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SUMMARY

Study of topological phases of matter has remained a central interest in modern condensed mat-

ter physics community for the last decade oweing to its own merit. The remarkable discoveries of
graphene and topological insulator has boosted the invetigation in various other topological systems
and two dimentional (2D) materials. Along this direction, many monolayer materials namely silicene,
phosphorene, borophene, dichalcogenides etc. have been predicted theoretically exhibiting topologi-
cal phases. Theye have been successfully synthesied on different substrates in experiments. Numer-
ous novel topological phases e.g. topological superconductor, Weyl semimetal, Dirac semimetal etc.
have also attracted immense interest both in theory and experiments not only from fundamental point
of view but for their possible application in spintronics and topological quantum computation. Very
recent addition, in this direction, is the discovery of higher order phases i.e., higher order topological
insulator and superconductor. Few of them have recently been synthesized in various experimental

setups.

Transport signatures have played a crucial role to probe and distinguish the novel topological
phases in various systems for a long time. Presence of any bound states, either in topological or
trivial system, have also been predicted by studying various transport phenomena namely electrical
and thermal conductance, shot noise, Joshephson current etc. Moreover, transport measurement can
also indicate any topological phase transition that takes place in the system. Major part of the present
thesis is devoted to study the transport signature of various novel topological phases and Majorana
zero mode in hybrid junctions of low dimentional systems (2D spin-orbit coupled Dirac materials
and 1D nanowire) using scattering matrix formalism. A part of the thesis also discusses the magnetic

exchange interaction in monolayer of anisotropic Dirac material- borophene.

Silicene, a 2D allotrope of silicon, has Dirac-like band structure which is predicted to be tunable by
an external electric field applied perpendicular to the silicene sheet. This tunable band gap arises due
to the presence of spin-orbit coupling. This enables the possibility of realizing a rich variety of topo-
logical phases and Majorana fermion in it under suitable circumstances. This 2D material has been
grown experimentally by successful deposition of silicene sheet on silver substrate. Our objective was

to explore the transport properties of various hybrid junction of this new generation Dirac materials.



In this direction, the properties of thermal conductance in a normal-insulator-superconductor (NIS)
junction of silicene have been studied for both thin and thick barrier limit of the insulating region.
While thermal conductance, in this kind of junction of Dirac materials, displays the conventional ex-
ponential dependence on temperature, it manifests a nontrivial oscillatory dependence on the strength
of the barrier region. We have explored the tunability of the thermal conductance by the interplay
betwen external electric field and the induced superconducting gap. Moreover, the effect of doping
concentration on thermal conductance has also been discussed. In the thin barrier limit, the period of
oscillation of the thermal conductance as a function of the barrier strength comes out to be /2 when
doping concentration in the normal silicene region is small. On the other hand, the period gradually
converts to m with the enhancement of the doping concentration. Such change of periodicity of the
thermal response with doping can be a possible probe to identify the crossover from specular to retro
Andreev reflection in Dirac materials. In the thick barrier limit, thermal conductance exhibits oscilla-
tory behavior as a function of barrier thickness d and barrier height V; while the period of oscillation
becomes V[, dependent. However, amplitude of the oscillations, unlike in tunneling conductance,
gradually decays with the increase of barrier thickness for arbitrary height V{ in the highly doped

regime. We have discussed experimental relevance of our findings.

Adiabatic quantum pumping is a transport phenomenon in which low-frequency periodic modu-
lations of at least two system parameters with a phase difference lead to a zero bias finite dc current
in meso- and nanoscale systems. Such zero-bias current is a consequence of the time variation of
the parameters of the quantum system which explicitly breaks time-reversal symmetry. We have
theoretically investigated the phenomena of adiabatic quantum charge pumping through a normal-
insulator-superconductor-insulator-normal (NISIN) setup of silicene within the scattering matrix for-
malism. Assuming thin barrier limit of the insulating region, we have considered the strength of the
two barriers (y; and x2) as the pumping parameters in the adiabatic regime. Within this geometry,
we have obtained crossed Andreev reflection (CAR) with probability unity in the y1-X2 plane without
the unwanted concomitant elastic cotunneling (CT). Tunability of the band gap at the Dirac point by
appyling an external electric field perpendicular to the silicene sheet and variation of the chemical po-
tential at the normal silicene region, open up the possibility of achieving novel perfect CAR process
through our setup. This resonant behavior arises periodically in the plane of the barrier strengths. The

behavior of the pumped charge through the NISIN structure as a function of the pumping strength
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and angles of the incident electrons have been analyzed. We have predicted that almost quantized
pumped charge can be obtained through our geometry when the pumping contour encloses the CAR
or transmission resonance in the pumping parameter space. We have mentioned possible experimen-

tal feasibility of our theoretical predictions.

Majorana zero mode, in condensed matter system, is an emmergent quasi-particle of self-conjugate
nature and is predicted to be building block of fault tolerant topological quantum computation. Topo-
logical superconductor, in 3D (2D), supports this zero energy Majorana modes at its vortex (edge).
Zero bias peak (ZBP) in the differential conductance in hybrid superconductor-semiconductor sys-
tems as an indirect signature of Majorana zero modes was earlier predicted theoretically and then
confirmed experimentally. We have looked into the transport properties of a quasi one dimensional
ferromagnet-noncentrosymmetric superconductor (F-NCS) junction using scattering matrix formal-
ism. We have shown that the relative orientation of the stoner field (fl) in the ferromagnetic lead
and the d vector of the superconductor acts like a on-off switch for the zero bias conductance of the
device. In the regime, where triplet pairing amplitude dominates over the singlet counterpart (topo-
logical phase), a pair of Majorana zero modes appear at each end of the superconducting part of the
nanowire. The presence of the two kinds of pairing gaps gives rise to a pair of Majorana modes
instead of a lone one at each end. When h is parallel or anti-parallel to the d vector, transport gets
completely blocked due to blockage in pairing while, when h and d are perpendicular to each other,
the zero energy two terminal differential conductance spectra exhibits sharp transition from 4e?/h to
2¢%/h as the magnetization strength in the lead becomes larger than the chemical potential indicating
the spin selective coupling of pair of Majorana zero modes to the lead. For a canted angle between h
and d, a zero bias dip emmerges out instead of a peak, in the tunneling conductance giving birth to a

possible novel probe of the zero modes in the transport measurements.

Ruderman-Kittel-Kasuya-Yosida (RKKY) exchange interaction is an indirect exchange coupling
between two magnetic impurities being mediated by the conduction electrons of the host material.
Since the RKKY exchange interaction is directly related to the susceptibility of the host material, it
has been used as a probe in electronic systems. We have theoretically investigated the indirect sig-
natures of the tilted anisotropic Dirac cones on RKKY exchange interaction in 8-Pmmn borophene,

a two dimensional polymorph of boron atoms. The 8-Pmmn borophene is one of the most recent
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2D polymorph of boron atoms, which has been predicted to host tilted Dirac cones where the tilting
direction around the Dirac cones are opposite to each other. Unlike the case of isotropic non-tilted
Dirac material-graphene, here we have observed that the tilting of the Dirac cones exhibits a signifi-
cant impact on the RKKY exchange interaction in terms of the suppression of oscillation frequency.
The reason can be attributed to the behavior of the Fermi level and the corresponding density of states
with respect to the tilting parameter. When the two impurities are located perpendicular to the tilt
axis, interference between the Dirac fermions from different valleys do not contribute to the oscilla-
tion frequency and the period of oscillation increases as one enhances the value of the tilt parameter.
This change of oscillation frequency may be a possible way to indirectly probe the degree of tilting
of the Dirac cone present in anisotropic Dirac materials such as 8-Pmmn borophene. On the other
hand, for the separation of the two impurities being along the tilt axis, interference among the Dirac
cones plays a dominant role in determining the period of oscillation and the tilt parameter exhibits
a negligible effect on the corresponding period. We have derived the direction dependent analytical
expressions of the RKKY exchange interaction, in terms of Meijer G-function. Behavior of RKKY
exchange interaction is also investigated numerically for two spatially separated magnetic impurities

in the x-y plane of the 2D borophene sheet.

We have concluded the thesis with a summary and possible future directions.
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externally, as are the two super-gates. (b) Magnetic field dependence of the quantized
ZBP is depicted in upper panel while the line cut along the zero-bias is presented in
the lower panel. Magnetic field direction is aligned with the nanowire axis for all
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20 mK. (¢) Comparison between experiment and theory is shown : left (right) panel
dictates the vertical line-cuts from b (d) at 0 T and 0.88 T (1.07 meV). (d) Theoretical
results of dI /dV obtained from simulation is shown, with chemical potential i = 0.3
meV. This figure is adapted fromRef. [4] . . . . . . . .. .. ... ... ... ...
(a) : Tunnel-gate dependence of the quantized ZBP at B=0.8T while super-gate and
back-gate voltages are fixed at -6.5V" and OV, respectively. (b), (c) : Horizontal line-
cuts from (a), revealing zero-bias conductance and above-gap conductance, respec-
tively. The zero-bias conductance shows a quantized plateau for a range of tunnel-
gate voltage. (d) : Theoretical results using Majorana simulation is shown describing
the tunnel-gate dependence of dI/dV. The Zeeman field is chosen at 0.8 meV and

chemical potential at 0.6 meV. This figure is adapted from Ref. [4] . . . . . . .. ..
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genta (light grey) line indicates the direction of the heat transport in response to a

temperature gradient 67" between the normal and the superconducting side. . . . . .
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4.1

4.2

4.3

4.4

4.5

A schematic sketch of our silicene NISIN set-up. Silicene sheet with hexagonal lattice
structure is deposited on a substrate (orange, light grey). Here /V indicates the normal
region, I denotes the thin insulating barrier region (grey, light grey). A bulk super-
conducting material of length L, denoted by S (pink, light grey), is placed in close
proximity to the silicene sheet to induce superconducting correlation in it. Two gates
GG, and (G5 (dark green, dark grey) are connected to the two normal regions (N) of
the silicene sheet to tune the chemical potential (doping) there. Two extra gates (blue
and red, light grey) indicated by y; and x» are symbolically denoted to modulate the
barrier strengths. . . . . . . . . L L
A schematic sketch of the band structure of our silicene NISIN setup is depicted. For
the normal regions of silicene (/V) as well as superconducting (S) silicene region,
both K and K’ valleys are presented. In contrast, only K valley is shown for both
the insulating regions (/) for simplicity. Conduction band is denoted by CB while
the valence bands are marked as VB. At the left normal silicene side, the chemical
potential is kept at the bottom of the CB (u;, = 5A, dashed line) while at the right
normal silicene side, the chemical potential is set at the top of the valance band (g =
—b5A, dashed line) to obtain resonant CAR process. . . . . . .. ... ... ....
The plot shows the variation of the normal reflection phase 7. and CAR phase dy,,
with time ¢, along a chosen pumping contour in the x; - yo plane. . . . .. ... ..
Plot of CAR probability |t 4]? in y1-X2 plane. The contours a;, a, represents = 7 /4
and P = 1.51, P = 3.35 respectively. On the other hand, the contours a3, a4 are for
n = /6 and P = 1.82, P = 4.56 respectively. The value of the other parameters
are chosentobe L = 2.1, E = 0.9A, w = 1, xo = 1.7, ur, = BA, ugp = —5HA,
s =20Aand A\, = Ag = DA, ..
The pumped charge () in units of the electron charge e, for pumping in the x1-x-
plane, is shown as a function of the pumping strength P for circular and elliptic
contours. The value of the other parameters are chosen to be the same as mentioned

mFIg. 4.4, . . .
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4.7

4.8

4.9

4.10

4.11

4.12

4.13

Plot of CAR probability | 4|* along with lemniscate contours are shown in the x1-X2
plane. The contours by, by represents § = 7 /4 and the contours corresponding to
0 = /3 are bs, by. We have chosen the mean values 1, = 1.69 and yo, = 1.75. The
value of the other parameters are chosen to be the same as mentioned in Fig. 4.4.

Pumped charge () in unit of electon charge e, for pumping in the y;-x2 plane, is
shown as a function of the pumping strength P;, for the lemniscate contours. All
other parameters are identical to those used in Fig. 4.4. . . . . ... ... ... ...
The variation of the normal reflection phase 7. and transmission phase J., with time
t, is shown along a chosen pumping contour in the x; - x2 plane. . . . .. ... ..
Transmission probability |t.|?> along with circular and elliptic contours are shown in
X1-X2 plane. The contours ¢, ¢y represent n = /4 and P = 1.5, P = 3.34 respec-
tively. On the other hand, the contours c3, ¢4 correspond to n = 7/6 and P = 1.55,
P = 4.65 respectively. The value of the other parameters are chosen to be L = 2.2¢,
E=093A,w=1,x0=17 ur, =5A, ur = 5A, us = 20A and \;, = A\ = 5A. .
Pumped charge () in unit of electron charge e, for pumping in the x;-x2 plane, is
shown as a function of the pumping strength P for the circular and elliptic contours.
We choose the same values of the other parameters as mentioned in Fig. 4.9. . . . . .
Transmission probability |¢.|* together with different lemniscate contours are shown
in the ;-2 plane. The contours d;, do represents = 7 /4 and the contours d3, dy4
corresponds to § = /3. We choose the values of 1, and x», as x1, = X2, = 1.68.
All other parameters are identical to those used in Fig. 49. . . . .. ... ... ...
Pumped charge (), in unit of electron charge e, is depicted as a function of the pump-
ing strength P, for the lemniscate contours. All other parameters are identical to
thoseusedin Fig. 4.9. . . . . . . . ... L
Pumped charge (), in unit of electron charge e, is shown as a function of the incident
angle ay, for both up = —5A and pur = 5A. Here we choose n = /4, P = 3.35
for up = —5A and P = 3.34 for up = bA respectively. . . . . .. ... ... ...
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6.1

Schematic of our FS setup in which a quasi 1D NW (dark gray) is placed in close
proximity to a ferromagnet F (light blue, light gray) and a bulk inversion symmetry
broken superconductor S (brown, gray). Superconductivity is induced in the NW via
the proximity effect. The gates G' (maroon, light gray) control the chemical potential
in different regions of the NW. A reservoir is attached with ferromagnetic portion of
the nanaowire and is denoted by N. A J-function barrier is symbolically depicted
by the light green (light gray) rectangular barrier at the FS interface. Two pair of
MZMs are shown by green (light gray) and dark blue (gray) circles at each end of the
superconducting part of the NW. . . . . . . . ... ... oo L.
The behavior of reflection and SFAR scattering probabilities are shown as a function
of incident electron energy (normalized by (A, + A,)) for two different angle of
magnetization ¢/ of the ferromagnet. The value of the other parameters are chosen as
h=1,u=0,A0,=0,A,=1,Z=4andU =15 . . . ... ............
The behavior of differential conductance G (in unit of ¢?/h) is displayed in the plane
of incident electron energy (¢) and angle of magnetization (¢). The values of the other
parameters are chosen to be the same as mentioned in Fig. 5.2. Here, black dashed
and white dotted lines correspond to the behavior of the same for ¢ = 7/4 and ¢ = 0
respectively i.e., they highlight G for Fig. 5.2. . . . ... ... ... ... ... ...
The features of differential conductance G (in unit of €2 /1), at € = 0, is demonstrated
in B—Ap plane in panel (a) and h— plane in panel (b). We choose the values of the
other parameters as ¢ = 7/2, p = 1, Ay =1 — A,, Z = 4, U = 15 for panel (a) and
w=1A;=0,A,=1,7Z=4,U =15forpanel (b). ... ... ... ... ... ...

(a) A tilted, anisotropic Dirac cone of 8-Pmmn borophene, in the vicinity of Dirac
point kp, is shown in the ¢,-g, plane. (b) The behavior of DOS (in arbitrary unit) is

demonstrated near the Dirac point for different values of the tilt parameter v,.
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D.1

E.1

Schematic of the lattice structure of 8-Pmmn borophene. Big blue (dark gray) circles
and small red (light gray) circles distinct two types of nonequivalent atoms By (ridge
atom) and B; (inner atom) respectively. The unit cell, comprising of 8 atoms, is
shown by dashed black rectangle. Magnetic impurities are schematically shown by
golden (light gray) and dark green (dark gray) arrows. Bottom (golden) arrows are
aligned perpendicular to the tilt axis (z axis) while the left arrows (golden and dark
green) are located along the tilt axis (y axis) inside the 2D sheet. . . . . . . .. . ..
The behavior of the suscepibilities x1; and x12 is shown as a function of R, in panels
(a) and (b), and as a function of v; in panels (c) and (d) respectively. We choose the
other parameters as vy = 1.0, R, = 0, Eg)) = 0.5. Black dashed line indicates the
null susceptibility. . . . . . . . . .. L
The behavior of the suscepibilities x1; and 2 are illustrated as a function of R, with
vy = 0 for both anisotropic Fermi velocities and isotropic counterpart in panel (a) and
(b) respectively. The value of the other parameters are chosen as I?,, = 0, El@ = 0.5.
The behavior of the suscepibilities x1; and X2 is illustrated as a function of R, in
panels (a) and (b), and as a function of v, in panels (c) and (d) respectively. The value
of the other parameters are chosen as vy = 1.0, R, =0, E}O) =05 .........
The behavior of the susceptibilities x1; and Y32 are depicted as a function of R,
in panels (a) and (b) respectively. The value of the other parameters are chosen as

vp = 1.0, EI(;O) = 0.5, R, = 5inpanel (a) and R, = 2inpanel (b). . . . . ... ...
Nearest neighbor and next nearest neighbor coupling are shown in silicene lattice.

(a) Schematic of an electron pump device. (b) Area enclosed by the periodic modula-

tion of the parameters x1(¢) and x»(¢). This figure is adapted from Ref.??. . . . . . .

“LHS” of Eq. (E.3) is drawn as a function of €. Parameters used are: h =1, W=

0,A,=1.0, A, =00, U=15, b =7/2, 0 =0 .. . ... ..
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CHAPTER 1

2D Dirac Materials

1.1 Introduction

Graphene, till date, is the most well known two dimensional (2D) Dirac material [7]. The remarkable
discovery of Graphene took place in 2004 by Novoselov and Geim [8]. A year later, topological in-
sulator was predicted in Graphene by Kane and Mele [9], but it was later realised that the spin-orbit
coupling, which is mandatory to realize QSHE, is too small to get any reasonable signature of the
same in experiments. Topological insulator, with insulating bulk and conducting counter propagat-
ing edges, was predicted theoretically in 2006 by Bernevig, Hughes and Zhang in HgTe quantum

well [10, 11] and was later experimentally verified by Konig et al. in 2007 [12].

Along this direction, many monolayer materials namely silicene [13], phosphorene [14], borophene [15],
transition metal dichalcogenides [16] etc. have been predicted theoretically exhibiting topological
phases [17, 18, 19, 20]. They have been successfully synthesized on different substrates in experi-
ments [21, 22, 23, 24]. Numerous novel topological phases e.g. topological superconductor, Weyl
semimetal, Dirac semimetal etc. have also attracted immense interest both in theory and experiments
not only from fundamental point of view but for their possible applications in various sectors ranging
from spintronics [25] to topological quantum computation [26].

We begin with discussing basic properties of graphene in Sec. 1.2. Then we discuss the model



Hamiltonian of silicene, its topological properties alongwith the experimental evidence of silicene in

Sec. 1.3. We then present basic features of borophene and its experimental evidence in Sec. 1.4.

1.2 Graphene

Graphene can be described by the simplest tight-binding model on a honeycomb lattice [5],

Hy=—tY ¢ cia, (1.1)
(i.g)e

where cja (cio) creates (annihilates) an electron with spin orientation o =1 at site ¢ on sublattice

A (equivalently for sublattice B); (i, j) runs over all the nearest neighbor hopping sites, and ¢ is the

hopping amplitude. Graphene lattice structure is demonstrated in Fig. 1.1(a) .

We can rewrite Eq. (1.1) in momentum space as

) 0 k o
Hy=t) / @ (chas cha) PO e (1.2)
a [k 0 CBa
with

. , k.
f (k)= e iaky/V3 4 9eiaky/2V3 (g %. (1.3)

Here, a is the lattice constant. The energy spectrum, obtained from this Hamiltonian, is

K k ks
E (k) :t\/l—|—4cos a2 \/§2a Y + 4 cos? a2 : (1.4)

COSs

The spectrum is depicted in Fig. 1.1(b). From Eq.(1.4), we can see that the band gap closes at the K,
point defined by

1/ 4
K, = - (77%,0) with =+ (1.5)

The K, and K _ points are sometimes referred as & and K’ points, respectively. We are particularly
interested in deriving the relevant low energy effective Hamiltonian of graphene near its Fermi energy.
We see that the dispersion relation is linear for k; ~ 0 i.e., near the Fermi energy. The cones are thus

called the Dirac cones and the points where the band gap closes as Dirac points .
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Figure 1.1: Graphene lattice structure is presented in panel (a). A and B sublattices are shown by
blue and red circles respectively. Band spectrum of graphene is depicted in panel (b).

In the close vicinity of the K, point, the Hamiltonian can be approximated by

Y]

. o | CAa
i, :§ :/ko:(cfa,ch)Hn i , (1.6)

with
N 0 nky + ik,
Hy = hog = hvg (NkyTy — kyTy) (1.7)
nky — ik, 0

where 7 = (7., T,, 7,) is the Pauli matrix which acts on the sublattice space, and vp = %gat is the
Fermi velocity. The dispersion relation is linear for k; ~ 0. H, is mentioned as the Dirac Hamiltonian

at the Dirac point K.

1.3 Silicene

The silicon analog of graphene was first mentioned in 1994 in a theoretical study by Takeda and
Shiraishi [27] and later it was reinvestigated by Guzman-Verri et al. in 2007, who coined the term
‘silicene’ [28]. The basic features of silicene is similar to that of graphene. The two differences
that leads silicene essentially different from graphene are the presence of the spin-orbit interaction,
which makes silicene a topological insulator[29], and its buckled structure with a layer separation
between the two sublattices. This freedom allows one to generate a potential difference between the

two sublattices by applying an external electric field perpendicular to the silicene sheet [30].
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Figure 1.2: Schematic drawing of the lattice structure of silicene. Slightly canted top view is presented
in panel (a) and the front view is shown in panel (b). Two types of sublattices are shown by blue (A)
and red (B) circles which do not lie in the same plane thus giving rise to the buckled structure. The
latter is prominent in the lower panel.

Spin-orbit coupling (SOC) term that couples electron with spin degrees of freedom can be written
as,
h

HSOZW(VVX@'O_Z:

(ﬁ x ﬁ) @, (1.8)

Amie?
where V is the potential energy, F is the force, p'is momentum, & is the vector of Pauli matrices, A is

Plank’s constant, c is velocity of light, and m, denotes the mass of a free electron.

The nearest neighbor (NN) SOC, in graphene comes out to be zero due to its mirror symmetry
with respective to an arbitrary bond, while the next nearest neighbor (NNN) SOC can be nonzero.
However, the value of the NNN SOC is small and can be taken to be zero for all practical purposes. In
case of silicene, the nearest neighbour SOC is zero (following the same mirror symmetry argument),
while the NNN SOC is nonzero. This SOC has two components : parallel and perpendicular to the
plane according to the two components of the electric field force. The perpendicular component arises

because of the buckling structure i.e., sublattices A and B being noncoplanar.

The force parallel with the plane gives rise to the parallel component of SOC term in Silicene



which reads

Hsol = 2’72 <F:H X Ci;]> Sa= itQVZ‘jOéZ. (19)

11

S

i X
|dix

where v;; = L d; and d; are two nearest bonds connecting the next nearest neighbor d;;. Here,

1l
1

<

72 and t, are undetermined parameters.

The second component of SOC comes from the force perpendicular to the plane and is given by
Hapy — i (5 X d}) CFLE, = ity (& x d}?j) , (1.10)
where c@j = d:-j / |d:-j|, 7, and ¢; are undetermined parameters, /;; = £1 for the A (B) sublattice.

When external electric field £, is applied perpendicular to silicene, the tight-binding Hamiltonian

with NN and NNN hopping can be written as

A
. At . ASO AT A
H = —t Z Cia Cia +z—3\/§ Z VijCinOap Cig
<ij>a <<ij>>af
2 s .z
: JRa— .
—Z§>\R Z 1ijCia (T X dij) o5 €8

<<i,j>>af

tel > GELEl bia — > el Gia (1.11)

T

The operator ¢;, creates an electron at site ¢ with spin polarization o while the operator ¢;, anni-
hilates it. The first term describes the nearest-neighbor hopping of amplitude ¢ on honeycomb lattice,
where < ¢,j > denotes the nearest-neighbor sites. The second term is for the effective SOC with
Aso ~ 4 meV [30], where ¢ = (0%, 0¥, 07) is the pauli spin matrices. This is the first component of
SOC mentioned above. The sum << 7,7 >> is over the next nearest-neighboring sites. The third
term is the Rashba SOC of amplitude Ay arising from perpendicular component of the electric field
force. The fourth term represents the staggered sublattice potential, where (; = +1 for the A(B) sites.
This Hamiltonian describes the basic features of germanene and stanene as well whereas the main dif-
ference lies in the fact that Rashba SOC is in these two materials are strong compared to silicene and
hence can’t be neglected as we did for silicene. It is worth to note that, the Hamiltonian written above

for silicene is similar to the famous Kane-Mele model [9] where they considered both mirror sym-

metry conserved spin-orbit interaction and mirror symmetry broken Rashba like spin-orbit interaction.



teV) | vr | a(A) | Aso (meV) | Ag (meV) | £(A) | 0 (degree)
Graphene |2.8 9.8 246 | 1073 0 0 90
Silicene 1.6 5.5]3.86 | 3.9 0.7 0.23 | 101.7
Germanene | 1.3 461|402 |43 10.7 0.33 | 106.5
Stanene 1.3 4.9 1470 | 43 9.5 0.33 | 107.1

Table 1.1: The system parameters obtained from first principle calculation, characterizing graphene,
silicene, germanene and stanene are presented. Here, v is in the unit of 10°m/s, ¢ is the buckle height
and 6 is the bond angle. This table is adapted from Ref. [5, 6].

Here also we are interested to obtain the low-energy effective Hamiltonain near the Fermi energy,
which is constructed similar to the case of graphene. Rewriting the Hamiltonian (1.11) in the form of

(1.6), we obtain the Dirac Hamiltonian which is given by

Al hve(nk, + ik
HS _ , F(n y) ’ (1.12)
hwp(nk, — iky) —A”
where
Al =VE, — naiso = U(E, — naEy), (1.13)
and
Ee = Aso/!. (1.14)

The term A” can be termed as the Dirac mass. We have shown the derivation of the low energy effec-
tive Hamiltonian of Silicene from the full lattice Hamiltonian in Appendix A. The energy spectrum is

found to be

E (k) = i\/(thk)2 + (AL (1.15)

The band structure of silicene is shown in Fig. 1.3(a). The band gap, near the Dirac point K, is
given by 2|A?| = 2/|E, — naE.|. In Fig. 1.3(b), we demonstrate the low-energy nature of the band
structure near the Dirac point. One can notice the hexagonal Brillouin zone (BZ) and the Dirac like
dispersion near the Fermi level. Although the BZ has six corners, only two of them are inequivalent
which are marked by K and K.

Note that, the band gap is tunable by controlling external electric field £, as shown in Fig. 1.4.
The gap is open in absence of electric field. As |F.| increases, the gap becomes smaller, and it closes

at I/, = naE;. In this situation, silicene is semimetallic akin to graphene. With the further enhance-



Figure 1.3: The band dispersion of a monolayer silicene is shown as a function of k, and k, in panel
(a). The band dispersion near the Fermi energy is presented in panel (b) where low energy effective
band dispersion exhibits Dirac like nature. There are six corners of the Brillouin zone and the two
inequivalent points K and K are indicated.

ment of |, |, the gap opens again. This feature signifies the bulk-boundary correspondance. Fig. 1.4

dictates the electric field tunability of the topological phase transition.

Band gap
4

3

insulator
insulator

Figure 1.4: Band gap is shown as a function of electric field. Topological phase transition takes place
from quantum spin hall insulating phase to band insulating phase with the rise the E,. E., is the
critical electric field at which the band gap closes.

To better understand the topological phase transition and the boundary edge modes that appear
in monolayer silicene, we demonstrate nanoribbon bandstructure in Fig.(1.5). The band structure is
shown as a function of momentum along x direction while in the other direction we have taken finite

size (N, = 40). We see that in absence of the electric field i.e., £/, = 0, nanoribbon posses edge states



and the system is in topological insulating phase. This feature is depicted in Fig. 1.5(a) where counter
propagating edge modes are clearly visible. As F, increases, the band gap decreases and gets closed
for £, = E.. The edge state vanishes for electric field crossing critical value which is demonstrated

in Fig. 1.5(b).

There are other possible way to control band gap in silicene namely by photo-irradiation [31],
antiferromagnetic exchange interaction etc [5]. We neglect those effects and only consider the effect

of perpendicular electric field to understand the topological phase transition for simplicity.

“l - OISW-
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Figure 1.5: Band structure of Silicene nanoribbon is depicted. The chosen parameters are : Aso = 0.4;
(a) £,=0 and (b) E,=0.5 . All of them are normalized with the hopping parameter {. The edge
states are clearly visible in (a) indicating the topological insulating phase while they are absent in (b)
characterizing the band insulating phase.

1.3.1 Chern number and Topological phase transition

We now present the Chern number which is a topological invarient being used to distinguish different
phases that may appear in 2D Dirac materials. For any Bloch state |¢/(k)) we can define a “gauge

potential” in the momentum space by

Aj(k) = —i <¢(k)|a%|¢(k)> (1.16)

which is known as the Berry connection. Subsequently using Stokes theorem, we can define the Berry

curvature F' (k) which is given by

0 0

F(k) = 5 A, (k) = 54 (k). (1.17)
x Y



F(k) is analogous to the magnetic field in momentum space. The Chern number can now be obtained

by integrating the Berry curvature F (k).

C= S d’k F (k). (1.18)
21

We now calculate the Berry curvature, with the Hamiltonian of Eq. (1.12) for each valley, which

is given by
A7
F7(k)=—n 2 73 (1.19)
2 ((thk)2 + (AZ)2>
Corresponding Chern number is found to be
n__N "
Cl = —2sgn(Al), (1.20)

2

The Chern number is quantized and is given by C!! = j:%. This quantization does not depend on
deformation of the band structure provided that the band-gap is not zero. The Chern number is integer
when the Berry curvature is integrated over a closed region (first Brillouin zone). Here we consider
a continuum model where the integral is over all momenta ranging from 0 to co. The region close to
the Dirac point contributes 1/2 of the total contribution to the Chern number. Thus we obtain only
half integer value of the Chern number.

It changes its sign when the Dirac mass A7 changes its sign, which obviously goes through van-
ishing of the band gap. This quantity, thus, is a topological charge and the insulating phase is in-
dexed by a set of four Chern numbers C which can be used to construct the total Chern number C,
the spin Chern number C;[32, 33, 34], the valley Chern number[35, 17] and the spin-valley Chern

number[36, 5], in the following way

C = cf+cf +cf+cf, (1.21)
]. 4 /

C, = CF+Cf —Cf =Cff), (1.22)

c, = cf-cl+cf-cff, (1.23)
]_ ’ ’

Co = 5(Cf—cT —Ccf+cf). (1.24)



It is worth to note that, the valley Chern number and the spin-valley Chern number are meaningfull
only in case of Dirac theory and they are ill defined in the tight-binding model. A topological phase
transition takes place depending on the sign change of the Dirac mass A!.. This motivates one to

study silicene as a electric field tunable topological insulator.

1.3.2 Experimental Evidence of Silicene

There is no solid phase of silicon similar to graphite. Hence, pure 2D silicene layers cannot be gen-
erated by exfoliation methods as initially was successfully done in the case of graphene [8]. More

sophisticated and advanced methods have been used for the growth and synthesis of silicene.

In this direction, Vogt et al. have studied one-atom-thick Si sheets formed on the Ag(111) sur-
face [1] under ultrahigh vacuum conditions. Si was deposited by evaporation from a Si source, and the
Ag sample was kept at temperatures between ~ 220-260° C. Omicron VI-STM with an electrochem-
ically etched tungsten tip was used for scanning tunneling microscope (STM) measurements which
were performed at room temperature in constant-current mode. Angular-resolved photoelectron spec-

troscopy (ARPES) measurements were also carried out to study the electron-energy distribution .

(b)
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£
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Figure 1.6: (a) Filled-states STM image of a 2D Si layer deposited on silver substrate [Ag(111)]
where honeycomblike structure is clearly visible. (b) Line profile, along the dashed white line shown
in panel (a), indicating the buckled structure. (c) High-resolution STM topograph of the Si layer
exhibiting the honeycomb structure. This figure is adapted from Ref. [1]
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Filled-states STM image of the Silicene layer is shown in Fig. 1.6(a), while the line profile along
the dashed white line given in Fig. 1.6(a) is depicted in Fig. 1.6(b). It reveals that the dark centers
in the STM micrograph have distance of 1.14 nm on average which is 4 times the surface Ag(111)
lattice constant, and thus corresponds to the (4 x 4) symmetry. Buckled nature of silicene is clearly
visible in Fig. 1.6(b). The high resolution STM image shown in Fig. 1.6(c) is measured at a sample
bias of Uy;,s = —1.3V. The 2D Si adlayer gives rise to triangular structures, each of which consists of
three bright protrusions and they are separated by 0.4 nm with respect to each other. These triangles
are situated hexagonally around the dark centers, which are separated by 4 Ag lattice constants. STM

images have been recorded at other sample biases giving rise to the same outcome.

(b)
M Si
K"
K Si
BZ BZ,,

Figure 1.7: ARPES intensity map along the Ag I'-K direction for the clean Ag surface in shown in
left panel whereas after formation of the 2D Si adlayer is given in the right panel. (b) Brillouin-zone
(BZ) of the 2D Si layer with respect to the Ag(111)-(1 x 1) surface is shown. The red arrow dictates
the ARPES measurement direction. This figure is adapted from Ref.[1].

ARPES data recorded at a photon energy of hv = 126eV is depicted in Fig. 1.7(a) which iden-
tify a Dirac like linear dispersion of honeycomb Si bands (right figure). This dispersion is similar to
that of graphene, indicating the existence of Dirac fermions in silicene. The linear dispersion can be
described by E o« hvgpk, where vp is the Fermi velocity. The Fermi velocity for the silicene layer is
found to be of 1.3 x 105n/s , which is comparable to the graphene Fermi velocity. Similar to the
case of graphene, only a single dispersing branch of the “Dirac cone” is visible in the I' — K direction
[Fig. 1.7(b) red arrow] which can be attributed to a photoemission interference effect. Left image of

Fig. 1.7(a) is the ARPES result for clean Ag surface i.e., before the deposition of Si and this does not
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show any Dirac like dispersion. The direction along which the ARPES measurement is done is shown

in Fig. 1.7(b) where Brillouin zone of 2D Silicene is demonstrated.

Silicene sheet has been grown on other substrate as well e.g. Fleurence et al. have reported the
formation of two-dimensional epitaxial silicene through surface segregation on zirconium diboride
thin films grown on Si wafers [37]. They have confirmed the presence of buckling in silicene. How-
ever, they have obtained a buckling induced band gap opening at the I" point which may also originate

from the electronic coupling with the substrate.

1.4 Borophene

A thin layer of boron atoms called borophene is one of the latest addition to the famility of Dirac ma-
terials. As Boron has one less electron than carbon, it’s honeycomb structure is unstable. However,
stabilization is possible by adding extra boron atoms in the honeycomb lattice. First principle calcu-
lations have predicted that depending on the arrangements of the extra boron atoms, various stable
monolayer-boron structures, such as « sheet, 3 sheet, are possible [15, 23, 38]. One of the most stable
predicted structure among these is 8- Pmmmn borophene.

The Pmmn space group is generated by the translations of the vectors (a,0,0), (0,b,0), and
(0,0, c) (the latter is not present for the two-dimensional structure), inversion Z, reflection o, rotation
Cs, and the n-glide plane consisting of the (a/2,b/2,0) translation and the = — —z reflection. Here,
a,b, c are the lattice spacings. We do not consider the spin-orbit coupling which may be present
in the material. The Hilbert space is then split into two subspaces of the n-symmetric and the n-
antisymmetric wave functions. Then the Hamiltonian H (k,, k,), which follows the Pmmn space
group symmetry, can be written in the block-diagonal form with the blocks Hg and Ha. The Bloch
waves corresponding to both the subspaces then correspond to the smaller effective unit cell and
doubled first Brillouin zone .

8- Pmmmn borophene has 8 atoms per unit cell. There is another possible structure obeying Pmmn
space group symmetry : 2- Pmmmn borophene, which has 2 atoms per unit cell. We are interested only
in the former one as this hosts Dirac fermions. There are two inequivalent atoms in the lattice of
8-Pmmmn borophene which are termed, using the terminology of Ref. [39], as : inner atoms and

ridge atoms. These two kinds of atoms are not situated on the same plane and thus borophene is
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Figure 1.8: Schematic sketch of the lattice structure of 8-Pmmn borophene. Big blue (dark gray)
circles and small red (light gray) circles indicate two types of nonequivalent atoms By (ridge atom)
and B (inner atom) respectively. Upper panel dictates the frontview of borophene lattice structure.
The unit cell, comprising of 8 atoms, is shown by dashed black rectangle. Lower panel presents the
sideview of borophene lattice structure.
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not flat 2D like graphene. The lattice is identified by the following parameters [40]: a = 0.452
nm, b = 0.326 nm, and the coordinates of two inequivalent atoms are (a/2,0.247b,0.109 nm) (ridge
atom) and (0.185a, b/2,0.040 nm) (inner atom), and the coordinates of other atoms are obtained via
proper symmetry operations.

The resulting tight-binding model, which is a 16 band model (originating from 8 atoms), yields
good agreement with the first principle Density Functional Theory (DFT) results of [39]. The result-
ing energy dispersion near the Fermi energy exhibits tilted anisotropic Dirac cone like structure at

kp = (0, kp) and —kp, where kp = 0.290 x 27/b [40].

A low energy effective Hamiltonian for 8- Pmmn borophene has been recently put forwarded by
Zabolotskiy and Lozovic [41] using symmetry consideration. A general low energy two band effective
Hamiltonian for 2D Dirac materials associated with the anisotropic Dirac cone can be written as (near

the Dirac points q = +kp)
HD = g(vxazgh + Uy Oy gy + UtUOQy) 5 (125)

where o0, 0, are the Pauli matrices in the atomic basis and o is a 2 X 2 unit matrix. We have
chosen h = 1. Here, £ = +1 is the valley index and v; (¢ = z,y) correspond to the velocities along
i direction, while v, denotes the velocity scale associated with the tilted Dirac cones. Note that the
tilting is along the y-direction. The different velocity parameters are given by {v,, v, } = {0.86,0.69}
and v, = 0.32 in units of 10° m/sec [39, 41]. The major differences of this Hamiltonian from that of
graphene (given in Eq.1.7) is the presence of the tilting term i.e., v:00q, and assymetry in the Fermi

velocities along x and y directions. The corresponding energy dispersion is given by [42]

E(ax, dy) = qvs £ 1/ @202 + q2v2. (1.26)

The Fermi energy has been set at charge neutrality point i.e., at the Dirac point. The band structure
near the Dirac point q = qp is shown in Fig. 6.1. The band is tilted only along y direction and is
symmetric along the x axis which can be understood from Eq. (1.26). The band dispersion around
the other valley q = —qp has opposite chirality i.e., along the y axis, bands are oppositely tilted. It

is important to note that the tilting breaks particle-hole symmetry in borophene [39, 41].
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Figure 1.9: A tilted, anisotropic Dirac cone of 8-Pmmn borophene, in the close vicinity of Dirac
point qp, is shown in the g,-g, plane.

1.4.1 Experimental Evidence of Borophene

In recent years several monolayer boron structures have been experimentally realized on silver sub-
strate [Ag(111)] following their theoretical predictions. In this direction, Manix et al. [43] synthe-
sized atomically thin and crystalline sheets of boron atom on silver substrate under ultrahigh-vacuum
conditions using solid boron atomic source. In situ scanning tunneling microscopy (STM) images
have shown the growth of planar structures with anisotropic behavior, which is consistent with first-
principles calculation. They have further verified the planar, chemically distinct, and atomically thin
nature of these sheets using characterization techniques. Scanning tunneling spectroscopy revealed
that borophene sheets are metallic with highly anisotropic electronic properties which was predicted

earlier theoretically.

Feng et al. have confirmed that two-dimensional boron sheets can be grown epitaxially on a
Ag(111) substrate [44]. They have observed two kinds of boron sheet, a 315 sheet and a y3 sheet
by scanning tunnelling microscopy. Both of them are shown to exhibit a triangular lattice but with
different arrangements of periodic holes.

In another work, Feng et al. have investigated the electronic structure of ;5 phase of a monolayer
boron sheet both theoretically and experimentally [2]. The 3;5-sheet, the lone phase found from low-
energy electron diffraction (LEED) measurement, exhibits a rectangular structure which is different
from the hexagonal structure of Ag(111) but they have obtained sub-domains with three equivalent

domains which are related by 120° rotations. A schematic scetch of the BZ of Ag(111) with the three
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domain orientations is depicted in Fig. 1.10 where the measured Fermi surface is also shown. The
band structure from the monolayer sheet exhibits solo Fermi pocket centered at the S point of the
[12-sheet and a couple of Fermi pockets centered at the M point of Ag(111), as shown by the red and

black arrows, respectively. Note that, S and M points are the high symmetry points as depicted in

Fig. 1.10(a).
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Figure 1.10: (a) The Fermi surface of the 3;5-boron sheet on Ag(111) is illustrated. The black, green,
and blue rectangles refer to the BZ of three equivalent domains, while the BZ of Ag(111) is shown
by grey hexagon. The black and red arrows indicate the bands of the boron layer. The surface state
(SS) and bulk sp band of Ag(111) are visible. The pink lines refer to the cuts 1 — 3 where the ARPES
intensity plots in (b)-(e) were measured. (b) ARPES intensity plot measured along cut 1 is shown
using s polarized light. (c)-(e) ARPES intensity plots measured with p polarized light along cut 1 to
cut 3, respectively. The Dirac cones (DC) are visible which are indicated by the yellow dashed lines.
All the ARPES data in (a)-(e) corresponds to a photon energy of 80 eV. This figure is adapted from
Ref.[2]

The band structure measured via ARPES technique along different directions in the momentum
space (the purple lines in Fig. 1.10) is shown in Figs. 1.10(c-f). Polarized light with its electric field
being parallel to the plane of incidence is denoted as p-polarized, while light whose electric field is
perpendicular to the plane of incidence is termed as s-polarized. Both s and p polarized light have been
used to investigate the nature of the band structure. In general, the s-polarized light mainly probes
the in-plane p, and p, orbitals, whereas the p-polarized light probes both the in-plane (p, and p,)
and the out-of-plane (p,) orbitals. The measurements of cut 1 using p polarized light [Fig. 1.10(c)]
exhibit a Dirac cone of boron sheet as well as the bulk sp band of Ag(111). There is no energy
gap (within the limit of experimental resolution) at the Dirac point which signals the nature of the
quasiparticles being massless Dirac fermions and the sheet to be semi-metallic. The Fermi velocities

calculated from Fig. 1.10(c) are approximately 9.24 x 10° m/s and 1.06 x 10° m/s for the left and
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right branches of the Dirac cone, respectively. While these values are close to the Fermi velocity of
graphene (~ 1.0x 10° m/s), the difference arises due to the anisotropy of the Dirac cones which is also
predicted theoretically [41]. In Fig. 1.10(d), the band structure along the K-M-K direction is shown
where a pair of Dirac cones are visible (shown by the yellow dashed lines) although due to limitation
of the experimental configuration the one on the right side is not fully visible. The band structure
along the I'-M is shown in Fig. 1.10(e). However, ARPES measurement shows that s polarized light

does not produce any Dirac like dispersion as can be seen from Fig. 1.10(b).
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CHAPTER 2

Majorana Zero Mode in 1D Systems

2.1 Introduction

Dirac equation is a relativistic wave equation derived by Paul Dirac in 1928. This celebrated equation,

which combined special theory of relativity with quantum mechanics, is given by

zh%\lf = HpiraV = (ca.p + fmc*) V. 2.1

where, v and $ do not commute. Dirac proposed the following form of the 4 x4 matrices:

0 g; I 0
o =0, R0 = pB=o, 1= 2.2)
o; 0 0 —I

where o; are the Pauli matrices. This equation can also be written in Lorentz covariant form using 4

component gamma matrices 7" = (3; fa) :

(iv*0, — m)¥ = 0. (2.3)

with the standard notation J,, = a% and considering h = ¢ = 1. The gamma matrices follow the

Clifford algebra {v*,~1"} = 2n**, where n*" is the Minkowski metric.
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In 1937, Majorana [45] considered the following set of purely imaginary gamma matrices: 7" =
oo ® 01, 71 = i01 ® 3% = io3 ® [ and 73 = ioy ® 09 in the Dirac equation. Consequently the
equation Eq.( 2.3) becomes:

(i3"8, — me)¥ = 0. (2.4)

which leads to the condition on the field :
U = U*, (2.5

This implies that the particles, which follow Majorana equation ( 2.4), are their self conjugate i.e.,
they are their own anti-particle. For more than 60 years, this elusive particle is hunted by different
communities of high energy physics : elementary particle physics, nuclear physics, astrophysics, and
cosmology. For the last few years search for Majorana reaches a new territory : condensed matter

physics [46].

In condensed matter physics, Majorana fermions are not elementary particles, rather they are
emergent quasiparticles. Moreover, they don’t follow the usual fermionic statistics; rather they sat-
isfy non-abelian exchange statistics [26, 47]. Thus, they are non-abelian anyons : particle exchanges
are non-trivial operations which do not commute in general. This is fundamentally different from
other types of particle where an exchange operation merely multiplys the wavefunction by +1 (for
bosons) or -1 (for fermions) or €*® (for abelian anyons). Furthermore, a Majorana fermion is in a
sense half of a normal fermion, meaning that a fermionic state can be obtained as a superposition
of two of them. We term it as ‘Majorana zero mode’ (MZM) instead of calling it a fermion and the

reason behind calling it a ‘zero mode’ becomes clear in the next section.

Being its own antiparticle means that a MZM must be an equal superposition of an electron and
a hole state. It is, thus, obvious to hunt for such excitations in superconductors, where the wavefunc-
tions of Boguliubov quasiparticles have equal portion of an electron and a hole component due to
the particle-hole symmetry. In second quantized language, the annihilation operator of a Boguliubov
quasiparticle in the natural s-wave superconductor has the form b = ucﬁ + vcy, where ¢, annihilates

a fermion with spin orientation ¢ =1, |. Here u and v are in general momentum dependent but for
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this discussion, momentum is irrelevant here and therefore omitted for simplicity. The operator b can
never be written in the form of a Hermitian operator due to the different spins of ¢ and ¢f. We can
write annihilation operator for MZM, following Hermitian condition, as : 7 = uc! + u*c, and there-
fore the creation operator, 7' = ~. The major difference from the s-wave Boguliubov quasiparticle
operator is that the MZM have equal spin projections. Such equal spin pairing do not occur in most
types of naturally found superconductors and were first predicted to occur in the v = 5/2 fractional

quantum Hall state [48].

The search for MZMs took a big step forward in 2008 with the seminal paper by Fu and Kane [49]
where they showed that p, & ip,-wave-like pairing can be engineered in the surface states of a strong
topological insulator when brought into close proximity to a s-wave superconductor and a ferro-
magnetic insulator (giving rise to proximity-induced superconductivity [50, 51] in the surface of a
topological insulator). The necessary ingredient is the strong spin-orbit coupling of the topological
insulator which leads to the band splitting with momentum-dependent spin directions. When the
topological insulator is coupled to a magnetic insulator, the unwanted Kramer’s degeneracy is lifted
by the induced Zeeman splitting and an effectively spinless regime can be achieved. After a couple
of years, two remarkable works by Lutchyn ef al. and Oreg et al. [52, 53] proposed a realistic way
to obtain MZMs in one dimensional (1D) semiconducting nanowires which we discuss in Sec. 2.3 in
details. There have also been proposals to create MZMs in magnetic spin chain on top of a s-wave

superconductor [54].

We first discuss Kitaev toy model for Majorana states in a spinless p-wave superconductor in
Sec. 2.2. Then we discuss realistic model and present the results for hunt of MZM in 1D systems
in Sec. 2.3. The experimental detection of MZM, till date, based on 1D semiconductor nanowire is

summarized in Sec. 2.4.
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2.2 Majorana zero mode in Kitaev Chain

Kitaev in his seminal paper [55] considered a 1D tight-binding chain with p-wave superconducting

pairing. The Hamiltonian of the lattice chain is given by

N-1

N
Hehain = —,UZ n; — Z <tCzTCi+1 + Acicip1 + hﬂ-) : (2.6)
i—1

=1

where h.c. refers to hermitian conjugate, p is the chemical potential, cz-(cz ) is the electron annihilation
(creation) operator for site ¢, and n; = c}ci is the corresponding number operator. Here A and ¢
denote the superconducting pairing gap and nearest neighbour hopping respectively. The chemical
potential p is assumed to be homogeneous throughout the chain. For simplicity, the superconducting
phase ¢ can be taken to be zero, such that A = |A|. The time-reversal symmetry (7) is broken in
Eq. (2.6) since only one kind of the spin projection is considered, i.e., effectively spinless electrons
are considered in the model (the spin label is thus omitted). Note that, the superconducting pairing
is non-standard since it couples electrons with the same spin (whereas in standard s-wave pairing,
electron couples only with opposite spin projection). Moreover, electrons are paired only with the
neighboring sites in contrast to the s-wave pairing which is onsite.

We now rewrite Eq. (2.6) in terms of Majorana operators. Fermionic operators can always be

decomposed as a linear combination of two Majorana operators :

1 .

G=3 (Yip +ivi2) 5 (2.7)
1 .

Cj D) (i1 — 1%i2) (2.8)

where 7, ; and v; o are two Majorana operators on lattice site ¢. By inverting the above equations, we

obtain

Yil = Cj + ¢, (2.9)

Vio =i (CI —~ Ci) , (2.10)

Hence, these Majorana operatos are hermitian as expected. Figure 2.1 shows a schematic sketch

of Kitaev’s chain with Majorana decomposition. The upper panel dictates that two Majoranas are
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coupled on each site to form a fermion operator as given by Eq. (2.7). These new Majorana operators

satisfy the following algebra:

{Vit, i1} = 205, {vi1,72} =0 (2.11)

v = A, =1 (2.12)

Writing Eq. (2.6) in terms of the Majorana operators, we obtain

N . N-1
_ K - ¢
Hehain = 3 ;(1 + 0Yi2%i1) — B ;[(A +t)Yi2Vir11 + (A = t)vi1vit1,2)- (2.13)
71,1 71,2
< o

C1

Figure 2.1: Schematic sketch of Kitaev’s 1D p-wave superconducting tight binding chain. Upper
panel refers to the trivial phase of the Kitaev chain where two Majoranas are coupled on each site
to form fermion operator. Lower panel describes topological phase of the Kitaev chain in which
Majoranas couple each other from adjacent sites and form normal fermions. This leaves one unpaired
Majorana at each end of the chain.

In the regime, u < 0 and ¢t = A = 0, the chain resides in the topologically trivial phase. In this
limit, the only surviving term is the coupling between Majorana modes ; ; and +; » at the same lattice
site as shown in the upper panel of Fig. 2.1. Clearly the spectrum is gapped since introducing an extra
spinless fermion into the chain costs a finite energy |x|. It is important to note that the system remains
in trivial phase even when the parameters are away from this fine-tuned limit provided that the gap

persists.

The other limit is especially interesting when © = 0, t = A, where topological phase can be

achieved. In this case, the Hamiltonian becomes

N—-1
Henain = =it > YioYir11 (2.14)
=1
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Here two Majorana operators from the adjacent sites couple to form a normal fermion and thus leaving
behind one unpaired Majorana at each end of the chain. We can construct a new fermion operator, ¢;,

by combining Majorana operators from neighboring sites

¢ = (Viz11 +17i2)/2. (2.15)

This pairing is shown in the lower panel of Fig. 2.1. In terms of these new fermion operators we can

rewrite Eq. (2.13) as
N-1
Henain = 2t Y &1é;. (2.16)
=1

The sum is over NV — 1 electrons and the energy cost of adding an electron is 2¢. The Majorana
operators vy 2 and 7 ;, which are situated at the two ends of the chain, are completely missing from
Eq. (2.14)! We can now form a single fermionic non-local state composed from these two ‘unpaired’

Majorana modes as

e = (Yn2 +i711)/2. (2.17)

This is a highly non-local fermionic state since -y 2 and 7, ; are localized at the opposite ends of
the chain. Moreover, since this fermionic operator is absent from the Hamiltonian, occupying the
corresponding state does not cost any energy. In “normal” superconductors the ground state is non-
degenerate and consists of a superposition of even number of particle states (condensate of Cooper
pairs), while odd number of quasiparticles are allowed in the Hamiltonian (2.6) without any extra en-
ergy cost. The ground state, therefore, is two-fold degenerate corresponding to having an even or odd
number of total electrons in the superconductor. This even or oddness, also termed as parity, refers
to the eigenvalue of the number operator of the zero-energy fermion, ny; = 6L6M = 1(0) for odd

(even) parity.

Although we have considered limiting case A = ¢ and p = 0, it can be shown that the MZMs
remain unpaired at the end of the chain as long as the chemical potential lies within the gap (|u| <
2t) [55] . In the general case, the MZMs are not completely localized only at the two ends of the

chain, rather they decay exponentially away from the edges. The overlap of these unpaired Majorana
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wavefunctions results in a splitting between the degenerate states by an energy that scales as e~ /¢,
where L is the length of the chain and £ is the coherence length. So, the MZMs remain prestine at

zero energy only if the wire is long enough such that their overlap is negligible.

2.3 Majorana zero mode in one dimensional semiconducting nanowire

Although Kitaev’s ingenious idea was a big step to find MZMs in condensed matter systems especially
in 1D wires, the toy model was hard to realize in experimental setups due to unavailability of natural
p-wave superconductors. Two seminal works by Lutchyn ef al. [52] and Oreg et al. [53] showed
that it is indeed possible to engineer the topological superconducting phase in 1D nanowire system
(mimicing Kitaev’s toy model) by judiciously combining three naturally available ingredients: 1D
wire with strong spin-orbit coupling, a standard s-wave superconductor, and an external magnetic
field. Figure 2.2 dictates the schematic sketch of the model with the required ingrdients mentioned

before. Thus, the model Hamiltonian for the wire reads

H = Hye+ Ha (2.18)
2

Hyire = / daa! (—ﬁ — o — ioo¥0, + haz) ey (2.19)
2m

HA = /d$A<¢T¢¢ + HC) (220)

zZ Y

Figure 2.2: Schematic sketch of a 1D spin—orbit coupled nanowire (dark grey) in close proximity to
a s-wave superconductor. Big arrows indicate perpendicularly applied magnetic field B. The back
gates (grey) are connected to control the chemical potential in the nanowire.

Here 1/}5 creats an electron with effective mass m, chemical potential x, and spin o in the wire. «
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refers to the strength of the spin-orbit coupling in the wire; and h denotes the Zeeman energy orig-
inated from a magnetic field applied along the z axis whereas the wire lies along the x axis. The
precise direction of spin-orbit coupling and magnetic field axes are unimportant provided they are
perpendicular to each other as well as to the wire direction. For realistic situation, one can con-
ceive Hy;. to be described by an electron-doped semiconducting nanowire such as InAs/InSb with
strong Rashba like spin-orbit coupling [56]. The pairing term /A refers to the proximity effect of
the s-wave superconductor on the wire. The chemical potential (onsite energy) of the wire is con-
trolled by a set of gate electrodes (see Fig. 2.2). The wire is assumed to be long enough such that
the size quantization can be ignored along the wire direction so that MZM do not overlap with each

other and thin enough that the 1D subbands are well separated compared to the relevant energy scales.

First we consider A = 0 case and examine the Hamiltonian H;... In absence of any spin-orbit
coupling and magnetic field i.e., &« = h = 0, the electrons exhibit parabolic dispersion (E o k?)
having spin degeneracy. With spin-orbit coupling, parabolic bands get shifted depending on their spin
orientation along the axis of the spin—orbit field as shown by the blue and red parabolas in Fig. 2.3(a).
The ‘spinless’ regime is not possible here; the spectrum always supports an even number of pairs of
Fermi points for any Fermi energy. As the magnetic field is turned on, Zeeman gap pops up at k£ = 0
which splits the bands and the corresponding band energies are given by

E2

ex (k) = o T H + v/ (ak)? + h? (2.21)

These bands are depicted by the solid black curves in Fig. 2.3(b). When the Fermi level resides within
this magnetic field-induced gap (1 shown in the figure), the effective ‘spinless’ regime in the wire can
be obtained.

Now we switch on proximity induced superconductivity i.e., A > 0 and investigate the resulting
band structure. To intuitively understand the underlying physics, we project out the upper unoccupied
band and only consider the lower, which is legitimate for A < h. The spins of electrons in the lower
band (which is of our interest) are partially polarised because of competition between spin-orbit cou-
pling and the magnetic field. It is important to note that, without the momentum dependence of the
spin direction, it is impossible to induce superconductivity by proximity with a s-wave superconduc-

tor because the s-wave pairing only couples the electrons with oppsoite spins. The spin orientations
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Figure 2.3: Band dispersion is shown for the rashba nanowire in absence of the magnetic field (red and
blue curves in (a)) and in presence of the magnetic field (black curves in (b)). The chemical potential
is indiacted by the dashed black line and when it lies within the magnetic field-induced Zeeman gap
at k = 0, the wire appears ‘spinless’. A refers to the proximity induced superconducting gap in the
wire.

are shown by blue and red arrow in Fig. 2.3(b). With the enhancement of the magnetic field, the gap
between the bands increases which helps in orienting the spins of the electrons in the same direction
and effectively ‘spinless’ regime can be achieved similar to the Kitaev’s toy model. A strong mag-
netic field, nonetheless, is not suitable as it hinders superconducting pairing to be induced and this
is why a fine-tuning among the parameters is required. In proximity to the superconductor, electrons
living near kr and —kp get coupled which gives rise to effective p-wave pairing because of ‘spinless’
character. When A is weak compared to h, the wire hosts topological superconducting state which

can be connected smoothly to the weak-pairing phase of Kitaev’s toy model [55, 57].

The presence of superconductivity, because of particle-hole symmetry, doubles the number of
bands as shown in Fig. 2.4. We analyze various gaps that open up for A # 0 as a result of the
pairings in Eq. (2.24). The gaps near k£ = 0 and near the Fermi momenta are denoted as Ay and Ap,

respectively. The BAG spectrum of the system becomes (see Fig. 2.4)

212

h2k? n2k
— )2+ a®k* + h? + A% £ 24/ h2A2 + (5, = W0 + a?k?). (2.22)

() = (5

A is cruical to understand the emergence of topological superconductivity. There are two kinds

of gapping mechanisms at low momentum (near £ = 0) namely ~ and A. Due to their competition,
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Figure 2.4: Bogoliubov-de Gennes spectrum of the Rashba nanowire. (a) A = 0: electron (solid
lines) and hole (dashed lines) bands cross each other at finite energies (interband crossings) and at the
Fermi energy (intraband crossings). (b) A finite A # 0 leads to both intraband and interband pairings,
Eq. (2.24), and open a gap A at the Fermi points &k, and modify the Zeeman gap at £ = 0. This gap
A is determined by the competition between h and A. This gap closes and reopens with the increase
of h, giving rise to a topological phase transition.

the gap A can be closed, which is an indication of a topological phase transition. There is a critical

Zeeman field

he = /A2 + 2, (2.23)

for which the low momentum gap A, vanishes. When h > h€, the gap reopens again but is now
Zeeman-dominated and the system becomes a topological superconductor. The other gap A, in con-
trast to Ay, never closes and, for strong spin-orbit coupling, remains roughly constant Ar ~ A. The

phase diagram of the nanowire is shown in Fig. 2.5.
The appearance of topological superconductivity in the Rashba nanowire can be intuitively under-

stood by writing the Hamiltonian in helical basis. By projecting out the upper band and considering

only one band (lower one), we obtain s-wave pairing term in the helical basis as:

= /%%{wi(k)wi(—kwﬂ.a}
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with the emergent gap

» B 1akA
AL(R) = e N iamt (2.24)

? h/A
Topological
Trivial

>

/A

Figure 2.5: Phase diagram of the proximitized nanowire which becomes a one-dimensional topologi-
cal superconductor for h > /u? + A2

This indicates that even in the proximity to a conventional s-wave pairing, the projection of the
pairing onto the helical bands gives rise to an effective p-wave pairing which is of intraband nature
in this case. We have given a detailed derivation of this emmergent p-wave pairing in Appendix B.
Actually, when both upper and lower bands are taken into account, effective pairing, in the helical
bands, consists of both s-wave (interband pairing) as well as p-wave (intraband pairing) components.
Similar physics appears in case of three dimensional topological insulator in close proximity to s-
wave superconductor where Fu and Kane showed that p,, + ip, like pairing emmerges out, giving rise

to Majorana mode at the vortex core [49].

2.4 Experimental Signature of Majorana zero mode

Till date, there has been many sucssesful experiments that could infer the existance of MZM in Rashba
nanowire. Upsurge activity from experimetal side came after the prediction of MZM in Rashba
nanowire by Lutchyn ef al. and Oreg et al. in 2010. Clear and direct probes of MZM have been

carried out in three different classes of experiments : tunneing experiment, Josephson current mea-
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surement and interferometry. We shall only focus on the outcome of tunneing experiments.

This platform of rashba nanowire has attracted enormous attention mainly because all the neces-
sary ingredients : nanowire with strong spin orbit coupling, superconductor and magnetic field are
easily available in present day laboratories. In the topological superconducting phase, as described
earlier, MZM appears at each end of the wire. Emmergence of such zero modes takes place with the
concomitant topological phase transition. The observation of the closing and reopening of the bulk

bandgap is a strong evidence of the topological phase transition.

InAs [58] and InSb nanowires [59] have strong spin-orbit interaction of strength ap = 10 meVnm
and ap = 20meVnm respectively which helps in shifting the bands of different spins. They also
posses large g factor of g ~ 15 and g ~ 50 respectively[58, 59]. When this nanowire is kept in close
proximity to an s-wave superconductor, the large g-factors allow for weak magnetic field to open a
relatively large Zeeman gap which drive the wire into a topological superconductor hosting MZMs.
The strong spin-orbit coupling is shown to enforce the topological superconducting state to possess a

relatively large gap which remains robust against disorder [60].

The first succsessful experiment in the direction of probing the transport signal of MZM was re-
ported by Mourik et al. [3]. They used an InSb semiconductor quasi-one-dimensional wire with
strong spin-orbit coupling which is partially deposited on a silicon substrate and kept in contact
with superconducting (niobium titanium nitride) and normal metal electrodes as demosnstrated in

Fig. 2.6(a).

A tunnel barrier is created in the nanowire by applying a negative voltage to the narrow area (tun-
nel barrier) in between normal (N) and superconducting (S) part of the nanowire. This tunnel barrier
further localize the zero mode at the wire ends and preventsthe Majorana wave-functions to leak into
the normal side. A bias voltage is applied externally between the N and S contacts and it drops almost
completely across the tunnel barrier. The differential conductance d//dV at voltage V and current I,
in this setup, is proportional to the density of states at energy £ = el measured from Fermi level.
Magnetic field dependent dI /dV vs V' is shown in Fig. 2.6(b) for increasing B fields in 10 mT steps

from 0 to 490 mT. The two peaks at £250 meV signify the peaks in the quasi-particle density of states

29



V(uv)

Figure 2.6: (a): Experimental set up of the semiconductor-superconductor heterostructure is shown.
(b): Magnetic field—dependent dI/dV is measured as a function bias voltage V' at temperature 70 mK
for magnetic fields ranging from 0 to 490 mT in 10-mT steps. This figure is adapted from Ref. [3]

of the superconducting wire. The induced gap in the wire, thus, is A ~ 250meV’.

When electron arising from normal side is reflected as a hole (process called Andreev reflection),
the conductance is given by G = (2¢?/h)T, where the factor of 2 appears because the Andreev re-
flection of an electron into a hole doubles the current and 74 is the Andreev reflection probability [61].
K. T. Law et al. showed that the Majorana induced Andreev reflection is always of unit proability and
thus tunneling conductance dI/dV at zero energy is 0 (2¢?/h) depending on absence (presence) of
Majorana state at the end of superconducting region [62]. Furthermore, this zero bias conductance is
independent of the precise tunnelling strength. The Majorana nature of this perfect Andreev reflection
is a direct consequence of the well-known Majorana symmetry property where particle is same as its

own antiparticle.

When magnetic field strength is between ~ 100 and 400 mT along the nanowire axis, a peak has
been observed at V' = 0. The peak has an amplitude up to ~ 0.05 x 2¢?/h which is much lower
compared to the theoretical prediction of 2¢%/h at zero temperature. This discrepancy was suspected
as a result of thermal averaging, but this suspection is ruled out when the peak width exceeds the ther-
mal broadening (~ 3.5kgT). Other averaging mechanisms, such as dissipation [63], have been taken
into consideration where the main source of dissipation is ‘soft gap’ problem which is the presence of
finite quasiparticle density-of-states within the superconducting gap. Substantial improvement could

be achieved in hardening the gap by enhancing the quality of materials, eliminating the possible dis-
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order, smoothening the interface between the wire and the superconductor [64, 65], and better control

during device processing [66, 67].

Several groups have reported the experimental observations of zero-bias peak at non-zero mag-
netic field revealing the existence of Majorana bound states [58, 68, 69]. The obtained ZBP in
transport measurement, however, were also predicted to be mimicked by other effects, such as owing
to Kondo physics [70], smooth confinement [71, 72], weak antilocalization [73], disorder [74, 75],

parity crossings of Andreev levels [76].

Investigation of concrete evidence of MZM in nanowire has been, thus, carried out extensively
by various groups [77, 78, 79]. Addressing all the dissipation and disorder issues mentioned above,
very recently, Zhang et al. have reported the quantized zero bias conductance peak in semiconductor-
superconductor heterostructure [4]. A micrograph of a fabricated device and schematic of the mea-
surement set-up is shown in Fig. 2.7(a) where an InSb nanowire is partially covered by a thin super-
conducting aluminium shell to create superconducting portion. The tunnel-gates are used to induce
and control a tunnel barrier in segment between the normal and superconducting regime. The chem-
ical potential in the region covered with Al can be tuned by using super-gates connected to that
segment.

The magnetic field dependancy of dI/dV is depicted in Fig. 2.7(b). The ZBP remains quantized
with the value 2¢? /I for a considerable value of magnetic field B which indicates the robustnace of
ZBP against the applied B field. Experimental outcome matches qualitatively with theoretical predic-
tion which is shown in Fig. 2.7(d). ‘Soft gap’ problem still sustains as can be seen in Fig. 2.7(c) left
panel and is denoted by the black curve. ZBP attains its maximum value of 2¢2/h for B = 0.88T

which matches with the theory [see right panel of Fig. 2.7(c)] to a considerable extent.

This seminal paper has also shown the tunnel-gate voltage dependance of the ZBP. It is clear
from Fig. 2.8(a) and (b) that the tunneling conductance is almost robust for tunnel gate voltage being
—8&8.0 or more positive when bias voltage V' = 0. However, for more negative tunnel-gate voltage,
ZBP gets splitted and dI/dV approaches zero which can be attributed to the overlap of Majorana
wavefunctions [72]. The above-gap conductance measured at V' = (0.2 meV varies with tunnel-gate

voltage as shown in Fig. 2.8(c) which is expected as this transport is carried by quasi-particles above
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Figure 2.7: Scanning electron micrograph of the experimental device is shown in upper panel and its
schematic sketch in lower panel of (a). The two tunnel-gates are shorted externally, as are the two
super-gates. (b) Magnetic field dependence of the quantized ZBP is depicted in upper panel while the
line cut along the zero-bias is presented in the lower panel. Magnetic field direction is aligned with
the nanowire axis for all measurements. Super-gate and tunnel-gate voltages are fixed at —6.5V and
—T7.7V respectively, while the back-gate is kept grounded. Measurement is carried out at 20 mK. (c)
Comparison between experiment and theory is shown : left (right) panel dictates the vertical line-cuts
from b (d) at 0 T and 0.88 T (1.07 meV). (d) Theoretical results of d//dV obtained from simulation
is shown, with chemical potential ;» = 0.3 meV. This figure is adapted from Ref. [4] .
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the superconducting gap. All of these observations match very well with the results from theoretical
side which are shown in Fig. 2.8(d). They have also varied chemical potential, super-gate voltage
and temperature, and have established the robustness of MZM against all of these parameters (local

perturbations).
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Figure 2.8: (a) : Tunnel-gate dependence of the quantized ZBP at B=0.8T while super-gate and
back-gate voltages are fixed at -6.5V and 0V, respectively. (b), (c) : Horizontal line-cuts from (a),
revealing zero-bias conductance and above-gap conductance, respectively. The zero-bias conductance
shows a quantized plateau for a range of tunnel-gate voltage. (d) : Theoretical results using Majorana
simulation is shown describing the tunnel-gate dependence of dI/dV. The Zeeman field is chosen at
0.8 meV and chemical potential at 0.6 meV. This figure is adapted from Ref. [4] .

There is finite possibility of arising Andreev bound state (ABS) near the tunnel barrier region,
which can mimic the ZBP of 2¢?/h in tunnelling conductance as predicted by Liu e al. [80]. How-
ever, these trivial ABS are not robust against tunnel-gate voltage as confirmed by Zhang ef al. [4].
They concluded that while the temperature alone cannot differentiate the MZM origin from ABS,
a stable quantized tunnel-conductance plateau which is robust against variations in all gate voltages
and magnetic field strength, can be an unique identification of a topological MZM in tunnelling spec-

troscopy. Although the search for smoking gun signal of MZM is still under active research pathway.
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CHAPTER 3

Thermal Conductance in Superconducting Hybrid Junction of

Silicene

3.1 Chapter Summary

We have explored the the properties of thermal conductance in a normal-insulator-superconductor
(NIS) junction of silicene for both thin and thick barrier limit of the insulating region. While thermal
conductance, in this kind of junction of Dirac materials, displays the conventional exponential depen-
dence on temperature, it manifests a nontrivial oscillatory dependence on the strength of the barrier
region. We have explored the tunability of the thermal conductance by the interplay betwen external
electric field and the induced superconducting gap. Moreover, the effect of doping concentration on
thermal conductance has also been discussed. In the thin barrier limit, the period of oscillation of the
thermal conductance as a function of the barrier strength comes out to be /2 when doping concentra-
tion in the normal silicene region is small. On the other hand, the period gradually converts to m with
the enhancement of the doping concentration. Such change of periodicity of the thermal response
with doping can be a possible probe to identify the crossover from specular to retro Andreev reflec-
tion in Dirac materials. In the thick barrier limit, thermal conductance exhibits oscillatory behavior as
a function of barrier thickness d and barrier height Vj; while the period of oscillation becomes V/{, de-

pendent. However, amplitude of the oscillations, unlike in tunneling conductance, gradually decays
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with the increase of barrier thickness for arbitrary height V; in the highly doped regime. We have

discussed experimental relevance of our findings.
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3.2 Introduction

With the discovery of graphene [81, 7] and topological insulator [82, 83], the study of Dirac fermions
in condensed matter systems has become one of the most active field of reseach over the last decade.
The low energy band spectrum of these materials exhibits massless Dirac equation. Hence, relativistic
electronic band structure leads to upsurge research interest in terms of possible application as well as
fundamental physics point of view.

In recent years, a silicon analogue of graphene, silicene [6, 13, 5, 84] consisting of a monolayer
honeycomb structure of silicon atoms, has attracted an immense amount of research interest both
theoretically [5, 6] and experimentally [21, 85, 1, 86]. This two-dimensional (2D) material has been
grown experimentally by successful deposition of silicene sheet on silver substrate [21, 85, 1]. Also
the interest in silicene soared due to the possibility of its various future applications ranging from
spintronics [87, 88, 89, 90, 91], valleytronics [92, 17, 93, 94, 95] to silicon based transistor [96] at
room temperature.

Very recently, it has been reported that low energy excitations in silicene follows relativistic Dirac
equation akin to graphene [5, 30]. In fact, silicene shares almost all remarkable properties with
graphene viz. hexagonal honeycomb structure, Dirac cones etc. However, due to large ionic radius
of silicon atom, contrary to graphene, silicene does not possess a planar structure, rather it has a
periodically buckled structure. Not only that, silicene has spin-orbit coupling (~ 1.55 meV) [6]
which is significantly large compared to Graphene. Consequently, a band gap appears at the Dirac
points K and K’ resulting Dirac fermions to be massive. Due to the buckled structure the two sub-
lattices in silicene respond differently to an externally applied electric field which can tune the band
gap at the Dirac points [97, 98, 30]. Such tunability opens up the possibility to undergo a topological
phase transition from topologically non-trivial state to a trivial state depending on whether the applied
electric field is less or more than the critical value at which the band gap closes. Thus a rich varity of
topological phases can be realised in silicene [29, 99, 92, 18, 100] under suitable circumstances.

On the other hand, proximity induced superconductivity in Dirac materials has attracted a great
deal of attention in recent times [101, 82]. Very recently superconducting proximity effect in silicene
has been investigated in Ref. [102] in which the authors have theoretically studied the behavior of

electrical conductance in a normal-superconductor (NS) junction of silicene. Up to now, no exper-
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iment has been carried out in the context of proximity effect in silicene. On the other hand, heat
transport in Dirac systems [103, 104] and superconducting hybrid structures also has become an ac-
tive field of research over the past decade [105, 106, 107]. Thermal conductance (TC) has been
investigated in graphene based hybrid junctions in Ref. [108, 109, 110, 111] where due to low-energy
relativistic nature of Dirac fermions in graphene, TC exhibits oscillatory behavior with respect to the
barrier strength. Such oscillatory behavior of TC is in sharp contrast to that of the conventional NS
junction [112, 113] where TC decays with the barrier strength. However, study of TC in silicene based
normal-insulator-superconductor (NIS) hybrid junction is still unexplored to the best of our knowl-
edge. The extra tunability of the band gap by an external electric field also allows one to control the
TC by the same. Also, TC in silicene NIS junction for both thin and thick (arbitrary barrier thickness)
insulating barrier limit with different doping concentrations is worth to explore.

Motivated by the above mentioned facts, in this chapter, we discuss TC in silicene NIS junction
for both thin and thick insulating barrier as well as with various doping concentration in the nor-
mal silicene regime. In our analysis, we consider only the electronic part of the TC and neglect the
phonon contribution at low temperature. We find that TC has an exponential dependance on temper-
ature which is due to the s-wave symmetry of the superconductor. As the thermal transport is carried
by the low-energy Dirac fermions like graphene, TC is shown to be oscillatory as a function of barrier
strength. In moderate doped regime, where chemical potential is of the same order of band gap at the
Dirac points, TC shows non-trivial nature due to interplay of chemical potenial, gap and temperature.
TC is also controllable by the external electric field applied perpendicular to the silicene sheet. The
period of oscillations of TC as a function of barrier strength depend on the doping concentration. In
the thin barrier limit, the period of oscillation changes from 7 /2 to 7 as we go across from undoped to
highly doped regime. In the thick barrier limit, oscillations persist in TC as a function of barrier thick-
ness and barrier height but the period and amplitude of oscillations become functions of the barrier
height. More strikingly, amplitude of oscillations of TC diminishes after a certain barrier thickness
and height in the highly doped regime which is in contrast to the tunneling conductance [114].

The remainder of the chapter is organised as follows. In Sec. 3.3, we describe our model and
method. Sec. 3.4 is devoted to the thin barrier regime where results are presented for three different
doping concentrations. Features of the thick barrier limit are discussed in Sec. 3.5. Finally, we

summerize and conclude in Sec. 3.6.
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3.3 Model and Method

We consider a monolayer of silicene consisting of two sublattices A and B. Two sublattice planes are
separted by a distance 2/ due to the buckled structure. When an electric field is applied perpendic-
ular to the silicene sheet, a staggered potential is generated between the two sublattices A and B as

discussed earlier.

Figure 3.1: A schematic sketch of our silicene NIS set-up. Silicene sheet with hexagonal lattice
structure is deposited on a substrate (orange, light grey). Here N indicates the normal region, I
denotes the insulating barrier region of width d (grey). A bulk superconducting material denoted by
S (light grey) is placed in close proximity to the silicene sheet to induce superconductivity in it. A
gate (blue, light grey) is connected to the silicene sheet to tune the chemical potential (doping) in the
normal region. The magenta (light grey) line indicates the direction of the heat transport in response
to a temperature gradient 07" between the normal and the superconducting side.

The low energy effective Hamiltonian of silicene, which is derived from lattice Hamiltonian in the

Appendix A, near the Dirac points k,,n = %1 reads [30]

~

H, = hvy(nk, 7, — kyTy) + (elE, —noAso)T, — pl . (3.1

where v/ is the fermi velocity of the electrons, x is the chemical potential and £ is the external
electric field. n = +1 corresponds to the K and K’ valley. In Eq. (3.1), o is the spin index and 7
correspond to the Pauli matrices in the sublattice space and 1 is the 2 x 2 identity operator.

In this chapter we consider a normal-insulator-superconductor (NIS) set-up of silicene in z — y
plane as depicted in Fig. 3.1 with normal region (N) being in x < —d. The insulating region (I)
with width d has —d < x < 0 while the superconducting region (S) occupies z > 0 for all y. The
insulating region has a barrier potential which can be implemented by an external gate voltage. Also
the chemical potential can be tuned by a gate voltage connected to the silicene sheet (see. Fig. 3.1).
Superconductivity in silicene is induced via the proximity effect of a bulk s-wave superconductor

placed close to the silicene sheet in the region x > 0.
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Silicene NIS junction can be described by the Dirac Bogoliubov-de Gennes (DBdG) equation of
the form [102]

U =FEU. (3.2)

where FE is the excitation energy, A is the proximity induced superconducting pairing gap and H,,
is given by Eq.(3.1). Here we have assumed that the induced superconducting pairing gap does not
have spatial structure inside the superconducting region i.e., A(x) = A for x > 0 while A(z) = 0 for
x < 0. The schematic band diagram of the silicene NIS set-up is shown in Fig. 3.2. In silicene, the
pairing occurs betweennn = 1,0 = landnp = —1,0 = —laswellasnp =1,0 = —l and n = —1,
o = 1 for a s-wave superconductor.

Solving Eq.(3.2) we find the wave functions in three different regions. The wave functions for the

electrons and holes moving in £x direction in normal silicene region reads
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where the normalization factors are given by A = Q(ET;E“N), B = @ and
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2
KLY = \/ (Bt = (el B- —norso)? — (K) . (3.5)

7" = EdunF(elE, — nodso) . (3.6)

Here puv is the chemical potential in the normal silicene region.
Due to translational invariance in the y-direction, corresponding momentum k:ig ) is conserved.

The angle of incidence «,. and the Andreev reflection (AR) angle «y, are related via the relation

k' sin(ap) = k¢ sin(a,) . (3.7)

AR is a process where electron is converted as a hole at the interface. For the rest of the chapter,
we have denoted the band gap (elE, — As0)/A at K valley by A and the gap (elE, + \so)/A at K’
valley by \'. In the Insulating region wave functions can be found from normal region wave functions
(Eq.(3.3)) by replacing uy — un — Vp.

In the superconducting region the wave functions of DBAG quasiparticles are given by,

Uy

nuie’ ‘ .
exp|(ips — K)x +igyy] ,

Sl

Uz

nu2 einbe

Uz

exp|(—ips — K)x + Zq;jy] . (3.8)
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Uy

_rr]ulefinee

1
Here, uy ) = [% + —”E;E?AQ] * and k = v/AZ — E2. The transmission angles for electron-like and
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Figure 3.2: A schematic band diagram of our silicene NIS geometry. While in the normal (N)
silicene and superconducting (S) silicene region both K and K’ valleys are depicted, in the insulating
(I) barrier region only K valley is shown for simplicity. Blue solid line indicates conduction band
while valence bands are represented by the red dashed lines. Dot-dashed line and dot-dot-dashed line
represent ;o = 0 and py = 100A respectively.

hole-like quasi-particles are given by,

q“sinf, = k{sin a . 3.9

for a = e, h. The quasiparticle momentums can be written as

¢ M = g+ VE? — A?. (3.10)

where pg = pun + Uy and U 1s the gate potential applied in the superconducting region to tune the
Fermi surface mismatch. The requirement for the mean-field treatment of superconductivity is that
s > A [115,101].

We consider electrons with energy £ incident at the interface of our NIS junction of a silicene
sheet. Considering both normal reflection and Andreev reflection from the interface, we can write the

wave functions in three different regions of the junction as
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Uy = 5T+ +rarh,
Uy = pYit + i +mylt g

Ug = oG+ tathf . (3.11)

where r and r4 are the amplitudes of normal reflection and Andreev reflection (AR) in the N
region respectively. ¢, and ¢}, denote the amplitudes of transmitted electron like and hole like quasi-

particles in the S region. Using boundary conditions at the two interfaces, we can write

UNlo=—d = Vilo=—d, Vilz=o = Vslsmo - (3.12)

From these equations we can find the reflection and AR amplitudes 7 and r 4, required for eval-
uating the electronic contribution of TC. For the NIS junction, normalized thermal conductance & is

given by [116, 108]

H://szdae
o Joz

E? ]
— - (3.13)
4T? cosh?( L)

|- R — Rhcos(ah)]
cos(a)

cos(a)

Here, R. and R, are reflection and AR probability respectively. From current conservation, we

obtain [102]

Re = ’Mg 5
kh 2E 4 pun)(E — py — A)
R, = -—= _ ral?. (3.14)
NS ke TR kPt (B = = |

The derivation of Eq.(3.13) using BTK formalism [61] is given in the Appendix C.
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3.4 Thin barrier

In this section, we present our numerical results based on Eq.(3.13) for the thin barrier limit. In this
particular limit of insulating barrier, we consider d — 0 and V — oo, such that k¢d, k*d — y where
kS, k' are the electron and hole momentum inside the insulating barrier respectively.  is defined as
the barrier strength of the insulating region. Such limit has been considered before in Ref. [117, 118]

for the analysis of tunneling conductance in graphene and silicene.

We take Uj to be very large compared to the superconducting pairing potential A. For simplicity,
we consider . = 0 and 0, = 0 in Eq.(4.10) and Eq.(3.10). Due to significant chemical potential
imbalance between the normal and superconducting sides, there is a large mismatch of Fermi wave-

lengths in these two sides resulting in interesting behavior in TC.

Before proceeding to present our numerical results, here we illustrate whether both valleys con-
tribute to TC at all doping conentrations or not. For silicene, the band gap at K’ valley satisfies
X > pun/A for the undoped and moderately doped regime. In general, doping concentration can be
controlled by applying external gate voltage in silicene. Consequently, K’ valley does not contribute
to TC in these two regimes. Nevertheless, in highly doped regime, 11y ~ 100A which is much larger
than both the band gaps A and )\ at K and K’ valley respectively (see Fig. 3.2). Hence, we consider
contribution for both the valleys while calculating TC for the highly doped regime. Therefore, we can
write Kk = Kk + Kk in this case. On the other hand, kK = ki for the undoped and moderately doped

regime.

3.4.1 Undoped regime (. = 0)

In this subsection we present our results when the normal region of the silicene sheet is undoped i.e.,
puny = 0. In Fig. 3.3((a)-(d)) we show the behavior of TC as a function of 7'/T.. for A ranging from
0 to 0.8. In silicene A can be tuned by just the external electric field £,. We choose various barrier
strengths. Here, 7. is the transition temperature of the superconducting silicene. The exponential fall
of TC (k) when the temperature is below the transition temperature 7. results because of spherical

symmetry of the s-wave superconductor [108]. This behavior is similar to that of conventional no-
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Figure 3.3: Thermal conductance is shown as a function of temperature 7'/T¢ with U = 100A and
A ranging from O to 0.8 for the undoped regime (uy = 0).
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Figure 3.4: Thermal conductance is depicted as a function of the barrier strength x with U = 100A
and A ranging from O to 0.8 for the undoped regime (1. = 0). Blue (solid), magenta (dotted), green

(dashed), red (dash-dotted) and orange (dash-dot-dotted) curves indicate A values 0.0, 0.2, 0.4, 0.6
and 0.8 respectively.
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mal metal-superconductor junction [113]. As we increase A by suitably adjusting the perpendicular
electric field E,, TC decreases monotonically. As A i.e., band gap increases, the available propagat-
ing states through which thermal transport takes place reduces and as a consequence TC decreases
monotonically with \. However, as carriers with all energies contribute to the thermal transport,
quantitative value of « is hardly affected by change of band gap at Dirac points which is less than the

induced superconducting gap in magnitude. This we can see from formula of « (see Eq.(3.13)).

In Fig. 3.4((a)-(d)) we demonstrate the bahavior of TC with respect to the barrier strength y. We
choose different temperatures below the transition temperature 7.. TC exhibits a periodic behavior
with periodicity 7/2 as shown in Fig. 3.4. Such periodic behavior of TC is entirely different from
conventional NS junction where TC always decays with the barrier strength. This periodic behavior

1s also the manifestation of Dirac fermions in silicene.

The oscillatory behavior of the conductance can be understood as the following way : nonrela-
tivistic free electrons with energy E passing through a potential barrier V' are described by the wave
function of the form e¢*** where k ~ /E — V. For E < V, the wave function decreases exponentially
inside the barrier. On the contrary, relativistic free electrons have a dispersion k ~ (E — V') and the
corresponding wave functions do not decay inside the barrier region for arbitrary large potential bar-
rier. Instead, the transmittance across the junction displays an oscillatory behavior as a function of the
energy of incident particle £. In general, for the kinetic energy of a free electron being given by k£

leads to a complex momentum k ~ (£ — V)1

inside the tunneling barrier region and hence the wave
function has exponentially damped oscillatory behavior. Only relativistic massless fermions whose
kinetic energy is directly proportional to the momentum are unique in a sense that their momentum

is real inside the barrier region. Therefore, the undamped oscillatory behavior at subgap energies is a

direct manifestation of the presence of relativistic low-energy Dirac fermions.

When temperature 7' is very small compared to 7, the quantitative value of « is vanishingly small
which can also be seen from Fig. 3.3 focusing at small 7'/T, region. Also, the /2 periodicity of TC is
independent of 7'/, value. Moreover, for the ;1y = 0 regime, the major contribution in TC originates
from the unusual specular Andreev reflection (SAR) [115] process due to the pecularity of 2D Dirac

systems. When a hole is reflected back along the path of the incident electron the process is known as
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retro Andreev reflection. On the other hand, the process is called specular Andreev reflection when
the refected path of hole follows mirror like reflection from the interface. This unusual process of
specular Andreev reflection was first predicted in graphene by Beenakker [115] and experimentally
verified recently by Efetov ef al. [119]. In general, in SAR process, an electron in the conduction
band is reflected as a hole in the valence band while in the usual case of RAR, electron and hole both
lie in the conduction band. Thus, for the undoped regime, electron from conduction band is always

reflected from valence band and thus transport in the junction occurs primarily due to SAR process.

Effect of A is more prominent near the transition temperature 7, because superconducting gap
decreases as ' — T, resulting the band gap in the normal region to overcome the superconducting
pairing gap. As a result normal reflection probability enhances rusulting in reduction in . Note that,
the maxima of the peaks of « for different A\ are same for 7" = 0.157, which is unique behavior at
very low temperature (7' < 7). On the contrary, peak heights of s gets reduced due to the evanescent

modes as long as T" approaches 7..

The oscillatory behavior of the TC can be explained as follows. Nonrelativistic free electrons with
energy I incident on a potential barrier with height V|, are described by an exponentially decaying
(non-oscillatory) wave function inside the barrier region if £ < Vj, since the dispersion relation
is k ~ v/E —Vj. On the contrary, relativistic free electrons satisfies a dispersion k& ~ (E — Vj),
consequesntly corresponding wave functions do not decay inside the barrier region [120]. Instead,
the transmittance of the junction displays an oscillatory behavior as a function of the strength of the
barrier. Hence, the undamped oscillatory behavior of TC at 7" < 7. is a direct manifestation of the

relativistic low-energy Dirac fermions in silicene.

3.4.2 Moderately doped regime (uy # 0)

In this subsection, we present our results for the moderate doping case where chemical potential in
the normal part of the silicene sheet is 0.5A. This regime is qualitatively different from the undoped
one because the doping concentration has now almost same order of magnitude with A. So it is inter-
esting to analyse whether non-trivial behavior of TC emerges out due to the interplay between doping

and band gap at the two valleys. In Fig. 3.5((a)-(d)), TC is shown as a function of temperature with
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Figure 3.5: Thermal conductance is shown as a function of temperature 7'/T¢ with U = 100A and
A ranging from 0 to 0.8 for moderate doping (uxy = 0.5A).
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Figure 3.6: We show the thermal conductance as a function of the barrier strength y with U = 100A
and A ranging from O to 0.8 for moderate doping (uny = 0.5A). Specification of A is same as in
Fig. 3.4.
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different )\ and for various barrier strength x. The striking difference from the undoped case is that x
does not show monotonic behavior with A\. When 7' < T, x decreases with increasing A value by F,
from 0 to 0.4. Then « further increases as \ crosses y value. At temperaure close to 7,  decreases
monotonically with increasing A similar to the undoped case. Note that, x decreases in the 1" < T
regime due to the evanescent modes present between the energy range |y — A| to | + A|. Then &
start increasing in the subgapped regime when py ~ A resulting in the non-monotonic behavior. As

long as 7" — T it again decreases due to the silicene band gap like the ;i = 0 case.

Transition from non-monotonic to monotonic behavior of TC takes place at 7' ~ 0.67, indepen-
dent of x value. This non-monotonic characteristics is more promiment in Fig. 3.6((a)-(b)) where
oscillatory nature of x with barrier strength is presented for different values of 7'/7,. For a fixed
T/T., such non-monotonic characteristics of « can be tuned by the external electric field £, which
is unique in silicene. Here also the periodicity of oscillations remains /2 independent of tempera-
ture and contribution in ~ originates from both specular Andreev reflection (SAR) and retro Andreev

reflection (RAR).

3.4.3 Highly doped regime (1 ~ 100A)

Here in this subsection we present the features of TC while normal portion of silicene is highly doped
(uny ~ 100A). In this case the mean-field condition: pn+U > A [115] can be satisfied by assuming
U < A or taking U > A as before. Former one does not exhibit any Fermi surface mismatch
between the normal and superconducting regions. On the other hand, the latter one contributes to
large density mismatch between the two sides. We have numerically calculated < for U = 0 < pup,
U = 100A ~ py and U = 10000A > puy regime. The corresponding results are presented
in Fig. 3.7 and Fig. 3.8. Here also, similar to the undoped and moderately doped regime, ~ has
exponential dependance on temperature which is a universal feature in thermal transport. The only
difference from the previous two cases lies in the fact that we consider the separate contribution of
both the valleys K and K’ when iy > A (see Fig. 3.2).

From analytical expressions of the superconducting wave functions (see Eq.(4.10) and Eq.(3.10)),
we notice that the change in wave functions due to the variation of A and )’ is negligible because

pun ~ 100A > X\, \. Hence, in this regime « comes out to be independent of the applied electric field
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E., which is depicted in Fig. 3.7. The corresponding behavior is independent of U also. Nevertheless,
the quantitative value of « is enhanced by a factor of “2” compared to the previous two cases due to
the contribution coming from both the valleys.

The oscillatory behavior of TC with respect to the barrier strength y persists in the highly doped
regime as well (see Fig. 3.8((a)-(d))). However, now the periodicity changes with the U value. As long
as U > py, period remains 7 /2 but it increases gradually to 7 as U decreases towards U < . Both
for U = 0 and U = 100A, periodicity of x remains same at 7 but the spread of the curve decreases
as U decreases as depicted in Fig. 3.8(a,c). This change of behavior with variation of U can be
qualitatively understood from Fermi surface mismatch between the normal and superconducting sides.
For large Fermi wavelengths mismatch between the normal and superconducting regions, period of
oscillations remains 7 /2 which is similar to the undoped and moderately doped regimes. However, as
the Fermi wavelengths mismatch becomes vanishingly small in the highly doped regime, periodicity
of oscillation converts to 7. Here also, A as well as A’ have neglizible effect on the thermal transport
as p is the dominant energy scale in this particular regime. Similar periodicity of 7 in the behavior
of tunneling conductance in graphene for the highly doped regime was reported earlier in Ref. [117].

Note that, for the highly doped regime, major contribution in x originates from the retro AR in
contrast to SAR in the undoped regime. Also the periodicity of x changes from 7/2 to 7 as long as
U = uy. Such change of periodicity with doping, in the behavior of thermal conductance in the thin
barrier limit, can be an indirect way to identify the crossover from SAR to retro AR in Dirac materials.
Although, it is not apparent to compute separately the individual contribution of retro AR and SAR
to k when py # 0. This is because within our scattering matrix formalism we have to average over
all values of energy (see Eq.(3.13)). Hence, the change of periodicity of x from 7/2 to m may not
be a strong justification (smoking gun signal) for the crossover phenomenon from SAR to retro AR
as the periodicity again can change from 7 to 7/2 due to Fermi wavelengths mismatch between the
normal and superconducting regions even if jy ~ 100A where the major contribution to x arising
from retro AR (see Fig. 3.8(b)). However, to observe the latter change, one has to enhance the doping

concentration in the superconducting side also.
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Figure 3.7: Thermal conductance is shown as a function of temperature 7'/T with A ranging from
0 to 0.8 and \’ ranging from 40 to 40.8 for the highly doped (1 ~ 100A) regime.
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Figure 3.8: Thermal conductance is shown as a function of the barrier strength y with A ranging from
0 to 0.8 for high doping (i ~ 100A) condition. Specification for A\’ remains same as mentioned in

Fig. 3.7.
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3.5 Thick barrier

In this section we examine TC in the thick barrier limit where we consider a barrier of width d
and height V;. The height of the barrier can be tuned by applying an additional gate voltage in the
insulating region [114]. We emphasize on the role being played by the barrier height V[, as well as
thickness d. We show s manifests osscillatory behavior with respect to both d and Vj. However,
the period of oscillation is no longer universal as in the thin barrier limit but beocmes a function of
applied voltage V|, and width d. Similar feature is found earlier in graphene NIS junction [114] where
tunneling conductance is shown to have oscillation whose period depends on V4.

Note that, in the thick barrier limit, extended BTK formalism [61] is valid for our model of NIS
junction if d < & where £ = hvp/7mA which is the phase coherence length in the superconducting
side. Fermi wavelength is given by, \r = 27 /kr where kr = py/hvp being the Fermi wave vector.
So Ar and ¢ are related by, \p = 27%A £/uy. We notice that undoped regime is not valid in the
thick barrier limit becuase Fermi wavelength diverges in that regime. In the moderately doped regime,

choosing i = 0.5A as before, we obtain d/\p < 1/47% ~ 0.025.

3.5.1 Moderately doped regime (1y # 0)

When the doping concentration is moderate (11 = 0.5A) in the normal silicene regime, TC exhibits
similar features as in the thin barrier limit. Here we illustrate the behavior of TC as a function of
barrier height V{, and thickness d in Fig. 3.9 and Fig. 3.10 for A = 0.3 and A = 0.7 respectively. We
note the following features. (i) When d — 0, TC is unaffected by the barrier height V;. This is true
for arbitray bandgap A\ as we can see from Fig. 3.9 and Fig. 3.10. Nonetheless, V| affects TC as d
increases. Qualitatively we understand that as U is chosen to be large ~ 100A, small barrier height
Vb has negligible effect on TC. (ii) As barrier height dominates U, TC exhibits oscillatory behavior
as a function of d and such oscillation persists even for very large values of 1{. Similarly oscillation
is present as V, changes even for d ~ 0.025\r. However, the period of oscillation does not show
any universal periodicity of 7 /2 like in the thin barrier case. The period of oscillation of x depends
on both d and Vj. Similar feature was found earlier in case of tunneling conductance in graphene
NIS junction [114]. (iii) The external electric field £, does not change the qualitative behavior of s
as shown in Fig. 3.9 and Fig. 3.10. Although it changes the quantitative value of x. As ) increases

by tuning F,, TC reduces monotonically with both d and V|, similar to the thin barrier case when
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Figure 3.9: Plot of thermal conductance as a function of the barrier height V|, and barrier thickness d
for T/T. = 0.8, A = 0.3, U = 100A and px = 0.5A.
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Figure 3.10: Thermal conductance is shown as a function of the barrier height V|, and barrier thick-
ness d. Here A = 0.7 and the value of the other parameters are chosen to be the same as in Fig. 3.9.
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3.5.2 Highly doped regime (1 ~ 100)

Here, we present the behavior of TC as a function of d and V[, with high doping concentration where
iy ~ 100A. We choose U = 0 only. Hence, there is no Fermi wavelength mismatch between
the normal and superconducting side of the silicene sheet. Thus the effect of applied gate voltage
Vb across the insulating region can be investigated prominently in this regime due to U = 0. Also,
as we have already pointed out in thin barrier limit that A and )\’ has negligible effect on x when
pun /A > X N, hence we consider A = 0 and \' = 40.

Fig. 3.11 represents TC as a function of d and V;, for A\ = 0 and 7'/T.. = 0.8. We choose V;, value
to be much larger than py in order to investigate the effect of applied gate voltage or barrier height
on TC. We note that « exhibits oscillation with respect to V[, even for very small barrier thickness d.
The period of these oscillations is entirely dependent on V;. As mentioned earlier, such oscillations
of  at very small d does not appear at moderate doping concentration unless and until 1 exceeds U.
Note that, the enhancement in the quantitative value of x compared to the previous case arises due to
both K and K’ valley contribution. Also in the highly doped regime, the amplitudes of oscillations
of x decay after a certain value of barrier thickness (d ~ 0.4\r) for arbitrary barrier height Vj. This
can be understood from the Fermi wave-length mismatch between the barrier and the normal silicene
region for high value of d and V},. This feature of TC is in sharp contrast to the tunneling conductance

in graphene which is oscillatory for arbitrary d and V[ [114].

3.6 Summary and conclusions

To summerize, in this chapter, we investigate thermal conductance ~ by Dirac fermions in silicene
NIS junction where superconductivity is induced in silciene sheet via the proximity effect. We study
the behavior of TC in this set-up both for thin and thick insulating barrier limit. We show that TC
exhibits 7 /2 periodic oscillation with respect to the barrier strength in thin barrier limit for undoped
(uny = 0) and moderately doped (0 < puy < A) regime where the Fermi surface mismatch between
the normal and superconducting sides is significant. The oscillation becomes 7 periodic as a function
of barrier strength in the highly doped (uy > A) regime where Fermi surfaces in the two sides
are almost aligned. This change of periodicity (/2 to 7) in thermal response with the variation

of doping concentration can be an indirect probe to identify the crossover from SAR to retro AR.
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Figure 3.11: Thermal conductance is depicted as a function of barrier height V[, and thickness d with
A=0,N =40,U =0and T/T. = 0.8 for the highly doped (1 ~ 100A) regime.

Nonetheless, TC shows conventional exponential dependence on temperature independent of doping
concentration and barrier characteristics. The external electric field reduces TC monotonically in
the undoped regime. However, a non-trivial interplay between band gap at Dirac points and doping
concentration appears in the moderately doped case. Consequently, electric field can tune TC in the
later regime. On the other hand, electric field has negligible effect on TC when pn /A > .

In the thick barrier limit, oscillation of TC persists both as a fucntion of barrier thickness d as well
as barrier height V. The latter can be tuned by an additional gate voltage appled at the insulating
region. However, we show that the periodicity of TC no longer remains constant, rather becomes
functions of both d and V{,. Also after a certain barrier thickness (d ~ 0.4\ ), amplitude of oscillations
in TC decays for arbitrary 1} in the highly doped regime.

In our analysis, we consider only the electronic contribution in TC and neglect the phonon con-
tribution at small temperatures (1" < 71.). Very recently, nanoscale control of phonon excitation in
graphene has been reported [121]. Hence, such nanoscale control of phonon excitation in silicene and
the effect of electron-phonon interaction on TC will be presented elsewhere.

As far as experimental realization of our silicene NIS set up is concerned, superconductivity in
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silicene can be induced by s-wave superconductor like Al [122, 123]. In recent years, proximity
induced superconductivity has been observed in other 2D materials such as graphene [122, 123, 124]
and transition metal dichalcogenides [125]. Once such superconducting proximity effect is realized
in silicene, fabrication of silicene NIS junction can be feasible. Typical spin-orbit energy in silicene
is A\so ~ 4 meV while the buckling parameter [ ~ 0.23 A [6, 5]. Considering Ref. [122], typical
induced superconducting gap in silicene would be ~ 0.2 meV. For such induced gap, choosing
iy ~ 100A ~ 20 meV, we obtain A\ ~ 130 nm. Hence, a barrier of thickness ~ 10 — 15 nm
may be considered as thin barrier and the gate voltage V ~ 500 meV can therefore meet the demands
of our silicene NIS setup. For the thick barrier limit, thickness can be varied arbitrarily (satisfying
d < Ap ~ 100 nm), with the gate voltage V5 ~ 100 — 200 meV.

However, the effects of external electric field might not be visible in the above regime as envisaged
by our theoretical calculation. To realize non-trivial effects due to the electric field on TC, chemical
potential in the normal silicene region can be puy ~ 80 — 120 peV and the external electric field F,
can be within the range £, ~ 170 — 180 eV /um. In this moderately doped regime (0 < puy < A),
the criterion for d and Vj can be similar to the highly doped regime as mentioned before.

Note that, in our analysis, we have considered a bulk silicene material following Ref. [102]. The
bulk-boundary correspondence has not been taken into account within our scattering matrix formalism
where the effect of edge mode can’t be taken into account. So, we cannot distinguish between the
topological phase or the band insulating phase within our formalism even if we tune the electric field
E. in our calculation. Hence, in our analysis, the contribution in the thermal conductance is arising
from the bulk states only.

We expect our results to be analogous to the recently discovered 2D materials like germenene,
stanene [126, 127]. Although the effect of Rashba SOC Ay in these materials can be more impor-
tant than silicene [6, 5]. For silicene, Ar is small compared to Ago [30]. The low energy spectrum
of silicene is independent of Ar only at the Dirac point [30]. Inclusion of small Ai breaks the spin
symmetry and spin is no longer a good quantum number. Qualitatively, from scattering point of view,
presence of small Ar introduces spin flip scattering processes from the normal-superconductor (NS)
interface. Apart from spin conserving reflection and AR processes, the reflection and AR processes
with spin flip also contribute to x. Nevertheless, as Ag is small, the amplitudes of those additional
scattering processes will also be small. Hence, after averaging over all the energy values while com-

puting ~, the contribution arising from these two extra scattering processes on the resulting thermal
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conductance will be vanishingly small. Thus, to our expectation, the qualitative feature of « as a

function of T'/T, or y will remain similar even one includes small Ay into account.
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CHAPTER 4

Quantum Charge Pumping in Superconducting Hybrid Junction

of Silicene

4.1 Chapter Summary

Adiabatic quantum pumping is a transport phenomenon in which low-frequency periodic modula-
tions of at least two system parameters with a phase difference lead to a zero bias finite dc current
in meso- and nanoscale systems. Such zero-bias current is a consequence of the time variation of
the parameters of the quantum system which explicitly breaks time-reversal symmetry. We have
theoretically investigated the phenomena of adiabatic quantum charge pumping through a normal-
insulator-superconductor-insulator-normal (NISIN) setup of silicene within the scattering matrix for-
malism. Assuming thin barrier limit of the insulating region, we have considered the strength of the
two barriers (y; and x2) as the pumping parameters in the adiabatic regime. Within this geometry,
we have obtained crossed Andreev reflection (CAR) with probability unity in the y-x2 plane without
the unwanted concomitant elastic cotunneling (CT). Tunability of the band gap at the Dirac point by
appyling an external electric field perpendicular to the silicene sheet and variation of the chemical po-
tential at the normal silicene region, open up the possibility of achieving novel perfect CAR process
through our setup. This resonant behavior arises periodically in the plane of the barrier strengths. The

behavior of the pumped charge through the NISIN structure as a function of the pumping strength
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and angles of the incident electrons have been analyzed. We have predicted that almost quantized
pumped charge can be obtained through our geometry when the pumping contour encloses the CAR
or transmission resonance in the pumping parameter space. We have mentioned possible experimental

feasibility of our theoretical predictions.

61



4.2 Introduction

In recent years, a close cousin to graphene [81, 7], silicene [6, 13, 5, 84, 128, 21, 85, 1, 86] consist-
ing of a monolayer honeycomb structure of silicon atoms, has attracted a lot of research interest in
condensed matter community due to its unique Dirac like band structure which allows one to realize
a rich varity of topological phases [29, 99, 92, 18, 100, 129] and Majorana fermion [100] in it under
suitable circumstances. Moreover, this band structure is shown to be tunable by an external electric
field applied perpendicular to the silicene sheet [98, 30]. Dirac fermions, in turn, becomes massive
at the two valleys K and K’ in this material. These properties have enable silicene to be a promising
candidate for realizing spintronics [87, 89, 90, 88, 91], valleytronics [92, 17, 94, 95] devices as well

as silicon based transistor [96] at room temperature.

An intriguing phenomenon occurs in case of a normal metal-superconductor material-normal
metal (NSN) junction in which an electron incident from one of the normal metal leads forms a
pair with another electron from the other normal metal lead and enters into the superconductor form-
ing a Cooper pair. Such non-local process is called crossed Andreev reflection (CAR) [130, 131]
whose signature has been verified in various experiments [132, 133, 134]. From the practical point of
view, superconducting hybrid structures can be designed by placing a bulk superconducting material
in close proximity to a normal metal system [132, 133] and superconducting correlation is actually
induced into the non superconducting region via the proximity effect. Very recently, superconducting
proximity effect in silicene has been investigated theoretically in Ref.[102, 135, 118]. Although, up to
now, no experiment has been put forwarded in the context of proximity effect in silicene. In Ref.[102],
a unique possibility of acquiring pure crossed Andreev reflection (CAR) without any contamina-
tion from normal transmission/co-tunneling (CT) has been reported in normal-superconductor-normal
(NSN) junction of silicene where elastic cotunneling as well as Andreev reflection can be suppressed
to zero by properly tuning the chemical potential and band gap at the two normal sides. However,
in such NSN junction, maximum value of CAR probability does not reach 100% because normal
reflection does not vanish. This naturally motivates us to study a normal-insulator-superconductor-
insulator-normal (NISIN) junction of silicene and explore whether incorporating an insulating barrier

at each NS interface can give rise to resonant CAR in such setup. CAR can be used to produce non
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local entangled electron pairs [136, 137] and thus obtaining 100% CAR process in engineered system

has been searched for a long time.

On the other hand, adiabatic quantum pumping, is a transport phenomena in which low-frequency
periodic modulations of at least two system parameters [138, 139, 140, 141] with a phase difference
lead to a zero bias finite dc current in meso and nanoscale systems. Such zero-bias current is obtained
as a consequence of the time variation of the parameters of the quantum system, which explicitly
breaks time-reversal symmetry [142, 143, 144]. It is necessary to break time-reversal symmetry in or-
der to get net pumped charge, but it is not a sufficient condition. Indeed, in order to obtain a finite net
pumped charge, parity or spatial symmetry must also be broken. Finally, to reach the adiabatic limit,
the required condition to satisfy is that the period 7" of the oscillatory driving signals has to be much
larger than the dwell time 74,y ~ L/vr of the electrons inside the scattering region of length L, i.e.,
, T =21 /w > Tgpen [140]. In this limit, the pumped charge in a unit cycle becomes independent of

the pumping frequency. This is referred to as “adiabatic quantum charge pumping” [140].

During the past decades, quantum charge and spin pumping has been studied extensively in meso-
scopic setups including quantum dots and quantum wires both at the theoretical [145, 145, 146, 147,
142, 143, 148, 149, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159] as well as experimental [160,
161, 162, 163, 164, 165] level with focus on both the adiabatic and nonadiabatic regime. In recent
times, quantum pumping has been explored in Dirac systems like graphene [157, 166, 156, 144, 167]
and topological insulator [168, 169]. However, the possible quantization of pumped charge [170]
during a cycle through non-interacting open quantum systems has been investigated so far based on
the resonant transmission process [171, 149, 144, 172]. In more recent times, quantized behavior
of pumped charge has been predicted in superconducting wires with Majorana fermions [173], frac-
tional fermions [172] and topological insulators in enlarged parameter spaces [174]. Although, till
date, quantum pumping phenomena through resonant CAR process has not been investigated to the

best of our knowledge.

Motivated by the above mentioned facts, in this chapter, we study adiabatic quantum charge pump-
ing either through resonant CAR process or resonant transmission process, under suitable circum-

stances, in silicene NISIN junction [175]. We model our pump setup within the scattering matrix
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formalism [139, 140] and consider the strength of the two barriers (in the thin barrier limit) as our
pumping parameters. We show that CAR probability can be unity in the pumping parameter space.
Moreover, resonant CAR is periodic in the pumping parameter space due to the relativistic nature of
the Dirac fermions. Similar periodicity is present, in case of resonant tunneling process as well, under
suitable condition. Adiabatic quantum pumping through these processes, with the modulation of two
barrier strengths, can lead to large pumped charge from one reservoir to the other. We investigate the
nature of pumped charge through NISIN structure as a function of the pumping strength and angle
of incidence of incoming electrons choosing different types of pumping contours (circular, elliptic,

lemniscate [172] etc.).

The remainder of the chapter is organized as follows. In Sec. 4.3, we describe our pump setup
based on the silicene NISIN junction and the formula for computing pumped charge within the scat-
tering matrix framework. Sec. 4.4 is devoted to the numerical results obtained for the pumped charge
as a function of various parameters of the systems. Finally, we summarize our results and conclude

in Sec. 4.5.

4.3 Model and Method

In this section we describe our quantum pump setup in which we consider a normal-insulator-superconductor-
insulator-normal (NISIN) structure of silicene in x — y plane as depicted in Fig. 4.1. Here, the super-
conducting region being located between 0 < x < L, while the insulating barriers are situated on its
left, —d < x < 0, and on its right, L < x < L + d. The normal region of silicene occupies at the
extreme left i.e., , * < —d and extreme right ends, x > L + d. Here, superconductivity is assumed
to be induced in the silicene sheet via the proximity effect, where a bulk s-wave superconductor is
placed in close proximity to the sheet in the region 0 < < L. The two insulating regions in silicene
have gate tunable barriers of strength y; and x> in the thin barrier limit [135, 176]. Two additional
gate voltages (G; and (G5 can tune the chemical potential in the left and right normal silicene regions
respectively.

The silicene NISIN junction can be described by the Dirac Bogoliubov-de Gennes (DBdG) equa-
tion of the form [102, 135]
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where F is the excitation energy, A is the proximity induced superconducting pairing gap. The

Hamiltonian H;; describes the low energy physics close to each K and K’ Dirac points and reads

as [30]

~

Hj = hoy(k, 7y — kyTy) + (el E, — loXgo)T. — pl . 4.2)

where vy is the Fermi velocity of the electrons, p is the chemical potential, Ago is the spin-orbit
term and F, is the external electric field applied perpendicular to the silicene sheet. Here 17 = +1
denotes the K and K’ valley. In Eq. (4.2), o is the spin index and 7 correspond to the Pauli matrices

acting on the sub-lattices A and B where 1 is the 2 x 2 identity operator.

Figure 4.1: A schematic sketch of our silicene NISIN set-up. Silicene sheet with hexagonal lattice
structure is deposited on a substrate (orange, light grey). Here /V indicates the normal region, / de-
notes the thin insulating barrier region (grey, light grey). A bulk superconducting material of length
L, denoted by S (pink, light grey), is placed in close proximity to the silicene sheet to induce super-
conducting correlation in it. Two gates G; and G5 (dark green, dark grey) are connected to the two
normal regions (N) of the silicene sheet to tune the chemical potential (doping) there. Two extra gates
(blue and red, light grey) indicated by x; and - are symbolically denoted to modulate the barrier
strengths.

The potential energy term e/, in the low energy Hamiltonian Hj; originates due to the buckled
structure of silicene in which the A and B sublattices are non-coplanar (separated by a distance of
length /) and therefore acquire a potential difference when an external electric field £, is applied

perpendicular to the plane. It turns out that at a critical electric field E¢ = \go/el, the band gap at each

of the valleys become zero with the gapless modes of one of the valley being up-spin polarized and
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the other being down-spin polarised [98, 30]. Away from the critical field, the bands (corresponding
to Hj) at each of the valleys K and K’ split into two conduction and valence bands with the band gap
being |elE, — fjoAso|. Note that, in silicene, the pairing occurs between 77 = 1, 0 = 1 and 77 = —1,
oc=—laswellasn =1,0 = —1and 7 = —1, 0 = 1 for a s-wave superconductor.

Here we set up the equations to analyze the quantum pumping phenomena through our NISIN
structure. Solving Eq.(4.1) we find the wave functions in three different regions. The wave functions
for the electrons (e) and holes (h) moving in £z direction in left or right normal silicene region N

reads

[ Lijke etinaem |
S
1
et 1

Nm — Z eXp[Z(ikimx + ki,y)] )
0

0

0

ht _ i 0
Nm B ikl etinenm

expli(£hf @ + k7 y)] - (4.3)

1

where the index m = L /R stands for the left or right normal silicene region and we use this symbol

for the rest of the chapter. In Eq.(4.3) the normalization factors are given by A = @, B =

1m

2AE—m) and

Im

K = \/ (k)" + (K50) (44)

2
ki = \/(Eﬂtum)2 — (elEm — o Xs0)? — (ki(!h)) . (4.5)
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7 = Bty T (el Eu — iioAs0) - (4.6)
Here 1, indicates the chemical potential in the left (1) or right (1r) normal silicene region.

is the energy of the incident particle.
Due to the translational invariance in the y-direction, corresponding momentum k:igh) is conserved.
Hence, the angle of incidence «.,, and the Andreev reflection (AR) angle ay,, are related via the

relation
K sin(om) = kS, sin(en,) - 4.7)

In the insulating region I/, the corresponding wave functions can be inferred from normal re-
gion wave functions (Eq.(4.3)) by replacing i, — pm — Vo(Vy) where V) and Vj are the applied
gate voltages at the left and right insulating regions respectively. We define dimensionless barrier
strengths [135, 176] x1 = Vod/hvp and xo = Vjd/hvpr which we use as pumping parameters for

our analysis. Here d is the width of the insulating barriers assumed to be the same for both of them.

Ny IAVAVI Vy

b ]V v N
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UR = —5A
VB
N I S 1 N
d d

Figure 4.2: A schematic sketch of the band structure of our silicene NISIN setup is depicted. For the
normal regions of silicene (V) as well as superconducting (5) silicene region, both K and K’ valleys
are presented. In contrast, only K valley is shown for both the insulating regions (/) for simplicity.
Conduction band is denoted by CB while the valence bands are marked as VB. At the left normal
silicene side, the chemical potential is kept at the bottom of the CB (u;, = 5A, dashed line) while at
the right normal silicene side, the chemical potential is set at the top of the valance band (ur = —5HA,
dashed line) to obtain resonant CAR process.
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In the superconducting region S, the wave functions of DBAG quasiparticles are given by,

Uy

S ifife
ot *nu,e

T = explE(ips — K)x +igyl

Sl

U2

+ijuqeif

U2

Fruge 1 . :
hF exp[E(—ips — k)x + iqly] . (4.8)

n
|
Sl
[\

Uy
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Here the coherence factors are given by,

1| VET— A2y}
) = |5 g and k= VAT F7. (4.9)

As before, the translational invariance along the y direction relates the transmission angles for the

electron-like and hole-like quasi-particles via the following relation given by,
¢’ sinfg = kS, sin ae,y, . (4.10)
for 8 = e, h. The quasi-particle momentum can be written as

" = s+ VE* — A2, (4.11)

where g = ., + Up, and Uy is the gate potential applied to the superconducting region in order to
tune the Fermi wave-length mismatch [115] between the normal and superconducting regions. The
requirement for the mean-field treatment of superconductivity is justified in our model as we have
taken ug > A [115, 101] throughout our calculation.

We consider electrons with energy FE incident from the left normal region of the silicene sheet in
the subgapped regime (£ < A). Considering normal reflection, Andreev reflection, cotunneling (nor-
mal transmission) and crossed Andreev reflection from the interface, we can write the wave functions

in five different regions of the junction as
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L o e+ e— h—
Uy = YNL tredyg +radyg

‘I’% = pil + qug + mlw?f + mw’}g

Us = 65t +0s + bt + gl

‘I’? = poih + Ui + mzi/f?g + nﬂﬁé

VR =t + tahts (4.12)

where r., 14, t., t4 correspond to the amplitudes of normal reflection, AR, transmission and
CAR in the N silicene regions, respectively. The transmission amplitudes 1, t5, t3 and ¢4 denote the
electron like and hole like quasi-particles in the S region. Using the boundary conditions at the four

interfaces, we can write

qj%‘x:—d == \Ij%|x:—d7 ‘I’ﬂxzo = \I]S‘xzo s

\I]S’x:L = qj?’x:L; qj?’x:L+d - \Ij]]?[’x:L+d . (413)

which yields a set of sixteen linearly independent equations. Solving these equations numerically,
we obtain 7., 74, t., t 4 which are required for the computation of pumped charge through our setup.
In order to carry out our analysis for the pumped charge in silicene NISIN structure, we choose
the two dimensionless insulating barrier strengths y; and 5 as our pumping parameters. They evolve

in time either as (off-set circular contours)

X1 = Xo + P cos(wt — 1),

X2 = Xo + P cos(wt +7) , (4.14)

or as (“lemniscate” contours),
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1
X1 = X1, T PL<COS(9COS wt — 3 sin 6 sin 2wt>/(1 + sin® wt) ,

1
X2 = Xo, + Pr ( cos f coswt + 5 sin # sin 2wt> /(1 +sin®wt) , (4.15)

respectively. In the circular contours x( and in the lemniscate contours xi,, X2, correspond to the
mean value of the amplitude respectively, around which the two pumping parameters are modulated
with time. P and P are called the pumping strengths for the two types of contours respectively.
Furthermore, 27 and 6 represent the phase offset between the two pumping signals for the circular and
lemniscate contours, respectively. Here w is the frequency of oscillation of the pumping parameters.

We, in our analysis, only consider the adiabatic limit of quantum pumping where time period of
the pumping parameters 7" = 27 /w is much longer than the dwell time 74, ~ L/vp of the Dirac
fermions inside the proximity induced superconducting region.

To calculate the pumped charge, we employ Brouwer’s formula [140] which relies on the knowl-
edge of the parametric derivatives of the S-matrix elements. Following Ref.[177], S-matrix for the

NISIN structure of silicene for an incident electron with energy £, can be written as

e rale e Jtale
g [lrale™ relen fale™ ftele™ 4.16)
p— 9 .

[telee |tale®r  |r.ee |raletnn

[tale®  ftele®  |rale™ r|e™

We write here the complex S-matrix elements .S;; in polar form, with modulus and phase explicitly
shown, since the phase is going to play a major role in the determination of the pumped charge. For

a single channel S-matrix, the formula for the pumped charge becomes [177]

T

Q= —/ dt[ — |ral®(3n cos an + e cos aer)
0

— \tA\z(Sh COS (R + e COS (e,

+ \t6|2(5e COS (g — Ye COS Qle,)

+ Fecosaer] (4.17)
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The derivation of this working formula following Ref. [140] is given in Appendix D . Here, we
have redefined the complex scattering amplitudes 74 and ¢ 4 to satisfy the conservation of probability
current [102]. On the other hand, the other two scattering amplitudes 7. and ¢, remain unchanged.

Hence, the redefined scattering probabilities |r4|? and |t 4|* become

. kY 2(E + pu)(E — pr — AL) 5
kS, _|77k1x_lk1y| +(E — pr — AL)
K[ (B + )
tal? = e S 24 tal?. (4.18)
F = 3 (B |

Furthermore, 7., V4, ., 0 are the phases of redefined r., r 4, t. and ¢ 4 respectively. Here, a.r, Qg
correspond to the incident and transmitted angles of electrons while a1, oy r represent the reflected
and transmitted angles of holes respectively. Note that, if a.;, = 0, then the last term of Eq.(4.17)
consisting of the time derivative of reflection phase is called “topological part” [152] while the rest is
termed as “dissipative part” [152]. The last term is called “topological” becuase for a.;, = 0, it has
to return to itself after the full period. Hence, the only possible change in 7. in a period can be integer
multiples of 27 i.e., Ve(T) — 7.(0) + 27n. On the other hand, the rest of the terms in Eq.(4.17) are
together called “dissipative” since their cumulative contribution prevents the perfect quantization of

pumped charge.

4.4 Numerical Results

In this section we present and discuss our numerical results for the pumped charge based on Eq.(4.17).
The quantum mechanical scattering amplitudes are all functions of the incident electron energy F,
length of the superconducting silicene region L, the strengths 1, x2 of the two thin insulating barriers,
chemical potential s, (m = L/R) of the left and right normal silicene region, external electric field
E..,, (m = L/R) and spin orbit coupling A\so. We denote the band gaps at the left and right normal
silicene side as 2\, and 2\ respectively (see Fig. 4.2) where \,, = (elE.,, — o Aso). In addition,
we have set h = 1 throughout our analysis.

For clarity, we divide this section into two subsections. In the first one, we discuss quantum
pumping via resonant CAR process with unit probability in the x;-x2 plane. The second one is

devoted to the discussion of the same via the perfect transmission/CT process.
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4.4.1 Pumping via CAR in the x;-x- plane

Silicene is a material where a large value of non-local CAR process can be obtained due to its unique
band structure [102]. The band gaps and Fermi level (chemical potential) in silicene can be tuned by
applying electric fields only. By tuning the both, very recently, Linder ef al. in Ref.[102] showed
that one can completely block elastic cotunneling in silicene NSN junction in the subgapped regime.
Consequently, pure CAR process is possible for a broad range of energies. However, maximum
probability of CAR found in Ref.[102] was ~ 96.2% while the rest was normal reflection probability.

2

Figure 4.3: The plot shows the variation of the normal reflection phase 7. and CAR phase d;,, with
time ¢, along a chosen pumping contour in the x; - X2 plane.

The probability of non-local CAR process can be enhanced to unity (100%) (see Fig. 4.4) by
introducing two insulating barriers at each NS interfaces. We have considered p;, = bA, ur = —5A
and \;, = Ap = 5A which reflects the fact that the Fermi level touches the bottom of the conduction
band in the left normal silicene side while it touches the top of the valance band in right normal silicene
side. This is illustrated in Fig. 4.2. The superconducting silicene side is doped with pug = 20A to
satisfy mean field condition for superconductivity ;g > A [102]. The band gaps A\, and \g at the
two normal sides can be adjusted by the external electric field £.,, (m=L/R). The chosen value of the
band gaps and doping levels permits one to neglect the contribution from the other valley (K’) which
has much higher band gap compared to the other energy scales in the system (see Fig. 4.2). Under

such circumstances, we obtain pure CAR in this setup choosing length of the superconducting side,
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L = 2.1£ (¢ = hvp/7A is the phase coherence length of the superconductor) and incident electron
energy, £ = 0.9A. Note that, for our analysis, we choose the same parameter values as used in
Ref.[102].

The reason behind obtaining pure CAR process in our NISIN set-up is as follows. As there is
a band gap 2\, = 2(elE,;, — NjoAso) > A in the left normal silicene side, probability for AR to
take place is vanishingly small [102, 176]. On the other hand, 2A\p = 2(elE.r — fjoAso) is the
energy gap between the conduction band and valance band in the right (R) normal silicene region as
illustrated in Fig. 2. Moreover, the chemical potential ;1 in the right (R) normal silicene is chosen
to be at the top of the valence band. Hence, only hole states are available in the right normal side.
Therefore, an electron incident from the conduction band of the left normal silicene region encounters
a gap and unavailability of electronic states to tunnel into the right normal region which essentially
block the co-tunneling (CT) probability. Hence, the only possible scattering processes remain are
normal reflection and CAR. This allows our system to possess completely pure CAR process with
probability one in y; — 2 plane as shown in Fig. 4.4. These resonant CAR peaks are 7/2 periodic
in nature and they appear in pairs. Such periodic nature and the fact that resonaces appear in pairs,
affect the pumped charge behavior which will be discussed later. The oscillatory behavior of the CAR
resonance can be explained as follows. Non-relativistic free electrons with energy £ incident on a
potential barrier with height Vj are described by an exponentially decaying (non-oscillatory) wave
function inside the barrier region if £ < V{, since the dispersion relation is k¥ ~ v/E — V;. On the
contrary, relativistic free electrons satisfies a dispersion k& ~ (£ — V;), consequently corresponding
wave functions do not decay inside the barrier region [120, 117, 135]. Instead, the transmittance of
the junction displays an oscillatory behavior as a function of the strength of the barrier. Hence, the
undamped oscillatory behavior of CAR is a direct manifestation of the relativistic low-energy Dirac
fermions in silicene. The periodicity depends on the Fermi wave-length mismatch between the normal
and superconducting region [135, 176].

Note that, the Fermi energy (chemical potential) need neither necessarily exactly touch valance
band maxima or conduction band minima nor they need to have same magnitude at the two normal
regions to obtain resonant CAR. A small deviation, from the numerical values that we have taken,
also leads to the resonant CAR probability to take place within the subgapped regime. Previously,
possibility of obtaining CAR was also reported in p-n junction of graphene [178] at a specific value

of the parameters. However, a small deviation from that leads to CT along with CAR contaminating
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that possibility.

As phases of the scattering amplitudes play a major role in the determination of the pumped
charge, we show the behavior of phases of normal reflection and CAR amplitudes (. and 9, respec-
tively) as a function of time for one full cycle in Fig. 4.3. We observe that both . and d;, exhibit four
abrupt jumps for a full period of time (along a chosen contour). These jumps play a significant role
in determining the pumped charge which we emphasis later. In addition, throughout our analysis, we
have considered incident electrons to be normal to the interface i.e., a.; = 0 for simplicity. Later

for completeness, we demonstrate angle dependence of the pumped charge.

X2

X1

Figure 4.4: Plot of CAR probability |t4]? in x;-X2 plane. The contours a;, as represents n = /4
and P = 1.51, P = 3.35 respectively. On the other hand, the contours a3, a4 are for n = 7/6 and
P = 182, P = 4.56 respectively. The value of the other parameters are chosen to be L = 2.1,
E=09A,w=1,x0=17 pur =5A, ug = —5A, us = 20A and A\, = Az = SA.

Under such scenario where the only possible scattering processes are normal reflection and CAR,

Eq.(4.17) simplifies to

T
Q:—/ dt[ — [ta|*(0n cos anr + e cos aer)
T Jo

+ Aecosaer], (4.19)

The behavior of pumped charge () as a function of the pumping strength P is shown in Fig. 4.5
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Figure 4.5: The pumped charge () in units of the electron charge e, for pumping in the y;-x» plane,
is shown as a function of the pumping strength P for circular and elliptic contours. The value of the
other parameters are chosen to be the same as mentioned in Fig. 4.4.

for n = w/4, m/6 which correspond to circular and elliptic contour respectively. The features of
Q, depicted in Fig. 4.5, can be understood from the behavior of CAR probability |t4|* in the x1-X2
plane. For small values of P, pumped charge () becomes vanishingly small in magnitude as the
pumping contours do not enclose any |t4]*> = 1 point. When a pumping contour encloses one of

2, topological part of the pumped charge gives rise to ne (n is the winding

the resonant peaks of |t 4
number) due to the integration around a singular point. At this point the reflection phase +. becomes
ill-defined. However, the dissipative part nullifies the topological part resulting in small values of
Q (see Eq.(4.17)) for both = 7/4, w/6. On the other hand, when a contour encloses both |t />
resonances, the relative integration direction around the two singular points plays an important role.
Namely, when two resonances are enclosed in a path with the same orientation, then the two contri-
butions have opposite sign and tend to cancel each other. For e.g. when n = m/4 (black circular
contours a; and ay), the pumped charge is zero for P = 1.51 (see Fig. 4.5) as the contour a; encloses
both the peaks resulting in zero pumped charge. Similar feature was found in case of resonant trans-
mission in Ref.[171, 149, 153, 172] where pumped charge was found to be zero when the pumping
contour encloses both the resonances. () approaches almost quantized value 2e for P = 3.35 and the
corresponding contour a; encloses even number of resonance pairs in the same orientation. Hence the

topological part of pumped charge is almost zero and the contribution to () arises from the dissipative
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part. The large contribution from the dissipative part arises due to the total drop of the CAR phase
0, by a factor of 47 during its time evolution along the contour ay (see Fig. 4.3). Similarly, when
n = 7/6, Q is zero at P = 1.82 which corresponds to the a3 contour which encloses four peaks (two
pairs) in total, resulting in zero contribution from the topological part. On the other hand, pumped
charge reaches its maximum when P = 4.56 (a4 contour) where also the entire contribution origi-
nates from the dissipative part (see Fig. 4.5). Pumped charge () exceeds the value +2e as pumping
strength P increases (see Fig. 4.5) for both 7 = 7/4 and 7/6. Physically, the contribution of the
dissipative part in pumped charge increases non-monotonically with the pumping strength. Hence, as
the pumping contour encloses more number of pairs of resonant CAR peaks, due to the enhancement
of dissipative part, pumped charge can exceed +2e with further increase of P. Pumped charge can
change sign depending on the sense of enclosing of the resonances i.e., whether it is clock-wise or

anti-clockwise.

X2

X1

Figure 4.6: Plot of CAR probability | 4|? along with lemniscate contours are shown in the x;-X2
plane. The contours by, by represents § = /4 and the contours corresponding to = 7/3 are bs, by.
We have chosen the mean values x1, = 1.69 and x5, = 1.75. The value of the other parameters are
chosen to be the same as mentioned in Fig. 4.4.

The behavior of pumped charge () with respect to the pumping strength P, for lemniscate contours
with @ = 7 /4 and 7/3 is presented in Fig. 4.7 and the corresponding contours are shown in Fig. 4.6.

The pumped charge is small for small values of P;, where the contribution from topological part is
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Figure 4.7: Pumped charge () in unit of electon charge e, for pumping in the x;-x» plane, is shown as
a function of the pumping strength P;, for the lemniscate contours. All other parameters are identical
to those used in Fig. 4.4.

cancelled by the dissipative part. As Py, increases, the corresponding pumping contour encloses both
the |t 4|? peaks within opposite integration orientations and as a consequence, the two contributions
for the pumped charge sum up. This is exactly the reason that motivates us to choose the lemniscate
contours. However, the dissipative part effectively reduces the total pumped charge. Such feature
arises for lemniscate contours of the type b; and b3. Moreover, we observe that the pumped charge
becomes zero for P, = 2.06 at § = 7 /4, where both the bubbles of the b, contour enclose two |t A|2
peaks from the two adjacent resonances in the x1-x2 plane and hence their combined contribution
to pumped charge get cancelled for each bubble separately. The qualitative behavior of () remains
similar for § = 7/3 where maximum value of @) is achieved when each bubble of the lemniscate
contour of type b4 encloses odd number of resonance pairs while () tends to zero as even number of

pairs are enclosed by each bubble of the contour.

4.4.2 Pumping via transmission/CT in the Y-y plane

In this subsection we present our numerical results for the adiabatic quantum pumping through pure
CT i.e., resonant transmission process. The latter can be achieved by tuning the Fermi level (chemical
potential) at the bottom of the conduction band in both the normal silicene regions (see Fig. 4.2). The

numerical values of all the parameters are identical to those used before except now pur = 5HA,
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L=22¢and E = 0.93A.

2

Figure 4.8: The variation of the normal reflection phase 7. and transmission phase ., with time ¢, is
shown along a chosen pumping contour in the x; - X2 plane.

As before, due to the presence of a gap (2A;, > A) in the left normal side, AR is forbidden while
CAR cannot take place because of the unavailability of the hole states in the right normal region in
the low energy limit. An incident electron thus only encounters two scattering processes which are
normal reflection and transmission. The presence of insulating barriers between the NS interfaces
allows both these scattering probabilities to be oscillatory as a function of the dimensionless barrier
strengths x; and 2 which is depicted in Fig. 4.9.

In this regime, as AR and CAR probabilities are always zero, hence Eq.(4.17) reduces to

T

Q = . dzf[|zfe|2(56 COS (R — Ve COS Q)
0

+ Jecosaer] , (4.20)

In Fig. 4.10, pumped charge () is presented as a function of pumping strength P for n = 7 /4
(circular contour) and 7 /6 (elliptic contour). To understand the behavior of the pumped charge,
we also investigate the transmission probability |t.|? in x; — Y2 plane (see Fig. 4.9). We observe
qualitatively similar features of the pumped charge as depicted in the previous subsection. Here also

topological part of pumped charge becomes zero when pumping contour encloses even number of
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Figure 4.9: Transmission probability |¢.|* along with circular and elliptic contours are shown in y;-
X2 plane. The contours ¢y, ¢, represent n = m/4 and P = 1.5, P = 3.34 respectively. On the other
hand, the contours c3, ¢4 correspond to 7 = 7/6 and P = 1.55, P = 4.65 respectively. The value of

the other parameters are chosen tobe L = 2.2, F = 0.93A,w =1, xo = 1.7, ur, = 5A, ur = 5A,
Hs = 20A and )\L = )\R = bA.

Figure 4.10: Pumped charge () in unit of electron charge e, for pumping in the y1-x2 plane, is shown
as a function of the pumping strength P for the circular and elliptic contours. We choose the same

values of the other parameters as mentioned in Fig. 4.9.
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resonance pairs in the same orientation. Finite contribution from dissipative part, in (), emerges due
to the total jump of the transmission phase . by a factor of 27 during its time evolution along the
contour c; (see Fig. 4.8). On the other hand, for contour ¢, dissipative part vanishes because over a
full period of time, reflection and transmission phases . and ¢, respectively cancell each other (see
Eq.(4.20)). Although, () approaches to —e for pumping via resonant CT process compared to 2e via

the resonant CAR process.

ar

X1

Figure 4.11: Transmission probability |t.|? together with different lemniscate contours are shown
in the ;-2 plane. The contours d, dy represents # = 7 /4 and the contours d3, d, corresponds to
6 = m/3. We choose the values of x, and 2, as x1, = X2, = 1.68. All other parameters are identical
to those used in Fig. 4.9.

In Fig. 4.12, we show the behavior of pumped charge () as a function of the pumping strength
Pp, with lemniscate contours. To understand the corresponding behavior of @, we also show |t.|? in
the x1-x2 plane along with different lemniscate contours (see Fig. 4.11). Here also the features of ()
remains similar as previous subsection for both § = 7 /4 and 7/3.

As we mention earlier, the above mentioned results are valid for normal incidence of the incoming
electron i.e., «.; = 0. Here, we explore the dependence of the pumped charge on the angle of inci-
dent electrons. In Fig. 4.13, pumped charge () as a function of incident angle .y, is presented when

either CAR probability |t4|* or transmission probability |¢.|? is enclosed by the circular pumping
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Figure 4.12: Pumped charge (), in unit of electron charge e, is depicted as a function of the pumping
strength P, for the lemniscate contours. All other parameters are identical to those used in Fig. 4.9.

Figure 4.13: Pumped charge (), in unit of electron charge e, is shown as a function of the incident
angle ., for both ur = —5A and ugr = 5A. Here we choose = w/4, P = 3.35 for ug = —5HA
and P = 3.34 for ur = 5A respectively.
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contour. The a.;, dependence is shown upto the critical angle a.. Above a., AR and CAR processes
cannot take place [115]. Rather, normal reflection is the dominating scattering mechanism above «..
It is evident from Fig. 4.13 that as the angle of incidence «.y, increases, () decreases monotonically
for enclosing |t 4|? or |t.|? in either cases. The reason can be attributed to the fact that both |t 4|* and
|te|2 in the two different scenarios, acquire the maximum value at normal incidence i.e., ., = 0
and decreases slowly with the increase of a.r. Also, for 0 < a.;, < ., normal reflection probability
|7.|? also contributes to Eq.(4.17) and the interplay between all the quantum mechanical amplitudes
and their phases results in smaller value of pumped charge. Note that, in case of pumping via CAR
resonance process in x; — X2 plane, () approaches zero as «.j proceeds towards a.. However, () is
finite even at o, in case of pumping via resonant transmission in the same parameter space, This is

because at a, |t4|? vanishes while |¢.|? still has small probability which gives rise to small pumped

charge arising from the dissipative part (see Eq.(4.20)).

4.5 Summary and conclusions

To summarize, in this chapter, we have investigated the possibility of enhancing the CAR probability
|t 4|? in silicene NSN set up by introducing thin insulating barrier [135, 176] I at each NS interface.
We show that, for electrons with normal incidence, resonant CAR can be obtained in our setup by
tuning the band gap in both the normal silicene regions by applying an external electric field as well
as adjusting the chemical potential by additional gate voltages. We also show that |t 4|? is periodic
in x1-x2 plane due to relativistic nature of Dirac fermions. On the other hand, it is also possible
to attain transmission probability |.|* of magnitude unity in silicene NISIN junction under suitable
circumstances. Owing to Dirac nature of particles, |t.|* also exhibits periodic behavior in the space
of barrier strengths y; and x-.

We then explore adiabatic quantum charge pumping through our NISIN setup and show that the
behavior of pumped charge as a function of the pumping strength P is closely related to the features
of CAR probability |t4|? or transmission probability |t.|? in the pumping parameter space. For elec-
trons with normal incidence, large pumped charge with value close to () ~ 2e can be obtained when
particular circular or elliptic pumping contour encloses the resonant CAR in x;-x2 plane. Although
the major contribution to (), in this case, arises from the dissipative part. On the other hand, large

pumped charge can also be obtained with lemniscate contour when odd number of |t 4|? peaks are
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enclosed by each of its bubble. In contrast, pumped charge approaches to () ~ —e when various
pumping contours enclose |t.|* resonance in the same parameter space. However, pumped charge
decreases monotonically as we increase the angle of incidence of the incoming electron. In experi-
mental situation, the measurable quantity should be the angle averaged pumped charge analogous to
angle averaged conductance [179]. From our analysis, we expect that the qualitative nature of angle
averaged pumped charge as a function of the pumping strength will remain similar to the a.;, = 0
case. Although the quantitative value of () will be smaller than the angle resolved case as () decreases
monotonically with ..

Note that, our calculation is valid for zero temperature. Nevertheless, in our case, temperature 7,
must be smaller than the proximity induced superconducting gap A. We expect that the qualitative
features of our results for the pumped charge will survive in the presence of low temperatures. For
non-zero yet small temperatures, 7, < A, the pairs of resonant peaks in the parameters space will
have a slight broadening due to thermal smearing. Therefore, we believe that the qualitative features
of pumped charge () with respect to the pumping strength P will still be captured in our model.
Although there can be quantitative change in (). On the other hand, if 7}, > A, then CAR process from
the interface will decay and pumped charge will become vanishingly small due to thermal fluctuation.

As far as practical realization of our silicene NISIN quantum pumping set up is concerned, su-
perconductivity in silicene may be possible to induce by proximity coupled to a s-wave supercon-
ductor for e.g. Al, NbSe, analogous to graphene [122, 123, 179]. Once such proximity induced
superconductivity in silicene is realized, fabrication of silicene NISIN junction can be feasible. The
strength of the two oscillating barriers can be possible to tune by applying a.c gate voltages. Typi-
cal spin-orbit energy in silicene is A\go ~ 4 meV and the buckling parameter is [ ~ 0.23 A [6, 5].
Considering Ref. [122, 124], typical proximity induced superconducting gap in silicene would be
A ~ 0.2 meV. For such induced superconducting gap, chemical potential is pg ~ 20A ~ 4 meV
and we obtain £ ~ 580 nm and length of the superconducting region L ~ 1.2 ym. Hence, an in-
sulating barrier of thickness d ~ 10 — 20 nm may be considered as thin barrier and the gate voltage
Vo ~ 500 meV can therefore justify the needs of our model [135]. To achieve both the resonances,
AL = Ar = 5A ~ 1 meV which can be tuned by an external electric field F.;, = E,g ~ 200 V/um.
For both resonant processes, typical dwell time of the electrons inside the superconducting region is
~ 2.2 fs while the time period of the oscillating barriers is 7" ~ 30 ps and the corresponding frequency

of modulation parameters turns out to be ~ 230 GHz. Thus the dwell time 7,4,,¢; is much smaller than
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the time period 7' of the modulation parameters, hence satisfying the adiabatic condition of quantum
pump. Pumped current through our setup should be in the range of ~ 10 — 15nA which can be

measurable in modern day experiment.
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CHAPTER 5

Majorana Zero Modes in Mixed Singlet and Triplet

Superconducting Nanowire

5.1 Chapter Summary

Majorana zero mode, in condensed matter system, is an emmergent quasi-particle of self-conjugate
nature and is predicted to be building block of fault tolerant topological quantum computation. Topo-
logical superconductor, in 3D (2D), supports this zero energy Majorana modes at its vortex (edge). We
have studied the transport properties of a quasi one dimensional (1D) ferromagnet-noncentrosymmetric
superconductor (F-NCS) junction using scattering matrix formalism. We have shown that the relative
orientation of the stoner field (h) in the ferromagnetic lead and the d vector of the superconductor
acts like a on-off switch for the zero bias conductance of the device. In the regime, where triplet
pairing amplitude dominates over the singlet counterpart (topological phase), a pair of Majorana zero
modes appear at each end of the superconducting part of the nanowire. The presence of the two kinds
of pairing gaps gives rise to a pair of Majorana modes instead of a lone one at each end. When h
is parallel or anti-parallel to the d vector, transport gets completely blocked due to blockage in pair-
ing while, when h and d are perpendicular to each other, the zero energy two terminal differential
conductance spectra exhibits sharp transition from 4e? /h to 2¢2/h as the magnetization strength in

the lead becomes larger than the chemical potential indicating the spin selective coupling of pair of
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Majorana zero modes to the lead. For a canted angle between h and d, a zero bias dip emmerges
out instead of a peak, in the tunneling conductance giving birth to a possible novel probe of the zero

modes in the transport measurements.
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5.2 Introduction

Localized Majorana zero modes (MZMs) that appear at the end of one dimensional topological
superconductor are anticipated to be the building blocks of future topological quantum comput-
ers [55, 26, 57, 180, 181]. Theoretical proposals [53, 52] to engineer such a topological super-
conductor from a semiconducting nanowire (NW) with Rashba spin-orbit coupling have stimulated
a lot of recent exciting experiments (mentioned in Chapter 2) towards realizing this exotic phase
hosting Majorana zero mode (MZM). The zero bias peak (ZBP) in the differential conductance was
predicted [182, 62, 183, 184] in hybrid superconductor-semiconductor systems. However, the earler
experimental findings [3, 58, 68, 69] were largely debated because of the possibility of ZBP appear-
ing from coalescing Andreev levels [71], Kondo physics [70, 69], weak antilocalization [73], disor-
der [185] or multi band effects [75] etc. With the improved devices, more recent experiments [77,
186, 79] reveal more convincing signatures of MZMs. Nevertheless, the topological origin of ZBP
is not ensured as the ZBP appearing from Andreev bound levels also mimic those of MZMs [80]
and it is hard to distinguish them. Hence, newer probes of MZMs beyond ZBP is of great impor-

tance [187, 188, 189].

Noncentrosymmetric superconductors (NCS) [190, 191] are a class of superconductors in which
inversion symmetry is broken. From theoretical perspective, the main interest is the fact that the lack
of inversion symmetry results in the violation of the usual classification of superconductors into even-
parity, spin singlet states and odd-parity, spin triplet states. The absence of inversion symmetry allows
mixing between spin singlet and spin triplet pairs. As a result, the superconducting pairing can have
a mixture of singlet and triplet states which do not break any additional symmetries of the system e.g.
time reversal symmetry [192]. Physical origin of the parity mixing can be attributed to the presence
of Rashba like antisymmetric spin-orbit coupling in the system which splits the Fermi surface and
removes the spin degeneracy of electrons. The Fermi surface splitting can originate a mixing of spin-
singlet and spin-triplet states in the superconducting condensate. There are many superconductors
whose crystal structure lacks inversion centre and can be classified as noncentrosymmetric supercon-
ductors. Some of the examples are : C'ePt357 [193], Mo3Al,C [194], BiPd [195] etc.; and in gen-

eral C'eT X3 series where T=transition metal, X=group IV element (e.g. CeRhSi3, CelrSis) [196].
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From experimental point of view, thermal conductivity at low temperature [197], penetration depth
measurement indicating power law behavior [198, 199], spin susceptibility measurement [200], point
contact Andreev reflection (PCAR) spectroscopy [195] have been carried out to confirm the presence

of both singlet and triplet type pairing structure in these materials.

In this chapter, we show that it is possible to use a ferromagnetic lead for probing MZM hosted
in NCS [201]. Earlier zero energy peak in transport accross normal-metal-NCS junction was re-
ported [202, 203] without establishing it’s connection to the MZM. Effect of such zero energy peak
in transport and shot noise phenomena across normal metal-NCS-normal metal has also been investi-
gated [204, 205] without focusing on Majorana zero mode. Here we investigate the properties of two-
terminal conductance of a quasi one dimensional ferromagnet-superconductor (FS) junction where the
superconductor lacks inversion symmetry. We employ extended Blonder-Tinkham-Klapwijk (BTK)
formalism [61] for our analysis. We show that in the topological phase, when triplet pairing dominates
over the singlet one, the two terminal differential conductance at zero bias exhibits a sharp transition
from 4e? /h to 2¢2 /h as the magnetization strength becomes larger than the chemical potential in the
lead. We also observe a spin selective coupling of the ferromagnetic lead to the pair of MZMs as
a function of the magnetization of the ferromagnet, with respect to the d vector in the topological

regime.

The remainder of the chapter is organized as follows. In Sec. 5.3, we describe the model and
briefly discuss the method. Sec. 5.4 is devoted for explaining our numerical results. Finally, we

summarize our results and conclude in Sec. 5.5.

5.3 Model and Method

In Fig. 5.1, we present the schematic of our proposed FS set-up in which a part of the quasi one-
dimensional (1D) NW is placed in close proximity to a ferromagnet and rest to a bulk superconducting
material with broken inversion symmetry. Here ferromagnetism and superconductivity are induced in
the NW via the proximity effect. It is assumed that both the strength and the direction of the induced
magnetization vector in the NW can be controlled via the bulk ferromagnet [206]. The engineered FS

structure is attached to a normal metal lead (not shown). The gate voltages (denoted by () can tune
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Figure 5.1: Schematic of our FS setup in which a quasi 1D NW (dark gray) is placed in close prox-
imity to a ferromagnet F (light blue, light gray) and a bulk inversion symmetry broken superconductor
S (brown, gray). Superconductivity is induced in the NW via the proximity effect. The gates G' (ma-
roon, light gray) control the chemical potential in different regions of the NW. A reservoir is attached
with ferromagnetic portion of the nanaowire and is denoted by N. A ¢-function barrier is symboli-
cally depicted by the light green (light gray) rectangular barrier at the FS interface. Two pair of MZMs
are shown by green (light gray) and dark blue (gray) circles at each end of the superconducting part
of the NW.

the chemical potential in differnt parts of the NW.

We choose the z-axis along the axis of the NW. The interface of F and S regions of the NW is
taken at x = 0 for simplicity. We consider an insulating barrier at the FS interface which is modeled
by a d-function potential given as V (x) = (h*kp/m)Zd(x) where kr is the Fermi wave vector in the
lead, m denotes electron mass and Z is the dimensionless barrier strength. Chemical potential in F
and S regions are ;1 and p + U respectively where U is extra gate potential in the S region to tune the
Fermi energy mismatch.

In the superconducting region, which is composed of both singlet and triplet pairing states, the
pairing potential A (k) (2x 2 matrix), in general, can be written as A (k) = i[A, (k)[nﬁ—Z?zl d;(k)5;]62€" [192].
Here, 123 are Pauli spin matrices operating on spin space and ¢ is the superconducting phase.
Throughout our analysis, we consider only the mean-field value of A,(k) i.e., Ags(k) = A,. In con-
trast, the triplet pairing potential is characterized by an odd vector function as d(k) = —d(—k).
Following Burset e al. [203], we consider the chiral triplet state of the form, d(k) = Ap%,% =
A,eX?z  where A, is the non-negative amplitude of the triplet pairing potential and y = + denotes
opposite chiralities. Here, y determines the orientation of the angular momentum of the Cooper pairs
and 6 represents the relative phase between the singlet and triplet pairing states. The superconducting

pairing preserves time reversal symmetry (TRS) either for § = nr or for = nxw/2, withn = 0,1, ....

For 1D case, depending on the value of ¢, the Hamiltonian can be categorized to either in class C,
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class D, or class DIII, according to the Altland-Zirnbauer symmetry classification [207, 208]. For the
case with § = 0, the Hamiltonian belongs to the nontrivial DIII symmetry class if A, > A, [209].
With this simplification, paring potential now takes the form, A(k) = i[AGq + A,eX?55)G,e™.

The FS junction can be described by the Bogoliubov-deGennes (BdG) equations as, H (k)¥ (k) =

€W (k) where the Hamiltonian H (k) can be written as

E(k) — hcostp —hsin e r 0 Ay
—hsiny e E(k) 4 hcos —A_ 0
0 A* —E(=k) + hcosy  +hsing e r
A% 0 hsin 1 €707 —E(=k) — hcost

with (k) = k%/2 — pand Ay = [A, + AeX?]ei® .

-1 0 € 1

Figure 5.2: The behavior of reflection and SFAR scattering probabilities are shown as a function of
incident electron energy (normalized by (A, 4+ A,)) for two different angle of magnetization 1 of the
ferromagnet. The value of the other parameters are chosenash =1, u =0,A;, =0,A, =1, 7 =4
and U = 15.

We consider the band energy E£(+k) of the NW as E(=£k,) for a particular choice of k, in the
quasi 1D limit. We assume a situation where the transverse confining potential and the chemical

potential in the NW are tuned such that only the lowest sub-band is participating (k, = 0 mode) in

transport and hence # = 0. 6 # 0 corresponds to different symmetry class. It is assumed that the
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band energies for the electrons moving to the left and right are equal to each other. We define right
movers by 0, = 6 and left movers by §_ = 7 — 6 which reduces to f, = 0 and /- = 7 in our
case. The effective pairing potential depends on different spin channels as well as the direction of
motion. Right movers with spin 1 and | are effected by the pairing potential A, (6, ) and —A_(6,)
respectively while left movers sense A, (6_) and —A_(6_) corresponding to 1 and | spin channels
respectively [203, 204].

The magnetization vector in the ferromagnetic region is considered to be

h = h{sin 1) cos ¢, sin 1) sin ¢, cos b} (5.1)

Here, h is the strength of the magnetization vector and 1), ¢ are the polar and azimuthal orientation
angle respectively. In the F region (z < 0), Ay = 0. On the other hand, in the superconducting side

(z > 0), h = 0. Wave functions inside the F region are given by

Wy = {7 cos1p/2,sin1p/2,0,0}7,
U, = {—e“"sine/2,cos1/2,0,0}7,
Ul ={0,0,€" cosp/2,sin ey /2}7,

Ul ={0,0,—€"“"sintp/2, cos/2}" . (5.2)
For an incoming electron with spin o, total wavefunction in F region becomes,

kb %

i L.e _ile _iLe - h .

Up = WS, P re® 41, WS e Fre® fp, WS e Hr-o® fpd gh okEer 4 pd Qh o ehroo”
(5.3)
Here 72 _ and 72 denote the amplitudes for the conventional Andreev reflection (AR) and spin-

flip Andreev reflection (SFAR) while r,, and r,_, correspond to the normal and spin flip reflection

amplitudes respectively.
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2.0

Figure 5.3: The behavior of differential conductance G (in unit of €?/h) is displayed in the plane of
incident electron energy (e¢) and angle of magnetization (/). The values of the other parameters are
chosen to be the same as mentioned in Fig. 5.2. Here, black dashed and white dotted lines correspond
to the behavior of the same for ¢ = 7 /4 and 1) = 0 respectively i.e., they highlight G for Fig. 5.2.

Figure 5.4: The features of differential conductance G (in unit of €2 /h), at € = 0, is demonstrated in
}Nl—Ap plane in panel (a) and iz—w plane in panel (b). We choose the values of the other parameters
asYy=n/2,p=1A=1—-A,, Z=4,U =15forpanel (a)and p =1, Ay =0,A, =1, Z =4,
U = 15 for panel (b).
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On the other hand, the wave-function inside the S region can be written as,

\IJS = G eikgTI{uT(9+)€i¢S7 07 07 77>Tk (0+)UT(6+)}T
e €5{0,uy (01)eS, (01 )y (64), 03"
i e FS (0 )ur(6-),0,0, up(6-)e 45} T

g e FETL0, 075 (0 )v, (6-), uy (B-)e %5, 0} . (5.4)

with 7,(0,) = $:086(0a)/|A(0a)], 55 = (—1)°"! where 0 = 4 denotes the 1, ] spin channels

and a = =+ indicates the direction of motion. Momenta inside the F and S regions are given by:

k:;/: = \/2(xe+ p+ oh) and k:g/gh = \/2(,u +U) £24/€2 — |A,|? respectively. Electron and hole

components of the wave functions are given by

1 € — [Aq(6a)]’
1 € — A (6a)]’
Uo—(ea) = E(l — . ) (56)

Now employing the appropriate boundary conditions, we find all the quantum mechanical scat-
tering amplitudes from the FS interface. At zero temperature, following the BTK formalism [61], the

differential conductance is given by,

G=Go» (1+R},+R} ,—Ryo— Ro_,) (5.7)
o=m{

where Gy = 22 D(6) is the normal state conductance and D() = 4 cos /(2> + 4 cos® §) [203,

204]. Here, Ra,ia(Rg{ia) are the reflection (AR) probability with conserved and flipped spin.

5.4 Results

The behavior of the scattering probabilities are shown in Fig. 5.2 as a function of the energy of the
incident electron in the subgapped regime. Here, the ferromagnet part of the NW is effectively in the
half-metalic regime as h> . For simplicity, we have also chosen ¢ = 0 throughout our analysis.

For ¢ = 0, incoming electron spin is parallel to the d vector of the superconductor. This configu-
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ration hinders the possibility of cooper pairing and therefore only possible process is normal reflection
from the FS interface. Hence, the conductance vanishes in the subgapped regime. For ) # 0, SFAR
probability increases due to the dominance of p-wave pairing in the topological regime (A, > Ay).
Note that, the general condition for gap closing is A; = A, cos@ which reduces to A, = A, in
our case. On the other hand, for ©» = 7/4, an anti-resonance in SFAR probability is clearly visible
in Fig. 5.2 at energy € ~ 0.3 in the topological regime. This anti-resonance can be attributed to an
interesting interference between different spin channels when ¢ = 7 /4. A simple derivation is given
in the Appendix E to understand the appearance of the anti-resonance. Furthermore, in this parameter
regime for any value of ¢, AR and spin flip reflections are prohibited due to the absence of other spin
channel in the half metallic limit.

In Fig. 5.3, we show the behavior of differential conductance G (in unit of €?/h) in the plane of
incident electron energy (e€) and polarization angle 1. We observe that G vanishes when incident elec-
tron spin is parallel (anti parallel) to the d vector i.e., 1) = 0 (¢» = 7). This is consistent with the slice
of Fig. 5.3, denoted by the white dotted line and also depicted in Fig. 5.2. On the other hand, G reaches
at its maximum value 2¢2/h, at ¢ = 0, when the polarization of the ferromagnet is perpendicular to
the d vector of the superconductor i.e., ) = 4 /2. This occurs as SFAR due to triplet cooper pairing
becomes maximum with this orientation. This is indicative of a single MZM contributing resonantly
to transport. Note that, a pair of MZMs appear at the two ends of the superconductor in the topolog-
ical phase and above observation implies that only a specific linear combination of pair of MZMs is
allowed to couple resonantly to the F region due to the spin selection rule while the other combination
remains decoupled. Such SFAR induced by MZM was earlier studied theoretically [210] and recently
confirmed experimentally [211]. Furthermore, when the incident electron energy is comparable to the
superconducting gap (e ~ 1), reflection process dominates over AR. Hence, G becomes vanishingly
small and independent of ¢ as can be seen from Fig. 5.3. We also observe that the conductance peak
splits as we move away from ¢ = 0, for a wide range of ¢ (see the highlighted black dashed line in
Fig. 5.3). The ferromagnetic lead acts like a time-reversal breaking boundary perturbation to the pair
of MZM:s leading to their hybridization and hence resulting in split peaks.

The features of differential conductance G (in unit of €2 /h), at e = 0, is demonstrated in Fig. 5.4(a)
in Ap—fz plane for v = m/2. Note that, when h = 0 and A, > A, (topological regime), G is
4e? /h indicating two MZMs originating from the two different bands [203] contributing resonantly

to conductance. On the other hand, when h > f i.e., spin polarized regime and A, > A, G is
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2¢? /h indicating the fact that only one MZM participating in transport. Also, in the regime A, > A,
G manifests a sharp transition from 4e?/h to 2¢2?/h with the variation of h i.e., depending on the
availibility of the spin channels. At e = 0, transport is being carried out solely by the subgapped
MZMs and hence this sharp transition of G indicates the spin selective coupling of MZM to the
ferromagnetic lead which is one of the main result of this chapter. Furthermore, in the trivial regime
(As > Ap), singlet cooper pairing is not possible owing to the blockage of one spin channel (h > 1)
and as a consequence (G vanishes. However, in the regime h < (4, due to the availibility of both spin
channels, normal AR gives rise to non-zero G.

The sensitivity of zero energy conductance on polarization angle v, in the topological supercon-
ducting regime, can be seen from Fig. 5.4(b). When the electron spin is perpendicular to the d vector
ie, v = m/2, G is 2¢*/h for the entire h > u regime due spin selective coupling to one MZM.
Around h = u, G starts gradually increasing from 2¢%/h and finally reaches 4e?/h for h=0ie,
both MZMs are resonantly coupled to the lead. With the variation of ¢ from 7 /2 (towards 0 or 7),
probability of SFAR decreases and hence G decreases monotonically and becomes zero when ¢ = 0
and h > . Hence, such spin dependent coupling of MZM, in the A, > A regime, explicitly depends

on the polarization strength h of the F regime and angle of magnetization ).

5.5 Summary and Conclusions

To summarize, in this chapter, we study two terminal differential conductance of a quasi 1D FS junc-
tion where the superconductor consists of mixed singlet and triplet pairings. When the superconduct-
ing part of the NW becomes topological and his parallel (anti-parallel) to d vector () = 0(¢) = 7)),
transport is blocked through the junction due to the absence of SFAR. On the other hand, when his
perpendicular to d (¢ = 7/2) differential conductance splits away from ¢ = 0 due to time-reversal
breaking boundary perturbation. Moreover, zero energy conductance spectra exhibits sharp transi-
tion from 4e?/h to 2¢?/h when h > i ie., , as we move into the polarized regime. Such transition
between quantized conductances at zero bias demonstrates an efficient spin dependent coupling to a
single MZM from the pair of MZMs, using a ferromagnetic lead.

In systems having proximity induced conventional superconductivity (s wave), to realize MZMs
at the two ends of a one-dimensional NW, the required ingredients are spin-orbit coupling in the NW

and a magnetic field perpendicular to the spin-orbit field direction. The applied magnetic field and
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the chemical potential have to be tuned appropriately to achieve topological phase in the NW [3, 58].
On the other hand, in our setup, we require neither spin-orbit coupling nor a Zeeman gap to achieve
topological phase hosting MZMs at each end of the superconducting part of the NW. Essentially, the
relative magnitude of the intrinsic spin singlet and triplet pairings of the unconventional superconduc-
tor gives rise to the topological phase hosting pair of MZMs at the ends of the superconducting part
of the NW. This motivates us to consider an inversion symmetry broken NCS type superconductor
with mixed singlet and triplet pairings [191] to study our model. The strength of the Stoner field h
in the ferromagnetic probe can be thought of as an efficient way to control time reversal breaking
boundary perturbation, which leads to sharp transition of zero-bias differential conductance from the
quantized value of 4¢?/h to 2¢?/h when the Stoner field h in the ferromagnetic and the d vector of
the superconductor are kept mutually perpendicular to each other.

As far as practical realization of our model is concerned, a NW may be possible to fabricate in
close proximity to a ferromagnet for e.g. EuO and NCS superconductor for e.g. Mo3Al,C, BiPd
etc. [194, 195]. To validate our model, the orientation of the d vector of the spin-triplet component
to be changed according to the direction of transport. Hence, the transport signatures (differential
conductance () must be measured in the plane orthogonal to the axis along which inversion symmetry

broken spin-orbit coupling is present.
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CHAPTER 6

RKKY Exchange Interaction in 8-Pmmn Borophene

6.1 Chapter Summary

Ruderman-Kittel-Kasuya-Yosida (RKKY) exchange interaction is an indirect exchange coupling be-
tween two magnetic impurities being mediated by the conduction electrons of the host material. We
have theoretically investigated the indirect signatures of the tilted anisotropic Dirac cones via RKKY
exchange interaction in 8-Pmmn borophene. The latter is a two dimensional polymorph of boron
atoms. The 8-Pmmn borophene is one of the most recent 2D polymorph of boron atoms, which has
been predicted to host tilted Dirac cones where the tilting direction around the Dirac cones are op-
posite to each other. Unlike the case of isotropic non-tilted Dirac material-graphene, here we have
observed that the tilting of the Dirac cones exhibits a significant impact on the RKKY exchange in-
teraction in terms of the suppression of oscillation frequency. The reason can be attributed to the
behavior of the Fermi level and the corresponding density of states with respect to the tilting pa-
rameter. When the two impurities are located perpendicular to the tilt axis, interference between the
Dirac fermions from different valleys do not contribute to the oscillation frequency and the period
of oscillation increases as one enhances the value of the tilt parameter. This change of oscillation
frequency may be a possible way to indirectly probe the degree of tilting of the Dirac cone present
in anisotropic Dirac materials such as 8-Pmmn borophene. On the other hand, for the separation of

the two impurities being along the tilt axis, interference among the Dirac cones plays a dominant
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role in determining the period of oscillation and the tilt parameter exhibits a negligible effect on the
corresponding period. We have derived the direction dependent analytical expressions of the RKKY
exchange interaction, in terms of Meijer G-function. Behavior of RKKY exchange interaction is also
investigated numerically for two spatially separated magnetic impurities in the = — y plane of the 2D

borophene sheet.
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6.2 Introduction

With the advent of graphene [212, 7], monolayer materials with similar band structure have been
under active consideration from the theoretical and experimental research point of view owing to
their future application in nanoelectronics. Along this direction, a thin layer of boron atoms called
borophene is the latest addition to the famility of Dirac materials. Having one less electron than
carbon, boron’s honeycomb structure is unstable. However, it can be stabilized by adding extra boron
atoms in the honeycomb lattice. First principle calculations have predicted that depending on the
arrangements of the extra boron atoms, various stable monolayer-boron structures, such as « sheet,
B sheet, are possible [15, 23, 38]. In recent times, Mannix et al. reported a stable striped phase and
a metastable homogeneous phase in two-dimensional (2D) boron silver substrate [43] while Feng e?
al. has experimentally confirmed the presence of Dirac fermions in this phase, named ;5 sheet [2].
The 8-Pmmn borophene is one of the most recent 2D polymorph of boron atoms, which is predicted
to host tilted Dirac cones [40]. In the community, it is an interesting question to investigate how to
probe this degree of tilting.

The RKKY exchange interaction [213, 214, 215] is an indirect exchange coupling between two
magnetic impurities being mediated by the conduction electrons of the host material. Since the RKKY
exchange interaction is directly related to the susceptibility of the host material, it can be used as
a probe to an electronic system. In recemt times, the physics of RKKY exchange interaction has
been widely investigated in a variety of Dirac materials such as graphene [216, 217, 218, 219, 220,
221, 222], silicene [223], phosphorene [224, 225], topological insulator [226, 227, 228, 229], Dirac
semimetal [230, 231] etc.

Formally, the magnitude of the RKKY exchange interaction is anticipated to be severely influ-
enced by the position of the Fermi level and the corresponding density of states (DOS) in any host ma-
terial. In this context, the tilting of the Dirac cone can modify DOS as well as Fermi level [223, 232]
near the Dirac point in anisotropic Dirac materials. Hence, the features of the RKKY interaction can
carry the signatures of the tilting nature of the Dirac cones. This issue has not been addressed so far
to the best of our knowledge.

In this chapter, we explore the consequences of the tilted and anisotropic Dirac cones on the

RKKY exchange interaction, considering 8-Pmmn borophene as a host material [233]. We obtain
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semi-analytical results of the RKKY exchange interaction for two different spatial separation of the
magnetic impurities: two impuries are located perpendicular to the tilt axis and parallel to the tilt
axis. For the former case, interference between the Dirac fermions from different valleys do not
contribute to the oscillation frequency and the period of oscillation increases as one enhances the
value of the tilt parameter. This change of oscillation frequency may be a possible way to probe the
degree of tilting of the Dirac cone present in anisotropic Dirac materials such as 8-Pmmn borophene.
On the other hand, for the separation of the two impurities being along the tilt axis (along the y axis),
interference among the Dirac cones plays a dominant role in determining the period of oscillation
and tilting parameter exhibits negligible effect on the corresponding period. We also demonstrate the
role of tilted and anistropic Dirac cone on Fermi level which in turn influences the RKKY exchange
interaction. Behavior of RKKY exchange interaction is also investigated numerically for two spatially
separated magnetic impurities in the x-y plane of the 2D borophene sheet.

The remainder of the chapter is structured as follows. In Sec. 6.3, we describe the model Hamil-
tonian for our setup and present a brief outline of the Green’s function formalism to obtain the RKKY
exchange interaction. The behavior of RKKY interaction, as a function of distance between the two
magnetic impurities as well as tilting parameter, for different alignements of the impurities is pre-

sented in Sec. 6.4. Finally, we summarize our results and conclude in Sec. 6.5.

6.3 Model and Method

We begin with a general low energy two band effective Hamiltonian for 2D Dirac materials associated

with anisotropic Dirac cone, which can be written as (near the Dirac points q = £qp)

HD - g(UJ;O'qu + VyOyQqy + UtUOQy) ; (61)

where o, 0, are the Pauli matrices in the atomic basis and oy is a unit matrix. We have chosen i = 1.
Here, £ = 41 is the valley index and v; (i = x,y) corresponds to the velocities along *" direction,
while v; denotes the velocity scale associated with the tilted Dirac cones. Note that the tilting lies

along the y-direction. The different velocity parameters are given by {v,,v,} = {0.86,0.69} and
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vy = 0.32 in units of 10° m/sec [39, 41]. The above Hamiltonian can be further written as

HD = g[thOQy + UF(O-xq;L’ + Uydy)] ) (62)

where vp = ,/v,0,. The new renormalized momentum operators are given by ¢, = ,/7*¢, and
Yy

Gy = A /Z—qu which satisfy the usual quantum mechanical commutation relation [g,, G,] = 0 and

1%, 4.) =1, [7, ¢, = i provided T = , /z—zx and § =, /3=y . The corresponding energy dispersion is
given by [42]
~ o~ Vg ~
E(Q:m Qy) = gvt U_Qy + )\UF ‘ q ‘ . (63)
V vy

Here, A = =+ denotes band index. However, as we restrict ourself in the n-doped regime (con-
duction band), therefore \ is always positive in our analysis. The band structure near the Dirac point
q = gp is shown in Fig. 6.1(a). The band dispersion around the other valley q = —qp has opposite
chirality i.e., tilting lies along the opposite direction. It is important to note that the tilting breaks
particle-hole symmetry in borophene [39, 41].

Before proceeding further, we briefly examine how the tilting of the Dirac cones affects the Fermi
energy and density of states (DOS). The Fermi energy (Er) and DOS (p(F£)) in a material, associated

with tilted and anisotropic Dirac cone, depend on the tilting parameter v; in the following way

e
Er(v) = BEY(1--—L)", (6.4)
0 = B (1- )
v2\ 5
p(B.v) = pO(E)(1-—F) (6.5)
: (1)

where E}O) and p(¥)(E) are the Fermi level and the DOS of a non-tilted isotropic Dirac material-i.e.,

graphene, respectively and vr = /v, 0, as mentioned earlier. Note that, with the enhancement of the
tilting parameter v, the Fermi level decreases monotonically. On the other hand, DOS gets enhanced
with v, and the corresponding behavior of that, following the low energy spectrum (Eq.(6.3)), is
shown as a function of energy in Fig. 6.1(b). At the Dirac point, p(E) vanishes and increases linearly
with energy similar to graphene [234, 235]. Impact of these phenomena on the period of oscillation
of RKKY exchange interaction is explained in the next section.

Now we briefly discuss the theoretical formalism for investigating the RKKY exchange interaction

in 2D electronic system. We consider two magnetic impurities (localized spins) at two different lattice
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Figure 6.1: (a) A tilted, anisotropic Dirac cone of 8-Pmmn borophene, in the vicinity of Dirac point
kp, is shown in the g,-¢, plane. (b) The behavior of DOS (in arbitrary unit) is demonstrated near the
Dirac point for different values of the tilt parameter v,.

102



sites of the bulk 2D borophene sheet. The interaction term between the localized spins (S;) and the

conduction electron spins (s;) is given by the Kondo Hamiltonian

Hint = J(Sl * 81 + Sz . Sz) s (66)

where ./ is the bare exchange coupling strength. The microscopic origin of such model renders to An-
derson impurity model [236, 237]. Using second order perturbation theory, the exchange interaction

energy between the two localized spins can be written in the Heisenberg form as

E(I‘) = Jag(I')Sl . Sz s (67)

where «a, [ indicate the atomic indices and r is the distance between the two impurities. Thus, the

RKKY exchange interaction strength .J,5(r) is given by

J2h?
4

Jap(r) = Xap(0,1) . (6.8)

where x,3(0, r) is the susceptibility.
For a spin-degenerate system, susceptibility can be written in terms of the unperturbed retarded

Green’s functions as [221]

2 [Fr
X(r1,7m2) = ——/ dE Im[Gg)ﬁ)(Tl,T27E)G(500)4(7”277’17E)] ’ (6.9)

7

—00

To compute the susceptibility, which is directly proportional to RKKY exchange intercation, we need
to evaluate the zeroth-order real space Green’s functions. Since in the large distance, contribution to x
arises mainly from small momenta, one can extend the momentum cutoff to oo to obtain the real space
Green’s functions via the Fourier transform. We compute them in the linear band approximation and

obtain

1 ke
Cop(R0.E) = o | PR y(k B)
_ 1 2~ igR[IKR~0)/~
= a0 /d qedte G’aﬁ(q—l—K,E)
+ XRGUG+ K E) (6.10)
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where the integration is performed over the entire Brillouin zone 2p;. Here, @ = (qy, ,) is small
momentum in the vicinity of the Dirac points, where the linear Dirac spectrum is valid. As dq,dgq, =
dg.dq,, we can replace ¢ by ¢ without loss of generality.

We have also used the notation (z,y) in place of (Z,¢). The factor \/% in Eq.(6.3) has now
been included in the tilting parameter v; for simplicity. The unperturbed momentum space Green’s

function is given by,

GO E) = (E+in—Hp)™

1 |E+1in—E&uyq Qe — 1qQy)V
_ 1 n — &uigy ( y)F 7 6.11)

D (qgc + iQy)UF E + i77 - Sthy

with D = (E +in — Evqy)? — viq?, vp = /Uz0,. Here, £ = £1 indicates the two Dirac points K
and K'.

6.4 Results

In this section we present our analytical as well as numerical results for different locations of the
two magnetic impurities inside the bulk of the 2D borophene sheet. In general, it is a formidable
task to obtain the analytical expressions for the susceptibility when the two impurities are arbitrarily
located in the x-y plane. However, we manage to obtain the analytical form of RKKY exchange
interaction for the two special cases: (A) when the two impurities are located perpendicular to the
tilt axis and (B) parallel to the tilt axis. The schematic of the orientation of the impurities in the
borophene lattice are shown in Fig.(6.2) . Here, we clarify our notations used for our analysis: Y1
denotes the susceptibility for the impurities being on same type of atoms and Y1, for the different
types of atoms (one on ridge atom and the other on inner atom (see Fig. 6.2)). It is worthwhile to
mention that when the impurities are on different atoms, they cannot be exactly along z or y axis.
However, such small off-axis deviation along the tilt axis (y axis) or perpendicular to it (z axis), does
not change our results qualitatively, in the continum limit.

Note that, RKKY exchange interaction strength is directly proportional to the susceptibility (see
Eq.(6.8)). Hence, we express the susceptibility as a measure of RKKY interaction strength in units

of J2h?/4. Also, we normalize the distance between the two magnetic impurities by corresponding
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lattice parameters i.e., R,/a — R, and R,/b — R,

Figure 6.2: Schematic of the lattice structure of 8-Pmmn borophene. Big blue (dark gray) circles
and small red (light gray) circles distinct two types of nonequivalent atoms Bp (ridge atom) and B;
(inner atom) respectively. The unit cell, comprising of 8 atoms, is shown by dashed black rectangle.
Magnetic impurities are schematically shown by golden (light gray) and dark green (dark gray) ar-
rows. Bottom (golden) arrows are aligned perpendicular to the tilt axis (z axis) while the left arrows
(golden and dark green) are located along the tilt axis (y axis) inside the 2D sheet.

6.4.1 Impurities are located perpendicular to the tilt axis

When the two magnetic impurities reside perpendicular to the tilt axis (on the same atoms) of bulk
borophene, the integral in Eq.(6.10) can be computed analytically for /2, = 0. This configuration has
been indicated by golden arrows in Fig. 6.2. In this case, the zeroth-order real space Green’s function

reads as

1 E i — iqz Ry
[ e (e
QBZ (

E A in —vqy€)* — vi(q2 + ¢2)
—21E (v} — 207 : K/
_ Bk vtzKo(—io?)(eZK'R+e’K Ry, (6.12)
v (v} — o)}

with &« = ER,/\/v% — vZ. Here, Ky(x) are the modified Bessel function of first kind. In Ap-
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pendix F, we provide the results of some standard integrals involving Bessel function which have
been used throughout the calculation. Expressing the modified Bessel function in terms of Bessel and

Neumann function, we obtain

(0) (0) o 47T2E2 1)12_;1
m(GyY(Rs, 0, B)GY (0, By B)] =~ — 72— a3
xIm[(Ko(—i@))]3(2 + 2 cos{(K, — K,)R,}) . (6.13)

Henceforth, following the works of Saremi [216] and Sherafati et al. [220, 221], we separate the
integration limit : f_Eoi = ffoo + fOEF . The first integral indicates the valence electrons (undoped
case) and the second one is for the conduction electrons. While the latter integral involves Meijer G-
function, former one does not converge. Following the standard procedure given in Ref. [216, 221],
the integrand can be multiplied by a cutoff function f(&, &g)=exp (—&/d&p). Then one can perform
the integral and takes limit &y — oo at the end so that f(&, &g) — 1. Thus, we arrive at the following

form of the susceptibility:

1 v
= 1 K, — KR,
X11 7RI (02— %[ + cos{( )R}l
1 KRy . ]

M(kpR:)| , (6.14)

where, k. = Er/+/vi — v} and M(/{;}Rx)=Gi’§<LLL_% k}zR:%) is the Meijer G-function. We
have considered the first Brillouin zone area as () = 472 /ab. Tilted anisotropic Dirac points are at
dp = (0,¢p) and —qp, gp = 0.29 X 27” [41]. It is interesting to note that in case of borophene, the
oscillatory factor [1 + cos{(K, — K. )R, }] = 2. Hence, the interference terms between the two Dirac
points do not contribute to the RKKY exchange interaction which is evident from Eq.(6.14).

In Fig. 6.3, we demonstrate the behavior of susceptibility y1; (when impurities are on the same
atom) as a function of the distance R, between the two magnetic impurities and tilt parameter v,.
The change in the periodicity of x;;, with the enhancement of tilting parameter v;, is evident from
Fig. 6.3(a).

This feature can be understood from Eq.(6.14) in which the Meijer G-function is the entire source

of the oscillation. As the period of oscillation is inversly proportional to the argument k% R, it

scales with v; as 7(v;) = 7(0)/(1 — 2?), where * = v;/vr and 7(0) is the period of non-tilted and
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isotropic Dirac cone i.e., graphene. As the tilting parameter increases, period of oscillation increases
monotonically. In the v; — 0 limit, 7(v;) comes back to the untilted period 7(v; = 0) as expected. On
the other hand, for v, — vp, the period diverges indicating flatness of exchange interaction. Hence,
the internal band structure itself influences the RKKY exchange (Friedel oscillation) due to tilting and
may be a way to probe the degree of tilting in anisotropic 2D Dirac materials. This is also one of the

main results of this chapter.

Figure 6.3: The behavior of the suscepibilities x1; and X2 is shown as a function of R, in panels (a)
and (b), and as a function of v, in panels (c) and (d) respectively. We choose the other parameters as
vp = 1.0, R, =0, Eg)) = 0.5. Black dashed line indicates the null susceptibility.

We also observe that there is a reduction in the amplitude of x; as v; increases (see Fig. 6.3(a)).
The reason can be attributed to the presence of vanishingly small density of states near the Dirac point
and lowering of Fermi level with the rise of tilting parameter v;. Furthermore, we explore the long
distance and very short distance limit of RKKY exchange interaction which can be figured out from
the asympototic behavior of Meijer G-function. Using the standard tables [238, 239] and following

Ref. [221], we obtain

M (y) — 4y°[1 — 3y — 31n(y/2)] ’ (6.15)

y—0 9/
: ~ [2cos(2y) + 8ysin(2y) — 7]
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where v ~ 0.577 is the Euler-Mascheroni constant. Therefore, we obtain the following form of the

RKKY exchange interation in the long distance limit (k‘}Rm > 1)as

L
lim X1 (R,) = X_lg,l[W_COS(Qk’}Rm)
k' Ry —00 R
—4kpR, sin(2kpR,)] (6.17)

where x|, = v2 /872(v% —v2)%/2. On the other hand, our analytical results for the short distance limit

(kR, < 1) reads

32(kpRy)®
97

Xigl
lim x1(R,) = =5 |1
k7nRe—0 u () R}

(1 -3y —3In(knR,/2))| . (6.18)

where 3, = v2 /167 (v2 — v2)3.
Here we present the results for the magnetic impurities located on different atoms. One can obtain

the Green’s function extending the momentum cutoff to oo as

G\9(R,,0,E)

1 (Qm - Z.q )6
= — [ dgd . S
Opy | 4 qy(E+m—vtqy§)2 —vi(e: +q)
27.(.E . Ve
_ K o~ iIK-R iK''R
g (02— 207) 1(—ia)(e +e )
2' E . R
IR (i) (¢ - KT (619
Qpz(vi —207)2

19z Ry

Similar to 11, the integrand is multiplied by a cutoff function to evaluate the energy integral of the

valence electrons. Finally we obtain

1 3  kpRy -~ .
= - — — — ——M(kpR,
e 2R3\ /0% — 0} ( 16 27 Tlkr >>
X[1+ cos{(K, — K.)R.}]
2 /
(o 1 kFRx /
- = R R,
21 R3 (v — vf)% (16 2/ (k)
X[1 —cos{K, — K,)R.,}], (6.20)
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where M (kpR,) = Gi’j( 33

1
172707_5

k}2R§). In Eq.(6.20), the second term vanishes for borophene
(K, = K. = 0), while in the first term, again the interference between the anisotropic Dirac cones
does not contribute to the RKKY oscillations. Note that, both y1; and x5 recover the similar form of
graphene [221, 220] in the limit : v; = 0, v, = v, = vp.

Behavior of xi2, as a function of R, and v, is depicted in Fig. 6.3(b). Here also the period of
oscillation increases with the increment of v;, similar to x1;. This feature can be understood from
Eq.(6.20) where the argument of Meijer G-function is proportional to v;. We also explore the long
distance (k:},wa > 1) and short distance (k- R, < 1) limit of x5 employing asymptotic behavior of
Meijer G-function. We find,

- 22
limM(y) = # :

.~ [37 —10cos(2y) — Sysin(2y)]
im 1) = Vi | o

(6.21)

Employing the above limits, we obtain the following analytical forms of RKKY exchange interaction

as

L
lim x12(R;) = X—132[37T—5COS(2/{7};R;B)
Ky Ry —00 R
—4kpR, sin(2kpR,)] (6.23)
s ' p 3
: X12 16(kpRy)
lim R,) = == —, 6.24
k;RI—leQ( ) R3 I 6.24)

with x1, = 1/872/v% — v? and x5, = 3/16m+/vE — v2.

The oscillatory behavior of x1; and x5 as a function of vy is clearly visible from Figs. 6.3[(c)-(d)].
They exhibit similar features for y;; and y2 with the variation of v, as in both cases the period of
oscillation depends on the tilting parameter. It is evident that due to R, * dependency (see Eq.(6.14)
and Eq.(6.20)), amplitude of both x1; and X312 become vanishingly small as one gradually enhances
the distance between the two magnetic impurities.

It is important to note that, even without the tilting parameter, the Fermi surface is anisotropic
due to the anisotropy in Fermi velocities (v, # v,). Effect of this anisotropy, in the absence of tilting
(v; = 0), on RKKY exchange interaction is presented in Fig. 6.4. It is evident that the effect of such

simple anisotropic Fermi surface on susceptibility (11 and x12) is negligibly small. This may be a
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possible way to distinguish between these two kind of anisotropies (v; = 0 and v; # 0) by measuring

the RKKY interaction.

/\2.0

10

Figure 6.4: The behavior of the suscepibilities y1; and 1o are illustrated as a function of R, with
v, = 0 for both anisotropic Fermi velocities and isotropic counterpart in panel (a) and (b) respectively.
The value of the other parameters are chosen as R, = 0, E;? = 0.5.

6.4.2 Impurities are aligned parallel to the tilt axis

Here, we present the analytical form of the susceptibility in the limit R, — 0 i.e., when the two
magnetic impurities are situated along the tilt axis. This has been illustrated by golden and dark green

arrows in Fig. 6.2. We proceed in the similar way as in the previous subsection and obtain

2
1 2
Xii = — / dzz? [ — oS (KyRy — ﬂz) Jo(2)Yo(2)

FRZ?;UF — 0o Vr

2
2
+—Lsin (KyRy - ﬂz> L()Yi(2)]| (6.25)
Vg Vr
where, z = FvpR,/(vE — v}) and zp = EpvpR,/(vE — v?).
2
! /de 2 K, R, — 22| Ji(2)Yi(2)
= — ZZ COS -
X12 WRSUF . yily v 1 1
2
Ut2 . Ut
——sin | KR, — —2 | Jo(2)Yo(2) (6.26)
V% VF

The explicit analytical form of both 1, and x12, after performing the integration over energy, are
very messy and not possible to write in a compact form. Rather, we present our results for them in
Fig. 6.5 both as a function of R, and v,. We note that Fig. 6.5(a) is almost identical to Fig. 6.5(b) and

Fig. 6.5(c) is to Fig. 6.5(d). This feature can be attributed to the fact that the Hamiltonian is written
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in two atomic basis (two sublattice indices) of borophene (tilted Graphene), which do not couple
directly to the magnetic moments. Such feature is in complete contrast to the case of topological
insulator [226, 228] in which the actual spin degree of freedom of the surface states directly couples

to the impurity spin moment.

Figure 6.5: The behavior of the suscepibilities ;1 and x12 is illustrated as a function of R, in panels
(a) and (b), and as a function of v; in panels (c) and (d) respectively. The value of the other parameters
are chosen as vp = 1.0, R, = 0, EI(TO) = 0.5.

We observe that the period of oscillation is almost constant with v, as can be seen from Fig 6.5(c).
In this particular limit of R, — 0, the interference among the Dirac fermions from different Dirac
points in the Brillouin zone plays a crucial rule in determining the oscillatory nature of RKKY ex-
change interaction. From Eqs.[(6.25)-(6.26)], one can note that the period of oscillation depends both
on K, and v,. As the tilting angles (velocity) lie in opposite directions for the two Dirac points K
and K', the effect of tilting on RKKY exchange interaction, nullifies each other due to destructive
interference. Hence, the period of oscillation does not vary with the enhancement of v;. The latter
behavior indicates that the interference between the anisotropic Dirac cones dominates over the effect
of Fermi level in determining the overall period of oscillation. Nevertheless, the amplitude of RKKY
oscillation decreases with the degree of tilting v; due to the lowering of the Fermi level (see Eq.(6.5)).
Although DOS increases with the tilting parameter, however near the Dirac points DOS is negligbly

small and hence it contributes negligibly in determining the amplitude of oscillation, especially in the
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Figure 6.6: The behavior of the susceptibilities x1; and 12 are depicted as a function of R, in panels
(a) and (b) respectively. The value of the other parameters are chosen as vy = 1.0, El(mo) = 0.5,
R, = 5in panel (a) and R, = 2 in panel (b).

long distance limit where only small momenta are important. The presence of interfence among the
Dirac points enhances the oscillation frequency of both x;; and y;2 compared to the previous case

(see Figs. 6.3[(a)-(b)]). Also, the oscillatory behavior of RKKY exchange with enhanced frequency

as a function of vy, is clearly visible from Fig. 6.5(c) and Fig. 6.5(d).

6.4.3 Impurities are located in the z-y plane

In this subsection, we present our numerical results when the two magnetic impurities are placed
at arbitrary positions in the x-y plane of the bulk 2D borophene sheet i.e., R, # 0 and R, # 0.
In this case, it is not possible to obtain any kind of analytical form of the susceptibility. Hence, we
compute the real space Green’s function by numerically integrating over momenta and energy degrees
of freedom. The corresponding results for x1; and xi» are illustrated as a function of R, for different
values of the tilting parameter v, with 2, = 5 in Fig. 6.6(a) and R, = 2 in Fig. 6.6(b) respectively.

It is apparent from Fig. 6.6(a) (when two magnetic impurities are placed on same atoms in the x-y
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plane) that the oscillations appear very rapidly as a function of R, and manifest weak dependence
on the values of v;. These high frequency rapid oscillations emerge due to the interference between
the two Dirac cones. This has been reported earlier for other 2D Dirac systems [218, 220, 224]. The
competition between the enhancement of DOS and reduction of Fermi energy with tilting parameter
(see Eq.(6.5)), for arbitrarily placed impurities, results in the non-monotonic variation of amplitude
of oscillation as a function of v, in the short and intermediate distance scale. This feature can be
seen from Fig. 6.6(a). However for large distance between the two impurities, only small momenta
contribute to the RKKY exchange interaction and hence lowering of the Fermi level controls the
amplitude, resulting in monotonic decrease of y;; with tilting.

The behavior of the spin density oscillations, for two magnetic impurities placed on different
atomic sites in the x-y plane, is shown in Fig. 6.6(b) choosing 2, = 2. There is one notable difference
between Fig 6.6(a) and Fig. 6.6(b) is that in Fig 6.6(a), the oscillatory behavior associated with an
envelope of the amplitude is prominent while in Fig. 6.6(b) the period is larger. As the period of
oscillation is inversely proportional to the distance, for very small distance, envelope of amplitude of
the RKKY exchange interaction decays (period becomes large) while the oscillations are prominent
for larger distances. Moreover, for the small separation of the impurities, y12 exhibits non monotonic
behavior with v;. On the other hand, for large distance (R, > 5) 12 decreases monotonically with
the tilting parameter v; which can again be attributed to the effect of tilting on the Fermi level and

DOS.

6.5 Summary and Conclusions

To summarize, in this chapter, we have explored the effect of the tilted and anisotropic Dirac cones on
the RKKY exchange interaction in the bulk of a 8-Pmmn borophene. We observe that the tilting of the
Dirac cones, for specific orientation of the impurities, manifests itself with the significant reduction in
the RKKY exchange interaction oscillation frequency. This feature can be an indirect signature of the
degree of tilting present in tilted and anisotropic Dirac cone. We present our analytical expressions
for the susceptibility, in terms of Meijer G-function, which is directly proportional to the exchange
interaction strength. We consider two special cases: when two magnetic impurities are located per-
pendicular to the tilt axis (x axis) and along the tilt axis (y axis). In the former case, interference

between the Dirac cones does not contribute to the Friedel oscillations and the period of oscillation
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increases with tilting parameter. In contrast, for the impurities being along the tilt axis, interference
among the Dirac cones plays the dominant role in determining the period of oscillation while the
tilting parameter exhibits negligible contribution. Moreover, due to opposite orientation of tilting of
the Dirac cones at the inequivalent Dirac points, the effect of tilting originating from each Dirac point
on RKKY exchange interaction nullifies each other when the impurities reside along the tilt axis.
However, the amplitude of oscillation decreases with the tilting parameter because of lowering of the
Fermi level. We also separate out the effect of simple anisotropy (v, # v,) on RKKY exchange inter-
action in absence of tilting (v; = 0) and show that such anisotropy in Fermi surface exhibits negligible
effect on the response function in case of borophene. For arbitrarily placed magnetic impurities in
the z-y plane (neither along nor perpendicular to the tilt axis), we evaluate our results numerically
and show rapid oscillations (beating pattern) in susceptibility due to the interference between the two
Dirac cones and subdominant effects arising from the tilt parameter.

As far as practical realization of our results are concerned, it may be possible to deposit magnetic
adatoms such as Co or Fe on bulk borophene to study RKKY exchange interaction in it. However,
these adatoms consist of outermost s electrons, besides the d electrons that act as essential magnetic
moments, which can modify the exchange interaction. Moreover, one has to be careful such that
the band structure does not get modified significantly by these impurities. Nevertheless, a simple
molecule possessing localized magnetic moments which interact via host material atoms and does not
alter the bulk band structure, can be deposited on 8-Pmmn borophene and may be a possible testbed
for our theoretical predictions.

Throughout this chapter we have discussed RKKY exchange interaction in 8-Pmmn Borophene
due to the presence of external magnetic impurities. There is another phenomena that takes place
when a magnetic impurity is placed in a metallic host : the Kondo effect [240] which is a many-body
phenomena where the scattering of conduction electrons in a metal, lying near the Fermi level, due
to the magnetic impurities results in a characteristic change of electrical resistivity with temperature.
The Kondo temperature 7’ is defined by the energy scale below which the local magnetic moment
of a magnetic impurity is screened by the conduction electron spins of the metal. When multiple
impurities are present in the metal, the Kondo effect competes with RKKY interaction. Doniac [241]
pointed out the difference in their scaling with the antiferromagnetic coupling J as T ~ e~'// and
Jrrkxy ~ J? (for weak coupling J). There exists a critical point .J = Jo where Tx = Jrgxy. For

weak coupling limit i.e., in the limit of J < J-, RKKY interaction becomes dominant [242].
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Although we have focused on RKKY exchange interaction in 8-Pmmn Borophene as our host
material, qualitatively the results should be similar for any other 2D materials having tilted Dirac
cone for e.g. tilted graphene, organic conductor a-(BEDT — TTF),I3 [42, 243] etc. Then y;; and
X12 would refer to the measure of RKKY exchange interaction (in units of J/?/4) corresponding to
impurities being placed on same sublattices and different sublattices respectively.

Here, we emphasize that 8-Pmmn borophene is ideally not a coplanar 2D Dirac material. Rather,
it has a finite thickness due to the two kinds of atoms being non-coplanar. However, only those atoms
located in a hexagonal manner in a buckled structure contribute to the formation of Dirac cones [39].
Therefore, the finite thickness which we have neglected in our analysis, should manifests negligible

effect on the RKKY exchange interaction.
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CHAPTER /

Summary and Outlooks

In this chapter, we summarize the outcome of the thesis and discuss possible extensions of the works
which are still unexplored. This thesis has been devoted to study various transport properties and
magnetic exchange properties of several 2D Dirac materials and Majorana nanowire. Investigation of
newly discovered 2D materials namely Silicene, Borophene etc. has attracted immense interest among
experimentalists as well as theoreticians due to their possible application in diverse areas ranging from
topological quantum computation to spintronics. Topological phases have been predicted in Silicene:
a new generation of 2D materials. Therefore various transport properties such as thermal transport,
quantum pumping are important not only for a better understanding of the materials but also to unravel
the possible applications.

In this direction, in chapter 3, we have investigated thermal conductance by Dirac fermions in
silicene NIS junction where superconductivity is induced in silicene sheet via the proximity effect.
We study the behavior of TC in this set-up both for thin and thick insulating barrier limits. We show
that TC exhibits 7/2 periodic oscillation with respect to the barrier strength in thin barrier limit for
undoped (1 = 0) and moderately doped (0 < puy < A) regime where the Fermi surface mismatch
between the normal and superconducting sides is significant. The oscillation becomes 7 periodic as
a function of barrier strength in the highly doped (1 > A) regime where Fermi surfaces in the two
sides are almost aligned. This change of periodicity (/2 to ) in thermal response with the variation

of doping concentration can be an indirect probe to identify the crossover from SAR to retro AR.
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Nonetheless, TC shows conventional exponential dependence on temperature independent of doping
concentration and barrier characteristics. The external electric field reduces TC monotonically in
the undoped regime. However, a non-trivial interplay between band gap at Dirac points and doping
concentration appears in the moderately doped case. Consequently, electric field can tune TC in the
later regime. On the other hand, electric field has a negligible effect on TC when py/A > A. In
the thick barrier limit, oscillation of TC persists both as a function of barrier thickness d as well as
barrier height V(. The latter can be tuned by an additional gate voltage applied at the insulating region.
However, we show that the periodicity of TC no longer remains constant, rather becomes functions
of both d and V{. Also after a certain barrier thickness (d ~ 0.4\g), the amplitude of oscillations in
TC decays for arbitrary Vj in the highly doped regime.

In chapter 4, we have investigated the possibility of enhancing the CAR probability |t 4]? in sil-
icene NSN set up by introducing thin insulating barrier I at each NS interface. It is shown that,
for electrons with normal incidence, resonant CAR can be obtained in our setup by tuning the band
gap in both the normal silicene regions by applying an external electric field as well as adjusting the
chemical potential by additional gate voltages. We also show that [t 4|? is periodic in x1-x2 plane due
to relativistic nature of Dirac fermions. On the other hand, it is also possible to attain transmission

probability |¢.|? of magnitude unity in silicene NISIN junction under suitable circumstances. Owing

to Dirac nature of particles, |t.|? also exhibits periodic behavior in the space of barrier strengths
and y2. We then explored adiabatic quantum charge pumping through our NISIN setup and show
that the behavior of pumped charge as a function of the pumping strength P is closely related to the
features of CAR probability |t4|? or transmission probability |¢.|? in the pumping parameter space.
For electrons with normal incidence, large pumped charge with value close to () ~ 2e can be obtained
when particular circular or elliptic pumping contour encloses the resonant CAR in x;-x» plane. Al-
though the major contribution to (), in this case, arises from the dissipative part. On the other hand,
large pumped charge can also be obtained with lemniscate contour when odd number of |t 4] peaks
are enclosed by each of its bubble. In contrast, pumped charge approaches to () ~ —e when various
pumping contours enclose |f.|> resonance in the same parameter space. However, pumped charge
decreases monotonically as we increase the angle of incidence of the incoming electron. In exper-
imental situation, the measurable quantity should be the angle averaged pumped charge analogous

to angle averaged conductance. From our analysis, we expect that the qualitative nature of angle

averaged pumped charge as a function of the pumping strength will remain similar to the a.r, = 0
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case. Although the quantitative value of () will be smaller than the angle resolved case as () decreases
monotonically with a. .

In chapter 5, we have studied two terminal differential conductance of a quasi 1D FS junction
where the superconductor consists of mixed singlet and triplet pairings. When the superconducting
part of the NW becomes topological and h is parallel (anti-parallel) to d vector (v» = 0(¢ = 7)),
transport is blocked through the junction due to the absence of SFAR. On the other hand, when h is
perpendicular to d (¢p = 7/2) differential conductance splits away from ¢ = 0 due to time-reversal
breaking boundary perturbation. Moreover, zero energy conductance spectra exhibits sharp transition
from 4¢?/h to 2¢?/h when h > i i.e., , as we move into the polarized regime. Such transition
between quantized conductances at zero bias demonstrates an efficient spin dependent coupling to a
single MZM from the pair of MZMs, using a ferromagnetic lead.

In chapter 6, we have explored the effect of the tilted and anisotropic Dirac cones on the RKKY
exchange interaction in the bulk of an 8-Pmmn borophene. We observe that the tilting of the Dirac
cones, for a specific orientation of the impurities, manifests itself with a significant reduction in the
RKKY exchange interaction oscillation frequency. This feature can be an indirect signature of the
degree of tilting present in tilted and anisotropic Dirac cone. We present our analytical expressions
for the susceptibility, in terms of Meijer G-function, which is directly proportional to the exchange
interaction strength. We consider two special cases: when two magnetic impurities are located per-
pendicular to the tilt axis (x axis) and along the tilt axis (y axis). In the former case, interference
between the Dirac cones does not contribute to the Friedel oscillations and the period of oscillation
increases with the tilting parameter. In contrast, for the impurities being along the tilt axis, interfer-
ence among the Dirac cones plays the dominant role in determining the period of oscillation while
the tilting parameter exhibits negligible contribution. Moreover, due to the opposite orientation of
the tilting of the Dirac cones at the inequivalent Dirac points, the effect of tilting originating from
each Dirac point on RKKY exchange interaction nullifies each other when the impurities reside along
the tilt axis. However, the amplitude of oscillation decreases with the tilting parameter because of
the lowering of the Fermi level. We also separate out the effect of simple anisotropy (v, # v,) on
RKKY exchange interaction in absence of tilting (v, = 0) and show that such anisotropy in the Fermi
surface exhibits negligible effect on the response function in case of borophene. For arbitrarily placed
magnetic impurities in the z-y plane (neither along nor perpendicular to the tilt axis), we evaluate our

results numerically and show rapid oscillations (beating pattern) in susceptibility due to the interfer-
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ence between the two Dirac cones and subdominant effects arising from the tilt parameter.

Spin transport without concomitant charge counterpart is a topic of extensive research due to its
own merit of having applications in spintronics. Adiabatic spin pumping, in this direction, has been
proposed in normal metal-ferromagnet (NF) junction [244] using magnetization dynamics. Such
novel spin pumping can be interesting to investigate in silicene and explore the connection between
topological phase transition and possibility of pure spin pumping. One can also naively expect to
have moderate spin pumping in ferromagnet-insulator-superconductor-insulator-ferromagnet (FISIF)
junction of silicene in the polarised regime of the ferromagnetic region.

On the other hand, sureshot distinction of Majorana mode from other possible trivial zero mode
is still lacking. Various heterostructure composed of the non-centrosymmetric superconductor which
host Majorana modes in the topological phase can be studied to explore the possibility of the desired

distinction.
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APPENDIX A

Appendix for Chapter 1

A.1 Derivation of low energy effective Hamiltonian of Silicene

We begin with the lattice Hamiltonian given by Eq.(1.8):

At A . Aso R R
H = —t Z cj»a Cja‘i‘?/ﬁ Z Vijcjagéﬁ Cjp
<i,j>a <<i,j>>af

2 TN
—i3AR > el (3 xdy), 80

<<i,j>>af

+el Y G G — Y Ely i
1 16"

We now proceed to show the derivation of the low energy effective Hamiltonian.

structure is shown below

(A.1)

The lattice

Figure A.1: Nearest neighbor and next nearest neighbor coupling are shown in silicene lattice.
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We write down the nearest-neighbor (n.n) vectors 5;4 ‘B and next nearest neighbour (n.n.n) vectors
a; for both sublattices. Note that, the n.n.n vectors are the same for both sublattices while the n.n

vectors are different. The n.n are :

A a A a _ a A: _g _ a
51 ( 7\/§7 ) 5 (2 \/gvaZ)a 53 ( 27 \/g:aZ)a
B _ a A_ (%@ A_ 2 @
51 - <O7 \/gv CLZ), 62 - ( 27 \/gy CLZ), 53 (27 \/37 CLZ),

and the n.n.n vectors are:

a = (0,0,0), ay = 2(1,V3,0), ay = 5(~1,V3,0),
ar = (=a,0,0), a5 = 2(~1,—V3,0), ag = 5(1,—3,0). (A2)

The a. component is small compared to a,, a, and hence neglected in the following calculation for
simplicity. We also do not consider Rashba term in the Hamiltonian anymore, as Ap is small com-

pared to Agp and do not alter the physics near the Dirac points.

We now write the Hamiltonian in momentum space by Fourier-transforming the real space Hamil-

tonian and obtain

H = —t Y Al Bue ™" =t > Bl Age ™"
k,0A o k,6B o
P
T g Z ZkaAToz aﬁAk5+< ) lkaBTa aﬁBkB> (A.3)
aﬁak
+ (elE, — ZAkUAkU — (elE. + p) Y B, B, (A4)
ko

where we have used:

— — — A _ - _ —
Vo, = Vag = Va, = —Va, = — Vo, = —Va, = 1,
B B B__.B_ _.B_ _ B _ _
Vay = Vag = Va, = —Va, = —Vy, = —V,, = —1. (AS)
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The summations over the n.n and n.n.n vectors can be obtained as :

Ve = Ze—ikéA _ (z‘; e—ik6B> — p—iaky/V3 | 9iaky/2V3 cos(%),
5

O => vie _“‘a E vBe~*a = _2j[sin(ak,) — 2sin(ak,/2) cos(v/3ak,/2)].  (A.6)

a

We are interested in understanding the physics near the Dirac points in the BZ which are K. =
(ié—g, 0). Therefore, we expand the Hamiltonian for small k around these Dirac points by chosing
k, — k, £ é—z and k, — k,. For small %, and £,, we can assume k,a < 1, kya < 1 and only take

terms first order in k. Hence we obtain :

V3a . .
Tt =~ (ke k), Oy = F3V/3i. (A7)

We now define the Fermi velocity vy = ‘g and choose our basis as 1) = { Ay, Bka}’. We can

write the Hamiltonian in this basis as :

Al hve(nk, + ik
HS _ k(7 y) ’ (A.8)

hwp(nk, — iky) —A”

This corresponds to Eq.(1.12) in the main text.
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APPENDIX B

Appendix for Chapter 2

B.1 Full Rashba Hamiltonian in the helical basis

In this appendix, we show that the Hamiltonian for the Rashba spin-orbit coupled nanowire in prox-

imity to a s-wave superconductor, Hy + H,. given by Eq. (2.18), when written in the helical basis,

gives rise to an effective p-wave like pairing. We closely follow the seminal paper by Alicea [245]

and Cayao thesis [246].
Y(k) = ¢ (k)Y_(k) + ¢y (k)i (k),

(B.1)

where 11 annihilates states in the upper/lower bands and ¢ are the respective normalized wavefunc-

tions which are written as column vector having two spinor components

ﬁbl(k) 1 [+
¢4 (k) = . NG ;
¢4 (k) 1
and
¢T—<k) 1| =%
¢— (k) = = E )
0" (k) 1
where v, = %. Writing ¢(k) as a two component column vector in the form
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)
ooty = [ ) (B.4)
¢4 (k)

[ (k) + Wby (K)]

The Eq.(B.1) now becomes

(k) =
(B.5)

y(k) = —= [V (k) + ¥ (k)]

S

We now proceed to rewrite the terms of the full Hamiltonian given by Eq.(2.18) in the helical

basis given in Eq. (B.5).

Kinetic term

The kinetic Hamiltonian is given by,

Hiin = / dz [](x) (€] v + ¢](2) (& v ], (B.6)

where & = h*k?/2m — p. Using Egs. (B.5), we write each of the terms in the new basis

1
Ui = 5 U (R () + 0 () (k) — (R (k) — o () (k) .
. :
ol = 5 [0l Ry () + L (k) () + 0L (R0 (k) + 0L (R (k)]
We have used : 7,1% = |v|? = 1. Now Eq. (B.6) becomes,
Mo = [ o[l (0v-(0) + vl (B0 (0)]. (B.8)
Spin-orbit term
The spin-orbit coupling term in the Hamiltonian Eq. (2.19) is
Heoe = (iak) / dz [wlv, — vy . (B.9)
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Using Egs. (B.5), we can write

Yl =
Yl =

|t (- (k) + [ ) (k) — st (R () + v fsd (k) ()|

N — N —

Therefore, we obtain

Hso = 5= | do|(ne =yl (k)o- (k) + (B) (o = n v (k)

+ (v + )l (R (k) — (o + ) vl (k) (k)| -

Zeeman term

The Zeeman term in the Hamiltonian given by Eq. (2.19) reads,

H. = B/dx vl + vl -

Using Eq. (B.10), we get

B

Ho=7y [ o]~ Gu+aD0l (K)o (B) + O + 90l B (b

+ (0 = )L (R)e- (k) — (k) (v — m)v s (k) |-

Kinetic, spin-orbit and Zeeman terms

We now add up all the three terms we have obtained so far and write

Hiin + Hso +Hz = / %””{w*(k:) [iak(ye = ) = By + ) + 26— ()
+ L (k) [iak(v] — ) + By + ) + 26 ] v+ (k)
+ oL (k) [iak(3) + ) + Byl — ) v (k)

+ L () = dak(a] + ) — BOL— )] ()}
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(B.11)

(B.12)
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Using the form of ~y;, = \/%, we get the following relations:

—2iak

T e
TR B oR B.15
2B '

T _
Yt = e

Using these relations, we can write

Hoom + Hso + Hy = / i e (k)6 (B () + = (k)o! (R)u_ (k)] (B.16)
where 5, + = £ + vV B? + o2k?

Superconducting term

The superconducting term in the Hamiltonian given by Eq. (2.20) is

Hee =5 [ do{A[ul00](~) = wl(-Bw{(0)] + e} B.17)

‘We have used fermion anti-commutation relations

{vl(k), vl (=k)} =0. (B.18)

Now, the elements of . in the helical basis becomes

PHk)w](—k) =
Yl (=R)l(k) =

| — et (Rt (=) + Al ()t (—k) =yl (00 (=) + vl (Rl ()]

| — bl (—k)t (k) = vl (=R)wT (k) + yfuT (=R (k) + A (—kpwl ()|
(B.19)

N — N —

Hence we can write

L (k)W (k) — o] (—k)l(k) =
% — it ()Y (k) + Al (k)T (k) — ful (k)] (=k) +vf0l (k)wl (—k)  (B.20)

3l (=Rl (k) + Al (k) () = Aful (—R)w] (k) — vl (—k)l ()]
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There are four combinations of the operators ¥, and in the following we separate them out and

evaluate them individualy as :

[ — W (k)L (=) + Al (=k)p! (k)]
L[ = etmet =k + Al el (-p] - 2D
[t ot ot (k).

N —

(k) — vl(-Rpl)] =

o= 2
l\'>|’—‘

where in the second term of the second equality, we have substituted k£ by —k. Similarly we find the

other terms as

iR — ol -R®] | == 3Pl elmeien @2

++
and
[Ww k) — ] (—k)l (k)|

L )0 (—k) +AL0L (Rt (k) — Al (B)L (=) — Al (—R)L (8)]
2 (9! (—k)] + 2wi<—k>w*_<k>wi]

+——+

(B.23)

We have used fermionic anti-commutation relation, {1}, w;} = 0 in the second equality, and in in
the second term of the fourth equality we have substituted £ by —k as before.

We now obtain the following combination of ~;, :

2iak

A T _
NEVe = e (B.24)
2iak
T AT e
L ey T (B.25)

2B

T T _
W = Uk (B.26)
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and thus the superconducting term becomes,

M= [ dx{ R ACTXe

—iakA
2BA

M(k:wi(—k) B.27)

}@ﬂ(k)@[ﬁ (—k) + h.c} .

So, both intra and interband pairings have appeared in Eq. (B.27). If we negelect the upper band
and only consider the lower one, we get back the superconducting Hamiltonian given in Eq.(2.24)

after Fourier transforming the first term of Eq. (B.27).
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APPENDIX C

Appendix for Chapter 3

C.1 Derivation of the thermal conductance formula

Here we present the outline of the derivation of the formula for tehrmal conductance (electronic
contribution only). We closely follow the well-known BTK formalism[61], to derive the same in
N-I-S junction. Tunneling conductance in NS junction is given by :

dI Gy [*

= 0270 (14 |r(eV)|? = |ra(eV)|?) cos(a)da (C.1)

wold

where 7(eV') and r4(eV') denote the reflection and Andreev reflection probability respectively, at
bias V' applied in the normal side of the junction. « is the angle of incidence from normal side and
the factor % arises due to the integration over the angular range from —7 to 7. Gy is the ballistic
conductance of metallic system, and N (el”) denotes the number of available channels for a sample.
Gy is constant for small bias voltage i.e., eV < Er where Er is the Fermi energy. This BTK formula

is derived at zero temperature.
We now consider the following situation : normal side is kept at temperature Ty = T — 67'/2
and the superconducting side is kept at temperature Ts = T+ 67'/2. We assume, in our formulation,

0T,V < T, where T is the average temperature in the junction. Therefore, a small thermal gradient
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0T is applied across the junction for thermal transport to take place.

Energy distribution of electrons that propagate from the normal metal to the NS interface is the
equilibrium Fermi distribution shifted by eV : f7(E) = f(E — eV). Electrons moving from the
NS interface to the normal metal side, are produced in three processes : (i) electrons are reflected
from the interface with probability B; (ii) holes are Andreev reflected as electrons with probability A;
and (iii) quasiparticles coming from the superconductor are transmitted into the normal side with the
probability (1 — A — B). The energy distribution of the electrons moving into the normal metal side

from NS interface is, thus, given by

() = AB)1 - f7(=E)| + B(E)f7(E) + [1 = A(E) — B(E)|f(E) (C2)

The heat current that flows from the normal metal into the superconductor (in one transverse

mode) can be writen as

JNS = /dE(E—eV)(fﬁ—f“)

_ / T B[ = BN (E - eV) — A(E)fN(E + V) — [1 - A(E) - B(E)/f(E)

—00

We expand the Fermi distribution, for small bias voltage and small temperature gradient, in the

following way

N _ _ oy 9f | EOTOf
Y= fry(E—eV)= fr(E) evé)E + 5T OT (C.3)
s _ _ _ BT 0f
7= frs(E) = fr(E) 5T 9T (C.4)
We now substitute Eq.(C.4) in Eq. (C.3) and obtain :
s = [ dBE(E =)= AB) - BE)S(E) )

Taking derivative with respect to temperature, we find the normalized thermal conductance across the

junction as
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= / " 4B — A(E) - B(E)—— 2 (C.6)

- 4T? cosh(%)2

where, we have used

1
;= 14 e PE
of ePE E

We have approximated /2 — eV ~ E in the final expression to obtain x as no external bias has been
applied. Now, the incoming electrons can have any angle of incidence and hence we have to average
over the angle of incident electrons : . We also have to keep in mind that the hole reflection angle

ay, can be different from «, and finally we obtain the required formula :

- / /2dEda€
0 —

E? ]
— - (C.8)
AT? cosh?( L)

1_R Rhcos(ah)]
cos(a)

cos(a)

This is the formula used in the main text [see Eq.(4.13)]. Note that, the temperature gradient 67" is
small and thus we expect that phonos will not be excited in the system. Therefore, we consider only

the electronic contribution to the thermal conductance (TC).
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APPENDIX D

Appendix for Chapter 4

D.1 Derivation of the formula for pumped charge

An electron pump converts a periodic modulation of its characteristics, in absence of any bias voltage,
into a time-independent electric current which is termed as ‘pump current’. Some example of these
characteristics are the charge on the device, the location of a scatterer, the magnetic flux threading
the sample, gate voltage etc. Brouwer in his seminal paper[140], considered a parametric electron
pump through an open system via a scattering approach. He formulated the pumped current in terms
of the scattering matrix S(x1, x2) where y; and x» are pumping parameters. We closely follow the

derivation of pumped current given by Brouwer in Ref. [140].

The system under consideration is shown schematically in Fig. which consists of a quantum dot
being coupled to two electron reservoirs (left and right) by ballistic point contacts. The two electron
reservoirs are kept at the same chemical potential so that there is no net current from left reservoir to
the right. There are two external parameters y1(¢) and y2(¢) of the dot which are varied periodically
as shown in Fig. D.1a. Biittiker, Thomas, and Prétre [139] calculated the emissivity that can be trans-

ferred by the infinitesimal change of two parameters.

For a small and slow harmonic variation of the parameter, x () = xo + dx,e™", the charge 5Q(I)
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Figure D.1: (a) Schematic of an electron pump device. (b) Area enclosed by the periodic modulation
of the parameters x;(¢) and x»(¢). This figure is adapted from Ref.??.

entering the cavity through contact [ ([ = 1, 2) can be written as

Q(Lw) = e I 0Xw, (D.1)
dn(l) - 1 85’&5 %
B a€l

Sap are the scattering matrix elements where the index « is summed from 1 to N for the contact
1 and from N + 1 to 2N for the contact 2. The quantity dn(l)/dy is called the emissivity into contact
[ [139]. The Eq. (D.2) is valid to first order in the frequency w. After Fourier transformation we can
obtain :

dn(l)

IQ(l,t)=e i

ox (). (D.3)

For a simultaneous small variation of two parameters x; and x», the emitted charge Q) (I, t) through

contact [ reads (I = 1, 2)

dn(1)
dx1

dn(1)
dxa

6Q( 1) = e 5y, (1) + e s ). (D.4)

Now, we find the emmitted charge when both the parameters x; and y; are varied by finite amount.

The total charge emitted through contact [ in one period 7 = 27 /w is found to be [140] :

B T dn(l) dx; ~ dn(l) dxe
ol,r) = e/o dt<dX1 o dt). (D.5)

where ‘Z”—)Ell) are given by Eq.(D.2). In one full period, the pair of parameters x1(¢) and x(¢) forms a

closed path in the (x1, x2) parameter space, as shown in Fig. D.1(b). This formula does not give quan-
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tized pumped charge as Coulomb blockade is lifted and the system is well coupled with the reservoirs.

S-matrix for the NISIN structure of silicene as given in Eq. (4.16) reads

[rele™  [rale™  [tee  [ta]e

rale  |roletre  |tale®r  |t,|e?e
o |74l |7 [tal Ite] | D)

tele®e  |tale®n |re|le?e  |ralein

[tale®r  |tele®e  |rale |re|e?e

Using Eq.(D.5), we can write

e [T dx;i 0508
Q(r) = o |, dtz [dt Z;Ima—Xisaﬁ (D.7)

We use the following relation : [ m(%inllel) = aa—;] m(%b’fl) and obtain

e [T 0511 . 0512
Q(r) = ;/O dt[{fm(w 11)+Im(7 12)
9813 ., 0S4 .,
+[m(713513)+[m(8—;4 1)}

We now substitute the elements of the S matrix given by Eq.(D.6) in Eq.(D.8) and obtain

T

e . .

Q —/ dt[ — |ral®(3n cos anr + e cos aer)
0

- 2w
— |tA|2(5h COS (R + e COS (e,

+ |t6|2(56 COS (g — e COS Qle,)

+ Aecosaer], (D.8)

This 1s our working formula to obtain pumped charge. For normal incidence i.e., o, = 0, the last
term of Eq.(D.8) consisting of the time derivative of reflection phase (7.) is called “topological part
while the rest is termed as “dissipative part”. The last term is “topological” becuase this term does not
depend on scattering process amplitudes and for a.;, = 0, the possible change in this term . in a full
period can be integer multiples of 27r. On the other hand, the rest of the terms in Eq.(4.17) are together

termed as “dissipative” because their cumulative contribution prevents the perfect quantization of
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pumped charge. This formula indicates that quantization of pumped charge is still possible in open

quantum system.
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APPENDIX E

Appendix for Chapter 5

E.1 Anti-resonance in tunneling conductance of Majorana nanowire

We here demonstrate the some analytical understanding in support of the anti-resonance shown in
Fig.3 of Chapter 5. The analytical expressions of the scattering amplitudes are far from being simple.
To get the clear picture of the anti-resonance of SFAR, we separated the spin space and particle-hole

space to obtain the mixing in spin space and particle-hole space separately.

We write the wave functions in the most simple form :
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¢6T = ‘61\ >= ) z/}ei = |€\L >=

Unt = |hT >= , Yny = |hl >=

(€51

A
— b2

Vo = |hl >= , Ve = |h2 >=

(%)

e
e

where a = cos(¥),b = sin(%)

\E—(AZ+A2Z+2A, A cos 0)

ap = uy(0) = \/%7L 2

e2—(A2+A2—2A,A; cosb)
042:%(9)2\/%*¢ e
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P = m(0)vr(0)

_ Ayt A, e=i0 \/l /(83 +A24+20,A, cos b)
V/A2+A2+2A8,A5cos0 V2 2e

B2 = 0} (0)v,(0)

o Ag—Dpe—i0 \/l _ \/62—(A%+A2—2A1)A5 cos0)
\/Ag—&—A%—QApAS cosf V 2 2e

Now we write this Bogoliubov transformation coefficients in terms of mixing angles #; and 6, in

the particle-hole space in the following manner:

a1 = cosbi, as = cos by

61 = sin@l, ﬁg = Sin02

we have intentionally neglected any phase factor in S which do not affect the scattering amplitudes in

our calculation.

The Nambu basis is chosen as (uy, u, v+, v;)”. So the 4-component spinors in F region can be

written as a direct product of two 2-component spinor in particle-hole space and spin space. Hence,

let >=al|l > +b]2> | |e] >= —b|1 > +a|]2 >
|ht >=a|3 > +bl4 > , |hl >= —b|3 > +ald >
lel >=aq|1 > +51|4 > , |e2>= |2 > +55|3 >

‘hl >= —ﬁ2|1 > +CY2|4 >, \h2 >= —ﬁ1|2 > +061|3 >

Here, |1 >,]2 >,|3 >,|4 > are the basis vectors in 4 dimension. It is important to note that
“a” and “b” are the mixing in the spin space while “o; 2" and “; 2 are the mixing in the particle
hole space. So there are totally 3 angles: v inside ferromagnet, #; andf, inside superconductor. The
remainder work is to find all the four scattering amplitudes in terms of these angles which will help

in understanding the novel anti-resonance.
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It is worth mentioning that spinors inside superconductor can not be written as a direct product of
two 2-component spinors because of particle-hole symmetry. Following Burset et al [203] we change
)T

the basis from (us, uy, vy, v))7 to (ug, vy, uy, v4)7 which makes it possible to write the wavefunc-

tions as a direct product of two 2-component spinors.

Now, using continuity of wavefunction i.e Y p(z = 0) = 1¥s(x = 0) we get,

et > +rlet > +rylel > +rilht > +rfh) >

= c1lel > +egle2 > +dq|hl > +do|h2 > (E.1)

Multiplying Eq. (E.1) by < 1

, < 2|, <3|, < 4| from left, we obtain 4 equations:

(I4+rm)ax1)—ry(bx1)=c(lxa)—di(lx )
(1 -+ rTT)(b X 1) —|—TT¢(CL X 1) = 62(1 X ag) — dg(l X 51)
ri(ax 1) =i (b x 1) = ca(1 x Ba) + do(1 x ay)

rﬁ(b x 1)+ Tﬁ(a X 1)=c1(1x6)+di(1xag)

From the continuity of the derivatives i.e 25|,y — ©E| _, = kpZipr(z = 0), we obtain

i(gecilel > +qecale2 > —qpdi|hl > —qpda|h2 >)
— Z'(/{ZGT(l - TTT)|6T > —kei'f"w‘(fi, > +khTT¢r|hT > —|—]€h\[,7”%4¢|h¢ >)

= kpZ{(1 +rip)let > +ryylel > +rd |t > +rf) |R] >} (E.2)

Similarly as above, multiplying Eq. (E.2) by < 1|, < 2|, < 3|, < 4| from left, we obtain 4
equations:

(with Z = 0 i.e no barrier case for simplicity)
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qecl(l X Oél) -+ qhdl(l X ﬁg) = keT(l — TTT)(G X 1) + keﬁ“u(b X 1)
quQ<1 X 052) -+ qhdz(l X ﬁl) = keT(l — TTT><b X 1) — keirN(a X 1)
quQ(l X ﬁg) — qhdg(l X al) = /{ZhTTﬁ(CL X 1) — khﬂ”ﬁ(b X 1)

qec1(1 X B1) — qpdi(1 X ) = kmrﬁ(b x 1)+ khirﬁ(a x 1)

L L L L L L
0.0 0.2 0.4 0.6 0.8 1.0

Figure E.1: “LHS” of Eq. (E.3) is drawn as a function of €. Parameters used are: h=1, =04, =
1.0, Ay =0.0,U=15,¢v=m7/2,0=0

From these 8 equations, we obtain the following form of SFAR:

11y = {16ker(de + @) {(key + ) (kny + qn) cos 01 cos 6
+(kny — qe)(kep — qn)sinfy sin s} sinpsin (64 + 62)}/D
where denominator D is a large exression. Vanishing of rﬁ gives,

(Key + qe)(kny + qn)
(kny — qe) (ke — qn)

tan 0 tan 0, + =0 (E.3)

Behaviour of “LHS” of Eq. (E.3) as a function of ¢ is shown in Fig. E.1 where we see that for the

particular energy € ~ 0.47, Eq. (E.3) is satisfied and Tﬁ vanishes.
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APPENDIX F

Appendix for Chapter 6
F.1 Some Useful Integrations
_Z dx% = —2iKy(—ia)
/00 dx :Zef = = —2ia Ky (—ia)
| @t nemne) = 5
| arpRnene = 5
/Oy dz2* Jo(2)Yy(2) —%M(y)
/OdeZQJl(z)Yl(z) = —%M(y)
(F.1)
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