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Summary

Linear perturbation of relativistic accretion on to black holes leads to the emergence
of an embedded curved acoustic geometry. The acoustic perturbations are governed
by this emergent sonic geometry. Such emergent acoustic spacetime could be studied
to gain knowledge about different interesting properties of curved spacetime as the
metric possesses many properties which are analogous to the kinematic properties
of general relativistic spacetime. Such analogous properties which are found in an
acoustic spacetime includes a sonic horizon and corresponding acoustic Hawking
radiation in the form of a thermal spectrum of sound quanta emitting from the

sonic horizon. Below we list the main results of our study:

o The emergence of acoustic geometry is independent of the physical quantity
in terms of which we obtain the perturbation equation that is compared to the
equation of massless scalar field in curved spacetime. For particular geomet-
rical configuration of the accreting matter, linear perturbation of the velocity
potential, the mass accretion rate and the relativistic Bernoulli’s constant give

rise to the same acoustic spacetime metric up to a conformal factor.

o The acoustic spacetime metric depends on the geometrical configuration of the
accreting matter quite sensitively. The acoustic spacetime metric for constant
height flow and conical flow are the same but differs for accretion disc under

hydrostatic equilibrium along the vertical direction.

o Location of the acoustic horizon coincides with the critical points of the sta-
tionary accretion flow. Critical points are defined as the place where the

gradient of the ‘advective velocity” has 0/0 form. Depending on the geomet-



rical configuration of the accreting matter, the critical points and hence the
acoustic horizon may or may not be isomorphic to the transonic surface. For
constant height flow and the conical flow, acoustic horizon and the transonic
surface are coincidental but for a disc, under vertical equilibrium, they are

located at different points.

The causal structure of the acoustic spacetime constructed by the null sound
rays clearly shows the location of acoustic horizon and tilting of the sound

cones.

Axially symmetric accretion flow could encounter a stationary shock. In such
cases, the flow becomes multi-transonic. The flow starts subsonically at large
radial distance and becomes supersonic at the outer sonic point. After that,
it encounters a shock and becomes subsonic. The subsonic flow then again
becomes supersonic at the inner sonic point. The causal structure of the
acoustic spacetime corresponding to such multi-transonic shocked accretion
flow shows that the shock location could be interpreted as an acoustic white

hole horizon.

The acoustic surface gravity is proportional to the gradient of the ‘advective
velocity” minus the gradient of the sound speed evaluated at the acoustic

horizon.

Standing and travelling wave analysis of the perturbation equation implies

that the stationary accretion solutions are stable under linear perturbation.

For disc under vertical equilibrium, the transonic surface is not identical to
the acoustic horizon. This is due to the fact that the speed of the acoustic
perturbation in such a system is not exactly equal to the local sound speed.
It is possible to define an effective sound speed which is the speed of the
propagation of the acoustic perturbation. The transonic surface defined in

terms of this effective sound speed coincides with the acoustic horizon.
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Aspects of analogue gravity

It was the seminal work of Unruh [1] that led to a new area of research known as
the analogue gravity phenomenon. In the last few decades, the field has expanded
hugely and encampasses a diverse list of physical systems where analogue gravity
phenomena could be studied. An analogue model of gravity possesses interesting
properties which are analogue counterparts of properties found in general relativity.
The most important of such properties is the existence of an acoustic event horizon
similar to the gravitational event horizon of a black hole in general relativity. An
acoustic event horizon is the boundary of an acoustic black hole or the so-called
“dumb hole” [2] from which acoustic waves cannot escape to the outside similar to
the case of the event horizon of a black hole from which light can not escape to the

outside.

By studying the behaviour of quantum fields in the background (classical) curved
spacetime near the event horizon, Hawking predicted that a black hole is not entirely
black and it actually radiates as a black body with a thermal spectrum of Planckian
distribution with a temperature 7'y [3]. This is a striking result which comes out as
a consequence of treating the fields as quantum fields and thus provides a way to test
the ultimate theory of quantum gravity which is yet to be well understood. Though
this result of Hawking was derived in the context of black hole spacetime, such
Hawking-like effect is not exclusive to black holes in general relativity. Hawking-like

effect could be seen in other systems (where there is no effect of general relativity)
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also. As the Hawking radiation is a kinematic effect, the only requirement for
the Hawking-like effect is the existence of a Lorentzian metric with some sort of a
horizon[4].

Analogue gravity systems, because of the presence of the acoustic spacetime and
the acoustic event horizon, thus provides a platform where Hawking-like effect,
henceforth called analogue Hawking radiation, could be observed. Unruh, in his
paper [1], showed that in a Newtonian (non-relativistic flat spacetime) system of
transonic fluid there exists an acoustic horizon and a thermal spectrum of acous-
tic quanta may be radiated from the acoustic horizon in the same way Hawking
radiation is emitted from the event horizon of black holes. The analogue Hawk-
ing temperature T oy of the emitted radiation is given by the same formula as in
Hawking radiation with the only difference that the black hole surface gravity is
replaced by acoustic surface gravity x« which is proportional to the gradient of the
velocity of the transonic fluid at the acoustic horizon. Thus by exploring analogue
gravity systems, we are able to look into different aspects of curved spacetime in a
laboratory set up. Below, we provide a brief account of the emergence of acoustic

spacetime in a Newtonian fluid system.

1.1 Acoustic spacetime in Newtonian transonic fluids

The following treatment is borrowed from [5]. We consider a barotropic, inviscid
and irrotational fluid in Newtonian background. Such a fluid is governed by the

continuity equation

Oup + V.(pt) = 0, (1.1)
and the Euler equation

0+ (0.V)U + %V}H—qu—i—v(l) =0. (1.2)

where, U is the velocity of the fluid, p is the density of the fluid, p is the pressure

of the fluid, ¢ is the gravitational potential and ® is the potential for any external
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force. Eq. (1.2) can be rewritten in the following form
L 1 1,
8tv—v><(V><v)+;Vp+V(§v +¢+ @) =0. (1.3)

The fluid being irrotational, the second term in the above equation vanishes. Fur-
ther, we can introduce a potential field v in the fluid which is defined by the relation
v = —V. 1 is generally called the velocity potential. Also due to the assumption
that the fluid is barotropic, i.e., the density is a function of the pressure only, we
can define the specific enthalpy of the fluid as

)= [ (14)

p(p)

Eq. (1.4) implies that Vh = (1/p)Vp. Thus, the Euler Eq. (1.3) reduces to

—8tw+h+%(vw)2+¢+<b:0. (1.5)

1.1.1 Linearization of fluid equations

We linearize the fluid equations given by Eq. (1.1) and (1.5) about some stationary
background (po, po, 10). We write the fluid variables as sum of its background value

plus some small fluctuations of linear order,

P = po+ p1
p="po+p (1.6)
WY =1y +

Using the above equation in the Eq. (1.1) and (1.5) and collecting the terms that

are linear in the fluctuations gives the following equations

atpl + V(Pﬂ_}b -+ Poﬁl) =0 (17)
— O + % GV = 0. (1.8)
0

In deriving the Eq. (1.8), we have used the linearization of the specific enthalpy

with the use of the barotropic equation of state, i.e.,

h(p) = h(po + p1) = ho+%- (1.9)
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We have also assumed that the external as well as the gravitational force are constant
hence there are no fluctuations from those terms. Eq. (1.8) gives p; in terms of vy

and the background variables. Now the local sound speed is defined by the relation

= g—i, (1.10)

and from the barotropic relation we have p; = cp;. Thus, from Eq. (1.8) we

obtain p; in terms of ¢); and other background variables as

L= (’:T“(atwl + 5. V). (1.11)
s0

Now using the above equation in the linearized continuity equation, i.e., Eq. (1.7)

provides the following wave equation

—9, fTO(atz/;1 + Uo.wl)] +V. [powl — c%oﬁo(&ewl + 0. Vipy) | = 0. (1.12)

s0 s0

The above wave equation describes the propagation of the linearized scalar field ;.
Once this equation is solved for 11, one can easily find p; and p; also. Thus the

above wave equation completely describes the propagation of acoustic perturbation

in the fuid.

1.1.2 The acoustic spacetime metric and horizon

Eq. (1.12) can written in a compact form if we define a symmetric 4 x 4 matrix f*”

as

pe=Lod : (1.13)
—vh P (c307 — vjup)

Then Eq. (1.12) can be rewritten as

B, (f™0,01) = 0. (1.14)

Here, p, v runs from 0 to 1 and the 4, j runs from 1 to 3 and (1 + 3) dimensional
spacetime coordinates are given by x# = (t,2'). Now, the equation of propaga-

tion of a scalar field ¢ in curved spacetime metric g,, is given by the equation

10



1.1. Acoustic spacetime in Newtonian transonic fluids

0u(v/—99" 0y) = 0, where g is the determinant of the metric g,,,. Thus an acous-

tic spacetime time metric G, is could be defined by the relation
V-GG = fr, (1.15)

where G is the determinant of the acoustic metric G,. G can be determined by

taking determinant of both of the sides in Eq. (1.17) which gives
(V=G)*'G™ = det(f") = G = det(f"™). (1.16)

From the Eq. (1.13), we find det(f*) = —pi/c%, and there G = —pj/c?, and

V=G = p3/cs. Therefore, we also find the inverse metric G*” to be given by

(1.17)
—vh 1 (Y — vfwp)
and the acoustic metric G, itself is found by intervting the above matrix and is

given by

Gu = L . . (1.18)

Thus, the acoustic line element could be given as

ds? = G, datdr” = 22 [—(2) — v2)d? — 26 diddt + (di)?] . (1.19)

]
Cs0

Defining a new time coordinate 7 by

— .d—ﬁ
dr = dt + > (1.20)
Cs0 — Vo
the line element could be written as [2, 5]
iyJ
ds? = 2 [_(Czo —v3)dr* + (517 + %) d:):’dm]] . (1.21)
€s0 €0 — Yo

It is assumed that the vector = EEUQ is integrable. From the above expression of
s0 0

the line element, it is clear that the corresponding acoustic metric is static, i.e., it

11
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is stationary (time-independent) and the time-translation Killing vector is hyper-
surface orthogonal as there is no time-space cross terms. If the background flow
is spherically symmetric then Eq. (1.21) can be further written in terms of the

spherical polar coordinates as [1]

2
ds® = 20 | (2 — up?)dr? + 50 dr® + r2(d6® +sin® 0dg?)| . (1.22)
Cs0 Cso — Yo

The above line element has the similar form of the Schwarzschild metric.

The acoustic event horizon is defined as the boundary of the region from which
null geodesics (here phonons) cannot escape. For the line element in Eq. (1.22),
the acoustic event horizon is located at v} = ¢%,. Thus the event horizon is the
transonic surface of the fluid flow. The ergosphere is defined as the surface where
the norm of the time-like Killing vector changes the sign and the Killing vector
becomes space-like in the region inside the ergosphere. If the background fluid

flow is steady, then the acoustic metric is time-independent and hence there exist a

time-like Killing vector £# = 6}'. Norm of the time-like Killing vector &* is given as

£ = GEhe” = Golo) = Gy = _570(030 —5)- (1.23)
s0

Thus the norm changes sign at v3 = ¢%,. Therefore, any region of supersonic flow can
be regarded as ergo-region. For a general spacetime time metric, the ergosphere and
the event horizon are not the same. However, for a static metric, these two surfaces
coincide. For example, in general relativity, in the static Schwarzschild spacetime,
event horizon and the ergosphere are basically the same surfaces. However, in the
stationary but non-static Kerr spacetime, the ergosphere and the event horizon are
two different surfaces. The event horizon of the Kerr black hole resides inside the
ergosphere. Therefore, for an acoustic spacetime metric which is non-static, the
event horizon would be different from the ergosphere and one has to use particular
tools to define the event horizon (for example, see [6] for such details). For our
present work, the acoustic metrics are found to be static and thus we can easily
locate the acoustic event horizon. If spacetime is stationary, asymptotically flat and
the event horizon has spherical topology, then the event horizon could be located

easily in a suitable coordinate system [7]. In such spacetime, the event horizon is a

12



1.1. Acoustic spacetime in Newtonian transonic fluids

Figure 1.1: An artistic impression of cascading sound cones in the geometrical limit.
Supersonic flow tilts the sound cone past the vertical at the horizon and

forms an acoustic black hole. Image coursey: [8].

r = constant hypersurface which is null. We shall use such an approach to locate

the event horizon in our work.

Fig. 1.1 shows an artistic impression of cascading sound cones in the geometrical
limit. Supersonic flow tilts the sound cone past the vertical at the horizon and forms
an acoustic black hole. Fig. 1.2 shows an artistic impression of trapped waves in
the physical acoustic limit. Supersonic flow forces the waves to move downstream
inside the acoustic horizon. Fig. 1.3 shows how the sound cone is tilted as the fluid

becomes supersonic from the subsonic state. Fig. 1.1, 1.2, 1.3 have been taken from

[3].

1.1.3 Causal structure of the acoustic spacetime

The tilting of the sound cone can be visualised by constructing the causal structure
of the spacetime following the same procedures as found in general relativity. Some
of the following treatments are taken from [9] and more detailed discussions on the
causal structure of the acoustic Spacetime could be found there. For simplicity, let

us consider the case where the perturbation propagates only in the x-direction. The

13
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Figure 1.2: An artistic impression of trapped waves in the physical acoustic limit.
Supersonic flow forces the waves to move downstream inside the acoustic

horizon. Image coursey: [8].

Subsonic Sonic Supersonic

>
X

Figure 1.3: Moving fluid tilts the sound cone as it moves and tilts past the vertical

when it becomes supersonic. Image coursey: [8].

14



1.1. Acoustic spacetime in Newtonian transonic fluids

line element in Eq. (1.19) becomes
ds? = 2 [— (2 — v§)dt® — 2vdxdt + da?] . (1.24)
Cs0

The sound-cones are constructed from the null geodesics and the null geodesics are

obtained by equating ds? to zero which gives

ﬂ :U():l:CsO: 1 (125)
dr|, wvi—ch voFco :

Now let’s assume that vy > 0, then the slope (dt/dx)_ > 0 and regular for all z.
However, (dt/dx); < 0 for subsonic flow and (dt/dz), > 0 for supersonic flow.
Similarly if vy < 0, then (dt/dx); < 0 and regular for all x and (dt/dx)- > 0
for subsonic flow and it is < 0 for supersonic flow. Thus at the sonic point, the
sound-cone tilts past the vertical. Fig. 1.2 shows a schematic diagram of the tilting
of the sound cone.

For a given velocity profile vy of the background flow, one can draw the causal
structure explicitly. In order to draw the causal structure, let us first introduce the

null coordinates as the following

du—dt— — (1.26)
(Uo + CS())

dw — dt — — (1.27)
(Uo - Cso)

In terms of the null coordinates wu,w, the line element in Eq. (1.24) becomes
2 Po, o 2
ds® = ——(c5y — vg)dudw. (1.28)
Cs0
The null geodesics will be given by u = constant and w = constant lines. For
example, let us consider the following representative left-going velocity profile as

provided in [9]

- 2030
exp(2z/a) + 1’

vo(z) = (1.29)

where a > 0. To simplify further, we take the sound speed to be a constant which is
true for isothermal flow. The velocity profile is plotted in Fig. 1.4 for a = 2.0, ¢y =

0.5. At x =0, |vg| = ¢s0 and hence x = 0 is the acoustic horizon for this particular
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Figure 1.4: A simple and representative left-going velocity profile as given by Eq.
(1.29) with a = 2.0, c50 = 0.5.

velocity profile. Now integrating the Eq. (1.26) and (1.27) with the velocity profile
in Eq. (1.29) gives

T a

u=t————In|l —exp(—2z/a)|, (1.30)
c c
r a

w:t—i———|—3—1n(1+3exp(—2x/a)). (1.31)
¢ 3c

In Fig. 1.5, we construct the causal structure of the acoustic spacetime metric
given in Eq. (1.24) with a left-going velocity profile given in Eq. (1.29) with
a = 2.0,cs0 = 0.5. The solid lines represent the u = constant null rays and the
dashed lines represent the w = constant null rays. As can be noticed, the sound
cones tilt past the vertical as the fluid crosses the horizon at x = 0. The region
x < 0 represents an acoustic black hole. In the z < 0 region, x decreases along both
the null rays as ¢ increases.

Extending the analogy further, we can construct an acoustic white hole also. Sim-
ilar to the general relativity, an acoustic white hole can be defined as a region where
sound waves cannot enter. For illustration we again take a simple representative

right-going velocity profile as presented in [9]
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1.1. Acoustic spacetime in Newtonian transonic fluids

Figure 1.5:

Acoustic black hole: causal structure of the acoustic spacetime metric
given in Eq. (1.24) with a left-going velocity profile given in Eq. (1.29)
with a = 2.0,cs90 = 0.5. The solid lines represent the u = constant
null rays and the dashed lines represent the w = constant null rays.
u,w are given in Eq. (1.30) and (1.31), respectively. As can be noticed,
the sound cones tilt past the vertical as the fluid crosses the horizon at
2 = 0. The region x < 0 represents an acoustic black hole. In the z < 0

region, x decreases along both the null rays as ¢ increases.
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Figure 1.6: Right-going velocity profile presented in Eq. (1.32) with a = 2.0,¢5 =

0.5.
2050
— . 1.32
vo(@) exp(2z/a) + 1 (1.82)
The null coordinates for this velocity profile is given by
=t -2~ Y1+ 3exp(—22/a)) (1.33)
U= Py exp(—2x/a)), .
xr a
w=1t+—+ —In|l —exp(—2z/a)|. (1.34)
c ¢

Fig. 1.6 represents a right-going velocity profile as given by Eq. (1.32) with
a = 2.0,csg = 0.5. Fig. 1.7 represents the corresponding causal structure of the
acoustic spacetime. u = constant null rays are represented by the solid lines and
the w = constant null rays are represented by the dashed lines. = 0 is the acoustic
horizon. For x < 0, along both the null rays = increases as ¢ increases. z < 0 region
represents an acoustic white hole.

With a suitable velocity profile, it is possible to construct a causal structure
where both an acoustic black hole and acoustic white hole horizon could be present.
One can proceed further and draw the Penrose diagrams for the acoustic spacetime

metric also. For details of such a study, we refer the readers to [9].
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1.1. Acoustic spacetime in Newtonian transonic fluids

Figure 1.7: Acoustic white hole: causal structure with a right-going velocity profile
(Eq. (1.32) with a = 2.0,¢5p = 0.5). Solid lines represent the u =
constant null rays and dashed lines represent the w = constant null
rays. The acoustic horizon is located at © = 0. The region z < 0
represent an acoustic white hole. For x < 0, for both null rays, =

increases as t increases.
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Chapter 1. Aspects of analogue gravity

1.1.4 Acoustic surface gravity

The acoustic surface gravity plays a role similar to that of the surface gravity in
general relativity, i.e., it acts as a gateway to calculate the analogue Hawking tem-
perature. Depending on the nature of the acoustic metric, the calculation of surface
gravity may be easy or more involved. For a static spacetime, the Killing horizon
associated with the time-translation Killing vector y* = 6} coincides with event
horizon [10]. Thus x* is tangent to the null generators of the horizon. Because
the event horizon and Killing horizon coincide, we have x,x* = 0 at the horizon.
Therefore, the x* is orthogonal to itself and hence normal to the horizon. Also the
normal to the surface y,x* = 0 is given by 9, (x,x"). Thus there must be a scalar

r such that on the horizon [10, 11]

Oa(—xuX") = 2KXa- (1.35)
This is one of the procedures to calculate the surface gravity in general relativity and
the scalar k is the surface gravity of the black hole. The same applies to the static
acoustic spacetime metric also. It is to be remembered that the above equation is
to be evaluated at the horizon. If the metric is stationary but not static, then we
have found a suitable vector field which satisfies the above properties and then the
surface gravity can be obtained in terms of that vector using Eq. (1.35), e.g., see
[5]. However, here as well as in the subsequent analysis, all the metrics are found
to be static and hence we can use the Eq. (1.35) to calculate the acoustic surface
gravity.

For the acoustic metric in Eq. (1.19), we find the norm of the Killing vector to

be!
no__ o pO 2 2
XuX = Gy = C_O(UO - Cso)' (136)
and
_ wo_ uo_ _Po
Xa = GOCMX - Gauét - Gat - _C_an. (137)
s0

Tt should be noted that in order to calculate the surface gravity using Eq. (1.35), we have to
use a coordinate system where the metric elements are non-singular. For example, we can not

use the line elements in Eq. (1.21) or (1.22) to calculate the surface gravity.
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1.2. Black hole accretion as analogue gravity model

Thus Eq. (1.35) gives

v {&(ug - c’;’o)} = —2: 05, (1.38)
Cs0 Cs0

which is to be evaluated at the horizon. Now taking dot product of both sides with

respect to the unit vector along v’ gives the following equation in terms of a normal

derivative
9 | po Po
o [g(”g - C?o)} = —2f€c—sovo7 (1.39)

which finally gives the acoustic surface gravity as

K= ‘—(cso — )| (1.40)

on
It may be noticed that there is no dependence on the density term. This is due
to the conformal invariance of the surface gravity. In Unruh’s work [1], the sound
speed is assumed to position independent. Such assumption reduces Eq. (1.40) to

the formula found in [1].

1.2 Black hole accretion as analogue gravity model

Most of the analogue gravity models are based in condensed matter systems. Due to
the fact that a condensed matter system is a quantum mechanical system, it is the
appropriate place to explore the analogue Hawking radiation and other quantum
mechanical aspects of the curved spacetime. However, it is to be mentioned that
the notion of an acoustic metric and an acoustic horizon was first introduced by
Moncrief [12] in the context of linear stability analysis of spherically symmetric
accretion in the Schwarzschild metric. Thus, though Unruh [1] first pointed out
that thermal spectrum of sound waves is emitted from the acoustic horizon, the
notion of an acoustic spacetime metric and acoustic horizon predates Unruh’s work
and finds its place in accretion physics. In last two decades, there have been several
works which illustrate the fact that an accreting black hole can be regarded as an
example of a classical analogue gravity model and investigates different properties of
the acoustic spacetime Newtonian, Pseudo-Newtonian or even in general relativistic

background [13].
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Chapter 1. Aspects of analogue gravity

In order that a fluid system possesses an acoustic spacetime which has an acoustic
horizon, the fluid must be transonic. In the case of black hole accretion, this criterion
is always satisfied. This is because black hole accretion is intrinsically transonic in
nature. The sound speed in an accretion system reaches it’s maximum value ¢/ V3
at the event horizon, ¢ being the velocity of light. However, the fluid matter could
reach a velocity which is very close to the velocity of the light. Thus near the
horizon, the fluid is always transonic. Black accretion systems are a very unique
kind of classical analogue gravity system because here we have two kinds of horizons.
One is the event horizon of the black hole and another is the acoustic horizon which
lies outside the event horizon of the black hole. Thus the accreting matter actually
passes through two different kinds of horizons, first it encounters the sonic horizon

and then it encounters the event horizon.

Even though the detailed analysis of quantum Hawking-like effects may not be
possible in a purely classical analogue system, the study of the acoustic surface
gravity may have significant importance in such systems. The acoustic surface
gravity itself is an important entity to study as it may help to understand the flow
structure as well as the acoustic spacetime. Therefore, the acoustic surface gravity
may be studied independently without studying the analogue Hawking-like phenom-
ena characterized by the analogue Hawking temperature which may be too small
to be detected experimentally in such system. The acoustic surface gravity plays
an important role to study the non-negligible effects associated with the analogue
Hawking effects which could be examined through the modified dispersion relations.
Such studied has been performed in purely analytical work as well as experimental

setup ([14-19]).

The deviation of the Hawking-like effect in the dispersive medium depends very
sensitively on the gradient of dynamical velocity. In most of the above-mentioned
studies, the velocity gradient is estimated by prescribing a particular velocity profile
using certain assumptions. On the other hand in our current work, the values of the
space gradient of the dynamical flow velocity have been computed very accurately.

Thus it is obvious that the non-universal feature of the Hawking-like effect could be
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1.2. Black hole accretion as analogue gravity model

further modified by studying the black hole accretion system as an analogue gravity
system. Therefore, it is obvious that though the accreting black hole system may
not provide any direct signature of the Hawking-like effect, it can still be considered
as a very important as well unique theoretical construct to study analogue gravity
phenomena.

Studying the features of the acoustic spacetime embedded in the accretion system
provides a different point of view of the accretion process. It would be shown that
the acoustic horizons and the transonic surface of the stationary accretion flow are
related actually very intricately. In fact, we shall see that the acoustic horizon and
the critical points of accretion flow are identical. In the next chapter, we introduce
some basic aspects of stationary accretion on to black holes and will discuss the

flow models we consider in our work.
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Aspects of black hole accretion

2.1 Accretion flow geometry

The simplest model of accretion was given by Bondi [20] and is usually known as
Bondi flow or Bondi accretion. Bondi flow describes spherically symmetric accre-
tion of hydrodynamic fluid within Newtonian framework. The general relativistic
version of the Bondi flow was given by Michel [21] and is considered to be the most
simplest general relativistic accretion configuration onto compact astrophysical ob-
jects. However, in most realistic astrophysical systems, the accreting matter has
some amount of angular momentum which breaks the spherical symmetry of the
flow. In such cases, the accreting matter forms a disc around the accretor and such
a disc is known as an accretion disc. In order to describe the accretion flow in
the form of an accretion disc, usually three different kind of geometric configura-
tions of the matter is considered in the literature (see [22] and references therein
for further details). These three flow geometries are flow with constant thickness,
wedge shaped flow with conical geometry and flow in hydrostatic equilibrium along

vertical direction.

o Flow with constant thickness: In this model of accretion disc, the thickness
of the accretion disc is assumed to be constant. In other words, the height
of the accretion disc does not change with the radial distance measured from

the center of the accretor along the equatorial plane.This kind of geometry
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Chapter 2. Aspects of black hole accretion
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resembles a right circular cylinder of a fixed height with the axis of symmetry
along the z-axis. This is the simplest possible flow geometry one can choose to
describe accretion disc in astrophysics. As one can see, the height of the disc,
being constant, does not change when we linear perturb different flow variables
in the linear perturbation analysis we perform in the following chapters. If
we denote the local height of the disc (half of the thickness of the disc), as
measured from the equatorial plane along the vertical direction, by H then

for this model H = constant.

Wedge shaped flow with conical geometry: In the Bondi flow [20] or Michel
flow [21], the flow geometry is spherically symmetric and the introduction of
angular momentum destroys the spherical symmetry of the flow making the
flow axially symmetric. However the flow can still be assumed to be quasi-
spherical in the sense that though it deviates from the absolute spherical
symmetry, the ratio of the height of the disc and the radial distance remains
constant. In other words the local flow height H is given by H o r, where r
is the radial distance. The proportionality constant is obtained from the solid
angle subtended by the flow at the center. In this case also the height does
not depend on accretion variables such as velocity and density. Therefore
here also the height remains unaffected while we do the linear perturbation

analysis.

Flow in hydrostatic equilibrium along vertical direction: This model of flow
geometry is the most complicated one. In this model the flow is assumed to
be in hydrostatic equilibrium along vertical direction. The flow thickness is
therefore a function of radial distance as well other accretion variables. In the
following chapters, we shall discuss this model of accretion disc in more details
and work with few different mathematical expressions for the disc height as

could be found in accretion literature.



2.2. Stationary low angular momentum accretion flow

2.2 Stationary low angular momentum accretion flow

In our work, we consider an inviscid flow, i.e., there is no viscous dissipation in
the accreting fluid. Such a flow can be described by two conservation equations.
The first one is the continuity equation which ensures the conservation of mass
and the second one is the Euler equation which ensures the conservation of energy-
momentum. These equations are in general time-dependent and non-linear in na-
ture. In order to simplify, it is convenient to consider the scenario where the accre-
tion flow has obtained a steady state, i.e., the accretion variables, e.g., the velocity
components and density, are time-independent or remain nearly unchanged over

the period of observation.

For such steady state accretion flow, the two conservation equations, where the
time derivatives now vanish, could be integrated to obtain two first integrals of
motion. The continuity equation, upon integration, gives the mass accretion rate
which is the rate of infall of accreting matter and is a constant of motion of the flow.
Similarly, integrating the relativistic Euler equation gives the relativistic Bernoulli’s
constant which for flow with adiabatic equation of state is basically the specific

energy of the flow.

We consider the accretion flow to possess low angular momentum. For accretion
flow with high angular momentum, there should be some driving mechanism to
make the accreting matter fall onto the accretor. In absence of such mechanism,
the matter may settle into stable Keplerian orbits and accretion onto the accretor
would not be possible. Viscosity plays an important role in driving the accretion
flow. Viscosity transports angular momentum from the inner part of the accretion
disc to the outer part of the disc. Thus, such a outward transportation of the angular

momentum lowers it’s angular momentum and helps it to fall onto the accretor.

In our work, we consider the flow to be inviscid and therefore there is no viscous
driving force. Neither we incorporate any other force in our governing equations
which would ensure that the accreting matter never settles into stable Keplerian or-

bits and always falls towards the accretor. This motivates us to consider low angular
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Chapter 2. Aspects of black hole accretion

momentum flow. If the angular momentum is sufficiently small, then the matter
would never settle into stable orbits and always falls towards the accretor. Thus
low angular momentum accretion is possible without external driving mechanism

like the viscous force.

The question which may arise is why we do not take into account viscosity in
the first place. Apart from the fact that inclusion of viscosity makes the study of
general relativistic accretion much more complicated, the main reason we exclude
viscosity from our model is that it has been observed that the presence of viscosity
breaks the Lorentzian symmetry of the acoustic metric and it is not possible to

construct analogue spacetime for such flow [5].

It is believed that low angular momentum flow structure is a common feature
for accretion onto the supermassive black hole at our Galactic centre (see [23] and
references therein). Such sub-Keplerian weakly rotating flows may be observed in
various astrophysical systems, for detached binary systems fed by accretion from OB
stellar winds [24, 25|, for instance. Also for semi-detached low-mass non-magnetic
binaries [26], and for super-massive black holes fed by accretion from slowly rotating
central stellar clusters (27, 28] and references therein) such flows are common. Even
for a standard Keplerian accretion disc, turbulence may produce such low angular

momentum flow (see, e.g., [29] and references therein).

Because of the inner boundary conditions posed by the presence of the event
horizon, black hole accretion is necessarily transonic [30] except for the possible
cases of wind fed accretion of supersonic stellar winds [31]. In transonic accretion
flow, the accreting matter starts subsonically with very small radial velocity at large
distance. As the matter falls towards the accretor it loses gravitational potential
and gains kinetic energy, i.e., the velocity increases as it nears the accretor. At
a certain radial distance the accreting matter becomes supersonic and falls onto
the black hole supersonically. For low angular momentum accretion, flow can also
manifest multi-transonicity, i.e., one may observe the transition from the subsonic
to supersonic flow at more than one places during the course of motion of the

matter falling towards the horizon. Accretion solutions passing through more than
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one sonic points may be connected through a discontinuous shock wave [30, 32-59].
In the subsequent chapters, we will study both shocked and as well as shockless

accretion flow.

2.3 Linear perturbation, stability analysis and

analogue gravity

To study the observational signature of black holes, one studies the dynamical and
radiative properties of black hole accretion and constructs the characteristic black
hole spectra [60, 61]. Such spectra is analyzed observationally to probe the space-
time at close proximity of the event horizon of astrophysical black holes. One can
use the stationary solutions to construct the black hole spectra ([42] and references
therein). However, nonsteady features (time variability) and various kind of local
as well as global fluctuations may be present in large astrophysical fluid flows. Such
fluctuations may introduce undesired instability in the flow and in such cases, the
stationary solutions may not be suitable to construct the black hole spectra.

In order to ensure that the stationary solutions are stable under time-dependent
fluctuations, one performs a linear perturbation analysis. This is most basic task to
check the stability of the stationary solutions. There are different ways to perform a
linear stability analysis. Similar to many standard works in accretion literature [12,
62], we work with Eulerian perturbation which is perturbation relative to the inertial
frame. Working with Eulerian perturbation is much simpler and the perturbation
equation can be expressed in terms of the mass accretion rate[62] (variation of which
can be measured observationally). One can also express the perturbation equation
in terms of the relativistic Bernoulli’s constant [63, 64] or the velocity potential [12].
Such perturbation equation can be studied to understand the nature of the solutions
and hence the stability of the stationary solutions. In the following chapters, we
will discuss the perturbation scheme in more details.

The perturbation equation is basically a wave equation which describes the prop-

agation of the acoustic disturbance (perturbations) in the fluid. In fact, it was first

29



Chapter 2. Aspects of black hole accretion

noticed by Moncrief [12], in context of linear stability analysis of general relativistic
spherical accretion in Schwarzschild metric, that the wave equation mimics the wave
equation of a massless scalar field in curved spacetime. Comparing these two wave
equation, one can obtain an acoustic spacetime metric which describes the prop-
agation of the acoustic perturbation in the accretion fluid. Thus the emergence
of acoustic spacetime metric is a by product of stability analysis of the stationary
accretion solutions. Our work combines these two apparently disjoint fields of study
— the linear stability analysis of stationary accretion flow and the analogue gravity
phenomenon. In this thesis we investigate the emergence of acoustic spacetime met-
ric by performing linear perturbation of the accretion on to Schwarzschild and Kerr
black holes and explore different properties of the acoustic spacetime. We then use
the perturbation equations to study the linear stability of the stationary solutions
in these systems. Thus, the main theme of our work is the linear perturbation of
black hole accretion and the investigation of the emerging of acoustic spacetime.
Throughout our works, we will set G = ¢ = My = 1 where G is the universal
gravitational constant, ¢ is the velocity of light and Mgy is the mass of the black
hole. The radial distance will be scaled by G Mgy /c* and any velocity will be scaled

by c¢. We shall use the negative-time-positive-space metric convention.
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Relativistic sonic geometry for

isothermal accretion in the

Schwarzschild metricl

In this chapter, we investigate the emergence of the curved acoustic spacetime metric
for isothermal accretion onto a Schwarzschild black hole. We consider the accretion
flow to be inviscid and irrotational. We show that the linear perturbation of three
different quantities — the velocity potential, the relativistic Bernoulli’s constant and
the mass accretion rate — give rise to (conformally) the same acoustic metric. From
the acoustic metric, we identify the location of the acoustic horizon and demonstrate
it by constructing the causal structure of the acoustic spacetime. We discuss how
one can compute the value of the acoustic surface gravity in terms of the accretion
variables corresponding to the background solutions, i.e., the stationary integral
solutions for different flow geometries. We show that the salient feature of the
acoustic spacetime is independent of the physical variable we perturb but sensitively

depends on the geometric configuration of the black hole accretion disc.

!This chapter is based on the work titled “Relativistic sonic geometry for isothermal accretion

in the Schwarzschild metric” by M. A. Shaikh, I. Firdousi and T. K. Das [64].
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Chapter 3. Relativistic sonic geometry for isothermal accretion in the
Schwarzschild metric

3.1 Governing equations

We consider the background spacetime to be stationary and spherically symmetric.

The line element for such a spacetime has the general form
ds? = —gudt® + gy dr? + geedf? + g¢¢d¢2, (3.1)

where the metric elements g, are functions of r and 6.? For Schwarzschild space-

time, the metric elements are given by

it = g;} =(1-2/r), 9o = 9o/ sin® @ = r2. (3.2)

In the units used here, the event horizon of the Schwarzschild black hole is located

at r = 2. The energy momentum tensor for an ideal fluid is given by
" = (p+e)v"v” + pg", (3.3)

where v* is four-velocity of the fluid that satisfies the normalization condition v, v* =
—1. p and ¢ are the pressure and the energy density of the fluid, respectively. For
isothermal flow, p o< p, where p is the rest-mass energy density. The total energy
density ¢ is the sum of the rest-mass energy density and the internal energy density
(due to the thermal energy), i.e., € = p + Ethermal-

The continuity equation is given by
V. (pvt) =0, (3.4)

where the covariant divergence is defined as V0" = GMU”%—FZ/\U’\ with the Christof-

fel symbols I\ = 59" [Orgop + Ougor — Oogur]. The energy momentum conservation

equation is given by
v, T" = 0. (3.5)
A substitution of of Eq. (3.3) in Eq. (3.5) provides the relativistic Euler equation

(p+ €)'V, 0" + (¢ + v'0")V,p = 0. (3.6)

2To avoid any ambiguity, we would like to clarify here that the ‘00’ component of the metric

tensor g,,,, is taken to be —gy; in this work
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The specific enthalpy of the flow is defined as

p+e
h = 3.7
p (3.7)
For isothermal flow, the sound speed my be defined as [65]
10p
2 —_— ——
€ =7 o (3.8)

The relativistic Euler equation for isothermal fluid can thus be written in terms of
the sound speed as

2
c
VIV 0" + = (0" 4 ¢")0,p = 0. (3.9)
P
The above equation can be further expanded using the definition of the covariant
derivative which provides

2

vhOY + T okt + C—S(v“v” + ¢")0,p = 0. (3.10)
p

3.2 Velocity potential, mass accretion rate and the
relativistic Bernoulli’s constant

In this section, we define three different quantities, i.e., the velocity potential, the
mass accretion rate and the relativistic Bernoulli’s constant. Linear perturbation
of the accretion flow could be performed to obtain the perturbation equation in
terms of these three different quantities. Here we use the continuity equation, Euler
equation or the irrotationality condition (derived below) and show how one can

define these aforementioned three quantities.

3.2.1 Velocity potential

In Newtonian framework, vorticity & is defined as the curl of the velocity vector v,
i.e., @ =V x ¥ [66]. Thus it represents the local rotation of the fluid elements in

the flow. In general relativity, the vorticity is defined as [6, 67]

Wy = hZth[p;a], (3.11)
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where v, = V,v, and v, = %[vu;y — v,.,] and h*, is the projection operator
which projects an arbitrary vector in space-time into its components in the subspace
orthogonal to v” and it is given by h*, = §* +v*v,. Vorticity geometrically measures
the twisting of the congruence[68]. In general, a flow may have non vanishing
vorticity w,,. A flow is said to be irrotational if it has vanishing vorticity, that is
Wy = 0.

Eq. (3.11) can be rewritten using the definition of the projection operator as
1 p
Wy = Vpuy] + Y [0,V v, — v,V ,0,]. (3.12)

The relativistic Euler equation given by Eq. (3.9) provides

2
vV v, = —C—S[a,,p + v"v,0,p). (3.13)
p
Using the above equation in Eq. (3.12) and rearranging gives

1 2 C2
Wy = %[&,(vupcs) — OV, p™)]. (3.14)

For irrotational flow w,, = 0 which provides
62 C2
0,(0,0%) = u(up) = 0. (3.15)

This is the condition of irrotationality of isothermal fluid flow and henceforth we
will refer Eq. (3.15) as the irrotationality condition. In the derivation of the ir-
rotationality condition, we have used the fact that for isothermal flow the sound
speed ¢, is constant since the flow temperature remains invariant throughout. The
irrotationality condition given by Eq. (3.15) can be used to introduce a potential
field which, in analogy to the Newtonian fluid flow, we call the velocity potential

1. The velocity potential ¢ is defined by the following relation

VP = O, (3.16)

3.2.2 Relativistic Bernoulli’s constant

The relativistic Bernoulli’s constant is obtained by integrating the temporal compo-

nent of the relativistic Euler equation given by Eq. (3.10). We consider two different
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3.2. Velocity potential, mass accretion rate and the relativistic Bernoulli’s constant

kinds of accretion flow on to the Schwarzschild black hole. First one is the spherically
symmetric accretion known as Michel Flow [21] and the second one is the axially
symmetric flow. First, we consider the case of Michel flow. Due to the spherical
symmetry, the four-velocity components are given by v* = (v!,v",v? = 0,v% = 0).
The temporal component of the Eq. (3.10) is obtained by using v = ¢ which can be
written as

2 2

c c
v 00t + vt O" + Tkt + f[(vt)Q — g™ + ;‘Svrvt&p =0, (3.17)
where the relevant Christoffel symbol is I',, = 1¢"0,g;;. The normalization condition

gives gy (v')? — 1 = g,,(v")? which can be used to rearrange the above equation as

2 )2
V'Ot + %Mﬁtp + 000, {In(v;p)} = 0. (3.18)

it

For stationary accretion flow, where the time derivatives vanish, the above equation
can be integrated to obtain the first integral of motion which we call the relativistic

Bernoulli’s constant &, and is given by
C2
& = —vwp, = constant, (3.19)

where v, and pg are the stationary values of v; and p, respectively. It should be
noted that & can not be identified with the actual specific energy which is not a
constant for isothermal flow.

For axially symmetric flow, the velocity component v® # 0. We assume that

% is negligible compared

the four-velocity component along the vertical direction v
the radial component v", i.e., v <« v". Using the normalization condition and
the relevant Christofell symbol, the temporal component of the relativistic Euler

equation for axially symmetric flow could be written as

Utatvt + C_g {grr(vr)Q + g¢¢(?}¢)2}
P gt

Dup + 00", {m(vtpc?)} —0. (3.20)

Therefore, for stationary axially symmetric accretion flow, similar to the Michel
flow, integrating the above equation gives the same expression for the relativistic

Bernoulli’s constant as given by Eq. (3.19), i.e., & = —vtopgg = constant.
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3.2.3 Mass accretion rate

The continuity equation given by Eq. (3.4) can be written as

1
——0,(v/—gpv") =0, (3.21)
where ¢ is the determinant of the spacetime metric g, and therefore g = —r* sin? 4.

For spherically symmetric Michel flow, the dy and 04 terms do not contribute and

the hence the continuity equation becomes
1 1
V=9 N

For stationary flow, the 0, term also vanish. Integrating over the covariant volume

0, (pv'\/=5) + —=0, ('v/=g) = 0. (322

element \/—gd*z gives

O (v/—gpovy)drdfde = 0. (3.23)

Let us now write ¢ = §sin? @ where § = —r*. Then the above equation gives
Or(v/—gpovg sinB)drdfde = 0. One can integrate out the 0, ¢ parts which will give
a purely geometrical factor Q. Finally, integrating over the radial part gives the

mass accretion rate which is given by

—M = Q\/—gpov} (3.24)
M represents the mass flux per unit time for ingoing accretion solution. It should
be noted that for non-comoving observer, the ‘dot” does not mean a time derivative
(since we are dealing with stationary solutions only), it simply implies that the
amount of mass falling in through a certain surface remains invariant per unit time
for steady state solutions. The negative sign implies the in fall of matter. Because
of the fact that € is merely a geometrical factor, we can absorb it in the left hand
side to redefine the mass accretion rate to be ¥y = —M / Q= vV —3povy without any
loss of generality.
For axially symmetric accretion, under the assumption that v? < v" and using the
fact that for axial symmetry the derivative with respect to ¢ vanish, the continuity

equation given by Eq. (3.21) can be written as

A (pv'/=g) + 0, (pv"/=g) = 0. (3.25)
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It is convenient to do a vertical averaging of the above equation. We assume that
the thickness of the accretion disc is small compared to the radial size of the accre-
tion disc. For such accretion disc, a vertical averaging of any flow variables f(¢,, 6)
can be performed by integrating it along the # direction using the following approx-

imation [69]

/ F(t.7,0)d0 ~ Hyf (t,7,0 = %), (3.26)

where Hy is the characteristic angular scale of the flow and depends on the model of
accretion disc we are working with. In Sec. 2.1, we discussed three different geomet-
rical configurations of the axially symmetric accretion flow, namely, the constant
height flow (CH), the wedge-shaped conical flow (CF) and the flow under hydro-
static equilibrium along the vertical direction (VE). Hy contains the information
about the vertical structure of the disc and by doing so allows us to work fully in
the equatorial plane. This is the motivation behind doing a vertical averaging. Hy
can be also thought as the appropriate weight function to get the correct flux of
the infalling matter while integrating the continuity equation. Thus, after vertical

averaging the continuity equation Eq. (3.25) becomes

0i(v/=gpv' Ho) + 9,(v/—gpv"Hy) = 0. (3.27)

For stationary solutions, therefore we have

0 (v/=Gpovy(Heg)o) = 0, (3.28)

which, when integrated over r, gives

V= 3povi(Hg)o = constant. (3.29)

(Hg)o represents the stationary value of Hy. To get the rate of in fall of matter, we
also need to integrate over the azimuthal angle ¢ which introduces a geometrical
factor which can be absorbed without any loss of generality to define the mass

accretion rate for stationary axially symmetric accretion flow as

Wy = /= Gpovh (Ho)o- (3.30)
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Hy can be related to the local height or thickness of the accretion disc H(r) as
Hy = H(r)/r. In Sec. 2.1, we discussed that for CH the thickness of the disc is
constant for all the radial distance, i.e., H(r) = constant. For CF the disc thickness
is proportional to the radial distance, i.e., H(r) o r. Therefore, for CH we have

Hy = constant /r and for CF we have Hy = constant.

The expression for the disc height for VE is rather involved. For VE, the ex-
pression of the disc height is obtained by balancing the pressure gradient with the
component of the gravitational force along the vertical direction. In the Newtonian
framework, the balancing equation is obtained from the component of the Euler
equation along the vertical direction and one can find out the expression for the
disc height from this equation. However, for the general relativistic framework, it
is a quite involved task. Therefore, historically there have different models of VE.
The first of such models was given by Novikov and Thorne [70] which was further
improved by Riffert and Harold [71]. In this chapter, we will use the expression as
derived by Abramowicz et al. [72]. In Chap. 7, we will discuss in detail about these
three models of VE disc heights.

In the Schwarzschild metric, the expression for the disc height in VE as obtained

by Abramowicz et al. is given by the relation

Hivif(r) ==, (3.31)

where f(r) is independent of the flow variables. From the above relation, it is clear
that the disc height for VE depends on the flow variables vy, p and p. Therefore,
when the fluid variables are perturbed, the disc height Hy is also perturbed which is
not the case for CH or CF where the disc height is independent of the flow variables.
In the next section, we show how the acoustic spacetime metric is obtained by

linearly perturbing three different quantities discussed in this section.
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3.3 The acoustic metric from linear perturbation
analysis

One of the main themes of our work is to show how the linear perturbation of
the accretion flow equations gives rise to the emergence of the curved acoustic
spacetime metric. In analogue gravity literature, the standard way to obtain the
acoustic metric is to linearly perturb the fluid equation and obtain the perturbation
equation in terms of the velocity potential of irrotational flow (for example, see [1,
5, 12]). However, one can derive the acoustic spacetime metric by obtaining the
perturbation equation in terms of the relativistic Bernoulli’s constant [63, 64, 73] or
the mass accretion rate [13, 22, 53, 64, 73-77] also. In this chapter, we derive the
acoustic spacetime metric by linearly perturbing all these three different quantities.
First, we derive the acoustic spacetime metric for Michel flow and then for axially
symmetric accretion flow for three different geometric configurations of the disc in
a unified way. Before performing these perturbation analyses, we provide a general
scheme that is followed in the analysis.

In order to perform linear perturbation analysis of the accretion solutions, we
write down a full time-dependent accretion flow variable as the sum of a stationary
time-independent part and a time-dependent small fluctuation. Using the same, we
write down the velocity potential, mass accretion rate or the relativistic Bernoulli’s
constant about their stationary background value. Then these equations are sub-
stituted in the equations governing the flow, i.e., the continuity equation, Euler
equation, irrotationality condition and the normalization condition and at every
stage, the equations contain the terms that are up to linear order in perturbations
and any terms of higher order in perturbations are discarded. This makes the
perturbation analysis linear in nature. By rearranging the resulting equations we
obtain the perturbation equation in terms of the velocity potential, mass accretion
rate or the relativistic Bernoulli’s constant. The perturbation equation is then com-
pared to the equation of a massless scalar field in curved spacetime to obtain the

acoustic spacetime metric.
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For example, the perturbation equation in terms x(¢,r), where x; is small time-
dependent fluctuation of the variable x(t,r) about it’s stationary background value

xo(r), is obtained to be of the form
8, (f*0,21) = 0. (3.32)

where f* is a symmetric 2 X 2 matrix with p, v running over ¢,7. On the other
hand, the wave equation of a massless scalar field ¢ in a curved spacetime time with

metric g, is given by

B, (V=99" ) = 0. (3.33)

Comparing Eq. (3.32) and Eq. (3.33) one obtains the acoustic spacetime metric

G, from the relation
M =v-GG", (3.34)

where G is the determinant of the acoustic spacetime metric G,,,. We will discuss
the acoustic metric obtained by perturbing different quantities and compare them
at end of the current section. There, we will provide the expressions of the acoustic
metric that will be used in the rest of this chapter. Before that, we will find out

the f* for different cases.

3.3.1 Linear perturbation of Michel flow

For spherically symmetric Michel flow, the velocity components v? and v? are zero.
Therefore, from the normalization condition v,v* = —1, we find the relation be-

tween o' and v" as

1 o )2
o= LG ()? (3.35)
Gt

3.3.1.1 Perturbation of the velocity potential

It is possible to obtain the perturbation equation for the velocity potential for

general flow in a general curved background spacetime without considering the
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symmetries of the flow or the background spacetime. In [6], the acoustic metric for
a general background spacetime metric g,, was derived by perturbing the velocity
potential for an adiabatic flow. A flow is called adiabatic when the total heat
content of the fluid system is conserved and is governed by the equation of state
p o p7, where v = ¢, /¢, is the adiabatic index of the fluid. ¢, and ¢, are the specific
heats of the fluid at constant pressure and at constant volume, respectively. For
adiabatic flow, the velocity potential 1 is defined as hv, = 0,%. For isothermal
flow the velocity potential is defined by the relation pcgvu = 0, as given by Eq.
(3.16). Here, first, we obtain the acoustic metric for isothermal flow without any
symmetry by perturbing the velocity potential and then for the Michel flow with
spherical symmetry.

We write the accretion variables about their stationary values as

p = po+ p1,
e fU(‘L)L -+ Uil, (336)
Y = o + ¢,

where the subscript ‘0’ represents the stationary time-independent part of the vari-
ables and the subscript ‘1’ represents the time-dependent fluctuations. The linear

perturbation of the normalization condition provides
Guvhvy = 0. (3.37)

We now use Eq. (3.36) to substitute p,v* ¢ in the Eq. (3.16) and retain only

the terms that are upto first order in perturbations. This provides the following

equations
c2—

Py cpr = v O, (3.38)

po v = —g" 0,1 — vgug O (3.39)

Similar substitutions of p,v* 1 in the continuity equation given by Eq. (3.4) pro-

vides

A [V=9g (W*p1 + port)] = 0. (3.40)
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Substituting p; and v} from the above equation using Eq. (3.38) and Eq. (3.39),
respectively, provides the perturbation equation in terms of v, as

O {;{E {g/w + (1 — cl> vovo} 8,,17&11 =0. (3.41)

s

From the above equation we identify the symmetric matrix f* as
" =ki(r) [Zg™ + (1 =) vhvg], (3.42)

where ki (r) = —(v/=9)/(p*'c2).

In the above derivation, we have not assumed any symmetry of the accretion flow
or the background metric. We now consider the case of Michel flow with spherical
symmetry. For the Michel flow, the Eq. (3.38) becomes

1 t r
P1= m(voaﬂbl + vp0p1n), (3.43)

and Eq. (3.39) provides

vi = —1(g" = (v6)*) s — vgvor] (3.44)
Po’
1

v = (=" — (v5)*)0rtr — vgupdiin]. (3.45)
Po’

Eq. (3.40) becomes

AV =g(vop1 + povt)] + 9 [/ —g(vpp1 + pori)] = 0. (3.46)

We now substitute py, v} and v} in the above equation using Eq. (3.43), (3.44) and

(3.45), respectively. This provides

O; [k (r){esg" + (1= ) (vg)*}0br] + Os [k (r) (1 — ) vgugd,ihn]

(3.47)
+ 0 [ky (r)(1 = )vguedin] + Op ki (r){—cig™ + (1 — e3)(vg)*}0,n] = 0,
from which we obtain the symmetric 2 x 2 matrix as
C2tt+ 1_02 Ut2 1_02vrvt
£ = k() g ( 5)(vo) ( 5) oo (3.48)
(1 = c2)vgug —c2g" + (1= ) (vp)?

From the f* matrix, the acoustic spacetime metric is obtained by using the relation

given by Eq. (3.34).
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3.3.1.2 Perturbation of the relativistic Bernoulli’s constant

In Eq. (3.19), we have defined the relativistic Bernoulli’s constant which is a
conserved quantitiy for stationary flow. We now define another quantity ¢ =
—v,(t,7)p% (t,r) which has the stationary part equal to the relativistic Bernoulli’s
constant &. We perturb the density and velocity components upto linear order

about their background stationary values as following

p(t;r) = polr) + pa(t,7),
v (t,r) = vh(r) +vi(t, ), (3.49)
v'(t,r) = vp(r) + it r),

where py(t,7),vi(t,r) and v](t,r) represent the first order perturbations. In terms

of £, Eq. (3.18) can be recast in the form

62 oy " 2 UT’Ut
vtﬁtvt + —Sg ( ) atp +
P G §

Using Eq. (3.49) in Eq. (3.50) and collecting only the terms which are linear in

0, = 0. (3.50)

perturbations provides

2
[0 C
07 Sookadipr = 0,61, (3.51)
0

0

where we have used v = «a(r)v] with a(r) = (g,+v5)/(guvf). Similarly, using Eq.
(3.49) in the expression of &, one can write &(t,7) = & + & (¢,r) where & is given

by
2
a c
—t’UI + €O 2
Yo Po

Differentiating both sides of the above equation with respect to t provides

2

(8] C
_&Jt Al + boc
Yo Po

dip1 = 0. (3.53)

Now we express d;v] and Jyp; solely in terms of 0;&; and 0,&; using Eq. (3.51) and
Eq. (3.53) which gives

1 2
Oyvy = S_&)CS [0:&1 + 0], (3.54)
Po
1 5005 r
Oip1 = —5@ [anrf1 + U(t)atfl] 5 (3.55)
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where 0 = (—&c2a)/(povhgu(vh)?). Also, substituting the density and velocity
components in the continuity equation given by Eq. (3.23) using Eq. (3.49) provides

the following equation

O [V=g(prvg + apovi)] + 0, [V =g(prvg + apori)] = 0. (3.56)
Differentiating both sides of the above equation with respect to ¢ and substituting
Oy and O;p; using Eq. (3.54) and (3.55), respectively, gives

Op [ka(r) {c59" + (1 — ) (vg)*} Bu&a] + O [Ka(r)vgup(1 — €2)0,&i]
+ 0, [ka(r)vgui(1 — 2)0i&1] + 0, [ka(r) { 29" + (1 — &) (v)?} 0:61] =

The above equation is of the form 9, (f*0,&;) = 0. Therefore, the symmetric 2 x 2

(3.57)

matrix f* is obtained to be

g+ (1 —c2)(vh)? vpvh(1 — 2
o = kg(r) g ( )( 0) 0 0( ) ’ (3.58)
vpvp(1 —¢3) 29" + (1 = ¢2)(vp)?

where ky(r) = —(v/=9)/ (2o 7Y).

3.3.1.3 Perturbation of the mass accretion rate

We follow the similar procedure to find out the f*” matrix by perturbing the mass
accretion rate. We define the quantity W(¢,7) = /—guv"(t,7)p(t,r) which has the
stationary part equal to the stationary mass accretion rate ¥, defined in Eq. (3.24).
Using the perturbation Eq. (3.49), we can write V(t,r) = Wo + Uy (¢,r) where U4

is obtained to be given by
Wi (r,t) =/ —g(vgp1 + povy)- (3.59)
Also, using Eq. (3.49) in the continuity equation, i.e., Eq. (3.23) provides

t GrrVg 1
——0,¥; = 0. i
8t[v0p1 + gttvé poUl] + \/__ga 1 0 (3 60)

Using Eq. (3.59) and Eq. (3.60) we express 0,v] and 0;p; solely in terms of 9,04
and 0,V q,

t
r JetV ,
o] = m __Og (060, 1 + v50, 1], (3.61)

1
Oep1 = _\/——_§ [nggat% + gttvéar\lll} : (3.62)
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Now, we use Eq. (3.52) to substitute & in Eq. (3.51) which provides

a 2 « 2
— O] + —adp1 + Op(—v] + —p1) = 0. (3.63)
Vo Po Ch) Po

Taking time derivative of the above equation and substituting 0,v] and J;p; using
Eq. (3.61) and Eq. (3.62), respectively, gives the perturbation equation in terms of
\1117

(r){cg" + (1 — &) (v))*} 0 V1] + O, [ks(r)vivh(1 — €2)0, U]
(3.64)
+ 0, [kg('r’)vgvé(l — )0 W] + O, [ks(r) {—cig" + (1 = 2)(v)*} 0,%1] =0
Similar to the previous section, the above perturbation equation is of the form

0, (f*0,¥1) = 0. Therefore, we obtain f* to be given by

g+ (1= 2)(vh)? vhvg (1 — 2
PR = k() g ( )(v5) 0Uo( ) ’ (3.65)
vpvp(l — c2) —c2g"" + (1 —¢3)(vp)?

where k3(r) = —(g-vf)/(V5).

3.3.2 Linear perturbation of axially symmetric flow

In this section, we consider an accretion flow where the accreting matter forms an
axially symmetric disc around the accretor. we consider three different geometric
configuration for accretion disc, namely, the constant height flow (CH), the conical
flow (CF) and the disc under hydrostatic equilibrium along the vertical direction
(VE). We have discussed these flow geometries in Sec. 2.1 and Sec. 3.2.3. We shall
work with these three models of accretion disc in a unified way.

The normalization condition v,v* = —1 gives

gtt(vt)2 =1+ gmn(v?")2 + g¢¢(v¢)2. (3.66)

From irrotationality condition, given by Eq. (3.15), with 4 = ¢ and v = ¢ and with

axial symmetry we have
Dr(vgp™) = 0, (3.67)
and with ¢ =r and v = ¢ we have

8, (vgp™) = 0. (3.68)
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Eq. (3.67) and Eq. (3.68) implies that vdjpcg is a constant of motion for axially sym-
metric irroatational flow. Similar to the previous sections we express the accretion
variables in terms of time-dependent linear perturbations about their background

stationary values,

vi(t,r) = vg(r) + i (tr),
v'(t,r) = vg(r) + vi(t,r),
(3.69)
v (t,r) = vf(r) + of (¢, 7),
p(t,r) = po(r) + pa(t,r),
where the subscript ‘0" stands for stationary part and ‘1’ stands for the linear

perturbations. Using Eq. (3.69) in the expression v¢)pc2 = constant, we find the

relation between vf and p; to be

p1. (3.70)

Similarly, using Eq. (3.69) in Eq. (3.66) and substituting v{ using Eq. (3.70) we

get
v = o] + agps, (3.71)
where
Grr% 9o (05)?2
o] = e Qg = - (372)
it Vg g1tV Lo

For accretion flow governed by isothermal equation of state, the pressure—density
relation is given by p o p. For flow in hydrostatic equilibrium along the vertical
direction, i.e., for VE model of accretion disc, the disc height is given by the relation

provided in Eq. (3.31). Linear perturbation of Eq. (3.31) using Eq. (3.69) gives

(Heo )1 _ 2P

(Hy)o s P (3.73)

where we have used Eq. (3.70) to substitute v{. Eq. (3.73) gives the expression

of the linear perturbation of the disc height for VE model. For other two models,
i.e., CH and CF, the expression for the disc height does not contain any accretion

variables and there the disc heights for these two models are not affected by the
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perturbation in the accretion flow. Therefore, we can combine the three cases and

express the linear perturbation of the disc height as

(Ho)i _ gor 5 0 CHCF (3.74)
(Heo)o po’ 2 VE. .

s

Using Eq. (3.69) in the continuity equation given by Eq. (3.27) gives

00 |/=3 {vh(Ha)ops + po(Ho)ov} + povh(Ho)r }|

(3.75)
+ 0, [V/=3 {eh(Ho)ops + po(Ho)ov} + pov (Ho)1}] =0

3.3.2.1 Perturbation of velocity potential

From irrotationality condition it was found that vd,pcz is a constant of motion.
Velocity potential is defined as vﬂp‘:z = 0, which gives dy¢1 = 0. Therefore, Eq.

(3.38) for axially symmetric flow gives

1
P1 = 2—[v(t)atw1 + ’Ugarwl]a (376)

cc—1 2
100é Cs

and Eq. (3.39) gives

vi = — (9" = (v0)*) 01 — vougdrn] (3.77)

vi = — (=9 = (v5)*)0r1 — vgueOethi] (3.78)

Now we substitute p1, vt, v and (Hp); in Eq. (3.75) using Eq. (3.76), (3.77), (3.78)

and Eq. (3.74), respectively, to obtain the perturbation equation,

ofio o (-3 o]

hi) (1= 257 ) ot

s

(
|

+ 0, [lél(r) (1 - 1:—25) Ugvgaﬂpl] (3.79)
|

S

o {o+ (1- 257 i f o
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where k&, (r) = v/—§/ (pggfl). As earlier, we compare the above equation to the wave

equation of the form 9, (f*0,11) = 0 and obtain the f* matrix as

- | =9t (1 — Hf) (v§)? <1 - Hf) vhvl

1=k ) . (3.80)
< +ﬁ> o, g+ ( +B) (vr)?2
3.3.2.2 Perturbation of relativistic Bernoulli’s constant
As earlier, we introduce the time-dependent variable &(t,7) = —uv,(t,7)p% (t,7)

which has the stationary part equal to the relativistic Bernoulli’s constant &, and
may be expressed as (t,r) = & + &i(t,7) under linear perturbation. Using the
perturbation equations given by Eq. (3.69) in Eq. (3.20) we get

2

Opvy — ;—Salfoatpl = 0,&1, (3‘81)
0

&
(&)

whereas using the Eq. (3.69) in the expression for £, one obtains

2
C

b= S0yt 1 85, (3.82)
Yo Po

We differentiate the above equation with respect to ¢ and substitute v} using Eq.

(3.71) to obtain

O‘l&’at o (50 E iﬁaQ)atpl (3.83)

0 £o 0

& =

Now, we use Eq. (3.81) and Eq. (3.83) to express dyv] and 0;p; solely in terms of

derivatives of &,

o = 312 j—‘;az)a o+ B0, (3.80)
opr = - 0.6+ at&] (3.85)

)
where 6 = (&c2ar)/(vhpogu(vh)?). Differentiating the Eq. (3.75) with respect to ¢
and rearranging gives

Oy [\/ —G(Hy)o {vi(1 + B) + aspo} Oip1 + /—G(Hy)opoc1 Opv]

(3.86)
0, [V=aHo)o {1501+ B)Dhor + podiei}] = 0.
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Substitution of d;v] and 0;p; in the above equation using Eq. (3.84) and (3.85),

respectively, gives the perturbation equation in terms of &

i (s (1= 557 i)

+ 0 | ko ( ! —i;ﬁ) Uo”oa 51}

S

(
o
+&{[ 2 < ﬂ) vovf)@tfl} (3.87)

S

oo (=75 vy

where ky(r) = (\/—g(Hg)o)/(ng‘l). The above equation, when compared to the

7

equation d,{f*0,&} =0, gives the f* matrix as

tt 1+B 148\ pyrot
- | =g+ (1 — ) v ( — c—) VU
=Ty 4 ) o) )00 (3.88)
<1 - f) U g+ (1 - _ljgﬁ> (vp)?

3.3.2.3 Perturbation of the mass accretion rate

Now, let us find out the f*” matrix by perturbing the mass accretion rate. We
define the variable W(¢,7) = /—gp(t,r)v"(t,r)(Hy) which has the stationary part
equal to the stationary mass accretion rate Wy given by Eq. (3.30), i.e., U(t,r) =
Wy + Wy (t,r). Thus, using the perturbation equations given by Eq. (3.69), we get

the perturbation of the mass accretion rate Wy (t,7) to be given by

Uy (r,t) = /= §{povy(Hy)1 + prvg(Ho)o + pov} (Hp)o}- (3.89)

Taking time derivative of the above equation and substituting (Hy); using Eq. (3.74)

gives

&g\Ill atpl atU{
= (14 p)—= + =21

(3.90)
Also, substituting velocity components and density in the continuity Eq. (3.27)
using Eq. (3.69) provides

@\Ill Ué (6] aq
= 1 = —Lo). 91
g = U4 8) % 2200 + o] (391)
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Eq. (3.90) and (3.91) can be used to write d;v] and J;p; in terms of the derivatives

of \I’l,
oy 1 O 0, ¥
T = C{gu(08)2(1+ B) — gop(v)* 2}t + (1 + B)guvpvi——],  (3.92)
v A U, T,
a15:01 o 1 r Qat‘lll r tar‘lll
0 _A[er(vo) T, + 91y T, ], (3.93)

where A = (14 8) + (1 + 8 — 2)gge(v])>.
Substituting & in Eq. (3.81) using Eq. (3.82) provides
a c? vl A
— 0T 4+ 21 Byp1 + (- + =2py) = 0, (3.94)
Yo Po Yo Po

where v} is given by Eq. (3.77). Differentiating the above equation with respect to

t gives

2 2
0, (O‘—jatv;> +0, (0‘168 8tp1) 1o, (O‘—jatv;) 1o, { (O‘—f + C—) 3tp1} — 0. (3.95)

A substitution of d;v] and J;p; in the above equation using Eq. (3.92) and Eq.

(3.93), respectively, provides the perturbation equation in terms of Wy,

o, [/;3 ") {—g“ + (1 - 12’?) (03)2} atqfl}

~3(r) <1 — 12——2ﬁ) vgvéar\lll]

s

(
|

+0, [12;3(r) (1 - 1C+—25) vgvgat\pl] (3.96)
|

S

ks (r) {9” + (1 - 1:—25> (US)Q} 891/1}

S

where k(1) = (grv0c?)/(vhA). The above equation is of the form 9,{f*9,¥,} = 0

which helps us to identify the f* as

—gt+ (1= @) (1) e

=k
(1 - #) vprg g7+ (1 - 133’3) (v5)*

(3.97)

3.3.3 Acoustic metric

In the previous section, we performed a linear perturbation analysis to find out the

perturbation equation in terms of three different quantities—the velocity potential
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11, the relativistic Bernoulli’s constant &; and the mass accretion rate ;. This was
done for two different accretion flow—the spherically symmetric Michel flow and the
axially symmetric disc-like flow. For disc like axially symmetric flow, we considered
three different kinds of geometric configurations of the disc and derived the pertur-
bation equations in a unified way introducing the variable g defined in Eq. (3.74).
As stated earlier, the acoustic spacetime metric is obtained from the perturbation
equation of the form 0,(f"0,z1) = 0, where z; is the linear perturbation of the
accretion variable x. The acoustic spacetime metric G* is obtained from the rela-
tion given by Eq. (3.34) which is obtained by comparing the perturbation equation
and the wave equation of a massless scalar field in curved spacetime as given by Eq.

(3.33). Thus, the acoustic metric G* is related to f*” as

1
N=e

which implies that the acoustic metric is conformally the same to f*”. The confor-

G =

v, (3.98)

mal factor is known if we know the determinant G of the acoustic metric. This, in
general, is simply done by taking determinant of the both sides of the Eq. (3.98).
For a 143 dimensional problem, this gives G = det(f*) and for a general 14 (n—1)

dimensional problem we have
—G = {—det(f")}77 . (3.99)

It is evident from the above expression that for 1+ 1 dimensional system, the above
expression encounters a problem and it is not possible to define G and hence the
metric G* from f*”. However, this is a problem of concern only when the system is
intrinsically two dimensional. But in our problem, the system is 1 + 3 dimensional
and the f* is 2 x 2 only due to the symmetries of the problem. Therefore, the
problem is rather formal and not fundamental. One can always augment the 1+ 1
dimensional spacetime with two extra flat dimensions to make the problem go away
8, 9]

Due to the fact that G contributes only as a conformal factor, we, in principle,
do not need to find out GG exactly to study the conformally invariant features of

the acoustic spacetime. The location of the acoustic horizon, the causal structure
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of the acoustic spacetime or the acoustic surface gravity are conformally invariant.
Therefore, we study these conformally invariant features of the acoustic spacetime
without considering the conformal factor in the acoustic spacetime metric. Thus, in
the following, we work with the expression for acoustic metric without the overall

conformal factors.

3.3.3.1 Acoustic metric for Michel flow

In Sec. 3.3.1, we derived the perturbation equation for spherically symmetric Michel
flow. It could be noticed that f** matrix obtained by perturbing the three different
quantities (given by Eq. (3.48), (3.58) and (3.65) for velocity potential, relativistic
Bernoulli’s constant and the mass accretion rate, respectively) are the same apart
from an over all multiplicative factor k;(r) (i = 1,2, 3 represents the case of velocity
potential, relativistic Bernoulli’s constant and the mass accretion rate, respectively)

and it is given by

cog + (1= ) (wp)? (1 = )vgug

(1 = c)vpug —cig" + (1= cd)(vp)?

[ = ki(r) (3.100)

ki = ke = (V=) (05 ), ks = —(grup)/(uh). (3.101)

Therefore, the acoustic metric G*, neglecting the conformal factor which contains
k; and G, is given by
2 tt 2\ (1t )2 2\, 70t
;g +(1—c3)(v 1—c2)viv,
o A=) 0= 10
(1 = cS)vgug —c2g" + (1 — ) (vp)?
and therefore, G, (where we again neglect any overall factor arising in the process
of taking the inverse of G*") is given by

—2g + (1 — 2)(vh)? —(1 = A)vyv}
G = g ( )(vg) ( JU5v0 (3.103)

—(1 = c)vgg 9" + (1= ) (vp)?
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3.3. The acoustic metric from linear perturbation analysis

3.3.3.2 Acoustic metric for Axially symmetric flow

For axially symmetric flow in Sec. 3.3.2; we also consider different flow configura-
tions. We worked with different disc models by introducing the variable g and we
notice that the f* matrix contains the g term. Therefore, the final acoustic metric
is dependent on the model of the accretion disc. As in the case of the Michel flow,
for axially symmetric flow also, we notice that the f** matrix is the same (apart
from an overall multiplicative factor) for all the three quantities we perturb and

may be given as

gt (- B (1 o

1 = ki(r) ) .
(1= 2ol g7+ (1= H2)(0p)?

(3.104)

where ¢ = 1, 2, 3 for the linear perturbation of velocity potential, relativistic Bernoulli’s

constant and the mass accretion rate, respectively and

=3/, k= (V=a(Ho))/(pE Y, ks = (gmtlcd)/(WhA),
(3.105)

where A is defined below Eq. (3.93). We notice that the factors k; in f** obtained
by perturbing the velocity potential and the relativistic Bernoulli’s constant are the
same (apart from the Hy which comes due to vertical averaging), whereas the k;
obtained by perturbing the mass accretion rate is different from that of the other
two cases. This can be explained in the following way: The relativistic Bernoulli’s
constant is obtained by integrating the temporal component of the relativistic Eu-
ler equation and the velocity potential is defined via the irrotationality condition.
However, we have used the irrotationality condition in order to find the temporal
component of the Euler equation and to define the relativistic Bernoulli’s constant.
One can easily see that these two quantities are related by a time derivative. Thus,
it is expected that the linear perturbation of these two these two quantities gives
the same acoustic metric with the same conformal factors. The mass accretion rate
is, on the other hand, derived from the continuity equation where the irrotationality
condition plays no part. Thus the conformal factor of the acoustic metric obtained

by perturbing the mass accretion rate is different from the other two cases.
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As in the case of Michel flow, we neglect the overall conformal factors and use

the expressions for the acoustic metric given below

g+ (1= @ o (1-2F)

G = : (3.106)
g (1-22) g+ (1= 22) (o)’
and
g7+ <1 _ 1:5 (UT)Q —urt (1 12‘5)
Gy = — N o : (3.107)
(1) g (1)

We will use the expressions of the acoustic metric given by Eq. (3.102), (3.103),
(3.106) and (3.107) in the next section to study the location of the acoustic horizon

and the causal structure of the acoustic spacetime.

3.4 Location of the acoustic horizon

The acoustic spacetime metric G, given by Eq. (3.103) and (3.107) for Michel
flow and Axially symmetric flow, respectively, are time-independent and hence the
acoustic spacetime is stationary. The spacetime metric is also spherically symmet-
ric. In the asymptotic limit 7 — oo (with the fact that at r — oo, the velocity
components v* — 0), the acoustic metric is the same as the flat Minkowski metric.
In other words, the acoustic metric is stationary spherically symmetric and asymp-
totically flat. For such a spacetime, in analogy to the general relativity, we can
define the acoustic horizon as time-like hypersurface r = constant whose normal

ny, = ¢, is null with respect to the acoustic metric [7, 12]
G"'n,n, = 0. (3.108)
Thus the acoustic horizon is found by solving the equation

G = G =0, (3.109)

3.4.1 Michel flow
For Michel flow, the acoustic horizon, given by G"" = 0, satisfies

—c2+ g (vp)* (1 = 3) = 0 (3.110)
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or

2 grr(US)Q

= 3.111
* 14 g (p)’ (3.111)

It is convenient to express the above equation in terms of the ‘advective velocity’
u which is defined, for Michel flow, as the radial speed of the accreting matter as
measured by a stationary observer. A stationary observer is an observer with fixed
spatial coordinates. The four-velocity components of the accreting matter can be
expressed in terms of its radial speed g (the stationary value of u) with respect to

the stationary observer as

11
T . — 3.112
’ Vi /1 — ud ( )
1
g (3.113)

V==

Using the above two equations, we can rewrite Eq. (3.111) in terms of ug as
s’ lh = ud|n- (3.114)

Hereafter, the suffix ‘h> would imply that the equation is to be evaluated at the
acoustic horizon. Thus, we find that the acoustic horizon is located at a radial
distance where the local sound speed and the advective speed becomes equal. In
other words, the acoustic horizon and the transonic surface (defined as the surface

where the Mach number M = wg/cs becomes 1) coincide.

3.4.2 Axially symmetric flow

For axially symmetric flow, the condition G = 0 for acoustic horizon gives

2 (1 + 6)91"7‘(06)2
c, = T4 g ()2 (3.115)

The ‘advective velocity’ u for axially symmetric flow, is defined as the radial speed
of the accreting matter as measured in a frame co-rotating (CF) with the accreting
matter. The accretion in the CF is described by two variables—u and the specific

angular momentum X\ = —v,4 /v, In terms of ug and A (stationary value of \), the
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velocity components vf can be expressed as

1

% = \/ - ) 3.116

’ Git(Goe — ANogue) \| 1 — ud ( )
Uo

U = e (3.117)

grr(l - U%)

¢ Grt 1
v =A : 3.118
’ 0\/9¢¢(9¢¢ — A3ut) \/ 1—ud ( )

Using the above three equations, we express the horizon condition given by Eq.

(3.115) in terms of up and Ay as

02

wl, = - = (3.119)

-
For constant height flow and conical flow, 5 = 0 and therefore for these two models,
the acoustic horizon coincide with the transonic surface. For, flow in hydrostatic
equilibrium along the vertical direction, § # 0 and the effective sound speed in the
VE model is therefore observed to be cer = ¢5/(1+ ). cesr is the actual speed of
propagation of linear perturbation inside the transonic fluid. This effective sound

speed will be discussed in great details in Chap. 7.

3.5 Causal structure

In this section, we will study the causal structure of the acoustic spacetime at and
around the acoustic horizon to illustrate the behavior of the phonon null geodesics.
The causal structure of the acoustic spacetime is independent of the conformal
factor. The null geodesic corresponding to the radially traveling phonons is given

by d5*|g_const.g—const = 0- This provides

— + 2
(%)izbi: Gt GG” CrCin (3.120)

So t(r) is obtained as

"1
t(?")i = to + / —dr. (3121)
o bs
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3.5.1 Causal structure for Michel flow

The acoustic metric elements for the Michel flow is given by Eq. (3.103). The

metric elements can be expressed in terms of ug using Eq. (3.112) and Eq. (3.113),

u2—02
Gy = 0 s 3.122
tt gtt(l_u%)7 ( )
1— 2
Gy = — s , 3.123
v= () (3:123)
1 — u2c?
G =g | —%2 ). 3.124
g ( - ) (3.124)

Thus, b+ becomes

+ ¢,
by = gu (M) : (3.125)

1 — upcs
For accretion flow, uy < 0 which implies the in fall of matter. Near the acoustic

horizon which coincide with the transonic surface, uy can be approximated as

(r—r) + O(r —r)? + .. (3.126)

i duo
Uy = —Cs + | ——
0 dr

Therefore, it is noticed that at the acoustic horizon, i.e., at r = ry, b, — 0 which
makes the coordinate ¢, diverge as In |r — ry,| at the acoustic horizon. However, b_
remains non-zero at the acoustic horizon and hence ¢_ remains finite.

In order to draw the causal structure, we need to perform the integration in Eq.
(3.121). The expression for by contains ug which could be found by numerically
solving the accretion flow equations. Below we discuss briefly how to solve for the
stationary solutions using the continuity and Euler equation.

In order to solve for the stationary solutions for spherically symmetric accretion,
we use two expressions—first one is the mass accretion rate, o = \/—gpovy;, which
is obtained by integrating the continuity equation and the relativistic Bernoulli’s
constant given by Eq. (3.19) which obtained by integrating the temporal component

of the Euler equation. In terms of ug, these are given by

1 pougr?
Uy= — 3.127
\V Grr A/ 1-— U% ( )
1 2
o = VIu—F—=00" (3.128)
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where we have used v;g = —gyuv). Logarithmic differentiation of the above two

equations provides, respectively,

/ 2 g/
uh = —ug(1 — u? [@+—+i}, 3.129
0 of 0) o 7 2 ( )
o 1 [ {0 it ]
Po_ _ = + : 3.130
Po 2 [(1—ug) 29 ( )

where, the ‘prime’ stands for differentiation with respect to the radial coordinate 7.
Substituting Eq. (3.130) in Eq. (3.129) provides the gradient of the radial velocity
as [75]

,_ ug(1 — ug) {2_62 9 2 ] _ (3.131)

Un =

0 u3 — 2 r 204
The above equation can be solved for ug(r), numerically for given value of the
sound speed which is a constant for isothermal flow. The isothermal sound speed

my be expressed in terms of the bulk ion temperature, T', through the Clapeyron-

Mendeleev equation [78, 79],

| kT
= 4| —2—, (3.132)
Hmpy

where kg is the Boltzmann constant, my is the mass of the hydrogen atom (my =~

m, for one temperature fluid) and g is the mean molecular weight. Thus, we
solve Eq. (3.131) for ug for given temperature 7' of the background flow. It is to
be noticed that the denominator in the expression for v in Eq. (3.131) vanishes
at u2 = ¢? and thus introduces a singularity in the differential equation. However,
there is no physical singularity in the background flow at any radial distance outside
the event horizon of the black hole. Therefore, in order that wu( is non-singular
at the transonic surface, the numerator also must vanish at that same location.
This condition provides us with the location of the transonic surface and hence the
location of the acoustic event horizon. Equating the numerator and denominator
of Eq. (3.131) to zero, simultaneously, gives

1

2 2
Uo}h = CS’h = m (3133)

h

The above condition, obtained by equating denominator and numerator simultane-

ously to zero, is generally called the critical point condition in accretion literature
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and the radial points satisfying this condition are called critical points of the flow
and are denoted as r.. We also notice that the critical point and the acoustic horizon
are the same and we will use them interchangeably.

At the critical points, the gradient of the radial velocity has % form. Therefore,
the value of the gradient of the radial velocity at the critical points is evaluated
by taking limit r — r. (and consequently u2 — ¢?) of the right-hand side of Eq.
(3.131) using L’Hospital method. Thus, we have

o 2 23 9% Gu 2]y '

where ‘double prime’ stands for double derivative with respect to r. It is to be noted

that ug < 0 for accretion flow and ug > 0 for wind solution, so we have to pick the
‘sign’ accordingly for accretion or wind solution. For accretion solutions, the flow
becomes supersonic from subsonic at the horizon. In other words, the magnitude
|ug| increases with decreasing r. Therefore, the slope d|ug|/dr at the horizon would
be negative and uy, = —d|ug|/dr would corrspond to the positive sign in Eq. (3.134).
For a given temperature of the background flow, using Eq. (3.131) and Eq. (3.134)
we can solve for ug and find out the Mach number, which is the the ratio of |ug| and
the sound speed cq, as a function of the radial distance and we can also perform
the integration in Eq. (3.121), numerically, to find ¢4 (r) and thus draw the causal
structure of the acoustic spacetime.

In Fig. 3.1, the plot at the top shows the variation of the Mach number M as a
function of the radial distance r for a given temperature 7' = 10'°K. The acoustic
horizon is located at r, = 274.08. The plot at the bottom shows the corresponding
causal structure of the acoustic spacetime. As can be seen in causal structure, the
ty lines (solid lines) diverge at the acoustic horizon whereas the ¢_ lines (dotted
lines) are non-singular at the horizon. Outside the horizon, i.e., for r > ry, the
radial coordinate increases along ¢, and decreases along ¢_. Thus, the phonons can
move outward as well as inward. However, inside the horizon, i.e., r < ry, radial
coordinate decreases along both ¢, and t_ implying the fact that the phonons are
allowed to move only inward. Thus, it is clear from the causal structure that the

acoustic horizon behaves like a one-way membrane in the same way as the event
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Figure 3.1: Top: Mach number vs radius plot of Michel flow. Bottom: Causal

60

structure of the acoustic spacetime corresponding to the transonic flow
(dashed line in the left figure). The dotted line is the ¢(r)_ vs r and the

solid line is ¢(r)4+ vs . where ¢(r)+ is given by Eq. (3.121).
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horizon of a general relativistic black hole. In case of a black hole, nothing can
come out of the event horizon whereas, in case of acoustic spacetime time, acoustic

phonons are trapped inside the acoustic horizon and cannot escape from it.

3.5.2 Causal structure for axially symmetric flow

For axially symmetric flow, the stationary flow configuration depends on the spe-
cific angular momentum also. Thus, the Mach number versus radial distance plot
depends on the set of parameters [T, \g]. A different set of values of these param-
eters would result in different Mach number versus radial distance plots. Unlike
the Michel flow, axially symmetric flow can allow more than one critical points
in the flow. One can construct a parameter space of [T, \g which allows multiple
critical points. Such construction of parameter space will be demonstrated in the
next chapter. For our current purpose, we have chosen particular set values of the
parameters [T, \g] which allows multiple critical points and the accretion flow passes
through the outer critical point. We will talk more about the critical points and
possible transonic flow with shock formation in the next chapter.

The metric elements for axially symmetric flow is given by Eq. (3.107) which can

be expressed in terms of ug and g as

(14 B)up — 3

G, — 3.135

a2 (3:459)
—uo(1+ B = )/ ==

Gy = Gy = , 3.136

"o A0 ) (430
Al —ud)+ 1+ 8- S S

G, = (1~ wo) + )i (3.137)

(1 —ug)(1 = 2/r)
The acoustic horizon is located at ug = cseff2, where ¢ = ¢,/\/T+ 3. Thus near
the acoustic horizon, vy may be expanded as

dto

oo =) O =)t (3.138)

h

Uy = _Cseff+

which again implies that b, o (r — rj) near the acoustic horizon and therefore,
ty o< In|r — ry| near the horizon. Thus ¢, diverges at the acoustic horizon while

t_ remains finite. In order to find ¢4 as function of r we have to solve for ug for
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given values of [T, \g]. The procedure to find the solution is similar to the case of
Michel flow. We start with the two integrals of motion—the mass accretion rate and
the relativistic Bernoulli’s constant. The mass accretion rate is given by Eq. (3.30)

which in terms of ug becomes

A
Vo = pouoHo T2 (3.139)
| 1 —ug

where A = r(r — 2) (such that g,. = g;;' = r?/A) and Hy(r) = (Hg)or is the local

disck thickness. The relativistic Bernoulli’s constant is given in terms of ug and g

2 [ A
o = Po Bl—w)’ (3.140)

where B = g4y — A\jgu. Taking logarithmic derivative of the Eq. (3.140) provides

26 1 [ wu, 1A B
Po_ = (22 3.141
Po c? {1 —ud * 2\ A B ( )

as

The expression of the mass accretion rate given by Eq. (3.139) contains the term
Hy and therefore explicitly depends on the model of the accretion disc. Taking
logarithmic derivative of Eq. (3.139) gives

/ u/ 1 A/ H/
@_1_ 0 -+ 0

— —+—=0. 3.142
£o Uo 1— Ug 2A + H() ( )

Below we provide the equations neccessary to solve for ug for different models of

accretion disc.

3.5.2.1 Constant height flow (CF)

For constant height flow, the thickness of the accretion disc is the same at all radial

distances. Therefore, Hy = constant. Eq. (3.142) for constant height flow becomes

p_6+u6 1 A’

— — = 0. 3.143
po upl—ud 2A ( )

Using the above equation, we substitute pj/po in Eq. (3.141) which gives the dif-

ferential equation for ug as

, u(l—ug) [ B |2 A’ N cH

— —(1=c)—]| = . 144
ug —c2 | 2B (1-<) 2A D cH (3:144)
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The critical points of the flow is obtained by setting N °® = D" = (. D =
shows that the ciritical points are located at u3 = ¢? which also gives the location

of the acoustic horizon.

2‘ _
s| ¢ A/

ug|  =c (3.145)

Using the L’Hospital method we find u(, at the critical point as

1—c2 A2 A B? B

In Fig. 3.2, the top panel shows the Mach number versus r plot on the left and

the corresponding causal structure of the acoustic spacetime on the right for the

values of the parameters [T' = 10'° K, Ay = 3.75].

3.5.2.2 Conical Flow (CF)

H, for conical flow is given as Hy o< r. Therefore, for CF, Eq. (3.142) becomes

oo uy 1 A1
— 4+ — — 4+ —=0. 3.147
p0+u01—u3+2A+r ( )

Using Eq. (3.141) and Eq. (3.147) we get

;o u(l—ud) [ B WA 2] NCF
_wllmuw) 1 B gy G N 3.148
W= |ap LTSty S po (3.148)

The critical points and the acoustic horizon are located at u2 = ¢? and are given by

’

|

Al
A

(3.149)

|c 5’c %‘i‘

3N

Cc

The gradient of the advective velocity at the critical points is obtained to be given

by

1— 2 A2 AV B2 B\ 20
/ — :i: S 1 _ A2 - — _ — — s . 1
ol \/ 1 {( c) (N A ) (B2 B ) 2 1 (3.150)

In Fig. 3.2, the middle panel shows the Mach number versus r plot for conical flow
on the left and the corresponding causal structure on the right side for the values

of the parameters [T' = 10" K, \y = 3.75].
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Figure 3.2: We demonstrate the Mach number (M) Vs. radial distance (r) struc-
ture (phase portrait) for multi-transonic axisymmetric accretion and it’s
corresponding causal structures (at and around the sonic point(s)) for
three different flow geometries, namely, constant height flow (top panel),
conical flow (middle panel) and flow in the hydrostatic equilibrium along
the vertical direction (lower panel). The isothermal accretion has been
characterized by A = 3.75 and T = 10'YK. The panels show how the
location of acoustic horizon and the curvature at and around the horizon
varies for different flow geometries. On the right the dashed line is the

t(r)— vs r and the solid line is ¢(r)4 vs r. where t(r)+ is given by Eq.

(3.121).
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3.5.2.3 Flow under vertical hydrostatic equilibrium (VE)

Unlike the CH and CF models of the accretion disc, the disc height for accretion flow
with hydrostatic equilibrium along the vertical direction depends on the accretion
variables such as density, pressure and the velocity. The expression of the disc

height as given by Abramowicz et al. [72] in the Schwarzschild limit becomes

25 2P
Hy= |20 OT ug (3.151)
£o ’U¢0| Lo )\0 |Ut0| Po A

Using Eq. (3.151), (3.142) and (3.141) gives

(1 — u? B’ A 262 N VE
up = of 0)02 1+ —=——+ s} )
(1+¢c2) (u% — 1+ch>

2B 2A r
The critical points are obtained at u2 = 2/(1 4 &) = ¢ Thus critical point or

(3.152)

the acoustic horizon location is given by

A _ B
2 A B
. | (3.153)

Using L’Hospital method at r» — 7. we obtain u; at the critical point as

1 _ CQ A/2 A// B/2 B// 462
/ . —S - _ - _ 2 - - S
tol. = i\/4(1 + ) KN A > (1+c) (32 B ) 2 } (3.154)

In Fig. 3.2, the bottom panel shows the Mach number versus r plot on the left side

and the corresponding causal structure for accretion flow on the right side for the
values of the parameters [T' = 10" K, A\ = 3.75].

In our current analysis, we have not considered the formation of shock in the
accretion flow. Presence of shock formation alters the nature of the accretion flow
by allowing the flow to be multi-transonic. In such a case, the flow passes through
more than one or specifically two critical points-outer and inner critical points.
At the location of the shock formation, the accretion variables such as velocity
and density become discontinuous and the flow makes a discontinuous jump from
supersonic to subsonic state. It has been shown that the presence of shock formation
also gives rise to an acoustic white hole at the location of the shock formation [52,
73, 77]. We shall consider shocked accretion flow and discuss the corresponding

effects on the acoustic spacetime in the next chapters.
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3.6 Acoustic surface gravity

In theoretical physics, one of the main objectives to study the analogue gravity
phenomenon is to understand the Hawking-like effects — the emission of phonons
from the close vicinity of the acoustic horizon which is considered to be analogous to
the usual Hawking radiation emanating out from the standard gravitational black
holes. In fact, the main goal of Unruh’s work [1] was to show that a transonic
fluid system shows Hawking-like effect and the quantized phonons emitted from the
acoustic horizon has a thermal spectrum with an analogue Hawking temperature
Tag. The Hawking temperature (as measured at infinity) of a black hole is given in
terms of the surface gravity x,* as Ty = % (in the units we are working with)[3,
80]. The analogue Hawking temperature could be given by a similar formula with
the acoustic surface gravity x and hence the acoustic surface gravity provides a way
to evaluate the corresponding analogue Hawking temperature T’y .

The acoustic spacetime metric G, is the same up to a conformal factor for the
three quantities that we perturb linearly. The acoustic surface gravity is a confor-

mally invariant quantity. Therefore, we get the same acoustic geometry irrespective

of the quantity we perturb for a particular flow geometry.

3.6.1 Acoustic surface gravity for Michel flow

The acoustic metric elements given by Eq. (3.103) is independent of the time
coordinate. Therefore, the spacetime possesses the stationary Killing vector y* =

04", The norm of the Killing vector at the horizon is given by
XuX| v = Gu|n =0. (3.155)

Thus, the Killing vector is null at the acoustic horizon and therefore, the Killing
horizon and the acoustic horizon coincide. For such a spacetime, the acoustic surface

gravity could be given in terms of the Killing vector by the following relation to be

3The subscript ¢ is used to denote black hole surface gravity as we have already denoted the

acoustic surface gravity by k.
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3.6. Acoustic surface gravity

evaluated at the horizon [11]

Va(=xuX") = 26Xa, (3.156)

where k is the surface gravity. a = r component of the above equation gives the

surface gravity as

Gl
=— : 3.157
== 5| (3.157)
In terms of the background metric elements and velocity, x becomes
|V gtt/ Grr
= |5 ——cg ) (3.158)

3.6.2 Acoustic surface gravity for axially symmetric flow

Similar to the acoustic geometry in Michel flow, the acoustic metric, as given by
Eq. (3.107), also possesses the stationary Killing vector x* = ¢} which is null at
the acoustic horizon u2 = ¢2/(1 + ¢?). Therefore, the surface gravity is given by the

formula

_ Gu
2Gy,

K= (3.159)

h

1+ 5 Get (9o — A%Qtt)u/
1+3—c? Grr 9o 0

h
Usning the expressions for the background metric elements, the surface gravity for
the axially symmetric flow becomes

14+8 r—2 . 2,

(3.160)

It is to be clarified that the surface gravity has been calculated on the equatorial
plane since the radial Euler equation has been solved to obtain the stationary inte-
gral solutions for the height averaged expressions for the thermodynamic quantities.
For time-dependent stability analysis, only the radial Euler equation has been per-
turbed as well, under similar physical conditions. The acoustic horizon is thus a
circular ring located on the equatorial plane and the surface gravity corresponding

to that geometric structure has been computed in this work.
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Schwarzschild metric

3.7 Critical points and the transonic points in VE

model

In Sec. 3.5, it was how the location of the acoustic horizon may be determined. In
order to obtain the location of the acoustic horizon, first, we had to find out the
differential equation for the advective velocity uy by taking special derivatives of
the two constant integrals of motion—the relativistic Bernoulli’s constant and the
mass accretion rate. From the equation of u(, we identified the critical points of
the flow which we noticed that coincide with the location of the acoustic horizon.
The critical points are also identical to the transonic points for Michel flow as well
as for CH and CF. However, the critical points and the transonic points are not the
same in case of flow under vertical equilibrium. In case of VE, the critical points
are located at u2 = ¢ instead of at u2 = ¢ which hints to the fact that in VE
flow, the effective speed with the acoustic perturbation propagate is ¢ . In Chap.
7, this apparent non-isomorphism of the critical points and the transonic points has
been discussed in details.

In the work presented in this chapter, one of the most important findings is
the following: The salient features of the acoustic geometry do not depend on the
physical quantity we perturb to obtain the same metric. Linear perturbation of the
velocity potential, the relativistic Bernoulli’s constant and the mass accretion rate
give rise to the same acoustic metric, apart from a conformal factor. The conformal
factor does not contribute to the acoustic horizon as well as the acoustic surface
gravity. The acoustic geometry is thus an intrinsic property of the accreting black
hole system. At the same time, we also find that for the same set of initial boundary
conditions used to describe the accretion flow, the location of the acoustic horizon,
as well as the value of the acoustic surface gravity, depends, quite sensitively, on
the geometric configuration of matter—different disc models provide different values
of r, and k for the same set of values [T, \g]. Hence, the properties of the acoustic
metric do not depend on the physical quantity we perturb to obtain the metric,

rather such properties get influenced by the matter geometry in connection to the
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axially symmetric accretion.

We have studied the acoustic geometry embedded in accretion flow onto a Schwarzschild
black hole. However, the astronomers believe that most of the astrophysical black
holes possess a non-zero spin angular momentum. Thus, it is important to know
how the features of the acoustic metric that we studied depend on the spin of the
black hole. In the next chapter, we investigate the features of the acoustic spacetime

for isothermal accretion flow onto a Kerr black hole.
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Relativistic sonic geometry for

isothermal accretion in the

Kerr metricl

In the previous chapter, we studied the acoustic spacetime metric embedded in an
isothermal accretion flow onto a non-rotating Schwarzschild black hole. In this chap-
ter, we investigate the emergence of the analogue gravity phenomenon by linearly
perturbing an isothermal accretion flow onto a rotating Kerr black hole. Similar to
the Schwarzschild case, we find that the acoustic metric obtained by perturbing the
three different physical quantity—the velocity potential, the relativistic Bernoulli’s
constant and the mass accretion rate—give rise to the same acoustic metric apart
from a conformal factor. We show how the salient features of the acoustic space-
time get influenced by spin of the black hole. The causal structure of the acoustic
spacetime is constructed with as well as without shock formation. We explicitly
show the dependence of the acoustic horizon and the acoustic surface gravity on
the black hole spin. We also show how the perturbation equation may be used to

perform a linearly stability analysis of the stationary accretion flow.

!This chapter is based on the work titled “Relativistic sonic geometry for isothermal accretion

in the Kerr metric” by M. A. Shaikh [73].
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Chapter 4. Relativistic sonic geometry for isothermal accretion in the Kerr metric

4.1 Basic set up

The accretion flow is governed by a few number of basic equations which include the
mass conservation equation (continuity equation), the energy-momentum conserva-
tion equation (the relativistic Euler equation) and the irrotationality condition. We
consider the accreting fluid to be perfect and to be governed by isothermal equa-
tion of state. Below we provide these basic equations as well as set the necessary
background to study the acoustic spacetime embedded in the accretion system and
perform linear stability analysis of the stationary accretion solutions.

We consider the following metric for a stationary rotating spacetime
ds® = —gudt® + grndr® + geadt® + 294 dodt + gpsdd?®, (4.1)

where the metric elements are functions of r and 6. The metric elements in Boyer-

Lindquist (BL) coordinates are given by [81]

2
g = (1——1,
ur

_

gT’T‘ - A )

Joo = /,67”2, (42)
B B 2a sin? 0

Jip = Jot = ur )

E 2
= ——sin“f
g¢¢ 7’2 )

where a is the spin of the black hole and

CL2 2
M:1+r_2008 0,

A =1?—2r+d (4.3)
Y= (r* +a*)? — a*Asin® 0.
The event horizon of the Kerr black hole is located at ¢g"" = 0 which, in the units
we are working with (G = ¢ = Mpy = 1), is located at . = 1 ++/1 — a2, r, is the
outer solution of ¢"" = 0.

The continuity equation in Eq. (3.4), relativistic Euler equation in Eq. (3.10) and

the irrotationality condition in Eq. (3.15) were provided in the previous chapter
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for a general bakcground metric g,, and therefore are applicable for accretion flow

onto a Kerr black hole also.

The accretion flow is described by the four-velocity (vt v",v?, v?). We assume the
flow to be axially symmetric and also to be symmetic about the equatorial plane
and the velocity along the vertical direction to be negligible compared to the radial
velocity, i.e., v < v". Due to the axial symmetry, any term with derivative with
respect to the azimuthal coordinate ¢ would vanish. We perform a vertical averaging

of the continuity equation using the approximation provided by Eq. (3.26)

Oy (r/—gpv Hy) + 8.(\/—gpv"Hy) = 0. (4.4)

The value of the determinant of the Kerr metric is ¢ = —p?r*sin? 6 and it’s value

on the equatorial plane is g = —r.

Hy is the local angular scale of the flow
and is related to the local disc thickness H(r) as Hy = H/r. For the present
work, we consider the flow to be a wedge-shaped conical flow such that H(r) o r
and Hy = constant. Hy (and therefore H(r)) does not depend on any accretion
variable such as the velocity components or the density. Thus, linear perturbation
of the accretion flow variables will not affect Hy. The vertical averaging allows us to
work fully on the equatorial plane by containing the information about the vertical
structure inside Hy. From now on all the equations will be derived by assuming the

flow to be vertically averaged and the variables have values equal to that on the

equatorial plane.

Apart from the Boyer-Lindquist coordinate frame (BLF), we shall use a second
reference frame which is called the corrotating frame (CRF)[69]. This frame is
obtained by an azimuthal Lorentz boost from the locally nonrotating frame (LNRF)
into a tetrad basis that corotates with the fluid. LNRF is an orthonormal tetrad
basis who lives at # = constant,r = constant,¢ = wt + constant, where w =
TMM%% on the equatorial plane (originally calculated by Bardeen et al. [82]). Let
u be the radial velocity (referred as the ‘advective velocity’) of the fluid as measured

in the CRF and A\ = —Z—‘f be the specific angular momentum of the fluid. Then the
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four-velocity components in BLF is related to w and A in the following way [69]

u

V= (4.5)

V gm‘(l - U2)’

ot = (9o + Agst)? (4.6)
(9o + 2Xgpt — A201) (9o 9er + g5,) (1 — u?)’

9it9s6 + G5
neT : 47
t \/(gqsqs T+ 2090 — N2g) (1 — u?) (4.7)

u and A are the two velocity variables needed to describe the flow in the equatorial

plane.

4.2 Linear perturbation of velocity potential, mass
accretion rate and the relativistic Bernoulli’'s
constant

In this section, we will linearly perturb the accretion flow equations to obtain the
perturbation equation in terms of the velocity potential, relativistic Bernoulli’s
constant and the mass accretion rate. The procedure to the obtain the pertur-
bations equation is the same as provided in the previous chapter for accretion onto
Schwarzschild black hole. From the perturbation equation, we identify the f*” ma-
trix to obtain the acoustic spacetime metric. Before going to the details of the
derivation of the acoustic metric by perturbing the three different quantities, we
first write down some useful equations which will be essential later in the section.

The normalization condition is given by v,v* = —1 which gives
g (V)? =14 g (V") + g¢¢(v¢)2 + 2g40%0". (4.8)

From the irrotationality condition given by Eq. (3.15) with 4 =t and v = ¢ and
using the axial symmetry, we have (()t(vd,pcg) = (0 and with g = r and v = ¢ we have
&(vwci) = 0. Therefore, "U(bpcg is a constant of motion for irrotational isothermal

accretion flow. 9, (vyp®) = 0 can be expanded to give

2
Y% 9,p. (4.9)
P

0tv¢ = —
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4.2. Linear perturbation of velocity potential, mass accretion rate and the
relativistic Bernoulli’s constant

Substitution of vg = gyev? + gev' in the above equation provides

2
@vd) = —%a{l}t — %@p (410)
9oe 9oeP

Differentiation of both sides of Eq. (4.8) with respect to ¢ gives
Ot = 0" + o, (4.11)

where a; = —(g,,v")/v" and ay = —v?/vt. We substitute 9,0 in Eq. (4.11) using
Eq. (4.10) to get
_ 2
ot — ( as0yC3/ (pg¢>¢)) Bup 1 ( a )8th (4.12)

14+ 0294t/ 9se L+ a2gst/9oo

We perturb the velocity and density about their stationary background values as

following
v (t,r) = v (r) + v (t,r), (4.13)
p(t7) = polr) + pa(t,7), (4.14)

where, as usual, the subscript ‘0’ stands for the stationary part and ‘1’ stands for
the linear time-dependent perturbation. Using Eq. (4.13) and (4.14) in Eq. (4.12)

and keeping only the terms that are first order in pertubed quantities give

Aoy = mopy + Mooy, (4.15)
where
c Grrh 9
= = [AW)? —1— g, (v]), =270 and A =g+ 22 (4.16
m = A ) =5 2 )

4.2.1 Linear perturbation of velocity potential

We introduce the velocity potential field ¢ using the irrotationality condition given

by Eq. (3.15) in the following way
— 0t = vup™. (4.17)

We showed that v(bpcg is a constant of motion and hence 0, is a constant of motion.

The velocity potential is perturbed in the following way v = ¥y + ¢;. Therefore,
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Oyt = constant, gives 0(0y1) = Og1p1 = 0. Contracting both sides of Eq. (4.17)

with v# and using the normalization condition v,v* = —1 gives
2
P = v'0,. (4.18)
Linear perturbation of the above equation provides

P1 = ;[’Urarwl + Utgtﬂ)l]. (419)

2
2 ci—1
CspOS

Linear perturbation of Eq. (4.17) gives

'Ui = T2 [(gtt - (Ué)z)atwl - Uévg Twl]’ (4'20)
Po’
1

v = —zl(—9" - ()t — vhuEOen]. (4.21)
Po

Linear perturbation of the continuity equation, e.g., Eq. (4.4) gives

[/ —gHoe(povi + vopr)] + - [/ —GHs(pov] + vgp1)] = 0. (4.22)

Now we substitute v!, v and p; in the above equation using Eq. (4.20), (4.21) and

(4.19), respectively, to obtain the perturbation equation in terms of v as

o ko) =+ 2 (1= 5 ) o | + 0 o fois (1 5) Do
+0, [l%(r) {vgvg (1 - 0_12) } atm} +0, {kw(r) { 0" + () (1 - 0—12) } awl}

=0,
(4.23)

where ky(r) = —(\/—gHg)/pggfl. The above equation can be written as 9,,(f},"9,¢1) =

0, where f}" is given as

—gt @R (1-%) b (1-%)

£ = ky(r) ot <1_C%> g7+ (u)? <1_Ci2>

(4.24)

4.2.2 Linear perturbation of mass accretion rate

For stationary accretion flow, partial differentiation with respect to t vanishes.

Therefore, the continuity equation, given by Eq. (4.4), for stationary flow becomes

76



4.2. Linear perturbation of velocity potential, mass accretion rate and the
relativistic Bernoulli’s constant

ar( V _ngUSHQ) = 07 (425)

which under spatial integaration provides /—gpoviHy = constant. Multiplying
this quantity with the azimuthal component of the volume element, i.e., d¢ and

integrating gives the mass accretion rate

M = —Q+\/—gpovy Hy, (4.26)

where () arises due to the inegration over the ¢ angle and the negative sign implies
the infall of matter. {2 being merely a geometrical factor, we redefine the mass

accretion rate to be ¥y = —M /€2 without any loss of generality,

\I’O =/ —gpo’l)gHg. (427)

U, is the stationary mass accretion rate of the stationary accretion flow. For,
non-stationary, i.e. for time-dependent flow, we define the mass accretion rate as
U(t,r) = +/—gp(t,r)v"(t,r)Hy which has the stationary part equal to Wy and can

be written as

U(t,r) =Wy + Vy(t,r), (4.28)
where

Ui (t,r) = /=gHo(pov] + vpp1). (4.29)
Eq. (4.22) can be written as

a10,0] + b10yp1 = 0,V (4.30)
where

a1 = —/—gHgpons, b1 = —/=GHy(vh + pom). (4.31)
Differentiation of Eq. (4.29) with respect to ¢ provides

cl&gvf + dlﬁt,ol = 8t\111, (432)
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where

C1 = v/ —gngo, d1 =\ —f]HgUS. (433)

With the help of Eq. (4.30) and Eq. (4.32), we write down 0;v] and 0yp; solely in

terms of derivatives of Wy,

1

8{0’1” = A—(blat\lfl — dlar\lfl) (434)
1
1

0tp1 = A—(—alﬁt‘lfl + cl&klfl), (435)
1

where Ay = bye; — aydy = —GHZpo A and

2

A grr(”S)Q t Cs0 t\2 \2
A= — —= 1A —1—gp . 4.36
A/U(t) Vo + Avé[ (,UO) g (UO) ] ( )

Also, we can write v; = vy9 + v and Oyvy as

Oy = M Op1 + 120,07, (4.37)
where
3 e N
m=—|Ag +—", 12 = —An;, (4.38)
9 L0

where 7; and 7, has been defined in Eq. (4.16). Now, we go back to the irrotation-
ality condition given by Eq. (3.15). We use 2 = t and v = r and devide by v,p® to
get

2 T
Grr CsGrr¥
_atvr + s
Ut Pt

Op — O, (hl(pcgvt)) =0. (4.39)

We linearly perturb the above equation and use Eq. (4.37) to get

2,1 =~ 7. 2
o {%aw;} 1o, [9”‘38”0 atpl} o, {Ziatv’;] ~0, [(ﬂ ¥ C—S)@pl] 0. (4.40)
t0

Vto Povto Yo Po
Finally, substitution of d;v] and 0;p; in the above equation using Eq. (4.34) and

(4.35), respectively, provides the perturbation equation in terms of Wy,

o {m(r) {—g“ +(wh)? (1 - 0—12> } atxpl] + 0, [/w r) {vgvg <1 - 612) } arqfl}
+ 0, {/{:\p(r) {Ugvg (1 - le) } atqfl} +0, [kw) { 77+ (@) (1 - 612) } arxpl}

=0,
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relativistic Bernoulli’s constant

(4.41)

where

T2
GrrUoCs w_ 1 1
ky(r)==—= and ¢"'=—=—F5—+—. 4.42
() vhv A A gy + gﬁt/gw ( )
Eq. (4.41) can be written as 0,(f{")0, V1 = 0, where f}” is given by the 2 x 2

symmetric matrix

—gt 2 (1-%) g (1- %)

v = ka(r) 1
b (1-38) g+ (1-4)

(4.43)

4.2.3 Linear perturbation of relativistic Bernoulli’s constant

The energy-momentum conservation equation can be written as V,T* = 0. Using
the definition of co-variant derivative Vv, = 0,v, — Ffww\, the energy-momentum
conservation equation can be written as

2

vho,v, — Ffwv,\v” + C—S(v“v,ﬁ“p + d,p) = 0. (4.44)
p

Therefore, the temporal component v = ¢ of the relativistic Euler equation is given
by
2
v O + v 0y — Fﬁtv,\v“ + %(vtvtﬁtp + 0" 0pp + Oyp) = 0. (4.45)
It can be shown that F/’)tv,\v“ = 0. Therefore, the temporal component of the
relativistic Euler equation becomes
c? 2
V'O + Zs(vtvt + 1)0ip + 0" 00, {In(vp=)} = 0. (4.46)
For the stationary accretion flow, where all the time derivatives vanish, the above
equation provides the relativistic Bernoulli’s constant £, = vy pgg which is a constant
of motion for stationary flow. We now define a quantity £(¢,r) = vtpcg for non-

stationary flow such that the stationary part of £ is equal to &, i.e,

§(tr) =&+ &), (4.47)
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where &; is given by

jfo (r t)+§vﬂ. (4.48)

Uto

51 (Tv t)

Differentiating both sides of the above equation and using Eq. (4.37) gives

2
& [—8 } Dupr + 50”2 = 0] = O, (4.49)
Po Vo
Linear perturbation of Eq. (4.46) provides
r 2
rrUp Cg rr r
091 —=0yp1 + 09 vy = 0,4, (4.50)
Vo Po Uto

In deriving the above equation, Eq. (4.37), (4.38) and (4.16) are also used. Eq.

(4.49) and Eq. (4.50) can be used to express 0,v] and 0;p; in terms of derivatives
of 617

&ﬂ/{ A [bg@t& dgarfﬂ, (451)
2
1
Op1 = A_[_a2at€1 + 20,81, (4.52)
2
where
o gogrr
Qo = )
Vto
p — S09rrvh c
2= —,
Vo Po
Co = %7 (453)
Vto
50 |:_ ﬂ‘| )
Vto
§ngc

Ay = bacy — agdy =

pOUtovo

Differentiating Eq. (4.22) with respect to t and using Eq. (4.15) provides

A/ —gHo{ (pon2) v + (pomy 404 Dep1 } + 0 [\/ — G Ho(podyv] +v50up1)] = 0 (4.54)

Substitution of d;v] and Jyp; in the above equation, using Eq. (4.51) and (4.52),

respectively, gives

fonf s (- )} s - )}
Y T e et S

=0,
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(4.55)

where ke = \/—QHO/pcgfl. Comparing the above equation with 0,(f*0,&) = 0,

we find out the symmetric 2 x 2 matrix f* as

gt (1-%) b (1- %)

fe" = k() g (L-%) o (1- %)

(4.56)

4.3 Acoustic metric

The linear perturbation of the velocity potential, mass accretion rate and the rel-
ativistic Bernoulli’s constant performed in Sec. 4.2.1, 4.2.2 and 4.2.3, respectively,

provides the perturbation equation of the following form
Ou(fr0,21) =0, x = (1, ¥, ¢). (4.57)

We compare the above equation with the equation of massless scalar field ¢ in curved
spacetime with metric g, which is given by 9,(v/—g¢"”0,¢) = 0. This gives the
acoustic spacetime metric G* in terms of f* as /—G,G" = f#. Thus, the
acoustic metric is related to the f* matrix by just a conformal factor /—G,. Also
fH are also the same for different quantities x apart from an overall multiplicative
factor k,(r). Therefore, similar to what we did in the previous chapter, we neglect
these conformal factors k,/v/—G, and work with an acoustic metric which the same
for the all three cases of perturbations. Thus, the acoustic metric that we work with
is given by

tt t\2 1 7oyt 1
G = ’ : A (4.58)

b (1-2) e (- 4)

s

and

_grr o (,U’I“)Q (1 o CL) UT’Ut (1 o Ci)
G = ’ : o : (4.59)

b (1-%) g - (1- %)
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4.4 Location of the acoustic event horizon

The procedure to locate the acoustic event horizon was discussed in the last chapter
in Sec. 3.4, which gives the location of acoustic horizon as the condition G"" = 0.
Therefore, the location of the acoustic event horizon is obtained by solving the

following equation which is to be evaluated at the horizon, i.e., at r =17}

2 grr(US)Q

= 4.60
° 1 +grr(U6>2 ( )

C

In the CRF, i.e., in terms of ug (the stationary value of u defined in Sec. 4.1), the

horizon condition becomes

up = c2. (4.61)

S

The transonic point of a transonic fluid is defined as the location where the fluid
becomes supersonic from subsonic, i.e., where the Mach number M becomes equal
to 1. Therefore, we find that the acoustic horizon and the transonic point are
basically the same radial location.

One of the main goals of this chapter is to see how the different properties of the
acoustic spacetime get influenced by the spin of the background spacetime. Thus,
we would like to study the dependence of the acoustic horizon on the black hole spin
a. In order to do that, first we need to solve the stationary accretion flow equations.

It is not possible to solve the accretion flow equations analytically and therefore
we solve the equations numerically. The solutions depend on a set of parameters
that governs the accretion flow. We can solve the equations for a particular set of
values of these parameters. The nature of the solutions would depend critically on
the selected values of these parameters. For axially symmetic isothermal accretion
on to a Kerr black hole, these parameters are namely, the bulk-ion temperature of
flow T', the specific angular momentum of the flow Ay and the black hole spin a.
Depending the given values of the set of parameters [T, Ao, a|, the Eq. (4.61) may
have one or more than one solutions. Therefore, we first discuss about the choice
of parameters and then we discuss the dependence of acoustic horizon on the black

hole spin a for fixed values of other parameters.
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4.4.1 Choice of parameters [T, \, d]

The characteristic features of the axially symmetric isothermal accretion flow onto
a rotating Kerr black hole (with the disc model considered here) are determined
by the set of three parameters [T, Ao, a]. We use the same method as described
in Sec. 3.5.2 to set up the equations for the gradient of the advective velocity.
We write down the mass accretion rate W, and the relativistic Bernoulli’s constant
obtained in Sec. 4.2.2 and 4.2.3, respectively, in terms of the advective velocity
ug and the specific angular momentum \yg. Then we take logarithmic derivative
of the equations Wy = constant and £ = constant. We use these two equations
to eliminate the density term pf/po, where the ‘dash’ represents single derivative
with respect to the radial coordinate, as usual. This provides the gradient of the

advective velocity as

, ug(l—ud) [ B S A2l N
LG (VA (= S R Y 4.62
“o ud—c2 |2B ( CS)ZA M D’ (462)

where A =72 — 2r + a* as defined in Eq. (4.3) and B = gy + 2X09st — Ajgre. The
critical points of the flow are defined by the points where N = D = 0. Thus, critical
points are located at u3 = ¢ and critical points, transonic points and the acoustic
horizon coincide for the particular accretion flow described here and therefore such
points may be referred by these names interchangeably. This gives the following

condition to be satisfied at the critical points

A’ B’

2_ 2 A B

uc—csc——z_i_A (4.63)
r A

The roots of the above equation lying outside the event horizon of the Kerr black
hole (given by r, = 1++/1 — a?) are the critical points of the flow. Due to the fact
that N = D = 0 at the critical points (r = r.), the advective velocity gradient uj|,
at the critical points is obtained by taking the limit as r — 7. (and u3 — %) by

using L’Hospital rule. This gives the velocity gradient to be

1 — CQ A/Q A// B/Q B 202
/ -+ S 1 — 2 - — S — s . 4.64
u0|c \/ 4 |:( Cs) (AQ A ) (BQ B ) 7”2 1 ( 6 )

where the double ‘dash’ stands for the second derivative with respect to the radial

coordinate 7.
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Figure 4.1: Regions of parameter space [Ag, a] allowing multiple critical points for
different values of T'. For prograde motion higher spin corresponds to
lower \g whereas for retrograde motion higher spin corresponds to higher
Ao for a particular T'. For fixed fixed values of [T, \g] only a finite range

of a allow multi-critical accretion.
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4.4. Location of the acoustic event horizon

Depending on the values of the parameters [T, Ao, a], the equation (4.63), and
hence the accretion flow, can have one or more than one ( or more specifically
three) solutions for » > r,. If the flow has only one critical point then the flow
passes through this point and the flow is called mono-critical. Such flow is always
mono transonic, i.e., the flow makes the transition from subsonic state to super-
sonic state only once. However, we are more interested in the case where the flow
has more than one critical points. The corresponding flow in such case is said to
be multi-critical flow as it allows multiple critical points 7 in, 7 mid, 7 out Such that
Tin < Tmid <7 ou (See Fig. 4.4, for example, below). These critical points can be
characterized by performing a critical point analysis. Such analysis shows that the
inner and outer critical points r;, and r ;q, respectively, are saddle type, whereas
the middle critical point r ,;q is center type. Thus the accretion flow can pass only
through the outer or inner critical points. when the accretion flow passes through
both the outer and inner critical points, the accretion flow is called multi-transonic
flow. Multi-critical flows are not necessarily multi-transonic flows. This could be
understood as the following: suppose the flow starts its journey from large ra-
dial distance subsonically. At r = r ., it makes a transition from subsonic state
to supersonic state. Thus 7 4 is basically the outer acoustic horizon. After the
flow becomes supersonic it may encounter a shock formation which makes the flow
subsonic from supersonic discontinuously, i.e., the dynamical variables such as the
velocity, sound speed, density and pressure makes discontinuous jump. After it be-
comes subsonic due the shock formation, it again passes through the inner critical
point and becomes supersonic from subsonic. Therefore in presence of shock forma-
tion, the flow can pass through both outer and inner critical points and hence the
flow is multi-transonic. But all parameters which allow multiple critical points do
not allow shock formation. Thus the parameters space which allows shock formation

is smaller than the parameter space for multiple critical points.

In Fig. 4.1 we show the region of the parameter space [a, Ag] which allows multi-
critical flow, for four fixed values of temperatures. It can be noticed that for multi-

critical accretion at a fixed value of T, for prograde motion (a > 0), higher spin
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Chapter 4. Relativistic sonic geometry for isothermal accretion in the Kerr metric

corresponds to lower A\ whereas for retrograde motion (a < 0), higher spin cor-
responds to higher A\. Here as well as in the following, whenever we talk about
the dependence of any quantity on the black hole spin a and explicitly mention
whether the motion is prograde or retrograde, we would imply the dependence on

the magnitude of the spin a.

4.4.2 Dependence of the acoustic event horizon of [T, )\, a

For multi-critical accretion, the inner critical point r ;, generally is found to be very
close to the event horizon of the accreting black hole which is located at r,.. There
exist few important circular orbits of test particles very close to the event horizon.
These are, namely, the inner most stable circular orbit (ISCO) at r 15c0, the photon
sphere at 7 photon and the inner most unstable bound orbit at r pouna. Thus, it would
be interesting to compare the location of the inner critical point r ;,,, with the above
mentioned radii of circular orbits of test particles [82-84].

The radius of innermost circular orbit, closest to the black hole, (along which the

motion is at the speed of light) is given by

T photon = 2 (1 + cos @ cos_l(—a))> (4.65)

and the last bound but unstable circular orbit on which energy of the orbit is equal

to the rest mass of the particle is given by
T bound = 2 — @ +2vV1 —a (4.66)

if a particle in the equatorial plane comes from infinity, with v,, < ¢, where ¢ is
the speed of light, and passes within 7 poung, then it will be captured by the black

hole. Lastly the radius of the inner most circular orbit which is stable is given by

risco =3+ Za T\ (B =213+ 21+ 27,) (4.67)

where

Wl

Wl

Wl
-

Zi=14+(1-a»3[(1+a)?+(1—a) (4.68)
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Figure 4.2:

D@

Inner acoustic horizon r i, (along the vertical axis) vs black hole spin a
(along the horizontal axis) plots for different sets of [T, Ao] values. T" and
Ao are the temperature and the specific angular momentum respectively.
A, B and C corresponds to a fixed \g = 3.6 and 7' = 10'°K, 5 x 10'°K
and 7.5 x 10'°K | respectively. D, B and E corresponds to a fixed
T =5x 109K and \g = 2.8,3.6 and 3.9 respectively. For all the set
of parameters [T, o], r in decreases with a for prograde motion whereas
it increases with a for retrograde motion. 7 photons 7 bound and 7 15cO
represent the radius of the circular photon orbit, innermost bound but
unstable circular orbit and the innermost stable circular orbit (ISCO),
respectively. At least for these values of parameters [T, \g], inner acous-
tic horizon rj, always remains outside the innermost unstable bound

circular orbit 7 poung. See text for more.
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and

Zy = /302 + 72 (4.69)

the upper sign and lower sign in Eq. (4.67) are for prograde and retrograde motion
of the particle.

Fig. 4.2, shows the dependence of r;, on the black hole spin a for different set
of values of temperature and specific angular momentum as well as the variation of
the radius of the circular orbits with a for that range . Plots A, B and C shows
the variation of r;, with a for temperatures 101°K, 5 x 10°K and 7.5 x 10"°K,
respectively, for a fixed specific angular momentum \g = 3.6. Whereas plots D,
B and E shows the same for specific angular momentum Ay = 2.8, Ay = 3.6 and
Ao = 3.9, respectively for a fixed temperature 5 x 101°K. For a fixed [T, \¢], the
location of the inner critical points, i.e., rj, decreases with a for prograde motion
whereas it increases with a for retrograde motion. Also by plotting the radius of
different circular orbits for the corresponding range of a it is noticed that at least
for these values of parameters [T, \g], inner acoustic horizon r, always remains
outside the innermost unstable bound circular orbit 7 ounq. However in order to
check whether this is true for all the points of the parameter space [T, \¢] the
analysis should be done for all values of [T, \¢] which is beyond the scope of the
present work.

Fig. 4.3, shows the dependence of the outer acoustic horizon r 4 on the black hole
spin a for different set of values of temperature and specific angular momentum.
Plots A, B and C shows the variation of 7., with a for temperatures 10°K,
5 x 101K and 7.5 x 10'°K respectively, for a fixed specific angular momentum
Ao = 3.6. Whereas plots D, B and E shows the same for specific angular momentum
Ao = 2.8, Ao = 3.6 and \¢ = 3.9 respectively for a fixed temperature 5x 101°K. Here
also for a fixed [T, A, the location of the outer critical points, i.e., r o, decreases
as the black hole spin a increases for prograde motion and increases with increasing
a for retrograde motion.

From plots A, B and C in Fig. 4.3, i.e, for same )\ (here for \y = 3.6), it is seen

that for smaller temperature r ., is large compared to that for higher temperature
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Figure 4.3: Outer acoustic horizon r o, vs black hole spin a plot for different set of

[T, \o] values. T and \g are the temperature and the specific angular
momentum respectively. A, B and C corresponds to a fixed A\ = 3.6
and T = 109K, 5 x 10'°K and 7.5 x 109K respectively. D, B and
E corresponds to a fixed T = 5 x 101K and Ay = 2.8,3.6 and 3.9
respectively. For all the set of parameters [T, o], r out decreases as
the black hole spin a increases for prograde motion and increases with

increasing a for retrograde motion.

89



Chapter 4. Relativistic sonic geometry for isothermal accretion in the Kerr metric

as argued earlier. Also the change in r ., w.r.t a is quite small as compared to
the variation of r;, with a. This is due to the fact that for large value of r .y, the
spacetime becomes asymptotically flat, and in such Newtonian gravity limit, the
influence of the spin of black hole on the matter flow is less important and that is

why change of r ¢ with respect to a is small compared to that of r,.

4.5 Causal structure of the acoustic spacetime

Acoustic null geodesic corresponding to the radially traveling (d¢ = 0,df = 0)

acoustic phonons is given by ds®> = 0. Thus

ar b — . 4.70
dt * (4.70)

rr

(dr) _Grt + G%t — GrrGtt
+

So t(r) can be obtained as

rd
tr)e =to+ | 2L (4.71)
ro bi

We can introduce two new sets of coordinates as following
1 1
dz=dt — —dr, and, dw=dt— —dr. (4.72)
by b_
In terms of these new coordinates the acoustic line element can be written as
ds®| s=p= const = Ddzdw, (4.73)

where D is found to be equal to Gy. z and w are called the null coordinates.

The acoustic metric elements Gy, Gy = Gy, Gy given by Eq. (4.59) are expressed
in terms of the background metric elements and the velocity variables ug(r) and Ag
using Eq. (4.5), (4.6) and (4.7). Thus by (r) is function of the stationary solution
uo(r). Therefore we have to first obtain ug(r) by solving the relativistic Euler
equation for steady state. This is done by numerically integrating Eq. (4.62), which
provides the gradient of the advective velocity, i.e, ug, with the initial condition given
by Eq. (4.63). Thus for a particular set of [T, Ao, a] we get ug(r) numerically and

hence we get by (r). The integration in Eq. (4.71) is then performed numerically to
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Figure 4.4: Mach number M = |ug|/cs vs radial distance r plots for different val-
ues of [T, A\g,a]. T, g and a are the temperature, the specific angular
momentum and the black hole spin, respectively. The parameter val-
ues for the plots are (row wise) [T, A, a] = [5 x 10!YK,3.5,0.2], [7.5 x
10'°K, 3.0,0.6], [10" K, 2.5,0.9] and [5 x 10'°K, 3.84, —0.3] respectively.
The vertical dashed line represents the location of shock formation and

the transition from supersonic to subsonic state.
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Figure 4.5: The acoustic causal structures for shocked multi-transonic accretion.
The dashed lines denote t(r)_ vs r i.e w = const and the solid lines
denote t(r)4 vs r i.e z = const. The vertical dashed lines indicates the
location of inner acoustic horizon (at smaller radii) and that of the shock
formation (larger radii). The rows from top to bottom corresponds to

[T, \,a] = [5x 10K, 3.5,0.2],[7.5 x 101K, 3.0,0.6], [101 K, 2.5,0.9] and
[5 x 109K, 3.84, —0.3] respectively.
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find tL(r) as a function of r. Finally we plot #(r)+ as function of r to see the causal
structure of the acoustic spacetime.

If the accretion flow encounters a shock then some quantities are invariant accross
the shock. The mass flux, i.e., the mass accretion rate is conserved. The momentum
flux conservation also requires that the rr component of the energy-momentum
tensor is conserved. In addition to these two conditions, there is another condition
depending on the radiative efficiency at the shock. In the present case, we consider
the temperature of the flow before and after the shock to be the same, i.e., we
consider the shock to be temperature preserving. These three conditions are the
so called ‘the shock jump conditions’ and could be given by the following set of

equations [65]

[[oovgr®]] = 0,

[(T7]] =0, (4.74)

where the symbol [[f]] = f+ — f-, where, f_ and f, denote the values of the
variable f before and after the shock, respectively. The second condition in the

above equation could be reduced to the following condition

BCIR

From Eq. (4.74) and (4.75), it is easy to obtain a relation between vy, and vj_

which is vy, vf_ = cZg’". The location of shock formation for an isothermal flow

with temperature T and specific angular momentum )y can be obtained numeri-
cally. The first condition in Eq. (4.74) is satisfied trivially due to the constancy of
mass accretion rate. The third condition is also satisfied trivially because the two
braches of accretion flow passing through r ., and r ;, correspond to the same tem-
perature T'. Thus in order to obtain the location of the shock formation, we need to
ensure that 7" changes continuously at the shock location rg,. This is equivalent
to ensuring that the quantity Sg, = 77" /¥, is invariant accross the shock. The

quantity S g, is called the ‘shock invariant quantity’ and is given by

1

ugy/1 — ul

S = (ug+2(1—ug)). (4.76)
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The general scheme to find the shock location numerically is the following: Let the
numerical value of S, along the trajectories passing through r . and 7, be given
by S%"(r) and S 2(r), respectively. Then the location of shock formation r g, is

such that S " (r ) = S 2 (r ).

We take few representative values of the parameters as [T, Ao, a] and study the
causal structure of the corresponding accretion flow. The phase portraits of the
stationary solution for four different sets of [T, Ao, a] are shown in Fig.4.4. The
transonic accretion flow passes through the outer critical point 7 4 and becomes
supersonic from subsonic state. Then it encounters a shock at r , and becomes sub-
sonic from supersonic state and after that it crosses r i, to become supersonic again.
We obtain the causal structure corresponding to this multi-transonic solution. The
[T, o] are chosen such that the accretion flow allows multiple critical points (See Fig.
4.1) as well as shock formation for the black hole spin a = 0.2,0.6,0.9 and —0.3. The
parameter values for the plots are (row wise) [T, Ao, a] = [5 x 10'°K, 3.5,0.2],[7.5 x
10'°K, 3.0, 0.6], [1011 K, 2.5,0.9] and [5 x 109K, 3.84, —0.3], respectively. The ver-
tical dashed line represents the location of shock formation and transition from
supersonic state to subsonic state. In Fig. 4.5 we plot the causal structures for the
multi-transonic accretion flows ( plotted in Fig. 4.4). The rows from top to bottom
corresponds to [T, g, a] = [5x 101°K,3.5,0.2],[7.5 x 10'° K, 3.0, 0.6], [10" K, 2.5, 0.9]
and [5 x 10'°K, 3.84, —0.3] respectively.

As is obvious from the Fig. 4.5, the shock formation in multi-transonic black hole
accretion flow can thus be considered as the presence of an acoustic white hole in
the corresponding sonic geometry. Where as the inner and outer transonic surfaces

act as acoustic black hole horizons.

The aforementioned procedure to construct the relevant causal structures are
based on the assumptions that the stationary integral flow solutions are obtained
for the steady state (through the integration of the time independent Euler and the
continuity equations). Such assumptions, however, are to be justified by showing
that the steady states are stable for this case. In subsequent sections, we thus

perform the linear stability analysis of the accretion flow to ensure that the steady
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states are stable states.

4.6 Acoustic surface gravity

The acoustic metric given by Eq. (4.59) is independent of time ¢. Therefore we
have the stationary Killing vector x* = 0. Thus, following the same procedure as

described in the previous section, we find that x can be written as

|0 =20 +0?) (P 4 a?r + 207 — dad — N(r — 2)) (4.77)
K= (1 —c2)y/r(r3 + a?r + 2a2 — 2a)) 0 L ‘

In the Schwarzschild limit a = 0, this reduces to the result derived earlier in [64].
Thus we obtain the acoustic surface gravity as a function of the background metric
elements and the stationary values of the accretion variables. The surface gravity
depends explicitly on the black hole spin a and the specific angular momentum
Xo- The acoustic surface gravity is linearly proportional to the gradient of the
advective velocity (uf) at the acoustic horizon. wuf depends on the values of the
parameters [T, Ay, a], which could be found from numerical solution of the accretion
flow. Thus the dependence of the acoustic surface gravity on the black hole spin a
and the specific angular momentum A could be understood only through numerical
analysis of the accretion flow for a given set of values of the parameters [T, A, a]. In
Fig. 4.6, we plot the acoustic surface gravity at the inner acoustic horizon (k j,) as
a function of the black hole spin for a given set of values of [T, \g] and in Fig. 4.7,
we do the same for the acoustic surface gravity at the outer acoustic horizon (K ).
It is noticed that k ;, increases with increasing a for prograde motion and decreases
with increasing a for retrograde motion for a given [T, \g]. Whereas k o, decreases
with increasing a for prograde motion and increases with increasing a for retrograde
motion for a given [T, \g]. However since the shock forms only for a restricted region
of parameter space the nature of the complete dependence of k on a is difficult to
understand explicitly. One can also notice that the value of k oy is up to 10* times
smaller than that of x;,. One of the reasons for this is that the gradient wuj, is smaller
at the outer acoustic horizon than that at the inner acoustic horizon. Also since the

outer acoustic horizon forms at a relatively large distance from the black hole, the
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Figure 4.6: Acoustic surface gravity at the inner horizon (k i) vs black hole spin (a)
plot. A, B and C corresponds to a fixed A\g = 3.6 and T = 10'°K, 5 x
109K and 7.5 x 10'°K respectively. D, B and E corresponds to a fixed
T =5 x 10K and \g = 2.8, 3.6 and 3.9 respectively. For all the set of
parameters [T, A\, Kk in increases with increasing a for prograde motion

and decreases with increasing a for retrograde motion.
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Figure 4.7: Acoustic surface gravity at the outer horizon (k out) vs black hole spin

(a) plot. A, B and C corresponds to a fixed \g = 3.6 and T' = 10'° K, 5x

109K and 7.5 x 10'°K respectively. D, B and E corresponds to a fixed

T =5 x 10K and A\ = 2.8, 3.6 and 3.9 respectively. For all the set of

parameters [T, A\o], & out decreases with increasing a for prograde motion

and increases with increasing a for retrograde motion.
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Kerr parameter does not play any significant role to influence the properties of the
spacetime close to the outer horizon. Therefore the value of the acoustic surface
gravity evaluated at the outer acoustic horizon does not seems to be reasonably

sensitive on the black hole spin.

4.7 Effect of the presence of dissipative mechanism

We have considered inviscid accretion of ideal fluid only. Description of non ideal
fluid is characterized by various dissipative processes in conjunction with the pres-
ence of viscosity. Viscosity, however, breaks the Lorentzian symmetry [5] and acous-
tic metric cannot be constructed for viscous flow using the formalism we follow in
this work. It should also be mentioned that effect of viscosity, as well as magnetic
field, may not always be neglected as the dissipative mechanism, through different
processes such as comptonisation, bremsstrahlung or synchrotron processes, may
become significant. This would influence the overall low dynamics and therefore
turbulent instability may develop. In such cases the linear stability analysis would
also become insufficient and non-linear stability analysis would be required to en-
sure the stability of the system. Such work would require large scale numerical
simulation of the flow profile and analysis for such flow is beyond the scope of the
present work. Hence the study of the viscous accretion of non ideal fluid as well as
analogue system is beyond the scope of this work. We have also assumed that the
accretion flow is axially symmetric. Thus for any non-axially asymmetric flow, the

present formalism would not be appropriate.
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adiabatic accretion in the

Kerr metricl

5.1 Introduction

In the previous chapters, we investigated the emergence of acoustic spacetime metric
and its properties for accretion on to Schwarzschild and Kerr black hole where the
accreting matter is governed by an isothermal equation of state. In isothermal flow,
the total energy of the flow is not conserved but the temperature of the flow is
constant throughout the flow. However, there also exist another common type of
flow where instead of the temperature, the entropy of flow along the fluid trajectory
is conserved. Such a flow is governed by an adiabatic equation of state. If the
entropy of the flow is constant throughout the fluid, then the flow may be called an
isentropic flow.

In isothermal flow, the speed of sound is taken to be a constant. Thus the gradient

of the local sound speed is zero throughout the accretion flow. However, it is more

IThis chapter is based on the work titled “Linear perturbations of low angular momentum ac-
cretion flow in the Kerr metric and the corresponding emergent gravity phenomena” by M. A.

Shaikh and T. K. Das [77].
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general to consider a flow where the sound speed is also position-dependent and
hence the gradient of the sound speed ¢, is non-zero. Adibatic flow, where the
sound speed is position-dependent, thus provides a more general description of the
accretion flow as well as that of the emergence of analogue gravity spacetime in
accretion flow.

In this chapter, we study the acoustic geometry embedded in adiabatic flow ac-
creting on to a Kerr black hole. The basic set up for the accretion system will
be mostly the same as provided in the case of an isothermal accretion on to Kerr
black hole discussed in the last chapter (Chap. 4). Therefore, in this chapter we
will mainly provide the results for adiabatic flow while referring the reader for the

basics to the Chap. 3 and 4.

5.2 Basic equations governing the flow

We consider the spacetime metric for a stationary rotating spacetime given by Eq.
4.1. We assume the hydrodynamic fluid accreting onto the Kerr black hole to be
perfect, irrotational, and is described by an adiabatic equation of state. The energy
momentum tensor for such fluid is given by Eq. 3.3. v* is the four-velocity of the
fluid which satisfies the normalization condition v#v, = —1. The adiabatic equation
of state is given by the relation p = kp” where p is the rest-mass energy density and
v = ¢,/ ¢, is the adiabatic index (¢, and ¢, are specific heats at constant pressure and
at constant volume, respectively ). The total energy density ¢ is the sum of the rest-
mass energy density and the internal energy density (due to the thermal energy),
i.e., € = p+ Ethermal- Lhe continuity equation and energy-momentum conservation
equation is given by Eq. (3.4) and (3.5), respectively. The general relativistic Euler

equation for barotropic ideal fluid is thus given by
(p+ )V, 0" + (¢ + v"0")V,p = 0. (5.1)

The specific enthalpy of the flow is defined as h = (p + ¢)/p. We assume the flow
to be isentropic, i.e., the specific entropy of the flow s/p is constant, where s is

the entropy density. Therefore, for an isentropic flow, the following thermodynical
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identity, where T is the temperature of the fluid,

S 1
dh =Td(-) + —dp 5.2)
P P (
gives dp = pdh which when used in h = (p + €)/p also gives de = pdh. Thus the

adiabatic sound speed is given by

0 Oh
2=2 _ P (5.3)
e %: constant h ap
The relativistic Euler equation for isentropic flow can thus be written as
2
VIV 0" + = (v*0” + g")d,p = 0. (5.4)
p

For general relativistic irrotational isentropic fluid, the irrotationality condition is

given by ([6])

0,(hv,) — 0, (hv,) = 0. (5.5)

5.3 Accretion flow geometry

We consider an axially symmetric accretion flow in the Kerr background. The
flow is assumed to be symmetric about the equatorial plane. The four velocity
components are written as (v',v",v% v?). We assume that the velocity component
along the vertical direction is negligible compared to the radial component v", i.e.,
v < v". Also due the axial symmetry dy term in the continuity equation would

vanish. Thus the continuity equation for such flow can be written as

Ai(pv'/=g) + 0 (pv"/=g) = 0 (5.6)

where g is the determinant of the metric g,,. For Kerr metric, g = — sin® 0r*p?.
The accretion flow variables, i.e., velocity components and the density are in gen-
eral functions of t,r, 6 coordinates. However, assuming that the flow thickness is
small compared to the radial size of the accretion disc, we do an averaging of any

flow variable f(¢,r,0) along the 6 direction using Eq. (3.26). Thus the continuity
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equation for vertically averaged axially symmetric accretion can be written as ([64,

76])

Du(pv' /=G Hy) + 0. (pv"\/—GHy) = 0 (5.7)

where g is the value of g on the equatorial plane, i.e., § = —r*. The angular scale
Hy of the flow thickness, i.e., the angle made by the flow thickness at the center of
the black hole at any radial distances r from the center of the black hole along the
equatorial plane is given by Hy = H(r)/r, assuming the the flow thickness to be
small at all r.

In the present work, we consider the conical flow model where the accretion flow
is assumed to maintain a wedge-shaped conical geometry. As mentioned earlier, in
such flow the local flow thickness is proportional to the radial distance measured
along the equatorial plane, i.e., % = constant or Hy being the characteristic angular
scale of local flow is constant for such conical flow geometry. Thus Hy does not
depend on the accretion flow variables like velocity or density. Therefore linear
perturbation of these quantities (discussed in the next section) will have no effect
on it. For simplicity, therefore, we will write Hy simply as Hy. The same is true
for the CH model also. However, due to the complicated dependence of H(r) on
the flow variables in the VE model, the flow thickness will also be perturbed when
the flow variables are perturbed. This will make the analysis too complicated to
be presented here. Therefore as mentioned earlier, we do not consider CH and VE
models and work only with the CF model. From now on all the equations will be
derived by assuming that the flow variables are vertically averaged and their values

are computed on the equatorial plane.

5.4 Linear perturbation analysis and the acoustic
geometry

The scheme of the linear perturbation analysis would be the the same as provided

in Chap. 3 and 4: We shall write the accretion variables, e.g., four velocity com-
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ponents and density about their stationary background values upto first order in
perturbation. These expressions are then used in the basic governing equations
such as the continuity equation, normalization condition and the irrotationality
condition. Keeping only the terms that are linear in the perturbed quantities gives
equations relating different perturbed quantities upto first order in perturbations.
Further manipulations of these equations gives a wave equation which describes the
propagation of the perturbation of the mass accretion rate. Perturbation equation
in terms of velocity potential or the relativistic Bernoulli’s constant could be found
easily following the same procedure as discussed in Chap. 4. In this chapter, we
perform perturbation analysis for mass accretion rate only.

Below we derive some useful relations using the irrotationality condition (Eq.
(5.5)), the normalization condition v#v, = —1 and the axial symmetry which will
be later used to derive the wave equation for linear perturbation. From irrotaionality
condition given by Eq. (5.5) with 4 =t and v = ¢ and with axial symmetry we

have
8t(hv¢,) =0, (5.8)

again with y = r and v = ¢ and the axial symmetry the irrotationality condition

gives
Oy (hvg) = 0. (5.9)
So we get that hvy is a constant of the motion. Eq. (5.8) gives

2
%% 9,p. (5.10)
P

(3tv¢ = —

Substituting vy, = geev? + gerv' in the above equation provides

2
gt = — I gt — DS g, (5.11)
9o 9o P
The normalization condition v#v, = —1 provides
9t (V)2 =1+ grr (V") + 9o (v?)? + 2g40%0" (5.12)

which after differentiating with respect to t gives

Ot = 10,0 + andv® (5.13)
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where a; = —v,./v;, ag = —vy/vy and v, = —gyvt + ggv?. Substituting 9,0 in Eq.
(5.13) using Eq. (5.11) gives

_ 2
B0t — ( UeCs/ (pg¢¢)) Byp + (L) O" (5.14)

1+ gt/ 9ss L+ a2gst/Goo

We perturb the velocities and density around their steady background values as

following
v (r,t) = v (r) + vy (r, t) (5.15)
p(r,t) = po(r) + pa(r,t) (5.16)

where = t, 7, ¢ and the subscript “0” denotes the stationary background part and
the subscript “1” denotes the linear perturbations. Using Eq. (5.15)-(5.16) in Eq.

(5.14) and retaining only the terms of first order in perturbed quantities we obtain

Ot = m0yp1 + 200} (5.17)
where
Cg r g'f"l’vr
h = _A tO [A(US)Q —1- grr(v0)2]7 T2 = A tO
YoPo Yo
2 (5.18)
and A = gt + %
9o

5.4.1 Linear perturbation of mass accretion rate

For stationary background flow the 0, part of the equation of continuity, i.e.,
Eq. (5.7) vanishes and integration over spatial coordinate provides \/—gHqpovh =
constant. Multiplying the quantity /—gHopovs by the azimuthal component of
volume element d¢ and integrating the final expression gives the mass accretion
rate, W, = Q\/—_gHopgvg. U, gives the rate of infall of mass through a particular
surface. (Q arises due to the integral over ¢ and is just a geometrical factor and
therefore can we can redefine the mass accretion rate by setting it to unity without

any loss of generality. Thus we define

Uy =/ —gHopovy. (5.19)
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5.4. Linear perturbation analysis and the acoustic geometry

Now let us define a quantity ¥ = \/—gHp(r,t)v"(r,t) which has the stationary
value equal to Wy. Using the perturbed quantities given by Eq. (5.15) and (5.16)

we have
U(rt) =W+ Uy(r,t), (5.20)
where

r t) = 1/ —gHQ(p()U; + ngl)- (521)

Using Eq. (5.15)-(5.17) and (5.20) in the continuity Eq. (5.7) and differentiating
Eq. (5.21) with respect to t gives, respectively

1
oy + (vh + Oipr = ————0,, 5.22
Ppon20ivT + (v + por ) depr V—3H, 1 (5.22)

and

poat'l}’{ + Ugétpl 8t\111 (523)

Vo Ho
In deriving Eq. (5.22) we have used Eq. (5.17). With these two equations given by
Eq. (5.22) and (5.23) we can write 0] and O;p; solely in terms of derivatives of

U, as

1
Oy = ——=——=[~(v5 + pom) 0 ¥1 — v50, V1]

\/_HOPOA (5.24)

Ohpr = ————=[pom20:¥1 + po0, V1]
\Ya HOPOA
where A is given by

2

A gTT(U6)2 t Cs0 t\2 \2
A= — A2 =1 — g (07)?]. 5.25
A/US Yo + A'Ué[ (UO) g (UO) ] ( )

Now let us go back to the irrotationality condition given by the Eq. (5.5). Using

u =t and v = r gives the following equation
O (hgrv") — Op(hvy) =0 (5.26)

For stationary flow this provides { = —hgvygy = constant which is the specific
energy of the system. We substitute the density and velocities in Eq. (5.26) using
Eq. (5.15), (5.16) and

ve(r,t) = vgo(r) + v (1, ). (5.27)

105



Chapter 5. Relativistic sonic geomtry for adiabatic accretion in the Kerr metric

Keeping only the terms that are linear in the perturbed quantities and differentiating

with respect to time ¢ gives

hoGrrC2yv
O (hogrrOL0Y) + O (Matpl>

£o
5.28
hOUtOCso ( )
— O (hoatUﬂ) — O at =
Po
We can also write
Oyvp = Oyp1 + 1720407 (5.29)
with
y VgoC> N
m=— (Anl + %) ;T = —An,. (5.30)

Using Eq. (5.29) in the Eq. (5.28) and dividing the resultant equation by hgvs

provides

- e Cog Ul
O (g—aﬂf{) + 0, (MatM)
Uto Polto

i (5.31)
~ 0, (ﬂatv;) — 0, <<1 + 09, 1> -
Vio Ut Po
where we have used that hqvg = constant. Finally substituting d;v] and J;p; in
Eq. (5.31) using Eq. (5.24) we get
1
o, [,{m (_gtt + (uh)*(1 - CT)>] +0, [k(r) <vgv0( - T))}
. 50 €0 . (5.32)
+0. i) (s - )|+ [vto) (7 + G- )] <o
where
r.2 1 1
k(r) = %0 g '=—=— (5.33)
vhu A AN gu+ 95/ 960
Eq. (5.32) can be written as 0,(f"0,¥;) = 0 where f* is given by the symmetric
matrix
T 21 _ L vt 1
o — GrrVCa0 9" + (vg)*(1 Cgo) vgup(1 Cgo) (5.34)

wooh | (=) g7+ ) )

s0 s0
This is the main result of this section and will be used in the next section to
obtain the acoustic metric. In the Schwarzschild limit (¢ = 0) we have voA =

14 (1= ¢%)ges(v8)? Thus the f* in Eq. (5.34) matches the result obtained by
[76] in the Schwarzschild limit.

106



5.5. Location of the acoustic event horizon

5.4.2 The acoustic metric

The linear perturbation analysis performed in the previous section provides the
equation describing the propagation of the linear perturbation of the mass accretion

rate Wy (r,t) and is given by the following equation
Au(f*0,¥1) =0 (5.35)

where pu,v each runs over r,t. This equation is compared to the wave equation of
a massless scalar field ¢ propagating in a curved spacetime given by Eq. (3.33).
Comparing these two equations one obtains the acoustic metric G* which is related
to f* as given by Eq. (3.98). f* could be written as f* = k(r)f* where k(r) is
the overall multiplicative factor and f #¥ is the matrix part as given in Eq. 5.34. Thus
G = (k(r)/v/=G)f* and therefore, G* is related to f* by a conformal factor
given by k(r)/v/—G. One of our main goals of the present work is to show that the
acoustic horizon are the transonic surface of the accretion flow and to demonstrate
that by studying the causal structure of the acoustic spacetime. However, the
location of the event horizon or the causal structure of the spacetime do not depend
on the conformal factor of the spacetime metric. Thus in order to investigate these
properties of the acoustic spacetime we can take G*” to be the same as f’“’ by
ignoring the conformal factor. Thus the acoustic metric G and G, apart from

the conformal factor, are given by

gt \2(1 _ _L rot(q 1
GHv — 9 + (UO) (1 %) ,UO,UO<1 %) (536)
1= &) g+ )1 - )
and
_rr_vr21_L Urvtl_L
Gy = 9 (vg)™( cgo) 0ol cgo) (5.37)
- A) gt - )

5.5 Location of the acoustic event horizon

The metric corresponding to the acoustic spacetime is given by Eq. (5.37). The

metric elements of G, are independent of time and thus the metric is stationary.
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In Chap. 3 and 4, we showed that the location of the acoustic horizon is obtained
from the condition given by G = 0. Therefore on the event horizon we have the

following condition

2 97‘T(“6>2

= . 5.38
O T+ g (vh)? (5.38)

Now we move to the co-rotating frame as defined in [69] where w is the radial
velocity of the fluid in the co-rotating frame which is referred as the ‘advective
velocity” and A = —wvy/v; is the the specific angular momentum. For stationary
flow, the advective velocity and the specific angular momentum will be denoted
with a subscript “0” as earlier. In this co-rotating frame, v",v* and v; are given in
terms of u, A by Eq. (4.5), (4.6) and (4.7), respectively. In co-rotating frame the
Eq. (5.38) becomes

u§| h — C§O| h- (539)

where the subscript “h” implies that the quantity is to be evaluated at the horizon
and would imply the same hereafter. Thus we see that the acoustic horizon is
located at a radius where the adevcetive velocity uy becomes equal to the speed of
sound ¢,y which is exactly the surface known as the transonic surface. Thus the

transonic surface of the accretion flow and the acoustic horizon coincide.

5.6 Causal structure of the acoustic spacetime

Acoustic null geodesic corresponding to the radially traveling (d¢ = 0,df = 0)

acoustic phonons is given by ds®> = 0. Thus

dr —Gr + G?« _GTT‘G
(E)i =by = ! G : = (5.40)

where the acoustic metric elements Gy, G,y = Gy, G, are given by Eq. (5.37).

These are expressed in terms of the background metric elements, the sound speed
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and the velocity variables ug(r) and A\g = —vg40/vy0 using Eq. (4.5) and (4.6)

1 u?
G, = - _ 20
. grr<1 - u%) ( C?O)

U 1 (9gs + Aogot)?
o (- 1)
t o -u) Co \/9rr(9¢¢ + 2h0ger — Nue) (Googre + 02 04D

1
a 1 ( B (996 + Moget)” (1- %))

" gudes + 92 (9gp + 2090t — A5gu) (1 — ug)

t(r) can be obtained as

"d
tr)e = to + bl (5.42)
ro Y%
We can introduce a new set of coordinates as following
1 1
dz =dt — —dr, and, dw=dt— —dr (5.43)
by b_

In terms of these new coordinates the acoustic line element can be written as
ds?| g=p= const = Ddzdw (5.44)

Where D is found to be equal to Gy.

b.(r) is function of the stationary solution wuy(r) and the sound speed cq(r).
Therefore we have to first obtain wug(r) and cy(r) for stationary accretion flow.
This is done by simultaneously numerically integrating the equations describing
the gradient of the advective velocity u( and the gradient of the sound speed ¢,
which are derived below. The ‘dash’ represents single derivative with respect to
the radial coordinate r. The solutions are characterized by the parameters [¢, 7,
Ao, a]. Remember that £ = —hovy is the specific energy of the flow which is a
conserved quantity for the flow under consideration. Thus given a particular set of
[0, 75 Ao, a] we get ug(r) and cgo(r) by numerically solving the Eq. (5.52) and (5.51)
simultaneously and then using these solutions of ug(r) and cs(r) we get by (r). The
integration in Eq. (5.42) is then performed by applying Euler method. Finally we

plot ¢(r)+ as function of r to see the causal structure of the acoustic spacetime.

5.6.1 Equations for uj, and ¢,

To derive the expression for the gradient of advective velocity u(, and the gradient

of the sound speed ¢, we use the expressions for the two conserved quantities of
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the flow. The mass accretion rate ¥y in terms of ug is given by

U

Uy = 4 Hyr? pg— (5.45)
grr(1 = ug)
and the relativistic Bernoulli’s constant is given by
9it9ss + 95
=h . 5.46
“ 0\/(9¢¢ + 2096t — Aggut) (1 — u?) (5:46)

For adiabatic flow with conserved specfic entropy, in other words an isentropic flow,
the enthalpy is given by dh = dp/p which when used in the definition of enthalpy
given h = (p+¢)/p gives h = de/dp. The energy density ¢ includes rest-mass energy
p and an internal energy equal to p/(y—1). Thus e = p+p/(y—1). For polytropic
equation of state p = kp”, the enthalpy is therefore given by

v—1

hy= ————
’ 7_(1"‘0?0)

(5.47)

To obtain an equation for the gradient of the sound speed one defines a new quantity

= via the following transformation
= = Wo(yk)7 T (5.48)

k is a measure of the specific entropy of the accreting matter as the entropy per

particle o is related to k as

o= log k + Ll + constant. (5.49)
f}/ —

v—1
Thus = represents the total inward entropy flux and could be labelled as the sta-

tionary entropy accretion rate. Expressing p in terms of k,~,h, c%,, the entropy

accretion rate could be written as

. — 1)c? ﬁ
= = drHy—— 0 )7"2 (7(7 )CS°)> (5.50)

Gor (1 — 113 — (146
Taking the logarithmic derivative of the above equation with respect to r, the

gradient of the sound speed could be written as

0;02_080(7_(1+C§0)) 1 . %4_14_15
2 up(l—wg) dr —r  2A

(5.51)
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where A = r?—2r+a? as given by Eq. (4.3) and the A’ denotes the first derivative of
A with respect to r. The gradient of the advective velocity could be found by taking
logarithmic derivative of eq. (5.45) and eq. (5.46) (substituting dh/hg = c%,dp/po)
and eliminating dp/po, which gives

u,:Uo(l—ug) [030(§+%)—%+%} _N (5.52)
0 2(u2 — 2, D |

where B = (ggs + 2X\0gst — Nogu) and B’ is the first derivative of B with respect to
r. The critical points of the flow are obtained by equating D = N = 0. D = 0 gives

the location of critical points to at uZ| it = %] ait- and N = 0 gives

A B’
u2| :Cz| _ A B (5.53)
Olr=r ey S0 lr=r i 2 + A ’
r A T=T crit

Using the above condition we can substitute u2 and ¢?; in eq. (5.46) at the critical

points which provides

1 2A +rA/
= T 5.54
o _ 122V B o5

T=" crit

Thus, for a given value of £ which is a constant along the flow and that of v, \y and
a, the above equation could be solved for r . numerically and the critical points
could be found. To find the value of the gradient of the advective velocity at the

critical points, we use L’Hospital rule which gives

_ A VQi S~ dal (5.55)

crit

Uy
where
a=1+vy— 30§0|

T=T crit

5= 2ea(l = o)ty = (14 ) (1 + 35 )

T=T crit

2 (5.56)
I = (1 — ) [(7 — (14 ) (% + 22/) - Fl]

Fl B 1— Cgo A/Q AH 1 B/2 B// 1
23, \Az A 23, \ B> B r?

A" and B” are the second derivatives of A and B with resepect to r, respectively.

For a given set of paramters [y, 7, A, a], we can now solve eq. (5.52) and (5.51)
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simultaneously to obtain the Mach number as a function of the radial coordinate
r. Depending on the values of the parameters [y, 7, Ao, a], the phase portrait may

contain one or more critical points.

5.6.2 Mono-transonic case

Let us first consider the case where the accretion flow is mono-transonic. For such
accretion flow there exist only one transonic surface. In other words, the flow
starts its journey from large radial distance subsonically, i.e., |ug| < |cso] or M =
luo|/|cso| < 1, where M is the Mach number of the flow and at some certain radial
distance r, the advective velocity becomes equal to the speed of sound or M = 1.
The radius r at which M becomes equal to 1 is called the transonic point. For
the flow under consideration, the transonic points are the critical points of the
flow where the denominator in the expression of u; becomes 0. Thus the transonic
points are given by r = r . which in turn are obtained by solving the Eq. (5.54)
for given values of the parameters [£y, 7y, Ao, a]. For r < r o the flow is supersonic,
i.e., M > 1 and remains supersonic all the way upto the event horizon r, .

We would like to choose the parameters [£y, 7, A¢] in a way such that the Eq.
(5.54) has exactly one solution outside the event horizon (i.e., for r > r) for all
values of a and see how the radius of the transonic surface or equivalently 7 . varies
with the black hole spin a. Then with the same [£y, 7y, Ao] we pick a few values of
the black hole spin a and draw the causal structure of the acoustic space time and
show that the location of the acoustic horizon matches r .4 for that value of a. In
Fig. 5.1, we plot the critical points r . of mono-transonic flow as a function of the
black hole spin.

In Fig. 5.2, we show the causal structure of the acoustic spacetime for mono-
transonic accretion flow. The parameters [y, 7y, A\o] = [1.1,1.4,2.1] are same for all
the plots while the black hole spins are a = —0.9, —0.5,0, 0.5, 0.9 row-wise from top
to bottom. Solid lines represent ¢, (r) vs r, i.e., z = constant lines and the dotted
lines represent the ¢_(r) vs r, i.e, w = constant lines. It is illustrated from the

causal structures that the radius of the acoustic horizon, where ¢t (r) diverges, are
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h=11,7=14,)=2.1

~10 ~05 0.0 05 1.0
black hole spin a

Figure 5.1: The critical points 7 ¢y (which are transonic points of the mono-
transonic accretion flow) is plotted as function of the black hole spin

a for the set of values [£o,7, Ao] = [1.1,1.4,2.1].

same as the critical points 7 . for the given value of [&,~, Ao, a.

5.6.3 Multi-transonic case

For a given set of values of the parameters [£y,, Ao, a], the Eq. (5.54) can have
more than one or more specifically three solutions for » > r,. In presence of
shock formation, the flow can pass through both outer and inner critical points and
hence the flow can be multi-transonic as discussed in Sec. 4.4.1. However, all the
set parameters [y, 7, Ao, @] which allow multiple critical points do not allow shock
formation. In other words only a subset of the parameters allowing multiple critical
points allow shock formation. This is best shown by plotting the parameter space
[56].

We have assumed a non-dissipative inviscid accretion flow. Therefore the flow
has conserved specific energy and mass accretion rate. Thus the shock produced in
such flow is assumed to be energy preserving Rankine Hugonoit type which satisfies

the general relativistic Rankine Hugonoit conditions [52, 56, 85-90]

[lpv*nu]] = [[pv"]] = 0
[Tym")] = [[(p +e)vv"]] = 0 (5.57)

(T 0]l = [l(p+€) (") + pg""]) = 0
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Figure 5.2: Causal structure of the acoustic spacetime for mono-transonic accretion.
ty(r) vsr,ie., z = constant lines are represented by the solid lines and
t_(r) vs r,i.e., w = constant lines are represented by the dashed lines.
ty(r) are given by Eq.(5.42). The causal structures are plotted with
[€0,7, Ao = [1.1,1.4,2.1] for a = —0.9,—0.5,0,0.5,0.9, row-wise from
top to bottom. It could be noticed that the acoustic horizon where the
t4(r) lines diverges, coincides with the critical point r ont. See text for

more.
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5.6. Causal structure of the acoustic spacetime

Where 7, = ¢}, is the normal to the surface of shock formation. [[f]] is defined
as [[f]] = f+ — f- , where f, and f_ are values of f after and before the shock,
respectively. First condition comes from the conservation of mass accretion rate
and the last two conditions come from the energy-momentum conservation. These
conditions are to be satisfied at the location of shock formation. In order to find
out the location of shock formation, it is convenient to construct a shock invariant
quantity, which depends only on ug,cs and ~, using the conditions above. The
first and second conditions are trivially satisfied owing to the constancy of the mass
accretion rate and the specific energy. The first condition is basically (V) = (Vg)—
and third condition is (7""), = (T"")_. Thus we can define a shock invariant
quantity S, = 177" /W, which also satisfies [[S«)] = 0. The enthalpy hg is given
by equation Eq. (5.47) and the sound speed is given as c¢%, = (1/hg)dp/dp =

(1/ho)kyp ™!, which gives py (and hence also p and €) in terms of &,y and cy.

Thus

p — k_ﬁ [ (’y - 1)650 171
Yy —1—=c%) ]
_ B 9 - 7%

po kA (v 1)0502 ' (5.58)
Yy —1—¢)]

e [ =D 17 (1+ )

£ = -1 |f—""" B ——

Yy —1—¢%) ] Yy —1—¢%)

Now ¥y = constant xr?pvy and T = (p+¢)(vy)*+pg™, where vl = ug/+/ grr (1 — ud).

Therefore the shock-invariant quantity S g, = 77" /¥y becomes

(ug (v — cZ) + ¢2)
upy/ 1 —U3(7— 1 —030)

where we have remove any over all factor of r as shock invariant quantity is to be

S = (5.59)

evaluated at constant r = r g,.

The procedure to find the location of shock formation is the following. Let us
denote the values of S, along the flow passing through outer critical point as
S 9" and the same for the flow passing through inner critical point as S . At the
location of shock formation r g,, we have S = S ™. Thus evaluating the S 3*
and S we find out 7 g, by noting the value of r for which S 3" = S . In general

there are two such values of r ¢, such that one is between inner and middle critical
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Chapter 5. Relativistic sonic geomtry for adiabatic accretion in the Kerr metric

points 7, < rgn1 < 7 mia and the other one is between middle and outer critical
points 7 mia < rshe < T ou. However, it has been shown in the literature that the
shock formation at r 4,1 is unstable and that at r g, is stable. In this context, it
is to be mentioned that the stability analysis of the shock does not involve full
time dependent calculations, for further details see [44]. Therefore only 7 g9 is the
allowed location of shock formation and hence we shall refer to only this location

as the location of shock formation, hereafter.

In the left column of Fig. 5.3, we show the phase portraits of the flow, i.e.,
the Mach number vs radial distance plots for three different values of the Kerr
parameter a = 0.5,0.55, 0.6, keeping [y,7, \o] to be the same as [{y = 1.002,v =
1.35, g = 3.05]. These chosen values of the parameters [£y, 7y, A, a] allow the flow
to be multi-critical as well as multi-transonic by allowing shock formation. The
shock transition of the flow has been denoted by a vertical dashed line in the phase
portrait which implies that the shock formation at that location makes the flow to
jump from supersonic state in the branch passing through the outer critical point

to the subsonic state in the branch passing through the inner critical point.

In the right column of the Fig. 5.3, we show the causal structure corresponding
the flow shown by the phase portrait in the left column in the particular row. In
the causal structure plots, the vertical dashed line in the left is the location of
the inner critical point and the vertical dashed line in the right is the location of
shock formation. The outer critical point is located at the white line separating
densely populated diverging ¢, (r) lines. It is obvious from the causal structure
that the inner and outer critical points are the inner and outer acoustic horizon of
the acoustic spacetime. Also it could be noticed that for an observer in the region
i < 1T < T4, the surface of shock formation would resemble a white hole horizon.

Thus the shock formation can be regraded as the presence of an acoustic white hole.
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Figure 5.3: Mach number M vs r plot (on the left) and the corresponding causal
structure (on the right). The parameters [y = 1.002,7 = 1.35,\g =
3.05] are same where as the black hole spin is a = 0.5 (top panel),
a = 0.55 (middle panel) and a = 0.6 (bottom panel). The solid lines
represents ¢4 (r) vs r lines and the dashed lines represents the ¢_(r) vs

r lines.
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Chapter 5. Relativistic sonic geomtry for adiabatic accretion in the Kerr metric

5.7 Acoustic surface gravity

The acoustic metric given by Eq. (5.37) is independent of time ¢. Therefore we have
the stationary Killing vector x* = § which is null on the horizon, i.e., G, x*X"| v =
Gyl n = 0. Thus, following the discussion on acoustic surface gravity in the previous

chapters, the acoustic surface gravity is obtained to be given by

(5.60)

V(91900 1 82,) (900 + 200500 — Nign)
(1 - CEO)(gﬁbd’ + )‘Og(bt)\/ Grr

and the subscript “h”, as mentioned earlier, denotes that the quantities have been

Rog = (561)

evaluated at the acoustic horizon. On the equatorial plane (¢ = 7) the metric

elements are given by

2 2a 3+ a?r + 2a?

_q_2 — _ 5.62
Gt 7"’ gqbt r ) gd)d) r ( )

Thus kg can be further written as

V(% = 2 + @) (gos + 2Nogsr — Nigu)
O (1= &)+ a?r + 202 — 2a00)\/Grr

(5.63)

The acoustic surface gravity is thus obtained as a function of the background metric
elements and the stationary values of the accretion variables. The surface gravity

depends explicitly on the black hole spin a.

5.8 Higher order perturbations and non-stationary
flow

Up to now, we demonstrated that the emergence of acoustic spacetime as an ana-
logue system is a natural outcome of the linear stability analysis of the relativistic
black hole accretion. It is interesting to investigate whether, in general, the emer-

gence of gravity like phenomena is a consequence of linear perturbation analysis
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only, or any complex nonlinear perturbation (of any order) of fluid may lead to the
emergent gravity phenomena. In other words, it is important to know how uni-
versal the analogue gravity phenomena is — whether black hole like spacetime can
be generated by only one means (linear perturbation) or any kind of perturbation
of general nature would lead to the construction of an analogue system. We have
briefly discussed some recent works on this topic in the concluding chapter.

We have explicitly performed the perturbation analysis to make correspondence
between the analogue gravity and the accretion astrophysics around black holes.
Various properties of the corresponding analogue spacetime, however, can be studied
by examining the stationary solutions as well, both for matter flow in spherically
symmetric as well as for axially symmetric accretion ([13, 22, 52, 53, 74, 91-93)).
It is to be noted that the correspondence between the analogue system and the
accretion astrophysics can be established through the process of linear stability
analysis of stationary integral accretion solutions. That means, only the steady state
accretion has been considered. The body of literature in accretion astrophysics is
huge and diverse, and hence there are several excellent works that exist in literature
where complete time-dependent numerical simulation has been performed to study
non-steady flow of hydrodynamic fluid including various kind of time variabilities

([58, 59, 94-123)).

119






Linear stability analysis of stationary

accretion flow in the Kerr metricl

For large scale astrophysical fluid flows, transient phenomena are not quite uncom-
mon to take place. For accreting black hole systems, any conclusion drawn based
on the results obtained using the integral stationary transonic solutions are thus
reliable only if the accretion flow under considerations happens to be steady. One
thus needs to ensure whether such steady flow is stable, at least within a reasonable
astrophysical time scale. Such cross verification can be accomplished by perturb-
ing the corresponding spacetime dependent governing equations (the Euler and the
continuity equations for the present case) governing the flow and by investigating
whether such perturbation converges (or, at least does not diverge) to ensure the
stability of such transonic accretion. In Chap. 4 and Chap. 5, we performed linear
perturbation of the accretion flow in the Kerr spacetime for isothermal and adiabatic
equation of state, resepectively. There, it was shown that the perturbation equa-
tion of the mass accretion rate (or that of the velocity potential or the relativistic
Bernoulli’s constant) has the form 9,(f*0,z1) = 0, where z; is the time-dependent

fluctuation of Linear order around background value xg of the quantity x. f*” is a

!This chapter is based on the works titled “Relativistic sonic geometry for isothermal accretion
in the Kerr metric” by M. A. Shaikh [73] and “Linear perturbations of low angular momentum
accretion flow in the Kerr metric and the corresponding emergent gravity phenomena” by M.

A. Shaikh and T. K. Das [77].
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Chapter 6. Linear stability of stationary accretion flow in the Kerr metric

2 x 2 symmetric matrix. In order to show that the stationary solutions are stable,
one has to show that the amplitude of the fluctuation x(¢,r) does not diverge.
Below, we seek to perform an analysis of the perturbation equation to understand
the behaviour of the fluctuation and hence to check the stability of the stationary
solutions.

First, we take the case of an isothermal accretion flow discussed in Chap. 4. We
have derived the wave equation describing the propagation of the linear perturbation
of velocity potential, mass accretion rate and the relativistic Bernoulli’s constant in
Eq. (4.23), (4.41) and (4.55), respectively. These equations can be further studied to
understand the stability of the stationary accretion solutions. As the wave equations
have similar forms, let us study one case, say for the velocity potential, and use the
results accordingly for other cases.

Let us take the trial solution as
(r,t) = Pw(r)em, (6.1)

using this trial solution in the wave equation 0,(f"*'0,11) = 0, where f* is equal

to f},” given by Eq. (4.24), provides

—wW? f'P, 4 iw[f" 0, P, + 0,.(f"P,)] + 0,(f0.P,) = 0. (6.2)

6.1 Standing wave analysis

For standing wave to form there must be two nodes, one at some inner point r; and
another at some outer point ry, such that at these two points we have P, (r;) =0 =
P,(ry). In other words the perturbation must vanish for all times at two different
radii. Multiplying the Eq. (6.2) by P,(r) and integrating the resulting equation
between r; and ry gives
ro ro ro
w2/ P2fidr — iw/ o.[f"" P2)dr —/ [P,0.(f"0.P,)|dr = 0. (6.3)
i i r

The middle term in the above equation does not contribute as at the boundary r;

and r9, P, vanishes. Integrating the last term by parts, the Eq. (6.3) can be written
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6.1. Standing wave analysis

as
T2 T2
W / P2ftdr + / £ (0, P)2dr = 0, (6.4)
and thus we get
" f(0,.P,)
w? = f f : (6.5)
f f“Per

One thing to be noticed is that the inner boundary condition P,(r;) = 0 may be
satisfied only if the accretor has a physical surface. In that case, the outer boundary
could be located at the source from which the accreting material is coming and the
inner boundary could be located at the surface of the accretor which is accreting
the material (see Petterson [62]). Also, the flow should be continuous in the whole
range in between these two boundary points. If the accretor is a neutron star then
the surface (where the inner boundary with vanishing perturbation is to be located)
should be separated from a possible supersonic region by a shock formation. This
would imply that the solution, in that case, would not be continuous in the range
between the outer boundary point and the surface of the neutron star and therefore
standing wave analysis could not be performed. Also in the black hole accretion,
the flow enters the horizon supersonically ([30, 60]) and there is no mechanism to
make the perturbation vanish and therefore the above-mentioned requirements are
not expected to be fulfilled and hence standing wave may not be formed in the
context of black hole accretion. Also, the flow has to be subsonic for the whole
range as transonic flow would contain a horizon from which the reflected wave
cannot come out and superpose with the wave in the outer region. Therefore the
standing wave analysis, which relies on the continuity of the solution, is restricted
to only subsonic flows. However, provided that the flow is subsonic in a particular
astrophysical system (e.g., in case of accretion onto a Newtonian star, depending
on the location of the surface of the star, the accretion flow may be subsonic for
all radial distance and hit the surface of the star subsonically [42]) we can study
Eq. (6.5) to understand the nature of w. The stability analysis for accretion onto
a compact object in flat spacetime was done by Petterson et al [62] where the flow

was considered to be subsonic.
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From Eq. (4.24), f% for velocity potential is given by

prm R g e (1- 5 )| (6.6

Po s

as g > 0 and ¢ < 1 we find that f% > 0. Now f™" is given by

= —‘/?_?0 {g”’ + (vp)? (1 - (;12)} . (6.7)

Po s

Using Eq. (4.5), the terms inside the square bracket can be written as

b (1o ) (63)

grr(1 = ug C_g
(1—u2) + a2 (1— %)
N 9rr(1 — uj) o
u2
)
= m (6.10)
> 0. (6.11)

Thus f" < 0 and hence w? > 0. Therefore w has two real roots and the trial
solution is oscillatory and the stationary accretion solution is stable against the
assumed perturbations. We have used the fact that the flow is subsonic to get
f < 0. Same result is also applicable for the relativistic Bernoulli’s constant. It

is easy to show that the conclusion also holds for the mass accretion rate.

6.2 Traveling wave analysis

Following Petterson et al [62], we study the traveling waves whose wavelengths are
small compared to the smallest length scale in the system. In case of black hole
accretion, this may be the radius of the event horizon of the black hole. Therefore,
for such wave, the frequency is large and hence the trial solution may be taken as

the power series of the form

P,(r) =exp [Z k”—(T)I . (6.12)

124



6.2. Traveling wave analysis

We substitute the trail solution in Eq. (6.2) and find out leading order terms by
equating the coefficients of individual power of w to zero. Thus we get
coefficient of w? : f"(9,k_1)* + 2if"0,k_1 — f1* =0, (6.13)
coefficient of w : f™ [0%k_1 + 20,k_1ko] + i[2f D, ko
+0,. [ + 0, [0 k_1 =0, (6.14)

coefficient of w® : [ [02kg + 20,k_10,k1 + (0,ko)?]

+0, [ Opko + 20 f" O k1 = 0. (6.15)
Eq. (6.13) gives
k() =i / - \/(JJ::)Q =S, (6.16)
using k_q(r) from Eq. (6.16) in Eq. (6.14) gives
ko(r) = —% In[v/(ft)2 — fitfrr] + constatnt (6.17)

and using Eq. (6.16) and (6.17) in Eq. (6.15) gives

:l:z ar(fTTark()) + frr<8rk0)2d
2 / \/(ftr)2 _ fttfrr "

Now for the case velocity potential (Eq. (4.24)) or relativistic Bernoulli’s constant

((Eq. (4.56)))

k’l (’I“) =

(6.18)

2
V—gH
detfw/ _ fttfrr o (frt)Q — ( 62%1 0) F (619)
Po’
and for the case of mass accretion rate (Eq. (4.43))
T2\ 2

det f*v = tt prr rt\2 <M) JT_" 6.20
=g = = (G (6.20

where vy is the stationary value of v; given by Eq. (4.7) and v, and v} are stationary
values of v" and v’ given by Eq. (4.5) and (4.6), respectively, and

F= =g + (1= ) (9" () + g ()] (6.21)

s

We can further express F in terms of A\, ug and the background metric elements as

2
ot
_ 9oe (1-¢)) (1 + )\O!J«w) 2
F=- 5 1+ 5 3 — Up . (6.22)
Grr(Gpsgu + g¢t) c2(1 —up) (1 + 2\ L2t — )%&)
9o 9o
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F is negative everywhere. This can be understood in the following way: The
expression of v' from Eq. (4.6) requires Gos T 2X096t — )\ggtt > 0 in order that v? is

real. Which can be rewritten as

2 2
(1 + AO@) — N (ﬁ + &> >0, (6.23)

oo 93@ 9o
or
2
g g g
0<1—22[(Z2 + )/ + 2022 < 1. (6.24)
oo  9o¢ 9o¢
Therefore
(14 AoZet)? 1
(1 + 2)\ 9ot g¢¢)\2 gtt ) = g2 > 1 (625)
Voo~ 00s) L[5 )/ Mgt )

using the fact that u2 < 1 and ¢? < 1 it is easy to see that F is negative everywhere.
Thus k_1(r) and k;(r) are purely imaginary. Therefore the leading contribution to
the amplitude of the wave comes from kq(r). Thus considering the first three terms

in the expansion in Eq. (6.12) the amplitude of the wave can be approximated as

2 1 ~ 2 i
2ci—2 | 4 t
ViU A 1
11| = [&1] = [/)0 ] oWl = ( . ) (6.26)

gHEF grhc2 | —F

The trial solution in Eq. (6.12) with the frequency w > 1 ensures that contribution
from the higher order terms will be very small. The amplitude given by Eq. (6.26)
is bounded for finite values of the stationary variables and the solution is therefore
expected to be stable.

A robust way to ensure that the trial solution does not diverge and is stable, is to
check whether the power series in Eq. (6.12) converge or not, i.e., we have to show
\kn/w™| > |kpo1/w™ . As the frequency is very large w > 1, the contributions
from higher order terms are very small. Thus it should suffice to show that |wk_;| >
|ko| > |k1/wl|. k_1, ko, k1 are complicated functions of the accretion variables and
thus it is not possible to have an analytic form. However, we can find the spatial
dependence at large distance r — oo where the spacetime is effectively Newtonian.
From the constancy of the mass accretion rate we have vf oc 1/(por?). At the

asymptotic limit pg approaches its constant ambient value p,, and hence at r — oo,
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vf.,  1/r?. The sound speed is constant for isothermal flow. v§ ~ 1 and vy ~ —1.
Also Ay o (v5)?. We remeber that for conical flow Hy = constant and § = —r* on
the equatorial plane. Thus, In this asymptotic limit, for all the three perturbation

cases, we have
Pl et PO (T = T (6.27)

which gives k_1 ~ 7, kg ~ Inr and k; ~ 1/r. Therefore, the sequence converges in
the leading order at least at large 7.

The perturbation equation and the f* elements has exactly the same form for
an adiabatic flow (which we discussed in Chap. 5 considering only the case of mass
accretion rate) as those for an isothermal flow. Therefore, it is trivial to repeat the
same analysis for an adiabatic accretion flow in the Kerr metric which gives the
same result as discussed above.

We followed a linear perturbation scheme to obtain the perturbation equation as
well as the emergent relativistic acoustic geometry embedded within the accretion
flow in Chap. 4 and 5. In this chapter we used those perturbation equations to
check whether the background steady state of such flow is stable. This implies
that the emergent gravity phenomena are a natural outcome of the linear stability
analysis of transonic accretion.

In our present work, we limit our stability analysis procedure within a purely
analytical framework and did not opt for any numerical studies in this aspect. There
are, however, a number of works exist in the literature (for some recent works, see
[124-127]) which studies, fully numerically, the stability analysis of spherically or
axially symmetric black hole accretion in two or three dimensions. We, however,
did not concentrate on such approach since our main motivation was to explore how
the emergent gravity phenomena can be observed through the stability analysis of

steady-state solutions of hydrodynamic accretion.
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Effective sound speed in
relativistic accretion discs around

Schwarzschild black holes!

7.1 Introduction

Accretion flows onto astrophysical black holes are supposed to exhibit transonic
properties in general [30, 60, 61]. For low angular momentum, practically invis-
cid, axially symmetric accretion, sonic transition may take place at more than one
locations on the equatorial plane of the disc and such multi-transonic flow may ac-
commodate steady, standing shock transition as discussed in Chap. 3, 4 and 5 [30,
32-59, 129]. Properties of the shocked multi-transonic accretion are usually studied
for three different geometrical configurations of accreting matter. These goemetric
configurations have been discussed in the previous chapters (also see, e.g, [41, 92,
93, 130, 131] for the details of such geometric configurations.)

Among those three, one particular configuration, namely the accretion in hydro-
static equilibrium along the vertical direction, exhibits certain peculiar features.

For such flow geometry, the Mach number at the critical points of the flow may not

!This chapter is based on the work titled “Effective sound speed in relativistic accretion discs

around Schwarzschild black holes” by M. A. Shaikh, S. Maity, S. Nag and T. K. Das [128].
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become unity [36, 48, 53, 56, 93, 132] and hence the critical points may not be con-
sidered as sonic points. For accretion under the influence of various post-Newtonian
pseudo-Schwarzschild or pseudo-Kerr black hole potentials, critical points for poly-
tropic flow are formed at a location different from that of sonic points. For isother-
mal accretion under the influence of post-Newtonian black hole potentials, critical
points and sonic points are, however, isomorphic. The amount of deviation of the
value of the Mach number from unity, remains the same for both the saddle type
sonic points for multi-transonic shocked polytropic flows under the influence of post-
Newtonian potentials, and such deviations depends only on 7, where 7y is the ratio
of the specific heats evaluated at constant pressure and at constant volume, respec-
tively. For general relativistic accretion in the Schwarzschild or the Kerr metric,
even for the isothermal flow the sonic point and the critical point can be located at
two different radial coordinates on the equatorial plane as measured from center of
the accretor. The amount of deviation of the value of the Mach number (evaluated
at the critical point) from unity, may be found to be different for two different sonic

points for multi-transonic flows.

Such non-isomorphism of critical points and sonic points, i.e, the fact that their
locations may differ, may introduce various complexities while dealing with the
multi transonic flow profile and related astrophysical phenomena. While plotting the
stationary transonic integral solutions onto the Mach number versus radial distance
phase portrait, phase orbits corresponding to the inwardly directed accretion and
outward directed wind solutions intersect at the critical point. If the location of
the critical point and its corresponding sonic point form at different locations, the
subsonic and supersonic branches are found not to be identical with two branches

of the phase orbits located at two sides of the critical points.

The critical points are obtained using the critical point analysis method — a
technique borrowed from the dynamical systems theory. For many of the accretion
scenarios, it may be possible to locate the critical points analytically (see [133] and
references therein). Using certain eigenvalue techniques, one becomes able to gain,

completely analytically, qualitative ideas about the phase portrait of the transonic
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flow structure close to the critical point [134-138]. If a sonic point is located at a
distance different from that of the critical point, one needs to numerically integrate
the flow equations, starting from the critical point, up to that particular point where
the Mach number becomes unity. The elegance of the analytical eigenvalue-based
methods is thus lost if a critical point and a sonic point are different. One needs to
take recourse only to the complicated numerical techniques to have ideas about the

subsonic and supersonic branches in the phase plot.

Accreting black hole systems have been studied from the perspective of emergent
gravity phenomena in the previous chapters for accretion in the Schwarzschild and
the Kerr metric to understand how such systems can be perceived as an interesting
example of classical analogue model naturally found in the universe. Other studies
could be also found, for example, in [13, 22, 52, 53, 64, 73, 74, 77, 91-93, 139]. For
such work also, the non-isomorphism between the critical and the sonic point may
enhance the complexity involved with the solution scheme. The Mach number at
the acoustic horizons should necessarily be unity, which requires the introduction of
the numerical solution scheme to obtain the integral stationary flow solutions. Had
it been the situation that the Mach number would be unity at the critical point
an elegant analytical method could perhaps be employed to compute the value of

acoustic surface gravity and related quantities, evaluated at sonic horizons.

The aforementioned discussions demand that it is imperative to introduce certain
effective sound speed for which the effective Mach number evaluated at the critical
points would be unity and the critical points and sonic points will be isomorphic.
This will greatly reduce the complexity involved in employing numerical solution
schemes for construction of the phase portrait and many other quantities relevant
to the astrophysics of transonic black hole accretion and analogue gravity phenom-
ena. The concept of effective sound speed has been discussed in the literature for
accretion flows under the influence of post-Newtonian pseudo-Schwarzschild black
hole potentials [51, 132]. In the present work, we will provide a novel perturbative
approach to introduce the concept of effective dynamical sound speeds embedded

within the general relativistic, axially symmetric accretion flow maintained in the
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hydrostatic equilibrium along the vertical direction.

We consider three different expressions for disc thickness as proposed by Novikov
& Thorne [70], by Riffert & Herold [71] and by Abramowicz et al [72] to describe
the accretion disc in hydrostatic equilibrium along the vertical direction in the
Schwarzschild metric. For each of these three disc heights, we construct the time-
independent Euler and the continuity equations. We solve such equations to find
the corresponding first integrals of motion. For polytropic accretion, such first
integrals are the total specific energy and the mass accretion rate ¥y. The polytropic
accretion is parametrized by the specific energy £39, the specific angular momentum
Ao, and the adiabatic index . A three-parameter set [, Ao, 7] where &2, Mo,y
are all constants, is taken to describe the flow and to solve the corresponding flow
equations. For the isothermal accretion, two first integrals of motion are quasi-
specific energy &,°°(which is the integral solution of the time-independent part of
the relativistic Euler equation) and the mass accretion rate Wy. An isothermal flow

is parametrized by [T, o], where T and )\ are the conserved flow temperature and

the constant specific angular momentum, respectively.

For all these three disc heights, we calculate for polytropic flow, the space gradient
of the dynamical velocity and stationary sound speed, i.e., u( and ¢, respectively.
The ‘dash’ represents single derivative with respect to the radial coordinate r, as
usual. From the expressions for ug" and ¢y, we evaluate the critical point conditions
and compute the value of Mach number at the critical point. We show that the
value of Mach number at the critical point is not unity and write down what would
be the effective sound speed for which the Mach number at the critical point would

have resumed the value unity.

We then linear perturb the full time-dependent Euler and continuity equation fol-
lowing the same method as described in the previous chapters. Such perturbations
lead to the formation of the acoustic spacetime metric. The acoustic metric governs
the dynamics of propagation of linear perturbation inside the background fluid (the
fluid which composes the accretion disc). We then construct the corresponding wave

equation for the propagation of such linear perturbation and calculate the speed of
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propagation of linear acoustic perturbation. We finally show that if we substitute
the usual stationary sound speed ¢, by the suitable form of the speed of propaga-
tion of linear acoustic perturbation, then the Mach number at the critical points
becomes unity. Hence we establish that certain representation of the ‘dynamical
sound speed’ (the speed of propagation of linear acoustic perturbation obtained
through the dynamical stability analysis of the full spacetime-dependent fluid equa-
tions) should actually be considered as the effective speed of sound propagation
along the equatorial plane of the black hole accretion disc. If one replaces the usual
static sound speed by the aforementioned effective dynamical sound speed, the crit-
ical points always coincide with the sonic points and all the complexities originating

from the non-isomorphism of the critical and the sonic points get resolved.

For isothermal flow, we perform the same operation for finding the Mach number
at the critical points corresponding to the three different disc heights. We find
that unlike the adiabatic accretion for which the accretion disc characterized by
all three disc heights would produce a mismatch between the critical and the sonic
points, for isothermal flow, accretion disc characterized by only one expression of
disc height (proposed by Abramowicz et al [72]) produces the non-isomorphism
between the critical and the sonic points. For accretion characterized by the other
two expressions of disc heights (as proposed by Novikov & Thorne and Riffert &
Herold [70, 71]), the location of the critical and the sonic points are found to be the

same.

In section 7.2, we present the basic equations governing the general relativistic
accretion flow and introduce relevant thermodynamic quantities. In section 7.3,
we find out the conditions for critical points for the three different disc models
of vertical equilibrium for adiabatic as well as the isothermal equation of state.
In section 7.4, we derive the acoustic spacetime metric by linear perturbing the
accretion flow equations. Finally in section 7.5, using the acoustic spacetime metric
we obtain the effective speed, ¢S, of the propagation of the acoustic perturbations.

This suggests that at the critical point one always have u2 = cs%ﬂ2.
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7.2 Governing equations

We consider an inviscid axially symmetric irrotational accretion flow accreting onto
a Schwarzschild black hole. The background spacetime metric is given by Eq. (3.1)
with the metric elements given by Eq. (3.2). The energy momentum tensor for a
perfect fluid is given by Eq. (3.3). The equation of state for adiabatic flow is given
by p = kp” where k is a constant. Whereas for isothermal case p o< p. The sound
speed for adiabatic flow (isoentropic flow) is given by Eq. (5.3) and the sound speed
for isothermal flow is defined by Eq. (3.8).

The mass conservation equation and the energy-momentum conservation equa-
tions are given by Eq. (3.4) and Eq. (3.5), respectively. Using the expression for
the sound speed, the energy momentum conservation equation can be written in

the following form

2
VIV 0" + C—S(v“v” +¢")0,p =0, (7.1)

P
where ¢, for adiabatic case and isothermal case are given by Eq. (5.3) and Eq.

(3.8), respectively.

7.3 Accretion disc models and critical points

The procedure to find the critical points have been discussed in Chap. 3, 4 and
5. Here we provide a brief description of the method. To find the critical points
of the accretion flow, we have to find the expression of the gradient of the advec-
tive velocity ug, i.e., the expression of u( for stationary accretion flow. In order
to do that, we need two constant integrals of the stationary flow. The first one
comes from the continuity equation and the second one comes from the momentum
conservation equation. For convenience, one then performs a vertical averaging of
the flow equations by integrating over 6 and the resultant equation is described by
the flow variables defined on the equatorial plane (6 = 7/2). In addition one also
integrates over ¢ which gives a factor of 27 due to the axial symmetry of the flow.

Thus in case of stationary (¢-independent) and axially symmetric (¢-independent)
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flow with averaged v? ~ 0, the continuity equation can be written as

0 -,
E(MHW —gpovy) = 0, (7.2)

where, as before, the factor Hy arises due to the vertical averaging and is the
local angular scale of flow. Remember that the actual local flow thickness H(r) is
related to the angular scale of the flow Hy as Hy = H(r)/r, where r is the radial

distance along the equatorial plane from the center of the disc. g is the value of the

determinant of the metric g,, on the equatorial plane, § = det(gu )|o=r/2 = —rt,
The equation (7.2) gives the mass accretion rate ¥ as
Uy = 4dm\/—gHypovy = 4mH (r)rpovy. (7.3)

The t,r component of the four velocity, v!,v", are given in terms of uy and \g =
—Ugo /U0 in Eq. (3.116) and (3.117), respectively. A is the specific angular momen-
tum of the fluid and is a constant for stationary flow. Thus, using g,. = r?/A with

A =r(r—2), ¥q can be written as

Ug

\/l—u%'

For adiabatic flow, we define a new quantity = from ¥, by multiplying it with

Wy = 4 H(r)AY?p, (7.4)

(vk)wlj = is a measure of entropy accretion rate and typically called as the entropy

accretion rate. Expressing pg in terms of v, k and ¢y finally gives
= G )"y H(r)AY?2 20 tant (7.5)
== ——% mH(r ———— = constant, )
1 —nck V1=l

where we have used n = 1/(y —1). The second conserved quantity can be obtained
from the time-component of the relativistic Euler equation (7.1) which for stationary

adiabatic case gives
£ = —hguy = constant, (7.6)
and for stationary isothermal case gives

. 2
50180 = —p(C)SO”UtO = COHStant, (77)
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where ¢y is a constant for isothermal flow. vy can be further expressed in terms of

Uy as
A
_ 78
v B(1 —u3)’ (7.8)
where B = g4y — Ngi. Thus
1 A
ad
_ 7.9
S 1—nc% \| B(1—ud)’ (7.9)
and
o _ % 2 7.10

For adiabatic flow, the expression for u{ can be derived by using the expression
of the two quantities, = and £ given by equation (7.5) and (7.9), respectively.
Taking logarithmic derivative of both sides of equation (7.9) gives the gradient of
sound speed as

1—n62 (7 du 1 A/ B/
71 ad s0 0 0
< — —_ = — - — . 7.11
CO‘ chso [1—11(2) dr 2 (A B)] ( )

For isothermal flow, we make use of equation (7.4) and (7.10). Taking logarithmic

derivative of the equation (7.10) we can find pj/py as

50 1 Uo duo 1 A’ B’
= —— —+t-|l——= |- 12
% [1—ug dr+2(A B (7.12)

Below we discuss different models of vertical structure of accretion disc and the

ro
£o

corresponding critical point conditions for stationary accretion flow in such model

of accretion disc.

7.3.1 Models of accretion disc under vertical equilibrium

In the beginning of the current section we mentioned that for accretion disc flow, in
order for the governing equation to be written in terms of the variables evaluated at
the equatorial plane, the equations are vertically averaged which introduces the disc

height H(r) or equivalently the local angular scale of the flow Hy in the resulting

136



7.3. Accretion disc models and critical points

equations. Thus in order to solve for the accretion flow profile, we need to have an
expression for the local thickness of the accretion disc. In our present work, we are
concerned with accretion disc which is under hydrostatic equilibrium in the vertical
direction. In Newtonian accretion flow, for accretion disc under vertical equilibrium,
the disc height calculation is a rather straightforward work of balancing the pressure
gradient in the vertical direction with the component of the Newtonian gravitational

force in the vertical direction.

In case of a general relativistic accretion disc around a black hole, one needs to
incorporate the general relativistic effects on the balancing of pressure gradient and
gravitational force. Historically there have been three such general relativistic mod-
els of disc height which incorporated the general relativistic effects. The first of such
prescriptions of disc height was given by Novikov & Thorne [70]. In deriving the
expression for the disc height, [70] replaced the Newtonian formula for acceleration
by the vertical acceleration which is calculated from the Riemann tensor R3,, given
in [82] and transformed to the local tetrad. A relatively improved expression was
given by Riffert & Herold [71] who derived the gravity-pressure balance equation it-
self by imposing two particular orthonormality condition on the vertical component
of the Euler equation. However, both the disc models of [70] and that of [71] do not
apply below r = 3 (in the units we are working with) where the disc height becomes
zero. Thus the disc height expressions are not valid up to the horizon r = 2 (for
a Schwarzschild black hole). [72] provided an expression for the disc height which
is regular up to the horizon. Abramowicz et al [72] derived the equation directly
from the relativistic Euler equation and no additional simplifying assumptions were

made.

In the following, we work with the above mentioned three prescriptions of disc
heights for general relativistic accretion disc under hydrostatic equilibrium in the

vertical direction around Schwarzschild black holes.
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7.3.2 Novikov-Thorne (NT)

The expression for the disc height as derived by [70] for accretion disc around

Schwarzschild black hole could be given by

/ [r—3
Hxr(r) = %2703/2 Rt (7.13)

7.3.2.1 Adiabatic case

For adiabatic equation of state, po/py can be written as

2
Po n Cs0

20 ] .14
P (n+1) (1—nC§o) (7-14)

Thus we can write H(r) as

Hyal) = (2 )1/2 <—>/f() (7.15)

n+1 1 —nc

S

where fnr(r) = r¥2y/(r —3)/(r —2). Using this expression of H(r), Z for this

model can be written as

2n+1

2 2
=4/ AT A ——— . 7.16
NT n 1 (1_7%?0) ™ él_u%fNT(T) ( )

Taking logarithmic derivative of both sides of the above equation and substituting

[1]-

.y using Eq. (7.11) gives

’ / ’ ’

1 — 2 2n_ 2 (A" | JNT 1B _ A
] uo(1 —ug) | 30470 (ox + Fan) T 3(F — &) N
0l NT — uz G2 - Dad :
[ NT

(7.17)

The critical points are obtained from the condition D 3. = 0 which gives u2|, =

cio/(1+ (1/2n))|c or

2
c -1
udl. = 1Ci|ﬂ’ where [ = 77 (7.18)
7.3.2.2 Isothermal case

For isothermal equation of state, p = kop (ko is a constant), the disc height is given

by

- r—3
Hyr = \/k—or3/2\/ o Vo fxr(r). (7.19)
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Therefore, the mass accretion rate is given by

. U
\ i\SIOT = 471'\/ koAl/on\/%fNT(T). (720)

Taking logarithmic derivative of the above equation with respect to r and substi-

tuting py/po using equation (7.12) gives

2 2 ([ A’ 1 (B A .
;o Uo(l—ug) [Cso (f%Jrﬁ) +3 (% A)} Nis
U] NT — =

= —. 7.21
TR D e

Thus critical points are given by the condition D £ = 0, which gives

u(2)|c = C§0|C'

(7.22)

7.3.3 Riffert-Herold (RH)

RH [71] improved the result obtained by NT. The modified expression for the disc
height is given by

Hgu(r) = 2\/%"3/2 \/g (7.23)

7.3.3.1 Adiabatic case

n 1/2 C2 1/2

where fry = 2rv/r —3. Hgu(r) has the same form as that of H yr. Therefore,

the expression for uj, can be derived similarly which gives

uo(1 = ) [ 52l (8 + ) + L(% - &)

d J ru B A N?{(Ii{

up| par = R = T (7.25)

o =3 o RH
Setting D 24, = 0 gives the critical point condition as
2
2 Cole 7-1
Ugle = ,  where _ 7.26
Olc 1+ /8 2 ( )
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7.3.3.2 Isothermal case

Following the same procedure as given in section 7.3.2.2, v for isothermal equation

of state would be given by

f’ / ’ ’ )
u(l—ud) [ (f2+ &)+ 15 -2)] v

2 2 - iso
Uy — Cso D Rh

iso

“6| RH —

(7.27)

which gives the critical point condition as u? = c2,.

7.3.4 Abramowicz-Lanza-Percival (ALP)

The expression for the disc height as given by [72] can be written as

1 2 [pr?
Hir) = 2,2, P :\/i P12 7.28
()= Var \/;|U¢o! Oé\/;)\o 1o (7.28)

where we have used vy = —Agvy.

7.3.4.1 Adibatic case

Using the above expression for the disc height the entropy accretion rate can be

written as

2n+1
2 )
- [ n Coo r
= = 5 —A47V2Buyg. 7.29
ALP n+1 <1—nc§0> Ao T o ( )

Taking logarithmic derivative of the above equation with respect to r and substi-

tuting ¢, using equation (7.11) gives the expression for the gradient of advective

velocity as

2 — ) |82 2l (A B
d CSOUO(]‘ uO) |:QB + r 4nc? (A B )i| N ad
7 a o s0 _ ALP (7 30)
Ugl ALp = 2 - ad ° :
(2n+1 s ) w2 — — S0 D3p
2n s0 0 1+%+c§0

Setting D &1, = 0 gives the critical point condition as

2
—1
. b= 77 + ¢ (7.31)

Cs0

1+

ug|c =

c
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7.3.4.2 lIsothermal case

The disc height for isothermal case, with the equation of state p = kyp , would be

given by

H(r) = \/g\/k_oi—zw /1—ul. (7.32)

For isothermal case, the mass accretion rate can be written as
R, = po\/E/\—ZLW\/QBuO. (7.33)
0

Taking logarithmic derivative of the above equation with respect to r and substi-

tuting pp/po using equation (7.12) gives

2 2\ [ B | 2 1 (A B .

/| iso CSOUO(l B UO) 28 + o % (K B E)i| NfEP
ol aLp = 5 2, = o (7.34)

(14 c2)(1— 1+SC§O) ALP

Setting D 9, give the critical point condition as
2 CQO 2 ( )
S
uy = . B=cy. 7.35
14 8], B

Thus we summarize the results obtained for different vertical equilibrium disc mod-
els and equations of states as follows. The critical points for any disc model and

equation of state are obtained from the condition

o (7.36)
1+45],’ ‘

ug|c =

where 3 depends on the disc model and the equation state. We give the values of

g in table 7.1.

7.4 Acoustic spacetime metric

In this section, we derive the acoustic spacetime metric by linear perturbing the
equations governing the accretion flow. Following standard linear perturbation

analysis, we write the time-dependent accretion variables, for example, the velocity
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Accretion disc models [ for isothermal [ for adiabaic

equation of state equation of state

Novikov & Thorne (NT) 0 7T_l
Riffert & Herold (RH) 0 %1
Abramowicz Lanza & Percival 2, e
(ALP)

Table 7.1: Values of g for different disc structure models. Critical point condition

Cgo‘c

is given by ud|. = 5

components and density, as small time-dependent fluctuations about their station-

ary values. Therefore,

vi(r,t) = vg(r) +vi(r, 1),
v (r,t) = vi(r) + vi(r,t), (7.37)
p(r,t) = po(r) + pr(r, 1),
where the quantities with subscript ‘1’ are the small time-dependent perturbations
about the stationary quantity denoted by subscript ‘0. We define a new variable

U = 4dm\/—gp(r,t)v"(r,t) Hy which is equal to the stationary mass accretion rate for

the stationary accretion flow and hence
\I/(T', t) = ‘IIO + \Ifl(’[”, t)a (738)

where W is the stationary mass accretion rate defined in equation (7.3). The
geometric factor 47 is just a constant and therefore, we can redefine the mass
accretion rate W as simply W = \/—gp(r, t)v"(r, t) Hy without any loss of generality.

Using the equations (7.37) we get

U, =/ —g[plnggo + pOUqu@O + pOUSHel]‘ (739)

It could be noticed that the perturbation W, contains a term which is the pertur-
bation of Hy. We remember that Hy is the local angular scale of the flow and is

related to the local flow thickness H(r) as Hyp = H(r)/r. The expressions for the
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disc thickness for vertical equilibrium model of Novikov-Thorne, Riffert-Herold and
Abramowicz-Lanza-Percival are given by equation (7.13), (7.23) and (7.28), respec-
tively. These expression contains p/p and further analysis needs an equation of
state. Below we perform the analysis for adiabatic equation of state and isothermal

equation of state.

7.4.1 Acoustic metric for adiabatic flow

For adiabatic flow, pressure is given by p = kp”. The enthalpy can be thus written
as
VP
h=1+——=, (7.40)
y—1p
and the perturbation h; can be written as

h 2
hl = OCSO P1- (741)
Po

We assume the accretion flow to be irrotational. Irrotationality condition provides

the following equation for adiabatic flow [6]
Iy (hv,) — 0, (hv,) = 0. (7.42)

The above equation along with the spherical symmetry of the flow (which implies
Jdy = 0) provide the conserved quantity hv, = constant. Thus, using equation

(7.41) one obtains

2
VpoC

Vg = — 20 (7.43)
Po

Linear perturbing the equation given by normalization condition, i.e., v, 0" = —1

and using v{ = (1/gss)vs1 gives the perturbation of v in terms of v} and p; as

0)\2,.2
t r o grrvg d . 9¢¢(U¢) Cso
V] = QU] + Qopr, Qp = — an Qg = ——————.

7.44
gtt’U6 gttvépo ( )

We express Hy; in terms of perturbations of other quantities. For Novikov-Thorne

and Riffert-Herold, we get

Hyy _ <7f—»1> p1 (7.45)

Hyo 2 po’
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and for Abramowicz-Lanza-Percival, we have

Hy, < 2 v 1) P1
— =+ — ) —. 7.46
0 2 00 ( )
Thus the expressions for different vertical equilibrium disc models can be given by

an single equation as

Hor _ gt (7.47)

Hagqg po’
where [ for different disc models for adiabatic equation of state are given in Table
7.1. Using this expression of Hy;, we derive the acoustic metric for the three differ-

ent disc models in a combined way.

The continuity equation for vertically averaged accretion flow takes the form

0i(v/=gpv'Hy) + 0,(v/=gpv"Hy) = 0. (7.48)

Using equation (7.37) and (7.38) in the above equation and further using equation
(7.44) and (7.47) provides

(97»\111 (&%) ’Ué aq
=—|¢«—=+1 0] — oy | . 7.49
{2 ars o+ Sou (7.49)

Differentiating equation (7.39) with respect to ¢ and using equation (7.47) gives

AN Opr 1
= (14 B)—— + —0o'. 7.50
22+ S (7.50)

Equation (7.49) and (7.50) could be used to express d;v] and O;p; entirely in terms

of derivatives of Wy. This provides

8 VY 1 6 \111 r 8r\111
;61 = A {{gtt(vé)Q(l + 5) - g¢¢(vg))20§0} :I’—o + (1 + 5)gttUoU6\Ij—0 ) (7‘51)
and
Ovp1 1 2375\1/1 t 0,0y
e T2t TR Tt 2 .52
0 A gu(vp) 7, + 91Uy U, | (7.52)
where A is given by
A=(1+0)+ (148 — c)gos(v))*. (7.53)
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The temporal component of the Euler equation (7.1) for axially symmetric flow can

be written as

2 2 2
vt ot + C_;O {grr(vr) ;;tg¢¢(v¢) }5t,0 L0, {In(hv,)} = 0. (7.54)

Differentiating the above equation with respect to ¢t and using the perturbation

equations (7.37), (7.41) and (7.44) provides

2 2
) (O‘—jatv{> +0, (alcs atpl) +0, (O‘—jatu;) +0, { (O‘—f + C—) atpl} — 0. (7.55)
(2 £0 2 Yo Po

Finally substituting d;v] and 9;p; in the above equation using equation (7.51) and

(7.52), respectively, gives the following equation
O, (F*0,¥q) =0, (7.56)

where p, v run from 0 to 1. 0 stands for ¢ and 1 stands for r. The matrix F* is

symmetric and is given by

_ gty | 9"+ (L= F0)® vpup(1 =) (7.57)
= & . .
vpAA urvh(1 — S2) g7+ (1 — 45

€50 s0

Fr

—_

The equation (7.56) describes the propagation of the perturbation W;. Equation
(7.56) mimics the wave equation of a massless scalar field ¢ in curved spacetime.
Thus, following the similar procedure as discussed in the previous chapters, the

acoustic metric G, is obtained to be given by

—g" = (1= F) W) (1 - E)

G = k(r) o Lo : (7.58)
vhvp(1 — 7) g" = (1= Z)(vf)?

where k(r) is some conformal factor arising due to the process of inverting G*¥ in
order to obtain G,,. For our current purpose we do not need to find the exact
expression for k(r). In the following section we will be using equation (7.58) to

solve for the null acoustic geodesic.

7.4.2 Acoustic metric for isothermal flow

The procedure to derive the acoustic metric for isothermal flow is exactly the same

as laid out in the previous section 7.4.1. The differences comes from the difference in
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the equation of state. For isothermal equation of state, p/p = constant. The sound
speed is defined by equation (3.8). The irrotationality condition for isothermal flow

is given by [64]
0u(pv,) = 0 (™) = 0, (7.59)

where the sound speed ¢, is a constant for isothermal flow. Using the above equation

and the axial symmetry of the flow provides

2

p“vs = constant. (7.60)

Linear perturbation of the above equation leads to the same equation as equation

(7.43) with ¢, now a constant. The perturbation of Hy gives

Hpy, P1
=gt 7.61
Hyo Po (7.61)

where [ for isothermal flow for different model is given is Table 7.1. The detailed
derivation of acoustic metric for isothermal flow for vertical equilibrium model of
ALP could be found in [64]. The other models follows the same. This leads to the
acoustic metric which has the same form as given in equation (7.58) with the only

difference is that the sound speed ¢, is a constant for the isothermal case.

7.5 Effective speed of acoustic perturbation

The acoustic metric for general relativistic axially symmetric disc in Schwarzschild
spacetime was derived in the previous section for adiabatic and isothermal flow
which is given by equation (7.58). From the acoustic metric given by equation
(7.58), one can find out the location of the acoustic horizon. In analogy to the
black hole event horizon in general relativity, the acoustic horizon can be defined as
a null surface which acts like a one-way membrane for the acoustic perturbation. In
other words, the acoustic perturbations inside the acoustic horizon cannot escape
to the outside. For transonic flow, the transonic surface where bulk velocity and
speed of acoustic perturbations becomes equal should act like such horizon. Because

once the matter flow becomes supersonic, any acoustic perturbations will be dragged
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along the medium and hence the perturbation cannot escape to the subsonic region.
If a surface » = constant is the horizon, then the condition that the surface is null

with respect to the metric G, provides
Gnt'n” =0, (7.62)

where n, = 4, is the normal to the surface r = constant [12]. Thus G'" = 0
gives the location of the sonic horizon. Therefore, in terms of ug, the location of
the sonic or acoustic horizon is given by u2 = ¢%,/(1 + ). However, as argued
earlier, the acoustic horizon is basically the transonic surface which in turn implies
that the effective speed of the acoustic perturbation is ¢Sl = c4/+/1+ 8. Now, in
section 7.3, we showed that the critical point conditions for the different models and
equations of state can be written in a single form as u2 = ¢,/(1 + ). Therefore,
the critical point condition becomes u3 = 05%32. Therefore, the fact that the critical
points coincide with the acoustic horizon further implies that the critical points
are the transonic points with effective sound speed given by ¢t = c,o//1+ .
Hence, the apparent mismatch of the critical point and sonic point is resolved if we
abandon the static sound speed ¢, and use effective speed of sound ¢ as the speed
of propagation of acoustic perturbation and define the Mach number as the ratio of
the dynamical bulk velocity 1y and the effective sound speed ¢, In such a case,
the critical point and the sonic point (where the Mach number is unity) becomes

the same.

The acoustic null ray travelling in the radial direction would be given by ds?|p 4—constant =
0 [5]. Thus for acoustic null geodesic, which describes the path of radially travelling

phonons, we have

cntoea (MY van () o (7.63)
tt rt dt rr dt — Y. .

The metric elements G, are expressed in terms of wug, A using Eq. (3.116) and
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(3.117) as
L(r) -
G = C@ G,
2
2
- c
Gy = U(% 0 )
1+5 ) (7.64)
~ A Up Cso Joo
G r = GT’ =———|1- )
' t 1‘“(2)( 1+5> 96 — Aot

G :icgo 4 1 (_ Cso> 9pe .

Togul+ B gu(l—ud) L+ 8) gps — Nogu
The null geodesic is independent of the conformal factor and hence we can use
G, instead of G, in equation (7.63). dr/dt obtained from equation (7.63) is
the coordinate speed of the acoustic phonons as observed from infinity. In the
large radial distance, the Schwarzschild metric becomes asymptotically flat. In the
non-relativistic Newtonian limit, g,, — n* and vy < 1,¢0 < 1 where n# =
diag(—1, 1,72, 72sin?0) is the flat spacetime metric in the polar coordinate. In this

limit we have

e 2 %o

0 1 +ﬁ’
étr - ért = —Uo, (765)
~rr =1

Thus equation (7.63) becomes

2 2
LA (| ()
(ug 1‘1’5) 2uy <dt) + <dt> =0, (7.66)

which could be rewritten as

dr Cs0 F
- L — 7.67

The above equation implies that the acoustic perturbation moves with an effective
speed ¢ = c,0/y/1+ B relative to the moving medium.

For the isothermal case 8 = 0 for NT and RH and 3 = ¢, for ALP. However,
%, < 1 and therefore, 1+3 — 1 and hence ¢S = c,y. Therefore, for isothermal case,
the critical point and sonic point coincide in non-relativistic Newtonian accretion

flow. For the adiabatic equation of state, § = (7 — 1)/2 for NT and RH and for
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ALP 8= (y—1)/2+ . Thus, 1 +8 — (y+1)/2 as ¢}, < 1. Therefore, for
adiabatic equation of state, effective sound speed is ¢S = 1/2/(y + 1)cso for all the

three disc heights.

7.6 In closing

For accretion flow maintained in hydrostatic equilibrium along the vertical direc-
tion, the Mach number does not become unity at critical points and hence the
critical points and the sonic points become different (location-wise). This happens
because, for such a disc model, the flow thickness contains the expression of sound
speed. The deviation of Mach number from unity is always observed for polytropic
accretion because the sound speed is a position dependent variable for polytropic
flow. For isothermal accretion, the sound speed is a position independent con-
stant(because of the temperature invariance). For accretion under the influence of
the post-Newtonian black hole potentials, the critical and the sonic points are thus
identical for isothermal flow.

The situation is observed to be completely different for complete general relativis-
tic flow. For certain expressions of disc thickness, the Mach number deviates from
unity at the critical point even for isothermal accretion. For other disc heights, the
critical and the sonic points remain the same for isothermal flow. We try to explain
such finding in the following way.

The expression for the flow thickness as obtained by ALP has been derived by
setting an energy-momentum conservation equation along the vertical direction as
well, in addition to the conservation of the Euler equation along the radial direction
(for the equatorial plane). Hence the variation of the sound speed gets intrinsically
included in the set of equations (written for the equatorial plane) through the pro-
cess of vertical averaging, even if one considers the isothermal flow. The sound speed
remains position independent constant only along radial direction if such vertical
averaging would not be performed. Hence for accretion discs with flow thickness as

expressed by ALP, the critical points and the sonic points are formed at different
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radial distances. For two other expressions of disc heights, the relativistic Euler

equation is not constructed or solved along the vertical direction.

The effective dynamical sound speed for different disc models and equation states
is given by ¢ = ¢,o/+/T+ B. As given in Table 7.1, 8 depends on the model as well
as the equation of state. In particular, it is noticed that for isothermal equation
state, § for NT and RH model are zero. For NT and RH, the disc height can be
written as H = /p/pf(r) where f(r) is function of the radial coordinate only. For
isothermal equation of state p o< p and therefore H o f(r). Thus for these two
models, the disc height is just a function of r for the isothermal equation of state.
Thus, the height for such cases does not depend on any flow variables such as the
velocity or density. Therefore, such prescription of disc height does not make the

critical point different from the sonic point.

For axially symmetric accretion flow maintained in hydrostatic equilibrium along
the vertical direction, the local disc thickness H(r) is a function of the radial sound
speed as well. Presence of the sound speed, especially when the sound speed is
position dependent, is the prime reason behind the formation of the sonic point at
a different location than that of the critical point. The assumption of hydrostatic
equilibrium along the vertical direction demands the disc to be geometrically thin.
Within the framework of the Newtonian gravity, the thickness can be evaluated
using the following procedure. The pressure gradient along the vertical direction is
balanced by the component of the gravitational force along that direction. From

figure 7.1, this gives

ldp doP

—— = — X siné 7.68

a2 R X sin 6, (7.68)
where ®(R) is the gravitational potential and @ is the angle made by the disc at a
distance r along the equatorial plane. Assuming the disc to be thin, i.e., z(r) <,

where z(r) is the half-thickness of the disc as shown in figure 7.1, the above equation

becomes

ldp d®  z(r)
S gt 7.69
pdz  dr T (7.69)

150



7.6. In closing

Fgcos@

2(r) = H(r)/2
Fg
Fgsin @

Figure 7.1: Schematic diagram showing the components of the gravitational force

F,=d®/dR .

The above equation is further approximated as

%% _ % « @ (7.70)

For adiabatic equation of state, the sound speed is given by ¢? = p/p. Thus the

disc half-thickness is given by

() = e, \/% (7.71)

While writing dp/dz to be p/z, it has been assumed that a differential form
can safely be approximated, at least in the present context. Such approximation
assumes that the pressure is a (very) slowly varying function of the coordinate
associated with the vertical direction. It is difficult to comment on how accurate
such approximation is. To obtain the exact z dependence of the pressure, one
needs to formulate and solve the Euler equation along the z direction. Instead of
accomplishing such task, usual literature uses the value of the vertically averaged
pressure evaluated on the equatorial plane only, thus makes the model effectively
one dimensional. Such approximation is probably the major cause behind having a
mismatch between the location of the critical and the sonic point. Had it been the
case that one would solve a two-dimensional disc structure, the sonic surface would

probably coincide with the critical surface. In that case, however, the problem would
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not be analytically treatable, not even a semi-analytical method would suffice to
address the problem, and it would be imperative to take recourse to full numerical
solutions.

Also, it is important to note that a thin disc, where the hydrostatic equilibrium
along the vertical direction may be assumed, would incorporate small sound cross-
ing time, and hence, such disc model is more suitable for subsonic flow only. The
aforementioned discussion indicates the possible reasons for which the sonic and
the critical points are not isomorphic for one-dimensional flow solutions in New-
tonian gravity. For general relativistic fluid, the governing equations look more
complex and the overall solution method is rather involved. However, the overall
underlying logic used to develop the solution remains the same. It is not possi-
ble to analytically /semi-analytically construct a two-dimensional disc model where
the sonic points would automatically coincide with the critical points. Analytical
methods restrict us to use the effective one-dimensional flow structure with verti-
cally averaged values of accretion variables. Within such set of constraints, what
best can be done is to redefine the concept of the sound speed through a dynamical
approach and to introduce an effective sound speed which makes a sonic point to
coincide with a critical point. We have done the same in the present work.

It is, however, important to note that it is difficult to conclude the universality
of such phenomena (which kind of disc height will or will not exhibit the non-
isomorphism of critical points) since the corresponding expression for flow thick-
nesses in the works considered here have been derived using a certain set of ideal-
ized assumptions. A more realistic flow thickness may be derived by employing the
non-LTE radiative transfer [140, 141] or by taking recourse to the Grad-Shafranov
equations for the MHD flows [142-144].
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Before we summarise the results of the thesis, let us discuss some of the ongoing

works on the analogue gravity phenomenon in the context of accretion astrophysics.

8.1 Non-linear perturbations and acoustic spacetime

The general procedure to obtain the analogue spacetime metric is to perform a linear
perturbation analysis. However, one may ask whether the emergence of the analogue
spacetime metric is a consequence of only linear perturbation or non-linear pertur-
bation could also lead to such analogue spacetime metric. For example, instead of
performing a linear order perturbation analysis, one may extend the perturbation
analysis up to second order in the perturbed quantities and ask whether the result-
ing perturbation equations could be interpreted in a way where analogue spacetime
metric could be obtained. Recently, Roy et al [145] has attempted such a task by
performing perturbation analysis up to second order in perturbed quantities in a
Newtonian fluid system. Such a task not only answers whether analogue gravity
phenomenon could be found in a more general way than just in a linearized fluid
system but also provides a way to test non-linear stability analysis of the accretion
flow. There are two existing ways to approach the non-linear perturbation analysis—
one is the way as discussed in the works of Roy et al [145] and another is the way

which could be found in [146] by Sen et al. Of course, there are plenty of numerical
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works which deal with non-linear stability analysis by numerical simulation of the
accretion disc. However, we are more interested in the analytical approach which
also addresses the analogue gravity phenomenon also.

The first approach to introduce higher-order perturbation is to expand the time-
dependent fluctuations of the accretion variables about their stationary background
values as a sum of higher order modes with successively diminishing amplitudes.

Thus any variable x(¢,r) is written as
w(t,r) = zo(r) + exy(t,7) + Exo(t, ) + O(e), (8.1)

where zo < 7 and it is also assumed that the origin of the fluctuations are in-
dependent and they do not add up to give a single resultant perturbation. Such
a perturbation scheme for inviscid, irrotational and barotropic fluid in Newtonian
framework gives the following perturbation equation in terms of the perturbation

of the mass accretion rate f = pvr?

0, (R0, f1) =0, (8.2)

0,(R*" 0, f2) — 0,(¢" 0y f1) = 0, (8.3)

where the h*” and g"” metric elements are given by

Vo
htt =
Jo
htr _ hrt _ U_(Q)
fo’
W—%%—@»
e (8.4)
£o f0’
g =gt =10 [Uo — @U1:| :
po fo P1

rr P1 Yo 2 2 2 £o
= —— |(vg —c5) + (v —1)cgg — —2vov1 | ,
g 20 fo {( 0 0) (7 ) 0 Py 01

where p is the density, v is the velocity of fluid and ¢y is the sound speed. 7 is the
specific heat of the fluid. This is the approch and corresponding results obtained
in [145]. Eq. (8.2) can be interpreted in the usual way that the perturbation f

is governed by the curved spacetime metric related to h*”. However, in the wave
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equation for fy there is a source term which is coupled to h*¥ and we can not use
the usual method to find out and associate an anlogue metric to ¢g"” which governs
the propagation of the second order mode fs.

The second approch to study non-linear perturbation in accretion flow, a varibale
x(t,r) is written as z(t,r) = xo(r) + 2'(¢,r) and then the perturbation equation is
obatained in terms of the fluctuations without neglecting any higher order terms

2

like p'v" or p'* and v>. For example, the fluctuation of the mass accretion rate

(defined as f = pvr?) is expressed as
L, — &I + U_, + ﬂ,v_/ (8 5)
Jo po w0 povo

Using such perturbation scheme to the continuity equation and Euler equation, the

perturbation equation could be found in terms of [ as
2, (h* o, f") =0, (8.6)

where h*” elements are given by

Bt — 2,
/
2
htr — hrt — U_7 (87)
f
R = E(v2 —c2).

f

The metric elements h*” contains the full varibales v, f, ¢, and not only the station-
ary values. Thus the Eq. (8.6) becomes the usual linear perturbation equation if the
in the metric elements the varibales are replaced by their stationary values. In fact,
we can expand the varibales upto any higher order to get non-linear perturbation
equation. However, unike the linear case, h*” in Eq. (8.6) is time-dependent and
not stationary. Thus we are unable to compare it to the wave equation of mass-
less scalar field propagating in stationary curved spacetime. Therefore, the usual
method to obtain the acoustic metric fails. This fact is complemented by numerical
simulation done by Mach and Malec [147] where it is shown that introducing non-
linear perturbation would force the acoustic horizons to suffer a shift about their
stationary values and thus the comparison between the acoustic horizon and the

event horizon of the black hole would appear limited.
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8.2 Effective sound speed in accretion disc around

Kerr black holes

In Chap. 7, we discussed an effective sound speed obtained through the study of
acoustic perturbation and corresponding acoustic metric in accretion discs under
hydrostatic equilibrium along the vertical direction in the Schwarzschild spacetime.
The next step is to study whether such an effective sound speed could be defined
also in accretion disc around Kerr black holes to remove the non-isomorphism of
the critical points and the transonic points of the accretion flow under hydrostatic
equilibrium along the vertical direction. Such an attempt could be found in recent

work by Maity et al [148].

8.3 Brief summary

The underlying theme of our work was to show how the linear perturbation analysis
of the accretion flow gives rise to the acoustic spacetime metric. First, we showed
that this emergence of the curved acoustic metric is independent of the physical
quantity which is being linearly perturbed. In other words, we showed that the
linear perturbation of the velocity potential, mass accretion rate and the relativis-
tic Bernoulli’s constant give rise to the same acoustic spacetime metric up to a
conformal factor. However, the acoustic spacetime time metric obtained by linear
perturbation depends sensitively on the geometry of the accretion disc, i.e., the
geometrical configuration of accreting matter. It was shown that while the acoustic
metric for accretion disc with conical and constant height geometry are identical,
it differs in the case of accretion flow in hydrostatic equilibrium along the vertical
direction.

Acoustic event horizon have been identified by using the analogy borrowed from
the general relativity. For a stationary, asymptotically flat spacetime with the event
horizon of spherical topology, the event horizon could be defined as » = constant

null hypersurface. In the corotating frame, we found that the event horizon of the
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acoustic spacetime metric for an accretion flow is located at the critical points of
the stationary accretion flow. For accretion flow with conical or constant height disc
models, the critical points are the transonic points. Thus for these models of the
accretion disc, the transonic surface and the acoustic horizon coincide. However,
for an accretion flow in hydrostatic equilibrium along the vertical direction, the
transonic points and the critical points are not isomorphic and therefore the acoustic
horizon and the transonic surface for this particular model of accretion disc are not
the same surfaces. This apparent non-isomorphism of the critical points and the
transonic points could be removed by defining an “effective” sound speed which is
the speed of propagation of the acoustic perturbations. The transonic point defined
in terms of the “effective” sound speed coincide with the critical point and hence

coincide also with the acoustic horizon of the acoustic spacetime.

The event horizon of an acoustic black hole is basically the boundary of the
region from which null geodesics cannot escape to the outside. In terms of the
sound-cones, this is the surface where the sound-cone tilts past the vertical. This
is best visualized by constructing the causal structure of the acoustic spacetime.
For illustration, we have constructed the causal structure for radially travelling null
geodesics. By numerically integrating the stationary accretion flow equation, we
constructed the causal structure which showed the existence of an acoustic horizon

at the critical points of the flow where the sound-cones tilt past the vertical.

Depending on the physical parameters governing the stationary flow, there could
be more than one critical points of the flow. We showed that for a particular set of
values of the governing parameters, the accretion flow could be multi transonic by
encountering a stationary shock. We showed by drawing the causal structure that

the shock location indicates the presence of an acoustic white hole.

Astrophysical black holes are supposed to possess non-zero spin a. Thus it is
important to understand how the black hole spin influences the properties of the
acoustic black hole. The influence of the black hole spin was studied in details
by performing the linear perturbation of the accretion flow on to a rotating black

hole. We studied the dependence of the location of the acoustic event horizon (both
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inner and outer for multi transonic flow) on the black hole spin for fixed values of
the other parameters. Similarly, the dependence of the causal structure and the
acoustic surface gravity on the black hole spin was studied in details.

Our analysis was done for Schwarzschild and Kerr spacetime using both isother-
mal as well as the adiabatic equation of state. Thus our work provides the necessary
elements to complete a set of work on the analogue gravity phenomenon arising in
accretion flow in general relativistic spacetime metric. We showed how the linear
perturbation equation could be used to perform a linear stability analysis of the
stationary accretion solutions and in this way, our work combines these two appar-
ently disjoint phenomena—the emergence of analogue gravity metric and the linear

stability analysis of the stationary accretion solutions.
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