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Summary
One of the important element in gauge-gravity duality is the interpretation of the extra radial direction in the bulk as the inverse energy scale of the boundary ﬁeld theory. The radial evolution of the bulk ﬁelds share many features with the renormalization group (RG)
ﬂow of the boundary ﬁeld theory. One of the beautiful fact about the RG ﬂow is that one
can always deﬁne a c-function which monotonically decreases along the RG ﬂow from
the UV ﬁxed point to the IR ﬁxed point and becomes equal to the central charges of the
corresponding CFT at the ﬁxed points. Based on the holographic dictionary people have
constructed the c-function using the dual metric and proved the monotonicity property using the null energy condition. Here we have constructed such an holographic c-function
using the thermodynamics of the causal horizon. We take an empty AdS5 black brane
geometry and construct the c−function as the Bekenstein-Hawking entropy density of the
spacelike slices of the future bulk light cone of a boundary point. The UV value of the
c−function is aUV and then it decreases monotonically to zero at the curvature singularity.
In ﬁeld theory, logarithmic entanglement negativity is an entanglement measure for mixed
states. In two dimensions we have shown that the negativity has the same UV and IR limit
as our holographic c− function. So it could be potential candidate for our c−function. We
have also discussed another important application of the holography in the thesis. It is
known that the linearized Einstein’s equation around the pure AdS can be obtained from
the constraint ΔS = Δ H, known as the ﬁrst law of entanglement, on the boundary CFT.
The corresponding dual state in the boundary CFT is the vacuum state around which the
linear perturbation is taken. We revisit this question, in the context of AdS3 /CFT2 , with
the state of the boundary CFT2 as a thermal state. The corresponding dual geometry is
a planar BTZ black hole. By considering the linearized perturbation around this black
brane we show that Einstein’s equation follows from the ﬁrst law of entanglement. In the
last part of the thesis we study the stability properties of the extremal black holes. We
also study the leading order late time decay tails of massless scalar perturbations outside

x

an extreme Reissner-Nordström black hole. We ﬁrst consider initial perturbations with
generic regular behaviour across the horizon on characteristic surfaces and present decay
results at timelike inﬁnity, near future null inﬁnity, and near the future horizon. Along
the way, using the inversion symmetry of the extreme Reissner-Nordström spacetime, we
relate the higher multipole Aretakis and Newman-Penrose constants for a massless scalar
in this background.

xi

Chapter 1
Introduction

1.1

Black Hole Thermodynamics: A Hint of Holography

The idea of holography in quantum theory of gravity has emerged from the physics of
black hole thermodynamics. Bekenstein [1] in 1972 proposed that a black hole has an entropy proportional to its horizon area. Later Hawking [3] showed that the proportionality
constant is actually

1
4

in Planck units. The fact that entropy of a black hole is proportional

to its horizon area implies that when gravitational interaction is considered there is a radical reduction in the degrees of freedom of the system. To understand this circle of ideas
better, let us consider a quantum system in a three dimensional space with volume V and
boundary area A. Let us discretize the space with the Planck length (lP ) as the smallest
length scale. For concreteness let us assume that the quantum system under consideration
consists of spin 1/2 particles with two degrees of freedom at each lattice site with lattice
spacing lP . The total number of independent quantum states Ω, the system can have, is
3

2V/lP . Thus the entropy is given by the Boltzman formula, S = ln Ω =

V
l3P

ln 21 . Thus

we see that the entropy, which is a count of the degrees of freedom of a local quantum
system, grows with the volume. But from the spherical entropy bound [5], we know that,
1

We have set the Boltzman constant kB = 1

1

when gravitational interaction is taken into account, the entropy of a system in a region
with boundary area A, must satisfy the inequality S ≤ A4 . The bound is saturated when the
region is completely occupied by a black hole. Thus as soon as we incorporate gravity
into the picture we are in a conﬂict. The conﬂict can be solved in the following way. Most
of the states of the quantum system in the region with volume V will have the energy
so large that they will eventually form a black hole giving an entropy proportional to its
horizon area. Thus there was an over-counting of the degrees of freedom for our lattice
system. Hence from the above analysis we learnt that whenever gravity is strong the total
number of degrees of freedom of a system in a region with a boundary is always proportional to the boundary area not the volume of the region. Based on these observations ’t
Hooft [6] and Susskind [5] proposed that quantum theory gravity should be holographic,
i.e., the physics of a gravitational system in some region can be described by a theory
living on the boundary of that region with no more than one degree of freedom per Planck
area. The Anti-de Sitter-space/Conformal Field Theory (AdS/CFT) [109] correspondence
is the concrete realization of this holographic principle.

1.2

AdS/CFT Correspondence

Let us start by describing Anti de-Sitter (AdS) space-time geometrically. AdS spacetime
is a maximally symmetric solution of Einstein’s equation with negative cosmological constant. The isometry group of AdSd+1 is S O(2, d) which is also the symmetry group of any
d-dimensional conformal ﬁeld theory. In the Poincare coordinates the metric of AdSd+1
can be written as,

ds =
2

2
LAdS

−dt2 +

d−1
i=1
z2

dxi2 + dz2

,

0<z<∞

(1.1)

where LAdS is the AdS-radius. The (conformal) boundary of AdS is located at z = 0 and
the boundary coordinates are given by (t, xi ). The coordinate z is also known as the radial
2

coordinate of AdS. In the Poincare coordinates the induced metric on the boundary z = 0
is given by the Minkowski metric ημν = diag(− + +......+). Let us now state the AdS/CFT
correspondence.
According to the AdS/CFT correspondence or the gauge - gravity duality, any quantum
theory of gravity on AdSd+1 is holographically dual to a d-dimensional conformal quantum ﬁeld theory (CFT) living on the (conformal) boundary of AdSd+1 . One of the most
well studied examples of AdS/CFT correspondence is between the N = 4 super YangMills theory in four dimensions and type-IIB string theory on AdS5 × S 5 with RamondRamond self-dual ﬁve form ﬂux. In the ’t hooft large-Nc and large λ = g2Y M Nc limit 2 ,
the correspondence simpliﬁes drastically and the bulk dual theory is eﬀectively given by
type-IIB supergravity. This is called the (Einstein) gravity limit and all the results of this
thesis are obtained in this limit. Now we would like to emphasise that the existence of the
gravity limit does not necessarily mean that the dual CFT is a gauge theory. For example,
in the AdS3 /CFT2 correspondence the bulk dual theory reduces to classical gravity when
the central charge of the dual CFT2 is large 3 . In the rest of the thesis we will assume that
in the boundary ﬁeld theory such a limit has already been taken so that the bulk theory is
given by classical Einstein gravity.

1.3

Holographic Renormalization Group Flow

An exact equivalence between two theories implies that one should be able to extract the
information of the one theory from the other. A precise recipe was given to compute the
correlation functions of the large N conformal ﬁeld theory from the classical supergravity
on AdS 5 × S 5 [110]. One of the interesting features of the gauge/gravity duality is the
ultraviolet/infrared (UV/IR) connection. In the quantum ﬁeld theory the correlation funcHere Nc is the rank of the gauge group S U(Nc ) and λ = g2Y M Nc is the ’t hooft coupling.
The central charge of the dual theory is given by c = 3L2lAdS
where l pl is the Planck length in the bulk.
pl
Therefore c >> 1 implies the classical limit LAdS >> l pl .
2
3

3

tions suﬀer from UV divergences. The UV/IR connection of the gauge/gravity duality
means that the UV divergences of the ﬁeld theory are related to IR divergences of the
gravity theory. On the gravity side the IR divergences arise due to the inﬁnite volume of
the AdS space-time. One of the nice things about AdS gravity is that the IR divergences
can be regulated by adding counterterms to the bulk action which are all localized near the
boundary of AdS and also local in the boundary direction. Hence the IR counterterms can
also be thought of as the countertems in the dual ﬁeld theory which regulate the UV divergence. The method of holographic renormalization is how to renormalize the ﬁeld theory
correlation functions by dealing with the IR divergences of the gravity theory. Although
the full correlation function depends on the dynamics of the boundary ﬁeld theory, but
renormalization of the UV divergences does not depend on the IR physics. In the gravity
side the corresponding statement is that only near boundary analysis is enough to control
the IR divergences.
In order to have an intuitive picture of the holographic RG ﬂow it will be useful to have
the Wilsonian picture in mind. In the Wilsonian picture one starts with a Lagrangian
whose parameters are deﬁned at some high energy scale Λ which is assumed to be much
larger than the energy scale and masses of our interest. Now as we integrate over the high
energy degrees of freedom, new interactions appear which renormalize the bare values of
the parameters in the Lagrangian. This gives rise to a ﬂow in the space of all possible
couplings and this is known as the renormalization group ﬂow. Conformal ﬁeld theories
appear as the ﬁxed points of the renormalization group ﬂow. Now suppose we start from a
CFT deﬁned at the UV and deform it by adding various operators to the Lagrangian. The
operators whose coupling constants grow as we move towards the IR are called relevant.
If the coupling constant decreases then the operator is called irrelevant and the rest of the
operators are called marginal. Now suppose some of the operators in the UV are relevant
and as a result we reach a ﬁxed point in the IR described by a new CFT. In this context,
one of the most beautiful results of quantum ﬁeld theory is the Zamolodchikov c-theorem
in (1 + 1) dimensions [7]. This theorem states that along the RG ﬂow one can deﬁne
4

a function which decreases monotonically from the UV to the IR and whose values at
the ﬁxed points are given by the central charges of the UV and the IR CFTs. Since then
there are many attempts to extend the c-theorem in higher dimensions. This resulted in
F-theorem [13] in three dimensions and a-theorem [9] in four dimensions.

1.3.1

Gravity Description of Field Theory RG Flow

The holographic description of the RG ﬂow of boundary ﬁeld theories has been extensively studied in the literature [20–25, 29–32]. In this subsection we will brieﬂy review
the basic ideas [33]. Let us take a d + 1-dimensional Einstein’s gravity coupled to a
bulk scalar ﬁeld φ. The potential V(φ) is chosen to have one or more critical points, i.e.,

∂V(φ) 

= 0. At each critical point the solution of our model becomes AdSd+1 geom∂φ φ=φi
crit.

i
with constant scalar ﬁeld φicrit. . Away from the critical points we need
etry of radius Lcrit

more general solutions with d−dimensional Poincare isometry as the dual ﬁeld theory has
Poincare symmetry in d−dimensions. The most general ansatz is
ds2 = e2A(r) ημν dxμ dxν + dr2
φ = φ(r)

(1.2)

This is known as domain wall solution [33]. r represents the radial coordinate and xμ ’s
are the d transverse coordinates. By manipulating Einstein’s equation one can get the
following equation for the scale factor A(r):
A (r) =


1  t
1   2
T t − T rr = −
φ (r)
d−1
d−1

(1.3)

where  denotes derivative with respect to r. Thus for our system we have A (r) ≤ 0. At
each critical point φ becomes trivial and we have A(r) =

r
i
Lcrit

+a0 . The integration constant
−

i
e
a0 can be absorbed by rescaling xμ . If we change the radial coordinate as z = Lcrit

r
Li
crit

we

get equation (1.1). Thus AdS d+1 geometries are the critical solutions of our gravity-scalar
5

ﬁeld system.
Near the maximum of the potential the mass of the scalar ﬂuctuation satisﬁes m2 < 0.
From the AdS/CFT correspondence we know that the scalar ﬂuctuation in the bulk is dual


√
to a scalar operator of the boundary CFT with scaling dimension Δ = 12 d + d2 + 4m2 .
Now from the boundary asymptotics (r → ∞ behavior) of the scalar ﬂuctuation and
using the AdS/CFT dictionary one can show that there is a term in the boundary QFT

Lagrangian which is proportional to dd x OΔ (x) φ̄, where φ̄ is the boundary value of the
domain wall scalar ﬁeld. Thus the boundary CFT is deformed by a scalar operator of
2

dimension Δ with coupling φ̄. If 0 > m2 > − d4 , then d > Δ >

d
,
2

and the boundary

ﬁeld theory is described by a relevant deformation of UV CFT. Near the minimum of
the potential we have m2 > 0 so Δ > d. This critical point can be reached for large
negative values of r and the ﬁeld theory is described by an irrelavent deformation of IR
CFT. Thus we see that domain wall geometries interpolate between two critical points,
i.e., they approach the boundary region of an AdS space with scale LUV as r → ∞ and
the deep interior of another AdS with scale LIR as r → −∞. Such geometries are dual
to ﬁeld theories with RG ﬂow with the AdSUV and AdSIR being dual to the UV and IR
CFTs. Now one can deﬁne [24]
πd/2
Γ(d/2) (lP A (r))d−1
(d − 1)πd/2
a (r) = −
A (r) ≥ 0
d−1 
d
Γ(d/2)lP A (r)
a(r) ≡

(1.4)
(1.5)

where in the second line we have used equation (1.3). In the more general case when
gravity is coupled to more general matter ﬁelds using the null energy energy condition
T t t − T r r ≤ 0 one can show that A (r) ≤ 0. Thus for the domain wall geometry interpolating between two AdS spaces with radius of curvatures LUV and LIR , a monotonically
decreasing c−function a(r) can be constructed holographically [20–25] using the metric
components. For even d, aUV and aIR indeed match with the A-type trace anomaly of the
dual CFT stress tensor in a curved background.
6

There is an alternative way to construct the holographic c−function using the causal horizon of the domain wall geometry [27, 28]. A causal horizon is the boundary of the
past(future) of any timelike curve of inﬁnite proper length in the future(past) direction.
The second law of causal horizon thermodynamics states that the area of (past)future
causal horizon does not (increase)decrease [34, 35]. Using this monotonicity property
one can construct a holographic c−function [27, 28] as the Bekenstein-Hawking entropy
density associated with the causal horizon. This concept also generalizes the notion of the
Zamolodchikov’s c−theorem. This will be discussed in great detail in the present thesis.

1.4

Information Theory and Holography

Quantum information theory has been playing a very important role in understanding the
fundamental issues of quantum ﬁeld theory as well as quantum gravity. The diﬀerent measures of the quantum entanglement, e.g. entanglement entropy, relative entropy etc, have
seen wide range of applications in both of these ﬁelds. For example the entanglement entropy has been used extensively to prove the higher dimensional c−theorem [19, 38]. Recently they have also found importance in the context of holographic duality. For example
the holographic formula for entanglement entropy proposed by Ryu and Takayanagi [39],
has been used to prove the holographic c-theorem [24]. Thus the holographic c−function
constructed from the metric components of the dual geometry has an interpretation in
terms of the entanglement entropy of a subsystem of the boundary ﬁeld theory. We will
show in this thesis that when the holographic CFT is in a thermal state the holographic
c-function [26] that we have constructed using the causal horizon thermodynamics can
not be interpreted in terms of the entanglement entropy of the boundary ﬁeld theory. Our
holographic c−function has the ﬁnite UV limit proportional to the central charge of the
UV CFT, then it monotonically decreases and goes to 0 in the deep IR [26]. The entanglement entropy of the boundary ﬁeld theory has the ﬁnite UV limit which matches with
our holographic c−function but it does not go to 0 in the IR limit [38]. The reason be7

ing that when the temperature of the ﬁeld theory is high, entanglement entropy mixes the
quantum entanglement with the classical counterpart [38]. Thus it fails to capture the pure
quantum correlation between the two subsystems at ﬁnite temperature. Being unable to
identify our holographic c−function with the entanglement entropy of the boundary ﬁeld
theory we will move to another entanglement measure known as the logarithmic entanglement negativity which is used to measure the entanglement between two subsystems in
a mixed state [43–45,51–55]. Let us consider a two dimensional CFT living on an inﬁnite
line at ﬁnite temperature T = β−1 . The entanglement negativity for a single interval of
length L is given by [52]
E=

 πL 
2πL
β
πcL
c
ln
sinh
−
+ f (e− β ) + 2 ln c 12
2
πa
β
2β

(1.6)

where a is the short distance cutoﬀ, c is the central charge of the CFT and c 12 is a constant.
f (x) is a universal scaling function which depends on the full operator content of the
CFT such that f (1) = 0 and f (0) = constant. Now one can deﬁne the renormalized

d 
E. Using (1.6) we can see that the UV(β >> L)
entanglement negativity as, ER = L dL
β
and IR(a << β << L) limits of ER are given by

c
2

and 0 respectively. In four dimensions

we expect the same things to happen in the UV limit as the structure of the UV divergences
of the negativity is the same as that of entanglement entropy in the same dimension [54].
In the IR limit, we can expect the negativity to go to 0 given that there is a ﬁnite correlation
length of order β. Thus if it satisﬁes the monotonicity condition it could be a potential
candidate for our holographic c−function. We discuss these in detail in section 2.4.1.
There is another important application of the entanglement entropy in the context of
AdS/CFT correspondence. For a linearized perturbation around a ﬁxed state of a quantum
ﬁeld theory the entanglement entropy, S of a spatial region satisﬁes the relation
ΔS = Δ H
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(1.7)

known as the ﬁrst law of entanglement [112–114], where H is the modular Hamiltonian
associated with that region. For a holographic CFT, the entanglement entropy (S ) associated with a spatial region (A) can be computed using the Ryu-Takayanagi formula [39],
SA =

Length(γA )
,
4G N

(1.8)

where γA is a space-like geodesic in the bulk homologous to A, and G N is Newton’s
constant. When the spacetime is not static, one needs to use its covariant generalization
[40]. The modular Hamiltonian (HA ) is deﬁned in terms of the reduced density matrix
σA associated with a spatial region A as, σA =

e−βH
,
Tr(e−βH )

where β is the inverse of the

temperature. Modular Hamiltonian in general is a non-local operator and thus hard to
compute. However there are certain special cases where it can be expressed as the integral
of some local operator. For example, let us consider the ground state of a CFT living in a
d+1 dimensional Minkowski spacetime. In this case, the modular Hamiltonian associated
with a ball-shaped region A of radius R can be written as [129]
HA = 2π

dd x
A

R2 − r2 00
T (x)
2R

(1.9)

where T 00 (x) is the time-time component of the stress energy tensor and r is the radial
coordinate from the center of the ball shaped region A. The boundary stress tensor
can be found from the asymptotic form of the asymptotically AdS (AAdS) bulk metric [130–132]. Now if we perturb the initial state of a holographic CFT and the dual
geometry corresponding to the perturbed state is an AAdS geometry then both sides of
(1.7) can be computed using the holographic dictionary. Considering perturbations around
pure AdS and using the holographic tool it was shown [112–114] that to linear order in
the perturbation the ﬁrst law of entanglement is satisﬁed. In [112, 113] it was also shown
that Einstein’s equation linearized around pure AdS do follow from the ﬁrst law of entanglement. In chapter 3 of this thesis we will extend this result. We take the thermal
state of a holographic CFT as the ﬁxed reference state in 1 + 1 dimensions and perturb it
9

inﬁnitesimally. We will show that for metric components of the dual geometry satisfying
the linearized Einstein’s equations, the ﬁrst law of entanglement holds. Then we go the
other direction, i.e, we show that the ﬁrst law of entanglement ﬁxes the metric uniquely if
we demand that it holds in all frames of reference [115].

1.5

Extremal Black Holes

Black holes are the solutions of the Einstein’s equation of general relativity with the gravitational attraction so large that even light can’t escape from it. Black holes are characterized by their macroscopic parameters like mass (M), charge (Q) and angular momentum
(J). Classically a black hole is surrounded by an event horizon, nothing can go to the
outside of the evnt horizon. Quantum mechanically this picture gets modiﬁed and it was
shown that black holes do radiate with a deﬁnite temperature and entropy [3, 4]. Let us
consider a non-rotating black hole with mass M and charge Q. To get a physically sensible deﬁnition of temperature and entropy for this black hole we must have M 2 ≥ Q2 .
This bound is known as the BPS bound. When this bound is saturated, i.e., M = |Q| the
temperature of the black hole vanishes and thus emits no Hawking radiation. These black
holes are called extremal black holes. For rotating extremal black holes with angular mo√
mentum J we also have M = |J|. Extremal black holes play an important role in the
literature of string theory, e.g., supersymmetric extremal black holes have been used to
give a microscopic explanation [145] of the Bekenstein-Hawking entropy formula. Thus
it is important to ask whether they are stable classically.

1.6

Are Extremal Black Holes Stable?

The fact that supersymmetric extremal black holes saturate the BPS bound and minimizes
the energy does not imply their classical stability. For example, the classical stability of
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Minkowski spacetime does not follow from the positive energy theorem. Thus to study the
stability problem of extremal black holes one ﬁrst needs to understand the problem of dynamics for Einstein’s equation which is formulated as Cauchy problem. Formulating the
Cauchy problem is not an easy task in general theory of relativity as the notion of global
hyperbolicity is not clear. Choquet-Bruhat [146] and Choquet-Bruhat-Geroch [147] ﬁrst
formulated the well-posed Cauchy problem for the vacuum Einstein’s equation. Using the
language provided by them one can then study the dynamical stability problem for any
spacetime, i.e. the solution of Einstein’s equation. We are interested in the stability analysis of extremal black holes. So the question that we are going to ask is whether a small
perturbation changes the parameters of an extremal black hole by a small amount such that
the modiﬁed parameters still belong to the same family of black holes. All the extremal
black holes against all kind of perturbations are unstable in this sense [160,164–166]. We
will only study the scalar perturbation on an extremal Reissner-Nordström (RN) black
hole [163] in this thesis.

An Outline of the Thesis
In chapter 2 of the thesis we will study various aspects of the holographic RG ﬂow in
the holographic set up and relate it to the quantum entanglement in the boundary theory.
We take an empty AdS5 black brane and construct a c-function using the causal horizon
thermodynamics of the black brane and generalized the notion of the c-theorem. We
will discuss the renormalized entanglement negativity (REN), which is a measure for the
entanglement of the mixed state of the boundary CFT and show that it shares similar
properties with our generalized c-function in the UV and IR limit.
In chapter 3 We will discuss using the holographic tool how the quantum entanglement
in the boundary theory imposes constraint on the bulk geometry. we take the thermal
state of a holographic CFT in 1 + 1 dimensions as the ﬁxed reference state and perturb
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it inﬁnitesimally. The change in the entanglement entropy and the modular Hamiltonian
of a spatial region will satisfy the ﬁrst law of entanglement. Based on the holographic
dictionary we then compute each side of this relation using metric components of the
dual geometry. We show that for metric components of the dual geometry satisfying the
linearized Einstein’s equations, the ﬁrst law of entanglement holds. Then we go the other
direction, i.e, we show that the ﬁrst law of entanglement ﬁxes the metric uniquely if we
demand that it holds in all frames of reference. We end this chapter by discussing possible
future directions.
In chapter 4 of the thesis we will study the stability analysis of extremal black holes. First
we will present a detail introduction on late time perturbations of black holes and Aretakis
instability for the extremal black holes. Then we reproduce and extend some of the previous results on late time perturbations of extreme RN black hole, including the exact coeﬃcient, using rather simple Fourier methods. Along the way, using the Couch-Torrence
symmetry, we also relate higher multipole Aretakis and Newman-Penrose constants for a
massless scalar in an extreme RN black hole background. We conclude this chapter with
a summary and possible future directions.
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Chapter 2
Generalized Holographic c-Theorem
and Entanglement Negativity

2.1

Introduction

In AdS-CFT black brane is a thermal state of the boundary conformal ﬁeld theory living
on the Minkowski space-time. This is not a relevant deformation of the CFT Hamiltonian
and there is no renormalization group ﬂow in the ordinary sense. Therefore the question
of the existence of a c-function, in the sense of Zamolodchikov [7–9], does not naturally
arise in this situation. Moreover Zamolodchikov c-function is constant at a ﬁxed point and
independent of the state of the CFT. The purpose of this chapter is to point out that AdSCFT duality and the thermodynamic nature of classical gravity allows us to introduce a
generalized notion of c-function, at least for large-N theories with classical gravity dual.
This generalized c-function cannot be interpreted as an oﬀ-shell central charge. Rather it
can be interpreted as a measure of quantum entanglement that exists at diﬀerent energy
scales in the given state. We will construct this c-function holographically when the CFT
is in thermal state and the gravity dual is an empty black brane geometry. We focus on
four dimensional ﬁeld theories only. Our choice of the thermal state is motivated by the
13

fact that the gravity dual has a curvature singularity and the Lorentz invariance is broken
everywhere except near the UV boundary of AdS. So it can teach us some lessons about
RG-ﬂow interpretation of more general geometries.
Throughout this chapter we will assume that the bulk theory is Einstein gravity
coupled minimally to a set of matter ﬁelds.

2.2

Holographic View

The holographic picture is based on the fact that the gravity dual of c-theorem is the
second law of causal horizon thermodynamics in asymptotically AdS spaces [27, 28]. In
a nutshell, second law for causal horizons say that if we consider the future bulk lightcone of a boundary point then the expansion of the null geodesic generators of the lightcone is negative [34, 35]. Now one can assign Bekenstein-Hawking entropy to the causal
horizon. The fact that the expansion is negative then implies that as we move away from
the boundary the entropy density decreases monotonically. This is essentially holographic
c-theorem [20–25] if we specialize to a domain-wall geometry. The bulk future lightcone interpolates between the UV-AdS and the IR-AdS and the monotonically decreasing
Bekenstein-Hawking entropy density gives the holographic c-function [27, 28].
If we focus on domain-wall geometry then the second law has the interpretation of holographic c-theorem. But what about other asymptotically AdS (AAdS) geometries ? Second law of causal horizon thermodynamics holds in any AAdS geometry and in fact holographic RG [23] applies to any such setup. It has been argued that the holographic RG in
the bulk is dual to the Wilsonian RG in the boundary [29–32]. So is it possible to associate
a notion of irreversibility to any classical AAdS geometry ? It seems that the existence
of second law for classical gravity allows us to do precisely this thing. In the ﬁeld theory
side its interpretation will require us to generalize the concept of Zamolodchikov-type
c-function. We will have almost nothing to say on it in this chapter.
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To gain some experience with such generalized c-functions we will work out a reasonably
simple but interesting example of empty black brane geometry in AdS5 1 . It has curvature
singularity hidden behind the black brane horizon and the geometry is not Lorentz invariant except near the AdS5 boundary. The c-function we construct is just the BekensteinHawking entropy density of a causal horizon in the black brane geometry [27, 28]. The
causal horizon originates at some point of the AdS boundary and terminates at the curvature singularity. Nothing depends on the choice of the boundary point where the causal
horizon originates because of space-time translation invariance. Second law guarantees
that our function monotonically decreases as we move away from the boundary along the
null geodesic generators of the causal horizon. We will see that the c-function monotonically decreases from aUV to zero at the curvature singularity.

2.3

Calculation and Results

The causal horizon is just the future bulk light-cone of a boundary point Figure 2.1. We
take the boundary point, p, to have coordinates, xμ = z = 0.
The metric of the ﬁve-dimensional black brane is,

ds2 =


1
dz2
4
2
2
−
(1
−
z
)dt
+
+
d
x
z2
1 − z4

(2.1)

Here we have set the AdS radius to 1. Our job is to construct the ingoing null geodesics
in this geometry which originate from the boundary point p.
Let us deﬁne the ingoing Eddington-Finkelstein coordinate as, v = t + z∗ where z∗ =
 
1+z
1
1
−1
, so that the metric takes the form
tan
z
+
log
2
4
1−z
1
Construction of holographic c-function by viewing the black brane background as RG ﬂow, was also
considered in [63–65]. c-function for attractor ﬂows were considered in [86].
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Figure 2.1: Penrose diagram of the maximally extended AdS5 black brane [67]. We have
shown only the radial null geodesic coming out from the boundary point p. Other nonradial null geodesics from p are not shown here. In this chapter we do not need the setup
of the two sided black brane. We have drawn it for the sake of completeness.

ds2 =


1
4
2
2
−
(1
−
z
)dv
−
2dvdz
+
d
x
z2

(2.2)

There is no singularity at the horizon, z = 1, and so we can follow the null geodesics all
the way to the curvature singularity at, z = ∞. Since we want to ﬁnd out the null geodesics
we can as well work with the conformally transformed metric 2 given by,

d s̃2 = −(1 − z4 )dv2 − 2dvdz + dx2

(2.3)

Let λ denote the aﬃne parameter along a null geodesic in the conformally transformed
Null geodesics are invariant under conformal transformation of the metric. In other words if g and g
are two conformally related metrics then the null geodesics of g and g are the same. What changes under
the conformal transformation is the parametrization of a speciﬁc null geodesic. For example if xμ (α) is an
aﬃnely parametrized null geodesic in metric g, then xμ (α) is also a null geodesic for the conformally related
metric g , but α is not necessarily an aﬃne parameter in the new metric g . For a detailed derivation and
explanation of this fact please see [89].
2
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metric d s̃2 .

3

So we have,

g̃AB

dxA dxB
=0
dλ dλ

(2.4)

We also have four conserved charges corresponding to the translations in v and the xi ’s.

dz
dv
= −E + ,
dλ
dλ
dxi
= −pi ,
dλ

−(1 − z4 )

(2.5)

where i = 1, 2, 3. E and p are the conserved charges along a null geodesic. Here we are
assuming that the aﬃne parameter λ increases as we move away from the boundary at
z = 0. We will be working with the future bulk light-cone of the boundary point p and so
with our convention for the aﬃne parameter,

dt
dλ

≥ 0. So E ≥ 0.

Now using (2.4) and (2.5) we get,

 dz 2
dλ

= E 2 − p2 (1 − z4 )

(2.6)

So we can see that the null geodesics which can reach the boundary point must satisfy the
constraint, E 2 − p2 ≥ 0. This constraint together with the constraint E ≥ 0, allow us to
parametrize the conserved charges as,
We could not solve the equation for z(λ) by using the aﬃne parameter corresponding to the original
geometry. But this does not aﬀect the physics. This is just a change in scheme. It will of course be better to
solve this in terms of the original aﬃne parameter.
3
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E = α cosh η

(2.7)

pi = α sinh η n̂i

where α > 0, 0 ≤ η ≤ ∞ and n̂ is a unit vector in R3 . Now it is easy to see that α is
redundant because it can be absorbed by an aﬃne reparametrization, λ → αλ. Therefore
we will set α = 1.
So the equation for z simpliﬁes to,


dz
=
dλ

1 + z4 sinh4 η

We have chosen the positive root because our convention is

λ=
0

z



(2.8)
dz
dλ

≥ 0. So we can write,

dz

(2.9)

1 + z4 sinh2 η

where the boundary condition, z(0) = 0 has been imposed.
The solution of this equation is, 4
√

1 1 − cn(2λ sinh η, 1/ 2)
z (λ) =
√

sinh η 1 + cn(2λ sinh η, 1/ 2)
2

(2.10)

where cn is one of the Jacobian elliptic functions. Its properties are well studied although
a closed form expression in terms of elementary functions does not exist.
Given the solution for z(λ) we can in principle determine v(λ) from (2.5), but we were
unable to do so in any convenient way. In any case the complete set of solutions can be
4

We are using the convention of Gradshteyn and Ryzhik. In Mathematica,

should be replaced by

1
2.
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√1
2

in the argument of cn

written as,

z(λ, η) =

v(λ, η) =

√

1 1 − cn(2λ sinh η, 1/ 2)
√

sinh η 1 + cn(2λ sinh η, 1/ 2)
λ

dλ F(λ , η)

(2.11)

0

xi (λ, η, n̂i ) = −λ sinh η n̂i

where we have deﬁned,
√ √
(1 + cn)2 cosh η − 2 1 + cn2 (1 + cn)
F(λ, η) = sinh η
(1 + cn)2 sinh2 η − (1 − cn)2
2


and cn ≡ cn(2λ sinh η,

√1 ).
2

(2.12)

We have imposed boundary conditions such that, z(0, η) =

v(0, η) = xi (0, η, n̂i ) = 0 for all values of η and n̂i . This corresponds to the fact that the
null geodesics are all coming out of the point p with coordinates xi = v = z = 0. Note
that v = t at the boundary z = 0.
For any ﬁxed values of η and ni , the above equation (2.11) reduces to the equation of the
null geodesic parametrised by the aﬃne parameter λ and coming out of the ﬁxed boundary
point p(xi = t = z = 0). As we vary η and ni , we scan over all the geodesics coming out of
the point p. All these null geodesics form a null hyper surface whose parametric equation
is given by (2.11). The intrinsic coordinates on the null hyper surface are (λ, η, n̂i ). (η, n̂i )
are comoving coordinates along a null geodesic parametrised by λ. This null hyper surface
is the sought for bulk future light-cone or the past causal horizon of the point p.
Our next job is to ﬁnd out the induced metric on the null-hypersurface (2.11). To ﬁnd out
the induced metric we have to use the original black brane metric (2.1). Using this we
get,
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ds2ind =

 2

1
∂v ∂z
1
2
4 ∂v
2
+
λ
−
(1
−
z
)
−
2
cosh
η
dη2 + 2 λ2 sinh2 ηdΩ22
2
z
∂η
∂η ∂η
z

(2.13)

where dΩ22 is the metric of a unit two-sphere parametrised by n̂i . The induced metric is
degenerate as it should be because (2.11) is a null-hypersurface. (2.13) is the metric on a
λ = constant space-like slice of the causal horizon (2.11), parametrised by the coordinates
(η, n̂i ).
The volume form can be written as,

dVind = c(λ, η) dVH3

(2.14)

where we have deﬁned,

c(λ, η) =

λ2
z3



 ∂v 2

− (1 − z4 )

∂η

−2


∂v ∂z
+ λ2 cosh2 η
∂η ∂η

(2.15)

dVH 3 is the volume form on a unit three dimensional hyperbolic space given by,

ds2H3 = dη2 + sinh2 ηdΩ22

(2.16)

dVH3 = sinh2 η sin θdηdθdφ
where we have parametrised n̂i as (sin θ cos φ, sin θ sin φ, cos θ). The fact that c is a function only of λ and η is a consequence of the rotational symmetry of the metric. In the
more standard domain-wall geometry c is function only of λ because of the Lorentz invariance of the metric. In the black brane geometry Lorentz invariance is broken down to
the spatial rotation group and so the η dependence is non-trivial.
Now second law for causal horizons is the statement that,
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∂
c(λ, η) ≤ 0
∂λ η

(2.17)

Here we have used the fact that dVH3 is a comoving volume element and η is a comoving
coordinate i.e, η is constant along a null geodesic generator of the causal horizon.
The Bekenstein-Hawking entropy density associated to the volume element dVind is,

dS BH =

dVind c(λ, η)
=
dVH 3
4G N
4G N

(2.18)

We can put in the AdS radius L by replacing dVind → L3 dVind . This gives,

dS BH =

dVind
L3
=
c(λ, η)dVH 3
4G N
4G N

(2.19)

L3
c(λ, η)
4G N

(2.20)

So our c-function is,

cη (λ) =

We get a family of c-functions parametrised by η Figure 2.2. We check in the appendix
using perturbation theory for small λ that c(λ, η) → 1 as λ → 0 for all values of η i.e,
c(0, η) = 1. It will be true for any AAdS geometry, not just the black brane. Note that
λ = 0 is the AdS boundary and λ increases as we move away from the boundary along
the null geodesics. So for any ﬁxed value of η the c-function cη (λ) starts at the UV value
aUV and decreases monotonically as a result of the second law (2.17). It turns out that
in the case of the black brane the c-function becomes zero at the curvature singularity
for all values of η. So for black brane in ﬁve dimensions, the c-function monotonically
decreases from the UV central charge to zero at the curvature singularity. It does not show
any characteristic behavior while crossing the black brane horizon.
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Figure 2.2: We have plotted the c-function for three diﬀerent values of η. All of them
start at the UV value aUV (= cUV ) and monotonically decreases to zero at the curvature
singularity. The values of λ at the singularity for diﬀerent values of η can be obtained
from (2.9) by setting z = ∞. Of course from a physical point of view going to the
singularity with GR is meaningless. But if we forget about any stringy physics for the
time being, then as a classical theory GR holds everywhere except at the singularity.
We would like to emphasise that the fact that we have obtained a family of c-functions
parametrized by η, instead of just one, is no cause for concern. c-function is not unique.
For example in two dimensions one can construct the standard Zamolodchikov c-function
[7] and also the entanglement entropy c-function due to Casini and Huerta [9]. It is known
that they are not the same, but they both monotonically interpolate between the UV and
the IR central charges. In fact if we can construct one c-function then we can construct an
inﬁnite family all of which contain the same physical information [8].
The plot of the c-function in Figure 2.2 shows that it is not stationary at the singularity.
This is not a problem because strictly speaking the function is not analytic there. We do
not know how to extend the function beyond the singularity. But the fact that it is zero at
the singularity shows that the ﬂow comes to an end at the singularity. The c-function is
an element of area of the causal horizon and so it is positive semideﬁnite by construction.
So the ﬂow saturates the lower bound at the singularity. This is similar to what sometimes
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happens in case of the c-function constructed out of entanglement entropy. For example
in three dimensions, the entropic c-function for a massive scalar is not stationary at the
UV ﬁxed point [58]. This is attributed to the fact that a scalar ﬁeld with negative mass
squared is pathological and the entropic c-function knows about that [62]. Also another is
that in our case the geometry is not Lorentz-invariant anywhere except near the boundary
and so our standard intuition about c-function may need some modiﬁcation.
Before we conclude we would like to mention an important point. In Einstein gravity
one cannot really distinguish between the a and c central charges. In order to do that
one has to include higher-derivative terms in the bulk gravity action. In the presence of
higher derivative terms instead of Bekenstein-Hawking entropy we have to use the entropy
expression which satisﬁes the second law in the bulk and reduces to the Wald entropy
when evaluated on a Killing horizon [89]. If we do this we will recover the a-charge at
the asymptotic UV boundary as was shown in [28]. That means the a-function will start
decreasing from aUV . The important point is the fate of this a-charge in the deep IR i.e,
when the causal horizon reaches the singularity. We expect it to go to zero because the
thermal state has a ﬁnite correlation length even in the presence of the higher-derivative
terms, but proving this in general seems to be a complicated thing.

2.4

Towards A Physical Interpretation

Empty black brane in AdS is dual to a thermal state of the boundary CFT [36]. This is
not a relevant deformation of the CFT Hamiltonian and there is no renormalization group
ﬂow in the ordinary sense. So it is unlikely that the holographic c-function is an oﬀ-shell
central charge. To make further progress, it will be useful to take note of the fact that a
thermal state is eﬀectively massive with a gap set by the temperature. There is a ﬁnite
correlation length of the order of inverse temperature. The IR behavior of the holographic
c-function that we have constructed shows the presence of this eﬀective mass gap. It
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is monotonically decreasing from the central charge of the UV-CFT, aUV , to zero at the
curvature singularity which is in the deep IR and space-time ends there. Therefore the
causal-horizon c-function faithfully quantiﬁes the amount of pure quantum correlation or
the eﬀective number of "quantum degrees of freedom" that exists at diﬀerent scales in the
thermal state.
Can this be related to renormalized entanglement entropy in the boundary theory ? First
of all space-like slices of the causal horizon are not in general extremal surfaces in the
bulk [39]. In the ﬁeld theory side, suppose we consider a ball in R3 of radius R. This is
our subsystem for which we want to compute the renormalized entanglement entropy [38]
when the ﬁeld theory is in the thermal state. Since the the theory is scale invariant the
renormalized entanglement entropy will have the functional form S REE (RT ), where T is
the temperature. It is known that as T → 0, S REE → aUV [38]. This matches with the
behavior of our c-function in the same limit. In the opposite limit of T → ∞ on the other
hand the renormalized entanglement entropy S REE is nonzero and dominated by thermal
entropy of the system [38]. This does not match with the behavior of the c-function. This
is not surprising because entanglement entropy is not an entanglement measure in a mixed
state. In the high temperature limit it is contaminated by classical correlations and fails
to capture the quantum part, which should go to zero. On the contrary the behavior of the
causal horizon c-function shows that it is sensitive only to quantum correlations. Is there
a candidate for such a quantity in the ﬁeld theory ?

2.4.1

Is Finite Temperature Entanglement Negativity A Generalized
c-function ?

As we have discussed entanglement entropy at ﬁnite temperature is not a candidate for
this generalized c-function because it is not an entanglement measure in a mixed state.
One such measure which can be calculated in ﬁeld theory is entanglement negativity
[43–45, 51–55]. Entanglement negativity was studied from a holographic point of view
24

in [53], but to the best of our knowledge a geometric prescription of computing this in
gravity does not exist so far.
Entanglement negativity at ﬁnite temperature in a two dimensional CFT was computed
in [52] 5 . They calculated this for a single interval of length L when the total system lives
on an inﬁnite line and the temperature is T = β−1 . In this case the answer is given by,

E=

 πL  πcL
2πL
c β
ln
sinh
−
+ f (e− β ) + 2 ln c 12
2
πa
β
2β

(2.21)

where a is the short distance cutoﬀ, c is the central charge of the CFT and c 12 is a constant.
f (x) is a universal scaling function which depends on the full operator content of the CFT
such that f (1) = 0 and f (0) =constant. Given this we can calculate its value in the UV
and the IR. UV is the region where β >> L and we get,

EUV =

c L
ln + 2 ln c 12
2 a

(2.22)

which is the correct zero temperature result. Similarly in the IR, a << β << L and we
get,

E IR =

β
c
ln
+ f (0) + 2 ln c 12
2 2πa

(2.23)

So in the IR this becomes a non-universal constant independent of the length L of the
subsystem [52]. The second term in (2.21) is very important in the high temperature limit
because it cancels the contribution to the negativity which is extensive in L. This is the
principal diﬀerence from entanglement entropy which is useful for us. Now if we deﬁne
a renormalized negativity, ER , just like renormalized entanglement entropy [18, 38], as,
5

See also [51].
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ER = L

d
E
dL β

(2.24)

then we get,

ER (UV) =

c
2

(2.25)

ER (IR) = 0
ER is a UV-ﬁnite quantity. Therefore we can see that the renormalized entanglement
negativity at least satisﬁes the asymptotic conditions, i.e, in the UV it is given by the
central charge of the theory and in the IR this is zero. The reason that it is going to zero
in the IR or in the high temperature limit is that it is an entanglement measure and at very
high temperature quantum entanglement goes to zero because the system should crossover
to a classical one [52] . This is a non-trivial constraint. Anything that is sensitive to
classical correlations may fail to satisfy the IR-condition. Therefore the question is does
it satisfy the monotonicity condition, i.e,

T

d
ER ≤ 0 ?
dT L

(2.26)

If this condition is satisﬁed then it is a generalized c-function. In four dimensions we expect the same thing to happen in the UV. We have to compute the logarithmic negativity
for a ball of radius R when the ﬁeld theory is in a thermal state with temperature T . The
structure of the UV divergences of the negativity is the same as that of entanglement entropy in the same dimension [54]. So if we apply the Liu-Mezei operator then we will get
a UV ﬁnite quantity. The main question is what happens in the IR. Does the renormalized
negativity go to zero ? This will be the case if negativity becomes independent of the size
of the ball in the high temperature limit. This is a reasonable thing to expect given that
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there is a ﬁnite correlation length of order β. So we expect the same thing to happen but
we cannot prove this right now. It will be fascinating to prove the monotonicity of the
negativity at least in two dimensions.
In the large c limit we expect some simpliﬁcations [56]. In fact negativity in the large
c limit was considered in [55]. Their calculation was for the vacuum sector of the CFT.
It will be fascinating to extend the calculation to the thermal state using technology of
[55, 56].
Before we end this section we would like to emphasize that we are not saying that the
causal horizon entropy density is computing some entanglement measure in a thermal
state. That may turn out to be the case but our calculation does not show that. What we
can infer from this is the existence of such a monotonic function in ﬁeld theory which is
most likely an entanglement measure. In two dimensional CFT we have shown a potential
candidate for this. Causal horizon entropy density represents that quantity in the bulk but
perhaps in a diﬀerent choice of scheme. So numerically they can be diﬀerent but they will
have the same physical content just like in more conventional c-theorem.

2.4.2

Black Hole Singularity From Loss Of quantum correlation

There is a diﬀerent aspect to this problem. Our results can be thought of as a realization
of the paradigm that space-time is built out of entanglement [69], but in a diﬀerent setting. In the IR there is no quantum correlation or entanglement because of the eﬀective
mass gap in the thermal state. In the bulk our holographic c-function is monotonically
decreasing and nonzero everywhere except at the curvature singularity. The curvature
singularity is the end of space-time and represents the extreme IR of the dual ﬁeld theory.
Therefore the behavior of our c-function correlates the two facts : loss of quantum correlation/entanglement in the IR ﬁeld theory and the end of geometry which in this case is
the formation of curvature singularity behind the horizon. In fact this is one of our main

27

motivations for interpreting the c-function as an eﬀective bulk measure of quantum correlation or quantum entanglement between the ﬁeld theory degrees of freedom at diﬀerent
scales.
There is another thing which we would like to point out is that since the causal horizon goes behind the black brane horizon and reaches the singularity, the holographic
c-function is aﬀected by things behind the horizon. Therefore the corresponding boundary c-function knows something about physics behind the horizon. If it turns out that
the entanglement negativity indeed satisﬁes the monotonicity condition then this function
will have some information about the interior.

6

At inﬁnite temperature when the nega-

tivity is zero we are on the singularity because there is no quantum entanglement . As we
lower the temperature we are moving away from the singularity but space-time is still very
curved because there is only a very small amount of entanglement. So high temperature
expansion is an expansion around the singularity. This is a diﬃcult expansion because
negativity depends on the full operator content of the theory, but this may be a virtue of
the function for many purposes.
In [66–68] behind the horizon physics was explored using the analytically continued correlation functions in the CFT. The entanglement negativity (or any candidate thermal
c-function) does not seem to have any simple expression in terms of thermal correlators.
It is a highly non-local object. It will be interesting to see if there are more ﬁne-grained
characterisations of RG-ﬂow which can tell us about the physics behind the horizon.

2.4.3

An Infalling Observer ?

Let us now go back to the issue of irreversibility associated to a particular geometry. In
a black hole geometry there is a natural notion of irreversibility, which is crossing the
6
We would like to clarify that we are not talking about a two-sided eternal AdS black hole. We have
in mind a black hole, at suﬃciently late time, which has formed out of collapsing matter and so the other
part of the geometry does not exist. We are making the approximation of a thermal state because the CFT
correlators at suﬃciently late time are well approximated by thermal correlators.
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horizon or falling into the the black hole. Anything that goes into the black hole does not
come out. Nothing comes out of the black hole singularity. How is that irreversibility
encoded in the ﬁeld theory ? This is a very diﬃcult question and so we will only try
to make a guess. First of all, our c-function does not show any particular sharp feature
which can be used to predict the existence of horizon.

7

So a natural guess will be

that this is a quantity which is associated with an infalling observer. In GR an infalling
observer does not see anything special happening while crossing the horizon. So let us
make the assumption that the RG-ﬂow or coarse-graining of the thermal state of the CFT
describes an infalling observer. We cannot make this statement more precise right now.
This assumption together with the fact that this coarse-graining is an irreversible process
due to the existence of the c-theorem seem to imply that the observer can never come
out of the black hole. The coarse graining starts in the UV when the observer is near the
AdS boundary. As we lower the energy scale the observer moves deeper into the bulk.
In the extreme IR when the c-function hits zero the observer hits the singularity. This
is consistent with the fact that our holographic c-function reaches zero at the curvature
singularity. Things cannot come out of the black hole singularity because in the ﬁeld
theory there is no unitary RG-ﬂow which starts at c = 0 and go to c = aUV . This is
forbidden by c-theorem 8 . No unitary RG-ﬂow can start at c = 0 because along the RGﬂow c has to decrease. So in RG-time there is an ordering in which the c = 0 theory
always lives in the future. This is also the ordering of time for the infalling observer for
whom the black hole singularity is always in the future. This is not quantitative and many
things need to be checked before one can say anything conclusive, but at least it is clear
that the existence of the c-theorem imposes an ordering among diﬀerent scales in the ﬁeld
theory which, it looks like, can be translated to the bulk under certain assumption and
does not immediately produce a contradiction.
7

We do not know how this picture will change if there is a ﬁrewall.
We have in mind the generalization of the c-theorem to the thermal state. We have proved such a
theorem only in the bulk.
8
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2.4.4

Tensor Network

There is another reason to suspect that this may be a correct interpretation. This is related
to the tensor network representation of the thermoﬁeld double of a scale invariant theory
after time evolution. This representation was proposed by Hartman and Maldacena [77].
In this picture the tensor network has a scale-invariant UV region and a gapped IR region. The gapped region arises due to the eﬀective mass gap of the thermal state and this
represents the interior of the black brane. This resonates well with the behavior of our
holographic c-function because it shows the extreme thinning of the "eﬀective number of
degrees of freedom" near the curvature singularity. A better understanding of this will
probably require a more covariant formulation of tensor network ideas. Overall, it seems
that MERA [78, 79] might be a proper framework to think about such generalized holographic c-functions. The function we have constructed measures the quantum correlation
that exists at diﬀerent scales in the thermal density matrix. MERA does a coarse-graining
of the wave function and the generalized c-theorem seems to be associated to the irreversibility of that coarse graining procedure.
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Chapter 3
Linearized Einstein’s Equation Around
Pure BTZ from Entanglement
Thermodynamics

3.1

Introduction

After the realization of a connection between gravity and thermodynamics [2, 4, 105]
various attempts have been made to understand gravitational dynamics from horizon thermodynamics [106–108]. The discovery of AdS/CFT correspondence [109, 111] led to
the new idea that the dynamics of spacetime can be understood from some sort of entanglement between the degrees of freedom of the boundary CFT [112–114, 116–121]. See
also [69, 70, 122]. In this chapter, following [112–114], we explore this idea further.
Linear perturbations around a ﬁxed reference state in the continuum ﬁeld theory satisfy
the ﬁrst law of entanglement, ΔS = Δ H [112–114], where S is the entanglement entropy of a spatial region and H is the modular Hamiltonian associated with that region. In
the AdS/CFT framework, each side of this ﬁrst law can be computed using the dual geom-
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etry. In [112, 114], the vacuum of a holographic CFT, with corresponding dual geometry
pure AdS, was chosen as a ﬁxed reference state. Considering perturbations around pure
AdS, [112, 114] calculated ΔS and Δ H hologrpahically and showed that to linear order in the perturbation the ﬁrst law of entanglement is satisﬁed, while inclusion of higher
order contributions gives the constraint Δ H ≥ ΔS [112, 114]1 . In [112, 113] linear perturbations were considered and it was shown that Einstein’s equations linearized around
pure AdS do follow from the ﬁrst law of entanglement, thus showing their equivalence at
ﬁrst order.
In this chapter, we take the thermal state of a holographic CFT as the ﬁxed reference state
and perturb it inﬁnitesimally. The change in the entanglement entropy and the modular
Hamiltonian of a spatial region will satisfy the ﬁrst law of entanglement. Based on the
holographic dictionary we then compute each side of this relation using metric components of the dual geometry. We show that for metric components of the dual geometry
satisfying the linearized Einstein’s equations, the ﬁrst law of entanglement holds. Then
we go the other direction, i.e, we show that the ﬁrst law of entanglement ﬁxes the metric
uniquely if we demand that it holds in all frames of reference.

Entanglement entropy for a holographic ﬁeld theory can be computed by applying RyuTakayanagi formula [39] and its covariant generalization [40]. See also [128] for some
useful discussions on holographic enetanglement entropy in case of warped AdS3 geometries. Computing modular Hamiltonian in the ﬁeld theory side is not an easy task.
There are only few cases where it can be expressed as the integral of some local quantity,
mainly the stress tensor [104, 129]. The modular Hamiltonian for a spatial interval of a
two dimensional CFT at ﬁnite temperature was calculated in [129]. Using the holographic
dictionary one can obtain the boundary stress tensor from the asymptotic behavior of the
metric components [130–132], which can then be used to compute modular Hamiltonian.
See also [133–135] for relevant discussions on holographic stress tensor.
1

For related discussions one can also see, e.g, [123–127]
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t
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A
R1,d−1
x
Figure 3.1: Spatial region A deﬁned on a constant time slice t = t0 of d−dimensional
Minkowski spacetime R1,d−1 . AC , the compliment of A, denotes the rest of the spacetime.
σA denotes the reduced density matrix deﬁned for this spatial region A, where σ is a state
(represented as a density matrix) of a QFT deﬁned on R1,d−1 .

3.2

First Law of Entanglement ΔS = Δ H

In this section we brieﬂy review the ﬁrst law of entanglement. Relative entropy quantiﬁes
distinguishability between two states of a quantum ﬁeld theory in the same Hilbert space
[136]2 . Let us consider a d-dimensional Minkowski spacetime R1,d−1 . Also consider a
spatial region A on a ﬁxed time slice t = t0 on this spacetime.
Let density matrices σ and ρ deﬁne two states of a QFT deﬁned on R1,d−1 . Then the
relative entropy of ρ with respect to σ for the spatial region A is deﬁned as
S A (ρA |σA ) = − T r(ρA log σA ) − S A (ρA )
= T r(ρA log ρA ) − T r(ρA log σA ),

(3.1)

where ρA and σA are the reduced density matrices associated with the spatial region A.
Choose σ as the reference state. With the deﬁnitions of entanglement entropy of a region
A, S A (ρA ) = −T r(ρA log ρA ), and of the modular Hamiltonian associated with that region,
2

For relative entropy of excited states in two dimensional CFT see [137, 138].
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HA = − log σA , one can rewrite (3.1) as
S A (ρA |σA ) = Δ HA  − ΔS A ,

(3.2)

ΔS A = S A (ρA ) − S A (σA ),

(3.3)

Δ HA  = T r(ρA HA ) − T r(σA HA ).

(3.4)

where

and

It has the nice positivity property that S A (ρA |σA ) ≥ 0 with the inequality saturated if and
only if ρA = σA . Using this property one can show easily that for ρA very close to σA
the relative entropy vanishes at linear order of perturbation giving rise to the constraint
[112, 114]
ΔS = Δ H .

(3.5)

This is known as the ﬁrst law of entanglement.
Below, we will be interested in the entanglement entropy of a single spatial interval A =
(−R, +R) for a holographic state of a CFT in 1+1-dimensions. We choose the initial
holographic state to be a thermal state with temperature T =

1
.
2π

In this case the modular

Hamiltonian is given by [104, 139]3
4π
HA =
sinh R



+R
−R


R + x
 R − x 
dx sinh
sinh
T 00 (x, t)
2
2

where T 00 (x, t) is the time-time component of the ﬁeld theory stress tensor.
3

We thank David Blanco for poiting out reference [139] to us.
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(3.6)

t

AC

−R

A

R

AC
x

Figure 3.2: Spatial region A ≡ (−R, R) on a ﬁxed time slice t = t0 of the boundary
spacetime R1,1 . Our modular Hamiltonian (3.6) is deﬁned for this region in a thermal
state of a CFT with temperature T = 1/2π.

3.3

Holographic Computation of ΔS and Δ H

We consider a thermal state of 1+1-dimensional holographic CFT with temperature T =
1
2π

as a ﬁxed reference state. We know that the dual geometry of a thermal state of a

holographic CFT is a black hole in AdS. In 2+1 bulk dimensions, it is the BTZ black
hole. We would consider the BTZ black brane instead of black hole because the ﬁeld
theory is deﬁned on R1,1 . The static BTZ black brane metric is4 [140]


1 dz2
2
2
2
ds = 2
− (1 − z )dt + dx
z 1 − z2
2

(3.7)

Here we have set the AdS radius of curvature, LAdS = 1. With this convention one can
check that the inverse temperature of this black brane is β = 2π.

3.3.1

Holographic Computation of ΔS

Let us consider a spatial interval A = (−R, +R) at a ﬁxed time t = t0 in the boundary
spacetime R1,1 . The entanglement entropy of this interval can be computed using the
Ryu-Takayanagi formula [39]:
SA =

Length(γA )
,
4G N

(3.8)

Our convention is that we use indices K, L for the three bulk coordinates {z, t, x} and indices μ, ν for
two boundary coordinates {t, x}.
4
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Figure 3.3: Pictorial representation of the Ryu-Takayanagi proposal. Area of the minimal
area curve, i.e., length of the geodesic, γA gives the holographic entanglement entropy for
the spatial region A in the boundary.
where γA is a geodesic in the bulk homologous to A, and G N is Newton’s constant. When
the spacetime is not static, one needs to use its covariant generalization [40]. We will deal
with that in the case of boosted black brane.
Let us now concentrate on our speciﬁc situation. The equation for the geodesic, with
prescribed boundary conditions t = t0 = 0, z = 0, x = ±R, is
z2 cosh2 R + cosh2 x = cosh2 R.

(3.9)

Performing a coordinate transformation to Feﬀerman-Graham(FG) coordinates [141],
z2 = 1 +

z̃2
4

−2

z̃2 ,

(3.10)

we can write down the metric (3.7) as
1
ds2 = 2
z̃

⎡
2
⎢⎢⎢ 2
⎢⎢⎣dz̃ − 1 − z̃
4

2

z̃2
dt2 + 1 +
4

2

⎤
⎥⎥
dx2 ⎥⎥⎥⎦ .

(3.11)

The advantage of writing down any asymptotically AdS spacetime in this coordinate is to
identify the boundary stress tensor easily using the holographic prescription [130, 132].
One can easily check that in case of pure BTZ (3.11), the boundary stress tensor has the
non-vanishing components T tt = T xx =

1
.
16πG N
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In terms of FG coordinates, the extremal surface equation (3.9) transforms as
z̃2

cosh2 R − cosh2 x

 =
2 2
cosh2 R
1 + z̃4
⇒

z̃2 = 4

cosh R − cosh x
.
cosh R + cosh x

(3.12)

We can treat x as the intrinsic coordinate on the geodesic. The induced metric on the
geodesic before perturbation is
(0)
g(0)
xx = G KL

dxK dxL
,
dx dx

(3.13)

where G(0)
KL are the metric components of pure BTZ (3.11). The length functional is

A=

+R
−R


dx g(0)
xx .

(3.14)

Now we add some pure metric perturbation to the BTZ metric (3.11)5 . Any such perturbation in the FG coordinates can be written as
1
ds2 = 2
z̃

⎡
2
⎢⎢⎢ 2
⎢⎢⎣dz̃ − 1 − z̃
4

2

z̃2
dt2 + 1 +
4

2

⎤
⎥⎥
dx2 + z̃2 Hμν (z̃, x, t)dxμ dxν ⎥⎥⎥⎦

(3.15)

From now on (in the case of static BTZ black brane) everything will be done in FG
coordinates so we will drop the ˜ sign over z̃ and simply write z.
To linear order in perturbation Hμν (z, x, t), the change in the length functional (3.14) is


1  (0) (0)xx
g g δg xx ,
2

1
dx[sinh(R + x) sinh(R − x)]H xx (z(x), x, t).
=
sinh 2R

ΔA =

dx

5

(3.16)

Linear perturbations around BTZ black brane were also considered in [142] and the ﬁrst order correction to holographic entanglement entropy was calculated. They have also discussed the dynamics of the
shift of holographic entanglement entropy.
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Hence to ﬁrst order in the perturbation, the change in the entanglement entropy is

ΔŜ A =

dx[sinh(R + x) sinh(R − x)]H xx (z(x), x, t).

(3.17)

Here ΔŜ A = 4G N sinh(2R)ΔS A .

3.3.2

Holographic Computation of Δ H

Equation (3.6) gives the modular Hamiltonian for a spatial interval A = (−R, +R) of a
thermal state with temperature T =

1
.
2π

If we perturb this state inﬁnitesimally, the change

in the modular Hamiltonian is
4π
Δ HA  =
sinh R



+R
−R


R + x
 R − x 
dx sinh
sinh
Δ T 00 (x, t) ,
2
2

(3.18)

where Δ T 00 (x, t) is the change in the expectation value of the time-time component of
the ﬁeld theory stress tensor due to inﬁnitesimal perturbations.
We have already mentioned that the boundary stress tensor can be found from the asymptotic form of the asymptotically AdS bulk metric. From [130–132] we know that for a
d + 1-dimensional asymptotically AdS bulk metric written in FG coordinates,
ds2 =


1 2
μ
ν
d
μ
ν
+
η
dx
dx
+
z
g
(z,
x)dx
dx
dz
,
μν
μν
z2

(3.19)

the boundary stress tensor can be found from the following asymptotic relation,

T μν (x) =



d
gμν (z = 0, x).
16πG N

(3.20)

Using the formula in our case, we have



T μν (x, t) =

1
1
+ Hμν (z = 0, x, t) ,
8πG N 2
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(3.21)

where

1
16πG N

is the background boundary stress tensor. Hence the change in the modular

Hamiltonian is






Δ ĤA = 4 cosh R

+R
−R

 R − x 

R + x
sinh
Htt (x, t)
dx sinh
2
2

(3.22)

 
where Δ ĤA = 4G N sinh(2R)Δ HA .

3.4

Proof That Einstein’s Equations Imply ΔS = Δ H

We now have the expressions for both ΔS and Δ H to linear order in the bulk perturbation. In this section we will show that the solutions of linearized Einstein’s equations
satisfy the relation ΔS = Δ H.
In d + 1-dimensions with a cosmological constant Λ = − d(d−1)
, Einstein’s equations read
2L2
AdS

(recall that we have set LAdS = 1)
1
RAB − G AB (R + d(d − 1)) = 0.
2

(3.23)

Using the metric (3.15) to linear order in Hμν , diﬀerent components of equations (3.23)
(with d = 2) read


32zHtt (z, x, t) − (4 − z2 ) −(12 + z2 )∂z Htt (z, x, t) − z(4 − z2 )∂2z Htt (z, x, t) = 0
(3.24)


−32zH xx (z, x, t) + (4 + z2 ) (12 − z2 )∂z H xx (z, x, t) + z(4 + z2 )∂2z H xx (z, x, t) = 0
(3.25)
(48 + z4 )∂z Htx (z, x, t) + z(16 − z4 )∂2z Htx (z, x, t) = 0
(3.26)
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−2(4 − z2 )2 ∂t Htx (z, x, t) + 2(16 + z4 )∂ x Htt − z(16 − z4 ) ∂z (∂t Htx (z, x, t) − ∂ x Htt (z, x, t)) = 0
(3.27)
2(4 + z2 )2 ∂ x Htx (z, x, t) − 2(16 + z4 )∂t H xx − z(16 − z4 ) ∂z (∂t H xx (z, x, t) − ∂ x Htx (z, x, t)) = 0
(3.28)

−2(4 + z2 )2 Htt (z, x, t) + 2(4 − z2 )2 H xx (z, x, t) + z 16z∂2t H xx (z, x, t)



−32z∂t ∂ x Htx (z, x, t) + 16z∂2x Htt (z, x, t) − (16 − z4 )∂z Htt (z, x, t) +(16 − z4 )∂z H xx (z, x, t)

= 0
(3.29)

Setting z = 0 in (3.29) one can see that
− Htt (z = 0, x, t) + H xx (z = 0, x, t) = 0.

(3.30)

This holds because the boundary theory is a conformal ﬁeld theory and (3.30) is the
tracelessness condition of the boundary ﬁeld theory stress tensor. Now demanding the
smoothness condition at z = 0 and using (3.30) one arrives at the following solutions for
the perturbations:
Htt (z, x, t) = (4 − z2 )H(x, t),

(3.31)

H xx (z, x, t) = (4 + z2 )H(x, t),

(3.32)

Htx (z, x, t) = h(t, x)

(3.33)

with h(x, t) and H(x, t) restricted by the conditions,
∂t h(x, t) = 4∂ x H(x, t),

(3.34)

∂ x h(x, t) = 4∂t H(x, t),

(3.35)

(∂2t − ∂2x )H(x, t) = 0
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(3.36)

 
Now we consider the expressions for ΔŜ A and Δ ĤA .

ΔŜ A =
=

R

−R
 R

dx sinh(R + x) sinh(R − x)H xx (z, x, t0 )

dx sinh(R + x) sinh(R − x)(4 + z2 )H(x, t0 )
−R
 +R
R − x
R + x
= 16 cosh R
dx sinh
sinh
H(x, t0 )
2
2
−R

(3.37)

and

ΔĤA | = 4 cosh R

R

−R

dx sinh

R + x
2

sinh

R − x
2

× Htt (0, x, t0 )
R + x
R − x
R
dx sinh
= 16 cosh R
sinh
H(x, t0 )
2
2
−R


(3.38)

Comparing (3.37) and (3.38) we see that indeed ΔS A = Δ HA .

3.5

Proof That First Law of Entanglement Implies Einstein’s Equations

In this section we go the other direction. We will show that the constraint (3.5) with
the boundary condition (3.21) ﬁxes the metric uniquely. We would follow the strategy
of [112] for the proof .
EE
be the metric that solves Einstein’s equations (3.24 − 3.29) with the boundary
Let Hμν
EE
with the boundary
conditions (3.21). We will show that there is no metric other than Hμν

conditions (3.21) which satisﬁes the same relation (3.5). Suppose we have another metric
Hμν satisfying (3.5) with the same boundary condition (3.21). We will show that
EE
Δμν (z, x, t) ≡ Hμν
− Hμν = 0,
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(3.39)

for all z. Just by demanding that both the metrics satisfy the same boundary condition, we
already have
Δμν (0, x, t) = 0.

(3.40)

Δ(Δ HA ) = 0.

(3.41)

Hence (3.22) tells us that

Now the constraint (3.5) together with the expression (3.17) tells us that in a ﬁxed frame
of reference (say, the t = t0 frame) we have

dx Δ xx (z(x), x + x0 , t0 )[sinh(R + x) sinh(R − x)].

0=

(3.42)

In the integral (3.42) we have shifted the origin from x = 0 to x = x0 . Now we expand
Δμν as
Δμν (z(x), x + x0 , t0 ) =

∞


zn Δ(n)
μν (x + x0 , t0 )

n=0

=


n,m

zn

x2m 2m (n)
∂ Δ (x0 , t0 ).
(2m)! x μν

(3.43)

Equation (3.42) thus becomes

n,m

1 2m (n)
∂ Δ (t0 , x0 )
(2m)! x xx



+R
−R

dx[zn x2m sinh(R + x) sinh(R − x)] = 0.

(3.44)

Substituting for z from the expression (3.12) and performing some simpliﬁcations, we
ﬁnally get

 2n+1
(n)
∂2m
x Δ xx (t0 , x0 )In,m (R) = 0,
(2m)!
n,m

(3.45)

where we write

In,m =

R



n
n
dx x2m (cosh R + cosh x)− 2 +1 (cosh R − cosh x) 2 +1 .

(3.46)

0

We now need to expand (3.45) in powers of R and set each coeﬃcient to zero to see what
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constraints do they impose on Δ xx (t0 , x0 ). Thus expanding (3.45) around R = 0, we get
 2n+1

Rj  j
(n)
∂2m
∂R In,m (R)
= 0.
x Δ xx (t0 , x0 )
R=0
(2m)!
j!
n,m, j

(3.47)

Vanishing of the R J+3 −th term requires
 2n+1


(n)
J+3
∂2m
Δ
(t
,
x
)
∂
I
(R)
=0
0
0
n,m
R
R=0
(2m)! x xx
n,m

(3.48)

The LHS of (3.48) contains a summation over n, m for a ﬁxed J. In appendix B.1 we
explicitly show that for both odd and even J (for odd J numerical analysis is presented in
appendix B.1), all the terms in the summation vanish except when n ≤ J. For n = J, we
have m = 0 and for n < J, we need m  0 (Please see appendix B.1 for details). The last
non-vanishing term in the summation (3.48) with a ﬁxed J is n = J, m = 0. This term can
be expressed as a linear combination of the lower order terms which establishes the result
that
Δ(J)
xx (t0 , x0 ) = 0

(3.49)

for J = 0, 1, 2, · · ·
Having shown that the entanglement ﬁrst law ﬁxes the solution to linearized Einstein’s
equations in the rest frame, we now consider a boosted frame and try to repeat the analysis
above. Consider then the boosted BTZ black brane. The coordinate transformations to go
from the static BTZ black brane to the boosted BTZ black brane are
t = γ(t − βx ),

(3.50)

x = γ(x − βt ).

(3.51)

Here β, γ have their usual meanings from the special theory of relativity. The metric of
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the boosted black brane is given by


1 dz2
2
2
2 2
2 2 2
2 2
ds = 2
+ (−1 + γ z )dt + (1 + β γ z )dx − 2βγ z dt dx ,
z 1 − z2
2

(3.52)

Notice that here, z denotes the original radial coordinate and not the FG coordinate z̃.
Below, we will explicitly write z̃ for the FG coordinate. We need to solve the spacelike
geodesic equations in this geometry with boundary conditions z = 0, t = 0, x = ±R.
Working in the geometry (3.52) with these boundary conditions is equivalent to working
in the geometry (3.7) with the following boundary conditions
z = 0,

t = −βγR,

z = 0,

t = βγR,

x = γR,
x = −γR.

(3.53)

Hence we will solve for the spacelike geodesics with metric (3.7) and boundary conditions (3.53). Let s be the proper length along the geodesic. Then we have the following
equations for the spacelike geodesics
1
z2

⎡
⎢⎢⎢
⎢⎣

1
dz
2
1 − z ds

2

2⎤
dx ⎥⎥⎥
⎥⎦ = 1,
+
ds
 
1 dx
= p,
z2 ds


1
dt
− 2 (1 − z2 )
= e,
z
ds

dt
− (1 − z )
ds

2

2

(3.54)
(3.55)
(3.56)

where p and e are two constants of motion along the geodesic. We want to write down the
geodesic in a parametric form z = z(x), t = t(x). Hence we write down the above three
equations in the following form
pz

dz 
= 1 − (1 − e2 + p2 )z2 + p2 z4 ,
dx
e
dt
= −
.
dx
p(1 − z2 )
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(3.57)
(3.58)

With the prescribed boundary conditions (3.53), the solutions are
tanh(γR) tanh t + tanh(βγR) tanh x = 0,

(3.59)

and



sinh2 (βγR)
cosh2 x
cosh (γR)z + 1 −
sinh2 (γR)


sinh2 (βγR)
= 1−
cosh2 (γR).
2
sinh (γR)
2

2

(3.60)

In terms of the FG coordinates, (3.60) becomes

z̃2 = 4

cosh(γR) −
cosh(γR) +

where




(1 − r) cosh2 (γR) + r cosh2 x
(1 − r) cosh (γR) + r cosh x
2

,

(3.61)

2


sinh2 (βγR)
.
r = 1−
sinh2 (γR)


The induced metric on the spacelike geodesic is
ds2ind =

sinh2 (2γR)
dx2 .
[cosh(2γR) − cosh(2x)]2

(3.62)

Change in the geodesic length is

ΔA =

+γR
−γR

⎡
sinh(γR + x) sinh(γR − x) ⎢⎢⎢ dt
⎢⎣
dx
sinh(2γR)
dx

2

⎤
dt
⎥⎥
Htx + H xx ⎥⎥⎦ .
Htt + 2
dx

An argument similar to that leading to (3.42) gives the following equation for the boosted
case


+γR

−γR

⎡
⎢⎢ dt
dx sinh(γR + x) sinh(γR − x) ⎢⎢⎣
dx

2

⎤
⎥⎥
dt
Δtx + Δ xx ⎥⎥⎦ = 0.
Δtt + 2
dx

(3.63)

Now assuming that Δμν (z, x, t) is an analytic function, we can expand it in the following
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form
Δμν (z̃, t + t0 , x+x0 ) =

∞


z̃n Δ(n)
μν (t + t0 , x + x0 )

n=0

⎤
⎡

⎥⎥⎥
⎢⎢⎢  ∂mt t ∂mx x Δ(n)
(t
,
x
)
0
0
μν
t ,m x n mt m x
⎥⎥⎥ tmt xmx =
z̃n ⎢⎢⎢⎣
Bn,m
z̃ t x .
μν
⎦
mt !m x !

∞


=

mt ,m x

n=0

(3.64)

n,mt ,m x

(3.63) then becomes
 
n,mt ,m x


t ,m x n,mt ,m x
t ,m x n,mt ,m x
t ,m x n,mt ,m x
Itt
(R) + Bn,m
Itx
(R) + Bn,m
I xx
(R) = 0,
Bn,m
tt
tx
xx

(3.65)

where
Ittn,mt ,mx (γR)


=

Itxn,mt ,mx (γR) = 2
n,mt ,m x
I xx
(γR)

dxxmx [sinh(γR + x) sinh(γR − x)]z̃n tmt

−γR
 +γR


=

+γR

−γR
+γR
−γR

dxxmx [sinh(γR + x) sinh(γR − x)]z̃n tmt

dxxmx [sinh(γR + x) sinh(γR − x)]z̃n tmt .

dt
dx

2

,

(3.66)

dt
,
dx

(3.67)
(3.68)

We now use the same technique of expanding around R = 0 as before, but the calculation
is diﬃcult even for even integer n. One can examine term by term the expansion series
(3.65) and check which coeﬃcients in a particular term are non zero. In the appendix B.1
we discuss the ﬁrst few terms. Working in this manner we ﬁnally arrive, apart from some
constant factors, at the following equations
(0)
2 (0)
Δ(0)
xx − 2βΔtx + β Δtt = 0
(1)
2 (1)
Δ(1)
xx − 2βΔtx + β Δtt = 0
(2)
2 (2)
Δ(2)
xx − 2βΔtx + β Δtt = 0

(3.69)

..
.
One can take any arbitrary value of n and check that the pattern should be the same,
although for high values of n computations become diﬃcult. Now (3.69) is a polynomial
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in β and the coeﬃcients of each βk must vanish individually. From the coeﬃcients of β0 ,
we get:
Δ(n)
xx = 0,

(3.70)

Δ(n)
tx = 0,

(3.71)

Δ(n)
tt = 0,

(3.72)

from the coeﬃcients of β:

and from the coeﬃcients of β2 :

where n = 0, 1, 2, . . .
Thus we have shown that (3.39) is true for all z. Note that we have assumed that Δμν (z, x, t)
is an analytic function.

3.6

Discussion

In this chapter we have shown that linearized Einstein’s equations around the BTZ black
brane can be obtained from the ﬁrst law of entanglement thermodynamics, ΔS = Δ H,
where the reference state was taken to be a thermal state of the CFT which is dual to
the black brane. It would be interesting to check if non-linear Einstein’s equations can
be obtained from some constraints on the entanglenemnt entropy of the thermal state of
boundary CFT as well. In particular, in [143] the vacuum state of the boundary CFT was
perturbed by some scalar primary or stress tensor operators and it was shown that for
such excited states, up to second order in the perturbation, the entanglement entropy of
all ball-shaped regions can be obtained using the covariant prescription for holographic
entanglement entropy from the corresponding dual geometries. It was shown that the
corresponding dual spacetimes must satisfy Einstein’s equations up to second order in the
perturbation around AdS. It would be interesting to extend their work for the thermal state
of holographic CFTs.
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One of the important points we would like to emphasize is that the Einstein equations that
we have derived hold outside the horizon. This is because the spacelike geodesics used
to compute the entanglement entropy do not see the region behind the horizon. It will
be very interesting if a similar method can be used to prove Einstein’s equations behind
the horizon. It seems that generalization of this method to the two-sided eternal BTZ
black hole may give us some insights into the derivation of Einstein’s equations behind
the horizon.
It would also be interesting to check it for higher dimensional black holes and also at
non-linear order. We have only considered the metric perturbations in the bulk such that
only the boundary stress tensor has a non-trivial expectation value. One can also consider
other excitations as well, e.g., turning on scalar ﬁeld in the bulk where the scalar operator
will acquire non-trivial expectation values in the boundary theory.
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Chapter 4
Late Time Perturbations of Extremal
Black Holes and Aretakis Instability

4.1

Introduction

More than 45 years ago, Price [148], in his seminal analysis, showed that when a Schwarzschild
black hole is perturbed by a massless scalar ﬁeld, at late times the perturbation typically
decays as an inverse power in the Schwarzschild coordinate t. Price’s law has been rigorously proved in the mathematical general relativity literature by Dafermos and Rodnianski [149, 150]. This is a key result, as the problem of late time asymptotics for
solutions to the wave equation ﬁnds important applications in the study of black hole
stability [151–153] and the dynamics of black hole interiors [154–156]. The late time
asymptotics to wave equations on extreme black holes have attracted exceptional interest
in the last few years.
The problem of late time decay of a scalar perturbation in four-dimensional extreme
Reissner-Nordström black hole was ﬁrst analysed by Bičák [157]. He observed that the
eﬀective potential for a massless scalar in an extreme Reissner-Nordström black hole has
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the same asymptotic form near the horizon as near inﬁnity. Couch and Torrence [158]
later showed that not only the eﬀective potential has the same asymptotic form, it is in
fact symmetric under r∗ going to −r∗ , where r∗ is the tortoise coordinate for the extreme
Reissner-Nordström metric. This surprising symmetry allows one to relate scattering dynamics near the horizon to the asymptotic region. This symmetry adds several novel features to the late time dynamics of a massless scalar ﬁeld in an extreme Reissner-Nordström
black hole background compared to a Schwarzschild black hole. This richness is one of
the reasons that several authors have studied this problem [159–162].
Another reason the problem has attracted attention in the last few years is that Aretakis
[164–167] has shown that a massless scalar has an instability at the future horizon of an
extreme Reissner-Nordström black hole. More precisely, Aretakis showed that a massless
scalar ﬁeld decays at late time on and outside the future horizon, however, generically on
the horizon its ﬁrst radial derivative does not decay. This implies an instability. Since the
ﬁrst radial derivative of the scalar decays away from the horizon but not on the horizon, it
follows that the second-derivative must blow up at late times on the horizon. The Aretakis
instability was studied numerically in detail in [160]. They found excellent agreement
with Aretakis’ results. Using the Couch-Torrence symmetry, the Aretakis instability has
been related to the similar growth in the behaviour of the derivatives of the massless
scalar ﬁeld at null inﬁnity [160, 168]. Motivated by these developments, more recently,
Ori and Sela [161, 162] have re-analysed analytically the problem of late time decay of
scalar perturbations outside an extreme Reissner-Nordström black hole along the lines of
Price’s analysis. These questions are currently being explored in the mathematical general
relativity literature [169–171] as well.
In this chapter we revisit this problem. While the previous authors [159–162] have analysed the problem in the time domain, we analyse the problem in the frequency domain.
Our analysis brings a diﬀerent perspective. We reproduce and extend some of the previous results. Using the Couch-Torrence symmetry, an initial data with regular behaviour
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across the horizon on the v := t + r∗ = 0 surface can be mapped to an initial data on the
u := t − r∗ = 0 surface. Analysing this inverted initial data, Sela [162] has argued that
there is a contribution to the late time tail in an extreme Reissner-Nordström background
that is not due to the curvature of the spacetime. This contribution can be obtained from a
ﬂat space analysis of the inverted initial data. We ﬁrst reproduce these results, including
the exact coeﬃcients, using rather simple Fourier methods.
Application of the frequency domain Green’s function technique requires knowing initial
data on a t = const surface. Obtaining a precise relationship between characteristic initial
data speciﬁed on u = 0 and v = 0 null surfaces and initial data speciﬁed on a t = const
Cauchy surface is a diﬃcult problem. However, to the extent the above mentioned ﬂat
space analysis is valid, it can be easily done. We use the solution of the ﬂat space wave
equation to obtain the correct fall oﬀ on the t = 0 surface near spatial inﬁnity. To this,
we add a sub-leading term (slower fall-oﬀ) proportional to the “initial static moment” and
compute its contribution to the late time tail. This contribution arises due to backscattering
from the weakly curved asymptotic region of the spacetime.
Along the way, using the Couch-Torrence symmetry [158], we also relate higher multipole Aretakis and Newman-Penrose constants [172] for a massless scalar in an extreme
Reissner-Nordström black hole background.
The rest of the chapter is organised as follows. In section 4.2 we review various interesting
features that this problem has, namely, the Couch-Torrence symmetry and the construction of Aretakis and Newman-Penrose constants. In section 4.3 we analyse the late time
dynamics of a massless scalar in the frequency domain. We end with a brief summary and
a discussion of open problems in section 4.4.
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4.2

Massless scalar in 4d extreme Reissner-Nordström
spacetime

The massless scalar wave equation in a 4d extreme Reissner-Nordström spacetime has a
number of rich features. In this section we review some of these features. Along the way,
we relate higher multipole Aretakis and Newman-Penrose constants.

4.2.1

Couch-Torrence discrete conformal isometry

The extreme Reissner-Nordström solution has a discrete conformal isometry [158]. A
similar discrete conformal isometry also exists for the extreme D1-D5 string and for
the extreme D3 brane; see comments and references in [173] and for recent discussions
see [174, 175]. We will use this symmetry in an important way in later sections, so we
start with a brief review of this symmetry following [160, 168]. In static coordinates the
extreme Reissner-Nordström metric takes the form,
M 2 2 
M −2 2
dt + 1 −
dr + r2 dΩ2 ,
ds = − 1 −
r
r
2



(4.1)

where r is the area radial coordinate and dΩ2 is the line element of the unit 2-sphere. The
Couch-Torrence symmetry is



M2
, θ, ϕ .
T : (t, r, θ, ϕ) → t, M +
r−M

(4.2)

It has number of interesting properties. It is an involution, i.e., T 2 = 1. Its pull-back on
the Reissner-Nordström metric acts by a conformal transformation
T∗ (g) = Ω2 g,

where
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Ω=

M
.
r−M

(4.3)

On the tortoise coordinate r∗ deﬁned by

M2
|r − M|
r∗ = r − M + 2M log
−
,
M
r−M


so that

dr∗
dr


= 1−


M −2
r

(4.4)

, it acts as T : r∗ → −r∗ . This last property implies that it inter-

changes the ingoing and the outgoing Eddington-Finkelstein coordinates:
ingoing: v = t + r∗ ,

outgoing: u = t − r∗ ,

T :

u ↔ v.

(4.5)

Since the Ricci scalar of the extreme Reissner-Nordström metric vanishes, the conformally covariant operator is simply the box operator:
1
Lg = g − R = g .
6

(4.6)

Recall that under a conformal transformation g̃ab = ω2 gab , (see e.g., Wald’s Appendix D,
discussion around equation (D.13) [89]),
Lω2 g (ω−1 Φ) = ω−3 Lg (Φ) = ω−3 g Φ.

(4.7)

Moreover, from tensor transformation properties, it follows that
LT∗ (g) (T∗ (Φ)) = T∗ (Lg (Φ)).

(4.8)

Combining the two in the following way, it follows that if g Φ = 0, then
0 = g Φ = T∗ (Lg (Φ)) = LT∗ (g) (T∗ (Φ)) = LΩ2 g (Ω−1 Ω(T∗ (Φ)) = Ω−3 g (ΩT∗ (Φ)).

(4.9)

That is, if Φ is a solution then,
Φ̃ = ΩT∗ (Φ)
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(4.10)

is also a solution. We will use mapping (4.10) to map solutions near the horizon to solutions near future null inﬁnity and vice versa.

4.2.2

Aretakis constants, Newman-Penrose constants, and initial static
moments

We now brieﬂy review the construction of Aretakis and Newman-Penrose constants in an
extreme Reissner-Nordström background, and relate them via the Couch-Torrence symmetry (4.10).
Previous studies have related Aretakis and Newman-Penrose constants for l = 0 modes
[160, 168, 175]. To the best of our knowledge, details for the l  0 have not been written
out. In this subsection we write out those details explicitly.
In ingoing Eddington-Finkelstein coordinates the extreme Reissner-Nordström metric is


M 2 2
dv + 2dvdr + r2 dΩ2 .
ds = − 1 −
r
2

(4.11)

Expanding the scalar in spherical harmonics in ingoing Eddington-Finkelstein coordinates
as
Φ(v, r, θ, ϕ) =



φl (v, r)Ylm (θ, ϕ),

(4.12)

lm

we get equations for the mode functions φl (v, r),
2r∂v ∂r (rφl ) + ∂r ((r − M)2 ∂r φl ) − l(l + 1)φl = 0.

(4.13)

Applying ∂lr on this equation, we see that
Al [φl ] =

Ml
∂l [r∂r (rφl )]
(l + 1)! r
r=M

(4.14)

is conserved, i.e., independent of v along the horizon. These constants are called Aretakis
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constants. For a solution of the wave equation of the form near the horizon
k
r
1
φl (v, r) =
−1
ck (v)
r k=0
M
∞

(4.15)

the Aretakis constants are [161, 162]
Al = cl+1 +
Note the factor of

1
r

l
cl .
l+1

(4.16)

in equation (4.15).

In outgoing Eddington-Finkelstein coordinates the extreme Reissner-Nordström metric is

M 2 2
du − 2dudr + r2 dΩ2 .
ds2 = − 1 −
r

(4.17)

Expanding the scalar in spherical harmonics in these coordinates as
Φ(u, r, θ, ϕ) =



φl (u, r)Ylm (θ, ϕ),

(4.18)

lm

we get equations for the mode functions
− 2r∂u ∂r (rφl ) + ∂r ((r − M)2 ∂r φl ) − l(l + 1)φl = 0.

(4.19)

We now construct the Newman-Penrose constants. Consider the solution of the wave
equation near inﬁnity of the form
 M k
1
dk (u)
.
φl (u, r) =
r k=0
r
∞

(4.20)

Inserting this expansion into equation (4.19) and looking at successive inverse powers of r
gives equations that can be expressed concisely in terms of matrices, whose components
are labelled by indices i, j = 0, . . . , l. We label the components of the vector d by di ,
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i = 0, . . . , l, and the (l + 1)-dimensional vectors d+ and c+ have respective components
(d+ )i = di+1 and (c+ )i = ci+1 . We obtain
M Nl ḋ+ = [ 21 l(l + 1) − Pl ]d,

(4.21)

where Nl is the diagonal matrix of natural numbers with components (Nl )i j = (i + 1)δi j and
Pl is a lower-triangular matrix with components (Pl )i j = 12 i(i+1)δi j −i2 δi, j+1 + 12 i(i−1)δi, j+2 ,

and over-dots denote u-derivatives. We can diagonalize Pl as
Pl = Ll Tl L−1
l ,

(4.22)

where Tl is the diagonal matrix of triangular numbers, (T l )i j = 12 i(i + 1)δi j , and Ll is the
lower-triangular Pascal matrix (see, e.g., [176])
 
i
(Ll )i j = ,
j
whose inverse is
(Ll−1 )i j

 
i
= (−1)
.
j
i+ j

(4.23)

(4.24)

It follows that
−1
1
M L−1
l Nl ḋ+ = [ 2 l(l + 1) − Tl ]Ll d,

(4.25)

whose last component implies conservation of


l+1
1 
l
l+i−1
(−1)
i
di ,
Nl =
l + 1 i=1
i−1

(4.26)

at null inﬁnity, i.e., ∂u Nl = 0. These are examples of Newman-Penrose constants.
How are these constants related to Aretakis constants? Recall that, applying the mapping (4.10), we can construct a solution near null inﬁnity from a given solution near the
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horizon. Let us apply this mapping on the solution of the form (4.15) to get
φl


−1 

 M 
 M 2
M2
M
M+
=
+ . . . (4.27)
c0 (u) + c1 (u)
+ c2 (u)
r−M
r−M
r−M
r−M


 M 2
 M 3
1
M
=
c0 + c1 + (c1 + c2 )
+ (c1 + 2c2 + c3 )
+ ... .
(4.28)
r
r
r
r

Expanding this solution in inverse powers of r, we ﬁnd the coeﬃcients in (4.20) to be
d+ = Ll c+ .

(4.29)

M Ql ċ+ = [ 12 l(l + 1) − Tl ]L−1
l d,

(4.30)

Ql = L−1
l Nl Ll ,

(4.31)

Then we have

where

has components (Ql )i j = (i + 1)δi j + iδi−1, j . The Newman-Penrose constant Nl arising from
the last component of (4.25) and equivalently (4.30) is expressed in terms of ci as
Nl = cl+1 +

l
cl ,
l+1

(4.32)

which is nothing but the Aretakis constant Al , cf. (4.16).
The diagonalizations (4.22) and (4.31) are straightforwardly proved using induction on l,
by checking that the columns of Ll and L−1
l are eigenvectors of Pl and Ql respectively. As
an explicit example, the Pascal matrices for l = 4 are
⎛
⎜⎜⎜1
⎜⎜⎜⎜1
⎜⎜
L4 = ⎜⎜⎜⎜1
⎜⎜⎜
⎜⎜⎝1
1

0
1
2
3
4

0
0
1
3
6

0
0
0
1
4

⎞
0⎟⎟
⎟
0⎟⎟⎟⎟⎟
⎟
0⎟⎟⎟⎟ ,
⎟
0⎟⎟⎟⎟
⎠
1

L−1
4
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⎛
⎜⎜⎜ 1 0 0 0
⎜⎜⎜−1 1 0 0
⎜⎜⎜
= ⎜⎜⎜⎜ 1 −2 1 0
⎜⎜⎜
⎜⎜⎝−1 3 −3 1
1 −4 6 −4

⎞
0⎟⎟
⎟
0⎟⎟⎟⎟⎟
⎟
0⎟⎟⎟⎟ ,
⎟
0⎟⎟⎟⎟
⎠
1

(4.33)

which diagonalize
⎛
⎜⎜⎜1
⎜⎜⎜1
⎜⎜⎜
Q4 = ⎜⎜⎜⎜0
⎜⎜⎜
⎜⎜⎝0
0

⎛
⎞
0
0 ⎟⎟
⎜⎜⎜ 0 0 0
⎟
⎜⎜⎜−1 1 0
0
0 ⎟⎟⎟⎟⎟
⎜⎜⎜
⎟
0
0 ⎟⎟⎟⎟ ,
P4 = ⎜⎜⎜⎜ 1 −4 3
⎜⎜⎜
⎟
0 ⎟⎟⎟⎟
⎜⎜⎝ 0 3 −9 6
⎠
0 0 6 −16 10

0
2
2
0
0

0
0
3
3
0

0
0
0
4
4

⎞
0⎟⎟
⎟
0⎟⎟⎟⎟⎟
⎟
0⎟⎟⎟⎟ ,
⎟
0⎟⎟⎟⎟
⎠
5

(4.34)

whose corresponding diagonal matrices T4 and N4 are simply their diagonal entries. The
Newman-Penrose constant is
1
N4 = 15 (L−1
4 N4 d+ )4 = 5 (d1 − 8d2 + 18d3 − 16d4 + 5d5 ).

(4.35)

The term static moment is often used in the literature [148] to discuss time independent
solutions of the wave equations. In the static coordinates, the mode expansion,
Φ=

1
ψl (t, r)Ylm (θ, ϕ),
r lm

(4.36)

results in the equations
[∂2r∗ − ∂2t ]ψl = Vl (r)ψl ,

(4.37)




M 2 2M 
M  l(l + 1)
+
.
1−
Vl (r) = 1 −
r
r3
r
r2

(4.38)

with potential Vl (r)

This equation has two time independent solutions
ψl = r(r − M)l ,

(4.39)

r
.
(r − M)l+1

(4.40)

and
ψl =
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Under the mapping (4.10) one static solution goes to the other (up to normalisation):


Φ̃ = Ω T∗ Φ(t, r, θ, ϕ) = (r − M)l Ylm =

4.3

M 2l+1
Ylm .
(r − M)l+1

(4.41)

Late time behavior of scalar perturbation

We are now in position to analyse the problem of late time decay of scalar ﬁeld outside
the horizon in an extreme Reissner-Nordström background.

4.3.1

Late time tails for non-compact initial data in ﬂat space

We ﬁrst reproduce some of the key results of Ori [161] and Sela [162] from a relatively simple Fourier analysis. In the next subsection we look at the contributions due
to backscattering from the weakly curved asymptotic region.
To begin with, we are interested in the characteristic initial value of the ﬁeld ψl speciﬁed
at two intersecting null surfaces, u = 0 and v = 0, for equation (4.37). The initial data is
thus composed of two functions
ψvl (v) = ψl (u = 0, v),

ψul (u) = ψl (u, v = 0).

(4.42)

See ﬁgure 4.1. Due to the linearity of the problem, we can analyse the two functions ψul (u)
and ψvl (v) separately. More precisely, we can split the characteristic initial value problem
into two parts: (i) non-vanishing data on the u = 0 surface ψvl (v) = ψl (u = 0, v), along with
vanishing data on the v = 0 surface ψul (u) = 0, (ii) non-vanishing data on the v = 0 surface
ψul (u) = ψl (u, v = 0), along with vanishing data on the u = 0 surface ψvl (v) = 0. We can
analyse the two parts separately and add the late time behaviour to obtain the ﬁnal answer.
In the following, this is how we will think of the evolution problem. For extreme ReissnerNordström this logic has been employed by several authors in the past [159, 161, 162].
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0

=
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v
i0

Figure 4.1: Initial data for the characteristic initial value problem for a scalar ﬁeld in an
extreme Reissner-Nordström black hole background. The initial data is composed of two
functions ψvl (v) = ψl (u = 0, v) and ψul (u) = ψl (u, v = 0).

Sela [162] considered initial data of “compact support” — an initial data for which the
function ψvl (v) vanishes beyond a certain value of v. In his analysis, the function ψul (u) is
taken to be supported near the event horizon r = M. Furthermore, this function is taken
to admit a Taylor expansion near r = M as
ψul (u) = c0 + c1


2
r
r
− 1 + c2
− 1 + ...,
M
M

(4.43)

where r is to be thought of as function of u on the v = 0 surface. We also take our initial
data of this form for the function ψul (u). For the function ψvl (v) we consider a slightly more
general behaviour than considered in [162]. We allow for an initial static moment, i.e., as
r → ∞ the function ψvl (v) is taken to behave as
ψvl (v) = d̂l

Rl
+ compactly supported data,
rl

(4.44)

where, now, r is to be thought of as function of v on the u = 0 surface, and R is an arbitrary
scale we have introduced. The coeﬃcient d̂l is called the static moment.
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For the initial data on the u = 0 surface, it is believed that the late time tail arises due to
backscattering from the weakly curved asymptotic region [148, 177, 178]. The tail does
not depend on the exact nature of the central object. For compactly supported initial data
the solution at late times decays as t−2l−3 and for initial data with an initial static moment
it decays as d̂l t−2l−2 [148].
For the function ψul (u), following [159, 161, 162], we use the Couch-Torrence symmetry
to map the problem from near the horizon to near inﬁnity. The problem near inﬁnity can
be analysed again using the well developed techniques mentioned above. The map of the
initial data is (4.2):
ψvl (v)

 M 
 M l
 M l+1
+ . . . + cl
= c0 + c 1
+ cl+1
+ ...
r−M
r−M
r−M

(4.45)

where now r is to be regarded as a function of v along the u = 0 surface. Expanding in
powers of r results in an expansion
ψvl (v) = ĉ0 + ĉ1

R
R2
Rl
Rl+1
+ ĉ2 2 + . . . + ĉl l + ĉl+1 l+1 + . . . .
r
r
r
r

(4.46)

In this expansion there is a term that decays as the static moment. There are terms that decay more slowly than the static moment and there are also terms that decay more quickly
than the static moment. The coeﬃcients ĉk receive contributions from cm , m ≤ k.
Again using linearity of the problem, the eﬀective problem that we need to analyse is
therefore,
Rl
R
R2
Rl+1
ψvl (v) = ĉ0 +ĉ1 +ĉ2 2 +. . .+(ĉl +d̂l ) l +ĉl+1 l+1 +. . .+compactly supported data, (4.47)
r
r
r
r
with ψul (u) = 0. Generically, if the Aretakis and the Newman-Penrose constants are nonzero, the coeﬃcients of

1
rl

and

1
rl+1

would be non-zero in equation (4.47).

Sela [162], building upon the work of Barack [179], argued that for the initial data of
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the form (4.47), there is a contribution to the late time in an extreme Reissner-Nordström
l+1

background that is not due to the curvature of the spacetime. The term ĉl+1 Rrl+1 in the
expansion of the data (4.47) results in a leading order tail as it disperses in ﬂat space.1 We
reproduce Sela’s results from a relatively simple Fourier analysis.
The Fourier transform of the ﬁeld ψl (t, r),

ψl (ω, r) =
satisﬁes the equation


2

−ω −

∂2r

∞

−∞

eiωt ψl (t, r)dt,


l(l + 1)
ψl (ω, r) = 0.
+
r2

(4.48)

(4.49)

The general solution to this equation is
√
√
ψl (ω, r) = A(ω) rJl+1/2 (ωr) + B(ω) rYl+1/2 (ωr).

(4.50)

To obtain regular solutions at r = 0 we must set B(ω) = 0. Thus, we get
√
ψl (ω, r) = A(ω) rJl+1/2 (ωr).

(4.51)

The solution in the time domain is simply the inverse Fourier transform,
1 √
r
ψl (t, r) =
2π



∞

−∞

A(ω)Jl+1/2 (ωr)e−iωt dω.

(4.52)

If we know the function A(ω), we can do this integral and would know the full solution
for the ﬁeld ψl (t, r), in particular its late time behaviour. Due to linearity of the problem
we can consider each term in the expansion (4.47) separately.
To determine A(ω) corresponding to the r−k term, we use the fact that the initial data
1

In some sense, this result is the “Couch-Torrence dual” of the results of section 4 of [160], where they
have obtained such tails from a purely AdS2 × S2 analysis. AdS2 × S2 is conformal to ﬂat space, and the
massless scalar wave equation is conformally invariant.
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k

behaves as ĉk Rrk on the u = 0 surface. We make the ansatz A(ω) = 2πA0 ω p to get from
(4.52)
√
ψl (t, r) = A0 r



∞

ω p Jl+1/2 (ωr)e−iωt dω
(4.53)
−∞



√ i(p+l+1/2) π ∞ p
π
2
(4.54)
ω Jl+1/2 (ωr) cos (p + l + 1/2) + ωt dω,
= 2 A0 r e
2
0

where we have used the appropriate symmetry property of Jl+1/2 (ωr) under ω to −ω to
convert the integral to one along the positive ω axis. This last integral can be easily done
using the identity (6.699-1) or (6.699-2) of Gradshteyn and Ryzhik [180].
Matching the resulting answer at u = 0 with
ψl (u = 0, r) = ĉk

Rk
,
rk

(4.55)

gives
p = k − 1/2,

(4.56)

and ﬁxes the constant A0 . Substituting the constant A0 in terms of ĉk gives a ﬁnal answer
ψl (t, r) = −

ĉk Rk 2k+1 Γ(k + 1)
sin(kπ) Γ(l − k + 1)
π(2l + 1)!!


3 r2
l+k+2 l+k+1
l+1 −(k+l+1)
r t
,
;l + ; 2 ,
F
2
2
2 t

(4.57)

where F(a, b; c; z) is the standard hypergeometric function. For k ≤ l this expression
vanishes due to the sin(kπ) factor. However, for k ≥ l + 1, the Γ(l − k + 1) factor develops
a pole that exactly cancels with the zero of the sin function and gives a ﬁnite result. At
timelike inﬁnity, i.e., in the limit t
ψl (t, r) ∼ −

r, (4.57) becomes

ĉk Rk 2k+1 Γ(k + 1)
sin(kπ) Γ(l − k + 1) rl+1 t−(k+l+1) .
π(2l + 1)!!
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(4.58)

The leading contribution to the late time tail comes from k = l + 1. We get
r) ∼ 2ĉl+1 Rl+1 (−1)l+1 (4r)l+1

ψ(t, r|t

[(l + 1)!]2 −(2l+2)
t
.
(2l + 2)!

(4.59)

This expression matches with Sela’s equation (6.18), including the pre-factors.
We can use solution (4.57) to obtain the tail behaviour near future null inﬁnity. In order
to achieve the limit, we must take r → ∞ together with u := t − r ﬁnite, i.e., u

r. The

leading contribution to the tail comes once again from k = l + 1. In this limit we ﬁnd,
using equation (9.131-2) of Gradshteyn and Ryzhik [180],
r) ∼ 2l+2 ĉl+1 Rl+1 (−1)l+1

ψl (t, r|u

[(l + 1)!]2 −l−1
u .
(2l + 2)!

(4.60)

This expression matches with Sela’s equation (6.11), including the pre-factors, provided
we relate our u to Sela’s retarded time u s : u s = u/2.
Setting k = l + 1, equation (4.57) simpliﬁes to

−l−1
+ 1)!]2
r2
l+1
l+1
(−1) (4r)
1− 2
t−2l−2 .
(2l + 2)!
t

l+1 [(l

ψl (t, r) = 2ĉl+1 R

(4.61)

We can use solution (4.61) to obtain the fall oﬀ behaviour at spatial inﬁnity,
ψl (t = 0, r) ∼ 22l+3 ĉl+1 Rl+1

[(l + 1)!]2 −l−1
r ,
(2l + 2)!

(4.62)

together with ∂t ψl (t = 0, r) = 0.
There are other contributions to the t−(2l+2) late time tail. They arise due to backscattering
from the curvature of spacetime. For initial data (4.47), these contributions come from
r−k terms for k < l + 1. It is expected that they should decay as
(pre-factor) M l+1−k ĉk t−(2l+2) .
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(4.63)

We look at a related problem for k = l in the next subsection.

4.3.2

Contributions due to asymptotic curvature of spacetime

Equation (4.62) can be interpreted as initial data on the t = 0 surface in the extreme
Reissner-Nordström background; see ﬁgure 4.2. We conclude that for an initial data on
the t = 0 surface with r∗−l−1 decay near spatial inﬁnity, there is a contribution to a t−2l−2 tail
at late times. This contribution is due to decay of a massless scalar ﬁeld in ﬂat space, not
due to backscattering from the curvature of the spacetime. More precisely, if
ψl (t = 0, r) = μl+1 Rl+1 r∗−l−1 ,

(4.64)

then the late time tail is
ψ(t, r∗ |t

r∗

M) ∼ (−1)l+1 2−l−1 μl+1 Rl+1 (r∗ )l+1 t−(2l+2) ,

(4.65)

r∗ ) ∼ (−1)l+1 2−2l−2 μl+1 Rl+1 u−l−1 .

(4.66)

and
ψl (t, r|u

From our discussion above, it is clear that such an initial data generically will have a nonzero Newman-Penrose constant, and its Couch-Torrence reﬂection will have a non-zero
Aretakis constant.
Now we address the question of if, in addition to (4.64), there is an r∗−l term present at
the t = 0 surface near spatial inﬁnity, how does it contribute to the late time tail? The
contribution arises due to backscattering from the curvature of spacetime. If the initial
data has non-zero static moment, such a term would be present.
To compute this contribution, fortunately, we do not need to do much. Since it is believed
that the late time tail arises due to backscattering from the weakly curved asymptotic
region [148,177,178], this computation is exactly the same as in the Schwarzschild back65
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t=0

Figure 4.2: Time-symmetric initial data for a scalar ﬁeld in an extreme ReissnerNordström black hole background. The initial data consists of a function speciﬁed on
the t = 0 surface. ∂t ψl (t = 0, r) is taken to be zero.

ground.
We very brieﬂy review the Green’s function approach to late time tails following [181]
and supplement it with a discussion for an extended source of the type:
ψl (t = 0, r) = μl Rl r∗−l .

(4.67)

The retarded Green’s function for the wave operator appearing in (4.37) satisﬁes


∂2t − ∂2r∗ + V(r∗ ) G(r∗ , r∗ ; t) = δ(t) δ(r∗ − r∗ )

(4.68)

with the boundary condition
G(r∗ , r∗ ; t) = 0,

for

t < 0.

(4.69)

We are interested in analysing the Green’s function in the frequency domain. Therefore,
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we do a Fourier transform via

G̃(r∗ , r∗ ; ω) =

∞
0

G(r∗ , r∗ ; t) eiωt dt.

(4.70)

The range of the r∗ coordinate for black hole spacetimes is −∞ to ∞. In the frequency
domain the solutions to the wave equations we are interested in should satisfy outgoing
boundary conditions at inﬁnity, and ingoing boundary conditions at the horizon. In terms
of the r∗ coordinate, these become
ψ̃l (r∗ , ω) → eiωr∗

as

r∗ → ∞,

(4.71)

ψ̃l (r∗ , ω) → e−iωr∗

as

r∗ → −∞.

(4.72)

The Fourier transform of the Green’s function G̃(r∗ , r∗ ; ω) satisﬁes



−ω2 − ∂2r∗ + V(r∗ ) G̃(r∗ , r∗ ; ω) = 0,

(4.73)

and is analytic in the upper half plane. Now recall that for a second order ODE with homogeneous boundary conditions, the Green’s function can be uniquely constructed simply
using two auxiliary functions f (r∗ , ω) and g(r∗ , ω), where f (r∗ , ω) satisﬁes the left boundary condition and g(r∗ , ω) satisﬁes the right boundary condition. We adopt normalisations
such that
g(r∗ , ω) → eiωr∗

as

r∗ → ∞,

(4.74)

f (r∗ , ω) → e−iωr∗

as

r∗ → −∞.

(4.75)

Then the Green’s function is given by
⎧
⎪
⎪
⎪
f (r∗ ,ω)g(r∗ ,ω)
⎪
⎪
⎪
⎨ W(ω) ,
G̃(r∗ , r∗ ; ω) = ⎪
⎪
⎪
⎪
f (r ,ω)g(r ,ω)
⎪
⎪
⎩ ∗ W(ω) ∗ ,
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if

r∗ < r∗

if

r∗ > r∗

(4.76)

where W(ω) is the Wronskian of the two solutions f (r∗ , ω) and g(r∗ , ω): W(ω) = g∂r∗ f −
f ∂r∗ g. The Wronskian is independent of r∗ . The late time tails come from the branch cut
along the negative imaginary axis of the Green’s function G̃(r∗ , r∗ ; ω) in the complex ω
place [182].
Andersson [181] has presented a very clear computation of the branch cut of the Green’s
function in the low-frequency asymptotic expansion using some results from [183]. Instead of reviewing those details here, we simply write equation (40) of that reference
(which has a typo of an overall minus sign) [181]:

G (r∗ , r∗ , t) = −2πiM r∗ r∗
C



−i∞
0

ω Jl+1/2 (ωr∗ ) Jl+1/2 (ωr∗ ) e−iωt dω.

(4.77)

The late time solution using this Green’s function is simply (see e.g., equation (7.3.5)
of [184] or [182])
ψCl (r∗ , t)


=

∞

0



C

G (r∗ , r∗ , t) ∂t ψ0 (r∗ , 0) dr∗ −

0

∞

∂tGC (r∗ , r∗ , t) ψ0 (r∗ ) dr∗ ,

(4.78)

where we have implicitly used the fact that the leading contribution only comes from
the asymptotic region, and our non-compact initial data has support only in the r∗

M

asymptotic region.
Inserting initial data (4.67) together with ∂t ψ0 (r∗ , 0) = 0 in equation (4.78), we get
√
ψl (r∗ , t) = 2πμl R M r∗
l



−i∞
0

2

−iωt

dω ω e


Jl+1/2 (ωr∗ )

∞
0

dr∗ r∗ −l+1/2 Jl+1/2 (ωr∗ ). (4.79)

We can evaluate the second integral in equation (4.79) using identity (6.561-14) of Gradshteyn and Ryzhik [180] to get
√
 −i∞
√
2 2π
l
μl R M r∗
ωl+1/2 e−iωt Jl+1/2 (ωr∗ ) dω.
ψl (r∗ , t) =
(2l − 1)!!
0
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(4.80)

To compute the tail at timelike inﬁnity, we approximate ωr∗
ψl (t, r∗ |t

r∗

1 to get

 −i∞
4μl Rl Mr∗l+1
M) ∼
ω2l+1 e−iωt dω
(2l − 1)!!(2l + 1)!! 0
(2l)!! l+1 −2l−2
r t
.
= (−1)l+1 4μl Rl M
(2l − 1)!! ∗

(4.81)
(4.82)

This expression can be compared with equation (69) of reference [185] and equations IV1 and IV-2 of reference [186]. In those papers, computations are done diﬀerently, and in
diﬀerent contexts.
To compute the tail near null inﬁnity, we approximate ωr∗

1. A similar calculation

then gives
ψl (t, r∗ ) ∼ (−1)l+1 2μl Rl M

l!
u−l−1 .
(2l − 1)!!

(4.83)

This expression can be compared with equation (68) of reference [185].
Equations (4.82) and (4.83) are contributions proportional to μl M to the late time tails in
an extreme Reissner-Nordström black hole background.

4.4

Discussion

In this chapter we have revisited the study of the leading order late time decay tails for
massless scalar perturbations outside an extreme Reissner-Nordström black hole. While
previous studies have analysed this problem in the time domain, we analysed the problem
in the frequency domain. A systematic time domain analysis was reported by Sela [162].2
Sela’s analysis is quite involved. The merit of our work lies in its simplicity. We are able
to obtain most of the key results of Sela’s analysis, including all pre-factors, using rather
straightforward Fourier methods.
We ﬁnd that initial perturbations with generic regular behaviour across the horizon decays
2

For electromagnetic and gravitational perturbations see [160, 187].
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at late times as t−2l−2 near timelike inﬁnity (t

r∗ ). It decays as u−l−1 near future null

inﬁnity. The inversion map (4.10) maps the decay behaviour near future null inﬁnity to
the decay behaviour v−l−1 near the horizon.
For initial data of the form (4.47) at the u = 0 surface, there are other contributions to the
t−(2l+2) late time tail. They arise due to backscattering from the curvature of spacetime,
from terms r−k for k < l + 1. These contributions should go as
(pre-factor) M l+1−k ĉk t−(2l+2) .

(4.84)

We have not addressed these contributions in this chapter. For k = l we considered a
related problem with initial data on the t = 0 surface of the form (4.67) near spatial
inﬁnity. It corresponds to a term proportional to the static moment. Equations (4.82) and
(4.83) are the contributions to the late time tails due to these terms. From the CouchTorrence symmetry, it follows that such a term, if present near the bifurcation surface,
will contribute to the v−l−1 tail near the horizon. It seems likely that the iterative scheme
of [179] can be adopted in the frequency domain to compute tail contributions from k < l
terms.
In section 4.2 using the Couch-Torrence symmetry we also related higher multipole Aretakis and Newman-Penrose constants for a massless scalar in an extreme Reissner-Nordström
black hole background. Although a number of relations involving Pascal matrices are
known in the literature, the identities (4.22) and (4.31) seem to be new. We used these
matrix relations to explain relations of functions, but from a mathematical perspective it
would be more interesting to turn the logic around. Namely, one could seek interpretations, e.g., through combinatorics or functional methods, of these and more general matrix
relations.
All of our analysis is only valid in the asymptotic regions, either near inﬁnity or near the
horizon |r∗ |

M. We have not attempted to compute the correct radial dependence of the
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coeﬃcient of the tail in full generality. From general results in the literature, we do expect
the correct radial dependence of the tail at timelike inﬁnﬁty to be the static solution to the
extreme Reissner-Nordström potential [148, 161, 162], cf. (4.40)
−l−1
r r
−1
M M

(4.85)

with a constant pre-factor. We expect that the constant pre-factor gets contributions from
the Newman-Penrose constant as well as from the Aretakis constant. This has been observed in numerical simulations [160]. The proportionality to the Aretakis constant is
brieﬂy discussed in [161,162], but details have not been presented. Together with the suggestion of references [160, 188] that “initial static moments” are more precisely thought
of as initial data with non-zero Newman-Penrose constants, it is natural to conjecture that
the total tail coeﬃcient is proportional to the sum of (appropriately normalised) Aretakis
and Newman-Penrose constants. It will be interesting to understand this circle of ideas
better in the future.
In a series of papers Casals, Gralla, and Zimmerman [189–191] have analyzed the Aretakis instability and related questions in the frequency domain. They have obtained late
time decay results on and oﬀ the horizon from the AdS2 perspective. Their analysis is
restricted to perturbations with vanishing Aretakis constants. When adapted to an extreme Reissner-Nordström black hole, and extended to perturbations with non-vanishing
Aretakis constants, their analysis could be compared to ours through the Couch-Torrence
duality. It will be useful to relate our work to their work in detail. It will be very interesting to reproduce the late time tails from a microscopic CFT analysis for extreme black
holes.
In a recent paper [192], Camps, Hadar, and Manton studied moduli space scattering of
two extreme Reissner-Nordström black holes. They obtained the asymptotic gravitational
radiation ﬁeld wave-form at “moderately” late times, when the two black holes have not
merged. They found that the asymptotic radiation ﬁeld exhibits a quadrupolar late time
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tail of the form t−2l−2 for l = 2. It will be interesting to understand how their results relate
to our analysis. We hope to report on some of these problems in our future work.
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Appendix A
Appendix for Chapter 2

A.1

Perturbation Near λ → 0

We have

√

1 − cn(2λ sinh η, 1/ 2)
z (λ, η) sinh η =
√

1 + cn(2λ sinh η, 1/ 2)
sinh2 η 5 sinh4 η 9
⇒ z(λ, η) = λ +
λ +
λ
10
120
2

(A.1)

where we have kept terms upto order λ9 . Thus we get the solution for v(η, λ) as

v(λ, η) = (−1 + cosh η)λ −

1
2
sinh4 (η/2)λ5 − ((−7 + 3 cosh η) sinh6 η/2)λ9
5
45

Using these solutions and the solutions for xi we get
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(A.2)

c(λ, η) = 1 −

sinh η4 8
λ + .........
75

(A.3)

Thus

∂c
8 sinh η4 7
λ ≤0
=−
∂λ η
75
c(0, η) = 1
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(A.4)

Appendix B
Appendix for Chapter 3

B.1

Analysis to show that Δ(n)
μν (t0 , x0 ) = 0 for all n

The j-th derivative of In,m (R) (3.46) gives
∂Rj In,m (R)

=

j−1

i=0

∂Rj−i−1



∂iR fn,m (x, R)| x=R




+

R
0

∂Rj fn,m (x, R)dx

(B.1)

where
n

n

(B.2)

= 0.

(B.3)

fn,m (x, R) = x2m (cosh R + cosh x)− 2 +1 (cosh R − cosh x) 2 +1 .
Thus from (3.48) we have
⎡ J+2
⎤
 2n+1
⎥⎥
⎢⎢⎢ J−i+2  i
2m (n)
∂ x Δ xx (t0 , x0 ) ⎢⎢⎣ ∂R
∂R fn,m (x, R)| x=R ⎥⎥⎥⎦
(2m)!
n,m
i=0

R=0

First we will show that Δ xx = 0 for even integers. For odd integers, we check it numerically below. Writing 2l for the even integer n, and simplifying a bit, we get
J+1 

(l + 1)! 2l
l=0

m

(2m)!

(2l)
J,l,m
∂2m
(R = 0) = 0,
x Δ xx (t0 , x0 )C

75

(B.4)

where




C J,l,m (R = 0) = ∂RJ−(l−1) R2m cosh1−l R sinh1+l R

R=0

.

(B.5)

Notice that we have restricted l to range from 0 to J + 1. This is because the terms with
l > J + 1 all vanish at x = R. Now, (B.4) can be written as


J,l,0
(l + 1)!2l Δ(2l)
(R = 0) = −
xx (t0 , x0 )C

l

 (l + 1)! 2l
(2l)
J,l,m
∂2m
(R = 0). (B.6)
x Δ xx (t0 , x0 )C
(2m)!
l,m0

Setting J = 0, we get
Δ(0)
xx (t0 , x0 ) = 0.

(B.7)

J = 2 gives
1 (0)
3 2 (0)
Δ(2)
xx (t0 , x0 ) = − Δ xx (t0 , x0 ) + ∂ x Δ xx (t0 , x0 ),
2
8
⇒

Δ(2)
xx (t0 , x0 ) = 0.

(B.8)

J = 4 gives
2 (2)
1 2 (2)
Δ(4)
xx (t0 , x0 ) = − Δ xx (t0 , x0 ) + ∂ x Δ xx (t0 , x0 )
9
3
5
1 (0)
− Δ xx (t0 , x0 ) + ∂2x Δ(0)
xx (t0 , x0 )
9
18
5 4 (0)
∂ Δ (t0 , x0 )
+
144 x xx
⇒

Δ(4)
xx (t0 , x0 ) = 0

(B.9)

Let’s check it for J = 2N. It is easy to see that for all l ≥ N + 1 the coeﬃcients C are zero
for all m. For l = N
C 2N,N,0 (R = 0) = [∂RN+1 (cosh1−N R sinh1+N R)]R=0
= (N + 1)!
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(B.10)

So the last non vanishing term in the l series in (B.6) with m = 0 is Δ(2N)
xx (t0 , x0 ) and with
m  0 it will be a lower order term. Now notice that this term is a linear combination of
all the lower order terms and their derivatives, which are zero. Hence Δ(2N)
xx (t0 , x0 ) is also
zero for N = 0, 1, . . . .

Numerical analysis for odd n
Consider the expansion (3.47):
 2n+1
(n)
j j
∂2m
x Δ xx (t, x0 )R C n,m (0) = 0,
(2m)!
n,m, j
where
j
Cn,m
(0) =

(B.11)


1 j
∂R In,m (R)
.
R=0
j!

We have already seen that the ﬁrst two terms in this series do not give any constraint
and that the terms with odd powers of R (i.e, odd j) impose constraints on even n. Thus
one should expect that terms with alternative powers of R (i.e, even j) should impose
constraints on odd n. Let us check the term of order R4 . Using numerics one can see that
4
(0) is zero for all n, m except for n = 1, m = 0. The relevant plots are
the coeﬃcient Cn,m

shown in ﬁgure B.1.
6
6
6
At order R6 , there are three non-zero coeﬃcients, namely, C3,0
, C1,0
, C1,1
. This implies that
(1)
(3)
2 (1)
Δ(3)
xx (t0 , x0 ) can be written in terms of Δ xx (t0 , x0 ) and ∂ x Δ xx (t0 , x0 ), and hence Δ xx (t0 , x0 ) is

also 0. Figure B.2 shows the behavior of coeﬃcients at R = 0.
At order R8 , there are several non-zero coeﬃcients which are shown in ﬁgure B.3. From
the plot, one can deduce that Δ(5) (t0 , x0 ) can be written as a linear combination of the lower
order terms and their derivatives, and hence is 0.
From this pattern, we conclude that in general the higher order coeﬃcients can be written
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in terms of lower order coeﬃcients. This means that
Δ(n)
xx (t0 , x0 ) = 0
for all n.

4
Figure B.1: Cn,m
vs R for diﬀerent values
of n and m.

6
Figure B.2: Cn,m
vs R for diﬀerent values
of n and m.

8
Figure B.3: Cn,m
vs R for diﬀerent values of n and m.
j
are non-zero as R → 0.
These ﬁgures show for a particular j what coeﬃcients Cn,m

Some numerical computations for boosted black brane:
Here we have plotted diﬀerent coeﬃcients of R4 -th and R5 -th terms in the expansion series
4
5
and Cμν
respectively.
(3.65) around R = 0. They are denoted by Cμν

Figures B.4, B.5 and B.6 show that all the coeﬃcients of R4 -th term are zero as R → 0
except when n = 1 and mt = m x = 0 which give the ﬁrst equation in (3.69) with β = 0.5.
Similarly for R5 -th term the only non-zero coeﬃcient with maximum value of n as R → 0
78

Figure B.4: C 4xx vs R for diﬀerent values
of n, mt and m x .

4
Figure B.5: Ctx
vs R for diﬀerent values
of n, mt and m x .

Figure B.6: Ctt4 vs R for diﬀerent values
of n, mt and m x .

Figure B.7: C 5xx vs R for diﬀerent values
of n, mt and m x .

5
Figure B.8: Ctx
vs R for diﬀerent values
of n, mt and m x .

Figure B.9: Ctt5 vs R for diﬀerent values
of n, mt and m x .

is n = 2 and mt = m x = 0. This can be expressed as a linear combination of the terms
with lower values of n which are already zero. These give the second equation in (3.69).
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