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Synopsis

Wealth of data from the Large Hadron Collider (LHC) and the Tevatron involving large number

of leptons, gauge bosons and hadrons in the final state has not only provided ample opportunity to

test the predictions of the Standard Model (SM), but also constrained various physics scenarios in

the beyond standard model (BSM), which came into the picture to incorporate several unanswered

questions like the explanation of neutrino mass, existence of dark matter, the hierarchy between

the weak and Planck scale in the SM itself. Precise predictions for such SM processes are im-

portant as the quantum corrections are often comparable to the BSM effects. In addition, they are

essential to reduce the theoretical uncertainties, that arise from the missing higher order quantum

corrections through the renormalisation and factorisation scales. This necessitates the calculation

of the higher order quantum corrections in Quantum Chromodynamics (QCD) to these SM observ-

ables at the LHC. However, the fixed order predictions, being not good enough to cover the entire

phase space available, could not capture the observable effects coming from the collinear region.

The parton shower (PS) technique, producing a multi-particle final state, provides reasonable es-

timate of these effects in those kinematical regions, thus supplying a reliable as well as realistic

predictions that can serve as a testing ground of various theoretical predictions, when matched with

fixed order results. In the process, specifically, the PS resums the universal leading logs utilizing

the factorisation of leading order collinear singularities of the cross-section in the collinear limit,

thereby missing the rich kinematics of the soft gluon emissions at higher orders. In contrast with

the PS technique, the analytic resummation can primarily resum all the large logs at the threshold

limit via the sudakov exponentiation and exploitation of the factorisation of QCD, capturing the

soft gluon emission contributions for a specific process. So, there is always a constant pursuit of

obtaining precise predictions to a varied level of precision by matching the PS with fixed order

predictions, merging different multiplicity final states, including the threshold logarithms of higher

orders, matching the resummed results with fixed order predictions.
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Being in this decade of achieving precise results, I have worked on producing Next-to-Leading

(NLO) results matched with PS for the three photon production in SM as well as a set of di-final

state productions namely, l+l−, ZZ, WW production in SM and ADD model, thereby showing

the effect of the PS on the kinematic observables and at the same time producing a set of realistic

events at LHC and making them directly comparable against the experiments. I have also used

the techniques of calculating the threshold corrections due to the soft QCD radiations to achieve

more precise theoretical prediction for the total inclusive cross-section of the associated Higgs pro-

duction with vector bosons (Z/W ) and the rapidity distribution of the Higgs production from bb̄

annihilation at LHC at third order in QCD.

At NLO in QCD, we encounter virtual as well as real emission contributions resulting from an addi-

tional parton, namely quark or anti-quark or gluon. The virtual amplitudes are often divergent when

the loop momentum becomes very large and these are called Ultra-Violet (UV) divergences, which

should be first regularised and then renormalised. Due to the massless quarks, anti-quarks and glu-

ons participating in the hard processes, both virtual and real emission contributions encounter soft

and collinear divergences, which are called Infra-red divergences. The divergences coming from

soft gluons and from collinear partons in the final state of the real emission processes get cancelled

with those coming from the virtual processes, thanks to the KLN theorem. The remaining collinear

divergences from the initial states are removed by mass factorisation. We have used QGRAF to gen-

erate the symbolic description of the Feynman diagrams of the tree level born and virtual diagrams

in terms of propagators and vertices, which has been translated to a suitable format by our in-house

FORM codes. We have supplied Feynman rules, identities for Dirac gamma matrices, equations of

motion through this code and performed various simplifications at the amplitude level in a module

based approach. The divergent loop integrals are decomposed, by applying Lorentz covariance, in

terms of a number of scalar coefficients, which have been evaluated numerically for every phase

space point in n = 4+ε dimensions, via the package PJFry. We have used AMC@NLO framework
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to compute the contributions from real emission processes along with the mass factorisation terms

required to remove the initial state collinear singularities. Within AMC@NLO, the stand-alone

package MADGRAPH generates all the required matrix elements both at LO as well as at NLO

level. As already discussed, we have prepared a set of external codes to deal with the virtual cor-

rection part and made an interface to implement it within MADFKS, which separates out the soft

and collinear configurations in the real emission processes using the FKS subtraction scheme and

provides IR-divergent and IR-safe contributions separately along with the mass factorisation terms.

In the FKS subtraction scheme, the phase space is partitioned in such a way that each partition

contains at most one soft and one collinear divergences. Now, after finding out the exact position

of the divergences for a given partition, the generalized plus distribution is used to regulate them.

All these steps are systematically automated in MADFKS within the MADGRAPH5 environment.

The events, that are generated using AMC@NLO, also include the Monte Carlo counter terms to

take care of the MC@NLO matching which prevents the occurrence of any double counting at the

time of matching to PS. These events are then showered by HERWIG, PYTHIA parton shower to

get the realistic events.

In case of three photon production, we have shown a number of differential distributions namely,

transverse momentum, invariant mass, rapidity at LHC14 for fixed order NLO. We have reported

the K-factor, defined as the ration of the prediction at NLO and LO for different set of cuts. Here,

for the PS, we have employed both HERWIG and PYTHIA showers to study the differential dis-

tributions and discussed the consequences of showering the fixed order NLO results. However, we

have not found much difference in the results of these two showering algorithms. Our predictions

have been shown to be less sensitive to the scale uncertainties and choice of the parton distribution

functions (PDF) and hence more suited for direct comparison with the data from the experiments.

For the `+`−, ZZ, W+W− production, we have used the HERWIG shower only and the results have

been available to NLO+PS accuracy for the SM and ADD model. A selection of results for LHC8

has been reported for various distributions in an attempt to identify the region of interest for extra
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dimension searches. Scale and PDF uncertainties for each of these distributions have also been

studied, which indicates a decrease in the uncertainties with the inclusion of the PS, as expected.

In addition, the results of the search sensitivity for the extra dimensions d = 2− 6, for LHC14

at 10 fb−1 have been presented. In the process, we have used packages, namely QGRAF, PJFry,

AMC@NLO to study these processes at NLO, taking into account the PS effects and realistic

experimental cuts, thereby developing a number of codes that build the interfaces among these dif-

ferent analytical and numerical tools, which is capable of studying other SM and BSM observables

at this accuracy.

With the aim of the inclusion of the higher order threshold logarithms at higher orders in QCD

for the inclusive and semi-inclusive observables for the Higgs boson production we have demon-

strated one framework, which is not only able to compute the similar observables for any colorless

final state produced at hadron colliders but also can provide threshold corrections to all orders in

perturbation theory. The general frame work that we have set up for this computation for such

observables has been based on the factorization property of the QCD amplitudes. Sudakov resum-

mation of soft gluons, renormalisation group equations and most importantly the infrared safety of

the observable has played important role in achieving this task. QCD amplitudes that contribute to

hard scattering cross sections exhibit rich infra-red structure through cusp and collinear anomalous

dimensions due to the factorization property of the soft and collinear configurations. Massless glu-

ons and light quarks are responsible for soft and collinear singularities in these amplitudes and also

in partonic subprocesses. Singularities resulting from soft gluons cancel between virtual and real

emission diagrams in infrared safe observables. While the final state collinear singularities cancel

among themselves if the summation over degenerate states are appropriately carried out in such

observables, the initial state collinear singular configurations remain until they are absorbed into

bare PDFs.

For the Higgs boson production through bottom anti-bottom annihilation, we have shown in de-

tail the infra-red structure of the QCD amplitudes at NLO level as well as the cancellation of the
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various soft and collinear singularities through the summation of all possible degenerate states and

the renormalisation of the PDFs in order to demonstrate the general framework. The predictions

at different perturbative order for a number of values of the rapidity has been presented. We have

examined the effects of the arbitrary variation of the renormalisation scale and the factorization

scale, which has indicated a consistent improvement in the scale uncertainty with the inclusion of

higher order terms. Moreover, we have seen that the dependence on the renormalisation scale for

this process has been very mild. The reliability of the prediction has been also assessed by studying

the rate of convergence of the perturbation series through the inspection of the ratios of different

terms in the series, which clearly illustrates the considerable amount of improvement in the rate of

convergence with the inclusion of higher order terms. Moreover, it exhibits, that the shape at higher

orders can not be rescaled from lower orders.

We have also worked out the results of the inclusion of the threshold correction at third order

in QCD for the associated production of the Higgs boson production with a vector boson (Higgs-

Strahlung process), which is one of the potential channels for the Higgs boson production at the

LHC. The LO amplitude is an electroweak process and hence, the higher order QCD corrections

enter only in the initial state comprising of a quark and an anti-quark. This fact prompts this process

to be represented in terms of the convolution of production of a virtual W or Z boson production

like Drell-Yan (DY) production and decay rate of that virtual boson to a real vector boson and the

Higgs boson, at every order in QCD. Therefore, the available higher order QCD corrections of DY

like processes can be used to study the QCD effects in Higgs-Strahlung process. Along this direc-

tion, the results of the threshold corrections for the DY production at third order in QCD has been

used in these Higgs-Strahlung processes to get an estimate of the effects from threshold Next-to-

next-to-next-to leading order (N3LO) DY type of corrections. For the numerical implementation of

the N3LO threshold corrections, we have included the additional subroutines for the contributions

coming from the threshold terms, in the code vh@nnlo in a similar fashion as at the 2-loop level.

This easily has enabled us to compute the N3LO threshold corrections using the PDFs supplied by
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LHAPDF and the strong coupling constant as in the public code vh@nnlo. We have presented the

numerical results for associated production of the Higgs boson with vector boson at the LHC for the

proton-proton center of mass energies of 7,8,13 and 14 TeV. The threshold contributions has been

observed to make up to 75% of the exact QCD correction at NLO level while they are about 60%

at Next-to-next-to leading order (NNLO) level, showing the significant contribution of the large

logarithms that arise in the threshold limit. We have also estimated the theory uncertainties from

the factorization and renormalisation scales and from the choice of the PDFs. While the hard part

at the N3LO level is yet to be computed, we believe that these results, providing the first predictions

in this direction towards the computation of the full N3LO for Higgs-Strahlung processes, will be

useful for the phenomenological studies related to Higgs Physics at LHC.
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Chapter 1

Introduction

At the moment, we, the particle physicists, are going through an exciting phase in the history of

particle physics. The ATLAS and CMS group at the Large Hadron Collider (LHC) has discovered

the most sought after particle, the missing piece in the Standard Model (SM), namely the Higgs

boson [1, 2]. The SM is the holy grail of the particle physics in the sense that it describes all the

interactions between the elementary particles. The three fundamental forces, namely weak, electro-

magnetic and the strong force are completely described by the SM. The Higgs boson completes the

SM itself in the sense that it explains the mystery of the origin of the mass of the fundamental parti-

cles in the SM. However, in spite of it’s tremendous success, the fourth fundamental force, namely

the gravitational force can not be described by the SM. The gravitational effects, being important

on astrophysical scales, are supposed to be tiny enough to safely neglect them in most calculations

dealing with interactions of elementary particles. But, still a complete theory describing all type of

interactions between the elementary particles should contain the gravitational force. Moreover, the

SM particle content can only describe 5% of this universe where as almost 95% energy content de-

scribed by the dark matter and dark energy can not be explained within the SM framework. There

are also certain experimental evidences like the neutrino oscillation, which requires the neutrino to

be massive, can not be explained in the SM, where the neutrinos are treated as massless particle.

All these shortcomings of the SM indicates towards new physics, thus paving the way of a plethora
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of beyond standard models (BSM) trying to accommodate these questions.

On the other hand, the properties of SM particles has been measured to an unprecedented ac-

curacy and so far no deviations has been found. Therefore, it suggests that no matter how the

underlying theory describing nature might look like, in the limit of low energies, it has to imitate

the SM at least in some way. These facts, namely that after countless experiments no deviation has

been found for SM predictions till now as well as we know that the theory can not describe every

interactions between the elementary particles puts us on alert with the upcoming run of the LHC at

more higher energy, than ever. In this scenario, all the properties of the particles and the couplings

should be measured with highest possible accuracy to look for certain deviations and at the same

time all the beyond standard models (BSM) should be tested with a greater accuracy. To measure

any deviation or to test the BSM models, the experimental observations should be compared with

the theoretical predictions. With the accumulation of more data from the upcoming runs at LHC,

the experimental uncertainties are surely going to decrease. So, to have any hope of penetrating the

so far unexplored territory of the SM, the theoretical uncertainties should also decrease at the level

of experiments. This, in turn needs an accurate description of the scattering processes at the LHC,

thus demanding the inclusion of higher order terms in the QCD, as it will reduce the theoretical un-

certainties arising from the missing higher order quantum corrections through the renormalisation

and factorisation scales. The requirement of the inclusion of the higher order radiative corrections

become vivid with the discovery of the Higgs boson, where the next-to-leading order prediction

was almost twice the prediction at the leading order. Without, the precise prediction from the

Higgs boson cross-section after the inclusion of higher order radiative corrections, it could not

have been possible to pin-point this as a SM Higgs boson. In the same pathway, this thesis deals

with the calculation of higher order radiative corrections for the processes of interest at LHC. We

briefly discuss the particle content of the SM and then the shortcoming of the it, thus motivating

the appearance of the BSM models. We specifically discuss the Large extra dimension models in

this chapter. In the chapter 2, we start with the basic ingredients of the Quantum chromo-dynamics

(QCD). We discuss the Lagrangian of the QCD, quantization and the renormalisaton of it. Then
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we show the different parts of a next-to-leading order calculation and describe the matching of

the parton shower with a introduction to parton shower algorithms. After that, we also discuss

the threshold corrections to approximate the higher orders. In chapter 3 we show the application

of matching the parton shower with next-to leading order results and report various observations.

The chapter 4 deals with the di-lepton, ZZ, WW production in SM and ADD model and present

the results at next-to leading order after matching with parton shower. We apply the techniques of

obtaining the threshold corrections at third order in QCD to obtain the inclusive cross-section of

the production of the Higgs boson associated with a vector boson in chapter 5. We also present

the framework for obtaining the threshold corrections in QCD in chapter 6, thereby producing the

results for the rapidity distribution of the Higgs boson production from bottom quark annihilation.

Here we start with a brief introduction of the SM in the next section.

1.1 Standard Model

The SM is an outstandingly successful and well tested theory for the description of the elementary

particles and their interactions. The SM describes three of the four fundamental forces, namely

weak, electromagnetic and strong force with an unrivaled precision. However, the gravity is not

included as the Einstein field equations describing it can not be quantised in a consistent way. The

spectrum of the particles in the SM consists of fermions and bosons. The fermions have half-integer

spin while the bosons have integer spin. The fermions are further divided into left and right handed

quarks

 u

d


L

,

 c

s


L

,

 t

b


L

uR, dR, cR, sR, tR, bR (1.1)
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and left and right handed leptons.

 e

νe


L

,

 µ

νµ


L

,

 τ

ντ


L

eR, µR, τR (1.2)

There is no right handed neutrino as they have not been observed in any of the experiments and as

a result they do not exist in SM, thus keeping the neutrino massless. The bosons in the SM with

spin 1 are the force carriers of the strong and electroweak force. The gluons act as the force carrier

of the strong force. The photons act as the force courier of the electromagnetic force whereas the

W and Z bosons are the carrier of the weak force. In addition, there exists a boson of spin 0,

the only fundamental scalar particle in the model, that is the Higgs boson, which has been recently

discovered at LHC by both the experiments ATLAS [1] and CMS [2]. This whole particle spectrum

can be described via a quantum field theory based on the principle of the local gauge invariance with

the underlying gauge group SU(3)C×SU(2)L×U(1)Y , namely the SM. It comprises of Quantum

Chromo dynamics (QCD) [3,4], which describes the strong interactions between quarks and gluons

in terms of the SU(3)C gauge group, and the electroweak interactions [5, 6], which are described

via the SU(2)L×U(1)Y group. The group SU(2)L×U(1)Y is spontaneously broken to U(1)em,

the group of Quantum Electrodynamics (QED), through the introduction of a scalar field which

acquires a non-vanishing vacuum expectation value. This phenomenon is called the electroweak

symmetry breaking (EWSB) and the scalar field is the Higgs field. The fermions and the heavy

gauge bosons W+/− and Z acquire mass through this symmetry breaking in a gauge invariant way,

which is also known as the Higgs mechanism [7–10].
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1.2 Beyond Standard Model

Over the last decades the SM has been tested to an unprecedented accuracy in countless experi-

ments. However, so far no significant deviations have been found and with the recent discovery

of the Higgs boson it has become the most successful theory to explain the phenomenons in the

particle physics. However, there are certain questions still unanswered in the SM. An obvious short-

coming of the SM is the lack of an explanation for the gravitational interaction between massive

particles. So far no convincing embedding of this fundamental force in the SM has been achieved.

Furthermore, a unification of the strong and electroweak interactions has not been achieved yet. The

renormalisation group equation of the couplings in the SM suggest that the couplings should unify

after extrapolation of the corresponding coupling to a high energy scale. However, it has not been

realized completely in the SM framework. In addition to this experimental observations hinting at

physics beyond standard model (BSM) is the existence of dark matter. There is no viable candidate

for this dark matter, which constitutes almost 25% of the energy content of our universe. Even the

so-called dark energy, accounting roughly 70% of the total energy content of the universe, whose

existence is postulated in order to explain the expansion of the universe has not been explained in

the SM. There are also certain experimental observations indicating towards BSM. The observa-

tion of neutrino oscillation implies that neutrino should have mass, however the SM forbids any

mass term for the neutrinos, thus clearly indicating to the pathway of BSM. There exists also the

so-called hierarchy problem which tries to understand the large difference between the electroweak

scale (1 TeV) and the Planck scale (1019 GeV). All of these arguments clearly point towards new

physics not explained in the SM and as a result many beyond standard models were postulated to

explain these shortcomings of the SM. In this context, to address the hierarchy problem mainly,

along with other inefficiencies of the SM, a large number of extra dimensional models came into

the picture. In this thesis, we will discuss only the Large extra dimension (LED) models prescribed

by Arkani-Hamed, Dimopolous and Dvali, which is also abbreviated as ADD model [11–13].
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1.2.1 ADD Model

Arkani-Hamed, Dimopolous and Dvali proposed a very interesting idea of allowing extra spatial

dimensions to our usual 4 space-time dimension pioneered by Arkani-Hamed, Dimopolous and

Dvali. So, the number of space-time dimension is assumed to be 4+ d, where d is the number of

extra spatial dimensions. As, in the real life we do not observe any of these extra dimensions, so

these are compactified on a d-dimensional torus of radius R/2π . The introduction of these extra

spatial dimensions modify both electromagnetic and gravitational inverse square laws. However,

the inverse square law of the electromagnetic forces has been tested to a very high precision∼M−1
EW

and no indication of deviation has been found. On the other hand the gravitational forces has not

been probed to a accuracy of ∼M−1
Pl . Moreover, it has only been probed to ∼ 1µm [14], till date.

So, the SM fields are kept constrained, where they are localized in the 3-dimensional brane and the

gravity is allowed to propagate in all the dimensions taking the advantage of the possibility of the

modification of it, depending on the present accuracy. As a result of it, the fundamental scale MS of

the full theory can be related to the effective Planck scale (MPl) in 4-dimension through the volume

of the compactified d extra spatial dimensions.

M2
Pl ∼Md+2

S Rd. (1.3)

Now, if we put the MS ≈MEW then the full theory has only one fundamental scale, thereby solv-

ing the hierarchy problem present between the two fundamental scales in the usual 4 space-time

dimension. With this the value of R can be estimated from Eq. 1.3 keeping the usual value of MPl

R∼ 10
30
d −17cm×

(
1TeV
MEW

)1+ 2
d

. (1.4)
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From the Eq. 1.4, we can observe that d = 1 is excluded empirically as it implies deviation from

the Newtonian gravity over a range of solar system distances (R∼ 1013 cm), which is not the case.

For all d ≥ 2, however, the modification of gravity only becomes noticeable at distances smaller

than those currently probed by experiment.

The spectrum of this model consists of the SM fields and a tower of Kaluza-Klein (KK) modes

of the graviton fields, resulting from the compactification of the extra dimensions. In the effective

theory valid below the scale MS, these gravitons couple to the SM fields irrespective of their charge,

colour and flavour, as given by the following Lagrangian [15, 16]

L =−κ

2

∞

∑
~n=0

T µν(x) h(~n)µν(x) , (1.5)

where κ =
√

16π/MPl and T µν is the energy-momentum tensor of the SM fields on the 3-brane.

The h(~n)µν contains one spin-2 state, (n−1) spin-1 states and n(n−1)/2 spin-0 states for any given

KK level~n. All these states are mass-degenerate and mass of the nth level is given by,

m2
~n =

4π2~n2

R2 . (1.6)

This mass spectrum is cutoff at the scale MS. The zero mode of the KK tower corresponds to the

4-dimensional massless graviton.

The Feynman rules for the above interaction Lagrangian are given in [15,16]. With this Lagrangian,

the graviton fields can interact with the SM fields virtually in the intermediate state or can be pro-

duced really in the final state. In the context of collider phenomenology, this indicates interesting

signals that can be explored at the present LHC. The virtual exchange of the gravitons can lead to

the deviation from the SM predictions whereas the real emission of the gravitons can lead to the

missing energy signal. Although the coupling of the graviton field to the SM fields is suppressed by

MPl order, the large multiplicity of the available KK graviton modes lead to observable effects. In a

process involving a virtual exchange of KK modes from SM particles, the sum of KK propagators
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D(Q2) is given by

κ
2D(Q2) = κ

2
∑
n

1
Q2−m2

n + iε
,

=
8π

M4
S

(
Q

MS

)(d−2) [
− iπ +2I(Λ/Q)

]
, (1.7)

where, Q is the invariant mass of the final state particles. The integral I(Λ/Q) is a result of the

summation over the non-resonant KK modes and the term proportional to π is due to the resonant

production of a single KK mode [15]. Λ is the explicit cut-off on the KK sum which is identified

with the scale of the extra dimension theory MS [15, 16]. The κ2 suppression in a virtual exchange

is compensated for by the high multiplicity, after the KK modes are summed over. This collective

contribution of the KK modes result in their non-negligible interaction with the SM fields and offer

the best possibility of probing the low scale quantum gravity effects at the LHC. In this thesis, we

follow the approach of [15] retaining the details of the number of extra dimensions.
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Chapter 2

Basics of QCD

Wealth of data from the Large Hadron Collider (LHC) and the Tevatron involving large number

of leptons, gauge bosons and hadrons in the final state not only provides ample opportunity to test

the predictions of the SM, but also constrains various physics scenarios in the BSM. Signatures

of BSM are often plagued by the large SM background and hence careful study of wide variety

of SM processes has been underway [17–19] as emphasized in the chapter 1. To facilitate this

purpose we discuss the basics of QCD in the following sections. We start with a brief overview of

the Lagrangian of QCD and then discuss the issues of renormalisation of QCD Lagrangian. Then

we discuss the most striking feature of the QCD, namely the asymptotic freedom. After that we

discuss the procedure of obtaining the predictions at colliders using the perturbative QCD as the

guiding principle.

2.1 Lagrangian of QCD

QCD is the renormalisable quantum theory of the strong interaction in the SM. As already men-

tioned previously, it is based on the gauge group SU(3) which describes the interactions of the

quarks and the gluons. There are six flavours of quarks of spin-1
2 and each of these flavours come

in three colors which furnish the fundamental representation of the SU(3) gauge group. The gluons
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which are the carriers of this strong force transform under the adjoint representation of this gauge

group. The Lagrangian of the QCD can be divided mainly in three parts.

L = Lclassical +Lgauge− f ixing +Lghost (2.1)

The classical part consists the interaction between the quarks and the gluons.

Lclassical =
n f

∑
i=1

ψ̄i(iγµDµ −mi)ψi −
1
4

Tr[Fa
µνFa µν ], (2.2)

where the summation on i runs over all the quark flavours and

Fa
µν = ∂µAa

ν −∂νAa
ν −gs fabcAb

µAc
ν , (2.3)

Dµ = ∂
µ − igsT aAa

µ (2.4)

The Fa
µν represents the field strength tensor of the gluonic field and Dµ is the covariant derivative.

The mass of the ith flavour is denoted by mi and gs is the strong coupling constant while T a and

f abc are the generators and the structure constants of the gauge group SU(3), respectively. They

obey the following relation.

[T a,T b] = i fabcT c , (2.5)

The classical Lagrangian part suffers from the fact that it is impossible to define the propagator of

the gluonic field at the time of quantization to obtain a consistent quantum theory of the quarks and

gluons. It stems from the point that the gluon fields have the freedom of gauge transformations,

which can be removed by putting constraint on these gauge fields, denoted by gauge-fixing. Here

we choose the covariant-gauge with parameter ξ , which is manifestly Lorentz-invariant.

Lgauge− f ixing =−
1

2ξ
(∂ µAa

µ)
2, (2.6)
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Still, we have to include the Lghost , consisting of the ghost fields, which cancel the effects of the

unphysical time like and longitudinal polarization states of the gauge fields to obtain a consistent

quantized theory. This is defined as the following:

Lghost = ∂
µ

χ̄
a(∂µ χ

a−gs f abc
χ

bAc
µ), (2.7)

Here the ghost fields χ , χ̄ are the complex scalar field obeying the Fermi statistics.

With the construction of these three pieces now the Lagrangian in Eq. 2.1 describes a consistent

quantum theory of the quarks and the gluons. The Feynman rules can be derived following the

standard procedures to compute gauge invariant products of the quantum field operators. Using

these rules, physical observables like scattering cross-section, decay rates can be calculated by us-

ing the techniques of perturbation theory and treating the strong coupling constant as an expansion

parameter. Now the physical amplitude for a scattering process can be written as the sum of all the

topologically distinct Feynman diagrams, which is true in every perturbative order. The higher or-

der amplitudes contain loop diagrams where the loop momentum should be integrated fully. These

integrals often face divergence, known as ultra-violet (UV) divergence, in the usual 4 space-time

dimension. These divergent integrals are made tentatively finite by introducing suitable techniques

known as regularization procedure. One of the systematic way of doing it is to analytically con-

tinue the theory to n = 4+ ε space-time dimension, known as dimensional regularisation (DR)

which preserves both Lorentz as well as gauge invariance. As a result of it these divergences show

up as poles in the usual 4 space-time dimension. Now we can redefine the perturbation series by

readjusting the definition of the bare fields and the bare parameters (couplings, masses, ...) to ab-

sorb the singularities, thereby rendering finite physical amplitudes. This is called renormalisation

which we will describe below. The renormalisation procedure starts with defining the bare fields
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and the parameters in terms of the renormalised ones.

Aa
µ = Z1/2

3 Aa
µ,R, ψ = Z1/2

2 ψR,

χ
a = Z̃1/2

3 χ
a
R, gs = Z1/2

g gs,R,

ξ = Z1/2
3 ξR, mi = Zmmi,R (2.8)

where, the constants Z3, Z̃3 and Z2 are called the gluon, ghost and quark field renormalisation

constants, respectively while the constants Zg and Zm are called coupling constant and mass renor-

malisation constants. Now putting back these redefinitions in 2.1 we get

L
(

ψ,Aa
µ ,χ

a,gs,mi,ξ
)

= LR

(
ψR,Aa

µ,R,χ
a
R,gs,R,mi,R,ξR

)
+ Lc

(
ψR,Aa

µ,R,χ
a
R,gs,R,mi,R,ξR,Zi

)
(2.9)

where, LR has the same precise functional form like L , only all the parameters and the fields

replaced by their renormalised counterparts with the subscript denoted by R. The counter term

Lagrangian Lc is chosen in such a way that it preserves all the symmetry of the theory. After

this, the Ultra-Violet (UV) divergences coming from the loop momentum being infinite, which

appear as poles due to the dimensional regularisation, are absorbed by adjusting the constants

Zi suitably to make the amplitudes finite. These Zis are only unambiguously defined up to the

divergent pieces. During the adjustment, finite pieces can also be redistributed in terms of bare

and renormalised quantities, in principle. This freedom is removed via the choice of a specific

renormalisation scheme. In this thesis, we have used the modified minimal subtraction scheme

(MS) where we include the γE and log4π finite pieces with the pole term in the combination

1
ε
− γE + log4π (2.10)
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The details of these has been discussed extensively in the reference [20].

2.2 The running coupling

Till now, we have used dimensional regularization to handle the UV divergences appearing in the

loop diagrams. In the process of going from 4 to 4+ε dimensions, we have introduced an arbitrary

‘renormalisation’ scale µR, in order to keep consistent dimensions (units) for all quantities. In

n = 4+ ε dimension, the bare and renormalized strong coupling constant looks like this

ĝs = ĝs

(
1
µ

) ε

2

, gs,R = gs

(
1

µR

) ε

2

(2.11)

Now we define α̂s(µ
2) and αs(µ

2
R) by,

α̂s(µ
2) =

g2
s (µ

2)

4π
, αs(µ

2
R) =

g2
s,R(µ

2
R)

4π
(2.12)

Then the gs equation in Eq. 2.8 looks like

α̂s(µ
2)µ−

ε

2 = Zg

(
αs(µ

2
R),

1
ε

)
αs(µ

2
R)µ

− ε

2
R (2.13)

The observation that the left hand side of the above equation is independent of the renormalisation

scale µR, implies that the variation of it with respect to µR will be zero. This is called renormalisa-

tion group (RG) equation.

µ
2
R

d
dµ2

R
lnαs(µ

2
R) =

ε

2
−µ

2
R

d
dµ2

R
lnZg(µ

2
R) =

ε

2
+

1
αs(µ2

R)
β (αs(µ

2
R))

=
ε

2
−

∞

∑
i=0

α
i+1
s (µ2

R)βi (2.14)

where, we define the beta function as
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Figure 2.1: the strong coupling constants as measured at different scales Q.

β (αs(µ
2
R)) =−αs(µ

2
R)µ

2
R

d
dµ2

R
lnZg(µ

2
R) (2.15)

Using the one loop and two loop results of Zg we get

β0 =
11
3

CA−
2
3

n f Tf ,

β1 =
34
3

C2
A−4TFn fCF −

20
3

TFn fCA , (2.16)

The negative sign in the beta function is the origin of the asymptotic freedom, which implies that

the coupling becomes weaker at high energy scales, i.e., the quarks and gluons almost become free

particles. Consequently, it implies that for large momentum transfer, we can study the interaction

between the quarks and gluons by means of a perturbative expansion, evaluating the Feynman

diagrams. Conversely, at low energy scales the coupling grows strong, causing quarks and gluons
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to be tightly bound into the hadrons. The negative sign in the beta function comes as a result of the

interaction between the gluons.

By solving the Eq. 2.14 we get the following expression for the strong coupling constant to one

loop accuracy:

αs(Q2) =
αs(µ

2
0 )

1+β0αs(µ2
0 ) ln(Q2/µ2

0 )
+O(α2

s (µ
2
0 )) (2.17)

Only for scales Q� µ0, the value of the strong coupling constant corresponds to αs(Q2)� 1,

thus making the perturbation theory valid in terms of expansion of the small parameter αs(Q2).

The reference scale at which the perturbation theory fails is called the ΛQCD, which is taken as

200MeV, the value being closely connected with the scale of hadron masses.

In the figure 2.1 we show the summary of measurements of the strong coupling at various energy

scales, which exhibits a tremendous agreement with the theoretical prediction for the running of

αs, shown as a band. the band represents the uncertainty associated with fixing the initial condition

from the measurement at the time of solving the renormalisation group equation.

Using this property, namely the asymptotic freedom of QCD, we can predict the observables at

the colliders involving high momentum transfers. In the high energy range the strong coupling

constant becomes small and we can expand the observables in a perturbative series using the strong

coupling constant as the expansion parameter. In the next section we show in details the procedure

of predicting the observables at collider.

2.3 QCD at Collider

Usually, at colliders, the phenomenons with high momentum transfer are investigated. Here the

colliding particles may be leptons, hadrons or lepton and hadron. In this thesis, we discuss the

hadron-hadron cross-section in the context of LHC. In the parton model, the hadronic cross-section

(σH1H2 ) can be expressed in terms of the bare partonic cross-sections σ̂ab, a,b = q,q,g and bare
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parton distribution functions f̂c(xi) , i = 1,2 and c = q,q,g of colliding partons as follows:

σ
H1H2(S,Q2) =

∫
dx1

∫
dx2 f̂a(x1) f̂b(x2)σ̂ab(ŝ,Q2) (2.18)

where S=(P1+P2)
2 and ŝ=(x1P1+x2P2)

2 are the center of mass energies of incoming hadrons and

partons respectively. Q is the invariant mass of the final state particles. The bare parton distribution

function f̂c(x) describes the probability of finding a parton of type c which carries a momentum

fraction x of the hadron. The ‘hat’ denotes the fact that the corresponding terms suffer from various

divergences. The parton distribution functions describe the long distance part of the hadronic cross-

section and hence they are not computable in perturbative QCD as the strong couple constant is

large at small energy. On the other hand, the bare partonic cross-sections σ̂ab that describe the short

distance part can be computed in the framework of perturbative QCD exploiting the asymptotic

freedom of the strong coupling constant. The hadronic cross-section can be written in terms of

convolution of these functions in the following,

σ
H1H2(S,Q2) =

1
S

f̂a⊗ f̂b⊗ ∆̂ab(Q2) (2.19)

=
1
S

∫
dx1

∫
dx2

∫
dz f̂a(x1) f̂b(x2)∆̂ab(z,Q2)δ (τ− zx1x2)

where,

∆̂(z,Q2)≡ ŝσ̂ab(ŝ,Q2), z =
Q2

ŝ
τ =

Q2

S
(2.20)

Beyond the leading order in perturbative QCD, additional subprocesses namely, loops with virtual

partons as well as from emission of additional real partons contribute to the partonic cross-sections

σ̂ab. The virtual diagrams suffer from the UV divergences when loop momenta becomes large. Due

to the massless nature of the partons, the virtual diagrams also suffer from the soft and collinear

divergences, which are known as Infra-red (IR) divergences. In the case of real emission processes,
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the IR divergences come from the soft and collinear region of the phase space integrals. These di-

vergences are regularised via the dimensional regularisation technique after analytically continuing

the theory to n = 4+ ε dimension, with ε being a complex number. As a result of it, the diver-

gences of the partonic cross-sections appear as poles in 1/εk where k is an integer. The partonic

cross-section is then renormalised by redefining the bare fields and parameters to remove the UV

divergences present, thereby introducing an arbitrary scale, known as the renormalisation scale.

The soft and final state collinear singularities, where the additional parton becomes collinear with

a final state particle, arising from the virtual as well as real emission diagrams cancel among them-

selves upon the summation of all possible degenerate states, thanks to the Kinoshita-Lee-Nauenberg

(KLN) theorem [21]. The initial state collinear singularities, where the additional parton becomes

collinear with a initial state particle, do not cancel and this cancellation is achieved via mass factori-

sation where one redefines the bare parton distribution functions at a scale called factorisation scale

µF in such a way that the collinear singularities in the bare partonic cross-sections are absorbed.

Now, after this regularisation and the renormalisation in a particular scheme, we can express the

hadronic cross-section as follows, generalising to all orders:

∆
H1H2(S,Q2) = fa(τ,µ

2
F)⊗ fb(τ,µ

2
F)⊗∆ab(Q2,µ2

F)

= ∑
a,b=q,q̄,g

∫ 1

τ

dx1

x1

∫ 1

τ/x1

dx2

x2
fa(x1,µ

2
F) fb(x2,µ

2
F)∆ab

(
τ

x1 x2
,Q2,µ2

F

)
(2.21)

with,

fa(τ,µ
2
F) = Γab(τ,µ

2
F ,ε)⊗ f̂b(τ) (2.22)

∆ab(z,Q2,µ2
F) ≡

[
Γ
−1(µ2

F ,ε)
]T ⊗ ∆̂(Q2)⊗Γ

−1(µ2
F ,ε) (2.23)

The fa(τ,µ
2
F) is the renormalised parton distribution function which is renormalised by the Γab(τ,µ

2
F ,ε)

kernel containing the right poles in 1/ε to cancel the residual initial collinear singularities in the

bare partonic cross-sections. This procedure is called mass factorisation. ∆(z,Q2,µ2
F) is the renor-
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malised partonic cross-section which is now free of all the divergences. and can be expanded in

terms of the strong coupling constant as following.

∆ab
(
z,Q2,µ2

F
)
=

∞

∑
i=0

α i
s(µ

2
R)

4π
∆
(i)
ab

(
z,Q2,µ2

F ,µ
2
R
)

(2.24)

Here, i = 0 corresponds to Leading order (LO), i = 1 corresponds to Next-to leading order (NLO)

and so on. In principle, we should take into account of all the terms in this perturbative series.

However, it is not feasible process to calculate each term due to technical difficulties and also as

the values of the strong coupling constant is small, the higher powers of it become further small,

thereby making it meaningful to consider a few terms in the expansion for predicting any observ-

able. The factorisation scale µF and the renormalisation scale µR, introduced in the procedure to

obtain the finite hadronic cross-section, parametrises the theoretical uncertainties present in the

partonic cross-section due to the absence of the higher order terms. Depending on the accuracy

of the prediction, which in turn is estimated by the variation of the unphysical scales µF and µR,

we can have fixed order predictions, fixed order prediction matched with Parton Shower (PS) and

approximate fixed order prediction. In case of the fixed order prediction one calculates the ith term

in the Eq. 2.24 and obtains the NiLO prediction. Here we show these procedure of calculating these

precise predictions in detail in the following. we start with the discussion of the bits and pieces of

a generic NLO calculation.

2.4 Anatomy of NLO Calculation

dσ̂
NLO
ab =

∫
dPSn S({p}1,n+2) dσ̂

(0)
ab

+
αs(µR)

4π

[∫
dPSn S({p}1,n+2) dσ̂

V,(1)
ab +

∫
dPSn S({p}1,n+2) dσ̂

CT,(1)
ab

+
∫

dPSn+1 S({p}1,n+3) dσ̂
R,(1)
ab +

∫
dPSn S({p}1,n+2) dσ̂

MF,(1)
ab

]
(2.25)
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Any NLO cross-section for 2→ n process can be written as above. The first term is the Born contri-

bution; dPSn is the phase space measure of the final state particles and S({p}1,m) is the observable

function which depends on the kinematic variables through the momenta of the external particles

i.e., p1, p2, . . . , pm. The second term corresponds to the one loop virtual contributions. The UV di-

vergences due to the large loop momentum are first regularised and then renormalized as discussed

in the previous Sect. 2.1 using the counter terms given in the third term. The fourth term refers to

the real emission contributions due to additional parton emission. The fifth term is the mass fac-

torisation term required to cancel the initial state collinear singularities as discussed previously in

the Sect. 2.3. As discussed earlier, both virtual and real emission contributions encounter soft and

collinear divergences, namely the IR divergences. The soft and final state collinear divergences get

canceled after summing the virtual as well as the real emission processes. In case of the virtual pro-

cesses the divergence shows up as poles due to dimensional regularization, which can remove both

UV and IR divergences at the same time. After the removal of UV divergences the IR divergences

remain explicitly as poles. However, for the real emission processes the poles will only be explicit

after the phase space integration and this integral faces divergence at the phase space points giving

rise to soft and collinear configuration. In the next section we discuss the reduction of one loop

tensor integrals required for the virtual corrections and the procedure to extract the singularities in

case of real emission amplitudes.

2.4.1 Virtual correction

The reduction of tensor integrals to scalar ones in n dimensions is done using the standard procedure

Passarino-Veltman [22–24]. The tensor integrals that appear at one loop level are of the form

Iµ1···µm
n =

∫ dnl
(2π)n

lµ1 · · · lµm

((l−q1)2 + iε) · · · ((l−qn)2 + iε)
, (2.26)
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where

q1 = p1, q2 = p1 + p2, · · ·, qn =
n

∑
i=1

pi . (2.27)

One can decompose the above tensor integral in terms of scalar coefficients as follows:

Iµ1···µn
n =

n

∑
i1,···,im

q[µ1
i1 · · ·q

µm]
im F(n)

i1···im +
n

∑
i3,···,im

g[µ1µ2qµ3
i3 · · ·q

µm]
im F(n)

00i3···im , (2.28)

where the square bracket implies the non-equivalent symmetrisation by giving the full set of non-

equivalent permutations. As described in [25], these co-efficients are related to the scalar integrals

in different space-time dimensions in the following way,

I[2i],s1,s2,···
n,i1,i2,··· =

∫ dn+2il
(2π)n+2i

n

∏
r=1

1

((l−qr)2 + iε)1+δri1+δri2+···−δrs1−δrs2−···
, (2.29)

where I[2i],s1,s2,···
n,i1,i2,··· is a generalized scalar integral in shifted space-time dimension. These integrals

in the shifted dimensions can be expressed in terms of integrals in n dimensions using the dimen-

sional recurrence relations discussed in [26, 27]. In this approach, inverse Gram determinants that

result from the recurrence relations, often spoil the numerical stability of the integral. There exists

a handful of solutions to this problem in the literature [28–38]. Recently, an elegant approach has

been put forward in [39], where the authors have found signed minor algebraic relation, which

avoids the appearance of inverse Gram determinants and thereby introducing a set of higher dimen-

sional scalar integrals to cope with the small Gram determinants. These higher dimensional scalar

integrals have been evaluated numerically after employing a series expansion in the small Gram re-

gion. This whole algorithm has been implemented in the numerical package, named PJFry [40,41],

which we have used in this thesis to evaluate numerically the scalar co-efficients of the tensor inte-

gral for every phase space point in n dimensions. PJFry reduction library uses QCDLoop [42] and

OneLOop [43] to evaluate the scalar integrals in 4 dimensions.

33



2.4.2 Real emission correction

To make the IR poles explicit in case of real emission processes we adopt the subtraction tech-

niques, where we add and subtract a counter term with both the virtual and real, having the same

point wise singular behavior like the real emission part. Furthermore, this has to be chosen such

that it can be integrated analytically over the one-particle phase space dPS1, i.e. the form has to be

chosen such that this integration is feasible. This term is then subtracted and added in Eq. 2.25 as

follows:

dσ̂
NLO
ab =

∫
dPSn S({p}1,n+2) dσ̂

(0)
ab

+
αs(µR)

4π

[∫
dPSn S({p}1,n+2)

[
dσ̂

V
′
,(1)

ab +
∫

dPS1 dσ̂
S,(1)
ab

]

+
∫

dPSn+1 S({p}1,n+3)
[

dσ̂
R,(1)
ab − dσ̂

S,(1)
ab

]
+
∫

dPSn S({p}1,n+2) dσ̂
MF,(1)
ab

]
(2.30)

Hence the total NLO result is left unaltered by these additional terms. Here, in the Eq. 2.30 dσ̂
V
′
,(1)

ab

is the UV renormalized virtual expression with the IR divergences remaining as the poles in terms

of the regulator of the dimensional regularization. Likewise, the analytical integration of the sub-

traction term over the one-particle emission phase space,
∫

dPS1 dσ̂
S,(1)
ab , is performed in d dimen-

sions. With this approach the IR divergences can be extracted analytically as poles and cancel the

corresponding poles occurring in the virtual contributions and the integration over the n-particle

phase space can be performed numerically. The integral
∫

dPSn+1S({p}1,n+3)
[
dσ̂

R,(1)
ab −dσ̂

S,(1)
ab

]
is integrable by construction, as the IR divergences are canceled point wise, hence this term can be

evaluated numerically, too. The explicit construction of this counter term is based on the factoriza-

tion of the QCD amplitudes in the soft/collinear limit. There are several methods differing in the

organization of the actual subtraction. The most widely used approaches are the dipole subtraction

formalism introduced by Catani and Seymour [44] and the method by Frixione, Kunszt and Signer

(FKS) [45]. We have used the FKS subtraction procedure in this thesis. This subtraction procedure
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has been already implemented in an automated fashion in MADFKS package [46]. We will discuss

the FKS subtraction in detail in the following.

2.4.2.0.1 FKS Subtraction Now we show the details of the FKS subtraction procedure. The

contribution from the real emission part can be written as:

dσ
Real = |Mn+1

ab |
2dPSn+1 (2.31)

where |Mn+1
ab |

2 is the matrix element squared for the real emission part and dPSn+1 the differential

phase-space. The squared matrix element blows up like 1
ξ 2

1
1−yi j

, where ξi is the fraction of the

energy of final state particle i with respect to the total partonic energy in the center of mass frame,

ξi =
Ei√

ŝ
, and yi j is the cosine of the angle between particle i and j. The basic idea of the FKS

method consists in a partition of the real contributions into a sum of terms such that each summand

contains at most one soft and one collinear singularity which is done by partitioning the phase

space through the introduction of a set of positive-definite S functions. The S-functions are defined

in such a way that they vanish in all singular limits not related to particle i becoming soft or particles

i and j becoming collinear and also the sum over all pairs gives one.

dσ
Real = ∑

i j
Si j|Mn+1

ab |
2dφn+1 , ∑

i j
Si j = 1 (2.32)

In the consequence, each term of the sum is finite over all of phase space except if the energy

of particle i goes to zero or particles i and j become collinear. Now, with the information of the

exact position of the singularities for a given partition the generalized plus distributions are used to

regulate the divergences.

dσ̃
R = ∑

i j

(
1
ξi

)
ξcut

(
1

1− yi j

)
δ0

ξi
(
1− yi j

)
|Mn+1|2dφn+1 (2.33)
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where the plus distributions are defined as below:

∫
dξi

(
1
ξ

)
ξcut

f (ξ ) =
∫

dξi
f (ξ )− f (0)Θ(ξcut−ξ )

ξ
(2.34)

This defines the subtraction terms required for the calculation of the real emission parts. This

method has been implemented already in an automated fashion in the MADFKS [46], which is a

part of the full AMC@NLO [47] package. This completes the description of a NLO calculation

in perturbative QCD. In the next section, we show the way of improving these fixed order results

further, namely NLO calculation matched with parton shower (PS).

2.5 NLO correction matched to Parton Shower

In order to improve the theoretical predictions in a consistent way, one can take into account the

effect of all possible radiations from the final and initial states, which are important in the comple-

mentary kinematic regions of phase space corresponding to the phase space relevant for the fixed

order evaluation. These radiations are called parton showers, which not only give a reasonable

estimate of these effects in the collinear kinematic regions of the phase space, but also provide a

very realistic final state configuration. In other words, parton level predictions have to go through

such showering of multi partons and recombination of these partons into hadrons through a hadro-

nisation mechanism in order to compare them against the experimental data. Thus, fixed order SM

results supplemented with parton showering can provide a more reliable as well as realistic predic-

tions that can serve as a testing ground for various BSM scenarios. This parton shower algorithm

only exists at the level of NLO, till now. Many processes of interest at LHC are being produced

at this accuracy. However, there are ongoing works to obtain partons shower algorithm at higher

order. In this section, we describe the basics of the parton shower and the way of obtaining a NLO

calculation matched to PS results.

Generally, the hadronic collision consists of quarks and gluons in the initial state and also in the fi-
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nal state depending on the process of interest. These partons can in principle radiate further partons

i.e. quarks and gluons can emit further gluons whereas gluons also can split to quark-antiquark

pairs. These produced partons can split further more, leading to a whole cascade of partons. The

fixed-order calculations based on hard matrix elements provide an accurate description for a cer-

tain fixed final state parton multiplicity, in particular for hard emissions, i.e. in the phase space

regions of well-separated final state partons. In the LHC, where large phase space is available, the

fixed order only predictions can not capture all of the available phase space. However, by taking the

complementary phase space available to the parton showers, one can capture the whole phase space

available, thus improving the fixed order results by combining it with the parton shower. Formally

all these branchings are suppressed by the strong coupling constant αs, but for specific kinematic

configurations where a parton is soft and/or collinear to another parton there can be logarithmic

enhancement. These logarithms have to be resummed to all orders to obtain reliable results. A

simulation of these exclusive final states and a resummation of the (leading) logarithmic terms can

be achieved by applying a parton shower to the fixed-order result.

Let us start with the basic description of the parton shower. we consider the splitting of a parton i,

produced in a hard process, into two partons j and k. In the collinear limit, when the angle between

the partons j and k goes to zero, the cross-section can be imagined as those for the production of

a parent parton i with small virtuality, that decays into the two collinear partons i.e. j and k. In

this limit, the divergence occurs due to the vanishing denominator in the propagator of the parent

parton i. In perturbative QCD there are three possible decays of this parent parton: q→ qg,g→ qq̄

and g→ gg.

In the limit of such collinear splitting the squared amplitude can be factorized for an arbitrary hard

process Mn+1involving n+1 external partons in terms of amplitudes for the production of the par-

ent parton times a splitting factor, that does only depend on the particular splitting involved, and on

its kinematics. For example, it can be written as follows:

|Mn+1|2 = |Mn|2
αs

2π

dt
t

dzPi j(z) (2.35)
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where the splitting kernels are defined as follows:

Pqq(z) = CF
1+ z2

1− z
, (2.36)

Pqg(z) = CF

[
1+(1− z)2

z

]
, (2.37)

Pgq(z) = TF
[
z2 +(1− z)2] , (2.38)

Pgg(z) = CA

[
z

(1− z)
+

1− z
z

+ z(1− z)
]

(2.39)

and Mn corresponds to the amplitude of the n-particle process. Pi j symbolises that the parton i

corresponds to the emitting particle and j is the emitted, resolved parton. The azimuthal angle φ

has been integrated out here and is not stated explicitly in the following. The evolution variable t,

has the dimension of mass and vanishes in the collinear limit. Several choices of the variable t is

possible, thereby paving the way of different shower algorithms. The usual choices for t are

• the virtuality: t = E2z(1− z)θ 2

• the transverse momentum: t = E2z2(1− z)2θ 2

• the angular variable: t = E2θ 2

The variable z denotes the momentum fraction carried away by the outgoing resolved parton with

respect to the parent parton after branching (E j/Ei), in the collinear limit. The splitting functions

Pqq,Pqg and Pgg are divergent for z→ 1 and/or z→ 0, which happens to be the soft limit i.e. the

energy of the parton k goes to zero after branching. We will discuss the consequences of these soft

divergences at the end of this section. The factorization described in Eq. 2.35 is valid as long as

the variable t between the two collinear partons is the smallest of the whole amplitude. In order to

obtain the most singular terms in the perturbative series, the splitting described in Eq. 2.35 can be

iterated in a ordered sequence. For n splittings of partons strictly ordered in t, the total contribution
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of the process goes as:

σ0α
n
s

∫ dt1
t1

dt2
t2
· · · dtn

tn
Θ(Q2 > t1 > t2 > · · ·> tn > Q2

cut) = σ0
1
n!

α
n
s logn Q2

Q2
cut

(2.40)

where σ0 is the lowest order cross-section and the Θ function is equal to 1 if the argument is true,

zero otherwise. Q is the hard scale of the process, and Qcut denotes an infrared cutoff, below

which no further splitting is possible, which can be related to the ΛQCD. This integrand dt
t is

divergent as the collinear configurations come up. To remove these we have to consider the similar

terms coming from the virtual corrections also, which will render this finite. Hence, in order to

get sensible results, leading logarithmic virtuals are also included in the computation of the most

singular contributions to cross-sections. The inclusion of both leading logarithmic real and virtual

contributions are achieved by means of the shower, which is developed through a Monte Carlo

program. In order to describe the development of all subsequent splittings in a shower through a

Monte Carlo program, a probabilistic interpretation of these branchings is required. The probability

to create a splitting of the parton i in a range between t and t +dt for the ordering variable can be

interpreted by defining the splitting factor in Eq. 2.35 as the weight factor for elementary branching

in the phase space defined by dt,dz. Hence, the branching probability in the interval dt can be

written as

dPbranching =
αs(t)
2π

dt
t

∫ 1

0
dzPi j(z) (2.41)

Now, if we take into account the unitarity, i.e. the fact that either a branching occurs or not, the

probability that no branching occurs is simply (1− dPbranching) between the interval [t, t + dt],

which is constituted from the sum of all leading-log virtuals. Now, for a finite interval for the

evolution from a high scale t1 to a lower one t2, the non-branching probability can be expressed in
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terms of N infinitesimal subintervals:

Pnobranching = lim
N→∞

Π
N
n=1

(
1− αs(t

′
n)

2π

dt
′
n

t ′n

∫ 1

0
Pi j(z)dz

)
(2.42)

= exp
[
−
∫ t1

t2

dt
t

αs(t)
2π

∫ 1

0
Pi j(z)dz

]
(2.43)

≡ ∆i (t1, t2) (2.44)

The quantity ∆i (t1, t2) is known as Sudakov form factor corresponding to the non-emission prob-

ability in the given [t1, t2] interval. It, being the main building block for the shower evolution, is

by construction an all-order quantity which resums the leading virtual contributions. Hence, the

probability of the first emission starting from a scale t1 without any splitting between the range

[t1, t] is

dP f irst = ∆i (t1, t)
αs(t)
2π

dt
t

∫ 1

0
Pi j(z)dz (2.45)

which is clearly the product of the no emission probability times the branching probability at t.

Using this as the weight factor, a monte carlo program can be written to simulate the final-state

shower.

The initial state shower can be constructed following the same approach of the final state shower.

However, there are certain differences between these two as the parton taking part in the hard pro-

cess is not the origin, but the result of many branchings already. The shower can be constructed

using the space-like virtuality i.e. starting from a scale −Q0 and evolving to lower scales, until the

parton entering the hard process at the scale −Q is produced. However, this forward evolution is

very inefficient as most of the generated configurations would not result in the required one with a

specific parton entering the hard process at a given scale. So, to construct an efficient initial state

shower, the backward evolution i.e. starting the shower from the hard process itself at−Q and then

going backwards to the lower scale −Q0.

There are also soft divergences associated with the QCD amplitudes during the construction of
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a shower algorithm, which we have not discussed till now. The soft singularities can also arise

with the collinear singularities at the same time leading to a double-logarithmic structure. In full

analogy with the collinear singularity the large logarithms also appear during the soft branching.

However, the only difference is that the factorization of the matrix element in the collinear limit

happens at the amplitude square level whereas in case of soft emissions the factorization takes place

at the amplitude level, thus leading to interferences between partons emitted from different parts

of an event at the time of squaring the amplitude. So, it seems that a sequential construction of the

exclusive final states, treating the QCD emissions independently like the collinear case, will not

be possible. But, with the help of choosing the ordering variable t one can reconcile independent

parton evolution and soft QCD radiation through color coherence. If t is taken to be the angular

variable then it automatically takes care of soft QCD radiations consistently. In this thesis we have

used the HERWIG [48–50] and PYTHIA [51] showers for the analysis.

The HERWIG shower takes the evolution variable t to be E2θ 2/2, where E is the energy of the

incoming parton, and θ is the angle of the two branched partons. So, HERWIG takes care of the

soft singularities properly, being an angular ordered shower. In contrast to it the PYTHIA shower

takes the variable t as virtuality, which fails to yield the correct soft gluons behavior due to lack of

the angular ordering in the algorithm. As a result of it, PYTHIA causes an unphysical increase in

the number of soft partons.

Now, the next step should be retaining the virtues of the matrix element corrections at NLO and

also the correct soft and collinear behavior due to large number of QCD radiations i.e. NLO results

matched to PS.

One of the problem of matching the NLO calculations with parton shower is the double-counting

problem, which is taken care by two algorithms mainly. MC@NLO and POWHEG can take care

of the double counting to give a consistent description of the parton shower matched at NLO. We

will discuss the MC@NLO method here as we we have used this in our works. In the MC@NLO

approach, this is achieved by evaluating the differences of the Shower Monte Carlo simulation rel-

ative to the exact NLO result. A modified FKS subtraction framework is used where the difference
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between the exact NLO and shower algorithms at approximate NLO is used. In this way the in-

tegrated quantities are calculate with NLO accuracy. However, one has to calculate the difference

between the shower NLO approximation and the exact NLO result every time with a change in

the shower algorithm and at the time of removing the double counting via the modified subtraction

procedure, the subtraction terms give rise to negative weights for the events produced spoiling the

probabilistic approximation.

2.5.1 AMC@NLO framework

AMC@NLO [47, 52, 53] is a wonderful tool for producing this NLO matched PS results com-

pletely in an automated way. In particular, the underlying tree-level computations are performed

with MadGraph [54, 55] and one-loop amplitudes are evaluated via MadLoop, depending on the

OPP integrand reduction method, whereby MADFKS [46] takes care of the real emission contri-

butions and the corresponding phase-space subtractions, according to the FKS subtraction formal-

ism [45,56]. It is also combined with the one-loop and Born results and after the cancellation of the

IR poles the subsequent integration is done in MADFKS to get fixed order results for a specific scat-

tering process. It also does the job of the MC@NLO matching at the time of generating the events,

afterwards which has to be showered to get the physical results. Utilising this framework, we have

studied the three photon production in SM at LHC, which has been discussed in chapter 3 as well

as the DY, ZZ, WW production in SM and ADD model at LHC, which has been shown in chapter 4.

2.6 Approximate fixed order calculation

There are certain difficulties to calculate beyond fixed order NNLO or to obtain results at NNLO+PS

accuracy, at the moment. Even, very few processes has been reported at complete NNLO level till

now. Given this scenario, one can obtain approximate fixed order predictions at higher perturbative

order by considering the soft limit of the QCD radiations. Any partonic cross-section at the fixed

42



order consists of some distributions and finite pieces when written in terms of the partonic energy

fraction (z). In the soft limit of the QCD radiations these distributions become large due to loga-

rithmic enhancement and we can neglect other regular pieces in the expression. These are called

threshold correction, which constitutes a certain part of the complete correction. There can be two

type of thresholds namely hadronic and partonic threshold. When the hadronic ratio τ = Q2/S

is close to threshold, i.e. τ → 1, all contributions to the cross-section come from the threshold

region. But in phenomenologically interesting process, this region τ → 1 is irrelevant due to the

strong suppression of the PDFs near the endpoint implying a very low parton luminosity in this

case. However, it has been pointed out since long [57,58] that the threshold could be relevant even

far from the hadronic threshold depending on the fact that the hadronic cross-sections are obtained

after convoluting a hard cross-section with the parton luminosity. The hard partonic cross-section

depends on the partonic center-of-mass energy and the dimensionless ratio of the latter to the fi-

nal state invariant mass and as a result of it threshold correction are important when the partonic

subprocess is close to threshold i.e. the partonic threshold. As a result of it all the QCD radiations

are necessarily soft. The partonic center-of-mass energy in turn can take any value from threshold

up to the hadronic center-of-mass energy, and its mean value is determined by the shape of the

PDFs. So, we expect threshold correction to be relevant if the average partonic center-of-mass

energy is small, i.e. if the relevant PDFs are peaked at small Bjorken x e.g. such as gluons and

sea quarks. So, inspite of being very far from the hadronic threshold the partonic threshold can

contribute a dominant part in the complete correction. As there is a huge theoretical uncertainty

involved with the Higgs boson production so it is worthwhile to calculate these threshold correc-

tions in case of Higgs boson production. Below we discuss the recent status of the Higgs boson

production differing in the level of precision and how we paved the way of further precise results

has been described in chapter 6 and chapter 5. In the SM, the production of Higgs boson is mainly

through gluon fusion channel whereas the alternative channels include vector boson fusion process,

Higgs-strahlung process wherein the Higgs is produced in association with vector bosons (W/Z),

bottom quark annihilation process etc. In the gluon fusion channel via a top quark loop [59–67],
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the Higgs production cross-sections are known up to next-to-next-to leading order (NNLO) in the

literature for a long time. The sub-dominant channels for the production comprising of the vec-

tor boson fusion [68, 69] and associated production with vector bosons [70, 71] are also known up

to NNLO accuracy in QCD. The bottom-antibottom (bb̄) annihilation process for inclusive Higgs

production is also available at NNLO accuracy considering five active flavours i.e. including the

bottom quarks in the parton distribution functions [72–77].

While the theoretical predictions at NNLO and next-to-next-to leading log (NNLL) [78] QCD

corrections and of two loop electroweak effects [79–84] played an important role in the discovery

of the Higgs boson, the theoretical uncertainties resulting from the unphysical factorization and

renormalisation scales are not convincingly negligible. In addition, the interpretation of the ex-

perimental data with higher accuracy from the upcoming run at the LHC demands the inclusion

of higher order terms in QCD in the theoretical computation. Hence there is a constant pursuit

of increasing the accuracy of the results with the systematic inclusion of higher order terms in

QCD and there are on going efforts to go beyond the existing NNLO level. The computation of

N3LO corrections is underway and some of the crucial ingredients, like the quark and gluon form

factors [85–89], the mass factorization kernels [90] and the renormalisation constant [91] for the

effective operator describing the coupling between the Higgs boson and the SM fields in the infinite

top quark mass limit are available up to three loop level in dimensional regularization. In addition,

NNLO soft contributions are also known [92] in n dimensions. These results were already used to

compute the partial threshold contributions at N3LO to the production cross-section of di-leptons in

Drell-Yan (DY) and of the Higgs boson in gluon fusion as well as in bb̄ annihilation, see [93–97].

The reported threshold corrections, which manifest themselves through the delta function and the

plus distributions, were partial results as the contribution from the delta function was not available

completely. Since then, there have been several advances [98–101] towards obtaining the complete

N3LO result for the inclusive Higgs production. The milestone in this direction was achieved by

Anastasiou et al. in [102] to obtain the complete threshold N3LO corrections. This result provided

a crucial input in [103] to obtain the corresponding N3LO threshold corrections to DY production.
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Independently, in [104], using light-like Wilson lines threshold corrections to the Higgs boson as

well as Drell-Yan productions up to N3LO were obtained. Catani et al. in [105] used the universal-

ity of soft gluon contributions near threshold and the results of [102] to obtain general expression

of the hard-virtual coefficient relevant for N3LO threshold as well as threshold resummation at

next- to-next-to-next-to-leading-logarithmic (N3LL) accuracy for the production cross-section of a

colorless heavy particle at hadron colliders. There have been also several attempts to go beyond

threshold corrections [106, 107] for the inclusive Higgs production at N3LO. Recently, [108], the

full next to soft as well as the exact results for the coefficients of the first three leading logarithms

at this order have been obtained for the first time. In this context we computed the threshold correc-

tions at third order in QCD for the inclusive cross-section of the Higgs boson production associated

with a vector boson, which has been reported in details in chapter 5. Like the inclusive one, the dif-

ferential rapidity distributions are computed for the di-lepton pair in DY [109] and the Higgs boson

produced through gluon fusion in [110,111], the Higgs boson through bb̄ annihilation in [112] and

associated production of the Higgs with vector boson in [113, 114] to NNLO in QCD. Using the

formalism developed in [96, 97], the partial N3LO threshold correction to the rapidity distributions

of the di-leptons in DY and the Higgs boson in gluon fusion as well as bottom quark annihilation

were computed in [115]. Following the same technique, the complete N3LO threshold correction

to the rapidity distributions of both di-lepton pair in DY and the Higgs boson in gluon fusion has

been reported in [116]. The dominance of the threshold contribution to the rapidity distribution in

these processes is evident from the results. A significant amount of reduction in the dependence on

the unphysical renormalisation and factorization scale of the rapidity distribution takes place upon

inclusion of the N3LO threshold corrections. In addition, these computations provide first results

beyond NNLO level and will serve as a non-trivial check for a complete N3LO results. Keeping

these motivations in mind, we extend the existing result of the rapidity distribution of the Higgs bo-

son produced through bb̄ annihilation to higher accuracy, namely the inclusion of complete N3LO

threshold correction, which we discuss in detail in chapter 6.
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Chapter 3

Three photon production

3.1 Introduction

The field of triboson studies is required as the LHC experiments are beginning to probe these chan-

nels with the data set accumulated in Run 1, and will study the various channels in detail in Run

2. Since tri photon production is nominally that with the highest rate, it will be one of the first

(and most accurately) studied of the processes. For this reason precise theory predictions, such

as those obtained using NLO+PS accuracy are extremely desirable to the LHC community. Here,

we revisit the three photon production process at the LHC at NLO in QCD and study the conse-

quences of matching it with the parton shower. Triple-photon production provides a background

to techni-pion production in association with a photon, where the techni-pion decays into a photon

pair [117]. This process has already been studied at LO [118, 119], as well as at NLO level [120]

in QCD. We extend the analysis including the effect of parton shower to get a realistic estimate of

various kinematical distributions. We quantify the improvement in the predictions at small trans-

verse momentum regions of the final state particles and the stabilisation of cross-section against the

variation of the factorisation and renormalisation scales.

In Sect. 3.2, we have described the details of the calculation, mainly the virtual as well as the

real emission contribution. The numerical results of the fixed order calculation together with the
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NLO+PS accurate results have been discussed in Sect. 3.3 and finally, we conclude in Sect. 3.4.

3.2 Calculational Details

LO (O(α3)) contributions to the production of three photons at the LHC come from quark anti-

quark annihilation processes. At NLO O(α3αs) in QCD, we encounter virtual as well as real

emission contributions resulting from an additional parton, namely quark or anti-quark or gluon.

Virtual amplitudes are already at O(α3/2αs), hence only the interference of them with the LO

Born amplitudes will contribute to the NLO level. The real emission processes at NLO level come

from two types of processes namely gluon emissions from the LO processes and scattering of a

quark (anti-quark) and a gluon producing three photons along with a quark (anti-quark). The ultra-

violet (UV) divergences coming from the virtual contributions and the infra-red (IR) divergences

originated from the virtual as well as real emission contributions, need to be removed through the

addition of proper counter terms. Following the discussions in the Sect. 2.4, the resulting IR-safe

parton level cross-section up to NLO can be written as,

dσ̂
NLO
ab =

∫
dPS3γ S({p}1,5) dσ̂

(0)
ab

+
αs(µR)

4π

[∫
dPS3γ S({p}1,5) dσ̂

V,(1)
ab +

∫
dPS3γ S({p}1,5) dσ̂

CT,(1)
ab

+
∫

dPS3γ+parton S({p}1,6) dσ̂
R,(1)
ab +

∫
dPS3γ S({p}1,5) dσ̂

MF,(1)
ab

]
(3.1)

The first term is the Born contribution; dPS3γ is the phase space measure of the three photon

final states and S({p}1,m) is the observable function which depends on the kinematic variables

through the momenta of the external particles i.e., p1, p2, . . . , pm. The second term corresponds

to virtual corrections to the Born process. They are often divergent when the loop momentum

becomes very large and these UV divergences are first regularised and then renormalised using the

counter terms given in the third term. The fourth term represents the real emission contributions
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at the NLO level come from parton emissions from the initial and/or final state partons. Due to

massless quarks, anti-quarks and gluons participating in the hard processes, both virtual and real

emission contributions encounter soft and collinear divergences. The divergences coming from

soft gluons and from collinear partons in the final state of the real emission processes get cancelled

with those coming from the virtual processes. The remaining collinear divergences from the initial

states are removed by adding mass counter terms given in the last term of Eq. 3.1. The details of

obtaining UV renormalised virtual contributions have already been discussed in the Sect. 2.4. The

real emission contributions and the corresponding mass counter terms are obtained with the help

of MADFKS [46], a set of routines available in the AMC@NLO [47, 52, 53], which along with our

in-house FORTRAN routines for calculating virtual contributions, can provide results on an event-

by-event basis in terms of four momenta of all the particles involved in the scattering process and

we use them to obtain the observables that we require to study. In the following sub-sections, we

sketch a systematic outline of the complete computational procedure.

3.2.1 Virtual contribution

Virtual contribution comes from the interference between the Born diagrams and the one loop cor-

rected virtual diagrams. The number of virtual diagrams to order α3/2αs for the three photon pro-

duction is forty eight. Up to permutations of the final state photons, we find 1 pentagon diagram, 2

box diagrams, 3 triangle diagrams and 2 bubble diagrams. We have used QGRAF [121] to generate

both LO and NLO amplitudes. It generates the symbolic description of the Feynman diagrams in

terms of propagators and vertices. We have written a FORM [122] code, which translates the output

of QGRAF into a suitable format, that can be used for further symbolic manipulations. We have

supplied Feynman rules, identities for Dirac gamma matrices, equations of motion through this

code and performed various simplifications at the amplitude level. The loop integrals are regulated

using dimensional regularisation. Both Lorentz contractions and Dirac gamma matrix simplifica-

tions are done in n = 4+ε space-time dimensions. Both UV and IR divergences appear as poles in
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ε and they have been calculated using MS scheme. Writing the virtual contribution in the following

way:

∑
col

∑
spin

MV,(1)
(
M (0)

)∗
= ∑

Γ

[
∑
col

∑
spin

MV,(Γ)
(
M (0)

)∗]
, (3.2)

where M (0) is the born amplitude and MV,(Γ)s’ are the distinct topologies of virtual diagrams,

we compute only one particular topology and then the permutations of photon momenta and their

polarisations gave us the remaining contributions. The tensor integrals are reduced via our own in-

house FORM codes and the scalar coefficients are evaluated via PJFry as discussed in Sect. 2.4.1. In

order to validate our FORM codes, namely those ones that perform conversion of output of QGRAF

to FORM readable symbolic expressions, reduction of tensor integrals to scalar coefficients and also

to validate FORTRAN routines, which evaluate the virtual contributions numerically using PJFry,

we re-calculated the virtual corrections of the di-photon production process in both SM and BSM

to order αs. We compared our results thoroughly against the results presented in [123–125] and

found an excellent agreement between these two. Using our FORM codes and FORTRAN routines

along with the publicly available packages, viz. QGRAF, PJFry, QCDLoop and OneLOop, we have

evaluated the virtual contributions to the three photon production process at O(αs) level. We find

that after UV renormalisation, the IR poles namely double and single poles in ε are in accordance

with the expectation. We express the virtual contribution of the three photon production in a form

suitable for further analysis as follows:

dσ̂
V,(1)
qq =

αs

2π

1
Γ(1+ ε

2)

(
s

4πµ2
R

) ε

2

CF

(
− 8

ε2 +
6
ε

)
dσ̂

(0)
qq +dσ̂

V,(1), f in
qq (µR) , (3.3)

where αs is the strong coupling evaluated at the the renormalisation scale µR, s is the partonic center

of mass energy and the colour factor is: CF = 4/3 for SU(3). dσ̂
(0)
qq comes from the colour-linked

Born amplitude M
(0)
qq , whereas dσ̂

V,(1), f in
qq denotes the finite virtual contribution that has been com-

puted numerically. Note that the IR poles in ε are in agreement with the universal behaviour of soft

and collinear partons.
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3.2.2 Real emission contribution

Real emission contributions come from gluon emission from the Born processes as well as from

the scattering of a quark/anti-quark and a gluon producing a quark/anti-quark and three photons.

We use the AMC@NLO [47,52,53] framework not only to compute these contributions along with

the mass factorisation terms required to remove the initial state collinear singularities, but also to

obtain the NLO results matched with PS. We have explicitly checked the cancellation of the soft

and collinear divergences among the virtual, real and mass factorisation terms at different regions

of the phase space thereby confirming the perfect implementation of all the above mentioned exter-

nal inputs within the AMC@NLO framework. The events, that are generated using AMC@NLO,

also include the Monte Carlo counter terms to take care of the MC@NLO matching and thereby

preventing the occurrence of any double counting at the time of matching to PS. These events are

then showered by HERWIG [48–50], PYTHIA [51] parton shower to get the realistic events.

Photons are produced not only at the partonic level, but also through the fragmentation of par-

tons into photons and a jet of hadrons can often be collinear to them. This necessitates the inclusion

of non-perturbative fragmentation functions. At NLO level, the QED collinear divergence can arise

when one of the final state parton becomes collinear to a photon. This can be factorised in a uni-

versal manner and then removed by adding counter terms, which renormalise the fragmentation

functions, thereby bringing in a scale dependence at the partonic cross sections through the frag-

mentation functions, which is known as fragmentation scale. An alternate isolation criteria has

been proposed in [126], using which one can obtain an observable in which fragmentation contri-

bution is minimised and at the same time, the IR safety of that observable is guaranteed. We call

it Frixione isolation here after and use this isolation for our analysis. It works in the following

way: define a cone centered around each photon with a radius R in the rapidity-azimuthal angle

(η−φ ) plane, where R =
√

(η−ηγ)2 +(φ −φγ)2. Now, it is demanded that the sum of hadronic

transverse energy H(R) inside any concentric circle of radius R < Rγ would be less than an amount

given by the function H(R)max. This function can be chosen in such a way that lesser and lesser
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Figure 3.1: Transverse momentum distribution of the hardest photon Pγ1
T (left panel) and invariant

mass distribution Mγγγ of the three photon (right panel) for the fixed order NLO and LO.

hadronic energy is allowed as we move closer to a given photon. Because of the fact that H(R) goes

to zero as R→ 0, the partons that are collinear to photon are removed while the soft partons are

kept intact thereby guaranteeing the QCD IR safety. For our analysis, we have taken the following

canonical choice for H(R)max, i.e.,

H(R)max = εγ Eγ

T

(
1− cosR
1− cosRγ

)n

, (3.4)

where Eγ

T is the transverse energy of the photon and Rγ , εγ , n are three parameters that are to be set

while applying this isolation criteria.1

3.3 Numerical Results

In this section, we present the results for various kinematic distributions relevant to the production

of three photon in SM at the LHC with the center-of-mass energy
√

S = 14 TeV. Here we list the

1Effects of photon frangmentation and different isolation prescriptions have very recently been studied [127]
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Figure 3.2: Rapidity distribution of the hardest photon Y γ1 (left panel) and the three photon system
Y γγγ (right panel) for the fixed order NLO and LO.

input parameters used for the whole computation:

MZ = 91.188 GeV, α
−1
em = 132.507,

GF = 1.16639×10−5 GeV−2 . (3.5)

These values of αem, GF and MZ ensure that the mass of the W-boson (MW = 80.419 GeV) and the

value of sin2
θW (sin2

θW = 0.222) remain closer to the experimental values. We have considered

massless quarks with five flavours (n f = 5) throughout our calculation. In our present study, we

have used MSTW2008(N)LO parton distribution function with errors estimated at 68% CL for the

(N)LO and it also sets the value of the strong coupling αs(MZ) at (N)LO in QCD. The factorisation

scale (µF ) and the renormalisation scale (µR) are set equal to a central scale, which is the invariant

mass of the three photon final states i.e., µF = µR = Mγγγ ≡
√
(Pγ1 +Pγ2 +Pγ3)

2.

For the fixed order (N)LO calculation, we have taken the following choices of cuts: rapidity

of each photon |ηγ | < 2.5, separation between any two photons in the (η −φ ) plane ∆Rγγ > 0.4,

where ∆Rγγ =
√
(∆η)2 +(∆φ)2. In addition, we have studied a variety of differential distributions
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Figure 3.3: Separation of the softer photons (γ2,γ3) in comparison with the hardest one (γ1) at LO
and NLO.

applying two types of cuts on the transverse momentum of each photon i.e., Pγ

T > 20 GeV and

Pγ

T > 30 GeV in the fixed order analysis. Unless stated otherwise, we consider Pγ

T > 30 GeV as the

generic choice of cut on photons transverse momenta. Parameters involved in the Frixione isolation

are set as: Rγ = 0.7, εγ = 1 and n = 2.

LHC LO [pb] NLO [pb] K-factor
Pγ

T > 20 GeV 2.257×10−2 5.336×10−2 2.36
Pγ

T > 30 GeV 7.050×10−3 1.519×10−2 2.16

Table 3.1: Total cross sections for the 3-photon production at the LHC. The results are shown for
two different cuts at LO, NLO, and the associated K-factor. Relative statistical errors of the Monte
Carlo are below 10−5.

3.3.1 Fixed order Analysis

In table 3.1, we have shown the results of total cross sections for fixed order LO and NLO using the

central choice of µF and µR for two different Pγ

T cuts. To begin with, we present some distributions

of few selective kinematical variables at fixed order LO and NLO. Photons are ordered according to
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Figure 3.4: Transverse momentum distribution of the hardest photon (Pγ1
T ) with Rγ variation for

a fixed value of n=1 and εγ =1 (left panel) and for another fixed value of n=1 and εγ =0.1 (right
panel).

their transverse momentum. The hardest photon with maximum transverse momentum is denoted

by γ1. Like wise, γ2 represents the second hardest photon and the softest photon is labelled as γ3.

In fig. 3.1, we have shown transverse momentum distribution of γ1 at LO and NLO in the left panel

and in the right panel, distribution of invariant mass of the three photon system has been plotted.

The lower insets show the bin-by-bin distribution of the K-factor for the corresponding observable.

We find that, for low transverse momentum, the K-factor is large as it is due to the fact that the

recoil against the extra parton helps to fulfil the transverse momentum cut, which was not possible

at LO. The left panel of the fig. 3.2 shows the distribution of the rapidity of the hardest photon,

whereas the rapidity of the three photon system is shown in the right panel. The distribution of

the K-factor is shown for the corresponding variables in the lower insets. Unlike fig. 3.1, the K-

factors in fig. 3.2 appear to be mostly steady indicating the affinity of these observables towards the

photons having fairly high transverse momenta.

All the above distributions show a substantial effect of radiative corrections on this process. This

is mainly because of the inclusion of new subprocesses at the NLO, as quark-gluon subprocesses

begin to contribute at this order and due to the enhancement in the phase space. In fig. 3.3, we
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Rγ n σNLO [pb]
εγ = 1 εγ = 0.5 εγ = 0.1

0.4
1 6.896×10−2 6.550×10−2 6.154×10−2

2 6.489×10−2 6.291×10−2 6.045×10−2

1
1 5.090×10−2 4.620×10−2 3.825×10−2

2 4.454×10−2 4.110×10−2 3.462×10−2

Table 3.2: Total cross sections for the 3-photon production at the LHC for various Frixione isolation
parameters. We have taken pγ

T > 20 GeV at NLO.
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Figure 3.5: Three photon transverse momentum distribution Pγγγ

T for the fixed order NLO and
NLO+PS.

have plotted the separation between the ordered photons in the (η−φ ) plane obeying the selection

cut: ∆Rγiγ j > 0.4, where i, j = 1,2,3. We have checked the rapidity differences between these

photons are quite small. Therefore, the peaks arising in these distributions near the angle π (180̊),

suggest that the emitted photons are mostly back-to-back. The hardest photon γ1 is separated form

the softest one i.e., γ3, by at least ∆Rγ1γ3 = 1.6 at LO, whereas at NLO they can be very close as

permitted by the selection cut due to the emission of an extra radiation at this level.

Besides, we have checked the effect of variation of Frixione isolation parameters i.e., Rγ , εγ and

n. Though Frixione isolation has no effect on the LO cross-section, the dependency of the NLO

cross-section on these isolation parameters is shown in table 3.2. From Eq. (3.4), it is evident that
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the NLO cross-section increases when Rγ decreases and it also increases with increasing εγ . In

fig. 3.4, we have shown the transverse momentum distribution of the hardest photon by varying the

value of Rγ (left panel) from 0.4 to 1 for a fixed value of n = 1 and εγ =1, where the K-factors

vary from 3.06 to 2.26. The right panel shows the same distribution for a fixed value of n = 1 and

εγ = 0.1 and in this case, K-factors vary from 2.72 to 1.69. It is evident from table 3.2, as well as

from fig. 3.4 that, for a fixed choice of n value, the NLO cross-section is large for Rγ = 0.4 and

εγ = 1, whereas it becomes much smaller for Rγ = 1 and εγ = 0.1 indicating the fact that smaller

Rγ increases the cross-section when εγ is larger [128]. It is also clear from table 3.2, that the effect

of varying εγ , keeping n and Rγ fixed, is quite minimal. Similar studies with changing the value

n = 2, provide same kind of distributions analogous to fig. 3.4.

3.3.2 Discussion on NLO+PS

In this section, we compare the fixed order NLO result with the NLO results matched with PS

(NLO+PS) with two different showering algorithm, namely HW6 and PY6. For the showering pur-

pose, parton level events are generated using very loose cuts: Pγ

T > 15 GeV, |ηγ |< 2.7, ∆Rγγ > 0.3

with the following Frixione isolation parameters: Rγ = 0.4, εγ = 1 and n = 2. We have explicitly

checked that the events thus produced, remain unbiased in total rates and differential distributions

after showering and hadronisation for this choice of kinematical cuts and Frixione isolation param-

eters. These events are then showered with HERWIG6 (HW6) and PYTHIA6 (PY6) and we have

imposed the same set of analysis cuts that we used in the fixed order analysis along with the generic

Pγ

T cut on the transverse momentum of the photon at the time of showering.

The scale dependencies of the results are calculated by varying µF and µR independently around

the central value µF = µR = Mγγγ via the following assignment: µF = ξF Mγγγ and µR = ξR Mγγγ ,

where ξF and ξR are varied between the range [1/2,2] independently. Various ratios of µF , µR and

Mγγγ that appear as arguments of logarithms in the perturbative expansion to NLO are within the

range [1/2,2]. The scale uncertainty band is the envelope of the results obtained by varying this ξF
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and ξR within this range [125]. The PDF uncertainties are estimated with the Hessian method, as

given by the MSTW [129] collaboration. We have plotted fractional uncertainty, which is defined as

the ratio of the variation about the central value divided by the central value, being a good indicator

of the uncertainties. These uncertainty bands can be generated automatically at the time of parton

level event generation by storing additional information, sufficient to determine via a reweighting

technique, at no extra CPU cost within the AMC@NLO framework as described in [130].

We have shown log10 Pγγγ

T distribution for HW6 and PY6 together the fixed order NLO result, in

fig. 3.5. It is clear that at low Pγγγ

T values, NLO+PS (for both HW6 and PY6) result shows the effect

of all order resummation of the large logarithms, hereby suppressing the cross-section leading to a

meaningful value, while the fixed order NLO result diverges for Pγγγ

T → 0. At low Pγγγ

T , PY6 result

is different from the HW6 result as the soft and collinear emissions constituting the parton shower

are treated differently. PYTHIA generates more softer spectra than HERWIG in this region and as

a result of this, these two showers show different behaviour as expected [131]. At high Pγγγ

T , the

NLO fixed order and NLO+PS (for both HW6 and PY6) results are in agreement as in this region,

the hard emissions are dominant and they are correctly described by the NLO hard cross-section. In

the middle and lower insets of fig. 3.5, we have presented the fractional scale and PDF uncertainties

of the NLO+PS result for HW6 and PY6 respectively which increase with increasing Pγγγ

T [131].

We do not find any significant differences in case of studying fractional uncertainties using these

two different showers. Therefore, in the rest of the figures, we present the fractional uncertainty

plots only for HW6.

We now present the results for various kinematical distributions to NLO accuracy, matched

with PS (labelled as NLO+PS), for both HW6 and PY6 with the specified analysis cuts. We have

adopted a consistent pattern for all the rest of the distributions. In each case, within the main frame,

three curves corresponding to the distributions in fixed order NLO (solid red) and NLO+PS using

HW6 (dashed blue) and NLO+PS using PY6 (dotted black) are shown. The middle inset shows

fractional scale uncertainty (dashed cyan) and fractional pdf uncertainty (solid violet), while the

lower inset shows the ratio between NLO+PS and NLO for HW6 (dashed blue) and for PY6 (solid
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Figure 3.6: Transverse momentum distribution Pγ1
T of the hardest photon (left panel) and invari-

ant mass distribution Mγγγ of the three photon system (right panel) for the fixed order NLO and
NLO+PS.

black). In the left panel of fig. 3.6, we have shown the plots for transverse momentum distribution

of the hardest photon and the right panel shows the distribution of the invariant mass distribution

of the three photons. We do not find much difference in the results of two showers HW6 and PY6.

In both distributions, NLO results are very little larger than the NLO+PS results and this is due to

the fact that the QCD radiation becomes softer when we demand all the photons to satisfy a high

Pγ

T cut (i.e. Pγ

T > 30 GeV) and damping of PDFs at large Bjorken x values further subdue its effect

at the parton level, whereas AMC@NLO produces more events with hard and central jets resulting

in the suppression of these distributions after showering. In fig 3.7, we have depicted the plot

showing rapidity distribution of the three photon system and as expected, we observe that the NLO

result is slightly harder than the NLO+PS result. However, the ratio in the lower inset shows that

PY6 generated events give larger contribution than HW6 in the large rapidity region indicating that

PY6 produces significantly large number of radiations than HW6 in the full kinematically available

phase space.
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Figure 3.7: Three photon rapidity distribution for the fixed order NLO and NLO+PS.

3.4 Conclusion

Precise and realistic predictions of both signal and background processes at hadron colliders are

now possible due to tremendous developments in the computational methods and the availabil-

ity of the state of the art computational tools. We have used packages, namely QGRAF, PJFry,

AMC@NLO to study the three photon production process at the NLO level in QCD for the LHC

taking into account the parton shower effects and realistic experimental cuts. In addition, we have

developed some codes that build the interfaces among these different analytical and numerical

tools. We have plotted different kinematic observables and discussed the consequences of show-

ering the fixed order NLO results with two different showering algorithm HERWIG and PYTHIA.

We have also discussed the effects of scanning over the Frixione isolation parameters on the NLO

cross-section. We find our predictions are less sensitive to scale uncertainties and choice of PDFs

and hence more suited for direct comparison with the data from the experiments.
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Chapter 4

DY, ZZ and WW production

4.1 Introduction

Wealth of data from the Large Hadron Collider (LHC) and the Tevatron involving large number

of leptons, gauge bosons and hadrons in the final state not only have provided ample opportunity

to test the predictions of the Standard Model (SM), but also constrained various physics scenarios

in the beyond standard model (BSM). In this chapter, we will study the large extra dimensional

models (ADD). With more accumulated data at the LHC, extra dimension searches at different

energies have yielded stringent bounds [132, 133] on the model parameters [11–13]. This has

also been facilitated by improved theoretical calculations to next-to-leading order (NLO) in QCD

that have been available for this model for various processes viz. di-lepton [134–136], di-boson

(γγ [123, 124], ZZ [137, 138], WW [139, 140] (W+W− is denoted as WW )). As we have discussed

in Sect. 1.2.1 the production rate and potentially certain kinematical distributions may get modified

as compared to the SM predictions due to the exchange of virtual Kaluza-Klein (KK) modes in

scattering processes. Moreover, it is essential that higher order QCD corrections are included as it

leads to reduction in scale uncertainties which in turn improves the theoretical predictions.

One important recent development has been the implementation of the di-photon production to

NLO including Parton Shower (PS) in the AMC@NLO environment for the ADD model [125]. This
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allows for the generation of fully exclusive events that are NLO accurate for observables inclusive

in QCD radiation. If required, these events can be directly passed through a detector simulation.

In this chapter, we discuss the implementation of the rest of the pair production processes (`+`−,

ZZ and WW ) that could contribute to the ADD model, to NLO+PS accuracy in the AMC@NLO

environment. For our present analysis, using the various bounds given by ATLAS and CMS, we

choose the following values of MS = 3.7 TeV (d=2), 3.8 TeV (d=3), 3.2 TeV (d=4), 2.9 TeV (d=5),

2.7 TeV (d=6). We briefly describe the framework for matching the NLO results with Parton

Shower Monte Carlo again in Sect. 4.2. A selection of the numerical results are presented in

Sect. 4.3 and finally we present our conclusions in Sect. 4.4.

4.2 NLO+PS

In order to provide a more realistic description of a process at the LHC, it is unavoidable to match

the NLO QCD results with Parton Shower Monte Carlo. We adopt the automated AMC@NLO

framework, discussed in Sect. 2.5.1 , again to calculate this.

The virtual contributions are implemented separately in this environment for each of these

processes, using the analytically calculated results for `+`− [134–136], ZZ [137, 138] and WW

[139, 140] production processes. We have also incorporated an algorithm that takes care of the

summation of the KK modes in the ADD model (Eq. 1.7); this has been made possible by appro-

priate changes in the spin-2 HELAS routine [125]. The exact numerical cancellations of double

and single poles coming from the real and virtual terms in all the subprocesses, for each of the

production processes have been checked.

For the Drell-Yan (DY) process, we have generated the events for the process PP→ e+e− X ,

which is phenomenologically same as PP→ µ+µ− X , except for the experimental identification of

the final state particles. The leading order (LO) partonic contribution comes from the q q̄→ e+e−

in both the SM and ADD model, whereas at LO g g→ e+e− contributes only to the ADD model.

Emission of real gluon and one loop correction due to the virtual gluon, together with the partonic
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subprocess q(q̄) g→ q(q̄) e+e−, give all the O(αs) contributions. The interference between the

SM and ADD diagrams also give O(αs) contribution at the NLO. For the di-boson final states, in

addition to similar partonic sub processes, there are contributions due to the interference between

the gg initiated box diagrams in SM and the gg initiated Born diagrams in the ADD which is of

O(αs). We have considered all the above contributions in each of these processes of interest for

our present analysis.

After generation of events following the above procedure, we let the Z and W± bosons to decay

to leptons at the time of showering. For the ZZ events, we let one Z boson to decay to e+e− and

the other one to µ+µ−, while for WW events we let the W+ decay to e+νe and the W− to µ−ν̄µ .

Alternatively, the W± and Z bosons can be decayed using MadSpin [141] at the time of event

generation itself, which retains nearly all spin correlations. We have not chosen to do this, because

the inclusion of the sum over the KK modes is non-trivial in this way.

4.3 Numerical Result

In this section, we present some of the kinematical distributions for the production of `+`−, ZZ,

WW , both in the SM and ADD to NLO+PS accuracy for the LHC center of mass energy
√

S = 8

TeV. Events are generated using the following input parameters: α
−1
EW = 132.507, GF = 1.16639×

10−5 GeV−2, mz = 91.188 GeV. Using these electro-weak parameters as inputs, the mass of W

boson mw = 80.419 GeV and sin2
θw = 0.222 are obtained. The (N)LO events are generated using

MSTW(n)lo2008cl68 parton distribution functions (PDF) for the (N)LO and the value of strong

coupling constant αs is solely determined by the corresponding MSTW PDF [129] at (N)LO. The

factorisation scale µF and the renormalisation scale µR are set equal to the invariant mass of the

corresponding di-final state. The number of active quark flavor is taken to be five and are treated as

massless. We use the following loose cuts at the time of event generation for the DY production:

(a) transverse momentum of the lepton P`
T > 15 GeV, (b) rapidity |η`| < 2.7, (c) the separation of

two particles in the rapidity-azimuthal angle plane ∆Re+e− > 0.3 (where ∆R =
√

(∆η)2 +(∆φ)2)
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and (d) the invariant mass Me+e− < 1.1×MS. For ZZ and WW event generation, we use no cut

at the generation level except on the invariant mass i.e., MZZ,MW+W− < 1.1×MS. For WW event

generation, the following CKM matrix elements are used: |Vud|= 0.97425, |Vus|= 0.2252, |Vub|=

4.15× 10−3, |Vcd| = 0.230, |Vcs| = 1.006, |Vcb| = 40.9× 10−3. All the CKM matrix elements

associated with the top quark are taken to be zero.
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Figure 4.1: Fixed order NLO results (dashed brown) along with the NLO+PS results (solid blue)
for the log10(PT ) distribution of the e+e− (left), ZZ (middle) and W+W− (right) pair.

For showering the DY events, HERWIG6 in MC@NLO formalism is used. Using the following

analysis cuts: Pl
T > 20 GeV (l = e+,e−), |η l| < 2.5, Me+e− < MS, ∆Rll > 0.4 for showering, the

hardest (with maximum PT ) e+ and e− are collected. In order to separate leptons from jets, ∆Rl j >

0.7 is used. For both ZZ and WW showering, we have identified those final state, stable lepton-

pair, whose mother is one of the Z boson (for ZZ showering) or the final state stable lepton-neutrino

pair whose mother is one of the W boson (for WW showering) and that is the reason we avoid the

cut which is commonly used to reconstruct the Z(W ) boson mass from the invariant mass of the

lepton-lepton (lepton-neutrino) pair. For decay products of Z/W , we use the same analysis cuts to

plot various differential distributions and they are the following: invariant mass MZZ/W+W− < MS,

Pl
T > 20 GeV (where, l = e+,e−,µ+,µ− for ZZ and l = e+,µ− for W+W−), |η l|< 2.5. In addition,

we have collected only those leptons whose separation from other leptons and jets are greater than

0.4 and 0.7 respectively in the rapidity-azimuthal angle plane.

Here, we describe few selected differential distributions for some of the kinematical observ-
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Figure 4.2: Invariant mass (Me+e−) distribution (left) and transverse momentum distribution (right)
of the e+e− pair for ADD (d = 2) and SM in Drell-Yan process. The right one is in Me+e− > 600
GeV region.

ables. To start with, we study the effect of parton shower over the fixed order NLO correction. Fixed

order NLO results (dashed brown) along with the NLO+PS results (solid blue) for the log10(PT )

distribution of the e+e− (left), ZZ (middle) and WW (right) pair are plotted in fig. 4.1, using their

specific analysis cuts detailed above for extra dimensions d = 2 and its corresponding MS value. In

all these plots, the fixed order cross section diverges for PT → 0, while the NLO+PS result shows a

converging behavior in the low PT region. The effect of parton shower ensures correct resummation

of the Sudakov logarithmic terms which appear in the collinear region leading to a suppression of

the cross section in the low PT region. There is no significant deviation in the high PT region as

expected.

In the subsequent plots, we have included fractional scale and PDF uncertainties corresponding

to the SM and ADD model distributions. By fractional uncertainty we mean the central value of

a particular distribution divided by its extremum value. The scale uncertainties are calculated by

considering independent variation of the renormalisation and the factorisation scales in the follow-

ing way: µR = ξRM and µF = ξFM. Here, M denotes the invariant mass of the di-final state i.e.,
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Figure 4.3: Rapidity distribution (left) of e+e− pair and the angular distribution (right) are given
for d = 2 in ADD and also for SM in Drell-Yan process for Me+e− > 600 GeV.

Me+e−,MZZ,MWW as required and ξR,ξF can take either of the following values (1,1/2,2) inde-

pendently. The scale uncertainty band is the envelope of the following (ξF ,ξR) combinations [125]

as described below: (1,1), (1/2,1/2), (1/2,1), (1,1/2), (1,2), (2,1), (2,2). Estimation of the PDF un-

certainty is done in the Hessian method as prescribed by the MSTW [129] collaboration. All these

uncertainties are determined automatically by following the re-weighting procedure [130] built in

AMC@NLO which stores sufficient information in the parton level Les Houches events for this

purpose.

In all the plots ADD represents the full contribution of the SM and ADD model contributions

including interference. We use a consistent graphical representation for the rest of the kinematic

distributions. In each case, the upper inset gives the distribution in SM (solid blue) as well as in

ADD model (dashed brown) to NLO+PS accuracy. For the same distribution, the middle (ADD)

and lower (SM) insets provide fractional scale (solid brown) and PDF (dashed black) uncertainties.

Various kinematical observable in the DY process are given in fig. 4.2, 4.3, 4.4 and 4.5. In

fig. 4.2, we have shown the invariant mass distribution (left) and transverse momentum distribution
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Figure 4.4: Transverse momentum (left) and rapidity (right) distribution of final state positron in
ADD (d = 3) and SM for Drell-Yan process for Me+e− > 600 GeV.
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Figure 4.5: Transverse momentum (left) and rapidity (right) distribution of final state electron in
ADD (d = 4) and SM for Drell-Yan process for Me+e− > 600 GeV.
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(right) of the e+e− pair for d = 2 with its associated MS value. The effect of large extra dimension

is dominant in the high invariant mass region and hence we focus in the region Me+e− > 600 GeV

to study the other distribution viz. PT , rapidity, angular distribution of the e+e− pair and also look

at some of the distributions of the individual leptons. In fig. 4.2, note that there is an increase in the

scale and PDF uncertainties with increase in PT as is well known, see for example [131]. In fig. 4.3,

the rapidity distribution of e+e− pair (left) and the angular distribution (right) are given for d = 2.

For the rapidity distribution the deviation from the SM is only prominent in the central region. The

angle made by the lepton pair in its center of mass frame with respect to one of the incoming hadron

is denoted by θ ∗. The angular distribution is a good discriminator for the full range to distinguish

the ADD from the SM. fig. 4.4 describes the behavior of PT (left) and rapidity (right) distribution

of final state positron for d = 3 extra dimensions. Similarly, in fig. 4.5, transverse momentum

distribution (left) is presented along with the rapidity distribution (right) of the final state electron

for d = 4. The difference in the SM rapidity distribution for e− (fig. 4.4) compared to e+ (fig. 4.5),

can be attributed to the fact that Z boson couples differently to left and right handed fermions and

the high invariant mass cut used to zoom into the region of interest for the ADD model, enhances

this effect.

The plots associated with the decay products of ZZ process are presented in fig. 4.6, 4.7, 4.8.

For d = 2 we see deviations from the SM in the high invariant mass region in the case of four-lepton

invariant mass (M4l) distribution as shown in fig. 4.6. Except for the invariant mass distribution, all

other kinematical observable are studied above the region where the four lepton invariant mass is

greater than 600 GeV, which is the ADD dominant region. In fig. 4.7, we have shown transverse

momentum (left) and rapidity (right) distribution of the e+e− pair for d = 3. Similarly, the trans-

verse momentum (left) and rapidity (right) distribution for the µ+µ− pair are presented in fig. 4.8

for d = 4. The ADD distributions are fairly distinguishable for d = 4 compared to d = 3, as bounds

on MS value for larger number of extra dimension is a bit lower.

For the WW production process, the relevant plots are presented in fig. 4.9 and fig. 4.10, wherein

the decays of W± bosons to leptons and neutrinos are included at the stage of showering. For
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Figure 4.6: Four-lepton invariant mass (M4l) distribution for ADD (d = 2) and SM for decay prod-
ucts coming from the ZZ process.
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Figure 4.7: Transverse momentum (left) and rapidity (right) distribution of the e+e− pair coming
from ZZ decay for ADD (d = 3) and SM, when M4l > 600 GeV.
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Figure 4.8: Transverse momentum (left) and rapidity (right) distribution of the µ+µ− pair coming
from ZZ decay for ADD (d = 4) and SM, when M4l > 600 GeV.
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Figure 4.9: Invariant mass (Me+µ−��ET
) distribution (left) of all the final state decay products of WW

and the total missing transverse energy distribution (right) for d = 5 and SM. The right one is
restricted within 2000 < Me+µ−��ET

< MS GeV.
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Figure 4.10: Transverse momentum distribution (left) and rapidity distribution (right) of the final
state positron which comes from W+ decay for WW production process in both ADD (d = 6) and
SM when, 2000 < Me+µ−��ET

< MS GeV.

the choice of MS values associated with specific number of extra dimensions, we do not find any

significant deviation from the SM. In the very high invariant mass region of the four-body final

state for d = 5,6 there is some deviation form the SM. In fig. 4.9, we have given the invariant mass

(Me+µ−��ET
) distribution (left) of the final state decay products of W± and the total missing transverse

energy distribution (right) which comes from the final state neutrinos for d = 5. For completeness

in fig. 4.10, we also provide the transverse momentum distribution of the final state positron (left)

along with its rapidity distribution (right) for d = 6. Only mild difference between the SM and

ADD in the high invariant mass region is observed. We zoom into this very high invariant mass

region to look for deviations from the SM for these exclusive observable. We have studied dσ/d��ET ,

dσ/dPe+
T and dσ/dηe+ in the region when the invariant mass lies between 2 TeV and MS.

Using the dilepton process, we present the search sensitivity for the extra dimensions d =

2− 6, for 14 TeV LHC. The total cross section σ is calculated using the invariant mass distri-

bution of the di-lepton pair for signal plus background and the background only. For a particu-

lar choice of extra dimension d, we find the minimum luminosity by varying the scale MS at 3-
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d 2 3 4 5 6
M(3σ)

S (TeV) 12.3 13.7 13.5 11.3 10.5
M(5σ)

S (TeV) 10.8 11.3 11.1 11.2 10.1

Table 4.1: Lower bounds on MS for various extra dimensions d at the 14 TeV LHC with integrated
luminosity of 10 fb−1 at 3-sigma and 5-sigma signal significance.

sigma (3σ) and 5-sigma (5σ) signal significance. We define the required minimum luminosity as

L = max{L3σ(5σ),L3NS(5NS)}, where L3σ(5σ) is the integrated luminosity at 3-sigma (5-sigma) sig-

nal significance and L3NS(5NS) describes the integrated luminosity to get at least 3(5) signal events.

Now we can get the corresponding MS value for 10 fb−1 luminosity by inversion which is tabulated

in table 4.1. Of course, a full analysis including the effects of detector simulation, non-reducible

backgrounds etc. can be better performed by the experimental collaborations.

4.4 Conclusion

We have made available, the `+`−, ZZ, W+W− production results to NLO+PS accuracy for the

large extra dimension model which is implemented in the AMC@NLO framework. All the subpro-

cesses that contribute to NLO in QCD have been included for each of these processes. A selection

of results for 8 TeV LHC has been presented for various distributions in an attempt to identify

region of interest for extra dimension searches. Scale and PDF uncertainties for each of these

distributions have also been studied. In addition, we have presented the search sensitivity for the

extra dimensions d = 2− 6, for 14 TeV LHC at 10 fb−1. With the earlier implementation of the

di-photon final state to the same accuracy [125], this work completes the rest of the di-final state

process (but for di-jet) in large extra dimension searches. In the ADD model, these codes can be

used to generate events of the di-final states discussed in this chapter to NLO+PS accuracy and are

available on the website http://amcatnlo.cern.ch.
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Chapter 5

VH production

5.1 Introduction

The Higgs-Strahlung process is one of the potential channels for the Higgs boson production at the

LHC. Precise theory predictions for this process are useful in measuring the Higgs-gauge boson

couplings accurately. At LO, it is an electroweak process and hence the higher order QCD cor-

rections enter only in the initial state comprising of a quark and an antiquark. This fact prompted

this process to be represented in terms of the convolution of the production of a virtual vector bo-

son (W/Z) (DY like) with its decay to a real vector boson and the Higgs boson, at every order in

QCD. Therefore, the available higher order QCD corrections to DY process can be used to study

the QCD effects in Higgs-Strahlung process. The QCD corrections to DY at next-to leading order

(NLO) [81] as well as at NNLO [65, 84] are known for a long time and they have already been

used for the Higgs-Strahlung process [70, 71, 142–148]. At NNLO, for the associated production

of the Higgs boson with Z boson, there are additional corrections coming from the gluon fusion

subprocess via box diagrams and also from the quark antiquark initiated subprocesses where the

Higgs boson is coupled to top quark loops. These corrections have been obtained in [71,145,146].

In [149], the threshold logarithms have been resummed to NNNLL accuracy matched to NNLO

fixed order results, while the transverse momentum logarithms are resummed to NLL accuracy
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matched to NLO results. In the gluon fusion channel, the associated Higgs boson production cross

sections have also been reported at NLO [150] and the threshold resummation has been achieved at

NLL accuracy [151]. However, the final state not being charge neutral, there are no such additional

corrections for the associated production of the Higgs with the W -boson.

The vh@nnlo [152] program includes all these contributions for the associated productions of

ZH and WH separately up to NNLO. The electroweak (EW) corrections reported in [153, 154]

have also been incorporated in this program as a multiplicative factor based on the fact that the EW

corrections for these processes do not depend on any of the QCD parameters. For LHC8, the NLO

corrections have been found to enhance the total inclusive rate by 31% whereas the NNLO DY like

corrections contribute towards an additional 3% correction for the ZH production. The numerical

values for the WH production are also very similar to the DY like corrections up to NNLO. The

top loop effects can be counted for about 1% correction for both the processes. The additional

gluon fusion subprocesses generate 5% correction in the case of ZH associated production. These

numerical values show that the corrections at NNLO are small in size. Besides, these NNLO

corrections are found to reduce the scale dependence significantly. However, the inclusion of higher

order terms is important to assess the reliability of the perturbative calculations as well as to have a

better understanding of the pattern of these corrections at higher orders.

The chapter is organized as follows. In the Sect. 5.2 we present the results contributing at N3LO

in the threshold limit. We then discuss the numerical impact of these corrections at the LHC in

Sect. 5.3. Finally, we conclude with our findings in Sect. 6.3.

5.2 Threshold Corrections Beyond NNLO

The inclusive production of Higgs boson in association with vector boson comes from factorizable

and non factorizable partonic subprocesses. The factorizable ones can be written as convolution

of the production of virtual vector boson with its decay to Higgs and a real vector boson. They

are often called DY like. The hadronic cross section for this DY like process P(p1)+P(p2)→
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V (pV )+H (pH) can be expressed as

σ
(
S,M2

V ,M
2
H
)
=
∫ S

(MH+MV )2
dq2

σ
V ∗ (q2,S

) dΓ
(
M2

V ,M
2
H ,q

2)
dq2 (5.1)

where p1 and p2 are the incoming hadronic momenta and S = (p1 + p2)
2 is the hadronic center of

mass energy squared. The corresponding one for the incoming partons is given as ŝ = (k1 + k2)
2

and the momentum of the virtual gauge boson V ∗ is q = (pV + pH). The parton level cross section

for the production of virtual vector boson V ∗ is denoted by σV ∗ and dΓ

dq2 represents its decay rate to

a real vector boson and the Higgs boson as given by:

dΓ
(
M2

V ,M
2
H ,q

2)
dq2 =

GFM4
V

2
√

2π2

λ 1/2(M2
V ,M

2
H ;q2)

(q2−M2
V )

2

(
1+

λ (M2
V ,M

2
H ;q2)

12M2
V/q2

)
(5.2)

where λ (x,y;z) =
(
1− x

z −
y
z

)2−4 xy
z2 is the usual phase-space function for the two body final state.

Now the DY like production cross-section can further be written as:

σ
V ∗(q2,S) =

1
S ∑

a,b

∫ 1

0
dx1

∫ 1

0
dx2

∫ 1

τ

dz fa
(
x1,µ

2
F
)

fb
(
x2,µ

2
F
)

∆
V ∗
ab
(
z,q2,µ2

F
)

δ (τ− x1x2z) (5.3)

Here fa and fb are the parton distribution functions renormalized at the scale µF . We have defined

∆ab ≡ ŝσ̂ with τ = q2/S and z = q2/ŝ. This finite ∆ab can be expanded in terms of the strong

coupling constant as follows:

∆ab
(
z,q2,µ2

F
)
=

∞

∑
i=0

(
as
(
µ

2
R
))i

∆
(i)
ab

(
z,q2,µ2

F ,µ
2
R
)
, (5.4)

where as
(
µ2

R
)
=

gs(µ2
R)

2

16π2 .

Beyond LO (i.e. i = 0) the perturbative coefficients ∆
(i)
ab can be split into two parts.

∆
(i)
ab(z,q

2,µ2
F ,µ

2
R) = ∆

hard,(i)
ab (z,q2,µ2

F ,µ
2
R)+δaqδbq∆

SV,(i)
qq (z,q2,µ2

F ,µ
2
R) (5.5)
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The hard part ∆
hard,(i)
ab contains the regular terms in the variable z and the part ∆SV,(i) is simply

proportional to δ (1− z) and Dk terms resulting from the soft plus virtual (SV) corrections i.e.

∆
SV,(i)
ab (z) = ∆

SV,(i),δ
ab δ (1− z)+

∞

∑
k=0

∆
SV,(i),(k)
ab Dk (5.6)

with

Dk =

(
lnk(1− z)
(1− z)

)
+

(5.7)

As we have already discussed, the hard and soft parts of ∆
(i)
ab are known up to NNLO level in QCD.

At N3LO level, only ∆
SV,(3)
qq is known, see [103–105]. The computation of SV part of ∆

(3)
qq in [103]

uses the factorization property of the QCD amplitudes and the Sudakov resummation of soft gluons.

At N3LO level in QCD, SV part requires quark form factor as well as the diagonal terms of the

mass factorization kernels up to three loop level and the contributions of soft gluon radiations in the

single, double and triple gluon emission subprocesses to third order in the strong coupling constant.

While the form factor and the kernels are available to desired accuracy for quite some time, the third

order soft gluon effects from real emission subprocesses have been missing to get N3LO results till

recently. A spectacular achievement by Anastasiou et al. [102] in obtaining the contributions of

the third order soft gluon radiations for the inclusive Higgs production process and for the better

understanding of the soft gluon resummation paved the way to obtain several third order results

as has been discussed earlier in the Sect. 5.1. Along this direction, the results of [103–105] can

be used for the Higgs-Strahlung processes to get an estimate of the threshold N3LO corrections

as is the case for the pure DY process where these corrections are found to be significant. Up to

NNLO, DY like corrections can be found in [65,84]. At N3LO, the analytic result for the threshold

corrections is identical to that of DY process. At this order, the threshold contributions from plus

distributions Di can be found in [93–97] while for δ (1−z) term, see [103–105]. For completeness,
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we give the full result for the scale choice of µR = µF = Q as follows:
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where ζi are the Riemann zeta functions, CF = (N2−1)/2N and CA =N are the casimirs for SU(N)

gauge theory, n f is the number of active quark flavours and n f ,v is the effective number of flavours

resulting from some special class of diagrams at three loop level [89].

5.3 Numerical Results

ECM LO NLOSV NLO NNLOSV NNLO N3LOSV
7 0.2415 0.2987 0.3183 0.3203 0.3257 0.3254
8 0.2977 0.3667 0.3901 0.3932 0.3993 0.3991

13 0.6120 0.7363 0.7788 0.7900 0.7975 0.7970
14 0.6801 0.8150 0.8604 0.8730 0.8808 0.8807

Table 5.1: DY like contributions (in pb) to ZH production cross sections at the LHC for different
center of mass energies (TeV) with MSTW2008 PDFs. The factorization and renormalization
scales are set to µF = µR = Q.

In what follows we present the numerical results for associated production of the Higgs boson

with vector boson at the LHC for the proton-proton center of mass energies of 7,8,13 and 14 TeV.

The hadronic cross sections are obtained by folding the respective LO, NLO and NNLO partonic
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cross sections with the parton distribution functions (PDFs) measured at the same order in the

perturbation theory and by using the corresponding strong coupling constant αs(µR). For N3LO

threshold corrections, however, we use NNLO PDFs and the αs(µR) obtained from the 4− loop

β function. Unless mentioned otherwise, we use MSTW2008 PDFs for our results. Except for the

scale uncertainties, both the renormalization and the factorization scales are set to µR = µF = Q,

where Q2 = (pV + pH)
2 is the invariant mass of the vector boson and the Higgs boson.

For the numerical implementation of the N3LO threshold corrections, we have included the

additional subroutines for the contributions coming from the δ (1− z) term and the logarithmic

contributions Dk, in the code vh@nnlo in a similar fashion as at the 2-loop level. This easily

enables one to compute the N3LO threshold corrections using the PDFs supplied by LHAPDF and

the strong coupling constant as in the code vh@nnlo.

First, we present the DY like contributions to the ZH associated production up to N3LO in

QCD for different LHC energies in table 5.1. Here NLOSV = LO+as∆
SV,(1)
qq , NNLOSV = NLO +

a2
s ∆

SV,(2)
qq and N3LOSV = NNLO + a3

s ∆
SV,(3)
qq . The first and second order SV corrections are found
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Figure 5.1: Scale uncertainties of DY like contributions to ZH production cross sections for LHC13
by varying the factorization and renormalization scales in the range 0.1 < µ/Q < 10.0, where
µ = µF = µR.
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Figure 5.2: Scale uncertainties of DY like contributions to ZH production cross sections for
LHC13. In the left panel, we show the renormalization scale uncertainty for 0.1 < µR/Q < 10.0
keeping µF = Q fixed. In the right panel, we show the factorization scale uncertainty for the similar
range variation as µR.

to be positive and enhance the cross sections while the third order ones are found to be negative for

all different energies. We also observe here that at 3-loop level the δ (1− z) term can contribute as

much as the Dk terms in magnitude.

For LHC14 we observe that the SV contributions make up to 75% of the exact QCD correction

at NLO level while they are about 60% at NNLO level, showing the significant contribution of the

large logarithms that arise in the threshold limit. At NNLO, for DY type processes, there will be

many more subprocesses exhausting almost all possible combinations of the initial state partons,

that will contribute to the beyond threshold corrections. Such is not the case at NLO. Hence, naively

one would expect that the contributions of the beyond threshold corrections to the total cross section

will increase from NLO to NNLO. At N3LO level, as the full result including the beyond threshold

corrections is yet to be available, it is not possible to make such a quantitative estimation of the SV

contributions and also it is not clear if a similar behavior will continue. However, they constitute an

important component of the full N3LO result and hence we investigate their numerical impact. In

addition, the trend of their contributions at previous orders indicates that they can be numerically
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ECM LO NLO NNLO N3LOSV
7 0.2292 0.3021 0.3230 0.3227
8 0.2826 0.3702 0.3984 0.3982

13 0.5797 0.7377 0.8146 0.8141
14 0.6440 0.8148 0.9037 0.9035

Table 5.2: Total cross sections (in pb) for ZH production at the LHC for different center of mass
energies (in TeV).

PDFs LO NLO NNLO N3LOSV
MSTW2008 0.5797 0.7377 0.8146 0.8141
ABM11 – 0.7716 0.8308 0.8305
NNPDF 0.6199 0.7234 0.7997 0.7994
CT10 0.6307 0.7312 0.8132 0.8128

Table 5.3: Total cross sections (in pb) for ZH production at LHC13 for different PDFs.

non-negligible and can compete with the beyond threshold effects. We also notice, from the results

in table 5.1, that the QCD corrections in general increase with the decrease in the proton-proton

collision energy.

Next, we study the scale uncertainties by varying the arbitrary factorization and renormalization

scales. In fig.5.1, we show the scale dependence of the DY like cross sections up to N3LOSV by

varying the scales in the range 0.1 < µ/Q < 10.0, where µ = µR = µF . The scale uncertainties are

found to decrease with the order in the perturbation theory. Here, at N3LO only the soft plus virtual

corrections are available. However, with the availability of the respective hard functions and the

PDFs, the scale uncertainty is expected to improve further.

ECM LO NLO NNLO N3LOSV
7 0.4254 0.5590 0.5785 0.5779
8 0.5208 0.6809 0.7043 0.7038

13 1.0474 1.3306 1.3803 1.3800
14 1.1607 1.4671 1.5220 1.5218

Table 5.4: Total cross sections (in pb) for WH production at the LHC for different center of mass
energies (in TeV).
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In the right panel of fig.5.2, we show only the factorization scale dependence of the DY like

cross sections by varying µF in the range 0.1< µF/Q< 10.0 and keeping µR =Q fixed. The obser-

vations are similar to those found in fig.5.1. In the left panel of fig.5.2, we show the renormalization

scale dependence by varying it in the range 0.1 < µR/Q < 10.0 and keeping µF = Q fixed. Here

the N3LO threshold results are found to be more stable than the lower order ones as expected.

Apart from the DY like contributions, there will also be other subprocess contributions such as

gg→ ZH via quark loops (σgg), qq̄→ ZH via top-loops (σ top) at NNLO level. Moreover, the

O(α) electroweak corrections to the DY like processes are already available. These electroweak

corrections are assumed to be factorizable from the QCD corrections and hence they are included

as a multiplicative factor at each order in the QCD perturbation theory. For consistency, we include

in our analysis all these contributions as in [71, 145, 152, 154] and the corresponding third order

result is given by

σ
tot
N3LO = σ

DY
N3LO (1+δEW )+σ

gg+σ
top (5.9)

Here, the δEW is given at percent level and is the same as defined in the vh@nnlo package. In

table 5.2, we present the total cross sections up to N3LO in QCD for different center of mass ener-

gies. For LHC7 and LHC8, the gluon initiated subprocess contributions are about 5% of DY like

at NNLO while the EW corrections are of the same size but with opposite sign. Consequently, the

total NNLO cross sections here are almost the same as those of pure DY contributions. However,

for LHC13 and LHC14, the gluon initiates subprocess contributions rises to about 9% making the

total cross sections larger than those of the DY like processes. In all these cases, the third order

QCD corrections are about 0.1% but negative. In table 5.3, we present the total cross sections up

to N3LO for LHC13 for different parton distribution functions, namely, ABM11, CT10, NNPDFs

and MSTW2008 PDFs.

Finally, we give the total cross sections as defined above for the associated production of W -

boson and Higgs in table 5.4. The WH production cross sections are found to be higher than those of
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ZH process. As mentioned previously, there will be no gluon fusion contribution for this process at

NNLO owing to the electric charge conservation. However, there will be top-loop contributions at

NNLO from quark initiated subprocesses. The threshold N3LO corrections are found to be negative

similar to the case of ZH production. For both ZH and WH productions, however, the impact of

QCD corrections are found to be similar at each order in the perturbation theory. Moreover, the

electroweak corrections here are found to decrease the cross sections by about 6.7% in contrast to

the ZH case where they decrease the cross sections by about 5%.

5.4 Conclusion

In this work we have computed the N3LO QCD threshold corrections to the associated production

of the Higgs with vector boson using the third order threshold corrections for inclusive DY process,

which became available very recently. With both the threshold logarithms Dk and the δ (1−z) term,

these results are expected to augment the previously available exact NNLO results for this process.

For the numerical computation, we have incorporated these corrections in the code vh@nnlo to ob-

tain the state of the art results. We gave predictions for ZH as well as WH processes and found that

the effects of higher order QCD corrections are similar in both the cases. We have also estimated

the theory uncertainties from the factorization and renormalization scales and also from the choice

of the parton distribution functions. While the hard part at the N3LO level is yet to be computed, we

believe that these results, providing the first predictions in this direction towards the computation

of the full N3LO for Higgs-Strahlung processes, will be useful for the phenomenological studies

related to Higgs Physics at the LHC.
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Chapter 6

Rapidity distribution of the Higgs boson

production

6.1 Introduction

Within the framework of SM, the production mechanism of the Higgs boson is dominated by gluon

fusion, whereas one of the alternative channels, namely, bottom quark annihilation is severely sup-

pressed by the small Yukawa coupling of bottom quark to the Higgs boson. However, in extensions

of the SM with an enlarged spectrum of Higgs sector, as in the case of two-Higgs doublet model,

the Yukawa coupling of bottom quark to some of the Higgs bosons can be enhanced significantly,

such that the production channel of bottom quark annihilation could be the dominant one. More-

over, the contribution from gluon fusion channel decreases due to enhanced negative top-bottom

interference diagrams. Furthermore, the bottom quark initiated processes at hadron colliders are

of much theoretical interest on account of the freedom in treating the initial state bottom-quarks.

In the four flavor scheme (4FS), alternatively known as the fixed flavor number scheme (FFS), the

mass of the bottom quarks is considered to be non-zero throughout and they are excluded from the

proton constituents, whereas, in the framework of five flavor scheme (5FS), also known as the vari-

able flavor number scheme (VFS), the bottom quarks are considered as massless partons, except in
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the Yukawa coupling, with their own parton distribution functions (PDF).

For the Higgs boson production through bb̄ annihilation, the recent results of the Higgs form

factor with bottom-antibottom by Gehrmann and Kara [155] and the universal soft distribution

obtained for the Drell-Yan production [103] enabled us to obtain the missing δ (1− z) contribution

(see [96, 97, 156] for the partial results to this order) to the production cross-section at threshold at

N3LO [157].

The chapter is organized as follows. In Sect. 6.2.1, we perform an explicit calculation of thresh-

old correction to the rapidity distribution of the Higgs boson in bb̄ annihilation at NLO, using the

factorization properties of QCD amplitude, Sudakov resummation of soft gluons and renormal-

ization group invariance. This helps us to build an elegant framework to calculate the rapidity

distribution at threshold, of a colorless state produced at hadron colliders, to all orders in QCD

perturbation theory. In Sect. 6.2.2, we use that general framework to achieve the goal of computing

the complete analytic expression for the threshold corrections beyond NLO and provide the result

up to N3LO. Sect. 6.2.3 contains the discussion on the numerical impacts of our results. Finally,

we conclude with our findings in Sect. 6.3.

6.2 Differential Distribution with Respect to Rapidity

The interaction of bottom quarks and the Higgs boson is encapsulated in the following action

Sb
I =−

λ√
2

∫
d4xφ(x)ψb(x)ψb(x) (6.1)

where, ψb(x) and φ(x) denote the bottom quark and scalar field, respectively. The Yukawa coupling

λ is given by
√

2mb/v, with the bottom quark mass mb and the vacuum expectation value v≈ 246

GeV. Throughout our calculation, we consider five active flavours (VFS scheme), hence except in

the Yukawa coupling, mb is taken to be zero like other light quarks in the theory.

We study infrared safe differential distribution, namely rapidity distribution of the Higgs bo-
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son at hadron colliders, in particular those produced through bottom anti-bottom annihilation. Our

findings are very well suited for similar observables where the rapidity distribution is for any col-

orless state produced at hadron colliders. We will set up a framework that can provide threshold

corrections to rapidity distribution of the Higgs boson to all orders in perturbation theory. It is then

straightforward to obtain fixed order perturbative results in the threshold limit.

The general frame work that we set up for the computation of threshold corrections beyond

leading order in the perturbation theory for such observables is based on the factorization property

of the QCD amplitudes. Sudakov resummation of soft gluons, renormalization group equations and

most importantly the infrared safety of the observable play important role in achieving this task.

QCD amplitudes that contribute to hard scattering cross sections exhibit rich infra-red structure

through cusp and collinear anomalous dimensions due to the factorization property of soft and

collinear configurations. Massless gluons and light quarks are responsible for soft and collinear

singularities in these amplitudes and also in partonic subprocesses. Singularities resulting from soft

gluons cancel between virtual and real emission diagrams in infrared safe observables. While the

final state collinear singularities cancel among themselves if the summation over degenerate states

are appropriately carried out in such observables, the initial state collinear singular configurations

remain until they are absorbed into bare parton distribution functions. In the upcoming section,

we present one loop computation for the rapidity distribution in order to demonstrate how the

various soft singularities cancel and also to give a pedagogical derivation of how the most general

resummed threshold correction to the rapidity distribution can be obtained.

6.2.1 Threshold Correction at NLO

The process under consideration is the production of the Higgs boson through bottom quark anni-

hilation in hadron colliders. The leading order process is

b(k1)+ b̄(k2)→ H(q) (6.2)
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where, ki’s are the momenta of the incoming bottom and anti-bottom quarks involved in partonic

reaction and q is the momentum of the Higgs boson. The hadronic center of mass energy squared

is defined by S ≡ (p1 + p2)
2, where pi’s are the hadronic momenta and the corresponding one for

the incoming partons is given as ŝ = (k1 + k2)
2. The fraction of the initial state hadron momentum

carried by the parton is denoted by xi i.e. ki = xi pi. The rapidity of the Higgs boson is defined

through

y =
1
2

ln
(

p2 ·q
p1 ·q

)
. (6.3)

The differential distribution with respect to rapidity of the Higgs boson can be expressed as

d
dy

σ
b(τ,q2,y) = σ

b,(0)(τ,q2,µ2
R)W

b(τ,y,q2,µ2
R) , σ

b,(0) =
π

4SN
λ

2(µ2
R) (6.4)

with τ ≡ q2/S, q2 = m2
H , mH-the mass of the Higgs boson. λ (µ2

R) is the Yukawa coupling defined

at the renormalization scale µR, N = 3 is the number of QCD colors and σb,(0) is the leading order

cross-section. Defining z≡ q2/ŝ, we find

W b(τ,y,q2,µ2
R) =

(
Zb(µ2

R)
)2

σb,(0) ∑
a,c=b,b,g

∫ 1

0
dx1

∫ 1

0
dx2 Ĥac(x1,x2)

∫ 1

0
dz δ (τ− zx1x2)

×
∫

dPS1+X |Mac→H+X |2 δ

(
y− 1

2
ln
(

p2 ·q
p1 ·q

))
. (6.5)

In this expression, X is the remnants other than the Higgs boson, Zb(µ2
R) is the ultraviolet (UV)

renormalization constant for the Yukawa coupling λ and dPS1+X is the phase space element for

the H +X system. Mac→H+X denotes the scattering amplitude at partonic level. The function

Ĥac(x1,x2) is the product of unrenormalized parton distribution functions (PDF) f̂a(x1) and f̂c(x2),

Ĥac(x1,x2)≡ f̂a(x1) f̂c(x2) . (6.6)
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The PDF fa(x1,µ
2
F), renormalized at the factorization scale µF , is related to the unrenormalized

ones through Altarelli-Parisi (AP) kernel Γad as follows:

fa(xi,µ
2
F) = ∑

d=b,b,g

∫ 1

xi

dz
z

Γad(âs,µ
2,µ2

F ,z,ε) f̂d

(
xi

z

)
, a = b,b,g (6.7)

where, the scale µ is introduced to keep the strong coupling constant ĝs dimensionless in space-

time dimensions n = 4+ ε , regulating the theory and âs ≡ ĝ2
s/16π2. Expanding the AP kernel in

powers of âs, we get

Γad(âs,µ
2,µ2

F ,z,ε) = δadδ (1− z)+ âsSε

(
µ2

F
µ2

) ε

2 1
ε

P(0)
ad (z)+O(â2

s ) (6.8)

where, P(0)
ad (z) is the leading order AP splitting function. Sε = exp

(
(γE− ln4π) ε

2

)
where γE is the

Euler-Mascheroni constant. Using Γad , W b can be written in terms of renormalized H , given by

Hac(x1,x2,µ
2
F) ≡ fa(x1,µ

2
F) fc(x2,µ

2
F)

=
∫ 1

x1

dy1

y1

∫ 1

x2

dy2

y2
Γaa′(âs,µ

2,µ2
F ,y1,ε)Ĥa′c′

(
x1

y1
,
x2

y2

)
Γcc′(âs,µ

2,µ2
F ,y2,ε) .

(6.9)

The LO contribution arises from the Born process b+b→ H and the NLO ones are from one loop

virtual contributions to born process and from the real emission processes, namely b+b→ H +g,

b(b) + g→ H + b(b). For LO and virtual contributions, dPS1+X = dPS1 and for real emission

processes we have two body phase space element dPS1+X = dPS2. In order to define the threshold

limit at the partonic level and to express the hadronic cross-section in terms of the partonic one

through convolution integrals, we choose to work with the symmetric scaling variables x0
1 and x0

2

instead of y and τ which are related through

y =
1
2

ln
(

x0
1

x0
2

)
, τ = x0

1x0
2 . (6.10)

87



In terms of these new variables, the partonic subprocess contributions can be shown to depend on

the ratios z j =
x0

j
x j

which take the role of scaling variables at the partonic level. The dimensionless

partonic differential cross-section denoted by ∆̂b
d,ac through

1
x1x2

∆̂
b
d,ac

(
x0

1
x1
,
x0

2
x2
, âs,µ

2,q2,µ2
R

)
=

(Zb(µ2
R))

2

σb,(0)

∫
dPS1+X

∫
dz |Mac→H+X |2

×δ (τ− zx1x2)δ

(
y− 1

2
ln
(

p2 ·q
p1 ·q

))
(6.11)

is UV finite. Here subscript d stands for differential distribution. The collinear singularities that

arise due to the initial state light partons are removed through the AP kernels resulting in the

following finite ∆b
d,ac

∆
b
d,ac(z1,z2,as(µ

2
R),q

2,µ2
F ,µ

2
R) =

∫ 1

z1

dy1

y1

∫ 1

z2

dy2

y2
Γ
−1
aa′(âs,µ

2,µ2
F ,y1,ε)

×∆̂
b
d,a′c′

(
z1

y1
,

z2

y2
, âs,µ

2,q2,µ2
R,ε

)
Γ
−1
cc′ (âs,µ

2,µ2
F ,y2,ε) .

(6.12)

Therefore, expressing W b in terms of renormalized Hac and finite ∆b
d,ac, we get

W b(x0
1,x

0
2,q

2,µ2
R) = ∑

ac=b,b,g

∫ 1

x0
1

dz1

z1

∫ 1

x0
2

dz2

z2
Hac

(x0
1

z1
,
x0

2
z2
,µ2

F

)

×∆
b
d,ac(z1,z2,as(µ

2
R),q

2,µ2
F ,µ

2
R) . (6.13)

Since, W b involves convolutions of various functions, it becomes normal multiplication in the

Mellin space of the Mellin moments of renormalized PDFs, AP kernels and bare differential par-

tonic cross-section. The double Mellin moment of W b(x0
1,x

0
2) is defined by

W̃ b(N1,N2) ≡
∫

dx0
1

(
x0

1

)N1−1 ∫
dx0

2

(
x0

2

)N2−1
W b(x0

1,x
0
2)
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= H̃ac(N1,N2)∆̃
b
d,ac(N1,N2) (6.14)

where

∆̃
b
d,ac(N1,N2) = Γ̃

−1
ae (N1) Γ̃

−1
c f (N2)

˜̂
∆

b

d,e f (N1,N2) . (6.15)

The threshold limit is defined by Ni → ∞, which in z j variables corresponds to z j → 1. In this

limit, only diagonal terms in the AP kernel Γ̃−1 and ˜̂∆b

d contribute to the differential cross-section.

Hence, ln ∆̃b
d is simply a sum of the contributions from 1) diagonal terms of the AP kernels and 2)

bare differential partonic cross-section. Due to the born kinematics, the form factor contribution

can be further factored out from the differential partonic cross sections to all orders in perturbation

theory. Hence, the remaining part of the differential partonic cross-sections contains contributions

from only real emission processes, namely those involving only soft gluons. Taking into account

the renormalization constant of the Yukawa coupling λ̂ , we find

ln ∆̃
b
d(N1,N2,q2,µ2

R,µ
2
F) = ln

(
Zb(µ2

R)
)2
− ln Γ̃bb(N1,µ

2
F)− ln Γ̃bb(N2,µ

2
F)

+ ln |F̂b(q2)|2 + ln S̃b(N1,N2,q2) (6.16)

where F̂b and S̃b(N1,N2) are bare form factor and real emission contributions of partonic subpro-

cesses, respectively. The inverse Mellin transform will bring back the expressions in terms of the

variables z j and they will contain besides regular functions, the distributions namely δ (1− z j), Di

and D i, defined as

Di =

[
lni(1− z1)

(1− z1)

]
+

, D i =

[
lni(1− z2)

(1− z2)

]
+

i = 0,1, · · · . (6.17)
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The subscript ‘+’ denotes the customary ‘plus-distribution’ f+(z) which acts on functions regular

in z→ 1 limit as ∫ 1

0
dz f+(z)g(z) =

∫ 1

0
dz f (z)(g(z)−g(1)) (6.18)

where, g(z) is any well behaved function in the region 0≤ z≤ 1. In the threshold limit, we drop all

the regular terms and keep only these distributions.

In the following, we perform NLO computation in the threshold limit. The overall renormal-

ization constant (Zb)2 is found to be

(Zb(µ2
R))

2 = 1+ âsSε

(
µ2

R
µ2

)ε

CF

(
12
ε

)
+O(â2

s ) . (6.19)

The form factor contribution |F̂b|2 at one loop level gives

|F̂b(q2)|2 = 1+ âsSε

(
q2

µ2

)ε

CF

(
−16

ε
−4+14ζ2 +O(ε)

)
+O(â2

s ) (6.20)

The contribution from Γbb in the threshold limit is found to be

∫ 1

z1

dy1

y1

∫ 1

z2

dy2

y2
Γ
−1
bb (y1,µ

2
F)δ

(
1− z1

y1

)
δ

(
1− z2

y2

)
Γ
−1
bb (y2,µ

2
F) = δ (1− z1)δ (1− z2)

−âsSε

(
µ2

F
µ2

)ε

CF
1
ε

[(
8

1
(1− z1)+

+6δ (1− z1)

)
δ (1− z2)

+

(
8

1
(1− z2)+

+6δ (1− z2)

)
δ (1− z1)

]
+O(â2

s ) . (6.21)

Note that the regular terms in the limit z j → 1 in Γbb do not contribute in the threshold limit and

hence dropped.

The inverse Mellin transform of S̃b(N1,N2), namely Sb(z1,z2) can be obtained directly from the

real gluon emission processes in bottom anti-bottom annihilation processes: b+ b→ H + g. The
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two body phase space is given by

dPSH+g =
1

8πx1x2

1
Γ(1+ ε

2)

(
m2

H
4π

) ε

2 2z1z2(1+ z1z2)

(z1 + z2)2−ε

(
(1− z2

1)(1− z2
2)
) ε

2 . (6.22)

The phase space in the limit z j→ 1 becomes

dPSH+g|zi→1 =
1

8πx1x2

1
Γ(1+ ε

2)

(
m2

H
4π

) ε

2 (
(1− z2

1)(1− z2
2)
) ε

2 . (6.23)

The spin and color averaged matrix element square in threshold limit is found to be

|Mbb→H+g|
2
z j→1 = σ

b
0

âs

µε
CF

[
32

(1− z1)(1− z2)
+O(ε3)

]
(6.24)

where terms that are regular in z j as z j→ 1 have been dropped. It is then straightforward to obtain

the threshold contribution resulting from the real gluon emission process:

Sb(z1,z2) = δ (1− z1)δ (1− z2)+ âs

(
q2

4πµ2

) ε

2 1
Γ
(
1+ ε

2

)
×4CF

[
(1− z1)

ε

2 (1− z2)
ε

2

(1− z1)(1− z2)
+O(ε3)

]
. (6.25)

Using the identity

(1− z j)
a ε

2

(1− z j)
=

2
aε

δ (1− z j)+

(
(1− z j)

a ε

2

(1− z j)

)
+

, (6.26)

it can be shown that ∆b
d(z1,z2) in the threshold limit contains only the distributions such as δ (1−

z j),Di and D i. Decomposing ∆b
d,ac into hard and soft parts,

∆
b
d,ac(z1,z2,q2,µ2

F ,µ
2
R) = ∆

b,hard
d,ac (z1,z2,q2,µ2

F ,µ
2
R)+δac∆

SV
d,b(z1,z2,q2,µ2

F ,µ
2
R) , (6.27)
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and setting µF = µR = mH , we find

∆
SV,(0)
d,b = δ (1− z1)δ (1− z2) ,

∆
SV,(1)
d,b = δ (1− z1)δ (1− z2)CF

(
−2+6ζ2

)
+D0D0

(
2CF

)
+D1δ (1− z2)

(
4CF

)
+
{

z1↔ z2

}
(6.28)

At the hadronic level, decomposing W b as

W b(x0
1,x

0
2,q

2,µ2
R,µ

2
F) =W hard

b (x0
1,x

0
2,q

2,µ2
R,µ

2
F)+W SV

b (x0
1,x

0
2,q

2,µ2
R,µ

2
F) , (6.29)

similar to ∆d,b and putting ∆SV
d,b we get, to order as = as(m2

H)

W SV
b (x0

1,x
0
2,q

2,m2
H) = Hbb(x

0
1,x

0
2)+as4CF

[
Hbb(x

0
1,x

0
2)

(
−1+ζ2 + li2(x0

1)+ li2(x0
2)

+
1
2

ln2 ((1− x0
1)(1− x0

2)
)
+ ln

(
(1− x0

1)

x0
2

)
ln
(
(1− x0

2)

x0
1

))

+
∫

dx1Hbb,1(x1,x0
2)

1
x1− x0

1
ln
(
(1− x0

2)(x1− x0
1)

x1x0
2

)

+
∫

dx2Hbb,1(x
0
1,x2)

1
x2− x0

2
ln
(
(1− x0

1)(x2− x0
2)

x0
1x2

)

+
∫

dx1

∫
dx2Hbb,12(x1,x2)

1
(x1− x0

1)(x2− x0
2)

]
. (6.30)

where all the parton densities are defined at µF = mH . In general,

Hbb,12(x1,x2,µ
2
F)≡Hbb(x1,x2,µ

2
F)−Hbb(x

0
1,x2,µ

2
F)−Hbb(x1,x0

2,µ
2
F)+Hbb(x

0
1,x

0
2,µ

2
F),

Hbb,1(x1,x2,µ
2
F)≡Hbb(x1,x2,µ

2
F)−Hbb(x

0
1,x2,µ

2
F),
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Hbb,2(x1,x2,µ
2
F)≡Hbb(x1,x2,µ

2
F)−Hbb(x1,x0

2,µ
2
F) (6.31)

The Spence function (li2(x)) is defined as

li2(x)≡−
∫ x

0

dz
z

ln(1− z) . (6.32)

The exact result computed at NLO level confirms our expectations, see for example [158] where

the rapidity distribution of di-leptons in the Drell-Yan production for a physics beyond the SM

(BSM) involving a generic Yukawa type interaction was obtained to NLO level. After the suitable

replacement of the BSM coupling in [158], we obtain

dσb

dy
(τ,y,Q2) = σ

b,(0)(µF)

[
Wbb̄(x

0
1,x

0
2,µ

2
F)+Wbg(x0

1,x
0
2,µ

2
F)+Wgb(x0

1,x
0
2,µ

2
F)

]
(6.33)

where W ’s can be expanded in the strong coupling constant as(µ
2
F) as

Wac(x0
1,x

0
2,µ

2
F) =W (0)

ac (x0
1,x

0
2,µ

2
F)+as(µ

2
F)W

(1)
ac (x0

1,x
0
2,µ

2
F)+O(a2

s ) (6.34)

and the corresponding coefficients are given by

W (0)
bb̄ (x0

1,x
0
2,µ

2
F) = Hbb̄(x

0
1,x

0
2,µ

2
F)

W (1)
bb̄ (x0

1,x
0
2,µ

2
F) = 2 CF

{
ϕ

bb̄
0 +

∫
dx1 ϕ

bb̄
1 +

∫
dx1dx2 ϕ

bb̄
2

}
+
(

1↔ 2
)

W (1)
gb (x0

1,x
0
2,µ

2
F) = 2Tf

∫ dx1

x3
1

[
ϕ

gb̄
1 +

∫
dx2

{
ϕ

gb̄
2 −

ϕ
gb̄
3 Hgb(x1,x2,µ

2
F)

x2
2 (x2 + x0

2)(x1x0
2 + x2x0

1)
3

}]

W (1)
bg (x0

1,x
0
2,µ

2
F) =W (1)

gb (x0
1,x

0
2,µ

2
F)|(1↔2) (6.35)
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with

ϕ
bb̄
0 =

1
2
Hbb̄(x

0
1,x

0
2,µ

2
F)

(
−2+κ

2
12 +6ζ2 +2κ12 ln

q2

µ2
F

)

ϕ
bb̄
1 =

2κb1

x1− x0
1
Hbb̄,1(x1,x0

2,µ
2
F)+Hbb̄(x1,x0

2,µ
2
F)

(
1−κa1

x1
+

2κc1

x1− x0
1
− 1+κa1

x2
1

x0
1

)

ϕ
bb̄
2 =

Hbb̄,12(x1,x2,µ
2
F)

(x1− x0
1)(x2− x0

2)
−

x2 + x0
2

(x1− x0
1)x

2
2
Hbb̄,1(x1,x2,µ

2
F)

+
Hbb̄(x1,x2,µ

2
F)

2x2
1x2

2

(
(x1 + x0

1)(x2 + x0
2)+

x2
1x2

2 + x02

1 x02

2

(x1 + x0
1)(x2 + x0

2)

)

ϕ
gb̄
1 = Hgb(x1,x0

2,µ
2
F)

(
2x0

1(x1− x0
1)+κa1

(
x02

1 +(x1− x0
1)

2
))

ϕ
gb̄
2 =

Hgb,2(x1,x2,µ
2
F)

x2− x0
2

(
x02

1 +(x1− x0
1)

2
)

ϕ
gb̄
3 =−x5

1x2
2x03

2 + x4
1x0

1x2
2x02

2 (3x2 +4x0
2)+ x3

1x02

1 x2x0
2(3x3

2 +2x03

2 )+2x05

1 x2
2(x

3
2 +2x2

2x0
2

+2x2x02

2 +2x03

2 )+2x1x04

1 x2(−x4
2 + x3

2x0
2 +4x2

2x02

2 +2x2x03

2 +2x04

2 )

+ x2
1x03

1 (x5
2−4x4

2x0
2−4x3

2x02

2 +2x2
2x03

2 +2x2x04

2 +2x05

2 ) (6.36)

and

κa1 = ln
2q2 (1− x0

2)(x1− x0
1)

µ2
F (x1 + x0

1)x0
2

, κb1 = ln
q2 (1− x0

2)(x1− x0
1)

µ2
F x0

1 x0
2

κc1 = ln
2x0

1

x1 + x0
1

κ12 = ln
(1− x0

1)(1− x0
2)

x0
1 x0

2
. (6.37)

In the threshold limit, after setting µF = mH , we find that the above result reduces to given in

Eq. 6.30.

6.2.2 Threshold Corrections Beyond NLO

Following the factorization approach that we used in the previous section to obtain the threshold

correction to NLO rapidity distribution, we now set up a framework to compute threshold correec-
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tions to rapidity distribution to all orders in strong coupling constant. Our approach is based on

the fact that the rapidity distribution in the threshold limit can be systematically factorized into

1) the exact form factor, 2) overall UV renormalization constant, 3) soft gluon contributions from

real emission partonic subprocesses and 4) the diagonal collinear subtraction terms involving only

δ (1− z) and D0(z) terms of AP splitting functions. We call such a combination soft-virtual (SV)

part of the rapidity distribution and the remaining part as hard. Hence, we propose that

∆
SV
d,b(z1,z2,q2,µ2

R,µ
2
F) = C exp

(
Ψ

b
d(q

2,µ2
R,µ

2
F ,z1,z2,ε)

)∣∣∣∣∣
ε=0

. (6.38)

The symbol ‘C ’ means convolution with the following definition

C e f (z1,z2) = δ (1− z1)δ (1− z2)+
1
1!

f (z1,z2)+
1
2!

f (z1,z2)⊗ f (z1,z2)

+
1
3!

f (z1,z2)⊗ f (z1,z2)⊗ f (z1,z2)+ · · · , (6.39)

where, ⊗ indicates double Mellin convolution with respect to the variables z1 and z2 and the func-

tion f (z1,z2) is a distribution of the kind δ (1− z j) and/or Di(z j). The finite distribution Ψb
d in

dimensional regularization contains Hbb̄ unrenormalized form factor F̂b(âs,q2 =−Q2,µ2,ε), UV

overall operator renormalization constant Zb(âs,µ
2
R,µ

2,ε), soft distribution functions Φb
d(âs,q2,µ2,z1,z2,ε)

and the mass factorization kernels Γbb(âs,µ
2,µ2

F ,z j,ε):

Ψ
b
d =

(
ln
(

Zb(âs,µ
2
R,µ

2,ε)
)2

+ ln
∣∣F̂b(âs,Q2,µ2,ε)

∣∣2)δ (1− z1)δ (1− z2)

+2 Φ
b
d(âs,q2,µ2,z1,z2,ε)−C lnΓbb(âs,µ

2,µ2
F ,z1,ε) δ (1− z2)

−C lnΓbb(âs,µ
2,µ2

F ,z2,ε) δ (1− z1) . (6.40)

We have expressed all the quantities in the above equation in terms of unrenormalized strong

coupling constant âs related to the standard α̂s through âs = α̂s/4π and the dimensional regulariza-
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tion scale µ . The UV renormalization of âs is done at the renormalization scale µR through Z(µ2
R)

giving the renormalized as(µ
2
R), that is

âs =
(

µ

µR

)ε

Z(µ2
R)S
−1
ε as(µ

2
R). (6.41)

The renormalization group equation (RGE) for as(µ
2
R)

µ
2
R

das(µ
2
R)

dµ2
R

=
ε as(µ

2
R)

2
+β (as(µ

2
R)) (6.42)

with

β (as(µ
2
R)) = as(µ

2
R)µ

2
R

d lnZ(µ2
R)

dµ2
R

=−
∞

∑
i=0

ai+2
s (µ2

R)βi , (6.43)

determines the structure of the Z(µ2
R), up to O(a3

s ), we find

Z(µ2
R)= 1+as(µ

2
R)

2
ε

β0+a2
s (µ

2
R)

(
4
ε2 β

2
0 +

1
ε

β1

)
+a3

s (µ
2
R)

(
8
ε3 β

3
0 +

14
3ε2 β0β1+

2
3ε

β2

)
. (6.44)

The first three coefficients of the QCD β function, β0, β1 and β2 are given by [159]

β0 =
11
3

CA−
4
3

TFn f ,

β1 =
34
3

C2
A−4TFn fCF −

20
3

TFn fCA ,

β2 =
2857

54
C3

A−
1415
27

C2
ATFn f +

158
27

CAT 2
F n2

f

+
44
9

CFT 2
F n2

f −
205
9

CFCATFn f +2C2
FTFn f (6.45)

with the SU(N) color factors

CA = N, CF =
N2−1

2N
, TF =

1
2

(6.46)
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and n f is the number of active flavours.

The overall operator renormalization constant Zb renormalizes the bare Yukawa coupling λ̂

resulting λ (µ2
R) through the relation

λ̂ =
(

µ

µR

) ε

2
Zb(µ2

R)S
−1
ε λ (µ2

R) . (6.47)

In MS scheme, Zb(µ2
R) is identical to quark mass renormalization constant. The RGE for λ (µ2

R)

takes the form

µ
2
R

d
dµ2

R
lnZb(âs,µ

2
R,µ

2,ε) =
∞

∑
i=1

ai
s(µ

2
R)γ

b
i−1 , (6.48)

with the anomalous dimensions γb
i given by [160–162]

γ
b
0 = 3CF ,

γ
b
1 =

3
2

C2
F +

97
6

CFCA−
10
3

CFTFn f ,

γ
b
2 =

129
2

C3
F −

129
4

C2
FCA +

11413
108

CFC2
A +
(
−46+48ζ3

)
C2

FTFn f

+

(
−556

27
−48ζ3

)
CFCATFn f −

140
27

CFT 2
F n2

f . (6.49)

Upon solving the above RGE in 4+ ε space-time dimensions, we obtain

lnZb(µ2
R) = as(µ

2
R)

1
ε

(
2γ

b
0

)
+a2

s (µ
2
R)

[
1
ε2

(
2β0γ

b
0

)
+

1
ε

(
γ

b
1

) ]

+a3
s (µ

2
R)

[
1
ε3

(
8
3

β
2
0 γ

b
0

)
+

1
ε2

(
4
3

β1γ
b
0 +

4
3

β0γ
b
1

)
+

1
ε

(
2
3

γ
b
2

)]
(6.50)

up to O(a3
s ).

The bare form factor F̂b(âs,Q2,µ2,ε) satisfies the following differential equation which follows
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from the gauge as well as renormalization group invariances [163–166]

Q2 d
dQ2 ln F̂b =

1
2

[
Kb(âs,

µ2
R

µ2 ,ε)+Gb(âs,
Q2

µ2
R
,

µ2
R

µ2 ,ε)
]

(6.51)

where, all the poles in ε are encapsulated within Kb and Gb contains the terms finite in ε . Renor-

malization group invariance of F̂b(âs,Q2,µ2,ε) leads

µ
2
R

d
dµ2

R
Kb =−µ

2
R

d
dµ2

R
Gb =−

∞

∑
i=1

ai
s(µ

2
R)A

q
i , (6.52)

where, Aq
i ’s are the cusp anomalous dimensions, found to be [90, 167–170]

Aq
1 = 4CF ,

Aq
2 = 8CFCA

{
67
18
−ζ2

}
+8CFn f

{
− 5

9

}
,

Aq
3 = 16CFC2

A

{
245
24
− 67

9
ζ2 +

11
6

ζ3 +
11
5

ζ
2
2

}
+16C2

Fn f

{
− 55

24
+2ζ3

}

+16CFCAn f

{
− 209

108
+

10
9

ζ2−
7
3

ζ3

}
+16CFn2

f

{
− 1

27

}
. (6.53)

Being flavor independent, Ab
i ’s are same as Aq

i . Solving the RGE 6.52 satisfied by Kb we get

Kb(âs,µ
2,µ2

R,ε) =
∞

∑
i=1

âi
s

(
µ2

R
µ2

)i ε

2

Si
εKb,(i)(ε) (6.54)

with

Kb,(1)(ε) =
1
ε

{
−2Ab

1

}
, Kb,(2)(ε) =

1
ε2

{
2β0Ab

1

}
+

1
ε

{
−Ab

2

}
,

Kb,(3)(ε) =
1
ε3

{
− 8

3
β

2
0 Ab

1

}
+

1
ε2

{
2
3

β1Ab
1 +

8
3

β0Ab
2

}
+

1
ε

{
− 2

3
Ab

3

}
. (6.55)

98



Similarly upon solving the RGE 6.52 for Gb, we obtain

Gb(âs,
Q2

µ2
R
,

µ2
R

µ2 ,ε) = Gb(as(µ
2
R),

Q2

µ2
R
,ε)

= Gb(as(Q2),1,ε)+
∫ 1

Q2/µ2
R

dλ 2

λ 2 Ab(as(λ
2
µ

2
R))

= Gb(as(Q2),1,ε)+
∞

∑
i=1

Si
ε âi

s

(
µ2

R
µ2

)i ε

2
[(Q2

µ2
R

)i ε

2 −1
]
Kb,(i)(ε) . (6.56)

Expanding the finite function Gb(as(Q2),1,ε) in powers of as(Q2) as

Gb(as(Q2),1,ε) =
∞

∑
i=1

ai
s(Q

2)Gb
i (ε) , (6.57)

one finds that Gb
i can be expressed in terms of collinear Bq

i and soft f q
i anomalous dimensions

through the relation [171–173]

Gb
i (ε) = 2(Bq

i − γ
b
i )+ f q

i +Cb
i +

∞

∑
k=1

ε
kgb,k

i . (6.58)

Note that the single pole term of the form factor depends on three different anomalous dimensions,

namely the collinear anomalous dimension Bq
i , anomalous dimension of the coupling constant γb

i

and the soft anomalous dimension f q
i . Bq

i can be obtained from the δ (1− z) part of the diagonal

splitting function known up to three loop level [90, 167] which are

Bq
1 = 3CF ,

Bq
2 =

1
2

(
C2

F

{
3−24ζ2 +48ζ3

}
+CACF

{
17
3
+

88
3

ζ2−24ζ3

}
+n f TFCF

{
− 4

3
− 32

3
ζ2

})
,

Bq
3 =−16CA

2CF

{
1
8

ζ2
2− 281

27
ζ2 +

97
9

ζ3−
5
2

ζ5 +
1657
576

}
+16CACF

2

{
− 247

60
ζ2

2 +ζ2ζ3

− 205
24

ζ2 +
211
12

ζ3 +
15
2

ζ5 +
151
64

}
+16CACFn f

{
1

20
ζ2

2− 167
54

ζ2 +
25
18

ζ3 +
5
4

}
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+16CF
3

{
18
5

ζ2
2−2ζ2ζ3 +

9
8

ζ2 +
17
4

ζ3−15ζ5 +
29
32

}

−16CF
2n f

{
− 29

30
ζ2

2− 5
12

ζ2 +
17
6

ζ3 +
23
16

}
−16CFn f

2

{
− 5

27
ζ2 +

1
9

ζ3 +
17

144

}
. (6.59)

The f q
i for i = 1,2 can be found in [171] and in [90] for i = 3. We list them below:

f q
1 = 0 ,

f q
2 =CACF

{
− 22

3
ζ2−28ζ3 +

808
27

}
+CFn f TF

{
8
3

ζ2−
224
27

}
,

f q
3 =CA

2CF

{
352
5

ζ2
2 +

176
3

ζ2ζ3−
12650

81
ζ2−

1316
3

ζ3 +192ζ5 +
136781

729

}

+CACFn f

{
− 96

5
ζ2

2 +
2828
81

ζ2 +
728
27

ζ3−
11842
729

}

+CF
2n f

{
32
5

ζ2
2 +4ζ2 +

304
9

ζ3−
1711
27

}
+CFn f

2

{
− 40

27
ζ2 +

112
27

ζ3−
2080
729

}
. (6.60)

Since Bq
i and f q

i are flavour independent, we have used Bb
i ≡ Bq

i and f b
i ≡ f q

i in Gb
i . The constants

Cb
i are controlled by the beta function of the strong coupling constant through renormalization

group invariance of the bare form factor:

Cb
1 = 0, Cb

2 =−2β0gb,1
1 , Cb

3 =−2β1gb,1
1 −2β0(g

b,1
2 +2β0gb,2

1 ). (6.61)

The coefficients gb,k
i can be extracted from the finite part of the form factor. Up to two loop level,

we use [77, 96, 97] and at three loop level the recent computation by Gehrmann and Kara [155]

enable us to compute the relevant gb,1
3 in [157] where gb,1

3 was already used to obtain threshold

correction to inclusive Higgs production in bottom anti-bottom annihilation process:

gb,1
1 =CF

{
−2+ζ2

}
, gb,2

1 =CF

{
2− 7

3
ζ3

}
, gb,3

1 =CF

{
−2+

1
4

ζ2 +
47
80

ζ
2
2

}
,
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gb,1
2 =CFn f

{
616
81

+
10
9

ζ2−
8
3

ζ3

}
+CFCA

{
− 2122

81
− 103

9
ζ2 +

88
5

ζ2
2 +

152
3

ζ3

}

+C2
F

{
8+32ζ2−

88
5

ζ2
2−60ζ3

}
,

gb,2
2 =CFn f

{
7

12
ζ2

2− 55
27

ζ2 +
130
27

ζ3−
3100
243

}
+CACF

{
− 365

24
ζ2

2 +
89
3

ζ2ζ3 +
1079
54

ζ2

− 2923
27

ζ3−51ζ5 +
9142
243

}
+C2

F

{
96
5

ζ2
2−28ζ2ζ3−44ζ2 +116ζ3 +12ζ5−24

}
,

gb,1
3 =C2

ACF

{
− 6152

63
ζ2

3 +
2738

9
ζ2

2 +
976

9
ζ2ζ3−

342263
486

ζ2−
1136

3
ζ3

2 +
19582

9
ζ3

+
1228

3
ζ5 +

4095263
8748

}
+CAC2

F

{
− 15448

105
ζ2

3− 3634
45

ζ2
2− 2584

3
ζ2ζ3 +

13357
9

ζ2

+296ζ
2
3 −

11570
9

ζ3−
1940

3
ζ5−

613
3

}
+CACFn f

{
− 1064

45
ζ2

2 +
392
9

ζ2ζ3 +
44551
243

ζ2

− 41552
81

ζ3−72ζ5−
6119
4374

}
+C2

Fn f

{
772
45

ζ2
2− 152

3
ζ2ζ3−

3173
18

ζ2 +
15956

27
ζ3−

368
3

ζ5

+
32899
324

}
+CFn2

f

{
− 40

9
ζ2

2− 892
81

ζ2 +
320
81

ζ3−
27352
2187

}
+C3

F

{
21584
105

ζ2
3− 1644

5
ζ2

2

+624ζ2ζ3−275ζ2 +48ζ
2
3 −2142ζ3 +1272ζ5 +603

}
. (6.62)

Using the expressions for Kb and Gb given in Eq. 6.54 and Eq. 6.58, respectively, we obtain the

renormalized form factor up to order O(a3
s ) as

ln |F̂b|2(Q2,ε) = as(q2)

[
1
ε2

(
−4Aq

1

)
+

1
ε

(
2 f q

1 +4Bq
1−4γ

b
0

)
+
(

2gb,1
1 +3ζ2Aq

1

)]

+a2
s (q

2)

[
1
ε3

(
−6β0Aq

1

)
+

1
ε2

(
−Aq

2 +2β0

(
f q
1 +2Bq

1−2γ
b
0

))
+

1
ε

(
f q
2

+2Bq
2−2γ

b
1

)
+
(

gb,1
2 +2β0gb,2

1 +3ζ2Aq
2 +3ζ2β0

(
f q
1 +2Bq

1−2γ
b
0

))]

+a3
s (q

2)

[
1
ε4

(
− 88

9
β

2
0 Aq

1

)
+

1
ε3

(
− 32

9
β1Aq

1−
20
9

β0Aq
2 +

8
3

β
2
0

(
f q
1 +2Bq

1
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−2γ
b
0

))
0+

1
ε2

(
− 4

9
Aq

3 +
4
3

β1

(
f q
1 +2Bq

1−2γ
b
0

)
+

4
3

β0

(
f q
2 +2Bq

2−2γ
b
1

))
+

1
ε

(2
3

f q
3 +

4
3

Bq
3−

4
3

γ
b
2

)
+
(2

3
gb,1

3 +
4
3

β1gb,2
1 +

4
3

β0gb,2
2 +

8
3

β
2
0 gb,3

1 +3ζ2Aq
3

+3ζ2β1

(
f q
1 +2Bq

1−2γ
b
0

)
+6ζ2β0

(
f q
2 +2Bq

2−2γ
b
1

)
−12ζ2β

2
0 gb,1

1 −3ζ
2
2 β

2
0 Aq

1

)]
. (6.63)

Note that the poles of ln |F̂b|2 are fully controlled by the universal anomalous dimensions Aq,γb,Bq

and f q while the constant terms require vertex dependent constants gb,k
i .

In MS scheme, the mass factorization kernels Γbb(âs,µ
2,µ2

F ,z j,ε) remove the collinear sin-

gularities which arise due to massless partons. These kernels satisfy the following RG equation

:

µ
2
F

d
dµ2

F
Γbb(z j,µ

2
F ,ε) =

1
2 ∑

c
Pbc
(
z j,µ

2
F
)
⊗Γcb

(
z j,µ

2
F ,ε
)
, (6.64)

where Pbc
(
z j,µ

2
F
)

are AP splitting functions. We can expand the Pbc
(
z j,µ

2
F
)

in powers of as as

Pbc(z j,µ
2
F) =

∞

∑
i=1

ai
s(µ

2
F)P

(i−1)
bc (z j). (6.65)

The off diagonal splitting functions are regular as z j → 1. The diagonal ones contain in addition

distributions such as δ (1− z j) and D0 multiplied by the universal anomalous dimensions Bq
i and

Aq
i , respectively:

P(i)
bb (z j) = 2

(
Bb

i+1δ (1− z j)+Ab
i+1D0

)
+P(i)

reg,bb(z j) . (6.66)

As we are interested in results from the threshold region, we can ignore all the non-diagonal split-

ting functions and also the regular part P(i)
reg,bb arising from the diagonal terms. Hence, the solution

to Eq. 6.64 takes the following form:

lnΓbb(z j,µ
2
F) = as(µ

2
F)

[
δ (1− z j)

(
1
ε

(
2Bq

1
))

+D0

(
1
ε

(
2Aq

1
))]
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+a2
s (µ

2
F)

[
δ (1− z j)

(
1
ε2

(
2β0Bq

1
)
+

1
ε

(
Bq

2
))

+D0

(
1
ε2

(
2β0Aq

1
)
+

1
ε

(
Aq

2
))]

+a3
s (µ

2
F)

[
δ (1− z j)

(
1
ε3

(
8
3

β
2
0 Bq

1

)
+

1
ε2

(
4
3

β1Bq
1 +

4
3

β0Bq
2

)
+

1
ε

(
2
3

Bq
3

))

+D0

(
1
ε3

(
8
3

β
2
0 Aq

1

)
+

1
ε2

(
4
3

β1Aq
1 +

4
3

β0Aq
2

)
+

1
ε

(
2
3

Aq
3

))]
. (6.67)

Finally, we need to determine the soft distribution function Φb
d(âs,q2,µ2,z1,z2,ε) in ∆SV

d,b. Its most

general form can be systematically constructed if Φb
d also satisfies a differential equation similar

to the form factor. It is indeed the case because the q2 dependence and pole structure of Φb
d have

to be similar to those of ln |F̂b|2 in order to obtain finite distribution Ψ in the limit ε → 0 [96, 97].

Hence, we propose that Φb
d satisfies

q2 d
dq2 Φ

b
d =

1
2

[
Kb

d(âs,
µ2

R
µ2 ,z1,z2,ε)+Gb

d(âs,
q2

µ2
R
,

µ2
R

µ2 ,z1,z2,ε)
]
. (6.68)

It is natural to move all the singular terms in ε of Φb
d to Kb

d and keep Gb
d finite as ε → 0 similar to

Kb
d and Gb

d of the logarithm of the form factor, ln F̂b. The RG invariance of Φb
d(âs,q2,µ2,z1,z2,ε)

leads to

µ
2
R

d
dµ2

R
Φ

b
d(âs,q2,µ2,z1,z2,ε) = 0 (6.69)

and consequently

µ
2
R

d
dµ2

R
Kb

d =−µ
2
R

d
dµ2

R
Gb

d =−δ (1− z1)δ (1− z2)as(µ
2
R)A

q
. (6.70)

The right hand side of the above equation is proportion to δ (1− z1)δ (1− z2) as the most singular

terms resulting from Kb
d should cancel with those from the form factor contribution which is pro-

portional to only pure delta functions. To make the ∆SV
d,b finite, the poles from Φb

d(âs,q2,µ2,z1,z2,ε)
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have to cancel those coming from F̂b and Γbb. Hence the constants Aq should satisfy

Aq
=−Aq . (6.71)

The RGE 6.70 for Gb
d can be solved using the above relation to get

Gb
d

(
âs,

q2

µ2
R
,

µ2
R

µ2 ,z1,z2,ε

)
= Gb

d

(
as(µ

2
R),

q2

µ2
R
,z1,z2,ε

)
= Gb

d
(
as(q2),1,z1,z2,ε

)
−δ (1− z1)δ (1− z2)

∫ 1

q2

µ2
R

dλ 2

λ 2 Aq (as(λ
2
µ

2
R)
)
. (6.72)

With these solutions, it is now straightforward to solve the above differential equations 6.68 for Φb
d

to get

Φ
b
d = Φ

b
d(âs,q2(1− z1)(1− z2),µ

2,ε)

=
∞

∑
i=1

âi
s

(
q2(1− z1)(1− z2)

µ2

)i ε

2

Si
ε

(
(i ε)2

4(1− z1)(1− z2)

)
φ̂

b,(i)
d (ε) , (6.73)

where,

φ̂
b,(i)
d (ε) =

1
iε

[
Kb,(i)

d (ε)+Gb,(i)
d (ε)

]
. (6.74)

The form of z j dependence part of the solution in the above solution is inspired by our one loop

computation in the previous section and it can be justified from the factorization property of the

QCD amplitudes and the corresponding partonic cross sections. The constants Kb,(i)
d (ε) are deter-

mined by expanding Kb
d in powers of âs as follows

Kb
d

(
âs,

µ2
R

µ2 ,z1,z2,ε

)
= δ (1− z1)δ (1− z2)

∞

∑
i=1

âi
s

(
µ2

R
µ2

)i ε

2

Si
ε Kb,(i)

d (ε) (6.75)

and solving the RGE 6.70 for Kb
d . The constants Kb,(i)

d (ε) are identical to Kb,(i)
(ε) given in [96,97].
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Gb,(i)
d (ε) are related to the finite functions Gb

d(as(q2),1,z1,z2,ε). In terms of renormalized coupling

constant, we find

∞

∑
i=1

âi
s

(
q2(1− z1)(1− z2)

µ2

)i ε

2

Si
ε Gb,(i)

d (ε) =
∞

∑
i=1

ai
s
(
q2(1− z1)(1− z2)

)
G

b
d,i(ε) (6.76)

where the constants G
b
d,i(ε) are flavour independent and they satisfy the following structure similar

to Gb
i (ε) of the form factor, i.e.,

G
b
d,i(ε) =− f q

i +C b
d,i +

∞

∑
k=1

ε
kG

b,k
d,i , (6.77)

where

C b
d,1 = 0, C b

d,2 =−2β0G
b,1
d,1, C b

d,3 =−2β1G
b,1
d,1−2β0(G

b,1
d,2 +2β0G

b,2
d,1) . (6.78)

Using Kb,(i)
d from Eq. 6.75 and Gb,(i)

d from Eq. 6.76 and using Eq. 6.26, we find that the soft

distribution function up to third order in as(q2) takes the form

Φ
b
d = as(q2)

[
δ (1− z1)δ (1− z2)

(
1
ε2 (2Aq

1)+
1
ε
(− f q

1 )+G
q,1
d,1

)
+D0δ (1− z2)

(1
ε
(Aq

1)

+(−1
2

f q
1 )
)
+D0D0

(
1
2

Aq
1

)
+D1δ (1− z2)

(
1
2

Aq
1

)
+D0δ (1− z1)

(
1
ε
(Aq

1)+(−1
2

f q
1 )

)
+D1δ (1− z1)

(
1
2

Aq
1

)]
+a2

s (q
2)

[
δ (1− z1)δ (1− z2)

(
1
ε3

(
3β0Aq

1

)
+

1
ε2

(1
2

Aq
2−β0 f q

1

)
+

1
ε

(
− 1

2
f q
2

)
+
(1

2
G

q,1
d,2 +β0G

q,2
d,1

))
+D0δ (1− z2)

(
1
ε2

(
β0Aq

1

)
+

1
ε

(1
2

Aq
2

)
+
(
− 1

2
f q
2 −β0G

q,1
d,1

))
+D0D0

(
1
2

Aq
2 +

1
2

β0 f q
1

)
+D0D1

(
− 1

2
β0Aq

1

)

+D1δ (1− z2)

(
1
2

Aq
2 +

1
2

β0 f q
1

)
+D1D0

(
− 1

2
β0Aq

1

)
+D2δ (1− z2)

(
− 1

4
β0Aq

1

)
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+D0δ (1− z1)

(
1
ε2

(
β0Aq

1

)
+

1
ε

(1
2

Aq
2

)
+
(
− 1

2
f q
2 −β0G

q,1
d,1

))

+D1δ (1− z1)

(
1
2

Aq
2 +

1
2

β0 f q
1

)
+D2δ (1− z1)

(
− 1

4
β0Aq

1

)]

+a3
s (q

2)

[
δ (1− z1)δ (1− z2)

(
1
ε4

(44
9

β
2
0 Aq

1

)
+

1
ε3

(16
9

β1Aq
1 +

10
9

β0Aq
2−

4
3

β
2
0 f q

1

)
+

1
ε2

(2
9

Aq
3−

2
3

β1 f q
1 −

2
3

β0 f q
2

)
− 1

ε

(1
3

f q
3

)
+
(1

3
G

q,1
d,3 +

2
3

β1G
q,2
d,1 +

2
3

β0G
q,2
d,2 +

4
3

β
2
0 G

q,3
d,1

))

+D0δ (1− z2)

(
1
ε3

(4
3

β
2
0 Aq

1

)
+

1
ε2

(2
3

β1Aq
1 +

2
3

β0Aq
2

)
+

1
ε

(1
3

Aq
3

)
+
(
− 1

2
f q
3 −β1G

q,1
d,1

−β0G
q,1
d,2−2β

2
0 G

q,2
d,1

))
+D0D0

(
1
2

Aq
3 +

1
2

β1 f q
1 +β0 f q

2 +2β
2
0 G

q,1
d,1

)
+D0D1

(
− 1

2
β1Aq

1

−β0Aq
2−β

2
0 f q

1

)
+D0D2

(
1
2

β
2
0 Aq

1

)
+D1δ (1− z2)

(
1
2

Aq
3 +

1
2

β1 f q
1 +β0 f q

2 +2β
2
0 G

q,1
d,1

)

+D1D0

(
− 1

2
β1Aq

1−β0Aq
2−β

2
0 f q

1

)
+D1D1

(
β

2
0 Aq

1

)

+D2δ (1− z2)

(
− 1

4
β1Aq

1−
1
2

β0Aq
2−

1
2

β
2
0 f q

1

)
+D2D0

(
1
2

β
2
0 Aq

1

)

+D3δ (1− z2)

(
1
6

β
2
0 Aq

1

)
+D0δ (1− z1)

(
1
ε3

(4
3

β
2
0 Aq

1

)
+

1
ε2

(2
3

β1Aq
1 +

2
3

β0Aq
2

)
+

1
ε

(1
3

Aq
3

)
+
(
− 1

2
f q
3 −β1G

q,1
d,1−β0G

q,1
d,2−2β

2
0 G

q,2
d,1

))

+D1δ (1− z1)

(
1
2

Aq
3 +

1
2

β1 f q
1 +β0 f q

2 +2β
2
0 G

q,1
d,1

)

+D2δ (1− z1)

(
− 1

4
β1Aq

1−
1
2

β0Aq
2−

1
2

β
2
0 f q

1

)

+D3δ (1− z1)

(
1
6

β
2
0 Aq

1

)]
. (6.79)

In the above expression, we have used G
b,k
d,i = G

q,k
d,i , being flavour independent. The soft distribution

function depends in addition to the universal anomalous dimensions Aq
i ,Bq

i ,γq
i and f q

i , the constants

G
q,k
d,i which need to to be determined. At O(as) level G

q,1
d,1, G

q,1
d,2, G

q,1
d,3, at O(a2

s ) G
q,2
d,1, G

q,2
d,2 and at
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O(a3
s ) G

q,3
d,1 are needed to obtain Φb

d . We achieve this using the following identity:

∫ 1

0
dx0

1

∫ 1

0
dx0

2
(
x0

1x0
2
)N−1 dσb

dy
=
∫ 1

0
dτ τ

N−1
σ

b , (6.80)

where σb is known to NNLO level [77] exactly and to N3LO level in the threshold limit [157]. In

large N limit i.e. N → ∞ the above Eq. 6.80 relates φ̂
q,(i)
d (ε) to φ̂ q,(i)(ε) that appears in inclusive

threshold corrections to Drell-Yan process (see [96, 97, 103, 157]) as follows

φ̂
b,(i)
d (ε) =

Γ(1+ i ε)

Γ2
(
1+ i ε

2

) φ̂
b,(i)(ε) (6.81)

and

φ̂
b,(i)(ε) = φ̂

q,(i)(ε) (6.82)

since φ̂ q,(i)(ε) is flavour independent. Hence

φ̂
b,(i)
d (ε) = φ̂

q,(i)
d (ε) (6.83)

and all the relevant constants G
q,k
d,i required for threshold prediction up to O(a3

s ) can be obtained

from G
q,k
i which are analogous to these factors appeared in the computation of inclusive threshold

cross-section to Drell-Yan process. The relevant G
q,k
i ’s at O(as) and O(a2

s ) [96, 97] are

G
q,1
1 =CF(−3ζ2) ,

G
q,2
1 =CF(

7
3

ζ3) ,

G
q,3
1 =CF(−

3
16

ζ2
2) ,

G
q,1
2 =CFn f

(
− 328

81
+

70
9

ζ2 +
32
3

ζ3

)
+CACF

(2428
81
− 469

9
ζ2 +4ζ2

2− 176
3

ζ3

)
,

G
q,2
2 =CACF

(11
40

ζ2
2− 203

3
ζ2ζ3 +

1414
27

ζ2 +
2077

27
ζ3 +43ζ5−

7288
243

)
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+CFn f

(
− 1

20
ζ2

2− 196
27

ζ2−
310
27

ζ3 +
976
243

)

and at O(a3
s ) [103]

G
q,1
3 =CF

{
CA

2
(152

63
ζ2

3 +
1964

9
ζ2

2 +
11000

9
ζ2ζ3−

765127
486

ζ2 +
536
3

ζ3
2− 59648

27
ζ3

− 1430
3

ζ5 +
7135981

8748

)
+CAn f

(
− 532

9
ζ2

2− 1208
9

ζ2ζ3 +
105059

243
ζ2 +

45956
81

ζ3

+
148
3

ζ5−
716509
4374

)
+CFn f

(152
15

ζ2
2−88 ζ2ζ3 +

605
6

ζ2 +
2536
27

ζ3 +
112

3
ζ5

− 42727
324

)
+n f

2
(32

9
ζ2

2− 1996
81

ζ2−
2720
81

ζ3 +
11584
2187

)}
. (6.84)

These lead to the following expressions of G
q,k
d,i ’s at O(as), O(a2

s ) [115] and O(a3
s ) [116] :

G
q,1
d,1 =−CFζ2 , G

q,1
d,2 =CF

{
1
3

ζ3

}
, G

q,1
d,3 =CF

{
1

80
ζ

2
2

}
,

G
q,2
d,1 =CACF

{
−4ζ2

2− 67
3

ζ2−
44
3

ζ3 +
2428
81

}
+CFn f

{
8
3

ζ3 +
10
3

ζ2−
328
81

}
,

G
q,2
d,2 =CACF

{
− 319

120
ζ2

2− 71
3

ζ2ζ3 +
202
9

ζ2 +
469
27

ζ3 +43ζ5−
7288
243

}

+CFn f

{
29
60

ζ2
2− 28

9
ζ2−

70
27

ζ3 +
976
243

}
,

G
q,3
d,1 =CA

2CF

{
17392
315

ζ2
3 +

1538
45

ζ2
2 +

4136
9

ζ2ζ3−
379417

486
ζ2 +

536
3

ζ3
2−936ζ3

− 1430
3

ζ5 +
7135981

8748

}
+CACFn f

{
− 1372

45
ζ2

2− 392
9

ζ2ζ3 +
51053

243
ζ2

+
12356

81
ζ3 +

148
3

ζ5−
716509
4374

}
+CFn f

2

{
152
45

ζ2
2− 316

27
ζ2−

320
81

ζ3 +
11584
2187

}

+CF
2n f

{
152
15

ζ2
2−40ζ2 ζ3 +

275
6

ζ2 +
1672

27
ζ3 +

112
3

ζ5−
42727
324

}
. (6.85)

With all these information available at hand, it is now straightforward to obtain threshold cor-
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rections to rapidity distribution of Higgs boson in the bottom quark annihilation processes. We

substitute Eq. 6.50, 6.63, 6.67, 6.79 in Eq. 6.40 to obtain Ψb
d(ε). Since all the UV and IR singu-

larities cancel among various terms, we can set ε = 0 in the the distribution Ψb
d(ε) to obtain ∆SV

d,b.

Expanding the finite distribution Ψb
d(ε = 0) in Eq. 6.38 in terms of convolutions Eq. 6.39 and per-

forming all those convolutions using the formula given in Eq. 52 of [97], we obtain ∆
SV,(i)
b defined

by

∆
SV
d,b(z1,z2,q2,µ2

R,µ
2
F) =

∞

∑
i=0

ai
s(q

2)∆
SV,(i)
d,b (z1,z2,q2,µ2

R,µ
2
F) (6.86)

We present below our results for ∆
SV,(i)
d,b up to N3LO level in terms of of the constants Aq

j , Bq
j , f q

j ,

γb
j , β j, gb,k

j and G
q,k
d, j:

∆
SV,(1)
d,b = δ (1− z1)δ (1− z2)

[
G

q,1
d,1 +gb,1

1 +
3
2

ζ2Aq
1

]
+D0δ (1− z2)

[
− f q

1

]
+D0D0

[1
2

Aq
1

]
+D1δ (1− z2)

[
Aq

1

]
+

{
z1↔ z2

}

∆
SV,(2)
d,b = δ (1− z1)δ (1− z2)

[
1
2
G

q,1
d,2 +G

q,1
d,1

2
+

1
2

gb,1
2 +2gb,1

1 G
q,1
d,1 +gb,1

1
2
+β0

(
G

q,2
d,1 +gb,2

1

)
−ζ3Aq

1 f q
1 +ζ2

(
− 1

2
( f q

1 )
2 +

3
2

Aq
2 +3G

q,1
d,1Aq

1 +3gb,1
1 Aq

1

)
+ζ2β0

(3
2

f q
1 +3Bq

1−3γ
b
0

)
+

49
20

ζ
2
2 (A

q
1)

2

]
+D0δ (1− z2)

[
− f q

2 −2G
q,1
d,1 f q

1 −2gb,1
1 f q

1 −2β0G
q,1
d,1 +2ζ3(A

q
1)

2

−ζ2Aq
1 f q

1

]
+D0D0

[
1
2
( f q

1 )
2 +

1
2

Aq
2 +G

q,1
d,1Aq

1 +gb,1
1 Aq

1 +
1
2

β0 f q
1 +

1
2

ζ2(A
q
1)

2

]

+D1δ (1− z2)

[
( f q

1 )
2 +Aq

2 +2G
q,1
d,1Aq

1 +2gb,1
1 Aq

1 +β0 f q
1 +ζ2(A

q
1)

2

]

+D1D0

[
−3Aq

1 f q
1 −β0Aq

1

]
+D1D1

[
3
2
(Aq

1)
2

]
+D2δ (1− z2)

[
− 3

2
Aq

1 f q
1 −

1
2

β0Aq
1

]

+D2D0

[
3
2
(Aq

1)
2

]
+D3δ (1− z2)

[
1
2
(Aq

1)
2

]
+

{
z1↔ z2

}
(6.87)
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∆
SV,(3)
d,b = δ (1− z1)δ (1− z2)

[
1
3
G

q,1
d,3 +G

q,1
d,1G

q,1
d,2 +

2
3
G

q,1
d,1

3
+

1
3
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3 +gb,1

2 G
q,1
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1 G
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1 G
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2
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+

2
3
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G
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1
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G
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+
1
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1 G
q,1
d,1 +gb,1
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+

4
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β
2
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G
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q
1)
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q
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2
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3
( f q

1 )
3 +Aq
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1 f q
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d,1Aq

1 f q
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1 Aq
1 f q

1 +β0( f q
1 )

2 +2β0G
q,1
d,1Aq

1

)
+

5
3

ζ
2
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q
1)
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1 f q
2 +

3
2

Aq
3 +

3
2
G
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1−G
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1 )
2 +3G
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d,1Aq
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2
Aq
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At the stage, we can demonstrate that integration over the rapidity correctly reproduces inclusive

threshold contribution to the Higgs production in bottom anti-bottom annihilation reported in [157]

:

∫
dy

d
dy

σb(τ,y,q2) = σb(τ,q2) . (6.89)
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The integration over the rapidity y leads to the following relation between ∆SV
d,b(z1,z2) obtained in

this paper and ∆SV
b (z) in [157]:

∆
SV
b (z) =

∫
dz1

∫
dz2δ (z− z1z2)∆

SV
d,b(z1,z2) . (6.90)

We have explicitly checked that the results presented here for ∆SV
d,b and those for ∆SV

b in the [157]

up to N3LO level satisfy the above relation confirming the consistency of the formalism used. For

completeness, we present the results for ∆
SV,(i)
d,b up to N3LO after substituting all the constants that

are required to this order:

∆
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Substituting ∆
SV,(1)
d,b , ∆

SV,(2)
d,b and ∆

SV,(3)
d,b in the Eq. 6.13, we obtain W SV,(i)

b or equivalently d
dyσb,SV,(i)

(Eq. 6.4) at the hadronic level order by order up to O(a3
s ).

6.2.3 Numerical Results

In this section, we present the numerical impact of the rapidity distribution of the Higgs boson,

produced via bottom anti-bottom annihilation subprocess at the LHC. The rapidity distribution can

be expanded in powers of the strong coupling constant as as

dσb

dY
=

dσb,(0)

dY
+

∞

∑
i=1

ai
s

dσb,(i)

dY
. (6.92)

Beyond LO, the distribution is split into hard and SV parts as

dσb,(i)

dY
=

dσhard,b,(i)

dY
+

dσSV,b,(i)

dY
. (6.93)
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Figure 6.1: The comparison between NLO and NLOSV with the renormalization scale µR = mH
and factorization scale µF = mH/4 at 8 TeV(left panel) and 13 TeV (right panel) LHC.

In the following, for our numerical study we will use the exact results up to NLO level but at

NNLO, we use exact NLO and only threshold contribution at O(a2
s ) as we do not have access to

the hard part at O(a2
s ) computed in [112] 1. We call it NNLO(SV). Similarly at N3LO level, we

will use NNLO(SV) and threshold contribution at O(a3
s ), denoted by N3LO(SV) hereafter. We

present results for the center of mass energies 8 and 13 TeV at the LHC. The standard model

parameters which enter into our computation are the Z boson mass mZ = 91.1876 GeV, top quark

mass mt = 173.4 GeV and mass of the Higgs boson mH = 125 GeV. The strong coupling constant

is evolved using the 4-loop RG equations with αN3LO
s (mZ) = 0.117. Following the Ref. [174], the

solution to RGE 6.47 for λ (µ2
R) is given by,

λ (µ2
R) = λ (µ2

0 )
M(as(µ

2
R))

M(as(µ2
0 ))

(6.94)

1The authors informed us that the code is not yet ready for public distribution.
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Y 0.0 0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2
102 LO 4.137 4.027 3.705 3.196 2.549 1.828 1.126 5.427 1.686
102 NLO 6.485 6.225 5.495 4.429 3.217 2.054 1.097 4.419 1.065
102 NNLO(SV) 6.921 6.650 5.879 4.731 3.407 2.135 1.113 4.417 1.118
102 N3LO(SV) 6.984 6.707 5.922 4.757 3.415 2.130 1.105 4.340 1.084

Table 6.1: Contributions at LO, NLO, NNLO(SV) and N3LO(SV) with the renormalization scale
µR = mH and factorization scale µF = mH/4 at 8 TeV LHC.

with

M(as) = aA0
s

∞

∑
i=0

ai
s Mi . (6.95)

The Ki are given by

M0 = 1, M1 = A1,

M2 =
1
2
(A2

1 +A2), M3 =
1
6
(A3

1 +3A1A2 +2A3), (6.96)

with

A0 = c0, A1 = c1−b1c0, A2 = c2−b1c1 + c0(b2
1−b2),

A3 = c3−b1c2 + c1(b2
1−b2)+ c0(b1b2−b1(b2

1−b2)−b3), (6.97)

and

ci =
γb

i
β0

, bi =
γb

i
β0

, (6.98)

where µ0 is some reference scale at which λ is known. We have numerically evaluated λ (µ2
R)

to relevant order namely LO, NLO, NNLO and N3LO by truncating the terms in the RHS of
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Y 0.0 0.4 0.8 1.2 1.6 2.0 2.4 2.8 3.2
102 LO 8.465 8.293 7.787 6.981 5.925 4.686 3.371 2.115 1.068
102 NLO 13.466 13.063 11.903 10.133 7.985 5.737 3.671 2.001 0.849
102 NNLO(SV) 14.284 13.875 12.689 10.844 8.549 6.099 3.833 2.035 0.848
102 N3LO(SV) 14.475 14.057 12.843 10.959 8.620 6.131 3.837 2.025 0.838

Table 6.2: Contributions at LO, NLO, NNLO(SV) and N3LO(SV) with the renormalization scale
µR = mH and factorization scale µF = mH/4 at 13 TeV LHC.

Eq. 6.47. We have used λ (µ2
0 ) =

√
2mb(µ0)/v and mb(µ0) = 3.63 GeV with the choice µ0 = 10

GeV. We use the MSTW2008 [129] parton density sets with errors estimated at 68% confidence

level with five active flavours. Parton densities and αs are evaluated at each corresponding pertur-

bative order. Specifically, we use (n+ 1)-loop αs at NnLO, with n = 0,1,2,3. However, we use

MSTW2008NNLO PDFs at N3LO, the N3LO kernels not being available at the moment. We set

the renormalization scale µR = mH and factorization scale µF = mH/4 [74] as their central values.

Several checks have been performed on our numerical code. We have found complete agree-

ment with the literature on the inclusive Higgs production rate [77, 157] after performing an addi-

tional numerical integrationon our distribution over the rapidity Y. The check was also performed

at the analytical level. However, we were not able to reproduce the plot given in [112], after using

the same set of values of the input parameters. We begin our discussion with the results at NLO

level. In Sect. 6.2.1, we presented the contributions coming from the exact results, containing the

regular as well as pure threshold ones to the rapidity distribution at O(as). In Fig. 6.1, we plot

both the NLO(SV) and exact NLO rapidity distributions to exhibit the dominance of threshold over

the entire rapidity range after setting the values of the renormalization and factorization scales to

their central values. From now on, we adopt a consistent representation to display the figures cor-

responding to our results. In every figure, the left panel shows the result for 8 TeV whereas the

right panel corresponds to 13 TeV at the LHC. We observe that the exact NLO contribution is well

approximated by the NLO(SV), thanks to the intrinsic property of the matrix element, where the

phase-space points corresponding to the born kinematics contribute towards the largest radiative
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Figure 6.2: The rapidity distribution of the Higgs boson at NLO, NNLO(SV) and N3LO(SV) at 8
TeV(left panel) and 13 TeV (right panel) LHC. The band indicates the uncertainty due to renormal-
ization scale.
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Figure 6.3: The rapidity distribution of the Higgs boson at NLO, NNLO(SV) and N3LO(SV) at 8
TeV(left panel) and 13 TeV (right panel) LHC. The band indicates the uncertainty due to factoriza-
tion scale.

corrections for the low τ (m2
H/s ≈ 10−4) values [175]. So, we expect that the trend of approxi-

mating the exact results by threshold corrections at that order to remain same after the inclusion of
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Figure 6.4: The distribution of K(SV)
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2 and K(SV)
3 at different perturbative order at 8

TeV(left panel) and 13 TeV (right panel) LHC.

higher order terms also.

With this in mind, we present the results at LO, NLO, NNLO(SV), N3LO(SV) for different

values of the rapidity Y after setting the central values for renormalization and factorization scales

for 8 TeV in Table 6.1 and for 13 TeV in Table 6.2 at LHC. The hadronic cross-section, obtained by

the convolution of the partonic cross section with the parton densities, suffers from the theoretical

uncertainties, arising from the missing higher order corrections, through the renormalization (µR)

and factorization (µF ) scales. These can be estimated through the variation of the differential

hadronic cross section with µR and µF , thereby exhibiting the size of the higher order effects.

In Fig. 6.2, we plot two curves for each order for the predictions at NLO, NNLO(SV), N3LO(SV)

corresponding to two different choices of the renormalization scale, µR = 0.1mH and µR = 10mH ,

keeping the factorization scale fixed at µF = mH/4, whereas in Fig. 6.3, we plot the predictions

at each order corresponding to two different choices of the factorization scale, µF = mH/8 and

µF = mH/2, keeping the renormalization scale fixed at µR = mH . We observe a consistent im-

provement in the accuracy of the predictions with the inclusion of the higher order terms, the width

of the bands being an clear indicator of the theoretical uncertainties. Moreover, we can see that the
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dependence on the renormalization scale for this process is very mild. Another way to assess the

reliability of the prediction is to study the rate of convergence of the perturbation series, represented

by the K-factor.

In the Fig. 6.4, we plot the K-factors defined as K1 =
dσNLO

dσLO and K(SV)
i = dσNiLO(SV )

dσLO , i = 2,3 as a

function of Y . For 8 TeV LHC, we see that the K1 varies from 1.57 to 0.63 over the entire rapidity

range, while the value of K1 for the inclusive rate is 1.37. Similarly, for K(SV)
2 ,the variation is from

1.67 to 0.66, while for the inclusive rate it is 1.35. It shows, particularly, that the shape at higher

orders can not be rescaled from lower orders as the differential K-factor varies significantly over the

full rapidity range. In the Fig. 6.5 we plot K factors defined by K(SV)
NLO = dσNLO(SV )/dσLO,K(SV)

NNLO =

dσNNLO(SV )/dσNLO and K(SV)

N3LO = dσN3LO(SV )/dσNNLO(SV ). The values of the K-factors with the

inclusion of higher order terms decrease, thereby implying a considerable amount of improvement

in the rate of convergence.
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6.3 Conclusions

To summarize, we present threshold enhanced N3LO QCD correction to rapidity distribution of the

Higgs boson produced through bottom quark annihilation at the LHC. We show in detail the infra-

red structure of the QCD amplitudes at NLO level as well as the cancellation of the various soft

and collinear singularities through the summation of all possible degenerate states and the renor-

malization of the PDFs in order to demonstrate a general framework to obtain threshold corrections

to rapidity distributions to all orders in perturbation theory. We have used factorization properties,

along with Sudakov resummation of soft gluons and renormalization group invariance to achieve

this. The recent result on three loop form factor by Gehrmann and Kara [155] and the universal soft

distribution obtained in [103] provide the last missing information to obtain threshold correction

to N3LO for the rapidity distribution of the Higgs boson in bottom quark annihilation. We find

the dominance of the threshold contribution over the entire rapidity range at NLO. We extend this

approximation beyond NLO to make predictions for center of mass energies 8 and 13 TeV. We ob-

serve that the inclusion of N3LO contributions reduces the scale dependency further, as expected,

through the variation of the renormalization and factorization scales around their central values and

that K-factors show stability at higher orders.
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Chapter 7

Summary

In the coming years, the LHC will be running at an increased collision energy approximately at 13

TeV and with a larger luminosity, shedding light on the still unexplored regime of energy in SM

and also probing the BSMs at multi TeV range. In this scenario it will be necessary to produce

the results for the processes of interest at LHC after the inclusion of higher order terms in QCD

to reduce the theoretical uncertainty as well as performing a complete phenomenological analysis

to get any hint of new physics buried in the data. In this thesis, we have obtained precise results

for different processes of interest at the LHC. In particular, we have computed fixed order NLO

corrections and then extended these results through the matching with the PS. On the other hand,

we have calculated threshold corrections beyond NNLO, which serves as the initial step towards

the computation of the full N3LO correction for the processes of interests.

We have studied three photon production in the SM, `+`−, ZZ, W+W− production in SM and ADD

model at NLO+PS accuracy. The three photon production acts as a background for the techni-pion

production in association with a photon, where the techni-pion decays into a photon. From the

di-final states in the ADD model, one can in principle probe the potential reach of the LHC in

finding out the extra dimensions. As, these processes are certainly going to be studied with the

data from the upcoming runs at LHC, we have produced the results at NLO+PS accuracy within

the AMC@NLO framework, thus producing a set of realistic events directly comparable with the
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experiment. For the three photon production, We have calculated this process at NLO, confirm-

ing the earlier result reported in the literature and then made interface with the MADFKS in the

AMC@NLO framework to produce the necessary results. We have also checked the effect of the

frixione isolation parameters on the prediction for the three photon production and observed that

the total inclusive cross-section depends heavily on these parameters. In case of the di-final states

in ADD model we have used the already available analytical results for the NLO correction and

implemented them in the AMC@NLO framework to match with the PS. Various kinemtical dis-

tributions has been studied for all of these processes and the effect of the PS has been discussed.

Moreover, we have also studied the potential reach for 14 TeV LHC at 10 fb−1 to probe these extra

dimensions at this accuracy. The scale uncertainty has been observed to decrease consistently with

the inclusion of the PS. In the process of obtaining these results, we have also established interfaces

between different analytical and numerical tools, thereby creating a framework suitable for study

of other processes of interest at this accuracy.

On the other hand, we have produced results for threshold corrections at third order in QCD, which

constitutes a certain part of the complete correction at this order. We have studied the total inclusive

cross-section for the associated production of the Higgs with vector boson and the rapidity distribu-

tion of the Higgs boson produced through bottom quark annihilation. In case of V H production, we

have exploited the fact that at LO this is an electroweak process and the QCD corrections enter only

in the initial state, making it a DY look alike process. We have used the available results for DY

production with the inclusion of N3LO QCD threshold corrections and implemented it in the frame-

work of vh@nnlo code to obtain the threshold corrected results at third order in QCD for the V H

production. For the study of the rapidity distribution of the Higgs boson produced through bottom

quark annihilation we have outlined a complete framework to calculate these threshold corrections

in a consistent, systematic and accurate way for a final state colorless particle. The framework,

which is based on the factorization properties of the QCD amplitudes along with Sudakov resum-

mation and the renormalization group invariance has been extensively described at the NLO level.

Then it has been extended to calculate the corrections beyond NNLO. For this purpose, the recent
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results on threshold N3LO correction in QCD for the Drell-Yan production and on three loop QCD

correction to Higgs form factor with bottom anti-bottom quark has been used to achieve this task.

It has been observed that the inclusion of the N3LO corrections reduce the scale uncertainty further

for both the processes.
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