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Synopsis

The low energy limit of string theory is supergravity coupled to various matter fields.
These theories have black hole solutions. Black holes are solutions of Einstein’s equation
of motion with the properties that they are surrounded by a hypothetical surface - known
as event horizon- such that no object inside the event horizon can escape the black hole.
However in quantum theory black hole behaves as a black body with finite temperature
and has entropy. In the Einstein’s gravity, this entropy known as the Bekenstein-Hawking
entropy SBH is given by the expression

SBH =
A

4GN

(1)

Here A is the area of the event horizon and GN is Newton’s gravitational constant.
One of the success of string theory has been an explanation of the Bekenstein-Hawking
entropy of a class of supersymmetric extremal black hole in terms of degeneracy of mi-
croscopic quantum states (dmicro). These extremal black holes are special class of black
holes which have zero temperature and hence do not radiate and are usually stable. Tech-
nically extremal black holes are defined to be those whose near horizon geometries have
the form AdS2 × K, where K is some compact space. The initial comparison between
SBH and Smicro(= ln dmicro) was done in the limit of large charges. In the limit of large
charges we can work with two derivative action in full string effective action. On the
microscopic side we can use the asymptotic formula for dmicro for large charges instead of
having to compute it exactly. However it is clearly of interest to know if the correspon-
dence between the black hole entropy and the microscopic entropy extends beyond the
large charge limit. In order to address this problem we need to open two fronts. First
of all we need to compute the degeneracy of states of black holes to greater accuracy so
that we can compute corrections to Smicro. The other front involves understanding how
higher derivative corrections/ string loop corrections affect the black hole entropy. Wald’s
formalism gives a clear prescription for calculating the effect of tree level higher derivative
corrections on the black hole entropy, and for extremal black holes this leads to the en-
tropy function formalism. However in order to implement it we need to know the higher
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derivative terms in the action. Inclusion of quantum corrections into the computation of
black hole entropy is challenging both conceptually and technically.

My research projects are focussed on the macroscopic side.

For some extremal black holes in string theory the AdS2 component of the near
horizon geometry, together with an internal circle, describes a locally AdS3 space. More
accurately the near horizon geometry of these extremal black holes correspond to that of
extremal BTZ black holes. The BTZ solution describes a rotating black hole in three di-
mensional theory of (super-)gravity with negative cosmological constant. A general three
dimensional theory of pure (super-)gravity with arbitrary higher derivative terms without
matter fields admits a field redefinition that reduces the action to the standard (super-
)gravity action whose gravitational part contains sum of three terms, Einstein-Hilbert
term, a cosmological constant term and the Chern-Simons term. We proved that this is
true even in presence of matter fields. After field redefinition and consistent truncation
(the scalar fields set to constant and the tensor fields set to zero) the action reduces to
standard (super-)gravity action. The parameters labelling the truncated action are the
cosmological constant and the coefficient of the Chern-Simons term. Of them the co-
efficient of the Chern-Simons term does not change under the field redefinition but the
cosmological constant term is modified and can be calculated explicitly. The corrected
central charge in the CFT at the boundary of AdS3 and hence the corrected entropy of
the BTZ black hole is determined in terms of coefficients of Chern-Simons term and the
modified cosmological constant.

Since extremal black holes have an AdS2 factor in their near horizon geometry, one
expects that the underlying quantum gravity theory in this background will have a dual
description in terms of a conformal quantum mechanics (CQM) living at the boundary
of AdS2. This CQM has only ground states parameterised by the charge of the black
hole and there are no excited states. It has been conjectured that the logarithm of the
ground state degeneracy of this dual CQM in a fixed charge sector should be taken as the
definition of the quantum corrected macroscopic entropy Smacro of extremal black holes.
Quantitatively this proposal states that quantum degeneracy associated with horizon
degrees of freedom of the black hole is given as the finite part of the partition function of
string theory on AdS2. The relation is given as

eSmacro(~q) = d(~q)macro =

〈
exp

[
−iqi

∮
dθA

(i)
θ

]〉finite

AdS2

(2)

Here ~q are the charges carried by the black hole, A(i) are the gauge field and the
path integral is over all fields in string theory with the boundary condition that they
asymptote to near horizon geometry of the black hole containing an AdS2 factor.
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We check this proposal in the case of supersymmetric extremal BTZ black hole where we
have independent definition of the entropy. The BTZ black hole is identified with states
in the dual CFT living at the boundary of the AdS3. The entropy of this black hole is
given as logarithm of degeneracy of the corresponding states in the CFT . In order to
compare the proposal with the above definition of entropy, one has to find the relation
between CQM dual to AdS2 and the CFT dual to AdS3. One finds that the CQM
dual to gravity in AdS2 is described by the chiral half of the (1+1) dimensional CFT
dual to gravity in AdS3. In other words the states of the CQM living on the bound-
ary of AdS2 are described by the L̄0 = 0 states of the (1+1) dimensional CFT living
on the boundary of AdS3. In fact the degeneracy of the ground states of CQM carry-
ing a given charge q is identified with the degeneracy of the states of the CFT which
have L̄0 = 0 and L0 − L̄0 = q. The later states appear in the definition of entropy of the
black hole via AdS3/CFT2 correspondence. Hence the two definition of the entropy agree.

In order to compare macroscopic the quantum degeneracy computed from equa.(2)
with the microscopic degeneracy, which is known for some of the supersymmetric black
holes, one needs to perform the above path integral explicitly. However this is technically
a very difficult problem. In the next project, instead of performing the path integral,
we simplify this using the supersymmetry of the near horizon geometry. The isometry
supergroup of the near horizon geometry has a factor SU(1, 1|2). Using supersymmetry
and localization techniques we showed that the path integral could receives non-vanishing
contribution only from a special class of field configurations which preserve a particular
subgroup (we call it H1) of SU(1, 1|2). We identify this subgroup and showed that path
integral around such field configuration reduces to integration over H1 invariant slice pass-
ing through the field configuration. This analysis is useful for finding the saddle points,
i.e. classical string field configuration which could give non-perturbative corrections to
the quantum entropy. We also find out some examples of such field configurations.
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Chapter 1

Introduction

1.1 Black Holes In General Relativity

Black holes are fascinating area of research both in theoretical physics and observational
astrophysics. From experimental point of view it poses a challenging observational prob-
lem to find black holes in galaxies, however there are evidences of super-massive black
holes at the center of most of the galaxies. From theoretical point of view it poses a chal-
lenging problem of unifying general relativity with quantum mechanics. Thus black holes
are excellent theoretical laboratory for understanding some features of quantum gravity.
The goal of the present thesis is to explore few aspects of the quantum theory of the black
holes.
General theory of relativity, formulated by Einstein, is a classical theory of gravity accord-
ing to which the gravity is a manifestation of the curvature of space time. According to
Einstein, the gravitational field is not a new field but correspond to deviation of spacetime
geometry from that of flat space time. The geometry of a spacetime is described in terms
of metric or line element between two points.

ds2 = gµνdx
µdxν (1.1)

Here µ, ν = 1, .., 4. The deviation of the spacetime metric from flatness, which accounts
for the physical effects usually ascribed to gravity, is determined in terms of Riemann
curvature tensor Rµνρσ. The Riemann tensor Rµνρσ is given in terms of Christoffel symbols
Γλµν as

Rµ
νρλ = ∂ρΓ

µ
νλ − ∂λΓ

µ
νρ + ΓµτρΓ

τ
νλ − ΓµτλΓ

τ
νρ (1.2)

The Christoffel symbols Γλµν are given as

Γλµν =
1

2
gλρ (∂µgνρ + ∂νgµρ − ∂ρgµν) (1.3)

3



4 CHAPTER 1. INTRODUCTION

Furthermore the curvature of the spacetime is related to the energy-momentum tensor of
the matter in the spacetime via Einstein’s equation given as

Rµν − 1

2
(R− 2Λ)gµν = −8πTµν (1.4)

Here Λ and Tµν are cosmological constant and energy-momentum tensor of the matter
respectively1. The Ricci tensor Rµν and Ricci scalar R are given as

Rµν = Rρ
µρν , R = gµνRµν (1.5)

The Einstein’s equation (1.4) is obtained as the Euler-Lagrange equation of motion from
the action

S = − 1

16π

∫
d4x

√−g(R− 2Λ) + Smatter (1.6)

Here Smatter is the matter action.
Classically black holes are solutions of Einstein’s equations with special properties. They
have a hypothetical surface - known as the event horizon - surrounding them such that
no object inside the event horizon can escape the black hole. One of the simplest black
hole solution in four dimension is the Schwarzschild solution. The Schwarzschild solution
is a static, spherically symmetric solution of vacuum Einstein equation (1.4) (with Tµν =
0) which describes the geometry outside the spherically symmetric energy-momentum
distribution. The solution for mass M is given as

ds2 = −
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2dΩ2 (1.7)

There exist more general black hole solutions which in addition carry charge and angular
momentum. In Einstein-Maxwell theory the most general stationary black hole solution
is the Kerr-Newmann black hole, which is uniquely characterized by its mass, charge and
angular momentum.

1.2 Laws of Black Hole Mechanics

One of the most remarkable results of black hole physics is that one can derive a set of
laws, called the laws of black hole mechanics, which have the same structure as the laws
of thermodynamics.
Before stating the laws of the black hole mechanics, we first give few definitions [1, 2, 3,
4, 5].

1In this report we will put all fundamental constants, GN , c and ~ to 1.
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Null Hypersurface: Let S(x) be a smooth function of the spacetime coordinates xµ

and consider a family of hypersurfaces S = constant. The vector fields normal to the
hypersurface are

l = f(x)gµν∂νS(x)
∂

∂xµ
(1.8)

where f(x) is some arbitrary non-zero function. If l2 = 0 for a particular hypersurface,
N , in the family, then N is said to be a null hypersurface.
A tangent vector field t on N is one for which t · l = 0. Since for a null hypersurface N ,
l · l = 0, l is itself a tangent vector field i.e.

lµ =
dxµ(λ)

dλ
(1.9)

for some curve xµ(λ) in N .
It is simple to prove that the curves xµ(λ) generated by the vector field l are geodesics.
These are called null geodesics and are the generators of the null surface N .
Killing Horizon: A null hypersurface N is a Killing horizon of a Killing vector field ξ if,
on N , ξ is normal to N . Then on N

ξ = f(x)l (1.10)

for some function f(x) and l is normal to N .
For killing horizon one defines the surface gravity ks

2 as

ξµDµξ
ν = ksξ

ν , on N (1.11)

were Dµ is covariant derivative and ks = ξ · ∂ ln |f(x)| on N .
Then by simple calculation one can show that on the killing horizon N the surface gravity
ks is constant on the orbits of the killing vector field ξ generating N .
Event horizons of black holes are null hypersurfaces. In Einstein’s theory of gravity all
event horizons of stationary black holes are killing horizon. From here onwards we will as-
sume that the event horizon of a stationary asymptotic flat black hole in arbitrary higher
derivative theory of gravity is a killing horizon. This is trivially true for static black hole
since in this case there exist a time like hypersurface orthonormal killing vector field.
Let us consider the case of non-degenerate killing horizons (ks 6= 0). We choose a coordi-
nate on N such that

ξ =
∂

∂α
(1.12)

with group parameter α as one coordinate. Consider the orbit α = α(λ) with affine
parameter λ generated by ξ. Then

ξ|orbit =
∂λ

∂α

∂

∂λ
= fl (1.13)

2In defining surface gravity we choose standard normalisation for ξ at infinity, e.g. for time translation
killing field ξ, in asymptotic flat spacetime, we choose normalisation such that ξ2 → −1 as r →∞.
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Here f = ∂λ
∂α

and l = ∂
∂λ

.
Now we have

∂ ln |f |
∂α

= ks (1.14)

Solving this we get

f =
∂λ

∂α
= ±f0e

ksα (1.15)

Since there is a freedom to shift α by a constant, we can choose f0 = ks. Hence we get

λ = ±eksα + constant (1.16)

We can choose the constant to be zero. Hence when the group parameter α ranges
from −∞ to +∞, λ is either > 0 or < 0. Thus ξ generates two null surface NA and
NB intersecting at λ = 0 hypersurface Σ corresponding to fixed point of ξ. The killing
horizon N which is union of two null hypersurface NA and NB is called bifurcate killing
horizon and Σ (ξ|Σ = 0) is called bifurcation surface.
As it is evident, in degenerate case (ks = 0) there are no bifurcate killing horizon and
bifurcation surface.

The fact that the entropy S of a stationary black hole with bifurcate killing hori-
zon is 2π times the Noether charge associated with the horizon killing field, normalised
so as to have unit surface gravity, was first proved in [6, 7]. The expression for the en-
tropy was derived for a general, classical theory of gravity in d-dimension arising from
diffeomorphism invariant Lagrangian with arbitrary matter fields. It is given as

S = 2π

∫

Σ

Q̃ (1.17)

where Σ is the bifurcation surface where killing field ξ = 0 and Q̃ is Noether charge
associated with killing field ξ̃ = k−1

s ξ.
In 4-dimension, for a Lagrangian which does not depend on derivatives of the Riemann
tensor, the entropy is given by

S = 2π

∫

Σ

∂L
∂Rµνρσ

εµνερσ
√
hdA (1.18)

where εµν is binormal3 of Σ.
As an example, consider a 4-dimensional theory described by Lagrangian L = − 1

16π
R.

We consider a static and spherically symmetric metric of the form

ds2 = −e2g(r)dt2 + e2f(r)(dr2 + r2dΩ2) (1.19)

3In general expression for the Noether charge one of the binormal arises through the relation Dµξν =
ksεµν on the bifurcation surface Σ.
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For this metric the binormal takes the form εtr = −εrt = eg(r)+f(r). We also have

8π
∂L

∂Rµνρσ

εµνερσ = −1

2
gµ[ρgσ]νεµνερσ = −(εtr)

2gttgrr = 1 (1.20)

And the entropy is

S =
2π

8π

∫

Σ

√
hdΩ =

A

4
(1.21)

where A is the area of the event horizon at r = 0.
Now consider a stationary rotating black hole with bifurcate killing horizon. Let the
killing field which vanishes on the bifurcation surface be

ξ = ξt + Ωξφ (1.22)

where ξt and ξφ are timelike and axial killing field respectively. Then the surface charges
associated with these killing field at asymptotic infinity are the mass (M) and the angular
momentum (J) of the black hole and their expression in terms of killing field are similar
to Komar’s formula of mass and angular momentum.
We shall now state the laws of black hole mechanics [8, 9, 10, 3].
Zeroth Law: The zeroth law states that the surface gravity ks of a stationary black hole
is constant over the event horizon,

ks = constant (1.23)

First Law: The first law, in general theory of gravity, states4 that if one considers two
infinitesimally close stationary rotating black hole solutions then the change δM of the
mass is related to change of entropy, δS and of the angular momentum, δJ via:

δM =
ks
2π
δS + ΩδJ (1.24)

Here Ω, defined via (1.22), is the angular velocity at the horizon. Second Law: If Tµν
satisfies the weak energy condition and assuming that the cosmic censorship conjecture
is true then the total area of the event horizon of black holes in a non-stationary process
(e.g. collisions and fusion of black holes) in an asymptotically flat spacetime is a non-
decreasing function of time.
The weak energy condition means that Tµνu

µuν > 0 at any point in spacetime for any
time like vector field uµ. The cosmic censorship conjecture states that naked singularities
can not form from a gravitational collapse in an asymptotically flat spacetime which was
non singular on some initial spacelike hypersurface.
The zeroth law of the black hole mechanics resembles the zeroth law of thermodynamics,

4In Einstein’s theory of gravity it takes the form δM = ks

2π δA + ΩδJ , where A is the area of the event
horizon.
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which says that the temperature is constant in a thermodynamic equilibrium. The first
law of black hole mechanics resembles the energy conservation and the second law resem-
bles the thermodynamic law that the entropy in a given non-equilibrium process always
increases. These resemblance led one to think that black hole has temperature and ther-
modynamic entropy which is proportional to surface gravity and area of the event horizon.
However the black hole laws are a priori not linked to thermodynamics in any obvious
way because they are derived using geometrical properties of event horizons and general
covariance. The most obvious reason for not believing in a thermodynamic content is
that a classical black hole is just black. It cannot radiate and therefore one should assign
temperature zero to it, so that the interpretation of the surface gravity as temperature
has no physical content.
This changes dramatically when taking into account quantum effects [11]. One can analyse
black holes in the context of quantum field theory in curved backgrounds, where matter is
described by quantum field theory while gravity enters as a classical background. In this
framework it was discovered that black holes can emit radiation, called Hawking radiation,
and the spectrum is Planckian with a temperature, the so-called Hawking temperature,
which is indeed proportional to the surface gravity,

TH =
ks
2π

(1.25)

This motivates one to take the laws of the black hole mechanics and the relation between
area of the event horizon and the thermodynamic entropy more seriously. In fact one now
interprets the laws of black hole mechanics as the laws of black hole thermodynamics.
The universal expression for the thermodynamic entropy of the stationary black hole in
Einstein’s theory of gravity, which we also got in (1.21), is called Bekenstein-Hawking
entropy.

SBH =
A

4
(1.26)

However in general theory of gravity with arbitrary higher derivative terms, the expression
for the entropy deviates from the Bekenstein-Hawking area law. The entropy also deviate
from the area law when we take into account the quantum gravity effects.

1.3 Black Holes in String Theory

String theory is a quantum theory of relativistic strings. The low energy limit of string
theory gives rise to (super-)gravity coupled to other fields. As a result these theories
typically have black hole solutions5. At present the string theory is the most prominent
candidate for a quantum theory of gravity. Thus it is natural to expect that the string
theory is a framework for studying classical and quantum properties of black holes.

5For nice review on the black holes in string theory look at [12, 13].
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In most physical system the thermodynamic entropy has a statistical description in term
of microstates which correspond to same macrostate. Thus one can ask: in string theory
can we understand the thermodynamic entropy (1.26) from statistical viewpoint i.e. as
logarithm of the number of quantum states associated with the black hole? Although
one does not yet have a complete answer to this question, for a special class of black
holes in string theory, known as extremal black holes, this question has been answered
in the affirmative. These black holes have zero temperature and hence do not Hawking
radiate and are usually stable. Technically an extremal black hole is one which has near
horizon geometry of the form AdS2 × K, for some compact space K. Often, but not
always, extremal black holes are also invariant under certain number of supersymmetry
transformations. In that case they are called BPS black holes. In string theory the BPS
black holes can be realised in terms of various configuration of solitonic objects like D-
branes, fundamental strings etc. The charges carried by the black hole are realised in terms
of quantum numbers, like number of D-brane, Kaluza-Klein momenta, winding number
etc, carried by the configuration of solitonic objects. This in turn allows us to calculate
the degeneracy of such states at weak coupling where gravitational back reaction of the
system can be ignored. Supersymmetry allows us to continue the result to strong coupling
where gravitational backreaction becomes important and the system can be described as
a black hole. In string theory one finds that for a wide class of extremal BPS black holes
we have, in the limit large charges

SBH(Q) = Smicro(Q) (1.27)

where Smicro is defined as
Smicro(Q) = ln dmicro(Q) (1.28)

where dmicro(Q) is the degeneracy of BPS states in the theory carrying same set of charges
Q.
The initial comparison between SBH and Smicro was carried out in the limit of large
charges. Typically in this limit the horizon size is large so that the curvature and other
field strengths at the horizon are small and hence we can calculate the entropy via (1.26)
without worrying about the higher derivative corrections to the effective action of string
theory. In this limit, Smicro also get simplified and often it is given in terms of the
degeneracy of a state in (1+1) dimensional CFT with the spatial coordinate compactified
on a circle [14, 15]. In this case the BPS black hole with large charges corresponds to
state in the CFT with large L0(or L̄0) eigenvalue hL(or hR) and zero L̄0(or L0) eigenvalue.
The degeneracy of such states (e.g. for hR = 0 case) are given in terms of Cardy formula

dmicro ' exp[2π

√
cLhL

6
] (1.29)

where cL is the left moving central charge.
One of the success of the string theory is that these two completely different computa-
tions, -one for SBH(Q) from gravity side and the other for Smicro(Q) from CFT side,- give
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the same answer. Given this success, it is natural to carry out this comparison to finer
details. When we move away from the large charge limit, the curvature and other field
strengths at the horizon are no longer negligible. In string theory one finds that the low
energy effective action contains higher curvature terms. In fact at tree level it contains an
Einstein-Hilbert term together with an infinite series of higher curvature terms that are
suppressed by powers of α′, so that they are subleading at low energy. Thus, string theory
deviates from Einstein gravity already at the classical level. On top of these terms the
effective action also gets contribution from string loop corrections which involves powers
of string coupling gs. For a large but finite size black hole we expect the effect of these cor-
rections at the horizon will be small but non-zero, giving rise to small modifications of the
black hole entropy. On the other hand for finite but large charges the statistical entropy
computed from the Cardy formula will also receive corrections which are suppressed by
inverse powers of charges. Thus it would be natural to ask: Does the agreement between
SBH(Q) and Smicro(Q) continue to hold even after taking into account the effects of higher
derivative corrections on the black hole side, and deviation from the Cardy formula on
the statistical side?
In order to address this problem we need to open two fronts. First of all we need to
compute the degeneracy of states of black holes to greater accuracy so that we can com-
pute corrections to Smicro given in (1.28). Conceptually this is a straightforward problem
since dmicro is a well defined number, especially in the case of BPS extremal black holes,
since the BPS property gives a clean separation between the spectrum of BPS and non-
BPS states. Technically, counting of dmicro is a challenging problem, although this has
now been achieved for a class of black holes in N = 4 supersymmetric string theories
[16, 17, 18]. Significant progress has also been made for half BPS black holes in a class
of N = 2 supersymmetric string theories [19]. The other front involves understanding
how higher derivative corrections / string loop corrections affect the black hole entropy.
Wald’s formalism [6, 7] gives a clear prescription for calculating the effect of tree level
higher derivative corrections on the black hole entropy, and for extremal black holes this
leads to the entropy function formalism. Thus here there is no conceptual problem, but in
order to implement it we need to know the higher derivative terms in the action. Inclusion
of quantum corrections into the computation of black hole entropy is more challenging
both conceptually and technically.

1.4 AdS/CFT Correspondence

According to [20, 21, 22] string theory on AdSd+1 times a compact space is dual to a d
dimensional conformal field theory (CFT ) living on the boundary of AdSd+1. According
to this correspondence, in the approximation where the bulk fields are treated classically,
the boundary fields parameterizing the boundary conditions of the bulk fields are identified
with the source for the dual operators and the classical supergravity partition function
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acts as a generating function for the correlation function of the dual operator in the
boundary CFT .
In the present thesis we will concentrate on d = 1 and 2 case. The d = 1 case will be
dealt in detail in the next section. For d = 2 the AdS/CFT correspondence implies an
equivalence between string theory on AdS3 and CFT2 living at the boundary of AdS3.
AdS3 is a homogeneous space of constant negative curvature and it’s isometry group is
SL(2,C) ∼= SL(2,RR)×SL(2,RR). In fact a long time ago Brown and Henneaux [23] made
a remarkable observation that the asymptotic symmetry group of AdS3 is generated by
two copies of Virasoro algebra (whose global part is SL(2,RR)× SL(2,RR)) and therefore
the states in the Hilbert space of quantum theory of gravity on AdS3 must be in the
representation of these Virasoro algebra and hence it must be a conformal field theory.
They also computed the value of the central charge as cL = cR = 3

2
√

Λ
where Λ is the

cosmological constant. The vacuum of this CFT with L0 = L̄0 = 0 correspond to empty
AdS3 and is invariant under only global part of the Virasoro algebra.
In three dimension the Weyl tensor vanishes and hence Riemann tensor can be expressed
in terms of metric, Ricci tensor and Ricci scalar. As a result in case of pure gravity there
are no gravitational waves (however it becomes nontrivial in presence of matter fields
and higher derivative terms) but there are a black hole solutions, discovered by Bañados,
Teitelboim, and Zanelli [24]. BTZ solution describe a rotating black hole solution and
often appears as a factor in the near horizon geometry of higher dimensional black holes
in string theory. For some extremal black holes in string theory the AdS2 component of
the near horizon geometry together with the an internal circle describes a locally AdS3

space. Specifically the near horizon geometry of these extremal black hole correspond to
that of extremal BTZ black hole. BTZ black hole corresponds to states in the CFT and
has non zero L0 and L̄0 which is determined in terms it’s mass and angular momentum.
The degeneracy of such states with large L0 and L̄0 is given in terms of cardy formula
and hence one can compute the entropy of such black hole.

1.5 Quantum Entropy of Extremal Black Hole

Wald’s formula [6, 7] computes the entropy of a non-extremal black hole in a classical
theory of gravity with arbitrary higher derivative terms coupled to arbitrary set of matter
fields. It gives entropy in terms of field configurations near the horizon of the black
hole. For extremal black holes, defined as the limit of a non-extremal black holes, Wald’s
formula reduces to a simple algorithm known as the entropy function formalism. We shall
review this formalism below. Since the main ingredient of this analysis is the appearance
of an AdS2 factor in the near horizon geometry of extremal black holes, we shall begin by
describing the origin of AdS2 factor.
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As an example consider a (3 + 1)-dim. Reissner-Nordstrom black hole. It is given by

ds2 = −(1− a/ρ)(1− b/ρ)dτ 2 +
dρ2

(1− a/ρ)(1− b/ρ)
+ ρ2(dθ2 + sin2 θdφ2) (1.30)

Here (τ, ρ, θ, φ) are the coordinates of space-time and a and b (a > b) are two parameters
labelling the position of the outer and inner horizon of the black hole respectively.
The extremal limit corresponds to b→ a. We take this limit keeping the coordinates θ, φ
and

r = 2

(
ρ− a+ b

2

)
/(a− b), t = (a− b)τ/2a2 (1.31)

fixed.
In this limit the metric takes the form

ds2 = a2

(
−(r2 − 1)dt2 +

dr2

r2 − 1

)
+ a2(dθ2 + sin2 θdφ2) (1.32)

This is the metric of AdS2 × S2, with AdS2 labelled by (r, t) and S2 labelled by (θ, φ).
As we mentioned, all known extremal black hole solutions have an AdS2 factor in their
near horizon geometry; furthermore the other near horizon field configurations remain
invariant under the SO(2, 1) isometry of AdS2 . We shall take this as the definition of
extremal black hole even in presence of higher derivative terms.
One can give a uniform treatment of all such extremal black holes by regarding the angular
directions as part of compact coordinates. Thus we have an effective two dimensional
theory of gravity coupled to (infinite number of) other fields obtained by compactifying
the fundamental theory on the compact directions. Among them of particular importance
are the set of massless fields like abelian gauge fields A

(i)
µ and a set of neutral scalar fields

φs. Let L0 be the classical Lagrangian density and A be the classical action describing
the dynamics of these massless fields

A[gµν , {A(i)
µ }, {φs}] =

∫
d2x

√−gL0 (1.33)

The most general near horizon geometry consistent with the SO(2, 1) isometries of AdS2

is given by

ds2 = v

(
−(r2 − 1)dt2 +

dr2

r2 − 1

)
, F

(i)
rt = ei, φs = us (1.34)

where F
(i)
µν = ∂µA

(i)
ν −∂νA(i)

µ are the gauge field strengths , v, {ei} and {us} are constants.
Note that there are no parameter explicitly labelling the magnetic charges; they are
encoded in the component of the gauge field strengths along the compact directions and
appear as the parameters labelling the two dimensional theory. Let us denote by f(~u, v, ~e)
the Lagrangian density

√−gL0 evaluated for the near horizon geometry (1.34)

f(~u, v, ~e) =
√−gL0 = vL0 (1.35)
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Then the classical black hole entropy is given by

SBH = 2π(eiqi − f(~u, v, ~e)) (1.36)

evaluated at
∂f

∂us
= 0,

∂f

∂v
= 0,

∂f

∂ei
= qi (1.37)

The function 2π(eiqi − f(~u, v,~e)) is called the classical entropy function.

We now make an analytic continuation of the solution (1.34) by defining a new
coordinate

t = −iθ, r = cosh η (1.38)

In these coordinates the solution (1.34) takes the form

ds2 = v(dη2 + sinh2 ηdθ2), φs = us, F i
θη = iei sinh η (1.39)

Also the action (1.33) becomes

A = −i
∫
dηdθ

√
gEL0 (1.40)

In this coordinate the AdS2 is a disk with boundary at η = ∞. We can regulate the
volume of the AdS2 by putting an upper cut-off ηmax on η. The metric in non-singular at
the origin η = 0 if we choose θ to have period 2π.
Integrating the field strength we can get the form of the gauge field (in A

(i)
η = 0 gauge)

A
(i)
θ = −iei(cosh η − 1) (1.41)

The (−1)-factor inside the parenthesis is required in order to make the gauge field non-
singular at the origin η = 0.

We can formally define the partition function of string theory in this background (1.39)
as the path integral over all the string fields. In order to properly define this path integral
we need to fix the boundary condition on various fields at η = ηmax . Special care is
needed to fix the boundary condition on the gauge fields. In AdSd+1 for general d the
classical Maxwell equations for a gauge field near the boundary has two independent
solutions. One of these represent the constant mode of the asymptotic gauge field and
the other one measures the asymptotic electric field or equivalently the charge carried
by the solution. Requiring the absence of singularity in the interior of AdSd+1 gives a
relation between the two coefficients. Thus in defining the path integral over AdSd+1 we
fix one of the coefficients and allow the other one to fluctuate. For d ≥ 3 the constant
mode of the gauge field is dominant near the boundary; hence it is natural to fix this
and allow the mode measuring the charge to be determined dynamically in the classical
limit and to fluctuate in the full quantum theory. However for d = 1 the mode that



14 CHAPTER 1. INTRODUCTION

measures charge is the dominant one near the boundary; thus it is more natural to think
of this as a parameter of the boundary CFT and let the constant mode of the gauge
field be determined dynamically. This can be seen for example in (1.41) where the term
proportional to cosh η measures the charge and the constant term in the expression for
the gauge field is determined in terms of the electric field by requiring the gauge fields to
be non-singular at the origin. Thus a more natural definition of the partition function on
AdS2 will be to fix the coefficient of the linear term in cosh η and allow the constant term
to fluctuate. In general this is achieved by requiring that[25]

lim
r→∞

δAbulk

δF
(i)
rθ

= iqi, (1.42)

Here Abulk is the bulk part of the action iA and r = cosh η. In this case under infinitesimal
variation of the gauge field component A

(i)
θ we have

δAbulk = (e.o.m) + iqi

∮
dθδA

(i)
θ (1.43)

In order to cancel this boundary term, we need to add a boundary term −iqi
∮
dθA

(i)
θ into

the action iA. Similarly boundary conditions on the other fields are fixed in the standard
manner, e.g. in the gηη = v, gθη = 0 gauge we freeze the mode of gθθ, proportional to e2η

near the boundary, to v
4

and allow the mode independent of η to fluctuate. Appropriate
boundary terms must be added to the action so that the variation of the action under
arbitrary variation of the various fields, subject to the boundary conditions, vanishes when
equations of motion are satisfied. With these suitable boundary conditions we introduce
the quantity

ZAdS2 =

〈
exp

[
−iqi

∮
dθ A

(i)
θ

]〉

AdS2

(1.44)

where <>AdS2 denotes the unnormalised path integral over various fields on AdS2 with
weight factor eiA. Let us evaluate the partition function (1.44) in the classical limit.
On-shell the bulk part of the action is given by

Abulk = −i
∫
dηdθ

√
gEL0 = −2πiv

∫ ηmax

0

dη sinh ηL0

= −2πiv(cosh ηmax − 1)L0 = i(cosh ηmax − 1)(SBH − 2πeiqi) (1.45)

Here we have used (1.36). This is however not the complete contribution to A ; we can
get additional contribution from the boundary terms at η = ηmax. To determine the form
of the boundary contribution, we make a change of coordinates

η̃ = ηmax − η, θ̃ =
1

2
eηmaxθ (1.46)
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In this coordinate the boundary has period

β = πeηmax (1.47)

Furthermore the metric and the gauge field strengths near the boundary take the form

ds2 = v[dη̃2 + e−2η̃dθ̃2] +O(β−2)

F i
η̃θ̃

= ieie−η̃ +O(β−2) (1.48)

And the Wilson loop at the boundary becomes

−iqi
∮
dθA

(i)
θ = 2πeiqi − βeiqi +O(β−1) (1.49)

Now the boundary term in the action is given by some local expression constructed from
the metric, the gauge field strength and their derivatives integrated along the boundary.
Due to translation symmetry along θ̃, the integration along the boundary gives a factor of
β multiplying the integrand. On the other hand the form of the solution given in (1.48)
shows that the integrand is given by a β-independent term plus a contribution of order
β−2 . Thus up to correction terms of order β−1 , the boundary contribution must be
proportional to the length β of the boundary circle. Together with (1.45), the complete
classical partition function (1.44) is

ZAdS2 = exp[SBH + βK(q) +O(β−1)] (1.50)

Since the term K(q) contains the boundary terms and hence ambiguous but unambiguous
and the finite part of the partition function is given by

Zfinite
AdS2

= eSBH (1.51)

Thus in the classical limit the finite part of the partition function (1.44) reduces to expo-
nential of Wald entropy.
In full quantum theory we hope to represent the effect of this path integral by a modifi-
cation of the original Lagrangian density to an appropriate effective Lagrangian density.
In flat spacetime the one particle irreducible action is non-local and hence causes an ob-
struction to express the action as an integral over a local Lagrangian density. However
the situation in AdS2 background is better since the non vanishing curvature of AdS2

puts a natural infrared cut-off. Thus the quantum ZAdS2 is expected to be given by an
expression similar to (1.50) but with quantum corrected entropy (determined in terms of
effective Lagrangian density).
We will now give an interpretation of the entropy SBH appearing in (1.50) in terms of an
appropriate conformal quantum mechanics living at the boundary of AdS2. Since ZAdS2 is
the partition function of the theory on AdS2, according to AdS/CFT correspondence[20,
21, 22] one expects this to be the partition function of the dual quantum mechanics living
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at the boundary η = ηmax. Thus if H denotes the Hamiltonian generating θ̃ transla-
tion in the dual quantum mechanics living at η = ηmax then, according to AdS/CFT
correspondence,

ZAdS2 = Tr
(
e−βH

)
(1.52)

In the ηmax → ∞ which corresponds to β → ∞ limit, the right hand side of (1.52) will
get dominant contribution from the ground state. If d(q) is the degeneracy of the ground
states, then in this limit we get

ZAdS2 = e−βEd(q) (1.53)

Here E is the ground state energy.
Comparing with (1.50) and identifying E = −K(q).

d(q) = eSBH(q) =

〈
exp

[
−iqi

∮
dθ A

(i)
θ

]〉finite

AdS2

, (1.54)

The right hand side of (1.54) is called quantum entropy function.

In case of supersymmetric extremal black hole one expects to make a precise compar-
ison between macroscopic and microscopic entropy. Let dmicro(~q) denotes the degeneracy
of the BPS microstates carrying total charge ~q in string theory. Then on general grounds
one expects the following relation between dmicro(~q) and the macroscopic quantities asso-
ciated with the black hole:

dmicro(~q) = dmacro(~q) (1.55)

where

dmacro(~q) =
∑
n

∑
{~qi},~qhairPn

i=1
~qi+~qhair=~q

{
n∏
i=1

dhor(~qi)

}
dhair(~qhair; {~qi}), (1.56)

The n-th term on the right hand side of (1.56) represents the contribution to the degen-
eracy from n-centered black hole configuration and dhair(~qhair; {~qi}) is the degeneracy of
the hair degrees of freedom [26]. dhor(~qi) is the degeneracy associated with the horizon
degrees of freedom given by (1.54).
One issue which will be not dealt here in detail but need to mention is related to infrared
divergence and it’s regularisation. In proving that the quantum entropy function (1.54) in
classical limit reduces to exponential of Wald entropy we have used, in order to regularise
the infrared divergence arises because of infinite volume of AdS2, a specific infrared cutoff
in which we put η = ηmax. However in [25] it was shown that the right hand side of (1.54)
is insensitive to any choice of infrared cutoff in full quantum theory.



1.6. PLAN OF THE REPORT 17

1.6 Plan of the report

This thesis is divided into two parts. In the first part we describe the field redefinition and
consistent truncation in general three dimensional theory of (super-)gravity and compute
the classical correction to BTZ black hole entropy. In the second part we describe the
quantum correction to entropy of extremal black hole. The plan of the chapters are as
follows:
As we mentioned for some extremal black hole the near horizon geometry correspond to
that of extremal BTZ black hole. The entropy of the BTZ black hole are given in terms
of central charges. In chapter 2 we describe field redefinition and consistent truncation in
three dimensional general higher derivative theory of (super-)gravity coupled to arbitrary
set of matter fields. After field redefinition and consistent truncation the action reduces
to standard (super-)gravity action which is sum of three terms, Einstein-Hilbert term,
a cosmological constant term and the Chern-Simons term. We describe the procedure
of computing the parameters of the final truncated theory. We apply these procedure
in case of 3-dimensional theory obtained by dimensional reduction of 5-dimensional four
derivative theory of N = 2 supergravity. We then compute cosmological constant and
the central charges of the boundary CFT which will give higher derivative correction to
entropy of the BTZ black hole .
In chapter 3 we describe a check of quantum entropy function proposal. We consider
extremal supersymmetric charged BTZ black hole in 3-dimension for which there exist
independent definition of entropy based on AdS3/CFT2 correspondence. We compare
this definition of entropy with that of quantum entropy function proposal. We will show
that these two different definition of entropy agrees.
In chapter 4 we tried to find the field configuration which could give non vanishing contri-
bution to quantum entropy function. Using supersymmetry and localization techniques
we show that the path integral could receive non-vanishing contribution only from a spe-
cial class of field configurations which preserve a particular subgroup (we call it H1) of
SU(1, 1|2). We identify this subgroup and showed that path integral around such field
configuration reduces to integration over H1 invariant slice passing through the field con-
figuration. This analysis is useful to find the saddle points, i.e. classical string field
configuration which could give non-perturbative corrections to the quantum entropy. We
also find out some examples of such field configurations.
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Part II

Corrections to Black Hole Entropy

19





Chapter 2

Consistent truncation to three
dimensional (super-)gravity

2.1 Introduction

Three dimensional (super-)gravity with negative cosmological constant has played an im-
portant role in the study of black holes in string theory. At first sight classical three
dimensional theory of gravity described by Einstein-Hilbert action with negative cosmo-
logical constant seems to be trivial. The reason is that in three dimension, gravity does
not have any physical degree of freedom and hence there are no gravitational waves and
any two solution is locally equivalent to AdS3 [27]. However in three dimension there are
black hole solutions, discovered by Bañados, Teitelboim, and Zanelli [24], which make it a
much more exciting problem and worth to study. BTZ solution describe a rotating black
hole solution and often appears as a factor in the near horizon geometry of higher dimen-
sional black holes in string theory. For some extremal black holes in string theory the
AdS2 component of the near horizon geometry together with an internal circle describes
a locally AdS3 space. More specifically the near horizon geometry of these extremal black
holes correspond to that of extremal BTZ black hole [15]. For this reason BTZ solution
has provided us with a useful tool for relating black hole entropy to the degeneracy of
microstates of the black hole, both in three dimensional theory of gravity and also in
string theory [28, 15].
A general BTZ black hole in general higher derivative theory of gravity with scalar cur-
vature −6/l2 is given by the metric

ds2 = −(ρ2 − ρ2
+)(ρ2 − ρ2

−)

l2ρ2
dτ 2 +

l2ρ2

(ρ2 − ρ2
+)(ρ2 − ρ2−)

dρ2 + ρ2(dφ− ρ+ρ−
lρ2

dt)2 (2.1)

where τ denotes the time coordinate, ρ is the radial variable, φ is the azimuthal angle
with period 2π. ρ±(ρ+ > ρ−) are the parameters labelling the black hole solutions and

21
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are related to mass M and angular momentum J of the black hole but the precise relation
requires the knowledge of all the higher derivative terms in the Lagrangian. The Wald
entropy of the BTZ black hole in this theory is given by

SBH = 2π

√
cLhL

6
+ 2π

√
cRhR

6
(2.2)

where hL,R
1 are related to M and J by

hL =
lM + J

2
, hR =

lM − J

2
(2.3)

Computation of cL,R requires the knowledge of full Lagrangian and hence it encodes cor-
rection to the entropy due to higher derivative terms.
The theories relevant for string theory however are not theories of pure gravity but (super-
)gravity coupled to other matter fields containing higher derivative terms. In the absence
of other matter fields the higher derivative terms in the action can be removed by field
redefinition and the action may be reduced to the standard (super-)gravity action whose
gravitational part contains a sum of three terms, -the Einstein-Hilbert term, a cosmologi-
cal constant term and the Chern-Simons term [29, 27]. An argument based on AdS/CFT
correspondence suggests that even when matter fields are present one can carry out a con-
sistent truncation of the theory where only (super-)gravity is present, and action is again
that of standard (super-)gravity whose gravitational sector is given by the sum of three
terms[30]. The main ingredient of this argument was that in the dual two dimensional
(super-)conformal field theory living at the boundary of AdS3 any correlation function
with one matter field and arbitrary number of (super-)stress tensor vanishes, and further-
more the correlation functions of the (super-)stress tensor are determined completely in
terms of the central charge and are independent of the matter content of the theory. In
this chapter we describe the consistent truncation procedure directly in the bulk theory
without any reference to AdS/CFT correspondence. Although our analysis is classical,
it can in principle be applied to the full quantum effective action. In our analysis we
shall have to assume that the initial action is local, ı.e is given by an integral of a local
Lagrangian density that admits a derivative expansion. Since in general the full quantum
effective action can contain non-local terms, our analysis will not be directly applicable
on these terms. In contrast the argument based on AdS/CFT correspondence works for
the full quantum corrected effective action. After consistent truncation and field redef-
inition that brings the action to the standard form, the parameters labelling the action
are the cosmological constant and the coefficient of the Chern-Simons term. Of them
the Chern-Simons term does not change under the field redefinition required to bring the
action to the standard form but the cosmological constant term is modified. The central
charges cL,R are determined in terms of renormalised cosmological constant term and the

1hL and hR correspond to the eigen value of L0 − c
24 and L̄0 − c̄

24 respectively.
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coefficient of the Chern-Simons term. Since the Wald entropy does not change under field
redefinition, the central charges cL,R will contain the complete correction to Wald entropy
due to higher derivative terms.
The rest of the chapter are organised as follows. In §2.2 and §2.4 we will describe the field
redefinition of supergravity fields (metric, gauge fields and gravitino)and consistent trun-
cation (setting scalars to constant and tensor fields in matter multiplet to zero) which
reduce the action to standard leading supergravity action. As mentioned above under
field redefinition the cosmological constant get renormalised. In §2.3 we describe simple
procedure for finding the exact Λ(φ) which at extremum gives exact cosmological con-
stant. In §2.5 we apply these procedure to three dimension (0,4) supergravity obtained by
dimensionally reducing on S2 the five dimensional supergravity with curvature squared
term coupled to a set of vector multiplets and determine the exact central charge of the
boundary CFT.

2.2 Field redefinition of the bosonic fields

In this section we shall describe how the bosonic part of a (super-)gravity action coupled
to matter fields and containing higher derivative terms can be brought into the form of
a standard supergravity action via field redefinition and consistent truncation. We begin
with a three dimensional general coordinate invariant theory of gravity coupled to an
arbitrary set of matter fields. We denote by gµν the metric, by φ the set of all the scalar
fields, by Σ the set of all other tensor fields, by Rµν the Ricci tensor associated with the
metric gµν and by R the scalar curvature. At the level of two derivative terms, the action
takes the form:

S0 + Smatter , (2.1)

where

S0 =

∫
d3x

√−g (R + Λ0(φ)), (2.2)

and Smatter denotes the kinetic term for the matter fields. −Λ0(φ) represents the scalar
field potential. We have already carried out an appropriate redefinition of the metric to
remove a possible φ dependent function multiplying R in the Einstein-Hilbert term. If
Λ0(φ) has an extremum at φ = φ0 then this theory has a solution where φ is set equal
to φ0, all other tensor fields are set to zero, and the metric is given by that of an AdS3

space of size l0 =
√

2/Λ0(φ0) for Λ0(φ0) > 0 and a dS3 space of size l̄0 =
√
−2/Λ0(φ0) for

Λ0(φ0) < 0. In this case Λ0(φ0) corresponds to the negative of the cosmological constant.
We shall now consider the effect of adding higher derivative terms. For this we shall
assume that these terms are small compared to the leading term, in the sense that the
length parameter ls that controls these terms is small compared to the length scale l0
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over which the leading order solution varies2. We shall also assume that we can associate
with each higher derivative term in the Lagrangian density an index n that counts how
many powers of ls accompanies this term compared to the leading term. For example if
the three dimensional theory is obtained via a dimensional reduction of type IIB string
theory on K3× S1 × S2 × AdS3 with K3 and S1 having size of the order of string scale
and S2 and AdS3 having large size, then α′ corrections as well as corrections coming
from integrating out the heavy modes associated with K3×S1 compactification will have
index n > 0, whereas all the terms associated with compactification of supergravity on
S2 × AdS3 - including the ones involving massive Kaluza-Klein modes - will have index
0. An efficient way to keep track of the derivative expansion is to introduce a derivative
counting parameter λ and accompany a term of index n by a factor of λn. We shall carry
out our analysis in a power series expansion in λ even though at the end we shall set
λ = 1.
Since in three dimension the Riemann tensor Rµνρσ can be expressed in terms of the
Ricci tensor, all the higher derivative terms can be expressed in terms of the Ricci tensor,
its covariant derivatives and covariant derivatives of the matter fields. We shall now
reorganize these terms as follows. We first note that under gµν → gµν + δgµν ,

S0 → S0 −
∫
d3x

√−gP µνδgµν +O(δg2) , (2.3)

where

Pµν = Rµν − 1

2
(R + Λ0(φ))gµν . (2.4)

Defining

P ≡ P µ
µ = −1

2
R− 3

2
Λ0(φ) (2.5)

(2.4) can be rewritten as

Rµν = Pµν − (P + Λ0(φ))gµν . (2.6)

We now eliminate the variables Rµν , R and their covariant derivatives in higher derivative
terms by Pµν , P and their covariant derivatives.
In this convention the most general action takes the form:3

S = S0 + λScs + S̃matter + λn Sn . (2.7)

2Often the three dimensional theory is obtained from dimensional reduction of a higher dimensional
theory on a compact space of size of order l0. In this case if we integrate out the Kaluza-Klein modes we
shall generate higher derivative terms which are not suppressed by powers of ls. To avoid this situation
we include all the Kaluza-Klein modes in the set Σ without integrating them out.

3During the process of replacing Rµν by the right hand side of (2.6) we may generate some terms of the
form

∫
d3x

√−gf(φ). Since these cannot be absorbed into S̃matter or Sn, we need to absorb them into the
scalar field potential Λ0(φ) appearing inside S0. Thus Λ0(φ) needs to be determined in a self-consistent
manner. To any order in power series expansion in λ this can be done using an iterative procedure.
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S0 is given in (2.2). λScs is the gravitational Chern-Simons term

Scs = K

∫
d3xΩ(3)(Γ), Ω(3)(Γ) ≡ εµνρ

[
1

2
Γτµσ∂νΓ

σ
ρτ +

1

3
ΓτµσΓ

σ
νκΓ

κ
ρτ

]
(2.8)

where K is a constant and Γµνρ denotes the Christoffel symbol. Note that we have included
a factor of λ in Scs since in string theory the gravitational Chern-Simons term typically
arises from α′ corrections. S̃matter denotes the matter terms (including the standard kinetic
terms) which are quadratic and higher order in Σ, derivatives of Σ and derivatives of φ.
λnSn denotes all other terms, ı.e. manifestly general coordinate invariant terms up to
linear order in Σ, ∂µφ and their derivatives, but not terms of the form

∫
d3x

√−gRf(φ)
since they can be included in S0. Most general higher derivative terms in the action will
have the form given in (2.7) with n = 1 but for later use we have allowed for the fact
that the higher derivative terms which cannot be included in S0, S̃matter or λScs may
actually begin their expansion at order λn. It is easy to see that Sn must contain at least
one power of Pµν , since the Pµν independent terms which do not involve Σ, ∂µφ or their
derivatives can be absorbed into Λ0(φ) and Pµν independent terms which are linear in Σ,
∂µφ or their derivatives either vanish or become quadratic in Σ, ∂µφ or their derivatives
after integration by parts and hence may be included in S̃matter.

4 Thus Sn has the form

Sn =

∫
d3x

√−g P µνKµν(φ,Σ,∇ρ, gρσ, Pρσ, λ) . (2.9)

where Kµν is some combination of matter fields, Pµν and their covariant derivatives, and
can contain non-negative powers of λ. Now consider a redefinition of the metric of the
form

gµν → gµν + λnKµν (2.10)

Under this

S0 → S0 − λn
∫
d3x

√−g P µνKµν +O(λ2n) = S0 − λnSn +O(λ2n) , (2.11)

Scs → Scs +O(λn+1) , (2.12)

and
λn Sn → λn Sn +O(λ2n) . (2.13)

Thus
S0 + λScs + λnSn → S0 + λScs +O(λn+1) . (2.14)

4In case where a symmetric rank 2 tensor Aµν has a coupling proportional to
√−g f1(φ) gµνAµν or an

antisymmetric rank three tensor Cµνρ has a coupling proportional to f2(φ) εµνρCµνρ. We express Aµν as
Agµν + A′µν with A = gµνAµν/3, and A′µν a traceless symmetric matrix, and Cµνρ as C(

√−g)εµνρ with
C = (

√−g)−1εµνρCµνρ/6, and treating A and C as scalar fields. In this case these terms can be included
in the scalar field potential Λ0(φ) appearing in S0.
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Furthermore S̃matter remains quadratic in Σ, ∂µφ or their derivatives under this field
redefinition. The order λn+1 term on the right hand side of (2.14) can now be regrouped
into a term of the form

√−g f(φ) that can be absorbed into a redefinition of Λ0(φ), a

term quadratic in Σ and ∂φ that can be absorbed into S̃matter(φ) and a term containing
at least one power in Pµν . Thus the resulting action may be expressed as:

S = S ′0 + λScs + S̃ ′matter + λn+1 Sn+1, (2.15)

where

S ′0 =

∫
d3x

√−g (R + Λ′0(φ)), (2.16)

S̃ ′matter contains terms which are quadratic and higher order in Σ and derivatives of φ, Σ
and

Sn+1 =

∫
d3x

√−gP µνK ′
µν(φ,Σ,∇ρ, gρσ, Pρσ, λ) (2.17)

for some K ′
µν . Thus the new action has the same form as our starting action with n

replaced by n + 1. Repeating this process we can ensure that to any fixed order in an
expansion in λ, the action can be brought to the form:

S =

∫
d3x

√−g(R + Λ(φ)) + λScs + S̃matter , (2.18)

for some choice of Λ(φ) and S̃matter.

Now suppose Λ(φ) has an extremum at φ = φ0. Introducing new fields ξ = φ − φ0

we may express the action as

S =

∫
d3x

√−g(R + Λ(φ0)) + λScs + · · · , (2.19)

where · · · contain terms which are at least quadratic in ξ, Σ and their covariant deriva-
tives. We can now carry out a consistent truncation of the theory by setting ξ = 0, Σ = 0.
This leaves us with a purely gravitational action with Einstein-Hilbert term, cosmological
constant term and Chern-Simons term.
If the theory contains a 2-form field B with gauge invariance B → B + dΛ then we can
consider a slightly more general truncation where instead of setting B to zero we set it
to have a constant field strength C

√−g εµνρ for some constant C. Let B̃ denote the fluc-
tuation around this fixed background. Since C

√−g εµνρ is a general coordinate invariant
tensor, and since the Lagrangian density depends on B only through the combination
(dB)µνρ = C

√−g εµνρ + (dB̃)µνρ, it depends on (dB̃)µνρ in a manifestly general coordi-

nate invariant fashion. We can then proceed with our analysis as before, including B̃ in
the list of tensor fields Σ.
If instead of considering a theory of gravity we consider (extended) supergravity theories,
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then the theory contains additional fields. In particular the additional bosonic fields in
the theory are gauge fields with Chern-Simons terms. We showed that higher derivative
terms involving higher powers of gauge fields can also be removed by field redefinition.
This follows from the fact that under Aµ → Aµ + δAµ the gauge Chern-Simons term
changes by a term proportional to εµνρTr (FµνδAρ). If we assume that all other terms in
the action depend on the gauge field only through Fµν and not explicitly Aµ ı.e. there are
no other charged fields on the theory.5 Then a term of the form λn

∫ √−g Tr (FµνL
µν)

in the action can be removed (up to order λ2n terms) by a shift of Aµ proportional to√−gεµνρLνρ. Once this has been done, one can then carry out the field redefinition of
the metric and the scalar fields as described earlier, and obtain a consistent truncation
to a theory of metric and gauge fields with gauge Chern-Simons terms, Einstein-Hilbert
term, cosmological constant term and gravitational Chern-Simons term. Supersymmetry
then relates the coefficient of the gauge and gravitational Chern-Simons terms to the
cosmological constant term.

2.3 Algorithm for determining Λ(φ)

Of the various parameters labelling the final theory the coefficients of the Chern-Simons
terms are easy to determine since they do not get renormalized from their initial values.
On the other hand the cosmological constant term does get renormalized during the field
redefinition. In this section we shall outline a simple procedure for finding the exact Λ(φ)
appearing in (2.18) without having to carry out all the steps described in the last section.
The cosmological constant of the final truncated theory can then be found by determining
the value of Λ(φ) at its extremum.
Suppose our initial action, including all higher derivative terms, has the form

S =

∫
d3x

√−gL+ λScs. (2.20)

In anticipation of the fact that the final truncation involves setting the scalars φ to
constants and other tensor fields Σ to 0, let us consider a theory of pure gravity obtained
by setting Σ to 0 and φ to some constant values in (2.20). Thus φ can now be regarded
as a set of external parameters labelling the action. We now consider a background

ds2 = −l2(1 + r2)dt2 + l2(1 + r2)−1dr2 + l2r2dϕ2 ,

φ = constant, Σ = 0 , (2.21)

5Even if these charged fields present, they can be set to zero in a consistent truncation scheme pro-
vided the gauge symmetry is not spontaneously broken.In the latter case the would be Goldstone boson
associated with the symmetry breaking would mix with the gauge field via a two point coupling and we
cannot have a consistent truncation to pure supergravity.
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representing an AdS3 space of size l.

Now we define
F (l, φ) = l3L (2.22)

evaluated in the background (2.21), then the metric satisfies its equation of motion if l
is chosen to be at the extremum lext of F . Since the variation of Chern-Simons term
automatically vanishes for the AdS3 metric (2.21), it will not contribute in the equation
of motion.
Now we consider the truncated action (2.18) after setting φ to a constant and Σ to 0

S =

∫
d3x

√−g(R + Λ(φ)) + λScs . (2.23)

If we evaluate
√−g (R + Λ(φ)) for the AdS3 background (2.21), we get a new function

r H(l, φ) with

H(l, φ) = l3
[
− 6

l2
+ Λ(φ)

]
. (2.24)

Since we have carried out a field redefinition of the metric but not of Σ or φ, F (l, φ) and
H(l, φ) are related by a redefinition of the parameter l for any fixed φ and hence the value
of these function at the extremum must be same. The extremum of H occurs at

l̃ext =

√
2

Λ(φ)
, H(l̃ext, φ) = −

√
32

Λ(φ)
, (2.25)

we get, by setting the right hand side of (2.25) to F (lext, φ),

Λ(φ) =
32

F (lext, φ)2
(2.26)

provided F (lext, φ) is negative. This determines Λ(φ).
It may so happen that F (l, φ) defined in (2.22) has an extremum at an imaginary value
of l and hence F (l, φ) is imaginary at the extremum. This will give a negative Λ(φ) and
hence a positive cosmological constant. A better way to analyze this case is to consider a
de Sitter metric of the form

ds2 = −l̄2(1− r2)dt2 + l̄2 (1− r2)−1 dr2 + l̄2r2 dϕ2 (2.27)

instead of the anti-de Sitter metric given in (2.21), and define

F̄ (l̄, φ) = l̄3L, (2.28)

evaluated in this background with φ set to constants and Σ set to zero. On the other
hand (2.24) is now replaced by

H̄(l̄, φ) = l̄3
[

6

l̄2
+ Λ(φ)

]
. (2.29)
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and the value of H̄(l̄, φ) at the extremum with respect to l̄ is given by
√
−32/Λ(φ).

Equating this to the value of F̄ at its extremum we get:

Λ(φ) = − 32

F̄ (l̄ext, φ)2
(2.30)

provided F̄ (l̄ext, φ) is positive.
Finally we note that there is always a possibility that neither F (l, φ) nor F̄ (l̄, φ) has an
extremum for real values of l or l̄, or even if such extrema exist, the resulting function Λ(φ)
does not have an extremum as a function of φ. In this case the theory under consideration
does not admit an AdS3 or dS3 solution and we cannot carry out the consistent truncation
following the procedure described above.

2.4 Field redefinition of gravitino

In §2.2 we have described how via a field redefinition the bosonic part of the supergravity
action can be brought into the standard form. One would expect that once the bosonic
part of the action has been shown to coincide with that of the supergravity action, su-
persymmetry will fix the fermionic part of the action uniquely (up to a possible field
redefinition involving the fermions) to be that of the standard supergravity action. In
this section we shall briefly discuss how such a result might be proven.
We begin with an action where the purely bosonic part has already been brought into the
standard form using the field redefinition described in §2.2. At the onset we shall assume
that supersymmetry is unbroken at the extremum φ0 of Λ(φ); otherwise we expect the
gravitino to mix with the Goldstino and hence the matter and the gravity multiplet will
no longer be decoupled. This in turn requires Λ(φ0) to be positive since we do not have
unbroken supersymmetry in de Sitter space. If the theory has altogether N supersymme-
tries then there are N gravitino fields ψiµ with 1 ≤ i ≤ N . In the supergravity action of
[31]the gravitino action has the form:

Sψ0 = −
∫
d3x εµνρψ̄iµDνψ

i
ρ , (2.31)

where

Dµψ
i
ν = ∂µψ

i
ν +

1

8
ωabµ[γ

a, γb]ψiν ±
√

Λ(φ0)

32
eaµγ

aψiν + Aaµ(T
a)ijψ

j
ν , (2.32)

ωµab being the spin connection, eaµ the vielbeins, Aaµ the gauge fields and T a are the
generators of the representation of the gauge group in which the gravitinos transform.
The + (−) sign correspond to the gravitinos associated with left (right) supersymmetries.
Under a general variation of the gravitino fields

δSψ0 = −
∫
d3x εµνρ

[
δψ̄iµDνψ

i
ρ + h.c.

]
(2.33)
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leading to the gravitino equation of motion

Dνψ
i
ρ −Dρψ

i
ν = 0 . (2.34)

The supersymmetry transformation law of the gravitino fields takes the form

δsψ
i
µ = Dµ ε

i , (2.35)

where εi are the supersymmetry transformation parameters.
We shall now examine the possibility of adding higher derivative terms in the action
and also possibly in the supersymmetry transformation laws. We will show that it is
not possible to add higher derivative terms in the action involving gravitino consistent
with supersymmetry (2.35) (possibly modifying supersymmetry transformation by higher
derivative terms) apart from the terms which are proportional to lowest order supergravity
equation of motion and hence can be removed by field redefinition.
Let us denote by η the set of all the bosonic and fermionic fields coming from the matter
sector with the scalars measured relative to φ0 (ı.e. the set η contains the shifted fields ξ
introduced above (2.19)). We are interested in higher derivative terms which are linear in
η or derivative of η 6 and do not vanish identically by lower order supergravity equation
of motion as any term that is proportional to the equation of motion of the metric, the
gauge fields or the gravitinos derived from the leading supergravity action can be absorbed
into a redefinition of these fields at the cost of generating higher order terms. We call
such terms as dangerous terms since, if present, they will prevent us from consistently
truncating the theory to the one described by the standard supergravity action. Thus
the dangerous terms may be expressed as general coordinate invariant and local Lorentz
invariant combinations of the gravitino fields, their symmetrized covariant derivatives
and the metric. We shall organise these terms according to the power of the derivative
counting parameter λ that they carry. Let us suppose that the first dangerous higher
derivative terms in the Lagrangian density appear at order λk. We consider all the order
λk dangerous terms and organise them by their rank, – defined as the total power of ψµ
and ψ̄µ contained in that term. We begin with the terms of lowest rank, – call it m0. m0

cannot vanish since we have already argued earlier that all the dangerous terms without
the gravitino field can be removed by field redefinition. (For this we need to include
in the set Σ of §2.3 all the matter fermions as well.) For non-zero m0 the lowest order
supersymmetry variation of the gravitino described in (2.35) has the effect of producing a
term of rank (m0−1), constructed out of the gravitino fields, their symmetrized covariant
derivatives, the metric, and covariant derivatives of the supersymmetry transformation
parameter. In order for supersymmetry to be preserved, such terms need to be cancelled
by some other terms. The terms arising from the supersymmetry variation of the bosons
in the original rank m0 term are of rank ≥ m0 and hence cannot cancel the rank (m0− 1)
term. Thus there are two possibilities: 1) the rank (m0 − 1) terms arising from the

6Any term quadratic or higher order in η in consistent truncation scheme can be set zero.
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variation of the gravitino cancel among themselves after we integrate by parts and move
all the derivatives from ε, ε̄ to the fields, possibly after modifying the supersymmetry
transformation laws of the supergravity fields, and 2) we can try to cancel these terms
against terms coming from supersymmetry variation of the bosons in a term of rank
(m0−2). Of these the first possibility would mean that the dangerous terms are invariant
under the transformation (2.35) of the gravitino alone up to terms which vanish by lowest
order supergravity equations of motion. 7 To see if this is possible we first focus on
the terms with maximum number of derivatives where all the covariant derivatives have
been replaced by ordinary derivatives in the order λk, rank m0 term in the action. The
net supersymmetry variation of these terms under the supersymmetry transformation law
(2.35) must vanish after using the lowest order gravitino equations of motion (2.34) with
Dµ replaced by ∂µ in (2.35) and (2.34), since this is the term in δsS with maximum number
of derivatives at this order. In this case the gravitino satisfying its lowest order equations
of motion has the form ψiµ = ∂µχ

i, ψ̄iµ = ∂µχ̄
i for some χi, χ̄i. Let us evaluate the order

λk, rank m0 term in the action in this background. By assumption the result is not
identically zero, – otherwise we could have removed these terms from the action by a field
redefinition of the gravitino field. Now for ψiµ = ∂µχ

i, ψ̄iµ = ∂µχ̄
i the gauge transformation

laws of the gravitino field take the form χi → χi + εi, χ̄i → χ̄i + ε̄i. Invariance under
supersymmetry transformation then tells us that the term under consideration is invariant
under χi → χi + εi for an arbitrary function εi. In other words the term is independent
of χi. Thus it must vanish since it vanishes when we set all the χi and χ̄i to zero. This
contradicts our original assertion that the term does not vanish identically. This leads us
to the conclusion that the original order λk, rank m0 term in the action, with covariant
derivatives replaced by ordinary derivatives, must have been such that after suitable
integration by parts and commutation of the derivative operators it vanishes when the
gravitino satisfies its lowest order equation of motion.
How does the conclusion change when the ordinary derivatives are replaced by covariant
derivatives? Since we know that the term can be manipulated and shown to vanish when
covariant derivatives are replaced by ordinary derivatives, we can carry out the same
manipulation. The only possible extra terms which could arise must be proportional
to the commutators [Dµ, Dν ] since the covariant derivatives can be manipulated in the
same manner as the ordinary derivatives except for their commutators. However these
commutators can be reduced to terms with lower number of derivatives using the lowest
order metric and gauge field equations of motion. We can now repeat our analysis on
these left-over terms with lower number of derivatives and show that they must be further
reducible to terms with lower number of derivatives. Repeating this procedure we can
show that a term that is invariant under the lowest order supersymmetry transformation

7The terms proportional to the lowest order equations of motion of the supergravity fields can be
cancelled by modifying the supersymmetry transformation laws of the supergravity fields, since the addi-
tional variation of the lowest order supergravity action under the modified supersymmetry transformation
laws will be a linear combination of the lowest order equations of motion of these fields.
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of the gravitino alone, must vanish as a consequence of lowest order supergravity field
equations, and hence can be removed by a field redefinition.
We now turn to the second possibility. This requires the action to contain higher derivative
terms of order λk and rank (m0 − 2). Since by assumption the action does not contain
any dangerous term of rank (m0− 2) to order λk, the only possibility is to try to generate
these terms from the supersymmetry variation of a non-dangerous term of rank (m0− 2).
In order to rule out this possibility we need to make one assumption: as a consequence
of unbroken supersymmetry the matter sector fields transform to terms which contain at
least a single power of the matter sector field, ı.e. we have δsη ∼ O(η).8In this case terms
quadratic and higher order in η transform to terms quadratic and higher order in η and
cannot cancel terms which are at most linear in η. This rules out the last possibility.
Thus we see that it is not possible to add higher derivative dangerous terms in the action
in a manner consistent with supersymmetry.

2.5 Dimensional reduction of five dimensional super-

gravity

In this section we shall consider five dimensional supergravity with curvature squared
term coupled to a set of vector multiplets[32] and dimensionally reduce this theory on S2

in the presence of background magnetic flux through S2 to get a three dimensional (0,4)
supergravity with curvature squared term, coupled to a set of matter fields. We then
apply the procedure of §2.2 and §2.3 to truncate this to a pure supergravity theory with
gravitational Chern-Simons term, but no other higher derivative terms.
We shall concentrate our attention on the part of the action involving the bosonic fields
only. In the three dimensional theory this involves the metric and an SU(2) gauge field
that arises during the dimensional reduction of the five dimensional theory on S2. As we
have seen at the end of §2.2, reducing the gauge field action to pure Chern-Simons term
is relatively simple; hence we shall focus on the part of the action involving the metric.
For this we can restrict the fields to the SU(2) invariant sector from the beginning. Since
the SU(2) R-symmetry of the three dimensional supergravity can be identified with the
rotational symmetry of the compact S2, this allows us to carry out the dimensional re-
duction by restricting the field configurations to rotationally invariant form.
The five dimensional N = 2 supergravity has a Weyl multiplet, a set of vector multi-
plets and a compensator hypermultiplet. After gauge fixing to Poincare supergravity, the
bosonic fields of the theory include the metric gab, the two-form auxiliary field vab, a scalar
auxiliary field D, a certain number (nV ) of one-form gauge fields AIa with 1 ≤ I ≤ nV ,
and an equal number of scalars M I . Here a, b, .. are five dimensional coordinate labels

8This is of course true at the lowest order in λ but we shall assume that this property continues to hold
even after including possible higher derivative corrections to the supersymmetry transformation laws.
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and run from 0 to 4. We shall denote by F I = dAI the field strength associated with the
gauge field AI .

The action for bosonic fields including curvature squared terms can be written as

S =
1

4π2

∫
d5x

√
−g(5)[L0 + L1] (2.36)

where L0 is the Lagrangian at two derivative order and L1 denotes the supersymmetric
completion of the curvature squared terms. The explicit forms of L0 and L1 are[32, 33]

L0 = −2

(
1

4
D − 3

8
R− 1

2
v2

)
+N

(
1

2
D +

1

4
R + 3v2

)
+ 2NIv

abF I
ab

+NIJ

(
1

4
F I
abF

Jab +
1

2
∂aM

I∂aMJ

)
+

1

24
e−1cIJKA

I
aF

J
bcF

K
de ε

abcde (2.37)

L1 =
c2I
24

[ 1

16
e−1εabcdeA

IaCbcfgCde
fg +

1

8
M ICabcdCabcd +

1

12
M ID2 +

1

6
F IabvabD

−1

3
M ICabcdv

abvcd − 1

2
F IabCabcdv

cd +
4

3
M I∇avbc∇avbc +

4

3
M I∇avbc∇bvca

+
8

3
M I

(
vab∇b∇cv

ac +
2

3
vacvcbR

b
a +

1

12
vabvabR

)
− 2

3
e−1M Iεabcdev

abvcd∇fv
ef

+
2

3
e−1F Iabεabcdev

cf∇fv
de + e−1F Iabεabcdev

c
f∇dvef − 4

3
F Iabvacv

cdvdb

−1

3
F Iabvabv

2 + 4M Ivabv
bcvcdv

da −M I(vabv
ab)2

]
(2.38)

where cIJK and c2I are parameters of the theory, e ≡ √−g, and

N =
1

6
cIJKM

IMJMK (2.39)

NI =
1

2
cIJKM

JMK (2.40)

NIJ = cIJKM
K , (2.41)

and Cabcd is the Weyl tensor defined as

Cab
cd = Rab

cd +
1

6
Rδ

[a
[c δ

b]
d] −

4

3
δ
[a
[cR

b]
d] . (2.42)

The parameters c2I appear in the coefficients of the higher derivative terms; thus we can
keep track of the derivative expansion by simply counting the power of c2I appearing in
the various terms.
We now carry out the dimensional reduction on S2 and focus on the sector invariant under
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the SO(3) isometry group of S2. This can be done using the following ansatz for the five
dimensional fields

ds2 = g(3)
µν (x)dxµdxν + χ2(x)dΩ2, 0 ≤ µ, ν ≤ 2

vθφ = V (x) sin θ

F I
θφ =

pI

2
sin θ, F I

µν = ∂µA
I
ν − ∂νA

I
µ , (2.43)

with the mixed components of F I
ab and vab set to zero. Here xµ denote the three dimen-

sional coordinates. All the scalar fields can be arbitrary functions of x but are independent
of the coordinates (θ, φ) of S2. For the metric given in (2.43) the non-vanishing compo-
nents of the Riemann tensor are

Rµνσρ = R(3)
µνσρ, Riµjν = −χ−1 gij∇µ∇νχ, Rijkl = χ−2 (gikgjl − gilgjk)

(
1− g(3)µν∂µχ∂νχ

)
,

0 ≤ µ, ν ≤ 2, i, j = θ, φ . (2.44)

Here R
(3)
µνρσ is the Riemann tensor and ∇µ is the covariant derivative computed using the

three dimensional metric g
(3)
µν . Using these relations we get the dimensionally reduced

action to be

S = −c2 · p
96π

∫
d3xΩ(3)(Γ)

+

∫
d3x

√
−g(3)

χ2

π

(3

4
+

1

4
N +

c2 ·M
288

1

χ2
+
c2 ·M

72

V 2

χ4
− c2 · p

288

V

χ4

)
R(3)

+

∫
d3x

√
−g(3)

χ2

π
U(χ,M I , V, pI , D)

+

∫
d3x

√
−g(3)

χ2

π

c2 ·M
192

(8

3
R(3)
µνR

(3)µν − 5

6
R(3)2 +

16

3χ
R(3)
µν∇µ∇νχ− 4

3χ
R(3)∇2χ

)

+

∫
d3x

√
−g(3)L̂(χ, vµν ,M

I , F I
µν , R

(3)
µν ) (2.45)

where

U(χ,M I , V, pI , D) =
2

χ2

(3

4
+

1

4
N

)
− 2

(1

4
D − V 2

χ4

)
+N

(1

2
D +

6V 2

χ4

)

+
2(N · p)V

χ4
+
NIJp

IpJ

8χ4
+
c2 ·M
96χ4

+
c2 ·M
288

D2 +
c2 · p
144

V D

χ4

− 5

36
(c2 ·M)

V 2

χ6
− c2 · p

48

V

χ6
+
c2 · p
36

V 3

χ8
+
c2 ·M

6

V 4

χ8
(2.46)

and L̂(χ, vµν ,M
I , F I

µν , R
(3)
µν ) denotes terms which are at least quadratic in ∇µχ, vµν ,∇µM

I

and F I
µν . In eq.(2.45) all covariant derivatives are computed using the three dimensional
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metric g
(3)
µν .

We first need to redefine our metric in such a manner that the coefficient of R(3) in
the second line of the action (2.45) can be absorbed into the metric. One does this by
redefining the metric as

g̃µν = ψ−2 g(3)
µν (2.47)

with

ψ−1 =
χ2

π

(3

4
+

1

4
N +

c2 ·M
288

1

χ2
+
c2 ·M

72

V 2

χ4
− c2 · p

288

V

χ4

)
(2.48)

Substitution of this will produce quadratic and higher derivative terms of scalar fields in
the action.
Further following the general procedure given in §2.3 we define

Pµν = R̃µν − 1

2
g̃µν [R̃ + Λ0(φ)]

P = −1

2
R̃− 3

2
Λ0(φ) , (2.49)

where for shorthand notation we have denoted (χ,M I , V, pI , D) ≡ φ and Λ0(φ) is a func-
tion to be determined later. Now we rewrite the action as

S = −c2 · p
96π

∫
d3xΩ(3)(Γ̃) +

∫
d3x

√
−g̃

[
R̃ + Z(φ)

]
+

∫
d3x

√
−g̃PµνKµν

+

∫
d3x

√
−g̃ χ

2

ψπ

c2 ·M
384

Λ2
0(φ)

+

∫
d3x

√
−g̃ L̃ (2.50)

where

Kµν =
χ2

ψπ

c2 ·M
192

[8

3
Pµν − 2

3
g̃µνP +

2

3
g̃µνΛ0(φ)− 16

3ψ
∇̃µ∇̃νψ

+
8

3ψ
g̃µν∇̃2ψ +

16

3χ
∇̃µ∇̃νχ− 8

3χ
g̃µν∇̃2χ

]
, (2.51)

HereL̃ denotes terms quadratic and higher order in the derivatives of the scalar fields and
other tensor fields.
We now choose Λ0(φ) to be the solution to the equation

Λ0(φ) = Z(φ) +
χ2

ψπ

c2 ·M
384

Λ0(φ)2 , (2.52)

so that the action (2.50) may be expressed as

S = −c2 · p
96π

∫
d3xΩ(3)(Γ̃) +

∫
d3x

√
−g̃

[
R̃ + Λ0(φ)

]
+

∫
d3x

√
−g̃PµνKµν

+

∫
d3x

√
−g̃ L̃ . (2.53)
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In this case, as we mentioned earlier, the required field redefinition which will remove the
four derivative terms from the action (2.53) is

g̃µν → g̃µν +Kµν . (2.54)

To this order the scalar field potential −Λ(φ) is given by

Λ(φ) = Λ0(φ) = Z(φ) +
χ2

ψπ

c2 ·M
384

Z2(φ) +O(c22) . (2.55)

This process can now be repeated to remove the six and higher derivative terms from the
action, but we shall not go through the details of the analysis. Our interest is in finding
the exact expression for Λ(φ) since this is what controls the final truncated action. We
have already described the algorithm for finding Λ(φ) in §2.3. The first step is to compute
F (l, φ) for the action (2.50) by evaluating the Lagrangian density (without the Chern-
Simons term) in the AdS3 background (2.21) with constant scalar fields and vanishing
tensor fields. We get

F (l, φ) = −6l + l3Z(φ) + 2a
1

l
(2.56)

where

a =
χ2

ψπ

c2 ·M
192

. (2.57)

The extremum of F (l, φ) with respect to l occurs at9

l2ext =
1

Z(φ)
+

1

Z(φ)

√
1 +

2a

3
Z(φ) . (2.58)

Hence Λ(φ) is given by

Λ(φ) =
32

F (lext, φ)2
=

32Z(φ)

W (φ)

(
2a
Z(φ)

W (φ)
+W (φ)− 6

)−2

, W (φ) ≡ 1+

√
1 +

2a

3
Z(φ) .

(2.59)
Before we proceed we note that to order c2I terms, ı.e. order a term, eq.(2.59) reduces to

Λ(φ) = Z(φ) +
1

2
aZ(φ)2 +O(a2) . (2.60)

This agrees with the result (2.55) of the explicit calculation to this order. We now return
to the full expression (2.59) for Λ(φ). Λ(φ) has an extremum at[33, 34]

χ =
pb

2

9There is, in principle, another extremum at l2ext = (Z(φ))−1
(
1−

√
1 + 2aZ(φ)/3

)
. This could in

principle describe a de Sitter solution. However since for this solution |lext| ∼ a, the radius is small and
there is no systematic derivative expansion.



2.5. DIMENSIONAL REDUCTION OF FIVE DIMENSIONAL SUPERGRAVITY 37

M I =
pI

pb

V = −3pb

8

D =
12

p2b2
(2.61)

where

p3 ≡ 1

6
cIJKp

IpJpK , b3 = 1 +
c2 · p
12p3

(2.62)

The value of Λ(φ) at it’s extremum is given by

Λ(φ0) =
32π2

p6

[
1 +

c2 · p
8p3

]−2

(2.63)

Thus the final truncated theory, obtained by setting φ to its value at the extremum and
other matter fields to zero, is given by

S =

∫
d3x

√
−g̃ (R̃ + Λ(φ0))− c2 · p

96π

∫
d3xΩ(3)(Γ̃) . (2.64)

From this one can compute the central charges of the conformal field theory living on
boundary of AdS using standard formulae[30]. The result is

cL = 24π
(√

2

Λ(φ0)
− c2 · p

96π

)
= 6p3 +

1

2
c2 · p

cR = 24π
(√

2

Λ(φ0)
+
c2 · p
96π

)
= 6p3 + c2 · p (2.65)

These results agree with the predictions of [35, 36] from the requirement of (0,4) super-
symmetry, as well as the explicit calculations of [34, 33, 37] from the computation of the
black hole entropy.
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Chapter 3

A test of quantum entropy function

3.1 Introduction

Wald’s formula for black hole entropy when applied to extremal black holes leads to
classical entropy function formalism. However Wald’s formula is a classical and can not
be used for full 1PI effective action which in general contain no-local terms. Recently
Sen made a proposal [38, 39] for computing quantum corrected entropy of single centered
extremal black hole. In §1.5 we had given a brief introduction of this quantum entropy
function. Quantum entropy function is a proposal which relates the entropy associated
with horizon degree of freedom of extremal black hole to the degeneracy of the ground
states of the CQM living at the boundary of AdS2. This proposal suggested that the latter
should be taken as the definition of the entropy of extremal black holes in the full quantum
theory. In this chapter we would like to test this proposal in case of supersymmetric
extremal BTZ black hole of mass M and angular momentum J .
For BTZ black hole there exist an independent definition of entropy of the black hole.
Since the extremal BTZ black hole is a black hole solution in three dimensional theory of
gravity with negative cosmological constant, by AdS/CFT correspondence it corresponds
to states in the dual CFT with L̄0 eigen value hR = 0 and L0 eigen value hL = Ml. In
order that the state preserves supersymmetry it must belong to Ramond sector of the
anti-holomorphic part of the superconformal algebra of the CFT, so that the condition
L̄0 = 0 forces the state to be in the ground state of the Ramond sector[40]. The entropy
of the black hole is then given by the degeneracy of this state. Hence in this case one
would like to compare these two definition of the entropy of the black hole. In particular
in order to compare these two definition one needs a relationship between the CQM and
the CFT. In this chapter we derive this relationship and show that these two independent
definitions of entropy agree.

39
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3.2 AdS3/CFT2 to AdS2/CFT1

The general BTZ black hole solution in an AdS3 space with scalar curvature −6/l2 is
given by

ds2
3 = −(ρ2 − ρ2

+)(ρ2 − ρ2
−)

l2ρ2
dτ 2 +

l2ρ2

(ρ2 − ρ2
+)(ρ2 − ρ2−)

dρ2 + ρ2

(
dy − ρ+ρ−

lρ2
dτ

)2

, (3.1)

where τ denotes the time coordinate, ρ is the radial variable, y is the azimuthal angle with
period 2π and ρ± are parameters labelling the black hole solution satisfying ρ+ > ρ−. M
and J are determined in terms of ρ±, but the precise relation requires the knowledge of
higher derivative terms. Nevertheless the extremal limit always corresponds to ρ+ → ρ−.
Following [38] we take this limit by first defining new variables λ, t, r, φ and R through

ρ+−ρ− = 2λ, ρ−ρ+ = λ(r−1), τ = l2 t/(4λ), y = φ+
l

4λ

(
1− 2λ

ρ+

)
t, ρ+ =

lR

2
,

(3.2)
and then taking λ → 0 with t, r, φ and R fixed. In this limit the metric (3.1) takes the
form

ds2
3 =

l2

4

[
−(r2 − 1)dt2 +

dr2

r2 − 1
+R2

(
dφ+

1

R
(r − 1)dt

)2
]
. (3.3)

The metric (3.3) is locally AdS3. Thus by the standard rules of AdS/CFT correspondence
any quantum theory of gravity in the background (3.3) has a dual (1+1) dimensional
conformal field theory. Since locally this AdS3 space is the same as the one in which we
embed the BTZ black hole, we expect that as a local field theory the (1+1) dimensional
CFT living on the boundary of the near horizon geometry of the BTZ black hole must
be identical to that living on the boundary of the AdS3 in which the full BTZ black hole
solution is embedded. The conformal structure of the two dimensional space in which the
theory lives will however be quite different for the theory dual to AdS3 and the one dual
to the near horizon geometry of the black hole.
Now via a dimensional reduction we can also regard the three dimensional metric (3.3)
as a two dimensional field configuration. For this we introduce a two dimensional metric
ds2

2, a scalar field χ and a gauge field aµ via the relation:

ds2
3 = ds2

2 + χ (dφ+ aµdx
µ)2 , (3.4)

where {xµ} for µ = 0, 1 represent the two dimensional coordinates (t, r). From the two
dimensional viewpoint, the background (3.3) takes the form

ds2
2 =

l2

4

[
−(r2 − 1)dt2 +

dr2

r2 − 1

]
, χ =

l2R2

4
, aµdx

µ =
1

R
(r − 1)dt . (3.5)

e ≡ Frt = 1/R . (3.6)
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This describes an AdS2 space-time with background scalar and electric field. Then via the
rules of AdS/CFT correspondence the theory is dual to a CQM living on the boundary
of AdS2. In particular we can relate the partition function of the quantum gravity theory
on AdS2 to the partition function of the CQM living on the boundary of AdS2[38].
Since (3.3) and (3.5) describe the same background, the quantum theories dual to them
must also be identical. Consequently the CQM living on the boundary of (3.5) and the
(1+1) dimensional CFT living on the boundary of (3.3) are also different descriptions of
the same quantum theory. Our goal will be to exploit this equivalence to learn about the
CQM living on the boundary of AdS2.
First we consider the two dimensional viewpoint. The metric is that of AdS2, and the
boundary is located at r = r0. The induced metric, scalar and gauge field on the boundary
are

ds2
B = − l

2

4
(r2

0 − 1)dt2, χB =
l2R2

4
, at|B =

1

R
(r0 − 1) . (3.7)

We shall denote by Ht the total Hamiltonian of the CQM living on the boundary of AdS2

including the effect of the background gauge fields and by Q the conserved charge in the
CQM conjugate to the gauge field aµ in the bulk.
We now turn to the three dimensional viewpoint. The dual (1+1) dimensional CFT lives
on the two dimensional boundary labelled by (t, φ) with induced metric

ds2
B =

l2

4

[
−(r2

0 − 1)dt2 +R2

(
dφ+

1

R
(r0 − 1)dt

)2
]
. (3.8)

We now introduce new coordinates

t̃ = R−1
√
r2
0 − 1 t, φ̃ = φ+

1

R
(r0 − 1)t , (3.9)

so that the metric (3.8) becomes

ds2
B =

l2R2

4
[−dt̃2 + dφ̃2] . (3.10)

Thus up to the overall scale factor the metric is the standard Minkowski metric, and the
space coordinate φ̃ is compact with period 2π. This gives a standard 1+1 dimensional
CFT on a cylinder, and the generators i∂et and −i∂eφ are identified as

i∂et = L0 + L̄0, −i∂eφ = L0 − L̄0 . (3.11)

In order that in the extremal limit we get a supersymmetric black hole, we impose Ra-
mond boundary condition along φ̃ on the anti-holomorphic part of the superconformal
algebra.
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In relating this (1+1) dimensional CFT to the CQM living on the boundary of AdS2,
we must identify the total Hamiltonian Ht of the CQM as the generator of t-translation in
the CFT. On the other hand the charge Q of the CQM can be identified as the generator
of φ translation. This gives

Ht = i∂t = iR−1
√
r2
0 − 1

∂

∂t̃
+ i

r0 − 1

R

∂

∂φ̃
= 2R−1r0L̄0 +R−1(L0 − L̄0) +O(r−1

0 ) ,

Q = −i∂φ = −i∂eφ = L0 − L̄0 . (3.12)

Thus in the r0 → ∞ limit, the only states with finite Ht eigenvalues are those with
minimal value of L̄0. Since we have Ramond boundary condition, the minimal value
of L̄0 is 0. In other words the states of the CQM living on the boundary of AdS2 are
described by the L̄0 = 0 states of the 1+1 dimensional CFT living on the boundary of
AdS3 [41, 42, 43]. In other words the CQM living at the boundary of AdS2 is described
by the chiral half (1+1) dimensional CFT living at the boundary of AdS3. In particular
the ground state degeneracy d(q) of the CQM, carrying a given charge q, can be identified
as the degeneracy of the states of the CFT which are in the ground state of the Ramond
sector in the anti-holomorphic sector and carries (L0−L̄0) eigenvalue q. The former is the
quantity that appears in the definition of the entropy via AdS2/CFT1 correspondence[38]
whereas the latter appears in the definition of the entropy of the extremal BTZ black hole
via AdS3/CFT2 correspondence. Thus we see that the two definitions of entropy agree.
Using the identification of the CQM as a specific compactification of the CFT we can
compute the partition function of the theory. For this we make the Euclidean continuation
t→ −iu. Regularity of the metric (3.3) (or (3.5)) at the horizon r = 1 requires u to be a
periodic coordinate with period 2π. Under the replacement t→ −iu the boundary metric
(3.8) takes the form

ds2
B =

l2

4

[
(r2

0 − 1)du2 +R2

(
dφ− i

R
(r0 − 1)du

)2
]

=
l2R2

4
[τ 2

2 du
2+(dφ+τ1du)

2] , (3.13)

where

τ1 = − i

R
(r0 − 1), τ2 =

√
r2
0 − 1

R
. (3.14)

Since u and φ both have period 2π, the partition function of the CFT with this background
metric will be given by

Z = Tr
[
e2πi(τ1+iτ2)L0−2πi(τ1−iτ2)L̄0

]
= Tr

[
e−4πr0R−1L̄0−2πR−1(L0−L̄0) +O(r−1

0 )
]
. (3.15)

This agree with the partition function of the CQM which is given by Tr(e−2πHt) with Ht

given in (3.12). Eq.(3.15) again shows that in the r0 → ∞ limit only the L̄0 = 0 states
contribute to the trace. We also see that in this limit the contribution to the partition
function from states with a given charge Q = q is given by

d(q) e−2πeq , (3.16)
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where q is the L0 − L̄0 eigenvalue, e = 1/R is the near horizon electric field, and d(q) is
the degeneracy of the states with charge q.
Till now we have considered only neutral BTZ black hole. However one can repeat the
same analysis for charged BTZ black hole. Let us now suppose that the three dimensional
theory has additional U(1) gauge fields A

(i)
M with Chern-Simons action of the form

1

2

∫
d3x εMNP Cij A

(i)
MF

(j)
NP , F

(i)
NP ≡ ∂NA

(i)
P − ∂PA

(i)
N , (3.17)

where M,N,P run over the three coordinates of AdS3 and Cij are constants. Then we
can construct charged black hole solutions by superimposing on the original BTZ solution
(3.1) constant gauge fields:

A
(i)
M dx

M = wi

[
dy − 1

l

ρ−
ρ+

dτ

]
. (3.18)

Here wi are constants. The term proportional to dτ has been chosen so as to make
the gauge fields non-singular at the horizon. Even though the gauge field strength van-
ishes, the background (3.18) induces a charge on the black hole since the latter, being

proportional to δS/δF
(i)
ρt (in the classical limit), is given by CijA

(j)
y up to a constant of

proportionality. Taking the near horizon limit as in (3.2) we arrived at the background

ds2
3 =

l2

4

[
−(r2 − 1)dt2 +

dr2

r2 − 1
+R2

(
dφ+

1

R
(r − 1)dt

)2
]
, A

(i)
M dx

M = widφ .

(3.19)
In order to make contact with the two dimensional viewpoint we define two dimensional
gauge fields a

(i)
µ and scalar fields χ(i) via the relations:

A
(i)
M dx

M = χ(i)(dφ+ aµdx
µ) + a(i)

µ dxµ , (3.20)

where aµ has been defined in (3.4). For the background (3.19) we have aµdx
µ = 1

R
(r−1)dt,

and hence[15]

χ(i) = wi, a(i)
µ dx

µ = e(i)(r − 1)dt, e(i) ≡ −wi
R
. (3.21)

e(i) is the near horizon electric field associated with the two dimensional gauge fields a
(i)
µ .

We shall now compute the partition function of the CQM living on the boundary of
AdS2 in the presence of these background gauge fields. This is equivalent to computing
the partition function of the CFT living on the boundary of the space-time given in (3.19).
According to AdS/CFT correspondence [20, 22], the presence of the gauge fields in the
bulk will induce a current in the boundary CFT. Let (Jφ(i), J

t
(i)) be the currents in the

CFT dual to the gauge fields A
(i)
M in the bulk. Typically in AdS3/CFT2 correspondence

the currents dual to gauge fields are either holomorphic or anti-holomorphic depending on
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the sign of the Chern-Simons term in the bulk theory[44]. We shall assume for simplicity
that all our gauge fields are dual to holomorphic currents. This gives a relation between
Jφ(i) and J t(i). To determine this relation we note from (3.13) that in the Euclidean theory
the holomorphic coordinate z is given by φ + τ1u + iτ2u. Using the relation u = it and
the values of τ1, τ2 given in (3.14) we get

z = φ− 1

R
t+O(r−1

0 ) . (3.22)

Requiring holomorphicity gives Jz(i) = 0 since by virtue of current conservation ∂zJ
z
(i) = 0,

Jz(i) would have described an anti-holomorphic current. Thus we have

Jφ(i) −
1

R
J t(i) = 0 . (3.23)

In the presence of the gauge fields in the bulk the partition function in the CFT will
have an insertion of

exp

[
iwi

∫
dtdφ

√
− det gJφ(i)

]
, (3.24)

Substituting (3.23) in the above equation and using the definition of the charge Q(i),

Q(i) =

∫
dφ

√
− det gJ t(i) , (3.25)

we can express (3.24) as

exp

[
iwi

∫
dtQ(i)/R

]
= exp(2π wiQ(i)/R) = exp(−2π e(i)Q(i)) , (3.26)

where in the last step we have used (3.21). Inserting this into (3.15) and using e = 1/R
we get

Z = Tr
[
e−4πr0R−1L̄0−2π

P
I e

IQI

]
, (3.27)

where the index I now runs over all the two dimensional gauge fields, – the one coming
from the dimensional reduction of the three dimensional metric as well as the ones coming
from the three dimensional gauge fields. From (3.27) we see that in the r0 →∞ limit we
are still restricted to the L̄0 = 0 states. The contribution from the sector with charge ~q is
given by

d(~q) e−2π
P

I qIe
I

, (3.28)

Here d(~q) denotes the degeneracy of L̄0 = 0 states in the CFT carrying charge ~q. It can
also be interpreted as the degeneracy of the lowest energy states in the CQM carrying
charge ~q.
One issue that we have not completely resolved is the following. From (3.10) we see that
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in the (t̃, φ̃) coordinate system the conformal factor in front of the metric remains finite
as r0 → ∞, suggesting that we have a finite ultraviolet cut-off. In particular the size of
the φ̃ circle is of the order of the cut-off. We do not have a direct understanding of the
role of this cut-off in the CFT. However studying the effect of this cut-off in the bulk
gives us some insight. First of all note that in conventional AdS3, it is more natural to
define the partition function by summing over states of all charges with a fixed value of
the chemical potential. However in AdS2 the modes representing fluctuation of the total
charge represent non-normalizable deformations and hence it is more natural to define the
partition function by summing over a fixed charge sector[38]. Thus it would seem that
the effect of the finite ultraviolet cut-off in the CFT must be to restrict the Hilbert space
of a given CFT to a fixed charge sector. There are also other effects of this finite cut-off in
the bulk when we embed the BTZ black hole in a supersymmetric theory with additional
moduli scalars and vector fields. When we view the extremal BTZ black hole from the
point of view of the asymptotically AdS3 space-time by setting ρ+ = ρ− in (3.1) then the
ultraviolet cut-off is small compared to the size of the y circle since the latter approaches
∞ as ρ→∞, but such asymptotic space-time could admit other multi-centered black hole
solutions[45]. On the other hand when we view the same extremal black hole from the
point of view of its near horizon geometry as in (3.3), then the size of the φ circle becomes
comparable to the ultra-violet cut-off, but this space-time geometry no longer admits the
other multi-centered black hole solutions in AdS2 since the values of the various scalar
fields are fixed at their attractor values.1 Thus it would seem that the ultraviolet cut-off
weeds out the contribution due to the multi-centered black hole configurations of the type
discussed in [45] from the CFT spectrum. In support of this speculation we would like to
note that for large R the size of the φ circle is large compared to the ultra-violet cut-off
and hence effect of the cut-off is expected to be small. This is precisely the region in
which the entropy of a single centered black hole gives the dominant contribution to the
entropy[45].
Even though it is more natural to work in a fixed charge sector of AdS2, one can get
some insight into the OSV conjecture if one does sum over the contribution from different
charge sectors. After summing over charges the full partition function is given by

Z(~e) =
∑

~q

d(~q) e−2π~e·~q . (3.29)

For large charges the dominant contribution to this sum comes from ~q satisfying ∂ ln d(~q)/∂qI =
2πeI , in agreement with the classical relation between the electric field and the charge.
The right hand side of (3.29) has the flavor of the black hole partition function defined
in [47]. On the other hand, using AdS/CFT correspondence, the left hand side can be

1Possible exceptions are multi-centered black holes with mutually local charges, ı.e. charges satisfying
(~qi · ~pj − ~qj · ~pi) = 0 where (~qi, ~pi) denote the electric and magnetic charge vectors of the ith black hole.
But they do not contribute to the degeneracy[46].
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expressed as a functional integral over the fields in the bulk theory.2 Now, as was shown
in [38], after ignoring terms linear in r0 in the exponent – which must cancel among
themselves – the classical result for the partition function in the r0 → ∞ limit is given
by

Z = e−2πf , (3.30)

where f is the classical Lagrangian density evaluated in the near horizon geometry. One
might expect that the effect of quantum corrections would be to replace the classical
Lagrangian density by some effective Lagrangian density. As we shall now review, if we
assume that the effective Lagrangian density that contributes to the partition function is
governed only by the F -type terms, ı.e. terms which can be encoded in the prepotential
F [55], then Z takes the form predicted in the original OSV conjecture.
In N = 2 supergravity theories in four dimensions the information about the ‘F-type
terms’ can be encoded in a function F({XI}, Â) – known as the prepotential – of a
set of complex variables XI which are in one to one correspondence with the gauge
fields and an auxiliary complex variable Â related to the square of the graviphoton field
strength[55, 56]. Supersymmetry demands that F is a homogeneous function of degree
two in its arguments:

F({λXI}, λ2Â) = λ2F({XI}, Â) . (3.31)

For a given choice of electric field one finds that the extremum of the effective Lagrangian
density computed with the F -term effective action occurs at the attractor point where[57,
58, 59, 60, 61, 62, 63]

Â = −4w2, 4(w̄−1X̄I + w−1XI) = eI , 4(w̄−1X̄I − w−1XI) = −ipI . (3.32)

Here w is an arbitrary complex parameter and pI are the magnetic charges carried by the
black hole. These magnetic charges have not appeared explicitly in our discussion so far
because from the point of view of the near horizon geometry they represent fluxes through
compact two cycles and appear as parameters labelling the two (or three) dimensional
field theory describing the near horizon dynamics. The value of the effective Lagrangian
density at the extremum (3.32) is given by[60]

f = 16 i (w−2F − w̄−2F̄) . (3.33)

2Note that we have switched back from the three dimensional viewpoint to the two dimensional
viewpoint. The black hole partition function has been analyzed using AdS/CFT correspondence earlier
(see e.g. [48, 49]). Also various other approaches to relating the entropy function formalism to Euclidean
action formalism and / or OSV conjecture can be found in [50, 51, 52]. The advantage of our approach
lies in the fact that since we apply AdS/CFT correspondence on the near horizon geometry, the chemical
potentials dual to the charges are directly related to the near horizon electric field, and hence, via the
attractor mechanism, to other near horizon field configuration. Furthermore the path integral needs to
be performed only over the near horizon geometry where we have enhanced supersymmetry and hence
stronger non-renormalization properties. The approach closest to ours is the one given in [53]; we shall
comment on it later. A different approach to deriving the OSV conjecture using AdS/CFT correspondence
can be found in [54].
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Note that (3.32) determines XI in terms of the unknown parameter w. However due to
the scaling symmetry (3.31), f given in (3.33) is independent of w. Using this scaling
symmetry we can choose

w = −8 i , (3.34)

and rewrite (3.32), (3.33) as

Â = 256, XI = −i(eI + ipI) , (3.35)

f = − i
4
(F({XI}, 256)−F({XI}, 256)) . (3.36)

Thus we have
Z(~e) = e−π ImF({pI−ieI},256) . (3.37)

This is precisely the original OSV conjecture[47].
It has however been suggested in subsequent papers that agreement with statistical en-
tropy requires modifying this formula by including additional measure factors on the right
hand side of (3.37)[64, 65, 46]. A careful analysis of the path integral keeping track of the
holomorphic anomaly[66, 67] may be able to reproduce these corrections. Some of these
corrections are in fact necessary for restoring the duality invariance of the final result for
the entropy[65]. However we will not discuss these issues in the present chapter.
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Chapter 4

Localization and quantum entropy
function

4.1 Introduction

Quantum entropy function, as described in §1.5, proposed a definite relation between the
degeneracy dhor(q) associated with the black hole horizon and the partition function of
string theory on the near horizon geometry. This relation takes the form

dhor =

〈
exp

[
−iqi

∮
dθ A

(i)
θ

]〉finite

AdS2

, (4.1)

where 〈 〉AdS2 denotes the unnormalized path integral over all the fields in string theory.
In this path integral the string fields required to satisfy the boundary condition that
asymptotically the field configuration approaches the near horizon configuration of the
black hole. Here {A(i)} denote the set of all U(1) gauge fields, qi is the i-th electric charge

carried by the black hole 1 and
∮
dθ A

(i)
θ denotes the integral of the i-th gauge field along

the boundary of AdS2 which is labelled by the coordinate θ.
In four space-time dimensions supersymmetry requires the black holes to be spherically
symmetric, and as a consequence the near horizon geometry has an AdS2×S2 factor. For
1/8 BPS black holes in N = 8 supersymmetric theories, 1/4 BPS black holes in N = 4
supersymmetric theories and 1/2 BPS black holes in N = 2 supersymmetric theories, the
SL(2,RR)×SO(3) isometry of the near horizon geometry gets enhanced to the SU(1, 1|2)
supergroup. Using enhanced supersymmetry and arguments of localization we will show
in this chapter that the path integral (4.1) could receive non-vanishing contribution only
from a special class of field configurations which are invariant under a particular subgroup
of the supergroup SU(1, 1|2). Intuitively the localization of an integral can be understood

1In particular qi also include the angular momentum of the black hole.
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in terms of arguments similar to [68] as follows.
Consider an arbitrary quantum field theory, with some function space M over which one
wishes to integrate.

Z =

∫

M
e−S (4.2)

where S is the action of the theory.

Let F be a supergroup of global symmetries of the theory generated by fermionic
generator Q and a compact U(1) bosonic generator X which satisfy the algebra

Q2 = X. (4.3)

To begin with let us suppose that F acts freely on M ı.e. there are no points in M
which are invariant under the elements of the supergroup F . Then one has a fibration
M→M/F , and by first integrating over the fibers of this fibration, one can reduce the
integral over M to an integral over M/F . The integral over the fibers will give a factor
which is the volume of the supergroup F .

Z =

∫

M
e−S = vol(F )

∫

M/F

e−S (4.4)

However the volume of the supergroup F is zero. The integral over the parameter x of
the compact generator will give a finite factor and the fermionic θ integral will make the
integral zero.

vol(F ) =

∫
dxdθ = 0 (4.5)

Hence (4.4) suggests that if the supergroup F acts freely on M, the partition function
vanishes.
In general, F does not act freely, but has a fixed point locusM0 . Let C be an F -invariant
neighborhood of M0 and M′ its complement. Then the path integral restricted to M′

vanishes, by the above reasoning. So the entire contribution to the path integral comes
from the integral over C. Since C can be an arbitrary small neighborhood and the integral
is independent of the choice of C, the result is a localization formula expressing the path
integral as an integral on M0 . Identifying M0 in our case is the main subject of this
chapter.
The rest of the chapter is organised as follows. In §4.2 we describe the algebra underlying
the SU(1, 1|2) group and also the reality condition on the various generators required to
represent the symmetries of the Euclidean near horizon geometry. In §4.3 we use localiza-
tion techniques developed in [69, 70] to argue that the path integral receives contribution
only from a special class of string field configurations invariant under a special subgroup
H1 of the SU(1, 1|2) group. In §4.4 we use the results of §4.3 to show that integration
over the bosonic and fermion zero modes, generated by an infinite dimensional group of
asymptotic symmetries, actually gives a finite result to the path integral. In §4.5 we give
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some examples of H1-invariant saddle points which contribute to the path integral. In §4.6
we discuss possible application of our result to further simplify the analysis of quantum
entropy function and also a possible application to computing the expectation values of
circular ’t Hooft - Wilson loop operators in superconformal gauge theories following [71].
In appendix A we analyze the killing spinors in the near horizon geometry of a specific
class of quarter BPS black holes in type IIB string theory compactified on K3× T 2 and
show that they indeed generate the su(1, 1|2) algebra described in §4.2.

4.2 Symmetries of Euclidean AdS2 × S2

Global supersymmetry of AdS2 × S2 is described by su(1, 1|2) super Lie algebra. It is
the global part of N = 4 superconformal algebra in (1+1) dimension. We begin by
writing down the global part of the N = 4 superconformal algebra. Its non-vanishing
commutators are

[Lm, Ln] = (m− n)Lm+n

[J3, J±] = ±J± , [J+, J−] = 2 J3

[Ln, G
α±
r ] =

(n
2
− r

)
Gα±
r+n

[J3, Gα±
r ] = ± 1

2
Gα±
r , [J±, Gα∓

r ] = Gα±
r

{G+α
r , G−βs } = 2 εαβ Lr+s − 2 (r − s) (εσi)βα J

i

ε+− = −ε−+ = 1, ε++ = ε−− = 0 , m, n = 0,±1, r, s = ±1

2
, α, β = ±

(4.6)

The right superscript of Gr denotes the transformation properties under the SU(2) cur-
rent algebra whose zero modes are denoted by (J3, J± = J1 ± iJ2). There is also an
SU(2) group acting on the left superscript. This describes an outer automorphism of the
supersymmetry algebra but is not in general a symmetry of the theory.
In the above, the action of the Virasoro generators on the coordinate u labelling the upper
half plane (UHP) is of the form

Ln = −un+1∂u − ūn+1∂ū . (4.7)

However while describing symmetries of the Euclidean AdS2×S2, which is isomorphic to
UHP × S2 it is more natural to use the Virasoro generators

Ln = − (
i un+1∂u + i ūn+1∂ū

)
, (4.8)

so that the elements of SL(2,RR) can be labelled as exp(isnLn) with real parameters sn, just
as exp(itiJ

i) labels an element of the SU(2) group for real ti. The corresponding algebra
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is obtained from (4.6) by scaling the Virasoro generators by i. For later convenience we
shall also multiply G+α

r by eis0 and G−αr by i e−is0 for some arbitrary fixed phase eis0 . This
gives2

[Lm, Ln] = i(m− n)Lm+n

[J3, J±] = ±J± , [J+, J−] = 2 J3

[Ln, G
α±
r ] = i

(n
2
− r

)
Gα±
r+n

[J3, Gα±
r ] = ± 1

2
Gα±
r , [J±, Gα∓

r ] = Gα±
r

{G+α
r , G−βs } = 2 εαβ Lr+s − 2 i (r − s) (εσi)βα J

i

ε+− = −ε−+ = 1, ε++ = ε−− = 0 , m, n = 0,±1, r, s = ±1

2
, α, β = ±

(4.9)

However it is convenient to represent AdS2 as a unit disk labelled by a coordinate w
related to u via:

w =
1 + i u

1− i u
. (4.10)

In the w coordinate system

Ln =
i

2

[
in (1 + w)1−n (1− w)1+n ∂w + c.c.

]
. (4.11)

On the other hand the action of the J i’s on the stereographic coordinate z of the sphere
S2 takes the form

J3 = (z∂z − z̄∂z̄), J+ = z2∂z + ∂z̄, J− = −z̄2∂z̄ − ∂z . (4.12)

It is easy to see that the AdS2 × S2 metric

ds2 = 4 v
dw dw̄

(1− w̄w)2
+ 4u

dz dz̄

(1 + z̄z)2
, (4.13)

where u and v are constants, is invariant under these transformations. Making the coor-
dinate transformations

w = tanh
η

2
eiθ, z = tan

ψ

2
eiφ , (4.14)

we can express the metric (4.13) as

ds2 = v(dη2 + sinh2 η dθ2) + u(dψ2 + sin2 ψ dφ2) . (4.15)

2Note that while computing the commutators we regard the action of the generators as active trans-
formation.
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We now define

L̂0 =
1

2
(L1 + L−1) , L̂± = L0 ± i

2
(L1 − L−1) , Ĝαβ

± = Gαβ
1/2 ∓ i Gαβ

−1/2 . (4.16)

From eqs.(4.11), (4.16) we see that the action of L̂0, L̂± on the w-plane is given by

L̂0 = (w∂w − w̄∂w̄), L̂+ = −i(w2∂w − ∂w̄), L̂− = i(∂w − w̄2∂w̄) . (4.17)

This shows that L̂0 has the interpretation of the generator of rotation about the origin in
the w-plane. In terms of these new generators the non-vanishing (anti-)commutators of
the su(1, 1|2) algebra take the form

[L̂0, L̂±] = ± L̂± , [L̂+, L̂−] = −2 L̂0 ,

[J3, J±] = ±J± , [J+, J−] = 2 J3,

[L̂0, Ĝ
αβ
± ] = ± 1

2
Ĝαβ
± , [L̂±, Ĝ

αβ
∓ ] = −i Ĝαβ

± ,

[J3, Ĝα±
β ] = ± 1

2
Ĝα±
β , [J±, Ĝα∓

β ] = Ĝα±
β ,

{Ĝ+α
± , Ĝ−β∓ } = 4 εαβ L̂0 ± 4 (εσi)βα J

i , {Ĝ+α
± , Ĝ−β± } = ∓ 4 i εαβ L̂±,

(4.18)

Note that an element of the form exp
[
i(ξ0L̂0 + ξ+L̂+ + ξ−L̂− + η3J

3 + η+J
+ + η−J−)

]

will be an element of the SL(2,RR)× SU(2) group if we have

(ξ0)∗ = ξ0, (ξ±)∗ = ξ∓, (η3)
∗ = η3, (η±)∗ = η∓ . (4.19)

We shall call these the reality conditions on the bosonic generators. We shall now impose
a similar reality condition on the fermionic generators, ı.e. specify the condition on the
complex grassman parameters θγαβ under which exp

[
iθγαβG

αβ
γ

]
describes an element of the

SU(1, 1|2) group. Any such rule must be compatible with the requirement that if exp(iT1)
and exp(iT2) are two elements of the SU(1, 1|2) group, then exp([T1, T2]) must also be an
element of this group. The following constraint on θγαβ is compatible with this rule:3

(
θγαβ

)∗
= εαα

′
εββ

′
θ−γα′β′ . (4.20)

Equivalently we can say that

exp
[
iθ

(
Ĝαβ
γ + εαα

′
εββ

′
Ĝα′β′
−γ

)]
and exp

[
θ
(
Ĝαβ
γ − εαα

′
εββ

′
Ĝα′β′
−γ

)]
, (4.21)

3We need to remember that if θ1 and θ2 are real grassman parameters then (θ1θ2)∗ = θ2θ1 = −θ1θ2.
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are elements of SU(1, 1|2) for real θ. We shall proceed with this choice. If we now define

Q1 = Ĝ++
+ + Ĝ−−− , Q2 = −i

(
Ĝ++

+ − Ĝ−−−
)
,

Q3 = −i
(
Ĝ−+

+ + Ĝ+−
−

)
, Q4 = Ĝ−+

+ − Ĝ+−
− ,

Q̃1 = Ĝ++
− + Ĝ−−+ , Q̃2 = −i

(
Ĝ++
− − Ĝ−−+

)
,

Q̃3 = −i
(
Ĝ−+
− + Ĝ+−

+

)
, Q̃4 = Ĝ−+

− − Ĝ+−
+ , (4.22)

then exp(iθQi) and exp(iθQ̃i) are elements of SU(1, 1|2) for real θ. In that case we have

{Qi, Qj} = 8 δij (L̂0−J3), {Q̃i, Q̃j} = 8 δij (L̂0+J
3), [L̂0−J3, Qi] = 0, [L̂0+J

3, Q̃i] = 0 .
(4.23)

Besides this, {Qi, Q̃j} are given by linear combinations of J± and L̂±, [L̂0 − J3, Q̃i] are

given by linear combinations of Q̃i, [L̂0 + J3, Qi] are given by linear combinations of Qi,

[J±, Qi] and [L̂±, Qi] are given by linear combinations of Q̃i and [J±, Q̃i], [L̂±, Q̃i] are
given by linear combinations of Qi. Precise form of these relations can be determined
from (4.18) and (4.22), but we shall not write them down explicitly.
Given the reality condition on the various generators, we can label an element of SU(1, 1|2)
as

g(ξ, ξ̄, η, η̄, σ, σ̃, {θαβ}, {χi}) = exp
[
i
{
ξ̄L̂+ + ξL̂− + η̄J+ + ηJ− + θα+Ĝ

α+
− + θα−Ĝα−

+

}]

× exp
[
iσ (L̂0 + J3)

]
× exp

[
i

{
4∑

k=1

χkQk + σ̃(L̂0 − J3)

}]
,

(4.24)

where ξ, η are complex bosonic parameters, σ, σ̃ are real bosonic parameters, χi are
real grassman parameters and θαβ are complex grassman parameters satisfying the reality
condition

(θαβ)
∗ = εαα

′
εββ

′
θα′β′ . (4.25)

Let us also denote by H0 the subgroup of SU(1, 1|2) generated by

L̂0 − J3, Q1, Q2, Q3, Q4 . (4.26)

The non-vanishing (anti-)commutators of H0 are
[
L̂0 − J3, Qi

]
= 0, {Qi, Qj} = 8 δij (L̂0 − J3) . (4.27)

Then in (4.24) the parameters σ̃ and {χi} parametrize an element of H0 and the param-
eters σ, ξ, η and θαβ parametrize the coset G/H0.
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Finally another subgroup of SU(1, 1|2) (and H0) that will play an important role in

our analysis is the subgroup H1 generated by Q1 and (L̂0 − J3).

4.3 Localization

In computing the quantum entropy function, – the partition function of string theory
on the near horizon geometry of the black hole – we need to integrate over all string
field configurations. In order to carry out the path integral, which involves integration
over infinite number of modes, it will be useful to fix the order in which we carry out
the integration. We shall adopt the following definition of the path integral: first we
shall integrate over the orbits of the subgroup H1 generated by Q1 and (L̂0 − J3), then
over the orbits generated by the others Qi’s belonging to the subgroup H0 and then
carry out the integration over the remaining variables in some order. As we shall see
this definition will allow us to arrive at simple results on which configurations could
contribute to the path integral. Our approach follows closely that of [69]. Throughout
this analysis we shall implicitly assume that the theory admits a formalism in which
at least the H1 subalgebra of the su(1, 1|2) algebra, generated by Q1 and (L̂0 − J3), is
realized off-shell. It may be possible to achieve this by generalizing the trick used in
[72] for N = 4 supersymmetric gauge theories. Finally we shall ignore the various issues
related to gauge fixing. For supersymmetric gauge theories in four dimensions gauge fixing
introduces various subtleties in the proof of localization[72]. However eventually these can
be overcome, and we shall assume that similar results will hold for supergravity as well.
Formally the division of the path integral into orbits of H1 and directions transverse to
these orbits can be done by manipulating the integral using Fadeev-Popov method.4 By
expressing an element of H1 as

h = exp(iαQ1 + iβ(L̂0 − J3)) (4.28)

we can express the path integral as

[∫
dh

] [∫
e−A

(∏
a

δ(F a)

)
sdet

δF a
~τ

∂τ b

∣∣∣∣
~τ=0

]
, (4.29)

where
∫
dh denotes integration over the group H1 with Haar measure, A is the Euclidean

action,5 F a are a pair of ‘gauge fixing functionals’ of the field configuration, ~τ denote

4Unlike in the case of a gauge symmetry here we do not divide the path integral by the volume of the
‘gauge group’ H1. The rest of the manipulation proceeds exactly as in the case of a gauge theory.

5We are including in A the bulk and the boundary contributions to the action including the i
∮

~q· ~A term
that is necessary to make the path integral well defined [39, 25]. We shall also be implicitly assuming that
the boundary terms have been chosen so that all the supersymmetries of the bulk theory are preserved.
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collectively the parameters (α, β) labelling the elements of the group H1 and F a
~τ is the

transform of F a by the group element corresponding to the parameters ~τ . We now note
that the integration over H1 has a bosonic direction β which parameterizes a compact
U(1) group and hence gives a finite result, and a fermionic direction α. By the standard
rules of integration over grassman parameters the fermionic integral gives a zero, making
the whole integral vanish.
This argument breaks down around a configuration Φ which is invariant under a subgroup
of H1, since the matrix (δF a

~τ /δτ
b) in (4.29) becomes degenerate at this point. In this

case we proceed as follows. First of all we note that a subgroup of H1 can either be
the whole of H1 or the U(1) group generated by (L̂0 − J3). However if Φ is invariant

only under (L̂0 − J3), then the zero eigenvector of the matrix δF a
~τ /∂τ

b
∣∣
~τ=0

is along the
bosonic direction corresponding to the U(1) transformation. This makes the sdet factor
in (4.29) vanish on the configuration Φ but does not generate any divergence in the
integrand. Hence our earlier argument can still be applied to show that the

∫
dh factor

makes the integral vanish. Thus the configuration Φ must be invariant under both Q1 and
(L̂0− J3). This allows us to choose the coordinates of the configuration space, measuring
fluctuations around the configuration Φ, as follows. First by Fourier decomposing these
fluctuations in the (θ−φ) coordinates we can choose them to be eigenvectors of (L̂0−J3)
with definite eigenvalues m ∈ Z. For example for a scalar field a deformation of the
form eim(θ−φ)/2 f(θ + φ, r, ψ) for any arbitrary function f will have this property. Let us
parametrize the set of all such bosonic fluctuations by coordinates zs(m). The complex

conjugate deformation, labelled by zs∗(m) will have (L̂0 − J3) eigenvalue −m. To avoid
double counting we shall denote the fluctuations with positive m by zs(m) and fluctuations
with negative m by zs∗(m). As s runs over different values, the parameters zs(m) produce

the complete set of bosonic deformations with (L̂0 − J3) eigenvalue m. Now for m 6=
0, the action of the generator Q1 on such a bosonic deformation cannot vanish since
Q2

1 = 4(L̂0 − J3) acting on the fluctuation does not vanish. Instead this will generate a

particular fermionic deformation with (L̂0−J3) eigenvaluem. Let us denote the parameter
associated with the fermionic deformation by ζs(m). Finally we shall call the m = 0 bosonic
and fermionic modes collectively as ~y. Since the original configuration Φ is the origin of
the coordinate system, all the coordinates vanish at Φ. We can now write6

Q1 z
s
(m) = ζs(m), Q1 ζ

s
(m) = 4mzs(m) , (4.30)

where the second equation follows from the fact that (Q1)
2 zs(m) = 4mzs(m). Using the

reality of the operator (iεQ1) and the rules for complex conjugation of grassman variables
described in footnote 3, the complex conjugate relations of (4.30) can be expressed in the

6Our convention for defining the action of Q1 on the parameters will be as follows. Take a general
field configuration labelled by ({zs

(m)}, {ζs
(m)}, ~y) and act on it by the transformation (1 + iεQ1). The

new configuration can be associated with a new set of values of the various parameters. We call the
parameters associated with the new configuration as ({zs

(m) + iεQ1 zs
(m)}, {ζs

(m) + iεQ1 ζs
(m)}, ~y + iεQ1 ~y).
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form7

Q1 z
s∗
(m) = ζs∗(m), Q1 ζ

s∗
(m) = −4mzs∗(m) . (4.31)

ζs(m) for different values of s give the complete set of fermionic deformations with (L̂0 −
J3) eigenvalue m and ζs∗(m) for different values of s give the complete set of fermionic

deformations with (L̂0 − J3) eigenvalue −m. To see this let us assume the contrary, ı.e.

that there is a fermionic coordinate χ(m) carrying L̂0 − J3 eigenvalue m that is linearly
independent of the ζs(m)’s (up to quadratic and higher powers of the other coordinates).
Since the origin is Q1 invariant, Q1χ(m) must vanish at the origin. On the other hand if
Q1χ(m) is bilinear in the coordinates ({zs(m)}, {zs∗(m)}, {ζs(m)}, {ζs∗(m)}, χ(m), ~y) then it will be

impossible to satisfy the Q2
1χ(m) = 4mχ(m) condition since the action of Q1 on each of the

coordinates produces a term linear and higher order in these coordinates. Thus Q1χ(m)

must be a linear combinations of the complete set of bosonic coordinates {zs(m)} carrying

L̂0 − J3 eigenvalue m up to additional higher order terms in the coordinates. Applying
Q1 on either side we see that χ(m) must be a linear combination of the coordinates ζs(m)

up to additional higher order terms, in contrary to our original assumption that χ(m) is
linearly independent of the other ζs(m)’s.

The coordinates ({zs(m)}, {zs∗(m)}, {ζs(m)}, {ζs∗(m)}) will in particular include the defor-

mations generated by the elements of SU(1, 1|2) outside the subgroup generated by the

Qi’s and (L̂0 ± J3), since such deformations will carry non-zero L̂0 − J3 charge. If for
example we use the parameterization given in (4.24) for an element of SU(1, 1|2), then the

parameters ξ, η̄ and θα+ will carry (L̂0− J3) eigenvalue +1, and their complex conjugate

parameters will carry (L̂0 − J3) eigenvalue −1.

Now the path integral over the various fields can be regarded as integral over the
parameters zs(m), z

s∗
(m), ζ

s
(m) and ζs∗(m) for different values of s and m 6= 0 together with

integration over the variables ~y. Thus we have an integral

I =

∫
d~y

∏
m>0,s

dzs(m) dz
s∗
(m) dζ

s
(m) dζ

s∗
(m) J e−A . (4.32)

where J represents any measure factor which might arise from changing the integration
variables to (~y, ~z, ~z∗, ~ζ, ~ζ∗). We now deform this to another integral

I(t) =

∫
d~y

∏
m>0

dzs(m) dz
s∗
(m) dζ

s
(m) dζ

s∗
(m) J e−A−tQ1 F , (4.33)

7To see this we can write zs
(m) = zs

(m)R + izs
(m)I , ζs

(m) = ζs
(m)R + iζs

(m)I with real zs
(m)R, zs

(m)I , ζs
(m)R

and ζs
(m)I , and then compare the real and imaginary parts of (4.30) after multiplying both sides by iθ,

keeping in mind that the operator iθQ for real grassman parameter θ takes a real variable to a real
variable, and also that given two real grassman variables θ1, θ2, θ1θ2 is imaginary. Eq.(4.31) follows from
this immediately.
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where t is a positive real parameter and

F =
∑
m>0

∑
s

zs∗(m) ζ
s
(m) . (4.34)

This gives

Q1 F =
∑
m>0

∑
s

[
4mzs∗(m) z

s
(m) + ζs∗(m) ζ

s
(m)

]
. (4.35)

Furthermore, since by construction F is invariant under (L̂0 − J3), we have

Q2
1F = 0 . (4.36)

This equation, together with the supersymmetry invariance of the action (Q1A = 0) can
be used to get

∂tI(t) =

∫
d~y

∏
m>0

dzs(m) dz
s∗
(m) dζ

s
(m) dζ

s∗
(m) J (−Q1F ) e−A−tQ1 F

= −
∫
d~y

∏
m>0

dzs(m) dz
s∗
(m) dζ

s
(m) dζ

s∗
(m) J Q1

(
F e−A−tQ1 F

)
= 0 , (4.37)

where in the last step we have used Q1 invariance of the path integral measure. Thus I(t)
is independent of t, and has the same value in the limits t→ 0 and t→∞. Noting that
in the t→ 0 limit I(t) reduces to I, and using (4.33), (4.35) we get

I = lim
t→∞

∫
d~y

∏
m>0

dzs(m) dz
s∗
(m) dζ

s
(m) dζ

s∗
(m) J e−A−t

P
m>0

P
s [4mzs∗

(m)
zs
(m)

+ζs∗
(m)

ζs
(m)] . (4.38)

In the t→∞ limit the zs(m) and ζs(m) dependent terms inside the action A are subleading.

Thus up to an overall t independent normalization constant,8 the e−t
P

m>0

P
s [4mzs∗

(m)
zs
(m)

+ζs∗
(m)

ζs
(m)]

term in the t→∞ limit is equivalent to inserting in the path integral a factor of

∏
m>0

∏
s

δ
(
zs(m)

)
δ
(
zs∗(m)

)
δ(ζs∗(m))δ(ζ

s
(m)) . (4.39)

This shows that the path integral is localized in the subspace of (L̂0 − J3) invariant
deformations parameterized by the coordinates ~y. In particular it restricts integration

8This normalization constant can of course be absorbed into a redefinition of the measure J .
Alternatively, we could define ζs

(m) with a different normalization so that eqs.(4.30) take the form
Q1 zs

(m) = αmζs
(m), Q1 ζs

(m) = 4mα−1
m zs

(m) for some constant αm. By adjusting αm we could en-
sure that the replacement of the t dependent exponential factor by (4.39) does not require any additional
normalization.
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over the orbits of SU(1, 1|2), generated by the action of (4.24) on any (L̂0− J3) invariant
configuration, to the subspace

ξ = 0, η = 0, θαβ = 0 . (4.40)

More generally, since L̂0 and J3 generate translations along θ and φ directions of AdS2×S2

respectively, restriction to L̂0 − J3 invariant subspace amounts to restricting the path
integral over field configurations which depend on θ and φ only through the combination
(θ + φ).

We can further localize the ~y integral onto Q1-invariant subspace. Intuitively this
can be understood by noting that unless ~y is invariant under Q1, the orbit of Q1 through
a point ~y will give a vanishing contribution to the integral[73, 70]. Thus the contribution

to the integral must come from the Q1 invariant subspace of the (L̂0 − J3) = 0 subspace.
Formally this can be established as follows. Let ({~wα}, {ζa}) denote the bosonic and
fermionic components of ~y. Then we can write

Q1 ζ
a = fa(~w, ~ζ) , (4.41)

for some functions fa. We now insert into the path integral a term

exp

[
−tQ1

∑
a

ζa fa(~w, ~ζ)

]
= exp

[
−t

∑
a

fa(~w, ~ζ) fa(~w, ~ζ)

]
. (4.42)

Nilpotence of Q1 and Q1 invariance of the original action can be used to argue that the
path integral is independent of t. Restriction of the path integral to the purely bosonic
subspace ζa = 0 now has a factor exp{−t∑a f

a(~w,~0) fa(~w,~0)}. Thus in the t→∞ limit

the path integral is restricted to the subspace fa(~w,~0) = 0 in the ~ζ = 0 sector. This is
precisely the Q1 invariant subspace of purely bosonic configurations.

This establishes that in order to get a non-vanishing contribution from integration
around a saddle point Φ it must be invariant under the group H1 generated by Q1 and
L̂0. Furthermore after taking into account appropriate measure factors we can express
the path integral as integration over an H1 invariant slice passing through Φ.

4.4 Integrating Over the Orbit of the Superconfor-

mal Current Algebra

String theory on AdS2 × S2 space, describing the near horizon geometry of a BPS black
hole, has an infinite group of asymptotic symmetries besides the global SU(1, 1|2) trans-
formations which leave the AdS2 × S2 background invariant. These more general trans-
formations do not leave the AdS2×S2 background invariant but preserve the asymptotic
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condition on the various fields. Hence they can be used to generate new solutions from
a given solution. As was shown in [25], the Euclidean action of the theory remains
unchanged under these transformations even after taking into account the effect of the
infrared cut-off. Thus they represent zero modes. In a non-supersymmetric theory where
only bosonic zero modes are present, integration over these zero modes will generate an
infinite factor in the partition function. Hence integration over these directions must
be restricted by declaring the corresponding transformations as gauge transformations.
However as was pointed out in [25], in a supersymmetric theory there is a possibility of
cancellation between the bosonic and fermionic zero mode integrals yielding a finite result.
We shall now demonstrate that this is indeed what happens.

The generators of the extended superconformal algebra may be labelled as L̃n, J̃
i
n

and G̃αβ
r with n ∈ ZZ, r ∈ ZZ + 1

2
, 1 ≤ i ≤ 3 and α, β = ±. The generators of su(1, 1|2)

discussed in §4.2 are special cases of these generators with the identification

L̂0 = L̃0, L̂± = L̃∓1, J i = J̃ i0, Ĝαβ
± = G̃αβ

∓ 1
2

. (4.43)

For our analysis we shall not need the full superconformal current algebra, but only the
commutators of the various generators with L̂0 and J3. They are given by

[L̂0, L̃n] = −n L̃n, [L̂0, J̃
i
n] = −n J̃ in, [L̂0, G̃

αβ
r ] = −r G̃αβ

r ,

[J3, L̃n] = [J3, J̃3
n] = 0, [J3, J̃±n ] = ±J̃±n , [J3, G̃αβ

r ] =
1

2
β G̃αβ

r ,

J̃±n ≡ J̃1
n ± iJ̃2

n . (4.44)

This gives

[L̂0 − J3, L̃n] = −n L̃n, [L̂0 − J3, J̃3
n] = −n J̃3

n, [L̂0 − J3, J̃±n ] = (−n∓ 1) J̃±n ,

[L̂0 − J3, G̃αβ
r ] =

(
−1

2
β − r

)
G̃αβ
r . (4.45)

Consider now an H1-invariant saddle point and analyze the contribution from the
zero modes generated by the action of the superconformal algebra. First note that most
of the modes generated by the superconformal algebra carry non-zero eigenvalues under
L̂0 − J3. They are part of the deformations labelled by zs(m) and ζs(m) in §4.3 and are
eliminated by the localization procedure described in §4.3. Thus we only need to worry
about deformations generated by L̂0 − J3 invariant generators. Of these several are part
of the global symmetry group SU(1, 1|2) and have already been taken into account in the

analysis of §4.3. From (4.45) we see that the only L̂0 − J3 invariant generators which are

not part of SU(1, 1|2) are J̃+
−1 and J̃−1 . Since together with J̃3

0 = J3 they generate an
SU(2) group, the integration over these zero modes will give us a finite factor proportional
to the volume of SU(2). This shows that around an H1-invariant saddle point, integration
over the fermionic and bosonic zero modes generated by the full superconformal current
algebra gives a finite result.
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4.5 Examples of H1-invariant Saddle Points

In this section we shall review the construction of a class of saddle points from orbifolds
of the near horizon geometry of the black hole[74, 25, 75] and verify their H1-invariance.
We shall focus on type IIB string theory on K3 – the theory discussed in appendix A
– and consider six dimensional geometries whose asymptotic form coincide with that of
S1×S̃1×AdS2×S2 with background 3-form fluxes.9 The simplest example of H1-invariant
saddle point is S1 × S̃1 × AdS2 × S2 with background fluxes and is given by

ds2 = v
(
dη2 + sinh2 ηdθ2

)
+ u

(
dψ2 + sin2 ψdφ2

)
+
R2

τ2

∣∣dx4 + τdx5
∣∣2 ,

GI ≡ 1

3!
GI
MNPdx

M ∧ dxN ∧ dxP

=
1

8π2

[
QI sinψ dx5 ∧ dψ ∧ dφ+ PI sinψ dx4 ∧ dψ ∧ dφ+ dual

]
,

V i
I = constant, V r

I = constant . (4.46)

Here ‘dual’ denotes the dual 3-form required to make GI satisfy the self-duality constraint
given in (A-2), v, u, R are real constants and τ = τ1 + iτ2 is a complex constant. (η, t)

label an AdS2 space, (ψ, φ) label a 2-sphere and x4, x5 label coordinates along S̃1 and
S1 respectively, each taken to have period 2π. QI and PI denote the fluxes through the
3-cycles S1 × S2 and S̃1 × S2 respectively, and are related to the integer charges carried
by the black hole whose near horizon geometry is described by (A-8).
This background is not only H1-invariant but is invariant under the full SU(1, 1|2) sym-
metry group. The classical contribution to the quantum entropy function from this saddle
point is given by exp(Swald) where Swald denotes the classical Wald entropy[6].

We shall now construct other H1 invariant saddle points with the same asymptotic
behaviour as (A-8) by taking orbifold of the above background by some discrete ZZs
group. Since H1 is generated by Q1 and Q2

1, in order to preserve H1 the ZZs action must
commute with Q1. Typically the generator of the ZZs transformation will involve an
element of SU(1, 1|2) together with an internal symmetry transformation that commutes
with SU(1, 1|2). Now one can see from the algebra (4.18) that the only bosonic generator

of su(1, 1|2) that commutes with Q1 is (L̂0 − J3). Thus the part of the orbifold group
generator that belongs to SU(1, 1|2) must be an element of the U(1) subgroup generated

by (L̂0−J3). However since (L̂0−J3) commutes with theH0×U(1) subgroup of SU(1, 1|2)

generated by Q1, · · ·Q4 and (L̂0±J3), we see that any such saddle point will automatically
also be invariant under this bigger subgroup of SU(1, 1|2). We shall now give some specific
examples of such orbifolds.

9Note S1 and S̃1 are not factored metrically, ı.e. we allow the metric to have components which mix
S1 and S̃1 coordinates.
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It was shown in [76, 77] that with the help of a duality transformation we can bring
the charge vector to the form

(Q,P ) = (`Q0, P0) , (4.47)

for some integer `, representing a duality invariant combination of the charges[78]. Here
(Q0, P0) are primitive vectors of the charge lattice, satisfying

gcd ({Q0IP0J −Q0JP0I}) = 1 . (4.48)

We now consider an orbifold of the background (A-8) by the ZZs transformation[25]

(θ, φ, x5) →
(
θ +

2π

s
, φ− 2π

s
, x5 +

2πk

s

)
, k, s ∈ ZZ, gcd(s, k) = 1 . (4.49)

Since the circle parametrized by x5 is non-contractible, this is a freely acting orbifold.
At the origin η = 0 of the AdS2 space we have a non-contractible 3-cycle spanned by
(x5, ψ, φ), with the identification (x5, ψ, φ) = (x5 + 2πk/s, ψ, φ − 2π/s). As a result of
this identification the total flux of GI through this cycle is equal to QI/s = (l/s)Q0I .
Since the flux quantization constraints require the fluxes through this new 3-cycle to be
integers, we see that this orbifold is an allowed configuration in string theory only when
`/s is an integer.

Since (L̂0 − J3) shifts θ and φ in opposite directions, the ZZs transformation de-

scribed in (4.49) is generated by (L̂0 − J3) together with a shift along x5. Since all the
generators of SU(1, 1|2) are invariant under a shift along x5, we see that the subgroup

of SU(1, 1|2) that commutes with (L̂0 − J3) will be a symmetry of this orbifold. This is

precisely the group H0 together with the U(1) subgroup generated by (L̂0 + J3).

It was shown in [25] that the orbifold described above has the correct asymptotic be-

haviour. For this we rename the coordinates (η, θ, φ, x5) appearing in (A-8) as (η̃, θ̃, φ̃, x̃5)
and express the new configuration as

ds2 = v
(
dη̃2 + sinh2 η̃dθ̃2

)
+ u(dψ2 + sin2 ψdφ̃2) +

R2

τ2

∣∣dx4 + τdx̃5
∣∣2 ,

GI =
1

8π2

[
QI sinψ dx̃5 ∧ dψ ∧ dφ̃+ PI sinψ dx4 ∧ dψ ∧ dφ̃+ dual

]
,

(θ̃, φ̃, x̃5) ≡
(
θ̃ +

2π

s
, φ̃− 2π

s
, x̃5 +

2πk

s

)
≡ (θ̃ + 2π, φ̃, x̃5)

≡ (θ̃, φ̃+ 2π, x̃5) ≡ (θ̃, φ̃, x̃5 + 2π) . (4.50)

We now make the coordinate transformation:

θ = sθ̃, φ = φ̃+ (1− s)θ̃, x5 = x̃5 − kθ̃, η = η̃ − ln s . (4.51)
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In these coordinates the background (4.50) takes the form

ds2 = v

(
dη2 + sinh2 η

(
1 +

(1− s−2)e−η

2 sinh η

)2

dθ2

)
+ u(dψ2 + sin2 ψ(dφ+ dθ − s−1dθ)2)

+
R2

τ2

∣∣dx4 + τ(dx5 + ks−1dθ)
∣∣2 ,

GI =
1

8π2

[
QI sinψ (dx5 + ks−1dθ) ∧ dψ ∧ (dφ+ dθ − s−1dθ)

+PI sinψ dx4 ∧ dψ ∧ (dφ+ dθ − s−1dθ) + dual
]
,

(θ, φ, x5) ≡ (
θ + 2π, φ, x5

) ≡ (
θ, φ+ 2π, x5

) ≡ (
θ, φ, x5 + 2π

)
. (4.52)

Since the asymptotic region lies at large η, we see that this has the same asymptotic
behaviour as the S1 × S̃1 ×AdS2 × S2 background described in (A-8). Note the presence
of the dθ − s−1dθ terms added to dφ and ks−1dθ terms added to dx5. From the point of
view of the two dimensional theory living on AdS2 these represent constant values of the
gauge fields arising from the 5θ and φθ components of the metric. Thus (4.52) is an allowed
configuration over which the path integral should be performed. The classical contribution
to the quantum entropy function from this saddle point is given by exp(Swald/s)[25]. These
match with the asymptotic behaviour of specific extra terms in the microscopic formula
which appear when the integer ` introduced in (4.47) is larger than 1.
Finally we can consider another class of orbifolds for which k appearing in (4.49) vanishes,
or more generally, has a common factor with s. The orbifold group still commutes with
H0 and hence we expect H0 to be a symmetry of this orbifold. However in this case the
orbifold action has fixed points and we no longer have a freely acting orbifold. Let us
consider the k = 0 case for definiteness[74]. The points (η = 0;ψ = 0, π) are fixed points
of this orbifold group, and the 3-cycles spanned by (x5, ψ, φ) and (x4, ψ, φ) at η = 0 now
pass through these fixed points. The fluxes through these three cycles from regions outside
the fixed points are given by QI/s and PI/s respectively. However flux quantization rule
does not put any constraints on the charge vectors QI and PI . Instead it requires that
there must be additional flux at the fixed points which make the total flux through these
3-cycles satisfy the correct quantization rules.10 As was argued in [74], the contribution
to the partition function from these saddle points is given by exp(Swald/s) if we ignore the
contribution from the fixed points. Furthermore the contribution from the fixed points
add at most constants of order unity to Swald/s whereas Swald grows quadratically with
the charges carried by the black hole. Thus for large charges the contribution from the
fixed points to the exponent is subleading.

In a dual description of these theories in M -theory the near horizon geometry of
these black holes can have an extra circle that combines with the AdS2 to give a locally
AdS3 space. In this case one can get freely acting ZZs orbifolds by accompanying the

10Such fluxes have been considered before in [79] in a different context.
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orbifold action by a translation along this extra circle[75], without imposing any additional
arithmetic condition on the charges of the type `/s ∈ ZZ. This could provide a possible
way to analyze the orbifolds with fixed points in the type IIB description.

4.6 Discussion

In this chapter we have used the localization procedure to classify the saddle points which
will contribute to string theory path integral over the near horizon geometry of extremal
BPS black holes. This path integral is required for the computation of quantum entropy
function, which appears in the macroscopic computation of the entropy of extremal black
holes via AdS2/CFT1 correspondence[39].
We hope that the same localization techniques will also simplify the computation of the
path integral around each of the saddle points, e.g. by reducing the path integral over
the fields to a finite dimensional integral. In particular for quarter BPS black holes in
type IIB string theory on K3 × T 2 if the contribution to the path integral from some
of the saddle points can be expressed as finite dimensional integrals, they can then be
compared with the corresponding microscopic results derived in [16, 80, 81, 82, 83, 84, 85],
providing us with a precision test of the AdS2/CFT1 correspondence. The formulation of
string theory on AdS2 × S2 described in [86] could also be a useful tool in this venture.
Finally we note that [71] expressed the expectation value of circular ’t Hooft - Wilson
loop operators in an N = 4 supersymmetric gauge theory as a path integral over the field
theory on AdS2 × S2 background. Except for the replacement of the string theory by
N = 4 supersymmetric Yang-Mills theory, this path integral is identical to what appears
in the definition of the quantum entropy function. Thus we expect that any method (like
the one in the present paper) developed for the study of quantum entropy function is
likely to be useful for the study of the ’t Hooft - Wilson loop operators in N = 4 super-
Yang-Mills theory. Similarly any method developed for computing ’t Hooft - Wilson loop
operators in N = 4 super-Yang Mills theory (like the one developed in [71]) may be
useful for the computation of quantum entropy function in string theory. It will also be
useful to explore whether the correspondence between the ’t Hooft - Wilson loop and the
quantum entropy function is just a mathematical coincidence or whether there is some
deeper physical reason behind it.



Chapter 5

Conclusion

We have studied the correction to the entropy of extremal black hole in string theory.
In the first part we discussed the higher derivative correction to the entropy of the BTZ
black hole. In string theory one finds that the low energy effective action contains higher
curvature terms. In fact at tree level it contains an Einstein-Hilbert term together with an
infinite series of higher curvature terms that are suppressed by powers of α′, so that they
are subleading at low energy. We described field redefinition and consistent truncation in
three dimensional general higher derivative theory of (super-)gravity coupled to arbitrary
set of matter fields. After field redefinition and consistent truncation the action reduces
to standard (super-)gravity action which is sum of three terms, Einstein-Hilbert term, a
cosmological constant term and the Chern-Simons term. The effect of higher derivative
corrections are encoded in the correction of the central charges. Thses will give classical
correction to the entropy of extremal black hole in string theory whose near horizon ge-
ometry corresponds to that of extremal BTZ black hole.
In the second part we described the quantum entropy of the extremal black hole. The
quantum degeneracy associated with horizon degrees of freedom of the extremal black hole
is given as the finite part of the partition function of string theory on AdS2. According
to this proposal the macroscopic entropy in full quantum theory is equal to logarithm of
degeneracy of the ground states of the CQM living on the boundary of AdS2. We first
check this proposal in case of extremal BTZ black hole where there exist an independent
definition of entropy via AdS3/CFT2 correspondence. We found that both the definition
of entropy agrees. We also simplify this path integral using the supersymmetry of the
near horizon geometry. The isometry supergroup of the near horizon geometry has a
factor SU(1, 1|2). Using supersymmetry and localization techniques we showed that the
path integral could receives non-vanishing contribution only from a special class of field
configurations which preserve a particular subgroup of SU(1, 1|2).
The next thing one would like to do is to compare this proposal with the known micro-
scopic results. However in order to do this, one needs to know the full spacetime string
effective action and perform the path integral explicitly.

65
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Appendix A

Killing Spinors in Six Dimensional
Supergravity on S1 × S̃1 × AdS2 × S2

In this appendix we shall analyze the Killing spinors in six dimensional N = 4 chiral
supergravity compactified on S1 × S̃1 × AdS2 × S2. This theory is dual to M-theory on
K3× T 3 ×AdS2 × S2, for which the Killing spinor equations have been analyzed in [53].
Thus we could try to recover our answer by dualizing the results of [53]. We shall however
analyze the Killing spinor equations directly in the six dimensional chiral supergravity in
the presence of arbitrary background fluxes. This will make the duality covariance of the
equations manifest.

We begin with the six dimensional supergravity theory obtained by dimensional
reduction of type IIB supergravity on K3[87, 88]. We shall follow the conventions of [89].
The bosonic fields in the theory are the metric gMN , matrix valued scalar fields V i

I , V r
I

(1 ≤ i ≤ 5, 6 ≤ r ≤ 26) satisfying

V LV T = L, L = diag(+5,−21) , (A-1)

and 2-form fields BI
MN (1 ≤ I ≤ 26) with field strengths GI = dBI satisfying the following

self duality constraint:

H i
MNP =

1

3!
eMNPQRS H

iQRS, Hr
MNP = − 1

3!
eMNPQRS H

rQRS , (A-2)

where
H i
MNP = GI

MNPV
i

I , Hr
MNP = GI

MNPV
r

I . (A-3)

eMNPQRS is a six form defined via

eMNPQRS = | det g|−1/2 εMNPQRS , (A-4)

ε being the totally antisymmetric symbol. We shall label the time coordinate by t and
the space-coordinates by (x4, x5, η, ψ, φ) and choose the convention

εt45ηψφ = 1 . (A-5)
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Indices of e are raised and lowered by the metric gMN . Not all components of V describe
physical degrees of freedom since there is an identification

V ≡ V O , (A-6)

where O is an SO(5) × SO(21) matrix acting on the first five and the last twenty one
indices respectively.

In the sector where the bosonic fields are taken to be space-time independent con-
stants, the equations of motion take the form

RMN = H i
MPQH

iPQ
N +Hr

MPQH
rPQ
N

H i
MNPH

rMNP = 0 , (A-7)

where RMN is the Ricci tensor defined in the sign convention in which on the sphere the
Ricci scalar gMNRMN is positive. We now look for a solution in this theory of the form

ds2 = v
(
dη2 − sinh2 ηdt2

)
+ u

(
dψ2 + sin2 ψdφ2

)
+
R2

τ2

∣∣dx4 + τdx5
∣∣2 ,

GI ≡ 1

3!
GI
MNPdx

M ∧ dxN ∧ dxP

=
1

8π2

[
QI sinψ dx5 ∧ dψ ∧ dφ+ PI sinψ dx4 ∧ dψ ∧ dφ+ dual

]
,

V i
I = constant, V r

I = constant . (A-8)

Here ‘dual’ denotes the dual 3-form required to make GI satisfy the self-duality constraint
given in (A-2), v, u, R are real constants and τ = τ1 + iτ2 is a complex constant. (η, t)

label an AdS2 space, (ψ, φ) label a 2-sphere and x4, x5 label coordinates along S̃1 and
S1 respectively, each taken to have period 2π. QI and PI denote the fluxes through the
3-cycles S1 × S2 and S̃1 × S2 respectively, and are related to the integer charges carried
by the black hole whose near horizon geometry is described by (A-8). In order to solve
(A-7) we note that given any charge vectors (Q,P ) satisfying

Q2 > 0, P 2 > 0, Q2P 2 > (Q · P )2 , (A-9)

where

Q2 = QTLQ, P 2 = P TLP, Q · P = QTLP , (A-10)

we can always find a matrix S satisfying SLST = L such that

Q = SQ0, P = SP0 , (A-11)
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where

Q0 =




Q · P/
√
P 2

√
Q2P 2 − (Q · P )2/

√
P 2

0
·
·




, P0 =




√
P 2

0

0
·
·




. (A-12)

In that case eqs.(A-7) is solved by (A-8) for the choice

V = (ST )−1, τ1 = Q · P/P 2, τ2 =
√
Q2P 2 − (Q · P )2/P 2,

v = u =
1

16π4R2

√
Q2P 2 − (Q · P )2. (A-13)

Using eq.(A-3) this gives

H i =
1

8π2

[
Qi

0 sinψ dx5 ∧ dψ ∧ dφ+ P i
0 sinψ dx4 ∧ dψ ∧ dφ+ dual

]
, Hr = 0 . (A-14)

Note that R is arbitrary. Furthermore S defined through (A-11) is ambiguous up to an
SO(3, 21) transformation from the right acting on the last 24 elements. Thus V given
in (A-13) is determined only up to an SO(3, 21) multiplication from the right. Due
to the identification (A-6) only an SO(3, 21)/SO(3) × SO(21) family of these describe
physically inequivalent configurations. These parameters which are left undetermined by
the equations of motion describe flat directions of the entropy function.

The fermion fields in this theory consist of a set of gravitini ψM and a set of spin
1/2 fermions χr. χr transforms as 21 of SO(21), 4 of SO(5) and a right chiral spinor of
SO(5, 1) where SO(5, 1) denotes the tangent space Lorentz group, SO(21) is the internal
symmetry group acting on the index r, and SO(5) is the internal symmetry group acting
on the index i. In what follows we shall suppress all the SO(5)× SO(5, 1) spinor indices.
For each M , ψM transforms as 4 of SO(5) and a left-chiral spinor of SO(5, 1). Finally
the supersymmetry transformation parameter ε transforms as a 4 of SO(5) and a left
chiral spinor of SO(5, 1). Let us denote the vielbeins by e A

M with A labelling an SO(5, 1)

tangent space index, the SO(5,1) gamma matrices by Γ̃A and the SO(5) gamma matrices

by Γ̂i. We shall also use the symbol ΓM to denote the SO(5, 1) gamma matrices in the
coordinate basis, ı.e. we have

Γ̃A = e A
M ΓM . (A-15)

Then the SO(5, 1) chirality conditions on various spinors may be described as

(
ΓQRS − 1

3!
eMNPQRSΓMNP

)
χr = 0,
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(
ΓQRS +

1

3!
eMNPQRSΓMNP

)
ψK = 0,

(
ΓQRS +

1

3!
eMNPQRSΓMNP

)
ε = 0, (A-16)

where

ΓM1···Mk =
1

k!

(
ΓM1 · · ·ΓMk + permutations with sign

)
. (A-17)

Besides this all the spinors ψM , χr and ε satisfy the symplectic Majorana condition, e.g.
we have

ε̄ = εT C Ω , (A-18)

where Ω is the SO(5) charge conjugation matrix acting on the SO(5) spinor index and
C is the SO(5,1) charge conjugation matrix acting on the SO(5,1) spinor index. The
supersymmetry transformation laws of various fields take the form

δe A
M = ε̄Γ̃AψM

δψM = DMε− 1

4
H i
MNPΓNP Γ̂iε, DMε ≡ ∂Mε+

1

4
ωABM Γ̃ABε− 1

4
Qij
M Γ̂ijε ,

ωABM ≡ −gNP e B
N ∂Me

A
P + e A

N e
B
P gPQΓNQM , ΓMNP ≡

1

2
gMR (∂NgPR + ∂PgNR − ∂RgNP ) ,

δBI
MN = −V Iiε̄Γ[M Γ̂iψN ] +

1

2
V Ir ε̄ΓMNχ

r,

δχr =
1√
2
ΓMP ir

M Γ̂iε+
1

12
ΓMNPHr

MNP ε,

δV i
I = ε̄Γ̂iχrV r

I ,

δV r
I = ε̄ Γ̂iχrV i

I , (A-19)

where the index I is raised and lowered by the matrix L and

P ir
M =

1√
2
∂MV

i
I (V −1) I

r , Q ij
M = ∂MV

i
I (V −1) I

j . (A-20)

Thus the Killing spinor equations, obtained by setting the variation of χr and ψM to zero,
are given by

DMε− 1

4
H i
MNPΓNP Γ̂iε = 0,

1√
2
ΓMP ir

M Γ̂iε+
1

12
ΓMNPHr

MNP ε = 0 . (A-21)

We shall try to solve these equations in the background (A-8), (A-13). The analysis
simplifies if we note that in this background

P ir
M = 0, Qij

M = 0 , Hr
MNP = 0 . (A-22)
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Thus the second set of equations in (A-21) are satisfied automatically. The first set of
equations can be split into two sets by taking M = (4, 5) and M = (η, t, ψ, φ):

H i
aµνΓ

µνΓ̂iε = 0 , a = 4, 5, µ, ν = η, t, ψ, φ ,

Dµε+
1

2
H i
aµνΓ

aνΓ̂iε = 0 . (A-23)

Since we shall eventually be interested in finding the Killing spinors in the euclidean
theory, we shall now make a euclidean continuation of the theory. This is done by making
the replacement

t→ −iθ , (A-24)

and replacing (A-4), (A-5) by

eMNPQRS = i| det g|−1/2 εMNPQRS , εθ45ηψφ = 1 . (A-25)

This will guarantee that a solution obtained by euclidean rotation of a Minkowski solu-
tion will satisfy the self-duality conditions (A-2) with eMNPQRS defined via (A-25). Fur-
thermore the chirality projection rules (A-16), the supersymmetry transformation rules
(A-19) and the killing spinor equations (A-21) all remain unchanged as long as we use
the new definition (A-25). Finally since the 4 representation of SO(6) is different from
its conjugate representation 4̄, we can no longer impose the symplectic Majorana condi-
tion on the spinors. However we shall now take (A-18) as the definition of ε̄ appearing
in the supersymmetry transformation laws. Equivalently, we could first replace ε̄ in the
supersymmetry transformation laws in terms of ε using (A-18), and then make the Eu-
clidean continuation. The charge conjugation matrices C and Ω have to be chosen so that
εT1 C Ω Γ̃A ε2 and εT1 C Ω Γ̂i ε2 transform as SO(6) vectors and SO(5) vectors respectively
for arbitrary ε1 and ε2.

Under the euclidean continuation the solution given in (A-8) takes the form:

ds2 = v
(
dη2 + sinh2 η dθ2

)
+ u(dψ2 + sin2 ψ dφ2) +

R2

τ2

∣∣dx4 + τdx5
∣∣2 ,

GI =
1

8π2

[
QI sinψ dx5 ∧ dψ ∧ dφ+ PI sinψ dx4 ∧ dψ ∧ dφ+ dual

]
,

V i
I = constant, V r

I = constant ,

H i =
1

8π2

[
Qi

0 sinψ dx5 ∧ dψ ∧ dφ+ P i
0 sinψ dx4 ∧ dψ ∧ dφ+ dual

]
, Hr = 0 ,

(A-26)

with the various parameters determined from (A-13). The equations (A-23) take the form

H i
aµνΓ

µνΓ̂iε = 0 , a = 4, 5, µ, ν = η, θ, ψ, φ ,

Dµε+
1

2
H i
aµνΓ

aνΓ̂iε = 0 . (A-27)
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Using the self-duality constraints (A-2), the chirality constraints (A-16), the explicit
form of the solutions given in (A-13), and (A-12), the first set of equations in (A-27) takes
the simple form

Γ̂1ε = Γ45 (det g(45))−1/2 Γ̂2ε , (A-28)

where g(45) denotes the metric on S1× S̃1. We shall now use (A-28) to simplify the second
set of equations in (A-27). For this we need to choose the vielbeins e A

M consistent with
the background (A-26). We define eA ≡ e A

M dx
M and take

e0 =
√
v sinh η dθ, e1 =

√
v dη, e2 =

√
u sinψ dφ, e3 =

√
udψ,

e4 =
R√
τ 2

(dx4 + τ1dx
5), e5 = R

√
τ2 dx

5 . (A-29)

We also denote by xm for m = 2, 3 the coordinates (φ, ψ) along S2 and by xα for α = 0, 1
the coordinates (θ, η) along AdS2. In that case the second set of equations in (A-27) are
given by

Dmε− 1

2

√
uεS

2

mnΓ
n Γ̃4Γ̂1ε = 0 ,

Dαε+
i

2

√
v εAdS2

αβ Γβ Γ̃4Γ̂2ε = 0 , (A-30)

where Γ̃A have been defined in (A-15), and

εS
2

mndx
m ∧ dxn = sinψ dψ ∧ dφ , εAdS2

αβ dxα ∧ dxβ = sinh η dη ∧ dθ . (A-31)

We can analyze these equations by choosing the following representation of the
gamma matrices:

Γ̃0 = σ1 ⊗ I ⊗ I ⊗ I ⊗ I, Γ̃1 = σ2 ⊗ I ⊗ I ⊗ I ⊗ I, Γ̃2 = σ3 ⊗ σ1 ⊗ I ⊗ I ⊗ I

Γ̃3 = σ3 ⊗ σ2 ⊗ I ⊗ I ⊗ I, Γ̃4 = σ3 ⊗ σ3 ⊗ σ1 ⊗ I ⊗ I, Γ̃5 = σ3 ⊗ σ3 ⊗ σ2 ⊗ I ⊗ I

Γ̂1 = I ⊗ I ⊗ I ⊗ σ1 ⊗ I, Γ̂2 = I ⊗ I ⊗ I ⊗ σ2 ⊗ I, Γ̂3 = I ⊗ I ⊗ I ⊗ σ3 ⊗ σ1

Γ̂4 = I ⊗ I ⊗ I ⊗ σ3 ⊗ σ2, Γ̂5 = I ⊗ I ⊗ I ⊗ σ3 ⊗ σ3 , (A-32)

where the σi are Pauli matrices and I is the 2×2 identity matrix. In this basis the SO(6)
charge conjugation matrix C and the SO(5) charge conjugation matrix Ω have the form:

C = iσ1 ⊗ σ2 ⊗ σ1 ⊗ I ⊗ I, Ω = I ⊗ I ⊗ I ⊗ σ1 ⊗ σ2, (A-33)

so that C and Ω satisfy respectively the conditions for SO(6) and SO(5) invariance1

(CΓ̃A)T = −CΓ̃A, (ΩΓ̂i)T = −ΩΓ̂i , (A-34)

1Note that (A-34) does not fix the overall phases of C and Ω. We have chosen them according to our
convenience.
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for all A and i. We now note that the chirality condition (A-16) and the Killing spinor
condition (A-28) leads to the constraints:

(σ3 ⊗ σ3 ⊗ σ3 ⊗ I ⊗ I) ε = ε, (I ⊗ I ⊗ σ3 ⊗ σ3 ⊗ I) ε = −ε . (A-35)

Due to these constraints we can parameterize ε by eight complex parameters ({Ai}, {Bi}):

ε =

(
1
0

)
⊗

(
1
0

)
⊗

(
1
0

)
⊗

(
0
1

)
⊗

(
A1

B1

)
+

(
0
1

)
⊗

(
1
0

)
⊗

(
0
1

)
⊗

(
1
0

)
⊗

(
A2

B2

)

+

(
1
0

)
⊗

(
0
1

)
⊗

(
0
1

)
⊗

(
1
0

)
⊗

(
A3

B3

)
+

(
0
1

)
⊗

(
0
1

)
⊗

(
1
0

)
⊗

(
0
1

)
⊗

(
A4

B4

)
.

Further simplification occurs due to the fact that eqs.(A-30) do not mix the Ai’s with Bi’s
and in fact remain invariant under the replacement Ai ↔ Bi. Thus we need to solve the
Killing spinor equations in the four dimensional subspace parameterized by the Ai’s (or
Bi’s). We get eight solutions ζαβγ (α, β, γ = ±). We shall first write down the solutions
for ζ+β

γ . All of these solutions have Bi = 0 and the Ai’s given by:

ζ++
+ :




A1

A2

A3

A4


 = 2 v1/4 ei(θ+φ)/2




sin ψ
2

sinh η
2

− sin ψ
2

cosh η
2

− cos ψ
2

sinh η
2

cos ψ
2

cosh η
2


 ,

ζ+−
+ :




A1

A2

A3

A4


 = 2 v1/4 ei(θ−φ)/2




− cos ψ
2

sinh η
2

cos ψ
2

cosh η
2

− sin ψ
2

sinh η
2

sin ψ
2

cosh η
2


 ,

ζ++
− :




A1

A2

A3

A4


 = 2 v1/4 e−i(θ−φ)/2




− sin ψ
2

cosh η
2

sin ψ
2

sinh η
2

cos ψ
2

cosh η
2

− cos ψ
2

sinh η
2


 ,

ζ+−
− :




A1

A2

A3

A4


 = 2 v1/4 e−i(θ+φ)/2




cos ψ
2

cosh η
2

− cos ψ
2

sinh η
2

sin ψ
2

cosh η
2

− sin ψ
2

sinh η
2


 . (A-36)

The solutions for ζ−βγ are obtained by replacing the Ai’s by Bi’s and vice versa. The

normalization factor 2 v1/4 has been included for convenience.

To check the regularity of the Killing spinors at the origin η = 0 and / or ψ = 0, π,
we need to express the AdS2×S2 metric in the (z, w) coordinates as in (4.13) and choose
the vielbeins as

ê0 =
2
√
v

1− w̄w
dwI , ê1 =

2
√
v

1− w̄w
dwR, ê2 =

2
√
u

1 + z̄z
dzI , ê3 =

2
√
u

1 + z̄z
dzR, (A-37)
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wR + iwI ≡ w, zR + izI ≡ z . (A-38)

Since these vielbeins are regular at w = 0 and / or z = 0, the Killing spinors will be
regular at these points if they are free from any singularity in this frame. Now using
(A-29) we get

ê0 = cos θ e0 + sin θ e1, ê1 = − sin θ e0 + cos θ e1,

ê2 = cosφ e2 + sinφ e3, ê3 = − sinφ e2 + cosφ e3 . (A-39)

The êA are related to eA’s by a rotation by θ in the 0-1 plane and a rotation by φ in the
2-3 plane in the tangent space. Since from (A-32) we see that on the spinors rotations in
the 0-1 plane and 2-3 plane are generated by 1

2
σ3⊗ I ⊗ I ⊗ I ⊗ I and 1

2
I ⊗ σ3⊗ I ⊗ I ⊗ I

respectively, the rotation (A-39) is represented by the matrix

(
eiθ/2

e−iθ/2

)
⊗

(
eiφ/2

e−iφ/2

)
⊗ I ⊗ I ⊗ I . (A-40)

Applying this on (A-36) and using (A-36) we get the Killing spinors in the new frame:

ζ̂++
+ :




A1

A2

A3

A4


 = N




zw
−z
−w
1


 , ζ̂+−

+ :




A1

A2

A3

A4


 = N




−w
1

−z̄w
z̄


 ,

ζ̂++
− :




A1

A2

A3

A4


 = N




−z
zw̄
1
−w̄


 , ζ̂+−

− :




A1

A2

A3

A4


 = N




1
−w̄
z̄

−z̄w̄


 ,

N ≡ 2 v1/4

√
(1 + z̄z)(1− w̄w)

. (A-41)

Similar expressions are obtained for ζ−αβ by replacing the Ai’s by Bi’s. Eq.(A-41) shows
that all the Killing spinors are regular at z = 0 and / or w = 0.

If θγαβ denotes a grassman parameter labelling the supersymmetry transformations,

then the supersymmetry transformation by the spinor parameter ε = θγαβζ
αβ
γ can be

identified as the action of iθγαβĜ
αβ
γ on various fields. Using the known supersymmetry

transformation rules for various fields given in (A-19) and the definition (A-18) of ε̄ one
finds

δε2δε1 − δε1δε2 = εT2 C Ω ΓM ε1 ∂M , (A-42)

up to possible gauge transformations of the type given in (A-6). Using this we can
verify that commutator of these supersymmetry generators with themselves and the other
symmetries follow the su(1, 1|2) algebra given in (4.18).
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