesis, this issue of sterile neutrino has been explored. Considering the UHE neutrinos from

distant GRB sources, the possible detection yields of the observed UHE signal at a km2 detector

such as IceCube have been computed in the thesis for both 3-flavour and 4-flavour scenarios. For

this case, a detailed formalism for 4-flavour mixing matrix and 4-flavour neutrino oscillations have

been worked out in the thesis. It is to be noted that due to astronomical distances between the Earth
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and the UHE neutrino sources, the oscillatory part of a neutrino oscillation probability equation is

averaged to 1
2 and a neutrino flavour would suffer flavour suppression instead of flavour oscillation

while traversing such astronomical baselines. To this end, a ratio of muon yields to shower yields

at the detector induced by such UHE neutrinos is defined for the purpose. It is seen that this ratio

grossly differs for the two cases of 3-flavour and 4-flavour oscillation formalisms. Thus, this ratio

for UHE neutrino events in a km2 detector could be a viable probe for the existence of sterile

neutrinos.

On September 22, 2017 the IceCube collaboration detected a cosmic neutrino event IceCube-

170922A of energy ∼ 290 TeV from the direction of the Blazar TXS 0506+056. The Fermi-

LAT collaboration also reported a state of enhanced γ-ray emission of the same Blazar around

that time. This revealations of multimessenger astronomy suggest a common high energy cosmic

source of neutrinos and γ-rays. In addition 13 neutrino events IceCube-141209A are also observed

by IceCube during 2014-2015 from the direction of the Blazars PKS 0502+049/TXS 0506+056 and

GB6 J1040+0617. All of them were found to be in the state of enhanced γ-ray emission during these

detections suggesting blazars to be a source of cosmic rays and their acceleration in blazar jets. The

UHE γ-rays and neutrinos can be produced either by the interaction of cosmic rays accelerated by

blazar jets with the surrounding photons or electromagnetic radiations (pγ interaction) or by the

interaction of blazar-accelerated cosmic rays with ambient matter (pure hadronic (pp) interactions).

In the thesis, a proton blazar model for the blazars has been explored to show that it not only can

explain consistently the spectral behaviour of the high energy bump of electromagnetic spectral

energy distribution (SED) but also the observed neutrinos from the three blazars mentioned above.

This model is more realistic than cloud-in-jet model.

The Standard Model (SM) of particle physics does not have scale invariance since most of the

SM particles are massive and scale invariance is manifestly broken by the masses of SM particles.

But the scale invariance may be restored at a much higher scale. But it had been observed by

Georgi that if an unseen scale invariant sector exists at low energy and interacts very weakly with
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SM particles then this non trivial scale invariant sector is characterised by “Unparticles". In this

theoretical set up, scale invariance sector sets in at an energy scale ΛU and the renormalizable

couplings of the fields of the scale invariant sector induce dimensional transmutation at ΛU and

the particles are described by massless unparticles. Below ΛU the scale invariant fields match

onto unparticle operators. The scale dimension dU of unparticles is a non-integral number. The

unparticle physics may lead to very unexpected phenomenologies. In the thesis, the consequences

of neutrino decay to unparticles has been explored in a 4 neutrino framework with UHE neutrinos

from distant GRB by explicitly writing the analytical expressions for the neutrino flux undergoing

such unparticle decay and then computing their possible signatures at a km2 detector. The effect of

unparticle coupling strength and the scaling dimension dU on the detector yield are also addressed.

A consequence of the principle of equivalence is that all the three types of neutrinos couple

with same strengthG with gravity. Although the equivalence principle is not reported to be violated

in nature but even a very weak violation of equivalence principle or VEP would result in differ-

ent coupling strengths with which different types of neutrinos interact with gravity. This in turn

would induce a phase difference between two types of neutrinos in a coherent neutrino beam while

traversing a distance in a gravitation field. In the event therefore, if the neutrinos in gravitational

basis are not identical to that in gravity basis, this results in flavour-gravity mixing of neutrinos in

addition to the mass-flavour mixing and would lead to gravity induced oscillations along with the

usual mass-flavour oscillations. In the thesis, a possibility is explored to probe a very tiny violation

of equivalence principle in case of a long baseline (LBL) neutrino experiment by considering a 4

neutrino framework. Since for an LBL neutrino experiment, the accelerator neutrinos (in a neutrino

factory) would travel through different layers of Earth matter before reaching a distant detector,

in the thesis, a rigorous analytical expressions for neutrino oscillation probabilities in matter are

derived where matter induced mass-flavour oscillations along with gravity induced oscillations are

considered in the same framework for 4-flavour neutrino scenario. This is accomplished in the the-

sis by explicitly diagonalising the relevant 4 × 4 matrices and elaborate computation of the same
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as the neutrinos propagate through different density layers within the Earth matter to reach the far

detector. Finally in the thesis, wrong sign (in appearence channel, where a νe oscillates to νµ) and

right sign (in disappearence channel, where the νµ flux is suppressed due to oscillation of νµ) muon

yields are computed at the far detector assumed to be at a baseline length of ∼ 7000 km from the

neutrino source. The detector is taken to be a 50 kTon iron calorimeter (ICAL) with magnetic field

applied across it so that the neutrino induced µ+ and µ− could be identified at the detector (and

hence the incident neutrino or an antineutrino could be differentiated). From this study, two impor-

tant observations have been made in the thesis. One is that the VEP effect on neutrino oscillations

is very prominent if violation is as small as ∼ 10−23 in comparison to no VEP case for both the

3-flavour and 4-flavour scenarios. The other is that the computed wrong sign muon yields for the 3-

flavour case are found to be remarkably suppressed than the same when computed for the 4-flavour

scenario for both VEP and no VEP considerations. These studies indicate that the LBL neutrinos

could not only offer viable mechanisms to probe very small VEP, if exists, but is suitable as well to

investigate the possible existence of sterile neutrinos.

The emissions of the Gravitational Waves (GWs) from a strong first-order electroweak phase

transition have been explored in the thesis. To this end, a dark matter model has been investigated in

Feebly Interacting Massive Particle (FIMP) scenario, where the dark matter particles are produced

through “freeze-in” mechanism in the early Universe. The first-order phase transition has been

studied within the framework of this present model. Both analytical and numerical computations

have been done to calculate the consequent production of GWs and then the detectabilities of such

GWs have been investigated at the future space-based detectors such as LISA, BBO, ALIA, DE-

CIGO, aLIGO and aLIGO+, etc. It is also observed that the smaller Higgs portal couplings plays a

signifant role in the relic density calculations for the considered two component FIMP dark matter

model whereas the dark matter self-couplings has a considerable influence on GW production in

the present scenario.

Future Outlook
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The topics of Astroparticle Physics that has been addressed in the thesis have very wide scope for

future expansion and studies. In the following, some of the future research topics are mentioned.

• An interesting FIMP scenario is the Clockwork FIMP scenario involving a number of Beyond

Standard Model Fields and their interactions through which FIMPs are produced. In one such

approach discussed in A. Goudelis et al., [600], the scalar FIMP DM has been considered to

have originated from the consideration of the spontaneous breakdown of a global symmetry

ΠN
i=0 ⊗ U(1)i at scales fis (for each U(1)i) where f = fi is assumed to be leading to the

gereration of N + 1 massless Goldstone bosons and this U(1)N+1 is further softly broken

giving rise to mass parameters. The resulting mass matrix, on diagonalisation produces a

tower of discrete levels of masses much like the Kaluza-Klein tower in extra-dimensional

theories, the lowest one of which is attributed to a FIMP candidate. The self interaction

of such a Clockwork FIMP candidate will also be addressed where in addition to 2 → 2

processes, 4→ 2 and 3→ 2 processes can also be investigated.

• It is also interesting to investigate the possibility of one of the three right handed (RH) neu-

trinos (singlets) introduced in see-saw mechanism to be a DM candidate. This RH neutrino

is almost decoupled from the Yukawa interaction term of the Lagrangian and is produced

by the freeze-in mechanism assisted by a thermalized scalar singlet having odd Z2 parity.

The Yukawa couplings of other two heavy neutrinos which are related to the light neutrino

masses and mixing also play a crucial role in the DM production. A successful hierarchical

leptogenesis will also be addressed while the Yukawa couplings are expressed in terms of the

low energy parameters via Casas-Ibarra parametrization.

• Primordial Black Holes (PBH) are believed to be formed during the radiation dominated era

due to the collapse of the overdensity region characterized by the size of the region which

should be greater than the Jeans length. The PBHs may account for DM or it may evaporate

DM along with other SM particles. The evaporation of Primordial Black Holes can inject
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more energy to the system. This may affect the 21 cm signal of hydrogen from the dark ages

of the Universe as well as the 21 cm signal from the epoch of reionisation (EoR). It will be

an important topic for further investigation.

• Fuzzy dark matter or FDM is considered to be composed of scalar particles with mass as

low as 10−22 eV. Therefore the de Broglie wavelength is of the order of astrophysical scales

(∼ kpc) and is hypothesised to address the cusp-core problem of DM density profile. The

FDM is well motivated by the ubiquitous presence of ultra-light scalars (such as axion like

particles) in beyond Standard Model theories. The implications of FDM as against the ususal

cold dark matter (CDM) can be investigated via the fluctuations in 21 cm signal of hydrogen

during the EoR along with the Lyman-α background as also from the dark ages. The future

data from upcoming radio telescope, the square kilometer array or SKA would help obtain

tighter bounds on FDM. These also is a topic for future exploration.

• The long baseline (LBL) accelerator neutrinos will be probed mainly with respect to DUNE,

NOνA and other LBL neutrino experiments and the questions such as CP violations in neu-

trino sector, the possibility of a fourth sterile neutrino, neutrino mixing angle and neutrino

mass hierarchy will be a study worth pursued in future. The origin of neutrino mass and its

possible DM origin is also be probed.

• When a discrete symmetry is spontaneously broken it leads to the formation of domain walls.

These are in fact topological defects. In general, the average number of domain walls per

Hubble horizon remains constant, which may lead to overclosure of the Universe due to

the slower decrease of their energy densities with respect to radiation or matter. Thus the

domain wall has to be unstable and should eventually break down. The domain wall could be

unstable if the discrete symmetry is approximate. The domain walls are annihilated when the

pressure on the walls induced by the energy bias between the true and false vacua superceeds

the tensions of the domain walls. The process of annihilations of such domain walls triggers
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Gravitational Wave emissions and these GWs retain in them the information of the physics

following which these were created. Thus, study of such domain wall induced relic GWs

may enable us to probe events in the early Universe and the ultraviolet physics as well.

The study of such GWs for several possible discrete symmetries in the early Universe era is

worth pursuing. Possible generations of baryon asymmetry from domain wall annihilations

may also be looked into.
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SUMMARY

The thesis explores three very important aspects of Astroparticle Physics namely particle

dark matter (DM) phenomenology, neutrinos and primordial Gravitational Waves (GWs)

from first order electroweak phase transition (FOEWPT). The known luminous matter in

the Universe accounts for only about a meagre 4.9 % of the total mass and energy con-

tent of the Universe. The presence of enormous unknown mass, known as DM, constitutes

about 26.8 % of the Universe’s content and its evidence is overwhelmingly gravitational (it

has perhaps very feeble interaction, if at all, with other known SM particles). The Standard

Model (SM) of particle physics cannot explain the particle nature of DM. In this thesis,

the particle nature of DM and its phenomenology are explored by proposing some particle

physics models of DM by extending the SM with scalars, fermions or both and also adopt-

ing the beyond Standard Model (BSM) theory of extra dimension. In the framework where

DM consists of two particle components instead of just one component, the thesis addresses

and explains various possible indirect signatures of DM from astrophysical sources such as

Galactic Centre (GC), dwarf galaxies etc. Simultaneously such models also explain the self

interaction of DM considering Feebly Interacting Massive Particles or FIMPs created in the

Universe by “freeze-in” mechanism in contrast to Weakly Interacting Massive Particles or
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WIMPs produced by “freeze-out” mechanism. In addition, gamma-ray (γ-ray) fluxes from

45 dwarf spheroidal galaxies (dSphs) of Milky Way are analysed by considering that these

γ-rays are produced by possible DM annihilation of dwarf galaxies. The DM can also in-

duce the electroweak phase transition (EWPT) to be of first order such that primordial GWs

can be emitted by bubble nucleation and tunneling during this phase transition. With a two

component particle DM model, in the thesis it is shown that the EWPT is of first order and

the frequency of such GW is estimated. Their detection possibilities are also addressed.

The thesis then probes the possible sterile neutrino signatures in case of ultrahigh energy

(UHE) neutrinos at a large Km2 detector such as IceCube. A blazar model is proposed in

the thesis which can beautifully explain the multimessenger signals of γ-ray (by Fermi-

LAT telescope) and high energy neutrinos from blazar TXS 0506+056 (at IceCube). Other

signals from PKS 0502+049 and GB6 J1040+0617 are computed and compared with ex-

perimental results. In addition, assuming the UHE neutrinos are produced from the cascade

decay of very heavy DM that could have been produced gravitationally by other quantum

effects during or just after (reheating) inflation, a detailed analysis of IceCube High En-

ergy Starting Event (HESE) data are performed to estimate mass and lifetime of such DM.

The neutrino oscillation physics is also an useful mechanism to address other exotic phe-

nomena such as possible violation of equivalence principle (VEP) that can induce neutrino

flavour oscillation. In nature, there are no such signatures that the equivalence principle in

Einstein’s theory of relativity is violated. It is demonstrated in the thesis that, even a very

tiny amount of VEP can be probed by gravity induced neutrino oscillations in long base-

line (LBL) experiments on Earth. In addition to this, the thesis also addresses the decay of

neutrinos to unparticles proposed by Georgi. Unparticles can be produced from the theory

of scale invariance and dimensional transmutation at lower energy.
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CHAPTER 1

INTRODUCTION

“The Universe is full of magical things

patiently waiting for our wits to grow sharper”

- EDEN PHILLPOTTS

The unfathomable mysteries that the Universe offers have always enchanted the human

race. The movements of heavenly bodies across the vault of the sky, the innumerable

twinkling stars and distant placid planets that adorn the night sky cast a spell of incanta-

tion on human mind and human intellect from time immemorial. Human wondered at the

layout of groups of stars in imaginative formation that appears to represent the impres-

sions of several earthlings. The visible cosmic events such as eclipses, the appearences of

comets or Supernovae events invoked within them a sense of awe and inspire their inquis-

itive faculties. The invention of the telescope by Galileo Galilei was a giant leap in this

direction and took the study of the heavenly bodies to a whole new level. The theoretical

development of Tycho Brahe and later Kepler’s law of planetary motion provided a fresh

perspective in understanding the dynamics of heavenly bodies. With the groundbreaking
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discovery of gravitation by Newton, the inverse square law of the force of gravity and more

importantly the introduction of the brilliant idea of “free fall” not only consolidated the

mathematical foundation but pave the way to more comprehensive understanding of the

observed behaviour of celestial objects. The deviation of known celestial body’s observed

motion from what was expected from such theories would then serve as an indicator of

the presence of the objects which are unknown to us and it calls for the modifications of

the formulated theories. Later with the advent of Einstein’s theory of relativity both “spe-

ical” and “general”, along with Hubble’s astounding discovery that the Universe is in fact

expanding, had ushered in a new perspective in the study of cosmos in general and the evo-

lution of the Universe in particular. Simultaneous advances in the physics of microscopic

world with the development in quantum mechanics, atomic and nuclear physics, particle

physics and gauge theory, GUT, electroweak and quantum chromodynamics (QCD) phase

transitions add much deeper insight to the evolution and symmetries of the Universe. This

lead to the advent of fundamental particles and fields as consequences of those symme-

tries and the breaking of those symmetries. For example, an electroweak phase transition

(EWPT) occured at the temperature ∼ 200 GeV of the Universe when SU(2)L × U(1)Y

electroweak gauge symmetry is broken resulting in the separation of electromagnetic (EM)

and weak forces and the presently known fundamental particles being massive is another

consequence. The SU(2)L × U(1)Y electroweak theory is a gauge theory of Standard

Model (SM) of particle physics, the most successful theory in explaining the behaviour of

fundamental particles (or bulding blocks) of nature and their interactions. If this EWPT

is of first order then Gravitational Waves (GWs) can be emitted during this phase transi-

tion. Also electroweak baryogenesis could be a possibility. A first order phase transition

(FOPT) is a violent phenomenon and is initiated by the bubble nucleation of a true vacuum

state whereby the bubbles undergo tension, collisions and eventual collapse producing GW.

2



The GW from a FOPT at the electroweak scale can be detectable by future space-based

detector such as the Laser Interferometer Space Antenna (LISA) GW detector and other

detectors. But within the framework of SM, EWPT is a smooth cross-over from one phase

to another. However, the electroweak theory, successfully represented by SM of particle

physics if minimally extended by, say a spinless scalar field then EWPT of the Universe

can be shown to be of first order. Also it renders a viable candidate of particle dark matter

(DM), an unknown particle that does not belong to the family of known fundamental par-

ticles described by the electroweak theory of SM of particle physics but is found by other

indirect evidences (mostly gravitational), to have constitute more than 80% of the matter

content of the Universe (whereas the known Universe with the known SM fundamental

particles account for a paltry ∼ 4.9% of the total Universe).

The known fundamental particles which are the basic building blocks of nature are very

well described by SM of particle physics. The theory of SM in fact is a theory that unifies

two different fundamental forces of nature namely weak interaction and EM interaction. It

is based on the group symmetry of some groups with which different interactions can be

represented. Thus the weak interaction is described in terms of SU(2)L group while the

EM interaction, by U(1)EM group. But the unified group structure of electroweak group

is SU(2)L × U(1)Y where L represents the left chirality and Y is called the hypercharge.

These group symmetries are also called gauge symmetries and SM of electroweak interac-

tion is a gauge theory of local invariance of SU(2)L × U(1)Y group. It encompasses the

fundamental particles which are fermions, the interacting bosons that mediated the weak

(W± and Z bosons) and EM interaction (γ). The fundamental particles also include a

scalar (spin 0) called Higgs boson. So long as electroweak symmetry (SU(2)L×U(1)Y ) is

in place, all the force carrier bosons namelyW±, Z and γ as also the fermions are massless.

But this symmetry is broken by the process called Higgs mechanism leading to unbroken
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U(1)EM group. This separates weak and EM interactions and the weak interaction car-

rier bosons become massive. The EM force carrier γ (photon) does not acquire any mass

as U(1)EM group remains unbroken. As a result of this spontaneous symmetry breaking

(SSB), the massless fundamental fermions also acquire masses by interactions with Higgs.

The fermion sector of SM contains three generations of quarks and leptons and their an-

tiparticles. Each generation consists of one up type and one down type quark. There are

thus three up type quarks and three down type quarks (three generations). The leptonic part

also contains three generations of particles. Each generation of flavour consists of charged

lepton and a neutral one. Thus electron and electron neutrino (e− and νe) constitute first

generation of flavour while muon, muon neutrino (µ, νν) and tau, tau neutrino (τ, ντ ) are re-

spectively the second and third generation of flavour. It is not clear why there are only three

generations of leptons or quarks in nature. It is also an enigma why a mass hierarchy exists

from one generation of flavour to the other although they follow the same symmetry group

(SU(2)). The weak interaction changes parity (where parity is an operator that inverts a 3-D

space through the origin) and weak interaction current contains only left handed particles.

The handedness is a property principally attributed to a particle depending on its momen-

tum and spin direction. For massive particles, the concept of chirality is used. Thus the left

handed components of each lepton generation form a doublet under weak interaction while

the right handed parts of the same leptons are singlets under weak interaction. The form of

the weak interaction is (V −A) type (Vector - Axial vector) and is parity violating. This in-

teraction when mediated by charged bosonsW±, is called charged current (CC) interaction

whereas for the weak interaction with neutral boson Z mediator is called neutral current

(NC) interaction. It is also an enigma that for neutrinos, only left handed neutrinos and

right handed antineutrinos are observed. The fermions are described by Dirac equation.

The Dirac equation has a kinetic term and a mass term for fermions. The Dirac mass term
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involves both left and right handed particle fields. The absence of right handed neutrino

therefore does not allow any neutrino mass term in the SM. But one adopts the presence of a

right handed neutrino to generate neutrino mass in theories such as See-Saw model (heavy

right handed neutrino) as also as a fourth generation sterile neutrino. But their existence

has so far not been established. Neutrinos (and antneutrinos) of different energy ranges can

originate from various sources, both natural and man made. The natural sources include

Sun (eV to MeV range), Supernovae (upto hundreds of MeV), atmosphere (hundreds of

MeV to few GeV), Ultrahigh energy (UHE) cosmic sources such as Active Galactic Nu-

clei (AGN), Blazars, Gamma Ray Bursts (GRBs) or possibly decay of superheavy dark

matter (SHDM) (hundreds of GeV to EeV range). The man made neutrino sources are re-

actor neutrinos (eV to MeV energy range), accelerator neutrinos (upto tens of GeV energy)

etc. Neutrino being a neutral particle could serve as a very useful signal for locating and

analyzing the properties of the cosmic sources of their origins as they propagate through

cosmos or other medium almost unperturbed by the influence of any possible magnetic or

electric field along their path of travel. Thus neutrinos are useful probe in studying as-

trophysical objects. Neutrinos exhibit an important property called “neutrino oscillation”.

A coherent neutrino beam of one flavour can change into a different flavour (for example

νe → νµ) after traversing a certain distance. The flavour oscillations exhibited by neutrinos

are caused by the mixing of neutrino flavour and mass eigenstates, which arises since the

weak interaction eigenstates or flavour eigenstates of neutrinos (|νe〉, |νµ〉, |ντ 〉) and their

mass eigenstates (|ν1〉, |ν2〉, |ν3〉) are not same. As a result of this, a flavour eigenstate can

be written in terms of the superposition of their mass eigenstates (|ν1〉, |ν2〉, |ν3〉 etc.) and

vice versa. Thus different flavour eigenstates are expressed as different mixtures of mass

eigenstates. As superposed mass eigenstates (constituting a flavour eigenstate) propagate

in vacuum or through a medium, different mass eigenstates in a flavour eigenstate evolve
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with different phases giving rise to a phase difference betwen any two mass eigenstates. As

a result, the propagating flavour eigenstate develops different mixtures of mass eigenstates

and thus the initial flavour eigenstate of the neutrino also suffers a change of flavour. This

phenomena will therefore cause depletion or increase of neutrinos of a particular flavour if

the neutrinos are allowed to traverse from the source to a distant detector. There are ample

evidences of neutrino oscillations for scalar, atmospheric and man made neutrinos from the

data of several neutrino oscillation experiments. The oscillation of neutrino is therefore a

consolidated evidence that neutrinos are massive, no matter how negligible the masses are

and therefore can be an useful window for physics beyond Standard Model (BSM). The

neutrino oscillation can also however be realised in principle by mixing of neutrino flavour

eigenstates with exotic neutrino eigenstates other than the mass eigenstates. The possibility

of such situations arises, if for example, equivalence principle is weakly violated. In such

a scenario three types of neutrinos would not couple to gravity with the same strength and

the gravity eigenstates will not be the same as flavour eigenstates. This gravity induced os-

cillation, if exists could also be possibly probed by oscillation experiments. Also if a fourth

generation sterile neutrino is envisaged which does not have any interaction except gravity,

then utilising the properties of neutrino oscillations, existence of such sterile neutrino can

also be addressed.

After years of observations and mathematical calculations, the scientists are of the opin-

ion that the beginning of the Universe is from an undefined point called a “singularity”

following a huge explosion termed as “Big Bang” around 13.8 billion years ago 1 and im-

mediately after, the Universe was being inflated at a super rapid pace. The expansion of

the Universe eventually slowed down heralding the end of this inflationary phase but the

1Although recent researches using loop quantum gravity replace the idea of Big Bang singularity by
the one in which the Universe emerged from a super compressed mass arising out of the contraction of the
Universe in its preceeding phase.
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Universe however, continues to expand. The very primordial Universe was filled with ra-

diation having temperature and energy of immensely high magnitude. In this respect this

can be mentioned that PLANCK set up “units for length, mass, time and temperature ...

which retain their meanings for all ...” and these are constructed by taking suitable ratios

of scientifically measurable fundamental constants of nature such as velocity of light c,

gravitational constant G, PLANCK constant h (or ~ = h
2π

), Boltzmann constant kB etc.

The time, length and energy obtained from such ratios (of suitable combinations of those

constants) are respectively ∼ 10−44 sec, ∼ 10−35 cm and ∼ 1019 GeV. These are called

PLANCK time, PLANCK length and PLANCK energy scales respectively. But these are

not smallest time scales or shortest length scales or highest energy scale. Only these are

the scales beyond which the known physics breaks down. With the eventual cooling down

of the Universe as its expansion progresses, different types of fundamental particles start

appearing as particle-antiparticle pair from the radiation and the four fundamental forces of

nature namely the gravitational force, the strong nuclear force, the weak force (that causes

the beta decay to happen) and the EM force as we know them at present, are manifested

as separate entities and not as a part of one unified force. It is not fully understood yet

how in the early Universe, a very tiny excess is generated in favour of the particles over

their antiparticles which transcends into the domination of particles over antiparticles; oth-

erwise both would have been perpetually created and annihilated in pairs and the creation

would not have been possible. In the early Universe, a certain type of particles may interact

with other type of particles, may coexist with radiation, undergo annihilations by colliding

with a particle of same kind or species and produce other particle species or these particles

may be recreated by the process of annihilation of particles of other species. A state of

equilibrium is maintained between the particles and the hot early Universe through these

processes. This equilibrium is known as “thermal equilibrium”. Since the Universe contin-
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ually expands and gains in size, the number densities of these particles also endure gradual

decline. But if the particles of a particular species are drifted away from each other, due

to the expansion of the Universe, at a rate faster than the rate at which they interact with

each other then they can never come together and interact. In such an event, these particles

float in the Universe as non-interacting relics being out of the thermal equilibrium of the

Universe’s plasma with its numbers “frozen”. Particles in the Universe can also be cre-

ated by the decay of heavier particle as also through the process of interaction with other

particles and their nature of interaction could be so feeble that they couldn’t attain thermal

equilibrium. The radiation photons and the particles coexist till the formation of neutral

atoms after a series of processes that include the binding of the quarks to form a proton

or neutron (hadronization), the process of nucleosynthesis whereby nuclei are formed by

the bindings of protons and neutrons etc. and finally the formation of neutral atoms, where

electrons are captured by the positively charged nucleus into their orbits. The era of forma-

tion of the neutral atom is called the era or epoch of recombination. Before recombination,

the electron density was so dense that photons suffer multiple scattering off the electrons

via Thomson scattering and photons were in thermal equilibrium with the contents of the

Universe. In this era therefore, the Universe was opaque. Thus photon spectrum is the one

of smooth black body spectrum. After recombination, as electrons are not available for

the photons to scatter with, the free photons stream out and propagate with the expansion

of the Universe retaining their expected black body spectrum. The wavelengths of these

photons are also stretched with the expansion of the Universe and at the present epoch, the

wavelengths of those primordial gamma photons are of microwave order as they form a mi-

crowave background in the cosmos known as Cosmic Microwave Background Radiation or

CMBR. Although the ionization energy of the hydrogen atom is 13.6 eV, the decoupling of

photon at the recombination epoch occurs at around a temperature (Tdec) of 0.3 eV or∼ 300
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K. This delay is due to the fact that the photons emitted following the capture of electrons

at the ground state of hydrogen further ionize newly recombined atoms. At a temperature

around 0.3 eV when almost all the electrons are captured by the positive nuclei, the ther-

mal photons decouple from the matter of the Universe and they free stream. Therefore, this

is the epoch when matter and radiation decouple. Before the photons decouple from the

matter, the Universe was an almost smooth primordial soup. This was not perfectly smooth

though and at certain regions it is slightly (may be a thousand of a percent) denser than the

rest. While gravity tends to push the matter together, the scattering of photons tends to push

them apart. In the process, the less dense region becomes denser while the denser region

gets thinner. This push and pull between the high and low density regions exhibit a sound

wave like oscillations in the medium and the signatures of this acquastic oscillations at the

time of decoupling remains frozen in CMBR. The photon that is emitted from such denser

region at the time of decoupling will have a slightly higher temperature than the photon

that is emitted from the less denser region. This induces tiny anisotropies over the average

smooth CMBR spectrum and on analysing these anisotropies in the CMBR background

the matter content of the Universe is estimated. Although the spectrum of the CMBR is

expected to be smooth and uniform (black body) irrespective of any directions in the sky,

any fluctuations in the spectrum would indicate the existence of overdense regions back in

time that could be the seed for the formation of different structures in the Universe like the

galaxy, galaxy clusters as we see today. These fluctuations would appear as different peaks

of different heights in the CMBR spectrum, indicating the magnitude of overdense regions.

A small fraction of CMB is polarized, meaning that it vibrates in a preferred direction. The

polarization is due to the last scattering of photon by an electron and this polarization is in

the direction of the motion of that electron. But substantial polarization of CMBR photons

demands an anisotropic distribution of photons that scatter off electrons on the last scat-
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tering surface. Since the couplings between the electrons and photons are strong before

the last scattering, these lead to an approximately isotropic distribution of photons before

the recombination. Therefore, the CMBR photons are only weakly polarized. This is due

to small but finite photon diffusion caused by small quadrupole moment. The so called

E mode polarization in CMBR is due to scalar perturbations (inhomogeneities) at linear

order. In this kind of polarization the inhomogeneities that give rise to such anisotropies

produce the polarization in the same direction as the wave propagates. Several satellite

borne observations of these fluctuations or anisotropies in CMBR (namely Wilkinson Mi-

crowave Anisotropy Probe (WMAP) and PLANCK) and rigorous analyses of data have

now established the presence of unknown matter or DM which are not made up of known

particles or matters in the Universe. Estimates of the energy-mass content of the Universe

from these observations also reveal that the matter content of the Universe is about 31.7%

out of which only about a paltry amount of 4.9% accounts for all the known particles and

matters with which this trillions of stars, galaxies and all other known entities are made

up of and these known matters are generally referred as “baryonic matter”. The rest about

26.8% of matter is completely of unknown nature with no interaction with photons (and

hence are not visible) and perhaps having no or very weak interactions with other particles

and this unknown matter is termed as DM. The remaining 68.3% is filled up with unknown

energy entitled as dark energy and is attributed to the recent speeding up of the expansion

rate of the Universe.

The existence of this unknown matter in galaxies, clusters of galaxies and beyond are

known even earlier. The fact that the estimation of mass based on the gravitational effect

always far supersedes the estimation of mass from the measurements based on the light

or EM radiation from the luminous objects indicates the presence of unseen matter. The

gravitational mass can be estimated by the motion or velocity of stars in a galaxy or in a
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galaxy cluster as they move in the gravitational potential of these objects. They are also

estimated by gravitational lensing effects whereby light from a background object bends

due to the gravity of a foreground object much the same way as an optical lens works and

this phenomenon produces distorted or multiple images of the background object. From

these measurements it is also established now that a galaxy or a galaxy cluster is embedded

in a huge halo of DM.

The particle constituents of DM cannot overwhelmingly be the known fundamental

particles since in that case they would have “seen” or detected by now. Since they are not

visible and hence has no EM interaction, they must be neutral particles and they should be

stable enough for not being decayed into known particles in which event too they would

have been detected by now. This is evident that the DM particles are not SM particles.

Neutrinos however could be a DM candidate among SM particles but their relic densities

are far low to account for the 26.8% of DM in the Universe. There could be other astro-

physical objects such as black holes, MACHOS (Massive Astrophysical Halo Objects) or

other baryonic DM but they are way off the total amount of DM present in the Universe.

Therefore for a viable DM particle theory one needs a BSM theory. A particle DM can-

didate can be theoretically proposed the framework of the established BSM theories such

as supersymmetry (SUSY), theory of extra dimension or little Higgs but the signatures of

none of these BSM theories have so far been established by Large Hadron Collider (LHC)

or other accelerator experiments. Viable particle DM candidates can also be proposed by

simple extension of the SM such as by extending the SM by a singlet or doublet or some

other particle. Then applying suitable symmetries, discrete or other, the stability of DM

candidate can be ensured by the Higgs portal models for particle DM.

Any attempt to detect the DM through their direct impact with a detection material did

not yield any positive results although there are continuing rigorous experimental endeav-
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ours such as LUX, XENON100, CDMS, CoGeNT, DAMA etc. But there are cosmological

observational results of γ-ray excess around an energy region of 1-3 GeV from Galactic

Centre (GC), an X-ray line of energy 3.55 keV from several galaxies including Andromeda

and other such excesses which cannot be explained by known astrophysical phenomena

and could well be indirect signatures for DM. As such DM being relic particles decoupled

from the soup of the Universe will not undergo pair annihilation but if they are trapped in

considerable numbers over a long period, inside a massive gravitating body such as GC

then they can again undergo pair annihilation process and produce the known particles like

γ-rays, fermion-antifermion pairs such as e+e−, pp̄, νν̄ etc. The γ-ray excess from GC

has been reported by Fermi-LAT, which is a ground based experiment and also by several

earthbound experiments namely HESS, MAGIC etc. could have DM origin. A substan-

tial searches are being taken into account for the detection of antiparticles in the Universe

at some satellite borne experiments like PAMELA, AMS etc. and these experiments de-

tect an excess of positrons at positron energy beyond 10 GeV and the ratio
(

e+

e+ + e−

)
of positrons to positrons + electrons appears at positron energy of around 350 GeV. Neu-

trino detectors auch as IceCube (a 1 Km2 detector within the South Pole ice in Antarctica

designed to detect neutrinos from very high energetic astrophysical sources like exploding

stars, GRBs, AGN etc.) and ANTARES (located under the Mediterranean sea) are meant to

observe the neutrino fluxes from the cosmic origin. Also recent observations on collisions

of several galaxy clusters where the luminous matter in those clusters suffers distortion and

offset while the surrounding halos of DM pass through almost unscathed, surprisingly re-

veal that the DM have “self interactions” which means they can scatter among themselves

and these observations produce an upper bound to these too. It appears that in order to

explain all these results, a single type of DM particle may not be suffice and one needs

perhaps a multicomponent DM. Therefore new theories are to be formulated to predict
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new particles which are not the known basic fundamental particles governed by the SM of

particle physics such as the charged particles like electrons, muons, tauons, the six types of

quarks etc.
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CHAPTER 2

STANDARD MODEL BASICS

The fundamental building blocks of nature known so far that constitute only about 4.9%

of the content of the Universe (also referred to as visible matter) consist of fermionic fun-

damental particles that include six types of quarks and six types of leptons, twelve vector

bosons (also known as gauge bosons) responsible for mediating the three fundamental in-

teractions of nature namely strong, weak and electromagnetic (EM) and a neutral scalar

boson with spin 0 namely Higgs boson. Out of the twelve gauge bosons, the gluons which

are eight of them and the photon, responsible for mediating strong and EM interactions

respectively are massless gauge bosons and do not carry any electric charge while the re-

maining three gauge bosons namely W± and Z are massive. While W is charged gauge

boson carrying both positive and negative electric charges, Z is neutral. These three bosons

get their masses by spontaneous breaking of electroweak symmetry (that unifies weak and

EM forces) via Higgs mechanism whereby weak and EM forces are separated in nature.

The Higgs boson however is responsible for the fermionic fundamental particles to ac-

quire their bare masses through the latter’s interaction with Higgs boson. The theory of
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Standard Model (SM) which is basically a perturbative field theory can well explain the

behaviour of the known fundamental particles although how one type of leptons namely

neutrinos get their masses, cannot be explained within the framework of SM of particle

physics. There are other drawbacks of SM though, such as it has no explanation regarding

the dark matter (DM) phenomena or the particle nature of DM, the problem of hierarchy of

mass in lepton and quark family, the naturalness problem etc. However, the theory of SM

has remained enormously successful in explaining most of the experimental results related

to particle physics to the level of high precision.

Any theory of elementary particles should be consistent with the principles of special rel-

ativity. The combinations of special relativity, quantum mechanics and electromagnetism

lead to the Dirac equations that describe the motion of the charged fermions. Dirac equation

correctly predicts the existence of antiparticle of same mass and spin but of opposite charge

for each massive charged fermion. One obtains quantum electrodynamics (QED) that ba-

sically describes the interactions of electrons with EM field, by quantizing the Dirac field.

The SM is a theory of interacting fields and is developed by the principles of mathematical

symmetries provided by the group theories. The connection between the symmetries and

particle physics can be envisaged by Noether’s theorem which states that for every contin-

uous symmetry there is a corresponding conservation law. Such symmetries and breaking

of symmetries are at the root of the theory of SM.

The SM is a theory of fields. This field theory is ‘local’, which means that there is no

action at a distance. This is very crucial for the theory of SM. Other than the scalar and the

vector fields there is a new kind of field called the spinor field which follows the solution

of the Dirac equation. The scalar field can be represented by the Klein-Gordan Lagrangian
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density

L =
1

2
[gµν∂µφ∂νφ−m2φ2] =

1

2
[∂µφ∂

µφ−m2φ2] . (2.1)

The field equation is obtained from Euler-Lagrange equation

∂L
∂φ
− ∂µ

(
∂L

∂(∂µφ)

)
= 0 (2.2)

as

(∂µ∂
µ +m2)φ = 0 . (2.3)

The general solution of the above equation is given as

φ(~r, t) =
1√
V

∑
K

(
aK√
2wK

ei(
~K·~r−wt) +

a∗K√
2wK

e−i(
~K·~r−wt)

)
, (2.4)

where V represents the volume and aK is the complex wave amplitude. The Lagrangian

density of the massive vector field can be written as

L = −1

4
FµνF

µν +
1

2
m2AµA

µ − jµAµ , (2.5)

where Fµν is the field tensor, Aµ represents the vector field and jµ is the current. The field

equation follows as

∂µF
µν +m2Aν = jν . (2.6)
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But since ∂ν∂µF µν = 0, one obtains

m2∂νA
ν = ∂νj

ν . (2.7)

The above equation (Eq. 2.7) is a consequence of the field equation 1. On solving the field

equation

∂2Aν

∂t2
−∇2Aν +m2Aν = 0 , (2.8)

a particle of massmwith a four component field is obtained out of which three components

are independent.

The spinors on the other hand follow from the solution of the Dirac equation as four

component Dirac field. They come as a pair of two component fields. In other words, two

component complex quantities, that transform under Lorentz transformation as

ψ′L(x′) =MψL(x) , ψ′R(x′) = NψR(x) , (2.9)

are called the left handed and right handed spinors repectively. In the aboveM and N are

two 2× 2 matrices with determinant 1, which follows the property

M†σ̃νM = Lνµσ̃
µ , (2.10)

N †σνN = Lνµσ
µ , (2.11)

where σ0 is a 2×2 unit matrix, σi(i = 1, 2, 3) are three Pauli matrices and σν = (σ0, σ1, σ2, σ3),

σ̃ν = (σ0,−σ1,−σ2,−σ3). The matricesM and N are related byM†N = N †M = 1.

1This implies that the field Aν is not independent in contrast to the Lorentz gauge condition ∂µAµ = 0
(gauge fixing condition).
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In the above Lνµ is a proper Lorentz transformation. The transformations in Eq. 2.9 en-

sure that the spinor field equations take the same form in every inertial frame. This four

component Dirac fields or Dirac spinors can also be combined in pairs. Such combi-

nations can give rise to scalars ((ψ†LψR + ψ†RψL), a Lorentz invariant quantity), pseudo

scalar ((ψ†LψR − ψ†RψL), Lorentz invariant but changes sign under space inversion), four

vector ((ψ†Lσ
µψL + ψ†Rσ

µψR), changes sign under space inversion) and axial four vec-

tor ((ψ†Lσ
µψL − ψ†Rσ

µψR), does not change sign under space inversion). In fact using

Dirac γ matrices one can construct sixteen set of linearly independent combinations for

Dirac spinors, which are ψ̄ψ (components-1, scalar), ψ̄γµψ (components-4, vector), ψ̄σµνψ

(components-6, tensor), ψ̄γ5ψ (components-1, pseudo scalar), ψ̄γ5γµψ (components-4, ax-

ial vector), where σµν =
i

2
(γµγν−γνγµ). Here ψ̄ = ψ†γ0 and γµ are the Dirac γ matrices.

The matrix γ5 is associated with the projection operators PL =
1− γ5

2
and PR =

1 + γ5

2

such that PLψ = ψL and PRψ = ψR (projects out left or right handed components of the

spinor ψ).

The SM can be attributed to a theory that provides a unified framework to describe three

of the fundamental forces of nature namely, EM, weak and strong forces. However, here we

will mainly restrict to the electroweak sector (unified EM and weak forces or interactions

(electroweak interaction)) of the SM and the separation of EM and weak forces following

the spontaneous breaking of electroweak symmetry by the process of Higgs mechanism.

The theory of unification of EM and weak forces are proposed by Sheldon Glashow [1],

Abdus Salam [2] and Steven Weinberg [3]. The Glashow-Weinberg-Salam (GWS) theory

of electroweak interaction of the SM is based on the local invariance of gauge symmetry

inspired by the symmetry of the group SU(2)L × U(1)Y . Here ‘L’ represents the left

chirality while ‘Y ’ denotes weak hypercharge. One recognises that the theory of QED is a

gauge theory based on U(1) group.
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Here we consider a manifestly covariant formulation of QED in Lagrangian density

approach. In electrodynamics the potential is given as Aµ = (φ, ~A). A Lorentz covariant

term with the covariant derivative operator ∂µ and Aµ can be obtained as Fµν = ∂µAν −

∂νAµ. The quantity Fµν is antisymmetric, i.e. Fµν = −Fνµ, which implies that F00 =

−F00. This means all the diagonal elements of Fµν tensor are zero. It can be easily checked

that F01 = Ex, F12 = −Bz etc. (Fµν contains only ~E and ~B). Therefore the EM interaction

Lagrangian is constructed by contracting F µν and Fµν as

LEM = −1

4
FµνF

µν , (2.12)

where −1

4
is an appropriate constant related to the units (L is scalar). Now the Dirac

Lagrangian (LDirac) is given by

LDirac = ψ̄(iγµ∂µ −m)ψ . (2.13)

One can easily identify that it has a global U(1) symmetry in the sense that under the trans-

formation ψ(x) → eiαψ(x) (α is independent of space time; global U(1) transformation)

the Dirac Lagrangian remains invariant. Hence there exists a conserved current given by

jµ = −eψ̄γµψ , (2.14)

where e is the electronic charge. The interaction Lagrangian for the EM field is therefore

Lint = −jµAµ . (2.15)

19



Thus the QED Lagrangian takes the form

L(ψ,A) = LEM + LDirac + Lint , (2.16)

= −1

4
FµνF

µν + ψ̄(iγµ∂µ −m)ψ − jµAµ . (2.17)

Substituting Eq. 2.14, Eq. 2.17 becomes

L(ψ,A) = −1

4
FµνF

µν + ψ̄(iγµ∂µ −m)ψ + eψ̄γµψAµ . (2.18)

Now instead of global U(1) transformation it will be worthwhile to see how the Dirac

Lagrangian and the EM Lagrangian behave under a local transformation given by ψ′(x)→

e−iα(x)ψ(x), where α(x) is now dependent on the space time coordinate x. It is evident

that the Dirac Lagrangian is not invariant under this U(1) phase transformation.

LDirac(ψ
′) = ψ̄′(iγµ∂µ −m)ψ′ ,

= ψ̄eiα(x)(iγµ∂µ −m)e−iα(x)ψ ,

= ψ̄(iγµ∂µ −m)ψ + ψ̄γµ(∂µα(x))ψ . (2.19)

Therefore the QED Lagrangian becomes

L(ψ′, A) = LDirac(ψ) + LEM(A) + eψ̄γµψ

(
Aµ +

1

e
∂µα(x)

)
. (2.20)

The transformation ψ′ → e−iα(x)ψ is not infact a gauge transformation, it is a U(1) phase

transformation. A gauge transformation is to be incorporated when we replace Aµ by

Aµ −
1

e
∂µα(x), to keep the local QED Lagrangian invariant under local U(1) phase and
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gauge transformation. After this gauge transformation,

L(ψ′, A′) = L(ψ,A) . (2.21)

Now the Dirac Lagrangian and the interaction Lagrangian are written in terms of covariant

derivative Dµ as

L(ψ,A) = ψ̄iγµ∂µψ + ψ̄eγµAµψ = ψ̄iγµDµψ . (2.22)

In the above, the structure of Dµ will be

Dµ = ∂µ − ieAµ (2.23)

for the electrons and correspondingly

Dµ = ∂µ + iQeAµ , (2.24)

where a field of charge Qe is considered. The purpose is to write the Dirac Lagrangian

with the EM interaction in manifestly covariant form. Therefore, under the local gauge

transformation ψ′ → e−iα(x)ψ,

Dµψ → D′µψ
′ = e−iα(x)Dµψ (2.25)

provided we have a gauge transformation of Aµ as

Aµ −→ A′µ = Aµ −
(

1

e

)
∂µα(x) . (2.26)

21



By this construction, ∂µα(x) term cancels and under the local phase transformation Dµψ

does not generate any terms involving any derivatives. From Eq. 2.23, one easily sees

that such a construction with gauge and phase invariance immediately gives rise to the

interaction term jµAµ. It can be easily noted that a Lie group transformation is given by

ψ → ei
~G·~αψ, where ~G are the generator of the group while ~α are the parameter of the

group transformation. In this case of U(1) group, eiα is a number, which may be associated

with 1 × 1 unitary matrix. Considering the transformation for the field of charge Qe, i.e.

ψ′ = eiQeα(x)ψ, one identifies that in this case the charge is the generator of U(1) group in

QED.

Now under the local gauge symmetry,Aµ is to be replaced byAµ−
1

e
∂µα(x). Therefore,

under the gauge transformation, the mass terms of the Lagrangian in Eq. 2.5 is reduced to

m2AµAµ → m2

(
Aµ − 1

e
∂µα

)(
Aµ −

1

e
∂µα

)
, (2.27)

which is not invariant as the extra terms related to ∂µα(x) do not cancel. Thus the gauge

particles are massless.

2.1 SU(2) Gauge Theory

The group SU(2) consists of a set of 2 × 2 unitary matrices, whose determinant is 1. Now

U(2) symmetry can be written as

U(2) = U(1)⊗ SU(2) . (2.28)

22



This can be seen in the following way. A unitary matrix U can be expressed as

U = exp(iH) , (2.29)

where H is a Hermitian matrix, H = H† and H has the same order as U . Now a 2 × 2

Hermitian matrix can be expressed as

H = θ1 + τaαa , (2.30)

where 1 is the 2× 2 unit matrix and τa(a = 1, 2, 3) are the three Pauli spin matrices. Thus

U = exp[i(θ1 + τaαa)] ,

= exp(iθ) exp(iτaαa) , (2.31)

where exp(iθ) corresponds to the global U(1) transformation of Dirac Lagrangian and has

been already explored. The matrix exp(iτaαa) has a determinant 1 and it belongs to the

group SU(2). The free Lagrangian L has a SU(2) global symmetry along with the U(1)

global symmetry.

Symmetry of 2 Dirac particles of same mass: Yang-Mills Theory

The Lagrangian of two Dirac particles of masses m1 and m2 respectively, is given by

L = ψ̄1(iγµ∂µ −m1)ψ1 + ψ̄2(iγµ∂µ −m2)ψ2 ,

=

(
ψ̄1 ψ̄2

)(iγµ∂µ)

 1 0

0 1

−
 m1 0

0 m2



 ψ1

ψ2

 . (2.32)
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This Lagrangian has a global U(2) symmetry only when m1 = m2 = m and we write the

Lagrangian in that case as

L =

(
ψ̄1 ψ̄2

)
(iγµ∂µ −m)

 ψ1

ψ2

 ,

= Ψ̄(iγµ∂µ −m)Ψ , (2.33)

where Ψ ≡

 ψ1

ψ2

 , Ψ̄ ≡
(
ψ̄1 ψ̄2

)
. As stated above this Lagrangian is symmetric

under the global U(2) transformation

Ψ→ Ψ′ = UΨ , (2.34)

where U is a 2 × 2 unitary matrix (UU † = U †U = 1). As U(2) = U(1) ⊗ SU(2), the

U(2) symmetry of the Lagrangian in Eq. 2.33 represents two fundamental symmetries of

the Lagrangian - one is the U(1) symmetry originating because of particular form of Dirac

Lagrangian of a single field and the other is the SU(2) symmetry owing to the fact that the

field content in the Lagrangian is of two Dirac fields of equal masses. The U(1) symmetry

has already been studied. Let us explore the physics arising out of the SU(2) symmetry

of the Lagrangian. For this we take the field transformation which keeps the Lagrangian

invariant as the following global SU(2) transformation

Ψ→ Ψ′ = SΨ , (2.35)
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where S is an element of the group of SU(2) matrices and therefore we can parameterize it

by

S = exp

(
i

3∑
a=1

αa
τa
2

)
, (2.36)

where α1, α2, α3 are independent parameters which are space-time independent as long

as the transformation considered is global and as we mentioned earlier τ1, τ2, τ3 are Pauli

matrices.

It is to be noted that the Lagrangian in Eq. 2.33 is not symmetric under the local SU(2)

gauge transformation i.e. when α’s and hence S becomes a function of space-time. For

this we check how the Lagrangian in Eq. 2.33 transforms under the following local SU(2)

transformation

Ψ→ Ψ′ = SΨ where S = exp

(
i

3∑
a=1

αa(x)
τa
2

)
. (2.37)

Transformation of Ψ̄(iγµ∂µ)Ψ and mΨ̄Ψ under the transformation Eq. 2.37

Ψ̄(iγµ∂µ)Ψ −→ Ψ̄′(iγµ∂µ)Ψ′ = Ψ̄S−1(iγµ∂µ)(SΨ) ,

= Ψ̄S−1iγµ(S(∂µΨ) + (∂µS)Ψ) ,

= Ψ̄S−1Siγµ∂µΨ + iΨ̄γµS−1(∂µS)Ψ ,

= Ψ̄(iγµ∂µ)Ψ + iΨ̄γµS−1(∂µS)Ψ . (2.38)
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mΨ̄Ψ −→ mΨ̄′Ψ′ = mΨ̄S−1SΨ ,

= mΨ̄Ψ . (2.39)

Therefore under local SU(2) transformation, the Lagrangian transforms as

L −→ L+ iΨ̄γµS−1(∂µS)Ψ = L+ iΨ̄γµ exp

(
3∑

a=1

−iαa
τa
2

)[
∂µ exp

(
3∑
b=1

iαb
τb
2

)]
Ψ .

(2.40)

We see that due to local SU(2) transformation of the fields, the original Lagrangian changes

by an amount which is a function of three mutually independent functions α1(x), α2(x),

α3(x). So in order to construct the local symmetric Lagrangian out of the original one,

we have to incorporate at least three independent fields with proper transformations such

that the symmetry breaking term in Eq. 2.40 is absorbed by the transformation of the

newly added term in the Lagrangian. The local gauge invariant Lagrangian is formulated

in the following way. A covariant derivative Dµ is to be obtained such that the Lagrangian

Lloc = Ψ̄(iγµDµ − m)Ψ is invariant under local transformation Ψ −→ SΨ. For this it

requires that DµΨ should transform the same way as Ψ transforms under Ψ −→ Ψ′ = SΨ,

(DµΨ) −→ (D′µΨ′) = S(DµΨ) . (2.41)

Now Dµ is to be written in the form Dµ = ∂µ + ()µ so that the quantity ()µ with a Lorentz

index µ should transform in a way so as to cancel the term iΨ̄γµS−1(∂µS)Ψ arising from

local phase transformation of the term Ψ̄iγµ∂µΨ. Therefore it should contain at least 3
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vector fields, say, W 1
µ ,W

2
µ ,W

3
µ . We then choose to write ()µ = ig

τa
2
W a
µ so that

Dµ ≡ ∂µ + ig
τa
2
W a
µ . (2.42)

Therefore (D′µΨ′) −→ S(DµΨ) requires

∂µ(SΨ) + ig
τa
2

(W a
µ )′(SΨ) = S(∂µΨ) + igS(

τa
2
W a
µΨ) ,

ig
τa
2

(W a
µ )′(SΨ) = igS

τa
2
W a
µΨ− (∂µS)Ψ ,

ig
τa
2

(W a
µ )′(SΨ) = igS

τa
2
W a
µS
−1(SΨ)− (∂µS)S−1(SΨ) ,

τa
2

(W a
µ )′ = S

(τa
2
W a
µ

)
S−1 +

i

g
(∂µS)S−1 ,(

~τ

2
·
−→
W ′
µ

)
= S

(
~τ

2
· −→Wµ

)
S−1 +

i

g
(∂µS)S−1 , (2.43)

where ~τ = (τ1, τ2, τ3);
−→
Wµ = (W 1

µ ,W
2
µ ,W

3
µ). Let us choose all of them to be infinitesimal.

Therefore

S = exp

(
i
~τ

2
· ~α
)
≈ 1 + i

~τ

2
· ~α , (2.44)

S−1 = exp

(
−i~τ

2
· ~α
)
≈ 1− i~τ

2
· ~α , (2.45)

(∂µS) ≈ i
~τ

2
· (∂µ~α) , (2.46)
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where ~α = (α1, α2, α3). Then using Eqs. 2.44 - 2.46 in Eq. 2.43 gives

(τ
2
·
−→
W ′
µ

)
≈

(
1 + i

~τ

2
· ~α
)(

~τ

2
· −→Wµ

)(
1− i~τ

2
· ~α
)

+
i

g
· i
[
~τ

2
· (∂µ~α)

](
1− i~τ

2
· ~α
)
,

≈
(
~τ

2
· −→Wµ

)
+ i

[(
~τ

2
· ~α
)
,

(
~τ

2
· −→Wµ

)]
−
− 1

g

~τ

2
· (∂µ~α) +O(α2) ,

≈
(
~τ

2
· −→Wµ

)
+ i

[(
~τ

2
· ~α
)
,

(
~τ

2
· −→Wµ

)]
−
− 1

g

~τ

2
· (∂µ~α) . (2.47)

The above commutation form can be achieved in the following way. We know for non-

Abelian Lie group, the generators follow the commutation relations

[
~τa
2
,
~τb
2

]
= ifabc

~τc
2

; (fabc = structure constants) . (2.48)

Now,

[(
~τ

2
· ~α
)
,

(
~τ

2
· −→Wµ

)]
−

=

[
~τb
2
αb,

~τc
2
W c
µ

]
−

(Einstein′s summation convension implied)

= αbW c
µ

[
~τb
2
,
~τc
2

]
−

(commutator is distributive)

= ifabcα
bW c

µ

~τa
2
, (2.49)
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where fabc is antisymmetric under interchange of any pair of indices. Therefore, using Eq.

2.49 in Eq. 2.47 gives

(
~τ

2
·
−→
W ′
µ

)
≈

(
~τ

2
· −→Wµ

)
+ i · ifabcαbW c

µ

τa
2
− 1

g

~τ

2
· (∂µ~α) ,

τa
2
W ′a
µ ≈ τa

2
W a
µ − fbcaαbW c

µ

τa
2
− 1

g

τa
2

(∂µα
a) ,

W ′a
µ ≈ W a

µ −
1

g
(∂µα

a)− fbcaαbW c
µ ,

W ′a
µ ≈ W a

µ −
1

g
(∂µα

a)− εabcαbW c
µ . (2.50)

Since fabc = fbca and we replace fabc by the Levicivita symbol εabc in the last step of Eq.

2.50. Therefore, the Lagrangian

Lloc = Ψ̄(iγµDµ −m)Ψ = Ψ̄
[
iγµ(∂µ + ig

τa
2
W a
µ )−m

]
Ψ

= Ψ̄(iγµ∂µ −m)Ψ− g(Ψ̄γµ
τa
2

Ψ)W a
µ (2.51)

is invariant under the local SU(2) gauge transformation

Ψ(x) −→ exp(i
τa
2
αa(x))Ψ(x) ≈ (1 + i

τa
2
αa(x))Ψ(x) , (2.52)

W ′a
µ −→ W a

µ −
1

g
(∂µα

a)− εabcαbW c
µ . (2.53)

Similar to the discussions for QED one may also add a term of the type W µνWµν but in

this case W µν is to be so constructed in terms of W µ such that the term W µνWµν remains

invariant under this (SU(2) gauge) transformation. In order to obtain an expression for

W µν that satisfies these criteria, the following procedure is adopted. Using the relation

( ~A× ~B)a = εabcA
bBc , (2.54)
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the expression for W ′a
µ in Eq. 2.53 is written as

−→
W ′
µ =

−→
Wµ −

1

g
(∂µ~α)− (~α×−→Wµ) (2.55)

(∂µ
−→
W ′
ν − ∂ν

−→
W ′
µ) = ∂µ

(−→
Wν −

1

g
(∂ν~α)− (~α×−→Wν)

)
−∂ν

(−→
Wµ −

1

g
(∂µ~α)− (~α×−→Wµ)

)
= (∂µ

−→
Wν − ∂ν

−→
Wµ)−

[
∂µ(~α×−→Wν)− ∂ν(~α×

−→
Wµ)

]
(2.56)

−→
W ′
µ ×
−→
W ′
ν =

(−→
Wµ −

1

g
(∂ν~α)− (~α×−→Wµ)

)
×
(−→
Wν −

1

g
(∂ν~α)− (~α×−→Wν)

)
= (
−→
Wµ ×

−→
Wν)−

1

g

[
(∂µ~α)×−→Wν +

−→
Wµ × (∂ν~α)

]
−
[−→
Wµ × (~α×−→Wν) + (~α×−→Wµ)×−→Wν

]
(2.57)

[
(∂µ
−→
W ′
ν − ∂ν

−→
W ′
µ)
]
− g(
−→
W ′
µ ×
−→
W ′
ν) =

[
(∂µ
−→
Wν − ∂ν

−→
Wµ)− g(

−→
Wµ ×

−→
Wν)

]
−
[
∂µ(~α×−→Wν)− ∂ν(~α×

−→
Wµ)

−(∂µ~α)×−→Wν −
−→
Wµ × (∂ν~α)

]
+g
[−→
Wµ × (~α×−→Wν) + (~α×−→Wµ)×−→Wν

]
=

[
(∂µ
−→
Wν − ∂ν

−→
Wµ)− g(

−→
Wµ ×

−→
Wν)

]
−~α× (∂µ

−→
Wν − ∂ν

−→
Wµ)

+g
[−→
Wµ × (~α×−→Wν) + (~α×−→Wµ)×−→Wν

]
.

(2.58)
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In evaluating the RHS of the above expression (Eq. 2.58), we need to use the Jacobi identity

which is derived as follow and the relation ( ~A× ~B)a = εabcA
bBc (Eq. 2.54)

[
τa
2
,
[τb

2
,
τc
2

]
−

]
−

+

[
τb
2
,
[τc

2
,
τa
2

]
−

]
−

+

[
τc
2
,
[τa

2
,
τb
2

]
−

]
−

= 0 , (2.59)[τa
2
, iεbcp

τp
2

]
−

+
[τb

2
, iεcap

τp
2

]
−

+
[τc

2
, iεabp

τp
2

]
−

= 0 ,

εbcp

[τa
2
,
τp
2

]
−

+ εcap

[τb
2
,
τp
2

]
−

+ εabp

[τc
2
,
τp
2

]
−

= 0 ,

εbcpiεapq
τq
2

+ εcapiεbpq
τq
2

+ εabpiεcpq
τq
2

= 0 ,

εbcpεapq + εcapεbpq + εabpεcpq = 0 , (2.60)

εbcpεpqa + εcapεpqb + εabpεpqc = 0 . (2.61)

Now

(
−→
Wµ × (~α×−→Wν))a = εaqpW

q
µ(~α×−→Wν)

p = εaqpW
q
ν εpbcα

bW c
µ =

εaqpεpbcα
bW q

µW
c
ν = −εbcpεpqaαbW q

µW
c
µ (2.62)

and

((~α×−→Wµ)×−→Wν)a = −(
−→
Wν × (~α×−→Wµ))a = −εacpW c

ν (~α×−→Wµ)p =

−εacpW c
ν εpbqα

bW q
µ = −εacpεpbqαbW q

µW
c
ν = −εcapεpqbαbW q

µW
c
ν . (2.63)

31



Therefore,

g
[−→
Wµ × (~α×−→Wν) + (~α×−→Wµ)×−→Wν

]
a

= −g(εbcpεpqa + εcapεpqb)α
bW q

µW
c
ν ,

= gεabpεpqcα
bW q

µW
c
ν , using Eq. 2.61

= gεabpα
b(εpqcW

q
µW

c
µ) ,

= gεabpα
b(
−→
Wµ ×

−→
Wν)

p ,

= g(~α× (
−→
Wµ ×

−→
Wν))a . (2.64)

In all the above equations, use has been made of the relation given in Eq. 2.54. So from

Eq. 2.58 we have

[
(∂µ
−→
W ′
ν − ∂ν

−→
W ′
µ

]
− g(
−→
W ′
µ ×
−→
W ′
ν) =

[
(∂µ
−→
Wν − ∂ν

−→
Wµ)− g(

−→
Wµ ×

−→
Wν)

]
−~α× (∂µ

−→
Wν − ∂ν

−→
Wµ) + g(~α× (

−→
Wµ ×

−→
Wν)) ,

=
[
(∂µ
−→
Wν − ∂ν

−→
Wµ)− g(

−→
Wµ ×

−→
Wν)

]
−~α×

[
(∂µ
−→
Wν − ∂ν

−→
Wµ)− g(

−→
Wµ ×

−→
Wν)

]
.

(2.65)

Identifying

−−→
Wµν =

[
(∂µ
−→
Wν − ∂ν

−→
Wµ)− g(

−→
Wµ ×

−→
Wν)

]
, (2.66)

i.e.

W a
µν =

[
(∂µ
−→
Wν − ∂ν

−→
Wµ)− gεabcW b

µW
c
ν

]
. (2.67)
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We see from Eq. 2.65 that

−−→
W ′
µν =

−−→
Wµν − ~α×

−−→
Wµν . (2.68)

Now

−−−→
W ′µν ·

−−→
W ′
µν = (

−−→
W µν − ~α×−−→W µν) · (−−→Wµν − ~α×

−−→
Wµν) ,

=
−−→
W µν · −−→Wµν −

−−→
W µν · (~α×−−→Wµν)− (~α×−−→W µν) · −−→Wµν ,

=
−−→
W µν · −−→Wµν . (2.69)

Eq. 2.69 is achieved by identifying
−−→
W µν · (~α × −−→Wµν) = −(~α × −−→W µν) · −−→Wµν . This can be

shown in the following way

−−→
W µν · (~α×−−→Wµν) = W µν

a (~α×−−→Wµν)
a = W µν

a εabcα
bW c

µν = εabcα
bW µν

a W c
µν =

−εcbaαbW µν
a W c

µν = (−εabcαbW µν
c )W a

µν = −(~α×−−→W µν) · −−→Wµν .

(2.70)

Therefore
−−→
W µν · −−→Wµν remains invariant under the transformation (Eq. 2.53) and in Eqs.

2.66, 2.67, one expresses Wµν in terms of Wµ. Therefore we can now construct the locally

invariant Lagrangian as

Lloc = Ψ̄(iγµ∂µ −m)Ψ− g
(
ψ̄γµ

τa
2

Ψ
)
W a
µ −

1

4
W a
µνW

µν
a ,

= Ψ̄(iγµ∂µ −m)Ψ− g
(
ψ̄γµ

τa
2

Ψ
)
W a
µ −

1

4

[
(∂µW

a
ν − ∂νW a

µ )− gεabcW b
µW

c
ν

]
[(∂µW ν

a − ∂νW µ
a )− gεabcW µ

b W
ν
c ] . (2.71)
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This Lagrangian is symmetric under the folowing local transformations

Ψ̄(x) −→ exp
(
i
τa
2
αa(x)

)
Ψ(x) ≈

(
1 + i

τa
2
αa(x)

)
Ψ(x) , (2.72)

W a
µ −→ W a

µ −
1

g
(∂µα

a)− εabcαbW c
µ . (2.73)

This Lagrangian describes two equal mass Dirac fields in interaction with three massless

vector gauge fields which have self interaction between themselves. The origin of this self

interaction lies in the non-Abelian nature of the symmetry group (SU(2)). Note that the

gauge fields are massless because of non-occurrence of terms quadratic in the gauge field.

This is a consequence of local SU(2) invariance of the original Dirac Lagrangian of two

massless fields. The Dirac fields in this case generate three currents

jµa = gΨ̄γµ
τa
2

Ψ , (2.74)

which act as sources of gauge fields. The gauge Lagrangian is given by

Lgauge = −g
(

Ψ̄γµ
τa
2

Ψ
)
W a
µ −

1

4
W a
µνW

µν
a ,

= −jµaW a
µ −

1

4
W a
µνW

µν
a . (2.75)

The implementations of the principle of local gauge invariance may be complicated at two

points

1. the local transformation rule for gauge fields,

2. the expression for W µν
a in terms of W µ

a .
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Both complications originate from the fact that the symmetry group SU(2) is non-Abelian

in nature (U(1) is Abelian) so that

WµνW
µν = [(∂µWν − ∂νWµ)− gεabcWµWν)] [(∂µW ν − ∂νW µ)− gεabcW µW ν ] .

One can readily see that three and four gauge boson vertices appear for SU(2) gauge the-

ories. In fact this is a feature in all non-Abelian gauge theories. This may be considered

as a consequence of the fact that an invariant has to be obtained when the gauge fields

are contracted with generators in the covariant derivatives. This means that the field must

absorbs the term ∂µα. This process forms a non-trivial adjoint representation of the group

with α playing the key role. If an invariant is to be produced from such a contraction, the

gauge fields must form an adjoint representation of the group. Also since the group is non-

Abelian, the generators form a non-trivial representation of the group and the generators

do not commute. Therefore for non-Abelian gauge groups, (a) both the gauge fields and

the generators must form adjoint representations of the gauge group and this means the

gauge fields must possess group “charge”, (b) the gauge fields can have three gauge par-

ticle interaction vertices as well as four gauge particle interaction vertices. This may also

be seen that introduction of a mass term (m2−→Wµ ·
−→
W µ) destroys the local gauge symmetry.

Therefore, as for the Abelian U(1) case (photon), SU(2) gauge fields are also massless.

Yang-Mills theory in its original form turned out to be of little use. After all, it starts

from the premise that there exists two elementary spin
1

2
particles of equal masses, and

as far as we know there are no such pairs exist in nature. When non-Abelian gauge the-

ory finally came into its own, it was in the context of colour (SU(3)) symmetry in strong

interactions and weak isospin-hypercharge (SU(2) × U(1)) in the weak interactions.
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2.2 SU(2)L ×U(1)Y Electroweak Gauge Theory

The electroweak theory of Glashow-Weinberg-Salam, as stated earlier is based on the sym-

metry of the group SU(2)L × U(1)Y , where L represents the left handedness and Y repre-

sents the hypercharge which will be illustrated shortly.

Indications may be obtained from the earlier discussion that QED is intimately related

with the weak interaction. Similar to the QED interaction term which is jµAµ, the weak

interaction also can be described by jµweakWµ. The structure of the weak current arises from

the famous (V −A) coupling, which is a parity violating interaction since the relative signs

between V and A change under parity inversion. Here V and A represents vector (Ψ̄γµΨ)

and axial vector (Ψ̄γµγ5Ψ) respectively. Thus the structure jµweak can be written in the form

jµweak =
1

2
Ψ̄A(γµ − γµγ5)ΨB ,

= Ψ†APLγ
0γµPLΨB ,

= Ψ̄ALγ
µΨBL . (2.76)

Therefore SU(2) weak interaction is operating on left handed particles. The theory must

be explicitly mirror asymmetry. This asymmetry is realised by the fact that the left handed

components of the fermion i.e. ΨL =
1

2
(1 − γ5)Ψ form the weak isospin doublet of the

SU(2)L group. Thus the lepton sector are the three doublet families namely,

 νe

e−


L

,

 νµ

µ−


L

,

 ντ

τ−


L
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and for the quarks  u

d


L

,

 c

s


L

,

 t

b


L

,

while the right handed components are SU(2)L singlets (weak isospin singlets) given by

ΨR =
1

2
(1 + γ5)Ψ. These are

e−R, µ
−
R, τ

−
R , uR, cR, tR, dR, sR, bR.

Note that the neutrino singlets are absent. No right handed neutrinos are found in nature 2.

Since jµweak is of the form Ψ̄Aγ
µΨB, which is similar to the form of EM current, the

state A and state B with different values of electric charge can also interact mediated by

the SU(2) gauge field Wµ. Since charge has to be conserved, therefore Wµ should also

carry electric charge. The current jµweak can be operative between leptons as also in quarks.

In SU(2) gauge theory, there is one neutral gauge boson W3 appears in the covariant

derivative term as ig
τ3

2
W3 (=igI3W3, where I3 is the isospin component). Since the isospin

of a neutrino, I3 = ±1/2, W3 couples to neutrinos. But W3 cannot be photon since neu-

trinos are neutral particles. In this context, it may be mentioned that, the weak interaction

are of two types namely charged current (CC) and neutral current (NC) interactions. In

the CC interaction, which is mediated by the charged gauge bosons W±, fermion charge

is changed. The NC interaction is mediated by the neutral component of the gauge boson

where no charge exchanges take place. Therefore, a larger group is required to accommo-

date both weak and EM interactions in a single framework and this larger group is given

by SU(2)L× U(1). This group has two independent transformations namely the isorotation

and independent U(1) rotation. It is already mentioned that the (V −A) coupling is acting

2Therefore in GWS theory the neutrinos are massless.
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Particle Handedness I3 Y Q

νL Left 1
2
−1

2
0

νR Right 0 0 0

eL Left −1
2
−1

2
−1

eR Right 0 −1 −1

uL Left 1
2

1
6

2
3

uR Right 0 2
3

2
3

dL Left −1
2

1
6
−1

3

dR Right 0 −1
3
−1

3

Table 2.1: The first generation of the lepton sector in SM.

only for the left handed particle operator, hence the subscript L is introduced for SU(2).

Needless to mention that the EM interaction has no handedness. In this context, the electric

charge is redefined as

Q = I3 +
Y

2
, (2.77)

where I3 is the third component of the weak isospin and
Y

2
is the generator of U(1),

where Y is known as the weak hypercharge. Thus the resulting group should be given

by SU(2)L × U(1)Y , which is in fact the basis of electroweak theory where SU(2)L repre-

sents a group of weak isospin and U(1)Y represents a group of weak hypercharge. In Table

2.1 we furnish the values of the weak isospin (I3), weak hypercharge (Y ), electric charge

(Q) as well as the handedness of the first generation of the lepton sector in the SM.

Following our previous discussions, the covariant derivative of this gauge group is writ-
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ten as

Dµ = ∂µ − ig1
Y

2
Bµ − ig2

τa
2
W a
µ , (2.78)

where g1 and g2 are the respective couplings of U(1)Y and SU(2)L. The gauge field Bµ is

corresponding to the U(1)Y gauge group, while W a
µ is the gauge field as in the Yang-Mills

theory. The Lagrangian in the leptonic sector can be written as

Llepton =
3∑

α=1

[
Ψ̄α
Liγ

µDL
µΨα

L + Ψ̄α
Riγ

µDR
µΨα

R

]
, (2.79)

where

DL
µΨα

L =

(
∂µ − ig1

YL
2
Bµ − i

g2

2

3∑
a=1

τaW
a
µ

)
Ψα
L ,

DR
µΨα

R =

(
∂µ − ig1

YR
2
Bµ

)
Ψα
R . (2.80)

DL
µ andDR

µ are the covariant derivatives for the left and right chiral leptons, while α denotes

the generation index. Now considering the first generation of leptons

Ψ1
L =

 νe

e−


L

,Ψ1
R = eR
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we have

Llepton ⊃
(
ν̄L ē−L

)
γµi

(
∂µ − ig1

YL
2
Bµ − ig2

τa
2
W a
µ

) νL

e−L


+(e−R)γµi

(
∂µ − ig1

YR
2
Bµ

)
(e−R) , (2.81)

= iν̄Lγ
µ∂µνL + iē−Lγ

µ∂µe
−
L + g1

YL
2

( ν̄L ē−L

)
γµ

 νL

e−L


Bµ

+
g2

2

( ν̄L ē−L

)
γµ

 W 3
µ W 1

µ − iW 2
µ

W 1
µ + iW 2

µ −W 3
µ


 νL

e−L




+iē−Rγ
µ∂µe

−
R + g1

YR
2
ē−Rγ

µe−RBµ . (2.82)

Here we made use of the relation

~τ · −→Wµ = τ1W
1
µ + τ2W

2
µ + τ3W

3
µ ,

=

 0 1

1 0

W 1
µ +

 0 −i

i 0

W 2
µ +

 1 0

0 −1

W 3
µ ,

=

 W 3
µ W 1

µ − iW 2
µ

W 1
µ + iW 2

µ −W 3
µ

 . (2.83)

Now with W±
µ =

1√
2

(W 1
µ ± iW 2

µ), fourth term of Eq. 2.82 takes the form

g2

2

[
ν̄Lγ

µνLW
3
µ +
√

2ν̄Lγ
µeLW

−
µ +
√

2ē−Lγ
µνLW

+
µ − ē−Lγµe−LW 3

µ

]
.

In the Lagrangian Llepton, we have a neutrino current ν̄LγµνL associated with the neutral
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gauge fields given by

ν̄Lγ
µνL

(g1

2
YLBµ +

g2

2
W 3
µ

)
.

Since neutrino has no electric charge, the above interaction is not an EM interaction, but it

is a part of weak interaction. In fact it is a NC interaction, where the neutral gauge fields (or

a linear combination of them) couple to neutral neutrino current. This linear combination

of neutral gauge fields can be expressed as the gauge field Zµ as

Zµ ∝ (g1YLBµ + g2W
3
µ) , (2.84)

which under proper normalization takes the form

Zµ =
(−g1Bµ + g2W

3
µ)√

g2
1 + g2

2

, (using YL = −1) . (2.85)

As the sum of the squares of the coefficients is 1, Zµ can also be written as

Zµ = cos θWW
3
µ − sin θWBµ , (2.86)

where cos θW =
g2√
g2

1 + g2
2

and sin θW =
g1√
g2

1 + g2
2

. We also have another current namely

ēL
−γµe−L associated with Bµ and W 3

µ given as

ēL
−γµe−L

[g1

2
YLBµ −

g2

2
W 3
µ

]
.

This combination of the neutral gauge fields should correspond to the EM photon field

operator Aµ. Since Aµ cannot couple to neutrino current, it should be orthogonal to Zµ and
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Aµ is expressed as

Aµ = sin θWW
3
µ + cos θWBµ ,

=

(
g2Bµ + g1W

3
µ√

g2
1 + g2

2

)
, (2.87)

where θW is the Weinberg angle. Now exploring the coupling of the electron currents to

the gauge fields, we get

ēL
−γµe−L

(
−g1

2
Bµ −

g2

2
W 3
µ

)
+ (e−R)†γµeR(−g1Bµ) = ē−Lγ

µe−L

(
Aµ

−g1g2√
g2

1 + g2
2

+ Zµ
g2

1 − g2
2√

g2
1 + g2

2

)

+(e−R)†γµeR

(
Aµ

−g1g2√
g2

1 + g2
2

+ Zµ
g2

1√
g2

1 + g2
2

)
.

(2.88)

In the above equation, it is clear that both right handed and left handed electrons couple

to the EM field Aµ with equal strengths. Therefore, this effective EM coupling should be

equal to electronic charge e for the agreement with the experiments. Thus e =
g1g2√
g2

1 + g2
2

,

with the Weinberg angle θW given as (from the measurements) sin2 θW ≡ 0.2325, θW ≡

28◦. One readily sees that g1 ≈ 1.14e and g2 ≈ 2.07e. This seems to indicate that the weak

interaction is stronger than the EM interaction, which is not the case in reality 3. Also the

gauge theories with symmetries do not generate any masses for the gauge fields. But as the

interaction strength goes inversely as the mass of the gauge mediator of that interaction, we

certainly have the range of EM interaction is infinite since photons are massless. Therefore

the range of weak interaction will also be infinite, which is not at all the case in reality. In

3In the units of Heavyside-Lorentz, the electronic charge is defined as the fine structure constant α,

where α =
e2

4π~c
. In natural units α =

e2

4π
=

1

137
. In terms of these units, g1 and g2 are expressed as

α1 ≡
g2

1

4π
≈ 1

100
and α2 ≡

g2
2

4π
≈ 1

30
.
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fact the weak interaction is a very short range interaction indicating that the gauge particles

are massive. Thus SU(2)L × U(1)Y symmetry must be a broken symmetry.

The masses of the gauge bosons may be invoked by just adding a mass term in a La-

grangian. But that can upset the renormalizability of the theory. A non-renormalizable the-

ory makes no sense because this gives rise to infinities. The mechanism which can make

the SU(2)L × U(1)Y theory viable is known as spontaneous symmetry breaking (SSB).

The SSB is described as a mechanism when the ground state does not respect the original

symmetry. This phenomenon is used to give a mass to the gauge boson and this mecha-

nism is known as Higgs mechanism. Therefore, for a symmetry transformation of the type

exp(iαa
τa
2

), the ground state |0〉 will not remain invariant which implies

exp(iαa
τa
2

)|0〉 6= |0〉 ,

meaning that τa|0〉 6= 0. Thus for a SSB in case of this type of gauge transformation,

there has to be at least one generator τa, which does not annihilate the vaccum state of the

system.

Let us consider a complex scalar field φ. The Lagrangian for such a field can be written

as

L = (∂µφ)∗(∂µφ)− µ2φ∗φ− λ2(φ∗φ)2 , (2.89)

with λ >> 0, such that

V = µ2φ∗φ+ λ2(φ∗φ)2 , (2.90)
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V( )

v=- -
μ

λ

2

v=+ -
μ

λ

2

Figure 2.1: Variation of the potential V (φ) with the scalar field φ for µ2 > 0 (red dotted
line) and µ2 < 0 (blue solid line).

considering φ =
φ1 + iφ2√

2
, where φ1 and φ2 are real scalar fields, the potential V takes the

form

V =
1

2
µ2(φ2

1 + φ2
2) +

λ2

4
(φ2

1 + φ2
2)2 ,

=
1

2
µ2ζ2 +

λ2

4
ζ4 , (2.91)

where ζ2 = (φ2
1 +φ2

2). For the minima of the potential, we should have
∂V

∂φ1

= 0,
∂V

∂φ2

= 0,

i.e. (µ2 +λ2ζ2)φ1 = 0, (µ2 +λ2ζ2)φ2 = 0. Now one sees that for µ2 > 0, the minimum lies

at φ1 = φ2 = 0, but for µ2 < 0, the minimum occurs when ζ2 = −
(µ
λ

)2

. This means that

the set of potential satisfies φ2
1min + φ2

2min = −
(µ
λ

)2

for the potential to be realised. That

is to say the minima of the potential lies on a circle in the φ1 − φ2 plane. Obviously there

are infinite number of degenerate ground states forming the continuous circle in φ1 − φ2

plane. Now φ1 = φ2 = 0 does not correspond to the ground state or true minima. But

this does not break the symmetry of the Lagrangian. This can be seen in Fig. 2.1. With

v = ±
√
−
(µ
λ

)2

, where v is the expectation value of the field φ, the two minima of V (φ)

are at 〈φ〉 = ±v/
√

2. Fig. 2.1 shows the two cases µ2 > 0 and µ2 < 0. It has seen that for

µ2 < 0, one has more than one minima.
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Let us consider a simple Abelian U(1) complex scalar field (φ) satisfying the local

symmetry condition. The Lagrangian for such a complex scalar field, which is coupled to

itself and the EM field (Aµ) can be written as

L = −1

4
FµνF

νν +Dµφ
∗Dµφ− V (φ) , (2.92)

where Dµ is the covariant derivative and V (φ) is the scalar potential

V (φ) = µ2φ∗φ+ λ(φ∗φ)2 . (2.93)

Under the local U(1) transformation, φ(x) −→ e−iα(x)φ(x), Aµ(x) −→ Aµ(x)− 1
e
∂µα(x),

the Lagrangian is invariant.

For µ2 > 0, the Lagrangian (Eq. 2.92) behaves as the QED Lagrangian for a charged

scalar particle having mass µ and φ4 self-interactions. On the other hand, the field φ(x)

will acquire a vacuum expectation value (VEV) for µ2 < 0 and the minimum of V (φ) will

be obtained at

〈φ〉0 ≡ 〈0|φ|0〉 =

(
−µ

2

2λ

)1/2

≡ v√
2
. (2.94)

The complex scalar field (φ) around the vacuum state (〈φ〉) can be expanded as

φ(x) =
1√
2

[v + φ1(x) + iφ2(x)] . (2.95)

Therefore, using Eq. 2.95 and Dµ = ∂µ − ieAµ, the Lagrangian in Eq. 2.92 can be written
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as

L = −1

4
FµνF

νν + (∂µ + ieAµ)φ∗(∂µ − ieAµ)φ− µ2φ∗φ+ λ(φ∗φ)2 ,

= −1

4
FµνF

νν +
1

2
(∂µφ1)2 +

1

2
(∂µφ2)2 − v2λφ2

1 +
1

2
e2v2AµA

µ − evAµ∂µφ2 .

(2.96)

We can make three remarks in this present scenario:

1. The Lagrangian (Eq. 2.96) contains a photon mass term: 1
2
M2

AAµA
µ where MA =

ev = −eµ2/λ.

2. A sclar particle φ1 having mass M2
φ1

= −2µ2 still appears.

3. Apparently, there is a massless particle φ2 and that is a would-be Nambu-Goldstone

boson.

We still have a problem which is needed to be addressed. Initially there are four degrees of

freedom in the theory - two for φ (the complex scalar field) and two for Aµ (the massless

EM field). But now we are seemingly dealing with five degrees of freedom including one

for φ1, one for φ2 and three for the massive photon Aµ. Therefore at the end a non physical

field appears and indeed a bilinear term is there in the Lagrangian (Eq. 2.96), which is

required to be eliminated. For this purpose, we have noticed that at first order the complex

field φ can be written as

φ(x) =
1√
2

[v + φ1(x) + iφ2(x)] ≡ 1√
2

[v + η(x)]eiζ(x)/v . (2.97)

By considering the freedom of gauge transformations as well as by performing the substi-
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tution

Aµ −→ Aµ −
1

ev
∂µζ(x) (2.98)

we can neglect all ζ terms such as Aµ∂µζ term from the above Lagrangian (Eq. 2.96).

Therefore, this choice of gauge for which the non physical particles are disappeared from

the Lagrangian i.e. the Lagrangian contains only the physical particles, is named as the

unitary gauge. Thus, the would-be Nambu-Goldstone boson (having one degree of free-

dom) has been absorbed by the photon (having two degrees of freedom) and it turns to be

massive with three degrees of freedom. The U(1) gauge symmetry is no longer valid and

we can phrase it as the U(1) gauge symmetry is spontaneously broken. This is called the

Higgs mechanism [4] and depending on this mechanism the masses for the gauge bosons

can be generated.

In the non-Abelian case of the SM, the masses of the three gauge bosons (W± and Z)

are needed to be generated but the same for photon should remain zero and QED must

satisfy an exact symmetry. Therefore, a least three degrees of freedom are required for the

scalar fields. For a SU(2) complex scalar doublet H , the Lagrangian is written as

LHiggs = (DµH)†(DµH)− V (H) , (2.99)

where V (H) is the potential term 4

V (H) = µ2(H†H) + λ2(H†H)2 . (2.100)

4Note that higher order terms in H†H cannot be present because that will break the renormalizability of
the theory.
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The doublet Higgs is represented as

H =

 H+

H0

 , YH = +1 . (2.101)

where H+ and H0 are two complex scalar fields having electric charges 1 and 0 respec-

tively. 5 For µ2 < 0, H0 (the neutral component of H) will acquire a vacuum expecta-

tion value [the charged components of H (H+) will not develop any VEV and as a result

5Writing H0 =
h′ + iG√

2
, the doublet H takes the form

H =

 H+

h′ + iG√
2

 ,

where h′ and G are two real scalars. The covariant derivative Dµ in the Lagrangian LHiggs (Eq. 2.99) is
given as

DµH =

(
∂µ − ig1

Y

2
Bµ − i

g2

2

3∑
a=1

τaW
a
µ

)
H . (2.102)

The above equation can also be written with H =

(
H+

H0

)
as

DµH =

[
∂µ −

i

2

(
g2W

3
µ + g1Bµ

√
2g2W

+
µ√

2g2W
−
µ −g2W

3
µ + g1Bµ

)](
H+

H0

)
. (2.103)

As discussed earlier, one can show that for µ2 < 0, 〈H〉 = 0, does not represent a true minima of V (H). But
instead we have two minima 〈H〉 = ±v/

√
2. Since both the minima are equally probable, the system can

choose any of them. But once it is chosen, the symmetry is broken. Note that this choice does not affect the
original gauge symmetry of the Lagrangian since both the ground states do not possess gauge symmetry.

Now let us consider the preferred ground state to be 〈H〉 = v/
√

2. Redefining h′ as h′ = h+ v, we get

H =

 H+

h+ v + iG√
2

 . (2.104)

Here v is the VEV of the field h′ and h,G are the two real scalar fields.
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U(1)QED is preserved].

〈H〉0 ≡ 〈0|H|0〉 =

 0

v√
2

 with v =

(
−µ

2

λ

)1/2

. (2.105)

The doublet Higgs field H can be expressed in terms of four fields θ1,2,3(x) and h(x) at

first order as

H(x) =

 θ2 + iθ1

v + h√
2
− iθ3

 = eiθa(x)τa(x)/v

 0

v + h(x)√
2

 . (2.106)

We can move this field H(x) to the unitary gauge by making a gauge transformation as

H(x) −→ e−iθa(x)τa(x)H(x) =
1√
2

 0

v + h(x)

 . (2.107)

Now the mass term of the physical Higgs field is obtained as

m2
h = µ2 + 3λv2 . (2.108)

Using v =

√
−
(µ
λ

)2

, we get m2
h = 2λv2. 6

Since the gauge bosons also have to be massive through some gauge invariant way,

this should be realised by the spontaneous breaking of SU(2)L×U(1)Y symmetry through

Higgs mechanism, whereby a non zero VEV is developed for the Higgs doublet H . Here it

is to be mentioned that the Higgs doublet H after SSB

H =

 H+

h+ v + iG√
2


 reduces

6Therefore after SSB, one obtains two massless Nambu-Goldstone bosons (H+ and G) and one massive
physical Higgs boson (h).
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to H =

 0

h+ v√
2

 since the massless Goldstone bosons H+ and G disappear (see later).

Now replacing H =

 0

h+ v√
2

 in Eq. 2.99 and after a simple algebra, one obtains

LHiggs ⊃
1

4
g2

2v
2W+

µ W
−
µ +

1

8
v2(−g2W

3
µ + g1Bµ)(−g2W

3µ + g1Bµ) . (2.109)

It can be readily seen that the first term is the mass term of the charged gauge bosons W±.

Therefore the mass of W± is

MW =
1

2
g2v . (2.110)

The remaining part can be written in terms of a mass matrix W 3
µ and Bµ as

1

8
v2(−g2W

3
µ + g1Bµ)(−g2W

3µ + g1Bµ) =
1

2
ATM2

W 3BA , (2.111)

where the mass squared mixing matrixM2
W 3B is given by

M2
W 3B =

1

4
v2

 g2
2 −g1g2

−g1g2 g2
1

 and A =

 W 3
µ

Bµ

 . (2.112)

The eigenstates ofM2
W 3B (symmetric matrix) can be obtained by diagonalizing this matrix

using an orthogonal transformation

 Zµ

Aµ

 =

 cos θW − sin θW

sin θW cos θW


 W 3

µ

Bµ

 . (2.113)
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The masses of Zµ is obtained as

Mz =
1

2

(√
g2

1 + g2
2

)
v =

MW

cos θW

(2.114)

and for Aµ the mass is zero. So Aµ remains massless after the SSB. This has to be the

case because the determinant of the mass squared mixing matrix is zero and one of the

eigenvalues must vanish. As Aµ remains massless, the symmetry corresponds to this, i.e.

U(1) should remain unbroken after the SSB. Note that Aµ arises out of the mixture of W 3
µ

and Bµ associated with SU(2)L and U(1)Y respectively, but the U(1) group corresponding

to Aµ which remains unbroken is not U(1)Y . Now it is demonstrated that this Aµ is indeed

a photon and therefore this U(1) (associated with Aµ) corresponds to the U(1) group of

electromagnetism and therefore U(1) ≡ U(1)EM.

The ratio of masses of charged gauge bosons (W±) and neutral gauge boson (Z) of SU(2)L×

U(1)Y interaction is known as the ρ-parameter, which is defined as

ρ =
MW

MZ cos θW

. (2.115)

In the case of electroweak interaction with MZ =
MW

cos θW

(using Eq. 2.114), one can find

that ρ = 1.

The disappearence of the Goldstone bosons namely H+, G (see footnote earlier) from

the electroweak theory is closely connected to the appearence of mass terms for the gauge

fields. Massless vector boson (photon of the electroweak interaction) has solely two trans-

verse modes of polarization (i.e. transverse to the direction of its three momentum). The

longitudinal mode of the polarization vector is forbidden by the unbroken gauge symmetry

as it is related to the massless gauge field. If the gauge symmetry associated with the gauge
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boson breaks spontaneously, then that boson becomes massive. Therefore for a spin-1 mas-

sive particles we have longitudinal mode of polarization in addition to the two transverse

states of polarization. Before symmetry breaking there are four massless gauge fields and

two complex scalar fields. Therefore, in the unbroken Lagrangian the total number of inde-

pendent degrees of freedom is twelve. Three out of four gauge fields acquire masses after

symmetry breaking while the rest remains massless. Similarly, the scalar sector contains

one massive real scalar field as well as two massless Goldstone bosons (one charged scalar

H+ and one neutral scalar G). Therefore, after symmetry breaking there are total 15 inde-

pendent degrees of freedom. But this can be unfeasible since the total number of degrees of

freedom in a system cannot be changed by the phenomena of symmetry breaking. There-

fore the Goldstone bosons 7 should disappear from the system to obtain a physically viable

situation. Metaphorically, one can say that the three gauge bosons (W±, Z) have “eaten

up” the Goldstone bosons (H+, G) to get their masses.

The Higgs couplings to fermions, gauge bosons (massive) and the Higgs self-couplings

in the SM are given in Fig. 2.2, where the couplings are expressed in terms of both v (VEV)

and Gµ (Fermi constant).

2.2.1 Gauge Fixing

It has been seen in the discussions for Abelian gauge theory that a new massless field Aµ

identified as photon field has to be introduced to maintain the U(1) symmetry. This field

Aµ which maintains the gauge invariance has four real components. But a physical photon

has two polarisation states. In order to take into account this property of the observable

7The contribution of the Goldstone bosons (H+, G) to the total number independent degrees of freedom
is three.
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Figure 2.2: The Higgs couplings to fermions, gauge bosons and the Higgs self-couplings.

different from what has been considered for the gauge symmetry, it appears to break this

symmetry. In fact the problem arises when attempts are made to quantise this photon field

or photon propagator calculations. This problem is circumvented by introducing a gauge

fixing term in the Lagrangian so that the gauge symmetry is maintained in the observable.

In fact, the fixing of gauge is performed to make a calculation.

Let us now consider the QED Lagrangian. The part, quadratic in photon field is

−14F µν = −12Aµ(−gµν∂σ∂σ + ∂µ∂ν)A
ν . In momentum space this part of the action

is written as

S =

∫
d4p

1

2
Aµ(−p)(−gµνp2 + pµpν)A

ν(p) . (2.116)
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Now inverse does not exist for the operator −gµνp2 + pµpν
8. Therefore the photon propa-

gator cannot be written. In order to circumvent this problem such that a photon propagator

can be obtained for computation of physical quantities, a gauge fixing term of the form

− 1
2(1−ξ)(∂µA

µ)(∂νA
ν) is added to the Lagrangian density where ξ can have arbitrary val-

ues. This added term however is not arbitrary since we have the condition ∂µA
µ = 0.

From the classical consideration, although this gauge fixing term is zero but quantum me-

chanically it helps in physical calculations. But the physical amplitude of any process is

independent of ξ.

The action mentioned above can now be written as S =
∫
d4p1

2
Ãµ(−p)(−gµνp2 −

ξ
1−ξpµpν)Ã

ν(p). It can be seen that the photon propagator takes the form

− i
(
gµν − ξ

pµpν
p2

)
1

p2
. (2.117)

The choice of ξ is completely arbitrary. Since the final result does not depend on the value

of the parameter ξ, let us choose ξ = 0. In that case the proton prapagator takes the form

−igµν
p2 . This choice of parameter ξ is known as ,t Hooft-Feynman gauge.

For the case of symmetry broken Lagrangian (Higgs mechanism), considering the term

of the form [5]

1

2
(Dµv)† (∂µ(H + iζ)) +

1

2
(∂µ(H + iζ))† + (Dµv) ,

where Dµv = ieAµv and then the above term is

−1

2
ievAµ (∂µ(H + iζ)) + h.c. = MAAµ∂

µζ ,

8(−gµνp2 + pµpν)pν = 0. Therefore, the eigenvector of this operator is pν with zero eigenvalue.
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with MA = ev, the mass of the vector field (Lagrangian density L = (Dµφ)†(Dµφ) −

V (φ) − 1
4
FµνF

µν , Fµν is the field-strength tensor for gauge field Aµ). Now, this poses

a problem since being a quadratic term this can be a part of free Lagrangian but then it

is not clear whose free Lagrangian, Aµ or ζ , this term is relevant for. Adding a gauge

fixing term of the form LGF = − 1
2ζ

(∂µAµ − ξMAζ)2, where ξ is a parameter (gauge

parameter) similar what to discussed above (physical amplitude does not depend on ξ and

this parameter can take any arbitrary value (,t Hooft-Fynman gauge)) to the Lagrangian

density (mentioned above), the quadratic term in question takes the formMA∂
µ(Aµξ). This

being a total derivative is inconsequential and thus using the gauge fixing term, the problem

of the quadratic term of different fields as mentioned above is addressed effectively.

The Lagrangian for the scalar field ζ can be written as

Lζ =
1

2
(∂µζ)(∂µζ)− 1

2
ξM2

Aξ
2

and the propagator for the scalar field as

i

p2 − ξM2
A

.

Unitary Gauge

The parameter ξ is now chosen in the limit ξ → ∞. In this limit, the propagator for

ξ is zero which signifies that for a process or a Feynman diagram with propagatar ξ, the

amplitude is zero. This is unitary gauge. The implication of this can be understood if a

scalar field written in the form φ(x) = 1
2
(v + H(x) + iξ(x)), after spontaneous symmetry
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breaking (H(x) and ξ(x) have zero VEV), is represented as

φ(x) =
1√
2

(v +H(x)) exp(
iξ(x)

v
) .

Now changing the phase of φ(x) by exp(−iξ(x)/v) (local symmetry transformation), the

physics of the theory will not change but φ(x) can be written as

φ(x) =
1√
2

(v +H(x)) .

With this φ(x), the Lagrangian will not involve any term with ξ. For global symmetry

however, this ξ field would be a Goldstone boson.

Therefore, the gauge fixing term is essential to derive the propagator of the gauge boson

and thereby to perform calculations for physical processes. For this purpose, we have to

add the term −1
2
(∂µAaµ)2 to the Lagrangian density in the case of Feynman gauge and

the propagator in momentum space takes a form −igµν
p2 . This gauge fixing term is also

needed to perform higher order loop calculations in the case of non-Abelian gauge theories,

although one unfortunate complication arises here.

It is seen that the extra loop diagrams at higher orders emerge when we go through

the formalism of gauge fixing in details. Some additional particles are involved in these

diagrams, which are equivalent to interacting scalar particles and these are referred as

“Faddeev-Popov ghosts”. Such a ghost field appears for each gauge field. We cannot

interpret this particles as physical scalar particles, but these particles can be observed ex-

perimentally as a part of the gauge-fixing programme. This is the reason for which these

particles are named as “ghosts”. They have two anomalies, which are following:

1. These ghost particles only appear inside loops instead of occuring in intial or final
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states as they are not really physical particles. The sole purpose of introducing these

particles to wash out a difficulty, which is arised through the gauge-fixing mecha-

nism.

2. They behave similarly to fermions although their spins are zero (scalars). This indi-

cates that in any Feynman diagram we have to consider a minus sign for each loop

of Faddeev-Popov ghosts.

2.2.2 Fermion masses

From Dirac Lagrangian LDirac = Ψ̄(iγµ∂µ −m)Ψ, the mass term can be obtained as

Lmass = −mΨ̄Ψ ,

= −m(Ψ̄LΨR + Ψ̄RΨL) . (2.118)

One notices that, the transformation properties of left chiral and right chiral projections

of leptons are different. Also within the gauge group of SM, the left chiral fermions are

doublets and the right chiral ones are singlets. Therefore, the Ψ̄LΨR and its Hermitian con-

jugate Ψ̄RΨL are not invariant under SU(2)L×U(1)Y . In order to generate fermionic mass

within the framework of the invariance of SM gauge group, the Yukawa type interaction is

invoked to connect the left chiral and right chiral projections and the Higgs. The interaction

Lagrangian for the first generation of leptons is given by

LYukawa = gΨ

[
Ψ̄1
LHΨ1

R + Ψ̄1
RH

†Ψ1
L

]
, (2.119)
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where gΨ is the Yukawa coupling. After SSB of SU(2)L × U(1)Y symmetry, one obtains

H =

 0

h+ v√
2

 .

Now since ēL is a doublet

 νe

e


L

therefore we get

(
ν̄L ēL

)
1√
2

 0

v + h(x)

 eR =
1√
2
ēL(v + h)eR . (2.120)

Similarly doing the same thing for the second term of Eq. 2.119, one obtains

LYukawa = ge

[
v√
2

[ēLeR + ēReL] +
h√
2

[ēLeR + ēReL]

]
, (2.121)

where we consider gΨ ≡ ge for the first generation of leptons. Now comparing with the

Dirac mass term m(Ψ̄LΨR + Ψ̄RΨL), one sees that mass of the electron is

me =
gev√

2
. (2.122)

Therefore, the Higgs electron coupling strength ge is given by

ge√
2

=
me

v
. (2.123)
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Thus LYukawa now can be written as

LYukawa = meēe+
me

v
ēeh . (2.124)

Quark masses

Similar to the lepton masses the quark masses also can be generated using the same scalar

field H . The SU(2)L × U(1)Y Lagrangian for any fermion generation is given by

LF = −λeēLHeR − λdQ̄LHdR − λuQ̄LH̃uR + h.c. , (2.125)

where Q represents quark doublet of first generation


 u

d


L

. Note that the isodublet

H̃ = iτ2H
∗, which has hypercharge Y = −1 9. This has to be introduced to make the

above Yukawa Lagrangian, SU(2)L × U(1)Y invariant. With this now we obtain

mu =
λuv√

2
, md =

λdv√
2
.

Notice that the quark doublets taking part in the weak interaction (weak current operator)

are not the same as those appear in a definite generation having a definite mass. This

problem has been addressed by the generation mixing in the quark sector and this is the

mixed generation that appears in the weak current operator for the quarks. For example, the

strangeness-changing decays could be understood if the doublet partners of u, i.e. down

quark d is in fact the mixture of strange quark (s) and the down quark member of the

definite generation

 u

d

. Thus the down quark dc is expressed as the mixed state of the

9In order to generate the up quark mass, one has to invoke that H̃ = iτ2H
∗, which is an SU(2) invariant.

Therefore, the Yukawa Lagrangian for up quark is Lu = −λuQ̄LH̃uR + h.c..
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d quark and strange quark s

dc = d cos θc + s sin θc , (2.126)

where s is the strange quark, θc is the Cabibbo angle. The doublet corresponding to the

weak current is  u

dc

 =

 u

d cos θc + s sin θc

 . (2.127)

This indeed changes the coupling strength of the u − d −W vertex, where d ≡ d cos θc.

This is known as flavour mixing. For the above example of d and s quark, this mixing is

given by

 dc

sc

 =

 cos θc sin θc

− sin θc cos θc


 d

s

 . (2.128)

In case of three generation, the mixing matrix will be a (3 × 3) matrix known as Cabibbo-

Kobayashi-Maskawa (CKM) mixing matrix [6–8] 10.

2.3 Drawbacks of Standard Model

Inspite of the phenomenal success of SM, it suffers from some serious drawbacks. First of

all, SM has nineteen unknown parameters. The values of the masses of the fermions cannot

be obtained from the SM. In the following, we briefly discuss the drawbacks of SM.

10It is to be noted that in all experiments the individual lepton numbers are found to be conserved. The
conservation of lepton numbers are not related to any gauge theory, but because of this conservation, there
can be no generation mixing in the weak leptonic current.
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Figure 2.3: The contribution of fermion antifermion to the self energy of the Higgs Boson
in SM.

Naturalness

One glaring drawback of SM manifests itself as the problem of naturalness. This arises

when the quantum corrections of Higgs boson mass is calculated. This can be obtained by

the fermion loop shown in Fig. 2.3. The correction from this loop is given by

πfφφ(0) = −N(f)

∫
d4k

(2π)4
Tr

[(
i
λf√

2

)
i

k/ −mf

(
i
λf√

2

)
i

k/ −mf

]
,

= −2N(f)λ2
f

∫
d4k

(2π)4

k2 +m2
f

(k2 −m2
f )

2
, (2.129)

where φ ∼ (h− v)√
2

and λf is the hff̄ coupling. Integrating in the momentum space upto

a cut off scale Λ, the correction term is obtained as

δM2
h = −

λ2
f

8π2
Λ2 + ... , (2.130)

i.e. the Higgs boson mass is quadratically divergent on the high scale cut off Λ. In contrast,

the fermionic mass correction is logarithmically divergent and the correction is proportional

to fermionic mass mf . This can be seen by calculating fermion self energy in one loop as

shown in Fig. 2.4. In this case, the correction is obtained by calculating this loop as
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Figure 2.4: The electron self energy in QED.

πee(0) =

∫
d4k

(2π)4
(−ieγµ)

i

k/ −me

(−ieγν)
−igµν
k2

,

= −4e2me

∫
d4k

(2π)4

1

k2(k2 −m2
e)
. (2.131)

The above integral has a logarithmic divergence in the Ultraviolet (UV) limit and the cor-

rection in mass term can be written as

δme ' 2
αEM

π
melog

mPL

me

' 0.24me . (2.132)

Even if we consider the cutoff scale Λ is the largest scale in particle physics, i.e. the

PLANCK scale, one sees that the correction is proportional to me. But if me → 0,

the correction vanishes. This has implications with the chiral symmetry rotation Ψe →

exp(iγ5θ)Ψe, which is an exact symmetry if me = 0. But the Yukawa coupling slightly

breaks the chiral symmetry and we obtain δme 6= 0. One can say that the fermion mass is

chirally protected. But we have seen it is not the case for Higgs which suffers a quadratic

divergence in higher order corrections and SM has no remedy for this. This problem is

known as the problem of naturalness.

Triviality

The necessity of “triviality bound” for any particular model can be ensured by one of the

conditions that the quartic coupling constant of such model should not be pushed to an

infinite value up to the ultraviolet cut-off scale (Λ) of the model by the evolution of the
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renormalization group. For this purpose, there is a requirement that the Landau pole of the

Higgs boson should be larger than the energy scale Λ.

The triviality bounds (theoretical bounds) on the Higgs boson mass can be obtained by

taking into account the variation of the Higgs boson quartic coupling with the energy scale.

Let us have a look into the scalar sector of the SM.

V (φ) = µ2|φ†φ|+ λ2(φ†φ)2 . (2.133)

In the above equation, λ is the quartic coupling, which can be expressed in terms of the

Higgs mass (mh) and VEV (v) as

λ =
m2
h

2v2
. (2.134)

The quartic Higgs coupling λ varies with the effective energy scale Q due to the self-

interactions of the scalar field φ.

dλ(Q2)

dt
=

3

4π2
λ2(Q2) + higher orders ... , (2.135)

where t = log(Q2/Q2
0) and Q0 indicates some referenece energy scale, which is chosen in

such a way that it is similar to the electroweak symmetry breaking, Q0 = v. The solution

of Eq. 2.135 at one-loop can be written as

λ(Q2) = λ(v2)

[
1− 3

4π2
λ(v2) log

Q2

v2

]−1

. (2.136)

It is reflected from Eq. 2.136 that, the quartic coupling changes logarithmically with Q2.

If Q2 << v2, then λ(Q2) tends to zero (λ(Q2) −→ λ(v2)/ log(α) −→ 0+). It depicts
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that the theory is trivial since λ is zero.

Alternatively, when Q2 >> v2 the quartic coupling grows and it eventually becomes

infinite, λ(Q2) ∼ λ(v2)/(1− 1) >> 1. The point or the energy scale at which the quartic

coupling becomes infinite, is called the Landau pole.

At a high scale Λ(Q = Λ), the quartic coupling can be finite, if it satisfies

1

λ(Λ)
> 0 . (2.137)

Following this condition (Eq. 2.137) we can give a bound on Higgs mass

m2
h <

8πv2

3 log(Λ2/v2)
. (2.138)

According to the general triviality argument [9, 10], we can state that the scalar sector of

the SM is φ4 theory and this theory can maintain its perturbativity at all energy scales if

the value of the quartic coupling is zero (λ = 0), which indicates that the theory is non

interacting (Higgs boson is massless). However, one can understand this argument in a

different manner. If the energy scale Λ is associated with the grand unified scales (Λ is

large, Λ ∼ 1016 GeV), then from Eq. 2.138 we can obtain mh < 160 GeV. Eq. 2.138

implies that if the SM is valid upto 1016 GeV, then the Higgs mass should be less than

160 GeV. On the other hand, if Λ becomes small, then the Higgs boson mass can be rather

enlarged. For instance if Λ ∼ 103 GeV, then mh ∼ 1 TeV.

Dark Matter (DM)

In the framework of SM, there are no particles that can account for the total content of the

DM in the Universe. The particle nature of DM is still unknown. The only SM particle that

could qualify to be a DM candidate, may be neutrinos. But their relic densities contribute
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negligibly to the observed relic density of DM (PLANCK measurements).

Neutrino mass

Since, no right handed neutrinos are observed, the neutrinos are massless in the SM of

electroweak interaction. But the undisputed evidence of neutrino oscillations indicates that

the neutrinos are massive and no procedure is available within the SM framework for the

gerneration of neutrino mass.

Charge quantization

In SM, the SU(2)L × U(1)Y electroweak theory is spontaneously broken to an unbroken

residual U(1)EM symmetry. Therefore the electric charge remains conserved and it is given

by Q = I3 +
Y

2
, where Y is the hypercharge and I3 is the isospin projection, which can

take values ±1/2. Now Y being the weak hypercharge of a U(1) group, its value can be

any number. But the charge of a particle cannot take just any value. In reality, the charge

of a particle is expressed in terms of the integral multiple of a chosen unit charge. This is

known as quantization of electric charge in which SM has no explanation.

Mass hierarchy problem in the fermionic sector

The fermions in SM which are quarks and leptons have three families. The left handed

fermions form a doublet pair for each family, which is SU(2)L invariant. But even though

all the three families (left handed) respect the same symmetry, which is SU(2), the masses

of the fermions vary from one family to the other. There exists a hierarchy in the fermionic

masses where the third family is more massive than the second and the first family is the

lightest. This is true for both quark and lepton families or generations. SM cannot explain

the reason of this mass hierarchy between the fermionic families although they respect the

same symmetry (SU(2)).

It may also be mentioned that an anomalous term appears during renormalization for each

fermion in the quantum field theory (QFT) and can destroy the renormalizability of the
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theory. Although this is not the case for the Abelian gauge theory, but it appears for the non-

Abelian gauge theory. This is an anomaly and this anomaly ∝ [(sum of the charges of the

left handed fundamental fermions) - (sum of the charges of the right handed fundamental

fermions)] (their antiparticles are not counted). Since the fundamental fermions are all left

handed, the renormalizability requires that
∑
f

Qf = 0, where Qf is the charge of fermion

f . This implies that the number of quark generations must be the same as the number of

lepton generations.
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CHAPTER 3

DARK MATTER BASICS

The presence of an unknown, non-luminous form of matter, called as the dark matter (DM),

has now been firmly established by the observational results from the satellite borne ex-

periment like Wilkinson Microwave Anisotropy Probe (WMAP) [11] and more recently

PLANCK [12]. Their results reveal that more than 80 % matter content of the Universe

is in the form of DM. The rest about ∼ 20 % matter content of the Universe is the “visi-

ble” part of the Universe, which is luminous and baryonic in nature. Though this “visible”

matter can be successfully explained by the Standard Model (SM) of particle physics, but

the particle nature of DM still remains unknown to us. Until now, only the gravitational

interactions of DM have been manifested by most of its indirect evidences namely the

gravitational lensing [13], the flatness of rotation curves of spiral galaxies [14], the Bullet

cluster phenomena [15] and other various colliding galaxy clusters etc. Some basic con-

cepts in DM physics (including observational evidences, classifications, detections of DM

etc.) have been discussed in this Chapter.
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3.1 Observational Evidences for Dark Matter

In this Section, we discuss a brief outline of various astrophysical evidences for DM ob-

served in the range extending from galactic scale to cosmological scale. All of these en-

thralling evidences for DM are gravitational in nature.

1. Gravitational Lensing

Einstein’s general theory of relativity states how the presence of any mass concentra-

tion causes a distortion of the surrounding space-time geometry by curving it. The

path of the light ray in the vicinity of any massive object will be deflected and bent

as a result of such curved space-time. Therefore, the gravity due to an enormous

amount of matter, like a cluster of galaxies, distorts the space in its vicinity such that

the light rays from a background object suffer bending and convergence just as they

behave in case of optical lens and magnifies the light. This phenomenon is named as

gravitational lensing which has a direct connection with the theory of general relativ-

ity. The existence of invisible DM with enormous mass in the massive astrophysical

objects such as galaxies, galaxy clusters and likes that may surpasses their visible

masses, are known by the process of gravitational lensing of these objects.

Due to the effect of gravitational lensing, the multiple, magnified or distorted images

of the background luminous objects situated in the background of the gravitating

object at a proper distance may be appeared to the forground observer. Thus the

strong gravitational field of these gigantic masses present in between the background

sources and the forground observers can behave as gravitational lens if the light rays

coming from the distant background luminous object are deflected around the grav-

itating mass. The deflection of light was first observed by Arthur Eddington and the
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collaborators [16] during the total solar eclipse of May 29, 1919. Their observations

were performed by noting how the stars change their positions as they are passing

near the sun or the celestial spehere. In 1979 D. Walsh, B. Carsweel and R. Weynman

discovered the first gravitational lens, which is known as “Twin QSQ" (looked like

two quasistellar objects) SBS 0957+561, using the Kitt Peak National Observatory

2.1 meter telescope [17]. Therefore, the observations of such gravitational lensing

of the gravitating objects like galaxy cluster provide a powerful indication that the

masses of the observed visible matters are way more smaller in comparison to the

total mass of the cluster. This phenomenon confirms the presence of huge amount of

unseen DM in the gravitating object.

The concept of gravitational lensing theory can be understood by writing a Minkowski

space-time metric, which is locally perturbed, as

ds2 =

(
1 + 2

φ

c2

)
c2dt2 −

(
1− 2

φ

c2

)
dl2 , (3.1)

where the deflecting Newtonian gravitational potential φ have a very small amplitude

(weak field limit is applicable in case φ ∝ σ2
v � c2, where σv indicates the velocity

dispersion of the lensing mass) and hence it causes a small lensing effect. The time

taken by the light photons during their travel from the source (from where they emit)

to the observer can be computed by using Fermat principle and this computation

provides the relation for the angle of deflection at a position ~ξ in this weak field

approximation.

~̂α(~ξ) = − 2

c2

∫ observer

source

∇⊥φdl , (3.2)
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Figure 3.1: The geometry of lensing configuration. Credit: the author Michael Sachs.

where ∇⊥ defines the gradient perpendicular to the line of sight (l.o.s). The distri-

bution of masses in the gravitating objects can be probed by observing the deflection

angle of the light rays influenced by the immense gravitational potential of this mas-

sive astrophysical objects. In this case, the deflection can be written as a vector sum

over point masses. In the continuum limit, this turns out to be an integral over the

mass density (ρ) of the lens. It is also pointed out that, if the deflection is small

then the gravitational potential along the direction of the deflected trajectory can be

approximated by the potential along the trajectory, which is not deflected, similar

to what adopted in the context of Born approximation in quantum mechanics. With

this, the angle of deflection is given by

~̂α(~ξ) =
4G

c2

∫
d2ξ′

∫
ρ(~ξ′, z)

~ξ − ~ξ′
|~ξ − ~ξ′|2

dz , (3.3)

where z is the l.o.s coordinate. A schematic representation of gravitational lensing is
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shown in Fig. 3.1. Shown in Fig. 3.1 are an observer, the lensing mass (in yellow)

and a background object on the l.o.s of the observer situated at a distance behind

the gravitational lens with respect to the observer. The distance from the source to

lens and the distance from the observer to the source are indicated by Dds and Ds

respectively, whereas Dd is the distance between the observer and the lens. The

deflection angle with the thin lens approximation can be written as 1

~̂α(~ξ) =
4G

c2

∫
Σ(~ξ′)

~ξ − ~ξ′
|~ξ − ~ξ′|2

dz , (3.4)

where Σ(~ξ′)(=
∫
ρ(~ξ′, z)dz) is the projected mass density along the l.o.s. In the

limit of this thin lens approximation, for a lens of point mass M , the mass density is

reduced to Dirac distribution and the deflection angle is then given by

~̂α =
4GM

c2ξ
, (3.5)

where ξ is the impact parameter presenting the closest approach distance between the

light ray and the point mass (M ), G is the Newton’s Universal constant of gravitation

and c denotes the velocity of light in vacuum. The relation between the true position

of the source in the source plane, the deflection angle and the apparent position of

images in the lens plane is known as the lens equation, which is given by

~η =
Ds

Dd

~ξ −Dds
~̂α(~ξ) . (3.6)

If some of the parameters like the deflection angle, the redshifts of the source and

1In the thin lens approximation, Dd and Dds are way more larger than the size of the lens and this
approximation is almost applicable for all astronomical objects.
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the lens as well as the cosmological model are known, then the lensing configuration

and the process through which the deflecting Newtonian potential recovers can be

completely described by the lens equation (Eq. 3.6). We can also express the lens

equation in terms of angles instead of using physical distances as

~β = ~θ − ~α(~θ) , (3.7)

where ~β =
~η

Ds

, ~θ =
~ξ

Dd

and ~α =
Dds

Ds

~̂α(~η). If we replace the point mass by a

circular mass distribution then the equation Eq. 3.7 will produce multiple solutions.

Therefore, from Eq. 3.7 we can infer that the images of a lensed source are multi-

plied, magnified and distorted in addition to being deflected.

Depending on the types of images at the point of observation or how the light rays

from the source are focused, the gravitational lensing can be categorized into three

classes, namely, strong lensing, weak lensing and microlensing. In the case of strong

lensing, there is extreme deflections of the light rays due to the presence of very mas-

sive gravitational lens aligned closely with the source and the observer. The effect

of the strong lensing is so powerful that it may cause observable distortions of the

images to adopt the form of a ring called as the Einstein ring [18] (also known as

Einstein-Chwolson ring), arcs and multiple images. When the observer, the lensing

massive object and the source are aligned along the same l.o.s, the light ray com-

ing from the distant background source suffers a uniform distortion around the lens

causing the appearence of a ring of images of the background object, which is called

Einstein ring. The first partial Einstein ring was discovered by Hewitt et al. in 1988,

where he made an observation of the radio source MG1131+0456 using the very

large array and ten years later King et al. discovered the first complete Einstein ring
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B1938+666 with the Hubble Space Telescope of a gravitational lens imaged with the

Multi-Element Radio Linked Interferometer Network (MERLIN). Some examples

of such strong lensing are given in Fig. 3.2.

If the alignment symmetry among the positions of the source, lens and the observer

is partially broken, i.e., if they all do not lie along the same line, then we can observe

the arcs or the multiple images of the distant object.

The observations of such Einstein ring or the giant arcs can lead to the estimation of

the total mass of the gravitating lens assuming the projected mass density within a

circle drawn by the ring or the arc (θRing) is equivalent to the critical mass density as

M(θ < θRing) = πθ2
RingD

2
dΣcritical . (3.8)

After applying the above equation (Eq. 3.8) to the spectacular giant arc in Abell 370

considering the redshift of the source and the lens as zarc = 0.724 and zcluster = 0.374

respectively, it has been shown that the mass-to-luminosity ratio of the cluster is

about 300, which is in good agreement with the values of the mass-to-luminosity

ratio found later using more sophisticated lens model [20] Similar approach for the

mass estimation has been applied to many other galaxy clusters and the mass-to-

luminosity ratios obtained for these clusters are as similar as Abell 370 [21]. Though

the accuracy of the mass estimation is penurious (∼ ±20 − 40%), but such a large

value of the mass-to-luminosity ratio makes a hint that the discovery of Einstein rings

or the arcs produced under the influence of strong gravitational lensing provides a di-

rect indication of the presence of huge unseen non-baryonic DM in the gravitating

objects. On the other hand, there are a lensing phenomenon experienced by majority

of the background sources that are far away from the caustic lines, where the grav-
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(a)

(b) (c)

Figure 3.2: Some examples of strong gravitational lensing. (a) CL0024+1654 galaxy clus-
ter; this cluster is enriched with DM. It behaves as a lens and innumerable blue images of a
distant background galaxy appear as a result. Credit: NASA, ESA, H. Lee & H. Ford (Johns
Hopkins U.) [19]. (b) LRG 3-757; it belongs to the luminous red galaxies, which is a rare
class of galaxies. It acts as a lens and due to its perfect alignment a ringlike image, named
as ‘the Cosmic Horseshoe’, arises. Credit: ESA/Hubble & NASA. (c) MACS J1206.2-0847
cluster; due to its lensing phenomonon the image of a yellow-red distant galaxy is magni-
fied and as a result it turns into a huge arc. NASA, ESA, M. Postman (STScI) & the CLASH
Team.

itational shear causes a distortion of the images but their amplitude is not as strong

as the same for the strong gravitational lensing. These lensing phenomena belong to
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the category named as weak gravitational lensing. Since the distortion of the image

for an individual background is very faint, a large number of background sources are

used for probing the ensemble of the distorted images, which are coherent in nature.

In general, for the purpose of analysis, the average properties of these sources are

taken into account since their intrinsic properties are unknown to us. Therefore, the

measurements of distortions as an effect of the weak lensing have been performed

in a statistical manner. Observing and measuring the shapes and the orientations of

such ensemble of distant objects (like galaxies), the gravitational shear of the lensing

field can be estimated. This in turn can be used to reconstruct the background statis-

tical distribution of DM in particular [13, 22]. For the case of microlensing, smaller

objects (like individual stars) can act as gravitational lenses. The mass of this type of

lens is too low compared to the cases of strong and weak lensing, where in general the

large scale structure like galaxies and galaxy clusters caused the gravitational lens-

ing. Hence with microlensing, it is very hard to observe the displacement of light.

But when the forground lensing object aligns perfectly with the background object,

then the light from the background source appears brighter as it is magnified by the

gravitational lensing effect of the forground object. The alignment bewteen the lens

and the background source may suffer a change as the lens passes by the background

source in a resonable amount of time. Therefore, microlensing effect can be realized

by monitoring the apparent brightness changes of the background source as it moves

relative to the forground lens. Unlike the strong and weak lensing, microlensing

event is a transient phenomena to the observer from the perspective of human time

scale [23]. In the light curve, which represents the variation of brightness with time,

a peak appears due to the effect of microlensing. As an example, the microlensing

light curve of a star named OGLE-2005-BLG-006 is shown in Fig. 3.3. Thus the
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Figure 3.3: A microlensing light curve of the star OGLE-2005-BLG-006.

Figure 3.4: Distortions of the images due to different kinds of gravitational lensing (Ref.
[24]).

lensing masses can be measured by studying such light curves. The different types

of distortions created under the influences of various kinds of gravitational lensing

effects are shown in Fig. 3.4.

2. Flattening of Velocity Distribution Curves of Spiral Galaxy

The rotational curve (or velocity curve) shows how the orbital (or circular) velocities

of stars vary with the radial distances of that stars from the galactic centre. The study

of rotational curves of the spiral galaxies are one of the prominent indication for the

existence of DM in the galaxy.
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Spiral galaxies may be composed of several distinct components like a flat, rotating

disk having interstellar matter and newly formed stars, a central stellar buldge where

most of the masses of the visible matters namely old stars, supermassive black holes

etc. are concentrated. Such galaxies also contain the spiral arms, which are pat-

terns of gas, dust and younger stars shining brightly before their quick demise, that

elongate over the disk. These spiral arms are formed by the density waves travelling

through the outer disk which cause an accumulation of the gas and the stars at the

galaxy.

Rotational curves of spiral galaxies are major tools for determining the circular (or

rotational) velocity v(r) of a star within the galaxy at a distance r from the Galactic

Centre (GC). Let us assume that the DM halo has a spherical symmetry. Newtonian

dynamics has been applied to a star moving in a circular orbit with a velocity v(r) at

a radial distance r from the centre of the galaxy. The equation which represents the

balance between the gravitational force and the centrifugal force is given by

mv(r)2

r
=

GM(r)m

r2
, (3.9)

wherem denotes the mass of the star andM(r) is the mass enclosed within the radius

r from the centre of the galaxy. If the star lies within the central buldge of the galaxy

having very high average density of matter ρ, then we can estimate M(r) as

M(r) =
4

3
πr3ρ . (3.10)

The combined effect of the above two equations (Eqs. 3.9, 3.10) indicate that the

rotational velocity of the star increases with the radial distance r in a proportional
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manner,

v(r) ∝ r . (3.11)

When the star or gas is at a distance from the centre of the galaxy beyond the dense

core (bulge) region of the galaxy, where the matter density is much less than that in

the bulge, then the mass of the bulge can be taken to be a constant with respect to

the motion of the star. Under this circumstance M(r) = M , where the galactic mass

outside the central hub is neglected as it is much smaller than the mass contained

within the central dense region of the galaxy. Hence in this case, the nature of the

circular velocity of a star follows the radial distance as

v(r) ∝ 1√
r
. (3.12)

Therefore, it is inferred that when the radial distance r is smaller than the radius of the

central buldge of the galaxy, then initially the rotational velocity should increase with

r (Eq. 3.11) following a Keplerian decline (Eq. 3.12) in the region outside the central

core of the galaxy. But a different behaviour of the velocity distribution curves for

numerous spiral galaxies have been observed experimentally. These observations

indicate that though initially v(r) increases with r as expected but in the region away

from the inner dense core of the galaxy (with large r), v(r) becomes constant (instead

of following the Keplerian decline nature (r−1/2)). If we consider v(r) as a constant

in Eq. 3.9, then one gets

M(r) ∝ r . (3.13)
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Thus the observed flatness of the rotational curves of several spiral galaxies imply the

presence of immense matter, which is invisible in nature, in the galaxy much more

than the visible mass present in the galaxy. In fact, this would lead us to believe that

the huge amount of unseen matter would form a halo of DM. The reach of the dark

halo, which embeds the visible galaxy, is way more robust than the visible reaches

of the spiral galaxies.

In 1957, Henk van de Hulst and their collaboration made a detail study on the spi-

ral galaxy M31 by using the Dwingeloo 25 meter telescope [25]. In the same year

Maarte Schmidt showed that the rotational curve of M31 galaxy did not follow the

Keplerian dynamics [26] at a very large radial distance. The same kind of behaviour

of the rotational curve has been observed for the spiral galaxy M33 [27] in 1959. In

the late 1960s and early 1970s, Vera Rubin and her collaborations [28] came up with

their extensive studies on the measurement of the velocity of the rotational curve in

and near the Andromeda nebula. They found a considerable amount of deviation of

the velocity distribution curve from the predictions made by the virial theorem in the

region which is far beyond the visible extremity of the galaxy. The idea regarding the

existence of DM had been accepted widely after these observations. As an example,

the velocity distribution curve (or rotational curve plotted against the radial distance

r) for spiral galaxy NGC 6503 and M33 have been shown in Fig 3.5, which satis-

fies the characteristics mentioned above. In Fig. 3.5(a) the dash-dot curve denotes

the velocity distribution curve for the dark halo while the contribution to the circular

(rotational) velocity of the gas and the galactic disk residing inside the galaxy have

been indicated by the dotted and the dashed curves repectively. The observational

data points and the fitted curves passing through these points are also shown in both

the Figures (Figs. 3.5(a), 3.5(b)).
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(a) (b)

Figure 3.5: The observed rotation curves for (a) NGC 6503 (sprial galaxy) [29, 30], (b)
M33 (dwarf spiral galaxy) [31]. See text for details.

3. Bullet Cluster

The studies of the gravitational lensing phenomena of Bullet cluster or more explic-

itly the galaxy clusters 1E0657-56, 1E0657-558 etc. [15, 32] provide one of the most

fruitful evidence for the existence of DM. The origin of Bullet cluster (for example

1E0657-56) phenomena follows from the collisions of two gigantic galaxy clusters

at a comoving radial distance 1.141 Gpc (3.72 billion light-years) which has been

known as one of the most energetic events happened in our Univese since the Big

Bang. In the process of collision the smaller subcluster passes through the core of

the larger one. Each of the colliding clusters mainly consists of the baryonic matters

such as stars, gas etc. and the presumptive DM. Both these components behave in

different ways during the collision. The galaxy clusters, besides having stars and

galaxies are abundant in X-ray emitting hot gas. These remain unaffected by the

80



collisions and these stars can be slowed down other than unaltered by the gravita-

tional effects. The hot gases of the two colliding clusters, detected by Chandra X-ray

telescope, interact electromagnetically because of their baryonic nature. The X-ray

analyses of the gases in two colliding clusters make it evident that due to the im-

mensity of the collision, the mass distributions of the baryonic matters of the smaller

cluster, at the time of passing through the core of the larger one, experience a dis-

tortion leading to a bullet-shaped formation and hence the name “Bullet" came into

being. On the other hand, the studies of the weak and strong gravitational lensing

on this cluster pair reveal that the putative DM halos of each of the colliding galaxy

clusters remain unruffled and undistorted during the collision. In addition, as a re-

sult of this huge impact, the visible matters seen to have displaced from their central

peak position within the respective DM halo of the colliding clusters. Thus the “Bul-

let cluster" phenomena not only provide a promising evidence of the presence of DM

but also confirms the collisionless nature of the DM.

4. Obeservations of X-ray

In addition to the galactic rotation curves, the observations of X-ray produced in the

highly ionised hot gas bound by the gravitational potential of a galaxy also furnish an

important evidence for the existence of DM in those particular sites and consequently

such observations can also infer the density distribution of the galaxy. A theoretical

estimation of such framework can be constructed by considering a thin shell of X-ray

emitting hot gas situated on or near the exterior of the galaxy (may consist of stars,

gas and DM). The mass of the galaxy (in particular the masses of its components like

star, gas and DM) confined within the shell exerts the gravitational force which will

pull the shell inward. On the other hand, the pressure gradient of the gas within the
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shell will try to push the shell outward as the pressure decreases in outward direction.

In hydrostatic equilibrium condition, these two forces balance with each other. We

can deduce the gravitational mass of the galaxy via the evaluation of the pressure

gradient from such obeservations of X-ray emitting gas outside the galaxy and hence

the difference between the visible baryonic mass and the gravitational mass of the

galaxy amounts to an indication of the DM’s presence inside the galaxy [33].

For the sake of simplicity, let us consider that the elliptical galaxy is spherically

symmetric. The gravitational force exerted on an annular shell of hot X-ray emitting

gas at a particular radius r due to the mass enclosed by the shell is given as

Fgrav =
GM<rMshell

r2
, (3.14)

whereM<r is the total mass confined within the shell of radius r and r+dr (thickness

of the shell is dr). The total massM<r entails the masses of the stars (M∗), gas (Mgas)

and DM (MDM) such that M = M∗+Mgas +MDM. The mass of the shell is defined

as

Mshell = 4πr2ρgas(r)dr . (3.15)

The force exerted on a surface due to the pressure in the hot ionised gas can be ex-

pressed in terms of the pressure (p(r)) times the surface area (4πr2) of the shell. The

net outward force Fp(r) (signifying the difference between the inward and outward

forces) can be expressed as an Taylor series expansion of the pressure

Fp(r) = 4πr2(p(r)− p(r + dr)) = −4πr2dp

dr
dr . (3.16)
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In this mechanism, the hydrostatic equilibrium sustains as the gravitational force and

the pressure force balance. Therefore, the combination of the last three equations

(Eqs. 3.14 - 3.16) implies

GM<r

r2
4πr2ρgas(r)dr = −4πr2dp

dr
dr , (3.17)

and thus

GM<r

r2
= − 1

ρgas(r)

dp

dr
. (3.18)

Alternatively, the above equation (Eq. 3.18) can be written in terms of the gravita-

tional potential (φ) as

∇φ = −∇p/ρgas . (3.19)

Eq. 3.19 looks familiar to the hydrostatic equilibrium equation for the stars.

The determination of the hot gas temperature (Tgas(r)) is pursued by modelling the

spectrum of X-ray with respect to the position. We can also estimate the radial den-

sity of the X-ray emitting gas (ρgas(r)) as the X-ray intensity, which is proportional

to ρ2
gasT

1/2
gas . The pressure (p) of the gas is ∝ ρgasTgas. Thus we can determine all the

parameters in the right hand side (RHS) of Eq. 3.19. Using Eq. 3.19 one can recon-

struct the gravitational potential and therefore the mass distribution can be inferred.

A rough estimation of the density profile can be obtained by the observation that the

temperature of the hot gas remains approximately constant. The pressure is given as

p =
kBTgas

µmP

ρgas , (3.20)
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where µ,mP are the mean molecular weight (fixed to a chosen value 0.6) and the

mass of hydrogen atom respectively. After substituting the expression for p (Eq.

3.20) in Eq. 3.18 and cosnidering the constant value of Tgas, the Eq. 3.18 turns to be

GM<r = −kBTgas

µmP

(
r2d ln ρgas

dr

)
. (3.21)

The derivative of both sides of the above equation (Eq. 3.21) with respect to r gives

G4πr2ρTotal = −kBTgas

µmP

d

dr

(
r2d ln ρgas

dr

)
, (3.22)

where the term 4πr2ρTotal comes from the derivation of M<r with respect to r, i.e.
dM<r

dr
=

d

dr

(
4

3
πr3ρTotal

)
= 4πr2ρTotal, ρTotal being the total mass density (con-

tributed by stars, gas and DM).

Now depending on the assumption that the gas density is proportional to the total

mass density (ρgas ∝ ρTotal), if we substitute ρTotal by the expression ρ0(r0/r)
β then

it shows that ρTotal = ρ0(r0/r)
β will be a solution if β = 2, in which case

ρTotal =
kBTgas

2πGµmP

r−2 . (3.23)

Therefore, the total mass density ρTotal can be constrained by the measurement of

Tgas. The estimation of the stellar mass density from the luminosity and the gas

density from the X-ray emissivity is useful to find the DM density as ρDM = ρTotal−

ρ∗ − ρgas. The more detailed analysis of this type of modelling confirms that also in

the case of elliptical galaxies, most of their masses are in the form of DM.

The methods following the hydrostatic equilibrium condition, which is more advan-
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tageous than the optical determination of mass, have been used to estimate the gravi-

tational mass and the density distributions of the galaxy. Just like elliptical galaxies,

clusters can also emit X-rays via the thermal bremsstrahlung process produced by

the gravitationally bound highly ionised gas of the clusters. This method can be used

to determine the mass required to bind the gas, as we have done in order to derive

the equation Eq. 3.22 from making an assumption of the hydrostatic equilibrium

condition in the hot ionised gas. Therefore, such analysis of the X-ray emitting gas

in elliptical galaxies as well as the clusters strongly suggest the presence of DM in

those sites. The most evident example is that of the M87 ellipitical galaxy in the

Virgo cluster [34, 35], where the hydrostatic method has been applied for mapping

the temperature and the density profiles of the hot gas emitting X-rays in detail. The

obervations of X-rays at the site of M87 galaxy reveal that the total mass of the

galaxy is consistent with the value of

M(r) = (3− 6)× 1013M�
r

300kpc
. (3.24)

The total mass-to-luminosity ratio at a very large distance r > 100 kpc is
(
M

LB

)
Total

>

150
M�
L�

and a local value
(
M

LB

)
local

> 500
M�
L�

[35]. This provides an indication of

the huge presence of unseen DM in M87 galaxy. Although the position of the DM

halo in the region around M87 galaxy is yet unknown to us.

Besides M87 elliptical galaxay in the Virgo cluster, there are other clusters such as

Coma and Persus in which the hydrostatic method has been widely implemented. In

1989 Hughes [36] made the derivation that the total mass of Coma cluster lies to be

within the radial distance 5 Mpc as 2 × 1015M� and the mass-to-luminosity ratio,
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(
M

LB

)
Total

∼ 165
M�
L�

, whereas the estimated values show that the uncertainties

are very high due to the lack of spatial and spectral resolutions. The studies by the

several telescopes namely NASA’s Chandra X-ray Observatory (of Persus cluster),

a Japanese-led X-ray telescope known as Hitomi and the European Space Agency’s

(ESA) XMM-Newton [37], reveal an unusual spike of intensity in X-ray wavelengths

and these waves are originating from the heated gas in the Persus galactic cluster. It

is suggested that the presence of DM could be responsible for the phenomenon.

5. Cosmic Microwave Background Radiation (CMBR)

The observations of the Cosmic Microwave Background (CMB) are one of the most

covincing evidences of DM and also the studies of CMB extract the information

about the amount of the DM or more precisely the DM density present in the Uni-

verse. At a very early age, before the formation of any visible matters like stars, plan-

ets etc., the Universe was much hotter, denser and it was filled with uniform radiation

from a white-hot fog of hydrogen plasma. As the Universe evolves, this hot plasma

had cooled down and the protons and electrons started combining to form the atoms.

At the recombination epoch during the formation of the baryonic matters, the free

electrons became inaccessible to the protons to scatter with. The photons started to

stream freely in the Universe rather than being scattered by the nuclei and electrons

in plasma and this phenomena is referred to as photon decoupling. Heneceforth,

these unscattered photons that existed during the time of photon decoupling have

been disseminated and with the expansion of the Universe these photons are growing

fainter and less energetic, which as a result form a background of the Universe. Since

over the past few billion years, the evolution of the Universe causes an elongation of

the background radiation towards longer wavelength, whereby at the present epoch
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the wavelength of these photons appear in the microwave regime. This background

is known as Cosmic Microwave Background Radiation or CMBR having a thermal

blackbody spectrum at a temperature 2.73 K [38] where in the microwave range the

CMB peaks at a wavelength of around 2 mm. PLANCK [12] and earlier WMAP

[11] have observed the anisotropies in CMBR, which is basically the fluctuations in

the temperature of the Universe. We can express these anisotropies in temperature

in the form of spherical harmonics and thus we can obtain the CMB angular power

spectrum. Now by comparing this angular spectrum data with various cosmological

models, the best fit values of the parameters of different cosmological models such as

Ωbh
2 (baryon density), Ωmh

2 (matter density), Λ (cosmological constant) etc. 2 are

obtained. From the analysis of CMBR, PLANCK have made a prediction that Ωbh
2

= 0.022 and Ωmh
2 = 0.1423± 0.0029 (with 68 % C.L.). Therefore, the observations

of the anisotropies in CMBR ensure that most of the Universe’s matter is composed

of DM.

6. Lyman Alpha Forest

Lyman alpha (Lyα) system is serving an adjuvant source of information in physical

cosmology. It is also an useful tool to decipher some of the DM properties. When

an electron in the hydrogen atom undergoes a transition from the higher energy state

to the ground state, the hydrogen atom emits some emission lines which are named

as the Lyα lines. The reverse process can also occur, where an electromagnetic radi-

ation with suitable energy, boost an electron from the ground state of the hydrogen

atom to its higher orbit. Therefore, in this case, the hydrogen atom in the lower or-

bit (ground state) will absorb the energy of the electromagnetic wave. As a result,

2Ω =
ρ

ρc
, where ρ and ρc are the density of a particular species and the critical density of the Universe

respectively.
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Figure 3.6: Lyα forest. The red dots in the figure indicate the distant quasars. When the
light rays coming from these red dots pass through the intergalactic clouds, which is full
of hydrogen gas, they are partially absorbed. As a result a forest of hydrogen absorption
lines appear in the spectrum of each individual quasar (shown in the box figure). Credit:
Zosia Rostomian, Lawrence Berkeley National Laboratory; Nic Ross, BOSS Lyman-alpha
team, Berkeley Lab; and Springel et al., Virgo Consortium and Max Planck Institute for
Astrophysics.

the wavelength corresponding to the absorbed energy will be absent from the energy

spectra of hydrogen and this will appear as an absorption line to the observer. The in-

tergalactic medium (IGM) accommodates a large number of neutral hydrogen atoms.

Due to the excitation of these hydrogen atoms situated at its energy ground state, a

series of absorption lines will appear which represent the series of energies required

to excite these hydrogen atoms. This type of absorption phenomenon containing a

series of absorption lines is named as the Lyα forest. As the Universe expands, each

line of the Lyα forest is shifted towards longer wavelength (redshifted) by a different

amount which varies proportionally with the distance between the distant absorbing

gas cloud in the IGM and the observer. This is shown in Fig 3.6. Therefore, the Lyα

forest is the only direct observational evidence we have by which we can investigate

the existence and the properties of the IGM. In the year 1970, astronomer Rodger

Lynds first discovered the Lyα forest in an observation of the quasar 4C 05.34 [39],
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where surprisingly a large number of absorption lines have been observed in the spec-

trum of the quasar 4C 05.34. Initially there is an argument that the absorption lines

in the Lyα forest are generated due to any physical interactions between the objects

within the quasars. But later Jan Oort confirmed that these absorption features are

due to the absorption undergoing inside the intergalactic gas clouds in superclusters

[40].

We can make an estimation about the presence of hydrogen atoms and free elec-

trons in space by studying the absorption or emission lines with proper wavelengths.

If a large number of neutral hydrogen atoms exist in the ground state energy, then

more radiation will be absorbed by them. Therefore, if a bunch of neutral hydrogen

atoms in their ground state are exposed by a radiation having a certain wavelength

∼ 1215.67 Å in the Ultraviolet (UV) region, then the atoms will absorb the radi-

ation and a dip will appear in the intensity curve at ∼ 1215.67 Å as the intensity

is a function of the wavelength. Thus, the amount of light absorbed by the neutral

hydrogen atom, which is known as optical depth, is proportional to the number of

hydrogen atoms that exist along the path through which the photon propagates times

the probability that the hydrogen atom will absorb the radiation (or cross-section).

The Lyα forest is the absorption phenomenon observed in the spectra of distant high

redshift quasi stellar objects or QSOs (also referred to as quasars). Since QSOs are

highly luminous and exceedingly energetic objects, they can emit radiations which

include not only the visible band but also radio waves, UV, X-rays, optical and

gamma-rays. On its way to the observer the electromagnetic radiation emitted from

a bright QSO, a distant active galactic nuclei situated at the core of a massive galaxy,

passes through the IGM including both the interceding intergalactic gas and the gas
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clouds connected with forground objects like galaxies. The IGM is very rich in neu-

tral hydrogen atoms, which can absorb the emitted light from QSOs. The absorption

of radiation by the gas clouds of IGM modifies the spectra of the background object

(QSO for example) and imprints the signatures of the physical and chemical state of

the gas clouds on the observed background quasar and galaxy spectra. The whole

arrangement is just like a reminiscent of a giant cosmic slide projector, where QSO

is the light bulb that emits radiation and the intervening gas clouds play the role of

slides which changes the wavelength or rather the colours of the light source by ab-

sorbing the part of the spectrum. The appearence of such optically absorbed quasar

spectra is referred to as Lyα forest, which is basically the accumulation of series of

sharp absorption lines, corresponding to the neutral hydrogen (HI) Lyα lines. The

absorption lines in the Lyα forest are mostly associated with the atomic transition at

∼ 1215.67 Å in UV region. The observation of this absorption spectra in the optical

band having wavelength∼ 4000−9000 Å implies that the gas clouds causing the ab-

sorption are highly redshifted with the evolution of the Hubble parameter (expansion

of the Universe). Hence such Lyα absorption spectra received at a distant observer

is redshifted and the wavelength of this spectra corresponds to the wavelength of the

radiation absorbed at the particular site of the IGM at an early state. Therefore, the

Lyα forest is the only direct observational evidence by which we can investigate the

existence of the IGM and its properties.

Before the advent of the DM concept, the general wisdom was that the absorption

systems remained enclosed by the pressure of hotter and more fragile inter cloud

medium and floating around the intergalactic region. But the model fails miserably

to explain the evolution of the absorption phenomena with redshifts and to repro-

duce the clouds with higher column densities. Instead of a smooth IGM having
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regions embedded on it, the evidences of lumpy regions have been reported by the

observers. Therefore, the confrontation between the evidence of CMB observed by

COBE (Cosmic Background Explorer) satellite and the idea of hot IGM discards the

latter scenario. The Lyα forest along with the reliable computer simulations suggest

that although the Lyα systems are not very massive in comparison to the objects like

galaxies, certain structures arranged in filaments and sheets can be formed by the

inetrstellar gas. Since the DM can interact gravitationally with the interstellar matter

in cosmological scale, the structure formation in this scenario will be influenced by

such DM distributions in large scale The luminous matters which are baryonic in

nature can be trapped by the gravitational collapse of such putative DM. The gener-

ation of cold DM halos with the accretions of interstellar gas around them under the

influence of gravity is based on the structure formation mechanism commenced by

the cold DM. But the masses of such cold DM halos are much small to give birth

to the massive bodies such as stars, galaxies etc. The collapse within the accreted

intergalactic gas, which eventually forms a stable configuration, has been prevented

by its thermal gas pressure. The only way to envisage such kind of structures is to

study the absorption spectra of Lyα forest would provide an important probe of DM.

On the other hand, it should be noticed that, the hot DM is inconsistent with the

observational imprints of the Lyα forest.

7. Dark Matter in Galaxy Clusters

The virial theorem provides a conservation law for a system of interacting particles,

which has attained dynamical equilibrium due to some kind of central force interac-

tions. In 1870, Rudolf Clausis first gave the technical definition of the virial theorem

[41], which states the relation between the time averaged total kinetic energy and the
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time averaged total potential energy of a stable system containing discrete particles.

Let n be the number of interacting non-relativistic particles of the system and the

virial of such a system, W can be defined as

W =
n∑
k=1

~Fk · ~rk , (3.25)

where the net force acting on the kth particle, having a position vector ~rk and mass

mk, is represented as ~Fk, which is given as

~Fk = mk
d2~rk
dt2

. (3.26)

After substituting the expression of the net force (Eq. 3.26) in Eq. 3.25, one obtains

W =
n∑
k=1

mk
d2~rk
dt2
· ~rk ,

=
n∑
k=1

mk
d

dt

(
d~rk
dt
· ~rk
)
−

n∑
k=1

mk
d~rk
dt
· d~rk
dt

,

=
n∑
k=1

mk

[
d2~rk
dt2
· ~rk +

(
d~rk
dt

)2
]
−

n∑
k=1

mk
d~rk
dt
· d~rk
dt

,

=
1

2

n∑
k=1

d2

dt2
(mk~rk · ~rk)−

n∑
k=1

mk
d~rk
dt
· d~rk
dt

. (3.27)

The first term in the above equation (Eq. 3.27) represents the moment of inertia,

I = mk~rk · ~rk of the entire system about the origin and the second term indicates

twice of the total translational kinetic energy (T ). Therefore, Eq. 3.27 will take the

form,

W =
1

2

d2

dt2
I − 2T . (3.28)
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If the system attains dynamical equilibrium, then there will be no changes in moment

of inertia I with time, which reflects the fact that
dI

dt
= 0 =

d2I

dt2
. From Eq. 3.28,

one obtains

W + 2T = 0 (3.29)

and thus the virial theorem in the case of dynamical equilibrium has been proved.

The variations or changes of the moment of inertia (I) with time (the term
d2I

dt2
in

Eq. 3.28) exist till the virialisation process persists. The virial time scale of the

system may refer to the time scale over which the virialisation process occurs. The

total potential energy of the whole system is connected with the virialW . The central

force between any two particles k and l of the system having position vector ~rk and

~rl respectively can be written as

~Fkl = fkl(~rk − ~rl) , (3.30)

where k 6= l and

fkl =
Ckl

|~rk − ~rl|n+1
(k 6= l) , (3.31)

where Ckl may have a dependence on the masses of the particles, mk,ml etc., but is

independent on the mutual separation of the particles or on time. The virial W due

to these central force can be written as

W =
∑
k

∑
k 6=l

~Fkl · ~rk (3.32)
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or

W =
∑
k

∑
k 6=l

fkl(~rk − ~rl) ·
[

1

2
(~rk − ~rl) +

1

2
(~rk + ~rl)

]
,

=
1

2

∑
k

∑
k 6=l

fkl|~rk − ~rl|2 +
1

2

∑
k

∑
k 6=l

fkl(~rk − ~rl) · (~rk + ~rl) . (3.33)

The second term of the above equation (Eq. 3.33) is the summation of the product

of the symmetric and the antisymmetric terms with respect to (k, l) and therefore, it

vanishes. Thus Eq. 3.33 will take the form

W =
1

2

∑
k

∑
k 6=l

fkl|~rk − ~rl|2 ,

=
1

2

∑
k

∑
k 6=l

Ckl
|~rk − ~rl|n−1

,

= (n− 1)V , (3.34)

where the total potential energy (V ) of the system is given as

V =
1

2

∑
k

∑
k 6=l

∫ (~rk−~rl)

∞

~Fkl · d(~rk − ~rl) . (3.35)

If there are no external forces acting on the system of mutually interacting particles,

then the virial theorem of such a system under dynamical equilibrium is given as

2T = (1− n)V , (3.36)

which yields that the force between any pair of particles obey an inverse law as

|~Fkl| ∝ |~rk − ~rl|−n . (3.37)
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If the force of attraction between any two particles is gravitational in nature, then this

force follows an inverse square law.

|~Fkl| =
∑
k

∑
k 6=l

Gmkml
(~rk − ~rl)
|~rk − ~rl|3

, (3.38)

where mk and ml are the masses of the k and l particles among which the gravita-

tional force interacts. In this particular case, we obtain W = V from Eq. 3.36 (as

n = 2) and hence

2T + V = 0 . (3.39)

As an example, for a virialised homogeneous and self gravitating spherical galaxy

cluster with radius R and mass M (density ρ), we can calculate the potential energy

as

V = −
∫ R

0

R

(
4

3
πr3ρ

)
(4πr2ρ)

r
dr ,

= −GR
5

5

(
4

3
πr3ρ

)
(4πr2ρ) ,

= −3

5
G

(
4

3
πR3ρ

)(
4

3
πR3ρ

)
R

,

= −3

5

GM2

R
. (3.40)

The total kinetic energy of such a spherical cluster of galaxies is given as T =
1

2
Mv̄2,

where v̄2 defines the root mean square (rms) velocity of the individual galaxy of the

galaxy cluster. Thus, the mass of the galaxy cluster can be obtained by using the

95



virial theorem as

M =
5

3

Rv̄2

G
. (3.41)

Therefore, from Eq. 3.41 we can estimate the gravitational mass of such a system

(spherical galaxy cluster) if we can measure the radius R and the rms speed v̄2.

The measurement of the motion of such spherical galaxies embedded in the Coma

cluster 3 as well as the estimation of the gravitational mass of the same cluster have

been performed by Zwicky, the astounding physicist, in 1933 [42]. In order to calcu-

late the rms velocity of the galaxy, Zwicky made use of the known radial velocities

of seven galaxies in the Coma cluster. The Doppler shift measurements of the spec-

tra of all the seven galaxies in the Coma cluster have been used to determine their

radial velocities. Zwicky made an estimation of the gravitational mass of the Coma

Cluster as ∼ 1.9 × 1013M� (from Eq. 3.41) by using the concept of virial theorem

mentioned in Eq. 3.39. Considering some rational assumptions on the distribution

of star population in the galaxies [42, 43], the total mass of the visible matter can

be estimated to be ∼ 8.0 × 1011M�. From the comparison between the dynamical

(gravitational) mass and the total visible mass, it is observed that the former one is

∼ 400 times larger than the latter one. Later it was brought to light that the visi-

ble sector of the Coma cluster contains two parts. One of them is composed of the

galaxies emitting the visible light and the other one consists an extensive amount of

gas that emits X-rays which pervade through the galaxies (between and within the

galaxies) of the cluster. In recent times, more masses in the Coma cluster have been

discovered, which is found to be in the form of X-ray emitting gas and the estimated
3The galaxies in the Coma cluster are regular in shape of sphere and their masses immersed in the cluster

are same.
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(a) (b)

Figure 3.7: The inside of (a) Coma Cluster of galaxies [Credit: NASA, ESA, Hubble Her-
itage (STScI/AURA); Acknowledgment: D. Carter (LJMU) et al. and the Coma HST ACS
Treasury Team], (b) Virgo Cluster of galaxies [Credit and Copyright: Rogelio Bernal An-
dreo]

.

mass in this case is ((1.0 ± 0.2)h−1 + (5.48 + 0.98)h−5/2) ×M� [44]. After sub-

stituting the value of the Hubble parameter, h = 0.673 ± 0.012 in terms of 100 km

s−1 Mpc−1, the above estimated mass appears to be ∼ 1.6 × 1014M�. Similar ap-

proach towards the measurement of the gravitational mass of the Virgo cluster has

been taken into account by Sinclair Smith [45]. The Virgo cluster, which is irregular

in shape, contains elliptical galaxies as well as flat spiral galaxies in a huge amount.

The collective average motion of the Virgo cluster is affected by the irregular distri-

bution as well as the random motion of the stars or gas inside the diffused elliptical

galaxy. Smith also made a similar conclusions for Virgo cluster as given by Zwicky

for Coma cluster. Therefore, the estimations of the dynamical masses of both the

Coma and Virgo cluster demonstrate the existence of an enormous amount of unseen

invisible DM in the galaxy cluster. In Fig 3.7 the interior of both the Coma and Virgo

clusters are shown.
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3.2 The Evolution of Thermally Generated Dark Matter

and Relic Density

The Boltzmann equation governs the thermal evolution of the DM candidate generated

at the early epoch of the Universe. We can calculate the relic abundances of the DM

candidates by solving this Boltzmann equation numerically. The detailed formalism of the

Boltzmann equation as well as the relic density calculation for the thermal DM candidate

have been briefly discussed in this section.

The evolution of a single DM component having particle species ξ is governed by the

Boltzmann equation, which is given by the Liouville equation

L[fξ(p
µ
ξ , x

µ)] = C[fξ(p
µ
ξ , x

µ)] (3.42)

where fξ(p
µ
ξ , x

µ) is the phase space distribution function of the particle species ξ and the

four momentum of ξ at any point xµ in space-time is denoted by pµξ . In Eq. 3.42 the

Liouville operator L[fξ(p
µ
ξ , x

µ)] represents the total rate of change of the phase space dis-

tribution function fξ(p
µ
ξ , x

µ) with time while C[fξ(p
µ
ξ , x

µ)] is the collision operator which

represents the number of particles gained or lost during their collisions with other partices

per unit time per volume of phase space. The hypothesis, on which the cosmological model

4 is based, is that the phase space density is isotropic and spatially homogeneous. The Li-

ouville operator in the case of fξ = fξ(Eξ, t), where the phase space distribution function

(fξ) of the particle species ξ is only the function of its time t and energy Eξ, can be written

4This model is proposed by Friedmann-Robertson-Walker and this is generally named as FRW model of
cosmology.
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as

L[fξ(Eξ, t)] = Eξ
∂fξ
∂t
− H|~pξ|2

∂fξ
∂Eξ

, (3.43)

where the Hubble parameter is denoted by H (=
Ṙ

R
, R indicates the scale factor of the Uni-

verse where Ṙ is the first order time derivative of R). We can define the number density of

particle species (nξ(t)) at any moment of time t in terms of its internal degrees of freedom

of ξ (gξ) and fξ(Eξ, t), the distribution function for ξ, as

nξ(t) =
gξ

(2π)3

∫
fξ(Eξ, t)d

3pξ . (3.44)

Now by integrating both sides of Eq. 3.43 along d3pξ, one can obtain

gξ
(2π)3

∫
L[fξ(Eξ, t)]

Eξ
d3pξ =

∂

∂t

(
gξ

(2π)3

∫
fξ(Eξ, t)d

3pξ

)
− gξ

(2π)3
4πH

∫ |pξ|4
Eξ

∂fξ
∂Eξ

dpξ . (3.45)

We have changed the variable of the integration from pξ to Eξ in the RHS of the above

equation and used the definition of the particle number density nξ(t) (Eq. 3.44) in Eq.
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3.45. Therefore, one obtains

gξ
(2π)3

∫
L[fξ(Eξ, t)]

Eξ
d3pξ =

∂nξ
∂t
− gξ

(2π)3
4πH

∫
|~pξ|3

∂fξ
∂Eξ

dEξ ,

=
∂nξ
∂t
− gξ

(2π)3
4πH

[(
|~pξ|3f

)
− 3

∫
|~pξ|2

∂|pξ|
∂Eξ

fξdEξ

]
,

=
∂nξ
∂t

+
gξ

(2π)3
4πH

∫
3|~pξ|2

Eξ
|~pξ|

fξdEξ ,

=
∂nξ
∂t

+ 3H
gξ

(2π)3

∫
fξd

3pξ ,

=
∂nξ
∂t

+ 3Hnξ . (3.46)

Using Eq. 3.46, the Boltzmann equation for nξ(t) can now be written as (with Eq. 3.42)

∂nξ
∂t

+ 3Hnξ =
gξ

2π3

∫
C[fξ(Eξ, t)]

Eξ
d3pξ . (3.47)

The collision term of the Boltzmann equation, indicated by the RHS of Eq. 3.47, for a

2↔ 2 type of interaction process (like ξ + ψ → a+ b) is given as

gξ
2π3

∫
C[fξ(Eξ, t)]

Eξ
d3pξ = −

∑
spin

∫
dΠξdΠψdΠadΠb(2π)4δ4(pξ + pψ − pa − pb)

×
[
|M |2ξ+ψ→ a+bfξfψ(1± fa)(1± fb)

−|M |2a+b→ ξ+ψfafb(1± fξ)(1± fψ)
]
, (3.48)

where fi(= fξ, fψ, fa, fb) denote the phase space density function of the particle species

i(i = ξ, ψ, a, b respectively) and

dΠfi =
d3pfi

2Efi(2π)3
.

(3.49)
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In Eq. 3.48, (1 ± fi) indicates the statistical mechanics factor where +(−) is relevant for

the bosonic (fermionic) particle species. The term |M |2ξ+ψ → a+b and |M |2a+b → ξ+ψ, which

are obtained by averaging over the spin states of the initial incoming particles and the final

outgoing particles, represent the matrix square element for the forward and the backward

process respectively. The momentum and energy conservation for the 2 ↔ 2 interaction

process is secured by the 4-dimensional delta function (δ4). We can simplify the expression

of the collision term (Eq. 3.48) by taking into account some well motivated assumptions,

which are the followings.

1. The first assumption is that the final state particles (a, b) produced in the 2 ↔ 2

(ξ + ψ → a + b) process maintain thermal equilibrim with the thermal soup of the

Universe. This assumption is truely applicable for the electrically charged particles

interacting with the thermal photons as well as for the neutral final state outgoing

particles. Therefore, the distribution functions fa and fb for the final state particles a

and b can be replaced by their equilibrium density functions f eq
a and f eq

b respectively.

From the application of the principle of detailed balance, we can obtain

f eq
a f

eq
b = f eq

ξ f
eq
ψ . (3.50)

Also in addition, the condition of the unitarity of S-matrix is given by

∑
spin

∫
dΠadΠb(2π)4δ4(pξ + pψ − pa − pb)|M |2a+b→ξ+ψ

=
∑
spin

∫
dΠadΠb(2π)4δ4(pξ + pψ − pa − pb)|M |2ξ+ψ→a+b . (3.51)

2. Secondly, we assume the utilisation of the Maxwell-Botzmann (MB) statistics for all
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particle species instead of using Fermi-Dirac (FD) and Bose-Einstein (BE) statistics

for fermions and bosons respectively. The Fermi degeneracy and the Bose conden-

sation do not exist anymore and therefore this reflects the fact that 1± fi ' 1, where

fi(= exp[−(Ei − µi)/kBT ]) is the phase space distribution function for all particles

(initial and final particles of the 2↔ 2 process) governed by the MB statistics.

We can define the cross-section (σξ+ψ→ a+b) for the interaction process ξ + ψ → a+ b as

σξ+ψ→ a+b =
1

4EξEψgξgψv

∑
spin

∫
dΠadΠb(2π)4δ4(pξ + pψ − pa − pb)|M |2σξ+ψ→ a+b

,

(3.52)

where gξ, gψ are the internal degrees of freedom of ξ, ψ (two intial state particles of the

considered 2 ↔ 2 process) respectively and v denotes the relative velocity between these

two incoming intial particles, which is given by

v =

√
(~pξ~pψ)2 −m2

ξm
2
ψ

EξEψ
. (3.53)

After applying the definition of the interaction cross-section (Eq. 3.52) as well as the two

assumptions stated above, the collision term in Eq. 3.48 takes the following form 5

gξ
2π3

∫
C[fξ(Eξ, t)]

Eξ
d3pξ = −

∫
σξ+ψ→ a+bv(dnξdnψ − dneq

ξ dn
eq
ψ ) ,

= −〈σξ+ψ→ a+bv〉(nξnψ − neq
ξ n

eq
ψ ) . (3.54)

5We make an assumption that the initial state annihilating particles for the 2↔ 2 process (ξ+ψ → a+b)
maintain kinetic equilibrium throught their scattering process within the thermal soup of the Universe, in the
course of their evolution, both before and after they decouple from the thermal bath. In addition to this,
they are also remain in chemical equilibrium with other species before the decoupling temperature and after
freeze-out the chemical equilibrium of the particles is not maintained.
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In the above equation (Eq. 3.54), 〈σξ+ψ→ a+bv〉 is the thermally averaged annihilation

cross-section times relative velocity for the process ξ + ψ → a + b, which can be written

as

〈σξ+ψ→ a+bv〉 =

∫
σξ+ψ→ a+bvdn

eq
ξ dn

eq
ψ∫

dneq
ξ dn

eq
ψ

. (3.55)

If the two initial particles of the ξ + ψ → a + b interaction process (ξ, ψ) are identical or

antiparticle to each other then 〈σξ+ψ→ a+bv〉 is given by [46]

〈σξ+ψ→ a+bv〉 =
1

8m4TK2
2(
m

T
)

∫ ∞
4m2

σξ+ψ→a+b(s− 4m2)
√

sK1

(√
s

T

)
ds ,(3.56)

where T is the temperature of the thermal soup of the Universe, m denotes the mass of the

particle species ξ and the centre of mass energy for the process ξ+ψ → a+b is represented

by the Mandelstam variable ‘s’. The modified Bessel functions of order i(= 1, 2) are

defined by the factorKi(= K1, K2) in the above equation (Eq. 3.56). Finally, we substitute

the RHS of Eq. 3.47 by the collision term derived in Eq. 3.54 and therefore the Boltzmann

equation for ξ takes the following form

∂nξ
∂t

+ 3Hnξ = −〈σξ+ψ→ a+bv〉(nξnψ − neq
ξ n

eq
ψ ) . (3.57)

It is to be noted that, the final state particles (a, b) of the process ξ + ψ → a + b can

be produced from the initial state particles ξ and ψ through different interaction channels

and these different channels may have an impact on the number densities of the DM parti-

cles. Therfore, after including all the different interaction channels the modified Boltzmann
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equation can be written as

∂nξ
∂t

+ 3Hnξ = −〈σtotalv〉(nξnψ − neq
ξ n

eq
ψ ) , (3.58)

where σtotal is the total cross-section obtained by considering the summation of the cross-

section attributed to all possible channels, σtotal =
∑
i,j

σξ+ψ→ a+b. Let us investigate the

case where the initial particles of the 2↔ 2 process (ξ and ψ) are identical with each other.

Therefore, nξ = nψ = n and neq
ξ = neq

ψ = neq (equilibrium values of the number densities

of ξ and ψ are represented as neq
ξ and neq

ψ respectively). In this case, the Boltzmann equation

will take the form

∂n

∂t
+ 3Hn = −〈σtotalv〉(n2 − n2

eq) . (3.59)

We consider another case when ψ is antiparticle of ξ and vice versa. In this situtaion,

the number density n = nξ + nψ. As the chemical potential is negligible, i.e. nξ = nψ

and therefore, n = 2nξ. Thus the Boltzmann equations for both nξ and nψ are similar as

given in Eq. 3.59. The double counting of the total number density of the species n can

be avoided by multplying a factor of
1

2
on the R.H.S. of Eq. 3.59. Therfore the evolution

equation for the total number density n will be

∂n

∂t
+ 3Hn = −1

2
〈σtotalv〉(n2 − n2

eq) , (3.60)

Throughout the remaining part of the Chapter, we will consider the case when the particle

is its own antiparticle and σtotal will be replaced by σ. For further study, we define a useful

dimensionless quantity, which is named as the comoving number density, Y = n/S, where

S defines the entropy density of the Universe. After differentiating the comoving number
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density (Y ) with respect to time (t), one obtains

Ẏ S = ṅ+ 3Hn . (3.61)

In the above equation we use the relation Ṡ/S = −3Ṙ/R, which is obtained from the fact

that the total entropy per comoving volume, S = SR3 remains constant in the absence of

the entropy production. From Eq. 3.59 and Eq. 3.61, one can obtain

Ẏ = −S〈σv〉(Y 2 − Y 2
eq) , (3.62)

where Yeq is the equilibrium counterpart of the comoving number density when n = neq.

Therefore, the evolution equation Eq. 3.62 will take the form

dY

dR
= − 1

RH
S〈σv〉(Y 2 − Y 2

eq) . (3.63)

In addition to the Y , one more dimensionless quantity (x) has been defined, where x =

m/T , m and T are the mass of the particle and the photon temperature respectively. We

can write Eq. 3.63 in terms of two dimensionless quantities Y and x as [47]

dY

dx
=

1

3H

dS

dx
〈σv〉(Y 2 − Y 2

eq) . (3.64)

The Hubble parameter in the standard FRW cosmological model is given as

H =
√

8/3πGρ , (3.65)

where G is the gravitational constant and the total energy density of the Universe is defined
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by ρ. The total energy density (ρ) and the total entropy density (S) can be defined in terms

of the effective degrees of freedom for energy (geff(T )) and entropy (heff(T )) respectively

as

ρ = geff(T )
π2

30
T 4 , (3.66)

S = heff(T )
2π2

45
T 3 . (3.67)

Substituting Eqs. 3.64 - 3.67 into Eq. 3.63, the evolution equation for the comoving number

density Y (Eq. 3.63) takes the following form [46]

dY

dx
= −

(
45

π
G

)−1/2
g

1/2
∗ m

x2
〈σv〉(Y 2 − Y 2

eq) , (3.68)

where the quantity g1/2
∗ is defined as [46]

g1/2
∗ =

heff(T )

geff(T )1/2

(
1 +

1

3

T

heff(T )

dheff(T )

dT

)
. (3.69)

The equilibrium value of the comoving number density (Yeq) can be expressed as

Yeq =
neq

s

=
45g

4π5heff(T )T 3

∫
exp

(
− E

kBT

)
d3p . (3.70)

For the cold relic species (x = m/T >> 3), Yeq takes the following form

Yeq =
45g

4π4

x2K2(x)

heff(m/x)
, (3.71)

where g stands for the number of degrees of freedom of the species under consideration
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and the modified Bessel function of order n is defined as Kn(x). Let us define a quantity

∆(= Y − Yeq) representing the deviation of Y from its equilibrium value, Yeq. Using

∆ = Y − Yeq, Eq. 3.68 becomes

d∆

dx
= −

(
45

π
G

)−1/2
g

1/2
∗ m

x2
〈σv〉∆(∆ + 2Yeq)− dYeq

dx
. (3.72)

We can neglect the term
d∆

dx
from Eq. 3.72 before decoupling because at T > Tf , where T

and Tf are the temperature of the Universe and the freeze-out temperature 6, the deviation

of Y from its equilibrium value (Yeq) is negligibly small (∆ = 0 at Y = Yeq). At T = Tf ,

∆ = δYeq, where δ is a chosen number. Using Eq. 3.71, the codition for decouple or

freeze-out of a cold relic can be written as

(
45

π
G

)−1/2
45g

4π4

K2(x)

heff(T )
g1/2
∗ m〈σv〉δ(δ + 2) =

K1(x)

K2(x)
− 1

x

dlnhc(T )

dlnT
. (3.73)

One can write g1/2
∗ (T ) in terms of hc(T ) 7 as

g1/2
∗ (T ) =

heff(T )

geff(T )1/2

(
1 +

1

3

dlnhc(T )

dlnT

)
, (3.74)

which implies
dlnhc(T )

dlnT
= 3

(
g

1/2
∗ (T )g

1/2
eff (T )

heff(T )
− 1

)
. After substituting the term

dlnhc(T )

dlnT

by its expression in Eq. 3.73 and inserting Eq. 3.71 into Eq. 3.73, we get

(
45

π
G

)−1/2
45g

4π4

K2(x)

heff(T )
g1/2
∗ m〈σv〉δ(δ + 2) =

K1(x)

K2(x)
− 3

x

(
g

1/2
∗ (T )g

1/2
eff (T )

heff(T )
− 1

)
.

(3.75)

6The temperature when the species decouple from the Universal plasma as the expansion rate of the
Universe exceeds the interaction rate of species known as the freeze-out temperature.

7hc(T ) is the contribution to heff(T ) from all species which are coupled with the thermal plasma at
temperature T (T > Tf ).
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In order to obtain the value of Tf or the value of xf (=
m

Tf
), the above equation (Eq.

3.75) needs to be solved numerically and self consistently. The value of δ is taken to

be 1.5 [46] while solving Eq. 3.75 for Tf (or xf ). Once we obtain Tf numerically, the

comoving number density can be computed by using the Boltzmann equation (Eq. 3.68).

After decoupling, the term Yeq can be neglected in Eq. 3.68. Therefore, the comoving

number density at the present epoch (Y0) can be obtained by integrating Eq. 3.68 from Tf

(freeze-out temperature) to T0 (temperature at the present epoch), which is given by

1

Y0

=

(
45

π
G

)−1/2 ∫ Tf

T0

g1/2
∗ 〈σv〉dT , (3.76)

where the comoving number density at the freeze-out temperature (Yf ) has not been con-

sidered as its value is very small in comparison to the other terms present in Eq. 3.76. The

expression for DM relic density is written as

ΩDM =
ρDM

ρc
,

=
mDMs0Y0

ρc
. (3.77)

Substituting the numerical value of ρc (the critical density of the Universe) in Eq. 3.77, we

get [46, 47]

ΩDMh
2 = 2.755× 108 Y0

mDM

GeV
, (3.78)

where the Hubble parameter is redefined as h = H/(100 Km s−1 Mpc−1). Knowing the

value of Y0 from Eq. 3.76, the relic density for the cold relic particles can be computed by

using the above equation (Eq. 3.78).
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3.3 Classifications of Dark Matter

Although the exact particle nature of DM as well as their interaction with visible matter is

still an enigma, the DM, whose existence is confirmed by different kinds of astrophysical

observations principally through gravity effects, can be classified based on the following

aspects,

• masses and the velocities (relativistic or non-relativistic) of the DM particle,

• the particle nature of the constituents of DM,

• possible production mechanism.

At the freeze-out temperature, the DM particles become relic with no interaction between

them. The motion of the DM at the time of their decoupling can be either relativistic or

non-relativistic, which can be determined by the DM mass (m) and the Universal temper-

ature at the time of freeze-out (Tf ). Depending on the velocities of DM particles, one can

classify the DM candidates into three categories as [48]

Hot Dark Matter (HDM)

If the velocity of DM particle is relativistic in nature at the time of their decoupling (freeze-

out), then this candidate of DM is termed as hot dark matter (HDM). For HDM, the factor

xf (=
m

Tf
) ≤ 3 [47]. Since HDM candidates are in general of lighter masses (their masses

are less than their kinetic energies), they are supposed to move with relativistic speeds

during the galaxy formation era. After the formation of large scale structure (as the mean

free path of HDM is long) such as a large sheet of many galaxies, they can be fragmented

to form small scale structures such as dwarf galaxies, galaxy clusters etc. and this ap-

proach is referred as “top down” approach. In this case, HDM plays an effective role. The
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small scale fluctuations of the matter density are smoothened by HDM due to its relativistic

speed. Some of the popular HDM candidates are neutrinos (SM neutrinos having non zero

masses), axions etc.

Cold Dark Matter (CDM)

On the other hand, the DM particle is referred to as cold dark matter (CDM), when they

move with non-relativistic speeds at the time of freeze-out. In CDM scenario, m (the DM

mass) is much greater than Tf and for CDM, the factor xf (=
m

Tf
) is ≥ 3 [47]. The CDM

particles have noteworthy success stories related to the large scale structure formation (N

body simulations) irrespective of the fact that their free streaming has no cosmological im-

portance because of their non-relativistic speeds. The CDM particles play an important

role in the “bottom up” sequence of the structure formation. In this process initially the

small clumps of CDM form in the presence of a tiny density fluctuation zones with a very

high gravitational impact. The heavier mass and the non-relativistic speed of CDM are re-

sponsible for the formation of the seed for matter clumping in small scale. This small scale

structure (small clumps of matter) grows into larger ones (small galaxies), eventually form-

ing the large scale structures like the DM halos, galaxy clusters etc. One of the well known

candidates for CDM is Weakly Interacting Massive Particles or WIMPs, which are used

very frequently in several particle physics models for CDM and have a strong motivation

in the cotext of extending the SM sector. Some of the most studied WIMPs in the existing

literature are supersymmetric neutralino [49], scalar singlet DM [50–53], inert doublet DM

[54–66], singlet fermionic DM [67–69], hidden sector vector DM [70–72] etc. In one of

the Chapters in this thesis (Chapter 5), singlet fermionic WIMP DM have been discussed

briefly. There are however discrepancies between CDM paradigm and the observational

inferences which are known in the literature as ‘cuspy halo’ problem [73], ‘missing satel-

lite’ problem [74], ‘too-big-to-fail’ problem [75] etc. Some alternatives to CDM paradigm

110



need to be considered to alleviate these discrepancies and there are propositions for warm

DM, Fuzzy CDM 8 etc.

Warm Dark Matter (WDM)

The DM particles, which are neither cold nor hot in nature, are generally termed as warm

dark matter (WDM). For the case of WDM the factor xf ∼ 3 [47]. The WDM partilces

can also take part in structure formation, by both “bottom up” (above their free stream-

ing scale) and “top down” (below their streaming scale) processes. Some examples of the

WDM particles are sterile neutrinos, very light gravitions etc.

Based on the particle nature of the constituents of DM, they can also be distinguished

into two sectors namely

Baryonic Dark Matter

Although the particle nature of DM is still a mystery to be resolved, the known fundamental

particles following the SM theory cannot qualify for DM candidates or they cannot account

on the DM content of the Universe. However only the visible matter of the Universe cannot

satisfy the PLANCK results for baryon density. This indicates that some of the DM is

composed of baryons and this is called baryonic DM.

The total contribution of baryonic DM towards the density (baryonic density) can be

successfully inferred from the Big Bang Nucleosynthesis (BBN) models and the observa-

tion of CMBR. The bound on Ωb given by the BBN, which explains the primordial nuclei

(4He, 1D, 3He and 7Li) very well and the limit Ωbh
2 = 0.02205 ± 0.00028 given by the

PLANCK recent results [12] are roughly of the same order. Such baryonic dark matter may

occur in the gas of IGM (Lyα), floating stars in galaxy clusters etc. It can also be present

8Fuzzy CDM is a hypothetical form of CDM. The main purpose of this kind of DM is to resolve the
‘cuspy halo’ problem. It would consist of scalar particles having extremely small masses (≈ 10−22 eV).
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in the so called Massive Astrophysical Compact Halo Objects (MACHOS), which are non

luminous in nature and may include black holes or neutron stars as well as brown dwarfs

9, black dwarfs and unassociated planets. The particles like neutrinos, neutrons and the

dense objects like jupiter 10, white dwarfs 11 [49, 76] can also be the possible candidates

for baryonic DM.

Non-Baryonic Dark Matter

Non-baryonic DM interacts very weakly with the visible matter of the Universe and can

account for more than 80% of the matter content of the Universe which is the amount of

DM predicted by PLANCK results. The masses of non-baryonic dark matters (DMs) and

their particle natures are yet to be ascertained. These non-baryonic DMs are supposed to

be relic of the Big Bang and hence they should be massive enough to satisfy the observa-

tional result for the DM density of the Universe. Such non-baryonic DM candidates are

exotic in nature. In most of the cases proposed particle physics models for these kind of

DMs are attempted by simple extension of SM with scalar, fermion etc. One of the plausi-

ble candidates for non-baryonic DM in the literature are supersymmetry (SUSY) particles.

Since most of the DMs are supposed to be non-baryonic in nature, the non-baryonic DM

can be rephrased as DM. The lightest supersymmetric particle (LSP), which appears in

SUSY models, is taken into account as a viable DM candidate, whose stability is ensured

by R-parity conservation. Axinos, gravitinos, which are the superpartner of axions, gravi-

tons respectively, can also be served as a well known DM candidates. There are also some

non-SUSY DM models pursued in literature, for example sterile neutrino DM model, axion

9Brown dwarfs contain hydrogen and helium gas with masses ∼ 0.08M� or less. Due to their small
masses, brown dwarfs cannot take part to form a dense cores required to commence hydrogen burning (failed
star).

10Jupiter is a compact dense object having mass ∼ 0.001M�.
11White dwarfs (also named as a degenerate dwarf) is a very dense object and its mass is compared to

solar mass M�. No fusion occurs inside white dwarfs as its luminosity faunts gradually and its volume is
reduced to that of the Earth.
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DM model etc. The lightest Kaluza-Klein particle (LKP) inspired by the theories of extra

dimensions can also be a possible DM candidate [77] as well. We have considered only

non-baryonic DM candidates in this thesis (see Chapter 5, 6 and 7 for more details).

On the basis of the production mechanism, the DM particles can be divided into two

parts namely thermal DM and non-thermal DM.

Thermal Dark Matter

Thermal DM is attributed to the DM particles that maintain thermal and chemical equi-

librium with the rest of the Universe’s plasma before their decoupling. In the very early

Universe, when the temperature T is much higher than the mass mχ of the DM χ, then the

number density nχ of the DM follows a T 3 variation when in equilibrium 12. The interac-

tion rate χχ̄ → ff̄ is the same as the rate of the process ff̄ → χχ̄, such that the rates of

annihilation and production of DM are same. Then the rate is given by

Γann = 〈σannv〉neq , (3.79)

where 〈σannv〉 is the annihilation cross-section and neq is the equilibrium number density

of DM. As the temperature T decreases with the expansion of the Universe, the equilibrium

number density is expressed by the Boltzmann distribution (T << mχ)

neq
χ = g

(
mχT

2π

)3

2
e
−
mχ

T , (3.80)

12At high temperature (T >> mχ), the number density nχ is given as
∫

8π

(hc)3

E2dE

exp

(
− E

kBT

) , where

h, c and kB represent the PLANCK constant, the speed of light in vacuum and the Boltzmann constant
respectively. Thus the integration is reduced to nχ ∼ T 3.
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where g is the effective number of degrees of freedom. Under this circumstance, the kinetic

energy necessary for the particle - antiparticle collision to generate WIMP pairs can only be

provided by the tail part of the Boltzmann distribution. With the progress of the expansion

of the Universe, annihilation rate further depletes and when it lagss behind the expansion

rate, the DM particles decouple from the rest of the plasma and become relics. Thus, this

situation, is also known as the “freeze-out” of the DM species. The temperature at which

this happens is known as the freeze-out temperature. It may be noted that relic density Ωχ ∼
1

〈σannv〉
. It may be noted that when the mean free path of collisions leading to the WIMP

production becomes longer than the Hubble radius, the DM decouples and the number of

DM in a comoving volume remains approximately constant. But the number density of

the DM after decoupling decreases with the increase in volume of the Universe. WIMPs

are a popular DM candidate which were in thermal equilibrium in the early Universe and

decouple via freeze-out mechanism (i.e. when they decouple they move away from the

thermal equilibrium).

Non-Thermal Dark Matter

Since in the cosmic history BBN is not known with certainty, it is possible that the DM

particles never experienced chemical or thermal equilibrium in the early Universe. These

species can be created in the early Universe but as the interaction of these particles with

others are very feeble their numbers grow slowly but they never attain thermal equilibrium

due to this very feeble coupling strength. This kind of DM particles, produced via non-

thermal production mechanism, is named as non-thermal DM. The non-thermal production

mechainsm may be realized as out of equilibrium decay of some heavy particles or scalar

fields, gravitational effects etc. Some plausible candidates for non-thermal DMs are

1. Feebly Interacting Massive Particles or FIMPS DM-
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Feebly Interacting Massive Particle (FIMP) is a well motivated mechanism alterna-

tive to the WIMP or thermal production mechanism. If the DM particles follow the

FIMP mechanism, then they are termed as FIMP DM particles. In this mechanism,

DM particles are slowly produced by decays or annihilations of SM particles in the

thermal plasma. The interaction between the SM particles and FIMP DM particles

are very feeble (coupling strength ∼ 10−11 − 10−12). Due to such small interac-

tion these FIMP particles are unable to reach thermal equilibrium with the rest of

Universe’s plasma. In contrast to the thermal DM particles, their initial abundances

are very negligible to undergo annihilation interaction among themselves. There-

fore, they never attain thermal and chemical equilibrium with the Universe’s plasma

throughout their cosmological history. But their number densities grow gradually due

to their very feeble couplings with the SM particles. While the thermal DM particles

go away from the equilibrium, FIMP particles approach towards equilibrium.

2. Superheavy dark matter (SHDM) -

The SHDM can be produced through the gravitational creation of matter in an ex-

panding Universe. This production mechanism is similar to the Hawking radiation

mechanism (radiation around black holes) and to the Unruh radiation mechanism

that can occur in an accelerated frame of reference. The WIMPZILLAS, which are

very massive relics from the Big Bang (mass ∼ 1013 GeV), can be taken as an ex-

ample of SHDM. Such massive relics can also be produced at the end of the inflation

era during the preheating or the reheating stage and in bubble collisions. The phase

transition between the inflation and the radiation dominated Universe due to the non-

adiabetic expansion of the Universe can be a possible production mechamism of the

WIMZILLAS [78]. The relic abundances of such SHDM particles depend on their
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masses rather than their interaction strength. This kind of very heavy DM particles

are stable with lifetime ∼ the age of the Universe.

Another example of non-thermal DM produced from gravitational effect is Primor-

dial Black Holes (PBH) [79]. PBH are believed to be formed during the radiation

dominated era 13.

3. Axion -

Axions could also be another example of the non-thermal DM candidates. The ex-

istence of axion is envisaged by the Peccei-Quinn mechanism [80] related to the

spontaneous breaking of an axial symmetry U(1)A. This mechanism is in fact re-

quired to counter an inevitable CP violating term arising in QCD Lagrangian. The

QCD Lagrangian is written as

LQCD = ψ̄i(i(γ
µDµ)ij −mδij)ψj −

1

4
Ga
µνG

µν
a −

αs
8π
θGa

µνG̃
µν
a , (3.81)

where Dµ is covariant derivative, Ga
µν is the gluon field tensor, αs is the strong inter-

action coupling and θ is a parameter. The G̃µν in the above expression (Eq. 3.81) is

the dual of the tensor Gµν , which is given by

G̃µν =
1

2
εµνabGab ,

This may be noted that, one cannot avoid the last term in the Lagrangian of a non-

13It forms due to the collapse of the overdense region characterized by the size of the region which

should be greater than the Jeans length Rj , Rj =

√
1

3Gρ
. Also the condition of the PBH formation is

δmin ≤ δ ≤ δmax, where δ is the density contrast. The maximum and mininum density contrast δmax and
δmin respectively are governed by the value of δρ, where the density ρ = ρc + δρ, where ρc is the critical
density for collapse. The δmin is the threshold of PBH formation.
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Abelian gauge theroy (Eq. 3.81).

Ga
µνG̃

µν
a =

1

2
εµνλρ

(
2∂µG

a
ν − gfbcaGb

µG
c
ν

) (
2∂λG

a
ρ − gfdeaGd

λG
e
ρ

)
. (3.82)

Applying the Jacobi identity, one can get

Ga
µνG̃

µν
a = 2εµνλρ

[
(∂µG

a
ν)(∂λG

a
ρ)− gfbca(∂µGa

ν)G
b
λG

c
ρ

]
. (3.83)

The RHS can be written in terms of total derivative Kµ, where Kµ is

Kµ = 2εµνλρ
[
Ga
ν∂λG

a
ρ −

1

3
gfbcaG

a
νG

b
λG

c
ρ

]
. (3.84)

Therefore,Ga
µνG̃

µν
a = ∂µK

µ, which is expressed as a total divergence. It appears that

the action of this quantity, that leads to the volume integral on the RHS, is reduced

to a surface integral. But in this case, for the energy to be conserved, although

Ga
µν vanishes at infinity, but not the fields. Therefore, GG̃ term will be there in the

QCD non Abelian Lagrangian. One may also notice that the dual G̃ term contains

the Levicivita symbol εµνab, such a term gives rise to the violation of parity and

time reversal, hence this term is a CP violating term. The other possible source of

CP violation is via the quark masses (the mass term is mq̄LqR), but this apparently

can be avoided by a chiral transformation qL −→ eiθ1q/2qL and qR −→ e−iθ2q/2qR.

One can write both the transformations in terms of single transformation such as

eiθq ' ei(α+βγ5), where α, β are related to θ1q and θ2q. Here eiα is a vector like

symmetry which does not distinguish between left (L) and right (R) chiral fields and

eiβγ5 is the chiral (left chiral and right chiral terms transform differently). But since

the chiral transformation has a triangle anomaly, it is therefore not a real symmetry
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in the theory. In fact due to this anomaly the axial current is not conserved and in

QCD the divergence of this axial current is written as ∂µJ̃µ =
α2
sNF

16π2
Ga
µνG̃

µν
a , where

NF is the number of flavours. Therefore, under the chiral rotation, the Lagrangian

now transforms like (leaving aside the kinetic term)

LQCD → L′QCD =
1

4
Ga
µνG

µν
a − |mq|(q̄LqR + h.c.)− αs

8π
(θ +NF θq)G

a
µνG̃

µν
a .

(3.85)

With (θ+NF θq) = θ̄, the QCD CP violation term in the above Lagrangian (Eq. 3.85)

can be written as
αs
8π
θ̄Ga

µνG̃
µν
a ,

where θ̄ is a parameter and this parameter is a coefficient of an operator which vio-

lates parity (P ) and time reversal (T ) but not the charge (C). Therefore, the physical

effects of θ̄ is to be looked in the context of electric dipole moments of strongly

interacting particles. The electric dipole moment of a nucleon is written as

d(N) ∼
eθ̄m2

π

m3
N

. (3.86)

In the above expression of the dipole moment, electric charge (e) appears because

of the QED coupling of photon and also recognising the fact that the pion mass,

mπ 6= 0 and hence the chiral symmetry is explicitly broken (connected to mπ). Here

the nucleon mass is represented as mN . This electric dipole moment for the neutron

from the expression Eq. 3.86 comes out to be

|d(N)| ∼ 5.2× 10−16 θ̄ e cm . (3.87)
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But the experimental upper bound of d(N) is given by |d(N)| < 2.9 × 10−26 e cm.

Therefore, we must have |θ̄| < 10−9, which is referred to as the strong CP problem.

In order to address this problem, θ̄ −→ 0 (in fact θ̄ should be exactly equal to zero).

This can be realised by invoking a chiral symmetry in the Lagrangian. Since SM

does not have the chiral symmetry (because of Yukawa couplings), one more scalar

doublet field is to be introduced such that the two doublets namely φu and φd give the

masses to the up quarks and down quarks respectively through the spontaneous sym-

metry breaking (SSB) and then generating two vacuum expectation values (VEVs)

vu and vd. Now one can see that the Yukawa couplings are invariant under the chiral

transformations

φd −→ e−iβφd ; φu −→ eiβφu .

This is clearly a chiral U(1) symmetry as left and right chiral fields transform sepa-

rately. This formalism itself can make the strong CP violation disappear. This axial

U(1) symmetry is called the Peccei-Quinn (PQ) symmetry. But because of the VEVs

vu and vd, the PQ symmetry is broken spontaneously as well giving rise to a massless

Goldstone boson. This boson is called axion (a). This is also to be noted that the two

VEVs should be such that v2 =
√
v2
u + v2

d ' 246 GeV. So that the W boson mass is

now given by

M2
W =

1

4
g2(v2

u + v2
d) . (3.88)

The kinetic term for the axion can be written as

Lkin
a =

1

2
(∂µa)(∂µa) . (3.89)
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But in this approach the axion should have a remaining shift symmetry, a → a +

2πnfa, with fa =
vuvd√
v2
u + v2

d

and n ∈ N [81]. Now the interaction term of the

axions and gluons can be written as

Lgl
a ∼ −αs

8π

a

fa
GG̃ . (3.90)

Therefore, the total QCD Lagrangian with PQ symmetry and its breaking can be so

written that θ̄GG̃ vacuum term can be absorbed by the axion-gluon interaction term.

This can also be noticed that the static θ̄ parameter can now be compared with the dy-

namic axion field (a(x)) and θ̄ −→ a(x)

fa
. Therefore, the QCD Lagrangian becomes

free of the CP violating term. Though the axion is massless at high temperature, but

at the QCD energy scale (∼ a few hundred MeV) the axion potential “tilts” because

of the QCD instanton 14 effects. Therefore, the axion oscillates around the minimum

of the axion potential. Thus the minimum of the potential forces the θ̄ parameter to

be zero and it can solve the strong CP problem. The mass of the axion can be around

µeV scale; ma ' 5.7µeV

(
1012 GeV

fa

)
.

3.4 Dark Matter Halo Density Profiles

The information about the variation of the DM density ρ(r) with the radial distance r is

provided by DM halo profile which is popularly based on spherically symmetric profile. No

specific DM halo profile for Milky Way galaxy could be obtained as yet. This is because of

the incomplete knowledge of the astrophysical behaviour of DM in the disk as well as in the

14When the winding number (n) > 0 in gauge field configuration then that gauge field configuration
is called instanton and anti-instantons are those when n < 0. The winding number appears in relation to
the surface integral of the nonvanishing derivative part of GG̃. The different values of n are related to the
different topological sectors of the theory.
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Halo Models α β γ κ rs (kpc) ρs (GeV/cm3)
Navarro, Frenk, White (NFW) [82, 83] 1 3 1 0 20 0.259
NFW with adiabetic compression [84] 0.8 2.7 1.45 0 20 0.257
Moore [85] 1.5 3.0 1.5 0 20 0.256
Moore II [86] 1.0 3.0 1.16 0 30.28 0.108
Isothermal [87] 2 2 0 0 3.5 2.069
Burkert [88] 2 3 1 1 12.67 0.729
Kravtsov [89] 2 3 0.2 0 10 0.361

Table 3.1: Values of parameters for DM halo density profiles.

halo of Milky Way. But astrophysicists arrive at certain halo profiles based on the observed

astrophysical data and rigorous numerical simulations. These halo profiles describe the

DM density at different radial distances from the centre of the galaxy. Empirically, this

density profile is given by

ρ(r) =
ρs(

k +

(
r

rs

)γ)(
1 +

(
r

rs

)α)β − γ
α

, (3.91)

where α, β, γ and k are the parameters and their different sets of values represent different

halo profiles tabulated in Table 3.1. The other parameters ρs and rs represent the scale

density and scale radius respectively which are also tabulated in Table 3.1.
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Some of the halo density profiles that are generally used in the astrophysical calculations

are furnished in the following equation.

NFW ρNFW(r) = ρs
rs
r

(
1 +

r

rs

)−2

,

NFWII ρNFWII(r) = ρs

(rs
r

)1.45
(

1 +

(
r

rs

)0.8
)−1.5625

,

Moore ρMoo(r) = ρs

(rs
r

)1.5
(

1 +

(
r

rs

)1.5
)−1

,

MooreII ρMooII(r) = ρs

(rs
r

)1.16
(

1 +
r

rs

)−1.84

,

Isothermal ρIso(r) =
ρs

1 + (r/rs)
2 ,

Burkert ρBur(r) =
ρs

(1 + r/rs)
(
1 + (r/rs)

2) ,
Kravtsov ρKrs(r) = ρs

(rs
r

)0.2
(

1 +

(
r

rs

)2
)−1.4

. (3.92)

A different kind of halo profile namely Einasto halo [90, 91] profile is given as

Einasto : ρEin(r) = ρsexp− 2

α̃

[(
r

rs

)α̃
− 1

]
, (3.93)

where the value of the parameter α̃ is chosen to be 0.17 and rs is 20 kpc. The different DM

halo density profiles are shown in Fig. 3.8.

3.5 Dark Matter Detection

Besides the evidence for DM, which is overwhelmingly gravitational in nature, the ex-

perimental searches for DM are being intensely pursued by several terrestrial as well as

space-based experiments. These DM search experiments intend not only to confirm the
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Figure 3.8: Variations of different DM halo density profiles with the radial distance r from
the ceter of Milky Way galaxy.

presence of DM but also attempt to probe the particle nature and other properties. The

experimental searches for DM broadly fall under three categories namely

1. Direct search experiments of DM,

2. Indirect detection of DM through the detection of products obtained from the decay

or annihilation of DM,

3. Collider searches for the signature of DM.

The possible scattering of a DM particle off a detctor nuclei will lead to the direct detection

of DM through its direct impact with the detector material. On the other hand, the searches

for the indirect signature of DM rely on the detection of the end products obtained via the

processes such as decay, annihilation etc. that the DM or the pair of DM may undergo.

The colliders can also contribute to the search for particle DM in which case DM may be

produced via the collisions of SM particles in the collider such as Large Hadron Collider

(LHC). The schematic diagram of these three different DM detection methods has been

shown in Fig. 3.9.
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Figure 3.9: The schematic representation of possible DM detection channels. Different
types of DM detection methods can be broadly envisaged depending on the direction of the
time axis, which is indicated by green arrow.

1. Direct Detection

One category of the well known experimental searches for DM is direct DM search

experiment which relies on the possible scattering of the DM particle off the detector

nucleus. In such eventual scattering of a DM particle off the detector nucleus, the

nucleus suffers a recoil and the experiment attempts to measure the recoil energy by

mechanisms of scintillation or ionisation or phonon excitations or several combina-

tions of them. It may be mentioned here that these DM direct search experiments

are aimed to detect WIMPs with mass few tens of GeV and beyond. Due to very

weak interaction strength of DM, this recoil energy will be very low (∼ keV). There-

fore, in order to detect any signal from this low recoil energy of the scattered nuclei

due to possible DM impact, detectors should be installed in a very low background

environment shielded from cosmic rays, which is required for the precise measure-

ment of such low recoil energy. The energy deposited by this recoiled nucleus is

mainly detected by three different kinds of techniques, namely, (a) scintillation, used
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by DAMA [92], ZEPLIN-I [93] experiments, (b) ionisation, used by CoGeNT [94],

DRIFT [95] experiments and (c) phonon excitation, used by the experiment CRESST

[96]. Multiple detection techniques have also been used in some of the ongoing ex-

periments, for example, both ionization and phonon methods are used by CDMS-II

[97], superCDMS [98], EDELWEISS-II [99] experiments, the combination of scin-

tillation and ionisation methods are used by the experimets namely XENON 100

[100], LUX [101] and ZEPLIN-III [102], while the phonon and scintillation meth-

ods are used together by CRESST-II [103], EURECA [104] etc.

The scattering of a cold DM WIMP off a detector nucleus is elastic in nature. At

the fundamental level, WIMP interacts with quarks (and gluons) inside the nucleon.

Since the coupling of this type of interaction depends on the particle candidate of

CDM for a chosen particle physics model, the coupling is a model dependent param-

eter. Also the scattering of WIMP off a target nucleus is of concern here. Therefore,

the interactions at the fundamental level is to be translated to the nucleonic level

using proper matrix elements of quarks and gluons (hadronic matrix elements) in nu-

cleonic state. The distribution of hadrons (quarks and gluons) in nucleons is also im-

portant for theoretical estimation of WIMP-nucleon elastic scattering cross-section.

Thus the proper nuclear matrix elements can be obtained by evaluating the hadronic

matrix elements (matrix elements of nucleon operator) in the nucleon state.

The elastic scattering can be classified into two types depending on the spin state

of the detector nucleus with which the WIMP DM is interacting. These are spin

independent (SI) and spin dependent (SD) scattering. The SI scattering involves the

scalar or vector type interactions, where the scalar part arises from the term 15 χχ̄qq̄

in the Lagrangian while the term χγµχ̄qγµq̄ in the Lagrangian accounts for the vector
15The mediator of the scalar type t-channel interaction can be Higgs boson or any Higgs like scalar.

125



type interaction (χ and q (≡ u, d, s, c, b, t) represent the DM candidate and the SM

quark respectively). The scalar part of the SI cross-section is given by [105]

σscalar =
4µ2

π
[Zfp + (A− Z)fn]2 , (3.94)

where αq is the coupling and fp =
∑
all q

αq
mq

mpf
p
q ; fn =

∑
all q

αq
mq

mnf
n
q , fp and fn are

factors that include the contribution of light quarks and the contribution of interac-

tion with gluons in the nucleons. These factors are dependent on the scalar matrix

elements. The factor mpf
p
Tq

= 〈p|mq q̄q|p〉 = mqBq where Bq is the scalar matrix el-

ement. The product mqBq is invariant under renormalization and therefore is a phys-

ical quantity. For the lighter quarks, the values of fxTq (x = p or n) are given as [105]

fpTu = 0.020, fpTd = 0.026, fpTs = 0.118, fnTu = 0.014, fnTd = 0.036, fnTs = 0.118. For

the heavier quarks, fxTc,b,t =
2

27
(1− fxTu − fxTd − f

x
Ts) . The term µ in Eq. 3.94 is the

reduced mass, µ =
mχmnucleus

mχ +mnucleus

, where mχ and mnucleus are the masses of DM (χ)

and nucleus respectively. For the case of fp ' fn, Eq. 3.94 will take the form

σscalar =
4µ2f 2

pA
2

π
. (3.95)

Now for a single nucleon ‘n’, we can write the SI WIMP scalar scattering cross-

section as (considering fp = fn) σn
scalar =

4µ2
nf

2
n

π
, where µn =

mχmn

mχ +mn

, mn

defines the mass of ’n’. In terms of σn
scalar, Eq. 3.95 can be written as

σscalar = σn
scalar

µ2

µ2
n

A2 . (3.96)

The multiplicative factor
µ2

µ2
n

A2, which connects σscalar and σn
scalar, will be different
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for different mass number A (i.e. different target nuclei).

The axial vector type interaction term in the Lagrangian (χ̄γµγ5χq̄γµγ5q) becomes

relevant for SD interaction. The SD scattering cross-section is considered when the

target nucleus has non zero ground state spin 16 17. The SD scattering cross section is

directly proportional to the factor j(j+1), j being the nuclear angular momentum of

the detector nucleus at its ground state. The SI scattering is relevant for the direct DM

search experiments like XENON100 [105], LUX [101], CDMS [97], SuperCDMS

[98], CoGeNT [94], DAMA [92], EDELWEISS-II [99], CRESST [96] etc. while

for PICASSO [106], PICO [107] etc. experiments it is the SD scattering of DM off

detector nucleus, which is more important. However, in the absence of convincing

results from these DM direct detection experiments, these experiments give upper

bounds for DM-nucleon SI and SD interactions for different masses of WIMP DM.

Most stringent among them is by LUX (liquid Xenon) detector. For example, for

a 50 GeV DM, the upper bound, given by LUX experiment, for SI WIMP-nucleon

elastic cross-section σSI > 2.2 × 10−46 cm2 at 40% C.L. [108]. On the other hand,

the most stringent present upper bound on DM-proton SD scattering cross-section

is σSD ∼ 5 × 10−40 cm2 [109, 110]. This may be mentioned that with more and

more data accumulated from these experiments, their analyses bring down these up-

per bounds further and approaches towards the regime of coherent neutrino-nucleon

scattering cross-section (the “neutrino floor”). Going by this trend, the σSI upper

bound may overlap with the “neutrino floor”. In this scenario, it will be difficult to

discriminate a DM signal from that of background neutrinos. However, if the DM

16The axial vector type interaction (SD interaction) may proceed through the t-channel exchange of neu-
tral vector bosons.

17Apart from the above mentioned scalar and axial current interaction, there can also have the neutral
current interaction between the WIMPs (χ) and quarks (q), where SM Z boson or Z ′ boson (extra neutral
gauge boson) acts as a possible mediator. This is a vector type spin independent interaction.

127



is indeed detected in direct direction experiments then that will be a “smoking gun

signature” of the existence of beyond Standard Model (BSM) scenario as the SM of

particle physics does not have any viable CDM candidate.

2. Indirect Detection of Dark Matter

Besides the direct detection searches for DM, there are another promising detection

method of DM through which we can detect the annihilation or decay products of

DM trapped in the heavy dense region of celestial objects namely core of the Sun,

GC (GC), dwarf galaxies etc. A primordial SHDM may undergo cascade decays to

produce SM particles as the end products. The information about the particle nature

of DM can be revealed by probing the secondary particles, which are obtained via the

DM annihilation or decay mechanism, such as gamma ray, neutrinos, charged cosmic

rays including electrons, protons and their antiparticles positrons, antiprotons respec-

tively etc. This type of detection method is known as the indirect detection of DM.

Detection of these highly energetic gamma rays (by satellite-borne telescope-like

Fermi-LAT [111] as also several earthbound experiments like H.E.S.S [112], VARI-

TUS [113] etc.) or neutrinos (by experiments like ICECUBE [114], ANTARES [115]

etc.), positrons (by satellite-borne experiments like PAMELA [116], AMS [117]),

provide insightful information about the particle nature of DM.

Formalism of Indirect Detection of DM

The annihilation rate of the DM particles can be derived by taking into account that

the DM particles are either self conjugate or not. Let us consider,mχ(mχ̄) is the mass

of DM particle χ (χ̄, antiDM particle) and the density of DM (antiDM) is defined as
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ρχ(ρχ̄). The annihilation rate per DM or antiDM can be written as

channels∑
i

ρχ
mχ

〈σannv〉i or
channels∑

i

ρχ̄
mχ̄

〈σannv〉i , (3.97)

where 〈σannv〉i is the thermally averaged annihilation cross-section and the subscript

‘i’ represents the DM annihilation channel. In Eq. 3.97 the summation over all

possible annihilation channels has been considered. The number of DM (antiDM)

particles exist in the interaction volume V is
ρV

mχ

(
ρV

mχ̄

)
. Therefore, the number of

possible DM - antiDM pairs per unit volume is given as

ρχV

mχ

ρχ̄V

mχ̄

1

V
. (3.98)

The total annihilation rate in V can be expressed as the product of the annihilation

rate per DM (antiDM) particle and the number of possible pairs of DM-antiDM par-

ticles in V as (
channels∑

i

ρχ
mχ

〈σannv〉i
)
·
(
ρχ̄V

mχ̄

)
. (3.99)

Assuming, ρχ = ρχ̄ = ρ/2 (say) and mχ = mχ̄ = m (say), the annihilation rate in

the infinitesimal interaction volume is given by

Γann =
ρ2

4m2
dV

channels∑
i

〈σannv〉i . (3.100)

In case of self conjugate DM

Γann =
ρ2

2m2
dV

channels∑
i

〈σannv〉i , (3.101)
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as the number of particles is doubled. Thus in general the rate of annihilation can be

written as

Γann =
ρ2

2αm2
dV

channels∑
i

〈σannv〉i , (3.102)

where α = 1 for self conjugate case and α = 2 otherwise. Now, dV can be written

as dV = l2dΩdl, l being the distance between the location of the volume element

and the observer and dΩ is the infinitesimal solid angle subtended by the source

(volume element) at the observer. The differential flux of the end products (photons

(γ) or neurtinos (ν) say), which may be obtained from the DM self annihilation, at a

distance l from the observer can be written as

(
dΦ

dE

)
γ,ν

=
1

4πl2
ρ2〈σannv〉

2αm2

channels∑
i

Bi
dN i

dE
l2dldΩ . (3.103)

where
dN i

dE
is the differential energy spectrum of the end products ‘i’, that gives the

spectral shape of the signal. The branching fraction to different annihilation channels

(i) is denoted by Bi. One can readily see that the DM annihilation rate (Γann) is

proportional to the square of DM density (ρ). The differential flux of ν or γ in the

galactic halo produced by the DM annihilation in an angular direction that subtends

a solid angle dΩ is given by [12]

(
dΦ

dΩdE

)
γ,ν

=
1

8παm2
〈σannv〉

channels∑
i

Bi
dN i

dE

∫
l.o.s

dlρ[r(l, θ)]2 . (3.104)
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In the DM decay case, the decay rate can be written as

Ddecay =
ρ

αm
dV

channels∑
i

Γi , (3.105)

where the DM decay width for decay channel i is denoted as Γi. Therefore, for

the case of decaying DM, the differential flux of the decay products (ν or γ) in the

galactic halo can be written as, i.e.

(
dΦ

dΩdE

)
γ,ν

=
1

4παm
Γdecay

channels∑
i

Bi
dN i

dE

∫
l.o.s

dlρ[r(l, θ)] . (3.106)

where Γdecay represents total decay width, which is obtained by considering the sum-

mation over all possible DM decay channels. In contrast to the DM annihilation

scenario, the differential flux of the decay products for the case of decaying DM is

proportional to the single power of ρ(r).

In both Eqs. 3.104, 3.106, r represents the distance at which the target is located

from the centre of the DM halo and it is given by

r =
√
r2
� + l2 − 2r�l cos θ , (3.107)

where l denotes the l.o.s distance and θ is the aperture angle i.e. the angle between the

direction of the l.o.s and the line connecting the observer and the GC. The distance

between the observer (located at the solar system) and the GC is denoted as r� (∼ 8.5

kpc). Different DM halo density profiles are used in the astrophysical calculation of

the DM density (ρ(r)), which is discussed elaborately in Section 3.4.

Now we introduce a term named as the astrophysical J-factor, which indicates the
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total DM contained within the solid angle dΩ. In case of both annihilating DM and

decaying DM, this J-factor can be written as

Jann =

∫
l.o.s

dl(ρ[r(l, θ])2 (annihilation) , (3.108)

Jdec =

∫
l.o.s

dlρ[r(l, θ)] (decay) . (3.109)

Therefore, in terms of the astrophysical J-factor Eq. 3.104 and Eq. 3.106 can be

expressed as

(
dΦ

dΩdE

)
γ,ν

=
1

8παm2
〈σannv〉

channels∑
i

Bi
dN i

dE
Jann (annihilation) (3.110)

(
dΦ

dΩdE

)
γ,ν

=
1

4παm
Γdec

channels∑
i

Bi
dN i

dE
Jdec (decay) . (3.111)

3. Collider Searches

Although collider is the most successful tool to probe much about the properties of

ordinary matter, the collider experiment is also utilised for probing the DM and more

importantly its particle nature [118–120]. The DM production at collider relies on

the interactions between the DM particles and the colliding SM particles. DM, if pro-

duced at the particle accelerators like LHC, may escape the collider remaining unde-

tected since the DM is stable and if at all it interacts, it does so very weakly with the

SM particles. But its signature may be traced in the form of missing energy, which

would be acquired during the reconstruction of momentum for the event. Observa-

tion of such missing energy may lead to ascertain the signature of DM. Moreover,

there are some alternative proposals of collider searches of DM, such as production

of DM at collider from invisible decay of Higgs boson or Z boson, where the in-
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visible decay branchings of these bosons are constrained by LHC, LEP experiments,

which is used to put further bounds on the couplings of such invisible decay of these

Higgs or Z bosons into DM. There are both advantages and disadvantages of the

collider searches for DM. For the lighter DM search at the collider, the seacrh be-

comes more sensitive as they do not suffer from threshold effect, compared to both

direct and indirect searches, which are less sensitive because of the smallness of the

interaction energy of this lighter DM particles. On the other hand, direct and indirect

detection of DM are more appropriate for the case of heavy DM particles in com-

parison to their collider searches as sufficiently high amount of energy is required

to generate such heavy DM. The collider searches for DM also suffer from certain

uncertainties such as the basic understandings of the signatures that might have been

caused by “true” DM or some other unstable particles.

133



CHAPTER 4

INTRODUCTION TO NEUTRINOS AND

NEUTRINO OSCILLATIONS

It was James Chadwick in the early 20th century who noticed that the electrons in β decay

have a continuous spectrum rather than being a line spectrum. But this observation appears

to violate the law of conservation. Wolfgang Pauli in 1930 proposed the existence of a

low mass neutral particle, emitting along with the β decay and thereby sharing energy

with β decay electrons. This however could explain the continuous nature of the β decay

spectrum. As a result the existence of a new particle namely neutrino (ν) came to be known.

As discussed in the previous chapter, in the framework of the Standard Model (SM)

of particle physics, neutrinos are known to be of three flavours namely electron neutrino

(νe), muon neutrino (νµ) and tau neutrino (ντ ) and are the partners of e, µ and τ in their

respective SU(2) doublets. Within SM, neutrinos cannot have mass because of the absence

of right handed neutrinos but various neutrino oscillation experiments conclusively prove

that neutrinos are massive. Therefore, neutrinos could serve as a window to explore the
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physics beyond SM. As various experiments suggest that even though neutrinos are massive

their masses are extremely small, the neutrinos are therefore related to very low mass scale

physics and the behaviour of new physics in such low mass scale neutrinos can also play

an important role in understanding fermion mass generation.

Similar to the mixing in quark sector, in the leptonic sector also the mixing matrix

arises through the charged current (CC) term. This mixing matrix is called Pontecorvo-

Maki-Nakagawa-Sakata (PMNS) matrix [121]. The CC interaction for the lepton is given

as

L = − g

2
√

2
[ν̄αγ

µ(1− γ5)lβW
+
µ + h.c.] ,

= − g

2
√

2
[ν̄αU

†
νUlγ

µ(1− γ5)lβW
+
µ + h.c.] , (4.1)

where

UPMNS = U †νUl =


c12c13 s12s13 s13e

−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 . (4.2)

In the above cij = cos θij, sij = sin θij and δ is CP phase, θij(i, j = 1, 2, 3) are the neu-

trino mixing angles. The problem of CP violation in the leptonic sector can be addressed

by studying the neutrino oscillation in general and baseline neutrino experiments in par-

ticular. The experimental discovery of neutrino oscillations had been initiated by solar

and atmospheric neutrino experiments for example by Chlorine (Homestake) experiment

[122], SNO experiments (Sudbury Neutrino Observatory) [123] for solar neutrinos and

mainly Kamiokande and Super-Kamiokande (SK) experiments [124] for atmospheric neu-

trinos. Neutrino oscillations had been further studied by reactor neutrino experiments like
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KamLAND [125, 126], Daya Bay [127–133], Reactor Experiment for Neutrino Oscillation

(RENO) [134], Double Chooz [135] experiments and long baseline (LBL) accelerator neu-

trino experiments such as K2K [136], MINOS [137–148], T2K [149] etc. Recently more

such experiments namely Deep Underground Neutrino Experiment (DUNE) [150–153] and

Noνa long baseline experiments [154–159] are coming up. The neutrino oscillations for

coherent neutrinos on their propagation, take place by the presence of neutrino mixing (of

neutrino mass eigenstates (|νi〉) and flavour eigenstate |να〉) and the phase difference that

the neutrino mass eigenstates acquire during their propagation. The phase differences can

be expressed in terms of the mass square difference between two neutrinos (∆m2
ij) and the

distance traversed by them. The probabilities of the neutrino oscillations also depend on

the mixing angles (θij) appearing in PMNS matrix (Eq. 4.2) and the CP phase δ. Several

neutrino oscillation experiments therefore measure the values of ∆m2
ij and θij but could

not determine the absolute masses of the neutrinos. But yet there are issues that can still

be probed by neutrino oscillation experiments such as the order of mass hierarchy of the

neutrinos, the CP phase and whether neutrino oscillations can be affected by other exotic

mechanisms e.g., the possible weak violation of equivalence principle (VEP), Lorentz vi-

olation, possible differences in velocities of different types of neutrinos etc. If there exists

a fourth sterile neutrino in addition to three active neutrinos (νe, νµ and ντ ), then the ex-

istence of such a sterile neutrino is also investigated through neutrino oscillations where a

four flavour oscillation formalism is to be invoked.

Neutrinos are also important in astrophysics and cosmology. Neutrinos carry away

about 99% of the energy released during Supernova explosions. This is suggested that in-

teractions of the neutrinos in the Supernova core greatly influence the Supernova explosion

mechanism. Also since these neutrinos are emitted from Supernova or solar cores (for the

case of solar neutrinos) they carry information of the Supernova or solar cores which are
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not accessible by other optical observations. The very and ultrahigh energy (UHE) neu-

trinos (of energy range from TeV upto EeV) could be possibly produced in high energy

phenomena at cosmological UHE sources such as Gamma Ray Bursts (GRBs), Blazars,

Active Galactic Nuclei (AGN) etc. through the likely process of energetic pγ interactions

(through the production of ∆ which decays to pions (π) and the pions eventually produce

νµ and νe). Study of these UHE neutrinos by Cherenkov detectors, e.g. IceCube [160],

PINGU [161], Deepcore [162] at South Pole, Astronomy with a Neutrino Telescope and

Abyss Environment Research (ANTARES) [163] at Mediterranean Sea can reveal the na-

tures and mechanisms of the cosmic UHE sources. The simultaneous detections of both

neutrino signals and the high energy γ-ray signals (and possibly Gravitational Wave sig-

nals) from such high energy sources constitute the multimessenger study of these sources

and could provide better understandings of the UHE processes in them. Therefore with

these UHE neutrinos, it is possible to probe the energy scale as high as PeV (or EeV)

which is otherwise inaccessible in collider experiments.

The big bang nucleosynthesis (BBN) is influenced by neutrino interactions, number

of neutrino species as also the neutrino oscillations. The number of relativistic neutrino

species influences the mass fraction of 2He and the relative number density of Deuterium.

But again this limit depends on baryon density (Ωbh
2) which in turn is given by the Cosmic

Microwave Background Radiation (CMBR) measurements.

Active-sterile neutrino oscillations, in case a fourth neutrino or sterile neutrino νs exists

may influence the primordial abundances of the light elements. If active neutrinos oscillate

to sterile neutrinos before the decoupling of active neutrinos, then an increase of mass

fraction of 2He and Deuterium results. Alternatively if νe to νs oscillation happens after

νe decoupling then it leads to larger 2He fraction although the total energy density of all

neutrinos would remain same. A deficit of νe due to oscillations at high energies results
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in smaller 2He fraction while the deficit of νe at low energy increases the mass fraction of

2He. If neutrino oscillation creates an asymmetry between νe and ν̄e then the behaviour of

n/p ratio may not remain as n/p ∼ exp(−µν/T ), where n and p define neutron and proton

respectively. Present data can permit an asymmetry between νe and ν̄e much higher than

the standard asymmetry of 10−10.

The active neutrinos can contribute to hot dark matter (HDM) while if a sterile neu-

trino is in the mass range of keV then they could form cosmologically interesting warm

dark matter (WDM). A massive neutrino can decay to lighter neutrinos or other particles

such as photons, light scalar bosons or a pair of light fermions. But if neutrino decays

into photons then these photons could be directly observable in such a way that they would

not contradict other astronomical data on cosmic photons. If neutrino decays before hy-

drogen recombination then the decay products may distort the CMBR spectrum. On the

other hand, if the neutrino decays after the hydrogen recombination or still later then it will

produce electromagnetic (EM) radiation all across its spectrum. The neutrino mass in eV

range and decays of neutrinos with lifetime ∼ 1013 sec influence the spectrum of CMBR

angular fluctuations. If neutrinos decay to photon and e+e− pairs then the perfect Planck-

ian spectrum of CMBR could be distorted. This will also happen if neutrinos decay into

invisible modes such as νh → νl + φ where φ is a light and massless scalar, νh and νl are

heavy and light neutrinos respectively.

The large scale structure strongly depends upon the primordial spectrum of densiy fluc-

tuations. Although this spectrum is assumed to be flat (predicted by the simplest infla-

tionary models), the spectrum depends upon the relative mass fraction of cold dark matter

(CDM) and HDM. If neutrinos are HDM candidates then their number denisties are fixed

(112 cm−3) and the relic density (ΩHDM) is determined by the masses of the neutrinos. The

density fluctuation at small scale is more suppressed for higher mass and hence for higher
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ΩHDM. But at the large scale the growth rate for density fluctuations for the case of HDM

coincides with that for CDM. Therefore, at large scale the structure formation processes

with neutrinos coincide with that for CDM (neutrino velocity reduces at large scale).

The fundamental charged fermions in SM are generally differentiated from their antiparti-

cles by their charges. An antiparticle has an opposite charge to that of a particle. But neu-

trinos being neutral particles, the particle-antiparticle discrimination on the basis of their

charges are not possible for neutrinos. In nature, the neutrinos appear with left handed chi-

rality while the antineutrinos appear with right handed chirality. This may be mentioned

here that for massless particles the chirality (1±γ5) is a good quantum number but for

massive particles chirality is not a good quantum number. This means, in principle there

could be a mixture of the “wrong” chirality with the “right” chirality but this admixture is

∼ mν/e, where mν is the mass of the particle, in this case neutrino and E is its energy.

Since mν is very small, this admixture is also negligibly small. Thus for a relativistic par-

ticle like neutrino, the chirality is nearly conserved and descriptions of neutrinos in terms

of their chiral states are useful.

If a particle is not identical with its antiparticle then it is a Dirac particle while in case they

are identical, the particles are called Majorana particles. Therefore, if neutrinos are Majo-

rana particles then the lepton number is violated by 2 units. The operator that connects the

particle and the antiparticle is called the charge conjugation operator C. Operating C on a

fermion field ψ one obtains,

ψ
C−→ ψc ≡ CψC−1 = ηcCψ̄

ᵀ , (4.3)

where ηc is a phase factor with |ηc| = 1 and particle-antiparticle conjugation operator C

has the form of a 4 × 4 matrix given by C = iγ2γ0 which follows the properties C† =
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Cᵀ = C−1 = −C, CγµC−1 = −γᵀµ (using the properties of Dirac γ matrices). Also,

(ψc)c = ψ, ψc = ψᵀC, ψ1ψ
c
2 = ψc2ψ1, ψ1Aψ2 = ψc2(CAᵀC−1)ψc1 , (4.4)

where ψ, ψ1, ψ2 etc. are the four component Dirac spinors and A has the form of an arbi-

trary 4× 4 matrix. Again operating the projection operators

PLψ = ψL; C : ψL → PLψ
c = (ψL)c = (ψc)R . (4.5)

Similarly,

PRψ = ψR; C : ψR → PRψ
c = (ψR)c = (ψc)L . (4.6)

Eqs. 4.5, 4.6 can be achieved by using the properties of Dirac γ matrices. It is therefore

clear from the above equations that the antiparticle of the left handed fermion is right

handed and vice versa. The mass term of a massive fermion is written as

Lmass = mψ̄ψ = (ψL + ψR)(ψL + ψR) = ψLψR + ψRψL . (4.7)

Therefore, a massive fermion field has both L and R components. If the right handed

component is completely independent of the left handed component of a fermion field then

that fermion is called a Dirac fermion. On the other hand, if the right handed field is a

charge conjugate field of the left handed component such that ψR = (ψL)c = (ψc)R then it

is called a Majorana fermion. Therefore the Majorana field is expressed as ψ = ψL+ψR =

ψL + η(ψL)c. In order to construct a massive Dirac field one should include the fields

ψL, ψR, ψ
c
L, ψ

c
R and thus it has four degrees of freedom. For Majorana field however we
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have only two degrees of freedom namely ψL and (ψL)c = ψcR. It can also be observed that

ψ̄ψ is invariant under U(1) transformation of type ψ → eiαψ. This means the Dirac mass

term conserves the charges (electric charge, lepton and baryon number etc.). But since the

Majorana mass term has only two components, it breaks all charges by 2 units. Therefore,

no charge particle can have Majorana mass since electric charge is conserved exactly. Thus

among the known fermions it is only the neutrinos that can be a Majorana particle.

The parity transformation of a field ψ(~x, t) by operating the parity operator P is defined as

ψ(~x, t)
P−→ Pψ(~x, t)P−1 = ηPγ0ψ(−~x, t) , (4.8)

where ηP is the phase and ηP = ±1. Therefore for the charge conjugated field ψ,

ψc = ηCCψ̄
ᵀ P−→ ηCη

∗
PCγ

ᵀ
0 ψ̄

ᵀ = −η∗Pγ0ψ
c . (4.9)

This equation signifies that a fermion and an antifermion have opposite parity. For a Majo-

rana particle however ψc = ±ψ. This implies ηP = −η∗P . Therefore a Majorana field now

can be written as

ψM =
1√
2

(ψ + ηCψ
c) , (4.10)

where ηC = λCe
2iφ, λC = ±1. On applying a phase transition on ψM , one obtains

ψM → ψMe
−iφ =

1√
2

(ψe−iφ + λCψ
ceiφ) =

1√
2

(ψ + λCψ
c) ≡ ψM . (4.11)
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Also

ψcM =
1√
2

(ψc + λCψ) = λCψM . (4.12)

Therefore, ψM is an eigenstate with respect to charge conjugation operator (C) and the

eigen values are λC = ±1. This demonstrates again that ψM and ψcM are indistinguisable

and Majorana particle is its own antiparticle. With respect to the operation of both C and

P on ψM , one gets

ψM(~x, t)
C−→ ψcM = λCψM

P−→ λC√
2

(ηPγ0ψ − λCη∗Pγ0ψ
c)

= λCηPγ0ψM = ±iγ0ψM(−x̄, t) . (4.13)

In the above, the use has been made of the relations η∗P = −ηP . This implies that ηP = ±i

for λC = ±1. Therefore, the parity of a Majorana particle is imaginary. Again from the

above discussions, one also has

(γ5ψM)c = ηCCγ5ψM
ᵀ

= −ηCCγᵀ5ψM
ᵀ

= −γ5ψ
c
M = −λCγ5ψM . (4.14)

Now

γ5ψM = (γ5ψM)†γ0 = ψ†Mγ5γ0 = −ψMγ5 . (4.15)

Applying the projection operator (PL,Rψ = ψL,R), one can obtain

ψL,R
C−→ PL,Rψ

c = (ψc)L,R = (ψL,R)c . (4.16)
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Therefore, an eigenstate of charge conjugation operator (C) can not simultaneously be an

eigenstate of chirality operator. Thus Majorana neutrino has no fixed chirality. But ψM

obeys Dirac equation since both ψ and ψc obey Dirac equation. Dirac mass term has

been discussed earlier. A more general treatment for the mass term involving ψc requires

to identify the combination of the spinors ψ and ψc which behaves like Lorentz scalars.

These combinations could be ψ̄cψc, ψ̄ψc and ψ̄cψ. But ψ̄cψc is equivalent to ψ̄ψ. Thus we

have additional mass terms which are hermitian conjugate (h.c.) to each other (since ψ̄ψc

is hermitian conjugate to ψ̄cψ). This additional mass term is called Majorana mass term

and is given by

L =
1

2
(mM ψ̄ψ

c +m∗M ψ̄
cψ) ,

=
1

2
mM ψ̄ψ

c + h.c. . (4.17)

4.1 Sources of Neutrinos

Broadly, there can be two types of sources namely the natural sources and man made

sources from which neutrinos can be obtained. In the former case, neutrinos are produced

due to various reaction and interaction processes within several astrophysical objects such

as solar and Supernova core, in AGN, GRB as also in Earth’s atmosphere and within the

Earth (through radioactive decay). They can also be artificially produced in man made nu-

clear reactors or other accelerator based experiments.

Solar Neutrinos

Solar neutrinos are produced in solar core following the thermonuclear reactions such as

p + p → 2H + e+ + νe,
7Be + e− → 7Li + νe,

8B → 8Be∗ + e+ + νe. The reaction such

as 7Be + e− → 7Li + νe emits monoenergetic neutrinos whereas other continuous neutrino
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spectrum is obtained from the other two interactions mentioned above. The solar neutrino

energy range can be upto ∼ 19 MeV. Solar neutrino suffers matter induced oscillations

within the solar matter, while traversing from the core to the surface of the sun.

Supernova Neutrinos

Towards the end of the life cycle of massive stars (> 10 M�), the final stage is achieved by

an explosion. This happens when the spontaneous nucleosynthesis is stopped in an around

56Fe nucleus and other fp shell nuclei around the mass number of 56, a core mostly made

up of 56Fe nuclei is formed. The materials from the outer shell of this Supernova core make

infall on the core due to gravity, while a shock wave is generated which moves outward in

enormous energy rapturing all the outer shells. The dying star then glows with enormous

brightness for sometime before being extinguished. The neutrinos from Supernova gener-

ally emit in two stages, one is during the pre-Supernova stage just before the infall of the

outer layers and the consequent shock wave productions and the other is during the actual

Supernova explosions. At the pre-Supernova stage, the neutrinos are produced by β decay

or neutron capture interaction and its energy remains within tens of MeV, while during the

later stage of the Supernova process neutrinos are produced following pair annihilation in

the Supernova plasma, whose energy ranges between few 100 MeV. Most of the Super-

nova energy is carried away by neutrinos during the Supernova explosion. Supernova can

be of two types, namely Type I and Type II. While Type I Supernova does not have any

hydrogen line, the Type II Supernova can be recognised by their hydrogen lines. So far, the

only neutrino from a Supernova explosions detected by a terrestrial detector (Kamiokande

experiment) is from the SN 1987A Supernova event.

Atmospheric Neutrinos

Atmospheric neutrinos are generated mainly due to the decay products of the particles

collected by the cosmic ray bombardment on the Earth’s atmosphere. These secondary
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particles created by cosmic rays in the atmosphere are pions (π), kaons (K) and muons

(µ). The production of neutrinos from the π decay will be mainly in the ratio 2:1 for νµ and

νe. The atmospheric neutrino spectrum peaks at around 1-2 GeV but its tail can go upto

10 keV or far beyond. The Earth’s atmosphere extends around 12 Km above the surface of

the Earth. Atmospheric neutrinos suffer oscillations while traversing within the Earth and

being detected at the opposite hemisphere of the Earth.

Geoneutrinos

Geoneutrinos are produced in the interior of the Earth due to the radioactive decays of the

radioactive nuclei present inside the Earth. Most of the geoneutrinos are ν̄e and produced

via β− decay. The process also includes heating effects of Earth’s interior. Other than

KamLAND [125, 126] and Borexino [164] experiments, the SNO+ experiment [165] and

JUNO experiment [166] also look for geoneutrinos. The energy of such neutrinos vary

from a few MeV to tens of MeV.

Ultrahigh Energy (UHE) Neutrinos

Ultrahigh energy (UHE) neutrinos are astrophysical neutrinos produced with higher energy.

The UHE neutrinos play an important role such as cosmic messengers via which we can

understand the extreme astrophysical objects and environments as well as these neutrinos

can also be useful for probing new physics. These may include the existence of sterile neu-

trinos etc. The cosmic rays having energy beyond 1020 eV, observed by the Fly’s Eye and

AGASA air shower arrays [167], support the obeservations of neutrinos upto this energy

range. Such high energetic neutrinos can be produced through particle acceleration mech-

anism. The accelerated protons produced in an astrophysical accelerator with high energy

interact with γ’s via a cosmic beam dump. This interaction produces secondary mesons like

pions (π±, π0). The neutral pion (π0) further decays to photons as π0 → γ + γ and these

photons creating a high energy γ-ray flux while the charged pions (π±) decay to UHE neu-
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trinos via π+(π−)→ µ+(µ−) + νµ(ν̄µ) followed by µ+(µ−)→ e+(e−) + ν̄µ(νµ) + νe(ν̄e).

This acceleration production mechanism for UHE neutrinos can be splitted into those of

galactic and extragalactic origin. The possible galactic point sources of UHE neutrinos

are young Supernova remnants [168], binary systems, protons interacting with the inter-

stellar medium like molecular clouds, whereas the possible extragalactic sources are AGN

[169], GRBs [170] etc. Other than acceleration processes there are also proposals that

UHE neutrinos can be produced from the decay or annihilation of heavy particles, for ex-

ample evaporating black holes, topological defects and annihilation or decay of superheavy

dark matter (SHDM). The detectors, which are suited for detecting the UHE neutrinos, are

ANTARES telescope under the Mediterranean Sea off the coast of Toulon, France (detects

neutrinos in the range 10 GeV to 100 TeV) [163], IceCube Neutrino Observatory at the

Amundsen-Scott South Pole Station in Antarctica [160] (it is designed to look for point

sources in the energy range 1011 to 1021 eV), the Cubic Kilometre Neutrino Telescope or

KM3NeT [171] located at the bottom of the Mediterranean Sea detecting high energetic

cosmic neutrinos vary from TeV to PeV etc.

Accelerator Neutrinos

In the case of accelerator neutrinos, high energy neutrino beams are produced by the decay

of pions in a long decay channel. In the actual production, a proton beam is accelerated

and is made to collide with a suitable target, whereby pions and also kaons are produced

as secondary mesons. These hadrons are then focused in a forward direction when these

hadrons decay into muons and muon neutrinos through the processes π± → µ± + νµ(ν̄µ)

(branching ratio 99.98 %) and through the process of Kaon decayK± → µ±+νµ(ν̄µ). The

produced muons are stored and allowed to decay in a ring and the neutrinos produced via

the process µ± → e± + νe(ν̄e) + ν̄µ(νµ). The decay ring contains a long straight section

which points in a suitable direction through which the produced neutrinos are sent towards
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a detector at some distance (baseline length) from the neutrino factory. It can be noted that

the muon lifetime is about 100 times more than the pion lifetime. Accordingly the decay

length of the muons are also longer. For example, a 20 MeV muon have a decay length

γcτ = 126 Km. This long decay length of muon is accommodated by allowing the muon

to decay in the muon storage ring. Also one observes that decay of muon produces both

νµ(ν̄µ) and νe(ν̄e) beams. Typically the energy of the accelerator neutrinos are ∼ tens of

GeV. The neutrinos, after being directed by the long straight section of the muon stroage

ring towards a desire detector, traverse a baseline length of the distance between the neu-

trino factory and the detector. In the process neutrinos travel to the Earth matter and show

oscillation signatures at the far detector. The long baseline neutrino experiments with such

accelertor neutrinos have enormous physics potentials in terms of probing the CP violation

in the neutrino sector, any possible nonstandard neutrino interactions, neutrino mass hier-

archy, the neutrio mixing angles as also any possible other sources of neutrino oscillations

such as oscillations induced by VEP, Lorentz violation etc.

Reactor Neutrinos

Nuclear reactors are also intense sources of neutrinos (mainly electrons and antineutrinos).

In a nuclear reactor, energy is produced by the fission process of nucleus and the fission

products when undergoes β decay, produce flux of pure νe. For average fission energy of

250 MeV, six neutrinos can be produced per fission through the process of β decay. This

process can emit ∼ 2 × 1020 neutrinos per second in a 4π solid angle in case of a 1 GW

reactor. These neutrinos are useful in probing, among other things, the θ13 mixing angle,

the existence of a fourth sterile neutrino etc.
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4.2 Neutrino Oscillations

This has been discussed earlier that the neutrinos are obtained in three types of flavours

νe, νµ and ντ and their antineutrinos. If neutrinos are massive, then the mass eigenstates

and the flavour or weak eigenstates are not identical. This includes mixing between two

types of neutrinos and consequently oscillations of neutrinos from one flavour to another

after traversing a distance. This means that the flavour eigenstates |να〉 contains several

mass eigenstates |νi〉 components. If the mass differences mi − mj of the two types of

neutrinos are small enough (here small refers to the amount smaller than the resolution

of an experiment) then the flavour eigenstates |να〉 can be described by the coherent and

quantum mechanical superposition of the mass eigenstates |νi〉 as

|να〉 =
∑
i

Uαi|νi〉 , (4.18)

where Uαi are the elements of a unitary mixing matrix U . This matrix should be a unitary

matrix because it relates two orthonormal bases with one another. Therefore the mixing

matrix U should have the following properties U † = U−1,
∑
α

UiαU
†
αj = δij . If CP conser-

vation is assumed then all the elements of U are real.

Neutrinos are always produced with a definite flavour. Let us consider, a neutrino is pro-

duced at a time t = 0 with flavour α and with fixed energy and momentum, E and p

respectively. This neutrino state can then be expressed as the superposition of different
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mass eigenkets, which is given as

|ν(~x, 0)〉 = |να〉 =
∑
α

Uαi|νi(~x, 0)〉 ,

=
∑
i

Uαiexp(−i~pi~x)|νi〉 . (4.19)

After traversing for a time t the eigenket of the neutrino is represented as |ν(~x, t)〉, which

will be the time evolution of the mass eigenket

|ν(~x, t)〉 =
∑
i

Uαiexp (i(~pi~x− Eit)) |νi〉 ,

=
∑
i

Uαiexp(i~pi~x)exp(−iEit)|νi〉 . (4.20)

For ultrarelativistic neutrinos, the neutrino energy

Ei =
√
m2
i + p2

i ' pi

(
1 +

m2
i

2p2
i

)
= pi +

m2
i

2pi
. (4.21)

If the neutrino masses are very small, i.e. mi << pi, then the mass eigenstates move with

the speed of light c, so that the distance traversed (x) by the neutrino is given by x = ct or

x = t (in natural units, ~ = c = 1). With this,

|ν(~x, t)〉 =
∑
i

Uαiexp(ipix)exp

[
−i
(
pi +

m2
i

2pi

)
t

]
|νi〉 ,

=
∑
i

Uαiexp

(
−im

2
i

2pi
t

)
|νi〉 . (4.22)

The mass eigenstates |νi〉 relate to the weak interaction eigenstates |νβ〉 as

|νi〉 =
∑
β

U∗βi|νβ〉 . (4.23)
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After substituting Eq. 4.23 into Eq. 4.22, we have

|ν(~x, t)〉 =
∑
β

[∑
i

U∗βiUαiexp(−im
2
i

2pi
t)

]
|νβ〉 . (4.24)

Although the wavefunction ν(~x, t) describes a neutrino of flavour α at time t = 0, but from

Eq. 4.24 it is clear that the wavefunction ν(~x, t) at time t is represented as a superposition

of all neutrino mass eigenstates.

Let us consider, a neutrino having flavour α (|να〉) oscillates to a neutrino of flavour β

(|νβ〉). The probability amplitude for this neutrino oscillation can be written as

Aνα→νβ(t) = 〈νβ|ν(~x, t)〉 ,

=
∑
β′

∑
i

U∗β′iUαiexp(−im
2
i

2pi
t)〈νβ|ν ′β〉 ,

=
∑
i

U∗βiUαiexp(−im
2
i

2pi
t) (4.25)

and for antineutrinos, the probability amplitude can be expressed as

Aν̄α→ν̄β(t) =
∑
i

UβiU
∗
αiexp(−im

2
i

2pi
t) . (4.26)

Assuming there is no CP violation in the neutrino sector, which indicates that the probabil-

ity amplitude is same for both neutrinos and antineutrinos

Aνα→νβ(t) = Aν̄α→ν̄β(t) (4.27)

since the unitary mixing matrices U are real. The probability of the neutrino oscillation

from flavour α to flavour β (Pνα→νβ ) can be obtained by considering the square of the
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absolute value of the probability amplitude (Eq. 4.25) as

Pνα→νβ(t) = |Aνα→νβ(t)|2 ,

=
∑
i

∑
j

U∗βiUαiUβjU
∗
αjexp

[
−i
(
m2
i

2pi
− m2

j

2pj

)
t

]
. (4.28)

From the assumption mi << pi, we can write pi = pj = p. Therefore Eq. 4.28 turns out

to be

Pνα→νβ(t) =
∑
i

∑
j

UαiU
∗
αjU

∗
βiUβjexp(−i∆m

2
ij

2p
t) . (4.29)

In the above, ∆m2
ij = m2

i −m2
j . Moreover, the neutrino oscillation probability can also be

expressed in terms of its diagonal and non-diagonal terms as

Pνα→νβ(t) =
∑
i

|Uαi|2|Uβi|2 +
∑
i 6=j

UαiU
∗
αjU

∗
βiUβjexp(−i∆m

2
ij

2p
t) , (4.30)

where the diagonal term (first term on R.H.S of Eq. 4.30) is the time independent term and

it represents an average transition probability which can be modulated by the second term

of Eq. 4.30, which is dependent on time. The survival probability, defining the transition

between two neutrinos having same flavours, is given by

Pνα→να(t) = 1−
∑
α 6=β

Pνα→νβ(t) . (4.31)

The oscillatory behaviour of neutrino as a function of time and position (since ~ = c = 1,

we have x = t) can be nicely exhibited by Eq. 4.30. The time dependent term of the

neutrino oscillation probability (Eq. 4.30) may be decomposed into real and imaginary
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parts as

Pνα→νβ(t) =
∑
i

|Uαi|2|Uβi|2 +
∑
i 6=j

Re(UαiU
∗
αjU

∗
βiUβj) cos(

∆m2
ij

2p
t)

+
∑
i 6=j

Im(UαiU
∗
αjU

∗
βiUβj) sin(

∆m2
ij

2p
t) . (4.32)

The imaginary term (the last term in Eq. 4.32) will be vanished in the case of CP conser-

vation. Therefore,

Pνα→νβ(t) =
∑
i

|Uαi|2|Uβi|2 +
∑
i 6=j

Re(UαiU
∗
αjU

∗
βiUβj) cos(

∆m2
ij

2p
t) . (4.33)

The variation of the transition probability with time (t) and the distance (x) traversed by

neutrinos from the source is periodic in nature. Therefore, the oscillation length (Losc),

which characterises the periodicity, is given as

Losc =
4πp

∆m2
ij

=
4πE

∆m2
ij

, (4.34)

where for relativistic neutrinos p = E. The oscillation length Losc → ∞ if all the masses

of neutrinos are identical, which in particular indicates that if all neutrino masses vanish.

Also there will be no oscillations into a flavour different from α in case |να〉 = |νi〉, i.e.

the neutrino is already in a mass eigenstate. Therefore, the phenomena of neutrino mass-

flavour oscillations indicate that neutrinos should be massive and there will be a mixing

between the mass and the flavour eigenstates.
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4.3 Neutrino Oscillations in Two Neutrino Flavour case

The features of neutrino oscillations can be described by considering a simple model with

two neutrino flavours, νe and νµ for example. The lepton mixing matrix, in the case of two

state neutrino mixing, is a 2× 2 unitary matrix having the form

U(2×2) =

 cos θ eiφ sin θ

−e−iφ sin θ cos θ

 , (4.35)

where θ defines the mixing angle between νe and νµ and e±iφ indicate the CP phases. This

phase factor is irrelevant as far as the neutrino oscillation phenomenon is concerned, but it

plays an important role for the case of double beta decay. Therefore, we assume that there

is no CP violation in the neutrino sector and with this assumption Eq. 4.35 will take the

form

U(2×2) =

 cos θ sin θ

− sin θ cos θ

 . (4.36)

The neutrino flavour eigenstates |νe〉 and |νµ〉 can be written in terms of the mass eigen-

states |ν1〉 and |ν2〉 as

|νe〉 = cos θ|ν1〉+ sin θ|ν2〉 , (4.37)

|νµ〉 = − sin θ|ν1〉+ cos θ|ν2〉 . (4.38)

The mixing angle is limited within the range 0 ≤ θ ≤ π/4. As the neutrinos are relativistic

in nature (i.e. if the neutrinos are moving at the speed of light, v = c = 1), we can replace
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the time ‘t’ by distance ‘x’ and vice versa. From Eq. 4.33 it follows that, in 2-flavour case

the transition probability of finding a νe, which is emitted at x = 0 having energy Eν , as

νµ at a distance x is given by

Pνe→νµ(x) = 2 cos2 θ sin2 θ − 2 sin2 θ cos2 θ cos

(
∆m2

2pν
x

)
,

=
1

2
sin2(2θ)

[
1− cos

(
∆m2

2pν
x

)]
,

=
1

2
sin2(2θ)

[
1− cos

(
2πx

Losc

)]
,

= sin2(2θ) sin2

(
πx

Losc

)
. (4.39)

where, ∆m2 = |m2
1−m2

2| and the oscillation length Losc is obtained by equating the phase

to 2π (as Losc signifies time or length for one complete oscillation). Thus

∆m2

2pν
Losc = 2π =⇒ Losc =

4πpν
∆m2

=
4πE

∆m2
' 2.48m

E(MeV)

∆m2(eV2)
= 2.48Km

E(GeV)

∆m2(eV2)
.

(4.40)

The distance between any two closest maxima and the minima of the transition proba-

bility is defined as the oscillation length (Fig. 4.1). It is to be noted that the oscillation

length relates with the energy difference of the neutrino mass eigenstates in an inversely

proportional manner, i.e. Losc =
2π

(E2 − E1)
. In addition to the transition probability,

correspondingly we have the survival probability

Pνe→νe(x) = 1− Pνe→νµ(x) ,

= 1− sin2(2θ) sin2

(
πx

Losc

)
. (4.41)
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Figure 4.1: Two flavour neutrino oscillations. See text for details.

In Fig. 4.1, a schematic diagram for the neutrino oscillation probability for 2-flavour cases

(Eq. 4.39) is shown. Here the oscillation probability contains two factors

1. The first one sin2(2θ) describes the amplitude (or the depth) of the neutrino oscil-

lations and it is independent of the distance travelled by neutrinos. The oscillation

amplitude is maximal (' 1) when θ (mixing angle) = 45◦, which corresponds to

the maximal mixing between two neutrino species. On the other hand, when the

alignment between the flavour and the mass eigenstates are nearly same, i.e. θ ' 0

or θ ' 90◦, the oscillation amplitude turns out to be small and correspondingly the

mixing between two neutrino species is very small.

2. The expression sin2

(
πx

Losc

)
is the oscillatory factor and regulates the oscillations

with the distance x traversed by neutrinos. The oscillation phase is proportional to
∆m2

2E
, where ∆m2 = |m2

1 −m2
2| and to the distance x. For the very large oscillation

phase, the transition probability oscillates very fast. The transition probability in this

case becomes

Pνe→νµ = Pνµ→νe =
1

2
sin2(2θ) , (4.42)
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where the neutrino oscillations have been averaged out by considering an average

over small intervals of energy (which corresponds to the finite amount of the en-

ergy resolution of the detector) or over small variations of the distance between the

neutrino source and the detector (both are having finite sizes).

4.4 Neutrino Oscillations in Matter: Evolution Equation

When neutirno propagates through a dense matter, their properties are affected by the in-

teractions between those neutrinos and the matter. The types of these effects can be either

coherent or incoherent. The characteristic cross-section for an incoherent and inelastic

neutrino-proton (ν − p) scattering is very negligible

σ ∼ G2
F s

π
∼ 10−43cm2

(
E

1MeV

)2

. (4.43)

The irony of such a small cross-section is that if a beam of 1010 neutrinos having energy

E ∼ 1 MeV propagate through a matter (Earth matter, for example) then only one neutrino

would be deflected by the medium of the Earth. It seems that the matter is irrelevant

for neutrinos. However, there is no contribution of the coherent elastic scattering in Eq.

4.43. The medium remains unchanged in coherent interactions and there is a possibility of

having interference between the scattered and unscattered neutrino waves, which enhances

the effect. The evolution equations of the neutrinos can be decoupled from the equations

of the medium due to coherence. In this approximation, the matter effect can be described

by an effective potential depending on the matter density and the composition of the matter

[172].

There is a very significant differnce between the neutrino oscillations in matter and in
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vacuum. All the three kind of neutrino flavours, i.e. νe, νµ and ντ have neutral current (NC)

interaction with the matter (to be specific, electrons, protons and neutrons of the matter)

and this NC interaction is mediated by Z0 bosons. In addition to this, νe can interact

with the electrons of the medium through CC interaction mediated by W± boson. The

effective potential, describing the evolution of νe in a dense medium with electrons due

to CC interactions, can be derived. The effective Hamiltonian for the relevant neutrino

interaction at low energies of neutrinos is given by

HW =
GF√

2
[ν̄e(x)γα(1− γ5)e(x)]× [ē(x)γα(1− γ5)γe(x)] . (4.44)

Also the effective CC Hamiltonian for the electrons in the medium can be written as

H
(e)
CC =

GF√
2

∫
d3pef(Ee, T )〈〈e(s, pe)|ē(x)γα(1− γ5)νe(x)ν̄e(x)γα(1− γ5)e(x)|e(s, pe)〉〉 ,

=
GF√

2
ν̄e(x)γα(1− γ5)νe(x)

∫
d3pef(Ee, T )〈〈e(s, pe)|ē(x)γα(1− γ5)e(x)|e(s, pe)〉〉 ,

(4.45)

where s and pe are the spin and momentum of the electron respectively. The term f(Ee, T )

in the above equation (Eq. 4.45) is the energy distribution function of the electrons in

matter. This energy distribution function f(Ee, T ) is assumed to be isotropic and homoge-

neous and it can be normalized as
∫
d3pef(Ee, T ) = 1. We consider an average over the

electron spinors and take a summation over all the electrons in the medium and this whole

phenomena are denoted by 〈....〉 in the above equation. In order to obtain forward coherent

scattering, both s and pe are same for initial and final electrons.
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After considering the expansion of e(x) (the electron field) in plane waves, we can find

〈e(s, pe)|ē(x)γα(1− γ5)e(x)|e(s, pe)〉 =
1

V
〈e(s, pe)|Ūs(pe)a†s(pe)γα(1− γ5)

as(pe)us(pe)|e(s, pe)〉 , (4.46)

where the factor V defines volume normalization. The averaging gives

1

V
〈〈e(s, pe)|a†s(pe)as(pe)|e(s, pe)〉〉 = Ne(pe)

1

2

∑
s

, (4.47)

where the number densities of electrons having momentum pe is denoted by Ne(pe). We

make an assumption that the numbers of spin +1/2 and spin -1/2 electrons in the medium

are equal and the number operator Ñ (s)
e (pe) = a†s(pe)as(pe) has been used. Therefore, we

obtain

〈〈e(s, pe)|ē(x)γα(1− γ5)e(x)|e(s, pe)〉〉 = Ne(pe)
1

2

∑
s

ūs(pe)γα(1− γ5)us(pe) ,

=
Ne(pe)

2
Tr

[
me + /p

2Ee
γα(1− γ5)

]
,

= Nr(pe)
pαe
Ee

. (4.48)

From isotropy, we can write
∫
d3pe~pef(Ee, T ) = 0. Therefore the term, which only con-

tributes to integration, is p with
∫
d3pef(Ee, T )Ne(pe) = Ne. Substituting Eq. 4.48 in Eq.

4.45 one can obtain

H
(e)
CC =

GFNe√
2
ν̄e(x)γ0(1− γ5)νe(x) . (4.49)

The effective potential (V (e)
CC ) for νe induced due to its CC interaction with electrons in
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medium can be written as

V
(e)

CC = 〈νe|
∫
d3xH

(e)
CC|νe〉 =

GFNe√
2

2

V

∫
d3xu+

ν uν =
√

2GFNe . (4.50)

For ν̄e, V → −V . We can also express V (e)
CC in terms of the matter density ρ as

V
(e)

CC ≡ VCC =
√

2GFNe = 7.6Ye
ρ

1014g/cm3
eV . (4.51)

In the above equation (Eq. 4.51), the relative number density of electrons is defined as

Ye =
Ne

Np +Nn

, where Ne, Np and Nn are the number densities of electron, proton and

neutron respectively.

On the other hand, the contributions of the NC interactions towards the effective po-

tential is needed to be considered. These contributions are same for all three flavours of

neutrinos since the NC interactions do not depend on flavour. Ne and Np coincide with

each other in an electrically neutral medium and their corresponding contributions to VNC

is cancelled out. Therefore only the NC interactions of neutrinos with neutrons in matter

have been taken into account and the effective neutral current potential in this case is given

by

V α
NC = −GFNn√

2
. (4.52)

From both the equations Eq. 4.52 and Eq. 4.51, we find

Ve =
√

2GF (Ne −
Nn

2
) , (4.53)
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Vµ = Vτ =
√

2GF (−Nn

2
) . (4.54)

Let us consider a system of oscillating neutrinos as well as how this system evolves in

matter. Although the evolution of the neutrino oscillations in vacuum is more convenient

in the mass basis, but in matter it is most easily followed in the flavour eigenstate basis as

the effective potential of neutrinos are diagonal in this flavour basis. For the two flavour

cases, the neutrino eigenstates in the flavour basis (|νfl〉) can relate to the neutrino fields in

the mass eigenstate basis through the transformation

|νfl〉 = U |νm〉 , (4.55)

where both the neutrino fields νfl and νm are two component vectors and the mixing matrix

U is given in Eq. 4.2. In vacuum, the evolution equation in mass eigenstate basis |νm〉 can

be written as

i

(
d

dt

)
|νm〉 = Hm|νm〉 , (4.56)

whereHm = diag(E1, E2),E1 andE2 are the energy eigen values of neutrinos correspond-

ing to the mass eigenstates |ν1〉 and |ν2〉 respectively. Now replacing |νm〉 = U †|νfl〉 in Eq.

4.56, we have

i

(
d

dt

)
U †|νfl〉 = HmU

†|νfl〉 , (4.57)

i

(
d

dt

)
|νfl〉 = UHmU

†|νfl〉 . (4.58)
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Therefore, the evolution equation in the flavour basis takes the form

i

(
d

dt

)
|νfl〉 = Hfl|νfl〉 , (4.59)

where Hfl = UHmU
†. For neutrinos moving with the speed of light (relativistic neutrinos),

the energy eigen values in the mass basis can be written as Ei(i = 1, 2) ' p +
m2
i

2E
and

therefore, the evolution equation in the flavour basis takes the form

i
d

dt

 |νe〉
|νµ〉

 =


(
p+

m2
1 +m2

2

4E

)
− ∆m2

4E
cos 2θ

∆m2

4E
sin 2θ

∆m2

4E
sin 2θ

(
p+

m2
1 +m2

2

4E

)
+

∆m2

4E
cos 2θ

×
 |νe〉
|νµ〉

 . (4.60)

The term
(
p+

m2
1 +m2

2

4E

)
in the diagonal elements of the effective Hamiltonian in Eq. 4.60 can

be omitted as this term has no contribution in the generation of the phase differences and hence for

the neutrino oscillations. Thus one can rewrite the evolution equation in the flavour basis in vacuum

as

i
d

dt

 |νe〉
|νµ〉

 =

 −∆m2

4E
cos 2θ

∆m2

4E
sin 2θ

∆m2

4E
sin 2θ

∆m2

4E
cos 2θ


 |νe〉
|νµ〉

 . (4.61)

In the presence of matter, the matter induced potential Ve and Vµ (which are in the flavour basis)

are now can be added to the diagonal elements of Hfl in Eq. 4.61. It is to be noted that both Ve and

Vµ contain a similar term, which occurs due to NC interactions (see Eqs. 4.53, 4.54). As we have

already mentioned, such common terms in the diagonal element have no effects on the neutrino
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oscillations (no phase differences) and therefore we can neglect these terms. Thus one obtains

i
d

dt

 |νe〉
|νµ〉

 =

 −∆m2

4E
cos 2θ +

√
2GFNe

∆m2

4E
sin 2θ

∆m2

4E
sin 2θ

∆m2

4E
cos 2θ


 |νe〉
|νµ〉

 . (4.62)

Eq. 4.62 describes νe ↔ νµ oscillations in matter for two flavour case. The evolution equation for

νe ↔ ντ oscillation takes the same form as νe ↔ νµ oscillation. Since Vµ = Vτ , the oscillations

between Vµ and Vτ in the 2-flavour approximation are not modified in matter, but in the 3-flavour

framework the νµ ↔ ντ oscillations will be significant because of the mixing with νe.

Constant matter density

If the matter has a constant electron number density, i.e. Ne = const, then after diagonalising the

effective Hamiltonian in Eq. 4.62, one can obtain the neutrino mass eigenstates |νA〉 and |νB〉 in

matter as

|νA〉 = |νe〉 cos θm + |νµ〉 sin θm ,

|νB〉 = −|νe〉 sin θm + |νµ〉 cos θm , (4.63)

where the neutrino mixing angle in matter (θm) is given by

tan 2θm =

∆m2

2E
sin 2θ

∆m2

2E
cos 2θ −

√
2GFNe

. (4.64)

The mixing angle in matter (θm) is different from vacuum mixing angle (θ). The energy eigenval-

ues corresponding to mass eigenstates |νA〉 and |νB〉 in matter are EA and EB respectively. The

differences EA − EB is given as

EA − EB =

√(
∆m2

2E
cos 2θ −

√
2GFNe

)2

+

(
∆m2

2E

)2

sin2 2θ . (4.65)
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Similar to the vacuum oscillation case, The probability of νe ↔ νµ oscillations in matter with

constant density can now be written as,

P ′νe→νµ(x) = sin2 2θm sin2

(
πx

Lm

)
, (4.66)

where

Lm =
2π

EA − EB
=

2π√(
∆m2

2E
cos 2θ −

√
2GFNe

)2

+

(
∆m2

2E

)2

sin2 2θ

(4.67)

is the oscillation length in matter. If we replace θm by θ and Lm by Losc, i.e. considering no matter

effect, then Eq. 4.66 assumes the vacuum oscillation probability equation (Eq. 4.39). The amplitude

of the neutrino oscillations in matter is given by

sin2 2θm =

(
∆m2

2E

)2

sin2 2θ(
∆m2

2E
cos 2θ −

√
2GFNe

)2

+

(
∆m2

2E

)2

sin2 2θ

. (4.68)

It has a typical resonance form and the maximum value (sin2 2θm = 1) will be achieved when

√
2GFNe =

∆m2

2E
cos 2θ . (4.69)

This condition is called the Mikheyev-Smirnov-Wolfenstein (MSW) [172, 173] resonance condi-

tion. From both Eqs. 4.64 and 4.68, it is clear that when the MSW resonance condition is fulfilled

the neutrino mixing in matter is maximal (θm = 45◦), which has no dependency on θ (vacuum

mixing angle). Therefore P ′νe→νµ(x) can be large irrespective of the fact that θ is very small.

The above formalism can be extended to the case when the density of the medium varies with

distance and also for the case of more than two flavours. For example, when neutrinos pass through

the Earth matter it may be assumed that the neutrinos have to pass through different layers of fixed
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densities and thicknesses. In such circumstances the propagations of neutrinos and their subsequent

oscillations are to be numerically obtained as the neutrino eigenkets change while travelling from

one such layer to another of different densities.

4.5 Neutrino Experiment

The neutrinos and their oscillations have been discovered by the serveral experiments over the

year and their experimental discovery is still going on. In this section a brief account of neutrino

experimental endeavour (both ongoing and near future experiments) have been furnished.

There are several experiments on neutrinos originating from nuclear reactions. In 1956, the neu-

trino discovery experiment situated at the Savannah River nuclearpower plant, had given the first

evidence of neutrino interactions. In this experiment the detector was made of two compartments,

which contains 200 liters of water with cadium chloride and organic liquid scintillators. The scintil-

lator detector has also been used for the reactor neutrinos at Bugey (near Lyon, France) [174] where

the detector was a pseudocumene based liquid scintillator with H/C ratio 1.4 and doped with 6Li.

This experiment provided the first constraints on the νe − νµ oscillation parameters. The Bugey-3

experiment [148] had obtained the last results in 1996. The underground detector known as Chooz

detector (1995-1999) was situated in France, 1 km away from the Chooz nuclear plant. As a detec-

tor material 300 liters of liquid scintillator doped with gadolinium had been used in this experiment.

This experiment had provided a limit on the neutrino mixing angles as well as the neutrino mass

squared differences as sin2(2θ13) < 0.17 for large value of ∆m2 and ∆m2 > 8 × 10−4 eV2 for

maximal mixing and this is the last result obtained by this experiment in the year 1999. This ex-

periment had later been upgraded to a new short baseline experiment (2003-2017), namely Double

Chooz experiment [135] with neutrinos from Chooz nuclear reactor. The near detector was at 400

metre and the far detector was at 1050 metre away from the detector. The purpose of this was also

to probe the oscillation of n̄ue and measurement of 13 mixing angle θ13. The first indication of
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the nonzero value of θ13 mixing angle in reactor experiments had been observed by this experiment

and this observation was published in 2011. The measurement of the mixing angle θ13 had been

pursued by other reactor neutrino based short baseline experiments. The Daya Bay neutrino exper-

iment (2011-2020) [127–133], located at Daya Bay (50 km north-east Hong Kong, China), used

liquid scintillator as the detector material. The eight detectors of Daya Bay experiment are located

within 1.9 km of six nuclear reactors. This experiment estimated the values of θ13 mixing angle.

Another short baseline reactor neutrino experiment is RENO in South Korea [134], which is de-

signed in the year 2011 to measure the mixing angle θ13. This RENO experiment uses gadoliniumn

doped liquid scintillator as the detector material. The RENO experiment confirmed the measure-

ment of θ13, which is published by the Daya Bay experiment in 2012. The RENO experiment is

still collecting the data.

Based on the neutrinos produced in particle accelerators, a number of experiments have been

proposed since 1962. The Liquid Scintillator Neutrino Detector (LSND) [175–177] is one of them

in the year 1993, situated at Los Alamos National Laboratory. The LSND detector was made of 167

tons of mineral oil and 6.4 kg of organic scintillator, surrounded by 1220 photomultipliers. This neu-

trino oscillation experiment had first reported that the observed results cannot be explained by the

usual three flavour neutrino oscillations and introduction of a fourth flavour “strile neutrino” (and

four flavour neutrino oscillaions), appeared to be needed to explain this LSND anomaly. Unlike the

neutrinos of three active flavours, this fourth sterile neutrino however would not have any interac-

tion. Since the LSND anomaly, several experiments have been designed to probe this fourth sterile

neutrino. In 2002, the MiniBooNE (Mini Booster Neutrino Experiment) experiment was proposed

in Illinois, United States where mineral oil had been used as the detector material. The data from

initial run suggested an excess in the results which is consistent with the LSND signal. Inspite of

this observation, the existence of sterile neutrinos could not be established from the data analysis.

But later in 2018, the MiniBooNE experiment and the data analysis [178] had produced modi-

fied results related to the sterile neutrino oscillation parameters. Beyond these accelerator-based
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experiments, a number of radioactive source and reactor based experiments such as PROSPECT,

STEREO, DANSS, CHANDLER and SOLID are expected to effectively probe, when operational,

the issue of sterile neutrino through their possible oscillation effects. The electron antineutrino

detector KamLAND (Kamioka Liquid Scintillator Antineutrino Detector) [125, 126] is an under-

ground Cherenkov detector situated in the Kamioka mine, near Toyama, Japan where mineral oil

and benzene are used for 1 kton of liquid scintillator detector material. The muon veto is pro-

vided by the 3.2 kton of water cherenkov detector surrounding the detector vessel. KamLAND

detects the electron antineutrinos from 53 nuclear reactors that are situatated around KamLAND’s

location. In 2002, KamLAND started taking data and neutrino oscillation parameters namely ∆2
12

and θ12 are obtained from the analysis of their data. In 2008, the combined results of KamLAND

and the solar neutrino disclosed the most precise determination of the oscillation parameters as

∆2
12 = (7.59± 0.21)× 10−5 eV2 and tan2 θ12 = 0.47± 0.06.

In 2005, a long baseline neutrino experiment known as MINOS (Main Injector Neutrino Os-

cillator Search) [137–148] is designed to observe neutrino oscillations. It consists of two detectors

one is at Fermilab (near detector) and the other is in northern Minnesota (far detector). The oscilla-

tions of νµ beam generated at Fermilab are what they probed in both appearence and disappearence

channels and it measures the neutrino mixing angle θ23. An upgraded version of MINOS, MINOS+

experiment is operating since 2013. Another long baseline neutrino experiment OPERA (Oscilla-

tion Project with Emulsion tRacking Apparatus) [179] was installed at the Gran Sasso underground

laboratory in 2008. The neutrino source for this experiment is the CNGS νµ beam from CERN. First

observation of ντ had been made in May, 2010 by this OPFRA experiment. The NOνA (NuMI off

- axis νe Appearence) experiment receives the muon neutrino beam genarated at Fermilab and here

the baseline length is ∼ 735 km where the near detector is located at Fermilab.

A neutrino scattering experiment named as MINERVA, installed in 2010, which uses the νµ

beam (produced at Fermilab) as a source. The main purpose of this experiment is to study the low

energy neutrino interactions [180].
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T2K (Tokai to Kamioka) experiment [149] is a very popular example of ongoing long baseline

neutrino oscillation experiment, situated in Japan. In this case νµ beam produced by J-PARC is

traverses a baseline length of 295 km to the Super-Kamiokande water-cherenkov detector. It is

taking data since 2014. Prior to T2K experiment, an experiment of similar nature, namely K2K

(KEK to Kamioka) [136] was operational (1999-2004). This experiment used the muon neutrino

beam from particle accelerator of KEK which would be detected at Kamioka observatory. This

K2K experiment studied the oscillation parameters and their results was in good agreement with

those measured by Super-Kamiokande. The νµ disappearence was first observed by K2K.

Among the recent experiment, The Deep Underground Neutrino Experiment (DUNE) [150–

153] is now in under construction. It will consist of two detectors, one is a detector near the source

beam at Fermilab and the other is a far detector at the Sanford Underground Facility. The baseline

length is∼ 1300 km. The DUNE detector consists of 70kTon of liquid argon contained in cryogenic

tank nearly a 1.5 km underground. However, the protoDUNE far detector at CERN has already

started taking data. The scientific goals of DUNE are - investigation of neutrino oscillations to

test CP violation in the leptonic sector, the neutrino mass ordering, searches for proton decay and

neutrinos beyond the three active flavour.

The experimental discovery of solar neutrino oscillations had first been made by Homestake

Chlorine experiment [122] proposed in 1968. This experiment was located in Homestake Gold

Mine, South Dakota. A 380 m3 tank of perchloroethylene had been used as the detector material.

The threshold energy for this experiment had been chosen as ∼ 814 keV. There is an another solar

neutrino detector in more recent times namely SNO (Sudbury Neutrino Observatory (1999-2006))

[123] situated 2100 m underground in the Creighton Mine in Sudbury, Ontario in Canada. The

SNO detector consisted of a 12 m spherical vessel of 1000 m3 of heavy water surroubded by 9600

photomultipliers. This detector was looking for the solar νeCC ininteraction as well as three neu-

trino types NC interactions. The upgraded version of SNO, known as SNO+ [165], where linear

alkylbenzene has been used as detector material, is collecting data of solar neutrinos since 2014.
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First observations of atmospheric neutrinos had been made in 1965 at Kolar Gold experiment

in India while looking for proton decay. The Kamiokande experiment [124] was an underground

detector in the Kamioka mine, in Japan. This water-cherenkov detector contained 3000 tons of pure

water inside a tank and 1000 photomultiplier tubes installed throughout the inside wall of the tank.

Some PMTs at the outer surface were used as vetos. It was collecting data till 1987 and it was

one of the neutrino detector, which registered a few of neutrino events from supernova SN1987A.

This cherenkov detector was also used for solar neutrino atmospheric neutrino oscillation stud-

ies. Its successor, Super-Kamiokande along with SNO results indicate the small mixing solution

of the solar neutrino problem and extablished that |ν2〉 mass eigenstate is heavier than |ν1〉. Su-

perKamiokande experiment also measures the atmospheric neutrino oscillation and the values of the

atmospheric neutrino oscillation parameters ∆2
23 and θ23. A further upgraded experiment namely

Hyper-Kamiokande is planned to have a fiducial volume 20 times that of Super-Kamiokande experi-

ment and it is presently under construction. The proposed ICAL (Iron Calorimeter) detector, mainly

designed to probe atmospheric neutrino oscillation as also for long baseline neutrino oscillations,

at the proposed Indio-based Neutrino Observatory (INO) is proposed as a 50 kton magnetised iron

calorimeter [181]. This muon neutrino detector, being magnetised, would be capable of identifica-

tion of the charges of the secondary muons and hence identification of neutrinos or antineutrinos.

This proposed detector is also expected to be capable of addressing the neutrino mass hierarchy as

well.

Neutrinos are ideal messengers for astrophysics. There are several neutrino detectors, looking

for UHE neutrinos like IceCube buried in the ice of the South Pole (ice-cherenkov detector) [160],

GVD in Lake Baikal, ANTARES [163] and KM3NeT [171] in the Mediterranean sea. IceCube

contains 5160 digital optical Modules (DOMs) within a volume of 1 km3 ice. IceCube detects the

cherenkov radiation, which is basically the consequence of neutrino interaction with the detector

material i.e. ice. The number of color points and their size, which are observed by the IceCube

detector, relate to the energy of the upcoming neutrino. From the colour code, we can get informa-
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tion about the timimg and as a result we can reconstruct the direction of the produced muon. The

spatial distribution of the hits or rather the topolgy of the event depicts the types of the neutrino

flavours. The Icecube detector registers data having the energy range GeV - PeV. In 2013, IceCube

announced first detection of high energy astrophysical neutrinos, which are referred as high energy

starting event (HESE). Later in 2018, IceCube reported the first multi - messenger evidence of a

flaring blazar in coincidence with the high energy neutrino event IC-170922A. A possible source

candidate could be TXS 0506+056 and in this case 13 ± 5 events have been found in 2014-15

over 110 days in addition to the event detected in 2017. The low energy extension of the IceCube

detectore, known as the PINGU (The Precision IceCube Next Generation Upgrade) detector [161]

is proposed to observe the atmospheric meutrinos (sample of over 60,000 atmospheric neutrinos

per year). This detector is embedded within the IceCube Deepcore and the effective mass of the

detector material (ice) is ∼ 6 Mton. PINGU will make highly competitive measurements of neu-

trino oscillation parameters in an energy range over an order of magnitude higher than long baseline

neutrino beam experiments. The scientific goals of the PINGU detector are to address sin2 θ23 oc-

tant anomaly, ντ appearence, neurtino mass ordering. The ANTARES (Astronomy with a Neutrino

Telescope and Abyss Environmental RESearch) telescope was proposed in 2006 at 2.5 km under

the Mediterranean sea off coas of Toulon, France. This detector is monitoring one complete hemi-

sphere of the sky (southern hemisphere) and it detects neutrinos emitted by transient astrophysical

events. The three cases, which are performed with the ANTARES telescope, are (1) searches of neu-

trino candidates coincident with Swift and Fermi GRBs, (2) IceCube high energy neutrino events

and (3) GW candidates observed by LIGO/VIRGO. The KM3NeT (The Cubic Kilometer Neutrino

Telesecope) is undrt construction in the Mediterranean sea. This telescope has two different modes.

One is ARCA (Astrophysical Research with Cosmic in the Abyss), searching for cosmic neutrino

sources in TeV - PeV energy range and the other one is ORCA (Oscillation Research with Cosmic

in the Abyss), which is optimized to detect GeV atmospheric neutrino. There is a balloon borne

experiment named as ANITA (Antarctic Impulse Transient Antenna) [182] having altitude of 37

169



km and Horizon at 700 km at South Polw. The main purpose is to study UHE cosmic neutrinos by

detecting the radio pulses emitted by their interactions with Antarctic ice sheet.
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CHAPTER 5

TWO COMPONENT WIMP-FIMP DARK

MATTER MODEL WITH SINGLET

FERMION, SCALAR AND PSEUDO

SCALAR

In this Chapter, we consider two component dark matter (DM) model, where one component is

a Weakly Interacting Massive Particle (WIMP) and the other one is Feebly Interacting Massive

Particle (FIMP). This has significance in exploring various possible DM indirect signatures that

indicate the need of heavier DM (in the mass range ∼ 50 GeV) as also lighter DM (of mass ∼ 7.5

keV). In this Chapter, the DM in these two mass ranges are explored within a single theoretical

framework by a two component WIMP-FIMP model and then it is shown that the observed gamma-

ray (γ-ray) excess from the Galactic Centre (GC), self interaction of DM from colliding clusters as

well as the 3.55 keV X-ray line from Perseus, Andromeda etc. can be simultaneously explained in

the present two component DM model.
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5.1 Introduction

The particle nature of DM still remains an enigma. Various direct DM search experiments such as

LUX [108], XENON-1T [183], PandaX-II [184] etc. have been trying to investigate the particle

nature of DM by measuring the recoil energy of the scattered detector nuclei. Moreover, these

experiments are by and large intend to detect DM of mass range between few GeV to tens of GeV

regime. However, these experiments give upper bounds on DM-nucleon scattering cross-sections

for different DM masses and these are being modified as more and more data are being accumulated

in these experiments. These experiments also probe the type of DM-nucleon interaction in the sense

that they are spin independent (SI) or spin dependent (SD) types. However, the null results of these

experiments have severely constrained the DM-nucleon spin independent scattering cross-section

and thereby at present, σSI > 2.2× 10−46 cm2 has been excluded by the LUX experiment [108] for

the mass of a 50 GeV DM particle at 90% confidence limit (C.L.). Like the spin independent case,

the present upper bound on DM-proton spin dependent scattering cross-section is σSD ∼ 5× 10−40

cm2 [109, 110] for a DM of mass ∼ 20 to 60 GeV. The DM-nucleon scattering cross-sections are

approaching towards the regime of coherent neutrino-nucleon scattering cross-section and within

next few years σSI may hit the “neutrino floor”. Therefore, it will be difficult to discriminate the

DM signal from that of background neutrinos. However, if the DM is detected in direct direction

experiments then that will be a “smoking gun signature” of the existence of beyond Standard Model

(BSM) scenario as the Standard Model (SM) of particle physics does not have any viable cold

dark matter (CDM) candidate. In this respect indirect detection of DM plays a crucial role. In

this Chapter, two possible indirect signatures of DM have been addressed, one is the 1-3 GeV γ-

ray excess observed by Fermi-LAT from GC and the other is the 3.55 keV X-ray line observed by

Chandra XMM Newton telescope from Andromeda galaxy and 73 other galaxy cluster.

In this Chapter, a two component DM model is proposed with one component to be a WIMP

and the other component is a FIMP.
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This has been mentioned in Chapter 3, that the WIMPs are a favourite class of thermal DM.

The relevant properties of WIMPs such as their production mechanism, relic densities etc. are

discussed in Chapter 3. In contrast the non-thermal production of FIMP which has never in thermal

equilibrium and they are becoming relic via “freeze-in” mechanism are also discussed in Chapter 3

(Section 3.3). Detailed study of the γ-ray excess from GC by Calore et al. [185] also have reported

that the γ-ray excess in 1-3 GeV energy range can be explained by DM annihilation into bb̄ with

annihilation cross-section 〈σv〉bb̄ = 1.76+0.28
−0.27×10−26 cm3s−1 at GC having mass 49+6.4

−5.4 GeV. The

analyses of γ-rays detected by 45 dwarf spheroidals (dSphs) or satellite galaxies of Milky Way by

Fermi-LAT as also results of Dark Energy Survey (DES) indicate possible DM annihilations inside

dwarf spheroidals (dSphs). A more detailed study for the observed γ-rays from dwarf galaxies is

given in the latter Chapter (Chapter 7).

Apart from the GC γ-ray excess, unidentified 3.55 keV X-ray lines are also detected by XMM

Chandra Newton telescope in Andromeda galaxy and 73 other galaxy cluster (Bulbul et al. [37] and

Boyarsky et al. [186]).

This unknown X-ray line can be explained as a DM signal and several DM models are invoked to

explain this phenomena [187–212]. However, there are attempts that argue this 3.55 keV X-ray line

to be of astrophysical origin [213, 214]. Suggestions are that the molecular interactions in nebula

may give rise to this 3.55 keV line (Hitomi collaboration [215]). But this needs further confirmation.

In this Chapter, however DM origin for this 3.55 keV is considered and a two component particle

DM model is proposed to this effect so as to explain both the phenomena namely the observed

GC γ-ray excess and the 3.55 keV X-ray line. It may be noted that, while the GC γ-ray excess

phenomenon requires annihilation of DM particles of mass∼ 50 GeV, the 3.55 keV X-ray lines can

be originated from the decay of a DM particle of mass as low as 7.5 keV. Therefore, in the proposed

two component DM model in this Chapter, one is a heavier component (tens of GeV) while the

other is a lighter component (a few keV).

Study of colliding galaxy clusters can also provide valuable information for DM self interac-
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tion. An earlier attempt to calibrate the DM self interaction have been made by [216]. Recently an

updated measurement for DM self interaction by Harvey et al. [217] have measured DM self in-

teraction from the observations of the 72 colliding galaxy cluster. From their observation of spatial

offset in collisions of galaxy cluster, DM self interaction is found to be σ/m < 0.47 cm2/g with

95% C.L. DM self interaction observation from Abell 3827 cluster performed by [218] also suggests

that σ/m ∼ 1.5 cm2/g. A study of DM self interaction by Campbell et al. [219] have reported that

a light DM of mass lesser than 0.1 GeV, whose production is followed by freeze-in mechanism can

explain the self interaction results from Abell 3827 by [218]. In the next Chapter (Chapter 6) it has

been discussed that the FIMP DM is suitable for expalining the DM self interaction bounds.

Taking into considerations of these aspects, in the proposed two component particle DM model

in this Chapter, one is a heavier WIMP component responsible for explaining the observed GC γ-

ray excess from their annihilation principally to bb̄ while the other is a lighter FIMP component, the

decay of which would yield the observed 3.55 X-ray lines. In addition this is the FIMP component

that also explains the DM self interaction (bounds).

The two component WIMP-FIMP DM model is proposed in this Chapter by first extending

the SM with a singlet scalar S and a fermion χ. The added fermion χ and the singlet scalar S

constitute the two components of the DM model. While the fermion is attributed to the heavier

WIMP component, the lighter singlet scalar component is the FImP (denoted FImP instead of FIMP

for being less massive) component of this WIMP-FImP two component DM model. In order to

prevent the interactions between the fermion component and the SM fermions, a global U(1)DM

symmetry is imposed on the added fermion. On the other hand, the lighter component – the singlet

scalar – is subjected to a discrete Z2 symmetry. This prevents the interaction between the singlet

scalar and the SM particles. The singlet scalar S acquires a vacuum expectation value (VEV)

on spontaneous breaking of Z2 symmetry. This may give rise to domain walls, which has been

discussed later. An additional pseudo scalar Φ is also introduced in the model. The fermion χ can

interact with the pseudo scalar involving γ5 operator. This is required for the following reason.
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The self interaction (annihilation) of the fermionic component χ is a p-wave interaction and hence

is velocity dependent. As the velocity of WIMP DM is much reduced at the present epoch, the

annihilation cross-section will be much suppressed and cannot produce the γ-ray signal required

to explain the GC γ-ray excess. However, interaction with the pseudo scalar increases this cross-

section. Though the Lagrangian for Φ is CP invariant but CP symmetry is broken by the spontaneous

breaking of CP symmetry and Φ acquires a VEV.

It may be mentioned that, in literature there are references of works with only WIMP DM for

explaining the GC γ-ray excess or other DM candidates (also of FImP nature) for explaining only

the 3.55 keV X-ray lines [220, 221]. There are even references for two component WIMP dark

models but here in this Chapter we propose a two component DM model that encompasses both

WIMP DM (from freeze-out mechanism) and FImP DM (from freeze-in mechanism) to explain

both the GC γ-ray excess and the 3.55 keV X-ray line signature in the framework of a single model.

The FImP component also satisfies the DM self interaction bounds.

5.2 Two Component Dark Matter Model

A renormalizable extension of SM is proposed where the SM is extended by a real singlet scalar

field S, a singlet Dirac fermion χ and a pseudo scalar Φ. Therefore, in the present scenario the

dark sector is composed of a Dira fermion χ and a real scalar S. As mentioned earlier, χ has a

global U(1)DM charge in order to prevent χ to couple with other SM fermions. This ensures its

stability. A discrete Z2 symmetry is imposed on the real scalar field S. This forbids any term with

odd number of S field in the Lagrangian 1. The discrete Z2 symmetry breaks spontaneously with

S acquiring a VEV. The Lagrangian is assumed to be CP invariant but on spontaneous breaking of

CP symmetry the pseudo scalar acquires a VEV. Thus after spontaneous symmetry breaking (SSB)

1Instead of imposing a global U(1) on the singlet fermion and assuming a Z2 on the scalar field, one
can also assume two different discrete Z2 symmetries on the scalar and the fermion. This would result in a
framework with ZA2 × ZB2 . However, we did not consider this framework in our model.

175



(of SU(2)L × U(1)Y , Z2 and CP) of the Lagrangian the scalar fields acquire VEVs and as a result

the real components of H , Φ and S mix among each other. After diagonalisation of the 3× 3 mass

matrix, the lightest eigenstate is attributed to the FImP component of this two component WIMP-

FImP model. The low mass eigenvalue corresponding to this eigenstate is achieved for sufficiently

low values of relevant mixing angles.

The Lagrangian of the model thus can be written as

L = LSM + LDM + LΦ + Lint . (5.1)

In the above, LSM represents the Lagrangian for the SM particles that includes the usual kinetic,

quadratic and quartic terms for the Higgs doublet H . The dark sector Lagrangian LDM has two

parts, the fermionic and the scalar,

LDM = χ̄(iγµ∂µ −m)χ+ LS , (5.2)

with

LS =
1

2
(∂µS)(∂µS)− µ2

S

2
S2 − λS

4
S4 . (5.3)

The Lagrangian LΦ for the pseudo scalar Φ is given by

LΦ =
1

2
(∂µΦ)2 − µ2

Φ

2
Φ2 − λΦ

4
Φ4 . (5.4)

It is to be noted that the above Lagrangian does not have any odd term in Φ, which makes LΦ CP

invariant. All the interaction terms are included in the Lagrangian Lint.

Lint = − i g χ̄γ5χΦ− V ′(H,Φ, S) . (5.5)
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The Lagrangian LSM encompasses the Yukawa type term between Φ (pseudo scalar) and the Dirac

fermion χ (igχ̄γ5χΦ) in addition to other possible mutual interaction terms among the scalarsH,Φ

and S (V ′(H, S, Φ)). The expression of V ′ is given as

V ′(H, S, Φ) = λHΦH
†H Φ2 + λHSH

†H S2 + λΦSΦ2 S2 . (5.6)

A discussion is in order. Spontaneous breaking of Z2 symmetry leads to the formation of domain

walls in the Universe and the energy associated with the eventual breaking of such domain walls

may overclose the Universe. One way to avoid such domain wall problem is to include an explicit

Z2 symmetry breaking term as given in Ref. [222] 2. In this Chapter, this procedure has not been

adopted. However, another way out to circumvent this problem requires the VEV v3 to be small

([47] and the references therein). Such an approach to avoid the domain wall has been explored in

the literature [199, 223]. In Ref. [199], it has been reported that the VEV of the scalar S considered

should be v3 ≤ 10.7 MeV to be consistent with CMB (Cosmic Microwave Background) anisotropy

measurements. Hence, we consider v3 values within the above mentioned limit in this Chapter to

avoid the domain wall problem.

After the SSB of SM gauge symmetry, Higgs acquires a VEV, v1 (∼ 246 GeV) and the fluctu-

ating scalar field about this minima (v1) is denoted as h. Denoting v2 to be the VEV of the pseudo

scalar Φ and v3, the VEV that the singlet scalar S is assumed to acquire, we have

H =
1√
2

 0

v1 + h

 , Φ = v2 + φ , S = v3 + s . (5.7)

It is to be noted that the global U(1)DM symmetry is conserved even after the SSB 3. Let us consider

2In this Reference a term of the type ∼ |a|eiΦaS is introduced in the Lagrangian, a being a complex
coefficient. The purpose was however to include a U(1) and Z2 breaking linear term in this reference (Ref.
[222].

3In fact global symmetry is also unbroken at the PLANCK scale to provide a stable DM canidate [224].
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the scalar potential term V

V = µ2
H H

†H + λH (H†H)2 +
µ2

Φ

2
Φ2 +

λΦ

4
Φ4 +

µ2
S

2
S2 +

λS
4
S4

+λHΦH
†H Φ2 + λHSH

†H S2 + λΦSΦ2 S2 . (5.8)

After symmetry breaking, the scalar potential Eq. 5.8 takes the following form

V =
µ2
H

2
(v1 + h)2 +

λH
4

(v1 + h)4 +
µ2

Φ

2
(v2 + φ)2 +

λΦ

4
(v2 + φ)4

+
µS
2

(v3 + s)2 +
λS
4

(v3 + s)4 +
λHΦ

2
(v1 + h)2(v2 + φ)2

+
λHS

2
(v1 + h)2(v3 + s)2 + λΦS(v2 + φ)2(v3 + s)2 . (5.9)

Using the minimisation condition that

(
∂V

∂h

)
,

(
∂V

∂φ

)
,

(
∂V

∂s

) ∣∣∣∣∣
h=0, φ=0, s=0

= 0 , (5.10)

we obtain the three following conditions

µ2
H + λHv

2
1 + λHΦv

2
2 + λHSv

2
3 = 0 ,

µ2
Φ + λΦv

2
2 + λHΦv

2
1 + 2λΦSv

2
3 = 0 ,

µ2
S + λSv

2
3 + λHSv

2
1 + 2λΦSv

2
2 = 0 . (5.11)

The mass mixing matrix with respect to the basis h-φ-s can now be constructed by evaluating ∂2V
∂h2 ,

∂2V
∂φ2 , ∂

2V
∂s2

, ∂2V
∂h∂φ , ∂2V

∂h∂s , ∂2V
∂s∂φ at h = φ = s = 0 and is obtained as

M2
scalar = 2


λH v

2
1 λHΦ v1 v2 λHS v1 v3

λHΦ v1 v2 λΦ v
2
2 2λΦS v2 v3

λHS v1 v3 2λΦS v2 v3 λS v
2
3

 . (5.12)
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Diagonalising the symmetric mass matrix (Eq. 5.12) by a unitary transformation we obtain three

eigenvectors h1, h2 and h3 which represent three physical scalars. Each of the new eigenstate is a

mixture of old basis states h, φ and s depending on the mixing angles θ12, θ23 and θ13 i.e.


h1

h2

h3

 = U(θ12, θ13, θ23)


h

φ

s

 , (5.13)

where U(θ12, θ23, θ13) is the usual PMNS matrix with mixing angles are θ12, θ23, θ13 and complex

phase δ = 0. In this Chapter, we choose h1 as the SM like Higgs boson which has been discovered

few years ago by the LHC experiments [225, 226] at CERN. Therefore, throughout this Chapter we

keep the mass (m1) of h1 ∼ 125.5 GeV 4. On the other hand as mentioned at the beginning of this

Section, we consider h2 is also heavy and the lightest scalar h3 to be a component of DM (FImP

candidate). For simplicity, Eq. 5.13 can be rewritten as


h1

h2

h3

 =


a11 a12 a13

a21 a22 a23

a31 a32 a33



h

φ

s

 , (5.14)

where aij are elements of PMNS matrix.

Further, in order to obtain a stable vacuum we have the following bounds on the quartic couplings

derived following [227]

λH , λΦ, λS > 0 ,

λHΦ +
√
λHλΦ > 0 ,

λHS +
√
λHλS > 0 ,

2λΦS +
√
λΦλS > 0

4We assume mass of physical scalars hj to be mj , j = 1− 3.
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and

√
2(λHΦ +

√
λHλΦ)(λHS +

√
λHλS)(2λΦS +

√
λΦλS)

+
√
λHλΦλS + λHΦ

√
λS + λHS

√
λΦ + 2λΦS

√
λH > 0 . (5.15)

In this model, the fermionic DM (WIMP DM candidate) has an interaction with the pseudo scalar

Φ which should not be very large and be within the perturbative limit. For this purpose, we consider

g ≤ 4π in this Chapter.

It is to be noted that, in general, spontaneous CP violation does not occur when singlet scalar

acquires a VEV [228]. However, in this Chapter, we consider a pseudo scalar field Φ which acquires

a VEV v2. Consequently this would result in mixing between scalar and pseudo scalar fields and

hence CP is violated [222]. Although the Lagrangian in Eq. 5.5 is CP conserving, any mixing

between scalar and pseudo scalar (terms with λHΦ and λΦS) would break the CP symmetry of the

Lagrangian. Hence Eq. 5.5 is the source of CP violation in the model.

5.3 Relic Density

The relic densities for the two component DM considered in the Chapter is obtained by solving

the coupled Boltzmann equations for each of the DM components and total DM relic abundance is

given by adding up the relic densities of each of the components.

The Boltzmann equation for the fermionic component χ in the present model is given by

dYχ
dz

= −
√
πg?(T )

45G

mχ

z2

[
〈σv〉χ̄χ→xx̄

(
Y 2
χ − (Y eq

χ )2
)

+ 〈σv〉χ̄χ→h3h3

(
Y 2
χ −

(Y eq
χ )2

(Y eq
h3

)2
Y 2
h3

)]
,

(5.16)

where G is the gravitational constant. The fermionic DM in the present model follows usual

freeze-out mechanism and becomes relic which behaves as a WIMP DM. However, evolution of
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Figure 5.1: Feynman diagrams for the fermionic DM χ and scalar DM h3.

light DM h3 is different. We assume that the mixing between the scalar hj , j = 1 − 3 are very

small. Therefore, the scalar h3 is produced from the decay or annihilation of heavier particles such

as Higgs or gauge bosons which never reaches thermal equilibrium (therefore becomes non-thermal

in nature) and its production saturates as the Universe expands and cools down. This is referred as

freeze-in production of particle [229, 230] and the light DM resembles a FImP like DM. Hence, the

initial abundance of h3, Yh3 = 0 in the present model. Thus Eq. 5.16 takes the form

dYχ
dz

= −
√
πg?(T )

45G

mχ

z2

[
〈σv〉χ̄χ→xx̄(Y 2

χ − (Y eq
χ )2) + 〈σv〉χ̄χ→h3h3Y

2
χ

]
, (5.17)

where x(= f, W, Z, h1, h2) denotes the final state particles produced due to annihilation of DM
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candidate χ. The Boltzmann equation for the scalar component h3 in the present framework is given

by

dYh
3

dz
= − 2mPLz

1.66m2

√
g?(T )

gs(T )

(∑
i

〈Γh
i
→h

3
h

3
〉
(
Yh

3
− Y eq

h
i

))
−

4π2

45

mPLm

1.66

√
g?(T )

z2
× ∑

x=W,Z,f,h1,h2

〈σvxx̄→h
3
h

3
〉 (Y 2

h3
− (Y eq

x )2) − 〈σvχ̄χ→h
3
h

3
〉
(
Y 2
χ −

(Y eq
χ )2

(Y eq
h3

)2
Y 2
h3

) .

(5.18)

Since Yh3 = 0, Eq. 5.18 takes the form

dYh
3

dz
= − 2mPLz

1.66m2

√
g?(T )

gs(T )

(∑
i

〈Γh
i
→h

3
h

3
〉
(
−Y eq

h
i

))
−

4π2

45

mPLm

1.66

√
g?(T )

z2
× ∑

x=W,Z,f,h1,h2

〈σvxx̄→h
3
h

3
〉 (−(Y eq

x )2) − 〈σvχ̄χ→h
3
h

3
〉Y 2
χ

 .

(5.19)

In Eqs. 5.16 - 5.19, Yx = nx
S is the comoving number density of DM candidate x = χ, h3 while the

equilibrium number density is denoted by Y eq
x and S is the entropy of the Universe. In the above

z = m/T where T is the photon temperature and m represents the mass. The PLANCK mass

mPL = 1.22× 1022 GeV in Eqs. 5.18, 5.19 and the term g? is expressed as [46]

√
g?(T ) =

gS(T )√
gρ(T )

(
1 +

1

3

d lngS(T )

d lnT

)
. (5.20)

Here gS and gρ are the degrees of freedom corresponding to entropy and energy density of the
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Universe and are expressed as [46]

S = gS(T )
2π2

45
T 3 , ρ = gρ(T )

π2

30
T 4 . (5.21)

The expressions for thermal average annihilation cross-sections (〈σv〉) and decay widths (〈Γ〉) are

given as

〈σv〉aa→bb =
1

8m4
a T K

2
2 (ma/T )

∫ ∞
4m2

a

ds σaa→bb (s− 4m2
a)
√

sK1(
√

s/T ) ,

〈Γa→bb〉 = Γa→bb
K1(z)

K2(z)
. (5.22)

The expressions of different annihilation cross-sections and decay processes along with the relevant

couplings are given in Appendix A. Feynman diagrams that contribute to the annihilations of χ

along with the production of scalar DM h3 via decay and annihilation channels are shown in Fig.

5.1. It is to be noted that the diagram χχ → h3h3 will also contribute to the production of light

scalar DM.

In Eq. 5.22, K1 and K2 are the modified Bessel functions and s represents the centre of mo-

mentum energy. The Boltzmann equations (Eqs. 5.17, 5.19) are solved using Eqs. 5.20 - 5.22 and

the relic abundance for χ and h3 are obtained as

Ωjh
2 = 2.755× 108Yj(T0)

( mj

GeV

)
, j = χ, h3 (5.23)

where the present photon temperature is T0 and h is Hubble parameter in the unit of 100 Km s−1 Mpc−1.

The total relic density of the two component WIMP-FImP DM is now obtained by adding up the

individual relic densities of each component. The total relic density must satisfy the bound on DM

relic density given by PLANCK observational results. Thus

ΩDMh
2 = Ωχh

2 + Ωh3h
2 , 0.1172 ≤ ΩDMh

2 ≤ 0.1226 . (5.24)
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5.4 Bounds from Collider Physics

In this Section, we briefly describe the collider physics bounds in the context of the present two

component DM model. Note that three scalar particles are there in the present model namely the

Higgs like scalar (h1), the non SM scalar (h2) (with mass 85 GeV ≤ m2 ≤ 110 GeV) and the

light DM candidate (h3). Therefore, the SM like scalar with mass ∼ 125.5 GeV should satisfy the

bounds on SM scalar signal strength. The signal strength is defined as

R1 =
σ(pp→ h1)

σSM(pp→ h)

Br(h1 → xx)

BrSM(h→ xx)
. (5.25)

In the above, σ(pp → h1) defines the production cross-section of h1 due to gluon fusion while

σSM(pp→ h) is the same for SM Higgs. Similarly Br(h1 → xx) is defined as the decay branching

ratio of h1 into any final state particle whereas the same for SM Higgs is BrSM(h→ xx). The Higgs

like scalar must satisfy the condition for SM Higgs signal strength R1 ≥ 0.8 [231]. Branching ratio

to any final state particle for h1 is given as Br(h1 → xx) = Γ(h1→xx)
Γ1

(here Γ(h1 → xx) is decay

width of h1 into final state particles and Γ1 is the total decay width of h1) and for SM Higgs with

mass 125.5 GeV it can be expressed as BrSM(h→ xx) = Γ(h→xx)
ΓSM

, where ΓSM is total decay width

of Higgs. Hence, Eq. 5.25 can be written as

R1 = a4
11

ΓSM

Γ1
, (5.26)

where Γ1 = a2
11ΓSM + Γinv

1 is the total decay width and Γinv
1 is the invisible decay width of h1 into

DM particles given as

Γinv
1 = Γh1→χχ̄ + Γh1→h3h3 . (5.27)
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Similarly for h2, the signal strength R2 takes the form

R2 = a4
21

Γ′SM

Γ2
(5.28)

with Γ2 = a2
21Γ′SM + Γinv

2 where Γ′SM is the total decay width of non SM scalar of mass m2 and

Γinv
2 = Γh2→χχ̄ + Γh2→h3h3 . The decay width Γ(hi → χχ̄), i = 1, 2 is expressed as

Γh1→χχ̄ =
m1

8π
g2a2

21

(
1−

4m2
χ

m2
1

)1/2

,

Γh2→χχ̄ =
m2

8π
g2a2

22

(
1−

4m2
χ

m2
2

)1/2

. (5.29)

The analytical forms for Γhj→h3h3 , j = 1, 2 are given in Appendix A. The invisible decay branch-

ing ratio for the SM like Higgs is Br1
inv =

Γinv
1
Γ1

. The invisible decay branching ratio is assumed to

be small and the condition Br1
inv < 0.2 [232] is adopted as the bound on the same in this Chapter.

5.5 Dark Matter Self Interaction

Study of DM self interaction have recently received attention and have been explored in literatures

[216–218]. DM, though primarily assumed to be collisionless in nature, is found to have self in-

teraction [217] with cross-section σDM/m < 0.47 cm2/g at 95% C.L. In the present model we

proposed two DM candidates χ (WIMP like fermion) and a light scalar DM h3 (FImP). In this

Chapter we will investigate whether any of these DM candidate can account for the observed DM

self interaction cross-section. Study of DM self interaction by Campbell et al. [219] has reported

that a light DM with mass below 0.1 GeV produced by freeze-in mechanism can provide the re-

quired amount of DM self interaction cross-section (contact interaction) in order to explain the

observations of Abell 3827 [218] with σDM/m ∼ 1.5 cm2/g which is close to the bound obtained

from [217]. Therefore, in this Chapter, we investigate whether the FImP DM h3 can account for
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the DM self interaction cross-section given by [217, 218]. The ratio to self interaction cross-section

with mass m3 for the scalar DM candidate in the present model is given as [199] 5

σh3

m3
' 9λ2

S

2πm3
3

, (5.30)

where the above expression of self interaction is obtained by replacing the quartic coupling λ3333

in terms of coupling λS for h3 given in Appendix A. In the Eq. 5.30 we have considered contact

interaction only and neglected the contributions from s-channel mediated diagrams since those

are suppressed due to small coupling with scalars h1 and h2 and also due large mass terms in

propagator. It is to be noted that since in the present model we have two DM components, the

self interaction cross-section for a particular component should be modified in accordance with the

fractional contribution of that component towards the DM relic density. For the light DM component

h3 in the present model, this factor is fh3 =
Ωh3
ΩDM

. Again since the process of self interaction

requires two DM particles to interact, the self interaction for the h3 component should be modified

by a factor f2
h3

. We have shown later in Sect. 5.6 that although the lighter component of DM

has smaller relic density, (Ωh3h
2 ∼ 0.1Ωχh

2), the number density of h3 is very high compared

to that of χ resulting in a smaller fractional density rχ =
nχ

nχ+nh3
∼ 10−6 for the heavier DM

candidate. As a result number of collisions will eventually be dominated by h3 (ncoll
h3

>> ncoll
χ ).

However, measurement of DM self interaction is difficult and depends on several other factors. Our

calculation shows that the self interaction of the heavier component χ is very small in comparison to

that of h3. Therefore, the lighter component with large self interaction will suffer significant change

in its spatial distribution while the same for χwill remain unaffected. However, in assessing the DM

self interaction from the observational results (spatial offset as observed by [217]) of collisions of

galaxy clusters, the mass distribution of DM (DM halo) in its totality has been considered (which in

the present context signifies engaging both the DM components of the model). Moreover, if heavier

component dominates the total contribution to relic density (as presented later in ), will share large

5Using the condition s− 4m2 << m2.
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amount of mass of total DM halo. Then the gravitational effects between the DM components may

affect the self interaction and the consequent observed spatial offset. Therefore, from the present

study we may state that the effective self interaction (∼ f2
h3

σh3
m3

) in our model is only an estimate

and may be altered by these other factors. But this is for posterity.

5.5.1 3.55 keV X-ray Emission and Light DM Candidate

Independent study of XMM Newton observatory data by Bulbul et al. [37] and Boyarsky et al. [186]

have reported a 3.55 keV X-ray emission line from extragalactic spectrum. Such an observation

can not be explained by known astrophysical phenomena. Although the signal is not confirmed,

if it remains to exist then such a signature can be explained by decay of heavy DM candidates

[200] or annihilation of light DM directly into photon [199, 220]. The observations from Hitomi

collaboration [215] also suggest that the 3.55 keV X-ray line can be caused by the charge exchange

phenomena in molecular nebula which requires more sensitive observation to be confirmed. Since

in the present framework, we propose a light DM candidate h3 to circumvent the self interaction

property of DM, we further investigate whether it can also explain the 3.55 keV X-ray signal. For

this purpose, we assume that mass of the light FImP DM candidate h3 is m3 ∼ 7.1 keV which

decays into pair of photons. The expression for the decay of h3 into 3.55 keV X-rays is given as

Γh3→γγ =
(αem

4π

)2
|F |2 a2

31

GFm
3
3

8
√

2π
, (5.31)

where GF is the Fermi constant and αem ∼ 1
137 is the fine structure constant. The loop factor F in

Eq. 5.31 is

F = FW (βW ) +
∑
f

NcQ
2
fFf (βf ) , (5.32)
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m1 m2 m3 λ12 λ13 λ23 R1 Br1
inv fh3Γh3→γγ g

GeV GeV GeV 10−29 s−1

∼125.5 85-110 ∼7.1×10−6 10−4-0.1 10−10-10−8 10−11-10−9 0.8-1.0 0-0.2 2.5-25 0.01-5.0

Table 5.1: Constraints and chosen regions of model parameters for the two component DM
model.

where

βW =
4m2

W

m2
3

, βf =
4m2

f

m2
3

,

FW (β) = 2 + 3β + 3β(2− β)f(β),

Ff (β) = −2β[1 + (1− β)f(β)],

f(β) = arcsin2[β−1/2] .

Nc in the loop factor is the colour quantum number while Qf denotes the charge of the fermion. It

is to be noted that the decay width of h3 must be in the range 2.5 × 10−29 s−1 ≤ fh3Γh3→γγ ≤

2.5×10−28 s−1 in order to produce the required extragalactic X-ray flux obtained from Andromeda,

Perseus etc. Since in the present model we have two DM components, the decay width of h3 must

be multiplied by a factor fh3 =
Ωh3

ΩDM
, where fh3 is the fractional contribution to DM relic density

by h3 component. Hence, in this work we will also test the viability of the light scalar DM candidate

to explain the possible X-ray emission signal reported by [37, 186] along with DM self interaction

results.

5.6 Calculations and Results

In this Section, we test the viability of the present two component DM model scanning over a range

of model parameter space. In Table 5.1, we tabulate the range of model parameter space and relevant

constraints used in this Chapter. Note that the coupling parameters λij ; i, j = 1 − 3, (i 6= j) are

in agreement with the vacuum stability conditions mentioned earlier in Eqs. 5.15 and also satisfy
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(a) (b)

(c)

Figure 5.2: The upper left panel (a) shows the changes in fh3 with mixing angle θ23. Figs.
(b-c) depict the allowed values of the couplings λ233 and λ133 plotted against θ23.

perturbative unitarity condition. As we have mentioned earlier, h1 is SM like scalar and h2 is non

SM scalar, we take v1 = 246 GeV and v2 = 500 GeV in the present framework. We further

assume two choices of v3 = 6.5 MeV and 8.0 MeV. These choices are consistent with the previous

studies of light scalar DM of mass ∼ 7.1 keV with bound 2.0 MeV ≤ v3 ≤ 10.0 MeV [199, 220].

We have also imposed the conditions on signal strength and invisible decay branching ratio of SM

like scalar h1 obtained from ATLAS and CMS at LHC (R1 ≥ 0.8 and Br1
inv ≤ 0.2). Using the

range of model parameter space tabulated in Table 5.1 we solve the three scalar mass mixing matrix

in order to find out the mixing angles of PMNS matrix and aij ; i, j = 1 − 3 elements. These
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matrix elements are then used to calculate various couplings mentioned in Appendix A, which

are necessary in order to calculate the decay widths and annihilation cross-sections of scalar DM

candidate h3. The coupling g (≤ 4π, bound from perturbative limit) between the pseudo scalar and

the fermionic DM is also varied within the range mentioned in Table 5.1 to compute the annihilation

cross-sections for fermionic DM. These decay widths and annihilation cross-sections of both DM

candidates are then used to solve the coupled Boltzmann Eqs. 5.17, 5.19 and calculate the relic

densities for each DM candidate satisfying the condition for total DM relic density Eq. 5.24. In

Fig. 5.2 we show the valid range of model parameter space obtained using Table 5.1 and solving

the coupled Boltzmann equations satisfying the condition Ωχh
2 + Ωh3h

2 = ΩDMh
2 as given by

PLANCK satellite experiment. In Fig. 5.2(a) we plot the variation of allowed mixing angle θ23

with the fractional relic density fh3 of the scalar DM in the present framework 6. Plotted blue

and green shaded regions depicted in all the three figures of Fig. 5.2 correspond to the choice of

v3 = 6.5 × 10−3 GeV and 8.0 × 10−3 GeV. The observation of Fig. 5.2(a) (in θ23 − fh3 plane)

shows that the relic density contribution of the scalar DM component increases with the increase

in θ23. It is to be noted that the maximum allowed range of θ23 depends on the choice of v3 and

we have found that for v3 = 6.5 × 10−3 GeV, θmax
23 ∼ 2.8 × 10−13 while the same obtained with

v3 = 8.0 × 10−3 GeV is θmax
23 ∼ 3.5 × 10−13. This variation of θ23 with fh3 shown in Fig. 5.2(a)

is a direct consequence of the fact that increase in θ23 also increases the value of λ233 which is

depicted in Fig. 5.2(b). In Fig. 5.2(b) the variation of θ23 is plotted against λ233. It is easily seen

from Fig. 5.2(b) that when θ23 is small ∼ 10−16 − 10−14, the value of λ233 is very small. However

as θ23 increases further, there is a sharp increase in the value of |λ233|. As a result the contribution

from the decay channel h2 → h3h3 enhances which then also raises the relic density contribution

of scalar h3. From Fig. 5.2(b) we notice that maximum allowed range of λ233 is ∼ 5 × 10−7 for

both the cases of v3 considered in the Chapter. Finally in Fig. 5.2(c) θ23 is plotted against λ133 for

the both the values of v3 mentioned above. From Fig. 5.2(c) we notice that λ133 decreases steadily

6Mixing angles θij ; i, j = 1− 3, i 6= j are expressed in radian.
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(a) (b)

Figure 5.3: The available model parameter space in θ13 − λ133 plane is shown in the left
panel (a) while in the right panel (b) the same region is depicted when θ23 is varied against
θ13.

with enhancement in θ23 indicating an suppression in the contribution from h1 (with m1 ∼ 125.5

GeV) decay into pair of h3. The allowed range of λ133 for both the values of v3 lie within the

range 0.5 × 10−8 − 3.5 × 10−7. In this framework mass of h2 is varied in the range 85 − 110

GeV (i.e., m2 < m1) and decay width is inversely proportional to the mass of decaying particle

(see Appendix A for expression). This indicates that the contribution of the non SM scalar to the

freeze-in production of FImP DM h3 is significant compared to the same obtained from SM like

scalar when coupling λ233 is not small (i.e., |λ233| ∼ λ133).

Fig. 5.3(a) depicts the allowed range of θ13 plotted against λ133 for both the values of v3 con-

sidered in earlier plots of Fig. 5.2. We also use the similar colour scheme to indicate the values of v3

satisfying the same conditions applied in order to plot Fig. 5.2. From Fig. 5.3(a) it can be easily ob-

served that θ13 in the present model varies within the range∼ 1.0−6.0×10−13 for both the chosen

values of v3 = 6.5× 10−3 GeV and v3 = 8.0× 10−3 GeV respectively. It can be also noticed from

the plots in Fig. 5.3(a) that λ133 is proportional to the value of θ13. This reveals that the decay width

h1 → h3h3 increases with increase in θ13 which can enhance the freeze-in pair production of h3 via

h1. In Fig. 5.3(b) we show the allowed model parameter space in θ23−θ13 plane for the same set of
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Set m1 m2 m3 v3 θ12 g
GeV GeV GeV GeV

1 125.4 102.5 7.12×10−6 6.5×10−3 1.41×10−2 0.01-5.0
2 125.5 107.2 7.15×10−6 8.0×10−3 5.78×10−2 0.01-5.0

Table 5.2: Chosen parameter set for the plots in Fig. 5.4(a-c).

v3 values and constraints used in earlier plots as well. Study of Fig. 5.3(b) reveals that for smaller

values of θ23 ∼ 10−16− 10−14, θ13 maintains a value in range ∼ 3× 10−13− 6× 10−13 indicating

that contribution in the relic density is mostly from the decay of h1 into two h3 scalars. However,

as θ23 increases the contribution of h2 increases (due to increase in λ233) which reduces the value

of θ13 (as well as λ133) in order to maintain the total DM relic density by h3 and to avoid overabun-

dance of DM (when we add up the contribution of DM relic density obtained from the fermionic

DM component χ, i.e., fh3 + fχ = 1). It is to be mentioned that the mixing angle θ12 varies within

the range 0.003 ≤ θ12 ≤ 0.183 for the allowed model parameter space obtained using both sets of

v3 considered. Note that all the plots in Fig. 5.2 and Fig. 5.3 are in agreement with the constraints

on decay width of 7.1 keV scalar h3 into X-ray, 2.5× 10−29s−1 ≤ fh3Γh3→γγ ≤ 2.5× 10−28s−1.

We have also found that the signal strength of h2, i.e., R2 in the present formalism is very small to

be observed at the LHC experiments due to smallness of mixing between SM like scalar h1 with

h2.

So far, in this Chapter, we have only discussed about the available parameters for the two

component DM model involving a fermion χ and a light scalar h3 of mass ∼ 7.1 keV in agreement

with PLANCK DM relic density satisfying the condition Ωχh
2 + Ωh3h

2 = ΩDMh
2 (Fig. 5.2, 5.3).

In Fig. 5.4(a-b) we show the mχ − Ωχh
2 plots while in Fig. 5.4(c) the variation of DM density

Ωh3h
2 for light DM candidate h3 (m3 ∼ 7.1 keV) is plotted against the temperature T of Universe.

Instead of scanning over the full range of parameter space obtained from Fig. 5.2 and Fig. 5.3

(for two values of v3), we consider two valid set of parameters for the purpose of demonstration

tabulated in Table 5.2. Therefore, the parameter sets in Table 5.2 are within the range of scan
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(a) (b)

(c)

Figure 5.4: Plots in (a-b) show the mχ − Ωχh
2 parameter space for the set of parameters

in table 5.2 for the fermionic DM. The variation of Ωh3h
2 (for the scalar DM h3) with

temperature T for the same set of parameter is shown in (c).

performed using the Table 5.1 and also respect all other necessary conditions (such as vacuum

stability, decay width of h3, constrains from LHC etc.). Fermionic DM candidate can annihilate

through s-channel annihilation mediated by scalars h1 and h2 (see Fig. 5.1). The mixing between

the SM like scalar h1 and non SM scalar h2 given by θ12, is necessary to calculate the parameters

aij( i, j = 1, 2) and different annihilations of the fermionic DM. Since in this Chapter the range

of coupling λ12 is larger compared to other couplings λ23 and λ13, the parameters aij , i, j = 1, 2

will dominantly be determined by θ12. This is also justified by the plots in Fig. 5.3(b) where θ23 is
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varied with θ13 showing these mixing angles are very small. Therefore, we have chosen two values

of θ12 for two set of v3 values given in Table 5.2. Note that we have also considered the same set

of v3 values of light scalar S in our model along with v1 = 246 GeV and v2 = 500 GeV taken

earlier in order to find out the valid range of parameter space obtained in Figs. 5.2, 5.3. Shown

mχ − Ωχh
2 plot in Fig. 5.4(a) corresponds to the set of parameters with v3 = 6.5 × 10−3 GeV

and the same with other set of parameters (for v3 = 8.0 × 10−3 GeV) is depicted in Fig. 5.4(b).

The red regions in both the Figs. 5.4(a-b) are obtained by varying the coupling g within the range

0.01 ≤ g ≤ 5.0 and also varying the fermionic DM mass mχ from 20 GeV to 200 GeV. From

both the Figs. 5.4(a-b) it can be observed that a very small region of parameter space (for these

chosen sets in Table 5.2) lies below the total DM relic density bound given by PLANCK [12] (black

horizontal line shown in both the plots Fig. 5.4(a-b)). We have found that relic density of fermionic

DM becomes less abundant with respect to total DM relic density near the resonances of SM like

Higgs (h1) and non SM scalar h2 when its massmχ ∼ mi/2, i = 1, 2. Apart from that, there is also

a region of parameter space with mass ∼ 100− 180 GeV (for m2 = 102.5 GeV) and ∼ 100− 190

GeV (when m2 = 107.2 GeV) where the condition Ωχh
2 < ΩDMh

2 is satisfied. In this region

the heavy fermionic DM annihilates into scalar h1 and h2. Thus the DM annihilation cross-section

get enhanced which reduces the relic density Ωχh
2 of the fermionic DM candidate. The shaded

blue horizontal regions shown in the plot Fig. 5.4(a) (Fig. 5.4(b)) are fractional contributions to the

total DM relic density from the fermionic DM candidate χ with fχ = 0.54 (fχ = 0.72) where

fχ =
Ωχ

ΩDM
. In Fig. 5.4(c) we show the evolution of relic density Ωh3h

2 of the light scalar DM h3

as a function of temperature T of the Universe with the same set of parameters given in Table 5.2.

The plot shown in red (blue) depicted in Fig. 5.4(a) (Fig. 5.4(b)) corresponds to the parameter set

with v3 = 6.5× 10−3 GeV (v3 = 8.0× 10−3 GeV). Moreover, we have also satisfied the condition

fχ + fh3 = 1 in the plots of Fig. 5.4(c) (in order to produce the total DM relic abundance obtained

from PLANCK results [12]) such that the fractional contribution of h3 for each set of parameter in

Table 5.2 is fh3 = 1 − fχ, i.e., fh3 = 0.46 (0.28) for the red (blue) plot depicted in Fig. 5.4(c).
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It appears from the plots in Fig. 5.4(c) that the relic density of light scalar DM is very small (as

initial abundance Yh3 = 0), increases gradually with decreasing temperature and finally saturates

near T ∼ 10 GeV. The saturation of the relic density indicates that the production of h3 ceases as

the Universe expands and cools down due to rapid decrease in the number density of decaying or

annihilating particles. Therefore, from Fig. 5.4(a-c) it can be concluded that the present model of

two component DM with a WIMP (heavy fermion χ) and a FImP (light scalar h3) can successfully

provide the observed DM relic density predicted by PLANCK satellite data.

5.6.1 Direct Detection of DM

In this Section, we will investigate whether the allowed model parameter space is compatible with

the results from direct detection of DM obtained from DM direct detection experiments. Direct

detection experiments search for the evidences of DM-nucleon scattering and provide bounds on

DM-nucleon scattering cross-section. DM candidates in the present model can undergo collision

with detector nucleus and the recoil energy due to the scattering is calibrated. Since no such collision

events have been observed yet by different DM direct detection experiments, these experiments

provide an exclusion limit on DM-nucleon scattering cross-section. The most stringent bound on

DM-nucleon spin independent (SI) cross-section is given by LUX [108], XENON-1T [183] and

PandaX-II [184]. In the present model, both the DM components (WIMP and FImP) χ and h3

can suffer SI elastic scattering with the detector nucleus. The fermionic DM χ in this Chapter can

interact through pseudo scalar interaction via t-channel processes mediated by both h1 and h2. The

expression of SI scattering cross-section for the fermionic DM χ is

σχSI =
g2

π
m2
r

(
a11a12

m2
1

+
a22a21

m2
2

)2

λ2
p v

2 , (5.33)
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where λp is given as [233]

λp =
mp

v1

[∑
q

fq +
2

9

(
1−

∑
q

fq

)]
' 1.3× 10−3 (5.34)

and mr =
mχmp
mχ+mp

denotes the reduced mass for the scattering. It is to be noted that due to the

pseudo scalar interaction scattering cross-section on Eq. 5.33 is velocity suppressed and hence mul-

tiplied by a factor v2 with v ∼ 10−3 being the velocity of DM particle. We have found that this

velocity suppressed scattering cross-section is way below the latest limit on DM-nucleon scattering

given by direct detection experiments [108, 183, 184]. This finding is also in agreement with the re-

sults obtained in a different work by Ghorbani [234]. Moreover, since we have two DM components

in the model, the effective scattering cross-section for the fermionic DM (i.e., WIMP candidate) will

be rescaled by a factor proportional to the fractional number density rχ =
nχ

nχ+nh3
(nx denotes the

number density), i.e., σ
′χ
SI = rχσ

χ
SI (for further details see [220, 235]). The number density of both

the DM components χ and h3 can be obtained from the expression of individual relic density given

in Eq. 5.23. In the present framework, the fermionic DM candidate χ is ∼ 106 times heavier than

the scalar h3 DM. For example, if we consider that the contribution to the total relic density from

h3 is smaller with respect to that of fermion χ having value Ωh3h
2 ∼ 0.1Ωχh

2, the number density

of h3 is 106 times larger than that of nχ. This indicates that the rescaling factor rχ ∼ 10−6 and

rh3 ∼ 1. Therefore, the effective SI scattering cross-section σ
′χ
SI for fermionic DM candidate is

further suppressed by the rescaling factor rχ << 1 making it much smaller than the most sensi-

tive DM direct detection limits obtained from experiments like LUX, PandaX-II. Similarly, for the

scalar FImP DM candidate the effective SI direct detection cross-section is given as σ
′h3
SI = rh3σ

h3
SI

where

σh3
SI =

m
′2
r

4π

f2

v2
1

m2
p

m2
3

(
λ133a11

m2
1

+
λ233a21

m2
2

)2

, (5.35)
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wherem′r =
m3mp
m3+mp

and f ∼ 0.3 [236]. Sincem3 << mp,m′r ∼ m3 and Eq. 5.35 can be rewritten

as

σh3
SI =

1

4π

f2

v2
1

m2
p

(
λ133a11

m2
1

+
λ233a21

m2
2

)2

. (5.36)

Since h3 in the present model has very small interaction with the SM bath particles and never

reaches equilibrium after once produced, the couplings λ133 and λ233 are very small (∼ 10−7, as

seen from Fig. 5.2(b-c)). We have found that though the number density of h3 is high rh3 ∼ 1 (as

it is light), effective scattering cross-section σ
′h3
SI ∼ σh3

SI is also very small to be observed by any

DM direct search experiments and remains far below the most stringent limit given by LUX [108],

XENON-1T [183] and PandaX-II [184] due to smallness of couplings λj33, j = 1, 2. Therefore,

in the present scenario of two component DM model (with a WIMP and a FImP), we do not expect

any bound on model parameter space from direct detection experimental constraints.

5.7 GC γ-ray Excess and DM Self Interaction

An excess of γ-ray in the energy range 1-3 GeV have been obtained from analysis of Fermi-LAT

data [237] in the region of Galactic Centre. Such an excess can be interpreted as a result of DM

annihilation in the GC region. DM particles can be trapped due to the immense gravitational pull of

GC and also other astrophysical sites like dwarf galaxies, Sun etc. These sites are rich with particle

DM which then undergo pair annihilation. Different particle physics models for DM are explored

in order to provide a suitable explanation to this excess in γ-ray at GC as we have mentioned earlier

in Sect. 5.1. An analysis of this 1-3 GeV GC excess of γ-ray by Calore, Cholis and Weniger

(CCW) [185] using various galactic diffusion excess models suggests that Fermi-LAT data can be

explained by DM annihilation at GC. Indeed, the γ-ray excess can be very well fitted with a DM

of mass 49+6.4
−5.4 GeV which annihilates into pair of bb̄ particles 7 with annihilation cross-section

7Produced pair of fermions undergo hadronization processes to finally annihilate into pair of photons via
pion decay or bremsstrahlung.
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BP1 m1 m2 mχ v3 g R1 Br1
inv fχ f 2

χ〈σv〉bb̄ rχ σ
′χ
SI

GeV GeV GeV 10−3 10−26 pb
GeV cm3s−1

1 125.5 102.4 47.5 3.5 0.22 0.92 0.082 0.88 1.68 1.04e-06 2.09e-26
2 125.4 104.9 50.0 4.5 0.11 0.99 0.021 0.89 1.62 1.14e-06 5.81e-28

Table 5.3: Benchmark points for calculation of GC γ-ray excess plotted in Fig. 5.5 with
fermionic DM χ.

〈σv〉bb̄ = 1.76+0.28
−0.27 × 10−26 cm3s−1. In this section we will investigate whether the WIMP like

fermionic DM candidate χ can account for the observed GC γ-ray excess results. In addition,

self interaction study of the light scalar DM (FImP DM, mentioned earlier in Sect. 5.5) will also be

addressed in this Section. Before we explore the DM interpretation of GC γ-ray excess, a discussion

is in order. The study of γ-ray signatures from dwarf galaxies by Fermi-LAT and DES [238, 239]

also provide limits on DM annihilation cross-section into various annihilation modes. The limits

on DM annihilation cross-section into bb̄ is consistent with the GC γ-ray excess analysis by CCW.

However, apart from DM annihilation, the γ-ray excess at GC in the range 1-3 GeV can also be

explained by various non DM phenomena such as contribution from point sources near GC [240]

or millisecond pulsars [241]. Study by Clark et al. [242] also rule out the idea that the point like

sources are DM substructures. However, in a recent work Fermi-LAT and DES collaboration have

performed an analysis of γ-ray data with 45 confirmed dSphs [243]. The analysis of γ-ray emission

data from these dSphs by Fermi-LAT and DES provides bound on DM annihilation cross-section

into different final channel particles (bb̄ and τ τ̄ ). Although their analysis [243] of the data does not

show any significant excess at these sites (dSphs), the limits obtained on DM annihilation cross-

section in their analysis do not exclude the possibility of DM interpretation of GC γ-ray excess

either. Therefore, in this Chapter, we will consider DM as the source to the γ-ray excess at GC

observed by Fermi-LAT and test the viability of our model.

The expression for the differential γ-ray flux obtained in the region of the GC for the fermionic
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Figure 5.5: Comparison of the Fermi-LAT excess results from CCW [185] with the γ-ray
flux obtained from benchmark points tabulated in Table 5.3.

BP1 m1 m2 m3 v3 fh3 fh3Γh3→γγ rh3 λs f 2
h3

σh3

m3
σh3
SI

GeV GeV keV 10−3 10−29 cm2/g pb
GeV s−1

1 125.5 102.4 7.10 3.5 0.12 2.55 ∼ 1 2.06e-06 0.053 1.11e-23
2 125.4 104.9 7.11 4.5 0.11 2.63 ∼ 1 1.25e-06 0.017 9.10e-24

Table 5.4: Calculations of different observables for the scalar DM candidate for the same
set of benchmark points given in Table 5.3.

DM candidate χ is

d2Φ

dEdΩ
=
〈σv〉f
8πm2

χ

J
dNf

γ

dEγ
, (5.37)

performed over a solid angle dΩ for certain region of interest (ROI). From Eq. 5.37, it can be

observed that the differential γ-ray flux depends on the thermal averaged annihilation cross-section

〈σv〉f of DM into final state particles (fermions) and dNf
γ

dEγ
, is the photon energy spectrum produced

due to per annihilation into fermions. In the above Eq. 5.37, the factor J , the astrophysical factor
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depending on the DM density ρ, is expressed as

J =

∫
los
ρ2(r(r′, θ))dr , (5.38)

is the line of sight (l.o.s) integral where r′ =
√
r2
� + r2 − 2r�r cos θ with r being the distance

from the region of annihilation (GC) to Earth and r� = 8.5 kpc. The angle between l.o.s and line

from GC is denoted by θ. In this Chapter, we assume the DM distribution is spherically symmetric

which follows Navarro-Frenk-White (NFW) [83] profile given as

ρ(r) = ρs
(r/rs)

−γ

(1 + r/rs)3−γ . (5.39)

In the expression of NFW halo profile rs = 20 kpc and ρs is a typical scale density such that it

produce the local DM density ρ� = 0.4 GeV cm−3 at a distance r�. The differential γ-ray flux

is calculated using the ROI used in the work by CCW [185] (|l| ≤ 200 and 20 ≤ |b| ≤ 200) for

γ = 1.2. The photon spectrum dNf
γ

dEγ
from the annihilation of DM is obtained from Cirelli [244].

In order to calculate the differential γ-ray flux obtained for the fermionic DM using Eqs. 5.37 -

5.39 and the specified ROI by CCW, we consider two benchmark points from the available model

parameter space but with different values of v3 (using the condition v3 ≤ 10.7 MeV to avoid domain

wall problem as mentioned earlier in Sect. 5.2). We have used different values of v3 for benchmark

points keeping the range of parameter space (given in Table 5.1) unchanged. Imposing other relevant

conditions (relic density, direct detection etc.) we have observed that the nature of plots and physics

discussed earlier in Sect. 5.6 do not alter and conclusions remain same. Therefore, the new set of

benchmark points are in agreement with all the limits and constraints such as vacuum stability, LHC

bounds, limits on decay width of light scalar, DM relic density etc. The benchmark points are then

used to calculate γ-ray flux in this Chapter is tabulated in Table 5.3. It is to be noted that since

the DM candidate is fermion, one may think that the annihilation cross-section will be velocity

suppressed. However, in the present model, the fermion DM has a pseudo scalar type interaction
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which removes the velocity dependence of DM annihilation cross-section [234]. In Fig. 5.5, we

compare the GC γ-ray flux produced using benchmark points BP1 and BP2 tabulated in Table 5.3

with the results from CCW [185] for GC γ-ray excess. It is to be noted that the annihilation cross-

section for the fermionic DM χ into bb̄, i.e., 〈σv〉bb̄ will be multiplied by f2
χ (since annihilation

requires two DM candidates)8. Hence in order to produce the required flux for excess GC γ-ray,

the contribution to the relic density by the fermionic candidate fχ should be large. In Fig. 5.5, the

γ-ray flux obtained from BP1 (BP2) is plotted in green (blue) along with the data obtained from

CCW [185]. From Fig. 5.5, it can be observed that the fermionic DM component χ (WIMP) in our

model can account for the observed GC γ-ray excess results obtained by analysis of Fermi-LAT

data. Moreover, from the benchmark points it can also be seen that the SI direct detection cross-

section for the fermionic DM candidate calculated using Eqs. 5.33, 5.34 is very small and remains

below the limits from most stringent constraints on DM-nucleon cross-section given by LUX [108],

XENON-1T [183] etc.

As we have mentioned earlier, we now investigate whether the light scalar DM h3 can satisfy

the condition for DM self interaction with the same set of benchmark points. The relevant results

for the scalar DM candidate h3 for BP1 and BP2 are tabulated in Table. 5.4. From Table. 5.4, it

can be easily seen that for both the benchmark points, the effective self interaction cross-section of

light DM candidate h3 remains below the observed limit σ/m ≤ 0.47 cm2/g (∼ 1
10 of the observed

upper limit) obtained from the study by Harvey et al. [217]. However, as we have discussed earlier

in Sect. 5.5, it is to be noted that the result for effective self interaction in this model is only an

estimate and the effective self interaction may change significantly by the influence of other effects

such as gravitational interaction, mass distribution etc. of DM. The self interaction for the light

scalar DM candidate is calculated using Eq. 5.30 and it is then scaled by a factor f2
h3

to find out the

effective self interaction.

It can also be seen from Table 5.4 that the FImP like scalar DM can also explain the 3.55 keV

8This can be understood as the modified line of sight integral Jeff = f2
χJ as well depending on DM

density.
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X-ray emission as observed by XMM Newton observatory if confirmed later as well. Calculation

of DM-nucleon scattering cross-section for the scalar DM (using Eq. 5.36) also indicates that direct

detection of the candidate is not possible at present having a small σ
′h3
SI compared to the upper

limit obtained LUX and other DM direct search experiments. Hence, at present, both the DM

candidates (χ and h3) are beyond the reach of ongoing direct DM search experiments with SI

scattering cross-section lying far below the existing limits obtained from these experiments. This

justifies our previous comments on the scattering cross-section for the DM particles with detector

nucleon discussed in Sect. 5.6.1.

5.8 Summary

In this Chapter, we have explored the viability of a two component DM model with a fermionic DM

that evolve thermally behaving like a WIMP and a non-thermal feebly interacting light singlet scalar

DM which is produced via freeze-in mechanism (FImP). The fermionic DM candidate χ interacts

with the SM sector through a pseudo scalar particle Φ as the pseudo scalar acquires a non zero VEV

and thus CP symmetry of the Lagrangian is broken spontaneously. Similarly the Z2 symmetry of

the singlet scalar is also broken spontaneously when S is given a tiny non-zero VEV resulting three

physical scalars. However, the global U(1)DM symmetry of the fermionic DM remains intact to

provides us stable dark WIMP like DM candidate. On the other hand, the light scalar h3 having

a very small interaction with SM sector also serves as a FImP DM candidate produced via freeze-

in mechanism. The SU(2)L × U(1)Y symmetry of SM Higgs field is also broken spontaneously

which provide mass to the SM particles. Hence, in the present model we have three scalars which

mix with each other. We identify one of the physical scalar h1 to be SM like, h2 as non SM Higgs

and h3 is the light scalar DM. We constrain the model parameter space by vacuum stability, uni-

tarity, bounds from LHC results on SM scalar etc. to solve for the coupled Boltzmann equation

in the present framework such that sum of relic densities of these DM candidates satisfies the ob-
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served DM relic density by PLANCK. We test for the viability of the fermionic DM candidate in

order to explain the GC γ-ray results obtained from the analysis of Fermi-LAT data [237] by CCW

[185]. We show that excess of GC γ-ray in the energy range 1-3 GeV can be obtained from the

annihilation of fermionic DM that produce the required amount of annihilation cross-section 〈σv〉bb̄
having mass ∼ 50 GeV. There is also a valid region for the fermionic DM candidate χ with mass

ranging from 100-190 GeV. In addition, we investigate whether the light scalar DM candidate can

account for DM self interaction. We found that the DM self interaction cross-section for light scalar

DM h3 considered in the model is about ten times smaller than observed upper limit obtained from

galaxy cluster collisions results. Moreover, we also test for viability of this light DM candidate to

explain the possible 3.55 keV X-ray signal obtained from the study of extragalactic X-ray emission

reported by Bulbul et al. [37]. Our study reveals that a light DMm3 ∼ 7.1 keV in the present model

can serve as a viable candidate that produce the required flux (in agreement with the condition for

decay width h3 → γγ) if confirmed by the observations of extragalactic X-ray search experiments

and also consistent with the DM self interaction results. Both the DM candidates in the present

“WIMP-FImP” framework are insensitive to direct detection experimental bounds and SI direct de-

tection cross-section is far below the upper limit given by LUX, PandaX-II DM direct search results.
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CHAPTER 6

TWO COMPONENT FEEBLY

INTERACTING MASSIVE PARTICLE

(FIMP) DARK MATTER

In this Chapter, we consider a two component dark matter (DM) model where both the components

are Feebly Interacting Massive Particles or FIMPs. FIMPs are produced via “freeze-in” mechanism

in the very early Universe described in Chapter 3. After establishing the viability of this two com-

ponent DM model, the viable mass ranges are explored for this FIMP scenario. From their self

interaction limits FIMP masses in this two component scenario is also addressed.

6.1 Introduction

In this Chapter, a well motivated alternative to the WIMP mechanism, namely the FIMP (Feebly

Interacting Massive Particle) [229, 230, 245, 246] mechanism is explored where the DM candidate

that has two components and both of which are FIMPs, the production of which in the early Uni-
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verse are assumed to be through the FIMP mechanism. In reality, it is not yet confirmed whether

DM is of one or multi components. But indications from various direct and indirect searches tend

to suggest that DM could be of multiple in nature. In fact in the literature there are several studies

of DM with more than one component [247–276]. The FIMP mechanism is already described in

Chapter 3. In this Chapter, a two component DM model is proposed in FIMP scenario. In this

model, two distinct singlet scalars are proposed for the two components of the dark matter. The

viablity of such two component singlet scalars in FIMP scenario to be DM candidates is demon-

strated in this Chapter in the mass regimes spanning from GeV to keV. Three pairs of masses are

considered for the DM components in the mass regimes GeV, MeV and keV. The model has been

developed by extending the scalar sector of Standard Model (SM) by two real scalar fields S2 and

S3, both of which are singlets under the SM gauge group SU(2)L × U(1)Y . Both the scalars (in

this two component model) could have been produced from the pair annihilation of SM particles

such as fermions, gauge bosons and Higgs bosons. The scalars are chosen in such a way that they

acquire no vacuum expectation values (VEV) at spontaneous symmetry breaking (SSB). Addition-

ally, a Z2 × Z ′2 symmetry [277–279] is imposed on the model Lagrangian such that the dark sector

is Z2 × Z ′2 odd while SM is even. This prevents the interactions of the two scalar components

with the SM fermions or their decays. Here the discrete symmetries Z2 and Z ′2 are imposed on the

scalars S2 and S3 respectively. Also fermion masses are not affected as the VEV is zero for both the

scalars after SSB. Such a scalar interacts with the SM sector only through a Higgs portal due to the

interaction term (in inteaction Lagrangian) of the type H†HSiSi (where i = 2, 3). The unknown

couplings of these additional scalars are the parameters of the theory. These can be constrained by

using the theoretical bounds on the Lagrangian as also by computing the relic densities and then

comparing them with the same given by PLANCK experiment. Here a discussion on the relic den-

sity calculations for this two component FIMP DM is in order. The relic densities are in general

written in terms of the ratios Ys2 =
ns2
S and Ys3 =

ns3
S , ns2 , ns3 being the comoving number den-

sities of scalar DM components s2, s3 and S is the entropy density of the Universe. At the present
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epoch these are computed by solving self consistently the relevant coupled Boltzmann equations

for the two components. In FIMP scenario the number density of a species evolves towards its

equilibrium value from almost negligible initial abundance. This means initially Ys2 ≈ 0 ≈ Ys3 .

Evolutions of these abundances require computations of the quantities such as the decay processes

h → sjsj (j = 2, 3), where h denotes the SM Higgs, the pair annihilation processes xx̄ → sjsj ,

where x can be W±, Z, f(f̄), h, s2, s3 etc. The total DM relic density for the considered two com-

ponent singlet scalar model in FIMP scenario is finally obtained by adding the computed individual

abundances of each of the components as Ωtoth̃
2 = Ωs2 h̃

2 + Ωs3 h̃
2, where the relic density Ω for

a particular species is expressed in terms of Ωh̃2, h̃ being the Hubble parameter normalised to 100

Km s−1 Mpc−1. The computed value of Ωtoth̃
2 should be consistent with PLANCK [12] observa-

tional results, 0.1172 ≤ ΩDMh̃
2 ≤ 0.1226. The self interaction of DM is another important issue

which is addressed in relation to this two component FIMP DM. From the observational results of

the collisions of galaxy clusters (such as Bullet Cluster phenomenon and from more recent obser-

vations of 72 colliding galaxy clusters [217]), an upper bound for the DM self interaction per unit

DM mass is given in the literature. This upper limit is used to obtain the upper bounds of masses

for the present DM candidate.

6.2 Two Component DM Model

In the present two component FIMP DM, a renormalizable extension of the SM is considered by

adding two real scalar fields S2 and S3 which do not acquire any VEVs after SSB. Thus the three

scalars in the model (one is SM Higgs (physical scalar) and S2, S3) do not mix. These two real

scalars are singlets under the SM gauge group and are stabilised by imposing a discrete Z2 × Z ′2
symmetry. The two scalars S2 and S3 represent the two components of the present DM model and

they interact with other SM particles only through Higgs portal. The Lagrangian of the model can
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be written as

L = LSM + LDM + Lint , (6.1)

where LSM is the SM Lagrangian that includes quadratic and quartic terms involving the Higgs

doublet H as also the usual kinetic term for H . The dark sector Lagrangian is given as

LDM = LS2 + LS3 , (6.2)

with

LS2 =
1

2
(∂µS2)(∂µS2)−

µ2
S2

2
S2

2 −
λS2

4
S4

2 , (6.3)

and

LS3 =
1

2
(∂µS3)(∂µS3)−

µ2
S3

2
S2

3 −
λS3

4
S4

3 . (6.4)

The interaction Lagrangian Lint encompasses all possible mutual interaction terms between the

scalar fields H,S2, S3.

Lint = −V ′(H,S2, S3) , (6.5)

where V ′(H,S2, S3) can be written as

V ′(H, S2, S3) = λHS2H
†H S2

2 + λHS3H
†H S2

3 + λS2S3S
2
2 S

2
3 . (6.6)
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The renormalizable scalar potential V is follows as

V = µ2
H H

†H + λH (H†H)2 +
µ2
S2

2
S2

2 +
λS2

4
S4

2 +
µ2
S3

2
S2

3 +
λS3

4
S4

3

+λHS2H
†H S2

2 + λHS3H
†H S2

3 + λS2S3S
2
2 S

2
3 . (6.7)

After the SSB

H =
1√
2

 0

v + h

 , 〈S2〉 = 0 , 〈S3〉 = 0 , (6.8)

where v (v ∼ 246 GeV) is the VEV acquired by SM Higgs. Therefore, after SSB we have H →

h+ v, S2 = s2 + 0, S3 = s3 + 0 and the scalar potential V takes the form

V =
µ2
H

2
(v + h)2 +

λH
4

(v + h)4 +
µ2
S2

2
s2

2 +

λS2

4
s4

2 +
µ2
S3

2
s2

3 +
λS3

4
s4

3 +

λHS2

2
(v + h)2s2

2 +
λHS3

2
(v + h)2s2

3 + λS2S3s
2
2s

2
3 . (6.9)

Now from the minimisation condition

(
∂V

∂h

)
,

(
∂V

∂s2

)
,

(
∂V

∂s3

) ∣∣∣∣∣
h=0, s2=0, s3=0

= 0 , (6.10)

we obtain

µ2
H + λHv

2 = 0 . (6.11)
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The mass matrix in the basis h − s2 − s3 can now be constructed by evaluating ∂2V
∂h2 , ∂

2V
∂s22

, ∂
2V
∂s23

,

∂2V
∂h∂s2

, ∂2V
∂h∂s3

, ∂2V
∂s3∂s2

at h = s2 = s3 = 0,

M2
scalar =


2λHv

2 0 0

0 µ2
S2

+ λHS2v
2 0

0 0 µ2
S3

+ λHS3v
2

 . (6.12)

Note that the mass matrix is diagonal as there is no mixing between h, s2 and s3.

6.3 Constraints on the Model

• Vacuum Stability: In the limit of large field values, the scalar potential has to be bounded from

below along all possible directions of the field space. In this limit, the quartic terms in the scalar

potential dominate over the mass and the cubic terms. The quartic part (V4) of the scalar potential

V (Eq. 6.7) is given as

V4 = λH (H†H)2 +
λS2

4
S4

2 +
λS3

4
S4

3 + λHS2H
†H S2

2

+λHS3H
†H S2

3 + λS2S3S
2
2 S

2
3 . (6.13)

The vacuum stability condition imposes bounds on the above couplings as [227]

λH , λS2 , λS3 > 0

λHS2 +
√
λHλS2 > 0

λHS3 +
√
λHλS3 > 0

2λS2S3 +
√
λS2λS3 > 0 (6.14)
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and

√
2(λHS2 +

√
λHλS2)(λHS3 +

√
λHλS3)(2λS2S3 +

√
λS2λS3)

+
√
λHλS2λS3 + λHS2

√
λS3 + λHS3

√
λS2 + 2λS2S3

√
λH > 0 . (6.15)

• Perturbativity: The perturbative limit imposes bounds on the quartic couplings of the scalar

potential in the present model which read as [11, 217, 227, 277–280]

λH , λHS2 , λHS3 ≤ 4π,

λS2 , λS3 , λS2S3 ≤
2π

3
. (6.16)

• Relic Density: The total relic density i.e. the sum of the relic densities of the DM components

must satisfy PLANCK observational results for DM relic densities.

0.1172 ≤ ΩDMh̃
2 ≤ 0.1226 , (6.17)

where ΩDM is the relic density of DM normalized to the critical density of the Universe and h̃ is the

Hubble parameter in units of 100 Km s−1 Mpc−1.

• Collider Physics Bounds: For a collider, the signal strength of Higgs like boson is defined as

R =
σ(pp→ h)

σSM(pp→ h)

Br(h→ xx)

BrSM(h→ xx)
, (6.18)

where σ(pp → h) and Br(h → xx) denote the production cross-section and the decay branching

ratio of Higgs like particle decaying into SM particles (x) respectively. The σSM(pp → h) and

BrSM(h → xx) respectively are those for SM Higgs. In the above Br(h → xx) =
Γ(h→ xx)

Γ

and BrSM(h → xx) =
ΓSM(h→ xx)

ΓSM
, where Γ(h → xx) and ΓSM(h → xx) are the decay width

of Higgs like boson and SM Higgs boson respectively and the quantities Γ and ΓSM represent the
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total decay width of Higgs like particle and SM Higgs boson respectively. Using these expressions

for branching ratio in Eq. 6.18 one obtains

R =
σ(pp→ h)

σSM(pp→ h)

Γ(h→ xx)

Γ

ΓSM

ΓSM(h→ xx)
. (6.19)

Here, σ(pp → h) ≡ σSM(pp → h) and Γ(h → xx) ≡ ΓSM(h → xx) since there is no mixing

between the scalars (h, s2 and s3). Thus Eq. 6.19 takes the form

R =
ΓSM

Γ
. (6.20)

The total decay width of Higgs like boson can be written as Γ = ΓSM + Γinv. The invisible decay

width Γinv of Higgs like boson decaying to DM particles is given as

Γinv = Γh→s2s2 + Γh→s3s3 . (6.21)

The decay width Γh→sisi (i = 2, 3) can be expressed as

Γh→sisi =
g2
hsisi

8πmh

√
1− 4m2

si

m2
h

. (6.22)

In Eq. 6.22, ghsisi represents the coupling for the process h −→ sisi. The invisible branching ratio

for such invisible decay is then given as

Brinv =
Γinv(h→ sisi)

Γh
, i = 2, 3 . (6.23)

This has been computed within the framework of this model. Note that, Brinv has to be very small

which is expected in this case as the couplings are small. However, the model parameters are

constrained imposing the condition, Brinv < 0.2 [232]. It is also adopted that that the Higgs like

boson signal strength must satisfies the limit R ≥ 0.8 [231].
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6.4 Relic Density Calculations

The relic densities of this two component FIMP DM model are to be obtained by solving self

consistently the two coupled Boltzmann equations at the present epoch (temperature T0 ∼ 10−13

GeV) for the two DM candidate scalar candidates S2 and S3. These equations are

dns2
dt

+ 3H̃ns2 = −〈Γh→s2s2〉(ns2 − neq
s2)− 〈σv〉s2s2→xx̄(n2

s2 − (neq
s2)2)

−〈σv〉s2s2→s3s3
(
n2
s2 −

(neq
s2)2

(neq
s3)2

n2
s3

)
+〈σv〉s3s3→s2s2

(
n2
s3 −

(neq
s3)2

(neq
s2)2

n2
s2

)
, (6.24)

dns3
dt

+ 3H̃ns3 = −〈Γh→s3s3〉(ns3 − neq
s3)− 〈σv〉s3s3→xx̄(n2

s3 − (neq
s3)2)

+〈σv〉s2s2→s3s3
(
n2
s2 −

(neq
s2)2

(neq
s3)2

n2
s3

)
−〈σv〉s3s3→s2s2

(
n2
s3 −

(neq
s3)2

(neq
s2)2

n2
s2

)
. (6.25)

In the above, nsi and neq
si (i = 2, 3) are the number densities (that evolve with time t) and equilib-

rium number densities respectively for the scalars s2 and s3, 〈σv〉sisi→ab represents the average an-

nihilation cross-sections for the two scalars si, i = 2, 3 with a, b, the annihilation products and H̃ is

the Hubble parameter. This may be mentioned here that the above two Boltzmann equations should

also include the annihilation cross-sections of the processes such as s2s2s2s2 → s2s2, s2s2s3s3 →

s2s3, s2s2s2 → s2s2, s2s2s3 → s2s3. These are the terms for 4 → 2 or 3 → 2 interaction pro-

cesses. However, these terms are not found to be significant. For our cases we consider FIMP DM

masses in three ranges namely keV, MeV and GeV. For FIMP in GeV mass range, such contribu-

tions are ruled out since for a significant contribution, the coupling is to be large enough which may

violate perturbative limit [281]. In case of keV range FIMP, it has been checked in this Chapter
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(also by Ref. [282]) that 4 → 2 interaction is insignificant due to smalleness of corresponding self

couplings. It may be argued that for MeV range FIMP, these processes could be significant but it

has been confined in this Chapter that for the chosen mass and the values of the couplings (obtained

from theoretical constraints) the contribution is negligibly small even for MeV mass range FIMPs.

From Fig. 3 of Ref. [283], one sees that for the present scenario the contribution for MeV mass

range falls in the semi-relativistic region of the plot. Therefore these terms are not considered in the

Boltzmann equations above.

In terms of Ysi(=
nSi
S
, i = 2, 3, defined earlier) and Z =

mh

T
, T being the photon temperature, the

Boltzmann equations in Eqs. 6.24, 6.25 take the form,

dYs2
dz

= − 2zmPl

1.66m2
h

√
g∗(T )√
gS(T )

(
〈Γh→s2s2〉

(
Ys2 − Y eq

h

))

−4π2

45

mPlmh

1.66

√
g∗(T )

z2
× ∑

x=W,Z,f,h

〈σvxx̄→s2s2〉(Y 2
s2 − (Y eq

x )2) + 〈σvs2s2→s3s3〉
(
Y 2
s2 −

(Y eq
s2 )2

(Y eq
s3 )2

Y 2
s3

)

−〈σvs3s3→s2s2〉
(
Y 2
s3 −

(Y eq
s3 )2

(Y eq
s2 )2

Y 2
s2

)]
(6.26)

and

dYs3
dz

= − 2zmPl

1.66m2
h

√
g∗(T )√
gS(T )

(
〈Γh→s3s3〉

(
Ys3 − Y eq

h

))

−4π2

45

mPlmh

1.66

√
g∗(T )

z2
× ∑

x=W,Z,f,h

〈σvxx̄→s3s3〉(Y 2
s3 − (Y eq

x )2)− 〈σvs2s2→s3s3〉
(
Y 2
s2 −

(Y eq
s2 )2

(Y eq
s3 )2

Y 2
s3

)

+〈σvs3s3→s2s2〉
(
Y 2
s3 −

(Y eq
s3 )2

(Y eq
s2 )2

Y 2
s2

)]
. (6.27)
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It is mentioned that the initial abundance of FIMP [229, 230] DM candidate is negligible. Therefore

assuming Ys2 = Ys3 = 0, Eqs. 6.26, 6.27 is written as

dYs2
dz

= − 2zmPl

1.66m2
h

√
g∗(T )√
gS(T )

(
〈Γh→s2s2〉

(
−Y eq

h

))

−4π2

45

mPlmh

1.66

√
g∗(T )

z2
×( ∑

x=W,Z,f,h

〈σvxx̄→s2s2〉(−Y eq
x )2

)
(6.28)

and

dYs3
dz

= − 2zmPl

1.66m2
h

√
g∗(T )√
gS(T )

(
〈Γh→s3s3〉

(
−Y eq

h

))

−4π2

45

mPlmh

1.66

√
g∗(T )

z2
×( ∑

x=W,Z,f,h

〈σvxx̄→s3s3〉(−Y eq
x )2

)
. (6.29)

In the above, mPl is the PLANCK mass, mPl = 1.22 ×1022 GeV and the term g∗ is defined as [46]

√
g∗(T ) =

gS(T )√
gρT

(
1 +

1

3

d lngs(T )

d lnT

)
, (6.30)

The two effective degrees of freedom gs(T ) and gρ(T ) are expressed in relation to the energy and

entropy densities of the Universe through the following relations,

S = gS(T )
2π2

45
T 3 , ρ = gρ(T )

π2

30
T 4 . (6.31)
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Also, the thermally averaged Higgs decay widths along with other annihilation cross-sections for

various processes belong to the production of present DM candidates s2, s3 are given by,

〈Γh→sisi〉 = Γh→sisi
K1(z)

K2(z)
,

〈σv〉xx̄→sisi =
1

8m4
x T K

2
2 (mx/T )

∫ ∞
4m2

x

σxx̄→sisi(s− 4m2
x)
√

sK1(

√
s

T
)ds . (6.32)

In Eq. 6.32, i = 2, 3, x = W±, Z, f, h, s2, s3. K1 and K2 are the modified Bessel functions of

order 1 and 2, s defines is the centre of mass energy. The decay widths Γh→sisi and annihilation

cross-sections σxx̄→sisi (i = 2, 3) for different processes required to solve the Boltzmann equations
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(Eqs. 6.26 - 6.29) are furnished below

Γh→sisi =
g2
hsisi

8πmh

√
1− 4m2

si

m2
h

,

σhh→sisi =
1

2πs

√
s− 4m2

si

s− 4m2
h

{
g2
hhsisi

+
9 g2

hhhg
2
hsisi

[(s−m2
h)2 + (Γhmh)2]

−6 ghhsisighsisighhh(s−m2
h)

[(s−m2
h)2 + (Γhmh)2]

}
,

σs2s2→s3s3 =
1

2πs

√
s− 4m2

s3

s− 4m2
s2

{
g2
s2s2s3s3 +

g2
s2s2h

g2
hs3s3

[(s−m2
h)2 + (Γhmh)2]

−2 gs2s2s3s3gs2s2hghs3s3(s−m2
h)

[(s−m2
h)2 + (Γhmh)2]

}
,

σs3s3→s2s2 =
1

2πs

√
s− 4m2

s2

s− 4m2
s3

{
g2
s2s2s3s3 +

g2
s3s3h

g2
hs2s2

[(s−m2
h)2 + (Γhmh)2]

−2gs3s3s2s2gs3s3hghs2s2(s−m2
h)

[(s−m2
h)2 + (Γhmh)2]

}
,

σWW→sisi =
g2
WWhg

2
hsisi

72πs

√
s− 4m2

si

s− 4m2
W

(
3− s

m2
W

+
s2

4m2
W

)
(s−m2

h)2 + (Γhmh)2
,

σZZ→sisi =
g2
ZZhg

2
hsisi

18πs

√
s− 4m2

si

s− 4m2
Z

(
3− s

m2
Z

+
s2

4m2
Z

)
(s−m2

h)2 + (Γhmh)2
,

σff̄→sisi =
Ncg

2
ffhg

2
hsisi

16πs

√
(s− 4m2

si)(s− 4m2
f )

(s−m2
h)2 + (Γhmh)2

. (6.33)

In the above equations, gabc and gabcd are the coupling of the vertices, where a, b, c, d denote various

fields. The masses mW , mZ and mf are the masses of the bosons W and Z and the fermions

respectively. The quantityNc in Eq. 6.33 denotes the colour quantum number. Detailed expressions

for the couplings appearing in Eq. 6.33 are enlisted in the Appendix B. The relevant Feynman

diagrams related to the above equations are also given in Fig. 6.1. The relic densities of each of the

DM components s2 and s3 are finally obtained in terms of their respective masses and comoving
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Figure 6.1: Feynman diagrams for both the scalar DM candidates s2 and s3.

number densities at the present epoch, as [284, 285]

Ωih̃
2 = 2.755× 108Yi(T0)

( mi

GeV

)
, i = s2, s3 . (6.34)

Solving numerically the two coupled Boltzmann equations (Eqs. 6.26 - 6.29) alongwith Eq. 6.33

the comoving number densities Yi(T0) are computed for both components of FIMP DM. The total

relic density Ωtot is then obtained by adding the relic densities of each of the components s2 and s3

as follows

Ωtoth̃
2 = Ωs2 h̃

2 + Ωs3 h̃
2 . (6.35)
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By computing the total relic density Ωtoth̃
2 with the PLANCK measurement

0.1172 ≤ ΩDMh̃
2 ≤ 0.1226 , (6.36)

the unknown model parameters (unknown couplings etc.) are constrained. In Fig. 6.2 we furnish

representative plots showing the evolutions of relic densities for each of the components of the

present two component FIMP dark matter as well as the total relic densities for each of the chosen

mass regimes namely GeV (Fig. 6.2(a)), MeV (Fig. 6.2(b)) and keV (Fig. 6.2(c)).

6.5 Calculations and Results

In order to demonstrate that over a wide range of masses (from GeV to keV) such a two com-

ponent FIMP scalar DM is a viable DM candidate, in this analysis, the DM candidates in three

mass regimes namely GeV, MeV and keV are chosen. The relic densities of the FIMP dark matter

candidates in this proposed model. From our analysis it should be clear that the various unknown

couplings (λHS2 , λHS3 , λS2S3 etc.) constitute the parameters of our model. We first constrain those

parameters by using various theoretical bounds given in Eqs. 6.14 - 6.16 as also the collider bounds

described in Eqs. 6.18 - 6.23. We have chosen a pair of values for two DM components in our

two component scalar model in each of the three separate mass regimes GeV, MeV and keV. The

relic densities of each components are first calculated using the Eqs. 6.24 - 6.34 by varying the

parameter space within the constrained range. These are eventually added up (Eq. 6.35) to ob-

tain the total relic density of the present two component DM model. The expressions for various

couplings gx1,x2,x3 and gx1,x2,x3,x4 (where xi, i = 1, 2, 3, 4 represents different particles involving

annihilation cross-sections or decay widths) required to compute the relic densities by solving the

Boltzmann equations (Eqs. 6.26 - 6.29) in terms of the model parameters are given in the Appendix.

The computed total relic density is then compared with the PLANCK observational measurements

for the same (Eq. 6.36). Thus the model parameter space is further constrained by the observed
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Figure 6.2: Variations of the relic densities of the two singlet scalar dark matter components
s2 and s3 with z for different values of couplings (λHS2 , λHS3) and masses (ms2 ,ms3) in
the three mass regions (a) GeV, (b) MeV and (c) keV. In each of the three plots the red
solid line and the green dashed line indicate the relic density of the components s2 and
s3 respectively while the blue dotted line represents the total relic density. The PLANCK
observational range for DM relic density is 0.1172 ≤ ΩDMh̃

2 ≤ 0.1226.

relic denisties for the DM. The elastic scatterings of DM (both the components) with nucleons are

also computed using the constrained model parameters. It is observed that these elastic scattering

cross-sections for the mass ranges considered here are well below the upper bounds given by recent

direct DM search experiments such as LUX [108]. In the following we describe the analyses for the
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two component FIMP DM in different mass regimes namely GeV, MeV and keV.

FIMP at GeV Mass Regime

In this regime, two scalar components with masses 15 GeV and 10 GeV are chosen for the two

component FIMP DM model. The unknown model parameters are first constrained with the theo-

retical bounds and then further constrained using the collider bounds given in Section 6.3. These

constrained parameter values (or the constrained range of parameter values) are then used to com-

pute the relic densities of each of the components of the DM which are then added to obtain the

total relic density. As mentioned earlier, the relic densities are obtained by numerically solving

the coupled Boltzmann equations (Eqs. 6.28, 6.29) with Eqs. 6.33. The computed relic densities

are then compared with the PLANCK relic density results and the range of allowed parameters are

further constrained.

In Fig. 6.3 the variations of the total relic abundance Ωtoth̃
2 (right panel) and the relic abun-

dances Ωs2,s3 h̃
2 for each of the components of the present DM model (left panel) with λHS3 are

shown. Similar variations with coupling λHS2 are also shown in Fig. 6.4. The two parallel lines

in both the figures indicate the PLANCK limit for ΩDMh̃
2. It is observed from Figs. 6.3, 6.4 that

with the increase of the parameters λHS3 and λHS2 the relic abundance increases. The parameters

are then constrained by PLANCK results shown in Figs. 6.3, 6.4. In fact from Figs. 6.3, 6.4 one

sees that for the chosen fixed FIMP component masses of 15 GeV and 10 GeV, the upper limits of

the Higgs couplings with the scalar components λHS2 and λHS3 will be around 10−12. For the

WIMP DM, the relic density of DM would decrease with the increase of the Higgs couplings with

the particle DM candidates. In contrast, for the case of FIMP DM the relic density increases with

the Higgs couplings instead. This is one of the salient features of FIMP DM. This can also be seen

from Figs. 6.3, 6.4 that the nature of variations of the relic abundances with λHSi(i = 2, 3) are

parabolic which reflect the fact that Ωh̃2 ∼ λ2
HSi

(i = 2, 3).

Further, in order to constrain the parameter space by the PLANCK observational results the two

parameters λHS2 and λHS3 are simultaneously varied. The allowed region in the parameter space
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Figure 6.3: The variations of the relic abundances Ωs2,s3h̃
2 for each of the two DM compo-

nents with the coupling λHS3 . The red and green regions represent the relic abundaces of
s2 and s3 respectively. Right panel shows the variation of Ωtoth̃

2 with λHS3 . The PLANCK
limit is shown by the thick green line. See text for details.

Figure 6.4: Same as Fig. 6.3 but for λHS2 . See text for details.

of λHS2 − λHS3 that satisfy PLANCK relic density limits is shown in Fig. 6.5.

FIMP at MeV Mass Regime

In the MeV regime, the masses of the dark matter candidates are chosen to be 10 MeV and 5

MeV respectively. With these masses and using the formalism of two component FIMP DM model

described in this Chapter the parameter space is constrained following the procedures similar to

what is described in the case of GeV regime FIMP DM. In this mass regime too the parameter

space is finally constrained by calculating the relic abundance and then comparing them with the
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Figure 6.5: The region in λHS2 − λHS3 parameter space constrained by the PLANCK
results. See text for details.

PLANCK results. The results for the MeV mass regime are shown in Figs. 6.6, 6.7. Fig. 6.6

and Fig. 6.7 show the variations of relic abundances for each of the two components and the total

abundance as well when the coupling parameters λHS2 , λHS3 respectively are varied. Comparing

the calculated relic abundances with the PLANCK results, upper limits for λHS3 and λHS2 are

obtained. Both of them are found to be ∼ 8 × 10−11. Fig. 6.8 shows the constrained region in

λHS2 − λHS3 parameter space for this case (MeV mass regime).

FIMP at keV Mass Regime

Tha analysis of the keV mass regime of the FIMP two component DM is performed with the masses

of the two FIMP scalar components to be 10 keV and 5 keV and the analysis for restricting the

parameter space, is also similar to what described for the cases of GeV and MeV regimes. The

results are shown in Figs. 6.9, 6.10. Similar nature for variations of the relic abundances with the

couplings (Figs. 6.9, 6.10) as also for the constrained parameter space (Fig. 6.11) are observed for

keV case also. The upper limits for λHS3 and λHS2 are found to be around 2.2× 10−9.
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Figure 6.6: Same as Fig. 6.3 but for MeV mass regime. See text for details.

Figure 6.7: Same as Fig. 6.4 but for MeV mass regime. See text for details.

6.6 Self Interactions for Singlet Scalar Dark Matter

There are indications of DM self interactions [216–219, 286] from the observations of collisions of

several galaxy clusters. The visible part of a galaxy is generally embedded inside a spherical halo

of DM that extends far beyond the visible reaches of that galaxy. The DM halo makes up most of

the galaxy masses. At the time of collisions between multiple galaxies, a larger galaxy among them

pulls stars and other stellar material from a smaller galaxy and this process is called tidal stripping.

Due to the presence of gravitational effect, one galaxy pulls in material from another and this can

cause the DM to suffer a spatial offset from the stars in the galaxy. Recently the galaxy cluster
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Figure 6.8: Same as Fig. 6.5 but for MeV mass regime. See text for details.

Figure 6.9: Same as Fig. 6.3 but for keV mass regime. See text for details.

Abell 3827 is observed by the Hubble Space Telescope [218]. The observations of the four elliptical

galaxies falling into the inner 10 kpc core of galaxy cluster Abell 3827 indicate that the DM could be

self interacting. The position of the DM halos of the four falling galaxies can be deciphered by using

gravitational lensing and many other strongly lensed images of background objects. It is observed

that one of the halos among these four galaxies is significantly separated from its stars by a distance

of ∆ = 1.62+0.47
−0.49 kpc. From the study of such spatial offsets observations in Abell 3827 cluster, an

estimate of DM self interaction is deduced in terms of the ratio of DM self interaction cross-section

σDM and DM mass m and this is given as σDM/m ∼ 1.5 cm2/gm. An involved observations on

72 colliding galaxy clusters [217] also set an upper limit on the DM self interaction cross-section to
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Figure 6.10: Same as Fig. 6.4 but for keV mass regime. See text for details.
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Figure 6.11: Same as Fig. 6.5 but for keV mass regime. See text for details.

DM mass ratio as σDM/m < 0.47 cm2/gm with 95% C.L. It appears from [219] that for the singlet

scalar DM produced via thermal freeze-out mechanism cannot explain these deduced limits on DM

self interaction cross-section. The DM candidates produced via freeze-in mechanism might explain

these observed magnitude of DM self interactions. In the present model discussed in this Chapter,

there are two scalar DM candidates (s2 and s3) constituting a two component scalar DM in FIMP

scenario.

The self interaction scattering cross-section per unit DM mass (σ/ms) for singlet scalar DM
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scenario can be expressed as [219],

σ

ms
' 9λ2

2πm3
s

, (6.37)

where λ = λS (λS being the 4-point DM self coupling), for mass of DM, ms, to be much higher

than mass of Higgs and λ = λS − g2

8m2
h

[219] when mass of DM is less than the mass of Higgs

(mh). Here, g denotes the Higgs-DM coupling. In this Chapter g ≤ 2π is adopted. In case of two

scalar singlet model the above relation is modified and the effective scattering cross-section per unit

effective DM mass can be expressed as,

σ

m

∣∣∣∣
eff

= f2
s2

9λ2
S2

2πm3
s2

+ f2
s3

9λ2
S3

2πm3
s3

+ fs2fs3
9λ2

S2S3

2πµ3
s

, (6.38)

where λS2 , λS3 denote the 4-point self couplings among each of the scalars s2, s3 respectively while

λS2S3 denotes the same between s2 and s3. In the above equation (Eq. 6.38), ms2 , ms3 and µS

represent respectively the masses of s2, s3 and the reduced mass of s2 and s3. In Eq. 6.38, fs2 and

fs3 are respectively the corresponding DM density fractions fi = Ωi
ΩDM

, i = s2, s3 [282, 287] for

the components s2 and s3. Since fs2 + fs3 = 1(fs2 = 1− fs3), Eq. 6.38 reduces to the form

σ

m

∣∣∣∣
eff

= f2
s2

(
9λ2

S2

2πm3
s2

+
9λ2

S3

2πm3
s3

−
9λ2

S2S3

2πµ3
s

)
+ fs2

(
9λ2

S2S3

2πµ3
s

− 2
9λ2

S3

2πm3
s3

)
+

9λ2
S3

2πm3
s3

. (6.39)

Using the observational bounds on σ
m

∣∣∣∣
eff

, one may restrict the parameter space fs2 − ms2 − ms3

from Eq. 6.39. For this purpose, upper bounds
(

2π

3

)
for the couplings λS2 , λS3 and λS2S3 are

adopted from perturbative unitarity conditions and vary the values of the couplings from 0 to
2π

3
.

The masses ms2 and ms3 of the two scalars are also varied and
σ

m
is computed using Eq. 6.39.

Those values of ms2 and ms3 are so chosen that the upper limit of
σ

m
is satisfied. Shown in Fig.

6.12 the limits of ms2 and ms3 for which the condition
σ

m
= 0.47 is satisfied for fixed different

chosen values of fs2 (0 < fs2 < 1). Therefore, the region above each of the plots in ms2 −ms3
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Figure 6.12: The limits for the masses of the scalar components ms2 and ms3 that satisfy
the DM self interaction limit (from observations) for different chosen fs2 component. See
text for details.

plane (Fig. 6.12) satisfies the self interaction bound
σ

m
< 0.47 cm2/gm. From Eq. 6.38 it is

evident that λ2
S ∼ m3

s for a fixed value of
σ

m
. Therefore, the upper limit of λS should correspond to

the upper limit ofms (in this casems2 andms3) for which a fixed considered value of
σ

m
is satisfied.

As an example, one can see from Fig. 6.12 that for the case of fs2 = 0.3 when ms2 = 0.41 the

value of ms3 cannot exceed a value of 0.18 in order to satisfy the upper limit of
σ

m
.

It should be worth mentioning here that such scalar DM can also be produced in the early

Universe from the decay of the primordial scalar condensates. These condensates can be formed

during the inflationary period and they may acquire nearly scale invariant fluctuations much the

same way as a primordial Higgs condensates can be formed during the inflationary era [288–290].

These primordial scalar condensates can decay to produce non-thermal scalar DM [245]. Since

these condensates were produced during the inflationary era, they contain the imprints of inflation-

ary initial conditions. Thus the DM that is produced from the decay of primordial scalar conden-

sates would be constrained by these initial conditions. For the case of Higgs portal models, where

the SM is extended by scalar(s), such cosmological features can be addressed by the coupling of
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Figure 6.13: Variations of the DM self coupling (λS) with the scalar DM mass in the case
when scalar DM is obtained from the decay of the primordial singlet condensate. See text
for details.

these scalars with Higgs. In an elaborate work by K. Kainulainen et al. these issues are studied

in detail [247]. They consider the primordial condensate to have originated from the inflationary

fluctuations. These fluctuations therefore could transcend to the scalar DM from those conden-

sates. Therefore, for any Higgs portal scalar DM from the primordial condensates is constrained by

the isocurvature constraints as obtained from Cosmic Microwave Background Radiation (CMBR).

Thus the treatment in the works of Ref. [247] explores the connection between freeze-in produc-

tion of DM to the isocurvature constraints that leads to the very early era of the Universe. In this

Ref. [247] the isocurvature constraints on the DM mass and singlet self coupling is expressed as(mDM

GeV

)
≤ 0.2λ

3/8
S

(
H∗

1011GeV

)−3/2

for a small Higgs portal coupling λHS (λS being the scalar

DM self coupling). Here H∗ denotes the Hubble parameter value at the Horizon crossing. As

mentioned earlier, in this Chapter the DM self coupling (λS) is so chosen that λS ≤ 2π/3 [219].

Using λS = 2π/3 in the isocurvature constraint mentioned above, one obtains that the scalar DM

mass should be ≤ 0.3 GeV in case these scalar DMs are produced from the decay of primordial

scalar condensates. On that note, in Fig. 6.13 the variation of the DM self coupling (λS) with the
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Table 6.1: Different ranges of the self ineteraction cross-section per unit mass (σ/m) of
the scalar DM, produced from the decay of the primordial singlet condensate, for different
values of fs2 in both keV and MeV mass regime. See text for details.

fs2

(
=

Ωs2

ΩDM

)
σ/m for keV mass range in cm2/gm σ/m for MeV mass range in cm2/gm

0.1 1.06 ×10−12 − 1.40× 10−7 1.89× 10−7 − 0.06
0.3 7.89 ×10−13 − 1.04× 10−7 1.41× 10−7 − 0.05
0.5 6.99 ×10−13 − 9.19× 10−8 1.24× 10−7 − 0.04
0.7 7.89 ×10−13 − 1.04× 10−7 1.41× 10−7 − 0.05
0.9 1.06 ×10−12 − 1.40× 10−7 1.89× 10−7 − 0.06

scalar DM mass (mDM) is shown while keeping in mind that both of the parameters satisfy the

isocurvature constraint. The value of H∗ is taken to be 1011 GeV in these calculations.

By using the isocurvature constraint connecting the DM mass and the self coupling of the scalar

DM to the inflationary scale, the self interaction scattering cross-section per unit effective DM mass(
σ

m

∣∣∣∣
eff

)
for both keV and MeV mass range of the DM is now computed. Use has been made

of Eq. 6.39 for this purpose where the values of ms2 ,ms3 are chosen from Fig. 6.13 (and hence

µs, the reduced mass). It is to be noted that mDM ≤ 0.3 GeV in Fig. 6.13. The values of the

couplings λS2 , λS3 , λS2S3 are then obtained using Fig. 6.13. Table 6.1 tabulates different ranges

of the ratios of self interaction scattering cross-section and effective mass
(
σ

m

∣∣∣∣
eff

)
corresponding

to the different values of the DM density fractions (fs2) for both keV and MeV mass scales. Also

from Table 6.1, it can be easily seen that for both the mass regimes, the scalar DM, produced from

the decay of the primordial singlet condensate, can provide a self interaction cross-section, which

satisfies the self interaction bound
σ

m
< 0.47 cm2/gm [217].

6.7 Summary

One important feature of FIMP DM is that they were never in thermal equilibrium because of

their very feeble couplings with SM particles to the Universe’s heat bath and they are produced
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non-thermally and approach their "freeze-in" density. But they can assume significant role in cos-

mological or astrophysical contexts such as formation of small scale structures, signatures of the

primordial initial conditions present in the Universe or even to address issues like “too-big-to-fail”

problem etc. In this Chapter, the scalar sector of SM is extended by introducing two singlet scalars.

These scalars are considered to have produced in the early Universe via “freeze-in” mechanism and

constitute FIMP DM. Extensive phenomenology of such a model is performed to establish that the

viabilities of this two component FIMP scalars for being possible DM candidates. Using the theo-

retical constraints on the interaction potential and the couplings and imposing the collider bounds

as also by employing the PLANCK observed relic densities, this has been domonstrated that in the

present FIMP scenario, the mass regime of such scalar FIMP DM candidates may have a range from

GeV to keV. Also the self interaction for these DM candidates has also been addressed. The self

interaction cross-section bound obtained from the results of 72 colliding galaxy clusters however

restricts the viable mass range of this type of DM to upper limit values of around ∼ 0.2 GeV. As

the FIMP DM never attains thermal equilibrium due to their feeble couplings, the initial condition

for such non-thermal production at early Universe is not washed away and can be probed via FIMP

DM studies.
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CHAPTER 7

ADDRESSING γ-EMISSIONS FROM

DWARF GALAXIES AND

EXTRAGALACTIC SOURCES WITH

PARTICLE DARK MATTER THEORIES

In this Chapter, we consider 45 dwarf galaxies or the satellite galaxies of Milky Eay for which

Fermi-LAT satellite borne telescope has made available the upper bound of γ-ray fluxes. Assuming

these γ-rays of dwarf spheroidals (dSphs) are produced as an end product of dark matter (DM)

annihilation inside the dwarf galaxies, this Chapter computes the γ-ray flux from each of the 45

dwarf galaxies for DM candidates in two types of particle DM models. It is then explored how well

the γ-rays from DM annihilation for these two DM candidates agree when considered to interpret

the Fermi-LAT data for extragalactic diffuse γ-ray flux.
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7.1 Introduction

The indirect search for dark matter involves detection of the known Standard Model (SM) particles

that can be produced by possible DM annihilation (or decay) in cosmos. It is mentioned in Chapter

3 that the DM can undergo self annihilation if it is accumulated in considerable magnitude by being

captured, under the influence of gravity, inside massive astrophysical bodies. In Chapter 5, we

have explored the possibility that DM annihilation in the Galactic Centre (GC) causes emissions

of excess γ-rays from GC region (detected by Fermi-LAT satellite borne experiment). The dSphs

are the satellite galaxies to the Milky Way and they fail to grow as matured galaxies. These dSphs

are generally of low luminosities and contain population of older stars with little dust. The dwarf

spheroidals could be very rich in DM. These galaxies would have been tidally disrupted but the

presence of DM provides the necessary gravitational pull. The existence of DM in dSphs can also

be realised by studying their mass-to-luminosity ratios. From several observations, the estimated

mass-to-luminosity ratios (M/L) are found to be much more than the same for the sun
(∣∣M

L

∣∣). The

DM at dSphs can undergo self annihilation and produce γ-rays.

The Fermi-LAT satellite borne observations and Dark Energy Survey (DES) have reported the

upper bounds of the γ-ray spectra for several dwarf galaxies [243, 291]. We consider two particle

DM models (one is the simple extension of SM and the other is inspired by a beyond Standard

Model (BSM) theory of particle physics) and for the DM candidates in each of these two models,

we compute the expected γ-ray flux from all the 45 dSphs mentioned above by considering the

DM annihilations at those dSphs. These computed results are then compared with the observational

upper bounds for γ-ray flux for each of the 45 dSphs. The Fermi-LAT experiment also provides

[292, 293] the observational results for extragalactic γ-ray flux. If the γ-rays (or a component of

that) also originate from DM annihilation, then this too could be indirect signal of DM. The DM

annihilation to γ-rays in extragalactic source is considered to add to the extragalactic γ-ray flux. To

this end, we compute the extragalactic γ-ray flux from other possible sources such as Gamma Ray
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Bursts (GRBs), BL Lac objects etc. and add to them the possible contribution to extragalactic γ-rays

from DM annihilations (within the framework of the DM models considered in this Chapter). The

sum total flux is then compared with Fermi-LAT results. This has also been shown in Chapter 5 that

the WIMP component in the WIMP-FImP DM model (it is considered as Model I in this Chapter)

would be a mass ∼ 50 GeV for this purpose. The DM candidate in the second model (Model II)

adopted here is inspired by an established BSM theory namely theory of universal extra dimension

[294]. This has been shown by [295, 296], that the DM mass in this model should be around 900

GeV in order that calculated relic density for such a DM in this model satisfies PLANCK relic

density results. Being in a mass regime higher than that for the DM candidate in Model I, the γ-ray

spectrum originated from this DM annihilation will have a wider energy range and thus raises the

possibility of exploring the whole energy range given by the Fermi-LAT observed results for the

upper bound of the γ-ray flux from all the 45 dwarf galaxies considered here. The same particle

DM formalism is then adopted for the extragalactic γ-ray case.

As discussed in Chapter 5, the Model I is constructed by minimal extension of SM with a Dirac

fermion χ, a real scalar S and a pseudo scalar Φ. While the fermion χ and the scalar S are singlets

under SM gauge group, the fermion has an additional U(1)DM charge. This prevents the fermion

χ to interact with SM fermions ensuring its stability. A Z2 symmetry is imposed on the scalar S.

The Lagrangian is CP invariant but the CP invariance is broken when the pseudo scalar Φ acquires

a vacuum expectation value (VEV). On the other hand, the scalar develops a VEV when the Z2

symmetry is spontaneously broken. Thus after spontaneous breaking of the symmetries (SU(2)L×

U(1)Y , Z2, CP), the scalars in the theory namely the Higgs H , S and Φ acquire VEV and their real

components mix together. Three mass eigen states h1, h2 and h3 are obtained (small mixing angles,

θ12 ∼ 10−2, θ13 ∼ 10−13 and θ23 ∼ 10−15) after diagonalisation of mass matrix while eigen state

h1 is identified with the physical Higgs with mass 125.5 GeV, h2 is identified with the pseudo scalar

considered in the model. In order to calculate the γ-rays from the annihilation of DM in each of

the chosen 45 dwarf galaxies (as also the extragalactic γ-ray case), the WIMP component which is
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the Dirac singlet fermion χ (in this WIMP-FImP 1 model) is useful. The WIMP candidate in this

model interacts with SM sector through Higgs portal. The cross-section for the channel χχ → bb̄

is calculated and computed in Chapter 5 for certain model benchmark points (BPs). The computa-

tions of annihilation cross-section of the process χχ → bb̄ require the coupling and other factors

(the expression for this cross-section is given in Appendix A). The process χχ→ bb̄ is mediated by

the scalar h1 and h2 and one needs the coupling ‘g’ of the pseudo scalar (h2) with the DM fermion

χ as also the other couplings of χ with h1. The fraction of WIMP component χ that contributes to

generate required GC γ-ray excess in Chapter 5 is denoted by fχ. The annihilation cross-section

〈σv〉χχ→bb̄ will also be weighted by this fraction fχ, the allowed ranges of which parameters are

obtained by constraining the model interaction Lagrangian with theoretical (unitarity, perturbativity

etc.) as well as experimental constraints (e.g. PLANCK relic density results) and collider con-

straints as given in Chapter 5. In this Chapter, we adopt one of the BPs considered in Chapter 5

and compute the γ-ray fluxes for all the 45 dSphs by similar consideration of annihilation of the

WIMP component χ (of the two component model discussed above) to bb̄ and compare them with

the upper bounds of all those 45 dSphs given by Fermi-LAT experiment [243, 291]. This BP (set

of values of the parameters) are shown in Table 7.1. The astrophysical J-factor values required to

compute the fluxes are obtained from different observational groups for the dwarf galaxies.

The other particle DM candidate considered in this Chapter is from a BSM theory and this can-

didate is Kaluza-Klein (KK) DM (Model II) inspired by the theories of extra dimensions [294–297].

If only one spatial extra dimension is considered and this extra dimension is compactified over a

circle of compactification radius R, say, then the effective four dimesional theory as obtained by

integrating the extra spatial dimension over the periodic coordinate ((y → y+ 2πR), compactifica-

tion over a circle), gives rise to a tower of Kaluza-Klein modes with mass of each mode given by

mk = k/R, where k is called the Kaluza-Klein number or KK number. As KK number is associ-

ated with the quantized momentum in compactified dimension (E2 = p2 +m2
k), the KK number is

1FIMP is denoted as FImP because of having very small mass
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conserved and hence the Lightest Kaluza-Klein particle or LKP is stable and can be a candidate for

DM.

In this Chapter, we consider a KK DM candidate in an extra dimensional model namely Univer-

sal Extra Dimensional model (UED) [294, 295, 298, 299]. In this model, each of the SM field can

propagate in the extra dimension and every SM particle has a KK tower. But since the SM fermions

are chiral, in order to obtain chiral KK counterpart of the SM fermions in UED model, the com-

pactification of the extra dimension is to be made over a S1/Z2 orbifold (instead of compactifying

just over a circle S1 with compactification radius R), where a reflection symmetry Z2 is imposed

under which the extra coordinate y → −y and the fields are even or odd. Thus the chirality of a

fermion can be identified in the extra dimension. The orbifold has now two boundary points at 0

and πR. But this breaks translational symmetry in the y direction and the KK momentum is no

more conserved. Therefore the KK number (k) is also not conserved and the LKP is no more stable.

But, for the transformation y → y + πR, the KK modes remain invariant for even KK number

but odd KK modes change sign. Thus we have a quantity called (−1)KK - the KK parity - which

is a good symmetry for this transformation and hence conserved. The conservation of KK parity

ensures LKP in UED model is stable. In this Chapter, the LKP DM candidate in UED model is the

first KK partner B1 of the hypercharge gauge boson.

A range of masses for the chosen KK DM candidate B1 are chosen and it is demonstrated how

well the γ-rays produced from the annihilation of such a DM candidate agrees with the observational

results for all the dwarf galaxies considered. The range of masses for these KK particles are so

chosen that the PLANCK limits for the DM relic densities are satisfied. For continuum γ signal

from B1B1 annihilation one needs to consider the channel B1B1 −→ qq (q denotes the quarks).

The annihilation cross-sections (〈σqqv〉) for this channel are calculated following [294]. It is to be

noted that the interaction coupling for the process B1B1 → qq is computable for a given mass of

the DM candidate B1 [294]. The only parameter here is the mass of q1 which is the first KK partner

of quark q in the UED model. The parameter is rewritten as r =
mq1 −mB1

mB1

, where mq1 , mB1 are
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Table 7.1: The model parameter considered for the calculation on γ-ray fluxes in Model I.
v1 is the vev of SM Higgs.

Mχ v1 g R1 Br1
inv fχ f 2

χ〈σv〉bb̄
GeV GeV 10−26cm3s−1

50 246 0.11 0.99 0.021 0.89 1.62

Table 7.2: The masses of the DM in both the models adopted in this Chapter.

Model Mχ in GeV
Model I ([314]) 50
Model II ([294, 295]) 900

the masses of q1 and B1 respectively. In this Chapter, we have varied parameter r in such a way

that mB1 is in the allowed mass range (discussed earlier) and mq1 > mB1 is maintained. We do

not find any significant changes in the result.

We then extend our analyses for extragalactic γ-rays also. The observed extragalactic γ-ray

signal may contain the component of γ-ray from DM annihilations at extragalactic sources [300–

305]. The extragalactic γ-rays can have many components other than those possibly from DM

annihilations. There are attempts to extract DM annihilation signals from the extragalactic γ-ray

background or EGB [306–313]. The possible contribution to the EGB may come from BL Lac

objects, millisecond pulsars, radio galaxies etc. More detailed knowledge and their possible con-

tribution to the EGB not only helps to look for any such DM annihilation signals beyond the EGB

but also is useful to put stringent bound on DM annihilation cross-sections. With both the particle

DM models considered here, we have made an attempt to estimate whether any significant signal

from the DM annihilation can be obtained from extragalactic sources. For the extragalactic also,

the same BPs given in Table 7.1 and Table 7.2 are used.
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7.2 Formalism for γ-ray Flux Calculations in Case of Dwarf

Galaxies from DM Annihilation

The observed flux from cosmic DM source depends significantly on the DM annihilation cross-

section 〈σv〉 [291] as well as the total DM contained within the solid angle subtended by the source

at the observer (the astrophysical J -factor). The J -factor can be calculated as

J =

∫
l.o.s

ρ(r)2ds = r�ρ
2
�J. (7.1)

In the above, ρ� (0.3 GeV/cm3) is the DM density at the distance r� (8.33 kpc) from the GC (at

the solar system). In the above equation, J represents the dimensionless form of J -factor given by,

J =

∫
l.o.s

1

r�

(
ρ(r)

ρ�

)2

ds, (7.2)

where ρ(r) is the DM density at radial distance r from the GC and ρ(r) is a DM halo can be

parametrized as ρ(r) = ρsg(r/rs), where ρs is a scale density and g(r/rs) gives the nature of

density function with r and rs is a characteristic scale distance. In this case, rs = 20 kpc for dwarf

galaxy calculations. The radial distance r can be expressed in terms of the line of sight (l.o.s) s as,

r =

√
s2 + r2

� − 2sr� cos l cos b l, b coordinate,√
s2 + r2

� − 2sr� cos θ r, θ coordinate.
(7.3)

We adopt three density profiles namely NFW [82, 83], Einasto [90, 91] and Burkert [88] for com-

putation of ρ(r) and those three profiles are tabulated in the following table (this has also been

discussed in details in Section 3.4 of Chapter 3).
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Table 7.3: Dark matter halo profiles

NFW [82, 83] ρNFW = ρs
rs
r

(
1 + r

rs

)−2

Einasto [90, 91] ρEin = ρs exp
[
− 2
α

{(
r
rs

)α
− 1
}]

Burkert [88] ρBur = ρs
(1+r/rs)(1+(r/rs)

2)

The differential γ-ray flux due to DM annihilation of mass Mχ is given by

dφ

dΩdEγ
=

1

8πα

∑
f

〈σv〉f
M2
χ

dNf
γ

dEγ
J , (7.4)

where α = 1 and f indicates the final state particle.

For Model I (WIMP component of WIMP-FImP model) the expression of the cross-section for

the process χχ −→ bb̄ is given in the Appendix A. The annihilation cross-section is computed to

be 〈σv〉 = 1.62 × 10−26cm3sec−1. The couplings required to compute 〈σv〉 are the particle DM

model parameters and are discussed in Chapter 5. In Table 7.1 we furnish a set of benchmark values

taken from the allowed region of these parameters discussed in Chapter 5. The set of values of the

couplings is used in the present calculation. The parameters in Table 7.1 are within the allowed

range of model parameter space and they also respect all the necessary constraints and bounds.

Same set of coupling parameter value and the same formalism are adopted for extragalactic case

also.

The other is a KK DM (B1) in an extra dimensional model (Model II) having a mass of about

900 GeV (Table 7.2) which self annihilates to the primary product qq and yields γ-rays as the end

product. For the case of B1 DM, the annihilation cross-section B1B1 −→ qq is computed from the

expression [294]

〈σqqv〉 =
q4

9π cos4 θW

[
Y 4
q1
L

m2
B1 +m2

q1
L

+ L→ R

]
, (7.5)

where q1
L is the first KK partner of the quark qL, Yq1

L
and mq1

L
are respectively the corresponding

hypercharge and mass while θW is the Weinberg angle. The mass mq1
L

is fixed by defining a pa-
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rameter r =
mq1 −mB1

mB1

([294]) and then adopting a suitable value for r. It is also to be noted

that the LKP DM candidate B1 in this case is the first KK partner of the hypercharge gauge bo-

son. It is seen that the mass of this DM candidate should be ∼ 900 GeV for its relic density to

satisfy the PLANCK result [315]. In the limit in which electroweak symmetry breaking (EWSB)

is neglected, there will be no channels with vector gauge bosons as primary products and only 2%

of the annihilation goes into Higgs [295]. Moreover [294] shows that the channel B1B1 → e+e−

yields narrow peaks for positrons and for the computation of continuum photon signal the relevant

annihilation cross-section is 〈σqqv〉. The choice of DM masses in both the models are shown in

Table 7.2. Same formalism of DM annihilation with same DM mass is adopted for the extragalactic

γ-ray flux calculations.

The γ fluxes are calculated (for the chosen DM candidates) by computing the J factor with

each of the three density profiles of Table 7.3. The fluxes are also computed with the J factors

estimated and published by other groups [316, 317]. These density profile are plotted in Fig. 7.1.

7.3 The γ-ray Flux Calculations for the Dwarf Galaxies

and their Comparison with the Observations

DM rich dSphs have turned out to be important cosmological sites to probe and understand the

nature of DM and its astrophysical implications. The satellite observations by Fermi-LAT [318]

as well as later DES and Fermi-LAT collaboration reveal a sum of 45 dSphs in the energy range

0.5 ∼ 500 GeV [291]. The details of these dSphs are furnished in Table 7.4. In Table 7.4 the J

factors and their uncertainties are also given for those 45 dSphs. These Fermi-LAT observed upper

bounds are obtained from [243, 291]. The upper bounds of γ-ray fluxes from those 45 dSphs are

given in Figs. 7.2, 7.3.

In this Chapter, we have estimated γ-flux for all of those 45 dSphs tabulated in Table 7.4 as-

suming that the DM in those dSphs annihilate to produce γ. The computations for γ flux for each
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of the two DM candidates have been performed following Eqs. 7.1 - 7.5. The DM candidates and

models as also the chosen DM masses are already discussed and in Table 7.2 the benchmark mass

points are given. Note that the cross-section given in Eq. 7.5 is for KK DM only (Model II).

Figs. 7.2 and 7.3 show upper bounds of γ-ray fluxes given by the Fermi-LAT observation as

well as the computed γ-ray fluxes for the two particle DM candidates. In Figs. 7.2 and 7.3 the upper

bounds of the γ-ray fluxes for all the 45 dSphs (as given by Fermi-LAT collaboration) are shown

with green arrows pointing downwards. The numerical values of J -factor for all dSphs (obtained

from observational data) are tabulated in Table 7.4.

The computations of fluxes for the DM candidates in both the models are made as follows.

Integrated J -factor over a solid angle of ∆Ω = 2.4× 10−4 sr (field of view of Fermi-LAT ∼ 0.5o)

are measured from stellar kinematics data. The flux estimations for the case of both the Models I

and II are first made using the J -factors given in Table 7.4. The spread of each of these calculated

fluxes due to the uncertainties of the J -factors (given in Table 7.4) are also calculated in case of

each of the two DM models considered. The fluxes and their spreads thus estimated with both the

DM candidates for all the 45 dSphs are shown in Figs. 7.2 and 7.3. The γ-ray flux for DM in Model

I (WIMP component χ with mass ∼50 GeV of two component WIMP-FImP model) are shown

by a black line (for the central values of J -factors in Table 7.4) and the estimated spread of these

computed fluxes due to uncertainties in corresponding J -factor values are shown by yellow bands

in each of the 45 plots (for 45 dwarf galaxies) spreaded over Figs. 7.2 and 7.3. Similar estimations

of the γ-ray flux and their uncertainties for the DM candidate B1 (KK DM from extra dimensional

model with mass ∼900 GeV; Model II) are shown with pink central lines with uncertainty spreads

shown in pink in each of the 45 plots (of Figs. 7.2 and 7.3).

The fluxes are also estimated for both the DM candidates (Model I and Model II) following

Eqs. 7.1-7.5 by explicitly computing the J -factors with each of the three DM density profiles given

in Table 7.3. These are NFW, Einasto and Burkert DM density profiles. They are shown in Figs. 7.2

and 7.3 in red, black and blue dashed lines respectively for the WIMP DM in Model I and in red,
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Figure 7.1: Galactic DM halo density profiles.

black and blue dotted lines for the KK DM of Model II. It can be seen that for most of the cases, the

results using NFW profiles almost coincide with those using Einasto profile while distinction can

be made for the flux results with Burkert profile. This may be understood from the natures of the

profiles (Fig. 7.1). While both NFW and Einasto profiles are cuspy in nature, the Burkert profile is

flat and isothermal in nature. Also Burkert profile has been used earlier to analyse the dwarf galaxy

rotation curves ([88, 319]).

It appears from Figs. 7.2 and 7.3 that for Model I (the WIMP component of a WIMP-FImP

model) with all the three density profiles, the fluxes are below the observational upper limits of all

the 45 dSphs. Similar results for the KK DM in Model II (the Kaluza-Klein model) are shown in

Figs. 7.2 and 7.3 with colour codes mentioned above. It can be seen that KK DM also respects the

observational upper bounds of all the dSphs γ-ray fluxes considered here. Moreover, it can also be

seen form Figs. 7.2 and 7.3 that wider range (in comparison to what obtained in case of Model I) of

γ-ray flux can be achieved when KK DM (Model II) is considered.
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Table 7.4: Latitude, longitude, distance and J -factor for individual dSphs [316, 317].

dSphs name Longitude Latitude Distance log10 J
l (deg) b (deg) (kpc) (log10

[
GeV2cm−5sr

]
)

Bootes I 358.1 69.6 66 18.17± 0.30
Bootes II 353.7 68.9 42 18.90± 0.60
Bootes III 35.4 75.4 47 18.80± 0.60
Canes Venatici I 74.3 79.8 218 17.42± 0.16
Canes Venatici II 113.6 82.7 160 17.82± 0.47
Carina 260.1 −22.2 105 17.83± 0.10
Cetus II 156.47 −78.53 30 19.10± 0.60
Columba I 231.62 −28.88 182 17.60± 0.60
Coma Berenices 241.9 83.6 44 19.00± 0.36
Draco 86.4 34.7 76 18.83± 0.12
Draco II 98.29 42.88 24 19.30± 0.60
Eridanus II 249.78 −51.65 330 17.28± 0.34
Eridanus III 274.95 −59.6 95 18.30± 0.40
Fornax 237.1 −65.7 147 18.09± 0.10
Grus I 338.68 −58.25 120 17.90± 0.60
Grus II 351.14 −51.94 53 18.70± 0.60
Hercules 28.7 36.9 132 17.37± 0.53
Horologium I 271.38 −54.74 87 18.40± 0.40
Horologium II 262.48 −54.14 78 18.30± 0.60
Hydra II 295.62 30.46 134 17.80± 0.60
Indus II 354 −37.4 214 17.40± 0.60
Kim 2 347.2 −42.1 69 18.60± 0.40
Leo I 226 49.1 254 17.64± 0.14
Leo II 220.2 67.2 233 17.76± 0.2
Leo IV 265.4 56.5 154 16.40± 1.15
Leo V 261.86 58.54 178 17.65± 0.97
Pegasus III 69.85 −41.81 205 18.30± 0.94
Phoenix II 323.69 −59.74 95 18.30± 0.40
Pictor I 257.29 −40.64 126 18.10± 0.40
Pisces II 79.21 −47.11 182 17.60± 0.40
Reticulum II 266.3 −49.74 32 18.68± 0.35
Reticulum III 273.88 −45.65 92 18.20± 0.60
Sagittarius II 18.94 −22.9 67 18.40± 0.60
Sculptor 287.5 −83.2 86 18.58± 0.05
Segue 1 220.5 50.4 23 19.12± 0.54
Sextans 243.5 42.3 86 17.73± 0.13
Triangulum II 140.9 −23.82 30 19.10± 0.60
Tucana II 328.04 −52.35 58 18.80± 0.40
Tucana III 315.38 −56.18 25 19.30± 0.60
Tucana IV 313.29 −55.29 48 18.70± 0.60
Tucana V 316.31 −51.89 55 18.60± 0.60
Ursa Major I 159.4 54.4 97 18.26± 0.28
Ursa Major II 152.5 37.4 32 19.44± 0.40
Ursa Minor 105 44.8 76 18.75± 0.12
Willman 1 158.6 56.8 38 18.90± 0.60
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7.4 Extragalactic γ-ray Background and Extragalactic γ-

rays from DM Annihilations

In this Section, the diffused extragalactic γ-ray flux from DM annihilation is computed and com-

pared with different possible backgrounds. Here we like to mention that, the same models (Model

I and Model II as described earlier) are adopted for particle DM candidates and the same set of

model parameter values given in Table 7.1 and Table 7.2 are used for computing the DM annihi-

lation cross-section in extragalactic case also. The γ-ray flux from DM annihilation could have

extragalactic origins too and probing such γ-rays could be effective not only for indirect detection

of extragalactic DM but also to understand their origins [300–305, 320–322]. But whether such

γ-ray signals can be identified by terrestrial telescopes depend on the background γ-rays from dif-

ferent other types of extragalactic sources. Therefore, to study the γ-rays from extragalactic DM

annihilation, one needs to estimate the flux from other possible sources that can contribute to the

backgrounds for such observations.

In order to explore the possibilities that γ-ray signals from the extragalactic DM annihilations

(indirect DM signals) could be detected with significance, we also compute the γ-ray signals from

other possible non-DM origins of extragalactic γ-rays. Such non-DM origins include BL Lac ob-

jects, quasars, pulsars, GRBs etc. For many of these sources, the natures of spectra are found to

follow roughly a power law. A list of such sources and the corresponding γ-ray flux (power law or

other forms) from these sources are furnished later in Table 7.5.

The satellite borne experiment namely Fermi-LAT furnished their observed results for extra-

galactic γ-ray flux. In this Section, we compute the sum of the γ-rays from extragalactic DM

annihilations (for each of the DM candidate in Model I and Model II) and from other possible

non-DM sources. We then compare our results with those observed by Fermi-LAT [292, 293].

The rate of photons emitted from volume element dV from the sky depends on several factors

mainly the halo mass function dn/dM as a function of mass M and redshift z, the differential
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photon energy spectrum dNγ
dE (E,M, z), the attenuation factor (e−τ ) of the extragalactic γ-rays etc.

The rate of photons emitted from volume element dV having energy ranges E + dE and observed

by detector having effective area dA (with time interval dt and redshifted energy interval dE such

that dtdE =
[
dt0
1+z

]
[(1 + z)dE0], where t0 and E0 are the time and energy respectively at z = 0)

is given by,

dNγ =e−τ
[
(1 + z)3

∫
dM

dn

dM
(M, z)× dNγ

dE
(E,M, z)

]
dV dA

4π(R0Sk(r))2
dE0dt0 . (7.6)

In the above, the volume element dV is given by

dV =
(R0Sk(r))

2R0

(1 + z)3
drdΩdetector . (7.7)

where Sk(r) is Universe’s spatial curvature appearing in Robertson-Walker metric. In this case,

we consider that the γ-rays are originated as the end product of the DM annihilation. Therefore,

computation of DM cross-section is important for the calculation of dNγ
dE . The extragalactic γ-

rays produced at a redshift z suffers attenuation during its passage through intergalactic medium

(IGM). This attenuation of extragalactic γ-rays is due to the absorption of high energy γ-rays by

extragalactic background light (EBL). Detailed studies for this attenuation are given in Cirelli et al.

[323] and Fig. 7.4 is generated following Cirelli et al. [323]. This attenuation can be described by an

exponential function in terms of the optical depth τ as e−τ(z,E0), E0 being the energy at detection

at z = 0. The optical depth is related to the pair production of baryonic matter, photon-photon

scattering in ambient photon background radiation (PBR) and photon-photon pair production [323].

In Fig. 7.4 the dependence of the attenuation factor on redshift (z) and the energy E0 at detection

(z = 0) has been shown.

The PBR depends on the Cosmic Microwave Background (CMB), the intergalactic stellar light and

the secondary Infrared (IR) radiation. Also the Ultraviolet (UV) background can be originated from
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intergalactic stellar light that may come from the massive and hot stars that were ignited at very low

redshift. The estimation of UV background are generally addressed by considering two UV models.

One is the “no UV" case where the contribution of the UV is absent, while the other is “relativistic

UV". The latter has been considered in blazar study and it has prescribed a certain value for the

UV background proton density. But this value is lower than the values estimated in many of the

other earlier analyses [324]. In the present analysis, a significant amount of contribution of the UV

background has been taken into consideration as described in [324, 325]. The diffuse extragalactic

γ-ray flux due to DM annihilation is written as,

dφγ
dE0

=
dNγ

dAdΩdt0dE0

=
c

4π

∫
dz
e−τ(z,E0)

H0h(z)

∫
dM

dn

dM
(M, z)

dNγ
dE

(E0(1 + z),M, z) , (7.8)

where c is the speed of light in vacuum, H0 denotes the Hubble constant at the present epoch and

M is the DM halo mass. For spatially flat Universe (Ωk = 0), h(z) =
√

Ωm(1 + z)3 + ΩΛ, where

Ωi (i = m,Λ, k) represent the density parameters for matter (m) or dark energy (Λ) or curvature

(k). The halo mass function dn
dM is expressed in terms of the fluctuation, the overdensity in structure

formation etc. Denoting σ2(M) to be the variance of the linear density field (rms density = σ) the

mass function f(σ) extrapolated to redshift z can be written following Press-Schechter model [326]

as,

f(σ) =

√
2

π

δc
σ

exp

(−δ2
c

2σ2

)
. (7.9)

This expression arises out of the following assumption. After smoothening the linear density pertur-

bations over a mass scale M , if in a fraction of space this smooth density field exceeds a threshold

δc then this fraction of space collapses with mass greater than M . This δc is called critical overden-
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sity for collapse 2. In other word, this is the critical value of initial overdensity that is required for

collapse at z. This mass function f is also written in terms of a quantity ν where ν (= δc/σ) is the

overdensity in units of rms density σ. The ratio ν is related to mean square mass fluctuation σ2(M)

that is also caused by the non-linear growth of fluctuation. The distribution f(ν) is the distribution

of mass in isolated halos at a given epoch and is related to number densities of halos 3. The mass

density function dn
dM (M, z) is written as [326]

dn

dM
=
ρ0,m

M2
νf(ν)

d log ν

d logM
, (7.10)

where ρ0,m is the matter density of the comoving background (ρ0,m = ρcΩm(1 + z)3, ρc is the crit-

ical density of the Universe), the ratio ν = δc/σ(M) as discussed, where δc (' 1.686, [327, 329])

is the critical overdensity for spherical collapse and σ2(M) is the variance of density fluctuations

of a sphere containing mass M (M ' (4/3)πR3ρc(zc) for collapse halos, R being the comoving

length and zc is the redshift at which the halo collapses). The term σ2(M) can be represented in

terms of the power spectrum P (k) of the initial density perturbation as [330]

σ2(M) =
1

2π2

∫ ∞
0

d3kW̃ 2(kR)P (k) . (7.11)

In the above, W̃ (kR) is the Fourier transform of the real space top hat window function of radiusR

4. The power spectrum is parameterized as P (k) ∝ knT 2(k) where n is the spectral index and T is

a transfer function related to the DM and baryon density in the Universe. CMB data will be useful

2f is also defined as f(σ, z) = M
ρ0

dn(M,z)
d lnσ−1 where n signifies the halo abundance with mass < M at

redshift z and ρ0 be the mean density of the Universe at that redshift [327].
3Press and Schechter proposed an ellipsoidal collapse model where the aspects of non spherical col-

lapse are also addressed along with the spherical collapse. In this scenario, the critical overdensity (δsc) for
spherical collapse is replaced by the same for ellipsoidal collapse (δec). These are related as δec(σ, z) =

δsc

(
z
(

1 + β
(

σ2

δ2sc(z)

)γ))
with β = 0.47 and γ = 0.615 [328]. For massive objects however σ/δsc < 1 and

δec(σ, z) ' δsc(σ, z).

4W̃ (kR) = 3
( sin kR

kR − cos kR)

(kR)2
.
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for its computation. In Fig. 7.5 the variation of P (k) with wave number k for different z values is

shown. The variation of variance σ with halo massM has also been computed. These variations are

plotted in Fig. 7.5(b) for the same set of z values as in Fig. 7.5(a). The multiplicity function f(ν)

in Eq. 7.10 is computed using the relation [330]

νf(ν) = 2A

(
1 +

1

ν ′2p

)(
ν ′2

2π

)1/2

exp

(
−ν
′2

2

)
, (7.12)

where ν ′ =
√
aν. Fitting the Eq. 7.10 with N -body simulation of Virgo consortium [331] the

numerical values of a (= 0.707) and p = 0.3 can be obtained. The value of the parameter A in the

above equation (Eq. 7.12) is adopted as A = 0.322 [330]. In terms of σ the mass function f(σ) is

written as (with ν = δc/σ(M))

f(σ) = A

√
2a

π

[
1 +

(
σ2

aδ2
c

)P]
δc
a

exp

[
−aδ

2
c

2σ2

]
. (7.13)

The function f(ν) as well as the numerical values for ν can be computed by using Eq. 7.12.

The variations of the mass collapse function (f(σ)) in the ellipsoidal models with the halo mass M

for several values of redshift z (= 0 - 10) are demonstrated in Fig. 7.5(c). Fig. 7.5(d) describes the

variations of the considered halo mass function
dn

dM
of Sheth-Torman model [330] with redshift

z and the halo mass M . Fig. 7.4 is just a demonstrative plot for the variation of optical depth

with energy and redshift. In order to generate this demonstrative plot, all the necessary numerical

calculations have been made by using HMFcalc [332] code.

According to the ΛCDM cosmological model, the DM halos are formed in the “bottom up”

sequence. In this approach, initially small clumps of matter form in presence of a tiny density fluc-

tuation zones having a very high gravitational impact. These small scale structures grow into larger

ones, eventually forming the larger scale structures like the DM halos. From N -body simulation,

the DM density profile is formulated as ρ(r) = ρ(s)g(r/rs), where rs and ρs indicate the scale

radius and the scale density for a particular halo model respectively. For the halo profile, NFW halo
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profile [82, 83] is chosen and the nature of the function g(r/rs) is explained (mentioned in Table

7.3). The mass of any DM halo contained within the radius rh is given as

Mh = 4πρsr
3
hf(rs/rh) , (7.14)

where f(x) = x3[ln(1 + x)−1 − (1 + x)−1]. The NFW profile has two parameters namely a

characteristic inner radius rs and a characteristic inner density ρs [333]. One of these characteristic

parameter can be replaced by virial radius or virial mass where, virial mass Mvir is

Mh = Mvir =
4π

3
∆virρ̄(z)R3

vir , (7.15)

where ∆virρ̄(z) is the mean density in the virial radius Rvir and ∆vir is the critical over density at

virialisation. In the above, ρ̄(z) is the mean Universal density. For the flat Universe (Ωk = 0), the

quantity ∆vir(z) takes the form [334]

∆vir ' (18π2 + 82d− 39d2) , (7.16)

with d ≡ d(z) = Ωm(1+z)3

(Ωm(1+z)3+ΩΛ)
− 1

(
d(z) ≡ Ω(z) − 1 =

Ωm(1 + z)3

E(z)2
− 1, where E(z) =

H(z)

H0

)
. The γ-ray energy spectrum dN

dE depends on the halo profile (here adopted to be NFW

profile). The shape of the profile can be alternatively described in terms of a concentration pa-

rameter. As the name suggests this parameter is about the concentration of matter in the halo at

different positions and hence is an effective alternative for the description of the shape of the halo

density profile. In general, the concentration parameter is formally expressed in terms of the virial

radius Rvir as cvir = Rvir

r
(−2)
s

where r(−2)
s is the radius at which the logarithmic slope of the den-

sity profile is −2
(
d log(ρ)
dr = −2

)
[335]. Considering the characteristic radius rs of the halo to

be the radius r(−2)
s and defining x = r

r
(−2)
s

, the NFW density profile (Table 7.3) takes the form

ρ(r) = ρsg(r/rs) = ρs
x(1+x2)

. In the present computation, an r-dependent form is adopted as
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cvirr−2 = Rvir
r , where r−2 = r

(−2)
s
rs

. With this the γ-ray energy spectrum dNγ
dE (E0 (1 + z),M, z)

for the γ-ray (Eq. 7.8) (induced by the DM annihilation with annhilation cross-section 〈σv〉) emitted

from a halo of mass M at redshift z can be written as,

dNγ
dE

(E,M, z) =
〈σv〉

2

dNγ(E)

dE

∫
dc′virP(c′vir)

(
ρ′

Mχ

)2

∫
d3rg2(r/a). (7.17)

Here, the differential γ-ray spectrum is dNγ(E)
dE and cvir is known as the concentration parameter

whose lognormal distribution around a mean value (within 1σ [330]) for halos with mass M is

denoted as P(cvir). We finally have

dNγ
dE

(E,M, z) =
σv

2

dNγ(E)

dE

M

M2
χ

∆virρ̄(z)

3∫
dc′virP(c′vir)

(c′virr−2)3[
I1(c′vir r−2)

]2 I2(xmin, c
′
virr−2) . (7.18)

The integration In(xmin, xmax) is given by In(xmin, xmax) =
∫ xmax
xmin

dxx2gn(x). Finally the

extragalactic γ-ray flux from DM annihilation takes the form [300]

dφγ
dE0

=
σv

8π

c

H0

ρ2
0

M2
χ

∫
dz(1 + z)3 ∆2(z)

h(z)

dNγ(E0(1 + z))

dE
e−τ(z,E0) , (7.19)

with

∆2(z) ≡
∫
dM

ν(z,M)f (ν(z,M))

σ(M)

∣∣∣∣ dσdM
∣∣∣∣∆2

M (z,M) (7.20)

and
(
cvir = Rvir

r
(−2)
s

)
,

∆2
M (z,M) ≡∆vir(z)

3

∫
dc ′vir P(c ′vir)

I2(xmin, c
′
vir(z,M) r−2)[

I1(xmin, c ′vir(z,M) r−2)
]2 (c ′vir(z,M) r−2)3. (7.21)
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Two forms for concentration parameter cvir are adopted for the present computation of extragalactic

γ-ray flux. The first form is cvir(M, z) = k200 (H(zf (M))/H(z))2/3 from Macciò et al. [336]

with k200 ' 3.9, H(z) = H(z)/H0 and zc(M) is the effective redshift when a halo with mass

M is formed. The second form for cvir reads as cvir(M, z) = 6.5H(z)−2/3 (M/M∗)
−0.1, M∗ =

3.37× 1012h−1M�. This follows from a power law model [336, 337]. In what follows this second

form for cvir is referred to as “Power law model for cvir" while the former form for cvir is referred

to as “Macciò et al. model for cvir". It is also to be noted that the DM substructure within a halo

may form bound subhalos. The minimum mass for such subhalos are denoted by Mmin. These

minimum masses Mmin for such subhalos are determined from the decoupling temperature of DM.

Two values for minimum subhalo mass namely Mmin = 10−6M� and 10−9M� [338, 339] are

chosen.

The extragalactic γ-ray flux (Eqs. 7.18, 7.19) induced by annihilation of DM is computed using

Eqs. 7.6 - 7.17 alongwith Eqs. 7.20, 7.21. As mentioned, in order to explore the possibilities

that the extragalactic γ-rays could be indirect DM signal, the calculations are performed for each

of the two particle DM candidates mentioned in Section 7.3 as Model I and Model II. Exactly the

same framework and the numerical values of the parameters (such as couplings) for the two DM

candidates (WIMP DM and Kaluza-Klein DM (extra dimension model)) as used for dwarf galaxy

calculations are also used for the extragalactic case. It may be noted that while one is a 50 GeV DM

− the WIMP component of a two component WIMP-FImP DM model (Model I) the other (Model

II) is a 900 GeV KK DM inspired by extra dimensional models (see Section 7.1).

We also estimate the background flux from different possible extragalactic astrophysical sources.

The diffuse γ-ray background may include contributions from BL Lac objects, flat spectrum radio

quasars (FSRQs), millisecond pulsars (MSPs), star forming galaxy (SFG), Fanarof-Riley (FR) ra-

dio galaxies of type I (FRI) and type II (FRII), ultrahigh energy cosmic rays (UHECRs), GRBs,

star burst galaxy (SBG), ultrahigh energy protons interacting with the inter-cluster material (UHEp

ICM) and gravitationally induced shock waves (IGS). These along with the nature of their empirical
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power spectra [308] are tabulated in Table 7.5.

The sum total of computed γ-ray flux from the background (described above) and those involv-

ing from DM annihilation where the DM candidates are shown from Model I and Model II (50 GeV

WIMP and 900 GeV KK DM from extra dimensional theory) are shown in Figs. 7.6 - 7.9. While

the computed results with Model I are given in Figs. 7.6, 7.7, in Figs. 7.8, 7.9 the results for Model

II are plotted. For each of the two cases, however the extragalactic backgrounds from each of the

possible non-DM sources (Table 7.5) are also shown in Figs. 7.6 - 7.9. It is to be noted that for the

computation of γ-rays from DM annihilation with each of the Model I and Model II DM candidates,

two different forms for cvir have been used, one follows from a power law consideration and the

other as given by Maccio et al. [340]. Fig. 7.6 and Fig. 7.7 are for the two cvir values respectively

for Model I while Fig. 7.8 and Fig. 7.9 are for the same when Model II DM is considered. The re-

sults are computed with each of the two chosen values of minimun subhalo mass (Mmin = 10−6M�

and Mmin = 10−9M�) for each of the models Model I and Model II and are shown in Fig. 7.6 and

Fig. 7.7 for the case of Model I and in Fig. 7.8 and Fig.7.9 when computations are made for the KK

DM (Model II).

The observational results of Fermi-LAT for extragalactic are also plotted and compared with

the computed sum total flux (γ-ray from DM annihilation considering both Model I and Model II

for DM and the γ-rays estimation from the background). It is seen from Figs. 7.6 - 7.9 that for both

Model I and Model II of DM, the sum total of calculated flux (both with Mmin = 10−6M� and

Mmin = 10−9M�) and background is always lower than the Fermi-LAT results for both the chosen

values of M when the “Macciò et al. model for cvir" is used for the calculation of γ-ray flux from

DM annihilation (Fig. 7.6 and Fig. 7.8) and hence no γ-ray signal from possible extragalactic DM

annihilation can be detected above the background. The fluxes only due to the DM annihilation (no

background) computed with each of the two chosen values of Mmin are also shown in Figs. 7.6 -

7.9 by dashed plots. For all the cases considered in Figs. 7.6 - 7.9 for DM candidates in Model I and

Model II, it is observed that the calculated flux with Mmin = 10−9M� always lies above the flux
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when computed with Mmin = 10−6M�. From Fig. 7.7 and Fig. 7.9, it is seen that the computed

γ-ray flux (added with the background from non-DM sources) with “Power law model for cvir" and

Mmin = 10−9M� (solid black line) goes beyond the Fermi-LAT data upto around Eγ = 10 GeV

for Model I (Fig. 7.7). Even only the computed flux for DM annihilation (without the background)

with Mmin = 10−9M� lies beyond the Fermi-LAT data within certain γ-energy range (Fig. 7.7).

Similar trends are also seen for the case of KK DM (Model II) also (Fig. 7.8 and Fig. 7.9).

From Fig. 7.8, one sees that when “Macciò et al. model for cvir" is considered, the total computed

flux (including non-DM background) always lies below the observed flux by Fermi-LAT in the

considered range for Eγ . But here also the flux with Mmin = 10−9M� are closer to the observed

results than when computed with Mmin = 10−6M�. Interesting results are obtained for KK DM

when “Power law model for cvir" is used in the calculations (Fig. 7.9). In Fig. 7.9 one observes that

the total calculated flux (including the background) with Mmin = 10−6M� agrees very well with

the Fermi-LAT results for almost the whole considered range of Eγ upto the energy ∼ 100 GeV.

The total flux, when Mmin = 10−9M�, agrees with Fermi-LAT in lower energy region (upto ∼ 1

GeV). Comparing with Fig. 7.7 (similar case for Model I) it appears that the extragalactic γ-rays

from the annihilation of KK DM in extra dimensional model better agrees with experimental results

than the WIMP DM of Model I with DM mass of 50 GeV. It can also be observed from Figs. 7.6 -

7.9 that “Power law model for cvir" (the concentration parameter), is more suited than the “Macciò

et al. model for cvir" in the present calculations.

7.5 Summary

In this Chapter, we explore the observational upper limits of γ-ray fluxes from 45 dSphs and relate

these to the γ-rays that could be produced from annihilation of DM in dSphs. For our analysis,

we consider two DM candidates in two particle DM models. One is a two component WIMP-FImP

model of which the WIMP component undergoes annihilation to produce the γ-ray flux. The WIMP
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Table 7.5: The contributions of non-DM sources to the extragalactic γ-ray background.

Non-DM source dN
dE

in GeV−1cm−2s−1sr−1

BL Lacs 3.9× 10−8E−2.23
γ

FSRQ 3.1× 10−8E−2.45
γ

MSP 1.8× 10−7E−1.5
γ exp

(
−Eγ

1.9

)
SFG 1.3× 10−7E−2.75

γ

FR I and FR II 5.7× 10−8E−2.39
γ exp

(
− Eγ

50.0

)
UHECR 4.8× 10−9E−1.8

γ exp

[
−
(

Eγ
100.0

)0.35
]

GRB 8.9× 10−9E−2.1
γ

SBG 0.3× 10−7E−2.4
γ

UHEp ICM 3.1× 10−9E−2.75
γ

IGS 0.87× 10−10 ×

(
Eγ
10.0

)−2.04

for Eγ < 10GeV(
Eγ
10.0

)−2.13

for Eγ > 10GeV

component is a Dirac singlet fermion and its additional U(1)DM charge prevents its interaction with

SM fermions. But the interaction between the WIMP fermion and the SM sector can be occurred via

the Higgs portal. The benchmark mass for this DM is chosen to be 50 GeV for the present analysis.

The other particle DM chosen for the analysis is KK DM inspired by models of extra dimensions.

In Universal extra dimensional model B1, the KK partner of hypercharge guage boson is chosen as

the DM candidate. It appears from the analysis that for both the Higgs portal model and KK model,

the DM annihilations to γ-rays for 45 dwarf galaxies are well within the observational upper bounds

of the γ-ray fluxes for all the 45 dSphs considered. While the Higgs portal DM (Model I) covers

a shorter range, the KK DM having higher mass range can probe the γ-ray flux at higher energy

range.

We have also extended our analyses for the case of possible extragalactic signature of γ-rays

from DM annihilations. If detected, such signals could be the indirect extragalactic DM signals. For

this extragalactic case also, we adopt the same DM candidates and the model parameter values given

in Tables 7.1 and 7.2 and discussed in Sections 7.1 and 7.2. But there can be many extragalactic
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γ-ray sources other than possible DM annihilations. These non-DM sources for extragalactic γ-rays

contribute to the background for the γ-rays produced via possible extragalactic DM annihilations.

An estimation of the flux for such extragalactic sources has been made. The γ-ray flux from DM

annihilations primarily depends on the annihilation cross-section of the particle DM candidate. In

addition to this, the parameters which we need to taken into account for the γ-ray flux calculation

are the DM halo mass function, the density fluctuation in the halo, the linear and non-linear growth

of density perturbation and their collapse, the virial radius, the minimum mass Mmin required for

the formation of the subhalo within a DM halo, the γ-ray spectrum (dNdE ), the attenuation factor

of these γ-rays during it’s passage towards a terrestrial detector etc. It is also required to use a

feasible model for DM halo density profile. In this calculations, NFW density profile has been

considered and this NFW density profile is a function of concentration parameter (cvir), which plays

a major role in computation of the extragalactic γ-ray flux originated from the DM annihilation.

Two separate forms for cvir has been adopted, where one is a power form and the other one is a

form given by [336]. We have considered two distinct values for minimum mass Mmin, which

are Mmin = 10−6M� and Mmin = 10−9M�. The analyses in the thesis show that the power law

choice for cvir yields better results in comparison to the other choice. Better agreements are obtained

for the KK DM candidate of UED model (Model II). The KK DM candidate is more massive (∼

900 GeV) than the WIMP DM candidate in Model I (∼ 50 GeV). The computed flux for this KK

DM candidate (for power law choice of cvir) agrees satisfactorily with the Fermi-LAT results for

Mmin = 10−6M� having a wider energy range than in case of the former DM candidate of Model

I.

The present analyses therefore demonstrate the possibilities of detecting indirect signal of DM

from extragalactic origins as well as from dSphs. The results also indicate that the particle nature of

DM can be probed from the study of the γ-rays from both dwarf galaxies and extragalactic sources.
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Figure 7.2: γ-ray fluxes from DM anihilations for each of the DM candidates in Model I
(50 GeV fermionic WIMP) and Model II (900 GeV Kaluza-Klein DM) calculated for each
of the 25 dwarf galaxies and their comparisons with experimental upper bounds of γ-ray
flux (shown by green coloured downward arrows) for each of the dwarf spheroidals. The
flux calculations with the J -factors from Table 7.4 and its uncertainty spreads are shown
by black solid line and yellow band respectively when Model I is considered and the same
for the DM candidate of Model II are shown by pink solid line and pink band respectively.
The estimated fluxes for both Model I and Model II using the J -factors with each of the
three DM density profiles are shown with dashed lines and dotted lines of different colours
for comparisons. See text for details.
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Figure 7.3: Same as Fig.7.2 but for the rest 20 dwarf galaxies. See text for details.
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Figure 7.4: Variation of optical depth eτ is described as function of energy E0 and redshift
z. The numerical values of the eτ is described in the colourbar.
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Figure 7.5: (a) Variation of the linear power spectrum P (k) of matter density perturbations
with the wave number k for different redshifts (z). (b) Variance σ of the density pertur-
bations with halo mass for different redshifts (z). (c) Fraction of mass collapsed (f(σ))
for different redshifts z and halo masses M according to the Sheth-Torman model. (d)
Variation of dN

dM
with halo mass M for different redshift z.
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Figure 7.6: Observed extragalactic γ-ray fluxes by Fermi-LAT compared with the total
γ-ray fluxes obtained from the DM annihilation for Model-I DM and other possible non-
DM γ-rays extragalactic sources. For the flux calculation, we have taken into account
concentration parameter (cvir), which is adopted from Macciò et al. See text for details.

Figure 7.7: Observed extragalactic γ-ray fluxes by Fermi-LAT compared with the total γ-
ray fluxes obtained from the DM annihilation for Model-I DM and other possible non-DM
γ-rays extragalactic sources. In this case the power law for cvir is used for the computation
of flux. See text for details.

258



Figure 7.8: Same as Fig. 7.6 but for the DM candidate of Model II. See text for details.

Figure 7.9: Same as Fig. 7.7 but for the DM candidate of Model II. See text for details.
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CHAPTER 8

PROBING 4-FLAVOUR NEUTRINO

MIXING WITH UHE NEUTRINO SIGNALS

AT A 1 Km2 DETECTOR

In this Chapter, a four neutrino (3 active + 1 sterile) framework is adopted to address the possible

deviation of ultrahigh energy (UHE) neutrino signals at a Km2 detector such as IceCube. To this

end the possible UHE neutrino induced muon and shower yields are calculated for both 3-flavour

and 4-flavour neutrino framework at a 1 Km2 detector such as IceCube and the results are then

compared. Such UHE neutrinos may originate from distant Gamma Ray Bursts (GRBs) and suffer

flavour suppression while traversing astronomical baseline length before reaching the earthbound

detector. This can be useful for probing the existence of a fourth sterile component using UHE

neutrino flux.
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8.1 Introduction

It has been discussed in Chapter 4 that neutrinos occur in three active flavours. But the existence of

a fourth sterile neutrino has been proposed and pursued since long as also in recent times. The neu-

trino oscillation data from experiments like liquid scintillator neutrino detector or LSND [175–177]

could not be satisfactorily explained by three neutrino oscillation framework. There are observed

excess in LSND data that is consistent with ν̄µ − ν̄e oscillation with 0.2 eV2 ≤ ∆m2 ≤ 10 eV2.

But this mass squared difference is not consistent with ∆m2
21 or ∆m2

32 obtained from solar or at-

mospheric neutrino experiments. This is also substantiated from the analysis of excess observed by

MiniBooNE experiment for both ν̄µ− ν̄e and νµ− νe oscillations [341, 342]. These results suggest

the existence of an additional fourth neutrino with mass squared splitting ∆m2
41 >> ∆m2

32. This

fourth neutrino, if exists will not have other Standard Model (SM) couplings as indicated by the

LEP experiment of Z boson decay width. Hence this additional neutrino if exists, is referred to as

sterile neutrino. In addition, there are reactor neutrino anomalies reported by experiments where

lower rates are found for ν̄e from nuclear reactors at a distance which is too short for any effective

neutrino oscillation among standard neutrinos [343–345]. Lower rate has also been observed at 3σ

for νe’s from 51Cr and 37Ar sources in solar neutrino experiments with gallium [346–350].

Several current experiments are analyzing their data including a fourth sterile neutrino and give

bounds on different oscillation parameters. The MINOS experiment [137] measures νµ oscilla-

tions using charged current (CC) and neutral current (NC) interactions in a long baseline (LBL)

experiment with a far and near detector that has a LBL separation of 734 km. The MINOS and its

upgraded MINOS+ experiment, from the analysis of their data have recently put constraints on ster-

ile neutrino oscillation parameters (in sin2 θ24−∆m2
41 plane) [137, 138]. NOνA experiment on the

other hand is another LBL neutrino experiment that look for νµ−νs oscillation (with νµ beam from

NuMI at Fermilab) through NC interaction in a LBL experiment with a baseline distance from near

and far detector of 810 km. NOνA experiment search for the oscillation in disappearance channel
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of active neutrino flux in the near and far detector.

With new data from reactor and other short and LBL neutrino experiments such as MINOS

[137–148], Daya Bay [127–133], Bugey [174] etc. and their analyses considering the active-sterile

neutrino oscillation give new bounds on active-sterile mixing angles and ∆m2.

There are other future LBL experiments such as DUNE (Deep Underground neutrino experi-

ment) [150–153], T2HK [351–353] etc. that may throw more light on neurtrino oscillation physics

and the active-sterile neutrino oscillation search will be substantiated. For example, for DUNE

which is a LBL experiment with the baseline length of about 1300 km between Fermilab, the neu-

trino source and the detector at Sanford Underground Research Facility or SURF at South Dakota,

the NC data would be useful in case active neutrinos oscillate to sterile neutrinos [354].

A four (3+1) neutrino scheme is adopted in this Chapter where there are three active neutrinos

and one sterile neutrino and a four flavour oscillation scenario. The usual three active neutrino

scenario and the three flavour oscillations are also considered for comparison. The purpose is

to explore an experimental signature that would or would not indicate the existence of a sterile

neutrino. In doing this, the possible signature of UHE neutrinos from distant extragalactic sources

at a large terrestrial neutrino telescope such as IceCube has been studied. High energy events such

as GRBs can produce such neutrinos through their particle acceleration mechanism. GRBs are

thought to occur when infalling accreted matter bounces off on a failed star that has possibly turned

into a black hole. A powerful shock wave then progresses outwards with energies as high as∼ 1053

ergs or more in the form of a “fireball". The protons inside such a fireball, being accelerated thus,

interact with γ by the process of cosmic beam dump while the pions are produced which in turn

decays to UHE neutrinos. This is commonly known as fireball (FB) model for GRBs. However

there are also other type of mechanism such as cannonball (CB) model which can also explain GRB

pulses and afterglow from core collapse Supernova [355–358]. In CB model, it is assumed that an

accretion disk is formed around the exploding Supernova. When matters from the accretion disk

fall into the compact object due to loss of rotational energy, a pair of cannonballs made up of matter
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are ejected. Electrons in the cannonballs then undergo Compton scattering with photons to produce

GRB energy. Every such CB generate a single GRB pulse. In contrast, in FB model of GRB, the

synchrotron radiations of accreted matter are responsible for the pulses. In FB mechanism, the

synchrotron radiations due to collision of conical outer shells with interstellar medium (ISM) also

gives rise to GRB afterglows. On the other hand, in case of CB model, initially afterglow is due to

thermal bremsstrahlung when the ejected CB expands rapidly and interacts with ISM and later it is

governed by synchrotron [357]. For the present study, only fireball model is considered for neutrino

production.

The UHE neutrinos therefore will ideally be produced from the decay of pions by GRB process

in a ratio νe : νµ : ντ = 1 : 2 : 0. These neutrinos will suffer flavour oscillations or suppres-

sions while traversing to a terrestrial detector. Because of the astronomical baseline length of the

GRBs from the Earth, the oscillation length
∆m2

4E
(∆m2 is the mass squared difference between

any two neutrinos and E is the neutrino energy) is much smaller than the baseline length and the

neutrino suffer multiple oscillations in reaching the Earth from GRBs. Hence the oscillatory part

(sin2(∆m2[L/4E])) in the oscillation probability equation averages out. Thus one is left with,

in the oscillation probability equations, just three oscillation parameters namely the three mixing

angles θ12, θ23 and θ13 in case of three active neutrino scenario while for the four (3+1) neutrino

scheme considered here, there are three additional mixing angles namely θ14, θ24 and θ34 that ac-

count for the mixing of the three active neutrinos with the fourth sterile neutrino. In this Chapter,

for the purpose of computation, the experimental best fit values for the three active neutrino mixing

angles namely θ12, θ23 and θ13 obtained from the analysis of data from solar neutrinos, atmospheric

neutrinos, reactor and accelerator neutrinos etc. are adopted. But the active-sterile mixing angles

are not known with certainty. However, as discussed earlier in this Section, bounds or limits on

these unknown mixing angles are obtained from the data analyses of various other reactor or ac-

celerator based neutrino experiments. With new LBL experiments coming up along with more and

more data available from the existing experiments, these bounds are expected to be more stringent.
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Two kinds of signals namely the muon track signal and the shower/cascade are computed for

UHE neutrinos from GRBs in a Km2 detector such as IceCube. The latter may be produced by

the CC and NC interactions of GRB neutrinos during its passage through the Earth rock as also in

a IceCube like detector. The muons are obtained when the UHE νµ from GRB reaches the Earth

and interacts with the Earth’s rock while moving through the Earth towards the detector. The CC

interactions of νµ and ντ yield produce µ and τ respectively (να+N −→ α+X , where α ≡ µ or τ ).

The muons are detected by the track events in an ice detector through its Cherenkov light. The τ can

be detected by “double bang” events or “lollipop” events. The first bang of “double bang” events is

produced at the site of first CC interaction ντ +N → τ +X when a τ track followed by a cascade

would be generated and the second bang of hadronic or electromagnetic (EM) shower occurs when

ντ is regenerated from the decay of τ in the fiducial volume of the detector. A lollipop event is

one when the first bang could not be detected but the τ track can be detected or reconstructed along

with the second bang. In the case of an inverse lollipop event, the first bang and the neutrino track

could be obtained while the second bang evades detection. In this Chapter, we do not consider these

events related to ντ CC interaction as these detections are not very efficient and could be significant

only in an energy window of ∼ 2 PeV − 10 PeV. However, in this calculation, the muon track

signals that can be obtained from ντ from the process ντ −→ τ −→ ν̄µµντ are also included.

The CC interactions of νe produce EM showers. Shower events are also considered from the NC

interactions of neutrinos of all active flavours. The computations for these events are performed for

both (3+1) scheme and three active flavour scheme. The results are then compared for these two

scenarios.

In addition, the effective Majorana mass mee for the present (3+1) neutrino (three active and

one sterile) framework is also calculated and its variation with the mass of the lightest neutrino is

studied. These results are then compared with the known bounds from the neutrino double beta

decay experiments. It is found that for lower mass of the lightest neutrino, the inverted hierarchy of

neutrino masses in (3+1) scenario may barely satisfy these limits.
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8.2 Formalism

8.2.1 Four and Three Neutrino Oscillations for Distant

UHE Neutrinos

In general as derived in Chapter 4, the probability for a neutrino |να〉 of flavour α to oscillate to a

neutrino |νβ〉 of flavour β is given by (considering no CP violation in neutrino sector)

Pνα→νβ = δαβ − 4
∑
j>i

UαiUβiUαjUβj sin2

(
πL

λij

)
. (8.1)

In the above, i, j denote the mass indices, L is the baseline distance and Uαi etc. are the elements

of the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing matrix [121] such that

|να〉 =
∑
i

Uαi|νi〉 , (8.2)

|νi〉 being the ith mass eigenstate. The oscillation length λij is given by

λij = 2.47 Km

(
E

GeV

)(
eV2

∆m2
ij

)
, (8.3)

with E being the neutrino energy and ∆m2
ij is the mass squared difference of ith and jth neutrino

mass eigenstates. As discussed in Sect. 8.1,
∆m2L

E
>> 1 for UHE neutrinos from GRBs (very

large L) and hence

〈
sin2

(
πL

λij

)〉
=

1

2
. (8.4)
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The probability equation (Eq. 8.1) is then reduced to

Pνα→νβ = δαβ − 2
∑
j>i

UαiUβiUαjUβj ,

= δαβ −
∑
i

UαiUβi

∑
j 6=i

UαjUβj

 ,

=
∑
j

| Uαj |2| Uβj |2 , (8.5)

where the use has been made of the unitarity condition

∑
i

UαiUβi = δαβ . (8.6)

For four flavour scenario (with a fourth sterile neutrino νs) along with active flavours νe, νµ and ντ ,

the neutrino flavour eigenstates and mass eigenstates are related through



νe

νµ

ντ

νs


=



Ũe1 Ũe2 Ũe3 Ũe4

Ũµ1 Ũµ2 Ũµ3 Ũµ4

Ũτ1 Ũτ2 Ũτ3 Ũτ4

Ũs1 Ũs2 Ũs3 Ũs4





ν1

ν1

ν3

ν4


, (8.7)

where Ũαi etc. (i being the mass index (i = 1,2,3,4) and α being the flavour index (α = e, µ, τ, s))

are the elements of the PMNS mixing matrix for the 4-flavour case, which can be generated by the

successive rotations (R) (in terms of six mixing angles θ14, θ24, θ34, θ13, θ12, θ23) [359] as

Ũ = R34(θ34)R24(θ24)R14(θ14)R23(θ23)R13(θ13)R12(θ12) . (8.8)
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No CP violation 1 in neutrino sector is assumed and hence the CP phases are absent. For the 4-

flavour framework, the successive rotation terms (R) can be expressed as

R34(θ34) =



1 0 0 0

0 1 0 0

0 0 c34 s34

0 0 −s34 c34


, R24(θ24) =



1 0 0 0

0 c24 0 s24

0 0 1 0

0 −s24 0 c24


,

R14(θ14) =



c14 0 0 s14

0 1 0 0

0 0 1 0

−s14 0 0 c14


, R12(θ12) =



c12 s12 0 0

−s12 c12 0 0

0 0 1 0

0 0 0 1


,

R13(θ13) =



c13 0 s13 0

0 1 0 0

−s13 0 c13 0

0 0 0 1


, R23(θ23) =



1 0 0 0

0 c23 s23 0

0 −s23 c23 0

0 0 0 1


. (8.9)

Considering the present 4-flavour scenario to be the minimal extension of 3-flavour case by a sterile

neutrino, the matrix Ũ can be written as

Ũ(4×4) =



c14 0 0 s14

−s14s24 c24 0 c14s24

−c24s14s34 −s24s34 c34 c14c24s34

−c24s14c34 −s24c34 −s34 c14c24c34


×



Ue1 Ue2 Ue3 0

Uµ1 Uµ2 Uµ3 0

Uτ1 Uτ2 Uτ3 0

0 0 0 1


,

(8.10)

1Although the evidence of CP violation in lepton sector is yet to be established, an analysis of T2K data
sets a best fit value of δ = −π/2 but with only 2σ C.L. Hence we have neglected the CP violation in our
present scenario.
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=



c14Ue1 c14Ue2 c14Ue3 s14

−s14s24Ue1 + c24Uµ1 −s14s24Ue2 + c24Uµ2 −s14s24Ue3 + c24Uµ3 c14s24

−c24s14s34Ue1
−s24s34Uµ1

+c34Uτ1

−c24s14s34Ue2
−s24s34Uµ2

+c34Uτ2

−c24s14s34Ue3
−s24s34Uµ3

+c34Uτ3

c14c24s34

−c24c34s14Ue1
−s24c34Uµ1

−s34Uτ1

−c24c34s14Ue2
−s24c34Uµ2

−s34Uτ2

−c24c34s14Ue3
−s24c34Uµ3

−s34Uτ3

c!4c24c34



,

(8.11)

where Uαi are the elements of 3-flavour neutrino mixing matrix

U(3×3) =


Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3

 . (8.12)

The matrix U(3×3) can be expressed as the successive rotations

U(3×3) = R23R13R12 , (8.13)
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where

R12 =


c12 s12 0

−s12 c12 0

0 0 1

 , R13 =


c13 0 s13

0 1 0

−s13 0 c13

 , R23 =


1 0 0

0 c23 s23

0 −s23 c23

 . (8.14)

Therefore

U(3×3) =


c12c13 s12c13 s13

−s12c23 − c12s23s13 c12c23 − s12s23s13 s23c13

s12s23 − c12c23s13 −c12s23 − s12c23s13 c23c13

 . (8.15)

Following Eq. 8.5 the oscillation probability P 4
να→νβ (where α, β denote the flavour indices)

for 4-flavour case can now be represented as [360]

P 4
να→νβ ≡



Pee Peµ Peτ Pes

Pµe Pµµ Pµτ Pµs

Pτe Pτµ Pττ Pτs

Pse Psµ Psτ Pss


≡ XXT , (8.16)

with

X =



| Ũe1 |
2 | Ũe2 |

2 | Ũe3 |
2 | Ũe4 |

2

| Ũµ1 |
2 | Ũµ2 |

2 | Ũµ3 |
2 | Ũµ4 |

2

| Ũτ1 |
2 | Ũτ2 |

2 | Ũτ3 |
2 | Ũτ4 |

2

| Ũs1 |
2 | Ũs2 |

2 | Ũs3 |
2 | Ũs4 |

2


. (8.17)

Similarly for 3-flavour scenario the probability P 3
να→νβ takes the form

P 3
να→νβ = AAT , (8.18)
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where

A =


| Ue1 |2 | Ue2 |2 | Ue3 |2

| Uµ1 |2 | Uµ2 |2 | Uµ3 |2

| Uτ1 |2 | Uτ2 |2 | Uτ3 |2

 . (8.19)

8.2.2 UHE Neutrino Fluxes from GRBs

From the GRBs the neutrino (antineutrino) flavours are expected to produce in the ratio 2

νe : νµ : ντ = 1 : 2 : 0 .

The isotropic flux [170, 361] for νµ and ν̄µ estimated by summing over all the sources is given as

(Gandhi et al.) [362]

F(Eν) =
dNνµ+ν̄µ

dEν
= N

(
Eν

1GeV

)−n
cm−2s−1sr−1GeV−1 . (8.20)

In the above,

N = 4.0× 10−13 n = 1 for Eν < 105 GeV ,

N = 4.0× 10−8 n = 2 for Eν > 105 GeV .

2In GRB (assuming fireball model) neutrinos are produced from the decay of pions. The pions are
photoproduced by shocked protons in the photon field following pγ → ∆→ π.
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Therefore, the fluxes of the corresponding flavours (same for both neutrinos and antineutrinos since

no CP violation is considered in the neutrino sector) can be expressed as

dNνµ

dEν
= φνµ =

dNν̄µ

dEν
= φν̄µ = 0.5F(Eν) ,

dNνe

dEν
= φνe =

dNν̄e

dEν
= φν̄e = 0.25F(Eν) . (8.21)

These neutrinos suffer flavour oscillations (suppressions) as they reach the terrestrial detector due

to the astronomical baseline length. Thus in the process, the νµ can oscillate to ντ and/or to other

flavours on reaching the Earth. The flux of neutrino flavours for four and three flavour cases, on

reaching the Earth will respectively be

F 4
νe = P 4

νe→νeφνe + P 4
νµ→νeφνµ ,

F 4
νµ = P 4

νµ→νµφνµ + P 4
νe→νµφνe ,

F 4
ντ = P 4

νe→ντφνe + P 4
νµ→ντφνµ ,

F 4
νs = P 4

νe→νsφνe + P 4
νµ→νsφνµ (8.22)

and

F 3
νe = P 3

νe→νeφνe + P 3
νµ→νeφνµ ,

F 3
νµ = P 3

νµ→νµφνµ + P 3
νe→νµφνe ,

F 3
ντ = P 3

νe→ντφνe + P 3
νµ→ντφνµ . (8.23)

In the above F 4
να(F 3

να) is the flux for the species να, α being the flavour index and P 4
να(P 3

να) is the

corresponding oscillation probability for 4(3) flavour scenario.

Cosmic neutrino flux (Eq. 8.22) in the far distance can be expressed as a product of P(4×4)(=
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XXT ) and the intrinsic flux φνα(α = e, ν, τ, s) in the matrix form



F 4
νe

F 4
νµ

F 4
ντ

F 4
νs


= XXT ×



φνe

φνµ

φντ

φνs


. (8.24)

Assuming the standard ratio of intrinsic neutrino flux i.e.

φνe : φνµ : φντ : φνs = 1 : 2 : 0 : 0 .

Now by using the above assumption and Eq. 8.17, Eq. 8.24 can be rewritten as



F 4
νe

F 4
νµ

F 4
ντ

F 4
νs


=



| Ũe1 |
2 | Ũe2 |

2 | Ũe3 |
2 | Ũe4 |

2

| Ũµ1 |
2 | Ũµ2 |

2 | Ũµ3 |
2 | Ũµ4 |

2

| Ũτ1 |
2 | Ũτ2 |

2 | Ũτ3 |
2 | Ũτ4 |

2

| Ũs1 |
2 | Ũs2 |

2 | Ũs3 |
2 | Ũs4 |

2





| Ũe1 |
2 | Ũµ1 |

2 | Ũτ1 |
2 | Ũs1 |

2

| Ũe2 |
2 | Ũµ2 |

2 | Ũτ2 |
2 | Ũs2 |

2

| Ũe3 |
2 | Ũµ3 |

2 | Ũτ3 |
2 | Ũs3 |

2

| Ũe4 |
2 | Ũµ4 |

2 | Ũτ4 |
2 | Ũs4 |

2



×



1

2

0

0


φνe . (8.25)
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Using the unitarity condition
∑
α

|Ũ |2 = 1(α ≡ e, µ, τ, s) the fluxes can be wriiten as

F 4
νe = [| Ũe1 |

2
(1 + | Ũµ1 |

2 − | Ũτ1 |
2 − | Ũs1 |

2
) + | Ũe2 |

2
(1 + | Ũµ2 |

2 − | Ũτ2 |
2 − | Ũs2 |

2
)

+| Ũe3 |
2
(1 + | Ũµ3 |

2 − | Ũτ3 |
2 − | Ũs3 |

2
) + | Ũe4 |

2
(1 + | Ũµ4 |

2 − | Ũτ4 |
2 − | Ũs4 |

2
)]φνe ,

F 4
νµ = [| Ũµ1 |

2
(1 + | Ũµ1 |

2 − | Ũτ1 |
2 − | Ũs1 |

2
) + | Ũµ2 |

2
(1 + | Ũµ2 |

2 − | Ũτ2 |
2 − | Ũs2 |

2
)

+| Ũµ3 |
2
(1 + | Ũµ3 |

2 − | Ũτ3 |
2 − | Ũs3 |

2
) + | Ũµ4 |

2
(1 + | Ũµ4 |

2 − | Ũτ4 |
2 − | Ũs4 |

2
)]φνe ,

F 4
ντ = [| Ũτ1 |

2
(1 + | Ũµ1 |

2 − | Ũτ1 |
2 − | Ũs1 |

2
) + | Ũτ2 |

2
(1 + | Ũµ2 |

2 − | Ũτ2 |
2 − | Ũs2 |

2
)

+| Ũτ3 |
2
(1 + | Ũµ3 |

2 − | Ũτ3 |
2 − | Ũs3 |

2
) + | Ũτ4 |

2
(1 + | Ũµ4 |

2 − | Ũτ4 |
2 − | Ũs4 |

2
)]φνe ,

F 4
νs = [| Ũs1 |

2
(1 + | Ũµ1 |

2 − | Ũτ1 |
2 − | Ũs1 |

2
) + | Ũs2 |

2
(1 + | Ũµ2 |

2 − | Ũτ2 |
2 − | Ũs2 |

2
)

+| Ũs3 |
2
(1 + | Ũµ3 |

2 − | Ũτ3 |
2 − | Ũs3 |

2
)

+| Ũs4 |
2
(1 + | Ũµ4 |

2 − | Ũτ4 |
2 − | Ũs4 |

2
)]φνe . (8.26)

Similarly for 3-flavour scenario we can write Eq. 8.23 by using Eqs. 8.18, 8.19 as


F 3
νe

F 3
νµ

F 3
ντ

 =


| Ue1 |2 | Ue2 |2 | Ue3 |2

| Uµ1 |2 | Uµ2 |2 | Uµ3 |2

| Uτ1 |2 | Uτ2 |2 | Uτ3 |2



| Ue1 |2 | Uµ1 |2 | Uτ1 |2

| Ue2 |2 | Uµ2 |2 | Uτ2 |2

| Ue3 |2 | Uµ3 |2 | Uτ3 |2



×


1

2

0

φνe . (8.27)
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Finally Eq. 8.27 can be written as

F 3
νe = [| Ue1 |2(1 + | Uµ1 |2 − | Uτ1 |2) + | Ue2 |2(1 + | Uµ2 |2 − | Uτ2 |2)

+| Ue3 |2(1 + | Uµ3 |2 − | Uτ3 |2)]φνe ,

F 3
νµ = [| Uµ1 |2(1 + | Uµ1 |2 − | Uτ1 |2) + | Uµ2 |2(1 + | Uµ2 |2 − | Uτ2 |2)

+| Uµ3 |2(1 + | Uµ3 |2 − | Uτ3 |2)]φνe ,

F 3
ντ = [| Uτ1 |2(1 + | Uµ1 |2 − | Uτ1 |2) + | Uτ2 |2(1 + | Uµ2 |2 − | Uτ2 |2)

+| Uτ3 |2(1 + | Uµ3 |2 − | Uτ3 |2)]φνe . (8.28)

8.2.3 Detection of UHE Neutrinos from Diffused GRB Sources

Upward going muon signals at IceCube is induced by the CC interaction of upward going neutrinos.

Such upward going muons can not be misidentified from muons produced in the atmosphere. The

detection of νµ’s from GRBs can be observed from the tracks of the secondary muons.

The total number of secondary muons that can be observed in a detector of unit area is estimated

as (following [363–365])

S =

∫ Eνmax

Ethr

dEν
dNν

dEν
Pshadow(Eν)Pµ(Eν , Ethr). (8.29)

The phenomenon of Earth shielding is described by the shadow factor Pshadow(Eν), which is de-

fined to be an effective solid angle divided by 2π for upward going muons. This is a function of the

energy dependent neutrino-nucleon interaction length Lint(Eν) in the Earth and the column depth

z(θz) for the incident neutrino zenith angle θz . For the case of isotropic fluxes, the attenuation can
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be estimated by the shadow factor, Pshadow where,

Pshadow(Eν) =
1

2π

∫ 0

−1
d cos θz

∫
dφ exp[−z(θz)/Lint(Eν)] , (8.30)

with interaction length Lint(Eν) is given by

Lint =
1

σtot(Eν)NA
. (8.31)

In the above expression, NA (= 6.023×1023mol−1 = 6.023×1023cm−3) is the Avogadro number

and σtot(= σNC + σCC) is the total (CC plus NC) cross-section. The column depth z(θz) can be

expressed as

z(θz) =

∫
ρ(r(θz, l))dl . (8.32)

In Eq. 8.32, ρ(r(θz, l)) represents the density of the Earth. A convenient representation of the

matter density profile of the Earth, which is given by the Preliminary Earth Model [366] is adopted

for the present analysis. The neutrino path length entering into the Earth is l.

The probability Pµ(Eν , Ethr) for a muon arriving in the detector with an energy threshold of

Ethr is given by

Pµ(Eν , Ethr) = NAσ
cc(Eν)〈R(Eµ;Ethr)〉 , (8.33)

where 〈R(Eµ;Ethr)〉 is the average range of a muon in rock, which can be expressed as

〈R(Eµ;Ethr)〉 =
1

σCC

∫ (1−Ethr/Eν)

0
dyR(Eν(1− y);Ethr)×

dσCC(Eν , y)

dy
, (8.34)

where y = (Eν − Eµ)/Eν is the energy loss fraction of a neutrino with energy Eν that produced a

secondary muon of energy Eµ via CC interaction. The range of detectable energy of such a muon
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will then be from Ethr to Eµ. The range for a muon of energy Eµ is given by

R(Eµ;Ethr) =

∫ Eµ

Ethr

dEµ
〈dEµ/dX〉

' 1

ξ
ln

(
α+ ξEµ
α+ ξEthr

)
. (8.35)

The energy loss rate of muons with energy Eµ due to ionization and catastrophic losses like

bremsstrahlung, pair production and hadro production is expressed as [364]

〈
dEµ
dX

〉
= −α− ξEµ . (8.36)

The constants α and ξ in Eq. 8.36 describe the energy losses and the catastrophic losses respectively

in the rock. These two constants are computed as

α = 2.033 + 0.077 ln[Eµ(GeV )]× 103 GeV cm2 gm−1 ,

ξ = 2.033 + 0.077 ln[Eµ(GeV )]× 10−6 GeV cm2 gm−1 , (8.37)

for Eµ ≤ 106 GeV [367] and otherwise [368]

α = 2.033× 10−3 GeV cm2 gm−1 ,

ξ = 3.9× 10−6 GeV cm2 gm−1 . (8.38)

The muon events from CC interactions can be computed by replacing
dNν

dEν
in Eq. 8.29 by F 4

νµ from

Eq. 8.26 and F 3
νµ from Eq. 8.28 for the cases of 4-flavour and 3-flavour scenario respectively. As

mentioned earlier, the muon events from the decay of τ are also included in the present calculation.

These τs are produced via CC interaction of ντ at Earth through the process ντ +N → τ +X

This process of τ decay in this context is realised by the consideration that τ decays in a very

short path length via τ → ντ + µ and the process occurs with the probability of 0.18 [369, 370].

Using Eqs. 8.29 - 8.38 the number of such muon events can be computed.

For the shower events, CC interaction of νe as also the NC interactions of all three active flavours
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are taken into coniderations. For the shower case, the oscillation is made for the whole detector

volume V and any specific track event is neglected. For the shower case the event rate is given by

Ssh = V

∫ Eνmax

Ethr

dEν
dNν

dEν
Pshadow(Eν)

∫
dy

1

σi
dσi

dy
Pint(Eν , y) . (8.39)

In the above expression, σi = σCC for the EM shower and σi = σNC when νe, νµ NC interac-

tions are considered. The probability that a shower produced by the neutrino interactions is given

by

Pint = ρNAσ
iL , (8.40)

where ρ is the matter density and L is the length of the detector. For the case of shower events
dNν

dEν
in Eq. 8.39 is replaced by F 4

νe , F
4
νµ , F 4

ντ from Eq. 8.26 and F 3
νe , F

3
νµ , F 3

ντ from Eq. 8.28 for the

cases of 4-flavour and 3-flavour scenario respectively.

8.2.4 Detection of Neutrinos from a Single GRB

The estimation of muon events from the neutrinos for the case of a single GRB, similar approach

(diffuse GRB case) is followed. But the expression for flux for a single GRB is different from that

of the case for diffuse GRBs. For the single GRB case, the zenith angle θz (used in Eq. 8.30) for a

particular GRB remains fixed. Thus the expression for Pshadow is now modified as

Pshadow = exp[−z(θz)/Lint(Eν)] . (8.41)

The Earth density should also be accordingly computed for a fixed θz .

For the case of isotropic emission from the source, the secondary neutrino flux
dNν0

dEνobs
is given
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by

dNν0

dEνobs
=
dNν

dEsν

1

4πr2(z′)
(1 + z′) , (8.42)

where the comoving radial coordinate distance (r(z′)) of the source is expressed as

r(z′) =
c

H0

∫ z′

0

dz′′√
ΩΛ + Ωm(1 + z′′)3

. (8.43)

In the above two equations, z′ is the redshift of the GRB and Eνobs is the observed neutrino energy

at the Earth. The secondary neutrino flux
dNν0

dEνobs
(mentioned in Eq. 8.42) is the total number of

secondary neutrinos emitted from a single GRB at redshift z′ per unit observed neutrino energy

Eνobs that are incident on the Earth. In a spatially flat Universe, ΩΛ + Ωm = 1, where ΩΛ is

the dark energy component normalized to the critical energy density of the Universe and Ωm is the

contribution of the matter density to the energy density of the Universe in units of the critical energy

density. The speed of light is denoted as c and H0 is the Hubble constant at the present epoch. The

values of the constants adopted in our calculation are ΩΛ = 0.684, Ωm = 0.316 and H0 = 67.8

Km sec−1 Mpc−1.

The neutrino spectrum
dNν

dEsν
in Eq. 8.42 is expressed as

dNν

dEsν
= N ×min

(
1,

Eν
Ebrk
ν

)
1

E2
ν

. (8.44)

In the above, N is the normalization constant and Ebrk
ν is the neutrino spectrum break energy.

The latter (Ebrk
ν ) is a function of the Lorentz factor of the GRB (Γ), photon spectral break energy

(Ebrk
γ,MeV) and is given by the expression,

Ebrk
ν ≈ 106 Γ2

2.5

Ebrk
γ,MeV

GeV , (8.45)
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where, Γ2.5 = Γ/102.5. The normalization constant N can be written as

N =
EGRB

1 + ln(Es
νmax/E

brk
ν )

. (8.46)

In the above Esνmax, E
s
νmin respectively represent lower and upper cutoff energy of the neutrino

spectrum. At the time of neutrino emission from a single GRB the total amount of energy released

is EGRB, which is 10% of the total fireball proton energy.

With the neutrino flux from a single GRB computed using Eqs. 8.44 - 8.46, the same method-

ology as in the diffuse GRB case is now followed to obtain the muon and shower yield at a square

kilometer detector such as IceCube.

8.3 Calculations and Results

In this Section, the calculations and results for the neutrino induced muons and the shower events as

estimated for a Km2 detector are described. The UHE neutrinos considered here are a) from diffused

neutrino flux and b) from a single GRB. As mentioned earlier, the computations for neutrino induced

muons are done with both four and three flavour cases.

8.3.1 Diffused Neutrino Flux

The possible secondary muon and shower yields at a 1 Km2 detector such as IceCube for the cases

of (3+1)-flavour as well as 3-flavour UHE neutrinos from distant GRB sources are calculated by

using Eqs. 8.20 - 8.28 and Eqs. 8.29 - 8.40. The similar estimations are made for both 4-flavour

and 3-flavour UHE neutrinos from single GRB sources by solving Eqs. 8.20 - 8.28 and Eqs. 8.41

- 8.46. The Preliminary Earth Reference Model from [366] is employed for Earth matter density

profile. The νN interaction cross-sections including CC, NC and their sum are adopted from [362].
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Waxman-Bahcall [170, 361] flux is used for diffuse GRB case and the detector threshold energy

Ethr is taken to be Ethr = 1 TeV. In the present calculations Eνmax = 1011 GeV is assumed.

For the purpose of this analysis, a ratio R is defined as the ratio of the muon and the shower

events, so that

R =
Tµ
Tsh

, (8.47)

where

Tµ = S(for νµ) + S(for ντ )

Tsh = Ssh(for νe CC interaction)

+Ssh(for νe NC interaction)

+Ssh(for νµ NC interaction)

+Ssh(for ντ NC interaction) (8.48)

and the quantities S and Ssh are defined in Eq. 8.29 and Eq. 8.39 respectively. In 4-flavour and

3-flavour scenario the above mentioned ratio R is denoted as R4 and R3 respectively.

In order to address how the neutrino induced muon and the shower fluxes from distant UHE

sources namely diffused GRB are affected in case a sterile neutrino exists in addition to the three

active neutrinos, a comparison of the ratio R between the (3+1) scenario and 3 active neutrino sce-

nario is made. The computations are done for two different sets of value of the sterile mixing angles

namely θ14, θ24 and θ34 while the mixing angles for 3 neutrino mixing are adopted as the current

best fit values for them. As mentioned earlier, the oscillatory part in the oscillation probability ex-

pression that involves the parameter ∆m2 is averaged out due to astronomical baseline length. The

limits on four flavour mixing angles (θ14, θ24, θ34) are chosen following the 4-flavour analyses of

different experimental groups such as MINOS, Daya Bay, NOνA, Bugey [138, 148, 154–159, 174]

The upper limits on θ24 and θ34 obtained from NOνA [155] are θ24 ≤ 20.80 and θ34 ≤ 31.20 assum-
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Table 8.1: Comparison of the muon to shower ratio for a diffused GRB neutrino flux
(Waxman-Bahcall flux) for the 4-flavour (3+1) case with the same for 3-flavour case for
two sets of active-sterile neutrino mixing angle. See text for details.

θ14 θ24 θ34 R4 (in 4f) R3 (in 3f)
3◦ 5◦ 20◦ 9.48 1.80
4◦ 6◦ 15◦ 9.68 1.80

ing ∆m2
41 = 0.5 eV2. However according to MINOS analysis [138] θ24 ≤ 7.30 and θ34 ≤ 26.60

for the same value of ∆m2
41. IceCube-DeepCore [371] results considering ∆m2

41 = 1 eV2 suggest

θ24 ≤ 19.40 and θ34 ≤ 22.80. Therefore, in this Chapter, we vary both θ24 and θ34 within the

limit 20 ≤ θ24 ≤ 200 and 20 ≤ θ34 ≤ 200. The mixing angle θ14 is so chosen that θ14 ≤ 40.

This is consistent with the results from the combined analysis by MINOS, Daya Bay and Bugey-3

[148] (in the range 0.2 eV2 ≤ ∆m2
41 ≤ 2 eV2). Using these limits on θ14, θ24, θ34 the ratio R4

and R3 for diffuse flux is computed. In Table 8.1, the computed values of R4 are furnished for two

representative sets of values for θ14, θ24 and θ34. The computed values for R3, the muon to shower

ratio for the three flavour case, are also given for comparison. From Table 8.1 it is obvious that the

muon yield to shower ratio for four flavour scenario (R4) increases considerably from the ratio for

three flavour case (R3). For the particular choices in Table 8.1, this increase is more than five times

if a fourth sterile neutrino is assumed to be present in nature in addition to the three usual active

neutrinos.

It is also explored how the ratio R4 varies with different values of active-sterile mixing an-

gles. In Fig. 8.1 we show the variations of R4 with θ24 and θ34 for two fixed values of θ14

namely θ14 = 1◦ (Fig. 8.1(a)) and θ14 = 4◦ (Fig. 8.1(b)). From Fig. 8.1 it may be noted

that the maximum value of the ratio R4 is ∼ 6 times higher than R3. So far, the calculations

and comparisons of ratios R4 and R3 are made by adopting a diffuse GRB UHE neutrino flux

given by Waxman-Bahcall [170, 361]. The calculations are repeated for another UHE neutrino

flux obtained from the six year IceCube data. From the analysis of the high energy starting events

(HESE) data, IceCube observation had furnished a best fit power law for neutrino flux asE2φ(E) =
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Figure 8.1: Variation of R4 with θ24 and θ34 for (a) θ14 = 1◦ and (b) θ14 = 4◦. See text for
details.

Table 8.2: Same as Table 8.1, but here the diffused neutrino flux of UHE neutrinos is
obtained from the recent analysis of the IceCube (HESE) data. See text for details.

θ14 θ24 θ34 R4 (in 4f) R3 (in 3f)
3◦ 5◦ 20◦ 2.01 0.55
4◦ 6◦ 15◦ 2.04 0.55

2.46± 0.8× 10−8

(
E

100TeV

)−0.92

GeV cm−2 s−1 sr−1. Therefore, for one component fit (that

is no broken power law) the neutrino flux φ(E) ∼ E−γ , with the index γ = 2.92. In fact, their best

fit spectral index is γ = 2.92+0.33
−0.29. The ratios R4, R3 etc. are computed for this flux also. This is to

be noted, following the astrophysical neutrino results from IceCube [372] that the neutrino above

energy 60 TeV is to be considered for such calculations.

The results are furnished in Table 8.2. From the table it is seen that the ratio R4 from the

4-flavour case ∼ 2 for the chosen values of θ14, θ24, θ34. In contrast the track to shower ratio R3

reduces to ∼ 0.55 when 3-flavour case is employed. Although the ratios are different from what is

given in Table 8.1 (with Waxman-Bahcall flux), yet the track to shower ratio R4 is ∼ 3.7 times than

R3. In Figs. 8.2(a), 8.2(b) the variations ofR4 with θ24 and θ34 are given for θ14 = 1◦ and θ14 = 4◦
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Figure 8.2: Variation of R4 with θ24 and θ34 for (a) θ14 = 1◦ and (b) θ14 = 4◦ (UHE
neutrino diffused flux has been taken from the IceCube HESE six year data). See text for
details.
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Figure 8.3: Variation of the neutrino induced muons from single GRBs with different red-
shifts at a fixed zenith angle θz = 10◦. “set 1" and “set 2" correspond to the two sets of
values for active-sterile mixing angles given in Table 8.1.

respectively.
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Figure 8.4: Variation of the neutrino induced muons from the GRB with different GRB
energies at a fixed zenith angle (θz = 10◦). “set 1" and “set 2" are as in Table 8.1.

8.3.2 Single GRB

A particular GRB occurs at a fixed zenith angle and at a definite redshift with respect to an observer

at Earth 3 4. We have used two sets of active-sterile mixing angles for our calculations as given in

Table 8.1 (and Table 8.2). The active neutrino mixing angles are fixed at their current experimental

values. With these sets of parameters the neutrino induced muons are estimated in a Km2 detector

for the UHE neutrinos from a GRB at different redshifts. The results are obtained using Eqs. 8.41 -

8.46 and Eqs. 8.11 - 8.40. The values of the parameter such as the Lorentz factor Γ, photon spectral

break energy Ebr
γ,MeV etc. required to calculate the neutrino flux from a single GRB are chosen as

Γ = 50.12 and Ebr
γ,MeV = 0.794. These values are adopted from Table 1 of ref [365]. The results

are shown in Fig. 8.3. In Fig. 8.4 the variations of the neutrino induced muons with different GRB

energies are shown. From both Fig. 8.3 and Fig. 8.4 it can be observed that the case of four flavour

mixing cannot be distinguished from three flavour mixing as there is no significant deviation as

observed in the case of diffused flux discussed earlier in Sect. 8.3.1.

3For the case of single GRB, although in principle one can make similar computation for R4 and/or R3

but being just a single burst event, simultanity of track and shower events may be difficult to determine.
4For the case of single GRBs, the neutrino induced muon events are estimated for both 4 and 3-flavour

cases and the results are then compared.
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Figure 8.5: The variation of the effective Majorana neutrino mass with the lightest neutrino
mass for normal hierarchy and inverted hierarchy in 4-flavour (3 active + 1 sterile) scenario.
The pair of red lines and the pair of green lines indicate the limits obtained from different
experiments (see text). For lower m0 only inverted hierarchy satisfies experimental limits.

8.4 Neutrinoless Double Beta Decay in 3+1 Scenario

The studies made in the previous Section do not provide any information about the mass of the

sterile neutrino or more precisely of ∆m2
41 (∆m2

43), for normal (inverted) hierarchy of neutrino

mass. This is obvious as study of GRB fluxes involve large distance and mass squared oscillation

is therefore averaged out. However, sterile neutrino in the present 3 + 1 framework can affect

the phenomenon of neutrinoless double beta decay. The effective Majorana mass for observable

neutrinoless double beta decay in 3 + 1 scenario is given as

mee =
∑
i=1−4

|Uei|2mi , (8.49)

where the Majorana phases have been neglected. The above Eq. 8.49 can be rewritten in terms of

mixing angles

mee = |c14c12c13|2m1 + |c14s12c13|2m2 + |c14s13|2m3 + |s14|2m4 . (8.50)
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The sterile neutrino with mass m4 is assumed to be heavier than light active neutrinos. Therefore,

the effective Majorana mass in case of normal ordering of active neutrinos is given as

mee = |c14c12c13|2m1 + |c14s12c13|2
√
m2

1 + ∆m2
21 + |c14s13|2

√
m2

1 + ∆m2
31

+|s14|2
√
m2

1 + ∆m2
41 . (8.51)

Similarly for the case of inverted hierarchy of active neutrinos, the expression in Eq. 8.50 can be

rewritten as

mee = |c14c12c13|2
√
m2

3 + ∆m2
23 −∆m2

21 + |c14s12c13|2
√
m2

3 + ∆m2
23 + |c14s13|2m3

+|s14|2
√
m2

3 + ∆m2
43 . (8.52)

Hence, for normal (inverted) hierarchy, m1 (m3) is the lightest neutrino mass which will be denoted

as m0 for simplicity. From Eqs. 8.51-8.52, it can be easily observed that the effective Majorana

mass mee depends on new physics involving sterile neutrino mixing angle θ14 and mass squared

difference ∆m2
41 (or equivalently ∆m2

43). Here the effects of these parameters on effective Majo-

rana mass for neutrinoless double beta decay are addressed. Since, m3 is the lightest neutrino in

case of inverted hierarchy, ∆m2
43 = m2

4 −m2
0 is equivalent to ∆m2

41 = m2
4 −m2

0 appearing in the

expression of Eq. 8.51 for normal hierarchy. The variation of effective Majorana mass with lightest

neutrino mass m0 is computed and furnished in Fig. 8.5. The mass m0 is varied within the range

10−3 eV ≤ m0 ≤ 1 eV for both normal and inverted hierarchy of neutrino mass using best fit

values of active neutrino mixing angles θ12 and θ13. The shaded region shown in gray (black) in

Fig. 8.5 corresponds to the normal (inverted) hierarchy of active neutrinos. A conservative limit on

mixing angle θ14 is considered in the range 00 ≤ θ14 ≤ 40 and the range of ∆m2
41 is adopted to be

from 0.2 eV2 to 2 eV2 consistent with the exclusion limits on θ14 obtained from combined results of

MINOS, Daya Bay and Bugey-3 experiments ([148] and references therein) for normal hierarchy.

Same range of θ14 and ∆m2
43 are also assumed for the case of inverted hierarchy of neutrino mixing.
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From Fig. 8.5, it can be easily observed that for inverted hierarchy (IH), the specified range of m0,

θ14 and ∆m2
43, effective neutrino mass mee is almost constant for smaller values of m0 (0.001 to

0.01 eV). For higher values of m0, mee tends to increase proportionally with m0. Similar trend is

observed for normal hierarchy (NH) of neutrino mass when m0 ≥ 0.1 eV is considered. However,

for smaller values of m0 (≤ 0.1 eV), the effective neutrino mass mee in case of normal hierarchy

tends to decrease. The observed upper limit on effective Majorana neutrino mass obtained from

the combined analysis of KamLAND-Zen [125] and EXO-200 [373] is 0.2-0.4 eV corresponds to

the region within the pair of red lines shown in Fig. 8.5. Therefore, in the above specified range

NH and IH are indistinguishable. Stringent limit on mee is further obtained from KamLAND-Zen

[126] (region within the horizontal green lines in Fig. 8.5) with mee ∼ 0.06 − 0.16 eV probing

the near inverted hierarchy regime. From Fig. 8.5 it can be easily observed that lightest neutrino

mass m0 must be larger than 0.1 eV for higher values of mee. However, for inverted hierarchy,

lightest neutrino mass m0 can be smaller (∼ 0.02 eV) when the limits on mee from KamLAND

[126] is taken into account. It is already mentioned that in the present discussion that the Majorana

phases are neglected. However, in principle one should consider all the Majorana phases. Extensive

study of effective neutrino mass including all the Majorana phases has been presented in [374] using

sin2 θ14 = 0.019 for ∆m2
41 = 1.7 eV2. Vide Ref. [374] for further details and references therein.

8.5 Summary

The posible effects on UHE neutrino signatures obtained from GRB events in a Km2 detector (such

as IceCube) is addressed in case there exists a fourth sterile neutrino in nature in addition to three

active neutrinos. The ratio of muon events to the shower events at the Km2 detector are calculated

for both the three flavour and four flavour cases which are denoted as R3 and R4 respectively. For

this, two sets of UHE neutrino flux have been considered. The first one is the theoretical flux for

diffused isotropic UHE neutrinos from GRBs given by Waxman-Bahcall, whereas the other such
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flux is adopted from the analysis of the recent IceCube data. Using the present limits on active-

sterile mixing obtained from different neutrino experiments along with the active neutrino mixing

results, it is found that the maximum value of the ratio of muon events with respect to shower

events R4 can be six to eight times larger for 3+1 mechanism when compared with normal three

active neutrino formalism R3 if the Waxman-Bahcall flux is considered and R4 can be three to four

times of R3 for the flux given by IceCube 6 year data (HESE data) analysis. Therefore, the present

analysis shows that any excess of such events detected in a Km2 detector over that predicted for

three neutrino mixing case can clearly indicate the presence of active-sterile neutrino mixing. Thus

UHE neutrinos from distant GRBs can be a probe to ascertain the existence of a sterile neutrino. In

addition, neutrino induced muon events are computed from a single GRB in the present framework

of 3+1 neutrino and the results are with the three flavour scenario. For a single GRB, with the

observed bounds on active-sterile neutrino mixing, there is no significant deviation from three active

neutrino results. Therefore, for a single GRB, it is difficult to discriminate between usual three

neutrino and possible four flavour (3 active + 1 sterile) formalism. Further studies have been made

on the bounds on light neutrino mass in the present four neutrino scheme obtained from neutrinoless

double beta decay search results. For normal hierarchy, using the present bounds on active-sterile

mixing and the bounds from neutrinoless double beta decay, the order of light neutrino mass has

been estimated in this Chapter. It is found that for inverted hierarchy, lightest neutrino mass can be

as small as ∼ 0.02 eV when bounds from KamLAND is considered.

There are rooms for systematic and detector related uncertainties as also the uncertainty in esti-

mating the GRB neutrino flux. Indeed the analysis of recent IceCube high energy starting event

(HESE) data (6 year) estimated the diffused GRB neutrino flux as E2φ(E) = 2.46 ± 0.8 ×

10−8

(
E

100TeV

)−0.92

GeV cm−2s−1 sr−1. The uncertainty in the spectral index is also esti-

mated to be 2.92+0.33
−0.29 in the same analysis. Uncertainties due to neutrino propagation and inter-

actions inside the Earth, whereas detector and ice uncertainties also effect the observational data.

Neutrino propagation inside the Earth is guided by the Earth density profile which in this case is pa-
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rameterized by PREM model. In general the uncertainty in PREM model is considered by creating

perturbations of the model. It is considered that the density gradient inside the Earth is negative in

the core and mantle of the Earth. The local perturbation in the PREM model is not generally taken

to be more than 10%. The shower and the track events are recorded by the Digital Optical Modules

(DOMs). The uncertainty can arise from the DOMs as well as the ice immediately surrounding

the DOMs. The cables attached to the DOMs and unknown local optical conditions can affect the

optical efficiency, which in turn induces errors in the event distribution and in the detected energy.

The systematic and the statistical error may also creep in for the absorptional coefficients as well as

for the optical scattering in the ice. Even the glacial flows of the ice can contribute to the uncertainty

due to the ice. These uncertainties affect the light deposited by the LED flashers in the DOMs. A

Monte Carlo analysis of such ice uncertainties shows a ∼ 10% variations [375]. The column of ice

at the immediate vicinity of the DOMs may have different optical properties because of the possible

trapping of gas during refreezing after their installation. This can induce an additional uncertainty

in recording the actual events. The detailed analysis and comparisons with the Monte Carlo simula-

tions is discussed in [375]. But when one evaluates a quantity from measurements which expressed

in terms of the ratios of two observables, such as the one (track to shower ratio) considered in this

Chapter, some of the errors are expected to be cancelled.
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CHAPTER 9

IMPLICATIONS OF A PROTON BLAZAR

INSPIRED MODEL ON CORRELATED

OBSERVATIONS OF NEUTRINOS WITH

GAMMA-RAY FLARING BLAZARS

The detection of the neutrino events IceCube-170922A, 13 muon neutrino events observed in 2014-

2015 and IceCube-141209A by IceCube observatory from the Blazars, namely TXS 0506+056,

PKS 0502+049/TXS 0506+056 and GB6 J1040+0617 respectively in the state of enhanced gamma-

ray emission, indicates the acceleration of cosmic rays in the blazar jets. The photo-meson (pγ)

interaction cannot explain the IceCube observations of 13 neutrino events. The non-detection of

broadline emission in the optical spectra of the IceCube blazars, however, question the hadronu-

clear (pp) interaction interpretation through relativistic jet meets with a high density cloud. In this

Chapter, a proton blazar model is investigated where non-relativistic protons under the charge neu-

trality condition of the blazar jet can be a viable target for pp interaction with shock-accelerated
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protons, and describe the observed high energy gamma-rays (γ-rays) and neutrino signal from the

said blazars. This is explored that the model is capable of explaining consistently, the observed elec-

tromagnetic (EM) spectrum in combination with the appropriate number of neutrino events from the

corresponding blazars.

9.1 Introduction

The IceCube Neutrino Observatory reported the detection of a few reconstructed high energy (TeV

energy and above) neutrino events in spatial coincidence with a couple of known γ-ray blazars

which provide the first direct identification of sources of high energy cosmic rays. Gamma-ray

blazars are a class of Active Galactic Nuclei (AGN) with powerful relativistic jets and are oriented

close to the line of sight of the observer. These could very well contribute to the diffuse flux of

high energy neutrinos detected by IceCube [376]. Blazars are usually sub-classified into BL Lac

objects and flat spectrum radio quasars (FSRQs), depending on the emission line properties [377].

A common feature of the non-thermal EM spectral energy distribution (SED) of blazars is the

double-hump structure − one at the IR/optical/UV or X-ray regime and the other at high energy

γ-ray bands. The lower energy bump is usually believed to produce from synchrotron radiation

of primary electrons while most popular explanation of higher energy hump (the second hump)

is inverse Compton (IC) scattering of synchrotron or external photons [378–380]. The leptonic

scenarios, however, cannot explain some observed characteristics such as very fast variability almost

in all observed bands [381, 382].

The first detection of cosmic ray sources happens on 22 September, 2017 when the IceCube

collaboration observed a high energy muon neutrino event IceCube-170922A of energy ∼ 290 TeV

[383, 384] coming from the direction of the sky location of the known blazar TXS 0506+056, a

BL Lac object [383, 385]. A follow-up observation by the Fermi Large Area Telescope (LAT)

Collaboration [386] revealed that the γ-ray source TXS 0506+056 blazar was in a state of enhanced
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emission in GeV energies with day-scale variability [387] on September 28, 2017. A significant very

high energy γ-ray signal has been observed by the Major Atmospheric Gamma Imaging Cherenkov

(MAGIC) Telescopes [388] with energies up to about 400 GeV on this day. As high energy neutrinos

are believed to be produced only in hadronic processes, the observed association of the neutrino

event with the γ-ray flaring blazar TXS 0506+056 has opened a new window to study the origin of

cosmic rays in blazars using multimessenger astronomy.

After the discovery of TXS 0506+056 blazar flare, IceCube Collaboration, on reanalysis of

archival 9.5 years of IceCube data at the position of TXS 0506+056 reported significant evidence

for a flare of 13 muon neutrino events during September 2014 and March 2015 [383]. Assuming

a power law distribution of the signal between 32 TeV and 3.6 PeV energy range, a statistical

significance 3.5σ excess over the atmospheric neutrino background was found during a 158-day

box-shaped time window from MJD 56937.81 to MJD 57096.21 [383]. It had also been noticed

that time window of neutrino flare, the blazar TXS 0506+056 was in the quiescent state of both the

radio and GeV emission [389]. A nearby FSRQ blazar, PKS 0502+049 which is only ∼ 1.20 far

from TXS 0506+056, was in a state of enhanced γ-ray emission state just before and after the period

of the neutrino excess in 2014−2015 [389, 390]. Thus, the neutrinos produced in the jet of PKS

0502+049 blazar could have possible contribution to such neutrino flare in 2014− 2015 since PKS

0502+049 is spatially consistent with directional uncertainties of such observed muon neutrinos.

In addition, the IceCube Observatory reported the detection of a high energy neutrino event,

designated as IceCube-141209A [391] which is in spatial coincidence with another known γ-ray

blazar, GB6 J1040+0617 with the coincidence detection probability by chance is just 30%. The ob-

served association of the neutrino suggests that the blazar GB6 J1040+0617 can be another plausible

neutrino source candidate.

These observations suggest the blazars to be a common origin of both high energy γ-rays and

neutrinos. Therefore, their production mechanisms in blazars are very relevant. The high energy

neutrinos can be produced either in lepto-hadronic (pγ) or in pure hadronic (pp) interactions. The
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high energy neutrinos and TeV γ-rays (totally or partially) are produced in the former scenario

through the interaction of blazar accelerated cosmic rays with surrounding EM radiation whereas in

the latter scenario they are produced in the interaction of the blazar accelerator cosmic rays with the

ambient matter. Another issue is the maximum energy of the accelerated particles in the detected

sources that led to the creation of such high energy neutrinos together with observed EM radiation

from the sources. To this end, a proton blazar model in Ref. [392] is considered for this Chapetr.

This proton Blazar model can describe consistently the observed high energy γ-rays and neutrino

signal from the blazar TXS 0506+056 [392]. In this Chapter, we would like to demonstrate that this

proton blazar model can consistently explain the spectral behavior of observed higher energy bump

of the EM SED along with the observed association of neutrinos from all the three IceCube blazars

at the flaring stage. Such a scenario appears to be more realistic than the scenario of the cloud-in-jet

model as we discuss later.

9.2 The models of γ-rays and Neutrinos Production for

the Blazars Probed by IceCube

There are efforts to interpret the production of the detected neutrino events together with the EM

observations from TXS 0506+056. A common feature of all the proposed models is that protons are

accelerated along with electrons to relativistic energies in the acceleration sites. The protons then

interact with γ-rays or with ambient matter in blazar environment via pγ interaction [385, 387, 393,

394] and/or pp interaction [395, 396] to produce high energy (HE) events. Ansoldi et al. (2018)

[385] described the detected neutrino event along with the EM observations from the said blazar

by assuming a dense field of external low energy photons originating in a possible structured-layer

surrounding the jet as targets for photohadronic interactions. Keivani et al. (2018) [387] assumed a

hybrid leptonic scenario of the blazar TXS 0506+056 where the production of high energy gamma-

rays was described by external inverse Compton processes and high energy neutrinos are accounted
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via a radiatively sub-dominant hadronic component. The said observation was interpreted recently

in Gao et al. (2019) [393] by involving a compact radiation core for high photohadronic interaction

rates.

In the hadronic (pp) interaction scenario, the high thermal plasma density is required for effi-

cient high energy γ−ray production in AGN jet. Recently, Liu et al. [395] described the observed

EM and neutrino fluxes from the blazar TXS 0506+056 by assuming the presence of clouds in the

vicinity of the supermassive black hole (SMBH) that provides targets for inelastic pp collisions once

they enter the jet. However, the non-detection of the broadline region (BLR) emission from TXS

0506+056 and other BL Lac objects [387] create doubt on the presence of BLR clouds in the vicin-

ity of the SMBH of TXS 0506+056 [387]. The model by Murase et al. [397] can naively explain

both of the 2017 and 2014-2015 neutrino flares of TXS 0506+056 when effective optical depth to

the photodisintegration process is taken 0.1 and ≥ 1 respectively.

The composition of the bulk of the jet medium is not clearly known. For high luminous blazars,

the proton component of plasma is necessary as suggested by some author e.g, Celotti & Fabian

(1993) [398], Ghisellini et al. (2010) [399], in order to maintain the radiated power which would

not exceed that carried by jet. In the proton blazar model in Ref. [392] by Banik et al., the non-

relativistic protons that come into existence under the charge neutrality condition of the blazar jet

can offer sufficient target matter for pp interaction with shock-accelerated protons [392]. This model

could explain simultaneously the EM observations and neutrino events from TXS 0506+056. This

is to demonstrate that this model can well describe along with TXS 0506+056 results the 13 muon

neutrino events at IceCube mentioned earlier.

9.3 The Flux Estimation in the Proton Blazar Model

The proton blazar model is described in Ref. [392]. In this proton blazar framework, a broken

power law energy distribution is assumed for accelerated relativistic electrons in the blazar jet to
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explain the low energy bump of the SED by synchrotron radiation and can be written as [392, 400]

N ′e(γ
′
e) = Keγ

′−α1
e if γ′e,min ≤ γ′e ≤ γ′b

= Keγ
′α2−α1
b γ′−α2

e if γ′b < γ′e ≤ γ′e,max , (9.1)

where α1 and α2 are the spectral indices before and after the spectral break at Lorentz factor γ′b and

γ′e = E′e/mec
2 is the Lorentz factor of electrons of energy E′e. The normalization constant Ke can

be found using the relation [392, 401]

L′e = πR′2b βjc

∫ γ′e,max

γ′e,min

mec
2γ′eN

′
e(γ
′
e)dγ

′
e , (9.2)

whereL′e represents the kinetic power of accelerated electrons in the comoving blazar jet frame. The

energy density and number density of relativistic (‘hot’) electrons are u′e =
∫
mec

2γ′eN
′
e(γ
′
e)dγ

′
e

and n′e,h =
∫
N ′e(γ

′
e)dγ

′
e respectively.

It is often considered that all the electrons in such a scenario undergo Fermi acceleration. How-

ever, as pointed out by Eichler and Waxman [402] in the context of γ-ray bursts that the exact

fraction of electrons (χe) participated in diffusive shock (Fermi) acceleration cannot be evaluated

by current observations (the observationally admissible range is me/mp ≤ χe ≤ 1). When ther-

mal ions/electrons encounter at any shock barrier, only about 25 % of them are reflected and when

they encounter a shock barrier too weak to reflect them, they cross toward downstream and thus

do not participate in the acceleration. A part of the impinged ions/electrons are reflected by shocks

and energized up to a certain level via diffusive shock acceleration (DSA) also finally convected

downstream. Only a small fraction of injected ions/electrons achieve sufficient energy via DSA

and escape toward upstream [403]. Here χe ≈ 10−3 is adopted, which is within the allowed range

and consistent with the hybrid simulation results of DSA by parallel collisionless shock [404, 405].

Such a low value is also supported by the fact that electrons share nearly two order less total energy

compare to total energy of protons [405, 406] and as mentioned already that only 0.04 fraction of
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protons undergo Fermi acceleration. Note that it is not mandatory to strictly consider such low

χe ∼ 10−3. But, for instance χe ∼ 10−2, the cosmic ray flux is to be increased appropriately

i.e. signifying higher jet power. The total number of electrons including ‘hot’ and non-relativistic

(‘cold’) electrons is n′e = n′e,h/χe.

The detailed computation technique of EM and neutrino spectra at the Earth from a blazar in

the framework of proton-blazar inspired model by Banik et al. is given in Ref. [392]. In order

to compute the gamma spectrum in present proton blazar model one needs to attain the emissivity.

The emissivity Qc(ε′c) of produced γ-ray photons of energy E′c (= mec
2ε′c) due to IC scattering of

primary accelerated electrons with the seed photons is given in [407, 408]. The seed photon density

and spectra are estimated directly from the observed photon flux from the blazar [392, 409].

In the proton blazar framework, a power law behavior is assumed for the cosmic ray protons

which are supposed to be accelerated to very high energies E′p = mpc
2γ′p in the blob of a blazar jet

[410, 411]

N ′p(γ
′
p) = Kpγ

′
p
−αp . (9.3)

where γ′p is the Lorentz factor of accelerated protons, αp represents the spectral index, Kp indicates

the proportionality constant which can be obtained from Eq. 9.2 (as the expression also holds for

proton) using the corresponding jet power L′p for relativistic protons. The energy density of rela-

tivistic protons is u′p =
∫
mpc

2γ′pN
′
p(γ
′
p)dγ

′
p and n′p =

∫
N ′p(γ

′
p)dγ

′
p represents the corresponding

number density of relativistic protons.

Secondary particles (mainly pions) are produced when the shock accelerated cosmic rays inter-

act with the cold matter (protons) of density nH = (n′e−n′p) in the blob of AGN jet. The emissivity

of secondary particles has been calculated in this work following [395, 412–414].

The TeV-PeV γ-rays that may be produced from decay of π0 is likely to be absorbed due to

internal photon-photon (γγ) interactions [415] while propagating through an isotropic source of low

frequency radiation. This is generally assumed to be the observed synchrotron radiation photons

produced by the relativistic electron population in the comoving jet. The γ-ray emissivity as a
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function of γ-ray energy E′γ(= mec
2ε′γ) has been computed following [413] and the emissivity of

escaped γ-rays after internal γγ-absorption within the source region is estimated following [401].

Q′γ,esc(ε
′
γ) = Q′γ(ε′γ).

(
1− e−τγγ

τγγ

)
. (9.4)

where τγγ(ε′γ) is the optical depth for the interaction and can be obtained as given by [392, 415].

The total number of high energy injected electrons/positrons (Q′e) in the emission region of

AGN jet are the sum of those created in γγ pair production and those produced directly due to the

decay of π± mesons created in pp interaction. These injected electrons/positrons will initiate EM

cascades in the AGN blob via the synchrotron radiation and the IC scattering. The secondary pair

cascading processes were incorporated following the self consistent formalism of Böttcher et al.

(2013) [401] after inclusion of IC mechanism.

The observable differential flux of γ-rays reaching the earth from a blazar can be written as

E2
γ

dΦγ

dEγ
=
V ′δ2Γ2

j

4πd2
L

E′2γ
mec2

Q′γ,esc(ε
′
γ).e−τ

EBL
γγ , (9.5)

where Q′γ,esc(ε
′
γ) is the total γ-ray emissivity from the blob of AGN jet with photon energies

E′γ = mec
2ε′γ in comoving jet frame including all processes stated above (the synchrotron and

the IC radiation of accelerated electrons, the γ-rays produced in pp interaction and also the syn-

chrotron photons of EM cascade electrons), V ′ = 4
3πR

′3
b is the volume of the emission region,

Eγ = δE′γ/(1 + z) [416] relates photon energies in the observer, dL is the luminosity distance of

the AGN from the Earth and comoving jet frame of red shift parameter z respectively. Here we

introduce the effect of the absorption by the extragalactic background (EBL) light on γ-ray photons

and τEBLγγ (εγ , z) is the corresponding optical depth which can be obtained using the Franceschini-

Rodighiero-Vaccari (FRV) model [324]. We have used the recent results on neutrino mixing angles

to compute flavour ratio of various neutrino flavour after oscillations. As mentioned earlier, in this
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Chapter the oscillation probability for a neutrino |να〉 of flavour α to a neutrino |νβ〉 of flavour β

after traversing a baseline distance dL is given by

Pνα→νβ = δαβ − 4
∑
j>i

UαiUβiUαjUβj sin2

(
πdL
λij

)
. (9.6)

A neutrino |να〉 of flavour α is related to its mass eigenstates |νi〉 (i = 1, 2, 3, for three flavour case)

by

|να〉 =
∑
i

Uαi|νi〉 . (9.7)

If the neutrinos originate at distant blazar with the flavour ratio

ϕνe : ϕνµ : ϕντ = 1 : 2 : 0 ,

the flux Φ3
να on reaching the earth can be expressed as given in Eq. 8.28 (Φ3

να is equivalent to F 3
να

of Eq. 8.28) earlier in the Chapter 8.

In this Chapter, the values of three mixing angles are adopted as θ12 = 32.96o, θ23 = 40.7o

and θ13 = 8.43o [417] for the computation. Hence, the flavour ratio of neutrino flux reaching at

Earth from the distant blazar after neutrino oscillation is evaluated to be Φ3
νe : Φ3

νµ : Φ3
ντ = 1.052 :

0.992 : 0.955.

The corresponding muon neutrino flux reaching at the earth can be expressed as

E2
ν

dΦνµ

dEν
= ξ.

V ′δ2Γ2
j

4πd2
L

E′2ν
mec2

Q′ν,pp(ε
′
ν) , (9.8)

where ξ = 0.992/3 is a fraction which is considered due to neutrino oscillation andEν = δE′ν/(1+

z) [416] relates neutrino energies in the observer and comoving jet frame respectively. If the dif-

ferential flux of muon neutrinos is known then the number of expected muon neutrino events at
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IceCube detector in time τ can be obtained from the relation

Nνµ = τ

∫ εν,max

εν,min

Aeff (εν).
dΦνµ

dεν
dεν , (9.9)

where Aeff be the IceCube detector effective area at the declination of the blazars in the sky [163,

384, 389].

9.4 Gamma-rays and Neutrino Fluxes from the Icecube

Detected Blazars

The γ-ray variability time scale of all three blazars can generally be assumed as tver ≤ 105 s as

found for TXS 0506+056 by analyzing the X-ray and γ-ray light curves [387]. The best fit spectral

slope of the observed astrophysical neutrinos between 194 TeV and 7.8 PeV by IceCube observatory

[418, 419] suggests that the spectral index of the energy spectrum of AGN accelerated cosmic rays

can be taken as αp ∼ −2.1 for all blazars. As the declination of the all blazars are nearly same, the

same Aeff as provided by IceCube collaboration at the declination of the TXS 0506+056 in the sky

has been usued for all three blazars [163, 384].

9.4.1 GB6 J1040+0617

An energy of 97.4±9.6 TeV was deposited in the IceCube detector by the neutrino event, IceCube-

141209A [391]. Although two neighbouring FSRQs 4C+06.41 and SDSS J104039.54+061521.5 of

the object GB6 J1040+0617 were found to be positionally located within the 90% uncertainty of the

well-reconstructed neutrino IceCube-141209A, they are less favoured as the likely neutrino coun-

terpart [391] because no significant high energy gamma-ray emission was observed at the arrival of

IceCube-141209A neutrino event. But being a BL Lac object, GB6 J1040+0617 displays a bright

299



optical flare detected by the All Sky Automated Survey for Supernovae observatory. This flare is

associated with modest γ-ray activity at the neutrino arrival time. The blazar showed an increased

γ-ray activity which started a few days before the neutrino event detection (IceCube-141209A) and

lasted for 93 days. Moreover, the blazar is located near the equatorial plane at a similar declination

as TXS 0506+056. This is the region in the sky for which IceCube is most sensitive to high energy

neutrinos. If IceCube-141209A is astrophysical in origin, the low synchrotron peaked γ-ray blazar

GB6 J1040+0617 appears to be a plausible neutrino source candidate based on its energetics and

multiwavelength characteristics [391]. The redshift of the blazar has been estimated to be z = 0.73

[420, 421] and the luminosity distance of the blazar is evaluated to be dL ∼ 4612.1 Mpc with a

consensus cosmology.

To explain the EM SED of GB6 J1040+0617 over the optical to γ-ray energy range, we have

considered here the size of emission region is taken to be R′b = 5.2 × 1016 cm with bulk Lorentz

factor of AGN jet Γj = 21 and Doppler boosting factor δ = 30. These are strongly consistent with

the size suggested from the variability, namely R′b . δctver/(1 + z) ' 5.2 × 1016 cm assuming

tver ' 105 s (similar to that of the blazar TXS 0506+05). These are chosen to explain the SM SED

of GB6 J1040+0617.

The lower energy bump of the experimental EM SED data can be explained well by the syn-

chrotron emission of primary accelerated electron’s distribution obeying a broken power law as

given by Eq. 9.1 with spectral indices α1 = 1.45 and α2 = 6.2 respectively before and after the

spectral break with the Lorentz factor γ′b = 1.35× 104. The observed data are best explained when

the magnetic field found to be B′ = 0.01 G and L′e = 1.5 × 1043 erg/s respectively. Also, IC

scattering of primary relativistic electrons with this synchrotron photons comoving with the AGN

jet is found to produce the lower part of the high energy bump of the EM spectrum.

Using the Eq. 9.5 the model can well explain the higher energy bump of observed EM SED.

The required accelerated primary proton injection luminosity is estimated to be L′p = 2.7 × 1045

erg/s and the best fitted spectral slope is αp = −2.1 under charge neutrality condition. The cold
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Figure 9.1: The estimated differential energy spectrum of γ-rays and neutrinos reaching
the Earth from the blazar GB6 J1040+0617. The pink small-dashed line and green long-
dash-double-dotted line indicate the EM spectrum due to the synchrotron emission and the
IC emission of relativistic electrons respectively. The red dotted line shows the γ-ray flux
produced from pp-interaction after γγ-absorption. The gray big dash-dotted line and or-
ange big dashed line denote the flux for synchrotron & IC emission by electrons/positrons
in EM cascade after γγ-absorption. The black continuous line represents the estimated
overall differential EM SED. The blue small dash-single dotted line indicates the differ-
ential muon neutrino flux at the Earth. The yellow dash-triple-dotted line and brown long
dash-single dotted line denote the detection sensitivity of the CTA detector for 1000 hours
and the LHAASO detector for one year respectively. The expected level and energy range
of the neutrino flux reaching the Earth, which are indicated by the cyan long dashed line,
produce one muon neutrino in IceCube in 0.5 years, as observed.

proton number density in jet turns out to be 4.2×105 particles/cm3 under charge neutrality condition

which provides sufficient targets for hadronuclear interactions with accelerated protons under the

assumption of a low acceleration efficiency of electrons in AGN jet of χe ≈ 10−3. The contributions

of the synchrotron and IC emission of the stationary electron/positron pairs produced in EM cascade

induced by protons are estimated following [401]. The radiative cooling time due to IC losses

inversely with the energy density of photons in comoving jet frame in equilibrium. The IC spectrum

from cascade electrons is evaluated by considering seed photons from the observed EM energy
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spectrum as a whole and not just using synchrotron seed photons. This leads to smaller IC cooling

time and yields higher IC and lower synchrotron fluxes from cascade electrons. The IC process is

incorporated with full Klein-Nishima formulation while implementing self consistent formalism of

Bottcher et al. (2013) [401].

The total jet power is evaluated as Lkjet = Γ2
jβjcπR

′2
b

[
u′e + u′p + u′B

]
[385] (in terms of rela-

tivistic electron, proton kinetic energy and magnetic field). This is computed to be 1.2× 1048 erg/s

and is consistent with the Eddington luminosity of the blazar if it is assumed that the system hosts

a supermassive black hole of mass Mbh & 9.5× 109M�, like AGN NGC 1281.

The estimated differential γ-ray and neutrino spectrum reaching at Earth from this blazar along

with the different space and ground based observations is shown in Fig. 9.1. The XMM-Newton and

the Swift-XRT data were collected in May, 2003 and during 2007−2011 respectively [391]. Note

that XMM-Newton and Swift-XRT data are not mutually consistent which may be due to dynamical

behaviour of the source. Using Eq. 9.9 the expected muon neutrino event in IceCube detector from

the blazar is evaluated to be about Nνµ = 0.52 events in 32 TeV and 7.5 PeV energy range in 0.5

years for the flaring very high energy (VHE) emission state with E′p,max = 20 PeV.

9.4.2 TXS 0506+056

The high energy neutrino induced muon track detected by IceCube (IceCube-170922A) was found

to coincide positionally with the known flaring γ−ray blazar, TXS 0506+056 with chance coinci-

dence being rejected at a 3σ confidence level [383]. No additional excess of neutrinos was found

from the direction of TXS 0506+056 near the time of the alert. Considering a spectral index of

−2.13 (−2.0) for the spectrum of diffuse astrophysical muon neutrinos, the most probable energy

of the neutrino event was estimated to be 290 TeV (311 TeV) with the 90% C.L. The lower and up-

per limits are 183 TeV (200 TeV) and 4.3 PeV (7.5 PeV), respectively [383, 385]. The Fermi-LAT

observations suggest that the integrated γ-ray flux above 0.1 GeV from TXS 0506+056 elevates to

the level (5.3±0.6)×10−7 cm−2s−1 in the week 4 to 11 July 2017 from its averaged integrated flux
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of (7.6±0.2)×10−8 cm−2s−1 above 0.1 GeV during 2008 to 2017. The Astro-Rivelatore Gamma

a Immagini Leggero (AGILE) γ-ray telescope observed a flux of (5.3 ± 2.1) × 10−7 cm−2s−1

during 10 to 23 September 2017. Thus all the extensive follow-up observations revealed TXS

0506+056 was active in all EM bands during the period July 2017 to September 2017 whereas

the source was found to be in quiescent stage most of the time based on an archival study of the

time dependent γ-ray data over about the last ten years. The redshift of the blazar has been re-

cently estimated to be z = 0.3365 [422] and the luminosity distance of the blazar is evaluated to

be dL ∼ 1750 Mpc [387] with a consensus cosmology. The size of emission region is chosen

to be R′b = 5.5 × 1016 cm with bulk Lorentz factor of AGN jet Γj = 30 and Doppler boosting

factor δ = 30. These are strongly consistent with the size inferred from the variability, namely

R′b . δctver/(1 + z) ' 6.7 × 1016(δ/30)(tver/105s) cm [387] to describe the EM SED of TXS

0506+056 over the optical to γ-ray energy range.

This has been found in this Chapter, that the synchrotron emission by primary accelerated elec-

trons, the distribution of which obeys a broken power law, can explain well the lower energy bump

of the experimental EM SED data. The IC scattering of primary relativistic electrons with those

synchrotron photons comoving with the AGN jet is found to produce lower part of the high energy

bump of the EM spectrum. The adopted proton blazar model in which γ-rays are found to produce

in interactions of relativistic protons with the ambient cold protons in the blob can explain consis-

tently the observed higher energy bump of observed EM SED data as estimated following Eq. 9.5.

The required accelerated primary proton injection luminosity is estimated to be L′p = 1.65 × 1045

erg/s with the best fit spectral slope of αp = −2.1 and the total kinetic jet power turns out to be

1.5×1048 erg/s. The synchrotron & IC emissions of the stationary state electron/positron pairs pro-

duced in EM cascade induced by protons are evaluated and are found to explain well X-ray data as

shown in Fig. 9.2. The estimated flux in the work from EM cascade for TXS 0506+056 is compara-

ble with that of Liu et al. (2018) in which EM radiation absorption was also considered. The proton

spectrum considered here is softer and this seems balance such effect of electromagnetic radiation
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Figure 9.2: Same as Fig. 9.1, but for the blazar TXS 0506+056 during the active phase.
The cyan long dashed line represents the expected level and energy range of the neutrino
flux at the Earth to produce one muon neutrino event in IceCube in 0.5 years, as observed.

absorption considered by Liu et al. (2018). Our estimated cascade synchrotron emission is almost

the same to that given by [396]. The effect of softer primary proton spectrum considered by [396]

seems compensated by non-incorporation of IC process in his work. The model fitted parameters

are shown in Table 9.1.

The calculated differential γ-ray and neutrino spectrum reaching at Earth from this blazar along

with the different space- and ground-based observations are given in Fig. 9.2. Using Eq. 9.9 the

expected muon neutrino event in IceCube detector from the blazar is found to be about Nνµ = 0.74

events in 200 TeV - 7.5 PeV energy range in 0.5 years for the flaring VHE emission state with

E′p,max = 20 PeV.

9.4.3 TXS 0506+056/PKS 0502+049

Reanalyzing the 9.5 years of data at the position of TXS 0506+056 Icecube collaboration reported

significant evidence for a flare of 13± 5 muon neutrino events between September 2014 and March
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Figure 9.3: Evaluated differential energy spectrum of γ-rays and neutrinos reaching at the
Earth from the blazar TXS 0506+056 in quiescent state (during MJD 56949−57059). The
black continuous line and blue dash-dotted line indicate the estimated overall differential
EM SED and neutrino spectrum respectively following our model. The cyan long dashed
line represents the expected level and energy range of the neutrino flux reaching Earth to
produce 13 muon neutrino events in IceCube in 158 days, as observed.

2015 [383]. Moreover, it is also reported that observed neutrino flare has 3.5σ excess over atmo-

spheric neutrinos in an energy range (68 % C.L.) between 32 TeV and 3.6 PeV. But, the blazar TXS

0506+056 was appeared to be in the quiescent state in both the radio and GeV emission band at the

arrival time window of such a neutrino flare [383]. The energy spectrum of detected neutrinos ex-

hibits power law behavior with spectral slop around−2.1 to−2.2 depending on the choice of fitting

window [384]. The spectral index of the accelerated proton spectrum has to be chosen accordingly.

The calculated differential γ-ray and neutrino spectrum reaching at the Earth from TXS 0506+056

during the window October 19, 2015 - February 06, 2015 (MJD 56949-57059) along with the differ-

ent space- and ground-based observations are given in Fig. 9.3. It is found that overall differential

multi wavelength EM SED of the blazar in quiescent state can be fitted using the present model

with the parameters like Γ, δ, θ and R′b are kept fixed to that of active state of the blazar. The mag-
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netic field has to increase slightly to B′ = 0.068 G and other parameters are adjusted as α1 = 1.7,

α2 = 4.5, γ′b = 104, L′e = 9.1 × 1041 erg/s, L′p = 6.8 × 1044 erg/s and Lkjet = 6.1 × 1047 erg/s.

The archival observed X-ray data restrict the spectral slope to αp = −2.2 and the expected muon

neutrino event in IceCube detector from the blazar is found to be about Nνµ = 0.19 events in the

energy range 32 TeV - 3.6 PeV energy range in 158 days.

Thus the blazar TXS 0506+056 which is in a quiescent state during MJD 56949-57059, is

unlikely to contribute to the detected neutrino flare during the same period. It is found that a bright

source PKS 0502+049 blazar which is located ∼ 1.20 away from TXS 0506+056, had strong GeV

flares around the neutrino flare phase in 2014−2015. The light curve of the blazar displays two

major active phases − one in the periods of MJD 56860-56960 and another in the periods of MJD

57010-57120 which are partly overlapped with the 158-days box-shaped time window of IceCube

neutrino flare from MJD 56937 to MJD 57096 [423]. The redshift of the blazar has been recently

evaluated to be z = 0.954 and the luminosity distance of the blazar is estimated to be dL ∼ 6.4 Gpc

with a consensus cosmology [424].

The EM SED of PKS 0502+049 over the optical to γ-ray energy range during MJD 56860-

56960 has been described by considering the size of emission region ofR′b = 6×1016 cm with bulk

Lorentz factor of AGN jet Γj = 30 and Doppler boosting factor δ = 40. The value ofR′b is strongly

consistent with the size inferred from the variability, namely R′b . δctver/(1 + z) ' 6.14 × 1016

cm assuming tver ' 105 s (similar to the blazar TXS 0506+05).

During the first active phase, the synchrotron emission of primary accelerated electron’s dis-

tribution is found to explain well the lower energy bump of the experimental EM SED data of the

blazar PKS 0502+049. The required magnetic field and kinematic power of relativistic electrons in

blazar jet as given by Eq. 9.2 areB′ = 0.023 G and L′e = 1.7×1043 erg/s respectively for reproduc-

tion of the EM spectrum. The IC scattering of primary relativistic electrons with this synchrotron

photons comoving with the AGN jet are found to agree well with the lower part of the high energy

bump of the EM spectrum.
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Figure 9.4: The estimated differential energy spectrum of γ-rays and neutrinos reaching
the Earth from the blazar PKS 0502+049. The black continuous line (or, red small-dashed
line) and blue small-dash-dotted line (or, pink small dash-double-dotted line) indicate
the estimated overall differential EM SED and the differential muon neutrino flux at the
Earth following our model using αp = −2.1 (or, −2.2) during first active phase in MJD
56909.8−56922.2. The gray dotted line and the green very-long dashed line represent the
same with αp = −2.1 but for the quiescent state of the blazar during MJD 56949−57059.
The yellow dash-triple-dotted line and brown long-dash-single-dotted line indicate the de-
tection sensitivity of the CTA detector for 1000 hours and the LHAASO detector for one
year, respectively. The cyan long dashed line represents the expected level and energy range
of the neutrino flux reaching the Earth to produce 13 muon neutrino events in IceCube in
158 days, as observed.

Following the model as estimated using Eq. 9.5, the observed higher energy bump of observed

EM SED data during first active phase can be explained well and the required accelerated primary

proton injection luminosity is estimated to be L′p = 9.2 × 1045 erg/s with the spectral slope of

αp = −2.1 to −2.2. Here we have taken acceleration efficiency of the electrons in AGN jet as

χe ≈ 10−3 and the cold proton number density in jet turns out to be 1.4 × 106 particles/cm3

under charge neutrality condition which provides sufficient targets for hadronuclear interactions

with accelerated protons. The expected muon neutrino event in IceCube detector from the blazar is

found to be about Nνµ = 10.85 and 5.2 events using αp = −2.1 and −2.2 respectively in 32 TeV
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- 3.6 PeV energy range in 158 days for the flaring VHE emission state with E′p,max = 20 PeV as

estimated using Eq. 9.9.

The total jet power in the form of relativistic electron, proton kinetic energy and magnetic field

is estimated to be Lkjet = 8.3 × 1048 erg/s. The synchrotron and cascade emissions of the elec-

trons/positrons pairs produced in EM cascade initiated by primary accelerated protons can explain

the observed X-ray data.

On the other hand, the quiescent state of the blazar during MJD 56949-57059 found to be of

leptonic origin where the observed low and high energy bump of observed EM SED data can be

explained well by the synchrotron emission and IC scattering of primary accelerated electron’s dis-

tribution of injection luminosity L′e = 1.3 × 1043 erg/s with B′ = 0.017 G. Because of harder

spectral slope at GeV energies of observed EM SED, the second active phase during MJD 57010-

57120 may also be originated in leptonic mechanism as suggested by Sahakyan (2019) [423]. The

γ-ray and neutrino production via pp interaction may be sub-dominant and hence emission of neu-

trinos is not significant during this phase. The expected muon neutrino event in IceCube detector

from the blazar is found to be aboutNνµ = 0.13 with L′p = 8×1043 erg/s and αp = −2.1 in 32 TeV

- 3.6 PeV energy range in 158 days with E′p,max = 20 PeV. The calculated differential γ-ray and

neutrino spectrum reaching at Earth from this blazar along with the different space- and ground-

based observations are shown in Fig. 9.4. The model fitting parameters to match the EM SED, as

well as muon neutrino events from each of the blazars considered here, are shown in Table 9.1.

9.5 Summary

The coincident detection of the neutrino event, IceCube-170922A, 13 muon neutrino events ob-

served in 2014-2015 and IceCube-141209A by IceCube observatory with the γ-ray flaring blazars,

TXS 0506+056, PKS 0502+049 and GB6 J1040+0617 respectively provide support to the acceler-

ation of cosmic rays in the blazar jet in diffusive shock acceleration process [383]. The pγ reaction
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Table 9.1: Model fitting parameters for TXS 0506+056, PKS 0502+049 and GB6
J1040+0617 according to proton blazar model.

Parameters TXS 0506+056 PKS 0502+049 GB6 J1040+0617
Active Quiescent Active Active

1.5 δ 30 30 40 30
Γj 30 30 30 21
θ 1.90 1.90 1.350 1.70

z 0.3365 0.3365 0.954 0.73
R′b (in cm) 5.5× 1016 5.5× 1016 6× 1016 5.2× 1016

B (in G) 0.034 0.068 0.023 0.01
α1 −1.6 −1.7 −1.7 −1.45
α2 −4.1 −4.5 −3.8 −6.2
γ′b 1.8× 104 104 1.3× 104 1.35× 104

γ′e,min 1 1 1 1
γ′e,max 3× 105 105 1.4× 105 105

L′e (in erg/s) 2.3× 1042 9.1× 1041 1.7× 1043 1.5× 1043

nH (in cm−3) 1.1× 105 105 1.4× 106 4.2× 105

αp −2.1 −2.2 −2.1 −2.1
E′p,max (in
eV) 2× 1016 2× 1016 2× 1016 2× 1016

L′p (in erg/s) 1.65× 1045 6.8× 1044 9.2× 1045 2.7× 1045

Lkjet (in erg/s) 1.5× 1048 6.1× 1047 8.3× 1048 1.2× 1048

Nνµ 0.74 0.19 10.85 0.52

is more widely used to explain the emission from blazars with major shortcomings of either low

neutrino rates or complex geometry of the blazar jet required. More importantly, the lepto-hadronic

model can not reproduce the neutrino flaring events from the direction of TXS 0506+056/PKS

0502+049 during the period 2014-15. On the other hand, the cloud-jet interaction scenario seems

unlikely to be a common scenario for neutrino production in all IceCube blazars due to the absence

of the broadline emission in the optical spectra of the sources.

In the framework of the proton blazar model, it is apparant that both the low and high energy

bump of the multiwavelength EM SED as also the observed neutrino events from the corresponding

blazars can be explained consistently with the relative contributions to the total jet power of cold

protons, accelerated protons, accelerated electrons and magnetic field obtained based on charge

neutrality. PKS 0502+049, the nearby flaring blazar of the TXS 0506+056, is found to contribute
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mostly to the neutrino flare observed during 2014-2015 which can not be described by any model

from TXS 0506+056 as origin [425].

The calculations in this Chapter suggest that the maximum energy of the cosmic ray particle

achievable in the blazars is nearly one order less than the ankle energy of the cosmic ray energy

spectrum in the observer frame and is required to explain consistently the observed γ-ray and

neutrino signal from the IceCube sources. The upcoming γ-ray experiments like CTA [426] and

LHAASO [427] (sensitive up to 100 TeV energies), may throw more light on the physical origin of

γ-rays and maximum achievable energy of cosmic rays in AGN jets.
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CHAPTER 10

UNPARTICLE DECAY OF NEUTRINOS

AND ITS POSSIBLE SIGNATURES AT A

Km2 DETECTOR FOR (3+1) FLAVOUR

FRAMEWORK

In this Chapter, we consider a scenario where ultrahigh energy (UHE) neutrinos undergo unparticle

decay during its passage from its cosmological source to Earth. The idea of unparticle had been

first proposed by Georgi by considering the possible existence of an unknown scale invariant sector

at high energies and the unparticles in this sector manifest itself below a dimensional transmutation

scale ΛU . The possible signatures of such decaying neutrinos to unparticles at a square kilometer

detector such as IceCube are explored in this Chapter.
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10.1 Introduction

Almost a decade back Georgi [428, 429] proposed the probable existence of a scale invariant sector.

At a very high energy scale this scale invariance sector and the Standard Model (SM) sector may

coexist and the fields of these two sectors can interact via a mediator messenger field of mass

scale MU . This is the connector sector [430]. At low energies however, the scale invariance is

manifestly broken since SM particles have masses. At a scale below MU such interactions are

suppressed by inverse powers of MU and the effective theory at low energy can be expressed by a

non-renormalizable operator. Note that in a scale invariant scenario the particle masses are zero and

in the real world, the scale invariance is manifestly broken. It is observed by Georgi [428, 429] that

at low energies such a scale invariance sector of scale dimension dU manifests itself as non-integral

number dU of massless invisible particles called “unparticles". It is to be noted that in 4-D Quantum

Field Theory (QFT), the conformal invariance is broken by renormalization group effects. But such

a conformal invariance in 4-D can be described by a vector like non-Abelian gauge theory studied

by Banks and Zaks (BZ) [431]. In this theory the scale invariant sector can flow to low energies

with nontrivial infrared fixed points and the theory may be extended to low energy. Following

Georgi’s proposal, the interaction operator OBZ for the BZ fields with the operator OSM for SM

fields can generically be represented by OBZOSM/(M
k
U ), k > 0. In a massless non-Abelian gauge

theory, the radiative corrections in the scale invariant sector induce dimensional transmutation [432]

at another energy scale. As a result, another scale ΛU appears and Georgi argued [428, 429] that

below this scale the BZ field and field operator OBZ matches onto the unparticle operator OU
with non-integral scaling dimension dU . Thus below ΛU , one has new low energy operator of

the form COUΛdBZ−dUU OSMOU/(Mk
U ), where COU is to be fixed from the matching conditions

of BZ operator OBZ onto the unparticle operator OU . In this operator, dBZ denotes the scaling

dimension of the operator OBZ. Since at low energies BZ fields decouple from the SM fields, the

infrared fixed points of the unparticles will remain unaffected by the couplings of the unparticle
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and the SM particles. The unparticle physics gives rise to rich phenemenology of many unexpected

processes. Several authors in the literatures used the concept of unparticles in a wide range of

particle physics issues. For example, Kikuchi and Okada [433] addressed the unparticle couplings

with Higgs and gauge bosons. The interactions of unpartilces with SM particles are addressed

by various other authors [434–457]. The issues of dark matter and dark energy are discussed in

the unparticle framework in the works of Refs. [458], [459]. We consider the unparticle decay

of neutrinos and explore its consequences for UHE neutrinos from a distant Gamma Ray Bursts

(GRBs). For this case, the decay length should be ∼ tens of Mpc for such decay is to be significant.

Here we investigate the unparticle decay of neutrinos along with the mass-flavour suppression due

to passage of such UHE neutrinos from a distant GRB to an Earth bound detector such as IceCube

[372]. We also consider a four flavour scenario for the neutrino species where we assume a 4th

sterile species (νs) along with the usual 3 active neutrinos (νe, νµ, ντ ). The analyses of the data

for reactor neutrinos, considering the existence of a fourth sterile neutrino along with three active

neutrinos from the experiments (short and long baselines) such as MINOS [137–148], Daya Bay

[127–133], Bugey [174] etc. have given bounds on the mixing parameters for active sterile mixing.

We calculate the neutrino induced muon yield in such a scenario at a square kilometer detector such

as IceCube.

10.2 UHE Neutrino Fluxes from a Single GRB with Neu-

trino Decay to Unparticles

GRBs [170] are some of the most energetic events in the Universe. We have considered the rel-

ativistically expanding fireball model, which is one of the few models that has been put forth to

explain why GRBs tend to have such high energy levels. In this model, the Fermi mechanism

in shocks developing in the GRB outflow can accelerate protons to energies as high as 1020 eV.

These highly energetic accelerated protons interact with photons via a cosmic beam dump process
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inside the fireball and the pions are produced through these interactions. In this Chapter, we con-

sider the UHE neutrinos which are produced by the decay of these pions and the decay process is

π+ → µ+ + νµ, which is followed by the muons decaying to µ+ → e+ + νe + ν̄µ. There are some

parameters, which are required to calculate the GRB neutrino spectrum, like Lorentz factor Γ (Γ

plays an important role in the neutrino production mechanism of the GRB), neutrino break energy

Ebrk
ν , observed photon spectral break energy Ebrk

γ,MeV, the total amount of energy released at the

time of neutrino emission EGRB (EGRB = 1053 erg, which is 10% of the fireball photon energy),

the wind variability time tν , redshift distance of GRB from the observer (z) and the wind luminosity

Lw (' 1053 erg/sec) [365, 460]. The neutrino spectrum of the GRB [365, 460, 461] can be written

as

dNν

dEsν
= N ×min

(
1,

Esν
Ebrk
ν

)
1

Esν
2 . (10.1)

In the above, N represents the normalization constant and Esν is the neutrino energy. The neutrino

spectrum break energy Ebrk
ν can be expressed in terms of Γ and Ebrk

γ,MeV. The expressions for these

quantities are given in Section 8.2.4 of the Chapter 8. At a particular distance of the GRB from

the observer (z), the relation between the observed neutrino energy Eobs
ν and the actual energy of

neutrino at the source Esν is given as Eobs
ν =

Esν
(1 + z)

. Likewise for the upper cutoff energy of the

source, the observed neutrino energy can be written as Eobs
νmax =

Esνmax

(1 + z)
. Thus in the absence of

decay or oscillation the neutrino spectrum on reaching the Earth from a GRB at redshift z takes the

form

dNν

dEobs
ν

=
dNν

dEsν

1

4πL2(z)
(1 + z) . (10.2)

In the absence of CP violation F(Esν) =
dNν

dEsν
=

dNν+ν̄

dEsν
. The spectra for neutrinos will be

0.5F(Esν). Now the neutrinos are produced in the GRB process in the proportion νe : νµ : ντ :
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νs = 1 : 2 : 0 : 0. Therefore,

φsνe =
1

6
F(Esν) , φsνµ =

2

6
F(Esν) = 2φsνe , φ

s
ντ = 0 , φsνs = 0 , (10.3)

where φsνe , φ
s
νµ , φsντ and φsνs are the fluxes of νe, νµ, ντ and νs at source repectively. In Eq. 10.2,

L(z) denotes the distance of the source (at a redshift z), which can be expressed as [462]

L(z) =
c

H0

∫ z

0

dz′√
ΩΛ + Ωm(1 + z′)3

, (10.4)

where ΩΛ + Ωm = 1 for the spatially flat Universe (ΩΛ and Ωm have their usual meanings).

In Eq. 10.4, c and H0 denote respectively the speed of the light and the Hubble constant in the

present epoch. The values of the constants which we have used in our calculations are ΩΛ = 0.68,

Ωm = 0.3 and H0 = 67.8 Km sec−1 Mpc−1.

10.3 Unparticle Decay of GRB Neutrinos

After the Georgi’s “Unparticle” proposal, extensive studies to investigate the unparticle phenomenol-

ogy have been explored in the literature. Unparticle physics is a speculative theory that conjectures

a form of matter that cannot be explained in terms of particles using the SM of particle physics, be-

cause its components are scale invariant. So the interaction between the unparticle and SM particles

is speculative in nature. The presence of this unparticle operator can effect the processes, which

are all measured in experiments. Some processes where the invisible unparticles (U) have been

considered as the final state are (1) the top quark decay τ → u+U [428], (2) the electron - positron

annihilation e+ +e− → γ+U , (3) the hadronic processes such as q+q → g+U [429, 430] etc. In

this Chapter, we consider a decay phenomenon, where neutrino having mass eigenstate νj decays
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to the invisible unparticle (U) [463] and another light neutrino with mass eigenstate νi

νj → U + νi . (10.5)

The effective Lagrangian for the above mentioned process takes the following form in the low

energy regime as

L =
λαβν

ΛdU−1
U

ν̄ανβOU , (10.6)

where α, β = e, µ, τ, s are the flavour indices, dU is the scaling dimension of the scalar unpartcile

operator OU . ΛU and λαβν indicate the dimension transmutation scale at which the scale invariance

sets in and the relevant coupling constant respectively. From Eq. 10.5 note that a heavier neutrino

decays into a lighter neutrino and an unparticle. The neutrino mass and flavour eigenstates are re-

lated through |νi〉 =
∑
α

U∗αi|να〉, where Uαi are the elements of the Pontecorvo - Maki - Nakagawa

- Sakata (PMNS) [121] mixing matrix. Working in the neutrino mass eigenstate basis is more con-

venient than the flavour eigenstate. So in this mass basis we can write the interaction term bettween

neutrinos and the unparticles as λijν ν̄iνjOU/ΛdU−1
U , where λijν is the coupling constant in the mass

eigenstate i, j. Now the above mentioned coupling constant can be expressed as

λijν =
∑
α,β

U∗αiλ
αβ
ν Uβj . (10.7)

The total decay rate Γj or equivalently the lifetime of neutrino τU = 1/Γj is the most relevant

quantity for the decay process νj → U + νi [463]. The lifetime τU can be written as

τU
mj

=
16π2dU (d2

U − 1)

Ad|λijν |2

(
Λ2
U

m2
j

)dU−1
1

m2
j

, (10.8)
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where mj is the mass of the decaying neutrino. The normalization constant [428] in the above

equation (Eq. 10.8) is defined as

Ad =
16π5/2

(2π)2dU

Γ(dU + 1/2)

Γ(dU − 1)Γ(2dU )
. (10.9)

In the decay process for the four flavour scenario the lightest mass state |ν1〉 is stable, because

it does not decay and all other states |ν2〉, |ν3〉 and |ν4〉 are unstable. Also note that due to the

astronomical baseline L(z) for these neutrinos the oscillatory part (sin2

(
∆m2L(z)

4Eν

)
, ∆m2 being

the mass squared difference of any two neutrinos) is averaged out to half and the flavour oscillation

probability (from flavour α to a flavour β) is reduced to Pνα→νβ =
∑
j

|Uαj |2|Uβj |2, j being the

mass index. In the absence of the decay therefore the neutrino flux at the detector for UHE neutrinos

from distant GRB can be computed as φdetector
να (Eν) =

∑
i

∑
β

[
φsνβ |Uβi|

2|Uαi|2
]
a1, while in

the presence of neutrino decay (we consider the unparticle decay of neutrinos in this Chapter) the

expression for the neutrino flux at the detector is given as

φdetector
να (Eν) =

∑
i

∑
β

[
φsνβ |Uβi|

2|Uαi|2exp(−4πL(z)/(λd)i)
]
a1 , (10.10)

where the baseline length, L(z) =
c

H0

∫ z

0

dz′√
ΩΛ + Ωm(1 + z′)3

, a1 =
1

4πL2(z)
(1 + z) and the

decay length (λd)i = 4π
Eν
αi

with αi =
mi

τU
. In Eq. 10.10 α, β indicate the flavour indices and i is

defined as mass index. For the 4-flavour scenario, the elements of the PMNS mixing matrix can be

generated by successive rotations (R) (in terms of six mixing angles θ14, θ24, θ34, θ13, θ12, θ23) as

[359]

Ũ4×4 = R34(θ34)R24(θ24)R14(θ14)R23(θ23)R13(θ13)R12(θ12) , (10.11)

where we consider that there is no CP violation in the neutrino sector and hence the CP phases are

omitted for simplicity. The expressions for the succesive rotation terms (R) in Eq. 10.11 are given
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in the Chapter 8 (Eq. 8.14). For the 4-flavour scenario (the minimal extension of 3 flavour case by

a sterile neutrino) the PMNS matrix can be written as

Ũ(4×4) =



c14Ue1 c14Ue2 c14Ue3 s14

−s14s24Ue1 + c24Uµ1 −s14s24Ue2 + c24Uµ2 −s14s24Ue3 + c24Uµ3 c14s24

−c24s14s34Ue1

−s24s34Uµ1

+c34Uτ1

−c24s14s34Ue2

−s24s34Uµ2

+c34Uτ2

−c24s14s34Ue3

−s24s34Uµ3

+c34Uτ3

c14c24s34

−c24c34s14Ue1

−s24c34Uµ1

−s34Uτ1

−c24c34s14Ue2

−s24c34Uµ2

−s34Uτ2

−c24c34s14Ue3

−s24c34Uµ3

−s34Uτ3

c!4c24c34



,

(10.12)

where Uαi represents the matrix elements of 3-flavour neutrino mixing matrix U , which is given in

Eq. 8.15 of Chapter 8

U =


c12c13 s12c13 s13

−s12c23 − c12s23s13 c12c23 − s12s23s13 s23c13

s12s23 − c12c23s13 −c12s23 − s12c23s13 c23c13

 . (10.13)

In Eq. 10.10, φνα represents the flux of να and φsνβ is the fluxe of neutrino having flavour β at the

source. The decay length ((λd)i) in the Eq. 10.10 can be expressed as

(λd)i = 4π
Eν
αi

= 2.5 Km
Eν

GeV

eV2

αi
, (10.14)
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where αi is defined as mi/τU , τU being the neutrino decay lifetime 1. Eq. 10.14 shows that the

decay length ((λd)i) is a function of neutrino energy (E).

Applying the equation Eq. 10.3 and by considering the condition that the lightest mass state

|ν1〉 is stable we can write the fluxes of neutrino flavours for four flavour cases on reaching the

Earth as [360, 464] (by assuming all the fluxes in terms of φsνe and using the unitarity condition∑
i

UαiU
∗
βi = δαβ).

φdetector
νe =

[
| Ũe1 |

2
(1 + | Ũµ1 |

2 − | Ũτ1 |
2 − | Ũs1 |

2
)

+ | Ũe2 |
2
(1 + | Ũµ2 |

2 − | Ũτ2 |
2 − | Ũs2 |

2
)exp(−4πL(z)/(λd)2)

+| Ũe3 |
2
(1 + | Ũµ3 |

2 − | Ũτ3 |
2 − | Ũs3 |

2
)exp(−4πL(z)/(λd)3)

+| Ũe4 |
2
(1 + | Ũµ4 |

2 − | Ũτ4 |
2 − | Ũs4 |

2
)exp(−4πL(z)/(λd)4)

]
φsνea1 ,

(10.15)

φdetector
νµ =

[
| Ũµ1 |

2
(1 + | Ũµ1 |

2 − | Ũτ1 |
2 − | Ũs1 |

2
)

+| Ũµ2 |
2
(1 + | Ũµ2 |

2 − | Ũτ2 |
2 − | Ũs2 |

2
)exp(−4πL(z)/(λd)2)

+| Ũµ3 |
2
(1 + | Ũµ3 |

2 − | Ũτ3 |
2 − | Ũs3 |

2
)exp(−4πL(z)/(λd)3)

+| Ũµ4 |
2
(1 + | Ũµ4 |

2 − | Ũτ4 |
2 − | Ũs4 |

2
)exp(−4πL(z)/(λd)4)

]
φsνea1 ,

(10.16)

1λd = 4πEν
αi

, αi = mi
τU

; m in eV, Eν in GeV, τU is decay time. In natural units λd ≡ 4πEν [GeV]× 1
αi
×

1
[GeV] × 1

[eV] = 4π
(
Eν

GeV

)
[GeV]× 1

109 × 1
[eV]2 ×

(
eV2

αi

)
= 4π

(
Eν

GeV

) (
eV2

αi

)
× [GeV][GeV]

[eV]2
× 10−9 × 1

[GeV]

= 4π
(
Eν

GeV

) (
eV2

αi

)
× [eV]2

[eV]2
× 109

[GeV] = 4π
5.6 Km

(
Eν

GeV

) (
eV2

αi

)
= 2.5 Km

(
Eν

GeV

) (
eV2

αi

)
.
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φdetector
ντ =

[
| Ũτ1 |

2
(1 + | Ũµ1 |

2 − | Ũτ1 |
2 − | Ũs1 |

2
)

+| Ũτ2 |
2
(1 + | Ũµ2 |

2 − | Ũτ2 |
2 − | Ũs2 |

2
)exp(−4πL(z)/(λd)2)

+| Ũτ3 |
2
(1 + | Ũµ3 |

2 − | Ũτ3 |
2 − | Ũs3 |

2
)exp(−4πL(z)/(λd)3)

+| Ũτ4 |
2
(1 + | Ũµ4 |

2 − | Ũτ4 |
2 − | Ũs4 |

2
)exp(−4πL(z)/(λd)4)

]
φsνea1 ,

(10.17)

φdetector
νs =

[
| Ũs1 |

2
(1 + | Ũµ1 |

2 − | Ũτ1 |
2 − | Ũs1 |

2
)

+| Ũs2 |
2
(1 + | Ũµ2 |

2 − | Ũτ2 |
2 − | Ũs2 |

2
)exp(−4πL(z)/(λd)2)

+| Ũs3 |
2
(1 + | Ũµ3 |

2 − | Ũτ3 |
2 − | Ũs3 |

2
)exp(−4πL(z)/(λd)3)

+| Ũs4 |
2
(1 + | Ũµ4 |

2 − | Ũτ4 |
2 − | Ũs4 |

2
)exp(−4πL(z)/(λd)4)

]
φsνea1 .

(10.18)

In the above Eqs. 10.15 - 10.18, φdetector
να represent the neutrino fluxes for four flavour cases on

reaching the Earth. In case of L(z) >> λd, Eq. 10.10 is then reduced to

φdetector
να (Eν)(no decay) =

∑
i(stable),β

(φsνβ |Uβi|
2|Uαi|2)a1 . (10.19)

Eq. 10.19 indicates that with the condition L(z) >> λd, the decay term is removed because the

neutrino decay is completed by the time it reaches the Earth. So only the stable state |ν1〉 exists.

So the flavour ratio in 4-flavour scenario in this case is changed to |Ue1|2 : |Uµ1|2 : |Uτ1|2 : |Us1|2

[465–467]. But when the decay length is close to the baseline length (λd ∼ L(z)), then we cannot

wash out the neutrino decay effect. Therefore, the exponential term survives in Eqs. 10.15 - 10.18

and L(z) plays an important role. In such cases, considering GRB neutrino fluxes at a fixed redshift

(z) is useful to explore the neutrino decay effects.
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10.3.1 Detection of UHE Neutrinos from a Single GRB

Upward going muons [362] are produced by the interactions, which are weak in nature, of νµ or ν̄µ

with the rock surrounding the Super-Kamiokande detector. While muons from interactions above

the detector cannot be sorted out from the continuous rain of muons created in cosmic ray showers

in the atmosphere above the mountain, muons coming from below can only be due to neutrino (νµ)

charged current (CC) interactions (νµ + N → µ + X), since cosmic ray muons cannot make it

through from the other side of the Earth. Looking upward going muons is the most encouraging

way to detect the UHE neutrinos. The secondary muon yields from the GRB neutrinos can be

detected in a detector of unit area above a threshold energy Eth is given by [363–365]

S =

∫ Eνmax

Eth

dEνφ
detector
να Pshadow(Eν)Pµ(Eν , Eth) , (10.20)

where Pshadow(Eν) represents the probability that a neutrino reaches the terrestrial detector such as

IceCube being unabsorbed by the Earth. We can express this shadow factor in terms of the energy

dependent neutrino-nucleon interaction length Lint(Eν) in the Earth and the effective path length

X(θz) (θz is fixed for a particular single GRB). Thus Pshadow(Eν) takes the form.

Pshadow = exp[−X(θz)/Lint(Eν)] , (10.21)

where Lint(Eν), X(θz) are the interaction length, the effective path length respectively and these

quantities are explained in details in Section 8.2.3 [Eqs. 8.31, 8.32 and the corresponding text] of

the Chapter 8. In Eq. 10.20, Pµ(Eν , Eth) is the probability that a neutrino induced muon reaching

the detector with an energy above Eth. The expression for Pµ(Eν , Eth) and the quantities, which

are required to calculate Pµ(Eν , Eth) have been briefly elaborated in Section 8.2.3 of the Chapter

8 (Eqs. 8.33 - 8.38 and the corresponding text)2. In the case of detecting muon events at a 1 Km2

2In Chapter 8, threshold energy is represented as Ethr whereas in this Chapter we have addressed the
threshold energy as Eth (both are same only the abbreviations are different).
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detector such as IceCube the flux φdetector
να in Eq. 10.20 is replaced by φdetector

νµ in Eqs. 10.15-10.18.

Cosmic tau neutrinos undergo CC deep inelastic scattering with nuclei of the detector material and

produces hadronic shower as well as tau lepton (ντ +N → τ+X). After traversing some distances,

which is proportional to the energy of tau lepton, τ decays into ντ (having diminished energy) and

in this process a second hadronic shower is induced. These whole double shower processes are

introduced as a double bang event. The detection of these tau leptons, which are regenerated in the

lollipop event, is very much complicated due to its non-interacting nature with the other particles as

they lose energy very fast. The only possible way of the detection of tau leptons other than double

bang event is the production of muons via the decay channel ντ → τ → ν̄µµντ with probability

0.18 [369, 370]. The number of such muon events can be computed by solving numerically Eqs

10.20, 10.21 and the corresponding equations mentioned in Section 8.2.3 of the Chapter 8 (Eqs.

8.31-8.38) and it is needless to say that φdetector
να in Eq. 10.20 is equivalent to φdetector

ντ (Eq. 10.17).

10.4 Calculations and Results

In this Section, we explore the effect on a flux of neutrinos of different flavours on reaching the Earth

from a distant astrophysical source, in case such neutrinos undergo unparticle decay along with the

usual mass-flavour oscillations. For this purpose, we consider a specific example of UHE neutrinos

from a single GRB and its detection at a Km2 Cherenkov detector such as IceCube. We also assume

the existence of a 4th sterile neutrino in addition to the usual three active flavour neutrinos (νe, νµ

and ντ ). The expression for the final flux for a neutrino flavour α on reaching the Earth is given in

Eq. 10.10 along with Eqs. 10.12-10.18. It is to be noted that the decay part (exp(−4πL(z)/(λd)i)

for a neutrino mass eigenstate |νi〉 will be meaningful and significant for L(z) ∼ (λd)i. This decay

length depends on the neutrino-unparticle coupling |λijν |, the non-integral scaling dimension dU , the

dimensional transmutation scale ΛU etc. The neutrino flux from a single GRB is calculated using

Eqs. 10.1 - 10.4. We have considered a GRB of energy EGRB = 1053 GeV at a redshift z = 0.1 for
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the present calculations. The measure of distance (Eq. 10.4) corresponding to the chosen redshift

is computed as 1015 km from the Earth where the values of cosmological parameters (ΩΛ = 0.68

and Ωm = 0.3) are adopted from PLANCK 2015 data [468]. The value of photon spectrum break

energy Ebrk
γ is adopted from Table 1 of Ref. [365] for the Lorentz boost factor Γ = 50.12. We have

considered the current best fit values for three neutrino mixing angles (θ12 = 33.48◦, θ23 = 45◦

and θ13 = 8.5◦). The following four flavour analysis of different experimental group such as

MINOS, Daya Bay, NOνA, Bugey [138, 148, 155–159, 174] suggest some limits on four flavour

mixing angles (θ14, θ24, θ34) and these limits are briefly discussed in Section 8.3.1 of the Chapter 8.

The limits on θ14 are chosen as 1◦ ≤ θ14 ≤ 4◦ in the range 0.2 eV2 < ∆m2
41 < 2 eV2, which is

consistent with the observational results from the combined experimental analysis by MINOS, Daya

Bay and Bugey-3 [148]. By considering the above mentioned limits on four flavour mixing angles

we have taken θ14, θ24 and θ34 as 3◦, 5◦ and 20◦ respectively for our calculations. It is to be noted

that in the four flavour neutrino decay framework the normal hierarchy is evident and |ν2〉, |ν3〉 and

|ν4〉, considering as unstable states, are subjected to undergo unparticle decay while only |ν1〉 is

stable. In our calculations we consider m2 and m3 as
√

∆m2
32 and

√
2.0×∆m2

32, where ∆m2
32 =

m2
3−m2

2 (normal hierarchy) 3 and ∆m2
32 = 2.4×10−3 eV2 (from atmospheric neutrino oscillation)

respectively. The value of m4 is estimated from m4 =
√

∆m2
41, where ∆m2

41 lies within the range

0.2 eV2 < ∆m2
41 < 2 eV2. By using Eqs. 10.5 - 10.18 we now calculate the relevant neutrino flux

from a single GRB reaching the detector with or without unparticle decay. The upgoing secondary

muon yield from νµ in an earthbound detector can be computed by using Eqs. 10.20, 10.21 along

with Eqs. 8.31 - 8.38 (Section 8.2.3 of Chapter 8). We have considered a Km2 detector such

as IceCube for our present calculations in case the neutrinos undergo unparticle decay. Note that

we consider UHE neutrinos from a single GRB here. Therefore its directionality of the neutrino

beam with respect to the detector is fixed. The effect of unparticle decay is characterised mainly

by the three parameters namely, the neutrino-unparticle coupling |λijν |, the fractional dimension of

3m2 '
√

∆m2
32, m3 '

√
∆m2

32 +m2
2 =

√
∆m2

32 + ∆m2
32 =

√
2∆m2

32.

323



 100000

 1e+10

 1e+15

 1e+20

 1e+25

 1e+30

 1e+35

 1e+40

 1e+45

 1e+50

 1.1  1.2  1.3  1.4  1.5  1.6  1.7  1.8

τ/
m

 (
1

/e
V

2
)

d
u

|λν
ij
| = 0.1

|λν
ij
| = 0.01

|λν
ij
| = 0.001

|λν
ij
| = 0.0001

Figure 10.1: The Variations of the neutrino decay lifetime (τ/m) with the unparticle di-
mension (dU ) are shown for four different values (0.1, 0.01, 0.001, 0.0001) of couplings
|λijν |. See text for details.

unparticle (dU ) and the transmutation scale ΛU . The scale ΛU is fixed at 1 TeV for the present

calculations. The effect of unparticle parameters dU and |λijU | are varied to study how they affect

the various quantities that can be measured at the detector.

We show the variations of decay life time of neutrino in terms of τ/m(= τU/mj) for different

fixed values of |λijν | with the unparticle dimension dU in Fig. 10.1. The plots clearly indicate the

increasing nature of τ/m with the increase of dU , which is manifested in Eq. 10.8 along with Eq.

10.9. Fig. 10.1 also reflects the fact that τ/m increases with the reducing values of |λijν | (Eq. 10.8).

Fig. 10.2 shows the variations of neutrino induced muons at IceCube considered here for neu-

trinos from different single GRBs at varied redshifts (z). We have shown the results for three fixed

values of |λijν | as well as for no decay case. All the plots in Fig. 10.2 exhibit decrease of neutrino

induced muons with increasing z (the distance of the GRBs from the observer) as is evident from

Eqs. 10.2, 10.4. It is to be noted that the decrease of the coupling |λijν | causes λd to increase and

therefore the depletion of the neutrino flux (and hence the induced muon yield) will be effective for

neutrinos from GRBs at larger distances or redshifts. For example in Fig. 10.2, when |λijν | = 0.0001

the decay effect is significant for a GRB with z ∼ 0.1 whereas for |λijν | = 0.001 the depletion due

to decay is evident for neutrinos from a nearer GRB with z ∼ 0.001. This is to be mentioned that

the nature of the plots in Fig. 10.2 can be understood from the nature of the variation of the factor
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See text for details.

a1(=
1

4πL2(z)
(1 + z)) with z. This is demonstrated in Fig. 10.3. It is to be noted from Fig. 10.3

that around z = 1 there is a change in the nature of the plot which is reflected in the results shown

in Fig. 10.2. In Figs. 10.4(a), 10.4(b) the effects of the unparticle parameters (dU and |λijν |) on

the unparticle decay of neutrinos are shown. Comparisons are also made with the cases when only
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Table 10.1: The ratio of muon yields at IceCube for UHE neutrinos from a GRB with and
without unparticle decay in a four neutrino framework. See text for details.

θ14 θ24 θ34 dU |λijν | R
3◦ 5◦ 20◦ 1.2 10−4 0.9

1.3 10−2 0.6

Table 10.2: Same as Table 10.1 but for the flux ratio for each flavour of active neutrinos in
4-flavour framework. See text for details.

θ14 θ24 θ34 dU |λijν | φνe : φνµ : φντ φνe : φνµ : φντ
(with decay and oscillation) no decay (only oscillation)

3◦ 5◦ 20◦ 1.2 10−4 0.349 : 0.621 : 0.489 0.449 : 0.979 : 0.834
1.3 10−2 0.344 : 0.265 : 9.5×10−2

mass-flavour oscillations are considered. Because of very long baseline the mass-flavour oscilla-

tions effect all the neutrino fluxes will be manifested only through an overall depletion of the flux

depending on just the neutrino mixing angles. The variations of the neutrno induced muon yields

at the detector considered with the unparticle dimension dU for different fixed values of |λijν | are

shown in Fig. 10.4(a). The results with only mass-flavour oscillations (no unparticle decay) are also

shown for comparison. All the calculations are made for UHE neutrinos from a GRB at z = 0.1

and at a zenith angle θz = 160◦. The decay effect is evident in Fig. 10.4(a) as the muon yield

depletes by ∼ 70% from what is expected for only the mass-flavour case. It can also be noted from

Fig. 10.4(a) that higher the value of the coupling for unparticle decay of neutrinos, higher is the

unparticle dimension at which the decay effect starts showing up. Since, here we consider a single

GRB at a fixed redshift, the L(z) is fixed. Therefore the exponential decay term exp(−L(z)/(λd)i)

depends only on (λd)i. As the decay length depends on τ
m (Eq. 10.8) which in turn is a function

of both dU and |λijν |, the nature of the plots in Fig. 10.4(a) varies accordingly. Similar trends can

also be seen when the neutrino induced muons are plotted with |λijν | for different fixed values of dU

(Fig. 10.4(b)).

In order to quantify the possible effect on UHE neutrino signal at IceCube in case the UHE
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Figure 10.4: The variations of the neutrino induced upward going muons per year from the
GRB with (a) different values of dU for four different fixed values of |λijν | as well as for
the mass-flavour case (no decay case), (b) different values of |λijν | for four different fixed
values of the unparticle dimension dU (1.1, 1.2, 1.3, 1.4) and in addition for no decay case.
See text for details.

neutrinos from a distant GRB undergo unparticle decay we define a ratio R of the expected muon

yields per year with and without unparticle decay in addition to the 4-flavour oscillations as

R =
Rate(with decay)

Rate(no decay)
. (10.22)

The results are given in Table 10.1 for a fixed set of values of the mixing angles θ14, θ24, θ34 and for

two sets of values of decay parameters namely dU , |λijν |. It can be seen from Table 10.1 that for the

decay parameter set dU = 1.3 and |λijν | = 10−2 which may cause considerable decay (Fig. 10.4),

this ratio R can be depleted to as low as a value of 0.6. We also estimate the flavour ratio for 3

active flavours in the present 4-flavour neutrino scenario for the case when these neutrinos undergo

both oscillations and decay and when these neutrinos suffer only four flavour oscillations during its

passage from the source GRB to the Earth. We have adopted same sets of values for the mixing

angles and the decay parameters as chosen for Table 10.1. The results are shown in Table 10.2. It

is seen from Table 10.2 that when dU = 1.3 and |λijν | = 10−2 (decay is considerably strong (Fig.
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10.4)) the flux for flavour νe suffers least depletion while the fluxes of νµ and ντ are considerably

diminished. This is because of the fact that the |ν1〉 component in the flavour eigenstate |νe〉 is

dominant and |ν2〉 is the lightest component that undergoes no decay. The minimal change of φνe

with decay in comparison to the case without decay (only 4-flavour oscillations) is due to the decay

of small |ν2〉 and |ν3〉 components in |νe〉. The depletion of φνµ and φντ in comparison to the no

decay case (only oscillation) can also be similarly understood (in |νµ〉, |ν2〉 component is dominant

while in |ντ 〉 the dominant component is |ν3〉).

10.5 Summary

In this Chapter, we have explored the possibility of unparticle decay of UHE neutrinos from a dis-

tant single GRB and its consequences on the neutrino induced muon yields at IceCube. The concept

of unparticles first proposed by Georgi from the consideration of the presence of a yet unseen scale

invariant sector which may be present in the four dimensions with non-renormalizable interactions

with SM particles. The “particles” in this scale invariant sector are termed as “unparticles”. The un-

particle scenario and its interaction with SM particles such as neutrinos are expressed by an effective

Lagrangian, which is expressed in terms of the effective couplings (λαβν , where α, β are the flavour

indices) between neutrinos (να,β) and the scalar unparticle operator (OU ), the scaling dimension

(dU ) and the dimension transmutaion scale (ΛU ). In the case of the neutrino unparticle interaction,

heavier neutrinos become unstable and can decay into the unparticles and lighter neutrinos. In order

to explore the unparticle decay process, we have considered 3+1 neutrino framework. We estimate

how the effect of an unparticle decay of neutrinos in addition to the mass-flavour oscillations can

change the secondary muon yields from GRB neutrinos at a IceCube for a four flavour scenario.

The advantage of choosing UHE neutrinos from GRB is that the oscillatory part is averaged out due

to their astronomical baslines (∆m2L/E >> 1). In this Chapter, we consider the neutrino fluxes

from a point like source such as a single GRB. We calculate the muon yield in this scenario. We also
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investigate the effect of fractional unparticle dimension dU as also the coupling |λijν | on the muon

yield and compare them with the case where only flavour suppression (without an unparticle decay)

is considered. It is observed that the effect of unparticle decay considerably affects the muon yield.

Also as is clear from Table 10.2, the tau neutrino flux would be affected substantially if the neutrinos

undergo unparticle decay in comparison to the case when only oscillation is effective without any

decay. This is a representative calculation to demonstrate the unparticle decay of neutrinos, which

can indeed affect the neutrino flux from distant sources such as GRBs.
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CHAPTER 11

MASS AND LIFE TIME OF HEAVY DARK

MATTER DECAYING INTO ICECUBE PEV

NEUTRINOS

In this Chapter, we consider that the ultrahigh energy (UHE) neutrino signals in the PeV range at

IceCube to have originated from the decay of superheavy dark matter (SHDM). We analyse the

IceCube 6 years and 7.5 years data of these UHE neutrinos with mass and decay lifetime of SHDM

as parameters and thus estimate the values of these parameters. In our analysis the lower energy

astrophysical neutrinos are also included.

11.1 Introduction

The ultrahigh energy (UHE) neutrino events at IceCube detector in the energy range TeV-PeV have

immense implications as they enable to probe the UHE extra terrestrial sources. Analyses of such

data coupled with other multimessenger signals generally lead to assess the nature of UHE neutrino

330



spectrum. They also help to understand the nature of the high energy sources from which these

neutrinos (and other multimessenger signals) may originate. The IceCube data have by and large

two components namely Medium Energy Starting Events (MESE) and High Energy Starting Events

(HESE). The neutrinos with energies > 20 TeV are what consist of HESE data. In both the cases

however the neutrino interaction vertex with the ice lie within the fiducial volume of detector ice of

IceCube. There are several proposals in the literature for the possible sources of these IceCube high

energy neutrino events. The possible sources may include the stellar remnants [469, 470], Gamma

Ray Bursts (GRBS) [170], Supernovae and Hypernovae remnants [168], Active Galactic Nuclei

(AGN) [169, 471] etc. Other than these astrophysical sources, the decay or annihilation of very

heavy dark matter (DM) particles could well be a viable origin of UHE neutrino events [472–476].

The superheavy dark matters or SHDMs can produce neutrinos by rare long lived decay processes.

After the discovery of PeV neutrinos at Icecube, the hypothesis of their DM origin gained a lot of

interest [477–493]. The IceCube Collaboration had published 6 years data with 2078 data samples.

Out of these 2078 samples that has been published by IceCube at ICRC 2017 conference [372], 82

track and shower events fall into HESE data category.

The IceCube Collaboration fitted their data of 82 events (HESE data [372]) (shower and track

events) in the attempt to obtain a power law spectrum for the detected neutrino flux. The IceCube

Collaboration has first fitted their 6 years data [372] and later with 7.5 years of data [494] to obtain

unbroken single power law fit with the form of the spectral shape taken to be ∼ E−γ , γ being the

spectral index. For an unbroken single power law fit they obtain a flux ∼ E−2.9 (index γ ∼ 2.9,

for E−γ). This is what referred to as HESE data. But a fit of the data between the energy range

∼ 120 TeV to ∼ 5 PeV yielded a power law different from the HESE fit (γ ∼ 2.19) indicating

the possibility of a second component which is softer that the earlier one. This softer component

around the PeV region had been represented as a pink band (specifying 1σ uncertainty) in Fig. 2 of

Ref. [372]. Beyond the energy ∼ 5 PeV the data points as shown in Fig. 2 of [372] are found to

have no lower bound.
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In this Chapter, considerations have been made that these neutrinos could have been created by

the rare or long lived decay of SHDM in the Universe [495, 496]. The SHDM could be created

during a spontaneous symmetry breaking (SSB) in Grand Unified scale and thus they were never

in thermal equilibrium with the Universe. Thus their production is non-thermal in nature. Such

particles can also be originated by the process of gravitational creation [495, 497] in the early

Universe. This type of particle production is attributed to the fact that, in an expanding Universe

with conformal time η and scale factor a(η), an intial vacuum state does not remain a vacuum state

at a later time. Here in this Chapter, we consider the decay of a SHDM to interpret the neutrinos in

and around the PeV region (the pink region in Fig. 2 of Ref. [372]) reported by Icecube detector.

The decay of such massive particles much heavier than electroweak scale are discussed in the

literature such as [496, 498–503]. The decays of superheavy particles are considered to proceed via

the cascading of QCD partons. It is argued that although the QCD coupling is small the parton split-

ting is favoured by collinear parton emission [499]. Also these decay processes are enhanced by the

electroweak radiative corrections at the TeV scale and above. In developing the computer codes for

the QCD decay cascade process involving such decays, the Dokshitzer-Grivov-Lipatov-Altarelli-

Parisi (DGLAP) equations [504, 505] are used. In order to treat the electroweak radiative correc-

tions, evolution equations similar to DGLAP equations are developed valid for a spontaneously

broken theory. The electroweak cascade experiences interactions of SU(3) × SU(2) × U(1) and

the couplings are enhanced [499]. In this Chapter, a superheavy particle with mass mχ ≤ mGUT

is considered that decays to produce νν̄ (χ → νν̄) as the final product. The electroweak cascade

accompanies the usual QCD cascade when mχ >> mW . The numerical evolution of the DGLAP

equations that describe fragmentation function and Monte Carlo studies of such cascades yield the

spectrum of the final product leptons. There can be two decay channels namely hadronic and lep-

tonic decay channels through which the leptons and γ can be obtained as end products. In the

hadronic decay channel, the decay proceeds through the QCD cascade whereby the decay of DM

χ to q̄q (χ → q̄q) is first produced which then hadronizes producing eventually the leptons as final
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decay products. The numerical evolution of DGLAP equations can also be used for the case of elec-

troweak radiative corrections. These are studied for a spontaneously broken theory [506]. Similar

procedure for electroweak cascade attributes to the leptonic decay channel.

This Chapter describes several analyses of the IceCube neutrino signals of different energy

ranges between 60 TeV to 5 PeV together or separately using either only the hadronic channel

or extending to both hadronic and leptonic channels. It is to be noted that the two data points

in the energy range 60 TeV to ∼ 120TeV are likely to be due to astrophysical neutrinos and the

energy range between ∼ 120 TeV to 5 PeV are UHE neutrinos of possible different origin. In this

Chapter, first hadronic channel is considered for the analysis of the neutrino energy range 120 TeV

to 5 PeV and then both the hadronic and leptonic channels along with a power law spectrum of

astrophysical flux have been used to analyse the IceCube data points for neutrinos in the total span

of the considered energy range namely 60 TeV - 5 PeV. For each of the analyses however, χ2 fits

are performed to obtain best fit values for the mass of SHDM and its corresponding decay lifetime.

11.2 Formalism

11.2.1 Decay of SHDM through Hadronic and Leptonic

Decay Channels

A. Hadronic decay channel

QCD cascade from the decay of superheavy particles plays a significant role to describe the produc-

tion of hadrons. It is pointed out that even though the QCD coupling is small, the cascading in QCD

parton appears due to the enhancement of the parton splitting in the presence of large logarithms

for soft parton emission. The electroweak radiative corrections can also be dominated by similar

logarithms. In the case of QCD cascade, we use the numerical code [496] for the evolution of the

DGLAP equations. A similar kind of approach can be adopted by the electroweak radiative cor-

333



rections at the TeV energy scale or above [507–512] valid for spontaneously broken gauge group.

In this Section, we discuss in particular the hadronic decay channel χ → qq̄, where q indicates a

quark with a flavour. In this decay channel, after the perturbative evolution of the QCD cascade, the

partons are hadronized and finally, as the end product, the leptons are obtained by the subsequent

decay of the unstable hadrons. In comparison to other theoretical uncertainties the effect of elec-

troweak radiative corrections on the cascade development are insignificant. The neutrino spectrum

can be written as [498]

dNν

dx
= 2R

∫ 1

xR

dy

y
Dπ±(y) + 2

∫ 1

x

dz

z
fνi

(y
z

)
Dπ±
i (z) , (11.1)

where Dπ
i (x, s) (≡ [Dπ

q (x, s) + Dπ
g (x, s)] is a fragmentation function of the pions from a parton

i(= q(= u, d, s, ...), g). The total decay spectrum F h(x, s) can be obtained by the summation

of the contributions of all possible parton (quarks, antiquarks and gluons) fragmentation functions

(Dπ
i (x, s)), where x(≡ 2E/mχ) - a dimensionless quantity - defines the fraction of energy trans-

ferred to the hadron and
√
s is the centre of mass energy. In our calculation, we consider only the

contribution of pion decays and the contribution (∼ 10%) from other mesons are neglected follow-

ing Ref. [496]. In Eq. 11.1, R =
1

1− r , where r = (mµ/mπ)2 ' 0.573 and the functions fνi(x)

are given as [414]

fνi(x) = gνi(x)Θ(x− r) + (h(1)
νi (x) + h(2)

νi (x))Θ(r − x) ,

gνµ(x) =
3− 2r

9(1− r)2
(9x2 − 6 lnx− 4x3 − 5) ,

h(1)
νµ (x) =

3− 2r

9(1− r)2
(9r2 − 6 ln r − 4r3 − 5) ,
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h(2)
νµ (x) =

(1 + 2r)(r − x)

9r2
[9(r + x)− 4(r2 + rx+ x2)] ,

gνe(x) =
2

3(1− r)2
[(1− x)(6(1− x)2 + r(5 + 5x− 4x2)) + 6r lnx]

h(1)
νe (x) =

2

3(1− r)2
[(1− r)(6− 7r + 11r2 − 4r3) + 6r ln r] ,

h(2)
νe (x) =

2(r − x)

3r2
(7r2 − 4r3 + 7xr − 4xr2 − 2x2 − 4x2r) . (11.2)

B. Leptonic decay channel

The development of electroweak cascade can be illustrated by considering a tree level decay of

superheavy particle χ with mass mχ ≤ mGUT to leptons. According to the Z-burst model, χ

particles are decaying into ¯̀̀ pairs and χ → ν̄ν is the corresponding decay mode. For mχ � mZ

(mZ being the Z boson mass), considering the available momentum flow, (Q2 ≤ m2
χ

4 ) we can

neglect the mass of the Z boson. The smallness of the QCD coupling can be compensated by very

large logarithms ln(m2
χ/m

2
z), which is generated for soft or collinear singularities. Similarly for

mχ � mW (mW being the mass of W boson), due to large logarithms, the perturbation theory is

no more valid and this initiates developing of the electroweak cascade, very similar to the known

QCD cascade. There can be a mutual transmutation of electroweak and QCD cascades because the

electroweak gauge bosons also split into quarks. This will modify the hadronic spectra to a limited

extent while on the other hand the splitting like W → ν̄ν contributes to the electroweak part of the

cascade. In order to explain the effects of the SHDM particles decaying into the neutrinos as the

final product via the leptonic decay channels, the MC simulations for both the QCD part [513] and

the electroweak cascade [499] have been performed.

11.2.2 Components of Neutrino Fluxes

The neutrino flux from SHDM decay can have two origins namely galactic and extragalactic. The

galactic neutrino flux from the decay of SHDM with mass mχ and decay lifetime τ can be written

335



as

dΦG

dEν
(Eν) =

1

4πmχτ

∫
V

ρχ(R[r])

4πr2

dN

dE
(E, l, b)dV , (11.3)

where the neutrino spectrum from decaying SHDM particle is defined as
dN

dE
(E, l, b), l and b are

the galactic coordinates. In the above, ρχ(R[r]) is the DM density, which is a function of the

distance (R) from the Galactic Centre (GC) and r indicates the distance from the Earth. We adopt

the Navarro-Frenk-White (NFW) profile for the DM density [82, 83] in this Chapter. The integration

is made over the Milky Way halo for which the maximum value of R is chosen as Rmax = 260 kpc

[244].

The isotropic extragalctic neutrino flux from similar decay is given as

dΦEG

dEν
(Eν) =

1

4πmχτ

∫ ∞
0

ρ0c/H0√
Ωm(1 + z3) + (1− Ωm)

dN

dE
[E(1 + z)]dz . (11.4)

In the above equation (Eq. 11.4), c/H0 = 1.37 × 1028 cm signifies the Hubble radius and ρ0 (=

1.15 × 10−6 GeV/cm3) is the average cosmological DM density at the redshift z = 0 (present

epoch). The contribution of the matter density to the energy density of the Universe in units of the

critical energy density is defined as Ωm = 0.316. The injected neutrino energy spectrum obtained

from the decay of superheavy particles is denoted as dN
dEν

, which is a function of the particle energy

shift E(z) = (1 + z)E. For both the galactic and extragalactic neutrino fluxes it is assumed that

they reach Earth in the ratio 1:1:1 for three neutrino flavours (νe, νµ, ντ ). Therefore, at source the νe

flux can be taken to be Eq. 11.3 and Eq. 11.4 for galactic and extragalactic cases respectively. This

is also to note that each of the fluxes
dΦEG

dE
(Eν) and

dΦG

dE
(Eν) in fact has two components namely

the one that is of hadronic origin and the other which is obtained from leptonic decay channel.

Therefore

dΦEG

dE
(Eν) =

(
dΦEG

dE
(Eν)

)
had

+

(
dΦEG

dE
(Eν)

)
lep

(11.5)
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and

dΦG

dE
(Eν) =

(
dΦG

dE
(Eν)

)
had

+

(
dΦG

dE
(Eν)

)
lep

. (11.6)

Thus the total neutrino flux at the source due to the decay of SHDM can be written as

φth(Eν) =

(
dΦEG

dE
(Eν)

)
had

+

(
dΦG

dE
(Eν)

)
had

, (11.7)

φth(Eν) =

(
dΦEG

dE
(Eν)

)
had

+

(
dΦG

dE
(Eν)

)
had

+

(
dΦEG

dE
(Eν)

)
lep

+

(
dΦG

dE
(Eν)

)
lep

.(11.8)

In Eq. 11.7 only hadronic channel is considered whereas in Eq. 11.8 both hadronic and leptonic

channels are taken into account.

11.2.3 Astrophysical Neutrino Flux

Numerous astrophysical sources can produce high energy neutrinos through their highly energetic

particle acceleration mechanism of protons, where the latter interact with themselves (pp interac-

tions) or with photons (pγ interactions) to finally produce neutrinos. Distant ultrahigh energy (UHE)

sources like extragalctic SNR, AGN, GRBs etc. are proposed as the source of IceCube neutrino in-

duced muon events in UHE regime. In this Chapter, we consider the source neutrino flux in the ∼

60 TeV to ∼ 120 TeV energy range contributes to the astrophysical neutrino flux.

In order to consider the acceleration mechanism related to the astrophysical sources, the isotropic

fluxes for the neutrinos are estimated by an unbroken power law (UPL) after summing over all the

possible sources and is given as [514]

E2
ν

dφ′νAst

dEν
(Eν) = N

(
Eν

100TeV

)−γ
GeV cm−2 s−1 sr−1 , (11.9)
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where N represents the normalization factor of the flux and γ is the spectral index. We have chosen

the values of N and γ for our analyses as 1× 10−8 and 1.0 respectively for UPL [514]. Assuming

the neutrinos are produced in the flavour ratio 1:2:0, the flux for νµ in this case at source will be
2

3

dφ′νAst

dEν
=
dφνAst

dEν
and for νe,

1

3

dφ′νAst

dEν
=
dφνAst

dEν
.

Thus the total electron neutrino flux at the source, (diffuse astrophysical sources and the decay

of SHDM (via both hadronic and leptonic channel), can be written as

φth(Eν) =
dφνAst

dEν
(Eν) +

(
dΦEG

dE
(Eν)

)
had

+

(
dΦG

dE
(Eν)

)
had

+

(
dΦEG

dE
(Eν)

)
lep

+(
dΦG

dE
(Eν)

)
lep

, (11.10)

11.3 Calculations and Results

The analyses are broadly classified into two parts. One is the analysis of the energy region between

105 GeV - 5 × 106 GeV with 6 years. This region is denoted by a pink band by IceCube Collab-

oration from the analysis of their 6 years of data. There are three actual data points in the pink

band. For this analysis, the SHDM decay only through hadronic decay channel is considered and

no astrophysical neutrino signal is taken into account (therefore, no astrophysical flux is added for

this analysis). We refer this analysis as Analysis A. Thereafter, the whole range of energy from 60

TeV to 5 PeV probed by IceCube is taken into consideration. From the analysis of 7.5 years (instead

of 6 years as in case of Analysis A) of IceCube data, the IceCube Collaboration has furnished two

data points between the energy range 60 TeV to 120 TeV and a pink band has also been given for

the energy range 120 TeV to 5 PeV with three actual data points within this range. For this analysis

of 7.5 years of data the total theoretical flux is calculated by considering astrophysical flux as well

as both hadronic and leptonic decay channles of SHDM that produce neutrinos as end products. As

an Analysis A, here also a χ2 fit is performed to obtain the mass and the decay lifetime of SHDM.

We refer this latter analysis as Analysis B. In both the cases oscillations of neutrinos are taken into
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Table 11.1: The data points (12 in all) used for the χ2 fit. First three points (marked with
“*") are the observed events by IceCube as shown in Fig. 11.1. See text for details.

Energy Neutrino Flux (E2
ν

dΦ

dE
) Error

(in GeV) (in GeV cm−2 s−1 sr−1)
2.51189e+06∗ 4.16928e-09∗ 8.2726e-09∗

1.19279e+06∗ 5.03649e-09∗ 7.5383e-09∗

2.68960e+05∗ 7.50551e-09∗ 8.1583e-09∗

3.54813e+06 5.25248e-09 4.1258e-09
2.30409e+06 5.71267e-09 4.1600e-09
1.52889e+06 6.21317e-09 3.9882e-09
1.05925e+06 6.61712e-09 3.7349e-09
7.18208e+05 7.04733e-09 3.9777e-09
4.46684e+05 7.66476e-09 3.6478e-09
2.86954e+05 8.16308e-09 4.1571e-09
1.90409e+05 8.87827e-09 6.2069e-09
1.43818e+05 9.65612e-09 6.8856e-09

consideration. The formalism of which is given in Chapter 8. Both Analysis A and Analysis B are

performed for 3-flavour oscillations. For Analysis B 4 (3 active + 1 sterile)-flavour oscillations are

also taken into account with no significant difference.

11.3.1 Analysis A

We have considered the energy region from∼ 105 GeV to∼ 5×106 GeV for UHE neutrinos for our

analysis. As mentioned earlier, this region is obtained by the analysis of the IceCube Collaboration

for the UHE upgoing muon neutrino spectrum and shown as a pink band (for 1σ uncertainty) in Fig.

2 of Ref. [372]. For our analysis we have chosen all the three experimental points that are included

in the pink band and have adopted several other points within the pink band along with their 1σ

spread (the bandwidth of the pink band at the position of the chosen band). The chosen data sets for

the fit are given in Table 11.1.
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The pink band as given by the IceCube Collaboration in Ref. [372] along with the three obser-

vational points included in the band are reproduced in Fig. 11.1.

105 106
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Data Points

Figure 11.1: The region of IceCube observations adopted for the analysis Analysis A con-
sidering SHDM decay (reproduced from [372]).

The purpose is to find the best fit values of the mass of the SHDM (mχ) and its decay lifetime

(τ ) that on its decay produce the UHE neutrinos in the region considered. The χ2 for our fit is

defined as

χ2 =

n∑
i=1

(
E2
i φ

th
i − E2

i φ
Ex
i

(err)i

)2

, (11.11)

where n(= 12) is the number of chosen points (Table 11.1) and Ei(i = 1, .., n) are the energies of

the chosen points. In Eq. 11.11 φth
i (Eν) (and hence E2

i φ
th
i (Eν)), the theoretical flux is obtained

from Eq. 11.7 where E2
i φ

Ex
i (Eν) (=E2

ν

dΦ

dE
) corresponding to experimental data are given in Table

1 and (err)i is the ith chosen experimental points (Table 11.1).

Chosing a range of mχ and the decay lifetime τ we compute the χ2 and one obtains the best fit

values ofmχ and τ by minimizing the χ2 and the minimum χ2 denoted as χ2
min. The 1σ, 2σ and 3σ

ranges for mχ and τ are also obtained. As the present χ2 fit is a two parameter fit, the 1σ, 2σ and

3σ regions are obtained by adopting the range of χ2 to be χ2
min + 2.30, χ2

min + 4.61, χ2
min + 9.21
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respectively. The results are shown in Fig. 11.2.
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Figure 11.2: mχ − τ (two parameter) χ2 fit corresponding to the 1σ, 2σ, and 3σ level of
confidence. See text for details.

The best fit values of mχ and τ from our analysis are obtained as mχ = 5.2 × 107 GeV,

τ = 7.05 × 1028 sec. This is denoted by a point in Fig. 11.2. The 1σ, 2σ and 3σ are also shown

in Fig. 11.2 by different shades. From this analysis it can be said that in case the UHE neutrinos of

the chosen energy range, adopted from IceCube experimental results, are generated from the decay

of SHDM then the mass of such DM will be ∼ 5× 107 GeV undergoing the rare decay with decay

lifetime ∼ 7 × 1028 sec. In Fig. 11.3 we show the neutrino flux in the PeV region calculated with

these best fit values.

11.3.2 Analysis B

In this analysis, we have made a χ2 analyses for the event data within a larger energy regime of∼ 60

TeV - ∼ 5 PeV with 7.5 years of IceCube data and both the hadronic and leptonic decay channels

of SHDM are considered. We also demonstrate that the two event data points in the energy range ∼

60 TeV - ∼ 120 TeV [494], can be best explained if these two are considered to have astrophysical

origin. Our analysis of the whole range of events (from ∼ 60 TeV to ∼ 5 PeV) suggests that this
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Figure 11.3: The neutrino flux with best fit values of mχ and τ . Only hadronic channel is
considered for SHDM decay.

range seems to have two parts in terms of the possible origins of neutrino events. The energy range

spanning between ∼ 60 TeV - ∼ 120 TeV containing two event data points is the astrophysical

component and the second component could have originated from the decay of SHDM.

In the present analysis, besides incorporating the possible astrophysical origin of neutrinos (dif-

fuse flux), both the hadronic and leptonic channels of the decay cascade of these SHDMs that finally

produce the UHE neutrinos are included along with the oscillations/suppressions that the neutrinos

of a certain flavour would suffer while traversing the astronomical distance to reach the Earth. We

consider three active neutrino flavours as also the four (3+1) neutrino scheme, where a sterile neu-

trino is added to the usual three flavour scenario and compare our results. But we find no significant

change in results with those obtained for usual 3-flavour case.

The study of the IceCube data [494] in this regime shows that there are two data points in energy

range ∼ 60 TeV - ∼ 120 TeV and three data points are in the energy regime greater than ∼ 120

TeV. As mentioned earlier, the first two data are supposed to be of astrophysical origin [514]. From

the analysis, it appears that the SHDM decay considerations for UHE neutrino production is most

relevant for the neutrinos with energies > 120 TeV [494].

In this Chapter, we perform a χ2 fit for the whole data-set. From the χ2 analysis presented in
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this Section (using 7.5 years of IceCube data [494]), the best fit values for the mass of the decaying

SHDM and its decay lifetime are obtained.

The choice and data

In Fig. 11.4, we have reproduced the figure from Ref. [494], the energy range (and event data points)

from which the data sets for the present analysis have been chosen.

1.Range ∼ 60 TeV to ∼ 120 TeV

There are two event points in the range ∼ 60 TeV-∼ 120 TeV. These two points are adopted in our

analysis.

2. Range ∼ 1.2× 105 GeV - ∼ 5 ×106 GeV

There are four data points in the energy region ∼ 1.2 × 105 GeV to ∼ 5 × 106 GeV. For one of

the four points, only upper limit is given. This region is designated by a pink band (Fig. 11.4).The

width of the band indicates 1σ uncertainty. In our analysis we adopt three points in this region (given

errors). In addition, we choose another 12 points from the pink band with the errors corresponding

to a chosen point is adopted as the width of the band at that point. Thus, in this region we have a

total of 15 points.

All the 17 event points (henceforth referred to as “data points") used in the present analyses are

enlisted in Table 11.2.

Definition of χ2

The χ2 is already defined in Eq. 11.11. Note that n = 17 when the whole range of energy is

considered. For the total energy range, therefore the total flux is as given in Eq. 11.10, while in case

the analysis is performed with partial energy ranges, relevant fluxes or their sum will be considered.

In Eq. 11.11, φEx
i denotes the experimental data point at energy Ei with error (err)i (Table 11.2).

For the χ2 fit, the theoretical fluxes for electron neutrinos are then computed using Eqs. 11.9,

11.10 alongwith Eqs. 11.3 - 11.6. After the neutrinos undergo oscillation on reaching the Earth,

the muon neutrino flux on arrival is obtained from Eq. 8.28 (for 3-flavour case) or Eq. 8.26 (for

4-flavour case) in Chapter 8.
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Energy Neutrino Flux (E2
ν

dΦ

dE
) Error

(in GeV) (in GeV cm−2 s−1 sr−1) (in GeV cm−2 s−1 sr−1)
6.13446×104 ∗ 2.23637×10−8 2.16107×10−8

1.27832×105 ∗ 2.70154×10−8 1.30356×10−8

2.69271×105 ∗ 7.66476×10−9 8.5082×10−9

1.19479×106 ∗ 5.14335×10−9 7.6982×10−9

2.51676×106 ∗ 4.34808×10−9 8.4481×10−9

3.54813×106 5.25248×10−9 4.1258×10−9

2.30409×106 5.71267×10−9 4.1600×10−9

1.52889×106 6.21317×10−9 3.9882×10−9

1.05925×106 6.61712×10−9 3.7349×10−9

7.18208×105 7.04733×10−9 3.9777×10−9

4.46684×105 7.66476×10−9 3.6478×10−9

2.86954×105 8.16308×10−9 4.1571×10−9

1.90409×105 8.87827×10−9 6.2069×10−9

1.43818×105 9.65612×10−9 6.8856×10−9

2.51189×106 4.16928×10−9 8.2726×10−9

1.19279×106 5.03649×10−9 7.5383×10−9

2.68960×105 7.50551×10−9 8.1583×10−9

Table 11.2: The selected data points for the χ2 fit. The points obeserved by the IceCube
Collaboration (shown in Fig. 11.4) are marked with “*".

Following the formalism described above and Section 11.2.2, 11.2.3 we make the χ2 fit by

χ2 minimisation with the data given in Table 11.2. The use has been made of Eqs. 11.9, 11.10

alongwith Eqs. 11.3 - 11.6 and Eqs. 8.28, 8.26 (Chapter 8) for computations of theoretical flux

components namely astrophysical flux and those predicted from our proposition of the decay of a

SHDM via the hadronic and leptonic channels. From the fit, the best fit values of the two unknown

parameters of the formalism namely the mass mχ and the lifetime τ of the decaying DM are ob-

tained. The 1σ, 2σ and 3σ ranges for each of the χ2 analysis are also computed and furnished along

with the study of the quantity of fit for different chosen data sets from Table 11.2.

We furnish the analyses by considering four different cases. These are given below.

• Case I - All 17 points of the Table 11.2 is fitted with the theoretical flux at source as in Eq.

11.10 where astrophysical flux at source computed as in Eq. 11.9.
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• Case II - All 17 points of Table 11.2. But the theoretical flux is computed without the astro-

physical component (only the hadronic and leptonic channel of SHDM decay)

φth(Eν) =

(
dΦEG

dE
(Eν)

)
had

+

(
dΦG

dE
(Eν)

)
had

+

(
dΦEG

dE
(Eν)

)
lep

+

(
dΦG

dE
(Eν)

)
lep

.

• Case III- All 17 points of Table 11.2. Theoretical flux

φth(Eν) =
dφνAst

dEν
(Eν) +

(
dΦEG

dE
(Eν)

)
had

+

(
dΦG

dE
(Eν)

)
had

(no leptonic channel for SHDM decay, the astrophysical flux is from Eq. 11.9).

• Case IV- First 5 points of Table 11.2. Theoretical flux

φth(Eν) =
dφνAst

dEν
(Eν) +

(
dΦEG

dE
(Eν)

)
had

+

(
dΦG

dE
(Eν)

)
had

(the astrophysical flux is from Eq. 11.9).

In Figs. 11.5 - 11.8 we show (a) the fluxes calculated with the fitted values using corresponding

theoretical flux formula and (b) the mχ-τ contour plot with 1σ, 2σ and 3σ contours. The best fit

values for mχ and τ are also shown.

• It is shown from Figs. 11.5, 11.6 that the first two points of Table 11.2 (in the energy range

∼ 60 TeV - ∼ 120 TeV) cannot be fitted if astrophysical flux is not considered.

• The data points in the energy range (∼ 1.2×105 GeV -∼ 5×106 GeV) can be well explained

from the consideration that these neutrinos originate from the decay of SHDM.

• The neutrino events within the energy range∼ 1.2×105 GeV -∼ 5×106 GeV (pink band) is

very well represented by the neutrinos produced from the SHDM decay via hadronic channel.
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Set mχ in GeV τ in sec Value of χ2
min

All points, All channels
1.9724×108 6.3246×1028 1.2115

(the astrophysical flux
is taken from Eq. 11.9)

All points, Leptonic channel,
1.9055×107 3.3965×1028 2.8674

Hadronic channel
All points, Hadronic channel

1.4962×108 5.2605×1028 1.2126
Astrophysical flux (Eq. 11.9)

First 5 points, Hadronic channel
4.5601×107 6.3405×1028 0.9321

Astrophysical flux (Eq. 11.9)

Table 11.3: Best fit values of mχ and τ for different cases.

As mentioned, the best fit values of the parametersmχ and τ (as well as 1σ, 2σ and 3σ contours)

for each of the cases are shown in Fig. 11.5(b) - 11.8(b) respectively. These values along with the

respective values for χ2
min are shown in Table 11.3.

From the above analyses therefore, it can be stated that the UHE neutrino events reported by

IceCube in the energy range ∼ 1.2 × 105 GeV to ∼ 5 × 106 GeV can be well described to have

originated from the decay of a SHDM of mass ∼ 107 − 108 GeV and decay lifetime ∼ 1028 sec.

We also like to state that we repeat the entire analysis with 4-flavour oscillation scenario with

no or any significant changes. For this purpose, the values of mixing angles are chosen as θ14 =

3.6o, θ24 = 4o, θ34 = 18.48o. These values are within the allowed limits of the analyses of NOνA

[155], MINOS [137], Daya Bay [127] neutrino experiments.

In Fig. 11.9 we furnish a ternary plot showing the flavour ratios of the active neutrinos on

reaching the Earth for both the 3-flavour and 4-flavour oscillation cases. The flavour (νe, νµ, ντ )

ratio of 1:1:1 for active neutrinos are also shown for comparison. The assumed production ratio

of 1:2:0 for the active neutrinos is also furnished. The flavour ratio barely changes when 4-flavour

oscillation is considered.
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Figure 11.4: The data points and range of energy considered in the present analysis (Anal-
ysis B). The pink band is also shown. These are reproduced Ref. [494]

(a) (b)

Figure 11.5: (a) Flux, (b) contour by considering all points, all channels (The astrophysical
flux is computed from Eq. 11.9). See text for details.

11.4 Summary

In this Chapter, we have explored the possibility that the UHE neutrino detected by IceCube in

the PeV energy region could have originated from the decay of SHDM. Such SHDM could be

created at the early Universe during spontaneous symmetry breaking at the GUT scale and they

decay to leptons at the electroweak scale involving the processes of QCD cascade and electroweak

cascade. The numerical evolutions of such processes are generally done by MC methods or by

evolving the DGLAP equations treated numerically. In a recent work M. Kachelriess et al. [499]
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(a) (b)

Figure 11.6: (a) Flux, (b) contour by considering all points, leptonoic+hadronic channels.
See text for details.

(a) (b)

Figure 11.7: (a) Flux, (b) contour by considering all points, hadronic+astro channels (the
astrophysical flux is computed from Eq. 11.9). See text for details.

made a MC analysis for such heavy dark matter decay to leptons such as νν̄ pair and e+e− pair

as well as the photons where the recently updated limits of diffuse gamma ray flux has also been

incorporated. In this Chapter, we compute the neutrino spectrum from the heavy dark matter decay

as prescribed in reference and obtained the galactic and extragalactic neutrino fluxes from such

decays. We then constrain the two unknown parameters namely the heavy dark matter mass (mχ)

and its decay lifetime (τ ) by making a χ2 fit of the calculated neutrino flux with those given from
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(a) (b)

Figure 11.8: (a) Flux, (b) contour by considering first 5 points with hadronic+astro channels
(Eq. 11.9 is considered as the astrophysical flux). See text for details.
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Figure 11.9: Ternary plot showing the neutrino flavour ratios on arriving the Earth from
high energy sources.

the observed events at IceCube by the IceCube Collaboration. For this purpose, we have chosen the

region given by the IceCube Collaboration corresponding to the upgoing muon neutrinos with two

energies ranges - 105 GeV - 5× 106 GeV (Analysis A) and 60 TeV - 5 PeV (Analysis B).

For Analysis A, we have considered 6 years of IceCube Collaboration data (Fig. 2 of [372]).

The IceCube Collaboration analysis designated this region by a pink band of 1σ width in their

published data and plots. We have made a χ2 fit adopting a data set from this region that includes

the observed points as well as other points chosen from within this pink band. For this analysis, we

have considered the decay of SHDM only through the hadronic decay channel and no astrophysical
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origin of neutrinos is taken into account. Our χ2 fit yield the best fit value for the parameters mχ, τ

as mχ = 5.2× 107 GeV, τ = 7.05× 1028 sec. We also furnish 1σ, 2σ and 3σ C.L. contours in the

parameter space mχ − τ .

For Analysis B, we consider the UHE neutrino events reported by IceCube Collaboration in the

energy range ∼ 60 TeV - ∼ 5 PeV with 7.5 years of data [494]. The lower energy range between

∼ 60 TeV to ∼ 120 TeV represented by two event data points (Fig. 11.4) appears to be consistent

with the flux of astrophysical origin, while for the higher energy range between ∼ 1.2 × 105 GeV

- ∼ 5 × 106 GeV, the neutrinos could have originated from the SHDM decay. In addition to the

astrophysical origin, both the hadronic and leptonic decay channels are considered in this analysis.

We have considered four different cases and made two parameter χ2 fit for each of the four different

cases, which are mentioned in Table 11.3. Both 3- and 4-flavour neutrino oscillations are also taken

into account and there is no significant changes appear in the flavour ratio with those obtained for

3-flavour case (see Fig. 11.9). Thus from our analyses it appears that the UHE neutrino signals in

the energy range ∼ 1.2 × 105 GeV - ∼ 5 × 106 GeV reported by IceCube could have originated

from the decay of SHDM of mass ∼ 107 − 108 GeV and decay lifetime ∼ 1028 sec.
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CHAPTER 12

THE VIOLATION OF EQUIVALENCE

PRINCIPLE AND FOUR NEUTRINO

OSCILLATIONS FOR LONG BASELINE

NEUTRINOS

A consequence of violation of equivalence principle (VEP) is that different types of neutrinos can

couple to gravity with different strengths. In this scenario, if the gravity eigenstates are not the same

as the flavour eigenstates then it may lead to flavour mixing and hence gravity induced neutrino

oscillations. But there is no definite evidence of VEP in nature. Even if the equivalence principle

is indeed violated, their measure is expected to be extremely small. The possibility to probe such

a small VEP is considered for the case of long baseline (LBL) neutrinos in a 4-flavour neutrino

framework (3 active + 1 sterile) where both mass and gravity induced oscillations are taken into

account. For the muon neutrino flux from a neutrino factory or accelerator, the muon yields are

computed and compared at a far end detector with and without VEP.
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12.1 Introduction

The neutrinos undergo flavour oscillations due to the phase difference that is acquired by a neu-

trino eigenstate during its propagation and this phase difference depends on the baseline length

and the mass squared difference of two neutrino mass eigenstates for the case of mass-flavour os-

cillation. In addition to the mass induced oscillations, VEP [515, 516] can also induce neutrino

oscillations. If the equivalence principle is indeed violated in nature, different types of neutrinos

couple differently with gravity which means that different neutrino flavour eigenstates interact with

the gravitational field with different strengths. Thus in this situation the gravitational coupling (con-

stant) G is different for different types of neutrinos. If the gravity eigenstates of neutrinos are not

identical to those of their weak interaction eigenstates then a gravity-flavour mixing may result

similar to the mass-flavour mixing. An important feature of Einstein’s general theory of relativity

is the equivalence principle which leads to the equivalence of the inertial mass and the gravita-

tional mass. This is stated that an observer standing on the Earth experiences the gravitational force

which is same as the pseudo force experienced by the same observer in accelerated reference frame.

Therefore, if the equivalence principle is indeed violated, then the coupling strengths of neutrinos

with the gravitational field as well as the gravitational constant (G) are no more universal. While

propagating through a gravitational field, the energy E of a neutrino will be shifted by an amount

E� =
√
g00E = E(1 − GM

R
) = E(1 + φ) [516, 517], where the gravitational potential (φ) is

defined as φ = GM
R , M and R being the mass of the source and the distance over which the grav-

itational field operates respectively 1. This is known as the gravitational redshift. By virtue of the

equivalence principle, energies of different types of neutrinos are shifted by an equal amount and

1In the presence of gravitational field, the proper time in a curve manifold is dτ =
�

gµνdxµdxν which
can lead to the relation E� =

√
g00E. The proper time (dτ ) relates to the coordinate time (dt) through dτ =�

gµνdxµdxν (when clock is at rest). If a distant star is emitting N number of waves having frequency fstar
and proper time interval Δτstar respectively and if the Earth is detecting the same with frequency fEarth and

proper time interval ΔτEarth, then
fstar
fEarth

=
ΔτEarth

Δτstar
=

�
g00(xEarth)�
g00(xstar)

=

��
1 + 2φEarth

1 + 2φstar

�
= 1 + |Δφ|.
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the phase difference induced by gravity between two types of neutrinos may not be generated in this

case. But if the equivalence principle is violated then for different types of neutrinos the energies

would be shifted differently. The VEP will induce a phase ∼ ΔEL, ΔE = |Ei − Ej |, Ei and Ej

being the redshifted energies of the neutrino species i and j respectively (and are different since

gravitational coupling G is different for different neutrinos) and L defines the baseline length from

the source to the detector, Ei, Ej are the energy eigenstates in gravity basis. Similar to the case for

mass-flavour oscillations, the acquired phase difference will generate a gravity induced oscillations

between different flavours of neutrinos. The quantity
L

λij
(λij denoting the oscillation length) in the

oscillatory part
�
sin2

�
πL

λij

��
then takes a form ∼ |ΔEL| = |Δfij |LE, where |Δfij | = |fi − fj |,

fi is defined as fi = GiM
R = (GM

R )αi = φαi, Gi being the gravitational coupling of the neutrino

having index i. The effects of VEP on neutrino oscillation are addressed here along with usual

mass-flavour oscillations with three active neutrinos and one sterile. Using the latest experimental

limits on active-sterile neutrino mixing and mass squared difference Δm2
41 for normal hierarchy of

neutrino mass eigenstates (and assumed normal hierarchy for neutrino gravity eigenstates) and best

fit values of active neutrino mixing parameters (mixing angles and mass squared differences), com-

bined four flavour gravity induced and mass induced neutrino oscillation probabilities are obtained

including the matter effect induced by the matter through which the neutrinos travel. VEP will in-

duce new set of parameters Δfij which change the neutrino oscillation probabilities significantly.

This is demonstrated in this Chapter for a neutrino beam propagating through an assumed baseline

of 7000 Kms inside Earth matter. Therefore, even if VEP is very small, it would significantly affect

the number of muon yields (from νµ) at the far detector in a long baseline (LBL) neutrino experi-

ment. In this Chapter, estimates are made for neutrino induced muon yields for these neutrino yields

considering an LBL neutrino experiment with a baseline length of around 7359 Kms with the end

detector to be an iron calorimeter (ICAL) of 50 kTon such as the one proposed for the India-based

Neutrino Observatory or INO [181]. The neutrinos are originated from a neutrino factory or accel-

erator such as CERN. The number of right sign and wrong sign (explained later) muon yields at the
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end detector are estimated for different values of Δfij (the VEP effect).

12.2 Neutrino Oscillations in Matter with VEP in 4-Flavour

Scenario

In the case of massive neutrinos, the neutrino flavour eigenstates |να� produced in a charged current

(CC) weak interactions can be expressed as the linear combination of the mass eigenstates |νi� via

a unitary mixing matrix U .

|να� =
n�

i=1

Uαi|νi� , (12.1)

where the number of neutrino species is indicated by n. As mentioned, an extra sterile neutrino (νs)

in addition to the three active neutrinos (νe, νµ, ντ ) is considered here.

For the 4-flavour scenario, the mixing matrix is given by (Chapter 8)

U(4×4) =




c14Ũe1 c14Ũe2 c14Ũe3 s14

−s14s24Ũe1 + c24Ũµ1 −s14s24Ũe2 + c24Ũµ2 −s14s24Ũe3 + c24Ũµ3 c14s24

−c24s14s34Ũe1

−s24s34Ũµ1

+c34Ũτ1

−c24s14s34Ũe2

−s24s34Ũµ2

+c34Ũτ2

−c24s14s34Ũe3

−s24s34Ũµ3

+c34Ũτ3

c14c24s34

−c24c34s14Ũe1

−s24c34Ũµ1

−s34Ũτ1

−c24c34s14Ũe2

−s24c34Ũµ2

−s34Ũτ2

−c24c34s14Ũe3

−s24c34Ũµ3

−s34Ũτ3

c14c24c34




,

(12.2)
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where Ũαi etc. indicate the elements of the flavour mixing matrix in 3-flavour scenario, which is

given in Eq. 8.15 (Chapter 8).

The time evolution equation in the case of four neutrino flavours, |νe�, |νµ�, |ντ � and |νs� is

given by

i
d

dt




νe

νµ

ντ

νs




= H




νe

νµ

ντ

νs




, (12.3)

where

H = U(4×4)HdU
†
(4×4) . (12.4)

In the above, the Hamiltonian in the mass basis is given by

Hd =




E1 0 0 0

0 E2 0 0

0 0 E3 0

0 0 0 E4




, (12.5)

where Ei(i = 1−4) are the energy eigen values which can be expressed in terms of the momentum

p and mass eigen values mi, as

Ei =
�

p2i +m2
i � pi +

m2
i

2pi
� p+

m2
i

2E
, (12.6)
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with i = 1, 2, 3, 4 and pi � p. With this Hd can be rewritten as

Hd =




p 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p




+
1

2E




m2
1 0 0 0

0 m2
2 0 0

0 0 m2
3 0

0 0 0 m2
4




. (12.7)

In Eq. 12.7, the matrix diag(p, p, p, p) does not contribute to the neutrino oscillations as it does not

induce any phase differences between the neutrinos and hence we do not consider this term further in

the calculation. Subtracting m2
1 from all the diagonal elements of the matrix diag(m2

1,m
2
2,m

2
3,m

2
4),

we have

Hd =
1

2E
diag(0,Δm2

21,Δm2
31,Δm2

41) , (12.8)

where Δm2
21 = m2

2 −m2
1,Δm2

31 = m2
3 −m2

1,Δm2
41 = m2

4 −m2
1.

We explore the mass-flavour oscillations in matter and gravity induced oscillations in a single

framework by considering |να� �= |νi� �= |νGi�. Here the gravity basis and mass basis are approxi-

mately identical and do not coincide with the flavour basis. Therefore, as in the case for mass basis,

in 4-flavour framework, the gravity eigenstates |νGi�(i = 1, 2, 3, 4) are connected to the flavour

eigenstates |να�(α = e, µ, τ, s) through a mixing matrix U �
(4×4) with flavour-gravity mixing angle

θ
�
ij(i �= j), i, j = 1, 2, 3, 4 in the presence of the gravitational field. Thus

|να� = U
�
(4×4)|νGi� , (12.9)
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where the flavour-gravity mixing matrix (U
�
(4×4)) can be represented as

U
�
(4×4) =




c�14U
�
e1 c�14U

�
e2 c�14U

�
e3 s�14

−s�14s24U
�
e1 + c�24U

�
µ1 −s�14s24U

�
e2 + c�24U

�
µ2 −s�14s24U

�
e3 + c�24U

�
µ3 c�14s24

−c�24s14s
�
34U

�
e1

−s�24s�34U �
µ1

+c�34U
�
τ1

−c�24s
�
14s

�
34U

�
e2

−s�24s�34U �
µ2

+c�34U
�
τ2
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(12.10)

The evolution equation in flavour basis due to the presence of the gravitational field is therefore

written as

i
d

dt
|να� = H �|να� , (12.11)

where H � = U �
(4×4)HGU

�†
(4×4) and for 4-flavour scenario HG = diag(EG1, EG2, EG3, EG4). If the

equivalence principle is indeed violated, all the gravitational energy eigenvalues will induce phase

differences to neutrino eigenstates and therefore we have

HG = diag((1− φα1)E, (1− φα2)E, (1− φα3)E, (1− φα4)E))
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with φαi =
GiM
R = GM

R αi. In this case, the phase differences can be expressed as

ΔEij,G =
GM

R
ΔαijE =

GM

R
(αi − αj)E = φΔαijE = ΔfijE , (12.12)

where Δfij =
GM

R
Δαij = Δαijφ; i, j = 1, 2, 3, 4. After subtracting (1−φα1)E term from all the

diagonal elements of HG, we have HG = diag(0,Δf21E,Δf31E,Δf41E). In the present neutrino

oscillations formalism, we also include the matter (MSW) effect. The effective Hamiltonian of the

system including both gravity effect and matter effect is given by

H �� = H +H � + V

= U(4×4)HdU
†
(4×4) + U �

(4×4)HGU
�†
(4×4) + V . (12.13)

In the above, the matter potential (V ) can be written as

V = diag(VCC, 0, 0,−VNC) , (12.14)

where VCC is the CC potential that appears due to the interactions of neutrinos with the electrons of

the medium, which are mediated by the W± exchange and VNC denotes the NC potential respon-

sible for the interactions mediated by Z0 bosons. With VCC =
√
2GFNe and VNC = GFNn√

2
, the

matter potential (V ) can be expressed as

V = diag(
√
2GFNe, 0, 0, GFNn/

√
2) , (12.15)

where GF is the Fermi constant, Ne and Nn are the number densities of electron and neutrons

respectively inside the matter through which neutrinos propagate. In the present formalism, for the

purpose of the calculation the mass mixing angles (θij) and gravity mixing angles (θ�ij) with the

flavour eigenstates are assumed same, and hence U(4×4) = U �
(4×4) = U . The effective Hamiltonian
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according to this assumption takes the form

H �� = U(Hd +HG)U
† + V

= U(diag(0,
Δm2

21

2E
,
Δm2

31

2E
,
Δm2

41

2E
) (12.16)

+diag(0,Δf21E,Δf31E,Δf41E))U † + V .

We neglect the terms Δm2
21 and Δf21 by assuming that both the neutrino mass eigenstates |ν1�,

|ν2� and gravity eigenstates |νG1�, |νG2� are very close to each other. Thus the above equation can

be written as

H �� = U diag(0, 0,
Δm2

31

2E
+Δf31E,

Δm2
41

2E
+Δf41E)U † + V

= U diag(0, 0,
Δµ2

31

2E
,
Δµ2

41

2E
)U † + V . (12.17)

In the above,

Δµ2
31

2E
=

Δm2
31

2E
+Δf31E ,

Δµ2
41

2E
=

Δm2
41

2E
+Δf41E . (12.18)

In Eq. 12.17, the unitary matrix U is the 4 × 4 matrix similar to that given in Eq. 12.2. The active

neutrino mixing angles described in 3 × 3 PMNS matrix (Eq. 8.15, Chapter 8) are obtained from

the latest bounds given by different neutrino experiments [417] and these are

θ12 = 33.960, θ23 = 48.30, θ13 = 8.610

Δm2
21 = 7.53× 10−5eV−2, Δm2

31 = 2.5× 10−3eV−2 . (12.19)

For simplicity, normal hierarchy for neutrino eigenstates has been considered and CP violating

phase δCP = 0.
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Apart from the active neutrino oscillation parameters mentioned in Eq. 12.19, there are three

active-sterile neutrino mixing angles θ14, θ24, θ34. Several neutrino oscillation experiments such

as MINOS [137–148], Daya Bay [127–133], Bugey [174], T2K [149], IceCube [371] etc. provide

stringent limits on these mixing angles (θi4, i = 1 − 3) for different values of mass squared dif-

ference Δm2
41. For the calculations in this Chapter, combined limit on mixing angle θ14 obtained

from the analyses by Daya Bay, MINOS and Bugey-3 [148] has been used. Also considered is the

constraints from cosmological data [Adams et al.] [518] along with the neutrino oscillation results

from other experiments. In this reference, it is concluded that PLANCK data exclude the regions

when Δm2
41 ≥ 5 × 10−2 eV2 and for Δm2

41 ≤ 5 × 10−2 eV2, limits from the combined analysis

of Daya Bay, MINOS and Bugey-3 [148] become significant (see Fig. 2 and Fig. 4 of Ref. [518]

for details). With these constraints, in this Chapter, θ14 = 3.60 has been adopted and results are

presented for two chosen values of Δm2
41 namely, Δm2

41 = 1× 10−3 eV2 and Δm2
41 = 3× 10−3

eV2, consistent with the latest experimental findings. MINOS and MINOS+ [139, 519] also provide

limits on the active-sterile mixing angle θ24. From their analyses, it is found that for Δm2
41 ≥ 10−2

eV2, MINOS+ provides strong upper bound on the mixing angle θ24. However, it is observed that

θ24 ≤ 26.70 when Δm2
41 = 1× 10−3 eV2 and θ24 ≤ 50.70 when Δm2

41 = 3× 10−3 eV2. Recent

analysis for the search of sterile neutrinos performed by T2K far detector with 295 Kms baseline

length [149] predicts θ24 ≤ 22.70 for Δm2
41 = 1 × 10−3 eV2 and for Δm2

41 = 3 × 10−3 eV2 the

limit on mixing angle is θ24 ≤ 15.30. With the above limit on θ24 for Δm2
41 = 3 × 10−3 eV2,

the limit on θ34 is found to be θ34 ≤ 53.10 (see Fig. 4 of Ref. [149] for details). Therefore, it

may be observed that for smaller values of Δm2
41 ∼ 10−3 eV2, although the mixing angle θ14 is

very much constrained, limits on other mixing angles namely θ24, θ34 are not that stringent. In this

Chapter, two different sets of active-sterile neutrino mixing angles are adopted and these are given

in Table 12.1 which are in agreement with different neutrino oscillation experimental results for

smaller values of Δm2
41 ∼ 10−3 eV2.

It is to be noted that apart from the CP phase δCP appearing in the 3 × 3 PMNS matrix for
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Table 12.1: Chosen 4-flavour mixing angle parameter sets for the calculation of gravity
induced 4-flavour oscillations in matter.

Set θ14 θ24 θ34
1 3.6◦ 4.0◦ 18.48◦

2 2.5◦ 10.0◦ 30.0◦

3 active neutrino case, the 3+1 scenario involves two new CP phases δ14 and δ24. However, as

mentioned in [148], experiments like MINOS, Daya Bay and Bugey-3 are based on disappearance

measurements which makes them insensitive to CP phases. Apart from that, IceCube [371] exper-

iment also analyse data to fit active-sterile mixing angle considering CP phases to be zero. In the

present calculations also a CP conserving scenario is assumed and all CP phases are zero.

With the two sets of mixing angles tabulated in Table 12.1 and neutrino mass squared differences

mentioned above, the four neutrino oscillation probabilities in matter is to be obtained including

the effects of VEP principle with VEP parameters Δf31 and Δf41. The Hamiltonian H �� is then

diagonalised by a new 4× 4 unitary matrix Um whose elements are similar to that of the matrix U

(as in Eq. 12.2) but with new modified mixing angles. Therefore, the oscillation probability for a

neutrino |να� having flavour α oscillate to a neutrino |νβ� of flavour β is given by the expression

[464, 520]

Pνα→νβ = δαβ − 4
�

j>i

Um
αiU

m
βiU

m
αjU

m
βj sin

2

�
πL

λij

�
, (12.20)

where Um
αi etc. are the matrix elements of the unitary matrix (Um), which is computationally

obtained by diagonalising the effective Hamiltonian H �� in Eq. 12.17 and L indicates the baseline

length. The oscillation length (λij) in the presence of both mass and gravity induced oscillations in

matter can be expressed as

λij =
2π

E�
j − E�

i

=
2π

ΔE�
ij

, (12.21)
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where E�
i, E

�
j(i, j = 1, 2, 3, 4; i �= j) are the eigenvalues of the effective Hamiltonian H �� (Eq.

12.17). Since the mass eigenstates |ν1� and |ν2� can be assumed to be almost degenerate (Δm2
21 ∼

10−5 eV2), we have Δm2
31 � Δm2

32, Δm2
41 � Δm2

42. We follow similar convention for neutrino

gravity eigenstates, such that |νG1� and |νG2� are also almost degenerate (Δf21 = 0) and adopt

Δf31 � Δf32 and Δf41 � Δf42. Therefore, in the 4-flavour framework, the oscillation probability

equations are given by

P 4
ee = 1− 4

�
|Um

e1 |2|Um
e2 |2 sin2

�
ΔE�

12L
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�
+ |Um
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�
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e4 |2 sin2
�
ΔE�

24L
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�
+ |Um
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e4 |2 sin2

�
ΔE�

34L

2

��

(12.22)

P 4
µµ = 1− 4

�
|Um
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µ2|2 sin2

�
ΔE�

12L
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�
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(12.23)

P 4
ττ = 1− 4
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|Um
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(12.24)
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P 4
ss = 1− 4
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P 4
eµ = 4
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It is to be noted that, earlier studies of VEP with IceCube neutrino data by Esmaili et. al set a

stringent bound on Δf31 ≤ 7 × 10−27 [521]. Therefore, in the calculations, Δf31 = 5 × 10−27

is adopted which is in agreement with previous analysis. However, since the value of Δf31 is

negligibly small, no significant VEP effect due to Δf31 is expected. On the other hand, there exists

no bound on the VEP associated with the sterile neutrino Δf41. In the next Section, VEP induced

four flavour neutrino oscillations in matter are explored by actual computation of such probabilities.
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12.3 Calculations and Results

12.3.1 Gravity Induced Neutrino Oscillations in Matter

In order to estimate the effect of the gravity induced oscillations in presence of matter for a 4 neu-

trino (3 active (νe, νµ, ντ ) + 1 sterile (νs)) scenario in the context of long baseline neutrinos, a

baseline length of 7000 Kms is chosen within the Earth. For the demonstrative purpose, a matter

density is chosen to be 4.15 gm/cc. However, for the actual estimation of neutrino induced muon

yields at a far detector where νµ and ντ are produced in a neutrino factory, actual densities of the

layers of the Earth matter through which the neutrino would propagate from the source to the detec-

tor, has been incorporated for the computation of the probabilities. The probabilities are computed

using the Eqs. 12.13 - 12.31. In this Section, mainly the nature of the probabilities and their varia-

tions (with neutrino energy) are demonstrated by the combined effect of the gravity induced factors

as well as the mass-flavour oscillations in matter. From Eqs. 12.20 - 12.31, it is clear that the oscil-

latory part of the probability equations are controlled by the phase factor ΔE�
ijL/2, where ΔE�

ij are

the difference of the eigen values E�
i and E�

j of the eigenstates designated by i and j respectively.

The eigenvalues E�
i, E

�
j etc. are computationally obtained by explicitly diagonalising the Hamilto-

nian H �� (Eq. 12.17) that includes both the mass induced effects, matter effects as also the gravity

induced effects.

In Figs 12.1-12.4, the variations of 4 neutrino oscillation probabilities for different gravity

induced effects (designated by Δfij) are shown when the mass squared differences Δm2
ij are

kept fixed. Note that in all the figures P 4
αβ signifies the oscillation probabilities Pνα→νβ (α,β ≡

e, µ, τ, s).

In Fig. 12.1 the variations of 4 neutrino probabilities as described earlier are shown in five plots

(a)-(e) for P 4
ee, P

4
eµ, P

4
µµ, P

4
es and P 4

µs respectively. In each of these plots the variations are shown

for three different values of Δf41 = 0, 10−24, 10−23. The computations for all the plots are made
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Figure 12.1: Neutrino oscillation probabilities in matter for a fixed value of Δm2
41 = 1 ×

10−3 eV2, Δf31 = 5× 10−27 and for Set-1 with baseline length L = 7000 Kms.

with Δm2
41 = 1 × 10−3 eV2 and Δf31 = 5 × 10−27 for a baseline length of 7000 Kms. For

other four flavour mixing angles, Set 1 of Table 12.1 is adopted. The three values of flavour mixing

angles and mass squared differences are given earlier in Section 12.2. From Fig. 12.1(a-e) it is
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evident that the nature of variation of the probabilities changes when the value of Δf41 is changed.

It is also observed from these figures that the changes in oscillation probabilities are more prominent

when Δf41 = 10−23 (in comparison to what is obtained when Δf41 = 0). For the cases P 4
es and

P 4
µs, these variations are more distinctive and the oscillatory behaviours of these probabilities are

observed beyond energy ∼ 10 GeV when Δf41 = 10−23 and for Eν ≤ 10 GeV, the probabilities

suffer very rapid oscillations.

Similar computations of the probabilities are performed and the results are plotted in Fig.

12.2(a-e) using the same set of parameters (Set-1 of Table 12.1) but for a different chosen value

of Δm2
41 = 3 × 10−3 eV2. Although results similar to what is observed in Fig. 12.1 are ob-

tained, the oscillation patterns for the case of P 4
αs (α = e, µ) show significant difference when com-

pared with the same for Fig. 12.1. We observe that the probability P 4
es is reduced by one order for

Δm2
41 = 3× 10−3eV2. Moreover, behaviours of both the probability plots P 4

αs (α = e, µ) change

significantly with increasing values of Δf41 and becomes oscillatory in nature for Δf41 = 10−23.

In Figs. 12.3-12.4 the five probability plots are shown but with the Set-2 for active-sterile mixing

angles as given in Table 12.1. For each of the probabilities, the variations are shown for same set

of three Δf41 values while the value of Δf31 is kept fixed at 5 × 10−27 as for Fig. 12.1. Shown

in Fig. 12.3 (Fig. 12.4), the probability plots for Δm2
41 = 1 × 10−3 eV2 (Δm2

41 = 3 × 10−3

eV2) with baseline length of 7000 Kms as before. It can be easily noticed that the nature of the

plots in Fig. 12.3 (Fig. 12.4) are similar to that of Fig. 12.1 (Fig. 12.2) the computations of which

differ only in different sets of mixing angles that have been used. However comparing Fig. 12.1 with

Fig. 12.3 reveals that the probability P 4
µµ also changes significantly with the variations of Δf41. The

probability plots for P 4
µµ in Fig. 12.2 and Fig. 12.4 exhibit similar nature when compared. These

deviations can play significant role for the case of long baseline neutrino experiments which will

be discussed later. Comparing Fig. 12.3 and Fig. 12.4 it is also observed that the probabilities P 4
es

and P 4
µs become oscillatory in nature for E ≥ 10 GeV and P 4

es suffers a suppression of one order

when Δm2
41 = 3× 10−3 eV2 is adopted. In addition it appears that the natures of the probabilities
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Figure 12.2: Neutrino oscillation probabilities in matter for a fixed value of Δm2
41 = 3 ×

10−3 eV2, Δf31 = 5× 10−27 and for Set-1 with baseline length L = 7000 Kms.

are more affected when Δf41 = 10−23 as compared to the case Δf41 = 0. This is also evident in

case of Figs. 12.1-12.2. Thus it is demonstrated from Figs. 12.1-12.4 that for these calculations, the

probabilities are most affected by the gravity induced effects when Δf41 = 10−23.
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12.3.2 Effect of Gravity Induced Oscillation on a LBL Neu-

trino Experiment

In this Section, we estimate the neutrino induced muon yields in a LBL experiment. In a LBL

neutrino experiment neutrinos are usually produced in an accelerator based neutrino factory which

then propagate to a distant detector where these are detected. In this set up, pions are initially pro-

duced in neutrino factories by directing a proton beam incident on a target. Pions decay into muons

which suffer further decay in a muon storage ring producing neutrinos. Neutrinos are generated

from 3-body decay of muons as

µ− → e− + ν̄e + νµ , (12.32)

µ+ → e+ + νe + ν̄µ .

Neutrinos produced in neutrino factory are then directed towards a neutrino detector far away from

the source of the neutrinos and traverse through Earth matter to reach the detector. The muon

neutrinos (νµ, ν̄µ) generated in neutrino factory will suffer oscillations due to its passage through

the Earth matter along the baseline. The νµ(ν̄µ) will produce µ− (µ+) at the detector by CC

interaction with the detector material. If it is pure µ− at the source then only νµ beam will propagate

along the baseline and µ− will be produced at the detector end which the detector would detect.

Those muons are called right sign muons. Needless to mention that νµ flux at the source will suffer

depletion due to the oscillation and same will happen to the expected muon yield. However if the

detector detects a µ+ instead, then it must be that ν̄µ reaches the detector and ν̄µ can only be created

in the beam (produced by the decay of µ−) through the oscillation ν̄e → ν̄µ during the passage

of ν̄e through the baseline. These events are termed as wrong sign muon events. The situation

is just reversed if ν̄µ beam is produced at the storage ring from the decay of µ+. But the right

sign and the wrong sign muon events can be distinguished by an iron calorimeter detector (such as
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the one considered for the calculation of muon yields in this Chapter) when the ICAL detector is

magnetized.

As mentioned above, we first consider the neutrino (antineutrino) flux in the neutrino factory

which is expressed as [522, 523]

d2Φνµ,ν̄µ

dydA
=

4nµ

πL2m6
µ

E4
µy

2 (1− β)
�
3m2

µ − 4E2
µy (1− β)

�
(12.33)

and similarly νe (ν̄e) flux is given by

d2Φνe,ν̄e

dydA
=

24nµ

πL2m6
µ

E4
µy

2 (1− β)
�
m2

µ − 2E2
µy (1− β)

�
, (12.34)

where different terms are given as follows

• Eµ : muon energy

• nµ : number of injected muons

• L : distance between neutrino factory and the end detector (baseline length)

• y = Eν
Eµ

where Eν is energy of neutrino

• β is the boost factor

It is to be noted that the expressions for neutrino fluxes in Eqs. 12.33, 12.34 are derived under the

following approximations; i) neutrinos are not polarised and ii) the angle between the direction of

neutrino beam towards the detector and the beam axis is assumed to be zero. For the computations

of neutrino flux using Eqs. 12.33,12.34, ∼ 1021 protons on target per year and muon injection

energy of 50 GeV are considered. In Fig. 12.5 the calculated fluxes for νµ and ν̄e are shown.

As mentioned, a magnetized ICAL detector is considered. Such a detector of 50 kTon mass has

been suggested for the proposed INO [181]. The proposed ICAL detector at INO [181] is basically a
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stack of 151 iron plates of thickness 5.6 cm and the plates are separated by a gap of 4 cm containing

a total of 50 kTon of detector iron. Here we consider a baseline length of 7359 Kms which is

roughly the distance between CERN and proposed INO site. Beam of νµ (ν̄µ) from a neutrino

factory after reaching such a magnetized ICAL detector will undergo CC interactions and produce

µ− (µ+) which form muon tracks of different curvature due to magnetic field while passing through

different layers of the detector. Observing the direction and curvature of the muon tracks one can

distinguish the right sign and wrong sign muons inside detector. As mentioned, the flux of neutrino

(antineutrino) beam will undergo gravity induced and mass induced four flavour oscillations in

matter before reaching the detector. Thus the neutrino (antineutrino) flux at the detector is to be

folded by corresponding probabilities. For a beam with νµ and ν̄e (produced from the decay of µ−

at the storage ring), if µ+ is registered in ICAL then this is referred to as appearance channel since

it originates due the oscillation ν̄e → ν̄µ while for the same beam µ− at the detector is considered

as disappearance channel as νµ disappears via the oscillation νµ → νx, x �= µ. In this Section, we

present the expected yield of right sign muons (µ−) and wrong sign muons (µ+) at ICAL detector

in presence of gravity induced neutrino oscillations in four flavour scenario.

Different neutrino oscillation probabilities are calculated and presented in previous Section as-

suming average Earth density ρ = 4.15 gm/cc. However for the present scenario, where the baseline

length ∼ 7359 Kms, neutrinos travel through Earth crust and mantle. Width of Earth crust is very

small ∼ 10-15 Kms compared to the long baseline oscillation length 7359 Kms. Therefore, oscilla-

tion effects due to crust can be ignored safely and we consider neutrino oscillations through upper

and lower mantle only, as demonstrated in Fig. 12.6. Density of upper (lower) mantle of Earth is

ρup = 3.9 gm/cc (ρlow = 4.5 gm/cc) [524]. From Fig. 12.6, we observe that for the chosen LBL

length, neutrinos traverse through upper mantle initially for first 1603 Kms and then enters lower

mantle where it travels a distance of 4153 Kms and finally enters again into the upper mantle through

which they travel another 1603 Kms to reach the detector. We use the above two-layer formalism to

calculate neutrino oscillation probabilities within Earth for the calculation of right sign and wrong
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sign muon events at the detector. For this purpose, we need to evaluate new probability amplitudes

for neutrino oscillation within two layers of mantle. For example, the probability amplitude for the

channel νl → νl� with the two layers of mantle considered is expressed as

All� =
�

k,k�,k��,α,β

AlkA
up
kk(d)AkαAαk�A

low
k�k�(D)Ak�βAβk��A

up
k��k��(d)Ak��l� (12.35)

where l, l�,α,β = e, µ, τ, s; k, k�, k�� = 1, 2, 3, 4 and superscripts up (low) correspond to upper and

lower mantle with density ρup (ρlow). Eq. 12.35 can be explained as follows. The matter effect

on neutrinos as they pass through the matter is related to neutrino interaction with matter. The

coherent neutrino weak interaction scattering with matter proceeds via weak interaction eigenstates

or flavour eigen states of neutrinos and depends on the particle density (and hence matter density)

inside the medium through which the neutrino is propagating (as discussed earlier in Chapter 4).

But it is the mass eigenstates of neutrino in matter (within that medium) which propagate through

a distance in that medium. The neutrino in this case, is produced in a particular flavour eigenstate

in a source and enters the earth matter in the upper mantle with a certain density, through which

it will first propagate. The possible mass eigenstates (in matter of the upper mantle) in the initial

flavour eigenstate (due to neutrino mixing) is of relevance here. These mass eigenstates initially

propagate a distance of d = 1603 Kms inside the upper mantle as exp(−iEd) (E represents the

energy eigen value of the neutrino; the propagation Hamiltonian is diagonal in mass basis) till

they reach the boundary of the upper and the lower mantle (Fig. 12.6). As the lower mantle has

a different matter density, the neutrino needs to be converted from its mass eigenstate (in upper

mantle matter) to possible flavour eigenstates which then enter the lower mantle. But since neutrino

will now propagate a distance of D = 4153 Kms inside the lower mantle with matter density

different from that of the upper mantle, these are the mass eigenstates in lower mantle matter (and

not the flavour eigenstates) that are relevant since these mass eigenstates will now propagate as

exp(−iED) till they reach the boundary of the lower mantle and the upper mantle (Fig. 12.6). As

they propagate from lower mantle to upper mantle, another change of matter density will occur.
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Table 12.2: The right sign µ yield and the wrong sign µ yield in the presence of gravity
induced 4-flavour oscillations in matter for Set-1 and for the fixed values of Δf31 = 5 ×
10−27. The muon injection energy is fixed at 50 GeV. See text for details.

Δm2
41 in eV2 Δf41 Right sign µ Wrong sign µ

1× 10−3

0 3115191.8 6031.1
10−24 2973398.1 5920.1
10−23 2662702.8 6332.4

3× 10−3

0 3006509.5 8349.9
10−24 2896293.3 8465.6
10−23 2654969.2 7687.9

Following the similar procedure, finally, the neutrino mass eigenstates in the upper mantle will

reach the detector on earth after traversing a distance of d = 1603 Kms (see Fig. 12.6). But again,

since the neutrinos will undergo weak interaction with detector material inside the detector (and a

neutrino of a particular flavour will be detected), the relevant flavour eigen state is to be obtained

from the mass eigenstates that reach the detector. In Eq. 12.35, Alk = �νl|νk� = Ulk is the element

of neutrino mixing matrix before oscillation within matter whereas Akα → Ukα(θup), Aαk� →

Uαk�(θlow), Ak�β → Uk�β(θlow), Aβk�� → Uβk��(θup) (θup and θlow denote the mixing angles in the

matters of upper and lower mantle respectively) correspond to oscillation within matter and Aup
kk =

�νk|νupk (d)� = e−iEd with E being a function of Δm2
ij , Δfij , V . Finally the oscillation probability

Pνlνl� between two different neutrino flavours l and l� can be calculated from the amplitude Pll� =

|All� |2. In Fig. 12.7 we show the oscillation probabilities for the case νe → νµ and νµ → νµ which

are computed using Eq. 12.19, Eq. 12.35 and new mixing angles mentioned in Set-1 of Table 12.1

for Δm2
41 = 1× 10−3 eV−2 with different Δf41 values and fixed Δf31 = 5× 10−27.

In Table 12.2, we furnish the estimated right sign and wrong sign muon yields for five year

run of a magnetized ICAL detector with the benchmark set of active-sterile mixing angles given in

Set-1 of Table 12.1. As mentioned, the energy of injected muon is taken to be 50 GeV at the muon

storage ring assumed to be directed towards the ICAL detector. The estimated numbers are shown

for two values of chosen Δm2
41 = 1×10−3 eV2 and Δm2

41 = 3×10−3 eV2. As we have discussed
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Table 12.3: The right sign µ yield and the wrong sign µ yield in the presence of gravity
induced 4-flavour oscillations in matter for Set-2 and for the fixed values of Δf31 = 5 ×
10−27 with injected muon energy fixed at 50 GeV. See text for details.

Δm2
41 in eV2 Δf41 Right sign µ Wrong sign µ

1× 10−3

0 3386440.6 6052.6
10−24 2891732.9 5101.3
10−23 1832335.8 4037.9

3× 10−3

0 3006874.9 8692.3
10−24 2605873.5 8631.2
10−23 1805902.2 7634.0

before, keeping Δf31 = 5×10−27 fixed, the right sign and wrong sign muon yields are estimated at

the ICAL detector (considered here) for three different Δf41 values discussed in previous Section.

From Table 12.2, we observe that for both the chosen fixed values of Δm2
41 = 1(3) × 10−3 eV2,

increase in Δf41 results in depletion of the right sign muon yields while wrong sign muon yields

do not suffer any significant change. The right and wrong sign muon yields are also computed for

a set of different benchmark points for active-sterile mixing given in Set 2 of Table 12.1 keeping

the other parameters same as those used in Table 12.2. These results are furnished in Table 12.3.

Similar trend, as in Table 12.2, is also observed for the computed right and wrong sign muon yield

values given in Table 12.3. From these calculations it appears that LBL neutrino experiment can

be very effective and important not only to address, in addition to other neutrino physics issues,

the four neutrino flavour scenario but also to probe a possible tiny violation, if any, of equivalence

principle.

In order to demonstrate, how both the right sign and wrong sign muon yields for 4-flavour

scenario differ from those when only three active flavours are considered with and without VEP

effects, comparison has been shown in Table 12.4 of the yields for the two cases by computing the

right sign and wrong sign muon yields when three flavour mixing parameters are same for both the

scenarios. The other parameters of active-sterile mixing are adopted as given in Set 1 and Set 2 of

Table 12.1 (and also shown in Table 12.4). The value of Δf31 = 5 × 10−27, as in Tables 12.2 and
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Table 12.4: Comparison of the right sign and the wrong sign µ yields for the 4-flavour
case compared to the same for 3-flavour case for two sets of active-sterile neutrino mixing
angles and for two different values of Δm2

41. We consider Δf41 = 0 for this comparison
and muon injection energy is kept fixed at 50 GeV. See text for details.

Δm2
41 θ14 θ24 θ34 Right Wrong Right Wrong

in eV2 sign µ sign µ sign µ sign µ
in in in in

4-flavour 4-flavour 3-flavour 3-flavour

1× 10−3 3.6◦ 4.0◦ 18.48◦ 3115191.8 6031.1 2250267.65 463.18
2.5◦ 10.0◦ 30.0◦ 3386440.6 6052.6 2250267.65 463.18

3× 10−3 3.6◦ 4.0◦ 18.48◦ 3006509.5 8349.9 2250267.65 463.18
2.5◦ 10.0◦ 30.0◦ 3006874.9 8692.3 2250267.65 463.18

12.3 is fixed from the bounds on Δf31 given in Ref. [521] and Δf41 = 0. All computations are for

five year run of the chosen 50 kTon ICAL detector, assumed to be placed at a distance of 7359 Kms

from a neutrino factory with muon injection energy of 50 GeV.

From Table 12.4, it is clear that for both the cases (two adopted values of Δm2
41), right sign and

wrong sign muon yields are enhanced for 4-flavour (3 active + 1 sterlile) scenario when compared

with 3-flavour oscillations. The difference is more striking for the case of wrong sign muon yields.

For example, when Δm2
41 = 3 × 10−3 is chosen, the wrong sign muon yield for 4-flavour case is

20 times larger in magnitude than the same for 3-flavour case. If the active-sterile VEP oscillation

is made non-zero (Δf41 �= 0), the 4-flavour results will be modified as seen from Tables 12.2 and

12.3 but the similar trend in difference of wrong sign muon yields are maintained. However, for

increasing Δf41, right sign muon yield reduces considerably and can become even smaller than the

3-flavour case as observed in Table 12.3 for Δf41 = 10−23. From the estimated results of muon

yields obtained in Tables 12.2, 12.3 at the chosen ICAL detector, it is now evident that the presence

of gravity induced four neutrino oscillations in matter will significantly affect the right sign and

wrong sign muon yields for non zero Δf41. Therefore, LBL neutrino experiment can be a viable

probe to investigate the VEP appearing in four flavour scenario.

In the 3-D plots in Fig. 12.8, simultaneous variations of each of the right sign and wrong sign
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muon yields with θ24 (ranging from 00 ≤ θ24 ≤ 100) and θ34 (ranging from 00 ≤ θ34 ≤ 300)

for fixed values of θ14 = 2.50 and Δf31 = 5 × 10−27 are shown. The chosen ranges of θ24 and

θ34 are within the allowed regions given by 4-flavour analyses of oscillation experiment data. We

compute the muon yields with muon injection energy 50 GeV in proposed ICAL detector with

baseline length 7359 Kms for five year run and compare the muon yield values for Δm2
41 = 10−3

eV2, Δf41 = 0 with Δf41 = 10−23. In the left panel of Fig. 12.8, it is to be noticed that for

Δf41 = 0, right sign muon yields do not change significantly with the variations of θ24 and θ34.

However, with Δf41 = 10−23, one observes considerable depletion in right sign muon yield as θ34

increases while the changes are negligible with the variations of θ24. This result is also in agreement

with the muon yield events reported earlier in Table 12.2-12.4, where a reduction has been observed

in right sign muon yield for increase in Δf41. A similar plot with the same set of parameters for

wrong sign muon yield events at ICAL detector with 50 GeV muon injection energy (and five year

run) is shown in the right panel of Fig. 12.8. Comparing the values of wrong sign muon yields

for Δf41 = 0 with Δf41 = 10−23, we observe very mild variation in wrong sign muon yields as

the values of θ24, θ34 are changed. The nature of this 3-D plot is consistent with the results shown

in Tables 12.2-12.4 for wrong sign muons. Thus, this may be concluded that in case of 4-flavour

oscillations the VEP, if exists in nature can influence considerable effect on muon yields in a LBL

neutrino experiment.

12.4 Summary

If the equivalence principle is indeed violated in nature, this will induce different gravitational

couplings for different types of neutrinos. In this Chapter, a study has been made to estimate

how such a probability affects the neutrino oscillations in matter and the possibility that even a very

small VEP principle can be probed by a LBL neutrino experiment. To this end, a four neutrino (3+1)

framework has been considered, where one extra sterile neutrino is assumed to exist in addition to
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the three active neutrinos. In a possible scenario that the equivalence principle is violated in nature,

the three active neutrinos as well as the sterile neutrino couple differently with gravity which result

in a gravity induced oscillations of neutrinos in addition to mass flavour oscillations. In addition,

one must also take into account the matter effects if neutrinos propagate through medium. In this

Chapter, the effective Hamiltonian for four neutrino oscillations is derived in presence of gravity

induced effects along with usual mass-flavour oscillations with matter effects. These formalisms

are then used to study the effects of VEP in a LBL neutrino oscillation experiment, by estimating

the detector yields at a far detector.

The new oscillation probabilities in this scenario are derived assuming the mixing angles be-

tween mass and flavour eigenstates to be identical with those between gravity and flavour eigen-

states. The resulting new unknown parameters (under certain viable approximations) are Δf31,

Δf41 which are responsible for gravity induced neutrino oscillations and can be attributed to the

signature and measure of VEP. However, IceCube data of atmospheric neutrino puts stringent con-

straint on Δf31. Using the bounds on neutrino mixing angles from different experiments and Δf31,

the behaviour of four neutrino oscillation probabilities are studied. Two benchmark sets of active-

sterile neutrino mixing angles θ14, θ24, θ34 are adopted and these choices are within experimental

limits of possible sterile neutrino oscillations. Significant deviations in oscillation probabilities

Pνα→νβ occur with the changes in Δf41 (for a chosen baseline length of ∼ 7000 Kms) indicat-

ing that even a very weak VEP will affect the oscillation probabilities over a chosen representative

baseline of ∼ 7000 Kms.

Using this formalism and computational procedure, the possible signatures of VEP is estimated

at the end detector of an assumed LBL neutrino experiment where the neutrinos are produced in

a neutrino factory and are detected at a far detector of magnetized ICAL with a baseline length

of around 7359 Kms. The magnetized ICAL detector can efficiently measure the number of µ−

and µ+ produced upon CC interaction of muon neutrinos and muon antineutrinos at the detector.

Flux of muon neutrinos (νµ) will suffer gravity induced and mass induced oscillations in matter
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while propagating to the far ICAL detector from a neutrino factory where neutrinos are produced

and thus the neutrino flux will be depleted on reaching the detector. Hence this oscillation channel

is referred to as disappearance channel. Similarly detection of µ+ at magnetized ICAL indicates

the appearance channel due to neutrino oscillation ν̄e → ν̄µ. It is demonstrated that for a baseline

of ∼ 7000 Kms, effect of VEP becomes prominent with four flavour oscillations for non zero

values of Δf41. This is further justified by the calculation of muon yields (µ∓) in an assumed LBL

neutrino experiment with baseline length 7359 Kms (which is approximately a baseline that one

would obtain if the neutrino source is considered to be at CERN and the end detector is a ICAL

detector at the proposed INO site). The results show significant changes in muon yields arising

due to VEP parameter Δf41 responsible for gravity induced neutrino oscillations. Therefore, LBL

neutrino experiment can be used to probe even a very small VEP principle, if exists in nature.
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Figure 12.3: Neutrino oscillation probabilities in matter for a fixed value of Δm2
41 = 1 ×

10−3 eV2, Δf31 = 5× 10−27 and for Set-2 with baseline length L = 7000 Kms.
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Figure 12.4: Neutrino oscillation probabilities in matter for a fixed value of Δm2
41 = 3 ×

10−3 eV2, Δf31 = 5× 10−27 and for Set-2 with baseline length L = 7000 Kms.
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Figure 12.5: Flux of a) νµ and b) ν̄e for muon decay at muon storage ring with muon
injection energy of 50 GeV. See text for details.
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neutrino detector placed at 7359 Kms from source.

381



0 10 20 30 40 50
Energy in GeV

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

P
4 e
μ

Δμ41Δ0

Δμ41Δ10
−24

Δμ41Δ10
−23

0 10 20 30 40 50
Energy in GeV

0.0

0.2

0.4

0.6

0.8

P
4 μ
μ

Δμ41Δ0

Δμ41Δ10
−24

Δμ41Δ10
−23

(a) (b)

Figure 12.7: Neutrino oscillation probabilities within matter for varying density with two
layer approximation and baseline length L = 7359 Kms. See text for details.
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Figure 12.8: Right sign and wrong sign muon yield variations with θ24 and θ34 for fixed
θ14 = 2.50, Δf31 = 5 × 10−27 and two chosen values of Δf41 = 0, 10−23. See text for
details.
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CHAPTER 13

GRAVITATIONAL WAVE EMISSIONS

FROM FIRST ORDER PHASE

TRANSITIONS WITH TWO COMPONENT

FIMP DARK MATTER

In this Chapter, we explore the emissions of the Gravitational Waves (GWs) from a strong first order

electroweak phase transition (SFOEWPT). To this end, a dark matter (DM) model has been investi-

gated in Feebly Interacting Massive Particle (FIMP) scenario, where the DM particles are produced

through “freeze-in” mechanism in the early Universe described briefly in Chapter 3 (Section 3.3). In

this context, we extend scalar sector of Standard Model (SM) of particle physics by two additional

scalar singlets whose stabilities are protected by an unbroken discrete Z2 × Z ′2 symmetry and they

are assumed to develop no vacuum expectation values (VEVs) after spontaneous symmetry break-

ing (SSB). We have elaborately discussed this two component FIMP DM model in Chapter 6. We

study the first order phase transition (FOPT) within the framework of this present model. Both ana-
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lytical and numerical computations have been done to calculate the consequent production of GWs

and then we investigate the detectabilities of such GWs at the future space-based detectors such as

LISA, BBO, ALIA, DECIGO, aLIGO and aLIGO+, etc. We also find that the smaller Higgs portal

couplings play a signifant role in the relic density calculations for the considered two component

FIMP DM model whereas the DM self couplings have a considerable influence on GWs production

in the present scenario.

13.1 Introduction

In 2015 the Laser Interferometer Gravitational Wave Observatory (LIGO) collaboration [525] had

detected Gravitational Waves (GW150914) reaching the Earth from the distant violent astrophysical

phenomenon involving inward spiralling and eventual merger of a pair of massive black holes and

subsequent ringdown after the merger opens up new vistas to GW astronomy. This has been fol-

lowed by the detections of a number of such other GWs and the study of these GWs help to explore

high energy cosmic phenomena such as neutron stars, pulsars, black holes etc. Other than the likes

detected by LIGO where the GWs are generally originated from the collision of black holes and/or

neutron stars, primordial GWs can be produced via inflationary quantum fluctuations [526], topo-

logical defects of the domain walls and cosmic strings [527], FOPT in the early Universe [528, 529]

etc. Study of these GWs could be very useful to understand the cosmic evolution and the processes

in the early Universe. In this Chapter, we address the case where the GWs can be produced from

FOEWPT mediated by a viable dark matter candidate. Similar issues have been addressed in the

literatures [530–543] but here a two component DM model has been considered (discussed earlier

in Chapter 6) instead of just a one component DM, where both the components are Feebly Interact-

ing Massive Particles or FIMPs. The simple extension of SM of particle physics (SU(2)L × U(1)Y

electroweak symmetry) with additional particles (to accommodate the two component particle DM

candidate) may lead the elctroweak phase transition (EWPT) to be a FOPT instead of a just a smooth
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crossover.

The EWPT followed by the SSB of electroweak symmetry (SU(2)L× U(1)Y ) as formulated in

SM is a smooth transition rather than a first order one. In this Chapter, GWs from a FOEWPT is ad-

dressed in the framework of a proposed DM model. Though the SM of particle physics can describe

the descriptions of several experimental observations, it may not be considered as a fundamental

theory as it fails to describe DM phenomena and the baryon asymmetry of the Universe (BAU). In

order to explain the latter a SFOEWPT is required which can provide a non-equilibrium environ-

ment if the electroweak baryogenesis mechanism [544–547] generates the BAU. There are many

models and theories where the extension of the SM has been studied to address the EWPT and the

DM phenomena simultaneously [530–543]. Different types of phase transitions (PT) namely one-

step [62, 63, 548–550] and two-step (or more step) [535, 551–558] PT , may lead to a SFOEWPT.

For one-step PT only initial and final phases exist whereas the temperature of the Universe drops

down to the barrier between the electroweak symmetry and the broken phases appear from loop

corrections of the potential. On the other hand, for two-step (or multi step) PT an intermediate

metastable state arises between the initial and the final phases and the barrier between two minima

appears at the tree level of the potential. As a result the transition may happen as a FOPT through a

tunneling process and it may proceed through electroweak bubble nucleation [559, 560], which can

expand, collide and coalesce and eventually the Universe turns into the electroweak broken phase.

Initially all possible sizes of bubbles having different surface tension and pressure are taken into

account. The bubble with the size which is large enough to avoid any kind of collapses are claimed

as a critical bubble. The bubbles having size smaller than the critical one tend to collapse whereas

the bubbles having size larger than the critical bubble tend to expand. Due to the pressure difference

between the true and false vacua, nucleations of electroweak bubbles occur. These bubbles could

not sustain their spherical symmetry which generates phase transitions and eventually these phase

transitions may produce the GWs. The GW production mechanisms through the bubble nucleation

and bubble collision have been addressed in literatures [561–566]. The three mechanisms based on
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which the GW production arises mainly are bubble collisions and shock waves [561–566], sound

waves [567–570] and magnetohydrodynamic turbulance in the plasma [571–577].

In this Chapter, we address the issues of SFOEWPT as well as the particle DM candidate by

adopting a minimally extended SM where two real scalar singlets produced via freeze-in mechanism

are added to the SM. We have already described this freeze-in mechanism in Chapter 3 (Section 3.3).

The detail study of the two component FIMP DM model as well as the bounds and the constraints

on the parameters of our proposed DM model from both theoretical and experimental aspects are

elaborately dicussed in Chapter 6. The proposed model also satisfies the upper limit of the DM self

interacting cross-sections obtained from the observations of 72 colliding galaxy clusters [217] and

this is also discussed in Chapter 6. Though the relic density calculations of the proposed DM model

can be done by considering the Higgs portal, however the couplings of the DM self interactions

dominate over the Higgs portal couplings in the case of generating SFOEWPT as the Higgs portal

couplings (couplings of DM with the SM particles) are very negligible (∼ 10−9 − 10−11). Our

purpose is to demonstrate the viability of the present extended SM to induce the SFOEWPT and at

the same time yields a viable DM candidate. We have chosen three benchmark points (BPs) from

the allowed parameter space for the analytical and numerical calculations of the GW production

due to SFOEWPT in the present model. We have checked that the three chosen BPs can satisfy

the criterion
vc
Tc

& 1 [578, 579], where vc indicates the Higgs VEV at the critical temperaure

Tc required to produce SFOEWPT and hence the GWs are generated. The detectabilities of such

GWs by calculating the GW frequencies and intensities for the present formalism has also been

addressed in this Chapter. We then compare them with the estimated sensitivity predictions of

the future space borne detector such as Big Bang Observer (BBO) [580], Laser Interferometer

Space Antenna (LISA) [581], Advanced Laser Interferometer Antenna (ALIA) [582], DECi-hertz

Interferometer Gravitational Wave Observatory (DECIGO) [583] and ground-based detector such

as advanced Laser Interferometer Gravitational Wave Observatory (aLIGO) [584].
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13.2 Two Component FIMP DM Model

In this Chapter, a two component FIMP DM model is adopted, where the dark matter candidates

are produced through freeze-in mechanism. The model is a renormalizable extension of the SM

of particle physics with two singlet scalar fields S2 and S3 as discussed in Chapter 6. These two

real scalars (S2 and S3) compose the dark sector in the present scenario. As already mentioned in

Chapter 6, the scalars S2 and S3 are singlets under the SM gauge group (SU(2)L × U(1)Y ) and

a discrete Z2 × Z ′2 symmetry is imposed on the real scalar fields to ensure their stabilities. After

SSB, these scalars do not generate any VEVs, which prevent mixing between the real scalars and

the SM scalar. The DM candidates can interact only through the Higgs portal with the SM sector.

The Lagrangian of the model is given as

L = LSM + LDM + Lint , (13.1)

where LSM represents the SM Lagrangian. LDM stands for the dark sector Lagrangian including

two real singlet scalars. All these terms for this model is briefly elaborated in Chapter 6. The

renormalizable potential term of the scalar sector of the two component DM model in FIMP scenario

(V ) as

V = µ2
H H

†H + λH (H†H)2 +
µ2
S2

2
S2

2 +
λS2

4
S4

2 +
µ2
S3

2
S2

3 +
λS3

4
S4

3

+λHS2H
†H S2

2 + λHS3H
†H S2

3 + λS2S3S
2
2 S

2
3 . (13.2)

After SSB, only the Higgs acquires a VEV

H =

 0

v + h√
2


 and the scalar fields S2 and S3

acquire no VEV. Therefore S2 = s2 + 0 , S3 = s3 + 0 . As a result, after SSB the scalar potential
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(V ) takes the form

V =
µ2
H

2
(v + h)2 +

λH
4

(v + h)4 +
µ2
S2

2
s2

2 +

λS2

4
s4

2 +
µ2
S3

2
s2

3 +
λS3

4
s4

3 +

λHS2

2
(v + h)2s2

2 +
λHS3

2
(v + h)2s2

3 + λS2S3s
2
2s

2
3 . (13.3)

From the minimisation condition

(
∂V

∂h

)
,

(
∂V

∂s2

)
,

(
∂V

∂s3

) ∣∣∣∣∣
h=0, s2=0, s3=0

= 0 , (13.4)

one obtains

µ2
H + λHv

2 = 0 . (13.5)

The mass matrix is diagonal as there is no mixing between the scalars since S3 and S3 do not

generate any VEVs. Therefore the diagonal mass matrix is written as

M2
scalar =


2λHv

2 0 0

0 µ2
S2

+ λHS2v
2 0

0 0 µ2
S3

+ λHS3v
2

 , (13.6)

where

m2
h = µ2

h + 3λhv
2 = 2λhv

2 , (13.7)

m2
s2 = µ2

S2
+ λHS2v

2 , (13.8)
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m2
s3 = µ2

S3
+ λHS3v

2 , (13.9)

m2
hs2 = m2

hs3 = m2
s2s3 . (13.10)

13.3 Electroweak Phase Transition (EWPT)

In order to study the EWPT in the proposed two component FIMP DM model, the finite temperature

correction is required to be considered with the tree level scalar potential. The effective potential at

finite temperature T is given as [585]

Veff = V T=0
tree−level + V T=0

1−loop + V T 6=0
1−loop , (13.11)

where V T=0
tree−level, V

T=0
1−loop and V T 6=0

1−loop are the tree level potential at T = 0, the Coleman - Weinberg

one loop corrected potential at T = 0 and the same at finite temperaure (T 6= 0) respectively. By

replacing s2 and s3 fields with their corresponding classical fields v1 (VEV of S2) and v2 (VEV of

S3), we can express the tree level potential (V T=0
tree−level) as

V T=0
tree−level =

µ2
H

2
v2 +

λH
4
v4 +

µ2
S2

2
v2

1 +

λS2

4
v4

1 +
µ2
S3

2
v2

2 +
λS3

4
v4

2 +

λHS2

2
v2v2

1 +
λHS3

2
v2v2

2 + λS2S3v
2
1v

2
2 . (13.12)

The Coleman - Weinberg one loop correction of the effective potential at zero temperature V T=0
1−loop

is written as [432, 585]

V T=0
1−loop = ± 1

64π2

∑
i

nim
4
i

[
log

m2
i

Q2
− Ci

]
, (13.13)
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where ‘+’ and ‘−’ indicate bosons and fermions respectively and the summation is taken over i

particles (i ≡ h, s2, s3,W
±, z, t). In Eq. 13.13, ni represents the number of degrees of freedom.

The degrees of freedom for the gauge bosons (W±, Z), fermions (t), Higgs bosons (h) and scalars

(s2, s3) are (nW±)L = 4, (nW±)T = 2, (nZ)L = 2, (nZ)T = 1, nt = 12, nh = 1 and ns2,s3 = 1

respectively and the subscript ‘L’ and ‘T ’ stand for the longitudinal and transverse components of

the gauge bosons (W±, Z). The field dependent square masses of the gauge bosons, fermions and

scalars in terms of their corresponding classical fields v (VEV of H), v1 (VEV of S2) and v2 (VEV

of S3) at zero temperature can be written as

m2
t =

1

2
y2
t v

2 , (13.14)

m2
W =

1

4
g2v2 , (13.15)

m2
Z =

1

4
(g2 + g′2)v2 , (13.16)

m2
h = µ2

H + 3λHv
2 + λHS2v

2
1 + λHS3v

2
2 , (13.17)

m2
s2 = µ2

S2
+ λHS2v

2 + 3λS2v
2
1 + 2λS2S3v

2
2 , (13.18)

m2
s3 = µ2

S3
+ λHS3v

2 + 3λS3v
2
2 + 2λS2S3v

2
1 , (13.19)

m2
G+ = 2µ2

H + 2λHv
2 + 2λHS2v

2
1 + 2λHS3v

2
2 , (13.20)
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m2
G0

= µ2
H + λHv

2 + λHS2v
2
1 + λHS3v

2
2 , (13.21)

where yt, g and g′ correspond to the top Yukawa coupling, SU(2)L and U(1)Y gauge SM couplings

respectively. Note that for v1 = v2 = 0 the Eqs. 13.17 - 13.19 will be similar to the Eqs. 13.7 - 13.9

mentioned in Section 13.2. Here we impose Landau gauge (ξ = 0), where at T 6= 0 the Goldstone

bosons acquire masses but for zero temperature they are massless and also the ghost contribution

does not exist here [586]. For further calculations, we consider the values of the renormalizable

scale, Q (mentioned in Eq. 13.13) as∼ 246.22 GeV. However, one can vary Q as the selection of Q

is not unique. In Eq. 13.13 Ci indicates a numerical constant and it depends on the renormalization

scheme. For the transverse component of gauge bosons (W±T , ZT ), (CW,Z)T = 1/2 while for the

longitudinal component of gauge bosons (W±L , ZL), (CW,Z)L = 3/2 and for the other particles

considered in this model (h, s2, s3, t), Ch,s2,s3,t = 3/2. The one loop corrected effective potential

at finite temperature takes the form

V T 6=0
1−loop =

T 4

2π2

∑
i

niJ±

[
m2
i

T 2

]
, (13.22)

where the function J± is given as

J±

(
m2
i

T 2

)
= ±

∫ ∞
0

dy y2 log

1∓ e
−

√√√√
y2+

m2
i

T 2

 . (13.23)

We add the temperature corrected terms to the boson masses by including the Daisy resummation

procedure in V T 6=0
1−loop [587]. Therefore, the temperature dependent masses can be expressed as

µ2
H(T ) = µ2

H + c1T
2, µ2

S2
(T ) = µ2

S2
+ c2T

2 and µ2
S3

(T ) = µ2
S3

+ c3T
2, where

c1 =
6λH + 2λHS2

12
+

3g2 + g′2

16
+

1

6
λHS3 +

y2
t

4
, (13.24)
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c2 =
1

8
λS2 +

1

6
λHS2 +

1

6
λS2S3 , (13.25)

c3 =
1

8
λS3 +

1

6
λHS3 +

1

6
λS2S3 . (13.26)

For the longitudinal components of gauge bosons (W±L , ZL), the temperture corrected mass terms

are given by [586]

m2
W (T ) = m2

W + 2g2T 2 , (13.27)

and

m2
Z (T ) =

1

2
m2
Z +

(
g2 + g′

2
)
T 2 +

1

8

√[(
g2 − g′2

)2
(64T 2 + 16T 2v2) +

(
g2 + g′2

)2
v4
]
.

(13.28)

For our calculation the CosmoTransition package [585] has been used to compute the correction to

the tree level potential at T 6= 0.

13.4 Gravitational Waves Production from FOEWPT

The onset of bubble nucleation when the system attains a vacuum state at a finite temperature

is central to the occurence of FOEWPT. The temperature when the bubble nucleation sets in is

generally known as the nucleation temperature. The bubble nucleation rate per unit volume at a

particular temperature (T ) can be written as [588]

Γ = Γ0 (T ) e−S3(T )/T , (13.29)
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where Γ0 (T ) ∝ T 4. In the above, S3(T ) signifies the Euclidean action of the critical bubble, which

is given as

S3 = 4π

∫
dr r2

[
1

2

(
∂r~φ
)2

+ Veff

]
, (13.30)

where ~φ = (h, s2, s3) and Veff denotes the effective finite temperature potential (Eq. 13.11). The

bubble nucleation occurs when the nucleation temperature (Tn) satisfies the condition
S3(Tn)

Tn
'

140. The three mechanisms via which the GWs are generated from FOEWPT are bubble collisions

[561–566], sound waves [567–570] and turbulance effect in the plasma [571–577]. With the con-

tributions of these three mechanisms, the total GW intensity (ΩGWh
2) as a function of frequency is

given as [561–577]

ΩGWh
2 = Ωcolh

2 + ΩSWh
2 + Ωturbh

2 , (13.31)

where Ωcolh
2 denotes the contribution of the bubble collisions to the total GW intensity (for more

detail derivations see Ref. [589, 590]), which can be expressed as

Ωcolh
2 = 1.67× 10−5

(
β

H

)−2 0.11v3
w

0.42 + v2
w

(
κα

1 + α

)2 ( g∗
100

)− 1
3

3.8

(
f

fcol

)2.8

1 + 2.8

(
f

fcol

)3.8 , (13.32)

with the parameter β

β =

[
HT

d

dT

(
S3

T

)] ∣∣∣∣
Tn

. (13.33)

In the above equation (Eq. 13.33), H is the Hubble parameter at Tn. The bubble wall velocity (vw)

is generally estimated as [565, 591]

vw =
1/
√

3 +
√
α2 + 2α/3

1 + α
. (13.34)
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The choice of the bubble wall velocity varies from literature to literature [535, 592]. For simplicity

in some literatures vw is considered to be 1 [540, 541, 593]. In this Chapter, we use Eq. 13.34

for the calculation of the bubble wall velocity. In Eq. 13.32, κ denotes the fraction of laten heat

deposited in a thin shell, which is given as

κ = 1− α∞
α
, (13.35)

with [540, 581]

α∞ =
30

24π2g∗

(
vn
Tn

)2 [
6
(mW

v

)2
+ 3

(mZ

v

)2
+ 6

(mt

v

)2
]
, (13.36)

where vn indicates the VEV of Higgs at Tn. The masses of W±, Z and top quarks are represented

as mW ,mZ and mt repectively in the above. The parameter α is defined as the ratio of the vacuum

energy density (ρvac) released by EWPT to the background energy density (ρ∗rad) at Tn.

α =

[
ρvac

ρ∗rad

] ∣∣∣∣
Tn

, (13.37)

where ρvac and ρ∗rad are given as

ρvac =

[(
V

high
eff − T

dV
high

eff
dT

)
−
(
V low

eff − T
dV low

eff
dT

)]
(13.38)

and

ρ∗rad =
g∗π

2T 4
n

30
. (13.39)

It is to be mentioned that one may calculate ρvac by using the trace anomaly [570], where we need

to include an additional factor
1

4
with the term T

dV

dT
(Eq. 13.38).

The peak frequency produced by the bubble collisions (the parameter fcol in Eq. 13.32) can be
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expressed as

fcol = 16.5× 10−6 Hz
(

0.62

v2
w − 0.1vw + 1.8

)(
β

H

)(
Tn

100 GeV

)( g∗
100

) 1
6
. (13.40)

In Eq. 13.31, ΩSWh
2 stands for the sound wave component of the GW intensity which takes the

form

ΩSWh
2 = 2.65× 10−6

(
β

H

)−1

vw

(
κvα

1 + α

)2 ( g∗
100

)− 1
3

(
f

fSW

)3

 7

4 + 3

(
f

fSW

)2


7
2

.

(13.41)

In Eq. 13.41, the fraction of latent heat transformed into the bulk motion of the fluid is defined as

κv, which is given as

κv =
α∞
α

[
α∞

0.73 + 0.083
√
α∞ + α∞

]
. (13.42)

The peak frequency fSW produced by the sound wave mechanisms (in Eq. 13.41) has the following

form

fSW = 1.9× 10−5 Hz
(

1

vw

)(
β

H

)(
Tn

100 GeV

)( g∗
100

) 1
6
. (13.43)

In order to check whether the contribution of sound wave component to the total GW intensity

is significant or not, it is useful to estimate a factor
HR∗

Uf
, which is known as suppression factor,

where Uf and R∗ are the root mean square (RMS) fluid velocity and the mean bubble separation

respectively [581, 594, 595]. For a given model if the suppression factor
(
HR∗

Uf

)
turns out to be

< 1, then we need to include this factor to the sound wave component of the GW intensity as it is

an overestimate to the GW signal. On the other hand, for
HR∗

Uf
> 1 the sound wave survives more
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than the Hubble time.

The third mechanism which takes part in the production of GWs is the turbulance component

(Ωturbh
2) arising out of the turbulance in plasma

Ωturbh
2 = 3.35× 10−4

(
β

H

)−1

vw

(
εκvα

1 + α

) 3
2 ( g∗

100

)− 1
3

(
f

fturb

)3(
1 +

f

fturb

)− 11
3

(
1 +

8πf

h∗

) , (13.44)

where ε = 0.1 and the peak frequency fturb is

fturb = 2.7× 10−5 Hz
(

1

vw

)(
β

H

)(
Tn

100 GeV

)( g∗
100

) 1
6
. (13.45)

In Eq. 13.44, the parameter h∗ takes the form

h∗ = 16.5× 10−6 Hz
(

Tn
100 GeV

)( g∗
100

) 1
6
. (13.46)

The GW intensity can now be computed using Eqs. 13.31 - 13.46.

13.5 Calculations and Results

In this Section, we calculate the intensities of GW signals produced from the FOEWPT in a two

component FIMP DM model discussed in detail in Chapter 6 and the calculated signals are com-

pared with the sensitivity curves of such GWs at different proposed future detectors such as ALIA,

BBO, DECIGO, aLIGO, aLIGO+ and LISA. In order to compute the GW intensities we choose

three sets of BPs from the allowed model parameter space. These three BPs are chosen in such a

way that they satisfy various bounds and constraints on the model parameters from both theoretical

considerations (vacuum stability [227], perturbativity [11, 227, 277–280] etc.) and experimental

observations, e.g. the PLANCK observational results for the DM relic density, the collider bounds
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BP mh ms1 ms3 λHS2 λHS3 λS2 λS3 λS2S3 ΩDMh2

in GeV in GeV in GeV
1 125.5 10× 10−6 5× 10−6 2× 10−9 1× 10−9 0.089 0.59 1.59 0.1217
2 125.5 0.01 0.005 6.36× 10−11 2.67× 10−11 0.029 0.96 0.98 0.119
3 125.5 10× 10−6 5× 10−6 2× 10−9 1× 10−9 1.57 0.025 0.18 0.1217

Table 13.1: The chosen three benchmark points (BPs) are tabulated. We use the parameter
values of these chosen BPs to calculate the GW intensities produced from a two component
FIMP DM model. The relic density values corresponding to each of the BPs are also
furnished in this table.

and the upper limit on the DM self interaction cross-section. All the necessary constraints men-

tioned above and the relic density calculations of the present model have been worked out in detail

in Chapter 6. In Chapter 6, the authors have shown that the two real singlet scalars constitute a vi-

able two component DM candidate. The considered BPs are tabulated in Table 13.1. In addition to

the model parameters, we have also furnished the values of the DM relic densities corresponding to

each of the three BPs in Table 13.1. A discussion is in order. From the observations of 72 colliding

galaxy clusters by Harvey et al. Ref. [217], the upper limit on the DM self interaction cross-section

is found to be σDM/m < 0.47 cm2/gm with 95% confidence limit (C.L.). The study of DM self

interaction by Campbell et al. [219] claims that the DM produced by the freeze-in mechanism can

explain the DM self interaction results σDM/m ∼ 1.5 cm2/gm from Abell 3827 clusters performed

by [218]. The choice of the self couplings in Table 13.1 of the two components s2, s3 of the FIMP

DM are made as follows. In Chapter 6, the calculations are made for similar model (Fig. 6.12

of Chapter 6) by varying the self couplings from 0 to 2π
3 . In this Chapter we found that smaller

choices of self couplings (although allowed) does not yield significant GW intensity. The values of

self couplings in Table 13.1 are therefore chosen within the allowed limits so as to obtain strong

first order phase transitions (SFOPTs) and the subsequent productions of GWs.

The thermal parameters which play a major role for GW emissions are the time-scale of the

phase transition (1/β), the strength of the FOPT (α), the bubble wall velocity (vw), the nucleation

temperature (Tn) and VEV of Higgs (vn) at Tn. To estimate the GW intensity, firstly we need

to compute the above mentioned thermal parameters and for that we consider a finite temperature
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BP vn vc Tc
vc
Tc

Tn α
β

H

HR∗
Ūf

in GeV in GeV in GeV in GeV
1 170.30 136.93 120.49 1.14 103.62 0.36 1455.44 0.78
2 173.59 130.42 122.74 1.06 99.06 0.42 1075.66 0.92
3 122.04 140.42 125.59 1.12 101.96 0.39 793.32 3.72

Table 13.2: The values of the thermal parameters used for computing the GW intensity for
each of the corresponding chosen BPs. See text for details.

effective potential which is obtained by adding the thermal correction terms with the tree level

potential (Eq. 13.12). The calculations related to the thermal parameters have been done using

CosmoTransition package [585]. The calculated values of the phase transition parameters such as

vn, vc, Tc, vc/Tc, Tn, α, β/H are furnsihed in Table 13.2. All the chosen BPs satisfy the SFOPT

condition vc/Tc > 1 which is shown in Table 13.2. Here we note again that calculations made with

choice of low values of DM self couplings (. 10−2) do not yield results feasible for SFOEWPT

and eventual productions of GWs. In the proposed model the Higgs portal couplings of the FIMP

DM particles are small due to their freeze-in production mechanism. Though these feeble Higgs

portal couplings take no part in the generation of GWs, but they play an important role in the DM

relic density calculation. Therefore the GW production from the FOEWPT occurs purely in the

dark sector through the self interaction in the FIMP DM particles (S2 and S3 in the proposed two

component FIMP DM model). It is to be noted that the phase transition occurs in between the

critical temerature and the temperature at the present epoch. Therefore, Tn is always smaller than

Tc and this is true for all the considered BPs (Table 13.2). For all the calculations the renormalizable

scale (Q) is kept fixed at 246.22 GeV. We use Eqs. 13.31-13.46 to compute the intensities of the

GWs. As mentioned earlier, in order to estimate the contribution of the sound wave component to

the total GW intensity, the suppression factor
HR∗

Uf
is computed (following Refs. [581, 594, 595])

and we obtain that
HR∗

Uf
< 1 for BP1 and BP2 but in case of BP3 we found

HR∗

Uf
> 1. The

SFOEWPT properties for BP1 are shown in Fig. 13.1 (a and b). In Fig. 13.1(a) we have plotted the

phase structure of the model as a function of the temperature for the chosen values of the benchmark
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parameter values of BP1 are chosen. From the Fig. 13.1(a) it is observed that the SFOEWPT occurs

at Tn = 103.62 GeV and at this temperature a potential separation between a high (indicated as blue

line) and low (indicated as orange line) phase appears. We also study the phase transition properties

of other two BP points (BP2, BP3) and we found that the nature of the plots are similar to what is

shown in Fig. 13.1(a) (BP1). The parameter β (Eq. 13.33) can be estimated from the slope of the

plot S3/T vs T (Fig. 13.1(b)) around Tn. This is seen to satisfy the condition S3/Tn = 140. For

the demonstrating purpose we show the variation of the parameter S3/T with the temperature T for

BP1 in Fig. 13.1(b).

In Fig. 13.2 the calculated GW intensities for three BPs have been plotted as a function of

frequency and we make a comparison with the estimated detectability 1 of such GWs at the fu-

ture generation ground-based telescopes (aLIGO and aLIGO+) and space-based telescopes (ALIA,

BBO, DECIGO and LISA). For BP1, BP2 and BP3 the GW intensities acquire peaks at the frequen-

cies 6.29× 10−3 Hz, 4.4× 10−3 Hz and 3.40× 10−3 Hz respectively. It is observed from Fig. 13.2

that the GW intensities for all the BPs (BP1 - BP3) fall within the sensitivity curves of ALIA, BBO

and DECIGO. From Table 13.2 we obtain the lowest value of the parameter β for BP3 compared to

the other two BPs (BP1, BP2) which reflects the fact that the GW intensity is higher for BP3 and it

is also evident from Fig. 13.2. Therefore, it appears that the principal dependence of GW intensity

is on the parameter β.

13.6 Summary

In this Chapter, we have considered the emission of GWs from FOEWPT involving a two compo-

nent FIMP DM and the detectabilities of these GWs by some proposed space-based detectors in

future. We consider a two component DM model where the scalar sector of SM is extended by

introducing two real scalars and both the components of this two component DM model are pro-

1We consider the power-law-integrated sensitivity approach [539, 596]. For an alternate method see
[597–599].
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Figure 13.1: Variations of the phase transition properties with temperature for BP1. In
the left panel (a) we show the variations of the positions of minima of the field φ(T ) with
the temperature and it creates a potential separation at Tn = 103.62 GeV. The right panel
(b) gives the variation of the parameter S3/T with T and the red solid line indicates that
nucleation occurs for the condition S3/T =140. See text for details.

duced via “freeze-in" mechanism. The masses of these FIMP DM particles in the present scenario

are within the range of few keV to few MeV. The extensive study of the DM phenomenology of the

considered model as well as the theoretical and experimental constraints on the model parameters

have been discussed in Chapter 6. We explore the possibility of FOEWPT with this model and sub-

sequent productions of GWs. From the allowed parameter space we choose three BPs for both the

analytical and numerical calculations of the GW intensity. Finite temperature corrections of the tree

level potential have been introduced for the calculations of the GW signals. For the model chosen

parameters we compute the intensities of GWs from the FOEWPT initiated by the present extended

SM. We compare our results with the projected sensitivities of future space-based (ALIA, BBO,

DECIGO amd LISA) as well as ground-based (aLIGO and aLIGO+) GW detectors that would de-

tect such primordial GWs. From our calculations it is observed that the peak values of such GWs

lie within the detectable range of the future detectors such as ALIA, BBO and DECIGO. We also

find that in the present DM model though the DM phenomenology (e.g. relic density calculations)
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Figure 13.2: The variations of the GW intensities with frequency for each of the three BPs
and their comparisons with the sensitivity curves of the detectors namely aLIGO, aLIGO+,
ALIA, BBO, DECIGO and LISA. See text for details.

can be addressed by considering very small Higgs portal couplings in FIMP mechanism, but the

production of the GW signals is mostly governed by the couplings of the DM self interactions.

Therefore, our considered two component FIMP DM model can be a viable candidate for particle

DM as well as it can also explain the production of GWs from FOEWPT.
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CHAPTER 14

CONCLUSIONS AND FUTURE OUTLOOK

In the thesis, three important aspects of Astroparticle Physics have been addressed, namely, particle

dark matter (DM) phenomenology, neutrino oscillation and primordial Gravitational Waves (GWs)

from first order electroweak phase transition.

The known luminous object in the Universe accounts for only about 4.9 % of the total mass-

energy budget of the Universe. The analysis of satellite borne PLANCK experiment on the anisotropy

of Cosmic Microwave Background Raditaion or CMBR suggests that the Universe ovewhelmingly

contains unknown DM and dark energy. The former one is an unseen unknown matter, whose only

definite evidence so far is due to their gravitational effects, makes up for around 26.8 % of the

Universe’s contents. The rest around 68.3 % is yet another unknown energy known as dark energy

thought to invoke a negative pressure opposite to gravity and cause the recent accelerated expansion

of the Universe. Although Standard Model (SM) of particle physics very satisfactorily explains the

known fundamental particles in nature with which the luminous matter of the Universe is made up

of, it cannot explain the particle nature of DM. SM cannot also explain the neutrino mass and hence

mass induced oscillation. Theories are proposed in the thesis for particle DM by simple extension

of SM, by a scalar, a pseudo scalar or a fermion or combinations of all. It is then shown in the
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thesis that such models can well explain some of the possible indirect DM signatures from different

astrophysical bodies such as Galactic Centre (GC), dwarf galaxies etc.

A two component DM model is proposed in the thesis where the SM is extended by a scalar,

a fermion and a pseudo scalar. The scalar and the fermion constitute each of the components of

this two component DM while the fermion component is of Weakly Interacting Massive Particle

or WIMP in nature, the other scalar component is the Feebly Interacting Massive Particle or FIMP.

The stability of the fermionic component is assured by imposing a global U(1)DM symmetry on this

fermion such that this Dirac fermion is a singlet under SM gauge group and it has a global U(1)DM

charge. On the other hand, a Z2 symmetry is imposed on the scalar component to ensure its stability.

It is shown in the thesis that, while the annihilation end product of the fermionic component can

explain the observed gamma-ray (γ-ray) excess from GC in the 1-3 GeV energy range, the other

scalar component accounts for the emission of 3.55 keV X-ray lines reported to have observed from

Persues and Andromeda galaxies. The FIMP component is also found to be useful in explaining

the self interaction of DM. The experimental bound for the cross-section of this self interaction is

σDM/m < 0.47 cm2/gm [217].

A two component DM model where both the components are scalars and FIMPs are also pro-

posed and explored in the thesis in order to explain the DM self interaction.

Dwarf satellite galaxies of Milky Way can be rich in DM. The Fermi-LAT satellite borne exper-

iment provided upper bounds of the γ-ray flux observed from dwarf satellite galaxies. Proposing

that the γ-rays from the dwarf galaxies are produced by the annihilations of DM present in the dwarf

galaxies, γ-rays from 45 dwarf galaxies are analysed in the thesis with two different particle DM

models. One is the WIMP-FImP model proposed in the thesis by simple extension of SM while the

other is Kaluza-Klein or KK DM in theories of extra dimension - a beyond SM theory. These two

DM candidates are also explored to explain the extragalactic γ-ray flux observed by Fermi-LAT.

It is seen that the γ-rays from annihilation of KK DM when added to other possible background

sources for γ-rays such as BL LAC objects, Gamma Ray Bursts (GRBs) etc. very well satisfy the
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Fermi-LAT data for extragalactic γ-rays.

It is also explored in the thesis, whether the decay of primordial superheavy dark matter (SHDM)

may produce the ultrahigh energy (UHE) neutrinos as a secondary product. Southpole based Ice-

Cube observatory reported UHE neutrinos in the energy range∼ 120 TeV to∼ 50 PeV from their 6

year data analysis known as HESE (High Energy Starting Event) data. From a through χ2 analysis

of HESE energy region of IceCube (∼ 105 GeV - ∼ 5 × 106 GeV), in the thesis a prediction is

made for the mass and lifetime of a primordial SHDM that can explain the HESE results of UHE

neutrino. It is found that the decay of a primordial SHDM mass ∼ 108 GeV with a lifetime ∼ 1028

sec, can explain the HESE results of UHE neutrinos. The SHDM undergoes cascading decay and

such decay process can proceed through two decay channels namely hadronic and leptonic. While

the former study was only assuming the hadronic decay cascade, the scope of the analysis has lat-

ter been broadened by including the leptonic channel as well. In addition, the energy range of the

analysis has been extended further in the lower energy regime to include the two IceCube data of

astrophysical origin. A combined analysis is then performed in the thesis including the astrophysi-

cal flux and the hadronic and leptonic decay channels of the SHDM of the 7.5 year IceCube HESE

data and the two astrophysical neutrino data. From this analysis, again the SHDM mass and decay

lifetime are obtained.

The possible existence of a sterile fourth neutrino in addition to the usual 3 active neutrino

flavours is a long standing issue. Although it is not conclusively confirmed but several terrestrial

neutrino detectors analyse their experimental data for neutrino ocillations assuming 4 neutrino (3

active + 1 sterile) oscillations and determined bounds on various 4 neutrino oscillation parameters.

In the thesis, this issue of sterile neutrino has been explored. Considering the UHE neutrinos from

distant GRB sources, the possible detection yields of the observed UHE signal at a km2 detector

such as IceCube have been computed in the thesis for both 3-flavour and 4-flavour scenarios. For

this case, a detailed formalism for 4-flavour mixing matrix and 4-flavour neutrino oscillations have

been worked out in the thesis. It is to be noted that due to astronomical distances between the Earth
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and the UHE neutrino sources, the oscillatory part of a neutrino oscillation probability equation is

averaged to 1
2 and a neutrino flavour would suffer flavour suppression instead of flavour oscillation

while traversing such astronomical baselines. To this end, a ratio of muon yields to shower yields

at the detector induced by such UHE neutrinos is defined for the purpose. It is seen that this ratio

grossly differs for the two cases of 3-flavour and 4-flavour oscillation formalisms. Thus, this ratio

for UHE neutrino events in a km2 detector could be a viable probe for the existence of sterile

neutrinos.

On September 22, 2017 the IceCube collaboration detected a cosmic neutrino event IceCube-

170922A of energy ∼ 290 TeV from the direction of the Blazar TXS 0506+056. The Fermi-

LAT collaboration also reported a state of enhanced γ-ray emission of the same Blazar around

that time. This revealations of multimessenger astronomy suggest a common high energy cosmic

source of neutrinos and γ-rays. In addition 13 neutrino events IceCube-141209A are also observed

by IceCube during 2014-2015 from the direction of the Blazars PKS 0502+049/TXS 0506+056 and

GB6 J1040+0617. All of them were found to be in the state of enhanced γ-ray emission during these

detections suggesting blazars to be a source of cosmic rays and their acceleration in blazar jets. The

UHE γ-rays and neutrinos can be produced either by the interaction of cosmic rays accelerated by

blazar jets with the surrounding photons or electromagnetic radiations (pγ interaction) or by the

interaction of blazar-accelerated cosmic rays with ambient matter (pure hadronic (pp) interactions).

In the thesis, a proton blazar model for the blazars has been explored to show that it not only can

explain consistently the spectral behaviour of the high energy bump of electromagnetic spectral

energy distribution (SED) but also the observed neutrinos from the three blazars mentioned above.

This model is more realistic than cloud-in-jet model.

The Standard Model (SM) of particle physics does not have scale invariance since most of the

SM particles are massive and scale invariance is manifestly broken by the masses of SM particles.

But the scale invariance may be restored at a much higher scale. But it had been observed by

Georgi that if an unseen scale invariant sector exists at low energy and interacts very weakly with
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SM particles then this non trivial scale invariant sector is characterised by “Unparticles". In this

theoretical set up, scale invariance sector sets in at an energy scale ΛU and the renormalizable

couplings of the fields of the scale invariant sector induce dimensional transmutation at ΛU and

the particles are described by massless unparticles. Below ΛU the scale invariant fields match

onto unparticle operators. The scale dimension dU of unparticles is a non-integral number. The

unparticle physics may lead to very unexpected phenomenologies. In the thesis, the consequences

of neutrino decay to unparticles has been explored in a 4 neutrino framework with UHE neutrinos

from distant GRB by explicitly writing the analytical expressions for the neutrino flux undergoing

such unparticle decay and then computing their possible signatures at a km2 detector. The effect of

unparticle coupling strength and the scaling dimension dU on the detector yield are also addressed.

A consequence of the principle of equivalence is that all the three types of neutrinos couple

with same strengthG with gravity. Although the equivalence principle is not reported to be violated

in nature but even a very weak violation of equivalence principle or VEP would result in differ-

ent coupling strengths with which different types of neutrinos interact with gravity. This in turn

would induce a phase difference between two types of neutrinos in a coherent neutrino beam while

traversing a distance in a gravitation field. In the event therefore, if the neutrinos in gravitational

basis are not identical to that in gravity basis, this results in flavour-gravity mixing of neutrinos in

addition to the mass-flavour mixing and would lead to gravity induced oscillations along with the

usual mass-flavour oscillations. In the thesis, a possibility is explored to probe a very tiny violation

of equivalence principle in case of a long baseline (LBL) neutrino experiment by considering a 4

neutrino framework. Since for an LBL neutrino experiment, the accelerator neutrinos (in a neutrino

factory) would travel through different layers of Earth matter before reaching a distant detector,

in the thesis, a rigorous analytical expressions for neutrino oscillation probabilities in matter are

derived where matter induced mass-flavour oscillations along with gravity induced oscillations are

considered in the same framework for 4-flavour neutrino scenario. This is accomplished in the the-

sis by explicitly diagonalising the relevant 4 × 4 matrices and elaborate computation of the same
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as the neutrinos propagate through different density layers within the Earth matter to reach the far

detector. Finally in the thesis, wrong sign (in appearence channel, where a νe oscillates to νµ) and

right sign (in disappearence channel, where the νµ flux is suppressed due to oscillation of νµ) muon

yields are computed at the far detector assumed to be at a baseline length of ∼ 7000 km from the

neutrino source. The detector is taken to be a 50 kTon iron calorimeter (ICAL) with magnetic field

applied across it so that the neutrino induced µ+ and µ− could be identified at the detector (and

hence the incident neutrino or an antineutrino could be differentiated). From this study, two impor-

tant observations have been made in the thesis. One is that the VEP effect on neutrino oscillations

is very prominent if violation is as small as ∼ 10−23 in comparison to no VEP case for both the

3-flavour and 4-flavour scenarios. The other is that the computed wrong sign muon yields for the 3-

flavour case are found to be remarkably suppressed than the same when computed for the 4-flavour

scenario for both VEP and no VEP considerations. These studies indicate that the LBL neutrinos

could not only offer viable mechanisms to probe very small VEP, if exists, but is suitable as well to

investigate the possible existence of sterile neutrinos.

The emissions of the Gravitational Waves (GWs) from a strong first-order electroweak phase

transition have been explored in the thesis. To this end, a dark matter model has been investigated in

Feebly Interacting Massive Particle (FIMP) scenario, where the dark matter particles are produced

through “freeze-in” mechanism in the early Universe. The first-order phase transition has been

studied within the framework of this present model. Both analytical and numerical computations

have been done to calculate the consequent production of GWs and then the detectabilities of such

GWs have been investigated at the future space-based detectors such as LISA, BBO, ALIA, DE-

CIGO, aLIGO and aLIGO+, etc. It is also observed that the smaller Higgs portal couplings plays a

signifant role in the relic density calculations for the considered two component FIMP dark matter

model whereas the dark matter self-couplings has a considerable influence on GW production in

the present scenario.

Future Outlook
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The topics of Astroparticle Physics that has been addressed in the thesis have very wide scope for

future expansion and studies. In the following, some of the future research topics are mentioned.

• An interesting FIMP scenario is the Clockwork FIMP scenario involving a number of Beyond

Standard Model Fields and their interactions through which FIMPs are produced. In one such

approach discussed in A. Goudelis et al., [600], the scalar FIMP DM has been considered to

have originated from the consideration of the spontaneous breakdown of a global symmetry

ΠN
i=0 ⊗ U(1)i at scales fis (for each U(1)i) where f = fi is assumed to be leading to the

gereration of N + 1 massless Goldstone bosons and this U(1)N+1 is further softly broken

giving rise to mass parameters. The resulting mass matrix, on diagonalisation produces a

tower of discrete levels of masses much like the Kaluza-Klein tower in extra-dimensional

theories, the lowest one of which is attributed to a FIMP candidate. The self interaction

of such a Clockwork FIMP candidate will also be addressed where in addition to 2 → 2

processes, 4→ 2 and 3→ 2 processes can also be investigated.

• It is also interesting to investigate the possibility of one of the three right handed (RH) neu-

trinos (singlets) introduced in see-saw mechanism to be a DM candidate. This RH neutrino

is almost decoupled from the Yukawa interaction term of the Lagrangian and is produced

by the freeze-in mechanism assisted by a thermalized scalar singlet having odd Z2 parity.

The Yukawa couplings of other two heavy neutrinos which are related to the light neutrino

masses and mixing also play a crucial role in the DM production. A successful hierarchical

leptogenesis will also be addressed while the Yukawa couplings are expressed in terms of the

low energy parameters via Casas-Ibarra parametrization.

• Primordial Black Holes (PBH) are believed to be formed during the radiation dominated era

due to the collapse of the overdensity region characterized by the size of the region which

should be greater than the Jeans length. The PBHs may account for DM or it may evaporate

DM along with other SM particles. The evaporation of Primordial Black Holes can inject
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more energy to the system. This may affect the 21 cm signal of hydrogen from the dark ages

of the Universe as well as the 21 cm signal from the epoch of reionisation (EoR). It will be

an important topic for further investigation.

• Fuzzy dark matter or FDM is considered to be composed of scalar particles with mass as

low as 10−22 eV. Therefore the de Broglie wavelength is of the order of astrophysical scales

(∼ kpc) and is hypothesised to address the cusp-core problem of DM density profile. The

FDM is well motivated by the ubiquitous presence of ultra-light scalars (such as axion like

particles) in beyond Standard Model theories. The implications of FDM as against the ususal

cold dark matter (CDM) can be investigated via the fluctuations in 21 cm signal of hydrogen

during the EoR along with the Lyman-α background as also from the dark ages. The future

data from upcoming radio telescope, the square kilometer array or SKA would help obtain

tighter bounds on FDM. These also is a topic for future exploration.

• The long baseline (LBL) accelerator neutrinos will be probed mainly with respect to DUNE,

NOνA and other LBL neutrino experiments and the questions such as CP violations in neu-

trino sector, the possibility of a fourth sterile neutrino, neutrino mixing angle and neutrino

mass hierarchy will be a study worth pursued in future. The origin of neutrino mass and its

possible DM origin is also be probed.

• When a discrete symmetry is spontaneously broken it leads to the formation of domain walls.

These are in fact topological defects. In general, the average number of domain walls per

Hubble horizon remains constant, which may lead to overclosure of the Universe due to

the slower decrease of their energy densities with respect to radiation or matter. Thus the

domain wall has to be unstable and should eventually break down. The domain wall could be

unstable if the discrete symmetry is approximate. The domain walls are annihilated when the

pressure on the walls induced by the energy bias between the true and false vacua superceeds

the tensions of the domain walls. The process of annihilations of such domain walls triggers
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Gravitational Wave emissions and these GWs retain in them the information of the physics

following which these were created. Thus, study of such domain wall induced relic GWs

may enable us to probe events in the early Universe and the ultraviolet physics as well.

The study of such GWs for several possible discrete symmetries in the early Universe era is

worth pursuing. Possible generations of baryon asymmetry from domain wall annihilations

may also be looked into.
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APPENDIX A

ANNIHILATION CROSS-SECTION AND

DECAY TERMS OF WIMP-FIMP DARK

MATTER CANDIDATES

The fermion dark matter χ (in Chapter 5) can annihilate in several channels namely the fermions

(ff̄ ), the gauge bosons (W±, Z) or Higgs boson (h). The annihilation cross-sections of such chan-

nels are furnished below

σvχχ→ff̄ = Nc
g2

32π
s
m2
f

v2
1

(
1−

4m2
f

s

)3/2

F (s,m1,m2) ,
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g2

64π

(
1− 4m2

W

s

)1/2(
m2
W

v1

)2(
2 +

(s− 2m2
W )2

4m4
W

)
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Decay and annihilation terms for scalar DM candidate h3 in Chapter 5 can be written as
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PMNS matrix with δ = 0 is given as

U =


c13c12 s12c13 s13

−s12c23 − s23s13c12 c23c12 − s23s13s12 s23c13

s23s12 − s13c23c12 −s23c12 − s13s12c23 c23c13

 .

Couplings between different physical scalars obtained from the expression of potential
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2
31 + 2a12a13a23) ,

−λ133 = 3λHv1a11a
2
31 + 3λΦv2a12a

2
32 + λHΦ(v2(a2

31a12 + 2a11a31a32) + v1(a11a
2
32 + 2a31a12a32)

+λHSv1(a11a
2
33 + 2a31a13a33) + 2λΦSv2(a12a

2
33 + 2a32a13a33) ,

−λ233 = 3λHv1a21a
2
31 + 3λΦv2a22a

2
32 + λHΦ(v2(a2

31a22 + 2a21a31a32) + v1(a21a
2
32 + 2a31a22a32)

+λHSv1(a21a
2
33 + 2a31a23a33) + 2λΦSv2(a22a

2
33 + 2a32a23a33) ,

−λ1133 =
3

2
(λHa

2
11a

2
31) +

3

2
(λΦa

2
12a

2
32) +

3

2
(λSa

2
13a

2
33) +

λHΦ

2
(a2

12a
2
31 + a2

11a
2
32 + 4a11a12a31a32)

+
λHS

2
(a2

11a
2
33 + a2

13a
2
31 + 4a11a13a31a33) + λΦS(a2

12a
2
33 + a2

13a
2
32 + 4a12a13a32a33) ,

−λ2233 =
3

2
(λHa

2
21a

2
31) +

3

2
(λΦa

2
22a

2
32) +

3

2
(λSa

2
23a

2
33) +

λHΦ

2
(a2

22a
2
31 + a2

21a
2
32 + 4a21a22a31a32)

+
λHS

2
(a2

21a
2
33 + a2

23a
2
31 + 4a21a23a31a33) + λΦS(a2

22a
2
33 + a2

23a
2
32 + 4a22a23a32a33) ,

−λ3333 =
1

4
(λHa

4
31 + λΦa

4
32 + λSa

4
33) +

λHΦ

2
a2

31a
2
32 +

λHS
2
a2

31a
2
33 + λΦSa

2
32a

2
33 ∼ λS/4 .
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APPENDIX B

EXPRESSIONS FOR COUPLINGS

The expressions for the couplings in between the scalars (h, s2, s3) as well as the couplings of Higgs

with the gauge bosons and fermions used in Chapter 6 are listed below

ghhh = −λHv ,

ghs2s2 = −λHS2v ,

ghs3s3 = −λHS3v ,

ghhs2s2 = −λHS2

2
,

ghhs3s3 = −λHS3

2
,

gs2s2s3s3 = −λS2S3 ,

gs2s2s2s2 = −λS2

4
,

gs3s3s3s3 = −λS3

4
,

gWWh =
2m2

W

v
,

gZZh =
m2
Z

v
,

gffh =
mf

v
.
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