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Summary

The thesis starts with studying one infrared property of quantum gravity S-matrices and

ends with some prediction of gravitational memory for scattering of astrophysical objects

which can be experimentally tested by space-based gravitational wave detector in near

future. In this thesis we discuss the following developments in the classical and quantum

soft photon and soft graviton theorem:

We explain Sen’s covariantization technique for deriving soft photon and soft gravi-
ton theorem in general spacetime dimensions. Then we discuss some infrared issues

in four spacetime dimensions for deriving soft theorem from S-matrix analysis.

We describe how to take the classical limit of soft theorem and relate it to the long-
wavelength electromagnetic and gravitational waveform. From these understand-
ings and some naive physical assumptions, we predict the subleading soft factor in

four spacetime dimensions.

By direct S-matrix analysis in D=4, using a particular kind of infrared regularisa-
tion, we derive subleading soft theorem for loop amplitudes which turns out to be
logarithmic in the energy of the soft particle and in classical limit this result agrees

with the earlier prediction.

Finally by independent classical analysis we derive long-wavelength / large retarded
time electromagnetic and gravitational waveform and prove it’s relation with soft

factors in four spacetime dimensions.
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Soft theorem in general

spacetime dimensions

In a generic theory of quantum electrodynamics or quantum theory of gravity, soft pho-
ton/graviton theorem gives an amplitude with a set of finite energy external particles
(hard particles) with arbitrary mass and spin and one or more low energy external pho-
tons/gravitons (soft photons/gravitons), in terms of the amplitude without the low en-
ergy photons/gravitons [1-18,43-49, 100, 101]. Though most of the derivations are done
for specific theories, here in this chapter we describe a prescription pioneered by Sen

[100, 101], which do not assume any particular theory.

1.1 Sen’s Covariantization prescription for one soft pho-

ton/graviton

In this section we describe the covariantization prescription developed by Sen [100, 101]
and carried forward in [11, 15, 17] for deriving subleading soft theorem for one external
soft particle (photon/ graviton) for a generic theory of quantum electrodynamics or quan-
tum gravity. We combine soft photon and graviton within a single soft field and at the
end from the final soft theorem result we can extract soft photon or soft graviton theorem

unambiguously [17]. The steps for covariantization are as follows:

17



18 Soft theorem in general spacetime dimensions

e Consider a generic theory of quantum gravity in D non-compact spacetime dimen-
sions which can have U(1) gauge symmetry and assumed to be UV complete and
background independent. Suppose the theory is described in terms of U(1) gauge
invariant and general coordinate invariant 1PI effective action having arbitrary num-

ber of fields with arbitrary mass and spin.

e Expand the 1PI effective action in powers of all the fields of the theory including
photon and graviton field about their vacuum expectation values so that one point

function of the fluctuation of any field vanishes.

e Now gauge fix the action using Lorentz covariant gauge fixing condition. The prop-
agators computed from this gauge fixed action have only simple poles at it’s renor-
malised mass square values. Use this gauge fixed action to derive the Feynman

rules for vertices associated with only finite energy particles (hard particles).

e The gauge fixed action is Lorentz invariant but not manifestly U(1) gauge invariant
or general coordinate invariant. Now we covariantize the action with respect to
soft photon and soft graviton background'. Broadly this covariantization means
replacing the flat metric by the metric associated with soft graviton background
and replace the ordinary spacetime derivative by covariant derivative containing
soft photon field, spin connection and/or Christoffel connection associated with soft

graviton background.

e We need to add the action for soft photon and soft graviton fields which are needed
for deriving propagators for soft particles and the vertices describing interactions
between soft particles’. We also need to include generic non-minimal coupling

terms in the action describing non-minimal interactions between soft photon/graviton

'If we consider superstring field theory as the quantum theory of gravity then covariantization with re-
spect to soft graviton field means deforming the background target space metric used for constructing world-
sheet CFT by the soft graviton mode (which is a marginal deformation). Now the background independence
tells that these two different super-string field theories are related to each other by field redefinition [109].

2This would be important in proving multiple soft photon/graviton theorem, but not necessary for prov-
ing single soft photon/graviton theorem.



1.1 Sen’s Covariantization prescription for one soft photon/graviton

19

field and finite energy fields’.

e Now we derive the Feynman rules for the vertices describing interactions between
finite energy particles and soft photons or/and gravitons from the full covariantized

action after adding the non-minimal contributions described above.

e Now after having all the ingredients we have to compute tree level amplitude for
a scattering event associated with arbitrary number of finite energy particles and
one soft photon/graviton and expand the amplitude in terms of the energy of the
soft photon/graviton to relate it to the amplitude without soft photon/graviton. This

gives the soft theorem to all loop order in perturbation theory.

We shall use the reduced Planck unit 871G = ¢ = 7 = 1 and the Minkowski metric is
mostly positive in our convention. All our finite energy fields carry tangent space indices
such that both bosons and fermions can be analysed at one go. We shall use a, b, c,d, - - -
as tangent space indices, u, v, p, 0, - - - as curved space indices and all the indices will be
lowered or raised by Minkwoski metric n. {@“} will represent the set of fields present in
the theory (given as 1PI effective action) which belongs to some reducible representation
of the Lorentz group SO(1, D-1)*. Here a index in the superscript represents different
fields as well as spin and/or polarisation indices of any one of the fields. The external soft
photon field will be denoted by A,(x) and external soft graviton field will be denoted by

S v(x). They have the following plane wave modes:

Ax) = gk e, ke, =0, (1.1.1)

Sw(x) = guk)e*™, enn” =0, ke, = ke, = 0. (1.1.2)

3For example soft photon field can couple to finite energy fields via field strength and soft graviton field
can couple to finite energy fields via Riemann tensor and its various combinations.

“Though super-string field theory (a candidate of quantum theory of gravity) has infinite number of fields
but if we are interested in studying a scattering event at some energy scale we can always integrate out all
the massive fields with masses greater than the energy scale as they can not be produced in the scattering
event. So in that sense at any energy scale we always have finite number of fields in the 1PI effective action.



20 Soft theorem in general spacetime dimensions

The background metric associated with one soft graviton mode is given by,
8w = Nw + 28,4, with S, =S8,,, 1778, =0 (1.1.3)
Correspondingly the vielbeins are,
e, =0, + 8, +-, Eb =6 — S+ .- (1.1.4)

Above we have chosen the soft graviton field as symmetric and traceless, so that J?t(g) =
1 in the covariantized action. For proving single soft theorem upto subleading order, we
only need to keep terms linear in soft photon/graviton field and also terms upto one deriva-
tive on soft photon/graviton field. We combine soft photon and graviton field within a

single soft field as &, = (g, &u,)-

Suppose under global U(1) transformation some real component field @, transforms as
@, — [exp(iQ0)] f @, where 6 is the U(1) global transformation parameter and Q is
the generator of global U(1) transformation on real component field @,°. Then the co-

variantization procedure suggests to replace a set of ordinary derivatives operating on @,

by,
0a,0ay .00, Py — EM'E ---E¥" D, D,, D, ®,, (1.1.5)
where
) 1
DD, = 8,D, — iQ,PA, Dy + Ewgb Cuv)e’ Dp . (1.1.6)

Here X“ is the spin angular momenta, normalised by specifying it’s operation on a co-

SUsually complex fields have U(1) global charge but since we are considering gravity and gauge theory
together working in terms of real field components are easier. For example in place of a complex scalar
field we will work with two real scalar fields considering them in a two component vector which rotates
under SO(2) and Q is the generator of SO(2) transformation.
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variant vector field ¢, as,
@) pa = (8" ™ = 8" n")ga (1.1.7)
and wzb is the spin connection defined upto first order in S, as,
Wl = &SG — 'Sh. (1.1.8)

Similarly two covariant derivatives operating on a field can be expressed upto terms linear

in soft field and only one derivative on the soft field as,

. L,
DyDvdj(t = a,u(Dv@a) - lQa ﬂAy(Dngﬁ) + Ewﬂ b(zab)a ﬂ(Dvéﬁ) - Fﬁvapgpa

8,0,D, — i0,P0,A,D5 — 10, " (A,0,Dp + A,8,Dg)

1 1
+=0 (T ) PO, s + Ew;*b(zab)a b0, D5 — I, 000 + -+ (1.1.9)

2 H
where
Iy, = ( 0,8y + 0,8 - éWSw,) + terms quadratic in S, . (1.1.10)
The terms represented by ” - - - in eq.(1.1.9) are either quadratic in the soft fields (would

be important in proving double soft theorem) or contains more than one derivative on the
soft field (would be important in proving soft theorem at sub-subleading order) would
not play any role in proving subleading soft theorem for one soft particle. Also the last
term containing Christoffel connection will not contribute to our analysis following the

argument given in the appendix of [101].

We shall follow the convention that all the particles are ingoing and in all the Feynman
diagrams the thick lines represent hard particles and thin line represents combined soft

particle. To determine the vertices containing two finite energy particles and one soft
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particle we need to covariantize the following quadratic part of the 1PI effective action:

o _ |1 dq, d°q, o D (D)
Y= 3 0P 2n)P Do(q1) KP(q2) Pp(q2) 2m)"67(q1 + q2) (1.1.11)

Here &,(g) is the Fourier transform of the field @, (x) and if @, is a Grassmann even field

then the kinetic operator satisfies,
KP(g) = KP(—q) . (1.1.12)

If @, is a Grassmann odd field then the right hand side of (1.1.12) should contain an
extra negative sign but final soft theorem result will be independent of this. The full
renormalized propagator for a finite energy particle with momentum ¢* and renormalised

mass M is given by,
Dr(@op = 1Ky5(q) = (¢ + M) Eup(q) (1.1.13)

From the invariance of the action S ® under global U(1) transformation @, — [exp (iQ0)],* g,

the kinetic operator needs to satisfy
0 K?* + K7 QF = 0. (1.1.14)
In index free matrix notation this relation translates to,
'K + KQ =0. (1.1.15)

This imposes the following condition on the numerator of the propagator defined in
(1.1.13),
0F + 20" =0. (1.1.16)

The vertex describing the minimal interaction between two finite energy particles and one
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soft particle with polarisation and momentum (&, k) upto linear order in soft momentum,

can be read off from the following covariantized part of the action(1.1.11),

1 dP dP
sO = (zﬂ‘)’; 5 ‘j; @m)P6P g1 + g2 + k)

oK™ 1 FK>
¢oz(ql)[ e (¢2) (¢2)

B_ Z(k k - 0B

, 0K (q,) 0K (q2)
- uqu 0—612 (kbsa,u k Eb/t) —612 0 b)y'B Qﬁ(QZ) .

Qou 2/1

(1.1.17)

First, third, and fourth terms within the square bracket above directly follows from covari-
antization of single derivative on @z within K*(g,) following eq.(1.1.6) multiplied by in-
verse vielbein. The second term within the square bracket follows from covariantization
of two derivative on @4 within K ®A(g,) due to the second term in the r.h.s. of eq.(1.1.9).
With S one needs to add non-minimal part of the action describing interaction between

two finite energy particles and one soft photon coupled via field strength®,

5O 1 d’q) d°qx

=5 )P 2n )D (2 7T)D5(D)((]1 + g2 + k) Fy (k) Dolqr) CGBW(CD) Ds(q2)

(1.1.18)

where

F (k) =i [kye,(k) — k,&,(k)]

and C**(q) is a generic non-minimal coupling’. From the global U(1) invariance and
symmetry of the action, C has to satisfy the following properties for grassmann even field

QQ’

an CP*(qy) + C*(qy) Qf =0 (1.1.19)

® We can add similar non-minimal action for soft graviton as well, but this kind of interaction will not
affect single soft graviton theorem upto subleading order as it involved Riemann tensor of soft graviton
field, which generates vertex quadratic in soft graviton momentum [11].

"An example of such kind of non-minimal coupling in spinor QED is yy**F,,iy where C* ~ y*” =
Y]
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Caﬁ,y\/(qz) — _Cﬂﬂﬂ’#(qz) (1.1.20)

Ca,@,,uV(qz) — C’Ba’ﬂv(—Q1 _k) (1121)

If @, is a Grassmann odd field then the r.h.s. of the last equation above sould have an

extra minus sign.

Figure 1.1: 1PI vertex describing interection between two finite energy particles and one
soft particle. Figure adopted from [17].

The expression of the 1PI vertex for Fig.(1.1) is derived from (1.1.17) and (1.1.18) after

symmetrization in @, 3,

r%¢ ks p,—p—k)

i 0K (—p —k) OKP(p) 1 O*K*(—p — k)
=+ e P 0h g k) C (ke + he) LT
217" dp, 2 H pu 9 4 " * dp.dp, 9
1 827(&(19) a . @,y ; .1y
—Z (kﬂgv + kvsy)m Q}’ + 1 (k#é‘v - kvgﬂ) C B (—p - k) + 1 (kﬂgy - kvsﬂ)Cﬁ # (p)
OKP(-p — k) K™ (p)
—en(k)(p + k) ————— - g (b)p" —/———
H op, H op,

OK? (p)

(1

0K (—p —k)
op,

1 1
- E(kbga,u - kagb,u) (Zab)y F + 5 (kbgay - kagby) (Zab)y “I. (1122)

After using the relations (1.1.12),(1.1.1),(1.1.2), (1.1.21),(1.1.15) and doing Taylor series
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expansion in k*, upto linear order in k& we get the following index free form of I'®,

F(S)(él:’ ka pP,—pP - k)

L IKEp 1 PKEp)
K op, 2 0p,0p,

, 0K(=p) 1 0K (-p)

Euy + = &p,k,
wP op, 2 opy

0 + i(kse, —ke,) C"(=p)

oK) Lo PK(=p)
op, p e 0p,0p,

(1.1.23)

1
(Zab) - E gb,uka (Zab)T

Y

Figure 1.2: Amputated Greens function of N number of finite energy particles and one soft
particle. This Feynman diagram represents sum over all the Feynman diagrams leaving
the diagrams where the soft particle is attached to some external leg. Figure adopted
from [17].

The amputated Greens function of N number of finite energy particles and one soft par-
ticle in Fig.(1.2) is evaluated by covariantizing the N particle amputated Greens function
I'(q1,q2, - ,qn) With respect to soft particle(photon/graviton) background. Since the di-
agram I does not have any scalar propagator which contributes inverse power in soft
momentum, it starts contributing from subleading order in soft momentum expansion. So

we need the leading contribution in soft momentum from this diagram,

— N o

F(f’ k’ q1,-92, C]N) = - Z { 1_[ faj} Em |:Q,B(,Il 8ﬂ(k) — + gyv(k)ég: q;’ ﬁ Falm ,'~~-(tN(q1’ ceey QN) .
i=1 iu

0
aqm

N
j=1
J#i

(1.1.24)
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where €,,(g;) denotes the polarization tensor of the i’th finite energy particle. Note that
both I” and I are distributions of momenta as in our notation I" contains Q2m)PsP (g, +

-+++ gy + k) and I contains 2m)P6P (g + - - + gqn).

1.2 Steps for evaluating Feynman diagrams

Here we describe five steps which one have to follow consecutively to evaluate the Feyn-

man diagrams.

1. First write down the contribution of any Feynman diagram using the vertices and
propagators derived in §1.1 and multiply the polarisation tensor of finite energy

particles from the left.

2. Now use the following relations and their momentum derivatives to move (X“”) and

(Z%)T to the possible extreme right position,

L 9KGEp) 0K (=p)

P apb P apa
0Z(=p) » 0Z(=p)

b 6[)[, " P 6pa

& K(=p) ~K(=p) (&) ,(1.2.25)

(&™) E(-p) - E(=p) @) - -(1.2.26)

The above relations follow from the Lorentz covariance of K and =. Similarly move
the U(1) charge matrix Q to the possible extreme right using (1.1.15), (1.1.16),

(1.1.20) and their momentum derivative relations.

3. Now Taylor expand K, = and I"*"""*¥ in powers of soft momenta k* and keep terms

up to the required order.

4. Now move the momentum derivative from K to = to the maximal possible extent

using the following relations which directly follows from eq.(1.1.13),

KD e py = - s(-p ol

+ 2i (1.2.27)
op, op, P



1.3 Subleading soft theorem for one external soft photon/graviton

27

d=(— OK (- .

( p)W(—p) = —-Z(-p) Cp) + 2ip*.

opy op,
PK(-p) _ o OK(=p)dE(-p)  IK(-p)OE(-p)
———E(-p) = 2in" - - -
op,0p, op, dp, dop,  Op,

5. In the final step use the on-shell condition for finite energy particle,

e (pK(-p) = 0.

K(-p)

(1.2.28)

P E(-p)
op,0p,
(1.2.29)

(1.2.30)

1.3 Subleading soft theorem for one external soft pho-

ton/graviton

€1, D1

/

&k

Figure 1.3: Diagram representing sum over all possible Feynman diagrams where the soft

particle is attached to some external leg via I'®. Figure adopted from [17].

The diagram in Fig.1.3 starts contributing at leading order since it contains a nearly on-

shell propagator which contributes inverse power in soft momentum. On the other hand

the diagram in Fig.1.4 starts contributing at subleading order relative to the contribution

from Fig.1.3. Following the steps described in §1.2 we can evaluate the diagrams. Here

we are giving the final expressions, for intermediate steps the reader can look into the

references [17,101]. The N-particle amputated Greens function after stripping out the i’th
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finite energy particle polarisation tensor is denoted by,

N
rup,) = {n Gj,a_f(Pj)} e (py, -+, pn) - (1.3.31)

j=1
J#i

The contribution of Fig.(1.3) turns out to be,

: Aro(p; , .
A = {pi-k)7! [gﬂp';leiTQiT r'p) + e k, € Of 6p(<p) + (g,k, — &,k,) € ij)( ) T(p))
ip
v i v 0]"(1')( i) a i
T+ Pl €TVD) + euplpiky € ——L2 & gy, ky €S TO(p))] . (1.3.32)

8p ip
where,

(2 ) _ I 6(](( Pt) aut( Pz) oy Ne o
NoGCr) = 3 Opiv Opiy 0 + Cm( p)Ei(=p), (1.3.33)

€2, P2 . . . /
\\ Ny DN

€1,

§ k

Figure 1.4: Diagram representing sum over all possible Feynman diagrams where the soft
particle is not attached to any external leg. Figure adopted from [17].

Contribution of Fig.(1.4) directly follows from (1.1.24),

% ar ; aro(p,
=3 [gﬂ(k) Py o T% . (13.34)
i1 iu Piu

N
Now ) A; + B will give the full (N + 1) point amplitude in terms of N point amplitude.
i=1
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Hence the subleading soft theorem for one soft particle turns out to be:

F(N_H)(é:’k; {Ei’pi })

(pi- kel { et OF + ewplip)} TOpi)

Mz

i=1

N
+ > ik gk, € QF {p“a— i }r“)(pi)
i=1 plp
+i{ _18 pﬂk €T{ b (9 _ a + (Zvab)T} I-v(z‘)( )
- pi- buP; Ka € \Pi e p; Er i pi
N
+ ) Api K ek — k) € NG (P TO() (1.3.35)

I
—_

From here, we can recover the single soft photon theorem upto subleading order after
setting the polarization tensor for graviton to zero. If the external finite energy particles
are charge eigenstates of U(1) charge generator Q i.e. Q¢; = g;€; then the subleading soft

photon theorem takes the standard form of "Low’s subleading soft photon theorem" [45],

' (e, k; {e, pi})

S : k d
= Z[qf"p/’,; gt p {p’; - Pl }]F<N)({e,-,p,~})

i—1 Pi- pi- 8pip ' a Piu
N

(8ﬂk —&k,) € NG (=p) I(py) . (1.3.36)

l

m
—_

In the above equation second line of r.h.s is the general structure of non-universal term
appearing in the subleading order of soft photon theorem. This non-universal term in soft
photon theorem has been explored in [97] for some particular examples of non-minimal

couplings in effective field theories of QED..

Similarly by setting the polarization vector of photon to be zero in expression(1.3.35) we

recover "Cachazo-Strominger subleading soft graviton theorem" [7].

' (g, k; (e, pi))
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N v
_ Ze'T lguvp/;pi 4 El; ka{ p O

0 ‘
: - pf + (T TO(p
1 pi . k pl_ . k 1 8[)1’“ pl 8[)1'[, ( 1 ) } :| (p )

(1.3.37)

i=1

Above in the subleading soft factor the full expression within curly bracket represents

transpose of total angular momentum of i’th finite energy particle,

0 0

b a ab
=p/— — pi— + 2. (1.3.38)
P OPia P Opin

-ab
Ji

1.4 Sub-subleading soft graviton theorem and sublead-

ing multiple soft graviton theorem

In this section we explain what extra ingredients we need to prove the sub-subleading soft
graviton theorem and subleading multiple soft graviton theorem for a generic theory of

quantum gravity and then directly state the results.

1.4.1 Sub-subleading soft theorem for one external soft graviton

For proving sub-subleading soft graviton theorem we have to compute the same two dia-
grams in Fig.1.3 and 1.4 but now to one higher order in soft momentum expansion. For

this we need two extra ingredients [11] :

1. In the covariantization procedure of quadratic part of 1PI action, now we need to
include contribution of two new terms with eq.(1.1.17), which are quadratic in soft
momentum. One comes from covariantizing two derivatives operating on @z: co-
variantization of 0,0, ®; gives additional term %&Mw‘v’i’ (Zap)p 7Dy. Another new
contribution comes from covariantizing three derivatives operating on ®g: covari-

antization of 9,,0,0, Py gives additional term —d, "7 0 Pp.
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2. In the quadratic order in soft momentum we need to add a generic coupling term
contribute to I'® (g, k; p, —p — k) describing non-minimal interaction between two
finite energy particles and one soft graviton via Riemann tensor. We consider the

general form of the non-minimal action with specific soft graviton momentum &,

<® d°q1 d°q b o) "
See = 3 § + 2 + k) Ry (k) @o(q1)BPH*7
o G Gy 07071+ @2 4K Rupol) Palg B (02)85(42)
(1.4.39)
where R,,,,,-(k) is the Fourier transform of linearised Riemann tensor given as,
Rpr (k) = gk ke — €40k ky — &koky + &5k kK, (1.4.40)

and B4 (g) is a generic function of momentum, spin of finite energy particles.

Here B satisfies B¥HP7(q,) = BP0 (—q, — k).

Including the above two new kind of contributions and following the steps described in

§1.2, the sub-subleading contribution turns out to be [11]:

A(sub)2 —leading F(NH)(‘S k {6,', pz})

8ackbkd T 0 0 AT d 0 T "
= — =+ (27 i P T'D(p;
2 ; [ pza bi apib +( ' ) Pi aplc p’(? +( ) (pl)
N _1 T A/HPYT 0)
EZ pi-k Ryupro(K) € Ny (=pi) I™(pi) (1.4.41)
i=1 Di
where
Vo 4 v aq{l(_ i) 6251’(_ i 827{( 1) 6—'1( z)
NG (=p) = 3zp; P P _ _pf P 14
3 opiy  Opi0pis 6 8pwapw Opis
: a(}(l(_ i) 6._,1( l) Vo Vo Vo —
t1 apiﬂp apipp &)’ -3 (Zl%‘p)T "+ B (—p) E(—py)

(1.4.42)
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The second line of r.h.s in eq.(1.4.41) represents the non-universal term appearing in the
sub-subleading order of soft graviton theorem. For various effective theory of quantum
gravity with non-minimal couplings the non-universal part has been tested explicitly [11,

97].

1.4.2 Subleading multiple soft graviton theorem

For proving double soft graviton theorem we need two new kind of vertices besides the
vertices available for proving single soft graviton theorem. It turns out that the ingredients
needed for proving single and double soft graviton theorem is enough for proving multiple
soft graviton theorem though the proof is much more involved [15]. The two new kind of

vertices are

1. We need to evaluate a four point 1PI vertex I"® describing interaction between
two finite energy particles and two soft gravitons. This vertex can be derived from
the covariantization of quadratic part of 1PI effective action S® with background
metric g,y = My + 25, + 25 ,8%,, but now one has to keep terms upto quadratic

order in soft graviton field § ,,,.

2. There are possible Feynman diagrams containing three graviton vertex V® of which
one graviton is virtual and connected to a finite energy leg by vertex I'®. This
three graviton vertex along with graviton propagator can be worked out from the

Einstein-Hilbert action for the soft graviton metric.

We have to evaluate four kinds of diagrams for extracting subleading multiple soft factor:

e Diagrams where all the soft gravitons are connected to finite energy particle lines by
I'® vertices. These diagrams start contributing from leading order in soft momenta

expansion.
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e Diagrams where one soft graviton is connected directly to the N-point amputated
Greens function through I and the rest of the soft gravitons are connected to fi-
nite energy particle lines by I'® vertices. These diagrams start contributing at the

subleading order in soft momenta expansion.

e Diagrams where two soft gravitons are connected to a finite energy line via vertex
'™ and the rest of the soft gravitons are connected to finite energy particle lines
by I'® vertices. These diagrams start contributing at the subleading order in soft

momenta expansion.

e Diagrams where two soft gravitons are connected to a scalar line via three gravi-
ton vertex V® - graviton propagator -vertex I"® and the rest of the soft gravitons
are connected to finite energy particle lines by I'® vertices. These diagrams start

contributing at the subleading order in soft momenta expansion.

For M number of soft gravitons with polarisations and momenta {g,(k,), k,} the subleading

multiple soft graviton theorem becomes [15]:

({1 {1 - S

s=1 r=1
r¥Ss

M M N 1 -
+ Z { l_l 550)} {Z oG+ ko) M(pj;sr,kr;su,ku)} r ](1.4.43)

where S is the leading soft factor for r’th graviton

N v
Eruvl; D;

SO = ) e Pip L (1.4.44)
= pik

S is the subleading soft factor for r’'th graviton

5] -y
[ Opia Opiv

l r

ay-aN al rbpp# kra barm---aw aar<11-"(¥N B
Z Pi i B
i=1
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(1.4.45)

and M(p;; &, k,; &,, k) is the contact term receives contribution from the last two kind of

diagrams described above and the expression of it is as follows:

M(Pj;gr’ kr;gm ku)
= (pj-k)"(pj-k)! [— (k- k) (pj-&--pj)(pj-&s-pj) + 2pj-ks) (pj-&-pj)(pj-&-k)

+2(pj-k)(pj-&s-pj)(pj-& -ks) — 2pj-k)(pj-ks) (pj-&r- & 'Pj)]

(e k) [ = (ks 88 p) (ks py) = (ko8-8 p)) (e p))
+ (kv “Ep &gt pj) (kr : pj) + (kr &5 & pj) (ks ' pj) - (gr,p(r 8’;0-)(kr : p])(ks : pj)
_2(pj'8r'ks)(pj'8s'kr) + (pj'gs'pj)(ks'gr'ks) + (pj'gr'pj)(kr'gs'kr)]-

(1.4.406)

An explicit derivation of subleading multiple soft theorem for arbitrary number of external

soft photons and gravitons are given in [17].



1.5 Infrared issues and validity of the assumptions

Figure 1.5: Possible one loop diagram contributing to amputated Green’s function I can
produce soft factor in the denominator. In the diagram thick lines represent finite energy
particles and thin line represents photon/graviton.

Deriving soft theorem from Sen’s covariantization procedure assumes that the soft mo-
mentum in the denominator comes only from propagators and not from 1PI vertices. Now
here we will show that in D = 4 this assumption breaks down. Consider the one loop dia-
gram in Fig.1.5 which is one of the diagrams contributing to amputated Green’s function
I in Fig.1.2. We have assumed that the contribution of I starts at the subleading order.
But when the loop momentum in Fig.1.5 becomes of the same order as the external soft
momentum, each of the scalar propagators with momenta p, + ¢, p, + { + k and p, — ¢
contributes one soft momentum in the denominator. There are also two powers of soft mo-
mentum in the denominator due to virtual soft particle propagator. Now in D non-compact
spacetime dimensions the loop integration involved f dP¢, so in the specified region of
integration net power of soft momentum is D — 5. Hence in D = 4 Fig.1.5 contributes
one power of soft momentum in the denominator, violating the assumption described in
the beginning of the section. So our soft photon/graviton theorem upto subleading order

is valid for loop amplitudes in D > 5 and only at tree level in D=4.

A similar kind of analysis has been performed in [11] and [15] which tell us that sub-
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subleading soft graviton theorem is valid for loop amplitudes in D > 5 and subleading

multiple soft graviton theorem is valid for loop amplitudes in D > 6.



Classical limit of soft theorem

Although soft theorem is a relation between quantum scattering amplitudes — amplitudes
with soft photon or graviton to amplitudes without soft photon or graviton — one can also
relate soft theorem to classical scattering amplitudes. Ref. [19] produced a more direct re-
lation between soft theorem and classical scattering in generic space-time dimensions by
directly taking the classical limit of a quantum scattering amplitude. This relates various
terms in soft theorem to appropriate terms in the radiative part of the electromagnetic and
gravitational fields in classical scattering in generic space-time dimensions. Reversing the
logic, one can use the classical scattering data to give an alternative definition of the soft

factors.

We start with multiple soft graviton theorem and then demand that a large number of low
energy gravitons should come out from the scattering process so that we can declare the
coherent state of the large number of gravitons as gravity wave. This is known as the
classical limit and in this limit, it turns out that masses of the scattered objects are large
in the Planck unit. Here we also assume that the energy loss due to gravitational radiation
is small compare to the energy of the objects participated in the scattering process. This
leads to probe scatterer limit or large impact parameter limit for a two-body scattering
and the wavelength of gravitational radiation has to be large compared to the character-
istic length scale of scattering. After this analysis, we show that in general spacetime
dimensions, the long wavelength gravitational waveform is proportional to the single soft

graviton factor when we replace the asymptotic trajectory of the scattered object in the
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classical angular momentum part.

Since classical scattering is well defined even in four space-time dimensions, one can hope
to use the classical definition of soft factors to understand soft theorem in four dimensions.
Since in higher dimensions, the soft theorem expresses the low frequency radiative part
of the electromagnetic and gravitational fields in terms of momenta and angular momenta
of incoming and outgoing finite energy particles, the naive guess will be that the same
formula will continue to hold in four dimensions. However in carrying out this procedure
we encounter an obstacle [20, 33]. As we have seen in the last chapter, the subleading
terms in the soft theorem contain a factor of angular momentum /" of the individual
particles involved in the scattering (e.g. look back to eq.(1.3.37)), with the classical orbital
angular momentum given by x*p” — x”p*, where x*(t) and p*(7) label the asymptotic
coordinates and momenta of the particle as a function of the proper time. In dimensions
larger than four, p* approaches a constant and x* approaches the form ¢ + a p* T with
constant ¢ and @ as T — oo. Therefore j* is independent of 7 as T — oo and we can
use the asymptotic value of j* computed this way to evaluate the soft factor. However in
four space-time dimensions the long range gravitational and / or electromagnetic forces
acting on the particles produce an additional term of the form »* In 7 in the expression
for x*. This gives a logarithmically divergent term of the form (b*p” — b”p*)In7 in the

expression for j*”, making the subleading soft factor divergent.

Since we do not expect the radiative component of the metric or gauge fields to diverge
in classical scattering in four space-time dimensions, this suggests that the divergence in
the subleading soft factor is a breakdown of the power series expansion in the energy w
of the soft particle. Therefore the soft factor must contain non-analytic terms in w. The
natural guess is that the soft factor at the subleading order is given by replacing the factors

1

of In7 in the naive expression by Inw™'. This has been tested in [20] by considering

several examples of classical scattering in four space-time dimensions.! In this chapter

'The existence of various logarithmic terms in classical scattering has been known earlier [110-113].
Soft theorem provides a systematic procedure for computing the coeflicient of the logarithmic term in the
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we consider a general scattering process where all particles involved in the scattering have
masses of the same order, and then determine the logarithmic terms in the classical soft

factor using the Int — Inw™' replacement rule.

The organisation of this chapter is as follows. In §2.1 we describe how to take classical
limit of leading multiple soft photon theorem and determine electromagnetic radiation
from classical scattering of charged objects. Then we will explain how this analysis can
be extended for deriving gravitational radiation from multiple soft graviton theorem. §2.2
describes the analysis of the logarithmic terms in D=4 in the subleading soft expansion

for general classical scattering.

2.1 Classical electromagnetic and gravitational radia-

tion from soft theorem

Consider a scattering event where N number of finite energy charged particles are involved
with charges and momenta {q,, p,} fora = 1, -- - N, with the convention that momenta and
charges are positive for ingoing particles and negative for outgoing particles. Suppose in
this scattering event total M number of soft photons are coming out with polarisation and
momenta {g,, k,} for r = 1,---, M. Then up to leading order in soft momenta expansion

the (N + M) point amplitude is related to N point amplitude as [2, 17],
M
I (e, kb Ao P qa)) = { [ 159k} I pasaa) (2.1.1)

r=1

where

N c py
Sg);z(gr’kr) = Z qa r,yka (2.1.2)
a=1 a " rr

p
For deriving long wavelength classical EM radiation from soft photon theorem we are

closely following reference [19]. Now the differential cross-section for M number of soft

subleading soft factor without detailed knowledge of the forces responsible for the scattering.
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photon emission all having polarisation & and energy between w to w(1 + ¢) within solid

angle 4Q is given by,
AM 2
do = x |r<N)' 2.1.3)
M!
where
WP wsA0Q 1 2
A = ———Z — (§O p)| . 2.14

Now for a classical electromagnetic scattering, the scattered objects must have charges
large in the unit of v, where « is the fine structure constant. Also, only if a large
number of photons come out from the scattering event, we can declare the coherent state
of photons as an electromagnetic wave. Let us suppose that g, ~ ¢ is large, in that case
A ~ ¢* is also large for fixed w , § and 4Q. So for a classical scattering with a large value
of A we can maximize 4o w.r.t M to find out the number of soft photon emission at the

peak of the distribution.

d(In40)

—F =0
dM
> M = A (2.1.5)

Total energy carried by the soft photons in this bin,
wP 1 64Q 2
_ _ ©0)
Mo = Aw = S5t SOe. b (2.1.6)

Now independently for this classical scattering process, we can compute the electromag-
netic energy from the long wave-length electromagnetic gauge field. Here we first show
how the Fourier transform in time variable of the gauge field is directly proportional to soft
photon factor. Then we compute the energy of EM radiation and show it’s equivalence

with the expression (2.1.6).
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Let us consider Maxwell’s equation in Lorentz gauge:
OA,(x) = —ju (%), 0=n"%0,0;, (2.1.7)

where j,(x) is the EM current density determined in terms of the trajectory of scattered

objects. Then the retarded gauge field solution is given by

A = — f Py Go(x,y) ju¥). 2.1.8)

where G,(x, y) is the retarded Green’s function:

D
: 1
A e L (2.1.9)

GeN= | Gy (00 + ie)? — P2

Now performing Fourier transformation in time variable we get,

Ay(w, D) f dt ' A, (t, %)

_ dDy i) d>'¢ eiwy%ii.()zty) 1 (2.1.10)
g (2m)P-! (w + i€)? — 7z o

For large |X], we can evaluate this integral using a saddle point approximation as follows

[19]. Defining Eﬂ and £, as components of 7 along ¥—y and transverse to X—y respectively,

we get

~ dP2¢, d{’“ 0 1
A ((L),)?) = - de j4( ) f lw) +il) |3~ . (2111)
H Y July n )132271- (w + ie)? — 2_%

First consider the case w > 0. We now close the ¢ integration contour in the upper half

plane, picking up residue at the pole at +/(w + i€)> — £7. This gives

D 25 1
Afw, %) =i f d®y ju(y) f ( L g +ITI Viwriep -1} . (2.1.12)

277 2\ (wtieR -2
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For large |¥— ] the exponent is a rapidly varying function of ¢, and therefore we can carry
out the integration over 7, using saddle point approximation. The saddle point is located
atl, = 0. Expanding the exponent to order 673 and carrying out gaussian integration over

{?L we get:
Afw, D) =~ iNe“R f d"y e™ j.(y) (2.1.13)

where we have made the approximation |¥] >> [)] and defined k = -w(1,71), 7 =
%/|¥, R =|x for outgoing EM radiation’. Here N is given by,

D=2

w )’ 1
= — 2.1.14
N (27riR 2w ( )

At leading order the asymptotic trajectory of the ingoing/outgoing objects as proper time
o — +00,

) = Vio +--- (2.1.15)

a

where V¥ is the four velocity of a’th particle. The asymptotic value of EM current density
18,

0 )
For = Y [ dravisPo-vio) + Y [ doavi o - vio)
00 0

acin acout

(2.1.16)

where ¢, 1s the EM charge of a’th particle. Then substituting in eq.(2.1.13) and perform-

ing the o integration we get,

— . \% \%
A , = iNe“R ai _ ai
u(a)f) iNe [;qik-Va ;tq ik-V,
. N p
= Ne“R Go —2 (2.1.17)
pa'k

1l
—_

a

2Since we are following the convention that momenta of outgoing particles carries an extra negative sign
so momentum for outgoing EM radiation k = —w(1, 71).
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where p,, = n.m,Vy with , = +1 for incoming/outgoing particles and we are follow-
ing the convention that charges carrie extra negative sign for outgoing particles. Hence
comparing with the expression of the leading soft factor for one soft photon emission in

eq.(2.1.2) we get,
A w, %) = Ne“RSsOe,k) (2.1.18)

In [19] the above relation has been extended and tested for a classical scattering process
up to subleading order when energy loss due to EM radiation is small compared to the
energy of each individual particles. In that limit the non-universal term appeared in the
subleading soft photon theorem (the second line in the r.h.s. of eq.(1.3.36) ) turns out to
be small relative to the universal piece with the angular momenta operator replaced by

classical angular momenta of finite energy particles.

Now we will use the expression (2.1.18) to compute energy of EM radiation along 7
direction around a solid angle 42 within energy range w to w(1 + ¢). Since at large
distance from the source the radiation looks like plane wave and we are only interested to
find out the radiation with particular polarisation &, we can treat £"A,(t, X) as a scalar field
for ¥ = Ra. If we denote the radial coordinate along 7 at a large distance from scattering

center as z = 71 - X, then the relevant part of a(w, ¥) follows from eq.(2.1.18),
d(w, %) = Ne“* SV, k) (2.1.19)

where

P(1,%) = f 4O i Hw, D). (2.1.20)
e 2T

Energy-momentum tensor for the scalar field is:

T"(x) = 8¢p0'¢ — %nwa%ap(p (2.1.21)
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The energy radiated per unit area along 71 direction computed for the scalar field form

(2.1.19) turns out to be,

= g
fdzT” = f T2 INP
0 /e

Now the area corresponding to solid angle 4Q is RP24Q. So the energy of EM radia-

2
SO b (2.1.22)

tion along 7 direction around a solid angle 42 within energy range w to w(1 + ¢) and

polarisation ¢ is,

wd

2
22 P INP SO, k)' x RP240 (2.1.23)
T

Now substituting the expression of N from eq.(2.1.14) in the above expression, we get a

perfect agreement with the expression in (2.1.6).

Analogously we start with subleading multiple soft graviton theorem expression in eq.(1.4.43)
and take the classical limit to derive long wavelength gravitational waveform [19]. Here

we will be brief and only discuss the key points in the analysis.

e Here classical limit corresponds to mass/energy of the objects participating in the
scattering event being large in Planck mass unit. This implies a large number of
gravitons come out from the scattering process and we can declare the coherent

state of the large number of gravitons as gravitational wave.

e We also need to ensure that the total energy of gravitational radiation must be small
compared to the energy of individual particles involved in the scattering process.
This can be achieved for a 2 — 2 scattering process if we consider the impact
parameter is large or consider the probe scatterer limit (one of the objects is heavy

compare to other in the initial state).

e In the classical limit the angular momentum operator f,” in eq.(1.3.38) have to

replace by i Ji,”, where J;” is the classical angular momentum determined in terms
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of the trajectory and intrinsic spin of a’th particle.

J—= i3 = iGdhp, — xoph) + 2 (2.1.24)

a
e In the classical and soft limit described above, the contact term containing M in
eq.(1.4.43) turns out to be suppressed relative to the other subleading part contain-
ing classical angular momenta. So we will drop the contact term for our classical

analysis. In this classical soft limit, the multiple soft factor for M number of soft

graviton emission takes form,

M
[ ] Satenkn (2.1.25)
r=1
where
EryDaly EruDikipJd
Sulenk) = > ;‘—’ip vy %. (2.1.26)

Now performing analogous study as like the soft photon emission, here we get the fol-

lowing relation for the trace reversed metric fluctuation [19],
f dt " e, (t, %) = N e“F S, (g,k) (2.1.27)

where the deviation of metric from Minkowski metric is defined by £, (x) = %(gw(x)—n,w)

and the trace reversed metric is defined by e, (x) = h,,(x) — %hﬁ(x)nw.

2.2 Classical soft factor in D=4

The goal of this section will be to calculate the logarithmic terms in the soft factors in

four space-time dimensions by examining them in the classical limit.

In dimensions larger than 4, the soft factors for photons and gravitons are given respec-
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tively by
£.0 e,V
Sem = Ll ati a—llpa’ 2.2.1
Za: Pa-k 1 lZa:q Pak (22D
and
_ 8/11/1751’2 . SﬂvakPJﬁy
Sg = Z P zZ S (2.2.2)

Here the sum over a runs over all the incoming and outgoing particles, and ¢,, p, and
J. denote the charge, momentum and angular momentum of the a-th particle, counted
with positive sign for an ingoing particle and negative sign for an outgoing particle. S.p,
may also contain a non-universal term at the subleading order. For S-matrix elements
in quantum theory, J, is a differential operator involving derivatives with respect to the
external momenta. However in the classical limit in which the external finite energy
states are macroscopic, J, represents the classical angular momenta carried by the external
particles. In this limit the soft factors describe the radiative part of the low frequency
electromagnetic and gravitational fields during a classical scattering [19] as described in

(2.1.18) and (2.1.27).

In applying (2.2.1), (2.2.2) to four dimensional theories, the complication arises from the
contribution to J;;” from the orbital angular momentum. They are computed from the form

of the asymptotic trajectories:

o) =n, ipﬁl‘0'+c’; Inlo|+ -+, (2.2.3)

a

where 1, is positive for incoming particles and negative for outgoing particles, m, is the
mass of the a-th particle and the proper time o is large and negative for incoming particles
and large and positive for outgoing particles. The term proportional to In |o| represents the
effect of long range electromagnetic and/or gravitational interaction between the particles.

This gives, for large |o|,

I = ()p”, — r(o)p! + spin = (¢“p! — " p") Info| + - . (2.2.4)
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Here and in the following we shall use the convention that when a variable is followed
by an argument (o) it denotes the value of the variable at proper time o, but when a vari-
able is written without an argument, we take it to be its o independent asymptotic value.
Therefore in (2.2.3), (2.2.4) the pl;’s denote the asymptotic values of pf;, reflecting the fact

that the difference between pl, (o) = m,n,dr,;/do and pl, approaches zero asymptotically.

Analysis of [20] indicates that if we substitute (2.2.4) into (2.2.1) and (2.2.2) and replace

In|o| by Inw™

— where w = ky is the frequency of the outgoing soft radiation — we can
recover the logarithmic terms in the soft factors up to overall phases. This gives, up to

overall phases:

Eulla &k, (Caply = Capla)
Sem = g, +ilnw™! PRt 225
Zal pa.kq e - 9 Dok ( )
and
Ewlall .. _ EwDuko(Capl — Capl)
Sr:E e i nw™! e . 2.2.6
g 4 pa.k +1 lnw Za: pa.k ( )

Note that although S .;;, may contain a non-universal term at the subleading order, the term

proportional to In w™' comes from orbital angular momentum and is universal.

Irrespective of what forces are operative during the scattering, the coefficient ¢, are deter-
mined only by the long range forces acting on the incoming and the outgoing particles.
These will be taken to be electromagnetic and / or gravitational interaction. We shall now
compute ¢, due to electromagnetic and gravitational interactions. We know from explicit
comparison with known results that in the case of scattering via electromagnetic interac-
tions there are no additional phases in the soft factor, but in the case of gravitational long
range interaction there is an additional phase reflecting the effect of backscattering of the
soft photon or soft graviton in the background gravitational field [110, 112, 113]. This

phase will also be determined below.
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2.2.1 Effect of electromagnetic interactions

We shall first study the effect of logarithmic correction to the trajectory due to long range
electromagnetic interaction. For this we need to compute the gauge potential A,(f’)(x) at

space-time point x due to particle b. We have

dry(c) P
Z‘ ~ L, (2.2.7)
g my,

1
AP (x) = e f dor 1y, gy V() 6.(=(x=rp(0)?),  Vj(0) =

where ¢, denotes the usual Dirac delta function with the understanding that we have
to choose the zero of the argument for which x° > r2(0'). V,, denotes the asymptotic
four velocity of the b-th particle. In evaluating (2.2.7) we shall ignore the logarithmic

corrections to the trajectory and take r,(0) ~ V,, o. This gives, using Vb2 =-1,

1

5. (=(x=1rp(0))?) = 6, (=X*+2 Vp.x o+ +- - ) =~ Wt ol S(T+Vyx+ (V.02 + x2),
b X T O

(2.2.8)

where the sign in front of the square root has been chosen to ensure that x° > xg(a) at the

solution. Substituting this into (2.2.7) we get

L mapVy,
AP(x) > — —L—. (2.2.9)
! 47 \[(Vyx)? + 22
From this we calculate
By — 7 4B Oy Mdp XV = % Vi,

F ) (x) = 0,A,7(x) —0,A,”(x) ~ — 2 ((Vox P s a2 (2.2.10)

At the location r, = V,0 = =V, |o|n, of the a-th particle we get, using V2 = -1

VauViy — Vi, Vi

FO(ry(o) = namy, — Zou b "o by 2.2.11)

4 (V. V)2 — 1P

Now the a-th particle will feel the field produced by the b-th particle if either both a-th

and the b-th particle are outgoing or if both particles are ingoing. Therefore the equation
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of motion for the a-th particle takes the form

dpa/t(o-) ) v 1 q.9p Va.VbVay + Vbﬂ
da D PR Vi) = — > AR

b#a b#a
Nanp=1 nanp=1

On the other hand we have

dpa.(o L d*r, 4 Ca
Papl@) _ Mad Ty MaCon (2.2.13)
do Na do? Nq 02
where in the last step we used (2.2.3). Comparing (2.2.12), (2.2.13) we get
1 Z guqp VaViVa +Vy Gaqp M5, Pa-Pb P + mom; phy
4 (V. V)2 = 1112 A {(py-pa)? —mZm P2
'Ian 1 nanp=1
(2.2.14)
and
m2m2 vV _ oV b
dpy-cph=- Y Lk b{pfp“ 7 ’;p: i (2.2.15)
b#a 4” {(pb'pll) _mamb}‘/
nanp=1
Egs.(2.2.5) and (2.2.6) now give’
" Pak Pak & A {(py.pa)? —mZmpy2T T
nanp=1
and
Enbap) enprk u mim2 = p
Sgrzz ,upﬂpa_l-lnw—l ,Upa P qu b{prH pr’O} (2‘2.17)

pa-k bea 4 {(pb-pa)2 - mgmi}yz .

Nanp=1

a

3Note that even if we assume that the logarithmic corrections to the trajectories are generated predomi-
nantly by electromagnetic interaction, the resulting acceleration can generate logarithmic corrections to the
gravitational radiation during the scattering.
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2.2.2 Effect of gravitational interactions

Let us now suppose that the logarithmic correction to the trajectories arise due to gravi-
tational interaction. We introduce the graviton field 4, and its trace reversed version e,

via the equations

1
hyy = (8uy — M) /2, ey = hyy — > hy . (2.2.18)

Then the analog of (2.2.7) for the gravitational field produced at x due to the b-th particle
is
1
e (x) = o f do my Vi (o) Vi (0) 81 (=(x = 1 (0))?).. (2.2.19)

Using r,(0) = V, 00 + - - - we get the analog of (2.2.9)

1 my Vi Vi
eD(x) > — (2.2.20)

4n VIV %)% + x? .

The associated Christoffel symbol is given by, in the weak field approximation,

(b)a - M ! au 1
N0 = e [{Vbﬂvm + 5 {3 + Vyx Vi)

1 1
+ {Vb,qup + Ei]ﬂp} {XT +V,.x Vb-,} - {prVbT + 57]'0-,} {Xﬂ +Vy,.x Vbﬂ}}2221)

From this we can write down the equation of motion of the a-th particle

Lr (o)
do?

= D IO (o) Vi) Vi) (2.2.22)

1 1 1,1

)y —— —= VI + V2V V) =3V, V| -

T 4no bz mb{(vb.va)z—lp/z[ Vi 3V [0V =3V, }]
nanp=1

1R
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On the other hand using (2.2.3) the left hand side is given by —c?/c. This gives

I B
C "7“4 Z (va)2_1}3/2{ Ve + 3V v’ —3va)}, (2.2.23)

and
1 1
- = PYE _ R P 3_
AR A — Z iy 1 ViV = Vi Ve (2(V,.V)* = 3V,.V,)
nanp=1
1 Pb-Pa 2 2.2
= — — 2(pp-pa)” — 3m, .
8 Z‘ {(po-pa)? — mm} )3 (Pops = Py (2pi-po)® = 3y}
nNanp=1
(2.2.24)
Substituting this into (2.2.5) and (2.2.6) we get,* up to overall phases:
& pﬁ i _ qa Sukp Pb-Pa
Sem = #_Qa'*'_lnw] (PpPZ_P#Pg)
; pa'k 8n P pa-k bta {(pb-pa)2 - mﬁmi}m b b
nanp=1
x{2(py.pa)* = 3mim}) (2.2.25)
and
T N T
¢ a pa-k kY4 7 pa-k bea {(Pb-Pa)2—m§m§}3/2 bra bra
nanp=1
X {2pp-pa)’ = 3mim;} . (2.2.26)

In this case we expect the wave-form of the gauge field / metric to also have an additional
phase factor reflecting the effect of the gravitational drag on the soft particle due to the

other particles. For this let us characterize the asymptotic trajectory of the soft particle as

()=t +m" In|t|, (2.2.27)

“Even if the logarithmic correction to the trajectory is generated by gravitational interaction, the particles
can emit electromagnetic waves. This happens for example if we have a scattering of a charged particle and
a neutral particle.
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where 7 is the affine parameter associated with the trajectory, n = (1, 7) is a null vector
along the asymptotic direction of motion of the soft particle and m* is a four vector to be

determined. Now substituting (2.2.27) into the equation of motion

d?x+ . dx dx’

ar? ~ " dr dt’

(2.2.28)

and using the form (2.2.21) of I}, we get the following expression for m* by comparing

the 1/72 terms on the two sides of the equations of motion:

1 my 3 1 1
@ _ _ Ve (V.. - V¥ = —— @ 2.2.29
" T Zb .V, ° Vo)™ = 7 Zb S Zb Po ( :

np=—1 np=—1 np=—1

Now eliminating 7 in terms of # = x° using (2.2.27), we can express (2.2.27) as
x' = n't+ (m' — n'm")In |¢] + finite . (2.2.30)

Therefore if we denote by k = (k°, k) = —w(1, 72) the four momentum of the soft particle,
the overall — sign reflecting the fact that it is an outgoing particle, the wave-function of

the particle will be proportional to

-

exp [-ik. {% = At — (7t — Aim®) In |1} = expl—iwt + iwn 7] expli(k.ii + wm®) In ]
(2.2.31)
The second factor can be regarded as an additional infrared divergent contribution to the
soft factor. Using [tf| ~ R where R is the distance of the soft particle from the scattering

center, and eq.(2.2.29), we can express the second factor in (2.2.31) as

explik.m InR] = exp —4L1nR > kp|. (2.2.32)
s b

np==1

Since this is a pure phase it does not affect the flux. However it does produce observable

effect on the electromagnetic / gravitational wave-form [33].
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It follows from the analysis of [110,112,113] that the effect of gravitational backscattering
of the soft photon / graviton actually converts In R in (2.2.32) to In(R w). This has been
reviewed in [20]. It is natural to absorb this multiplicative factor in the wave-form into
the definition of the soft factors. Expanding the exponential in a power series, picking
up the term of order w In(wR) in the expansion, and multiplying this by the leading soft
factor, we get additional contributions to the soft photon and soft graviton factor at the

subleading order

-1 (0) L -1 (0)
Inw™ +InR") S¢ kah, and 47r(lna) +InR") 8¢ kab

flbl 'Ibl

(2.2.33)

i
2
Adding these to (2.2.25) and (2.2.26) we get the net soft factors to be

Sem = Z?—é}gqa+£(lnw”+lnR—1) Zk.pr%qa

| a € k a
+L Inw™! da Euly ]Zb P
87 ~ pak = {(py-pa) m;}

Nanp=1

=5 (PPl = PP {2po.pa) = 3mim)

(2.2.34)

Se = Zeﬂ;fkpz+£(lnw‘l+lnR Zk bzg’”pﬂlf“
Hb—*

-1 éﬁlV17Zk¥’ Pb-Pa
8 = Pk S A(pppa) —mm,

Namnp =1

13/2 (PP = PPl {Z(Pb-Pa)2 - 3m§mi} :

(2.2.35)

2.2.3 Effect of electromagnetic and gravitational interactions

We now combine the results of last two subsections to write down the general expression

for the soft factor when both gravitational interaction and electromagnetic interactions



54 Classical limit of soft theorem

are responsible for the logarithmic corrections to the trajectory. The logarithmic terms get

added up, yielding the results:

Sem = ZZ—i’gqa+£(lnw_l+lnR kabzgypﬂ

a
l]b -1

qa Eukp 4.9 mimi {p@p’; - pZPZ}

—ilnw!
PR LTk L TAr (ppa)? — mimpR
Nanp=1
i 1N a ik Pb-Pa
+— lhno™' Yy X2 2(pp.Pa
Br — pak S A(pp-pa)* — mimp ) = ) (2w = 3o}
nanp=1
(2.2.36)

See = Z—gﬂ;f?]fz+ﬁ (lnw‘1+lnR Zk bzsﬂyp"kpa
77})_

O Ew DLk, Guqpy Mo} {p’,ﬁp‘a’ - pipi)

—iIn
PR LTk 4 ar ((pppa) — memipn
nanp=1
I _ > szk Pb-Da
+— o)y 2P 2(py-Pa
g Z Pak £ {(pp.pa)* — mim )3 (b= L) {2pa)” =i}

Nanp=1

(2.2.37)

Note that the soft factors given in (2.2.36) and (2.2.37) depend only on the charges and
momenta carried by the external states. Therefore these can be reinterpreted as multi-
plicative soft factors in the full quantum theory — since there is no angular momentum
there is no derivative with respect to the external momenta. In the next chapter we shall

carry out some explicit quantum computations to examine to what extent this holds.



Subleading soft theorem in four
spacetime dimensions from S-matrix

analysis

Scattering amplitude in four spacetime dimensions for a theory with massless particles is
infrared divergent. So from the perspective of soft theorem it was not a priori clear how to
interpret a relation whose both sides are divergent [40,66,69,114]. Here in this chapter we
analyse directly the quantum subleading soft factor by considering one loop scattering of
charged scalar fields in the presence of gravitational and electromagnetic interaction. The
difference with the previous analysis, e.g. in [66], is that we do not insist on a power series
expansion in w and calculating the coefficients of the power series expansion. Instead we
allow for possible non-analytic terms of order In w™! in the soft expansion. This analysis
yields results consistent with the classical results, although the quantum results contain
additional real part which we interpret as the result of back reaction of the radiation on

the motion of the particles.

In Chapter-1 we gave a general derivation of soft theorem including loop corrections
as long as 1PI vertices do not generate soft factor in the denominator [11, 15,17, 101].
Now one could ask to what extent we could derive the soft factors in D=4, using the
result of [11,15,17,101]. To this end we note that there are two distinct sources of

logarithmic terms in the soft theorem. The first is the region of integration in which the
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loop momentum is large compared to the energy of the external soft particle. In this region
we expect the arguments of [11,15,101] to be valid, and we find that the contribution from
this region can indeed be obtained by applying the usual soft operator on the amplitude
without the soft graviton. The other source is the region of integration in which the loop
momentum is small compared to the external soft momentum. The contribution from this

region cannot be derived using the usual soft theorem, and need to be computed explicitly.

The chapter is organized as follows. §3.1 describes some general strategy for dealing with
the infrared divergent part of the S-matrix and extracting the quantum soft factor by mak-
ing use of momentum conservation. §3.2 describes one loop quantum computation of the
logarithmic terms in the soft photon theorem in scalar quantum electrodynamics (scalar
QED). §3.3 describes a similar computation in the soft graviton theorem in a theory of
charge neutral scalars interacting with the gravitational field. In §3.4 we consider charged
scalars interacting via both gravitational and electromagnetic interaction, and determine
the one loop contribution to the quantum soft graviton factor due to electromagnetic in-
teraction and one loop contribution to the quantum soft photon factor due to gravitational
interaction. In§3.5 we briefly sketch the derivation of multiple soft photon theorem up to
subleading order in D=4. §3.6 contains a summary and a discussion of our results where

we also discuss various special cases of our classical result.

3.1 How to treat momentum conservation and infrared

divergences

In quantum theory, single soft theorem is expected to relate an amplitude "™V with n finite
energy external states carrying momenta py, - - - p, and one soft particle of momentum k

to an amplitude I"™ with just n finite energy external states carrying momenta py, - - p,.
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This relation takes the form

F("’l)(l?l, o 'pn’k) =~ S(&,k; {Pa})r(n)(l?l’ o pn) > (3.L.1)

where S (g, k; {p,}) is the soft factor Sy, or S,. There is however a potential problem.
While the amplitude I"" has momentum conservation Y, p, + k = 0, the amplitude I"®
has momentum conservation ), p, = 0. Therefore we cannot keep the p,’s and k as
independent variables in (3.1.1). Usually this problem is overcome by including the mo-
mentum conserving delta-functions in the definition of the amplitudes "™ and I"” and
treating (3.1.1) as a relation between distributions. The soft factor S (&, k; {p,}) appearing
in (3.1.1) is treated as a differential operator that also acts on the delta function and gener-
ates the Taylor series expansion of § (3, p. + k) in power series of the momentum k of the
soft particle. The subleading term in this expansion, given by k*{d/dp)}6 (%, p,) for any
b, is included in the full subleading soft theorem in dimensions D > 4. However since in
D = 4 we only analyze subleading terms containing In w™! factors, the term proportional

to derivative of the delta function will not appear in our analysis.

In four space-time dimensions there are additional issues due to infrared divergence. Both
the amplitudes I"" and "™ have infrared divergences which can be represented as over-
all multiplicative factors multiplying infrared finite amplitudes. For electromagnetic in-
teractions these factors are common and can be factored out of the amplitudes but for
gravity there is a residual infrared divergent factor in '™ besides the ones that appear in
I'™. In any case we shall denote by exp[K] the infrared divergent factor of "™ and define
regulated amplitudes via the relation:

'™ =exp[K] '™

reg’

0 = exp[K1 ™Y . (3.1.2)

reg

K is in general a function of the momenta p, of the finite energy particles. This makes I f’eg

free from infrared divergences, but I ﬁgg ) still contains some residual infrared divergences
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for gravitational interaction. Eq.(3.1.1) is now replaced by'

re(pr,-- punk) = S(& ki {pa) TP+ pa) .- (3.1.3)

The residual infrared divergences in I 52;) will be reflected in the infrared divergent con-

tributions to S (g, k; {p.}).

There is however a potential ambiguity in the definition of I 5;’;” and hence of S (&, k; {p.})-
This is due to the fact that in the definition of K we can add a term of the form Q. }’, p.
for any vector Q (which could be a function of the p,’s) since by the momentum conserv-
ing delta function in I'™, 3" p, vanishes. However addition of such a term changes the
definition of I, r(;’él) in (3.1.2) by a multiplicative factor of exp[k.Q] since the momentum
conserving delta function in I'™Y gives k + 3, p, = 0. This has the effect of multiplying
S (&, k; {p.}) by exp[k.Q]. Expanding exp(k.Q) as (1 + k.Q) we see that the the additional
contribution appears at the subleading order, and has the form of k.Q multiplying the lead-
ing soft factor. It does not affect the In w™! terms that we are after since the leading soft
factor has no Inw™! term and Q is w independent. However this can affect the genuine
infrared divergent terms proportional to In R in the expression for I fé‘él), since in the def-
inition of Q we can include terms proportional to In R. Choosing Q = —U InR for some
vector U constructed from the p,’s amounts to having an additive contribution to SV of
the form

—InRk.USO%, k; {pa)). (3.1.4)

3.2 Soft photon theorem in scalar QED

Consider a theory containing a U(1) gauge field A, and n scalars ¢y, -- ¢, of masses

my, - --m, and carrying U(1) charges ¢, - - - q,, satistying >, _, g, = 0. We further assume

IThe situation here is somewhat different from the one in [66]. Since the logarithmic term in S (&, k; {p,})
that we are after is being represented as a multiplicative factor instead of a differential operator, the infrared
divergent factor on the right hand side can be moved past S to the extreme left.
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Pa Pb

(b)

Figure 3.1: One loop contribution to "™ involving internal photon line connecting two
different legs. The thick lines represent scalar particles and the thin lines carrying the

symbol y represent photons. There are other diagrams related to this by permutations of
the external scalar particles.

Figure 3.2: One loop contribution to 7" involving internal photon line connecting two
different points on the same leg. There are other diagrams related to this by permutations
of the external scalar particles. In the last term the + on the scalar line represents a
counterterm associated with mass renormalization that has to be adjusted to cancel the
net contribution proportional to 1/(p,.k)>.
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Figure 3.3: One loop contribution to I"™. There are other diagrams related to this by
permutations of the external scalar particles.

that there is a non-derivative contact interaction between the n-scalars. Then the relevant

part of the action takes the form

1 n
fd4)€[ - ZF,quuv - Z {(a,u(b;; + iquy¢Z)(6u¢a - iqu#¢a) + mg(ﬁz(ﬁa}

a=1

+/1¢1...¢n+/1¢’1“...¢;]. (3.2.1)

We consider in this theory an amplitude with one external outgoing photon of momentum
k and n external states corresponding to the fields ¢y, - - - ¢,, carrying momenta py, - - - p,,.
All momenta are counted as positive if ingoing so that if the a-th particle is outgoing it will
have negative p°. Our goal will be to analyze this amplitude at one loop order, involving
an internal photon connecting two matter lines. The relevant diagrams have been shown
in Figs. 3.1 and 3.2. We denote by I"™ the sum over tree and one loop contribution to
this amplitude. I"™ will denote the amplitude without the external soft photon to one loop

order. One loop contribution to 7" has been shown in Fig. 3.3.

In our analysis we shall ignore graphs with self energy insertions on external legs and
assume that we follow on-shell renormalization so that the mass parameters appearing in
the tree level propagators are the physical masses. The wave-function renormalization of

the external scalars cancel between I"™ and "™V,

We shall use Feynman gauge and decompose the photon propagator of momentum ¢,
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connecting the leg a to the leg b for b # a, with ¢ flowing from the a-th leg to the b-th leg,

as [108]
] ﬂ”v = (a4 uv
- 152 —ie  —ie {K(ab) + G(ab)} (3.2.2)
where,
(zpa - 5).(2pb + f)
K" = ey ’ G = _ K" 393
“ (2pa-t — € +i€)2py.t + £ — i€) @ =1 (ab) (3.2.3)

Note that p, and p, refer to the external momenta flowing into the legs a and b, and
not necessarily the momenta of the lines to which the photon propagator attaches (which
may have additional contribution from external soft momentum, e.g. in Figs. 3.1(a)). ¢
denotes the momentum flowing from leg a to leg b. For a = b we do not carry out any

decomposition.

Since the K-photon polarization is proportional to £#¢”, it is pure gauge. This allows us to
sum over K-photon insertions using Ward identities

- —i —i

i Qpo+ ) — = 4. -
el Bl ) e e T T s e PR

, (324

and

g.liq.e.2p. +20+k) —iq.e.2p. +k)]-2iq el =0, (3.2.5)

whose diagrammatic representations have been shown in Fig. 3.4. Sum over all insertions

of the K-photons to either I'™ or I"™V produces an exponential factor [108]

d*t 1 2pa —0).2pp+ €
expli D quds . Cr=0Cm+0O | (3,4
o Q2r)* €2 — i€ Qpy.t — €% + i€)2py.L + 2 — i€)
Therefore we may write
r = exp[Kenl{Tm + T}, T = exp [Kenl Tt + 15" +T00)
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Figure 3.4: Diagrammatic representations of (3.2.4) and (3.2.5). The arrow on the photon
line represents that the polarization of the photon is taken to be equal to the momentum
entering the vertex. The circle denotes a simple vertex —g,. with the polarization of the
incoming photon stripped off.

i 't 1 Q2pa—0.2py + 0
Kem = 5 ), 4a . : __ 327
2 Z,, Aady f Qr)* 2 —ie Qpa.t — €2 + i€)2py.L + €2 — i€) ( )

bta

where I g’ band I’ g’ D are computed by replacing the internal photons by the G-photons in
Figs. 3.3 and 3.1 respectively and I" i’;ifl) denotes the sum of diagrams in Fig. 3.2 for which
we use the full photon propagator. Therefore a relation of the form I'™V = § .. I'™ takes
the form

tree self tree

o rg,l) 4D —g {r(") i rg’)} ) (3.2.8)

Now it is easy to see that Fig. 3.3 vanishes when we replace the internal photon by G-
photon. Therefore I" g) = 0, and we have:?

I"(’l)

tree

+IY =1 =ia. (3.2.9)

tree

If we write S, = S g?g +S g}; where § é?r)l is the leading soft factor }_, g, €.p./k.p, and
S is the subleading multiplicative factor containing logarithmic terms, then eq.(3.2.8)

can be written as

n

. €. .
T + 1§V + 1P =id ) g2t +iasty,,
Pa

(3.2.10)

a=1

2Note that we are not explicitly writing the momentum conserving delta function, but are implicitly
assuming that both sides of (3.2.8) are multiplied by the appropriate delta functions. We also implicitly
assume that the delta function 6(3, p, + k) on the left hand side has been expanded in a power series in k.
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to one loop order. Now [’ t(r"e;) is equal to the first term on the right hand side up to terms
involving Taylor series expansion of the momentum conserving delta function in powers
of k, but the latter are subleading contributions without any logarithmic terms and can be
ignored in our analysis. Therefore (3.2.10) can be rewritten as:

red o reh —ipsh. (3.2.11)

self

This is a simple algorithm for determination of § o

Therefore we need to focus on the evaluation of the one loop contribution to I gl’l) and
r EZifl) by summing the diagrams in Figs. 3.1 and 3.2, with the internal photon replaced by
G-photon in Fig. 3.1. We first consider the diagrams in Fig. 3.1. It is easy to see that the

G-photon contribution to Fig. 3.1(c) vanishes. Therefore we need to focus on Figs, 3.1(a)

and (b). The contribution from Fig. 3.1(a) is given by

epa [ d' k.6 2pa — 0).2py + €)
I, = A¢ 2k.2py + €) —
! Qv i b | 2np [ ot O P rie
1 1

X 3.2.12
0 — i€ 2p,.(k — ) + (k — £)* — i€ 2ph.€+€2—ie(’ )

and the contribution from Fig. 3.1(b) is given by

&t 2e.(2py - 0).2py + 0)
I, = -Aq’ 2e.2py + £) — z
2 T f(27r)4 [ Cm Ol rie

1 1
X 3.2.13
02— i€ 2p,.(k =€) + (k — €)* — ie 2py.L + £ — ie( )

Both 7, and 7, are infrared finite since for small ¢ the integrands diverge as 1/¢*. The
terms involving logarithm of k come from the region of ¢ integration where the compo-
nents |{#| are large compared to w = ky but small compared to the p,’s. In this range we
can approximate 7, and 7, as

no= —ada E.paf [ klpeps) 1 1 1
: 9 K Da g Q% | P pal+ie| 2 —ie pol +ie pyl — i€
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Figure 3.5: Sum of the first four diagrams in Fig. 3.2 with ¢ replaced by &.

€.Da 0 d*t 1 1 1
= —ﬂ 2 k. + a-s k#_ ]
ab k.p, [ Pb ™ Pa-Pp 6p’;] g QM) 2 — i€ p,.l+ie py.l —ie

(3.2.14)

and

o
R

A f d*t eLpa.py 1 1 1
aYa €. - N
Ta Galh reg (2m)* P pal +i€| 2 —i€ p,L +ie py.l — i€

0 d*e 1 1 1

. . 32,15
q.9» [pr + Pa-Pv € (’)p’;] reg (2m)* 07 — i€ py.L+i€ py.l - :

where the subscript reg indicates that the integration needs to be carried out over the
region where |¢#| is large compared to w but small compared to the energies of the finite
energy particles. Adding 7, and 7, and summing over a, b we get the total contribution

torl g Y to one loop order:

R % kpy + =22 p, - )
G ;(q)qbk Kby ParP P €Epy, = P P
b#a
‘¢ 1 1 1

reg Q2nm)* €2 —ie p,.l+ie py.€ —ie

0 d a't 1 Pa-Pb
-1 . :
Z(q )’ q” { apav ~ P 3Paﬂ} reg QM)* 02 — i€ (py.L + i€) (pp.L — i€)
bia

(3.2.16)

The contribution to I i’;ifl) from Fig. 3.2 can be analyzed using the following indirect

method. First of all we note that the net dependence on € and k from the first four di-
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agrams must be of the form €.p, f(p,.k) for some function f. To determine f, we can set
€ = k and sum over all insertions of the external photon using the Ward identities shown

in Fig. 3.4. The final result, given in Fig. 3.5, has the form:

C
) 3.2.17
Pak ( )
for some constant C;. Therefore we get
Cl Cl
Dak f(pak) = = (pa-k) = —=. (3.2.18)
T =0 % = T =0
The fifth and sixth diagrams also have the form
C, C;
—— and ——, (3.2.19)
(Pa-k)? (Pa-k)?

for appropriate constants C, and C3;. Now since we are using on-shell renormalization
the counterterm proportional to Cj is to be adjusted precisely so that the net contribution
proportional to 1/(p,.k)* vanishes. Therefore we must choose C; = —C; — C», and the

total contribution to I” i"il)

o¢ from all the diagrams in Fig. 3.2 vanishes. We have verified this

by explicitly computing the Feynman diagrams in Fig. 3.2.

From (3.2.11) we now see that the net contribution to the logarithmic terms in § 81)1 is

obtained by dividing I’ g’ ' given in (3.2.16) by i A. This can be written as

ek 0 0
s = ppilaiad —p’ KXE 3.2.20
em Z q pck p}cj‘apcv pc 8pc# € ( )

where K5 is the factor K, defined in (3.2.7) with the understanding that integration
over the loop momentum ¢ will run over the range where |¢| is larger than w but small

compared to the momenta of the finite energy external states:

gee o L D it 1 (2pa = 0.2py + 0)
m =3 LAt | Cn) e Qpol— O+ ie)2pyl+ P —ie)
b#a

(3.2.21)
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So essentially we need to evaluate K ;. For this we need to evaluate the integral:

d*t 1 1 1
Ty = 3.2.22
b reg Qn)* 2 —ie pa {+ ie Pyl — i€ ( )

1 1 1
E Eb fmg (2n)? 27r (€0 — |8 + i€)(£° + 8] — i€) €0 —V,.0—ie 0 —V,.0+ie

where E, = pb, E, = pY, V, = Pa/E, and ¥, = j,/E. In writing down the above equation
we have assumed that E, and E, are positive, i.e. both lines represent incoming states.

The integrand has simple poles at,

-

O = () —ie), -8 —-ie), Gl +ie), .0 —ie). (3.2.23)

So now if we close the contour in the lower half plane we have to take the pole contribu-

tions from £ = (|f] — ie) and {° = (,.€ — i€). This gives

i P 1 1 1
Iah = 3 .5 S [ >
EiEy Jreg 270)° 210] 18] = ¥, 1] — 9.0
i > 1 1

L L _ (3.2.24)
EaEh reg (27()3 (\7;,5)2 - |€|2 (‘7}) - va)-f -

Note that we have removed the i€’s from the denominators that never vanish.

Let us first analyze the second term. Since the result should be Lorentz invariant, it should
not depend on the chosen frame. For simplicity choose a frame in which ¥, and Vv, are
along the positive z-axis with |[V,| > |[V,|. Denoting by 6 the angle between £ and the Z-axis,

we can express the second term in (3.2.24) as

i 1 d|€| f 1 1
I, = d(cos6 ’3~2 25
ab EEy(2m)* Vo = V| Jreo |Z| (cos6) [Vpl>cos?0 — 1 cos6 — )

Without the ie piece of the last term the integral vanishes since the integrand is an odd

3Since the ¢# integration runs over a limited range, one might wonder why we are choosing the £°
integration range from —oo to co. To this end, note that once we have imposed the range restriction on 1,
we can let the £ integral in (3.2.22) run over the entire real axis since the regions outside the allowed range
do not generate any logarithmic contribution.
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function of cos . However the imaginary part of the last term makes the integral non-
vanishing. Using 1/(x —ie) = ind(x) + P(1/x) in the integral, and using the fact that the
value of |£] for which our approximation of the integrand is valid ranges from w to some

finite energy, we get,

1 L1 1 1 1

\/ (Pa-pp)? — m2m?

, (3.2.26)

|
A EaEb |17a — Vbl 4

where in the intermediate stage we used |7,||7,| = |Pa-Psl, since p, and p, are parallel.

If both the legs a and b are outgoing instead of ingoing, then E, and E, are negative and
the signs of the ie in the last two terms in (3.2.22) are reversed. But this can be brought
back to the form given in (3.2.22) by making a change of variables # — —{*. Therefore
the net result for the residue at £ = \7;,.{7 — ie will continue to be described by (3.2.26).
Finally if one of the momenta is outgoing and the other is ingoing, then both the i€’s in
the last two terms of (3.2.22) come with the same sign. By changing variables from ¢* to
—{* if necessary, we can ensure that both the poles are in the upper half plane and close
the contour to the lower half plane. In this case there will be no analog of the contribution

given in (3.2.26).

We now turn to the contribution from the first term on the right hand side of (3.2.24),
which we will call 7”,. We will again evaluate this integral in the frame in which v, and
V), are parallel to the z-axis with |[V,| > |V,|. We get

i Pl 1

- - o -

EEy Jreg @) 21l 1l = 9,0 |1] - 9.1

1
i _ 1 Vi v
= ——— ho’' d(cost — .
8m2E,E, nw j:l (cos6) Vp — Vg [1 —y,cos6 1 —v,cos 9]

144
I ab =

I S 1 ! (Eq = 1BD(E + 15D
= 82 Y BE. —IEs | (Ea 1P Es - 1B
Ys |]9b| a |pa| b ( a+|pa|)( b |Pb|)
i 1 Pa-Pb + \/(pa-pb)2 - p2p;
= —23 nw™! In (3.2.27)
T

e =025 | Paps = \[pa) = P20
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It is easy to check that the form of the contribution remains unchanged even when both

legs are outgoing or one leg is incoming and the other leg is outgoing.

Combining these results we get

Da-Pb i || Pt N

VRS e
2

e - p2p} "\ peps = @ur? - 0207

(3.2.28)

K3 =1 Y aaa g o
b#a

Using (3.2.20) we can now write down the expression for the logarithmic term in the

subleading soft factor S,

eyk mym | pap), = PPl
lna) ZZ

=1 b#a (p pb)2 mzmb]3/2
nanp=1
2
1 _ Pa-Pb + \/(pa.pb)2 - pip;, P2 e,
57 Inw™! ZC](ZI gy In m . _b poTE {_ Dy + ki k,pb}
l;;btl Pa-Db — \/(pa.pb)z - pgplz) Pa-Pb PaPp Pa
! - Pa-DPb €.Dg
+— Inw™ ) g {—e.pb +—k.ppyp - (3.2.29)
4’ Z,l (Pa-Pv)* — P2D; k.p,
b#a

The term in the first line agrees with the classical expression for S, given by the second

term of (2.2.16). The rest of the contribution is extra.

We have also checked that (3.2.29) holds if instead of scalars we have interacting fermions.
This confirms that the logarithmic correction to the soft factor is independent of the spin

of the particle.

We end this section by making some observation on the results derived above:

1. Suppose we assume the validity of the naive version of the subleading soft photon

theorem:*

red =(s© 4 :S'\g?]}]‘(") , (3.2.30)

4Since the presence of the logarithmic term makes the finite part ambiguous, we consider only the
logarithmic terms in the subleading factor.
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where the ‘hat’ on SV denotes that we are using the differential operator form that

arises in the quantum theory:

_ _ k 9 )
SO N, &P g0 N S —p . (3231
em Z q pa.k em ; q pak pgapav pa 6pa# ( )

a

Then using (3.2.7) and the fact that I’ g’) vanishes at one loop order, we get

P T+ T80 = SQIe + SRl T+ SR (232)
Using I’ t(r"e)e = i A, using (3.2.10) to replace the left hand side, and throwing away

terms like SU\T" fr”ge which vanishes, we get

SO =Sh g . (3.2.33)

em

In the definition of K, the integration over loop momentum runs over all range and
we have an infrared divergence from the region of small £. However if we make
an ad hoc restriction that the loop momentum integral will run in the range much
larger than the energy w of the external soft photon, then K., reduces to K5 de-
fined in (3.2.21) and we recover the correct logarithmic terms in Sgr)l as given in
(3.2.20). This suggests an ad hoc rule for computing the logarithmic terms in the
soft expansion in quantum theory — begin with the usual soft expansion and explic-
itly evaluate the action of the differential operator on the amplitude, restricting the
region of loop momentum integration to lie in a range larger than the soft momenta
but smaller than the momenta of the finite energy particles. With hindsight, this
prescription can be justified by noting that the general arguments of [11, 101], that
assumes existence of 1PI effective action with no powers of soft momenta coming
from the vertices, breaks down for the contribution where the loop momentum is

smaller than the external soft momenta. On the other hand we do not expect any

large contribution from the region of integration where the loop momentum is of
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the order of the external momenta or larger.

This argument also suggests that although we have carried out the explicit calcu-
lation only at one loop order, the result may be valid to all orders in perturbation

theory, since K., is known to be valid to all orders in perturbation theory [108].

2. The second observation concerns the relation between the classical and the quantum
results. As already noted, compared to the classical result that agrees with the first
line of (3.2.29), the quantum result found here has an extra term given in the second
and third line of (3.2.29). If however we replace in (3.2.22) the Feynman propagator
for the photon by the retarded propagator, we get only the contribution from the first
line of (3.2.29), since the contribution from the pole at £> = 0 can then be avoided
by appropriate choice of contour. Therefore at least for the soft photon theorem in
quantum electrodynamics, the rule for relating the quantum and the classical result
seems to be to replace the Feynman propagator of the photon in the loop in the

quantum result by retarded propagator.

We shall now write down the results for the other cases and test if the generalization of
observation 1 works. We shall also explore if the results satisfy the generalization of

observation 2.

3.3 Soft graviton theorem in gravitational scattering

We now turn to the analysis of the soft graviton theorem in the scattering of scalar parti-

cles, interacting via gravity, to one loop order. The action is taken to be

1 n
d*x \/-detg [ﬁ R = (8" 0,0, 00 + mipipal + A1 -+~ G + A7+ 83
Vs
a=1
(3.3.1)
Even though in this case we could take the scalar fields to be real, we have kept them

complex in order to extend the analysis to the case where the scalars have both electro-
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magnetic and gravitational interaction. As in §3.2, we shall postulate a relation of the
form

Jao . {ng) + S(glr)}]“("), (3.3.2)

and try to determine the logarithmic terms in Sg) by comparing the two sides up to one

loop order.

We shall carry out our computation in the de Donder gauge in which the propagator of a

graviton of momentum ¢ is given by:

I
£2 — ie

1
5 o+ = ). (33.3)

For our analysis we also need the vertices involving the graviton. The scalar-scalar-
graviton vertex, with the scalars carrying ingoing momenta p;, p, and the graviton carry-

ing ingoing momentum —p; — p, and Lorentz index (uv), is given by

—iK [pl/tp2v + PivDo — 77,uv(p1-p2 - m2)] ’ (334)

where k = V871G = 1 in our convention. The vertex involving two scalars carrying
ingoing momenta p;, p,, and two gravitons carrying ingoing momenta k;, k, and Lorentz

indices (@) and (uv) is given by’

1

2 iKZ [ = Nayu Ny P1-P2 + 577043 Nu P1-P2 = Nap P1uP2v — MNuv P1aP28
) 1
+ 277&;1 {plﬁPZV + pZ,Bplv} + m (nuanvﬂ - Enuvnaﬁ)] .
(3.3.5)
If we label the ingoing graviton momenta by ki, k, and k3 = —k; — k, and the Lorentz

indices carried by them by (u«@), (vB8) and (oy) respectively, then the 3-graviton vertex

3In writing this and other vertices we already include the symmetry factor related to exchange of iden-
tical particles. Therefore if we were to use this vertex to compute tree level two graviton, two scalar
amplitude, no further symmetry factor is necessary.
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N\ Z W\
", /'
N /

g\ , /g N ";

Figure 3.6: This diagram shows various vertices induced from the action (3.3.1) that are
needed for our computation. Here the thinner lines carrying the symbol g denote gravitons
and the thicker lines denote scalars.

takes the form:

ik | (kikatuatolsy + ko Kiyglua oy + ki K3t lvo sy
+ k3. kiloy N ilap + ko k3nhgluo Ny + k3.koloy i Tlap)
— 2 (kigkayuTap + kouksallvoTlpy + K3vkigtyuoTlay)
—  A(kyky + kp.ks + k3. ki )ayTpe Ty
+ (ki kanunaplloy + Ka-katlyallpyua + k3-KifluoTayths)
+ 2(kigkounavipy + koukaylioallys + kavkioTusnay
+  kogkiyugnay + ksykoohyliga + kivksumogitya)

1
- Skt ok + ks K eyl | (3.3.6)

In (3.3.5) and (3.3.6) it is understood that the vertices need to be symmetrized under the
exchange of the pair of Lorentz indices carried by each external graviton, e.g. u < v and
a o Bin(335 andu & o, v & Band o & vy in (3.3.6). Even though (3.3.6) has a
complicated form, we shall need the form of the vertex when one of the external momenta

(say k3) 1s small compared to the others. In this limit it simplifies.

The vertex where a graviton carrying Lorentz index (uv) attaches to n scalar fields is given
by:
IKA Ty - (3.3.7)

The vertex where two gravitons carrying Lorentz index (uv) and (po) attach to n scalar
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Figure 3.8: Another diagram contributing to I"™. We can also have a diagram where
both ends of the internal graviton are attached to the n-scalar vertex, but this vanishes in
dimensional regularization and so we have not displayed them.

fields is given by:

- iKz/l (nuvnpcr = NupTlve — n,u(rnvp) . (338)

We also need the vertex containing two scalars and three gravitons for evaluating the fifth
diagram of Fig. 3.10. However even without knowing the form of this vertex one can see

1

that this diagram does not generate contributions proportional to Inw™". Therefore we

have not written down the expression for this vertex.

We can use these vertices to compute one loop contribution to the n scalar amplitude
I'™ and n-scalar and one soft graviton amplitude 7"V, At one loop order I'™ receives
contribution from diagrams shown in Fig. 3.7 that are analogous to Fig. 3.3 with the
internal photon replaced by a graviton. There are also some additional diagrams shown in

Fig. 3.8.

The relevant diagrams for 'Y include the analogs Figs. 3.1 and 3.2 with all photons
replaced by gravitons. This have been shown in Figs. 3.9 and 3.10. However there are

also some extra diagrams that we shall list below:

1. There are diagrams where the external graviton couples to the internal graviton via
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(a) (b)

Figure 3.9: One loop contribution to I involving internal graviton line connecting two
different legs. The thicker lines represent scalar particles and the thinner lines represent
gravitons.

Figure 3.10: One loop contribution to I"™! involving internal graviton line connecting
two different points on the same leg.
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Sl

Figure 3.11: Diagrams involving 3-graviton vertex.

Figure 3.12: Diagrams where the internal graviton attaches to the n-point vertex.

the cubic coupling (3.3.6). Examples of these are shown in Fig. 3.11.

2. There are diagrams where one end of the internal graviton attaches to the n-scalar

vertex via the coupling (3.3.7). These have been shown in Figs. 3.12.

3. There are diagrams where the external graviton attaches to the scalar n-point vertex
via the coupling (3.3.7) or (3.3.8). These have been shown in Fig. 3.13. The first
diagram can be made to vanish by taking the external graviton polarization to be
traceless: ¢/ = 0. The second diagram has no logarithmic terms. Therefore we

shall ignore these diagrams in subsequent discussions.

4. There are diagrams of the type shown in Fig. 3.14 where two ends of the internal
graviton attach to the n-scalar vertex. In dimensional regularization these diagrams

vanish. Therefore we shall ignore these diagrams in our analysis.
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X X

Figure 3.13: Diagrams where the external graviton attaches to the n-point vertex. The first
diagram vanishes if we take the external graviton polarization to be traceless. The second
diagram has no logarithmic terms.

Figure 3.14: Diagrams where both ends of the internal graviton attach to the n-point
vertex. In dimensional regularization these diagrams vanish. Even if we use momentum
cut-off, these diagrams cannot have any contribution proportional to In w™' since the soft
momentum k does not flow through any loop.

Our analysis of these diagrams will proceed as in §3.2, but there will be some important
differences that we shall point out below. For an internal graviton of momentum ¢, whose
two ends are attached to two scalar lines a and b with ¢ flowing from the leg b towards the
leg a, as in Figs. 3.7, 3.9, the analog of Grammer-Yennie decomposition of the graviton

propagator will be taken to be
G (€, papy) = (0 + 170" =" 177) = Kios (L, pas p) » (33.9)

Kl (€. pas Py) = C(C, pas Po) [(pa + O + (pa + O] [(pp = OF L7 + (py — O],

where

C,paspy) = 1)
PP b {Pa-(pa +€) — i€} {pp.(pp — ) —ie}{ £.(€ +2p,) — i€} {€.(€ = 2py) — i€}

12(pa-2)* = P2P} = € (Pa-Pb) = 2Pa-P5)(Pa-l) + 2(Pa-ps)(p.0)] - (3.3.10)

If one end of an internal graviton is attached to the n-scalar vertex and the other end is
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attached to the a’th scalar leg as in Figs. 3.8, 3.12, with ¢ flowing from the vertex towards

the a’th leg, we express the propagator as:

i1

et [Gor7 (L, pa) + Ko™ (L, pa)} (3.3.11)
where
Gl (6, pa) = (M + 10" =0 1") = Ko (6, pa). (33.12)
K% (C,pa) = Clpa) [(pa + O + (pa + O 0] 177, (3.3.13)
and

2pa-(pa - 5)

b = oD —ie (L + 2p)—id)

(3.3.14)

For internal gravitons whose one end is attached to a 3-graviton vertex instead of a scalar,

as in Fig 3.11, we do not carry out any Grammer-Yennie decomposition.

The decomposition into G and K-gravitons is not arbitrary but has been chosen to ensure

two properties:

1. The K-graviton polarization, being proportional to ¢, is pure gauge and allows us to
sum over K-graviton insertions using Ward identities. The relevant Ward identities

have been shown in Fig. 3.15, with the quantity A(p, k, ¢, &, {) is given by

Ak, 6,60 = 2iép gW[z Q@ pat Lk + 2k ik, — 1 {k.(2p L0+ kz}]
2L+ 0] =20, (P + O, + 1 (9 + 0+ )|
F2HEN N iy K 0= 5 Mo PP+ O
+1ap P (P + k + €y + Ny Pa (P + k + O = 210y pp(p + k + 0),

1
204 ps(p+k+0p+ m? (U;m Mg — ) e naﬁ)] . (3.3.15)

Due to this additional term, the sum over K-gravitons will leave behind some resid-
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De =

~ =
et
e

Pe —
— —+ + = A(p(j, k’ 5959 {)

kT) p %

Figure 3.15: Analog of Fig. 3.4 for gravity. The arrow on the graviton line represents that
the polarization of the graviton carrying momentum k is taken to be equal to &k, + &,k,.
The polarization of the graviton carrying momentum k is taken to be {,,. In the first
diagram the circle on the left denotes a vertex —2 £.(p. + k) while the circle on the right
denotes a vertex —2&.p.. A(p., k, €, &, ) appearing on the right hand side of the second
diagram is given in eq.(3.3.15).

ual terms that will be discussed below.

2. In any one loop diagram contributing to the amplitude "™ without external soft

graviton, the result vanishes if we replace the internal graviton by G-graviton.

With this convention the K-graviton contribution to Fig. 3.7 for gravity can be computed
as in §3.2, leading to a contribution of the form iAK,, to I" ™ where K, is the gravitational
counterpart of K.,. The relevant part of the expression for K, will be described later. The
K-graviton contribution to Fig. 3.8 can be carried out similarly, leading to an expression of
the form i/lfgr. fgr has no infrared divergence and we shall not write down its expression
explicitly although it is straightforward to do so. The G-graviton contributions to Fig. 3.7
and 3.8 vanish by construction. Therefore the net contribution to "™ to one loop order

may be written as id exp[K,, + Egr].

The K-graviton contributions to Figs. 3.9 and 3.12 may be evaluated similarly, with the
factorized term giving id1S gr)) exp[ Ky + Egr]. There are however some left-over terms

arising as follows:
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k

Pa

Figure 3.16: Figure illustrating the difference in the factorized K-graviton contribution to
'™ and e+,

1. As shown in Fig. 3.15, in the sum over K-graviton insertions in 7"V there is a
residual contribution A that comes from lack of complete cancellation among terms
where a K-graviton is inserted to the two sides of a scalar-scalar-graviton vertex and

into the scalar-scalar-graviton vertex.

2. As explained in the caption of Fig. 3.15, the circled vertices are momentum depen-
dent. Therefore the two circled vertices shown in Fig. 3.16 are not the same, one
carries a factor of £.p, while the other carries a factor of £.(p, + k). The left hand
figure is relevant for I'™ while the right-hand figure is relevant for I, Therefore,
even after factoring out exp[Ky + Kem] factor multiplying "™, we are left with an
additional contribution to '™ from sum over K-gravitons that must be accounted
for.

We shall denote the sum of these two types of residual contributions as I” Egs’ilciual' The
G-graviton contributions to Figs. 3.9 and 3.12 will be denoted by I' gl’l) and the net con-
tribution from Fig. 3.10 will be called I" izlfl) Finally the contribution to the diagrams in
Fig. 3.11 involving 3-graviton coupling will be denoted by I g’fgaviton. In principle we
should also include the contributions from Fig. 3.13 and Fig. 3.14, but we ignore them
since they do not generate logarithmic terms. In this case the analog of (3.2.11) takes the

form:

red + et ) e =idSy. (3.3.16)

self 3—graviton residual

We shall now briefly describe how we evaluate these contributions and then give the final
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result. First let us consider I" qull(ium This receives contribution from Fig. 3.9 and Fig. 3.12.
As explained above, there are two kinds of terms: one due to the right hand side of the
second figure of Fig. 3.15, and the other due to the momentum dependence of the circled
vertices in Fig. 3.15. It turns out that the residual part of the K-graviton contribution
from Fig. 3.12 does not have any logarithmic term. On the other hand the residual part of

the K-graviton contribution from Fig. 3.9 receives logarithmic contribution only from the

region where the loop momentum is large compared to w. The result takes the form:

d*l 1
reh = _gas 2(pa-poY—p2p}] PP : . — .
residual ; ; Pa-Pv) —D Pb] P2 e Qr)* [pa.l — i€] [py.d + i€] [ — i€]

b#a

(3.3.17)

This contribution may be evaluated following a procedure similar to the one used in §3.2.

Contribution to I g" gavnon arises from the five diagrams in Fig. 3.11, but only the first
two give terms proportional to In w™!. Individually these diagrams suffer from collinear
divergence from region of integration where the momenta of the internal gravitons become
parallel to that of the external graviton, but these divergences cancel in the sum over such
graphs after using momentum conservation. Therefore we always work with sum of these
diagrams. The net contribution from these diagrams receive logarithmic contribution from
two regions — one where the loop momentum is large compared to w and the other where
the loop momentum is small compared to w. We shall analyze the contribution from

the region of small loop momentum later. Contribution from the region where the loop

momentum is large compared to w may be approximated as

o d*t 1
—ig ), e @) [pal = i€] [pyl + i€] [ — ie]

a=1 ;7=1
) ) tel
~8 (Pa-&-Pb) (Pa-P) + 2 (Pa&Pa) Py + 2 (Po-8-Pb) P = 2{2(pa-Ps)’ = Papy) E—
i < d*t 1 1 (p )2
L f —| =20 uep) + 2 (pe)
2 HZ::‘ reg (27!')4 [pa.f - i6]2 [52 - ZE] Palb u pa-f P

(3.3.18)
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In arriving at this result we have used integration by parts and also conservation of total
momentum Y., p, = 0. We have also used the fact that in the expression for the graviton
propagator carrying momentum (k — ) in the second diagram of Fig .3.11, we can use the
identity

1 20.k 1

(k—€)? —ie - {(k =€) — ie}{€? — ie) + 72— e’ (3.3.19)

and ignore the contribution from the (¢>—ie)~! term, since the expression for the amplitude
involving this term has no k-dependent denominator and therefore cannot have a In w™!

term.® Similar manipulations will be used in other terms as well.

Contribution to I’ izl’ll) given in Fig. 3.10 may be analyzed following the argument given
below (3.2.16). We assume a general form &,,p},p, f(p..k) for this amplitude based on
Lorentz invariance and replace g,, by &,k, + &k, for an arbitrary vector & satisfying k.& =
0. Then the amplitude reduces to 2 p,.¢ p,.k f(p,.k). On the other hand the diagrams in
Fig. 3.10 for this choice of polarization may be evaluated using the Ward identity given
in Fig. 3.15. Due to the presence of the non-vanishing right-hand side in Fig. 3.15, the
result does not vanish. Comparing this with the expected result 2 p,.£ p..k f(pa.k), we
can compute f(p,.k) and hence I” izl’;). It turns out that it receives logarithmic contribution
from region of integration where the loop momentum is large compared to w. The result

is:

R dt 1
e = ! P Pa-E-Pa f . (3.3.20)
self 7 QZ:; g QM [p,.l — i€]” [€ - i€]

This cancels the term in the last line of (3.3.18).

One loop contribution from the diagrams involving G-gravitons in Figs. 3.9 and 3.12
may be evaluated following the procedure described in §3.2. We find that the G-graviton
contribution to Fig. 3.12 has no logarithmic contribution. Therefore we are left with the
G-graviton contributions to Fig. 3.9. These diagrams have the same structure as in scalar

QED and can be evaluated similarly. As in the case of scalar QED, these diagrams receive

This manipulation can be carried out only for terms containing at least two powers of £ in the numerator
so that each of the terms in (3.3.19) generates infrared finite integral.
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significant contribution only from the region where the loop momentum is large compared
to w and small compared to the momenta of finite energy particles. The net logarithmic

contributions from these diagrams is given by

(n,1) _ — 1
rg? = -G sz @0 [pod = ie] [y + ie] [P — ie]

a=1 b=1
b#a

€Dy 0.E.0
8(pa-Pb) (Pa-&-Py) = 2P} (Pa-&-Pa) = [2(Pa-Pb)* = Pap}] (p p2p + 2 pp ] )]

Pa-E. pa) d4l 1
Pa-k Qm)* [pa.l —i€] [pp.l + i€] [ — i€]

k.l
[4(pa-pb) (Po-k) = [2(pa-ps)* = P2p}] ol ] (3.3.21)

+(id) = (

The total logarithmic terms in I'}; oD £:1f1)’ r f:bllgual and I g’f;ﬂavim from the region of inte-

gration where the loop momentum is large compared to w, can be expressed as’

7)) S“) o8 (3.3.22)

gra

where S, SW s the quantum subleading soft graviton operator

— g,,Phk 0 0
S = N Zwbaly {pg _p } , (3.3.23)
& Za: Pak 0pay OPay
and
k= LN L o - L2 it 1 ! (3.3.24)
o S Ly e FPaP e QO C— i€ (pal—iO)(pplrie)
b#a
K is the analog of K, for gravitational scattering, namely it is the factor that appears

in the exponent of the soft factor in the scattering of n scalars, with the understanding

that the integration over loop momentum is restricted to the region larger than w. We

"It is natural to conjecture that this pattern continues to hold also for subsubleading soft graviton the-
orem, i.e. the universal part of the subsubleading contribution is given by the action of the subsubleading
soft graviton operator S (gzr) acting on exp[K;g]. But we have not verified this by explicit computation.
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note however that the full expression for Ky has more terms — (3.3.24) already involves
an approximation that the loop momentum is small compared to the energies of external
lines since this is the region that generates Inw™' terms. Explicit evaluation gives the

following expression for the terms involving In ™

2 2.2 . 2 _ p2p2
e Z 1 N@ap? - 30203 I R + \/(pa-pb) papi,
Ko = 2 oo | 2_ 2,2
\/(pa-pb) = Paby Pa-py — \/(pa-pb) = PuP)

(3.3.25)

At this stage the only remaining terms are the contributions to I” @ from regions of

3—graviton

loop momentum integration where the loop momentum is small compared to w. These
come from the first two diagrams in Fig. 3.11. In the first diagram there are two relevant
regions: when ¢ is small and when k — ¢ is small, but they are related to each other by
{ — k—{and a & b symmetry. In the second diagram the relevant region is when ¢ is

small. The net contribution from these regions may be approximated by

o d*t 1 (pa.k)z

A f [2 a-E. k) —2(pp.€.pp) ,
222 ) 0 e vl ot T | R G
(3.3.26)

with the understanding that the integration over £ runs in the region where the components

of £ are small compared to w. The result may be expressed as

. -1 —1 ‘9/tvpypa 1 8/1vpﬂpa
iA(lnw” +InR™) |— Z Z @ Zal Z pb (pb k)z >
: (3.327)

where 1/R is an infrared lower cut-off on momentum integration and k= —k/w = (1,7n).

Adding (3.3.22) to (3.3.27) and dividing by i1 we get the terms involving In w™' and In R

: .
inSy":

(G R (1) reg
s =8¢
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. Ewlall 1 < EwDip)
+—(nw™' +InR" k. o o
47(( nw n ) |i Z Pb Z a~k o0 Za: pu.k Zpb (pb k)2
7lb"

(3.3.28)

3.4 Generalizations

In this section we shall consider the case where the scalars interact via both electromag-

netic and gravitational interaction via the action:

1 < _ . .
d*x /- detg [ "+ 167TGR - Z {g”"(ﬁﬂqbz +1q.A,9,)(0,04 — ig.A,d,)
a=1

+m§¢;¢a}+/l¢1---¢,,+A¢]‘---¢j;]. (3.4.1)

For this analysis we need two new vertices, the graviton-photon-photon vertex and the
graviton-photon-scalar-scalar vertex. If the graviton carries an ingoing momentum ¢ and
Lorentz index (oo), and the two photons carry ingoing momenta k; and k, and Lorentz

indices u and v respectively, then the graviton-photon-photon vertex is given by:

—iK [npa ( - kl-kZ Ny + klka,u) + N (klkaO' + k2pk10') + kl 'kZ(n/lpnm' + n/w'nvp)

- (klokZ,ur/pv + k20'k1v77p;1 + klkauUO'v + kZpklvna',u)] . (342)

On the other hand the vertex with a pair of scalars carrying charges g, —¢ and momenta p;
and p,, a graviton carrying Lorentz indices (u«v) and momentum k; and a photon carrying

Lorentz index p and momentum k,, all counted ingoing, is given by

— ik q M1 = P2y + M(P1 = P2l = NP1 = P2 ] (343)

In this theory we shall analyze the extra terms in both the soft graviton theorem and the

soft photon theorem.
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(a) (b) (c)

Figure 3.17: Contribution to soft graviton amplitude due to internal photon whose two
ends are connected to two different scalar lines. Here the thickest lines denote scalars,
lines of medium thickness carrying the symbol g denote gravitons and the thin lines car-
rying the symbol y denote photons.

Figure 3.18: One loop contribution to soft graviton amplitude involving internal photon
line connecting two points on the same leg.

There are two other vertices that are needed for our analysis. For example the sixth dia-
gram of Fig. 3.18 needs the vertex containing two scalars, two photons and one graviton,
whereas the sixth diagram of Fig. 3.23 requires the two scalar, two graviton and one pho-
ton vertex. However even without knowing the form of these vertices one can see that
these diagrams do not generate contributions proportional to Inw~'. Therefore we have

not written down the expressions for these vertices.
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.i.i.

Figure 3.19: Diagrams containing graviton-photon-photon vertex that contribute to the
soft photon contribution to the soft graviton theorem.

S I

R

Figure 3.20: The Ward identity for the photon in the presence of a graviton-scalar-scalar
vertex.

+ = 0

3.4.1 Soft graviton theorem

We first consider the soft graviton theorem. In this case besides the contributions analyzed
in §3.3, we also have the diagrams of Fig. 3.17 and Fig. 3.18, obtained by replacing, in
the diagrams in §3.2, the external photon by a graviton but keeping the internal line as a
photon. We also have an additional set of diagrams shown in Fig. 3.19 where the external
graviton connects to the internal photon. Diagrams in which the external graviton attaches
to the n-scalar vertex vanish for & = 0 and have not been displayed. We carry out
Grammer-Yennie decomposition for the internal photons in Fig. 3.17 following (3.2.3),
but not for diagrams of the form shown in Fig. 3.18 and Fig. 3.19. The sum over K-
photons factorize as in §3.2 and gives the factor of exp[K,y] that cancels between "™
and 'Y In this case there is no residual contribution since the analog of Fig. 3.4 holds
with the upper photon in the second identity replaced by a graviton (see Fig. 3.20). This
leads to the analog of (3.2.11) with an additional contribution to the left hand side given

by diagrams of the form shown in Fig. 3.19. Denoting this contribution by I" g;gl) we arrive
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at the relation

red+rd+re) =iash (3.4.4)

self YY8 er

with the understanding that both sides represent contributions in addition to what already
appear in (3.3.16). None of the terms have any infrared divergence, and therefore there
are no logarithmic terms from the region of integration in which the loop momentum is
small compared to w. We shall describe below the organization of the various terms and

then state the final result:

1. One can analyze I" ian) represented by the graphs in Fig. 3.18 by following the pro-
cedure described below (3.2.16). We replace the external graviton polarization by
a pure gauge form (€,k, + &,k,) and apply Ward identity to evaluate the sum over
the graphs in Fig. 3.18. In this case the Ward identity has an additional contribution
as shown in the right hand side of the second diagram in Fig. 3.21. It turns out
however that its contribution to the amplitude does not have any logarithmic term.
Therefore I” EZI’” does not generate any logarithmic contribution.

f

2. I g’;’;) receives contribution proportional to Inw™' from the first two diagrams of

Fig. 3.19, from the region where the loop momentum is large compared to w.

3. Finally, the G-photon contribution 7’ g”l) from the first two diagrams in Fig. 3.17
also has terms proportional to Inw™! from the region where the loop momentum is

large compared to w.

The net logarithmic contribution from I ;’;’gl) and I’ g’l) is given by:

(DS Ka . (3.4.5)

After removing the i A factor, we have to add this to (3.3.28) to get the total logarithmic
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De =

= 2ig {Ekep+k+0) +Eel.2p+k+0)

So—=q 2

Figure 3.21: Analog of Fig. 3.4 for graviton in the presence of a photon. The graviton
carries a polarization (£,¢, + &,£,) and the photon carries a polarization e. The circled
vertex has been explained in the caption of Fig. 3.15.

contribution to S gr):
g — g (Kreg +Kreg)
gr gr em ar

+%r(ln w +InR") |i Z k.py Z gwil:a % Za: PP Zblpb

(Po- k)z
(3.4.6)

l]b -1

This reproduces terms proportional to In w™" in the sum of (3.6.6) and (3.6.7) after using

(3.2.28) and (3.3.25).

3.4.2 Soft photon theorem

Next we shall consider the soft photon theorem. In this case we have all the diagrams
considered in §3.2, but also extra diagrams where the internal photon of Figs. 3.1 and 3.2
is replaced by an internal graviton, as shown in Figs. 3.22 and 3.23, and two additional
sets of diagrams: one where one end of the internal graviton connects to the external
photon as in Fig. 3.24 and the other where one end of the internal graviton is attached

to the n-scalar vertex as in Fig. 3.25. There is also an additional diagram obtained by
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() (b) ()

Figure 3.22: One loop contribution to soft photon amplitude involving internal graviton
line connecting two different legs.

Figure 3.23: Diagrams in which the external photon and both ends of the internal graviton
attach to the same scalar leg.
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Figure 3.24: Diagrams involving graviton-photon-photon vertex that need to be included
in computing the soft graviton contribution to the soft photon theorem.

Figure 3.25: Diagrams with external soft photon and an internal graviton where the inter-
nal graviton attaches to the n-point vertex.
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replacing in the first diagram of Fig. 3.14 the external graviton by the external photon, but

this vanishes in dimensional regularization.

We shall analyze the diagrams in Figs. 3.22 and 3.25 using Grammer-Yennie decomposi-
tion for the internal graviton following the rules described in (3.3.9)-(3.3.14). The result
of summing over K-gravitons in "™ will generate the factor of exp[ K, + Egr] which can-
cels a similar factor in the expression of I'™. However there will be residual part that will
be left over due to non-cancellation of the sum over K-graviton insertions reflected in the
right-hand side of Fig. 3.21. Another residual contribution arises due to the momentum
dependence of the circled vertices; as illustrated in Fig, 3.16, the factorized contribution
of K-gravitons for I'™ and "V differ. The only difference in the present case is that the
external graviton carrying momentum k in Fig. 3.16 is replaced by an external photon.
As in §3.3, we shall denote these residual contributions in the sum over K-gravitons by
r E:S’ilgual. The G-graviton contribution to Figs. 3.22 and 3.25 will be denoted by I g’ D The
contribution from diagrams involving the coupling of graviton to photon, as shown in
Fig. 3.24, will be denoted by I %’;), and the contributions from Fig. 3.23 will be denoted

by I' 521;) Then the generalization of (3.2.11) takes the form:

(n,1) (n,1) (n,1) (n,1)  _ - (1)
Fogp TG + 100 + 1 g = E4S g

(3.4.7)

again with the understanding that both sides represent additional contribution besides

those described in §3.2.

Analysis of various terms on the left hand side of (3.4.7) goes as follows:

1. I i’;ifl) can be shown to vanish using the same argument given below (3.2.16). In

this case the relevant Ward identities given in Figs. 3.4 and 3.20 do not have any

left-over extra contributions.

2. It turns out that I” r(Z;ilgual, given by the left-over contribution after summing over K-

graviton insertions in Figs. 3.22 and 3.25, does not receive any logarithmic terms
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either from the region of loop momentum integration small compared to w or from

regions of loop momentum integration large compared to w.

3. T, g”l) receives contributions proportional to In w™! only from the G-graviton contri-
bution to Fig. 3.22, from region of integration where the loop momentum is larger

than w.

4. The individual diagrams contributing to I (7';’51,) have collinear divergence from the
region where the momenta of the internal graviton and photon are parallel to the
momentum of the external photon. This cancels in the sum over all diagrams in
Fig. 3.24. The second and third diagrams of Fig. 3.24 each has contribution propor-
tional to In w™' from the region of integration where the loop momentum is large
compared to w, but the sum of these contributions vanishes. Finally, I ;’;’;) receives

contributions proportional to Inw™" from the first two diagrams in Fig. 3.24, from

the region where the momentum of the internal graviton is smaller than w.

The net logarithmic contribution from the region of integration where the loop momentum
is larger than w is given by

iAShKgE. (3.4.8)

On the other hand the contribution to 7" %’;) from the small loop momentum region is given

by:

§ NN EuPla 1 O 9l N -1

A(Inw'+InR™) | — k. G+ — . k) 1 L

id(nw™ +InR7) - Z‘ pbza:pa_kq 87 24 puk Z(pb ) In b
np=-1

One difference from the previous diagrams of this type, e.g. the ones shown in Fig. 3.11,

is that the divergent contribution comes only from the region where the internal graviton

momentum becomes small, and not when the internal photon momentum becomes small.

This reflects the fact that while photons feel the long range gravitational force due to other

particles, the graviton, being charge neutral, does not feel any long range Coulomb force.



3.5 Steps to derive subleading multiple soft photon theorem

93

After removing the i A factors from (3.4.8) and (3.4.9), we have to add them to (3.2.20) to

get the total soft factor S{.). This gives

1 _ca reg reg
Sénl - Sén)l (Kem +Kgr )

. N Eula 1 O GaEulla < i
+(Inw™' +InR™Y g E k.ps E ﬁqa+@ - § (py.k) ln(( 2|
b a a a=1
np=-1

(3.4.10)

This reproduces terms proportional to In w™" in the sum of (3.6.4) and (3.6.5) after using

the explicit forms of Ke; and K,,* given in (3.2.28) and (3.3.25).

3.5 Steps to derive subleading multiple soft photon

theorem

In this section summarising our learnings from §3.2 we will derive double soft photon
theorem. Then we will see that we can very easily extend our analysis to multiple soft
photon case and directly write down the result of multiple soft photon theorem up to
subleading order. Sum over the tree and one loop diagrams with two external photons with
momenta k; and k, will be denoted by "™ and '™ will denote the amplitude without
any soft photon up to one loop order. We will consider the momenta k; and k, are softer
in the same rate as denoted by k) = wr| and k; = Twn;, where 7 is an O(1) dimensionless

parameter and 7}, n5 are unit null vectors.

e The KG decomposition performed in eq.(3.2.3) also works for diagrams contain-
ing two external photons attached with a scalar line with two three point vertices
and analysis directly follows from Fig.3.4. One can also verify that the same KG
decomposition works when both the external photons are attached to a scalar line

via two scalar, two photon vertex. This is diagrammatically shown in Fig.3.26.
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WSS NS NS

Figure 3.26: The diagram shows that even in presence of the vertex with two external
photon connecting to a scalar line K-G decomposition works similar to Figure(3.4). Here
the photon line with arrow represents K-photon and the vertex with circle is the same as
described in Figure(3.4).

Therefore we can write,

' = exp[K.n] {F(")

tree

+1), T = exp[Ke (T2 + 157 + 107

tree sel f

(3.5.11)

where '™

ree TEPrEsSents n-scalar tree level amplitude, I, gl) represents one loop n-scalar

amplitude with virtual G-photon, I ,(fe’? represents n-scalar, two photon tree-level
amplitude, I g’z) represents n-scalar, two photon one loop amplitude with virtual

G-photon and I iz;? represents all set of one loop diagrams where both ends of the

virtual photon are connected to same scalar line.

e The diagrams contributing to 7"

el? have to be computed with full photon propagator.

But following the logic of §3.2 they can not contribute to the subleading order®.

e In §3.2 we have seen that contribution from the diagrams with G-photon propagator
connecting scalars with momenta p, and p, vanishes. Which implies one loop n-
scalar amplitude I’ g’) vanishes and the contribution from the diagrams in Fig.3.27

also vanishes.

8In double soft photon theorem subleading order is of order 1”7‘"
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Ptk +k—¢

Patky+hk =7

(c) (d)

Figure 3.27: One loop contribution to I g”z) involving internal G-photon line connecting
two different legs and for diagram-(a),(b),(c): both the external photons are inside the
virtual photon propagator and for diagram-(d): one photon is inside the virtual photon
propagator and the other is connected to some different leg. The thick lines represent
scalar particles and the thin lines carrying symbol y represent photons. There are other
diagrams related to this by permutaions of scalar lines and exchange of k; < k.

e Now for tree amplitude leading double soft theorem takes form,

Iy = G (Z o
a=1

n

€1 Pa &2 Do
. 3.5.12
Pa-k )(qupb-kz) ( )

a-"1 =1

Substituting this result in eq.(3.5.11) and following the arguments above the algo-

(€]

rithm for determining subleading double soft photon factor S, .,

re? =iasy (3.5.13)
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(b)

(d)
()

Figure 3.28: One loop contribution to I° g"z) involving internal G-photon line connecting
two different legs and no external photon is inside the virtual photon propagator. The thick
lines represent scalar particles and the thin lines carrying symbol y represent photons.
There are other diagrams related to this by permutaions of scalar lines and exchange of
ki < ky. For diagram-(b) one don’t need to include diagrams with k; < k, exchange.

where in [’ g,z) we only need to analyse the contribution from diagrams in Fig.3.28,3.29,3.30,3.31

and extract order 1“7“’ contribution.

All the diagrams in Fig.3.28 with G-photon propagator are IR finite but contributes to
O(w™' In w) order in the integration region |w| << |t#| << |pl, |p’,;|. Contribution from

Fig.3.28(a) in this regulated region of integration,

E1.Pa £2.Da d* 1 1 1
Paki pa.(ki + ko) Jyog Qm)* 2 — i€ po.l + i€ py.l — i€

Pa-Pb
pa.t + i€

(Ia) =~ -1gq

py-(ki + k) — €.(ky + ko) (3.5.14)
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Py Pp Pq Py

Ptk +lky—¢

(a)

© (d)

Figure 3.29: One loop contribution to I g”z) involving internal G-photon line connecting
two different legs and one external photon is inside the virtual photon propagator. The
thick lines represent scalar particles and the thin lines carrying symbol y represent pho-
tons. There are other diagrams related to this by permutaions of scalar lines and exchange
of ky & k.

Contribution from Fig.3.28(b) in the regulated region of integration,

D) =~ AP £1.Pa €2.Pb d*t 1 1 1
- alb

Paki ppky Jpeg Q) 02 — i€ po.t + i€ py.l — i€

L.k C.ky

Da-D (3.5.15)

[plrkl + pa-kZ = Pa-Pb b, .
py.t — i€

pa-t + i€ -
Contribution from Fig.3.28(c) in the regulated region of integration,

, e 1 1 1
I ~ 1 2 2 €1-Pa
(Ic) Tlo Do ki Jyog @) C—i€ pol +ie pyl—ic
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(b)

Figure 3.30: One loop contribution to I’ g"z) involving internal G-photon line connecting
two different legs and (a)both the external photons attached to the virtual photon propaga-
tor with two scalar-two photon vertices, (b)both the external photons connected to a scalar
line by two scalar-two photon vertex outside the virtual G-photon propagator. There are
other diagrams related to this by permutaions of scalar lines.

Pa Pb

Pe P

(b)

Figure 3.31: One loop contribution to I (G" ) involving internal G-photon line connecting
two different legs and one of the external photon connecting to some different leg where
the virtual photon propagator is not connected. The thick lines represent scalar particles
and the thin lines carrying symbol y represent photons. There are other diagrams related
to this by permutaions of scalar lines and exchange of k; & k;.

Pa-Pb

[82.pb — 82.f

Contribution from Fig.3.28(d) in the regulated region of integration,

E1.Pu d*t 1 1 1
Ud) = Aqyq, — i . :
Pa-ki Jyeg Qm)* 7 —i€ p,.L + i€ pp.l — i€
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[Sz.pa - 82.5M] (3.5.17)
ppt —

Now summing over pair a, b for the contributions (/a), (Ic) with permutations of a < b

and (g1, k) < (&2, k), we get

E2.Pa 81;1k1v( 0 ) €1-Pa SQ#kZV( 9 v 0 )]
= -4 - + 4 a a ~ Fa
Z Z [ 2 Da kl pzapav pa apa,u 7 pa-kl 7 pa-kZ puapav P apay

(l'

a=1 b=1
b#a
d*t 1 1 1
X g, e 3.5.18
Qadp Lg Q2n)* > —ie p,.€+ie pp.t —ie Pa Pr ( )

Summing over pair a, b for the contributions (/b) with permutation of a < b and (Id)

with permutations of a <> b and (g1, k) < (&2, k), we get

, &E2.Dp 81/_tkly( 0 0 ) E1.Pa 82,uk2v( 0 0 )]
= A +qq
HZ; bz; [ Db k2 Pa kl pgapav paapay 1 pa-kl ? P k2 pgapbv pbapby
b+a
d*e 1 1 1
X qa " 3.5.19
Qadp reg Q) 02 — i€ p,L+i€ py.l — i€ Pa P ( )

In the regulated region of integration |w| << |64 << |phl, |p‘;|, contributions from the
diagrams in Fig.3.29 appears in order w™!. So for extracting order £ contribution we can
ignore the contributions from this diagrams. For example diagram-3.29(a) contribution in

the regulated region of integration turns out:

€1-Pa d4€ 1 1 1
Ila) =~ A¢ Da
(ta) Gadv (€2:Pa) Paki Jyeg Qm)* 2 — i€ (py.L +i€)* pp.l —
Pa-Pb
X|pp.ky — ky f————
Pe-F ! pa.t + i€
~ O™

Similarly we can ignore the contribution from the diagrams in Fig.3.30 as they contribute
in order O(In w) in the regulated region of integration. As argued above contribution
from diagrams in Fig.3.27 vanishes when we evaluated them with G-photon propagator.

The contribution from diagrams in Fig.3.31 can be easily read off from single soft pho-
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ton theorem analysis following §3.2 and they contribute in ™2 order. Contribution from
diagrams-3.31(a) and 3.31(b) after summing over a, b, ¢ with all possible permutations of

(a,b,c) and (g1, k) < (&, ky) turns out:

// &2.Dc gluklv( 0 v 0 ) E1.De 82”k2y( 0 v 0 )]
~ -] - + 4. a a ~ Pa
CZ; az; bz; [ Pe- k2 pa-kl pzapav paapay 1 pc~k1 1 pa-k2 pyapav P apay
atc b#c,a
d*t 1 1 1
X qa 0" 3.5.20
Gadlt reg QMY €2 — i€ po.l + i€ py.l — i€ Pa*py ( )
Now summing 7, 7’ and " we get the O(w™" In w) contribution of I' g’ 2,
1.k, 0 0 &1.p &xukay 0 0
I"(H,Z) — -1 [ &3. pC H (pg _ p; ) + qe c G H p;; _ p;
¢ ; ; bzl Pe- k2 pa-kl apav apau pc~kl pa-kZ apav apay
b#a
d*t 1 1 1
X qa a 3.5.21
adb reg QMY €2 — i€ po.t + i€ py.l — i€ PaPe ( )
Hence from eq.(3.5.13) one can read off the form of subleading double soft photon factor,
ki, 0 0 g1.pc €k 0 0
S(l) [ 82pc : ( a - Z )+ ¢ - a . a - Z K;ig
double ;; Pc k2 pa-kl puapav P 8pau 7 pc-kl 1 pa-kZ puapav P 0pay
(3.5.22)

where K,,¢ expression is given in eq.(3.2.28).

From our experience of the derivation of double soft photon theorem now we can easily
guess the form of multiple soft photon theorem. One observation is that for m number
of soft photons the one loop diagrams having one or more soft photons attached inside
the virtual G-photon propagator will not contribute to subleading order. This observation
suggests that we can derive subleading multiple soft photon theorem following the strat-

egy of [15, 17]. For m number of soft photons, the subleading multiple soft photon factor
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turns out to be:

mom e ekl 8 d
D I A D e P LA RCEES)
multiple Z 4 pc~kj } Z pa-ki 5pav apaﬂ

Now after substituting K, from eq.(3.2.28) in the above equation we find that the sub-

leading multiple soft photon theorem becomes of order O(w ™! In w) .

3.6 Summary and analysis of the results

In this section we shall summarize the results of this chapter and then discuss various
aspects of the results. Finally we shall consider some special limits and compare with

known results. We shall use 2 = ¢ = 827G = 1 units.

3.6.1 Summary of the results

In order to give a uniform treatment of the classical soft photon and soft graviton theorem,
we shall denote by ¢(¥, ¢) the radiative part of the metric or electromagnetic field at a point
X at time ¢ for a scattering event around the origin. For electromagnetic field, ¢ can be

directly identified with the gauge field. For the gravitational field we define

1
hyy = (v — M) /2, ey = hyy — > ht, (3.6.1)

and take ¢ to be e,,. For both electromagnetism and gravity we define classical soft factor

S (&, k) in D space-time dimensions via the relation:

' (D-2)/2
iwR w .
¢ ( 2miR ) 2w S(&:0)

fdt e e.p(X,1)

—ﬁ ¢RS(e k) for D=4, (3.6.2)
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where ¢ is the polarization tensor of the soft particle so that £.¢ = &“A, for gauge fields

and e, for gravity, and

k=-w(l,n), a=XxX/|x, R=IA. (3.6.3)

On the other hand the quantum soft factor S (g, k) is the ratio of an amplitude with an
outgoing soft photon or graviton with momentum k and polarization & and an amplitude
without such a soft particle. It was shown in [19] that in the classical limit the quantum
soft factor reduces to the classical soft factor for D > 4. Our interest will be in analyzing

the situation in D = 4.

We consider the scattering of n particles carrying electric charges {g,} and momenta {p,}
fora = 1,---n. In our convention the momenta / charges carry extra minus sign if they
are outgoing. The particles are taken to interact via electromagnetic and gravitational
interactions besides other short range interactions whose nature we need not know. The
symbol 7, takes value +1 (—1) if the a-th particle is ingoing (outgoing). Then the classical

result for the soft photon factor S (&, k), containing terms of order w™' and In w™!, is’

2 2 _
Sem = Z 8'UPZ ga—iln w! 4a ‘Sﬂkp qaqp MM, {pz,zp/; 2p§p;a)i
Pa-k Pak £ Am {(py.pa)® — mimy )

nanp=1

J -1 -1 EuPa
+-(no” + IR Zk.phz a

Da-k
np=-1 “
i -1 qa gukp Pb-Pa _ 2 2.2
+87r Inw ; —pa.k 20 (o = mgmi}m (P,Ps — P,P?) {Z(Pb.pa) 3mamb} .

Nanp=1

(3.6.4)

Since for real polarization the subleading contribution is purely imaginary, it does not af-

°In this and subsequent expressions R arises as an infrared cut-off. For the classical result the InR
terms arise due to long range gravitational force on the soft photon or graviton during its journey from
the scattering center to the detector over a distance R. For the quantum part, the natural infrared cut-off is
provided by the resolution of the detector. For a detector placed at a distance R from the scattering center,
the best energy resolution possible is of order 1/R. Therefore it is again natural to take R as the infrared
regulator.
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fect the flux to this order. However the flux for circular polarization and / or the wave-form
of the electromagnetic field do receive subleading contribution. An identical situation pre-

vails for gravity.

The quantum result for S ., has additional terms:'°

1 gk 0 0
AS e = nw™" > g.—— -,
1672 nw Zalq Pak {pl“lapay p“@paﬂ}

Z {24uqspa-ps + 2 (pap)? = P2PE) | Paps+ \/(pa-pb)2 - pip;

n
b#a \/(pa-pb)2 - pip; Pa-Db — \/(pa-pb)2 - pip;

1 ~ ~ GuEulha m?
— (nw ' +InR™! ] k)1 b1, 3.6.5
tez e +1n ); o ;(pb ) n((pb]%)2 (3.6.5)

The classical results are universal, independent of the theory and the nature of external
particles. We expect that the quantum results are also universal, but we have derived them
by working with one loop amplitudes in scalar QED coupled to gravity. It is easy to
check that (3.6.4), (3.6.5) are invariant under gauge transformation g, — &, + £k, for any

constant £.

As will be discussed in §3.6.2, the quantum correction (3.6.5) should not be directly
added to (3.6.4) and substituted into (3.6.2) to compute the radiative component of the
classical electromagnetic field. Rather, when the contribution (3.6.5) is small compared
to (3.6.4), we can substitute (3.6.4) into (3.6.2) to compute the classical electromagnetic

field produced by a scattering event.

As discussed in §3.1, the quantum results are ambiguous and are defined up to addition of
a term to Sy of the form InR~'k.U S é?r)l where S é?r)l is the leading soft factor given by the
first term on the right hand side of (3.6.4) and U is a vector constructed out of the p,’s. By

choosing U = (87%)7"' 3, p; In(m3/p?), we can replace the Inm; term in the coefficient of

1ONote however that when we express the results in terms of the frequency / wavelength of the soft photon
/ graviton and momenta of the finite energy particles, neither the classical nor the quantum result has any
power of 7. We shall discuss later the conditions under which we expect the quantum results to be small
compared to the classical results.
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InR™! in the last line of (3.6.5) by In u? for any mass parameter 4. This makes manifest
the fact that the coefficient is not divergent in the m;, — 0 limit. The coefficient of In w™!
cannot be changed this way, but in this case the finiteness of m;, — 0 limit follows as a

consequence of cancellation between the second and third line of (3.6.5) and momentum

conservation.

If we want to consider the situation where we ignore the effect of gravity, then we need to
set the terms proportional to In w™! that are linear in g.’s to zero. On the other hand if we
want to consider the situation where we ignore the effect of electromagnetic interaction
between the particles during scattering (but still use electromagnetic interaction to com-
pute soft photon emission process), we have to set the terms proportional to In w™' that

are cubic in the ¢.’s to zero.

The classical result for soft graviton factor takes the form

8vav vak a mgmz a a
Se = Y up”pa_“nw_lz Pk oy MM AP, Pa = Pl Pa)

i pk — pak S A {(phpa)? — mEmp)
nanp=1
i . » EwDal,
+-(nw” +InR™) Z k.py ZW
np=-1
i _ EwDuk Pb-Da
+—1 1 K L - 2 Pa 2 -3 2m? .
B Za: Pak 4 {(py.pa)? — m2m; )32 (P, pﬁpﬁ){ (Pb-Pa) m“mb}

nanp=1

(3.6.6)

The quantum result has additional terms

_ 1 -1 EupPlaky a , 0
ASer = 1672 Inw Zal Pak pﬁapm_paapaﬂ

Z (2 4ugspa-ps + 2 (pa-pi)? = P3P} | Pa-Pb + \/(pa.pb)2 - p2p;
n

ba \/ (Pa-pp)* — P2D;, Pa-Pb — \/(pa.pb)2 - p2p;

1 ~ - enphp! m;
+— (nw' +InR™H mrata K In —2—, (3.6.7)
82 Za: Pa-k ; Py (pp.k)?
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where k = —k/w = (1, 7). Again the classical results are valid universally. The quantum
results are obtained from one loop calculation in scalar QED coupled to gravity, but we
expect them to be universal. As in the case of (3.6.5), the In mlf term in the coefficient of
InR™! in the last line of (3.6.7) can be replaced by Inu? by exploiting the ambiguity in
the definition of the soft factor discussed in §3.1. One can check that (3.6.6), (3.6.7) are

invariant under gauge transformations &,, — &,, + £,k, + &,k, for any constant vector &,.

If we want to consider the situation where we ignore the effect of electromagnetic inter-
actions, then we need to set the terms proportional to Inw™' that are quadratic in g.’s to
zero. On the other hand if we want to consider the situation where we ignore the effect of
gravitational interaction between the particles during scattering (but still use gravitational
interaction to compute soft graviton emission process), we have to set the ¢, independent

terms in the coefficient of In w™! to zero.

3.6.2 Discussion of results

First we shall briefly outline how these results are derived. The classical results (3.6.4)
and (3.6.6) are the result of direct application of classical soft theorem to subleading or-
der. As described in [20], the soft factor involves orbital angular momenta of initial and
final particles and these diverge logarithmically in the elapsed time 7 in four dimensions
due to the long range gravitational / electromagnetic force on the incoming and outgo-
ing particles that generates a term proportional to In|7| in the trajectory. We follow the
prescription of [20] of replacing In |7| by In w™! to arrive at the first and third lines of the
classical results (3.6.4), (3.6.6) in the last chapter. The second lines of (3.6.4) and (3.6.6)
arise from additional phases that are not directly determined by soft theorem. They rep-
resent the effect of long range gravitational force on the outgoing soft photon or graviton

which causes the soft particle to slow down and also backscatter.

Quantum results are the result of direct one loop computation in a field theory of multiple
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charged scalars, coupled to electromagnetic and gravitational fields. We simply evaluate
the order w™! and In w™! terms in the scattering amplitude of multiple finite energy scalars
and an outgoing soft photon or graviton of energy w, and express this as the product of
the amplitude without the soft photon or graviton and a multiplicative factor that we call
the soft factor. The latter is given by the sum of (3.6.4) and (3.6.5) for soft photon and the
sum of (3.6.6) and (3.6.7) for the soft graviton. Even though the S-matrix elements with
and without the soft particle are infrared divergent, much of this cancels when we take the
ratio of the two. The remaining infrared divergent part is regulated by the infra-red length
cut-off R and is responsible for the terms proportional to In R in these expressions. This is

related to the quantity o, introduced in [66].

The different terms proportional to Inw™! in (3.6.4), (3.6.5) and in (3.6.6), (3.6.7) have
different origin. We shall explain them in the context of the soft graviton factor, but the

case of soft photon factor is very similar.

1. We begin with the classical result (3.6.6). The term proportional to g,g, in the first
line represents the effect of late time gravitational radiation due to the late time
acceleration of the particles via long range electromagnetic interaction. The term in
the last line of (3.6.6) represents the effect of late time gravitational radiation due
to the late time acceleration of the particles via long range gravitational interaction.
We expect the scale of these logarithms to be set by the largest length scale involved
in the classical scattering process, e.g. the typical distance of closest approach
between the particles involved in the scattering. This is taken to be larger than or
of the order of the Schwarzschild radii of the particles and much larger than the
Compton wave-lengths of the particles involved in the scattering. In the quantum
one loop computation both these terms arise from the region of loop momentum
integration where the loop momentum is large compared to w but small compared
to the energies of the other particles. In this case the scale of these logarithms is

again set by the largest length scale involved in the quantum scattering which is
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the inverse of the typical energy carried by the finite energy external states. For
one loop result to be reliable, this needs to be taken to be large compared to the

Schwarzschild radii of these particles.

2. The term in the second line of (3.6.6) proportional to (In w™' +1In R~!) represents the
effect of gravitational drag on the soft graviton due to the other finite energy parti-
cles in the final state. This has the effect of causing a time delay, represented by the
In R~! term, for the soft graviton to travel to a distance R. This also has the effect of
inducing backscattering of the soft graviton, represented by the In w™! term. In the
quantum computation these terms arise from region of loop momentum integration
where the loop momentum is smaller than w and larger than the infrared cut-off
R~!. This term has appeared e.g. in [110,112,113]. As mentioned in footnote 9, the
scale of these logarithms is set by the effective infrared cut-off, e.g. the distance R
to the detector for the classical scattering and the resolution of the detector for the
quantum scattering. The latter in turn has a lower limit set by R™! since we cannot
measure the energy of the outgoing particle with an accuracy better than R~! if the

detector is placed at a distance R from the scattering center.

3. We emphasize that the classical results are obtained by replacing in the classical soft
theorem the logarithmically divergent terms by In w™! and not by direct calculation
of electromagnetic and gravitational radiation during classical scattering. In special
cases the equivalence of these two procedures was tested in [20] by direct classical
computation. In principle similar tests can be done for the general formulae (3.6.4)

and (3.6.6), but we have not done this.

4. We now turn to the additional terms (3.6.7) that arise in the quantum computation.
First note that both these terms are real for real polarizations unlike the classical
result where the coefficients of Inw™' terms are imaginary for real polarizations.
The terms in the first two lines come from regions of loop momentum integration

where the loop momentum is large compared to w but small compared to the ener-
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gies of the other particles, while the term in the third line arise from region of loop
momentum integration where the loop momentum is small compared to w and large

compared to the infrared cut-off R™!.

5. Inthe quantum computation the terms that arise from loop momenta large compared
to w, namely the terms in the first and third line of (3.6.6) and the first two lines
of (3.6.7), can be generated using a simple algorithm. As discussed earlier, the
amplitude without the soft graviton has an infrared divergent factor multiplying
it. Let us call this the IR factor. If in the integration over loop momenta of this
IR factor we restrict the loop momentum integration to be large compared to w and
apply the usual subleading soft differential operator that arises in higher dimensions
to this IR factor, we recover precisely the results given in the first and third line of
(3.6.6) and the first two lines of (3.6.7). The rest of the contribution that arises from
integration region where the loop momentum is small compared to w cannot be
recovered this way. This indicates that the general argument of [11, 101], based on
general coordinate invariance of 1PI effective action and power counting assuming
that loops do not generate inverse power of soft momentum, remain valid in four
dimensions as well as long as the loop momentum is large compared to the external

soft momentum.

Since the real infrared divergent part of the amplitude reflects the effect of real graviton
emission, our interpretation of the extra contributions (3.6.7) in the quantum theory is
that they reflect the effect of backreaction of soft radiation on the classical trajectories.
To this end note that the validity of the classical limit described in [19] requires that the
total energy carried by soft radiation should remain small compared to the energies of the
finite energy objects taking part in the scattering. Here ‘soft radiation’ represents those
particles which are not included in the sum over a in (3.6.6). Therefore we should expect
that the extra terms arising in the quantum theory should be small in the limit when the

total energy carried by the soft radiation is small.
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In order to test this hypothesis we need to consider a scattering where the energy carried
away by soft radiation remains small compared to the energies of finite energy objects.
One way to achieve this is to consider scattering at large impact parameter so that each
incoming particle gets deflected by a small amount and the energy radiated during this
process remains small. In this case the momenta {p,} come in approximately equal and
opposite pairs — the incoming and the corresponding outgoing particle. Now in eq.(3.6.7)
the last term changes sign under p, — —p, and also under p, — —p,. This shows that
it is small for small deflection scattering. The first term on the right hand side of (3.6.7)
changes sign under (p;,q,) — —(p», gp) and also under (p,, q.) — —(pa,qa.), due to the
argument of the log getting inverted under each of these operations. This shows that the
terms approximately cancel making the result small. There is one exception to this that
arises when ¢, = —q,, p» = —pua, 1.€. the pairs (a, b) represent the incoming and the
corresponding outgoing particle. In this case there is no other term that cancels this since
the sum does not include the b = a term, and we need to explicitly evaluate this and show
that it vanishes. This can be checked explicitly by first evaluating the derivatives in the
second line of (3.6.7), then setting p, = —p, + € and then carefully evaluating the result
in the € — 0 limit. Even though individual terms diverge in the € — 0 limit, a careful
analysis shows that the result vanishes. This confirms that quantum corrections are small

in this limit.

Another situation discussed in [19], where the radiated energy remains small compared
to the energies of the hard particles, is the probe limit in which one of the particles has a
large mass M and the other particles are lighter carrying energy small compared to M. We
shall now verify that in this case too the quantum corrections (3.6.7) are small compared
to the classical result (3.6.6). For this we shall work in a frame in which the heavy particle
is initially at rest, and using gauge invariance choose the polarization tensor € to have only
spatial components. After the scattering the heavy particle acquires a momentum but it is
small compared to M. In this case the dominant contribution to (3.6.6), of order M, comes

from choosing a to be one of the light particles and b to be the heavy particle in the second
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and third line of (3.6.6). However in the quantum correction (3.6.7) similar contribution
cancels between the choice of b as the initial state heavy particle and the final state heavy
particle, and we do not get any contribution proportional to M. This again shows that

quantum corrections are small compared to the classical result in this limit.

We must emphasize however that the quantum analysis is carried out for single soft gravi-
ton emission. If we want to relate the quantum result to the radiative component of the
classical gravitational field as in [19], then we need to first consider multiple soft graviton
emission and then take the classical limit. The analysis of [19] relied on the fact that the
soft factors associated with different bins in the phase space are independent of each other,
1.e. the probability of emitting certain number of soft particles in one bin does not depend
on how many soft particles are emitted in the other bin. This independence breaks down
when the total energy carried by the soft particles becomes comparable to the energies of
the hard particles — precisely when the quantum correction (3.6.7) becomes comparable
to the classical result (3.6.6). Therefore we should not use (3.6.7) to modify the classical
result (3.6.6). Instead we should use the smallness of (3.6.7) as a test of when the classical

result (3.6.6) is valid. An identical discussion holds for electromagnetism'!.

3.6.3 Special cases

As a special case we can consider the situation described in [33] where a neutral massive
object of mass M at rest decays into a heavy object of mass My, ~ M and a set of neutral
light objects carrying mass m, << M and momentum p, = —e,(1, ﬁa) with e, << M for
a=1,---N. Our goal will be to write down the classical soft graviton factor for this case.
We shall take the polarization tensor of the soft graviton to have components only along
the spatial direction, since the result for the other components may be found by using
invariance under the gauge transformation g,, — &,, + &,k, + &,k, for any vector &. If we

denote the momentum carried by final state heavy object of mass M, by py,i, then we

"For subleading multiple soft photon theorem we tried to give a sketch of proof in §3.5.
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have p?\m ~ —M, and |pjv+1| << M,. Examining (3.6.6) with g, = g, = 0 we see that

I comes from the terms where we choose » = N + 1

dominant term proportional to In w™~
and a labels any of the N finite energy states. Using the relation 2 = m2/(1 — 82), the net

contribution takes the form:

N £ig .3 . . N ijR R . (_ 202 — 3m2
Z ﬁazﬁa} + 8L1nw_1 MO Ze 2 ﬁauBaJ( ea)( €, ma)
T

-_— ln -l M() - 5 a
A A3 2 2)3/2
a=1 1- I’lﬁa a=1 1- nﬁa (ea N m“) /

47r

Y-
- —lnw_lM Z £ Bubu; 2 + 1 b, . (3.6.8)

a=1 I- nﬁa Iﬂal3
where - - - contain terms without a factor of M, and are therefore smaller in the limit of
large M,. This agrees with the results of [33]. As discussed in [33], this produces a late

time tail in the gravitational wave-form that falls off as inverse power of time.

Note that when all the final state light particles are massless, so that Iﬁal =1forl <a<N,
the expression (3.6.8) vanishes. This would be the situation during binary black hole
merger when the final state particles are only gravitons. However since in such processes
the radiation carries away an appreciable fraction of the mass of the parent system, the - - -
terms in (3.6.8) could be significant even though their contribution will be suppressed by
the ratio of the total energy carried away by radiation to the mass of the parent system. We
shall now evaluate the result without making any approximation. In this case in the sum
over a and b in (3.6.6), either a or b (or both) represents a massless particle. Recalling
that when p, and p,, are both outgoing then p,.p, is negative, we can express the terms in

(3.6.6) proportional to Inw™" as

N+1 N+1 N+1
lnw Z &Y puiDaj + lna) Z &Y pai Zpbj =0, (3.6.9)
b=1
b#a

where in the last step we have used conservation of spatial momentum ¥,/ p,; = 0

Therefore we see that even without making any approximation, the coefficient of the

In w™! term in the classical soft graviton factor continues to vanish.
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Another special case we can consider is when a charge neutral object of mass M at rest
breaks apart into two charge neutral objects of masses m; and m;, spatial momenta g and
—p and energies e¢; = \/m? + p? and e, = (/p* + m2. In this case if we take the polariza-
tion tensor of the soft graviton to have components only along the spatial direction, then
the contribution from the initial state to (3.6.6) vanishes and we need to only compute
the contribution from a pair of final states. This can be easily evaluated and the terms
proportional to In w™' take the form

i

81

o 1 1
Inw™ &;p'p’ (e1 + e2) { — + A _>}
e\ —np e +np

[ erer + P

{(e1er + P*)% — m2m2 )32 {2(6162 + ﬁZ)z — 3m%m§} — 2] . (3.6.10)
M,

Next special case we shall analyze is that of scattering of massless particles, again fo-

cussing on the classical result (3.6.6). Defining

PEZpa:— Zpa, (3.6.11)

Na=1 na=-1

and the fact that p,.p, is negative for 1,17, = 1, we can express the term proportional to

In w™! in (3.6.6) for massless particles as

i -1 8#Vpgp2 I -1 " pv
— E Inw™ k.P Z W + E Inw gluyP P (3612)
na=1

Note that this involves only the momenta of the initial state particles and is insensitive to
the momenta of the final state particles. This asymmetry is related to the fact that in our

analysis we are considering soft particle only in the final state and not in the initial state.

More generally one can show that for a general scattering process involving both massive
and massless particles, the terms proportional to Inw™" in the classical formula (3.6.6)
is not sensitive to the details of the final state massless particles except through overall

momentum conservation. To see this let us first consider terms that could involve a final
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state massless particle momenta and the initial state momenta. These come from choosing
a to be an initial state and b to be a final state massless state in the term in the second line

of (3.6.6). The net contribution from such terms is given by

gﬂvp}lpa _ l _1 uvp}—’pa
_ln“’ 2, ko Z = Tin k(P - Pmasswe)z , (3.6.13)

b massless ﬂ.
Jp=-1 'Ia 'Ia 1

where —P denotes total outgoing momentum as defined in (3.6.11) and — P ,give denotes
the total outgoing momentum carried by the massive particles. Therefore this does not
depend explicitly on the momenta of the outgoing massless states except through mo-

mentum conservation.

Next we consider terms that involve a pair of final state momenta at least one of which
is massless. This term receives contribution from all three lines on the right hand side of
(3.6.6) with the restriction , = 1, i, = 1, and either m, or m,, or both zero. Therefore the

-1

term proportional to g,q, vanishes. Also the coefficient of Inw™" in the summand in the

last two lines simplifies to
isvaZPZ i 8uvpﬂpa

i
k————ppk+—¢g, v 3.6.14
4 pu.k P A pu.k P +47T Euv PaP ( )

In the first term the sum over a and b includes the term where b = a, but in the second
and the third term the sum excludes the b = a term. Therefore the first two terms almost
cancel, leaving behind a contribution where we set b = a. This left over contribution
ﬁ EwPup), can now be added to the last term to include in the sum over a or b also the
contribution where b = a. The net contribution from the terms where either a or b or both

represent massless state is then

i
-1 v
4—lnw E Euy oD} - (3.6.15)
T abna=np=-1
either a or b massless
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This can be rewritten as

i i
-1 E v _ § v _ -1 W pY %
47T ln w gyv pgpb p}z—zlpb - 471_ ln w 8/~W (P P P/:nassivepmassive) .
bna=np=—1 abna=np=-1
@O0 a and‘DlJ mé)ssive

(3.6.16)
This also does not depend on the details of the momenta of massless final state particles

except for the total momentum carried by these particles.



Classical soft theorem in four

spacetime dimensions

Classical soft graviton theorem in four space-time dimensions determines the gravita-
tional wave-form emitted during a scattering process at late and early retarded time, in
terms of the four momenta of the ingoing and outgoing objects. As discussed in the
last two chapters, this result was conjectured earlier by taking the classical limit of the
quantum soft graviton theorem, and making some assumption about how to deal with the

infrared divergences of the soft factor.

Our goal in this chapter will be to prove the classical soft graviton theorem in four space-
time dimensions directly in the classical theory. In particular we prove the following
result. Let us consider a scattering process in which a set of m objects carrying four mo-
menta p/,---, p, come together, scatter via some (unknown) interactions and disperse
as n objects carrying momenta py,---, p,. The special case m = 1 will describe an ex-
plosion in which a single bound system fragments into many objects, including radiation.
We shall choose the origin of the space-time coordinate system so that the scattering takes
place within a finite neighbourhood of the origin. Let us also suppose that we have a grav-

itational wave detector placed at a faraway point X, and define

R =%, ﬁ:%, n=(1,n). 4.0.1)
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We shall consider the limit of large R and analyze only the terms of order 1/R in the

gravitational wave-form. We define the retarded time at the detector:

u=t-R+2G IR pyn. (4.0.2)
b=1

Here ¢ — R is the usual retarded time and the 2G InR Y},_, py.n takes into account the
effect of the long range gravitational force on the gravitational wave as it travels from the
scattering center to the detector. G denotes the Newton’s constant. We have used units
in which the velocity of light ¢ has been set equal to 1, — this is the unit we shall use

throughout the chapter. We also define the deviation of the metric g, from flat metric via:

1
h;w = (guv - 77,141/)/2, €y = h/,tv - E Ny TIW hpo . (403)

Let us first assume that the objects do not carry charge so that gravity is the only long
range force acting on the objects at late and early time, although during the scattering
they may undergo complicated interactions. Then at late and early retarded time, our

result for the gravitational wave-form at the detector is given by:

2G| <
R A) = = [—Z ‘i~

a=1

Pa-Pb 3 2 pp
Z Z (pa-pb)2 _ pgpi}g,/z Epapb (pa pb)

a=1 b=1
b#a

—Z pbn{z Tp"pa Zm: pl papa}

a=1
L 4G*[ <0 < PP 3
(R, ) = [ Z & pb)2 b /2}3/2 {2Pa pb = (pa-pp) }

b+a

= PyPh)

+ OWw™?), asu— o

’
‘ra

"
% nppa p/pp/v p;Vp;P ] + O(u_z) , asu— —4.04)

where O(u~2) includes terms of order u~2 In |u|. The term on the right hand side of the first

line represents a constant jump in &, during the passage of the gravitational wave, and is
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known as the memory effect [23-29, 115-117]. This is related to the leading soft theorem
[30]. The terms of order 1/u are related to logarithmic corrections to the subleading soft
theorem. These have been verified in various examples via explicit calculations [110,
118, 119]. The sum over a in (4.0.4) also includes the contribution from finite frequency

radiation emitted during the scattering.

As already discussed in [16,33], in case of decay (m = 1), if at most one of the final objects
is massive and the rest are massless, including radiation, then the terms proportional to
1/u in the expression for e*” cancel. This will be the case for binary black hole merger
where the initial state is a single bound system, and the final state consists of a single
massive black hole and gravitational radiation. Therefore absence of 1/u tails in such

decays can be taken as a test of general theory of relativity.

If the objects participating in the scattering process are charged, with the incoming objects
carrying charges g1, - , g, and outgoing objects carrying charges g, - - , g,, then there
are further corrections to (4.0.4) due to long range electromagnetic forces between the

incoming and the outgoing objects. These corrections have been given in (4.3.30).

A similar result can be given for the profile of the electromagnetic vector potential a,, at

the detector at late and early retarded time. The results are given in (4.3.23), (4.3.24).

Although these results derived in this chapter independently, they have been conjectured
earlier from soft graviton theorem following the chain of arguments given in the last two
chapters. Emboldened by the success of these arguments, we describe in §4.4 a new
conjecture for terms of order =2 In |u| at late and early retarded time. These have been
given in (4.4.7), (4.4.8) and (4.4.9). We have done a numerical estimate of this new tail

memory in §4.5 for various astrophysical scattering processes.
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4.1 Some useful results

In this section we shall review some simple mathematical results that will be useful for

our analysis.

41.1 Different Fourier transforms

We shall deal with functions of four variables x = (£, %) = (x%, x', x2, x*) describing the
space-time coordinates. Given any such function F(x), we shall introduce the following

different kinds of Fourier transforms:

F(k) = f d*xe*F@, %), Ftk) = f Pxe ™ F1, 0, F(w,?) = f dte F(t,%).
(4.1.1)

The inverse relations are

d'k .z Ak pen 2 dw i 7=
F(t’)?):fme F(k)9 F(t’)?):f(zﬂ.)?,e F(t’ )a F(Z’X:’):fge IF(wa)?)
(4.1.2)
Note that we are using the convention k.x = 7,,k*x” = —k%x° + k.%.
4.1.2 Radiative field at large distance
Let us consider a differential equation of the form:
OF(x) = —j(x), o=n"d,0s, (4.1.3)

where j(x) is some given function. The retarded solution to this equation is given by

F(x) = - f &y Go(x,y) JO). (4.1.4)
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where G,(x, y) is the retarded Green’s function:

dt . 1
G(xy= | =—e — (4.1.5)
Y 2m)* (00 + i€)? — 2
Using (4.1.1) we get
— A0 . o 1
F(w, %) = - f d'y j(v) f >3 P (4.1.6)
(27m) (w + i€)? — 2

For large |X], we can evaluate this integral using a saddle point approximation as follows
[19]. Defining Z” and £, as components of £ along ¥— and transverse to ¥—j respectively,

we get

— &2e, dty o 1
Flw,d)=- | dyjy) | —= =1 ciili1i-y . 4.1.7)
Q2n)? 27 (w+iep -G-8

First consider the case w > 0. We now close the ¢} integration contour in the upper half

plane, picking up residue at the pole at +/(w + i€)> — fz This gives

— e, . o .. - 1
F(w,X)=i f d*y j() f ﬁe’@’"*"x—ﬂ Viwrier- . (4.1.8)

24 (w + i€ -2

For large |¥— ] the exponent is a rapidly varying function of 7, and therefore we can carry

out the integration over . using saddle point approximation. The saddle point is located
atf, = 0. Expanding the exponent to order Zi and carrying out gaussian integration over

7. we get:

— g + i€ 1 | R :
F , — d4 . zwy0+l (w+i€) |X-y] w ~ iwR fd“ —ik.y - ,
(@, %) ’f yio)e 27—y 2w +ie) 4nR° yeJo)
4.1.9)

where we have made the approximation |x] >> |y, and,

k=w(,n), n=Xx/|x], R=|i. (4.1.10)
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A similar analysis can be carried out for w < 0, leading to the same final expression.

Using (4.1.1), eq.(4.1.9) may be written as

— 1 e~
F(w, %) = 4—e“”R j(k). (4.1.11)

R

This is a known formula (see e.g. [120]), but the derivation given above also gives its
limitations. In arriving at the right hand side of (4.1.9) we used the approximation |X] >>
. Therefore in the integration over ¥ there is a natural infrared cut-off given by | = R.
If the y integral is convergent then there is no need of such a cut-off, but in case the y
integral diverges from the large y region, we need to explicitly impose the cut-off. We can
implement the cut-off by putting a cut-off on y°, since typically the source j(y) will have
support inside the light-cone [y] < [y°| for large y. For example, for positive y° we can
implement the infrared cut-off by adding to k° an imaginary part i A R™! for some fixed
number A. In that case for y° << R/A this additional factor has no effect on (4.1.9), but for
y >> R/A there is an exponential suppression factor that cuts off the integration over y.
For negative y° the corresponding modification of k corresponds to adding an imaginary

part —i AR™! to k°.

4.1.3 Late and early time behaviour from Fourier transformation

In our analysis we shall encounter functions F (w, X) that are non-analytic as w — 0, —
having singularities either of the form 1/w or of the form Inw. On general grounds we
expect these singular small w behaviour to be related to the behaviour of F(¢, X) as t —
+0o. We shall now determine the precise correspondence between the small w behaviour
of Fi (w, ¥) and large |¢| behaviour of F(¢, X). Since the analysis will be carried out at fixed

X, we shall not display the ¥ dependence of various quantities in subsequent discussions.

First we shall consider singularities of the form 1/w for small w. For this consider a
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function of the form:

F(w) = Ce“* é f(w). (4.1.12)

Here C and ¢ are constants that could depend on ¥. f(w) is a function of w that is smooth
at w = 0 with f(0) = 1 and falls off sufficiently fast as w — oo so as to make the Fourier
integral over w well defined. Our final result will not depend on f(w), but for definiteness

we shall choose

1
flw)y=——. (4.1.13)
This gives
F() = fd—we""‘”f(w) =C fd—we""””lf(w), ust—¢. (4.1.14)
2 2 w

In order to define the integral around w = 0, we need to choose an appropriate ie prescrip-
tion. However since 1/(w +i€) and 1/(w — i€) differ by a term proportional to 6(w), whose
Fourier transform is a u independent constant, the difference will not be of interest to us.

For definiteness , we shall work with 1/(w + i€). Then we have
1 » 1 ) _
Ft)=C— | dwe™"——f(w) =—-iCHu)+0(™"), (4.1.15)
2n w + i€

where H is the Heaviside step function. This result is obtained by closing the contour in
the lower (upper) half plane for positive (negative) u, and picking up the residues at the
poles. The order e™ contribution comes from the residues at the poles of f(w). The step
function H(u) gives a jump in e,, between u — —oo and u — oo, leading to the memory

effect [23-26].

Let us now turn to the Fourier transform of the logarithmic terms. We consider functions

of the form:

F(w)=Cé“ hw f(w). (4.1.16)

Again we need to consider the different ie prescriptions, and this time the difference be-
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tween the two choices is not trivial. Therefore we consider!

F.(t)=C fd_w e e In(w + i€) f(w) = C fd_w e In(w + i€) f(w). (4.1.17)
2n 2n

For u > 0 we can close the contour in the lower half plane. In this case F_ gets contri-
bution only from the poles of f(w) and therefore is suppressed by factors of e™. Sim-
ilarly for u < 0, F. is suppressed by powers of e7. Furthermore, using In(w + ie) =

In(w — i€) + 2 i H(—w), we have

0
- C
F,-F_=iC f dwe™" f(w) ~——, for u — *co. (4.1.18)
- u

(%Y

Using these results we get

C
—— for u— oo,
do . .
F+5Cf2—e’“’” In(w + i€) f(w) —
Ve

0 for u— —oo,

0 for u— oo,
d .
F =C f % e In(w — i€) f(w) — (4.1.19)

for u — —oo.

=10

Next we shall consider the integrals:
dw —iwu - \\2
G.=C 7 € w{ln(w +ie)}” f(w). (4.1.20)
Vi

As before, G, vanishes for large negative u and G_ vanishes for large positive u up to

If F(¢) is real, we must have from (4.1.1) f(w) = f(—w)*. Now since In(—w + i€)" = In(—w — i€) =
In(w + i€) — i, we see that In(w + i€) is not a good candidate for F (w). This can be rectified by averaging
over In(w + i€) and In(—w — i€). However since the two differ by a constant, whose Fourier transform, being
proportional to 6(u), does not affect the behaviour at large |u|, we shall ignore this complication. A similar
remark holds for In(w — i€).
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exponentially suppressed corrections. Furthermore we have

O dw _,
G.-G_ = 4niC f T e w {In(w — ie) + in} f(w)
—eo 2T
d (Pdo _,
= —4nC— i e {In(w — ie) + in} f(w). (4.1.21)
du J_., 2m

Changing integration variable to v = w u we can express this as

0
G.,-G_. = -2C 4 [u_l f dve™ {In(v — i€) — Inu + in} f(v/u)
du —ocoXsignu
= -2C di [—i w Inu+ O(M_l)] =-2iCu? Inful + Ow™?). (4.1.22)
u
This gives

—2iCu?Inlul for u— oo,

G,=C f dw e w{ln(w + i€)}* flw) —
2

0 for u—o —o0,

0 for u— oo,

G.=C f Z—‘; e wiln(w — ie)) f(w) — (4.1.23)

2iCu?Inlul for u— —oo,

up to corrections of order u~2.

Finally we consider the integral:
dw _; ) )
H=C T e " w In(w + ie) In(w — ie) f(w). (4.1.24)
Vs

For evaluating this we use the result:

dw

e wiln(w + i€) — In(w — i€)}* f(w)
2

G.+G_-2H = Cf
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0
= -2nC f dwe ™™ w f(w) =0w™). (4.1.25)

(%)

Using (4.1.23) we now get:

—iCu?Inlul for u— co,

H=C f —‘7‘: e o In(w + i€) In(w — i€) f(w) —

iCu?lnlul for u— —c.
(4.1.26)

4.2 Proof of classical soft graviton theorem

We consider a scattering event in asymptotically flat space-time in which m objects car-
rying masses {m,}, four velocities {v,} and four momenta {p/ = m v/} for 1 < a < m
come close, undergo complicated interactions, and disperse as n objects carrying masses
{m,}, four velocities {v,} and four momenta {p,} for 1 < a < n. We do not assume that
the interactions are weak, and they could involve exchange of energy and other quantum
numbers, fusion and splitting. Our goal will be to compute the gravitational wave-form
emitted during this scattering event at early and late retarded time. As discussed in §4.1.3,
this is related to the behaviour of the Fourier transform of the wave-form in the low fre-

quency limit.

Since we shall be interested in the long wavelength gravitational waves emitted by the
system, we can represent the leading contribution to the energy momentum tensor of the
incoming and outgoing objects by the energy momentum tensor of point particles, and
include the effect of internal structure of the objects by adding subleading contributions
involving higher derivative terms [121-129]. In fact, to the order at which we shall be
working, it will be sufficient to keep just the leading term. For this reason, we shall

henceforth refer to the incoming and outgoing objects as particles.
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The strategy we shall follow will be to iteratively solve the coupled equations of motion of
matter and gravity using Feynman diagram like techniques. This method has been widely
used in recent years [112, 113, 130-132], most notably in [120, 133—-135]. However the
main difference between our approach and the earlier ones is in setting up the boundary
conditions. In the usual approach we set the initial condition and evolve the system using
the equations of motion, computing both the trajectories and the emitted radiation during
this process. In our approach we take the initial and final momenta as given, but allow the
interactions during the scattering to be arbitrary. Therefore while solving the equations
we need to evolve the initial particle trajectories forward in time and the final particle
trajectories backward in time, and compute the net gravitational wave emitted during the

scattering.

For simplicity, in this section we shall consider the situation where the particles are un-
charged so that there are no long range electromagnetic interactions between the asymp-

totic particles. The effect of such interactions will be incorporated in §4.3.4.

421 General set-up

We choose the origin of the space-time coordinate system to be somewhere within the
region where the scattering takes place and denote by R a large but finite region of space-
time so that the non-trivial part of the scattering occurs within the region R. In particular
we shall choose R to be sufficiently large so that outside the region R the only interaction
that exists between the particles is the long range gravitational interaction. This has been
shown in Fig. 4.1. We shall denote by L the linear size of R and analyze gravitational

radiation at retarded time u for |u| >> L.

We define:

1 1 1
hyy = E(guv — )y Cuy = My = 5 1 hoe & hyy = €y = 5y e . (4.2.1)
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Figure 4.1: A scattering process in which the particles interact strongly inside the region
R via some unspecified forces, but outside the region R the only force operative between
the particles is the long range gravitational force.

We denote by X,(0) for 1 < a < n the outgoing particle trajectories parametrized by
the proper time” o in the range 0 < o < oo, with o = 0 labelling the point where the
trajectory exits the region R. Similarly X/ (o) for 1 < a < m will denote the incoming
particle trajectories parametrized by the proper time o in the range —co < o < 0, with
o = 0 labelling the point where the trajectory enters the region R. We now consider the

Einstein’s action coupled to these particles:

1 S dx* dx:\'?
S = d*x \/—detgR - domy { —gu(X ppa—
167G * ©8 ;‘fo o { 8 X(@) do dO'}
A ) o dxrdx'?
_Z f dom,, {—gw(x (@) = d—} : (4.2.2)
a=1 Y ~® o o

Note that we have included in the action the contribution only from part of the particle
trajectories that lie outside the region R. We shall argue later that this action is sufficient
for determining the gravitational wave-form at late and early time. We now derive the
equations of motion for e,, by extremizing the action (4.2.2) with respect to e,,. This

takes the form:

1
V-detg (R‘“’ ~ 58 Ron g’”) =81G T, (4.2.3)

More precisely, o is a parameter labelling the trajectory, that is set equal to the proper time after
deriving the equations of motion.
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where,

m

Z” * dx" dx’ 0 ax* dxv

TX/“, = . d 5(4) _Xa a a+z : , f J 5(4) X’ a a )

a:lm ‘fo 7o @) do do a=1 M —c0 707 (=X, (o)) do do
4.2.4)

Note the factor of /—detg and the raised indices on the left hand side of (4.2.3) — this

makes the right hand side independent of the metric. After imposing the de Donder gauge:

1
1" Bl = 501 (77he) =0 & 770.en=0, (4.2.5)

and expanding the left hand side of (4.2.3) in power series in h,,, we can express the

equations of motion of the metric as:
" 1°70,0,e0 = 871G T (%), T = TXW 4 Th | (4.2.6)

where T denotes the gravitational stress tensor, defined as what we obtain by taking all
e.s dependent terms on the left hand side of (4.2.3), except the terms linear in e, to the
right hand side and dividing it by 8 7 G. In all subsequent equations, the indices will be

raised and lowered by 7, .

Our goal is to compute e, (t, X) at a point far away from the scattering center. We shall
label X as R 7 where 7 is a unit vector and R = |4]. It follows from (4.1.4) and (4.1.11) that

the retarded solution to (4.2.6) is given by [19]°
~ ~ 2G iwR -2
euw(w,R, 1) = 53 e Ty (k) + O(R™™), 4.2.7)

where

T,(k) = f d*xe ™ T, (x), (4.2.8)

3(4.2.7) can also be written as

2G . S
eu(t, R, 1) = ?G Tt — R, k) + OR™?).
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is the Fourier transform of 7, (x) in all the variables and k = w(1, 71) as defined in (4.1.10).
Therefore we need to compute ﬂy(k). Furthermore, it follows from the analysis of §4.1.3
that to extract the late and early time behaviour of e, (¢, ¥) we need to examine the non-
analytic part of €,,(w, R, 71) as a function of w — in particular terms of order 1/w and In w.
For this, we can restrict the integration over x in (4.2.8) to outside the region R, since
integration over a finite region of space-time will give an infrared finite contribution and
cannot generate a singularity as w — 0. This justifies the omission of the contribution to

the action (4.2.2) from particle trajectories inside the region R.

We shall compute ,T\m, by solving the following equations iteratively:

T (x) = T (x) + T"" (%),

- * dxl dX;
Xuy — (4) _ a a
T (x) = Z:;m fo dor 69(x = X (o)) — =
m 0 g 1A%
dX, dX
/ @y _ X’ a 4%
+ Z:;m Lo dor 69(x = X(0) <= —=
Oey =—-87GT, = -81G 1y T%
da’ Xt dX’ dx? a Xt dXx” dxy’
e o % LA _ _puy « 24 (429
do? wX(@) do do do? (X (@) do do ( )
with boundary conditions:
daxt 1 ax) 1
Xo=0)=r, lim—=W=—p' XHMo=0=r* lim —==Vv'=—p*.
oo do mg - do m;
(4.2.10)

Here I f,‘p denotes the Christoffel symbol constructed from the metric 17, +2 h,,, . r, denotes
the point where the trajectory of the a-th outgoing particle intersects the boundary of
R and r/, denotes the point where the trajectory of the a-th incoming particle intersects
the boundary of R. T" is the stress tensor of gravity, as defined below (4.2.6). h,, and

hence e, is required to satisfy retarded boundary condition. The starting solution for the
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iteration is taken to be

1 1
ey =0, X'(o)=r'+Vo=r+—po, X;“(o-):r;"+v;“o-:r;“+—,p;’“‘0'.
m ma

uv
a

(4.2.11)

We can give a uniform treatment of the incoming and the outgoing particles by defining:

H — — — — —
Xa+n(0-) - Xclzﬂ(_o-)’ Mgin = m’a’ VZ+n = _V’aﬂ’ rZ+n = r;'u’ p};+n - _p:z'u’

forl <a<m. 4.2.12)
In this case we can express (4.2.9) and (4.2.10) as:

T (x) = T (x) + T" (),

m+n

0 dx" dx’
X (x) = Z m, f do 6P (x — X, (o)) —4 Za
a=1 0

do do
a* Xt dx’ dxt,
Oe,, = —87GT,y, Tor = —I',(X(0)) o do forl<a<m+n,
(4.2.13)
and
. dX} 1
X(o=0)=r, lim =vi=—ph, forl<a<m+n. (4.2.14)
oo do my,
Also the starting solution (4.2.11) for iteration may be written as
1
e =0, X(o)=ri+Vo=r+—pho, forl<a<m+n. (4.2.15)
myg

From now on we shall follow this convention, with the understanding that the sum over a

always runs from 1 to (m + n) unless stated otherwise.
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4.2.2 Leading order contribution

At the leading order in the expansion in powers of G, T vanishes, and we have:

T™(k) = T (k)

m+n
) 0 dxt dx’
4 —ik.x (COYav a a
fd re Zma fo do 97(x = X)) do do

a=1

m+n
* , dxt dX’
Z mg f do e_Lk‘X(O—) % d_ofl s (4216)
a=1 0

where, as mentioned earlier, we have restricted the region of integration over x to outside

the region R. Using the leading order solution (4.2.15) we get

m+n mn
X R 1 .
T (k — . d —ik.(vg o+1y) Vu v _ . —ikory Y
( ) ; m L age uvu ; m i(k_—va _ ie) e ava
m+n
= D phpetn 1 4.2.17)
“na i(k.py — i€)

a=1

The ie prescription is obtained by noting that addition of a small negative imaginary part
to k.v, makes the o integrals convergent. Therefore the poles must be in the upper half

k.v, plane.

Since we are looking for terms that are singular at w — 0, i.e. k¥ — 0, we can replace the

e~*7a factors by 1. This gives the leading soft factor associated with the memory effect.

4.2.3 First order correction to the gravitational field

We now turn to the next order contribution. We first solve for e,, satisfying the third

equation in (4.2.13) as

m+n
- = ~ 1
eyv(k) =-8nG Gr(k) Tyv(k) =-38nG pap Pav e_lk'ra Gr(k) T N
; i(k.p, — i€)
1
G/ (k)= ———. (4.2.18)

(K0 + ie)? — k2



4.2 Proof of classical soft graviton theorem

131

One comment is in order here. The expression (4.2.16) for T’“’(k), which we are using
in (4.2.18), ignores the contribution from the region of integration R. This was justified
earlier since we were computing the singular part of T"W. However, now we need the
contribution to ‘e, from the full Tuv since our goal will be to use this to compute T/’jv, and
also to compute the corrections to the particle trajectories, which, in turn, give corrections
to Tifv. Once we compute these, we use (4.2.7) to compute e,,. At this stage, we can
again restrict the integration region to outside R while taking the Fourier transform to
compute the corrected ﬁv. To address this issue, we first analyze the possible correction
6T§V to Tj‘v due to gravitational fields generated from inside R. Since in four space-time
dimensions the retarded Green’s function has support on the future light-cone, the field
sourced by energy momentum tensor inside R will have support on the future light-cone
emerging from points inside R. These intersect the time-like trajectories of the outgoing
(or incoming) particles emerging from R only within a distance of order L — the size of R.
Therefore 6Tlfv is affected only in this region. Since integration over this region will not
produce a singular contribution to ixv(k) in the w — 0 limit, this effect may be ignored.
However the gravitational field produced from the sources inside R could give significant
contribution to 7", since we are not assuming the interactions inside R to be weak. We
take this into account by regarding the contribution to e, (k) = -87G G,(k)ﬁv(k) from
inside the region R as a flux of finite wavelength gravitational waves produced by 7, (x)
inside R, and include this in the sum over a. Therefore the outgoing momenta {p,} not

only will include finite mass particles, but also the finite wave-length ‘massless gravitons’

emitted during the scattering process.

Using (4.2.18) we can calculate, at the next order,

1

d*t .
D) = 871G | —=€“TVG(¢ y—,
€ () g f(2n>4e O w0

d*t 1 1
h? 871G f— LG (L == Pl p —————4.2.19
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where ef,bv) is the gravitational field due to the b-th particle. This gives

b e . , ,
r'x = o {ﬁvh()+a h<>_5ahsp)}

ap P Cav

d4€ il.(x—r,
= —87TGIW€€'( b)Gr(f) .6)[{£vpzpbp+€ppgpbv_€#pbvpbp}

1
(C.pp—i

1
) Py {68+ 6,0 — 0", ] : (4.2.20)

These results will be used for two purposes. We shall substitute (4.2.20) into the last
equation in (4.2.13) to compute the correction to the outgoing particle trajectories and

hence to Tf‘,. We shall also use (4.2.19) to compute the leading contribution to Tﬁ‘y.

Note that ef[bv)(x) given in (4.2.19) satisfies:

m+n m+n
at
B, = Z 9, (x) = -87G Z f a0 TG0 pl. (4.2.21)
b=1 b=1

As long as we restrict the integration range of ¢ to values for which £.(r, — r,) is small for
every pair a, ¢, we can take e *" to be approximately independent of b, and the right hand
side of (4.2.21) vanishes due to momentum conservation law ;"' p’,; = 0. Therefore "~

at this order satisfies the de Donder gauge condition:

&e,=0. (4.2.22)

At the next order there is apparent violation of this condition due to the £.r;, factors coming
from the expansion of the exponential factor. This can be compensated by some boundary
terms on R coming from integration inside the region R [21], but since these terms will

not contribute to the singular terms that are of interest to us, we shall ignore them.

In the next two subsections we shall compute the correction to TX and T" using these
results. It is also possible to argue that in order to calculate the logarithmic terms of
interest, we can stop at this order. The natural dimensionless expansion parameter is

GMw where M denotes the typical energy of the incoming / outgoing particles. Since the
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leading term (4.2.17) is of order 1/w, the subleading corrections that we shall compute
will be of order w” multiplied by powers of In w. Higher order terms will involve higher

powers of w and will not be needed for our analysis.

4.2.4 Subleading contribution to the matter stress tensor

We begin by computing correction to the particle trajectory (4.2.15). Let Y} denote the

correction:

XHo) =V o+ + V(o). (4.2.23)

Then Y7 satisfies the differential equation and boundary conditions:

da*Y dy"
> =-I,(vac+r)v, v, Yy —>0asoc—0, —0aso — o, (4.2.24)
do o
where*
m+n
=", (4.2.25)

b=1
b#a

captures the effect of the gravitational field produced by all particles other than a. Some
of these terms must vanish, e.g. the gravitational field produced by an outgoing particle
should not affect an incoming particle. This however will follow automatically from the

equations that we shall derive, and need not be imposed externally. Integrating (4.2.24)

we get
dlfl‘lf) = fq " do I vy 0 + 1) ViE, (4.2.26)
and
Yi(o) = j: do’ fm do” [y, (va 0" + 1) vy v . 4.2.27)

“The self-force effects [136] will not be important at this order.
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Substituting (4.2.23) into (4.2.16) we get TXw 1o subleading order:

m+n Y/J dYV
() = Zmaf dor 70 {1—zkY<<r>}{V”+iza}{V5+do‘-’}

m+n
dy" dy;
—Zma f dor e M Ca ) |ty Vi =Sl (4.2.28)
do do

Using (4.2.26), (4.2.27), we can express this as,

m+n 00 You 00
T (k) = Z mg f dor = katra) [v’;vZ — ik, f do’ f do” I y(veo” + FaVVE Ve
a=1 0 0 o’

+f do’' I, s(Va 0 +7,) VaE Y+ f do’ Top(ve o' + 1) Vi vfl‘] (4.2.29)

Substituting (4.2.20) and (4.2.25) into (4.2.29), and dropping the leading term given in

(4.2.17), we get the first order correction to TX:

m+n d4€ 1
TXuv _ 7
AT** (k) = -8nG _E E m, f(271)4 T —ic G, () f dO’f do’ f do

e Ty Ky sl = K vapy) + é Pk ol = KOV

(o) 00
+f do_f do”’ e—ik~VaO' eié’.vuo"
0 o

{2 LV Va.pp (va’; + VZPZ) - (Va-Pb)z(fHVZ + KVVZ)

1 o
2Ly Py ViVt 5 vapy(evs + t’vv’;,‘)}]e"’”"""'(’b"a) : (4.2.30)

After carrying out the integrations over o, o”, o, and using pl, = m,V,, we get

m+n

Xuv _ —ik.rg—il.(rp—rg)
AT*™ (k) = -8rnG sz(zn)wpb—ze G (0)e )

a=1 b+#a

I 1 1
.py k.ps (€—Kk).p,

—{2 Pa-y C-Pa (PP} + P4P}) = (Pa-po) (0Pl + €' PL) = 2 i €.pa P

1
[(2pa Py k-py Pa-l = kL (pa-2b)* = P}y Pak Pal + Zkfpapb)pap“

1 2 2 (pu,v Vv 1 1
+5 Pa P (5 p.+t p“)} X Ty (f—k).pa]' (4.2.31)
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For |, — er ~ L, the ultraviolet divergence in the integration over ¢ is cut-off at L™' due

to the oscillatory phase factor e~/("»="a),

In order to evaluate the integral, we need to determine the ie prescription for the poles in

(4.2.31). The ie prescription for the 1/¢.p, term has already been determined before. Sim-

1 ilvao”!
e a

ilarly, since the 1/¢.p, factor comes from an integral in (4.2.30) of the form L OO do
or L " do” 77 | the ie prescription will be to replace 1/¢.p, by 1/(€.p, + i€). The 1/k.p,
factor comes from an integral of the form fooo do e~*v" and the ie prescription will be

to replace 1/k.p, by 1/(k.p, — i€). Finally, the 1/(¢ — k).p, factor in (4.2.31) arises from

i({—k).v,o

an integral of the form fooo doe , and the correct ie prescription for this term is

1/((€ — k).p, + i€). Therefore, (4.2.31) should be written as

TXuv N d4€ 1 —ik.rg—il.(rp—ry)
AT (k) = -8nG ZZ ( G (b) e kit

(4 —
a=1 b#a 27T) fpb i€

1
[(2 Pa-Pb k. pa-t = kL (pa-pp)’* = Pj pak pa-l + Skt p, o) pir

» 1 1 1
t.p, + i€ k.p, —ie ({ —k).p, + i€

—{2 Pa-s €.Pa (PP} + P4P}) = (PP (0Pl + €' P1) = 2 pp C.pa P ) +

2

! ! ] . (4.2.32)

X
{.p,+ie (. —k).p, + i€

Since we are interested in the singular term proportional to In w, we can simplify the
analysis of the integral as follows. Since the expression is Lorentz covariant, we could
evaluate it in a special frame in which p, and p, have only third component of spatial
momenta. Let us denote by £, = (¢!, £?) the transverse component of £. Now since p,.{
and py,.¢ are both linear in £° and ¢°, we can use p,.f and p,.¢ as independent variables
instead of £° and £*. Then, if we ignore the poles of G,.(£), we see that we have one pole in
the p,.C plane and two poles on the same side of the real axis in the p,.¢ plane. Therefore

we can deform the p,.¢ and p,.¢ integration contours away from the poles. However due

A fVPZ)}
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to the presence of the G,(£) factor there are also poles at
(& +ie+ )L +ie— )= (. (4.2.33)

Therefore, for small but fixed ¢, , if we deform the (£° + £3) contour to a distance of order
|¢,| away from the origin, a pole will approach the origin within a distance of order | ¢, |
in the complex (¢° — £) plane. The integration contour could then be pinched between
this pole and one of the poles of the (£.p, + i€)"{(¢ — k).p, + i€}~ (£.p, — i€)™" factor.
However it is clear that in the complex £° and complex ¢* plane, the integration contour
can be deformed so that the contour maintains a minimum distance of order |£, | from all
the poles, which themselves are situated within a distance of order |£, | of the origin. This
shows that while estimating the integrand to examine possible sources of singularity of the
integral, we can take all the components of £ to be of order £, and need not worry about
the regions where one or more components are smaller than the others. Since for ¢ ~ £,
the integration measure gives a factor of |£,|*, we see that in order to get a logarithmic

correction, the integrand must be of order |, |™.

We now note that in both terms the integrand of (4.2.32) grow as |, | for |#] ~ |£,] << w
and therefore there are no logarithmic corrections from this region. For |rZ -4t~
L™" >> |#| >> w we can replace (k — £).p, by —{.p,, and drop the e~*'»="@) factor. In
this case the integrand is of order |£,|™ and the integral could have logarithmic contri-
butions. To compute this, we note that in this region of integration the integral may be

approximated as

— d*e 1
Xuv ~ —ik.ry
AT** (k) =~ -8nG E E f(27r)4€pb—l G (De

a b#a
1 1
(C.pa + i€)? k.p, —

lkfpapb)paﬁ

[(2 Pa-Po k- Pal = kL (Pa-Pb)* = Pjy Pak Pacl + >

—{2 Pa-s C-Pa (PP} + P4P}) = (Pa-po) (0P + €' PL) = 2 Py €.pa P

1

1 v 4
+—P3P§(5”Pa+fpﬂ)}x Tririor|

> (4.2.34)




4.2 Proof of classical soft graviton theorem

137

It will be understood that in this integral the integration over 7. is restricted to the region
L' >>|f.| >> w. Since for fixed £, , the integration over £ and 3 are finite, we do not
need to impose separate cut-off on the £° and £? integrals. All the terms in (4.2.34) can be

expressed in terms of the basic integral

d*t 1 1 0
—G,{)—————= = —— I, 4.2.35
Q2n)* L.p, — i€ © (€.py + i€)? op? b ( )
where
d*e 1 1
Jup = G.(¢ — . 4.2.36
b 2n)* L.p, — i€ ( )f.pa+le ( )

It has been shown in appendix 4.6.1 that J,, vanishes when a represents an incoming
particle and b represents an outgoing particle or vice versa. On the other hand when a and

b are both ingoing particles or both outgoing particles, we have, from (4.6.6),

1 1
Jup = — In{l(w + ien,)} , 4.2.37)

A7
(Pa-Pb)* — P2P;

where 7, is a number that takes value 1 for outgoing particles (1 < a < n) and —1 for

incoming particles (n + 1 < a < m + n).” Using (4.2.37) we can express (4.2.35) as

e 1 1
G.(t t 4238
2n)* L.p, — i€ © (C.pq + i€)? ( )
1 1 1 2 ae — FPa- 14
= o InlLw +ien) 5 =~ InlL(w +ien,) {fbp )zf f”f}i/z.
Pa \/(pa-pb)2 - P2p; Pa-Pb)" = PaPy

We now use this to evaluate the right hand side of (4.2.34). We can also replace e« by 1

since the difference is higher order in the small w limit. This gives

m+n .
In{L(w + i€en,)} |k.py 3,, 5
AT (k) = 2G " Da-Db3 =P — (Pa.
( ) ; ,,Z;m {(pa~pb)2 _ p3p2}3/2 k'pa plalpap Pb 2papb (p pb)

Nanp=1

1 3
+5PaPa Pa ) = \Paph + Py} Pa-P {Qpipi - (pa.pbf}] . (4239)

3This is opposite to the convention used in the earlier chapters.
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The constraint 7,7, = 1 means that the sum over b runs over incoming particles if a rep-
resents an incoming particle and runs over outgoing particles if a represents an outgoing

particle.

4.2.5 Subleading contribution from the gravitational stress ten-

sor

Let us now turn to the computation of 77#" defined via (4.2.6). A detailed calculation

shows that to quadratic order in A,,, it has the form:

1
8nGT" = —2[§6ﬂhaﬁmhaﬁ + WP 0" hog — KP Ol — WP Oph.) + WP, 050"
+ PR Oph ) = PR O.h) | + WO, h — 2107 O — 21,07 O
3 1
11| 50 hapOh™ + 20 Oyhag — PN Duhgo| + W PO — SOk |

(4.2.40)

where we have used de Donder gauge condition to simplify the expression. To the order
that we shall be working, this is allowed due to the observation made below (4.2.21). This
expression differs from some of the more standard expressions given e.g. in [137], since
we have defined 8 # G T as the collection of the quadratic terms in the expansion of
- \/Tetg (R — g""R/2). As already mentioned, all indices in (4.2.40) are raised and

lowered using the flat metric 7.

We shall manipulate (4.2.40) by expressing h,p in the momentum space as given in

(4.2.19). This gives a general expression of the form:

d*t . 1 1
= ) G (k- OG(0)

huy —ik.r,
™Gk = -8xG ‘
® d 2‘ ¢ 2n)* Dol — i€ palk— ) — i€

1 1
X{Phapos = 5 Pitas} T+ (k. 0) {PapPacr = 5 it} (4.2.41)
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where,

FHB (K, €)
= SO~ O 4 k= OF = O~ (k= 07k~ PP
(k= O (k= 0P 0™ + k= O (k= OF s + (k= 0Ly ™
= O~ k= PP k= OF + P k- 0]
Sk .0 20k P — €k~ O

1
k= O k= O (4.2.42)

In the ## — O limit the integrand diverges as |¢#|™ and therefore the integral has log-
arithmic infrared divergence. As discussed below (4.1.11), the lower cut-off on the ¢
integral in this case is provided by R~! where R is the distance to the detector (measured
in flat metric). Formally, this can be achieved by adding to k° = w a small imaginary part

proportional to R™!.

Now in (4.2.41) the G,(£) G,(k — ) factor takes the form:

1 1

G(6) G (k- ) = _ .
(00 + i€y — & (KO — 00 + ie)? — (k - 0)?

(4.2.43)

As a result the poles of the two denominators in the £° plane are on the opposite sides of

the integration contour lying along the real axis. We shall express this as:
GA(O)'Gyk =€) = 2im 6(6*) {H(") = H(~£°)} G, (k - ©). (4.2.44)

where H is the Heaviside step function. In this case in the first term the poles in both
factors are in the upper half £° plane. This allows us to deform the ° contour away from
these poles till we hit the zeros of the other denominators. In particular, following the
argument given in the paragraph containing (4.2.33), one can argue that for |£,| > w,

we can deform the contours such that it maintains a distance of order ¢, from all the



140 Classical soft theorem in four spacetime dimensions

poles. We shall show in appendix 4.6.2 that the contribution from the terms proportional
to 6(£?) in (4.2.44) represents the contribution to T from the gravitational radiation (real
gravitons) emitted during the scattering. Since this contribution has already been included
by including the radiation contribution in the sum over a, we shall not discuss them any

further in this section.

We shall now analyze possible logarithmic contribution to (4.2.41) with G,.(£) replaced
by G,(¢)*. These can arise from three regions: R™! << [k* — 4| << w, R°7! << || << w
and L' >> |[¢#| >> w. Since each term in (4.2.42) has at least one power of (k — ), one
finds by simple power counting that there is no logarithmic contribution from the region
R' << |k — %] << w. For R™! << |f#| << w the integrand has four powers of £ in
the denominator and could give logarithmic contribution. In this region we can replace

the integrand by its leading term in the ¢ — 0 limit. In particular 7,

(k, ) may be
approximated as

7

af;po

(k, €) = 2k K" Nop po — 2 k" kg 1pa O — 2k kg1 O + 2ky ky 040, (4.2.45)

pYo

where we have used k°k, = 0. A further simplification is possible by noting that even-
tually we shall use the ﬁ‘”(k) computed from (4.2.41) to calculate its contribution to
subleading correction to asymptotic e, via (4.2.7). Since e,, is determined only up to a
gauge transformation

€y = €y + ki + k& — K EM (4.2.46)

for any vector &, addition of a similar term to T" and hence to 7 (k, €) will not have

14 aBpo

any effect of e¢,,. Using this we can simplify (4.2.45) to:

Fr

afpo

(ky €) = =2 ko kg Tpa 11 + 2 ko Kig 357, (4.2.47)
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We can also make the approximations:

1 1 1
= ’ Gr 0" = ’
patk =€) —ie p,k—ie © (00 — j€)? — Yl
1 1

KO 1ier—(R—bp 20kl+iew) 2kl +ie

Gik=0) =

. (4.2.48)

Substituting these into (4.2.41), we get the logarithmic contribution from the R™! <<

|t#| << w region, denoted by TV (k):

m+n
T 1 dt 1 1 1
T(l)#V(k) = 871G E : : : _
52 Pak — i€ (2m)* k. + i€ pp.t —i€ (p0 — je)2 — 2

1
{pa-pb k-pak-pyit” =5 Py (k.p)* " — (k.pp)* P pZ} . (4.2.49)

This integral, called K| in (4.6.10), has been evaluated in (4.6.11), and gives:

it 1 1 1 1 1
=—0,.11 + ie)R} — . 4.2.50
Qn)* kL + i€ prl—ie (0 —jep— 2 dn ™! n@+ioR ¢, 4290
Using this, we get:
m+n n 1 1
TY™(k) = 2G In{(w + iR
® ni(w + iOR) GZ::‘ ; Pak — i€ pyp.k — i€

1
{pa-pb kpakpyit” =5 pi (k.pa)* 1 = (k.py)* P* pZ} . (4.2.51)

The terms proportional to p,.k p,.k and (k.p,)* inside the curly bracket cancel the denom-
inator factor of k.p,, and the result vanishes by momentum conservation after summing

over a. Therefore we have

m+n n
_ k
T (k) = -2G Inf(w + iOR) % pipl. (4.2.52)
— —4 Da.K — L€
a=1 b=1

Next we turn to the contribution from the region L' >> |#| >> w. Simple power

counting shows that the integrand goes as |£|™* in this region. Therefore, in order to
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extract the logarithmic term, we need to keep only the leading term in the integrand for
large ¢#. In particular, in the expression for F**%*7 (k, {), we need to keep only quadratic

terms in €. Therefore we need to evaluate the integral:

4
w2 [ LL e G,k - 0G0 !

= o 4.2.53
ab 2m)* pyol — i€ p,.(L—k) +ie ( )

Using L™! >> |#| >> w, we can further approximate (4.2.53) by

d*t 1 1 1
Q) (60 = ey — 232 pu-l — i€ pa.l +ie

1 f ‘'t o 1 1 L
2 @t 0l \(00 = iep — 22 pol—i€ po.l+ie

&' 1 1 1 { N }
Qm)* (0 — je)2 — 2 pp-l — i€ pa.L + i€ pal+ie ppl—i
EYSTE B A R -

2 “Dap Opwg Qm* (00— je)2 — 2 pa-t +i€ pyl —

]-a/ﬁ £° gﬁ

ab

2 54)

In the third step we have carried out an integration by parts.® We can now evaluate the
integral using the result for J,, given in (4.6.1). The result vanishes when a represents an
ingoing particle and b represents an outgoing particle or vice versa. When both particles

are ingoing or both particles are outgoing, the result is given in (4.6.6). This gives

aff _1 w + ‘Ena ” 1 a 3[9 1 - p P
~ - ln{L( l )} { p ﬁ bﬁ} \/

{ a (pa.pb)2 (21 b

1

1
—— In{L(w + ien,)} 32
87 {(Pa-Pb)2 - Pﬁpi}

[ H(pa-2s) = PLPY + D2 D3 1y + Py P3P — Pa-P (p3p§+p§p5@-2-55)

Note that the result diverges for a = b. This can be traced to the fact that if we replace

the p,.(€ — k) + ie factor in the denominator of (4.2.53) by p,. + ie from the beginning,

This can be justified as follows. First, following arguments similar to the one given below (4.2.32),
we can consider the integration region to be w << |f,| << L~!, without any restriction on ¢° and £°.
Integration by parts will then give boundary contributions from |£,| = w and |£,| = L™!. These involve
angular integration and do not generate any logarithmic terms.
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then for b = a the contour is pinched by the poles from both sides with separation of
order €, and we shall get a divergence in the € — 0 limit. This shows that for a = b we
have to be more careful in evaluating the integral. We proceed by working with (4.2.53)
without making any approximation at the beginning. If we work in the rest frame of p,,
then we can evaluate the £° integral by closing the contour in the lower half plane, picking
the residue at £° = 0 for outgoing p, = p;, and at £° = k° for incoming p, = p,. Let us
for definiteness consider the case where the particle is outgoing, so that we pick up the
residue from the pole at £° = 0. This reduces the integral to

op 1 1 &t 1 1
Iaa =-2mi 0 . 4 > = > >
Pa Pak—i€e J Cm)* g2 2 _ 2k 7 - je

0 (4.2.56)

Since this is potentially linearly divergent from the region of large 0], we expand the inte-
grand in power series expansion in inverse powers of ¢, keeping up to the first subleading

term:

1 1 @#e 1|1 2kl
1 ~ 2;mi— [ —] AR (4.2.57)

R pk—ic ) @y 2 |2 @y
The leading linearly divergent term, where we pick the £*¢® term from the numerator,
represents the usual infinite self energy of a classical point particle, and is regulated by
the intrinsic size of the particle. In any case, this does not lead to any logarithmic terms.
The potentially logarithmically divergent subleading contribution actually vanishes by
s symmetry since it has to be evaluated at £° = 0. Therefore we conclude that 12
does not have any logarithmic correction. A similar analysis can be carried out for the

incoming particles, leading to the same conclusion.

Substituting (4.2.55) into (4.2.41) for a # b, we get the logarithmic contribution to Th’”(k)

from the region w << || << L', which we shall denote by T@*(k):

m+n m+n

_ 1

Tk = Gy n(L+ien)} Y [ ~ PP, (P2 (P})
; e G A B ’

b#anany=1

3
+Hphp, + Pop) Pa-Po {Epﬁpi - (pa-pb)z}] . (4.2.58)
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4.2.6 Gravitational wave-form at early and late time

Adding (4.2.17), (4.2.39), (4.2.52) and (4.2.58) we get the net logarithmic contribution to

T’”(k) to the subleading order in the small w expansion:’

T (k)

- 1 1
B Zp“pa i(k.p, — i€) Z P Pd i(k.p; + i€)

Pa-Pb 3,5 2 kpp#
+ 2G In{L(w + ie)} {—Pap = (Pa-Pb) }
;‘ ,,Z ((pa-ps)* = p2PEP2 27477 " kep,

b#a

bPZ - prZ)

7T

& & p; p;; 3 72 2 ’ ’\2 k p 0 __ry 10
+2G In{L(w — i€)} Z Z @ ,2}3/2 {Zp“ Py — (pa-pp) k. (P, P; — Py Ddl
b#

= Py’ = y
n n 1 m 1
— 2G In{(w + ie)R} Dok —F i - _— pa p (4.2.59)
= b az:; Dok — i€ Z_; Pk —

In (4.2.59) we can replace k by w n with n = (1, 7). Comparing the second and last line of
(4.2.59) we see that the term proportional to In R exponentiates to a multiplicative factor
of

(4.2.60)

exp [—2in lnRZpb.n .

b=1
Using (4.2.7), (4.1.15) and (4.1.19) we get the late and early time behaviour of the gravi-

tational wave-form:

¢t R A) = % - Pa n.p/
a=1 “
4G2 Z% (pa.pb)’;“f); R {%pﬁpb (Pa-Pb) } )
—Zpb”{z_pﬂpa 2 p;n '“p;"} , asu— oo,
FLRA) = 462[; ; (p;.p;)f; p}i’a T {%p;zpf - (p;.p;)z}

b#a

"The quantum computation of [16] gave rise to additional terms in the soft factor, but they do not seem
to play any role in the classical gravitational wave-form found here.
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npplllﬂ /
X prpY —pipf)|,  asu— —co, (4.2.61)
n
where, from (4.1.14) and (4.2.7), (4.2.60),

u:t—R+ZGlnRZpb.n. (4.2.62)

b=1

In (4.2.61) we have adjusted the overall additive constant in the expression for e*” such

that it vanishes in the far past.

4.3 Generalizations

In this section we shall derive the classical soft photon theorem. We shall also generalize
the soft graviton theorem to include the effect of electromagnetic interactions among the
incoming and the outgoing particles. In order to simplify our formule we shall drop the
regulator factors of ¢/« ¢k7a etc., with the understanding that momentum integrals

have an upper cut-off L~! and a lower cut-off R~'.

4.3.1 Soft photon theorem with electromagnetic interactions

As in §4.2, we consider a scattering event in asymptotically flat space-time in which m
particles carrying masses {m,; 1 < a < m}, four velocities {v/}, four momenta {p), = m, v, }
and charges {g/,} come close, undergo interactions, and disperse as n particles carrying
masses {m,; 1 < a < n}, four velocities {v,}, four momenta {p,} and charges {g,}. Our goal
will be to compute the early and late time electromagnetic wave-form emitted during this
scattering event. In this section we shall proceed by ignoring the gravitational interaction
between the particles, but this will be included in §4.3.2. Since the analysis proceeds as
in §4.2, we shall be brief, pointing out only the main differences. In particular, as in §4.2,

we can treat the incoming particles as outgoing particles with four velocities {—V/}, four

145
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momenta {—p/} and charges {—¢g/,}. This allows us to drop the sum over incoming particles

by extending the sum over a from 1 to m + n.

In the Lorentz gauge 7%%8,a5 = 0, the equations replacing (4.2.13) are:

. dX“ . X" v
Jﬂ(x) = ; a fdo— oa, = —Ju nmy W = ngﬂy(Xa(o-)) d
4.3.1)
We introduce the Fourier transforms via:
d4k lk x’\ . d4k ikx s
4= [ S €. ) = | S . (432)
This gives:
— : . dxt
(k) = f d*xe”™ ji(x) = Z Ja f do e kX 2 (4.3.3)
- do

The generalization of (4.2.7) for the asymptotic electromagnetic field is:

a*(w, R, 1) = 47%1% SR k) + OR™?). (4.3.4)

We proceed to find iterative solutions to (4.3.1) in a power series expansion in the charges,
beginning with the leading order solution for X* given in (4.2.11). Substituting this into

(4.3.3) we find the leading order expression for ?‘(k):

m+n
1

Pk = Z:; N et 43.5)

This is the leading soft factor. Using this we can get the analogs of (4.2.19) and (4.2.20):

(b) d4€ lt’x 1
a,”(x) = 2y € G (Oqb Py i)’ (4.3.6)
FP(x)=08,a) = d,a = - &'t ¢ GO e (Lypyy — Copr) . (43.T)
” e n¢ (Lpy—ie) " T

where a,(f’) and F ftbv) denote the gauge field and field strength produced by the b-th particle.
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The analogs of (4.2.26), (4.2.27) take the form:

Y+ 0
TUD [ o P, ) (438)
do my, J,
and
Y (o) = - f do’ f do”" FE(vaa” +r) v . (4.3.9)

Using these results we can proceed as in §4.2.4 to compute the next order correction
A?‘(k) to ?‘(k). Since the analysis is identical to those in §4.2.4 we only quote the analog

of (4.2.32):

m+n m+n

— 1 1 1 1
Afk) = 924 f ——— G )[
Z; Q2n)* L.py — i€ P (k= €).p, — i€ k.p, — i€ L.p, + i€

1
b#a

X (fvpbp - gppbv) p; pZ

1
(&Pg - ﬂlpbv)PZ] . (4310)

_(k— 0).p, —iel.p, + i€

This can be evaluated exactly as in §4.2.4, leading to the final result analogous to (4.2.39):

= I 1%
A k) = — ln(a) + i€) qa9b Py D) Prplly = Papl,
Z; " {(pa-Ds)* — P2P2P k.pa{ g g b}
b#a
+ — ln(w i€) Z Zq’zq; P2 ! s {p; P ! p'“} _
Lo £ 70T Y {(prpy P = pRp R kpy T T

b#a

(4.3.11)

4.3.2 Gravitational contribution to the soft photon theorem

We shall now study the effect of gravitational interaction on the soft photon theorem. This
modifies the last two equations in (4.3.1) as follows. First of all the equation for a, get
modified to:

9, (V- detgg”g" Fyp) = = . (4.3.12)
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Using Lorentz gauge condition 7°7d,a, = 0, this may be written as

' 8,0,a, = —j" - j, (4.3.13)
where
7o = 0,0 hap 1" Fp = 2 (WP1'” + W) F | + higher order terms.  (4.3.14)
The equation for X* is modified to:
2 dx’ dXx dxt

o
L= aFH Xa z - a It Xa
2 4 W(Xa(0)) o Lp(Xa(0)) o do

myg

(4.3.15)

We shall now expand the above equations in powers of A,z and then raise and lower all
indices by the flat metric . We begin with the analysis of (4.3.15). To the order that we
are working, we can study the effect of the two terms on the right hand side of (4.3.15)
separately. The effect of the first term on }7‘ has already been analyzed in §4.3.1. The
effect of the second term on T;XV has been studied in §4.2.4, but this can be easily extended

to 7“ The additional contribution to }7‘ is given by:

AT ) = —87er2+’1 mzﬂqa d4€4 G () ——
a=1 b= (2m) C-py—ie

b#a

{2k~pbf~pupa'pb—k-€(pa'pb)2—%(Zk-paf~pu—k-fp§)pi}p’2
[k - po—i€][(k =€) p,—i€] [€- pa + i€]

2P Pa Pa- Py~ (pa- ps)* = 3 (204 € pu— 0 P2) P

¥ [(k=0) - pa—ie][€- pa + €]

. (4.3.16)

This integral can be evaluated as in §4.2.4 and yields the result:

—

AV (k)
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k Pa - Pb
= -G log(w+ lE);; ar o (o r ) pzpi}% (PZPi —Pppu){Z(Pa Pb) - 3Pan}

b#a

. kY , k p:l : p’ "o, 0.7 ’ 7\2 27
- Glogw—ie) ) > g ———— (PPl - PlPE) 2 (0, Py - 3PP
k-p / 2,213
a=1 b=1 a {(pé . ph) — p; pb }2

b#a

(4.3.17)

We now turn to the evaluation of j, given in (4.3.14). Using the expressions for A, and

F,, givenin (4.2.19) and (4.3.7), we get:
7 (k)—snGmZquf LG, (G, (k=0 : F (k,0),
h 52 [€- p.—i€] [(k =€) py, —i€]
(4.3.18)

where

F'o= Py {piktk =0 =2 putk =0 pok)+ K = 0 {2k.py pa-ps = Pak-Ps)

+ P2 palk = O k.py — 2k.(k = €) pa.py)} - (4.3.19)

We shall analyze this by expressing G,(£) G,(k — €) as in (4.2.44). The term proportional
to 6(¢?) can be analyzed as in appendix 4.6.2, and one can show that in this case there is

no contribution from this term. This gives

m+n

R d*e 1
- k = D rf* rk_g . ; ! k,f )
7, (k) = 82G § qbf(zﬂ)4G()G( )[g,pa_le][(k—f)-pb—le]?-( :

a,b=1
(4.3.20)

This integral could give logarithmic contributions from three regions: R™! << |t#| << w,
R << [k* — ] << wand w << || << L~'. However, since " vanishes as k — £ — 0,
there is no logarithmic divergence from the R™! << |k* — {#| << w region. Furthermore,
since ¥ does not have any quadratic term in ¢, this rules out logarithmic contribution

from the region w << |¢#| << L~'. Therefore the only possible source of logarithmic
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divergence is the region R™' << |¢#| << w. In this region,

F ~ —2{(k PPl =k pak-ps p;}. 4321)

We have ignored the terms proportional to k& because such terms can be removed by
gauge transformation a, — a, + 0,¢ for appropriate function ¢. We can now evaluate the
logarithmic contribution to the integral using the method described below (4.2.47), and

the result is

- C C 1 < 1
By = -2GIn(w+i€) Y k.p, — = Lol —1|, (43.22)
A Z:; p ;qbp’,j o ;qbpb o

m+n

after using charge conservation ;" g, = 0.

4.3.3 Electromagnetic wave-form at early and late time

Adding (4.3.5), (4.3.11), (4.3.17) and (4.3.22), and using k = wn and (4.3.4), (4.1.15),
(4.1.19) we get

4nRa"(t,R,7) =~ p;”
£ n.p,
1 5 9 1 n?
+ - qaqbpap ProPs — Papl),
M[ " {(Pa-pp)? — PEP2P1 n-pa{ ? Pl
b

" ZZ Pl (phr = pi}) 2 (pa ) = 3P2P})

3
= g {(pa P’ = Pipy)

1 < 1
+ 2G n.pa{ E QP — — E q, p —,}], asu — o0, (4.3.23)
a=1 b=1 " n.py b=1 e n-pj,

and

4nRd"(t,R, )

1

1 n’
2 1 12 /2 oo )

b#a
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ShN ;N p:l ) p’ 0 0. ’ 7\2 72 7
-G ) ) 4 s (vlr) = v p}) 2y P} = 302077
a m M Pa(py - py) - p2pPY
as u — —oo. (4.3.24)

This gives the wave-form of the electromagnetic field at early and late time. The term on
the right hand side of the first line gives the constant shift in the vector potential, and is

responsible for electromagnetic memory [50-52]. The rest of the terms are tail terms.

4.3.4 Electromagnetic contribution to the soft graviton theorem

We shall now analyze the effect of electromagnetic interaction on the soft graviton theo-
rem. This affects our earlier analysis of soft graviton theorem in two ways. First of all,
the Lorentz force on the outgoing and incoming particles changes the particle trajectories,

T

producing an additional contribution to . Analysis of this follows the same procedure

that led to (4.2.32), (4.3.16), and the final result is given by:

e m+n m+n d4€ 1
AT = D s GA(t)

a=1 b=1 (2)45191,—16
b#a
1 1 1 (Pa-tk k.t ) Pp!
(k—f)pa—le k.pa—ie gpa+l€ Pa- -Pb L Pa.Dp apa
1 1
— a.f _f/l » v
(k - 5)-]7“ - i€ f,pa + ie‘ (p pZ p pb)pa

1 1
(k—10).p, — i€ L.p, + i€

(pa [pb [V pa-pb) pZ] . (4325)

Evaluation of this using the method described below (4.2.32), gives

M7y - ; 2 2 v
AVT () =~ In{L(w + ie)) E § Gaqp (pa.pb)z—p§p§}3/2[k.pa Pa Py PaPa

a=1 b=1
b#a

1 m m 1 k p/
+ — In{L(w — i)} 7.4, [ L p2 piE pl pl
An Z Z "(pL-p))* — p2P2PR | kp, ’




152 Classical soft theorem in four spacetime dimensions

+ py pl.py P Pl = Pl py (pEpy + prpi|. (4.3.26)

Second, there is an additional contribution to the stress tensor due to the electromagnetic
field. Using the form of the electromagnetic field produced by the charged particle as

given in (4.3.7), this additional contribution takes the form:

AP T‘”(k) + higher order terms

—ik.x Vo 1 Vv 00
fd4xe . [Uﬂpﬂ nﬂFpaFO’,B_ Z’Tu 770 nﬂFpaFo-,B

m+n m+n
't 1 1
. GO G (k¢
;;q W ) ay Ty =i G- bpo—ie 1 OGEO

1R

[f"(k =0 pa-py = 'y po(k =€) = p (k= O L.po + pyyp;, L.(k = )

1
—En’” (k=0 pa.pp — C.pa (k - é’)-pb}] ) (4.3.27)

We shall analyze this by expressing G,({) G,(k — {) as in (4.2.44). The term proportional
to 6(¢%) can be analyzed as in appendix 4.6.2, and one can show that the contribution
from this term can be interpreted as the soft graviton emission from electromagnetic wave
produced during scattering. Since this is included in the sum over a in the soft factor,
we do not need to include its contribution. This allows us to replace G,(£) by G,(£)* in
(4.3.27). Since each term in the numerator of the integrand carries a factor of £ and a
factor of (k—{), there is no logarithmic contribution from the |¢#| << w and |k* - #| << w
regions. Therefore we focus on the |[¢#| >> w region, and analyze the contribution using

(4.2.53), (4.2.55). The final result is:

1
AT (k) = —— ln(w + i€) 4aqb Pa-Pb PPy PY = Pa-Db D))
; Z {(a-Pp)? — P22 ’
bia
1
——ln(w i€) 4,95 Py-P, - —— p(py Pl = PPy PY)
; bZl ’ {(p-p,)* — p2p; P2 b b

b#a

1
—— ln(w + i€) qaqb v, P,
; ,,Z: {(Pa-pp)? — P22 TP

b#a
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1
_—ln(a) le)Zanqb m T Py (4.3.28)
a=1 b=1 pa P ) }

b#a

Adding (4.3.26) and (4.3.28) we get the net electromagnetic contribution to the soft gravi-

ton theorem:

A(”T“V(k) + APT (k)
2 .2
DP. D k. v v
= — ln(w + i€) Z Z 9aqp ! [ by Py Dy~ PZPb]
=1 b=l

{(pa-pp)? = P2P3Y 2| k.pa
b#a
2 2 ’
Pq pb kpb / ’ "ot
+_ ln(a) lE) CI B [ pay pay - paﬂp V] .
; ZZ ((p-p ) = PPk, ’
#a
(4.3.29)

From (4.2.7), (4.1.19), we can read out the additional contribution to the gravitational

wave-form at early and late retarded time due to electromagnetic interactions:

1 kpb
Aeme” — qadb [ P2 Dy Pl Py — Do P} pr”}
27TR u Z‘ Z {(Pa-ps)? = P2P2P2  kpa -7 b el
[7¢a
as u — oo,
G S S // 1 [kp, 72 7 72 12 7, /]
- 9.9 Py py Pl py - pl py Dy
27rRu ; ; {(pa pb)2 pzlzpb }3/2 kp b b b
b#a

as u — —oo. (4.3.30)

4.4 New conjectures at the subsubleading order

Emboldened by the success of soft theorem in correctly predicting the tail of the gravi-
tational wave-form at the subleading order, we shall now propose new conjectures at the
subsubleading order. It is known that in quantum gravity, the subsubleading soft factors
are not universal. Nevertheless there are some universal terms that we could utilize [11].
These are terms that are quadratic in the orbital angular momenta. Our goal will be to

make use of these universal terms to arrive at new conjectures on the late and early time
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tail of gravitational radiation. The non-universal terms do not involve orbital angular mo-
menta and therefore do not have logarithmic divergences. Hence they will not affect our

analysis.

Using the relation between quantum soft factors and classical gravitational wave-forms
derived in [19], and ignoring the non-universal terms, we can write down the following

form of the gravitational wave-form to subsubleading order:®

~2iG In{R(w + i)} Y. pyk

2G
?V(a), )?) = 7 €le exXp
b=1

m+n .
P! 1 i1
x 3|t ik gk ke S| (441
[lpa.k pa.k”pl‘;p+2pa~kp e ( .

a=1
where k has been defined in (4.1.10) and J5” is the sum of the orbital and spin angular
momenta of the a-th external particle:

JT =X pT - X7 ph+ 2P (4.4.2)

a

The second term in the last line of (4.4.1) differs by a sign from the expressions used e.g.
in [19]. This can be traced to the fact that in [19] we treated the charges / momenta /
angular momenta carried by ingoing particles as positive and of the outgoing particles as
negative, whereas here we are following the opposite convention. Following (4.2.12), the

spin 2" for incoming particles are given by:

=37 forl<a<m. (4.4.3)

a+n

The phase factor exp [-2iG In{R(w + i€)} Y7_, pp-k] in (4.4.1) is not determined by soft
theorem, but is determined by independent computation [110-112], and is consistent with
the term in the last line of (4.2.59). Due to the long range gravitational force between the

outgoing / incoming particles, X% has logarithmic corrections at late / early time [20],

8 A non-trivial test of this formula for the scattering of massless particles can be found in [118].
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leading to [16]

Pb-Pa
Xop, —Xorh = -G In o] ()P = Pypo) {2(py-pa)’ — 3pip
Z ((Po-pa)? — P22 2 g
nanp=1
+ (rhpy —ra ) (4.4.4)

where o, denotes the proper time of the a-th particle, and r, is the constant that appeared
in (4.2.23). The contribution proportional to In|o,| arises from the correction term Y, in
(4.2.23). The conjecture of [16,20] was that the In |o,| factor should be replaced by In w™
in (4.4.1). After including the ie prescription described in this chapter, this conjecture

translates to the rule that in (4.4.1), J%” should be replaced by:

. Pb-Pa
JZO- = G 11’1((1) + lfna) (pppa pp) z(pb pa) - 3pap
; {(ps-pa)? = P2PRY? | 2
nanp=1

We now substitute (4.4.5) into (4.4.1) and expand the expression in powers of w, including
the exp [-2iG In{R(w + i€)} Y ;_, pp-k| term. Terms proportional to In(w + i€) reproduce
correctly (4.2.59). We shall focus on terms proportional to w(In w)?. In the w space these
terms are subdominant compared to the order «° terms that we have left out from the
subleading terms in the gravitational wave-form. However after Fourier transformation,
polynomials in w produce local terms in time, while terms involving In w produce tail
terms that survive at late and early retarded time. Therefore the corrections to (4.2.61)
at late and early time will be dominated by the terms proportional to w(lnw)? in the
expression for . The order w° terms may have other observational signature, e.g. the

spin memory discussed in [32].

Expanding (4.4.1) in powers of w, with J;” given by (4.4.5), we get the corrections pro-
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portional to w(ln w)?. These take the form:

v
4 subsubleading Ca
+n
G’ - C < Pl
= WR210GINR Yo pan 3 wl|4{In(w +ie))* Y ppn Y pen Z —<
b=1 c=1 a=1 Pal

m+n m+n

1 pa~pb
+4 In(w + i€) Y pen In(w + zena)
Z Z Z an {(pa-Pp)* — P2P7Y?

bia Na ’7b 1

{2(pa-pp)* = 3p2pAHn.py P Pl — n.pa P D))

m+n m+n m+n

. 1 DPa-Pb
N {In(w + ien,))?
INDINDY putt potn)® - PP

b#ananp=1 c#ananc=1

DPa-Pc
{(pa-p)* — P22}

{2(pa-ps)* = 3p2p3) 7773 2(Pa-p) = 30207

{n.py Pty = n.pa P} {n.pe pl — n.pa prY|. (4.4.6)
Using (4.1.23), (4.1.26), we now get,

w?lnlulF, as u— o
Asubsubleading €y — ) (447)
w?lnlulG, as wu— —co
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G| < C Pabl O Pa by
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and

- e P; Pb )
G = —2—[2 o QL) — 3pp2)
- Z Z PLn{(pl.p)? — p2pPy2 P b

=1 b=1
b#a

{n.p, p' p —n.p, pt py’}

R 1 Py P/b 2 2 2 Pa-Pe
- 2(p,-P,)” =3P, Py}
Z Z Z n{(p,.-p,)* — ppy P2 b "N (pypL)? = PP

2(p,.pL)* = 3pp M n.p), pi = n.pl, piHn.pl. p) — n.p, p.'}| .- (4.4.9)

One can check that in case of binary black hole merger, regarded as a process in which a
single massive object decays into a massive object and many massless particles (gravita-

tional waves), F*V and G*” vanish.

One could attempt to prove these results following the same procedure employed in this
chapter. For this we need to iteratively solve the equations of motion to one order higher
than what has been done in this chapter. Terms of order w In w would also receive con-
tributions from the expansion of the factors of e’*« in various expressions in this chapter,
e.g. in (4.2.32), to first order in k, and will therefore depend on the additional data {r,}.

However the w(ln w)? terms given in (4.4.6) do not suffer from any such ambiguity [138].

It may be possible to find higher order generalization of these results using the exponen-

tiated soft factor discussed in [61, 103, 104, 129, 139].

4.5 Numerical estimate

Before concluding the chapter, we shall give estimates of the coefficient of the 1/u term

in (4.0.4) in some actual physical processes.

1. Hypervelocity stars: When a binary star system comes close to the supermassive
black hole at the center of the milky way, often one of them gets captured by the

black hole and the other escapes with a high velocity, producing a hypervelocity star
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[140]. This can be taken as a two body decay of a single bound object. Using the
mass of the central black hole to be of order 10° M, the mass of the hypervelocity
star to be of order M, its velocity to be of order 3 X 1073¢, and the distance of the
earth from the galactic center to be of order 25000 light-years, one can estimate
the coefficient of the 1/u term in (4.0.4) to be of order 1072? days. The minimum
value of u needed for (4.0.4) to hold — namely when the kinetic energy dominates
the gravitational potential energy [33] — in this case is about a day. This gives a
strain of order 10722, which is at the edge of the detection sensitivity of the future

space-based gravitational wave detectors.

2. Core collapse supernova: This case was already discussed in [33]. During this
process the residual neutron star often gets a high velocity kick which could be
of the order of 1000 km/sec, balanced by ejected matter in opposite direction at a
speed up to 5000 km/sec. [141]. Taking the neutron star to have a mass of order
M., and the supernova to be in our galaxy so that its distance from the earth is of
the order of 10° light years, the coefficient of the 1/u term was computed to be of
order 10722 sec. The minimum value of u for which the asymptotic formula holds
was found to be of order 1 sec. Therefore the strain at this time will be of order
10722, which is at the edge of the detection limit of the current gravitational wave

detectors.

3. Binary black hole merger: As already pointed out, for binary black hole merger,
the coefficient of the 1/u term vanishes due to cancellation between various terms.
However the individual terms in (4.0.4) have the same order of magnitude as the
memory effect when the asymptotic formula can be trusted, which is of the order of
the light crossing time of the horizon. Therefore the observation of the memory ef-
fect without observation of the 1/u tail is a prediction of general theory of relativity

that can be tested in future gravitational wave experiments.

4. Bullet cluster: The bullet cluster [142] consists of a pair of galaxy clusters, each
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with mass of about 10'*M,, [143], passing through each other at a speed of about
1072 ¢c. The system is situated at a distance of about 4 x 10° light-years from the
earth. Using this data we get the coeflicient of the 1/u term in (4.0.4) to be of
the order of 107 year. The retarded time u for this system, — the time that has
elapsed since the centres of the two clusters passed each other, — is about 1.5 x 108
years. This gives the current value of the strain produced by the bullet cluster in
our neighbourhood to be about 1074, While this is much larger than the sensitivity
of the current gravitational wave detectors, what the latter detect is not the strain
but the change in the strain — more precisely its second u derivative that enters the
expression for the Riemann tensor. For the bullet cluster this is too small an effect

to be observed by the conventional gravitational wave detectors.

4.6 Appendices

4.6.1 Evaluation of some integrals

In this appendix we shall review the evaluation of several integrals following [16].

We begin with the integral

d*t 1 1 d*t 1 1 1

Jup = G,(¢
b (2n)* €.py — i€ ©

C—K)patie J Qn)f Cpp—ie (01 iey 2 Cpatic’
(4.6.1)

with the understanding that the integration over ¢ is restricted to the region L™' >> |[7 L >>
w. Simple power counting, together with the contour deformation arguments given in the
paragraph containing (4.2.33), then shows that the logarithmic contribution can come only
from the region |¢#| ~ |£.| for all u. However, since the ¢° and £* integrals converge for

fixed £, we shall take the range of these integrals to be unrestricted.

First consider the case where a represents an incoming particle and b represents an out-
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going particle. In this case p) = —p2’, < 0 and p > 0. In the ¢° plane the poles of G,(¢)
are in the lower half plane, and the zeroes of £.p, + i€ and £.p;, — i€ are also in the lower
half plane. Therefore we can close the £° integration contour in the upper half plane and

the integral vanishes.

If a represents an outgoing particle and b represents an incoming particle, then the zeroes
of £.p, + i€ and £.p, — i€ are in the upper half plane. Therefore the ¢° integral does
not vanish automatically. We can evaluate this by choosing a special frame in which p,
and —p, both carry spatial momenta along the third direction, with velocities 3, and 3,

respectively. Then the integral takes the form:

&1 1 1 1
214 p0 0 0 — B 3 —je O =8, 3 —i - > (4.6.2)
( ﬂ-) Pa Pb ﬁa l€; ﬁb 1€ (50 + 16)2 — {2

@0 s B BE F e - ) _<1—ﬁ5><f3>2+%+<l—ﬁ§>(€3>2+fi ’

where £, = (£',¢%). In the second step we have evaluated the £° integral by closing its
integration contour in the upper half plane. Since §,,5, < 1, the denominators of the
terms inside the square bracket never vanish and we have dropped the ie factors in that
term. If we now express {(8,—/3) > +i(e; —€>)}~" as a sum of its principal value and a term
proportional to 6((8, —/,) £*), then the contribution to the integral from the principle value
term vanishes due to £* — —¢* symmetry. The term proportional to 6((8, — ) £*) forces

£3 to vanish, in which case the two terms inside the square bracket cancel. Therefore J,,

vanishes also in this case.

If @ and b both refer to outgoing particles, then the zero of £.p, + ie is in the upper
half plane and the zero of €.p, — i€ is in the lower half plane. Therefore if we close the
contour in the upper half plane so as to avoid contribution from the residues at the poles
of G,(£), we only pick up the residue at £.p, + ie = 0. If we choose a frame in which

pa = p2(1,0,0,8,) and p, = p)(1,0,0,8), then the pole is at £ = B,£ + ie, and the
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resulting integrand takes the form

) e 1 1 1

l Qm)® pOpY (Bu—PBp) O3 +ie (1 -+ 2 (4.6.3)

If we express ((B,—/3) £ +i€)~! term as a sum of its principal value and —ixd((8,— ) £°),
then the contribution from the principal value part vanishes due to £> — —£3 symmetry.
The term proportional to 5((8, — ;) £°) forces £* to vanish. Integration over £, = (¢!, (%)

in the range w << |€,| << L™ now generates a factor of 27 In(w L)~'. This gives

1 1 1 1 1
Jup = —In(wLl) = —In(wl) , (4.6.4)
4r p2p2 1B. — Bl 4r \/(Pa-Pb)2 _ pgpi

where in the last step we have reexpressed the result in the covariant form.

If a and b both refer to incoming particles, then the zero of £.p, + i€ is in the lower half
plane and the zero of ¢.p;, — i€ is in the upper half plane. Therefore if we close the contour
in the upper half plane, we only pick up the residue at €.p, — ie = 0. The integral can be

evaluated similarly using the same frame as used above and yields the same result (4.6.4).

We can also determine the ie prescription for the In w term by noting that in (4.6.1), the
factor

(k= 0).ps — i€} = {-pdw + pok— C.p, — i€} (4.6.5)

preserves the ie prescription under addition of a positive (negative) imaginary part to w for
positive (negative) p°. Therefore the singularity in the complex w plane must be located
in the lower (upper) half plane for positive (negative) pg. This shows that In w in (4.6.4)
stands for In(w + ien,) where i, = 1 for outgoing particles and n, = —1 for incoming
particles. The final result may be written as:

1 1
Jap = — Oy, Inf(w +i€n,)L} .
o - P20}

1n (4.6.6)
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Next we consider the integral:

d*¢ 1 d*t 1 1 1
Glk—0) ———G.(0) = - - =
2m)* Pyl — i€ Q2n)* kL + i€ p,.l — i€ (60 + j€)? — {2

(4.6.7)

KbEz

with w providing the upper cut-off to the integral and R~! providing the lower cut-off. The
last expression is obtained by making the approximation |[£#| << w since the logarithmic
contribution arises from this region. This integral has the same structure as (4.6.1) with

P, replaced by k and can be evaluated similarly. There are however a few differences:

1. Due to the changes in the cut-off, In(w L) factor in (4.6.4) will be replaced by
—In(wR).

2. The ie prescription for the integral can be determined by noting that in the expres-

-

sion for G,(k — €) = {(K° = £° + ie)* — (k — D)*}™" in (4.6.7), if we add a positive
imaginary part to kX = w then it does not change the ie prescription for the poles,
but adding a negative imaginary part will change the ie prescription. Therefore the

factors of In w will correspond to In(w + ie).

3. Since k represents an outgoing momentum, it follows from the arguments given
below (4.6.2) that in order for the integral in (4.6.7) to be non-vanishing, p, must

also represent an outgoing momentum.

4. Since k* = 0, the denominator factor in (4.6.6) simplifies to

N (k.pp)? — k? p} = —k.p,, (4.6.8)

with the minus sign arising from the fact that when k and p,, both represent outgoing

momenta, k.p), is negative.

With these ingredients we can express the final result for K, as:

1 ) 1
K, = E 6%,1 In{(w + i€) R} k_pb . (4.6.9)
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Finally we shall analyze the integral

d*t 1 . d* 1 1 1
4Gr(k_f)fGr(f) = 2 ; - - )
2n) pp.l — i€ 2m)* kL + i€ pp.L —ie (00 — je)? — 2

(4.6.10)

K, =2

with w providing the upper cut-off to the integral and R~ providing the lower cut-off.
To evaluate this integral, note that (K;)" is formally equal to K; with (k, p;) replaced by
(—k, —py). The latter result can be read out for those of J,, with incoming momenta. This
gives

1 1
Ky = 37 O Inl(@ + i) R} 1—-. 4.6.11)

4.6.2 Contribution from real gravitons

In the analysis in §4.2.5, we had left out the contribution of the second term of (4.2.44) in

(4.2.41). This is given by:

4
Tk = 167G ) f % G, (k — 06> {H(£%) — H(-")}
a,b

1 1
ppt —i€ p,(k—1C)—ie

1

2 2

(4.6.1)

where F#%P#7(k, £) has been defined in (4.2.42), and it is understood that the integration
over the momenta ¢ is restricted to the range much below the cut-off L', so that we can

it.ra=1) that regulate the ultraviolet divergence

drop the exponential factors of e~*7« and e
in (4.2.41). We shall now analyze possible logarithmic contributions to this term from

different regions of integration.

First of all, since each term in F+*%+7(k, {) defined in (4.2.42) has a factor of (k — £), a
simple power counting shows that there are no logarithmic contributions from the re-
gion |[k* — ¢#| << w. Therefore we need to analyze contributions from the regions

R! << |4 << wand w << |#| << L™'. Power counting shows that in order to an-

— TP (K, €) { Prapos — lpi’hﬁ} (PaoPar = 5 Pirr)
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alyze logarithmic contribution from the region R™! << |f#| << w, we can replace the

numerator by its £ — 0 limit. Therefore we need to analyze an integral of the form

_(at 1 1 . )
&= ) oy ool —ie pulk— D) — e Ok~ 0ot WHE) - H-)) . (46.2)

This can be reexpressed as:

1 d*t 1 1

Ep = —
T 2ni ) Qn)* pp.l —ie po(k—€) —ie

G, (k= O{G(O) - GO} . (4.6.3)

For |[¢#| << w the contribution reduces to one of the integrals defined in (4.6.7) or (4.6.10)
and can be evaluated using (4.6.9) or (4.6.11). The result vanishes due to the cancellation
between the contributions coming from the G,(¢) and G,({)* terms. Therefore there is no

logarithmic contribution from the |£#| << w region.

We now focus on the region |£#| >> w. Power counting shows that the integral has
linear divergence in this region. So we have to evaluate it carefully by keeping also the
subleading terms in this limit. First let us consider the subleading contribution arising

from the terms in F#"%+7(k, £) that are linear in £. These involve integrals of the form:

_ d*t 1 1 ) . . )
b= Qm)* pp.l — i€ po.(k—€) —ie G, (k=)o ){H(f )—H(-¢ )} . (4.6.4)

In the region |¢#| >> w, we can approximate the integral as:

d*t 1 1 1
&= S {H(") - H(-O)} ¢, (4.6.5
1 Qm)* pp.l — i€ po.l +ie 2k.C —iel® @) { (&%) = H( )} (4.6.5)

Now, since 6(£?) factor puts the momentum ¢ on-shell, p,.€ and p,.€ never vanish in the
integration region of interest and therefore we can drop the ie factors.” k.€ can vanish

only when ¢ is parallel to k, but by examining the numerator factor (4.2.42) we find that

9The only exception is when p, and / or p, represents a massless particle and £ becomes parallel to
p. and / or p;, producing a collinear divergence; but such divergences are known to cancel in gravitational
theories [144].
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there are always additional suppression factors in this limit that kill potential singularity
at k.t = 0. Therefore the ief° factor can be dropped from this term as well. For example
the presence of a p,.k or p,.¢ factor in the numerator will mean that the ratio p,.k/p,.€ or
Pa-l/pa.€ becomes a independent in the limit when ¢ is parallel to k, and the result then
vanishes after summing over a using momentum conservation )., p, = 0. A similar result
holds for terms proportional to p,.k or p,.f. Also, a combination of terms of the form
KE + &'k — k.&n” will produce a term in the gravitational wave-form that is pure gauge
and therefore can be removed. Therefore we can remove such terms appearing at the level
of the integrand itself. Once the ie factors are removed from all the denominators, the
integrand of (4.6.5) becomes an odd function of ¢ and therefore vanishes after integration

over .

We now turn to the contribution from terms in F#*%#7 (k, {) that are quadratic in £. The
corresponding integrals take the form:

d*t 1 1

&E =
2 2n)* pyl — i€ pa(k—C) — i€

G,k — ) 5(£%) {H({’O) - H(—fo)} 0. (4.6.6)

This has potential linear divergence from the region [#| >> w. Therefore we need to

expand the (p,.(k — £) — ie)~! factor in powers of p,.k to the first subleading order:

1 _ 1 Pak “46.7)
Palk—0) —ie  pol+ie (po.l+i€)?’ -

We can argue as before that due to the presence of the §(£?) factor we can drop all the ie
factors in the denominator. In this case the contribution from the last term in (4.6.7) to the
integral (4.6.6) vanishes by £ — —¢ symmetry. On the other hand, when we substitute the
first term on the right hand side of (4.6.7) into (4.6.6), the integrand is an even function of
¢. In this case terms proportional to H(¢°) and —H(—(°) give identical contributions, and

we get:
d*t 1 1

- 5(6%) H(E°) ¢<¢* . 4.6.8
Q2n)* pp.l —i€ p..L +ie k.l —ie () HE ( )

822
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Note that we have kept the i€ factors even though the presence of 5(¢*) makes them irrel-

evant.

Now from (4.6.1) and (4.2.42) we see that the indices x and T must either be free indices
U, v, or be contracted with the index of p, or p,, or be contracted with each other. If they
are contracted with each other then we have a factor of ¢> and the contribution vanishes
due to the §(¢?) factor. If any one of them is contracted with p,, then we have a factor
of p,.C in the numerator that kills the denominator factor of p,.f — ie. After summing
over b and using momentum conservation law ), p, = 0, this contribution also vanishes.
A similar argument can be given for terms where either £* or {7 is contracted with p,.
The only term that survives is where (k, 7) take values (u, v). Using this we can bring the

contribution to (4.6.1) to the form

Ty _ 4 2 O N — l ﬂ
Textra = f d 55(5 )H(f {abzl (pa le) (ph [+ le)} {(pa pb) 2papb} l(kf _ lE) :
(4.6.9)

We shall now show that this contribution can be interpreted as the effect of soft emission
from the gravitational radiation produced during the scattering, and is therefore already
accounted for when we include in the sum over a in the soft factor the contribution from
the gravitational radiation produced during the scattering. For this we note that the flux

of radiation in a phase space volume 6(£*) H({") d*( carrying polarization &, is given by

G , ) m+n pppa m+n PZPZ .
{d LO(H(E)] {Z le} {; P ie} (Eer) Eper - (4.6.10)

This equation can be derived by using the relation between the leading soft factor (4.2.17)
and the flux of radiation [19]. In this case the first factor inside the curly bracket gives
the phase space volume, and the rest of the factors gives the flux of radiation produced

in the scattering. Since we shall be interested in only the total flux, we can sum over
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polarizations using the formula

Z(SKT)*SPO' = % (prﬂm + Nk Nrp — UKTUpa) s (4.6.11)

&

yielding the standard result for the total flux of gravitational radiation given e.g. in

eq.(10.4.22) of [137]:

m+n - min ko1
7% [d*ea@HE)) {Z_; 1%} {; %} % (epTtecr + Tl = TeeThoer) -
(4.6.12)
The leading soft theorem (4.2.17), applied to this radiation flux, now shows that the contri-
bution to the 7 due to the radiation is obtained by multiplying (4.6.12) by —i/({.k — i€)
and integrating over £. This gives the net leading contribution to the soft factor due to
radiation to be

"Rv_g 4 2 N 1 2_122 o
™= f {d*es(HE)| {bzl ot (pb_“ie)} {(pa.pb) zpapb}

(4.6.13)
This agrees with (4.6.9), showing that the extra contribution (4.6.1) is already accounted

for by including in the sum over a in the soft factor the contribution due to radiation.'’

4.6.3 Position space analysis of TX*”

In §4.2, §4.3 we have carried out our analysis in momentum space. This has the advantage
that the expressions we obtain are similar to the ones that appear in the evaluation of
Feynman diagrams, and various general techniques developed for computing amplitudes
in quantum field theory may find applications here. Nevertheless it is instructive to see
how some of these computations can also be performed directly in position space. In

this appendix we shall show how to carry out the analysis of sections §4.2.3 and §4.2.4

10As in [19], this can also be expressed as angular integrals over appropriate functions of the radiative
gravitational field and its derivatives, but we shall not describe this here.

ikt —ie)
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directly in position space.

Our first task will be to compute the gravitational fields produced by the incoming and
outgoing particles during a scattering, and study their effect on the motion of the other
particles. At the leading order, the incoming and outgoing particle trajectories are given
by (4.2.11), or equivalently (4.2.15). Using retarded Green’s function in flat space-time,
we get the following expression for the gravitational field produced by the b-th particle

on the forward light-cone of the trajectory of the particle [16]:

VeuVby w _ w1

—_ =e
’ uv uv
V(Vp.x)? + x2 2

The associated Christoffel symbol is given by, in the weak field approximation,

eg’v)(x) =2Gmy, Ny e(?p. (4.6.1)

1 1
(b)a _ Q
I (x) = -2G my, TR EEREIEE n* [{vbﬂwﬂ + 5’7‘”} {xp + Vp.X vbp}

1 1
+ {vbﬂvbp + E"”’J} {xX; + Vp.XxVp} — {vbpvbT + znpr} {xﬂ + Vp.X vbﬂ}] . (4.6.2)

Since the field has support on the forward light-cone of the trajectory, it follows that
in sufficiently far future and far past of the scattering event, the outgoing particles are
affected by the gravitational field of the outgoing particles and the incoming particles are

affected by the gravitational field of the incoming particles.

Let Y% denote the correction to the particle trajectory (4.2.15) due to the gravitational field

produced by the other particles:
X(o)=Vio+r, +Y(0). (4.6.3)

We shall use the compact notation described in (4.2.12), and define 7, to be a number

that takes value 1 for outgoing particles (1 < a < n) and —1 for incoming particles
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(n+1 < a < m+n). Then Y} satisfies the differential equation and boundary conditions:

da*yt dyy
> =T, v,o+r)Vyv,, Yi—0aso—0, T 50aso > oo, (4.64)
do o
where
m+n
(4.6.5)

_ b
r= > e

b=1
b#a,nan,=1

The constraint 1,17, = 1 reflects that the outgoing particles are affected by the gravitational
field of the outgoing particles and the incoming particles are affected by the gravitational

field of the incoming particles. Using (4.6.2), (4.6.4) and (4.6.5) we get, for o >> |r,| ~ L

&dY(oc) 26 & 1 1, 1, 3
e s Z T TE [—Eva v {2(vp.v0) —3vb.va}]. (4.6.6)
b#anany=1
This gives
dY’(c) 2G & 1 1, 1, ;
7 ~ _7 bzzl my, {(vb_va)z — 1}3/2 |:—§Va + Evb {2(vb.va) - 3Vb.Va} .
b#anany,=1
(4.6.7)

Now in (4.2.28) we have the expression for ’T\#XV to subleading order:

Yy dy)
Yo v+ —“] . (4.6.8)

m+n 00
%\X,uV(k) — ; m, ‘j(: do_ e—ik.(vaa'+rg) [VZVZ _ lkYa(O-) VI;VZ + do. " + g do.

As discussed below (4.2.17), the integration over o is made well defined by replacing w

by w + ie for outgoing particles and by w — i€ for incoming particles. We now manipulate

the second term by writing

i d —ik.(vg o+1y) (469)

e—ik.(vu T+7ry) — e

kv, do

and integrating over o by parts. The boundary term at infinity vanishes due to the replace-

ment of w by w + ien,, while the boundary term at o = 0 gives a finite contribution in the
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w — 0 limit and is not of interest to us. With this (4.6.8) can be expressed as

m+n

_ 0 . 1 ay, dys ay;

TX/W k) = . d —ik.(vqg 0+rg) Y — k. a PyY 4 a v + M a

(k) ;m fo oe Vo . ¥ do Vo do v, + VvV, Jo
(4.6.10)

After integration over o the first term gives the leading term. In the other terms we can

substitute the expression (4.6.7) for dY,/do. Since the integrand is proportional to 1/0

!, we get contribution proportional to In((w + ien,)~'/L).

T*

in the range L << 0 << w~
Therefore, with the help of (4.6.7), the logarithmic correction to 77, given by the last

three terms in (4.6.10), takes the form:

m+n m+n 1
TXuv _ ;
AT (k) = 2G Zl ma InlL@ +ien)] D, my pe
a= b#ananp=1
VZVZ 1 a 1 17 3 1 1 3 v
[ T K {_Ev“ + >V {2(vb.va) - 3vb.va}} + {—EVZ + EVZ {Z(Vb-va) - 3Vb-Va}} Va
1 v 1 v
+ {_Ev" 3V {2(\/;,.1@)3 —~ 3vb.va}} VZ] ) (4.6.11)

After using the relations p, = m,v, and some simplification we get:

m+n m+n
1
AT k) = 2G> In{L(w + ien,)}
; ,Z‘ {(Pa-P)* — P2P;}?
b#anany=1
k.py v 35, 2
X - - - (pg.
s 2% pb{zpapb (Pa-DPb)
1 3
+3P4p P2 (P’ —{Pip) + PP} Pa-Py {Epipi - (pa.pb)z}(]m.lz)

This is in perfect agreement with (4.2.39).



Outlook and open questions

In this thesis, we tried to develop a comprehensive understanding of soft photon and
soft graviton theorem from the study of quantum S-matrix as well as from classical elec-
tromagnetic and gravitational waveform analysis. We started the thesis by describing
a general prescription for deriving soft photon/graviton theorem for a generic theory of
QED/quantum gravity. Then we show that some of the assumptions of this general pre-
scription break down in D=4. Also, the S-matrix is IR divergent in four spacetime dimen-
sions. Due to all these subtleties, before deriving the soft factor in D=4 from the study
of S-matrix, we tried to develop an understanding of the soft factor for the classical scat-
tering process. Studying the classical limit of soft photon and soft graviton theorem in
generic spacetime dimensions, we are able to relate long-wavelength electromagnetic and
gravitational waveform to the soft factors derived from S-matrix. Assuming the validity
of these relations in D=4 and studying asymptotic trajectories of scattered particles, we
conjectured the form of subleading soft factors in four spacetime dimensions. Then by
direct analysis of one loop S-matrix by some specific way of removing IR divergences,
we reproduced the classical soft factors conjectured earlier with some additional quantum
terms. Finally, we have given an independent derivation of the long-wavelength elec-
tromagnetic and gravitational waveform for a classical scattering process in D=4, which
predicts some new kind of electromagnetic and gravitational tail memory. We also gave
some numerical estimation of gravitational tail memory following from the soft graviton
theorem which could be tested in the near future. Here in this final chapter, our main

intention would be to point out some open directions which one needs to pursue to get a
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complete understanding of this subject. We describe these future directions in the follow-

ing three sections.

5.1 Soft theorem from S-matrix analysis

e We can ask the question whether Sen’s covariantization procedure can be general-
izable in non-abelian gauge field background. It seems that the generalization is
pretty straight forward like the U(1) gauge field case and we can derive soft gluon
theorem up to subleading order for one external soft gluon [9,64,65,72,73,145] in
generic spacetime dimensions (for loop amplitude in D > 4). But if we try to derive
multiple soft gluon theorem, it turns out that the ingredients one has to prove double
soft gluon theorem [ 13] is not enough for proving multiple soft gluon theorem even
at leading order in contrast with the proof of multiple soft graviton theorem given
in §1.4.2. The key difference is that three gluon vertex is linear in gluon momenta
and four gluon vertex is independent of gluon momenta while three, four,... gravi-
ton vertices are quadratic in graviton momenta. As an example, all the diagrams
in Fig.5.1 contribute to the leading soft gluon theorem for four external gluons'. It
seems that for large number of external gluons the diagrams contributing to leading
soft gluon theorem is exponentially large and we don’t have a proper understanding
of how to analyze compactly and get a closed-form expression. But possibly in the
classical limit all the contact terms appearing from three and four gluon interaction

vertices drop out and we can make sense of classical soft gluon theorem [146].

'If we try to prove multiple soft gluon theorem in pure YM theory with external finite energy particles
are also gluons, then colour ordering would be important. For a particular colour ordering, the appearence
of contact terms depends on whether the soft gluons are in adjacent legs or non-adjacent legs.
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Figure 5.1: Possible set of diagrams contributing to leading soft gluon theorem for four
external gluons. There are also diagrams where different gluons connected to different
finite energy particle legs. In the diagrams, thick lines represent finite energy particles
and thin lines represent soft gluons.

e Can we use the Grammer-Yennie decomposition in QCD [147] for studying soft
gluon theorem for loop amplitudes in D=4, following Chapter-3 [16]? Here our
naive understanding is that at one loop, the leading soft gluon factor will be loop
corrected and produce O(lnw/w) term at leading order. On the other hand, the soft
graviton theorem receives loop correction in subleading order and produce O(/nw)
term [16]. With this understanding, it will be interesting to test the double copy
relation in the soft limit at one-loop level [148]. Also performing an analogous
classical analysis for Yang-Mills theory, as we performed for gravity [22], we can
test the classical double copy relation from the classical soft expansion perspective

in four spacetime dimensions?.

2At D > 4 this has been tested in [146].
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e In §4.4 we have conjectured new gravitational tail memory, where the gravitational
waveform goes like #~? Inu at large retarded time u — +oco. From the S-matrix
analysis using Grammer-Yennie treatment, we expect the corresponding soft factor
can be derived performing two loop calculations and extracting the coefficient of
w(Inw)®. Some preliminary analysis suggests that in the regions where two loop
integrals contribute to w(ln w)?, the integrals break into a product of two one loop
integrals. So generalization of Chapter-3 at two loop order may be enough to extract

this part of sub-subleading soft graviton factor.

e As we already explained, in four spacetime dimensions the S-matrix turns out to
be IR divergent when massless particles run in the loop. Instead of making each of
the S-matrices IR finite in the soft theorem analysis, we remove the same divergent
factors from both the S-matrices and then extract the soft factors [16]. But we can
ask whether we can study soft theorem in terms of IR finite S-matrices. There
are some constructions of IR finite S-matrices [149-151], which could be helpful
along this directions. For the Faddeev-Kulish kind of S-matrices without any cutoft,
the leading soft theorem vanishes but from the physical point of view we know
the existence of leading memory. So it is not yet clear how this kind of IR finite
S-matrices can help to address the problem of deriving soft theorem from loop

amplitudes.

5.2 Classical limit of soft theorem in D=4

Here we try to point out one problem in our understanding of the classical limit of the
soft theorem in four spacetime dimensions. For simplicity, we are considering subleading

multiple soft photon theorem given in eq.(3.5.23). In the classical limit, the multiple soft
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photon factor for M number of external soft photons takes form,
Moy N N
[ {—S(O)(sr, n)+ilnwSWe,n) + hoSWe, nr)} (5.2.1)
w

r=1

where

i~y gr, Pﬁ:
SO = ),

Ga Erylirp qaqy Moy APy Pl — Pyri)
Pa-ty 4 An {(pp.po)? — m2mlP?
nanp=1
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S ) rs ftr - = a e - D,
" (8 " ) 1672 ;q Pa " Ny pgapav paapaﬂ
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In 5.2.2)

b#a \/ (Pa-Pb)* — P2Pi |\ Pa-Pb— \/ (Pa-Pb)* — P2P;

ra(
S (&)

{24949vPa-Pb}

Here k' = wn) and all the soft factors given above are real for real polarisation of soft
photons. SO represents the leading soft factor, .’S'\E.ll”) represents the classical subleading
soft factor and 3‘;1:1) represents the quantum subleading soft factor after stripping out the
w dependence. Now if following §2.1, we compute energy for a large number of photon
radiation from soft theorem and compare it with the energy computed from the electro-

magnetic waveform, we get:

2 2
_ — 1 1~ - —
['Ayw. D} {g'Af-w, D)} = (m) —50e,m) +i Inw S (e,n) + InwSW(e,n)

(5.2.3)

On the other hand by direct classical calculations of electromagnetic waveform in §4.3.1

we get,

- 1wkl 1= .
FAw, %) = — éF|=5Ven) + i InwS" (e, n) (5.2.4)
4nR w ¢
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where R = i- ¥ and k* = w(1, 7). Now only when TS’E?(S, n) = 0, the equations (5.2.3) and

(5.2.4) agrees. We have verified that in the limit of low momentum transfer ina 2 — 2
scattering §§f$>(s, n) is suppressed with respect to ’S\i’l”)(s, n). So we can make sense of the
equivalence of this two equations for these kinds of scattering process. But if we consider
a hard scattering process where momentum transfer is large, then eq.(5.2.3) and eq.(5.2.4)
are not consistent with each other. But it may happen that the assumptions made in §2.1
break down for hard scattering process. Till now we don’t have a better understanding to

resolve this discrepency.

5.3 Extending the derivation of gravitational tail mem-

ory in higher order

In §4.4 we have conjectured sub-subleading gravitational tail memory, where the gravita-
tional waveform goes like =2 In u at large retarded time u — +oo. In principle we can ver-
ify this by calculating the corrected trajectory of the scattered objects to one higher order
and finding the corresponding gravitational waveform at O(G>) by extending the analysis
of Chapter-4. If the objects involved in the scattering have intrinsic spin then the effect
of their spins will appear at O(u?) tail memory. It would be interesting to work out the
spin-dependent memory>. We can also ask whether we can generalize our prescription of
deriving classical soft theorem to arbitrary (sub)"-leading order to extract O(u™"(In u)"~")

gravitational memory. The brute-force strategy could be the following [138]:

Suppose that the asymptotic trajectory of a’th particle is given by,

X(o) =r +Vio + Y (o) (5.3.5)

3Though the full O(u~?) tail memory is a little ambiguous but possibly we can compute the spin-
dependent part unambiguously.
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with correction to straight line trajectory expanded as:
YZ(O') = A(sub)OYg(o-) + A(sub)Yg(o-) + A(sub)ZYg(o-) + - (536)

Then with this correction of trajectory the Fourier transform of the total (matter + gravi-

tational) energy-momentum tensor can be expanded as:
T®) = A Ti0) + A T0) + Aup Tk) 42+ (5.3.7)

And corresponding trace reversed metric fluctuation expansion:

ew(X) = Agunpeu(X) + Auneuw(X) + Aguppep(X) + - (5.3.8)
where
Asupyen(x) = —8nG f ﬂ G.(£) e A(mb);-ﬁv(f) (5.3.9)
(2m)*
forr =0,1,2,---. Now to derive 4y Y5 (0) we need to solve geodesic equation in the

r—1

background metric }} Aup)eu. Then knowing the trajectory of the particles upto (sub)”
s=0

order and background metric upto (sub)"~! order we can compute A(sub)r’ﬁ“,(k). Finally

substituting in eq.(5.3.9) and performing the integration, in principle we can evaluate

A supy-€uy(x) at large distance from scattering center and large retarded time.

In §4.4 and §4.5 we have seen that for a scattering process with at most one massive
particle in the final state (e.g. black hole merger) the subleading and sub-subleading
gravitational tail memory vanishes. It would be a useful prediction (if true) if we can show

that all order gravitational tail memory vanishes for such kinds of scattering processes.



Introduction

Soft theorem is the infrared property of scattering amplitude with low energy photons and
gravitons in external states. In a quantum theory of gravity, soft graviton theorem gives
an amplitude with a set of finite energy external particles (hard particles) and one or more
low energy external gravitons (soft gravitons), in terms of the amplitude without the low
energy gravitons [1-18]. However when we take the classical limit, there is a different
manifestation of the same theorem — it determines the low frequency component of the
gravitational wave-form produced during a scattering process in terms of the momenta
and spin of the incoming and outgoing objects, without any reference to the interactions
responsible for the scattering [19-22], which is also related to the classical gravitational
memory [23-33]. Recently people have interpreted soft graviton theorem as a Ward iden-
tity of the symmetry of asymptotically flat spacetime [6,30,34—42]. The inter-connection
between these three subjects made the infrared structure of gravitational physics much
more interesting. An analogous inter-connection has been established between soft pho-
ton theorem [1-4,43-49], electromagnetic memory [50-53] and Ward identity for large

gauge symmetry [54—63].

In last few years a large group of people have derived soft theorem from direct analysis
of amplitudes in field theory and string theory [5,7-9, 11-15,64—105]. There are general
arguments establishing their validity in any space-time dimensions in any theory as long
as one maintains the relevant gauge symmetries — general coordinate invariance for soft

graviton theorem and U(1) gauge invariance for soft photon theorem. What makes it
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a theorem is that the soft factors are universal (independent of the theory) up to some
specific order of expansion in soft momenta. For example, soft photon theorem is only
universal in leading order i.e. the leading soft factor only depends on the charges and
momenta of external finite energy particles and no other information of the theory. At
subleading order soft photon factor has a universal part along with a theory dependent
piece due to non-minimal coupling of field strength with finite energy particles [17]. Soft
graviton theorem is universal up to subleading order and non-universal terms appear at
sub-subleading order due to non-minimal coupling of finite energy particles with Riemann

tensor [11].

Very recently Sen has developed a covariantization prescription [101] for deriving single
soft graviton theorem for a generic theory of quantum gravity which is valid to all orders
of perturbation theory for non-compact spacetime dimensions greater than four and valid
in tree level for four-dimensional spacetime. The basic idea is that we have to start with
a general coordinate invariant one particle irreducible(1PI) effective action of a generic
theory of quantum gravity(assumed to be UV complete and background independent).
Now the full quantum corrected S-matrix of any scattering process can be obtained just
by computing tree-level diagrams using Feynman rules derived from the 1PI effective
action. To get the Feynman rules associated with the vertices involving soft gravitons
we need to covariantize the 1PI effective action with respect to soft graviton background
and include possible all non-minimal couplings associated with soft graviton with other

particles.

In [15] we derived subleading multiple soft graviton theorem for a generic theory of quan-
tum gravity generalizing Sen’s covariantization prescription when all the external gravi-
tons are soft at the same rate (simultaneous limit). Here it turns out that the ingredients
needed to prove double soft graviton theorem is enough for deriving multiple soft graviton
theorem up to subleading order though the derivation is much more involved. Multiple

soft factors can be divided into two parts. For M number of soft graviton scattering the



first part can be written as a multiplication of (M — 1) number of leading soft factor and
one subleading soft factor which are fixed from single soft graviton theorem. The sec-
ond part we call contact term which comes from the diagrams involving three graviton
self-interaction and two gravitons two finite energy particles interaction vertices and the
structure of this part is fixed from double soft graviton theorem. In [106], using Cachazo-
He-Yuan (CHY) prescription [107] we derived multiple soft graviton theorem for Einstein

gravity at tree level which agrees with our more general result of [15].

In [17] we generalized Sen’s covariantization prescription in a background involving soft
photon and soft graviton simultaneously and derived multiple soft photon-graviton the-
orem up to subleading order. Here we fixed the structure of non-universal term in the
subleading order of single soft photon theorem for a theory with photon field coupled
to any arbitrary field with arbitrary spin in all possible minimal and non-minimal ways.
Considering some specific kind of non-minimal coupling terms appeared in effective field
theory literature we determined the form of the non-universal piece of subleading soft
factor and compared it with earlier results. The interesting feature in our multiple soft
photon-graviton theorem result is that once we fix the non-universal term in the single
soft photon theorem it determines all the terms in multiple soft photon-graviton theorem
result and no other new kind of non-universal term appears. Here the contact term re-
ceives contribution from the process of soft graviton splitting into two soft photons and

this contribution turns out to be spacetime dimension dependent.

In four spacetime dimensions, the S-matrix of a theory involving massless particles is
IR divergent. So studying soft photon or graviton theorem in terms of IR divergent S-
matrix is ambiguous [66]. But since soft theorem relates two S-matrices, we don’t need
to make individual S-matrices IR-finite but factored out the same IR divergent pieces from
both the S-matrices and cancel it from both sides of soft theorem expression. In the case

of spinor QED, Grammer and Yennie proposed a prescription for factoring out the IR-

11



12

divergent part of the S-matrix by dividing the photon propagator into two pieces called
G-photon and K-photon propagators [108]. The division is made in such a way that any
loop diagram computed with K-photon propagator contains the full IR-divergent part and

the same diagram computed with G-photon propagator is IR-finite.

In [16] we used Grammer-Yennie treatment to derive loop corrected subleading soft pho-
ton and graviton theorem. Evaluating loop amplitudes we found that soft factor in sub-
leading order is logarithmic in the energy of external soft photon/graviton. This logarith-
mic soft factor is universal and independent of the spin of external finite energy parti-
cles and up to subleading order in soft momenta, the logarithmic term is one loop exact.
In [16] we divided the logarithmic terms of soft photon theorem into two parts according
to whether the contribution comes from massive particle propagator or massless photon
propagator while evaluating loop integrals. The first part is called classical logarithmic
term which takes care of the electromagnetic radiation coming out from a scattering pro-
cess due to early and late time acceleration of charged particles as an effect of long-range
electromagnetic force produced by other charged particles. We have also verified this
from independent classical calculations. The other part is called quantum logarithmic
term, interpreted as the effect of back-reaction due to soft radiation energy loss on the
classical trajectories of the charged particles. This quantum term is suppressed relative to

the classical term when the total energy loss in electromagnetic radiation is small.

Generalizing Grammer-Yennie technique to perturbative gravity in [16] we derived the
logarithmic terms in subleading soft graviton theorem for loop amplitudes. Here one part
of the classical logarithmic term represents gravitational radiation for deceleration or ac-
celeration of hard particles due to long-range gravitational attraction by other particles at
late time. Another part of the classical logarithmic term represents the backscattering ef-
fect of the external soft graviton with the background geometry produced by finite energy
particles. Here the backscattering term in loop amplitude arises from the extra infrared

divergent part in (N + 1) particle amplitude relative to N particle amplitude. This is eval-



uated using IR-cutoff R given by the distance of scattering center from detector position.
Here we also have a quantum part of logarithmic soft factor interpreted as the effect of
backreaction on the trajectory of finite energy particles due to soft gravitational radiation

energy loss.

In [19] Laddha and Sen extracted large wavelength gravitational waveform studying the
classical limit of soft graviton theorem. Here classical limit means a large number of
gravitons should come out from a scattering process so that the coherent state of a large
number of gravitons can be declared as gravity wave. This requires that the masses of the
scattered objects have to be large in Planck mass unit. Here the soft limit means that the
energy loss due to gravitational radiation has to be small compared to the energy of the
objects that participated in the scattering process. This leads to probe scatterer limit or
large impact parameter limit for a two-body scattering and the wavelength of gravitational

radiation has to be large compared to the characteristic length scale of scattering.

In four spacetime dimensions performing Fourier transformation of the soft factor in soft
energy variable one extracts gravitational memory. The leading soft graviton factor pre-
dicts a DC Christodoulou memory effect corresponding to the permanent displacement
between the mirrors of a gravitational wave detector. Our logarithmic soft factor predicts
a tail memory [22, 33], which tells that if we wait for a long time after the peak of grav-
itational waveform passes, we will not only get a permanent shift but it will have larger
shift initially and with increasing time the mirrors will settle to their permanent shifted
position predicted by Christodoulou. For an asymmetric explosion of type-II supernova
(1987A), we have estimated the order of magnitude of displacement between the mirrors
divided by the initial distance between the mirrors, which turns out in the order of 10722
— which is in the edge of LIGO resolution but expected to be observed in eLISA. We also
determined order of magnitude of strain in GW detector for bullet cluster scattering and

hyper velocity star production [22].

Recently in [22] we have given a general proof of the relationship between long-wavelength

13
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gravitational waveform and the soft graviton factor [16] in four spacetime dimensions
analogous to the result proved in higher spacetime dimensions [21]. To show the equiv-
alence, we have to iteratively solve liniarized Einstein equation to derive background
metric and geodesic equation to get asymptotic trajectory. At this stage, we observed a
mapping between classical waveform calculation with the one-loop scattering matrix cal-
culations and we expect that our prescription is quite simple to generalize for computing
higher order memory effects. Emboldened by the success of soft theorem in correctly
predicting the tail of the gravitational wave-form at the subleading order, we conjectured

a new tail memory at the sub-subleading order [22].

The organization of the thesis is as followed,

e In Chapter 1 we describe a general prescription of deriving soft photon and soft
graviton theorem for a generic theory of quantum electrodynamics and quantum
gravity. Using this prescription we derive single soft photon and soft graviton theo-
rem up to subleading order and will state the result of sub-subleading soft graviton
theorem and subleading multiple soft graviton theorem. Then we show how some

of the assumptions in this prescription break down in four spacetime dimensions.

e In Chapter 2 we explain how to take the classical limit of multiple soft photon and
soft graviton theorem. From the classical limit of the soft theorem, we predict long
wavelength electromagnetic and gravitational waveform. From the understanding
of soft theorem in D>4 and asymptotic trajectory of particles in D=4 here we give

the classical subleading soft factor in D=4 which is logarithmic in soft energy.

e We devote Chapter 3 for the derivation of subleading soft photon and soft graviton
theorem for loop amplitudes in four spacetime dimensions. Then we briefly sketch

the strategy for deriving subleading multiple soft photon theorem in D=4.

e Chapter 4 is solely devoted for deriving low frequency electromagnetic and gravita-

tional waveform for a general classical scattering process. Using this we determine
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the electromagnetic and gravitational wave-form emitted during a scattering pro-
cess at late and early retarded time, in terms of the charges and four momenta of
the ingoing and outgoing objects. As an amusement here we have performed some
numerical estimation of gravitational memory for various astrophysical scattering

processes.

e In chapter 5 we will conclude the thesis with some future directions.






Bibliography

[1] S. Weinberg, Photons and Gravitons in S -Matrix Theory: Derivation of Charge
Conservation and Equality of Gravitational and Inertial Mass, Phys. Rev. 135

(1964) B1049-B1056.
[2] S. Weinberg, Infrared photons and gravitons, Phys. Rev. 140 (1965) B516-B524.

[3] D.J. Gross and R. Jackiw, Low-Energy Theorem for Graviton Scattering, Phys.
Rev. 166 (1968) 1287-1292.

[4] R. Jackiw, Low-Energy Theorems for Massless Bosons: Photons and Gravitons,

Phys. Rev. 168 (1968) 1623-1633.

[5] C. D. White, Factorization Properties of Soft Graviton Amplitudes, JHEP 05

(2011) 060, arXiv:1103.2981 [hep-th].

[6] T. He, V. Lysov, P. Mitra, and A. Strominger, BMS supertranslations and
WeinbergdAZs soft graviton theorem, JHEP 05 (2015) 151, arXiv:1401.7026

[hep-th].

[7] F. Cachazo and A. Strominger, Evidence for a New Soft Graviton Theorem,

arXiv:1404.4091 [hep-th].

[8] N. Afkhami-Jeddi, Soft Graviton Theorem in Arbitrary Dimensions,

arXiv:1405.3533 [hep-th].

179


http://dx.doi.org/10.1103/PhysRev.135.B1049
http://dx.doi.org/10.1103/PhysRev.135.B1049
http://dx.doi.org/10.1103/PhysRev.140.B516
http://dx.doi.org/10.1103/PhysRev.166.1287
http://dx.doi.org/10.1103/PhysRev.166.1287
http://dx.doi.org/10.1103/PhysRev.168.1623
http://dx.doi.org/10.1007/JHEP05(2011)060
http://dx.doi.org/10.1007/JHEP05(2011)060
http://arxiv.org/abs/1103.2981
http://dx.doi.org/10.1007/JHEP05(2015)151
http://arxiv.org/abs/1401.7026
http://arxiv.org/abs/1401.7026
http://arxiv.org/abs/1404.4091
http://arxiv.org/abs/1405.3533

180 Bibliography

[9] Z. Bern, S. Davies, P. Di Vecchia, and J. Nohle, Low-Energy Behavior of Gluons
and Gravitons from Gauge Invariance, Phys. Rev. D90 no. 8, (2014) 084035,

arXiv:1406.6987 [hep-th].

[10] M. Campiglia and A. Laddha, Asymptotic symmetries and subleading soft
graviton theorem, Phys. Rev. D90 no. 12, (2014) 124028, arXiv:1408.2228
[hep-th].

[11] A.Laddha and A. Sen, Sub-subleading Soft Graviton Theorem in Generic
Theories of Quantum Gravity, JHEP 10 (2017) 065, arXiv:1706.00759
[hep-th].

[12] E. Cachazo, S. He, and E. Y. Yuan, New Double Soft Emission Theorems, Phys.
Rev. D92 no. 6, (2015) 065030, arXiv:1503.04816 [hep-th].

[13] T. Klose, T. McLoughlin, D. Nandan, J. Plefka, and G. Travaglini, Double-Soft
Limits of Gluons and Gravitons, JHEP 07 (2015) 135, arXiv:1504.05558

[hep-th].

[14] A.P. Saha, Double Soft Theorem for Perturbative Gravity, JHEP 09 (2016) 165,
arXiv:1607.02700 [hep-th].

[15] S. Chakrabarti, S. P. Kashyap, B. Sahoo, A. Sen, and M. Verma, Subleading Soft
Theorem for Multiple Soft Gravitons, JHEP 12 (2017) 150, arXiv:1707.06803
[hep-th].

[16] B. Sahoo and A. Sen, Classical and Quantum Results on Logarithmic Terms in the
Soft Theorem in Four Dimensions, JHEP 02 (2019) 086, arXiv:1808.03288
[hep-th].

[17] S. Atul Bhatkar and B. Sahoo, Subleading Soft Theorem for arbitrary number of
external soft photons and gravitons, JHEP 01 (2019) 153, arXiv:1809.01675
[hep-th].


http://dx.doi.org/10.1103/PhysRevD.90.084035
http://arxiv.org/abs/1406.6987
http://dx.doi.org/10.1103/PhysRevD.90.124028
http://arxiv.org/abs/1408.2228
http://arxiv.org/abs/1408.2228
http://dx.doi.org/10.1007/JHEP10(2017)065
http://arxiv.org/abs/1706.00759
http://arxiv.org/abs/1706.00759
http://dx.doi.org/10.1103/PhysRevD.92.065030
http://dx.doi.org/10.1103/PhysRevD.92.065030
http://arxiv.org/abs/1503.04816
http://dx.doi.org/10.1007/JHEP07(2015)135
http://arxiv.org/abs/1504.05558
http://arxiv.org/abs/1504.05558
http://dx.doi.org/10.1007/JHEP09(2016)165
http://arxiv.org/abs/1607.02700
http://dx.doi.org/10.1007/JHEP12(2017)150
http://arxiv.org/abs/1707.06803
http://arxiv.org/abs/1707.06803
http://dx.doi.org/10.1007/JHEP02(2019)086
http://arxiv.org/abs/1808.03288
http://arxiv.org/abs/1808.03288
http://dx.doi.org/10.1007/JHEP01(2019)153
http://arxiv.org/abs/1809.01675
http://arxiv.org/abs/1809.01675

Bibliography

181

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

D. Jain and A. Rudra, Leading soft theorem for multiple gravitini, JHEP 06

(2019) 004, arXiv:1811.01804 [hep-th].

A. Laddha and A. Sen, Gravity Waves from Soft Theorem in General Dimensions,

JHEP 09 (2018) 105, arXiv:1801.07719 [hep-th].

A. Laddha and A. Sen, Logarithmic Terms in the Soft Expansion in Four

Dimensions, JHEP 10 (2018) 056, arXiv:1804.09193 [hep-th].

A. Laddha and A. Sen, A Classical Proof of the Classical Soft Graviton Theorem

in D>4, arXiv:1906.08288 [gr-qc].

A. P. Saha, B. Sahoo, and A. Sen, Proof of the Classical Soft Graviton Theorem in

D=4, arXiv:1912.06413 [hep-th].

Y. B. Zel’dovich and A. G. Polnarev, Radiation of gravitational waves by a cluster

of superdense stars, Sov. Astron. 18 (1974) 17. [Astron. Zh.51,30(1974)].

V. B. Braginsky and L. P. Grishchuk, Kinematic Resonance and Memory Effect in
Free Mass Gravitational Antennas, Sov. Phys. JETP 62 (1985) 427-430. [Zh.
Eksp. Teor. Fiz.89,744(1985)].

V. B. Braginskii and K. S. Thorne, Gravitational-wave bursts with memory and
experimental prospects, Gravitational Wave Antennas, Gravitational Waves,
Bursts, Cosmology, Periodic Variations, Stochastic Processes, Astrophysics 327

no. 6118, (May, 1987) 123-125.

M. Ludvigsen, GEODESIC DEVIATION AT NULL INFINITY AND THE
PHYSICAL EFFECTS OF VERY LONG WAVE GRAVITATIONAL RADIATION,
Gen. Rel. Grav. 21 (1989) 1205-1212.

D. Christodoulou, Nonlinear nature of gravitation and gravitational wave

experiments, Phys. Rev. Lett. 67 (1991) 1486—1489.


http://dx.doi.org/10.1007/JHEP06(2019)004
http://dx.doi.org/10.1007/JHEP06(2019)004
http://arxiv.org/abs/1811.01804
http://dx.doi.org/10.1007/JHEP09(2018)105
http://arxiv.org/abs/1801.07719
http://dx.doi.org/10.1007/JHEP10(2018)056
http://arxiv.org/abs/1804.09193
http://arxiv.org/abs/1906.08288
http://arxiv.org/abs/1912.06413
http://dx.doi.org/10.1038/327123a0
http://dx.doi.org/10.1038/327123a0
http://dx.doi.org/10.1038/327123a0
http://dx.doi.org/10.1007/BF00763308
http://dx.doi.org/10.1103/PhysRevLett.67.1486

182 Bibliography

[28] K. S. Thorne, Gravitational-wave bursts with memory: The Christodoulou effect,

Phys. Rev. D45 no. 2, (1992) 520-524.

[29] L. Blanchet and T. Damour, Hereditary effects in gravitational radiation, Phys.

Rev. D46 (1992) 4304-4319.

[30] A. Strominger and A. Zhiboedov, Gravitational Memory, BMS Supertranslations

and Soft Theorems, JHEP 01 (2016) 086, arXiv:1411.5745 [hep-th].

[31] M. Pate, A.-M. Raclariu, and A. Strominger, Gravitational Memory in Higher

Dimensions, JHEP 06 (2018) 138, arXiv:1712.01204 [hep-th].

[32] S. Pasterski, A. Strominger, and A. Zhiboedov, New Gravitational Memories,

JHEP 12 (2016) 053, arXiv:1502.06120 [hep-th].

[33] A.Laddha and A. Sen, Observational Signature of the Logarithmic Terms in the
Soft Graviton Theorem, Phys. Rev. D100 no. 2, (2019) 024009,

arXiv:1806.01872 [hep-th].

[34] A. Strominger, On BMS Invariance of Gravitational Scattering, JHEP 07 (2014)

152, arXiv:1312.2229 [hep-th].

[35] S. G. Avery and B. U. W. Schwab, Burg-Metzner-Sachs symmetry, string theory,
and soft theorems, Phys. Rev. D93 (2016) 026003, arXiv:1506.05789

[hep-th].

[36] M. Campiglia and A. Laddha, Asymptotic symmetries of gravity and soft theorems

for massive particles, JHEP 12 (2015) 094, arXiv:1509.01406 [hep-th].

[37] M. Campiglia and A. Laddha, Sub-subleading soft gravitons: New symmetries of

quantum gravity?, Phys. Lett. B764 (2017) 218-221, arXiv:1605.09094

[gr-qc].

[38] M. Campiglia and A. Laddha, Sub-subleading soft gravitons and large

diffeomorphisms, JHEP 01 (2017) 036, arXiv:1608.00685 [gr-qc].


http://dx.doi.org/10.1103/PhysRevD.45.520
http://dx.doi.org/10.1103/PhysRevD.46.4304
http://dx.doi.org/10.1103/PhysRevD.46.4304
http://dx.doi.org/10.1007/JHEP01(2016)086
http://arxiv.org/abs/1411.5745
http://dx.doi.org/10.1007/JHEP06(2018)138
http://arxiv.org/abs/1712.01204
http://dx.doi.org/10.1007/JHEP12(2016)053
http://arxiv.org/abs/1502.06120
http://dx.doi.org/10.1103/PhysRevD.100.024009
http://arxiv.org/abs/1806.01872
http://dx.doi.org/10.1007/JHEP07(2014)152
http://dx.doi.org/10.1007/JHEP07(2014)152
http://arxiv.org/abs/1312.2229
http://dx.doi.org/10.1103/PhysRevD.93.026003
http://arxiv.org/abs/1506.05789
http://arxiv.org/abs/1506.05789
http://dx.doi.org/10.1007/JHEP12(2015)094
http://arxiv.org/abs/1509.01406
http://dx.doi.org/10.1016/j.physletb.2016.11.046
http://arxiv.org/abs/1605.09094
http://arxiv.org/abs/1605.09094
http://dx.doi.org/10.1007/JHEP01(2017)036
http://arxiv.org/abs/1608.00685

Bibliography 183

[39] E. Conde and P. Mao, BMS Supertranslations and Not So Soft Gravitons, JHEP

05 (2017) 060, arXiv:1612.08294 [hep-th].

[40] T. He, D. Kapec, A.-M. Raclariu, and A. Strominger, Loop-Corrected Virasoro
Symmetry of 4D Quantum Gravity, JHEP 08 (2017) 050, arXiv:1701.00496

[hep-th].

[41] M. Asorey, A. P. Balachandran, F. Lizzi, and G. Marmo, Equations of Motion as
Constraints: Superselection Rules, Ward Ildentities, JHEP 03 (2017) 136,

arXiv:1612.05886 [hep-th].

[42] A. Strominger, Lectures on the Infrared Structure of Gravity and Gauge Theory,

arXiv:1703.05448 [hep-th].

[43] M. Gell-Mann and M. L. Goldberger, Scattering of low-energy photons by
particles of spin 1/2, Phys. Rev. 96 (1954) 1433—1438.

[44] F. E. Low, Scattering of light of very low frequency by systems of spin 1/2, Phys.
Rev. 96 (1954) 1428-1432.

[45] F. E. Low, Bremsstrahlung of very low-energy quanta in elementary particle

collisions, Phys. Rev. 110 (1958) 974-977.

[46] S. Saito, Low-energy theorem for Compton scattering, Phys. Rev. 184 (1969)
1894-1902.

[47] T. H. Burnett and N. M. Kroll, Extension of the low soft photon theorem, Phys.
Rev. Lett. 20 (1968) 86.

[48] J. S. Bell and R. Van Royen, On the low-burnett-kroll theorem for soft-photon
emission, Nuovo Cim. A60 (1969) 62—-68.

[49] V. Del Duca, High-energy Bremsstrahlung Theorems for Soft Photons, Nucl. Phys.
B345 (1990) 369-388.


http://dx.doi.org/10.1007/JHEP05(2017)060
http://dx.doi.org/10.1007/JHEP05(2017)060
http://arxiv.org/abs/1612.08294
http://dx.doi.org/10.1007/JHEP08(2017)050
http://arxiv.org/abs/1701.00496
http://arxiv.org/abs/1701.00496
http://dx.doi.org/10.1007/JHEP03(2017)136
http://arxiv.org/abs/1612.05886
http://arxiv.org/abs/1703.05448
http://dx.doi.org/10.1103/PhysRev.96.1433
http://dx.doi.org/10.1103/PhysRev.96.1428
http://dx.doi.org/10.1103/PhysRev.96.1428
http://dx.doi.org/10.1103/PhysRev.110.974
http://dx.doi.org/10.1103/PhysRev.184.1894
http://dx.doi.org/10.1103/PhysRev.184.1894
http://dx.doi.org/10.1103/PhysRevLett.20.86
http://dx.doi.org/10.1103/PhysRevLett.20.86
http://dx.doi.org/10.1007/BF02823297
http://dx.doi.org/10.1016/0550-3213(90)90392-Q
http://dx.doi.org/10.1016/0550-3213(90)90392-Q

184 Bibliography

[50] L. Bieri and D. Garfinkle, An electromagnetic analogue of gravitational wave

memory, Class. Quant. Grav. 30 (2013) 195009, arXiv:1307.5098 [gr-qc].

[51] S. Pasterski, Asymptotic Symmetries and Electromagnetic Memory, JHEP (09

(2017) 154, arXiv:1505.00716 [hep-th].

[52] L. Susskind, Electromagnetic Memory, arXiv:1507.02584 [hep-th].

[53] Y. Hamada and S. Sugishita, Notes on the gravitational, electromagnetic and

axion memory effects, JHEP 07 (2018) 017, arXiv:1803.00738 [hep-th].

[54] T. He, P. Mitra, A. P. Porfyriadis, and A. Strominger, New Symmetries of Massless
QED, JHEP 10 (2014) 112, arXiv:1407.3789 [hep-th].

[55] M. Campiglia and A. Laddha, Asymptotic symmetries of QED and Weinberg’s soft

photon theorem, JHEP 07 (2015) 115, arXiv:1505.05346 [hep-th].

[56] D. Kapec, M. Pate, and A. Strominger, New Symmetries of QED, Adv. Theor.
Math. Phys. 21 (2017) 1769-1785, arXiv:1506.02906 [hep-th].

[57] E. Conde and P. Mao, Remarks on asymptotic symmetries and the subleading soft
photon theorem, Phys. Rev. D95 no. 2, (2017) 021701, arXiv:1605.09731

[hep-th].

[58] H. Hirai and S. Sugishita, Conservation Laws from Asymptotic Symmetry and
Subleading Charges in QED, JHEP 07 (2018) 122, arXiv:1805.05651

[hep-th].

[59] M. Campiglia and A. Laddha, Subleading soft photons and large gauge

transformations, JHEP 11 (2016) 012, arXiv:1605.09677 [hep-th].

[60] M. Campiglia and R. Eyheralde, Asymptotic U(1) charges at spatial infinity,

JHEP 11 (2017) 168, arXiv:1703.07884 [hep-th].


http://dx.doi.org/10.1088/0264-9381/30/19/195009
http://arxiv.org/abs/1307.5098
http://dx.doi.org/10.1007/JHEP09(2017)154
http://dx.doi.org/10.1007/JHEP09(2017)154
http://arxiv.org/abs/1505.00716
http://arxiv.org/abs/1507.02584
http://dx.doi.org/10.1007/JHEP07(2018)017
http://arxiv.org/abs/1803.00738
http://dx.doi.org/10.1007/JHEP10(2014)112
http://arxiv.org/abs/1407.3789
http://dx.doi.org/10.1007/JHEP07(2015)115
http://arxiv.org/abs/1505.05346
http://dx.doi.org/10.4310/ATMP.2017.v21.n7.a7
http://dx.doi.org/10.4310/ATMP.2017.v21.n7.a7
http://arxiv.org/abs/1506.02906
http://dx.doi.org/10.1103/PhysRevD.95.021701
http://arxiv.org/abs/1605.09731
http://arxiv.org/abs/1605.09731
http://dx.doi.org/10.1007/JHEP07(2018)122
http://arxiv.org/abs/1805.05651
http://arxiv.org/abs/1805.05651
http://dx.doi.org/10.1007/JHEP11(2016)012
http://arxiv.org/abs/1605.09677
http://dx.doi.org/10.1007/JHEP11(2017)168
http://arxiv.org/abs/1703.07884

Bibliography

185

[61] M. Campiglia and A. Laddha, Asymptotic charges in massless QED revisited: A

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

view from Spatial Infinity, JHEP 05 (2019) 207, arXiv:1810.04619 [hep-th].

M. Campiglia and A. Laddha, Loop Corrected Soft Photon Theorem as a Ward

ldentity, arXiv:1903.09133 [hep-th].

S. Atul Bhatkar, Ward identity for loop corrected soft photon theorem for massless

QED coupled to gravity, arXiv:1912.10229 [hep-th].

E. Casali, Soft sub-leading divergences in Yang-Mills amplitudes, JHEP 08 (2014)

077, arXiv:1404.5551 [hep-th].

B. U. W. Schwab and A. Volovich, Subleading Soft Theorem in Arbitrary
Dimensions from Scattering Equations, Phys. Rev. Lett. 113 no. 10, (2014)

101601, arXiv:1404.7749 [hep-th].

Z. Bern, S. Davies, and J. Nohle, On Loop Corrections to Subleading Soft
Behavior of Gluons and Gravitons, Phys. Rev. D90 no. 8, (2014) 085015,

arXiv:1405.1015 [hep-th].

S. He, Y.-t. Huang, and C. Wen, Loop Corrections to Soft Theorems in Gauge

Theories and Gravity, JHEP 12 (2014) 115, arXiv:1405.1410 [hep-th].

A.J. Larkoski, Conformal Invariance of the Subleading Soft Theorem in Gauge

Theory, Phys. Rev. D90 no. 8, (2014) 087701, arXiv:1405.2346 [hep-th].

F. Cachazo and E. Y. Yuan, Are Soft Theorems Renormalized?,

arXiv:1405.3413 [hep-th].

B. U. W. Schwab, Subleading Soft Factor for String Disk Amplitudes, JHEP 08

(2014) 062, arXiv:1406.4172 [hep-th].

M. Bianchi, S. He, Y.-t. Huang, and C. Wen, More on Soft Theorems: Trees,
Loops and Strings, Phys. Rev. D92 no. 6, (2015) 065022, arXiv:1406.5155

[hep-th].


http://dx.doi.org/10.1007/JHEP05(2019)207
http://arxiv.org/abs/1810.04619
http://arxiv.org/abs/1903.09133
http://arxiv.org/abs/1912.10229
http://dx.doi.org/10.1007/JHEP08(2014)077
http://dx.doi.org/10.1007/JHEP08(2014)077
http://arxiv.org/abs/1404.5551
http://dx.doi.org/10.1103/PhysRevLett.113.101601
http://dx.doi.org/10.1103/PhysRevLett.113.101601
http://arxiv.org/abs/1404.7749
http://dx.doi.org/10.1103/PhysRevD.90.085015
http://arxiv.org/abs/1405.1015
http://dx.doi.org/10.1007/JHEP12(2014)115
http://arxiv.org/abs/1405.1410
http://dx.doi.org/10.1103/PhysRevD.90.087701
http://arxiv.org/abs/1405.2346
http://arxiv.org/abs/1405.3413
http://dx.doi.org/10.1007/JHEP08(2014)062
http://dx.doi.org/10.1007/JHEP08(2014)062
http://arxiv.org/abs/1406.4172
http://dx.doi.org/10.1103/PhysRevD.92.065022
http://arxiv.org/abs/1406.5155
http://arxiv.org/abs/1406.5155

186 Bibliography

[72] J. Broedel, M. de Leeuw, J. Plefka, and M. Rosso, Constraining subleading soft
gluon and graviton theorems, Phys. Rev. D90 no. 6, (2014) 065024,

arXiv:1406.6574 [hep-th].

[73] C. D. White, Diagrammatic insights into next-to-soft corrections, Phys. Lett.

B737 (2014) 216-222, arXiv:1406.7184 [hep-th].

[74] M. Zlotnikov, Sub-sub-leading soft-graviton theorem in arbitrary dimension,

JHEP 10 (2014) 148, arXiv:1407.5936 [hep-th].

[75] C. Kalousios and F. Rojas, Next to subleading soft-graviton theorem in arbitrary

dimensions, JHEP 01 (2015) 107, arXiv:1407.5982 [hep-th].

[76] Y.-J. Du, B. Feng, C.-H. Fu, and Y. Wang, Note on Soft Graviton theorem by KLT

Relation, JHEP 11 (2014) 090, arXiv:1408.4179 [hep-th].

[77] D. Bonocore, E. Laenen, L. Magnea, L. Vernazza, and C. D. White, The method of
regions and next-to-soft corrections in DrelldASYan production, Phys. Lett. B742

(2015) 375-382, arXiv:1410.6406 [hep-ph].

[78] B. U. W. Schwab, A Note on Soft Factors for Closed String Scattering, JHEP 03

(2015) 140, arXiv:1411.6661 [hep-th].

[79] A. Sabio Vera and M. A. Vazquez-Mozo, The Double Copy Structure of Soft

Gravitons, JHEP 03 (2015) 070, arXiv:1412.3699 [hep-th].

[80] P. Di Vecchia, R. Marotta, and M. Mojaza, Soft theorem for the graviton, dilaton
and the Kalb-Ramond field in the bosonic string, JHEP 05 (2015) 137,

arXiv:1502.05258 [hep-th].

[81] A.E. Lipstein, Soft Theorems from Conformal Field Theory, JHEP 06 (2015) 166,

arXiv:1504.01364 [hep-th].

[82] A. Volovich, C. Wen, and M. Zlotnikov, Double Soft Theorems in Gauge and

String Theories, JHEP 07 (2015) 095, arXiv:1504.05559 [hep-th].


http://dx.doi.org/10.1103/PhysRevD.90.065024
http://arxiv.org/abs/1406.6574
http://dx.doi.org/10.1016/j.physletb.2014.08.041
http://dx.doi.org/10.1016/j.physletb.2014.08.041
http://arxiv.org/abs/1406.7184
http://dx.doi.org/10.1007/JHEP10(2014)148
http://arxiv.org/abs/1407.5936
http://dx.doi.org/10.1007/JHEP01(2015)107
http://arxiv.org/abs/1407.5982
http://dx.doi.org/10.1007/JHEP11(2014)090
http://arxiv.org/abs/1408.4179
http://dx.doi.org/10.1016/j.physletb.2015.02.008
http://dx.doi.org/10.1016/j.physletb.2015.02.008
http://arxiv.org/abs/1410.6406
http://dx.doi.org/10.1007/JHEP03(2015)140
http://dx.doi.org/10.1007/JHEP03(2015)140
http://arxiv.org/abs/1411.6661
http://dx.doi.org/10.1007/JHEP03(2015)070
http://arxiv.org/abs/1412.3699
http://dx.doi.org/10.1007/JHEP05(2015)137
http://arxiv.org/abs/1502.05258
http://dx.doi.org/10.1007/JHEP06(2015)166
http://arxiv.org/abs/1504.01364
http://dx.doi.org/10.1007/JHEP07(2015)095
http://arxiv.org/abs/1504.05559

Bibliography

187

[83] M. Bianchi and A. L. Guerrieri, On the soft limit of open string disk amplitudes

with massive states, JHEP 09 (2015) 164, arXiv:1505.05854 [hep-th].

[84] P. Di Vecchia, R. Marotta, and M. Mojaza, Double-soft behavior for scalars and

gluons from string theory, JHEP 12 (2015) 150, arXiv:1507.00938 [hep-th].

[85] A. L. Guerrieri, Soft behavior of string amplitudes with external massive states,

Nuovo Cim. C39 no. 1, (2016) 221, arXiv:1507.08829 [hep-th].

[86] S. D. Alston, D. C. Dunbar, and W. B. Perkins, n-point amplitudes with a single
negative-helicity graviton, Phys. Rev. D92 no. 6, (2015) 065024,

arXiv:1507.08882 [hep-th].

[87] Y.-t. Huang and C. Wen, Soft theorems from anomalous symmetries, JHEP 12

(2015) 143, arXiv:1509.07840 [hep-th].

[88] P. Di Vecchia, R. Marotta, and M. Mojaza, Soft Theorems from String Theory,

Fortsch. Phys. 64 (2016) 389-393, arXiv:1511.04921 [hep-th].

[89] M. Bianchi and A. L. Guerrieri, On the soft limit of closed string amplitudes with
massive states, Nucl. Phys. B905 (2016) 188-216, arXiv:1512.00803

[hep-th].

[90] M. Bianchi and A. L. Guerrieri, On the soft limit of tree-level string amplitudes,
in Proceedings, 14th Marcel Grossmann Meeting on Recent Developments in
Theoretical and Experimental General Relativity, Astrophysics, and Relativistic
Field Theories (MG14) (In 4 Volumes): Rome, Italy, July 12-18, 2015, vol. 4,

pp. 4157-4163. 2017. arXiv:1601.03457 [hep-th].

[91] J. Rao and B. Feng, Note on Identities Inspired by New Soft Theorems, JHEP 04

(2016) 173, arXiv:1604.00650 [hep-th].


http://dx.doi.org/10.1007/JHEP09(2015)164
http://arxiv.org/abs/1505.05854
http://dx.doi.org/10.1007/JHEP12(2015)150
http://arxiv.org/abs/1507.00938
http://dx.doi.org/10.1393/ncc/i2016-16221-2
http://arxiv.org/abs/1507.08829
http://dx.doi.org/10.1103/PhysRevD.92.065024
http://arxiv.org/abs/1507.08882
http://dx.doi.org/10.1007/JHEP12(2015)143
http://dx.doi.org/10.1007/JHEP12(2015)143
http://arxiv.org/abs/1509.07840
http://dx.doi.org/10.1002/prop.201500068
http://arxiv.org/abs/1511.04921
http://dx.doi.org/10.1016/j.nuclphysb.2016.02.005
http://arxiv.org/abs/1512.00803
http://arxiv.org/abs/1512.00803
http://dx.doi.org/10.1142/9789813226609_0555
http://arxiv.org/abs/1601.03457
http://dx.doi.org/10.1007/JHEP04(2016)173
http://dx.doi.org/10.1007/JHEP04(2016)173
http://arxiv.org/abs/1604.00650

188

Bibliography

[92]

[93]

[94]

[95]

[96]

[97]

[98]

[99]

[100]

P. Di Vecchia, R. Marotta, and M. Mojaza, Subsubleading soft theorems of
gravitons and dilatons in the bosonic string, JHEP 06 (2016) 054,

arXiv:1604.03355 [hep-th].

S. He, Z. Liu, and J.-B. Wu, Scattering Equations, Twistor-string Formulas and
Double-soft Limits in Four Dimensions, JHEP 07 (2016) 060,

arXiv:1604.02834 [hep-th].

F. Cachazo, P. Cha, and S. Mizera, Extensions of Theories from Soft Limits, JHEP

06 (2016) 170, arXiv:1604.03893 [hep-th].

P. D1 Vecchia, R. Marotta, and M. Mojaza, Soft behavior of a closed massless
state in superstring and universality in the soft behavior of the dilaton, JHEP 12

(2016) 020, arXiv:1610.03481 [hep-th].

A. Luna, S. Melville, S. G. Naculich, and C. D. White, Next-to-soft corrections to
high energy scattering in QCD and gravity, JHEP 01 (2017) 052,

arXiv:1611.02172 [hep-th].

H. Elvang, C. R. T. Jones, and S. G. Naculich, Soft Photon and Graviton
Theorems in Effective Field Theory, Phys. Rev. Lett. 118 no. 23, (2017) 231601,

arXiv:1611.07534 [hep-th].

C. Cheung, K. Kampf, J. Novotny, C.-H. Shen, and J. Trnka, A Periodic Table of

Effective Field Theories, JHEP 02 (2017) 020, arXiv:1611.03137 [hep-th].

A. P. Saha, Double soft limit of the graviton amplitude from the Cachazo-He-Yuan
formalism, Phys. Rev. D96 no. 4, (2017) 045002, arXiv:1702.02350

[hep-th].

A. Sen, Soft Theorems in Superstring Theory, JHEP 06 (2017) 113,

arXiv:1702.03934 [hep-th].


http://dx.doi.org/10.1007/JHEP06(2016)054
http://arxiv.org/abs/1604.03355
http://dx.doi.org/10.1007/JHEP07(2016)060
http://arxiv.org/abs/1604.02834
http://dx.doi.org/10.1007/JHEP06(2016)170
http://dx.doi.org/10.1007/JHEP06(2016)170
http://arxiv.org/abs/1604.03893
http://dx.doi.org/10.1007/JHEP12(2016)020
http://dx.doi.org/10.1007/JHEP12(2016)020
http://arxiv.org/abs/1610.03481
http://dx.doi.org/10.1007/JHEP01(2017)052
http://arxiv.org/abs/1611.02172
http://dx.doi.org/10.1103/PhysRevLett.118.231601
http://arxiv.org/abs/1611.07534
http://dx.doi.org/10.1007/JHEP02(2017)020
http://arxiv.org/abs/1611.03137
http://dx.doi.org/10.1103/PhysRevD.96.045002
http://arxiv.org/abs/1702.02350
http://arxiv.org/abs/1702.02350
http://dx.doi.org/10.1007/JHEP06(2017)113
http://arxiv.org/abs/1702.03934

Bibliography 189

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

A. Sen, Subleading Soft Graviton Theorem for Loop Amplitudes, JHEP 11 (2017)
123, arXiv:1703.00024 [hep-th].

P. Di Vecchia, R. Marotta, and M. Mojaza, Double-soft behavior of the dilaton of
spontaneously broken conformal invariance, JHEP 09 (2017) 001,

arXiv:1705.06175 [hep-th].

Y. Hamada and G. Shiu, Infinite Set of Soft Theorems in Gauge-Gravity Theories
as Ward-Takahashi Identities, Phys. Rev. Lett. 120 no. 20, (2018) 201601,

arXiv:1801.05528 [hep-th].

Z.-Z. Li, H.-H. Lin, and S.-Q. Zhang, Infinite Soft Theorems from Gauge

Symmetry, Phys. Rev. D98 no. 4, (2018) 045004, arXiv:1802.03148 [hep-th].

S. Higuchi and H. Kawai, Universality of soft theorem from locality of soft vertex

operators, Nucl. Phys. B936 (2018) 400—447, arXiv:1805.11079 [hep-th].

S. Chakrabarti, S. P. Kashyap, B. Sahoo, A. Sen, and M. Verma, Testing
Subleading Multiple Soft Graviton Theorem for CHY Prescription, JHEP 01

(2018) 090, arXiv:1709.07883 [hep-th].

F. Cachazo, S. He, and E. Y. Yuan, Scattering of Massless Particles in Arbitrary
Dimensions, Phys. Rev. Lett. 113 no. 17, (2014) 171601, arXiv:1307.2199
[hep-th].

G. Grammer, Jr. and D. R. Yennie, Improved treatment for the infrared divergence

problem in quantum electrodynamics, Phys. Rev. D8 (1973) 43324344,

A. Sen, Background Independence of Closed Superstring Field Theory, JHEP 02
(2018) 155, arXiv:1711.08468 [hep-th].

P. C. Peters, Relativistic gravitational bremsstrahlung, Phys. Rev. D1 (1970)
1559-1571.


http://dx.doi.org/10.1007/JHEP11(2017)123
http://dx.doi.org/10.1007/JHEP11(2017)123
http://arxiv.org/abs/1703.00024
http://dx.doi.org/10.1007/JHEP09(2017)001
http://arxiv.org/abs/1705.06175
http://dx.doi.org/10.1103/PhysRevLett.120.201601
http://arxiv.org/abs/1801.05528
http://dx.doi.org/10.1103/PhysRevD.98.045004
http://arxiv.org/abs/1802.03148
http://dx.doi.org/10.1016/j.nuclphysb.2018.09.024
http://arxiv.org/abs/1805.11079
http://dx.doi.org/10.1007/JHEP01(2018)090
http://dx.doi.org/10.1007/JHEP01(2018)090
http://arxiv.org/abs/1709.07883
http://dx.doi.org/10.1103/PhysRevLett.113.171601
http://arxiv.org/abs/1307.2199
http://arxiv.org/abs/1307.2199
http://dx.doi.org/10.1103/PhysRevD.8.4332
http://dx.doi.org/10.1007/JHEP02(2018)155
http://dx.doi.org/10.1007/JHEP02(2018)155
http://arxiv.org/abs/1711.08468
http://dx.doi.org/10.1103/PhysRevD.1.1559
http://dx.doi.org/10.1103/PhysRevD.1.1559

190 Bibliography

[111] L. Blanchet and T. Damour, Hereditary effects in gravitational radiation, Phys.

Rev. D46 (1992) 4304-4319.

[112] W.D. Goldberger and A. Ross, Gravitational radiative corrections from effective

field theory, Phys. Rev. D81 (2010) 124015, arXiv:0912.4254 [gr-qc].

[113] W.D. Goldberger, A. Ross, and 1. Z. Rothstein, Black hole mass dynamics and
renormalization group evolution, Phys. Rev. D89 no. 12, (2014) 124033,

arXiv:1211.6095 [hep-th].

[114] H. Gervais, Soft radiation theorems at all loop order in quantum field theory, .

[115] M. Favata, The gravitational-wave memory effect, Class. Quant. Grav. 27 (2010)

084036, arXiv:1003.3486 [gr-qc].

[116] A. Tolish and R. M. Wald, Retarded Fields of Null Particles and the Memory

Effect, Phys. Rev. D89 no. 6, (2014) 064008, arXiv:1401.5831 [gr-qc].

[117] L. Bieri and D. Garfinkle, Perturbative and gauge invariant treatment of
gravitational wave memory, Phys. Rev. D89 no. 8, (2014) 084039,

arXiv:1312.6871 [gr-qc].

[118] M. Ciafaloni, D. Colferai, and G. Veneziano, Infrared features of gravitational
scattering and radiation in the eikonal approach, Phys. Rev. D99 no. 6, (2019)

066008, arXiv:1812.08137 [hep-th].

[119] A. Addazi, M. Bianchi, and G. Veneziano, Soft gravitational radiation from
ultra-relativistic collisions at sub- and sub-sub-leading order, JHEP 05 (2019)

050, arXiv:1901.10986 [hep-th].

[120] W. D. Goldberger and A. K. Ridgway, Radiation and the classical double copy for
color charges, Phys. Rev. D95 no. 12, (2017) 125010, arXiv:1611.03493

[hep-th].


http://dx.doi.org/10.1103/PhysRevD.46.4304
http://dx.doi.org/10.1103/PhysRevD.46.4304
http://dx.doi.org/10.1103/PhysRevD.81.124015
http://arxiv.org/abs/0912.4254
http://dx.doi.org/10.1103/PhysRevD.89.124033
http://arxiv.org/abs/1211.6095
http://dx.doi.org/10.1088/0264-9381/27/8/084036
http://dx.doi.org/10.1088/0264-9381/27/8/084036
http://arxiv.org/abs/1003.3486
http://dx.doi.org/10.1103/PhysRevD.89.064008
http://arxiv.org/abs/1401.5831
http://dx.doi.org/10.1103/PhysRevD.89.084039
http://arxiv.org/abs/1312.6871
http://dx.doi.org/10.1103/PhysRevD.99.066008
http://dx.doi.org/10.1103/PhysRevD.99.066008
http://arxiv.org/abs/1812.08137
http://dx.doi.org/10.1007/JHEP05(2019)050
http://dx.doi.org/10.1007/JHEP05(2019)050
http://arxiv.org/abs/1901.10986
http://dx.doi.org/10.1103/PhysRevD.95.125010
http://arxiv.org/abs/1611.03493
http://arxiv.org/abs/1611.03493

Bibliography

191

[121]

[122] W. G. Dixon, Extended bodies in general relativity: Their description and motion,

[123]

[124]

[125]

[126]

[127]

[128]

[129]

W. M. Tulczyjew Acta Phys. Pol. 18 (1959) 393.

in Proceedings of the International School of Physics Enrico Fermi LXVII, edited

by J. Ehlers (North Holland, Amsterdam, 1979) .

R. A. Porto, Post-Newtonian corrections to the motion of spinning bodies in

NRGR, Phys. Rev. D73 (2006) 104031, arXiv:gr-qc/0511061 [gr-qc].

W. D. Goldberger and 1. Z. Rothstein, Dissipative effects in the worldline
approach to black hole dynamics, Phys. Rev. D73 (2006) 104030,

arXiv:hep-th/0511133 [hep-th].

R. A. Porto and 1. Z. Rothstein, The Hyperfine Einstein-Infeld-Hoffmann

potential, Phys. Rev. Lett. 97 (2006) 021101, arXiv:gr-qc/0604099 [gr-qc].

R. A. Porto and 1. Z. Rothstein, Next to Leading Order Spin(1)Spin(1) Effects in
the Motion of Inspiralling Compact Binaries, Phys. Rev. D78 (2008) 044013,

arXiv:0804.0260 [gr-qc]. [Erratum: Phys. Rev.D81,029905(2010)].

J. Vines, Scattering of two spinning black holes in post-Minkowskian gravity, to
all orders in spin, and effective-one-body mappings, Class. Quant. Grav. 35 no. 8,

(2018) 084002, arXiv:1709.06016 [gr-qc].

W. D. Goldberger, J. Li, and S. G. Prabhu, Spinning particles, axion radiation,
and the classical double copy, Phys. Rev. D97 no. 10, (2018) 105018,

arXiv:1712.09250 [hep-th].

A. Guevara, A. Ochirov, and J. Vines, Scattering of Spinning Black Holes from
Exponentiated Soft Factors, JHEP 09 (2019) 056, arXiv:1812.06895

[hep-th].


http://dx.doi.org/10.1103/PhysRevD.73.104031
http://arxiv.org/abs/gr-qc/0511061
http://dx.doi.org/10.1103/PhysRevD.73.104030
http://arxiv.org/abs/hep-th/0511133
http://dx.doi.org/10.1103/PhysRevLett.97.021101
http://arxiv.org/abs/gr-qc/0604099
http://dx.doi.org/10.1103/PhysRevD.81.029905, 10.1103/PhysRevD.78.044013
http://arxiv.org/abs/0804.0260
http://dx.doi.org/10.1088/1361-6382/aaa3a8
http://dx.doi.org/10.1088/1361-6382/aaa3a8
http://arxiv.org/abs/1709.06016
http://dx.doi.org/10.1103/PhysRevD.97.105018
http://arxiv.org/abs/1712.09250
http://dx.doi.org/10.1007/JHEP09(2019)056
http://arxiv.org/abs/1812.06895
http://arxiv.org/abs/1812.06895

192

Bibliography

[130]

[131]

[132]

[133]

[134]

[135]

[136]

[137]

[138]

[139]

[140]

W. D. Goldberger and 1. Z. Rothstein, An Effective field theory of gravity for
extended objects, Phys. Rev. D73 (2006) 104029, arXiv:hep-th/0409156

[hep-th].

R. A. Porto, A. Ross, and 1. Z. Rothstein, Spin induced multipole moments for the
gravitational wave amplitude from binary inspirals to 2.5 Post-Newtonian order,

JCAP 1209 (2012) 028, arXiv:1203.2962 [gr-qc].

S. Foffa and R. Sturani, Hereditary Terms at Next-To-Leading Order in Two-Body

Gravitational Dynamics, arXiv:1907.02869 [gr-qc].

W. D. Goldberger and A. K. Ridgway, Bound states and the classical double copy,
Phys. Rev. D97 no. 8, (2018) 085019, arXiv:1711.09493 [hep-th].

W. D. Goldberger, S. G. Prabhu, and J. O. Thompson, Classical gluon and
graviton radiation from the bi-adjoint scalar double copy, Phys. Rev. D96 no. 6,

(2017) 065009, arXiv:1705.09263 [hep-th].

C.-H. Shen, Gravitational Radiation from Color-Kinematics Duality, JHEP 11

(2018) 162, arXiv:1806.07388 [hep-th].

E. Poisson, The Motion of point particles in curved space-time, Living Rev. Rel. 7

(2004) 6, arXiv:gr-qc/0306052 [gr-qc].

S. Weinberg, Gravitation and Cosmology : Principles and Applications of the

General Theory of Relativity, .

B. Sahoo, Classical Sub-subleading Soft Photon and Soft Graviton Theorems in

Four Spacetime Dimensions, arXiv:2008.04376 [hep-th].

Y. F. Bautista and A. Guevara, From Scattering Amplitudes to Classical Physics:

Universality, Double Copy and Soft Theorems, arXiv:1903.12419 [hep-th].

J. G. Hills, Hyper-velocity and tidal stars from binaries disrupted by a massive

Galactic black hole, Nature 331 (1988) 687-689.


http://dx.doi.org/10.1103/PhysRevD.73.104029
http://arxiv.org/abs/hep-th/0409156
http://arxiv.org/abs/hep-th/0409156
http://dx.doi.org/10.1088/1475-7516/2012/09/028
http://arxiv.org/abs/1203.2962
http://arxiv.org/abs/1907.02869
http://dx.doi.org/10.1103/PhysRevD.97.085019
http://arxiv.org/abs/1711.09493
http://dx.doi.org/10.1103/PhysRevD.96.065009
http://dx.doi.org/10.1103/PhysRevD.96.065009
http://arxiv.org/abs/1705.09263
http://dx.doi.org/10.1007/JHEP11(2018)162
http://dx.doi.org/10.1007/JHEP11(2018)162
http://arxiv.org/abs/1806.07388
http://dx.doi.org/10.12942/lrr-2004-6
http://dx.doi.org/10.12942/lrr-2004-6
http://arxiv.org/abs/gr-qc/0306052
http://arxiv.org/abs/2008.04376
http://arxiv.org/abs/1903.12419
http://dx.doi.org/10.1038/331687a0

Bibliography

193

[141] H.-T. Janka, Explosion Mechanisms of Core-Collapse Supernovae, Ann. Rev.

Nucl. Part. Sci. 62 (2012) 407-451, arXiv:1206.2503 [astro-ph.SR].
[142] https://chandra.harvard.edu/photo/2002/0066/.

[143] D. Paraficz, J. P. Kneib, J. Richard, A. Morandi, M. Limousin, E. Jullo, and
J. Martinez, The Bullet cluster at its best: weighing stars, gas, and dark matter,

Astron. Astrophys. 594 (2016) A121, arXiv:1209.0384 [astro-ph.CO].

[144] R. Akhoury, R. Saotome, and G. Sterman, Collinear and Soft Divergences in
Perturbative Quantum Gravity, Phys. Rev. D84 (2011) 104040,

arXiv:1109.0270 [hep-th].

[145] A.J. Larkoski, D. Neill, and I. W. Stewart, Soft Theorems from Effective Field

Theory, JHEP 06 (2015) 077, arXiv:1412.3108 [hep-th].

[146] A.P. V.and A. Manu, Classical double copy from Color Kinematics duality: A
proof in the soft limit, Phys. Rev. D101 no. 4, (2020) 046014,

arXiv:1907.10021 [hep-th].

[147] A. Sen, Asymptotic Behavior of the Sudakov Form-Factor in QCD, Phys. Rev. D24
(1981) 3281.

[148] Z. Bern, J. J. M. Carrasco, and H. Johansson, Perturbative Quantum Gravity as a
Double Copy of Gauge Theory, Phys. Rev. Lett. 105 (2010) 061602,

arXiv:1004.0476 [hep-th].

[149] P. P. Kulish and L. D. Faddeev, Asymptotic conditions and infrared divergences in
quantum electrodynamics, Theor. Math. Phys. 4 (1970) 745. [Teor. Mat.
Fiz.4,153(1970)].

[150] J. Ware, R. Saotome, and R. Akhoury, Construction of an asymptotic S matrix for
perturbative quantum gravity, JHEP 10 (2013) 159, arXiv:1308.6285

[hep-th].


http://dx.doi.org/10.1146/annurev-nucl-102711-094901
http://dx.doi.org/10.1146/annurev-nucl-102711-094901
http://arxiv.org/abs/1206.2503
https://chandra.harvard.edu/photo/2002/0066/
http://dx.doi.org/10.1051/0004-6361/201527959
http://arxiv.org/abs/1209.0384
http://dx.doi.org/10.1103/PhysRevD.84.104040
http://arxiv.org/abs/1109.0270
http://dx.doi.org/10.1007/JHEP06(2015)077
http://arxiv.org/abs/1412.3108
http://dx.doi.org/10.1103/PhysRevD.101.046014
http://arxiv.org/abs/1907.10021
http://dx.doi.org/10.1103/PhysRevD.24.3281
http://dx.doi.org/10.1103/PhysRevD.24.3281
http://dx.doi.org/10.1103/PhysRevLett.105.061602
http://arxiv.org/abs/1004.0476
http://dx.doi.org/10.1007/BF01066485
http://dx.doi.org/10.1007/JHEP10(2013)159
http://arxiv.org/abs/1308.6285
http://arxiv.org/abs/1308.6285

194 Bibliography

[151] H. Hannesdottir and M. D. Schwartz, An S -Matrix for Massless Particles,

arXiv:1911.06821 [hep-th].


http://arxiv.org/abs/1911.06821

