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Summary

For few years now there have been keen interest among theoretical high-energy physicists
regarding a 0+1 dimensional model of Majorana fermions with random all to all inter-
action known as the Sachdev Ye Kitaev model or the SYK model for short. Although in
condensed matter theory there have been much studies regarding thermalization and other
thermodynamic properties in models without a spin glass transition for example the orig-
inal Sachdev Ye (SY) model or (a simpler but of similar properties) the SYK model itself,
the property which has been of most interest to people in the high energy community is
that this model or more precisely, this class of models exhibit maximal chaotic behavior
in the Infra Red(IR) regime or low frequency regime. This makes it interesting because
as we know that the maximal chaotic behavior is exhibited by the fastest scrambler of
information in nature i.e. Black Holes. So this model can potentially describe or atleast
serve as a prototype for the dual of black holes.

In this thesis we look closely into the chaotic behavior of the SYK model with complex
fermions in the presence of a chemical potential. In particular we look at the four point
and six point OTOC. The findings of the works related to this can be nicely summarized
as follows,

e We observe that the effect of the chemical potential appears through an effective
coupling which is a function of both the disorder averaged coupling strength as well
as the chemical potential. The maximal Lyapunov exponent becomes a sensitive
function of the chemical potential via the effective coupling.

e This feature is fairly robust and holds even when we have multiple flavors of fermions
in the system.

e We compute the six point OTOC numerically and plot it to extract the chaos expo-
nent by fitting with a suitable function. The maximal chaos exponent in this case in

the IR is = 3’7” within the numerical errors.

We also look at the SYK model with Majorana fermions when the system undergoes
a quench. Our main goal is to study the thermalization of the system post the quench
scenarios numerically. For this purpose we consider 2, 4, 6 and 8 point interactions where
more than one type of vertex are allowed. We look at two different quench protocols
namely “STEP" and “BUMP" quenches.

The main technical results of this analysis are as follows:

1



Summary

e In g = 2 theory, the two point functions do not thermalize in any of the quench
scenario. But an interesting observation is that the two point functions equilibrate
instantaneously as soon as both the time arguments are outside the quench region.

e In g = 4 theory, the two point functions thermalize for all the quench scenario.
G~ (t1, ;) converges exponentially towards its equilibrium expectation value. This
exponential behaviour is observed as soon as both the time arguments are outside
the quench region.

e In g = 4 theory, we also identify two exponents, of which, one is equal to the
coupling and the other is proportional to the final temperature. The first one is
the exponent of G~ (¢ — t,,t) as a function of ¢ with ¢, fixed, while the other is the
exponent of G”(¢,1,) as a function of ¢ with 7, fixed.
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Introduction

The study of chaos in quantum dynamical systems has been interesting to the physics
community for quite some time [1-5]. One of the key features of this phenomena is
that there is no unique definition of chaos in quantum mechanics as opposed to classical
mechanics. In a classical dynamical system chaos is characterized by the response of
classical trajectories subjected to the initial condition. To elaborate let us denote by ¢g(¢)
the position of a particle at time ¢ in a classical dynamical system, subjected to the initial
condition (or position) ¢(0). Now if we start with some different initial condition say,
q(0) + 6¢(0) such that the final position of the particle becomes ¢(7) + d¢(t), then we say
that the system is chaotic if,

&I_(l) ~ ettt

4(0) '
Note that a system can be bounded yet be chaotic. The exponent A, is called the Lyapunov
exponent and is the measure of chaos in a system. Chaos in a system can subsequently
lead to ergodicity, thermalization and other coarse grained properties of the system. In
quantum mechanics since trajectories of particles are ill defined, such a description is not
very useful and hence there have been various descriptions of chaotic behavior in quantum
mechanical systems such as the Random Matrix models [6—10], behavior of the four point
Out of Time Ordered Correlation functions (OTOC) [11-14].

(0.0.1)

It was shown [11,15,16], following the OTOC description of chaos in a quantum systems,
that Black Holes being the fastest scramblers of information in nature puts an upper bound
on the value of the Lyapunov exponent and they themselves saturate this bound,

AL < —. (0.0.2)

This feature is famously known in the literature as the maximal chaotic behavior. It is
for this reason that any quantum mechanical model which exhibits this phenomena is
interesting to study as a dual to a geometry with Black Holes [17-20].

The Sachdev-Ye-Kitaev(SYK) model provides us with such an example. This is a 0+1 di-
mensional quantum mechanical model consisting of N Majorana fermions which interact
among themselves. The Hamiltonian of this model is given by,

H= Z Ty i (0.0.3)

Where J;, _;, is a Gaussian random distributed coupling for the ¢ point interaction vertex.
In the IR limit i.e the low energy or equivalently the strong coupling limit this model
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exhibits an emergent conformal or reparametrization invariance. We work in the large
N limit where only the melonic diagrams contribute to the two point function to order
~ 1/N. As for the four point function, the contribution to order ~ 1/N for the fully
connected piece comes from the ladder diagrams. One can calculate the four point OTOC
at finite temperature and it exhibits a behavior as,

Wil OO 0)) ~ 1 = €, 0.0.4)
which implies that the Lyapunov exponent saturates the bound [21].
2r
A = 5 (0.0.5)

The study of chaotic behavior of quantum systems is interesting for other reasons as well,
since it is widely believed that chaos leads to ergodicity and thermalization. The nature
of the maximally chaotic mode and its response to perturbations of the hamiltonian by
relevant operators have been one the major interest of the SYK programme also [22].

There are several generalizations of this model preserving these remarkable features.
These are two-dimensional versions of the model, formulated both on the lattice [23] and
in the continuum [24], models having flavor symmetry [25] and supersymmetry [26,27].
There are also tensor models with non-random coupling sharing many properties of the
SYK [28-35]. Our focus is mostly on the SYK model with complex fermions. It has been
studied in from a thermodynamical perspective [36] to compute transport coeflicients of a
strange metal. The class of models sharing these similar features, constitute a vast areana
for studying dynamical quantum phase transitions [37]. There are several other features
of the SYK like models (in particular Tensor models) which have picked up interests
recently, for example the finite N results i.e. non-perturbative in N [38].

For classical dynamical systems, characterized by phase space coordinates {q(?), p(¢)},
where g(#) and p(f) are generalized positions and generalized momenta. A particular
trajectory is represented by ¢(7). High sensitivity of the late time trajectory with respect
to the initial condition can be quantified as:

dq(r) _

exp (Aur) = 990) ~ {0, p®)} , (0.0.6)
where A is the so-called Lyapunov exponent and the right-most expression above is
the Poisson bracket [39]. By virtue of the correspondence principle, we obtain a quan-
tum mechanical characterization, by replacing the Poisson bracket with a commutator:
{g(), p()} — —ih[q(?), p(¥)] [16]. Instead of computing the commutator, one calcu-
lates the squared commutator, so that there is no spurious cancellation due to destructive
phases. This argument, however, is limited and does not necessarily imply that allowing
for such phases will always cancel the chaotic growth. In this article, we will calculate
the cubic power of the commutator, which will explicitly display the exponential growth
behaviour.

Thus, we can define a generic function for the diagnostic of chaos:

Con(t1, 1) = ([V(@), W)1") (0.0.7)



where n € Z,, and V and W are two self-adjoint operators and the expectation value
is defined with respect to a particular state of the system. Note that, in defining the
chaos diagnostic in (0.0.7), we have recast the chaotic property as a feature of n-point
correlation function of the system. A straightforward analogy with the classical limit
does not preclude a two-point function from displaying the exponential growth, but we
know of no explicit example of the same. In this article, we will explicitly discuss the
case for n = 3 in a thermal state.

Before doing so, let us briefly look at the n = 2 case. Written explicitly, the commutator
contains various four-point functions with no particular time-ordering, since t; and f, are
defined without any ordering. For a thermal state expectation value, using the KMS con-
ditions', it is further possible to rearrange the various four-point functions in terms of two
pieces: one time-ordered four-point function and another out-of-time-ordered correlator
(OTOC). These are given by (V(0O)V(0O)W(H)W(z)) and (V(0O)W(r)V(0)W(?)), respectively,
choosing #; = 0 and #, = t. The time-ordered correlator does not display the exponential
growth, it is contained in the four-point OTOC. There have been exhaustive studies of
OTOC in quantum systems [40—42].

For n = 3, upon using the KMS condition, the chaos diagnostic in (0.0.7) has one time-
ordered and two OTOC pieces. These are simply, (V(0O)V(O)V(O)W(E&)W()W(r)) (time-
ordered) and

VOWOVOWOVOW(@)), (VIOWHOVOVOIWOW(®)), 0.0.9)
WOVOVOWOVOW®D), o
etc, which are OTOC. While a complete understanding of the behaviour of (0.0.7) for
arbitrary n is desirable, we will explore an exact calculation for n = 3 in this article, with
a particularly simple model.

Thermalization of a system can be labeled as the non-equilibrium dynamics of the system
before reaching to a final temperature. The equilibrium analytic results for many quanti-
ties fail to hold out of equilibrium for obvious reasons and hence in many cases one has
to resort to numerical techniques to compute relevant quantities and study their behavior.
In contemporary literature [20, 43—45] the thermalization in SYK model was studied in
the presence of quantum quenches. By this we mean that assuming a system to be at
equilibrium one introduces a quench (localized at ¢ = 0 say) and then the dynamics of the
system is studied post quench where at late times the system equilibriates to some other
temperature.

Certain aspects of quantum quenches in SYK models have been studied in [43]. In this
paper, using similar numerical techniques, we will study quantum quenches in g = 2,4,
and higher SYK models. We will consider one particular observable which is the greater

'KMS condition is simply the Euclidean periodicity condition on thermal correlators. For example, for
two operators V(0) and W(¢), the KMS condition on the two-point function reads:

(e WO V() = tr (e PHVOW(E +iB)) . (0.0.8)

Here § is the inverse temperature. Evidently, this condition can be used to interchange the order of the
operators inside a thermal correlator.
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Green’s function G”(t1, 1),

N
G™ (11, 1) = =i ) Wiltwi(1) - 0.0.10)
i=1

For majorana fermions, all other two-point functions can be calculated from G”(ty, t,).
The non-trivial time evolution of G” (¢, f;) can be examined by exactly solving its equa-
tions of motion which are the Kadanoff-Baym(KB) equations. Our analysis will involve
changing various parameters with two different kinds of time dependence. The usual
quench protocol in condensed-matter literature is changing, suddenly’ or smoothly but
rapidly, the parameters from one value to another different value. We will consider sud-
den change from one value to another, which we call step quench. In addition to this,
we will also study bump quench, in which the coupling changes for a finite time interval
before returning back to the original value’. We follow the convention ¢ = k quench
when the final hamiltonian of the system has k fermion interaction and the couplings J,
undergo quench with ¢ # k. We will also consider only sudden limit for both step and
bump quenches.

This thesis contains a study of chaos and thermalization in SYK models. To be a bit more
precise, we study the chaotic behavior and the six point correlation function of the SYK
model with complex fermions with a chemical potential corresponding the conserved
U(1) charge, 3, !, for the complex fermions.

We first look at how the maximally chaotic behavior is affected by the introduction of the
chemical potential. To be able to get an analytic handle on the computations we work in
the regime of large ¢, i.e. ¢ — oo. We find that in this limit the response of the maximal
Lyapunov exponent against i can be determined through an effective coupling.

Then we look at the non conformal part of six point function of the fermions and try to
see both the triple short time limit and the OTOC and how they vary with u (the chemi-
cal potential). We use the numerical methods to calculate the six point function because
the analytic computation of the six point function is hard and not tractable. Instead the
numerical results help us deduce the behavior of the six point function for various para-
metric values.

Lastly we look at the thermalization in SYK model (with Majorana) with different quench
protocols, the so called "STEP" and "BUMP" quenches. We determine the behavior of
the two point function as a function of time by numerically evolving the Kadanoff-Baym
equations.

The organization of the thesis is as followed,

e In Chapter 1 we briefly review the SYK model with complex fermions for setting
up the notations and some background. We give the main and relevant results and
indications on how to derive the important formulas.

e Chapter 2 contains the works on the behavior of the maximal Lyapunov exponent
A; when we turn on a chemical potential. Here we derive in details all the relevant

2The smallest scale in the sudden limit is the time scale over which the couplings change.
3 Although bump quenches are not well studied in condensed-matter literature, they are more relevant to
black hole physics (using AdS/CFT) than step quenches [46,47].
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quantities and conclude with a generalization of this phenomena to multiple flavors
of fermions.

o In Chapter 3 we take a look at computing the six point function of complex fermions
and focusing on the non conformal piece. We look at the chaotic behavior of this
piece of the six point function by analyzing the the OTO configuration. We also
look at the behavior as we take the triple short time limit for the six point function.
The works of Gross and Rosenhaus [48,49] were followed in this regard.

e Lastly in Chapter 4 we present the work on thermalization of the SYK model in
two different quench scenarios, "STEP" and "BUMP". We also compute expo-
nents which characterize the thermalization process out of equilibrium and deter-
mine them as a function of the coupling or as a function of the effective temperature.

e We devote Chapter 5 to the conclusions and discussions for all the works.

All the chapters contain their own appendices.






SYK model with complex
fermions and chemical potential

The model we consider is a simple generalization of the so-called Sachdev-Ye-Kitaev
(SYK) system [21,50-52], in which one considers fermionic degrees of freedom with an
all-to-all interaction. The interaction coupling is drawn from a random Gaussian distribu-
tion with a zero mean value and a given standard deviation characterizing the width. In
the large N limit, in which the number of fermionic degrees of freedom becomes infinite,
the system becomes analytically tractable in the sense that the corresponding Schwinger-
Dyson equations can be explicitly determined. The solution of this equation readily de-
termines the two-point function, as a function of the coupling strength, in general. In
particular, in the low energy limit, this Schwinger-Dyson equation is analytically solvable
and yields a two-point function with a manifest SL(2, R) symmetry. In the infra-red (IR),
this is described by a conformal field theory (CFT), and the two-point function breaks the
conformal group into the SL(2, R) subgroup. In the large N limit, further, the four-point
correlator can be explicitly calculated, which yields the corresponding Lyapunov expo-
nent: Ay = 2T, where T is the temperature of the thermal state. Here, we are working
in natural units. This Lyapunov exponent saturates the so-called chaos bound [11]. In-
triguingly, the chaos bound saturation also occurs for black holes, in which the local boost
factor at the event horizon determines the corresponding Lyapunov exponent as well as the
corresponding Hawking temperature. Only extremal black holes have an SL(2, R) global
symmetry, due to the existence of an AdS, sector near the horizon. Correspondingly, the
low energy conformal system coming from the SYK model can be shown to capture the
essential physics of the AdS, [53].

This theory is supposed to have a holographic dual [18,46,51,52,54-56]. Since SYK is
a (nearly) CFT1, it is naturally assumed to be dual to (nearly) AdS, geometry. Indeed,
at low temperatures the effective action of the model is given by a Schwarzian derivative
, which also appears in dilaton gravity in AdS, [57-59]. However, full knowledge of a
gravity dual of the SYK model is still not known.

In addition to pseudo-Goldstone mode of the original SYK, or h = 2 mode of [6], the
complex SYK model contains a mode associated with U(1) charge. Since the U(1) charge
is conserved, the corresponding mode has the dimension h = 0. In the real SYK model,
the four-point function is a sum over eigenfunctions with integer h, including the h = 2
mode. But since it corresponds to an existing operator in the spectrum, it makes the four-

13



14 SYK model with complex fermions and chemical potential

point function to diverge. The same mode also contributes to the Lyapunov exponent of
the out of time order correlators. One might expect that the h = 0 mode in the complex
SYK also causes divergence in the four-point function and exhibit chaotic behaviour.

1.1 The SYK model

We will begin by briefly recalling the SYK model. The SYK model is describes all-to-
all random interactions between N Majorana fermions in (0 + 1) dimension involving ¢
fermions at a time. The Hamiltonian is given by [21,50]

H = (i)q/2 Z jil...iqlﬁil .. .lﬂl’q N (111)

101 Soernig<N

where ¢ < N and ¢ = even. The set of couplings { jil...iq} are drawn from a random
distribution, such as a Gaussian one, described by

. NJisi
P (jir.i,) = exp|- ol (1.1.2)

where ¥ denotes the probability distribution. The gaussian distribution for a random
variable means the average value of the couplings j;,_;, is zero and the two point average
with all indices contracted is non-vanishing,

2(q —
(i) =0, {72} = % . (1.1.3)

The Majorana condition on the fermions simply means that they satisfy the anti-commutation
relation,

{‘//i,lﬁj} =0jj. (1.1.4)
The Lagrangian corresponding to (1.1.1) is given by
dii 1 dy,
S = | drL itsy—1¢|, Lge=z¢i——-H, 1.1.5
f 4 E({w} {dT}) £ = Ui (1.15)
1 dy, .
equivalently L = —iz//id—i —-H, with =-ir. (1.1.6)

In the above L and L corresponds to the Lagrangian in Euclidean and Minkowski signa-
tures, respectively.

To compute correlators at finite temperature the Schwinger-Keldysh formalism is em-
ployed in which, the observables are computed by integrating along the closed-time con-
tour C. The initial state is evolved along this contour both forward and backwards in time.
The contour-ordered Green ’s function is defined as [43],

iG(t1, 1) = (Te Wit)Yi(12))) = Oc(ti — )Wi(t)Yi(12)) — Oc(tr — 1 )i(t)Yi(t)) . (1.1.7)
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The correlation function in the path integral formalism is computed by inserting the com-
ponents of fields on the forward and return path of the contour. The components of the
matrix Green’s functions that we will be interested in are called greater (lesser) Green’s
functions, denoted as G>9(t,,1,), and are defined in the following manner

G (1, 1) = G(t], 1) = =i{Yi(t)yi(11)) ,
G=(t1, 1) = G(1], ;) = KYi(t)Yi(1)) ,

where by 77 we mean #; on the upper contour and ¢, denotes ¢; on the lower contour, and
the contracted index i simply denotes a sum over i. The relative minus sign above is due
to swapping of the position of two Majorana fermions under contour ordering. From the
above definitions, for Majorana fermions,

(1.1.8)

G*(t2, 1) = =G™(t1,12) . (1.1.9)
This relation holds even for non-equilibrium dynamics [43,60].

This model exhibits conformal symmetry in the infrared which is spontaneously broken
by the 4 = 2 mode, where & is the quantum number of the S L(2) subgroup of the confor-
mal symmetry. This 2~ = 2 mode has chaotic behaviour for ¢ > 4. It turns out that the
h = 2 mode saturates the chaos bound A; = 2z/8 [11]. The model with only g = 2 term,
however, does not have chaotic behaviour. This is clearly due to the quadratic nature of
the action and as a result the model is integrable.

1.1.1 SYK model with Complex Fermions

In order to introduce a chemical potential, we will explore the model involving complex
fermions. This model has been studied earlier in the condensed matter context [36], fo-
cussing on transport properties and thermodynamics; and in the context of chaos in [61].
We are interested in the large g expansion of the complex fermion model with an addition
of a non-vanishing chemical potential, which seems analogous to adding a mass term.

The Hamiltonian for the SYK model with complex fermions is

C e
H= Z JiisigpigpirigVy Wy} Wiyt - (1.1.10)

In what follows we will use the notations and conventions used in [36]. In addition to
this interaction term we introduce a chemical potential 4. We are interested in studying
the effect of a conserved charge on the chaotic behaviour of the model. Some of the
earlier works [36, 61] have analysed this model with either quartic interactions or in the
non-chaotic regime. We will work in the large g limit and find out how the Lyapunov
exponent changes as we tune in the chemical potential.

To establish this fact we need to first collect all the necessary ingredients for explaining
this behavior. An exhaustive study of this model is done in [61], we will mention some of
the essential features that will be necessary for our analysis. In addition to the higher di-
mensional operators of the form O, = % D wja%nﬂwi which behave in a manner similar to

'We use the commutation relation {wi, lp,-} =6;j. S0, G”(t,1) = —i/2 and G=(¢,1) = i/2.
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those found in the SYK model with Majorana fermions; we also have the operators of the
form O, = % D lﬁj@f"l//i- The lowest lying mode of these operators give the Schwarzian
mode and the U(1) charge respectively. In absence of a mass like term in the action the
two point function of the particle and anti-particle are the same in the free case as well as
the low energy limit of the interacting theory.
G free(T) = %sgn(r), G.(1) = bs‘T’nl(f) : (1.1.11)
7|4

where, G (7) is the propagator in the conformal limit. In the low energy, i.e., IR limit it
is possible to obtain the four point function of the fermions using the expansion in the
eigen-basis of the quadratic Casimir operator.

The conformal Casimir operator in terms of the cross ratio y is given by,
CY) = x’(1 =)0, — x*0, . (1.1.12)

This is easy to check since, L(()T> = —710, — 4, L(_Tl) = -0, and L(1T> = —71%9, — 241 we have
the Casimir as,

1 1
Co = (g + Ly = S + L)L + L) = S(L) + LYW + L),
e, Ciun = 244 =M+ 2L LT - LVL™ - [V (1.1.13)

1.1.2 The four-point kernel and the Casimir

The eigenfunctions of the conformal Casimir also forms a eigen basis for the four point
kernel in the IR limit. The eigenvalue equation of the Casimir is given by,

Craa (W' T W) Vi(T0)) = hh = 1) (¥ (T (12)Vi(T0)) - (1.1.14)

Where,

sgn(t) — 72) + i sgn(t; — 79)sgn(T2 — Top)
Ity — 222" |7y — Tl |72 — Tl

(' COW(E)Vi(ro)) = fi +ify = (1.1.15)

When we have V,, = 1 or V), = /"y we get respectively an antisymmetric and a symmetric
three point function,

(W@ 1) = %, (1.1.16)
1= 2
(' optrwiutrg) = ERD TR (1.1.17)

We can write

Ci2F (11,72, 73, 72) = COF (x), and  C(y)Fu(x) = h(h — DF,(y) , (1.1.18)
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where
I'*(h)

Fi(x) = Tn)2

Fi(h,h,2h;x) . (1.1.19)

The eigenvalue of the Casimir operator are chosen to be real so that it is guarantied to be
a hermitian operator. This implies that 4(h — 1) € R and thus we are left with,

1
h:§+is, or heR (1.1.20)

Since we have complex fermions, i.e., ; = & + in; in case of the correlation functions we
have contribution of two different kinds,

W ()...) = (E@DED) + n(t)nn))...) + KE@N®) = nt)éEmn)..y . (1.1.21)

While the first piece, namely, the real part is anti-symmetric under the exchange of #; and
1,, the second piece is symmetric.

In case of the four point function if we consider the time reversal invariant contribu-
tion this leads to two different contributions namely FA(ty, 75, 73, 74) and F5 (11,72, T3, T4)
which are respectively anti-symmetric and symmetric under #; < t, and t3 < #4. The first
term i.e., FA(1, 72,73, 74) is identical to the SYK with Majorana but the second term is
new and occurs in the complex fermion model. From [61] we have,

FA(ty,72, T3, < sd (L +is
SR RET aof = - )1 — 7 ()
G(112)G(734) o 7 coth(ms)(1 — kA(3 +is)) 2%
2j-3 K@QJj)
+ 500, 1.1.22
FS (11,75, T3,14) f"" sds kS (5 +is) w5
G(112)G(134) 0 0o coth(zrs)(1 — ks(% + is)) L+is
2j+3 KQj+1)
ta —— (0, (1.1.23)
02j+21>0 nr 1-kKQ2j+1) 21X
where o
x=——, (1.1.24)
T13T24

is the conformal cross ratio and ¥4 and ¥* are linear combinations of the eigen-functions
of the quadratic Casimir. They are antisymmetric, respectively symmetric under the trans-
formation,

y— X (1.1.25)

x—1

which effectively exchanges the first two or last two arguments of four point function.
Finally k* and k5 are eigenvalues of the four point kernels (for antisymmetric and sym-
metric) which commute with the Casimir.
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The next step is to deform the integration contour an take it to infinity. In this process
we pick up the contributions i.e. residues of the integrand at the values of 4 such that
1 — k45 (h, A) vanishes so the poles that are picked out are precisely the points where the
eigenvalue of the kernel becomes unity. Here also we find a contribution from & = 2 for
k*. In a similar fashion one is able to deform the contour and pick the contributions such
that k5 (h, 4) = 1. The values of 4 which satisfy these conditions approach

1
hA:hn:2n+1+2A+0(—), nez, (1.1.26)

n

1
hS:hn:2n+2A+0(—), nez, (1.1.27)

n

for large valus of n.

1.1.3 Fermion propagator, with a chemical potential

We define, following [36], the Green’s function to be: G (1) = — <T (1// (r)y' (0))>, where
the symbol T stands for time-ordering and 7 is the imaginary time. The free fermion
propagator, in the Fourier space, takes the form:

1

Gy, w) = g

(1.1.28)

which, in the real space, corresponds to the operator (-9, + ). The two point function in
the interacting theory, in the large ¢ limit, can be expanded as:

G, 7) = Go(,u,T)(l + g(“q’ L ) , (1.1.29)

where Go(u, ) is the Fourier transform of the free propagator, which at zero temperature
it is given by,
_ S8

> (1.1.30)

GO(/J’ T) =

lh

1/2+is
=

bk @ @ x @ @@.@.@.@.

2 4 6 8 10 he=2 h1 hz h3 hs

Figure 1.1: Before the deformation poles are at heZ and after deformation 4 is such that
k*(h,4) = 1. Figure adopted from [21]
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Here O is the Heaviside step function. At non-vanishing temperature, however, it is ob-
tained by evaluating the sum over Matsubara frequencies that appear in the propagator,
(iw, + u)~!, which yields,

err

Go.7) = ———.0<7<p, (1.1.31)
elr

GO(/J’T) e‘l‘ﬁ+1 a_ﬁSTSO. (1.1.32)

The propagator for 7 < 0 is obtained using the periodicity T — 7 + . The relative sign
between 7 < 0 and 7 > 0 is a reflection of the fact that G((u, 7) is a fermion propagator.
Finally, the function g(u, 7) is the correction due to melonic diagrams to the free propa-
gator, in the large ¢ limit. In the next subsection we will derive a differential equation for
g(u, 7) and subsequently solve it.

Let us now see what becomes of the Schwinger Dyson equations in the presence of the
chemical potential and a ¢ point random all to all interaction. We have,

1
—iw+ =2, w)
T2 (G, 1) (G(u, —1)?* 1 . (1.1.34)

G, w)
2(u,7)

(1.1.33)

When ¢ = 0 and we go to the IR limit we see that the above two equations can be solved
self consistently by using a reparametrization ansatz,

sgn(7)
e

G(t)=b

(1.1.35)

Notice that if we have J?> >> u then also this solution holds. But let us now rewrite this
expression as an expansion in 1/g,

(1.1.36)

G.(7) = bsgn(t) (1 - @ + ) .

This is fairly easy to see and gives us the idea that in the large ¢ the two point function can
indeed be expanded in such a series (1.1.29) where the function appearing as a coefficient
of the 1/q term (i.e. g(u, 7)) approaches —2 log |7| in the IR and at zero temperature.

1.1.4 Differential equation for g(u, 7)

To derive the desired differential equation, we follow a simple generalisation of the method
discussed in [21]. First, note that, in the large N limit, all melonic Feynman diagram can
be summed up to obtain the following Schwinger-Dyson equation:

1
Gw) = w+pu—-2(w,pn, (1.1.37)
Zu,1) = JEEDTAHGW, )G, —1)) ! (1.1.38)
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It is straightforward to derive the first Schwinger-Dyson equation by summing up the one
particle irreducible diagrams. Also it is straightforward to verify the second equation
above by looking at the melonic diagrams. Each propagator in this diagram is the two
point function of the full interacting theory i.e. each propagator themselves contain such
melonic contributions, see figure 1.2.

= — 1) lines

% - 1) lines

Figure 1.2: A diagrammatic representation of 2. Each vertex is worth of strength J, and (% - 1)
propagators run inside the loop in each direction. The direction of the arrows correlate with the
sign of T in the argument of the propagators. The overall direction of the diagram, from left to
right, selects out two additional propagators running in this direction and hence the corresponding
powers of G.

These Schwinger-Dyson equations take especially simple form in the ¢ — oo limit. In
particular, the function g(u, ) in this limit appears in the exponential:

_ o »f * g, w)
G(/J,a))_lw-i_'u (iw + ) —2q .

(1.1.39)

2(u,7) = JZGO('U’ L9 e%(g(#,THg(ﬂ»—T)) .
(2 + 2 cosh(upB))4/>~1

We can now identify the self energy contribution to the inverse propagator as the Fourier

transform of 2'(u, 7) appearing in (1.1.37). Taking the inverse Fourier transform of the

self energy contribution in (1.1.39) we get the differential equation:

(1.1.40)

2
qJ"Golut, 7) o1 @UD+g(-1)

5 _
0; — ) [Golu, Dg(u, 7)] = 22(2 + 2 cosh(upB))/>~1

(1.1.41)

For t > 0 this equation reduces to:

02g(u, T) = 277 D8l (1.1.42)



21

where,

7 4/

= . 1.1.43
2(2 + 2 cosh(uB))?~! ( )

It is worth pointing out at this point that this differential equation is quite similar to that
appearing in [21]. We will solve this equation analytically in the next section.

Before moving further, a few comments regarding the large g result are in order. It is
straightforward to check that, if one goes beyond the leading order in (1/g)-expansion,
the Schwinger-Dyson equation again rearranges itself to the differential equation of the
type discussed above, with the same effective coupling J.

To see this explicitly let us first notice that the u dependence of J comes only from the
free part. If we look at the behavior of the self-energy contribution at O(QLZ) we find for
u = 0 case, the terms take the form

’ q-1

12(1+@+g(? +) . (1.1.44)
q q

The equation for function g’ cannot be obtained by simply exponentiating it, as was done

for the leading correction, namely g(7). We instead have an asymptotic series expansion

in %]. Now if we turn on finite u then from the self-energy expression we get,

q q
s (1 + sl ) + 8'w.7) + ..)2 (1 + sl ~7) + 84 1) + ..)2_1 :
2(2 + 2 cosh(uB))¥>! q 7 q 7

(1.1.45)
The form is exactly like in the SYK model. As a result the equation that we would obtain
in this case will be identical to that for g’ in the SYK model. In other words even for finite
u, the effective coupling constant J remains unaltered even at higher order in 1/q. The
emergence of one effective coupling is an inherent feature of this asymptotic expansion in

(1/q).

1.2 The six point function preliminaries

In this section we look at some preliminary facts on the six point function which we will
elaborate on later in chapter 3. If we do a large N analysis then from the 1/N expansion
of the six point function is given by,

1 .
N Z <l//j(7'1)'//i(Tz)ll’;(Tﬁ'J’j(M)‘ﬁ;L(Ts)lﬁk(Té)) = G(112)G(134)G(T56)

ijk=1

1 1
N (G(T12)F (13, T4, T5, T6) + G(T34)F (11, T2, Ts, T) + G(T56)F (T1, T2, T3, T4)) + ﬁs(ﬁ, y

(1.2.1)

Here S denotes the fully connected component of the six point function. Since we are
working in the large N limit the only contributions to the fully connected piece comes
from what are known as the “Contact" and the “Planar" diagrams.

> T6) -
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Figure 1.3: The “Contact" and “Planar" diagrams respectively. The dots denote that there
are rungs connecting the legs of the same colour in the “Planar" diagram. (Adapted from
[18,48], drawn using package tikz.)

We thus have for the “Contact" diagrams,

S. = (g-1)(g-2)J? f At,dT,G(T ) G (=T ) 2 F (1, Ts Ta Ty)F (T35 Tats Tar Tp)F (T52 T Tan Tp) ©

(1.2.2)
While the “Planar” contribution goes as,

Sp:f AT, dThd T Famp(T1, T2, Tas To) Famp(Tas T35 Tes Ta) Famp(Ts, Tos Tos Te) s (1.2.3)

where,

p dws 1
Famo(T1, T2, T3, T4) = —f droF (11,72, T3, T )f—e‘"‘"‘”o—.
p(T1, 72,73, T4 001230 o Gt o)
And § = S, + S, is the full contribution to the fully connected piece of the six point
function.



Tuning of Chaos Behavior

In this chapter we study the SYK model with complex fermions, in the presence of an
all-to-all g-body interaction, with a non-vanishing chemical potential. We find that, in the
large ¢ limit, this model can be solved exactly and the corresponding Lyapunov exponent
can be obtained semi-analytically. The resulting Lyapunov exponent is a sensitive func-
tion of the chemical potential u. Even when the coupling J, which corresponds to the
disorder averaged values of the all to all fermion interaction, is large, values of u which
are exponentially small compared to J lead to suppression of the Lyapunov exponent.

This chapter is divided in the following sections: In section 2.1, we discuss the calculation
of the retarded kernel. We will first have to compute the retarded Green’s function. Sec-
tion 2.2 is devoted to studying the dependence of the Lyapunov exponent on y, in details.
We comment briefly on flavoured complex fermion model in section 2.3.

2.1 Calculating the retarded kernel

Let us begin by computing the retarded kernel. We are going to find the expression of the
kernel with all its components analytically continued to real time. Our goal is to find the
eigen-function of this retarded kernel with eigenvalue 1. But for this purpose we need to
figure out what will be the retarded two point function and the Wightman correlator.

Notice that the right hand side of the differential equation (1.1.42) is symmetric under
T — —7, whereas on the left hand side we switch from g(u,7) — g(u,—7). We can
therefore send T — —7, and subsequently obtain the resulting equation for g(u, —7). The
solutions to the differential equations are exactly of the Maldacena-Stanford form [21],
and are given by

V8%

cos? (ﬂ)
e8WD — 2 .
v
cos (7)

I7]

B

with BJ =

(2.1.1)

)

Note that, the parameter v that naturally emerges here contains information about the two
independent UV-couplings: 8J and Su.

cos? (m/ (

N =

23
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2.1.1 The retarded Green’s function

We begin by defining the retarded Green’s function
Gr (u, 1) = elil’(l)l+ (G- (u,it + €) — G- (u, it — €)] O@) . (2.1.2)
In the g — oo limit, we obtain:
Gr (u, 1) = =" 0O(t) . (2.1.3)

The above result, in the limit 4 — 0, yields: Gg(f) = @(¢) which is the expected answer.
We can also define:

Gr (1, =) = lim [G.. (u, = (it + €)) = G (u, = (it = €)] (1), (2.1.4)

which implies Gy (u, —1) = e O(1).

2.1.2 The retarded kernel

Now we analyze the four-point function. In the large N limit, the four-point function can
be expanded in a series of (1/N) and, here, we will only compute the the leading (1/N)-
contribution, in which only the ladder diagrams contribute. Since we are working with
complex fermions, the only non-trivial four-point function is given by

N

1 + 1
7 2 T (W] 1w 1)) = G (12) G (130) + S F (s, 12) ..

ij=1

(2.1.5)

The contribution at order (1/N) is collectively denoted by ¥ = 3., F,, where n is the
number of rungs in the corresponding ladder diagram. We refer to [21] for more details.
The composition rule is pictorially represented in figure 2.1.

At large N, the summation over the ladder diagrams can be performed by expressing 7,1
in terms of ¥, integrated, weighted with a kernel, as also pictorially shown in figure 2.1:

Fne1 (11,12, 13, 14) = f dtdt’ Ky (11, 31, 1) F (1,1, 15, 1a) (2.1.6)
where the kernel, denoted above by Ky, is given by

Kr (t1, 1,13, 12) = (=D (g = 1) Gr(u,113) Gr (i1, —1r4)
[Giept, 5] [Grelp =317 . (2.1.7)

Here Gy, (u,t) is the Wightman function, which is essentially given by the propagator
evaluated at complex time, and in the large ¢ limit we get:

[Ge@1> [Gu(=0))* = [Glir + B/ [G(=it = B/ . (2.1.8)
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.0 00

00 0 O

-FnJrl:K']rn

Figure 2.1: A diagrammatic representation of the four point function calculation, in the large N
limit. First, only the ladder diagrams contribute, as shown in the first row here. Second, from the
structure of the diagrams, one obtains an iterative process to generate ., from 7, composing
with a kernel.

The above is consistent with interpreting the propagator G(u, —t) as the fermion moving
backward in time, or the anti-fermion moving forward in time. This is why a separation
along the thermal circle picks up a relative sign.

Finally, we obtain:

2 2.2
(=DP2P(g = DG [Gr(-0)]7* = (-1 — (2.1.9)
B2 cosh? (%”)
Using this, the complete retarded kernel is given by
: 21?0 (113) O (¢
K (t1,15,15,14) = —(=1) b0 22 ( ;3) t( ) (2.1.10)
Vi34
B? cosh (T)
_ it 22?0 (113) O (124) . 2.1.11)
B2 cosh? (’%34)

The last equality follows from the fact that ¢ is even.

2.2 Exploring the chaos regime

So far, we have obtained the retarded kernel for four fermion fields placed at four arbitrary
points on the thermal circle, denoted respectively by #;,...,%,. To extract the chaos be-
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haviour, one needs to calculate the OTO correlation in real time, separating the fermions
by a quarter of the thermal circle [50]. We want to compute the following OTO correla-
tion:

F (11, 12) = Tr [yt O (0] .y = p(B)'"* . 22.1)

In the limit #,#, — oo, the diagram with zero rung is suppressed and thus ¥ (¢,,1,) is an
eigenfunction of the retarded kernel Kg, with an eigenvalue one. This statement translates
into an integral equation of the following form:

P = [ [ dnduka T 6 222)
e , 272v*0 (113) O (¢

- f f drydigertr0 Y OUDO W),y 53
oo J—oo B2 cosh? (—”‘Zf“)

Choosing an exponential-ansatz for F (f3, t4) of the form

TP e
F (t3,14) = e” och (m) , 2.2.4)
B
yields:
i 222 e B B+
F(t1,1) = eHne dt3dt4 Y (2.2.5)
vtz
B cosh ( 5 )
- e%“l”ﬁﬂ. (2.2.6)
cosh(’%"z)

This implies, following the subsequent steps outlined in [21], that the Lyapunov exponent
is given by

2
A=y, (2.2.7)
B
where v is given in equation (2.1.1). In the two extreme limits, we easily get:
A= (20)+.... as vo0 e pI-0, (2.2.8)
2 2 -
- —”(1——~), as vol e BJiow. (2.2.9)
B BJ

In terms of the IR emergent coupling 3J, the dependence is identical to the one observed
in [21], however, in terms of the original parameters {8/, Su} defining the system, there is
a non-trivial dependence of the Lyapunov exponent. The figure 2.2, shows behaviour of
A = BAy/2r, which is the normalised Lyapunov exponent, as a function of the coupling
BJ for various values of Su. Similarly the figure 2.3 shows variation of A as a function of
S for different values of 5J.

To compare with the results obtained in [22] we can also plot the Figure 2.4 using our
formula.
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Figure 2.2: The Lyapunov exponent A is normalised and takes values between 0 and 1. This
figure shows dependence of A on J for different values of Su.

T
"mu_data.txt" u 1:2 ——
"mu_data3.txt" u 1:2 — -
"mu_data2.txt" u 1:2

Lyapunov

mu

Figure 2.3: The Lyapunov exponent A is again normalised and takes values between 0 and 1. This
figure shows dependence of A on Su for different values of 8J.

Before concluding this section, let us make some comments regarding tuning the chaotic
properties of SYK-type models. In [22], a two-body infinite-range random interaction
between Majorana fermions was introduced, in addition to the four-fermi interaction in
the SYK model. It was found that this interaction can tune the Lyapunov exponent down,
and in fact, push it all the way to zero, similar to what we have observed above. However,
the precise dependence of the Lyapunov exponent with the one-body interaction strength
is different compared to our results.

The Hamiltonian considered in [22] is of the following form:

H= > Juwwi Vit +1 D ki Wil (22.10)

1<i1<ip<i3<iy<N 1<ij<ip<N
where J; ;,i,i, are chosen from a familiar Gaussian ensemble, and the couplings k; ;, denote
the infinite-range interaction and y;’s are Majorana fermions. Assuming N is even, we can
consider a particularly special case, in which k; ;, are non-random, and are characterized
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Figure 2.4: Plot of % against 8J with ¢ = 10. The plots are with respect to x =
0.1,0.2,0.5, 1, where J — £ and u — ux
by a particularly nearest neighbour interaction:

kiliz = k5,-1+1,,-2 if il = odd ,
0 otherwise . 2.2.11)

The interaction term is now particularly simple:

N
Hiw =i ) ki Wihis = V'KP (2.2.12)
i=odd
where 7 = (Y1, ¢, 0N . (2.2.13)

Evidently, the © operation is equivalent to the transpose operation since we are deal-
ing with Majorana fermions. The matrix K contains the information about the nearest-
neighbour interaction of (2.2.11). It is easy to diagonalize the coupling matrix K, and the
resulting eigenvalues are: (%) copies of (+§) and (%) copies of — (%) Suppose that x7',
witha = 1,..., N/2, eigenvectors have positive eigenvalues and y,, witha =1,...,N/2,
eigenvectors have negative eigenvalues. It is also straightforward to check that: (y*)" =
X, thus we can drop the superscript, and subsequently the interaction term can be written

as:

N/2
Hiw =k ) xixa, where {f,xs} =264 . (2.2.14)

We can now rewrite the four-body interaction in the complex y-basis. Since our starting
point did not preserve the U(1)-symmetry of the complex fermion model in (1.1.10), the
full resulting Hamiltonian does not match with the complex fermion model with g = 4.
However, in the UV, with (J/k) — 0, the four-point interaction is negligible and the two
systems are physically equivalent. In the IR, the two systems are completely distinct.
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2.3 Flavoured Complex fermions with a chemical po-
tential

Let us now generalise this set up, where instead of a U(1) symmetry we have Ny number
of flavoured fermions with a global SU(N,) flavour symmetry, similar to the model con-
sidered in [25]. The fermions now carry two indices, V. Here the a is the flavour index
where as i is the site index. One has the following operator algebra:

(e vy = vy =0, (v =507 (2.3.1)

It is a trivial matter to find first the kinetic term without introducing the chemical potential
(it given by

- f dr o Py (2.3.2)
Here repeated indices are summed over unless stated otherwise.

The SU(Ny) invariant two point function in this case will be given by

Nysgn(T)

G() = (@] () = ——

0ij - (2.3.3)
If we absorb this factor of N into the overall normalization of the kinetic piece then we
observe that now if one introduces a conserved charge u then the relevant operator is:

J7

et
Ny P

We know that the interaction term should be a gauge singlet. We also require that, upon
imposing reality condition on the fermions, this interaction should reduce to the corre-
sponding interaction term in the Gross-Rosenhaus model. Under this, we intuitively write
down the interaction term as:

1
q/2
N K

Ji et ptertpte g (2.3.4)

Lewelg i iq/Z iq/2+1 “ee iy

Now we just use the melon diagrams to figure out the 1PI effective self energy contribu-
tion. Essentially, as before, we observe that from the diagramatics one obtains:

CNf
(1) = =[G [G(-D)]*" .
Nf
cyf
So, one can redefine the coupling strength as: JZ2. = N_ijz_ This means that, if we

have multiple groups of flavours, then the relative strength of the effective couplings scale
according to the above relation. Hence, again we get back the same set of Schwinger-
Dyson equations which we have already solved.
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We already see the emergence of an effective coupling:

J, (2.3.5)

which, in the limit ¢ > 1, Ny > 1 such that N; > ¢, naively, yields:

11
Joo=——J"—0. (2.3.6)

Y
i}
Thus, with a very large global symmetry, the emergent coupling is very weak. This im-
plies that the resulting chaotic behaviour will be accompanied with a vanishingly small

value of the Lyapunov exponent. Thus, we can tune the chaotic behaviour with a global
flavour symmetry, as well.
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In the standard SYK model, in the large g limit, the relevant scale in the system is provided
by an effective coupling:

qJ?
= F )

which has mass dimension one. The IR CFT resides in the J — oo limit, but the ex-
ponential growth of OTOC and subsequently the Lyapunov exponent can be obtained as
a perturbation series in 1/ 9. This naturally gives an RG-flow of the Lyapunov expo-
nent [21]. In the previous chapter we saw how the maximally chaotic mode of the SYK
model with complex fermions in the large g limit behave in the presence of a chemical
potential u. Here, in the UV Hamiltonian, we have two natural parameters: Su and 9
and the effective coupling in the IR is given by (This is the same as in (1.1.43) with J
from here on denoted as)

J

JZ
(2 +2cosh (uB)*™"

2

eff —

q
5 (3.0.1)

The strict IR is located at J.¢ — oo limit, and one can calculate systematically the RG-
flow of the Lyapunov exponent in a perturbation series in 1/J.t. This RG-flow shows
sensitive behaviour for the Lyapunov exponent as the UV parameter Su is dialled up as
we saw in 2.2.

In keeping with the theme, in this article, we further compute higher point OTOC for com-
plex fermion SYK-model, with a non-vanishing chemical potential. Our analyses follow
closely the analyses in [48], in the large g limit. However, our analyses are performed
in the complementary regime in that we completely focus on the operators that display
chaotic nature and away from the conformal limit. In spirit of the NAdS/NCFT picture,
this is rather natural regime to consider; in the context of chaotic properties of many body
systems, this is an example of a tractable and explicit higher point OTOC which displays
the expected exponential growth.

In this paper, after computing the fermion six point function with a non-vanishing chem-
ical potential, we take the triple short time limit to estimate the the bulk three point cor-
relator, away from the conformal limit. In this regard, we compute bulk three point func-
tion(triple short time limit of the fermion six point correlators, neglecting the Schwarzian
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mode) of the modes satisfying conformal invariance as well as the Schwarzian mode,
using the techniques employed by Gross and Rosenhaus [48].

This chapter is organized as follows. In section 3.1, we compute the six point fermion
correlator in the triple short time limit for the conformal modes in the IR limit i.e. u
turned off. We then interpret it in terms of the bulk three point correlator [48, 49] in
the IR limit of the conformal modes and check that we do indeed find them to be of
the form of conformal three-point function, in the triple short time limit. We apply this
technique in Section 3.2 to compute the six point function and take the triple short time
limit to determine the three point correlation function of fermion bilinears away from the
conformal limit. These computations in the presence of a chemical potential i which only
affects the correlation functions through the effective coupling. We also numerically plot
the OTO configuration with changing time and attempt to extract the chaos exponent.

3.1 Correlation Functions

Let us begin with the short time i.e., 7, — 7, = 7, — 0 limit of the four point function
both for the symmetric and anti-symmetric case,

) |T T | hy,
FA(T1, 72, T3, T4) =G(112)G(T34) Z cﬁ ( 12734
T\ |13 14
TT "
F3 (11,72, 73, 74) =G(112)G(T34) Z Ei( 12734 )
=1 713714l

When we calculate the the six point function of the complex fermions we go to different
short time limits, where the correlation function take some effective form. In the triple
short time limit we calculate it as an effective three point function of the fermion bi-linear
operators. This way one can compute the correlation function near points where differ-
ent arguments approach each other yielding poles and by the property of being analytic
everywhere else we get the full contribution.

In the remaining part of this article we calculate the O(1/N?) coefficient of the six point
function with respect to the 1/N expansion. To this order there are contributions from the
contact diagrams as well planar diagrams. We will now write down the corresponding
expressions:

8281+82+g§1+g§2. (312)

Here the contributions of §; (contact) and S, (planar) are exactly same as in [48], namely
the result for the Majorana fermions. In case of the SYK model with complex fermions,
if we demand time reversal invariance, (since the Hamiltonian is itself time reversal in-
variant) we have only two other contributions. Now,

S “ _
9—(1) = (q—l)(q—2)J2ﬂ dt,dtyG(Ta) 7 F (11,72, Tas T FA (13, T4, Tas T FP (75, T6, Tas Th) »
i (3.1.3)

o0
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is the contact diagram contribution. Here, we have written only one particular assign-
ment of the arguments; there are other possible assignments whose contributions account
for the factor of 1/90 on the left hand side. There are total 90 possible independent
configurations. We will use same symbol /4 to denote the conformal weight of the bi-
linear operators both for F4 and FS, although the values are different for the two: for
FA= h,=2n+1+24+0(}), and for F$ = h, = 2n + 24 + O(}). Also we have,

S 00
2 _ f ATadTHdT F (11, T2 Tas TH)F (T35 T T T) Froyp (75, T6s Ter Ta) - (3.1.4)

ﬁinp(Tl»TzaT&M) =J deoFS (1,72, 73, T0)G(T40) 7" . (3.1.5)
Using the Selberg integrals in its special and general forms, one obtains:

h hy=1
S oy [T 12" 734"
ﬂmp(71,72,7'3,7'4) = G(112) E Cnfnsgn(le)Sgn(T%)lT [t 12 s [ 1+24 (3.1.6)
24 23
n

Using the short time expansion of four point amplitudes, we get:

S ~
9_(1) =b(q - (g - 2)J Z EaCmCilTial"T3al" 756" G(112)G (134)G (x56)1., ),

n,m.k
S R ) 3.1.7
5 =Pa = D@ =27 ) Eentidiéndilriol sl el G
90 n,m,k

2

X G(T12)G(T)G(Ts6), .

where explicit expressions of the constants c, &, &, & are given in appendix 3.4. The
integrals IV and I® are given by

SEN(T 14T 15 T5aTsp)| Tl 2

I(l)
[T1al [T 161 T3l T3 i T e s P

D (7, 15, 75) = sgn(r12)sgn(Tss) f drodr,

2 = sgn(73,)sgn(7sc)
12 (t1,73,75) = —sgn(le)sgn(756)f dr,dtydt, [|T CEryyT ——
—00 3cl™ 3al™

(3.1.9)

Sgn(Tab)Sgn(Tbc)lTab |hn_l |Tca |hm_l |Tbc|hk_1
|Tla|hn—1+2A |le|h,,+1—2A |T5b|hk—l+2A |T5C|hk+1—2A

The integral (3.1.8), can be simplified by the change of variables, 7, — 7, — (1/7,), and
7, — 71 — (1/715). The simplification is done by first decomposing the integral into sums
of integrals. Namely the integration from —co to co will be written as a sum of two, an
integral from —co to 0 and an integral from O to co. We implement the change of variables
on each fragment separately, simplify each of them before recombining them back. At
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the end of this exercise, we get
1

[T31 |75 [Pe

1D (1, 73,75) = sgn(r12)sgn(rss) f dr. dr, [

|hn+hm+hk—2

ITap sgn(7s17, + 1)sgn(rs 7, + 1)

L
(3.1.10)

These change of variables are followed up by another pair of change of variables which
are carried out in a sequential manner. We will first implement 7, — 7, — (1/731), and
7, — T, — (1/731) and then we will rescale the integration variables 7, — (7537,)/(731751)
and 7, — (75375)/(T31T51).

L |n 1 n h
ITa + -Vl + -linlr, + S, + o

sgn(T12)sgn(7se) 0
|T3] |hn+/’lm—hk |T51 |hy,+/’lk—hm |T53 |hk+hm—/’l nmk

(hna hms hk) )

nmk(Tl,T3,Ts)

|h,,+hm+hk 2

sgn(t, — Dsgn(z, — 1) _
[Tal sl 1 = Tl |1 = "

full( ﬁ 7)
3.1.11)

T (g Iy B) = f dry dr, ™

where, @ = -h, + 1,6 =—-h+ 1,and y = hn+hm+hk _1

As in [48], we divide the Selberg integral, S %”, into different parts. This is achieved by

decomposing the integral into three pieces [—oo0, 0], [0, 1] and [1, co] for each integration
variable. This results in six Selberg integrals with appropriately modified arguments.
Carefully keeping track of the signs, gives

§38@.B,y) = S2a(@.B,y) + S2a(l —a = B-2y,5.7)
+Soo(l—a-B-2y,a,y) +25,1(1 —a— B -2y,a,y) (3.1.12)

- 252,1(a’ﬁ’7) - 252,1(“7 l-a _ﬁ - 2737) .

The generalized Selberg integrals and some important results which are used above are
given in [48], but for completeness we give the relevant definitions here

Sn,n(a’»ﬁ» 7) = f dTl dTn |Tl a ! 1 _Tl|ﬁ |T |27
. H [

l<]

Sn,p(a7ﬁ, 7) = f f dTn n |Tl|a : 1 - Tllﬂ n |le|27
(0,117 J[1,00)*=P

i<j

(3.1.13)

In a similar fashion one can manipulate Iflmk to bring it in a form of the conformal three
point function. This computation, however, is considerably more involved so we instead
do the analysis in the large g. The Iflizk in our case differs from that obtained in [48] by
only the sgn functions while the rest of the integrand has exactly the same form. So for
us also at large g, Ifuzﬂ)k takes the form,

~(2)

(2) nmk L.
L (T1, T2, T3) & T3 [P thm=hi| gy [in+ e | | Him = + (3.1.14)

In our case of course Ef;lk is different from sﬁlfr)lk obtained by Gross and Rosenhaus [48].
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3.2 Away from the Conformal Limit

In this section we carry out the calculation of correlation functions away from the confor-
mal IR fixed point. In the previous chapter we studied the effect of introducing a chemical
potential u, in the SYK-model with complex fermions. We found that a non-zero u takes
us away from the conformal limit since it explicitly introduces a scale in the problem.
The effect of introduction of this scale parameter is reflected in the chaotic behavior of
the model, namely, it brings down the value of the Lyapunov exponent. We computed
the required quantities and studied the maximally chaotic mode(in the large g limit where
things can be handled analytically).

We write below the relevant expressions in the large g limit. The two point function(to
the leading order in large N) is given by

G, 1) = Go(,u,T)[l + ;jlog(

% - é)]] + ] , (3.2.1)

COS [m/(
where,
et
Go(u, 1) = "] ,0<7<p, (3.2.2)
err
Go(u, 1) = e ,—B<7<0. (3.2.3)

The above relation can be written in a compact manner by,

UT

Go(u, 7) = —sgn(t) 0<7t<pB. (3.2.4)

We now aim at calculating the enhanced contribution to the four point function slightly
away from the conformal limit with the chemical potential u. Note that since we want to
be slightly away from the IR, we will keep uf to be small and expand all functions in this
variable. Then it can be interpreted that we move slightly away from the IR by turning on
a small chemical potential.

To this end we need to first calculate the shift in the eigenvalue of the Kernel for the 7 = 2
mode. For this we incorporate the technique used in [21]. We begin with the equation,

KY = kBU, = ffK(T],T2,T3,T4)T(T3,T4)dT3dT4 = kT(T],Tz) . (325)
The Kernel is given by,

K(11,75,73,74) = =(=1)"2J%(q = DG, 713)G(t, —12)G (1, T3)"* ' G, —130)7* 7 .
(3.2.6)
We will work in the large g limit. Substituting the Kernel in equation (3.2.5) gives

2
2| ded sgn(ti3)sgn(Tag)e! et COS (%V)
q T3dTy (etPssn(Tiz) + 1)(eHPssn(ta) + 1) sin? (%)
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v Y(13,74)
{(erBssn(Tss) 4 1)(e HPsgn(tsa) 4 1)}a/2-1

=k¥(11,72), (3.2.7)

2nvTij

where v is defined in (2.1.1) and %;; = + (1 — v). Multiplying (3.2.7) by e ™2 on
both sides of the equation, and differentiating twice, once with respect to 7; and once with
respect to 7, gives,

$s8n(T13)sgM(T24) _
Or, O, ((eﬂﬁSgn(ns) F (e 1 1)) 40(713)6(T24) (3.2.8)
Using the parametrization k = h(h 55 €9.(3.2.7) reduces to,
qJ? cos? (%V) oHT )
- X V(1,7 ———0.,0,, (e ¥ (1), T 3.2.9
(2 +2cosh@B)**™" ~ sin’ (%2) (1.1 = iy n O (r.72) - (3:29)

If we substitute ¥(7,,7,) = e*"2e 1472y, (1,,) then after some manipulation of eq.(3.2.9)
(also using (2.1.1)) we arrive at the differential equation,

v*h(h — 1)
SlIl2 (2)

Here, x = % and we have suppressed the subscript on 7 since everything is now a function
of the time difference 71,.

[nz +40% - };z/n( ) = (3.2.10)

The solution to this equation with appropriate boundary condition is well known. In fact
this is the same equation as obtained in [21]. The solution is given by, (with 72 = n/v)

X\ h—# h+it 1 (X
Upa(x) = (smi) 2 T’T’E;COS (5) , 1 =even
0 = )”c(m )hF h—n+1 h+n+1 3 (i) — odd
Una(x) = coszs R 2 , 2 2cos 2 ,n=odd.

The quantization condition on /4 is obtained by demanding that the wave function vanishes
atx =0, i.e., X = m1(1-v). As we approach the conformal limit v — 1 this solution actually
diverges for generic values of 4 near 2 (we are interested in the 4 = 2 eigenfunctions). But
we want values of 4 such that the solutions are finite or vanishing, so the first or second
argument of the hypergeometric has to be a negative integer. This gives the quantization
of h near 2 to be,

1 -
h,=2+al-1n, h,=2+ |n|( V) . (3.2.11)
14
This gives the shift in the eigenvalue k& = h(h T to be,
3 7 3
k(2, )—1—ﬂ(1— V) + (%—ﬂ)(l— V)2 +. (3.2.12)

This result is identical to the shift obtained in [21], only difference being that v now
depends on the effective coupling 8.9« instead of 5.7 .
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3.2.1 The enhanced four point contribution

Let us now look at the four point function and use the above result to figure out the
enhanced contribution for the Schwarzian mode slightly away from the conformal limit.
We begin with the expansion of the four point function in the basis of eigenfunctions of

the Kernel, (using the variable 6 = % on the thermal circle and the period becomes 27)
F(61,6,,65,04) k(h,n) ¢ ¢
=2 ) ——————V7N0,,60,) ¥, (65, 64) . 3.2.13
GO)G(0) L1 —k(h,m) ™" O %17 (0,00 G219

To find the enhanced contribution of the Schwarzian or 2 = 2 mode we use the eigen-
function of the Casimir for 27 = 2 and the shifted eigenvalue in the denominator. In the
numerator we just use the eigenvalue with 4 = 2 in the IR. This is done to ensure that we
are only slightly away from the conformal limit driven by introducing a small chemical
potential. Here we will use all results for the large ¢ limit,

F(01,0:,05,01)  2BTen Z "0 [sin (%)  cos (nx)} rin (%)  ncos (nx’ )] '

G(01)G(6) 7 £ n2(n? = 1) | tan (%) 2 /]| tan (%) 2
(3.2.14)
Here,
0, +6 0; +6
x=0,-6;, X =6,—6; y= 12 2y = 32 : (3.2.15)

We haveused 1 — v ~ ,er“ for large 8.9 cf-

We will now carry out the sum over n. The final expression after all simplifications is
complicated, and to get some sensible result for the six point function using these results
we resort to doing numerical computation. That is, we carry out the integration numeri-
cally to see the behavior of the six point function. We also deduce the chaotic behavior of
the OTO six point correlator even though we do not have an analytic result.

3.2.2 The "Contact" and and “Planar" diagrams

What we want to now claim is that among the Contact diagrams and Planar diagrams,
which contribute to the six point function at leading order in ~ 1/N, the contact diagrams
dominates the planar ones by an order ¢*, for the enhanced non-conformal mode contri-
bution to the four point function. So at large ¢, the contact ones dominate over the planar
ones, and hence we will look at only the former. But let us show a brief argument for why
that is true.

The contact contribution goes as,

S. = (g=1)(g-2)J? f dT,dT,G(Tap) 3G (=T ) F (11, T2s Tar To)F (T3 T Tas To)F (T3, Tor Tas Th) -

(3.2.16)
While the planar contribution goes as,

Sp:f AT, dTpdT F amp(T1s T2s Tas To) Famp(Tas T35 Tes Ta) Famp(Ts5 Tos Ths Te) - (3.2.17)
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where,

A dw 1
4 _;
Famp(T1, T2, T3, T :—f dtoF (11,72, T3, T f—e T — |
amp(T1, T2, T3, T4) , 4o (11,72, 73, 70) o Gl on)

is the amputated four point function. We can use the SD equations to write,
1

G(l’[, LL)4)

Since we are working at finite temperature, we have to do a Matsubara sum. Notice that
the iw + u term has no poles, so when we evaluate the sum using the contour integration
prescription, this part vanishes and we are left with,

= —iwy ¥ 1 — Z(, ws). (3.2.18)

B
Famp(T1, T2, T3,T4) = fdToT(Tl,Tz,Tg,To)E(u,uo),
0

B
Famp(T1, T2, T3, T4) J? f dtoF (11,72, T3, T0)G(140)* 7 G(~149)"* . (3.2.19)
0

Now we can convert the 7 integrals to 8 integrals via appropriate scaling and we get,

Q(:Bjeff)3
Se~—5—> 3.2.20
(2m)? ( )
where,
ﬁjeff
Famp(T1s e T4) ~ 2B (3.2.21)
In terms of the 6 variable we have,
F(0:,0;,04,0,) ~ BTxG(0;)G(Ou) 5 (3.2.22)
and in the large ¢ limit, for large but finite 5.,
1
(GO} (G(=0a))* ~ — . (3.2.23)
(BT err)? sin® (%)

Here we have put v = 1 inside the sine function which is consistent to the leading order
with v — 1 as BJ.;s — oo. As a consequence the (5. ) coeflicient of the “Contact"
diagram as well as the amputated four point function cancels out due to the (87 .)> ap-
pearing in the denominator of (3.2.23). Now since the planar diagram is given by the
product of three amputated four point functions hence, when we take the product and
convert the 7 integrals to 6 integrals in (3.2.17), we finally get,

(ﬁjeﬂ)3
~ . 3.2.24
" P2n) ( .
Taking the ration of S, with §,, we see that,
S,
=< ~ 2n)*q*. (3.2.25)

Sy

So in the large ¢ limit as one can easily see that the contact diagram is far more dominant
compared to the planar ones and hence it is justified to consider the contribution of the
contact diagrams only.
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3.2.3 The six point function

Although one can get an analytic answer for the enhanced four point contribution slightly
away from the conformal limit, calculation of the full six point function becomes some-
what messy to carry out analytically. We therefore compute the six point function using
numerical methods.

Let us first summarize the results, we will then we state all the relevant values used in
carrying out these computations.

e We first compute the six point contribution with three 4 = 2 mode keeping all the
time arguments to be separate and then we take the short time limit 8, — 6, or
6; — 6,. We see that the six point function decreases in this limit for various small
values of S keeping g fixed at some large value.

e We then reverse the order, that is we first take the triple short time limit and then
carry out the integrals numerically for all the possible nonconformal contributions,
ie.,

Frn2FFer  Fn2Fn2Fes  Fn2Fn=2Fn=2 (3.2.26)

We find that among the three terms listed above, the first contribution almost van-
ishes up to any order in g that we are working with, whereas the other two terms
are small but are of the same order and they go as (uB)*> with small coefficients.
These will get corrected as we go to higher orders.

e To benchmark the code we compute /l(lll)k (as was done in [48] for all three conformal
modes) for the contact diagrams and plot it against k, where for large k, h, = 2k +

1 +1/24 + O(1/k). We find the similar fall off behavior at large k.

Let us now look at some details of the analysis. One of the things that we have to keep
in mind is that we are slightly away from the conformal limit because we have turned
on a small yB. We need to be careful while working with the conformal modes. Due to
explicit scale in the theory, the modes may not be conformal anymore. In other words,
the normalized four point contributions of these modes may not be a function of only the
cross ratio y anymore. However, for small Su, the conformal perturbation theory makes
sense and within this limit using the conformal basis is justified.

If we recall the eigenvectors of the Kernel then we see that,

01+6,

> Ya(612)

B .
V(0),0,) = 5"

and to obtain the conformal modes one has to go to the IR, do the sum over 7 in the four
point function to obtain the sum over integer values of & as well as the integral over the
principle continuous series. One then deforms the contour to pick up the poles at k. = 1,
eigenvalue of the kernel in the conformal limit. In the IR limit the exponential ug factor
becomes equal to 1, but since it has no n dependence it plays no role when we carry out
the sum over n. Therefore, slightly away from the conformal limit we will have (small
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uB),

Frz2(01, 62,03, 64)
G(612)G(034)

B (Or+63) 2 S F (s s 2, x) (3.2.27)

m=1
o0

612 + 034)
= > X F 1y s 2B X))+ ‘chm 2F 1t s 2, )
m=1

m=1
[se]

Z c;%q/\/hm 2Fl(hm7 hm7 2hm’)() +e

m=1

N (,u_ﬁ)2 (012 + 034)*
2 2!

The above expression breaks conformal invariance and this is the four point function we
will be working with away from the conformal limit.

Since BJ.¢ appears as an overall factor we strip of this factor and look at the integrals
only. For small uf this factor is large but finite. uf is kept to be ~ 7.4 x 1074,

3.2.4 The Short time and OTO behavior of the Six point function

Since this is a part of the non-conformal piece, we will first compute it by keeping all
times different and then taking one time approaching another for example 7; — 75, and
look at how it behaves. In Figure 3.1, we see the behavior of the six point as we take the
short time limit. It is easy to check that when we compute the six point function in the
triple short time limit vanishes.

The contribution to the non-conformal piece coming from the product of three 7 = 2
modes is shown in Fig. 3.1. In computing the contribution for one or two & # 2 modes,
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-0.0020 |
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Figure 3.1: The plot of the six point function vs 7y as 7; — 75.

we have to be careful as what happens to the “Planar" diagrams as well. For more details
see, Appendix A.

For calculating the OTO correlation function we have to first set a specific configuration
of operators, which is then analytically continued to real time. However, we do not have
the analytic expression so we use the following procedure. We modify the times that are to
be analytically continued keeping their relative positions to be the same. This effectively
corresponds to changing only one time independently. We observe the behavior of the
correlator and compare it with the behavior of the enhanced four point function (for which
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Figure 3.2: The OTO six point and four point function response for changing 7;.

we already know that there is a chaotic behavior) under the same operation. From the
results plotted in fig. 3.1 and fig. 3.2 above it is easy to see that the six point OTO
correlation function actually does exhibit chaotic behavior when we analytically continue
to real time. The chaos exponent can be estimated by fitting the data with an oscillatory
function. We choose an ansatz

a + bsin(At) + ¢ cos(AT). (3.2.28)

We find that the data is fitted for the following values of a, b, c, and A,

a=-0.68904,
b =0.56662,
(3.2.29)
¢ =0.63927,
A=1.4364.

The maximal value of the Lyapunov is 3/2 but the fitted value of A is less than the max-
imal. This is due to the errors in our numerical computation. Because of the small but
non-vanishing value of the chemical potential u we are indeed slightly away from the
conformal limit but since we are working with the enhanced contribution we should have
gotten a value which is nearer to 3/2. Here we would like to mention that, upto these
errors, this value of A is in agreement with [62], as the maximal chaos exponent for the
six point OTOC.

3.3 Appendix A

If we consider the behavior of F .y, for the 7 = 2 mode as we take two times to be closer
to each other, then we find the results shown in Figure 3 below.

As we can see from the graph the value of ., is quite large when the times are well
separated. But computing the six point “Planar" diagram in the triple short time limit
numerically one finds that the contribution is small i.e of the same order as the “Contact"
integrals hence using the fact that the coefficient of the “Contact”" diagrams are much
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dominant over the “Planar" ones, we are justified in considering the contribution of the
former only. Although one has to be careful when considering the “Planar" contribution
when & # 2 modes are taken but since the numerics is pretty involved and takes very long
time we do not present those results here.

1000 —
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Figure 3.3: Plot of ¥, against 6, as it is taken towards to 6,. Along the 6, axis we mark
the number of steps while the actual interval is O — 1 in steps of 0.1.

3.4 Appendix B

In this appendix we collect the expressions of the constants that appear in six point am-
plitude.

2q (hy—3)  T(hy)
c, = (3.4.1)
(¢ - 1)(q - 2) tan(n4) ta (nh ) K, (h)T (2hy)
_ 1 2
. 2g (h,— 3 I(hy) | (342)

(q = 1(g = 2)tan(nd) cot (2 ) ks ()T (2hn)
g = pppld74Y DG~ DI (3.4.3)
rg+4-"2ré&ré-4°
I —4+5ra -2ru)
TA=TG+5IG-4)

& = b

(3.4.4)



Thermalization in the SYK model

Here we study non-equilibrium dynamics in SYK models using quantum quench. We
consider models with two, four, and higher fermion interactions (¢ = 2,4, and higher)
and use two different types of quench protocol, which we call step and bump quenches.
We analyse evolution of fermion two-point functions without long time averaging. We
observe that in g = 2 theory the two-point functions do not thermalize. We find thermal-
ization in ¢ = 4 and higher theories without long time averaging. We also calculate two
different exponents of which one is equal to the coupling and the other is proportional to
the final temperature. This result is more robust than thermalization obtained from long
time averaging as proposed by the eigenstate thermalization hypothesis(ETH). Thermal-
ization achieved without long time averaging is more akin to mixing than ergodicity.

Our main object of interest is the Kadanoff-Baym equations which we will use to analyse
the non-equilibrium dynamics of the SYK model. Before we set up the Kadanoff-Baym
equations, let us consider the Schwinger-Dyson equation.

4.1 Why non-equilibrium dynamics?

The study of non-equilibrium dynamics is becoming important both in condensed mat-
ter physics [43, 50, 63-70] as well as in string theory [20, 45, 71-74]. Applications to
holography i.e. in case of a black hole collapse where the system tends towards equi-
libriation [75, 76] has been in the literature in the recent past. Studies of holographic
entanglement entropy, in context of time evolution [77] and multi-scale renormalization
ansatz [78—80] is another related area of research which finds the use of non-equilibrium
dynamics. One of the most interesting question in this field is to understand patterns of
thermalization in the systems which are out of equilibrium. For example, it is important
to know under what conditions a closed quantum system thermalizes, i.e., for a system
prepared in a pure excited state, and undergoes unitary evolution, determine how the late
time limit of the expectation values of certain observables are effectively described by a
thermal ensemble'. Interest in the non-equilibrium dynamics from string theory point-of-
view stems from black hole physics. The AdS/CFT correspondence(or the holographic

IThe expectation values can equilibrate but the stationary limits may not be described by a thermal
ensemble, which we will observe below for g = 2 theory for which the fermion two-point functions freeze
instantaneously but its values are not described by a thermal ensemble.

43
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principle, in general) says that a black hole corresponds to thermal ensemble in the bound-
ary quantum theory, and the thermalization process in the quantum system is conjectured
to be dual to black hole formation in the bulk gravitation theory.

On the bulk gravity side it has been conjectured that black holes are fast scramblers [15].
This proposal led to another conjecture [11] that the chaotic behaviour, that leads to
scrambling, which is parametrized by the Lyapunov exponent A; has an upper bound,
and that upper bound is saturated by black holes. This naturally gave additional impetus
to the study of non-equilibrium dynamics in systems which exhibit chaos, especially if
the Lyapunov exponent of the theory saturates the upper bound.

The eigenstate thermalization hypothesis (ETH) is an attempt to explain how closed uni-
tary quantum systems in pure excited states can thermalize [81, 82]. Thermalization with
ETH crucially involves long time averaging of the observables under consideration. It is,
however, not clear what is the precise relation between chaos and ETH. In many studies
of quantum systems, thermalization is observed even without long-time averaging [65].
Thermalization has also been seen in the integrable systems without long time averaging.
The late time behaviour of integrable models is described by the generalized Gibbs en-
sembles [44,83]. These ensembles have fugacities turned on for several conserved charges
of the integrable system. The integrable model, by definition, is not chaotic on its own.

The most convenient method for studying non-equilibrium dynamics, both theoretically
[43,45,66-69, 72, 84-86] and experimentally [87, 88], turns out to be quantum quench.
In other words, quantum quenches are the most convenient way of generating non-trivial
excited states of the theory. In quantum quench one abruptly changes parameters of the
Hamiltonian of the system starting from an equilibrium configuration(generally a thermal
state or the ground state) of the system. The change in the coupling generally excites the
system and the system evolves non-trivially with the final Hamiltonian. The evolution of
the system is examined by calculating the expectation values of some of the observables
of the system. If the expectation values of those observables approach the expectation
values in a thermal ensemble, the system is said to have thermalized.

An important aspect of the work presented in this chapter is to check if step quenches
produce special fine-tuned pure states which looks exactly thermal. These pure states are
inspired by the Euclidean evolved boundary states of Calabrese and Cardy [89]. These
states, which we will refer to as Kourkoulou-Maldacena (KM) states below, have inter-
esting bulk duals [90]. The details of these pure states can be found in section 4.3.2. We
observed that the final states of quantum quenches using disordered couplings are not KM
states. But one can use mass like terms to perform the sudden step quenches for which
the final states are the KM states.

The thermalization we observe in g = 4 theory without long time averaging, is much more
robust than what one expects from the ETH. We therefore believe that thermalization in
a chaotic system is more akin to mixing in classical systems which is a stronger condition
than ergodicity.

The outline of this chapter is as follows: In section 4.2, we will briefly recall the derivation
of the Schwinger-Dyson equation in the SYK model with Majorana fermions. This will
also be used to fix our notation. We will write down the Schwinger-Dyson equation for
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a model with both ¢ = 2 and 4 interactions. The couplings for these terms will have
arbitrary time dependence to start with. In section 4.3 we will set up the Kadanoff-Baym
equations for this system which can be easily generalized for higher ¢ models. Finally
we will briefly discuss the eigenstate thermalization hypothesis(ETH). In section 4.3.2, we
discuss Kourkoulou-Maldacena states with an eye on possible relation between our results
and these excited states. In section 4.4, we discuss various quench protocols that we
study in the SYK model and present results of our numerical computations. Section 5.3
contains conclusion and discussion where we wrap up our results and discuss about ways
to prepare Kourkoulou-Maldacena states and the implications of thermalization without
long-time averaging.

4.2 The Schwinger-Dyson(SD) equations

We will consider the time dependent Hamiltonian which describes different quench pro-
tocols depending on the kind of time dependence we allow for the couplings of the theory.
To simplify the matter we will extract the time dependence of the couplings and write it
in terms of separate functions of time. For example, up to the quartic fermion interaction
i.e., g = 4, the Hamiltonian is

H@) =i ) L@ — ) Jagufawas g, (4.2.1)
i<j i<j<k<l
where, f>(f) and f,4(¢) contain the time dependence of the couplings. The partition function
of this model is written in terms of the action functional,

i<j i<j<k<l

Syl :Ldf{%Zj:lﬁiazlﬂi—izfz,ijf2(f)lﬁi¢j+ Z J4,ijk1ﬁ1(f)lﬁil//jl//klﬁl}- 4.2.2)

All the interaction terms in the SYK model couple all fermions to each other and have
random couplings. The randomness of the coupling is meant to mimic the disorder in
the system. We will average the partition function over the gaussian distributed random
couplings,

Z= fﬂl/’fﬂfz,ijf@h,ijkl P1(J2,i)P2(J4ijx) exp(S [¥]) (4.2.3)

where the gaussian weight functions, $;(J,,;;) for the quadratic coupling and $»(J4 ;i) for
the quartic coupling have width 2J3/N and 12J;/N respectively. Usually in the quenched
disorder the integration over the random variables is carried out at the end of the compu-
tation, however, in the large N limit we can reverse the order. Carrying out the gaussian
integral over the quadratic and quartic couplings gives us the effective action

1 1 J2
iSe = — j;dti Z o — 7% ﬁ fdtldl‘z Z @) @)t ()Y (t2)
i Y

3J?
+ ﬁ fdfldfz Z Ja(t) fa@i (e O (0 ;@O () Gt (8P (12)
: il

4.2.4)
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In this effective action the sum runs over all values of i, j, k, [ and the combinatoric factors
take care of the ordering of fermions in each term. Following [43], we will write this
effective action in terms of auxiliary fields and convert it into a quadratic action in terms
of the fermions. The path integral in terms of the auxiliary functions, suggestively named
as G(¢) and 2'(r),

1 i i J%N 2

= f@lﬂDG@Z exp —fdeZ'ﬁazlﬁ +Tfdfldfzfz(fl)fz(tz)G(tl,tz)
c - C

)
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+% fcdl‘ldtzz(h, f) [G(h, ) + %Z lﬁi(h)lﬂi(lz)]] ,

N
f dtvd fo() fu)G (0, 1)

(4.2.5)

where,

Gltr.1) = = D Uit )i(ts) (42.6)

The auxiliary field 2 is introduced so that we can implement the constraint (4.2.6) as
an equation of motion of 2. This is done by implementing the constraint through the
o-function. This procedure reduces the action (4.2.5) to quadratic form in terms of the
fermions. We can now integrate out the Majorana fermions and write the effective action
S[G, 2] purely in terms of G and 2,

dh

N
S1G.2] = -7 Tr(log [-i(Gy' - D)) dnr fo(1) f0)G (11, 12

3l]2N

f d f At futD )Gt ) + f ddnZ(t, )G, 1) |
4.2.7)

An advantage of this form of the effective action is that the Schwinger-Dyson equations
can be derived as equations of motion of this action,

Z(ti, ) = Gy (t1, 1) + G (11, 1) (4.2.8)
2(t, 1) = L L) H(0)G(t, 1) — T3 f1(t) fu(t)G(t, 1) (4.2.9)

A similar analysis can be carried out for the six and higher fermion interactions in an
analogous manner. Let us now consider the eq.(4.2.9) and take the convolution product
with G(¢, t,) from both right and left, this procedure gives us two equation,

fdstal(fl, 1)G(t3, 1) = oc(t1, 1) + fdfsz(fl, 1)G(t3,12) , (4.2.10)

c c

fdt3G(tl,l3)G51(l3, ) = oc(t1, 1) + fdf3G(t3, 1)2(t),13) . (4.2.11)
c c

To study the Kadanoff-Baym equations besides eq. (4.2.10), (4.2.11) we will need the
retarded, the advanced and the Keldysh Green’s functions which are defined as

Gh(t1, ) = Ot — )G (t1, 1) — G(t1, )], (4.2.12)
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GA(tl’ 1)
GX(t1, 1)

O, - )G~ (t1,1,) — G (t1, )], (4.2.13)
G (t1,1) + G(t1, 1) . (4.2.14)

Along these lines define the retarded, advanced self-energy in the following manner.

2R, 1)
ZA(tl’ 1)

Ot — )27 (11, 1) — 2°(t1, 1)] , (4.2.15)
—@(lz - l])[2>(l1, tz) - 2<(ll, lz)] . (4216)

4.3 The Kadanoff-Baym (KB) equations

Equations (4.2.10) and (4.2.11) can be manipulated using the real space representation of
G,' on the left hand side and contour deformation on the right hand side to write

i0,G”(t1, 1) = f dt{ (11, 3)G™ (13, 1) + 27 (1, 13)G (13, 1)} - 4.3.1)

(oo

—i0,G”(t1, 1) = f dt{GR(t1,15)27 (13, 1) + G (11, 15) 2 (13, 1)} - (4.3.2)

Note that the contour starts from some time #, and the operators are inserted in the correct
order for different values of #; and #, and then comes back to #,. For quenches starting
from a thermal state, the contour further goes down in the imaginary time direction for an
interval of length ; which is the inverse temperature of the initial thermal state (Figure
4.1).

Figure 4.1: Contour deformation for Bogoliubov principle of weakening correlations.

If one takes the limit f; — —oo then for all observables at finite time, the contribution
from the imaginary time interval can be neglected which follows from the Bogoliubov
principle of weakening correlations [91].?

We will briefly explain derivation of (4.3.1) using the Langreth rules below. Derivation
of (4.3.2) follows in an analogous manner. The left hand side of (4.3.1) can be derived
starting from the equation(4.2.10), and choosing the Green’s function G(fs, ;) to be the

2For this work, the calculation is further simplified because the free part of the Hamiltonian is zero.
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greater Green’s function G”(#3, 1), and integrating by parts to get

C

y f dt66(t, 10, (15, 1) (4.3.3)
C

= iatl G>(tla t2) s

where we have used the fact that G;' is given by the derivative of the 6-function. The
right hand side of (4.2.10) is

R.H.S. = f dn2(t],5)G(t3,13) . (4.3.4)
C
C b >
> t
< ) — G (—4—) ’
f Cy < Y4

Figure 4.2: Contour deformation for Langreth Rules.

Using the contour deformation we can rewrite (4.3.4) as

f dn2(t],)G(t3, 1) = f dt2(t,,7)G (1, 1) + f dt2” (1, 0)G(t, 1) . (4.3.5)

C Ci C

The first term in (4.3.5) can be written as

11 —00
f dt2(t,,7)G (1, 1) = f dt2” (4, 7)G (1, 1) + f dv2<(t,,7)G (1, 1)
Ci o . (4.3.6)

:f dT@(fl—T)2>(t1,T)G>(T,f2)—f dii=(t, )G (7,1),
e 0

where, T = f; — 7. Inserting Heaviside ©(7) function in the term involving 2’ we can
extend the integration limit from (0, c0) to (—o0, 00). After substituting ¥ = #; — 7, the
integral remains invariant. So we get,

f dt2(t,7)G (1, 1) = f‘x’ drO(t; — 1) (27 (t,7) = 2°(t1, 7)) G (1, 1) ,

< o 4.3.7)
f dt2(t,7)G (1, 1) = f dt 2R (1, )G (1, 1) .

i _

(o9

Similar manipulations can be carried out for the second term in (4.3.5) to get,

f dt2” (1, )G(t, 1) = f dt2” (1, )GA(1, 1) . (4.3.8)
Cy —00
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4.3.1 Eigenstate Thermalization Hypothesis

It has been shown that the ¢ = 4 SYK model with Majorana fermions [70, 74] and com-
plex fermions [20] with large but finite N satisfy the eigenstate thermalization hypothesis
(ETH). Although it has been claimed [92] that ¢ = 2 SYK model with complex fermions
satisfies ETH, it was later found that the finite N scaling in ¢ = 2 SYK model with Ma-
jorana fermions does not scale correctly with the system size [70]. It has therefore been
suggested that ¢ = 4 SYK model should thermalize while the ¢ = 2 model should not.
Our results do not conflict with this suggestion, however, note that ETH necessarily in-
volves long-time averaging of the observables [81, 82,93]. Long time averaging is not
necessary for thermalization or equilibration in many scenario of quantum quenches [65],
even in free theories [45]. In fact, it is not even clear what is the relation of ETH with such
thermalization or equilibration processes which do not involve long-time averaging after
quantum quenches. Also note that in black hole collapse geometries [46,47,94], there is
no long-time averaging invloved. These geometries are the bulk duals of thermalization
in the corresponding boundary CFT.

4.3.2 Kourkoulou-Maldacena states and Instantaneous thermal-
ization

In this section we will introduce certain pure excited states in SYK models. The mo-
tivation for constructing these states comes from the boundary state ansatz of quantum
quenches in 1D systems in the thermodynamic limit [89]. The ansatz by Calabrese and
Cardy corresponds to starting from the ground state of a gapped theory and quenching it
to a gapless theory (1+1D CFT), the final state obtained after the quench has the generic
form

|CC) = e*"er7|B) | (4.3.9)

where k > 0 is a parameter fixed by the quench process, Hcpr is the Hamiltonian of
the final gapless theory and |B) is a conformally invariant boundary state (B state) of
the CFT. We will refer to these states as Calabrese-Cardy(CC) states. Determination of
the particular B state that is relevant for the description of the post quench state of the
system for a specific quantum quench is a non-trivial problem [95]. Nevertheless, using
conformal symmetry of the final theory, it can be shown that expectation values of one-
point and two-point functions effectively thermalize, where the expectation values in the
long-time limit are described by a thermal ensemble with inverse temperature 8 = 4«. In
fact, it has been shown that finite subsystems thermalize where again the long-time limit
is described by a thermal ensemble with inverse temperature 8 = 4« [67,71]. Since the
quench process started from the ground state, the system always remains in a pure state.
An interesting aspect of this process of thermalization of subsystems is that correlation
functions of holomorphic operators of the final CFT thermalize instantaneously [45, 96].

We will now consider certain pure excited states in SYK models. These states were first
constructed by Kourkoulou and Maldacena in [90]. Considering N majorana fermions,
the analogous B states are defined as

(ka_l — iskak)lBs> = 0’ Sk = il, k = 1, ....,N/2 . (4'3'10)
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Hence, there are 2"/2 number of such B states. These are high energy states. One can
produce lower energy states by evolving these B states for a finite euclidean time x. We
will refer to these low energy states as KM states.

|IKM) = e™*"|By) . (4.3.11)

An interesting feature of KM states is that, in the large N limit, “diagonal” two-point
functions /(1) /'(t,) are “instantaneously thermalized”(using the 1+1D CFT terminology
used above)

(KM ()W (0)KM)Y = Te[e PMyiw'(n)], i=1,...N > o (4.3.12)

where the effective inverse temperature 5 = 2«. The “off-diagonal” two-point functions
=1 (¢ )y (t,) have non-trivial time dependence and decay to zero in the long-time limit.
These “off-diagonal” two-point functions are zero in a thermal ensemble. The KM states
also have interesting bulk duals in AdS .

Unlike in 2D CFT quenches, we could not find any quench scenario with disordered cou-
plings where the final state is the KM state. This work was initially inspired by our cu-
riosity about the possibility of the KM states being the final states of step quenches but not
for bump quenches in SYK models. The negative result that the final states in quenches in
SYK models are not KM states leads to deeper understanding of the thermalization pro-
cess in chaotic theories. We will comment further on this issue in the concluding section
5.3.

4.4 Quantum Quenches in SYK models

The KB equations are solved numerically after discretizing the two time arguments #; and
t,. For quenches in g = 2 theory, we could start from the ground state, since the Green’s
function oscillates and decays fast with time. For all other cases, we start with a thermal
state which gives an exponential decay of the initial data as a function of the relative time
difference. Moreover, since we start from a stationary state, all the initial data in the third
quadrant are shifted functions of the data on (¢#; < 0, #, = 0) line and (¢; = 0, #, < 0) line.
We use a grid of the kind bounded by red coloured lines in figure 4.3. Since the terms far
away from the diagonal fall of exponentially fast, the grid points in the second and fourth
quadrant lying outside the red coloured lines are ignored in our numerical code.

We used grids of three different sizes 2001 x 1001, 3001 x 1501 and 4001 x 2001 points.
The computation time grows very fast with increasing grid size. We also used a fixed time
step size dt = 0.05.% In the rest of the paper, we will suppress factors of this time step size
dt. So, unless it is explicitly mentioned all the times are measured in units of d¢. In step
protocols, the quenches happen at 1, = 0 and #, = 0. For all the cases with bump protocol,

3We also checked our results with dt = 0.025 to make sure some of our results are not due to finite
size numerical time steps. But we will not present any numerical results of the runs with dr = 0.025. So,
dt = 0.05 for the rest of the paper.
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t4 G(t-2,t)

v.er

Figure 4.3: The red lines mark the grid used for solving the Kadanoff-Baym equations. This
corresponds to ignoring terms on the top left of the second quadrant and the bottom right of the
fourth quadrant where the values of G~ (¢, 1,) are negligible.

the perturbations* are turned on between #; = 1 and #; = 10, similarly between 1, = 1
and t, = 10 for the other direction. The KB equations are solved self-consistently in this
grid using the Predictor-Corrector method. The predicted values on line A are calculated
causally from the data on line B as shown in figure 4.3. The predicted values are then
corrected until the desired accuracy is obtained.

For most of quenches we are considering here, the initial data is obtained by solving the
SD equation numerically for finite inverse temperature 8 [43]. For step quenches in g = 2
theory in which J; interaction is dominant, we can start from the ground state. The initial
data are obtained by solving the SD equation in the ground state (8 — co) numerically. In
this case we use

| 0, if w<O.
lim —— = = i =0. 4.4.1
ﬁl_)r?o = O(w) 1/2, %f w=0 ( )
1, if w>0.

In case of the bump quench in g = 2 theory, for cases in which we start from the ground
state, the initial data is calculated using the analytic expression for G”(t;,1,). The greater
Green’s function in ground state for g = 2 theory is

1
G (t1,h) = ht 1) [J12J(t — 1)) — iH (2J5(1 — 12))] . (4.4.2)

Calculation of final temperature: The temperature in the long time limit is calculated
using the relation [43]
.GK
6" (W) = tanh(
A(w)

ﬁ—“’) , (4.4.3)

2

“Note that we are not doing any perturbative or series expansion in our calculation. The word ‘pertur-
bation’ in this context means exciting the system by turning on the source term which injects energy in the
system.
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where GX(w) is the Fourier transform of the Keldysh Green’s function GX(1,,1,) (4.2.14)
which is a function of only #; — 7, in a thermal ensemble and A(w) is

Alw) = 2Im GX(w) . (4.4.4)

GR(w) is the Fourier transform of the retarded Green’s function G®(t,,1,) (4.2.12) which
also is a function of only #; — #, in a thermal ensemb]e.

The relation (4.4.3) is a result of the KMS condition which ensures [97] that
G (w) = -G (w) , (4.4.5)

and it holds for all fermionic theories. We can therefore conclude that the system under
consideration has thermalized only if the quantity on the LHS of (4.4.3) has tanh profile
as a function of the frequency w. Note that for the determination of the final temperature
we also have to use the relation between greater and lesser Green’s functions (1.1.9).

Check for energy conservation: We also check for energy conservation to ensure that
our numerical results are correct. From (4.2.7), the total energy as a function of time ¢, is
given by

E(t) = fdlzz(tl,lz)G(tl,fz)
c

1
= f dt (27 (11, )G (11, 12) = 27 (12, 11)G™ (12, 1)) (4.4.6)
In the second line, the first term arises from the upper half of the contour and the second
term arises from the lower half of the contour. We have also used (1.1.9) for the second
term.

The quench processes we are considering, merely satisfying (4.4.3) in the long time limit
is not sufficient to guarantee thermalization. This is because, as we mentioned above, all
fermionic theories at finite temperature satisfy the relation (4.4.3). So, to check thermal-
ization, we first calculate the final temperature using the above relation. The SD equation
of the final theory is then solved at the calculated final temperature and in the end we
check if the generated real time two-point functions agree with the two-point functions
obtained from the quench process.

441 Quenchesing =2 SYK model

In this subsection we will study quantum quenches in which the final theory is the g = 2
SYK model, that is the model which only has 1-body (quadratic, J,) interaction. These
quenches are special cases because the two-point functions equilibrate instanteneously.
From (4.3.1, 4.3.2), for g = 2 final theory,

0,G”(t1, 1) = =0,G”(t1, 1) = G (t1,1) = G™(t; + dt, 1 + dr) . 4.4.7)
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This is observed in our numerical solutions of the KB equations below. However, note
that the instanteneously equilibrated configuration is not a thermal ensemble, so the final
state cannot be a KM state.

Since, the initial theory is J, dominant(for step quench) or a g = 2 theory, we can start the
quench from the corresponding ground state. We will present here only cases in which
J4 interaction is used to perform both step and bump quenches. We also found similar
results for quenches using Jg and Jg interactions, as we expect from (4.4.7). The results
are qualitatively similar for quenches starting from thermal state.

The value of the J, coupling is always fixed at 1. We will present results for step quench
with initial J; = 2 which is suddenly turned off at time ¢+ = 0. For bump quench, we
turn on J4 = 5 for a time duration of 9 X df = 9 X 0.05 = 0.45 from time step r = 1 to
t = 10. This same quench parameters are used for all quenches starting from different
initial temperatures including the ones starting from ground state.

The step quench happens at ¢t = 0, the two time arguments of G” (¢ — 100, ¢) are outside the
quench region if 7 > 100. The bump quench happens between # = 0 and = 11 so the two
time arguments are outside the quench region if # > 111. Figure (4.4) are plots of the real
and imaginary parts of G”(t — 100, ¢) as a function of time ¢ for step and bump quenches
starting from ground states. One can see that the Green’s function freezes or equilibrates
instantaneously once the two time arguments are outside the quench regions. But the
equilibrated value is different from the thermal expectation value. Figure (4.5) compares
iG¥(w)/A(w) with tanh(Bw/2) for step and bump quenches starting from initial inverse
temperature 8 = 10.
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(a) Step quench at ¢ = 0. (b) Bump quench between r = 1 and t = 10

Figure 4.4: Plots of real and imaginary parts of G” (¢ — 100, ) for (a) step quench, both the time
arguments are outside the quench region for # > 100, and for (b) bump quench, both the time
arguments are outside the quench region for > 111. As we can see, the greater Green’s function
equilibrates instantaneously.

4.4.2 Quenchesin g =4 SYK model

In this subsection we will consider quantum quenches in which the final theory is ¢ = 4
SYK model which only has 2-body (quartic, J4) interaction. We will present results for
which the interaction terms used for the quench process is J,. We also found similar
results for quenches with Jg and Jg interactions. For the initial thermal states, we con-
sidered three different inverse temperatures 5; = 10, 20, and 30. We find that increasing
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iGi(w)/A(w) iGk(w)/A(w)
1.0 1.0
0.5 0.5
-2 -1 1 2% -2 -1 1 2%
-6’5 0.5
-1.0 -1.0
(a) Step quench, g; = 10 (b) Bump quench, 5; = 10

Figure 4.5: Plots of iGX(w)/A(w) for the equilibrated limits of (a) step quench and (b) bump
quench. For both the quenches, we start from a thermal state of inverse temperature 3; = 10. The
red lines are plots for the function tanh(Bw/2) with the respective S’s.

the inverse temperature from 20 to 30 does not affect the results much. This is expected
since for a fairly large S, the fermion distribution function is well represented by the step
function (4.4.1). So, we expect that the quench starting from 5 = 20 and 30 should also be
qualitatively similar and quantitatively close to the quenches starting from ground states.

Three different values of J, are used, namely, 0.5, 1 and 1.5. For step quenches, we start
from a theory with J4 and J,. Att = 0, the J; coupling is suddenly changed to 0. For the
bump quenches, starting from a theory with only J4, J, is turned on for a time duration
of 9 xdt =9 x0.05 = 0.45 from time step t = 1 to r = 10. As mentioned above, we
will use this time interval for all bump quench protocol. Changing this time interval does
not affect our main results. Longer time interval only injects more energy into the system
resulting in higher final temperature.

Re [G(t-100,0)] Im [G(t-100,1)] .
100 200 300 400
0.18 -0.10 -
0.16
-0.15
0.14
0.12 -020
0.10 \ -0.25
0.08
100 200 300 200" -0.30
(a) (b)

Figure 4.6: (a) Real part of the greater Green’s function G~ (¢ — 100, 7) in the SYK model with
quartic interaction and changing the quadratic interaction J, following bump protocol for three
different set-up using different initial temperatures and different values of J4 and J>. (b) Imaginary
part of the same greater Green’s function G” (¢ — 100, ¢).

Once both the time arguments are outside the quench region, we find that the greater
Green'’s function thermalizes rapidly but not instantaneously, as can be seen in Figure(4.6).
Figure (4.7a, 4.7b) are two resolved plots of G~ (¢ — 100, ) for different initial inverse tem-
peratures as a function of ¢ for step quenches. Since the step quench happens at ¢ = 0,
both the time arguments are outside the quench region if # > 100. Immediately after time
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t crosses 100, G”(t — 100, r) changes rapidly and exponentially towards its equilibrium
thermal value. The evolutions for ¢ > 100, both real and imaginary parts, fit exponential
functions very well. The two exponents of the two exponential fits for real and imaginary
parts are roughly equal. This behaviour is not a numerical artifact. The exponents do
not change with change in time step size. We have checked for different time step sizes
dt = 0.05 and dt = 0.025. Moreover, we have also checked energy conservation using

(4.4.6).
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Figure 4.7: Real and imaginary parts of G” (¢ — 100, ¢) for different quench protocols.

Similarly, for bump quenches in Figure (4.7c, 4.7d), once the two time arguments are
outside the quench region, the Green’s function thermalizes rapidly and its real and imag-
inary parts fit exponential functions very well. Below, we will consider only the exponent
for the imaginary part which we will denote by y;,.

S post quench region it
Im[G™(t — 100,1)] ——— > a; + bye™ """ . (4.4.8)

The bump quench happens between time steps r = 0 and # = 11, so the two time arguments
of G”(t — 100, ¢) are outside the quench region if + > 111. One of the most interesting

numerical result of this work is that we find that

Yiue = Ja . 4.4.9)

This can be seen from Fig. (4.8) and Table 4.1.

We also check if the final stationary limit is described by a thermal ensemble. For which
we compare iGX(w)/A(w) with tanh(B8 +w/2) for some final temperature 3. Figure (4.9a,
4.9b) are two such comparisons. Figure (4.9a) is for step quench with J, = 1 and step
profile of J, = 0.03 starting from initial temperature 8; = 20. Similarly, Figure (4.9b) is
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Figure 4.8: The exponent vy, as a function of J,.

for bump quench with J, = 1 and bump profile of J, = 0.3 from ¢ = 1 to t = 10 starting
from initial temperature 8; = 20. In all the other quenches, the stationary limit fits thermal
ensemble very well as in these two examples.

iGx(w)/A(w) iGk(w)/A(w)
1.0 1.0
0.5 0.5
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-1.0 -1.0
(a) Step quench, B; = 20, By = 14.53 (b) Bump quench, g; = 20, By = 7.81

Figure 4.9: Comparison of iGX (w)/A(w) (blue dots) with tanh(3 rw/2) (thin red line).

Since we observe thermalization, another observable of interest is G”(t, ;) where t, is
fixed. In the hydrodynamics limit [46] of large ¢, both the real and the imaginary parts
of the expectation value of this observable are again exponential functions with both the
exponents equal. We will consider the exponent of the imaginary part which we denote by
vi- This exponent is equal to the exponent of the retarded Green’s function in a thermal
ensemble with temperature equal to the temperature of the final thermalized limit of the
quench process. We will denote the exponent of the retarded Green’s function by 7,,.

Im[G™ (1, )] = ay + bye ™, GR(1.By) == a3 + bye 7" . (4.4.10)

At low temperature, y;, is proportional to the final temperature.

T
=YVt ~ — . 44.11
Yie = Vret 2,3f ( )

This result is similar to the result of [43] where after a change of variables from (7, ;) to
(T =t + h,t =1, — 1) and performing the Fourier transform with respect to 7, one looks
for the thermalization rate as a function of 7.
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In a thermal ensemble, the retarded Green’s function is a function of the relative time
difference. In the conformal limit of SYK model, the retarded Green’s function in a
thermal ensemble of inverse temperature S is

4

T
GR(t1, 1) =  —i2b A 0t; —t
(t1, 1) i2b cos(m. )(sinh(27r(t1 _ lz)/,B) (1 2)
WZR2R b cos(rd) 2y e B 0 — 1) | (4.4.12)

where 4 = 1/q = 1/4 and b = (47J%)""/*. In the conformal limit, the exponent is

2nA m
conf — = . 4413
Yeonf 3 2 ( )

Figure (4.10) is the plot of y;; and Y puy.
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Figure 4.10: The exponent y;, as a function of Y.,y = 7/(2B¢). Vrerx 18 exactly equal to
v1: as we can see from Table 4.1 so y,,, is not plotted here.

At high temperatures, we find that the exponent of G*(f) gets significant correction com-
pared to its value at the conformal limit. The corrected value of the exponent, which we
have denoted by vy,., above, is calculated by solving the SD equation numerically.

Important numerical results for the step and bump quenches with J,, starting from differ-
ent initial temperatures, are summarized in Table 4.1. We also calculate the exponent y;,,
for G>(t,t — 100), G*(t — 300, 1), G”(t,t — 300), G*(t — 500, ¢) and G”(¢,¢ — 500). The
numerical values do not change significantly compared to the values given in Table 4.1
for G”(t — 100, r) hence, we can conclude that G”(t — t,,1) and G”(¢,t — t,) thermalize
exponentially with the same exponent for arbitrary 7.
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Table 4.1: Numerical results for different quench protocols in g = 4 theory by changing
J, coupling. The following are absolute values after taking care of the time step dt =
0.05. The value of J, is fixed during the entire quench process. The values of J, are the
perturbations used to perform the different quench protocols.

Jy Quench J, B By Yie  Yie  Yree  Yeonf
0.5 Bump 0.1 20 1875 0.50 0.08 0.08 0.08
0.5 " 03 20 13.17 0.53 0.10 0.10 0.12
0.5 Step 005 20 1348 0.53 0.10 0.10 0.12
1.0 Bump 0.1 10 939 1.08 0.15 0.15 0.17

1.0 " 0.1 20 13.17 1.06 0.11 0.11 0.12
1.0 " 02 20 1022 106 0.14 0.14 0.15
1.0 " 03 20 7.81 1.12 0.18 0.18 0.20
1.0 " 03 30 1245 1.00 0.12 0.12 0.13
1.0 Step 0.03 10 951 1.16 0.15 0.15 0.17
1.0 " 0.03 20 1453 1.16 0.10 0.10 O0.11
1.0 " 0.04 10 9.8 1.14 0.15 0.15 0.17
1.0 " 0.04 20 1332 1.15 0.11 0.11 0.12
1.0 " 0.05 20 1220 1.14 0.12 0.12 0.13
1.0 " 0.05 30 1339 1.18 0.11 0.11 0.12
1.5 Bump 0.1 10 889 1.68 0.16 0.16 0.18
1.5 " 0.1 20 1599 154 0.09 0.09 0.10
1.5 " 0.1 30 20.05 153 0.08 0.08 0.08
1.5 " 03 10 531 1.73 0.26 026 0.30

1.5 " 03 20 628 1.66 023 023 0.25




Conclusion and Discussions

We divide this chapter in three sections which refer to the previous chapters and contains
concluding remarks for each of the chapters.

5.1 Tuning of Chaos behavior

We have explored and demonstrated a tunable Lyapunov exponent by introducing con-
served charges in the system, even when the charge is a simple U(1). We have considered
SYK-type models, with complex fermions and a g-body all-to-all randomized interac-
tion, in the ¢ — oo limit. For these models, we have explicitly demonstrated that a
non-vanishing chemical potential has an exponentially large dominance over the g-body
interaction coupling strength, in determining the chaos behaviour. It is expected, from
the structure of the Schwinger-Dyson equations, that similar features hold for the tensor
models [28], which share many interesting properties of the SYK-type interaction, but
without the disorder averaging.

There are various interesting directions for future explorations. Given the results above,
one may explore higher dimensional generalizations of the SYK-model, e.g. the model
in [24], with an introduction of conserved charges. One would, naively, expect a sim-
ilar behaviour of the resulting Lyapunov exponent for the higher dimensional models;
however, it would be very interesting to check how the details fall into the right places.
Staying within the theme of a tuneable chaos, motivated by the similarities of SYK-model
behaviour and random matrix behaviour at late times, it is natural to incorporate the ef-
fect of conserved charges in random matrix theories and analyze the consequences at late
times [17].

From a holographic perspective, our analysis suggests that by introducing bulk gauge
fields that correspond to introducing chemical potentials for the dual boundary theory,
one should be able to do away with chaos completely, or, at least, should be able to tune
down the Lyapunov exponent from its’ maximal value. This would be an interesting as-
pect to check explicitly. Towards that, one presumably begins with a gravity description
in e.g. (d + 1)-dimensional bulk with AdS-asymptotic, and studies a scattering problem,
a la [98], in the presence of a global charge. On a similar note, it is also very intrigu-
ing to explore the possibility of constructing an SYK-type model from explicit D-brane
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construction 1in string theory, with or without global charges. One natural obstacle, for
the SYK-type interaction, is to realize the dynamical origin of disorder averaging from
the brane picture. Perhaps the large N tensor models can emerge more naturally in such
scenarios. We are currently exploring some of these issues further.

5.2 Chaotic Correlation Function

We have computed the fermion six point function in the SYK model with complex fermions
in the presence of a non-vanishing chemical potential. We then took triple short time limit

of this correlation function so that it appears as a three point function of fermion bilin-

ears. We show that the three point function of fermion bilinears, for 2 # 2 modes, have

the scaling property of conformal field theory three point function, as is expected as a

generalisation of the results of [48] to the complex fermion case. Like in [48], we find

that the contribution of the contact three point graphs in the large ¢ limit is subleading

compared to that of the planar graphs.

We also compute three point function of fermion bilinears for the 4 = 2 mode. This mode
is known to break the conformal invariance of the SYK model, both spontaneously as
well as explicitly. This mode is known to exhibit chaotic behaviour with the Lyapunov
exponent A that saturates the chaos bound. The three point function of bilinears in this
case has a behaviour different from those of the conformal, i.e., # # 2 modes. In this
case we find that in the large ¢ limit, the contribution of the planar graphs is subleading
compared to the contact graphs.

As a future direction to explore further, since the couplings of the SYK model are chosen
from random gaussian distributions, it is tempting to ask if one can apply techniques of
stochastic quantisation to reconstruct the bulk description. We hope to report on this soon.

5.3 Thermalization in SYK model

We studied quench in the SYK model with different quench protocols. While we have
presented results for g = 2 theory, and g = 4 theory with step and bump quench protocols,
we have carried out this analysis for g = 6 as well as for ¢ = 8 models. We find that the
qualitative features of the results are similar to the g = 4 cases.

We observed that the g = 2 theory does not thermalize for any of the quench scenario
we considered. We considered quenching of Jy4, Js, and Js using step and bump protocol.
The initial states that we considered are thermal states of inverse temperature 8; = 10, 20,
and 30 as well as the ground states. An interesting aspect of all the quenches is that the
greater Green’s function G”(t,,t,) equilibrates instantaneously as shown in (4.4.7). Its
expectation value freezes once both the time arguments are outside the quench region.
Although in the final states G~ (¢, t;) equilibrates instantaneously, its equilibrium value is
not the same as the thermal ensemble expectation value.
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The instanteneous equilibation or freezing that we observed is like a glassy state. It can be
shown that if the final theory have both J, and J, couplings, then two point functions al-
ways thermalize. This is true even for arbitrarily small J4 coupling in the large N limit that
we are considering. We expect that this would change if we consider effects subleading
in N, where J, and J4 couplings would truly start competing [22].

It would be interesting to identify the final state after each of these quenches. It is, how-
ever, beyond the scope of the present work since we are working only with the equations
of motion of the G (¢, t;) and solving them as an initial value problem. The g = 2 theory
is not chaotic and does not satisfy the ETH, nevertheless thermalization in this theory is
possible if the final state were a KM state (4.3.11). This, for example, happens quite often
with step quenches in 1 + 1 dimensional theories (even in integrable theories) where the
analog of KM states are the CC states (4.3.9).

In g = 4 theory, we find that thermalization happens in all the quench scenario we consid-
ered. We considered quenching with J,, Js, and Jg using step and bump protocols. The
initial states are thermal states of inverse temperature 8; = 10, 20, and 30. We examined
two kinds of greater Green’s functions, G~ (¢t — t,,t) and G”(t,1,) as a function of time ¢
with fixed ¢, and 7.

When both the time arguments 7 — ¢, and ¢ are outside the quench region, both the real and
imaginary parts of G” (¢ — t,, t) are exponential functions with the same exponent. This
exponent y, is equal to the value of coupling J4 of the system.

The long time limit of both the real and imaginary parts of G (t, t,,) are exponential func-
tions with the same exponent. This exponent vy, is equal to the exponent v,,, of the re-
tarded Green’s function GX(t,,1,) in a thermal ensemble (4.4.12) with temperature equal
to the final temperature of the quench process. This is obvious at least for the imaginary
part of the G”(t,1,) since the system thermalizes. G®(t,,t,) is a simple multiple of the
imaginary part of G”(#;,1,). As one can see in Figure 5.1, the long time limit of G~ (¢, t;)
is calculated in a subset of the large (7, — t,) of GX(11, 1,).

G4 Gtt, 1)

t, G(t,tb) t
/ t,

(t;-t,) large
region

Figure 5.1: The large 7 limit of greater Green’s function G~ (, #,) is calculated in the large (t; —1,)
region of the retarded Green’s function GX(t1,,). Moreover, in this region, the system has more
or less thermalized. Hence, y;; = v/
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One clear and important observation that we can make is that the thermalization in g = 4
theory is not because the final state is a KM state. If the final state had been a KM state,
G~ (t — t,, 1) would have thermalized instantaneously once both its time arguments are
outside the quench region.! This is because the ‘diagonal’ two-point function that we are
considering are already thermalized in a KM state.

5.3.1 How to prepare KM states

The KM state, in principle, can be prepared by performing a sudden quantum quench
starting from the ground state using the extra term

NJ2

H,(1) = iu(1 - (1)) Z S OYin (1) (5.3.1)
k=1

where s;’s specifies the particular |B,) defined in (4.3.10). This new term has been used in
a different but related context in [90]. The argument behind this assertion is similar to the
argument provided in [99] for the preparation of thermofield double state by performing
a sudden quench. We will consider small ¢ limit. The full Hamiltonian before the quench
att=0is

N/2
H+Ho=0" Y Do ity + i ) s . (5.3.2)
1<iy <ip<...<ig<N k=1

The ground state of the above Hamiltonian is the state which minimizes the second term.
But minimizing the second term corresponds to strong positive or negative correlation of
Yy and Y41 depending on the value of s;. Strong correlation of ¢, and ¥, is the basis
of the definition of |B;) in (4.3.10). In hindsight, it is in some sense obvious why the KM
states were not obtained from the step quench using the disordered couplings like j,;; or
J». This is because not just two fermions, but all the fermions were randomly and strongly
correlated in the ground states of the initial Hamiltonians.

5.3.2 Ergodicity versus Mixing

In this work, we don’t consider long time averaging. g = 4 theory satisfies eigenstate
thermalization hypothesis(ETH). But thermalization from ETH crucially requires long
time averaging. Thermalization without long time averaging has been observed in many
other works but in most of the cases it is because the final state turns out to be a very
particular state like CC states. So, in this sense, the thermalization that we observed is
much more robust than what one expects from ETH. Thermalization with ETH follows
from quantum ergodicity. But what we observe is more akin to a quantum version of
mixing.

! Although quenches in g = 4 theory start from thermal states, as we have noted above the results should
be qualitatively similar and quantitatively close to quenches starting from ground states.
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Figure 5.2: (a) Ergodicity: the shape of the initial sample only changes slightly but sweeps
out the entire allowed region under time evolution, (b) Mixing: the initial sample spreads
out and reaches infinitesimally close to all the points in the allowed region of the phase
space. Figure adopted from [85, 100].

In classical theories, mixing is a much stronger phenomenon compared to ergodicity.
Figure (5.2a) shows ergodic evolution in the classical phase space. The initial state is
described by an ensemble concentrated in the deformed rectangle in the phase space.
The volume is conserved under time evolution due to the Liouville theorem for a closed
system, but the shape can change. For ergodic systems, the shape of the initial sample
hardly changes but it sweeps out the entire allowed space under time evolution. So, a long
time averaging gives the expectation value in the micro-canonical ensemble. In mixing,
as shown in Figure (5.2b), the initial sample spreads out and reaches infinitesimally close
to all the points in the allowed region of the phase space. So, without time averaging,
mixing gives the expectation value in the microcanonical ensemble.

Using this classical analogy, we believe that even in quantum systems, chaos is a much
stronger condition for thermalization than the eigenstate thermalization hypothesis(ETH).
Our results on thermalization in the quenched SYK model seem to suggest that quench
without long time average is a quantum analog of mixing. It would be interesting to make
this more concrete. We hope to return to this soon.






Bibliography

(1]
(2]

(3]

(4]

[5]

[6]

(7]

[8]

[9]

[10]

[11]

[12]

[13]

G. Casati, CHAOS IN QUANTUM MECHANICS, .

A. Peres, Ergodicity and mixing in quantum theory. I, Phys. Rev. A30 (1984)
504-508.

D. R. Grempel, R. E. Prange, and S. Fishman, Quantum dynamics of a
nonintegrable system, Phys. Rev. A29 (1984) 1639-1647.

A. Peres, New Conserved Quantities and Test for Quantum Chaos, Phys. Rev. Lett.
53 (1984) 1711.

G. Casati and 1. Guarneri, Chaos and Spectral Features of Quantum Systems
Under External Perturbations, Phys. Rev. Lett. 50 (1983) 640.

J. Cotler and N. Hunter-Jones, Spectral decoupling in many-body quantum chaos,
arXiv:1911.02026 [hep-th].

I. Rivin, Random Graphs from Random Matrices, arXiv:1910.08253
[math.PR].

D. Stanford and E. Witten, JT Gravity and the Ensembles of Random Matrix
Theory, arXiv:1907.03363 [hep-th].

M. A. Nowak and W. Tarnowski, Narain transform for spectral deformations of
random matrix models, arXiv:1909.05759 [math-ph].

A. B. Jaiswal, A. Pandey, and R. Prakash, Universality classes of quantum chaotic
dissipative systems, EPL 127 no. 3, (2019) 30004.

J. Maldacena, S. H. Shenker, and D. Stanford, A bound on chaos, JHEP 08 (2016)
106, arXiv:1503.01409 [hep-th].

S. Ray, S. Sinha, and K. Sengupta, Signature of chaos and delocalization in a
periodically driven many-body system: An out-of-time-order-correlation study,
Phys. Rev. A98 no. 5, (2018) 053631, arXiv:1804.01545
[cond-mat.quant-gas].

C.-J. Lin and O. 1. Motrunich, Out-of-time-ordered correlators in a quantum Ising
chain, Phys. Rev. B97 no. 14, (2018) 144304, arXiv:1801.01636
[cond-mat.stat-mech].

65


http://dx.doi.org/10.1103/PhysRevA.30.504
http://dx.doi.org/10.1103/PhysRevA.30.504
http://dx.doi.org/10.1103/PhysRevA.29.1639
http://dx.doi.org/10.1103/PhysRevLett.53.1711
http://dx.doi.org/10.1103/PhysRevLett.53.1711
http://dx.doi.org/10.1103/PhysRevLett.50.640
http://arxiv.org/abs/1911.02026
http://arxiv.org/abs/1910.08253
http://arxiv.org/abs/1910.08253
http://arxiv.org/abs/1907.03363
http://arxiv.org/abs/1909.05759
http://dx.doi.org/10.1209/0295-5075/127/30004
http://dx.doi.org/10.1007/JHEP08(2016)106
http://dx.doi.org/10.1007/JHEP08(2016)106
http://arxiv.org/abs/1503.01409
http://dx.doi.org/10.1103/PhysRevA.98.053631
http://arxiv.org/abs/1804.01545
http://arxiv.org/abs/1804.01545
http://dx.doi.org/10.1103/PhysRevB.97.144304
http://arxiv.org/abs/1801.01636
http://arxiv.org/abs/1801.01636

66 Bibliography

[14] M. Blake, H. Lee, and H. Liu, A quantum hydrodynamical description for
scrambling and many-body chaos, JHEP 10 (2018) 127, arXiv:1801.00010
[hep-th].

[15] Y. Sekino and L. Susskind, Fast Scramblers, JHEP 10 (2008) 065,
arXiv:0808.2096 [hep-th].

[16] S. H. Shenker and D. Stanford, Black holes and the butterfly effect, JHEP 03
(2014) 067, arXiv:1306.0622 [hep-th].

[17] J. S. Cotler, G. Gur-Ari, M. Hanada, J. Polchinski, P. Saad, S. H. Shenker,
D. Stanford, A. Streicher, and M. Tezuka.

[18] A. Jevicki, K. Suzuki, and J. Yoon, Bi-local holography in the syk model, JHEP
07 (2016) 007, arXiv:1603.06246 [hep-th].

[19] I. Danshita, M. Hanada, and M. Tezuka, Creating and probing the
Sachdev-Ye-Kitaev model with ultracold gases: Towards experimental studies of
quantum gravity, PTEP 2017 no. 8, (2017) 083101, arXiv:1606.02454
[cond-mat.quant-gas].

[20] J. Sonner and M. Vielma, Eigenstate thermalization in the Sachdev-Ye-Kitaev
model, JHEP 11 (2017) 149, arXiv:1707.08013 [hep-th].

[21] J. Maldacena and D. Stanford, Remarks on the Sachdev-Ye-Kitaev model, Phys.
Rev. D94 no. 10, (2016) 106002, arXiv:1604.07818 [hep-th].

[22] A. M. Garcia-Garcia, B. Loureiro, A. Romero-Bermudez, and M. Tezuka,
Chaotic-integrable transition in the sachdev-ye-kitaev model, Phys. Rev. Lett. 120
(Jun, 2018) 241603.
https://link.aps.org/doi/10.1103/PhysRevLett.120.241603.

[23] P. Narayan and J. Yoon, SYK-like Tensor Models on the Lattice, JHEP 08 (2017)
083, arXiv:1705.01554 [hep-th].

[24] G. Turiaci and H. Verlinde, Towards a 2d QFT Analog of the SYK Model, JHEP
10 (2017) 167, arXiv:1701.00528 [hep-th].

[25] D.J. Gross and V. Rosenhaus, A Generalization of Sachdev-Ye-Kitaev, JHEP 02
(2017) 093, arXiv:1610.01569 [hep-th].

[26] W. Fu, D. Gaiotto, J. Maldacena, and S. Sachdev, Supersymmetric
sachdev-ye-kitaev models, Phys. Rev. D95 no. 2, (2017) 026009,
arXiv:1610.08917 [hep-th]. [Addendum: Phys.
Rev.D95,n0.6,069904(2017)].

[27] P. Narayan and J. Yoon, Supersymmetric SYK Model with Global Symmetry,
JHEP 08 (2018) 159, arXiv:1712.02647 [hep-th].

[28] E. Witten, An SYK-Like Model Without Disorder, arXiv:1610.09758
[hep-th].


http://dx.doi.org/10.1007/JHEP10(2018)127
http://arxiv.org/abs/1801.00010
http://arxiv.org/abs/1801.00010
http://dx.doi.org/10.1088/1126-6708/2008/10/065
http://arxiv.org/abs/0808.2096
http://dx.doi.org/10.1007/JHEP03(2014)067
http://dx.doi.org/10.1007/JHEP03(2014)067
http://arxiv.org/abs/1306.0622
http://dx.doi.org/10.1007/JHEP07(2016)007
http://dx.doi.org/10.1007/JHEP07(2016)007
http://arxiv.org/abs/1603.06246
http://dx.doi.org/10.1093/ptep/ptx108
http://arxiv.org/abs/1606.02454
http://arxiv.org/abs/1606.02454
http://dx.doi.org/10.1007/JHEP11(2017)149
http://arxiv.org/abs/1707.08013
http://dx.doi.org/10.1103/PhysRevD.94.106002
http://dx.doi.org/10.1103/PhysRevD.94.106002
http://arxiv.org/abs/1604.07818
http://dx.doi.org/10.1103/PhysRevLett.120.241603
http://dx.doi.org/10.1103/PhysRevLett.120.241603
https://link.aps.org/doi/10.1103/PhysRevLett.120.241603
http://dx.doi.org/10.1007/JHEP08(2017)083
http://dx.doi.org/10.1007/JHEP08(2017)083
http://arxiv.org/abs/1705.01554
http://dx.doi.org/10.1007/JHEP10(2017)167
http://dx.doi.org/10.1007/JHEP10(2017)167
http://arxiv.org/abs/1701.00528
http://dx.doi.org/10.1007/JHEP02(2017)093
http://dx.doi.org/10.1007/JHEP02(2017)093
http://arxiv.org/abs/1610.01569
http://dx.doi.org/10.1103/PhysRevD.95.069904, 10.1103/PhysRevD.95.026009
http://arxiv.org/abs/1610.08917
http://dx.doi.org/10.1007/JHEP08(2018)159
http://arxiv.org/abs/1712.02647
http://arxiv.org/abs/1610.09758
http://arxiv.org/abs/1610.09758

Bibliography 67

[29] 1. R. Klebanov and G. Tarnopolsky, Uncolored random tensors, melon diagrams,
and the Sachdev-Ye-Kitaev models, Phys. Rev. D95 no. 4, (2017) 046004,
arXiv:1611.08915 [hep-th].

[30] K. Bulycheva, I. R. Klebanov, A. Milekhin, and G. Tarnopolsky, Spectra of
Operators in Large N Tensor Models, Phys. Rev. D97 no. 2, (2018) 026016,
arXiv:1707.09347 [hep-th].

[31] I. R. Klebanov, F. Popov, and G. Tarnopolsky, TASI Lectures on Large N Tensor
Models, PoS TASI2017 (2018) 004, arXiv:1808.09434 [hep-th].

[32] S. Choudhury, A. Dey, 1. Halder, L. Janagal, S. Minwalla, and R. Poojary, Notes
on melonic O(N)?~! tensor models, JHEP 06 (2018) 094, arXiv:1707.09352
[hep-th].

[33] C. Krishnan, S. Sanyal, and P. N. Bala Subramanian, Quantum Chaos and
Holographic Tensor Models, JHEP 03 (2017) 056, arXiv:1612.06330
[hep-th].

[34] C. Krishnan, K. V. Pavan Kumar, and D. Rosa, Contrasting SYK-like Models,
JHEP 01 (2018) 064, arXiv:1709.06498 [hep-th].

[35] T. Nishinaka and S. Terashima, A note on SachdevaASYeaASKitaev like model
without random coupling, Nucl. Phys. B926 (2018) 321-334,
arXiv:1611.10290 [hep-th].

[36] R. A. Davison, W. Fu, A. Georges, Y. Gu, K. Jensen, and S. Sachdev,
Thermoelectric transport in disordered metals without quasiparticles: The
Sachdev-Ye-Kitaev models and holography, Phys. Rev. B95 no. 15, (2017)
155131, arXiv:1612.00849 [cond-mat.str-el].

[37] S. Banerjee and E. Altman, Solvable model for a dynamical quantum phase
transition from fast to slow scrambling, Phys. Rev. B95 no. 13, (2017) 134302,
arXiv:1610.04619 [cond-mat.str-el].

[38] C. Krishnan and K. V. P. Kumar, Towards a Finite-N Hologram, JHEP 10 (2017)
099, arXiv:1706.05364 [hep-th].

[39] S. H. Strogatz, Nonlinear Dynamics and Chaos. Addison Wesley, Reading, MA,
1994.

[40] S. Chaudhuri and R. Loganayagam, Probing out-of-time-order correlators, JHEP
07 (2019) 006, arXiv:1807.09731 [hep-th].

[41] B. Chakrabarty, S. Chaudhuri, and R. Loganayagam, Out of time ordered quantum
dissipation, JHEP 07 (2019) 102, arXiv:1811.01513
[cond-mat.stat-mech].

[42] S. Chaudhuri, C. Chowdhury, and R. Loganayagam, Spectral representation of
thermal oto correlators, JHEP 02 (2019) 018, arXiv:1810.03118 [hep-th].


http://dx.doi.org/10.1103/PhysRevD.95.046004
http://arxiv.org/abs/1611.08915
http://dx.doi.org/10.1103/PhysRevD.97.026016
http://arxiv.org/abs/1707.09347
http://dx.doi.org/10.22323/1.305.0004
http://arxiv.org/abs/1808.09434
http://dx.doi.org/10.1007/JHEP06(2018)094
http://arxiv.org/abs/1707.09352
http://arxiv.org/abs/1707.09352
http://dx.doi.org/10.1007/JHEP03(2017)056
http://arxiv.org/abs/1612.06330
http://arxiv.org/abs/1612.06330
http://dx.doi.org/10.1007/JHEP01(2018)064
http://arxiv.org/abs/1709.06498
http://dx.doi.org/10.1016/j.nuclphysb.2017.11.012
http://arxiv.org/abs/1611.10290
http://dx.doi.org/10.1103/PhysRevB.95.155131
http://dx.doi.org/10.1103/PhysRevB.95.155131
http://arxiv.org/abs/1612.00849
http://dx.doi.org/10.1103/PhysRevB.95.134302
http://arxiv.org/abs/1610.04619
http://dx.doi.org/10.1007/JHEP10(2017)099
http://dx.doi.org/10.1007/JHEP10(2017)099
http://arxiv.org/abs/1706.05364
http://dx.doi.org/10.1007/JHEP07(2019)006
http://dx.doi.org/10.1007/JHEP07(2019)006
http://arxiv.org/abs/1807.09731
http://dx.doi.org/10.1007/JHEP07(2019)102
http://arxiv.org/abs/1811.01513
http://arxiv.org/abs/1811.01513
http://dx.doi.org/10.1007/JHEP02(2019)018
http://arxiv.org/abs/1810.03118

68 Bibliography

[43] A. Eberlein, V. Kasper, S. Sachdev, and J. Steinberg, Quantum quench of the
Sachdev-Ye-Kitaev Model, Phys. Rev. B96 no. 20, (2017) 205123,
arXiv:1706.07803 [cond-mat.str-el].

[44] D. Das, S. R. Das, D. A. Galante, R. C. Myers, and K. Sengupta, An exactly
solvable quench protocol for integrable spin models, JHEP 11 (2017) 157,
arXiv:1706.02322 [hep-th].

[45] G. Mandal, S. Paranjape, and N. Sorokhaibam, Thermalization in 2D critical
quench and UV/IR mixing, JHEP 01 (2018) 027, arXiv:1512.02187 [hep-th].

[46] S. Bhattacharyya and S. Minwalla, Weak Field Black Hole Formation in
Asymptotically AdS Spacetimes, JHEP 09 (2009) 034, arXiv:0904.0464
[hep-th].

[47] E. Caceres, A. Kundu, J. F. Pedraza, and D.-L. Yang, Weak Field Collapse in AdS:
Introducing a Charge Density, JHEP 06 (2015) 111, arXiv:1411.1744
[hep-th].

[48] D. J. Gross and V. Rosenhaus, The Bulk Dual of SYK: Cubic Couplings, JHEP 05
(2017) 092, arXiv:1702.08016 [hep-th].

[49] D.J. Gross and V. Rosenhaus, All point correlation functions in SYK, JHEP 12
(2017) 148, arXiv:1710.08113 [hep-th].

[50] A.Y. Kitaev, Entanglement in strongly-correlated quantum matter, . Talk at KITP,
University of California, Santa Barbara.

[51] J. Engelsoy, T. G. Mertens, and H. Verlinde, An investigation of AdS, backreaction
and holography, JHEP 07 (2016) 139, arXiv:1606.03438 [hep-th].

[52] K. Jensen, Chaos in AdS, Holography, Phys. Rev. Lett. 117 no. 11, (2016)
111601, arXiv:1605.06098 [hep-th].

[53] J. Maldacena, D. Stanford, and Z. Yang, Conformal symmetry and its breaking in
two dimensional Nearly Anti-de-Sitter space, PTEP 2016 no. 12, (2016) 12C104,
arXiv:1606.01857 [hep-th].

[54] A. Kitaev and S. J. Suh, The soft mode in the Sachdev-Ye-Kitaev model and its
gravity dual, JHEP 05 (2018) 183, arXiv:1711.08467 [hep-th].

[55] S.R. Das, A. Jevicki, and K. Suzuki, Three Dimensional View of the SYK/AdS
Duality, JHEP 09 (2017) 017, arXiv:1704.07208 [hep-th].

[56] J. Polchinski and V. Rosenhaus, The spectrum in the sachdev-ye-kitaev model,
JHEP 04 (2016) 001, arXiv:1601.06768 [hep-th].

[57] N. Callebaut and H. Verlinde, Entanglement Dynamics in 2D CFT with Boundary:
Entropic origin of JT gravity and Schwarzian QM, arXiv:1808.05583
[hep-th].


http://dx.doi.org/10.1103/PhysRevB.96.205123
http://arxiv.org/abs/1706.07803
http://dx.doi.org/10.1007/JHEP11(2017)157
http://arxiv.org/abs/1706.02322
http://dx.doi.org/10.1007/JHEP01(2018)027
http://arxiv.org/abs/1512.02187
http://dx.doi.org/10.1088/1126-6708/2009/09/034
http://arxiv.org/abs/0904.0464
http://arxiv.org/abs/0904.0464
http://dx.doi.org/10.1007/JHEP06(2015)111
http://arxiv.org/abs/1411.1744
http://arxiv.org/abs/1411.1744
http://dx.doi.org/10.1007/JHEP05(2017)092
http://dx.doi.org/10.1007/JHEP05(2017)092
http://arxiv.org/abs/1702.08016
http://dx.doi.org/10.1007/JHEP12(2017)148
http://dx.doi.org/10.1007/JHEP12(2017)148
http://arxiv.org/abs/1710.08113
http://dx.doi.org/10.1007/JHEP07(2016)139
http://arxiv.org/abs/1606.03438
http://dx.doi.org/10.1103/PhysRevLett.117.111601
http://dx.doi.org/10.1103/PhysRevLett.117.111601
http://arxiv.org/abs/1605.06098
http://dx.doi.org/10.1093/ptep/ptw124
http://arxiv.org/abs/1606.01857
http://dx.doi.org/10.1007/JHEP05(2018)183
http://arxiv.org/abs/1711.08467
http://dx.doi.org/10.1007/JHEP09(2017)017
http://arxiv.org/abs/1704.07208
http://dx.doi.org/10.1007/JHEP04(2016)001
http://arxiv.org/abs/1601.06768
http://arxiv.org/abs/1808.05583
http://arxiv.org/abs/1808.05583

Bibliography 69

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

A. Gaikwad, L. K. Joshi, G. Mandal, and S. R. Wadia, Holographic dual to
charged SYK from 3D Gravity and Chern-Simons, arXiv:1802.07746
[hep-th].

D. Stanford and E. Witten, Fermionic Localization of the Schwarzian Theory,
JHEP 10 (2017) 008, arXiv:1703.04612 [hep-th].

M. Babadi, E. Demler, and M. Knap, Far-from-equilibrium field theory of
many-body quantum spin systems: Prethermalization and relaxation of spin spiral
states in three dimensions, Phys. Rev. X 5 (Oct, 2015) 041005.
https://link.aps.org/doi/10.1103/PhysRevX.5.041005.

K. Bulycheva, A note on the SYK model with complex fermions, JHEP 12 (2017)
069, arXiv:1706.07411 [hep-th].

P. Basu and K. Jaswin, Higher point otocs and the bound on chaos,
arXiv:1809.05331 [hep-th].

C. Gogolin and J. Eisert, Equilibration, thermalisation, and the emergence of
statistical mechanics in closed quantum systems, Rept. Prog. Phys. 79 no. 5,
(2016) 056001, arXiv:1503.07538 [quant-ph].

J. H. Traschen and R. H. Brandenberger, Particle Production During
Out-of-equilibrium Phase Transitions, Phys. Rev. D42 (1990) 2491-2504.

M. Cramer, C. M. Dawson, J. Eisert, and T. J. Osborne, Exact relaxation in a class
of nonequilibrium quantum lattice systems, Phys. Rev. Lett. 100 (Jan, 2008)
030602. https://link.aps.org/doi/10.1103/PhysRevLett.100.030602.

J. Erdmenger, M. Flory, M.-N. Newrzella, M. Strydom, and J. M. S. Wu,
Quantum Quenches in a Holographic Kondo Model, JHEP 04 (2017) 045,
arXiv:1612.06860 [hep-th].

J. Cardy, Thermalization and Revivals after a Quantum Quench in Conformal
Field Theory, Phys. Rev. Lett. 112 (2014) 220401, arXiv:1403.3040
[cond-mat.stat-mech].

A. Polkovnikov, K. Sengupta, A. Silva, and M. Vengalattore, Nonequilibrium
dynamics of closed interacting quantum systems, Rev. Mod. Phys. 83 (2011) 863,
arXiv:1007.5331 [cond-mat.stat-mech].

P. Calabrese and J. Cardy, Quantum Quenches in Extended Systems, J. Stat. Mech.
0706 (2007) PO6008, arXiv:0704.1880 [cond-mat.stat-mech].

M. Haque and P. McClarty, Eigenstate Thermalization Scaling in Majorana
Clusters: from Integrable to Chaotic SYK Models, arXiv:1711.02360
[cond-mat.stat-mech].

G. Mandal, R. Sinha, and N. Sorokhaibam, Thermalization with chemical
potentials, and higher spin black holes, JHEP 08 (2015) 013,
arXiv:1501.04580 [hep-th].


http://arxiv.org/abs/1802.07746
http://arxiv.org/abs/1802.07746
http://dx.doi.org/10.1007/JHEP10(2017)008
http://arxiv.org/abs/1703.04612
http://dx.doi.org/10.1103/PhysRevX.5.041005
https://link.aps.org/doi/10.1103/PhysRevX.5.041005
http://dx.doi.org/10.1007/JHEP12(2017)069
http://dx.doi.org/10.1007/JHEP12(2017)069
http://arxiv.org/abs/1706.07411
http://arxiv.org/abs/1809.05331
http://dx.doi.org/10.1088/0034-4885/79/5/056001
http://dx.doi.org/10.1088/0034-4885/79/5/056001
http://arxiv.org/abs/1503.07538
http://dx.doi.org/10.1103/PhysRevD.42.2491
http://dx.doi.org/10.1103/PhysRevLett.100.030602
http://dx.doi.org/10.1103/PhysRevLett.100.030602
https://link.aps.org/doi/10.1103/PhysRevLett.100.030602
http://dx.doi.org/10.1007/JHEP04(2017)045
http://arxiv.org/abs/1612.06860
http://dx.doi.org/10.1103/PhysRevLett.112.220401
http://arxiv.org/abs/1403.3040
http://arxiv.org/abs/1403.3040
http://dx.doi.org/10.1103/RevModPhys.83.863
http://arxiv.org/abs/1007.5331
http://dx.doi.org/10.1088/1742-5468/2007/06/P06008
http://dx.doi.org/10.1088/1742-5468/2007/06/P06008
http://arxiv.org/abs/0704.1880
http://arxiv.org/abs/1711.02360
http://arxiv.org/abs/1711.02360
http://dx.doi.org/10.1007/JHEP08(2015)013
http://arxiv.org/abs/1501.04580

70 Bibliography

[72] S.R. Das, D. A. Galante, and R. C. Myers, Smooth and fast versus instantaneous
quenches in quantum field theory, JHEP 08 (2015) 073, arXiv:1505.05224
[hep-th].

[73] A. Goel, H. T. Lam, G. J. Turiaci, and H. Verlinde, Expanding the Black Hole
Interior: Partially Entangled Thermal States in SYK, arXiv:1807.03916
[hep-th].

[74] N. Hunter-Jones, J. Liu, and Y. Zhou, On thermalization in the SYK and
supersymmetric SYK models, JHEP 02 (2018) 142, arXiv:1710.03012
[hep-th].

[75] T. Anous, T. Hartman, A. Rovai, and J. Sonner, Black Hole Collapse in the 1/c
Expansion, JHEP 07 (2016) 123, arXiv:1603.04856 [hep-th].

[76] T. Anous, T. Hartman, A. Rovai, and J. Sonner, From Conformal Blocks to Path
Integrals in the Vaidya Geometry, JHEP 09 (2017) 009, arXiv:1706.02668
[hep-th].

[77] T. Hartman and J. Maldacena, Time Evolution of Entanglement Entropy from
Black Hole Interiors, JHEP 05 (2013) 014, arXiv:1303.1080 [hep-th].

[78] A. Mollabashi, M. Nozaki, S. Ryu, and T. Takayanagi, Holographic Geometry of
cMERA for Quantum Quenches and Finite Temperature, JHEP 03 (2014) 098,
arXiv:1311.6095 [hep-th].

[79] M. Nozaki, S. Ryu, and T. Takayanagi, Holographic Geometry of Entanglement
Renormalization in Quantum Field Theories, JHEP 10 (2012) 193,
arXiv:1208.3469 [hep-th].

[80] D.-W. Pang, Holographic entanglement entropy of nonlocal field theories, Phys.
Rev. D89 no. 12, (2014) 126005, arXiv:1404.5419 [hep-th].

[81] J. M. Deutsch, Quantum statistical mechanics in a closed system, Phys. Rev. A 43
(Feb, 1991) 2046-2049.
https://link.aps.org/doi/10.1103/PhysRevA.43.2046.

[82] M. Srednicki, Entropy and area, Phys. Rev. Lett. 71 (1993) 666—-669,
arXiv:hep-th/9303048 [hep-th].

[83] D. Fioretto and G. Mussardo, Quantum quenches in integrable field theories, New
Journal of Physics 12 no. 5, (2010) 055015.

[84] P. Calabrese and J. L. Cardy, Time-dependence of correlation functions following
a quantum quench, Phys. Rev. Lett. 96 (2006) 136801,
arXiv:cond-mat/0601225 [cond-mat].

[85] S. Ziraldo et al., Thermalization and relaxation after a quantum quench in
disordered Hamiltonians. PhD thesis, SISSA, 2013.


http://dx.doi.org/10.1007/JHEP08(2015)073
http://arxiv.org/abs/1505.05224
http://arxiv.org/abs/1505.05224
http://arxiv.org/abs/1807.03916
http://arxiv.org/abs/1807.03916
http://dx.doi.org/10.1007/JHEP02(2018)142
http://arxiv.org/abs/1710.03012
http://arxiv.org/abs/1710.03012
http://dx.doi.org/10.1007/JHEP07(2016)123
http://arxiv.org/abs/1603.04856
http://dx.doi.org/10.1007/JHEP09(2017)009
http://arxiv.org/abs/1706.02668
http://arxiv.org/abs/1706.02668
http://dx.doi.org/10.1007/JHEP05(2013)014
http://arxiv.org/abs/1303.1080
http://dx.doi.org/10.1007/JHEP03(2014)098
http://arxiv.org/abs/1311.6095
http://dx.doi.org/10.1007/JHEP10(2012)193
http://arxiv.org/abs/1208.3469
http://dx.doi.org/10.1103/PhysRevD.89.126005
http://dx.doi.org/10.1103/PhysRevD.89.126005
http://arxiv.org/abs/1404.5419
http://dx.doi.org/10.1103/PhysRevA.43.2046
http://dx.doi.org/10.1103/PhysRevA.43.2046
https://link.aps.org/doi/10.1103/PhysRevA.43.2046
http://dx.doi.org/10.1103/PhysRevLett.71.666
http://arxiv.org/abs/hep-th/9303048
http://dx.doi.org/10.1103/PhysRevLett.96.136801
http://arxiv.org/abs/cond-mat/0601225

Bibliography 71

[86] P. Calabrese and J. Cardy, Quantum quenches in 1+1 dimensional conformal field
theories, J. Stat. Mech. 1606 no. 6, (2016) 064003, arXiv:1603.02889
[cond-mat.stat-mech].

[87] M. Greiner, O. Mandel, T. W. Hinsch, and 1. Bloch, Collapse and revival of the
matter wave field of a bose—einstein condensate, Nature 419 no. 6902, (2002) 51.

[88] T. Kinoshita, T. Wenger, and D. S. Weiss, A quantum newton’s cradle, Nature 440
no. 7086, (2006) 900.

[89] P. Calabrese and J. L. Cardy, Evolution of entanglement entropy in
one-dimensional systems, J. Stat. Mech. 0504 (2005) P04010,
arXiv:cond-mat/0503393 [cond-mat].

[90] I. Kourkoulou and J. Maldacena, Pure states in the SYK model and nearly-AdS ,
gravity, arXiv:1707.02325 [hep-th].

[91] J. Maciejko, An introduction to nonequilibrium many-body theory. Springer,
2007.

[92] J. M. Magan, Random free fermions: An analytical example of eigenstate
thermalization, Phys. Rev. Lett. 116 no. 3, (2016) 030401, arXiv:1508.05339
[quant-ph].

[93] M. Rigol and M. Srednicki, Alternatives to eigenstate thermalization, Phys. Rev.
Lett. 108 (Mar, 2012) 110601.
https://link.aps.org/doi/10.1103/PhysRevLett.108.110601.

[94] V. Balasubramanian, A. Bernamonti, J. de Boer, N. Copland, B. Craps,
E. Keski-Vakkuri, B. Muller, A. Schafer, M. Shigemori, and W. Staessens,
Holographic Thermalization, Phys. Rev. D84 (2011) 026010, arXiv:1103.2683
[hep-th].

[95] J. Cardy, Bulk Renormalization Group Flows and Boundary States in Conformal
Field Theories, SciPost Phys. 3 no. 2, (2017) 011, arXiv:1706.01568
[hep-th].

[96] S. Paranjape and N. Sorokhaibam, Exact Growth of Entanglement and Dynamical
Phase Transition in Global Fermionic Quench, arXiv:1609.02926 [hep-th].

[97] A. Kameneyv, Field theory of non-equilibrium systems. Cambridge University
Press, 2011.

[98] S. H. Shenker and D. Stanford, Stringy effects in scrambling, JHEP 05 (2015)
132, arXiv:1412.6087 [hep-th].

[99] J. Maldacena and X.-L. Qi, Eternal traversable wormhole, arXiv:1804.00491
[hep-th].

[100] R. Balescu, Equilibrium and nonequilibrium statistical mechanics. New York,
NY: Wiley, 1975.


http://dx.doi.org/10.1088/1742-5468/2016/06/064003
http://arxiv.org/abs/1603.02889
http://arxiv.org/abs/1603.02889
http://dx.doi.org/10.1088/1742-5468/2005/04/P04010
http://arxiv.org/abs/cond-mat/0503393
http://arxiv.org/abs/1707.02325
http://dx.doi.org/10.1103/PhysRevLett.116.030401
http://arxiv.org/abs/1508.05339
http://arxiv.org/abs/1508.05339
http://dx.doi.org/10.1103/PhysRevLett.108.110601
http://dx.doi.org/10.1103/PhysRevLett.108.110601
https://link.aps.org/doi/10.1103/PhysRevLett.108.110601
http://dx.doi.org/10.1103/PhysRevD.84.026010
http://arxiv.org/abs/1103.2683
http://arxiv.org/abs/1103.2683
http://dx.doi.org/10.21468/SciPostPhys.3.2.011
http://arxiv.org/abs/1706.01568
http://arxiv.org/abs/1706.01568
http://arxiv.org/abs/1609.02926
http://dx.doi.org/10.1007/JHEP05(2015)132
http://dx.doi.org/10.1007/JHEP05(2015)132
http://arxiv.org/abs/1412.6087
http://arxiv.org/abs/1804.00491
http://arxiv.org/abs/1804.00491

	Summary
	List of figures
	List of Tables
	Introduction
	SYK model with complex fermions and chemical potential
	The SYK model
	SYK model with Complex Fermions
	The four-point kernel and the Casimir
	Fermion propagator, with a chemical potential
	Differential equation for g(,)

	The six point function preliminaries

	Tuning of Chaos Behavior
	Calculating the retarded kernel
	The retarded Green's function
	The retarded kernel

	Exploring the chaos regime
	Flavoured Complex fermions with a chemical potential

	Chaotic Correlation Function
	Correlation Functions
	Away from the Conformal Limit
	The enhanced four point contribution
	The "Contact" and and ``Planar" diagrams
	The six point function
	The Short time and OTO behavior of the Six point function

	Appendix A
	Appendix B

	Thermalization in the SYK model
	Why non-equilibrium dynamics?
	The Schwinger-Dyson(SD) equations
	The Kadanoff-Baym (KB) equations
	Eigenstate Thermalization Hypothesis
	Kourkoulou-Maldacena states and Instantaneous thermalization

	Quantum Quenches in SYK models
	Quenches in q=2 SYK model
	Quenches in q=4 SYK model


	Conclusion and Discussions
	Tuning of Chaos behavior
	Chaotic Correlation Function
	Thermalization in SYK model
	How to prepare KM states
	Ergodicity versus Mixing


	Bibliography

