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CHAPTER 1

Preliminaries of Heavy-Ion Collision

1.1 Introduction

Mankind were keen to find the answer of a simple but profound question from the
beginning of human civilization— ‘what are the basic states of matter?’ In ancient
times, it was believed that matter exists in four fundamental elements — earth,
air, water and fire. As the advancement of science continued through different
civilisations, the quest for the knowledge about the nature in a much more deeper
level had been intensified progressively. As the science advanced, scientists and
philosophers had identified basic thoughts regarding nature in a categorical manner

as following

e What are the fundamental states and the constituents of matter?

e What are the fundamental interactions between them that govern their dy-

namics?

As per our current knowledge, the basic states of matter are — solid, liquid, gas and
plasma. But there are plethora of others that are worth mentioning — conductors,

insulators, superconductors, super-fluids, ferromagnets, spin-glasses and many more.
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As of now, the fundamental interactions that governs the dynamics of matter are
divided into four categories — electromagnetic, weak, strong and gravitational. The
electromagnetic and weak interactions were later combined in the Standard model
and called electroweak interaction. The most common interactions among the four
is the electromagnetic interaction which is responsible for most of the phenomena,
from contraction of muscle to explosion of dynamite, in our everyday life. It is the
force felt by two electrically charged particle at some distance. The modern theory
of electromagnetic interaction is quantum electrodynamics (QED). Next common
one is the gravitational force which acts between the particles due to their masses.
Other forces, e.g. weak and strong, have no role in our everyday life but are impor-
tant deciders of various processes in nuclear and sub-atomic levels. Weak force is
the force that is responsible for the beta decay and other phenomena. Strong force
is the force that binds the constituents of nucleus together. The strong force is the

strongest among them whereas the gravitational force is most feeble one.

So far, it is established that modern elementary particle physics deals with the
constituents of matter and their interactions. The fundamental particles can be
grouped together into two catagories based on their intrinsic spin— fermions (leptons
and quarks with there corresponding anti-particles) with half-integer spin and bosons
(gauge bosons like photons, gluons, W=, Z and Higgs bosons) with integer spin. The
fundamental constituents of matter are leptons (electron, muon, tau) and quarks
(up, down, strange, charm, beauty and top) with their corresponding antiparticles
which are all fermions. Their interactions are mediated through bosons which are
called mediators. In table 1.1, we have listed the fundamental interactions with
their corresponding mediators. Now, free quarks are not observed in nature. They

are combined to form mesons (a pair of quarks and anti-quarks) and baryons (a
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combination of three quarks). In this dissertation, we shall focus on phenomena

Interaction Theory strength Mediator
Strong Quantum Chromodynamics 1 Gluons
Weak Quantum Flavourodynamics | 1073 | W* & Z bosons

Electromagnetic | Quantum Electrodynamics 1072 Photons
Gravitational Quantum Gravity 1073 Graviton

Table 1.1: Fundamental interactions with their corresponding theory strength and
mediators

related to strong interactions. In the next section, some of the properties of strong

interactions will be discussed in a nutshell.

1.2 Quantum Chromodynamics

The modern theory of strong interaction is quantum chromodynamics (QCD) [1,
2]. It describes the interactions between fundamental partonic degrees of freedoms
(D.O..F), i.e., quarks and gluons. The Lagrangian of QCD for N, colors and N,

flavours is written as
Laco = — GGl + >0 0= m), (11)
Here v, is the 4N, dimensional quark spinor, G}, is strength tensor defined as
G, = 0uAL — O,AT, + g foca A Ay, (1.2)

D, = 0, —igT,Aj}, is the covariant derivative, g is the strong coupling constant,
Al’s are non-abelian gauge fields with a( =1,2,--+,N? — 1) being the color rep-
resentation. 7,’s are the generators of SU(N,). group satisfying the group algebra
[Tu, Ty) = ifapeTe. The third term on the right hand side in Eq. (1.2) is responsible
for the interactions of gluons among themselves. Due to the self interactions of

gluons, the vacuum of QCD behaves differently from that of QED. In QED, the vac-

3
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uum fluctuations are responsible for screening of electric charge of electrons which
is similar to the charge screening in dielectric medium. But due to the presence
of gluon-gluon interactions, color charges get anti-screened. As a result, the QCD
coupling constant decrease with the increase of probing energy (shown in Fig. 1.1).

This unique phenomena is the asymptotic freedom [3-5].

0.5

Q) .
aa Deep Inelastic Scattering
04 L oe ¢'¢ Annihilation

¢ Hadron Collisions
2. \ . .

03}

01} q
=QCD 05(Mz)=0.1189 +0.0010
100

1 10 QIGeV]

Figure 1.1: The strength of QCD coupling constant as(Q) with probing energy scale
Q. The Fig. is taken from [7]

Another important property that strong interaction exhibits is color-confinement [8].
It is responsible for the fact that color charged particles are not directly observed in
the nature. There is no analytical proof suggesting that QCD should be confining
and the reason for this confinement is not yet understood completely. QCD pro-
vides a satisfactory description of strong interactions in high energy regime or short
distances when the appropriate D.O.F are quarks and gluons. As coupling constant
becomes very small due to the asymptotic freedom, perturbative formalisms can
be employed in calculating various observables. But as coupling constant becomes
large in the low energy limit, perturbative treatment completely breaks down. As
a result, it cannot be predicted analytically how quarks and gluons can confine in-
side a hadron. In this situation, various effective models, which are based upon the

underlying symmetries of QCD, are employed to understand confinement and low

4
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energy dynamics. Lattice quantum chromodynamics (LQCD) [6] is the first prin-
ciple numerical calculations in non-perturbative regime both at zero and non-zero
temperature. But it suffers from infamous sign problem at finite chemical poten-
tial [9,10]. The infamous sign problem is related to the fact that the regular Monte
Carlo simulation can be applied only when p is either zero or purely imaginary. For
real p the fermion determinant is not real and the regular Monte Carlo fails. Also,

it takes a substantial amount of computational power and time for execution.

1.3 What is Quark Gluon Plasma (QGP)?

The quarks and gluons are confined inside hadrons in ordinary matter. Their inter-
action is governed by the strong force. As discussed in the previous section, when the
energy is increased the strength of the coupling constant decreases. Theoretically, if
one increases the energy of a system comprising of hadrons, at one point quarks and
gluons inside the hadrons will leave the hadronic volume and roam around a larger
volume in quasi free state. This particular phenomena is called de-confinement and

the created new state of matter is called Quark Gluon Plasma (QGP) [11,12].

The QGP can be achieved in two possible ways — at high temperature and/or high
density. If the QCD vacuum is gradually heated beyond a certain temperature, then
the similar sized hadrons will start to overlap. After crossing a critical temperature,
the constituents of the hadrons a.k.a quarks and gluons will no longer be confined
inside the hadrons and will form QGP (shown in Fig. 1.2). Similarly, when the
density of a hadronic system is increased beyond a critical baryon density via com-
pression, the quarks and gluons are forced to lose their individual hadronic identity
to form QGP (shown in Fig. 1.3).

Now, QGP is assumed to exist in the following cases:

>
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T <Te T~ To T>Te0

© OO
©O® e

©Y ©® o
© OO

Figure 1.2: Creation of QGP at high temperature

® ®© [,
— & & & 0,:'::.
OO ® oo
O &

Figure 1.3: Creation of QGP at high densities

1. Few microseconds after the Big Bang, the temperature (estimated as 10'? K
or 200 MeV) of the Universe was much greater than the critical temperature.
Thus, in the "Particle Era’ during the evolution of the Universe, a transient

QGP state was likely to be present.

2. In the core of the neutron stars, the density is believed to exceed 10> gm/cm?

(few times of that inside nucleus) with the temperature at the surface as low

as 10° K or less.

3. In high energy collision between two heavy nuclei a transient state of QGP is

predicted to be created.

The big bang is far remote in time and terrestrial ’laboratory’ like neutron stars
is far remote in space. So it is impossible to access to study the QGP properties.
These situations make the high energy Heavy Ion Collisions (HIC) (also known as

‘little bang’) the only viable option to study QGP in the laboratory.

6
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1.4 QCD Phase Diagram

The ultimate goal of high energy HIC is to explore the phase diagram of hot and
dense strongly interacting matter. The first conjectured phase diagram [13] is de-
picted in Fig. 1.4(a). As time passed, it became very complicated with more investi-
gations and looked like Fig. 1.4(b). The most general QCD phase diagram is drawn
in the the space of all the possible parameters (temperature(7’), baryon chemical
potential (up), isospin chemical potential (u;), quark masses (m,, mq, -+ ) and oth-

ers) of the strongly interacting matter. But it is widely explored only in T'— p15 plane.

Temperature 7'
(=
= -
o
2
T
)
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Figure 1.4: Schematic diagram of QCD phase transition — a) The initially conjec-
tured diagram (taken from [13]), b) The modern version

The pup = 0 is well explored by LQCD studies. The Early LQCD related the energy
density (¢) to the pressure (p), i.e. the equation of state (EoS) at yp = 0 in the tem-
perature range 100 — 1000 MeV. Around 7" = 160 MeV, both pressure and energy
density were seen to rise (Fig. 1.5(a) and Fig. 1.5(b)) which indicated the change
of effective D.O.F from hadrons to quarks and gluons. This phenomena is formally
identified as confinement-deconfinement phase transition. With the advancement of
LQCD studies, it has been established that confinement-deconfinement transition is

not a phase transition in true sense but rather a rapid cross-over [14].
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Figure 1.5: a) Energy density and b) pressure normalized by T* as a function of
temperature (T') on N; = 6,8 and 10 lattices. N; is the number of lattice points in
the temporal direction. In the high temperature limit, the EoS approaches to ¢ = 3P
which is expected for massless particles. However, it is 20% less than ez in the Stefan
Boltzman (SB) limit of non-interacting ideal gas (Consistent with holography [15]
based estimation for strongly coupled plasma). The arrows in the upper tight corner
indicates SB limits. Figure is taken from [30].

Now, at finite baryo-chemical potential, LQCD suffers from systematic uncertainties
and the infamous sign problem which restricts the standard Monte Carlo simulation
to the case where either ug = 0 or pp is purely imaginary. To circumvent this
problem, a number of methods were employed. A Taylor series expansion [16-20] of
the observables at up = 0 and an analytic continuation [21,22] from imaginary to
real pp are worth mentioning. From these, it can be concluded that the transition
from Hadronic phase to QGP is crossover upto the region where pg/T 2 2 [9]. But
beyond this regime, LQCD cannot provide reliable information on phase transition.

So the QCD phase diagram at high baryon density still vastly remains unexplored
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from first principle calculations. From the theory of effective models, there is a
strong evidence of first order phase transition near high baryon density. The chiral
models suggests a critical point (7, p.) in the phase diagram. When pug > p,., the
crossover becomes first order chiral phase transition [23-26]. The first order phase
boundary ends at another critical point at (T, ur). In very low temperature and
high density region along the up axis, there are strong theoretical evidences of color
superconducting (CSC) phase [27-29] which occurs due to the attractive interac-
tions between two quarks at the Fermi surface. Then, by Cooper’s theorem, cooper
pairs are formed by these quarks in the ground state of QCD. This phenomena is

analogous to electrons in metals.

The current or bare mass of v and d quarks are as low as 5 MeV. But when they form
the lowest mass hadrons, e.g. pions, the mass of the hadrons turns out to be of the
order of 1 GeV. As a result, the constituent quark mass (obtained by dividing the
hadron mass by number of valance quarks) M, ~ 300 MeV is bigger than current
or bare quark mass m; ~ (0. The reason behind this phenomena is the dressing
of quarks with gluons in QCD non-perturbative vacuum. Now, we know that the
dynamical origin of mass is spontaneous symmetry breaking. QCD at m, = 0 is
chirally symmetric. So, M, # 0 implies spontaneous breaking of chiral symmetry
whereas, M; — 0 corresponds to the restoration of chiral symmetry. Thus, there
appears a phase transition called chiral phase transition in going from a state of
relatively heavy constituent quark phase to light bare or current quark phase at

high temperature and/or density.

Some exotic phases, like quarkonic phase [31,32], chirally symmetric but confined
phase [33,34], are believed to exist if the chiral and de-confinement phase transition

does not coincide.

In this dissertation, we shall focus on the high temperature quark-gluon plasma
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phase.

1.5 Overview of Heavy Ion Collisions

The idea of creation of hot equilibrated nuclear matter in ultra-relativistic collision
was first conveyed by Fermi [35], Landau [36] and Hagedron [37]. With time, tech-
nology developed and as a result high energy regions were accessible to the particle

accelerator.

The first experimental heavy ion programme began at Bevelac facility in Lawrence
Berkley National Laboratory (LBNL) around early seventies [38,39] when collec-
tive phenomena were first observed [40]. Next, the energy of the colliding ions
was increased at the Alternating Gradient Synchrotron (AGS) at Brookhaven and
at Super-Proton Synchrotron (SPS) at European council for Nuclear Research or
“Conseil Européen pour la Recherche Nucléeaire” (CERN). The measurements in
low energy regime were performed at Schwerionensynchrotron (SIS) at Gesellschaft
fiir Schwerionenforschung (GSI), Darmstadt. The experimental program at Rela-
tivistic Heavy Ion Collider (RHIC) has been initiated in the year 2000 which took
data at \/syny = 8 — 200 GeV. At /syny = 200 GeV, a large coherence in the
created system was observed which was not achievable from mere one to one nu-
cleon nucleon collision [41,42]. The energy density € overshoots 1 GeV/fm® which is
predicted by LQCD if QGP is formed [43]. The November-December month of the
year 2010 marked the starting of a new era when lead-lead (Pb+ Pb) collisions at
VSnn = 2.76 TeV took place at Large Hardron Collider (LHC) at CERN. The LHC
experiments provided improved statistics and larger kinematic range for observables.
The highest energy achieved in HIC experiments at LHC was /syy = 5.02 TeV in
Pb + Pb collisions and /syy = 5.44 TeV in Xenon-Xenon (Xe + Xe) collisions.

10
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Two heavy ions are accelerated in ultra relativistic speed directed towards each other
inside the beam pipeline. Each incident nucleus, which can be looked upon more
precisely as color-glass-condensate [44], gets Lorentz contracted in the direction of
their propagation. The diameter of the disc is roughly about 14 fm and its thickness
is about 14/ fm, where v = 1/4/1 — (%)2 is the relativistic factor, v is the speed
of the nucleus for Au and Pb nucleus. The kinetic energies of the incoming nuclei
are lost and deposited in the region where they overlap. The nucleons in this region
take part in collisions and are called participant. The constituents of the nuclei that
do not participate in collision are called spectators. The spectators play a crucial
role in the creation of high magnetic field in HIC which will be explored later in
section 1.7.

Depending on the the collisional energy /syn, there are two situations that arises.

Time—>

Energy Stopping Hydrodynamic

Initial state Hard Collisions Evolution Hadron Freezeout

Figure 1.6: Evolution of a HIC. Figure is taken from [45]

e When the collisional energy /sy is low (~ 10 GeV/ nucleon), the incoming
nuclei lose almost all of their kinetic energy and the participating nuclei stop
each other in the process of collision. As a result of this, nuclear matter with
very high baryon density is created at the center. It mimics the conditions
at the core of the neutron stars where the baryon density exceeds that of the

nuclear density present in ordinary matter. The future Compressed Baryonic

11
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Matter (CBM) [46] experiment at Facility for Anti-proton Ion Research (FAIR)
at GSI, Darmstadt will explore the phase diagram of QCD at very high baryon

density and low temperature.

e At larger energies, owing to the asymptotic freedom, the interactions between
partons become weak and as a result the collision becomes transparent i.e. the
nuclei pass through each other. In this case the density of the created medium

becomes low but the temperature becomes very high.

t

freeze out
hadrons —s kinetic theory
gluons & quarks in eq. —s ideal hydro

gluons & quarks out of eq. —= viscous hydro

strong fields —s classical dynamics

<

incoming nuclei — CGCs

Figure 1.7: Schematic diagram of the different stages of HIC as a function of the
coordinate z (the collision axis) and time t. The ‘time’ variable used is the proper
time 7 = v/t2 — 22 and it is constant along the hyperbolic curves separating different
stages. Taken from [47]

In HIC, the system passes through different phases while colliding which are given

below

1.5.0.0.1 Pre-equilibrium: At relativistic energies when the two nuclei collides
with each other, a fireball is produced in highly excited state as a result of initial
partonic collisions. It is evident that initially the fireball is in non-equilibrium state.
The constituents of the fireballs collide with each other and reach thermal equilib-
rium state. The time taken to reach thermal equilibrium is called thermalization
time. Models like color-glass condensates (CGC) [48,49] are used to describe the

states before thermal equilibrium.

1.5.0.0.2 Expansion: After the establishment of local thermal equilibrium stage,

the constituents of the fireball, i.e., quarks and gluons are in deconfined state. After

12
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this, the system undergoes a collective expansion in all direction due to the ther-
mal pressure that acts against the surrounding vacuum. This collective expansion
of the system is surprisingly well described by hydrodynamic models [50-54]. As
the system expands, it cools down and energy density decreases. When it goes be-
low a critical temperature, a phase transition happens and the system eventually

hadronizes.

1.5.0.0.3 Freeze-out: After hadronization, the constituents still collide with
each other and maintain local thermal equilibrium. Eventually inelastic collisions be-
tween hadrons ceases and as a result the chemical compositions of produced hadrons
do not change [55]. This stage is called chemical freeze-out. After attaining chemi-
cal freeze-out, the system further expands and cools with fixed hadron abundances.
The local equilibrium can still be maintained after chemical freeze-out due to the
occurrence of elastic collisions between hadrons. Then at one stage, the hadron gas
becomes so dilute that even the mean free path between the constituents becomes
greater than the dimension of the system. As a result, the local equilibrium can-
not be maintained further and hydrodynamic description of the system completely
breaks down. This stage is called kinetic freeze-out. Hadrons coming out from the
kinetic freeze-out surface are detected in the detector. The particle yield can be

described to a high degree of accuracy by thermal statistical models [56-59].

The pictorial representation of the evolution is schematically displayed in Fig. 1.6.

1.6 Probes of QGP

The production and most importantly the detection of QGP at RHIC and LHC

is very formidable task. The acceleration of heavy nuclei taking part in collision

13
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at ultra-relativistic speed requires very high energy. Not all of the events in the
collisions can produce QGP state. The production of QGP state depends on the
depletion of energy in the central region of collision which in turn depends on impact
parameter of the collision. The QGP state, if produced, is very transient in nature.
So it is impossible to perform any direct measurement on it to gain informations
about it’s properties. The only data that is accessible to the experimentalists is the
number of the clicks on the particle detector. In this circumstances, the information
regarding the hot de-confined matter is extracted by observing the spectra of differ-
ent particles that come out of the fireball. The probes can be broadly categorized

as

Anisotropic flow,

Electromagnetic probes

Quarkonia dissociations

Jet-energy losses

Strangeness enhancements and etc.

Below, we briefly outline the basic ideas behind exploiting the above phenomena to

our advantages in gathering information about the hot and dense nuclear medium

1.6.1 Anisotropic Flow

After the collision and the confinement-deconfinement phase transition at 7T, ~
160 — 180 MeV, when thermal medium hadronizes all the direct information about
the initial stages are lost. But a global hydrodynamic flow [61,62] is generated
which gives an additional boost in overall momentum, if the early medium, formed

after the collision, posses a very high energy density and can expand freely. The

14
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produced hadron spectra show a radial flow depending on the initial energy density
of the medium. If, on the other hand, the collision is non-central between the
participating nuclei, then a further directed (vy), elliptic flow (vg) and/or higher
order harmonics (v, vy, - - - ) are observed [63,64]. v, echoes the re-scattering among
the constituents after collision. The initial spatial anisotropy in the overlap zone
creates an anisotropy in the pressure gradient in the transverse plane which, in turn,
will cause momentum anisotropy in the produced particles. If the particles do not
interact with each other, the azimuthal momentum distribution will be isotropic.
Thus, the anisotropic flow coefficients v,, indicates the “degree of thermalization”
of the QGP medium. So the bottom line is that the spatial anisotropy is converted
into momentum anisotropy via rescattering of produced particles and it is these
rescattering processes which thermalizes the system. For a comprehensive analysis

of anisotropic flow in HIC and interpretations, see [65,66].

1.6.2 Electromagnetic Probes

Photons and lepton-antilepton pairs or dileptons(e™-e~ and p*-p~) play prominent
role as a probe of QGP. They interact with the system only electromagnetically
and their mean free path is larger than the size of the fireball (~ 10 fm) [67,68].
Since electromagnetic fine-structure constant is much much less than strong cou-
pling constant (aem < «y), the photons and dileptons can escape the fireball with
very negligible final state interaction [69]. The situation is different for the case of
hadrons. Hadrons interact strongly with the system during its evolution and as a
result they lose initial informations about the system. So looking at the spectrum of
photons and dileptons, one can extract informations about the state of the medium
at the space-time coordinate of their formation [70]. But there is a problem in ex-
tracting informations from the spectrum of electromagnetic radiations. The most

prominent among them is the fact that photons and dileptons are produced in all
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stages of nuclear collision including initial hard scattering before the formation of
the medium and in hadronic decays. So, all these background contributions has to

be subtracted to gather informations about the hot deconfined media.

1.6.3 Quarkonia Dissociation

Quarkonia are essentially bound states of heavy quark and antiquark pair QQ. By
the term heavy in this context, we usually indicate charm ¢ and bottom b quark.
The mass of charm and bottom quarks are given by 1.2 — 1.5 GeV and 4.5 — 4.8
GeV. The quarkonia .J/1 is the bound states of charm anti-charm (¢c) pair with mass
My, = 3.1 GeV and T is the bound state of bottom anti-bottom (bb) pair My = 9.5
GeV, respectively. In nucleus nucleus collisions, quarkonia are formed at the early
stage of the collision before the formation of the deconfined QGP medium. In the
medium, there is screening of color charge of quarks due to presence of quarks,
antiquarks and gluons. It is called color screening. Similar to the Debye radius
of QED plasma, there is a temperature dependent color screening radius rp(7).
It decreases with the temperature. When rp(7T") becomes less than the binding
radius r; of Q;Q;, the quarkonium 7 dissociates as they can no longer bind together
[73-76]. This phenomena leads to the suppression of quarkonium production in high
energy nucleus nucleus (A 4+ A) collisions as compared to proton-nucleus (p + A)
or proton-proton (p + p) collisions if the QGP is formed. This provides us with a
first-hand signature of the deconfined hot medium. The quarkonium dissociation
points T; are determined through rp(7;) ~ r;. From this, a lower bound of the
temperature and energy density of the deconfined medium can be extracted. In
this way the quarkonium suppression acts as a singnature and a thermometer of the

QGP medium.
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1.6.4 Jet Energy Loss

As mentioned previously, in HIC before thermalisation and formation of the medium,
initial hard parton scattering processes take place. In A + A collision where a
thermal medium is formed, the scattered partons pass through the medium before
converting into jets of hadrons that eventually reach the detector. In this process,
the scattered partons lose their energy while traversing through the medium mainly
via collisions with the quasi-particles of the medium and gluon radiations [77]. But
in p + p collisions, such energy loss processes do not occur. Thus, comparing the
yields of p + p and A + A collisions and calculating the energy loss in medium field
theoretically, one can get an estimates of different properties of the produced hot

and dense medium. For an extensive review on this topic, please consult [78-82].

1.6.5 Strangeness Enhancement

The strangeness enhancement is a very important signature of QGP formation in
heavy ion nuclear collision. Compared to pp data, the production of strange particles
is expected to enhance. Since the initial colliding nuclei have no strange particles
in it, any strange particle produced in the collision must be accompanied by its
antiparticle. The main production mechanism of strange hadron in an equilibrated
hadron gas proceeds via reactions like N N — S S, where N denotes the nucleons
and S denotes the strange hadrons. The threshold of such a process to occur is 2mg,
where mg is the mass of any strange hadron. The lowest lying strange particle is
Kaon whose mass my is around 493.7 MeV making the threshold energy of such
process around 1 GeV. But if a hot and/or dense deconfined QGP medium is pro-
duced after collision, the strange quark antiquark pair will be generated mainly via
qq — sSand gg — s, with ¢ = u,d. Since mg = 95 MeV. The threshold energy of

such process are 2m; = 190 MeV making it kinematically more favourable than pro-
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duction of strangeness via nucleon-nucleon interactions. Also, at the temperature as
high as in QGP, the huge abundance of u and d quark-antiquarks makes the ther-
mal production of s5 pair much more energetically favourable. Since, the strange
quark-antiquarks ultimately recombine to produce strange particles, a significant

enhancement of strangeness signals the production of QGP medium.

1.7 Magnetic Field in Heavy Ion collision

1.7.1 Geometry of the Collision

Before going to the generation of magnetic field, let us briefly discuss the geometry
of HIC shown in Fig. 1.8. As discussed earlier, two Lorentz contracted thin discs
travelling towards each other in opposite direction along the beam pipe collides
with each other. The plane perpendicular to the z-direction is called the transverse

planeas shown in Fig. 1.9(a) and Fig. 1.9(b). The projection of the distance between

Figure 1.8: The schematic representation of non-central heavy ion collision: The
spectator particles (in blue) are leaving the collision region (shown in orange). The
magnetic field is generated in the collision region along the y-axis perpendicular to
the reaction plane (z — y plane)

the two discs on the transverse or x — y plane is called impact parameter (b) of

collision. The impact parameter vector and the direction of motion of incoming
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nuclei z-direction together creates a plane which is called the reaction plane. The
angle that the reaction plane creates with z-axis is denoted as ®r. The impact
parameter vector’s orientation in the transverse plane as well as the magnitude

fluctuates from event to event.

(b)

Figure 1.9: The transverse view of nuclear collision — the almond shaped shaded
region contains the nucleons which take part in collision,

1.7.2 Magnitude and Profile of the Field

The participants in HIC carry electric charges. We know that moving charges pro-
duce electric currents. According to the classical electrodynamics, an electric current
produces a magnetic field [88]. The magnitude of this magnetic field thus created
can be obtained from a very beautiful and hand-waving argument by Tuchin [89].
Tuchin considered two heavy ions of radius R and electric charge Ze travelling to-
wards each other at some impact parameter b. Biot-Savart law tells us that the

magnitude of the magnetic field goes as

b
B ~~Ze

o (1.3)
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in the center of mass frame and the direction is perpendicular to the reaction plane.
Here the factor v = \/syny/2my. At RHIC, for Au + Au collision, using v = 100,
Z =179, b~ Ry~ T7fm, we get B~ 10" Gauss or eB ~ m2 as \/syy = 200
GeV. A similar calculation reveals that eB ~ 10m2 at LHC energies. Although this

argument is purely classical in nature, the estimation coming from it is quite good.

It is a well known fact that in HIC a high magnetic field is generated. The highest
magnitude of the field was roughly estimated to be eB ~ 3m2 = 3 x 10'® Gauss
at \/syny = 200 GeV by Kharzeev et.al. in [90]. Later, this qualitative estimate
was improved by Skokov et. al. [91] by considering properly several factors that can
heavily influence it like impact parameter of collision, the total energy of incoming
nuclei in center of mass reference frame. They have also done some very simple
analytic calculation and matched them with UrQMD simulations (for detailed de-
scription of UrQMD see [92,93]). According to their results, the magnetic field in
the collision has non-zero component perpendicular to the reaction plane. It declines
rapidly with time but is homogeneous to a high degree along the y-direction as well
as the transverse plane. Technically, the magnetic field has both x and y components
with comparable value in event by event basis [94]. But when the z-component is
averaged over many events, it vanishes. So in conclusion according to this school of
thought, the magnetic field generated in HIC at a particular time is directed along

the y direction per event and decreases rapidly with time.

Tuchin proposed that when a medium is formed in the collision, the time depen-
dence of the magnetic field is affected by the response of the medium via electrical
conductivity [89,95,96]. The electrical conductivity of the medium is responsible
for delaying the decay of the magnetic field. So the magnetic field lasts longer than

expected. Tuchin considered essentially two cases where a) the medium is static, i.e.,
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temperature of the medium is independent of time and b) the medium is expanding,
i.e., the temperature is time dependent and solved Maxwell’s equation with electri-
cal conductivity. He found out that the relaxation time of the magnetic field to be
larger in an expanding medium than in a static one. The magnetic field essentially

freezes out due to the electrical conductivity of the medium.

1.7.3 Observable Effects of Magnetic Fields

The effects of magnetic field in the observables of heavy ion collision are gaining
increasing attention recently. Some novel phenomena are believed to be exhibited
due to the magnetic field. Below, we try to present some unprecedented effects ac-

companied by magnetic field.

1.7.3.1 Chiral Magnetic Effect (CME)

The phenomena of charge separation along the direction of magnetic field induced
a by chirality imbalance is called chiral magnetic effect [98-101]. It is a topological
effect arising because of the transitions between the topologically distinct states.

This charge separation induces an electric current given as

: q; s
i=N.) 5B (1.4)
f
where N, is the number of quark colors, ¢, is charge of the quark with flavour f, us
is the chiral chemical potential, B is the abelian magnetic field. The chiral chem-
ical potential measures the asymmetry between total number of left handed and
right handed quarks (with antiquarks substracted). CME was studied in numeri-
cal LQCD framework [102,103] and in hydrodynamical approximation [104]. The

experimental searches for CME [105-109] in HIC is being carried out from decades
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but the signature is still a topic of debate. For a detailed review on this fascinating

subject, consult [110,111,113-115].

1.7.3.2 Chiral Vortical Effects (CVE)

In non-central relativistic HIC, a high angular momentum Jys of the order of 10°h
is also generated at large impact parameter [116-118]. Also, a high vorticity is
generated as a result of shear forces that arises when two inter penetrating nuclei
pass each other. Mathematically vorticity w can be expressed in terms of local fluid
velocity v as w = %V x v [119,120]. A polarization in local fluid rest frame along
the direction of vorticity is generated due to the spin orbit coupling describable by
an effective interaction term ~ w -.S. When averaged over the entire system, this
polarization becomes parallel to jsys. Now, if there is an imbalance in chirality, then
there will be more right handed (RH) particles than left handed (LH) one (assuming
ps > 0). On top of that, there are more RH quarks than anti-quark (assuming
p > 0). So the net RH quarks move along the direction of @ and contribute to the

vector current

1
J = —Hs . (1.5)

This phenomena of generation of current in a chiral medium along the direction of

vorticity is called chiral vortical effects [111].

1.7.3.3 Magnetic Catalysis (MC)

The magnetic field induced enhancement of dynamical symmetry breaking is broadly

called magnetic catalysis [122,123]. The order parameter of chiral phase transition is
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the thermal expectation value of (gg). Now, in the chiral limit m; — 0 we have [124]

(Gq) =0 in the Wigner-Weyl phase,

(qq) # 0 in the Nambu-Goldstone phase. (1.6)

When the temperature increases, there is a phase transition from Nambu-Goldstone
phase to Wigner phase around some temperature 7' = T,.. When there is a mag-
netic catalysis, T, increases with the increase of B. The phenomena of magnetic
catalysis was exhibited in different effective model calculations such as Nambu-
Jona Laisiono(NJL) model [125-132], its Polyakov loop extended NJL model(PNJL)
[133,134], chiral perturbation theory [135-137], quark-meson model [138,139] and its
Polyakov loop extended counterpart [140], renormalization group method [141-146],
Dyson-Schwinger equation [147] and from first principle numerical LQCD [148,149,

151-154] simulations.

1.7.3.4 Inverse Magnetic Catalysis (IMC)

The inverse magnetic catalysis (IMC) effect is the opposite to that of magnetic
catalysis where the quark condensate decreases with the strength of the magnetic
field [155]. This phenomena first came to prominence in LQCD simulations of Bali
et. al. with Ny = 2 + 1 extrapolating the continuum and using a lower value
of quark mass corresponding to pion mass of m, = 140 MeV [152,153]. But for
Ny = 3, increasing light quark masses to the strange mass, they found out a in-
creasing trend of condensate at all T". This behaviour made them to conclude that
the pseudo-critical temperature is dependent on quark mass used in the simulations.
The mechanism behind this puzzling behaviour was sorted out subsequently within
a framework developed from LQCD techniques according to which there is competi-
tion between valance and sea quark contribution to the quark condensation around

pseudocritical temperature [156]. The absence of sea effect in model calculation was
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attributed to the exclusion of dynamical gauge field. Another explanation comes
from the fact that strong coupling receives corrections from temperature as well as
magnetic field which is responsible for the increase or decrease of quark conden-
sate as a result of competition between thermal and magnetic effects. This scenario
has been investigated in various effective QCD models [157-163], Dyson-Schwinger

equation [147,164] etc. For a fascinating review on IMC, see Ref. [165].

1.7.3.5 Superconductivity of the Vacuum

The QCD vacuum can be superconducting under very strong magnetic field in low
temperature [166]. Under these conditions, the QCD vacuum obeys the basic condi-
tions that are required to exhibit superconductivity namely the presence of electrical
charge carriers, one-dimensional dynamics of those charge carriers and the presence
of attractive interaction between those charge carriers [167,168]. Under strong mag-
netic field, QCD vacuum produces u, @ and d, d pair which condensate to form
p*(ud), p~(ud) mesons. These p* mesons play the role of the charge carriers anal-
ogous to cooper pairs in conventional superconductivity. Also in presence of strong
magnetic field there is a phenomena of dimensional reduction from (3 4+ 1)D to
(1 4 1)D. The presence of an attractive interaction is ensured by gluon exchange
which binds the quark and anti-quark pair in p mesons. Although, the vacuum
superconductivity is not destroyed by high magnetic field unlike the conventional
superconductivity, it can be destroyed by thermal effects similar to that of normal
superconductivity. The evidence of vacuum super conductivity was confirmed in
Vector Dominace Model (VDM) [169], NJL model [170] and in lattice gauge the-

ory [171].

These novel phenomena stimulated researchers to investigate the effects of magnetic
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field on various aspects of heavy ion collision. Apart from this, a lot of efforts have
been made to understand the influence of magnetic field on QCD phase transitions,
thermodynamics of the QGP phase, collective excitations, various probes from per-

turbative and non-perturbative QCD, effective field theory approaches.

1.8 Scope of this Thesis

In chapter 2, we shall discuss about the quantum field theory at non-zero temper-
ature. The basic formulation of QFT at non-zero temperature can be formulated
in three different formalisms — Imaginary time formalism, real time formalism and
thermofield dynamics. In this chapter we adhere ourselves to imaginary time for-
malism which will be used to calculate the main portion of the calculation carried
out in this thesis. Also we shall discuss the basic concepts of hard thermal loop

approximation technique at finite temperature in a nutshell.

In chapter 3, the derivation of fermion propagator in an external magnetic field shall
be discussed. Starting from the modified Dirac’s equation in presence of background
magnetic field, we shall employ Schwinger’s proper time method to derive the ex-

pression of fermion propagator.

In chapter 4, we shall review properties of quark two-point function at non-zero tem-
perature in hot de-confined medium. We shall employ HTL approximation to obtain
the expression of quark self energy at non-zero temperatue. Then, Dyson-Schwinger
equation was employed to get the quasi-quark propagator, collective modes and its
thermal mass. Subsequently, we shall examine the behaviour of the spectral density

of the effective quark propagator and discrete symmetries.
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In chapter 5, we shall discuss quark two point function at non-zero temperature as
well as non-zero magnetic field. In doing so, we shall derive one loop HTL quark
self energy in weak field approximation of the propagator in background magnetic
field. Applying Dyson-Schwinger equation, we shall obtain one loop effective quark
propagator. The pole of the propagator will give the collective modes of excitation.

We shall also investigate discrete symmetries, spectral functions etc.

In chapter 6, we shall compute hard dilepton rate in hot magnetised medium. In
doing so, we take one of the quasi-quark mode to be soft and another one hard. The
rate is obtained from imaginary part of photon polarization tensor. We shall see the
dilepton rate will be consists of two contribution — pole-pole contributions which
encodes the process involved in the dilepton production mechanism in quark sector

and pole-cut contribution giving the Landau damping part.

In chapter 7, we summarise and discuss the outlook.
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CHAPTER 2

Field Theory at Non-zero Temperature

2.1 Introduction

In this chapter, we shall discuss about the field theory at non-zero temperature.
The field theory at zero temperature has been developed a long ago by pioneer work
of Feynman, Schwinger, Tomonaga et al. It needs to be redefined to incorporate
non-zero temperature. Technically, thermal field theory is all about an alternative
description of quantum statistical mechanics of many particle system where the

number of particles are not fixed.

Currently, in thermal field theory, there are three formalisms exists — imaginary-
time formalism (ITF), real-time formalism (RTF) and thermofield dynamics(TFD).
Details of each of these methods can be found in [178-180]. ITF is the most common
and widely used formalism among these two which is used mainly in the case in equi-
librium system [181]. However, ITF is not applicable for non-equilibrium situation
but RTF [182-185] is. Lastly, thermofield dynamics [186, 187] is a framework that
arose from RTF which can naturally describe nature of thermal vacuum, Goldstone

states etc. We shall carry out all of our calculation in this thesis with ITF. It can

27



CHAPTER 2. FIELD THEORY AT NON-ZERO TEMPERATURE

be popularly introduced in two ways — the operator method and the path integral

method. We shall present a brief outline of these two method.

2.2 Partition Function

The thermodynamic properties of a system in equilibrium with a heat bath can be
extracted from the partition function. So the primary aim in statistical mechanical
calculation is to evaluate the partition function of a quantum mechanical system in

equilibrium.

Consider a system with Hamiltonian operator H and a set of conserved charge N.

The density matrix operator p is defined as

p(B) = exp [—ﬁ (H — Z uN)] : (2.1)

where [ represents the inverse of equilibrium temperature § = 1/kgT.(Here kg is
Boltzmann constant which is taken to be 1 in natural units) and p; is the chemical
potential of i*" conserved charge.

The partition function is defined as trace of density matrix operator in any complete

set of basis as

Z(8) = Trp(B). (2:2)
The ensemble average of any observable O can be defined via p as

Tr (04(8))

O =—3 (23)

For an arbitrary Schrodinger operator A, we can define its Heisenberg picture rep-
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resentation as

Ap(t) = et Aem it (2.4)
At this point it is convenient to perform analytic continuation to Euclidean time

t — —iT. So any operator Ah(t) is analytically continued to Ah(—zﬁ'), which we

write as Ap(7). So, in euclidean time, Eq. (2.4) takes the form
Ap(r) = e HAe™™H, (2.5)

Note that transformation defined in (2.5) is not unitary since Al (1) # e H Ate—H.
Now, the thermal correlation function of two Heisenberg operators Ay (t,) and By (i)

can be written as

Tr e’ﬁgﬁh(zﬁa)éh(tb)}

~

——Tr _Ah(ta)e’BHeBHBh(tb)e’/m]

— Ty e PR Bh(tb)e—ﬁﬁﬁh@a)]

= T [P Bty — i) Au(ra)| (2.6)

In the second step of the above derivation, we have inserted the resolution of identity
operator 1 = e~ BHeAH and in the last step cyclic property of trace has been used.

Thus, we have an important identity

~

(An(ta) Br(ty))s = (Bu(ts — iB) An(ta))s. (2.7)

The identity in Eq. (2.7) is called Kubo-Martin-Schwinger or KMS relation.
It holds for both bosonic and fermionic operators. It is useful for obtaining the

periodicity properties of Green’s function. Here we note that i is connected to the
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time variable. The KMS relation can be analytically continued to Euclidean time

as

A N

(An(1a) Bi(m))s = (Bu(ms + B)An(7a)) 5. (2.8)

We shall see in section 2.4 that the KMS relation in Eq. (2.8) is useful in deriving

Matsubara frequencies of boson and fermion Green’s function in ITF.

2.3 Imaginary Time Formalism

In general, partition function can hardly be evaluated because we have to perform
the summation over expectation values of e=BH with all possible states of Fock space.
To circumvent this situation, we shall not work with states but with operators. In
this section, we shall discuss ITF first introduced by Matsubara [188] in nutshell

using operator as well as path integral method.

2.3.1 Operational Method

Let us write the total Hamiltonian operator H into two parts — the free part H,

and the interaction part Hi"t as follows
H = Hy + Hins. (2.9)
The density matrix is given as

p(B) = e PUH-N), (2.10)
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Here for simplicity, we take only one conserved charge as opposed to Eq. (2.1). Now,

the () can also be written as

p(B) = pol(B)S(B), (2.11)
where

po(B) = e~ (=) (2.12)

is the density matrix of free theory and S is an operator playing a role analogous to
the S-matrix QFT at T'= 0. The density matrices can be easily seen to satisfy the

following equations

D) — Fhojor), (2.13)
ag(:) = —(Ho + H') p(7), (2.14)

where Ho = Hy — p and 7 is bounded in the region 0 < 7 < 3. From Eq. (2.11),

(2.13) and (2.14), it is a matter of a few steps of simple algebra to show that

= Hy(1)S(7), (2.15)

where the interaction Hamiltonian H’ is evolved with free hamiltonian Hy in 7 to

define H} as
H)(1) = exp (—7:[()7) H, exp (7:[07'> : (2.16)

Note that such a transformation in Eq. (2.16) is not a unitary for real 7 because
the adjoint of an operator does not coincide with the transformed adjoint operator.

Now we can get a solution of Eq. (2.16), like in the case of zero temperature field
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theory, as

B
S(B) =T, |exp —/dT]:]}(T) : (2.17)
0

where T is the ordering operator in 7. It is analogues to time ordered product in
zero temperature field theory with the exception that in this case the range of 7 is

bounded in the region [0, A].

Furthermore, if we define

T2

S(r,7) =T, |exp —/dTH}(T) : (2.18)

T1

then it can be seen to satisfy

N ~

S_1<7-177_2) = 5(7-277—1)7 <219)
S(Tl,T/)S(T,,TQ) = S(Tl,TQ) for 7 <7 <, (2.20)
S(r,7) = 1. (2.21)

2.3.2 Path Integral Formulation

The path integral formalism is very intuitive way to introduce finite temperature
field theory. The basic idea is to write the partition function Z(3) as a sum over all
posible routes between two states. In this section, we demonstrate how the identi-
fication of temperature with euclidean time, as hinted in section 2.2, is manifested
in a very natural way in path integral formalism. For simplicity, we demonstrate
the basic concept with the quantum field theory in (0 + 1) dimension which is es-
sentially ordinary quantum mechanics. It is straightforward to generalise the case

of quantum field theory in (3 + 1) dimension.
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The quantum mechanical amplitude of a particle going from position x; at euclidean

time 7; to a position z¢ at time 7y in potential V'(x) is written as

(asmles(m) = gl M o) = [ Da(ry e, 2

Here S[z] is the euclidean action functional defined as

Tf

Sla] = / dr L(x(7), 8,2(r), (2.23)

Ti

where L is the Lagrangian
L(z(7),0;2(7)) = %m(&x(ﬂ)2 + V (z(1)). (2.24)

The partition function, defined in Eq. (2.1) and Eq. (2.2), can be casted in the

following form

2(8) = / dz (2] e |) | (2.25)

where |z) is position eigenket with X |z) = x |z).

Now, we can put the terms (xf]e_(Tf_”)ﬁ lz;) and (z|e "7 |z) in a one to one
correspondence by identifying both z; and z; as z and setting 77 = 3, 7, = 0.

Therefore, we can write

B
2(8) = / Da(r) exp —i/dTL@(T),aTx(T)) L (2.26)

z(8)=x(0)

>t

where Dz(7) = [ [ dz(7) is the functional integral measure. Note that, the domain
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of euclidean time is bounded as 7 € [0, 5] and = must satisfy periodicity condition
x(0) = x(B). Surprisingly, the inverse temperature 3 is traded of as euclidean time.
For any observable O(7p) in Heisenberg picture, the thermal expectation value can

be written in functional integral form as

(O(70))5 = %/mm O(70) exp{— %deL(ﬂT),@Tx(T))} (2.27)

Now, in (3+1)D, there are uncountably infinite degrees of freedom (D.O.F) labelled
by position & = (z,y, z) as opposed to the case of single particle quantum mechanics.
We denote the D.O.F at position « or the field as ¢(x). Thus, the expression of
partition function in Eq. (2.26) takes the following form for a quantum field theory

at finite temperature
Z(B) = / Do(x, T) exp —/dr/d% L]. (2.28)

where Do(x, 7) = H d¢(x, 7) is the measure of functional integral which is just the

product of d¢(x, T) at each space-time point where the field is defined and
1 2 2
L= 5m (0 + V) () + V (9(a, ) (2:29)

is the euclidean Lagrangian density.
The potential V(¢) contains the mass term and the interaction term. For ¢* theory,

it looks like

V(o(x, 7)) = %mzd)Q(:c,T) + %¢4(a:,7). (2.30)

In the absence of interaction the functional integration can be evaluated analytically.
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But when the interaction is turned on the partition function can be written as a
perturbation series in A for A < 1. The same conclusion is applied for N point

function. The two point function is defined as

B
G(xy — Xy, Ty — ) = %/ng(mﬂ') T Ad(xa, 70)d(xp, 7)) } €XP —/dT/d?’x L
(2.31)

The rest of the computation is similar to the euclidean field theory at zero temper-

ature.

2.4 Green’s Function at Non-Zero Temperature

— Matsubara Modes

In quantum field theory at zero temperature, the two-point Green’s function or

propagator is defined as

O T{2(t,z)o(t',x')} [0) = O (t — ') (0] (¢, ) (¢, =) [0)
L Ot —1) (0] B, ) D(t,z) |0).
(2.32)

The state |0) is the ground state of interacting theory. The plus sign and minus sign

in Eq. (2.32) is used when & is bosonic and fermionic field, respectively.

Let us consider for simplicity the case of real scalar field. The definition of Green’s

function in non-zero temperature involves all the states in the Fock space. So, it is
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defined in ITF of thermal field theory as

1

Gs(r—7 & —a') = Z0)

Tr [e T {o(r, z)p(r', &) }] . (2.33)
Consider, the case 8 > 7 > 7' >0

1
Gs(r—1 & —a') = Z0)

1
Z(p)

Tr [e‘ﬁHgb(T, x)p(T, az’)]

Tr [G_BH¢(T, + 8,2 o(T, az)}

1 —BH / !
25T om )00 + 5.2

=Gs(r—7 - p,x—x). (2.34)

Here we used KMS condition in Eq. (2.8) and the definition of euclidean time ordered

product for the case of 7 > 7. Likewise, for the case f > 7/ > 7 > 0, we get

1

Z(B)

_ ! r e P o(r x)o(7, o’
=g " [+ @)e(r, )]

Gs(r—Tx—a') =

Tr [e’ﬂH¢(T’, x')o(1, )]

! r[e PH T z)o(7', x’

=Gs(t+B—1,x—x). (2.35)

Thus, we have

GB(r—7 —-B,x—=) for 7 > 7/,
G = | 230

GE(r—7'+pB,x —a) for 7 < 7/,

where the superscript B indicates bosonic Green function. Since we have periodicity

property in time argument of Green’s function at finite temperature, we can have
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the following Fourier expansion

Go(r—Tx—a) = = i / o e TR GE (k) (2.37)
rmremelmy 2 ey e

The consequence of the periodicity property of Green’s function is the appearance

of the discrete spectrum of frequency
wl =2maT  withn=0,+1,42,---. (2.38)

For the case of fermionic field, a similar analysis leads to the conclusion that the

position space Green’s function is anti-periodic

—GE(r—1 -8,z —x) for 7 > 7/
G5(r—rw-a) =9 (239)

—Qg(T—T’—i—B,w—w’) for 7 < 7.

As a result of this, we can write an expansion similar to that shown in Eq. (2.37)

with w, taking values

wl =@n+1)7T  withn=0,41,42,---. (2.40)

2.5 Feynman Rules at Finite Temperature

Some of the rules for computing Feynman diagrams get modified in ITF but others
remain the same as in the case of zero temperature. Below, we outline the modified

rules

e Vertex:

Same as in the case of zero temperature.

¢ Momentum space propagator:
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Same as in the case of zero temperature but ky — iw,, where

2nml for Bosons,
Wp = (2.41)

(2n+ )nT for Fermions,

with T" being the temperature of the system in equilibrium and n = 0, £1, £2, - - -

e Loops
The four momentum integration is replaced by sum-integral. The spatial three
momentum integration is left unchanged. The ky integration is replaced by

frequency sum as follows

o0

/ %f(k(h k) =T Z f(iwm k)v (242)

n=—oo
—00

where w, is defined in Eq. (2.41).

e External line

The rules remain the same as in zero temperature field theory.

As an application of above mentioned Feynman rule, we wish to evaluate one loop
correction mass correction of a real scalar field theory with ¢* interaction. The

Lagrangian is written as

1 1 54 A,y
The scalar field propagator is written as
Ap(K) = L (2.44)
BT R -EY ‘

where kg = iw, = i2mnT and Ej = /|k|?> + m?. The interaction term in the La-

grangian is L = —Egzﬁ‘l. So, the interaction vertex is given as —i\. The expression
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of the self energy is written down applying the Feynman rule to the diagram as

_ATZ/M )\TZ/dSk (2.45)
27?347T2n2T2—|—E2‘ '

n=—oo
We isolate the frequency sum part as

[e.9]

1 1
T = 1+ 2n(E 2.46
HZZOO AT2n2T? + E,% 2E, (1+2n(Ey)), ( )
where n(Ey) = is the Bose-Einstein distribution function. Thus, we

xp(By/T) — 1
are left with the three momentum integration

I, (T) = A / (;l ]‘; Q}Ek (1+2n(Ey)). (2.47)

Note that the self energy has two parts. The first part does not involve distribution
function and the second part does. It turns out that the first part is exactly equal
to the expression of II; at zero temperature. Therefore we identify the second part
as the thermal correction to the one loop boson self energy and write II;,(7") =

I1y2¢ + II8(T) where

e [ Pk 1
1 _A/WE, (2.48)
I (T) = A / (;lﬂljsn(ék)' (2.49)

The vacuum part is ultraviolet (UV) divergent and it drops out after conventional
zero-temperature renormalization. The thermal part is UV finite due to the pres-
ence of distribution function associated with it. The integrand in both Eq. (2.48)
and Eq. (2.49) is spherically symmetric. So, to compute the thermal part, we can

write the integration measure in spherical polar coordinate. For m = 0 case the k
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integration can be performed analytically and the result is

AT?
I, (T,m = 0) = =—

R (2.50)

For m # 0, we make a a change in variable x = \/|k|? + m?/T and obtain

(T, ATQ / el m/T (2.51)

m/T

Note that the dependence of m and T' come in the form of a dimensionless quantity
m/T. This implies that when the temperature is very much higher than all the mass
scales, i.e. T' >> m, we can approximate II(7") as that in the case of massless scalar
II(T,m) ~ X\T?/12. Therefore, the thermal mass acquired by the particle is given
as m% = \T?/12.

2.6 HTL Resumation

To demonstrate the essence of HTL resummation method, we consider the simple
case of real massless scalar field theory with ¢* interaction. The lagrangian is ob-
tained by setting m = 0 in Eq. (2.43). The one loop correction to the self energy is

given as

IL(T) = —-

R (2.52)

The correction due to the thermal fluctuations are incorporated into the effective

propagator. It is given from the resumation as

1
— kP —m3

Al(k) = 12 (2.53)
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According to the standard perturbation theory, the ¢* self energy II, which is
the sum of all 1PI diagram, is expected to have the perturbative expansion II =
AT?[1 4 O(A)]. But this naive expectation breaks down due to the presence of in-
frared (IR) divergence in the thermal part of the diagram containing more than
one loops. But it turns out that if we resum all the higher order diagram into the

effective propagator in Eq. (2.53), then we get the following advantages

1. The theory is saved from the infrared divergence by the thermal mass which
is of the order of my ~ VAT. It acts as a infrared cutoff to the theory and

plays an analogous role of Debye mass in QED plasma.
2. The effects of thermal fluctuations are taken into account through the thermal

mass.

The one loop tadpole diagram is given as

1
=AY ——. 2.54
=3 Y e (2.54)
K

It is simplified after performing the frequency sum and angular integration to

2
I = /\/dk;k—Q 1+ 2n (wr)], (2.55)
wrp
0

where wy = /k? + m2. The integration in Eq. (2.55) cannot be performed exactly
but it can be approximated by introducing a separation in the scale p* such that
VAT << p* << T. In this scenario, we approximate k,my << T below p* and

k >> mr above p* to get
3
I} = AT2 [1— ZSVA+ 00| (2.56)
T

The effective tadpole II7 is IR divergence free in spite of containing the summation
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of infinitely many IR divergent diagrams. This result is not perturbative as the
correction is not multiple of the coupling constant A\. The reason of this surprising
behaviour is the use of effective propagator containing the thermal mass as IR reg-
ulator. As a result, significant contribution from small momentum comes up in the
integral in Eq. (2.56) and successive order of the coupling constant is reduced. The
above steps motivates us to employ the following method in massless scalar theory

at finite temperature

1. The diagram that contribute to X7 is isolated. It is the tadpole diagram II;

in this case.

2. Next, construction of effective propagator A*(K') by resummation of the tad-

pole diagram is carried out.

3. Depending on the circumstance, bare or effective propagator is used as in

ordinary perturbation theory.

If the momentum and energies flowing through the Green’s function is hard, i.e., of
the order of T', bare propagator A(K) is sufficient for the calculation as can be seen
from the example since m2 can be neglected if K? > T2. But if they are soft, i.e. of
the order of VAT, then the effective propagator A*(K) must be used because higher
order diagram contributes to the lower order in the coupling constant [189]. These
higher order diagrams are called hard thermal loops (HTL) [190]. This method of
effective perturbation theory was developed by Pisarsky and it is called HTL per-
turbation theory. Now, the whole argument of HTL perturbation theory is based

on the assumption that the coupling constant A is much smaller than 1, i.e., A << 1.

In case of gauge theory, there is an additional complication that arises from bare
perturbation theory. The gluon damping rate calculated using naive perturbative

method is not gauge invariant and it turned out to be negative in some gauges.
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This problem is traced to the fact that in bare perturbation expansion, higher order
diagram contribute to lower order in coupling constant. Also in gauge theory, the
self energy has dependencies on external momentum P. Now the diagrams that
contribute to the Green’s function at the same order in gauge coupling constant
g depend on the external momentum P. Loop corrections are g>7?%/P? times the
corresponding tree level amplitude. Therefore, when the external momentum is soft
(P ~ ¢T), the loop correction is of the same order in g as tree level. But when P
is hard (P ~ T) the loop correction is suppressed by a factor of ¢ from the tree
level amplitude. The gluon damping rate was recalculated with these resummation
technique in [191] which turned out to be gauge independent displaying the triumph

of this proposed method.

2.7 Conclusion

In conclusion, we briefly outlined the techniques necessary for theoretical calculation
in quantum field theory at finite temperature in the most popular imaginary time
formalism in this chapter. As an example, we demonstrated a simple evaluation
of self-interacting scalar boson self energy using Feynman rules in presence of ther-
mal medium in equilibrium. We also introduced the basic recipes and underlying
concepts of hard thermal loop perturbation theory in a nutshell. The important
takeaway from this chapter is the discreteness of frequency in modified Green’s

function. These technicality will be useful in calculations in upcoming chapters.
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CHAPTER 3

Fermion Propagator in External

Magnetic field

3.1 Introduction

In this chapter, we shall derive the fermion propagator in the presence of background
magnetic field. We know from elementary quantum mechanics that there are some
notable changes that are observed in the system under consideration in presence
of background magnetic field. The most prominent one is the modification of the
energy spectrum of the particle moving in the field and the alteration of density of
states. The rotational invariance of the system is broken in presence of magnetic
field as the system picks up a preferred direction n along the magnetic field. The
energy level of a particle gets quantised in Landau Levels on the plane perpendicular

to the field

Vk2+ (204 1)|qB| +m?2 for bosons,
Ey(kn) = (3.1)

VK2 + 20|gB| + m? for fermions,
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where k,, is the momentum of the particle along the direction of the field B = Bn,

¢ =0,1,2,--- is the Landau levels, ¢ is the charge of the particle and m is the mass.

In the language of quantum field theory, any process from a specific initial state
to final states is accompanied by the creation and destruction of off-shell or vir-
tual particles. The propagation of the virtual particles are represented by two-point
functions called propagators. In the presence of a magnetic field, the structure of
the propagator of virtual or intermediate charged particles are modified which, in
turn, influence the S-matrix elements. Thus, it is necessary to examine propagator

of charged particles in external background field.

The problem of fermion propagator in the presence of background electromagnetic
field was first considered by the seminal work of Julian Schwinger [192] in 1951.
Schwinger employed proper time method in which the spacetime coordiantes were
parametrised by a quantity called proper time s € [0, 0o]. Later, Ritus [193] derived
the fermionic field propagator in a simplistic and innovative way by diagonalising
the Dirac operator in energy the eigenfunction basis. Apart from these two widely
used methods, in Ref. [194,195], author solved the Dirac equation in background

field and derived the expression of fermionic propagator.

In this chapter, we shall employ the Schwinger’s proper time method in deriving the

expression of propagator.

3.2 Green’s Function

In this section, we look at the concept of Green’s function in a different perspective.

The Green’s function associated with a differential operator can be defined as the
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matrix element of its inverse. To justify this, we shall work with just one variable

to demonstrate in this section.

Suppose, we have a differential equation of the form

O, f(x) = g(x), (3.2)

where O, is a differential operator involving derivatives of various orders with respect
to z. Here g(x) is some given function and f(x) is the function which we need to
determine. Let us define this equation in abstract form in some appropriate linear
vector space. Let |f) and |g) are the elements of a linear vector space which are
represented by f(z) and g(x) in function space. Then, we can write (z|f) = f(z)
and (x|g) = g(x). So, in the abstract linear vector space, the differential equation

takes the following form

olf)=1lg), (3.3)

where O is the abstract operator that is represented by O, in function space. For-

mally, the general solution of this operator equation is given by

1f) = o' l9) + Zci i) (3.4)

where ¢;’s are the constants and |h;) are linearly independent solution of the homo-

geneous equation

O|h)) =0 or, Oyhi(x)=0. (3.5)
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We take the inner product of the above equation with (x| to get

(x|f) = flz) = (z] O |g) + Zcz' (z|h:)
— /da:’ (x| O~V 2"y (2'|g) + Zczhz(x)
= /dx’g(x,x')g(x/) + Zcihi(x), (3.6)

where we have defined
G(x,2") = (z Ot |z} . (3.7)

Here G(x, ') is called Green’s function of the differential operator O,. It is just a
‘matrix’ element of the operator @ between (z| and |z').

Now
007 =1 = (2007'|2) = (z|1]2') = d(x — o). (3.8)

But

= 0,G(z,2") (3.9)
Thus, the Green’s function obeys the following differential equation

0.G(z,2") =0(x — 2'). (3.10)
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3.3 Fermion Propagator

The fermion Green’s function in external electromagnetic field reads
(i — ¢A() = m)G(w,a') = 59 (& — o), (3.11)

where @ = y*0,, which is similar to the Feynman slash notation applied to a four-
vector. Here, A,(x) is the vector potential associated with background electromag-
netic field, ¢ is the electric charge of the particle including its magnitude as well as
sign. As an example, for electron ¢ = —e, ¢ = +e for positron and so on. Also, m
is the mass of the particle. Now, as we have discussed in section 3.2, we can cast

Eq. (3.11) in the operator form. Green’s function is defined as an operator equation

as
T —mi)G =1, (3.12)
where
I, =P, — qA,(X). (3.13)

From now on, we shall not write explicitly the unit operator 1 where it is multiplied
with some number.

Inverting Eq. (3.12), we get

~

G(z,2") = (x| A —m)~*|a'). (3.14)

~

We can cast (I —m)~! as

(Vi —m) ™ = (1?12 — m2) h (J?I - m) . (3.15)
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Now, for any operator /1, we can write the identity

[e.e]

(A+ie)t = —i/ds exp [@s(/l + ze)} , (3.16)

0

where € — 07 is incorporated to ensure the convergence of the integration at s = oo.

Applying this identity to Eq. (3.14), we arrive at

G(w,2') = —i 7 ds (x| exp [ (1?12 - m)] (1 +m) |2
— 7(15 e (g giott (1 +m) |2

_ / dse o {an(s)| (4 m) |2') (3.17)

. - . ~2 .
We define U(s) = e where H = —J1 and write (z(s)] = (z|U(s). Here s
is a parameter which is loosely called proper time variable and likewise U (s) is
identified as time-evolution operator. The coordinate space manifestation of U (s)

is (z|le~*H|2’) = U(x,2’; s). So, we have

G(a,z) = —i / dse " [(a(s)| 1 |o') + mU (2, 2's5) . (3.18)

Now, we write down two important commutators as

|:ﬁu7 Xl/i| = ig,uzu

[ﬂu,ﬂy} = —igF,, (3.19)

where F,, = 0,4, — 0, A, is the electromagnetic field strength tensor. In the

case of constant background field, F,,,, does not have any dependence on space-time
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coordinate. We can write

N ~2 N A PN
H=—W =TI, = e (HZ,H# _ iq]:,w>

= AT, + igyH Y Fuy = (7" — 2¢M) TLIL, + iqFp (" — io™)

~ 2 N N
=W — 20 + ¢F,, 0" = —H — 21I° + ¢F,, 0", (3.20)

where o' = % (Y = APH), Aty = g —io* and {v,, 7.} = 2¢". So, we obtain

H = 4 ot — 112

3.21
d (3.21)
Now, we can write the equation of motion
. a / /
za—U(x,x;s) = H(z,0)U(z,2;s). (3.22)
s

Here H(x,0) is the function space manifestation of the operator H. Now, the

equations governing the evolution of X (s) and II(s) are given as

%X“(s) — i [, X(s)] (3.23)
Citv(s) = i [A,14(5)]. (3.24)

Now, we need to solve the equation of motions (3.23) and (3.24). Using [ﬂ“, X”]

1g"”, it is just a matter of few steps of operator algebra to show that

(3.25)

(3.26)

o1
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Thus, the equation of motions in Eq. (3.23) and Eq. (3.24) become

%X“(s) — of(s), (3.27)
L f1v(s) = 2711, (5). (3.28)

Note that Eq. (3.28) and Eq. (3.27) are valid for the case of constant electromagnetic
field. Now, we consider the field to be directed along the +ve z direction in space.

In this case, only the components Fi5 and F3; survive and are given as

Fioa = —Fu =—B. (3.29)

In this case, we arrange Eq. (3.28) and Eq. (3.27) in matrix form to solve them in
a convenient manner. For this purpose, we arrange the parallel and perpendicular

components of X and II in a two by two matrix form as given below

A

R X0 R X1
X, = , X, = , (3.30)

X3 X2

. 70 . 1
II, = . I = : (3.31)

I3 112

d%)%(s) = 2I1,(s), %fﬁ(s) = 211, (s), (3.32)
%ﬂ,@ o, diim(s) — 2¢BFI, (s). (3.33)
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Here F = i0,, where we denote the ith component of Pauli spin matrix as o; with

i = x,y, 2. The solutions of Eq. (3.32) and Eq. (3.33) are given as

X,(s) = X,(0) 4+ 2sI1,(0),  X.(s)=X,(0)+ % (ePsov — 1) 11,(0), (3.34)

I1,(s) = I1,(0), I1, (s) = II, (0)e’2aB57s (3.35)

The expression of X, (s) in Eq. (3.35) can be further simplified by applying the

identity
' = cos(|a]) + ia.aSin’(ClTD (3.36)
to obtain
X, (s)=X.(0) — zwewwym(oy (3.37)

Note that 7 operator is sandwiched between (x(s)| and |2'). So using Eq. (3.34) and
(3.35), we write IT in terms of X and apply X#(0)|2/) = 2/*|2') and (2(s)| X#(s) =

(x(s)] x* to get

~

1) = oo (F, — #) Ul (3.38)

and

(W, ) = 5t

(# —#) Uz, s 5). (3.39)

[cos(|qB|s) + sgn(¢B) sin(|qB|s)7172]
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So, we have

~

(w(s)| T |a') = 4B

1 / .
L2~ ) = o2 eoslaBls) + sgn(aB) sn(laBs)

N =

(4, —¢))}U(z,2";s). (3.40)
Now, we are left to determine U(z, 2';s) = (z| e~ |2/). Note that

z%U@;, 'y s) = (x| e HH |2') = (x(s)| H |2') . (3.41)

Unlike evaluating by inserting directly the complete set of eigenkets of H between

e~*H and |2’} in the expression of U(z, 2’; s), the trick is to first compute (z(s)| H |2')

and solve the obtained differential equation to get U(z,z’;s). So, we have

()| H ') = = (@) TP Ja') + igBy'+ (a(s)]a) )

=~ ({2(9)| 12 [2') = (a(s)| 12 [2') + igBy'7* (w(s)[a) ) . (3.42)
For the parallel part, the matrix element becomes
. 1
(z(s)| 112 |2') = {@ (z, — ') + g] Uz, 2'ss). (3.43)
Here we used commutation relations
XO(O),XO(S)} = %s, [X3(O),X3(s)] = 2, (3.44)

which is obtained by expressing X,(s) in terms of X,(0) and II,(0) from the first
relation shown in Eq. (3.34). Now the calculation of the perpendicular part is a little

bit involved than its parallel counterpart. Firstly, we compute the commutation
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relation

i " _ sin(|gBls) (., 1\ik [ Sk _ sin(|gB[s) /., _1yik cik
s |X(0), X9(s)] = -2 g (R [X(0), 11(0)| 2 B (R
sin(|gBls) (., _1yji
=2i———(R)", 3.45
8| (R7) (3.45)
with ¢ = 1, 2, where
. cos(|gB|s —sgn(qB) sin(|qB|s
R (aBl)  —s@B)snleBle)|
sen(aB)sin(gBls)  cos(lqBls)
So we have
(w(s)| 112 ') = )~ (a(s)| TIIT |2)
i=1,2
_ leBP? ; v o.sin(lgBls) o, q1yis
= 5’ — - 22— )
~ 4sin®( |qB\ Z (z — 2’} (2~ ) ! ¢ B| (R™)
(3.47)

Using the unitary property of R, we use RVR* = (RT)ji R* = §7% and > 12 (R™1)7 =

2 cos(|qBls) to get the last line of the last equation and we arrive at

- B[ > . lgB]
12 |2/) = _JaBE gy laBL Uz, z';s). 3.48
<IE(S)| L|x> 4Sln2(|q3|8> (l’ ._'L') Ztan(|qB\s) (x’xﬂs) ( )
Putting Eq. (3.43) and Eq. (3.48) in Eq. (3.42), we get
(w(s)| H |2) = = f(a, 2", 5)U (x,2"; 9), (3.49)

where

l¢B|?

1 2
/ _ _ / I & S B
flaoss) = 452 (z =), 4sin*(|qB|s)

1 !qB\ .

N2 1.2

_ T & Sl B v*¢B.
(x v )l ! (s tan(\qB\s)) rrd

(3.50)
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So from Eq. (3.41), we get the differential equation satisfied by U(z,z’; s) as
0 , / /
Z%U(IE,I,S) = —f(z, 2", s)U(z,2',s). (3.51)

Eq. (3.51) can be solved as

s

Uz, 2';s) = Clx,x") exp i/ds'f(m,a:',s') : (3.52)

Here C'(x,z') is the constant of integration which is independent of s. Thus, we get

the expression of U(x,2’;s) as

N G PR i
Ulz,25) = Clz, )s sin(|gB|s) o [ 4 <3 @ tan(|gBls)
(x — x’)i) - quvlvz] . (353

Substituting Eq. (3.53) and Eq. (3.40) in Eq. (3.18) we get

—ism?

AN S L1, Bl

G, ') = —iC(z, )o/d s sin(|¢B|s) {2 {s (¢" ¢”) sin(|¢B]ls)
[cos(laB|s) + sgn(aB)sin(laBls)y'"?] (£, — £.)} +m]

ot ((75 - I/)ﬁ B ) (z _w/)i>] o487 (3.54)

Py s ~ tan(|¢B|s

We define r# = z#—a'". So Green function can be written as G(z, 2') = C(z,2")G(r),

where

[e.9]

o)== | stz [+ ) " - s

r? |qB| 2 2
—_ L - — . 3.55
“Xp[ 1(43 4tan<|qB|s>“+sm” (3.55)
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We note that the Green’s function do have a translational invariant part G(r).

Now we wish to evaluate momentum space representation of G(z,2’). But as dis-
cussed earlier, the factor C(z,z’) is gauge dependent and in general breaks trans-
lational symmetry of the propagator which is clear from Eq. (3.54). So, unlike in
zero background field case, it is not convenient to define the Fourier transforma-
tion of G(z, z") without choosing a gauge for the vector potential of the background
field. Therefore, we can choose a gauge in which C(z,2") = 1 for convenience.
In this circumstance, translational invariance is restored. This allows us to define
the momentum space Green function G(p) via Fourier transformation of G(x,z’)
as G = [d*re?"G(r). To evaluate the r integral, we analytically continue the
expression of G(r) to the Euclidean space-time achieved through a series of trans-

formation s — —isg, 1o — —i7,.. S0, the propagator takes the following form

_i E igBspy'y? - |qB|
/sEsmh lqB|sg) {( 237‘" —i—m)e ZZSinh(|qB]sE)7t

0
T2+ B 2 2 2
B 3.56
exp{ ( s +4tanh(\qB|s)(rl+r2)+Sm )}, (3.56)

where we define ¥ = +*r® + 417, with 4* = iy".

In Euclidean space, the Fourier transformation of a function f is defined as

f(w,p) = /dT/d3xeXp [—i(p.x + wT)] f(1, ). (3.57)
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To compute the Fourier transformation, we have to tackle the following r integrals

2 2
» +7 lgB|
d4 i(wrr+p.7) 3 r 2 2 3.58
7= / Tg € exp {— ( Is + tanh(|qB]s,) (ri+m3) ||, (3.58)

2 2
i +7 B
T, = [ d* i(wrrpr) U E (BT 242 3.59
/ e € i exp l ( 45, tanh(|qB|sE)(r1 ) )| )

—i(wT T T2 + 7_7"2 |qB’
Il = /d4TE € (wrr+p- )ff exXp |:_ ( 343}3 + tanh(|qB|sE) (’f’% +T§)):| ) (360)

where / dr, = / dr, / d®r. These can be done by using the following basic

Gaussian integral

. 2
/ do e e = \/Ee_?la, (3.61)
a
/ dr ze e = —ii Tt (3.62)
2\ a '

and the result is quoted below

(47)? stanh(|¢B|sg)

tanh(|gBlss) 5 5
7= exp [—s p? 4+ p?) — p;+p3)l, (3.63
|qB| |qB| E( 4 3) |qB| ( 1 2) ( )
-,Z'.H = QiSEl—a (364)
tanh(|¢B|sg)
I =-21———T. 3.65
- PE (365)

Using the results of integrations shown in Eq. (3.63)-(3.65), we get G(p) as

~ 4 [ ,
Gl =0 [ e [ =5+ m) (14 dsgn(aB8) (B ')
0

1 1.1 2 9 o, tanh(|gBlss) , 2
———— + X exp | — R .

(3.66)

Now, we go back to the Minkowski space and finally write the momentum space
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propagator as !

(

é(p)=i|

Ar)? T
q B>| [ { (12 = p7* +m) [1 — sgn(gB) tan(|gBls)7'
0

_ tanh(|¢B|s)

—sec’(|¢B|s) (p'" + p*7?) } X exp [z’s <pg — (p*)? 4B
qB|s

(P + ()] —m?)] .

(3.67)

This happened due to the sign difference in the expression of D,,.

3.4 The Phase Factor

The term C(z,2") do not have any s dependence as indicated in previous section.

It satisfies the following differential equations

[z’ dp—qA,(x) + % qFu (2 — x)y] C(x,2") =0, (3.68)
{—i@; —qA, (2) — %q}",w (' — x)y] C(z,2") = 0. (3.69)

Integrating Eq. (3.68) and Eq. (3.69), we get

Claa) =) exp |=ia [ der (440 + Fuc =2 )| @70

T

Cla, o) = C'(x,7) exp [—z’ ] / g (Au(f) + %fu,,(g _ @)] B

Equating (3.70) and (3.71), we have C'(2/,2') = C'(z,z). It follows from the
fact that, since F,, is antisymmetric, (x — 2')*F,,(x — 2’)” = 0. Thus we con-

clude from the last line that C'(x,z) is just a constant. Note that the integral in

Tn this chapter, we denote the complete momentum four-vector in Minkowsky space in small
letter, i.e., p* = (pog,p). For the parallel and the perpendicular components we adopt p, =

povo —p°7%, p, = 'y +p*y* and pi = (po)* — (p°)? and p? = (p')* + (p*)?

39



CHAPTER 3. FERMION PROPAGATOR IN EXTERNAL MAGNETIC FIELD

(3.71) is independent of the integration path connecting the points x and 2z’ as the
curl of the term A, (&) + $F,,(§ — z)” vanishes. Now the curl of a four-vector is

not a four-vector like ordinary three-vector but a 2nd rank tensor. For any four-

2]

vector V,,(z), the curl is proportional to the term 32:V, (z) — 52

V(). In our case

V(&) = AL (&) + 1 F (€ — )" and we can show that %Vy(f) — %Vu(g) = 0.

Proof:

0 0
agr &) ~ 5 Vule)
0 ) 1 0

= 6_6“./4”(5) - 6_51,"4/1(5) + 5 Fl/oaa_g#

— Fp b [Fonb® — Fond,]

2 va U u po U v

1
=Fp + 2 [Fop = Fu]

2 Vi pv

— F,, +F,

(€ =2") = Fru

”O‘@_f” (fa - x/a)

~0 (QED)

This gives us freedom to choose the path connecting =’ and x as a straight line. The

straight line is parameterized by ¢ as follows
Ert) =™+t (a* — 2™ with ¢ € [0,1] (3.72)

This choice is consistent as can be seen by noting that £#(1) = 2/* and £#(0) = x*.

In symmetric gauge A*(x) = %(O, —y,z,0) leading to

/lx gt A, (&) = g <.CE/1$2 — 33’23:1) . (3.73)
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The term

So, in the symmetric gauge, ®(z, 2") = exp {—z’ q // dgt ( W (&) + Q‘Fuv (€ — )”)] —

—iqB
exp { 5 (x 72— x’2x1>] . The four-vector potential enjoys gauge symmetry. So
for the same field configuration, we can choose another four-vector potential defined

by

AL (6) = Au(&) + ai@A@’ (3.77)

where A(€) is a function of £ which we choose as

A =5 (y& —=¢). (3.78)

So, in the A’ gauge
O(z,2') =exp |—iq / gt <A/ &) + 2 w/

-7)
= exp —@'q/:d§“ <Au(€) 5 ( ) Zq/ dgr A(€)
-7)

=exp |—iq der (A#(f) 3 Fou

= exp

(x'1x2 — x’zl‘l)} exp [—iq (A(z') — A(x))]

—iqB ¢ B
= exp 1q 13/11}2 . {L‘/2ZL‘1 exp tq ZE,1$2 o 1’/21}1
2 2

= exp (0)

= 1. (3.79)
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So, essentially in this special special gauge, C(x,z’) is just a constant C' and we
4B

(4m)?
degeneracy associated with LLL. Finally, the expression of the momentum space

can choose it to be C = —

Also note that C' is exactly the same as the

fermion propagator in presence of time independent uniform background magnetic

field is given as

o0

G(p) = —i / ds { (p"" = p*y* +m) [1 — sgn(¢B) tan(|gB|s)y'v?] —sec*(|¢B]s)

x (p'y" + p*7?) } X exp {is (pﬁ - (")’ - —tanr;(l\;f]s) (") + (P*)?]
—m? + ZG)] ,
(3.80)

where the ie with € — 07 is introduced to make the integral finite at s — oo.

3.5 Landau Level Representation

In this section, we derive an alternative representation of the expression of fermion
propagator G(p) shown in Eq. (3.80) [196]. The propagator is essentially written as
a sum over the contribution coming from all the Landau levels. To do this, we start
by performing the s integration in Eq. (3.80) by employing the following identity of

generalised Laguerre polynomial

SO L (@) = % () < 1) (3.81)

=0

Setting @ = 0 and rearranging the sum, i is easy to show

exp (— 1‘C_t t) =3 [Lule) — Lea (@], (3.82)

=0
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where LEO)(x) = Li(z) and also L_i(x) = 0 by definition. We can rearrange

tan(|gB|s) in the exponential to get

e dr tan(‘qB‘ ) = = exp (%U i 1) = exp <—%> exp <_ 1apv ) ; (3.83)
U — -0

where v = —e#2laBls

and o, lqu i|. With the help of identity in Eq. (3.82) and

Eq. (3.83), we can write

[e.e]

2
exp (—z“ggﬂ tan(!qB!s>)=exp( F) 21 (ki) — Lica (e

=0

(3.84)
Now, we can cast the integral in Eq. (3.80) as
G(p) = (PH +m> [lo —sgn(¢B)Y'V* 1] — p I, (3.85)
where
I, = /dse foBy tan(laBls) gis(pi—m*+ie) (3.86)
0
I = / ds tan(|gB|s)e 1 by (o819 st —mAtie) (3.87)
/ds sec2(|qB]s)e Tamn e (1aBls) gis(p —m?+ie) (3.88)
0
Now, it is easy to see that I; and I can be expressed in terms of I as
ol
I, = 2isgn(¢B) 804[; (3.89)
01,
[2 - [0 - aa2 . (390)
p
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From Eq. (3.84), we can perform the I integral very easily and obtain

i 0) = Lea(ap) (3.91)

pII — 2€|qB| m? + i€

Now, putting Eq. (3.91) in Eq. (3.89) and Eq. (3.90), we get the expression of I
and I,. Lastly, substituting the resulting expression of Iy, I; and I written in terms
of infinite sum over ¢ in Eq. (3.85), we arrive at Landau level representation of the

fermion propagator in background magnetic field as

o0

o) = e (1) 3 SV g e 9

where the factor Dy(p,¢B) in the numerator is defined as

Di(p.4B) = <ZZ’.‘ +m> {{1 +isgn(qB)7172} Ly (é}g’) — {1 - z’sgn(qB)ylﬂ

Lo () frots () o9

It is evident from the expression of Eq. (3.92), the propagator has a simple pole at

po = £E;, for £ =0,1,2,--- where

= k2 + 20|qB| + m2. (3.94)

3.6 The Strong and the Weak Field Limit of the

Propagator

Calculations with the propagators in Eq. (3.92) and (3.67) are very cumbersome.

So, we can make approximations when the field is strong or weak.
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In the limit of very high background magnetic field (ideally in |¢B| — oo limit),
the contributions coming from the ¢ > 1 terms to the fermion propagator S*(p)?
becomes very substantial and thus can be neglected but in this circumstance ¢ = 0
term survives as there is no |¢B| dependence in the denominator. It is called strong
field or lowest Landau level (LLL) approximation. In this case the propagator

becomes

» +m
S? . (p) = e‘lqﬁlQp—z_i_, [1+isgn(¢B)~'y?]. Strong field approximation (SFA)
p? —m? +ie

(3.95)

In the weak field limit, the full propagator can be written as a series in powers of

qB as

S”(p) = SOp) + ¢B SV (p) + (¢B)* SV (p) + - - (3.96)

Here S©)(p) part of the propagator is the exactly the same as that in absence of
background field

p+m

0 —

(3.97)

The expansion procedure is a bit involved. It can be performed step by step ana-
lytically as shown in Chyi et al [211]. Since it is sufficient to obtain the series in
Eq. (3.96) upto (¢B)!, we employ Mathematica to get our job done. Starting from

the proper time representation in Eq. (3.80), we obtain

S\ﬁ/FA(p) =
p—f—m ﬁ\\+m
p? —m?2 + e B (p?2 — m? + i€)

~v'7*¢B + O(qB)* Weak field approximation (WFA).

(3.98)

2From now on, the fermion propagator will be denoted by the symbol S and B in the superscript
or subscript will indicate the presence of background magnetic field
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Note that the denominator of each term in the expansion has the structure (p*—m?)"

with n being positive integer.

3.7 Conclusion

In this chapter, we have explicitly derived fermion propagator in the presence of
background magnetic field. We have also written down the strong and weak field
limit of the propagator. Due to the presence of the phase factor C'(z, 2’), the propa-
gator breaks gauge invariance as well as translational symmetry. But the latter can
be restored by going to a particular gauge as discussed in section. It is important
to note that the cancellation of phase factor to is no longer possible in complicated
processes like in triangle diagram where there is three fermion propagators are mul-
tiplied together. In this situation, one is compelled to start the work in position

space. In the rest of the thesis, we shall work in weak field approximation.
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CHAPTER 4

Collective Behaviour of Quarks at High

Temperature QGP

4.1 Introduction

At non-zero temperature, many physical quantities are modified as compared to zero-
temperature field theory. As an example, quarks gain an temperature dependent
effective mass. Also, they get dressed by the medium and behaves collectively in the
plasma. Technically, they develop a quasi-particle or collective modes and exhibit

some of the collective properties which are absent at zero temperature.

The collective modes are is generally characterised by their dependecies of energy on
momentum encoded in dispersion law w(p). Contrary to stable particle, collective
modes posses a finite lifetime in the plasma which urge their decay rate I'(p) to
be considered as a relevant parameter. Mathematically, the real part of the pole
of the resummed propagator gives dispersion law whereas the imaginary part gives
decay rate. The temperature T along with the strong coupling constant g introduces
an energy scale of the hot medium. Since at high temperature the QCD coupling

constant g < 1, the medium effects can vastly be studied by the method of pQCD.
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Now, the phenomena which are important at soft energy scale g7 are encoded in

the behaviour of the collective excitations of quarks, gluons and photons.

In this chapter, we shall investigate the medium induced collective properties of

quasi-quarks in hot QGP medium.

4.2 Covariant Description

At non-zero temperature, one of the most intriguing issue that arises is associated
with Lorentz covariance and definition of temperature. The question that comes
up is that in which frame, among the rest frame of the particle and the rest frame
of plasma, the particle’s motion should be described. It was addressed first by
Planck and Einstein and later by Tolman [197], Pauli [198] and Ott [199]. Finally,
Israel [200,201] settled this issue by characterizing a fluid in thermodynamic equi-
librium by a Lorentz invariant parameter 7" and the four-velocity vector u* of the

heat bath. T is the temperature of the fluid in its own rest frame.

Consider a particle moving with momentum P* in medium. The higher order ra-
diative correction will also involve the four-vector u*. Now, we have to construct
Lorentz scalar variables of the theory from P* and u*. They are P? P.u and u?.
But we have the constraint on u* that u> = 1. So, we have two Lorentz scalars
variables. We choose these two variables as P.u and P.u — P? for convenience. In

this bin the rest frame of heat bath, we have u* = (1,0,0,0) and
Pu = py, (Pu)? — P* = |p|*. (4.1)

Thus, Pu and (P.u)? — P? can be interpreted as energy and magnitude of three-

momentum vector squared of particle in the rest frame of heat bath, respectively.
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Since we will be working with the magnitude of three-vector, we drop the boldface

notation, i.e., for any three vector a, we shall denote its magnitude by a.

4.3 Structure of Quark Self Energy

The quark self energy has, apart from the dependence on four vectors P* and u*, a
4 x 4 matrix structure. Any 4 x 4 matrix can be written as a linear combination of 16
linearly independent basis matrices. In quantum field theory, one of the convenient
choice of these basis is the set of gamma matrices I' = {1,75,7“,7“75,7[“7’4},
namely, the identity matrix, ¥° matrix, four v* matrices, four y*° matrices and six
A#4¥] matrices. Here ~#4¥1 denotes the anti-symmetric combination of 4* and 7",

ie., Y*v” —y"y*. So the general form of quark self energy reads

Y= —al —asys — (bP" + b'u?) 4" — (bs P* + byul) v#vs — f (PHu” + Pu?) o',
(4.2)

7
where o = 3 (7#9" — 4¥4*). Here the coefficients associated with various basis
matrices are analytic functions of Lorentz scalars P.u and P.u — P2.

In our context, Eq. (4.2) gets further simplified based on the following assumptions

e At high temperature, chiral symmetry of the plasma gets restored. So, the
self energy is chirally symmetric. As a result, it anti-commutes with s, i.e.,
{75,%X} = 0. This implies that the coefficients of 1, 5 are zero. The parity

invariance of the theory does not allow y#~;5 to appear in the self-energy 3.

e Also, in one loop order, the terms involving o** will be absent.

69



CHAPTER 4. COLLECTIVE BEHAVIOUR OF QUARKS AT HIGH
TEMPERATURE QGP

Thus, the structure of self energy reads in one loop order as

S(P) = — (bP" + Yul) 4.

We change the notation from b to a and ¥’ to b in Eq. (4.3) and get

Y(P) = —ap — by

From Eq. (4.4), we can extract the coefficients a, b as

_ Tr(PY) — (Pu)Tr(43)
4[(Pu)? — P?| ’
_ P>Tr(43) — (Pu)Tr(PY)

b A[(Pu)? — P?]

In the rest frame of heat bath, Eq. (4.5) reduces to

a(po, ) = 5 (TH(PE) - poTr ()] .

bpn,p) = 33 [PPTrO) — wTH(PE)]

(4.4)

(4.6)

4.4 Quark Self Energy at Non-Zero Temperature

In this section, we shall evaluate the structure functions a(pg, p) and b(po, p) up to

one loop order in the strong coupling constant. The Feynman diagram relevant for

this computation is depicted in Fig. 4.1. The quark propagator of flavour f takes

Figure 4.1: One loop Feynman diagram to compute quark self energy
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the form

_ K+my

Kz—m?’

Si(K)

where my is the current quark mass. The gluon propagator

- 7:g'LW(Sab

iDi (P —K) = PR

(4.8)

The quark gluon vertex term is obtained from the interaction term in the Lagrangian

as 1gy*T*. So, the expression of one-loop quark self energy of flavour f reads from

Fig. 4.1 as

~in(P) = [ G T i, (K) (i T") iDjA(P ~ ),

Substituting Eq. (4.7) and Eq. (4.8) in Eq. (4.9), we obtain

'K ol (K + mf) Tu
(2m)* (K2 —m?) [(P — K)? + i€

Y(P) = —ig2CF/

Here, we define Cr = (N2 — 1)/2N, which comes from the identity as

ch_l TaTe — (N02 B 1)
- 2N,
a=1
Simplifying Eq. (4.10), we get

) =2 | G g (- T
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At of non-zero temperature, we replace the ky integral by discrete sum over frequen-

cies ko = i(2n + 1)7T + p as shown below

R/ T —
/_mg—mT > (4.13)

n=—oo

So, the self energy of fermion with flavour f is written in sum-integral as

5 A3k 2m,; — K
R CFTkZO/ ey (=) (P—Kp+a] MY

At this stage, we define the frequency sums as

1
FOO =T ,
(5 ; (kg — B¢) (45 — @)

(4.15)

k
Fi =T 2 .
o =T L B @

(4.16)

The summations are performed Appendix A. Here we quote the results.

Foo _ 1 {1 —n-(Ey) +n(g) 1 —ne (B +nle) | - (B) +n(g)
('B) " 4Fq po+ Ex+q po— Er—q po+ Er—q
po—Ep+q |’
i = -k [LEE 1) 1) 1) Rl )
(BB 4B, | po— Er—q po+ By +q po— By +q
n-(Eg) + n(f])}
+ 4.18
po+ Er —q (4.18)
~ 1
where ny(E) = FET T 1 Our goal is to compute the coefficients a(pg, p) and

b(po, p). To do so, first it is convenient to compute the traces, Tp = Tr [PX(P)] and
T, = Tr[%X(P)], and replace the result in Eq. (4.6). This leads to

4’k 0,0 1,0
Tp= SQQCF/ (27)3 [p'kf((F,B)) _pof((F,ng)] ’
3k
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From Eq. (4.6), we have

Bk k.p
Cl(p(],p) = 292CF /(2 ) (FB

d*k k.
o) = 26°Cr [ 50 {f;;ag) T (120

The three-momentum integration is performed, for convenience, in the spherical po-
lar coordinates. Also, we choose the z direction along the direction of external mo-

mentum p which allows us to write lAc.ﬁ = cos 6, where @ is the angle between p and

k. So we have g = lp — k| = \/k? + p> — 2pk cos . Now, we can perform the theta

integration analytically [202]. To do this, we need to remove the 6 dependence from

the distribution function. The 6 dependence comes from g = \/ p? + k% — 2kpcos 6
which is eliminated by a change of variable k' = p — k. After that, the k integration
is performed numerically to get the exact one loop self energy. It is performed in

ref. [202]. We shall obtain the expression of @ and b in HTL approximation.

As discussed before, the hard thermal loop approximation we assume that the mo-
mentum flowing through the external legs are of the order of g7, i.e., soft and that
flowing through the loop are of the order of 7', i.e., hard. We can simplify the

calculation of a(pg, p) and b(pg, p) by invoking the following approximations [203]

1. The current quark mass my is very small compared to the relevant momentum

scale. So we can safely drop it and write Fj = k.

2. Also, the following approximation can be made on the momentum flowing

through the gluon line in the figure

g=lp—kl=ViE+p?—2kp~k2—2kp~k—kp (4.21)

In the last line, we ignored p? since it is of the order of ¢?7?. It is smallest
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among k? and k.p which are of the order of T? and ¢T?, respectively.

3. We can drop the term py & (k + ¢) since it contributes to linear in 7" and is

small compared to py & (k — ¢) which is of the order of ¢gT.

4. In the light of approximation described in point no 1, we can write

n(q) ~n(k) — k.p—n(k) ~ n(k). (4.22)

Here in the last line, the second term which is associated with derivative of
n(k) is suppressed by a factor of g compared to the first one. Thus we drop

the 2nd term.

In this case, it is convenient to evaluate T, and Tp first and substitute that in
Eq. (4.6) to obtain HTL approximated result of a(pg,p) and b(pg,p). We drop the
vacuum contribution, i.e., the term that does not involves distribution functions.
The vacuum part is divergent which is eliminated using zero temperature renormal-

ization. Employing the approximations listed above, we arrive at

&k 1 [ﬁ+(k)+n(kz) L (k) + (k)

- (4.23)
(2m)3 k po — p.k po + p.k }

T, = Tr[wX%(P)] = 292CF/

and

~

Tp=Tr[PX(P)] = ZC’FgQ/ @k 1 (p.k {

n-(k) +n(k) ni(k)+ n(kz)}

(2m)* k po + p.k po — p.k
ny(k)+n(k)  n_(k)+n(k)
w [ po-pk | po+tpk D | (4:24)

Now, we have k varying in all direction in the space.

@ 1 [de 1

dmpo—phk ) AT py+pk

Q@ _pk - i@ _pk . (4.25)
AT py —p.k AT py+ p.k
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We decompose the measure d3k = k2 dk d) to perform the integral. So, we have

7 Cr / die e 7 (k) + n (k)]

0

d§) 1
4t po — p.l%

T, =
m

o0

~ ds? 1
+/dkk fo(k) +n(e) [ B L
, am po+ p.k
20p [ Q 1
_9Cr /dkk(ﬁ+(kz) (k) + 2n(k)> a1 (49
7T2 47 Do — pk
0
The integral over k is performed analytically as
i ~ > ™ (e W
/ dkk(n+(k) (k) + 2n(k)> =5 (T + ;) . (4.27)
0
Let us define a vector K* = (1, 12:) and quantity defined through that vector
aQ K+ K*
TH(po,p) = / — — = - ) 4.28
o) = [ T <p.z<>,; (4.28)
This leads to
L, ) W 2
T, = 59 Cr (T + 2 T°(po, p) = 4mi, T°(po, p)- (4.29)

Here myy, is the thermal mass of quark which is a pure medium effect and it is defined

as

2 1 2 2 Mz
megy, = =Crpg” | T —i—ﬂ— . (4.30)
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The angular dependence of the integral from the expression of Tp goes away.

Bk 1 2Cp [ . ~ 0
Tp = 2920F/ B S /dkk<n+(k)+n_(k)+2n(k:)> -
0

2

1
= 39°Cr (T2 + %) = 4m2,. (4.31)

So, a(po, p) and b(pg, p) is written in terms of T as

2

a(po,p) = % [1—poT (po. )], (4.32)

b(po,p) = % [P*T° (po. p) — po] , (4.33)

where T°(pg, p) can be written in closed form as

Tm.p) = 55 log (22 (434)

4.5 Modified Quark Propagator

In the language of field theory, the effective propagator is obtained from Dyson-

Schwinger equation. So, the quark propagator takes the form [204]

1+ a(po,p)) P + b(po, p)h
D(po,p) ’

SH(P) = ( (4.35)

where we have

D(po,p) = [L + alpo,p)]> P* + 2a(po, p) [L + b(po,p)] Pu+b*(po,p).  (4.36)

Now, the quasi-particle modes are obtained from pole of the effective propagator

obtained by solving D(po,p) = [(1 + a)po + b]* — (1 + a)?p* = 0. Tt has two quasi-
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particle modes D (po, p) [179]

Dy (po,p) = [1+ a(po, p)] (po F p) + b(po, p) = 0.

D, (po,p) = 0 has two solutions

Po = wi(p), po = —w_(p),

whereas D_(pg, p) = 0 has the solutions

po = w_(p), po = —w4(p).

(4.37)

(4.38)

(4.39)

The plasmino mode is a consequence of breaking of Lorentz symmetry due to the

presence of heat bath. The plus sign corresponds to normal propagating mode and

the minus sign corresponds to plasmino mode.

w /mth

p/my,

Figure 4.2: The dispersion relation of quasi-quark in HTL approximation. wy is
the normal quasi-quark mode and w_ is the plasmino mode which emerges as a result
of non-zero temperature. Both modes are time-like and starts from thermal mass
(we(p — 0) = myp). The plasmino mode exhibits a minimum which is related to

Van-Hove singularity.
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4.6 Spectral Representation

The physical interpretation of any calculation will be clear if the propagator can be

casted in a simpler form

) Yo—Y:P | YNty-P
ST(P) = , 4.40
i) 2D+ (po,p)  2D-(po,p) (440)
where
m2 m? +
D (po,p) = po F <p + —”‘) i (1 ¥ @) log (po p) : (4.41)
p 2p p Po—p
The spectral representation of D is defined via
1 i p:l:(87p)
—— = [ ds———=. 4.42
D (po, p) / s — Do (4.42)

As quoted in section 4.5, the effective propagator has four poles at py = wi(p), —w+(p)
in complex py plane above lightcone py > p and below the lightcone, i.e., in the re-
gion py < p, it has branch-cut singularity:.

So the structure of spectral function can be written in the following form

Imm = p+(po,p) = Zi(p)é(po — wi(p)) + ZJF(p)(S(pO + qu(p))

+ B (po, p)O(P* — pj),  (4.43)

where Z.(p) are the residue at the pole of the propagator and 1 are the cut-part.
Notice that the theta function is incorporated with argument p* — p? to indicate

that the cut part contributes only below the light-cone. The expressions of Z, can
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be written in terms of the modes w4 as

and the cut part is written as

yFu
y(xﬂFy)—%(lﬂFi)log

_1
51(%9)—2 :F1]2+[%W<1ZF§>F,

T+y
=y

where x = po/mw and y = p/my,.

1.0

0.8f

0.6}

Z(p)

0.4f

0.2}

0.0 e
00 02 04 06 08 10 12 14

p/my,

(4.44)

Figure 4.3: Plot of residue of effective quark propagator in HTL approximation

4.7 Asymptotic Form of Dispersion Relation

The analytical expression of the modes w4 (p) can be found in the small and large

momentum limit.

For small momentum limit (p << my,)

(4.46)
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and for large momentum

m
wi(p) =p+ 7&17 (4.47)

2p? + m?
w_(p) =p+2p exp (——ch) . (4.48)

4.8 Modified Dirac Equation

We get a new Dirac equation corresponding to the effective propagator
[(1+a)P +by] U =0, (4.49)

where U is the modified Dirac spinor. In the rest frame of the heat bath, Eq. (4.49)

takes the form
{{1+a)po+ by — (1 +a)yptU=0 (4.50)

We solve the Eq. (4.50) by writing the gamma matrices in the chiral or Weyl basis.
In this basis, Eq. (4.50) becomes

0 [(1 + a)Po + b] - (1 + a)O‘.p U =0. (451)

(14+a)po+0b—(1+a)o.p 0

Setting the determinant of Eq. (4.51), we get the following equations

[(1 + a(po, p)] (po — p) + blpo,p) = 0, (4.52)

[(1 + a(po, p)] (po + p) + b(po, p) = 0. (4.53)

Note that, these two equations are precisely the dispersion equations for quark. Now,

we note that if w is a solution of Eq. (4.52), then —w is the solution of Eq. (4.53).
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When Eq. (4.52) is satisfied, we get a non-trivial solution of Eq. (4.51) which takes

the following form

0 l—o.p
U=0 (4.54)
1+o.p 0
and likewise we get
0 1+o.p
U=0, (4.55)
l—o.p 0

when Eq. (4.53) is satisfied.
We write the components of Dirac spinor U explicitly as U = (Uy, Uy, Us, Uy). Now,
the solution of the eigenvalue problem reduces the same as the solutions of ordinary

Dirac equation.

Pz —1Py
T 14p- 0
1 0
o — 7 U — ,  when py=w,(p), —w_(p),
0 1
0 1+p.
(4.56)
1 0
Patiby 0
g - | e | v =1 " |,  when py=w_(p),—wi(p),
0 _pz*fpy
1+pz
0 1
(4.57)

where p; is the i*" component of unit vector p.

The chirality operator is defined as x = v = —
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- . . : : _|ep O (1,2)
The helicity operator is defined in chiral basis H, = . The Uy
0 o.p
satisfies the helicity eigenvalue equations
H,u" = -, HUP = U, (4.58)
H,UW = U, HUP = —u? (4.59)
and chirality eigenvalue equations
0 =W, xu? =0, (4.60)
XU = -U, XU = U2 (4.61)

We note that the chirality and helicity ratio for normal modes is = +1 whereas for

the plasmino modes it is = -1.

4.9 Discrete Symmetries

In this section, we list some of the properties of effective propagator with respect to
the discrete symmetries. We denote the effective propagator with a superscript eff

instead of * to avoid the clash with the notation of complex conjugation.

1. Parity:

P S5 (po, P) = %S5 (po, —P) Y0 (4.62)

2. Chirality:

Qs : S5 (po, p) = —7555" (po, —P)5 (4.63)
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3. Time reversal symmetry

T S (po, p) = Tr0 [S (w0, —p)] 1T (4.64)

where T = iy'y? and T denotes transposition.

4. Charge conjugation

C: S (po, p) = € [S(—pi, —p)] €, (4.65)

where € = iv2~.

5. CPT symmetry All physical interactions must obey the combined § = C'PT

symmetry.
CPT : Sfff(m, p) = 75705?ff(—p37 —P)0Vs (4.66)

If we test our effective propagator against these symmetries, it will be seen to satisfy
all of these [205]. So, our propagator in Eq. (4.40) is parity, chirality, time reversal

and charge conjugation invariant.

4.10 Conclusion

The properties of quasi-quark modes in hot deconfined medium are discussed in this
chapter. We observed that the structure of the quark self energy is modified. Due to
the presence of thermal medium, the Lorentz covariance of the system is broken. As
a result the energy and three-momentum have acquired unequal footing unlike in the
case of zero temperature. Consequently, a new collective quasi-particle mode called
plasmino has emerged with chirality over helicity ratio equal to —1. The spectral

representation of effective propagator is obtained which is employed in calculation
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of dilepton rate.
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CHAPTER 5

General Structure and Properties of
Quark Two-point Function in Hot

Magnetised Medium

5.1 Introduction

In the last chapter, we discuss various properties of collective modes in hot QGP
medium. Introduction of magnetic field heavily alters the existing dynamics and
properties of the collective excitation. The magnetic field introduces a new energy
scale |eB| in the system apart from the temperature 7" and g7'. Also it breaks the
rotational invariance of the space. In this scenario, a systemic study of the collec-
tive excitation is in order since a magnetic field causes a non-trivial effects on the
collective excitations on thermalised media [206-209]. In this chapter, we derived
dispersion relations of the collective modes in the weak field approximation which

is relevent in the study of QGP.

This chapter is based on General structure of fermion two-point function and its spec-
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tral representation in a hot magnetized medium by Aritra Das, Aritra Bandyopad-

hyay, Pradip K. Roy, Munshi G. Mustafa, Phys.Rev.D 97 (2018) 3, 034024 [210].

5.2 General Structure of the Fermion Self-Energy

The quark propagator in presence of the background magnetic field B = Bz pointing

in z-direction was derived in weak field approximation in chapter 3. It is given as

P—me P + m;
S(P) = - : 4% q,B + O(¢B)? 5.1
(P) P? —m? + e (PQ—m?+ie)277 4B+ O(gB) (5-1)

In presence of magnetic field, an additional vector space-like n* = (0,n) must be
taken into account whose space part specifies the direction of the magnetic field. It

is related to the electromagnetic field strength tensor given as

1 v 1 Ty
nt = ﬁﬁu )""uVF,\p = EU,,F“ s (52)

where the F w 1s the dual strength tensor defined by
e 1 n2yya
= 56 Aps (53)

u* = (1,u) is the four-velocity of the heat bath. So the general structure of the self
energy involves an additional four vector n* to the existing P* and u*. Following
the same procedure in chapter 4, we can write the most general structure of the

quark self energy as

S(P) = —al — Bys — alP — bjh — cpp — a'ys PP — U ysph — s ot
— ho, P*P" — Woyu'u’ — K ontn” —doy, PPy’ — d'o,n PP — K'outn”,

(5.4)
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where various coefficients are known as structure functions. Now the term P iy'~?

can be rearranged as

Pty =5 (P u)h — (P n)yl] (5.5)

The last Eq. suggests that in the structure of quark two point function there will
be terms involving v5. We note that the combinations involving 0, do not appear
due to antisymmetric nature of it in any loop order of self-energy. Also in a chirally
invariant theory, the terms al and ;4 will not appear as they would break the
chiral symmetry. The term 75 would appear in the self-energy if fermions interact
with an axial vector'. By dropping those in (5.4) for chirally symmetric theory, one

can now write

Y(P)=—aP —bih—cip— b9k — st (5.6)

Now we point out that some important information is encoded into the fermion
propagator in (3.98) for a hot magnetised medium. This suggests that cjt should
not appear in the fermion self-energy ? and the most general form of the fermion

self-energy for a hot magnetised medium becomes

S(P)=—al — b — Vv — ' vs9h. (5.7)

When a fermion propagates in a vacuum, then b = b = ¢ = 0 and X(P) = —aP.
But when it propagates in a background of pure magnetic field without any heat
bath, then a # 0, b = 0 and the structure functions, ' and ¢, will depend only on

the background magnetic field as we will see later. When a fermion propagates in a

IThe presence of an axial gauge coupling leads to chiral or axial anomaly and a chirally invariant
theory does not allow this. Other way, the preservation of both chiral and axial symmetries is
impossible, a choice must be made which one should be preserved. For a chirally invariant theory
this term drops out. Also the presence of 75 in a Lagrangian violates parity invariance.

2We have checked that even if one keeps ¢, the coefficient ¢ becomes zero in one-loop order in
the weak field approximation.
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heat bath, then a # 0, b # 0 but both & and ¢ vanish because there would not be

any thermo-magnetic corrections as can also be seen later.

We now write down the right chiral projection operator, P, and the left chiral

projection operator P_ | respectively, defined as:

(]1 +’75) ) (58&)

(1—1s), (5.8b)
which satisfy the usual properties of projection operator:
Pi=Ps, PP =P Pr=0, Pi+P. =1, PP =1 (5.9)

Using the chirality projection operators, the general structure of the self-energy in

(5.7) can be casted in the following form

S(P)=—-Py¢P-—P_DPs, (5.10)

where ¢ and [P are defined as

C=aP+Ob+V)h+ g, (5.11a)
D=aP+b-V)g—p (5.11b)

From (5.7) one obtains the general form of the various structure functions as

Tr (2P) — (Puw) Tr ()

1
-3 P , (5.12a)

1 —(Pu) Tr (ZP) + P? Tr (Zyh)
b= Paf — P , (5.12b)
b= _le Tr (%X7s) , (5.12¢)
d = i Tr (15s) (5.124)
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which are also Lorentz scalars . Beside T" and B, they would also depend on three

Lorentz scalars defined by

w = Pluy, (5.13a)
p’ = —Ptn, =p., (5.13b)
p. = [(P'u,)? — (P'n,)* — (P*P)]"*. (5.13¢)

Since P? = w? — p* — p.%, we may interpret w, p,, p, as Lorentz invariant energy,
transverse momentum, longitudinal momentum respectively.All these structure func-
tions for 1-loop order in a weak field and HTL approximations have been computed

in section 5.3 and quoted here ? as

2

Mip Do

a ] = T 5 T ) 514a

(po,p) e Q1 <|p|> ( )

2

b(po,p) = Tih |:pOQ1 <po> — Qo <po>] ; (5.14b)
p p p p

Y (po,p) = 4ch2M2(T,mf,qu)]%Q1 (’;f) : (5.14c)

1
(po,p) = 4CF92M2(T, mf,qu)]—?Qo <Z;O) . (5.14d)

We note that the respective vacuum contributions in a, b, ' and ¢ have been

dropped by the choice of the renormalisation prescription.

3In weak field approximation the domain of applicability becomes mZ (~ ¢*T?) < qsB < T?
instead of m? < ¢yB < T? as discussed in Appendix 5.3.
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5.3 Computations of Structure Functions in One-
loop in a Weak Field Approximation for Hot

Magnetised QCD Medium:

Here, we present the computations of the various structure functions in ((5.12a)) to
((5.12d)) in 1-loop order (Fig.5.1) in a weak field and HTL approximations following

the imaginary time formalism. In Fig.5.1, the modified quark propagator (bold line)

Q=P-K
—>

—> > >

K

Figure 5.1: One loop quark self-energy in a hot magnetized medium.

due to background magnetic field is given in (5.17). Since glouns are chargeless, their
propagators do not change in presence of magnetic field. The gluon propagator in

Feynman gauge, is given as [211]

DE(Q) = —ibu . (5.15)
a QQ

We note that we would like to explore the fermion spectrum in a hot magnetised

background in the limit m? < ¢;B < T?. We apply Eq. (5.5) to Eq. (3.98) and get

K s [(Kon) g — (K.u) ]

S(K):iK2_mfc - (K? —m?)? (4sB) + Ollar B)’]
(5.16)
= SP=0(K) + S{7O(K) + O [(¢sB)?], (5.17)

where the fermion mass in the numerator has been neglected in the weak field

domain, m} < (¢sB) < T?.
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The one-loop quark self-energy upto O(|¢sB|) can be written as

E(]J):gQCFTI%( K 3l(n) g — (Ku)y] qu> y (pl

7 Kz—mfc (KQ—m?)2 — K)?
(5.18)
~ $P=0(P T) + 2B7(P T) = ¥° + 18, (5.19)

where ¢ is the QCD coupling constant, C'r = 4/3 is the Casimir invariant of SU(3)
group, T is the temperature of the system. The first term is the thermal bath
contribution in absence of magnetic field (B = 0) whereas the second one is from

the magnetised thermal bath.

Using (5.19) in ((5.12a)) and ((5.12b)), the structure functions a and b, respectively,

become

Tr (EOP) — (Pu) Tr(X%)

a(po,p) = i (Pu) — P2 : (5.20a)
=] PATEDLETEY

where the contributions coming from X7 vanish due to the trace of odd number of

~v-matrices. Following the well known results in Ref. [204], one can write

2
a(po,p) = _%Ql (%), (5.21a)
2
b(po.p) = % [%Ql <%) — Qo <%>] : (5.21b)

where the Legendre functions of the second kind read as

Qo(z) = %ln (z f 1) : (5.22a)
Qi) =2 Qo(x) ~1=21In (zi) 1, (5.22b)
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and the thermal mass [179,204] of the quark is given as

2T2

The thermal part of the self-energy in (5.19) becomes

B=0 — 0 2 K nw ]‘
D (P,T)=X"(P,T)=g OFTI%LKQ_mQ’Y (P—K)?
(5.24)
= —a(po, p)P — b(po, p) - (5.25)

Again using (5.19) in (5.12¢) and (5.12d), the structure functions ¥ and ¢/, respec-

tively, become

V= —211 Tr(shys27), (5.26)

d = i Tr(shys%7), (5.27)

where the contributions coming from ¥° vanish due to the trace of odd number
of y-matrices. For computing the above thermo-magnetic structure functions, one

needs to use the following two traces:

Tr (s, s [(Kngh — (K] 2] = 8 (Km) (5.28)

Tr (757,75 [(Kn)gh — (K.u)p] 4] = 8 (K.u). (5.29)
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With this one can obtain

V=2¢"CprTq B Z}K.n) A2(K)A(P - K), (5.30)
K

d=-2¢°CrTq; B Z}K.u) A*(K)A(P - K), (5.31)
K

where the boson propagator in Saclay representation [212] is given by

A(K) = — / ? dre A B)

0

and

AT, k) = Ze‘kOTA(K)
ko

1
= 5 {1+ nn] e + (e}

where the sum is over kg = 2minT and w? = k* + mfc. Also the fermion propagator

in Saclay representation reads

and

A(r,k) = Z e MTA(K)

— oo (L= ) e = e}

where the sum above is over kg = (2n + 1)miT. Now following HTL approximation
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in presence of magnetic field [213,214] the (5.30) and (5.31) are simplified as

dQ K -n

4PK
dQ K -u
At P. K

b ——4g CFMQ(T my, QfB)/

d=44¢"Cpr M*(T,m;,q;B) /

Using the results of the HTL angular integrations [215]

dO K O
= - 5.32
o =a (L), (5.52)
d§) IA( n p3 p°
— — — 5.33
/ 4 p?Q1 (p ’ (5.33)
the thermo-magnetic structures functions become
P (P
b/ :492 CF MQ(T,mf,CIfB) —2Q1 (—) N (534)
p p
/ 2 2 1 pO
& :4g CFM (T,mf,QfB)}—)QO E s (535)
with the magnetic mass is obtained as
qrB T m
M*(T B) = In(2) = ——=| . 5.36

We note here that for m; — 0, the magnetic mass diverges but it can be regulated
by the the thermal mass my, in (5.23) as is done in Refs. [213,215]. Then the domain

of applicability becomes mg (~ ¢*T?) < ¢y B < T* instead of m} < ¢;B < T".

The thermo-magnetic part of the self-energy in (5.19) becomes

5 [y = (], 1
(K2 —mzp (PP

»BA(PT)=%P(P,T)= - ¢*CrTq; B Z;ﬂ“
K

(5.37)

—b'(po, P) 53 — € (Po, P)V571- (5.38)
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Now combining (5.25), (5.38) and (5.19), the general structure of quark self-energy

in hot magnetised QCD becomes

S (po. p) = —a(po, p)P — b(po, p)th — V5 (o, p)th — Y5 (Do, P)1h - (5.39)

which agrees quite well with the general structure as discussed in (5.7) and also with

results directly calculated in Refs. [213-215].

5.4 Effective Fermion Propagator

The effective fermion propagator is given by Dyson-Schwinger equation which reads

as

I 1
S*(P) = P——E(P)’ (5.40)

and the inverse fermion propagator reads as

S (P)=pP-2(P). (5.41)

) ) | +m:.

> >

> >

Figure 5.2: Diagramatic representation of the Dyson-Schwinger equation for one-
loop effective fermion propagator.
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Using (5.10) the inverse fermion propagator can be written as

S*HP) =Py [(1 + a(po,p)) P + (b(po, p) + V' (Po. P, 1)) 1t + ¢ (po, p)it] P-

+P_ [(1 4 a(po, p)) P + (b(po, p) — V' (po, ps, p=)) # — ¢ (po, p)1t] P+

(5.42)
=P LP-+P_RP,, (5.43)
where I and R can be obtained from two four vectors given by
Lu(p(%pLapz) - A(p()vp) Pt + B—i-(p(prvpz) ut + C/(pOap) nﬂ’ (544&)
Ru(pmpj_apz) = A(p07p) Pt + B—(p(hpj_vpz) ut — C/(pOap) n* ) (544b)
with
A(p07p) =1+ a’(p()vp)a (545&)
Bi(p07pJ_7pz) = b(p07p) + b/(pOapJ_>pz) . (545b)
Using (5.43) in (5.40), the propagator can now be written as
) L R

where we have used the properties of the projection operators Pyiy# = y# P, Pi =
P.,andP,P_ = P_P, = 0. It can be checked that S*(P)S* (P) =P, +P_ =1

. Also we have

L2 =L'L, = (Apy + By)? — [(.Apz T A%o‘ﬂ — L2 |LP?,  (5.47a)
R = R'Ry = (Apo+B)’ = |(Ap. = )" + A% = B3~ |RI?,  (5.47h)
where we have used ©? = 1, n?> = —1,u-n=0,P-u = py, and P-n = —p,.
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Note that we have suppressed the functional dependencies of L, R, A, By and ¢

and would bring them back whenever necessary.

For the lowest Landau Level (LLL), [ =0 = p, = 0, and these relations reduce to

L3, = (Apo + By)? — (Ap. + ¢)* = L} — L2, (5.48a)

R?,, = (Apo+B.)" — (Ap. — &)’ = R2 — R?. (5.48b)

The poles of the effective propagator, L? = 0 and R? = 0, give rise to quasi-particle
dispersion relations in a hot magnetised medium. There will be four collective modes
with positive energies: two from L? = 0 and two from R? = 0. Nevertheless, we will

discuss dispersion properties later.

5.5 Transformation Properties of Structure Func-

tions and Propagator

First, we outline some transformation properties of the various structure functions

as obtained in (5.14a), (5.14b), (5.14¢) and (5.14d).

1. Under the transformation p = —p = (p., —p,):

a(po, | — p|) = a(po, p), (5.49a)
b(po, | — pl) = blpo, p), (5.49Db)
b'(po,prs —p=) = —b'(po, 1, p:), (5.49¢)
c(po,| = pl) = ¢ (po, p). (5.49d)
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2. For pg — —po:

a(_p()Jp) - a<p07p)7 (550&)
b,(_poapLapz> = b/(p(hpLapz)u (550C)
C/(_pOap) = _C/(p07p)' (550d)
3. For P — —P = (—py, —p):
a(—po, | — p|) = alpo, p), (5.51a)
b/(_p()JpJJ _p2> - _b/(p(]?pJJpz); (551C)
(=po, | = pl) = = (po, p). (5.51d)

We have used the fact that Qo(—z) = —Qo(z) and Q1(—z) = Q1(x).

Now based on the above we also note down the transformation properties of those

quantities appearing in the propagator: .

1. For A:
A(p(bpi_apz) p—>—_p> A<p07pl7pz)7 (552&)
Ao, p1,p2) =" Apo,p.,p-), (5.52b)
A(p(prapZ) p;:—:[;o> A(p07pL7pZ)' (552(3)
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2. For B.:
B:t(pOaplvpz) p_);> B:F(p07plvpz)7 (553&)
Bi(po. p.,p:) "% —B(po, p., p:), (5.53b)
By (po,p.,p-) ’7;:—::5 —B(po,p.,p-). (5.53¢)

Using the above transformation properties, it can be shown that [, R, L? and R?,

respectively given in (5.44a), (5.44b), (5.47a) and (5.47b) transform as

L(po,p.,12) 2= A(po, p)(po° + D) + B_(po, p1, p2)ih + ¢ (po, )i, (5.54a)

R(pmpLapz) M A(p07p)(p070 + D 7) + B+(p07pL7pz)¢ - C/(p07p)7/L7 (554b)

L*(po,p, p:) 2= R*(po,p.,p-) (5.54¢)
Rz(po,pmpz) 1H_7p> LQ(plpr_apz) ) (554d)
(5.54e)

and
L(p07pl7pz) p:):—::)> _L(p(],pl,pz), (555&)
R(po,p.,p-) p;:—:i% —R(po,p..p-), (5.55b)
LZ(poupi7p2) p;j>—:]:)> L2(p07plvpz)7 (555C)
RQ(p07pJ_7pz) p;:—::)> RZ(pO;pJ_apz)' (555d)

Now we are in a position to check the transformation properties of the effective

propagator under some of the discrete symmetries:
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5.5.1 Chirality

Under chirality the fermion propagator transform as [205]

S(po, p) — —75S(po, P) 7s- (5.56)

The effective propagator, S*(po, p.,p.), in (5.46) transforms under chirality as

L ) M z ﬁ ] M z
2(pO ARy Y ) ,P+75 . ’)/5'P+ 2(]90 Pi,DP )
L2(po,p.,p-) R%(po,p.,p-)

L(po,p..p-) R(po.p..p-) P

—5.S™(po, P, =) V5 = =5 P- s

= P+ P- _
+L2(p07pJ_7pz) * R2(p07pj_7pz)
(5.57)
= S*(po: 1, p:): (5.58)
which satisfies (5.56) and indicates that it is chirally invariant.
5.5.2 Reflection
Under reflection the fermion propagator transforms [205] as
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The effective propagator, S*(po, p.,p.), in (5.46) transforms under reflection as

L(pOapLa _pz) B(pmpLa _pZ)
S*(po,p., —ps) = P_ P.+P P_
(o, p-, =) L(po,p.,—p-) " R:po,p.,—p-)

A(po, p)(poy’ + - ) + B_(po, pr, p2 )t + ¢ (po, p)i

— P P
R%(po, ., ps) "
A(po,p) (oY’ +p - ¥) + B (po, p..p2)th — < (po, )1k
+ Py : P-
L2(po,p.,p-)
7é S*(p07pj_7pz)- (560>

However, now considering the rest frame of the heat bath, uv* = (1,0,0,0), and the
background magnetic field along z-direction, n* = (0,0,0, 1), one can write (5.60)

as

0 . B o 3
S (pospr, —p.) = P 2P0V + P Y) + BP0, i P20 = ¢ (Po, )y

R2(p07pj_7pz)
A(po, p)(po° +p - ) + By (po, p.,p2)Y0 + C’(po,p)v3p
LQ(p07pL7pz> a

# S*(po, p1, D). (5.61)

P,

+ Py

As seen in both cases the reflection symmetry is violated as we will see later while

discussing the dispersion property of a fermion.

5.5.3 Parity

Under parity a fermion propagator transforms [205] as

S(po, ) — Yo S(Po, —P) Vo- (5.62)
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The effective propagator, S*(po, p.,p.), in (5.46) under parity transforms as

. L(po,p.,—p- R(po,p., —p-
Yo S™(Pos Py —P=) Yo = Yo P- LQ((pOO pL - )) Pivo + %P+ RQ((pOO pL - )) P-7
[ ] z y 1M1y V4
L(po,p.,—p-) R(po,p., —p-)
= Py PP TP p g PP TP
TR (pg, pL,p.) O 10 2(pg, pr,pn) 0T
7é S*(p07pL7pZ)7 (563)

which does not obey (5.62), indicating that the effective propagator in general frame

of reference is not parity invariant due to the background medium.

However, now considering the rest frame of the heat bath, u* = (1,0,0,0), and the
background magnetic field along z-direction, n* = (0,0,0, 1), one can write (5.63)

by using (5.54a), (5.54b) and v, ' = —v' 1, as

R(po,p.,p-) L(po,p.,p-)
S*(posprs —p2) Yo = Py gl birlPe) p y op AP0 Py Pe).
%o 57 (po )% " R2(po, pus p-) L2 (po,p.,p:)
= S*<p07pl7pZ)7 (564)

which indicates that the propagator is parity invariant in the rest frame of the
magnetised heat bath. We note that other discrete symmetries can also be checked

but leave them on the readers.

5.6 Modified Dirac Equation

5.6.1 For the General Case

The effective propagator that satisfy the modified Dirac equation with spinor U is

given by

(P LP_+P_RP:)U =0. (5.65)
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Using the chiral basis

0 1 0 o —1 0 U
Yo = ) = ) Vs = ; U=
1 0 —o 0 0 1 ()
(5.66)

one can write (5.65) as

0 oc-R
Y 2o, (5.67)

gL 0 Un

where 1 g and v, are two component Dirac spinors with 0 = (1,0) and 7 = (1, —0),

respectively. One can obtain nontrivial solutions with the condition

0 c-R
det =0

o-L 0
det[L - g]det[R- 0] =0

L’R*>=0. (5.68)

We note that for a given py (= w), either L? = 0, or R? = 0, but not both of
them are simultaneously zero. This implies that i) when L? = 0, ¢g = 0 ; ii) when
R? = 0, ¢, = 0. These dispersion conditions are same as obtained from the poles

of the effective propagator in (5.46) as obtained in subsec. 5.4.

1. For R? = 0 but L* # 0, the right chiral equation is given by

(R-0) ¢r=0. (5.69)

Again R =0 = Ry = £|R| = +,/R2 + R2 + R? and the corresponding
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dispersive modes are denoted by R™*). So the solutions of (5.69) are

. R+ R,
) Bo= R mode RO U =[O L 2|\R|

||R| + R.
(ii) Ry = —|R|; mode R); Upe) = — %

R.+iRy
|R|+R-

R.—iR,

|R|+R. ~

2. For L? = 0 but R? # 0, the left chiral equation is given by

(L6)wL207

(5.70b)

(5.71)

where L? = 0 implies two conditions; Ly = £|L| = £/L2+ L2+ L? and

the corresponding dispersive modes are denoted by L™*). The two solutions of
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(5.71) are obtained as

Lo—iL,
|L|+L-
(+)
L+ L, -1 0
(i) Lo =|L|; mode L'T); U,y = — ILI+ L. _ L
2|L|
0 0
0
(5.72a)
1
Ly+iLy, (=)
L|+L. -
(i) Lo = —|L|; mode L7 U, = |L|+ L. | Tz+z. _ (5
2|L|
0 0
0
(5.72b)

We note here that w(Li) and w}? are only chiral eigenstates but neither the spin nor

the helicity eigenstates.

5.6.2 For the Lowest Landau level (LLL)

1. For R?,, = 0 in (5.48b) indicates that Ry = £R,, R, = R, = 0. The two

solutions obtained, respectively, in (5.87) and (5.88) in subsec 5.6.3 are given
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as

(i) Ry = R.,;  mode R,
(ii) Ry = —R.;  mode R,
0
where y, = and y_ =
0 1

Urt =

Up— =

(5.73a)
X+

. (5.73b)

2. For LLL, L3, = 0 in (5.48a) indicates that Ly = +L., L, = L, = 0. The two

solutions obtained, respectively, in (5.89) and (5.90) in subsec 5.6.3 are given

as

mode L™, U =

mode L);
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The spin operator along the z direction is given by

. 3
72 . g O
=0 =s ] =ivy’ = , (5.75)

where o with single index denotes Pauli spin matrices whereas that with double

indices denote generator of Lorentz group in spinor representation. Now,

5 o3 0 0 0 0
3° Upw) = = =+ =+ Ugpw), (5.76)
0 o° X+ o x4 X+
o 0 X o3 X X
3 Uy = Tl = T = F Tl = FUp ). (5.77)
0 o3 0 0 0

So, the modes L(~) and R™) have spins along the direction of magnetic field whereas
L™ and R have spins opposite to the direction of magnetic field. Now we discuss
the helicity eigenstates of the various modes in LLL. The helicity operator is defined

as

H,=p-3. (5.78)

When a particle moves along +z direction, p = z and when it moves along —z
direction, p = —2.

Thus

3, for  p, >0,
M, = (5.79)

-3, for  p, <0.
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Thus,
+U g, for p, >0,
Hp Ups) = (5.80)
FUpw, for p, < 0.
and
FU L), for  p.>0,
Hp Upr) = (5.81)
+U;), for p, <0.

5.6.3 Solution of the Modified Dirac equation at Lowest

Landau Level (LLL)

At LLL, Il — 0 = p, = 0 and the effective Dirac equation becomes

(P.L+P_R)U=0

U=0, (5.82)
Lo+ 03L, 0

v | . . -
where U = with ¢ (g) are 2x 1 blocks. Now, the condition for the non-trivial

VR
solution to exist is given as

det =0
Lo+ 03L, 0

or, Ry=+R,, L,=+L_, (5.83)
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e Case-I:  For R, = R, one can write (5.82) as

0 0 0 0 %
0 0 0 2R, %
. —0, (5.84)
Lo+ L, 0 0 0 3
0 Ly—L, 0 0 2
which leads to the following conditions:
2R, ¢ =0,
(Lo+L.) w(Ll) =0,
(Lo —L.) w(;) =0,
(5.85)
wg) = Arbitrary. (5.86)

For normalisation, we choose only non-zero component, zbg) = 1 which leads

to

Ul = . (5.87)

similarly one can obtain as

Now, for Ry = —R

A

UL = (5.88)

o o O
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e Case-II:  For L, = L, , one gets

Ut = , (5.89)

whereas for Ly = —L, , one finds

z

Ul = . (5.90)

5.7 Dispersion

1.5 1.7
1.4
1.6
§ 5
f£1.3 &
3 3
1.5
1.2
1.1 r=1 . 1.4 t=2 .
qsB=0.5m? Gev? . @rB=0.5m} Gev?®,
ag=0.3 ay=0.3
1.0 T=0.2 GeV 1.3 T=0.2 GeV
0.9
-2 -1 0 1 2 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
Dz /My Dz /My

Figure 5.3: Dispersion plots for higher Landau level, [ # 0. The energy w is scaled
with the thermal mass myy, for convenience

In presence of magnetic field, the component of momentum transverse to the mag-

netic field is Landau quantised and takes discrete values given by p*> = 2I lqr B,
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where [ is a given Landau levels. In presence of pure background magnetic field and

no heat bath (7' = 0), the Dirac equation gives rise a dispersion relation
E*=p24+mi+(2v+1)q|QB—qQBo, (5.91)

where v = 0,1,2,---, Q = +1, 0 = +1 for spin up and ¢ = —1 for spin down. The

solutions are classified by energy eigenvalues
E}=pi+m;+2lqB. (5.92)

where one can define

20 = (2v+1)|Q| - Qo. (5.93)

Now we discuss the dispersion properties of a fermions in a hot magnetised medium.
For general case (for higher LLs, [ # 0) the dispersion curves obtained by solving,
L? = 0 and R? = 0 given in (5.47a) and (5.47b), numerically. We note that the
roots of Ly = +|L| = Lo F |L| = 0 are represented by L*) with energy w; )
whereas those for Ry = +|R| = Ry F |R| = 0 by R®) with energy wp) . The
corresponding eigenstates are obtained in (5.72a), (5.72b), (5.70a) and (5.70b) in
subsection 5.6.1. We have chosen T' = 0.2 GeV, a; = 0.3 and ¢;B = 0.5m2, where
m, is the pion mass. In Fig. 5.3 the dispersion curves for higher Landau levels are
shown where all four modes can propagate for a given choice of (). This is because
the corresponding states for these modes are neither spin nor helicity eigenstates
as shown in subsec. 5.6.1. We also note that there will be negative energy modes
which are not displayed here but would be discussed in the analysis of the spectral

representation of the effective propagator section 5.10.

At LLL I = 0 — p, = 0 and the roots of Ry = +R, give rise to two right

handed modes R™) with energy wp+) whereas those for Ly = +L, produce * two

4We make a general note here for left handed modes at LLL. At small p,, L, itself is negative
for LLL and becomes positive after a moderate value of p,. This makes the left handed modes
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Figure 5.4: Dispersion plots for LLL, [ = 0. The energy w is scaled with the thermal
mass my, for convenience. For details see the text.

left handed modes L™*) with energy w; () .

In section 5.9 the analytic solutions for

the dispersion relations in LLL are presented which show four different modes and

the corresponding eigenstates are obtained in subsec. 5.6.2. Now at LLL we discuss

two possibilities below:

(i)

for positively charged fermion @) = 1, 0 = 1 implies ¥ = 0 and 0 = —1 implies

v = —1. Now we note that v can never be negative. This implies that the

modes with @@ = 1 and ¢ = —1 (spin down) cannot propagate in LLL. Now,
the right handed mode R") and the left handed mode L{~) have spin up as
shown in subsec. 5.6.2, will propagate in LLL for p, > 0. The R™) mode
has helicity to chirality ratio +1 is a quasiparticle whereas the mode L) left
handed has that of —1 known as plasmino (hole). However, for p, < 0, the
right handed mode flips to plasmino (hole) as its chirality to helicity ratio
becomes -1 whereas the left handed mode becomes particle as its chirality to
helicity ratio becomes +1. The dispersion behaviour of the two modes are

shown in the left panel of Fig. 5.4 which begins at mass mj L}p _o as given in

(5.126).

L) and L) to flip in LLL than those in higher Landau levels. For details see section 5.9.
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(i) for negatively charged fermion ) = —1, 0 = 1 implies v = —1 and 0 = —1
implies ¥ = 0. Thus, the modes with ) = —1 and ¢ = +1 (spin up) cannot
propagate in LLL. However, the modes L(*) and R(~) have spin down as found
in subsec. 5.6.2 will propagate in LLL. Their dispersion are shown in the right
panel of Fig. 5.4 which begin at mass m}’,; as given in (5.126). For p, > 0
the mode L) has helicity to chirality ratio +1 whereas R(™) has that of —1

and vice-versa for p, < 0.
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Figure 5.5: The dispersion plots corresponding to HTL propagator in absence of
magnetic field, i.e., B = 0.

In the absence of the background magnetic field (B = 0), the two modes, the
left handed L) and the right handed R*) fermions, merge together whereas the
other two modes, the left handed L(~) and the right handed R(~) fermions, also
merge together. This leads to degenerate (chirally symmetric) modes for which the
dispersion plots start at my, and one gets back the usual HTL result [216] with

quasiparticle and plasmino modes in presence of heat bath as shown in Fig. 5.5.

As evident from the dispersion plots (Figs. 5.3 and 5.4) both left and right handed
modes are also degenerate at p, = 0 in presence of magnetic field but at non-zero |p, |
both left and right handed modes get separated from each others, causing a chiral

asymmetry without disturbing the chiral invariance (subsec. 5.5.1) in the system.
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Also in subsec. 5.5.2, it was shown that the fermion propagator does not obey the
reflection symmetry in presence of medium, which is now clearly evident from all

dispersion plots as displayed above.

5.8 Three Point Function

The (N + 1)-point functions are related to the N-point functions through Ward-
Takahashi (WT) identity. The 3-point function is related to the 2-point function

as

QIM(P,K;Q) =S (P) = S™HK) =P~ K - %(P) + %(K)
(5.94)

=(P-K)— (PP, T) - 27K, T)) — (PP, T) — P7Y(K,T))
N—_——

(. J >

Free Thermal or HTL correction  Thermo-magnetic correction

(5.95)

= @ + a(po, PP + blpo, [p|)ji — alko, [k[)K — b(ko, |k[)sk + V' (po, p., p: )54

(5.96)

+ C/(pO)pLapz)’yf)?/L - b/(k07 kL7 ka),y\")% - Cl(k()a ki) kz)VB% ) (597)

where () = P — K. We note that recently the general form of the thermo-magnetic
corrections for 3-point [213,215] and 4-point [215] functions have been given in
terms of the involved angular integrals, which satisfy WT identies. Nevertheless, to
validate the general structure of the self-energy in (5.7) vis-a-vis the inverse propa-
gator in (5.41), we obtain below the temporal component of the 3-point function at

g=0;p=kandp==~FL.
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Using (5.14a), (5.14b), (5.14¢) and (5.14d), we can obtain

0 My, 0 m?h A
P(PE;Q) g = 70 ——"0Q07" + —23Q1 (p-7)
Pqo Pqo

Thermal or }TTL correction

(5.98)
M” P ‘
- 0Qovs + —0Q1 (iv'Y*) [ 7°
Pqo p B
Thermo—magrzgtic correction
(5.99)

= 7" + 0 (P K3 Q) + 6Th, (P K;Q) ,  (5.100)

with

Y = —iv'yP,
(5.101)
M? = 4Cpg* M*(T,m,q;B),
(5.102)
Po ko
50, — Q(—)—Q-(—). 5.103
J J p J p ( )

where (); are the Legendre functions of the second kind given in (5.22a) and (5.22b).
Important to note that the thermo-magnetic (TM) correction 6T'%,, matches exactly
with that from direct calculation in (5.113) in Appendix 5.8.1. The result also agrees
with the HTL 3-point function [213,215] in absence of background magnetic field

by setting B =0 = M’ =0 as

0 mg, 0 | M -
FHTL(‘P’K;Q)LI:O = 1—%5Q0 g +%5Q1(p"7)
(5.104)
= 7"+ 0 (P K3 Q) (5.105)
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where all components, i.e., (0,1,2,3), are relevant for pure thermal background.

Now in absence of heat bath, setting 7' =0 = my, = 0 and M"> = 4Cp g> M*(T =

0,m, qs, B), the temporal 3-point function in (5.100) reduces to

12

M 2 .
F%(P,K;Q)‘ = 7’ - oo 0Qo Vs + ; 5Qq (V') | +* (5.106)

q=0

~
Pure magnetic correction

= Y +T%UP K;Q). (5.107)

We now note that the 3-point function with pure background magnetic field but
no heat bath, the gauge boson is oriented along the field direction and there is no
polarisation in the transverse direction. Thus, only the longitudinal components (i.e,
(0,3)-components) of the 3-point function would be relevant for pure background

magnetic field in contrast to that of (5.105) for pure thermal background.

5.8.1 Verification of the Three Point Function from Direct

Calculation

In this section, we would verify the general structure of the temporal 3-point function

as obtained in sec. 5.8 using the general structure of the self-energy.

We begin with the one-loop level 3-point function in a hot magnetised medium

in [215] within HTL approximation [190,217] as
AP KGQ) = A+ 0%y, (P K) + 6% (P, K), (5.108)

where the external four-momentum @ = P — K. The HTL correction part [216-218]
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is given as

5FﬁTL(PJ K) thQhG/W’y,,

) /dQ yHyv

= m. _— — — v
th 47r(p.y)(K.y)7

where Y, = (1, 9) is a light like four vector and the thermo-magnetic (TM) correction
part [213,215] is given
ds) 1 -

ol (P, K) = 47592CFM2 /E(P ' }A/)(K . }A/) [(Y “n)ih — (Y : U)%] 1z (5.110)

Now, choosing the temporal component of the thermo-magnetic correction part of

the 3-point function and external three momentum q = 0, we get

dQ 1 N .
ol (P K = M’2/— - — (Y -n)— (Y -u
P E) gy =1sM? | o (7 = (-
ds2 1 i .
= M’2/— - — [(Y -n)y + (Y - u)y? 5.111
y WP [ 00y (5.111)
Along with this following identity:
< I > B QY _ 9o
K.Y P-Y (P-Y)K-Y) (P-Y)K-Y)
(5.112)
and, Eq. (5.32) and Eq. (5.33), we one finally obtain
M/2p 12
0 _ 2 0_ 3
5FTM(P7 K)‘q—>0 - p2q0 5Q1757 % 6@0757
M" . ,
= - 5Qos + 22601 (i'7?) | A, (5.113)
P4o p
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k
where 00Q), = Q, (@) —Qn (—0) We note that this expression matches exactly
p p

with the expression obtained in (5.107) from the general structure of fermion self-

energy.

5.9 Analytical Solution of the Dispersion Rela-

tions and the Effective Mass in LLL

The dispersion relations at LLL can be written the equations (5.48a) and (5.48b) as

L3, = (Apo + B+)2 — (Ap. + CI)Q =L —L:=0,

Ripp = (Apo+ B-)" — (Ap. —¢)° = R{ — R2 =0,
each of which leads to two modes, respectively, as

Lo==*L,

Apo + By = £ (Ap. + ),
and

Ry==+R,

Apo + B_ =+ (.Apz - Cl) .

(5.114a)

(5.114b)

(5.115a)

(5.115b)

(5.116a)

(5.116b)

Below we try to get approximate analytical solution of these equations at small and

high p, limits.
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5.9.1 Low p, limit

In the low p, region, one needs to expand a(po, |p.|), b(po,|p.|), ¥'(po,0,p.) and
c(po, |p-|) defined in (5.14a), (5.14b), (5.14c) and (5.14d), respectively, which depend
on Legendre function of second kind Qo(z) and Q1 (z) as given in equations (5.22a)

and (5.22b), respectively. The Legendre function @y and structure coefficients are

expanded in powers of — - |
Po
Po p-| | 1lpl* | 1|p.]°
= 5 = 5.117
Q0<|pz|> 3w 5 (5-117)
mg 1 |p.|?
a(po, [p-|) :—p—§“ (3+5 |p| +> , (5.118)
0 0
m L |p.J?
b )= —2—th — L= 5.119
o) = 27 (L4 L) (5.119)
2
V' (po, 0,pz) = 4 g* Cx M*(T, m, qB) p. <3 5+ |§;‘ +) : (5.120)
0
2
c(po, |p=|) = 4 9° Co M*(T,m, qB) Lol (5.121)
Po J2i
0

Now retaining the terms that are upto the order of p, in (5.118), (5.119), (5.120),
(5.121), we obtain the following expressions for the dispersion relation of various

modes:

1. Ly = L, leads to a mode L) as

1
Wi (p=) = Mg, + 3 p= (5.122)
2. Ly = —L. leads to a mode L(7) as
. 1
W (P2) = My, — 3P (5.123)

119



CHAPTER 5. GENERAL STRUCTURE AND PROPERTIES OF QUARK
TWO-POINT FUNCTION IN HOT MAGNETISED MEDIUM

3. Ry = R, leads to a mode R as

. 1
Wreo (P2) = My, + 2 s (5.124)
4. Ry = —R, leads to a mode R as
*—+ 1
wR(*) (pz) = mLLL - gpz . (5125)

where the effective masses of various modes are given as

;

\/mgh + 4920FM2 (Tv M7 QfB)a for L(+) & R(i),

my, = (5.126)

\\/mfh —4g°CpM*(T, M, q;B), for  RW&LO.

5.9.2 High p, limit
We note that p, can be written as

Ip-|, for p, >0
Pz =
_|pz|’ for pz<0

In high p, limit, we obtain

[1 4 a(po, [p=])] (o — p=) + b(py, [p-1)

m2
_ Po — |pz| - \pth’ for D > 0 (5 127)

2 |p.| + b — 7 n (2 for p. <0
22 - | ) P

=] po—|Pz‘
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2.
[1+ a(py, [p:)] (po + p2) + b(py, [p-])
ﬁ _ ﬁ 2|pz|
_ 2 |pz| + |pzh‘ ‘pzh| ln <p07|p2‘> ’ for P> > O
m2
Po—’Pz|_\p_;h|v for p, <0
3.
b/(pm Oapz> + C/(p07 ‘pzl)
4¢9%2Cp M? 2|p-| _ 4¢%CrpM?
)T <p0—\pz|) el for p. >0
492%:']\42 for p, <0
4.
b,(p07 Oapz> - C/<p07 |pz|)
_492%:'1\4 2 for p. >0
_ 4g2°CpM? 2[p:| 4g2Cp M?
ijl In <po*|pz|> + ijl ' for p. <0
1. Ly = L, leads to a mode L):
For p, > 0,
mrt 2
wren (ps) = [pe] + %
For p, <0,

2 |p.| ( 2p2 )
wr (P2) = |p2| + exXp | =7 .
L ( ) | | e (mL—EL)2

2. Ly = —L. leads to a mode L(7):
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For p, > 0,

2|p- 2 p?
wr- (p2) = [p:| + |p|exp <— L ) (5.133)

e

For p, <0,

(m};,)?

wr) (p2) = |ps| + o (5.134)
3. Ry = R, leads to a mode R™):
For p, > 0,
wr (p2) = [p:| + % (5.135)
For p, <0,
wre) (P=) = |pe| + 2 Iepz\ exp <_(n3£)2) : (5.136)
4. Ry = —R. leads to a mode R(7):
For p, > 0,
oo (ps) = Ipil + 2 \fz! exp (—<sz§)2> . (5.137)
For p, <0,
wr- (p2) = [p:] + % : (5.138)

Note that In the high momentum limit the above dispersion relations are given in

terms of absolute values of p,, i.e. |p.|.

We further note that the above dispersion relations in the absence of the magnetic
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field reduce to HTL results, where left and right handed are degenerate.

5.10 Spectral Function Representation of the Ef-

fective Quark Propagator

The effective propagator as obtained in (5.46) is given by

L R

§" =P T3P+ PagsP-, (5.139)

where I and R can be written in the rest frame of the heat bath and the magnetic

field in the z-direction following (5.44a) and (5.44b), respectively, as

L = [(1+ a(po, p))po + b(po, p) + V' (o, p.,p:)] 7"
— [(1+ a(po, p))p= + ¢ (Po, prs p2)] ¥* = (1 + alpo, p)) (7 - ).
= [(1 + al(po, p))po + b(po, p) + V' (po, p., p2)]7° = [p(1 + a(po, )] (v - P)
—((pos P, )
= 91,0, 0, p)7° — 91 (Po, P, 02) (¥ - B) — 92 (Do, P, D)7, (5.140)
R = [(1 + alpo, p))po + b(po, p) = V' (po, . )] 7°

N

— [(1+ a(po, p))p> — ¢ (po, p1.p:)] 7> — (1 + a(po, p))(v - B).
= [(1 4 a(po, p))po + b(po, p) — b'(po, p1,p:)]7° — [p(1 + a(po, p))] (v - P)
+  (po, p1sp2)Y°

= gll%(p07pl7pz)70 - g]2%<p07pL7pZ>(7 ' ﬁ) + g?%(p07pl7pz)/73 ) (5141)

where p = p/p and, p, and p, are given, respectively, in (5.13b) and (5.13c). We
also note that though g7 = ¢%; g3 = g%, but they are treated separately for the

sake of notations that we would be using, for convenience, as g} and gk.
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The effective propagator in Eq. (5.46) can be decomposed into six parts by separating

out the 7 matrices as

gl D 2
* _73 I Po, PPz ~ 9r\DPo, P, Pz
S (p[)?pj_apz) = 770F+ M — P ('7 .p)P M

L2 L2
3 1 2
g1(po, P, D-) 9r(Po, ., p2) . 9z (Po, ., p2)
— PP, LL—; + PP RT; — P (y-p)P_ RT;
3
9n(Po, D1, D=
P alPoDer:) T )
(5.142)

It was discussed earlier that L? = 0 yields four poles, giving four modes with positive
and negative energy, wy ) (p.,p.) and —wge) (po,p.). Similarly, R? = 0 also gives
four poles, namely wp@) (p.,p.) and —wp ) (py,p.). With this information, the
spectral representation [179,216,218,219] is obtained for the effective propagator in
Eq. (5.142) as

p=(PA"Py) pr,— (P-(v-D)Py) pi — (P-7°Py) pi

+ (PiA"P) ph— (Pi(v-B)P-) ph+ (P P-) ok, (5.143)

where the spectral functions corresponding to each of the terms can be written as

i 1 g1, 1 i
= Zt (00 p2)0(ko — wiey (Pr,p2)) + Zit (D2, p2)8(po — wiy (P, p2))

+ Zg})(pmpz)Cs(Po + wry(pr,p2)) + Zja?ﬂ (P2 p2)d(po + wes (P2, ) + B
(5.144)

i 1 9i 1 i
Pr = = Im (R—Iz> = Im(FR)

= Zot (020, 02)0(p0 — Wiery (Pa, p2)) + Zint (P2, P2)8(po — waeoy (1, D2))

+ 25 (2 P2)0(Po + Wi (P 12)) + Zicyy (P p2)0(Po + Wi (P2 P2)) + B
(5.145)
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where i = 1,2,3. The delta functions are originated from the timelike domain (p3 >
p?) whereas the cut parts 5]z, are involved with the Landau damping originating
from the space-like domain (p2 < p?) of the propagator. The residues ZE(R) are

determined at the various poles as

DL (R?)

i 581 of pole
Ipo

L(R) (P1p2) = 9r(r) (Pos Py ) : (5.146)

po= pole

where the expressions of residues can be written in terms of the structure coefficients

a, b, V', and ¢ and their derivatives.

5.11 Conclusions

In this chapter, the general structure of fermionic self-energy for a chirally invariant
theory has been formulated for a hot and magnetised medium. Using this we have
obtained a closed form of the general structure of the effective fermion propaga-
tor. The collective excitations in such a non-trivial background has been obtained
for a time-like momenta in the weak field and HTL approximation in the domain
m3 (~ ¢*T? < |eB| < T?). We found that the left and right handed modes get sep-
arated and become asymmetric in presence of magnetic field which were degenerate
and symmetric otherwise. The transformation of the effective propagator in a hot
magnetised medium under some of the discrete symmetries have been studied and its
consequences are also reflected in the collective fermion modes in the Landau levels.
We have also obtained the Dirac spinors of the various collective modes by solving
the Dirac equation with the effective two-point function. Further, we checked the
general structure of the two-point function by obtaining the three-point function
using the Ward-Takahashi identity, which agrees with the direct calculation of one-
loop order in weak field approximation. We also found that only the longitudinal

component of the vertex would be relevant when there is only background magnetic
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field. The spectral function corresponding to the effective propagator is explicitly
obtained for a hot magnetised medium which will be extremely useful for studying
the spectral properties, e.g., photon/dilepton production, damping rate, transport
coefficients for a hot magnetised medium. This has pole contribution due to the
various collective modes originating from the time-like domain and a Landau cut
contribution appearing from the space-like domain. It has explicitly been shown
that the spectral function reduces to that obtained for thermal medium in absence
of the magnetic field. Our formulation is in general applicable to both QED and

QCD with nontrivial background like hot magnetised medium.
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CHAPTER 6

Hard Dilepton Production in Hot
Magnetised QGP Medium

6.1 Introduction

The electromagnetic probes is among the most important ones. As Discussed in
Chapter 1, dileptons are very powerful and efficient probes to study the evolution
of the heavy ion collision and the medium created in the collision owing to the fact
that they interact only electromagnetically. The dileptons are massive unlike real
photons. So by tuning their invariant mass M and transverse momentum pr to
investigate various stages of expanding medium [220]. Depending on the invariant

mass, the lepton pairs can be broadly classified in three distinct regimes [69,221,222]

1. Low-Mass Region (LMR) In this region, we have M < M,(= 1.024MeV)
and the domination source of dilepton emission are vector meson (e.g. p, w,

¢) decays.

2. Intermediate-Mass Region (IMR) Radiations from QGP dominates the

intermediate mass region with My < M < Mj/ (= 3.1GeV).

127



CHAPTER 6. HARD DILEPTON PRODUCTION IN HOT MAGNETISED
QGP MEDIUM

3. High-Mass Region (HMR) Lastly in HMR, i.e. M > M, heavy quarko-
nia (such as J/¢, T) suppression and primordial emission are the source of

dileptons.

For a current phenomenological and experimental understanding of dilepton emis-

sion from thermalised QCD matter, see [223].

The background magnetic field influences particle production in heavy-ion collision.
This conclusion is motivated by the challenges thrown at the existing theories of elec-
tromagnetic radiation by recent experimental results. A significant underestimation
of electromagnetic spectrum was observed in low momentum region [224,225]. Thus,
it is necessary to take into account the effect of a magnetic field in the calculations
of dilepton production rate (DPR). Tuchin [226] first considered the magnetic con-
tribution to dilepton rate using equivalent photon approximation. In refs. [227-230],
authors have carried out field theoretical calculation in this direction. The presence
of magnetic field influences the general characteristics of the medium. As a result,
the properties of the quarks also get modified which in turn governs the DPR. But
none of the aforementioned work had taken the effect of quasi-quark mode in DPR

into account. In our work, we attempt to fill this gap.

In this chapter, we shall discuss about dilepton production rate (DPR) from weakly
magnetised QGP medium. This discussion is based on Hard dilepton production
from a weakly magnetized hot QCD medium, Aritra Das, Najmul Haque, Munshi G.
Mustafa, Pradip K. Roy, Phys.Rev.D 99 (2019) 9, 094022 [231].
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6.2 Formulation of Dilepton Production Rate

In this section, we derive the rate equation for the dilepton production. This was
derived by McLarren-Toimela [232] and later reformulated by Weldon [233] in ther-
mal field theoretical approach. We follow the work of Weldon to derive the rate

equation. Consider a process (Fig. 6.1) in which an initial asymptotic state |I) con-

Figure 6.1: Dilepton production amplitude

taining two nuclei converts into a final state |F¢(k,o)¢(k’, 0')) containing hadronic
species F' along with lepton anti-lepton pair ¢/ with momenta and z-component

/

of spin P, 0 and P’, ¢, respectively. The S-matrix element for the transition is

(F, 6(k,0)I(K',0")| S |I) where

S = Texp (z / d4X£int(X)) : (6.1)

with T being time ordering operator. So, the probability of the transition from a

particular initial state |I) to a final state |F, {(k,o)l(k',o"))
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is [(F, ((k, o) (K, 0")| S|T)

2 . . N
‘ . The interaction Lagrangian is given as

In Eq. (6.2), the leptonic current j)'(X) is given as

3¢ (X) = (X)) p(X). (6.3)

The specific form of the hadronic current jf'(X) depends on the stage of the collision

under consideration. To evaluate the total rate, we note the following points

e Since the spin polarization (¢ and ¢”) of the final states of dileptons ¢/ are not

being observed, they are summed over.

e Since we are considering a thermalized medium, all the informations about the
initial states |I) are erased. As a result, we take the ensemble average over
all the initial states. This amounts to multiply a factor of exp (—8E;) /Z(B)
with |[(F, ((k,o0)((K,0")| S |I>‘2. Here Ej is the energy of the state |I), i.e.,
H|I) = Er|I) with H being the total hamiltonian of the system and Z(5) =

>-rexp (—BE;) = Tr (e "*) being the partition function.

e Also, analogous to the spin, we sum up all the final states |F) as the final

states are not observed except the leptons with momentum k and k’.

Thus, the inclusive probability of the transition, where the final state hadrons are

not observed, is given as

R = gZZ % (F, 0k, 0)U(K, ") S |1 (6.4)

I o,0
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The S matrix element, defined in Eq. (6.1), is written, to the second order in the

interaction, as

(F Lk, 0)U(K',0")| SP|I) = —62/d4Xd4Y (U(k,0)0(K.0")] i (V) [0) (F| ji(X) 1)

(0] T(AN(X)AV(Y)) |0) .

(6.5)
Here, the photon propagator is defined as
0T (4,004,00) 10 = [ GEeren e (6:6)
Also, the matrix element of the leptonic current is calculated as
(U(k,0)l(K o) 5H(Y)|0) = u(k, o)y v(K, a’)ei(K+K/)'Y. (6.7)

Here u and v are the Dirac spinors and k) = /' k'> +m?2 and ky = vVk? +m?2. Using
(6.7) and (6.6), the R.H.S of Eq (6.5) is written as

(F l(k,0)l(K' )| SP|I) = ie*u(k,o)y0(K o) / d*Xe X (R X)) |T)

4
22—
T

(6.8)

To further simplify (6.8), we first do the y integration which yields 6 (P" + P).

Then, the P’ integral is performed to get

u(k,o)y,v(k, o)
P2

(F, l(k,0)0(K' o) SP|I) = ie? / d* X P X (F| (), |I), (6.9)
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where P* = K* 4+ K" being the total four-momentum of the lepton-antilepton pair.

The complex conjugation of Eq. (6.9) leads to

*

((F.e(k,0)l(K ') SP|I))

_ (K, o)y ulk, ‘ '
= (118 [Pt 00K, o)) = —ie LB [ iz 115u2) ).
(6.10)

The leptonic spinor factor in front of Eq. (6.10) is obtained as follows
[k, o)oK, o)t = ol (K, o' )yul(k, o) = 5K, o) yulk, o) (6.11)

by using the properties of conjugation ¢ = 1Ty, and v = 497#7. So, we get

R 3035 L) Ltk o) o (K a0

I o,0

< [ X2 D (B0 |1 11 30(2) )

4

e
= SiluwW. (6.12)
Here, the leptonic tensor ¢,, is computed as

b =Y V(K 0" )yu(k, o)k, o)yv(K o)
= Z Tr[o(K', o)y, u(k, o)u(k, o)y,v(k', o)

= Tr[o(K, o )o(K, o )yu(k, o)u(k, o))

=Tr [(Z v(k' o) u(k, 0')) Yu (Z u(k,o)u(k, 0)) %]

=T [ (K" = m) 3 (K +m) %

=4[K, K, + KK, — (K- K +mj) ¢"], (6.13)
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where my is the mass of the lepton. Analogously, the hadronic tensor part is defined

LD SPLIE [ aixatzem A ()00 1D U1 ). (61

To perform one of the position integral in R.H.S of Eq. (6.14), we make a change of
variable X' = X, Z = X — Z. Thus

Wy =33 BRESE [ atdsan= (R 0D U1 - 2) 1),
(6.15)

Now, the initial and final states are asymptotic states which are the simultaneous
eigenstates of Hamiltonian and momentum operator. Combining this fact and the

identity ji'(X') = ePX'j(0)e=PX' we arrive at

v exp (—SE) = iPE i(Pp—Pr).X’ - i(Pr—Pp).(X'—E
W :ZZ Z0) d'=e'r d* X' Pr=PDXT (| §i(0) |T) e Pr=Pr)(X'=2)
Pl

x (1] 3 (0) |F)

=SS [atzetrrreros [ vk 1 1 5(0) ),

(6.16)

where P! and P4 are the total four-momentum of the initial and final hadronic
states. Note that the integrand in Eq. (6.16) is independent of X’ and the integral
is formally infinity. But, before performing it, we assume that the system is enclosed
in some large but finite volume V and the interaction is turned on for a large finite

time interval 7. So, the X’ integration is just the total spacetime volume V7T of the
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system. Moreover, the = integral gives delta function

W = n)yv7 S 55 SLLSENS Pt P~ P (FL(O) 1D U1 (O)IF).

(6.17)

Since p% = Er and p? = E;, we use the delta function to replace E; with Ep + pg

in exp(—FEr) in Eq. (6.17) and get

(5)

=VTe Z Z % / diX e PHPE=POX (| j(0) (1) (1) 52(0) |F)

Wi = @rpvretn 330 SR CBER s p ) (1) 1) 115510) )

= VTe 33D PR [ X R0 1) U150)1F).

(6.18)
Now, using the completeness relation of the states |I) (I| = 1, we arrive at
_BE ,
W = yrem 3D BRI [t (v )0 |F)
F
1 ‘
VTS i [ (Flep (<57 ()5 0) )
F
—vrem S [ X G, (6.19)
F

From the definition of thermal expectation value, we finally arrive at the compact

form of the hadronic tensor W{" as
Wi =vTe [a Grgo),. (6.20)

Now the joint probability that the one lepton in momentum k and anti-plepton in

3 3./
R a°k d°k So

, . R
momentum state k' per unit volume and per unit time is = 5= @n)2E; @n)2E] -

the total number of dilepton in the four momentum range d*P per unit volume and
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per unit time is given as

d4P/ B / A3k /5(4)(]3— K — K’) et —Bpog Y (6.21)
(27T)32k0 (27T>32k36 (K+K’)4€ u /v .

where

Wi = [[atxe ™ G0 0), (6.22)

So, the total differential multiplicity

dR & B o
¢t / ( / ( SOP - K — K)o 0 WK + K).

dXdP 2m)32E, | (27)32E] (K + K')*
(6.23)
It can be evidently simplified as using the delta function
aN- et 5
qu =€ BpoﬁLW/Wﬁ (Q), (624)
where
A3k a3k
L, = SW(P - K —K')l,. 6.25
a / (27)32E), / (2m)32E), ( W ( )
The L, is calculated by integrating over k and k' as
1 27 2m? 4m?
= — 1+ =L )1 = —-(P.P, — P, 6.26
M (271')6 3 ( + P2 ) P2 ( 1 gM )’ ( )

which upon neglecting the mass m? with respect to P? and noting that W" is

conserved, Eq. (6.23) becomes

dR o?

— -8B v
TXIP o Ve (627)
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where oo = €2 /(47) is the electromagnetic fine structure constant. Now, W can be

written in terms of Fourier transformation of current-current commutator as

eBpo
W (P) = W™ (P), (6.28)
with
W P) = [[dXe (0. GO (6.29)

Using the expression of hadronic current, we finally arrive at the expression of dif-

ferential DPR per unit volume

dR o 1 1
dAXdiP  127* P2 efro —

. ImIIY (po + i€, p), (6.30)

where II"" is the photon polarisation tensor.

6.3 DPR at Vanishing Magnetic Field

In this section, we first discuss the DPR from deconfined QGP medium without
any external magnetic field. In this stage, the dominant process to the lowest order
is the annihilation of a quark and an antiquark to produce a virtual photon which

subsequently decays into a lepton and and antilepton pair.

6.3.1 Born Rate

The Born rate is obtained from the annihilation of bare quarks and anti-quarks. It

is calculated from the imaginary part of the photon self energy as shown in Fig 6.2.
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i
2
/
!

Figure 6.2: Born rate follows from the imaginary part of photon polarisation tensor
which is obtained by cutting the one loop photon self energy

In the case of massless two flavour up and down quarks, Born rate takes the form

dR Z (qf>2 a? n(po) | (xQ + e‘ﬁ(p(’*“)) (ml + e_fB“)

BXAP ) A4 31
diXd*P I Bpy (11 4 e PRt (15 4 e PH) (6.31)

e

where 3 = exp [~(po — p)], 1 = exp [~B(po + p)] and n(y) = (¢’ — 1)71 with

being the chemical potential of the medium. For p = 0, Eq. (6.31) becomes

(po + p)}

0+ )] . (6.32)

dR T o’ (qf>2 npo) cosh |

dXdP 42w \'e) Bpy  cosh |

NN e

In the center of mass of the dilepton where the total three momentum becomes zero

p =0, Eq. (6.31) becomes

o ()R CRN LI B

where 71(y) = (% + 1)71.

6.3.2 Hard DPR at B =0

We know that it is unwise to judge the reliability of the lowest order result of
DPR without considering the higher order correction into account. But infrared
singularity and gauge dependent result in higher order calculation is the inevitable
consequence of using bare perturbation theory. This problem can be circumvented

partially by using HTL resummation method as discussed in chapter 1. This sce-
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nario compels us to take into account one more possibility even if the momentum
flowing through the photon line is hard(~ T'). Since in this case, the momentum
flowing through one of the quark propagator can be hard while the other one can
be soft, it is sufficient to dress only one quark propagator and leaving the other one

and the vertices bare following the rule of HTLpt [235]. For this purpose, we use

3.0

2.5

w/Mmyn

0.0 0.5 1.0 1.5 2.0 25 3.0
P/Min

Figure 6.3: Soft (HTL) and hard (free) quark dispersion relation. ¢4 and ¢_ are
soft quarks coming from HTL resummed propagator and ¢ is hard quark coming from
free propagator.

one hard quark propagator and Hard Thermal Loop (HTL) resummed soft quark
propagator with two modes [179] : one quasi-quark mode ¢, with energy w, and
other a plasmino mode ¢g_ with energy w_. The free hard quark is represented by ¢
with energy k. The corresponding dispersion is shown in Fig. 6.3. Now, in this case
the allowed dilepton production processes coming from pole-pole part are annihila-
tion processes qq, — v* — [T~ and soft decay process ¢ — ¢v* — q¢lTl".
There will also be other processes which are not allowed by energy conservation and
kinematic restriction with the photon momentum, p = 0. In addition, there will
also be pole-cut contributions, as will be discussed below in detail. We also note
that there is no cut-cut contribution as the spectral function for the hard propagator

has only pole contributions. Now, the one-loop photon self-energy I} with one hard
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propagator Sy and one resummed HTL propagator Syry, can be written as

M= —Ne* S (‘Z—f)2 Irr [So(K ), St (Q)]

e

f K
2 Bk 1 1-k-¢g 1+k-g
—oNeTy (X /
‘ ;(J Z @rP |Dik) \ dila) | d(q)
1 1+k-G 1—k-g
+ + , 6.34
D<k>< L@ W )] (634
with
d+(q0,q) = q — ¢q (6.35)
m2 k ko + k
Di(ko,k):koxk—Q—?Kl¢£)1ogk° ki2] (6.36)
-

Now, the imaginary part of Eq. (6.34) is obtained as
2 aUr\? (BT
ImIly = 2N.e*T Y (L) (/7 - 1)

f
X /(ZBTI; /_Z dw /_Z dw'§(E — w — " n(w)n(w)r [(1 — k- G)(par_+ p_ry)

+ (L+k-§)(pyry + P—T—)] ;

(6.37)

which at p = 0 reads as

ImIlY = 2N.*Tr S (q—ef)2 (™7~ 1)

f
4’k > < NSNS
« / 5 /_ e /_ (B = = R 2Apsr + o). (035)
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The spectral representations of soft and hard propagator read [179], respectively, as

paio ) = 555 0 () + 00 + ()] + Bl O — ), (639

re (W' k) = 6(W F k), (6.40)
with

Be(z,y) :% yxe (6.41)

T+y
r—=y

w1 + [ (175)]

where x = w/my, and y = k/my,. The soft spectral function contains the pole part

y(mqty)—%(lﬂF%)log

coming from the poles of the HTL propagator and Landau cut contribution from the
space-like domain, k? < w?, of the HTL propagator. The hard spectral function has
only pole parts. So, there will be four energy conserving ¢ functions from the pole-
pole part, namely, 0(E+w; +k), d(F—w_+k), §(F—w;+k) and 6(E—w; —k). But
two processes qq.v* — nothing and ¢ — ¢_v* — ¢_ITIl~ coming, respectively,
from §(E + wy + k) and 0(E +w_ — k) are not allowed by the energy conservation.
The remaining two allowed processes coming from 6(E —w, — k) and §(E —w_ + k)
lead to the respective processes qq,. — v* — [t~ and ¢ — ¢v* — ¢lTl™ as

discussed earlier. The resulting pole-pole part of the dilepton rate is

dR a 1 1 qr\2 A3k
o — . 192 2 4] E/T _ 1 /_
dzd'P| o . 120 ERE 1 zf: < e > (c ) (2)3
2 _ g2 2 _ k2
[er s— (Wi )n(k)d(E —wy — k) + - s—n(w_)n(—k)o(E —w_ + k:)}
th 2mi,
202 qr\? 9
-2y fr
2 2 2 2
wi; —k*_ wo =kt
X n(wy)n(k)d(F —wy — k) + ———n(w_)n(—k)o(E —w_ + k)] .
[ 2m3, ! ’ 2mg,

(6.42)
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Scaling wy, k with my, as r4 = wy/my,, Es = E/my, and we get

o qr\? 2
T TiE? (;) /y dy

pole—pole 5 f

dR
dixd*P

, 1 1
( + Y ) ePminzy +1 eBmuny +1

1 1

2 2
X0 (FEs—xy—y)+ (x_ -y ) eBmnz— 4 1 e—Bmumy 4 1

§(Es —xz_+vy)

(6.43)

Now, the pole-cut part of the rate is obtained as

k

120;4 ;2 g 12me’ Z ( ) (57— 1) / (;l:;B /k duw
X By (w, k)ni(w)n (k)5(E w — )+6 k) (w)n(=k)o(E —w + k)]
X [Br (2, y)n(x)n(y)o(Es — x — y) + B-(z, y)n(z)n(—y)d(Es — = +y)] .
(6.44)

dR
d*zd*P

pole—cut

We note that the second term of the pole-cut rate will vanish as the delta function
gives the condition x = E, + y, which lies outside of the domain —y < x < y and

the pole-cut contribution becomes

dR 202 a\2 [ o ~ ~

D = — d Es—vy, E, — 2y — E).
FodP |y TEL 2 (€> /y y B (Es —y,y)n(Es —y)n(y)O(2y — E)
(6.45)

It is worth it to write the Born rate [234] by setting p = 0 in Eq. (6.33) as

dR ar\? o
= E/2 4

d2d'P |, ;<e> e (Ef2) (6.46)

In Fig. 6.4, we display the dilepton rate in the absence of magnetic field. For £ =0

the dilepton rate begins with the transition process ¢ — ¢y* — ¢l™1~. This rate
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s ~.‘»‘;}; pole—cut
% 10 VoS, - Born
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10712 l
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Figure 6.4: Dilepton rate for vanishing magnetic field

begins with a divergence as all plasmino, ¢_, modes with higher energy (Fig. 6.3)
prefer to make the transition to a free quark mode with lower energy and thus the
density of states diverges. However, this rate decays very first because the plasmino
mode ¢_ is exponentially suppressed and merges with the free hard quark mode as
shown in Fig. 6.3. Then the annihilation of one soft (¢,) and one hard (g) mode,
qq. — v* — 1717, begins when E = my, (as the mass of the hard mode is zero).
It then grows with £ and matches with the Bonn rate at large E. The dilepton rate
coming from pole-cut part dominates at low E and falls off below the Bonn rate at

large E/. The net rate dominates the Bonn rate at low energy.

6.4 DPR at Non-Zero Magnetic Field

The dispersion solutions [210] are noted as a function of p, and p, as

Li=0=py = <wL<+), —wR(,)), (6.47)
L =0=p = <wL<,), —wR<+)>, (6.48)
Ry =0=po= <WR(+)a _Wu—))a (6.49)
R.=0=p, = <wR(,), —wL<+)). (6.50)
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The corresponding dispersion of various quark modes g, (., ¢y, qr(+, and gg, With
respective frequencies wy(,, wy_, Wr and wg, are displayed in Fig. 5.3. The free
dispersion of hard quark ¢ with energy w = \/png2L is displayed in Fig. 6.3. It
is clear from Fig. 5.3 that the processes that we expect will involve one hard and
one soft quark since we are using one free (hard) quark propagator in the presence
of magnetic field and one resummed thermomagnetic quark (soft) propagator in
Fig. 6.5. Now, one can write the various dilepton production processes from the
dispersion plot as qq., — v* — 1117, qqu) — v — 1717, qqry — 7V —
[*17, and qqp_, —> 7v* — [T1~. There could also be soft decay processes like
Qo — ¢ — 4T, ey — v — dTlT, guy — ¢y — ¢, and
qr—y — qv" — qlTl~. We will see below that all of them may not be allowed due
to kinematic restrictions. Also, besides these processes there will be soft processes

from Landau cut contributions.

K-P(=Q)

~— 7

Figure 6.5: Feynman diagram for the production of the hard dileption in presence
of weak background magnetic field

In this section, we shall investigate dilepton production in the presence of weak
homogeneous background magnetic field. We are concerned on the dilepton whose
momenta are of the order of T, i.e., pg,p ~ T. In that case, as discussed, we need
to dress just one quark propagator [235] as in Fig. 6.5. The bare propagator in the

weak magnetic field approximation is given as

Sr(K) % + WI’VQ([@:F—:%Q 45 B + Ol(¢s B)?]
= SW(K)+ SP(K) + Ol(g;B)?, (6.51)
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where SI@ is the O[(¢;B)"] and Sl(wl) is the O|(q;B)] part of the propagator Sp. The

dressed propagator is given as

R(K)
R(K)?

L(K)
L(K)?

S*(K) - P_ P+ + 7)4_ P_, (652)

which, for convenience, is decomposed into two parts as

S*(K) = S[(K)+ SR(K), (6.53)
where
ST(K) = P_ép_i_, SH(K) = 7%%73_ (6.54)

Now, using Egs. (6.51) and (6.53), the one-loop photon polarization tensor corre-

sponding to Fig. 6.5 can be obtained as

I, (po, p) = —Nee® ) | (%)2 ITr[V“S*(K)VuSF(Q)}
!

—— ar M S (0) " (0)
Ne Z( )Z:T 7 ()75} Xf:( )er V1 S5(E )7, S0(Q)]
— N,e? as s s D).
NZ()? 787 (K )7uSy Zf:()? S5 (K),SP(Q)]
(6.55)

The result of the Dirac trace is

: 1'Q RQ QL - QLY
T[S (K)Se(@Q)] = —4[L2<@2 B R e QfB{m
QOR3 _ Q3RO
- 1%2(@2——m2>2} ’

(6.56)

where m; is the current quark mass. The components of L* = (L° L', L? L?) and
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R* = (R° R', R?, R3) are given by

L° = [1+ a(ko, k)] ko + b(ko, k) + ' (ko, k., k),
L' = [1+ a(ko, k)] K'; i=1,2

L? = [1 4 a(ko, k)] k. + ¢ (ko, k),

R = [1 4 a(ky, k)] ko + b(ko, k) — b (ko, k., k),
R = (1 + a(ko, k))k"; i=1,2

R® = (14 a(ko, k))k, — (ko k). (6.57)

Now Eq. (6.57) can be expressed in terms of g (i = 1,2,3) as

L% = gp(ko, ki, k),

Lt = ¢2 (ko, k)K" i=1,2
L* = g (Ko, k)& + g} (Ko, k),

R = gp(ko, ko, k),

R’ = g2 (ko, kK i=1,2

R® = g ko, k)K® — g (o, ). (6.58)

As discussed in the previous subsection, we will investigate the case in which the

virtual photon is at rest in the plasma rest frame, i.e., p = 0, P* = (po,0). In this

145



CHAPTER 6. HARD DILEPTON PRODUCTION IN HOT MAGNETISED
QGP MEDIUM

case, Q" = K* — P* = (kg — po, k). Thus, Eq. (6.55) becomes

" _ 2 qr\? Lo(ko —po) — L -k Ro(kog—po) — R-k
11 ,u(pO;O) = 12e zf: (g) i[Lz[(k‘o o) — o] + B[k = po)? — o]
n qu{ [((ko po) —k.Loy  R.(ko — po) — k.Ro }

ko —po)? —wi]?  R?[(ko — po)® — wi]?
= 12¢2 Z (qf)? i:

(ko — po)gr, — kgi — k.g7 | (ko —po)gk — kgf + k-g%

f L2((ko — po)? — o] R2[(ky — po)? — ]
gtk b0 =) b +0) ek — (Ko — po)hegh — >]
O — Rl =07 = WiP
= 12¢° Zf: (%)2 I (ko fop;)fo— A A pi)2 e p§>2 —
C fop;ﬁo— LTS —pi> AR —pi>2 o
- qu{k;z T p01)2 — wi]QFLl — k. W _’f;;zpo_ szFg - T _’f;;fi szFE
B Pt b wiPFz}]

15V FL = RIS FE = b fo FL + £V F = A P £ F

1
(Ko — po)? — wiil?
2
— 1962 (q_f> Z:
> (5
f K
+ 4B {kfOFL — kfOF - (O — kSO F + b O FR - ff”Ffé}
12 Z (L) /

—F) 4+ ¢,B {kTZFl VY — kTS (F2 — F2) Y TZF3+FR)f()}].

ko ko ko

TZ (FL+ FO) Y — kT (F}+ F}) k:TZ (F3

ko

(6.59)

Here in Eq. (6.59), w, = /k% + m? and we used the shorthand notation as F(iLR) =

F’L

L. R)(k:o, k,,k.) and fé?l)’(l) = é?l)’(l) (ko — Do, k:) Written explicitly they are given
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i _ 91 i _ 9k, ~
FL:E’ FRZE, 7/:1,2,3

1 ko —

0) k, _ k = (1) kf . kf = 0 Po
fO ( 0 — Po, ) (k[) _p0)2 _wga fO ( 0 — Do, ) (k(] _p0)2 _wzv
ffo)(ko—Poak)E 12 2727 fl(l)(ko—po,k)z o —2]70 272"
[(ko = po)* — wi] [(ko = po)?* — wi]
(6.60)

We take the imaginary part of Eq. (6.59) with a decomposition as

ImIT*, (pg, 0) = ImIT' (3, 0) — ImIT**, (g, 0) — ImIT*, (pf, 0) + ImIT* (5, 0)

— ImII* (pfy, 0) — ImII* (po, 0), (6.61)

where pj, = po + ie. The various terms on the R.H.S. of the above equation are
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defined as

q]f 2 dgk'
'mHl“u(p’oﬁ):l?eQEfj(;) / (zmglmTkZ[Fi(ko,lﬁ,kz)+Fé(ko,h,kz>]
0

(1)(k0 p()a k)a

(6.62)
qf 2 dSkZ
ImIT*, (pp, 0) = 1262; (%) / ampimT ; [P (Ko, ko ko) + Fplko, ko k)]
0
X 0(0)(k0_p67k)7
(6.63)

L(k(]? kJ.? kZ) - F}%(kOa kj_a kz)]

3
. B ) ar 2 d’k
ImII™, (pg, 0) = 12¢ ;<e> /(27)3

X (()0)(k0 - p,07 k)7
(6.64)

ImH4“ (pg,0) = 12622 < > / /{: |mTZ (Ko, oy, kz) Fll%(kmkukz)}

1(0)<k0 - p67 k)7

(6.65)
ImIT, (1, 0) = 12eQZ<q_f>2q B/ﬂfC ImT Y " [Fi(ko, koo kz) — Fa(ko, ko, k2)]

(7 2R A~
x fM (ko — b, k),

(6.66)

w\Pos - e f ( ) L ) 9 R 3 )

1(1)<k0 - p67 k)

(6.67)

Now, by applying the Braaten-Pisarski-Yuan prescription [216], the imaginary parts

of Egs. (6.62) -(6.67) can be obtained in terms of the spectral function of the prop-
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agators [Egs. (5.144), (5.145), (C.1), (C.2), (C.3) and (C.4)] as

ImHl“u(p{),O):12622<%f>27r(1— Bpo / dk/ dw/ dw w) + pr(w )}

f
x pb (—w)ii(w) ()b (po — w — o),
(6.68)

|mH2”u(p6,0):12622(%)27r(1—e5p0 / 4k / dw/ dw' [p7(w) + pi(w)]
f

x py) (—w")i(w)R(w)3(po — w — ),
(6.69)

[ Z a [ Z 4o [} () — ()]

ImIT* (), 0) = 12¢* 3 <q€f>27r (1= efr) / (;l E
f

x oy (—w')i(w)7i(')3 (po — w — W),

(6.70)

I Y Ly
ImIT*, (1,0 —12622( (=) [ osh [ o [ [oho) - phio)

x py (—w')i(w)7(w')3(po — w — w'),

(6.71)
ImIT* , (p), 0) = 12¢ Z (q—!>2qu7r (1— ) / (;:;3 k. /Z dw /OO dw' [p7(w) — pr(w)]

f o0

x pi) (—w')i(w)(w')3(po — w — W),

(6.72)

Lk / o / 0 [ w) + ph(w)]

x p{ (= )ii(w)i(w)d(po — w — ).
(6.73)

2
ImIT* , (p), 0) = 12¢ Z (%) q;Br (1 — ™) /
!

As before, the rate has a pole-pole and a pole-cut part. There will also be no cut-cut
part since the spectral function for a hard quark has only the pole part. Below, we

compute various contributions.
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6.4.0.1 Pole-Pole Part

Here, to compute the pole-pole contribution of the dilepton rate, we divide it by
two parts. The contribution coming from the free part of Sp and S* is termed as
(a) magnetic field-independent part, whereas that coming from the O[(¢,B)] part
of Sp and S* is termed as (b) magnetic field-dependent part. Note that we neglect

current quark mass my so that wy = k.

(a) Magnetic Field Independent Part:

Using Eq. (C.11) in (6.68), we get,

2
ImHlMH:12e2Z<%> T =€) s / d¢ / dk k* / dg / dudu
e

[ 6(w+k) 5w

=B o0 - - o)
:32_22(@@0 (L[ dka/ de [ de [ph) + i) )

x [n(=k)o(po — w + k) + n(k)d(po —w — k)]
(6.74)

Now, the spectral functions p} and pk have a pole part as well as a cut part. But
here we will only use the pole part of the spectral functions. In the pole part, there
are four terms in ppp [Eqs. (5.144) and (5.145)] out of which the terms with a

positive sign of the pole will survive from energy conservation and we now write
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them as

3 2
Il | e = 5 =13 (4) / dk & / dé / dwii(w)| 23,

X 5(w — wL(H) + Zi—(t)(S(w — wL(,)) + ZI;—{JF)(S(W — wRH)) + Z};(l)é(w — wR(,))}

[7i(—k)d(po — w + k) + 71(k)S(po — w — k)]
(e — qf dk k[ de|R(wii)i(k)S (po — wii) — k)
; / / ) (+)

+ n(wr-))n(k)d(po — wi-) = k) + nlwre))n(k)o(po — wrer) — k)
+ n(wr-))n(k)d(po — wr(-) — k) + nlwr ) )n(—k)d(po — wirir) + k)
+ n(wr-))n(=k)d(po — wi -y + k) + n(wr))n(=k)d(po — wr(+) + k)

+ (wr))(—k)d(po — wr(—) + K)].
(6.75)

Now, in a similar manner and using Eq. (C.12) in Eq. (6.69), we get

2
Im%plpl:zi (Qf ﬁm/ dl{:kQ/ dg/ dw Ti(w) [o2 ()
ole-pole T
f

+ph(w)] [(k)d(po — w — k) — (—k)d(po — w + k)]

3e?
= —_— 5170 2
- ( / dk k / de | 7
f
+Z§<+>~( W) (k)6 (po — wr () k)+ZR(+) (Wr) (k)0 (Po — Wrisy — k)

ZIQJ >~( () (k)d(po — Wry — k) — ng (Wey)n(—k)d(po — Wiy + k)

- Ziiﬁ(wu—))ﬁ(—kw(ﬁ —Wry + k) — Z Rr(+)T (WR<+>) (—k)d(po — Wr(t) T+ k)

L(+) WL(+)) (k) (po — Wr) — k)

_Zztw (Ween)n(—=k)6(po — wry +k)|. (6.76)
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Also using Eq. (C.12) in Eq. (6.70), we obtain

Im3* } — 3_62 f ﬁpo dk: k2 d§§
m Hlpole-pole 2T 7

—wi — k) + Z s nwi)n(k)d(po — wiy — k) — Zﬁaﬁ(me)ﬁ(lﬁﬁ(po — Wr)
— k) — Zﬁt{ﬁ(wmf))ﬁ(k)fﬂpo — Wy — k) — Z§<+> (W) (—=k)d(po — wrry + k)

- ZL(+ >~(WL<7))ﬁ(—k)5(p0 — Wy T k) — Zg%ﬁ(me)ﬁ(—k)fs(Po — Weep) T k)

L(+) n(we )1 (k) (po

— ZyE (wrey)i(=k)8(po — wrey + k) |- (6.77)

(b) Magnetic Field Dependent Part:

We begin by stating that some terms with derivatives of Dirac ¢ functions are
present. But after doing integration by parts, these terms will eventually get elim-
inated. Also, using the parity properties of the J function and its derivatives it is

easy to see that p%o)( W) = p(o (w'). Using Eq. (C.16) in Eq. (6.71), we get

362 q 2 oo 1
4 _ ! B 3
ImII MM pole-pole —E . <z> (]. — € po)quA dk k /1 d§£
| i@t =)ok oo — ) = phlon = ol )

:_i_iz<%)2 efPo) qB/ dk:/ dgg/ dw'n(w)n(po — w') [pL (o

f
) phl — )] [5@ )= 0 ) R O — )00+
-k f (%) a=emn [ /d&&[ — B){ph(p0— k) = ph(po
)} = AR + W) ph oo + ) — phlpo + F)} + /  dw ()l )

X (pi(po —w) — pr(po — w)) (5’(w —k)+0'(w+ k))

(6.78)
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At this point, we use partial fraction method to eliminate ¢’'(w 4 k), and it gives

1%, e =~ f (2 a-emn [ | ag €| T(k)i(po — )

< { pk(po— k) = phpo = k) } = (=k)ii(po + k){ P} (po + k) — pk(po + ¥) |

—k / Z dw a%{ﬁ(wwpo — w)lpk(po — ) — Ph(po - w)]} <5<w — k) + 3w + k))
(¢

> 1—657’0613/ dk/ dff[ n(po — ){PlL(po—k)

— pr(po — } 7 (po + k){pi(po + k) — pr(po + k)} — ka% (ﬁ(k)ﬁ(po — k)

X {pi(po — k) — pr(po — k)} — (—k)n(po + k:){pi(po +k) — pr(po + k:)})]
__i—i: f <%> 1—657’0613/ dk/ d£§[2n n(po — ){PlL(po—k)
~ ki — k) } — AR + 1) ph oo+ 8) — ph(po+ )} — o </m(k)'ﬁ(po k)

{PLpo = k) = Phlpo — k) } = K(—k)7a(po + k){ pL(po + k) — ph(po + k)})] .
(6.79)

The last term, i.e., the term that contains a derivative with respect to k, when

integrated out gives the boundary term and it vanishes. Also, by using the properties
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of the ¢ function, one obtains the pole-pole part as

pole-pole 2 e

ImIT* | _ 3 ] (@)2(1 — ), B /_11 dgg/ooo dk [ﬁ(k)

{Zim (Wr)d(po — b — wiyy) + ZL( ) n(wr)d(po — k —wr ) — ZR(+) n(Wr+))

X 0(po — k — Weep)) — ZR( ) n(Wr(-))0(po — k — WR(—))} - ﬁ(—k){Zi(H (W)
X 0(po +k —wei) + 2y ilwn)0po + k —wi)) = Zil (Wi )3(po + b — wa))

- ZR( ) n(wr-)0(po + k — WR(—))}] .

(6.80)

Using (C.15) in Eq. (6.72), we get

362 q 2 1 i ~
ImHBMN‘pole—pole - E (i) <1 B eﬁpo)qu /—1 dff/{) o [n(k){ L(+) (WLH))

f
X 0(po — k — wip) + ZL( y(we)0(po — k —wi) — ZR(+) M(Wac))0(po — k — wes)

- ZR( ) n(wr)d(po — k — WR<))} + ﬁ(_k){ZL(Jr) (Wr))d(po + k — wres)

+ ZL( (wWr)(po + k —wio)) — ZRE‘:—) (Wr+))d(po + & — Wrc))

— Znr (W )o(po + k — WR())}] : (6.81)
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Finally using Eq. (6.73), we get

TmIT% _3EN (U (= ey [ ae [T ak| a2
m H’pole-pole_E - (;) ( — € )qf . § 0 n( ) L(+) (wL(-H)

X 0(po — k —wiy) + ZL( ) n(wr))d(po — k —wi ) + ZR(+) 1(Wre)0(po — Kk — Wacy))

+Z§< 1 (Wr(— ))5(p0—k:—wR(_))} +ﬁ(—k){ZL?L+> (W) (po + K — WL<+))+ZL( (W)

X 8(po+ k = wiy) + Za5 A(Waeo)0(po + k — wrcn) + Zod i(wn)d(po + k — WR())H :

(6.82)

(c) Dilepton rate from various processes in pole-pole part in presence of magnetic field:

We note that for numerical computation we change the integration from spherical
polar to cylindrical polar through the transformation k, = k\/1—7§2, k, = k&,
where £ = cosf. Using (6.61) and grouping the delta functions together we get the
dilepton rates in terms of the cylindrical polar coordinate from various processes

discussed before as follows:

L quyg — "

qrL(H) 97"

dR

(1/2 q 2 e’} 0 N
d*xd*P - 2p3mt ; (gf) /0 dky by / dk n(po - vkt kQ)
Do+ By + ——i 73 45 (

<i(VIETR) .
k.
EENCET - OAE ZL<+>]5(po—wL+> buk) — VT R) . (683)

e L()
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2. quHqg — "

_yg—y* 0 00
L Y (&)2/ dk, /ﬁ/ k.7t (po — /A2 + R2)
d*xd*P 2p3mt e 0 . L
- k q: B k
/12 2 1 2 z 3 f z 1
‘ "< e k> Gt ot et e e (m 71

k |
72+ 52%)] 5(p0 —wpy (ko k) — VR T k2> (6.84)

.y
2 /2 + k2 1

3. qr()q — 7"

dR AR(+)4=7" o2 45\ 2 00 00
_ — 1f > —_ /12 2
d'zd'P 2pmt zf: ( e) /0 di ko /_ et (po kit k)
- k qrB k
1 2 z 3 f z 1
X n(\/kf + k‘?) Zriy t ey — NCEL: 2R Tz (\/mZR(+)
1 z z L z

_|_—
2/k2 + k2 "

3 1
Zops - §zg(+))] 5<p0 — wpe (b, k) — /B2 + k;2> (6.85)

4. qr—yq — V"

yg—* %) 00
d—R dr(—)9—7 _ a? Z (%)2/ dkL kL/ dkzﬁ (po B [ k2>
d*xd*P 2p3mt e 0 . Vo R
- k q:B k
/1.2 2 1 2 _ z 3 o f z 1
X n( k?J_ + kz) ZR(*) -+ ZR(*) —kﬁ i k2 R(-) ]{ji I ]{jg ( —ki n k:2 ZR(*)
k.

1
- _Z?%()>] 5(170 —wp—) (ki k) — VE2 + k:g) (6.86)

72
212 + k2 2
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5. qry) — qY"

qrL(+)—av” 2

oY Z(@)Q/:Odkl kl/_dezﬁ(pOer)

- 2p3mt —\e

i~ VETR)

dR
dtxd* P

k. ; qu< ko

1 2
ZL(+) - ZL(+) - B2 1 k2 L(+) — kﬁ + k2 \/m L(+)
V Vi z z i z
k., 9

1
W 2y — §Zi(+)>] 5<po —wrp (ko k) +VE2 + kg) (6.87)
ES z

6. QL(f) E— qu*

dR qr(—)—>qv" _ Oé2 qs 2 00 00 _
dAxdt P - p(2)7r4 Zf: <;> /0 dk, k. /_Oo dszL(po + /K2 + kg)
~ 5 k. B k.,
X n( - kﬁ + kg) Z}I(—) - Z%(—) - /1.2 QZ%’(_) - 2qj 2 /1.2 Qle’(_)
ki__'_kz kl—i_kz kJ_‘FkZ

5<p0—wL(,)(kl,k:Z)+ kﬁ+k§>. (6.88)

ke ., 1.,
T e e L) T 3L
WEER:

7. qr+) — qV"

qrR(+)—qV" 2

oY Z(@Y/Ooodkl kl/_deZ’ﬁ(pOer)

a 2p3mt —\e

< - VTR

k. ,
2 /K2 + k2

dR
d*xd* P

qrB k.
Ziwy — Zhy + ; ( ;

k.
N A A W
1
+ §Z§(+)>] 5(p0 — wpey (ko k) + /R + k:2> (6.89)
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8. qr(—y — qV*

dR ar(-)—a7" o2 q 9 [0 P 00 g = =
dizd*P - 2pgmt ; (?) /0 o /_OO Zn<p0 +VRELF z)
) ii((= VR RE) | Zhy = Zhoy + s i + 7
k- 1
NG R T 521?53())] 5<Po — wr(—y (ks k) + /K2 + k:?) (6.90)

From the parity symmetry of the dispersion mode, it is possible to show that

dR wL(_‘_)k%'y* dR (A}R(_’_)k*)’y*
dxdiP T dadiP ’
AR |“rk=7" dR  |“rRF=YT
drzdiP T d*zdiP :
dR CAJL(+>_)]<:'Y* dR wR<+)—>k’y*
d*xd4 P  dxdiP ’
dR wL(_)%k'y* dR UJR(_)‘)]C’Y*
d*xdiP T dzdiP ' (6.91)
Finally, the pole-pole contribution of the hard dilepton rate becomes
dR |PP dR wr(+) k=" dR wr(—yk—=y" dR wr(4) kY
T o 2 e v
zd P dzd P * dzdip ' zd P

. _dR_
dixd*P

wL(_)—>k'y*
. (6.92)

We note that the various soft decay modes will contribute only to the soft dilepton
production at low energy. Since we are interested in hard dilepton production rate,
only the annihilation modes will contribute and we will omit those soft decay modes
from our considerations. The resulting pole-pole contribution is plotted in Fig. 6.6.
In the left panel the rate is displayed as a function of dilepton energy at 7' = 200
MeV but for different magnetic fields. In the absence of magnetic field (eB = 0) the

annihilation between a hard and a soft quark starts when dilepton energy E = my,
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and resembles that of qq, — v* — [Tl as given in Fig. 6.4. As the magnetic
field is turned on, all four quasiparticle modes, namely, w1y, W), W), Wr_y, aS
shown in Fig. 5.3, separately participate in annihilation with hard quark. As can
be seen, the dilepton rate at finite magnetic field begins at little higher energy of
the virtual photon compare to the vanishing magnetic field. This is because the
presence of magnetic field contributes to the thermomagnetic mass which is lower
than the thermal mass. As the energy of the dilepton increases, the rate becomes
almost equal to that in absence of magnetic field. In the right panel of Fig. 6.6, the
rate is displayed for various temperatures for a given magnetic filed. At energy up
to the E = py = 2my,, the rate is found to be almost independent of T" as magnetic
field may be the dominant scale there. At energies F = py > 2my,, the rate increases

with the increase of T as T' is the dominant scale in the weak field approximation.

T=200 MeV ——B=0 ] eB=m,’ -mm T=170 MeV
I ——— T=200 MeV

1078 1078 ——— T=250 MeV

T=300 MeV

1079

dR
dizd*P

1010l

10"

Po/Mun Po/Mmun
Figure 6.6: Pole-pole contribution of the dilepton production rate as a function of
the energy of dilepton in the center-of-mass reference frame at T' = 200 MeV with

different magnetic field (left panel) and eB = m?2 with different temperature (right
panel).

6.4.0.2 Pole-Cut Contribution

The presence of © due to spacelike momentum in the Landau cut contribution of

the spectral function, ©(k* — w?)3}  (w, k., k;), immensely simplifies the pole-cut
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rate. From Eq. (6.74), we get

q
Imnmpole_cut— (ePPo — Z i / dk k2 / d¢ / dwO (k? — w?)
f

x [BL(w) + Br(w)] n(w) )o(po —w + k) +n(k)d(po —w — k)] .
(6.93)

We note that the term with d(py — w + k) will have no contribution because O[k* —
(po + k)?] = ©[—po(po + 2k)?] will never be satisfied since k,py > 0. The expression

to evaluate the pole-cut contribution is

2

L3 (Y) /df/ dk 7(K)(po — k)O (2k — py)

B 27r4p

dR
d*zd*p

pole-cut

< [12(8L+ By + ﬁ% F - ) + qu(£</3£ ~ Bh) + 5 (81— 5R)
1

+5 (8 +63))].

(6.94)

where BéL/R) = B(L/R (po — k, k., k3).

107E  T=200 MeV

— B=0 : 10—7§ eB=m, 2 —— T=170 MeV

E |- T=200 MeV
----- T=250 MeV
----- T=300 MeV

10-8¢

Y
5% [
T8
5 107
10-10F
1 2 3 4 5 1 2 3 4 5
Po/Mun, Po/Mun

Figure 6.7: Same as Fig. 6.6 but for the pole-cut contribution.

In the left panel of Fig. 6.7, the pole-cut contribution is plotted for various magnetic
fields with T" = 200 MeV. It is found to be independent of of the magnetic field. This
is because magnetic field appears as a correction in the weak field approximation

and we have considered the rate up to O[(eB)]. On the other hand, in the left panel
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of Fig. 6.7, it is plotted for various temperatures for a given magnetic field. The
rate is found to be enhanced with the increase in temperature as the temperature is
the dominant scale in the weak field approximation. Total dilepton rate is obtained
by adding the pole-pole contribution from Eq. (6.92) and the pole-cut contribution

from Eq. (6.94) and is plotted in Fig. (6.8) with similar behavior as in Fig. 6.6.

1077 3 107 T . .
T=200 MeV —— B=0 3 E eB=m,” = ----- T=170 MeV

T=200 MeV

—— T=250 MeV
T=300 MeV

10-¢ 108

] o
ks 2%
= VH = vH
= =
10-° 10-°F
1010 10-10
1 2 3 4 5 6 1 2 3 4 5 6
Po/Mun Po/mun

Figure 6.8: Total rate, sum of pole-pole and pole-cut contributions, of dilepton
production r as a function of the energy of dilepton for various magnetic fields (left
panel) and for various temperatures (right panel).

6.5 Conclusion

In conclusion, we have systematically investigated thermal dilepton production from
a hot magnetized QCD medium in the weak field approximation. Since we are in-
terested in the hard dilepton rate, it is sufficient to use just one resummed and one
bare propagator in the presence of magnetic field in the photon polarization tensor
diagram in Fig. 6.5. We note that the earlier works were carried out using free prop-
agators for both the fermions in the loop in the presence of magnetic field. Since
we have one resummed propagator, its spectral representation contains a pole and
a (Landau) cut contribution. On the other hand, a hard spectral function corre-
sponding to bare propagator has only pole contribution. The dilepton rate contains
two types of contributions: pole-pole and pole-cut. As the magnetic field is turned

on, all four quasiquark modes, namely, w; ), Wiy, Wrey, and wg, individually
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participate in annihilation with a hard quark and contribute to the pole-pole part
of the dilepton production. These annihilation processes start at higher energies as
the thermomagnetic mass increases in the presence of magnetic field. The pole-cut

contribution is found to dominate over those annihilation processes at low energies.

In weak field approximation, magnetic field appears as a correction to the thermal
contributions. Since, for simplicity, we have considered only O|(eB)] correction, the
effect of magnetic field on the rate is found to be very marginal here. For having
a moderate effect of the magnetic field, one may need to take into account QCD

corrections.
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Summary and Outlook

The phenomena of asymptotic freedom in QCD makes the theory of strong interac-
tion distinct. It is accountable for the creation of a deconfined state of matter when
the coupling constant decreases making quarks and gluons asymptotically free. In
nature, QGP is believed to persist after few microseconds of Big Bang and in the
core of neutron stars. But they are too unattainable for us to perform any real-time
experiments. However, much to our surprise, ultra-relativistic heavy-ion collision ex-
periments can generate a transient deconfined state of matter in a very small spatial
volume. Characterization of QGP has great implication in understanding the laws of
nature on another level as it acts as a bridge between the physics of early universe
and neutron stars. A high anisotropic magnetic field is generated in non-central
heavy ion collision in the direction perpendicular to the reaction plane. There are
good reasons, based on LQCD and hydrodynamics simulations along with recent
experimental observations, to believe that this magnetic field gives rise to some
novel phenomena and influences QCD confinement-deconfinement and chiral phase
transitions, properties of the medium and signatures of QGP. In this dissertation,
we have discussed DPR in weakly magnetized medium. Dileptons are considered
as one of the excellent probes as they bring least contaminated information of the

medium because interact only electromagnetically with the medium. A huge amount
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of works were dedicated towards the production rate of dileptons from various stages
of HIC. Dileptons that are produced in the QGP medium are called thermal dilep-
tons. Thermal dileptons are the decay product of virtual photons which, in turn,
are originated either from quark-antiquark anihillation or decay of radiation from
quarks. Now, quarks are affected by the background magnetic field which in turn

influences the production rate of dileptons.

In chapter 1, we have first discussed some prelimenaries related to QGP and HIC
such as QCD phase transitions, probes of QGP, a brief timeline regarding HIC. Then
we presented the impact of magnetic field followed by the mechanism involved in its
generation. In chapter 2, we have took the readers on a short trip to the basics of
thermal field theory. We have developed the formalism of ITF based on operational
method as well as path integral method. While developing the Feynman rules in
ITF, we noted that integral over the zeroth component of loop momentum is replaced
by discrete sum over Matsubara frequencies owing to the fact that the topology of
space-time becomes S' x R? from R*. However, any physical result should be ob-
tained after analytic continuation from discrete frequency from continuous domain.
Also HTL resummation method was also introduced and it’s inevitable presence in

the calculation of gauge independent observable was illustrated.

In chapter 3, we have thoroughly presented the two point green’s function of a free
fermion subjected to external, time-independent, homogeneous background mag-
netic field. We employed Schwinger’s proper time method in deriving the prop-
agator. We presented the propagator in two representation, namely integral over
proper time and a summation over Landau levels., and explicity derived one rep-
resentation starting from the other. Also, the analytical expression of two extreme

limits,namely the strong and weak field limit, was obtained. When the scale of the
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magnetic field is much greater than all the involved scale of the system, the strong
field approximation is relevant. On the contrary, when the strength of the magnetic

field is much less, the weak field approximation can be used.

In chapter 4, we discussed the properties of collective excitations of quarks in hot
deconfined medium in a nutshell. In doing so, we have used HTL approximation
which is based on physics of two distinguishable scale — hard scale (~ T') and soft
scale (~ ¢gT'). When a quark propagates in an interacting zero-temperature vac-
uum, it gets dressed due to the interactions. As a result, it’s mass gets modified.
However, while travelling in thermal medium apart from the ordinary quasi-quark
mode ¢, an additional collective mode, called plasmino mode ¢q_ appears due to the
breaking of Lorentz invariance. Similar to the case in vacuum, the collective modes
propagates with an effective mass. It is called thermal mass and it depends on the
temperature and strong coupling constant as my, ~ ¢7". It is evident from the scale
of the thermal mass that one needs to take into account the effect of quasi-quark
modes to describe the physics at the soft scale. The effective propagator, whose
poles gives us quasi-quark dispersion relation of quasi-quark mode, obeys all of the

discrete symmetry of the system along with ward identity.

In chapter 5, we discussed the properties of quasi-quark excitations in hot decon-
fined medium in presence of external background magnetic field. The discussions in
this chapter goes hand to hand with that of chapter 4. The presence of magnetic
field introduces a magnetic scale |eB| in the medium in addition to hard (~ T') and
soft scale (~ ¢gT'). We have considered the scale hierarchy m2 (~ T) < |eB| < T*?
which is relevant for the late time in the evolution of magnetic field. Therefore it is
sufficient to use weak field approximated propagator upto O (|eB|). The collective

quasi-quark mode splits into four, namely wp 1) and wpr+), in weakly magnetised
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QGP medium. All of these modes are timelike. The transverse momentum of these
modes are quantised into Landau Levels as quarks carries electric charge. Also, the
quasi-quark excitations acquires a thermo-magnetic mass analogous to thermal mass
in hot medium. Next, we investigated discrete symmetry of the effective propagator
and found out that it is invariant under parity, chirality, charge conjugation and

time-reversal.

In chapter 6, we derived hard dilepton production rate in weakly magnetised medium.
The DPR has two contributions — pole-pole and pole-cut contributions. The
pole pole contribution gives the amplitude of the processes involved in production
mechanism namely the annihilation of a hard quark with quasi-quark and decay
of a quasi-quark. These processes are wr+yq — 7* — o, WR+)q — YV — o,
Wr+) — gy — g0l and WR(+) — ¢Y" — qll. The cut-pole contribution comes from
the spacelike domain of virtual photon momenta. Physically, Landau damping is
manifested through the cut-pole contribution. The magnetic field is responsible for
very marginal increment of the threshold energy of annihilation process. From the
parity symmetry of the dispersion mode, one can show that the annihilation and

decay process involving wr,4) (wL(_)) is the same as that of wp(4) (wR(_)).

The complete determination of quasi-quark modes in magnetised media would in-
volve the exact fermion propagator in presence of magnetic field. With this, the
calculation of hard as well as soft dilepton production rate would complete the pic-
ture. However, for the soft dilepton rate, we need to replace all of the bare vertex

with effective vertex and the bare prapagators with effective propagators.
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APPENDIX A

Frequency Sums

The frequency sums .7-"((?,1?9)) shown in Eq. (4.15) and ]:((}172(1)9)) shown in Eq. (4.16) are

performed in this Appendix.

We define two factors

~ 1
A(ko, E) = o (A1)

with kg = i(2n—+1)7T+ p related to the fermionic propagator where p is the chemical

potential of the system and

1
Alko, E) = 25 (A.2)

with kg = i2n7T related the bosonic propagator.

So the frequency sums take the following form

]:((1(3“:(2) =T Z A(ko, Br)Alpo — ko, Es) (A.3)
]:(%,%)) =T Z koA (ko, E1)A(po — ko, E») (A.4)
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Now, we can rewrite A and A from Eq. (A.1) and Eq. (A.2), respectively,as

Alko, By =Y Au(ko,E),  A(ko, E)= > A(ko, E), (A.5)

s=+1 s==+1

where we have defined

~ S 1

A3<k0’ E) = ﬁko — SE, (A6)
s 1

As(k07 E) = ﬁko — SE. (A?)

Next, we write A,, (ko, 1) in Bq. (A.6) and A, (po — ko, B) in Eq. (A.7) in mixed

representation as

A51<I€0,E1 = n+ 81E1 dre 7 7(ko—s1E1) (A8)

O\m

B
A ( ko,EQ 82E2 /dTe (Po—ko—s2E3) (A9)
0

(0,0)
A..Ool f(F,B)

We note that term in Eq. (A.3) can be casted as

FB) = Z Z L5500 (A.10)

s1==+1 so==+1

where we have defined

151732 = TZ Asl (/{30, SIEI)Asz(pO — l{?(], SQEQ). (A].l)

ko
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Now, the kg sum in [, 4, is computed as

B
- 518
Is) s = _T;”+(31E1)”(32E2)4E11;2 /dTldTQ GXP{ - [Tl(k() —51E)
0 0
+ T2(po — ko — SQEQ)] }
B

5152

=-T>» n E E dnd — W, - 51K
kZO n+(31 1)%(82 2)4E1E2 / T1AT €XP { [7'1 (ZLL) +u— 8 )
0

+ 7o (iw; + pt — iwy — 1 — 5255)] }

B
= —TkZﬁ+(81E1)7’L(82E2)4§18E2:2 /dTldTQ exp [—iTQWl — Tl + SlTlEl
0

0

+89Ta B exp [iwy, (2 — 71)]

B
= —ﬁJr(SlEl)n(SQEQ) o152 /dTldTQ exp [—iTQCdl — T1l + 81T1E1 + SQTQEZ]
4F\ F,
0
T " exp [iw, (12 — 71)].
ko
(A.12)
Applying the following resolution of delta function
T Z exp [i2nmT (7o — 11)| = 6(19 — 71), (A.13)

n=—oo

we get

1-51732

B
~ 518 .
= _n+(lel)n(82E2>4E1 21 /dTldTQ exp [—ZTQCL)[ — T + 81T1E1 + SQTQEQ]
1442
0

€i7TT(T27T1)5(T2 — 7'1).

(A.14)
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First, we integrate out 7 using the definition of delta-function and then we perform

the remaining integration over 7 as follow

s (it 5 ) 1 — G*ﬁ(iwLJrH*SlEl*SQEQ)
dre ™ WwyTp—s1i1—s2L42) - . A.15
/ ' iwy + = s181 — s By ( )
0
We note that
exp (—ifw,T) = exp (—iw;) = exp (—i(2l + 1)7T) = —1 (A.16)
Thus, Eq. (A.15) reduces to
% s1E1— so B
/dTle—Tl(iwl+#—S1E1—82E2) _ ePls1Bi—p) pfs2Er 4 q
J iwp + o — s18y — soFy
_ 1 —ny(s1E1) + n(s2E») (A17)

ﬁ+(SlE1)n(82E2><iWI +u— SlEl — SQEQ)

In the last term of the above equation, we expressed the exponentials in terms
of B.E. and F.D. distribution functions. Using this and performing the analytic

continuation from iw; + u — pg, we arrive at

_ 5152 1-— ﬁ+(81E1) + TL(SQEQ)
4E, B, po — s1Ey — sa by

Ly =T A, (ko, B1) A, (po — ko, B2) =
ko

(A.18)

Now , we have

1 —7ny(s1Ey) + n(saFE2)
F00) _ _ % * _ A19
() slzzil s;tl 4B By po = s1by = 82k ( )
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Using 1 —ny(£F) —n_(FE) =0 and 1 + n(E) + n(—F) = 0, we can write

./__,(070) _ 1 1— ﬁ_(El) + TL(EQ) . 1— ﬁ+(E1) + n(Eg) i ﬁ_(El) + 7’L(E2)
(F5) "~ 4F E, po+ E1 + E po— E1— By po+ B — E»
Cne(Er) + n(E2)}
po—E1+E; |
(A.20)

We can compare this results to well known one for the 1 = 0 case

1 1
FRO = {1—%15’ +n(E ( - )
(EB) im0 4B F, [ (E1) (E2)] po+FE1+Ey po— Ey— E

)+ (g - )|

(A.21)
A0.2 FY
o (F.B)
Now we go on to evaluate
]—"&% = TZ koA (ko, EV)A(po — ko, Ez). (A.22)
ko
Now we can see that
X ko 1 1
koA(ko, 1) = ———= = —_— A2
0A(ko, Er) 2B 5212]“0_31& (A.23)
Thus, we have
F10) _ 1 1
T A.24
Fien = slzilszzil 4E ZkO_SlElpo_k0_32E2 ( )
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From Eq. (A.18), we note that

TZ 1 1 _ 1 — ﬁ+(81E1) —f- TL(SQEQ) (A 25)
o ko — s1E1po — ko — s2 B po— s1Ey — s9FEy '

Finally, we get from the last two equations

1 —7ny(s1E1) + n(saEs)
10 _ _ 52 + , A.26

Writing the sum explicitly, we have

.7-"(1’0) _ 1 1-— ﬁ+<E1) + ’fl(Eg) i 1-— ﬁ_(El) + n(Ez) i ﬁ+<El) + TL(EQ)
(£.5) 45, po — B — By po+ E1 + Es po — E1 + By
ﬁ_(El) + n(Eg):|
+ . A.27
po+ E1 — Es ( )

Now, we have for p =0

1 1 1
FROL = —— [ —7(E) + n(E -
EB)| g~ 4E, (1= R(E) +n(Ep)] po+Ei+ By,  po— By — B,

+[A(EY) + n(Ey)) <p0+Ell 5 po—f—Ell —Ez>}'

(A.28)
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Brateen-Pisarsky-Yuan Formula

The Brateen Pisarski Yuan formula relates the imaginary part of multiplication of

two function with their spectral representation.

Let fi(ko) and fa(ko) are two functions whose spectral representation is written

as [68]
_ i p1(wi)
fi(ko) = /dwlwl &y
fa(ko) = /decf;(iUZk)O' (B.1)

Then the Bratten-Pisaski-Yuan formula reads [216]

S-DiseT S filko) f(po — ko) =ImT 3" filho) f(po — o)

=T (661)0 — 1) / dwldwgpl(wl)pg(wg)ﬁ(wl)ﬁ(wg)é(pg — W1 — u}2>, (BQ)

where kg = i(2n + 1)7T + p is the fermionic Matsubara frequencies with n =
- 1

0,1,2,---, p; is the spectral representation of the function f; and n(w) = —————

xp(Bw) 11
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is the Fermi-Dirac distribution.

So,

Im TZ f1(iw, + p) foliw — iw, — p)

1 — Wy — flwe — W + iwy, + 1

:ImTZ/dwlde pi(wn) p2(w2)
w
ko

r | 1
= dwqd I Tg
/ wrdwspr(wn)pa(ws)Im — w1 — Wy — U Wo — W + Wy + [
—0 0
= / dwldwgpl(wl)pg(WQ)lmT E - L ; - L (B3)
~ Wy + U — W1 W — Wy — b — Wa

Now, we have to use the following frequency sum [179]

_ S1S52 1— ﬁ+(81E1) — ﬁ,(SQEQ)
4E1E2 w — 81E1 — SQEQ

T A, (iwn + 1, B) A, (i(w — wn) — p, By) =

(B.4)
where
~ S 1
A )= — h =41 B.
and
- o 1
ni(y) - eBlFn) 4+ 1 (B'6)
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Thus, performing the frequency sum using Eq. (B.4), we obtain

[e.o]

Im TZ fi(iwn + p) fo(iw — iw, — p) = — / dwidwspy (wr) pa(ws)

—00

1 —ng(wi) —n-(ws)

X Im , .
W — W1 — Wy
(B.7)
Now, we perform the analytic continuation iw — py + i€ and use
im—— = Fr(a) (B3)
m = .
x + i€ FroW
to get
TS fulko)fa(pn ko) = 7 [ dsdonp(o)pa(e) [1 = T () = T ()

— 00

X0 (po—w1—wy) (B.9)
With the help of delta function we can write

[1— s (wi) — A (w2)] 0 (po — w1 — wa) = (€770 — 1) iy (wi) R (w2)d (po — w1 — w2) -

(B.10)
Thus, we derived the BPY formula for non-zero p as
Im TZ fl(k'g)fg(po — /{0) =T (€ﬁp0 — 1) / dwldw2p1 (wl)pQ(WQ)ﬁJr(wl)ﬁ,(WQ)

><5(p0—w1—w2),

(B.11)

which reduces to Eq. (B.2) after setting u = 0.
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Spectral Representation of Weak Field

Propagator

We need to find the spectral representation of Sg(K) upto O(qrB). To do this we

write [211]
K K,
SB(K) - K2 9 +27172<K2 2)2QfB
f f
K koy® — Ky, ar
5

K2 m? (K2 2)2

kO 0 7 kO 3 1 3

—k k - k B.

N R R N R T

We define the spectral functions as follows

ko—FiE

oD (ko, k) = %lm I (ko + i€, k) = %Im ot icf =t (C.1)
P (ko, k) = %|mf(§°>(k:0 +ie, k) = %Im o 2_61)2 5 (C.2)
PV ko, k) = %Imffl)(ko +ie k) = %Im o fjgji o (C.3)
2O (o, k) = %Imfl(o)(k;o Fie k) = %Im (e Z,El)Q o (C.4)
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Now to prove this we need to use [178]

) 1
11_{% Im P —mo(z), (C.5)
lim Im o 7o' (z), (C.6)

e—0 (x4 ie)?

where z,e € R, € > 0.

To prove (C.5) and (C.6), we use the following limiting representation of Dirac

delta function

lim —— = 7d(z). (C.7)

Taking derivative with respect to x on both sides of equation (C.7), we get

) 2ex ,

Now
i 1 .. 1 1 1 ! —21€ . € 5( )
imIm = —lim — = —lim——=—lim—— = —7mi(x),
e—0 x4 ie  es0|x+ie  x — e 21 e—0 12 + €2 e—0 12 + €2 m
(C.9)
and
lim | 1 1 1 1 1 —4diex
im Im = —lim _ — — lim
e—0  (x+4ie)?2  2ie=0 | (v+1i€)2 (v —ie)? 2i =0 (22 4 €2)2
2
=—1 < 7o' (). (C.10)
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This proves equation (C.5) and (C.6). With these it is easy to get the spectral

representation for the free part:

(1) Lo =1| 1 1 1 :_5(k0+wk)+6(ko—wk)
oo ko, k) = M o G oo tie o an + e 2 ’
(C.11)
1 1 1 1 o(k — 0(ko —
o (ko, ) = ~Im _ ) = ko) = 0ko — i)
T 2w \ko —wi +i€ ko + w4 € 2wy,
(C.12)
Now for the first order part, we need to
/{0 . 1 4k0wk . 1 (k‘[) + (J.Jk)2 — (ko — wk)Q
(]{g — w,%)Q N 4wk (k’o + wk)z(k‘o — wk)Q N 4wk (k’o + wk)Z(k:O — wk)Q
1 1 1
= — , C.13
4wk |:(/€0 — wk)Q (ko + u}k)2:| ( )

and

11 I U Lo
(/fg - w,%)z B 4&)]3 k’o — Wg k‘() + Wk N 4&)]3 (ko - wk)Q (k‘() + wk)Z

2
kg — wi

_1{ 1 N 1 _1(1_1)} (C.14)
_4%3 (ko —wr)? (ko +wi)?  wi \ko—wr Ko+ wy ' '

Thus

" 11 1 - 1
P (ko, k) = 7r|m4wk [(k‘o —wp t+i€)2 (ko + wy + i€)?
/ _ Y
_ 5 (k‘o wk) (5 (k’() + UJ].C)‘ (015)
4wk
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Also

O k) — Lim L 1 ) 1 1 1
= —Im _ E
1Ko, m Aw? [ (ko —wk +i€)? (ko +wr +i€)2  wp \ ko — wi + i€

)
_ b {5’(k0 — wi) + 0 (ko + wi) + L [0(ko — wr) — 6(ko +Wk)]} :

4w,% W

(C.16)
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In non-central high energy heavy ion collision experiments, a very strong magnetic field (up to 10* Gauss in
Large Hadron Collider (LHC) and unto 10® Gauss in RHIC) is generated perpendicular to the reaction plane.
This magnetic field gives rise to a lot of novel phenomena like chiral magnetic effects due to axial anomaly,
magnetic catalysis, inverse magnetic catalysis, superconductivity of the vacuum and so on. The decay profile
of the magnetic field is believed to be rapid with time from some of the studies, whereas others suggest a
comparatively slow decay owing to the high electrical conductivity in the produced medium. So with time
the magnetic field gets weak

When fermions traverse through hot-magnetised de-confined medium, their dispersion relations get
modified or get “dressed”due to its interaction with the constituents of the medium. Now the modes of any
propagating particles are obtained from quantum loop corrected effective propagator. In the first part of the
thesis, the one loop effective propagator in presence of weak background magnetic field have been
computed. The one loop quantum correction has been invoked through one loop quark self energy. In
computing quark self energy, we have used hard thermal loop(HTL) approximation. In this approximation,
the external momentum is taken as soft (i.e. of the order of gT) and the loop momentum is taken as hard (of
the order of T). We have also assumed that the magnetic field is sufficiently weak. In the presence of the
magnetic field the momentum component transverse to the magnetic field is quantised into different
landau levels. The prime observation reported in the first part of the thesis is the emergence of four quasi-
quark modes from the pole of the effective quark propagator in the weak field limit. Using the effective
quark propagator, the fermion dispersion relation in a hot magnetised medium have been analysed. Apart
from this, the transformation properties of the effective propagator under some of the discrete symmetries,
the spinor solution of the one loop modified Dirac equation describing these dressed quark modes have
also been examined in this work. The fermion spectra is found to reflect the discrete symmetries of the two-
point functions.

It is well known that dileptons (lepton anti-lepton ) act as a good indirect probe of QGP medium since it
interacts only electromagnetically. Dileptons are produced at all stages in the evolution of the fireball
throughout the entire volume and come out of the fireball with minimal final state interactions. As a result
of this, they carry vital informations about the formation and evolution of the de confined medium. Owing
to the presence of magnetic field in QGP phase, the dilepton spectrum is believed to be influenced. In the
second part of the thesis, the production rate of hard dilepton is calculated in presence of weakly
magnetised media. It consists of rates when all four quasi-quarks, originating from the poles of the
propagator as computed in the first part of this thesis, individually annihilate with a bare quark to produce a
virtual photon which eventually decays into lepton-antilepton pairs. Besides these, there are also
contributions to dilepton production rate from the decay of quasi-quarks. In the weak field approximation,
the magnetic field appears as a perturbative correction to the thermal contribution.
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