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SYNOPSIS

Clusters are finite aggregate of atoms or molecules bound together via Van der Waals

forces. Under specific conditions of pressure and temperature, their size may vary from

sub-nanometer to a few tens of nanometers. The average atomic density of a cluster is

low, typically on the order of the gas density ∼ 1017−1019cm−3, while its local atomic

density is close to the solid density ∼ 1022−1023cm−3. Therefore, a cluster may serve

as an intermediate state between solid and gas. The localized solid-like atomic density

of a cluster and its smaller size as compared to laser wavelengths λ (typically longer

than 100 nm) allow full penetration of the laser field into the cluster nano-plasma (im-

mediately formed after the ionization of atoms of the cluster by the laser field) without

any attenuation although laser frequency ω is lower than the plasma frequency ωp, in

contrast to the case of laser interaction with a solid target of thickness on the order of

microns (e.g., thin foils). Therefore, laser-driven clusters are shown to be very effi-

cient absorber of laser light (almost 90% absorption has been reported in the experi-

ment [1]) as compared to isolated atoms, gas phase atoms and traditional solid targets,

when they are irradiated by the same laser pulse. In a simplified picture, the dynamics

of the laser-cluster interaction may be summarized as: (i) the leading edge of the laser

pulse ionizes the constituent atoms through optical field ionization (OFI) and creates

free electrons within the cluster (called inner ionization), (ii) these inner ionized elec-

trons within the cluster experience the combined electric fields of the driving laser and

transient local electrostatic field (due to charge separation) and may escape the cluster

boundary (called outer ionization) after absorbing energy from the remaining part of the

laser, thus creating an overall positive space-charge in the cluster due to bare ions, and

(iii) finally the positively charged cluster explodes due to inter-ionic Coulomb repulsion
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(called Coulomb explosion). The efficient coupling of laser light leads to the produc-

tion of energetic KeV electrons [2–4], MeV ions (useful for driving fusion reaction with

deuterium cluster plasma) [1, 2, 5, 6], generation of X-rays [7], and MeV neutrals [8] in

experiments.

The experimental observation of unexpectedly high ionic charge states for rare gas

clusters, energetic ions and energetic electrons above the energy of a free electron

(known as ponderomotive energy) in the same laser field indicates a high degree of non-

linear response of electrons involved in the laser-cluster interaction process. Electrons

being much lighter than ions, they respond to the laser field much quicker and in the first

instance laser energy is deposited to electrons while slow ion dynamics (e.g., Coulomb

explosion) results as a secondary process after the electrons are displaced. Therefore,

to explain the above experimental findings and to investigate various laser-cluster in-

teraction processes, it is important to understand different absorption mechanisms by

electrons for the extraordinary laser absorption in clusters. In spite of the various long

research activities in this field since the early nineties, the laser energy coupling with

cluster electrons is still debated. Laser energy is coupled to the electrons by collisions

among charge particles and resonances. However, the collisional process of absorption

becomes inefficient for infrared lasers with intensities I0 > 1016 Wcm−2 and can be ne-

glected since it scales as ∼ I−3/2
0 . On the other hand, resonance absorption mechanism,

considered as a collisionless process, includes both linear resonance (LR) and anhar-

monic resonance (AHR). In this thesis, we focus to study above collisionless resonance

absorption processes (LR and AHR) which are frequency dependent phenomena and

depend on the system’s eigenfrequency and the driver’s (here laser) frequency. In the

present study, cluster plasma (nano-plasma) is considered as spherical and the eigenfre-

quency of the collective oscillation of the electron cloud is known as the Mie-plasma
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frequency ωM = ωp/
√

3 =
√

4πρ/3 (atomic units are used, where me =−e = 1) which

is 1/
√

3 times ωp due to finite spherical shape and here ρ is the ionic charge density.

The charge density for which ωp > ω , plasma is called as over-dense; in the opposite

case of ωp < ω , plasma is called as under-dense; and for ωp = ω , plasma is called as

critically-dense where ρc = ω2/4π is the critical density. For the spherical cluster, LR

happens when ωM = ω condition is met. The initial charge density ρ in a cluster after

the OFI remains much above the critical density (i.e., plasma remains over-dense with

ωM > ω), but as the ionic background expands in later time due to mutual Coulomb

repulsion, the charge density decreases which results decrease in ωM and at a certain

time it matches ω . Therefore, LR (ωM = ω) occurs after a longer time (typically >

50 fs) during the Coulomb expansion. In experiments, with longer laser pulses, the

importance of LR has been demonstrated through pump-probe technique [9–11]. LR

absorption is often considered as the primary mechanism behind efficient coupling of

laser energy to cluster electrons. However, for short laser pulses, background ions re-

main relatively frozen (cluster does not expand sufficiently), ωM remains much above ω

and LR (ωM = ω) is not met. For this over-dense regime, efficient laser absorption by

electrons takes place through AHR in the self-generated an-harmonic potential where

a laser-driven electron’s effective oscillation frequency Ω[(r(t)] dynamically meets ω ,

i.e., Ω[(r(t)] = ω . The extremely complex electron dynamics of a laser irradiated clus-

ter has also sensitive dependence on both the laser and cluster parameters. The work

reported in this thesis presents laser energy absorption processes (LR and AHR) in the

short pulse regime and their dependency on different laser and cluster parameters (i.e,

peak intensity, wavelength, pulse duration, cluster size and type etc.).

In the first problem, we identify the anharmonic resonance (AHR) absorption by

3D-MD simulation and a non-linear oscillator model, called rigid sphere model (RSM).
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AHR occurring in an anharmonic potential was studied before for a laser-driven atomic

cluster using particle-in-cell (PIC) simulations and models [12–14]. However, it is

not rigorously verified so far by other first principle methods “e.g., molecular dynamics

(MD)” simulation, although there are plenty of MD simulations [15–20] exist in differ-

ent domains of laser-driven clusters. There are various advantages of MD simulations

over PIC simulations. The main advantage of MD over PIC is the absence of compu-

tational grid and interpolation. In electro-static PIC (ES-PIC) simulations the field is

computed on a grid of cells by solving the Poisson’s equation and then the field is in-

terpolated from the grid to the positions of particles. Whereas, the Poisson’s equation

is not solved in electro-magnetic PIC (EM-PIC) codes. In MD simulation the force on

each particle is calculated as the sum over all forces from the rest of the particles in the

system and the trajectory of each particle in the system is determined by solving New-

ton’s equations of motion. This unique feature of MD simulation makes the calculation

simple for laser-cluster interaction study. Therefore, to prove AHR for a laser-driven

cluster, a 3D-MD code with soft-core Coulomb interaction among charged particles has

been developed. Also, for the first time, our MD simulation code clearly identifies the

AHR process as a dominant collisionless absorption mechanism in an over-dense deu-

terium cluster irradiated by an ultra-short laser pulse [21]. The details of AHR will be

described in chapter 3. In the next problem, we report the effect of laser wavelength on

the resonance absorption with short laser pulses. The particular focus is given to find

out an optimal regime of wavelength for maximum laser energy absorption. It is very

trivial from the famous nano-plasma model [9] that for a laser-heated cluster, maximum

energy transfer from the driver to the oscillatory electrons happens exactly at the linear

resonance (the nanoplasma resonance), i.e., ωM = ω in the absence of other dissipation

channels. However, there are some MD simulations of laser-heated clusters [19, 22, 23],
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which contradict this perception and the role of above LR was denied without satisfac-

tory physical explanation. Their contradictory results of LR should be re-examined in

order to have a clear understanding of this physical phenomena. However, we find that

for a given laser intensity, maximum laser absorption does not occur at the linear reso-

nance wavelength λM = λ (or frequency ωM = ω), instead it is red-shifted in the regime

of (1− 1.5)λM. In this shifted band of wavelength, both LR and AHR absorption are

shown to be dynamically unified leading to maximum absorption for a laser-heated clus-

ter. We term this regime of combined resonances as unified dynamical linear resonance

(UDLR) which will be explained in chapter 4 in detail. Next, in chapter 5, we study

the dependence of UDLR and the red-shift of absorption peak for a different cluster i.e.,

deuterium (other than argon) for its universal acceptance. We also explore the effect

of laser polarization on this red-shift of absorption peak. The thesis contains six chap-

ters. A more systematic chapter-wise summary of the works carried out in this thesis is

provided below.

Chapter-1: Introduction

This chapter provides a general introduction about the interaction of strong ultra-short

laser fields with atomic clusters, important physical processes related to the laser-cluster

interaction and its various applications. This chapter also contains a comprehensive

review of previous theoretical modelling, experimental and simulation studies on laser-

cluster interaction, followed by the motivations behind the present studies. It also high-

lights the importance of present studies in the field of laser-plasma interaction as far as

collisionless absorptions are concerned. Finally, a brief outline indicating the chapter-

wise organization of the contents of the thesis is given.
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Chapter-2: Molecular Dynamics Simulation

This thesis work begins with the development of a 3D classical MD code as the main

working tool. In this chapter, we describe the methodology of this newly developed MD

code in detail. Before studying the various physics phenomena of laser-irradiated clus-

ters in the next chapters, systematic numerical and analytical studies for single-particle

and multi-particle dynamics are performed. To validate the MD code, energy conserva-

tion has also been checked for both the systems. An important physical phenomenon

is the Mie-plasma oscillation of electron cloud against the ion background under small

perturbation in the absence of any dissipation. This oscillation frequency is known as

Mie-plasma frequency ωM. Since, the focus of this thesis is to study resonance absorp-

tion processes (LR and AHR), which are frequency dependent phenomena, verification

of the correct ωM is crucial before we go for further studies. We first verify this ωM in a

2D as well as in a 3D system (i.e., pre-ionized deuterium cluster) with analytical results

for more than 100 Mie-plasma periods along with the energy conservation under a small

perturbation of the electron cloud. The full 3D-MD code with soft-core Coulomb inter-

action among charge particles (electron-ion, electron-electron, ion-ion) is then employed

to study the dynamical behaviour of a deuterium and argon clusters irradiated by differ-

ent peak intensities between I0 = 5×1014−5×1017 Wcm−2 in chapters 3, 4 and 5. The

dipole approximation for the laser vector potential A(z, t) = A(t)exp(−i2πz/λ )≈ A(t)

is assumed (i.e., spatial variation of the laser field is neglected), since the cluster size

R0 < 10 nm is much smaller than the skin depth δ ∼ c/ωp and λ = 100− 800 nm as

considered in this thesis. To study high Z clusters (e.g., argon), we have further im-

proved the MD code to include self-consistent ionization of atoms/ions assuming “over

the barrier ionization (OBI)” model.
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Chapter-3: Identification of anharmonic resonance absorption

In this chapter, the anharmonic resonance (AHR) absorption mechanism in a laser-

driven pre-ionized deuterium cluster has been discussed and shown by using MD sim-

ulation and RSM. A linearly polarized, short 5-fs (fwhm) laser pulse of peak intensity

I0 = 5× 1015 Wcm−2 is considered. The size of the cluster is R0 = 2.05 nm, with

number of neutral atoms N = 1791. By analyzing trajectories of individual MD elec-

trons in the temporal domain and in the frequency versus energy plane and extracting

their time-dependent frequencies Ω[r(t)] in the self-generated time-varying nonlinear

plasma potential, we find that electrons become free from the cluster potential when the

AHR condition is met, i.e., when Ω[r(t)] of an electron matches with the driving ω , i.e.,

Ω[r(t)] = ω . A simple RSM is also introduced to understand various features of AHR

and also to corroborate the MD results.

Thus, in this chapter, the results with the MD approach and RSM analysis further

prove that AHR process is a dominant collisionless mechanism of laser absorption in the

short pulse regime of laser-cluster interaction. Present studies confirm the acceptance of

AHR irrespective of the method of simulation that includes (i) a simple RSM, (ii) PIC

simulation, and (iii) MD simulation (in the current work) for the first time.

Chapter-4: Dynamical resonance shift and unification of resonances

In this chapter, interactions of linearly polarized, short 5-fs (fwhm) laser pulses of dif-

ferent peak intensities ∼ 1015 Wcm−2− 1017 Wcm−2 and λ = 100− 800 nm with an

argon cluster of R0 = 2.91 nm are studied by the improved MD simulation including

self-consistent ionization. We show an optimal regime of λ for the range of intensi-

ties ∼ 1015 Wcm−2− 1017 Wcm−2 to attain maximum absorption of laser energy at a
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given intensity and pulse energy. At this optimal condition, different absorption pro-

cesses (LR and AHR) are shown to dynamically work together within a single short 5-fs

(fwhm) pulse to maximize absorption. Our results reveal that, for a given peak inten-

sity and a plasma density ρ , the efficient coupling of laser energy to cluster electrons

does not happen at the well-known wavelength of linear resonance λM = λ ; instead it

happens at a red-shifted wavelength in the marginally over-dense regime of wavelength

Λd ≈ (1− 1.5)λM depending upon the percentage of the outer ionization that in turn

depends on the field strength of the laser [24]. At this shifted band of Λd (typically lies

in the ultra-violet regime), evolution of the cluster happens through very efficient unifi-

cation of possible resonances in various stages, including (i) the LR in the initial time

of plasma creation, (ii) the LR in the Coulomb expanding phase in the later time and

(iii) anharmonic resonance (AHR) in the marginally over-dense regime for a relatively

longer pulse duration below 5-fs (fwhm), leading to maximum laser absorption accom-

panied by maximum removal of electrons from cluster and also maximum allowed av-

erage charge states Z of argon ions in the cluster. We termed this combined resonances

as the unified dynamical linear resonance (UDLR) where ωM is time-dependent. In-

creasing the laser intensity, the absorption maxima are found to shift further to a higher

wavelength in the band of Λd = (1− 1.5)λM than staying permanently at the expected

λM as in the nano-plasma model. In this marginally over-dense band of Λd , the uni-

fication of both AHR and dynamical LR is found to be more efficient than a longer

λ > 400 nm due to significant time taken by the system near the LR during the rise

of ωM, where the system constantly experiences the near-LR enhanced effective field

Ee f f ≈ E0/(ω
2
M −ω2) for a longer time. MD results are also justified by the simple

RSM, where non-interacting electrons in a predefined potential of the ion sphere are

driven by identical laser fields as in MD. The dependence of red-shift of the absorption
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peak with different cluster size, different pulse type and also with carrier-envelope phase

(CEP) of the laser pulse within the short 5 fs (fwhm) laser pulse has been reported by

MD simulation. We conclude that there is always a redshift of the absorption peak with

respect to λM in the marginally over-dense band of Λd = (1− 1.5)λM irrespective of

laser intensity, cluster size, and pulse type. Also, it is confirmed by the MD simulation

that the redshift is hardly affected by different CEPs for this short duration of the laser

pulse.

Our results agree with the general observation from the nano-plasma model [9] that

absorption peaks exist, but it is red-shifted in the band of Λd ≈ (1−1.5)λM. It is perhaps

misleading to look for the absorption maxima exactly at the λM in presence of non-zero

outer ionization at higher intensities since linear Mie-resonance theory is invalid here.

This new finding in laser atomic cluster study may be useful to guide an optimum control

experiment in the short-pulse regime where maximum energy is required to transfer

from laser-fields to charge particles and/or radiations.

Chapter-5: Dependence of red-shift of absorption peak on laser polarization, in-

tensity, and wavelength for a deuterium cluster

In the previous chapter, we have restricted the study of UDLR for one type of atom (e.g.,

argon) and also for one degree of polarization, e.g., linear polarization. To justify and

validate the above mentioned UDLR in the wavelength band of Λd = (1−1.5)λM, in this

chapter, we have further extended our study for a different cluster type, i.e., deuterium

(other than argon) for its universal acceptance and also explore the effect of laser polar-

ization on the UDLR and the red-shift of the resonance absorption peak. For both linear

polarization (LP) and circular polarization (CP) cases, we show that for a given intensity

< 1017 Wcm−2 the optimized wavelength for maximum laser absorption in deuterium

xiii



cluster lies in the band of wavelengths λ ≈ 330± 67 nm instead of the commonly ex-

pected LR wavelength of λM = 263 nm. MD simulation and the RSM show gradual

red-shift of the absorption maxima towards higher wavelengths in the marginally over-

dense band of Λd ≈ (1−1.5)λM from λM of LR with increasing laser intensity; and for

higher intensities > 1017 Wcm−2 absorption peak disappears as outer ionization satu-

rates at 100% for both LP and CP. This disappearance of the resonance absorption peak

should not be misinterpreted as the negligible (or no) role of Mie-resonance. In fact,

in this marginally over-dense band of Λd ≈ (1−1.5)λM, both AHR and dynamical LR

with near-LR enhanced effective field Ee f f = E0/(ω
2
M−ω2) contribute in unison very

efficiently - UDLR happens - to maximize absorption and outer ionization for both LP

and CP. It is also found that before the absorption peak, laser absorption due to LP and

CP laser pulses are almost equally efficient (CP case being inappreciably higher than

LP) for all intensities and λ . However, after the absorption peak, at lower intensities,

absorption due to LP inappreciably dominates absorption due to CP with increasing λ

which gradually reverses at higher intensities. Neglecting marginal differences for LP

and CP cases, which may not be differentiated in real experiments, we conclude that

laser absorption and outer ionization are almost same irrespective of the states of laser

polarization for intensities < 1017 Wcm−2. Coulomb explosion of deuterium cluster

is also found to be almost independent of the laser polarization. MD results are also

supported by the RSM analysis as done in chap.4.

Chapter-6: Conclusions and future scope

This chapter presents a summary of the main results presented in this thesis and also

explores several possible future directions.
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1
Introduction

In this chapter, we give an overview of the interaction of strong ultra-short laser fields

with atomic clusters, important physical processes related to the laser-cluster interac-

tion and its various applications. This chapter also contains a comprehensive review of

previous theoretical modelling, experimental and simulation studies on laser-cluster in-

teraction relevant to this thesis, followed by the motivations behind the present studies.

It also highlights the importance of present studies in the field of laser-plasma interac-

tion as far as collisionless absorption processes are concerned. Finally, a brief outline

of the remaining chapters of the thesis is given.
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Chapter 1. Introduction

1.1 Introduction and overview

In the past few decades, there has been a rapid progress in ultra-high intensity short-

pulse laser technology. At present, laser intensity higher than 1021 Wcm−2 and with

durations on the femtosecond and even attoseconds time scale are available in the lab-

oratories [25–27]. This technological development of high power laser has facilitated

the understanding of the behaviour of matter under the influence of intense short laser

pulses. Extensive studies on laser-matter interactions have been performed on the atomic

targets in low density (< 1019 atoms/cm3) gas phase [27, 28] and in high density (∼ 1023

atoms/cm3) solid phase [29–31]. The gas phase atoms under intense laser pulse produce

electrons and ions with low energies, therefore are considered as poor absorbers of laser

light. On the other hand, the interaction of high power lasers with solid targets creates a

high density plasma and a significant fraction of the laser energy can be deposited into

the solid density plasma due to subsequent interactions with the laser pulse which suc-

cessfully produce energetic charge particles in the MeV energy range [32]. However,

since only a portion of solid target is irradiated by the laser, heat is conducted to the

cold bulk. Therefore, the absorbed laser energy can not be fully utilized for accelerating

charge particles in laser-solid interactions.

In the intermediate regime between solid and gas phases, an atomic cluster combin-

ing the advantage of both solid and gaseous properties [33] has been shown to act as an

unique target for high energy particle generation. Therefore, the interaction of laser with

atomic cluster has been the topic of considerable interest since early nineties [34–37].

These clusters are actually finite aggregate of atoms or molecules bound together via

Van der Waals forces. Experimentally clusters can be formed by an adiabatic expan-

sion of a certain gas into the vacuum chamber through a supersonic nozzle. Adiabatic
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Chapter 1. Introduction

expansion of the gas leads to sudden cooling and then results in condensation into clus-

ters. The size distribution and number density of clusters is experimentally determined

by controlling the backing pressure, temperature, nozzle geometry, and other experi-

mental factors [38]. Under specific conditions of pressure and temperature, cluster size

may vary from sub-nanometer to a few tens of nanometers. In an experimental sys-

tem, the average atomic density of a cluster is low, typically on the order of the gas

density ∼ 1017−1019 cm−3, while its local atomic density is close to the solid density

∼ 1022−1023 cm−3. The localized solid-like atomic density of a cluster and its smaller

size as compared to laser wavelengths λ (typically longer than 100 nm) allow full pen-

etration of the laser field into the cluster nano-plasma (immediately formed after the

ionization of atoms of the cluster by the laser field) without any attenuation, in contrast

to the case of laser interaction with a solid target of thickness on the order of microns

(e.g., thin foils). Therefore, laser-driven clusters are shown to be very efficient absorbers

of laser light (almost 90% absorption has been reported in the experiment [1]) as com-

pared to isolated atoms, gas phase atoms and traditional solid targets, when they are

irradiated by the same laser pulse. The efficient coupling of laser light leads to the pro-

duction of energetic KeV electrons [2–4], MeV ions (useful for driving fusion reaction

with deuterium cluster plasma) [1, 2, 5, 6], generation of x-rays [7], high order harmon-

ics [39–41], and MeV neutrals [8] in experiments. High neutron yield also have been

found from fusion reaction in deuterium clusters [42–44]. Therefore, clusters irradi-

ated with strong laser pulses can serve as efficient table-top radiation sources of x-rays,

energetic KeV electrons, MeV ions, and MeV neutrals. The energetic electrons and

ions from laser irradiated clusters can be used in biological imaging as well as medical

therapies. One important example would be proton beam radiation therapy for cancer

treatment.
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The experimental observation of unexpectedly high ionic charge states for rare gas clus-

ters, energetic ions and energetic electrons above the energy of a free electron (known

as ponderomotive energy) in the same laser field indicates a high degree of non-linear

response of electrons involved in the laser-cluster interaction process. Therefore, to ex-

plain the above experimental findings and to investigate various laser-cluster interaction

processes, it is important to understand different absorption mechanisms by electrons

for the extraordinary laser absorption in clusters.

The goal of the research presented in the present thesis is to study the laser en-

ergy absorption to the cluster electrons using molecular dynamics (MD) simulations.

In particular, our focus is to study the collision-less resonance absorption processes

which includes both linear resonance (LR) and anharmonic resonance (AHR) which are

frequency dependent phenomena and depend on the system’s eigenfrequency and the

driver’s (here laser) frequency. Further we study dependency of resonance absorption

on different laser and cluster parameters (i.e., peak intensity, wavelength, laser polariza-

tion, cluster size and type etc.). In Sec. 1.2, we introduce different atomic processes,

preliminary theoretical concepts useful for laser-cluster interaction. Sec. 1.3 summa-

rizes the plan of the thesis.

1.2 Clusters in intense laser fields

The interaction of strong laser fields with atomic nano-clusters comprises a wide range

of physical phenomena, e.g., inner ionization, energy absorption, outer ionization, and

cluster expansion. In a simplified picture, the dynamics of the laser-cluster interac-

tion may be summarized as follows. The leading edge of the laser pulse ionizes the

constituent atoms and creates free electrons within the cluster (called inner ionization).

Subsequent interactions lead to absorption of laser energy by electrons and removal of
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those energetic electrons from the time-dependent cluster potential (called outer ioniza-

tion). As an electron crosses the cluster boundary or leaves the cluster completely, a

local electrostatic (ES) field due to charge non-neutrality is developed. This ES field to-

gether with the laser field may lead to further inner ionization (called ionization ignition

[15]) and creation of higher charge states which are forbidden by the laser field alone.

Subsequent outer ionization of electrons leaves the cluster with a net positive charge

which explodes due to inter-ionic Coulomb repulsion (cluster expansion).

We first discuss various inner ionization mechanisms of a cluster, exposed to intense

laser fields in Sec. 1.2.1. We discuss ionization ignition and collisions between elec-

tron and ion (inverse bremsstrahlung) in Sec. 1.2.2 and Sec. 1.2.3 respectively. Then

we discuss the mechanism of energy absorption in Sec. 1.2.4, followed by a complete

discussion of different cluster expansion models in Sec. 1.2.5.

1.2.1 Ionization of atoms/ions in a cluster by laser field

In order to understand inner ionization of atoms/ions in a cluster, one should first con-

sider ionization of single atom under an intense laser pulse. The same concept of ioniza-

tion mechanism can then be applied to a cluster which consists of N number of atoms.

The ionization of an atom by the laser field (also called as optical field ionization (OFI))

can take two different routes depending on the laser intensity and frequency: (i) multi-

photon ionization (MPI) and (ii) tunnel ionization (TI) which are distinguished by the

Keldysh parameter γ [45] defined as,

γ =

√
Ip

2Up
, (1.1)
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where Ip is the ionization potential of an atom and Up is the pondermotive energy of an

electron which is the cycle average of the electron’s kinetic energy in a linearly polarized

oscillating laser field given by,

Up(eV ) =
1
2

me〈v2
e〉=

e2E2
0

4meω2 = 9.33×10−14I0(Wcm−2)λ 2(µm2). (1.2)

Here e, me, and ve are electron charge, mass, and velocity respectively. E0 is the electric

field amplitude of the laser of intensity I0, wavelength λ and frequency ω . The MPI

regime [46–53] is defined for γ > 1 and the TI regime [45, 52–55] is defined for γ < 1.

Figures 1.1(a)-(d) present the schematic of different ionization processes for an atom by

the laser field, which are briefly discussed below.

1.2.1.1 Multiphoton ionization (MPI)

Multiphoton ionization (MPI) process is a dominant ionization process for lower laser

intensities < 1013Wcm−2, where ponderomotive potential (Up) is much smaller than

the photon energy (h̄ω) and the ionization potential. In MPI, a bound electron of an

atom absorbs more than one photon from the incident laser field and acquires enough

energy higher than the ionization potential of the atom to escape into the continuum

(Fig. 1.1(a)). MPI can be modelled by lowest order perturbation theory [46, 49, 50, 52,

53, 56], and in this case the ionization rate is defined as,

Wn = σnIn, (1.3)

where n is the number of photons required for ionization, σn is the generalized multi-

photon ionization cross section, and I is the incident laser intensity.
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r

−Ip
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Over the barrier

Figure 1.1: Schematic of different ionization processes of an atom with ionization po-
tential Ip. (a) Multiphoton ionization (MPI): A bound electron overcome the potential
barrier by absorbing required number of photons to overcome the potential barrier and
escapes to the continuum with lower kinetic energy. (b) Above threshold ionization
(ATI): A bound electron overcome the potential barrier by absorbing more photons than
required to overcome the potential barrier and escapes to the continuum with higher
kinetic energy. (c) Tunnelling ionization (TI): In the intermediate laser intensities the
electric field bend the potential barrier but still the barrier remains above the ionization
level and in that case the bound electron can tunnel through the resulting barrier into
the continuum. (d) Over-the-barrier ionization (OBI): In the very strong laser field, the
electric field bend the barrier below the ionization level and electron can directly escape
to the continuum.

1.2.1.2 Above threshold ionization (ATI)

Experimentally it has been observed that, an electron can sometimes absorbs more pho-

tons from the incident laser field than the required minimum to overcome the binding

potential and it can be released with a higher kinetic energy (Fig. 1.1(b)). This excess-
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photon ionization is known as “above threshold ionization” (ATI) [52, 57–63]. The ATI

ionization rate follows similar form as Eq. (1.3),

Wn+s = σn+sIn+s, (1.4)

where s is the excess number of photons absorbed by the electron above the threshold

of n photons (the required minimum). The excess kinetic energy carried by the electron

after ATI can be written from the modified Einstein’s photoelectric effect equation as,

K.E.= (n+ s)h̄ω− Ip. (1.5)

1.2.1.3 Tunnel ionization (TI)

In the intermediate laser intensities 1014 Wcm−2 ≤ I ≤ 1015 Wcm−2, the laser electric

field is strong enough to distort the atomic potential and the bound electron can tunnel

through the resulting barrier into the continuum (see Fig. 1.1(c)). This mechanism is

called as tunnel ionization (TI), which is a semi-classical process and the interaction is

non-perturbative. The transition from multiphoton to tunnelling ionization takes place

when γ ≈ 1. The ionization rate of TI can be described by semi-classical approach

through Ammosov-Delone-Krainov (ADK) formula [55],

Wt =ωa
(2l +1)(l + |m|)!
2|m||m|!(l + |m|)!

(
2e
n∗

)n∗ Ip

2πn∗
×
(

2E
π(2Ip)3/2

)1/2
(

2(2Ip)
3/2

E

)2n∗−|m|−1

× exp

[
−

2(2Ip)
3/2

3E

] .

(1.6)

Here, ωa is the atomic unit of frequency (ωa = 4.13×1016 s−1), l and m are the orbital

and magnetic quantum number of the tunnelling electron, n∗ is the effective principal
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quantum number (n∗ = Z[2Ip(eV )]−1/2), E and Ip are the laser field and the ionization

potential for a given charge state Z respectively in atomic units.

1.2.1.4 Over the barrier ionization (OBI)

In the TI regime, the barrier is not sufficiently lowered, i.e, the initial electron energy

level is still below the barrier. If the laser intensity is increased further (I≥ 1015 Wcm−2)

and exceeds a certain critical value, the laser field can lower the atomic potential even

further so that the barrier is fully suppressed below the energy level of the electron, and

the electron can escape to the continuum directly without tunnelling, which is schemat-

ically shown in Fig. 1.1(d). This ionization mechanism which occurs above the barrier

is called as over-the-barrier (OBI) ionization [52, 63–65]. The critical field strength

and the corresponding intensity above which OBI occurs can be calculated from the net

effective atomic potential [64] (in a.u.),

V (r) =−Z
r
−Er. (1.7)

The effective force ∼ ∂V/∂ r vanishes at the turning point r = rmax =
√

Z/E, where

effective potential is Vmax =V (rmax) =−2rmaxE =−2
√

ZE. Equating Vmax with Ip(Z),

we obtain the critical laser field for OBI (in a.u.) as,

Ec = I2
p(Z)/4Z. (1.8)

The corresponding critical laser intensity Ic =
1
2

ε0cE2
c reads (in a.u.),

Ic =
( c

8π

) I4
p

16Z2 . (1.9)
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1.2.2 Ionization of cluster by space-charge field : Ionization ignition

Ionization ignition model was first proposed by Rose-Petruck et al. [15] to explain the

unexpectedly higher charge states of ions inside a laser-driven cluster as compared to

the situation where the same laser is focused into a single atom. Initially free elec-

trons are created inside the cluster by any of the ionization mechanisms described above

depending upon the laser intensity and also the photon energy. These inner ionized elec-

trons are then governed by the oscillating laser field and some of them are outer ionized,

which results an additional electric field within the cluster due to the charge imbalance.

The combined effective field of the laser and the space charge field may further increase

inner ionization rate inside the cluster, thus the name “ionization ignition”. Various

studies [17, 66, 66–71] in laser-cluster interaction clearly mention the importance of

this mechanism. However, this ionization ignition rate can be hampered in presence

of excessive trapped electrons inside the cluster, because they shield the laser field and

reduce the inner ionization rate [9, 37, 39, 70–73]. Therefore, the relative importance of

ionization ignition and shielding depends on the percentage of inner ionization and outer

ionization. The shielding of laser field is maximum at the center of the cluster as com-

pared to the surface, which results higher charge states of ions at the cluster boundary

than the ions at the cluster center [70, 71].

1.2.3 Ionization of a cluster by electron-ion collision

All the ionization mechanisms described above are important in the early stage of the

laser pulse interacting with a cluster which form a nano-plasma having density nearly

equal to the solid density∼ 1023 cm−3. This high electron density (ne) inside the cluster

allows further increase of the level of ionization through inelastic collisions between
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electrons and ions. The collisional ionization rate average over all collisions, can be

calculated from the empirical formula, given by Lotz [74, 75],

Wci = neveσi, (1.10)

where ve is electron velocity and σi is the collisional ionization cross-section defined as,

σi = aiqi
ln(Ke/Ip)

KeIp
. (1.11)

Equation (1.11) is valid for large kinetic energy (Ke) of the projectile electron compared

to the ionization potential of the target ion, Ke > Ip . Here ai is an empirical constant

4.5× 10−14 eV 2 cm2, qi is the number of electrons in the outer shell of the ion. Sepa-

rating the contribution due to the thermal motion of the projectile electron and its laser

driven motion we can write Eq. (1.10) as,

Wci =W KT
ci + W las

ci , (1.12)

where W KT
ci and W las

ci individually satisfy Eq. (1.10). To calculate the ionization rate

W KT
ci by thermal electrons in the cluster, a Maxwellian electron distribution is assumed

which obeys [76],

dne

ne
=

2
kTe

(
Ke

πkTe

)1/2

exp(−Ke/kTe)dKe (1.13)

where k is Boltzmann constant, and Te is electron temperature. Using Eq. (1.11) and

Eq. (1.13) we obtain,
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W KT
ci = 2neaiqi

∫
∞

Ip

√
2

π(kTe)3
ln(Ke/Ip)

Ip
exp(−Ke/kTe)dKe

= ne
aiqi

Ip(kTe)1/2

∫
∞

Ip/kTe

ex

x
dx.

(1.14)

The ionization rate W las
ci due to electrons driven by the laser field is calculated again

from the Lotz formula (Eq. (1.11)) as [9],

W las
ci = neveσi = neσi

E0

ω
|sin(ωt)|, (1.15)

where ve =
E0

ω
sin(ωt) is the velocity of the electron in a linearly polarized laser field

E = E0 cosωt. The cycle average rate of the ionization over one laser period T is,

W las
ci =

2ne

π

∫
π/2

τi

σi
E0

ω
sin(τ)dτ, (1.16)

where τ = ωt and τi = ωti is the time at which energy of the projectile electron becomes

Ip. Noting that Ke = 2Up sin2
τ , one obtain W las

ci as,

W las
ci = ne

aiqi

πIp

1√
Up

∫ 2Up

Ip

ln(Ke/Ip)

KeIp

dKe√
1−Ke/2Up

. (1.17)

Collisional ionization is relatively unimportant in the ionization of small clusters [17,

70, 73]. However, the contribution of collisional ionization increases with increase in

cluster size and pulse width, but decreases with increase in laser intensity. In this thesis

we neglect collisional ionization and only consider the ionization due to the laser field

and the effect of neighbouring ions (ionization ignition). Since the intensity regime con-

sidered in this thesis is above 1015 Wcm−2, OBI mechanism is chosen in the molecular

dynamics simulations described in Chapter 2 (see Sec. 2.9).
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1.2.4 Laser energy absorption mechanisms in a cluster

It is known that coupling of laser energy to cluster electrons is very efficient which is

one of the prominent features of laser-cluster interaction. Therefore, investigation of

underlying physical processes is very much important. Various mechanisms and mod-

els have been proposed earlier to understand the laser absorption processes in plasmas

including inverse bremsstrahlung heating (collisional heating), vacuum heating, ~J×~B

heating and resonance absorption which are briefly described below, since some of the

processes are also relevant to laser-cluster interactions.

1.2.4.1 Inverse bremsstrahlung

A free electron oscillating in the laser field does not gain energy directly from the field.

But, in a plasma due to the presence of ions, electron’s motion is perturbed by the colli-

sion with the ions and thereby transfers laser energy into thermal energy of the electron

during its scattering in the Coulomb field of the ions. This absorption mechanism is

called as inverse bremsstrahlung (or collisional heating) [77–79], which is considered in

various works [9, 35, 72, 80–83] in the context of laser-cluster interaction.

The electron-ion Coulomb collision frequency νei [35, 84] is determined by the

Rutherford formula integrated over the scattering angle, which reads (in atomic units)

νei =
4
√

2πZne

3T 3/2
e

lnΛ. (1.18)

Here, lnΛ is the standard Coulomb logarithm, which has values in the range of 10−

20 [85]. Equation (1.18) is valid in the low frequency regime (νei << ω), i.e., when

thermal electron energy (Te) is greater than the pondermotive energy Up of the electron

oscillating in the laser field of strength E0. In the high frequency regime (νei >> ω), the
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electron oscillation velocity under the action of the laser field is appreciably larger than

its thermal velocity (i.e., Te <Up) and νei given by [86],

νei =
16ZNeω3

E3
0

lnΛ. (1.19)

We can see that νei depends on ne, Te, E0, ω . In the interaction of super-intense laser

pulses with atomic cluster, inverse bremsstrahlung is important for high ne and low Te.

However, due to νei ∼ E−3
0 , at high laser intensities, collisional absorption process is

ineffective and can be neglected [13, 87, 88].

1.2.4.2 Vacuum heating

“Vacuum heating” is a collisionless laser energy absorption mechanism initially pro-

posed by Brunel for the case of laser-solid interaction, also called as Brunel heating [89–

92]. According to Brunel’s original proposition [89], when an an intense laser field

obliquely incident on a sharply bounded overdense plasma; electrons are dragged in to

the vacuum and then due to the laser field reversal, in the next half-cycle of the pulse,

electrons are pushed back inside the target with a velocity on the order of the pondero-

motive velocity v0 =E0/ω . When transition time of emerging electrons across the target

matches the laser period, a substantial fraction energy from the laser field is absorbed. In

laser-irradiated clusters “vacuum heating” mechanism is used in many works [12, 93–

96] to describe the laser energy absorption, which is not well justified and remains to be

a debate for a few nanometer size clusters. We shall discuss more on this in chapter 3.

1.2.4.3 ~J×~B heating

When the laser intensity becomes very high > 1018 Wcm−2, the pondermotive velocity

vo = E0/ω of an electron becomes comparable to speed of light c and the electron mo-

14
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tion becomes relativistic. In this relativistic regime of intensity, the magnetic field of

the laser ~B significantly influences the electron’s trajectory by the Lorentz force compo-

nent ~ve×~B and the electron is accelerated by gaining large amount of energy from the

laser. This mechanism is known as ~J×~B heating mechanism [97]. This mechanism is

discriminated in this thesis by restricting the laser intensity below 1018 Wcm−2, where

laser magnetic filed is |B(t)| ≈ |E(t)|/c << 1 and can be neglected.

1.2.4.4 Resonance absorption

Among the various collisionless absorption mechanisms (e.g., vacuum heating, ~J×~B

heating described before), resonance absorption is a very well known process in case of

laser-plasma interaction [31]. A bulk plasma of charge density ρ = Zni has a natural

frequency of oscillation which is called as plasma frequency ωp =
√

4πρ [85]. If we

excite the plasma with an external laser field of frequency ω , then resonance occurs

when ωp = ω called as linear resonance (LR). This effect can greatly enhance the laser

energy coupling to the plasma electrons. In the case of a finite size spherical cluster,

the natural frequency of the collective oscillation of the electrons cloud is known as the

Mie-plasma frequency ωM = ωp/
√

3 (with corresponding Mie-plasma wavelength λM)

and in this case LR occurs when ωM = ω (or λM = λ ). The initial charge density of the

cluster after the optical field ionization (OFI) remains much above the critical charge

density ρc = ω2/4π (i.e., plasma remains over-dense with ωM > ω for λ = 800 nm).

When the cluster expands in the later time, the ionic charge density of the cluster drops

and at a certain time it will pass through the LR condition ωM = ω , which occurs after

a long time (typically > 50 fs) during the Coulomb expansion phase for 800 nm laser.

This LR mechanism was first proposed for large clusters by Ditmire et al [9] through

a hydrodynamic model of the laser-cluster interaction, called as “nanoplasma model”.
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For this resonance absorption, electric field is resonantly enhanced inside the cluster

and the electrons gain enormous energy from this strong electric field. Thus, LR during

the cluster expansion is often considered as the primary mechanism behind efficient

coupling of laser energy to cluster electrons. The importance of this LR mechanism in

the Coulomb expanding phase of the cluster has also been experimentally demonstrated

in pump-probe technique [9–11, 98].

High eigen frequency

Low eigen frequency

AHR line

𝒓(𝑡)

𝛀 𝒓 𝑡 = 𝜔

𝛀 𝒓 𝑡 > 𝜔

𝛀 𝒓 𝑡 < 𝜔

Figure 1.2: Schematic of a driven electron (filled red circle) inside the anharmonic po-
tential (green curve). In the bottom potential, the oscillation frequency Ω[r(t)] of the
electron is very high as compared to the laser frequency ω (i.e., Ω[r(t)] > ω). As the
electron is driven up in the potential, its excursion amplitude increases and Ω[r(t)] grad-
ually decreases. If Ω[r(t)] matches with ω (shown by AHR line), then AHR occurs and
electron leaves the cluster by absorbing energy from the laser.

However, for a short laser pulse duration < 15 fs or early time of a long laser pulse,

background ions remain relatively frozen and ωM remains much above the laser fre-

quency ω for λ > 400 nm. In this regime, an electron may pass through anharmonic

resonance (AHR) when its dynamical frequency Ω[r(t)] in the anharmonic potential
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gradually decreases and finally meets the driving ω [14, 99]. Schematically it is shown

in Fig. 1.2 and explained in its caption. The role of AHR as a dominant collisionless

process in the case of laser-cluster interaction is also established by theory [13, 87, 100]

and particle-in-cell (PIC) simulations [12, 14, 93, 99]. AHR also finds its place for laser

absorption in over-dense structured targets [101, 102]. One of the goals of this thesis is

to re-examine AHR through molecular dynamics (MD) simulation, which is described

in chapter 3 and also in Ref. [21].

1.2.5 Cluster expansion processes

Expansion of a cluster, happening during or after the laser pulse, mainly categorized

as hydrodynamic expansion and Coulomb expansion [35]. Hydrodynamic expansion

occurs due to the force associated with the hot electrons present in the cluster. These

hot electrons expand and drag the cold and heavy ions outward with them [9, 103].

However, Coulomb expansion is driven by repulsive Coulomb forces between ions as

soon as some of the electrons are outer ionized leaving behind some bare ions [43, 104–

106]. Therefore, one can say the relative importance of these two different expansion

mechanisms depend on the number of inner electrons and outer electrons during the

interaction, which in turn depend upon the laser intensity and cluster size. Now, we will

separately discuss both these cluster expansion mechanisms in brief.

1.2.6 Hydrodynamic expansion

For large and high Z clusters, if the impinging laser pulse is not strong enough to remove

the electrons out of cluster, then the interior of the cluster can essentially be treated as a

quasi-neutral nano-plasma. The temperature Te of these trapped electrons significantly

increases due to collisional heating. The electrons inside the nano-plasma expand which
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simultaneously drag the cold ions outward with them, thus the cluster expands hydro-

dynamically. The hydrodynamic pressure Pe of hot electrons of temperature Te and

number density ne inside the cluster may be determined by the ideal gas law (in a.u.),

Pe = neTe, (1.20)

and the rate of hydrodynamic expansion of the cluster is given by [35],

(
dR
dt

)2

=
3Te0(Z−Q/N)

Mi

[
1−
(

R0

R

)2
]
. (1.21)

Here Mi is the mass of an ion, R0 and Te0 are the initial cluster radius and the initial

electron temperature respectively. It can be shown that Te = Te0(R0/R)2 [35]. The

above rate equation (1.21) assumes saturation of inner and outer ionization, Z is the

average ion charge of N = niV ions, with ni as the ion number density inside vol-

ume V . If Q number of electrons are outer ionized, then the net electron density be-

comes ne = ni (Z−Q/niV ) = ni (Z−Q/N). In the limit when R → ∞, the cluster

expands with a constant speed which is equal to the ion plasma sound speed Cs =√
3Te0(Z−Q/N)/Mi [35]. By solving Eq. (1.21) we may find the characteristic time te

for a cluster to double its initial radius R0 as (in a.u.):

te = R0

√
Mi

ZTe
. (1.22)

The typical time scale for hydrodynamic expansion lies in picoseconds. For example,

assuming a deuterium cluster of Z = 1, Mi = 2×1836me, Te = 100 eV and R0 = 10 nm,

the time required to double its radius is found to be te = 0.15 picoseconds.
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1.2.7 Coulomb expansion

Coulomb explosion occurs for both large and small clusters. If the intensity of the

impinging laser pulse is strong enough, then the laser quickly remove all or few of the

electrons out of the cluster much faster than the ions are able to move. Ideally, if all the

electrons are outer ionized, then the cluster explodes due to repulsive Coulomb forces

between the ions. The rate of Coulomb expansion of the ion sphere with total charge

Qp = NZ and total mass Mp = NMi is given by [35] (in a.u.),

Mp

2

(
dR
dt

)2

= Q2
p

(
1

R0
− 1

R

)
(1.23)

Assuming the initial conditions R(t0) = R0, Ṙ(t0) = 0, solution for Eq (1.23) is given by,

t = t0 +

√
MpR3

0
2Q2

p

(√
p2− p+ ln(

√
p+
√

p−1)
)
, (1.24)

where, p = R(t)/R0 is the expansion ratio of the cluster and t is the time needed to

increase the radius of the cluster from R0 to R. The time required for the cluster to

expand to twice (i.e., p = R(t)/R0 = 2) is found to be [35],

t = 1.6

√
MiR3

0
NZ2 . (1.25)

Assuming R0 = rωN3 (rω is the Wigner-Seitz radius of the cluster) [35], we can write

Eq. (1.25) as, t = 1.6
√

Mir3
ω/Z2. Therefore, Coulomb explosion time for a cluster

depends on the ion mass and the ion charge, However, it does not depend on the initial

cluster radius (R0). For example, assuming a deuterium cluster with Z = 1, Mi = 2×

1836me and rω = 0.17 nm, one can obtain the time required for the deuterium cluster to
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double the radius t = 13.6 femtoseconds. The electrostatic energy Ec = Q2
p/2R stored

in the cluster [9] can be used to obtain the Coulomb pressure Pc = (Ec/R)/4πR2, i.e.,

the force per unit area as:

Pc =
Q2

p

8πR4 . (1.26)

One can see from Eq. (1.26) that the Coulomb pressure scales with the cluster radius

as ∼ 1/R4, while hydrodynamic pressure scales as ∼ 1/R3 (through Ne, see Eq. (1.20)).

Therefore, Pc decreases more rapidly during the cluster expansion than Pe. Coulomb

pressure is thus more important for smaller clusters.

1.3 Plan of the thesis

The aim of the thesis is to study collisionless laser energy absorption processes (LR

and AHR) in the short-pulse regime and their dependency on different laser and cluster

parameters, i.e., peak intensity, wavelength, pulse duration, laser polarization, cluster

size and cluster type etc. To this end, we have developed a three dimensional MD

simulation code with soft-core Coulomb interaction among charged particles which we

describe in detail in chapter 2.

In the first problem, we identify the anharmonic resonance (AHR) absorption by

3D-MD simulation and a non-linear oscillator model, called rigid sphere model (RSM).

AHR occurring in an anharmonic potential was studied before for a laser-driven atomic

clusters using particle-in-cell (PIC) simulations and models [12–14]. However, it is

not rigorously verified so far by other first principle methods e.g., molecular dynamics

(MD) simulation, although there are plenty of MD simulations [15–20] exist in different

domains of laser-driven clusters. In this thesis, we clearly identify the AHR process

as a dominant collisionless absorption mechanism in an over-dense deuterium cluster

20



Chapter 1. Introduction

irradiated by an ultra-short laser pulse through our MD simulation code for the first time.

We show that electrons become free from the cluster potential when the AHR condition

is met, i.e., when Ω[r(t)] of an electron matches with the driving ω , i.e., Ω[r(t)] = ω ,

explained in chapter 3 in detail.

In the next problem, we report the effect of laser wavelength on the resonance ab-

sorption with short laser pulses. The particular focus is given to find out an optimal

regime of laser wavelength for maximum laser energy absorption. It is very trivial

from the famous nano-plasma model [9] that for a laser-heated cluster, maximum en-

ergy transfer from the driver to the oscillatory electrons happens exactly at the linear

resonance condition (the nanoplasma resonance) ωM = ω in the absence of other dis-

sipation channels. However, there are some MD simulations of laser-heated clusters

[19, 22, 23], which contradict this perception and the role of above LR was denied with-

out satisfactory physical explanation. Their contradictory results of LR should be re-

examined in order to have a clear understanding of this physical phenomena. However,

we find that for a given laser intensity, maximum laser absorption does not occur at the

linear resonance wavelength λM = λ (or frequency ωM = ω), instead it is red-shifted

in the regime of (1− 1.5)λM. In this shifted band of wavelength, both LR and AHR

absorption are shown to be dynamically unified leading to maximum absorption for a

laser-heated cluster. We term this regime of combined resonances as unified dynamical

linear resonance (UDLR) which is explained in chapter 4 in detail.

In chapter 5, we have further extended our study for a different cluster type, i.e.,

deuterium (other than argon) for its universal acceptance and also explore the effect of

laser polarization on the UDLR and the red-shift of the resonance absorption peak. It

is found that there is always a redshift of the absorption peak with respect to λM in

the marginally over-dense band of Λd ≈ (1− 1.5)λM irrespective of cluster atom type,
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and laser polarization. We also find that the absorption peak gradually disappears for

both LP and CP cases at higher intensities > 1017 Wcm−2 due to quick saturation of

outer ionization at 100%. On the other hand, for lower intensities, laser absorption

due to different polarization of the laser pulse (both LP and CP) are almost equally

efficient. However, after absorption peak, at lower laser intensities, absorption due to

LP inappreciably dominates absorption due to CP with increasing λ which gradually

reverses its character at higher intensities.

Thesis organization
A brief outline of the remaining chapters of the thesis is provided below.

• Chapter 2 describes the development of a three-dimensional MD simulation code,

which is the main working tool to obtain the results presented in this thesis. Detail

numerical techniques with various benchmarking results are also presented.

• Chapter 3 presents the identification of anharmonic resonance (AHR) absorption

mechanism in an over-dense pre-ionized deuterium nano-cluster irradiated by an

ultra-short laser pulse.

• Chapter 4 reports the unified dynamical linear resonance (UDLR) and the shifting

of the resonance absorption peak from the expected LR for a short-pulse laser

interacting with an argon cluster.

• Chapter 5 illustrates the collisionless absorption of short laser pulses in a deu-

terium cluster and also explores the effect of laser polarization on the dynamical

shift of the resonance absorption.

• Finally, in chapter 6, we present the conclusions of the work reported in the thesis

with some scope for future works.
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Note that atomic units are used throughout the thesis, unless stated otherwise. In

atomic units me =−e = 4πε0 = h̄ = 1, c = 137. Here ε0 is the permittivity of vacuum,

−e and me are the charge and the mass of the electron, h̄ is the Planck constant, and

c is speed of light. The conversion between atomic units and SI units is summarised

in appendix A (see A.1). We consider two different clusters e.g., deuterium and argon

throughout the thesis. Different parameters for both the clusters are given in table A.2.
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2
Molecular Dynamics Simulation

In this chapter, we present the methodology of the newly developed three dimensional

(3D) classical molecular dynamics (MD) simulation code. We present numerical and

analytical studies for single-particle dynamics and multi-particle dynamics in detail for

the validation of the MD code. Most importantly, Mie-plasma frequency is verified for

a pre-ionized deuterium cluster nano-plasma, which is extremely important to study the

resonance phenomena (the main goal of this thesis work) and energy conservation is

also shown. We further discuss the improved MD code that includes self-consistent

ionization of atoms/ions assuming “over the barrier ionization (OBI)” model.
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2.1 Introduction

Over the past years, numerical simulation has become an extremely powerful tool to un-

derstand and interpret the experimental results even at the microscopic level. Numerical

simulation facilitates to study the essence of various physical phenomena in an extensive

parameter range where experimental and analytical studies have their limitations. Nu-

merical simulations are also used to validate the correctness of theoretical models. So,

it serves as a link between a theoretical model and an experiment. Mainly there are two

different approaches to study laser-cluster interaction, namely, fluid model and particle

model. The fluid model [9, 103, 107] is a macroscopic description, it only describes the

average picture of laser-cluster interaction where the individual particle behaviour is not

included. Also, fluid model fails to explain various features of laser-cluster interactions

due to the small finite size of the cluster and the relatively small number of particles.

So, fluid model is not appropriate when the information at the individual particle level

is desired. On the other hand the particle simulation model [14–17, 20, 108, 109] can

provide a detailed quantitative description of laser-cluster interaction dynamics at the

microscopic level. Therefore, the particle simulation model is more suitable for laser-

cluster interaction study to predict ionization, charge states, and energy absorption. The

particle simulation method is categorized in two types: (i) particle-particle (e.g., MD),

and (ii) particle-mesh (e.g., particle-in-cell). Both these models take into account the

classical equation of motion to get the temporal evolution of the particles. In MD simu-

lation the force on each particle is calculated as the sum over all forces from the rest of

the particles in the system and the trajectory of each particle in the system is determined

by solving Newton’s equation of motion [110–112]. The force due to the external laser

field is also added to this force. Since it takes into account the interactions between all
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particles present in the system, the computational time scales as N(N−1)∼ N2. There-

fore, MD simulation requires large computational power and can be prohibited for a

bigger cluster. It is important to understand that PIC is a method to solve the Vlasov

equation by means of particle sampling. In PIC simulation [113, 114] the field is com-

puted on a grid of cells and then the field is interpolated from the grid to the particle’s

positions. Therefore, the computational cost in PIC simulation scales as ∼ N log(N).

The main advantage of MD over PIC is the absence of computational grid and interpo-

lation, which also facilitates its extension to 3D geometry more easily as compared to

PIC simulation. The lesser number of particles in a medium sized cluster (as considered

in this work) makes the MD simulation suitable to study various physical phenomena of

laser-cluster interaction.

In this thesis, we use MD simulation method to study resonance absorption phenom-

ena (both LR and AHR) in a laser-driven cluster. Before studying the various physics

phenomena of laser-irradiated clusters in the next chapters 3, 4, 5, systematic numer-

ical and analytical studies for single-particle dynamics and multi-particle dynamics are

performed. To validate the MD code, energy conservation has also been rigorously

checked for both the cases. Since, the focus of this thesis is to study resonance absorp-

tion processes (LR and AHR), which are frequency dependent phenomena, verification

of the correct plasma frequency (ωp) of the electron cloud oscillating against the ionic

background under a small perturbation of the electron cloud is crucial before we go for

further studies. We first verify this plasma frequency ωp in a 2D slab geometry and

then extend our study to verify the exact Mie-plasma frequency ωM = ωp/
√

3 in a pre-

ionized spherical deuterium cluster and compare the results with the desired analytical

solutions. Energy conservation is also taken care for all the cases, including the plasma

oscillation at ωp for 2D slab plasma and the Mie-plasma oscillation at ωM for the spher-
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ical plasma case. Further, to study high Z clusters (e.g., argon), we have improved the

MD code to include self-consistent ionization of atoms/ions assuming “over the barrier

ionization (OBI)” model 1.2.1.4. In the subsequent sections of this chapter, we discuss

the basic principle of MD simulation, initial configuration, the laser pulse profile used in

the simulation, governing equation of motion (EOM), the time integration scheme and

the numerical benchmarked results.

2.2 Flowchart of MD simulation

  

Set initial conditions for r
i
(t) and v

i 
(t) at time t = 0

Calculte force  F
i
(t) 

Update r
i
(t) and v

i 
(t) to next time step t = t + Δt 

 by solving EOM

Get desired physical quantities

Stop 

Reach preset time step?

Yes

No

Figure 2.1: Flowchart diagram of the MD scheme.

Molecular dynamics simulation is a computational method for studying the dynamical

behaviour of N-particle system by solving equation of motion of each particle experi-

encing inter-particle force and external force (e.g., laser). The complete flowchart for
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the MD algorithm is given in Fig. 2.1 which is self- explanatory.

2.3 Initialization

To start a simulation we need to define the initial positions ri(t0) and velocities vi(t0) of

the particles at time t0, so that we can predict the trajectories of the particles in a later

time by solving the corresponding EOM. Usually, these initial positions and velocities

of N particles are chosen in such a way that the system is in equilibrium. We perform

simulations with various initial configurations of the charge-neutral cluster, but results

of average absorbed energy, outer ionization, and cluster charging are found to be less

sensitive to initial configurations for the chosen cluster and laser parameters in this work.

The initial benchmarking results in chapter 2 and the results presented in chapter 3

are obtained by taking a uniform spatial distribution of the particles inside the simulation

volume. Each particle is assigned with zero initial velocity. The system is charge neutral

and there is no net force on the system at time t = t0.

In the next part, for results presented in chapters 4 and 5, we use a different set of

initial configuration, where spatial distribution is taken as random inside the simula-

tion volume and the velocity assignment to the particles is done by Gaussian random

distribution. The generation of Gaussian random number is done by the Box-Muller

algorithm [115] generated by Box-Muller transformation. The Box-Muller method uses

random numbers from [0,1] drawn from the standard normal distribution and the de-

tailed method can be found in Ref. [115]. We need to set the center of mass (CM)

velocity as zero to prevent the system from drifting in space and it is done by summing

up all the velocities, then divide by the number of atoms (i.e., the average velocity)

and subtract this average velocity from each velocity vector. After setting CM velocity

to zero, all the velocities are rescaled by a constant factor Ts f in order to adjust with
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the desired temperature T . The scaling factor Ts f is chosen such that the instantaneous

temperature is same as the desire temperature and it can be defined as,

Ts f =

√
3NKBT

∑
N
i=1 miv2

i
(2.1)

where, v2
i = v2

i,x + v2
i,y + v2

i,z. Each component of the velocity is then scaled by Ts f .

The initial velocity distribution of the particles using Box-Muller tranformation is re-

produced and shown in Fig. 2.2. The full width at half maximum (fwhm) of the velocity

distribution refers to the initial temperature of the system.
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Figure 2.2: Initial Gaussian velocity distribution of neutral atoms along x-direction, gen-
erated by Box-Muller transformation. Solid blue curve is the fitted normal distribution.
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2.4 The laser pulse

The dipole approximation for the laser vector potential ~A(z, t) = ~A(t)exp(−i2πz/λ ) ≈

~A(t) is assumed (i.e., spatial variation of the laser field is neglected), since the cluster

size R0 (< 10 nm) is much smaller than the skin depth λs ∼ c/ωp of laser for the laser

wavelength λ = 100−800 nm as considered in this thesis. In general, we write

~A(t) =
E0

ω
sin2(ωt/2n)

[
δ cos(ωt)x̂+

√
1−δ 2 sin(ωt)ŷ

]
, (2.2)

for 0≤ t ≤ nT . Here δ is the degree of ellipticity (0≤ δ ≤ 1); δ = 1,1/
√

2 for LP and

CP respectively; n is the number of laser period T ; τ = nT is the total pulse duration and

E0 =
√

8πI0/c is the field strength for the peak intensity I0. The components of driving

laser electric field ~El(t) =−d~A/dt along x, y and z directions are,

~El
x
(t) = δ

E0

ω


∑

3
i=1 ciωi sin(ωit) if 0≤ t ≤ nT

0 otherwise;
(2.3)

~El
y
(t) =

√
1−δ 2 E0

ω


∑

3
i=1 ciωi cos(ωit) if 0≤ t ≤ nT

0 otherwise;
(2.4)

~El
z
(t) = 0. (2.5)

Where c1 = 1/2,c2 = c3 = −1/4,ω1 = ω,ω2 = (1+ 1/n)ω , and ω3 = (1− 1/n)ω .

Note that the ponderomotive energy Up = E2
0/4ω2 is the same for both LP and CP. For

LP, only the x-component of laser electric field ~El
x
(t) survives which may vanish at the

completion of each laser cycle. Whereas, for CP, electric field components ~El
x
(t), ~El

y
(t)

in x, y do not vanish simultaneously. Note that, the results presented in chapter 3 and
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chapter 4 we consider the LP laser for the study of various resonance absorption phe-

nomena. To study the dependency of laser polarization on resonance absorption we take

both LP and CP lasers in chapter 5.

2.5 Governing Equations

The motion of a charge particle in the combined field of laser and space-charge is dis-

cussed now. The EOM of i-th particle in a laser field polarized in x and propagating in z

(in the dipole approximation) reads

mi
d~vi

dt
= ~Fi(ri,vi, t)+ x̂qiEl(t)+qi~vi× ŷBl(t), (2.6)

where ~Fi =
Np

∑
j=1,i6= j

qiq j~ri j/r3
i j is the Coulomb force on i-th particle of charge qi due

to all j-th particles each of charge q j. The space-charge field is calculated from the

negative gradient of the interacting Coulomb potential φi =
Np

∑
j=1,i 6= j

q j/ri j. El(t) and

Bl(t) are the electric and magnetic part of the laser field. Usually, Bl(t) ≈ El(t)/c� 1

for intensities < 1018 Wcm−2. The Coulomb potential has a singularity at a zero inter-

particle separation ri j → 0, which leads to an unphysical increase in ~Fi. To avoid such

steep increase in the Coulomb force ~Fi, a smoothing parameter r0 is added with ri j. The

modified Coulomb force on i-th particle and the corresponding potential at its location

are,

~Fi =
Np

∑
j=1,i6= j

qiq j~ri j

(r2
i j + r2

0)
3/2 , φi =

Np

∑
j=1,i6= j

q j

(r2
i j + r2

0)
1/2 . (2.7)

This modification of the force allows a charge particle to pass through another charge

particle in the same way as in the PIC simulation. Thus it helps to study collisionless

energy absorption processes in plasmas, e.g., resonances.
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2.6 Choice of artificial parameter r0

In MD calculation, the choice of the artificial parameter r0 is very much crucial for

smoothing the interaction potential and the force to mitigate the Coulomb singularity

for the closest approach of two charge particles, otherwise, Eq. (2.6) gives an unphysical

solution. We note that the artificial free parameter r0 in most of the earlier works has

been chosen by considering only the energy conservation point of view in the simulation.

In Refs.[16, 70, 105], r0 = 0.02 nm for electron-electron interaction and r0 = 0.1 nm for

electron-ion interaction have been taken which do not violate the energy conservation

in the case of xenon cluster. In Ref. [116], r0 = 0.15 nm for argon and r0 = 0.12 nm

for xenon cluster were chosen such that the minimum of the electron-ion interaction

potential agrees with the ionization potential of the neutral atom. MD codes in Refs. [19,

22, 23, 117–120] have reported similar kind of r0 values as in Refs. [16, 70, 105]. Some

of the authors have also chosen large r0 on the order of cluster radius [15, 121] and

energy conservation is still obeyed. However, neither of the earlier works reported what

happens to the plasma oscillation frequency of electrons in the absence of a laser pulse.

In our simulation, the frequency of oscillation (ωM) of electrons is found to be sensi-

tive on the value of the r0 while conservation of energy is obeyed even for larger values

of the r0. But energy conservation alone can not grant correctness of particle dynamics

in simulations. To get correct oscillation frequency (ωM) one can not choose r0 arbitrar-

ily and a law has to be enforced. For a very small separation ri j� r0, the space-charge

field on the i-th particle ~Esc
i = ~Fi/qi has to be linear in ri j and its slope has to be ω2

M, i.e.,

~Esc
i = ~Fi/qi = ω2

M~ri j in order to get correct plasma oscillations at ωM. From Eq. (2.7),

we find that ~Esc
i = ~Fi/qi ≈ ∑ j(q j/r3

0)~ri j ≈ (Q0/r3
0)~ri j for ri j � r0; assuming Q0 is the

total uniformly distributed charge of type j inside the sphere of radius r0 where all ri j
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are nearly same for collective plasma oscillations. From the above two expressions of

space-charge field ~Esc
i = ω2

M~ri j and ~Esc
i ≈ (Q0/r3

0)~ri j we get ω2
M = Q0/r3

0. For uni-

form ionic charge density ρ we write ρ = Q/(4π/3)R3 = Q0/(4π/3)r3
0 which gives

Q/R3 = Q0/r3
0 = 4πρ/3 = ω2

M. Thus we get Q0/r3
0 = N0Z/r3

0 = Q/R3 = NZ/R3 and

r0 = R(N0/N)1/3; where Z is the uniform charge state of ions in the cluster, N0,N are

the number of ions inside the sphere of radius r0 and R, Q0 = N0Z,Q = NZ are the total

ionic charge in the sphere of radius r0 and in the cluster respectively. At this point N0

remains arbitrary. We note that r0 should be as small as possible, but non-zero. For

a non-zero ionic charge density there should be at least one ion (to provide the restor-

ing force to an electron) in the sphere of radius r0. Therefore, setting N0 = 1, we find

that r0 = R/N1/3 is the most legitimate choice [122] which is equal to the well known

Wigner-Seitz radius rω = R/N1/3 for a given cluster that leads to correct Mie-plasma

oscillation at ωM if the law of force is of Coulombic in nature. Therefore, in our MD

simulations, we use r0 = rω that produces correct plasma oscillation frequency as well

as energy conservation.

2.7 Integration of the equation of motion

After specifying the initial positions and velocities of the particles in the system, the

force on each particle is calculated from Eq. (2.7). Knowing the force on each particle,

the next step is to integrate the EOM (2.6) which needs an integration algorithm. Various

integration algorithms are used in MD simulation to integrate the EOM. We use velocity

Verlet algorithm [110, 123] where we consider the Taylor expansion of the position

coordinate r(t) and velocity v(t) of a particle at time t. It is a modification of the Verlet

algorithm [124]. The standard implementation scheme of this algorithm is shown in

Fig. 2.3. The equations for r(t) and v(t) at time t = t +∆t are respectively,
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𝑡 = 𝑡 +
Δ𝑡
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𝑡 = 𝑡

𝑡 = 𝑡 + Δt
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Figure 2.3: Illustration of the velocity Verlet integration scheme.

r(t +∆t) = r(t)+v(t)∆t +
1
2

a(t)∆t2, (2.8)

v(t +∆t) = v(t)+
a(t)+a(t +∆t)

2
∆t. (2.9)

The instantaneous acceleration at each time step is given by a(t) = F(t)/mi, and the

force F(t) is calculated from the interaction potential using Eq. (2.7). The intermediate

steps followed in velocity Verlet integration algorithm are as follows: (i) Starting from

initial position r(t), velocity v(t), and acceleration a(t) at time t, we calculate new

position r(t +∆t) in step 1→ 2

r(t +∆t) = r(t)+v(t)∆t +
1
2

a(t)∆t2.
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(ii) Calculate the intermediate velocity (half velocity) in step 2→ 3

v(t +∆t/2) = v(t)+(1/2)a(t)∆t.

(iii) Compute new acceleration a(t +∆t) using new position r(t +∆t) in step 3→ 4

a(t +∆t) =
F(r(t +∆t))

m
.

(iv) Compute the new velocity from the new acceleration and half velocity in step 4→ 5,

v(t +∆t) = v(t +∆t/2)+(1/2)a(t +∆t)∆t = v(t)+
1
2
[a(t)+a(t +∆t)]∆t.

The advantage of the velocity Verlet scheme is that it preserves time reversal symmetry

and phase space volume [111]. In this scheme both the positions and velocities of par-

ticles are defined at the same instant of time contrary to Leapfrog integration scheme.

As a consequence, it gives better energy conservation, because the kinetic and potential

energy depends on the velocities and the positions at the same time. Velocity Verlet

integration scheme also conserves total energy even when relatively large time steps are

used [110] and the accuracy reaches up to O(∆t)4. It also consumes less computational

power as compared to RK4 integration algorithm [125]. Due to all these advantages,

we use the velocity Verlet integration algorithm in our MD simulation. Since time inte-

gration algorithm is based on the finite difference method, the choice of a time step ∆t

is important in MD simulation. The EOM (2.6) can be integrated by choosing a small

∆t. The most important criterion for choosing a ∆t is that the integration algorithm

conserves the total energy of the system for a longer period of time and also represents

accurate frequency of the system. In our MD simulation we use ∆t = 0.01 a.u. ≈ 0.24 as,

to resolve the highest ωM corresponding to highest Z of the plasma.
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2.8 Test of the MD code

In this section, we report the validation of the MD code with simple examples and the

results obtained from the simulations are compared with respective analytical solutions.

2.8.1 Single particle dynamics

We start by verifying numerical solution of the classical motion of a single particle of

m= 1, q=−1 in a continuous laser field with the analytical result. We take the potential

as harmonic potential
1
2

ω2
p(x

2 + y2). The EOM of the particle with a continuous laser

field E0 cos(ωt), polarized along x-direction reads,

d2x(t)
dt2 =−ω

2
px(t)−E0 cos(ωt), (2.10)

d2y(t)
dt2 =−ω

2
py(t). (2.11)

The solution to equations (2.10) and (2.11) with initial condition x(0) = 0,vx(0) = 1

and y(0) = 0,vy(0) = 1 are respectively,

x(t) =
E0

(ω2
p−ω2)

cos(ωpt)+
sin(ωpt)

ωp
− E0

(ω2
p−ω2)

cos(ωt), (2.12)

vx(t) =−
E0ωp

(ω2
p−ω2)

sin(ωpt)+ cos(ωpt)+
E0ω

(ω2
p−ω2)

sin(ωt), (2.13)

y(t) =
sin(ωpt)

ωp
, (2.14)

vy(t) = cos(ωpt). (2.15)
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Figure 2.4: Results for single particle motion in a 2D harmonic potential ω2
p(x

2 + y2)/2
with continuous laser field E0 cos(ωt) long x-direction. Evolution of position and veloc-
ity along both the x and y directions are shown in subplots (a) and (b) respectively and
corresponding phase space plots are shown in subplots (c) and (d). Numerical results
are compared with the analytical results which show a good matching.

Figure 2.4 shows the dynamics of the single particle along x, y directions. Here, we have

taken q/m =−1, E0 = 1 a.u., ωp = 2 a.u., and ω = 1 a.u. The simulation results (solid

line) for temporal evolution of position and velocity are also plotted with the analytical

results (dashed line), which show a very good agreement.
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2.8.2 Multi-particle dynamics in a 2D slab geometry

In this section, we describe the multi-particle dynamics in a 2D slab geometry. We

simulate the dynamics of N = 100 number of non-interacting particles (q =−1 and m =

1), which are moving in a two dimensional harmonic potential ω2
p(x

2 + y2)/2. All the

particles are symmetrically and uniformly distributed in a 2D square box of dimension

lx = ly = 100 a.u. as shown in Fig. 2.5(a). The initial velocities are assumed zero for all

particles. The governing EOMs along x, y directions are,

d2xi(t)
dt2 =−ω

2
pxi(t),

d2yi(t)
dt2 =−ω

2
pyi(t). (2.16)

The solutions to Eq. (2.16) with initial conditions xi(0) = x0i,yi(0) = y0i and vxi(0) =

vyi(0) = 0 are,

xi(t) = x0i cos(ωpt), yi(t) = y0i cos(ωpt), (2.17)

vxi(t) =−x0iωp sin(ωpt), vyi(t) =−y0iωp sin(ωpt). (2.18)

The kinetic energy, potential energy, and total energy of the system are obtained as,

Ek =
1
2

N

∑
1=1

mi(vxi
2 + vyi

2), (2.19)

Ep =
1
2

N

∑
1=1

miω
2
p(x

2
i + y2

i ), (2.20)

Et = Ek +Ep. (2.21)

Figure 2.5 shows the dynamics of the all particles in time. Initial distributions are shown

in Fig. 2.5(a), the inter-particle distance is δa = 10 a.u., excursion of all the electrons

and phase space of the system are plotted together with numerical results in subplots
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2.5(b) and 2.5(d) respectively. All particles repeatedly come back to their respective

initial position at equal interval of time which shows the periodic nature. The sum

total of kinetic energy and potential energy remains constant with time, showing the

conservation of energy of the system of particles in Fig. 2.5(c). Here also numerical

results reasonably match with the analytical results.

Figure 2.5: Results for non-interacting particles in a two dimensional harmonic poten-

tial
1
2

ω2
p(x

2+y2). (a) uniform distribution of 100 particles having q/m = 1 in a 2D grid
of size Lx = Ly = 100 a.u., (b) evolution of all particles with time in x-direction. Both
numerical (dotted green line) and analytical (dotted red line) results are plotted simul-
taneously showing good matching, (c) variation of KE, PE and TE with time, which
shows conservation of energy and (d) phase space plot for the system.
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2.8.2.1 Reproducing the plasma frequency in a 2D slab geometry

In an extension to our study in Sec. 2.8.2, now we consider both the charge species (i.e.,

electron and ion) and also the interaction between all particles. We take the interaction

potential as Coulomb potential (2.7). We validate the MD code by verifying the electron

plasma oscillation frequency and energy conservation. Plasma frequency is described

by the collective motion of the electrons which oscillate with a constant frequency ωp

in the static ion background potential when a very small perturbation is given to the

electron system [85]. The parameters taken in the simulation are listed in the Table 2.1.

Quantity Symbol value
Number of ions Ni 100

Number of electrons Ne 100

Ion density ρi 0.01 a.u.

Box dimension Lx = Ly 100 a.u.

Smoothing parameter r0 2.0 a.u.

Distance between individual particles δa 10 a.u.

Charge of ion qi 1.0 au.

Charge of electron qe −1.0 au.

Mass of ion mi 1836.0 a.u.

Mass of electron me 1.0 a.u.

The value of plasma frequency ωp 0.3545 a.u.

Displacement δx 0.2 a.u.

Table 2.1: Parameters for verification of plasma frequency in a 2D slab geometry.

We assume 100 immobile ions and 100 electrons which are distributed symmetrically

in 2D space as shown in Fig. 2.6(a). The electron-ion system is macroscopically charge

neutral. Now we give a small perturbation of δx = 0.2 a.u. to the electrons w.r.t. ion

background along +x direction at time t = 0 (see Fig. 2.6(b)). The restoring force pro-
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Figure 2.6: Results for multi-particle system interacting via Coulomb potential. (a)
initial distribution of electron and ion system, each electron is displaced by δx = 0.2
a.u. along the +x-direction at time t = 0 from their parent ion, (b) zoomed part of one
layer of ion and electron system has been shown for better clarity, (c) oscillation of
center of mass of the electron cloud plotted with analytical result, and (d) evolution of
kinetic energy (KE), potential energy (PE), and total energy (TE) showing conservation
of energy. Initial PE and TE of the system are subtracted from their corresponding PE
and TE of the system.

duced due to the local charge imbalance will pull the electrons back to their original

position and that will lead to oscillations of the electrons against the background ions

with the plasma frequency ωp determined by the density ρi of the ionic background as
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ωp =
√

4πρi. Each electron should satisfy δ̈x+ω2
pδx = 0. However, for collective

oscillation we take oscillation of center of mass of the electrons and write EOM of the

center of mass of the electrons as,

ẍCM +ω
2
pxCM = 0. (2.22)

The analytical solution of Eq. (2.22) with initial conditions xCM(0) = a0, ˙xCM(0) = 0

gives, xCM(t) = x0CM cos(ωpt) and vx(t) = −x0CM sin(ωpt). The CM oscillation of the

electrons is given by xCM(t) = ∑
Ne
1 mexi(t)/Ne which matches with the analytical results

very well in Fig. 2.6(c). One of the important tests to verify that MD simulation is

working correctly or not is to test the conservation of energy of the system. The TE of

the system is given by Et = Ek +Ep where,

Ek =
1
2

N

∑
1=1

miv2
i , Ep =

N

∑
j=1,i 6= j

qiφi. (2.23)

Figure 2.6(d) shows the variation of KE (solid blue line), PE (solid red line), and TE

(dashed black line) with time. The initial potential energy and total energy are sub-

tracted from their corresponding values. The results show the conservation of energy

as the total energy (dashed black line) is constant over time. Figure 2.7 shows the

Fourier transform (FT) of center of mass oscillation of electrons which gives the collec-

tive oscillation frequency, i.e., plasma frequency ωp. Numerical result (dashed-circle)

from MD simulation plotted with the analytical FFT of the excursion of CM (solid line)

xCM(t) = x0CM cos(ωpt) showing excellent matching that confirms the collective oscilla-

tion of the electrons at the plasma frequency ωp. Thus, energy conservation and fairly

accurate plasma frequency are represented by our MD simulations.

43



Chapter 2. Molecular Dynamics Simulation

0 1 2 3
Frequency/ωp

0.00

0.02

0.04

0.06

0.08

0.10

0.12

F
F
T
−
va
lu
es

(a
rb
.u
n
it
s)

Analytical
Numerical

Figure 2.7: FFT of the center of mass (CM) position co-ordinate of electrons. Frequency
is normalized by ωp. MD simulation result (numerical, dashed-circle) matches with the
analytical result (solid line).

2.8.3 Verification of Mie-plasma frequency in a deuterium cluster

In this section we show the validation of our MD code by identifying the desired Mie-

plasma frequency ωM = ωp/
√

3 for the spherical deuterium cluster plasma under small

perturbation and also by verifying conservation of total energy of the system. Although

there are plenty of MD simulations for clusters [15–20, 22, 23, 70, 105, 116–122, 126,

127], verification of this natural oscillation through MD simulation is rarely reported

which is extremely important, particularly to study frequency dependent phenomena,

e.g., anharmonic and harmonic resonance absorption in laser driven plasmas. Otherwise,

resonance physics may be missing in simulations and subsequent MD results could be
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misleading. In fact, MD codes in Refs.[19, 22, 23, 117] could not find the signature of

resonances in laser cluster interaction and the reason was unknown; while experiments

[9, 11, 128, 129], theory and PIC simulation [12–14, 87, 93, 99, 100] studies clearly

indicated its importance.

To prove that our MD code is capable of producing oscillation of electrons at the

Mie-plasma frequency ωM in the absence of a laser field, the deuterium cluster of radius

R = 2.05 nm, and number of atoms N = 1791 is considered. To make homogeneously

charged positive background in which electrons will oscillate, all Ni ions (Ni = N =

1791) are uniformly distributed initially. It gives ionic charge density ρi = 0.007a.u.

and ωM =
√

4πρi/3 = 0.1735a.u.. A fewer number of Ne electrons (forming a ho-

mogeneous sphere of radius R/2) is uniformly and symmetrically distributed about the

center of the spherical ion background and the whole system is at rest. This may repre-

sent a situation when most of the electrons are removed from the cluster by a laser field,

and the remaining cold electrons occupying the central region collectively oscillate with

the frequency ωM. Electrons are now uniformly shifted (small perturbation) from the

ionic background along x. The space-charge field due to the local charge imbalance acts

like a restoring field. Whether these electrons will oscillate at ωM is determined by the

homogeneity of the charge density ρi and the linearity of the restoring field decided by

the amount of perturbation. These are ensured by making the ion background homoge-

neous and keeping perturbation small so that electrons do not cross the cluster boundary.

Under this condition one may write EOM of the center of mass of the electron cloud as

ẍ = ω2
Mx, giving x = x0 cos(ωMt) with initial conditions x(0) = x0, ẋ(0) = 0; and verify

the MD simulation results as in the Sec. 2.8.2.1. The values of all the parameters taken

in the simulation are listed in Table 2.2.
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Quantity Symbol value
Number of ions Ni 1791

Number of electrons Ne 1791

Ion density ρi 0.007 a.u.

Cluster radius R 38.88a.u.(≈ 2.05nm)

Wigner-Seitz radius of cluster rw 3.22 a.u.(≈ 0.17 nm)

Distance between individual particles δa 5.184 a.u.

Charge of ion qi 1.0 au.

Charge of electron qe −1.0 au.

Mass of ion mi 1836.0 a.u.

Mass of electron me 1.0 a.u.

The value of Mie-plasma frequency ωM 0.1735 a.u.

Ratio of ωM and ω ωM/ωp 3.05 (at λ = 800 nm)

Displacement δx 6 a.u.

Table 2.2: Parameters used to study Mie-plasma oscillation for deuterium cluster.

Figure 2.8(a) shows the initial distribution of electrons and ions. The CM excur-

sion of MD electrons is given by xCM(t) = ∑
Ne
1 mexi(t)/Ne and CM velocity VCM(t) =

∑
Ne
1 mevi(t)/Ne which match corresponding analytical results as shown in Fig. 2.8(b).

Figure 2.8(c) shows the variation of KE (solid blue line), PE (solid red line), and TE

(dashed green line) with time. The initial potential energy and initial total energy are

subtracted from their corresponding values. The results shows the conservation of en-

ergy. Phase space variables (x, vx) are plotted in Fig. 2.8(d).

It can be inferred from Figs. 2.8 (b, d) that the electron cloud oscillates with a con-

stant frequency ωM. The Fourier transform (FT) of the center of mass position xCM(t) =

∑
Ne
1 mexi(t)/Ne of MD electrons also give the collective oscillation frequency of the

electron cloud which is plotted with the FT of the analytical solution of x = x0 cos(ωMt)
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Figure 2.8: (a) Initial distribution of ions (red dots) and electrons (blue dots) at time t = 0.
There are 1791 number of ions and with cluster radius R = 2.05 nm. Ne = 251 electrons
are forming a homogeneous sphere of radius R/2. All the electrons are uniformly shifted
from the ionic background along +x direction, (b) The center of mass oscillation of
electrons cloud with respect to ion cloud. The excursion x(t) (solid green line) and
velocity vx(t) (solid orange line) calculated from the MD code matches very well with
the analytical result x(t) = x0 cos(ωMt) (dashed blue line) and vx(t) = −x0 sin(ωMt)
(dashed black line), (c) variation of KE, PE, and TE with time showing conservation of
energy as TE (dashed black line) remains constant with time, (d) numerical results for
phase space plot for CM oscillation of the electron cloud (solid green line) plotted with
the analytical result (red dashed line).

in Fig. 2.9 after the normalization by ωM similar to the case of Fig. 2.7. An excellent

match between the numerical MD (dashed-circle) result and analytical (solid line) re-
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sult confirms the collective oscillation of electrons at the Mie-plasma frequency ωM.

Extensive simulations have been performed for other values of smoothing parameters

r0 = 0.5rω ,2rω ,3rω ,4rω to check the effect of r0 on the plasma oscillation dynamics.

As time progresses, we find 5-20% reduction in the amplitude of plasma oscillation with

5−10% elongation in the plasma period compared to the case of r0 = rω and the desired

analytical solution. Therefore, in all MD simulations in this thesis we keep r0 = rω (it

may vary depending upon cluster type) which leads to both energy conservation and

reproducing accurate natural oscillation frequency of the system. Our MD simulation

is thus capable of representing ωp or ωM depending upon the shape of the finite size of

plasma.
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Figure 2.9: FFT of the center of mass (CM) position co-ordinate of electrons for a
deuterium cluster of radius R = 2.05 nm, and number of atoms N = 1791. Frequency is
normalized by ωM. MD simulation result (numerical, dashed-circle) matches with the
analytical result (solid line) for the entire range of frequency.
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2.9 Improvement of the MD simulation code

In this section, we describe the additional improvement to our MD code (mainly inclu-

sion of ionization) which is used to simulate various results in chapter 4 and 5.

Initialization

The clusters are assumed to be initially neutral and atoms are distributed randomly in-

side the initial cluster radius R0. The thermal velocity assignment of neutral atoms

in the cluster is done by Gaussian random distribution generated by the Box-Muller

transformation as described in Sec. 2.3. The velocity distribution relates to the initial

temperature of the neutral cluster which is taken as one-fifth of the room temperature

≈ 0.025 eV for simplicity. Once thermal velocity is assigned, then we post process the

data to correlate with the position of the atoms in the cluster in such a way that the sur-

face atoms in the cluster have larger thermal velocities as compared to the core atoms.

Inclusion of ionization

For laser intensities above 1015 Wcm−2 (considered in this thesis), the electric field of

the laser is strong enough to bend down the Coulomb potential and the bound electron

is escaped from the potential. This mechanism is called “over the barrier ionization”

(OBI) mechanism [52, 63, 64], already described in chapter 1 (see Sec. 1.2.1.4). The

laser intensity is appropriately chosen such that it ionizes all neutral atoms initially at

the same time t = ti and produces first ionization state Z = 1. The value of ti depends

upon laser intensity and wavelength. At a fixed intensity, values of ti may have minor

differences depending upon the phase of the pulses of different wavelengths near ti. The
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critical laser field Ec = |~El(ti)| for this OFI can be rewritten from Eq. 1.8,

Ec = I2
p(Z)/4Z, (2.24)

where Ip(Z) is the ionization potential corresponding to Z. The values of Ip for the

only charge state of deuterium cluster ions and for different Z of argon cluster ions (as

considered in this thesis) are listed in Table 2.3 and 2.4 respectively with their corre-

sponding critical laser intensity to get that value of Z. After the initial ionization by

OFI, the nano-plasma is formed with equal number of electrons and ions Ne = Ni. As

time advances, the laser field ~El(t > ti) may displace few electrons along the laser po-

larization and space charge field |~Esc(~ri, t)| is created at each ion position~ri due to the

breaking of charge neutrality (may be at a microscopic level) which may exceed |~El(t)|.

~Esc(~ri, t) at the ion position~ri is contributed by all electrons and all other ions at~r 6=~ri.

Thus, the effect of plasma environment is taken into account for the ionization of ions.

The total instantaneous field ~E(~ri, t) = ~El(t)+~Esc(~ri, t), including the plasma field, may

create even higher Z > 1 of ions (ionization ignition, see Sec. 1.2.2) by satisfying the

condition

|~E(~ri, t)| ≥ I2
p(Z +1)/4(Z +1), (2.25)

and the number of electrons increase dynamically. The position and velocity of a

newly born electron are assumed to be the same as the parent ion conserving the mo-

mentum and energy. For simplicity, we use standard Ip(Z) of argon atom/ions as in

Refs.[15, 17, 19, 22, 71, 117, 130], whereas due to the additive effect of the plasma field

~Esc(~ri, t) higher charge states Z are created (in this work) for cluster atoms/ions than

predicted by OFI (2.24) for isolated argon atoms/ions, if only laser field is considered.

By sophisticated MD simulations, it has been shown that electronic levels of atoms in
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a cluster may differ from those of a single atom [20, 131]. The electronic energies in

cluster-ions are also lowered by electronic screening and by the presence of other plasma

ions. We have not yet considered these corrections in Ip(Z), which will be included in

future work.

Deuterium ion Z Ip (eV) I0 (Wcm−2)

D+1
2 1 13.6 1.0×1015

Table 2.3: Ionization potential and corresponding threshold intensity of the deuterium
atoms/ions.

Argon ions Z Ip (eV) I0 (Wcm−2)

Ar+1 1 15.76 1.35×1015

Ar+2 2 27.63 3.18×1015

Ar+3 3 40.74 6.68×1015

Ar+4 4 59.81 1.74×1016

Ar+5 5 75.02 2.76×1016

Ar+6 6 91.01 4.16×1016

Ar+7 7 124.32 1.06×1017

Ar+8 8 143.46 1.44×1017

Ar+9 9 422.45 8.58×1018

Ar+10 10 478.69 1.14×1019

Table 2.4: Ionization potentials and corresponding threshold intensities of the argon
atoms/ions.
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2.10 Summary

In this chapter, we have presented the detail technique of the newly developed 3D-

MD code. Initial studies for single particle dynamics and multi particle dynamics have

been performed. Energy conservation has also been verified for both the systems. The

plasma frequency in a 2D slab geometry has been verified with analytical result. The full

3D-MD code has been employed to verify the Mie-plasma frequency in a pre-ionized

deuterium cluster. Next, we have improved the MD code to include self-consistent

ionization by “OBI” model to study high Z clusters (e.g., argon) in chapters 4 and 5.
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3
Identification of anharmonic resonance

absorption

The objective of this chapter * is to identify anharmonic resonance (AHR) absorp-

tion mechanism in an over-dense pre-ionized deuterium nano-cluster irradiated by an

ultra-short laser pulse using the newly developed 3D-MD simulation code (discussed in

chapter 2). AHR was shown before by a model and particle-in-simulations (PIC) [14].

However, AHR remains to be a debate and still obscure in multi-particle plasma sim-

ulations. Present study confirms the universal acceptance of AHR as a collisionless

mechanism of absorption in the short pulse regime in clusters irrespective of the method

of simulation. A simple anharmonic oscillator model called rigid sphere mode (RSM)

has also been introduced to understand various features of AHR and also to corroborate

the MD results.

* S. S. Mahalik and M. Kundu, “Anharmonic resonance absorption of short laser

pulses in clusters: A molecular dynamics simulation study”, Physics of Plasmas (23),

123302 (2016)
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3.1 Introduction

Laser-driven atomic clusters absorb large fraction of laser energy compared to traditional

solid and gas targets. Solid like overdense plasma density of a cluster and its smaller

size (of a few nanometer) than the wavelength of 800 nm laser pulse (typically used

in experiments) allow full penetration of laser field without its attenuation, contrary to

micron-sized solids, leading to nearly 90% laser absorption in clusters [1]. MeV ions

[1, 2, 5, 6, 108, 132–136], KeV electrons [2–4, 136–139], x-rays [7, 140–142] and MeV

neutrals [8] in experiments are the consequence of efficient coupling of laser energy

with cluster. Clearly, without the efficient electron acceleration, the subsequent ion

acceleration, x-ray generation and neutral atom acceleration can not happen. Therefore,

investigation of underlying physical process of coupling of laser energy with electrons

is very important. For infrared lasers (800 nm wavelength or above) with intensities

I0 > 1016 Wcm−2, collisional process of absorption through electron-ion collision can

be neglected since it scales as ∼ I−3/2
0 . However, collisionless process of absorption

continues irrespective of the laser intensity and the wavelength as long as the plasma is

overdense.

Among the various collisionless processes, linear resonance (LR) occurs when Mie-

plasma frequency ωM(t) of the Coulomb expanding cluster meets the laser frequency

ω . In experiments, it is achieved by a pump-probe technique [10, 36, 37] where a

pump pulse first ionizes the cluster, ωM(t) rises above ω , subsequent outer ionization

of electrons leads to cluster expansion causing decrease of ωM(t) towards ω , and after

a suitable delay (typically > 100 fs) a probe pulse hits the expanding cluster to meet the

LR condition ωM(t) ≈ ω [9]. However, to make this LR to happen at a later time, we

need to remove as many electrons by a laser from the cluster potential in an early time.
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Otherwise Coulomb expansion is not possible. Therefore, one must know how those

electrons absorb energy in an early time of a long pulse laser. For a short pulse, ionic

background can not expand sufficiently, ωM(t) does not fall upto ω to meet LR; but en-

ergy absorption by electrons still persists. Therefore, we concentrate on the mechanism

of energy absorption in the short pulse regime which is also applicable for the early

duration of a longer pulse much before the LR can happen.

The role of~v×~B heating [97] as a collisionless mechanism is discriminated here by

restricting the laser intensity below 1017 Wcm−2 where B field of the laser is negligible.

One may surmise the “Brunel effect” or the “vacuum heating” as a probable collision-

less process in the early time of interaction when plasma boundary is sharp [89]. Firstly,

the “vacuum” as mentioned by Brunel may not be a real vacuum. Electrostatic field

exists in the target vicinity (as we shall show here) that plays a crucial role for an elec-

tron’s dynamics before it is liberated from the target or directed into the target. It can

not gain a net energy, unless there is any nonlinear interaction through the nonlinear

space-charge field within the target and/or in the target vicinity. Therefore, “vacuum

heating” is improper. The crucial assumption in this model is that electrons experience

no net field while they return to the target. As a consequence Brunel’s electron flow

becomes laminar, meaning that their trajectories do not cross each other within a laser

period irrespective of the laser intensity. We point out that, since different electrons orig-

inate from different parts of the target they experience different electrostatic fields and

originate with different initial phases. When driven by a laser, their trajectory crossing

is unavoidable at a later time. Detail analysis showing deficiency in Brunel’s “vacuum

heating” is given in Ref. [143]. Brunel electrons, upon returning to the target, experi-

ence a field free region due to complete cancellation of induced electrostatic field by the

laser field. Thus, the velocities acquired during their traversal in the vacuum are fully re-
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tained, they do not have chance to give energy back (even partly) to the electromagnetic

field. In the context of laser-cluster interaction, induced electrostatic fields can not be

fully compensated by the laser field (induced field may exceed the laser field) and cluster

interior is rarely field free (as shown in this work) during the laser interaction. Other-

wise, ionization ignition [15] can not happen and higher charge states [17, 67, 69, 144]

of ions can not be created. In this sense, Brunel effect is incomplete, warrant a re-look

into the problem and search for an appropriate mechanism behind the laser absorption.

On the other hand, let us suppose that there is an anharmonic potential created at

the target front (or in the target interior) due to the laser interaction. Such a potential is

inevitably formed (for any finite size target) at the ion-vacuum boundary (where laser in-

teracts first) due to∼ 1/r fall of the potential which may be asymmetric. Anharmonicity

in the potential also appears due to local charge non-uniformity (via ionization, concen-

trated electron cloud etc.) in a laser driven plasma. The frequency Ω of an electron in

such a potential is dependent on its position r. When driven by a laser field, its r changes

with time which makes Ω(r) time dependent, i.e., Ω[r(t)]. An initially bound electron,

starting from some location in the overdense plasma potential, while becoming free

must experience the ∼ 1/r Coulomb tail of the potential and the corresponding Ω[r(t)]

of the electron must meet ω while trying to come out of the potential. This dynamical

resonance - the anharmonic resonance (AHR) - occurring in an anharmonic potential

was studied before using a model and three dimensional PIC simulations of laser driven

clusters [14]. However, collisionless processes and AHR phenomenon remain to be a

debate [88, 143, 145]. In numerical simulations it is often obscured due to many body

nature of interaction, since it needs clear examination of individual electron trajectory,

identification of corresponding Ω[r(t)] and a dynamical mapping of Ω[r(t)] on to ω . To

prove AHR for a laser driven cluster a three dimensional MD simulation code with soft-
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core Coulomb interactions among charge particles has been developed. By following

the trajectory of each MD electron and identifying its time-dependent frequency Ω[r(t)]

in the self-generated anharmonic plasma potential it is found that electron leaves the

potential and becomes free only when AHR condition Ω[r(t)] = ω is met. Thus, for the

first time, our MD simulation clearly identifies AHR process in the laser cluster inter-

action. We further introduce a non-linear oscillator model that brings out most of the

features of MD electrons while passing the AHR. Thus, we bridge the gap between PIC

simulations, analytical models and MD calculations.

We consider a single deuterium cluster of radius R = 2.05 nm, Wigner-seitz radius

rw = R/N1/3 ≈ 0.17 nm and number of atoms N = 1791. It is irradiated by 800 nm

wavelength laser pulses of various intensity giving density ρ ≈ 27.3ρc and ω2
p/3ω2 =

ω2
M/ω2≈ 9.24; where ρc =ω2/4π is the critical density at 800 nm and ωp is the plasma

frequency. These parameters of the cluster are kept unchanged throughout this chapter.

The outline of the present chapter is as follows: Section 3.2 illustrates AHR by a

simple model of a cluster while Sec.3.3 proves the hypothesis of AHR by detailed MD

simulations. A summary of the present study is given in Sec.3.4.

3.2 Model for anharmonic resonance absorption

Before studying the laser-cluster interaction by MD simulations, we show here various

features of AHR by a model of a cluster which will provide an easy interpretation of MD

results in Sec.3.3. Although the rigid sphere model is a very simple approximation of

clusters, it provides significant qualitative understanding of efficient energy absorption

by clusters. The schematic of a simple RSM is shown in Fig. 3.1. In the model, cluster

is assumed to be pre-ionized and consists of homogeneously charged spheres of massive

ions and much lighter electrons of equal radii Ri = Re = R0. When their centers coincide
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plasma becomes charge neutral. The motion of ions can be neglected for short laser

pulses < 50 fs and non-relativistic laser intensities < 1018 Wcm−2 as considered in this

work. Thus ion sphere provides a sharp boundary with zero density gradient scale-length

at the vacuum plasma boundary.

Figure 3.1: Schematic of the rigid sphere model. The positively charged ion sphere is at
rest which provides the background potential 3.3 shown in solid green line in which non-
interacting electron spheres (red dots) are uniformly placed. Corresponding electrostatic
restoring field 3.2 is plotted with solid red line which shows field is harmonic inside the
cluster and becomes anharmonic outside the cluster boundary.

The equation of motion (EOM) of the electron sphere in a linearly polarized laser

field along x-direction reads

d2~r
dt2 +

~r
r

g(r) = x̂(qe/me)El(t)/R0 (3.1)
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where~r =~x/R0 and r = |~r|. The electrostatic restoring field

g(r) = ω
2
M×


r if 0≤ r ≤ 1

1/r2 if r ≥ 1,

(3.2)

can be derived by Gauss’s law. It shows that as long as the excursion r of the center

of the electron sphere remains inside the ion sphere, it experience a harmonic oscilla-

tion with a constant eigen-frequency ωM. Crossing the boundary of the ion sphere, it

begins to experience the Coulomb force and its motion becomes anharmonic with grad-

ual reduction in the eigen-frequency for increasing excursion from the center of the ion

sphere. The nonlinear resorting field (3.2) is simpler than used earlier [99, 146]. Nev-

ertheless, it exhibits all features AHR phenomena elegantly, e.g., prompt generation of

electrons within a time much shorter than a laser period, crossing of electron trajecto-

ries and subsequent non-laminar electron flow [88]. It neglects the interaction of diffuse

boundary of the electron sphere with the sharp boundary of the ion sphere, but allows

us to calculate Ω[r] of the electron sphere analytically for an arbitrary excursion which

is not possible with the g(r) in Refs.[99, 146]. The electrostatic potential corresponding

to Eq.(3.2) reads

φ(r) = ω
2
MR2

0×


3/2− r2/2 if 0≤ r ≤ 1

1/r if r ≥ 1.
(3.3)

The cluster size being much smaller than the laser wavelength λ = 800 nm as con-

sidered in this work, the dipole approximation for the laser vector potential A(z, t) =

A(t)exp(−i2πz/λ ) ≈ A(t) is assumed. Thus, the effect of propagation of light (di-

rected in z) is disregarded. The driving field of the laser can be derived from the re-
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lation El(t) = −dA/dt which is already shown in chapter 2. Here we re-write the ex-

pression for the electric field component of the laser derived from the vector potential

A(t) = (E0/ω)sin2(ωt/2n)cos(ωt) for 0 < t < nT ;

El(t) = (E0/ω)


3
∑

i=1
ciωi sin(ωit) if 0 < t < nT

0 otherwise;

(3.4)

where n is the number of laser period T , nT is the total pulse duration and E0 is the

field strength corresponding to an intensity I0 = E2
0 . c1 = 1/2,c2 = c3 = −1/4,ω1 =

ω,ω2 = (1+ 1/n)ω , and ω3 = (1− 1/n)ω . Eq.(3.4) leads to the correct dynamics of

a free electron [71] even for very short sub-cycle pulses in contrast to the often used

sin2-pulses [13, 18, 36, 87].

3.2.1 Effective frequency of the electron sphere

In the absence of a driver, the eigen-period T of oscillation of the electron sphere in the

potential (3.3) can be calculated from

T =
4R√

2

∫ rm

0

dr√
Φ(rm)−Φ(r)

. (3.5)

Here Φ(rm)= qeφ(rm) is the potential energy stored in the oscillator at an initial distance

r = rm from where it is left freely in the potential at a time t = 0. For 0≤ rm≤ 1, Eq. (3.5)

yields a constant T = 2π/ωM and the effective frequency of oscillation of the electronic

sphere as

Ω(r) = 2π/T = ωM. (3.6)

When rm > 1, we write T = T1+T2 with T1/4 as the time required for r = 1 to r = 0
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and T2/4 = R√
2

∫ 1
rm

dr√
Φ(rm)−Φ(r)

is the time required for r = rm to r = 1 which give

T1=
4

ωM

[
sin−1

(√
rm/(3rm−2)

)]
,

T2=
(2rm)

3/2

ωM

[
sin−1

(√
(rm−1)/rm

)
+
√
(rm−1)/r2

m

]
. (3.7)

The expression for T1 is obtained from the harmonic solution rin =
√

R2+v2
R/ω2

M

sin(ωM(t−T2/4)+arctan(ωMR/vR)) inside the cluster satisfied by the electron that enters

the surface of the cluster with the velocity vR = −ωMR
√

2(rm−1)/rm (obtained from

the energy conservation) at t = T2/4. If the electron starts at the surface of the cluster,

i.e., at rm = 1, we get T1 = 2π/ωM, T2 = 0 and recover Eq.(3.6) with T = T1. The

effective frequency Ω(r) = 2π/(T1 +T2) now depends on the excursion amplitude r =

rm, since the electron sphere interacts with the nonlinear part of the restoring field. In

a laser field excursion changes with time. Thus Ω[r(t)] depends on t when r(t)> 1. In

more realistic MD simulations of clusters, there is no pre-defined potential (as Eq.(3.3))

in which electrons oscillate. Therefore, finding Ω(r) analytically is not possible in MD.

From Eq. (3.1) we formally write (in analogy with a harmonic oscillator) the square of

Ω(r) as the ratio of restoring field to the excursion of the electron sphere [14]

Ω
2[r(t)] =

g[r(t)]
r(t)

=
restoring field

excursion
. (3.8)

Note that for a harmonic oscillator above relation yields the correct eigen frequency Ωh

with g(r) = Ω2
hr.

Analytical result of the normalized effective frequency Ω/ω using (Eqns.(3.6)-(3.7))

as a function of excursion (rm) of the electron sphere in the potential (3.3) is plotted
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Figure 3.2: Normalized effective frequency Ω/ω of the electron sphere versus its ex-
cursion amplitude rm for a deuterium cluster of radius R = 2.05 nm, Wigner-seitz radius
rw ≈ 0.17 nm and number of atoms N = 1791, density ρ ≈ 27.3ρc and ω2

M/ω2 ≈ 9.24;
where ρc = ω2/4π is the critical density at λ = 800 nm. Numerical approximation
using Eq.(3.8) and the analytical result using Eqns.(3.6)-(3.7) are comparable. Vertical
dashed lines indicate AHR is expected near rm ≈ 2 according to Eq.(3.8) and rm ≈ 2.5
according to Eq.(3.7).

in Fig. 3.2. Numerical solution of Eq. (3.1) (without the laser field) gives r(t) and

corresponding Ω/ω from Eq. (3.8). This numerical approximation is also plotted in

Fig. 3.2 which matches reasonably well with the analytical Ω/ω . As the electron sphere

moves away from harmonic region of the potential, Ω/ω starts decreasing. At a distance

of rm ≈ 2, the AHR condition Ω/ω ≈ 1 is satisfied. If the laser field is strong enough

to bring the electron sphere at a value of r(t) = rm ≈ 2, the electron sphere may gain

significant energy from the laser field via such AHR.
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3.2.2 Dynamics of the electron sphere in the laser field

The dynamical behaviour of the electron sphere (for the above cluster) irradiated by a

n = 5-cycle pulse (3.4) of duration nT = 13.5 fs and peak intensity 5× 1015 W/cm2 is

now studied. Figure 3.3(a-d) depicts the normalized value of the square of the frequency

Ω
2
(r) = Ω2(r)/ω2 using Eq.(3.8), excursion x = x/R, total energy E t = Et/Up and the

laser field E l = El/E0 versus the normalized time t = t/T for the electron sphere placed

at four different initial locations |x|< 1 in the potential. Initially, spheres are bound with

different energies (near E t ≈−4) where they experience a constant frequency Ω[r(0)] =

ωM. Up to t/T . 2.0, in Fig.3.3(a), the laser field strength is not sufficient to liberate the

electron sphere from the potential. In the oscillating laser field, at times x exceeds unity

with a decrease in Ω
2 from ω2

M/ω2 ≈ 9.24 and the corresponding increase in E t . The

decrease of Ω
2
[r(t)] being insufficient to meet the AHR condition Ω

2
[r(t)]≈ 1 (dashed

horizontal line), particle can not absorb sufficient energy to come out completely but

pulled back towards the potential center (see the reversal of x and Ω
2 near t/T ≈ 1.9)

by the restoring force due to the ion sphere. As it reverses its direction and emerges

on the other side of the potential with x < 0; the increasing laser field towards its peak

value (i.e., E l ∼ 1) after t/T ≈ 2.0 helps |x| to exceed unity with a fast drop of Ω
2 for

t/T > 2.1. Around t/T ≈ 2.2 (indicated by vertical dashed line), Ω
2 meets the AHR

condition with |x| ≈ 2. The fact that AHR truly occurs at an excursion |x| ≈ 2 is in

agreement with Fig.3.2. It also justifies the robustness of the formal approximation

(Eq.(3.8)) for retrieving the effective frequency from the numerical model. After the

AHR (i.e., t/T > 2.2) particle becomes completely free with Ω
2
[r(t)] ≈ 0 and final

energy E t ≥ 0.

Figures 3.3(c-d) show electron spheres undergoing AHR at t/T = 2.7,3.2,3.7 re-

spectively. Since initial positions are different, they have different initial phases and
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Figure 3.3: Normalized value of the square of the effective frequency Ω
2
(r), excur-

sion x, total energy E t and the laser field E l versus the normalized time t = t/T for
four electron spheres undergoing AHR at successive times (a)t = 2.2,(b)t = 2.7,(c)t =
3.2,(d)t = 3.7. The deuterium cluster of Fig.3.2 is irradiated by a n = 5-cycle pulse of
peak intensity 5×1015 W/cm2.

experience different restoring fields and total fields even though same laser field acts on

them. As a result they are emitted at different times from the potential experiencing the

AHR with different laser field strengths. Electron spheres experiencing AHR at a higher

driving field strength generally acquire higher energies after the pulse as in Figs.3.3(a-
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c). Some electrons may also exhibit [as in Fig.3.3(d)] multiple AHR: they leave the

cluster potential through AHR, return to the cluster interior by the laser field (or by the

stronger restoring field than the laser field) and finally become free with a net positive

energy via the AHR.
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Figure 3.4: Snapshots of N = 1791 non-interacting electron spheres in the (E t , Ω
2) plane

at times (a) t = 2.2, (b) t = 2.7, (c) t = 3.2, (d) t = 3.7 corresponding to Fig.3.3. As the
laser field strength increases with time, more and more electrons are drawn towards the
line of AHR, i.e, dashed line at Ω

2 ≈ 1. The parameters of laser and cluster are same as
in Fig.3.3.
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In this model electrons are frozen into a single sphere. Whereas, in reality, electrons

in a cluster distinctly move even with a low intensity short laser pulse. Such a multi-

electron system with all possible electrostatic interactions will be considered in detail

by MD simulations in Sec.3.3. To gain some more physical insight on the dynamics

of electrons in a multi-electron cluster and the AHR through the above model, we con-

sider N = 1791 non-interacting electron spheres (mimicking the multi-electron system)

placed uniformly inside the ion sphere. Each electron sphere mimics a real point size

electron.

Figures 3.4(a-d) show snapshots of all non-interacting electron spheres (each dot

represents a sphere) in the energy versus effective frequency plane at times t = 2.2,2.7,

3.2,3.7 corresponding to Figs.3.3(a-d). Colors indicate their normalized positions. In

an early time t/T = 2.2 [in Fig.3.4(a)] a large fraction of electrons are bound in the

harmonic part of the potential with frequency Ω
2
= ω2

M/ω2 = 9.24 and excursion r < 1

(dark blue to light blue). Some electrons first come out of the harmonic part and continue

in the anharmonic part of the potential with a drop in Ω
2 (up to 4) and increasing excur-

sion 1< r < 1.3 (light green to yellow). But the restoring field on them being higher than

the laser field they return to the cluster (see reversal of electrons with change of colors

green-yellow-green in the U-shaped lobe) and become bound. At this time a few elec-

trons (dark red to brown) are aligned towards the line of AHR (horizontal dashed line)

with excursion r ≈ 2 and frequency Ω ≈ 1. At a later time t/T = 2.7 [in Figs.3.4(b)],

phase of the laser field is reversed with nearly the same strength. Apart from bound

and returning electrons [as in Fig.3.4(a)], it is clear that many electrons are now drawn

towards the line of resonance, some are already free during this half laser cycles be-

tween t/T = 2.2− 2.7 due to change in the field. Beyond t/T = 2.5 [in Figs.3.4(b-d)]

laser field strength becomes weaker than the restoring field on some quasi-free electrons.
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Those electrons (typically having low energies) are dragged inside the cluster (see their

color changes from brown to yellow) even though they were made free via the AHR

earlier.

Thus a simple nonlinear oscillator model brings out most of the physics of AHR

phenomena for a laser driven cluster in the temporal domain (Fig.3.3) as well as in the

energy versus frequency domain (Fig.3.4). The identification of the effective dynamical

frequency Ω[r(t)] of the driven oscillator in the numerical model and the liberation of

particles from the cluster potential only when Ω matches the resonance condition Ω≈ω ,

clearly justifies the robustness of the formal approximation in Eq.(3.8) and permits its

application in the self-consistent MD simulations in Sec.3.3.

3.3 Anharmonic resonance absorption using molecular

dynamics simulation

It is mentioned that in the above model electrons are frozen in a sphere which moves

in a predefined attractive potential due to the ion sphere. In reality, the potential of

the ionized cluster varies with the time to time redistribution of charges. In the initial

time, when cluster is charge neutral, potential must start from a zero value. Electrons

may also face repulsive potential due to concentrated electron cloud in some part of the

cluster. In the model, the electron sphere either stays inside (0% outer ionization) the

cluster or completely goes out of the cluster (100% outer ionization) for a given laser

intensity. However, there is always a certain fraction of outer ionized electrons even at

an intensity just above the inner ionization threshold. These shortcomings of the model

can be addressed by MD simulation. In this section we present results obtained from

three-dimensional MD simulations.
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3.3.1 Required details of molecular dynamics simulation

Extensive details of the new MD simulation code is given in chapter 2 for the study of

laser-cluster interaction. Here we again highlight the initial configuration of the cluster,

governing EOM, expression for interacting force and potential. Particular attention is

given to the identification of AHR process using MD simulation. Cluster is assumed to

be pre-ionized. Ni = Ne = 1791 number of ions and electrons are uniformly distributed

in fixed cluster radius R= 2.05 nm. This may be regarded as a situation where ionization

has already taken place by a pump pulse and subsequent interaction of a probe pulse is

studied. Electron-electron, ion-electron and ion-ion interactions through the Coulomb

field are taken into account. Binary collisions among particles are neglected since we

are interested in collisionless processes. We recall the EOM of i-th particle of charge qi

due to all j-th particles each of charge q j in the system in a linear polarized laser field,

polarized in x and propagating in z (in the dipole approximation) from chapter 2,

mi
d~vi

dt
= ~Fi(ri,vi, t)+ x̂qiEl(t)+qi~vi× ŷBl(t), (3.9)

Force and potential are modified with a smoothing parameter r0 = rω , added with ri j

to soften the potential and corresponding force. The modified Coulomb force on i-th

particle and the corresponding potential at its location are

~Fi =
Np

∑
j=1,i 6= j

qiq j~ri j

(r2
i j + r2

0)
3/2 , φi =

Np

∑
j=1,i6= j

q j

(r2
i j + r2

0)
1/2 . (3.10)

Equation (3.9) is solved using the velocity Verlet time integration scheme [123] (dis-

cussed in chapter 2) with a uniform time step ∆t = 0.01 a.u..
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3.3.2 Laser energy absorption and outer ionization

The MD code is now used to study interaction of n = 5-cycle laser pulse of duration

nT = 13.5 fs with the deuterium cluster as in Sec.3.2. Initially, cluster has equal number

of uniformly distributed ions and electrons (i.e., Ni = Ne = N) so that it is macroscopi-

cally charge neutral.
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Figure 3.5: Total absorbed energy per electron in units of Up (top) and fractional
outer ionization (bottom) versus the laser intensity for a deuterium cluster of radius
R = 2.05 nm, and number of atoms N = 1791, density ρ ≈ 27.3ρc and ω2

M/ω2 ≈ 9.24.
Cluster is illuminated by a n = 5-cycle laser pulse of wavelength 800 nm and various
peak intensity.

Figure 3.5 shows total absorbed energy per electron normalized by of Up and corre-

sponding degree of outer ionization at the end of the laser pulse as the peak intensity is

varied. Normalized absorption per electron [in Fig.3.5(a)] attains a maximum between

intensities 5× 1015− 1016 Wcm−2. This nonlinear variation of absorbed energy with
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intensity is similar to that reported earlier using PIC simulations [14] of xenon clus-

ters. The outer ionized fraction [in Fig.3.5(b)] of electrons, on the other hand, increases

gradually with the peak intensity and saturates at unity (%100 outer ionization) at some

higher intensity even for this short 5-cycle pulse. At an intensity 5×1015 Wcm−2, it is

inferred that almost 60% electrons are outer ionized (N ≈ 0.6) which contribute to the

total absorbed energy of ≈ 2000Up.

3.3.3 Analysis of electron trajectory and finding the AHR

The high level of absorption and outer ionization shown in Fig.3.5 with a short 13.5 fs

laser pulse is certainly not due to the linear resonance process. Figures 3.6(a-b) show

normalized space charge field Esc
x = Esc

x (t)/E0 and the total field Et
x = Et

x(t)/E0 versus

excursion x(t) of a few selected outer ionized electrons (only 29 electrons are plotted)

at the peak intensity 5×1015 Wcm−2 of Fig.3.5. Corresponding x(t) versus t are shown

in Fig.3.6(c). The crossing of trajectories of MD electrons [in Fig.3.6(c)] emitted from

the cluster at different times, their non-laminar motion in time, the uncompensated laser

field by the space charge field [in Fig.3.6(a)] and the corresponding non-zero total field

[in Fig.3.6(b)] inside the cluster (−1 ≤ x ≤ 1) clearly suggest that absorption is not

due the celebrated Brunel effect [89]. The underlying mechanism can be understood

by analyzing trajectories of those MD electrons and finding the corresponding effective

frequency as shown by the model in Sec.3.2.2. We write the time dependent frequency

of the i-th MD electron (in analogy with Eq.(3.8)) as

Ω
2[ri(t)] =

~Esc
i (rrri, t) · rrri

rrr2
i

=
restoring field

excursion
(3.11)
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Figure 3.6: (a) Normalized self-generated space-charge field (Esc(t)/E0) and (b) nor-
malized total field (Et(t)/E0) versus normalized excursion x(t)/R of a few selected
outer ionized electrons (only 29 electrons out of N = 1791 are plotted, color bar in-
dicates their index i = 1− 29) at a peak intensity of 5× 1015 Wcm−2. Corresponding
trajectories x(t)/R versus t/T are shown in (c). All other the parameters of cluster and
the laser are same as in Fig 3.5.

where ~Ei
sc
= ~Fi/qi is the electrostatic field on the i-th MD electron obtained from

Eq. (3.10).

Figures 3.7(a-b) show different normalized quantities, i.e., frequency squared Ω
2,

excursion x, total energy Et , laser field E l versus normalized time t for selected MD

electrons which are outer ionized at times: (a) t = 1.1 and (b) t = 2.2 from the cluster

irradiated by the same 5-cycle laser pulse of peak intensity 5× 1015 Wcm−2. Initially,
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Figure 3.7: Normalized value of the square of the effective frequency Ω
2
(r), excursion

x, total energy E t and the laser field E l versus the normalized time t for different MD
electrons undergoing AHR and outer ionization at times (a) t = 1.1,(b) t = 2.2. The
cluster is irradiated by a n = 5-cycle pulse of peak intensity 5× 1015 W/cm2. These
results resemble with the results of model analysis in Fig. 3.3.

the cluster is charge neutral, electrostatic field is zero inside the cluster and all particles

are at rest. As a result, the effective frequency Ω([r(t)] and total energy Et of each

electron is zero. As the laser field is switched on, the charge separation potential and

the corresponding field are dynamically created due to the movement of more mobile

electrons than the slow moving ions. The MD electron in Fig.3.7(a) is first attracted

inside such potential by the restoring force due to ions (see its excursion |x| decreases

towards the center of the cluster and total energy starts becoming negative) where its

effective frequency Ω[r(t)] after increasing from zero exceeds the laser frequency ω

and goes to a maximum value when its total energy reaches a minimum negative value

(i.e, it becomes more bound in the potential). From this point onwards the dynamics of

the MD electron is very similar to the electron sphere in the model. As the laser field

changes further, electron is pulled towards the negative x-direction, |x| increases beyond

unity, Ω
2 drops from its maximum and crosses the line of AHR (horizontal dashed line
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where Ω
2
= 1) near t/T ≈ 0.95 with the corresponding increase in E t from negative to

positive value (bound to free motion) similar to that shown in Fig.3.3 using the model.

After the AHR, electron leaves the cluster forever with a total energy of 0.8Up in the end

of the pulse. In this early time of interaction, the laser field being very weak, only the

loosely bound outer most electrons as compared to the core electrons leave the cluster.

Such early leaving electrons which experience AHR in a shallower potential with a low

laser field strength generally carry low kinetic energies. As the laser field increases

to it’s peak value, more electrons are outer ionized from the core of the cluster [as in

Fig.3.7(b)]. They experience a relatively deeper potential. Electrons while moving in

deep potentials have relatively higher Ω[r(t)] [clear from 3.7(b)] and they require higher

field strengths for their liberation. Indeed, MD electron in Fig.3.7(b) becomes free when

its Ω
2 passes the resonance line Ω

2
= 1 after dropping from its maximum value and its

energy E t becomes positive at t ≈ 2.2 as the peak of the pulse is approached.

The occurrence of AHR for MD electrons in Fig.3.7 resemble with Fig.3.3 in the

model in Sec.3.2 except that frequency and potential start from zero and self-consistently

generated in the case of MD while those are predefined in the model.

3.3.4 AHR in the frequency vs energy plane

To prove that all MD electrons essentially pass through AHR during their outer ioniza-

tion, Figures 3.8(a-d) show snapshots of all electrons in the (Ω2, E t) plane at different

times t = 1.1,1.7,2.2,3.2 respectively. Colors indicate normalized positions (r) of those

electrons as in the Fig.3.4. From Fig. 3.8 it is clear that each electron leaves the cluster

(r > 1, green to dark red) and its energy becomes positive only when it crosses the line

of AHR (dashed horizontal line at Ω
2
= 1). After becoming free, electrons have zero

effective frequency as they are beyond the influence of the electrostatic field.
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Figure 3.8: Snapshots all MD electrons in the (E t , Ω
2) plane at times (a) t = 1.1, (b)

t = 1.7, (c) t = 2.2, (d) t = 3.2. As the laser field strength increases with time, more
and more electrons are drawn towards the line of AHR, i.e, dashed line at Ω

2 ≈ 1. The
parameters of laser and cluster are same as in Fig.3.7.

In the early time t = 1.1, in Fig.3.8(a), only few electrons are outer ionized form

the cluster and the resulting potential is shallow. As a result energies (E t) of the bound

electrons are very close to zero but negative. Some of the bound electrons have negative

Ω
2 due to the repulsion of the compressed electron cloud in their vicinity at this early

time.

74



Chapter 3. Identification of anharmonic resonance absorption

At later times t = 1.7,2.2, in Figs.3.8(b)-(c), as the laser field approaches its peak

value, an increasing number of electrons are outer ionized via the AHR channel. As

a result the potential depth gradually increases, remaining bound electrons move to a

deeper potential due to the gradually stronger attractive force of the uncompensated bare

ionic background, the population of negative Ω
2 valued electrons moves gradually to the

attractive potential (repulsion vanishes with increasing potential depth) and becomes

almost negligible in Fig.3.8(c) where all bound electrons are aligned to pass the AHR in

the next time interval.

After the peak of the laser pulse, e.g., at t = 3.2 in Fig.3.8(d), since outer ionization

is mostly saturated and the potential has already reached to its near maximum depth

at the pulse peak before (i.e., near t = 2.5), many bound electrons are dragged into

the potential (they have more negative energies) due to the weakening of the laser field

compared to the attractive force due to ions. Some of the quasi-free electrons (electrons

with positive Ω
2 and positive E t) near the cluster boundary also return inside due to

such attraction.

The feature of AHR shown in Fig.3.8 in the frequency versus energy plane resembles

Fig.3.4 obtained by the model, except that some MD electrons in Fig.3.8 experience

negative frequencies due to repulsion of the neighbouring electrons.

Above analysis of trajectories of MD electrons in the self-generated, time-varying

potential clearly indicates that the passage of AHR is must during their outer ionization.

The fact that large amount of energy absorption by an electron and its simultaneous

liberation from the dynamical potential happening at the same time only when AHR

condition is met, clearly proves the AHR as a responsible mechanism behind this effi-

cient laser absorption in a cluster.
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3.4 Summary

The goal of the work presented in this chapter is to re-examine the AHR absorption

mechanism of intense infrared laser pulses in a over-dense cluster using MD simula-

tions. Although, AHR was proved earlier by a rigid sphere model and particle-in-cell

(PIC) simulations [14] of clusters, it still remains obscure in many-body plasma simu-

lations. To prove AHR on a firm footing a three dimensional MD simulation code with

soft-core Coulomb interactions among charge particles has been developed. By follow-

ing the trajectory of each individual MD electron and identifying its time-dependent fre-

quency Ω[r(t)] in the self-consistent anharmonic potential (as in Ref.[14]) it is found that

electron leaves the potential and becomes free only when AHR condition Ω[r(t)] = ω

is met. Thus, for the first time, our MD simulation clearly identifies AHR process in

the laser cluster interaction. A simple anharmonic oscillator model (Sec. 3.2) is intro-

duced to understand MD results better. The model brings out most of the features of

MD electrons while passing the AHR. Thus, we not only bridge the gap between PIC

simulations, analytical models and MD calculations but also unequivocally prove that

AHR processes is a universal dominant collisionless mechanism of absorption in the

short pulse regime or in the early time of longer pulses in clusters.

We believe that AHR mechanism works irrespective of the target size at least in the

first few nano-layer of the sharp over-dense plasma (zero density scale-length) where

laser interacts first and the analysis of electron trajectories (Sec. 3.3) presented here

may be useful to identify AHR in such targets. The prompt generation of electrons via

AHR within a time much shorter than a laser period, the crossing of electron trajectories

[in Fig.3.6(c)] demonstrated by MD simulations and the breaking of laminar flow of

electrons may lead to plasma wave-breaking and subsequent mixing of wave-phases

[88] even at sub-relativistic laser intensities in an extended plasma.
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4
Dynamical resonance shift and unification

of resonances

The objective of this chapter * is to examine the role of linear resonance (LR) in

the short pulse regime and to find out the optimal regime of laser wavelengths in the

entire regime of intensities ∼ 1015Wcm−2− 1017Wcm−2 for an argon cluster so that

maximum conversion of laser energy into charged particle energy is obtained. Further

goal is also to look for the possibility to unify all kinds of LR i.e., (i) during initial

cluster charging, (ii) during Coulomb explosion phase in the later time, and (iii) AHR

in the marginal over-dense regime in a single short laser pulse for an argon cluster for

maximum absorption of laser energy. Present study uses the improved MD code, where

self-consistent inner ionization mechanism for atoms/ions is included via "OBI" model.

MD results are also corroborated by the simple RSM of the cluster.

* S. S. Mahalik and M. Kundu, “Dynamical resonance shift and unification of reso-

nances in short-pulse laser-cluster interaction”, Physical Review A (97), 063406 (2018)
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4.1 Introduction

For a short laser pulse duration < 5 fs, background ions remain relatively frozen and

Mie-plasma frequency ωM (corresponding to wavelength λM) remains much above the

laser frequency ω for λ > 400 nm. In this regime linear resonance (LR) can not happen.

However, in this regime, an electron may pass through anharmonic resonance (AHR)

when its dynamical frequency Ω[r(t)] in the anharmonic potential gradually decreases

and finally meets the driving ω . The role of AHR as a dominant collisionless pro-

cess in laser cluster interaction is discussed in chapter 3 also in Ref. [13, 21, 87, 100].

Assuming collective motion of electrons as a driven harmonic oscillator, ẍ+ω2
Mx =

−E0 cos(ωt), which may be satisfied by those bound electrons in the bottom of the

potential; one finds the excursion as x = −E0 cos(ωt)/(ω2
M−ω2) and average energy

〈ε〉 = 〈(ω2
Mx2 + ẋ2)/2〉 = E2

0(ω
2
M + ω2)/4(ω2

M −ω2)2. In this collective oscillation

model, pronounced and maximum absorption of laser in a cluster-plasma is expected

when the LR condition ωM = ω (or λM = λ ) is satisfied. Such a LR can be met in dif-

ferent ways, when (i) ωM rises towards ω during the cluster charging (from the neutral

condition) in the initial time, (ii) ωM drops towards ω during the Coulomb expanding

(CE) phase, and (iii) ω approaches ωM by varying λ of a tunable laser, in the sense that,

λ is changed from one experiment to the other. Amongst these possibilities, the LR in

the CE phase [option (ii)] has been demonstrated in experiments [9–11, 36, 37, 128, 129]

with longer pulses > 50 fs. Due to non-availability of tunable lasers of any desired λ ,

the option (iii) can not be explored experimentally (always) for a cluster and one has to

rely on models or numerical simulations. However, in previous simulations by Petrov

et al.[19] and in subsequent studies [22, 23, 117] on laser heated clusters with pulses

> 75 fs, no enhancement in the laser absorption and cluster charging were found while
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passing through the LR by λ variation. Therefore, role of above LR was denied and

the controversy still persists. For longer wavelengths, typically, λ > 400 nm, the ωM

rises so sharply (due to faster ionization) that the LR condition is met instantaneously

only for an infinitesimal time compared to the laser period, thus making this LR [op-

tion (i)] in the early time very inefficient for which no serious attention is paid to it by

experimentalists.

Here, in this chapter, we study laser-cluster interaction in the fascinating regime of

5-fs (fwhm) short laser pulses. The complex interplay between laser absorption, cluster

charging, Coulomb expansion and electrons’ outer-ionization depending upon laser and

cluster parameters inhibits to predict an optimal condition for maximum laser absorp-

tion. One hardly thinks of unifying all possible options [(i)-(iii)] in a single experiment.

The goal here is to look for the possibility to unify all kinds of LR [options (i)-(iii)] and

also AHR in this short pulse regime, particularly making above options (i) and (iii) very

efficient in a single laser pulse, and find out the optimal regime of laser wavelengths

in the entire regime of intensities ∼ 1015 Wcm−2−1017 Wcm−2 for an argon cluster so

that maximum conversion of laser energy into charged particle energy is obtained.

The interaction of 5-fs (fwhm) laser pulses (of fixed energy but different λ = 100−

800 nm) with an argon cluster is studied by our three dimensional MD simulation [21].

It is found that, for a given pulse energy and a cluster, at each peak intensity there exists

a wavelength Λd – shifted from the expected wavelength of Mie-resonance λM – that

corresponds to a unified dynamical LR (we call it UDLR) at which evolution of the ar-

gon cluster happens through very efficient unification of possible resonances in various

stages, including (i) the LR in the initial time of plasma creation, (ii) the LR in the CE

phase in the later time and (iii) AHR in the marginally over-dense regime [nearly satis-

fying Λd ≈ (1−1.5)λM] for a relatively longer pulse duration leading to maximum laser
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absorption accompanied by maximum outer-ionization and also maximum charging for

the argon cluster. At this Λd (typically in the UV regime), respective LR is found to be

more efficient not only in the early cycles of laser interaction [option (i)] than the LR in

the CE phase [option (ii)] but also it becomes very efficient than a longer λ > 400 nm,

due to significant time elapsed by the system near the LR during the rise of ωM, thus

making options (i) and (iii) more viable for short 5-fs (fwhm) pulse. The dynamical

unification of all possible options (i)-(iii) of LR and AHR within a single 5-fs (fwhm)

pulse at the shifted wavelength Λd of UDLR leading to maximum absorption (as shown

here) is also rarely possible with a longer pulse and a longer λ > 400 nm.

In the conventional notion of LR, the absorption maxima should occur at λ = λM

irrespective of the laser intensity. However, as the laser peak intensity increases, the

maxima in the absorption and outer-ionization are found to grow together but gradually

shift towards higher wavelengths in the band of Λd ≈ (1−1.5)λM for the argon cluster

instead of absorption peaking at the expected λM. It means that observed redshift of the

absorption maxima ∆Λd = Λd −λM can be as large as 40-50% of λM depending upon

the laser intensity, cluster size and atomic constituents of the cluster. MD results for the

wavelength shift of resonance absorption peak are also justified by a simple rigid sphere

model (RSM) [21] of cluster given in chapter 3 (see Sec. 3.2). Thus MD and RSM

un-equivocally prove that maximum laser absorption in a cluster happens at a shifted

wavelength in the marginally over-dense regime of Λd ≈ (1− 1.5)λM due to UDLR

instead of λ = λM of LR. Based on above findings, we envisage that this study may

serve as a guideline to perform an optimal condition experiment for maximum laser

absorption in a cluster at different intensities in the short pulse regime. It also (possibly)

explains why Petrov et al.[19, 22, 23, 117] could not find maximum absorption at the

expected λM and removes some of the controversies.
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Organization of the chapter is as follows. Section 4.2 illustrates laser absorption in

an uniformly charged argon cluster by RSM for the basic understanding of the shifting

of the absorption peak from λ = λM of LR. Section 4.3 gives its further detail and

possible unification of resonances (LR and AHR, i.e., UDLR) through various stages of

evolution of argon cluster by rigorous MD simulations. Summary is given in Sec.4.4.

4.2 Wavelength shift of resonance absorption using RSM

Before studying the absorption of laser pulses in an argon cluster by MD simulation

in Sec.4.3, here we first study the same by a RSM. The details of RSM with governing

EOM, electrostatic restoring force g(r), corresponding potential φ(r) and the expression

for laser pulse El(t) = −dA/dt (in dipole approximation) are discussed in chapter 3

(see Sec. 3.2). Here, in this chapter, a pre-ionized argon cluster of radius R0 is assumed

which consists of uniformly charged spheres of argon ions and electrons of equal radii

Ri = Re = R0. The motion of massive ion sphere is neglected for short laser pulse <

15 fs and also the laser magnetic field for intensities < 1018 Wcm−2 as considered here.

From the expression of potential φ(r) (see Eq.(3.3)), we can infer that as long as the

excursion r of the center of the electron sphere remains inside the ion sphere, it executes

a harmonic motion with a constant eigen-frequency Ω[r(t)] = ωM, where Ω[r(t)] stands

for the anharmonic frequency of electrons as introduced in chapter 3. After crossing the

boundary of the ion sphere, it experiences the Coulomb force and its motion becomes

anharmonic [21] with gradual decrease in Ω[r(t)] for increasing r > 1 (see chapter 3,

Sec. 3.2.1). When the irradiating laser wavelength is such that Ω[r(t)] = ωM = ω , then

LR absorption happens for the electron sphere with its center at r ≤ 1. Otherwise, AHR

absorption happens in the over-dense cluster plasma when Ω[r(t)] = ω is met by the

electron sphere at a location r > 1. Thus, RSM can be used to understand both LR and

81



Chapter 4. Dynamical resonance shift and unification of resonances

AHR processes for laser absorption in a cluster.

In the RSM we need to assign a uniform (an average) charge state Z to define ωM,

where ωM =
√

4πρi/3, ρi = 3NZ/4πR3
0 is the charge density of ion background and N

is the number of atoms in the cluster. For an arbitrary value of Z irrespective of the laser

intensity I0, the ωM may be over-estimated or under-estimated. Therefore, in the RSM,

Z must be at least the value of the corresponding optical field ionization (OFI) of argon

atoms/ions for a given I0. To obtain Z, we first create a table of Z vs I0(Z) obeying the

critical field Ec(Z) = I2
p(Z)/4Z of OFI [130, 146, 147], where Ip(Z) is the ionization

potential (IP) corresponding to the integer charge state Z of an argon atom/ion. Then

from the table look-up (or interpolation from the Z vs I0(Z) OFI curve) we find a value

of Z (and call it average Z) for the given intensity of I0(Z). Thus I0(Z) is regarded

as the OFI intensity corresponding to an average Z which may be non-integer. In the

case of MD simulation (in Sec.4.3), however, each atom/ion is self-consistently ionized

to different integer Z only, but the final average charge Z per atom/ion may not be an

integer.

We consider an argon cluster of R0 = 2.91 nm and N = 1791. It is illuminated by

respective peak intensities I0(Z) ≈ 5× 1015,1016,5× 1016,1017 Wcm−2 of OFI yield-

ing different Z ≈ 2.61,3.42,6.2,6.94 from the OFI curve, and take different number of

non-interacting electron spheres Ne = NZ = 4675,6125,11105,12429 in the RSM, with

centers of electron spheres placed uniformly inside the ion sphere. The center of each

electron sphere mimics a real point size electron. For Z = 1, one obtains an uniform

charge density ρi = 3NZ/4πR3
0 ≈ 2.7×10−3 a.u. and ωM =

√
4πρi/3≈ 0.104 a.u. At

λ = 800 nm, it corresponds to an over-dense plasma of ρi/ρc ≈ 9.95 and ωM/ω ≈ 1.82,

where ρc ≈ 1.75×1027m−3 is the critical density. With Z = 1−8, the LR wavelengths

are found to be in the range of λM ≈ 440−156 nm.

82



Chapter 4. Dynamical resonance shift and unification of resonances

Above multi-electron systems are now simulated in RSM. Dynamics of an elec-

tron sphere and corresponding laser energy absorption are studied with laser pulses of

respective I0(Z) by solving the EOM (3.1). For a given I0 and Z, λ is varied from

100 nm to 800 nm; while keeping the total pulse duration τ and the pulse energy den-

sity εp =
∫

τ

0 I(t)dt constant. Throughout this chapter, we keep τ ≈ 13.5 fs (fwhm ≈

5 fs) which corresponds to n = 5 periods at λ = 800 nm. As λ changes from 800 nm

to 100 nm, the number of cycles in a pulse (for a fixed τ) increases, electron spheres

oscillate more, the nano-plasma passes from the over-dense to the under-dense regime,

and the dominant absorption process should exhibit its signature.

4.2.1 RSM results with intensity variation for different Z

Figure 4.1(a) shows the average total absorbed energy E t = ∑
Ne
1 (msv2

i /2+ qsφi)/N by

the electron spheres scaled by number of atoms N (after subtracting the initial energy)

at the end of the pulses (after τ = 13.5 fs) versus λ for different I0 ≤ 1017 Wcm−2 and

Z. Figure 4.1(b) is the corresponding fraction of outer ionized electrons N = Nout
e /Ne,

where Nout
e is the total outer ionized electrons (out of R0) after τ = 13.5 fs. Ver-

tical dashed lines indicate different λM ≈ 274,239,178,167 nm (for respective Z ≈

2.61,3.42,6.2,6.94 above) where absorption maxima are strictly expected by LR. For

a combination of I0 and Z (e.g., I0(Z) ≈ 5× 1015 Wcm−2), it is found that E t and N

increase with increasing λ , attain a maximum at a wavelength Λd (e.g., Λd ≈ 290 nm

for 5×1015 Wcm−2), then drop as λ is increased beyond Λd . Although the pulse energy

is kept constant for all λ for a given I0(Z), the occurrence of distinct maxima in the E t

and N for all I0(Z) . 1017 Wcm−2 suggests the clear effect of λ . It also signifies more

collective behavior of the electron system at Λd . However, absorption peaks are consis-

tently found to be red-shifted from the respective λM of LR for all I0(Z) which is a new
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Figure 4.1: Normalized total absorbed energy E t of electron spheres (a) and corre-
sponding fractional outer ionization N (b) versus λ for an argon cluster (radius R0 =
2.91 nm, number of atoms N = 1791 with various Z ≈ 2.61,3.42,6.2,6.94) irradiated by
laser pulses of respective OFI intensities I0(Z) ≈ 5×1015,1016,5×1016,1017 Wcm−2.
For a given I0(Z), pulses of different λ are chosen by keeping pulse duration τ ≈
13.5 fs (fwhm ≈ 5 fs) as constant. Vertical dashed lines indicate different λM ≈
274,239,178,167 nm for respective Z = 2.61,3.42,6.2,6.94 where absorption maxima
are strictly expected by LR. Inset (c) shows that absorption maxima are shifted in the
marginally over-dense regime of λ/λM ≈ 1−1.2.
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finding by the RSM. Plotting E t against λ/λM in Fig.4.1(c) it is revealed that maxima

in the absorption lie in the marginally over-dense regime of λ/λM ≈ 1−1.2 for all OFI

intensities.

In the RSM, since ionic sphere charge density does not vary, the ωM and λM remain

unchanged. We term the conventional condition λM = λ (or ωM = ω) as static LR and

λ = λM as the wavelength of static LR, to distinguish from the unified dynamical LR

(we call it UDLR where LR and AHR are indistinguishable, more to be discussed later)

in the marginally over-dense regime in presence of outer ionization (as already shown

by the RSM), inner ionization and cluster expansion.

4.2.2 RSM results with intensity variation for fixed Z

Increasing the peak intensity for a fixed Z (e.g., for Z = 3, this situation may arise

when no more inner-ionization happens after the OFI) from the OFI intensity [e.g.,

I0(Z = 3)≈ 6.7×1015 Wcm−2] as shown in Figs.[4.2(a)-4.2(b)], the maxima of E t and

N increase in magnitude but gradually shift towards higher λ from the expected static LR

wavelength of λM ≈ 254 nm (vertical dashed line). Approaching towards λM ≈ 254 nm

from 100 nm, higher intensity pulse expels more electrons from the cluster than at a

lower intensity. When electrons move far from the cluster, the laser field dominates the

restoring field of background ions acting on those free/quasi-free (outer-ionized) elec-

trons. Since the average energy of a laser-driven free electron scales as ≈ E2
0 λ 2/4 and

electrons are liberated at different times with different energy, the redshift of absorption

maxima from λM depends on the population of free electrons during the interaction. As

the free population of electrons increases with increasing intensity when Z is saturated,

absorption peak gradually shifts towards higher λ from the λM. Results presented in

Fig.4.2 just represent a scenario for the redshift of the absorption peak if I0 is increased
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Figure 4.2: Normalized total absorbed energy E t of electron spheres (a) and corre-
sponding fractional outer ionization N (b) versus λ for the argon cluster (R0 = 2.91 nm,
N = 1791, with fixed Z = 3 and Ne = NZ = 5373) irradiated by laser pulses with dif-
ferent I0 starting from I0(Z) ≈ 6.7× 1015 Wcm−2 of OFI for Z = 3. For a given I0,
pulses of different λ are chosen by keeping pulse duration τ ≈ 13.5 fs (fwhm ≈ 5 fs) as
constant. Vertical dashed line indicates corresponding λM ≈ 254 nm where absorption
maxima is strictly expected by LR. Inset (c) shows that absorption maxima are shifted
in the marginally over-dense regime of λ/λM ≈ 1−1.4. Other parameters are same as
in Fig.4.1.
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when there is a saturation of Z. So, in this case with increasing I0, where Z is quickly

saturated at Z = 1 in beginning of the laser pulse and remaining part of the pulse is uti-

lized for increasing outer ionization of electrons and gradual redshift of the absorption

peak from the corresponding λM. Certainly, an under-estimated Z for an intensity will

give more redshift than the actual. However, a better and a self-consistent estimation of

Z at a given I0 can only be obtained by MD simulations.

At 400 nm wavelength, the argon cluster in Fig.4.2 is ≈ 7.46 times over-dense with

ωM/ω ≈ 1.58. For a low intensity < 1016 Wcm−2, almost all electrons remain bound

in the harmonic part of the potential (3.3) with nearly the same energy as the initial

energy and negligible fractional outer ionization occurs after the pulse [see Figs.4.2(a)-

4.2(b)]. Clearly, LR has no role beyond λ = 400 nm. Still, significant absorption and

outer ionization persists for I0 > 1016Wcm−2. In this regime, as I0 is increased, excur-

sions of electron spheres increase beyond r = 1, dynamical frequency Ω[r(t)] of each

electron sphere drop from its initial value of ωM and may meet the laser ω , i.e., the

AHR absorption condition Ω[r(t)] = ω is met for those electron spheres [14, 21, 99].

In the intermediate regime of ωM/ω = λ/λM ≈ 1− 1.5, effects of LR and AHR often

become indistinguishable (the UDLR regime) with dominant contribution due to LR

(and/or near LR fields) as evident from the occurrence of the absorption peak. Note that

the approximate effective field Ee f f ≈ |E0/(ω
2
M/ω2− 1)| inside the cluster is greatly

enhanced (both in the under-dense and over-dense regime, e.g., 1/2 . (λ/λM)2 . 2

) near the LR and symmetric about λ = λM where it has a peak. Whereas AHR can

work only in the over-dense regime of λ > λM, absorption due to AHR monotonically

decreases with increasing λ > λM at a given laser intensity, and AHR can not solely pro-

duce an absorption peak without the dominant contribution of near LR enhanced fields.

Here, near-the-LR augmented fields Ee f f > E0 (for 1 . (λ/λM)2 . 2) help some/many
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electrons to undergo AHR at ease. For higher intensity of 1017 Wcm−2, the absorption

and outer ionization maxima are found at λ = Λd ≈ 330 nm with λ/λM ≈ 1.3 [see inset

Fig.4.2(c)]. In reality, however, at 1017 Wcm−2, charge states Z > 3 are possible by OFI,

leading to increasing restoring force on electrons, reducing fractional outer ionization

and possible shifting of the absorption peak somewhere in the marginally over-dense

regime of Λd ≈ (1−1.5)λM as predicted in Fig.4.1.

From the simple RSM analysis we find that UDLR has a prominent role on maxi-

mum laser absorption and outer ionization. The absorption peak is justified to be red-

shifted from the static LR wavelength λM (in the absence of further inner-ionization),

since there is always a fraction of free population of electrons with positive energy (for

I0 > 1015 Wcm−2) which causes this shift. Therefore, even if ωM remains fixed, the

absorption maxima will never be found at the pre-calculated static LR wavelength of

λM. Instead, it occurs at an un-predictable value in the shifted band of wavelengths

Λd ≈ (1−1.5)λM that depends upon the level of outer ionization which in turn depends

upon the laser intensity. In this shifted band of Λd , evolution of the cluster happens in

the marginally over-dense regime – the UDLR regime – where AHR and influence of

LR become indistinct and maximum absorption and outer ionization occur taking the

benefit of the both.

4.3 Unified resonance absorption by MD simulation

Although RSM brings out basic features of laser-cluster interaction during the LR and

AHR, many important aspects: (i) cluster expansion due to ion motion, (ii) cluster charg-

ing via polarization, and (iii) creation of enhanced charge states beyond OFI via ion-

ization ignition can not be addressed by the RSM. Moreover, a fixed ion-potential is

presumed in the RSM. In reality, potential should evolve in time, starting from zero,
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depending upon the spatial distribution of charges.

Previously, Petrov et al.[19, 22] performed MD simulations for a xenon cluster only

at three laser wavelengths of 100 nm, 248 nm, and 800 nm at an intensity of 1016 Wcm−2

and concluded that, (i) cluster charging, (ii) average charge per atom, (iii) number of

electrons, and (iv) peak electron density do not depend on laser wavelengths [22]. At

λ = 248 nm of KrF laser, maximum laser absorption was expected due to the static LR.

However, they failed to find any enhancement in the absorbed energy at λ = 248 nm

compared to 100 nm and 800 nm; and discarded the role of LR. The “null effect” of

LR was vaguely argued due to the “non-uniform electron density” in the cluster [19].

Note that electron density is always non-uniform in an ionized cluster and in its vicinity

which can not explain non-existence of resonance peak at λ = λM. On the contrary,

RSM results in Sec.4.2 clearly demonstrate an indispensable and combined role of LR

and AHR for maximum absorption. The most important outcome of the RSM is that,

the maximum absorption in a cluster hardly occurs at the static LR wavelength (as ex-

pected by Petrov et al.[19, 22] and almost all in this field). Instead, it occurs in a shifted

wavelength band of Λd ≈ (1−1.5)λM due to outer ionization depending upon the laser

intensity. In order to gain deeper insight for the absorption peak shift and to demon-

strate the unified role of possible LR and AHR (the UDLR) on a strong footing, we

perform more realistic three dimensional MD simulation [21] which is free from above

mentioned short-comings of the RSM.

4.3.1 Details of MD simulation

To study high Z clusters (e.g., argon) by MD simulation, we have incorporated self

consistent inner ionization process of atoms/ions. Ionization of atoms/ions is treated

by “over the barrier” ionization (OBI) model. Details of initial configuration of neu-
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tral atoms atoms, inner ionization mechanism are already described in chapter 2 (see

Sec. 2.9). N = 1791 Number of neutral atoms are put randomly inside the cluster radius

R0 = rwN1/3 ≈ 2.91 nm, where rw ≈ 0.24 nm is the Wigner-seitz radius for argon clus-

ter. The thermal velocity assignment of neutral atoms in the cluster is done by Gaussian

random distribution generated by the Box-Muller transformation (see Sec. 2.9). We ap-

ply the dipole approximation and neglect binary collisions between electrons and ions,

as in chapter 3. Ion motion and laser magnetic filed is taken into consideration. In many

works, ion dynamics is often neglected assuming it to be important only after tens of

femtoseconds. We find that ion dynamics is important even for the short 5-fs (fwhm)

pulses consider here, since it determines the cluster expansion and the Mie-frequency

ωM which in turn determines LR and AHR.

4.3.2 Calculation of Mie-plasma frequency in MD simulation

In MD simulations, charge states of ions are dynamically created depending upon the

laser intensity, wavelength, and self-consistent plasma field. Since ion charge density

is inhomogeneous due to variation of degree of ionization of ions at different loca-

tions at different times and due to the anisotropic cluster expansion [147]; the exact

calculation of dynamical ωM(t) is difficult. To this end, we have tried the relation

ω2
M(t) = QT (t)/R(t)3, where QT (t) is the total ionic charge inside the dynamical cluster

R(t) which is the distance of the outermost ion in the expanding cluster at time t. Due to

higher Coulomb expansion energy of outermost cluster ions than the ions in the cluster

interior, the outer ion-layer dis-integrates much faster radially outward than the nearly

homogeneously distributed, slowly moving interior ions. Therefore, when this R(t) is

taken into account, the dynamical ωM(t) using above definition of ωM(t) greatly under-

estimates the actual ωM(t) in the CE phase of the cluster and can not explain results in
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Fig.4.5. Hence, we calculate ωM(t) from the relation ω2
M(t) = Q0(t)/R3

0 by assuming

instantaneous total positive charge Q0(t) = Ni(t)Z(t) inside the initial cluster radius R0

having Ni(t) number of ions with average charge Z(t) as in Refs.[130, 146, 147].
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Figure 4.3: Temporal variation of normalized Mie-frequency ωM(t)/ω , for the ar-
gon cluster when irradiated by 13.5 fs [5-fs (fwhm)] laser pulses of peak intensity
5× 1016 Wcm−2 and different λ = 100− 800 nm. Time is normalized by the period
T of λ = 800 nm. Two different expressions of ωM have been used here for compari-
son, namely, (i) ωM = ωM2 =

√
QT (t)/R(t)3 where Q(t) is the total ionic charge inside

the dynamical cluster radius R(t) (dashed lines) and (ii) ωM = ωM1(t) =
√

Q0(t)/R3
0

where Q0(t) is the total ionic charge inside the initial radius R0 at time t (solid lines).
The expression ωM = ωM2 =

√
QT (t)/R(t)3 greatly under-estimates the actual ωM(t)

in the Coulomb expanding phase of the cluster.

To justify our argument, we now define two different expressions for ωM calcula-
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tion as ωM = ωM2 =
√

QT (t)/R(t)3 and ωM = ωM1(t) =
√

Q0(t)/R3
0. Fig. 4.3 shows

the direct comparison of these above mentioned two different estimates of ωM at dif-

ferent λ . Solid lines for each wavelengths refer to the ωM1 calculation and dashed

lines are for ωM2 calculation. Clearly, “the latter” is more under-estimated for all

λ = 100− 800 nm as time increases. To understand it, in a simple way, in Fig. 4.4

we plot typical Coulomb explosion scenario of the cluster ions at different times at

some λ (e.g., 200 nm) corresponding to Fig.4.3, i.e., projections of ion co-ordinates

(X̄i,Ȳi, Z̄i normalized by R0) in X-Y and X-Z plane. Inner circle (dashed red) rep-

resents cluster of initial radius R0 and outer circle (dashed blue) represents a sphere

of radius R(t) = max
(

R0

√
X̄i

2
(t)+ Ȳi

2
(t)+ Z̄i

2
(t)
)

which the maximum distance a

of an ion from the center of the cluster at time t, called as dynamical cluster radius

as considered in the expression of ωM = ωM2 =
√

QT (t)/R(t)3. Note that instanta-

neous total positive charge QT (t) of the cluster is enclosed within this R(t). As time

increases, due to Coulomb explosion, some of the ions cross initial R0 and only one (or

a few) reaches at the maximum radial distance R(t) (see Fig.4.4). Now, if seen care-

fully, charge distribution is inhomogeneous and anisotropic which increase with time.

The ions which are relatively at a larger distance from the center, after crossing R0,

quickly disintegrate (due to their higher Coulomb repulsion energy) from the rest of

the slowly moving ions within the initial cluster radius R0. These disintegrated, in-

homogeneously and anisotropically distributed ions beyond R0 when considered in the

expression ωM = ωM2 =
√

QT (t)/R(t)3, certainly can not give the correct estimate of

the harmonic frequency ωM which can be uniquely calculated only from a homoge-

neous or nearly homogeneous ion charge distribution. On the other hand we find that

charge distribution is maintained nearly homogeneous inside initial R0 or much less

inhomogeneous compared to that within R(t) due to slow outward motion of interior
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ions. Due to many ions inside R0 at a given instant, an averaging yields almost homo-

geneous charge density ρi(t). The latter enables us to find the approximate harmonic

frequency ωM = ωM1(t) =
√

Q0(t)/R3
0, which we consider more accurate than the ex-

pression ωM =ωM2 =
√

QT (t)/R(t)3. Now, as Coulomb explosion continues, the radial

distance R(t)−R0 increases for the outermost ion and the volume Vd = 4π(R3(t)−R3
0)/3

between outer sphere and inner sphere increases. However, only a few percent of ions

(which are disintegrated, in-homogeneously and anisotropically distributed) occupies

the volume Vd and most of space in this volume is empty (see Fig.4.4). Therefore, when

dynamical radius R(t) or the dynamical volume V (t) = 4πR3(t)/3 is considered, the

charge density ρi(t) = QT (t)/V (t) is greatly under-estimated. As a result, the expres-

sion of ωM = ωM2 =
√

QT (t)/R(t)3 =
√

4πρi(t)/3 greatly under-estimates the actual

ωM(t) which we have shown in Fig.4.3.

In the initial time (in Fig.4.3) just after the ionization, the dynamical radius R(t) =

R0, and both ωM1 and ωM2 start at the same value. As time goes on, ionization tries to

increase both ωM1 and ωM2 which go hand in hand up to some time (e.g., t/T < 1 for

200 nm, red and red-dashed line) and Coulomb explosion (which starts little late just

after initial ionization and after few electrons have left the system) tries to reduce the

charge density. Even if, only one ion (of some average charge Z̄0 < 8) moves little be-

yond R0, say R(t)= 1.1R0 in the initial time t/T < 1.5, the ωM2 =
√

QT (t)/R(t)3 would

more underestimate the actual ωM than the estimate of ωM = ωM1 =
√

(Q0(t)− Z̄0)/R3
0

≈
√

Q0(t)/R3
0 ≈ ωM0 (since Q0� 1000, Q0− Z̄0 ≈ Q0 holds in the initial time) which

is physically more acceptable.

To be more explicit, let us consider the data in Fig.4.4 at time t/T = 3.0 and cor-

responding R(t)/R(0) ≈ 1.5 from Fig.4.4(c) for R(t)/R(0) versus t/T . In this case, at

time t/T = 3, QT (t) = NZ̄(t) ≈ 1791× 8 (with N = 1791 and Z̄(t) = 8) and V (t) =
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Figure 4.4: Typical Coulomb explosion scenario for the Argon cluster corresponding to
MD results in Fig. 4.6 and Fig.4.3 at λ = 200 nm. Top panels are snapshot of cluster ions
at different times corresponding to Fig.4.3, i.e., projections of ion co-ordinates (X̄i,Ȳi, Z̄i
normalized by R0) in X-Y and X-Z plane. The dynamical cluster radius R(t)/R0 (left
bottom) and number of argon ions Nout

i (right bottom) versus time are also plotted.

(4πR3
0/3)× (1.5)3 = 3.375V0 where V0 = (4πR3

0/3). It gives us ωM1 ≈ 0.27 a.u. and

ωM2 ≈ 0.16 a.u with Q0(t) = 1471×8 and number of ions outside R0 being Nout
i = 320

(obtained from the MD calculation, Fig.4.4(d) for Nout
i /N versus t/T ) which only oc-

cupies the outer volume Vd = 4π(R3(t)−R3
0)/3 = 2.375V0. Note that outer volume Vd

is more than two times the inner volume V0, but it occupies only Nout
i /N ≈ 18% of ions

[see Fig.4.4(d) at time t/T = 3]. Clearly, ωM2 ≈ 0.16 a.u. gives more under-estimated
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value of ωM than the estimate of ωM = ωM1 ≈ 0.27 a.u. Therefore, we discarded ωM2 to

the benefit of ωM1 which is more accurate. In normalized units (for λ = 200 nm, red and

red-dashed) these two values are ωM1/ω ≈ 1.2 and ωM2/ω ≈ 0.7 which precisely match

the respective values in Fig.4.3 for ωM/ω = ωM1/ω vs t/T at time t/T = 3. Therefore,

we can conclude ωM1 is perfectly compatible for the calculation of actual ωM.

4.3.3 Dynamical resonance shift and unification of resonances

The shift of the absorption peak as shown by the RSM becomes more un-predictable

when there is cluster expansion and simultaneous creation of multiply charged ions

during the laser interaction. Figures 4.5(a)-4.5(d) show total absorbed energy E t =

∑
Np
1 (miv2

i /2+ qiφi)/N per atom, fractional outer ionization N = Nout
e /Ne of electrons,

average charge state Z = Ne/N of ions (number of electrons produced Ne divided by

number of atoms N) and an approximate (λ/λM)2 = (ωM/ω)2 versus λ at the end of

laser pulses (i.e., after 13.5 fs) of different peak intensities as in Fig.4.1 with RSM. Here

λM is calculated from the simple estimate of ωM = (NZ/R3
0)

1/2 [130, 146, 147]. As

in the RSM (Figs.4.1,4.2), E t and the corresponding N for an intensity [Figs.4.5(a)-

4.5(b)] increase with increasing λ , reach a maximum in the band of λ ≈ 196± 40 nm

and then decrease with further increase of λ . In addition, average Z also exhibit a peak

[Fig.4.5(c)] in the above band of λ at lower intensities ≤ 1016 Wcm−2. For higher in-

tensities > 1016 Wcm−2, due to higher absorption and outer ionization even at lower

wavelengths < 150 nm, the average Z saturates at Z = 8 due to removal of all electrons

from the 3s23p6 shell of all argon atoms. Considering the OFI (2.24), only average

Z ≈ 2.61,3.42,6.2,6.94 are expected (as used in Fig.4.1) at the respective peak inten-

sities of ≈ 5× 1015,1016,5× 1016,1017 Wcm−2 for an isolated argon atom. However,

for the argon cluster, the average Z exceeding the respective OFI values [Fig.4.5(c)]
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Figure 4.5: Average total absorbed energy E t per atom (a), corresponding fractional
outer ionization N of electrons (b), average Z of argon ions (c), and an approximate
(λ/λM)2 = (ωM/ω)2 (d) versus λ for the argon cluster (radius R0 = 2.91 nm, number
of atoms N = 1791) after the laser pulses of peak intensities I0 ≈ 5× 1015,1016,5×
1016,1017 Wcm−2 as in Fig.4.1. For a given I0, pulses of different λ are chosen by
keeping pulse duration τ ≈ 13.5 fs (fwhm ≈ 5 fs) as constant. Vertical dashed lines
indicate λM where absorption maxima are strictly expected by LR for respective Z =
1,8. Shaded bar highlights that absorption maxima are red-shifted in the marginally
over-dense regime of λ/λM ≈ 1−1.5, which is more clear in the inset of (d).

signifies the role of “ionization ignition” (by plasma space-charge fields ~Esc) which is

found to be more efficient at lower intensities for the creation of higher Z than expected

by OFI. As more electrons are removed from the 3s23p6 shell, the ionization ignition

becomes gradually weaker [an “ionization depletion” may also happen where Z falls

below the OFI expected value [147] for some I0 and λ as evident in Fig.4.5(c)] due to
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higher restoring force of ions on electrons. The field enhancement due to ionization

ignition is not sufficient for the removal of next inner shell (2s22p6) electrons of argon

atoms which require an intensity > 1018Wcm−2.

For the argon cluster the static LR wavelength for Z = 1 is λM1 = λM ≈ 440 nm.

Since Z varies between 1− 8, the static LR wavelengths vary from λM1 ≈ 440 nm to

λM8 ≈ 440/
√

8 ≈ 156 nm for Z = 8 [shown by vertical dashed lines in Figs.4.5(a)-

4.5(b)]. However, the maxima in the absorption and outer ionization occur at shifted

wavelengths (in spite of the saturation of inner-ionization at Z = 8) which lie in the

band of λ ≈ 196± 40 nm because of UDLR (i.e., combined dynamical LR and AHR)

those are met differently for different peak intensities. Here, the dynamical LR, unlike

the static LR, is decided self-consistently by the inner ionization, outer ionization and

cluster expansion during the temporal evolution of a laser pulse and can not be decided

a priori. At an intensity, the UDLR establishes an optimized competition between outer

ionization, cluster expansion and inner ionization: the increasing outer ionization and

cluster expansion momentarily try to push the absorption peak right-ward (not visible)

from the static LR wavelength of λM1 = 440 nm in the initial time of OFI, while rapid

creation of higher Z = 2−8 soon nullifies the expected red-shift and pushes the absorp-

tion peak opposite (ionization induced blue-shift towards λM8 ≈ 156 nm, left vertical

dashed line) during the laser pulse driving. Finally, due to simultaneous outer ionization

and cluster expansion, absorption peaks gradually shift right-ward in the band of wave-

length Λd ≈ 196± 40 nm from the expected λM8 ≈ 156 nm with increasing intensity

similar to the RSM.

Beyond λ ≈ 240 nm, argon cluster becomes significantly over-dense as seen from

Fig.4.5(d) (and also from its inset) where (λ/λM)2 > 2. In this regime of λ > 240 nm,

only AHR plays the dominant role [14, 21] as a collisionless process behind the absorp-
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tion, outer ionization and charging of the argon cluster and the approximate effective

field Ee f f ≈ E0/(ω
2
M/ω2− 1) in the cluster is suppressed below E0. In the interme-

diate (marginally over-dense) regime of λ ≈ 156− 240 nm [i.e., λ ≈ (1− 1.5)λM,

or (λ/λM)2 . 1− 2, as seen from the inset of Fig.4.5(d)] where AHR and LR be-

come indistinguishable (regime of UDLR), the LR and near LR enhanced field ef-

fects play the dominant role as it is understood from the simple estimate of Ee f f ≈

E0/(ω
2
M/ω2− 1), e.g., for (λ/λM)2 = 1.2,1.5, one obtains Ee f f = 5E0,2E0 respec-

tively which may be little over-estimated form the reality. The near-LR enhanced field

Ee f f ≈E0/(ω
2
M/ω2−1)&E0, in the marginally over-dense regime of 1. (λ/λM)2 . 2,

increases efficiency of AHR and helps some/many electrons to undergo AHR at ease.

Clearly, MD results with self-consistently determined charge states and cluster expan-

sion (i.e., with variable ωM) in addition to the absorption and outer ionization as in

the RSM, un-equivocally support that maximum absorption in a cluster happens in a

shifted band of Λd ≈ (1− 1.5)λM, but not at the widely expected λ = λM of static

LR. The relative red-shifts of absorption peaks are ∆Λd/λM ≈ 6.2%,7.5%,9.0%,9.6%

in Fig.4.1, whereas in more realistic MD simulations (Fig.4.5) these are found to be

∆Λd/λM ≈ 19.8%,12.8%,25%,28.2% with increasing I0.

Contrary to earlier findings of Petrov et al.[19, 22] for a laser driven xenon cluster,

we find that cluster charging, average charge per atom, number of electrons, and peak

electron density are strong function of λ (see Fig.4.5) depending upon the peak laser

intensity. Note that Petrov et al.[19, 22] performed MD simulations only at three dif-

ferent λ = 100,248,800 nm at a single intensity of 1016 Wcm−2. Since the absorption

maxima is red-shifted (as shown by MD and RSM) in the regime of λ ≈ (1− 1.5)λM,

it is possible that they had missed the absorption maxima which they precisely expected

at λ = λM = 248 nm (for the xenon cluster) according to the conventional notion.
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4.3.4 Time domain analysis of the resonance shift
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Figure 4.6: Temporal variation of (a) normalized Mie-frequency ωM(t)/ω , (b) average
charge state Z(t), (c) total absorbed energy E t(t) per atom and (d) fraction of outer
electrons N(t) for the argon cluster (in Fig. 4.5) when irradiated by 5-fs (fwhm) laser
pulses of peak intensity 5× 1016 Wcm−2 and different λ = 100− 800 nm. Time is
normalized by the period T of λ = 800 nm. Other parameters are same as Fig. 4.5. It
is seen that maximum absorption and outer ionization happen at the marginally over-
dense λ ≈ 200 nm. Shaded regions in (a) highlight efficient regime of interaction where
UDLR is prominent.

To further justify the UDLR and the shifting of the absorption maxima, we analyze

the evolution of the argon cluster in the time domain. Figures 4.6(a)-4.6(d) show tempo-

ral variation of scaled Mie-frequency ωM(t)/ω = λ/λM(t), average charge state Z(t) =
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Ne(t)/N of an argon ion, total absorbed energy E t(t) per atom and fractional outer ion-

ization N(t) = Nout
e (t)/Ne(t) of electrons respectively, for different λ = 100− 800 nm

at the peak intensity of 5×1016 Wcm−2 corresponding to the result (red, dashed square)

in Fig. 4.5. Time axis is normalized by the laser period T of λ = 800 nm. The hor-

izontal dashed line in Fig. 4.6(a) indicates the line of static LR condition ωM = ω .

The charging of the argon cluster starts around t/T ≈ 0.6− 0.7 for all wavelengths by

the OFI (2.24) when Z(t) = 1 and the dynamical ωM(t)/ω jumps from zero to a fi-

nite value [see Figs. 4.6(a)-4.6(b)]. Successively, laser absorption and outer ionization

lead to “ionization ignition” which in turn creates higher Z(t)> 1 at different ion loca-

tions by meeting the condition (2.25) dynamically, thus causing Z(t) and corresponding

ωM(t)/ω to increase in a step wise manner.

For a shorter λ < 150 nm, ωM(t)/ω remains below the line of static LR (under-

dense) all the time, though respective Z(t) increases and saturates at Z(t) ≈ 8 before

the peak of the laser pulse at t/T = 2.5. In spite of a large number of inner ionized

electrons Ne(t) ≈ NZ(t), absorption and outer ionization is low at 100 nm because of

lower ponderomotive energy of electrons at 100 nm compared to 140 nm. Moreover,

the ωM(t)/ω at 140 nm being more closer to the LR (from below), electrons experience

more enhanced, near-the-LR effective field Ee f f ∼ E0/(ω
2
M/ω2−1) which is responsi-

ble for higher absorption and outer ionization than at 100 nm.

For a longer λ > 300 nm, the line of LR is passed too fast by ωM(t)/ω (see its

sharp rise) just after the OFI in the initial time t/T < 1 and ωM(t)/ω remains much

above the line of LR (over-dense) all the time. This LR in the early time is not effec-

tive, due to weaker laser field and negligible time spent during (or near) the LR while

crossing the resonance line. Just meeting the frequency matching condition of reso-

nance is not enough for efficient transfer of energy from the driver to an oscillator. The
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time spent near the resonance and the strength of the driver are also important. Thus

at long wavelengths > 300 nm, absorption and outer ionization are not so much in the

early time t/T < 1.5. However, as time goes on, Z(t) increases and reaches a saturation

while corresponding ωM(t)/ω reaches a maximum and drops due to cluster expansion

after t/T ≈ 3. The cluster charging, absorption and outer ionization for λ > 300 nm

are poorer than their respective values at the near-the-LR under-dense wavelength of

λ ≈ 140 nm. In this over-dense regime of λ > 300 nm, clearly LR does not play any role

but cluster charging, absorption and outer ionization still happen [Figs.4.6(b)-4.6(d)] due

to the dominant AHR process [14, 21, 99].

In the intermediate band of λ ≈ 196± 40 nm, respective dynamical ωM(t)/ω just

cross the line of static LR during t/T ≈ 1− 1.6 (vertical shaded bar) and elapse dif-

ferent times to its vicinity (in the marginally over-dense region, horizontal shaded bar)

as compared to the other wavelengths outside this band. The slow passage of differ-

ent ωM(t)/ω through the line of LR (i.e., more time elapsed near the LR) in the initial

time t/T < 1.6 couples laser energy so efficiently (in spite of laser field not being at its

maximum) that inner-ionization is saturated due to the liberation of all electrons from

3s23p6 shells of argon atoms while absorption and outer ionization start at a greater

pace as evident from change of their respective slopes. At 160 nm, which is close to

the static LR condition of λM ≈ 156 nm for Z ≈ 8, the ωM(t)/ω just meets the line of

LR for a while t/T ≈ 1.5−2.0, but absorption and outer ionization are still not at their

maximum which is often expected according to LR. Since ωM(t)/ω does not exceed

unity, AHR is not possible. Instead, for 200 nm, the ωM(t)/ω slowly passes the line of

LR during t/T ≈ 1−1.4, reaches a maximum value of ωM/ω ≈ 1.25 at t/T ≈ 1.6 and

remains marginally above the line of LR for almost the entire pulse duration with a slow

fall towards the under-dense regime due to Coulomb expansion. Here, resonances are
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efficiently and dynamically met at different stages, e.g., (i) LR during the initial time

t/T ≈ 1−1.4, (ii) combined LR and AHR in the marginally over-dense regime during

t/T ≈ 1.2− 4.5, and (iii) LR in the Coulomb expansion phase around t/T ≈ 4.5. The

absorption and outer ionization are almost indistinguishable and remain almost equally

efficient up to t/T . 2.5 for both 160 nm and 200 nm, but they begin to separate after

the pulse peak at t/T ≈ 2.5 where ωM(t)/ω quickly falls to the under-dense regime

(where AHR is not possible) for 160 nm whereas it continues in the marginally over-

dense regime (where both AHR and near-LR field effects contribute) for 200 nm until

the end of the pulse. The case of 180 nm is very similar to the case of 200 nm, i.e.,

passage of ωM(t)/ω through LR during t/T ≈ 1− 1.2, reaching a maximum value of

ωM(t)/ω ≈ 1.1 at t/T ≈ 1.6, traversal of ωM(t)/ω in the marginally over-dense regime

during t/T ≈ 1−3.6, meeting the LR in the CE phase at t/T ≈ 3.6, and finally dropping

to the under-dense regime for t/T > 3.6. It is noticed that for 180 nm, E t(t) and N(t)

grow in fater pace than those at 200 nm upto t/T ≈ 3. However, the longer time spent by

the system while passing through the LR and in the marginally over-dense regime justi-

fies maximum absorption and outer ionization at the shifted wavelength of λ = 200 nm

(from the static LR wavelength of λM ≈ 156 nm) than 160 nm and 180 nm as well. The

average charge state, laser absorption and outer ionization of electrons [Figs. 4.6(b)-

4.6(d)] are greatly enhanced at the end of the pulse of 200 nm due to the above unified

dynamical LR which explains the maximum charging, absorption and outer ionization in

Fig.4.5 at different intensities as well as shifting of absorption peaks from the expected

LR condition of λ = λM.

Clearly, an effective unification of the early time LR [option(i)] along with the wave-

length variation [option (iii)] in the band of Λd ≈ 196±40, the LR in the Coulomb ex-

panding phase [option(ii)] and the AHR in the marginally over-dense regime have been
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self-consistently decided by the system to work unitedly here (at 200 nm) for the maxi-

mum laser absorption in the argon cluster with a short 5-fs (fwhm) pulse which is rarely

possible with long wavelength > 400 nm and longer pulses. Thus we find that unified

dynamical LR (UDLR) leads to maximum laser absorption in a cluster in a shifted band

of wavelength Λd ≈ (1−1.5)λM in presence of outer ionization.

4.3.5 Resonance shift with continuous short laser pulses

One may surmise that whether redshifts of absorption peaks in Fig.4.5 are due to the

frequency broadening of short pulses used here. Note that pulse duration is fixed at

τ ≈ 13.5 fs which corresponds n=5 laser cycles at λ = 800 nm and n = 40 laser cycles

at λ = 100 nm. So the uncertainties ∆ω = ω/n in frequencies ω2,3 = (1±1/n)ω [see

below Eq.(3.4) for ω2,3] are greatly reduced from 0.2ω to 0.025ω as λ is changed

from 800 nm to 100 nm. Corresponding to peak values of Z ≈ 7− 8 in Fig.4.5(c),

for intensities I0 ≈ 5× 1015− 1017 Wcm−2 near the absorption peak, Mie-resonance

wavelengths lie in the range of λM ≈ 166−156 nm. The uncertainties in frequencies at

these laser wavelengths λ are ∆ω ≈ (800× 5/166)−1ω ≈ 0.0415ω and ∆ω ≈ (800×

5/156)−1ω ≈ 0.04ω where (800×5/λ ) is the n for λ ; and corresponding redshifts of

∆λ ≈ 0.0415×166≈ 7 nm and ∆λ ≈ 0.04×156≈ 6 nm may be expected in absorption

peaks. However, if we see MD results in Fig.4.5, absorption peaks occur near λ = Λd ≈

200 nm and estimated redshifts of Λd from λM range from ∆Λd ≈ 30 nm to ∆Λd ≈ 45 nm

(depending on the laser intensity). The expected redshifts of ∆λ ≈ 6− 7 nm (obtained

above) due to the uncertainties in laser frequencies of shorter pulses are significantly

small and insufficient to explain estimated redshifts ∆Λd ≈ 30− 45 nm of Λd form

respective λM = 166−156 nm.

To establish the argument that redshifts of absorption peaks in Fig.4.5 (also in Figs.4.1,4.2
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Figure 4.7: (color online) Average total absorbed energy E t per atom (a), correspond-
ing fractional outer ionization N of electrons (b), average Z of argon ions (c), and
(λ/λM)2 (d) versus λ for the same argon cluster (R0 = 2.91 nm, N = 1791) at the
end of 13.5 fs continuous pulses El(t) = E0 sin(ωt) (with no uncertainty in ω) of same
I0≈ 5×1015,1016,5×1016,1017 Wcm−2 as in Fig.4.5. For a given I0, continuous pulses
of different λ are chosen by keeping pulse duration τ ≈ 13.5 fs as constant. Vertical
dashed lines indicate λM where absorption maxima are strictly expected by LR for re-
spective Z = 1,8. Shaded bar highlights that absorption maxima are red-shifted in the
marginally over-dense regime of λ/λM ≈ 1− 1.5, which is more clear in the inset of
(d). Clearly, redshifts in absorption peaks are not due to uncertainties in frequencies of
shorter pulses.

in the model), are not only due to the frequency broadening of short pulses, we now

simulate the argon cluster of Fig.4.5 with continuous laser pulses El(t) = E0 sin(ωt)

(having no uncertainty in ω) of same I0 ≈ 5× 1015,1016,5× 1016,1017 Wcm−2 and

λ = 100− 800 nm as in Fig.4.5, and stop the pulses after τ = 13.5 fs (for 5-cycles at
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800 nm). In this case, pulse-envelops may be regarded as rectangular, each having a

duration of τ = 13.5 fs. Corresponding results are displayed in Figs.4.7(a)-4.7(d) which

bear same meaning of respective Figs.4.5(a)-4.5(d) (see also caption of Fig.4.7). Com-

pared to Fig.4.5, for a given I0 and λ , absorbed energy E t per atom, and fractional outer

ionization N of electrons systematically increase (average Z also systematically increase

except near the closed shell of argon atoms, where Z = 8 is saturated) due to more en-

ergy carried by a continuous pulse than a sin2-enveloped pulse (3.4) (used in Fig.4.5) of

same duration τ = 13.5 fs. Even, at the lowest intensity I0≈ 5×1015 Wcm−2, average Z

now reaches a saturation at Z = 8 within the band of λ ≈ 156−240 nm. For a given I0,

however, redshifts of peaks of E t and N in Figs.4.7(a)-4.7(b) are either nearly the same

as those of Figs.4.5(a)-4.5(b) or have the tendency to be more red-shifted from the static

Mie-resonance wavelength λM = 156 nm (dashed vertical line). Nevertheless, redshifts

of absorption peaks also occur with continuous pulses (in Fig.4.7) and the uncertainty

in the frequency broadening of a shorter pulse of τ = 13.5 fs is insufficient to explain

the estimated redshift of Λd from λM in this work.

4.3.6 Resonance shift with cluster size variation

So far it is not known how the redshift of the absorption peak changes with the cluster

size variation. For completeness, we now study argon clusters of four different sizes

of R0 ≈ 2.2,2.5,2.9,3.7 nm (including the cluster of Fig.4.5) with respective number

of atoms N = 739,1189,1791,3695 while keeping the peak intensity fixed at I0 ≈ 5×

1016 Wcm−2 and the same laser pulse conditions of Fig.4.5 with τ = 13.5 fs.

As in Figs.4.5(a)-4.5(c), E t , N and Z versus λ for different R0 are shown in re-

spective Figs. 4.8(a)-4.8(c) where different Z do not differ much for λ < 500 nm and

saturate at Z = 8 irrespective of cluster sizes in the marginally over-dense band of
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Figure 4.8: (color online) Average total absorbed energy E t per atom (a), fractional
outer ionization N of electrons (b) and average Z of argon ions (c) versus λ for different
argon clusters of radii R0 ≈ 2.2,2.5,2.9,3.7 nm with respective number of atoms N =
739,1189,1791,3695 (including cluster of Fig.4.5) after the laser pulse of fixed I0≈ 5×
1016 Wcm−2 as in Fig.4.5 and fixed τ ≈ 13.5 fs. Other conditions are same as Fig.4.5.
Vertical dashed line indicate λM where absorption peak is expected by LR for Z = 8.
Shaded bar highlights that absorption maxima are red-shifted in the marginally over-
dense regime of λ/λM ≈ 1−1.5 [more clear in the inset of (a)]. Redshift in absorption
peak decreases as cluster size increases.
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λ = 156− 240 nm. The maximum number of electrons created in the largest and the

smallest cluster are respectively Ne≈NZ = 29560,5912, corresponding maximum outer

ionized electrons are Nom
e ≈ 24535,5498 with N ≈ 0.83,0.93 [from Fig.4.8(b)], and

number of outer ionized electrons per atom can be estimated to be Nom
e /N ≈ 6.64,7.44

respectively. It means that a bigger cluster retains more electrons per atom by exerting

relatively higher restoring force than a smaller cluster for the same laser intensity, al-

though absolute outer ionization of electrons from a bigger cluster may exceed a small

cluster. Thus, for the same I0 and τ , as the cluster size increases, the higher restoring of

ions on the electrons in a bigger cluster reduces N, reduces the redshift of the peak of

E t and N towards λM = 156 nm (dashed vertical line), but redshift still persists in the

marginally over-dense band of Λd = (1−1.5)λM.

4.3.7 Resonance shift with different CEPs

It may be questioned that laser absorption is affected due to carrier envelope phase

(CEP) effects of short 13.5 fs pulses and consequently the red-shift of the absorption

peak may differ for different CEPs. We have checked this by MD simulations for all

wavelengths of λ = 100−800 nm at two values of CEPs i.e., Φ = 0 and Φ = π/2 for a

peak laser intensity of 5×1016 Wcm−2 and for the same laser pulse duration of 13.5 fs

with same argon cluster (R0 = 2.91 nm, N = 1791) of Fig. 4.5 in chapter 4. We can get

the temporal nature of the instantaneous electric field for these different phases (Φ = 0

and Φ= π/2) from the equation of laser vector potential (Eq. 2.2) described in chapter 2

as El(t) =−dA/dt.

Figs. 4.9(a)-4.9(c) show average total absorbed energy E t per atom, fractional outer

ionization N of electrons and average Z of argon ions versus λ for the argon cluster cor-

responding to Φ = 0 (red, dashed line with square) and Φ = π/2 (green, solid line with
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Figure 4.9: Average total absorbed energy E t per atom (a), corresponding fractional
outer ionization N of electrons (b) and average Z of argon ions (c) versus λ for the argon
cluster (R0 = 2.91 nm, N = 1791) when irradiated by 13.5 fs (5-fs, fwhm) laser pulses
of I0 = 5× 1016 Wcm−2 for CEPs Φ = 0 (red, dashed line with square) and Φ = π/2
(green, solid line with circle). The inset in (a) shows typical variation of El(t) with same
parameters for Φ = 0 (red) and Φ = π/2 (green) at 800 nm. Results are overlapped and
indistinguishable which clearly show CEP has insignificant role.
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circle). Typical nature of El(t) for Φ = 0,π/2 are shown in the inset of Fig.4.9(a) for

800 nm. From these results (Fig.4.9), we confirm that there is no significant difference

in E t , N and Z if we change the CEP and the effect of CEP is not important at all for the

13.5 fs pulse-duration and hence, the red-shift of an absorption peak is hardly affected

by different CEPs.

4.4 Summary

In this chapter, we study interaction of short 5-fs (fwhm) laser pulses with an argon

cluster using MD simulation and RSM to find out the wavelength regime where laser

absorption in argon cluster is maximized for a given intensity and pulse energy. It seems

trivial for many researchers (in the field of laser-plasma interaction) to answer immedi-

ately that maximum absorption should occur at the wavelength λM of linear resonance

(LR) irrespective of laser intensity, as in the nano-plasma model [9] or in the collective

oscillation model. However we find that, for a given laser pulse energy and a clus-

ter, at each peak intensity there exists a λ – shifted from the expected LR wavelength

of λM – that corresponds to a unified dynamical LR (coined as UDLR) at which evo-

lution of the cluster happens through very efficient unification of possible resonances

in various stages, including (i) the LR in the initial time of plasma creation, (ii) the

LR in the Coulomb expanding phase in the later time and (iii) anharmonic resonance

in the marginally over-dense regime for a relatively longer pulse duration below 5-fs

(fwhm), leading to maximum laser absorption accompanied by maximum removal of

electrons from cluster and also maximum allowed average charge states Z of argon

atoms in the cluster. Increasing the laser intensity, the absorption maxima is found

to shift to a higher wavelength in the band of Λd ≈ (1− 1.5)λM than staying perma-

nently at the expected λM, e.g., λM ≈ 156 nm for Z = 8 [see Fig.4.5]. The simple RSM
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also corroborates the wavelength shift of the absorption peak (in spite of the absence

of cluster charging and expansion) as found in MD. Thus RSM and MD un-equivocally

prove that maximum absorption in a laser driven cluster happens at a shifted λ in the

marginally over-dense regime of λ ≈ (1−1.5)λM instead of λM of LR for all intensities

1015 Wcm−2− 5× 1017 Wcm−2. The redshift of resonance with respect to the Mie-

wavelength (λM) may be attributed to spill out of electrons beyond the ion background

as in the case of typical laser-solid interaction.

Therefore, if an experiment or a simulation is performed at the static LR wavelength

which is often decided a priori, the absorption will not be maximum and may lead

to a conclusion that resonance has no role [19, 22] for laser absorption. Instead, at a

given intensity, an efficient unification of resonances (i.e., UDLR) happens at a shifted

wavelength in the band of Λd ≈ (1− 1.5)λM that leads to maximum laser absorption.

Our results may be useful to guide an optimal condition experiment with argon cluster

in the short pulse regime where maximum conversion of energy from laser to particles

is required.
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5
Dependence of red-shift of absorption

peak on laser polarization, intensity, and

wavelength for a deuterium cluster

In the previous chapter (4), we have restricted the study of unified dynamical linear

resonance (UDLR) for one type of atom (e.g., argon) and also for one degree of polar-

ization, e.g., linear polarization. To justify and validate the UDLR in the wavelength

band of Λd = (1− 1.5)λM, in this chapter *, we have further extended our study for

a different cluster type, i.e., deuterium (other than argon) for its universal acceptance.

We also explore the effect of laser polarization on the UDLR and the red-shift of the

resonance absorption peak using the MD simulation and by the RSM analysis.

* S. S. Mahalik and M. Kundu, “Collisionless absorption of short laser pulses in a

deuterium cluster: dependence of redshift of resonance absorption peak on laser polar-

ization, intensity and wavelength”, arXiv:1812.10046 (2018)
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Chapter 5. Dependence of red-shift of absorption peak on laser polarization,
intensity, and wavelength for a deuterium cluster

5.1 Introduction

Several experimental, theoretical and particle-simulation works on laser-cluster interac-

tion have reported the effect of various parameters of laser and cluster (i.e., peak inten-

sity, wavelength, pulse duration, polarization of laser pulse, cluster size and type etc.) on

average charge per atom, mean electron and ion energies and also total absorbed energy.

In chapter 4, we reported dependence of energy absorption on laser wavelengrth (λ ) by

MD simulation for an argon clusters of different sizes (2-4 nm) irradiated by LP laser

fields with different peak intensities and wavelengths λ = 100− 800 nm. MD results

were also supported by RSM. We showed that for a given pulse energy, maximum laser

absorption in a cluster happens not at the well-known static Mie-resonance wavelength

of λM, but at a red-shifted λ which lies in the marginally over-dense band of wavelength

Λd ≈ (1− 1.5)λM. Note that linear Mie-theory (as in the case of nano-plasma model

[2, 9]) is valid only at lower intensities where static Mie-resonance at λ = λM is possible

which is often identified as a sharp peak in the absorption curve. However, with increas-

ing laser intensity, linear Mie-theory fails and resonance absorption peak is gradually

red-shifted from λM. At this shifted Λd ≈ (1−1.5)λM all the possible resonances, i.e.,

dynamical linear resonance (LR) and anharmonic resonance (AHR) are unified [24] to

yield maximum laser absorption. We termed this combined resonance as the unified dy-

namical linear resonance (UDLR) and strongly concluded that there is always a redshift

of the absorption peak with respect to λM in the band of Λd ≈ (1−1.5)λM irrespective

of the laser intensity, cluster size and laser pulse type.

However, for different types of clusters, it is still unknown how the redshift of

the absorption peak changes with laser intensity. This is particularly very important

to justify and validate the above mentioned UDLR [24] in the wavelength band of
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Λd ≈ (1− 1.5)λM with a different cluster type (other than the argon cluster) for its

universal acceptance. Further, the degree of polarization of the impinging laser pulse is

also an important parameter that changes the dynamics of the cluster electrons, hence

it might effect the UDLR and the redshift of the absorption peak which remains to be

explored. An electron under the influence of a circularly polarized (CP) laser moves spi-

rally, whereas in LP laser it executes oscillatory motion perpendicular to the direction

of the laser propagation. The spiral motion of electron in CP prevents the electron-

rescattering from the cluster boundary, whereas the probability of rescattering is more

for LP. Particle-in-cell (PIC) simulations [99] performed for a xenon cluster at differ-

ent intensities and cluster charge densities but at a fixed λ = 1056 nm (with immobile

ions) concluded that energy absorption and outer ionization in CP and LP laser field

are almost equally efficient. However, it is not known (i) how absorbed energies com-

pare with LP and CP laser fields with the variation of λ and (ii) how UDLR (in the

marginally overdense regime) helps in the redshift of absorption peaks from the λM in

LP and CP fields. Note that, even if laser intensity is kept fixed, ponderomotive energy

Up = E2
0 λ 2/4 of electron and its dynamics is affected by varying λ which is expected to

contribute to the redshift of the absorption peak. We thus present energy absorption and

outer ionization for a deuterium cluster (as a different cluster type other than argon) with

CP and LP lasers. Particularly, we show the effect of laser polarization on the redshift

of the absorption peak in the collisionless regime.

We consider a deuterium cluster of radius R0 ≈ 2.05 nm (charge state Z = 1) which

is irradiated by LP and CP laser pulses of different peak intensities I0 = 5×1015−5×

1017Wcm−2 and λ = 100− 800 nm. For a given intensity and polarization we vary

λ . Similar to previous studies with argon clusters in chapter 4, here we find that, for

both LP and CP, redshifts of the absorption peaks from the static Mie-resonance wave-
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length λM = 263 nm (for deuterium cluster) still persist, which also lie in the marginally

over-dense band of wavelength Λd ≈ (1− 1.5)λM as long as outer-ionization is below

100%. Redshift of the absorption peak monotonically increases with increasing I0. Ad-

ditionally, above a certain I0, absorption peak is found to disappear with further increase

in I0 ≥ 1017Wcm−2 as outer ionization saturates at 100%. It is also found that be-

fore the absorption peak in the band of Λd ≈ (1− 1.5)λM, laser absorption due to LP

and CP lasers are almost equally efficient (CP case being inappreciably higher than

LP) for all intensities and λ . However, after the absorption peak, at lower intensities

≤ 1017Wcm−2, absorption due to LP inappreciably dominates absorption due to CP

with increasing λ which gradually reverses at higher intensities ≥ 1017Wcm−2.

Organization of the chapter is as follows: Section 5.2 illustrates laser absorption and

the role of laser polarization on the redshift of the absorption peak in the deuterium

cluster by a MD simulation. Section 5.3 gives justification of MD results by RSM

analysis. Summary of this chapter is given in Section 5.4.

5.2 Resonance absorption by MD simulation

In this section, we report a comparative study of laser absorption and outer ionization

and the dependence of the red-shift of absorption maxima in the UDLR regime with a

deuterium cluster for different polarization states of laser pulses by MD simulation.

We consider a deuterium cluster of radius R0 ≈ 2.05 nm and N = 1791 number

of neutral atoms. Ionization of deuterium atoms is treated by “over the barrier” ion-

ization (OBI) model (2.24) of optical field ionization (OFI) as described in chapter 2.

When all atoms are ionized initially, it gives a charge density ρi ≈ 7× 10−3 a.u. and

ωM =
√

4πρi/3 = 0.1735 a.u.. For 800 nm, it represents an over-dense plasma with

ρi/ρc ≈ 27.87 and ωM/ω ≈ 3.05, where ρc ≈ 1.75× 1027m−3 is the critical density.
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The deuterium cluster is irradiated by short laser pulses of duration 13.5 fs (FWHM of

5-fs) at different I0 = 5×1015Wcm−2−5×1017Wcm−2. The pulse energy is also kept

fixed for a particular I0 and wavelength is varied in the range of λ = 100−800 nm for

both LP and CP laser light (see Sec. 2.4 for laser pulses of different polarization).

5.2.1 Absorption and outer ionization with LP laser

Figs. 5.1(a)-(b) depicts average total absorbed energy E t = ∑
Np
1 (v2

i /2 + qiφi)/N per

atom and corresponding fractional outer ionization N = Nout
e /N of electrons at the

end of 13.5 fs LP laser pulses versus λ for different I0, where Nout
e is the number of

electrons outside the initial radius R0. At lower I0 . 5× 1016 Wcm−2, E t and N ini-

tially increase with increasing λ , attain different maximum values at different λ be-

tween 263−400 nm, i.e., in the band of λ = Λd ≈ 330±67 nm which is equivalent to

Λd ≈ (1− 1.5)λM, then drop as λ is increased further. For the deuterium cluster, the

static Mie-resonance (or the static LR) with a sharp absorption maxima is often conven-

tionally expected at λ = λM ≈ 263 nm (marked by vertical dashed line) according to the

nano-plasma model. In stead, it is seen that E t and N attain maximum values in the band

of Λd ≈ (1−1.5)λM which are red-shifted from the expected λM≈ 263 nm, and the red-

shift increases with increasing values of E t and N for increasing I0 . 5×1016 Wcm−2.

For higher I0 > 5× 1016 Wcm−2, absorption peaks gradually disappear due to faster

saturation of outer ionization of electrons to 100%. Approaching towards λM ≈ 263 nm

from 100 nm, higher intensity pulse expels more electrons from the cluster at a much

faster rate than at a lower intensity [see Figs.5.1(a)-(b)]. As electrons move far from the

cluster, the laser field dominates over the restoring field of background ions acting on

those free/quasi-free electrons. Therefore, after the 100% outer ionization for an inten-

sity, the average E t may also grow [see Fig.5.1(a) for I0 ≥ 1017 Wcm−2] with increasing
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Figure 5.1: MD results showing average total absorbed energy E t per atom (a) and
corresponding fractional outer ionization of electrons N versus λ for deuterium clus-
ter (R0 = 2.05 nm, N = 1791) at different peak intensities I0 = 5× 1015 Wcm−2− 5×
1017 Wcm−2. At a particular I0, pulse energy for all λ is kept constant with constant
pulse duration τ = 13.5 fs (fwhm ≈ 5-fs). Vertical dashed line indicates λM that corre-
sponds to LR wavelength for Z = 1. The shaded bar highlights that absorption maxima
are red-shifted in the marginally overdense regime of λ = (1−1.5)λM.
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λ since the average energy of a laser-driven free electron scales as ≈ Up ∝ E2
0 λ 2/4.

Because electrons (free or bound) do not have same energy and liberated at different

times, the growth of E t is slower than the scaling of ≈ Up. In this regime of 100%

outer ionization, absorption maxima does not show up and the absorption curve does

not bend down with increasing λ . So, the survival of the absorption peak (and it’s red-

shift from the static LR wavelength λM ≈ 263 nm) depends on the population of bound

and free electrons during the interaction. As the free population of electrons increases

with increasing I0, absorption peak gradually shifts towards higher λ in the band of

Λd ≈ (1−1.5)λM from λM, and finally it disappears with the free population eventually

reaching to 100%.

To understand the growth of average energy with increasing I0 and dis-appearance

of the absorption peak when outer ionization is 100% saturated for some higher I0, we

look into the kinetic energy scaling of free/quasi-free electrons which are far from the

cluster. We extract the average total kinetic energy of the electrons E k = ∑
N
1 mev2

i /2/N

for the highest intensity of 5×1017 Wcm−2 corresponding to Fig. 5.1 and compared with

the ponderomotive energy scaling Up ∝ E2
0 λ 2/4. Fig. 5.2 shows E k for those electrons

which are beyond different radii 3R0, 5R0, 10R0 20R0 for I0 = 5× 1017 Wcm−2. The

solid (blue) line with circle represents Up/5 for different λ . It is found that the growth

of E k is ∝ Up, but it is slower than Up scaling as different electrons are liberated from

the cluster potential at different times by experiencing different laser fields and restoring

forces of background ions. Moreover, the scaling Up ∝ E2
0 λ 2/4 is an over-estimation

for a short pulsed light, i.e., shorter the pulses more is the over-estimation. Thus Fig. 5.2

justifies that growth of absorption beyond some intensity and wavelength (when outer

ionization reaches 100% in Fig.5.1) is due to increasing population of free electrons.

The redshifts of absorption peaks in the case of deuterium cluster for lower intensi-
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Figure 5.2: MD results showing average kinetic energy E k per electron versus λ at
I0 = 5×1017Wcm−2, corresponding to Fig. 5.1 (orange curve). Red, green, black, and
magenta curves are the average E k of those electrons which are beyond 3R0, 5R0, 10R0
and 20R0 respectively for λ ≥ 400 nm. Blue curve represents Up/5 for different λ . Thus
growth of E k and E t (in Fig. 5.1) are due to free electrons.

ties in the band of Λd ≈ (1−1.5)λM also resembles redshifts in the case of argon cluster

as described in the chapter 4, which justifies red-shifting of the absorption maxima ir-

respective of the atom type of a cluster. However, for an argon cluster, absorption peak

does not disappear due to supply of electrons via inner ionization and unsaturated outer

ionization < 100% for the same laser intensity ≤ 5× 1017 Wcm−2 (see chapter 4). For

deuterium cluster, in Fig.5.1, the red-shifted absorption peaks for I0 = 5×1015 Wcm−2

and 5×1016 Wcm−2 are located at Λd = 320,360 nm respectively and the correspond-

ing free electron’s population are 88.8%,98.6%. With increasing I0, for the deuterium

cluster, average charge state is quickly saturated at Z = 1 in the early time of the laser
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pulse and remaining pulse energy helps in increasing the absorption, outer ionization of

electrons (also early Coulomb explosion of cluster) and gradual increase of redshift of

the absorption peak from the expected λM ≈ 263 nm. Note that Coulomb explosion of

background ions also contributes to the redshift of the absorption peak in the band of

Λd ≈ (1− 1.5)λM from the λM. Therefore larger the peak intensity, larger will be the

redshift in the absorption peak from the expected λM = 263 nm when Z = 1 is saturated

as compared to argon cluster [24].

The occurrence of distinct maxima in the absorption and outer ionization in the red-

shifted band of Λd ≈ (1− 1.5)λM for lower intensities and also dis-appearance of ab-

sorption maxima after the 100% saturation of outer ionization for some higher intensities

clearly shows the effect of λ variation. Our results in Figs.5.1 contradicts earlier MD

simulation works by Petrov et al.[19, 22] where they considered only three wavelengths

λ = 100,248,800 nm at a fixed intensity of I0 = 5× 1016 Wcm−2. They could not

find any maxima in the absorption while passing through Mie-resonance and nullified

any role of Mie-resonance for laser absorption. They further argued that “non-uniform

electron density” inside the cluster is responsible for the “null effect” of Mie-resonance

[19, 22]. Firstly, we point out that, electron density is always non-uniform within the

cluster and its surroundings (during the laser pulse driving; also by birth due to the ran-

dom distribution of parent atoms in the position and velocity space) that does not explain

the absence of Mie-resonance absorption peak. Secondly, only three well-separated

wavelengths λ = 100,248,800 nm chosen by Petrov et al. [19, 117] can not resolve

the absorption maxima which is evident from Fig.5.1. Thirdly, due to high intensity,

resonance absorption maxima is actually red-shifted in the band of Λd ≈ (1− 1.5)λM

from the commonly expected λM of Mie-resonance as shown in Fig.5.1 and linear Mie-

resonance theory is invalid here. It is delusive to look for the absorption maxima exactly
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at the λM in presence of non-zero outer ionization at higher intensities. However, the

absence of absorption maxima at the expected λM does not mean that Mie-resonance

has “null effect” in the absorption and outer ionization [19, 22]. In stead, dynamic LR

(dynamic Mie-resonance) and AHR work in unison (i.e., UDLR works) in the band

of Λd ≈ (1− 1.5)λM very efficiently and the near-the-LR effective field Ee f f [as un-

derstood from the simple estimate of Ee f f = E0/(ω
2
M −ω2)] inside the cluster is so

much enhanced that it forces almost 90% electrons to be outer ionized even at the near-

resonance (under-dense) values of λ ≈ 250− 260 nm before the λM ≈ 263 nm and

responsible for the resonance peak shift towards a higher λ > λM as seen in Fig.5.1. For

elaborate discussion on UDLR see Ref.[24] and Sec.5.2.2.1.

5.2.1.1 Resonance peak shift with radius variation of cluster

For a cluster, the static Mie-resonance can be met by a transition from over-dense to

under-dense plasma regime (artificially) by increasing the cluster radius (mimicking

cluster expansion) for a fixed number of ions/electrons at a fixed λ , e.g., 800 nm as

performed by Petrov et al. [19] by a MD test simulation where “no enhancement of

energy absorption” was found “near the plasmon resonance”. Contrarily, we show by

our MD simulation that LR indeed plays a major role for pronounced laser absorption

during the variation of cluster radius, but red-shift of absorption peak occurs depending

upon laser intensity due to the UDLR in presence of outer ionization.

The deuterium cluster (N = 1791 atoms) is irradiated by LP laser pulses of fixed λ =

800 nm and τ = 13.5 fs. At a given I0, cluster radius R is varied from R = R0 = 2.05 nm

to R = 15R0 with fixed N and immobile ions. Thus plasma density is successively

reduced. For R = 2.05 nm, the density is ρi = 27.87ρc, where ρc ≈ 1.75× 1021cm−3

and ωM/ω ≈ 3.05. Since ω2
M ∝ 1/R3, the static LR condition λM = λ (or ωM = ω) is

achieved when R≈ 2.1R0.
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Figure 5.3: Test MD simulation results for total absorbed energy E t per atom and frac-
tional outer ionization N versus R/R0 (top row) for the deuterium cluster of N = 1791
atoms irradiated by τ = 13.5 fs LP laser pulses of different I0 = 2.5× 1015 − 5×
1016 Wcm−2. For each I0, τ = 13.5 fs and λ = 800 nm are kept fixed while the ini-
tial cluster radius R is varied from R0 to 15R0. Same results are shown against λM/λ

(bottom row). The static LR condition λM/λ = 1 is achieved when R/R0 ≈ 2.1 (vertical
dashed lines). Clearly absorption and outer ionization maxima are red-shifted from the
λM and our results are different from Petrov et al. [19].

Test MD results with above parameters in Figs. 5.3(a)-(b) show the absorbed energy

E t per atom and fractional outer ionization N of electrons versus R/R0 (top row) for
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different I0 at the end of LP laser pulses. Same results are shown in Figs. 5.3(c)-(d) with

the corresponding λM/λ (bottom row). Our results are different than Petrov et al. [19].

It is seen that maximum absorption and outer ionization occur for all three intensities

but at red-shifted wavelength ratios of λM/λ before meeting the static LR condition at

λM/λ ≈ 1 (or R/R0 ≈ 2.1, vertical dashed lines). The gradual red-shifting of absorption

and outer ionization maxima with increasing intensity in Fig. 5.3 in the marginally over-

dense regime of 0.7 . λM/λ ≤ 1 (or 1.5 . R/R0 ≤ 2.1) is very much consistent with

the findings in Figs. 5.1(a)-(b) with varying λ and mobile ions.

5.2.2 Absorption and outer ionization with CP vs LP light

To see the impact of laser polarization on the absorption and outer ionization; and to

know how the resonance absorption maxima shifts due to it, we simulate the same deu-

terium cluster with CP light (Eqn.(2.3),(2.4) with δ = 1/
√

2) with similar laser param-

eters as in Fig. 5.1 of the LP case. Laser electric field components being different for

LP and CP at a given instant, overall electron dynamics becomes different for a given

I0 and λ which may impact differently (i.e., CP may yield different results than LP) on

energy absorption, outer ionization and the redshift of the resonance absorption peak.

Figure 5.4(a)-(b) show the comparison of average total absorbed energy E t =∑
Np
1 (v2

i /2+

qiφi)/N per atom and corresponding fractional outer ionization N = Nout
e /N of electrons

at the end of 13.5 fs LP and CP laser pulses versus λ for different I0. The solid lines

correspond to LP results from Figs.5.1(a)-(b) and the dashed lines correspond to CP. The

vertical dashed line represents the wavelength of static Mie-resonance λM = 263 nm. In

the case of CP, E t and N initially increase with increasing λ , attain different maximum

values in the range of λ ≈ 330±67 nm, then drop as λ is increased further for intensities

< 1017 Wcm−2 similar to the case of LP. Surprisingly, for CP, the maxima of E t and N

for different intensities are also red-shifted from the expected λM for I0 ≤ 1017 Wcm−2
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Figure 5.4: Comparison of (a) total absorbed energy E t per atom and (b) fractional outer
ionization of electrons N versus λ for the deuterium cluster (R = 2.05 nm, N = 1791)
as in Fig.5.1 with same parameters of LP (solid line) and CP (dashed line) laser pulses.

in the same marginally over-dense band of Λd ≈ (1−1.5)λM (shaded region) as in the

case of LP, in spite of electron dynamics and laser field configuration are different in CP
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and LP. In fact, for some intensities (specially for low intensities) CP and LP results for

E t and N have only minor differences in the entire range of λ = 100−800 nm; and up

to the static Mie-resonance λ = λM, E t and N have almost no difference, irrespective of

the laser polarization.

In the microscopic level, main difference between CP and LP results is that the

magnitude of the maximum of E t and N are little more for CP as compared to LP within

the band of Λd ≈ (1− 1.5)λM. For example, the value of max(E t) for LP (CP) case

are 21, 24, and 33 a.u. (23, 26, and 36 a.u.) for I0 = 5× 1015, 1016, 5× 1016 Wcm−2

respectively; and corresponding percentages of max(N) are 88.8%, 92.6%, and 98.6%

(89%, 94.8%, and 98.9%) respectively. However, after the absorption maximum, for

lower intensities, absorption due to LP either remains almost same as CP or dominates

absorption due to CP with increasing λ outside the band of Λd ≈ (1− 1.5)λM which

gradually reverses its tendency at higher values of I0 = 1017, 5×1017 Wcm−2 (i.e., CP

dominates LP); although N remains mostly higher for LP than the CP case except for

a very high I0 = 5× 1017 Wcm−2 where absorption peak disappears (outer ionization

saturates to 100%) and absorption grows with increasing λ similar to the LP case as

seen after 400 nm (explained in Fig.5.2). We shall further justify this findings of MD by

the RSM in Sec.5.3.

However, above microscopic differences may not be captured in real laser-cluster

experiments using CP and LP pulses. We conclude that the efficiency of laser energy

absorption and outer ionization are almost same for LP and CP laser pulses of moderate

I0 < 1017 Wcm−2. We have checked (not presented here) that absorption and outer ion-

ization in Fig.5.4 do not depend on the handedness of the CP laser, i.e., right-handed CP

laser and left-handed CP laser yield almost same results, since the components of elec-

tric field amplitudes remain unchanged and the cluster is almost spherically symmetric.
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5.2.2.1 Time domain analysis of resonance shift with CP vs LP light

By analyzing the results in time domain, we now justify the shifting of absorption max-

ima from the expected static LR wavelength of λM = 263 nm in Fig.5.4 at some intensity

of 1016 Wcm−2 (red, dashed square line of Fig.5.4) and various λ with LP and CP light.

Similar analysis for the redshift of absorption maxima was previously reported in chap-

ter 4 in detail for a argon cluster illuminated by LP light. Figures 5.5(a)-5.5(c) present

comparison of scaled Mie-frequency ωM(t)/ω , total absorbed energy E t(t) per atom

and fractional outer ionization N(t) = Nout
e (t)/Ne(t) of electrons respectively with LP

(solid line) and CP (dashed line) versus normalized time in units of the laser period T of

λ = 800 nm. The horizontal dashed line in Fig. 5.5(a) indicates the line of static LR con-

dition ωM = ω . The dynamical ωM(t) is calculated from the relation ω2
M(t) = Q0(t)/R3

0

(for detail see Sec. 4.3.2). At I0 = 1016Wcm−2, the only charge state Z = 1 of the

deuterium ions for all λ is created during t/T = 0.9−1.1 by the OFI (2.24) and the cor-

responding dynamical ωM(t)/ω jumps form zero to its maximum for both LP and CP.

After the respective maximum values, ωM(t)/ω drops due to Coulomb explosion. For a

chosen λ , although there are minor differences in E t(t) and N(t), surprisingly temporal

variation of ωM(t)/ω remains indistinguishable until the end of laser pulses for both LP

and CP. It is known that the efficient transfer of energy from an oscillatory driver (laser

fields) to the oscillators (bound electrons) is possible not only by the frequency match-

ing condition ωM = ω of LR, the time spent by the system near the LR and the strength

of the driver at that time are also crucial [24]. The longer time spent by the dynamical

ωM(t)/ω near the line of LR (ωM/ω = 1) and in the marginally over-dense band of

Λd ≈ (1−1.5)λM, the higher is the absorption and outer ionization due to the combined

effect of AHR and dynamical LR [24], coined as unified dynamical LR (UDLR) [24].
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For the deuterium cluster also the absorbed energy and outer ionization are enhanced

(see Figs. 5.5(b),(c)) for those wavelengths which lie in the marginally over-dense band

of λ ≈ 330± 67 nm (e.g., 260 nm, 320 nm and 360 nm), equivalent to Λd ≈ (1−

1.5)λM, as compared to the other wavelengths which lie outside this band (e.g., 200 nm

and 800 nm). Among the three intermediate λ , dynamical ωM(t)/ω for λ = 260 nm

(magenta line) is very close to the static LR, ωM/ω = 1 (where λM = 263 nm), but the

absorption and outer ionization are not still at their expected maximum. For 260 nm,

the dynamical ωM(t)/ω just meet the line of static LR only for a very short time during

t/T = 0.9−1.2 and rest of the time it remains in the under-dense regime below the line

of static LR (where AHR does not work), so can not absorb energy efficiently. Instead,

for λ = 320,360 nm (green, red lines), the respective dynamical ωM(t)/ω continues to

remain in the marginally over-dense band of Λd ≈ (1−1.5)λM for a prolonged period up

to t/T ≈ 4.1,5.0, where both AHR and dynamical LR with near-LR enhanced effective

field Ee f f = E0/(ω
2
M(t)−ω2) contribute unitedly (i.e., UDLR happens) to maximize

absorption and outer ionization for both LP and CP. Thus UDLR explains the red-shift

of absorption maxima from the static LR wavelength of λM = 263 nm in Fig.5.4 for

LP and CP light. It is observed that the maximum of E t(t) is little enhanced for CP

in comparison to LP for those λ which lie in the UDLR regime of Λd ≈ (1− 1.5)λM.

This enhanced energy is partly due to non-zero rotating electric field vector of the CP

laser, although N(t) for CP light is either less (or nearly equal) compared to LP light in

Fig. 5.5(b). The oscillatory nature of E t(t) and N(t) for LP are due to the oscillating

electric field vector while for CP they smoothly increase due to non-zero rotating electric

field vector.
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Figure 5.5: Comparison of temporal variation (a) normalized Mie-frequency ωM(t)/ω ,
(b) total absorbed energy E t per atom, and (c) fractional outer ionization of electrons N
for two polarization states LP (solid line) and CP (dashed line) for the same deuterium
cluster (Fig.5.4) when irradiated by 5-fs (FWHM) laser pulse of I0 = 1016 Wcm−2 (red,
dashed square line in Fig.5.4) and different λ = 100− 800 nm. Time is scaled by the
period T at λ = 800 nm. At λ = 320 nm (green), ωM(t)/ω spends more time near the
ωM/ω = 1 line in the marginally over-dense band of Λd ≈ (1−1.5)λM, which leads to
efficient UDLR and more higher absorption for both LP and CP.
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5.3 RSM results : Absorption and outer ionization with

CP vs LP laser

We further justify MD results (qualitatively) by a simple rigid sphere model (RSM). We

simulate the system with LP and CP laser pulses with same parameters as in Sec. 5.2.

The dynamics of each electron sphere is governed by the laser field pulse the electro-

static restoring field in the background potential of positively charged ion sphere. The

details of RSM for LP case is described in chapter 3. To study the dynamics of electron

spheres with CP light we write EOM in two dimension as [99],

~̈rx +~rx g(r)/r = x̂(qe/me)Ex
l (t)/R0 (5.1)

~̈ry +~ry g(r)/r = ŷ(qe/me)Ey
l (t)/R0. (5.2)

Here ~rx =~x/R0, ~ry =~y/R0, r =
√

r2
x + r2

y . The electric field components for CP light are

given by Eqn. (2.3) and (2.4) with δ = 1/
√

2. Similar to MD study in sec. 5.2.2, here

also we have same Up = E2
0/4ω2 as in the LP case. Each electron sphere moves spirally

in the potential φ(r) driven by CP light.

Figures 5.6(a)-(b) show comparison of average total absorbed energy E t =∑
N
1 (msv2

i /2+

qsφi)/N per electron sphere for LP and CP laser pulses (after τ = 13.5 fs) versus λ for

different I0. Figure 5.6(c)-(d) are the corresponding fraction of outer ionized electrons

N = Nout/N. Results are separated in two regimes of intensities for more clarity. Fig-

ures 5.6(a),(c) are for I0≤ 1017Wcm−2 and Figs. 5.6(b),(d) are for I0 = 5×1017Wcm−2.

It is noted that RSM results (for both LP and CP) resemble the MD results in Fig. 5.4: (i)

growth of absorption and outer ionization with increasing λ for I0 . 1017 Wcm−2 with

distinct maxima located in the band of Λd ≈ (1−1.5)λM, i.e., in between 263−400 nm
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Figure 5.6: RSM results showing wavelength dependence of total absorbed energy E t
[(a),(b)] per electron sphere and the corresponding fraction of outer ionization N [(c),(d)]
in the deuterium cluster (of Fig. 5.1) irradiated laser pulses with parameters same as in
Fig. 5.1. Results show the comparative study for LP (solid line) and CP (dashed line)
as in Fig. 5.4. Inset (e) shows the comparison of the average kinetic energy of the elec-
tron spheres E k versus higher λ ≥ 500 nm for LP (solid-squared orange line) and CP
(dashed-squared orange line) with the ponderomotive energy Up (dashed-dotted blue
line) at I0 = 5× 1017Wcm−2 corresponding to subplot (b). Vertical dashed line indi-
cates corresponding λM ≈ 263 nm where absorption maximum is strictly expected by
LR. The shaded bar highlights that absorption maxima are red-shifted in the marginally
overdense band of Λd ≈ (1−1.5)λM.

in Figs. 5.6(a),(c); (ii) increasing redshift of the absorption and outer ionization maxima

from the static LR wavelength of λM ≈ 263 nm (vertical dashed line) with increasing
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I0 . 1017 Wcm−2 due to increasing outer ionization; and (iii) gradual disappearance of

absorption maxima (followed by even a growth of E t for λ > 400 nm) due to 100%

saturation of N when I0 exceeds 1017 Wcm−2 in Figs. 5.6(b),(d).

Similar to the MD results in Fig. 5.4 the magnitude of the maximum value of E t

and N are more for CP than LP in the marginally overdense band of Λd ≈ (1−1.5)λM.

The maxima of E t for LP (CP) are 19.1, 31.9, 54.9, and 64.5 a.u. (40.3, 49.4, 62.4, and

72.8 a.u.) for I0 = 5× 1015, 1016, 5× 1016, 1017 Wcm−2 respectively and correspond-

ing N are 33%, 57%, 89%, and 94% (74%, 90%, 98%, and 99%) for respective I0 in

Figs. 5.6(a),(c). Also, after the maxima, for lower intensities, both E t and N with CP

light drop below the values with LP light which, on the other hand, gradually reverses

at higher intensities (i.e., CP dominates LP as in Figs. 5.6(b),(d)), as λ is increased.

At the higher intensity 5× 1017Wcm−2, after λ ≈ 320 nm, N is saturated at 100% for

CP and almost 98.5% for LP but E t gradually grows with increasing λ > 320 nm for

both CP and LP. For higher intensities ≥ 5× 1017 Wcm−2, when 100% outer ioniza-

tion is reached (almost all electrons are freed) in the early cycles of a laser pulse due to

efficient UDLR, the average absorbed energy E t per electron sphere may grow (as for

MD in Fig. 5.4 at the intensity 5×1017Wcm−2) with increasing λ due to the dominant

variation of free electron kinetic energy as Up ∝ E2
0 λ 2/4. To support this again for the

RSM, we look at the free electrons kinetic energy scaling similar to the MD case pre-

sented in Fig. 5.2. Inset Fig. 5.6(e) show the comparison of the average kinetic energy

E k per electron sphere versus higher λ ≥ 500 nm for both LP (solid-squared orange

line) and CP (dashed-squared orange line) with Up ∝ E2
0 λ 2/4 (dashed-dotted blue line)

at 5×1017Wcm−2 corresponding to Fig. 5.6(b). One can see the growth of Ek ∝ Up, but

it is slower than the scaling of Up for both LP and CP since the electrons (free or bound)

do not have same kinetic energy and liberated at different times of the laser cycle. Also,
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growth Ek is more close to Up for CP than LP due to more number outer electrons with

higher kinetic energies at different λ for CP than LP. This justifies the growth of E t with

λ at a higher I0 = 5× 1017Wcm−2 for CP and LP; and also explains why E t for CP

dominates LP as in Fig. 5.4 for λ beyond the band of Λd ≈ (1−1.5)λM.

Thus RSM results (in Fig. 5.6) bring out most of the features of MD results (in

Fig. 5.4) which justify the dependence of redshift of absorption maxima on laser polar-

ization and intensity and also disappearance of absorption maxima followed by a growth

of absorption at higher intensity of 5×1017Wcm−2 for CP and LP, with increasing λ .

5.4 Summary

We demonstrate the effect of laser polarization on the red-shift of the resonance ab-

sorption peak for a deuterium cluster irradiated by short 5-fs (fwhm) laser pulses us-

ing MD simulation and supported by RSM analysis. For both the polarization cases

(LP and CP), we show that for a given intensity < 1017 Wcm−2 the optimized wave-

length for maximum laser absorption in deuterium cluster lie in the band of wavelengths

λ ≈ 330±67 nm in stead of the commonly expected static LR (Mie-resonance) wave-

length of λM = 263 nm. MD simulation and the RSM show gradual red-shift of the

absorption maxima towards higher wavelengths in the marginally over-dense band of

Λd ≈ (1− 1.5)λM from λM of static LR with increasing laser intensity; and for higher

intensities > 1017 Wcm−2 absorption peak disappears as outer ionization saturates at

100% for both LP and CP. This disappearance of the resonance absorption peak should

not be misinterpreted as the negligible (or no) role of Mie-resonance. In fact, in this

marginally over-dense band of Λd≈(1−1.5)λM, both AHR and dynamical LR with

near-LR enhanced effective field Ee f f = E0/(ω
2
M(t)−ω2) contribute in unison very

efficiently – UDLR happens – to maximize absorption and outer ionization for both LP
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and CP. It is also found that before the absorption peak, laser absorption due to LP and

CP lasers are almost equally efficient (CP case being inappreciably higher than LP) for

all intensities and λ . However, after the absorption peak, at lower intensities, absorp-

tion due to LP inappreciably dominates absorption due to CP with increasing λ which

gradually reverses at higher intensities. Neglecting marginal differences for LP and

CP cases, which may not be differentiated in real experiments, we conclude that laser

absorption and outer ionization are almost same irrespective of the states of laser polar-

ization for intensities < 1017 Wcm−2. Analysis (Fig.5.5) of dynamical ωM(t) suggests

that Coulomb explosion of deuterium cluster is also almost independent of laser polar-

ization. Our results agree with the general observation from the nano-plasma model [9]

that absorption peaks exist but red-shifted in the band of Λd≈(1−1.5)λM. It is perhaps

misleading to look for the absorption maxima exactly at the λM in presence of non-zero

outer ionization at higher intensities since linear Mie-resonance theory is invalid here.
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6
Conclusions and future scope

The main focus of this thesis is to study the energy absorption mechanisms in the

short-pulse regime for a laser-driven atomic cluster using simple theoretical model and

exhaustive 3D molecular dynamics simulation. Particular emphasis has been given

to understand various collisionless resonance absorption processes behind the efficient

laser energy absorption to cluster electrons, which include both linear resonance (LR)

and anharmonic resonance (AHR). We have also examined the dependency of resonance

absorption on different laser and cluster parameters (i.e, peak intensity, wavelength,

pulse duration, laser polarization, cluster size and atom type etc.). The major outcomes

of this thesis have been already mentioned in the preceding chapters. In the following,

we briefly summarize those results and also highlight several possible future directions

emerging from this thesis work.
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6.1 Conclusions

This thesis work has been started with the development of a 3D classical MD code

from scratch (see chapter 2 for detail), where interactions among charge particles are

taken as soft core Coulomb potential. The code has been benchmarked with various

existing results and the numerical accuracy has been compared with the corresponding

analytical results. Systematic studies for single-particle dynamics and multi-particle

dynamics have been performed. To validate the MD code, energy conservation has also

been rigorously checked for both the systems. Mie-plasma frequency (ωM), which is

a crucial parameter for resonance phenomena has been verified in a 2D as well as in

a 3D system (i.e., pre-ionized deuterium cluster) with analytical results along with the

energy conservation under a small perturbation of the electron cloud. To study high Z

clusters (e.g., argon), we have further improved the MD code to include self-consistent

ionization of atoms/ions assuming “over the barrier ionization (OBI)” model.

Anharmonic resonance (AHR) absorption mechanism of intense laser pulse in an

over-dense deuterium cluster has been identified through the newly developed 3D-MD

simulation code for the first time (see chapter 3). It has been shown that the individual

electrons, which are driven by the laser field in the self-generated anharmonic cluster

potential can leave the cluster and become free only when AHR condition Ω[r(t)] = ω

is met. Various features of AHR obtained through MD simulation were also verified by

a simple RSM. Thus, we proved that AHR process is a universal dominant collisionless

mechanism in the short-pulse regime behind efficient laser energy absorption.

We have shown the existence of an optimal laser wavelength λ for an argon cluster at

a given laser intensity and pulse energy, which has led to efficient laser energy absorption

accompanied by maximum average ion charge states and maximum outer ionization (see
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chapter 4). MD results reveal that, for a given peak intensity and a plasma density ρ , the

efficient coupling of laser energy to cluster electrons does not happen at the well-known

wavelength of linear resonance λM = λ ; instead it happens at a red-shifted wavelength in

the marginally over-dense regime of wavelength Λd ≈ (1−1.5)λM depending upon the

percentage of the outer ionization that in turn depends on the field strength of the laser.

At this shifted band of Λd (typically lies in the ultra-violet regime), different resonances

(both LR and AHR) are dynamically unified in various stages, including (i) the LR in

the initial time of plasma creation, (ii) the LR in the Coulomb expanding phase in the

later time and (iii) anharmonic resonance (AHR) in the marginally over-dense regime

for a relatively longer pulse duration below 5-fs (fwhm) leading to maximum absorption.

This regime is termed as unified dynamical linear resonance (UDLR). Also, it has been

confirmed by the MD simulation that the redshift is hardly affected by different carrier-

envelope phase (CEP) for this short duration of the laser pulse.

We have further demonstrated the effect laser polarization (by considering linear

polarized and circularly polarized laser in chapter 5) on the redshift of the resonance

absorption peak for a deuterium cluster for its universal acceptance. Our results have

confirmed that there is always a redshift of the absorption peak with respect to λM in the

marginally over-dense band of Λd ≈ (1− 1.5)λM irrespective of laser intensity, cluster

type, and laser polarization. In addition to these findings, we have also observed that

the absorption peak gradually disappears for both LP and CP cases at higher intensities

> 1017 Wcm−2 due to quick saturation of outer ionization at 100%. Also, it has been

found that for lower intensities, laser absorption due to different polarization of the laser

pulse (both LP and CP) are almost equally efficient. However, after absorption peak, at

lower laser intensities, absorption due to LP inappreciably dominates absorption due to

CP with increasing λ which gradually reverses its character at higher intensities.
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6.2 Future scope

In the following, we mention some of the possible future directions based on the work

presented in this thesis:

• In this thesis, we restrict ourselves in the non-relativistic regime, i.e., the laser

intensity is kept below 1018 Wcm−2. One can extend the laser intensity beyond

1018 Wcm−2 to include the relativistic effect and study the additional effect on

absorption mechanisms with this intense laser field.

• We have only considered the “OBI” mechanism for the inner ionization of atoms/ions,

which is valid for longer wavelengths and higher intensities. However, for shorter

wavelengths and lower intensities additional ionization mechanism called as “elec-

tron impact ionization” can also be included considering the electron-ion inelastic

collision to see the effect of wavelength on resonance absorption processes. More-

over, multi-photon and tunnelling ionization can be included to include ionization

by the low intensity foot of the laser pulse.

• The effect of external magnetic field on the dynamics of cluster electrons as well

as on the resonance absorption mechanism can be studied. By magnetic field

control, electro-cyclotron resonance may be excited which may possibly increase

laser energy coupling.

• In this thesis we have considered the interaction of laser pulses with a single clus-

ter without the effect of low density background plasma in the laser focus. In

reality, however, there are many clusters in the laser focus in the presence of low

density background plasma. These more realistic scenarios may be taken into ac-

count in the future studies of laser-cluster interaction to see effects on ionization,

absorption and coulomb explosion.
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Appendix

A.1 Atomic units and SI units conversion

Throughout the work in the thesis we have used atomic units. In atomic units me =

−e = 4πε0 = h̄ = 1. Here ε0 is the permittivity of vacuum, −e and me are the charge

and the mass of the electron, and h̄ is the Planck constant. Speed of light in atomic unit

is taken as c = 1/α = 137. The conversion relation between SI units and atomic units

for the fundamental physical quantities are:

1 atomic mass unit = me = 9.11×10−31 kg,

1 atomic charge unit = e = 1.602×10−19 C,

1 atomic action unit = h̄ = 1.05×10−34 J s.

In table A.1 we provide a list of important physical quantities, with their units and their

values on SI units.
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Physical quantity Definition atomic unit SI unit

Length a0 = h̄24πε0/e2me 5.3×10−11 m

Electric field E0 = e/4πε0a2
0 5.14×1011 V/m

Intensity I0 = cε0E2
0/2 3.51×1016 Wcm−2

Energy E0 = eE0a0 27.21 eV

Time t0 = h̄/E0 2.4×10−17 sec = 0.024 fs

Velocity v0 = a0/t0 2.18×106 m/sec

Frequency ω0 = E0/h̄ 4.134×1016 sec−1

Table A.1: SI units of various physical quantities, which is related to 1 atomic unit of
the corresponding quantity.

A.2 Comparison between different parameters for a deu-

terium cluster and an argon cluster

Cluster
type

Atomic
weight

Wigner
Seitz
radius
rω (nm)

Number
of
atoms N

Cluster
radius
R0 =
rωN1/3

(nm)

Atomic
density ρ =

3N
4πR3

0
(m−3)

ρ/ρc ωM/ω =√
ρ/3ρc

Deuterium 2.014 0.17 1791 2.05 4.87×1028 27.87 3.05

Argon 39.948 0.24 1791 2.91 1.73×1028 9.9 1.82

Table A.2: Comparison between different parameters for a deuterium cluster and an
argon cluster containing the same number of atom N = 1791. For laser pulse of wave-
length λ = 800 nm, the critical density is defined as ρc = 1.75×1027 m−3.
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