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Abstra t
Complex systems, whether integrated

ir uits, food webs, transportation networks,

so ial systems, or the bio hemi al intera tome of a living

ell, all behave in ways

that annot be fully explained by analyzing their onstituent parts in isolation. Understanding the emergent behavior of su h nonlinear systems, whi h is more than
just an aggregate of the properties of their
approa hes.

Many of these systems

of a large number of nodes

omponents, require novel integrative

an be represented as networks,

onsisting

onne ted via dire ted or undire ted links.

The re-

ent dis overy of the existen e of universal prin iples underlying these

omplex

networks that o

ur a ross widely diering domains in the biologi al, so ial and

te hnologi al arenas have spurred the interest of physi ists in trying to understand
su h prin iples using te hniques from statisti al physi s and non-linear dynami s.
In this thesis we look at how the stru ture of a network, as
onne tion topology, governs its dynami al behavior, and

hara terized by the

onversely, how the dy-

nami al pro esses taking pla e on the network ae ts its stru ture (e.g., stability
onsiderations
gies).

onstraining the evolution of the network towards spe i

topolo-

In parti ular, we fo us on modularity, i.e., the existen e of groups whose

nodes are more densely

onne ted to ea h other than to nodes in other groups, and

hierar hy, i.e., the nested arrangement of
Both of these mesos opi
networks that o

onne tion topology into several layers.

organizational stru tures are observed in many

omplex

ur in reality.

We begin with a short overview of the physi s of

omplex networks in Chap-

ter 1. In the rst few se tions, we introdu e important

on epts and denitions

that are used throughout the thesis. This is followed by a brief dis ussion of some
of the

ommonly used network models found in the literature. Next, we analyze

a simple model of modular random networks in Chapter 2 and show that it has
stru tural properties similar to many real-world networks. We also examine the effe t of modular stru ture on dynami s o

urring over the network by studying the

phenomena of syn hronization, diusion and spin-ordering on the network model.
We show that for all these dierent varieties of dynami al pro esses modularity
gives rise to the same

hara teristi

signature of multiple distin t time s ales. In

Chapter 3, we explore how modularity
evolution in the presen e of multiple

an arise in networks as an out ome of

o-existing

onstraints. As an example, we

6

demonstrate the emergen e of modular organization upon simultaneous optimization of several stru tural and dynami al

onstraints to whi h many real networks

are subje t. The minimal number of su h

onstraints is found to be three, e.g.,

minimizing (a) average path length, (b) total number of links, and ( ) probability
of lo al instability. The well-known
dom networks appear as limiting

onne tion topologies of star,

ases when one of these

hain and ran-

onstraints is relaxed. In

Chapter 4, we introdu e a model for hierar hi al random networks and analyze
the ee t of having multiple stru tural levels (or hierar hies) on dierent dynamial pro esses. In general, making the previously introdu ed modular network more
hierar hi al, has ee ts similar to in reasing the number of stru tural modules. We
show that a generalization of the evolutionary model for modularity introdu ed in
the pre eding

hapter

an also give rise to simple hierar hi al ordering in a net-

work. In Chapter 5, we show that the modular stru ture of networks o
in reality

urring

an be un overed from empiri al data, namely the dynami al time-series

obtained from the

omponent nodes. In parti ular, we have analyzed the personal

ties between individuals in primate troops, in terms of allogrooming behavior, in
order to dedu e their so ial organization. Next, we re onstru t the network of intera tions among sto ks in the Indian nan ial market by using spe tral te hniques
on the

ross- orrelations in their pri e variations. We identify modules

orrespond-

ing to groups of strongly intera ting sto ks. Using a multi-fa tor model, we show
that the emergen e of su h stru tures is an out ome of relatively stronger mutual
intera tions between nodes belonging to the same business se tor, as
their sus eptibility to

ompared to

ommon signals that ae t the entire market. In Chapter 6

we look at the reverse problem of how network stru ture ree ts the dynami s or
fun tion of the system. We analyze the somati

C. elegans,
mapped.

neuronal network of the nematode

the only organism whose entire nervous system has been

We demonstrate that the network stru ture

on the basis of ex lusively stru tural
ost or maximization of

ompletely

annot be fully explained

onsiderations, e.g., minimization of wiring

ommuni ation e ien y, and give examples of how the

fun tional role of the system as an information pro essor in a noisy environment
an result in spe i

stru tural patterns. Finally, in Chapter 7, we

a general overview of our results on how the dynami s o
is governed by spe i

on lude with

urring on a network

stru tural features of the system, and in turn, ae ts the

evolution of ubiquitous stru tural patterns su h as modularity and hierar hy.
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Introdu tion
In re ent years, there has been a growing interest in the study of
whi h pervade all of s ien e, from

omplex systems

ell biology to e ology, and from

omputer s i-

en e to so iology [1, 2℄. Instead of being a simple aggregation of a limited set of
linearly intera ting units, most real world systems are made up of large number of
omponents, or agents, whi h intera t in su h a way that their
ior is not a simple

olle tive behav-

ombination of the individual properties of their

Su h emergen e of system-level features is one of the

hara teristi

omponents.

indi ators of a

omplex system. Moreover, these systems are often seen to be self-organized as a
result of mutual intera tions between their

omponents rather than being ordered

by some external agen y. Consequently, understanding the behavior of su h a system requires integrative approa hes. One must understand not only the behavior
of its parts, but also, how they a t together to give rise to the
of the whole. One way of des ribing

olle tive behavior

omplex systems is modeling them mathe-

mati ally by using the framework of networks. In this approa h, one fo uses only
on the topology of intera tions between the elements, providing a systems-level
perspe tive to the example under study [3, 4℄. Su h an analysis helps to reveal the
universal prin iples underlying their organization and fun tion, despite the great
omplexity and variety of these systems [5, 6℄.
In this

hapter, we introdu ed the relevant

on epts and denitions from net-

work s ien e that we shall be using throughout the thesis.
dene a set of terms to des ribe the

In Se . 1.1, we rst

omplex networks and models to study su h

systems. In Se . 1.2, we give a brief overview of several types of
seen in real-world.

omplex networks

In Se . 1.3, the measurable properties of networks, su h as,

1
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path length,

Introdu tion

lustering and degree distribution, are introdu ed. This is followed

by Se . 1.4, in whi h we dis uss models used for des ribing and analyzing

omplex

networks that are already extant in the literature. Finally, in Se . 1.6, we present
an overview of the thesis, and the prin ipal results of ea h

hapter.

1.1 Complex networks
The dierent

omponents or intera ting units of a

omplex system when des ribed

as a network, are represented by nodes or verti es, and the intera tions or

onne -

tions between the units are represented by edges or links between pairs of nodes.
Su h networks provide a

on ise mathemati al representation of the topology of

intera tions between the

omponents.

i al, and e onomi

Thus, understanding how so ial, biolog-

systems work may often depend partially on understanding

their patterns of intera tions, i.e., the underlying networks. The graph theoreti al
framework has provided the potential synergies among resear hers a ross dierent
multidis iplinary elds to

ome and work together to solve apparently unrelated

problems.
Network ar hite ture may have important fun tional onsequen es for the whole
system. For example, the topology of the network

ontrols the rate at whi h in-

formation or diseases propagate through it [7, 8℄, its robustness under atta k or
failure of individual
on it [10℄.

omponents [9℄, as well as, adaptation and learning pro esses

Re ent work has pointed out the

stru ture in determining the emergen e of

ru ial role played by the network

olle tive dynami al behavior, su h as,

syn hronization of nodal a tivity. Hen e, studying these patterns of intera tions
between the

omponents of a

omplex system

an lead to a better understand-

ing of its dynami al and fun tional behavior, in addition to throwing light on the
evolutionary me hanism leading to it.
There are several reasons for the emergen e and rapid development of this eld.
Many of the insights and advan es in this eld are due to the re ent availability
of large quantities of high resolution data from dierent systems. Obtaining su h
empiri al data has be ome possible be ause of te hnologi al advan es. For example, the network of so ial intera tions among individuals
information about the

an be

onstru ted from

alls they make using their mobile phones [11℄, leading to

2
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Figure 1.1:

B

Introdu tion

C

Representations of regular graph models: Nodes on (A) a 1-dimensional

latti e, (B) a 2-dimensional latti e, and, (C) a Bethe latti e or Cayley tree with nearest
neighbor

onne tions.

better understanding of human so ial dynami s. There has also been remarkable
in rease in
data-sets

omputational power, using whi h regularities and patterns in large

an be determined. Another reason for the involvement of a large num-

ber of physi ists in this eld is that, statisti al physi s and non-linear dynami s
be used to develop methods and te hniques for analyzing and modeling

an

omplex

networks [12, 13℄.
The traditional approa h in physi s for des ribing an intera ting system is
to use a latti e embedded in

d-dimensional

spa e.

Ea h elements of the system

is lo ated on a latti e site and intera ts with neighboring sites within a range

r (= 1, 2, · · · ). On su h a regular network, all nodes have the same number of
d
neighbors (= (2r) ), where r is the range of intera tion and d is the dimension
of the spa e on whi h the latti e is embedded [Fig. 1.1℄. Another

ommonly used

graph in the literature is the Cayley tree or Bathe latti e, where ea h node has
the same number of neighbors but there are no

y les in the stru ture.

At the

other extreme, we have the homogeneous random graph (also referred to as ErdosRenyi or ER graphs) where the edges between any pair of nodes are randomly
pla ed with probability
have stru tures that o

p.

However, networks o

urring in the world around us

ur between these extremes and have properties that often

dier remarkably from both regular and random graphs [Fig. 1.2℄.

3
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1.2 Examples of omplex networks
The empiri al data for

onne tivity in real-world

omplex networks span several

dis iplines. For the purpose of summarization, we loosely divide them into four

at-

egories: biologi al networks, so ial networks, te hnologi al networks and nan ial
networks.

Biologi al networks
A number of biologi al systems
of su h networks o
protein stru ture

an be usefully represented as networks. Examples

ur at many dierent length s ales.

an be

amino a ids are said to be

At the mole ular level,

onsidered as a network where the residue atoms of two
onne ted if the Eu lidean distan e between them is less

than a threshold, so that there is a signi ant van der Waals intera tion between
them [14℄. On a slightly large length s ale, we have the example of intra- ellular
signaling networks that allow extra- ellular stimuli at
relayed to the nu leus by a sequen e of enzyme
network allows the
as

ell to respond to spe i

ell surfa e re eptors to be

atalyzed rea tions [15℄. Su h a

stimuli with appropriate a tions, su h

ell division, apoptosis, et . Another example of an intra- ellular network that

is dened in terms of the existen e of physi al

onta ts between the

onstituents

of the network (rather than fun tional relations), is the protein intera tion network [16, 17℄. At the inter- ellular s ale, the most prominent example is that of
neuronal networks, involved in pro essing information vital to the survival of the
organism. Here, the nodes are neurons, and the links are ele tri al (gap jun tion)
or

hemi al (synapse)

onne tions [18℄.

At even larger length s ales, there are

e ologi al networks su h as food webs [19℄, where the links

orrespond to trophi

relations between spe ies (represented by the nodes).

So ial networks
So ial networks are probably the earliest empiri al networks that have been analyzed in detail. Mu h prior to the re ent ex itement (starting from 1998) among
physi ists about networks, so iologists had been

onstru ting networks of so ial

onta ts within small groups (su h as ties of friendship within a s hool) in order
to understand how and why relations that dene a so iety develop [23℄. However,

4
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B

C

Figure 1.2:

Examples of

omplex networks: (A) Internet at the Autonomous Server

level [20℄, (B) Food web at East River Valley [21℄ (nodes: spe ies, links: trophi
and (C) Metaboli

su h studies

network of E.

relation),

oli [22℄ (nodes: metabolite, links: rea tion).

ould not be extended to groups ex eeding a few tens of individu-

als owing to limitations in the way data was

olle ted, e.g., using questionnaires.

With the advent of online sites, su h as Fa ebook, Orkut, et ., where information
about links between dierent individuals
possible to study

an be ele troni ally gathered, it is now

onta t networks in populations numbering thousands or more.

Moreover, su h data also allows us to see how patterns in so ial ties develop over
time [24℄. Similar detailed analysis has also been done for friendship networks, reonstru ted on the basis of frequen y and duration of mobile phone
between individuals subs ribing to the same phone
of large

onversations

ompany [11℄. The availability

omputer databases have also allowed looking at other relational networks

5
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ollaborations between authors of s ien-

papers [25℄.

Te hnologi al networks:

Information transmission & Resour e trans-

portation
One of the networks that has been the subje t of numerous studies in re ent times is
the Internet, whi h is

omposed of servers around the world ex hanging enormous

volumes of information pa kets regularly [26℄.
individual routers, i.e., spe ial purpose
movement of data. Alternatively, it
systems (AS), i.e., groups of

It

an be studied at the level of

omputers on the network that

ontrol the

an be analyzed at the level of autonomous

omputers within whi h

ommuni ation is handled by

a lo al internal network, but between AS, data is transmitted over the Internet.
This physi al network forms the ba kbone of another te hnologi al graph, the
World Wide Web [5℄. This is a network of web-pages whi h are linked together by
hyper-links from one page to another.
Another

lass of te hnologi al networks is that formed by networks whi h al-

low transportation, either of resour es or of people. One of the most important
examples is the ele tri al power grid, whose nodes are generators, transformers
and substations that are linked together by high-voltage transmission lines [27℄.
This network has been the fo us of several studies whi h look at how lo al failures

an lead to

as ading failures resulting in overall or global

downs. Transportation networks

break-

an also be dened in terms of the distin t modes

by whi h movement of individuals o
The nodes are

atastrophi

ur between dierent geographi al lo ations.

ities and towns, while the links may

orrespond to highways and

smaller roads (for the road transportation network [28℄), trains (for the railway
network [29℄) or ights (for the airline network [30℄).

Finan ial networks
In the nan ial domain, one has the s ope of looking at dierent types of networks in luding ow systems, su h as the

redit transfer network between banks,

where the nodes are nan ial institutions that are linked by ex hange of loans
and debts [31℄. Other examples in lude the graph of intera ting sto ks, where two
sto ks in a nan ial market are

onne ted if their pri e u tuations are signi-

6
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lassi ation of

sto ks into dierent business se tors and the identi ation of unrelated sto ks for
the purpose of portfolio management [33℄.

1.3 Fundamental network on epts
Graph theory is the natural framework for the exa t mathemati al treatment of
omplex networks.

Formally, a

omplex network

whi h is dened in terms of a set of
Every edge

N

orresponds to a spe i

an be represented as a graph

verti es (or nodes) and

E

edges (or links).

pair of nodes in the graph. We shall use the

terms network and graph inter hangeably in this thesis.

Adja en y Matrix
Any two nodes that are joined by a link are referred to as being adja ent or
neighboring.

A

omplete des ription of the

provided by a tabulation of every
information

onne tion topology of a graph is

onne ted pair of nodes in it. Alternatively, this

an be gleaned from its adja en y matrix. A matrix

alled the adja en y matrix of a graph

G

with

N

A = {aij }N ×N

nodes, if the elements of

A

is

have

the following property:

aij =

(

This matrix is symmetri

i and j

i

1

if nodes

0

otherwise.

and

j

are adja ent in

G,

(1.1)

if the network is undire ted, i.e., if a link between nodes

exists, so does a link between

j

and i. On the other hand, if the network is

dire ted, i.e., ea h link has an asso iated dire tion, then the matrix is asymmetri .

1.3.1 Measures for omplex networks
Various properties of the
to

onne tion topology for a

hara terize the system.

omplex network

an be used

Indeed, many lo al and global measures have been

introdu ed in the literature over the years, in order to unveil the organizational
prin iples of networks. Below, we des ribe some of the most

ommonly used mea-

sures.

7
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Degree
The simplest lo al hara teristi
ber of

of a node

i is its degree, ki , whi

onne tions it has to other nodes. It

matrix as

ki =

N
X

an be

h is the total num-

al ulated from the adja en y

Aij .

(1.2)

j=1

In the

ase of dire ted networks, the number of in oming (outgoing) edges of a

vertex is

ki

alled its in-degree (out-degree). The mean degree

i = 1, . . . , N

over all nodes

in the graph.

hki

is the average of

In an undire ted graph, ea h edge

ontributes to the degree of two nodes, so that

hki =

2E
, where
N

E

and

N

are the

total number of links and nodes in the network, respe tively. A node whose degree
is signi antly large
a

hub.

A fully

ompared to the average degree of the network is termed as

onne ted graph of

Most real-world networks are
ompared to the

N

nodes with

sparse su

orresponding

ki = N − 1 ∀i

is

alled a

lique.

h that their average degree is mu h smaller

lique [3, 4℄.

Degree distribution
Although degree is a lo al parameter, we

an obtain information about the global

topology of the network by looking at its degree distribution,
of probabilities that a vertex has degree

k = 1, 2, . . . , N − 1.

pk ,

whi h is the set

A network having

a narrow degree distribution with a well dened mean and a small varian e indiates that all its nodes are similar in terms of stru tural importan e, and that the
network
o

an be well des ribed by its average properties. However, many networks

urring in reality are

hara terized by a degree distribution whi h de ays as a

power law:

pk ∼ k −γ ,
with an exponent

γ

(1.3)

whose value is typi ally seen to range between 2 and 3. Thus,

there is a signi antly high probability of observing verti es with large degree
relative to the network size [34℄. The power-law distribution implies that there is
no

hara teristi

also termed as

s ale for the degree of the nodes, so that this

s ale-free networks.

lass of networks is

In addition to power laws, degree distributions

that follow trun ated power law or exponential distributions are also observed in

8
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urring in nature and so iety [35℄.

Path length
A global measure of a network is provided by the shortest path length or distan e
between any pairs of nodes

i

and

j.

This is dened as the number of links that

must be traversed to go from one node to another using the shortest route. The
average of shortest path lengths over all pairs of nodes in the graph, also known
as the

hara teristi

path length, is an indi ator of

is dened as

ℓ=
where

dij

X
1
dij ,
1
N(N − 1) i≥j
2

is the shortest path length from vertex

nodes in the network. However, if the network
above denition gives innite
networks to be the harmoni

ℓ.

i

(1.4)

to

j

and

N

is the number of

onsists of dis onne ted parts, the

To avoid this problem one

an dene

ℓ

on su h

mean of the shortest distan e between all pairs:

E ≡ ℓ−1 ≡
This is also termed as

ompa tness of the network. It

X 1
1
.
1
N(N − 1) i>j dij
2

(1.5)

e ien y of the network and is a measure of the speed with

whi h information propagates over the network [36℄.
Most real-world networks have been seen to exhibit the small world property,
whi h is related to the observation that one

an rea h a given node from the other

nodes in a very small number of steps, on average. In re ent years, the term

small-

world ee t has taken

on a more pre ise meaning: networks are said to show the

ℓ

s ales logarithmi ally or slower with network size for xed

small-world ee t if
mean degree,

hki

[4℄.

Diameter
Another related measure for

ompa tness of the network is its diameter

D,

whi h

is dened as the longest of all the shortest paths in the network.

D = max{dij }, ∀ i-j

pairs of shortest paths.

(1.6)

9
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N

Network

Table 1.1:
(hki),

hki

ℓ

C

Protein intera tion

2115

2.12

6.80

0.071

Physi s

52909

9.27

6.19

0.56

Internet

10679

5.98

3.31

0.39

Marine food web

135

4.43

2.05

0.23

o-authorship

Properties of some real-world

hara teristi

omplex networks: size (N ), average degree

path length (ℓ) and average

As the diameter and

hara teristi
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lustering

oe ient (C ). (From Ref. [4℄)

path length are related properties, sometime

these measures are used inter hangeably to measure the network

ompa tness.

Clustering
Many real networks have been shown to have a signi ant transitivity in the pattern
of their

j, k

onne tions, su h that, if the pairs of nodes

are also

onne ted, then so is the pair

i, k .

i, j

are

onne ted and the pair

This is equivalent to having a

signi antly high frequen y of triangular stru tures in the network [37℄. In su h
ir umstan es, the nodes of the network are said to be
of the lo al neighborhood for a node

i

Ci =
Ei
Ci = 1 if

where,

is measured by the

i

nodes in the network, i.e.,
This average

C=

lustering

1
N

lustering index:

ki

(1.7)

are fully interlinked, and

C , is dened
PN
i=1 Ci .

i. Note that,
Ci = 0 if none of

neighbors of node

its neighboring nodes share any links with ea h other.
oe ient for the entire network,

ompa tness

2Ei
,
ki (ki − 1)

is the number of edges among the
the neighbors of node

lustered. The

The average

as the average of

Ci

lustering

over all the

oe ient is a measure of the  liquishness" or lo al

ompa tness of a network. For dierent real networks,

C

takes values whi h are

orders of magnitude larger than that of an equivalent random graph with the
same number of nodes and edges. If, in addition to the small world property, a
network also possesses a high

lustering

oe ient

C , then

world network (SWN). Many of the real world network

it is termed as a

small-

are seen to belong to this

lass [37, 38℄.
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1.4 Models of omplex networks
One way of understanding

omplex networks observed in nature and so iety is to

onstru t a minimal model that exhibits properties whi h are similar to those of
empiri al networks. Su h a network model

an help to explain pro esses by whi h

su h systems evolve and also shed light on the fun tion of the network. Further,
a network model

an be used for studying the dynami s on su h networks, e.g.,

to understand how the pro esses of syn hronization and diusion are ae ted by
dierent network topologies [39, 40℄.

1.4.1 Erdos-Renyi random network
The earliest mathemati ally analyzed non-trivial network model in the literature
is that for an ensemble of homogeneous random graphs introdu ed by Erdos and
Renyi [41℄.

Starting from a set of

onne ted with a probability
properties, many of whi h

p.

N

dis onne ted nodes, ea h pair of nodes is

This simple model leads to a surprising list of

an be

omputed exa tly in the limit of large

a sparse graph, if the average number of edges in the graph is a fra tion

N(N − 1)/2

N.
p

For

of the

possible edges, then the average degree

hki =
The degree distribution
having degree

k

2E
= p(N − 1).
N

an also be

(1.8)

omputed, with the probability of a vertex

being

 
hkik exp−hki
n k
.
p (1 − p)n−k ≃
pk =
k!
k

(1.9)

The approximate equality, i.e., binomial distribution being approximated by a
Poisson distribution, be omes exa t in the asymptoti
These graph are therefore also known as

limit of large network size.

Poisson random graph.

The expe ted stru ture of the random graph varies with the
ability

p.

p = 0, there are no edges and
p = 1, all possible edges exist

For

whereas for

onne tion prob-

the graph is termed an empty graph,
and we get a

in reases from 0, the edges join nodes together to form

omplete graph.

As

p

omponents, i.e., subsets of

11
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nodes that are

onne ted by paths through the network. Erdos and Renyi demon-

strated that the random graph undergoes a phase transition at a

pc = 1/N ,

Introdu tion

riti al value of

from a low-density state in whi h there are few edges and all

ompo-

O(n)℄

fra tion

nents are small to a high-density state in whi h an extensive [i.e.,
of all nodes are joined together in a single

giant omponent.

This

omponent is

a set of mutually rea hable nodes, whereas the remainder of the nodes o
smaller

omponents. With in reasing

p,

the giant

omponent

more nodes of the graph. Another important feature is the o

upy

aptures more and
urren e of a se ond

pc1 = ln N/N . For p > pc1 , all sites belong to a single
limit N → ∞), while for p < pc1 disjoint lusters an exist.

onne tivity transition at
omponent (in the

These graphs have a low
between two nodes is

lustering

oe ient as the probability of

p regardless of whether they have a

onne tion

ommon neighbor or not.

Hen e,

C=p=
whi h goes to zero as

N −1

hki
,
N −1

(1.10)

in the limit of large system size [37℄. To get an idea of

the average path length for the graph, note that the mean number of neighbors at
a distan e

ℓ

away from a vertex in a random graph is

needed to en ompass the entire network is
distan e for the network is

hkiℓ ≃ N .

hkiℓ ,

so that the value of

Thus a typi al

hara teristi

ℓ = log N/ loghki.
This s aling is mu h slower than that of a

ℓ ∼ N 1/d .

If the growth of

referred to as

ℓ(N)

d-dimensional

ℓ

(1.11)
regular latti e where

is slower than any positive power of

N,

it is

small-world ee t [42℄.

The ease of analysis for random graphs has proven to be very useful in the early
development of the eld. Although the average path length s ales logarithmi ally
with graph size and therefore, shows the small-world ee t, in almost all other
respe ts the properties of random graphs do not mat h those of networks in the
real world. Their degree distribution is Poisson, whereas most real-world graphs
seem to exhibit broader degree distributions. Also, the random graph la ks
dened
in

ommunities and the

lustering

learly

oe ient is usually far smaller than that

omparable real-world graphs. The basi

Erdos-Renyi model has been extended

in several ways, e.g., to exhibit a power law degree distribution pattern

[43, 25℄.
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Random Network
p=1

0

1
p

Figure 1.3:

The Watts-Strogatz (WS) small-world network model, seen as an interpo-

lation between a regular and a random network.

However, these models do not des ribe how real-world properties evolve dynami ally, thus making them less useful in understanding the pro esses of network
formation in the real world.

1.4.2 Watts-Strogatz small-world network
So ial networks often show a high tenden y of being transitive, that is two people
who are friends have a high probability of having one or more
This kind of

mutual

friends.

lustering is not seen in random graphs, as mentioned previously.

In 1998, Watts and Strogatz proposed a me hanism for generating small-world
networks with high

lustering [37℄. This model is often termed as the WS-model

and the generative me hanism is as follows: A regular network is rst
by arranging

k = 2z

N

nodes on a

1−d

periodi

latti e.

nearest neighbors within the range

z,

Ea h vertex is

onstru ted
onne ted to

so that all nodes have the same

initial degree. Next, one goes through ea h edge, and with rewiring probability
deta hes the far side of the edge and re onne ts it to a randomly
(ex luding self and multiple

the limit

p = 0,

= 0) to

hosen vertex

onne tions).

Changing the rewiring probability
a regular graph (p

p,

p allows us to investigate the transition from

a random graph (p

= 1)

(Fig. 1.3). Let us

onsider rst

where the network is regular and arranged on a ring. The shortest

13
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average path length for this system is

N . The lustering
3/4 for large z . This

with
to

ℓ ∼ N/4z for large N , and this grows linearly

Creg = (3z − 3)/(4z − 2)

oe ient

Introdu tion

is

onstant and tends

large value indi ates the presen e of a signi ant number

p = 1 we have
N in reases. In

of triangular stru tures in the network. On the other hand, for

the

ℓ ∼ ln N/ ln z

the

random graph for whi h
WS model, by
range of

p,

and

C ∼ 2z/N → 0

as

hanging the rewiring probability one nds that there is a broad

where

ℓ ≈ ℓrand

and

C = Creg .

Thus, globally the network has the

small-world property of a random graph, while lo ally it is
graph. This is be ause the diameter

ℓ

drops rapidly when

lustered like a regular

p

in reases, as adding

even a few short- uts during the rewiring pro ess redu es the average distan e
between any pair of nodes signi antly. However, the

C=

The WS-model was one of the rst models that
lustering and small-world ee ts.

on ept of physi al distan e

oe ient

3(k − 1)
(1 − p)3 ,
2(2k − 1)

of the network de reases very slowly with in reasing

of high

lustering

(1.12)

p

[44℄.

ould explain the

o-existen e

Further, this model introdu ed the

onstraints in network formation. For example, it is

easy to form a link between nodes whi h are geographi ally

lose to ea h other.

Although other variations of the WS network have been proposed, in all these
models the signature of a physi al
short uts o

d-dimensional

latti e is still observed, so that,

ur with higher probability between nodes that are physi ally

However, the

loser.

onventional WS model does not exhibit a broad degree distribution,

and the dis overy of this latter feature in several real-world networks led to the
next breakthrough in the physi s of

omplex networks [34, 45℄.

1.4.3 Barabasi-Albert s ale-free network
First proposed to explain the degree distribution in

itation networks [46℄, the idea

of preferential atta hment has been redis overed re ently by A-L. Barabasi and R.
Albert (BA) in a network model that shows broad degree distributions des ribed
by a power law [34℄. They showed that the s ale-free nature of these networks
originate from two generi
1.

Growth :

an

features seen in many real-world networks,

Networks are open systems with the number of nodes growing with
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time (i.e.,

N

in reases), and

Preferential atta hment :

2.

Introdu tion

New nodes in the graph are not

onne ted randomly

but preferentially atta h to existing nodes whi h have high degree, thereby
making the degree of the latter even higher. This pro ess is sometimes re-

ri h getting ri her

ferred to as the

Π,

If

phenomenon.

the probability that the new node will be

linearly on the degree

ki

of node

i,

onne ted to node

i,

depends

i.e.,

ki
Π(ki) = P
,
j kj

(1.13)

then, it was shown that the model network evolves into a system with a s aleinvariant degree distribution having an exponent

γ = 3.

As the degree distribution of the preferential atta hment models mat h with
those o

urring in real-world graphs, it suggests that real networks might have been

generated by similar pro esses. However, many networks in nature with a broad
degree distribution show deviations from a pure power-law, typi ally exhibiting an
exponential

uto at high degrees:

pk = k −γ φ(k/ξ)
where

φ(k/ξ) is

the

this phenomenon

uto at some s ale. In the

ontext of the growing BA model,

an be explained due to aging and saturation ee ts that limit the

number of links a node

Π(ki )

(1.14)

an a quire. Thus, the preferential atta hment fun tion,

Π(ki ) = f (ki)/

is nonlinear, following

P

j

f (kj ),

where

f (k)

is an arbitrary

fun tion, resulting in deviations from the power-law [47℄.
The average path length

ℓ

of the BA network (γ

ℓ(N) ∼
with

N

slower than

ln N , whi

= 3)

grows as

ln(N)
ln ln(N)

h is also termed as

(1.15)

ultra-small-world ee t [48℄.

This

indi ates that the heterogeneous s ale-free topology is more e ient in bringing
the nodes

loser than the homogeneous topology of random network. Other s ale-

free networks with

2<γ <3

have a mu h smaller diameter, with

ℓ ∼ ln ln(N),
15
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while for networks with
lustering

γ > 3,

the shortest path length

Introdu tion

ℓ ∼ ln(N)

[49℄.

The

oe ient of the BA model de reases with the network size, following

approximately a power law,
observed for

C

C ∼ N −0.75 .

While being slower than the

1/N

de ay

in random graphs, this is still dierent from the behavior of small-

world network models and real world networks, where
Further there is a strong

C

is independent of

N

[3℄.

orrelation between age and degree in this model whi h

is rarely seen in real-world systems. Moreover, only linear preferential atta hment
gives a power-law degree distribution, that brings into question the general validity
of this pro ess.

1.5 Importan e of mesos opi organization in omplex networks
It has now been known for some time that the topologi al stru ture of a network
an ae t the fun tion of the system [6℄. E.g., it has been shown that the
tion ar hite ture has important

onne -

onsequen es on the fun tional robustness of the

network and its response to external perturbations [50℄. This has led to a series of
studies pointing to the
the emergen e of

ru ial role played by the network topology in determining

olle tive dynami al behavior [39, 40℄, su h as syn hronization,

diusion, the spreading of

ontagion su h as epidemi s, information and rumors,

et . To study this we need to go beyond the properties of single nodes and pairs
of nodes, and
groups or lo al

onsider the mesos opi

properties of networks (i.e., properties of

lusters in the network).

Motifs
Network motifs are patterns (sub-graphs) that o
often than expe ted in

ur within a network mu h more

orresponding randomized versions. Most networks studied

in biology, e ology and other elds have been found to show a small set of network
motifs whi h o
set of

ur again and again. Ea h

hara teristi

lass of networks seems to display its own

motifs, e.g., motifs that are

distin t from the motifs seen in the geneti

ommonly seen in food webs are

networks of dierent spe ies. However,

similar motifs are found in networks that have similar fun tion, su h as information
pro essing, even though they des ribe elements as dierent as biomole ules within
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a
be

ell and synapti

Introdu tion

onne tions between neurons. These small ir uits therefore

onsidered as simple building blo ks from whi h the network is

an

omposed [51℄.

Modularity
Looking beyond small mi ro-level motifs, it has been observed that, at the mesos opi

level many of the networks in real-world have modular stru ture [52℄. Mod-

ules or

ommunities are subnetworks within the network, where

onne tions are

more frequent between nodes within the same subnetwork than between nodes of
dierent subnetworks. The presen e of modular stru ture may also alter the way in
whi h dynami al pro esses (e.g., spreading pro esses, syn hronization) unfold on
the network. With this realization many of re ent studies have fo used on models
of modular networks and their inter-relation with the dynami al pro esses taking
pla e on the network [53℄.

Hierar hy
Further, these networks have also been shown to have
i.e., they are
nities [54℄.

omposed of su

hierar hi al

organization,

essive inter onne ted layers or inter-nested

ommu-

Hierar hy des ribes the organization of elements in a network: how

nodes link to ea h other to form

ommunities and how

form the entire network. E.g., the metaboli
organized into highly

ommunities are joined to

network of several organisms

onne ted modules that hierar hi ally

units [55℄. The observed hierar hy also

an be

ombine into larger

oin ides with known metaboli

fun tions,

indi ating that there may be a fun tional basis for su h meso-level organization.

1.6 Overview of thesis
The aim of the present thesis is to look at the mesos opi
networks.

This is viewed from three perspe tives:

organization of

omplex

(i) the stru tural properties

of su h an organization, (ii) their role in dynami al pro esses dened on su h
networks, and (iii) the possible origin and evolution of su h stru tures. These are
omplemented by empiri al analysis of networks o

urring in reality that show

similar organizational features.
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In Chapter 2, we investigate the stru tural and dynami al
modular organization in networks.
world networks

Introdu tion

onsequen es of

Using a simple model, we show that small-

an arise as an immediate result of modular

onguration.

We

demonstrate a distin t dynami al signature for su h modular networks, namely, the
existen e of multiple

hara teristi

time s ales in pro esses as dierent as syn hro-

nization, diusion and spin-ordering. The di hotomy between fast intra-modular
dynami s and slow inter-modular dynami s is dire tly related to the topologi al
stru ture of the model through the spe tral properties of the network Lapla ian.
By verifying the existen e of similar features in the empiri ally determined
orti al networks in

orti o-

at and ma aque brains, we propose that the modular network

model may better represent

ertain natural systems reported to have small-world

properties [56, 57℄.
To understand the pro ess by whi h networks evolve towards modular organization, we note that they are subje t to multiple stru tural and fun tional
straints. In Chapter 3, we

on-

onsider the parti ular examples of (i) minimizing the

average path length, (ii) minimizing the total number of links, while (iii) maximizing robustness against perturbations in node a tivity. We show that the optimal
network satisfying these three

onstraints is modular,

ten e of multiple sub-networks sparsely

hara terized by the exis-

onne ted to ea h other. In addition, these

modules have distin t hubs resulting in an overall heterogeneous degree distribution, as seen in many real networks [58℄.
In addition to the existen e of modular stru tures, several networks in nature
also have these modules arranged in a hierar hi al fashion.

Therefore, we next

onsider a model for su h hierar hi al modular networks in Chapter 4. We show
that a s aling relation between the
essary property of su h networks,

lustering and degree of the nodes is not a ne ontrary to what has been

laimed re ently. We

investigate the dynami al properties of su h networks, in parti ular, the stability
of (i) equilibria of network dynami s, and (ii) syn hronized a tivity. For both these
ases, we nd that in reasing modularity or the number of hierar hi al levels tend
to in rease the probability of instability. As both hierar hy and modularity are
seen in natural systems, whi h ne essarily have to be robust against environmental
u tuations, we show using a generalization of the model used in Chapter 3, how
onstraints on

ommuni ation e ien y and maximum degree

an result in the

emergen e of hierar hi al stru tures [59℄.
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Introdu tion

After having analyzed network models for understanding the dynami al
quen es of modularity and hierar hy in the pre eding
onsider how their existen e in

omplex systems o

overed from a knowledge of the

onse-

hapters, in Chapter 5 we

urring in reality,

olle tive dynami s of the

an be un-

omponent nodes. We

rst demonstrate the possibility of re onstru ting a network through an analysis of
the time-series data of its

omponents, by using the behavioral data of individuals

belonging to a troupe of ma aque monkeys. To re onstru t a mu h more
network from dynami al information about its
ple of nan ial markets. These

omponents, we

omplex

onsider the exam-

omplex systems have many intera ting elements

(traders and sto ks) and exhibit large u tuations in their asso iated observable
properties, su h as sto k pri e or market index. By analyzing the

ross- orrelation

matrix of sto k pri e u tuations through spe tral te hniques, we reveal the underlying network of intera tions between sto ks in dierent markets. We observe the
existen e of modules whi h approximately

orrespond to spe i

business se tors.

Using a multi-fa tor model, we suggest that the gradual emergen e of modules, indi ating the strengthening over time of dire t intera tions between related sto ks,
is a signature of market development [33℄.
In Chapter 6, we

onsider the reverse problem, i.e., we try to understand the

fun tional signi an e (arising out of the dynami al
stru tural features.
the nematode

As an example, we

C. elegans.

onsequen es) of the observed

onsider the somati

nervous system of

We determine the stru tural modules of the neuronal

network, and show that su h an organization

an only be explained if one

onsider

onstraints that are possibly related to the information pro essing fun tion of the
system apart form stati

onsiderations. A detailed analysis of the intra-module

degree and parti ipation

oe ient allows us to identify key neurons involved in

information pro essing tasks whi h are veried from earlier reports of experimental
studies. We also show that the existen e of a hierar hi al stru ture in the nervous
system has the fun tional benet of redu ing diusive spread of a tivity throughout
the network (thus, a ting as a noise lter), while maintaining high

ommuni ation

e ien y between neurons [60℄.
We

on lude with a general dis ussion on how the dynami s o

network is governed by mesos opi

urring on a

stru tural features of the system, and in turn,

ae ts the evolution of ubiquitous stru tural patterns, su h as modularity and
hierar hy.
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Modularity in omplex networks
In many natural situations, dynami s at the lo al level may o
dierent time-s ale

ompared to pro esses at the global level.

ur over a very
Su h a temporal

separation is often desirable fun tionally, e.g., for information pro essing in the
brain. It requires syn hrony between lo al areas pro essing spe i
but, global or very large s ale syn hrony is

stimuli [61℄,

onsidered to be pathologi al, as in

epilepsy [62℄. Many systems in nature have network des riptions, with the
tion topology playing a
Therefore, it is of
tion in

ru ial role in determining their dynami al behavior [12℄.

onsiderable interest to understand how the stru tural organiza-

omplex networks

an give rise to dynami s at multiple dis rete time-s ales.

As dis ussed in Chapter 1, a large

lass of networks in nature have also been

reported to be small-world networks (SWN) [37℄, whi h are
oexisten e of very high
path length. The

onne -

hara terized by the

lustering among neighboring nodes and short average

lustered stru ture of SWN distinguishes them from networks

with small-world property [38℄, whose average path length in reases slower than
any polynomial fun tion of the system size. This latter feature is seen in random
graphs, as well as, in most
a variety of

omplex networks [4℄.

SWN have been reported in

ontexts, in luding the brain [63℄, human so iety [64℄ and

metabolism [65℄.

ellular

Several models for SWN have been proposed [66℄, beginning

with a simple interpolation s heme between regular and random stru ture through
rewiring of links (the WS model) [37℄ [Fig. 2.1 (a)℄.
In this

hapter, we relate the independent properties of dynami al time-s ale

separation and the
the

lustered small-world property of many

omplex networks, with

ru ial observation that su h systems often manifest modular stru ture [67℄.
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Modules are dened as subnetworks

Modularity in

omprising of nodes

omplex networks

onne ted to ea h other

with a density signi antly higher than that of the entire network. Modular stru tures have been observed in a wide variety of ontexts, from ellular metabolism [68℄
and signalling [69℄ to so ial

ommunities [70℄, internet [71℄ and foodwebs [19℄. Our

results, therefore, suggest that the large number of instan es of SWN in the real
world is related to the ubiquity of modular stru tures in

omplex systems.

In Se . 2.1, we introdu e a simple model of modular networks. In Se . 2.2, we
show that these networks exhibit all the stru tural
modular networks, in sharp

hara teristi s of SWN. Su h

ontrast to previous models of SWN, exhibit distin t

time-s ale separation in their dynami s,
slow inter-modular pro esses.

orresponding to fast intra-modular and

In Se . 2.3, we show the universality of this be-

havior by using three very dierent types of dynami s, viz., (i) the ordering of
spins through ex hange intera tions, (ii) syn hronization among relaxation os illators and (iii) diusion. In all
within lo al

lusters to o

ases, the modular

onguration allows

oordination

ur mu h more rapidly than global ordering. The o

ur-

ren e of multiple dis rete times ales in su h a wide variety of systems highlights
the role of modularity in the dynami s on
that these multiple times ales
work. We
is

omplex networks. In Se . 2.4, we show

an be related to the Lapla ian spe tra of the net-

on lude by dis ussing in Se . 2.5 how identifying modular stru tures

ru ial for designing intelligent intervention strategies for

omplex systems, e.g.,

ontrolling epidemi s.

2.1 Modular random networks: A model
The network model

onsidered in this

of modular networks and
the

onsists of

N

hapter follows dire tly from the denition
nodes arranged into

onstru tion used, e.g., in Ref [52℄). Ea h module

of randomly

onne ted nodes [Fig. 2.1(b)℄.

nodes belonging to the same module is
modules is

ρo .

ρi ,

The

m modules (similar to

ontains the same number

onne tion probability between

and for those belonging to dierent

Thus, one of the key parameters dening the model is the ratio

of inter- to intra-modular

onne tivity

gets fragmented into isolated

lusters,

ρo
ρi

= r ∈ [0, 1]. For r → 0, the network
while as r → 1, the network approa hes a

homogeneous or Erdos-Renyi (ER) random network.

The other parameter that
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Figure 2.1:

S hemati

Modularity in

diagrams of (left) Watts-Strogatz model and (right) modular

network, with modules in the latter indi ated by broken

r

together with

omplex networks

ir les.

ompletely denes the modular network is its average degree (i.e.,

the number of links per node),

hki =

ρi
[(N − m) + rN(m − 1)] .
m

(2.1)

2.2 Stati properties of modular networks
To look at the stru tural properties of the model, we rst
ni ation e ien y

E

onsider the

ommu-

for the entire system. This is a measure of the information

propagation speed over the network and is dened as [36℄,

E ≡ ℓ−1 ≡
where,

dij

1
1
N(N
2

X 1
,
− 1) i>j dij

is the shortest distan e between nodes

the harmoni

mean distan e,

also quantify the

C = (1/N)

ℓ, whi

i and j .

(2.2)

Note that,

E

h is a measure of the average path length. We

lustering within lo al neighborhoods by measuring the

oe ient

P

between the

2ni /ki(ki −1), where ki and ni are the degree and the number of links
neighbors of node i, respe tively. For the modular random network,
i

C = ρi (d21 + (m − 1)d22 ) + (m − 1)ρo (2d1 d2 + (m − 2)d22 ),
where,

is related to

d1 = ( N
− 1)ρi /hki
m

and

d2 =

(2.3)

N
ρ /hki are the probabilities that a node has
m o

a neighbor in the same or a dierent module, respe tively. Thus, if the number of
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Modularity in

omplex networks

E,C

0.4
Modular
0.2

E,C

0
0.6

W−S

0.4
0.2

Q

0
0.7
0.5

Modular
W−S

0 −4
10

Figure 2.2:
(lled

−3

−2

10

−1

10
r,p

Communi ation e ien y

E

0

10

10

ir le) and lustering oe ient C
m = 16 modules as a fun tion of r and
of rewiring probability p (N = 512 and

(empty

ir le) for (a) modular random network with

(b) Watts-Strogatz (WS) network as a fun tion

hki = 14).
are in all

The data points are obtained by averaging over 100 realizations. Error bars
ases smaller than the symbols used. ( ) The variation of modularity measure,

QM , with r for modular random networks (solid line) and with p for WS network (broken
QM = 0.7 and its interse tion with the other two urves
gives a pair of r and p values at whi h we an ompare the two model networks.

line). The dotted line indi ates

modules is large then,

lustering is high at low values of

model, we observe an in rease in

E

while simultaneously

r.
C

As

r

is in reased in our

de reases [Fig. 2.2 (a)℄.

The small-world property is asso iated with high values of both

E

and

is indeed what is observed in our model for an intermediate range of

r,

C,

whi h

exa tly as

in the WS model [Fig. 2.2 (b)℄.
Next, we

hara terize the model using a measure of modularity,

given partition of the nodes of a network into

m

Q

[72℄. For a

modules,

"
 2 #
m
X
ds
ls
,
−
Q≡
L
2L
s=1
where the total number of links in the network is

L,

(2.4)

and

ls

and

ds

are the links

between nodes and the total degree of all nodes belonging to module

s,

respe -

tively. The largest modularity that is obtained from all possible partitions of the
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network is denoted by
su ient

QM = max{Q}.

Modularity in

QM

A high value for

ondition for a network to be modular, as there

graphs having high

QM

value for whi h the modules

omplex networks

is a ne essary but not
an be various regular

annot be identied unam-

biguously [73, 74℄. In parti ular, for the WS small-world model,

al ulating

QM

yields high values although the modules are not dened in an unique manner. For a
WS network dened on a ring of
where a fra tion

p

N

Here, the existen e of

for

m∗ =

q

Q.

m



1
2N − zm − m
−
2N
m



.

(2.5)

n = hN/m were assumed
i for
p
= (1 − p) 1 − 2(z + 1)/N , o

QM

an be very high for low

obtained for modular random networks at low

N

nearest neighbors)

modules of equal size

The maximum value

2N
and
z+1

a system with

2z

onne ted to

of the links have been rewired,

Q = (1 − p)

al ulation of

nodes (ea h

p.

r,

Similar high values of

QM

the
urs
are

the modularity measure for su h

nodes being

Q=

(m − 1)[N(1 − r) − m]
.
m[N(1 − r + rm) − m]

(2.6)

Unlike the WS model, here the modules are pre-dened and
to be maximized with respe t to dierent
Fig. 2.2 ( ) shows the variation of

Q with r

Q

does not need

hoi es for partitioning the network.

and

p for the two

lasses of small-world

network models.
Note that, WS networks are parametrized with respe t to the rewiring probability

p,

while modular random networks are dened in terms of

inter- to intra-modular
ulty in dire tly
have

onne tivity. Therefore, in order to

r,

the ratio of

ir umvent the di-

omparing these two types of networks, in subsequent work we

onsidered networks having the same

N , hki

and

Q.

We observe that it is

di ult to dierentiate between WS and modular random networks from their
stru tural information only, by using any of the
For example, on applying the
lation

k-

ommonly used stati

lique ( omplete subgraphs with

luster te hnique used for dete ting overlapping

found large

k

measures.

nodes) per o-

ommunities [75, 76℄, we

lusters to appear in both types of networks. This is be ause the lo al

link density in both systems are mu h higher than their overall

onne tivity.
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Other measures su h as betweenness

Modularity in

entrality (BC), edge

omplex networks

lustering (EC), et .,

also gave similar results for the two network models. The betweenness

entrality

of an edge (i.e., link) is dened as the number of shortest paths between pairs
of verti es that go through it. If there are more than one shortest path between
a pair of verti es, ea h path is given equal weight su h that the total weight of
all the paths is unity.

The edges with maximum betweenness often a t as the

bridges between dierent
betweenness

ommunity. So by removing the edges with maximum

entrality the modular stru ture

an be determined [52℄. We nd that

this is indeed what happen for modular network.

However, for Watts-Strogatz

(WS) network, the short uts or rewired links also have high edge betweenness.
Thus, the above algorithm whi h removes edges with high betweenness

entrality

ause the removal of these short uts, so that only the regular hain stru ture is left
(Fig. 2.3). When further links are removed then the

hain stru ture is divided into

group of nodes (whi h are roughly of equal size). Hen e, applying this method to
determine modules in a network gives

ommunity stru ture in both the

Instead of BC, other parameters like edge

lustering

mine the modular stru ture in a network [77℄. Edge
to the node- lustering

ases.

an also be used to deter-

lustering is dened, analogous

oe ient, as the ratio of the number of triangles to whi h

a given edge belongs to the total number of potential triangles that might in lude
it given the degrees of the adja ent nodes. More formally, for the edge
node

i

to node

j,

the edge

lustering

onne ting

oe ient is

(3)

(3)
Cij

where

(3)

zij

zij + 1
,
=
min(ki − 1, kj − 1)

is the number of triangles to whi h that edge belong and min(ki

is the maximal possible number of triangles. As edges that link dierent

− 1, kj − 1)
ommuni-

ties are unlikely to belong to many short loops, these edges have low EC. Therefore,
removing the edges with low EC will reveal the

ommunity stru ture as disjoint

subsets if the underlying network stru ture is modular. However, in a WS network
the short uts have low EC, and hen e the algorithm of removing low EC links will
again remove the short uts resulting in a latti e stru ture. As above, on further
removal of links, the

hain stru ture gets disrupted into disjoint groups of nodes.

Hen e, the WS network also appears to have a

ommunity stru ture.
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Removal of high BC or
low EC edges

Emergence of Modules

Figure 2.3:
ness

S hemati

diagram showing the ee t of removing edges with high between-

entrality (BC) or low edge

lustering (EC). For both WS (left) and modular (right)

networks, the system gets divided into isolated

ommunities (groups of nodes).

2.3 Dynami s on modular networks
So far we had been

onsidering ex lusively the stru tural aspe ts of small world

networks.

However, apart from topologi al stru ture, networks are often asso i-

ated with

ertain dynami s [6℄. As dynami s is often

ru ial for the fun tioning of

many systems, we now examine very dierent dynami s on network models having
the

lustered small-world property.

a tions (representative of

These dynami s range from nonlinear inter-

olle tive ordering in a network) to strongly nonlinear

lo al dynami s at ea h node (as in relaxation os illators) with diusive

oupling.
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A

B

Figure 2.4:

S hemati

modular ordering (M

diagram of (a) global ordering (M

= 0, Mm = 1)

= 1, Mm = 1)

and (b)

in a modular network of Ising spins.

2.3.1 Spin-Spin intera tion dynami s
We rst

onsider the ee t of modular organization on the emergen e of

olle tive

behavior, a simple model of whi h is the ordering of Ising spins arranged on a
network. This system is des ribed by the Hamiltonian,

H=−
where,

σi , σj = ±1

ing from an initial random

hki,

with average degree

J > 0

i=1

i, j

are

i, j ,

and

Jij

onne ted and

is the ferromagneti

0

otherwise). Start-

onguration of spins on a modular random network

orresponds to a globally ordered state [Fig. 2.4 (a)℄ if

T < Tc (= hki), the mean-eld
M =

if

(2.7)

the system is allowed to evolve to its ground state us-

ing Glauber dynami s. It

PN

Jij σi σj ,

i,j

are spins pla ed on nodes

oupling between them (=

Boltzmann

X

riti al temperature measured in units of

J/kB (kB :

onstant). We observe that the time (τgm ) needed for magnetization

σi /N

to rea h its high asymptoti

is be ause, at low

r,

value, diverges as

r

de reases. This

the system remains for a long time in a state of modular

ordering [Fig. 2.4 (b)℄, where the spins in ea h module are ordered but aligned in
opposite dire tions in dierent modules resulting in an absen e of global ordering.
The lo al order parameter, modular magnetization

σik is the
hibits

i−th

spin in the

k -th

Mm =

m
h|
N

P

i∈k

σik |i,

where

module and the averaging is over all modules, ex-

onvergen e to its asymptoti

value over a time-s ale

τmm ,

whi h is almost
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Figure 2.5:

The two time-s ales

orresponding to lo al ordering within a module (τmm )

and global ordering over the entire network (τgm ) for a modular random network of Ising
spins (m

= 16)

at

independent of

T =6

as a fun tion of

r.

(In all

ases

N = 512, hki = 14).

r.

Fig. 2.5 shows the existen e of two time-s ales whi h diverge at low
ing the ordering pro ess within modules to be mu h faster

r

indi at-

ompared to between

modules. At low temperatures, as the spins within ea h module get ordered, different modules may get aligned in opposite dire tions.

To a hieve global order,

some of the modules need to turn all their spins, a pro ess that has a
energy barrier. To

onsiderable

ross this with thermal energy takes extremely long times, re-

sulting in divergen e of
global ordering, with

τgm .

τgm

A similar investigation of the WS network shows only

diverging as

p

de reases. Related dynami al pro esses

where the appearan e of distin t time-s ale events as a

onsequen e of modular

network stru ture have important fun tional signi an e, in lude the adoption of
innovations [78℄, spread of epidemi s [8℄ and

onsensus formation [79℄.

2.3.2 Syn hronization
Next, we

ompare the dynami s of syn hronization in modular random and WS

networks. We

onsider a population of

N

oupled relaxation os illators (des ribed
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0
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0
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time t

40

50

fsync and (bottom) the number of syn hronized lusters for ER random, WS small-world (p = 0.2) and
modular random networks (r = 0.02). For all ases, N = 512 and hki = 14. Unlike
the ER and WS networks, the syn hronization in modular networks (m = 16) o ur in
Time evolution of (top) the fra tion of syn hronized nodes

two distin t steps.

Lo al syn hronization within nodes belonging to the same module

is a hieved relatively fast and is then followed by global syn hronization. The two time
s ales

orresponding to syn hronization within modules (tms ) and syn hronization over

the entire network (tgs ) are shown in the magnied view (inset).

by a fast variable

x

and a slow variable

ẋi

c

whi h evolve as

 X

N
Kij
x3i
+
(xj − xi );
= c yi − xi +
3
k
i
j=1

ẏi =
Here,

y)

−xi
.
c

(2.9)

y . Kij = κAij is the oupling
illators with strength κ, and A is the network adi, j are onne ted and 0 otherwise. For networks

is the ratio between time-s ales of

between a

onne ted pair of os

ja en y matrix, i.e.,

Aij = 1

if

(2.8)

x

and

of simple os illator models, the approa h to syn hronization exhibits temporally
varying patterns that are intrinsi ally related to the underlying

onne tion topol-

ogy [53℄.
We have analyzed the time-evolution to syn hronization (i.e.,

xi = x, yi = y , ∀i)

of these strongly non-linear os illators using the pair- orrelation fun tion between
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omplex networks

300
WS

Modular

Tsync

Modularity in

10

(a) Comparison of syn hronization between modular random networks

(m

= 16) and WS networks of relaxation os illators (Eq. 2.9) with c = 2 and κ = 1.5.
(N = 512, hki = 14). In modular networks, the two time s ales orresponding to intramodular (tms ) and global or inter-modular (tgs ) syn hronization are shown as a fun tion
of r . The WS model exhibits only the time-s ale orresponding to global syn hronization
(inset).

Averaging has been done over random initial values and network realizations.

(b) The Lapla ian spe tral gap between the
with de reasing

r,

os illator phase angles

orrelation matrix is

ρij > T ,

and

and

(m + 1)-th

eigenvalues in reases

θ [= arctan(y/x)℄, ρij (t) = hcos[θi (t) − θj (t)]i,

is an average over random initial

if

m-th

shown for dierent system sizes with the number of modules

= 0,

where

otherwise). The ratio of

h. . . i

T , the
onne tivity matrix Dt (T ) (Dij = 1,
non-zero elements of D to the total

onditions. By introdu ing a threshold

onverted into a dynami

number of elements gives the fra tion of syn hronized nodes,
to 1 with time as the system

m = 16.

fsync , whi

h in reases

onverges to global syn hronization. Conversely, the

number of distin t syn hronized

ommunities (i.e., the dis onne ted

lusters in

de reases from N to 1 (Fig. 2.6).

D)

As expe ted, we observe global syn hronization to be extremely rapid in ER
random networks, while, for WS networks it o

urs relatively slowly. By

in random modular networks, the syn hronization o
s ales, as ree ted by the o
syn hronization measures,
atively shorter time s ale

ontrast,

urs over two distin t time-

urren e of a plateau with non-zero values of the two

fsync and number of
of tms , dis onne ted

syn hronized

lusters. At the rel-

lusters are observed to form in

D

orresponding to the stru tural modules of the network. Thus, lo al syn hronization among the nodes belonging to the same module is a hieved relatively qui kly.
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urring over a time-s ale

tgs ,

with

lusters remaining fairly stable in the intervening time-period.

Fig. 2.7(a) shows the variation of these two time-s ales with
the network be omes homogeneous (as

r,

onverging when

r → 1).

In the real world, for many systems the

oupling strength between nodes within

the same module may dier signi antly from that between nodes belonging to
dierent modules. For example, a re ent study of tie strengths in mobile
ni ation networks [11℄ observed that links

onne ting dierent

to be weaker than links between members of the same
well-known hypothesis for so ial networks [80℄.
dierent strengths for inter-modular

ommu-

ommunities tend

ommunity, supporting a

Hen e we look at the ee t of

oupling (κinter ) and intra-modular

oupling

(κintra ) on the syn hronization behavior of os illators on a modular network. As
the inter-modular

oupling strength be omes weaker relative to the intra-modular

oupling, we observe the time-s ales for modular and global syn hronization to diverge (Fig. 2.8, a). Thus, in real systems where inter- ommunity ties are relatively
weaker, the time-s ale separation between lo al and global events will be even more
prominent. On the other hand, as the inter-modular
large, the two time-s ales gradually
the ratio

κinter : κintra ,

onverge. As expe ted, at very large values of

global and modular syn hronization o

We have also looked at the more general
of delays in the

oupling strength be omes

ur simultaneously.

ase of syn hronization in the presen e

oupling [39℄. Even in the presen e of delays, we observe distin t

time-s ales for modular and global events. If

δt

represents the delay period (i.e.,

the time required for signals to travel from one node to another through a link),
the

oupling terms of Eq (2.8) be ome:

N
X
Kij
j=1

For

onstant delay (i.e.,

δt =

ki

[xj (t − δt) − xi (t)].

onstant, for all pairs of

(2.10)

onne ted nodes), we observe

in Fig. 2.8 (b) that the time required for modular syn hronization (τms ) is shorter
than that required for global syn hronization (τgs ), although in general both are
longer than their
also

onsider the

orresponding values in the absen e of any delay (δt
ase where

form distribution. As in the

oupling delays are random and
ase of

oupling strengths

κ,

= 0).

We

hosen from an uni-

the delays may dier for
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(a) Dependen e of the two time-s ales

orresponding to modular (tms )

and global syn hronization (tgs ) on the ratio of the inter and intra modular

oupling

strengths (κinter /κintra ). (b) The two syn hronization time-s ales shown as a fun tion of
onstant delay δt between any pair of onne ted os illators. ( ) Variation of tms and
tgs with random inter-modular oupling delays, that are distributed uniformly between
[0, δtmax ]. In this ase, there is no delay for intra-modular ouplings. Note that, Tosc is
the time-period for an un oupled relaxation os illator. (In all ases N = 512, hki = 14,
m = 16 and r = 0.02).

a

onne tions between nodes belonging to the same module as opposed to those belonging to dierent modules. For example, this may arise if nodes within a module
are geographi ally
fore, we look at the
the delay for

loser to ea h other, relative to nodes in other modules. Therease when there is no

oupling delay within a module, while,

onne tions between os illators in dierent modules is distributed

over the interval

[0, δtmax ].

In Fig. 2.8 ( ), we observe that as in the

ase of

on-

stant delay, the inter-modular syn hronization takes signi antly longer time than
intra-modular syn hronization, emphasizing the generality of our results.

2.3.3 Diusion
The existen e of su h distin t time-s ales as a

onsequen e of modular stru ture

also appears in other dynami al pro esses, e.g., diusion.

Consider a dis rete

random walk on a network, where the walker moves from one node to a randomly
hosen neighboring node at ea h time step. We analyze the time-evolution of the
diusion pro ess by obtaining the distribution of rst passage times for random
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10
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10
First Passage Time , FPT

3

10

The distribution of rst passage times (FPT) for diusion pro ess among

the nodes in modular (m

= 16, r = 0.02)

and ER random networks. When the sour e

and the target nodes belong to the same module, the FPT has a mu h higher probability
of being small than when the nodes belong to dierent modules.
FPT for a homogeneous random network is also shown for

The distribution of

omparison. This indi ates

the existen e of two distin t time s ales for random spreading in modular networks, the
diusive pro ess within a module taking pla e mu h faster
modules. For all networks,

N = 512

and

ompared to diusion between

hki = 14.

walkers to rea h a target node in the modular random network, starting from a
sour e node [81℄.

Fig. 2.9 shows that this distribution diers quite signi antly

depending on whether the target node belongs to the same module as the sour e
node or in a dierent module. This again suggests two distin t time-s ales, with
intra-modular diusion o
is

urring mu h faster than inter-modular diusion. This

onsistent with the results of Refs. [71, 82℄ where the degree of isolation of

a module was assessed by

omparing the parti ipation of its nodes in dierent

diusion modes, using the internet as an example.

2.4 Linearized dynami s: Lapla ian analysis
To understand the existen e of two distin t time s ales in a modular network, we
onsider the linearized dynami s around the syn hronized state,

dθi
κX
Lij θj , (∀i = 1, . . . , N)
=−
dt
ki j

(2.11)
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2
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orresponding eigenvalue

for modular random network (m

= 16) at dierent r
p (D-F), indi ating the existen
r (N = 512, hki = 14).

ompared with that of WS network at dierent
distin t spe tral gap in the former at low

where

L

(i 6= j).

is the Lapla ian matrix of the network, with

Solving in terms of the normal modes

ϕi (t) =

X

ϕi (t),

Lii = ki

and

we get

(A-C)
e of a

Lij = −Aij

Bij θj = ϕi (0) exp−λi t ,

(2.12)

j

where

λi

are the eigenvalues of

Dii = ki ), and B is the matrix
′
L is related to the symmetri

′

L = D−1 L (D

being a diagonal matrix with

of its eigenve tors. All the eigenvalues are real as
1

normalized Lapla ian

′

L = D2 L D

−1
2

through a

similarity transformation. Any dieren e in the time s ales of the dierent modes
is manifested as gaps in the spe trum of
of the network.

The mode

L,

revealing dierent topologi al s ales

orresponding to the smallest eigenvalue is asso i-

ated with global syn hronization, while other modes provide information about
syn hronization within dierent groups of os illators.

We observe a gap in the

Lapla ian spe trum for modular random networks that in reases with de reasing
value of

r

[Fig. 2.10 (A-C)℄ indi ating that the very dierent time-s ales for syn-

hronization at the global and lo al levels originate from the modular organization

34

Chapter 2.

of the network stru ture.

Modularity in

omplex networks

This is further supported by the absen e of a similar

gap in the Lapla ian spe tra for WS networks, shown at dierent values of

p

in

Fig. 2.10 (D-F).
To relate this analysis with the diusion pro ess, we note that the transition
probability from node
This transition matrix
1

L = I − D 2 PD

−1
2 ,

i to j at ea h step of the random walk is Pij = Aij /ki.
P is related to the normalized Lapla ian of the network as

where

I

is the identity matrix [71℄. The eigenvalues of

P

are

all real, the largest being 1 while the others are related to the dierent diusion

times ales.

As in the syn hronization example, the spe trum of

P

for modular

random network exhibits a gap ree ting the existen e of distin t times ales in
the system. Note that, although the above result stri tly applies only when linear
approximation is valid, we observe the property of time-s ale separation predi ted
for modular networks to be a mu h more general phenomenon. In parti ular, the
strong nonlinear intera tions of the Ising model

annot be even approximately

treated by the Lapla ian analysis. Nevertheless, we see almost identi al behavior
for all three pro esses, indi ating the universality of the dynami al signature of
modular networks.

2.4.1 Lapla ian analysis of orti al networks
In order to provide empiri al eviden e for the above distin tion between dynami al
behavior of the dierent small-world models, we have
data for

orti al areas in the brains of the

onsidered the

onne tivity

at [83℄ and the ma aque [84℄. Su h

networks have been reported to have small-world stru tural properties [63℄.
previously mentioned, lo al syn hronization within a
tan e in the brain, whereas global

As

luster has fun tional impor-

oheren e of a tivity may be undesirable. The

theoreti al arguments given above would, therefore, imply a modular stru tural
organization for the

onne tions between the

orti al areas. This would be visibly

manifested through the existen e of gaps in the Lapla ian spe tra of the empiri al
networks, whi h is indeed what we observe [Fig. 2.11℄. This strongly suggests that
at least some of the empiri ally observed small-world networks that o

ur in na-

ture may be organized in a modular fashion, and thus, have signi antly dierent
dynami al behavior from the WS or related models.
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II

2

1/λi

onne tions between dierent

orti al areas

N = 47) erebral ortex. The broken
I -IV ) that are densely onne ted within

aque (top right,

orti al areas (labelled

themselves. This stru tural division ree ts, to some extent, the fun tional segregation
among the dierent

orti al areas (e.g., visual, somatosensory, et .). The rank-ordered re-

ipro al eigenvalues of the
spe tral gaps,

orresponding Lapla ian matri es (bottom) show well-dened

onsistent with the existen e of a modular stru ture for the

orti o- orti al

networks.

2.5 Dis ussion
In this

hapter, we have shown that modular networks, where links within ea h

module are mu h more numerous than those between dierent modules,

an exhibit

all the stru tural features asso iated with small-world networks even in the absen e
of a regular latti e substrate. By using a simple model, where nodes
other at random within ea h

onne t to ea h

ommunity, we show that a modular organization

give rise to stati properties (su h as

an

lustering or ommuni ation e ien y) almost

identi al to the widely-used WS model for small-world networks [56℄. Note that, it
is the modular organization whi h is
ea h module is irrelevant for our

ru ial here, as the network stru ture within

on lusions to be valid. Su h modularity may arise

in nature through multi- onstraint optimization to whi h most networks o

urring
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in the real world are subje ted [85℄. This is dis ussed in detail in Chapter 3 of this
thesis. The dynami al behavior of modular networks exhibits the striking feature
of multiple, distinguishable time-s ales orresponding to (a) fast intra-modular and
(b) slow inter-modular pro esses, whi h is quite dierent from the behavior seen
in WS model of small-world networks.
Empiri al eviden e for su h behavior in

orti o- orti al networks indi ate that

several systems for whi h small-world properties have been reported may indeed
have modular organization with the asso iated dynami al signature. The in reasing re ognition that small-world networks underlie pro esses of vital importan e
to so iety, su h as epidemi s spreading through a few long-range links (e.g., the
airline network that is instrumental in spreading a disease like SARS [86℄), makes
it of vital importan e to understand the stru tural topology of a network that
is responsible for the SW property. As dierent stru tures

an result in distin t

olle tive dynami al behavior, it is important to go beyond ma ros opi

measures

(su h as average path length) and fo us on the underlying arrangement of intera tions in su h networks. This is essential for intelligent intervention to prevent a
lo al problem from rapidly evolving into a global threat as a result of un ontrolled
spreading through the network.
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As modular stru tures are ubiquitous in omplex networks, it is of immense interest
to understand how su h systems

an evolve towards a modular

many of these networks, there is a signi ant presen e of
degree or number of

bility
By

C

of

ru ial for linking the

onne tivity, with the proba-

onne tion between any pair of nodes varying between

ontrast, random networks with su h small

Hubs

hubs, i.e., nodes with large

onne tions to other nodes. Hubs are

nodes in real networks, whi h have extremely sparse

C

onguration. In

10−1 and 10−8 [4℄.

are almost always dis onne ted.

an also lead to the small-world ee t [37℄ by redu ing the average path

length of the network. We note that most modular systems are subje t to multiple
stru tural and fun tional

onstraints.

Examples of su h

onstraints in lude the

minimization of average path length, as well as, the total number of links, while
maximizing robustness against perturbations in node a tivity. In this
show that the optimal networks whi h satisfy all these three
a terized by the existen e of multiple modules sparsely

hapter, we

onstraints are

har-

onne ted to ea h other.

In addition, these modules have distin t hubs resulting in an overall heterogeneous
degree distribution.
The majority of previous studies on modular networks have been
with methods to identify

ommunity stru ture [52℄.

on erned

There have been relatively

few attempts to explain the potentially more interesting question of how and why
modularity emerges in

omplex networks. Most su h attempts are based on the

notion of evolutionary pressure, where a system is driven by the need to adapt to
a

hanging environment [87, 88℄. However, su h explanations involve

ompli ated

adaptive me hanisms, in whi h the environment itself is assumed to

hange in a
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modular fashion. Further, adaptation might de rease

onne tivity through biased

sele tion of sparse networks, whi h eventually results in

disruption of the network

with the modules be oming isolated nodes [87℄ or dis onne ted parts [89℄. More
re ently, a so ial network model has shown the emergen e of isolated

ommunities

through the rearrangement of links to form groups with homogeneous opinion [90℄.
A

ru ial limitation of these studies is that they almost always fo us on a single

performan e parameter. However, in reality, most networks have to optimize between several, often

oni ting,

onstraints. While stru tural

onstraints, su h as

path length, had been the fo us of initial work by network resear hers, there has
been a growing realization that most networks have dynami s asso iated with their
nodes [12℄. The robustness of network behavior is often vital to the e ient fun tioning of many systems, and also imposes an important
Therefore, the role played by dynami al
logi al properties of a network is a

onstraint on networks.

onsiderations in determining the topo-

hallenging and important question that opens

up new possibilities for explaining observed features of

omplex networks [91℄.

In Se . 3.1, we propose a simple model for the emergen e of modularity in
networks as an optimal solution for satisfying a minimal set of stru tural and
fun tional

onstraints. We expli itly show this by performing a multi- onstraint

optimization with simulated annealing in Se . 3.2. In Se . 3.3, we show that while
robustness is indeed ne essary, it is not enough by itself to generate modularity,
ontrary to what is generally believed. We end the

hapter with a dis ussion in

Se . 3.4, on how these modular networks are also stru turally robust with respe t
to simultaneous targeted and random atta ks.

3.1 Constraints on networks
Cost
Networks are subje t to

ertain stru tural

onstraints. One of the stru tural

straint is the need to save resour es, manifested in minimizing

link ost,

on-

i.e., the

ost involved in building and maintaining ea h link in a network [92℄. This results
in the network having a small total number of links,

L.
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E ien y
However, su h a pro edure runs

ounter to another important

redu ing the average path length
in reasing
The

ℓ,

whi h improves the network

e ien y

by

ommuni ation speed among the nodes [36℄.

oni t between the above two

riteria

an be illustrated through the

example of airline transportation networks. Although, fastest
small

onsideration of

ℓ) will be a

hieved if every airport is

ommuni ation (i.e.,

onne ted to every other through dire t

ights, su h a system is prohibitively expensive as every route involves some

ost

in maintaining it. In reality, therefore, one observes the existen e of airline hubs,
whi h a t as transit points for passengers arriving from and going to other airports.

Stability
Another important

onstraint is to de rease the instability of dynami al states

asso iated with the network. We investigate the dynami al stability of a network
omposed of

N

nodes, whi h are self regulating when isolated, by measuring the

growth rate of a

small perturbation x about an

dynami s. Although the system

an be nonlinear in general, the dynami s of su h

perturbations are des ribed by a

ẋi =

PN

j=1

real part

Jij xj .

λmax

equilibrium state of the network

linear

system of

oupled dierential equations

The stability of the equilibrium is then determined by the largest

of the eigenvalues for the matrix

J

representing the intera tions

λmax < 0, and in reases otherwise,
minimizing λmax makes the equilibrium less

among the nodes. The perturbation de ays if
at a rate proportional to

|λmax |.

Thus,

unstable, whi h is important for many systems in luding e ologi al networks [93℄.
Here

Jii = −1 ∀i su

h that we only onsider instability indu ed through network

intera tions. The o-diagonal matrix elements

Jij (∼ Aij Wij )

in lude information

about both the topologi al stru ture of the network, given by the adja en y matrix

A (Aij

is

1, if nodes i, j

are

onne ted, and

distribution of intera tion strengths

Wij

0, otherwise; Aii = 0 ∀i), as well as, the

between nodes. In our simulations,

has a Gaussian distribution with zero mean and varian e
mean does not qualitatively
network,

J

however, a nonzero

hange our results. For an Erdos-Renyi (ER) random

May-Wigner theorem [93℄. Therefore, in

√

NCσ 2 − 1, a
reasing the system size N ,

is a sparse random matrix, with

or intera tion strength

σ2;

Wij

λmax ∼

σ , results in instability of the network.

ording to the
onne tivity

C

This result has been
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shown to be remarkably robust with respe t to various generalizations [94, 95, 96℄.
Further, for uniform

oupling strength,

λmax

is inversely related to the epidemi

propagation threshold for the network [97℄, and hen e, minimizing

λmax

also makes

the network more robust against spreading of infe tion.

3.2 Modularity through multi- onstraint optimization
3.2.1 Minimum link- ost onstraint (L = N − 1)
ℓ is low, L is high be ause of the requirement to
the network is onne ted: L > NlnN [42℄. Introdu ing the onstraint
(i.e., minimizing L) while requiring low average path length ℓ, leads

For ER random networks, although
ensure that
of link

ost

to a starlike

onne tion topology (Fig. 3.1C). A

whi h all other nodes are

hki ≈ 2

is

has a single hub to

onne ted, there being no other links. Its average degree

non extensive with system
hki ∼ ln N .

random network, where

star network

size, and is mu h smaller than a

onne ted

However, su h starlike networks are extremely

unstable with respe t to dynami al perturbations in the a tivity of their nodes.
The probability of dynami al instability in random networks in reases only with
average degree (λmax

∼

p

hki, sin

with the largest degree, and hen e
extend this for the

J, λmax = −1 +

qPase

N
i=2

hki = NC ), while for star networks it in reases
√
the size of the network itself (λmax ∼
N ). To

e

of weighted networks we look at the largest eigenvalue of

J1i Ji1 ,

the hub being labeled as node 1. The stability of

the weighted star network is governed by

hosen from

i=2

J1i Ji1 ,

whi h is the displa ement

N − 1 steps whose lengths are
2
a Normal (0, σ ) distribution.

due to a 1-dimensional random walk of
pairs of random numbers

PN

produ ts of

Simulated annealing
To obtain networks whi h satisfy the dynami al as well as the stru tural onstraints
we perform optimization using simulated annealing, with a network having
nodes and

N −1

N

unweighted links (the smallest number that keeps the network
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Figure 3.1:
L = N − 1,

0.4

α

1
0.6

0.8

The optimized network stru tures for a system with

α, when ea

hain.

α:

onguration o

H

α.

urs around

onne ted). Having xed

L,

1

N = 64 nodes and
α = 0 the optimal

(A) 0.4, (B) 0.775 and (C) 1. For

(Bottom) The modularity

h module is a

to star
with

0.8
α

0.2

at dierent values of

network is a 1-dim

dierent

0.6

Qs

of the optimized network for

ommunity dened in the strong sense. The transition

α ≃ 0.8, as observed in the variation of degree entropy

the energy fun tion to be minimized is dened as

E(α) = αℓ + (1 − α)λmax ,
where the parameter
onstraint over the

α ∈ [0, 1]

denotes the relative importan e of the path length

ondition for redu ing dynami al instability. Rewiring is at-

tempted at ea h step and is (i) reje ted if the updated network is dis onne ted, (ii)
a

δE = Ef inal − Einitial < 0, and (iii) if δE > 0, then a epted with probp = exp(−δE/T ), where T is the temperature. The initial temperature

epted if

ability
was

hosen in su h a way that energeti ally unfavorable moves had

of being a

epted. After ea h monte

80%

han e

arlo step (N updates) the temperature was

1% and iterated till there was no hange in the energy for 20 su essive
arlo steps. For ea h value of α, the optimized network with lowest E was

redu ed by
monte

obtained from 100 realizations.
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onguration

an be seen from Fig. 3.1, modularity emerges when the system tries to satisfy

the twin

onstraints of minimizing

ℓ

as well as

λmax .

When

α

is very high (∼

0.8)

su h that the instability riterion be omes less important, the system shows a transition to a starlike

onguration with a single hub. However, as

α

is de reased,

the instability of the hub makes the star network less preferable and for intermediate values of

α,

the optimal network gets divided into modules, as seen from

the measure of network modularity,
network, we
ea h node
the

i

Q

onsider modules to be
belonging to a

[98℄. To obtain a robust partitioning of the

ommunities dened in the

ommunity has more

strong sense,

i.e.,

onne tions with nodes within

ommunity than with the rest of the network [77℄. The resulting modularity

measure

Qs

is high for a modular network, whereas for homogeneous, as well as,

for starlike networks,

Qs = 0.

To determine the

ommunities, we

1. Compute the betweenness measure for all edges and remove the one with
highest s ore:
2.

(a) if it results in splitting the network (or subnetwork) into
in the strong sense, then the resulting

Qs

is

ommunities

omputed;

(b) if not, we go ba k to step (1) and remove the edge with the next highest
s ore.
The pro ess is

arried out iteratively until all edges of the network have been

onsidered. Note that, in step (2a),
munities in the strong sense is
veried these results by also
through sto hasti

he king whether the splitting results in

onsidered with respe t to the full network.

al ulating

Qs

omWe

with the network modules determined

extremal optimization [99℄.

The transition between modular

and star stru tures is further emphasised in the behavior of the degree entropy
dened as

H=

N
−1
X

pk log pk ,

(3.1)

k

where

pk

is the probability of a node having degree

k.

The network entropy pro-

vides an average measure of the network's heterogeneity, sin e it measures the
diversity of the link distribution [100℄. Two extreme
and the minimal one.

The maximum value is

ases are the maximal value

Hmax = log(N − 1)

obtained for
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Figure 3.2:

Probability distribution of λmax for a lustered star network (N = 256, L =
15N ) with dierent numbers of modules, m. Modules of equal size are onne ted by single
2
link between respe tive hubs. Link weights Wij follow a N ormal (0, σ ) distribution with
2
σ = 0.018. (Inset) Probability of stability [P (λmax < 0)℄ varying with σ 2 . In reasing
m results in the transition to instability o urring at higher σ 2 , implying that network
stability in reases with modularity.

pk =

1
N −1

∀k = 1, 2, · · · , N − 1

and minimum value

pk = 0, · · · , 1, · · · , 0. The emergen e of a
α is marked by H redu ing to a low value.
Why modular

Hmin = 0

dominant hub at a

o

urs when

riti al value of

onguration evolves?

To understand why modular networks emerge on simultaneous optimization of
stru tural and fun tional

onstraints we look at the

when a star network is split into

hange in stability that o

m modules, the modules being

onne ted through

links between their hubs. The largest eigenvalue for the entire system of
the same as that for ea h isolated module,

λmax ∼

p

N/m,

urs

N

nodes is

as the additional ee t

of the few intermodular links is negligible. At the same time, the in rease in the
average path length
network into a

ℓ

with

m

is almost insigni ant. Therefore, by dividing the

onne ted set of small modules, ea h of whi h is a star subnetwork,

the instability of the entire network de reases signi antly while still satisfying the
stru tural

onstraints.
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Figure 3.3:

λ

0

0.1

0.2

max

Probability distribution of

λmax

for

lustered star networks (N

= 256, L =

15N ) having four modules with dierent types of intermodular onne tivities (A), (B) and
Wij have a N ormal (0, σ 2 )
2
distribution with σ = 0.018.

(C), whi h are represented s hemati ally here. Link weights

3.2.2 Relaxing the link- ost onstraint (L > N − 1)
The above results were obtained for a spe i
relax the

onstraint on link

value of

L (= N − 1).

ost and allow a larger number of links than that

stri tly ne essary to keep the network

onne ted.

The larger

as random links between nonhub nodes, resulting in higher
network. Even for su h

We now

lustered star networks, λmax in

L

is manifested

lustering within the

reases with size as

√

N , and

therefore, their instability is redu ed by imposing a modular stru ture (Fig. 3.2).
The ee t of in reasing the number of modules,
a network

the transition to instability o

o

σ keeping N, C

urs,

σc ,

xed. The

in reases with

m

L is in

urs on

riti al value at whi h

(Fig. 3.2, inset) while

hange signi antly. This signies that even for large

the stru tural and fun tional
As

on the dynami al stability of

an be observed from the stability-instability transition that o

in reasing the network parameter

does not

m,

L,

onstraints by adopting a modular

ℓ

networks satisfy
onguration.

reased, we observe that the additional links in the optimized network

ur between modules, in preferen e to, between nodes in the same module. To

see why the network prefers the former
types of intermodular

onguration, we

onsider three dierent

onne tions: (A) only the hub nodes of dierent modules
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Figure 3.4:

λmax for random networks (N = 256, L = 15N )
m, whi h are onne ted to ea h other by single
2
2
links. Link weights Wij follow N ormal (0, σ ) distribution with σ = 0.03. The inset
2
shows the probability of stability [P (λmax < 0)℄ varying with σ . In reasing m results
2
in transition to instability at lower σ , indi ating that in reasing modularity de reases
Probability distribution of

as a fun tion of the number of modules,

stability for random networks.

are

onne ted, (B) nonhub nodes of one module

module, and (C) nonhub nodes of
(B) where intermodular

an

onne t to the hub of another

dierent modules are

onne ted. Arrangement

onne tions that link to hubs of other modules a tually

in rease the maximum degree in the modules, making this arrangement more unstable than (A). On the other hand, (C)

dierent

onne tions between nonhub nodes of

modules not only de rease the instability (Fig. 3.3), but also redu e

ℓ.

As a result, the optimal network will always prefer this arrangement (C) of large
number of random intermodular

onne tions over other topologies for large

L.

3.3 Robustness and modularity
Our observation that

both stru

modularity to emerge runs

tural and dynami al

onstraints are ne essary for

ounter to the general belief that modularity ne essar-

ily follows from the requirement of robustness

alone,

as modules are thought to

limit the ee ts of lo al perturbations in a network. To further demonstrate that
the three

onstraints are the minimal required for a network to adopt a modular
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y
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Chain

Random Network
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Stability

Figure 3.5:

S hemati

satisfying dierent
pair of

diagram indi ating the types of optimal networks obtained by

onstraints. Ea h vertex represents networks obtained by satisfying a

onstraints indi ated on the two sides of the triangle that meet at that vertex. Note

that, modular networks emerge by optimizing all three

onstraints, viz.,

ost, e ien y

and stability, indi ated by the three arms of the triangle.

onguration, we remove the hub from a
work is still

onne ted. This

lustered star while ensuring that the net-

orresponds to the absen e of the link

ost

onstraint

altogether and the optimal graph is now essentially a random network.
To see why modularity is no longer observed in this

ase, we

onsider the

stability of an ER random network on whi h a modular stru ture has been imposed.
A network of

N

nodes is divided into

a few intermodular links. We then
networks for in reasing

m,

m

modules,

onsider the stability-instability transition of

m, we a

hki kept xed. Although from
p
hki is onstant
ted that σc ≃ 1/

with the average degree,

the May-Wigner theorem, it may be naively expe
w.r.t.

onne ted to ea h other with

tually observe that in reasing

is be ause when a network of size

N

m de

reases stability (Fig. 3.4). This

is split into

m

modules, the stability of

the entire network is de ided by that of the most unstable module, ignoring the
small additional ee t of intermodular

onne tions.

Thus, the stability of the
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entire network is de ided by randomly drawing

λmax

for the modules.

positive
size

N

λmax

will o

[101℄. The

m
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values from the distribution of

Therefore, for modular networks it is more likely that a

ur, than for the

ase of a homogeneous random network of

de rease of stability with modularity for random networks shows

that, in general, it is not ne essary that modularity is always stabilizing and results
in a robust network, as has sometimes been

laimed [87℄.

3.4 Dis ussion
In this

hapter we have shown that modules of inter onne ted nodes

a result of optimizing between multiple stru tural and fun tional
parti ular, we show that, by minimizing link

an arise as

onstraints. In

ost as well as path length, while

simultaneously in reasing robustness to dynami al perturbations, a network will
evolve to a

onguration having multiple modules

hara terized by hubs, that are

onne ted to ea h other (Fig. 3.5). At the limit of extremely small

L

(total num-

ber of links in the network), this results in bimodal degree distribution, that has
been previously shown to be robust with respe t to both targeted and random removal of nodes [102℄. Therefore, not only are su h modular networks dynami ally
less unstable, but they are also robust with respe t to stru tural perturbations.
In general, on allowing larger

L,

the optimized networks show heterogeneous de-

gree distribution that has been observed in a large

lass of networks o

urring in

the natural and so ial world, in luding those termed as s ale-free networks [3℄.
Thus, our results provide a glimpse into how the topologi al stru ture of
networks

an be related to fun tional and evolutionary

omplex

onsiderations.
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Hierar hi al organization in omplex
networks
Complex networks exhibit many

ommon organizational features at the mesos opi

level. Apart from modularity, whi h has been dis ussed in the previous
many systems also show
are

omposed of su

hierar hi al ordering of their nodes.

In other words, they

essive layers of inter onne ted or nested

stru tural hierar hy not only des ribes how nodes link to form
also, how

hapters,

ommunities. Su h
ommunities, but

ommunities join with ea h other to form the entire network whi h may

exhibit multiple levels of larger meso-level stru tures, su h as meta-modules. In
the literature, often the terms hierar hy and modularity are used inter- hangeably,
although, as shown in Fig. 4.1, they represent distin t properties of the network.
This

onfusion in usage

are found to

ould have stemmed from the fa t that these two properties

oexist in many networks o

urring in real life [55, 103, 69, 19℄, in-

luding te hnologi al networks su h as the Internet [8, 71℄ and biologi al networks,
like that of

orti al areas in the mammalian brain [104℄.

As dis ussed in the previous

hapters, most

also have asso iated dynami s [12℄.

omplex systems seen in real life

The stru tural properties of su h networks

have been sought to be linked with their dynami al behavior [6, 105℄. In this

on-

ne tion, one of the questions of obvious signi an e is whether there is a relation
between the

stability of the system dynami

s (with respe t to small perturbations

in the variables des ribing the state of the nodes) and the spe i
rangement of

topologi al ar-

onne tions in the network. Su h robustness is ne essary if

systems are to survive in the noisy environment that

omplex

hara terizes the real world.
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l=4

l=3

l=2

l=1

Figure 4.1:
by broken

S hemati

diagrams of (left) a modular network, with modules demar ated

ir les, and (right) a hierar hi al network with 4 levels, ea h indi ated by a

level number

l.

It has sometimes been argued that, networks with larger number of nodes, links
and stronger inter- onne tions are more stable [106℄.

On the other hand, theo-

reti al results on the stability of model networks, e.g., the May-Wigner theorem,
suggest the opposite [93℄.
networks whose

However, as these results are based on the study of

onne tion topology shows none of the stru tures that are seen

in real life networks, in parti ular, modularity and hierar hy, it is of interest to
see whether introdu ing hierar hi al organization and modular stru tures

an re-

veal limitations in the validity of May-Wigner theorem. We study this problem
by proposing a network model that exhibits both these properties and observing
the lo al stability of the system dynami s with respe t to perturbations. We also
onsider the stability of syn hronization over the network, as the issue of network
syn hronization has assumed importan e in re ent years, owing to its

onne tion

with, e.g., brain dynami s [104℄.
In Se . 4.1, we des ribe earlier models that have been proposed to des ribe hierar hi al organization in networks, in parti ular, the Ravasz-Barabasi deterministi
model [107℄.

In Se . 4.2, we propose an alternate model that allows a detailed

study of the relation between dynami al stability and hierar hi al modular organization of the network.
between

We also show that the o

lustering and degree of the nodes

urren e of a s aling relation

annot be

onsidered as a signature

for the existen e of hierar hi al modular stru ture. This is
been

ontrary to what has

laimed in Ref. [107℄ and ta itly assumed in many subsequent studies [108℄.

In Se . 4.3 we observe that both hierar hy and modularity a tually in rease the
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(a) n=0, N=5

( ) n=2, N=125

(b) n=1, N=25

Figure 4.2:

The Ravaz-Barabasi model of hierar hi al s ale-free network showing the

rst three steps in an iterative
stru ture. (a) A fully

N = 25

onne ted

onstru tion pro edure leading to hierar hi al network
luster

nodes, and ( ) a network with

instability

onsisting of

N = 125

N =5

nodes, (b) a network with

nodes. (From Ref. [107℄)

ompared to an equivalent random network. This may appear

intuitive as both these stru tural properties are observed in networks o

ounterurring in

nature, whi h ne essarily have to be robust to survive environmental u tuations.
However, as noted in the pre eding

hapter, the emergen e of modular stru tures

an be understood as a response to multiple (and often
imposed on su h networks [85℄.

oni ting)

onstraints

In Se . 4.4, we dis uss how these observations

an be extended to explain the emergen e of hierar hi al organization in networks.
We

on lude with a short dis ussion of the importan e of

onstraints related to

physi al spa e on whi h networks are embedded in Se . 4.5.

4.1 Hierar hi al networks: Ravasz-Barabasi model
One of the most

ited models for hierar hi al modular networks is a deterministi

model proposed by Ravasz and Barabasi (RB) [107℄. This model generates a set
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of inter-nested modules in a hierar hi al fashion using a deterministi
that has both high

pro edure

lustering (be ause of the modular nature of the network at

the most fundamental level) and a s ale-free degree-distribution.
This model is
nodes is

onstru ted as follows: Initially, a fully

onne ted

onstru ted (Fig. 4.2 a). Next, four repli as of this hypotheti al module

are generated and the four external nodes of the repli ated
to the

luster of ve

entral node of the old

lusters are

onne ted

luster, obtaining a large 25-node module (Fig. 4.2 b).

Subsequently, four repli as of this 25-node module are generated, and the 16 peripheral nodes are

onne ted to the

entral node of the old module (Fig. 4.2

obtaining a new module of 125 nodes. These repli ations and

),

onne tion steps are

repeated, in reasing the number of nodes in the system by a fa tor of ve at ea h
iteration.
In the RB model, a s aling relation is observed between the
of a node

C

and its number of

onne tions (i.e., degree)

lustering oe ient

k:

C(k) ∼ k −1 .

(4.1)

Similar relations were also observed in several real networks, su h as the web of
semanti
o

onne tions between two English words whi h are synonyms [107℄. This

urren e of the s aling relation between

lustering and degree of the nodes in

a network has often been taken as a signature for the existen e of hierar hi al
modular stru ture in that network.

However, re ently, this s aling relation was

shown to be a tually an out ome of degree- orrelation bias in the usual denition
of

lustering
It

oe ient [109℄.

an be easily seen that this s aling relation is not a ne essary indi ator for

the existen e of either modularity or hierar hy. For example,
network
degree

k,

onsisting of

N

nodes and

with the links initially o

m

onsider a modular

modules of equal size. Let ea h node have

urring ex lusively between nodes belonging to

the same module (i.e., the modules are isolated from ea h other).
network

To make the

onne ted we rewire a small fra tion of the links keeping the degree of

ea h node xed. Plotting

lustering as a fun tion of degree for this network will

only show verti al spread of points at a single node degree value. Let us

onsider

another example, this time a hierar hi al stru ture, viz., the Cayley tree with
bran hes at ea h vertex. Again, it is easy to see that the

b

lustering versus degree
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Figure 4.3:

S hemati

the modules o
the

diagram of the hierar hi al modular network model (left) with

urring at the various hierar hi al levels (l ) indi ated by broken lines, and

orresponding adja en y matrix (right) where

within and,

1

ρl+1 ,

ρ1

indi ates the density of

onne tions

between the dierent modules at ea h level l .

urve will not show the

hara teristi

s aling seen for the RB model. In fa t, in the

next se tion, we show that even for networks where both hierar hy and modularity
are present, it is not ne essary that this s aling relation between

lustering and

node degree will hold.

4.2 Hierar hi al modular networks: A model
Here we propose a general model for networks having modular as well as hierar hial stru ture. Let us begin with a modular network
ontaining

n

nodes. The

ρ2 (≤ ρ1 ).

(ea h having

m

modules, ea h

onne tivity (i.e., the probability of a link between any

pair of nodes) within ea h module is
is

onsisting of

ρ1 ,

while the

onne tivity between modules

We now introdu e hierar hy by adding another set of

n

nodes) with the same

two dierent sets of modules are now
The resulting network has

2nm

ρ1

and

ρ2 .

m

The nodes belonging to these

onne ted, but with a probability

nodes and

l=2

in rease the number of hierar hi al levels to

modules

ρ3 (≤ ρ2 ).

hierar hi al levels (Fig. 4.3). To

l = 3,

we add a similar network with

2nm nodes to the existing network and, as above, add links between these two networks with a probability ρ4 (≤ ρ3 ). Thus, to get a network with l = h hierar hi al
levels, the above pro edure is repeated

M = 2

h−1

m

number of modules.

h−1

times. The nal network

Note that, all

ontains

onne tions between nodes are

made randomly. To redu e the number of model parameters, we assume that the
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are related as:

ρ2
ρ3
ρh+1
=
= ··· =
= r,
ρ1
ρ2
ρh
where,

0 ≤ r ≤ 1,

the ratio of inter-modular

hierar hi al levels, is a
isolated modular (r
mediate values of

onne tions between two su

and homogeneous random (r

To

M

one

= 1)

giving hierar hi al modular networks.

networks having dierent number of hierar hi al levels
of modules

r,

ontrol parameter. By varying

= 0)

r

(4.2)

and average degree

hki

essive

an swit h between

networks, with interWe

ompare between

h, keeping the total number

xed.

onsider the ee t of hierar hy in isolation, while keeping modularity xed

Q [72℄), we use a variant of

(e.g., as measured by the Newman modularity measure
the above model, where,

ρ1

=

by

onstant, while other

onne tivities are still related

ρ3
ρh+1
= ··· =
= r.
ρ2
ρh

(4.3)

This implies that the average number of intra-modular (hkintra i) and inter-modular
(hkinter i)

onne tions per node are also

The sto hasti

onstant

1

.

onstru tion pro edure of this network, along with the ability

to vary modularity (by

hanging

r)

independently of the number of hierar hi al

levels (h), makes it an extremely general model. In addition, as it is hierar hi al
by

onstru tion, we

an show that the

the s aling relation between

riterion suggested in Ref. [107℄, namely,

lustering and degree, is not a ne essary

ondition

for the existen e of hierar hi al modularity. As shown in Fig. 4.4 (left), when the
modules are random networks, the s aling relation is
network. To

learly absent for our model

ounter the possible argument that this failure of the relation is due

to the non-s ale-free degree distribution, we have also

onsidered the

ase where

ea h of the modules is a BA network. For the entire network, although the intermodular

onne tions are made randomly, the degree distribution is still s ale-free.

Even for this

ase, a

lear s aling relation between

lustering and degree is absent

(Fig. 4.4 (right)).
1 Note

that, hhkintra i = ρ1

hkinter i = N ρ2

(m−1)
M

+r

N
M −1

1 h−1
+
2


, and

· · · + rh−2


1 2
2

+ rh−1

1
2

i
.
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Figure 4.4:
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Clustering
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oe ient
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−1
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2

10

35

10
Degree k i

Ci of the i-th node as a fun

ki for the
l = 1 is (left) a

tion of its degree

hierar hi al modular network model proposed here, where ea h module at

random ER network and (right) a s ale-free BA network. The dierent symbols indi ate

h. For both types of networks,
N = 8192 with average intra-modular degree, hkintra i = 10,
inter-modular degree, hkinter i = 5, and the ratio of inter-modular onne tions between
two su essive hierar hi al levels, r = 0.1. Note that, in neither ase is a s aling relation
observed between Ci and ki , although the modules are arranged in a hierar hi al manner

networks with diering total number of hierar hi al levels,
the total number of nodes is

by

onstru tion.

4.3 Dynami s on hierar hi al networks
4.3.1 Linear Stability of Equilibria
To look at the ee t of hierar hy on network dynami s, we

onsider the linear

stability of an arbitrarily

oupled dierential

hosen equilibrium state for a set of

equations dening the time-evolution of the system. For a network of
a dynami al variable

x,

an be

xi

is asso iated with ea h node

hara terized by

ẋ = f (x),

where

f

i.

δx

about

nodes,

The state of the system,

is a general nonlinear fun tion. To

investigate the stability around an arbitrary xed point
he k whether a small perturbation

N

∗

x

x∗

(i.e.,

f (x)|x∗ = 0),

we

grows or de ays with time. This

perturbation evolves as

˙ = Jx,
δx
where,

J

(4.4)

is the Ja obian matrix representing the intera tions among the nodes:

Jij = ∂fi /∂xj |x∗ .

As we are interested in the instability indu ed through the

onne tions of the network, rather than the intrinsi
onne ted nodes, we

Jii = −1.

instability of individual un-

an (without mu h loss of generality) set the diagonal element

This implies that, in the absen e of any

onne tions, the nodes are self-
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0.2
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2

σ

(Left) Probability distribution for the largest real part of the eigenvalues

h (the intera tion
σ 2 = 0.05). (Right) Probability of stability for a hierar hi al mod2
ular network as a fun tion of σ , with dierent symbols orresponding to diering total
2
number of hierar hi al levels h. Link weights are hosen from a normal(0, σ ) distribution. For all ases, the network onsists of N = 256 nodes with average intra-modular
degree, hkintra i = 10, inter-modular degree, hkinter i = 5, and the ratio of inter-modular
onne tions between two su essive hierar hi al levels, r = 0.1. At all hierar hi al levels
l > 1, the network is split into two sub-networks. At l = 1, ea h subnetwork is split
h−1 m = 16
into m modules (l = 0). Thus, N = 256 nodes are divided equally among 2
modules, with the four urves orresponding to () h = 4, m = 2, (▽) h = 3, m = 4, (⋄)
h = 2, m = 8, and (◦) h = 1, m = 16. Note that, in reasing h auses the transition to
2
instability to o ur at a smaller value of σ , implying that in reasing hierar hy in reases
of the Ja obian

J,

as a fun tion of total number of hierar hi al levels,

strength parameter,

instability.

regulating, i.e., the xed point

x∗

is stable. The behavior of the perturbation is

determined by the largest real part,

λmax ,

of the eigenvalues of

J.

If

λmax > 0,

an

initially small perturbation will grow exponentially with time, and the system will

x∗ .

be rapidly dislodged from the equilibrium state

The relation between the dynami al properties and the stati
network is provided by its adja en y matrix

0 otherwise). There is a
es J (spe ifying the dynami

onne ted, and
of the matri

A

dire t

(with

Aij = 1,

stru ture of the

if nodes

i

and

Jij = 0.

al behavior of perturbation) and

In our model, we have generated

A (whi

Jij

largest real part of its eigenvalues,
of the network, and

σ

J

h

Aij = 0

by randomly hoosing the non-

zero elements from a Gaussian distribution with zero mean and varian e
Erdos-Renyi (ER) random networks,

are

orresponden e between the nature

determines the stru ture of the underlying dire ted network), be ause
implies

j

σ2 .

For

is an unstru tured random matrix and the

λmax ∼

p

Nρσ 2 − 1, where ρ is the

onne tivity

measures the dispersion of intera tion strengths [93℄. When
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is in reased, there is a transition from stability

riti al value at whi h the transition to instability o

This result, implying that

urs is

omplexity promotes instability, has been

shown to be remarkably robust with respe t to various generalizations [94, 95, 96,
110℄.
Here, using the above formalism, we examine the ee t of hierar hy on the
stability of equilibria when one of the network parameters (namely,

σ)

We study the

urs,

riti al value at whi h the transition to instability o

fun tion of the total number of hierar hi al levels,
modules

M

xed. We nd that, with in reasing

h,

h,

is varied.

σc ,

as a

keeping the total number of

the distribution of

λmax

shifts

towards more positive values (Fig. 4.5, left). As the system be omes unstable when

λmax > 0, it follows that the probability of stability for the network

de reases with

in reasing number of hierar hi al levels (Fig. 4.5, right).

4.3.2 Syn hronization
It is of interest to look not only at the stability of equilibria for network dynami s,
but also at the stability of syn hronized a tivity in networks.
network of

N

identi al os illators. The time-evolution of this

Let us

onsider a

oupled dynami al

system is des ribed by:

ẋi = F(xi ) + ǫ

n
X

Lij H(xj ).

(4.5)

j=1

Here,

xi

is a variable asso iated with node

i; F

and

H

are evolution and output

ǫ is the strength of oupling; and L is the Lapla ian matrix,
Lii = ki, the degree of node i, Lij = −1 if nodes i and j are onne ted,

fun tions, respe tively;
dened as:

0

otherwise. It has been shown that the linear stability of the syn hronized state

xs

(=x1

= . . . = xN ) an be determined by diagonalizing the variational equation
(Eq. 4.5) into N blo ks of the form, ẏi = [DF (s) + ǫλi DH(s)]yi, where yi represent
dierent modes of perturbation from the syn hronized state. This is also referred
to as the

master stability equation

but dierent ee tive

ouplings

[105℄.

These equations have the same form

αi = ǫλi .

The syn hronized state is stable, i.e.,

the maximum Lyapunov exponent is in general negative, only within a bounded
interval

[αA , αB ]

[111℄. Let the eigenvalues of the Lapla ian matrix be arranged
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r

L, as a
h (r = 0.1). (Right) The ratio of
eigenvalue (λ2 ) as a fun tion of r ,

(Left) Probability distribution of eigenvalues of the Lapla ian

fun tion of the total number of hierar hi al levels,
the largest eigenvalue (λN ) to the se ond smallest
the ratio of inter-modular
dierent symbols

onne tions between two su

essive hierar hi al levels, with

orresponding to diering total number of hierar hi al levels

h.

For

N = 256 nodes with average intra-modular degree,
hkinter i = 5. At all hierar hi al levels l > 1, the
network is split into two sub-networks. At l = 1, ea h subnetwork is split into m modules
h−1 m = 16 modules, with the
(l = 0). Thus, N = 256 nodes are divided equally among 2
four urves orresponding to () h = 4, m = 2, (▽) h = 3, m = 4, (⋄) h = 2, m = 8,
and (◦) h = 1, m = 16. Note that, in reasing the number of hierar hi al levels leads to

all

ases, the network

hkintra i = 10

onsists of

and inter-modular degree,

divergen e of the eigenratio, implying that syn hronization be omes harder to a hieve.

0 = λ1 < λ2 ≤ · · · ≤ λn . Then, requiring all ee tive ouplings to lie within
the interval αA < ǫλ2 ≤ · · · ≤ ǫλN < αB , implies that a syn hronized state is
as

linearly stable, if and only if,
eigenratio

λN /λ2 ,

λN /λ2 < αB /αA .

Thus, a network having a smaller

is more likely to show stable syn hronized a tivity.

Here, we obtain the eigenvalues of the Lapla ian
network (Fig. 4.6, left) and observe the eigenratio
the inter-modular onne tions between two su

h.
parameter r .

total number of hierar hi al levels,
levels xed, we vary the
the number of

L

for a hierar hi al modular

λN /λ2

as a fun tion of ratio of

essive hierar hi al levels,

r , and the

First, keeping the number of hierar hi al
We nd that with de reasing

onne tions between two su

r,

i.e., as

essive hierar hi al levels de rease, the

instability of the syn hronized state in reases. Next, keeping the total number of
modules xed we in rease the number of hierar hi al levels (h) in the network.
Fig. 4.6 (right) shows that as the number of hierar hal levels of the network is
in reased,

λ2

de reases, resulting in an in reasing eigenratio. Thus, arranging the

modules of a network in a hierar hi al fashion also makes a network di ult to
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Level 1

Level 2

Central Node

Figure 4.7:
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Level 3

diagram of an optimal tree stru ture with minimum average path

length, where the highest degree (kmax
and the three dierent levels (l

= 1, 2, 3)

= 3)

of the network is xed. The

entral node

indi ate a hierar hi al organization.

syn hronize.

4.4 Evolution of hierar hy in omplex networks
In the pre eding

hapter we have shown using a model, how modular network

an emerge in the real world through multi- onstraint optimization. In this se tion, we generalize this model to understand how optimizing for
onstraints on system performan e

an lead to hierar hi al

ertain

oexisting

onguration of the

network.
The network

onstraints

onsider here are similar to the ones in the previous

hapter:
1. Minimizing the average path length: This is essential for rapid transportation
of resour es or propagation of information within a network. Further, in the
presen e of noisy information

hannels, signals are likely to be degraded

during transit between nodes. In su h a system, redu ing the average path
length of the network will also in rease the robustness of the system.
2. Minimizing the total number of links in the system: Generally, ea h link in
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a system has some asso iated resour e
number of links will in ur a high
the

omplex networks

ost. Thus, a network having a large

ost in terms of overheads for maintaining

onne tions.

3. Minimizing the largest degree (kmax ) of the network: This is asso iated with
redu ing

ongestion in any node, a

riterion that is important in transporta-

tion and information networks. E.g., in information transfer networks like the
Internet, unless the maximum degree is limited within a reasonable bound,
the hub nodes are likely to get

logged with in oming pa kets. In so ial net-

works, this is related to the limited attention that ea h individual
towards maintaining ea h additional so ial tie owing to time
addition, for general dynami al systems, de rease in

kmax

an give

onstraints. In

is asso iated with

in reasing linear stability for the network dynami s.
As simultaneously optimizing a network for all three of the above
is a di ult problem, we rst

onsider a network having

links (the minimum number required to maintain
satises the

onstraint of minimum link

N

onstraints

nodes and

onne tivity) that automati ally

ost. We simplify the problem further by

onsidering the largest degree of the network,

kmax ,

to be xed, and seek to obtain

the tree stru ture whi h has minimum average path length. Su h a network
onstru ted as follows: (i) hoose a node to be the
atta h

kmax

nodes to it. Thus, there will be

lo ated unit distan e from the
nodes in the rst layer, (iii)

N −1

kmax

an be

entral node for the network and
nodes in the rst layer whi h are

entral node, (ii) add

kmax − 1

nodes to ea h of the

ontinue this pro edure until the pres ribed number

of nodes in the network is a hieved. In su h a network all the nodes ex ept those
in the outer layer have degree

kmax .

To prove that the above algorithm generates a network whi h has the shortest
average path length for a given value of
a network with
the

kmax + 1 nodes,

entral node is

kmax

we use the method of indu tion. For

the algorithm generates a star

onne ted to the other

the least average path length (≃

kmax

nodes. This has, by

= 1)

ongurations with

kmax

nodes belonging to

of the model network, the algorithm guarantees the shortest

average path length. Let us now
rst one.

onstru tion,

2) among all possible network

the same number of nodes and links. Thus, for the set of
the rst layer (l

onguration where

If two nodes,

i

and

j,

onsider nodes belonging to layers beyond the
are at same level

n,

then the distan e between

60

Chapter 4.

Hierar hi al organization in

omplex networks

these two nodes is given by

d(i, j) = 2 + d(p(i), p(j)),

(4.6)

p(i) and p(j) are the parents of nodes i and j respe tively, i.e., the nodes
in level n − 1 to whi h i and j are onne ted. It is obvious that if d(p(i), p(j))
is minimum, so is d(i, j), as the in rement of 2 is the least possible length [=

where

d(i, p(i)) + d(j, p(j))℄ that
i and j to obtain d(i, j).
Let us next
node

i

onsider the

be at level

between the

j th

between nodes

one needs to add to the distan e between the parents of

i

m

ase when the nodes are not at same level, e.g., let

and node

j

node and a node in level
and

j

is given by

n < m. Thus, the shortest
m is m − n. Therefore, the

be at level

distan e
distan e

d(i, j) = (m − n) + d(pm−n (i), j).
(pm−n (i) is a (m − n)-th grandparent of node i, whi
m − (m − n) = n. As the nodes pm−n (i) and j o ur at

where

previous

h o

urs in the level

the same

n-th

level,

m−n

(i), j) has been shown to be minimal by the argument in the
paragraph, d(i, j) is minimum even when they belong to dierent levels.

for whi h

d(p

(4.7)

Thus, the network

onstru ted by the algorithm proposed above will have the

minimum average path length for a xed maximum degree among all possible
network

onguration with same number of nodes and links (Fig. 4.7).

We now

al ulate how the number of levels in the hierar hi al tree is related to

the maximum degree
levels,

onstru ted a

kmax .

The total number of nodes in a model network with

r

ording to the above algorithm, is given by,

f (kmax , r) = 1 + kmax + kmax (kmax − 1) + · · · + kmax (kmax − 1)r−1
kmax (kmax − 1)r − 2
.
=
kmax − 2
Thus, the total number of nodes in the network,

(4.8)

N , will be bounded by f (kmax , r) ≤

N ≤ f (kmax , r − 1). For large r and kmax , we an repla e the above relation with
log N
. This expression for the number of hierar hi al
an equality, giving r =
log(kmax −1)
levels,

r , expressed in terms of network size and maximum degree

an be

onsidered
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Figure 4.8:
parameter

α

0.2

0.4

Variation of the largest degree,
for a network with

0.6

α

kmax ,

0.8

1

for the optimal network with the

N = 256.

as a measure of the average path length for the network. Thus, the
minimizing the path length is seen to be equivalent to a

onstraint of

onstraint di tating the

minimization of the number of levels.
So far, we had been
largest degree

kmax .

To

onsidering the simple problem of a network with xed
onstru t networks that simultaneously satisfy the

on-

straints on minimum number of levels and least maximum degree, we dene a
(or energy) fun tion in terms of

r

and

kmax :

E = αkmax + (1 − α)
Here, the parameter

ost

log N
.
log(kmax − 1)

(4.9)

α ∈ [0, 1] determines the relative importan

e of the

onstraint

on largest degree with respe t to that on the number of hierar hi al levels. For
any spe ied value of

α,

the optimal network is the one whi h has minimum

Note that, for a network with xed

N,

as

r

is expressed in terms of

kmax ,

the

E.
ost

is ex lusively a fun tion of the largest degree. Therefore, to obtain the minima of

E,

we

an dierentiate it with respe t to

kmax

and by equating the result to 0, we

obtain the following impli it relation for the optimal value of

kmax :

(1 − α)
log N = (kmax − 1) [log(kmax − 1)]2 .
α
Thus, for a given

N

and

α,

using the above relation we

an obtain the

(4.10)

kmax

for a
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network whi h is the optimal

Hierar hi al organization in

onguration that simultaneously satises the

strains spe ied above. Fig. 4.8 indi ates that as
a star

onguration, while for

values of

α,

omplex networks

α = 1,

α → 0,

the optimal network has

it is a 1-dimensional

the network will resemble the hierar hi al

on-

hain. At intermediate

onguration s hemati ally

shown in Fig. 4.7.

4.5 Dis ussion
In Chapter 2, we have shown that modularity in random networks leads to higher
probability of instability for the equilibria of the network dynami s.

The work

presented here is an extension and generalization of the above result, demonstrating
that in reased number of hierar hi al levels also tend to destabilize these equilibria.
Moreover, the same phenomena is observed for the stability of syn hronized a tivity
in a network with respe t to both in reasing modularity, as well as, hierar hy. This
raises the question of how

an systems with hierar hi al modular stru tures exist

in nature, where they have to be robust enough to survive
u tuations. To answer this, we note that many
o

onstant environmental

onstraints operate on networks

urring in real life, su h as, the minimization of (a) resour e

links and (b) the time required for

ommuni ating between nodes, in addition to

( ) the linear instability of equilibria, whi h together
the optimal

ost for maintaining

an make modular networks

onguration [85℄.

However, while this

an explain the ubiquity of modularity, it does not answer

the question of why hierar hi al organization is so

ommon in nature. The fa t

that tree-like networks with extensive rami ations o
of resour e transport (e.g., the

ur so often in the

ontext

ir ulatory system in plants and animals), suggests

that additional onstraints related to the fun tional goal of maintaining steady ow
at high ux may be at work in this

ase. One su h

onstraint is the need to redu e

ongestion at any point in the system, whi h is equivalent to minimizing the largest
degree in the network. We have shown that introdu ing this
networks with hierar hi al organization, when operating in
previously introdu ed
time between nodes.

onstraints on resour e
Another possible

rise to non-trivial mesos opi

onstraint,

onjun tion with the

ost for links, and

andidate for a

an lead to

ommuni ation

onstraint that may give

organization is the need to minimize wiring

ost, the
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total geographi
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omplex networks

length for all links in the network [92℄. This is appli able when

the network is embedded on physi al (as opposed to topologi al) spa e, so that
the wiring
all

ost

an been dened as the sum of the Eu lidean distan es between

onne ted pairs of nodes.

As many of the networks that show hierar hi al

organization (su h as the Internet and the network of

orti al areas in the brain)

indeed o

ur on a physi al spa e, with the geographi

link

the metri

distan e between nodes, this is a possibility that is worth pursuing.

ost being related to
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5
Inferring network stru ture from
dynami s
Having analyzed several network models for understanding the dynami al

onse-

quen es of modularity and hierar hy, in this hapter we onsider how their existen e
in real-world
the

omplex systems

an be inferred from the knowledge of dynami s of

omponent nodes. We rst demonstrate the possibility of re onstru ting net-

works through an analysis of the temporal information on intera tions between its
omponents, by using the behavioral data of individuals belonging to a troop of
ma aque monkeys. This example shows that the knowledge of dynami s of a system

an reveal its underlying modular network stru ture, whi h has been veried

by later eld observations. To re onstru t a mu h larger network from the timeseries data of its

omponents, we

onsider the example of nan ial markets. These

omplex systems have many intera ting elements and exhibit large u tuations in
their asso iated observable properties, su h as sto k pri e or market index.
In Se . 5.1 we analyze the stru ture of a bonnet ma aque so ial organization.
Using data on their grooming and approa h behavior, we determine the network
of intera tions between the individuals

omprising a troop.

We rst show that

grooming frequen y, grooming time and approa h frequen y between ea h pair, all
have exponential distributions. We were able to determine the distin t groups in
the so ial network of female ma aques, whereas that for the males do not show any
su h unambiguous stru ture. Next, we

onsider the Seyfarth model, a theoreti al

model for reprodu ing the patterns of so ial behavior observed in a primate troop.
We verify the e a y of the model in explaining the observed group behavior and
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ausative fa tors behind female grooming intera tion.

In Se . 5.2, by analyzing the

ross- orrelation matrix of sto k pri e u tuations

through spe tral te hniques, we reveal the underlying network of intera tions between sto ks in dierent markets. We nd that emerging markets (e.g., NSE of
India) exhibit stronger

orrelations

ompared to developed markets (e.g., NYSE of

USA). In Se . 5.3, we show through a simple multi-fa tor model, that most of the
observed

orrelations among sto ks in emerging markets are due to ee ts

to the entire market (e.g., external signals su h are news breaks or intrinsi
signals su h as market indi es). Coversely,

ommon
global

orrelations arising through dire t inter-

a tions between related sto ks (e.g., between those belonging to the same business
se tor) are weak. Our results suggest that the emergen e of an internal stru ture,
omprising multiple groups of strongly

oupled

omponents, is a signature of mar-

ket evolution. This work also has rami ations for other similar

omplex systems

that develop over time, as our analysis provides tools for distinguishing dynami al
orrelations that arise as a result of mutual intera tions between nodes, as opposed
to those arising through a

ommon response to a global signal.

5.1 Determining the so ial organization of Bonnet
Ma aques
5.1.1 So ial stru ture in primates
Primates are among the most so ial of all mammalian spe ies, bonding together
for the purpose of survival. Su h bonding between pairs of individuals is extremely
important in terms of in reasing the

ohesiveness of the group. This has imme-

diate relevan e in making the group more ee tive in gathering food, prote ting
themselves from predators, and, other fun tions that are vital for survival. Thus,
the pattern and quality of so ial intera tions among the individuals have a dire t
impa t on the fun tional properties of the system.
random but rather has

ertain

hara teristi

Primates do not intera t at

patterns of so ial behavior.

may be invariant with respe t to group size, age,

These

omposition and habitat quality.

Indeed, su h patterns dene the stru ture of so ial organization in the spe ies.
A

ommonly observed behavior that is often used to infer su h patterns is that
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of grooming between individuals. As opposed to
grooming is indi ative of

oni t or aggressive behavior,

ooperative behavior. In addition to its benet in remov-

ing e to-parasites, grooming results in the formation and fostering of aliative
relationships between individuals that
su h as building a
Another

ould help them in other spheres of a tivity,

oalition against a third (possibly more powerful) individual.

ommon so ial intera tion among primates that is indi ative of the

relative status of two individuals is their behavior when one animal approa hes
the other. It is seen that the aggressive approa h of one individual is re ipro ated
by the retreat of the other individual, a pattern that is almost invariant over time
for the pair involved.

As the dire tion of su h approa h-retreat intera tions is

relatively stable over time, one

an therefore dene relative dominan e between

the two individuals. Moreover, these dominan e relations are also transitive, i.e.,
if A is dominant to B and B is dominant to C, A is invariably dominant to C. Thus,
the members of a primate troop

an be arranged in a linear dominan e hierar hy,

with a rank asso iated with ea h individual. Usually, eld studies

on entrate on

the so ial intera tions between members of the same sex in a troop, as male-female
intera tions involve additional fa tors. Thus, the data for so ial intera tions in a
group of primates is

olle ted for the two subsets: one of all female members and

the other of all male members.
To understand grooming behavior, simple mathemati al models of intera tions
between individuals in a group have been proposed.

These intera tions dene

the so ial network of the primate troop. R. M. Seyfarth has introdu ed one su h
theoreti al model to understand

ertain features that are

ommonly observed in

the grooming behavior of adult female primates a ross several spe ies, viz., (i)
higher ranked individuals re eive more grooming than others, and, (ii) majority of
grooming o

urs between individuals of adja ent rank. Using this model, where

every individual follows the same strategy in
has shown that relatively

hoosing grooming partners, Seyfarth

omplex features of so ial behavior

an be explained in

terms of simple prin iples governing the a tions of individuals.

5.1.2 Bonnet Ma aques
In the work reported here, we shall be fo using on one parti ular primate spe ies,
the bonnet ma aque (

Ma a a radiata), whi

h is the most

ommonly observed pri-
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Members of this spe ies usually live in large troops

ontaining multiple males and females of 8 to 60 individuals, where the adult individuals develop strong aliative relationships with ea h other [112℄. Female bonnet
ma aques usually remain with the group in whi h they are born throughout their
lives. As adults they form stable matrilineal dominan e hierar hies, with daughters having dominan e ranks just below those of their mothers.
dominan e is ordered in a reverse
most dominant.

The

Among sisters,

hronologi al order, with the youngest being the

lose aliative relations between females is demonstrated

through high levels of allogrooming

1

ex hanged between both geneti ally related

and unrelated individuals a ross the dominan e hierar hy.
In

ontrast to females, adult (as well as juvenile) bonnet ma aque males usually

emigrate from the troops in whi h they were born.

Another marked dieren e

from the females is that adult males form unstable dominan e hierar hies.
dire t aggression and formation of
low ranks o

By

oalitions, ma aque males may move up from

upied while very young to relatively high positions when they are

mature and in peak physi al

ondition. Conversely, older ma aque males may slip

down the hierar hy to lower ranks. Although, just as their female

ounterparts,

ma aque males also demonstrate high levels of allogrooming and other aliative
behavior towards ea h other, in marked
any

ontrast to females, there is absen e of

orrelation between individual dominan e ranks and the levels of aliative

behavior displayed or re eived.

5.1.3 Des ription of the dataset
The analysis presented here is based on data a quired in the eld by the group
of Prof. Anindya Sinha (NIAS, Bangalore) through demographi

monitoring and

behavioral observations on a troop of bonnet ma aques inhabiting 1 square km of
dry de iduous s rubland and mixed forests in the GKVK

ampus of the University

of Agri ultural S ien es in Bangalore, India. The original observations were
out for over 1200 hours on two troops o
during Mar h 1993-September 1995.
groups for our analysis, whi h
Data

arried

upying adja ent overlapping home ranges
We have sele ted the larger of these two

onsisted of 12 adult males and 11 adult females.

olle ted in lude information about (i) allogrooming frequen y GF (measured

1 Grooming

performed by one individual on another is alled allogrooming
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Figure 5.1:

The so ial network of (a) female and (b) male members of the bonnet

ma aque troop, where the intera tion strength between ea h pair of individuals is determined by their

orresponding grooming frequen y (GF).

for every pair of giving and re eiving individuals as grooming bouts/hour), (ii)
allogrooming time GT (measured for the pair of giving and re eiving individuals
in terms of hours) and (iii) approa h frequen y AF (measured as the number of
approa hes initiated by one individual towards another per hour).

5.1.4 Distribution of intera tion strengths
We have

onstru ted the network of so ial intera tions in the ma aque troop by

using the data des ribed above, where nodes represent the individual members, and
links represent the relation between them in terms of GF, GT or AF (Fig. 5.1).
Note that, the network is dire ted as, in general, the relation between a pair of
individuals is not symmetri .
grooming individual

j

For example, the time spent by individual

may not equal the time

of the network has an asso iated weight,

wij ,

j

many

in

spends in grooming i. Ea h link

whi h is proportional to GF, GT or

AF, depending on whi h relation is being used to
We rst

i

onstru t the so ial network.

onsider the distribution of weights in the links of the network. For

omplex networks o

urring in the real world, this distribution is seen to

have either a power-law (e.g., in air-transportation network), or a log-normal (e.g.,
in the international trade network) nature. This is indi ative of signi ant levels
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The distribution of intera tion strengths, dened in terms of (a) grooming

frequen y (GF), (b) grooming time (GT), and ( ) approa h frequen y (AF), for both the
female and male ma aque so ial networks. The data indi ates an exponential nature for
all three distribution.

of heterogeneity in the intera tion strengths of the network. For so ial networks,
quantifying the strength of intera tions is often not possible, whi h makes the determination of the link weight distribution for su h systems a very di ult problem.
Fortunately, in the

ase of ma aque so ial network, the intera tion strengths

an

be quantied in terms of their grooming and approa h behavior. Fig 5.2 indi ates
that for both the male and female networks, the strength distribution seems to
de ay exponentially. The impli ation of relative homogeneity in the link weights
suggests that this so ial network is very dierent in this respe t from the networks
mentioned above.

Moreover, the relatively fast de ay in the distribution of link

weights for the males indi ates a weaker degree of so ial intera tions among them
as

ompared to the females.

5.1.5 Community stru ture in ma aque so ial network
We next test the utility of a network des ription in allowing us to infer the existen e
of subsets whose members are strongly bound to ea h other.
through the determination of

This is possible

ommunity stru ture in the network and verifying it

with empiri ally observed behavior. We have attempted partitioning the network
into several

losely knit

ommunities (or modules) using GF, GT and AF. The

ommunity in a weighted network is dened as a group of nodes that are strongly
inter onne ted, i.e., have links among themselves with higher weights, as

ompared
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Modular de omposition of the male and female bonnet ma aque so ial net-

works, indi ating the membership of individuals in dierent modules. Ea h individual
is indi ated by a number that
hy, with `1'

orresponds to its rank in the linear dominan e hierar-

orresponding to the most dominant. The number of

is indi ated by

m,

ommunities obtained

whereas the maximum modularity of the empiri al network and the

orresponding randomized network is represented by

Q

and

Qrand

respe tively.

Gender

Type

Q

m

Qrand

Modular identity

Female

GF
GT
AF
GF
GT
AF

0.121
0.140
0.110
0.085
0.165
0.240

2
2
2
2
4
4

0.081±0.017
0.098±0.021
0.073±0.020
0.130±0.025
0.137±0.024
0.143±0.025

(1 2 3 4 5 10) (6 7 8 9 11)
(1 2 3 4 5 10) (6 7 8 9 11)
(1 2 3 4 5 10) (6 7 8 9 11)
(1 2 3 4 9 12) (5 6 7 8 10 11)
(1 2 3) (4 5) (6 8 10) (7 9 11 12)
(1 2 3 6 7) (4 5 8) (9 11) (10 12)

Male

to links with other nodes whi h belong outside the

ommunity. We determine the

modules by obtaining the optimal partitioning of the network, that

orresponds

to the partition having the maximum value of the modularity measure
Table 5.1 indi ates the dierent

Q

[98℄.

ommunity stru tures obtained for both the male

and female ma aque network by applying this method.
For the female ma aques, the

ommunities determined from the three dierent

so ial networks (dened in terms of GF, GT and AF) are identi al, indi ating that
this modular stru ture is signi ant and might be observed in other so ial behavior.
This is veried by subsequent eld observations

arried out at a later period (end

of 1995) when it was seen that the female ma aques had split into two distin t
troops, with the membership of ea h exa tly mat hing the results of our network
analysis. However, for male ma aques, the modular de omposition yields dierent
ommunities a

ording to the type of so ial network used. To

signi an e of the determined

ommunity stru ture, we

he k the statisti al

ompare the partitioning

of the empiri al network with its randomized version. The randomized networks
are obtained by shuing the weights of the links. The average
realizations is

ompared with the

Q

of the empiri al network.

Qrand

for 100 su h

The result again

suggests that, while the modular de omposition of the female network is indeed
signi ant, this is not so for the male network.
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Relation between the rank of a ma aque with (a) grooming re eived,

g
(b) grooming given, G , and ( ) the ratio

Gr ,

Gr /Gg .

5.1.6 From individual strategy to so ial behavior
In this se tion we fo us ex lusively on the female members of the troop, as their
dominan e hierar hy is stable unlike that for the males. Here, we investigate how
the observed intera tion stru ture

an arise from a

ommon set of strategies or

prin iples governing the sele tion of intera tion partner, that are followed by ea h
individual member of the troop.

Using our data, we test the theoreti al model

proposed by Seyfarth for des ribing so ial behavior in monkeys.

Seyfarth model
In this model, a number of adult females are arranged in a linear rank order that
denes priority of a
other in terms of

ess to resour es. Some of the individuals are related to ea h

ommon an estry. Every individual follows the same behavioral

strategy, viz., distribute half of their grooming among

lose relatives (kin), and,

the other half among unrelated animals in dire t proportion to their ranks (with
the most dominant animal getting top preferen e).

Using this strategy, every

individual is allowed to intera t with others, ea h pursuing her goal within the
onstraints imposed by

ompetition. After a period of intera tions, the pattern
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Relation between the rank of a ma aque with (a) the frequen y of approa h

re eived per hour,

Ar

and (b) the frequen y of approa h initiated per hour,

of grooming behavior is obtained whi h is then

Ag .

ompared with data from a tual

groups. Simulations of the model show that the network stru ture

onstru ted on

the basis of the intera tions are relatively unae ted by variation in the number of
kin, group size, the amount of time available for grooming, or the relative strength
of an individual's attra tion to kin and her attra tion to those of higher status.

Testing the Seyfarth model
We have tried to verify the basi

prin iples of the Seyfarth model by testing it using

the bonnet ma aque dataset. We rst
by ea h ma aque. For an individual

i,

al ulate the grooming given and re eived
the grooming re eived is the weighted in-

Ggi =

degree,

Gri =

P

We nd that, apart from the highest ranked ma aque, grooming re eived

i

wij .

P

j

wij ,

while the grooming given is the weighted out-degree

by all other individuals is approximately the same (Fig. 5.3). This is in signi ant
ontrast to the predi tion of the Seyfarth model, a

re eived should in rease with rank.

ording to whi h the grooming

Next, we look at the variation of grooming

given by the ma aque with its rank. Ex ept for the two highest ranked ma aques,

Gg

de reases with rank, indi ating the

ompetition among individuals. By plotting

the ratio of grooming re eived to the grooming given by a ma aque,

Gr /Gg ,

along

with its rank, we show that: (i) for the upper part of the dominan e hierar hy
there is a positive

orrelation, but (ii) for lower ranking females, the

orrelation
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Figure 5.5:
re eived,
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Relation between rank dieren e of ma aque with (a) average grooming

hGr i,

from low rank individual and (b) average grooming given,

low rank individual.

The

hGg i,

to the

urves are the best t for the data and indi ate negative

orrelation.

between rank and

Gr /Gg

is not obvious.

Next, we look at a dierent type of so ial intera tion, namely the frequen y
of approa h behavior between individuals.
times an individual is approa hed per hour,

In Fig. 5.4, we plot the number of

Ar ,

against its rank and nd them to

be un orrelated. However, when we plot the frequen y of approa hes initiated per
hour,

Ag , against the rank of the individual, we nd signi

ant positive

orrelation.

This indi ates that the higher ranking females approa h most other members of
the group, but the reverse does not happen.
Next, we test the re ipro ity assumption of Seyfarth model in the grooming behavior of ma aque, a

ording to whi h ea h individual regardless of its own rank

always tries to groom the highest ranked individual who is available. Here, we test
it against an alternative hypothesis, that an individual may
partner who is ranked higher a

hoose a grooming

ording to the pre eding strategy, but,

hooses

randomly when the available partners are all ranked lower than it. In Fig. 5.5, we
plot the amount of grooming re eived by a higher ranked individual from a lower
ranked partner, against their rank dieren e. We

ompare this to the grooming

given by a higher ranked individual to a lower ranked partner. In both of these
ases, we nd that as the rank dieren e in reases, the amount of grooming dereases. However, grooming re eived by a higher ranked individual from one at a
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Figure 5.6:

Relation between the kinship distan e,

with (a) average grooming,

hGi,

Kdist ,

between ma aque individuals

and (b) average rank dieren e,

lower rank shows a steeper de ay

ompared to the

Rdist .

orresponding data for groom-

ing given. This indi ates that during the quest for grooming partners, a ma aque
individual may be using the following guiding prin iples: (i) rank is more important while grooming a higher ranked individual, but (ii) it is less signi ant when
grooming a lower ranked ma aque.

This indi ates the non-re ipro al nature of

so ial ties in this system.
Finally, we look at the role of kinship distan e between individuals on the bonnet ma aque grooming behavior. To dene the kinship distan e, we rst
the family tree, whi h is a
terms of

onstru t

hart representing relationships between individuals in

ommon an estry. The path length between two individuals on this tree is

dened as the kinship distan e (Kdist ) between them. Thus, the distan e between
mother and daughter is 1, whereas the distan e between sisters is 2 and so on.
We plot the average grooming between pairs of individuals against their kinship
distan e in Fig. 5.6. Our results suggest that, grooming de reases as the kinship
distan e in reases.

Thus distan e between kin does matter in ma aques when

hoosing a grooming partner. However, the in rease in kinship distan e between
two individuals is also asso iated with a

Rdist .

orresponding in rease in rank dieren e,

Thus, whether the in rease in average grooming is ex lusively an out ome

of the in rease in

Kdist

needs to be investigated further.
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5.2 Re onstru ting the internal stru ture of a nan ial market
In order to re onstru t a mu h larger network from the time-series data of its
omponents, we now
the

onsider the example of nan ial markets.

ross- orrelation matrix

C

By analyzing

of sto k pri e u tuations in the National Sto k

Ex hange (NSE) of India, we un over the stru ture of intera tions between the
sto ks that are traded in that market.

5.2.1 Finan ial market: A omplex system
Finan ial markets

an be

onsidered as

omplex systems having many intera ting

elements and exhibiting large u tuations in their asso iated observable properties,
su h as sto k pri e or market index [113, 114℄. The state of the market is governed
by intera tions among its

omponents, whi h

an be either traders or sto ks. In

addition, market a tivity is also inuen ed signi antly by the arrival of external
information. Statisti al properties of sto k pri e u tuations and

orrelations be-

tween pri e movements of dierent sto ks have been analyzed by physi ists in order
to understand and model nan ial market dynami s [115, 116℄. The u tuation
distribution of sto k pri es is found to follow a power law with exponent
so- alled inverse

ubi

α ∼ 3, the

law [117, 118℄. This property is quite robust, and has been

seen in developed as well as emerging markets [85℄. On the other hand, it is not yet
known whether the

ross- orrelation behavior between sto k pri e u tuations has

a similar universal nature. Although the existen e of

olle tive modes have been

inferred from the study of market dynami s, su h studies have ex lusively fo used
on developed markets, in parti ular, the New York Sto k Ex hange (NYSE).
To un over the stru ture of intera tions among the elements in a nan ial market, physi ists primarily fo us on the spe tral properties of the

orrelation matrix of

sto k pri e movements. Pioneering studies investigated whether the properties of
the empiri al orrelation matrix diered from those of a random matrix that would
have been obtained had the pri e movements been un orrelated [119, 120℄. Su h
deviations from the predi tions of random matrix theory (RMT)

an provide

lues

about the underlying intera tions between various sto ks. It was observed that,
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while the bulk of the eigenvalue distribution for the

orrelation matrix of NYSE and

Tokyo Sto k Ex hange follow the spe trum predi ted by RMT [119, 120, 121, 122℄,
the few largest eigenvalues deviate signi antly from this. The largest eigenvalue
has been identied as representing the inuen e of the entire market,

ommon

for all sto ks, whereas, the remaining large eigenvalues are asso iated with the
dierent business se tors, as indi ated by the
eigenve tors [123, 121℄.

omposition of their

orresponding

The intera tion stru ture of sto ks in NYSE have been

re onstru ted using ltering te hniques implementing matrix de omposition [124℄
or maximum likelihood

lustering [125℄.

While it is generally believed that sto k pri es in emerging markets tend to be
relatively more

orrelated than the developed ones [126℄, there have been very few

studies of the former in terms of analyzing the spe tral properties of
matri es [127, 110, 128, 129℄. Here, we analyze the

orrelation

ross- orrelations among sto ks

in the Indian nan ial market, one of the largest emerging markets in the world.

5.2.2 The nan ial market data
The National Sto k Ex hange (NSE) is the largest sto k market in India.
have

onsidered the daily

We

losing pri e data of 201 sto ks (see Table I) traded in

NSE from Jan 1996 to May 2006, whi h

orresponds to 2607 days. This data is

obtained from the NSE web-site [130℄. The sele ted sto ks were traded over the
entire period 1996-2006 and had the minimum number of missing data points (i.e.,
days for whi h no pri e data is available). For
daily

omparison we also

onsider the

losing pri e of 434 sto ks of NYSE belonging to the S&P 500 index over

the same period as the Indian data. However, the total number of working days is
slightly dierent, viz., 2622 days. This data was obtained from the Yahoo! Finan e
website [131℄. In all our analysis, while

omparing with the NSE data, we have

used multiple random samples of 201 sto ks ea h, from the set of 434 NYSE sto ks.

5.2.3 The Return Cross-Correlation Matrix
To observe

orrelation between the pri e movements of dierent sto ks, we rst

measure the pri e u tuations su h that the result is independent of the s ale
of measurement.

If

Pi (t)

is pri e of the sto k

i = 1, . . . , N

at time

t,

then the
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The probability density fun tion of the elements of the

orrelation matrix

for 201 sto ks in the NSE of India and NYSE for the period Jan 1996-May 2006. The

mean value of elements of

C

for NSE and NYSE,

(logarithmi ) pri e return of the

ith

hCij i,

are 0.22 and 0.20 respe tively.

sto k over a time interval

∆t

is dened as

Ri (t, ∆t) ≡ ln Pi (t + ∆t) − ln Pi (t).

(5.1)

As dierent sto ks have varying levels of volatility (measured by the standard
deviation of its returns) we dene the normalized return,

ri (t, ∆t) ≡
where

σi ≡

p

hRi2 i − hRi i2 ,

Ri − hRi i
,
σi

is the standard deviation of

time average over the period of observation.
ross- orrelation matrix

C,

(5.2)

We then

Ri

and

h. . .i

ompute the equal time

whose element

Cij ≡ hri rj i,
represents the
is symmetri

orrelation between returns for sto ks

with

Cii = 1 and Cij

that, on the average

represents

(5.3)

i

and

has a value in the domain

j.

By

onstru tion,

[−1, 1].

orrelation among sto ks in NSE is larger

C

Fig. 5.7 shows

ompared to the

sto ks in NYSE. This supports the general belief that developing markets tend to
be more
ex ess

orrelated than developed ones.

To understand the reason behind this

orrelation, we perform an eigenvalue analysis of the

orrelation matrix.
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5.2.4 Spe tral properties of orrelation matrix
If the

N

return time series of length

random

orrelation matrix is

T

are mutually un orrelated, then the resulting

alled a Wishart matrix, whose statisti al properties

are well known [132℄. In the limit

N → ∞, T → ∞,

eigenvalue distribution of this random

Q
Prm (λ) =
2π

p

su h that

Q ≡ T /N ≥ 1,

the

orrelation matrix is given by

(λmax − λ)(λ − λmin )
,
λ

(5.4)

λmin ≤ λ ≤ λmax and, 0 otherwise. The bounds of the distribution are given by
√
λmax,min = [1 ± (1/ Q)]2 . We now ompare this with the statisti al properties of
the empiri al orrelation matrix for the NSE. In the NSE data, there are N = 201
for

sto ks ea h

ontaining

T = 2606

follows that, in the absen e of any
should be bounded between

returns; as a result

Q = 12.97.

Therefore, it

orrelation among the sto ks, the distribution

λmin = 0.52

and

λmax = 1.63.

As observed in devel-

oped markets [119, 120, 121, 122℄, the bulk of the eigenvalue spe trum
the empiri al

P (λ)

for

orrelation matrix is in agreement with the properties of a random

orrelation matrix spe trum

Prm (λ),

but a few of the largest eigenvalues deviate

signi antly from the RMT bound (Fig. 5.8).
However, the number of these deviating eigenvalues are relatively few for NSE
ompared to NYSE. We verify that, these outliers are not an artifa t of the nite
length of the observation period, by randomly shuing the return time series for
ea h sto k, and then re- al ulating the resulting orrelation matrix. The eigenvalue
distribution for this surrogate matrix mat hes exa tly with the random matrix
spe trum

Prm (λ),

indi ating that the outliers are not due to measurement noise

but are genuine indi ators of

orrelated movement among the sto ks. Therefore,

by analyzing the deviating eigenvalues, we may be able to obtain an understanding
of the stru ture of intera tions between the sto ks in the market.

Properties of the deviating eigenvalues
The largest eigenvalue

λ0

for the NSE

ross- orrelation matrix is more than 28

times greater than the maximum predi ted by RMT. This is
where

λ0

omparable to NYSE,

is about 26 times greater than the random matrix upper bound. Upon

testing with syntheti

US data

ontaining same number of missing data points as
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0.5
λ
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6

8

orrelation matrix

omparison, the theoreti al distribution predi ted

urves, whi h overlaps with the distribution obtained

orrelation matrix generated by randomly shuing ea h time series.

In both gures, the inset shows the largest eigenvalue.

in the Indian market, we observed that

λ0

remains almost un hanged

to the value obtained from the original US data. The
shows a relatively uniform

omposition, with all sto ks

ompared

orresponding eigenve tor
ontributing to it and all

elements having the same sign (Fig. 5.9, a). As this is indi ative of a ommon fa tor
that ae ts all the sto ks with the same bias, the largest eigenvalue is asso iated
with the

market mode, i.e., the

olle tive response of the entire market to external

information [119, 121℄.
Of more interest for understanding the market stru ture are the intermediate
eigenvalues, i.e., those o

urring between the largest eigenvalue and the bulk of the

distribution predi ted by RMT. For the NYSE, it was shown that

orresponding

eigenve tors of these eigenvalues are lo alized, i.e., only a small number of sto ks,
belonging to similar or related businesses,

ontribute signi antly to ea h of these

modes [123, 121℄. However, for NSE, although the Te hnology and the IT & Teleom sto ks are dominant ontributors to the eigenve tor
largest eigenvalue, a dire t inspe tion of eigenve tor

orresponding to the third

omposition does not yield a

straightforward interpretation in terms of a related group of sto ks

orresponding

to any parti ular eigenvalue (Fig. 5.9). This implies that distin t groups, whose
members are mutually

orrelated in their pri e movement, do exist in NYSE, while

their existen e is far less

lear in NSE.

To obtain a quantitative measure of the number of sto ks
eigenmode, we
eigenve tor as

ontributing to a given

al ulate the inverse parti ipation ratio (IPR), dened for the

Ik ≡

PN

4

i=1 [uki ] , where

uki

are the

omponents of eigenve tor

k.

k th
An
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The absolute values of the eigenve tor

responding to the four largest eigenvalues of
business se tors separated by broken lines.
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C
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omponents
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ui (λ) of sto k i ori are arranged by

for NSE. The sto ks

A: Automobile & transport, B: Finan ial,

materials, F: Consumer goods, G: Consumer dis re-

tionary, H: Industrial, I: IT & Tele om, J: Servi es, K: Health are & Pharma euti al, L:
Mis ellaneous.

eigenve tor having

Ik = 1/N .

omponents with equal value, i.e.,

√
uki = 1/ N

We nd this to be approximately true for the eigenve tor

for all

i,

has

orresponding

to the largest eigenvalue, whi h represents the market mode. To see how dierent
sto ks

ontribute to the remaining eigenve tors, we note that if a single sto k had

a dominant
then

Ik = 1

eigenve tor

ontribution in any eigenve tor, e.g.,

uk1 = 1

uki = 0

and

for

i 6= 1,

for that eigenve tor. Thus, IPR gives the re ipro al of the number of
omponents (and therefore, sto ks) with signi ant

On the other hand, the average value of

Ik ,

ontribution.

for eigenve tors of a random

or-

relation matrix obtained by randomly shuing the time series of ea h sto k, is

hIi = 3/N ≈ 1.49 × 10−2.

Fig. 5.10 shows that the eigenvalues belonging to the

bulk of the spe trum indeed have this value of IPR. But at the lower and higher
end of eigenvalues, both the US and Indian markets show deviations, suggesting
the existen e of lo alized modes. However, these deviations are mu h less signiant and fewer in number in the latter

ompared to the former. This implies that

distin t groups, whose members are mutually

orrelated in their pri e movement,

do exist in NYSE, while their existen e is far less

lear in NSE.

In order to graphi ally present the intera tion stru ture of the sto ks in NSE,
we use a method suggested by Mantegna [113℄ to transform the

orrelation between
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ea h of the N time series.

matrix

sto ks into distan es to produ e a

onne ted network in whi h

are

dij

lustered together. The distan e

from the
used to

ross- orrelation matrix

C,

between two sto ks

a

ording to

dij =

onstru t a minimum spanning tree, whi h

a network with

N −1
P

every pair of nodes,
been shown to

p

onne

o-moving sto ks

i and j are al ulated
2(1 − Cij ). These are
ts all the N nodes of

edges su h that the total sum of the distan e between

i,j

dij ,

is minimum. For the NYSE, su h a

onstru tion has

luster together sto ks belonging to the same business se tor [32℄.

However, as seen in Fig. 5.11, for the NSE, su h a method fails to

learly segregate

any of the business se tors. Instead, sto ks belonging to very dierent se tors are
equally likely to be found within ea h

luster. This suggests that the market mode

is dominating over all intra-se tor intera tions.

5.2.5 Filtering the data using spe tral statisti s
The above analysis suggests the existen e of a market-indu ed
all sto ks, whi h makes it di ult to observe the

orrelation a ross

orrelations that might be due to

intera tions between sto ks belonging to the same se tor. Therefore, we now use
a ltering method to remove market mode, as well as the random noise [124℄. The
orrelation matrix is rst de omposed as

C=

N
−1
X

λi ui uTi ,

(5.5)

i=0
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onne ting 201 sto ks of NSE. The node

olors indi ate the business se tor to whi h a sto k belongs.

where

λi

are the eigenvalues of

C

sorted in des ending order and

sponding eigenve tors. As only the eigenve tors
eigenvalues are believed to
groups, the

written as a partial sum of
eigenvalue.

Thus, the

orresponding to the

λα uα uTα ,

where

orrelation matrix

orrelations to the

α

orre-

orrelated sto k

C

is the index of the

matrix

an be

orresponding

an be de omposed into three parts,

market, group and random

omponents:

C = Cmarket + Cgroup + Crandom
Ng
N
−1
X
X
T
T
λi ui ui +
λi ui uTi ,
= λ0 u0 u0 +
i=1

are

orresponding to the few largest

ontain information on signi antly

ontribution of the intra-group

ui

(5.6)

i=Ng +1
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orresponding to the

Crandom . For NSE (left)

Ng = 5 whereas for NYSE (right) Ng = 10. The short tail for the
Cgroup elements in NSE indi ates that the orrelation generated by

distribution of the
mutual intera tion

among sto ks is relatively weak.

where,

Ng

is the number of eigenvalues (other than the largest one) whi h deviates

Ng = 5.
hanges in Ng do not

from the bulk of the eigenvalue spe trum.

For NSE we have

However, the exa t value of this

ru ial as small

hoi e is not

hosen

alter the results, the error involved being limited to the eigenvalues
bulk that have the smallest

ontribution to

Cgroup .

Fig. 5.12 shows the result of de omposing the

orrelation matrix into the three

omponents, for both the Indian and US markets.
distribution of matrix elements of

C

group

follows that the

Compared to the latter, the

in the former shows a signi antly trun-

ated tail. This indi ates that intra-group
whereas they are

losest to the

orrelations are not prominent in NSE,

omparable with the overall market

orrelations in NYSE. It

olle tive behavior in the Indian market is dominated by exter-

nal information that ae ts all sto ks. Correspondingly,
intera tions between sto ks, as would be the
se tor, are mu h weaker, and hen e, su h

orrelations generated by

ase for sto ks in a given business

orrelated se tors would be di ult to

observe.

5.2.6 The network of sto k intera tions
We indeed nd this to be true when we use the information in the group
matrix to

A

orrelation

onstru t the network of intera ting sto ks [124℄. The adja en y matrix

of this network is generated from the group

a threshold

cth

su h that

Aij = 1

group
if Cij

orrelation matrix

> cth ,

and

Aij = 0

Cgroup

by using

otherwise. Thus,
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The left

luster

omprises of mostly Te hnology sto ks, while the

omposed almost entirely of Health are & Pharma euti al sto ks. By

luster on the right is not dominated by any parti ular se tor. The node

labels indi ate the business se tor to whi h a sto k belongs and are as spe ied in the
aption to Fig 5.9.

a pair of sto ks are

onne ted if the group

than a preassigned threshold value,

cth = c

∗

group of

cth .

Cijgroup

c∗ = 0.09,

lusters of sto ks are obtained.

links partitioned into 3 isolated

is larger
hoi e of

luster being dened as a

cth .

We found this number to

ompared to that observed in NYSE for any value of

Fig. 5.13 shows the resultant network for

se tors.

lusters (a

onne ted nodes) in the network for a given

of isolated

oe ient

To determine an appropriate

we observe the number of isolated

be mu h less in NSE

se tors

orrelation

cth

[124℄.

for whi h the largest number

The network has 52 nodes and 298

lusters. From these

lusters, only two business

an be properly identied, namely the Te hnology and the Pharma euti al
The fa t that the majority of the NSE sto ks

annot be arranged into

well-segregated groups ree ting business se tors illustrates our
intra-group intera tion is mu h weaker than the market-wide

on lusion that

orrelation in the

Indian market.
When the intera tion networks between sto ks are generated for the two periods, they show less distin tion into

learly dened se tors than was obtained with

the data for the entire period. This is possibly be ause the shorter data sets
larger u tuations in the

reate

orrelation values, thereby making it di ult to segregate

the existing market se tors. However, we do observe that, using the same threshold
value for generating networks in the two periods yield, for the later period, isolated

lusters that are distinguishable into distin t sub- lusters

onne ted to ea h
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other via a few links only, whereas in the earlier period the

lusters are mu h more

homogeneous. This implies that as the Indian market is evolving, the intera tions
between sto ks are tending to get arranged into

learly identiable groups.

We

propose that su h stru tural re-arrangement in the intera tions is a hallmark of
emerging markets as they evolve into developed ones.

5.3 Model of Market Dynami s
To understand the relation between the intera tion stru ture among sto ks and
the eigenvalues of the

orrelation matrix, we perform a multivariate time series

analysis using a simple two-fa tor model of market dynami s.

t

the normalized return at time

ith sto
tor rm (t),

of the

be de omposed into (i) a market fa

k th

that

rgk (t),

ommon to all sto ks, (ii) a se tor fa tor
sto ks in the

k from the

k th

We assume that

business se tor

an

ontains information or signal

representing ee ts ex lusive to

se tor, and (iii) an idiosyn rati

term,

ηi (t),

whi h

orresponds

to random variations unique for that sto k. Thus,

rik (t) = βi rm (t) + γik rgk (t) + σi ηi (t),
where

βi , γik

and

(5.7)

σi represent relative strengths of the three terms mentioned above,

respe tively. For simpli ity, these strengths are assumed to be time independent.
We

hoose

rm (t), rgk (t) and ηi (t)

from a zero mean and unit varian e Gaussian dis-

tribution. We further assume that the normalized returns

ri ,

also follow Gaussian

distribution with zero mean and unit varian e. Although the empiri ally observed
return distributions have power law tails, as these distributions are not Levy stable, they will

onverge to Gaussian if the returns are

al ulated over su iently

long intervals. The assumption of unit varian e for the returns ensures that the
relative strengths of the three terms will follow the relation:

βi 2 + (γik )2 + σi 2 = 1.
As a result, for ea h sto k we
from Eq. (5.8). We
and

hoose

σi

an assign
and

γi

entered about the mean values

σi

and

γi

(5.8)

from a uniform distribution having

σ

and

γ,

βi
width δ

independently, and obtain

respe tively.
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The variation of the largest (top) and se ond largest (bottom) eigenvalues

orrelation matrix of simulated return in the two-fa tor model (Eq. 5.7) with the

model parameters

γ

ee ts, respe tively).
time series of length

and

σ

( orresponding to strength of the se tor and idiosyn rati

The matrix is

T = 2000

onstru ted for

N = 200

sto ks ea h with return

days. We assume there to be 10 se tors, ea h having 20

sto ks.

We now simulate an arti ial market with
generating time series of length
se tors are
The

C

for returns

n1 , n2 , . . . , nK

C and obtaining its eigenvalues.

sto ks belonging to

K

se tors by

from the above model. These

sto ks su h that

olle tive behavior is then analysed by

matrix
of

omposed of

T

N
rik

K

n1 + n2 + · · · + nK = N .

onstru ting the resultant

orrelation

Our aim is to relate the spe tral properties

with the underlying stru ture of the market given by the relative strength

of the fa tors.

We rst

onsider the simple

market fa tor is negle ted, i.e.,

βi = 0

1 + (nj − 1)(γ j )2 ,

where

i, and the strength of
γik = γ k , is independent

orrelation matrix is

j = 1 . . . K,

ontribution due to

for all

is equal for all sto ks within a se tor, i.e.,
ase, the spe trum of the

ase, where the

and

N −K

omposed of

K

se tor fa tor
of

i.

In this

large eigenvalues,

small eigenvalues,

1 − (γ j )2 ,

ea h
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j = 1...K

[133℄. Now, we

onsider nonzero market

βi = β for all i, and the strength of se
γik = γ (independent of i and k ). In this

fa tor whi h is equal for all sto ks i.e.,

tor

fa tor is also same for all sto ks, i.e.,

ase

too, there are

K

large eigenvalues and

N −K

small eigenvalues. Our numeri al

simulations suggest that the largest and the se ond largest eigenvalues are

λ0 ∼ Nβ 2 ,

λ1 ∼ nl (1 − β 2 ),
respe tively, where

nl

(5.9)

is the size of the largest se tor, while the

small

1 − β 2 − γ 2 . We now hoose the strength γik and σi from
with mean γ and σ respe tively and with width δ = 0.05.

degenerate eigenvalues are
a uniform distribution

N −K

Fig. 5.14 shows the variation of the largest and se ond largest eigenvalues with
and

γ.

σ

The strength of the market fa tor is determined from Eq.5.8.

Note that, de reasing the strength of the se tor fa tor relative to the market
fa tor results in de reasing the se ond largest eigenvalue

λ1 .

the RMT bounds for the bulk of the eigenvalue distribution,
un hanged. Therefore, a de rease in
values o

ur

λ1

Q = T /N is xed,
[λmin , λmax ], remain

As

implies that the large intermediate eigen-

loser to the bulk of the spe trum predi ted by RMT, as is seen in the

ase of NSE. The analysis of the model supports our hypothesis that the spe tral
properties of the

orrelation matrix for the NSE are

whi h the ee t of information

onsistent with a market in

ommon for all sto ks (i.e., the market mode) is

dominant, resulting in all sto ks exhibiting a signi ant degree of

orrelation.

5.4 Dis ussion
In this

hapter, we have re onstru ted networks from two types of empiri al data.

First, we have analyzed the stru ture of bonnet ma aque so ial organization as
an example of a so ial network. We determine the intera tion network by using
data on grooming behavior, an aliative intera tion that is frequently observed
between primate individuals. We show that weights of the links in this network
(i.e., grooming strength) has an exponential distribution, indi ating that the intera tions in su h a so ial network is very dierent from other real-world
networks. This may be due to the limited time for performing spe i

omplex

a ts that
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onstrains the intera tion behavior of the agents in a so ial network. Further, the
female ma aque network shows a distin t and unambiguous
with the dierent

ommunity stru ture,

ommunities mat hing exa tly with the splitting of the troop

observed in a subsequent eld study. In order to understand how relatively simple
prin iples governing the strategy of individuals for sele ting intera tion partners
may be used to explain the
we

omplex so ial stru ture of non-human primate groups,

onsider the Seyfarth model.

the basi

By using the bonnet ma aque data, we tested

prin iples of the model, whi h gives a set of strategi

rules that governs

the intera tions of ea h individual. Based on our results, we have indi ated how
these prin iples

an be possibly modied so that the model

an better represent

the patterns of so ial behavior in the bonnet ma aque.
Next, we analyze the market intera tion stru ture and demonstrate that the
sto ks in an emerging market are mu h more

orrelated than in developed mar-

kets. Although, the bulk of the eigenvalue spe trum of the
sto ks

C

orrelation matrix of

in an emerging market is similar to that observed for developed markets,

the number of eigenvalues deviating from the upper bound predi ted by random
matrix theory are smaller in number. Further, most of the observed
among sto ks is found to be due to ee ts

orrelations

ommon to the entire market, whereas

orrelations due to intera tions between sto ks belonging to the same business
se tor are weak.

This dominan e of the market mode relative to modes arising

through intera tions between sto ks makes an emerging market appear more

or-

related than developed markets. Using a simple two-fa tor model, we show that
a market fa tor, that is dominant relative to the se tor fa tor, results in spe tral
properties similar to that observed empiri ally for the Indian market. Our study
helps in understanding the evolution of markets as

omplex systems, suggesting

that strong intera tions may emerge within groups of sto ks as a market evolves
over time.

How su h self-organization o

urs and its relation to other

hanges

that a market undergoes during its development, e.g., large in reases in transa tion volume, is a question worth pursuing in the future with the tools available to
physi ists.
This

hapter also makes a signi ant point regarding the physi al understand-

ing of markets as

omplex dynami al systems.

In re ent times, the role of the

intera tion stru ture within a market in governing its overall dynami al properties
has

ome under in reasing s rutiny. However, su h intra-market intera tions ae t
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ertain market properties, whi h is underlined by the observation of

identi al u tuation behaviour in markets having very dierent intera tion stru tures, viz., NYSE and NSE [85, 134℄. For the purpose of explaining features su h
as the pri e u tuation distribution, the system

an be

onsidered to be a single

homogeneous entity responding only to external signals. This suggests that the
earlier approa h for studying nan ial markets that ignored their internal stru ture and

onsidered pri es to be essentially exe uting random walks in response

to independent external sho ks [135℄, may still be
explaining market u tuation phenomena.
systems like nan ial markets

onsidered to be a

In other words,

urate for

omplex intera ting

an have simple mean eld-like des ription for some

of their properties.
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Role of network stru ture in system
fun tion
6.1 Introdu tion
The relatively simple nervous systems of invertebrate organisms provide vital insights into how nerve
sulting in a

ells integrate sensory information from the environment, re-

oordinated response. Analysing the intermediate or mesos opi

of organization in su h systems is a

level

ru ial step in understanding how mi ro-level

a tivity of single neurons and their intera tions eventually result in ma ro-level
behavior of the organism [136℄. The nematode
organism on whi h su h an analysis
layout has been
full the

Caenorhabditis elegans is a model

an be performed, as its entire neuronal wiring

ompletely mapped [18℄. This information enables one to tra e in

ourse of a tivity along the neuronal network, from sensory stimulation to

motor response [137℄. We study its somati
rons that

nervous system,

omprising 282 neu-

ontrol all a tivity ex ept the pharyngeal movements. This

understanding of the

ommand and

level that produ e spe i
movement along a
ne tions being

ontrol pro esses o

an lead to an

urring at the mesos opi

fun tional responses, in luding avoidan e behavior and

hemi al gradient. The neuron lo ations as well as their

ompletely determined by the geneti

program, are invariant a ross

individual organisms. Further, unlike in higher organisms, the
hange with time in the adult nematode. In

on-

onne tions do not

ombination with the possibility of ex-

perimenting on the role of single neurons in dierent fun tional modalities, these
invarian es allow one to uniquely identify the important neurons in the system
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behavioral tasks.

The re ent developments in the theory of

omplex graphs has made available

many analyti al tools for studying biologi al networks [4, 3℄. The initial emphasis
was on developing gross ma ros opi

des riptions of su h systems using measures

su h as average path length between nodes of the network, the
nodes and the degree sequen es.

However, su h global

tems ignore signi ant lo al variations in the

lustering among

hara terizations of sys-

onne tion topology that are often

fun tionally important. Therefore, investigating the network at a mesos opi
whi h

onsider the broad patterns in the inhomogeneous distribution of

tions, may reveal vital lues about the working of an organism that

level

onne -

ould be hidden

in a global analysis. Further, these large-s ale features help in understanding how
oordination and integration o
to a study of mi ros opi
The existen e of

urs a ross dierent parts of the system, in

patterns

omprising only a few neurons, e.g., motifs [138℄.

modules, marked by the o

ne ted nodes with relatively fewer

ontrast

urren e of groups of densely

on-

onne tions between these groups [52℄, provides

a natural meso-level des ription of many

omplex systems [67℄.

Modular orga-

fun tional
stru tural net-

nization in the brains of dierent spe ies have been observed, both in
networks derived from EEG/MEG and fMRI experiments and in
works obtained from tra ing anatomi al

onne tions [139℄. The fun tionally de-

ned networks, where dierent brain areas, ea h of whi h
of lo alized groups of neurons, are

omprise a large number

onsidered to be linked if they are simultaneously

a tive, have been shown to be modular for both human [140℄ and non-human [141℄
subje ts. Tra t-tra ing studies in the brains of

at [83℄ and ma aque [142℄ have

also revealed a modular layout in the stru tural inter- onne tions between dierent
brain areas. However, as neurons are the essential building blo ks of the nervous
system, ideally one would like to explore the network of inter onne tions between
these most basi

elements. In the extremely

ompli ated mammalian brains, it is

so far only possible to analyze su h networks for extremely limited regions that
do not give a pi ture of how the system behaves as a whole [143℄. The relative
simpli ity of the nervous system of C. elegans allows a detailed analysis of the network, dened in terms of both ele tri al (gap jun tional) and

hemi al (synapti )

onne tions between the neurons (Fig. 6.1).
The ubiquity of modularity in brain networks leads to the obvious question
about how to explain the evolution of su h a stru tural organization [58℄.

One
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diagram of C. elegans, indi ating the dierent ganglia. (Inset)

representation of

onne ted

4

onne tivity between the neurons, partitioned into a strongly

omponent (SCC), an in- omponent (IN), and an out- omponent (OUT). A

dire ted path exists from any neuron in IN to any neuron in OUT through neurons in
SCC, all of whose members

an be rea hed from ea h other. The large SCC suggests that

it is possible to transfer signals between almost all neurons of the network. The IN and
OUT

omponents have only

in the somati
Synapti

1.5%

and

nervous system. (b,

and ( ) Gap-jun tional

gures, the partition symbols

0.5%,

) The

respe tively, of the 279

onne tivity matrix

onne ted neurons

orresponding to the (b)

onne tions between the somati

system neurons. In all

orrespond to (G1) Anterior, (G2) Dorsal, (G3) Lateral,

(G4) Ventral, (G5) Retrovesi ular, (G6) Posterolateral, (G7) Preanal, (G8) Dorsore tal
and (G9) Lumbar ganglion, and (G10) the Ventral

ord.

possible reason for the existen e of modular ar hite ture is that they may result in low average path length (whi h is asso iated with high e ien y of signal
ommuni ation) and high

lustering (that allows lo al segregation of information

pro essing) in networks [56℄. An alternative possibility is that segregation of neurons into spatially lo alized

ommunities minimizes the total

the wiring length (the physi al distan e spanned by
This

ost asso iated with

onne tions between neurons).

ost arises from resour es asso iated with fa tors su h as wiring volume as

well as metabolism required for maintenan e and propagation of signals a ross long
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onstraints, su h as the lineage relations between

dierent neurons may also play an important role in determining the network topology [145℄. In addition, the existen e of empiri ally determined
for spe i

ir uits responsible

fun tions (su h as, movement asso iated with exploratory behavior,

egg laying, et .) in the C. elegans nervous system, raises the intriguing possibility
that stru turally dened modules are asso iated with denite fun tional roles [146℄.
The invariant neuronal

onne tivity prole of C. elegans allows us to explore the

ontributions of the above mentioned stru tural, developmental and fun tional
onstraints in governing the mesos opi

organization of the nervous system.

In Se . 6.2, we begin our analysis of the organization of the C. elegans nervous
system by identifying stru turally dened modules in the network of neurons linked
by synapses and gap-jun tions. Next, we investigate whether the observed modular stru ture
Su h

an be explained by using arguments based on universal prin iples.

riteria, whi h in lude minimizing the

tions [144, 147℄ and their geneti

ost asso iated with neuronal

onne -

en oding [148℄, or, de reasing the signal propa-

gation path [149, 150℄, have re ently been proposed to explain observed patterns
of neuronal position and

onne tivity. We determine the role of physi al proximity

between a pair of neurons in de iding the
the

onne tion stru ture, by investigating

orrelation between their spatial positions and their modular membership. We

also

ompare these modules with the existing

lassi ation of the nematode ner-

vous system into several ganglia, as the latter have been dierentiated in terms
of anatomi al lo alization of their
analysis suggests that resour e

onstituent neurons.

Results from the above

onstraints su h as wiring

ost

annot be the sole

de iding fa tor governing the observed meso-level organization. We also show that
the modules

annot be only a result of the

ommon lineage of their member nodes.

It is natural to expe t that the stru ture of the nervous system is optimized
to rapidly pro ess signals from the environment so that the organism
appropriate a tion for its survival [151℄.

By looking at the deviation between

the a tual network and a system optimized for maximal
in

onjun tion with minimum wiring

fun tional

ommuni ation e ien y

ost, we infer the existen e of additional

onstraints related to pro essing of information (i.e., other than simple

signal transmission).
high

an take

This is further supported by the observation of relatively

lustering in C. elegans neuronal network as

networks (e.g., ele troni

logi

ir uits [152℄). As

ompared to other information
lustering in reases the wiring
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ommuni ation, its presen e in a system that has

ompetition for survival may imply a key role for

in pro essing information. By looking at the
global

lustering

orrelation between lo al as well as

onne tivity proles with individual node

hara teristi s, we observe that

the nematode nervous system is signi antly dierent from designed systems, inluding other information networks o
internet. Further, in

urring in the te hnologi al domain, e.g., the

ontrast to previous observations on the similarity between

biologi al signalling networks having dierent origins [153, 154℄, we nd that the
C. elegans neuronal network has properties distin t from at least one other biologi al network that is involved in signalling tasks, namely the protein intera tion
network [155, 156℄.
Thus, the analysis of the network at the mesos opi
priate framework for identifying the roles that dierent

level provides an approlasses of

onstraints (de-

velopmental, stru tural and fun tional) play in determining the organization of a
nervous system. It also allows us to infer the existen e of

riteria related to pro-

essing of information governing the observed modular ar hite ture in C. elegans
neuronal inter- onne tions. Our results provide the means for identifying neurons
having key roles in the behavioral performan e of the organism ex lusively from
anatomi al information about their stru tural

onne tivity. Our results

an help

experimentalists in fo using their attention to a sele t group of neurons whi h may
play a vital part in some, as yet undetermined, fun tion.
In Se . 6.3, we investigate the hierar hi al organization of the nematode neuronal network.

We fo us on the possible fun tional advantages of hierar hi al

stru ture and investigate its role in information pro essing.

We show that the

ore-periphery stru ture of the network exhibits eviden e of hierar hi al ordering.
By using a simple model for su h networks, we see that su h stru tures leads to
signi ant redu tion in the spread of lo al a tivity throughout the network while
maintaining the

ommuni ation e ien y almost un hanged.

6.2 Modularity in the C.elegans nervous system
In order to investigate the modular organization of a network, we need to rst identify the modules. We perform this on the C. elegans neuronal network by

arrying
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out an optimal partitioning of the network, whi h
value of modularity parameter,
du ed in Refs. [157, 158℄.
an be dened as

W

Q
where,

LW =

P

i,j

i

We use the generalization of a method intro-

For a dire ted and weighted network, the modularity


out 
sin
1 X
i sj
Wij −
δci cj ,
≡ W
L i,j
LW

(6.1)

is the sum of weights of all links in the network (Wij is the

Wij

weight of the link from neuron
degree of node

Q.

orresponds to the maximum

are given by

j

to neuron i), and the weighted in-degree and out-

sin
i =

P

j

Wij

and

sout
=
i

P

j

Wji ,

respe tively. The

optimal partitioning of the network is the one whi h maximizes the modularity
measure

Q

(or

QW ).

We obtain this by rst dening a modularity matrix

Bij = Wij −
To split the network, the eigenve tors
matrix (B

value of the symmetri

B,

out
sin
i sj
.
LW

(6.2)

orresponding to the largest positive eigen-

+ BT )

is

al ulated and the

ommunities are

assigned based on the signs for the elements of the eigenve tor. A repeated bise tion method is then used to su

essively divide the obtained groups. The pro ess

terminates when further division does not in rease the modularity of the network.
We have
ronal

onsidered dierent

ases

orresponding to the dierent types of neu-

onne tions (viz., gap jun tion, synapti

nature of su h

and their

ombination) and the

onne tions (viz., weighted or unweighted by the number of ea h

type of

onne tion).

While the gap jun tional network is undire ted, both the

synapti

as well as the

ombined network is dire ted. For ea h type of network,

the maximum modularity value

QM

and the number of partitions for whi h this

value is obtained, are given in Table 6.1. While using only the gap jun tions fragment the network into as many as 15 modules, when we
alone or the

ombination of both types of

onsider either synapses

onne tions, the number of modules

obtained is mu h less. In the remainder of this

hapter, we have

onsidered the

ombined network of synapses and gap jun tions, unless otherwise stated.
is a weighted network where the link weights
synapti

and gap jun tion

The high value of

QM

This

orrespond to the total number of

onne tions from one neuron to another.
and dense inter- onne tivity within modules (Fig. 6.2

(left)) suggest that the network has a modular organization. We further validate
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o
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(Left) Matrix representing the average

II

V

VI

onne tion density between neurons

urring within modules and those in dierent modules. The gure indi ates that neu-

rons within a module are densely inter onne ted

ompared to the overall

in the network. (Right) The modules are de omposed a
types

onne tivity

ording to the dierent neuron

omprising them. The gure shows that the modules are not simply

omposed of

a single type of neuron.

our results by

onsidering the modularity of randomized versions of the network

(keeping degree of ea h node xed). The average modularity of these randomized
networks is
the

onsiderably lower then the empiri al network. We have also analyzed

omposition of the dierent modules in terms of distin t neuron types (viz.

sensory, motor, interneuron and other).
modules are ex lusively

Fig. 6.2 (right) shows that none of the

omposed of a single type, although motor neurons do

tend to dominate one module.

6.2.1 Modules and spatial lo alization
To understand why modular stru tures have evolved in the neuronal network, we
onsider the relation between the optimal partition and the spatial lo alization
of neurons in ea h module. This will help us to understand whether

onstraints

related to the physi al distan e between neurons, su h as wiring length optimization, di tate the topologi al organization of the network. Note that, wiring

ost

has already been shown to be the de isive fa tor for neuron positions in the body
of C. elegans [144, 147℄.

Thus, a plausible hypothesis is that, if most neuronal
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Figure 6.3:

0.2

0.4
0.6
Neuron Positions

The position of neuronal

0.8

ell bodies along the longitudinal axis of the C.

elegans body plan is shown, with the verti al oset and
whi h a neuron belongs.

1

olor indi ating the module to

The mean and standard deviation of neuronal positions for

ea h module is also indi ated, suggesting relative absen e of spatial lo alization in the
modules.

onne tions o

ur within a groups of neurons, all of whom are physi ally adja ent,

then this will signi antly de rease the wiring
terms of

ost.

This will be manifested, in

onne tivity, as a module of the network. Therefore, it suggests that ea h

module will mostly

omprise of neurons whi h are in

Fig. 6.3 indi ates the spatial position of the

lose physi al proximity.

ell body of ea h neuron on the

nematode body (along the longitudinal axis), that belong to the dierent modules.
It shows that, while a large fra tion of the neurons belonging to the same module
do indeed have their

ell bodies

lose to ea h other, there is absen e of any

lation between the modules and a spe i

orre-

physi al lo ation on the nematode body

axis. This is brought out by the large standard deviations for the distribution of
positions of the module

omponents.

dominant fa tor governing the

Had wiring length minimization been the

onne tivity, we would have expe ted the modules

to be spatially segregated, as in that

ase, most of the

onne tions need to span

only short distan es.
Our

on lusion that wiring

ost

annot be the prin ipal

riterion determining

network topology is further supported by an analysis of the

onne tivity in the

dierent ganglia. The nine dierent ganglia of the nematode nervous system, in
addition to the ventral
omponent neurons.

ord, are dened in terms of physi al proximity of their

Thus, a tenden y to minimize the total

onne tion length
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The modularity of the network is measured using the parameter

requires a knowledge of the partitions or
obtain the modularity measure,
ganglia.

Qg ,

on assuming the

whi h

ommunities to

We

orrespond to the

Its positive values indi ate that neurons in the same ganglion have high den-

sity of inter- onne tions. We have also obtained
network using a spe tral method, the
relatively high values of

QM
nM ,

the number of modules,

Q

by determining the modules of the

orresponding values being indi ated by

ompared to

Qg ,

with this optimal partitioning of the network.
works

Q,

ommunities whi h divide the network.

Both measures,

Qg

and

QM ,

as well as

have been obtained for both unweighted and weighted netal ulate the overlap

and the optimal partition of the network using the normalized

mutual information index,

I = 1, whereas if they are
I indi ate that the overlap

I.

For the

ase of perfe t mat h between the two, the index,

independent of ea h other,

I = 0.

The measured values of

between the dierent modules and the anatomi ally dened

ganglia is not signi ant. The modular nature of the somati
sised by

The

indi ates that the ganglia do not mat h

onsisting of either gap jun tions or synapses or both. We

between the ganglioni

QM .

nervous system is empha-

omparing the empiri al network with networks obtained by randomizing the

onne tions, keeping the degree of ea h neuron xed. The mean and standard deviation
of the modularity

Qrand
M

and the

orresponding number of partitions

mrand
M

for both weighted and unweighted networks, and for the dierent types of
For all

are shown
onne tions.

ases, the randomized networks show a signi antly lower modularity than the

empiri al network.

Network
Gap Jn
Synapti
Combined

Qg
0.2069
0.1487
0.1687

Unweighted
QM
mM
0.6297
11
0.3491
2
0.3776
3

NMI
0.3264
0.2572
0.3057

Qg
0.1700
0.2106
0.2031

Weighted
QM
mM
0.6566
15
0.4720
4
0.4910
6

NMI
0.3473
0.3137
0.3763

between neurons would imply that su h ganglia would be distinguished by having
a signi antly high density of
therefore, verify whether the
the

onstituent neurons. We,

onne tivity inside ea h ganglion is high

ompared to

orresponding randomized networks. This is done by measuring the modularity

value

Qg ,

although

with ea h ganglion assumed to be a true network module. We nd that,

Qg

is nonzero whi h indi ates that the neurons inside a ganglia do indeed

have a higher
maximum
also

onne tions between their

QM

onne tion density than the overall network, it is not as high as the
possible, obtained for the optimal partition (Table 6.1). We have

al ulated the normalized mutual information index,

NMI ,

to measure the

overlap between the optimal partitioning of the network into modules and the
dierent ganglia. Note that, in the

0,

ase of perfe t mat h,

if there is no mat h. The low values for

NMI

NMI = 1,

while it is

given in Table 6.1 suggest that
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omposition of the dierent ganglia is quite distin t from that of the modules

for the optimal partitioning of the neuronal network. This is shown expli itly in
Fig. 6.4 (a), indi ating that most ganglia are

omposed of neurons belonging to

many dierent modules.
We have used this

modular de omposition spe

trum of ea h ganglion (i.e., the

m

dierent modules of the

for inter-ganglioni

distan e in an abstra t

distribution of the neurons of the ganglion into the
optimal partition) to dene a metri

m-dimensional

modular spa e. Thus, if two ganglia have a similar modular de-

omposition prole, then they are

lose to ea h other in the modular spa e and

have low modular distan e (Fig. 6.4, b). This is then

ompared with the physi al

distan e between ganglia, measured as the average separation between the
ies of all pairs of neurons
The

i and j , where i, j

belong to dierent ganglia (Fig. 6.4,

omparison of the two matri es shows that there are indeed

ties between these two dierent
lo ated in the head (G1-G5)

ertain similari-

luster together, as do the three lo ated towards the

ost for explaining (to a

sitions of the ganglia. However, when we
that indi ate the relative

).

on epts of distan e. For example, the ve ganglia

tail (G7-G9). This observation is in a
notion of wiring

ell bod-

ord with previous reports whi h use the
ertain extent) the observed relative poonsider the

orresponding dendrograms

loseness of the dierent ganglia in physi al spa e and

in modular spa e, we observe signi ant dieren es between the two: ganglia
whi h are

lose to ea h other in physi al spa e may not be neighbors in terms of

their modular spe tra.

This reiterates our previous

on lusion that wiring

ost

minimization, whi h is related to the physi al distan e between neurons, is not a
dominant fa tor governing the organization of C. elegans somati

nervous system.

6.2.2 Modules and ell lineage
As developmental pro esses are believed to play a signi ant role in determining
the stru ture of the nervous system, we also
that the stru tural modules ree t a
of their lineage. Lineage of a
o

onsider the alternative hypothesis

lustering of neurons that are related in terms

ell is the pattern of su

ur during its development.

essive

ellular divisions that

This is invariant in C. elegans, allowing one to

tra e the individual developmental history of ea h
ell-autonomous me hanisms and

ell in order to identify the

ell- ell intera tions.

We measure the average
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(a) Neurons belonging to dierent ganglia are de omposed a

modular membership. The height of ea h bar in the histogram
between the ganglia and the modules,

ording to their

orresponds to the overlap

al ulated as the fra tion of neurons that are

ommon to a parti ular ganglion and a spe i

module. (b) The matrix representing the

average modular distan e between the dierent ganglia, as
de omposition spe trum of ea h ganglion. The

al ulated from the modular

orresponding dendrogram indi ates the

loseness between dierent ganglia in the abstra t 6-dimensional modular" spa e. ( )
The matrix of physi al distan es between the ganglia is shown for

omparison with (b),

al ulated as the average distan e between neurons belonging to the dierent ganglia.
The

orresponding dendrogram indi ates the

geographi al nearness of their

loseness between ganglia a

ording to the

onstituent neurons in the nematode body. The dieren e

indi ates that the ganglia whi h are geographi ally

lose may not be neighbors in terms

of their modular spe tra.

101

Chapter 6.

Role of network stru ture in system fun tion

VI
17.5
V
Modules

17
IV
III

16.5
16

II

15.5
I
I

Figure 6.5:
o

II

III IV
Modules

V

VI

The matrix representing the average lineage distan e between neurons

urring within the same module and those belonging to dierent modules. The gure

indi ates that neurons o
distan e as

urring in the same module have only a slightly lower lineage

ompared to that between neurons o

urring in dierent modules.

relatedness measure of neurons within and between modules.

Fig

6.5 suggests

that there is no signi ant segregation between the modules in terms of the lineage
of their

onstituent neurons.

Indeed, even

oarse distin tions su h as AB and

non-AB lineage neurons are not apparent from the modular division. A detailed
view of the relatedness between ea h pair of neurons (gure not shown) indi ates
that, while in ea h module there are subgroups of

losely related neurons, dierent

subgroups within the same module may be very far from ea h other in the lineage
tree. Conversely, neurons o

urring in dierent modules

terms of lineage. This suggests that developmental
di tate the

an have small distan e in

onstraints do not

ompletely

onne tion stru ture of the neuronal network. The fa t that C. elegans

neurons are largely non- lonally derived from many dierent parent
partly explain this la k of

ells [159℄ may

orrelation between lineage dened in terms of

ommon

an estry and modules dened in terms of density of inter- onne tions.

6.2.3 Modules and fun tional ir uits
Next, we look at the overlap of seven previously identied fun tional
C. elegans with the stru tural modules. Note that, if a signi ant

ir uits of

orrelation is
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Functional Circuit

Neurons belonging to dierent fun tional

ir uits are de omposed a

to their modular membership. The height of ea h bar in the histogram
the overlap between the modules and fun tional
laying, (F3) thermotaxis, (F4)
tap withdrawal.

ording

orresponds to

ir uits (F1) me hanosensation, (F2) egg

hemosensation, (F5) feeding, (F6) exploration and (F7)

The overlap is measured in terms of the fra tion of neurons

to a parti ular fun tional
represents the

F7

ir uit and a spe i

module. The

loseness between dierent fun tional

ommon

orresponding dendrogram

ir uits in the abstra t 6-dimensional

modular" spa e.

observed between the two, then it may suggest means of identifying neurons responsible for

ertain fun tions from the information about the

of the network. Fun tional

onne tion topology

ir uits are subsets of neurons whi h are believed to

play a vital role in performing a spe i

task, and are obtained by observing ab-

normal behavior of the organism when the neurons are individually removed from
the nematode nervous system (e.g., by laser ablation). We

onsider the fun tional

ir uits for (F1) me hanosensation [160, 161, 162℄, (F2) egg laying [163, 164℄, (F3)
thermotaxis [165℄, (F4)

hemosensation [166℄, (F5) feeding [167, 160, 18℄, (F6)

exploration [167, 160, 18℄ and (F7) tap withdrawal [168, 161℄.
Fig. 6.6 shows the modular de omposition of ea h fun tional
responding dendrogram

lusters the

modular spe tra. We note that the
ploration are

ir uit. The

or-

ir uits, in terms of the similarity in their
ir uits for

lustered together. This is

hemosensation, feeding and ex-

onsistent with the fa t that most of the

neurons belonging to the feeding and exploration

ir uits are involved in hemosen-

sation. However, none of the neurons in the feeding

ir uit are

ommon to those
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ir uit, although F6 is

loser to F5 in terms of their modular

spe tra (distan e = 0.18 ) than it is to F4 (distan e =0.26 ) of whi h F6 is a subset. This implies that these two

ir uits F5 and F6 are strongly

indi ating the inter-relation of the

onne ted, thereby

orresponding fun tions. Indeed the feeding be-

havior of C.elegans is known to be regulated in a

ontext-dependent manner by its

nervous system whi h integrates external signals, su h as, the availability of food
and the nutritional status of the animal, to dire t an appropriate response [169℄.
The mode of lo omotion is also determined by the quality of food [170℄.

It is

apparent that, integration of multiple behaviours is essential to feeding regulation [171℄, su h as avoidan e of high CO2
Furthermore, F2 is seen to be

on entrations by satiated animals [172℄.

loser to these

ir uits, whi h is signi ant in light

of previous experimental observation that presen e of food (as dete ted through
hemosensory neurons) modulates the egg-laying rate in C. elegans [162, 173℄.

6.2.4 Fun tional role of dierent neurons
In this subse tion, we establish the fun tional importan e of spe i
investigating the role played by them within their module, and

neurons by

ompare it with

their role in the entire network. To parametrise this, we use (i) the parti ipation
oe ient,

P,

whi h is a measure of how dispersed the

onne tions of a node are

among the dierent modules, and, (ii) the within-module degree,
the number of
node i, we

z,

that indi ates

onne tions a node has to other members of its module. For ea h

an dene its parti ipation

Pi = 1 −

oe ient

Pi

m  i 2
X
κ
s

s=1

ki

as

,

(6.3)

P
κis is the number of links to nodes in module s ki = s κis is its degree. Thus,
parti ipation oe ient of a node is ∼ 1 if its links are uniformly distributed

where
the

= 0 if it only links to nodes within its own
z , distinguishes nodes that play the role of

among all modules and

module. The

within-module degree,

hubs in their

own module from non-hub and peripheral nodes. For the
as

zi = q

κisi − hκjsi ij∈si

h(κjsi )2 ij∈si

−

hκjsi i2j∈si

,

i-th

node, it is dened

(6.4)
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is as dened above and the average

in the module

s.

h· · · ij∈s

A node having a low within-module degree is
Su h nodes

an be further

lassied a

≤ 0.05),

having

alled a non-hub node (z

ording to their fra tion of

other modules, whi h following Ref. [156℄ are
nodes (P

is performed over all nodes

< 0.7).

onne tions with

lassied as: (R1) ultra-peripheral

onne tions only within their module, (R2) peripheral

nodes (0.05
(R3)

< P ≤ 0.62), whi h have a majority of their links within their module,
satellite onne tors (0.62 < P ≤ 0.8), with many links onne ting nodes

outside their modules and (R4) kinless hubs (P
a ross the network.

> 0.8), whi

h form links uniformly

Hubs, i.e., nodes having a large number of

nodes within their module (z

≥ 0.7),

are further sub-divided a

onne tions to
ording to their

parti ipation oe ient into (R5) provin ial hubs (P
within their module, (R6)

onne tor hubs

≤ 0.3), with most onne tions
(0.3 < P ≤ 0.75), with a signi ant

fra tion of links distributed among many modules and (R7) global hubs (P

0.75),

whi h

onne t homogeneously to all modules. This

to distinguish nodes a

>

lassi ation allows us

ording to their dierent roles as brought out by their intra-

modular and inter-modular

onne tivity patterns.

We will now use the above methodology on the C. elegans network in order
to identify neurons that play a vital role in
ing information (either lo ally within their
network).

Fig. 6.7 shows the

oordinating a tivity through shar-

ommunity or globally over the entire

omparison between the empiri al network and a

orresponding randomized network (obtained by keeping the degree of ea h node
xed).

We immediately noti e that the randomized network does not have any

nodes having the roles R1 and R5, indi ating that the modular nature of the
original network has been lost.
have higher parti ipation
tors (R3).

In fa t, in the randomized system, most nodes

oe ient, with a large majority being satellite

onne -

More interesting is the fa t that, the empiri al neural network does

not posses any neuron having the global roles played by R4 and R7, whereas the
randomized network does.

This implies that modular identity in the C. elegans

neuronal network is very pronoun ed.
It is possible to relate the intra- and inter-modular

onne tivity patterns of a

neuron with its role in the fun tioning of the worm nervous system. For example,
neurons having the role of provin ial hubs may be involved in lo al
of neural a tivity, while, the

oordination

onne tor hubs may be responsible for integration of
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within module degree measures the
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1

ore of ea h neuron in the empiri al

orresponding parti ipation

oe ient

P.

The

onne tivity of a node to other nodes within its own

oe ient measures its

onne tivity with neurons in the

orresponding result for a randomized version of the C. ele-

gans network where the degree of ea h neuron is kept un hanged is also shown. Neurons
belonging to the dierent regions in the

P −z

spa e are

ategorised as: (gray) ultra-

peripheral nodes, i.e., nodes with all their links within their module, (blue) peripheral
nodes, i.e., nodes with most links within their module, (pink) nonhub

onne tor nodes,

i.e., nodes with many links to other modules, (green) nonhub kinless nodes, i.e., nodes
with links homogeneously distributed among all modules, (yellow) provin ial hubs, i.e.,
hub nodes with the vast majority of links within their module, (red)  onne tor hubs,
i.e., hubs with many links to most of the other modules, and (white) global hubs, i.e.,
hubs with links homogeneously distributed among all modules. The neurons o
as

onne tor hubs are identied in the gure.

ent fun tional

ir uits indi ating the

Most of these neurons o

urring

ur in dier-

lose relation between fun tional importan e and

onne tivity pattern of individual neurons.

lo al a tivities to produ e a oherent response of the entire system. This hypothesis
is supported by the observation that, all
AVB, AVD, AVE, PVC), whi h

ommand interneurons (of the

ontrol forward and ba kward lo omotion of the

worm by regulating motor output, play the role of
of the 23 neurons in the
ir uits.

lass AVA,

onne tor hubs.

In fa t, out

lass R6, 20 are known to belong to dierent fun tional

Among the rest, although DVA is not part of any known

ir uit, it

has re ently been identied as being involved in me hanosensory response. In its
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absen e, the frequen y and magnitude of the tap-indu ed reversal as well as the
a

eleration magnitude is diminished [168℄.

The two remaining neurons, AVKL

and SMBVL, have not been impli ated so far in any known fun tional
However, their o

urren e in this

ir uit.

lass suggests that they may be important for

some, as yet unknown, fun tion. This is a potentially interesting predi tion that
may be veried in the laboratory.
The signi an e of these results is underlined by a

omparison with the ran-

domized network. For instan e, in the random realization shown in Fig. 6.7 (b),
of the 49 neurons playing the role of

onne tor or global hubs, less than half (viz.,

23) a tually belong to any of the known fun tional
most of the

ir uits.

The appearan e of

ommand interneurons in the high-z region of both the empiri al and

randomized networks indi ates that their high overall degree is responsible for their
observed role of  onne ting hubs".
We now turn to the 28 neurons whi h play the role of provin ial hubs. Half of
all the inhibitory D- lass motorneurons (viz., DD1-DD3 and VD1-VD6) are found
to belong to this

lass.

This is signi ant as these neurons have already been

impli ated in the ability of the worm to initiate ba kward motion.
also

While they

ontribute to forward lo omotion, previous experiments have shown that they

are not

ru ial for it [174℄.

important for lo al
of a tivity.

This ts with our hypothesis that, R5 neurons are

oordination but may not be

ru ial for the global integration

A pair of ex itatory B- lass motorneurons that sustain

oordinated

forward lo omotion in the worm also appear as provin ial hubs. Of the remaining R5 neurons, 9 have been previously identied to belong to various fun tional
ir uits. It will be interesting to verify the fun tional relevan e of the remaining
8 neurons (OLLL/R, RMDVL/R, SMDVR, RIH, RMDDL/R) in the laboratory.
Thus, overall, we nd a very good

orrelation between the

onne tivity pattern

and the fun tional importan e of dierent neurons.
An analysis of neurons having dierent roles in terms of their membership in the
dierent ganglia indi ates that the lateral ganglion provides the majority of neurons
a ting as

onne tor hubs (R6). This is

onsistent with an earlier study [175℄ where

this ganglion was found to a t as the link between the neuronal groups responsible
for sensory pro essing and motor response.

The

orresponding randomized net-

work, while also showing many neurons from the lateral ganglion, have signi ant
representation from other ganglia too (e.g., the retrovesi ular ganglion).
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arried out an analysis of the probability of

onne tions between

neurons having dierent roles, relative to the randomized network, in an attempt to
ompare with other networks whi h are involved in transportation and information
propagation.

However, we do not nd any signi ant overlap of the nematode

nervous system with networks in either of these two

lasses, suggesting that the C.

elegans neuronal network does not belong ex lusively to either

lass of networks.

This assumes signi an e in light of re ent work distinguishing information (or
signalling) networks, su h as the Internet and protein intera tome, on the one
hand, and transportation networks, su h as metaboli
the other, into two

and airport networks, on

lasses [156℄.

6.2.5 Wiring ost vs ommuni ation e ien y
In this subse tion, we investigate

ertain global properties of the C. elegans neural

network in order to determine its dieren es with other
also seek to as ertain the possible

lasses of networks. We

onstraints whi h might have given rise to the

observed network topology.
We have already shown that wiring

ost minimization, is at best, only a partial

determining fa tor for network stru ture in this system. A re ent study [149℄ has
laimed that neuronal networks minimize the length of pro essing paths (i.e., the
average number of links

onne ting any given pair of neurons) rather than mini-

mizing the total wiring length or the average physi al distan e between
neurons. Thus, we now look at the
measured by the harmoni

onne ted

ommuni ation e ien y of the network, as

average network path length between all pairs of neu-

rons. As in reasing the e ien y inevitably results in in reasing the wiring

ost,

we analyze how the performan e of the network as an information propagation system

ompetes with the resour e

onne tions. This
ies of all

ost involved in setting up the required number of

ost is measured as the Eu lidean length between the

ell bod-

onne ted pairs of neurons ( orresponding to the dedi ated-wire model

of Ref. [144℄). It has been shown that the positions of the subset of sensory and
motor neurons dire tly
be determined quite a
fo us is on the

onne ted to sensory organs and mus les, respe tively,
urately by minimizing their total wiring

an

ost [147℄. As our

onne tion stru ture of the neuronal network, we keep the neuron

positions xed and, thus, our study does not

onsider the wiring

ost involved in
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Figure 6.8:

The variation of

ommuni ation e ien y,

E,

as a fun tion of the wiring

ost (dened using the dedi ated-wire" model) in the ensemble of random networks
with degree sequen e identi al to the C. elegans neuronal network. The trend indi ates
a trade-o between in reasing

ommuni ation e ien y and de reasing wiring

orresponding values for the empiri al network is indi ated by a

ost. The

ross. The s hemati

gures shown above the main panel indi ate the type of networks obtained in the limiting
ases when only one of the two

onstraints are satised.

(Inset) The

e ien y of randomized networks as a fun tion of the wiring

ost

ommuni ation

al ulated a

ording to

the  ommon-wire" model. The values for the empiri al network are indi ated as before.
In both gures, error bars indi ate the standard deviations

al ulated for
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random

realizations. We observe that the empiri al network is suboptimal in terms of wiring
and

ommuni ation e ien y, suggesting the presen e of other

ost

onstraints governing the

network organization.

onne ting neurons to sensory organs and mus les. By randomizing the network
keeping the degree of ea h node xed, we
wiring

ost, and then measure its

an

onstru t systems having a spe ied

ommuni ation e ien y. This analysis repro-

du es the expe ted result that de reasing the wiring

ost of the network

auses a

de line in its performan e in terms of information propagation. However, we note
that the empiri al network has a wiring
for the

orresponding

ost mu h higher than one would expe t

ommuni ation e ien y.

As most of the neurons in C. elegans have at most one or two pro esses, on
whi h all the synapses and gap jun tions with other neurons are made, the earlier
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ost as the sum of all Eu lidean distan es between

ell bodies may be a gross over-estimate of the a tual wiring
sider an alternative measure, where, the wiring

ost for

ost. Thus, we

on-

onne ting to a spe i

neuron is taken to be the Eu lidean length between the neuron's
those of the farthest neurons it is

onne ted

ell body and

onne ted to. The simple one-dimensional sim-

pli ation of the C. elegans body that we have used here ignores distan e along the
transverse plane. Thus, this measure is a tually an under-estimate of the a tual
wiring

ost, and should provide an insightful

omparison with the above measure

obtained from the dedi ated-wire model. Fig.6.8 shows that wiring
with

ost in reases

ommuni ation e ien y for the randomized networks, whi h is qualitatively

similar to the relation obtained using the pre eding denition for wiring
this

ost. In

ase also, we nd that the empiri al C. elegans network has a mu h lower e-

ien y than would be expe ted from its wiring ost alone. This observation suggests
the presen e of other

onstraints, possibly related to information pro essing, that

are responsible for the observed global properties of the network.

6.2.6 Possible existen e of information pro essing onstraint
In this subse tion, we explore further the possibility that the additional onstraints
governing the topologi al stru ture of C. elegans nervous system may be related
to information pro essing, rather than

onstraints arising from information (or

signal) propagation, whi h are quantied by measuring

ommuni ation e ien y.

The property of information pro essing, i.e., the a tive transformation of signals
into responses, dierentiates the neuronal network from other well-studied networks where e ien y is of paramount importan e, su h as the internet and airport transportation network.
dierent neurons is

While fast

ommuni ation of information between

ertainly an important fun tional

riterion, we explore the pos-

sibility that the neuronal network may be dierent from networks whi h are only
optimized for maximum

ommuni ation e ien y.

First, we look at the overall network stru ture, by de omposing the network into
a strongly onne ted

omponent (SCC), within whi h it is possible to visit any node

from any other node using dire ted links, an inward
omponent (OUT),

omponent (IN) and outward

onsisting of nodes from whi h the SCC

an be visited or whi h

an be visited for the SCC, respe tively, but not vi e versa. In addition, there are
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and (right) the average

of ea h node as a fun tion of its total degree,

hki =

entrality is a measure of how frequently a parti ular node

is used when a signal is being sent between any pair of nodes in the network using the
shortest path.

In

ase of the internet, BC of nodes in reases with its degree whi h is

sought to be linked with its information transport property. In C. elegans, although BC
in reases with degree, this in rease is not signi ant when
version of the network. In the

ompared to the randomized

ase of the relation between the average

onne tivity of

k, we note that for both the internet and
with k as a power law. This means that low

nearest neighbors of a node with its total degree
protein intera tion network,

knn

de reases

onne tivity nodes have high degree nodes as their neighbors and vi e-versa. However, in
the

ase of C. elegans, this relation is not very apparent and insigni ant in

with the randomized version of the network.
standard deviations

al ulated for

the C.elegans network forms a
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omparison

In both gures, error bars indi ate the

random realizations. These results suggest that

lass distin t from the

lass of networks optimized only

for signal propagation.

omponents dis onne ted from the SCC, i.e., nodes whi h
SCC nor

annot be visited from

an any visits be made to SCC from there (Fig. 6.1). A

omparison of

the C. elegans neuronal network with a similar de omposition of the WWW [176℄
reveals that while in the latter the dierent
size, the SCC of the nervous system
any node

omponents are approximately of equal

omprises almost the entire network. Thus,

an, in prin iple, ae t any other node in the nervous system, suggesting

the importan e of feedba k
Next, we

ontrol for information pro essing.

onsider the relation between two fundamental properties of the net-

work: the degree of nodes and their Betweenness Centrality (BC), whi h

har-
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a terizes the importan e of a node in information propagation over the network.
The Betweenness Centrality of a node

i is dened

as the fra tion of shortest paths

between all pairs of nodes in the network that pass through

i

[177℄. We observe

that for both the C. elegans neuronal network and its randomized versions, the
degree of a node and its BC are strongly
are also the most

orrelated, i.e., highly

onne ted nodes

entral (Fig. 6.9, left). This is similar to what has been observed

in the internet [178℄, where the highest degree nodes are also those with the highest betweenness [179℄, but in sharp

ontrast to the airport transportation network,

where non-hub nodes (low degree) may have very large BC [180℄.
However, the C. elegans neuronal network diers from both the internet and
the protein intera tion network (PIN), whose primary fun tion is to allow signal
propagation between nodes, in terms of the variation of the degree of a node
with the average degree of its neighboring nodes,
PIN,

hknn i

hknn i.

i

While in the internet and

de ays as a power law with node degree, in the neuronal network, this

dependen e is very weak (Fig 6.9, right). This implies that unlike the internet and
PIN, the C. elegans nervous system does not have multiple star-like subnetworks.
Further, it is signi antly dierent from the airport transportation network, where
the high degree nodes are

losely

onne ted among themselves showing an assor-

tative behavior [30℄. Thus, we believe that these results strengthen our
there are additional

onstraints governing the nervous system

in C. elegans, whi h are unrelated to wiring

ost, lineage or

laim that

onne tion topology
ommuni ation e-

ien y. As the prin ipal fun tion of the system is to pro ess information, this leads
us to

onje ture that it is this that provides the additional

onstraints leading to

the observed organization of the nematode neuronal network. We further explore
this possibility using a simple model of hierar hi al networks in the next se tion.

6.3 Role of hierar hi al organization in neuronal
networks
As seen from the pre eding analysis, it seems that the primary fun tional role of
nervous system is to pro ess information about the sensory environment so as to
allow the organism to a t appropriately for survival. Apart from the speed of signal
propagation between various elements of the nervous system, the survival su

ess

112

Chapter 6.

Table 6.2:

Role of network stru ture in system fun tion

The average dire ted path length within and between the sub-populations of

sensory, motor and inter-neurons (ℓ) and the

orresponding fra tion of neuronal pairs for

whi h a dire ted path does not exist (F∞ ) are
of the network. The
synapti

ompared with the randomized versions

olumns and rows indi ate the neuronal types for the pre- and post-

ends of a pair, respe tively.

The empiri al network shows a relatively higher

onne tivity from sensory to both inter- and motor neurons, and from inter- to motor
neurons, as

ompared to the reverse dire tions. For random networks, the average value

is shown with the standard deviation given in parenthesis.

Neuron
Sensory
Motor
Inter
Neuron
Sensory
Motor
Inter

Sensory
ℓ
3.46
3.00
2.86

F∞
10.24
1.87
5.88

Sensory
ℓ
F∞
3.05 ± 0.03 9.37 ± 0.69
2.83 ± 0.02 2.12 ± 0.52
2.64 ± 0.02 6.03 ± 0.40

of an organism in the wild is
to the relayed stimulus.

Empiri al network
Motor
ℓ
F∞
4.75
27.96
3.79
20.88
4.05
24.31
Randomized network
Motor
ℓ
F∞
3.38 ± 0.04 24.43 ± 0.90
3.16 ± 0.03 18.10 ± 0.83
2.97 ± 0.03 21.53 ± 0.77

ontrol and

F∞
23.04
15.72
18.96

Inter
ℓ
F∞
2.90 ± 0.03 22.25 ± 0.58
2.68 ± 0.02 15.91 ± 0.42
2.50 ± 0.02 19.06 ± 0.33

ru ially dependent on the spe i ity of response

This latter

riterion is ne essary for the robustness of

interpretation and pro essing of sensory information.
of

Inter
ℓ
3.37
2.74
2.72

It requires a high degree

oordination of a tivity in the network, in order to

hannel the

signals through a limited part of the system, and preventing a lo al stimulation
from spreading into an overall ex itation of the entire system. A simple s hema
for a nervous system of an organism that has to exe ute a number of behavioral
tasks would be one having a parallel set of neurons arranged into several levels.
This

onstitutes a hierar hi al system, ea h element of whi h is unambiguously

assigned to a distin t layer of a given rank [181℄. The original notion of hierar hi al
information pro essing, e.g., that proposed by Hubel and Wiesel to explain the
progressive in rease in

omplexity of the re eptive eld properties in the visual

ortex [182, 183℄, had suggested a simple feed-forward s heme.
To

ompare this simplied system with the a tual neuronal network, we rst

fo us on the dire tionality of

onne tions between the dierent neuron types,

viz., sensory, motor and inter-neurons.
re ted and

As gap jun tional

onne tions are undi-

ommuni ation through them is mu h slower than that via

synapse [184℄, we have initially

onsidered only the synapti

hemi al

network for our anal-
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(Left) S atter plot of the net dieren e between in oming and outgoing

onne tions of a neuron as a fun tion of its total synapti

degree.

Dierent

neuron types, viz., sensory, motor, inter, motor-sensory and motor-inter, are indi ated
by dierent symbols.

The sensory and motor neurons have relatively higher out- and

in-degrees respe tively, whereas inter-neurons do not show any
is

onsistent pattern. This

onsistent with the overall dire ted nature of information ow from sensory to motor

layers as expe ted in a neuronal network. (Right) Gap-jun tional degree as a fun tion
of the total synapti

degree, indi ating that neurons with large number of synapses also

have many gap jun tional

onne tions.

ysis. Table 6.3 shows the average length,
the dierent

ℓ,

of

dire ted paths

within and between

ategories of neurons, as well, as the fra tion of neurons (F∞ ) of a

given type that are unrea hable from other neurons in the same or dierent

ate-

gory. We observe that there is indeed an asymmetry in these properties of dire ted
paths between the dierent neuronal types, indi ating a preferred dire tion of information ow from sensory to motor neurons via inter-neurons. However, there is
far more

onne tivity in the reverse dire tion than would be expe ted for a simple

hierar hi al system having a feed-forward ar hite ture.
These reverse (or feedba k)

onne tions are presumably responsible for the

ontrol of motor response, as well as, for the various kinds of asso iative and nonasso iative learning reported for C. elegans [185℄. To explore in detail the feedba k
onne tivity, we re- al ulate

F∞

from motor to sensory neurons after removing

the inter- onne tions among the motor neurons. The in rease in the unrea hable
fra tion from
neurons o

∼ 28% to ∼ 66% indi

ates that, the feedba k from motor to sensory

ur pre-dominantly through a few key motor neurons whi h send

on-
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ne tions to various inter- and sensory neurons, and to whi h other motor neurons
are

onne ted. In addition, if we also remove the dire t feedba k

onne tions from

the motor to sensory neurons, as well as, the inter- onne tions among the sensory
neurons, the

orresponding

F∞

in reases to

71.6%.

This suggests that these short-

uts from motor to sensory neurons are not essential for feedba k
be ause the dominant

ommuni ation,

ontribution to the reverse ow of information from the

output to input layers is through inter-neurons.
Another feature of the empiri al network that suggests it does not follow a
stri tly hierar hi al s heme having a sequen e of several

learly dened levels be-

tween the input and output layers, is the existen e of dire t links from sensory
to motor neurons. Sensory neurons have short dire ted paths to almost all motor
and inter-neurons, with only the neurons AINL, PVDR, SDQR and DVB being
unrea hable from any sensory neuron. The shortest dire ted path length to a motor or inter-neuron from at least one sensory neuron (if a path exists) does not
ex eed 3, with 111 paths of length 1, 66 having length 2 and 8 having length 3.
This is

onsistent with the fa t that C. elegans neurons do not, in general, use

regenerative a tion potentials to

ommuni ate with ea h other, whi h implies that

signals will dissipate in transit unless the neurons are
The dire tionality of the empiri al network

an be explained to an extent as

an out ome of the degree sequen e of the dierent
is done by

onne ted via short paths.

ategories of neurons.

This

omparing with the degree- onserved random networks, whi h show

similar asymmetry in the dire ted

onne tivity between the various neuronal types.

This suggests that the dieren es in the in-degree and out-degree between sensory,
motor and inter-neurons a

ount for most of the variation in

ℓ

and

F∞

seen in the

a tual data. Fig 6.10 (left) expli itly shows that the sensory and motor neurons
dier from ea h other in having relatively higher number of outgoing and in oming
onne tions, respe tively. In

ontrast, inter-neurons do not show any spe i

bias

in terms of in-degree and out-degree. Moreover, we nd that, neurons having high
synapti

degree also tend to have high gap-jun tional degree (Fig. 6.10, right).

6.3.1 Core-periphery organization of the nervous system
The above analysis suggests that the organization of the C. elegans neuronal network is mu h more

omplex than that of a simple feed-forward information pro ess-
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OUT

IN

Figure 6.11:
work.

The

k

at least

k-

S hemati

diagram showing the

ore de omposition of a dire ted net-

ore of a graph is dened as the largest subgraph where every node has

links. For ea h

hoi e of

all nodes with degree lower than
networks, the

k-

k-

k

k,

we determine the

k-

ores by iteratively pruning

and the links asso iated with them.

ore obtained is dierent depending on whether one is

For dire ted

onsidering the

in-degree or the out-degree of the nodes.

ing network. The relatively high density of re urrent
neurons (Cinter−inter

= 0.068,

ompared to

onne tions among the inter-

Csensory−sensory ≈ Cmotor−motor = 0.026)

suggests that the empiri al network may have a hierar hi al arrangement
ing of a densely

onne ted

ore

onsist-

omprising mostly inter-neurons and a sparsely

onne ted periphery whi h is populated predominantly by sensory and motor neurons. To establish this, we analyze the network using

kk

k-

ore de omposition. The

ore of a graph is dened as the largest subgraph where every node has at least
links. For ea h

nodes with degree lower
the

k-

k , we determine the k - ore by iteratively pruning all
than k and their asso iated links. For a dire ted network,

hoi e of

ore obtained depends on whether one is

onsidering the in-degree or the

out-degree of the nodes. Thus, ea h node of the in-degree
at least
least

k

k

in oming links and ea h node of the out-degree

k-

k-

ore of a graph has

ore of a graph has at

outgoing links (Fig. 6.11).

Our results show that there is indeed a set of inter-nested
elegans nervous system, going upto 7 orders for
degree. The

omposition of the

ores a

ores dened in terms of out-

ording to dierent neuron types is even

more illuminating (Fig. 6.12 A,B). While the innermost
in-degree

ores in the C.

ore dened in terms of

onsist almost entirely of motor and inter-neurons, those dened in terms

of out-degree are dominated by sensory and inter-neurons. The interse tion of the
innermost

ores for in- and out-degree has 25 neurons,

(AQR), two motor (RIML/R) and 22 inter-neurons.

omprising of one sensory
While RIML/R belong to
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(A, B) The distribution of dierent neuronal types among the dierent

ores for the in oming (A) and outgoing (B) synapti

onne tions. The fra tion of motor

neurons in reases while that of sensory neurons de reases with in reasing in-degree
order. Conversely, the out-degree inner
rons and a

orresponding low fra tion of motor neurons. Inter-neurons are

well-represented in both in- and out-degree
betweenness
ore order

k

ores of higher order.

entrality of all neurons (lled

and outgoing (D) synapti

ir les) in the dierent

onne tions. For both types of

onsistently

(C, D) The average
ores of in oming (C)

ores, the in rease of BC with

is signi antly higher than that for the degree- onserved randomized version

of the empiri al network (shown using broken

the fun tional
is less

ore

ores exhibit high representation of sensory neu-

urve).

ir uit responsible for thermotaxis in the worm, the role of AQR

lear, although it has been impli ated in so ial versus solitary feeding in

the worm [186℄.

Among the inter-neurons, 12 belong to the dierent fun tional

ir uits. Of the remaining neurons, DVA and AVKL has already been found to be
onne tor hubs from our pre eding analysis. Indeed, there is a signi ant overlap
of the neurons o

urring in the interse tion of the innermost

degree with those that play the role of
non-hub), with

ores for in- and out-

onne tors in the network (both hub and

84% of these neurons belonging to either the R3 or the R6

lasses as

dened previously. Thus, the dierent modules of the nematode nervous system,
whi h have relatively low inter- onne tion between them,
neurons belonging to the innermost

ore.

The fun tional signi an e of the inner
reasing betweenness

ommuni ate mostly via

ore neurons is also shown by the in-

entrality (BC) of neurons with

ore order (Fig. 6.12 C,D).

This indi ates that most of the shortest paths between pairs of neurons pass
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through the neurons belonging to the innermost
whi h is used for performing

ores. As BC is related to degree,

ore-de omposition, this relation is not entirely unex-

pe ted. However, the random networks generated by preserving degree sequen e
show a

onsistently lower BC at any given

ore order

ompared to the empiri al

network, suggesting that the presen e of neurons with high
ant.

entrality is signi-

This may have fun tional importan e in terms of information pro essing,

with all signals being

hannelled through a small group of  ore neurons instead

of propagating through several distin t pathways between the sensory organs and
mus les.

6.3.2 Hierar hi al stru ture and noise ltering
It is important to
quires

onsider why a nervous system as simple as that of C. elegans re-

entralized pro essing, when, in prin iple, a set of semi-independent parallel

pathways (e.g., reex ar s)
spe i

interneurons,

onne ting dedi ated sensory and motor neurons via

ould have also been viable. To understand the advantages

of the former model of information pro essing, we propose the hypothesis that
it redu es the un ontrolled spreading of ex itation globally through the network
(as would have been the

ase for a non-hierar hi al network) while having high

e ien y for signal propagation between any pair of neurons. As C. elegans uses
graded potential neurons, the transfer of a tivity is well des ribed by a diusive
pro ess.

We therefore use diusion to measure the extent of passive spreading

of ex itation in the network by

onsidering the eigenvalues of the

orresponding

Lapla ian matrix.
For a diusion pro ess, the mixing rate is dened as

ν = ln µ−1 ,

where

µ = max{1 − λ2 , λN − 1},
and

λ1 . . . λN

are the eigenvalues of the normalized lapla ian matrix

ing rate is faster in networks where the eigenvalues of
to 1. A

(6.5)

L

are

L.

The mix-

on entrated

lose

omparison of the spe tral distribution for the Lapla ian of the empiri al

network with that of the degree- onserved randomized ensemble (Fig. 6.13) shows
that the smallest non-zero eigenvalue is three times larger in the latter. As this
eigenvalue is related to the inverse of the dominant time-s ale for diusion, it sug-
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L,

The distribution of eigenvalues for the normalized Lapla ian

C. elegans neuronal network (solid)

of the

ompared with that of degree- onserved randomized

versions of the empiri al network (broken), obtained by averaging over

103

realizations.

(Inset) Rank-ordered eigenvalues of the empiri al ( ir le) and degree- onserved randomized network (diamond). While, the eigenvalues in the bulk of the distribution are

om-

parable, the smallest eigenvalues that are related to the dominant time-s ale for diusion
over the system, are signi antly lower for the empiri al network, suggesting a slower
rate of diusion in the latter.

gests that ex itation spreads in the empiri al network mu h more slowly
to the randomized network, although the
omparable, the dieren e in the
It is possible that the hierar hi al

ompared

ommuni ation e ien y of the two are

orresponding values of

E

being less than

10%.

ore-periphery organization of network enables

rapid motor response to a sensory stimulus, without resulting in global ex itation
of the network. The latter

riterion is important be ause pro essing of information

(i.e.,  omputation) in neuronal networks is believed to involve a highly
sequen e of

ontrolled

hanges in the a tivation state of individual neurons [187℄.

To establish the above hypothesis, we propose a model network having a
periphery hierar hi al organization. Using this model we study the role of a

oreen-

tralized stru ture in redu ing un ontrolled spreading of a tivation in the network
without redu ing the overall e ien y in responding to stimulus. In our model,
nodes are divided into
level are densely
su

essive

l−1

l

levels of equal size

N/l.

The nodes in the innermost (1st)

onne ted among themselves with a

levels are less densely

N

onne tion density

onne ted, with the density of

ρ1 .

The

onne tions
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k.

out-degree
over

100

ore of order

k

as

realizations for ea h value of
hosen so that the

same.S hemati

l

q = 1.9.

=

ρ2
ρ3

The

hki = 9.36

i, ρl < · · · < ρi · · · < ρ1

ore stru ture.

= ··· =

ρl−1
ρl

an be

network, while for

= q.

Thus, by varying

hanged. When

q > 1

arrangement of densely

of

it has a

q,

(Right)

onne tion densities.

(Fig. 6.14 A,B). For simpli -

onsider the ratio of densities between subsequent levels to be

dierent levels

By

in-degree and

olor of ea h region representing

onne tion density there. Darker shades represent higher

ity, we

ρ1
ρ2

and

diagram of a network model with dense inner

between nodes in the level

onne tion

5 and 6 levels

onne tivity of the model and the empiri al network are

The adja en y matrix of the model network, with the
the

l = 2,

urves shown for the model are averages

N = 240

with

onne tion

ore-periphery

and the (D)

ompared to the synapti

ores of the empiri al network. The

the model is

k

The network models having

show qualitatively similar variation with

9

Darkest shade represents the highest

organization with (C) fra tion of nodes in ea h
ore, in reasing with

8

onne tivity stru ture of the model,

orresponding adja en y matrix indi ating the non-uniform

densities for the dierent levels (l

density at ea h

7

the density of

onstant:

onne tions in the

q = 1, the system is a homogeneous random

ore-periphery stru ture with an inter-nested

onne ted layers.

onstru tion, the inter- onne tion density is highest among the nodes in

the  entral kernel" of the network, and gradually de reases outward. The model
network has a

ore-periphery organization similar to that of the nematode network,

as observed by performing a

k-

ore de omposition and

omparing the

onne tion

densities between the two systems for ea h

ore order. Fig. 6.14 (C,D) shows the

l

(number of levels) at a given value of

model network for two dierent values of

q

(the ratio of

onne tion densities between subsequent levels). For small

l,

the

network is relatively undierentiated. With in reasing l, the hierar hi al stru ture
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1.6

1.8

2

q

E and mixing rate ν of the ore-periphery model
l = 2, B: l = 4, C: l = 5 and D: l = 6) shown as a
fun tion of the relative density between su essive levels, q . For larger number of levels,
the mixing rate de reases sharply with q , while the relative e ien y remains almost
un hanged. In all ases N = 240, hki = 20. Note the very dierent value of y-axis used
The relative e ien y

having dierent number of levels (A:

in gures (A-D). It indi ates that as the
the relative

hange in

ν

is more than the

ore stru ture of the network model is in rease
hange in

be omes prominent, as seen in the in reasing
higher order
We now

E.
onne tion density for su

essively

ores.
onsider how

spreading and

ore-periphery hierar hi al organization ae ts diusive

ommuni ation e ien y in the system. Fig. 6.15 shows the vari-

ation of the s aled e ien y

E/Er ,

as well as, the s aled mixing rate

ν/νr ,

both

measurables being s aled with respe t to randomized networks, as a fun tion of

q

for model networks with dierent number of levels l. For large l, there is a rapid
in rease in the time required to diuse a ross the entire network with in reasing

q,

although the

ommuni ation e ien y remains almost

that, a network having a prominent
ture with many levels (large

l)

ore (i.e., large

q)

onstant. This implies

and a hierar hi al stru -

is ee tive in redu ing un ontrolled spreading of

ex itation through the system without sa ri ing the rapid

ommuni ation speed

between nodes involved in information pro essing. It supports our hypothesis that
the hierar hi al

ore-periphery organization of the C. elegans nervous system is re-

sponsible for the signi ant dieren e in the diusive time-s ales for the empiri al
and randomized networks.
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6.4 Dis ussion
In this

hapter, we have

ture in the

arried out a detailed analysis of the mesos opi

stru -

onne tion topology of the C. elegans neuronal network. Inferring the

organizing prin iples underlying the network may give us an understanding of the
way in whi h an organism makes sense of the external world.

We have fo used

primarily on the existen e of modules, i.e., groups of neurons having higher

on-

ne tion density among themselves than with neurons in other groups. Presen e of
su h mesos opi

organization naturally prompts us to ask the reasons behind the

evolution of these features in the network.
There have been re ent attempts at explaining neuronal position and stru tural
layout of the network by using stati

onstraints, su h as wiring e onomy and

om-

muni ation path minimization. Although we nd that membership of neurons in
spe i

modules are

orrelated with their physi al nearness, the empiri al network

is sub-optimal in terms of both the above-mentioned
the system with other

onstraints. By

omparing

omplex networks that have been either designed or have

evolved for rapid transportation while being subje t to wiring e onomy, we nd
that the C. elegans nervous system stands apart as a distin t

lass. This suggests

that the prin ipal fun tion of neuronal networks, viz., the pro essing of information, distinguishes it from the other networks
in governing its arrangement.

onsidered, and plays a vital role

Considering the importan e of this

onstraint in

ensuring the survival of an organism, it is natural that this should be key to the
organizing prin iples underlying the design of the network. The intimate relation
between fun tion and stru ture of the nervous system is further brought out by our
use of stru tural analysis to distinguish neurons that are

riti al for the survival

of the organism. In addition to identifying neurons that have been already empirially impli ated in dierent fun tions (whi h serve as a veri ation of our method),
we also predi t several neurons whi h

an be potentially

ru ial for

ertain, as yet

unidentied, fun tions.
When we

ompare the nervous system of C. elegans with the brains of higher

organisms, we observe the modular organization of the latter to be more prominent [188℄.

For example, the network of

orti al areas in the

at and ma aque

brains exhibit distin t modules [104, 56℄, with ea h module being identied with
spe i

fun tions [189, 63℄. A possible reason for the relatively weak modular stru -
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ould be due to the existen e of extended pro esses for the

neurons of C. elegans. Many of these span almost the entire body length, an ee t
that is enhan ed by the approximately linear nature of the nematode body plan.
As a result,

onne tions are not

onstrained by the physi al distan e between soma

of the neurons, as would be the
su h

ase in mammalian brains.

It is apparent that

onstraints on the geographi al distan e spanned by links between nodes (viz.,

ost of wiring length)

an give rise to

lustering of

onne tions among physi ally

adja ent elements. In addition, the small nervous system of C. elegans,

ompris-

ing only 302 neurons, la ks redundan y. Therefore, individual neurons may often
have to perform a set of tasks whi h in higher organisms are performed by several
dierent neurons. Thus, fun tional modularity is less prominent in the nematode,
as some neurons belong to multiple behavioral

ir uits.

Another prin ipal distin tion between the C. elegans nervous system and the
brains of higher organisms su h as human beings, is the relative high
in the former (the

onne tion density being

for human brain is around
muni ation e ien y

10−6

C ∼ 0.1).

By

ontrast, the

onne tivity
onne tan e

[190℄, whi h leads us to the question of how

an remain high in su h a sparsely

om-

onne ted network. It is

possible that the more intri ate hierar hi al and modular stru tures seen in the
brains of higher organisms is a response to the above problem. The fa t that the
rate at whi h the number of neurons
by a

N 2)

N

in rease a ross spe ies, is not mat hed

orresponding in rease in the number of links (whi h in reases slower than
implies the existen e of

onstraints on the latter, whi h is a resour e

addition to the earlier mentioned

ost in

ost of wiring length.

The fun tion of information pro essing implies an underlying hierera hy, that
imposes a dire tion to the ow of signals in the system, from the input to the
output. In real networks, this hierar hi al s heme
en e of feedba k and

an be obs ured by the pres-

onne tions that span several levels.

In parti ular, for C.

elegans, we nd that it is di ult to distinguish its somati

nervous system from

an unstru tured network by analysing the properties of dire ted paths between the
sensory, inter and motor neurons. However, the inherent stru ture of the network
is manifested as a sequen e of nested

ores of su

densities. Our results showing in reasing
as, the varying

essively higher inter- onne tion

entrality for higher order

omposition of the in- and out-degree

ores, as well

ores in terms of dierent

neuronal types, reveal the hierar hi al nature of the system whi h is impli it in
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ore-periphery organization.
Many

omplex networks o

urring in nature are often referred to as having

hierar hi al stru ture, although, there are no generally a

epted measure of the

degree of hierar hy present in a system. This is partly be ause hierar hy
dierent

onnotations.

E.g., while some studies

an have

onsider the presen e of inter-

nested modules to be the signature of hierar hi al organization [107, 191, 192, 188,
59℄, other papers have

onsidered the presen e of distin t layers in a network to be

essential for the existen e of hierar hy [193, 54, 194℄. In the present paper, in the
spirit of neuronal information pro essing, we adopt the usage of hierar hy in the
sense of multiple levels of pro essing, with information owing from the sensory
(input) to the motor (output) layer through inter-neurons.
We propose that a hierar hi al network, whi h has a dense
sparse stru ture, possesses high

ore and an overall

ommuni ation e ien y, and at the same time,

relatively low diusion rate, implying that neuronal networks have evolved subje t
to the

onstraint that a stimulation should not result in non-spe i

vation of the network. This requires that while

global a ti-

ommuni ation between a given

pair of neurons should be fast, enabling a rapid response to sensory stimulus, it
should also be robust to environmental and internal noise, so that perturbations
an remain lo alized in the system, preventing indis riminate a tivation of the entire network from a spe i

stimulus. The above analysis suggests that information

does not diuse passively throughout the network, but is guided towards a

entral

group of densely inter onne ted neurons, where it is pro essed and appropriate
ommands are sent to motor-neurons for initiating mus ular a tion.
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Physi ists look for universal prin iples that are valid a ross many dierent systems, often spanning several length or time s ales. While the domain of physi al
systems has often oered examples of su h widely appli able `laws', so ial, e onomi

and biologi al phenomena tended to be, until quite re ently, less fertile in

terms of generating similar universalities. However, this situation has
ter the study of
of

hanged af-

omplex networks emerged into prominen e. While the existen e

omplex networks in various domains has been known for some time, the re ent

ex itement among physi ists has to do with the dis overy of

ertain key universal

prin iples governing the behavior of systems whi h had previously been

onsidered

very dierent from ea h other.

7.1 Stru ture of networks
Complex networks exhibit a variety of stru tural features. One of the most intriguing properties of many networks observed in nature and so iety is the o

urren e of

modular stru ture. Su h stru tural modularity may also be onne ted to fun tional
modules, whi h are independent subsystems responsible for dierent tasks, as seen
in many biologi al systems. Another ubiquitous property of
the o

urren e of small-world" behavior along with high

nodes. Both modularity and

omplex networks is

lustering between the

lustered small-world properties have been observed

in a wide range of networks, from those involved in metabolism and signalling in
biologi al

ells, to the set of

orti o- orti al

onne tions in the brain, intera tions

in so ial groups, the internet and food webs. In this thesis, we have shown that
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to ea h other. This shows how the mesos opi
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organization of a network

an have

onsequen es for its global features.

7.2 Dynami s on networks
Networks often have asso iated dynami s, with variables asso iated with ea h node
evolving over time. Examples in lude, the variation in the populations of dierent
spe ies in an e ologi al network, the

hanging metabolite

on entrations in

lular networks, et . Thus, fo us of re ent work in the area of
has shifted from purely stru tural aspe ts of the

el-

omplex networks

onne tion topology to investigat-

ing their role in determining the dynami al behavior of the network. It has been
found that spe i

stru tural properties of networks

an have novel fun tional

onsequen es, e.g., the absen e of threshold for the propagation of epidemi s in
s ale-free networks. In this thesis, we have not only looked at how network stru ture ae ts dynami s, and hen e its fun tion, but also the reverse problem of how
fun tional

riteria

an

onstrain the topologi al properties of a network. In par-

ti ular, we have investigated (i) how mesos opi

features, su h as modular and

hierar hi al organization, ae t the nature of dynami s on the network, and (ii)
how dynami al

onsiderations

onstrain the network stru ture, su h that it evolves

towards a modular or a hierar hi ally ordered

onguration.

7.3 From stru ture to dynami s
We have shown that the dynami al behavior of modular networks are strikingly different from previously proposed small world network (SWN) models, su h as, the
Watts-Strogatz model.

Modularity results in time-s ale separation between fast

intra-modular and slow inter-modular pro esses.
global levels have dierent

As dynami s at the lo al and

onsequen es in most natural systems, the temporal

separation between pro esses o

urring at dierent s ales, through modular orga-

nization, highlights the importan e of su h network stru tures. We have demonstrated the universality of this dynami al signature of modular networks with three
very dierent pro esses: (i) spin ordering, (ii) syn hronization among non-linear
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os illators, and (iii) diusion.
modular networks in the
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We have also shown this dynami al signature of

orti o- orti al networks for

at and ma aque. This sug-

gests that many of the reported SWNs in nature are possibly better represented
by a modular network model. We have also investigated the
stru tural features and fun tional obje tives of the somati
nematode

C. elegans.

neuronal network

A

onne tion between

nervous system for the

ording to our results, the anatomi al stru ture of the

an be only partly explained by stati

ost minimization and maximum
isten e of other important

riteria, su h as, wiring

ommuni ation e ien y. This indi ates the ex-

onstraints, possibly related to the fun tional task of

information pro essing, that determine the wiring diagram of the nervous system.
We have shown that the network
partially

an be de omposed into modules, whi h

orrelated with fun tional

hierar hi al

ir uits.

an be

Further, the nervous system has a

ore-periphery organization, with inner

ores having higher density of

onne tions. We have shown that su h an ar hite ture redu es the un ontrolled
spreading of a tivity in the network, thus a ting as a noise lter, while retaining
high

ommuni ation e ien y.

7.4 From dynami s to stru ture
We have also

onsidered how the existen e of various stru tural features in real-

world omplex systems

an be un overed from the knowledge of olle tive dynami s

of the nodes. We have re onstru ted the network of so ial intera tions in a troop
of bonnet ma aques by analyzing their allogrooming behavior.

This allows us

to obtain an understanding of so ial organization in primates using observational
data, the equivalent of whi h would be very di ult to obtain for human groups.
We have also examined whether the
explained in terms of basi

omplex features of so ial behavior

an be

prin iples governing individual intera tions, using a

simple theoreti al model proposed by Seyfarth.

Next, we have investigated the

network stru ture of intera tions between sto ks in nan ial markets. By analyzing
the

ross- orrelation matrix of pri e u tuations among sto ks in the National

Sto k Ex hange (NSE) of India, we show that this
orrelations

ompared to

developed markets, su

emerging market exhibits strong

h as the New York Sto k Ex hange

(NYSE). We have shown this to be due to the dominant inuen e of a

ommon
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market mode on the dierent sto k pri es.

In

Con lusions

omparison, intera tions between

related sto ks, e.g., those belonging to the same business se tor, are mu h weaker.
This la k of distin t se tor identity in emerging markets is expli itly shown by
re onstru ting the network of mutually intera ting sto ks. We have shown this to
be a result of the relative weakness of intra-se tor intera tions,

ompared to the

response to signals ommon to the entire market, by modeling sto k pri e dynami s
with a two-fa tor model.
internal stru ture,

Our results suggest that the emergen e of a

omprising multiple groups of strongly

oupled

omplex

omponents, is

a signature of market development.

7.5 Evolution of robust networks
Most networks around us did not originate in the form we see them today, but
have emerged through a pro ess of gradual evolution. We have shown using models
the evolution of some of the
o

ommonly observed stru tural features in naturally

urring networks. For this, we have taken into a

systems have to optimize between several, often

ount the fa t that, most su h

oni ting,

onstraints, whi h may

be stati , as well as, dynami al in nature. In parti ular, most networks need to have
high ommuni ation e ien y and low

onne tivity, while being stable with respe t

to dynami al perturbations in the nodes. Our results show that, the simultaneous
optimization of all three

onstraints

an result in networks with modular stru ture,

where ea h module possesses a prominent hub.

As these evolved systems also

exhibit heterogeneous degree distribution, our ndings have impli ations for a wide
range of systems in the biologi al and te hnologi al domains where similar features
have been observed.
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