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SYNOPSIS
From their very inception to their recent detection, black holes have always captured physicists
intrigue as well as popular imagination. One major theoretical puzzle offered by black holes is the
black hole entropy problem. Second law of thermodynamics tells that entropy can not go down in
any physical process. Now think of a black hole being formed through gravitational collapse of a
star, which would carry some entropy. Second law in this case would imply the resultant black hole
must have entropy as well. A statistical understanding of this entropy would require the black hole
to have microstates. However the usual understanding of black holes, based on Einstein’s theory
of gravity, gives no clue where these microstates may come from. Works of Hawking and others
however strongly suggest that entropy of a black hole should be proportional to its surface area with
the proportionality constant carrying signature of quantum gravity. This suggests that this is actu-
ally a problem to be handled in the framework of quantum gravity. Put another way, a successfull
theory of quantum gravity must explain the origin of black hole microstates. String theory being
leading candidate for the theory of quantum gravity, has naturally been put to this test and has been
extremely sucessful for supersymmetric black holes. However the way string theory addresses this
question is somewhat indirect and one counts the microstates in a regime away from black hole de-
scription, which is allowed by supersymmetry. Main goal of this thesis is to understand the nature
of black hole microstates as we move away from the black hole description.

Major result of our studies is to gather evidence for the conjecture that at a generic point of
moduli space, all microstates of a single centered supersymmetric black hole carry zero angular
momentum. In the regime where black hole description is valid, it is known to be the case. This in
particular means that the number of ground states for such a black hole is same as Witten index, i.e.
the difference between the number of bosonic and fermionic states. By virtue of supersymmetry,
Witten index remains unchanged as one changes the theory smoothly. Exploiting this feature one
goes to a regime in moduli space where Witten index can be evaluated and compares the result with
Bekenstein-Hawking formula. Till now in each case studied, there is an excellent match. However
this match by itself does not tell how does various properties of the microstates change as one
moves in moduli space. One key feature of the microstates, when black hole description is valid,
is that they carry zero angular momentum. It is natural to wonder whether this remains true as
one moves away from the black hole regime of moduli space. We gather evidence supporting the
conjecture that at a generic point of moduli space, microstates of a single centered supersymmetric
black hole continue to carry zero angular momentum.

iii
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CHAPTER1
INTRODUCTION

String theory attempts to be the theory of everything, i.e. a theory that describes all matters and
forces within a single theoretical framework. Experience in physics has repeatedly shown that
apparently very different physical phenomenon often stems from same basic physics. This has
been the case with electricity and magnetism, which naively does look very different, nevertheless
can be described together by Maxwell’s equations. We had similar experience with weak force,
that is responsible for beta decay. Till now three fundamental forces of nature, electromagnetic
force, weak force and strong force along with all the matter particles that has still been detected
experimentallya. are described by standard model of particle physics, with extremely high accuracy.
Standard model uses the theoretical framework of quantum field theory and various fundamental
matter particles and three forces all appear as quantum fields. So a rule of thumb that works in this
case is each fundamental particle or force corresponds to a quantum field. One would naively expect
that if we just introduce a quantum field corresponding to gravitational force, we could describe
all forces and matter in a single framework. However this fails disastrously due to renormalization
problems. Thus the first and probably the biggest challenge to develop a unified theory is to develop
a theory of quantum gravity.

String theory has the almost magical feature that it automatically provides a quantum theory
of gravity, with no hard work at all! Hard work is needed to reproduce standard model of particle
physics from string theory and this has not yet be achieved. But we would not concern ourselves
with this aspect. Even the claim of being “the theory of quantum gravity” is a highly non trivial
one. Although string theory does have the theoretical qualification for being a theory of quantum
gravity, to establish this we need experimental verification. On general grounds one can argue that
the natural energy scale associated with any theory of quantum gravity is Planck energy ∼ 1016

TeV. This means to verify a theory of quantum gravity, we need to perform experiments at energy

aWe will not include dark energy and dark matter in our discussion, which constitute most of the universe, but still
far away from human understanding.
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scale 1016 TeV. Given that with the integrated effort of almost whole human civilization, we have
only been able to reach energy scale 10 TeV in LHC, reaching 1016 TeV is certainly not something
that is going to happen in near future.

In such a situation either we can sit idle or we can check whether a candidate theory of quantum
gravity passes various theoretical consistency tests. Luckily black hole entropy puzzle serves as a
highly non trivial theoretical consistency check. The puzzle is the following. Classically black
holes are described as solutions of Einstein’s equations and are completely described by only a few
parameters, namely the charges carried by the black hole. In other words, once all the charges are
specified, a black hole does not have scope for any microstates. However for the second law of
thermodynamics to hold in presence of black holes, they must have entropy. The “laws of black
hole mechanics”, based on classical general relativity, happen to have peculiar resemblance with
laws of thermodynamics. In particular area of event horizon behaves much like entropy and surface
gravity at the horizon behaves much like temperature, both up to some proportionality constant.
Further analysis of quantum black holes has proved that this temperature is indeed the physical
temperature of the black hole. This fixes the proportionality constants and shows the black hole
entropy to be 1

4
× area of event horizon, in natural units (~ = 1, c = 1, G = 1). This is called

Bekenstein-Hawking entropy. Since entropy requires microstates and as explained above, classical
black holes do not have any scope of having microstates, we are left absolutely clueless. However
a strong hint comes from the fact that the proportionality constant has Planck length, which is the
characteristic length of any theory of quantum gravity, in it. This suggests that this question can
be answered in a theory of quantum gravity. We can reverse the logic and say that if a candidate
theory of quantum gravity is the correct one, it must explain the origin of black hole microstates. In
other words black hole entropy problem can serve as a litmus test for a candidate theory of quantum
gravity. It should be stressed that the question is not only a qualitative one, but also a quantitative
one, i.e. it does not suffice to explain the origin of black hole microstates, one also have to count
them to produce Bekenstein Hawking entropy, with correct numerical coefficient. Further, a theory
of quantum gravity can have many phases (i.e. vacua) other than the one we happen to live in.
Many such phases may admit black hole solutions. The correct theory quantum gravity should be
able to address the black hole entropy puzzle for all such black holes, a single failure is enough to
disqualify the theory as a correct theory of quantum gravityb.

String theory has been able to address this question with high accuracy for various supersym-
metric black holes. Along with producing Bekenstein-Hawking entropy, one has also been able
to address quantum corrections to Bekenstein-Hawking formula. This enormous success certainly
provides a strong hint that string theory is “the theory of quantum gravity”. However to count the

bIn practice all phases may not be easy to deal with due to various difficulties. Then the ones that can be dealt with
must reproduce Bekenstein-Hawking entropy correctly.
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black hole microstates, one deforms the system to go to a regime where such counting is concep-
tually clear as well as computationally possible. By merit of supersymmetry this does count the
number of black hole microstates, despite being deformed. So despite the computational success,
one does not really have a direct hold over black hole microstates.

To get a better hold over the nature of black hole microstates, a good strategy would be to
ask how various properties of black hole microstates change as we move away from black hole
description. In particular it would be interesting to find properties that do not change as we move in
moduli space, for these properties can be thought as characteristic features black hole microstates.
A particularly interesting property of single cenetered supersymmetric black holes is that they carry
zero angular momentum. It is only natural to wonder what happens to this property as one moves
away from black hole description, or for that matter anywhere in moduli space. Existing literature
only explores special points in moduli space and in those points black hole microstates are seen to
carry non zero angular momentum as well. However those being only special points, one can still
ask what happens at a generic point in moduli space? Our works suggest that at a generic point of
moduli space microstates of a single centered supersymmetric black hole still carry zero angular
momentum.

1.1 Black Hole Thermodynamics

Black hole is a region of space time from which nothing, not even light, can escape. More tech-
nically speaking, black hole is the part of space time that is not included in the chronological past
of future null infinity. Black holes arise as solutions of Einstein’s equations. Due to such strange
properties in the initial days people (including Einstein himself!) were somewhat sceptic whether
such objects can exist in real world. However there have been strong indications for the existence
of astronomical black holes, e.g. there is strong speculation that there is a supermassive black hole
at the center of our galaxy. Nevertheless decisive observational evidence for existence of black
holes have been gathered only very recently [1]. Now that we know black holes do exist in real
world, any question about black holes is of some relevance to real world.

In [2] it was shown that if two black holes collide and settle down to form a new one, area of the
event horizon can not decrease in this process. This was shown based on fairly mild assumptions,
such as absence of naked singularities, null energy condition (Tµνkµkν ≥ 0 ∀ null kµ) and therefore
is a very general result for black holes. One can not but note the striking similarity between black
hole area and entropy, which never goes down in a physical process. This might seem only a
coincidence. However, Bekenstein has argued [3], [4] that in order for second law to hold in
presence of black holes, black holes must have some entropy. The argument is fairly simple. Let
us throw a bucket of hot water in a black hole, black hole will eat it up and would soon settle
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down to a little bigger black hole. But if black hole does not have any entropy then the entropy
in the hot water would be lost and hence second law would be violated. In the light of Hawking’s
finding [2] that area of the event horizon of a black hole never goes down, Bekenstein proposed
that black hole entropy is proportional to its area, the proportionality constant being an universal
constant. Bekenstein proposed a “Generalized Second Law”: the sum of the ordinary entropy of
matter outside of a black hole plus a suitable multiple of the area of a black hole never decreases.

This speculation was put on a firmer ground by the work of Bardeen, Carter and Hawking [5],
in which “laws of black hole mechanics” were derived. In particular clear analogs of zeroth and
first law were found, with surface gravity κ behaving as temperature. The analogy between surface
gravity and temperature was further proven to be physical in [6]. There quantum effects were taken
into account and it was shown that a black hole behaves much like a black body and emits thermal
radiation at temperature ~κ/(2π). From the first law one can fix the proportionality constant in the
entropy and the black hole entropy is found to be

SBH =
c3A

4G~
. (1.1.1)

This is referred as Bekenstein-Hawking entropyc.
This establishes that black holes indeed carry entropy given by SBH . But now there is another

more serious puzzle. Statistical mechanics is known to be the underlying physics of thermodynam-
ics. In particular entropy is known to arise from the fact that for specified macroscopic properties,
a thermodynamic system has many microstates available, in which it can stay. One would like to
understand statistical origin of black hole entropy. For this it is essential to understand the mi-
crostates of a black hole. Here we are left absolutely clueless, since in classical gravity black holes
are completely specified by their mass, angular momentum and charges and thus there is no scope
for microstates!

However Bekenstein-Hawking formula (1.1.1) itself gives s strong hint regarding where we
should look for an explanation. Interestingly the expression (1.1.1) contains Planck length lp :=√

G~
c3

. It contains both Newton’s constant G (which is signature of gravity) and Planck’s constant
~ (which is signature of quantum physics), and hence is a natural length scale of the theory of
quantum gravity (although we do not know the theory itself). This tells that the theory of quantum
gravity is the place to look for a statistical explanation of black hole microstates. We can reverse
the argument to argue that the correct theory of quantum gravity must successfully give a statistical
explanation of black hole entropy. Given that we are nowhere near testing a theory of quantum

cAll these were for Einstein’s theory of gravity. One may ask what happens if one considers more general diffeo-
morphism invariant theory of gravity. In fact such theories are essential in string theory, since stringy effects give rise
to corrections to Einstein-Hilbert action. For such general diffeomorphism invariant theories, the analog of Bekenstein-
Hawking entropy is given in [7], [8], [9], [10].
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gravity experimentally, such theoretical tests are of immense importance.
Few more words on stringency of this test. Firstly the challenge is not only qualitative but also

quantitative. Namely if a candidate theory of quantum gravity gives a qualitative account of black
hole microstates, but fails to reproduce the Bekenstein Hawking entropy with correct numerical
coefficients, that is still a failure. Secondly, this question can be asked for all black holes and the
correct theory must address this issue for all black holes. In particular, a theory of quantum gravity
can have many phasesd, although they are not realized in the universe we live in. Nevertheless
each such phase is a mathematically consistent possibility, that just happens not to be realized in
real world. Many such phases may contain black hole solutions. Although these are not the black
holes that we see in our universe, they are nevertheless consistent possibilities. Thus the black hole
entropy puzzle has to be addressed for all such black holes.

1.2 How does string theory address black hole entropy problem

Given that string theory is the leading candidate for the theory of quantum gravity, it is only natural
to put string theory to this test. The first ray of hope comes from the observation that the number
of string states at a given mass level grows rapidly with the mass, which qualitatively resembles
rapid growth in the number of black hole microstates with mass. However this resemblance is only
qualitative since the number of string states at a given mass level M grows like eM for large M ,
whereas the number of black hole microstates at a given mass level M grows like eM2 . Despite of
this mismatch, there is still some hope due to the following possibility. String spectrum is usually
computed in flat spacetime, which is very different from black hole spacetime. To get to black
hole spacetime, one has to increase Newton’s constant G significantly so that GM becomes large
enough to have considerable gravitational backreaction and therefore create a black hole out of
an elementary string. In such case, large renormalizations of black hole masses might fix the eM

versus eM2 mismatch, as has been suggested in [11], [12], [13]. In spite of reigniting our hope,
the above arguments certainly do not account for black hole entropy convincingly. We would be
able to say something with certainty only if we had black holes which do not receive any mass
renormalization.

Luckily such states do exist in a supersymmetric theory withN > 1 supersymmetry. These are
well known BPS states [14], [15]. They occur when “charge equals the mass” (in appropriate units).
The reason for their stability is that for these special values of charges and masses, one gets an en-
tirely different representation of supersymmetry algebra, usually referred to as short representation,
since it has less number of states than non-BPS ones. Now as we change the coupling, a state can
not suddenly change which representation it sits in. Black holes for which charge equals the mass

dE.g. in string theory one expects the number of vacua to be of the order of 10500.
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are called extremal black holes. Certain such elementary string states and corresponding black hole
have been considered in [16] and an order of magnitude match in the number of microstates has
indeed been found.

A more profound and quantitative match is found when one considers black holes that corre-
sponds to not only elementary strings but also various solitons in string theory. Let us restrict to
type IIA string theory for definiteness. The qualitative picture is same for all string theories. The
bosonic part of the massless spectrum in this theory contains the graviton Gµν (symmetric trace-
less), B field Bµν (antisymmetric), and RR fields C(1)

µ ,C(3)
µνρ (totally antisymmetric). String theory

is naturally defined in 10 space time dimensions. To get to real world, one has to compactify 6
of these directions. Let the compact directions form a six-torus T 6. In the discussion below, the
Roman indices a, b, c will denote the compact directions and the Greek indices α, β, γ will denote
4 non-compact directions. After compactification the set of fields Gαa, Bαa, C

(1)
α , C

(3)
αab behave as

gauge fields. This way one gets 28 gauge fields in the low energy effective theory, which is tN = 8

supergravity. The black holes in this theory may be charged under these gauge fields. Now one
can track back the gauge fields to various tensor fields in string spectrum. In full string theory one
knows which objects are charged under these tensor fieldse. These may be elementary strings with
momentum/winding along the compact directions as well as non perturbative solitons such as D
branes. Then one can think of the black hole as some collection of say D branes spread along the
compact directions. This is referred to as microscopic description of the systemf. From the perspec-
tive of the non compact directions, the collection of elementary strings and solitonic branes looks
like a point, namely the black hole. It should be emphasised that the black hole description and
microscopic description are valid in two very different regimes. When the string coupling g is very
small and hence Newton’s constant G is very small, one can neglect gravitational backreactions of
various constituents of microscopic description and consider them in flat space background. This
is the regime when microscopic description is a good one. However when the string coupling g
and hence Newtons constant G is large enough so that gravitational backreactions are important
then such description is not a good one, since they are constructed in flat space background. In
this regime they are better described as black holes. Another way to put this is to consider the
Schwarzschild radius ∼ GM . When string coupling g is small enough so that GM is comparable
to the string length scale, curved space time is not a good enough description and one must consider
this as a quantum systemg. On the other hand when g is large enough so that the Schwarzschild

eElectric charges ofGαa, Bαa, C
(1)
α , C

(3)
αab are respectively carried by momentum along xa, elementary string wind-

ing along xa, D0 brane and D2 brane along xa–xb. Magnetic charges of Gαa, Bαa, C
(1)
α , C

(3)
αab are respectively carried

by KK monopole along xa, NS5 brane spanned along 5 compact directions except xa, D6 brane spanning all the T 6

directions, D4 brane spanning the 4 compact directions except xa and xb.
fIt should be mentioned that the microscopic description is far from being unique. Given one microscopic descrip-

tion, one can use various string dualities to get to many other equivalent microscopic description.
gOne subtlety comes from the fact that for solitons, the mass M also depends on g. In fact it grows as g approaches
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radius is much larger than string length, black hole is a good description.
Now in the line of our discussions for elementary string, one considers BPS black holes. BPS

states do not change as we change the string coupling, therefore given a BPS black hole we may
well count the number of BPS states in the microscopic description and regard this as counting mi-
crostates of the black hole. Actually one has to be a little more careful due to the following reason.
We know that the number supersymmetric ground states in a supersymmetric theory may change
due to creation of Bose-Fermi pairs, as we smoothly change the Lagrangian (without affecting
any symmetry or normalizability of wave-functions). What remains unchanged is the difference
between number of bosonic and fermionic states, famously known as Witten index. For a BPS
state there are two kinds of supersymmetries. 1st kind of supersymmetries annihilate the BPS state,
hence with respect to these supersymmetries a BPS state is like a supersymmetric ground state (in
appropriate sector). 2nd kind of supersymmetries do not annihilate the BPS state and hence generate
the BPS supermultiplet structure. These supersymmetries can readily be identified with fermionic
Goldstones in the quantum mechanics describing the dynamics of the BPS particle, henceforth re-
ferred as Goldstino fermions or simply Goldstinos. Since in each supermultiplet there are equal
number of bosonic and fermionic states, the Witten index is identically zero and therefore useless,
despite of being protected. However if we throw the Goldstinos along with its superpartner Gold-
stones (which is possible since they are by definition non-interacting) then each BPS supermultiplet
is replaced by a bosonic/fermionic supersymmetric ground state. In this reduced theory Witten in-
dex may well be non zero. Thus we will throw the Goldstinos and compute Witten index in the
theory thus obtainedh. This would be same as the number of BPS states only if the BPS states
sans the supermultiplet structure, are all bosonic. This is luckily the case for all single centered
supersymmetric black hole (whether or not it descends from string theory). All microstates of such
black holes carry zero angular momentumi. Thus the appropriate index does count the degeneracy.
Now one can go to the microscopic description where it is relatively straight forward to compute
the index and check whether it gives rise to the degeneracy as required by Bekenstein-Hawking
formula.

First quantitative success in this direction was achieved in [17]. It is instructive to briefly go
through the basic logic of this paper. In this paper one considers five dimensional N = 4 theory,

0. Since G ∼ g2, we need GM to be proportional to some positive power of g. This indeed is the case for D branes,
whose mass goes like 1/g.

hIn the full theory, which includes Goldstinos, this corresponds to computing a certain index, to be described later.
iThis is because near horizon geometry of any single centered black hole has a AdS2 factor and and the closure

of the AdS2 symmetry algebra and the algebra generated by the unbroken supersymmetries include also an SO(3)
algebra. Hence a supersymmetric single centered black hole must be spherically symmetric and consequently carry
zero average angular momentum. Further the black hole defines a microcanonical ensemble. This is because for the
near horizon AdS2 path integral (which is needed to define quantum analog of Bekenstein-Hawking formula) to be
well-defined, one has to fix all the charges, which in particular includes the angular momentum. Thus all microstates
of such a black hole must carry zero angular momentum.
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obtained by K3 × S1 compactification of type II theory (or equivalently T 5 compactification of
heterotic string theory). This theory contains two 2-form field strengths H̃ and F . We will work
in type IIB description. Then H̃ comes from the Kaluza Klein gauge potential Gµθ, θ being the
coordinate of the S1 and µ denoting non-compact directions. The charge of this field, which we call
QH , is the momentum along the S1. Similarly F can be thought as collection of RR field strengths,
after reduction along compact directions. The charge vector of F is called QF . Components of QF

count the number of D branes wrapped along different cycles ofK3 times S1. Black holesj carrying
both QH and QF charges are considered. It is useful to consider the limit when K3 size is small
and as a result the D brane world volume theory is described by a sigma model living on S1 × R,
where R stands for the time direction. Existing results indicate that this sigma model has central
charge (1

2
Q2
F + 1), where Q2

F is computed with the intersection matrix of the cycles of K3. Now
the supersymmetry requires the contributing states must be annihilated by either L0 ≡ 1

2
(H + P )

or L̄0 ≡ 1
2
(H − P ), where H stands for the Hamiltonian and P for momentum along S1. Taking

L̄0 = 0 for definiteness one has L0 = P = QH . Thus the task in hand is to count the number
of statesk with L0 = QH , L̄0 = 0 in a CFT of central charge (1

2
Q2
F + 1). For large QH this is

known [25] to go like

dmicroscopic ∼ e2π
√
QH( 1

2
Q2

F +1) . (1.2.2)

On the other hand, for such black holes, Bekenstein-Hawking formula givesl

SBH = 2π

√
QHQ2

F

2
. (1.2.3)

Thus one finds precise match between ln dmicroscopic and SBH , including numerical coefficients, for
large charges.

Following [17], there has been a plethora of explorations in this direction and for a wide class
of extremal supersymmetric black holes in string theory, microscopic considerations have success-
fully reproduced Bekenstein-Hawking entropy to leading order in the charges. This is old story by
now and attention of the community has moved towards matching subleading corrections in the mi-
croscopic formula to quantum and higher derivative correcions to Bekenstein-Hawking formula in
the macroscopic side. For N = 8 theory, there are logarithmic corrections to Bekenstein-Hawking

jHere are some early works on various other black holes. These include five dimensional extreme black holes
with rotation [18], slightly nonextremal five dimensional black holes [19], [20], [21], four dimensional extreme black
holes [22], [23], and slightly nonextremal four dimensional black holes [24].

kIt was argued that to leading order, which was the interest of the paper, the number of states is same as the
appropriate index in this case.

lSince this is five dimensional black hole, now area stands for five dimensional area and Planck length is also five
dimensional Planck length.
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entropy coming from quantum effects and in N = 4 theory, there are non-logarithmic corrections
to Bekenstein-Hawking entropy coming from higher derivative terms in the effective Lagrangian.
Both these corrections have been explained from microscopic considerations. However for N = 2

theories enough microscopic results, needed to account for logarithmic corrections to Bekenstein-
Hawking entropy, are still lacking. There are no known counter-examples though. Thus no doubt
we can interpret these results as strong hints that string theory indeed is the theory of quantum
gravity.

1.3 Summary of our works

Despite enormous success of string theory in giving a microscopic account of the Bekenstein-
Hawking entropy for BPS black holes, the procedure is somewhat indirect. We do get to count the
microstates but we do not really learn what the black hole microstates actually look like. Namely
what are the various properties of black hole microstates. Clearly this is made difficult by the
simple fact the we have a better hold of the microscopic picture in a regime away from the black
hole regime. One strategy could be to study which properties are robust as we move in moduli
space. This would be of some help in understanding the black hole microstates because given a
proposed description of black hole microstates, e.g. the fuzzball proposal, we will have a litmus
test for the proposal.

Based on the analysis of the near horizon geometry of a BPS black hole it has been argued that
as long as the black hole carries four unbroken supersymmetries, the microstates of single centered
black holes will all carry zero angular momentum [26, 27]. It is natural to wonder whether this
property continues to hold as we move away from the black hole regime. Indirect tests of this have
been performed by examining the BPS index – given by number of states weighted by (−1)2J3 after
factoring out the goldstino fermion zero mode contributions – which is expected to be independent
of the moduli. On the black hole side if all the microstates carry zero angular momentum, then
the BPS index will be positive. This implies that on the microscopic side also we must always
have positive index. This has been tested in many examples [28,29], and so far no counterexample
has been found. Nevertheless existing microscopic countings typically give states carrying different
angular momenta (even after factoring out the the goldstino zero mode contribution), some of which
give positive contribution to the index and others give negative contribution. However existing
computations are usually done at rather special points in the moduli space. So we can still ask
whether this property holds at a generic point in the moduli space. To be able to answer this
question or at least to get some strong hint, we need to be able to turn on various moduli in our
microscopic description and also to make sure that there are no multi-centered black holes for the
charges considered (this is because one expects only the microstates of a single centered black hole
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to carry zero angular momentum). Both these can be accomplished if we consider 1/8 BPS black
holes carrying only RR charges in N = 8 theory. The microscopic description contains various D
branes wrapping various cycles of the compact T 6. We find for small charges that all microstates
of this system carry zero angular momentum. Due to practical difficulties we are unable to address
the problem for large charges. Nevertheless the mathematical structure that led to this result for
small charges, remains the same even for large charges. Thus we are led to the conjecture that at a
generic point of moduli space, all microstates of a single centered supersymmetric black hole carry
zero angular momentum.
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CHAPTER2
THE SYSTEM

2.1 The Theory

In the microscopic description, one gets all microstates for a given charge. As one increases the
Newton’s constant to go to the black hole regime, some of these microstates may become sin-
gle centered black holes and some may become multi-centered (if such black holes exist and they
generically do). In the microscopic description, it is very difficult to identify which microstates
correspond to single centered and which ones to multi-centered black holes. But the conjecture we
wish to verify is strictly a statement about single centereda black holes and thus such an identifica-
tion is a must for us.

In N = 2 supersymmetric theories in 3+1 dimensions the contribution from the multi-centered
black holes is very complicated [30] and it is not easy to disentangle it from the contribution from
single centered black holes, although some progress has been made on this front [31]. In this
context the results of [32–36] can be taken as providing partial support to this conjecture. The
situation is somewhat better inN = 4 supersymmetric theories where the contribution from multi-
centered black holes are better understood [37, 38, 41, 42].

The situation is best for N = 8 theories. In this theory, although a 1/8 BPS black hole can
sometimes breaks up into two half-BPSb black holes across walls of marginal stability, for this
to be allowed a certain inequalityc needs to be satisfied by the charge vector. Thus if we choose
our charge vector such that this inequality is not satisfied, then only contribution to the index is

aMulti-centered black holes carry non-zero angular momentum.
bA 1/8 BPS states breaks 32 − 4 = 28 supersymmetries. Correspondingly there are 28 fermionic Goldstones

(usually called Goldstino). On the other hand each half-BPS state breaks 16 supersymmetries and hence have 16
Goldstinos associated to this breaking. Two half BPS states seems to have 32 Goldstinos. However 4 of these are
actually interacting, hence one has only 28 Goldstinos, same as a 1/8 BPS state.

cSuch black holes satisfy Q2P 2 − (Q · P )2 < 0, where Q and P are electric and magnetic charges of the black
hole, in a certain duality frame.
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from single centered black holes [43]. In this case the conjecture means that at a generic point of
moduli space all micostates must carry zero angular momentum. Now we will set out to test this
conjecture.

2.2 The System

Various microscopic descriptions can be cooked up to describe such black holes. All such descrip-
tions would be related to each other by U-duality. Previously 1/8 BPS black holes inN = 8 theory
has been considered in [47]. Their microscopic description contains a D1-D5-momentum system in
KK monopole background. However their analysis is carried out at a special point in moduli space
and hence fermionic microstates also contribute to the index. So we need to consider a different
system where we can go to a generic point in moduli space. Nevertheless the results of [47] will
serve as a cross check.

Regarding the choice of such a system, we take a hint from recent results [32], [33], [34]. There
it has been found that when half-BPS black holes in N = 2 theory are described as D branes
wrapping various cycles of Calabi-Yau, one gets exactly zero angular momentum for microstates
of a single centered black hole. Thus we go to a duality frame where all the charges carried by
the black hole are RR charges, as a result the microscopic system comprises of only D branes and
no other kind of charges (e.g. momentum or winding). As we will see, in this system turning on
various moduli is quite easy, in fact desirable.
N = 8 theory is obtained by compactifying 10 dimensional type II theory on T 6. We take the

T 6 to span 4-5-6-7-8-9 directions and 1-2-3 to be the non compact directions. Our system contains
a stack of N1 D2 branes wrapped along 4-5 cycle, a stack of N2 D2 branes wrapped along 6-7
cycle, a stack of N3 D2 branes wrapped along 8-9 cycle and a stack of N4 D6 branes wrapping all
the T 6 directions. We will however restrict to the case N1 = N2 = N3 = 1.

2.3 The relevant index

The system considered preserves 4 superchargres, which means there are 28 Goldstinos. These are
non interacting massless fermionsd. In the presence of such fermions, Witten index vanishes iden-
tically. Thus we have to find something that is non-vanishing as well as protected under continuous
deformations. This is given by B14, 14-th helicity supertrace, defined as

B14 = − 1

14!
Tr[(−1)2J3(2J3)14] . (2.3.1)

dAll massless non-interacting fermions are not necessarily Goldstinos though.
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The case of interest is 0 + 1 dimensional theory, i.e. quantum mechanics, obtained by restriciting
to the 0 mode sector of a 4 dimensional theory. J3 has the following interpretation in the quantum
mechanics. Supersymmetric ground states of a supersymmetric quantum mechanics can be identi-
fied with elements of cohomology of the classical vacuum moduli space. Lefschetz SU(2) (to be
discussed later) has a natural action on this space and is idenfied [51] with the SU(2) of spatial
rotation.

To understand (2.3.1) better, let us first consider the case of 4 Goldstinos. They lead to 4
supersymmetries and they can in turn be arranged into 2 fermionic oscillators, corresponding to
J3 = ±1/2 respectively. Let us denote corresponding creation operators as a†↑ and a†↓. Now suppose
if one removes the Goldstinos (which is possible since they are non-interacting), rest of the theory
has non-zero Witten index. Let |ψ〉 be a state contributing to Witten index, i.e. annihilated by
supersymmetry generators (the ones not coming from the Goldstinos). When the Goldstinos are
included, we can have the following 4 states with same energy

|ψ〉, a†↑|ψ〉, a
†
↓|ψ〉, a

†
↑a
†
↓|ψ〉 .

Two of these states are fermionic and two of these are bosonic. Thus together they have vanishing
contribution to Witten index. Same holds true for all states previously contributing to Witten index
and thus the Witten index vanishes.

The cure is to compute something that amounts to computing Witten index in the absence of
the Goldstinos. Let the Hilbert space spanned by the Goldstinos be Hg and the rest of the Hilbert
space beHr. The total Hilbert space is their tensor productH = Hr ⊗Hg.

Consider the quantity

In = Tr[(−1)2J3(2J3)n] = Tr[(−1)2J
(g)
3 +2J

(r)
3 (2J

(g)
3 + 2J

(r)
3 )n]

=
n∑
k=0

(
n

k

)
TrHr [(−1)2J

(r)
3 (2J

(r)
3 )k]× TrHg

[
(−1)2J

(g)
3 (2J

(g)
3 )n−k

]
.

Now note,

TrHg

[
(−1)2J

(g)
3 (2J

(g)
3 )m

]
= [0m + 0m]− [(−1)m + 1m] ,
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which is 0 for odd m and −2 for even non-zero m. This means

I2 = TrHr [(−1)2J
(r)
3 ]× TrHg

[
(−1)2J

(g)
3 (2J

(g)
3 )2

]
+ 2TrHr [(−1)2J

(r)
3 (2J

(r)
3 )]× TrHg

[
(−1)2J

(g)
3 (2J

(g)
3 )
]

+ TrHr [(−1)2J
(r)
3 (2J

(r)
3 )2]× TrHg

[
(−1)J

(g)
3

]
= TrHr [(−1)2J

(r)
3 ]× TrHg

[
(−1)2J

(g)
3 (2J

(g)
3 )2

]
= −2TrHr

[
(−1)2J

(r)
3

]
.

This is just Witten index on Hr (up to the factor −2) and hence protected. The lesson is that we
needed to insert (2J3)2 inside the trace to soak up four Goldstinos. When there are n Goldstinos
one needs a factor (2J3)n/2. Taking care of all normalizations one can show the following quantity

B2n :=
(−1)n

(2n)!
Tr
[
(−1)2J3(2J3)2n

]
(2.3.2)

equals Witten index in the theory obtained after throwing all the Goldstinos.
For our case, 28 supersymmetries are broken. Thus the relevant index is B14.
Before we go into computing B14 for our system, let us briefly review some relevant results

of existing literature. By a series of duality transformations described in appendix D, our sys-
tem (with an additional stack of D4 branes along 6-7-8-9 directions) is related to a system of N1

KK monopoles associated with the 4-direction, −N2 units of momentum along the 5-direction,
N3 D1-branes along the 5-direction, N4 D5-branes along 5-6-7-8-9 directions and −N5 unitse of
momentum along the 4-direction. The microscopic index of this system was computed explicitly
in [47] for N1 = 1. By a further series of U-duality transformations reviewed e.g. in [50], this
system can be mapped to a system in type IIA string theory on T 6 with only NS-NS sector charges,
containing−N2 units of momentum along the 5-direction,N1 fundamental strings wound along the
5-direction, N4 KK monopoles associated with the 4-direction, −N3 NS 5-branes wrapped along
5-6-7-8-9 directions and N5 NS 5-branes along 4-6-7-8-9 directions. In the notation of [50], the
electric charge vector Q and magnetic charge vector P for this state in the latter description are
represented as

Q =


0

−N2

0

−N1

 , P =


N3

N5

N4

0

 . (2.3.3)

The T-duality invariant inner product matrix between charges was given by

(
0 I2

I2 0

)
. With this

eWe will however set N5 = 0.
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we get
Q2 = 2N1N2, P 2 = 2N3N4, Q · P = −N1N5 . (2.3.4)

We also define

`1 = gcd{QiPj −QjPi} = gcd{N1N3, N1N4, N2N3, N2N4, N5N1},

`2 = gcd{Q2/2, P 2/2, Q · P} = gcd{N1N2, N3N4, N1N5} . (2.3.5)

We shall consider configurations for which

gcd{`1, `2} = 1, i.e. gcd{N1N3, N1N4, N2N3, N2N4, N1N2, N3N4, N1N5} = 1 . (2.3.6)

In this case, following [38,39] one can show that there is a further series of duality transformations
that map this system to one with N1 = 1 [40] for which the microscopic index is known from the
analysis of [47]. Expressed in terms of the more general set of variables (N1, · · · , N5), the result
for the BPS index for this system, which in this case corresponds to the 14-th helicity supertrace
B14, takes the form [48]

B14 = (−1)Q·P+1
∑
s|`1`2

s ĉ(∆/s2) , ∆ ≡ Q2P 2 − (Q · P )2 = 4N1N2N3N4 − (N1N5)2 , (2.3.7)

where ĉ(u) is defined through the relation [46, 47]

− ϑ1(z|τ)2 η(τ)−6 ≡
∑
k,l

ĉ(4k − l2) e2πi(kτ+lz) . (2.3.8)

ϑ1(z|τ) and η(τ) are respectively the odd Jacobi theta function and the Dedekind eta function.
We consider configurations with N1 = N2 = N3 = 1, N4 = N,N5 = 0. Then the expected

result for the index B14 is [47]f

− ĉ(4N) . (2.3.9)

Explicit computation (shown in C) gives

− ĉ(4) = 12, −ĉ(8) = 56, −ĉ(12) = 208, · · · (2.3.10)

As we will see in upcoming chapters, our computations for these three cases g gives respectively
12, 56 and 208 isolated solutions for the V = 0 equation. Using (2.3.10) we see that this is in

fVarious macroscopic tests of this formula beyond the one provided by the Bekenstein-Hawking formula have been
carried out in [54–58].

gWith our present methods it seems difficult to handle higher charges.
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perfect agreement with the results from the dual description.

2.4 The Lagrangian

The brane system considered by us, intersects at a point. We have to compute B14 for the theory
living in the worldline of this intersection. For this purpose only on the low energy modes are
relevant. So we may concentrate only on the massless spectrum of the strings stuck to various
branes. Further we may ignore spatial dependence of these massless fields and concentrate only on
the dynamics of the zero modes of these massless fields. This gives the field content of quantum
mechanics living in the worldline of the brane intersection.

Once we have the field content, supersymmetry fixes mosth of the interaction. One may worry
about all the terms coming due to stringy corrections. Although they are certainly there, they would
not be very consequencial for our purpose. This is because in this regime the physics is controlled
by low energy dynamics and stringy effects do not matter much.

We mention that although our theory is really a quantum mechanics, we arrange our fields
according to four dimensional N = 1 supersymmetry. It is understood that the fields depend only
on time though.

2.4.1 String spectrum and physical interpretation of the Bosons

First let us determine the massless string spectrum. There are two kinds of strings:

1. strings with both ends on same D brane. We will be calling them “on brane strings”.

2. strings with two end points on different branes. We will be calling them “mixed strings”.

On brane strings: First let us consider the massless spectrum of strings stuck to a D3 brane.
It is essentially the same as a 10 dimensional open string with NN boundary condition on all
directions, only difference being that they are allowed to move only on the D3 brane. We know
that the massless spectrum of a 10 dimensional open string with NN boundary condition along all
directions contains a ten dimensional gauge field and a ten dimensional Majorana-Weyl fermion.
When dimensionally reduced to the the D3 world volume, this gives 4 Weyl fermions, 1 gauge field
and 3 complex scalars (equivalently 6 real scalars). This is just the field content of N = 4 super
Yang-Mills theory. For a stack of N D3 branes, the N = 4 SYM has gauge group U(N).

Although our branes are not quite D3 branes, for each brane we can perform a T duality to get
a D3 branei and field content does not change under this operation. Thus the quantum mechanics

hAs we will see, certain important terms will not be fixed by supersymmetry and have to be guessed.
iIn fact by performing T dualities along say 4-6-8 directions we can change all the branes into D3 branes.
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obtained by dimensionally reducing would be the same. So we have 4 copies of dimensionally
reduced N = 4 SYM for four stacks, with gauge groups U(1), U(1), U(1) and U(N) respectively.

We will use 4 dimensional N = 1 multiplets to arrange the fields. Dimensional reduction to
0 + 1 dimension would be implicit. N = 4 SYM contains oneN = 1 vector multiplet V and three
N = 1 chiral multiplets Φ1,Φ2,Φ3. The standard interpretation of the bosons is as follows: The 6
real scalars (coming from threeN = 1 chiral multiplets) describe D brane collective coordinate for
6 transverse directions and the gauge field in the vector multiplet describe the gauge field living in
D3 brane world volume. We denote by X(k)

i for 1 ≤ k ≤ 4, 1 ≤ i ≤ 3 the i-th spatial component
of these four sets of gauge fields. k = 1, 2, 3 will stand for the U(1) factors and k = 4 will stand for
the U(N) factor.j Therefore X(4)

i denotes an N ×N Hermitian matrix for each i whereas X(k)
i for

1 ≤ k ≤ 3, 1 ≤ i ≤ 3 are real numbers. Since we have a quantum mechanics, these fields appear in
same footing as six real scalars and this gives us some freedom in their interpretation. We interpret
X

(k)
i for 1 ≤ k ≤ 3 as the position of the k-th D2-brane along the three non-compact directions

and the diagonal elements of X(4)
i as the positions of the N D6-branes along the non-compact

directions. The off-diagonal components of X(4)
i arise from open strings stretched between the

D6-branes. The rest of the bosonic fields can be organized into chiral multiplet scalars. First of all,
for each of the four stacks of D-branes we have three chiral multiplets in the adjoint representation.
We shall denote them by Φ

(k)
i for 1 ≤ k ≤ 4, 1 ≤ i ≤ 3. Φ

(k)
i for 1 ≤ k ≤ 3 describe 1 × 1

complex matrices whereas Φ
(4)
i will describe anN×N complex matrix, transforming in the adjoint

representation of the respective gauge groups. Physically the Φ
(k)
i ’s for 1 ≤ k ≤ 3 label the position

of the k-th D2-brane along the directions of T 6 transverse to the D2-brane, and also the Wilson lines
on the k-th D2-brane along directions tangential to the D2-brane. On the other hand the diagonal
elements of Φ

(4)
i label the Wilson lines along the D6-branes. The off-diagonal components of Φ

(4)
i

arise from open strings stretched between the D6-branes.

Mixed strings: Besides these fields, for every pair of D-brane stacks labelled by (k, `) we have
two chiral superfields Z(k`) and Z(`k) arising from open strings stretched between the two D-brane
stacks, transforming respectively in the bi-fundamental and anti-bi-fundamental representation of
the corresponding gauge groups. Therefore Z(k`) for 1 ≤ k, ` ≤ 3 are 1 × 1 matrices, Z(k4) for
1 ≤ k ≤ 3 are 1×N matrices and Z(4k) for 1 ≤ k ≤ 3 are N × 1 matrices.

2.4.2 Supersymmetry

As mentioned earlier, supersymmetry works as an important guideline to write down possible terms
in the Lagrangian. Hence we must first understand the supersymmetry preserved by the brane

jThere are also non-dynamical fields X(k)
0 which implement the gauge invariance constraints. Their effect will be

discussed later.
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system.
For type II theory, one has the supercharges

Q = ε̄LQL + ε̄RQR , (2.4.11)

whereQL(QR) is left (right) moving supercharges. εL, εR are two ten dimensional Majorana-Weylk

fermions. The spinor indices are contracted and suppressed. Since a ten dimensional Majorana-
Weyl fermion has 16 real off shell degrees of freedom, εL and εR together gives rise to 32 indepen-
dent supercharges.

In the presence of a D brane, εL and εR are no more independent and they satisfy the following
relation

εL = ±Γ0Γ1 . . .ΓpεR , (2.4.12)

if the brane spans directions x1, x2, . . . , xp. The ± sign depends on whether we have a brane or an
anti-brane. However this convention only has a relative meaning, i.e. for any given stack we can
choose which sign corresponds to branes, then the opposite sign corresponds to anti-branes. We
choose + sign for D2 branes and − sign for D6 brane.

Out of εL and εR, (2.4.12) leaves only one of them independent. It follows from (2.4.11) number
of supercharges reduces to 16. This corresponds to the statement that a D brane is a half-BPS state.

But we have 4 stacks of D branes, so εL, εR need to satisfy 4 conditions, namely

εL = Γ0Γ4Γ5εR , (2.4.13)

εL = Γ0Γ6Γ7εR , (2.4.14)

εL = Γ0Γ8Γ9εR , (2.4.15)

εL = −Γ0Γ4Γ5Γ6Γ7Γ8Γ9εR . (2.4.16)

(2.4.13) and (2.4.14) together imply

εR = Γ5Γ4Γ6Γ7εR . (2.4.17)

Now half of the eigenvalues of Γ5Γ4Γ6Γ7 are +1 and half are −1. So this equation tells that εR lies
on the +1 eigenvalue subspace, which is 16/2 = 8 dimensional. Thus the first two intersecting D2
branes preserve only 8 supercharges and hence a quarter-BPS state. This corresponds to N = 2

supersymmetry in four dimensional language.

kIn type IIA theory they have opposite chirality, whereas in type IIB theory they have same chirality.
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Similarly, (2.4.13) and (2.4.15) imply

εR = Γ5Γ4Γ8Γ9εR . (2.4.18)

This condition, reduces the number of components of εR by a further half and preserves N = 1

supersymmetry in four dimensions.
(2.4.14) and (2.4.15) implies

εR = Γ7Γ6Γ8Γ9εR . (2.4.19)

This alongwith (2.4.13) implies

εL = −Γ0Γ4Γ5Γ6Γ7Γ8Γ9εR . (2.4.20)

This is just same as (2.4.16). Hence (2.4.16) is not an independent condition.
So we see each pair of D branes preserves N = 2 supersymmetry. But different N = 2 subal-

gebras are preserved for different pairs and altogether they preserve only N = 1 supersymmetry.
Note if we alter the orientation of odd number of branes, no supersymmetry will be preserved.

But if we alter the orientation of even number of branes, we still have the same amount of super-
symmetry preserved.

2.4.3 Goldstones and Goldstinos

Goldstones can be identified just by physical intuition and without the detailed knowledge about the
Lagrangian. Furthermore, since the whole system preserves N = 1 supersymetry, each Goldstone
is accompanied by a Goldstino (i.e. fermionic Goldstone) and fit together in a N = 1 supermulti-
plet. There are two advantages of identifying these:

1. By definition they do not appear in interaction in the low energy limit. So we also get to
know which fields appear in interaction terms of the Lagrangian.

2. Since Goldstinos are associated with broken supersymmetries, counting Goldstinos we can
tell the amount of supersymmetry preserved.

As a warm up, let us first take the case of a single D3 brane. Moving the D3 brane along 6
transverse directions does not cost any energy. These are Goldstones. Similarly exciting Wilson
lines along the world volume of the D3 brane (assuming it wraps a compact direction) does not
cost any energy. These are Goldstones as well. The 6 real scalars or equivalently the 3 complex
scalars are superpartners of 3 Weyl fermions and the gauge field is superpartner of 1 Weyl fermion.
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Thus we have 4 Weyl fermions as Goldstinos. These have 16 off shell degrees of freedom, which
indicates 16 broken supersymmetries and hence 32−16 = 16 conserved supercharges. This means
the world volume theory should be a N = 4 theory. We know this indeed is the case.

Now we list the Goldstone multiplets in our system:

1. V(1) + V(2) + V(3) + 1
N

Tr V(4) : This corresponds to the center of mass movement of the
whole system along the flat non-compact directions.

2. Φ
(1)
3 +Φ

(2)
3 : This corresponds to moving first and second stacks together along their common

transverse direction 8-9.

3. Φ
(1)
2 + Φ

(3)
2 : This corresponds to moving first and third stacks together along their common

transverse direction 6-7.

4. Φ
(2)
1 +Φ

(3)
1 : This corresponds to moving second and third stacks together along their common

transverse direction 4-5.

5. Φ
(1)
1 + 1

N
Tr Φ

(4)
1 : This corresponds to turning on “center of mass Wilson lines” along the

common world volume directions 4-5 of first and fourth stacks. In the T dual (along 4-5
directions) torus, this corresponds to an actual center of mass movement.

6. Φ
(2)
2 + 1

N
Tr Φ

(4)
2 : This corresponds to turning on “center of mass Wilson lines” along the

common world volume directions 6-7 of second and fourth stacks. In the T dual (along 6-7
directions) torus, this corresponds to an actual center of mass movement.

7. Φ
(3)
3 + 1

N
Tr Φ

(4)
3 : This corresponds to turning on “center of mass Wilson lines” along the

common world volume directions 8-9 of first and fourth stacks. In a T dual (along 8-9
directions) torus, this corresponds to an actual center of mass movement.

Correspondingly there are 7 Goldstino Weyl fermions, therefore 28 broken supersymmetries and
therefore 4 preserved supersymmetries. Thus our Lagrangian should be a N = 1 Lagrangian, in
four dimensional language.

Another lesson is that the remaining linear combinations of V-s and Φ-s should appear in the
interaction with the mixed strings. E.g. consider Φ

(1)
2 − Φ

(3)
2 . This is the separation of the first and

second brane along 8-9 directions. The strings stretched between these two branes should certainly
be sensitive to this separation.
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2.4.4 The Lagrangian

The Lagrangian can be written as a sum of different parts.

L =
4∑
i=1

Li +
4∑

i<j; i,j=1

Lij + LW . (2.4.21)

Li denotes the Lagrangian of N = 4 super Yang Mills theory living on the i-th stack. Lij denotes
the standard N = 2 interaction between i-th and j-th stack. This involves Z(ij), Z(ji) and certain
on brane fields of i-th and j-th brane. Different Lij-s preserve different N = 2 subalgebra of the
full N = 4 algebra. As a result, together they preserve only N = 1 supersymmetry. This allows
one to add newN = 1 superpotentials. {Li, Lij} are uniquely fixed by supersymmetry but not LW .
We will guess some crucial pieces of LW that would allow us to go to a generic point in moduli
space and as we will see, this would suffice.

First let us consider the pieces {Lij}. We have previously seen that two intersecting branes
preserve N = 2 supersymmetry. So each Lij is a N = 2 Lagrangian. Let us determine the field
content first. It should definitely involve Z(ij), Z(ji) and they fit in a N = 2 hypermultiplet. To see
which on brane fields should appear let us consider the specific case of L12. The strings stretched
between these stacks should only feel their separation, which can be along common transverse
directions. Common flat transverse directions are 1-2-3 and common compact transverse directions
are 8-9. Looking at which supermultiplets they are in, we see the combinations V(1) − V(2) and
Φ

(1)
3 −Φ

(2)
3 should appear in interaction with Z(12), Z(21). V(1)−V(2) and Φ

(1)
3 −Φ

(2)
3 fit in aN = 2

vector multiplet. So we have to write down a N = 2 Lagrangian involving one N = 2 vector and
one N = 2 hypermultiplet. Given a N = 2 vector multiplet (V,Φ) and one N = 2 hypermultiplet
(Q, Q̃), one can write down a standard N = 2 Lagrangian [49] in terms of N = 1 superfields∫

d4θ
(
Q†e−2VQ+ Q̃e2V Q̃†

)
+
√

2

∫
d2θQ̃ΦQ , (2.4.22)

the first term being the kinetic term and the second term being the superpotential. To get L12 we
simply make the following substitutions in 2.4.22:

V →
(
V(1) − V(2)

)
, Φ→

(
Φ

(1)
3 − Φ

(2)
3

)
, Q→ Z(12), Q̃→ Z(21) .

Similar procedure can be applied for all other pairs of branes. Together they give the following
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superpotential

W1 =
√

2

[
3∑

k,`,m=1

εk`mTr
(

Φ(k)
m Z(k`)Z(`k)

)
+

3∑
k=1

Tr
(
Z(4k)Φ

(k)
k Z(k4)

)
−

3∑
k=1

Tr
(

Φ
(4)
k Z(4k)Z(k4)

)]

=
√

2

[
(Φ

(1)
3 − Φ

(2)
3 )Z(21)Z(12) + (Φ

(2)
1 − Φ

(3)
1 )Z(32)Z(23) + (Φ

(3)
2 − Φ

(1)
2 )Z(31)Z(13)

+Tr
(

(Φ
(1)
1 IN − Φ

(4)
1 )Z(41)Z(14)

)
+ Tr

(
(Φ

(2)
2 IN − Φ

(4)
2 )Z(42)Z(24)

)
+Tr

(
(Φ

(3)
3 IN − Φ

(4)
3 )Z(43)Z(34)

)]
, (2.4.23)

Each Li has the standard superpotential ofN = 4 SYM. But this vanishes unless the stack contains
more than one branes. Hence in our case, only the fourth stack contributes to this piece.

W4 = −
√

2 Tr
(

Φ
(4)
1

[
Φ

(4)
2 ,Φ

(4)
3

] )
= −
√

2 Tr
(

Φ
(4)
1 Φ

(4)
2 Φ

(4)
3 − Φ

(4)
1 Φ

(4)
3 Φ

(4)
2

)
, (2.4.24)

It is being calledW4 to match conventions used in our paper.
Now we turn to LW . This has two pieces, which we callW2 andW3.
Physically a string stretching from i-th brane to j-th brane can join a string stretching from j-th

brane to k-th brane and become a string stretching from i-th brane to k-th brane. Clearly this is a
tree level process. But till now we do not have any term in our Lagrangian which allows this to
happen at tree level. To allow for this, we add a new piece to the superpotential

W2 =
√

2

 4∑
k,`,m=1

k<`,m; ` 6=m

(−1)δk1δ`3δm4Tr
(
Z(k`)Z(`m)Z(mk)

)
=
√

2

[
Z(31)Z(12)Z(23) + Z(13)Z(32)Z(21) + Tr

(
Z(12)Z(24)Z(41)

)
+ Tr

(
Z(42)Z(21)Z(14)

)
−Tr

(
Z(13)Z(34)Z(41)

)
+ Tr

(
Z(31)Z(14)Z(43)

)
+ Tr

(
Z(34)Z(42)Z(23)

)
+Tr

(
Z(43)Z(32)Z(24)

)]
, (2.4.25)

We have fixed the over all normalization of this term from explicit string theory computation de-
scribed in appendix B. Second, we have a strange sign (−1)δk1δ`3δm4 in the expression forW2 which
is responsible for the minus sign in front of the Tr

(
Z(13)Z(34)Z(41)

)
term. This sign must be there
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for symmetry reasons, as has been explained in appendix Bl. In appendix B we also discuss gener-
alization of (2.4.23)-(2.4.24) to the case where we have an arbitrary number of D-branes in each of
the four stacks.

Lastly, to go to a generic point in moduli space we turn on constant background metric and
NS-NS two-form field. This does not affect supersymmetrym and gives rise to the following super-
potential, as explained in A.

W3 =
√

2

[
3∑

k,`,m=1

c(k`) εk`m Tr
(

Φ(k)
m

)
+

3∑
k=1

c(k4)
[
N4 Tr

(
Φ

(k)
k

)
− Tr

(
Φ

(4)
k

)]]

=
√

2

[
c(12)(Φ

(1)
3 − Φ

(2)
3 ) + c(23)(Φ

(2)
1 − Φ

(3)
1 ) + c(13)(Φ

(3)
2 − Φ

(1)
2 ) + c(14)Tr

(
Φ

(1)
1 IN − Φ

(4)
1

)
+c(24)Tr

(
Φ

(2)
2 IN − Φ

(4)
2

)
+ c(34)Tr

(
Φ

(3)
3 IN − Φ

(4)
3

)]
, (2.4.26)

where c(k`) = c(`k) for 1 ≤ k < ` ≤ 4 are parameters whose values are determined in terms of the
background metric and 2-form fields in A, and Ip denotes the p× p identity matrix.

Besides W1,W2,W3,W4 the superpotential may contain other terms, e.g. terms quartic in
Z(k`)’s. However if we consider the limit when all the c(k`)’s and c(k)’s are small, say of order λ for
some small parameter λ, then the solutions to the F- and D-term equations (to be discussed soon)
occur at Z(k`),Φ

(k)
i ∼

√
λ. In this limit the effect of the other terms in the superpotential can be

ignored. This limit also allows us to ignore the fact that the Φ
(k)
i fields have periodic identification.

The F-term potential is given by

VF =
∑
α

∣∣∣∣∂W∂ϕα
∣∣∣∣2 , (2.4.27)

where
W =W1 +W2 +W3 +W4 , (2.4.28)

and {ϕα} denotes the set of all the chiral superfields.

lThe result for the number of states for N = 1 was found to be insensitive to this sign. The overall normalization
of this term is also inconsequential for N = 1. This is because for N = 1 the over all normalization ofW2 could be
made into an normalization of the whole superpotential (which do not affect the potential minimization) by scaling Φ-s
appropriately. However for N > 1, similar rescaling of Φ-s would change the relative normalization of the Φ−Φ−Φ
terms.

mThis is because the supersymmetry transformation rules in supergravity involve the field strength H = dB, which
remains zero when we turn on constant B field.
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Besides the F -term potential, there is a D-term potential given by

VD =
1

2

4∑
k=1

Tr

[( 4∑
`=1
6̀=k

Z(k`)Z(k`)† −
4∑

`=1
` 6=k

Z(`k)†Z(`k) +
3∑
i=1

[Φ
(k)
i ,Φ

(k)†
i ]− c(k)INk

)2
]
, (2.4.29)

where N1 = N2 = N3 = 1 and N4 = N . The FI parameters c(k) are also determined from the
background values of the 2-form field and satisfy

4∑
k=1

c(k)Nk = 0 . (2.4.30)

Finally the dimensional reduction of the coupling of the gauge fields (whose spatial components
are denoted by X(k)

i ) to chiral multiplets leads to the potential

Vgauge =
4∑

k=1

4∑
`=1
6̀=k

3∑
i=1

Tr
[(
X

(k)
i Z(k`) − Z(k`)X

(`)
i

)†(
X

(k)
i Z(k`) − Z(k`)X

(`)
i

)]

+
4∑

k=1

3∑
i,j=1

Tr
([
X

(k)
i ,Φ

(k)
j

]†[
X

(k)
i ,Φ

(k)
j

])
+

1

4

4∑
k=1

3∑
i,j=1

Tr
(

[X
(k)
i , X

(k)
j ]†[X

(k)
i , X

(k)
j ]
)
.

(2.4.31)

Therefore the total potential is given by

V = VF + VD + Vgauge . (2.4.32)

The potential given above has a shift symmetry

Φ(k)
m → Φ(k)

m + ξm, for 1 ≤ k ≤ 3, k 6= m, 1 ≤ m ≤ 3,

Φ
(k)
k → Φ

(k)
k + ζk, Φ

(4)
k → Φ

(4)
k + ζkIN , for 1 ≤ k ≤ 3 ,

X
(k)
i → X

(k)
i + ai, X

(4)
i → X

(4)
i + ai IN , for 1 ≤ i ≤ 3, 1 ≤ k ≤ 3 , (2.4.33)

where {ξm} and {ζk} are arbitrary complex parameters and {ai} are arbitrary real parameters.
These shift symmetries generate six complex translations along the compact directions and their
duals and three real translations along the non-compact directions.
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2.5 The Strategy

Our strategy for determining the spectrum of BPS states will be to regard the low energy dynamics
of the system as the motion of a superparticle moving on the classical vacuum manifold defined by
the space of V = 0 configurations, and quantum BPS states are given by the harmonic forms on
this moduli space [44]. Now the shift symmetries (2.4.33) generate flat directions of the potential
V . Quantization of the bosonic zero modes associated with these flat directions leads to a unique
ground state if we restrict to the sector carrying zero momentum and winding along the internal di-
rections and zero momentum along the non-compact directions. There are also associated fermionic
zero modes describing the goldstino modes corresponding to 32−4 = 28 broken supersymmetries.
Quantization of these fermion zero modes produces the supermultiplet describing 1/8 BPS states
of N = 8 supersymmetric string theory but has no other effect on the rest of the system. The BPS
spectrum is given by a tensor product of this basic supermultiplet with some (possibly reducible)
representation of the rotation group SU(2). Our goal will be to determine which representation of
SU(2) is tensored with the basic supermultiplet.

The information about the SU(2) representation with which the supermultiplet is tensored is
contained in the character P (y) ≡ Tr(y2J3) of the representation. P (y) is computed as follows.
We shall show at the end of appendix B that the vanishing of Vgauge given in (2.4.31) requires
all the X(k)

i ’s to vanish (up to the shift symmetry described in the last line of (2.4.33)). If the
gauge inequivalent solutions to the VF = VD = 0 condition generate a manifold M of complex
dimension d after factoring out the flat directions of the potential associated with the symmetries
given in (2.4.33), and setting the X(k)

i ’s to zero, then the BPS states of the system are in one to
one correspondence with the harmonic forms on M, and the rotational SU(2) is identified with
the Lefschetz SU(2) acting on these forms (see e.g. [32, 51]). Therefore if bp denotes the p-th Betti
number ofM and d denotes the complex dimension ofM, then we haven

P (y) =
∑
p

bpy
p−d . (2.5.34)

IfM contains several components then we have to add up the contribution from various compo-
nents to get the total P (y). The BPS index (which is the 14-th helicity trace−B14 [52,53] from the

nIntuitively this identification can be understood as follows. Since the vacuum manifold has X(k)
i = 0 for all k, i,

the moduli space is spanned by the scalars. The fermionic partners of the scalars take values in the tangent space ofM
– in fact for each tangent vector there are two massless fermions which we can denote by ψa and ψa† where a labels
independent tangent vectors. We can choose ψa and ψa† such that ψa† has J3 = 1/2 and ψa has J3 = −1/2. Now we
can begin with the states annihilated by all the ψa’s, identify them as the zero forms onM, and build the total space
of states by applying ψa†’s on this state. This space is isomorphic to the space of forms onM, and the BPS condition
translates to these forms being harmonic. In this notation we see that the p-forms carry J3 eigenvalue (p−d)/2, where
the shift −d/2 is the J3 eigenvalue of the zero forms, and is necessary to ensure that the states form a representation
of SU(2). This leads to (2.5.34).
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space-time viewpoint) is given by Tr(−1)2J3 , with the trace running over the states with which the
basic BPS supermultiplet is tensored to get the full spectrum of BPS states. Therefore it is given by
P (−1), which, according to (2.5.34), is (−1)d times the Euler character ofM.

The conjecture that all BPS states carry zero angular momentum now translates to the require-
ment that P (y) is y-independent, i.e. the subspaceM consists of isolated pointso. In this case the
BPS index P (−1) is equal to the degeneracy P (1) and just counts the number of gauge inequivalent
solutions to the V = 0 condition.

2.3.10 implies that the expected number of such solutions forN = 1, 2, 3 respectively are 12, 56

and 208.

oA similar result for the D0-D4 system was found in [45].
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CHAPTER3
COMPUTING THE INDEX: ABELIAN

CASE

For N1 = N2 = N3 = N4 = 1, all the fields are 1× 1 matrices, i.e. just numbers. In particular the
gauge group is U(1)× U(1)× U(1)× U(1). Thus we refer to this case as Abelian case. Now Φ-s
and Z-s are complex numbers and X-s are real numbers. As a result various commutator terms in
superpotential and in D term potential vanish, making the problem considerably simpler.

Various parts of the superpotential now read as follows:

W1 =
√

2

[
(Φ

(1)
3 − Φ

(2)
3 )Z(21)Z(12) + (Φ

(2)
1 − Φ

(3)
1 )Z(32)Z(23) + (Φ

(3)
2 − Φ

(1)
2 )Z(31)Z(13) +

(Φ
(1)
1 − Φ

(4)
1 )Z(41)Z(14) + (Φ

(2)
2 − Φ

(4)
2 )Z(42)Z(24) + (Φ

(3)
3 − Φ

(4)
3 )Z(43)Z(34)

]
, (3.0.1)

W2 =
√

2

[
Z(31)Z(12)Z(23) + Z(13)Z(32)Z(21) + Z(12)Z(24)Z(41) + Z(42)Z(21)Z(14)

−Z(13)Z(34)Z(41) + Z(31)Z(14)Z(43) + Z(34)Z(42)Z(23) + Z(43)Z(32)Z(24)

]
, (3.0.2)

W3 =
√

2

[
c(12)(Φ

(1)
3 − Φ

(2)
3 ) + c(23)(Φ

(2)
1 − Φ

(3)
1 ) + c(13)(Φ

(3)
2 − Φ

(1)
2 ) + c(14)(Φ

(1)
1 − Φ

(4)
1 )

+c(24)(Φ
(2)
2 − Φ

(4)
2 ) + c(34)(Φ

(3)
3 − Φ

(4)
3 )

]
, (3.0.3)

W4 = 0 . (3.0.4)

Before analyzing F term potential, let us consider the potential coming from the coupling of Z-s
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with gauge fields, which we denoted as Vgauge in (2.4.31). For Ablian case simplifies to

Vgauge =
4∑

k,`=1
` 6=k

∣∣Z(k`)
∣∣2 ∣∣∣ ~X(k) − ~X(l)

∣∣∣2 . (3.0.5)

Thus if Z(kl) is non vanishing then one must have ~X(k) = ~X(l), i.e. kth and lth stacks must
coincide along non-compact directions. We will soon see that certain F term equations imply that
Z(kl) 6= 0 ∀(kl). Using this result beforehand we see that minimising Vgauge requires all four stacks
to coincide along the non compact directions.

Now we turn to F term equations. First we note that the brane separations along compact
directions are completely fixed in terms of Z-s. For example:

Z(12) equation⇒ Φ
(2)
3 − Φ

(1)
3 =

Z(23)Z(31) + Z(24)Z(41)

Z(21)
. (3.0.6)

Similarly,

Z(13) equation⇒ Φ
(1)
2 − Φ

(3)
2 =

Z(32)Z(21) − Z(34)Z(41)

Z(31)
, (3.0.7)

Z(14) equation⇒ Φ
(4)
1 − Φ

(1)
1 =

Z(42)Z(21) + Z(43)Z(31)

Z(21)
, (3.0.8)

Z(23) equation⇒ Φ
(3)
1 − Φ

(2)
1 =

Z(31)Z(12) + Z(34)Z(42)

Z(32)
, (3.0.9)

Z(24) equation⇒ Φ
(4)
2 − Φ

(2)
2 =

Z(41)Z(12) + Z(43)Z(32)

Z(42)
, (3.0.10)

Z(34) equation⇒ Φ
(4)
3 − Φ

(3)
3 =

−Z(41)Z(13) + Z(42)Z(23)

Z(43)
. (3.0.11)

However for such a fixing fails if the Z in the denominator vanishes. Luckily, this is never the case,
as guaranteed by the corresponding Φ equation itself. E.g.

Φ
(2)
3 − Φ

(1)
3 equation⇒ Z(12)Z(21) = −c(12) . (3.0.12)

Thus for c(12) 6= 0, neither Z(12) nor Z(21) can vanish. As a result Φ
(2)
3 − Φ

(1)
3 is uniquely fixed in

terms of Z-s everywhere on the vacuum manifolda. Similarly all brane separations along compact
directions gets fixed in terms of Z-s uniquely.

This allows us to simply forget about Φ-s and concentrate on Z-s only. We have used up half
of the Φ equations and half of the Z equations. Remaining Z equations also has the effect of

aIt is interesting to note that our problem actually simplifies if we go to a generic point in moduli space, i.e. non-zero
c(ij)-s, which in turn is related to non trivial metric and B field backgrounds (A).
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fixing Φ-s only. As a result each brane separation gets fixed by two equations and after fixing the
brane separation we are left with a consistency condition on Z-s. E.g. both Z(12) and Z(21) fixes
Φ

(2)
3 − Φ

(1)
3 .

Z(21) equation⇒ Φ
(2)
3 − Φ

(1)
3 =

Z(13)Z(32) + Z(14)Z(42)

Z(12)
. (3.0.13)

Thus from (3.0.6) and (3.0.13) we get the following consistency condition:

Z(12)Z(23)Z(31) + Z(12)Z(24)Z(41) = Z(13)Z(32)Z(21) + Z(14)Z(42)Z(21) . (3.0.14)

For each remaining pair of branes, we have one such consistency condition:

Z(13)Z(32)Z(21) − Z(13)Z(34)Z(41) = Z(31)Z(12)Z(23) + Z(31)Z(14)Z(43) ,

Z(14)Z(42)Z(21) + Z(14)Z(43)Z(31) = Z(41)Z(12)Z(24) − Z(41)Z(13)Z(34) ,

Z(23)Z(31)Z(12) + Z(23)Z(34)Z(42) = Z(32)Z(21)Z(13) + Z(32)Z(24)Z(43) ,

Z(24)Z(41)Z(12) + Z(24)Z(43)Z(32) = Z(42)Z(21)Z(14) + Z(42)Z(23)Z(34) ,

Z(34)Z(41)Z(13) + Z(34)Z(42)Z(23) = −Z(43)Z(31)Z(14) + Z(43)Z(32)Z(24) .

It can be checked that out of these equations only 3 are independent, which we take to be

Z(23)Z(31)Z(12) + Z(23)Z(34)Z(42) = Z(32)Z(21)Z(13) + Z(32)Z(24)Z(43) , (3.0.15)

Z(24)Z(41)Z(12) + Z(24)Z(43)Z(32) = Z(42)Z(21)Z(14) + Z(42)Z(23)Z(34) , (3.0.16)

Z(34)Z(41)Z(13) + Z(34)Z(42)Z(23) = −Z(43)Z(31)Z(14) + Z(43)Z(32)Z(24) . (3.0.17)

We also have the six Φ equations, which read

Z(ij)Z(ji) = −c(ij) . (3.0.18)

So we have 9 independent F term equations, purely in terms of Z-s.
Let us turn to the D term equations, which in the Abelian case are given purely in terms of Z-s.

They read

|Z(12)|2 + |Z(13)|2 + |Z(14)|2 − |Z(21)|2 − |Z(31)|2 − |Z(41)|2 = c(1) , (3.0.19)

|Z(21)|2 + |Z(23)|2 + |Z(24)|2 − |Z(12)|2 − |Z(32)|2 − |Z(42)|2 = c(2) , (3.0.20)

|Z(31)|2 + |Z(32)|2 + |Z(34)|2 − |Z(13)|2 − |Z(23)|2 − |Z(43)|2 = c(3) , (3.0.21)

|Z(41)|2 + |Z(42)|2 + |Z(43)|2 − |Z(14)|2 − |Z(24)|2 − |Z(34)|2 = c(4) , (3.0.22)
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with c(1) + c(2) + c(3) + c(4) = 0. Further one has to identify Z configurations related by gauge
transformation, i.e. impose Z(ij) ≡ ei(θi−θj)Z(ij). With this identification, the D term equations
define a toric variety. This is much like projective space. E.g. the equation |x1|2 + · · ·+ |xn|2 = 1

along with the identification (x1, . . . , xn) ≡ (eiθx1, . . . , e
iθxn) defines CPn−1. So the Z-s live on

a toric variety and various F term equations define hypersurfaces on that toric variety. Thus the
vacuum manifold is intersection of hypersurfaces in a toric variety and our task is to compute the
Euler characteristic of this manifold. This sounds a not so easy task. But this simplifies a lot.

It is known that D term equations along with gauge identification has the same effect as com-
plexified gauge transformation. Thus the toric variety can also be defined by the following identi-
fication:

Z(ij) ≡ λiλ
−1
j Z(ij) , (3.0.23)

for λi ∈ C∗. This is just like CP−1s, which can also be defined by the identification (x1, . . . , xn) ≡
(λx1, . . . , λxn) for λ ∈ C∗. Now we need to cover the toric variety with various patches and in
each patch the coordinates are built out of gauge invariant combinations of Z-s.

The apparent difficulty of the problem is that toric variety has to be covered by various patches
and apriori it seems that one would need to consider all the patches. First let us ask for CPn−1

what are the points that are not covered by a given patch? These are essentially the points at which
some of the homogeneous coordinates go to zero or infinity. Points where all the homogeneous
coordinates are finite, can be accessed by any patch. For us Z-s play the role of homogeneous
coordinates. But by (3.0.18), none of the Z-s vanish on the vacuum manifold. This means we can
choose just any patch and try to count the solutions of F term equations. Since any patch is just
C9 and we have 9 F term equations, we are guaranteed to have finitely many solutions for generic
values of cij-s.
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We choose the following homogeneous coordinates:

u1 = Z(12)Z(21) ,

u2 = Z(23)Z(32) ,

u3 = Z(31)Z(13) ,

u4 = Z(14)Z(41) ,

u5 = Z(24)Z(42) ,

u6 = Z(34)Z(43) ,

u7 = Z(12)Z(24)Z(41) ,

u8 = Z(13)Z(34)Z(41) ,

u9 = Z(23)Z(34)Z(42) . (3.0.24)

In terms of these affine coordinates, the equations Z(ij)Z(ji) = −c(ij) simply read

u1 = −c(12) , u2 = −c(23) , u3 = −c(13) , u4 = −c(14) , u5 = −c(24) , u6 = −c(34) . (3.0.25)

So our problem further simplifies to counting solutions of 3 polynomial equations in 3 variables.
Using (3.0.25) we can reexpress (3.0.15),(3.0.16) and (3.0.17) respectively as

c(13)u7u
2
9 + c(24)u8u

2
9 + c(12)c(23)(c(24))2u7 + c(23)(c(24))2c(34)u8 = 0 ,

u2
7u9 − u7u

2
9 − c(23)c(24)c(34)u7 + c(12)c(14)c(24)u9 = 0 ,

u2
8u9 + u8u

2
9 − c(13)c(14)c(34)u9 + c(23)c(24)c(34)u8 = 0 . (3.0.26)

This can simply be put in mathematica [61] and exact solutionsb can be obtained as functions of
c(ij)-s. One gets 12 solutionsc.A numerical analysis of the Hilbert series using SINGULAR [59]
and Macaulay2 [60], treating the F-term equations as ideals of the ring, also shows that the solution
space is a collection of 12 points. Hence our results match the prediction of [47].

This tells that our results are consistent with expectations from string dualities. But we have
achieved more. Our vacuum manifold is a zero dimensional space, containing 12 points. Each of
these points correspond to a single vacuum state. On a one dimensional vector space, SU(2) can
have only one possible action, trivial actiond. Thus under the space time rotational SU(2), all these

bWe do not present the exact solutions here, since they are quite clumsy and not very illuminating.
cActually one gets 13 solutions. But one of these solutions is (u, v, w) = (0, 0, 0) and hence should not be counted,

since none of the Z-s can vanish implying none of the u-s can vanish either.
dOne may wonder if SU(2) can have non trivial action on the 12 dimensional vector space spanned by all the vacua?

The answer is no. This is because space time rotational SU(2) acts as Lefschetz SU(2) on the space of harmonic forms
of a manifold, with raising (lowering) operator acting by increasing (decreasing) the rank of the form by one. Clearly
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vacua act as singlets, i.e. carry zero angular momentum. Thus we have tested our conjecture in
positive for the Abelian case.

for such a SU(2) to have non trivial action, one needs forms of various ranks. But since our vacuum manifold is a
collection of 12 points, we only have 12 zero forms. Hence SU(2) acts trivially on the 12 dimensional space spanned
by these forms.
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CHAPTER4
COMPUTING THE INDEX: HIGHER

CHARGES

In this chapter we consider charges (1, 1, 1, N) with N = 2 and N = 3.

4.1 Supersymmetric ground states for N = 2

4.1.1 F-term equations

Vanishing of the F-term contribution to the potential requires that ∂W/∂ϕα vanishes for each α.
The ∂W/∂Φ

(k)
m = 0 equations give

Z(k`)Z(`k) = −c(k`) for 1 ≤ k, ` ≤ 3, k 6= ` ,

Z(k4)Z(4k) = −2 c(k4) , 1 ≤ k ≤ 3 ,

Z(4k)Z(k4) = −c(k4) I2 −
3∑

`,m=1

εk`mΦ
(4)
` Φ(4)

m , 1 ≤ k ≤ 3 . (4.1.1)

The equations in the second line follow from the trace of the equation in the third line, but we have
listed them separately as they will be useful in analyzing the solutions. The
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∂W/∂Z(k`) = 0 equations give

3∑
m=1

εk`m
(
Z(`k) Φ(k)

m − Φ(`)
m Z(`k)

)
+

4∑
m=1
m 6=k,`

Z(`m)Z(mk)(−1)δk1δ`3δm4 = 0

for 1 ≤ k, ` ≤ 3, k 6= ` ,(
Φ

(k)
k Z(k4) − Z(k4)Φ

(4)
k

)
+

3∑
`=1
6̀=k

Z(k`)Z(`4)(−1)δk1δ`3 = 0 for 1 ≤ k ≤ 3 ,

(
Z(4k) Φ

(k)
k − Φ

(4)
k Z(4k)

)
+

3∑
m=1
m 6=k

Z(4m)Z(mk)(−1)δm1δk3 = 0 for 1 ≤ k ≤ 3 . (4.1.2)

As in §??, we use the shift symmetries (2.4.33) to choose

Φ
(1)
1 = 0, Φ

(1)
2 = 0, Φ

(1)
3 = 0, Φ

(2)
1 = 0, Φ

(2)
2 = 0, Φ

(3)
3 = 0 . (4.1.3)

Next we note that the superpotential is invariant under the complexified gauge transformation

Z(k`) → ak(a`)
−1Z(k`), Z(4k) → (ak)

−1M Z(4k), Z(k4) → ak Z
(k4)M−1 ,

for 1 ≤ k ≤ 3, k 6= ` ,

Φ
(k)
i → Φ

(k)
i , Φ

(4)
i →MΦ

(4)
i M−1 , for 1 ≤ i ≤ 3, 1 ≤ k ≤ 3 , (4.1.4)

where ak for 1 ≤ k ≤ 3 are complex numbers and M is a 2 × 2 complex matrix. Therefore
solutions to the F-term equations come as orbits of the symmetry group. Using this we shall now
make a convenient choice of gauge. Since Z(k`)’s for 1 ≤ k, ` ≤ 3 are complex numbers the first
equation in (4.1.1) shows that neither Z(k`) nor Z(`k) can vanish as long as c(k`)’s are chosen to be
non-zero. This allows us to fix the gauge corresponding to the transformations generated by a1 and
a3 by setting

Z(12) = 1, Z(23) = 1 . (4.1.5)

Similarly, since Z(k4) are two component row vectors and Z(4k) are two component column vectors
for 1 ≤ k ≤ 3, the second equation in (4.1.1) tells us that neither Z(k4) nor Z(4k) can have both
components vanishing. This allows us to use the transformation generated by M to set

Z(14) =
(

1 0
)
. (4.1.6)
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This does not fix M completely since the choice of M given by(
1 0

r s

)
. (4.1.7)

preserves the form of Z(14). Since Z(24) is non-zero, we can use this residual gauge symmetry to
set

Z(24) =
(

0 1
)
. (4.1.8)

There is one case where this gauge condition fails, and that is in the case when Z(24) is parallel to
Z(14) to begin with. In this case the gauge symmetry described in (4.1.7) cannot be used to bring
Z(24) to the form (4.1.8). We shall deal with this case separately. Once we have used a1, a3 and M
to fix these gauges, we cannot use a2 any more since its action is determined in terms of the others.

We now substitute the gauge choices (4.1.3), (4.1.5), (4.1.6) and (4.1.8) into the F-term equa-
tions and look for solutions to these equations. For this we choose random rational values of the
c(k`)’s for 1 ≤ k < ` ≤ 4. A numerical analysis of the Hilbert series using SINGULAR and
Macaulay2, treating the F-term equations as ideals of the ring, shows that the solution space is
a collection of 56 points. Explicit numerical solutions in Mathematica also yields precisely 56
solutions for each choice of the constants {c(k`)}.

We also explore the possibility of having solutions with Z(24) proportional to Z(14) for which
the gauge choice (4.1.8) will be invalid. In this case the analysis of the Hilbert series shows that
there are no solutions. Explicit attempts to find solutions to the F-term equations in Mathematica
also gives no results. This shows that there are no solutions for which the gauge choice (4.1.8)
breaks down.

4.1.2 D-term equations

The solutions to the F-term equations give orbits of the complexified gauge group generated by the
complex numbers a1, a2, a3 and the 2× 2 complex matrix M as given in (4.1.4). The D-term equa-
tions only respect a subgroup of this symmetry group consisting of physical gauge transformations.
Therefore for each of the solutions to the F-term equations we can examine the orbit under (4.1.4)
and then try to determine a1, a2, a3 and M by demanding that the D-term equations are satisfied.
As before, one combination of a1, a2, a3 and detM do not act on the variables, and so we can
restrict to transformations for which detM = 1. However this is not expected to fix the parame-
ters a1, a2, a3 and M completely since a subgroup of the transformations (4.1.4), corresponding to
physical gauge transformations, generates a symmetry of the D-term equations of motion as well.
This subgroup is generated by taking the ai to be phases and M to be an SU(2) matrix. This
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means that once we have found a set of ai’s and M that give a solution to the D-term equations,
we can generate other solutions by performing U(1)3×SU(2) transformations. The effect of these
transformations will be to transform the parameters a1, a2, a3 and M by

ak → eiφkak, M → U M , (4.1.9)

where the φk are real numbers and U is an SU(2) matrix. Therefore for finding solutions up to
gauge transformations, we can use the transformations (4.1.9) to fix the ‘gauge’ for a1, a2, a3

and M . Using the transformations generated by the φk’s we can make the ak’s real and positive.
Furthermore, one can easily check that using the transformations generated by U and the constraint
detM = 1, we can bring M to the form

M =

(
1/a b

0 a

)
, (4.1.10)

where a is a real positive number and b is a complex number.
We now transform each of the 56 solutions to the F-term equations by (4.1.4) with real positive

ak’s and M of the form (4.1.10) and try to determine the ak’s, a and b by numerically solving the
D-term equations. For each of the 56 cases, we find that there is a unique choice of real positive
ak’s and M of the form (4.1.10) that solves the D-term equations. This shows that up to gauge
transformations, there are precisely 56 solutions to the F- and D-term equations. More accurately
we have 56 different gauge orbits, generated by U(1)3×SU(2) transformation, as solutions to the
F- and D-term equations.

4.1.3 X
(k)
i dependent terms

Next we have to check if the X(k)
i dependent terms in the potential given in (2.4.31) vanish. For

each of the 56 solutions there is a simple way to make these terms vanish – we simply choose
X

(k)
i = 0 for 1 ≤ i ≤ 3, 1 ≤ k ≤ 4. The question we shall be interested in is: are there other

configurations that make the X(k)
i dependent terms vanish?

Since vanishing of F- and D-terms is a necessary condition for a supersymmetric vacuum, the
choice of Z(k`)’s and Φ

(k)
i ’s must be restricted to the 56 solutions that we have found. We shall

now argue that for each of these solutions, the X(k)
i ’s for 1 ≤ k ≤ 4 and 1 ≤ i ≤ 3 must vanish

identically up to the shift symmetries described in the last line of (2.4.33). For this we turn to the
potential (2.4.31) and note that since this is a sum of positive definite terms, in order for Vgauge to
vanish, each term in the potential must vanish. In particular this will require

X
(k)
i Z(k`) − Z(k`)X

(`)
i = 0 , for 1 ≤ k, ` ≤ 4, k 6= `, 1 ≤ i ≤ 3 . (4.1.11)
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For 1 ≤ k, ` ≤ 3, k 6= `, X(k)
i and Z(k`) are numbers and hence, using the result that the Z(k`) are

non-zero, we get X(k)
i = X

(`)
i . Using the shift symmetry given in the third line of (2.4.33) we can

set X(1)
i to zero for 1 ≤ i ≤ 3. As a result X(2)

i and X(3)
i must also vanish. Choosing k = 4 and

` = 1, 2 or 3 in (4.1.11), and vice versa, we now get

X
(4)
i Z(4`) = 0, Z(`4)X

(4)
i = 0 . (4.1.12)

Since we have seen that Z(4`) and Z(`4) cannot have their both components vanish, this shows that
Z(4`) and Z(`4) are right and left eigenvectors of X(4)

i with zero eigenvalues. Let us suppose that
X

(4)
i is non-zero for at least one i. In that case the Z(`4)’s for 1 ≤ ` ≤ 3 must be proportional to

each other since each of them is a left eigenvector of the non-vanishing X(4)
i with zero eigenvalue.

However as already mentioned, while examining the validity of the gauge choice (4.1.8) we have
explicitly checked that there are no solutions to the F-term equations in which Z(14) and Z(24) are
parallel to each other. This shows that our initial assumption must have been wrong, and X(4)

i for
each i must vanish identically. This shows that the only way to make the potential vanish is to have
all the X(k)

i ’s vanish for 1 ≤ k ≤ 4 and 1 ≤ i ≤ 3.

4.1.4 Gauss’ law constraint

Finally we turn to the Gauss’ law constraint. This analysis is identical to that given in §?? except
for one difference: the collective modes associated with the SU(2) gauge transformations have a
kinetic term given by that of a rigid rotator with positive definite inertia matrix instead of that of
a free particle with positive mass. Positive definiteness of the inertia matrix guarantees that the
ground state wave-function is independent of these collective coordinates and hence the ground
state is gauge invariant. Thus the Gauss’ law constraint is automatically satisfied for each of the 56
gauge orbits.

Therefore we see from (2.5.34) that for N = 2 we have

P (y) = 56 . (4.1.13)

As in §??, the y independence of P (y) is the result of the gauge inequivalent solutions being
isolated points, and is consistent with the conjecture that all the microstates carry zero angular
momentum. We also see from (2.3.9) and (2.3.10) that the counting in the dual description gives a
BPS index 56. Thus there is perfect agreement between our result and that in the dual description.
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4.2 Supersymmetric ground states for N = 3

The analysis of the equations for the N = 3 case proceeds similarly to that for the N = 2 case. Up
to (4.1.5) there is essentially no change. The gauge conditions (4.1.6) and (4.1.8) are replaced by

Z(14) = (1, 0, 0), Z(24) = (0, 1, 0), Z(34) = (0, 0, 1) . (4.2.1)

Such a gauge choice is always possible if initially the vectors Z(14), Z(24) and Z(34) are linearly
independent. The case where they are linearly dependent is analyzed separately and we find no
solution in this sector. With the gauge choice (4.2.1) we find 208 distinct solutions to the set of
F-term constraints. Furthermore for each of these solutions the X(k)

i ’s can be shown to vanish
identically using arguments identical to those given below (4.1.12). We have not checked explicitly
that for each of these solutions we have a unique solution to the D-term constraints up to gauge
transformation, but since the D-term constraints usually amount to quotienting by complexified
gauge transformations, and since following arguments similar to the one given below (4.1.5) one
can argue that none of the vectors Z(4k) and Z(k4) can vanish as a vector, one expects on general
grounds that the quotient by complexified gauge transformation will give a unique solution for each
solution to the F-term constraints. Therefore we conclude that in this case we have

P (y) = 208 . (4.2.2)

Again the y independence of P (y) is the result of the gauge inequivalent solutions being isolated
points, and is consistent with the conjecture that all the microstates carry zero angular momentum.
(4.2.2) is in perfect agreement with the result in the dual description which, according to (2.3.9)
and (2.3.10), gives P (−1) = 208.

4.3 Conclusion

In this paper we have provided evidence for the conjecture that all the microstates of single cen-
tered BPS black holes carry strictly zero momentum at a generic point in the moduli space. This
conjecture is consistent with the near horizon AdS2 × S2 geometry of extremal black holes, but
there are no direct arguments in the microscopic theory leading to this conjecture. Therefore the
test of this conjecture provides evidence that the black hole horizon carries more information than
just some average properties of the microstates.

These results put a strong constraint on possible fuzzball solutions describing black hole mi-
crostates [62–66]. Typical fuzzball solutions are constructed at special points in the moduli space
and carry states of different angular momenta. For demonstrating that they describe genuine black
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hole microstates, one needs to construct these solutions for generic values of the asymptotic moduli
and show that the solutions so obtained carry strictly zero angular momentum.

A different approach to this problem has been suggested in [67] where one constructs solutions
with asymptotic AdS2 boundary conditions. These solutions carry strictly zero angular momen-
tum. However these are not truly in the spirit of the fuzzball program since they exist within
the near horizon geometry of the black hole instead of replacing the near horizon geometry by a
smooth solution. Furthermore since these solutions have two asymptotic boundaries, they most
likely describe an entangled state living on two copies of the black hole Hilbert space instead of the
microstates of a single black hole [68].
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APPENDIXA
EFFECT OF METRIC AND 2-FORM

BACKGROUND

The undeformed system has the six circles of T 6 orthonormal to each other and each having period
2π. The system of D6-D2-D2-D2 branes that we have considered will be described by a set of
massless degrees of freedom with action governed by the supersymmetric action with superpoten-
tial W1 +W2 +W4 and all the FI parameters set to zero. In this appendix we shall show that
the effect of small off-diagonal components of the metric and the 2-form field is to generate the
superpotentialW3 given in (2.4.26) and the FI terms labelled by the c(k)’s.

Our strategy will be to compute the mass of the open strings stretched between different D-
branes in the presence of the deformation and compare it with the mass computed from the de-
formed action given in §2. Consider for example the open string stretched between the D2-brane
along the 4-5 directions and the D6-brane along the 4-5-6-7-8-9 directions, labelled by the 0+1
dimensional fields Z(14) and Z(41). For sake of generality we take the stack of D3 branes to have
N1 D2 branes and the stack of D6 branes to have N4 D6 branes. Now we collect quadratic terms
involving these fields. From VF we get

2(N1 +N4)c∗14Tr(Z(41)Z(14)) + h.c. = 2(N1 +N4)

N1∑
i=1

N4∑
j=1

[
c14Z

(41)
ji Z

(14)
ij + c∗14(Z

(14)
ij )∗(Z

(41)
ji )∗

]
,

(A.0.1)

and from D term we get

(c1 − c4)Tr
[
Z(14)(Z(14))† − (Z(41))†Z(41)

]
= (c1 − c4)

N1∑
i=1

N4∑
j=1

[
|Z(14)

ij |2 − |Z
(41)
ji |2

]
(A.0.2)
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For each given i, j we can separately consider the following terms

(c1 − c4)
[
|Z(14)

ij |2 − |Z
(41)
ji |2

]
+ 2(N1 +N4)

[
c14Z

(41)
ji Z

(14)
ij + c∗14(Z

(14)
ij )∗(Z

(41)
ji )∗

]
.

One gets a 4× 4 mass matrix from this, which has two doubly degenerate eigenvalues

±
√

(c1 − c4)2 + 4(N1 +N4)2|c14|2 .

It is clear that for a string stretched from i-th to j-th brane one gets the following squared masses

±
√

(ci − cj)2 + 4(Ni +Nj)2|cij|2 . (A.0.3)

On the other hand, we can calculate the mass of the open string stretched between the D2-brane
along the 4-5 directions and the D6-brane along the 4-5-6-7-8-9 directions as follows. First we
make a T-duality transformation along the 4-5-directions to convert this into a D0-D4 system.
Under a T duality along Xα, to lowest order metric and B fields change as follows:

gµν → gµν , bµν → bµν , gαµ → bαµ , gαµ → bαµ , (A.0.4)

where gµν is related to the metric as Gµν = δµν + gµν , i.e. gµν represents deviations from square
torus. Thus T duality along 4-5 leaves all the world-volume fields of D0-D4 system unchanged,
since they do not have any 4 or 5 index. Now for small values of the background 2-form field,
the (mass)2 of the open string stretched between the D0-brane and the D4-brane along the 6-7-8-9
directions takes the form [70, 71]

±

√√√√1

2

∑
m,n

bmn

(
bmn +

1

2

∑
p,q

εmnpqbpq

)
= ±

√
(b67 + b89)2 + (b68 − b79)2 + (b69 + b78)2 ,

(A.0.5)
up to an overall proportionality constant. Here εmnpq denotes the component of the invariant totally
anti-symmetric rank 4 tensor along the D4-brane world-volume. Comparing (A.0.3) and (A.0.5)
we get

4(N1 +N4)2 |c(14)|2 + (c(1) − c(4))2 = (b67 + b89)2 + (b68 − b79)2 + (b69 + b78)2 . (A.0.6)

A similar analysis of open strings stretched between other brane pairs, and comparison with the
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result derived from the deformed action yields the results

4(N1 +N2)2 |c(12)|2 + (c(1) − c(2))2 = (g47 + g56)2 + (b45 − b67)2 + (g46 − g57)2 ,

4(N1 +N3)2 |c(13)|2 + (c(1) − c(3))2 = (g49 + g58)2 + (b45 − b89)2 + (g48 − g59)2 ,

4(N2 +N3)2 |c(23)|2 + (c(2) − c(3))2 = (g69 + g78)2 + (b67 − b89)2 + (g68 − g79)2 ,

4(N2 +N4)2 |c(24)|2 + (c(2) − c(4))2 = (b45 + b89)2 + (b48 − b59)2 + (b49 + b58)2 ,

4(N3 +N4)2 |c(34)|2 + (c(3) − c(4))2 = (b45 + b67)2 + (b46 − b57)2 + (b47 + b56)2 .(A.0.7)

Note that in the mass formula, only 6 independent combinations of metric components and 9 in-
dependent combinations of 2-form field components appear. This gives a total of 15 independent
real quantities. On the other hand, in our Lagrangian we have 3 independent FI parameters and six
complex parameters c(k`). This also gives a total of 15 real parameters. Nevertheless the solutions
are not unique since, for example, the left hand sides of eqs. (A.0.6), (A.0.7) are insensitive to the
phases of the c(k`)’s. A similar symmetry exists on the right hand side. However due to various
exchange symmetries discussed in B, the following choice seems to be the correct one:

g47 + g56 = N12 c
(12)
R , g57 − g46 = N12 c

(12)
I , g49 + g58 = N13 c

(13)
R , g59 − g48 = N13 c

(13)
I ,

b68 − b79 = N14 c
(14)
R , b69 + b78 = N14 c

(14)
I , g69 + g78 = N23 c

(23)
R , g79 − g68 = N23 c

(23)
I ,

b48 − b59 = N24 c
(24)
R , b49 + b58 = N24 c

(24)
I , b46 − b57 = N34 c

(34)
R , b47 + b56 = N34 c

(34)
I ,

(A.0.8)

where Nij = 2(Ni+Nj) and the subscripts R and I stand for real and imaginary parts respectively.
For completeness we also give the expressions for the FI parameters c(k) for 1 ≤ k ≤ 4 in terms of
the background fields:

c(1) =
1

2
(b45 − b67 − b89) + c0, c(2) =

1

2
(b67 − b45 − b89) + c0,

c(3) =
1

2
(b89 − b45 − b67) + c0, c(4) =

1

2
(b45 + b67 + b89) + c0 , (A.0.9)

where c0 is a constant that is chosen to ensure that
∑4

k=1 c
(k)Nk = 0.
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APPENDIXB
NORMALIZATION OF Z-Z-Z COUPLING

In this appendix we shall determine the normalizations and signs of the Z-Z-Z coupling appearing
in (2.4.25) by analyzing respectively open string amplitudes and symmetry requirements. The
computation will be done around a background in which all the circles of T 6 are orthonormal and
have radius

√
α′. Fluctuations away from this background will be parametrized by the constants

c(k`) and c(k) appearing in (2.4.26) and (2.4.29). Since we work in the region where these constants
are small, the corrections to the cubic terms in the superpotential proportional to these constants
can be ignored.

The easiest way to determine a cubic term in the superpotential is to examine the Yukawa
coupling between two fermions and one boson that arises from this term. For this we need to
construct the vertex operators of the corresponding states and compute their three point function
on the disk. We shall denote by b and c the usual diffeomorphism ghost fields, by β and γ the
superconformal ghosts and by φ the scalar that arises from bosonization of the β − γ system [69],
normalized such that

〈c(z1)e−φ(z1) c(z2)e−φ/2(z2) c(z3)e−φ/2(z3)〉 = (z1 − z2)1/2(z1 − z3)1/2(z2 − z3)3/4 , (B.0.1)

up to a sign. In the matter sector, we shall combine the compact spatial coordinates into complex
coordinates as

w1 = x4 + ix5, w2 = x6 + ix7, w3 = x8 + ix9 . (B.0.2)

w1, . . . , w3 are complex coordinates. For each coordinate wi we have a complex world-sheet scalar
field which we shall denote by W i. Their superpartners are complex world sheet fermions which
we denote by ψi. We also introduce the complex spin field si that twists ψi by a Z2 transformation
ψi → −ψi and the real twist field σi that twists W i by a Z2 transformation W i → −W i. Since a
world-sheet scalar satisfying a Neumann boundary condition at one end and a Dirichlet boundary
condition at the other end has a half-integer mode expansion, the twist fields σi will be necessary
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for constructing the vertex operators for open string states satisfying Neumann-Dirichlet boundary
conditions in some directions. The spin fields si will be needed for constructing the vertex operators
for open string states satisfying Neumann-Dirichlet boundary conditions in some directions and
also for constructing vertex operators in the Ramond sector. Finally we shall denote by s(nc)

α the
spin fields associated with the non-compact directions carrying spinor index α of SO(3, 1). We
shall use standard normalizations for the fields ψi, si and σi, e.g.

ψi(z1)ψ̄j(z2) = δij (z1 − z2)−1, si(z1)s̄j(z2) = δij (z1 − z2)−1/4,

ψ̄i(z1)sj(z2) = δij (z1 − z2)−1/2s̄j(z2), ψi(z1)s̄j(z2) = δij (z1 − z2)−1/2sj(z2),

σi(z1)σj(z2) = δij (z1 − z2)−1/4, s(nc)
α (z1)s

(nc)
β (z2) = εαβ(z1 − z2)−1/2 , (B.0.3)

up to multiplicative signs and less singular additive terms. The operator products given in the last
line are determined by the conformal weights of σi, s

(nc)
α and their normalizations. The operator

products in the first two lines can be shown to be mutually compatible by bosonizing the fermions
ψi to scalar fields φi and using the identification

ψi = eiφi , ψ̄i = e−iφi , si = eiφi/2, s̄i = e−iφi/2 . (B.0.4)

The other ingredient we need for the construction of the vertex operator is Chan-Paton factors.
Since we have altogether N + 3 D-branes, the Chan-Paton factors can be taken to be (N + 3) ×
(N + 3) matrices. We shall choose the convention in which the first three rows and columns
represent the branes 1, 2 and 3 and the last N rows and columns label the brane stack 4. In this
notation, for 1 ≤ k, ` ≤ 3, 1 ≤ r, s ≤ N , the Chan-Paton factors for the vertex operators for
Φ

(k)
` , (Φ

(4)
` )rs, Z(k`), Z(k4)

r and Z(4k)
r will be matrices whose only non-zero entries are the (k, k)’th,

(3 + r, 3 + s)’th, (k, `)’th, (k, 3 + r)’th and (3 + r, k)’th elements, respectively. In the analysis
that follows we shall suppress the Chan-Paton factors – they just accompany the vertex operators
as multiplicative matrices. The correlation function of a given set of vertex operators will contain
a term proportional to the trace of the ordered product of their Chan-Paton factors.

The vertex operators for the states corresponding to Φ
(k)
i and Z(k`) can be constructed using

these operators. For a superfield A we shall denote by V f
A,α and V b

A the vertex operators of the
fermionic and bosonic components of the superfield. Here α denotes a 3+1 dimensional spinor
index. In this notation we have, for example

V b

Φ
(k)
1

= c e−φψ1, V f

Φ
(k)
1 ,α

= c e−φ/2s1s̄2s̄3s
(nc)
α ,

V b
Z(12) = c e−φσ1σ2s1s2, V f

Z(12),α
= c e−φ/2σ1σ2s̄3s

(nc)
α , (B.0.5)
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up to multiplicative signs. Here the ψ1 factor in the expression for V b

Φ
(k)
1

reflects that this mode

represents position / Wilson line on the brane along w1, whereas the s1s̄2s̄3 factor in V f

Φ
(k)
1 ,α

is
obtained by starting with the operator s̄1s̄2s̄3 that appears in the expression for the supersymmetry
generator, and taking the leading term in its operator product with ψ1 – the same factor that is
present in V b

Φ
(k)
1

. In the expression for V b
Z(12) the σ1σ2 and s1s2 factors reflect that the fields W 1 and

W 2 and their fermionic partners ψ1 and ψ2 satisfy Neumann boundary conditions at one end of the
open string and Dirichlet boundary conditions at the other end. On the other hand the σ1σ2s̄3 term
in the expression for V f

Z(12),α
is the leading term in the expression for the operator product of s̄1s̄2s̄3

and σ1σ2s1s2. Following this strategy we can find the expressions for all the vertex operators V b

Φ
(k)
i

,

V f

Φ
(k)
i ,α

, V b
Z(k`) and V f

Z(k`),α
.

Let us now calculate the three point function

〈V b

Φ
(4)
1

V f

Φ
(4)
2 ,α

V f

Φ
(4)
3 ,β
〉 , (B.0.6)

to fix the normalization of the terms inW4 in (2.4.24). Using the generalization of (B.0.5) we see
that this is computed using the correlation function

〈c e−φψ1(z1) c e−φ/2s̄1s2s̄3s
(nc)
α (z2) c e−φ/2s̄1s̄2s3s

(nc)
β (z3)〉 . (B.0.7)

This correlator can be factorized and evaluated using (B.0.1) and (B.0.3) as

〈c e−φ(z1) c e−φ/2(z2) c e−φ/2(z3)〉ghost 〈ψ1(z1)s̄1(z2)s̄1(z3)〉ψ1

〈s2(z2)s̄2(z3)〉ψ2〈s̄3(z2)s3(z3)〉ψ3〈s(nc)
α (z2)s

(nc)
β (z3)〉nc

= εαβ , (B.0.8)

up to a sign. This agrees with the normalization of the three point coupling of Φ(4) given in (2.4.24)
after ignoring the overall

√
2 factor. (Since the

√
2 factor appears universally in front of all terms

in the superpotentialW , we can ignore this for fixing the relative normalization between different
terms.)

Next we compute the Φ-Z-Z three point function. For example the Φ
(1)
3 Z(12)Z(21) coupling will

be given by the coefficient of εαβ in

〈V b

Φ
(1)
3

(z1)V f

Z(12),α
(z2)V f

Z(21),β
(z3)〉 = 〈c e−φψ3(z1) c e−φ/2σ1σ2s̄3s

(nc)
α (z2) c e−φ/2σ1σ2s̄3s

(nc)
β (z3)〉

= εαβ (B.0.9)

up to a sign. In the last step we have used (B.0.1) and (B.0.3) and factorized the correlator into con-
tributions from the ghost sector and different components of the matter sector. This is in agreement
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with the normalization of the Φ-Z-Z coupling given in (2.4.23).
Finally let us compute the Z-Z-Z three point coupling. For definiteness we focus on the

Z(12)Z(23)Z(31) coupling. For this we compute

〈V b
Z(12)(z1)V f

Z(23),α
(z2)V f

Z(31),β
(z3)〉

= 〈c e−φσ1σ2s1s2(z1) c e−φ/2σ2σ3s̄1s
(nc)
α (z2) c e−φ/2σ3σ1s̄2s

(nc)
β (z3)〉

= εαβ (B.0.10)

Again in the last step we have used (B.0.1) and (B.0.3) and factorized the correlator into contribu-
tions from the ghost sector and different components of the matter sector. The result is valid only
up to a sign. This agrees with the normalization of the Z-Z-Z coupling inW2 given in (2.4.25).

Following the same procedure we can show that the coefficients of all the Φ-Φ-Φ, Φ-Z-Z and
Z-Z-Z couplings are unity up to signs. In principle these signs can be determined by careful string
theory computation but we shall describe an alternative approach based on symmetry considera-
tions. For this we consider a more general system than what has been discussed so far, containing
N1 D2-branes along 4-5 directions, N2 D2-branes along 6-7 directions, N3 D2-branes along 8-9
directions and N4 D6-branes along 4-5-6-7-8-9 directions. We claim that the correct form of the
superpotential, up to field redefinition, is given by

W1 =
√

2 Tr

[(
Φ

(1)
3 Z(12)Z(21) − Φ

(2)
3 Z(21)Z(12)

)
+
(

Φ
(2)
1 Z(23)Z(32) − Φ

(3)
1 Z(32)Z(23)

)
+
(

Φ
(3)
2 Z(31)Z(13) − Φ

(1)
2 Z(13)Z(31)

)
+
(

Φ
(1)
1 Z(14)Z(41) − Φ

(4)
1 Z(41)Z(14)

)
+
(

Φ
(2)
2 Z(24)Z(42) − Φ

(4)
2 Z(42)Z(24)

)
+
(

Φ
(3)
3 Z(34)Z(43) − Φ

(4)
3 Z(43)Z(34)

)]
,

(B.0.11)

W2 =
√

2 Tr

[
Z(31)Z(12)Z(23) + Z(13)Z(32)Z(21) + Z(12)Z(24)Z(41) + Z(42)Z(21)Z(14)

−Z(13)Z(34)Z(41) + Z(31)Z(14)Z(43) + Z(34)Z(42)Z(23) + Z(43)Z(32)Z(24)

]
, (B.0.12)
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W3 =
√

2 Tr

[
c(12)

(
Φ

(1)
3 ⊗ IN2 − IN1 ⊗ Φ

(2)
3

)
+ c(23)

(
Φ

(2)
1 ⊗ IN3 − IN2 ⊗ Φ

(3)
1

)
+c(13)

(
Φ

(3)
2 ⊗ IN1 − IN3 ⊗ Φ

(1)
2

)
+ c(14)

(
Φ

(1)
1 ⊗ IN4 − IN1 ⊗ Φ

(4)
1

)
+c(24)

(
Φ

(2)
2 ⊗ IN4 − IN2 ⊗ Φ

(4)
2

)
+ c(34)

(
Φ

(3)
3 ⊗ IN4 − IN3 ⊗ Φ

(4)
3

)]
,

(B.0.13)

and

W4 = −
√

2

[
Tr
(

Φ
(1)
1 Φ

(1)
2 Φ

(1)
3 − Φ

(1)
1 Φ

(1)
3 Φ

(1)
2

)
− Tr

(
Φ

(2)
1 Φ

(2)
2 Φ

(2)
3 − Φ

(2)
1 Φ

(2)
3 Φ

(2)
2

)
+Tr

(
Φ

(3)
1 Φ

(3)
2 Φ

(3)
3 − Φ

(3)
1 Φ

(3)
3 Φ

(3)
2

)
+ Tr

(
Φ

(4)
1 Φ

(4)
2 Φ

(4)
3 − Φ

(4)
1 Φ

(4)
3 Φ

(4)
2

)]
. (B.0.14)

This superpotential reduces to the one given in (2.4.23)-(2.4.24) for N1 = N2 = N3 = 1. We shall
now describe the arguments leading to (B.0.11)-(B.0.14).

Let us begin with the arguments leading to the form ofW2. Since by field redefinitions involving
changes of signs of theZ(k`)’s we can change the relative signs of various terms inW2, we only have
to show thatW2 is given by (B.0.12) up to these field redefinitions. Now these field redefinitions
can only change the signs of an even number of terms inW2 since each Z(k`) appears as a factor
in two of the terms. Thus an expression for W2 with an even number of minus signs cannot be
turned into an expression with an odd number of minus signs and vice versa. Furthermore, it can
be shown by inspection that by these field redefinitions all possible choices of W2 with an even
number of minus signs can be brought to the form in which each term inW2 has positive sign, and
all possible choices ofW2 with an odd number of minus signs can be brought to the form given in
(B.0.12). Thus the possible candidates forW2 can be restricted to either (B.0.12) or the one with
all positive signs. We shall argue shortly that requiring symmetry under the exchange of different
stacks of D-branes leads to the form given in (B.0.12).

Next we turn to W1 and W3. The shift symmetries (2.4.33) fix the relative sign between the
pair of terms inside each parenthesis in (B.0.11) and (B.0.13), but do not fix the signs that appear
in front of the parentheses. However starting with any arbitrary choice of these signs, we can arrive
at (B.0.11) and (B.0.13) by redefinition involving changes of the signs of the fields Φ

(k)
i and the

parameters c(k`). These field redefinitions change the signs of various terms in W4, but leave W2

unchanged.
Finally turning toW4 we see that the relative sign between the pair of terms inside each paren-

thesis is fixed by the requirement that these come from the dimensional reduction of N = 4 su-
persymmetric theories in 3+1 dimensions. We shall see shortly that the relative signs between the
different parentheses are fixed by the symmetry under the exchange of brane stacks. This however
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does not fix the overall sign of W4 leaving behind a 2-fold ambiguity. We expect that a careful
string theory calculation will be able to resolve this ambiguity, but we have not done this. As
we have described in the text, the choice of W4 given in (B.0.14), after restriction to the case
N1 = N2 = N3 = 1, N4 = N gives the results 12, 56 and 208 for the index for N = 1, 2 and 3,
respectively, in agreement with the results in the dual description. In contrast the opposite choice
of sign gives the results 12, 60 and 232 for the index for the cases N = 1, 2 and 3, respectively.
These do not agree with the results computed using the dual description.

What remains is to show how the exchange symmetry constrains the form of W2 and W4.
For this we need to examine how the exchange symmetry acts on the coefficients c(k`), which is
straightforward exercise using A.0.8.

Now type IIA string theory on T 6 has an exchange symmetry x4 ↔ x6, x5 ↔ x7, N1 ↔ N2

under which the D2-brane stacks 1 and 2 get exchanged and the stacks 3 and 4 remain unchanged.
We see from (A.0.8) that under this transformation c(34) changes sign, c(12) remains unchanged,
and c(1i) and c(2i) get exchanged for i = 3, 4. Thus there must be an action on the variables Φ

(k)
i

and Z(k`) which, together with these transformations on the c(k`)’s and Ni’s, transform theWi’s at
most by an overall multiplicative phase.a It is easy to verify that for the superpotential given in
(B.0.11)-(B.0.14) the following accompanying transformation takesWi → −Wi for 1 ≤ i ≤ 4:

(Φ
(4)
3 ,Φ

(3)
3 )→ (Φ

(4)
3 ,Φ

(3)
3 ), (Φ

(2)
3 ,Φ

(1)
3 )→ (Φ

(1)
3 ,Φ

(2)
3 ),

(Φ
(2)
1 ,Φ

(3)
1 )↔ (Φ

(1)
2 ,Φ

(3)
2 ), (Φ

(4)
1 ,Φ

(1)
1 )↔ −(Φ

(4)
2 ,Φ

(2)
2 ),

Z(34) → Z(34), Z(i1) ↔ −Z(i2), Z(1i) ↔ −Z(2i), for i = 3, 4,

Z(12) ↔ −Z(21), Z(43) → −Z(43) . (B.0.15)

On the other hand, for the choice of W2 without the sign (−1)δk1δ`3δm4 , i.e. all Z-Z-Z coupling
coming with positive coefficients, this property will be lost.b This shows that the form ofW2 given
in (B.0.12) is the correct one, and also fixes the relative signs between the terms inW4 involving
Φ

(1)
k and Φ

(2)
k .

We now turn to the second exchange symmetry, generated by the transformation x6 ↔ x8,
x7 ↔ x9 and N2 ↔ N3. This exchanges the second and the third D-brane stacks. (A.0.8) shows
that under this transformation c(14) → −c(14), c(23) → c(23), c(12) ↔ c(13) and c(24) ↔ c(34). We can
verify that all theWi’s change sign if we accompany these transformations of c(k`) and Ni with the

aMultiplying the superpotential by an overall phase leaves the potential invariant.
bSince the c(k`)’s are only determined up to phases in terms of the background fields, one may wonder whether the

analysis that led to the conclusion that the choice of all positive signs inW2 is not allowed could be modified if we use
c(k`) with different phases. To this end we note that the information that was needed to arrive at this result was that
under the exchange x4 ↔ x6 and x5 ↔ x7, c(12) remains unchanged and c(34) changes sign. These transformation
laws of c(12) and c(34) do not depend on the choice of phases of the c(k`)’s given in (A.0.8). Thus our argument holds.
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following transformation on the fields:

(Φ
(4)
1 ,Φ

(1)
1 )→ (Φ

(4)
1 ,Φ

(1)
1 ), (Φ

(1)
3 ,Φ

(2)
3 )↔ (Φ

(1)
2 ,Φ

(3)
2 ),

(Φ
(2)
1 ,Φ

(3)
1 )→ (Φ

(3)
1 ,Φ

(2)
1 ), (Φ

(4)
2 ,Φ

(2)
2 )↔ −(Φ

(4)
3 ,Φ

(3)
3 ),

Z(41) → Z(41), Z(2i) ↔ −Z(3i), Z(i2) ↔ −Z(i3), for i = 1, 4,

Z(32) ↔ −Z(23), Z(14) → −Z(14) . (B.0.16)

It follows from (B.0.15) and (B.0.16) that if for i = 1 and 3, Φ
(i)
i and Φ

(4)
i are interpreted as Wilson

lines along the wi direction on the respective branes, then Φ
(2)
2 and Φ

(4)
2 should be interpreted as

Wilson lines along the −w2 direction on the D2-brane along the 6-7 directions and the D6-brane,
respectively. This analysis also fixes the relative signs between the terms inW4 involving Φ

(2)
k and

Φ
(3)
k .

The theory under consideration also has a symmetry that exchanges brane stacks 1 and 4, leav-
ing the stacks 2 and 3 unchanged. This is induced by making a T-duality transformation along
6-7-8-9 directions and then performing an exchange 6↔ 8, 7↔ 9, and at the same time exchang-
ing N1 and N4. We shall use the convention that, under a T-duality transformation along the xm

direction, gmn ↔ bmn to leading order in gmn and bmn for n 6= m . It is easy to see from (A.0.8) that
under this exchange c(14) remains unchanged, c(23) changes sign, c(12) ↔ i c(24) and c(13) ↔ i c(34).
It can be seen that the following accompanying transformation rules of the fields takeWi to −Wi

for 1 ≤ i ≤ 4:

(Φ
(4)
1 ,Φ

(1)
1 )→ (Φ

(1)
1 ,Φ

(4)
1 ), (Φ

(1)
2 ,Φ

(3)
2 )↔ i (Φ

(4)
3 ,Φ

(3)
3 ),

(Φ
(2)
1 ,Φ

(3)
1 )→ (Φ

(2)
1 ,Φ

(3)
1 ), (Φ

(4)
2 ,Φ

(2)
2 )↔ i (Φ

(1)
3 ,Φ

(2)
3 ),

Z(12) ↔ −Z(42), Z(13) ↔ −i Z(43), Z(21) ↔ −iZ(24), Z(31) ↔ −Z(34),

Z(14) ↔ i Z(41), Z(32) → Z(32), Z(23) → −Z(23) . (B.0.17)

This fixes the relative signs between the terms in W4 involving Φ
(1)
k and Φ

(4)
k . The factors of i in

the transformation laws relating Φ
(k)
i ’s to Φ

(k)
k ’s and Φ

(4)
k ’s for 1 ≤ i, k ≤ 3, i 6= k show that if we

interpret Φ
(k)
i as the position of the k-th D2-brane along wi, then up to signs, iΦ

(4)
i and iΦ

(i)
i are to

be interpreted as Wilson lines along wi on the i-th D2-brane and the D6-brane, respectively. Due to
the comments below (B.0.16) it follows that there is a further factor of −1 in the definition of Φ

(2)
2

and Φ
(4)
2 relative to those for Φ

(i)
i and Φ

(4)
i for i = 1, 3.

All other exchange symmetries are compositions of the above three transformations and hence
invariance of the potential under the former follows as a consequence of their invariance under the
latter. Thus we see that the exchange symmetries together with judicious utilization of the field
redefinition freedom fixes the signs of all the terms in the superpotential except for the overall sign
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ofW4 relative to the other terms.
The superpotential determined this way also has other desired symmetries. For example we

see from (A.0.8) that under the transformation x4 → x5, x5 → −x4, c(12), c(13), c(24) and c(34)

get multiplied by −i while the other c(k`)’s remain unchanged. It is easy to see that under this
transformation the superpotential gets multiplied by an overall factor of −i, and hence leaves the
potential invariant, if we transform the various fields as

Φ
(k)
1 → −iΦ

(k)
1 for 1 ≤ k ≤ 4, Z(12) → −iZ(12), Z(13) → −iZ(13),

Z(42) → −iZ(42), Z(43) → −iZ(43), (B.0.18)

leaving the other fields invariant.
Finally consider the world-sheet parity transformation under which the NS-NS 2-form field

changes sign. This by itself is not a symmetry of type IIA string theory, but becomes a symmetry
if we accompany this by the parity transformation along the non-compact directions and (−1)FL –
this is simply the symmetry group by which we quotient the theory to generate orientifold 6-planes.
Furthermore this transformation leaves the D6- and D2-branes invariant. We see from (A.0.8) that
under this transformation c(k`) → c(k`) and c(k4) → −c(k4) for 1 ≤ k < ` ≤ 3. It is easy to see
that the following transformation on the fields combined with the above leaves the superpotential
invariant:

Φ
(4)
i → −(Φ

(4)
i )T , Φ

(i)
i → −(Φ

(i)
i )T , Φ

(i)
j → (Φ

(i)
j )T for 1 ≤ i, j ≤ 3, j 6= i,

Z(k`) → (Z(`k))T for 1 ≤ k, ` ≤ 3, ` 6= k,

Z(14) → (Z(41))T , Z(24) → −(Z(42))T , Z(34) → (Z(43))T ,

Z(41) → −(Z(14))T , Z(42) → (Z(24))T , Z(43) ↔ −(Z(34))T . (B.0.19)

The transposition operation involved in the transformation laws is a reflection of the fact that under
world-sheet parity transformation open strings change their orientation.

Given the superpotential constructed above, the potential V is given by (2.4.27)-(2.4.32). The
shift symmetry (2.4.33) generalizes to

Φ(k)
m → Φ(k)

m + ξmINk
, for 1 ≤ k ≤ 3, k 6= m; 1 ≤ m ≤ 3,

Φ
(k)
k → Φ

(k)
k + ζkINk

, Φ
(4)
k → Φ

(4)
k + ζkIN4 , for 1 ≤ k ≤ 3 ,

X
(k)
i → X

(k)
i + ai INk

, for 1 ≤ i ≤ 3 . (B.0.20)

We shall now argue that at a generic point in the moduli space, the vanishing of Vgauge given
in (2.4.31) requires all the X(k)

i ’s to vanish (up to the shift symmetry described in the last line of
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(B.0.20)). To see this first note that the vanishing of Vgauge requires each of the terms in (2.4.31)
to vanish separately since each is a positive definite term. The vanishing of the last term tells us
that X(k)

i and X(k)
j commute. Since X(k)

i ’s are hermitian matrices, this implies that with the help
of U(Nk) gauge transformations we can simultaneously diagonalize each X(k)

i . Therefore we can
take (

X
(k)
i

)
mn

= a
(k)
i,m δmn , for 1 ≤ m,n ≤ Nk, 1 ≤ k ≤ 4 . (B.0.21)

Physically a(k)
i,m has the interpretation of the position along xi of the m-th brane in the k-th stack.

Now requiring that the first two terms in (2.4.31) vanish we can easily see that

(
Z(k`)

)
mn

(
a

(k)
i,m − a

(`)
i,n

)
= 0 for 1 ≤ m ≤ Nk, 1 ≤ n ≤ N`, 1 ≤ i ≤ 3 ,(

Φ(k)
)
mn

(
a

(k)
i,m − a

(k)
i,n

)
= 0 for 1 ≤ m,n ≤ Nk, 1 ≤ i ≤ 3 . (B.0.22)

This gives

(
Z(k`)

)
mn

= 0 if a(k)
i,m 6= a

(`)
i,n for any i for 1 ≤ m ≤ Nk, 1 ≤ n ≤ N` ,(

Φ(k)
)
mn

= 0 if a(k)
i,m 6= a

(k)
i,n for any i for 1 ≤ m,n ≤ Nk . (B.0.23)

Furthermore, once (B.0.23) is satisfied, there is no further constraint on the a(k)
i,m’s. Physically this

means that if the m’th brane in the k-th stack and the n-th brane in the `-th stack are separated
along the non-compact directions, then all fields associated with the open strings stretched between
the two branes must have zero expectation value. Therefore we can divide the brane stacks into
groups, where within each group all branes are coincident along the non-compact directions, and
the brane stacks in two different groups are separated from each other along at least one of the
non-compact directions. In this case all fields associated with open strings stretching between two
different groups must vanish, and once this condition is satisfied we have no further constraint on
the locations of the groups along the non-compact directions. In particular we can separate the
different groups by arbitrary distance. If such a solution exists, then the mass of the total brane
system will be given by the sum of the masses of the individual groups. But at a generic point in
the moduli space away from subspaces of marginal stability this violates the BPS bound if the total
charge vector is primitive, i.e. gcd{N1, N2, N3, N4} = 1. This shows that it should be impossible
to satisfy the F- and D-term equations in this case. Therefore the only way to solve the equations
is to set all the a(k)

i,m’s to be equal for any given i. Using the shift symmetry given in the last line of
(B.0.20) we can set these to zero, showing that all the X(k)

i ’s can be taken to vanish.
We can also see the absence of solutions with more than one group by directly analyzing the

F-term equations. Let us consider for example the equations we get by setting the variation ofW
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with respect to Φ
(1)
3 and Φ

(2)
3 to zero. Using (B.0.11)-(B.0.14) these equations take the form

Z(12)Z(21) +N2c
(12) IN1 − [Φ

(1)
1 ,Φ

(1)
2 ] = 0 ,

Z(21)Z(12) +N1c
(12) IN2 + [Φ

(2)
1 ,Φ

(2)
2 ] = 0 . (B.0.24)

Now suppose that we have a solution with multiple groups, with the first group containing M1 D2-
branes along 4-5 directions,M2 D2-branes along 6-7 directions,M3 D2-branes along 8-9 directions
and M4 D6-branes along 4-5-6-7-8-9 directions. Let us now take the trace of the first equation over
the M1 D2-branes in the 4-5 directions and the trace of the second equation over the M2 D2-branes
in the 6-7 directions. Since there are no components of Z(k`) or Φ

(k)
m with one leg in the first group

and another leg in another group, the traces described above restrict the sum to be over the indices
in the first group only. Denoting the trace with all indices in the first group by Tr1, we get

Tr1(Z(12)Z(21)) + c(12)N2M1 = 0 , Tr1(Z(21)Z(12)) + c(12)N1M2 = 0 . (B.0.25)

Taking the difference between the two equations we see that we must have N1M2 = N2M1. Re-
peating the analysis for other equations we get NiMj = NjMi for 1 ≤ i < j ≤ 4, or equivalently,
Mi/Ni=constant. The same analysis may be repeated for other groups, showing that the charge
vector of each group must be proportional to the total charge vector. But this is impossible if the
total charge vector is primitive. This shows that for primitive charge vector there are no solutions
to the F-term equations with more than one group.

For completeness we also give the expected number of solutions to the F- and D-term con-
straints from the counting in the dual description [47]. For the Ni’s satisfying the restriction

gcd{N1N2, N1N3, N1N4, N2N3, N2N4, N3N4} = 1 , (B.0.26)

this is given by
−
∑
s|s0

s ĉ(4N1N2N3N4/s
2) (B.0.27)

where ĉ(u) has been defined in (2.3.8) and

s0 =
4∏

i,j=1
i<j

gcd{Ni, Nj} . (B.0.28)
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APPENDIXC
DERIVATION OF THE INDEX

For convenience, we repeat 2.3.7,

B14 = (−1)Q·P+1
∑
s|`1`2

s ĉ(∆/s2) , ∆ ≡ Q2P 2 − (Q · P )2 = 4N1N2N3N4 − (N1N5)2 .

(C.0.1)

For our choice of charges, i.e. N1 = N2 = N3 = 1, N4 = n,N5 = 0, using 2.3.4, 2.3.5 and 2.3.7
we have

Q · P = 0, ∆ = 4n, `1 = gcd{1, n, 1, n, 0} = 1, `2 = gcd{1, n, 0} = 1 .

This implies s = 1 and hence

B14 = −ĉ(4n) . (C.0.2)

ĉ(u) is give by 2.3.8

− ϑ1(z|τ)2 η(τ)−6 ≡
∑
k,l

ĉ(4k − l2) e2πi(kτ+lz) , (C.0.3)

where

η(τ) = q1/24

∞∏
n=1

(1− qn) ; q = e2πiτ . (C.0.4)

ϑ1(z|τ) = θ

[
1/2

1/2

]
(z|τ) =

∑
n∈Z

eiπ(n+1/2)2τ+2πi(n+ 1
2

)(z+ 1
2

) . (C.0.5)
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we can get ĉ(4n) by picking the coefficient of the l = 0, k = n term in C.0.3. The choice l = 0

means that we only have to look at z independent terms coming from ϑ1(z|τ)2.

ϑ1(z|τ)2|z=0 =
∑
m,n∈Z

eiπτ[(n+1/2)2+(m+1/2)2]+2πi(m+n+1)(z+ 1
2

)|z=0 = q1/4
∑
n∈Z

qn(n+1) (C.0.6)

Since we are looking for ĉ(4n) for n = 1, 2, 3, we collect terms upto q3 from−ϑ1(z|τ)2η(τ)−6|z=0.

− ϑ1(z|τ)2η(τ)−6|z=0

= −

[
q1/4

∑
n∈Z

qn(n+1)

]
×

[
q−1/4

∞∏
n=1

(1− qn)−6

]
= −2

[
1 + q2 + · · ·

]
×
[
(1− q)6(1− q2)6(1− q3)6 · · ·

]−1

= −2
[
1 + q2 + · · ·

]
×
[
(1− 6q + 15q2 − 20q3 + · · · )(1− 6q2 + · · · )(1− 6q3 + · · · ) · · ·

]−1

= −2
[
1 + q2 + · · ·

]
×
[
1− 6q + 9q2 + 10q3 · · ·

]−1

= −2
[
1 + q2 + · · ·

]
×
[
1 + (6q − 9q2 − 10q3) + (6q − 9q2 − 10q3)2 + (6q − 9q2 − 10q3)3 + · · ·

]
= −2

[
1 + q2 + · · ·

]
×
[
1 + (6q − 9q2 − 10q3) + (6q − 9q2 − 10q3)2 + (6q − 9q2 − 10q3)3 + · · ·

]
= −2

[
1 + q2 + · · ·

]
×
[
1 + 6q + 27q2 + 98q3 + · · ·

]
= −2− 12q − 56q2 − 208q3 + · · ·

Comparing with C.0.2, we see

B14(1, 1, 1, 1) = 12, B14(1, 1, 1, 2) = 56, B14(1, 1, 1, 3) = 208, (C.0.7)
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APPENDIXD
DUALITY TRANSFORMATION

In [47], the counting of BPS states was done for a system consisting of N1 KK monopoles asso-
ciated with the 4-direction, −N2 units of momentum along the 5-direction, N3 D1-branes along
the 5-direction, N4 D5-branes along 5-6-7-8-9 directions and −N5 units of momentum along the
4-direction.a Our goal will be to show that via a series of duality transformations this can be related
our system. During this analysis we shall ignore all the signs (which can in principle be deter-
mined by following some specific sign convention, e.g. the one given in appendix A of [50]). This
way we shall at most miss the signs of the charges carried by the final D -brane configurations.
However, our analysis of the world-line theory of the D-brane system is independent of the signs
of these charges as long as the signs are chosen to give a configuration that preserves 4 out of 32
supersymmetries.

Consider the following series of duality transformations:

• T-duality transformations along the 4 and 5 directions: This gives a configuration of N1 NS-
5-branes along 5-6-7-8-9 directions, N2 fundamental strings along the 5-direction, N3 D1-
branes along the 4-direction, N4 D5-branes along 4-6-7-8-9 directions and N5 fundamental
strings along the 4-direction.

• T-duality transformation along 8 and 9 directions: This gives a configuration of N1 NS-
5-branes along 5-6-7-8-9 directions, N2 fundamental strings along the 5-direction, N3 D3-
branes along 4-8-9 directions, N4 D3-branes along 4-6-7 directions and N5 fundamental
strings along the 4-direction.

• S-duality: This gives a configuration of N1 D5-branes along 5-6-7-8-9 directions, N2 D1-
branes along the 5-direction,N3 D3-branes along 4-8-9 directions,N4 D3-branes along 4-6-7
directions and N5 D1-branes along the 4-direction.

aThe actual computation was done for N1 = 1 but we shall consider a more general situation.
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• T-duality along 5, 8 and 9 directions: This gives a configuration of N1 D2-branes along
6-7 directions, N2 D2-branes along 8-9 directions, N3 D2-branes along 4-5 directions, N4

D6-branes along 4-5-6-7-8-9 directions and N5 D4-branes along the 4-5-8-9 directions.

• Cyclic permutation of 6-7→4-5→8-9→6-7: This gives a configuration of N1 D2-branes
along 4-5 directions, N2 D2-branes along 6-7 directions, N3 D2-branes along 8-9 directions,
N4 D6-branes along 4-5-6-7-8-9 directions and N5 D4-branes along the 6-7-8-9 directions.

For N5 = 0, this reduces to the configuration considered by us.
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