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Synopsis

The nuclear physics started in 1911 with the discovery of nucleus by the famous gold-foil

experiment by Rutherford and group. This experiment was a continuation series of experi-

ments, which finally reached to the conclusion that whole mass of the atom is concentrated

at the center called nucleus. After that many theoretical and experimental studies have been

carried out to understand the behaviour of the nucleus. However, till now, we have not fully

understood the mystery of the system. There is no exact theory which can explain the com-

plete nature, both bulk and microscopic behaviour of the nucleus through out the periodic

table. Thus, models are built up and approximation scheme are worked out to explain the

properties of nuclei. Unlike the atom, there is not available a definite center for nucleus, so

that it will control the movement of the nucleons inside it, which makes the system compli-

cated and it is difficult to explain everything in a simplified model. A nucleus is made up of

neutrons and protons (in collective form called as nucleons) which are moving inside the

nucleus under the influence of the nuclear force. The nuclear force has a complex behavior,

it is strong and short ranged in nature. At large distance, it is attractive with repulsive hard

core at the shortest range (near the center). This is found from experimental measurements

of phase shift. Attractive force correspond to the positive phase shift and repulsive force to

negative phase shift.

In 1934-35, Yukawa had given the meson theory for the N-N interaction. According

to this, nucleons are interacting to each other by exchanging the mesons. The repulsive

and attractive nature are explain by the vector and scalar mesons which are short and long

range interaction, respectively. The range (R) of the interacting mesons are decided by their

masses (m) which have inversely proportional with the range of the interaction (R ∝ 1
m

)

i.e., a large mass mesons are effective at the central and lighter one at the surface regions

of the system. In addition to this criteria, the coupling strength is also a deciding factor,
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i.e., for moderate or smaller coupling constant, lesser important of the meson participation

in the force. In this way, one can select the possible kind of mesons to make an optimistic

meson-nucleon model. The contribution of the meson within mass 1200 − 1300 MeV or

more has nominal influence on the interaction. Thus, it is a reasonable criteria for a cut for

the mass of mesons at the nucleon mass (or slightly more) in the meson-nucleon many-body

problems.

The possible mesons may be π−, σ−, ω−, ρ−, δ− (and photons) while considering

the nucleon-meson theory. The π−meson is isoscalar-pseudoscalar in nature and due to its

smaller mass, it is effective at large distance in comparative to other mesons. But, within

the mean field apporoximation, its contribution is negligible for the ground state properties

of the nucleus. The other mesons like σ−, ω−, and ρ− are responsible for the nuclear force

at various parts of the interaction range. These mesons are composites (resonance states)

of π−mesons. For example, σ−meson is s-state resonance of 2π−meson and ω−meson is

the p-state of three pions. The ρ−meson is p-state resonance of two π−mesons. There are

other mesons also which are effective in the intermediate range according to their masses.

One can construct the effective interaction mean field potential by taking these mesons into

account.

There are basically two ways of constructing the NN interactions: one is from the ori-

gin of the interaction (one boson exchange potential) i.e. nuclear interaction through the

exchange particles and another one is from the effective behavior of the interaction (non-

relativistic Skyrme potentials) like central and non-central forces. The Nuclear Physics

problems are many-body quantum system and dealing with these type of systems are com-

paratively difficult to handle in both analytically and computationally. Thus, the substitu-

tion of effective force is a pragmatic (and successful) apprach to deal these systems. In our

analysis, we used the effective mean field theories to deal with the many-body system of

nucleons.

We have studied the structural properties in finite nuclei having exotic nature, like bub-

ble structure, “island of inversion” in various region of the mass table and parity doublets

in low lying Ω states. The bulk properties, such as binding energy, quadrupole deformation

parameter, nucleon density distribution and nuclear matter radii are calculated.

In the present thesis, we construct a simple form of nonlinear self-coupling of the scalar

meson field and suggested a new nucleon-nucleon (NN) potential in relativistic mean field
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theory (RMFT). This potential named as NR3Y (Non-linear Relativistic 3 Yukawa) is anal-

ogous to the M3Y (Michigan 3 Yukawa) interaction. We investigate the ability of RMFT

to reproduce nuclear ground state properties. The surface phenomena like proton radioac-

tivity with NR3Y interaction potential is discussed in our study. The NR3Y potential could

be the substitution of M3Y (Michigan 3 Yukawa) potential for analyzing the reaction rate

of the nucleons.

We have extended our work to look for islands of stability, i.e. a set of isotopes which

are more stable compare to nearby nuclei. In such cases, in the nuclear chart, some specific

isotopes show extra stability than the neighbors, which is known as “island of inversion”.

These nuclei show exotic behaviour compared to their neighboring nuclei. We study the

extremely neutron-rich nuclei for Z = 17-23, 37-40 and 60-64 regions of the periodic ta-

ble by using axially deformed relativistic mean field formalism. Based on the analysis of

binding energy, two neutron separation energy, quadrupole deformation parameter and root

mean square radii, we emphasized the speciality of these considered regions. In another

work of my thesis, we analyzed the energy levels of nucleons in nucleus as a function of

deformation parameter. We obtained results which show that low lying Ω opposite parity

states (±1
2
) come closer and formed parity doublet. For this, we have taken Ne, Na, Mg,

Al, Si, P, S isotopes in our study and analyzed their radii, deformation parameter and shape

coexistence (two shape eigen states of nearly same binding energy). It is very general phe-

nomena near A=100 nuclei region. Based on our analysis, we predict the drip-line which

are comparable with the existing experimental data. Our results show sudden fall in two

neutron separation energy for some specific neutron number which may be a magic number

(for a particular number of neutron or proton) in that region. For conforming these magic

numbers, we need some more realistic calculations.

In the relativistic effective mean field theory, the Lagrangian has the meson fields

needed for the nucleon force and their self and cross coupling terms are included in the

Lagrangian upto optimal levels. In this respect, the G2 force parameter is almost a full

set with most of the self and cross couplings and produces better results not only for the

finite nuclei but also for the nuclear matter system. The effective mean field motivated

relativistic mean field force (E-RMF) parameter follow the naturalness which is the basic

requirement in the selection of any set of parameters. The parameter of E-RMF Lagrangian

follow the naive dimensional analysis which is the analytical method to truncate the series
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of Lagrangian interaction terms. Because of the availability of the radioactive ion beam

in various laboratories of the globe, advanced facilities like FAIR and PREX are getting

attention for the probe further the nuclear drip-line. From these experimental facilities, one

thing is clear that experimentalist now want to go more drip-line side and thinking for the

more precise data and their relationship with the nuclear matter eqaution of state in extreme

conditions which will help to study astrophysical objects, like neutron star etc.

It is possible that the existing theoretical models adequate for these new results or may

need some modifications. The expected modification can be done by refitting the exiting

parameters with newly obtained results or extend the interaction terms by adding some new

couplings which are connected to the observables of the system. During these modifica-

tions, one should keep in mind, that the natureness of the older parameter should not be

lost. In other way, we can make some new correlation between physical observables of

finite and infinite systems. For more asymmetric (for example very neutron rich) nuclear

systems, we need a full parameter set which can explain all the physics of the future exper-

iments. Before going to build a new parameter set, we need to check the effectiveness of

the extra interaction terms in comparison to the existing couplings. In this respect, we are

extending the G2 force parameter by including cross coupling of isoscalar vector ω−meson

and isovector vector ρ−meson term in the Lagrangian, which is responsible for the neutron

skin and softness of the symmetry energy.

Here, we study the effect of non-linear cross coupling on the energy density and pres-

sure over a wide range of baryon densityies. The observables like symmetry energy Esym

and related coefficients like slope Lsym and curvature Ksym of the symmetry energy with

respect to the baryon density are also evaluated systematically. The effects of the cross

couplings on the symmetry energy of symmetric nuclear matter are studied. The work is

further extended to β−equilibrium neutron matter to estimate the mass and radius of the

neutron stars. We analyze the effect of the coupling of the Baryon octet on the nuclear

equation of state.

We have also included the extra degree of freedom isovector scalar δ−meson to take

care of large asymmetry of the system. For our analysis, we use two types of methodology:

1. We included the δ−meson on top of G2 Lagrangian and by changing the coupling

strength of δ−meson which is nothing but the coupling strength of the interaction

between δ−meson and nucleons. In our study, we have not included any other degree
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of freedom in baryonic sector which will be consider in future work. The work

mainly concentrate on this methodology and see the effect of δ−meson coupling

constant on finite and infinite nuclear systems. We also extend our calculations to

analyse the behavior of coupling constant in mass radius trajectories of neutron star.

2. We split the isospin contribution of the system between ρ− and δ−mesons. Be-

cause the ρ−meson is responsible for the asymmetry of the nucleon density and

mass asymmetry is taken by the δ−meson. It is to be noted that in the symmetric

system (number density of protons and neutrons are same) these two mesons have no

contribution. In this case, the G2 force parameter changes and we tune the coupling

constant to fix the binding energy same as earlier (same as G2 parameter) to see the

effects on finite and infinite nuclear system followed by neutron star calculations.

Finally, in the extension of the Lagrangian, our aim is to make a full parameter set by

including cross coupling and δ−meson on top of the G2 set. Most of the work has been

done and some more are in progress.

We have done works on Nuclear Astrophysics. We study the behaviour of static and ro-

tating neutron star. We have used several relativistic and non-relativistic parameter sets and

found the mass and radius of neutron star (NS). We have calculated properties of rotating

neutron star like gravitational wave strain amplitude, gravitational wave frequency, Kep-

lerian frequency, quadrupole moment and ellipticity. We get almost consistent results in

all considered models which show the model independent predictions of the observables.

We found that the gravitational wave strain amplitude is a function of breaking strain of

neutron star crust and distance between the star and the earth. From our calculation, we

approximate the range of the gravitational wave amplitude between 10−24 to 10−22. The

moment of inertia of the star comes around ∼ 1045 g cm2 and the predicted range of the

gravitational wave frequency is in between 400 to 1280 Hz. We have calculated the ro-

tating frequency of star and concluded that, if we increase the rotating frequency then the

increment in the mass is also changes subsequently. The ellipticity of the neutron star is

consistent in all the considered parameter sets which will be helpful to constrain the value

of quadrupole and moment of inertia of the neutron star and vice versa. Our results will be

helpful to the new generation of gravitational wave detectors being planned.
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Chapter 1

Introduction

The nucleus came into picture more than 100 year ago, due to Rutherford’s well known

experiment of α−particle scattering. But its internal configuration came to be known after

the discovery of neutron in 1932 by Sir James Chadwick [1]. These discoveries lead to the

interesting problem of the stability of a nucleus because it is a composite system of positive

and neutral particles. Thus the concept of nuclear force arose, which does not depend on

the charge of the system. This continues to be one of the outstanding problems and our

understanding of the nature of nuclear interaction at that time and even now has not been

fully resolved. Hence, the major goal of nuclear physics (experimental/theoretical) is to

develop a proper platform to understand the mystery behind the unpredictable behavior of

the nucleus.

In simple terms, the atomic nucleus consists of protons and neutrons, which are com-

monly known as nucleons, because of their similarity, such as masses and statistics. For

simplicity, we assume that nucleons have same mass and they differ only by the isospin

quantum number associated with the neutron and proton.

1.1 Nuclei: near and away from the β−stability line

Naturally, about 300 nuclei are available on the earth’s crust which are shown in figure 1.1

by black dots. Most of these naturally occurring nuclei exist on the β− stability line and

they have almost infinitely large life-time. On the other hand, the formation of the nuclei,
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which are away from the stability lines has become possible due to the availability of ac-

celerators and stable as well as radio-active nuclear beams in various laboratories, such

as HIRFL@CSR [2, 3], FAIR@GSI [4, 5], Spiral@GANIL [6], RIBF@RIEKEN [7] and

FRIB@MSU [8], where one can synthesize a large number of isotopes both in the proton

and neutron drip-line regions (see Figure 1.1). In India, very good stable beam facili-

ties are in operation at IUAC (New Delhi), TIFR (Mumbai), BARC (Mumbai) and VECC

(Kolkata). For lighter mass nuclei (Z=1-8), the drip-lines have already been reached. The

drip-line nuclei are those extreme isospin systems, after which the existence of isotopes

is not possible, i.e. proton/neutron drip line is reached, when separation energy of one

proton/neutron (Sp/n) tends to zero. These exotic nuclei have very short life time and it is

difficult to measure their properties. These drip-line nuclei (or exotic nuclei) have many

strange features. In recent years, some interesting phenomena have been found like halo

nuclei, variable neutron skin thickness, proton radioactivity and cluster structure in nucleon

distribution inside the nucleus. Apart from these highly asymmetric nuclei which are away

from the β−stability line, one more interesting region of the nuclear landscape is the su-

perheavy valley. To our knowledge, till date 118 elements are known to us. Among, these

118 atomic nuclei, up to Z=92 are available in nature, while the rest starting from Z=93 to

118 are man-made superheavy nuclei synthesized in various laboratories [9–21].

1.2 Nuclear Forces and Interactions

In nature, there are four type of fundamental interactions. They are:

1. Gravitational Interaction

2. Electromagnetic Interaction

3. Strong Interaction

4. Weak Interaction

1.2.1 Gravitational Interaction

Gravitational interaction is the most common interaction, and is generated by the masses of

the objects. The mediator of this interaction is “Graviton” which is yet to be detected. The
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Figure 1.1: Typical landscape for the possible elements (stable, experimentally synthesized,

and theoretically predicted) on the earth.
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large objects like heavenly bodies such as planets, stars, etc. are maintaining their dynamic

stability due to this interaction.

1.2.2 Electromagnetic Interaction

This is the second and most common interaction after the Gravitational force. It arises due

to the electric charges and current and magnetic moments. The mediator of this force is

the photon, which is a vector particle. Inside the nucleus, the protons are the positively

charged particles and its effect can not be ignored for its stability. For example, after Z=8,

one needs more number of neutrons for the stability of a nucleus to nullify the effect of

Coulomb repulsion. Similarly, it prevents the formation of a superheavy nucleus with large

number of proton numbers.

1.2.3 Weak Interaction

Weak interaction is the third type of force, where W±, Z bosons are the mediator particles.

In nuclear physics also, this interaction plays an important role in the decay processes, like

β−decay.

1.2.4 Strong Interaction

The strong interaction is the strongest among all the four. The meson theory became a mile-

stone in understanding the nuclear force, which was given by Hideki Yukawa in 1935 [22].

According to this, nucleons interact with each other through exchange particles and Yukawa

predicted that these particles should have mass (∼140 MeV), so called Yukawa particle or

pion. This particle was discovered by Powell and collaborators in 1947 [23] which put

the confirmatory signature on the Yukawa meson theory. In modern Nuclear Theory, these

pions form various composite mesons, such as σ, ω, ρ, δ, Φ, η and many more, which

are responsible for the mediation of the strong interaction inside a nucleus. The question

arises for practical purpose, which are the mesons actually participating in nucleon-nucleon

interactions? This will be discussed in the following subsection.
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Table 1.1: Fundamental interactions in nature with their range and associated exchange

particles

Interaction Exchange Particle Range (meters)

Gravitational Graviton ∞
Electromagnetic Photon ∞

Weak W±, Z0 10−18

Strong Mesons 10−15

1.3 Role of the various Mesons

Now, we discuss about the role of various mesons in the NN-interaction inside a nucleus.

The properties of nucleon along with some mesons are listed in Table 1.2. The general

form of NN-interaction is shown in Figure 1.2, where various mesons are associated with

the long, intermediate and short range depending on their masses. From computational and

analytical point of view, one has to choose the meson-nucleon interaction, which is relevant

for the nuclear system. In this context, the range ri and mass of the meson propagator

Pi may be important criteria for the selection. The massive mesons are less important

in the interaction as propagator being inversely proportional µ2
i implies range is inversely

proportional to µi, with µi as the mass of the meson. In addition to this criteria, the coupling

strength is also a deciding factor, i.e., for moderate or smaller coupling constant, the mesons

become less important [24]. In this way, one can select the possible kinds of mesons to

make an optimistic meson-nucleon model. Also, the strange mesons are suppressed by

Zweig forbidden rule [25] in the NN-interaction. The contribution of the mesons within

mass 1200 − 1300 MeV or more has nominal influence in the interaction. Thus, it is a

reasonable criteria to have a cut off for the selection of mesons at the mass of the nucleon or

slightly more to include all type of effects in the meson-nucleon many-body problems. The

possible mesons π−, σ−, ω−, ρ−, δ− and photon fields are important while considering

the nucleon-meson theory and all other mesons listed in the box at the bottom.

In relativistic mean field (RMF) approximation, the pseudo-scalar π−meson does not

contribute to nuclear bulk properties, because of the definite spin and parity of the ground

state nucleus [26–29]. The quark composition of this meson triplet is (π+ : ud̄), (π0 : uū−dd̄√
2

) and (π− : dū). The masses are 139.57 and 134.9766 MeV for π± and π0, respectively
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Table 1.2: The nucleons and mesons properties like mass (MeV), charge (e), spin (J),

isospin (I) and third component of the isospin (I3), parity (P ) and G−parity (G) are given

here.

Baryons Section

Particle mass (MeV) q(e) J I I3

p (proton) 938.27 +1 1
2

1
2

+1
2

n (neutron) 939.57 0 1
2

1
2

-1
2

Mesons Section

Type of meson mass (MeV) JP IG

π± 139.57 0− 1−

π0 134.96 0− 1−

δ 983 0+ 1−

σ ∼500 00 0

ω 782.6 1− 0−

ρ 769 1− 1+

η 548.8 0− 0+

η
′ 957.6 0− 0+

φ 1020 1− 0−

B 1234 1+ 1+

f 1274 2+ 0+

D 1283 1+ 0+
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Figure 1.2: General form of the NN-interaction with the role of various participating

mesons.

and spin-parity is 0−1. The field corresponding to the iso-scalar scalar σ−meson, which is

a broad two-pion resonance state (s wave) provides strong scalar attraction at intermediate

distance (>0.4 fm) and has a mass of 400 ∼ 550 MeV [30,31], which is the most dominat-

ing attractive part of the nuclear interaction. The quark structure of σ−meson is uu+dd√
2

and

its spin parity (JP ) is 0+. The non-linearity of the σ−meson coupling includes the 3-body

interaction [32, 33], which is currently considered as an important ingredient for nuclear

saturation.

The isoscalar-vector ω−meson, which is a 3π− resonance state with a mass of 781.94

± 0.12 MeV, gives the strong vector repulsion at short distance giving rise to the hard

core repulsion of the nuclear force. The self-coupling of the ω−meson is crucial to make

the nuclear equation of state (EOS) softer [34–37], which has important consequence in

determining the structure of neutron star. The quark structure of ω−meson is uu+dd√
2

and

JP=1−.

The isovector-vector ρ−meson is introduced to account for asymmetry of neutron-

proton number densities. It is a resonance of 2π−meson in p-state which contributes to

the high repulsive core near the center and the attractive behavior near the intermediate

range in the even-singlet central potential of NN-interaction [38, 39]. The ρ−meson has
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mass around 768.5 ± 0.6 MeV [31]. The quark structure of the neutral ρ−meson is uu−dd√
2

and JP=1−. The isovector-scalar δ−meson is the resonance state of ηπ (dominant channel)

andKK (minor channel) [39,40], which has a mass of 980± 20 MeV [31]. Its quark struc-

ture is given as uu−dd√
2

and JP=1−. The neutron, propton mass difference can be explained

by introducing the isovector scalar δ meson with nucleons. Thus, it has substantial effects

in highly asymmetric systems like neutron star and heavy ion collision.

It is to be noted that the bulk properties like binding energy and charge radius do not

isolate the contribution from the iso-scalar or iso-vector channels. It needs an overall fitting

of the parameters. That is the reason, the modern Lagrangian ignores the contribution of

δ− and ρ−mesons independently, i.e. once ρ−meson is included, it takes care of the

properties of the nuclear system and does not need the δ−meson [41–44]. However, the

importance of the δ−meson arises, when we study the properties of highly asymmetric

systems such as drip-line nuclei and neutron star [45–57]. In particular, at high densities

such as neutron star and heavy ion collisions, the proton fraction of β−stable matter can

increase and the splitting of the effective mass can affect the transfer properties. Also, at

high isospin asymmetry, because of the increase in proton fraction, influences the cooling

of neutron star [58–60].

1.4 Infinite Nuclear System

A system which has a large number of particles (A → ∞) and a large volume compared

to the finite nuclei is known as infinite nuclear system. When both neutron and proton

numbers are same (α = ρn−ρp
ρn+ρp

= 0) then it is pronounced as symmetric nuclear matter and

in asymmetric matter case α 6= 0. Just after the discovery of neutron, Weizsac̈ker gave the

well known semi-empirical mass formula [61] in 1935. This was the first empirical mass

formula which explained the average nuclear binding energy. Simply put this equation is

given as:

B(N,Z) = avA− asA2/3 − ac
Z2

A1/3
− aa

(N − Z)2

A
, (1.1)

where A = N + Z is the total number of nucleons and ai for i = v, s, c and a are the

volume, surface, Coulomb and asymmetry co-efficients of the system, respectively. All

the parameters are fitted to the experimental masses. If we put the infinite nuclear matter
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condition i.e. A → ∞ in equation 1.1 for symmetric matter then only volume energy

coefficient av survives. This is its empirical value and its dimension is energy. It is known

as the binding energy per nucleon (BE/A∼-16.0 MeV) and the corresponding density is

known as the saturation density (ρ0). The relation between energy density and pressure

is known as the equation of state (EOS). The most important example of large density

(ρ ∼ 5−7ρ) systems is neutron star (NS), where protons and neutrons are being equilibrated

by chemical equilibrium and charge neutrality conditions.

Now, we will discuss some nuclear matter properties which are constrained by physi-

cal observables. These quantities are incompressibility, effective mass, symmetry energy,

saturation density. A brief description of these are given below:

1.4.1 Incompressibility

The incompressibility of a system is a dynamical quantity, which shows how much the

system can be compressed at the saturation density ρ0, without violating the Pauli exclu-

sion principle. This plays an important role in the nuclear equation of state (EOS). For

example, a stiffer EOS has higher incompressibility in comparison to the softer one. We

have noticed in RMF theory that the incompressibility is a poorly determined quantity, be-

cause its range varies from 200 to 600 MeV depending on the force parameters. In the

old linear parametrizations like L1, L2, and SH, the value of K∞ is ∼550MeV; however

for the newer parameter sets with non-linear terms, this value comes down in the range of

200− 300 MeV [62–65].

1.4.2 Effective Mass

The effective mass m∗ of a nucleon plays a significant role in heavy ion collision (HIC),

which leads to different paths for the neutron and proton. The main reason of this effect is

the difference in effective masses of each proton and neutron. It is worth mentioning that

many theoretical models are a bit unclear in the determination of the effective mass. Thus,

the well established models like Landau-Fermi liquid theory, non-relativistic Bruckner-

Hartree-Fock (m∗n > m∗p) [66, 67] and relativistic Dirac-Brueckner (m∗n < m∗p) [49, 50, 68]
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predict diverge behaviour of m∗ which indicates the deficiency in understanding. The dif-

ferent effective mass of proton and neutron is due to the existence of isovector-scalar inter-

action in the nuclear potential [49, 69]. The constraint on m∗ can be taken from the heavy

ion collision data [70]. The asymmetry of the system due to nucleon density is taken care

by the isovector-vector interaction. Earlier in RMF model effective mass of proton and

neutron are taken as a single entity and adjusted by a single parameter. In Chapter 7 of the

present thesis, we have separately considered them on equal footing, which has significant

consequences.

1.4.3 Symmetry Energy

A lot of works are going on to constrain the symmetry energy Es by finite and infinite nu-

clear properties. The precise knowledge of the symmetry energy is the requirement of the

present day nuclear physics/astrophysics. As we know, it has a correlation with the skin

data (Rn−Rp) of finite nuclei and behaviour of equation of state for the nuclear matter sys-

tem. Some experiments are very sensitive to the density variation of the symmetry energy

i.e. behaviour of Es at various range of the nuclear matter density. Some observables like

π−/π+ [52,71–78], n/p [79–81], t/3He [82,83], the isospin fractionation [79,81,84,85] and

the neutron-proton differential flow [50,86] are used to determine the symmetry energy of a

nuclear system. For constraining this quantity by the neutron-proton differential transverse

flow, we divide the whole symmetry energy behaviour with the density into two parts: one

is stiff and second one is soft symmetry energy [87]. Another possibility of constraining

the Es at normal density is the skin data of 208Pb nucleus, because skin thickness depends

on symmetry pressure of the neutron rich matter [88]. The skin data is also strongly corre-

lated with the slope of the symmetry energy at saturation density [89]. Recently, it has been

reported that the skin of 208Pb nucleus has a direct correlation with the radius of neutron

star [90,91]. Thus, it gives new hope that from the recent experimental observation of new

X-ray pulsar, one can measure the neutron star radius quite precisely.

The behaviour of the symmetry energy above the saturation density is not well under-

stood, i.e. it increases/decreases with baryon density [92]. Neutron stars (NS) are good

example for the highly asymmetric and dense system. By measuring the properties of NS,

like mass and corresponding radius, we can constraint the behaviour of symmetry energy
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and neutron skin data, because these two are correlated observables which connect the finite

to infinite system [93]. Apart from these, the properties of rotating and axially deformed

neutron star like gravitational wave strain amplitude (h0), ellipticity and sensitivity of the

r-mode instability window are studied by the behaviour of symmetry energy at high density

(larger than saturation density ρ0) [94].

1.5 Neutron Star

For general study, one can consider the neutron star to be static and spherical which may

not be true in real case. It behaves like a liquid drop which is made of nucleons. The

characteristic observables of the neutron star are mass (in units of solar mass) and physical

radius R (km). which are constrained from experimental observations. The experimental

limit on the maximum star mass is 2.01±0.04 M� from the pulsar PSR J0348+0432, using

white dwarf spectroscopy [95]. This maximum mass is more than the earlier prediction

of the measured mass of the millisecond pulsar PSR J16142230, which is 1.97±0.04 M�,

using Shapiro delay [96]. The Shapiro time delay effect, or gravitational time delay effect,

is one of the four classic solar system tests of general relativity. Radar signals passing

near a massive object take slightly longer to travel to a target and longer to return than

they would if the mass of the object were not present. The time delay is caused by the

slowing passage of light as it moves over a finite distance through a change in gravitational

potential [97]. In these measurements, we obtain the upper limit of the maximum mass of

neutron star which is more precise than the radius. Although, the radius of the neutron star

is not precisely known, one can fix the limit on this way by analyzing the Quiescent low

mass binaries [98]. The star mass and radius can be obtained by the Tolman-Oppenheimer-

Volkoff (TOV) equation, where energy density and pressure are the inputs [99]. In reality,

the neutron star is non-static and asymmetric, one can consider it as rotating with the an-

gular momentum ω and having finite quadrupole deformation. The maximum possible

angular velocity of the star is known as Kepler angular velocity ωk. After this velocity, the

system will not be stable or gravitational force is unable to bind the system. For solving the

rotating neutron star equation of state, we use rotating equation of motions. The rotating

objects radiate energy due to the asymmetry of the shape. This type of radiation is known

as gravitaional waves [100] which are considered elaborately in Chapter 8 of this thesis.
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1.6 Nuclear Models

Unlike atomic case, there is no central force which controls the movement of nucleons

inside the nucleus. All the nucleons have equivalent contribution to the nuclear potential.

The properties of nucleus change significantly with the increase in nucleon number. There-

fore, in Nuclear Physics, no unique theory exists to describe the nuclear phenomena. There

are several models which describe the nuclear systems region by region. The models and

their parameters are based on the well known experimental observables. The reliability of

a model is tested by its ability to reproduce the experimental data. A good model should

also have predictive power which will be helpful to show the path for future experiments.

If one adds either a proton or a neutron to the nucleus, its behavior changes drastically than

the parent system. As a result, each and every nucleus/isotope needs special attention both

experimentally and theoretically. In various cases, it so happens that the well designed nu-

clear models fail to explain the properties of nucleus in extreme conditions. In this context

there is a big debate about the nuclear system. “Is it a relativistic system or non-relativistic

system”, because both types of models explain nuclear properties quite satisfactorily. Ac-

cording to the non-relativistic phenomenon, the binding energy per nucleon is very small

(∼ 8MeV ) compared to its mass (∼1 GeV), so it should behave like a non-relativistic

system, while in the relativistic formalism, this small binding energy comes from the can-

cellation of two big contributions (a strong attractive and repulsive components). Hence, it

should follow the relativistic dynamics. Although, the present thesis is meant for the study

of finite and infinite nuclear systems within the frame work of Relativistic Mean Field for-

malism and non-relativistic Skyrme-Hartree-Fock approach, it is worthy to mention some

well known models such as Infinite Nuclear Mass model, Finite Range Droplet model and

liquid drop model whose results we use for comparison very often in different parts of the

thesis.

1.7 Evolution of Models in Nuclear Structure Physics

Liquid Drop Model: The first and most successful model “Liquid Drop Model (LDM)”

was given by George Gamow and further modifications were proposed by Niels Bohr and

J. A. Wheeler. According to this model, nucleons are interacting with each other like a
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molecule in a drop of liquid. The density of the liquid is assumed to be homogeneous

and constant for the entire volume and drop can not be compressed further i.e., volume is

fixed. In this model, nucleons are moving in the interior of the system and collide with

each other. The maximum distance travelled by nucleon before collision is its mean free

path [101, 102] which is smaller than the diameter of the liquid drop. The LDM easily

explains the nuclear binding energy, nuclear fission and reactions by assuming the shape of

the nucleus spherical in ground state.

As time evolved, more nuclei were studied. The LDM was a crude approximation, as

it was not able to explain all the properties of various nuclei. It was observed that a special

combinations of the neutron (2, 8, 20, 28, 50, 82, 126) and proton (2, 8, 20, 28, 50, 82)

numbers show extra stability and these combinations are called Magic Numbers. In this

respect, the proton magic number beyond Z = 82 is still under debate. Some theoretical

group predict that Z = 120 is the next proton magic number beyond 208Pb [103–105]. In

this respect, to reproduce the magic number, V. M. Strutinsky added the shell correction into

the LDM and was successful in reproducing a 1-2 MeV difference in binding energy [106].

Finite Range Droplet Model: Another successful model is “Finite Range Droplet

Model (FRDM)”, which is used as a standard reference while developing new calcula-

tions [107]. In this model nucleus is taken as a drop of Fermi liquid. It describes the

nuclear masses and deformations very well. The formalism combines the Droplet Model

with the folding of model surface and Coulomb energy integrals [108].

Infinite Nuclear Mass Model: The Infinite Nuclear Matter (INN) model [109] is based

on Hugenholtz-Van Hove theorem [110]. According to this model, the ground state energy

of an asymmetric nucleus is considered as equivalent to the energy of a perfect sphere made

up of the infinite nuclear matter of same asymmetry plus residual energy. The residual

energy comes from the shell effect, deformation etc. The scope of this mass relation (INM)

is limited in the sense that if two masses are known the third can be predicted within very

small error but can not be extended to very unknown territory.

Shell Model: The shell model (SM) is a microscopic nuclear model which was able

to explain the magic numbers. This model was given by two group M. G. Mayer and

J. H. D. Jensen at the same time in 1949, independently. It is based on the assumption

that a nucleon is moving freely in a potential well which is generated by other nucleons. It

assumes a core at the center and other nucleons are moving under the influence of that core.
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The modern shell model has no core and is now known as no-core shell model [111–113].

Here, all the nucleons are taken as independent from each other. This type of calculations

need very good computational facilities, and are now possible due to the availability of high

performance computing systems.

Effective mean field theory: The self-consistent mean field theories (SCMF) are re-

cently used extensively in theoretical models to deal with the nuclear many-body system.

These formalisms are surprisingly successful to deal with nuclei (on and away of the sta-

bility line) through out the periodic table from proton to neutron drip-line. There are al-

most two parallel models available in literature one is non-relativistic (Gogny, Skyrme)

and other one is relativistic mean field (RMF) formalism. The energy functional of the

Skyrme-Hartree-Fock (SHF) approach is the combination of all the possible interaction

like the effective interaction between nucleons, the Coulomb energy, the pairing energy

and corrections for spurious motion like center of mass. The SHF interaction is a zero

range force while the RMF has a finite range interaction due to the exchange of mesons.

Since, the Skyrme energy functional is local, it has several technical advantages like all

exchange terms have the same structure as the direct terms, which reduces the number

of integrations when solving the Skyrme Hartree-Fock equations. However, the Skyrme-

Hartree-Fock (SHF) model has strictly point couplings. The gradient terms in the energy

functional fulfill the finite range interaction. It merges the gradient term with the zero-range

two-body force into a finite-range two-body coupling. Although, the depth of nuclear po-

tential is near 100 MeV and much smaller than the nucleon rest mass (∼1 GeV), this depth

is a result of cancellation between much larger contributions. These are good reasons to

consider relativistic dynamics for the nuclear system. The large nuclear spin-orbit force

also comes out naturally from the interplay between two strong and counteracting fields: a

long-range attractive scalar field and a short range repulsive vector field [39]. The typical

order of the scalar potential is ∼ -400 MeV which is attractive and vector part is ∼ 300

MeV repulsive. So, net potential is attractive with combination of the scalar and vector

part of the nuclear interactions. The saturation properties of the nuclear matter could not

be explained by the conventional non-relativistic mean field models [114]. However, the

simplest model of RMF formalism i.e. Walecka Lagrangian is able to produce the empiri-

cal data (BE/A = −15.6 MeV, kF = 1.36 fm−1) [115, 116]. A detailed discussion of the

models (RMF, SHF) are presented in Chapter 2.
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1.8 Plan of the Thesis

Taking into consideration the nuclear force and the contemporary problems in nuclear

physics, we have used the SHF and RMF models throughout the mass table to study the

properties of β−stable and unstable nuclei. We have given emphasis to the drip-line nuclei

as well as the superheavy elements. Thus, we have analyzed the RMF model and studied

the effects of its various terms. In general, the thesis is divided into two parts:

1) Application of the mean field models (RMF and SHF) to finite nuclei. Here, we

calculate the bulk properties, like binding energy, charge radii, single particle en-

ergy and quadrupole deformation with the help of these observables and we discuss

various physical consequences.

2) The second part of the thesis is devoted to the expansion of the Lagrangian and

analyze the effects of extra degree of freedom. We study the influence of δ−meson

and cross coupling of ω−ρmesons on physical properties within the RMF formalism.

1.8.1 Properties of finite nuclei

The thesis proceeds through a brief introduction of nuclear experimental and theoretical

status followed by evolution of the theoretical models. In this thesis, we have given a

full flavor of relativistic and non-relativistic mean field formalisms for finite as well as

infinite nuclear matter in Chapter 2. We have found an analytical expression for the NN-

interaction, both from the linear and non-linear RMF models, denoted as R3Y and NR3Y

interactions analogous to the well known M3Y and DDM3Y interactions. A simplified and

approximate expression with its application to α−particle decay is given in Chapter 3.

We investigate the ability of RMF theory to reproduce the nuclear ground state proper-

ties and the surface phenomena like proton radioactivity simultaneously with the proposed

NN-interaction. The obtained results are matched reasonably well with most widely used

M3Y NN-interactions and the experimental data in this first application of nucleon-nucleon

potential.

In Chapter 4, we have discussed the behavior of intrinsic single particle energy levels

of nucleons with deformation. Other properties of finite nuclei like shape co-existence,

deformation parameter etc. are also mentioned. We have analyzed the structure of Ne,
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Na, Mg, Al, Si, P and S near the neutron drip-line region in the frame-work of relativis-

tic mean field theory (RMF) and non-relativistic Skyrme-Hartree-Fock (SHF) formalisms.

The recently discovered nuclei 40Mg and 42Al, which are beyond the drip-line predicted

by various mass formulae are located within the drip-line under these models. For some

isotopes, we have found many largely deformed neutron-rich nuclei, whose structures are

analyzed. From structure point of view, we find that at large deformation, low Ω orbits of

opposite parities (e.g. 1
2

+ and 1
2

−) occur close to each other in energy, which some times

may lead to the case of octupole deformation.

In some regions of the mass tables, few isotopes show extra stability in comparison

to the neighbour which is called “Island of Inversion”. Normally, the stability of nuclear

isotopic series decreases with increase in the neutron number when moving towards the

neutron drip-line. But this trend breaks due to some specific combination of proton and

neutron number, a phenomena similar to the magic numbers. We study the extremely

neutron-rich nuclei with Z = 17 − 23, 37 − 40 and 60 − 64 regions of the periodic table

in Chapter 5. Based on the analysis of binding energy, two neutron separation energy,

quadrupole deformation and root mean square radii, we emphasize the specialty of these

considered regions which were recently predicted as “islands of inversion”.

1.8.2 Extension of RMF model

In Chapter 6, our aim is to expand the Lagrangian by adding the ω − ρcross term which

was not included earlier. It is found to be useful in softening the symmetry energy. The

neutron skin thickness and symmetry energy are correlated, but due to unavailability of the

precise measurement of skin data, this correlation is also debatable. In the framework of

relativistic mean field theory, we study the effect of non-linear cross coupling between the

isoscalar-vector and isovector-vector mesons (ω−ρ) on top of G2 parametrization. The en-

ergy density and pressure are calculated over a wide range of baryon density. The physical

observables like symmetry energy and related coefficients are also evaluated systemati-

cally. The effect of cross coupling on the symmetry energy of symmetric nuclear matter

are studied. The work is further extended to β−equilibrium matter to estimate the mass

and radius of neutron star and also to baryon octet to see the effect of the cross coupling

over the equation of state.
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In Chapter 7, we have added one more term (δ−meson coupling) to the Lagrangian

and further extend our calculations. The effect of δ− and ω − ρ−meson cross couplings

on asymmetric nuclear systems are analyzed in the frame-work of an effective Field theory

motivated relativistic mean field (ERMF) formalism. The calculations are done on top

of the G2 parameter set. We calculate the root mean square radius, binding energy, single

particle energy (for 1st and last occupied orbits), density and spin-orbit interaction potential

for some selected nuclei and evaluate the Lsym− and Esym− coefficients for nuclear matter

as function of coupling strengths. The number and mass isospin which are taken care by

ρ− and δ− meson respectively are connected to each other. So, it is very obvious to take

the coupling of these two mesons with nucleons together and see the combined effect on

the nuclear system. To show the effect of δ−meson on the nuclear system, we split the

isospin coupling into two parts: (i) gρ due to ρ−meson and (ii) gδ for δ−meson. Thus,

our investigation is based on varying the coupling strengths of the δ− and ρ−mesons to

reproduce the binding energies of the nuclei: 48Ca and 208Pb.

In Chapter 8, we present the applications of nuclear equation of states in cosmology.

The calculations are carried out to obtain the masses and radii of static and rotating neutron

stars by taking a large variety of relativistic and non-relativistic force parameters. These

calculations may be quite useful for future experiments.

Finally, we have concluded the work in Chapter 9.
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Chapter 2

Formalism

As it is discussed in Chapter 1, the nucleus is a complex many body system. To explain the

properties of such a system, a large number of theoretical models have been constructed,

which are available in literature. Among them the non-relativistic Skyrme-Hartree-Fock

(SHF) and relativistic mean field (RMF) theories are quite successful. In these models,

the many body system is converted to one body problem and few corrections like center-

of-mass motion and pairing correction are introduced to reach an the acceptable level of

accuracy. This technique has been widely used for the last 4 decades to study the ground

state properties of finite nuclei. The two models SHF and RMF are considered to be at par,

as both of them give almost comparable results and predictions. In the present thesis, these

two models have been taken as the main theoretical tools and we have used them to analyze

the nuclear systems in various conditions. In this chapter, a detailed discussion has been

presented to understand these two theoretical formalisms.

2.1 Skyrme-Hartree-Fock (SHF) method

The Skyrme-Hartree-Fock theory is well documented and can be found in Refs. [117–

120]. For completion, we outline some of the basic features in this chapter. The SHF

approach converts the nucleon-nucleon two-body potential to an average field [121]. While

constructing the potential, it is to be noted that one should take into account all the features

of nuclear force (as discussed in Chapter 1). Thus it is essential to know the properties of

nuclear interaction in detail. Some of them are:
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• The nuclear force is short ranged, i.e. the influence of the interaction of a pair of

nucleons does not affect other nucleons, which are far away from it.

• There is definite evidence of the presence of spin-orbit interaction, tensor force and

pairing correlation in a nuclear potential.

• The average binding energy per particle of a finite nucleus is about 8 MeV, which is

very small compare to the mass of a nucleon i.e. ∼938 MeV. This plays an important

role in the success of non-relativistic approach.

• The average nuclear potential is ∼ 70 MeV deep, which is much smaller compared

to the nucleon mass.

The nucleons are Fermions, so they follow the Fermi-Dirac statistics. As we have dis-

cussed, the many-body system can be converted to a one body problem using the Hartree-

Fock approximation for the ground-state trial wave-function of a nucleus. The A parti-

cles wave function can be written as a Slater determinant or an antisymmetric product

of occupied states. The Slater determinant is built from a complete orthonormal set of

single-particle wave-functions φi(rj) (the Hartree-Fock basis), here rj stands for all the

coordinates (spatial, spin and isospin) of the jth nucleon

Φ(r1, ..., rA) −→ ΦHF (r1, ..., rA) =
1√
A!



φ1(r1) φ2(r1) · · · φA(r1)

φ1(r2) φ2(r2) · · · φA(r2)
...

... · · · ...
...

... . . . ...

φ1(rA) φ2(rA) · · · φA(rA)


. (2.1)

The full Hamiltonian of the many body system after applying the Hartree Fock approxima-

tion can be written as a sum of one-body kinetic energy term and a two-body force for a

system of A particles as [117]:

H =
A∑
i

p2
i

2mi

+
1

2

A∑
i,j

V (ri, rj), (2.2)

where V (ri, rj) contains all parts of the nucleon-nucleon force, including the Coulomb

interaction and a half factor to avoid the double counting of the interactions. The main aim

of Mean Field Model is to simplify the two-body V (ri, rj) potential in terms of a one-body
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mean-field which incorporates maximum physics of the original one. In the Hartree-Fock

approach the expectation value of the total Hamiltonian with respect to the Hartree-Fock

wave-function gives the approximate ground-state energy, which can be written as:

E0
HF = 〈ΦHF |H|ΦHF 〉

= − ~2

2m

A∑
i

∫
φ∗i (r)∇2φi(r)dr

+
1

2

A∑
i,j

∫ ∫
φ∗i (r)φ

∗
j(r
′)V (r, r′)φi(r)φj(r

′)drdr′

−1

2

A∑
i,j

∫ ∫
φ∗i (r)φ

∗
j(r
′)V (r, r′)φi(r

′)φj(r)drdr
′, (2.3)

here,
∫
dr =

∑A
i,j d

3r. The next aim is to find out the ground state energy of the system by

the variational method. With a proper guess of the Hartree-Fock wave function, the final

self-consistent solution will give the correct ground state energy. The wave function should

be normalized so that:

1

A

A∑
i=1

∫
|φi(r)|2dr = 1. (2.4)

Now, the Schrödinger equation for the single-particle Hamiltonian can be given by:

h|φi(r)〉 = εi|φi(r)〉. (2.5)

This leads to a simplified form for the Hartree-Fock equation and is given as:

εi = − ~2

2m
+ U

(i)
H (r)φi(r)−

∫
U

(i)
F (r, r′)φi(r

′)dr′, (2.6)

where, U (i)
H and U (i)

F are known as the direct or Hartree and exchange or Fock potential

term, respectively. This equation looks like a regular one-body Schrödinger equation with

extra non-local term. Finally, we need to solve these equations in a self-consistent way

iteratively and get the ground state energy for the system [118, 119].
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2.1.1 The Skyrme effective interaction

The most general form of the Skyrme effective potential is written as:

V (r1, r2) = t0(1 + x0Pσ)δ(r)

+
1

2
t1(1 + x1Pσ)

[
P
′2δ(r) + δ(r)P2

]
+t2(1 + x2Pσ)P

′ · δ(r)P

+
1

6
t3(1 + x3Pσ) [ρ(R)]σ δ(r)

+iW0σ ·
[
P
′ × δ(r)P

]
. (2.7)

The 1st term corresponds to the central part, 2nd & 3rd term are the non-local terms, 4th for

density-dependent and last one for the spin-orbit interaction. The center of mass coordinate

R = 1
2
(r1 + r2) and relative coordinates r = 1

2
(r1 − r2) have their own meanings. The

operators P and P
′ are acting on left which is given as: P = 1

2i
(∇1 −∇2). The spin

operator σ = σ1 + σ2 and the spin-exchange operator is Pσ = (1+σ1·σ2)
2

. From the general

Skyrme effective interaction (2.7), the total binding energy of a nucleus can be expressed

as [118]:

〈ΦHF |H|ΦHF 〉 =

∫
H(r)dr, (2.8)

here, |ΦHF 〉 is the ground state Hartree Fock wave function, H is the total Hamiltonian

density functional, which is given as:

H = K +H0 +H3 +Heff +Hfin +Hso +Hsg +HCoul, (2.9)

where, K is the kinetic term and is expressed as:

K =
~2

2m
τ =

~2

2m
(τn + τp), (2.10)

with τ = τn + τp, called the total (sum of proton and neutron) kinetic energy density. The

terms, H0, H3, Heff , Hfin, Hso, Hsg and HCoul are the density functional for zero-range,

density-dependent, effective-mass, finite-range, spin-orbit, tensor-coupling and Coulomb
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correction, respectively. The corresponding expression for these terms are as follow:

H0 =
1

4
t0
[
(2 + x0)ρ2 − (2x0 + 1)(ρ2

p + ρ2
n)
]
,

H3 =
1

24
t3ρ

η
[
(2 + x3)ρ2 − (2x3 + 1)(ρ2

p + ρ2
n)
]
,

Heff =
1

8
[t1(2 + x1) + t2(2 + x2)] τρ

+
1

8
[t2(2x2 + 1)− t1(2x1 + 1)] (τpρp + τnρn),

Hfin =
1

32
[3t1(2 + x1)− t2(2 + x2)] (∇ρ)2

− 1

32
[3t1(2x1 + 1) + t2(2x2 + 1)]×

[
(∇ρn)2 + (∇ρp)2

]
,

Hso =
1

2
W0 [J · ∇ρ+ Jp · ∇ρp + Jn · ∇ρn] ,

Hsg = − 1

16

[
(t1x1 + t2x2)J2 − (t1 − t2) (J2

p + J2
n)
]
,

and

HCoul = =
1

2

∫
ρp(r2)

|r1 − r2|
d3r2 −

3

4

(
3

π

)1/3

ρ4/3
p (r1). (2.11)

The term HCoul has two parts corresponding to direct and exchange interaction at Slater

level [118]. The total density ρ = ρp + ρn, kinetic density τ = τn + τp and the spin density

J = Jn + Jp. The corresponding expressions for these densities are:

ρq(r) =

Aq∑
i=1

∑
σ

|φi(r, σ, q)|2, (2.12)

τq(r) =

Aq∑
i=1

∑
σ

|∇φi(r, σ, q)|2, (2.13)

and

Jq(r) = i

Aq∑
i=1

∑
σ,σ′

φ∗i (r, σ, q) [(σ)σ,σ′ ×∇]φi(r, σ, q), (2.14)
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where, φi is the single-particle wave function with orbital, spin and isospin quantum num-

bers. Now these equations are solved self-consistently by using the Skyrme parameter

sets [117]. These parameter sets are designed on the basis of various experimental data of

finite nuclei and properties of infinite nuclear matter [118–120, 122, 123]. Some of them

reproduce both the ground state properties of finite nuclei [124, 125] and properties of in-

finite nuclear matter upto high density [117]. In our calculations, we have used different

Skyrme parameter sets. In recent years, several new sets of Skyrme parameters such as

SLy1-10, SkX, SkI5 and SkI6 are obtained by fitting the Hartree-Fock (HF) results with

experimental data for nuclei starting from the valley of stability to neutron and proton drip-

lines [118–120, 122].
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2.2 Relativistic Mean Field Formalism

From the last few decades, the relativistic mean field (RMF) theory has been applied suc-

cessfully to study the structural properties of nuclei throughout the periodic table [26,126–

129]. At high density, the mesons which are the medium for NN-interaction, can be taken

as mean field. At this point, meson field operators, can be replaced by their expectation

values (classical fields) which is known as the mean field approximation [26]. The rela-

tivistic field theory of the nuclear system was first developed by Schiff in 1951 [33]. In

this investigation, he had taken linear and non-linear self-interaction in classical neutral

scalar meson field. This non-linear term may be helpful to achieve saturation in the nuclear

system.

In 1955, Johnson and Teller modified the Schiff ideas up to a significant level and used

only linear interaction of scalar field to explain the many empirical features of nuclear

structure [130]. The first time they put their attention towards the scalar sigma meson de-

gree of freedom in the NN-interaction, although its decay width σ → 2π is very large. Dürr

took the Johnson and Teller concept and proposed the theory of vector and scalar meson

fields. This model was able to explain the many nuclear properties and other like spin-orbit

interaction, and energy dependence of the real part of the nuclear optical potential [131].

Dürr observed that nuclear saturation can be obtained naturally by including the non-linear

coupling of scalar meson interaction.

In 1961, Rozsnayi performed the relativistic Hartree calculations of finite nuclear struc-

ture. The problem of stationary baryon interacting with a classical vector meson field was

studied by Zel’dovich in 1962 [132]. The complete form of the RMF model came in 1974

by Walecka [26] which incorporated sigma (σ), omega (ω) and rho (ρ) mesons to describe

the finite and infinite systems. This model provides considerably large value of bulk mod-

ulus K (∼ 560) than the acceptable empirical value (230±30) [133]. Boguta and Bodmer

resolved this problem by including the non-linear interaction in sigma meson (scalar). This

extended Lagrangian is known as non-linear Walecka model which is the most acceptable

interaction Lagrangian till date.

The relativistic treatment of the quantum hadrodynamic (QHD) models automatically

takes care of spin-orbit force (interaction), the finite range and the density dependence

of the nuclear interaction. The relativistic mean field (RMF) or the effective field theory
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motivated relativistic mean field (E-RMF) model has the advantage that, with proper rela-

tivistic kinematics and meson properties, already known or fixed from the properties of a

small number of finite nuclei, gives excellent results for binding energies, root-mean-square

(rms) radii, quadrupole and hexadecapole deformations and other properties of spherical

and deformed nuclei [38, 127, 134–136]. The quality of the result is comparable to that of

non-relativistic nuclear structure calculations with effective Skyrme [137] or Gogny [138]

forces.

The theory and equations for finite nuclei and nuclear matter can be found in Refs. [139–

143] and we shall give only the outline of the formalism. We start from Ref. [142] where

the field equations are derived from an energy density functional containing Dirac baryons

and classical scalar and vector mesons. The field equations for mesons and nucleons are

solved by the self-consistent way, which is a successful technique in effective field theory.

It gives excellent results for finite and infinite nuclear systems [37,129,139,144–146]. The

energy density functional for finite nuclei can be written as:

E(r) =
∑
α

ψ†α(r)

{
− iα·∇ + β [M − Φ(r)− τ3D(r)] +W (r) +

1

2
τ3R(r) +

1 + τ3

2
A(r)

− iβα
2M
·
(
fv∇W (r) +

1

2
fρτ3∇R(r)

)}
ψα(r) +

(
1

2
+
κ3

3!

Φ(r)

M
+
κ4

4!

Φ2(r)

M2

)
m2
s

g2
s

Φ2(r)

− ζ0

4!

1

g2
v

W 4(r) +
1

2g2
s

(
1 + α1

Φ(r)

M

)
(∇Φ(r))2 − 1

2g2
v

(
1 + α2

Φ(r)

M

)

(∇W (r))2 − 1

2

(
1 + η1

Φ(r)

M
+
η2

2

Φ2(r)

M2

)
m2
v

g2
v

W 2(r)− 1

2e2
(∇A(r))2

− 1

2g2
ρ

(∇R(r))2 − 1

2

(
1 + ηρ

Φ(r)

M

)
m2
ρ

g2
ρ

R2(r)− Λv
(
R2(r)×W 2(r)

)
+

1

2g2
δ

(∇D(r))2 − 1

2

mδ
2

g2
δ

(
D2(r)

)
, (2.15)

where Φ(r) = gsφ0(r), W (r) = gvV0(r), R(r) = gρb0, D(r) = gδδ0(r) and A(r) =

eA0(r) are the fields for σ, ω, ρ, δ and photon and gs, gv, gρ, gδ and e2

4π
are their coupling

constants, and masses are ms, mv, mρ and mδ, respectively. ψ is field for nucleons. In

the energy functional, the non-linearity as well as the cross-coupling upto a maximum of

4th order is taken into account. This is restricted due to the condition 1 ≥ field
M

(M =

nucleon mass) and non-significant contribution of the higher order [141]. The higher order

non-linear couplings for ρ− and δ−meson fields are not taken into the energy functional,
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because the expectation values of the ρ− and δ− fields are orders of magnitude less than

that of ω−field and they have only marginal contribution to finite nuclei. For example, in

calculations of the high-density equation of state, Müller and Serot [140] find the effects

of a quartic ρ meson coupling (R4) to be appreciable only in stars made of pure neutron

matter. A surface contribution−α3Φ (∇R)2/(2g2
ρM) is tested in Ref. [147] and it is found

to have absolutely negligible effects. We should note, nevertheless, that very recently it has

been shown that couplings of the type Φ2R2 and W 2R2 are useful to modify the neutron

radius in heavy nuclei while making very small changes to the proton radius and the binding

energy [91].

The Dirac equation corresponding to the energy density eqn. (2.15) becomes{
− iα·∇ + β[M − Φ(r)− τ3D(r)] +W (r) +

1

2
τ3R(r) +

1 + τ3

2
A(r)

−iβα
2M
·
[
fv∇W (r) +

1

2
fρτ3∇R(r)

]}
ψα(r) = εα ψα(r) . (2.16)
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The mean field equations for Φ, W , R, D and A are given by

−∆Φ(r) +m2
sΦ(r) = g2

sρs(r)−
m2
s

M
Φ2(r)

(
κ3

2
+
κ4

3!

Φ(r)

M

)

+
g2
s

2M

(
η1 + η2

Φ(r)

M

)
m2
v

g2
v

W 2(r) +
ηρ

2M

g2
s

gρ2
m2
ρR

2(r)

+
α1

2M
[(∇Φ(r))2 + 2Φ(r)∆Φ(r)]

+
α2

2M

g2
s

g2
v

(∇W (r))2 , (2.17)

−∆W (r) +m2
vW (r) = g2

v

(
ρ(r) +

fv
2
ρT(r)

)
−
(
η1 +

η2

2

Φ(r)

M

)
Φ(r)

M
m2
vW (r)

− 1

3!
ζ0W

3(r) +
α2

M
[∇Φ(r) ·∇W (r) + Φ(r)∆W (r)]

−2 Λvgv
2R2(r)W (r) , (2.18)

−∆R(r) +m2
ρR(r) =

1

2
g2
ρ

(
ρ3(r) +

1

2
fρρT,3(r)

)
− ηρ

Φ(r)

M
m2
ρR(r)

−2 Λvgρ
2R(r)W 2(r) , (2.19)

−∆A(r) = e2ρp(r) , (2.20)

−∆D(r) +mδ
2D(r) = g2

δρs3 , (2.21)
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where the baryon, scalar, isovector, proton and tensor densities are

ρ(r) =
∑
α

ψ†α(r)ψα(r) , (2.22)

ρs(r) =
∑
α

ψ†α(r)βψα(r) , (2.23)

ρ3(r) =
∑
α

ψ†α(r)τ3ψα(r) , (2.24)

ρp(r) =
∑
α

ψ†α(r)

(
1 + τ3

2

)
ψα(r) , (2.25)

ρT(r) =
∑
α

i

M
∇·
[
ψ†α(r)βαψα(r)

]
, (2.26)

ρT,3(r) =
∑
α

i

M
∇·
[
ψ†α(r)βατ3ψα(r)

]
, (2.27)

ρs3(r) =
∑
α

ψ†α(r)τ3βψα(r), (2.28)

with ρs3=ρsp − ρsn, ρsp and ρsn as scalar densities for proton and neutron, respectively.

The scalar density ρs is expressed as the sum of proton (p) and neutron (n) scalar densities

ρs=〈ψ̄ψ〉=ρsp+ρsn, which are given by

ρsi =
2

(2π)3

∫ kFi

0

d3k
M∗

i

(k2 +M∗2
i )

1
2

, i = p, n (2.29)

ki is the nucleon’s Fermi momentum and M∗
p , M∗

n are the proton and neutron effective

masses, respectively and can be written as

M∗
p = M − Φ(r)−D(r), M∗

n = M − Φ(r) +D(r), (2.30)

Thus, the δ field splits the nucleon effective masses. The baryon density is given by

ρ = 〈ψ̄γ0ψ〉 = γ

∫ kF

0

d3k

(2π)3
, (2.31)

where γ is spin or isospin multiplicity (γ = 4 for symmetric nuclear matter and γ = 2 for

pure neutron matter). The proton and neutron Fermi momentum will also split, while they

have to fulfill the following condition:

ρ = ρp + ρn =
2

(2π)3

∫ kFp

0

d3k +
2

(2π)3

∫ kFn

0

d3k. (2.32)
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The total vector potential V(r) is given by the summation of potential generated by the

ω, ρ and Coulomb fields V0, R0 and A0, respectively.

V (r) = gvV0(r) +
1

2
gρτ3b0(r) + e

(1− τ3)

2
A0(r). (2.33)

The total attractive scalar potential Vs(r) is described as:

Vs(r) = gsφ0(r) + gδτ3δ0(r), (2.34)

where, φ0(r), δ0(r) are scaler fields by σ and δ mesons, respectively. A static solution is

obtained from the equations of motion to describe the ground state properties of nuclei. The

set of nonlinear coupled equations are solved self-consistently in an axially deformed har-

monic oscillator basis with the maximum oscillator shells for Fermions (NF ) and Bosons

(NB). The oscillator frequency ~ω0 = 41A−1/3 is used in the calculations. The quadrupole

deformation parameter β2 is extracted from the calculated quadrupole moments of neutrons

and protons through the following relation:

Q = Qn +Qp =

√
16π

5

(
3

4π
AR2β2

)
, (2.35)

where R = 1.2A1/3.

The root mean square charge radius(rch), proton radius (rp), neutron radius (rn) and matter

radius (rm) are given as [38]:

< r2
p >=

1

Z

∫
ρp(r)r

2
pdτp, (2.36)

< r2
n >=

1

N

∫
ρn(r)r2

ndτn, (2.37)

rch =
√
r2
p + 0.64, (2.38)

< r2
m >=

1

A

∫
ρ(r)r2dτ, (2.39)

here, all terms have their own usual meaning. The total energy of the system is given by

Etotal = Epart + Eσ + Eω + Eρ + Eδ + Ec + Epair + Ec.m., (2.40)
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where Epart is the sum of the single particle energies of the nucleons and Eσ, Eω, Eρ, Eδ,

Ec, Epair, Ecm are the contributions of the meson fields, the Coulomb field, pairing energy

and the center-of-mass energy, respectively. The total binding energy and other observables

are also obtained by using the standard relations, given in [38, 127]. The center-of-mass

motion correction in light mass nuclei is very important; we have taken care within the

harmonic oscillator approximation. Its final expression is Ecm = 3
4
.41A−1/3 MeV [34,148,

149]. The BCS pairing approach is used to take care of the nucleon pairing correlation near

the Fermi surface.

2.2.1 Pairing Correlation (Epair)

For open shell nuclei, pairing correlation plays an important role. This interaction con-

tains terms like ψ†ψ†, ψψ, ψ†ψ†ψ†ψ†, ψψψψ etc. which do not appear in the relativistic

Lagrangian. To take care of the pairing effect in the calculation, we use the Bardeen-

Cooper-Schrieffer (BCS) pairing prescription, while determining the bulk properties like

binding energy (BE), quadrupole deformation parameter and nuclear radii of finite nuclei.

The pairing energy can be given as:

Epair = −G

[∑
α>0

uαvα

]2

, (2.41)

where G is the pairing force constant and v2
α, and u2

α = 1− v2
α are occupation and unoccu-

pation probabilities, respectively [127,150,151]. The simple form of BCS equation can be

derived from the variational method with respect to the occupation number v2
α:

2εαuαvα −4(u2
α − v2

α) = 0, (2.42)

using4 = G
∑

α>0 uαvα. The above equation (2.42) is known as BCS equation for pairing

energy.

The occupation number is defined as:

nα = v2
α =

1

2

[
1− εα − λ√

(εα − λ)2 +42

]
. (2.43)

In our calculations, we are dealing with the nuclei, many of them are far from the beta

stability line. The pairing gap 4, used in the calculation is determined from the odd-even

experimental binding energies. The chemical potential λ is determined by the particle
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numbers for nucleons. However, these values are not always available for the drip-line

region. To estimate these constant gaps, we used the empirical expressions of Madland and

Nix [152, 153] which are:

4p = RBse
sI−tI2/Z1/3 (2.44)

and

4n = RBse
−sI−tI2/A1/3, (2.45)

with R=5.72, s=0.118, t= 8.12, Bs=1, and I = (N − Z)/(N + Z).

In this thesis work, we have taken the constant pairing gap for all states | α >=|
nljm > near the Fermi surface for the sake of simplicity. As we know, if we go near the

neutron drip line, then coupling to the continuum becomes important [154, 155]. In this

case, we should use the Relativistic Hartree-Bogoliubov (RHB) approach which is more

accurate for this region. However, it has been shown that with the use of BCS pairing cor-

relation with sufficient model space, the results of RMF-BCS approach is almost similar

with the RHB formalism [141, 156–159], as a result one can use the RMF-BCS approxi-

mation to get a reasonable description of the nuclei.

2.2.2 Center of Mass Correction (Ec.m.)

Certainly for light mass nuclei, the correction of center of mass motion can not be ignored

and it should be done self-consistently. That means, in the evaluation of center-of-mass

energy, one should evaluate ECM = <F |P 2|F>
2M

using |F >= |F >RMF wave function. In

this case, one has to calculate the matrix elements directly. However, this procedure is more

involved and in the present calculations we have subtracted the spurious center-of-mass

motion using the Elliott-Skyrme approximation and the approximate analytical expression

is written as ECM = 3
4
.41A−1/3 MeV (harmonic oscillator approximation), where A is

mass number [34, 148, 149] and expect that the two results should not differ drastically.

2.2.3 Choosing the Basis

For axially deformed system, we expand the wave function in a deformed harmonic oscil-

lator basis. We took the maximum oscillator shells NF and NB for Fermionic and Bosonic
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fields, respectively. The optimal number of oscillator shell depends on the size of the nu-

cleus. Due to the computational time limitation, we use optimal model space. We try to

fix these basis space in such that system should converge properly. For this, we calculate

the physical observables like binding energy (BE), charge radius (rch), and deformation

parameter (β2) as functions of basis space. After certain values, the physical observables

become insensitive to NF and NB, these basis quanta are called optimized basis quanta and

rest of the calculations have been performed on these bases.

2.2.4 Blocking Approximation

For even-even nucleus±m orbits are pairwise occupied and the mean field has time reversal

symmetry. But in the case of odd nucleon, the time reversal symmetry is broken. To take

care of the odd nucleon, we employ the blocking method [141]. We put the last nucleon

in one of the conjugate states ±m and keeping other state empty. In this way we follow

the time reversal symmetry for odd-even and odd-odd nuclei. We repeat this calculation

by putting the odd nucleon in all nearby states of the conjugate level to determine the

maximum binding energy of the ground state [38, 141].
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Chapter 3

Importance of non-linearity in NN

Potential

From the relativistic self-coupling scalar meson (non-linear) Lagrangian a new nucleon-

nucleon (NN) potential is derived, and is found to be analogous to the widely used M3Y

interaction. We investigate the predictive power of RMF theory to reproduce the nuclear

ground state properties and surface phenomena like proton radioactivity and cluster-decay

problem. The results are found to be reasonable agreement with the M3Y interaction as

well as the experimental data.

3.1 Introduction

In the nucleonic regime, nuclei behave as sets of interacting nucleons. In order to go be-

yond some basic nuclear models which provide a global description of the system, one has

to include the elementary interaction between nucleons in the picture. One can then explore

how the average potential well, in which nucleons evolve, can be built up from this elemen-

tary interaction and thus gain a more microscopic picture of nuclei.Early field theoretical

approaches [160] in the 1950’s were generally unsuccessful. These eventually gave way

to more phenomenological treatments [161] which provided a pragmatic way to describe

the abundant NN scattering and bound state (deuteron) data. In the beginning of 1970’s

many theoretical models emerged which were more successful than the earlier attempts,

and were based on one-pion exchange (OPE), heavy meson exchange, and multi-meson
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exchange [162–165]. A key idea on which more theoretical machinery is founded, is the

concept of nuclear mean field, which basically relies on the fact that nucleons move quasi-

independently from one another inside a nucleus. Although the mean field underlies many

of our discussions, one should not forget the elementary nucleon-nucleon interaction from

which it is built. But it is not our aim to discuss here all the works which have been devoted

to the NN-interaction. We thus only recall the shape of the interaction with a few gross

properties. We content ourselves with noting that the dominant part of the interaction is

strongly repulsive at short range (≤ 0.4fm, hard core) and attractive at intermediate range

(∼ 1.0 − 1.2fm). This dominant repulsive and attractive interaction is the typical widely

used well known M3Y NN-interaction [166]. The NN-interaction can not yet be derived

from first principle (QCD). So the existing potentials are thus, at least partly, phenomeno-

logical and contain a large number of parameters, which are fitted to deuteron properties

and available phase shifts. This fitting procedure does not necessarily ensure a proper re-

production of many-body properties. So for the first time, we try to obtain a NN-interaction

(NR3Y) analogous to M3Y derived from the relativistic-mean-field (RMF) theory, which

leads to an overall agreement with the ground state bulk properties, compressibility and

some radioactive properties of proton drip-line nuclei and super heavy region.

3.1.1 Importance of non-linearity:

It is to be noted that in our recently published work [167], an attempt has been made to

simulate the M3Y NN-interaction from a simple Lagrangian [27,28]. However, the value of

compressibility obtained is quite large, about 550 MeV (Though it is difficult to determine

empirically, it is most probably about 210±30 MeV [133]). Later on its application to finite

nuclei [168] shows that the results also deviate far from the experiment. To overcome the

above mentioned difficulties, we take the Lagrangian of Boguta and Bodmer [128] who

has for the first time included the cubic and quartic terms in the scalar field. Actually,

they studied the empirical properties of nuclear matter and finite nuclei without abnormal

solution involving the non-linear terms in the original linear σ − ω model of Miller and

Green [27]. The binding energy (B.E.), charge radius and deformation parameter (β2) of

finite nuclei from 20Ne to 238U were studied thoroughly and some of them are presented in

Fig. 3.1.

34



Figure 3.1: Relative difference of the ground state B.E., charge radius, and quadrupole

deformation parameter of nuclei are compared with experimental data.
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Table 3.1: The binding energy (B.E.), rms charge radius (rch), nuclear matter Compress-

ibility (K), asymmetry parameter (as), ratio of the effective mass and bare nucleon mass

(m
∗

m
), and the equation of state (EOS) of infinite nuclear matter are compared in linear and

non-linear model.

Observable Linear σ Non-linear σ

B.E. and rch can not be reproduced Excellent
for finite nuclei satisfactorily [170] agreement [170]

K ∼550MeV 210-300 MeV
as 22.1 MeV 37 MeV [62]

33.2 MeV (Empirical)
[26]

m∗

m 0.56 0.6 [62]
0.6 (Empirical)

[26]

EOS Too stiff Comparatively
softer and

consistent with
empirical result

It is clearly seen from the figure that the linear model (L1), where non-linear self-

couplings of the mesons are switched off, gives a modest fit. The experimental data can

be reproduced with an average error of above 20% for the energies, 0.7% for the radii,

and of above 50% for β2 parameter. The full parametrization, including the non-linearity

(NL3) allows an excellent fit. It reproduces the experimental data within an average error

of below 0.3% for energies, of 0.3% for the radii and relatively less error in β2 parame-

ter. This proves that a relativistic treatment of the nucleus with explicit non-linear mesonic

degree-of-freedom is fully capable of reproducing the bulk properties of finite nuclei and its

simultaneous explanation of surface phenomena like proton radioactivity is quite impres-

sive over linear (L1) one as will be discussed later. Also the properties of infinite nuclear

matter such as radius and mass of the neutron star can not be produced within the experi-

mental range with the linear Walecka model. Again this non-linearity generates analogous

effect of the three body interaction due to its off-shell meson couplings which is essential

for the saturation properties [32, 169] and we present here a comparative study of involved

non-linear terms to the σ-meson with the linear one for clear understanding in Table 3.1.

Therefore, the two non-linear terms are not only mere addition to the Lagrangian, rather

they are essential in the Lagrangian to get a proper description of nuclear system. Also the
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necessity of non-linear σ self-coupling terms have been well addressed by Boguta and

Bodmer [128] and of relativistic Brueckner-Hartree-Fock theory of nuclear matter [171].

After adding the non-linear terms in the Lagrangian, the equation for σ-meson turns to a

non-linear equation which is not solvable analytically [172]. So, to get a feasible potential,

we followed the same procedure of Ref. [33].

It is to be noted that, this can be done numerically using the self-consistent iterative

method [38,172,173,173]. Also using these non-linear coupling terms, Bhuyan et al. [104]

successfully searched for the proton magic number in the superheavy valley beyond Z = 82

and the corresponding neutron magic number after N = 126 and found justified structural

properties. Here, along with the ground state and saturation properties of nuclei, we have

tried to explain the surface phenomena with the same NN-interaction. Further, rigorous

study of half-lives of proton radioactivity using large number of Skyrme parameter sets

by Routray et al. [174] concludes that greater the value of the compressibility, larger the

value of half-lives. So, to have reasonable compressibility and effective mass as shown

in Table 3.1 the inclusion of cubic and quartic terms in the scalar field is necessary. In

fact the linear model (containing only of ω and σ-terms) with L1 parameter set [175] gives

undesired depth of the attractive part of the potential as shown in the Fig. 3.2. Although, the

HS parameter set gives comparable results of half-lives, it deviates significantly in ground

state properties and compressibility as shown in Fig. 3.1 and Table 3.1. However, the

nonlinear self-couplings of the scalar field are essential to reach a quantitative description

of nuclear properties.

Later on this Lagrangian becomes extremely successful both for finite as well as infinite

nuclear matter [170, 176]. Therefore it is interesting to find a NN-interaction from this

Lagrangian which can simulate the form of M3Y or R3Y (which was attempted in our

earlier work [167]). Further, we employ it for the study of proton radioactivity and compare

our results with those based on the phenomenological M3Y effective NN-interaction.
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3.2 Theoretical Framework

3.2.1 The relativistic mean field (RMF) theory and the microscopic

NN-interaction

In this thesis, rather than using a simple phenomenological prescription [166], we derive

the microscopic NN-interaction from the RMF Lagrangian. The attractive long range part

of the NN-interaction has long been known to correspond to pion exchange, whereas the ρ

and ω correspond to the shorter range part etc. But the complex, multi-meson contributions

are furthermore simulated by effective mesons, such as σ meson along with non-linear

terms which leads to an overall simple form for the interaction analogous to the widely

used M3Y form. Nevertheless, the short range effects (hard core) are yet to be better

understood and properly linked to quark degrees of freedom. It is relevant to mention here

that the simplified spin and isospin-independent (S=T=0) M3Y effective NN-interaction

has been successfully used in a wide number of applications [177–179]. The effective

NN-interaction is S(and T) dependent [180, 181] and generally carries three components

as:

veff = V C(r) + V LS(r)~L.~S + V T (r)Ŝ12, (3.1)

where r is the relative distance and ~L.~S and Ŝ12 are the usual spin-orbit and tensor opera-

tors, respectively. The central component [180] is

V C(r) = V0(r) + Vσ(r)σ1.σ2 + Vτ (r)τ1.τ2

+Vστ (r)(σ1.σ2)(τ1.τ2), (3.2)

with radial, spin-, isospin-, and spin-isospin-dependent parts, respectively.

The non-linear, relativistic mean field Lagrangian density for a nucleon-meson many-

body system [34, 35, 37, 128] is

L = ψi{iγµ∂µ −M}ψi +
1

2
∂µσ∂µσ −

1

2
m2
σσ

2 − 1

3
g2σ

3 − 1

4
g3σ

4 − gσψiψiσ

−1

4
ΩµνΩµν +

1

2
m2
wV

µVµ − gwψiγµψiVµ −
1

4
~Bµν . ~Bµν +

1

2
m2
ρ
~Rµ. ~Rµ

−gρψiγµ~τψi. ~Rµ, (3.3)

where, the field for σ meson is denoted by σ, for ω meson by Vµ, and that for the iso-

vector ρ by ~Rµ, respectively. The ψi are the Dirac spinors for the nucleons and an isospin
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is denoted by τ . Here, gσ, gω, gρ, and gδ are the coupling constants for σ, ω, and ρ mesons,

respectively. M, mσ, mω and mρ are the masses of the nucleons, σ, ω, and ρ mesons

respectively. Ωµν and ~Bµν are the field tensors for the V µ and ~Rµ, respectively. In this

Lagrangian, the contribution of π meson has not been taken into account as, at the mean-

field level, its contribution is zero due to its pseudoscalar nature [26,182]. It is essential for

quantitative discussions to introduce the self-coupling terms with the coupling constants g2

and g3 for the σ meson. The coupling strengths, g’s, and the meson masses, m’s are the

parameters of this theory.

We solve the nuclear system under the mean-field approximation using the above La-

grangian and obtain the field equations for the nucleons and mesons as:(
−iα.5+β(M + gσσ) + gωω + gρτ3ρ3

)
ψi = εiψi, (3.4)

(−52 +m2
σ)σ(r) = −gσρs(r)− g2σ

2 − g3σ
3, (3.5)

(−52 +m2
ω)V (r) = gωρ(r), (3.6)

(−52 +m2
ρ)ρ(r) = gρρ3(r), (3.7)

respectively, for Dirac nucleons, σ, ω, and ρ mesons.

The interaction between a pair of nucleons, when they are embedded in a heavy nu-

cleus, is less than when they are in empty space. This suppression of the two-body interac-

tions within a nucleus in favor of the interaction of each nucleon with the average nucleon

density, means that the non-linearity acts as a smoothing mechanism and hence leads in

the direction of the one-body potential and shell structure [183]. Here, we deal with the

non-linearity in the meson field, where this is chosen in such a way that the meson field

amplitude increases less rapidly than the linear one and the change in meson amplitude

produced by the addition or emission of a nucleon is less (may be 1/e). This sort of effect

is needed to account for saturation. Again, the Lagrangian density contains the non-linear

coupling function and the non-linear field function where the interaction between two π
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meson is less, so that for weak fields the non-linear theory becomes the usual one. Con-

sidering for high nucleon density, when nucleon density and σ are large, the non-linear

field function is proportional to σn where n ≥ 2. Then the energy per nucleon becomes

negative. Since this energy is the average potential energy of a nucleon and its kinetic

energy increases with nucleon density, the heavy nuclear system fails to collapse in this

approximation. Again, this non-linearity can take any form as it is derived from scalar

meson theory in which the non-linearity corresponds to a point-contact repulsion between

mesons [33]. So, we take opposite sign to the source term for σ3 and σ4 terms, first by

using only classical field theory, and second by choosing the mesons to be of the neutral

scalar type. This seems a simple and natural form to use, but it brings a serious problem

into analysis and the interpretation of the formalism. As far meson production in heavy

nuclei is concerned, the outgoing meson wave is much more strongly coupled with the

surface than to the interior of the nucleus. So, the expressions for second and third term

of Eq. (3.5) should be interpreted in such a way that the nuclear matter acts as a strongly

repulsive potential for small-amplitude meson waves and this equivalent repulsion should

be conveniently specified in terms of the distance in which the amplitude of an incident

meson wave of unit energy is decreased by a factor e. So the solution for second and third

term of Eq. (3.5) is taken as [33]:

Vσ(r) = +
g2

2

4π
re−2mσr and Vσ(r) = +

g2
3

4π

e−3mσr

r
(3.8)

to get a new NN-interaction analogous to M3Y form in-order to improve the compressibil-

ity and the finite nuclei results which was the deficiency in our earlier work [167]. In addi-

tion to this, the self coupling of the σ-meson (non-linear terms) helps to generate the repul-

sive part of the NN potential at long distance to satisfy the saturation properties and binding

energy of nuclear matter at the same time (Coester-band problem) [115, 171]. Again the

scalar potential overestimates the Dirac-Brueckner-Hartree-Fock (DBHF) [116, 184–188]

results at high density in order to compensate for the strong repulsion in the vector channel.

This leads to multi-valued solution and to a very limited physical branch [189]. Adding a

quartic vector self interaction remarkably improves the behavior of the vector and scalar

potentials, and softens the equation of state [34,35,37], and also produces a NN-interaction

analogous with M3Y one. Here, we take into account the non-linear terms in σ field and are
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able to obtain a similar type of potential with M3Y form. The resultant effective nucleon-

nucleon interaction, obtained from the summation of the scalar and vector parts of the

single meson fields, is then defined as [27, 29, 182]

veff (r) = Vω + Vρ + Vσ

=
g2
ω

4π

e−mωr

r
+
g2
ρ

4π

e−mρr

r
− g2

σ

4π

e−mσr

r
+
g2

2

4π
re−2mσr +

g2
3

4π

e−3mσr

r
(3.9)
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The parameters used in Eq. 3.9 are listed in Table 3.2, which are adjusted to reproduce

the nuclear matter and finite nuclei properties quite well. That means, using the parameters

gσ, gω, gρ, g2, g3 and mσ in the equation of motions and equation of state, obtained from

the relativistic Lagrangians, one reproduce the experimental data for both finite and infinite

nuclear matter systems [36, 38, 170, 176]. It is worthy to mention that, these parameters

are used as free parameters in the Lagrangian to reproduce the experimental data and once

the parameters are defined, these are fixed for the entire nuclear chart including the nuclear

matter domain. This fitting of the parameter sets is nearly similar to the scheme adopted in

Ref. [33]. According to Schiff, if the parameters reproduce the nuclear data satisfactorily,

then the solution of the non-linear equation can be expressed by the exponential form which

we have done in this work, and the final form of the solutions of the coupled linear and

non-linear equations is expressed as in Eq. 3.9. Apart from the, the binding energy, i.e.

the wave functions for nuclear systems using these parameters, may be another support

to the Schiff’s prescription [33]. Thus, the B.E. obtained from various contributions of

the Hamiltonian for some of the selected nuclei (16O, 208Pb and 270Ds) with SH and NL3

representative forces are listed in Table 3.3. The total binding energy of a nucleus comes

out to be a small quantity, which is the summation of energy computed from various terms.

From the table, it is clear that the contribution, specially from the linear scalar and vector

terms are of the order of several thousands. Hence, a slight error in the coupling constants

will create a large instability in the computation of the nuclear observables. Thus, we expect

that the parameter sets designed for relativistic mean field formalism are very accurate,

which are good enough to use in Eq. 3.9 for any type of applications.

Hence, Eq. 3.9 with the single-nucleon exchange effects [166], becomes:

veff (r) =
g2
ω

4π

e−mωr

r
+
g2
ρ

4π

e−mρr

r
− g2

σ

4π

e−mσr

r

+
g2

2

4π
re−2mσr +

g2
3

4π

e−3mσr

r
+ J00(E)δ(s), (3.10)

where J00(E)δ(s) is the zero range pseudo potential representing EX [166, 190] and is

given by:

J00 = −276(1− 0.005E/Ac(α))MeV fm3. (3.11)

Here, Ac(α) is the cluster (or α-particle) mass, and E, the energy measured in the center of

mass of the cluster- or α-daughter nucleus system, is equal to the released Q-value.
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Figure 3.2: The NR3Y and the M3Y effective NN-interaction potentials as a function of r.
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As illustrative cases, using in Eq. 3.10 the HS parameters [168], we get:

veff (r) = 11957
e−3.97r

4r
+ 4099

e−3.90r

4r

−6883
e−2.64r

4r
+ J00(E)δ(s), (3.12)

and for NL3 parameters [62], Eq. 3.10 becomes

veff (r) = 10395
e−3.97r

4r
+ 1257

e−3.87r

4r
− 6554

e−2.58r

4r

+6830r
e−5.15r

4
+ 52384

e−7.73r

4r
+ J00(E)δ(s), (3.13)

and for L1 parameters [175] containing only ω and σ terms, Eq. 3.9 becomes

veff (r) = 9968
e−3.97r

4r
− 6661

e−2.79r

4r
, (3.14)

with the corresponding effective NN-interaction potentials, denoted LR3Y(HS), NR3Y(NL3)

and LR3Y(L1), etc., as shown in Fig. 3.2, together with other effective NN-interaction po-

tentials, like M3Y without the one-pion exchange potential (OPEP) term, is given by:

veff (r) = 7999
e−4r

4r
− 2134

e−2.5r

2.5r
, (3.15)

where ranges are in fm and the strength in MeV.

However, to take care OPEP we have added J00 term as it is done in Eq. 3.10 while

calculating the nuclear potential. This M3Y effective interaction, obtained from a fit of the

G-matrix elements based on Reid-Elliott soft-core NN-interaction [166], in an oscillator

basis, is the sum of three Yukawa’s with ranges 0.25 fm for a medium-range attractive part,

0.4 fm for a short-range repulsive part and 1.414 fm to ensure a long-range tail of the OPEP.

It should be noted that Eq. 3.13 represents the spin- and isospin-independent parts of the

central component of the effective NN-interaction [Eqs. 3.1 and 3.2], and that the OPEP

contribution is absent here. Comparing Eqs. 3.12 and 3.13 with 3.15, we find very similar

behavior of the NN-interactions derived from RMF theory in Fig. 3.2, which supports the

belief that Eq. 3.10 can be used to obtain the nucleus-nucleus optical potential.

We know that in the mean field the expectation value of the pion potential is zero be-

cause of the definite parity of the ground state nucleus (The OPEP is purely S = T = 1.)

(psuedoscalar nature of pion) [26]. Of course this contribution of pion should be taken care

if one will go beyond mean field to account for the long range nuclear forces. In Fig. 3.2,
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we have shown the effective NN-interactions given by Eqs. 3.12-3.15 without the exchange

term J00. While we have considered J00 ≈ −276MeV fm3 representing EX [166] in cal-

culating the half-lives because the second bracketed term (0.005E/Ac(α)) in equation 3.11

has negligible value. If we take pure linear term even without ρ-meson coupling (Eq. 3.14,

(for example L1 parameter set) we will get the depth of NN potential around ∼142 MeV

as shown in Fig. 3.2 which is an extremely high value. However, we have corrected it

by inserting ρ-meson coupling terms in HS-parameter set. Using the optical potentials so

obtained, we demonstrated in the next sub-section, the applications of Eqs. ( 3.10, 3.12,

3.13) and ( 3.15) to various nuclear systems for evaluating some of the physical observables

in the phenomenon of exotic proton and cluster radioactivity (CR).

3.2.2 Optical potential and the half-lives study using the preformed

cluster model (PCM)

The nuclear interaction potential Vn(R) between the cluster (c) and daughter (d) nuclei,

using the well known double folding procedure [166] and by single folding, with the re-

spective RMF calculated nuclear matter densities ρc and ρd for M3Y forces is given as:

Vn(~R) =

∫
ρc(~rc)ρd(~rd)veff (|~rc − ~rd + ~R|≡r)d3rcd

3rd, (3.16)

and

Vn(~R) =

∫
ρd(~r)v(|~r − ~R|)d3r. (3.17)

Adding Coulomb potential VC(R) (=ZdZce2/R) and centrifugal potential wherever

necessary the scattering potential is obtained as

V (R) = VN(R) + VC(R) +
~2L(L+ 1)

2µR2
, (3.18)

where R is the separation between the mass center of the residual daughter nucleus and

the emitted proton/cluster, L is the angular momentum of emitted proton in the case of

proton radioactivity. The density distribution function ρ has been calculated using RMFT

formalism [26, 38, 145, 168], in which an effective Lagrangian is taken to describe the

nucleons interaction through the effective meson and electromagnetic (e.m.) fields. The

decay constant λ or half-life time T1/2 in the preformed cluster model (PCM) of Gupta and
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collaborators [191, 192] is defined as:

λPCM =
ln 2

T1/2

= ν0P0P, (3.19)

with the “assault frequency” ν0, i.e., the frequency with which the cluster hits the barrier,

given by:

ν0 =
velocity

R0

=
(2Ec/µ)1/2

R0

. (3.20)

Here, R0 is the radius of parent nucleus and Ec is the kinetic energy of the emitted cluster.

P0 is the preformation probability and has been taken as unity in our calculations. P is

the WKB penetration probability of the cluster tunneling through the interaction potential

V (R) and is given by the WKB integral:

P = exp[−2

~

Rb∫
Ra

{2µ[V (R)−Q]}1/2dR], (3.21)

with Ra and Rb as the first and second turning points, satisfying V (Ra) = V (Rb) = Q,

µ = AdAc/(Ad+Ac), the reduced mass, andQ = BEp−(BEd+BEc), whereBEp, BEc

and BEd are the experimental ground-state (gs) binding energies of the parent, cluster and

daughter nuclei, taken from Audi and Wapstra [193].

We have also successfully demonstrated its application (with HS parameter set) to study

the half-life of proton decay [194] and a recent study of the half-life of α-decay [195] with

the fusion cross section of heavy-ion systems using the region wise absorption method

[196]. It is clearly seen from Fig. 4 of Ref. [195] that the barrier (for l=0) position and

height play significant roles, not only in the study of fusion cross sections of heavy nucleus

but also in half-life study of proton decay [194] and α−decay [195]. So, to check the

applicability of the present formalism, we study the proton and cluster decay of heavy

nuclei in the next section.
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3.3 Results and Discussions

The new formalism has been applied to some highly unstable proton rich trans-tin nuclei

with the above mentioned PCM of Gupta et al. [191, 192]. Though the study of proton

radioactivity provides nuclear structure information on nuclides lying beyond the proton

drip-line, it also yields the information on the angular momentum carried off by the proton

[199]. Further, the conservation of angular momentum only allows decay to the ground

state, with no possibility of calculating decay to excited states of the daughter [200]. So to

relate the calculated and experimental decay rates, an adjustment of spectroscopic factor is

needed [201]. This may be (i) due to deformed nucleus, where the decaying Nilsson level

is close to the Fermi surface and (ii) the probability of that particular level is unoccupied

in the daughter nucleus. This indicates that the interaction between the last proton and the

core nucleus should include particle-vibration coupling [201] for better agreement between

calculated and experimental results. Nevertheless, without this particle-vibration couplings

our present formalism simply with the inclusion of non-linear terms in σ meson, shows

reasonable agreement with the experimental data as well as our earlier work with RMFT-

HS densities given in Table 3.4 simultaneously with the finite nuclear properties shown in

Figs. 3.1 and 3.3. It is observed that, in few of the cases the LR3Y+EX gives superior

or comparable results. This implies the charge particle or cluster decay property is less

sensitive to the compressibility. Also, perhaps this value is indifferent to the detail nuclear

structure inherited by the density while calculating the proton and cluster decay property

(mostly a surface phenomena).

However, if one applies these folding potential to some other nuclear phenomena where

structural property of the nuclei given in Table 3.1 and in Fig. 3.1 are important, the

NR3Y+EX may work better. This is because of better predictive power of NL3 [62] over

HS [168] throughout the periodic table. In addition to the shifting of barrier position and

height, the effect of various model parameters can not be neglected as one can observe from

the fifth and seventh column of Table 3.2 and from Fig. 3.1. We also study the sensitivity

of half-lives to the orbital angular momentum L as we have clearly shown in Fig. 3 of

Ref. [194]. Here for the case 109I and 117La∗ we study the half-lives for different L and it is

seen that NR3Y+EX NN-interaction gives remarkably good result with the experiment, in

fact the Q value is very compatible with the half-life.
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Further, the self mesonic field of a nucleon within a nucleus is much smaller in spatial

extent than it is in empty space. This may also account for the observed deviations in

surface phenomena like proton radioactivity as we know the outgoing meson wave is much

more strongly coupled to the surface than to the interior of the nucleus.

3.4 Summary and Conclusions

In conclusion, the reported NN-potential denoted here as NR3Y is presented eloquently in

terms of the well known inbuilt RMF parameters. Furthermore, in terms of the nucleus-

nucleus folding optical potential, we have generated a bridge between the NR3Y and M3Y

which can be considered as an unification of the RMF model to predict the nuclear cluster

decay properties. Here, we explain the proton decay properties of nuclei by using the

RMF-derived NR3Y potential instead of the phenomenological M3Y interaction and found

comparable results with the experimental data.

Although, the decay property which we have shown are mostly the surface phenomena,

we get similar results with and without non-linear couplings. It is worthy to mention here

that from Fig. 3.2, it is clearly seen that after 2.0fm, all the potentials follow same trends

and merge almost at the same point, where the proton radioactivity takes place. So, a

good set of parameters describing the density at the tail region may produce the half-lives

close to the experimental data. However, these non-linear coupling have important role

for many observables and some of them are listed in Table 3.1 and also shown in Fig. 3.1.

Particularly, to obtain the phenomenological compressibility value of 210±30 MeV along

with the other basic structure phenomena, we simply take into account the non-linear terms

in σ-meson coupling which gives a new form of NN-interaction alternate to the popular

M3Y potential. In future, the situation will become more clear with the availability of

more precise experimental data on energies and half-lives, as well as additional examples

of charge particle and also cluster emitters.

51



Chapter 4

Superdeformed structures and low Ω

parity doublet in Ne−S nuclei near

neutron drip-line

4.1 Introduction

The structure of light nuclei near the neutron drip-line is one of the interesting topics for

a good number of exotic phenomena. Nuclei in this region are quite different in collectiv-

ity and clustering features than the stable counterpart in the nuclear chart. For example,

the neutron magic property is lost for N = 8 in 12Be [202] and N = 20 in 32Mg [203]. The

unexpectedly large reaction cross-section for 22C gives the indication of neutron halo struc-

ture [204]. The discovery of large collectivity of 34Mg by Iwasaki et al. [205] is another

example of such exotic properties. The deformed structures, core excitation and the loca-

tion of drip-line for Mg and neighboring nuclei are interesting properties of investigation.

In this context, the discovery of 40Mg and 42Al, which predicted to be nuclei beyond the

drip-line by various mass formulae [206,207], show the need to modify the of mass models.

On the other hand, the appearance of N = 16 as a magic number in 24O and the exis-

tence of neutron halo in 11Li are established observations [208]. However, the proposed

proton [209] (8B) and neutron [210,211] halo (14Be, 17B, 31Ne) in the exotic nuclei are cur-

rently under investigations. In addition to these, the cluster structure of the entire light mass

nuclei and the skin formation in neutron-drip isotopes motivate us for the study of light
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mass drip-line nuclei. In this chapter, our aim is to study the neutron drip-line for Ne−S

isotopic chain in the frame-work of a relativistic mean field (RMF) and non-relativistic

Skyrme-Hartree-Fock (SHF) formalisms. We use NL3 parameter [62] for RMF and SkI4

parameters [120] for SHF formalism for the calculations.

4.1.1 Pairing correlation

We find that, for this lighter mass region of the periodic chart, pairing is less important

for majority of the cases. With pairing, the deformation becomes negligible for 20Ne and

we do not get the experimental deformation parameter in RMF calculations. With no pair-

ing, we reproduce substantially the deformation parameter in RMF because the density

of states near Fermi surface for such light nuclei are small and not conducive to pair-

ing [212]. To understand the influence of pairing on the open shell nuclei, we have taken

into account the experimental data, wherever available. The SHF(SkI4) results are used

as guideline in the absence of these data. We found, after comparing the calculated β2 of

RMF and SHF with experimental data, that the quadrupole deformation of SHF is closer

to experiment without taking pairing correlation into account. For example, when we use

the 4n and 4p from the experimental binding energy of odd-even values or from the em-

pirical formula of Refs. [152, 213] to calculate β2 for 20,22,24,26,28Ne in RMF(NL3), we

find β2 ∼ 0.18, 0.35, 0.19, 0.0, 0.0, respectively. The results for these isotopes agree with

prediction of Lalazissis et al. [214]. These β2 strongly disagree with the measured values

(β2(expt.) = 0.723, 0.562, 0.45, 0.498, 0.50) [215]. Similar effects are also seen in other

considered isotopes. On the other hand, if we ignore pairing, then the calculated results are

often better and these β2 are quite close to the experimental data. The influence of pairing

is also visible in the total binding energy. In some of the cases, even a couple of MeV

difference in total binding energy is found with and without taking pairing correlation into

account in RMF formalism.

4.1.2 Pauli Blocking and Harmonic oscillator basis

In our calculations, the nuclei are treated as axial-symmetrically deformed, with z-axis as

the symmetric axis. Spherical symmetry is no longer present in general and therefore j is

not a good quantum number any more. Because of axial symmetry, each orbit is denoted
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by the quantum number m of Jz and is a superposition of |jm > states with various j

values. The densities are invariant with respect to a rotation around the symmetry axis. For

numerical calculations, the wave functions are expanded in a deformed harmonic oscillator

potential basis and solved self-consistently in an iteration method. The major oscillator

quanta for Fermions NF and Bosons NB are taken as Nmax=12.

4.2 Results and Discussions

The binding energy BE, rms charge radius rch and quadrupole deformation parameter β2

of the isotopes of Ne, Na, Mg, Al, Si, P and S are calculated near the drip-line region. For

this, both the relativistic and non-relativistic models are used.

4.2.1 Binding energy and neutron drip-line

The ground state binding energy (BE) for Ne, Na, Mg, Al, Si, P and S isotopes are selected

by comparing the binding energy obtained from the prolate, oblate and spherical solutions

for a particular nucleus. For a given nucleus, the maximum binding energy corresponds

to the ground state and other solutions are obtained as various excited intrinsic states. In

Table 4.1, the ground state binding energy for the heaviest known isotopes for the discussed

nuclei are compared with the experimental data [216]. The binding energy for 31Ne is 216.0

MeV with RMF (NL3) and these are 213.2 and 211.4 MeV in SHF(SkI4) and experiment,

respectively. Similarly, these results for 45S respectively are 353.4, 350.4 and 354.7 MeV

in RMF, SHF and experiment. Analyzing the data of Table 4.1, generally one finds that BE

of RMF is slightly over estimated and SHF is underestimated than the experimental values.

However, the overall agreement of the calculated energies are within an acceptable range

with the experimental data.

We have listed the neutron drip-lines in Table 4.2, which are obtained from the ground

state binding energy for neutron rich Ne, Na, Mg, Al, Si, P and S nuclei. The drip-line

is determined by setting the condition that the minimum value of two neutron separation

energy S2n = BE(N,Z) − BE(N − 2, Z) ≥ 0. The nuclei with the largest neutron

numbers so far experimentally detected in an isotopic chain along with the extrapolated data

are also displayed in the last column of Table 4.2. The numbers given in the parenthesis
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Table 4.1: The calculated ground state binding energy obtained from SHF and RMF theory

are compared with the experimentally known heaviest isotope for Ne, Na, Mg, Al, Si, P

and S [216]. All the values are in MeV.
Nucleus RMF SHF Expt. Nucleus RMF SHF Expt.

31Ne 216.0 213.2 211.4±1.6 32Na 234.5 233.4 230.9±0.1
36Mg 263.9 260.2 260.8±0.5 38Al 283.5 281.4 280.3±0.3
41Si 310.1 307.2 307.9±0.4 43P 331.7 329.0 330.7±0.4
45S 353.4 350.4 354.7±0.7

Table 4.2: The predicted mass number of neutron drip-line for Ne, Na, Mg, Al, Si, P

and S nucleus in RMF (NL3) and SHF (SKI4) parameter sets are compared with infinite

nuclear matter (INM) mass model [217], finite range droplet model (FRDM) [107] and the

nuclei with the largest neutron numbers so far experimentally detected [216] along with the

number shown in parenthesis are the experimentally extrapolated values.

Nucleus RMF SHF INM FRDM Expt.

Ne 34 34 34 33 31 (34)

Na 40 37 37 36 32 (37)

Mg 40 40 39 40 36 (40)

Al 48 48 42 42 38 (43)

Si 54 48 45 43 41 (45)

P 54 55 49 48 43 (47)

S 55 55 51 51 45 (49)

are the experimentally extrapolated values [216]. To get a qualitative understanding of

the prediction of neutron drip-line, we have compared our results with the infinite nuclear

matter (INM) [217] model and finite range droplet model (FRDM) [107] mass estimation.

The RMF and SHF drip-lines coincide with each other for Ne, Mg, Al and S. In case

of Na and Si the RMF drip nuclei are found to be 3 and 6 unit heavier than the SHF

prediction. The INM predictions of drip-line nuclei always on the higher side than FRDM.

From Table 4.2, we find that the experimental effort has almost reached to the INM and

FRDM prediction of drip nuclei for lighter mass region.

The theoretical predictions of drip nuclei are very important after the discovery of 40Mg
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Table 4.3: The calculated value of charge radius (rch) in fm, quadrupole moment defor-

mation parameter β2 and binding energy (BE) in MeV for Ne, Na and Mg nuclei in RMF

(NL3) and SHF (SkI4) formalisms. We compare our results with experimental β2 [215],

ground state binding energy BE [216] and the charge radius rch [219].
Nucleus RMF (NL3) SHF (SkI4) Exp.

rch β2 BE rch β2 BE rch β2 BE
20Ne 2.970 0.535 156.7 3.030 0.550 156.8 3.006 0.727 160.6
21Ne 2.953 0.516 165.9 3.012 0.529 166.8 2.970 167.4
22Ne 2.940 0.502 175.7 3.010 0.520 175.8 2.953 0.562 177.8
23Ne 2.913 0.386 181.8 2.975 0.382 182.2 2.910 183.0
24Ne 2.881 -0.259 189.1 2.950 -0.250 188.5 2.901 0.45 191.8
25Ne 2.907 0.272 194.2 2.948 0.170 194.2 2.932 196.0
26Ne 2.926 0.277 199.9 2.950 0.120 199.4 2.925 0.498 201.6
27Ne 2.945 0.247 203.9 2.987 0.159 203.2 203.1
28Ne 2.965 0.225 208.2 3.010 0.160 206.5 2.964 0.50 206.9
29Ne 2.981 0.161 211.2 3.027 0.010 210.1 207.8
30Ne 2.998 0.100 215.0 3.050 0.000 213.7 211.3
31Ne 3.031 0.244 216.0 3.057 0.225 213.2 211.4
32Ne 3.071 0.373 218.6 3.100 0.380 213.1
33Ne 3.095 0.424 219.5 3.148 0.429 213.5
34Ne 3.119 0.473 220.9 3.180 0.490 213.5
24Na 2.964 0.379 192.3 3.042 0.411 194.0 2.974 193.5
25Na 2.937 0.273 200.6 3.024 0.314 201.4 2.977 202.5
26Na 2.965 0.295 207.1 3.027 0.274 208.4 2.993 208.1
27Na 2.993 0.323 214.2 3.043 0.282 214.9 3.014 214.8
28Na 2.993 0.272 219.0 3.058 0.234 219.7 3.040 218.4
29Na 3.004 0.232 224.3 3.072 0.194 224.3 3.092 222.8
30Na 3.031 0.169 228.1 3.079 0.030 228.6 3.118 225.1
31Na 3.047 0.108 232.7 3.103 0.000 233.5 3.170 229.3
32Na 3.077 0.237 234.5 3.121 0.187 233.4 230.9
33Na 3.113 0.356 237.9 3.172 0.352 234.9
34Na 3.137 0.404 239.8 3.198 0.407 236.2
35Na 3.161 0.450 242.3 3.224 0.457 237.4
36Na 3.175 0.481 242.5 3.235 0.501 237.5
37Na 3.190 0.512 243.1 3.251 0.541 237.6
38Na 3.199 0.491 243.4
39Na 3.209 0.472 244.1
40Na 3.228 0.477 243.4
24Mg 3.043 0.487 194.3 3.130 0.520 195.2 3.057 0.605 198.3
25Mg 3.009 0.376 202.9 3.103 0.432 204.3 3.028 205.6
26Mg 2.978 0.273 212.5 3.080 -0.300 213.2 3.034 0.482 216.7
27Mg 3.015 0.310 220.2 3.096 0.339 221.5 223.1
28Mg 3.048 0.345 228.7 3.110 0.340 229.0 0.491 231.6
29Mg 3.055 0.289 234.3 3.118 0.283 235.0 235.3
30Mg 3.062 0.241 240.5 3.120 -0.180 240.5 0.431 241.6
31Mg 3.075 0.179 245.1 3.123 0.030 246.1 243.9
32Mg 3.090 0.119 250.5 3.150 0.000 252.0 0.473 249.7
33Mg 3.117 0.233 253.1 3.165 0.155 253.0 252.0
34Mg 3.150 0.343 257.3 3.210 0.330 255.1 256.7
35Mg 3.173 0.388 260.5 3.239 0.393 257.8 257.5
36Mg 3.198 0.432 263.9 3.265 0.440 260.2 260.8
37Mg 3.212 0.462 264.9 3.279 0.469 261.0
38Mg 3.227 0.492 266.3 3.295 0.490 261.6
39Mg 3.237 0.473 267.8 3.307 0.485 262.4
40Mg 3.247 0.456 269.7 3.320 0.470 262.8
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Table 4.4: Same as Table 4.3, for Al and Si isotopes.
Nucleus RMF SHF Exp.

rch β2 BE rch β2 BE rch β2 BE
24Al 3.097 0.388 182.3 3.174 0.413 185.0 183.6
25Al 3.072 0.381 197.7 3.164 0.430 199.5 200.5
26Al 3.052 -0.275 207.8 3.122 0.315 211.4 211.9
27Al 3.053 -0.292 221.9 3.092 0.204 222.7 3.061 225.0
28Al 3.037 -0.208 238.6 3.105 0.202 232.5 232.7
29Al 3.033 -0.141 245.6 3.126 0.241 241.5 242.1
30Al 3.070 -0.184 253.8 3.139 0.194 248.7 247.8
31Al 3.101 -0.205 259.8 3.161 -0.192 256.0 255.0
32Al 3.103 -0.111 261.2 3.162 0.020 262.6 259.2
33Al 3.165 -0.333 269.4 3.183 0.000 269.8 264.7
34Al 3.134 -0.108 275.1 3.198 0.090 271.7 267.3
35Al 3.167 0.268 274.1 3.229 0.250 274.4 272.5
36Al 3.173 -0.189 277.7 3.254 0.320 277.4 274.4
37Al 3.208 0.355 281.5 3.278 0.371 280.1 278.6
38Al 3.214 -0.254 283.5 3.288 0.378 281.4 280.3
39Al 3.236 -0.299 286.7 3.383 -0.121 287.1
40Al 3.257 -0.336 290.4 3.316 0.403 284.2
41Al 3.278 -0.370 290.6 3.338 -0.367 285.9
42Al 3.281 -0.355 291.2 3.341 -0.339 286.2
43Al 3.282 -0.338 292.2 3.341 -0.312 286.6
44Al 3.274 -0.288 293.6 3.340 -0.282 287.0
45Al 3.271 -0.263 293.5 3.338 -0.250 287.6
46Al 3.359 0.341 294.5 3.326 -0.129 287.7
47Al 3.246 0.090 294.8 3.318 -0.004 288.7
48Al 3.319 -0.252 294.0 3.347 -0.060 287.6
28Si 3.122 -0.331 232.1 3.190 -0.350 233.6 3.122 0.407 236.5
29Si 3.035 0.001 240.7 3.176 -0.272 243.1 3.118 245.0
30Si 3.070 0.148 250.6 3.170 -0.210 252.6 3.134 0.315 255.6
31Si 3.108 -0.180 259.1 3.182 -0.199 261.7 262.2
32Si 3.137 -0.201 268.5 3.200 -0.200 270.5 0.217 271.4
33Si 3.131 -0.084 275.6 3.196 0.010 278.1 275.9
34Si 3.148 0.000 284.4 3.220 0.000 286.3 0.179 283.4
35Si 3.161 -0.083 287.4 3.226 0.010 289.5 285.9
36Si 3.186 -0.162 291.5 3.150 0.150 292.4 0.259 292.0
37Si 3.200 0.238 295.4 3.269 0.247 295.9 294.3
38Si 3.218 0.281 299.8 3.290 0.310 298.2 0.249 299.9
39Si 3.224 0.263 302.4 3.298 0.292 301.4 301.5
40Si 3.272 -0.301 306.0 3.310 -0.280 304.0 306.5
41Si 3.295 -0.336 310.1 3.349 -0.329 307.2 307.9
42Si 3.318 -0.369 314.6 3.330 -0.350 310.0
43Si 3.320 -0.356 315.2 3.377 -0.339 311.1
44Si 3.322 -0.342 316.2 3.380 -0.300 311.6
45Si 3.316 -0.308 317.5 3.374 -0.282 312.9
46Si 3.303 -0.262 319.3 3.370 -0.240 313.5
47Si 3.345 -0.298 319.8 3.340 0.030 314.3
48Si 3.263 0.001 321.8 3.350 0.000 315.4
49Si 3.290 0.045 321.1
50Si 3.341 -0.159 321.5
51Si 3.358 -0.135 321.2
52Si 3.371 0.082 321.4
53Si 3.391 0.042 321.6
54Si 3.415 0.000 322.3

57



Table 4.5: Same as Table 4.3, for P and S isotopes.
Nucleus RMF SHF Exp.

rch β2 BE rch β2 BE rch β2 BE
30P 3.138 0.130 246.3 3.189 0.026 249.9 250.6
31P 3.158 0.205 258.3 3.201 0.105 261.1 3.189 262.9
32P 3.174 -0.143 267.1 3.216 0.069 270.9 270.9
33P 3.201 -0.183 277.5 3.246 -0.167 280.5 281.0
34P 3.201 -0.082 285.8 3.248 0.001 289.9 287.2
35P 3.216 -0.001 295.4 3.265 0.000 299.2 295.6
36P 3.227 0.120 299.5 3.272 0.007 303.3 299.1
37P 3.246 0.209 305.0 3.290 0.148 307.4 305.9
38P 3.260 0.250 310.4 3.313 0.240 311.7 309.6
39P 3.275 0.288 316.1 3.334 0.301 316.1 315.9
40P 3.281 0.274 320.1 3.343 0.290 319.6 319.2
41P 3.288 0.261 324.4 3.355 0.295 322.7 324.2
42P 3.306 0.301 327.3 3.371 0.320 325.6 326.3
43P 3.346 -0.323 331.7 3.398 -0.320 329.0 330.7
44P 3.346 -0.302 333.3 3.398 -0.293 330.6
45P 3.315 0.222 335.4 3.397 -0.264 332.4
46P 3.342 -0.251 337.5 3.397 -0.237 334.2
47P 3.341 -0.232 340.0 3.399 -0.218 336.0
48P 3.381 -0.271 341.2 3.379 0.034 337.4
49 P 3.328 0.088 343.2 3.387 0.012 339.3
50 P 3.353 0.101 343.7 3.414 -0.061 339.2
51 P 3.397 -0.166 344.7 3.437 0.068 339.4
52 P 3.403 0.109 345.2 3.462 0.079 339.7
53 P 3.428 0.109 346.3 3.487 0.089 340.1
54 P 3.447 0.074 346.6 3.502 0.016 340.5
55 P 3.468 0.037 347.4 3.525 0.001 341.2
33S 3.241 0.197 275.5 3.276 0.119 278.9 280.4
34S 3.257 -0.168 286.5 3.300 -0.160 289.3 3.285 0.252 291.8
35S 3.260 -0.078 295.7 3.300 -0.006 299.6 298.8
36S 3.273 0.002 306.2 3.310 0.000 309.6 3.299 0.168 308.7
37S 3.285 0.152 311.6 3.319 -0.008 315.1 313.0
38S 3.300 0.228 318.6 3.340 0.210 320.2 0.246 321.1
39S 3.312 0.264 325.3 3.354 0.248 326.5 325.4
40S 3.325 0.299 332.4 3.370 0.300 332.1 0.284 333.2
41S 3.331 0.287 337.7 3.381 0.294 336.9 337.4
42S 3.338 0.277 343.2 3.390 0.290 341.0 0.300 344.1
43S 3.359 0.318 347.2 3.413 0.326 344.7 346.7
44S 3.381 0.367 351.0 3.440 0.370 348.3 0.254 351.8
45S 3.375 0.312 353.4 3.430 0.311 350.4 354.7
46S 3.371 0.258 356.6 3.420 0.250 352.5
47S 3.385 0.257 358.5 3.428 -0.214 354.8
48S 3.400 0.259 360.8 3.430 -0.200 356.6
49S 3.403 0.227 362.9 3.430 0.127 358.8
50S 3.403 0.189 365.5 3.440 0.120 360.8
51S 3.427 0.188 366.4 3.459 -0.090 361.8
52S 3.451 0.183 367.6 3.490 -0.140 362.5
53S 3.463 0.158 369.1 3.508 -0.113 363.6
54S 3.477 0.139 371.0 3.530 0.000 364.7
55S 3.494 0.105 371.4 3.541 0.030 365.4
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and 42Al [206]. These two nuclei are considered to be beyond the drip-line (neutron-

unbound) in some of the mass calculations [207, 218]. The discovery of these two iso-

topes, suggests the existence of drip-line somewhere in the higher side. Thus, the study of

these isotopes is beyond the scope of the existing mass models [207, 218]. In the present

RMF/SHF calculations, the newly discovered 40Mg and 42Al are well within the drip-line.

Also, a point of caution, it may be possible that if we allow triaxial deformation in the

calculation, then we may get one minimum as a saddle point and another one as triaxial

minimum. But this calculation is out of scope of our work, as we are dealing with axial

deformed calculation only by using NL3 and SkI4 parameter sets, where, mostly we find

similar results in both the formalisms. These type of prescriptions are used in many of the

earlier publications [220].

4.2.2 Neutron configuration

Analyzing the neutron configuration for these exotic nuclei, we notice that, for lighter

isotopes of Ne, Na, Mg, Al, Si, P and S the oscillator shell Nosc = 3 is empty in the

[Nosc, n3,Λ]Ωπ. However, the Nosc = 3 shell gets occupied gradually with increase of

neutron number. In case of Na, Nosc = 3 starts filling up at 33Na with quadrupole moment

deformation parameter β2 = 0.356 and −0.179 with occupied orbits [330]1
2

− and [303]7
2

−,

respectively. The filling of Nosc = 3 goes on increasing for Na with neutron number and

it is [330]1
2

−, [310]1
2

−, [321]3
2

− and [312]5
2

− at β2 = 0.472 for 39Na. Again for the oblate

solution the occupation is [301]1
2

−, [301]3
2

−, [303]5
2

− and [303]7
2

− for β2 = −0.375 for
39Na. In case of Mg isotopes, even for 30,32Mg, the Nosc = 3 shell has some occupation

for the low-lying excited states near the Fermi surface. For 30Mg (at β2 = 0.599 with BE

= 237.7 MeV) the Nosc = 3 orbit is [330]7
2

− and for 32Mg is [330]1
2

− (BE = 248.8 MeV

at β2 = 0.471). With the increase of neutron number in Mg and Si isotopic chains, the

oscillator shell with Nosc = 3 gets occupied more and more.

In Tables (4.3-4.5) the results for the ground state solutions are displayed. Thus, the

prolate solutions have more binding than the oblate one for Ne, Na, Mg and S isotopes.

In some cases, like 24−30Ne the prolate and oblate solutions are in degenerate states. For

example, 24Ne has BE = 188.9 and 189.1 MeV at β2 = 0.278 and −0.259 respectively.

Contrary to this, the ground state solutions for Al and Si are mostly oblate. For example,

59



34Al has BE = 269.9 and 275.1 MeV at β2 = 0.159 and−0.108 respectively. In such cases,

the prolate solutions are in low-lying excited intrinsic state. Note that in many cases, there

exist low lying superdeformed states.

It is important to list some of the limitations of the results due to the input parameters,

mostly from Epair and Ecm energies. As one can see from Tables (4.3-4.5), in many cases

there are solutions of different shapes lying only a few MeV higher, sometimes even de-

generate with the ground states. Such a few MeV difference is within the uncertainty of

the predicted binding energies. A slight change in the pairing parameter, among others,

may alter the prediction for the ground state shape. With few MeV uncertainty in ground

state binding energies, by reassigning the ground state configurations, the deformation may

change completely, and make the predictions close to each other and agree with the FRDM

predictions as well.

4.2.3 Quadrupole deformation

The ground and low-lying excited state deformation systematics for some of the represen-

tative nuclei for Ne, Na, Mg, Al, Si, P and S are analyzed. In Fig. 4.1, the ground state

quadrupole deformation parameter β2 is shown as a function of mass number for Ne, Na,

Mg, Al, Si, P and S. The β2 value goes on increasing with mass number for Ne, Na and

Mg isotopes near the drip-line. The calculated quadrupole deformation parameter β2 for
34Mg is 0.59 which compares well with the recent experimental measurement of Iwasaki

et al. [205] (β2 = 0.58 ± 0.06). It found that this superdeformed state is 3.2 MeV above

than the ground band. Again, the magnitude of β2 for the drip nuclei reduces with neutron

number N and again increases. A region of maximum deformation is found for almost

all the nuclei as shown in the figure. It so happens in cases like, Ne, Na, Mg and Al that

the isotopes are maximum deformed which may be comparable to superdeformed near the

drip-line. For Al and Si isotopes, in general, we find oblate solutions in the ground config-

urations (see Table 4.4). In many of the cases, the low-lying superdeformed configuration

are clearly visible and some of them can be seen in Fig. 4.1.
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Figure 4.1: The ground state quadrupole deformation parameter β2 versus mass number A.
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4.2.4 Shape coexistence

One of the most interesting phenomena in nuclear structure physics is the shape coexistence

[220–223]. In some cases of the nuclei, considered near the drip-line, the ground state

configuration accompanies a low-lying excited state. In a few cases, it so happens that

these two solutions are almost degenerate in energy. For example, in the RMF calculation,

the ground state binding energy of 24Ne is 189.1 MeV with β2 = −0.259 and the binding

energy of the excited low-lying configuration at β2 = 0.278 is 188.9 MeV. The difference

in BE of these two solutions is only 0.179 MeV. Similarly the solution of prolate-oblate

binding energy difference in SkI4 is 0.186 MeV for 30Mg with β2 = −0.183 and 0.202.

This type of degenerate solutions are observed in most of the isotopes near the drip-line. It

is worthy to mention that in the truncation of the basis space, an uncertainty of≤ 1 MeV in

total binding energy may occur. However, this uncertainty in convergence does not affect

the shape co-existence, because both the solutions are obtained by using the same model

space of NF = NB = 12.

4.2.5 Two neutron separation energy (S2n)

The appearance of new and the disappearance of known magic number near the neutron

drip-line is a well discussed topic currently in nuclear structure physics [208,224]. Some of

the calculations in recent past predicted the disappearance of the known magic number N =

28 for the drip-line isotopes of Mg and S [156,225,226]. However, magic number 20 retains

its magic properties even for the drip-line region. In one of our earlier publications, [105]

we analyzed the spherical shell gap at N = 28 in 44S and its neighboring 40Mg and 42Si

using NL-SH [227] and TM2 parameter sets [34]. The spherical shell gap at N = 28 in 44S

was found to be intact for the TM2 and is broken for NL-SH parametrization. The known

magic number N = 28 is noticed to be absent in 44S. On the other hand, the appearance of

a sudden decrease in S2n energy at N = 34 in SHF result is quite prominent, which is not

clearly visible in RMF prediction. This is just two units ahead than the experimental shell

closure at N = 32 [228].
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Table 4.6: Occupation of neutron orbits mπ in 47Al and 46Al driving by the deformation.

A β2 n 1
2

+ n 1
2

− n 3
2

+ n 3
2

− n 5
2

+ n 5
2

− n 7
2

+ n 7
2

− n 9
2

+

47Al 0.09 8 10 4 6 2 2 0 2 0
47Al 0.672 10 10 4 6 2 2 0 0 0
46Al 0.109 8 9 4 6 2 2 0 2 0
46Al 0.701 10 10 4 5 2 2 0 0 0

4.2.6 Superdeformation and Low Ω parity doublets

The deformation-driving m = 1
2

−orbits come down in energy in superdeformed solutions

from the shell above, in contrast to the normal deformed solutions. The occurrence of

approximate 1
2

+, 1
2

− parity doublets (degeneracy of |m|π= 1
2

+, 1
2

− states) for the superde-

formed solutions are clearly seen in Fig. 4.2, where excited superdeformed configurations

for 32Mg and 34Mg are given (RMF solutions). For each nucleus, we have compared the

normal deformed (β2 ∼ 0.1− 0.3) and the superdeformed configurations and analyzed the

deformed orbits. The 1
2

+ and 1
2

− states for the single particle levels are shown in Fig. 4.2

(for 32Mg and 34Mg). The occupation of neutron states (denoted by mπ) in 47Al and 46Al is

given in Table 4.6. In both 47Al and 46Al two neutrons occupying oblate driving f 7
2
m = 7

2

orbits in normal deformation are unoccupied in the superdeformed (SD) case. In 46Al one

m = 3
2

− neutron shifts to m = 1
2

−, enhancing the prolate deformation.

Structure of Superdeformed Configuration:

We discus some clear and important characteristics of superdeformed solutions ( β ∼ 0.5

or more) obtained in mean field models as compared to the normal solutions of smaller

deformation. Since the lowering and occupation of the deformation-driving Ω = 1
2

orbits

from the shell above the usual valence space is so important in producing superdeforma-

tion we have emphasized their role in this discussion. There is the occurrence of 1
2

+, 1
2

−

orbits close together in energy (doublets) below and near the Fermi surface of the self-

consistent superdeformed solutions. This feature also occurs broadly in Nilsson orbits at

asymptotically large prolate deformations (see the Nilsson diagrams in Bohr and Mottelson

vol. II [229]).
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Some features of superdeformed solutions:

In normal deformed case, the deformed orbits of a major shell form a “band”-like set of

orbits, distinctly separated from the major shell above and below. Thus physical states

obtained from such intrinsic states of low deformation will be well separated in energy

from those intrinsic states where excitation occurs across a major shell (a single nucleon

excitation across a major shell means a change in parity and significant energy change for

small deformation).

The above mentioned “band”-like separation of orbits of major shells of unique parity

is quite lost in the case of superdeformation. The “band”-like orbits now spread in energy

(both downward and upward) and orbits of successive major shells come closer to each

other in energy; an inter-mingling of orbits of different parities (see Fig. 4.2). This is a

significant structural change from the case of small deformation. This has also been seen

in the case of 84Zr in Hartree-Fock study [230, 231].

In fact it is noticed that the Ω = 1
2

states of unique parity, seen clearly well separated

in energy from the usual parity orbits in the normal deformed solutions, occurs closer to

them in energy for the SD states, showing a degenerate parity doublet structure. In fact, for

SD solution the 1
2

+ and 1
2

− orbits are intermixed in the energy plot; while for the normal

deformation they occur in distinct groups. This is true both in the Skyrme Hartree Fock

and the RMF calculations.

This can be seen by examining the 1
2

+ and 1
2

− orbits for small and large deformations in

Fig. 4.2. This can lead to parity mixing and octupole deformed shapes for the SD structures

[230]. Parity doublets and octupole deformation for superdeformed solutions have been

discussed for 84Zr [230, 231]. There is much interest for the experimental study of the

spectra of neutron-rich nuclei in this mass region [232]. The highly deformed structures for

the neutron-rich Ne-Na-Mg-Al nuclei are interesting and signature of such superdeformed

configurations (with parity doublet structure) should be looked for.

4.3 Summary and Conclusions

In summary, we calculate the ground and low-lying excited state properties, like binding

energy and quadrupole deformation β2 using RMF (NL3) formalism for Ne, Na, Mg, Si, P
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and S isotopes, near the neutron drip-line region. In general, we find large deformed solu-

tions for the neutron-drip nuclei which agree well with the experimental measurement. The

calculation is also repeated in the frame-work of nonrelativistic Hartree-Fock formalism

with Skyrme interaction SkI4. Both the relativistic and non-relativistic results are compa-

rable to each other for the considered mass region. In the calculations a large number of

low-lying intrinsic superdeformed excited states are predicted in many of the isotopes and

some of them are reported.

From binding energy point of view, i.e. the sudden fall in S2n value, the breaking of N

= 28 magic number and the likely appearance of a new magic number at N = 34 noticed

in our non-relativistic calculations, in contrast with RMF finding. This is an indication

of more binding than the neighboring isotopes. However to confirm N = 34 as a magic

/non-magic number more calculations are needed. In this study we find that, for the SD

shape, the low Ω orbits (particularly Ω = 1
2
) become more bound and nearly degenerate

with the orbits of opposite parity, i.e. they show a parity doublet structure. Closely lying

parity-doublet band structures and enhanced odd parity multipole transitions are possible

for the superdeformed shapes.
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Chapter 5

Relativistic mean field study of “Island

of Inversion” in neutron rich

Z = 17− 23, 37− 40 and 60− 64 nuclei

In this chapter, we study the extremely neutron-rich nuclei for Z = 17 − 23, 37 − 40 and

60− 64 regions of the periodic table by using axially deformed relativistic mean field for-

malism with NL3* parametrization. Based on the analysis of binding energy, two neutron

separation energy, quadrupole deformation and root mean square radii, we highlight the

speciality of these considered regions which are the predicted “Islands of inversion” [217].

5.1 Introduction

The main aim of theoretical models in nuclear physics is to explain the available experi-

mental results and predict the properties of the atomic nuclei through out the periodic table.

A good description of the properties of known nuclei gives us more confidence in extrap-

olating to the yet unexplored areas of the nuclear chart. The systematics of two-neutron

separation energy S2n derived from the ground state binding energy (BE), reveal a new fea-

ture of the existence of “Islands of inversion” in the exotic neutron-rich regions of nuclear

landscape. The Shell Model (SM) [233–235] is known to be quite successful in nuclear

structure theory. Although the application of this model in various mass regions explains

the data quite well, it fails to reproduce the binding energy for some of the neutron-rich
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Ne, Na and Mg nuclei [233]. Almost two decades ago Patra et al. [236] performed the rela-

tivistic mean field (RMF) calculation with NL1 parameter set and could explain the reason

of limitation of shell model for these nuclei. One of their explanation is the large defor-

mation of these nuclei which is not taken into account in the SM calculations. Recently

apart from supporting the presently known islands around 31Na [237] and 62Ti [238, 239]

regions, the INM Model [240] predicts one more region around Z = 60. It was sug-

gested that these nuclei of Z = 17 − 23, N = 38 − 42, Z = 37 − 40, N = 70 − 74 and

Z = 60 − 64, N = 110 − 116 regions are deformed and form islands of inversion with

more binding energy than their neighboring family of isotopes. This prediction motivates

us to study the properties of such nuclei and to investigate the possible reasons of the extra

stability.

5.2 Theoretical Framework

5.2.1 Choosing the Basis

We divide the calculations between three regions: first region having Z = 17 − 23, and

second region Z = 37 − 40 and third region Z = 60 − 64. For choosing the proper

basis, we calculate the physical observables like binding energy, root mean square (rms)

radii and quadrupole deformation parameter (β2). So, we have taken heavier nuclei from

each region as a test example, for example 69V from region I, 119Zr from region II and
185Gd from region III. We have presented our calculations in table 5.1, with NF=NB=6 to

16, in the interval of 2, at the initial deformation of β2=0.2, using the NL3∗ parameter set.

For 69V ; BE, rms radii and β2 are almost same for NF=NB ≥ 10. It means, we can take

Nmax = 10 for boson and Fermion harmonic basis for region I. In 119Zr nucleus; these

physical observables change from NF=NB= 10 to 12 but become constant after NF=NB=

12. Then, if we combine these two regions and take Nmax=12, then we have sufficient

space for both the regions. One can easily see that for 185Gd nucleus, Nmax=12 is not

sufficient model space. It needs larger space for calculation. Therefore, in this work, we

have taken Nmax=12 for region I, II and Nmax=14 for region III.
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Table 5.1: Calculated binding energy BE (MeV), root mean square rch, rn, rp, rm and

quadrupole deformation parameter β2 at different bosonic and Fermionic basis harmonic

quanta. Root mean square radius are in fm. During this calculation we have taken initial

deformation parameter β0 equal to 0.2.

Nucleus Basis BE rch rn rp rm β2

69V 6 508.8 3.733 4.103 3.646 3.956 0.160

8 525.8 3.822 4.236 3.738 4.077 0.220

10 531.0 3.827 4.301 3.742 4.123 0.237

12 531.5 3.831 4.330 3.747 4.145 0.247

14 531.7 3.832 4.343 3.747 4.154 0.249

16 531.8 3.831 4.355 3.747 4.162 0.251
119Zr 6 817.0 4.302 4.810 4.227 4.622 0.139

8 904.9 4.500 4.903 4.428 4.749 0.084

10 919.5 4.518 4.986 4.447 4.811 0.055

12 922.3 4.525 5.018 4.454 4.836 0.011

14 922.8 4.525 5.025 4.454 4.841 0.006

16 922.9 4.524 5.031 4.453 4.844 0.005
185Gd 6 1057.4 4.783 5.507 4.716 5.247 0.139

8 1341.9 5.155 5.520 5.092 5.376 0.106

10 1395.8 5.280 5.661 5.219 5.512 0.118

12 1407.0 5.294 5.721 5.233 5.557 0.122

14 1408.4 5.289 5.737 5.228 5.566 0.114

16 1408.2 5.289 5.741 5.228 5.569 0.114
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Table 5.2: Calculated ground state binding energy BE (MeV), root mean square rch, rn,

rp, rm and quadrupole deformation parameter β2 without blocking and with blocking. Root

mean square radius are in fm.

Nucleus Without Blocking With Blocking

BE rch rn rp rm β2 BE rch rn rp rm β2

51Cl 385.1 3.49 4.00 3.39 3.81 -0.25 384.5 3.49 4.00 3.39 3.81 -0.25
63Cl 390.2 3.63 4.51 3.54 4.27 0.31 390.0 3.63 4.51 3.54 4.27 0.31
51Ar 402.9 3.50 3.94 3.41 3.76 -0.23 402.5 3.50 3.94 3.40 3.76 -0.23
63Ar 416.2 3.65 4.41 3.56 4.19 0.23 416.0 3.65 4.40 3.56 4.18 0.22
53K 423.8 3.50 3.96 3.41 3.77 0.00 423.0 3.51 3.96 3.41 3.77 -0.01
62K 441.4 3.65 4.30 3.56 4.09 0.12 440.8 3.65 4.30 3.56 4.09 0.12
55Ca 446.5 3.56 3.98 3.47 3.80 0.00 445.9 3.56 3.98 3.47 3.80 -0.03
65Ca 465.8 3.70 4.34 3.61 4.13 0.14 465.6 3.70 4.34 3.61 4.13 0.14
56Sc 461.3 3.60 3.97 3.51 3.80 0.00 460.8 3.60 3.97 3.51 3.80 0.00
66Sc 487.5 3.74 4.33 3.66 4.12 0.18 486.8 3.74 4.32 3.66 4.12 0.18
57Ti 475.6 3.64 3.96 3.55 3.81 -0.10 475.1 3.64 3.96 3.55 3.81 -0.10
57V 484.6 3.68 3.91 3.59 3.79 0.17 483.8 3.68 3.91 3.59 3.79 0.17
68V 529.8 3.82 4.30 3.74 4.12 0.23 528.9 3.82 4.29 3.74 4.11 0.23

103Rb 833.0 4.42 4.81 4.35 4.65 -0.27 832.4 4.41 4.81 4.34 4.65 -0.26
110Rb 853.4 4.43 4.94 4.35 4.75 -0.06 852.7 4.43 4.94 4.35 4.75 -0.07
105Y 863.8 4.44 4.79 4.37 4.64 -0.23 863.2 4.45 4.79 4.38 4.64 -0.24

107Zr 882.9 4.47 4.81 4.40 4.66 -0.23 882.4 4.48 4.81 4.40 4.66 -0.24

5.2.2 Blocking Approximation

The physical observables like binding energy, root mean square (rms) radii and quadrupole

deformation parameter (β2) do not change much, when blocking is applied [141]. We have

given our calculated results in table 5.2. The RMF values of the observables without block-

ing remains same as the values with blocking. If we see the table 5.2, the difference between

blocking and without blocking is nearly less than 1 MeV. So, rest of the calculations are

done without blocking approximation.
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5.2.3 Choosing Reference Frame

While comparing our binding energy results with macro-microscopic (MM) approach,

some important points need to be stated. It is a known feature in MM models that the

order of accuracy varies from region to region [240] in the N − Z plane. The degree

of disagreement is unacceptably large even slightly away from the known domain (See

Figs. 7-9, Ref. [240] and Fig. 1, Ref. [241]). On the other hand a microscopic formal-

ism based on nuclear Lagrangian/Hamiltonian predicts physical observables through out

the known/unknown territory of the periodic chart equally well. The parameters of these

models have been determined by fitting the experimental data of few well known nuclei

only. It is to be noted that the predictions of nuclei even in the known region are treated

on an equal footing with the unknown region. Therefore, similar predictive power can be

expected in the actual unknown region.

5.3 Calculations and Results

Relativistic mean field model has given very good results in β stable nuclei of the nu-

clear landscape. In this work we are analyzing the exotic neutron drip-line nuclei by using

RMF model with recent well known NL3* [63] parameter set. We obtain matter radii,

quadrupole deformation parameter and ground state binding energies of these exotic nuclei

of Z = 17− 23, 37− 40 and 60− 64 regions. The calculated results, like binding energy,

radii, quadrupole deformation are discussed in figures (5.1-5.10). In upcoming subsections

we have described these results in detail.

5.3.1 Binding Energy

Binding energy (BE) is precisely measured from experiments and is responsible for stability

and structure of the nuclei. The maximum binding energy corresponds to the ground state

for a given nucleus and all other solutions are intrinsic excited states. The4E1 indicates the

binding energy difference between FRDM and RMF, i.e. BE(FRDM) - BE(RMF) and4E2

indicates the binding energy difference between INM and RMF, i.e. BE(INM) - BE(RMF).

In this subsection we are comparing RMF binding energy (BE) with INM (BE) [240] and

well established FRDM (BE) [242] results.
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Figure 5.1: Difference between the binding energies using RMF, Finite Range

Droplet Model (FRDM), Infinite Nuclear Matter (INM) model (a) The circles represent

4E1(FRDM - RMF) (b) The squares represent4E2 (INM - RMF) for different mass val-

ues of Z = 17− 23 region.
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Figure 5.2: Same as Fig. 5.1 for Z = 37− 40 region.

In Fig. 5.1(a), in Z = 17 − 23 region, we have plotted the binding energy difference

4E for Cl isotopes. 4E2 is zero, so that RMF and INM binding energies are nearly same

at lower mass region, but the difference increases in middle part and at A = 58, 59 again

it goes to nearly zero, but diverges in higher mass region. If we compare our result with

FRDM, then we get 4E1 nearly zero at lower mass region, but it diverges at higher mass

region. In Fig. 5.1(b), in case of Ar isotopes, the RMF BE is not consistent with INM at

lower mass region but we get4E2 nearly zero at middle region at A = 54 - 60, which again

diverges at higher mass region. If we compare our results with FRDM, then we get 4E1

nearly zero at lower mass region at A = 51 - 56 then the difference increases at higher mass

region at A = 56 - 61. In Fig 5.1(c), RMF binding energy is very close to INM in lower

mass region at A = 52, 54 then 4E2 increases within A = 55 − 60 in the middle region.

Further it is very close to INM binding energy. If we compare our results with FRDM, then

4E1 tends to zero at A = 53 then4E1 increases further. In Fig 5.1(d), in case of Ca, RMF

binding energy is very close to INM and FRDM binding energy at lower mass region at A

= 53, 56. RMF binding energy diverges from both model (INM and FRDM) in the middle

part A = 56 - 62 and then matches at higher mass region. In Fig 5.1(e), in case of Sc, we
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Figure 5.3: Same as Fig. 5.1 for Z = 60− 64 region.

got 4E1 and 4E2 as zero in lower mass region , whereas both diverge in the middle part

A = 53 - 63 then it further moves to zero. In the Fig 5.1(f), 4E1 and 4E2 are following

the same trend as Fig 5.1(e) but it diverges in A = 58 - 62, and at higher region RMF BE

matches with FRDM and INM predictions.

The binding energy difference for Rb isotopes is given in Fig. 5.2(a), 4E1 has a large

value at lower mass A = 103 - 107, then it tends to zero in higher region but if we compare

RMF with INM results, 4E2 increases in lower mass region and go to zero in middle

region then diverges at higher mass A = 107 - 114 region. In Fig. 5.2(b), we plotted the

4E1 and 4E2 for Sr isotopes. We got same trend but RMF results diverges from INM

at higher mass region while it closes to FRDM. In lower mass region RMF results are not

matching with INM and FRDM results. Energy difference 4E for Y nuclei isotopes are

given in Fig. 5.2(c), again RMF results are not consistent with INM and FRDM results

at lower mass A = 105 - 108, but at higher mass region it matches with INM and FRDM

results. Fig. 5.2(d), represent4E1 and4E2 for Zr isotopes, from figure it is clear that our

RMF results are not matching with INM and FRDM results.

In Fig. 5.3, we have given 4E (binding energy difference) for region Z = 60 − 64
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Figure 5.4: Quadrupole Deformation Parameter obtained from RMF(NL3*) (circle) com-

pared with the FRDM(square) results for different isotopes of Z = 17 - 23 region.

nuclei. For Nd isotopes, RMF binding energy is not consistent with FRDM at A = 166 −
180. Later on RMF binding energy is close to FRDM result for few isotopesA = 179−181

then again diverges at A = 182. When we compare our result with INM binding energy,

the binding energy of RMF is very close to it at A = 168− 170 and later on diverges with

increase in mass number. In case of Pm nuclei isotopes, which is plotted in Fig. 5.3(b),

RMF result is not consistent with FRDM for the whole region. If we compare our result

with INM region, it is consistent tillA = 168−172 and then diverges. In Sm isotopes, RMF

binding energy is not consistent with FRDM in whole region. 4E for Sm has followed the

same trend as 4E of Pm nuclei isotopes i.e. matches at lower mass region and diverge at

higher mass region for both FRDM and INM results. In Eu nuclei isotopes, RMF BE is not

consistent with FRDM and INM binding energy, and in both cases4E increases with mass

numbers.
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Figure 5.5: Same as Fig. 5.4 for Z = 37 - 40 region.

5.3.2 Quadrupole Deformation

Quadrupole deformation parameter (QDP) β2 is directly connected to the shape of the

nucleus. It is very common to say that if we go towards drip-line nuclei, deformation

will gradually increase but recently experimental work of Tshoo [243] explains that 22O

is prolate in shape but 24O is spherical in structure. Keeping this result in our mind we

have calculated the QDP β2 for recently predicted island of inversion region in nuclear

landscape. Because of the unavailability of experimental data of these nuclei, we have

compared our calculated QDP β2 with well established FRDM [207] data. In Fig. 5.4, we

have plotted the quadrupole deformation parameter β2 for RMF and FRDM models as a

function of mass number for Z = 17 - 23 region. In Cl case, QDP β2 continuously increases

with the mass number, as shown in Fig. 5.4(a). In lower mass region Cl isotopes are oblate

and in higher mass region these are prolate and middle case A = 56 - 58, there is continuous

shape change from oblate to prolate. If we compare RMF results with FRDM predictions

then we get totally different result in FRDM. In FRDM, shape is suddenly changed from

oblate to prolate (A = 54) and prolate to oblate (A = 57). Most of the Cl isotopes are oblate

in FRDM model. There are continuous changes in deformation but there is very small
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Figure 5.6: Same as Fig. 5.4 for Z = 60 - 64 region.

amount of energy difference (1 MeV) between ground state and first excited state. So we

can say that other shape is also possible, But here we are taking only the ground state and

neglecting the other possibility of shapes. In Ar case, most of the isotopes are oblate in

lower mass region A = 52 - 57, and some are spherical at A = 59 - 60 then in higher region

it again changes its shape from oblate to prolate in RMF model. When we compare with

FRDM data, RMF is very close to FRDM except middle and high region in Fig. 5.4(b).

FRDM is completely oblate in shape over the region. In Fig. 5.4(c), we have plotted the

QDP β2 for K isotopes. From figure it is very clear that most of the isotopes are spherical

in shape. When we compare with FRDM data, it shows the same trend as RMF at A = 54 -

57 i.e. spherical in shape. In Ca, Sc, Ti case all are spherical in shape over all isotopes.

Deformation parameter for Rb isotopes are given in Fig. 5.5(a). From the figure, it is

clear that most of the isotopes are spherical in shape but in lower mass region A = 103 -

105, it is oblate. If we see the QDP β2 for Rb isotopes in FRDM model, we found that most

are in prolate shape in lower mass region A = 103 - 110 then shape changes to oblate which

is totally different from RMF result. Sr isotopes are given in Fig. 5.5(b), for Sr isotopes,

most of the nuclei are in spherical but in lower mass A = 104 - 106 are prolate and at A
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rp (diamond), the rms radii rm of matter distribution (triangle up) for different isotopes of

Z = 17 - 23 region using the RMF(NL3*) formalism.

= 103 shape changes from prolate to oblate. If we see the result of FRDM, most of the Sr

isotopes are prolate and in higher region it is spherical. RMF matches to FRDM at A = 104

- 106 and in higher region. Again we are getting spherical shape for A = 108 - 117 for Y

isotopes in Fig. 5.5(c). RMF matches only at A = 106, 107 and in higher mass A = 114 -

116. In Zr isotopes, It is spherical in shape at A = 109 - 120 except A = 114, 115 as shown

in the Fig. 5.5(d). If we go from A = 107 to 109, then we got a sharp shape change at A =

108 i.e. oblate to prolate and again prolate to spherical. FRDM have prolate shape in lower

mass region A = 107 - 113 and then changes to oblate in A = 114 - 120.

In Fig. 5.6(a), for Nd isotopes, at A = 167 -174, both RMF and FRDM are prolate in

shape but when we go further RMF changes its shape to oblate in A = 175 - 179 region

while FRDM remains prolate in shape. In higher mass region A = 180 - 182 RMF goes

oblate to nearly spherical and FRDM goes from prolate to oblate it means these two model

are not consistent in A = 175 - 182. Isotopes of Pm are given in Fig. 5.6(b), here we get

consistent result in RMF and FRDM model at A = 167 - 175. Then RMF changes to oblate
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Figure 5.8: Same as Fig. 5.7 for Z = 37 - 40 region .

in higher mass region and goes to nearly spherical while FRDM does not change upto A

= 179 then sharp decrease to oblate. In Sm case, both models match to each other in A =

168 - 176 then RMF goes to oblate and spherical shape where FRDM does not follow the

RMF trend except A = 181, 182. In Eu isotopes as shown in Fig. 5.6(d), both RMF and

FRDM show consistency at A = 169 - 178, later on RMF changes to oblate at A = 179 -

182. FRDM is matching with RMF at A = 181, 182 only at higher mass region.

5.3.3 Nuclear Radius

In this subsection we are concentrating on the neutron radius (rn), proton radius (rp), charge

radius (rch) and matter radius (rm) which are calculated by using RMF(NL3*) formalism.

In Fig. 5.7, we have plotted the rn, rp, rch, and rm for Cl, Ar, K, Ca, Sc, Ti and V nuclei. In

Z = 17−23 region, all the radii increase monotonically with mass number. In Fig. 5.8, we

have plotted the rn, rp, rch, rm with mass number for Z = 37− 40 region. In Rb isotopes,

there is a sharp fall in radii till A = 106, then radii increase monotonically. In Sr isotopes,

the radii follow same trend as Rb isotopes but in this case fall at A = 107, then the radii

increase monotonically. In Y isotopes, the radii follow a jump at A = 106 and remain
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Figure 5.9: Same as Fig. 5.7 for Z = 60 - 64 region .

constant upto A = 107, then decrease at A = 108. Later on the radii follow the same

trend means the radii increase monotonically with mass number. In Zr isotopes, the radii

increase and it follows a jerk at A = 108 then go down at A = 109 and later on increase.

In Fig. 5.9, we have plotted the radius curve for Z = 60 − 64 region, in the case of Nd,

Pm isotopes the radii increase monotonically with atomic mass number. In Sm (Fig. 5.9c)

isotopes, we get a small jerk in A = 176 while in Eu (Fig. 5.9d) isotopes this jerk arises

at A = 177− 178, then increases monotonically indicating a change in the deformation of

the nuclei.

5.3.4 Two-neutron separation energy

The two-neutron separation energy S2n(N,Z) = BE(N, Z) - BE(N-2, Z) is shown in Fig. 5.10.

The S2n values decrease gradually with increase in neutron number. It is indeed satisfying

to note that in the recent years strong evidences both experimental and theoretical have

emerged [238, 239] supporting the existence of this island of inversion centering around
62Ti. We can predict the stability of these nuclei by S2n energy. If S2n is large, it means

nuclei will be stable with two-neutron separation. As shown in first part (a) of Fig. 5.10, in
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23, 37− 40, 60− 64 region by using RMF(NL3*) formalism.

Z = 17−23 region, we are getting a sharp down curve for all the members of this region at

N = 42. So we can say that this may be the neutron magic number in this neutron-dripline

nuclei. In S2n plot for Ti, we are getting a small considerable jerk at N = 44. This shows

the extra stability of nuclei. In Sc, S2n plot follow the same trend as in Ti, but the mag-

nitude is very small. In other cases, i.e. Z = 17, 18, 19, 20 region, there is no any local

extra stability. In second part (b), we are getting a sharp down curve at N = 68 for all the

members of this region. In Sr, Rb, there is a small jerk at N = 74. In other cases, there is

no local stability. In third part (c), for Z = 60− 64 region, there is a sharp fall at N = 112

for all the members of this region. We get local extra stability in Nd, Pm and other nuclei

also follow nearly the same trend.

5.4 Discussion and Remarks

Taking RMF as a reference, we evaluate 4E1 and 4E2. Analyzing Fig. 5.1, we find both

4E1 and 4E2 similar for all the considered six nuclei, Cl to Ti. The large value of 4E1

and 4E2 at middle of the region shows the speciality of these nuclei, except Cl isotopes
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[Fig. 5.1(a)]. All other isotopes show similar trend with INM and FRDM. From Fig. 5.2

and Fig. 5.3,4E1 are almost constant, if one extends the calculation to higher mass number

in isotopic chain. On the other hand, calculated 4E2 goes on increasing with A. In this

situation, the predictive power of RMF, FRDM and INM are questionable. For example,

(1) if we consider RMF as absolute reference, then the large discrepancy of 4E2 with

mass number indicates the limitation of INM model near the drip-line region, or vice versa.

(2) similarly if we analyze 4E1, it is somewhat constant with RMF for the entire region.

As we have discussed, the RMF is based on microscopic origin in mesons and nucleons

level. Except few fitted nuclei, all others masses, radii and quadrupole deformation are the

predicted results in a large region of the periodic chart. The RMF results are found to be

good for almost all the known cases. This prediction not only confines to masses, radii,

β2 but also comes well for other observables. Thus, if we believe all these predictions as

success, then the mass formula specially INM needs some modification, specially in the

region of Z = 37− 40 and Z = 60− 64 which are considered in this chapter.
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Chapter 6

The effect of isoscalar-isovector coupling

in infinite nuclear matter

In the framework of relativistic mean field theory, we study the effect of non-linear cross

coupling between the isoscalar-vector and isovector-vector mesons on top of the G2 parametriza-

tion. The energy density and pressure are calculated over a wide range of baryon density.

The observables like symmetry energy and related coefficients are also evaluated system-

atically. The effect of the cross coupling on the symmetry energy of symmetric nuclear

matter are studied. The work is further extended to β−equilibrium matter to estimate the

mass and radius of neutron star and also to baryon octet to see the effect of the coupling

over the equation of state.

6.1 Introduction

The best possible and well defined theoretical laboratory to study many body system is

infinite nuclear matter at certain conditions. One can review the status of microscopic

studies of nuclear matter and neutron rich matter, which is already reached to its destina-

tion by mean-field models (relativistic and non-relativistic) [62,244–248] along with some

other-microscopic studies such as Brueckner-Hartree-Fock (BHF) [249–252] and Dirac-

Brueckner-Hartree-Fock (DBHF) [116,186,253–255]. The isospin and density dependence

of the symmetry energy Esym is one of the current interest for its implications in nuclear

and astrophysics. The softening in equation of state (EOS) of nuclear matter likely leads
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to an exciting problem in astro-nuclear physics from last few decades. Meanwhile the phe-

nomena like formation of superheavy nuclei in the astrophysical system and the location

of neutron drip-line are some of the exciting studies which directly link with the symme-

try energy [88]. A parameter set having large value of compressional modulus K0 shows

appropriately stiff symmetry energy i.e. rises rapidly with baryon density [256, 257]. This

makes a passing reference betweenK0 andEsym, which is a function of density and isospin

component of scalar and vector mesons. Thus, it is needed to explore the effects of Esym

in the RMF model, which was limited to a narrow range from the analysis of skin data, on

the composition and structure of hot proton-neutron and cold neutron star matter that hold

a large density range [36, 258–261].

In this work, we introduce an additional term on top of the G1 or G2 parameter sets

to the Lagrangian, which comes from the cross-interaction between isoscalar and isovector

fields with coupling constant Λv [91]. Although the inclusion of this term is not new, but

it is not taken into account in the effective field theory motivated relativistic mean field

(E-RMF) model [139]. This additional term on G2 affects the EOS, Esym, slope- Lsym,

curvature-Ksym and skewness-Qsym parameters, considerably. Further, it may be expected

that the full parameter set of the E-RMF formalism (E-RMF+Λv) overcomes the deficiency

arises by other parametrizations [64, 96]. The stiffness of Esym with respect to baryon

density follows a softer path with this extra coupling. Without this additional coupling it

may not be possible to overcome the hindrance of constraint between symmetry energy

and slope parameter Lsym with G2 set only. The additional coupling does not affect other

nuclear properties like energy and pressure of the symmetric nuclear matter as well as finite

nuclei, which is an important prospectus of this coupling.

6.2 Formalism

Because of the uniformity of the nuclear system for infinite nuclear matter, all of the gradi-

ents of the fields in Eqs. (2.17)–(2.21) vanish and only the κ3, κ4, η1, η2 and ζ0 non-linear

couplings remain. Due to the fact that the solution of symmetric nuclear matter in mean

field depends on the ratios g2
s/m

2
s and g2

v/m
2
v [26], we have seven unknown parameters.

By imposing the values of the saturation density, total energy, incompressibility modulus

and effective mass, we still have three free parameters (the value of g2
ρ/m

2
ρ is fixed from
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the bulk symmetry energy coefficient). The energy density and pressure of nuclear matter

is given by

E =
2

(2π)3

∫
d3kEi(k) + ρW +

m2
sΦ

2

g2
s

(
1

2
+
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, (6.2)

where Ei(k)=
√
k2 +M∗

i
2 (i = p, n). In the context of density functional theory, it

is possible to parametrize the exchange and correlation effects through local potentials

(Kohn-Sham potentials), as long as those contributions be small enough [262]. The Hartree

values are the ones that control the dynamics in the relativistic Dirac-Brückner-Hartree-

Fock (DBHF) calculations. Therefore, the local meson fields in the RMF formalism can

be interpreted as Kohn-Sham potentials and in this sense equations (2.16)-(2.21) include

effects beyond the Hartree approach through the non-linear couplings [139–143].

The bulk properties like binding energy and charge radius do not isolate the contribu-

tion from the isoscalar or isovector channels. These are estimated by an overall fitting of

the parameters, precisely with the help of the ρ−meson coupling. That is the reason, the

modern relativistic Lagrangian ignores the contribution of δ− and ρ− meson separately,

i.e. once ρ−meson is included, it takes care of the bulk properties of the nucleus (isovector

part) and does not need of δ−meson [41–44]. However, the importance of the δ−meson

is realized, when we study the properties of highly asymmetry system, such as drip-line

nuclei and neutron star [45–57]. In particular, at high density, neutron star and heavy ion

collisions, the proton fraction of β−stable matter may increase and the splitting of the ef-

fective mass should affect the transfer properties. Hence, the isovector-scalar meson are
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taken into account, while its individual contribution is little in the NN-interaction due to its

heavy mass (∼980 MeV, more than nucleon mass). But for highly asymmetry system, the

total contribution of the δ−meson can not be ignored.

6.2.1 Symmetry Energy

The symmetry energyEsym is important in infinite nuclear matter and finite nuclei, because

of isospin dependence in the interaction. The isospin asymmetry arises due to the difference

in number densities and masses of the neutron and proton, respectively. The expression of

symmetry energy Esym is a combined expression of ρ− and δ−mesons, which is defined

as [45, 89, 141, 263]:

Esym(ρ) = Ekin
sym(ρ) + Eρ

sym(ρ) + Eδ
sym(ρ), (6.3)

with

Ekin
sym(ρ) =

k2
F

6EF
; Eρ

sym(ρ) =
g2
ρρ

8m∗2ρ
(6.4)

and

Eδ
sym(ρ) = −1

2
ρ
g2
δ

m2
δ

(
M∗

EF

)2

uδ (ρ,M∗) . (6.5)

The last function uδ is from the discretness of the Fermi momentum. This momentum is

quite large in nuclear matter and can be treated as a continuum and continuous system. The

function uδ is defined as:

uδ (ρ,M∗) =
1

1 + 3
g2δ
m2
δ

(
ρs
M∗
− ρ

EF

) . (6.6)

In the limit of continuum, the function uδ ≈ 1. The whole symmetry energy (Ekin
sym+Epot

sym)

arises from ρ− and δ−mesons, given as:

Esym(ρ) =
k2
F

6EF
+

g2
ρρ

8m∗2ρ
− 1

2
ρ
g2
δ

m2
δ

(
M∗

EF

)2

uδ (ρ,M∗) , (6.7)

where the effective energyEF =
√

(k2
F +M∗2), kF is the Fermi momentum. The effective

mass of the ρ-meson modified, because of cross coupling of ρ− ω is given by

m∗2ρ =

(
1 + ηρ

Φ

M

)
m2
ρ + 2g2

ρ(ΛvW
2). (6.8)
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The cross coupling of isoscalar-isovector mesons (Λv) modified the density dependent of

Esym without affecting the saturation properties of the symmetric nuclear matter (SNM). In

E-RMF model with pure G2 set, the symmetric nuclear matter saturates at ρ0 = 0.153fm−3,

BE/A = 16.07 MeV, compressibilityK0 = 215 MeV and symmetry energy ofEsym= 36.42

MeV [142, 143].

In the numerical calculation, the coefficient of symmetry energy Esym is obtained by

the energy difference between symmetric and pure neutron matter at saturation and it is

defined by Eqn. (6.7) for a quantitative description at various densities. The symmetry

energy of a nuclear system is a function of baryonic density ρ, hence can be expanded in a

Taylor series around the saturation density ρ0 as (6.7):

Esym(ρ) = E0 + LsymY +
1

2
KsymY2 +O[Y3], (6.9)

where E0 = Esym(ρ = ρ0), Y = ρ−ρ0
3ρ0

and the coefficients Lsym and Ksym are defined as:

Lsym = 3ρ

(
∂Esym
∂ρ

)
ρ=ρ0

, Ksym = 9ρ2

(
∂2Esym
∂ρ2

)
ρ=ρ0

.

Here Lsym is the slope parameter defined as the slope of Esym at saturation. The quantity

Ksym represents the curvature of Esym with respect to density. A large number of investi-

gation have been made to fix the value of Esym, Lsym and Ksym [117, 264–269].

6.3 Calculations and Discussions

The mean field equations for the mesons and fermions are solved self-consistently. Using

these fields, we estimate E and P as a function of baryon density. The G2 parameter

set [139] along with the additional Λv coupling in the E-RMF (G2+Λv) formalism are used

in the calculations. In G2 set, ζ0 is the self-coupling constant of ω-meson [34, 35, 37]

which is responsible for the major softening of the EOS at high density and reproduced the

maximum mass of neutron star. For softening the symmetry energy of the system at nuclear

matter density, we have added an extra coupling on G2 set between isoscalar and isovector

fields with coupling constant Λv. This makes possible to soften the Esym and reproduce

saturation properties without affecting other physical observables.

Infinite nuclear matter is important for the investigation of physical quantities relevant

to heavy nuclei and compact objects like neutron star. At saturation density ρ0, the binding
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Figure 6.1: The results of symmetry energy Esym is a function of ρ/ρ0 from RMF for

different values of Λv compare with others non-relativistic SHF predictions of parameters

GSkII [270], SQMC650 [271], SKT2 [272], Ska35s20 [273], SKRA [274], Skxs20 [275].

energy per particle as a function of density is an established quantity from the empirical

and experimental observation. The cross coupling ω − ρ does not effect the energy per

particle and pressure density of symmetric nuclear matter. It is easily reflect from the E
and P equations 6.1 and 6.2. The obtained results for E /A and P are exactly similar as that

of Ref. [36] irrespective of the Λv values. Being insensitive to Λv, the aim of this work is

to pursue the systematic variation of Esym by employing the ω− ρ coupling parameter Λv,

which is discussed below.

Figure 6.1, shows the variation of symmetry energy Esym with nuclear matter density

for different values of Λv. From the figure, it is clear that at Λv = 0.0, the symmetry

energy curve increases linearly. However, this linearity deviates with increasing value of

Λv. For smaller Λv, the Esym curve is more stiffer and becomes softer with Λv. The

variation of Esym can be quantitatively seen from Table 6.1, which display the maximum

Esym = 36.42 MeV at Λv = 0.0 and Esym = 21.06 MeV (minimum) at Λv = 0.21.

It is clear that, after certain value of Λv, the changes of Esym is minimal. To compare

our results of Esym with other calculations, we display the symmetry energy obtained by
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Figure 6.2: The slope Lsym, curvature Ksym and skewness Qsym parameters of symmetry

energy have been plotted with ρ/ρ0 for different value of Λv (with G2 parameter set).

various non-relativistic Skyrme Hartree-Fock (SHF) parametrizations, like GSkII [270],

SQMC650 [271], SKT2 [272], Ska35s20 [273], SKRA [274], Skxs20 [275]. Most of these

results deviate from the Λv = 0.0 curve, but matches well with our calculations for non-

zero value of Λv within a considerable density.

The slope parameter Lsym, curvature Ksym and skewness Qsym for different values of

Λv are displayed in Fig. 6.2. From the figure, it is clear that the variation of Lsym, Ksym

and Qsym with Λv is quite substantial.

Qsym = 27ρ3

(
∂3Esym
∂ρ3

)
ρ=ρ0

. (6.10)

Recently, several studies have been done to fix the constraint on Esym and Lsym [117,

264–267,269]. We also calculate the constraint onEsym and Lsym at saturation density (ρ0)

with various Λv as shown in Fig. 6.3. The experimental data at HIC [276], PDR [277,278],

IAS [279] and the theoretical predictions of finite range droplet model (FRDM) [280] and

Skyrme Hartree-Fock formalism [117] are given for comparison.
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Figure 6.3: The Lsym with respect to Symmetry energy Esym on saturation density at dif-
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FRDM [280] flow data results.

Table 6.1: The numerical results of symmetry energy Esym(MeV), slope co-efficient

Lsym(MeV), Ksym(MeV) and Qsym(MeV) at different values of Λv are listed.

Λv Esym Lsym Ksym Qsym Λv Esym Lsym Ksym Qsym

0.00 36.42 100.75 -7.44 44.02 0.11 23.66 44.71 -6.66 297.27

0.01 33.62 81.83 -63.61 169.40 0.12 23.27 44.20 -2.27 263.20

0.02 31.52 70.07 -75.61 336.90 0.13 22.92 43.81 1.50 231.61

0.03 29.87 62.36 -71.69 440.67 0.14 22.61 43.50 4.74 202.57

0.04 28.56 57.11 -62.41 485.92 0.15 22.32 43.26 7.53 176.02

0.05 27.48 53.41 -51.91 492.07 0.16 22.07 43.08 9.94 151.83

0.06 26.58 50.75 -41.81 474.95 0.17 21.83 42.94 12.02 129.84

0.07 25.82 48.79 -32.69 445.14 0.18 21.61 42.83 13.82 109.89

0.08 25.16 47.32 -24.68 409.26 0.19 21.41 42.75 15.38 91.78

0.09 24.60 46.21 -17.74 371.28 0.20 21.23 42.69 16.74 75.36

0.10 24.10 45.36 -11.78 333.52 0.21 21.06 42.66 17.92 60.47
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From the figure, it is clear that for Λv=0.0, Esym is out side the experimental region.

The calculated results are within the range for Λv ∼ 0.02 - 0.06. It goes again beyond the

shaded region (HIC data) [276] for larger value of Λv. This analysis suggests the limiting

value of Λv as well as to include the ω− ρ−coupling in the E-RMF Lagrangian to improve

the E-RMF(G2) parametrization. Thus an improve parameter set E-RMF(G2+Λv) on top

of G2 is the need of present day research keeping in view of the upcoming experiments

[281–283].

6.4 Baryonic Matter in β−equilibrium

6.4.1 Neutron Star (n, p, e)

In this section, we study the effect of isoscalar-scalar and isovector-vector coupling with

different coupling strength Λv on top of G2 parameter set in neutron star. Here we consider

the equilibrium system with n, p and e only, with n is denoted as neutron, p is the proton

and e is the electron of the system. In the interior of the neutron star, the neutron chemical

potential exceeds the combined mass of the proton and electron. Therefore, asymmetric

matter with an admixture of electrons rather than pure neutron matter, is a more likely

composition of matter in neutron star interiors. The concentrations of neutrons, protons

and electrons can be determined from the condition of β−equilibrium 1n↔ 1p+ 1e+ 1ν̄

and from charge neutrality, assuming that neutrinos are not degenerate. We have νn =

νp + νe, np = ne, where νn = µn − gωV0 + 1
2
gρb0 and νp = µp − gωV0 − 1

2
gρb0 with

µn =
√

(k2
fn +M∗2) and µp =

√
(k2
fp +M∗2) are the chemical potential, and kfn and kfp

are the Fermi momentum for neutron and proton, respectively. Imposing this conditions, in

the expressions of E and P (Eqns. 6.1-6.2), we evaluate E and P as a function of density.

To calculate the star structure, we use the Tolman-Oppenheimer-Volkoff (TOV) equations

for the structure of a relativistic spherical and static star composed of a perfect fluid were

derived from Einstein’s equations [99], where the pressure and energy densities obtained

from equations (9) and (10) are the inputs. The TOV equation is [99]:

dP
dr

= −1

r

[E + P ] [M + 4πr3P ]

(r − 2GM)
, (6.11)
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Figure 6.4: The neutron star (n, p, e) mass as a function density and radius for G2 parameter

set at different value of Λv.

dM

dr
= 4πr2E , (6.12)

with G as the gravitational constant and M(r) as the enclosed gravitational mass. We have

used c = 1. Given the P and E , these equations can be integrated from the origin as

an initial value problem for a given choice of central energy density, (εc). The value of

r (= R), where the pressure vanishes defines the surface of the star.

We calculate the mass of the neutron star as a function of density and radius. The results

are given in the right and left panel of the Fig. 6.4, respectively. We find a variation of star

mass from 2.077 M� to 1.961 M� with a change of Λv = 0.0 to 0.1 and the respective

radii are 11.438 Km and 10.994 Km. This change is about 4% in radius and ∼ 6% in

mass of the star. Thus a finer tuning in mass and radius of neutron star is possible by a

suitable adjustment on Λv value in the extended parametrization of G2 + Λv to keep the

star properties within the recent experimental observations [96].
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6.4.2 Neutron Star ( Octet, e, µ )

Upto this level we are considering the composition of neutron star is only neutron, proton

and electron. But due to the very high density (∼ 7-8ρ0 ) of neutron star at the core,

other baryons of the octet family apart from neutron and proton become important in the

equation of state [284–288]. It is to be noted that other strange mesons (like σ∗, ω∗) are also

important at such high density [289], however we are confined to the E-RMF (G2) model

and not included their effects in the calculations. In this section, we extend our calculations

to the octet system (n, p, Λ0,Σ0,±1, Ξ−,0) of neutron star (Hyperon Star) with Λv to see the

effect. Although, a large number of studies have been done [36, 290, 291] using G1 and

G2 forces for finite and infinite nuclear matter properties, not much applications have done

for octet system. For simplicity, on the basis of the quark model, one can assume all the

hyperons in the octet system have the same coupling ratio with mesons, they are expressed

as [292]: xσ = xHσ/xNσ =
√

2/3, xω = xHω/xNω =
√

2/3 and xρ = xHρ/xNρ =
√

2/3.

However, this assumption is considered to be naive and unrealistic [293, 294]. It is worthy

to mention that, although we calculate the properties of baryonic systems with various

parametrizations [293, 295], in the work, we have only used the coupling strengths of Ref.

[295]. This parametrization also helps to investigate the relevance of the considered EOS at

high density. The electron e and muon µ are included for maintaining the charge neutrality

and β− equilibrium condition for the octet system under the weak interaction [291, 296]:

B1 → B2 + l + νl; B2 + l→ B1 + νl,

whereB1,B2, l, ν, ν are baryons, leptons, neutrino and antinuetrino respectively. In case of

octet system, we are dealing with neutron star (real system), which become unstable with a

small change in the system. The equation of state obtained for nuclear matter (proton and

neutron only) as well as for octet system are shown in Fig. 6.5 for G2 + Λv. At high den-

sity, the octet EOS becomes stiffer by increasing the value of Λv, but it behaves in different

way at low density region. The equation of state for pure nucleon (with β−equilibrium

and charge neutrality condition) becomes softer with increasing Λv over the whole density

region (see Fig. 6.5). We compare the results with the empirical data for rph=R with un-

certainty 2σ of Steiner et al. [297, 298]. Here R is neutron radius and rph is photospheric

radius. Including the octet, we also plotted the results of nucleon EOS at different values

of Λv. The nucleon EOS well matches with the data at low and high densities, but the octet
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Figure 6.5: Equation of states (EOS) for octet and nucleon system at different Λv. G2 set

is used for nucleonic and the coupling strength for hyperons are used from Ref. [295]. The

empirical EOS obtained by Steiner et al. for rph=R with uncertainty of 2σ [297] (shaded

region in the graph) is given for comparison.

EOS deviates at high value of ρB. It only coincides with the empirical values at interme-

diate density. Inclusion of these other octet family with neutron and proton make the EOS

softer as shown in Fig. 6.5 and reduce the neutron star mass [299–302]. We also calculated

the mass of neutron star with the baryonic octet and two leptons (e, µ) (Hyperon Star) as

shown in Fig. 6.6. The ratio of hyperon star to the solar mass (M/M�) with respect to den-

sity (1014 gm/cm3) of the system at different values of Λv are shown in Figure 6. One can

easily see that the effect of Λv in hyperon star behaves in different way as correspond to the

neutron star with only n, p and e, i.e. mass of the star increases with Λv. The radius R of

the hyperonic star is also estimated and it is decreases with Λv which can be realized from

Fig. 6.5. From this analysis, we noticed an impressive observation, the influence of Λv in

addition with the G2 parameter set is not much on the octet equation of state, because of

the dominance of the self interaction of the isoscalar vector meson (ζ0 coupling constant).

But this isoscalar-vector and isovector-vector coupling is crucial for a finer refinement of

the octet system.
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6.4.3 Composition of nuclear Matter

The relative yields of the octet system is calculated in two different parametrizations: (i)

same coupling ratios as assumed by the quark model [292] and (ii) different couplings for

different baryons [293, 295]. These results are shown in Fig. 7 (a) and Fig. 7 (b) for

different Λv, respectively. The solid line presents the yield at Λv=0.00 and at Λv=0.01

by dashed line. One can easily see that within the constant coupling approximation, first

Σ−hyperon generate at∼ 1.9ρ0. The yield of this hyperon increases rapidly upto∼ 3ρ0 and

then saturated. Just after this, the Λ− hyperon generated at ∼ 2.1ρ0 and the yield becomes

constant at ∼ 5.1ρ0. The effect of ω − ρ coupling can be easily seen from the yield curve

(solid and dashed lines) for Ξ−,0 which are started from ∼ 4.5ρ0 and ∼ 7.0ρ0, respectively.

By increasing the cross-coupling constant Λv, the origin of the Ξ−,0 changes significantly.

In Fig. 7(b), different coupling constants are used for various hyperons and nucleons family

to see the effect of Λv particle fraction in nuclear matter within β−equilibrium and charge

neutrality condition. Here, we get almost similar results for p, n, and Σ±,0 as in Fig. 7(a).

A further inspection of these two figures reveals that the production of different hyperons

occur at a higher density when we consider different coupling strengths ((ii) case). For

example, Σ0 produced at ∼ 4.0ρ0 in case (i) and it is at ∼ 5.4ρ0 for case (ii). In general,

the effect of Λv coupling on the yield product on the octet family does not seem significant,
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except for Ξ.

6.5 Summary and Conclusions

We study the sensitivity of the cross-coupling ω − ρ with the coupling constant Λv on

symmetry energy Esym and nuclear equation of state. The constant Λv is introduced on

top of the recently developed G2 parameter set. From the analysis, we found that Λv is

a crucial quantity responsible for a finer tuning of the symmetry energy as well as EOS.

The Esym is found to be softer with Λv to a maximum value of Λv ∼ 0.15. Our calculated

result matches well with the experimental data as well as other theoretical predictions for

Esym and Lcoeff at ρ = ρ0 for different values of Λv. However, this results deviate from

the experimental range when ignore the cross-coupling. The effect of Λv on neutron star

properties, such as mass M/M� and radius (R) are also studied and found that, with the

help of this coupling, one can modify these observables to some limit. In case of octet

system, the coupling term containing Λv plays an important role in finer adjustment of the
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equation of state and Yi. Thus, we may say that this interaction ω − ρ is crucial for both

cases (nucleon and hadron).
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Chapter 7

Effect of isospin asymmetry in nuclear

system

The effect of δ− and ω − ρ−meson cross couplings on asymmetric nuclear systems are

analyzed in the frame-work of an effective field theory motivated relativistic mean field

formalism. The calculations are done on top of the G2 parameter set, where these con-

tributions are absent. We analyzed the root mean square charge radius, binding energy,

single particle energy (for the 1st and last occupied orbits), density and spin-orbit interac-

tion potential for some selected nuclei. We evaluate the Lsym− and Ksym− coefficients for

nuclear matter as function of δ− and ω − ρ−meson coupling strengths. As expected, the

influence of these effects are negligible for symmetry nuclear system and these effects are

important for systems with large isospin asymmetry.

7.1 Introduction

In recent years the effective field theory approach to quantum hadrodynamic (QHD) has

been studied extensively. The parameter set G2 [142,143], obtained from the effective field

theory motivated Lagrangian (E-RMF) approach, is quite successful in reproducing the

nuclear matter properties including the structure of neutron star as well as of finite nuclei

[36]. This model well reproduce the experimental values of binding energy, root mean

square (rms) radii and other finite nuclear properties [103,173]. Similarly, the prediction of

nuclear matter properties including the phase transition as well as the properties of compact
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star are remarkably good [291]. The G2 force parameter is the largest force set available,

in the relativistic mean field model. It contains almost all interaction terms of nucleon with

mesons, self and cross coupling of mesons upto 4th order.

In the E-RMF model of Furnstahl et al. [142,143], the coupling of δ−meson is not taken

into account. Also, the effect of ρ and ω meson cross coupling was neglected. It is soon re-

alized that the importance of δ meson [45] and the cross coupling of ω and ρ−mesons [303]

can not be neglected while studying the nuclear and neutron matter properties. Horowitz

and Piekarewicz [91] studied explicitly the importance of ρ− and ω− cross coupling to

finite nuclei as well as to the properties of neutron star structures. This coupling also in-

fluences the nuclear matter properties, like symmetry energy Esym, slope parameters Lsym

and curvature Ksym of Esym [268].

The observation of Brown [88] and later on by Horowitz and Piekarewicz [91] make

it clear that the neutron radius of heavy nuclei has a direct correlation with the equation

of state (EOS) of compact star matter. It is shown that the collection of neutron to proton

radius difference 4r = rn − rp using relativistic and nonrelativistic formalisms show

two different patterns. Unfortunately, the error bar in neutron radius makes no difference

between these two pattern. Therefore, the experimental result of JLAB [304] is much

awaited. To have a better argument for all this, Horowitz and Piekarewicz [91] introduced

Λs and Λv couplings to take care of the skin thickness in 208Pb as well as the crust of

neutron star. The symmetry energy, and hence the neutron radius, plays an important role

in the construction of asymmetric nuclear EOS. Although, the new couplings Λs and Λv

take care of the neutron radius problem, the effective mass splitting between neutron and

proton is not taken care. This effect can not be neglected in a highly neutron-rich dense

matter system and drip-line nuclei. In addition to this mass splitting, the rms charge radius

anomaly of 40Ca and 48Ca may be resolved by isovector-scalar δ−meson inclusion to the

E-RMF model.

7.2 Results and Discussions

As we know isospin of the system plays a very crucial role in drip-line nuclei and its con-

tribution can not be ignored in the asymmetric system. Now a days, going far from the
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β−stable line nuclei to unstable one easy due to the availability of the experimental facili-

ties in the international communities. By keeping these facts, we included the extra degree

of freedom in the system by introducing the δ−meson in well established Lagrangian of

Ref. [143]. For our analysis, we took two type of methodology:

• We included the delta meson on top of G2 Lagrangian and analyzed behaviour of the

system by changing the coupling strength of δ−meson. First part of this chapter will

mainly focus on this methodology and see the effect of δ−meson coupling on finite

and infinite nuclear systems and we extend our calculation to neutron star [305].

• We split the isospin contribution of the system between ρ− and δ−meson. The be-

havior of system within this modified parameter are analyzed and given in separate

section. We follow the similar strategy as discussed in first point [306].

7.2.1 The δ−meson coupling on top of G2 parameter

Our calculated results are shown in Figs. 7.1-7.9 for both finite nuclei and infinite nuclear

matter systems. The effect of δ−meson and the crossed coupling constant Λv of ω − ρ

fields on some selected nuclei like 48Ca and 208Pb are demonstrated in Figs. 7.1-7.4 and the

nuclear matter outcomes are displayed in rest of the figures and table. In one of our recent

publication [268], the explicit dependence of Λv(ω − ρ) on nuclear matter properties are

shown and it is found that it has significant implication on various physical properties, like

mass and radius of neutron star and Esym asymmetry energy and its slope parameter Lsym

for infinite nuclear matter system at high densities. Here, only the influence of Λv on finite

nuclei and that of gδ on both finite and infinite nuclear systems are studied.

Finite Nuclei

In this section we analyzed the effects of δ meson and Λv coupling in finite nuclei. For

this, we calculate the binding energy (BE), rms radii (rn, rp, rch, rrms), and energy of first

and last filled orbitals of 48Ca and 208Pb with gδ and Λv. The finite size of the nucleon is

taken into account for the charge radius using the relation rch =
√
r2
p + 0.64. The results

are shown in Figs. 7.1, 7.2.

In our calculations, while analyzing the effect of gδ, we keep Λv = 0 and vice versa.

From the figures, it is evident that the binding energy, radii and single particle levels εn,p
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Figure 7.1: Binding energy (BE), root mean square radius and first (1sn,p) and last (1fn,

2sp) occupied orbits for 48Ca as a function of gδ and Λv.
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affected drastically with gδ contrary to the effect of Λv. A careful inspection shows a slight

decrease of rn with the increase of Λv consistent with the analysis of [307]. Again, it

is found that the binding energy increases with increasing of the coupling strength upto

gδ ∼ 1.5 and no convergence solution available beyond this value. Similar to the gδ limit,

there is limit for Λv also, beyond which no solution exist. From the anatomy of gδ on rn

and rp, we find their opposite trend in size. That means the value of rn decreases and rp

increases with gδ for both 48Ca and 208Pb. It so happens that both the radii meet at a point

near gδ = 1.0 (Fig 7.1 and Fig. 7.2) and again shows reverse character on increasing gδ,

i.e., the neutron skin thickness (rn − rp) changes its sign with gδ. This interesting results

may help us to settle the charge radius anomaly of 40Ca and 48Ca.

In Fig. 7.1(c), we have shown the first (1sn,p) and last (1fn and 2sp) filled orbitals for
48Ca as a function of gδ and Λv. The effect of Λv is marginal, i.e., almost negligible on εn,p

orbitals. However, this is significance with the increasing value of gδ. The top most filled

orbital even crosses each other at gδ ∼ 1, although initially, it is well separated. On the

other hand, the first filled orbital 1s both for proton and neutron get separated more and

more with gδ, which has almost same single particle energy εn,p at gδ = 0. We get similar

trend for 208Pb, which is shown in Fig. 7.2(c). In both the representative cases, we notice

orbital flipping only for the last filled levels.

The nucleon density distribution (proton ρp and neutron ρn) and spin orbit interaction

potential Eso of finite nuclei are shown in Figs. 7.3 and 7.4. The calculations are done

with two different values of gδ and Λv as shown in the figures. Here, the solid line is

drawn for initial and dotted one is for the limiting values. In Fig. 7.3(a), we have depicted

the neutron, proton and total density distribution for 48Ca at values of gδ = 0.0 and 1.3.

Comparing Figs. 7.3(a) and 7.3(c), one can see that the sensitivity of gδ is more than Λv

on density distribution. The spin-orbit potential Eso of 48Ca with different values of gδ are

shown in Fig. 7.3(b) and for Λv in Fig. 7.3(d). Similarly, we have given these observables

for 208Pb in Fig. 7.4. In general, for light mass region both coupling constants gδ and Λv are

less effective in density distribution and spin-orbit potential. It is clear from this analysis

that the coupling strength of δ−meson is more influential than the isoscalar-vector and

isovector-vector cross coupling. This effect is mostly confined to the central region of the

nucleus.
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Figure 7.3: The neutron, proton and total density with radial coordinate r(fm) at different

values of gδ (a) and Λv (c). The variation of spin-orbit potential for proton and neutron are

shown in (b) and (d) by keeping the same gδ and Λv as (a) and (c) respectively.
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Figure 7.4: Same as Fig. 7.3 for 208Pb.
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Nuclear Matter

In this section, we do calculation for nuclear matter properties like energy density and pres-

sure, symmetry energy, radii and mass of the neutron star using ω − ρ and δ couplings on

top of G2 parametrization. Recently, it is reported [268] that the ω−ρ cross coupling plays

a vital role for nuclear matter system on important physical observables like equation of

state, symmetry energy coefficient, Lsym coefficient etc. A detail account is available in

Ref. [268] for ω − ρ coupling on nuclear matter system. The main aim of this section is to

take δ meson as an additional degree of freedom in our calculations and elaborate the effect

on nuclear matter system within G2 parameter set. In highly asymmetric system like neu-

tron star and supernova explosion, the contribution of δ meson is important. This is because

of the high asymmetry due to the isospin as well as the difference in neutron and proton

masses. Here, in the calculations the β−equilibrium and charge neutrality conditions are

not considered. We only varies the neutron and proton components with an asymmetry pa-

rameter α, defined as α = ρn−ρp
ρn+ρp

. The splitting in nucleon masses is evident from equations

(16) and (17) due to the inclusion of isovector scalar δ−meson. For α=0.0, the nuclear mat-

ter system is purely symmetrical and for other non-zero value of α, the system get more

and more asymmetry. For α = 1.0, it is a case of pure neutron matter.

In Fig. 7.5(a), the effective masses of proton and neutron are given as a function of gδ.

As we have mentioned, δ−meson is responsible for the splitting of effective masses (Eqns.

(16) and (17)), this splitting increases continuously with coupling strength gδ. In Fig. 7.5,

the splitting is shown for few representative cases at α=0.0, 0.75 and 1.0. The solid line

is for α=0.0 and α=0.75, 1.0 are shown by dotted and dashed line, respectively. From the

figure, it is clear that the effective mass is unaffected for symmetric matter. The proton

effective mass M∗
p is above the reference line with α = 0 and the neutron effective mass

always lies below it. The effect of gδ on binding energy per nucleon is shown in Fig. 7.5(b)

and pressure in Fig. 7.5(c). One can easily see the effect of δ meson interaction on the

energy density and pressure of the nuclear system. The energy density and pressure show

opposite trend to each other with the increase function of gδ.
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Figure 7.5: Variation of nucleonic effective masses, binding energy per particle (BE/A)

and pressure as a function of gδ on top of G2 parameter set for nuclear matter.
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Energy and Pressure Density

We analyze the binding energy per nucleon and pressure including the contribution of

δ−meson in the G2 Lagrangian as a function of density. As it is mentioned earlier, the

addition of δ−meson is done due to its importance on asymmetry nuclear matter as well

as to make a full fledged E-RMF model. This is tested by calculating the observables at

different values of δ−meson coupling strength gδ. In Fig. 7.6, the calculated BE/A and

P for pure neutron matter with baryonic density for different gδ are shown. Unlike to the

small value of gδ upto 1.5 in finite nuclei, the instability arises at gδ=7.0 in nuclear matter.

Of course, this limiting value of gδ depends on the asymmetry of the system.

In Fig. 7.6(a), we have given BE/A for different values of gδ. It is seen from Fig. 7.6(a),

the binding increases with gδ in the lower density region and maximum value of binding

energy is ∼ 7 MeV for gδ=7.0. On the other hand, in higher density region, the binding

energy curve for finite gδ crosses the one with gδ=0.0. That means, the EOS with δ−meson

is stiffer than the one with pure G2 parametrization. As a result, one get a heavier mass of

the neutrons star, which suited with the present experimental finding [96]. For comparing

the data at lower density (dilute system, 0 < ρ/ρ0 < 0.16) the zoomed version of the

region is shown as an inset Fig. 7.6(c) inside Fig. 7.6(a). From the zoomed inset portion, it

is clearly seen that the curves with various gδ at α = 1.0 (pure neutron matter) deviate from

other theoretical predictions, such as Baldo-Maieron [308], DBHF [309], Friedman [310],

auxiliary-field diffusion Monte Carlo (AFDMC) [311] and Skyrme interaction [117]. This

is an inherited problem in the RMF or E-RMF formalisms, which need more theoretical

attention. Similarly, the pressure for different values of gδ with G2 parameter set are given

in Fig. 7.6(b). At high density we can easily see that the curve becomes more stiffer with

the coupling strength gδ. The experimental constraint of equation of state obtained from

heavy ion flow data for both stiff and soft EOS is also displayed for comparison in the

region 2 < ρ/ρ0 < 4.6 [312]. Our results match with the stiff EOS data of Ref. [312].

Symmetry Energy

The symmetry energy Esym is obtained by the energy difference of symmetry and pure

neutron matter at saturation. The results for Esym are given in Fig. 7.7 with experimental

heavy ion collision (HIC) data [269] and other theoretical predictions of non-relativistic
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Figure 7.6: Energy per particle and pressure with respect to density with various gδ.
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Skyrme-Hartree-Fock model. The calculation is done for pure neutron matter with different

values of gδ, which are compared with two selective force parameter sets GSkII [270] and

Skxs20 [275]. For more discussion one can see Ref. [117], where 240 different Skyrme

parametrization are used. Here, the calculations are performed by taking Λv = 0 to see

the effect of δ−meson coupling on Esym. In this figure, shaded region represent the HIC

data [269] within 0.3 < ρ/ρ0 < 1.0 region and the symbols square and circle represent the

SHF results for GSkII and Skxs20, respectively. Analysing the Fig. 7.7, Esym of G2 force

matches with the shaded region in low density region, however as the density increases, the

value of Esym moves away. Again, the symmetry energy becomes softer by increasing the

value of coupling strength gδ. For higher value of gδ, again the curve moves far from the

empirical shaded area. In this way, one can fix the limiting constraint on coupling strength

of δ−meson with the nucleons. Similar to the finite nuclear case, the nuclear matter system

becomes unstable for excessive value of gδ (> 7.0). This constrained may help to improve

the G2+gδ parameter set for both finite and infinite nuclear systems.

In Fig. 7.8, we have given the symmetry energy with its first derivative at saturation

density (Lsym) with different values of coupling strength staring from gδ × 4π = 0.0− 7.0.

The variation in symmetry energy takes place from 45.09 to 20.04 MeV, Lsym from 120.60

to 55.78 MeV and Ksym from −29.28 to 13.27 MeV at saturation density corresponding

to 0.0 < gδ × 4π < 7.0. From this investigation, one can see that G2 set is not sufficient

to predict the constrained on Esym and Lsym. It is suggestive to introduce the δ−meson

as an extra degree of freedom into the model to bring the data within the prediction of

experimental and other theoretical constraints.

Neutron Star

In this section, we study the effect of δ−meson on mass and radius of neutron star. Re-

cently, experimental observation predicts the constraint on mass of neutron star and its

radius [96]. This observation suggests that the theoretical models should predict the star

mass and radius as M ≥ (1.97 ± 0.04)M� and 11 < R(km) < 15. Keeping this point in

mind, we calculate the mass and radius of neutron star and analyzed their variation with gδ.

The results of mass and radius with various δ−meson coupling strength gδ is shown in

Fig. 7.9. In left panel, the neutron star mass with density (gm/cm3) is given, where we can

see the effect of the newly introduced extra degree of freedom δ−meson into the system.

109



Figure 7.7: Symmetry energy Esym (MeV) of neutron matter with respect to different value

of gδ on top of G2 parameter set. The heavy ion collision (HIC) experimental data [269]

(shaded region) and non-relativistic Skyrme GSkII [270], and Skxs20 [275] predictions are

also given. Λv=0.0 is taken.
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Figure 7.8: Constraints on Esym with its first derivative, i.e., Lsym at saturation density for

neutron matter. The experimental results of HIC [269], PDR [277, 278] and IAS [279] are

given. The theoretical prediction of finite range droplet model (FRDM) [280] and Skyrme

parametrization [117] are also given.
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Figure 7.9: The mass and radius of neutron star at different values of gδ. (a) M/M� with

neutron star density (gm/cm3), (b) M/M� with neutron star radius (km).
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On the right side of the figure, [Fig. 7.9], M/M� is depicted with respect to radius (km),

where M is the mass of the star and M� is the solar mass. The gδ coupling changes the

star mass by ∼5.41% and radius by 5.39% with a variation of gδ from 0 to 6.0. From this

observation, we can say that δ−meson is important not only for asymmetry system normal

density, but also substantially effective in high density system. If we compare this results

with the previous results [268], i.e., with the effects of cross coupling of ω−ρ on mass and

radius of neutron star, the effects are opposite to each other. That means, the star masses

decreases with Λv, whereas it is increases with gδ.

7.2.2 Selection of gδ, gρ and Λv:

The G2 set is a phenomenological parametrization. All the parameters in this set are ad-

justed to reproduce some specific experimental data. Therefore, each of the coupling con-

stant contains physics and it is difficult to disentangle the influence of the various physical

properties on these parameters. Apart from this, all the parameters depend on the underly-

ing fitting strategy. Thus we can not just add one more parameter like gδ to study it’s effect

keeping all the other parameters of G2 fixed. Because the physics described by this gδ

might be included already in the other parameters and leading towards a double counting.

Since, both gδ and gρ depends on the isospin symmetry, we expect that, some parts of the

effects of gδ might be taken into account in the parameter gρ at the time of fitting the G2 set.

Fortunately, in this particular case of gδ, we expect a connection between the parameters gδ

and gρ as both of them carry isospin. In such a situation, there are two possible solutions

to this problem (i) the dependence on both gδ and gρ independently. In this case, modify

the parameter gρ to fit an experimental data which is linked to both gρ and gδ for each new

given value of gδ, such as binding energy or (ii) get a completely new parameter set as it is

done for G2 including δ−meson as a degree of freedom from the beginning, i.e., start from

an ab initio calculations as done in [313].

Here, we study the effect of gδ on finite and infinite nuclear matter systems adopting

the first approach. The combination of gδ and gρ are chosen in such a way that for a given

value of gδ, the combined values of gδ and gρ on top of G2 (with changed gρ) reproduce

the physical observable of a particular experimental measure. In this case, we have taken

the binding energies of 48Ca and 208Pb as the experimental data. These values change
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from their original prediction of G2 with the addition a given gδ. To bring back the G2

binding energies of 48Ca and 208Pb, we modified the gρ coupling. This is done because of

the isospin coupling linked with both gδ and gρ. In this way, we get various combinations

of (gρ, gδ) for different given value of gδ. The combination of gρ and gδ are listed in Table

7.1 which are used in the calculations for both finite nuclei and infinite nuclear matter. It is

to be noted that while setting the gδ− gρ combination, the Λv is taken as zero. On the other

hand, Λv changes on top of the pure G2 parameter set to see the influence of Λv for finite

nuclei, as the binding energy and proton radius rp are almost insensitive to Λv [307].

Finite Nuclei

In Fig. 7.10(a), we have shown the binding energy difference ∆BE of 48Ca between the

two solutions obtained with (gρ, gδ=0) and (gρ, gδ), i.e.

∆BE = BE(gρ, gδ = 0)−BE(gρ, gδ), (7.1)

here BE(gρ, gδ = 0) is the binding energy at gδ = 0 in the adjusted combination of (gρ, gδ)

and BE(gρ, gδ) is the binding energy with non-zero gρ and gδ combined which reproduce

the same binding of pure G2. Thus, the contribution of δ− meson to the binding energy is

obtained from this ∆BE. Similarly, the effect of δ−meson in radius of finite nuclei is seen

from:

∆r = r(gρ, gδ = 0)− r(gρ, gδ), (7.2)

where r(gρ, gδ = 0) is the radius at gδ = 0 in the adjusted (gρ, gδ) and r(gρ, gδ) is the G2

radius after reshuffling gρ and gδ combination. The ∆r with corresponding gδ for 48Ca

are shown in the Fig. 7.10(b). We have adopted the same scheme to estimate the effect of

δ−meson on the first and last occupied levels, which are shown in Fig. 7.10(c). It is given

as:

∆ε = ε(gρ, gδ = 0)− ε(gρ, gδ), (7.3)

where ε(gρ, gδ = 0) is the single-particle energy at (gρ gδ = 0) combination, gρ is not same

as G2 set and ε(gρ, gδ) is energy of the occupied level with different values of gρ and gδ

sets.
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The effect of Λv coupling on 48Ca properties like binding energy, radius and single-

particle energy of the first and last occupied levels are shown in the second column of

Figure 7.10. Here, we have taken gδ=0. Following the same procedure of gδ to evaluate

∆BE, ∆r and ∆ε, we estimate the contributions of Λv on the physical quantities. The

variation of binding energy (∆BE) with Λv can be written as:

∆BE = BE(G2)−BE(G2 + Λv), (7.4)

with BE(G2) is the binding energy with pure G2 set and BE(G2 + Λv) is for G2 with

additional ω − ρ− cross coupling. The changes in radius with Λv is given by:

∆r = r(G2)− r(G2 + Λv), (7.5)

where r(G2) is the radius of 48Ca with pure G2 and r(G2 + Λv) with additional Λv on top

of pure G2. This results are shown in Fig. 7.10(e). The effect of Λv on the first and last

filled single-particle levels are given in the Fig. 7.10(f) using:

∆ε = ε(G2)− ε(G2 + Λv), (7.6)

where ε(G2) is the single-particle energy of the first and last occupied levels of 48Ca with

original G2 and ε(G2 + Λv) at various Λv values on top of G2 parameter set. Similar to
48Ca, we have repeated the calculations for 208Pb in Figure 7.11 to study the effect of gδ and

Λv. We have followed exactly the same method as that of 48Ca and calculated the variation

in binding energy, radii and single-particle levels. We obtained almost similar results as

that of Fig. 7.10.

From the figures (Fig. 7.10 and Fig. 7.11), it is evident that the binding energy, radii

and single particle levels εn,p affected drastically with gδ contrary to the effect of Λv. A

careful inspection shows a slight decrease of rn with the increase of Λv consistent with the

analysis of [307]. Again, it is found that the binding energy increases with increasing of the

coupling strength upto gδ ∼ 1.1 and no convergence solution available beyond this value.

Similar to the gδ limit, there is limit for Λv ∼ 0.16 also, beyond which no solution exist.

From the anatomy of gδ on rn and rp (or ∆r), we find their opposite trend in size. That

means the value of rn decreases and rp increases with gδ for both 48Ca and 208Pb. This

interesting results may help us to settle the charge radius anomaly of 40Ca and 48Ca.

In Figs. 7.10(c) and 7.10(f), we have shown the change in single-particle energy ∆εn,p

of the first (1sn,p) and last (1fn and 2sp) filled orbitals for 48Ca as a function of gδ and
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Figure 7.10: Binding energy (BE), root mean square radius and first (1sn,p) and last (1fn,

2sp) occupied orbits for 48Ca using various (gρ, gδ, Λv) combination of Table 7.1.

Λv, respectively. The effect of Λv is marginal, i.e., almost negligible on εn,p orbitals which

is given in Fig. 7.10(f). However, this is significance with the increasing value of gδ. We

get similar trend for 208Pb also, which is shown in Fig. 7.11(c). In both the representative

cases, we notice orbital shifting only for the last filled levels (for gδ ≥ 1.0, not shown in

the figure). The change in nucleon density ∆ρ distribution (proton ρp and neutron ρn) and

spin orbit interaction potential ∆Uso for finite nuclei are shown in Figs. 7.12 and 7.13. The

calculations are done with one set of (gρ, gδ) for checking the effect of gδ in finite nuclei,

and shown in the Figs. 7.12(a) and 7.12(b) for 48Ca. Here, we have taken gδ=1.0 and cor-

responding modified gρ=1.3634 for calculating the ∆ρ [ρ(gρ=1.3634, gδ=0) - ρ(gρ=1.3634,

gδ=1.0)] and ∆Uso[Uso(gρ=1.3634, gδ=0) - Uso(gρ=1.3634, gδ=1.0)]. To see the effective-

ness of Λv on nucleon distribution and spin orbit interaction potential, we have estimated

the ∆ρ[ρ(G2) - ρ(G2 + Λv=0.16)] and ∆Uso[Uso(G2) -Uso(G2 + Λv=0.16)] for both neutron
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Figure 7.11: Same as Fig. 7.10 for 208Pb.
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Figure 7.12: The neutron and proton density with radial coordinate r(fm) at different

combination of (gρ, gδ) in (a) and with Λv in (c). The variation of spin-orbit potential for

proton and neutron are shown in (b) and (d) by keeping the same gδ and Λv as (a) and (c)

respectively.

and proton, respectively. The results are shown in figures 7.12(c) and 7.12(d). Similarly,

we have given these observables for 208Pb in Fig. 7.13. It is clear from this analysis that

the coupling strengths of δ−meson and the isoscalar-vector and isovector-vector cross cou-

pling are quite influential for the density and spin-orbit interaction. This effect is mostly

confined to the central and intermediate region of the nucleus.

Nuclear Matter

In Fig. 7.14(a), the effective masses of proton and neutron are given as a function of gδ.

As we have mentioned, δ−meson is responsible for the splitting of effective masses (Eqns.

(16) and (17)), this splitting increases continuously with coupling strength gδ. In Fig. 7.14,
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Figure 7.13: Same as Fig. 7.12 for 208Pb.
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Figure 7.14: Variation of nucleonic effective masses, binding energy per particle (BE/A)

and pressure as a function of gδ on saturation density of G2 parameter set for nuclear matter.
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the splitting is shown for few representative cases at α=0.0, 0.75 and 1.0. The solid line

is for α=0.0 and α=0.75, 1.0 are shown by dotted and dashed line, respectively. From the

figure, it is clear that the effective mass is unaffected for symmetric matter. The proton

effective mass M∗
p is above the reference line with α = 0 and the neutron effective mass

always lies below it. The effect of gδ on binding energy per nucleon is shown in Fig. 7.14(b)

and pressure in Fig. 7.14(c). One can easily see the effect of δ− meson interaction on the

energy density and pressure of the nuclear system. The energy density and pressure show

opposite trend to each other with the increase of gδ.

Energy and Pressure Density

In Fig. 7.15, the calculated BE/A and P for pure neutron matter (α = 1.0) with baryonic

density for different combination of gρ and gδ values which is shown in the first column in

Table 7.1.

It is seen from Fig. 7.15(a), the binding increases with gδ in the lower density region

and in higher density region, the binding energy curve for finite gδ crosses the curve of

gδ=0.0. The EOS with δ−meson is stiffer than the one with pure G2 set at higher den-

sity. As a result, one will get a heavier mass of the neutrons star, which suited with the

present experimental finding [96]. For comparing the data at lower density (dilute system,

0 < ρ/ρ0 < 0.16) the zoomed version of the region is shown as an inset Fig. 7.15(c) inside

Fig. 7.15(a). From the zoomed inset portion, it is clearly seen that the curves with various

combination of gρ and gδ at α = 1.0 (pure neutron matter) deviate from other theoretical

predictions, such as Baldo-Maieron [308], DBHF [309], Friedman [310], auxiliary-field

diffusion Monte Carlo (AFDMC) [311] and Skyrme interaction [117]. Similarly, the pres-

sure for different sets of (gρ, gδ) are given in Fig. 7.15(b). At high density we can easily

see that the curve becomes more stiffer with the coupling strength gδ. The experimental

constraint of equation of state obtained from heavy ion flow data for both stiff and soft EOS

is also displayed for comparison in the region 2 < ρ/ρ0 < 4.6 [312]. Our results match

with the stiff EOS data of Ref. [312].

Symmetry Energy

The results for Esym are shown in Fig. 7.16 with experimental heavy ion collision (HIC)

data [269] and other theoretical predictions of non-relativistic Skyrme-Hartree-Fock model.
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Figure 7.15: Energy per particle and pressure with respect to baryon density at various

combination of gδ of Table 7.1.
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The calculation is done for symmetric nuclear matter with different values of gδ, which are

compared with two selective force parameter sets GSkII [270] and Skxs20 [275]. Here in

our calculations, as usual Λv = 0 to see the effect of δ−meson coupling on Esym. In figure

Fig. 7.16, shaded region represent the HIC data [269] within 0.3 < ρ/ρ0 < 1.0 region and

the symbols square and circle represent the SHF results for GSkII and Skxs20 respectively.

Analyzing Fig. 7.16, Esym of G2 matches with the shaded region in low density region,

however as the density increases, the value of Esym moves away. Again, the symmetry

energy becomes softer by increasing the value of coupling strength gδ. For higher value

of gδ, again the curve moves far from the empirical shaded area. In this way, we can

fix the limiting constraint on coupling strength of δ− meson and nucleon. Analysing the

results of EOS with the DD-ME2 and DD-MEδ parametrizations [89], we find that DD-

ME2 overestimates the data, while DD-MEδ matches well. On the other hand the symmetry

energy with these sets coincides upto 2ρ0 of nuclear matter density. From this result, we

can not isolate the contribution of δ−meson on Esym or EOS. Because, the goal of the two

parametrizations is to reproduce the empirical data. However, in our present case, our aim

is to entangle the contribution of δ−meson with and without gδ coupling keeping all other

parameters intact.

In Fig. 7.17, we have given the symmetry energy with its first derivative at saturation

density with different values of coupling strength staring from gδ = 0.0−0.6. The variation

of Esym, Lsym and Ksym with gδ are listed in Table 7.1. The variation in symmetry energy

takes place from 36.48 to −0.89 MeV, Lsym from 100.91 to 28.71 MeV and Ksym from

−7.57 to 322.51 MeV at saturation density corresponding to 0.0 ≤ gδ ≤ 1.0. The pure

G2 set (0.755, 0.0) is not sufficient to predict this constrained on Esym and Lsym. It is

suggestive to introduce the δ−meson as an extra degree of freedom into the model to bring

the data within the prediction of experimental and other theoretical constraints. From this

investigation, one can see that the permissible values ofEsym, Lsym andKsym do not obtain

by all the combinations of gρ and gδ. Thus, it is needed to choose a suitable set of gρ and

gδ for proper parametrization both for finite nuclei or infinite nuclear matter.

Neutron Star

The results of mass and radius with various δ−meson coupling strength gδ is shown in

Fig. 7.18. In left panel, the neutron star mass with density (gm/cm3) is given, where we can
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Figure 7.16: Symmetry energy Esym (MeV) of symmetric nuclear matter with respect to

density by taking different value of gδ sets. The heavy ion collision (HIC) experimental

data [269] (shaded region) and non-relativistic Skyrme GSkII [270], and Skxs20 [275]

predictions are also given. Λv=0.0 is taken.
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Figure 7.17: Constraints on Esym with its first derivative, i.e., Lsym at saturation density

for symmetric nuclear matter. The experimental results of HIC [269], PDR [277, 278] and

IAS [279] are given. The theoretical prediction of finite range droplet model (FRDM) [280]

and Skyrme parametrization [117] are also given.
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Figure 7.18: The mass and radius of neutron star at different values of gδ. (a) M/M� with

neutron star density (gm/cm3), (b) M/M� with neutron star radius (km).
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Table 7.1: The symmetry energy Esym (MeV), slope co-efficient Lsym (MeV) and Ksym

(MeV) at different sets of (gρ, gδ).

(gρ, gδ) Esym Lsym Ksym

(0.755, 0.0) 36.48 100.91 -7.57

(0.763, 0.1) 36.08 100.11 -4.25

(0.7875, 0.2) 34.94 97.88 5.68

(0.827, 0.3) 33.05 94.21 22.21

(0.879, 0.4) 30.38 89.01 45.37

(0.9423, 0.5) 26.99 82.45 75.10

(1.0142, 0.6) 22.84 74.40 111.45

(1.0937, 0.7) 17.98 65.02 154.36

(1.179, 0.8) 12.39 54.24 203.85

(1.2691, 0.9) 6.09 42.10 259.91

(1.3634, 1.0) -0.89 28.71 322.51

see the effect of the newly introduced extra degree of freedom δ−meson into the system.

On the right side of the figure, [Fig. 7.18], M/M� is depicted with respect to radius (km),

where M is the mass of the star and M� is the solar mass. Here, we used the different set

of gρ and gδ coupling constants for calculating the star properties. From this observation,

we can say that δ−meson is important not only for asymmetry system at normal density,

but also substantially effective in high density system also.

7.3 Summary and Conclusions

In summary, we rigorously discussed the effects of cross coupling of ω − ρ−mesons in

finite nuclei on top of the pure G2 parameter set. The variation of binding energy, rms

radii and energy levels of protons and neutrons are analyzed with increasing values of Λv.

The change in neutron distribution radius rn with Λv is found to be substantial compared

to the less effectiveness of binding energy and proton distribution radius for the two rep-

resentative nuclei 48Ca and 208Pb. Thus, to fix the neutrons distribution radius depending

on the outcome of PREX experimental [304] result, the inclusion of Λv coupling strength

is crucial. As it is discussed widely, the role of cross coupling of ω − ρ−mesons in the
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nuclear matter system is important.

We emphasized strongly the importance of the effect of the extra degree of freedom,

i.e., δ−meson coupling into the standard RMF or E-RMF model, where, generally it was

ignored. We have seen the effect of this coupling strength of δ−meson in finite and infi-

nite matter which is substantial and very different in nature. It may be extremely helpful

to fix various experimental constraints. For example, with the help of gδ, it is possible to

modify the binding energy, charge radius and flipping of the orbits in asymmetry finite nu-

clei systems. The nuclear equation of state can be made stiffer with inclusion of δ−meson

coupling. On the other hand, softening of symmetry energy is also possible with the help

of this extra degree of freedom. In compact system, it is possible to fix the limiting values

of gδ and Λv by testing the effect on available constraints on symmetry energy and its first

derivative with respect to the matter density. This coupling may be extremely useful to fix

the mass and radius of neutron star keeping in view of the recent observation [96].
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Chapter 8

Gravitational wave strain amplitude

from rotating compact neutron star

8.1 Introduction

About 96 percent mass-energy of the Universe is chargeless [314]. Thus, unlike electro-

magnetic radiation, it is difficult to get information from this huge part of cosmos either

directly or indirectly. The only possible way to study this neutral part of the Universe is the

gravitational wave (GW) radiation. The main disadvantage of the gravitational radiation

is its production in laboratories. One has to depend for its sources on extra-celestial body

which has a large mass with a compact dimension in size. In this context, neutron star

could be a probable candidate to generate the gravitational wave radiation and its possible

detection on earth. A rotating deformed neutron star emits gravitational waves. Therefore,

it is very important to discuss the upper limit of GW amplitude, rotational frequency νr,

quadrupole moment Φ22 and ellipticity ε of a neutron star predicted by various theoretical

models and will open up a door for the experimental facilities to arrange their detectors

accordingly to detect the gravitational amplitude [100, 315].

The recently measured static mass of the neutron star (NS) [96] is quite massive than the

earlier measured mass from the neutron star pulsar PSR 1913+16 (M = 1.144M�) [316].

Those equation of states (EOS) give the mass of Taylor et al. [316] fails to reproduce

the maximum mass of (1.97 ± 0.04)M� [96]. To get a larger mass, one needs a stiff

EOS, which again oppose the softer EOS of kaon production [317, 318]. To make such
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a model in the same footing, extra interactions are needed as it is done in G1 and G2

parametrizations [142, 143]. In this work, we have used 20 different force parameters for

both non-relativistic Skyrme and relativistic mean field (RMF) equation of states (EOS) to

calculate the gravitational wave strain amplitude of rotating neutron stars. The detection of

GW amplitude has the following implications:

• It will verify the General Theory of Relativity.

• The zero mass of the graviton with a speed of velocity of light will be verified.

The general expression for the energy and pressure density for asymmetric nuclear

matter (ANM) including with β−equilibrium condition for neutron star equation of states

as a function of number density ρ can be found in Refs. [117, 118, 319]. The 13 Skyrme

parameter sets used in the calculations are SGII, SkM*, RATP, SLy23a, SLy23b, SLy4,

SLy5, SkT1, SkT2, KDE0v1, LNS, NRAPR, SkMP [100,117,319] and the 7 RMF sets are

G2, G1, NL3, TM1, FSU, L1 and SH [100,142,143]. These all parameters along with their

saturation properties are given in Table 8.1.

8.2 Formalism

For neutron star, the neutron chemical potential exceeds the combined masses of the proton

and electron. Therefore, asymmetric matter with an admixture of electrons rather than pure

neutron matter, is a more likely composition. The concentrations of neutron (n), proton (p)

and electron (e) can be determined from the condition of β−equilibrium n ↔ p + e + ν̄

and from charge neutrality, assuming that neutrinos ν are not degenerated. Imposing these

conditions in the expressions of E and P , we evaluate E and P as functions of density. To

calculate the star structure, we use the Tolman-Oppenheimer-Volkoff (TOV) equations for

a relativistic spherical and static star composed of a perfect fluid (derived from Einstein’s

equations of General Theory of Relativity [99]). The pressure and energy densities are the

input ingredients. The TOV equation is given by [99]:

dP
dr

= −1

r

[E + P ] [M + 4πr3P ]

(r − 2M)
, (8.1)

dM

dr
= 4πr2E , (8.2)
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with M(r) as the enclosed gravitational mass. We have used c = 1, G = 1, the velocity

of light and universal gravitational constant, respectively. Given P and E , these equations

can be integrated from the origin as an initial value problem for a given choice of central

energy density. The value of r (= R), where the pressure vanishes defines the surface of

the star [99].

Another realistic approximation, when neutron star is rotating with static, axial sym-

metric, space-time, the time translational invariant and axial-rotational invariant metric in

spherical polar coordinate (t, r, θ, φ) can be written as:

ds2 = −e2νdt2 + e2α(dr2 + r2dθ2)

+e2βr2sin2θ(dφ− ωdt)2, (8.3)

where the metric functions ν, α, β, ω depend only on r and θ. For a perfect fluid, the energy

momentum tensor can be given by:

T µν = Pgµν + (P + E)uµuν , (8.4)

with the four-velocity

uµ =
e−ν√
1− v2

(1, 0, 0,Ω), (8.5)

here

v = (Ω− ω)r sin θeβ−ν , (8.6)

is the proper velocity relative to an observer with zero angular velocity and Ω is the an-

gular velocity of the star measured from infinity. Now, we can compute the Einstein field

equation given by

Rµν −
1

2
gµνR = 8πTµν , (8.7)

whereRµν is Ricci tensor and R is the scalar curvature. From this, we can solve the equation

of motion for metric function:

∆
[
ρeζ
]

= Sρ(r, µ), (8.8)(
∆ +

1

r

∂

∂r
− 1

r2
µ
∂

∂r

)
γeζ = Sγ(r, µ), (8.9)(

∆ +
2

r

∂

∂r
− 2

r2
µ
∂

∂r

)
ωe

γ−2ρ
2 = Sω(r, µ), (8.10)
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where γ = β+v, ρ = v−β and µ =cosθ. The right hand side of the equations contains the

source terms. One can find more details about these equations in Ref. [320]. We can put

the limit on the maximum rotation i.e. Kepler frequency Ωk, by the onset of mass shedding

from the equator of the star. The final expression for Ωk, in general relativistic formalism

is given as:

ΩK = ω +
ω′

2ψ′
+ ev−β

[
1

R2

v′

ψ′
+

(
eβ−vω′

2ψ′

)2
] 1

2

, (8.11)

where ψ = β′ + 1
R

and the prime denotes the differentiation with respect to the radial

coordinate. For the calculation of rotational neutron star properties like mass, radius, rota-

tional frequency, we used the well established rotational neutron star (RNS) code of Ster-

gioulas [321, 322].

8.2.1 Properties of Rotating Neutron Star

We have calculated the maximum mass and radius of static and rotating neutron star by

using the well established RNS code. For this, we need only energy and pressure density

which will be provided by non-relativistic and relativistic models of equation of state. Now,

our aim is to calculate the quadrupole moment in maximum projection state m = 2 for

neutron star by using a chemically detailed model for the crust [323]. The relation of

quadrupole moment with maximum mass M (M�) and radius R (km) is given as:

Φ22 = 2.4× 1038gcm2
(σmax

10−2

)( R

10km

)6.26

×
(

1.4M�
M

)1.2

, (8.12)

where σmax is called breaking strain of the crust. In the calculations, we have taken its two

possible values, i.e. 10−2 and 10−3.

The quadrupole moment [Eqn. (8.12)] and ellipticity of the neutron star is connected to

each other by a simple relation [323]:

ε =

√
8π

15

Φ22

Izz
, (8.13)
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where the z axis is the rotation axis and Izz is the moment of inertia along the z-axis and

for conventional neutron star, it is given as [324]:

Izz = 9.2× 1044gcm2

(
M

1.4M�

)(
R

10km

)2

×
[
1 + 0.7

(
M

1.4M�

)(
10km

R

)]
. (8.14)

For each (non-relativistic and relativistic) parameter sets, we can calculate the max-

imum mass and radius of the neutron star and then other observables like quadrupole,

ellipticity and moment of inertia. The maximum rotational frequency νmax of the stable

rotationary neutron star can be given by the simple relation [118]:

νmax = 1.22× 103

(
M

M�

)1/2(
R

10km

)−3/2

, (8.15)

The gravitational wave has two polarization states (h+, h×). The h+ polarization com-

ponent of a plane gravitational wave with frequency f propagating in z-direction has the

form h+(z = 0, t) = h0e
2πift, where h0 is gravitational wave strain amplitude and t is time

coordinate. The cross polarization h× has its principle axes rotated 45 degrees relative to

the plus polarization, which is a consequence of the spin-2 nature of the gravitational field.

We use eqns. (8.12 - 8.15) to calculate the gravitational wave strain amplitude h0 which is

given by [325]:

h0 =
16π2G

c4

εIzzf
2

r
, (8.16)

with r is the distance of neutron star from the earth [326]. After getting the mass and radius,

we have calculated other properties like Φ22, ε, I and h0 of rotating neutron star.
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8.3 Results and Discussions

The parameters are fitted to the saturation properties of symmetric nuclear matter like bind-

ing energy per nucleon (BE/A), effective mass of nucleons M∗, incompressibility mod-

ulus K0, symmetry energy Esym and density (ρ0). We have shown these empirical values

in Table 8.1. For a general idea and to see the behavior of these forces on binding energy

per nucleon and pressure density, we have plotted Fig. 8.1(a). We get a stiff EOS for SH

parameter, which is one of the oldest RMF interaction and a soft EOS for LNS parameter.

The rest of the EOS’s for various parameter sets are between these two extremes. Our the-

oretical EOS for RMF and SHF results are compared with the most accepted experimental

data of Danielewicz et al. [312] in Fig. 8.1(b). From the figure, it is seen that all the EOS

predicted with SHF formalism passes nicely through the experimental shaded region. On

the other hand, the RMF based EOS of NL3, SH and TM1 are far from the experimental

observation.
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Figure 8.1: (a) Binding energy per nucleon (BE/A) (MeV) and (b) Pressure density

for symmetric nuclear matter with non-relativistic and relativistic models as a function

of baryon density.
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However, the recently proposed G1 and G2 sets of RMF formalism very much within

the experimental shaded region. These parameters not only match with the EOS of Ref. [312]

but also predict the recent mass of neutron star [96].

We have noted down the maximum mass and the corresponding radius obtained from

various parameter sets using TOV solution in Fig. 8.2 (a). Again from the rotating neutron

star (RNS) code, we collected the Mmax and Rmax for the rotational cases in Fig. 8.2 (b).

Here also, we put the result of pulsar J1614-2230 [96] as a standard reference shown by

the horizontal strip and compared our results. Comparing the mass of static and rotational

star, one can easily see that rotational neutron star mass is larger than the static one. As

Demorest et al. [96] stated that the theoretical models should have the maximum mass more

or near to (1.97±0.04)M�, the Shapiro delay provides no information for the neutron star’s

radius and we can not put any constraint on the radius of neutron star. The non-relativistic

model parameter LNS is not comfortable in static case, but it is within the cut off region

for rotational NS.

From the figure, a larger number of parameter sets, like FSU, SGII, SkM*, LNS, RATP

and SkT2 are not crossing the horizontal strip, which is the experimental constraint on

static/slowly rotating neutron star mass ( M
M�

) [96]. To reproduce the recent star mass [96]

(as the masses do not lie within the experimental strip) FSU parameter set [64] has been

extended to IUFSU [65] to keep the prediction within the experimental constraint. For

non-relativistic sets, the forces are chosen by taking into consideration their success in

finite nuclei. For more descriptive study, we refer the readers to go through Refs. [117,

319], where one will get 214 sets of SHF parametrization and their applications to various

systems.

Before going to discuss the gravitational wave frequency νgw, we would like to see the

rotational frequency νr = ΩK
2π

of neutron star and the related quantities, such as I, Φ22 and ε

used for the evaluation of gravitational wave strain h0. The value of νr obtained from vari-

ous parameter sets are shown in Figure 8.3 (a). The νr of a NS are found to be within 700

to 1200 Hz for all the considered SHF and RMF parameter sets. The maximum rotational

frequency 1200 Hz is predicted by the non-relativistic SGII and RATP sets. Unlike to the

rotational Keplerian frequency ΩK , the gravitational frequency νgw is a tedious experimen-

tal exploration [325,327]. The calculated values of νgw obtained by various SHF and RMF

parametrizations are almost double of the rotational frequency νr, because of its polarity.
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Figure 8.2: Maximum mass ratio (M /M�) and radius R (km) of static and rotating neu-

tron star obtained from TOV and RNS models with various non-relativistic and relativistic

model parameters.

In Fig. 8.3(b), we have given the moment of inertia I of the rotating neutron star. Since,

inertia is a static property, it is totally depends on its mass distribution, i.e. the maximum

mass and corresponding radius. The APR and DBHF + Born B results are also given in

the figure for comparison. For quantitative understanding of the quadrupole moment Φ22

in different relativistic and non-relativistic models parameters, we have calculated Φ22. Al-

though, it is not valid for high frequency rotating star, but for qualitative behavior of model

parameter, we can use this approximate relation, which depends only on the mass and ra-

dius of the neutron star with the breaking strain of the neutron star crust σ. At present, the

σ value is very much uncertain and its limiting range is σ = 10−5 − 10−2 [328]. In the

calculations, the two chosen values of σ (10−2 and 10−3) are taken to evaluate Φ22 and the
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Figure 8.3: Rotational frequency νr, moment of inertia I, quadrupole deformation Φ22 and

ellipticity ε from various parameter sets.

results are shown in Fig. 8.3 (c). The results are also compared with the theoretical pre-

dictions of APR and DBHF + Bonn B. The APR results shown by black line, which shows

the decrease of quadrupole moment of neutron star with mass M . Also, we get same trend

in DBHF + Bonn B (red colour in Fig. 8.3(c)) predictions. The results with σ = 10−3,

match well to the APR and DBHF + Bonn B predictions, while for σ = 10−2, we get very

scattered values as shown in Fig. 8.3(c). The ellipticity of a neutron star is an important

observable, which gives the structural variation of a star from its spherical shape. We have

given our calculated results obtained by all the force parameters in Fig. 8.3(d). We have

also compared our results with two theoretical models APR (black line) and DBHF + Bonn

B (blue dash line) along with the two experimental results of Ref. [329] for x = 0 (red

dotted line) and −1 (green dotted dash line). Here, we have shown the results of two sets

with σ = 10−2 and σ = 10−3, which are shown by open circle and square in Fig. 8.3(d).

As this is rotational star, the maximum mass is larger compared to slowly rotating one. If
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we see the results shown in Fig. 8.3(d), our calculated result still matches with the earlier

work for large NS mass. Thus our predicted ellipticity of rotating neutron star using vari-

ous parameter sets, where their origin are very much different from each other are almost

similar. The variation of the ellipticity ε obtained from various star mass is very small. This

will be helpful for us to constrain the results of quadrupole moment, moment of inertia and

breaking strain of the neutron star.

For a rotating neutron star, the gravitational wave amplitude h0 is an experimental ob-

servable. We can observed it directly by specially designed experimental setup [325, 327].

The gravitational wave is generated by the rotation of an axially asymmetric neutron star.

The wave strain amplitude h0 can be measured by knowing the maximum mass and cor-

responding radius of a star. Apart from the mass and radius, the quadrupole moment Φ22,

moment of inertia along the rotation axis Izz, ellipticity of the star due to rotation ε and ro-

tational frequency νr are essential inputs for the estimation of the gravitational wave strain

h0. These values are depicted in Figure 8.3 for σ = 10−2 and σ = 10−3 with r = 0.1, 0.2

and 0.4 kpc. These are some standard values used by earlier calculations [329]. So in

this way, we have given the GW strain amplitude and frequency relation for four sets of

data as shown in the Fig. 8.4 along with the experimental results (for more discussion, see
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Ref. [329]). Here, the gravitational frequencies obtained more than 500 Hz from all the pa-

rameter sets. We have noticed an important point here is that the gravitational wave strain

amplitude decreases with increasing r and decreases with the value of breaking strain of

neutron star crust σ.

In summary, the calculated gravitational wave strain amplitude, gravitational wave fre-

quency, Keplerian frequency, quadrupole moment and ellipticity of rotating neutron star

are almost consistent with all the considered models which show the model independent

predictions of the observables. We found that gravitational wave strain amplitude is a func-

tion of breaking strain of neutron star crust and distance between the star and the earth.

From our calculation, we approximate the range of the gravitational wave amplitude be-

tween 10−24 to 10−22 for rotating neutron star. The moment of inertia of the star comes

around ∼ 1045 gcm2 and the predicted range of gravitational wave frequency is in between

400 to 1280 Hz. We have calculated the rotating frequency of star and concluded that, if we

increase the rotating frequency then the increment in the mass is also changes subsequently.

The ellipticity of the neutron star is consistent in all the considered 20 parameter sets which

will be helpful to constrain the value of quadrupole and moment of inertia of the NS and

vice versa.
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Chapter 9

Summary and Conclusions

In the present thesis, we summarise the main finding and conclusion of our thesis in this

chapter. In first part of the thesis, we have used effective mean field models (SHF and

RMF) and discussed the finite nuclei properties like binding energy, charge radius, nucleon

density distribution, shapes (prolate, oblate and spherical), and evolution of single particle

orbits. Apart from these finite nuclei properties, we discussed the microscopic origin of

NN-potential, which is one of the most outstanding problems of all time in nuclear physics

study. Here, we have derived a nucleon-nucleon potential R3Y and NR3Y starting from a

microscopic level, which can be used as an alternative of M3Y or DDM3Y NN-interactions.

The NN-potential (NR3Y) so obtained is an appropriate replacement substitution for the

widely used M3Y potential, which has empirical origin. The main point of NR3Y (Non-

linear three Yukawa) potential is that the constants are generated from the well established

RMF parameters (HS, NL3). The NR3Y interaction is very useful in many body system at

low energy.

We have used the effective mean field models in low mass region and study the parity

doublet in low lying Ω states in Chapter 4. We have able checked the applicability of

mean field formalism in Ne-S (Neon to Sulphur) region of the mass table comparing with

the experimental data. We found that the considered models (SHF, RMF) are good enough

to explain the drip-line nuclei 40Mg and 42Al which are predicted by various mass models

beyond the drip-line. We have analyzed the shape coexistence and deformation parameters

of these considered nuclei within the effective mean field approaches. We found that the

low Ω orbits (Ω=1
2
) becomes more bound and nearly degenerate with the orbits of opposite
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parity, i.e. they show parity doublet structure. Low lying parity doublet band structures and

enhanced odd parity multipole transitions are possible for the superdeformed shape.

In Chapter 5, we have calculated the binding energy (BE), charge (rch) and matter

radii (rrms), quadrupole deformation parameter (β2) for the neutron drip-line nuclei having

atomic number Z=17-23, 37-40 and 60-64 using RMF (NL3∗) formalism. These regions

are recently predicted to be extra stable compared to their near by isotopes, hence termed

as ”island of inversion”. Since the considered isotopes are experimentally unknown, we

compared our results with the predictions of various mass formulas (FRDM and INM). We

found large differences both in binding energy and deformation parameters indicating the

special nature of these nuclei. This type of special features can be resolved by experimental

verification which may be possible in near future, because of the evolution of advance

experimental facilities. For more definite conclusions, one needs extra attention for these

drip-line nuclei. In our analysis, we got some interesting features like a bump and pit

at some places in charge distribution radius, which are different from the conventional

distribution.

In second part of the thesis, major portion is focused on extension of the model. This

is done by incorporating some extra terms into the model Lagrangian. In this way, we

included cross coupling interaction, which arises due to the coupling between isovector-

vector ρ−meson and isoscalar-vector ω−meson in Chapter 6. The important point for

this term is that it does not affect the symmetry part of the system, but changes the neu-

tron skin, giant dipole resonance and symmetry energy. It also makes the equation of state

(EOS) softer and bring the compressibility down, which is one of the successes of the

modification. We have discussed its effects on finite and infinite nuclear systems in a very

extensive way and showed its applicability. We added this coupling on top of the E-RMF

parametrization (G2 parameter) which is a very successful parameter set available in lit-

erature. It plays a crucial role in softening the symmetry energy (Esym) at large baryon

density. The Esym is found to be softer with the value Λv ∼0.15 (cross coupling constant

of ρ−ω) and after that overestimate to the experimental results. The results match with the

experimental data as well as other theoretical predictions for Esym and Lsym at saturation

density for different values of Λv. The effects on composition of neutron star and mass ra-

dius trajectory are also very important. With the help of this cross coupling, we can obtain

the mass and radius of neutron star within current experimental observations, which are
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very good constraints on nuclear models. The predicted range of Λv helps us in developing

new parameter sets.

With the same motivation, we include an extra meson degree of freedom into the model,

i.e. the δ−meson, which arises due to the mass difference of neutron and proton (Chap-

ter 7). The effects of extra coupling on finite and infinite nuclear systems are discussed and

it concluded that mass isospin is important only in the large asymmetric systems (drip-line

nuclei). We have discussed the effects of δ−meson coupling on BE, rch and single particle

energy levels of nucleons. From the analysis, we conclude that δ−meson is more effec-

tive than the cross coupling on finite and infinite systems. The variation in the coupling

constants are taken care on top of G2 parameter and we keep the original G2 parameter

intact. To avoid double counting of isospin, one needs more care to handle the δ−meson

coupling in the presence of ρ−meson. For this, we split the isospin part of the system

into two components and again re-shuffle the coupling constants of ρ and δ−mesons to

get the same physical observables. Finally, with these obtained combinations (gρ, gδ), we

have evaluated the BE, rch, single particle energy and spin-orbit interaction potential for
48Ca and 208Pb. The δ−meson coupling can make the EOS stiffer at large baryon density

which will estimate a heavier mass of neutron star (NS). Another beauty of δ−coupling is

to make the softer Esym at higher density which is one of the most awaited results from

the experimental side. The behavior of symmetry energy near the saturation density is well

understood but it is totally unknown for away from the saturation density. So, a proper

fitting of coupling constants inneed for the upcoming experiments.

In Chapter 8, an extensive study has been done on the Nuclear Astrophysics. Here,

we analyzed the behaviour of static and rotating neutron star. We used several (more than

20) relativistic and non-relativistic parameter sets for mass and radius of NS. Properties of

rotating neutron star like gravitational wave strain amplitude, gravitational wave frequency,

Keplerian frequency, quadrupole moment and ellipticity are calculated with various forces.

Maximum mass and its corresponding radii are used to calculate these observables. We got

almost consistent results with all considered forces, which shows the model independent

predictions of the observables. We found that the gravitational wave strain amplitude is a

function of breaking strain of neutron star crust and distance between the star and earth.

From the calculations, we approximate the range of the gravitational wave amplitude be-

tween 10−24 to 10−22 for rotating neutron star. The moment of inertia of the star comes
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around ∼ 1045 gcm2 and the predicted range of the gravitational wave frequency is in be-

tween 400 to 1280 Hz. We have calculated the rotating frequency of star and concluded

that, if we increase the rotating frequency then the increment in the mass also changes sub-

sequently. The ellipticity of the neutron star is consistent in all the considered parameter

sets which will be helpful to constrain the value of quadrupole moment and moment of

inertia of neutron star and vice versa. Our results will be helpful to the new generation of

gravitational wave detectors families.

The whole work of the thesis is based on the Hartree and Hartree-Fock approximations.

Within this approximation, one can only analyze ground and intrinsic excited states of the

system. To study the excited band structure of a nucleus, one should extend the model be-

yond the mean field level. This can be achieved by including the particle-hole correlations

via the small amplitude limit of the Hartree and Hartree-Fock equations. This allows one

to describe the excitation energy of Giant Resonances in nuclei. Another approach is to

use particle hole correlations to study collective nuclear surface vibrations and allow them

to interact with single particle degrees of freedom. Such a scheme correspond to the Par-

ticle Vibration Coupling (PVC) approach. These corrections are very useful in the context

of current experimental research. So, study of the nuclear properties within these correc-

tions will be interesting and able to solve many outstanding problems of nuclear physics

community.
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[246] G. Colò, P. F. Bortignon, N. Van Gai, A. Bracco, and R. A. Broglia, Phys. Lett. B

276, 279 (1992).

[247] J. P. Blaizot, J. F. Berger, J. Decharge, and M. Girod, Nucl. Phys. A 591, 435 (1995).

[248] I. Hamamoto, H. Sagawa, and X. Z. Zhang, Phys. Rev. C 56, 3121 (1997).

[249] K. A. Brueckner, C. A. Levinson, and H. M. Mahmoud, Phys. Rev. 95, 217 (1954).

158



[250] H. A. Bethe, Phys. Rev. 103, 1353 (1956).

[251] J. Goldstone, Proc. R. Soc. London, Ser. A 239, 267 (1957).

[252] H. A. Bethe, Annu. Rev. Nucl. Sci. 21, 93 (1971).

[253] M. R. Anastasio, L. S. Celenza, W. S. Pong, and C. M. Shakin, Phys. Rep. 100, 327

(1983).

[254] C. J. Horowitz, and B. D. Serot, Nucl. Phys. A 464, 613 (1987).

[255] R. Brockmann, and R. Machleidt, Phys. Rev. C 42, 1965 (1990).

[256] J. Piekarewicz, Phys. Rev. C 66, 034305 (2002).

[257] J. Piekarewicz, Phys. Rev. C 69, 041301 (2004).

[258] N. K. Glendenning, F. Weber, and S. A. Moszkowski, Phys. Rev. C 45, 844 (1992).

[259] H. Heiselberg and M. Hjorth-Jensen, Astrophys. J. Lett. 525, L45 (1999).

[260] P. K. Panda, A. Mishra, J. M. Eisenberg, and W. Greiner, Phys. Rev. C 56, 3134

(1997).

[261] J. Casares, P. A. Charles, and E. Kuulkers, Astrophys. J. Lett. 493, L39 (1998).

[262] W. Kohn and L. J. Sham, Phys. Rev. 140, A1133 (1965).

[263] T. Matsui, Nucl. Phys. A 370, 365 (1981).

[264] C. Xu, B.-A. Li, and L.-W. Chen, Phys. Rev. C 82, 054607 (2010).

[265] W. G. Newton, M. Gearheart, and B.-A. Li, arXiv:1110.4043 (2011).

[266] A. W. Steiner and S. Gandolfi, Phys. Rev. Lett. 108, 081102 (2012).

[267] F. J. Fattoyev, W. G. Newton, J. Xu, and B.-A. Li, Phys. Rev. C 86, 025804 (2012).

[268] S. K. Singh, M. Bhuyan, P. K. Panda, and S. K. Patra, J. Phys. G: Nucl. Part. Phys.

40, 085104 (2013).

[269] M. Tsang et al., Phys. Rev. C 86, 015803 (2012).

159



[270] B. K. Agrawal, S. K. Dhiman, and R. Kumar, Phy. Rev. C 73, 034319 (2006).

[271] P. A. M. Guichon, H. H. Matevosyan, N. Sandulescu, and A. W. Thomas, Nucl.

Phys. A 772, 1 (2006).

[272] F. Tondeur, M. Brack, M. Farine, and J. M. Pearson, Nucl. Phys. A 420, 297 (1984).

[273] B. A. Brown (private communication).

[274] M. Rashdan, Mod. Phys. Lett. A 15, 1287 (2000).

[275] B. A. Brown, G. Shen, G. C. Hillhouse, J. Meng, and A. Trzcińska, Phys. Rev. C 76,
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