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Synopsis

The low energy limit of string theory is supergravity coupled to various matter fields.
These theories have black hole solutions. Black holes are solutions of Einstein’s equation
of motion with the properties that they are surrounded by a hypothetical surface - known
as event horizon- such that no object inside the event horizon can escape the black hole.
However in quantum theory black hole behaves as a black body with finite temperature
and has entropy. In the Einstein’s gravity, this entropy known as the Bekenstein-Hawking
entropy Spy is given by the expression

A
4G N

Here A is the area of the event horizon and Gy is Newton’s gravitational constant.

One of the success of string theory has been an explanation of the Bekenstein-Hawking
entropy of a class of supersymmetric extremal black hole in terms of degeneracy of mi-
croscopic quantum states (dero). These extremal black holes are special class of black
holes which have zero temperature and hence do not radiate and are usually stable. Tech-
nically extremal black holes are defined to be those whose near horizon geometries have
the form AdS; x K, where K is some compact space. The initial comparison between
Spr and Spicro(= Indpmiero) Was done in the limit of large charges. In the limit of large
charges we can work with two derivative action in full string effective action. On the
microscopic side we can use the asymptotic formula for d,,;.., for large charges instead of
having to compute it exactly. However it is clearly of interest to know if the correspon-
dence between the black hole entropy and the microscopic entropy extends beyond the
large charge limit. In order to address this problem we need to open two fronts. First
of all we need to compute the degeneracy of states of black holes to greater accuracy so
that we can compute corrections to Syicro. The other front involves understanding how
higher derivative corrections/ string loop corrections affect the black hole entropy. Wald’s
formalism gives a clear prescription for calculating the effect of tree level higher derivative
corrections on the black hole entropy, and for extremal black holes this leads to the en-
tropy function formalism. However in order to implement it we need to know the higher

(1)
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derivative terms in the action. Inclusion of quantum corrections into the computation of
black hole entropy is challenging both conceptually and technically.

My research projects are focussed on the macroscopic side.

For some extremal black holes in string theory the AdS; component of the near
horizon geometry, together with an internal circle, describes a locally AdS3 space. More
accurately the near horizon geometry of these extremal black holes correspond to that of
extremal BTZ black holes. The BTZ solution describes a rotating black hole in three di-
mensional theory of (super-)gravity with negative cosmological constant. A general three
dimensional theory of pure (super-)gravity with arbitrary higher derivative terms without
matter fields admits a field redefinition that reduces the action to the standard (super-
)Jgravity action whose gravitational part contains sum of three terms, Einstein-Hilbert
term, a cosmological constant term and the Chern-Simons term. We proved that this is
true even in presence of matter fields. After field redefinition and consistent truncation
(the scalar fields set to constant and the tensor fields set to zero) the action reduces to
standard (super-)gravity action. The parameters labelling the truncated action are the
cosmological constant and the coefficient of the Chern-Simons term. Of them the co-
efficient of the Chern-Simons term does not change under the field redefinition but the
cosmological constant term is modified and can be calculated explicitly. The corrected
central charge in the CFT at the boundary of AdSs; and hence the corrected entropy of
the BTZ black hole is determined in terms of coefficients of Chern-Simons term and the
modified cosmological constant.

Since extremal black holes have an AdSs factor in their near horizon geometry, one
expects that the underlying quantum gravity theory in this background will have a dual
description in terms of a conformal quantum mechanics (CQM) living at the boundary
of AdS;. This CQM has only ground states parameterised by the charge of the black
hole and there are no excited states. It has been conjectured that the logarithm of the
ground state degeneracy of this dual CQM in a fixed charge sector should be taken as the
definition of the quantum corrected macroscopic entropy Sp.qero Of extremal black holes.
Quantitatively this proposal states that quantum degeneracy associated with horizon
degrees of freedom of the black hole is given as the finite part of the partition function of
string theory on AdS;. The relation is given as

finite

eSmocrol® = 4(F)maere = <ea;p {—iqi]{dHAf,i)} > (2)

AdS>

Here ¢ are the charges carried by the black hole, A® are the gauge field and the
path integral is over all fields in string theory with the boundary condition that they
asymptote to near horizon geometry of the black hole containing an AdS, factor.
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We check this proposal in the case of supersymmetric extremal BTZ black hole where we
have independent definition of the entropy. The BTZ black hole is identified with states
in the dual C'F'T" living at the boundary of the AdS3;. The entropy of this black hole is
given as logarithm of degeneracy of the corresponding states in the C'F'T. In order to
compare the proposal with the above definition of entropy, one has to find the relation
between CQM dual to AdS, and the CFT dual to AdS3;. One finds that the CQM
dual to gravity in AdSs is described by the chiral half of the (141) dimensional CF'T
dual to gravity in AdS3;. In other words the states of the CQM living on the bound-
ary of AdSy are described by the Ly = 0 states of the (141) dimensional CFT living
on the boundary of AdS;3. In fact the degeneracy of the ground states of CQM carry-
ing a given charge ¢ is identified with the degeneracy of the states of the CF'T which
have Ly = 0 and Ly — Ly = q. The later states appear in the definition of entropy of the
black hole via AdS3;/CFT; correspondence. Hence the two definition of the entropy agree.

In order to compare macroscopic the quantum degeneracy computed from equa.(2)
with the microscopic degeneracy, which is known for some of the supersymmetric black
holes, one needs to perform the above path integral explicitly. However this is technically
a very difficult problem. In the next project, instead of performing the path integral,
we simplify this using the supersymmetry of the near horizon geometry. The isometry
supergroup of the near horizon geometry has a factor SU(1,1]2). Using supersymmetry
and localization techniques we showed that the path integral could receives non-vanishing
contribution only from a special class of field configurations which preserve a particular
subgroup (we call it Hy) of SU(1,1|2). We identify this subgroup and showed that path
integral around such field configuration reduces to integration over H; invariant slice pass-
ing through the field configuration. This analysis is useful for finding the saddle points,
i.e. classical string field configuration which could give non-perturbative corrections to
the quantum entropy. We also find out some examples of such field configurations.
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Chapter 1

Introduction

1.1 Black Holes In General Relativity

Black holes are fascinating area of research both in theoretical physics and observational
astrophysics. From experimental point of view it poses a challenging observational prob-
lem to find black holes in galaxies, however there are evidences of super-massive black
holes at the center of most of the galaxies. From theoretical point of view it poses a chal-
lenging problem of unifying general relativity with quantum mechanics. Thus black holes
are excellent theoretical laboratory for understanding some features of quantum gravity.
The goal of the present thesis is to explore few aspects of the quantum theory of the black
holes.

General theory of relativity, formulated by Einstein, is a classical theory of gravity accord-
ing to which the gravity is a manifestation of the curvature of space time. According to
Einstein, the gravitational field is not a new field but correspond to deviation of spacetime
geometry from that of flat space time. The geometry of a spacetime is described in terms
of metric or line element between two points.

ds* = g, dzdz” (1.1)

Here p,v = 1,..,4. The deviation of the spacetime metric from flatness, which accounts
for the physical effects usually ascribed to gravity, is determined in terms of Riemann
curvature tensor R, .. The Riemann tensor R, is given in terms of Christoffel symbols
I, as

RZ/)A = aprﬁA o a)\rﬁp + Fﬁp Z)\ - F’lﬂ:)\l—‘;p (12)
The Christoffel symbols F,’)V are given as

1
I, = 59”’ (0uGvp + 0u9up — OpGuv) (1.3)
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Furthermore the curvature of the spacetime is related to the energy-momentum tensor of
the matter in the spacetime via Einstein’s equation given as

1
Ry = 5(R = 20)g,, = =871, (1.4)

Here A and T, are cosmological constant and energy-momentum tensor of the matter
respectively'. The Ricci tensor R, and Ricci scalar R are given as
Ry, =R}, R=¢"R., (1.5)

The Einstein’s equation (1.4) is obtained as the Euler-Lagrange equation of motion from

the action 1
S = —K d4.f13’\/ —g(R - 2A) + Smatter (16)
T

Here S, 4ter 1S the matter action.

Classically black holes are solutions of Einstein’s equations with special properties. They
have a hypothetical surface - known as the event horizon - surrounding them such that
no object inside the event horizon can escape the black hole. One of the simplest black
hole solution in four dimension is the Schwarzschild solution. The Schwarzschild solution
is a static, spherically symmetric solution of vacuum Einstein equation (1.4) (with 7, =
0) which describes the geometry outside the spherically symmetric energy-momentum
distribution. The solution for mass M is given as

2M 2M\ !
ds* = — (1 — —) dt* + (1 — —) dr?® + r*dQ)? (1.7)

r T

There exist more general black hole solutions which in addition carry charge and angular
momentum. In Einstein-Maxwell theory the most general stationary black hole solution
is the Kerr-Newmann black hole, which is uniquely characterized by its mass, charge and
angular momentum.

1.2 Laws of Black Hole Mechanics

One of the most remarkable results of black hole physics is that one can derive a set of
laws, called the laws of black hole mechanics, which have the same structure as the laws
of thermodynamics.

Before stating the laws of the black hole mechanics, we first give few definitions [1, 2, 3,
4, 5].

'In this report we will put all fundamental constants, Gy ,c and & to 1.
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Null Hypersurface: Let S(z) be a smooth function of the spacetime coordinates x*
and consider a family of hypersurfaces S = constant. The vector fields normal to the
hypersurface are

() 9
L= f()g"0,5(x) 5 (1.8)
where f(z) is some arbitrary non-zero function. If [? = 0 for a particular hypersurface,
N, in the family, then N is said to be a null hypersurface.
A tangent vector field ¢ on A is one for which ¢ -1 = 0. Since for a null hypersurface N,

[-1=0,lis itself a tangent vector field i.e.

dz*(X)
d\

(¥

(1.9)

for some curve z#(\) in NV.

It is simple to prove that the curves z#()\) generated by the vector field | are geodesics.
These are called null geodesics and are the generators of the null surface N.

Killing Horizon: A null hypersurface A is a Killing horizon of a Killing vector field £ if,
on N, £ is normal to N . Then on N

§=fl)l (1.10)

for some function f(z) and [ is normal to N.
For killing horizon one defines the surface gravity k.2 as

"D, = k&, on N (1.11)

were D, is covariant derivative and k; = & - dIn|f(z)| on V.

Then by simple calculation one can show that on the killing horizon N the surface gravity
k is constant on the orbits of the killing vector field ¢ generating N

Event horizons of black holes are null hypersurfaces. In Einstein’s theory of gravity all
event horizons of stationary black holes are killing horizon. From here onwards we will as-
sume that the event horizon of a stationary asymptotic flat black hole in arbitrary higher
derivative theory of gravity is a killing horizon. This is trivially true for static black hole
since in this case there exist a time like hypersurface orthonormal killing vector field.
Let us consider the case of non-degenerate killing horizons (ks # 0). We choose a coordi-
nate on N such that 3

*=
with group parameter a as one coordinate. Consider the orbit @ = «a(\) with affine
parameter A generated by £&. Then

(1.12)

(DD
orbit — 8048>\

2In defining surface gravity we choose standard normalisation for ¢ at infinity, e.g. for time translation
killing field ¢, in asymptotic flat spacetime, we choose normalisation such that ¢ — —1 as 7 — oo.

= fl (1.13)
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Heref:g—iandl:%.

Now we have

oln|f|
=k, 1.14
S0 (1.14)
Solving this we get
f—@—ife’“sa (1.15)
T a7 '

Since there is a freedom to shift a by a constant, we can choose fy = k,. Hence we get
A = £eM + constant (1.16)

We can choose the constant to be zero. Hence when the group parameter « ranges
from —oo to +o0o, A is either > 0 or < 0. Thus ¢ generates two null surface N4 and
Np intersecting at A = 0 hypersurface 3 corresponding to fixed point of £&. The killing
horizon N which is union of two null hypersurface N4 and N3 is called bifurcate killing
horizon and ¥ (§|x = 0) is called bifurcation surface.

As it is evident, in degenerate case (ks = 0) there are no bifurcate killing horizon and
bifurcation surface.

The fact that the entropy S of a stationary black hole with bifurcate killing hori-
zon is 27 times the Noether charge associated with the horizon killing field, normalised
so as to have unit surface gravity, was first proved in [6, 7]. The expression for the en-
tropy was derived for a general, classical theory of gravity in d-dimension arising from
diffeomorphism invariant Lagrangian with arbitrary matter fields. It is given as

8—271'/2(2 (1.17)

where ¥ is the bifurcation surface where killing field ¢ = 0 and @ is Noether charge
associated with killing field € = k; €.

In 4-dimension, for a Lagrangian which does not depend on derivatives of the Riemann
tensor, the entropy is given by

S =2 / a—ﬁgwapg\/ﬁdA (1.18)
s ORyupo

where " is binormal® of X.
As an example, consider a 4-dimensional theory described by Lagrangian £ = —16%TR.
We consider a static and spherically symmetric metric of the form

ds? = —eXdt? + 20 (dr? 4 12d02) (1.19)

3In general expression for the Noether charge one of the binormal arises through the relation D& =
kg€, on the bifurcation surface 3.
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For this metric the binormal takes the form e;, = —e,; = 9/ We also have
oL 1
81—y = 584 e = —(e0) g9 = 1 (1.20)
uvpo

And the entropy is
27 A
S=— hdQ) = — 1.21
8T /Z vh 4 ( )

where A is the area of the event horizon at r = 0.
Now consider a stationary rotating black hole with bifurcate killing horizon. Let the
killing field which vanishes on the bifurcation surface be

£ =&+ Q8 (1.22)

where & and ¢, are timelike and axial killing field respectively. Then the surface charges
associated with these killing field at asymptotic infinity are the mass (M) and the angular
momentum (J) of the black hole and their expression in terms of killing field are similar
to Komar’s formula of mass and angular momentum.

We shall now state the laws of black hole mechanics [8, 9, 10, 3].

Zeroth Law: The zeroth law states that the surface gravity ks of a stationary black hole
is constant over the event horizon,

ks = constant (1.23)

First Law: The first law, in general theory of gravity, states* that if one considers two
infinitesimally close stationary rotating black hole solutions then the change M of the
mass is related to change of entropy, 65 and of the angular momentum, §.J via:

oM = E(55’ +QoJ (1.24)
21

Here Q, defined via (1.22), is the angular velocity at the horizon. Second Law: If T},
satisfies the weak energy condition and assuming that the cosmic censorship conjecture
is true then the total area of the event horizon of black holes in a non-stationary process
(e.g. collisions and fusion of black holes) in an asymptotically flat spacetime is a non-
decreasing function of time.

The weak energy condition means that 7}, u*u” > 0 at any point in spacetime for any
time like vector field u*. The cosmic censorship conjecture states that naked singularities
can not form from a gravitational collapse in an asymptotically flat spacetime which was
non singular on some initial spacelike hypersurface.

The zeroth law of the black hole mechanics resembles the zeroth law of thermodynamics,

4In Einstein’s theory of gravity it takes the form 6 M = %614 + Q4J, where A is the area of the event
horizon.
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which says that the temperature is constant in a thermodynamic equilibrium. The first
law of black hole mechanics resembles the energy conservation and the second law resem-
bles the thermodynamic law that the entropy in a given non-equilibrium process always
increases. These resemblance led one to think that black hole has temperature and ther-
modynamic entropy which is proportional to surface gravity and area of the event horizon.
However the black hole laws are a priori not linked to thermodynamics in any obvious
way because they are derived using geometrical properties of event horizons and general
covariance. The most obvious reason for not believing in a thermodynamic content is
that a classical black hole is just black. It cannot radiate and therefore one should assign
temperature zero to it, so that the interpretation of the surface gravity as temperature
has no physical content.

This changes dramatically when taking into account quantum effects [11]. One can analyse
black holes in the context of quantum field theory in curved backgrounds, where matter is
described by quantum field theory while gravity enters as a classical background. In this
framework it was discovered that black holes can emit radiation, called Hawking radiation,
and the spectrum is Planckian with a temperature, the so-called Hawking temperature,
which is indeed proportional to the surface gravity,

ks

Ty =—
" 2

(1.25)
This motivates one to take the laws of the black hole mechanics and the relation between
area of the event horizon and the thermodynamic entropy more seriously. In fact one now
interprets the laws of black hole mechanics as the laws of black hole thermodynamics.
The universal expression for the thermodynamic entropy of the stationary black hole in
Einstein’s theory of gravity, which we also got in (1.21), is called Bekenstein-Hawking

entropy.
A

Sy = 1 (1.26)
However in general theory of gravity with arbitrary higher derivative terms, the expression
for the entropy deviates from the Bekenstein-Hawking area law. The entropy also deviate

from the area law when we take into account the quantum gravity effects.

1.3 Black Holes in String Theory

String theory is a quantum theory of relativistic strings. The low energy limit of string
theory gives rise to (super-)gravity coupled to other fields. As a result these theories
typically have black hole solutions®. At present the string theory is the most prominent
candidate for a quantum theory of gravity. Thus it is natural to expect that the string
theory is a framework for studying classical and quantum properties of black holes.

°For nice review on the black holes in string theory look at [12, 13].
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In most physical system the thermodynamic entropy has a statistical description in term
of microstates which correspond to same macrostate. Thus one can ask: in string theory
can we understand the thermodynamic entropy (1.26) from statistical viewpoint i.e. as
logarithm of the number of quantum states associated with the black hole? Although
one does not yet have a complete answer to this question, for a special class of black
holes in string theory, known as extremal black holes, this question has been answered
in the affirmative. These black holes have zero temperature and hence do not Hawking
radiate and are usually stable. Technically an extremal black hole is one which has near
horizon geometry of the form AdS; x K, for some compact space K. Often, but not
always, extremal black holes are also invariant under certain number of supersymmetry
transformations. In that case they are called BPS black holes. In string theory the BPS
black holes can be realised in terms of various configuration of solitonic objects like D-
branes, fundamental strings etc. The charges carried by the black hole are realised in terms
of quantum numbers, like number of D-brane, Kaluza-Klein momenta, winding number
etc, carried by the configuration of solitonic objects. This in turn allows us to calculate
the degeneracy of such states at weak coupling where gravitational back reaction of the
system can be ignored. Supersymmetry allows us to continue the result to strong coupling
where gravitational backreaction becomes important and the system can be described as
a black hole. In string theory one finds that for a wide class of extremal BPS black holes
we have, in the limit large charges

Ser(Q) = Spicro(Q) (1.27)

where Syicro 18 defined as

Smicro(Q) = In dmicro(Q) (128)
where dyiero(Q) is the degeneracy of BPS states in the theory carrying same set of charges
Q.
The initial comparison between Spy and S, Was carried out in the limit of large
charges. Typically in this limit the horizon size is large so that the curvature and other
field strengths at the horizon are small and hence we can calculate the entropy via (1.26)
without worrying about the higher derivative corrections to the effective action of string
theory. In this limit, S, also get simplified and often it is given in terms of the
degeneracy of a state in (14 1) dimensional CFT with the spatial coordinate compactified
on a circle [14, 15]. In this case the BPS black hole with large charges corresponds to
state in the CFT with large Lo(or L) eigenvalue hy (or hg) and zero Lo(or Ly) eigenvalue.
The degeneracy of such states (e.g. for hg = 0 case) are given in terms of Cardy formula

CL]’LL
6

dmicro = 633'29[271' ] (129)

where ¢y, is the left moving central charge.
One of the success of the string theory is that these two completely different computa-
tions, -one for Spy(Q) from gravity side and the other for S,;c.o(Q) from CFT side,- give
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the same answer. Given this success, it is natural to carry out this comparison to finer
details. When we move away from the large charge limit, the curvature and other field
strengths at the horizon are no longer negligible. In string theory one finds that the low
energy effective action contains higher curvature terms. In fact at tree level it contains an
Einstein-Hilbert term together with an infinite series of higher curvature terms that are
suppressed by powers of o/, so that they are subleading at low energy. Thus, string theory
deviates from Einstein gravity already at the classical level. On top of these terms the
effective action also gets contribution from string loop corrections which involves powers
of string coupling gs. For a large but finite size black hole we expect the effect of these cor-
rections at the horizon will be small but non-zero, giving rise to small modifications of the
black hole entropy. On the other hand for finite but large charges the statistical entropy
computed from the Cardy formula will also receive corrections which are suppressed by
inverse powers of charges. Thus it would be natural to ask: Does the agreement between
Spr(Q) and Spiqo(Q) continue to hold even after taking into account the effects of higher
derivative corrections on the black hole side, and deviation from the Cardy formula on
the statistical side?

In order to address this problem we need to open two fronts. First of all we need to
compute the degeneracy of states of black holes to greater accuracy so that we can com-
pute corrections to Syicro given in (1.28). Conceptually this is a straightforward problem
since dpero 18 @ well defined number, especially in the case of BPS extremal black holes,
since the BPS property gives a clean separation between the spectrum of BPS and non-
BPS states. Technically, counting of d,,;., is a challenging problem, although this has
now been achieved for a class of black holes in N = 4 supersymmetric string theories
[16, 17, 18]. Significant progress has also been made for half BPS black holes in a class
of N = 2 supersymmetric string theories [19]. The other front involves understanding
how higher derivative corrections / string loop corrections affect the black hole entropy.
Wald’s formalism [6, 7] gives a clear prescription for calculating the effect of tree level
higher derivative corrections on the black hole entropy, and for extremal black holes this
leads to the entropy function formalism. Thus here there is no conceptual problem, but in
order to implement it we need to know the higher derivative terms in the action. Inclusion
of quantum corrections into the computation of black hole entropy is more challenging
both conceptually and technically.

1.4 AdS/CFT Correspondence

According to [20, 21, 22| string theory on AdS4,; times a compact space is dual to a d
dimensional conformal field theory (C'F'T) living on the boundary of AdSy.;. According
to this correspondence, in the approximation where the bulk fields are treated classically,
the boundary fields parameterizing the boundary conditions of the bulk fields are identified
with the source for the dual operators and the classical supergravity partition function
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acts as a generating function for the correlation function of the dual operator in the
boundary C'FT.

In the present thesis we will concentrate on d = 1 and 2 case. The d = 1 case will be
dealt in detail in the next section. For d = 2 the AdS/CFT correspondence implies an
equivalence between string theory on AdSs; and C'F'T; living at the boundary of AdSs.
AdSj3 is a homogeneous space of constant negative curvature and it’s isometry group is
SL(2,C) = SL(2,R) x SL(2,R). In fact a long time ago Brown and Henneaux [23] made
a remarkable observation that the asymptotic symmetry group of AdSs is generated by
two copies of Virasoro algebra (whose global part is SL(2,R) x SL(2,R)) and therefore
the states in the Hilbert space of quantum theory of gravity on AdS3 must be in the
representation of these Virasoro algebra and hence it must be a conformal field theory.
They also computed the value of the central charge as ¢, = cg = % where A is the

cosmological constant. The vacuum of this CFT with Ly = Ly = 0 correspond to empty
AdSs5 and is invariant under only global part of the Virasoro algebra.

In three dimension the Weyl tensor vanishes and hence Riemann tensor can be expressed
in terms of metric, Ricci tensor and Ricci scalar. As a result in case of pure gravity there
are no gravitational waves (however it becomes nontrivial in presence of matter fields
and higher derivative terms) but there are a black hole solutions, discovered by Banados,
Teitelboim, and Zanelli [24]. BTZ solution describe a rotating black hole solution and
often appears as a factor in the near horizon geometry of higher dimensional black holes
in string theory. For some extremal black holes in string theory the AdSs component of
the near horizon geometry together with the an internal circle describes a locally AdS3
space. Specifically the near horizon geometry of these extremal black hole correspond to
that of extremal BTZ black hole. BTZ black hole corresponds to states in the C'F'T and
has non zero Ly and Ly which is determined in terms it’s mass and angular momentum.
The degeneracy of such states with large Ly and Ly is given in terms of cardy formula
and hence one can compute the entropy of such black hole.

1.5 Quantum Entropy of Extremal Black Hole

Wald’s formula [6, 7] computes the entropy of a non-extremal black hole in a classical
theory of gravity with arbitrary higher derivative terms coupled to arbitrary set of matter
fields. It gives entropy in terms of field configurations near the horizon of the black
hole. For extremal black holes, defined as the limit of a non-extremal black holes, Wald’s
formula reduces to a simple algorithm known as the entropy function formalism. We shall
review this formalism below. Since the main ingredient of this analysis is the appearance
of an AdS, factor in the near horizon geometry of extremal black holes, we shall begin by
describing the origin of AdS, factor.
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As an example consider a (3 + 1)-dim. Reissner-Nordstrom black hole. It is given by
d 2
P -
(1—a/p)(1—0/p)
Here (7, p, 0, ¢) are the coordinates of space-time and a and b (a > b) are two parameters
labelling the position of the outer and inner horizon of the black hole respectively.

The extremal limit corresponds to b — a. We take this limit keeping the coordinates 6, ¢
and

ds* = —(1—a/p)(1 —b/p)dr* + p?(d6* + sin® 0dp*) (1.30)

r=2(p= ) fla-t). = (-t (131)
fixed.

In this limit the metric takes the form

2
ds* = a* <—(r2 —1)dt* + . 1) + a*(df* + sin® 0dp*) (1.32)

r2

This is the metric of AdS, x S?, with AdS, labelled by (r,t) and S? labelled by (0, ¢).
As we mentioned, all known extremal black hole solutions have an AdS, factor in their
near horizon geometry; furthermore the other near horizon field configurations remain
invariant under the SO(2,1) isometry of AdS, . We shall take this as the definition of
extremal black hole even in presence of higher derivative terms.

One can give a uniform treatment of all such extremal black holes by regarding the angular
directions as part of compact coordinates. Thus we have an effective two dimensional
theory of gravity coupled to (infinite number of) other fields obtained by compactifying
the fundamental theory on the compact directions. Among them of particular importance
are the set of massless fields like abelian gauge fields AM and a set of neutral scalar fields
¢s. Let Ly be the classical Lagrangian density and A be the classical action describing
the dynamics of these massless fields

gy {AD}, {6,}] = / P/ 5L (1.33)

The most general near horizon geometry consistent with the SO(2,1) isometries of AdS,
is given by
dr?

r2 —

ds* =wv (—(T2 — 1)dt* + 1) . FD=¢ ¢, =u, (1.34)
where F,SQ = 8uA£i) - GVA,(f) are the gauge field strengths , v, {e'} and {u,} are constants.
Note that there are no parameter explicitly labelling the magnetic charges; they are
encoded in the component of the gauge field strengths along the compact directions and
appear as the parameters labelling the two dimensional theory. Let us denote by f(u, v, €)
the Lagrangian density /—gL, evaluated for the near horizon geometry (1.34)

fid, v, €) = V/=gLo = vLo (1.35)
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Then the classical black hole entropy is given by

Spy = 2m(e'q — f(i,v,€)) (1.36)

evaluated at

of of of
Oug 0 ov 0, EEA (1.37)
The function 27 (e'q; — f(u,v,€)) is called the classical entropy function.

We now make an analytic continuation of the solution (1.34) by defining a new
coordinate
t = —if, r = coshn (1.38)

In these coordinates the solution (1.34) takes the form
ds® = v(dn? + sinh® nd6?), ¢y = u,, an = ie’ sinh 7 (1.39)

Also the action (1.33) becomes

A= —i/dndé’\/gE/Jo (1.40)

In this coordinate the AdS, is a disk with boundary at n = oo. We can regulate the
volume of the AdS; by putting an upper cut-off 1,,,, on . The metric in non-singular at
the origin n = 0 if we choose # to have period 2. ‘

Integrating the field strength we can get the form of the gauge field (in Aﬁ,” = 0 gauge)

A((f) = —ie'(coshn — 1) (1.41)

The (—1)-factor inside the parenthesis is required in order to make the gauge field non-
singular at the origin n = 0.

We can formally define the partition function of string theory in this background (1.39)
as the path integral over all the string fields. In order to properly define this path integral
we need to fix the boundary condition on various fields at 7 = M - Special care is
needed to fix the boundary condition on the gauge fields. In AdS;,; for general d the
classical Maxwell equations for a gauge field near the boundary has two independent
solutions. One of these represent the constant mode of the asymptotic gauge field and
the other one measures the asymptotic electric field or equivalently the charge carried
by the solution. Requiring the absence of singularity in the interior of AdSy,; gives a
relation between the two coefficients. Thus in defining the path integral over AdSy,, we
fix one of the coefficients and allow the other one to fluctuate. For d > 3 the constant
mode of the gauge field is dominant near the boundary; hence it is natural to fix this
and allow the mode measuring the charge to be determined dynamically in the classical
limit and to fluctuate in the full quantum theory. However for d = 1 the mode that
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measures charge is the dominant one near the boundary; thus it is more natural to think
of this as a parameter of the boundary C'F'T and let the constant mode of the gauge
field be determined dynamically. This can be seen for example in (1.41) where the term
proportional to coshn measures the charge and the constant term in the expression for
the gauge field is determined in terms of the electric field by requiring the gauge fields to
be non-singular at the origin. Thus a more natural definition of the partition function on
AdS, will be to fix the coefficient of the linear term in cosh n and allow the constant term
to fluctuate. In general this is achieved by requiring that[25]

— ig;, (1.42)

Here Apyy, is the bulk part of the action A and r = cosh 7. In this case under infinitesimal
variation of the gauge field component Ag) we have

§ Ay, = (e.0.m) + iq; f{ o5 ALY (1.43)

In order to cancel this boundary term, we need to add a boundary term —ig; ¢ dQAéi) into
the action iA. Similarly boundary conditions on the other fields are fixed in the standard
manner, e.g. in the g,, = v, gg, = 0 gauge we freeze the mode of ggg, proportional to e
near the boundary, to § and allow the mode independent of i to fluctuate. Appropriate
boundary terms must be added to the action so that the variation of the action under
arbitrary variation of the various fields, subject to the boundary conditions, vanishes when
equations of motion are satisfied. With these suitable boundary conditions we introduce

the quantity
Zads, = <exp [—z’qi]{dQ Aéi)]> (1.44)
AdS>

where <> 445, denotes the unnormalised path integral over various fields on AdS; with
weight factor e, Let us evaluate the partition function (1.44) in the classical limit.
On-shell the bulk part of the action is given by

Nmax
Apue = —z'/dnd@x/gEEO = —2772'1)/ dnsinhnL
0
= —2miv(cosh Nmee — 1)Ly = i(cosh Npmee — 1)(Spr — 2me’q;) (1.45)
Here we have used (1.36). This is however not the complete contribution to A ; we can

get additional contribution from the boundary terms at n = 19,,4,. To determine the form
of the boundary contribution, we make a change of coordinates

~ 1
7 = Nmaz — 1, 0= Eenmaze (1.46)
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In this coordinate the boundary has period
B = metmae (1.47)
Furthermore the metric and the gauge field strengths near the boundary take the form

ds?* = v[di? + e 21d6%] + O(372)
Flg=ic'e™ +O(67%) (1.48)

And the Wilson loop at the boundary becomes
—igi 7{ dIAY = 2melq; — Belqi + O(37) (1.49)

Now the boundary term in the action is given by some local expression constructed from
the metric, the gauge field strength and their derivatives integrated along the boundary.
Due to translation symmetry along 0, the integration along the boundary gives a factor of
(3 multiplying the integrand. On the other hand the form of the solution given in (1.48)
shows that the integrand is given by a (-independent term plus a contribution of order
372 . Thus up to correction terms of order 37! , the boundary contribution must be
proportional to the length 3 of the boundary circle. Together with (1.45), the complete
classical partition function (1.44) is

Zaas, = exp[Seu + BK(q) + O(371)] (1.50)

Since the term K (g) contains the boundary terms and hence ambiguous but unambiguous
and the finite part of the partition function is given by

Zhs, = e (1.51)

Thus in the classical limit the finite part of the partition function (1.44) reduces to expo-
nential of Wald entropy.

In full quantum theory we hope to represent the effect of this path integral by a modifi-
cation of the original Lagrangian density to an appropriate effective Lagrangian density.
In flat spacetime the one particle irreducible action is non-local and hence causes an ob-
struction to express the action as an integral over a local Lagrangian density. However
the situation in AdS; background is better since the non vanishing curvature of AdSs
puts a natural infrared cut-off. Thus the quantum Za4g, is expected to be given by an
expression similar to (1.50) but with quantum corrected entropy (determined in terms of
effective Lagrangian density).

We will now give an interpretation of the entropy Spy appearing in (1.50) in terms of an
appropriate conformal quantum mechanics living at the boundary of AdS,. Since Z44g, is
the partition function of the theory on AdSs,, according to AdS/CFT correspondence|20,
21, 22] one expects this to be the partition function of the dual quantum mechanics living
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at the boundary n = n,,4,. Thus if H denotes the Hamiltonian generating 6 transla-
tion in the dual quantum mechanics living at n = 7,4, then, according to AdS/CFT
correspondence,

ZAdSQ =1Tr (e_ﬂH) (152)

In the 7,4 — 00 which corresponds to f — oo limit, the right hand side of (1.52) will
get dominant contribution from the ground state. If d(q) is the degeneracy of the ground
states, then in this limit we get

Zaas, = e~ d(q) (1.53)

Here F is the ground state energy.
Comparing with (1.50) and identifying F = —K(q).

) finite
d(q) = 51 = <eXp {—iqifdﬁ Aél)}> : (1.54)

AdS>

The right hand side of (1.54) is called quantum entropy function.

In case of supersymmetric extremal black hole one expects to make a precise compar-
ison between macroscopic and microscopic entropy. Let dy,iero(q) denotes the degeneracy
of the BPS microstates carrying total charge ¢ in string theory. Then on general grounds
one expects the following relation between d,,;0(¢) and the macroscopic quantities asso-
ciated with the black hole:

dmicro(cf) = dmacro((D (155)

where

dmacro((jj = Z Z {H dhor((ﬁ)} dhair(q_)hair; {CTZ})? (156)

14i}dhair
Yieq @G+ anair=9

The n-th term on the right hand side of (1.56) represents the contribution to the degen-
eracy from n-centered black hole configuration and dpgir(Ghair; {@;}) is the degeneracy of
the hair degrees of freedom [26]. dp.-(;) is the degeneracy associated with the horizon
degrees of freedom given by (1.54).

One issue which will be not dealt here in detail but need to mention is related to infrared
divergence and it’s regularisation. In proving that the quantum entropy function (1.54) in
classical limit reduces to exponential of Wald entropy we have used, in order to regularise
the infrared divergence arises because of infinite volume of AdSs, a specific infrared cutoff
in which we put 7 = 94,. However in [25] it was shown that the right hand side of (1.54)
is insensitive to any choice of infrared cutoff in full quantum theory.
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1.6 Plan of the report

This thesis is divided into two parts. In the first part we describe the field redefinition and
consistent truncation in general three dimensional theory of (super-)gravity and compute
the classical correction to BTZ black hole entropy. In the second part we describe the
quantum correction to entropy of extremal black hole. The plan of the chapters are as
follows:

As we mentioned for some extremal black hole the near horizon geometry correspond to
that of extremal BTZ black hole. The entropy of the BTZ black hole are given in terms
of central charges. In chapter 2 we describe field redefinition and consistent truncation in
three dimensional general higher derivative theory of (super-)gravity coupled to arbitrary
set of matter fields. After field redefinition and consistent truncation the action reduces
to standard (super-)gravity action which is sum of three terms, Einstein-Hilbert term,
a cosmological constant term and the Chern-Simons term. We describe the procedure
of computing the parameters of the final truncated theory. We apply these procedure
in case of 3-dimensional theory obtained by dimensional reduction of 5-dimensional four
derivative theory of N' = 2 supergravity. We then compute cosmological constant and
the central charges of the boundary CFT which will give higher derivative correction to
entropy of the BTZ black hole .

In chapter 3 we describe a check of quantum entropy function proposal. We consider
extremal supersymmetric charged BTZ black hole in 3-dimension for which there exist
independent definition of entropy based on AdSs/CFT, correspondence. We compare
this definition of entropy with that of quantum entropy function proposal. We will show
that these two different definition of entropy agrees.

In chapter 4 we tried to find the field configuration which could give non vanishing contri-
bution to quantum entropy function. Using supersymmetry and localization techniques
we show that the path integral could receive non-vanishing contribution only from a spe-
cial class of field configurations which preserve a particular subgroup (we call it H;) of
SU(1,1]|2). We identify this subgroup and showed that path integral around such field
configuration reduces to integration over H; invariant slice passing through the field con-
figuration. This analysis is useful to find the saddle points, i.e. classical string field
configuration which could give non-perturbative corrections to the quantum entropy. We
also find out some examples of such field configurations.
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Chapter 2

Consistent truncation to three
dimensional (super-)gravity

2.1 Introduction

Three dimensional (super-)gravity with negative cosmological constant has played an im-
portant role in the study of black holes in string theory. At first sight classical three
dimensional theory of gravity described by Einstein-Hilbert action with negative cosmo-
logical constant seems to be trivial. The reason is that in three dimension, gravity does
not have any physical degree of freedom and hence there are no gravitational waves and
any two solution is locally equivalent to AdSs [27]. However in three dimension there are
black hole solutions, discovered by Banados, Teitelboim, and Zanelli [24], which make it a
much more exciting problem and worth to study. BTZ solution describe a rotating black
hole solution and often appears as a factor in the near horizon geometry of higher dimen-
sional black holes in string theory. For some extremal black holes in string theory the
AdS,; component of the near horizon geometry together with an internal circle describes
a locally AdS5 space. More specifically the near horizon geometry of these extremal black
holes correspond to that of extremal BTZ black hole [15]. For this reason BTZ solution
has provided us with a useful tool for relating black hole entropy to the degeneracy of
microstates of the black hole, both in three dimensional theory of gravity and also in
string theory [28, 15].
A general BTZ black hole in general higher derivative theory of gravity with scalar cur-
vature —6/1% is given by the metric
(P> =rP)* =p) 1?p 2 2 P+P— 5.\2

2p? TH =R ey 2
where 7 denotes the time coordinate, p is the radial variable, ¢ is the azimuthal angle
with period 27m. pi(py > p_) are the parameters labelling the black hole solutions and

ds* = —

21
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are related to mass M and angular momentum J of the black hole but the precise relation
requires the knowledge of all the higher derivative terms in the Lagrangian. The Wald
entropy of the BTZ black hole in this theory is given by

leph h
Spy =27 CL6L+27T CR6R (2.2)

where hp ' are related to M and J by

IM+J IM—J

h
L 9 ) 9

(2.3)

Computation of ¢y, p requires the knowledge of full Lagrangian and hence it encodes cor-
rection to the entropy due to higher derivative terms.

The theories relevant for string theory however are not theories of pure gravity but (super-
)gravity coupled to other matter fields containing higher derivative terms. In the absence
of other matter fields the higher derivative terms in the action can be removed by field
redefinition and the action may be reduced to the standard (super-)gravity action whose
gravitational part contains a sum of three terms, -the Einstein-Hilbert term, a cosmologi-
cal constant term and the Chern-Simons term [29, 27]. An argument based on AdS/CFT
correspondence suggests that even when matter fields are present one can carry out a con-
sistent truncation of the theory where only (super-)gravity is present, and action is again
that of standard (super-)gravity whose gravitational sector is given by the sum of three
terms[30]. The main ingredient of this argument was that in the dual two dimensional
(super-)conformal field theory living at the boundary of AdS; any correlation function
with one matter field and arbitrary number of (super-)stress tensor vanishes, and further-
more the correlation functions of the (super-)stress tensor are determined completely in
terms of the central charge and are independent of the matter content of the theory. In
this chapter we describe the consistent truncation procedure directly in the bulk theory
without any reference to AdS/CFT correspondence. Although our analysis is classical,
it can in principle be applied to the full quantum effective action. In our analysis we
shall have to assume that the initial action is local, 1.e is given by an integral of a local
Lagrangian density that admits a derivative expansion. Since in general the full quantum
effective action can contain non-local terms, our analysis will not be directly applicable
on these terms. In contrast the argument based on AdS/CFT correspondence works for
the full quantum corrected effective action. After consistent truncation and field redef-
inition that brings the action to the standard form, the parameters labelling the action
are the cosmological constant and the coefficient of the Chern-Simons term. Of them
the Chern-Simons term does not change under the field redefinition required to bring the
action to the standard form but the cosmological constant term is modified. The central
charges ¢y, r are determined in terms of renormalised cosmological constant term and the

'hr and hg correspond to the eigen value of Ly — 2—04 and Lo — i respectively.
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coefficient of the Chern-Simons term. Since the Wald entropy does not change under field
redefinition, the central charges ¢z r will contain the complete correction to Wald entropy
due to higher derivative terms.

The rest of the chapter are organised as follows. In §2.2 and §2.4 we will describe the field
redefinition of supergravity fields (metric, gauge fields and gravitino)and consistent trun-
cation (setting scalars to constant and tensor fields in matter multiplet to zero) which
reduce the action to standard leading supergravity action. As mentioned above under
field redefinition the cosmological constant get renormalised. In §2.3 we describe simple
procedure for finding the exact A(¢) which at extremum gives exact cosmological con-
stant. In §2.5 we apply these procedure to three dimension (0,4) supergravity obtained by
dimensionally reducing on S? the five dimensional supergravity with curvature squared
term coupled to a set of vector multiplets and determine the exact central charge of the
boundary CFT.

2.2 Field redefinition of the bosonic fields

In this section we shall describe how the bosonic part of a (super-)gravity action coupled
to matter fields and containing higher derivative terms can be brought into the form of
a standard supergravity action via field redefinition and consistent truncation. We begin
with a three dimensional general coordinate invariant theory of gravity coupled to an
arbitrary set of matter fields. We denote by g,,, the metric, by ¢ the set of all the scalar
fields, by ¥ the set of all other tensor fields, by R,, the Ricci tensor associated with the
metric g, and by R the scalar curvature. At the level of two derivative terms, the action
takes the form:

SO + Smatter ) (21)

where

S= [ dry=g R+ Ma(o)) (2:2)

and Sy,uer denotes the kinetic term for the matter fields. —Ag(¢) represents the scalar
field potential. We have already carried out an appropriate redefinition of the metric to
remove a possible ¢ dependent function multiplying R in the Einstein-Hilbert term. If
Ao(¢) has an extremum at ¢ = ¢y then this theory has a solution where ¢ is set equal
to ¢p, all other tensor fields are set to zero, and the metric is given by that of an AdS;
space of size lo = 1/2/MNo(¢o) for Ag(dg) > 0 and a dSs space of size [y = 1/—2/Ag(ey) for
Ao(¢o) < 0. In this case Ag(¢g) corresponds to the negative of the cosmological constant.
We shall now consider the effect of adding higher derivative terms. For this we shall
assume that these terms are small compared to the leading term, in the sense that the
length parameter [; that controls these terms is small compared to the length scale [
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over which the leading order solution varies?>. We shall also assume that we can associate
with each higher derivative term in the Lagrangian density an index n that counts how
many powers of [, accompanies this term compared to the leading term. For example if
the three dimensional theory is obtained via a dimensional reduction of type IIB string
theory on K3 x S! x 8% x AdS; with K3 and S! having size of the order of string scale
and S? and AdS; having large size, then o/ corrections as well as corrections coming
from integrating out the heavy modes associated with K3 x S! compactification will have
index n > 0, whereas all the terms associated with compactification of supergravity on
S? x AdS; - including the ones involving massive Kaluza-Klein modes - will have index
0. An efficient way to keep track of the derivative expansion is to introduce a derivative
counting parameter A and accompany a term of index n by a factor of A\”. We shall carry
out our analysis in a power series expansion in A even though at the end we shall set
A=1.

Since in three dimension the Riemann tensor R, ,, can be expressed in terms of the
Ricci tensor, all the higher derivative terms can be expressed in terms of the Ricci tensor,
its covariant derivatives and covariant derivatives of the matter fields. We shall now
reorganize these terms as follows. We first note that under g,, — g + 09,

So — Sy — /dgx\/—gP“”égW + 0(6¢%) , (2.3)
where .
P =R — §(R + AO(Cb))g;W' (2.4)
Defining
1 3

(2.4) can be rewritten as

R#u = le - (P + AO(¢)>9}W . (26)

We now eliminate the variables R, R and their covariant derivatives in higher derivative
terms by P,,, P and their covariant derivatives.
In this convention the most general action takes the form:?

S =S+ ASes 4 Simatter + A" S, . (2.7)

20ften the three dimensional theory is obtained from dimensional reduction of a higher dimensional
theory on a compact space of size of order [y. In this case if we integrate out the Kaluza-Klein modes we
shall generate higher derivative terms which are not suppressed by powers of [;. To avoid this situation
we include all the Kaluza-Klein modes in the set 3 without integrating them out.

3During the process of replacing R,,, by the right hand side of (2.6) we may generate some terms of the
form [ d*z\/=gf(¢). Since these cannot be absorbed into Spmatter O Sy, we need to absorb them into the
scalar field potential Ag(¢) appearing inside Sy. Thus Ag(¢) needs to be determined in a self-consistent
manner. To any order in power series expansion in A this can be done using an iterative procedure.
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So is given in (2.2). A S, is the gravitational Chern-Simons term

Ses = K / BzQT),  QO(T) = e %r;aa,,rgT + %F;UP;P;T (2.8)
where K is a constant and I'} ) denotes the Christoffel symbol. Note that we have included
a factor of X\ in S, since in string theory the gravitational Chern-Simons term typically
arises from o’ corrections. Smatter denotes the matter terms (including the standard kinetic
terms) which are quadratic and higher order in ¥, derivatives of ¥ and derivatives of ¢.
A"S,, denotes all other terms, 1.e. manifestly general coordinate invariant terms up to
linear order in 3, d,¢ and their derivatives, but not terms of the form [ d*z\/=gRf(¢)
since they can be included in Sy. Most general higher derivative terms in the action will
have the form given in (2.7) with n = 1 but for later use we have allowed for the fact
that the higher derivative terms which cannot be included in S, gmatter or A\S.; may
actually begin their expansion at order \". It is easy to see that S, must contain at least
one power of P,,, since the P, independent terms which do not involve X, d,¢ or their
derivatives can be absorbed into A¢(¢) and P,, independent terms which are linear in ¥,
0,¢ or their derivatives either vanish or become quadratic in ¥, 0,¢ or their derivatives

after integration by parts and hence may be included in gmatter. 4 Thus S,, has the form

S, = / /=g P K, (6,2, V 9y Gpos Pooy A) - (2.9)

where K, is some combination of matter fields, P,, and their covariant derivatives, and
can contain non-negative powers of A. Now consider a redefinition of the metric of the
form

G — Guv + A" K, (2.10)
Under this
So — So — /\"/d?’x\/—g P"K,, + O(>\2”) =Sy —\"S,, + O(/\2") , (2.11)
S — Ses + O(NTYY) (2.12)
and
AVS, — A S, + O()\Q") ) (2.13)
Thus
So+AS. +A'S, — Sp+ ASes + O()\"+1) ) (2.14)

“In case where a symmetric rank 2 tensor A, has a coupling proportional to v/—g f1(¢) g"* A4, or an
antisymmetric rank three tensor C,,,, has a coupling proportional to fa(¢) €**?C,,,,. We express A, as
Agu, + Aj,, with A= g A, /3, and A, a traceless symmetric matrix, and C,, as C(y/=g)€un, with
C = (v/=g) te"*C,,,/6, and treating A and C as scalar fields. In this case these terms can be included

in the scalar field potential Ag(¢) appearing in Sp.
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Furthermore §matter remains quadratic in 3, d,¢ or their derivatives under this field
redefinition. The order A"*! term on the right hand side of (2.14) can now be regrouped
into a term of the form /=g f(¢) that can be absorbed into a redefinition of Ay(¢), a
term quadratic in ¥ and d¢ that can be absorbed into §matter(¢) and a term containing
at least one power in P,,. Thus the resulting action may be expressed as:

S =8+ ASes+ S o + NS (2.15)
where
Sy = [ dav=g R+ 5(0)). (216)
S/ e cONtains terms which are quadratic and higher order in ¥ and derivatives of ¢, ¥
and

Sn-‘rl = /dgx\/ _gPMVK;,u/(qbaZ7vpvgp07PpU7)‘) (217)

for some Kj,. Thus the new action has the same form as our starting action with n
replaced by n + 1. Repeating this process we can ensure that to any fixed order in an
expansion in A, the action can be brought to the form:

5= / P2/ =G(R + A(G)) + ASes + Somatter (2.18)

for some choice of A(¢) and S, attor-

Now suppose A(¢) has an extremum at ¢ = ¢o. Introducing new fields & = ¢ — ¢g
we may express the action as

S = /d?’x\/—_g(R + A(¢o)) + ASes + -+ -, (2.19)

where - -- contain terms which are at least quadratic in &, ¥ and their covariant deriva-
tives. We can now carry out a consistent truncation of the theory by setting ¢ =0, X = 0.
This leaves us with a purely gravitational action with Einstein-Hilbert term, cosmological
constant term and Chern-Simons term.

If the theory contains a 2-form field B with gauge invariance B — B + dA then we can
consider a slightly more general truncation where instead of setting B to zero we set it
to have a constant field strength C'\/—g €, for some constant C'. Let B denote the fluc-
tuation around this fixed background. Since C'v/—ge€,, is a general coordinate invariant
tensor, and since the Lagrangian density depends on B only through the combination
(dB)wp = C\/—g €up + (dB)up, it depends on (dB),,, in a manifestly general coordi-
nate invariant fashion. We can then proceed with our analysis as before, including B in
the list of tensor fields 3.

If instead of considering a theory of gravity we consider (extended) supergravity theories,



2.3. ALGORITHM FOR DETERMINING A(¢) 27

then the theory contains additional fields. In particular the additional bosonic fields in
the theory are gauge fields with Chern-Simons terms. We showed that higher derivative
terms involving higher powers of gauge fields can also be removed by field redefinition.
This follows from the fact that under A, — A, + 0A, the gauge Chern-Simons term
changes by a term proportional to e***Tr (F,,0A,). If we assume that all other terms in
the action depend on the gauge field only through F),, and not explicitly A, 1.e. there are
no other charged fields on the theory.® Then a term of the form \* [ /=g Tr (F,, L")
in the action can be removed (up to order A*" terms) by a shift of A, proportional to
vV —9€,L"*. Once this has been done, one can then carry out the field redefinition of
the metric and the scalar fields as described earlier, and obtain a consistent truncation
to a theory of metric and gauge fields with gauge Chern-Simons terms, Einstein-Hilbert
term, cosmological constant term and gravitational Chern-Simons term. Supersymmetry
then relates the coefficient of the gauge and gravitational Chern-Simons terms to the
cosmological constant term.

2.3 Algorithm for determining A(¢)

Of the various parameters labelling the final theory the coefficients of the Chern-Simons
terms are easy to determine since they do not get renormalized from their initial values.
On the other hand the cosmological constant term does get renormalized during the field
redefinition. In this section we shall outline a simple procedure for finding the exact A(¢)
appearing in (2.18) without having to carry out all the steps described in the last section.
The cosmological constant of the final truncated theory can then be found by determining
the value of A(¢) at its extremum.

Suppose our initial action, including all higher derivative terms, has the form

S = /d?’w\/—gﬁ + ASes. (2.20)

In anticipation of the fact that the final truncation involves setting the scalars ¢ to
constants and other tensor fields X to 0, let us consider a theory of pure gravity obtained
by setting ¥ to 0 and ¢ to some constant values in (2.20). Thus ¢ can now be regarded
as a set of external parameters labelling the action. We now consider a background

ds® = =P(1+72)dt* + P(1 4 %) dr® + Prde?
¢ = constant, =0, (2_21>

5Even if these charged fields present, they can be set to zero in a consistent truncation scheme pro-
vided the gauge symmetry is not spontaneously broken.In the latter case the would be Goldstone boson
associated with the symmetry breaking would mix with the gauge field via a two point coupling and we
cannot have a consistent truncation to pure supergravity.
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representing an AdS3 space of size [.

Now we define
F(l,9) =1L (2.22)
evaluated in the background (2.21), then the metric satisfies its equation of motion if [
is chosen to be at the extremum [.; of F. Since the variation of Chern-Simons term
automatically vanishes for the AdS; metric (2.21), it will not contribute in the equation
of motion.
Now we consider the truncated action (2.18) after setting ¢ to a constant and X to 0

S = / Br/=G(R + A(6)) + ASes (2.23)

If we evaluate v/—g (R + A(¢)) for the AdSs background (2.21), we get a new function
r H(l,¢) with

6
H(l,¢) =1 {—Z—Z + A((ﬁ)} : (2.24)
Since we have carried out a field redefinition of the metric but not of ¥ or ¢, F(l, ¢) and
H(l, ¢) are related by a redefinition of the parameter [ for any fixed ¢ and hence the value

of these function at the extremum must be same. The extremum of H occurs at

~ 2 ~ 32

lez - A H le$7 = A AT 2.25
we get, by setting the right hand side of (2.25) to F'(leu, @),
32
ANop) = —— 2.26
(¢) F(leacta ¢)2 ( )

provided F'(leu, ¢) is negative. This determines A(¢).

It may so happen that F(l,¢) defined in (2.22) has an extremum at an imaginary value
of [ and hence F(l,¢) is imaginary at the extremum. This will give a negative A(¢) and
hence a positive cosmological constant. A better way to analyze this case is to consider a
de Sitter metric of the form

ds* = —1*(1 —r?)dt* + I* (1 — r*) " dr? + Pr* dyp? (2.27)
instead of the anti-de Sitter metric given in (2.21), and define
F(l,¢) =1L, (2.28)

evaluated in this background with ¢ set to constants and ¥ set to zero. On the other
hand (2.24) is now replaced by

H(l,¢) = [_9 + A(¢)} : (2.29)
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and the value of H(I,¢) at the extremum with respect to [ is given by /—32/A(¢).
Equating this to the value of F' at its extremum we get:

32

A(o) Fllomy o) (2.30)
provided F(l.., ¢) is positive.
Finally we note that there is always a possibility that neither F(I, ¢) nor F(I,$) has an
extremum for real values of [ or [, or even if such extrema exist, the resulting function A(¢)
does not have an extremum as a function of ¢. In this case the theory under consideration
does not admit an AdSs or dS5 solution and we cannot carry out the consistent truncation
following the procedure described above.

2.4 Field redefinition of gravitino

In §2.2 we have described how via a field redefinition the bosonic part of the supergravity
action can be brought into the standard form. One would expect that once the bosonic
part of the action has been shown to coincide with that of the supergravity action, su-
persymmetry will fix the fermionic part of the action uniquely (up to a possible field
redefinition involving the fermions) to be that of the standard supergravity action. In
this section we shall briefly discuss how such a result might be proven.

We begin with an action where the purely bosonic part has already been brought into the
standard form using the field redefinition described in §2.2. At the onset we shall assume
that supersymmetry is unbroken at the extremum ¢q of A(¢); otherwise we expect the
gravitino to mix with the Goldstino and hence the matter and the gravity multiplet will
no longer be decoupled. This in turn requires A(¢y) to be positive since we do not have
unbroken supersymmetry in de Sitter space. If the theory has altogether N/ supersymme-
tries then there are N gravitino fields w; with 1 <4 < N. In the supergravity action of
[31]the gravitino action has the form:

SY = — / &Pz e D (2.31)

where
i ;1 a i A(¢o)
D,U‘wl/ = aﬂwy + gwab,u I:,Y 77b]1/)l/ :t 32
wpab being the spin connection, e, the vielbeins, Aj the gauge fields and T are the
generators of the representation of the gauge group in which the gravitinos transform.
The + (—) sign correspond to the gravitinos associated with left (right) supersymmetries.
Under a general variation of the gravitino fields

Can V"V, + AT (2.32)

5y = — / & 7 (55D + hc] (2.33)
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leading to the gravitino equation of motion
D, — Dyify, = 0. (2.34)
The supersymmetry transformation law of the gravitino fields takes the form
0s1h;, = Dy € (2.35)

where € are the supersymmetry transformation parameters.

We shall now examine the possibility of adding higher derivative terms in the action
and also possibly in the supersymmetry transformation laws. We will show that it is
not possible to add higher derivative terms in the action involving gravitino consistent
with supersymmetry (2.85) (possibly modifying supersymmetry transformation by higher
derivative terms) apart from the terms which are proportional to lowest order supergravity
equation of motion and hence can be removed by field redefinition.

Let us denote by 7 the set of all the bosonic and fermionic fields coming from the matter
sector with the scalars measured relative to ¢ (1.e. the set n contains the shifted fields &
introduced above (2.19)). We are interested in higher derivative terms which are linear in
n or derivative of n ® and do not vanish identically by lower order supergravity equation
of motion as any term that is proportional to the equation of motion of the metric, the
gauge fields or the gravitinos derived from the leading supergravity action can be absorbed
into a redefinition of these fields at the cost of generating higher order terms. We call
such terms as dangerous terms since, if present, they will prevent us from consistently
truncating the theory to the one described by the standard supergravity action. Thus
the dangerous terms may be expressed as general coordinate invariant and local Lorentz
invariant combinations of the gravitino fields, their symmetrized covariant derivatives
and the metric. We shall organise these terms according to the power of the derivative
counting parameter A that they carry. Let us suppose that the first dangerous higher
derivative terms in the Lagrangian density appear at order \*. We consider all the order
A* dangerous terms and organise them by their rank, — defined as the total power of 1,
and &u contained in that term. We begin with the terms of lowest rank, — call it mg. myg
cannot vanish since we have already argued earlier that all the dangerous terms without
the gravitino field can be removed by field redefinition. (For this we need to include
in the set ¥ of §2.3 all the matter fermions as well.) For non-zero mg the lowest order
supersymmetry variation of the gravitino described in (2.35) has the effect of producing a
term of rank (mg— 1), constructed out of the gravitino fields, their symmetrized covariant
derivatives, the metric, and covariant derivatives of the supersymmetry transformation
parameter. In order for supersymmetry to be preserved, such terms need to be cancelled
by some other terms. The terms arising from the supersymmetry variation of the bosons
in the original rank myq term are of rank > my and hence cannot cancel the rank (mg—1)
term. Thus there are two possibilities: 1) the rank (my — 1) terms arising from the

6Any term quadratic or higher order in 7 in consistent truncation scheme can be set zero.
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variation of the gravitino cancel among themselves after we integrate by parts and move
all the derivatives from €, € to the fields, possibly after modifying the supersymmetry
transformation laws of the supergravity fields, and 2) we can try to cancel these terms
against terms coming from supersymmetry variation of the bosons in a term of rank
(mgo —2). Of these the first possibility would mean that the dangerous terms are invariant
under the transformation (2.35) of the gravitino alone up to terms which vanish by lowest
order supergravity equations of motion. 7 To see if this is possible we first focus on
the terms with maximum number of derivatives where all the covariant derivatives have
been replaced by ordinary derivatives in the order A\*, rank m term in the action. The
net supersymmetry variation of these terms under the supersymmetry transformation law
(2.35) must vanish after using the lowest order gravitino equations of motion (2.34) with
D,, replaced by 0, in (2.35) and (2.34), since this is the term in §,S with maximum number
of derivatives at this order. In this case the gravitino satisfying its lowest order equations
of motion has the form ¢, = 9,x", ¥}, = 9,X" for some x*, x*. Let us evaluate the order
M\¢. rank mg term in the action in this background. By assumption the result is not
identically zero, — otherwise we could have removed these terms from the action by a field
redefinition of the gravitino field. Now for @/}L = MXi, 7,% = X the gauge transformation
laws of the gravitino field take the form x* — x' + €', x* — X' + €. Invariance under
supersymmetry transformation then tells us that the term under consideration is invariant
under x* — x* + € for an arbitrary function €. In other words the term is independent
of x*. Thus it must vanish since it vanishes when we set all the x* and ¥* to zero. This
contradicts our original assertion that the term does not vanish identically. This leads us
to the conclusion that the original order \*, rank mg term in the action, with covariant
derivatives replaced by ordinary derivatives, must have been such that after suitable
integration by parts and commutation of the derivative operators it vanishes when the
gravitino satisfies its lowest order equation of motion.

How does the conclusion change when the ordinary derivatives are replaced by covariant
derivatives? Since we know that the term can be manipulated and shown to vanish when
covariant derivatives are replaced by ordinary derivatives, we can carry out the same
manipulation. The only possible extra terms which could arise must be proportional
to the commutators [D,,, D,] since the covariant derivatives can be manipulated in the
same manner as the ordinary derivatives except for their commutators. However these
commutators can be reduced to terms with lower number of derivatives using the lowest
order metric and gauge field equations of motion. We can now repeat our analysis on
these left-over terms with lower number of derivatives and show that they must be further
reducible to terms with lower number of derivatives. Repeating this procedure we can
show that a term that is invariant under the lowest order supersymmetry transformation

"The terms proportional to the lowest order equations of motion of the supergravity fields can be
cancelled by modifying the supersymmetry transformation laws of the supergravity fields, since the addi-
tional variation of the lowest order supergravity action under the modified supersymmetry transformation
laws will be a linear combination of the lowest order equations of motion of these fields.
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of the gravitino alone, must vanish as a consequence of lowest order supergravity field
equations, and hence can be removed by a field redefinition.

We now turn to the second possibility. This requires the action to contain higher derivative
terms of order \¥ and rank (mg — 2). Since by assumption the action does not contain
any dangerous term of rank (mg — 2) to order A\*, the only possibility is to try to generate
these terms from the supersymmetry variation of a non-dangerous term of rank (mg — 2).
In order to rule out this possibility we need to make one assumption: as a consequence
of unbroken supersymmetry the matter sector fields transform to terms which contain at
least a single power of the matter sector field, 1.e. we have §,n ~ O(n).®In this case terms
quadratic and higher order in 7 transform to terms quadratic and higher order in 7 and
cannot cancel terms which are at most linear in 7. This rules out the last possibility.
Thus we see that it is not possible to add higher derivative dangerous terms in the action
in a manner consistent with supersymmetry.

2.5 Dimensional reduction of five dimensional super-
gravity

In this section we shall consider five dimensional supergravity with curvature squared
term coupled to a set of vector multiplets[32] and dimensionally reduce this theory on S*
in the presence of background magnetic flux through S? to get a three dimensional (0,4)
supergravity with curvature squared term, coupled to a set of matter fields. We then
apply the procedure of §2.2 and §2.3 to truncate this to a pure supergravity theory with
gravitational Chern-Simons term, but no other higher derivative terms.

We shall concentrate our attention on the part of the action involving the bosonic fields
only. In the three dimensional theory this involves the metric and an SU(2) gauge field
that arises during the dimensional reduction of the five dimensional theory on S?. As we
have seen at the end of §2.2, reducing the gauge field action to pure Chern-Simons term
is relatively simple; hence we shall focus on the part of the action involving the metric.
For this we can restrict the fields to the SU(2) invariant sector from the beginning. Since
the SU(2) R-symmetry of the three dimensional supergravity can be identified with the
rotational symmetry of the compact S?, this allows us to carry out the dimensional re-
duction by restricting the field configurations to rotationally invariant form.

The five dimensional N' = 2 supergravity has a Weyl multiplet, a set of vector multi-
plets and a compensator hypermultiplet. After gauge fixing to Poincare supergravity, the
bosonic fields of the theory include the metric g4, the two-form auxiliary field v,, a scalar
auxiliary field D, a certain number (ny) of one-form gauge fields A with 1 < I < ny,
and an equal number of scalars M!. Here a,b, .. are five dimensional coordinate labels

8This is of course true at the lowest order in A but we shall assume that this property continues to hold
even after including possible higher derivative corrections to the supersymmetry transformation laws.
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and run from 0 to 4. We shall denote by F'/ = dA! the field strength associated with the
gauge field A”.

The action for bosonic fields including curvature squared terms can be written as

1
S = ﬂ/d5$\/ —9(5) [EQ + £1] (236)
s

where £ is the Lagrangian at two derivative order and £; denotes the supersymmetric
completion of the curvature squared terms. The explicit forms of £y and £, are[32, 33]

1 3 1 1 1
= 2(=D—-R—-—-V*)|+N|(=D+= 2) + 2N F!
Ly <4 SR 21)>+ (2 +4R+3v)+ v EF,

1 1 1
+Nis (ZFJbFJ“b + §8aM18”‘M"> + ﬁe*c”KAngiF;geabcde (2.37)

ool Tabefgde | L T ~abed L orme L e
Ly = ﬂ[l_Ge €abede A C ngg+§MC' Cabcd+EMD +6F VapD

1 1 4 4
—gMICabcdv“bUCd — §Ffab0abcdv‘3d + gMIV“vbCVavbc + gMIVanCvaca

2 1 2
—|—§MI <vabvbvcvac + gvacvchZ + ﬁvabvabR> — ge_lMleabcdevavadevef

2 4
+§€71F1ab€abcdevcfvf,vde + 671F1ab€abcdev;vdvef . 5Fﬂlab,UCchchdb

—%F“bvabUQ + AM v v v gv® — MI(vabvab)Q} (2.38)

where c;jx and ¢y are parameters of the theory, e = /—g, and

N = Zcryg M M7 M*® (2.39)
1

N[ = §CIJKMJMK (2 40)

Nij = crixeM®, (2.41)

and Cypeq is the Weyl tensor defined as

1 4
ab __ ab [a b] [a b]
The parameters co; appear in the coefficients of the higher derivative terms; thus we can
keep track of the derivative expansion by simply counting the power of cy; appearing in
the various terms.

We now carry out the dimensional reduction on S? and focus on the sector invariant under



34CHAPTER 2. CONSISTENT TRUNCATION TO THREE DIMENSIONAL (SUPER-)GRAV.

the SO(3) isometry group of S?. This can be done using the following ansatz for the five
dimensional fields

ds’ = g)(w)datda” + P (x)dQ?, 0 < p,v <2

vgy = V(x)sinf
I
P
Fjo =" sind,  F,, =0,A, - 0,4, (2.43)

with the mixed components of F/, and v, set to zero. Here z* denote the three dimen-
sional coordinates. All the scalar fields can be arbitrary functions of z but are independent
of the coordinates (6, ¢) of S?. For the metric given in (2.43) the non-vanishing compo-
nents of the Riemann tensor are

Ruvop =R, Rigjw = —X "9 VuVuXs  Riju = X" (gingi — gug) (1 — g™ 0,x0,x)
0<p,v<2, 1,7 =10,0. (2.44)
Here REL),M is the Riemann tensor and V, is the covariant derivative computed using the

three dimensional metric g,(fy) Using these relations we get the dimensionally reduced
action to be

Co- D 3
S = BrO®(r
967r/x (T)
2,3 1 M1 - MV2 ¢pV
3 _(3)X_(_ : 2 __210_) (3)
+/dx A R 288 N R R R A

+/d3x 9(3)X U(x, M*,V,p', D)

5 1 4
Brr/—g®dX X o M ( RORGmW _ 2Rp®? 4 ZRBYEyry - — ROV )
/ T 192 \3' 60 Ty A T3 VX

+/d3x\/—g(3)2(x,vw,,]\/[[ Fl, R®) (2.45)

6

where
2 /3 1 V2 1 612
Ul, MLV, p!, D) = —<— —N>—2(—D——) N(—D —>
(Xa Vo ) XQ 4 + 4 4 X4 2 + X4
+2(N p)V n 1p'p’ n oM oM _, c3-pVD
x? 8x? 964 288 144

5 V2 V pV3 MV

e M) 2L 2P B (2.46)
36 X 48 S 36 8 6 xB

and [,A(X, (O M! F,{V, R,(EL)) denotes terms which are at least quadratic in V,x, v, VMM]

and Fl,. In eq.(2 45) all covariant derivatives are computed using the three dimensional
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metric g(3)
We first need to redefine our metric in such a manner that the coefficient of R® in
the second line of the action (2.45) can be absorbed into the metric. One does this by
redefining the metric as
g;w = ¢_2 g,(;;,) (247)

with ) )

¢—1:X_<§+1N+ i CQ.MV__CQ.pK>

T \4 4 288 x? 72 x* 288 x4

Substitution of this will produce quadratic and higher derivative terms of scalar fields in
the action.
Further following the general procedure given in §2.3 we define

~ 1. ~
P;,LV = Rul/ - §gMV[R + A0<¢)]

(2.48)

1~ 3

where for shorthand notation we have denoted (x, M, V,p!, D) = ¢ and Ag(¢) is a func-
tion to be determined later. Now we rewrite the action as

g — G p/d3xQ 3) /d3l' /_ [R+Z ] /d?’[p\/ —gP,WKMu

967
2
-M
B/ g X2 M o
+ [ day L LA )
—I—/d?’x\/—ﬁz (2.50)
where
2
X" M8 2 2
KNV - wﬂ 192 [3 i 3gMVP+3gMVAO(¢> wv Vu@/}
8 9 16 ~ 8 . =~
— 2.51
3wng w+ V WX — BXgWV X\ (2.51)

HereL denotes terms quadratic and higher order in the derivatives of the scalar fields and
other tensor fields.
We now choose Ag(¢) to be the solution to the equation

x2ey- M
Y 384
so that the action (2.50) may be expressed as

§ = & p/d3x§23) /d?’a:\/ [R+A0 ] /d%\/ TP K"

967

+ / Fan/ L. (2.53)

Ao(¢) = Z(¢) + Ao(9)?, (2.52)
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In this case, as we mentioned earlier, the required field redefinition which will remove the
four derivative terms from the action (2.53) is

Guw = Guv + Ky - (2.54)
To this order the scalar field potential —A(¢) is given by

X2 oM _, 2

A(@) = No(¢) = Z(¢) + %Mz (¢) +O(c3) .- (2.55)
This process can now be repeated to remove the six and higher derivative terms from the
action, but we shall not go through the details of the analysis. Our interest is in finding
the exact expression for A(¢) since this is what controls the final truncated action. We
have already described the algorithm for finding A(¢) in §2.3. The first step is to compute
F(l,¢) for the action (2.50) by evaluating the Lagrangian density (without the Chern-
Simons term) in the AdSs; background (2.21) with constant scalar fields and vanishing
tensor fields. We get

1
F(l,¢) = —6l+1°Z(¢) + 2a7 (2.56)
where ) u
X C2-
= = ) 2.

T ur 192 (257)

The extremum of F(I,¢) with respect to [ occurs at’

1 1 2a

Py=——+——1/1+=2(9). (2.58)

Z(¢)  Z(9) 3
Hence A(¢) is given by

32 327(9) aZ(<Z5) _ - = 2
MO = T o7~ W) (2 wigy W 6) | WW%H@S

Before we proceed we note that to order c¢o; terms, 1.e. order a term, eq.(2.59) reduces to

1
A@) = Z(¢) + 5aZ(¢)* + O(’). (2.60)
This agrees with the result (2.55) of the explicit calculation to this order. We now return
to the full expression (2.59) for A(¢). A(¢) has an extremum at[33, 34]

pb

X:2

9There is, in principle, another extremum at 12, = (Z(¢))™* (1 -1+ 2aZ(qb)/3>. This could in

principle describe a de Sitter solution. However since for this solution |le.:+| ~ a, the radius is small and
there is no systematic derivative expansion.
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p
M= =
pb
3pb
V = ——
8
12
where ]
3 _ I.J K 3 C2 P
PR= GCLKP PP b =1+ 12,7 (2.62)
The value of A(¢) at it’s extremum is given by
3272 cy-p12
Algy) = [1 } 2.63
(¢0) p@ 8]?3 ( )

Thus the final truncated theory, obtained by setting ¢ to its value at the extremum and
other matter fields to zero, is given by

S = / PPx /=G (R+ A(¢p)) — 656 : / PrQC(T). (2.64)

From this one can compute the central charges of the conformal field theory living on
boundary of AdS using standard formulae[30]. The result is

2 Cy D 3 1
_ 24( ———>:6 ey
“ "W A " 96r ) TP TP
ch = 247r( L+62'p)—6p3+c2-p (2.65)
Aldo) |~ 967

These results agree with the predictions of [35, 36] from the requirement of (0,4) super-
symmetry, as well as the explicit calculations of [34, 33, 37] from the computation of the
black hole entropy.
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Chapter 3

A test of quantum entropy function
3.1 Introduction

Wald’s formula for black hole entropy when applied to extremal black holes leads to
classical entropy function formalism. However Wald’s formula is a classical and can not
be used for full 1PI effective action which in general contain no-local terms. Recently
Sen made a proposal [38, 39| for computing quantum corrected entropy of single centered
extremal black hole. In §1.5 we had given a brief introduction of this quantum entropy
function. Quantum entropy function is a proposal which relates the entropy associated
with horizon degree of freedom of extremal black hole to the degeneracy of the ground
states of the CQM living at the boundary of AdSs. This proposal suggested that the latter
should be taken as the definition of the entropy of extremal black holes in the full quantum
theory. In this chapter we would like to test this proposal in case of supersymmetric
extremal BTZ black hole of mass M and angular momentum .J.

For BTZ black hole there exist an independent definition of entropy of the black hole.
Since the extremal BTZ black hole is a black hole solution in three dimensional theory of
gravity with negative cosmological constant, by AdS/CFT correspondence it corresponds
to states in the dual CFT with L, eigen value hp = 0 and L, eigen value h; = M. In
order that the state preserves supersymmetry it must belong to Ramond sector of the
anti-holomorphic part of the superconformal algebra of the CFT, so that the condition
Lo = 0 forces the state to be in the ground state of the Ramond sector[40]. The entropy
of the black hole is then given by the degeneracy of this state. Hence in this case one
would like to compare these two definition of the entropy of the black hole. In particular
in order to compare these two definition one needs a relationship between the CQM and
the CF'T. In this chapter we derive this relationship and show that these two independent
definitions of entropy agree.

39
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The general BTZ black hole solution in an AdS3 space with scalar curvature —6/1% is
given by
(0* = p2)(p* = p2) 1?p? per— , \
ds? = — + dr® + dp? + p* | dy — dr) , (3.1)
’ 12p? (0 = p3)(p* = p2) 1p?

where 7 denotes the time coordinate, p is the radial variable, y is the azimuthal angle with
period 27 and p. are parameters labelling the black hole solution satistying p; > p_. M
and J are determined in terms of p., but the precise relation requires the knowledge of
higher derivative terms. Nevertheless the extremal limit always corresponds to p. — p_.
Following [38] we take this limit by first defining new variables A, ¢, 7, ¢ and R through

l 2\ IR
pr—p- =2\, p—py=Ar—1), T=DPt/(4\), y=0o+~ <1——)t, pt=—,
4)\ p+ 2

(3.2)
and then taking A\ — 0 with ¢, r, ¢ and R fixed. In this limit the metric (3.1) takes the
form

12 dr?
2 _ 2 2
ds3fz —(r*=1)dt +7’2—1

+ R? (d¢ + %(r - 1)dt)2 (3.3)

The metric (3.3) is locally AdS;. Thus by the standard rules of AdS/CFT correspondence
any quantum theory of gravity in the background (3.3) has a dual (141) dimensional
conformal field theory. Since locally this AdS3; space is the same as the one in which we
embed the BTZ black hole, we expect that as a local field theory the (14+1) dimensional
CFT living on the boundary of the near horizon geometry of the BTZ black hole must
be identical to that living on the boundary of the AdS3 in which the full BTZ black hole
solution is embedded. The conformal structure of the two dimensional space in which the
theory lives will however be quite different for the theory dual to AdS3 and the one dual
to the near horizon geometry of the black hole.

Now via a dimensional reduction we can also regard the three dimensional metric (3.3)
as a two dimensional field configuration. For this we introduce a two dimensional metric
ds3, a scalar field y and a gauge field a,, via the relation:

ds3 = ds3 + x (d¢ + a,dz™)? (3.4)

where {z#} for u = 0,1 represent the two dimensional coordinates (¢,7). From the two
dimensional viewpoint, the background (3.3) takes the form
2 _ r

ds; 1 —(r* = 1)dt* +

dr? PR
21" T T4

1
a,dst = }—%(r — 1)dt. (3.5)

¢=F,=1/R. (3.6)
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This describes an AdS; space-time with background scalar and electric field. Then via the
rules of AdS/CFT correspondence the theory is dual to a CQM living on the boundary
of AdS,. In particular we can relate the partition function of the quantum gravity theory
on AdSs to the partition function of the CQM living on the boundary of AdS,[38].
Since (3.3) and (3.5) describe the same background, the quantum theories dual to them
must also be identical. Consequently the CQM living on the boundary of (3.5) and the
(141) dimensional CFT living on the boundary of (3.3) are also different descriptions of
the same quantum theory. Our goal will be to exploit this equivalence to learn about the
CQM living on the boundary of AdS,.

First we consider the two dimensional viewpoint. The metric is that of AdS;, and the
boundary is located at » = ry. The induced metric, scalar and gauge field on the boundary

are
12 I’R? 1
ds's 4 (rg — 1)dt?, XB == alp = _R(TO —1). (3.7)

We shall denote by H; the total Hamiltonian of the CQM living on the boundary of AdSs
including the effect of the background gauge fields and by () the conserved charge in the
CQM conjugate to the gauge field a, in the bulk.

We now turn to the three dimensional viewpoint. The dual (14-1) dimensional CFT lives
on the two dimensional boundary labelled by (t, ) with induced metric

l2

1 2
d%:4[4@-@ﬁ%4#0w+ﬁm—nﬁ)]. (3.8)
We now introduce new coordinates
t=R1'\r2—1t, ¢=0¢+ —(ro— 1), (3.9)

so that the metric (3.8) becomes

> R?
4

ds?, = [—di? + d¢?] . (3.10)
Thus up to the overall scale factor the metric is the standard Minkowski metric, and the
space coordinate ¢ is compact with period 27. This gives a standard 141 dimensional
CFT on a cylinder, and the generators 0y and —2'8;5 are identified as

i0; = Lo + Ly, 4%:%—%. (3.11)

In order that in the extremal limit we get a supersymmetric black hole, we impose Ra-
mond boundary condition along ¢ on the anti-holomorphic part of the superconformal
algebra.
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In relating this (1+1) dimensional CFT to the CQM living on the boundary of AdSs,
we must identify the total Hamiltonian H; of the CQM as the generator of ¢-translation in
the CFT. On the other hand the charge ) of the CQM can be identified as the generator
of ¢ translation. This gives

To — 10

o _ _
Py — =2R 'L Ly — L ~1
8t+Z R 8¢ R To 0+R ( 0 0)+O(TO ),

Q = —idy=—id;=Lo— Ly . (3.12)

Ht == iat:iR_l T%

Thus in the ry — oo limit, the only states with finite H; eigenvalues are those with
minimal value of Ly. Since we have Ramond boundary condition, the minimal value
of Ly is 0. In other words the states of the CQM living on the boundary of AdS, are
described by the Ly = 0 states of the 141 dimensional CFT living on the boundary of
AdS3 [41, 42, 43]. In other words the CQM living at the boundary of AdS, is described
by the chiral half (14+1) dimensional CFT living at the boundary of AdSs. In particular
the ground state degeneracy d(q) of the CQM, carrying a given charge q, can be identified
as the degeneracy of the states of the CF'T which are in the ground state of the Ramond
sector in the anti-holomorphic sector and carries (Lo— Lo) eigenvalue q. The former is the
quantity that appears in the definition of the entropy via AdSy/CFT; correspondence[38]
whereas the latter appears in the definition of the entropy of the extremal BTZ black hole
via AdS;/CFT, correspondence. Thus we see that the two definitions of entropy agree.
Using the identification of the CQM as a specific compactification of the CFT we can
compute the partition function of the theory. For this we make the Euclidean continuation
t — —iu. Regularity of the metric (3.3) (or (3.5)) at the horizon r = 1 requires u to be a
periodic coordinate with period 27. Under the replacement ¢ — —iu the boundary metric
(3.8) takes the form

2 - 2 I2R?
dsh = 7 [ug — 1)du? + R <d¢ - - 1>du> ] = — [+ (dp+ndu)?], (3.13)
where
. 2 1
= —%@0 1), p=Y0T2 T‘;% . (3.14)

Since v and ¢ both have period 27, the partition function of the CF'T with this background
metric will be given by

7 =Tr [6271'1'(7'1+i7'2)L0727ri(7'17i72)[_/0:| =Tr [e—4ﬂr0R*1L072ﬂR*1(LO—EO) + O(T’al) . (315>

This agree with the partition function of the CQM which is given by Tr(e~2"t) with H,
given in (3.12). Eq.(3.15) again shows that in the ry — oo limit only the Ly = 0 states
contribute to the trace. We also see that in this limit the contribution to the partition
function from states with a given charge () = ¢ is given by

d(q) e=*"4, (3.16)
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where ¢ is the Ly — Lg eigenvalue, e = 1/R is the near horizon electric field, and d(q) is
the degeneracy of the states with charge q.

Till now we have considered only neutral BTZ black hole. However one can repeat the
same analysis for charged BTZ black hole. Let us now suppose that the three dimensional
theory has additional U(1) gauge fields Ag&) with Chern-Simons action of the form

1 N 4 . .
- / Bz MNP 0L ADRG) 0 — AW g a0 (3.17)

where M, N, P run over the three coordinates of AdSs and C;; are constants. Then we
can construct charged black hole solutions by superimposing on the original BTZ solution
(3.1) constant gauge fields:

AD geM = oy, {dy - % L= dT} . (3.18)
P+

Here w; are constants. The term proportional to dr has been chosen so as to make

the gauge fields non-singular at the horizon. Even though the gauge field strength van-

ishes, the background (3.18) induces a charge on the black hole since the latter, being

proportional to 6S/0F [E:) (in the classical limit), is given by C’Z»jA(yj ) up to a constant of

proportionality. Taking the near horizon limit as in (3.2) we arrived at the background

dr?

1 2 :
St R <d¢ + 55— 1)dt) ] o AV AEM = wde
(3.19)

In order to make contact with the two dimensional viewpoint we define two dimensional
gauge fields aﬁf) and scalar fields Y via the relations:

12
ds; = 1 —(r* — 1)dt* +

Afgda = x0(do + a,da*) + o) do, (3.20)

where a,, has been defined in (3.4). For the background (3.19) we have a,dz* = &(r—1)dt,
and hence[15]
X9 = w;, aﬁ)d:c“ =eW(r —1)dt, e = —%. (3.21)
e is the near horizon electric field associated with the two dimensional gauge fields ag).
We shall now compute the partition function of the CQM living on the boundary of
AdSs in the presence of these background gauge fields. This is equivalent to computing
the partition function of the CFT living on the boundary of the space-time given in (3.19).
According to AAS/CFT correspondence [20, 22], the presence of the gauge fields in the
bulk will induce a current in the boundary CFT. Let (J(Qz), J(ti)) be the currents in the

CFT dual to the gauge fields Ag\? in the bulk. Typically in AdSs/CFTy correspondence
the currents dual to gauge fields are either holomorphic or anti-holomorphic depending on
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the sign of the Chern-Simons term in the bulk theory[44]. We shall assume for simplicity
that all our gauge fields are dual to holomorphic currents. This gives a relation between
J((z;) and in). To determine this relation we note from (3.13) that in the Euclidean theory
the holomorphic coordinate z is given by ¢ + myu + imeu. Using the relation v = it and
the values of 71, 7 given in (3.14) we get

z=¢— %t +O(ryh). (3.22)

Requiring holomorphicity gives Jé) = 0 since by virtue of current conservation 0, Jé) =0,
J(Zi) would have described an anti-holomorphic current. Thus we have

1

Tl — RJ@) =0. (3.23)

In the presence of the gauge fields in the bulk the partition function in the CFT will

have an insertion of
exp [z’wi/dtdqﬁx/—det gJ(f.)] , (3.24)

Substituting (3.23) in the above equation and using the definition of the charge Q,

Qi Z/dsb\/—deth@), (3.25)

we can express (3.24) as

exp {iwi / dt Q(i)/R} = exp(2mw; Q;)/R) = exp(—2m e(i)Q(i)) , (3.26)

where in the last step we have used (3.21). Inserting this into (3.15) and using e = 1/R
we get

7 =Ty [6—4”03’@0—2” Srefer| (3.27)

where the index I now runs over all the two dimensional gauge fields, — the one coming
from the dimensional reduction of the three dimensional metric as well as the ones coming
from the three dimensional gauge fields. From (3.27) we see that in the ry — oo limit we
are still restricted to the Ly = 0 states. The contribution from the sector with charge ¢ is
given by

d(q) e Zrare’ (3.28)

Here d(q) denotes the degeneracy of Ly = 0 states in the CFT carrying charge ¢. It can
also be interpreted as the degeneracy of the lowest energy states in the CQM carrying
charge ¢.

One issue that we have not completely resolved is the following. From (3.10) we see that
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in the (, 5) coordinate system the conformal factor in front of the metric remains finite
as rg_ — 00, suggesting that we have a finite ultraviolet cut-off. In particular the size of
the ¢ circle is of the order of the cut-off. We do not have a direct understanding of the
role of this cut-off in the CFT. However studying the effect of this cut-off in the bulk
gives us some insight. First of all note that in conventional AdSs, it is more natural to
define the partition function by summing over states of all charges with a fixed value of
the chemical potential. However in AdS; the modes representing fluctuation of the total
charge represent non-normalizable deformations and hence it is more natural to define the
partition function by summing over a fixed charge sector[38]. Thus it would seem that
the effect of the finite ultraviolet cut-off in the CF'T must be to restrict the Hilbert space
of a given CF'T to a fixed charge sector. There are also other effects of this finite cut-off in
the bulk when we embed the BTZ black hole in a supersymmetric theory with additional
moduli scalars and vector fields. When we view the extremal BTZ black hole from the
point of view of the asymptotically AdS; space-time by setting p, = p_ in (3.1) then the
ultraviolet cut-off is small compared to the size of the y circle since the latter approaches
00 as p — 00, but such asymptotic space-time could admit other multi-centered black hole
solutions[45]. On the other hand when we view the same extremal black hole from the
point of view of its near horizon geometry as in (3.3), then the size of the ¢ circle becomes
comparable to the ultra-violet cut-off, but this space-time geometry no longer admits the
other multi-centered black hole solutions in AdSy since the values of the various scalar
fields are fixed at their attractor values.! Thus it would seem that the ultraviolet cut-off
weeds out the contribution due to the multi-centered black hole configurations of the type
discussed in [45] from the CFT spectrum. In support of this speculation we would like to
note that for large R the size of the ¢ circle is large compared to the ultra-violet cut-off
and hence effect of the cut-off is expected to be small. This is precisely the region in
which the entropy of a single centered black hole gives the dominant contribution to the
entropy|[45].

Even though it is more natural to work in a fixed charge sector of AdSs, one can get
some insight into the OSV conjecture if one does sum over the contribution from different
charge sectors. After summing over charges the full partition function is given by

Z(¢) = Z d(q) e~ #me9. (3.29)

For large charges the dominant contribution to this sum comes from ¢'satisfying 0 ln d(q)/0q; =
2mel | in agreement with the classical relation between the electric field and the charge.
The right hand side of (3.29) has the flavor of the black hole partition function defined
in [47]. On the other hand, using AdS/CFT correspondence, the left hand side can be

IPossible exceptions are multi-centered black holes with mutually local charges, 1.e. charges satisfying
(¢i - P — d; - pi) = 0 where (g;, ;) denote the electric and magnetic charge vectors of the ith black hole.
But they do not contribute to the degeneracy[46].
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expressed as a functional integral over the fields in the bulk theory.? Now, as was shown
in [38], after ignoring terms linear in 7y in the exponent — which must cancel among
themselves — the classical result for the partition function in the rq — oo limit is given
by

7 =e (3.30)

where f is the classical Lagrangian density evaluated in the near horizon geometry. One
might expect that the effect of quantum corrections would be to replace the classical
Lagrangian density by some effective Lagrangian density. As we shall now review, if we
assume that the effective Lagrangian density that contributes to the partition function is
governed only by the F-type terms, 1.e. terms which can be encoded in the prepotential
F[55], then Z takes the form predicted in the original OSV conjecture.

In N' = 2 supergravity theories in four dimensions the information about the ‘F-type
terms’ can be encoded in a function F({X’}, A) — known as the prepotential — of a
set of complex variables X! which are in one to one correspondence with the gauge
fields and an auxiliary complex variable A related to the square of the graviphoton field
strength[55, 56]. Supersymmetry demands that F is a homogeneous function of degree
two in its arguments:

FAXTY, N2A) = X2F({X'}, A). (3.31)

For a given choice of electric field one finds that the extremum of the effective Lagrangian
density computed with the F-term effective action occurs at the attractor point where[57,
58, 59, 60, 61, 62, 63|

A=—a?, 4 ' X +w X)) =¢!, 4 ' X —wXT) = —ip! . (3.32)

Here w is an arbitrary complex parameter and p’ are the magnetic charges carried by the
black hole. These magnetic charges have not appeared explicitly in our discussion so far
because from the point of view of the near horizon geometry they represent fluxes through
compact two cycles and appear as parameters labelling the two (or three) dimensional
field theory describing the near horizon dynamics. The value of the effective Lagrangian
density at the extremum (3.32) is given by[60]

f=164(w2F —w 2F). (3.33)

2Note that we have switched back from the three dimensional viewpoint to the two dimensional
viewpoint. The black hole partition function has been analyzed using AdS/CFT correspondence earlier
(see e.g. [48, 49]). Also various other approaches to relating the entropy function formalism to Euclidean
action formalism and / or OSV conjecture can be found in [50, 51, 52]. The advantage of our approach
lies in the fact that since we apply AdS/CFT correspondence on the near horizon geometry, the chemical
potentials dual to the charges are directly related to the near horizon electric field, and hence, via the
attractor mechanism, to other near horizon field configuration. Furthermore the path integral needs to
be performed only over the near horizon geometry where we have enhanced supersymmetry and hence
stronger non-renormalization properties. The approach closest to ours is the one given in [53]; we shall
comment on it later. A different approach to deriving the OSV conjecture using AdS/CFT correspondence
can be found in [54].
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Note that (3.32) determines X’ in terms of the unknown parameter w. However due to
the scaling symmetry (3.31), f given in (3.33) is independent of w. Using this scaling
symmetry we can choose

w= -8, (3.34)
and rewrite (3.32), (3.33) as
A=256, X'=—i(e" +ip'), (3.35)
f == (F{X"},256) - F({XT},250)).. (3.36)
Thus we have
Z(é) — efwlm]-—({plfiej},256) ) (337>

This is precisely the original OSV conjecture[47].

It has however been suggested in subsequent papers that agreement with statistical en-
tropy requires modifying this formula by including additional measure factors on the right
hand side of (3.37)[64, 65, 46]. A careful analysis of the path integral keeping track of the
holomorphic anomaly[66, 67] may be able to reproduce these corrections. Some of these
corrections are in fact necessary for restoring the duality invariance of the final result for
the entropy[65]. However we will not discuss these issues in the present chapter.



48

CHAPTER 3. A TEST OF QUANTUM ENTROPY FUNCTION



Chapter 4

Localization and quantum entropy
function

4.1 Introduction

Quantum entropy function, as described in §1.5, proposed a definite relation between the
degeneracy dpo-(q) associated with the black hole horizon and the partition function of
string theory on the near horizon geometry. This relation takes the form

' finite
Ahor = <exp {—iqi]{dﬁ A((;)]> , (4.1)
AdSs

where ( ) 445, denotes the unnormalized path integral over all the fields in string theory.
In this path integral the string fields required to satisfy the boundary condition that
asymptotically the field configuration approaches the near horizon configuration of the
black hole. Here { A®} denote the set of all U(1) gauge fields, ¢; is the i-th electric charge
carried by the black hole ! and ¢ df Aéi) denotes the integral of the i-th gauge field along
the boundary of AdS,; which is labelled by the coordinate 6.

In four space-time dimensions supersymmetry requires the black holes to be spherically
symmetric, and as a consequence the near horizon geometry has an AdS, x S? factor. For
1/8 BPS black holes in N/ = 8 supersymmetric theories, 1/4 BPS black holes in N' = 4
supersymmetric theories and 1/2 BPS black holes in N/ = 2 supersymmetric theories, the
SL(2,R) x SO(3) isometry of the near horizon geometry gets enhanced to the SU(1,1|2)
supergroup. Using enhanced supersymmetry and arguments of localization we will show
in this chapter that the path integral (4.1) could receive non-vanishing contribution only
from a special class of field configurations which are invariant under a particular subgroup
of the supergroup SU(1,1]2). Intuitively the localization of an integral can be understood

'In particular ¢; also include the angular momentum of the black hole.

49
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in terms of arguments similar to [68] as follows.
Consider an arbitrary quantum field theory, with some function space M over which one

wishes to integrate.
Z = / e (4.2)
M

Let F' be a supergroup of global symmetries of the theory generated by fermionic
generator ) and a compact U(1) bosonic generator X which satisfy the algebra

where § is the action of the theory.

Q* = X. (4.3)

To begin with let us suppose that F' acts freely on M 1.e. there are no points in M
which are invariant under the elements of the supergroup F'. Then one has a fibration
M — M/F, and by first integrating over the fibers of this fibration, one can reduce the
integral over M to an integral over M /F . The integral over the fibers will give a factor
which is the volume of the supergroup F'

Z = /M e™® = wol(F) /M/F e (4.4)

However the volume of the supergroup F' is zero. The integral over the parameter x of
the compact generator will give a finite factor and the fermionic 6 integral will make the
integral zero.

vol(F) = /dwd@ =0 (4.5)

Hence (4.4) suggests that if the supergroup F' acts freely on M, the partition function
vanishes.

In general, F' does not act freely, but has a fixed point locus My . Let C be an F' -invariant
neighborhood of My and M’ its complement. Then the path integral restricted to M’
vanishes, by the above reasoning. So the entire contribution to the path integral comes
from the integral over C. Since C can be an arbitrary small neighborhood and the integral
is independent of the choice of C, the result is a localization formula expressing the path
integral as an integral on M, . Identifying M, in our case is the main subject of this
chapter.

The rest of the chapter is organised as follows. In §4.2 we describe the algebra underlying
the SU(1,1]|2) group and also the reality condition on the various generators required to
represent the symmetries of the Euclidean near horizon geometry. In §4.3 we use localiza-
tion techniques developed in [69, 70] to argue that the path integral receives contribution
only from a special class of string field configurations invariant under a special subgroup
H; of the SU(1,1]2) group. In §4.4 we use the results of §4.3 to show that integration
over the bosonic and fermion zero modes, generated by an infinite dimensional group of
asymptotic symmetries, actually gives a finite result to the path integral. In §4.5 we give
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some examples of H;-invariant saddle points which contribute to the path integral. In §4.6
we discuss possible application of our result to further simplify the analysis of quantum
entropy function and also a possible application to computing the expectation values of
circular 't Hooft - Wilson loop operators in superconformal gauge theories following [71].
In appendix A we analyze the killing spinors in the near horizon geometry of a specific
class of quarter BPS black holes in type IIB string theory compactified on K3 x T2 and
show that they indeed generate the su(1,1|2) algebra described in §4.2.

4.2 Symmetries of Euclidean AdS; x S?

Global supersymmetry of AdS, x S? is described by su(1,1]2) super Lie algebra. It is
the global part of N' = 4 superconformal algebra in (1+1) dimension. We begin by
writing down the global part of the N/ = 4 superconformal algebra. Its non-vanishing
commutators are

(L, Ln] = (m = 1) Linin

[J3, JF] = +£JF, JrJ1=2J°
Lo, G¥) = (5 =) G,

1
PG =+ GrE L [JEGET) =GR
(G, Gy =2 Ly —2(r —s) (e0")pa J'
1
€+_:—€_+:]—, €++:€__:07 man:()uj:]" T’8:i§7 0475::&

(4.6)

The right superscript of G, denotes the transformation properties under the SU(2) cur-
rent algebra whose zero modes are denoted by (J3,J= = J! £ iJ?). There is also an
SU(2) group acting on the left superscript. This describes an outer automorphism of the
supersymmetry algebra but is not in general a symmetry of the theory.

In the above, the action of the Virasoro generators on the coordinate u labelling the upper
half plane (UHP) is of the form

L, = —u"t9, — u"*'o,. (4.7)

However while describing symmetries of the Euclidean AdSy x S2, which is isomorphic to
UHP x S? it is more natural to use the Virasoro generators

Ly=—(iu""'0, +iu""0,) , (4.8)

so that the elements of SL(2,R) can be labelled as exp(is,, L,,) with real parameters s,,, just
as exp(it;J?) labels an element of the SU(2) group for real t;. The corresponding algebra
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is obtained from (4.6) by scaling the Virasoro generators by i. For later convenience we
shall also multiply G, by € and G- by i e™** for some arbitrary fixed phase e’**. This
gives?

(L, L) = i(m — n) Ly

[J3, J%] = +£J* [Jt, I =2J°

Ly G =i (5 —7) GoE,

1
[J37 Ggi] == 5 G?i ) [‘]ia G?$] = G?i
(G, G} =26 Loys — 20 (1 — 8) (e0") g J*
1
e =—eT=1 €eT=¢" =0, m,n=0,%1, r,s= 3 a,f =+
(4.9)

However it is convenient to represent AdS; as a unit disk labelled by a coordinate w
related to u via:

1+iu
= . 4.10
Y (4.10)
In the w coordinate system
L, = % [i" (14 w)' ™" (1 — )" 8, + ce] . (4.11)

On the other hand the action of the J%’s on the stercographic coordinate z of the sphere
S? takes the form

J3 = (20, — 20;), Jt =220, + 0;, J~ = —7%0:—0.. (4.12)
It is easy to see that the AdSy x S? metric

dw dw dzdz

ds* =4v ———
R T e

Axza (4.13)

where u and v are constants, is invariant under these transformations. Making the coor-

dinate transformations
w = tanh g e z = tan %ew, (4.14)
we can express the metric (4.13) as

ds® = v(dn? + sinh® n d6?) + u(dy? + sin® 1 d¢?) . (4.15)

2Note that while computing the commutators we regard the action of the generators as active trans-
formation.
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We now define

Y 1 ~ 1 Ao (€7
Ly=—-(Li+ L), Li=Lo+-(L1—L_), Gy =Gy

2 9 1/2 :FZG(iB (416>

/2
From eqs.(4.11), (4.16) we see that the action of Ly, Ls on the w-plane is given by
Lo = (wy — W0y), Ly =—i(w?dy—0g), L_=i(dy — *Dy). (4.17)

This shows that Eo has the interpretation of the generator of rotation about the origin in
the w-plane. In terms of these new generators the non-vanishing (anti-)commutators of
the su(1,1|2) algebra take the form
Lo, Ls] =+ Ly, L+, L] =—2Ly,
[J3, J5] = +£JF, [Jr,J7 ] =2J%,
o~ 1 ~ o . .
Lo, G =+ 5 GY, [Ls, GF) = =i G,
AO[ 1 ACY ACM /\Clt
[‘]37 Gﬁi] ==+ 5 Gﬁi ’ [‘]ia Gﬁ$] = Gﬁia
(G, Gy =4eP Lo+ 4(ea')pe I, {G1,G"}y = F4ie*’ Ly,
(4.18)

Note that an element of the form exp [i(fofo D+ L s B J + n_J’)]
will be an element of the SL(2,R) x SU(2) group if we have

)y =€, (&) =€ ) =m O) =0 (4.19)

We shall call these the reality conditions on the bosonic generators. We shall now impose
a similar reality condition on the fermionic generators, 1.e. specify the condition on the
complex grassman parameters Hgﬂ under which exp [z@l ﬁGgﬁ} describes an element of the
SU(1,1]2) group. Any such rule must be compatible with the requirement that if exp(i7})
and exp(iT3) are two elements of the SU(1, 1|2) group, then exp([71,73]) must also be an
element of this group. The following constraint on 925 is compatible with this rule:?

(025)" = e 0., (4.20)
Equivalently we can say that

exp [i@ <CA¥$B + ewleﬁﬁ/@fg/ﬂ and exp [8 (@35 — eaaleﬁﬁlafl?/)} , (4.21)

3We need to remember that if §; and 6, are real grassman parameters then (6163)* = 0201 = —6,05.
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are elements of SU(1,1]2) for real §. We shall proceed with this choice. If we now define

Q=G +G ",  Q=-—i (@i* - @:‘) ,
Qs = —i (@;* + @i*) . Qu=GT -Gt
Q=G +G., Qu=—i (@i* — @:) ,
Qs = —i (@:+ + @i—) L Q=G -Gt (4.22)

then exp(i0Q;) and exp(i6Q;) are elements of SU(1,1|2) for real 6. In that case we have

{Qi, QJ} — 8(5” (/[:O—Jg), {@1, @J} - 85z] (EQ+J3), [ZO—JB, Ql] — 0, [Zo—i—J?’, ?z] :)O .
4.23

Besides this, {Q;, @]} are given by linear combinations of J* and Zi, [Eg - J3, QVZ} are
given by linear combinations of @i, [Eg + J3, Q] are given by linear combinations of Q;,
[J%,Q;] and [Ly,Q;] are given by linear combinations of Q; and [J*,Q;], [L+,Q;] are
given by linear combinations of @);. Precise form of these relations can be determined
from (4.18) and (4.22), but we shall not write them down explicitly.

Given the reality condition on the various generators, we can label an element of SU(1, 1|2)
as

g€ &m1,0,5 (s} {ih) = exp [ {0y + €L+ 0Tt 40" + 00, GF + 0, G5}

X exp [ia (Eo + J3)} X exp [’L {Z XkQk + 5(2:0 - Js)}] ;
) (4.24)

where £, n are complex bosonic parameters, o, ¢ are real bosonic parameters, y; are
real grassman parameters and 6,3 are complex grassman parameters satisfying the reality
condition

(eaﬁ)* _ Eaaleﬁﬁlea’ﬁ’ . (425)
Let us also denote by Hy the subgroup of SU(1,1|2) generated by
Z0 - J37 Qh Q27 Q37 Q4 . (426>

The non-vanishing (anti-)commutators of H, are
|:ZD - J37 Qz:| = 07 {Q’L? Q]} - 852] (EO - J3) : (427)

Then in (4.24) the parameters ¢ and {x;} parametrize an element of H, and the param-
eters o, £, n and 6,5 parametrize the coset G/ H,.
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Finally another subgroup of SU(1,1|2) (and Hy) that will play an important role in
our analysis is the subgroup H; generated by Q; and (Lo — J3).

4.3 Localization

In computing the quantum entropy function, — the partition function of string theory
on the near horizon geometry of the black hole — we need to integrate over all string
field configurations. In order to carry out the path integral, which involves integration
over infinite number of modes, it will be useful to fix the order in which we carry out
the integration. We shall adopt the following definition of the path integral: first we
shall integrate over the orbits of the subgroup H; generated by @, and (Lo — J?), then
over the orbits generated by the others @);’s belonging to the subgroup H, and then
carry out the integration over the remaining variables in some order. As we shall see
this definition will allow us to arrive at simple results on which configurations could
contribute to the path integral. Our approach follows closely that of [69]. Throughout
this analysis we shall implicitly assume that the theory admits a formalism in which
at least the H; subalgebra of the su(1,1]|2) algebra, generated by @Q; and (Lo — J?), is
realized off-shell. It may be possible to achieve this by generalizing the trick used in
[72] for N = 4 supersymmetric gauge theories. Finally we shall ignore the various issues
related to gauge fixing. For supersymmetric gauge theories in four dimensions gauge fixing
introduces various subtleties in the proof of localization[72]. However eventually these can
be overcome, and we shall assume that similar results will hold for supergravity as well.
Formally the division of the path integral into orbits of H; and directions transverse to
these orbits can be done by manipulating the integral using Fadeev-Popov method.* By
expressing an element of H; as

h = exp(iaQ, + iB(Ly — J*)) (4.28)

we can express the path integral as

o] [ () 2],

) ] : (4.29)

where [ dh denotes integration over the group H; with Haar measure, A is the Euclidean
action,” F'® are a pair of ‘gauge fixing functionals’ of the field configuration, 7 denote

4Unlike in the case of a gauge symmetry here we do not divide the path integral by the volume of the
‘gauge group’ H;. The rest of the manipulation proceeds exactly as in the case of a gauge theory.

®We are including in A the bulk and the boundary contributions to the action including the i § (j’/f term
that is necessary to make the path integral well defined [39, 25]. We shall also be implicitly assuming that
the boundary terms have been chosen so that all the supersymmetries of the bulk theory are preserved.
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collectively the parameters (a, 3) labelling the elements of the group H; and F¢ is the
transform of F'* by the group element corresponding to the parameters 7. We now note
that the integration over H; has a bosonic direction  which parameterizes a compact
U(1) group and hence gives a finite result, and a fermionic direction «. By the standard
rules of integration over grassman parameters the fermionic integral gives a zero, making
the whole integral vanish.

This argument breaks down around a configuration ® which is invariant under a subgroup
of Hy, since the matrix (§F¢/67%) in (4.29) becomes degenerate at this point. In this
case we proceed as follows. First of all we note that a subgroup of H; can either be
the whole of H; or the U(1) group generated by (Lg — J3). However if @ is invariant
only under (ZO — J3), then the zero eigenvector of the matrix dF2%/ 87’6‘F:0 is along the
bosonic direction corresponding to the U(1) transformation. This makes the sdet factor
in (4.29) vanish on the configuration ® but does not generate any divergence in the
integrand. Hence our earlier argument can still be applied to show that the f dh factor
makes the integral vanish. Thus the configuration ® must be invariant under both ¢); and
(Lo — J?). This allows us to choose the coordinates of the configuration space, measuring
fluctuations around the configuration @, as follows. First by Fourier decomposing these
fluctuations in the (§ — @) coordinates we can choose them to be eigenvectors of (Ly— J?)
with definite eigenvalues m € Z. For example for a scalar field a deformation of the
form e™0=9)/2 f(0 + ¢, r 1)) for any arbitrary function f will have this property. Let us
parametrize the set of all such bosonic fluctuations by coordinates z(sm). The complex

conjugate deformation, labelled by z(sj;) will have (EO — J3) eigenvalue —m. To avoid
double counting we shall denote the fluctuations with positive m by Zim) and fluctuations
with negative m by Z(SL) As s runs over different values, the parameters Zim) produce

the complete set of bosonic deformations with (ZO — J3) eigenvalue m. Now for m #
0, the action of the generator ()1 on such a bosonic deformation cannot vanish since

2 = 4(Ly — J?) acting on the fluctuation does not vanish. Instead this will generate a
particular fermionic deformation with (ZO— J3) eigenvalue m. Let us denote the parameter
associated with the fermionic deformation by Cfm). Finally we shall call the m = 0 bosonic
and fermionic modes collectively as 7. Since the original configuration ® is the origin of
the coordinate system, all the coordinates vanish at ®. We can now write®

Q1 2(m) = Clmyr @1 C0my =AM 2(yy (4.30)

where the second equation follows from the fact that (Q1)? Zmy = 4mz(,). Using the
reality of the operator (ieQ)) and the rules for complex conjugation of grassman variables
described in footnote 3, the complex conjugate relations of (4.30) can be expressed in the

50ur convention for defining the action of Q; on the parameters will be as follows. Take a general
field configuration labelled by ({2}, {C(,,)}, %) and act on it by the transformation (1 + ieQ1). The
new configuration can be associated with a new set of values of the various parameters. We call the
parameters associated with the new configuration as ({zfm) + 1€Qq zfm)}, {Cfm) +1eQq Cfm)}, 7+ 1€Q1 7).
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form”
Q1 2(m) = Clmys @10y = —4Am z(y, . (4.31)

Cfm) for different values of s give the complete set of fermionic deformations with (ZO —
J3) eigenvalue m and Cf;) for different values of s give the complete set of fermionic

deformations with (EO — J3) eigenvalue —m. To see this let us assume the contrary, 1.e.
that there is a fermionic coordinate () carrying EO — J3 eigenvalue m that is linearly
independent of the Cfm)’s (up to quadratic and higher powers of the other coordinates).
Since the origin is ()1 invariant, (1X(,) must vanish at the origin. On the other hand if
Q1X(m) is bilinear in the coordinates ({z{,,)}, {{m)}s {Clm b> {CGny b+ X(m) ¥) then it will be
impossible to satisfy the Q3 X (m) = 4mx ) condition since the action of @1 on each of the
coordinates produces a term linear and higher order in these coordinates. Thus QX (m)
must be a linear combinations of the complete set of bosonic coordinates {z{,, } carrying

Eg — J? eigenvalue m up to additional higher order terms in the coordinates. Applying
()1 on either side we see that x(,) must be a linear combination of the coordinates C(Sm)
up to additional higher order terms, in contrary to our original assumption that x () is
linearly independent of the other Cfm)’s.

The coordinates ({z{,,}. {z{m)} {¢iny}s {CGmy}) Will in particular include the defor-
mations generated by the elements of SU(1, 1]2) outside the subgroup generated by the
Q;’s and (EO + J3), since such deformations will carry non-zero ZO — J? charge. If for
example we use the parameterization given in (4.24) for an element of SU(1, 1|2), then the
parameters &, n and 6, will carry (Zo — J3) eigenvalue +1, and their complex conjugate
parameters will carry (Eo — J3) eigenvalue —1.

Now the path integral over the various fields can be regarded as integral over the

parameters z¢, ., Z(S;), Cfm) and C(S,Z) for different values of s and m # 0 together with

integration over the variables y. Thus we have an integral
I= / dij [T dzim dziny dCGy dCiny T e (4.32)
m>0,s

where J represents any measure factor which might arise from changing the integration
variables to (¥, 7, 2%, (,(*). We now deform this to another integral

I(t) = / dij [T dziy dziny Al dCGny T e 41T (4.33)

m>0

"To see this we can write Z(Sm) = zfm)R + iz(sm)l, C(Sm) = C(Sm)R + iCFm)I with real z(sm)R, z(sm)j, (fm)R
and C(Sm) ;> and then compare the real and imaginary parts of (4.30) after multiplying both sides by 6,
keeping in mind that the operator ¢6Q for real grassman parameter 6 takes a real variable to a real
variable, and also that given two real grassman variables 61, 05, 61605 is imaginary. Eq.(4.31) follows from
this immediately.
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where t is a positive real parameter and
F=3% 2 mSm- (4.34)
m>0 s

This gives

m>0 s

Furthermore, since by construction F' is invariant under (ED — J?3), we have
QIF=0. (4.36)

This equation, together with the supersymmetry invariance of the action (1A = 0) can
be used to get

Q1)

[ TL ey ety iy G52y T (~Qu) 10

m>0

= - / dij [T dziy dziny Ay dCiny T Q1 (Fe 7141 F) =0, (4.37)

m>0

where in the last step we have used (), invariance of the path integral measure. Thus ()
is independent of ¢, and has the same value in the limits ¢ — 0 and t — oco. Noting that
in the ¢t — 0 limit /(¢) reduces to I, and using (4.33), (4.35) we get

I=1lim [ df [ dzy dziy dCl dC5y T ¢4~ B0 Ze lmati st #<00 ] (4.38)
m>0
In the t — oo limit the Zim) and C(Sm) dependent terms inside the action A are subleading.

Thus up to an overall ¢ independent normalization constant,® the et 2m>0 2 [4m 285y 2oy <o o]
term in the ¢ — oo limit is equivalent to inserting in the path integral a factor of

TTTT 0 (i) 6 (25) 0(C50)0(CEm) - (4.39)

m>0 s

This shows that the path integral is localized in the subspace of (ZO — J?3) invariant
deformations parameterized by the coordinates 3. In particular it restricts integration

8This normalization constant can of course be absorbed into a redefinition of the measure 7.
Alternatively, we could define ¢, with a different normalization so that egs.(4.30) take the form
Q1 z(sm) = amgfm), Q1 Cfm) = dma;}! z(sm) for some constant «,,. By adjusting a,, we could en-
sure that the replacement of the ¢ dependent exponential factor by (4.39) does not require any additional
normalization.
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over the orbits of SU(1,1|2), generated by the action of (4.24) on any (Zo — J?) invariant
configuration, to the subspace

6 = 07 n= 07 001,6 =0. (440)

More generally, since Lo and J 3 generate translations along § and ¢ directions of AdS, x S?
respectively, restriction to Ly — J? invariant subspace amounts to restricting the path
integral over field configurations which depend on € and ¢ only through the combination
0+ 9).

We can further localize the i integral onto ()i-invariant subspace. Intuitively this
can be understood by noting that unless ¢ is invariant under @), the orbit of (); through
a point i will give a vanishing contribution to the integral[73, 70]. Thus the contribution
to the integral must come from the (), invariant subspace of the (Eg — J3) = 0 subspace.
Formally this can be established as follows. Let ({&/*},{(*}) denote the bosonic and
fermionic components of iy. Then we can write

Ql Ca - fa(wa ) ’ (441>

for some functions f* We now insert into the path integral a term
exp [—t@l > ¢, 5)] = exp [—t > C) £, Q) | (4.42)

Nilpotence of )1 and ), invariance of the original action can be used to argue that the
path integral is independent of t. Restriction of the path integral to the purely bosonic
subspace (* = 0 now has a factor exp{—t > f*(, 6) fe(w, 6)} Thus in the ¢ — oo limit
the path integral is restricted to the subspace f*(i,0) = 0 in the ¢ = 0 sector. This is
precisely the @), invariant subspace of purely bosonic configurations.

This establishes that in order to get a non-vanishing contribution from integration
around a saddle point ® it must be invariant under the group Hy generated by 1 and
Ly. Furthermore after taking into account appropriate measure factors we can express
the path integral as integration over an H; invariant slice passing through .

4.4 Integrating Over the Orbit of the Superconfor-
mal Current Algebra

String theory on AdS, x S? space, describing the near horizon geometry of a BPS black
hole, has an infinite group of asymptotic symmetries besides the global SU(1,1|2) trans-
formations which leave the AdS, x S? background invariant. These more general trans-
formations do not leave the AdS, x S? background invariant but preserve the asymptotic
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condition on the various fields. Hence they can be used to generate new solutions from
a given solution. As was shown in [25], the Euclidean action of the theory remains
unchanged under these transformations even after taking into account the effect of the
infrared cut-off. Thus they represent zero modes. In a non-supersymmetric theory where
only bosonic zero modes are present, integration over these zero modes will generate an
infinite factor in the partition function. Hence integration over these directions must
be restricted by declaring the corresponding transformations as gauge transformations.
However as was pointed out in [25], in a supersymmetric theory there is a possibility of
cancellation between the bosonic and fermionic zero mode integrals yielding a finite result.
We shall now demonstrate that this is indeed what happens.

The generators of the extended superconformal algebra may be labelled as En, jfl
and G withn € Z,r € Z+ %, 1 <i<3and a,f = =+. The generators of su(1,1]2)
discussed in §4.2 are special cases of these generators with the identification

z0 = an Ei = L:Fb Jl = f\ga G\aﬁ = éiﬁl : (443)
2

For our analysis we shall not need the full superconformal current algebra, but only the
commutators of the various generators with Ly and .J3. They are given by

~ ~

Lo, Lo] = —n Ly, [Lo,Ji] =—n ), [Lo,G2%) = —rG2?,
L= =0, T =T PG = 550,
JE=J +iJ?. (4.44)
This gives
[Lo— J% Lo) = —nL,, [Lo—J% ) =-nJ} [Lo—J% JF]=(-n¥F1)J;,

[Lo— J?, G = (—%6 - r) GoP., (4.45)

Consider now an Hi-invariant saddle point and analyze the contribution from the
zero modes generated by the action of the superconformal algebra. First note that most
of the modes generated by the superconformal algebra carry non-zero eigenvalues under
Lo — J3. They are part of the deformations labelled by 20 and Cfm) in §4.3 and are
eliminated by the localization procedure described in §4.3. Thus we only need to worry
about deformations generated by Ly — J? invariant generators. Of these several are part
of the global symmetry group SU(1, 1|2) and have already been taken into account in the
analysis of §4.3. From (4.45) we see that the only Lo — J? invariant generators which are
not part of SU(1,1]2) are J*, and J; . Since together with J3 = J3 they generate an
SU(2) group, the integration over these zero modes will give us a finite factor proportional
to the volume of SU(2). This shows that around an H;-invariant saddle point, integration
over the fermionic and bosonic zero modes generated by the full superconformal current
algebra gives a finite result.
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4.5 Examples of Hi-invariant Saddle Points

In this section we shall review the construction of a class of saddle points from orbifolds
of the near horizon geometry of the black hole[74, 25, 75] and verify their H;-invariance.
We shall focus on type IIB string theory on K3 — the theory discussed in appendix A
— and consider six dimensional geometries whose asymptotic form coincide with that of
S1x ST x AdS, x S? with background 3-form fluxes.” The simplest example of H;-invariant
saddle point is St x St x AdS, x S? with background fluxes and is given by

2
ds®* = v (d772 + sinh? 77d92) +u (d¢2 + sin? wd¢2) + f— }dw4 + de5‘2 ,
2

1
G! = gG&NdeM A dax™N A dx®
1
= 32 [Qr sine da® A dip Adg + Py sing da* A dip A dg + dual]
s
V;* = constant, V,” = constant. (4.46)

Here ‘dual’ denotes the dual 3-form required to make G' satisfy the self-duality constraint
given in (A-2), v, u, R are real constants and 7 = 7 + i7y is a complex constant. (n,t)
label an AdS, space, (¢, ¢) label a 2-sphere and z*, 2% label coordinates along S and
S1 respectively, each taken to have period 2. @ and Pr denote the fluxes through the
3-cycles S' x S% and S* x S? respectively, and are related to the integer charges carried
by the black hole whose near horizon geometry is described by (A-8).

This background is not only Hj-invariant but is invariant under the full SU(1, 1]2) sym-
metry group. The classical contribution to the quantum entropy function from this saddle
point is given by exp(Syaa) Where S,qq denotes the classical Wald entropy/[6].

We shall now construct other H; invariant saddle points with the same asymptotic
behaviour as (A-8) by taking orbifold of the above background by some discrete Zj
group. Since H; is generated by Q; and @Q?, in order to preserve H; the Z, action must
commute with );. Typically the generator of the Z, transformation will involve an
element of SU(1, 1|2) together with an internal symmetry transformation that commutes
with SU(1,1]|2). Now one can see from the algebra (4.18) that the only bosonic generator
of su(1,1]2) that commutes with Q; is (Lo — J%). Thus the part of the orbifold group
generator that belongs to SU(1,1|2) must be an element of the U(1) subgroup generated
by (Lo—J%). However since (Lo—J%) commutes with the Hyx U(1) subgroup of SU(1,1|2)
generated by @1, - - - Q4 and (on:J 3), we see that any such saddle point will automatically
also be invariant under this bigger subgroup of SU(1, 1]|2). We shall now give some specific
examples of such orbifolds.

gNoteN S and S! are not factored metrically, 1.e. we allow the metric to have components which mix
S! and S coordinates.
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It was shown in [76, 77] that with the help of a duality transformation we can bring
the charge vector to the form
(@, P) = ({Qo, F) , (4.47)
for some integer ¢, representing a duality invariant combination of the charges|[78]. Here
(Qo, Py) are primitive vectors of the charge lattice, satisfying

ged ({QorPos — QosFor}) = 1. (4.48)
We now consider an orbifold of the background (A-8) by the Zs transformation|25]

2rk
x5+L

. ) , k,se€ #Z, ged(s,k)=1. (4.49)

(9>¢7$5) - <9+2§7¢_2_7T

Since the circle parametrized by z° is non-contractible, this is a freely acting orbifold.

At the origin n = 0 of the AdS; space we have a non-contractible 3-cycle spanned by
(2°,9, ¢), with the identification (2°,v,¢) = (2° + 27k/s,, ¢ — 27w/s). As a result of
this identification the total flux of G through this cycle is equal to Q;/s = (I/5)Qo;-
Since the flux quantization constraints require the fluxes through this new 3-cycle to be
integers, we see that this orbifold is an allowed configuration in string theory only when
(/s is an integer.

Since (ZO — J?) shifts 6 and _¢ in opposite directions, the Z, transformation de-
scribed in (4.49) is generated by (LO J?) together with a shlft along z°. Since all the
generators of SU(1,1|2) are invariant under a shift along z°, we see that the subgroup
of SU(1,1|2) that commutes with (L, — J%) will be a symmetry of this orbifold. This is
precisely the group Hy together with the U(1) subgroup generated by (EO + J3).

It was shown in [25] that the orbifold described above has the correct asymptotic be-

haviour. For this we rename the coordinates (1, 0, ¢, #°) appearing in (A-8) as (7, 5, gg, )
and express the new configuration as

ds® — (dn + sinh? nd92> +u(d? + sin pdo?) \d:p +rdi®

Y

¢ = = [QI sine di® A dip A dg + Py sin o) da /\dl/z/\dgb—kdual}
(9+— ¢ — +¥)E(5+2m&5§5)

= (0,0+2m,7°) = (0,0,7° + 2n). (4.50)

2m N

0,0,7°)

We now make the coordinate transformation:

0 = s6, qﬁ:%—l—(l—s)g, x5:555—k§, n=n—Ins. (4.51)
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In these coordinates the background (4.50) takes the form

(1—s2)e

ds* = v [dp*+sinh®n 1+ :
2sinhn

2
) d«92) + u(dyp? + sin® ¢(de + df — s~ dB)?)

2
et 4 v (da® 4 ks do)?
T2

1
G' = 5 [Qrsing (da® + ks™'d0) A dy A (do + df — 57 )
™

+P; singyda* Ady A (dp + df — s~'df) + dual]
(0,0,2°) = (9 + 27, ¢, x5) = (0, ¢+ 27T,[L'5) = (9, b, x5 + 27T) ) (4.52)

Since the asymptotic region lies at large 1, we see that this has the same asymptotic
behaviour as the S! x S x AdS, x S? background described in (A-8). Note the presence
of the df — s7'df terms added to d¢ and ks~ 'df terms added to dz®. From the point of
view of the two dimensional theory living on AdS, these represent constant values of the
gauge fields arising from the 50 and ¢ components of the metric. Thus (4.52) is an allowed
configuration over which the path integral should be performed. The classical contribution
to the quantum entropy function from this saddle point is given by exp(Syaia/s)[25]. These
match with the asymptotic behaviour of specific extra terms in the microscopic formula
which appear when the integer ¢ introduced in (4.47) is larger than 1.

Finally we can consider another class of orbifolds for which & appearing in (4.49) vanishes,
or more generally, has a common factor with s. The orbifold group still commutes with
Hjy and hence we expect Hy to be a symmetry of this orbifold. However in this case the
orbifold action has fixed points and we no longer have a freely acting orbifold. Let us
consider the k = 0 case for definiteness[74]. The points (n = 0;¢ = 0, 7) are fixed points
of this orbifold group, and the 3-cycles spanned by (2°,v, ¢) and (2%, 1, ) at n = 0 now
pass through these fixed points. The fluxes through these three cycles from regions outside
the fixed points are given by Q;/s and P;/s respectively. However flux quantization rule
does not put any constraints on the charge vectors @Q; and P;. Instead it requires that
there must be additional flux at the fixed points which make the total flux through these
3-cycles satisfy the correct quantization rules.!'® As was argued in [74], the contribution
to the partition function from these saddle points is given by exp(Syaa/$) if we ignore the
contribution from the fixed points. Furthermore the contribution from the fixed points
add at most constants of order unity to Syqea/s whereas Syqa grows quadratically with
the charges carried by the black hole. Thus for large charges the contribution from the
fixed points to the exponent is subleading.

In a dual description of these theories in M-theory the near horizon geometry of
these black holes can have an extra circle that combines with the AdSs to give a locally
AdSs5 space. In this case one can get freely acting Z, orbifolds by accompanying the

10Such fluxes have been considered before in [79] in a different context.
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orbifold action by a translation along this extra circle[75], without imposing any additional
arithmetic condition on the charges of the type ¢/s € Z. This could provide a possible
way to analyze the orbifolds with fixed points in the type IIB description.

4.6 Discussion

In this chapter we have used the localization procedure to classify the saddle points which
will contribute to string theory path integral over the near horizon geometry of extremal
BPS black holes. This path integral is required for the computation of quantum entropy
function, which appears in the macroscopic computation of the entropy of extremal black
holes via AdS,/CFT; correspondence[39].

We hope that the same localization techniques will also simplify the computation of the
path integral around each of the saddle points, e.g. by reducing the path integral over
the fields to a finite dimensional integral. In particular for quarter BPS black holes in
type IIB string theory on K3 x T2 if the contribution to the path integral from some
of the saddle points can be expressed as finite dimensional integrals, they can then be
compared with the corresponding microscopic results derived in [16, 80, 81, 82, 83, 84, 85],
providing us with a precision test of the AdSs/C FT} correspondence. The formulation of
string theory on AdS; x S% described in [86] could also be a useful tool in this venture.
Finally we note that [71] expressed the expectation value of circular 't Hooft - Wilson
loop operators in an N = 4 supersymmetric gauge theory as a path integral over the field
theory on AdS, x S? background. Except for the replacement of the string theory by
N = 4 supersymmetric Yang-Mills theory, this path integral is identical to what appears
in the definition of the quantum entropy function. Thus we expect that any method (like
the one in the present paper) developed for the study of quantum entropy function is
likely to be useful for the study of the 't Hooft - Wilson loop operators in N = 4 super-
Yang-Mills theory. Similarly any method developed for computing 't Hooft - Wilson loop
operators in N/ = 4 super-Yang Mills theory (like the one developed in [71]) may be
useful for the computation of quantum entropy function in string theory. It will also be
useful to explore whether the correspondence between the 't Hooft - Wilson loop and the
quantum entropy function is just a mathematical coincidence or whether there is some
deeper physical reason behind it.



Chapter 5

Conclusion

We have studied the correction to the entropy of extremal black hole in string theory.
In the first part we discussed the higher derivative correction to the entropy of the BTZ
black hole. In string theory one finds that the low energy effective action contains higher
curvature terms. In fact at tree level it contains an Einstein-Hilbert term together with an
infinite series of higher curvature terms that are suppressed by powers of ’, so that they
are subleading at low energy. We described field redefinition and consistent truncation in
three dimensional general higher derivative theory of (super-)gravity coupled to arbitrary
set of matter fields. After field redefinition and consistent truncation the action reduces
to standard (super-)gravity action which is sum of three terms, Einstein-Hilbert term, a
cosmological constant term and the Chern-Simons term. The effect of higher derivative
corrections are encoded in the correction of the central charges. Thses will give classical
correction to the entropy of extremal black hole in string theory whose near horizon ge-
ometry corresponds to that of extremal BTZ black hole.

In the second part we described the quantum entropy of the extremal black hole. The
quantum degeneracy associated with horizon degrees of freedom of the extremal black hole
is given as the finite part of the partition function of string theory on AdS;. According
to this proposal the macroscopic entropy in full quantum theory is equal to logarithm of
degeneracy of the ground states of the CQM living on the boundary of AdS,. We first
check this proposal in case of extremal BTZ black hole where there exist an independent
definition of entropy via AdS;/CFTy correspondence. We found that both the definition
of entropy agrees. We also simplify this path integral using the supersymmetry of the
near horizon geometry. The isometry supergroup of the near horizon geometry has a
factor SU(1,1/|2). Using supersymmetry and localization techniques we showed that the
path integral could receives non-vanishing contribution only from a special class of field
configurations which preserve a particular subgroup of SU(1, 1]2).

The next thing one would like to do is to compare this proposal with the known micro-
scopic results. However in order to do this, one needs to know the full spacetime string
effective action and perform the path integral explicitly.
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CHAPTER 5. CONCLUSION



Appendix A

Killing Spinors in Six Dimensional
Supergravity on S! x S! x AdS; x S?

In this appendix we shall analyze the Killing spinors in six dimensional N = 4 chiral
supergravity compactified on S x St x AdS, x S?. This theory is dual to M-theory on
K3 x T3 x AdSy x S?, for which the Killing spinor equations have been analyzed in [53].
Thus we could try to recover our answer by dualizing the results of [53]. We shall however
analyze the Killing spinor equations directly in the six dimensional chiral supergravity in
the presence of arbitrary background fluxes. This will make the duality covariance of the
equations manifest.

We begin with the six dimensional supergravity theory obtained by dimensional
reduction of type IIB supergravity on K3[87, 88]. We shall follow the conventions of [89].
The bosonic fields in the theory are the metric gy, matrix valued scalar fields V; ¢, V;"
(1 <i<5,6<r<26) satisfying

VLVT =L, L =diag(+°, %), (A-1)

and 2-form fields B, (1 < I < 26) with field strengths G! = dB! satisfying the following
self duality constraint:

) . 1
Hynp = 3] CMNPQRS H™@R, Hynp = T 3) MNPQRS H™ORS, (A-2)
where
1 I 7 r I r
HMNP - GMNPVJ ) HMNP - GMNPVJ . (A‘?’)
eMnPQRs 1s a six form defined via
eMNPQRS — ‘detg|71/2 EMNPQRS7 (A—4)

€ being the totally antisymmetric symbol. We shall label the time coordinate by ¢ and
the space-coordinates by (x%, x5 1,1, ¢) and choose the convention

At — 1. (A-5)
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Indices of e are raised and lowered by the metric gy;n. Not all components of V' describe
physical degrees of freedom since there is an identification

V=Vo, (A-6)

where O is an SO(5) x SO(21) matrix acting on the first five and the last twenty one
indices respectively.

In the sector where the bosonic fields are taken to be space-time independent con-
stants, the equations of motion take the form

Run = Hypg Hy © + Hipg HY ©
HﬂNPHTMNP =0, (A-T)

where R);y is the Ricci tensor defined in the sign convention in which on the sphere the
Ricci scalar g™ Ry is positive. We now look for a solution in this theory of the form

2
ds’ = v (dn2 — sinh? ndtQ) +u (d¢2 + sin? z/zd(f) + ]j— }da:4 + de5}2 ,
2

1
G! = gagmpdxM A dx™N A dz®
= 33 [Qrsingda® Adp Adé + Prsind da* Adip A do+ dual]
m
V;" = constant, V,” = constant. (A-8)

Here ‘dual’ denotes the dual 3-form required to make G' satisfy the self-duality constraint
given in (A-2), v, u, R are real constants and 7 = 7 + i7y is a complex constant. (n,t)
label an AdS, space, (1, ¢) label a 2-sphere and z%, 25 label coordinates along S and
St respectively, each taken to have period 27. Q7 and Pr denote the fluxes through the
3-cycles S x S? and S x S? respectively, and are related to the integer charges carried
by the black hole whose near horizon geometry is described by (A-8). In order to solve
(A-7) we note that given any charge vectors (Q, P) satisfying

Q*>0, P*>0, Q*P*>(Q- -P):?, (A-9)

where

Q*=Q"LQ, P*=P'LP, Q-P=Q"LP, (A-10)

we can always find a matrix S satisfying SLST = L such that

Q =50y, P=S5h, (A-11)
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where

Q- P/VP? vV P?

V@P = (@ PP/IVP? 0
Qo = R : (A-12)
0 0

In that case eqs.(A-7) is solved by (A-8) for the choice

V=(S)" m=Q-P/P’ m=\QP-(Q-PP/P

1
= 167T4R2 \/Q2P2 - (Q ' P)2 (A_13)

v=u
Using eq.(A-3) this gives

H = # [Qé sint da® A dip A dp + Pl siney da* A dyp A dg + dual] , H" =0. (A-14)
Note that R is arbitrary. Furthermore S defined through (A-11) is ambiguous up to an
SO(3,21) transformation from the right acting on the last 24 elements. Thus V' given
in (A-13) is determined only up to an SO(3,21) multiplication from the right. Due
to the identification (A-6) only an SO(3,21)/S0O(3) x SO(21) family of these describe
physically inequivalent configurations. These parameters which are left undetermined by
the equations of motion describe flat directions of the entropy function.

The fermion fields in this theory consist of a set of gravitini ¥, and a set of spin
1/2 fermions x". x” transforms as 21 of SO(21), 4 of SO(5) and a right chiral spinor of
SO(5,1) where SO(5, 1) denotes the tangent space Lorentz group, SO(21) is the internal
symmetry group acting on the index r, and SO(5) is the internal symmetry group acting
on the index . In what follows we shall suppress all the SO(5) x SO(5, 1) spinor indices.
For each M, 1y, transforms as 4 of SO(5) and a left-chiral spinor of SO(5,1). Finally
the supersymmetry transformation parameter e transforms as a 4 of SO(5) and a left
chiral spinor of SO(5,1). Let us denote the vielbeins by e,7 with A labelling an SO(5, 1)
tangent space index, the SO(5,1) gamma matrices by I'4 and the SO(5) gamma matrices
by [, We shall also use the symbol '™ to denote the SO(5,1) gamma matrices in the
coordinate basis, 1.e. we have
T4 =ey TV, (A-15)

Then the SO(5, 1) chirality conditions on various spinors may be described as

1
<FQRS _ 5eMJVPQRS]_—1]\4]\[]3) X?” — 0’
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1
(FQRS + —GMNPQRSFMNP) wK — 07

3!
1
<FQRS 4 . eMNPQRSFMNP) € =0, (A-16)
where 1
[ MM — o (FMI ... "M 1 permutations with sign) . (A-17)

Besides this all the spinors ¥, x" and € satisfy the symplectic Majorana condition, e.g.
we have

e=eCQ, (A-18)

where  is the SO(5) charge conjugation matrix acting on the SO(5) spinor index and
C' is the SO(5,1) charge conjugation matrix acting on the SO(5,1) spinor index. The
supersymmetry transformation laws of various fields take the form

(56]\? = EfA¢M
Sthar = Dyge — ZH}MNPFNPFZE, Dyre = Opre + —wiPT ape — 1 QY Te,

4
1

AB _ _ _NP_B A A B, PQPN M
wi = =g e Omep' +ex'e’ g T, I'np B

gMR (ONgPR + OPgnk — ORYNP) ,

. ~. 1
6Biy = =V el by + 5V“‘EFMNX’",
1 . 1
ox" = EFMPM"FZG + o e,
SV =iV,

o0V, = el (A-19)
where the index [ is raised and lowered by the matrix L and
. 1 . . )
Py = —=0uVy (VT 2 =0V (VT (A-20)

V2
Thus the Killing spinor equations, obtained by setting the variation of x" and v, to zero,
are given by
1 . AN
Dire — ZH}WNPFNPF’E =0,
1 . 1
—TMP T + EFMNPHJTV[NPE =0. (A-21)

V2

We shall try to solve these equations in the background (A-8), (A-13). The analysis
simplifies if we note that in this background

P =0, Q%Y =0, Hyxp=0. (A-22)
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Thus the second set of equations in (A-21) are satisfied automatically. The first set of
equations can be split into two sets by taking M = (4,5) and M = (n,t,¢, ¢):
Hi,, P Tle=0, a=45 pr=nt1.0,

apv

1 % av i
D, e+ §HaWF ["e=0. (A-23)
Since we shall eventually be interested in finding the Killing spinors in the euclidean
theory, we shall now make a euclidean continuation of the theory. This is done by making

the replacement
t— —if, (A-24)

and replacing (A-4), (A-5) by

eMNPQRS _ 4| ot g|~1/2 (MNPQRS oMo — 1 | (A-25)

This will guarantee that a solution obtained by euclidean rotation of a Minkowski solu-
tion will satisfy the self-duality conditions (A-2) with ey nypors defined via (A-25). Fur-
thermore the chirality projection rules (A-16), the supersymmetry transformation rules
(A-19) and the killing spinor equations (A-21) all remain unchanged as long as we use
the new definition (A-25). Finally since the 4 representation of SO(6) is different from
its conjugate representation 4, we can no longer impose the symplectic Majorana condi-
tion on the spinors. However we shall now take (A-18) as the definition of € appearing
in the supersymmetry transformation laws. Equivalently, we could first replace € in the
supersymmetry transformation laws in terms of € using (A-18), and then make the Eu-
clidean continuation. The charge conjugation matrices C' and €2 have to be chosen so that
eFOOQT% ¢y and e C QT ey transform as SO(6) vectors and SO(5) vectors respectively
for arbitrary €; and e,.

Under the euclidean continuation the solution given in (A-8) takes the form:
R2
ds* = v (dn? + sinh®nd6?) + u(dy? + sin® ¢ dg?) + — |da* + 7d2’|*
T2

G! = 8—; [Qr siny da® A dip Adg + Py sinp da* A di A dg + dual] |
V;" = constant, V;" = constant,
H' = 8—; [Qg sin da® A dy A dp + Pi sinep dz* A di /\dgzﬁ—I—dual] , H =0,
(A-26)
with the various parameters determined from (A-13). The equations (A-23) take the form

Hi F’uyfiﬁzo, CL:4,57 #'71/:77’9’77Z)7¢7

apy

1 7 av i
D,e + §HGWF ["e=0. (A-27)
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Using the self-duality constraints (A-2), the chirality constraints (A-16), the explicit
form of the solutions given in (A-13), and (A-12), the first set of equations in (A-27) takes

the simple form R R
Tle = Iy (det g49) Y2 T2 (A-28)

where g™ denotes the metric on S* x 5. We shall now use (A-28) to simplify the second

set of equations in (A-27). For this we need to choose the vielbeins e,} consistent with

the background (A-26). We define e = e,}dx™ and take

e’ = Vusinhndd, e'=+wvdn, €= usinydp, e = Judy,

R
= — (da? dz® =R/ dx". A-29
e \/F2(x—|—7'1x), e To AT ( )

We also denote by 2™ for m = 2,3 the coordinates (¢, ) along S? and by z® for a = 0, 1
the coordinates (6,n) along AdS?. In that case the second set of equations in (A-27) are
given by
1 ~ o~
D€ — 5\/aef,;rn M“Ile=0,
Dae + % VoS PO T2 — 0, (A-30)

where I'* have been defined in (A-15), and
8;jfnd$m Adx™ =sindyp A\ do, gégsz dz® A dz” = sinhndn A d6 . (A-31)

We can analyze these equations by choosing the following representation of the
gamma matrices:
M= eIIxIol, N=nelIlIol, [P=neneleIxl]
Peneanellel, MH=neonenelel, [P=nooelel
MN=IeIglenel, P=I0II®cnl, [P=II0IR0ad
MeIRI®IRo®s, P=I0II®0®0s, (A-32)
where the o; are Pauli matrices and [ is the 2 x 2 identity matrix. In this basis the SO(6)
charge conjugation matrix C' and the SO(5) charge conjugation matrix {2 have the form:
C=i01R0m@IRI, QA=1I1101R1® 0  o,, (A-33)

so that C and ) satisfy respectively the conditions for SO(6) and SO(5) invariance'

(crH” = —cr4, ()T = -Qr¢, (A-34)

!Note that (A-34) does not fix the overall phases of C' and 2. We have chosen them according to our
convenience.
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for all A and i. We now note that the chirality condition (A-16) and the Killing spinor
condition (A-28) leads to the constraints:

(03R@03R03RQI®1)e=cF¢,

IRIRos3Ro31)e=—

(A-35)

Due to these constraints we can parameterize € by eight complex parameters ({A;}, {B;}):

1 1 1

SONONE
o) (3=

0 1

0
1

o
o

0
1

A

)= (5
o)

)<

As

0 B3

0
1

)+

1 0

INONY
e )= (

1 1

o

1
0

1 As

o) (5
Je(i)e(

)

Ay
By

Further simplification occurs due to the fact that eqs.(A-30) do not mix the A;’s with B;’s
and in fact remain invariant under the replacement A; < B;. Thus we need to solve the
Killing spinor equations in the four dimensional subspace parameterized by the A;’s (or

B;’s). We get eight solutions (ﬁﬁ (o

B,y =

for ¢ B All of these solutions have B; = 0 and the A;’s given by:

++ .
R

+- .
I

¢

¢

A

_ 9 i/ g0+

_ 9 yl/4 Gil0—0)/2

_ 9 yl/4 o-il6-9)/2

=20t

—i(0+¢)/2

SR U n
sin 2¢smh 5
_ n
sin cosh 5
— COoS g’ sinh ﬂ
cos 5 ¥ cosh ’7
_ w n
oS 3 smh 5
cosh ﬂ
smh ”
cosh 7 ’7
—sin ¥ 1/’ cosh ”
w n
sin £ i sinh 5
n
5 osh 5
— cos £ sinh g
» n
2¢ osh 5
n
5 sinh 5
cosh ﬂ
g’ smh 77

S

b
cos 2
—sin 3

sin E

COSs 5 C
b

2
COS & C
— COS
¥

sin 5
—sin

+). We shall first write down the solutions

(A-36)

The solutions for ¢ f# are obtained by replacing the A;’s by B;’s and vice versa. The

normalization factor 2 v'/4 has been included for convenience.

To check the regularity of the Killing spinors at the origin n = 0 and / or ¢ = 0, 7,
we need to express the AdS, x §% metric in the (z,w) coordinates as in (4.13) and choose

the vielbeins as
&’ =

_ 2w

1 — ww

dUJ],

~1
e =

2w

1 —ww

&2 =

dwR,

N

1—{—zz

27,

).
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wr+iwy =w, 2zr+tizr==z. (A-38)

Since these vielbeins are regular at w = 0 and / or z = 0, the Killing spinors will be
regular at these points if they are free from any singularity in this frame. Now using
(A-29) we get

0 1

=cosfe’ +sinfel, é'=—sinfe’ + coshel,
=cospe’ +singe®, 3= —singpe® +cospe’. (A-39)

é
é2
The é4 are related to e?t’s by a rotation by 6 in the 0-1 plane and a rotation by ¢ in the
2-3 plane in the tangent space. Since from (A-32) we see that on the spinors rotations in
the 0-1 plane and 2-3 plane are generated by %03 RIRI®I®I and %I Roz3RITRIRI
respectively, the rotation (A-39) is represented by the matrix

6@'9/2 ei¢/2
€_i9/2 ® €_i¢/2 ® I ® [ ® I . (A—40)

Applying this on (A-36) and using (A-36) we get the Killing spinors in the new frame:

Ay ZWw A —w
2 A —z 2 A 1
T 2 | _ +— 2 | _
+ Ag =N —w ’ + A3 =N —ZwW ’
Ay 1 Ay z
A1 —z Al 1
2 A 20 2 A —wW
++ . 2 | _ +— . 2| =
Ci ' Ag =N 1 ’ Ci ’ A3 =N z ’
Ay —wW Ay —ZW
9 ,Ul/4

N

(A-41)

VA +22)(1 — aw)

Similar expressions are obtained for (3 by replacing the A;’s by B;’s. Eq.(A-41) shows
that all the Killing spinors are regular at z =0 and / or w = 0.

If 035 denotes a grassman parameter labelling the supersymmetry transformations,
then the supersymmetry transformation by the spinor parameter ¢ = QZﬂCﬁﬁ can be

identified as the action of iQZﬂég‘ﬁ on various fields. Using the known supersymmetry
transformation rules for various fields given in (A-19) and the definition (A-18) of € one
finds

0ey0c, — 0cy0ey = €3 CQTM €1 Oy, (A-42)

up to possible gauge transformations of the type given in (A-6). Using this we can
verify that commutator of these supersymmetry generators with themselves and the other
symmetries follow the su(1,1]2) algebra given in (4.18).
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