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Abstract

Complex systems, whether integrated circuits, food webs, transportation networks,
social systems, or the biochemical interactome of a living cell, all behave in ways
that cannot be fully explained by analyzing their constituent parts in isolation. Un-
derstanding the emergent behavior of such nonlinear systems, which is more than
just an aggregate of the properties of their components, require novel integrative
approaches. Many of these systems can be represented as networks, consisting
of a large number of nodes connected via directed or undirected links. The re-
cent discovery of the existence of universal principles underlying these complex
networks that occur across widely differing domains in the biological, social and
technological arenas have spurred the interest of physicists in trying to understand
such principles using techniques from statistical physics and non-linear dynamics.
In this thesis we look at how the structure of a network, as characterized by the
connection topology, governs its dynamical behavior, and conversely, how the dy-
namical processes taking place on the network affects its structure (e.g., stability
considerations constraining the evolution of the network towards specific topolo-
gies). In particular, we focus on modularity, i.e., the existence of groups whose
nodes are more densely connected to each other than to nodes in other groups, and
hierarchy, i.e., the nested arrangement of connection topology into several layers.
Both of these mesoscopic organizational structures are observed in many complex
networks that occur in reality.

We begin with a short overview of the physics of complex networks in Chap-
ter 1. In the first few sections, we introduce important concepts and definitions
that are used throughout the thesis. This is followed by a brief discussion of some
of the commonly used network models found in the literature. Next, we analyze
a simple model of modular random networks in Chapter 2 and show that it has
structural properties similar to many real-world networks. We also examine the ef-
fect of modular structure on dynamics occurring over the network by studying the
phenomena of synchronization, diffusion and spin-ordering on the network model.
We show that for all these different varieties of dynamical processes modularity
gives rise to the same characteristic signature of multiple distinct time scales. In
Chapter 3, we explore how modularity can arise in networks as an outcome of

evolution in the presence of multiple co-existing constraints. As an example, we



demonstrate the emergence of modular organization upon simultaneous optimiza-
tion of several structural and dynamical constraints to which many real networks
are subject. The minimal number of such constraints is found to be three, e.g.,
minimizing (a) average path length, (b) total number of links, and (c¢) probability
of local instability. The well-known connection topologies of star, chain and ran-
dom networks appear as limiting cases when one of these constraints is relaxed. In
Chapter 4, we introduce a model for hierarchical random networks and analyze
the effect of having multiple structural levels (or hierarchies) on different dynami-
cal processes. In general, making the previously introduced modular network more
hierarchical, has effects similar to increasing the number of structural modules. We
show that a generalization of the evolutionary model for modularity introduced in
the preceding chapter can also give rise to simple hierarchical ordering in a net-
work. In Chapter 5, we show that the modular structure of networks occurring
in reality can be uncovered from empirical data, namely the dynamical time-series
obtained from the component nodes. In particular, we have analyzed the personal
ties between individuals in primate troops, in terms of allogrooming behavior, in
order to deduce their social organization. Next, we reconstruct the network of in-
teractions among stocks in the Indian financial market by using spectral techniques
on the cross-correlations in their price variations. We identify modules correspond-
ing to groups of strongly interacting stocks. Using a multi-factor model, we show
that the emergence of such structures is an outcome of relatively stronger mutual
interactions between nodes belonging to the same business sector, as compared to
their susceptibility to common signals that affect the entire market. In Chapter 6
we look at the reverse problem of how network structure reflects the dynamics or
function of the system. We analyze the somatic neuronal network of the nematode
C. elegans, the only organism whose entire nervous system has been completely
mapped. We demonstrate that the network structure cannot be fully explained
on the basis of exclusively structural considerations, e.g., minimization of wiring
cost or maximization of communication efficiency, and give examples of how the
functional role of the system as an information processor in a noisy environment
can result in specific structural patterns. Finally, in Chapter 7, we conclude with
a general overview of our results on how the dynamics occurring on a network
is governed by specific structural features of the system, and in turn, affects the

evolution of ubiquitous structural patterns such as modularity and hierarchy.
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Introduction

In recent years, there has been a growing interest in the study of complex systems
which pervade all of science, from cell biology to ecology, and from computer sci-
ence to sociology [1, 2|. Instead of being a simple aggregation of a limited set of
linearly interacting units, most real world systems are made up of large number of
components, or agents, which interact in such a way that their collective behav-
ior is not a simple combination of the individual properties of their components.
Such emergence of system-level features is one of the characteristic indicators of a
complex system. Moreover, these systems are often seen to be self-organized as a
result of mutual interactions between their components rather than being ordered
by some external agency. Consequently, understanding the behavior of such a sys-
tem requires integrative approaches. One must understand not only the behavior
of its parts, but also, how they act together to give rise to the collective behavior
of the whole. One way of describing complex systems is modeling them mathe-
matically by using the framework of networks. In this approach, one focuses only
on the topology of interactions between the elements, providing a systems-level
perspective to the example under study [3, 4]. Such an analysis helps to reveal the
universal principles underlying their organization and function, despite the great
complexity and variety of these systems [5, 6].

In this chapter, we introduced the relevant concepts and definitions from net-
work science that we shall be using throughout the thesis. In Sec. 1.1, we first
define a set of terms to describe the complex networks and models to study such
systems. In Sec. 1.2, we give a brief overview of several types of complex networks

seen in real-world. In Sec. 1.3, the measurable properties of networks, such as,
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path length, clustering and degree distribution, are introduced. This is followed
by Sec. 1.4, in which we discuss models used for describing and analyzing complex
networks that are already extant in the literature. Finally, in Sec. 1.6, we present

an overview of the thesis, and the principal results of each chapter.

1.1 Complex networks

The different components or interacting units of a complex system when described
as a network, are represented by nodes or vertices, and the interactions or connec-
tions between the units are represented by edges or links between pairs of nodes.
Such networks provide a concise mathematical representation of the topology of
interactions between the components. Thus, understanding how social, biolog-
ical, and economic systems work may often depend partially on understanding
their patterns of interactions, i.e., the underlying networks. The graph theoretical
framework has provided the potential synergies among researchers across different
multidisciplinary fields to come and work together to solve apparently unrelated
problems.

Network architecture may have important functional consequences for the whole
system. For example, the topology of the network controls the rate at which in-
formation or diseases propagate through it [7, 8|, its robustness under attack or
failure of individual components [9], as well as, adaptation and learning processes
on it [10]. Recent work has pointed out the crucial role played by the network
structure in determining the emergence of collective dynamical behavior, such as,
synchronization of nodal activity. Hence, studying these patterns of interactions
between the components of a complex system can lead to a better understand-
ing of its dynamical and functional behavior, in addition to throwing light on the
evolutionary mechanism leading to it.

There are several reasons for the emergence and rapid development of this field.
Many of the insights and advances in this field are due to the recent availability
of large quantities of high resolution data from different systems. Obtaining such
empirical data has become possible because of technological advances. For exam-
ple, the network of social interactions among individuals can be constructed from

information about the calls they make using their mobile phones [11], leading to
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Figure 1.1: Representations of regular graph models: Nodes on (A) a 1-dimensional
lattice, (B) a 2-dimensional lattice, and, (C) a Bethe lattice or Cayley tree with nearest
neighbor connections.

better understanding of human social dynamics. There has also been remarkable
increase in computational power, using which regularities and patterns in large
data-sets can be determined. Another reason for the involvement of a large num-
ber of physicists in this field is that, statistical physics and non-linear dynamics can
be used to develop methods and techniques for analyzing and modeling complex
networks [12, 13].

The traditional approach in physics for describing an interacting system is
to use a lattice embedded in d-dimensional space. Each elements of the system
is located on a lattice site and interacts with neighboring sites within a range
r (= 1,2,--+). On such a regular network, all nodes have the same number of
neighbors (= (2r)?), where r is the range of interaction and d is the dimension
of the space on which the lattice is embedded [Fig. 1.1]. Another commonly used
graph in the literature is the Cayley tree or Bathe lattice, where each node has
the same number of neighbors but there are no cycles in the structure. At the
other extreme, we have the homogeneous random graph (also referred to as Erdos-
Renyi or ER graphs) where the edges between any pair of nodes are randomly
placed with probability p. However, networks occurring in the world around us
have structures that occur between these extremes and have properties that often

differ remarkably from both regular and random graphs [Fig. 1.2].



Chapter 1. Introduction

1.2 Examples of complex networks

The empirical data for connectivity in real-world complex networks span several
disciplines. For the purpose of summarization, we loosely divide them into four cat-
egories: biological networks, social networks, technological networks and financial

networks.

Biological networks

A number of biological systems can be usefully represented as networks. Examples
of such networks occur at many different length scales. At the molecular level,
protein structure can be considered as a network where the residue atoms of two
amino acids are said to be connected if the Euclidean distance between them is less
than a threshold, so that there is a significant van der Waals interaction between
them [14]. On a slightly large length scale, we have the example of intra-cellular
signaling networks that allow extra-cellular stimuli at cell surface receptors to be
relayed to the nucleus by a sequence of enzyme catalyzed reactions [15]. Such a
network allows the cell to respond to specific stimuli with appropriate actions, such
as cell division, apoptosis, etc. Another example of an intra-cellular network that
is defined in terms of the existence of physical contacts between the constituents
of the network (rather than functional relations), is the protein interaction net-
work [16, 17]. At the inter-cellular scale, the most prominent example is that of
neuronal networks, involved in processing information vital to the survival of the
organism. Here, the nodes are neurons, and the links are electrical (gap junction)
or chemical (synapse) connections [18]. At even larger length scales, there are
ecological networks such as food webs [19], where the links correspond to trophic

relations between species (represented by the nodes).

Social networks

Social networks are probably the earliest empirical networks that have been ana-
lyzed in detail. Much prior to the recent excitement (starting from 1998) among
physicists about networks, sociologists had been constructing networks of social
contacts within small groups (such as ties of friendship within a school) in order

to understand how and why relations that define a society develop [23]. However,
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Figure 1.2: Examples of complex networks: (A) Internet at the Autonomous Server
level [20], (B) Food web at East River Valley [21] (nodes: species, links: trophic relation),
and (C) Metabolic network of E. coli [22] (nodes: metabolite, links: reaction).

such studies could not be extended to groups exceeding a few tens of individu-
als owing to limitations in the way data was collected, e.g., using questionnaires.
With the advent of online sites, such as Facebook, Orkut, etc., where information
about links between different individuals can be electronically gathered, it is now
possible to study contact networks in populations numbering thousands or more.
Moreover, such data also allows us to see how patterns in social ties develop over
time [24]. Similar detailed analysis has also been done for friendship networks, re-
constructed on the basis of frequency and duration of mobile phone conversations
between individuals subscribing to the same phone company [11|. The availability

of large computer databases have also allowed looking at other relational networks
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between people, such as those formed by collaborations between authors of scien-

tific papers [25].

Technological networks: Information transmission & Resource trans-

portation

One of the networks that has been the subject of numerous studies in recent times is
the Internet, which is composed of servers around the world exchanging enormous
volumes of information packets regularly [26]. It can be studied at the level of
individual routers, i.e., special purpose computers on the network that control the
movement of data. Alternatively, it can be analyzed at the level of autonomous
systems (AS), i.e., groups of computers within which communication is handled by
a local internal network, but between AS, data is transmitted over the Internet.
This physical network forms the backbone of another technological graph, the
World Wide Web [5]. This is a network of web-pages which are linked together by
hyper-links from one page to another.

Another class of technological networks is that formed by networks which al-
low transportation, either of resources or of people. One of the most important
examples is the electrical power grid, whose nodes are generators, transformers
and substations that are linked together by high-voltage transmission lines [27].
This network has been the focus of several studies which look at how local fail-
ures can lead to cascading failures resulting in overall or global catastrophic break-
downs. Transportation networks can also be defined in terms of the distinct modes
by which movement of individuals occur between different geographical locations.
The nodes are cities and towns, while the links may correspond to highways and
smaller roads (for the road transportation network [28|), trains (for the railway
network [29]) or flights (for the airline network [30]).

Financial networks

In the financial domain, one has the scope of looking at different types of net-
works including flow systems, such as the credit transfer network between banks,
where the nodes are financial institutions that are linked by exchange of loans
and debts [31]. Other examples include the graph of interacting stocks, where two

stocks in a financial market are connected if their price fluctuations are signifi-
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cantly correlated [32]. This network has often been used for the classification of
stocks into different business sectors and the identification of unrelated stocks for

the purpose of portfolio management [33].

1.3 Fundamental network concepts

Graph theory is the natural framework for the exact mathematical treatment of
complex networks. Formally, a complex network can be represented as a graph
which is defined in terms of a set of N vertices (or nodes) and E edges (or links).
Every edge corresponds to a specific pair of nodes in the graph. We shall use the

terms network and graph interchangeably in this thesis.

Adjacency Matrix

Any two nodes that are joined by a link are referred to as being adjacent or
neighboring. A complete description of the connection topology of a graph is
provided by a tabulation of every connected pair of nodes in it. Alternatively, this
information can be gleaned from its adjacency matrix. A matrix A = {a;;}nxn is
called the adjacency matrix of a graph G with N nodes, if the elements of A have
the following property:

(1.1)

1 if nodes ¢ and j are adjacent in G,
ij = .
0 otherwise.

This matrix is symmetric if the network is undirected, i.e., if a link between nodes
1 and 7 exists, so does a link between 7 and i. On the other hand, if the network is

directed, i.e., each link has an associated direction, then the matrix is asymmetric.

1.3.1 Measures for complex networks

Various properties of the connection topology for a complex network can be used
to characterize the system. Indeed, many local and global measures have been
introduced in the literature over the years, in order to unveil the organizational
principles of networks. Below, we describe some of the most commonly used mea-

sures.
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Degree

The simplest local characteristic of a node ¢ is its degree, k;, which is the total num-
ber of connections it has to other nodes. It can be calculated from the adjacency

matrix as

ki = ZAij- (1.2)

In the case of directed networks, the number of incoming (outgoing) edges of a
vertex is called its in-degree (out-degree). The mean degree (k) is the average of
k; over all nodes ¢ = 1,..., N in the graph. In an undirected graph, each edge
contributes to the degree of two nodes, so that (k) = %, where I/ and N are the
total number of links and nodes in the network, respectively. A node whose degree
is significantly large compared to the average degree of the network is termed as
a hub. A fully connected graph of N nodes with k; = N — 1 Vi is called a clique.
Most real-world networks are sparse such that their average degree is much smaller

compared to the corresponding clique [3, 4].

Degree distribution

Although degree is a local parameter, we can obtain information about the global
topology of the network by looking at its degree distribution, p,, which is the set
of probabilities that a vertex has degree k = 1,2,..., N — 1. A network having
a narrow degree distribution with a well defined mean and a small variance indi-
cates that all its nodes are similar in terms of structural importance, and that the
network can be well described by its average properties. However, many networks
occurring in reality are characterized by a degree distribution which decays as a

power law:
PE ~ k’_’y, (13)

with an exponent v whose value is typically seen to range between 2 and 3. Thus,
there is a significantly high probability of observing vertices with large degree
relative to the network size [34]. The power-law distribution implies that there is
no characteristic scale for the degree of the nodes, so that this class of networks is
also termed as scale-free networks. In addition to power laws, degree distributions

that follow truncated power law or exponential distributions are also observed in
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many networks occurring in nature and society [35].

Path length

A global measure of a network is provided by the shortest path length or distance
between any pairs of nodes ¢ and j. This is defined as the number of links that
must be traversed to go from one node to another using the shortest route. The
average of shortest path lengths over all pairs of nodes in the graph, also known
as the characteristic path length, is an indicator of compactness of the network. It
is defined as .

(= m;dij, (1.4)
where d;; is the shortest path length from vertex ¢ to j and N is the number of
nodes in the network. However, if the network consists of disconnected parts, the
above definition gives infinite £. To avoid this problem one can define ¢ on such

networks to be the harmonic mean of the shortest distance between all pairs:

I 1 1
E=1( _%N(N_l);dij. (1.5)
This is also termed as efficiency of the network and is a measure of the speed with
which information propagates over the network [36].

Most real-world networks have been seen to exhibit the small world property,
which is related to the observation that one can reach a given node from the other
nodes in a very small number of steps, on average. In recent years, the term small-
world effect has taken on a more precise meaning: networks are said to show the
small-world effect if ¢ scales logarithmically or slower with network size for fixed

mean degree, (k) [4].

Diameter

Another related measure for compactness of the network is its diameter D, which

is defined as the longest of all the shortest paths in the network.

D =max{d,;}, V i-j pairs of shortest paths. (1.6)
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Network N (ky |/ C
Protein interaction 2115 | 2.12 | 6.80 | 0.071
Physics co-authorship | 52909 | 9.27 | 6.19 | 0.56
Internet 10679 | 5.98 | 3.31 | 0.39
Marine food web 135 4.43 1 2.05 | 0.23

Table 1.1: Properties of some real-world complex networks: size (N), average degree
((k)), characteristic path length (¢) and average clustering coefficient (C'). (From Ref. [4])

As the diameter and characteristic path length are related properties, sometime

these measures are used interchangeably to measure the network compactness.

Clustering

Many real networks have been shown to have a significant transitivity in the pattern
of their connections, such that, if the pairs of nodes i, j are connected and the pair
J,k are also connected, then so is the pair 7, k. This is equivalent to having a
significantly high frequency of triangular structures in the network [37]. In such
circumstances, the nodes of the network are said to be clustered. The compactness

of the local neighborhood for a node i is measured by the clustering index:

2F;

Ci= ki(k; — 1)

(1.7)
where, F; is the number of edges among the k; neighbors of node 7. Note that,
C; = 1 if the neighbors of node i are fully interlinked, and C; = 0 if none of
its neighboring nodes share any links with each other. The average clustering
coefficient for the entire network, C, is defined as the average of C; over all the
nodes in the network, ie., C' = vazl C;.

This average clustering coefficient is a measure of the “cliquishness" or local
compactness of a network. For different real networks, C' takes values which are
orders of magnitude larger than that of an equivalent random graph with the
same number of nodes and edges. If, in addition to the small world property, a
network also possesses a high clustering coefficient C, then it is termed as a small-
world network (SWN). Many of the real world network are seen to belong to this
class [37, 38|.

10
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1.4 Models of complex networks

One way of understanding complex networks observed in nature and society is to
construct a minimal model that exhibits properties which are similar to those of
empirical networks. Such a network model can help to explain processes by which
such systems evolve and also shed light on the function of the network. Further,
a network model can be used for studying the dynamics on such networks, e.g.,
to understand how the processes of synchronization and diffusion are affected by

different network topologies |39, 40].

1.4.1 Erdos-Renyi random network

The earliest mathematically analyzed non-trivial network model in the literature
is that for an ensemble of homogeneous random graphs introduced by Erdos and
Renyi [41]. Starting from a set of N disconnected nodes, each pair of nodes is
connected with a probability p. This simple model leads to a surprising list of
properties, many of which can be computed exactly in the limit of large N. For
a sparse graph, if the average number of edges in the graph is a fraction p of the
N(N —1)/2 possible edges, then the average degree

(k) = 22 = p(N - 1) (18)

The degree distribution can also be computed, with the probability of a vertex

having degree k being

n kex —(k)
P = (k)pk(l —p)" (@Tp. (1.9)

The approximate equality, i.e., binomial distribution being approximated by a
Poisson distribution, becomes exact in the asymptotic limit of large network size.
These graph are therefore also known as Poisson random graph.

The expected structure of the random graph varies with the connection prob-
ability p. For p = 0, there are no edges and the graph is termed an empty graph,
whereas for p = 1, all possible edges exist and we get a complete graph. As p

increases from 0, the edges join nodes together to form components, i.e., subsets of

11
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nodes that are connected by paths through the network. Erdos and Renyi demon-
strated that the random graph undergoes a phase transition at a critical value of
pe = 1/N, from a low-density state in which there are few edges and all compo-
nents are small to a high-density state in which an extensive [i.e., O(n)| fraction
of all nodes are joined together in a single giant component. This component is
a set of mutually reachable nodes, whereas the remainder of the nodes occupy
smaller components. With increasing p, the giant component captures more and
more nodes of the graph. Another important feature is the occurrence of a second
connectivity transition at p.; = In N/N. For p > p., all sites belong to a single
component (in the limit N — oo), while for p < p.; disjoint clusters can exist.
These graphs have a low clustering coefficient as the probability of connection
between two nodes is p regardless of whether they have a common neighbor or not.

Hence,

C:p:r(k—)l’ (1.10)

which goes to zero as N~! in the limit of large system size [37]. To get an idea of
the average path length for the graph, note that the mean number of neighbors at
a distance ¢ away from a vertex in a random graph is (k)¢ so that the value of ¢
needed to encompass the entire network is (k)¢ ~ N. Thus a typical characteristic

distance for the network is
¢ =log N/log(k). (1.11)

This scaling is much slower than that of a d-dimensional regular lattice where
0 ~ NY If the growth of ¢/(NN) is slower than any positive power of N, it is
referred to as small-world effect [42].

The ease of analysis for random graphs has proven to be very useful in the early
development of the field. Although the average path length scales logarithmically
with graph size and therefore, shows the small-world effect, in almost all other
respects the properties of random graphs do not match those of networks in the
real world. Their degree distribution is Poisson, whereas most real-world graphs
seem to exhibit broader degree distributions. Also, the random graph lacks clearly
defined communities and the clustering coefficient is usually far smaller than that
in comparable real-world graphs. The basic Erdos-Renyi model has been extended

in several ways, e.g., to exhibit a power law degree distribution pattern [43, 25]|.

12
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Regular Network Small-World Network Random Network
= O<p<1 p=1

p=0

Figure 1.3: The Watts-Strogatz (WS) small-world network model, seen as an interpo-
lation between a regular and a random network.

However, these models do not describe how real-world properties evolve dynam-
ically, thus making them less useful in understanding the processes of network

formation in the real world.

1.4.2 Watts-Strogatz small-world network

Social networks often show a high tendency of being transitive, that is two people
who are friends have a high probability of having one or more mutual friends.
This kind of clustering is not seen in random graphs, as mentioned previously.
In 1998, Watts and Strogatz proposed a mechanism for generating small-world
networks with high clustering [37]. This model is often termed as the WS-model
and the generative mechanism is as follows: A regular network is first constructed
by arranging N nodes on a 1—d periodic lattice. Each vertex is connected to
k = 2z nearest neighbors within the range z, so that all nodes have the same
initial degree. Next, one goes through each edge, and with rewiring probability p,
detaches the far side of the edge and reconnects it to a randomly chosen vertex
(excluding self and multiple connections).

Changing the rewiring probability p allows us to investigate the transition from
a regular graph (p = 0) to a random graph (p = 1) (Fig. 1.3). Let us consider first

the limit p = 0, where the network is regular and arranged on a ring. The shortest

13
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average path length for this system is ¢ ~ N/4z for large N, and this grows linearly
with N. The clustering coefficient Ciee = (32 — 3)/(42 — 2) is constant and tends
to 3/4 for large z. This large value indicates the presence of a significant number
of triangular structures in the network. On the other hand, for p = 1 we have the
random graph for which £ ~In N/Inz and C' ~ 2z/N — 0 as N increases. In the
WS model, by changing the rewiring probability one finds that there is a broad
range of p, where ¢ ~ l,,,q and C = Cie. Thus, globally the network has the
small-world property of a random graph, while locally it is clustered like a regular
graph. This is because the diameter ¢ drops rapidly when p increases, as adding
even a few short-cuts during the rewiring process reduces the average distance

between any pair of nodes significantly. However, the clustering coefficient

o 3=1)

- ma —p)?, (1.12)

of the network decreases very slowly with increasing p [44].

The WS-model was one of the first models that could explain the co-existence
of high clustering and small-world effects. Further, this model introduced the
concept of physical distance constraints in network formation. For example, it is
easy to form a link between nodes which are geographically close to each other.
Although other variations of the WS network have been proposed, in all these
models the signature of a physical d-dimensional lattice is still observed, so that,
shortcuts occur with higher probability between nodes that are physically closer.
However, the conventional WS model does not exhibit a broad degree distribution,
and the discovery of this latter feature in several real-world networks led to the

next breakthrough in the physics of complex networks [34, 45].

1.4.3 Barabasi-Albert scale-free network

First proposed to explain the degree distribution in citation networks [46], the idea
of preferential attachment has been rediscovered recently by A-L. Barabasi and R.
Albert (BA) in a network model that shows broad degree distributions described
by a power law [34]. They showed that the scale-free nature of these networks can

originate from two generic features seen in many real-world networks,

1. Growth: Networks are open systems with the number of nodes growing with
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time (i.e., N increases), and

2. Preferential attachment: New nodes in the graph are not connected randomly
but preferentially attach to existing nodes which have high degree, thereby
making the degree of the latter even higher. This process is sometimes re-

ferred to as the rich getting richer phenomenon.

If TI, the probability that the new node will be connected to node ¢, depends

linearly on the degree k; of node i, i.e.,
(k) = Zk—k (1.13)
5%
then, it was shown that the model network evolves into a system with a scale-
invariant degree distribution having an exponent v = 3.

As the degree distribution of the preferential attachment models match with
those occurring in real-world graphs, it suggests that real networks might have been
generated by similar processes. However, many networks in nature with a broad
degree distribution show deviations from a pure power-law, typically exhibiting an

exponential cutoff at high degrees:

pe =k o(k/E) (1.14)

where ¢(k/€) is the cutoff at some scale. In the context of the growing BA model,
this phenomenon can be explained due to aging and saturation effects that limit the
number of links a node can acquire. Thus, the preferential attachment function,
II(k;) is nonlinear, following II(k;) = f(k:)/>_; f(k;), where f(k) is an arbitrary
function, resulting in deviations from the power-law [47].

The average path length ¢ of the BA network (y = 3) grows as

In(N)

((N) ~ (N (1.15)

with N slower than In N, which is also termed as ultra-small-world effect [48]. This
indicates that the heterogeneous scale-free topology is more efficient in bringing
the nodes closer than the homogeneous topology of random network. Other scale-

free networks with 2 < v < 3 have a much smaller diameter, with ¢ ~ Inln(N),
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while for networks with v > 3, the shortest path length ¢ ~ In(N) [49]. The
clustering coefficient of the BA model decreases with the network size, following
approximately a power law, C' ~ N7%7_ While being slower than the 1/N decay
observed for C' in random graphs, this is still different from the behavior of small-
world network models and real world networks, where C' is independent of N [3].
Further there is a strong correlation between age and degree in this model which
is rarely seen in real-world systems. Moreover, only linear preferential attachment
gives a power-law degree distribution, that brings into question the general validity

of this process.

1.5 Importance of mesoscopic organization in com-

plex networks

It has now been known for some time that the topological structure of a network
can affect the function of the system [6]. E.g., it has been shown that the connec-
tion architecture has important consequences on the functional robustness of the
network and its response to external perturbations [50]. This has led to a series of
studies pointing to the crucial role played by the network topology in determining
the emergence of collective dynamical behavior [39, 40|, such as synchronization,
diffusion, the spreading of contagion such as epidemics, information and rumors,
etc. To study this we need to go beyond the properties of single nodes and pairs
of nodes, and consider the mesoscopic properties of networks (i.e., properties of

groups or local clusters in the network).

Motifs

Network motifs are patterns (sub-graphs) that occur within a network much more
often than expected in corresponding randomized versions. Most networks studied
in biology, ecology and other fields have been found to show a small set of network
motifs which occur again and again. Fach class of networks seems to display its own
set of characteristic motifs, e.g., motifs that are commonly seen in food webs are
distinct from the motifs seen in the genetic networks of different species. However,
similar motifs are found in networks that have similar function, such as information

processing, even though they describe elements as different as biomolecules within
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a cell and synaptic connections between neurons. These small circuits therefore can

be considered as simple building blocks from which the network is composed [51].

Modularity

Looking beyond small micro-level motifs, it has been observed that, at the meso-
scopic level many of the networks in real-world have modular structure [52|. Mod-
ules or communities are subnetworks within the network, where connections are
more frequent between nodes within the same subnetwork than between nodes of
different subnetworks. The presence of modular structure may also alter the way in
which dynamical processes (e.g., spreading processes, synchronization) unfold on
the network. With this realization many of recent studies have focused on models
of modular networks and their inter-relation with the dynamical processes taking

place on the network [53].

Hierarchy

Further, these networks have also been shown to have hierarchical organization,
i.e., they are composed of successive interconnected layers or inter-nested commu-
nities [54]. Hierarchy describes the organization of elements in a network: how
nodes link to each other to form communities and how communities are joined to
form the entire network. E.g., the metabolic network of several organisms can be
organized into highly connected modules that hierarchically combine into larger
units [55]. The observed hierarchy also coincides with known metabolic functions,

indicating that there may be a functional basis for such meso-level organization.

1.6 Overview of thesis

The aim of the present thesis is to look at the mesoscopic organization of complex
networks. This is viewed from three perspectives: (i) the structural properties
of such an organization, (ii) their role in dynamical processes defined on such
networks, and (iii) the possible origin and evolution of such structures. These are
complemented by empirical analysis of networks occurring in reality that show

similar organizational features.
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In Chapter 2, we investigate the structural and dynamical consequences of
modular organization in networks. Using a simple model, we show that small-
world networks can arise as an immediate result of modular configuration. We
demonstrate a distinct dynamical signature for such modular networks, namely, the
existence of multiple characteristic time scales in processes as different as synchro-
nization, diffusion and spin-ordering. The dichotomy between fast intra-modular
dynamics and slow inter-modular dynamics is directly related to the topological
structure of the model through the spectral properties of the network Laplacian.
By verifying the existence of similar features in the empirically determined cortico-
cortical networks in cat and macaque brains, we propose that the modular network
model may better represent certain natural systems reported to have small-world
properties [56, 57|.

To understand the process by which networks evolve towards modular organi-
zation, we note that they are subject to multiple structural and functional con-
straints. In Chapter 3, we consider the particular examples of (i) minimizing the
average path length, (ii) minimizing the total number of links, while (iii) maximiz-
ing robustness against perturbations in node activity. We show that the optimal
network satisfying these three constraints is modular, characterized by the exis-
tence of multiple sub-networks sparsely connected to each other. In addition, these
modules have distinct hubs resulting in an overall heterogeneous degree distribu-
tion, as seen in many real networks [58].

In addition to the existence of modular structures, several networks in nature
also have these modules arranged in a hierarchical fashion. Therefore, we next
consider a model for such hierarchical modular networks in Chapter 4. We show
that a scaling relation between the clustering and degree of the nodes is not a nec-
essary property of such networks, contrary to what has been claimed recently. We
investigate the dynamical properties of such networks, in particular, the stability
of (i) equilibria of network dynamics, and (ii) synchronized activity. For both these
cases, we find that increasing modularity or the number of hierarchical levels tend
to increase the probability of instability. As both hierarchy and modularity are
seen in natural systems, which necessarily have to be robust against environmental
fluctuations, we show using a generalization of the model used in Chapter 3, how
constraints on communication efficiency and maximum degree can result in the

emergence of hierarchical structures [59].
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After having analyzed network models for understanding the dynamical conse-
quences of modularity and hierarchy in the preceding chapters, in Chapter 5 we
consider how their existence in complex systems occurring in reality, can be un-
covered from a knowledge of the collective dynamics of the component nodes. We
first demonstrate the possibility of reconstructing a network through an analysis of
the time-series data of its components, by using the behavioral data of individuals
belonging to a troupe of macaque monkeys. To reconstruct a much more complex
network from dynamical information about its components, we consider the exam-
ple of financial markets. These complex systems have many interacting elements
(traders and stocks) and exhibit large fluctuations in their associated observable
properties, such as stock price or market index. By analyzing the cross-correlation
matrix of stock price fluctuations through spectral techniques, we reveal the under-
lying network of interactions between stocks in different markets. We observe the
existence of modules which approximately correspond to specific business sectors.
Using a multi-factor model, we suggest that the gradual emergence of modules, in-
dicating the strengthening over time of direct interactions between related stocks,
is a signature of market development [33].

In Chapter 6, we consider the reverse problem, i.e., we try to understand the
functional significance (arising out of the dynamical consequences) of the observed
structural features. As an example, we consider the somatic nervous system of
the nematode C. elegans. We determine the structural modules of the neuronal
network, and show that such an organization can only be explained if one consider
constraints that are possibly related to the information processing function of the
system apart form static considerations. A detailed analysis of the intra-module
degree and participation coefficient allows us to identify key neurons involved in
information processing tasks which are verified from earlier reports of experimental
studies. We also show that the existence of a hierarchical structure in the nervous
system has the functional benefit of reducing diffusive spread of activity throughout
the network (thus, acting as a noise filter), while maintaining high communication
efficiency between neurons [60].

We conclude with a general discussion on how the dynamics occurring on a
network is governed by mesoscopic structural features of the system, and in turn,
affects the evolution of ubiquitous structural patterns, such as modularity and

hierarchy.
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Modularity in complex networks

In many natural situations, dynamics at the local level may occur over a very
different time-scale compared to processes at the global level. Such a temporal
separation is often desirable functionally, e.g., for information processing in the
brain. It requires synchrony between local areas processing specific stimuli [61],
but, global or very large scale synchrony is considered to be pathological, as in
epilepsy [62]. Many systems in nature have network descriptions, with the connec-
tion topology playing a crucial role in determining their dynamical behavior [12].
Therefore, it is of considerable interest to understand how the structural organiza-
tion in complex networks can give rise to dynamics at multiple discrete time-scales.

As discussed in Chapter 1, a large class of networks in nature have also been
reported to be small-world networks (SWN) [37], which are characterized by the
coexistence of very high clustering among neighboring nodes and short average
path length. The clustered structure of SWN distinguishes them from networks
with “small-world property” [38], whose average path length increases slower than
any polynomial function of the system size. This latter feature is seen in random
graphs, as well as, in most complex networks [4]. SWN have been reported in
a variety of contexts, including the brain [63], human society [64] and cellular
metabolism [65]. Several models for SWN have been proposed [66], beginning
with a simple interpolation scheme between regular and random structure through
rewiring of links (the WS model) [37] [Fig. 2.1 (a)].

In this chapter, we relate the independent properties of dynamical time-scale
separation and the clustered small-world property of many complex networks, with

the crucial observation that such systems often manifest modular structure [67].
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Modules are defined as subnetworks comprising of nodes connected to each other
with a density significantly higher than that of the entire network. Modular struc-
tures have been observed in a wide variety of contexts, from cellular metabolism [68]
and signalling [69] to social communities [70], internet [71] and foodwebs [19]. Our
results, therefore, suggest that the large number of instances of SWN in the real
world is related to the ubiquity of modular structures in complex systems.

In Sec. 2.1, we introduce a simple model of modular networks. In Sec. 2.2, we
show that these networks exhibit all the structural characteristics of SWN. Such
modular networks, in sharp contrast to previous models of SWN, exhibit distinct
time-scale separation in their dynamics, corresponding to fast intra-modular and
slow inter-modular processes. In Sec. 2.3, we show the universality of this be-
havior by using three very different types of dynamics, viz., (i) the ordering of
spins through exchange interactions, (ii) synchronization among relaxation oscilla-
tors and (iii) diffusion. In all cases, the modular configuration allows coordination
within local clusters to occur much more rapidly than global ordering. The occur-
rence of multiple discrete timescales in such a wide variety of systems highlights
the role of modularity in the dynamics on complex networks. In Sec. 2.4, we show
that these multiple timescales can be related to the Laplacian spectra of the net-
work. We conclude by discussing in Sec. 2.5 how identifying modular structures
is crucial for designing intelligent intervention strategies for complex systems, e.g.,

controlling epidemics.

2.1 Modular random networks: A model

The network model considered in this chapter follows directly from the definition
of modular networks and consists of N nodes arranged into m modules (similar to
the construction used, e.g., in Ref [52]). Each module contains the same number
of randomly connected nodes [Fig. 2.1(b)]. The connection probability between
nodes belonging to the same module is p;, and for those belonging to different
modules is p,. Thus, one of the key parameters defining the model is the ratio
of inter- to intra-modular connectivity % =r € [0,1]. For r — 0, the network
gets fragmented into isolated clusters, while as » — 1, the network approaches a

homogeneous or Erdos-Renyi (ER) random network. The other parameter that

21



Chapter 2. Modularity in complex networks

Figure 2.1: Schematic diagrams of (left) Watts-Strogatz model and (right) modular
network, with modules in the latter indicated by broken circles.

together with r completely defines the modular network is its average degree (i.e.,

the number of links per node),

(k) = %[(N—m) +rN(m—1)]. (2.1)

2.2 Static properties of modular networks

To look at the structural properties of the model, we first consider the commu-
nication efficiency E for the entire system. This is a measure of the information

propagation speed over the network and is defined as [36],

B e
NN —1) & dy’

1
2

E=¢"

(2.2)

1>7

where, d;; is the shortest distance between nodes ¢ and j. Note that, £ is related to
the harmonic mean distance, ¢, which is a measure of the average path length. We
also quantify the clustering within local neighborhoods by measuring the coefficient
C = (1/N)>,2n;/ki(k;—1), where k; and n; are the degree and the number of links

between the neighbors of node 7, respectively. For the modular random network,
C = pild2 + (m — V&) + (m — 1)py(2dsdy + (m — 2)d3), (2.3)

where, di = (X —1)p;/(k) and dy = L p,/(k) are the probabilities that a node has

a neighbor in the same or a different module, respectively. Thus, if the number of
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Figure 2.2: Communication efficiency E (empty circle) and clustering coefficient C'
(filled circle) for (a) modular random network with m = 16 modules as a function of r and
(b) Watts-Strogatz (WS) network as a function of rewiring probability p (N = 512 and
(k) = 14). The data points are obtained by averaging over 100 realizations. Error bars
are in all cases smaller than the symbols used. (c¢) The variation of modularity measure,
Qr, with r for modular random networks (solid line) and with p for WS network (broken
line). The dotted line indicates Qs = 0.7 and its intersection with the other two curves
gives a pair of r and p values at which we can compare the two model networks.

modules is large then, clustering is high at low values of . As r is increased in our
model, we observe an increase in E while simultaneously C' decreases [Fig. 2.2 (a)].
The small-world property is associated with high values of both E and C', which
is indeed what is observed in our model for an intermediate range of r, exactly as
in the WS model [Fig. 2.2 (b)].

Next, we characterize the model using a measure of modularity, @ [72]. For a

given partition of the nodes of a network into m modules,

where the total number of links in the network is L, and [, and d, are the links
between nodes and the total degree of all nodes belonging to module s, respec-

tively. The largest modularity that is obtained from all possible partitions of the
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Chapter 2. Modularity in complex networks

network is denoted by Q) = max{Q}. A high value for @) is a necessary but not
sufficient condition for a network to be modular, as there can be various regular
graphs having high )5, value for which the modules cannot be identified unam-
biguously [73, 74]. In particular, for the WS small-world model, calculating @,
yields high values although the modules are not defined in an unique manner. For a
WS network defined on a ring of N nodes (each connected to 2z nearest neighbors)

where a fraction p of the links have been rewired,

2N = zm = m 1). (2.5)

=(1-— S
Q=(1-p) ( o —
Here, the existence of m modules of equal size n = N/m were assumed for the

calculation of (). The maximum value @ = (1 — p) [1 —/2(z+ 1)/N] , occurs

2N
z+1

obtained for modular random networks at low r, the modularity measure for such

for m* = and can be very high for low p. Similar high values of @)y, are

a system with N nodes being

(m—1[N(1 —7r)—m)]
m[N(1 —r+rm) —m]

Q- (2.6)
Unlike the WS model, here the modules are pre-defined and () does not need
to be maximized with respect to different choices for partitioning the network.
Fig. 2.2 (¢) shows the variation of () with r and p for the two classes of small-world
network models.

Note that, WS networks are parametrized with respect to the rewiring prob-
ability p, while modular random networks are defined in terms of r, the ratio of
inter- to intra-modular connectivity. Therefore, in order to circumvent the diffi-
culty in directly comparing these two types of networks, in subsequent work we
have considered networks having the same N, (k) and ). We observe that it is
difficult to differentiate between WS and modular random networks from their
structural information only, by using any of the commonly used static measures.
For example, on applying the k-clique (complete subgraphs with k& nodes) perco-
lation cluster technique used for detecting overlapping communities [75, 76|, we
found large clusters to appear in both types of networks. This is because the local

link density in both systems are much higher than their overall connectivity.
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Chapter 2. Modularity in complex networks

Other measures such as betweenness centrality (BC), edge clustering (EC), etc.,
also gave similar results for the two network models. The betweenness centrality
of an edge (i.e., link) is defined as the number of shortest paths between pairs
of vertices that go through it. If there are more than one shortest path between
a pair of vertices, each path is given equal weight such that the total weight of
all the paths is unity. The edges with maximum betweenness often act as the
bridges between different community. So by removing the edges with maximum
betweenness centrality the modular structure can be determined [52]. We find that
this is indeed what happen for modular network. However, for Watts-Strogatz
(WS) network, the shortcuts or rewired links also have high edge betweenness.
Thus, the above algorithm which removes edges with high betweenness centrality
cause the removal of these shortcuts, so that only the regular chain structure is left
(Fig. 2.3). When further links are removed then the chain structure is divided into
group of nodes (which are roughly of equal size). Hence, applying this method to
determine modules in a network gives community structure in both the cases.

Instead of BC, other parameters like edge clustering can also be used to deter-
mine the modular structure in a network [77]. Edge clustering is defined, analogous
to the node-clustering coefficient, as the ratio of the number of triangles to which
a given edge belongs to the total number of potential triangles that might include
it given the degrees of the adjacent nodes. More formally, for the edge connecting

node 7 to node j, the edge clustering coefficient is

(3)
o P N
Z] mln(kl - 1, k] - 1)’

3
ij
is the maximal possible number of triangles. As edges that link different communi-

where z'?) is the number of triangles to which that edge belong and min(k; — 1, k; — 1)
ties are unlikely to belong to many short loops, these edges have low EC. Therefore,
removing the edges with low EC will reveal the community structure as disjoint
subsets if the underlying network structure is modular. However, in a WS network
the shortcuts have low EC, and hence the algorithm of removing low EC links will
again remove the shortcuts resulting in a lattice structure. As above, on further
removal of links, the chain structure gets disrupted into disjoint groups of nodes.

Hence, the WS network also appears to have a community structure.
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Removal of high BC or
¢ low EC edges

* Emergence of Modules *

Figure 2.3: Schematic diagram showing the effect of removing edges with high between-
ness centrality (BC) or low edge clustering (EC). For both WS (left) and modular (right)
networks, the system gets divided into isolated communities (groups of nodes).

2.3 Dynamics on modular networks

So far we had been considering exclusively the structural aspects of small world
networks. However, apart from topological structure, networks are often associ-
ated with certain dynamics [6]. As dynamics is often crucial for the functioning of
many systems, we now examine very different dynamics on network models having
the clustered small-world property. These dynamics range from nonlinear inter-
actions (representative of collective ordering in a network) to strongly nonlinear

local dynamics at each node (as in relaxation oscillators) with diffusive coupling.
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Chapter 2. Modularity in complex networks

Figure 2.4: Schematic diagram of (a) global ordering (M = 1, M,, = 1) and (b)
modular ordering (M = 0, M,, = 1) in a modular network of Ising spins.

2.3.1 Spin-Spin interaction dynamics

We first consider the effect of modular organization on the emergence of collective
behavior, a simple model of which is the ordering of Ising spins arranged on a

network. This system is described by the Hamiltonian,
H=-— Z Jijo-io-ja (27)
i,

where, 0;,0; = £1 are spins placed on nodes %, j, and J;; is the ferromagnetic
coupling between them (= J > 0 if i, j are connected and 0 otherwise). Start-
ing from an initial random configuration of spins on a modular random network
with average degree (k), the system is allowed to evolve to its ground state us-
ing Glauber dynamics. It corresponds to a globally ordered state [Fig. 2.4 (a)] if
T < T.(= (k)), the mean-field critical temperature measured in units of .J/kp (kp:
Boltzmann constant). We observe that the time (7,,) needed for magnetization
M = vazl oi/N to reach its high asymptotic value, diverges as r decreases. This
is because, at low r, the system remains for a long time in a state of modular
ordering [Fig. 2.4 (b)|, where the spins in each module are ordered but aligned in
opposite directions in different modules resulting in an absence of global ordering.
The local order parameter, modular magnetization M,, = 2(|>._, oF|), where
oF is the i—th spin in the k-th module and the averaging is over all modules, ex-

hibits convergence to its asymptotic value over a time-scale 7,,,,, which is almost

27



Chapter 2. Modularity in complex networks

(MC Steps)

T
m

10 10 10 10

Figure 2.5: The two time-scales corresponding to local ordering within a module (7,,,,,)
and global ordering over the entire network (74,,) for a modular random network of Ising
spins (m = 16) at 7' = 6 as a function of 7. (In all cases N = 512, (k) = 14).

independent of r.

Fig. 2.5 shows the existence of two time-scales which diverge at low r indicat-
ing the ordering process within modules to be much faster compared to between
modules. At low temperatures, as the spins within each module get ordered, dif-
ferent modules may get aligned in opposite directions. To achieve global order,
some of the modules need to turn all their spins, a process that has a considerable
energy barrier. To cross this with thermal energy takes extremely long times, re-
sulting in divergence of 7,,,. A similar investigation of the WS network shows only
global ordering, with 7,,, diverging as p decreases. Related dynamical processes
where the appearance of distinct time-scale events as a consequence of modular
network structure have important functional significance, include the adoption of

innovations [78|, spread of epidemics [8] and consensus formation [79].

2.3.2 Synchronization

Next, we compare the dynamics of synchronization in modular random and WS

networks. We consider a population of N coupled relaxation oscillators (described
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Figure 2.6: Time evolution of (top) the fraction of synchronized nodes fsyn. and (bot-
tom) the number of synchronized clusters for ER random, WS small-world (p = 0.2) and
modular random networks (r = 0.02). For all cases, N = 512 and (k) = 14. Unlike
the ER and WS networks, the synchronization in modular networks (m = 16) occur in
two distinct steps. Local synchronization within nodes belonging to the same module
is achieved relatively fast and is then followed by global synchronization. The two time
scales corresponding to synchronization within modules (t,,s) and synchronization over
the entire network (t4s) are shown in the magnified view (inset).

by a fast variable z and a slow variable y) which evolve as

3 N K..
P = cly—a; + i Ly — xi); (2.8)
3 Ky
7j=1
ji = . 2.9
y . (2.9)

Here, c is the ratio between time-scales of z and y. K;; = kA;; is the coupling
between a connected pair of oscillators with strength x, and A is the network ad-
jacency matrix, i.e., A;; = 11if 4,j are connected and 0 otherwise. For networks
of simple oscillator models, the approach to synchronization exhibits temporally
varying patterns that are intrinsically related to the underlying connection topol-
ogy [53].

We have analyzed the time-evolution to synchronization (i.e., x; = z, y; = y, Vi)

of these strongly non-linear oscillators using the pair-correlation function between
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Figure 2.7: (a) Comparison of synchronization between modular random networks
(m = 16) and WS networks of relaxation oscillators (Eq. 2.9) with ¢ = 2 and x = 1.5.
(N =512, (k) = 14). In modular networks, the two time scales corresponding to intra-
modular (¢,,s) and global or inter-modular (¢4s) synchronization are shown as a function
of r. The WS model exhibits only the time-scale corresponding to global synchronization
(inset). Averaging has been done over random initial values and network realizations.
(b) The Laplacian spectral gap between the m-th and (m + 1)-th eigenvalues increases
with decreasing r, shown for different system sizes with the number of modules m = 16.

oscillator phase angles 6 [= arctan(y/z)|, pi;(t) = (cos[6;(t) — 6;(¢)]), where (...)
is an average over random initial conditions. By introducing a threshold 7', the
correlation matrix is converted into a dynamic connectivity matrix Dy(T") (D;; = 1,
if p;; > T, and = 0, otherwise). The ratio of non-zero elements of D to the total
number of elements gives the fraction of synchronized nodes, fs,., which increases
to 1 with time as the system converges to global synchronization. Conversely, the
number of distinct synchronized communities (i.e., the disconnected clusters in D)
decreases from N to 1 (Fig. 2.6).

As expected, we observe global synchronization to be extremely rapid in ER
random networks, while, for WS networks it occurs relatively slowly. By contrast,
in random modular networks, the synchronization occurs over two distinct time-
scales, as reflected by the occurrence of a plateau with non-zero values of the two
synchronization measures, fs,,. and number of synchronized clusters. At the rel-
atively shorter time scale of t,,,, disconnected clusters are observed to form in D
corresponding to the structural modules of the network. Thus, local synchroniza-

tion among the nodes belonging to the same module is achieved relatively quickly.
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with

the synchronized clusters remaining fairly stable in the intervening time-period.

Global synchronization is a slower process, occurring over a time-scale t,
Fig. 2.7(a) shows the variation of these two time-scales with r, converging when
the network becomes homogeneous (as r — 1).

In the real world, for many systems the coupling strength between nodes within
the same module may differ significantly from that between nodes belonging to
different modules. For example, a recent study of tie strengths in mobile commu-
nication networks [11] observed that links connecting different communities tend
to be weaker than links between members of the same community, supporting a
well-known hypothesis for social networks [80]. Hence we look at the effect of
different strengths for inter-modular coupling (Kinser) and intra-modular coupling
(Kintra) On the synchronization behavior of oscillators on a modular network. As
the inter-modular coupling strength becomes weaker relative to the intra-modular
coupling, we observe the time-scales for modular and global synchronization to di-
verge (Fig. 2.8, a). Thus, in real systems where inter-community ties are relatively
weaker, the time-scale separation between local and global events will be even more
prominent. On the other hand, as the inter-modular coupling strength becomes
large, the two time-scales gradually converge. As expected, at very large values of
the ratio Kipier : Kintra, global and modular synchronization occur simultaneously.

We have also looked at the more general case of synchronization in the presence
of delays in the coupling [39]. Even in the presence of delays, we observe distinct
time-scales for modular and global events. If d¢ represents the delay period (i.e.,
the time required for signals to travel from one node to another through a link),

the coupling terms of Eq (2.8) become:

3 [/i] (25 (t — 6t) — :(8)]. (2.10)

N
j=1
For constant delay (i.e., 0t = constant, for all pairs of connected nodes), we observe
in Fig. 2.8 (b) that the time required for modular synchronization (7,,s) is shorter
than that required for global synchronization (7,5), although in general both are
longer than their corresponding values in the absence of any delay (6t = 0). We

also consider the case where coupling delays are random and chosen from an uni-

form distribution. As in the case of coupling strengths x, the delays may differ for
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Figure 2.8: (a) Dependence of the two time-scales corresponding to modular (,,s)
and global synchronization (tys) on the ratio of the inter and intra modular coupling
strengths (Kinter /Kintra)- (D) The two synchronization time-scales shown as a function of
a constant delay dt between any pair of connected oscillators. (c) Variation of ¢,,s and
tgs with random inter-modular coupling delays, that are distributed uniformly between
[0, 0tmaz]- In this case, there is no delay for intra-modular couplings. Note that, T, is
the time-period for an uncoupled relaxation oscillator. (In all cases N = 512, (k) = 14,
m = 16 and r = 0.02).

connections between nodes belonging to the same module as opposed to those be-
longing to different modules. For example, this may arise if nodes within a module
are geographically closer to each other, relative to nodes in other modules. There-
fore, we look at the case when there is no coupling delay within a module, while,
the delay for connections between oscillators in different modules is distributed
over the interval [0, 0t4,]. In Fig. 2.8 (c), we observe that as in the case of con-
stant delay, the inter-modular synchronization takes significantly longer time than

intra-modular synchronization, emphasizing the generality of our results.

2.3.3 Diffusion

The existence of such distinct time-scales as a consequence of modular structure
also appears in other dynamical processes, e.g., diffusion. Consider a discrete
random walk on a network, where the walker moves from one node to a randomly
chosen neighboring node at each time step. We analyze the time-evolution of the

diffusion process by obtaining the distribution of first passage times for random
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Figure 2.9: The distribution of first passage times (FPT) for diffusion process among
the nodes in modular (m = 16,7 = 0.02) and ER random networks. When the source
and the target nodes belong to the same module, the FPT has a much higher probability
of being small than when the nodes belong to different modules. The distribution of
FPT for a homogeneous random network is also shown for comparison. This indicates
the existence of two distinct time scales for random spreading in modular networks, the
diffusive process within a module taking place much faster compared to diffusion between
modules. For all networks, N = 512 and (k) = 14.

walkers to reach a target node in the modular random network, starting from a
source node [81]. Fig. 2.9 shows that this distribution differs quite significantly
depending on whether the target node belongs to the same module as the source
node or in a different module. This again suggests two distinct time-scales, with
intra-modular diffusion occurring much faster than inter-modular diffusion. This
is consistent with the results of Refs. [71, 82] where the degree of isolation of
a module was assessed by comparing the participation of its nodes in different

diffusion modes, using the internet as an example.

2.4 Linearized dynamics: Laplacian analysis

To understand the existence of two distinct time scales in a modular network, we

consider the linearized dynamics around the synchronized state,

do;

K .
E__k_izLl-jej,(vz:1,...,N) (2.11)
J
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Figure 2.10: Rank index i plotted against the inverse of the corresponding eigenvalue
of the Laplacian matrix . for modular random network (m = 16) at different r (A-C)
compared with that of WS network at different p (D-F), indicating the existence of a
distinct spectral gap in the former at low r (N = 512, (k) = 14).

where L is the Laplacian matrix of the network, with L; = k; and L;; = —A;;

(1 # j). Solving in terms of the normal modes ¢;(t), we get

pi(t) =D Byt = i(0) exp ", (2.12)
j

where \; are the eigenvalues of L' = D~'L (D being a diagonal matrix with
D;; = k;), and B is the matrix of its eigenvectors. All the eigenvalues are real as
L' is related to the symmetric normalized Laplacian & = D:L'D*® through a
similarity transformation. Any difference in the time scales of the different modes
is manifested as gaps in the spectrum of .Z, revealing different topological scales
of the network. The mode corresponding to the smallest eigenvalue is associ-
ated with global synchronization, while other modes provide information about
synchronization within different groups of oscillators. We observe a gap in the
Laplacian spectrum for modular random networks that increases with decreasing
value of r [Fig. 2.10 (A-C)] indicating that the very different time-scales for syn-

chronization at the global and local levels originate from the modular organization

34



Chapter 2. Modularity in complex networks

of the network structure. This is further supported by the absence of a similar
gap in the Laplacian spectra for WS networks, shown at different values of p in
Fig. 2.10 (D-F).

To relate this analysis with the diffusion process, we note that the transition
probability from node i to j at each step of the random walk is P;; = A;;/k;.
This transition matrix P is related to the normalized Laplacian of the network as
¥ =1-D2PD=, where I is the identity matrix [71]. The eigenvalues of P are
all real, the largest being 1 while the others are related to the different diffusion
timescales. As in the synchronization example, the spectrum of P for modular
random network exhibits a gap reflecting the existence of distinct timescales in
the system. Note that, although the above result strictly applies only when linear
approximation is valid, we observe the property of time-scale separation predicted
for modular networks to be a much more general phenomenon. In particular, the
strong nonlinear interactions of the Ising model cannot be even approximately
treated by the Laplacian analysis. Nevertheless, we see almost identical behavior
for all three processes, indicating the universality of the dynamical signature of

modular networks.

2.4.1 Laplacian analysis of cortical networks

In order to provide empirical evidence for the above distinction between dynamical
behavior of the different small-world models, we have considered the connectivity
data for cortical areas in the brains of the cat [83] and the macaque [84]. Such
networks have been reported to have small-world structural properties [63]. As
previously mentioned, local synchronization within a cluster has functional impor-
tance in the brain, whereas global coherence of activity may be undesirable. The
theoretical arguments given above would, therefore, imply a modular structural
organization for the connections between the cortical areas. This would be visibly
manifested through the existence of gaps in the Laplacian spectra of the empirical
networks, which is indeed what we observe |Fig. 2.11]. This strongly suggests that
at least some of the empirically observed small-world networks that occur in na-
ture may be organized in a modular fashion, and thus, have significantly different

dynamical behavior from the WS or related models.
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Figure 2.11: The adjacency matrix showing connections between different cortical areas
in the cat (top left, N = 65) and macaque (top right, N = 47) cerebral cortex. The broken
lines indicate clusters of cortical areas (labelled I-IV') that are densely connected within
themselves. This structural division reflects, to some extent, the functional segregation
among the different cortical areas (e.g., visual, somatosensory, etc.). The rank-ordered re-
ciprocal eigenvalues of the corresponding Laplacian matrices (bottom) show well-defined
spectral gaps, consistent with the existence of a modular structure for the cortico-cortical
networks.

2.5 Discussion

In this chapter, we have shown that modular networks, where links within each
module are much more numerous than those between different modules, can exhibit
all the structural features associated with small-world networks even in the absence
of a regular lattice substrate. By using a simple model, where nodes connect to each
other at random within each community, we show that a modular organization can
give rise to static properties (such as clustering or communication efficiency) almost
identical to the widely-used WS model for small-world networks [56]. Note that, it
is the modular organization which is crucial here, as the network structure within
each module is irrelevant for our conclusions to be valid. Such modularity may arise

in nature through multi-constraint optimization to which most networks occurring
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in the real world are subjected [85]. This is discussed in detail in Chapter 3 of this
thesis. The dynamical behavior of modular networks exhibits the striking feature
of multiple, distinguishable time-scales corresponding to (a) fast intra-modular and
(b) slow inter-modular processes, which is quite different from the behavior seen
in WS model of small-world networks.

Empirical evidence for such behavior in cortico-cortical networks indicate that
several systems for which small-world properties have been reported may indeed
have modular organization with the associated dynamical signature. The increas-
ing recognition that small-world networks underlie processes of vital importance
to society, such as epidemics spreading through a few long-range links (e.g., the
airline network that is instrumental in spreading a disease like SARS [86]), makes
it of vital importance to understand the structural topology of a network that
is responsible for the SW property. As different structures can result in distinct
collective dynamical behavior, it is important to go beyond macroscopic measures
(such as average path length) and focus on the underlying arrangement of inter-
actions in such networks. This is essential for intelligent intervention to prevent a
local problem from rapidly evolving into a global threat as a result of uncontrolled

spreading through the network.
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Evolution of modular networks

As modular structures are ubiquitous in complex networks, it is of immense interest
to understand how such systems can evolve towards a modular configuration. In
many of these networks, there is a significant presence of hubs, i.e., nodes with large
degree or number of connections to other nodes. Hubs are crucial for linking the
nodes in real networks, which have extremely sparse connectivity, with the proba-
bility C' of connection between any pair of nodes varying between 10~ and 1078 [4].
By contrast, random networks with such small C" are almost always disconnected.
Hubs can also lead to the “small-world” effect [37] by reducing the average path
length of the network. We note that most modular systems are subject to multiple
structural and functional constraints. Examples of such constraints include the
minimization of average path length, as well as, the total number of links, while
maximizing robustness against perturbations in node activity. In this chapter, we
show that the optimal networks which satisfy all these three constraints are char-
acterized by the existence of multiple modules sparsely connected to each other.
In addition, these modules have distinct hubs resulting in an overall heterogeneous
degree distribution.

The majority of previous studies on modular networks have been concerned
with methods to identify community structure [52|. There have been relatively
few attempts to explain the potentially more interesting question of how and why
modularity emerges in complex networks. Most such attempts are based on the
notion of evolutionary pressure, where a system is driven by the need to adapt to
a changing environment [87, 88]. However, such explanations involve complicated

adaptive mechanisms, in which the environment itself is assumed to change in a
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modular fashion. Further, adaptation might decrease connectivity through biased
selection of sparse networks, which eventually results in disruption of the network
with the modules becoming isolated nodes [87] or disconnected parts [89]. More
recently, a social network model has shown the emergence of isolated communities
through the rearrangement of links to form groups with homogeneous opinion [90].

A crucial limitation of these studies is that they almost always focus on a single
performance parameter. However, in reality, most networks have to optimize be-
tween several, often conflicting, constraints. While structural constraints, such as
path length, had been the focus of initial work by network researchers, there has
been a growing realization that most networks have dynamics associated with their
nodes [12]. The robustness of network behavior is often vital to the efficient func-
tioning of many systems, and also imposes an important constraint on networks.
Therefore, the role played by dynamical considerations in determining the topo-
logical properties of a network is a challenging and important question that opens
up new possibilities for explaining observed features of complex networks [91].

In Sec. 3.1, we propose a simple model for the emergence of modularity in
networks as an optimal solution for satisfying a minimal set of structural and
functional constraints. We explicitly show this by performing a multi-constraint
optimization with simulated annealing in Sec. 3.2. In Sec. 3.3, we show that while
robustness is indeed necessary, it is not enough by itself to generate modularity,
contrary to what is generally believed. We end the chapter with a discussion in
Sec. 3.4, on how these modular networks are also structurally robust with respect

to simultaneous targeted and random attacks.

3.1 Constraints on networks

Cost

Networks are subject to certain structural constraints. One of the structural con-
straint is the need to save resources, manifested in minimizing link cost, i.e., the
cost involved in building and maintaining each link in a network [92]. This results

in the network having a small total number of links, L.
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Efficiency

However, such a procedure runs counter to another important consideration of
reducing the average path length ¢, which improves the network efficiency by
increasing communication speed among the nodes [36].

The conflict between the above two criteria can be illustrated through the
example of airline transportation networks. Although, fastest communication (i.e.,
small ¢) will be achieved if every airport is connected to every other through direct
flights, such a system is prohibitively expensive as every route involves some cost
in maintaining it. In reality, therefore, one observes the existence of airline hubs,

which act as transit points for passengers arriving from and going to other airports.

Stability

Another important constraint is to decrease the instability of dynamical states
associated with the network. We investigate the dynamical stability of a network
composed of N nodes, which are self regulating when isolated, by measuring the
growth rate of a small perturbation x about an equilibrium state of the network
dynamics. Although the system can be nonlinear in general, the dynamics of such
perturbations are described by a [linear system of coupled differential equations
T = Zjvzl Jijz;. The stability of the equilibrium is then determined by the largest
real part Anax of the eigenvalues for the matrix J representing the interactions
among the nodes. The perturbation decays if A\.x < 0, and increases otherwise,
at a rate proportional to |Amax|. Thus, minimizing \,,,, makes the equilibrium less
unstable, which is important for many systems including ecological networks [93].

Here J; = —1 Vi such that we only consider instability induced through network
interactions. The off-diagonal matrix elements J;;(~ A;;W;;) include information
about both the topological structure of the network, given by the adjacency matrix
A (A;;is 1, if nodes 7, j are connected, and 0, otherwise; A;; = 0 Vi), as well as, the
distribution of interaction strengths W;; between nodes. In our simulations, W;;
has a Gaussian distribution with zero mean and variance o?; however, a nonzero
mean does not qualitatively change our results. For an Erdos-Renyi (ER) random
network, J is a sparse random matrix, with Apax ~ vV NCo? — 1, according to the
May-Wigner theorem [93]. Therefore, increasing the system size N, connectivity C

or interaction strength o, results in instability of the network. This result has been
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shown to be remarkably robust with respect to various generalizations [94, 95, 96].
Further, for uniform coupling strength, \,,.. is inversely related to the epidemic
propagation threshold for the network [97], and hence, minimizing \,,., also makes

the network more robust against spreading of infection.

3.2 Modularity through multi-constraint optimiza-

tion

3.2.1 Minimum link-cost constraint (L =N — 1)

For ER random networks, although ¢ is low, L is high because of the requirement to
ensure that the network is connected: L > NInN [42]. Introducing the constraint
of link cost (i.e., minimizing L) while requiring low average path length ¢, leads
to a starlike connection topology (Fig. 3.1C). A star network has a single hub to
which all other nodes are connected, there being no other links. Its average degree
(k) =~ 2 is non extensive with system size, and is much smaller than a connected
random network, where (k) ~ In N. However, such starlike networks are extremely
unstable with respect to dynamical perturbations in the activity of their nodes.
The probability of dynamical instability in random networks increases only with
average degree (Amax ~ 1/ (k), since (k) = NC'), while for star networks it increases
with the largest degree, and hence the size of the network itself (Amax ~ V'N). To
extend this for the case of weighted networks we look at the largest eigenvalue of
J, M = =1+ sz’]\i2 J1iJi1, the hub being labeled as node 1. The stability of
the weighted star network is governed by Zf\iz J1;Ji1, which is the displacement
due to a 1-dimensional random walk of N — 1 steps whose lengths are products of

pairs of random numbers chosen from a Normal (0,0?) distribution.

Simulated annealing

To obtain networks which satisfy the dynamical as well as the structural constraints
we perform optimization using simulated annealing, with a network having N

nodes and N — 1 unweighted links (the smallest number that keeps the network

41



Chapter 3. Evolution of modular networks

Figure 3.1: The optimized network structures for a system with N = 64 nodes and
L = N — 1, at different values of a: (A) 0.4, (B) 0.775 and (C) 1. For o = 0 the optimal
network is a 1-dim chain. (Bottom) The modularity Qs of the optimized network for
different o, when each module is a community defined in the strong sense. The transition
to star configuration occurs around « ~ 0.8, as observed in the variation of degree entropy
H with a.

connected). Having fixed L, the energy function to be minimized is defined as
E(a) = al + (1 — @) Amax,

where the parameter « € [0, 1] denotes the relative importance of the path length
constraint over the condition for reducing dynamical instability. Rewiring is at-
tempted at each step and is (i) rejected if the updated network is disconnected, (ii)
accepted if 0F = Efina — Einitia < 0, and (iii) if £ > 0, then accepted with prob-
ability p = exp(—dE/T), where T is the “temperature”. The initial temperature
was chosen in such a way that energetically unfavorable moves had 80% chance
of being accepted. After each monte carlo step (N updates) the temperature was
reduced by 1% and iterated till there was no change in the energy for 20 successive
monte carlo steps. For each value of «, the optimized network with lowest E was

obtained from 100 realizations.
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Emergence of modular configuration

As can be seen from Fig. 3.1, modularity emerges when the system tries to satisfy
the twin constraints of minimizing ¢ as well as A\ya. When « is very high (~ 0.8)
such that the instability criterion becomes less important, the system shows a tran-
sition to a starlike configuration with a single hub. However, as « is decreased,
the instability of the hub makes the star network less preferable and for interme-
diate values of «, the optimal network gets divided into modules, as seen from
the measure of network modularity, @ [98]. To obtain a robust partitioning of the
network, we consider modules to be communities defined in the strong sense, i.e.,
each node ¢ belonging to a community has more connections with nodes within
the community than with the rest of the network [77]. The resulting modularity
measure (), is high for a modular network, whereas for homogeneous, as well as,

for starlike networks, Qs = 0. To determine the communities, we

1. Compute the betweenness measure for all edges and remove the one with

highest score:

2. (a) if it results in splitting the network (or subnetwork) into communities

in the strong sense, then the resulting @), is computed;

(b) if not, we go back to step (1) and remove the edge with the next highest

score.

The process is carried out iteratively until all edges of the network have been
considered. Note that, in step (2a), checking whether the splitting results in com-
munities in the strong sense is considered with respect to the full network. We
verified these results by also calculating (), with the network modules determined
through stochastic extremal optimization [99]. The transition between modular
and star structures is further emphasised in the behavior of the degree entropy
defined as

N-1

H=> pylogp, (3.1)
P

where py is the probability of a node having degree k. The network entropy pro-
vides an average measure of the network’s heterogeneity, since it measures the
diversity of the link distribution [100]. Two extreme cases are the maximal value

and the minimal one. The maximum value is Hp., = log(/N — 1) obtained for
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Figure 3.2: Probability distribution of Apax for a clustered star network (N = 256, L =
15N) with different numbers of modules, m. Modules of equal size are connected by single
link between respective hubs. Link weights W;; follow a Normal (0, 0?) distribution with
02 = 0.018. (Inset) Probability of stability [P(Amax < 0)] varying with o2. Increasing
m results in the transition to instability occurring at higher ¢, implying that network
stability increases with modularity.

D = ﬁ Vk = 1,2,---, N — 1 and minimum value H,; = 0 occurs when
pr = 0,---,1,---,0. The emergence of a dominant hub at a critical value of

« is marked by H reducing to a low value.

Why modular configuration evolves?

To understand why modular networks emerge on simultaneous optimization of
structural and functional constraints we look at the change in stability that occurs
when a star network is split into m modules, the modules being connected through
links between their hubs. The largest eigenvalue for the entire system of N nodes is
the same as that for each isolated module, Apax ~ 1/ N/m, as the additional effect
of the few intermodular links is negligible. At the same time, the increase in the
average path length ¢ with m is almost insignificant. Therefore, by dividing the
network into a connected set of small modules, each of which is a star subnetwork,
the instability of the entire network decreases significantly while still satisfying the

structural constraints.
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Figure 3.3: Probability distribution of Apax for clustered star networks (N = 256, L =
15N) having four modules with different types of intermodular connectivities (A), (B) and
(C), which are represented schematically here. Link weights W;; have a Normal (0,0?)
distribution with o = 0.018.

3.2.2 Relaxing the link-cost constraint (L > N — 1)

The above results were obtained for a specific value of L (= N — 1). We now
relax the constraint on link cost and allow a larger number of links than that
strictly necessary to keep the network connected. The larger L is manifested
as random links between nonhub nodes, resulting in higher clustering within the
network. Even for such clustered star networks, Amax increases with size as v/ N, and
therefore, their instability is reduced by imposing a modular structure (Fig. 3.2).
The effect of increasing the number of modules, m, on the dynamical stability of
a network can be observed from the stability-instability transition that occurs on
increasing the network parameter o keeping N, C' fixed. The critical value at which
the transition to instability occurs, o., increases with m (Fig. 3.2, inset) while ¢
does not change significantly. This signifies that even for large L, networks satisfy
the structural and functional constraints by adopting a modular configuration.
As L is increased, we observe that the additional links in the optimized network
occur between modules, in preference to, between nodes in the same module. To
see why the network prefers the former configuration, we consider three different

types of intermodular connections: (A) only the hub nodes of different modules
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Figure 3.4: Probability distribution of A\pax for random networks (N = 256, L = 15N)
as a function of the number of modules, m, which are connected to each other by single
links. Link weights W;; follow Normal (0,0?) distribution with ¢ = 0.03. The inset
shows the probability of stability [P(Amax < 0)] varying with 2. Increasing m results
in transition to instability at lower o2, indicating that increasing modularity decreases
stability for random networks.

are connected, (B) nonhub nodes of one module can connect to the hub of another
module, and (C) nonhub nodes of different modules are connected. Arrangement
(B) where intermodular connections that link to hubs of other modules actually
increase the maximum degree in the modules, making this arrangement more un-
stable than (A). On the other hand, (C) connections between nonhub nodes of
different modules not only decrease the instability (Fig. 3.3), but also reduce /.
As a result, the optimal network will always prefer this arrangement (C) of large

number of random intermodular connections over other topologies for large L.

3.3 Robustness and modularity

Our observation that both structural and dynamical constraints are necessary for
modularity to emerge runs counter to the general belief that modularity necessar-
ily follows from the requirement of robustness alone, as modules are thought to
limit the effects of local perturbations in a network. To further demonstrate that

the three constraints are the minimal required for a network to adopt a modular
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Star Network

Chain
Random Network
Modular Network

Stability

Figure 3.5: Schematic diagram indicating the types of optimal networks obtained by
satisfying different constraints. Each vertex represents networks obtained by satisfying a
pair of constraints indicated on the two sides of the triangle that meet at that vertex. Note
that, modular networks emerge by optimizing all three constraints, viz., cost, efficiency
and stability, indicated by the three arms of the triangle.

configuration, we remove the hub from a clustered star while ensuring that the net-
work is still connected. This corresponds to the absence of the link cost constraint
altogether and the optimal graph is now essentially a random network.

To see why modularity is no longer observed in this case, we consider the
stability of an ER random network on which a modular structure has been imposed.
A network of N nodes is divided into m modules, connected to each other with
a few intermodular links. We then consider the stability-instability transition of
networks for increasing m, with the average degree, (k) kept fixed. Although from
the May-Wigner theorem, it may be naively expected that o, ~ 1/ \/@ is constant
w.r.t. m, we actually observe that increasing m decreases stability (Fig. 3.4). This
is because when a network of size NN is split into m modules, the stability of
the entire network is decided by that of the most unstable module, ignoring the

small additional effect of intermodular connections. Thus, the stability of the
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entire network is decided by randomly drawing m values from the distribution of
Amax for the modules. Therefore, for modular networks it is more likely that a
positive Apnax Will occur, than for the case of a homogeneous random network of
size N [101]. The decrease of stability with modularity for random networks shows
that, in general, it is not necessary that modularity is always stabilizing and results

in a robust network, as has sometimes been claimed [87].

3.4 Discussion

In this chapter we have shown that modules of interconnected nodes can arise as
a result of optimizing between multiple structural and functional constraints. In
particular, we show that, by minimizing link cost as well as path length, while
simultaneously increasing robustness to dynamical perturbations, a network will
evolve to a configuration having multiple modules characterized by hubs, that are
connected to each other (Fig. 3.5). At the limit of extremely small L (total num-
ber of links in the network), this results in bimodal degree distribution, that has
been previously shown to be robust with respect to both targeted and random re-
moval of nodes [102]. Therefore, not only are such modular networks dynamically
less unstable, but they are also robust with respect to structural perturbations.
In general, on allowing larger L, the optimized networks show heterogeneous de-
gree distribution that has been observed in a large class of networks occurring in
the natural and social world, including those termed as scale-free networks [3].
Thus, our results provide a glimpse into how the topological structure of complex

networks can be related to functional and evolutionary considerations.
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Hierarchical organization in complex

networks

Complex networks exhibit many common organizational features at the mesoscopic
level. Apart from modularity, which has been discussed in the previous chapters,
many systems also show hierarchical ordering of their nodes. In other words, they
are composed of successive layers of interconnected or nested communities. Such
structural hierarchy not only describes how nodes link to form communities, but
also, how communities join with each other to form the entire network which may
exhibit multiple levels of larger meso-level structures, such as meta-modules. In
the literature, often the terms hierarchy and modularity are used inter-changeably,
although, as shown in Fig. 4.1, they represent distinct properties of the network.
This confusion in usage could have stemmed from the fact that these two properties
are found to coexist in many networks occurring in real life [55, 103, 69, 19, in-
cluding technological networks such as the Internet [8, 71] and biological networks,
like that of cortical areas in the mammalian brain [104].

As discussed in the previous chapters, most complex systems seen in real life
also have associated dynamics [12|. The structural properties of such networks
have been sought to be linked with their dynamical behavior [6, 105]. In this con-
nection, one of the questions of obvious significance is whether there is a relation
between the stability of the system dynamics (with respect to small perturbations
in the variables describing the state of the nodes) and the specific topological ar-
rangement of connections in the network. Such robustness is necessary if complex

systems are to survive in the noisy environment that characterizes the real world.
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=2

) =1

Figure 4.1: Schematic diagrams of (left) a modular network, with modules demarcated
by broken circles, and (right) a hierarchical network with 4 levels, each indicated by a
level number /.

It has sometimes been argued that, networks with larger number of nodes, links
and stronger inter-connections are more stable [106]. On the other hand, theo-
retical results on the stability of model networks, e.g., the May-Wigner theorem,
suggest the opposite [93]. However, as these results are based on the study of
networks whose connection topology shows none of the structures that are seen
in real life networks, in particular, modularity and hierarchy, it is of interest to
see whether introducing hierarchical organization and modular structures can re-
veal limitations in the validity of May-Wigner theorem. We study this problem
by proposing a network model that exhibits both these properties and observing
the local stability of the system dynamics with respect to perturbations. We also
consider the stability of synchronization over the network, as the issue of network
synchronization has assumed importance in recent years, owing to its connection
with, e.g., brain dynamics [104].

In Sec. 4.1, we describe earlier models that have been proposed to describe hier-
archical organization in networks, in particular, the Ravasz-Barabasi deterministic
model [107]. In Sec. 4.2, we propose an alternate model that allows a detailed
study of the relation between dynamical stability and hierarchical modular orga-
nization of the network. We also show that the occurrence of a scaling relation
between clustering and degree of the nodes cannot be considered as a signature
for the existence of hierarchical modular structure. This is contrary to what has
been claimed in Ref. [107] and tacitly assumed in many subsequent studies [108].

In Sec. 4.3 we observe that both hierarchy and modularity actually increase the
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(c) n=2, N=125

(b) n=1, N=25

Figure 4.2: The Ravaz-Barabasi model of hierarchical scale-free network showing the
first three steps in an iterative construction procedure leading to hierarchical network
structure. (a) A fully connected cluster consisting of N = 5 nodes, (b) a network with
N = 25 nodes, and (c) a network with N = 125 nodes. (From Ref. [107])

instability compared to an equivalent random network. This may appear counter-
intuitive as both these structural properties are observed in networks occurring in
nature, which necessarily have to be robust to survive environmental fluctuations.
However, as noted in the preceding chapter, the emergence of modular structures
can be understood as a response to multiple (and often conflicting) constraints
imposed on such networks [85]. In Sec. 4.4, we discuss how these observations
can be extended to explain the emergence of hierarchical organization in networks.
We conclude with a short discussion of the importance of constraints related to

physical space on which networks are embedded in Sec. 4.5.

4.1 Hierarchical networks: Ravasz-Barabasi model

One of the most cited models for hierarchical modular networks is a deterministic

model proposed by Ravasz and Barabasi (RB) [107]. This model generates a set
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of inter-nested modules in a hierarchical fashion using a deterministic procedure
that has both high clustering (because of the modular nature of the network at
the most fundamental level) and a scale-free degree-distribution.

This model is constructed as follows: Initially, a fully connected cluster of five
nodes is constructed (Fig. 4.2 a). Next, four replicas of this hypothetical module
are generated and the four external nodes of the replicated clusters are connected
to the central node of the old cluster, obtaining a large 25-node module (Fig. 4.2 b).
Subsequently, four replicas of this 25-node module are generated, and the 16 pe-
ripheral nodes are connected to the central node of the old module (Fig. 4.2 ¢),
obtaining a new module of 125 nodes. These replications and connection steps are
repeated, increasing the number of nodes in the system by a factor of five at each
iteration.

In the RB model, a scaling relation is observed between the clustering coefficient

of a node C' and its number of connections (i.e., degree) k:
C(k) ~ k1. (4.1)

Similar relations were also observed in several real networks, such as the web of
semantic connections between two English words which are synonyms [107]. This
occurrence of the scaling relation between clustering and degree of the nodes in
a network has often been taken as a signature for the existence of hierarchical
modular structure in that network. However, recently, this scaling relation was
shown to be actually an outcome of degree-correlation bias in the usual definition
of clustering coefficient [109].

It can be easily seen that this scaling relation is not a necessary indicator for
the existence of either modularity or hierarchy. For example, consider a modular
network consisting of N nodes and m modules of equal size. Let each node have
degree k, with the links initially occurring exclusively between nodes belonging to
the same module (i.e., the modules are isolated from each other). To make the
network connected we rewire a small fraction of the links keeping the degree of
each node fixed. Plotting clustering as a function of degree for this network will
only show vertical spread of points at a single node degree value. Let us consider
another example, this time a hierarchical structure, viz., the Cayley tree with b

branches at each vertex. Again, it is easy to see that the clustering versus degree
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Figure 4.3: Schematic diagram of the hierarchical modular network model (left) with
the modules occurring at the various hierarchical levels (1) indicated by broken lines, and
the corresponding adjacency matrix (right) where p; indicates the density of connections
within and, p;41, between the different modules at each level [.

curve will not show the characteristic scaling seen for the RB model. In fact, in the
next section, we show that even for networks where both hierarchy and modularity
are present, it is not necessary that this scaling relation between clustering and

node degree will hold.

4.2 Hierarchical modular networks: A model

Here we propose a general model for networks having modular as well as hierarchi-
cal structure. Let us begin with a modular network consisting of m modules, each
containing n nodes. The connectivity (i.e., the probability of a link between any
pair of nodes) within each module is p;, while the connectivity between modules
is p2 (< p1). We now introduce hierarchy by adding another set of m modules
(each having n nodes) with the same p; and p,. The nodes belonging to these
two different sets of modules are now connected, but with a probability ps (< pa).
The resulting network has 2nm nodes and [ = 2 hierarchical levels (Fig. 4.3). To
increase the number of hierarchical levels to [ = 3, we add a similar network with
2nm nodes to the existing network and, as above, add links between these two net-
works with a probability p, (< ps3). Thus, to get a network with [ = h hierarchical
levels, the above procedure is repeated h — 1 times. The final network contains
M = 2" !'m number of modules. Note that, all connections between nodes are

made randomly. To reduce the number of model parameters, we assume that the
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connectivities py, ..., ppy1 are related as:
P2 _Ps _ _Prrl_ (4.2)
P P2 Ph

where, 0 < r < 1, the ratio of inter-modular connections between two successive
hierarchical levels, is a control parameter. By varying r, one can switch between
isolated modular (r = 0) and homogeneous random (r = 1) networks, with inter-
mediate values of r giving hierarchical modular networks. We compare between
networks having different number of hierarchical levels h, keeping the total number
of modules M and average degree (k) fixed.

To consider the effect of hierarchy in isolation, while keeping modularity fixed
(e.g., as measured by the Newman modularity measure @ [72]), we use a variant of

the above model, where, p; = constant, while other connectivities are still related
by

P2 Ph

This implies that the average number of intra-modular ((kina)) and inter-modular

Ps _ . _ Pt (4.3)

({Kinter)) connections per node are also constant .

The stochastic construction procedure of this network, along with the ability
to vary modularity (by changing r) independently of the number of hierarchical
levels (h), makes it an extremely general model. In addition, as it is hierarchical
by construction, we can show that the criterion suggested in Ref. [107], namely,
the scaling relation between clustering and degree, is not a necessary condition
for the existence of hierarchical modularity. As shown in Fig. 4.4 (left), when the
modules are random networks, the scaling relation is clearly absent for our model
network. To counter the possible argument that this failure of the relation is due
to the non-scale-free degree distribution, we have also considered the case where
each of the modules is a BA network. For the entire network, although the inter-
modular connections are made randomly, the degree distribution is still scale-free.

Even for this case, a clear scaling relation between clustering and degree is absent
(Fig. 4.4 (right)).

'Note that, (kintra) = p1 (% -1
(Rinter) = Npz [ 2572 47 (1) o022 (1) 4001 (1),
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Figure 4.4: Clustering coefficient C; of the i-th node as a function of its degree k; for the
hierarchical modular network model proposed here, where each module at [ = 1 is (left) a
random ER network and (right) a scale-free BA network. The different symbols indicate
networks with differing total number of hierarchical levels, h. For both types of networks,
the total number of nodes is N = 8192 with average intra-modular degree, (kintra) = 10,
inter-modular degree, (kinter) = 5, and the ratio of inter-modular connections between
two successive hierarchical levels, r = 0.1. Note that, in neither case is a scaling relation
observed between C; and k;, although the modules are arranged in a hierarchical manner
by construction.

4.3 Dynamics on hierarchical networks

4.3.1 Linear Stability of Equilibria

To look at the effect of hierarchy on network dynamics, we consider the linear
stability of an arbitrarily chosen equilibrium state for a set of coupled differential
equations defining the time-evolution of the system. For a network of N nodes,
a dynamical variable x; is associated with each node i. The state of the system,

x, can be characterized by x = f(x), where f is a general nonlinear function. To

investigate the stability around an arbitrary fixed point x* (i.e., f(x)|x= = 0), we
check whether a small perturbation dx about x* grows or decays with time. This

perturbation evolves as
ox = Jx, (4.4)

where, J is the Jacobian matrix representing the interactions among the nodes:
Jij = 0fi/0x;

connections of the network, rather than the intrinsic instability of individual un-

<<~ As we are interested in the instability induced through the

connected nodes, we can (without much loss of generality) set the diagonal element

J;i = —1. This implies that, in the absence of any connections, the nodes are self-
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Figure 4.5: (Left) Probability distribution for the largest real part of the eigenvalues
of the Jacobian J, as a function of total number of hierarchical levels, h (the interaction
strength parameter, 02 = 0.05). (Right) Probability of stability for a hierarchical mod-
ular network as a function of o2, with different symbols corresponding to differing total
number of hierarchical levels h. Link weights are chosen from a normal(0,c?) distribu-
tion. For all cases, the network consists of N = 256 nodes with average intra-modular
degree, (kintra) = 10, inter-modular degree, (kinter) = 5, and the ratio of inter-modular
connections between two successive hierarchical levels, » = 0.1. At all hierarchical levels
[ > 1, the network is split into two sub-networks. At [ = 1, each subnetwork is split
into m modules (I = 0). Thus, N = 256 nodes are divided equally among 2"~'m = 16
modules, with the four curves corresponding to () h =4, m =2, (V) h =3, m =4, (o)
h =2, m =38, and (o) h =1, m = 16. Note that, increasing h causes the transition to
instability to occur at a smaller value of o2, implying that increasing hierarchy increases
instability.

regulating, i.e., the fixed point x* is stable. The behavior of the perturbation is
determined by the largest real part, An.x, of the eigenvalues of J. If A\, .« > 0, an
initially small perturbation will grow exponentially with time, and the system will
be rapidly dislodged from the equilibrium state x*.

The relation between the dynamical properties and the static structure of the
network is provided by its adjacency matrix A (with A;; = 1, if nodes 7 and j are
connected, and 0 otherwise). There is a direct correspondence between the nature
of the matrices J (specifying the dynamical behavior of perturbation) and A (which
determines the structure of the underlying directed network), because A;; = 0
implies J;; = 0. In our model, we have generated J;; by randomly choosing the non-
zero elements from a Gaussian distribution with zero mean and variance 0. For
Erdos-Renyi (ER) random networks, J is an unstructured random matrix and the
largest real part of its eigenvalues, Amax ~ \/ Npo? — 1, where p is the connectivity

of the network, and o measures the dispersion of interaction strengths [93]. When
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any of the parameters, N, p, or o, is increased, there is a transition from stability
to instability. The critical value at which the transition to instability occurs is
0. ~ 1/y/Np. This result, implying that complexity promotes instability, has been
shown to be remarkably robust with respect to various generalizations [94, 95, 96,
110].

Here, using the above formalism, we examine the effect of hierarchy on the
stability of equilibria when one of the network parameters (namely, o) is varied.
We study the critical value at which the transition to instability occurs, o, as a
function of the total number of hierarchical levels, h, keeping the total number of
modules M fixed. We find that, with increasing h, the distribution of \,,,, shifts
towards more positive values (Fig. 4.5, left). As the system becomes unstable when
Amaz > 0, it follows that the probability of stability for the network decreases with

increasing number of hierarchical levels (Fig. 4.5, right).

4.3.2 Synchronization

It is of interest to look not only at the stability of equilibria for network dynamics,
but also at the stability of synchronized activity in networks. Let us consider a
network of N identical oscillators. The time-evolution of this coupled dynamical

system is described by:

& = F(x;) + €Y LyH(x;). (4.5)

j=1

Here, z; is a variable associated with node 7; F' and H are evolution and output
functions, respectively; € is the strength of coupling; and L is the Laplacian matrix,
defined as: L;; = k;, the degree of node ¢, L;j = —1 if nodes ¢ and j are connected,
0 otherwise. It has been shown that the linear stability of the synchronized state
xs (=r1 = ... = xy) can be determined by diagonalizing the variational equation
(Eq. 4.5) into N blocks of the form, y; = [DF(s)+eX\;DH (s)]y;, where y; represent
different modes of perturbation from the synchronized state. This is also referred
to as the master stability equation [105]. These equations have the same form
but different effective couplings o; = e)\;. The synchronized state is stable, i.e.,
the maximum Lyapunov exponent is in general negative, only within a bounded

interval [aa, ap] [111]. Let the eigenvalues of the Laplacian matrix be arranged
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Figure 4.6: (Left) Probability distribution of eigenvalues of the Laplacian L, as a
function of the total number of hierarchical levels, A (r = 0.1). (Right) The ratio of
the largest eigenvalue (Ay) to the second smallest eigenvalue (A2) as a function of r,
the ratio of inter-modular connections between two successive hierarchical levels, with
different symbols corresponding to differing total number of hierarchical levels h. For
all cases, the network consists of N = 256 nodes with average intra-modular degree,
(kintra) = 10 and inter-modular degree, (kinter) = 5. At all hierarchical levels [ > 1, the
network is split into two sub-networks. At [ = 1, each subnetwork is split into m modules
(I =0). Thus, N = 256 nodes are divided equally among 2"~'m = 16 modules, with the
four curves corresponding to (O) h =4, m =2, (V) h=3, m =4, (¢) h=2, m =8,
and (o) h =1, m = 16. Note that, increasing the number of hierarchical levels leads to
divergence of the eigenratio, implying that synchronization becomes harder to achieve.

as 0 = A\ < Ay < -+ < \,. Then, requiring all effective couplings to lie within
the interval ay < €edg < -+ < €Ay < ap, implies that a synchronized state is
linearly stable, if and only if, Ay /A < ap/cvs4. Thus, a network having a smaller
eigenratio Ay /g, is more likely to show stable synchronized activity.

Here, we obtain the eigenvalues of the Laplacian L for a hierarchical modular
network (Fig. 4.6, left) and observe the eigenratio Ay /Mg as a function of ratio of
the inter-modular connections between two successive hierarchical levels, r, and the
total number of hierarchical levels, h. First, keeping the number of hierarchical
levels fixed, we vary the parameter r. We find that with decreasing r, i.e., as
the number of connections between two successive hierarchical levels decrease, the
instability of the synchronized state increases. Next, keeping the total number of
modules fixed we increase the number of hierarchical levels (k) in the network.
Fig. 4.6 (right) shows that as the number of hierarchal levels of the network is
increased, \o decreases, resulting in an increasing eigenratio. Thus, arranging the

modules of a network in a hierarchical fashion also makes a network difficult to
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Level 1 Level 2

Central Node Level 3

Figure 4.7: Schematic diagram of an optimal tree structure with minimum average path
length, where the highest degree (kjq. = 3) of the network is fixed. The central node
and the three different levels (I = 1,2, 3) indicate a hierarchical organization.

synchronize.

4.4 Evolution of hierarchy in complex networks

In the preceding chapter we have shown using a model, how modular network
can emerge in the real world through multi-constraint optimization. In this sec-
tion, we generalize this model to understand how optimizing for certain coexisting
constraints on system performance can lead to hierarchical configuration of the
network.

The network constraints consider here are similar to the ones in the previous

chapter:

1. Minimizing the average path length: This is essential for rapid transportation
of resources or propagation of information within a network. Further, in the
presence of noisy information channels, signals are likely to be degraded
during transit between nodes. In such a system, reducing the average path

length of the network will also increase the robustness of the system.

2. Minimizing the total number of links in the system: Generally, each link in
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a system has some associated resource cost. Thus, a network having a large
number of links will incur a high cost in terms of overheads for maintaining

the connections.

3. Minimizing the largest degree (k,q.) of the network: This is associated with
reducing congestion in any node, a criterion that is important in transporta-
tion and information networks. E.g., in information transfer networks like the
Internet, unless the maximum degree is limited within a reasonable bound,
the hub nodes are likely to get clogged with incoming packets. In social net-
works, this is related to the limited attention that each individual can give
towards maintaining each additional social tie owing to time constraints. In
addition, for general dynamical systems, decrease in k., is associated with

increasing linear stability for the network dynamics.

As simultaneously optimizing a network for all three of the above constraints
is a difficult problem, we first consider a network having N nodes and N — 1
links (the minimum number required to maintain connectivity) that automatically
satisfies the constraint of minimum link cost. We simplify the problem further by
considering the largest degree of the network, k,,.., to be fixed, and seek to obtain
the tree structure which has minimum average path length. Such a network can be
constructed as follows: (i) choose a node to be the central node for the network and
attach k,,,, nodes to it. Thus, there will be k,,,, nodes in the first layer which are
located unit distance from the central node, (ii) add k.. — 1 nodes to each of the
nodes in the first layer, (iii) continue this procedure until the prescribed number
of nodes in the network is achieved. In such a network all the nodes except those
in the outer layer have degree k4.

To prove that the above algorithm generates a network which has the shortest
average path length for a given value of k,,,, we use the method of induction. For
a network with k,,.. + 1 nodes, the algorithm generates a star configuration where
the central node is connected to the other k,,,, nodes. This has, by construction,
the least average path length (~ 2) among all possible network configurations with
the same number of nodes and links. Thus, for the set of k,,,, nodes belonging to
the first layer (I = 1) of the model network, the algorithm guarantees the shortest
average path length. Let us now consider nodes belonging to layers beyond the

first one. If two nodes, ¢ and j, are at same level n, then the distance between
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these two nodes is given by

d(i, j) = 2+ d(p(i), p(4)), (4.6)

where p(i) and p(j) are the parents of nodes ¢ and j respectively, i.e., the nodes
in level n — 1 to which i and j are connected. It is obvious that if d(p(i), p(j))
is minimum, so is d(i, ), as the increment of 2 is the least possible length [=
d(i,p(i)) +d(j,p(7))] that one needs to add to the distance between the parents of
i and j to obtain d(i, j).

Let us next consider the case when the nodes are not at same level, e.g., let
node ¢ be at level m and node j be at level n < m. Thus, the shortest distance
between the jth node and a node in level m is m — n. Therefore, the distance

between nodes ¢ and j is given by

d(i, j) = (m —n) +d(p™ (i), j). (4.7)

where (p™~"(i) is a (m — n)-th grandparent of node i, which occurs in the level
m — (m —n) = n. As the nodes p™ "(7) and j occur at the same n-th level,
for which d(p™~"(i),j) has been shown to be minimal by the argument in the
previous paragraph, d(i,j) is minimum even when they belong to different levels.
Thus, the network constructed by the algorithm proposed above will have the
minimum average path length for a fixed maximum degree among all possible
network configuration with same number of nodes and links (Fig. 4.7).

We now calculate how the number of levels in the hierarchical tree is related to
the maximum degree k,,,,. The total number of nodes in a model network with r

levels, constructed according to the above algorithm, is given by,

f(kmama T) =1 + kmax + kmaa:(kmax - ]-) + -+ kmaa:(kmax - ]-)r_l
kmaz<kma:v - 1)7’ - 2
kmaz - 2 .

(4.8)

Thus, the total number of nodes in the network, N, will be bounded by f(knas, ) <

N < f(kmaz,™ — 1). For large r and k,,,,, we can replace the above relation with
log N
log(kmaz—1) "
levels, r, expressed in terms of network size and maximum degree can be considered

an equality, giving r = This expression for the number of hierarchical
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Figure 4.8: Variation of the largest degree, kj,qz, for the optimal network with the
parameter « for a network with N = 256.

as a measure of the average path length for the network. Thus, the constraint of
minimizing the path length is seen to be equivalent to a constraint dictating the
minimization of the number of levels.

So far, we had been considering the simple problem of a network with fixed
largest degree k... To construct networks that simultaneously satisfy the con-
straints on minimum number of levels and least maximum degree, we define a cost

(or energy) function in terms of r and kg,

log N

E = Oékmax + (1 — a)m

(4.9)
Here, the parameter « € [0, 1] determines the relative importance of the constraint
on largest degree with respect to that on the number of hierarchical levels. For
any specified value of «, the optimal network is the one which has minimum F.
Note that, for a network with fixed N, as r is expressed in terms of £,,,., the cost
is exclusively a function of the largest degree. Therefore, to obtain the minima of
E, we can differentiate it with respect to k.., and by equating the result to 0, we
obtain the following implicit relation for the optimal value of k,,,.:

0= 9 100 N = (s — 1) J08(Emas — 1), (4.10)

Thus, for a given N and «, using the above relation we can obtain the k,,,, for a
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network which is the optimal configuration that simultaneously satisfies the con-
strains specified above. Fig. 4.8 indicates that as a — 0, the optimal network has
a star configuration, while for o = 1, it is a 1-dimensional chain. At intermediate
values of «, the network will resemble the hierarchical configuration schematically

shown in Fig. 4.7.

4.5 Discussion

In Chapter 2, we have shown that modularity in random networks leads to higher
probability of instability for the equilibria of the network dynamics. The work
presented here is an extension and generalization of the above result, demonstrating
that increased number of hierarchical levels also tend to destabilize these equilibria.
Moreover, the same phenomena is observed for the stability of synchronized activity
in a network with respect to both increasing modularity, as well as, hierarchy. This
raises the question of how can systems with hierarchical modular structures exist
in nature, where they have to be robust enough to survive constant environmental
fluctuations. To answer this, we note that many constraints operate on networks
occurring in real life, such as, the minimization of (a) resource cost for maintaining
links and (b) the time required for communicating between nodes, in addition to
(c) the linear instability of equilibria, which together can make modular networks
the optimal configuration [85].

However, while this can explain the ubiquity of modularity, it does not answer
the question of why hierarchical organization is so common in nature. The fact
that tree-like networks with extensive ramifications occur so often in the context
of resource transport (e.g., the circulatory system in plants and animals), suggests
that additional constraints related to the functional goal of maintaining steady flow
at high flux may be at work in this case. One such constraint is the need to reduce
congestion at any point in the system, which is equivalent to minimizing the largest
degree in the network. We have shown that introducing this constraint, can lead to
networks with hierarchical organization, when operating in conjunction with the
previously introduced constraints on resource cost for links, and communication
time between nodes. Another possible candidate for a constraint that may give

rise to non-trivial mesoscopic organization is the need to minimize wiring cost, the
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total geographic length for all links in the network [92|. This is applicable when
the network is embedded on physical (as opposed to topological) space, so that
the wiring cost can been defined as the sum of the Euclidean distances between
all connected pairs of nodes. As many of the networks that show hierarchical
organization (such as the Internet and the network of cortical areas in the brain)
indeed occur on a physical space, with the geographic link cost being related to

the metric distance between nodes, this is a possibility that is worth pursuing.
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Inferring network structure from

dynamics

Having analyzed several network models for understanding the dynamical conse-
quences of modularity and hierarchy, in this chapter we consider how their existence
in real-world complex systems can be inferred from the knowledge of dynamics of
the component nodes. We first demonstrate the possibility of reconstructing net-
works through an analysis of the temporal information on interactions between its
components, by using the behavioral data of individuals belonging to a troop of
macaque monkeys. This example shows that the knowledge of dynamics of a sys-
tem can reveal its underlying modular network structure, which has been verified
by later field observations. To reconstruct a much larger network from the time-
series data of its components, we consider the example of financial markets. These
complex systems have many interacting elements and exhibit large fluctuations in
their associated observable properties, such as stock price or market index.

In Sec. 5.1 we analyze the structure of a bonnet macaque social organization.
Using data on their grooming and approach behavior, we determine the network
of interactions between the individuals comprising a troop. We first show that
grooming frequency, grooming time and approach frequency between each pair, all
have exponential distributions. We were able to determine the distinct groups in
the social network of female macaques, whereas that for the males do not show any
such unambiguous structure. Next, we consider the Seyfarth model, a theoretical
model for reproducing the patterns of social behavior observed in a primate troop.

We verify the efficacy of the model in explaining the observed group behavior and
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look at possible causative factors behind female grooming interaction.

In Sec. 5.2, by analyzing the cross-correlation matrix of stock price fluctuations
through spectral techniques, we reveal the underlying network of interactions be-
tween stocks in different markets. We find that emerging markets (e.g., NSE of
India) exhibit stronger correlations compared to developed markets (e.g., NYSE of
USA). In Sec. 5.3, we show through a simple multi-factor model, that most of the
observed correlations among stocks in emerging markets are due to effects common
to the entire market (e.g., external signals such are news breaks or intrinsic global
signals such as market indices). Coversely, correlations arising through direct inter-
actions between related stocks (e.g., between those belonging to the same business
sector) are weak. Our results suggest that the emergence of an internal structure,
comprising multiple groups of strongly coupled components, is a signature of mar-
ket evolution. This work also has ramifications for other similar complex systems
that develop over time, as our analysis provides tools for distinguishing dynamical
correlations that arise as a result of mutual interactions between nodes, as opposed

to those arising through a common response to a global signal.

5.1 Determining the social organization of Bonnet

Macaques

5.1.1 Social structure in primates

Primates are among the most social of all mammalian species, bonding together
for the purpose of survival. Such bonding between pairs of individuals is extremely
important in terms of increasing the cohesiveness of the group. This has imme-
diate relevance in making the group more effective in gathering food, protecting
themselves from predators, and, other functions that are vital for survival. Thus,
the pattern and quality of social interactions among the individuals have a direct
impact on the functional properties of the system. Primates do not interact at
random but rather has certain characteristic patterns of social behavior. These
may be invariant with respect to group size, age, composition and habitat quality.
Indeed, such patterns define the structure of social organization in the species.

A commonly observed behavior that is often used to infer such patterns is that
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of grooming between individuals. As opposed to conflict or aggressive behavior,
grooming is indicative of cooperative behavior. In addition to its benefit in remov-
ing ecto-parasites, grooming results in the formation and fostering of affiliative
relationships between individuals that could help them in other spheres of activity,
such as building a coalition against a third (possibly more powerful) individual.

Another common social interaction among primates that is indicative of the
relative status of two individuals is their behavior when one animal approaches
the other. It is seen that the aggressive approach of one individual is reciprocated
by the retreat of the other individual, a pattern that is almost invariant over time
for the pair involved. As the direction of such approach-retreat interactions is
relatively stable over time, one can therefore define relative dominance between
the two individuals. Moreover, these dominance relations are also transitive, i.e.,
if A is dominant to B and B is dominant to C, A is invariably dominant to C. Thus,
the members of a primate troop can be arranged in a linear dominance hierarchy,
with a rank associated with each individual. Usually, field studies concentrate on
the social interactions between members of the same sex in a troop, as male-female
interactions involve additional factors. Thus, the data for social interactions in a
group of primates is collected for the two subsets: one of all female members and
the other of all male members.

To understand grooming behavior, simple mathematical models of interactions
between individuals in a group have been proposed. These interactions define
the social network of the primate troop. R. M. Seyfarth has introduced one such
theoretical model to understand certain features that are commonly observed in
the grooming behavior of adult female primates across several species, viz., (i)
higher ranked individuals receive more grooming than others, and, (ii) majority of
grooming occurs between individuals of adjacent rank. Using this model, where
every individual follows the same strategy in choosing grooming partners, Seyfarth
has shown that relatively complex features of social behavior can be explained in

terms of simple principles governing the actions of individuals.

5.1.2 Bonnet Macaques

In the work reported here, we shall be focusing on one particular primate species,

the bonnet macaque (Macaca radiata), which is the most commonly observed pri-
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mate in peninsular India. Members of this species usually live in large troops
containing multiple males and females of 8 to 60 individuals, where the adult indi-
viduals develop strong affiliative relationships with each other [112|. Female bonnet
macaques usually remain with the group in which they are born throughout their
lives. As adults they form stable matrilineal dominance hierarchies, with daugh-
ters having dominance ranks just below those of their mothers. Among sisters,
dominance is ordered in a reverse chronological order, with the youngest being the
most dominant. The close affiliative relations between females is demonstrated
through high levels of allogrooming ! exchanged between both genetically related
and unrelated individuals across the dominance hierarchy.

In contrast to females, adult (as well as juvenile) bonnet macaque males usually
emigrate from the troops in which they were born. Another marked difference
from the females is that adult males form unstable dominance hierarchies. By
direct aggression and formation of coalitions, macaque males may move up from
low ranks occupied while very young to relatively high positions when they are
mature and in peak physical condition. Conversely, older macaque males may slip
down the hierarchy to lower ranks. Although, just as their female counterparts,
macaque males also demonstrate high levels of allogrooming and other affiliative
behavior towards each other, in marked contrast to females, there is absence of
any correlation between individual dominance ranks and the levels of affiliative

behavior displayed or received.

5.1.3 Description of the dataset

The analysis presented here is based on data acquired in the field by the group
of Prof. Anindya Sinha (NIAS, Bangalore) through demographic monitoring and
behavioral observations on a troop of bonnet macaques inhabiting 1 square km of
dry deciduous scrubland and mixed forests in the GKVK campus of the University
of Agricultural Sciences in Bangalore, India. The original observations were carried
out for over 1200 hours on two troops occupying adjacent overlapping home ranges
during March 1993-September 1995. We have selected the larger of these two
groups for our analysis, which consisted of 12 adult males and 11 adult females.

Data collected include information about (i) allogrooming frequency GF (measured

!Grooming performed by one individual on another is called allogrooming
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Figure 5.1: The social network of (a) female and (b) male members of the bonnet
macaque troop, where the interaction strength between each pair of individuals is deter-
mined by their corresponding grooming frequency (GF).

for every pair of giving and receiving individuals as grooming bouts/hour), (ii)
allogrooming time GT (measured for the pair of giving and receiving individuals
in terms of hours) and (iii) approach frequency AF (measured as the number of

approaches initiated by one individual towards another per hour).

5.1.4 Distribution of interaction strengths

We have constructed the network of social interactions in the macaque troop by
using the data described above, where nodes represent the individual members, and
links represent the relation between them in terms of GF, GT or AF (Fig. 5.1).
Note that, the network is directed as, in general, the relation between a pair of
individuals is not symmetric. For example, the time spent by individual ¢ in
grooming individual j may not equal the time j spends in grooming ¢. FEach link
of the network has an associated weight, w;;, which is proportional to GF, GT or
AF, depending on which relation is being used to construct the social network.
We first consider the distribution of weights in the links of the network. For
many complex networks occurring in the real world, this distribution is seen to
have either a power-law (e.g., in air-transportation network), or a log-normal (e.g.,

in the international trade network) nature. This is indicative of significant levels
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Figure 5.2: The distribution of interaction strengths, defined in terms of (a) grooming
frequency (GF), (b) grooming time (GT), and (c) approach frequency (AF), for both the
female and male macaque social networks. The data indicates an exponential nature for
all three distribution.

of heterogeneity in the interaction strengths of the network. For social networks,
quantifying the strength of interactions is often not possible, which makes the de-
termination of the link weight distribution for such systems a very difficult problem.
Fortunately, in the case of macaque social network, the interaction strengths can
be quantified in terms of their grooming and approach behavior. Fig 5.2 indicates
that for both the male and female networks, the strength distribution seems to
decay exponentially. The implication of relative homogeneity in the link weights
suggests that this social network is very different in this respect from the networks
mentioned above. Moreover, the relatively fast decay in the distribution of link
weights for the males indicates a weaker degree of social interactions among them

as compared to the females.

5.1.5 Community structure in macaque social network

We next test the utility of a network description in allowing us to infer the existence
of subsets whose members are strongly bound to each other. This is possible
through the determination of community structure in the network and verifying it
with empirically observed behavior. We have attempted partitioning the network
into several closely knit communities (or modules) using GF, GT and AF. The
community in a weighted network is defined as a group of nodes that are strongly

interconnected, i.e., have links among themselves with higher weights, as compared
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Table 5.1: Modular decomposition of the male and female bonnet macaque social net-
works, indicating the membership of individuals in different modules. Each individual
is indicated by a number that corresponds to its rank in the linear dominance hierar-
chy, with ‘1’ corresponding to the most dominant. The number of communities obtained
is indicated by m, whereas the maximum modularity of the empirical network and the
corresponding randomized network is represented by @) and Q..nq respectively.

Gender Type Q m Qrand Modular identity
Female GF 0121 2 0.081£0.017  (1234510) (6789 11)
GT 0.140 2 0.098£0.021  (1234510) (6789 11)
AF 0110 2 0.073£0.020  (1234510) (6780911)
Male  GF 0085 2 0.130£0.025 (1234912) (567810 11)
GT 0165 4 0.137£0.024 (123) (45) (6810) (79 11 12)
AF 0240 4 0.143+0.025 (12367) (458) (9 11) (10 12)

to links with other nodes which belong outside the community. We determine the
modules by obtaining the optimal partitioning of the network, that corresponds
to the partition having the maximum value of the modularity measure @) [98].
Table 5.1 indicates the different community structures obtained for both the male
and female macaque network by applying this method.

For the female macaques, the communities determined from the three different
social networks (defined in terms of GF, GT and AF) are identical, indicating that
this modular structure is significant and might be observed in other social behavior.
This is verified by subsequent field observations carried out at a later period (end
of 1995) when it was seen that the female macaques had split into two distinct
troops, with the membership of each exactly matching the results of our network
analysis. However, for male macaques, the modular decomposition yields different
communities according to the type of social network used. To check the statistical
significance of the determined community structure, we compare the partitioning
of the empirical network with its randomized version. The randomized networks
are obtained by shuffling the weights of the links. The average Q;.,q for 100 such
realizations is compared with the @) of the empirical network. The result again
suggests that, while the modular decomposition of the female network is indeed

significant, this is not so for the male network.
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Figure 5.3: Relation between the rank of a macaque with (a) grooming received, G,
(b) grooming given, GY, and (c) the ratio G" /GY.

5.1.6 From individual strategy to social behavior

In this section we focus exclusively on the female members of the troop, as their
dominance hierarchy is stable unlike that for the males. Here, we investigate how
the observed interaction structure can arise from a common set of strategies or
principles governing the selection of interaction partner, that are followed by each
individual member of the troop. Using our data, we test the theoretical model

proposed by Seyfarth for describing social behavior in monkeys.

Seyfarth model

In this model, a number of adult females are arranged in a linear rank order that
defines priority of access to resources. Some of the individuals are related to each
other in terms of common ancestry. Every individual follows the same behavioral
strategy, viz., distribute half of their grooming among close relatives (kin), and,
the other half among unrelated animals in direct proportion to their ranks (with
the most dominant animal getting top preference). Using this strategy, every
individual is allowed to interact with others, each pursuing her goal within the

constraints imposed by competition. After a period of interactions, the pattern
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Figure 5.4: Relation between the rank of a macaque with (a) the frequency of approach
received per hour, A™ and (b) the frequency of approach initiated per hour, A9Y.

of grooming behavior is obtained which is then compared with data from actual
groups. Simulations of the model show that the network structure constructed on
the basis of the interactions are relatively unaffected by variation in the number of
kin, group size, the amount of time available for grooming, or the relative strength

of an individual’s attraction to kin and her attraction to those of higher status.

Testing the Seyfarth model

We have tried to verify the basic principles of the Seyfarth model by testing it using
the bonnet macaque dataset. We first calculate the grooming given and received
by each macaque. For an individual ¢, the grooming received is the weighted in-
degree, G| = Zj w;;, while the grooming given is the weighted out-degree GY =
>, wi;. We find that, apart from the highest ranked macaque, grooming received
by all other individuals is approximately the same (Fig. 5.3). This is in significant
contrast to the prediction of the Seyfarth model, according to which the grooming
received should increase with rank. Next, we look at the variation of grooming
given by the macaque with its rank. Except for the two highest ranked macaques,
GY9 decreases with rank, indicating the competition among individuals. By plotting
the ratio of grooming received to the grooming given by a macaque, G"/GY, along
with its rank, we show that: (i) for the upper part of the dominance hierarchy

there is a positive correlation, but (ii) for lower ranking females, the correlation
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Figure 5.5: Relation between rank difference of macaque with (a) average grooming
received, (G"), from low rank individual and (b) average grooming given, (GY), to the
low rank individual. The curves are the best fit for the data and indicate negative
correlation.

between rank and G"/GY is not obvious.

Next, we look at a different type of social interaction, namely the frequency
of approach behavior between individuals. In Fig. 5.4, we plot the number of
times an individual is approached per hour, A", against its rank and find them to
be uncorrelated. However, when we plot the frequency of approaches initiated per
hour, A9, against the rank of the individual, we find significant positive correlation.
This indicates that the higher ranking females approach most other members of
the group, but the reverse does not happen.

Next, we test the reciprocity assumption of Seyfarth model in the grooming be-
havior of macaque, according to which each individual regardless of its own rank
always tries to groom the highest ranked individual who is available. Here, we test
it against an alternative hypothesis, that an individual may choose a grooming
partner who is ranked higher according to the preceding strategy, but, chooses
randomly when the available partners are all ranked lower than it. In Fig. 5.5, we
plot the amount of grooming received by a higher ranked individual from a lower
ranked partner, against their rank difference. We compare this to the grooming
given by a higher ranked individual to a lower ranked partner. In both of these
cases, we find that as the rank difference increases, the amount of grooming de-

creases. However, grooming received by a higher ranked individual from one at a
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Figure 5.6: Relation between the kinship distance, Kgis, between macaque individuals
with (a) average grooming, (G), and (b) average rank difference, Rgjst.

lower rank shows a steeper decay compared to the corresponding data for groom-
ing given. This indicates that during the quest for grooming partners, a macaque
individual may be using the following guiding principles: (i) rank is more impor-
tant while grooming a higher ranked individual, but (ii) it is less significant when
grooming a lower ranked macaque. This indicates the non-reciprocal nature of
social ties in this system.

Finally, we look at the role of kinship distance between individuals on the bon-
net macaque grooming behavior. To define the kinship distance, we first construct
the family tree, which is a chart representing relationships between individuals in
terms of common ancestry. The path length between two individuals on this tree is
defined as the kinship distance (Kg;s;) between them. Thus, the distance between
mother and daughter is 1, whereas the distance between sisters is 2 and so on.
We plot the average grooming between pairs of individuals against their kinship
distance in Fig. 5.6. Our results suggest that, grooming decreases as the kinship
distance increases. Thus distance between kin does matter in macaques when
choosing a grooming partner. However, the increase in kinship distance between
two individuals is also associated with a corresponding increase in rank difference,
Raist- Thus, whether the increase in average grooming is exclusively an outcome

of the increase in K4 needs to be investigated further.
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5.2 Reconstructing the internal structure of a fi-

nancial market

In order to reconstruct a much larger network from the time-series data of its
components, we now consider the example of financial markets. By analyzing
the cross-correlation matrix C of stock price fluctuations in the National Stock
Exchange (NSE) of India, we uncover the structure of interactions between the
stocks that are traded in that market.

5.2.1 Financial market: A complex system

Financial markets can be considered as complex systems having many interacting
elements and exhibiting large fluctuations in their associated observable properties,
such as stock price or market index [113, 114]. The state of the market is governed
by interactions among its components, which can be either traders or stocks. In
addition, market activity is also influenced significantly by the arrival of external
information. Statistical properties of stock price fluctuations and correlations be-
tween price movements of different stocks have been analyzed by physicists in order
to understand and model financial market dynamics [115, 116]. The fluctuation
distribution of stock prices is found to follow a power law with exponent o ~ 3, the
so-called “inverse cubic law” [117, 118]. This property is quite robust, and has been
seen in developed as well as emerging markets [85]. On the other hand, it is not yet
known whether the cross-correlation behavior between stock price fluctuations has
a similar universal nature. Although the existence of collective modes have been
inferred from the study of market dynamics, such studies have exclusively focused
on developed markets, in particular, the New York Stock Exchange (NYSE).

To uncover the structure of interactions among the elements in a financial mar-
ket, physicists primarily focus on the spectral properties of the correlation matrix of
stock price movements. Pioneering studies investigated whether the properties of
the empirical correlation matrix differed from those of a random matrix that would
have been obtained had the price movements been uncorrelated [119, 120]. Such
deviations from the predictions of random matrix theory (RMT) can provide clues

about the underlying interactions between various stocks. It was observed that,
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while the bulk of the eigenvalue distribution for the correlation matrix of NYSE and
Tokyo Stock Exchange follow the spectrum predicted by RMT [119, 120, 121, 122],
the few largest eigenvalues deviate significantly from this. The largest eigenvalue
has been identified as representing the influence of the entire market, common
for all stocks, whereas, the remaining large eigenvalues are associated with the
different business sectors, as indicated by the composition of their corresponding
eigenvectors [123, 121]. The interaction structure of stocks in NYSE have been
reconstructed using filtering techniques implementing matrix decomposition [124]
or maximum likelihood clustering [125].

While it is generally believed that stock prices in emerging markets tend to be
relatively more correlated than the developed ones [126], there have been very few
studies of the former in terms of analyzing the spectral properties of correlation
matrices [127, 110, 128, 129]. Here, we analyze the cross-correlations among stocks

in the Indian financial market, one of the largest emerging markets in the world.

5.2.2 The financial market data

The National Stock Exchange (NSE) is the largest stock market in India. We
have considered the daily closing price data of 201 stocks (see Table I) traded in
NSE from Jan 1996 to May 2006, which corresponds to 2607 days. This data is
obtained from the NSE web-site [130]. The selected stocks were traded over the
entire period 1996-2006 and had the minimum number of missing data points (i.e.,
days for which no price data is available). For comparison we also consider the
daily closing price of 434 stocks of NYSE belonging to the S&P 500 index over
the same period as the Indian data. However, the total number of working days is
slightly different, viz., 2622 days. This data was obtained from the Yahoo! Finance
website [131]. In all our analysis, while comparing with the NSE data, we have

used multiple random samples of 201 stocks each, from the set of 434 NYSE stocks.

5.2.3 The Return Cross-Correlation Matrix

To observe correlation between the price movements of different stocks, we first
measure the price fluctuations such that the result is independent of the scale

of measurement. If P;(¢) is price of the stock i = 1,..., N at time ¢, then the
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Figure 5.7: The probability density function of the elements of the correlation matrix
C for 201 stocks in the NSE of India and NYSE for the period Jan 1996-May 2006. The
mean value of elements of C for NSE and NYSE, (Cj;), are 0.22 and 0.20 respectively.

(logarithmic) price return of the ith stock over a time interval At is defined as
R;(t,At) =In Pi(t + At) — In P,(¢). (5.1)

As different stocks have varying levels of volatility (measured by the standard
deviation of its returns) we define the normalized return,
R, — (R;
ri(t, At) = 7<>, (5.2)
0;
where o; = \/(R?) — (R;)?, is the standard deviation of R; and (...) represents
time average over the period of observation. We then compute the equal time

cross-correlation matrix C, whose element
Cij = (riry), (5.3)

represents the correlation between returns for stocks ¢ and j. By construction, C
is symmetric with Cj; = 1 and Cj; has a value in the domain [—1, 1]. Fig. 5.7 shows
that, on the average correlation among stocks in NSE is larger compared to the
stocks in NYSE. This supports the general belief that developing markets tend to
be more correlated than developed ones. To understand the reason behind this

excess correlation, we perform an eigenvalue analysis of the correlation matrix.
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5.2.4 Spectral properties of correlation matrix

If the N return time series of length 7" are mutually uncorrelated, then the resulting
random correlation matrix is called a Wishart matrix, whose statistical properties
are well known [132]. In the limit N — oo, T'— oo, such that Q@ = T/N > 1, the

eigenvalue distribution of this random correlation matrix is given by

_ Q \/()‘maaz - )‘)()‘ B )‘mzn)

Pin(N) = ;
() 21 A

(5.4)

for Ain < A < A\ae and, 0 otherwise. The bounds of the distribution are given by
Amazmin = [1 £ (1/4/Q)]?. We now compare this with the statistical properties of
the empirical correlation matrix for the NSE. In the NSE data, there are N = 201
stocks each containing 7" = 2606 returns; as a result () = 12.97. Therefore, it
follows that, in the absence of any correlation among the stocks, the distribution
should be bounded between \,,;,, = 0.52 and A,,,. = 1.63. As observed in devel-
oped markets [119, 120, 121, 122], the bulk of the eigenvalue spectrum P(\) for
the empirical correlation matrix is in agreement with the properties of a random
correlation matrix spectrum P, (), but a few of the largest eigenvalues deviate
significantly from the RMT bound (Fig. 5.8).

However, the number of these deviating eigenvalues are relatively few for NSE
compared to NYSE. We verify that, these outliers are not an artifact of the finite
length of the observation period, by randomly shuffling the return time series for
each stock, and then re-calculating the resulting correlation matrix. The eigenvalue
distribution for this surrogate matrix matches exactly with the random matrix
spectrum P, (), indicating that the outliers are not due to “measurement noise”
but are genuine indicators of correlated movement among the stocks. Therefore,
by analyzing the deviating eigenvalues, we may be able to obtain an understanding

of the structure of interactions between the stocks in the market.

Properties of the “deviating” eigenvalues

The largest eigenvalue Ay for the NSE cross-correlation matrix is more than 28
times greater than the maximum predicted by RMT. This is comparable to NYSE,
where )y is about 26 times greater than the random matrix upper bound. Upon

testing with synthetic US data containing same number of missing data points as
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Figure 5.8: The probability density function of the eigenvalues of the correlation matrix
C for NSE (left) and NYSE (right). For comparison, the theoretical distribution predicted
by Eq. (5.4) is shown using broken curves, which overlaps with the distribution obtained
from the surrogate correlation matrix generated by randomly shuffling each time series.
In both figures, the inset shows the largest eigenvalue.

in the Indian market, we observed that )y remains almost unchanged compared
to the value obtained from the original US data. The corresponding eigenvector
shows a relatively uniform composition, with all stocks contributing to it and all
elements having the same sign (Fig. 5.9, a). As this is indicative of a common factor
that affects all the stocks with the same bias, the largest eigenvalue is associated
with the market mode, i.e., the collective response of the entire market to external
information [119, 121].

Of more interest for understanding the market structure are the intermediate
eigenvalues, i.e., those occurring between the largest eigenvalue and the bulk of the
distribution predicted by RMT. For the NYSE, it was shown that corresponding
eigenvectors of these eigenvalues are localized, i.e., only a small number of stocks,
belonging to similar or related businesses, contribute significantly to each of these
modes [123, 121]. However, for NSE, although the Technology and the IT & Tele-
com stocks are dominant contributors to the eigenvector corresponding to the third
largest eigenvalue, a direct inspection of eigenvector composition does not yield a
straightforward interpretation in terms of a related group of stocks corresponding
to any particular eigenvalue (Fig. 5.9). This implies that distinct groups, whose
members are mutually correlated in their price movement, do exist in NYSE, while
their existence is far less clear in NSE.

To obtain a quantitative measure of the number of stocks contributing to a given
eigenmode, we calculate the inverse participation ratio (IPR), defined for the kth

. N .
eigenvector as I, = Y .. [ug|*, where uy, are the components of eigenvector k. An
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Figure 5.9: The absolute values of the eigenvector components u;(\) of stock i cor-
responding to the four largest eigenvalues of C for NSE. The stocks ¢ are arranged by
business sectors separated by broken lines. A: Automobile & transport, B: Financial,
C: Technology D: Energy, E: Basic materials, F: Consumer goods, G: Consumer discre-
tionary, H: Industrial, I: IT & Telecom, J: Services, K: Healthcare & Pharmaceutical, L:
Miscellaneous.

eigenvector having components with equal value, i.e., uy; = 1/\/N for all 7, has
I, = 1/N. We find this to be approximately true for the eigenvector corresponding
to the largest eigenvalue, which represents the market mode. To see how different
stocks contribute to the remaining eigenvectors, we note that if a single stock had
a dominant contribution in any eigenvector, e.g., up; = 1 and ug; = 0 for ¢ # 1,
then I, = 1 for that eigenvector. Thus, IPR gives the reciprocal of the number of
eigenvector components (and therefore, stocks) with significant contribution.

On the other hand, the average value of I, for eigenvectors of a random cor-
relation matrix obtained by randomly shuffling the time series of each stock, is
(I' = 3/N =~ 1.49 x 1072, Fig. 5.10 shows that the eigenvalues belonging to the
bulk of the spectrum indeed have this value of IPR. But at the lower and higher
end of eigenvalues, both the US and Indian markets show deviations, suggesting
the existence of localized modes. However, these deviations are much less signifi-
cant and fewer in number in the latter compared to the former. This implies that
distinct groups, whose members are mutually correlated in their price movement,
do exist in NYSE, while their existence is far less clear in NSE.

In order to graphically present the interaction structure of the stocks in NSE,

we use a method suggested by Mantegna [113] to transform the correlation between
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Figure 5.10: Inverse participation ratio as a function of eigenvalue for the correlation
matrix C of NSE (left) and NYSE (right). The broken line indicates the average value
of (I = 1.49 x 1072 for the eigenvectors of a matrix constructed by randomly shuffling
each of the NV time series.

stocks into distances to produce a connected network in which co-moving stocks
are clustered together. The distance d;; between two stocks 7 and j are calculated
from the cross-correlation matrix C, according to d;; = \/m These are
used to construct a minimum spanning tree, which connects all the N nodes of
a network with N — 1 edges such that the total sum of the distance between
every pair of nodes, Z” d;j, is minimum. For the NYSE, such a construction has
been shown to cluster together stocks belonging to the same business sector [32].
However, as seen in Fig. 5.11, for the NSE, such a method fails to clearly segregate
any of the business sectors. Instead, stocks belonging to very different sectors are
equally likely to be found within each cluster. This suggests that the market mode

is dominating over all intra-sector interactions.

5.2.5 Filtering the data using spectral statistics

The above analysis suggests the existence of a market-induced correlation across
all stocks, which makes it difficult to observe the correlations that might be due to
interactions between stocks belonging to the same sector. Therefore, we now use
a filtering method to remove market mode, as well as the random noise [124]. The

correlation matrix is first decomposed as

N-1
C= Z AiuiuZT, (55)
=0
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Figure 5.11: The minimum spanning tree connecting 201 stocks of NSE. The node
colors indicate the business sector to which a stock belongs.

where ); are the eigenvalues of C sorted in descending order and u; are corre-
sponding eigenvectors. As only the eigenvectors corresponding to the few largest
eigenvalues are believed to contain information on significantly correlated stock
groups, the contribution of the intra-group correlations to the C matrix can be
written as a partial sum of A\ u,ul, where « is the index of the corresponding
eigenvalue. Thus, the correlation matrix can be decomposed into three parts,

corresponding to the market, group and random components:

C = Cmarket Cgroup_'_crandom

= )\Ouou0+Z)\ulu + Z Augul (5.6)

i=Ng+1
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Figure 5.12: The distribution of elements of correlation matrix corresponding to the
market, C™@ket the group, C97°“?, and the random interaction, C™*@™  For NSE (left)
Ny = 5 whereas for NYSE (right) N, = 10. The short tail for the distribution of the
CI79%P elements in NSE indicates that the correlation generated by mutual interaction
among stocks is relatively weak.

where, N, is the number of eigenvalues (other than the largest one) which deviates
from the bulk of the eigenvalue spectrum. For NSE we have chosen N, = 5.
However, the exact value of this choice is not crucial as small changes in IV, do not
alter the results, the error involved being limited to the eigenvalues closest to the
bulk that have the smallest contribution to C9""P.

Fig. 5.12 shows the result of decomposing the correlation matrix into the three
components, for both the Indian and US markets. Compared to the latter, the
distribution of matrix elements of C9"°*? in the former shows a significantly trun-
cated tail. This indicates that intra-group correlations are not prominent in NSE,
whereas they are comparable with the overall market correlations in NYSE. It
follows that the collective behavior in the Indian market is dominated by exter-
nal information that affects all stocks. Correspondingly, correlations generated by
interactions between stocks, as would be the case for stocks in a given business
sector, are much weaker, and hence, such correlated sectors would be difficult to

observe.

5.2.6 The network of stock interactions

We indeed find this to be true when we use the information in the group correlation
matrix to construct the network of interacting stocks [124]. The adjacency matrix
A of this network is generated from the group correlation matrix C9"°*? by using
a threshold ¢y, such that Aj; = 1if C7™ > ¢y, and Ay = 0 otherwise. Thus,
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Figure 5.13: The structure of interaction network in the Indian financial market at
threshold ¢* = 0.09. The left cluster comprises of mostly Technology stocks, while the
middle cluster is composed almost entirely of Healthcare & Pharmaceutical stocks. By
contrast, the cluster on the right is not dominated by any particular sector. The node
labels indicate the business sector to which a stock belongs and are as specified in the
caption to Fig 5.9.

a pair of stocks are connected if the group correlation coefficient C7/**” is larger
than a preassigned threshold value, ¢;,. To determine an appropriate choice of
¢ = ¢* we observe the number of isolated clusters (a cluster being defined as a
group of connected nodes) in the network for a given ¢;;,. We found this number to
be much less in NSE compared to that observed in NYSE for any value of ¢, [124].
Fig. 5.13 shows the resultant network for ¢* = 0.09, for which the largest number
of isolated clusters of stocks are obtained. The network has 52 nodes and 298
links partitioned into 3 isolated clusters. From these clusters, only two business
sectors can be properly identified, namely the Technology and the Pharmaceutical
sectors. The fact that the majority of the NSE stocks cannot be arranged into
well-segregated groups reflecting business sectors illustrates our conclusion that
intra-group interaction is much weaker than the market-wide correlation in the
Indian market.

When the interaction networks between stocks are generated for the two peri-
ods, they show less distinction into clearly defined sectors than was obtained with
the data for the entire period. This is possibly because the shorter data sets create
larger fluctuations in the correlation values, thereby making it difficult to segregate
the existing market sectors. However, we do observe that, using the same threshold
value for generating networks in the two periods yield, for the later period, iso-

lated clusters that are distinguishable into distinct sub-clusters connected to each
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other via a few links only, whereas in the earlier period the clusters are much more
homogeneous. This implies that as the Indian market is evolving, the interactions
between stocks are tending to get arranged into clearly identifiable groups. We
propose that such structural re-arrangement in the interactions is a hallmark of

emerging markets as they evolve into developed ones.

5.3 Model of Market Dynamics

To understand the relation between the interaction structure among stocks and
the eigenvalues of the correlation matrix, we perform a multivariate time series
analysis using a simple two-factor model of market dynamics. We assume that
the normalized return at time ¢ of the ith stock from the kth business sector can
be decomposed into (i) a market factor r,,(t), that contains information or signal
common to all stocks, (ii) a sector factor r}(t), representing effects exclusive to
stocks in the kth sector, and (iii) an idiosyncratic term, n;(t), which corresponds

to random variations unique for that stock. Thus,

ri(t) = Birm(t) + virg(t) + oumi(t), (5.7)

where (3;, 7¥ and o; represent relative strengths of the three terms mentioned above,
respectively. For simplicity, these strengths are assumed to be time independent.
We choose 7y, (t), 75(t) and 7;(t) from a zero mean and unit variance Gaussian dis-
tribution. We further assume that the normalized returns r;, also follow Gaussian
distribution with zero mean and unit variance. Although the empirically observed
return distributions have power law tails, as these distributions are not Levy sta-
ble, they will converge to Gaussian if the returns are calculated over sufficiently
long intervals. The assumption of unit variance for the returns ensures that the

relative strengths of the three terms will follow the relation:
B+ (1) + o = 1. (5-8)

As a result, for each stock we can assign o; and ~; independently, and obtain [;
from Eq. (5.8). We choose o; and +; from a uniform distribution having width o

and centered about the mean values o and ~, respectively.

86



Chapter 5. Inferring network structure from dynamics

200

Figure 5.14: The variation of the largest (top) and second largest (bottom) eigenvalues
of the correlation matrix of simulated return in the two-factor model (Eq. 5.7) with the
model parameters v and o (corresponding to strength of the sector and idiosyncratic
effects, respectively). The matrix is constructed for N = 200 stocks each with return
time series of length T" = 2000 days. We assume there to be 10 sectors, each having 20
stocks.

We now simulate an artificial market with N stocks belonging to K sectors by
generating time series of length T for returns r¥ from the above model. These K
sectors are composed of ny,ns,...,ng stocks such that n; +ny +---+ng = N.
The collective behavior is then analysed by constructing the resultant correlation
matrix C and obtaining its eigenvalues. Our aim is to relate the spectral properties
of C with the underlying structure of the market given by the relative strength
of the factors. We first consider the simple case, where the contribution due to
market factor is neglected, i.e., §; = 0 for all 7, and the strength of sector factor
is equal for all stocks within a sector, i.e., 7% = +*, is independent of i. In this
case, the spectrum of the correlation matrix is composed of K large eigenvalues,
1+ (nj —1)(7?)%, where j = 1... K, and N — K small eigenvalues, 1 — (77)?, each
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with degeneracy n; — 1, where j = 1... K [133|. Now, we consider nonzero market
factor which is equal for all stocks i.e., 3; = ( for all 7, and the strength of sector
factor is also same for all stocks, i.e., 7% =« (independent of i and k). In this case
too, there are K large eigenvalues and N — K small eigenvalues. Our numerical

simulations suggest that the largest and the second largest eigenvalues are

)\0 ~ Nﬁza
Mo~ (1 - @), (5.9)

respectively, where n; is the size of the largest sector, while the N — K small
degenerate eigenvalues are 1 — 3% —~2. We now choose the strength v and o; from
a uniform distribution with mean + and o respectively and with width § = 0.05.
Fig. 5.14 shows the variation of the largest and second largest eigenvalues with o
and ~. The strength of the market factor is determined from Eq.5.8.

Note that, decreasing the strength of the sector factor relative to the market
factor results in decreasing the second largest eigenvalue A\;. As Q = T/N is fixed,
the RMT bounds for the bulk of the eigenvalue distribution, [A,in, Amaz], TemMain
unchanged. Therefore, a decrease in \; implies that the large intermediate eigen-
values occur closer to the bulk of the spectrum predicted by RMT, as is seen in the
case of NSE. The analysis of the model supports our hypothesis that the spectral
properties of the correlation matrix for the NSE are consistent with a market in
which the effect of information common for all stocks (i.e., the market mode) is

dominant, resulting in all stocks exhibiting a significant degree of correlation.

5.4 Discussion

In this chapter, we have reconstructed networks from two types of empirical data.
First, we have analyzed the structure of bonnet macaque social organization as
an example of a social network. We determine the interaction network by using
data on grooming behavior, an affiliative interaction that is frequently observed
between primate individuals. We show that weights of the links in this network
(i.e., grooming strength) has an exponential distribution, indicating that the in-
teractions in such a social network is very different from other real-world complex

networks. This may be due to the limited time for performing specific acts that
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constrains the interaction behavior of the agents in a social network. Further, the
female macaque network shows a distinct and unambiguous community structure,
with the different communities matching exactly with the splitting of the troop
observed in a subsequent field study. In order to understand how relatively simple
principles governing the strategy of individuals for selecting interaction partners
may be used to explain the complex social structure of non-human primate groups,
we consider the Seyfarth model. By using the bonnet macaque data, we tested
the basic principles of the model, which gives a set of strategic rules that governs
the interactions of each individual. Based on our results, we have indicated how
these principles can be possibly modified so that the model can better represent
the patterns of social behavior in the bonnet macaque.

Next, we analyze the market interaction structure and demonstrate that the
stocks in an emerging market are much more correlated than in developed mar-
kets. Although, the bulk of the eigenvalue spectrum of the correlation matrix of
stocks C in an emerging market is similar to that observed for developed markets,
the number of eigenvalues deviating from the upper bound predicted by random
matrix theory are smaller in number. Further, most of the observed correlations
among stocks is found to be due to effects common to the entire market, whereas
correlations due to interactions between stocks belonging to the same business
sector are weak. This dominance of the market mode relative to modes arising
through interactions between stocks makes an emerging market appear more cor-
related than developed markets. Using a simple two-factor model, we show that
a market factor, that is dominant relative to the sector factor, results in spectral
properties similar to that observed empirically for the Indian market. Our study
helps in understanding the evolution of markets as complex systems, suggesting
that strong interactions may emerge within groups of stocks as a market evolves
over time. How such self-organization occurs and its relation to other changes
that a market undergoes during its development, e.g., large increases in transac-
tion volume, is a question worth pursuing in the future with the tools available to
physicists.

This chapter also makes a significant point regarding the physical understand-
ing of markets as complex dynamical systems. In recent times, the role of the
interaction structure within a market in governing its overall dynamical properties

has come under increasing scrutiny. However, such intra-market interactions affect
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very weakly certain market properties, which is underlined by the observation of
identical fluctuation behaviour in markets having very different interaction struc-
tures, viz., NYSE and NSE [85, 134|. For the purpose of explaining features such
as the price fluctuation distribution, the system can be considered to be a single
homogeneous entity responding only to external signals. This suggests that the
earlier approach for studying financial markets that ignored their internal struc-
ture and considered prices to be essentially executing random walks in response
to independent external shocks [135|, may still be considered to be accurate for
explaining market fluctuation phenomena. In other words, complex interacting
systems like financial markets can have simple mean field-like description for some

of their properties.
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function

6.1 Introduction

The relatively simple nervous systems of invertebrate organisms provide vital in-
sights into how nerve cells integrate sensory information from the environment, re-
sulting in a coordinated response. Analysing the intermediate or mesoscopic level
of organization in such systems is a crucial step in understanding how micro-level
activity of single neurons and their interactions eventually result in macro-level
behavior of the organism [136]. The nematode Caenorhabditis elegans is a model
organism on which such an analysis can be performed, as its entire neuronal wiring
layout has been completely mapped [18]. This information enables one to trace in
full the course of activity along the neuronal network, from sensory stimulation to
motor response [137]. We study its somatic nervous system, comprising 282 neu-
rons that control all activity except the pharyngeal movements. This can lead to an
understanding of the command and control processes occurring at the mesoscopic
level that produce specific functional responses, including avoidance behavior and
movement along a chemical gradient. The neuron locations as well as their con-
nections being completely determined by the genetic program, are invariant across
individual organisms. Further, unlike in higher organisms, the connections do not
change with time in the adult nematode. In combination with the possibility of ex-
perimenting on the role of single neurons in different functional modalities, these

invariances allow one to uniquely identify the important neurons in the system
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having specific behavioral tasks.

The recent developments in the theory of complex graphs has made available
many analytical tools for studying biological networks [4, 3|. The initial emphasis
was on developing gross macroscopic descriptions of such systems using measures
such as average path length between nodes of the network, the clustering among
nodes and the degree sequences. However, such global characterizations of sys-
tems ignore significant local variations in the connection topology that are often
functionally important. Therefore, investigating the network at a mesoscopic level
which consider the broad patterns in the inhomogeneous distribution of connec-
tions, may reveal vital clues about the working of an organism that could be hidden
in a global analysis. Further, these large-scale features help in understanding how
coordination and integration occurs across different parts of the system, in contrast
to a study of microscopic patterns comprising only a few neurons, e.g., motifs [138|.

The existence of modules, marked by the occurrence of groups of densely con-
nected nodes with relatively fewer connections between these groups [52], provides
a natural meso-level description of many complex systems [67]. Modular orga-
nization in the brains of different species have been observed, both in functional
networks derived from EEG/MEG and fMRI experiments and in structural net-
works obtained from tracing anatomical connections [139]. The functionally de-
fined networks, where different brain areas, each of which comprise a large number
of localized groups of neurons, are considered to be linked if they are simultaneously
active, have been shown to be modular for both human [140] and non-human [141]
subjects. Tract-tracing studies in the brains of cat [83] and macaque [142] have
also revealed a modular layout in the structural inter-connections between different
brain areas. However, as neurons are the essential building blocks of the nervous
system, ideally one would like to explore the network of interconnections between
these most basic elements. In the extremely complicated mammalian brains, it is
so far only possible to analyze such networks for extremely limited regions that
do not give a picture of how the system behaves as a whole [143]. The relative
simplicity of the nervous system of C. elegans allows a detailed analysis of the net-
work, defined in terms of both electrical (gap junctional) and chemical (synaptic)
connections between the neurons (Fig. 6.1).

The ubiquity of modularity in brain networks leads to the obvious question

about how to explain the evolution of such a structural organization [58]. One
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Figure 6.1: (a) Schematic diagram of C. elegans, indicating the different ganglia. (Inset)
Schematic representation of connectivity between the neurons, partitioned into a strongly
connected component (SCC), an in-component (IN), and an out-component (OUT). A
directed path exists from any neuron in IN to any neuron in OUT through neurons in
SCC, all of whose members can be reached from each other. The large SCC suggests that
it is possible to transfer signals between almost all neurons of the network. The IN and
OUT components have only 1.5% and 0.5%, respectively, of the 279 connected neurons
in the somatic nervous system. (b, ¢) The connectivity matrix corresponding to the (b)
Synaptic and (¢) Gap-junctional connections between the somatic system neurons. In all
figures, the partition symbols correspond to (G1) Anterior, (G2) Dorsal, (G3) Lateral,
(G4) Ventral, (G5) Retrovesicular, (G6) Posterolateral, (G7) Preanal, (G8) Dorsorectal
and (G9) Lumbar ganglion, and (G10) the Ventral cord.

possible reason for the existence of modular architecture is that they may re-
sult in low average path length (which is associated with high efficiency of signal
communication) and high clustering (that allows local segregation of information
processing) in networks [56]. An alternative possibility is that segregation of neu-
rons into spatially localized communities minimizes the total cost associated with
the wiring length (the physical distance spanned by connections between neurons).
This cost arises from resources associated with factors such as wiring volume as

well as metabolism required for maintenance and propagation of signals across long
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distances [144]. Developmental constraints, such as the lineage relations between
different neurons may also play an important role in determining the network topol-
ogy [145]. In addition, the existence of empirically determined circuits responsible
for specific functions (such as, movement associated with exploratory behavior,
egg laying, etc.) in the C. elegans nervous system, raises the intriguing possibility
that structurally defined modules are associated with definite functional roles [146].
The invariant neuronal connectivity profile of C. elegans allows us to explore the
contributions of the above mentioned structural, developmental and functional
constraints in governing the mesoscopic organization of the nervous system.

In Sec. 6.2, we begin our analysis of the organization of the C. elegans nervous
system by identifying structurally defined modules in the network of neurons linked
by synapses and gap-junctions. Next, we investigate whether the observed modu-
lar structure can be explained by using arguments based on universal principles.
Such criteria, which include minimizing the cost associated with neuronal connec-
tions [144, 147] and their genetic encoding [148], or, decreasing the signal propa-
gation path [149, 150], have recently been proposed to explain observed patterns
of neuronal position and connectivity. We determine the role of physical proximity
between a pair of neurons in deciding the connection structure, by investigating
the correlation between their spatial positions and their modular membership. We
also compare these modules with the existing classification of the nematode ner-
vous system into several ganglia, as the latter have been differentiated in terms
of anatomical localization of their constituent neurons. Results from the above
analysis suggests that resource constraints such as wiring cost cannot be the sole
deciding factor governing the observed meso-level organization. We also show that
the modules cannot be only a result of the common lineage of their member nodes.

It is natural to expect that the structure of the nervous system is optimized
to rapidly process signals from the environment so that the organism can take
appropriate action for its survival [151]. By looking at the deviation between
the actual network and a system optimized for maximal communication efficiency
in conjunction with minimum wiring cost, we infer the existence of additional
functional constraints related to processing of information (i.e., other than simple
signal transmission). This is further supported by the observation of relatively
high clustering in C. elegans neuronal network as compared to other information

networks (e.g., electronic logic circuits [152]). As clustering increases the wiring
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cost, while not assisting efficient communication, its presence in a system that has
evolved under intense competition for survival may imply a key role for clustering
in processing information. By looking at the correlation between local as well as
global connectivity profiles with individual node characteristics, we observe that
the nematode nervous system is significantly different from designed systems, in-
cluding other information networks occurring in the technological domain, e.g., the
internet. Further, in contrast to previous observations on the similarity between
biological signalling networks having different origins [153, 154], we find that the
C. elegans neuronal network has properties distinct from at least one other bio-
logical network that is involved in signalling tasks, namely the protein interaction
network [155, 156].

Thus, the analysis of the network at the mesoscopic level provides an appro-
priate framework for identifying the roles that different classes of constraints (de-
velopmental, structural and functional) play in determining the organization of a
nervous system. It also allows us to infer the existence of criteria related to pro-
cessing of information governing the observed modular architecture in C. elegans
neuronal inter-connections. Our results provide the means for identifying neurons
having key roles in the behavioral performance of the organism exclusively from
anatomical information about their structural connectivity. Our results can help
experimentalists in focusing their attention to a select group of neurons which may
play a vital part in some, as yet undetermined, function.

In Sec. 6.3, we investigate the hierarchical organization of the nematode neu-
ronal network. We focus on the possible functional advantages of hierarchical
structure and investigate its role in information processing. We show that the
core-periphery structure of the network exhibits evidence of hierarchical ordering.
By using a simple model for such networks, we see that such structures leads to
significant reduction in the spread of local activity throughout the network while

maintaining the communication efficiency almost unchanged.

6.2 Modularity in the C.elegans nervous system

In order to investigate the modular organization of a network, we need to first iden-

tify the modules. We perform this on the C. elegans neuronal network by carrying
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out an optimal partitioning of the network, which corresponds to the maximum
value of modularity parameter, (). We use the generalization of a method intro-
duced in Refs. [157, 158]. For a directed and weighted network, the modularity

can be defined as

1 Sinsqut
|/ g— i
_ L {wij Sy ] S (6.1)
1]
where, L' = 37 - Wj; is the sum of weights of all links in the network (W; is the
weight of the link from neuron j to neuron i), and the weighted in-degree and out-
degree of node i are given by si* = ; Wi; and sout =3 ; Wi, respectively. The
optimal partitioning of the network is the one which maximizes the modularity

measure ) (or Q"). We obtain this by first defining a modularity matrix B,

in jout

1
W

Bij = Wi — (6.2)
To split the network, the eigenvectors corresponding to the largest positive eigen-
value of the symmetric matrix (B + BT) is calculated and the communities are
assigned based on the signs for the elements of the eigenvector. A repeated bisec-
tion method is then used to successively divide the obtained groups. The process
terminates when further division does not increase the modularity of the network.

We have considered different cases corresponding to the different types of neu-
ronal connections (viz., gap junction, synaptic and their combination) and the
nature of such connections (viz., weighted or unweighted by the number of each
type of connection). While the gap junctional network is undirected, both the
synaptic as well as the combined network is directed. For each type of network,
the maximum modularity value ), and the number of partitions for which this
value is obtained, are given in Table 6.1. While using only the gap junctions frag-
ment the network into as many as 15 modules, when we consider either synapses
alone or the combination of both types of connections, the number of modules
obtained is much less. In the remainder of this chapter, we have considered the
combined network of synapses and gap junctions, unless otherwise stated. This
is a weighted network where the link weights correspond to the total number of
synaptic and gap junction connections from one neuron to another.

The high value of Q) and dense inter-connectivity within modules (Fig. 6.2

(left)) suggest that the network has a modular organization. We further validate
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Figure 6.2: (Left) Matrix representing the average connection density between neurons
occurring within modules and those in different modules. The figure indicates that neu-
rons within a module are densely interconnected compared to the overall connectivity
in the network. (Right) The modules are decomposed according to the different neuron
types comprising them. The figure shows that the modules are not simply composed of
a single type of neuron.

our results by considering the modularity of randomized versions of the network
(keeping degree of each node fixed). The average modularity of these randomized
networks is considerably lower then the empirical network. We have also analyzed
the composition of the different modules in terms of distinct neuron types (viz.
sensory, motor, interneuron and other). Fig. 6.2 (right) shows that none of the
modules are exclusively composed of a single type, although motor neurons do

tend to dominate one module.

6.2.1 Modules and spatial localization

To understand why modular structures have evolved in the neuronal network, we
consider the relation between the optimal partition and the spatial localization
of neurons in each module. This will help us to understand whether constraints
related to the physical distance between neurons, such as wiring length optimiza-
tion, dictate the topological organization of the network. Note that, wiring cost
has already been shown to be the decisive factor for neuron positions in the body

of C. elegans [144, 147]. Thus, a plausible hypothesis is that, if most neuronal
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Figure 6.3: The position of neuronal cell bodies along the longitudinal axis of the C.
elegans body plan is shown, with the vertical offset and color indicating the module to
which a neuron belongs. The mean and standard deviation of neuronal positions for
each module is also indicated, suggesting relative absence of spatial localization in the
modules.

connections occur within a groups of neurons, all of whom are physically adjacent,
then this will significantly decrease the wiring cost. This will be manifested, in
terms of connectivity, as a module of the network. Therefore, it suggests that each
module will mostly comprise of neurons which are in close physical proximity.

Fig. 6.3 indicates the spatial position of the cell body of each neuron on the
nematode body (along the longitudinal axis), that belong to the different modules.
It shows that, while a large fraction of the neurons belonging to the same module
do indeed have their cell bodies close to each other, there is absence of any corre-
lation between the modules and a specific physical location on the nematode body
axis. This is brought out by the large standard deviations for the distribution of
positions of the module components. Had wiring length minimization been the
dominant factor governing the connectivity, we would have expected the modules
to be spatially segregated, as in that case, most of the connections need to span
only short distances.

Our conclusion that wiring cost cannot be the principal criterion determining
network topology is further supported by an analysis of the connectivity in the
different ganglia. The nine different ganglia of the nematode nervous system, in
addition to the ventral cord, are defined in terms of physical proximity of their

component neurons. Thus, a tendency to minimize the total connection length
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Table 6.1: The modularity of the network is measured using the parameter @, which
requires a knowledge of the partitions or communities which divide the network. We
obtain the modularity measure, ()4, on assuming the communities to correspond to the
ganglia. Its positive values indicate that neurons in the same ganglion have high den-
sity of inter-connections. We have also obtained @) by determining the modules of the
network using a spectral method, the corresponding values being indicated by Qas. The
relatively high values of QQps compared to @y, indicates that the ganglia do not match
with this optimal partitioning of the network. Both measures, ), and @)y, as well as
the number of modules, njys, have been obtained for both unweighted and weighted net-
works consisting of either gap junctions or synapses or both. We calculate the overlap
between the ganglionic and the optimal partition of the network using the normalized
mutual information index, I. For the case of perfect match between the two, the index,
I = 1, whereas if they are independent of each other, I = 0. The measured values of
I indicate that the overlap between the different modules and the anatomically defined
ganglia is not significant. The modular nature of the somatic nervous system is empha-
sised by comparing the empirical network with networks obtained by randomizing the
connections, keeping the degree of each neuron fixed. The mean and standard deviation
of the modularity Qlﬁnd and the corresponding number of partitions m‘}@nd are shown
for both weighted and unweighted networks, and for the different types of connections.
For all cases, the randomized networks show a significantly lower modularity than the
empirical network.

Network Unweighted Weighted

Qq Qum my | NMI Qq Qun my | NMI
Gap Jn 0.2069 | 0.6297 | 11 | 0.3264 | 0.1700 | 0.6566 | 15 | 0.3473
Synaptic 0.1487 | 0.3491 2 0.2572 | 0.2106 | 0.4720 4 0.3137
Combined | 0.1687 | 0.3776 3 0.3057 | 0.2031 | 0.4910 6 0.3763

between neurons would imply that such ganglia would be distinguished by having
a significantly high density of connections between their constituent neurons. We,
therefore, verify whether the connectivity inside each ganglion is high compared to
the corresponding randomized networks. This is done by measuring the modularity
value (g, with each ganglion assumed to be a true network module. We find that,
although @), is nonzero which indicates that the neurons inside a ganglia do indeed
have a higher connection density than the overall network, it is not as high as the
maximum @y, possible, obtained for the optimal partition (Table 6.1). We have
also calculated the normalized mutual information index, NMI, to measure the
overlap between the optimal partitioning of the network into modules and the
different ganglia. Note that, in the case of perfect match, NMI = 1, while it is
0, if there is no match. The low values for NM1 given in Table 6.1 suggest that

99



Chapter 6. Role of network structure in system function

the composition of the different ganglia is quite distinct from that of the modules
for the optimal partitioning of the neuronal network. This is shown explicitly in
Fig. 6.4 (a), indicating that most ganglia are composed of neurons belonging to
many different modules.

We have used this modular decomposition spectrum of each ganglion (i.e., the
distribution of the neurons of the ganglion into the m different modules of the
optimal partition) to define a metric for inter-ganglionic distance in an abstract
m-~dimensional “modular” space. Thus, if two ganglia have a similar modular de-
composition profile, then they are close to each other in the “modular” space and
have low modular distance (Fig. 6.4, b). This is then compared with the physical
distance between ganglia, measured as the average separation between the cell bod-
ies of all pairs of neurons ¢ and j, where i, j belong to different ganglia (Fig. 6.4, c).
The comparison of the two matrices shows that there are indeed certain similari-
ties between these two different concepts of distance. For example, the five ganglia
located in the head (G1-G5) cluster together, as do the three located towards the
tail (G7-G9). This observation is in accord with previous reports which use the
notion of wiring cost for explaining (to a certain extent) the observed relative po-
sitions of the ganglia. However, when we consider the corresponding dendrograms
that indicate the relative closeness of the different ganglia in physical space and
in “modular” space, we observe significant differences between the two: ganglia
which are close to each other in physical space may not be neighbors in terms of
their modular spectra. This reiterates our previous conclusion that wiring cost
minimization, which is related to the physical distance between neurons, is not a

dominant factor governing the organization of C. elegans somatic nervous system.

6.2.2 Modules and cell lineage

As developmental processes are believed to play a significant role in determining
the structure of the nervous system, we also consider the alternative hypothesis
that the structural modules reflect a clustering of neurons that are related in terms
of their lineage. Lineage of a cell is the pattern of successive cellular divisions that
occur during its development. This is invariant in C. elegans, allowing one to
trace the individual developmental history of each cell in order to identify the

cell-autonomous mechanisms and cell-cell interactions. We measure the average
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Figure 6.4: (a) Neurons belonging to different ganglia are decomposed according to their
modular membership. The height of each bar in the histogram corresponds to the overlap
between the ganglia and the modules, calculated as the fraction of neurons that are
common to a particular ganglion and a specific module. (b) The matrix representing the
average modular distance between the different ganglia, as calculated from the modular
decomposition spectrum of each ganglion. The corresponding dendrogram indicates the
closeness between different ganglia in the abstract 6-dimensional “modular”" space. (c)
The matrix of physical distances between the ganglia is shown for comparison with (b),
calculated as the average distance between neurons belonging to the different ganglia.
The corresponding dendrogram indicates the closeness between ganglia according to the
geographical nearness of their constituent neurons in the nematode body. The difference
indicates that the ganglia which are geographically close may not be neighbors in terms
of their modular spectra.
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Figure 6.5: The matrix representing the average lineage distance between neurons
occurring within the same module and those belonging to different modules. The figure
indicates that neurons occurring in the same module have only a slightly lower lineage
distance as compared to that between neurons occurring in different modules.

relatedness measure of neurons within and between modules. Fig 6.5 suggests
that there is no significant segregation between the modules in terms of the lineage
of their constituent neurons. Indeed, even coarse distinctions such as AB and
non-AB lineage neurons are not apparent from the modular division. A detailed
view of the relatedness between each pair of neurons (figure not shown) indicates
that, while in each module there are subgroups of closely related neurons, different
subgroups within the same module may be very far from each other in the lineage
tree. Conversely, neurons occurring in different modules can have small distance in
terms of lineage. This suggests that developmental constraints do not completely
dictate the connection structure of the neuronal network. The fact that C. elegans
neurons are largely non-clonally derived from many different parent cells [159] may
partly explain this lack of correlation between lineage defined in terms of common

ancestry and modules defined in terms of density of inter-connections.

6.2.3 Modules and functional circuits

Next, we look at the overlap of seven previously identified functional circuits of

C. elegans with the structural modules. Note that, if a significant correlation is
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Figure 6.6: Neurons belonging to different functional circuits are decomposed according
to their modular membership. The height of each bar in the histogram corresponds to
the overlap between the modules and functional circuits (F1) mechanosensation, (F2) egg
laying, (F3) thermotaxis, (F4) chemosensation, (F5) feeding, (F6) exploration and (F7)
tap withdrawal. The overlap is measured in terms of the fraction of neurons common
to a particular functional circuit and a specific module. The corresponding dendrogram
represents the closeness between different functional circuits in the abstract 6-dimensional
“modular" space.

observed between the two, then it may suggest means of identifying neurons re-
sponsible for certain functions from the information about the connection topology
of the network. Functional circuits are subsets of neurons which are believed to
play a vital role in performing a specific task, and are obtained by observing ab-
normal behavior of the organism when the neurons are individually removed from
the nematode nervous system (e.g., by laser ablation). We consider the functional
circuits for (F1) mechanosensation [160, 161, 162|, (F2) egg laying [163, 164], (F3)
thermotaxis [165]|, (F4) chemosensation [166], (F5) feeding [167, 160, 18], (F6)
exploration [167, 160, 18] and (F7) tap withdrawal [168, 161].

Fig. 6.6 shows the modular decomposition of each functional circuit. The cor-
responding dendrogram clusters the circuits, in terms of the similarity in their
modular spectra. We note that the circuits for chemosensation, feeding and ex-
ploration are clustered together. This is consistent with the fact that most of the
neurons belonging to the feeding and exploration circuits are involved in chemosen-

sation. However, none of the neurons in the feeding circuit are common to those
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in the exploration circuit, although F6 is closer to F5 in terms of their modular
spectra (distance = 0.18 ) than it is to F4 (distance —0.26 ) of which F6 is a sub-
set. This implies that these two circuits F5 and F6 are strongly connected, thereby
indicating the inter-relation of the corresponding functions. Indeed the feeding be-
havior of C.elegans is known to be regulated in a context-dependent manner by its
nervous system which integrates external signals, such as, the availability of food
and the nutritional status of the animal, to direct an appropriate response [169].
The mode of locomotion is also determined by the quality of food [170]. It is
apparent that, integration of multiple behaviours is essential to feeding regula-
tion [171], such as avoidance of high CO, concentrations by satiated animals [172].
Furthermore, F2 is seen to be closer to these circuits, which is significant in light
of previous experimental observation that presence of food (as detected through

chemosensory neurons) modulates the egg-laying rate in C. elegans [162, 173].

6.2.4 Functional role of different neurons

In this subsection, we establish the functional importance of specific neurons by
investigating the role played by them within their module, and compare it with
their role in the entire network. To parametrise this, we use (i) the participation
coefficient, P, which is a measure of how dispersed the connections of a node are
among the different modules, and, (ii) the within-module degree, z, that indicates
the number of connections a node has to other members of its module. For each

node i, we can define its participation coefficient P; as

™ 2
321_521(’?@') , (6.3)
where £’ is the number of links to nodes in module s k; = > _ % is its degree. Thus,
the participation coefficient of a node is ~ 1 if its links are uniformly distributed
among all modules and = 0 if it only links to nodes within its own module. The
within-module degree, z, distinguishes nodes that play the role of hubs in their
own module from non-hub and peripheral nodes. For the i-th node, it is defined
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where k' is as defined above and the average (- -);cs is performed over all nodes
in the module s.

A node having a low within-module degree is called a non-hub node (z < 0.7).
Such nodes can be further classified according to their fraction of connections with
other modules, which following Ref. [156] are classified as: (R1) ultra-peripheral
nodes (P < 0.05), having connections only within their module, (R2) peripheral
nodes (0.05 < P < 0.62), which have a majority of their links within their module,
(R3) satellite connectors (0.62 < P < 0.8), with many links connecting nodes
outside their modules and (R4) kinless hubs (P > 0.8), which form links uniformly
across the network. Hubs, i.e., nodes having a large number of connections to
nodes within their module (z > 0.7), are further sub-divided according to their
participation coefficient into (R5) provincial hubs (P < 0.3), with most connections
within their module, (R6) connector hubs (0.3 < P < 0.75), with a significant
fraction of links distributed among many modules and (R7) global hubs (P >
0.75), which connect homogeneously to all modules. This classification allows us
to distinguish nodes according to their different roles as brought out by their intra-
modular and inter-modular connectivity patterns.

We will now use the above methodology on the C. elegans network in order
to identify neurons that play a vital role in coordinating activity through shar-
ing information (either locally within their community or globally over the entire
network). Fig. 6.7 shows the comparison between the empirical network and a
corresponding randomized network (obtained by keeping the degree of each node
fixed). We immediately notice that the randomized network does not have any
nodes having the roles R1 and R5, indicating that the modular nature of the
original network has been lost. In fact, in the randomized system, most nodes
have higher participation coefficient, with a large majority being satellite connec-
tors (R3). More interesting is the fact that, the empirical neural network does
not posses any neuron having the global roles played by R4 and R7, whereas the
randomized network does. This implies that modular identity in the C. elegans
neuronal network is very pronounced.

It is possible to relate the intra- and inter-modular connectivity patterns of a
neuron with its role in the functioning of the worm nervous system. For example,
neurons having the role of provincial hubs may be involved in local coordination

of neural activity, while, the connector hubs may be responsible for integration of
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Figure 6.7: (Left) The within module degree z-score of each neuron in the empirical
neuronal network is shown against the corresponding participation coefficient P. The
within module degree measures the connectivity of a node to other nodes within its own
module, while the participation coefficient measures its connectivity with neurons in the
entire network. (Right) The corresponding result for a randomized version of the C. ele-
gans network where the degree of each neuron is kept unchanged is also shown. Neurons
belonging to the different regions in the P — z space are categorised as: (gray) “ultra-
peripheral nodes,” i.e., nodes with all their links within their module, (blue) “peripheral
nodes,” i.e., nodes with most links within their module, (pink) “nonhub connector nodes,”
i.e., nodes with many links to other modules, (green) “nonhub kinless nodes,” i.e., nodes
with links homogeneously distributed among all modules, (yellow) “provincial hubs,” i.e
hub nodes with the vast majority of links within their module, (red) “connector hubs,”
i.e., hubs with many links to most of the other modules, and (white) “global hubs,” i.e.,
hubs with links homogeneously distributed among all modules. The neurons occurring
as connector hubs are identified in the figure. Most of these neurons occur in differ-
ent functional circuits indicating the close relation between functional importance and
connectivity pattern of individual neurons.

local activities to produce a coherent response of the entire system. This hypothesis
is supported by the observation that, all command interneurons (of the class AVA,
AVB, AVD, AVE, PVC), which control forward and backward locomotion of the
worm by regulating motor output, play the role of connector hubs. In fact, out
of the 23 neurons in the class R6, 20 are known to belong to different functional
circuits. Among the rest, although DVA is not part of any known circuit, it

has recently been identified as being involved in mechanosensory response. In its
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absence, the frequency and magnitude of the tap-induced reversal as well as the
acceleration magnitude is diminished [168]. The two remaining neurons, AVKL
and SMBVL, have not been implicated so far in any known functional circuit.
However, their occurrence in this class suggests that they may be important for
some, as yet unknown, function. This is a potentially interesting prediction that
may be verified in the laboratory.

The significance of these results is underlined by a comparison with the ran-
domized network. For instance, in the random realization shown in Fig. 6.7 (b),
of the 49 neurons playing the role of connector or global hubs, less than half (viz.,
23) actually belong to any of the known functional circuits. The appearance of
most of the command interneurons in the high-z region of both the empirical and
randomized networks indicates that their high overall degree is responsible for their
observed role of “connecting hubs".

We now turn to the 28 neurons which play the role of provincial hubs. Half of
all the inhibitory D-class motorneurons (viz., DD1-DD3 and VD1-VD6) are found
to belong to this class. This is significant as these neurons have already been
implicated in the ability of the worm to initiate backward motion. While they
also contribute to forward locomotion, previous experiments have shown that they
are not crucial for it [174]. This fits with our hypothesis that, R5 neurons are
important for local coordination but may not be crucial for the global integration
of activity. A pair of excitatory B-class motorneurons that sustain coordinated
forward locomotion in the worm also appear as provincial hubs. Of the remain-
ing R5 neurons, 9 have been previously identified to belong to various functional
circuits. It will be interesting to verify the functional relevance of the remaining
8 neurons (OLLL/R, RMDVL/R, SMDVR, RIH, RMDDL/R) in the laboratory.
Thus, overall, we find a very good correlation between the connectivity pattern
and the functional importance of different neurons.

An analysis of neurons having different roles in terms of their membership in the
different ganglia indicates that the lateral ganglion provides the majority of neurons
acting as connector hubs (R6). This is consistent with an earlier study [175] where
this ganglion was found to act as the link between the neuronal groups responsible
for sensory processing and motor response. The corresponding randomized net-
work, while also showing many neurons from the lateral ganglion, have significant

representation from other ganglia too (e.g., the retrovesicular ganglion).
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We have also carried out an analysis of the probability of connections between
neurons having different roles, relative to the randomized network, in an attempt to
compare with other networks which are involved in transportation and information
propagation. However, we do not find any significant overlap of the nematode
nervous system with networks in either of these two classes, suggesting that the C.
elegans neuronal network does not belong exclusively to either class of networks.
This assumes significance in light of recent work distinguishing information (or
signalling) networks, such as the Internet and protein interactome, on the one
hand, and transportation networks, such as metabolic and airport networks, on

the other, into two classes [156].

6.2.5 Wiring cost vs communication efficiency

In this subsection, we investigate certain global properties of the C. elegans neural
network in order to determine its differences with other classes of networks. We
also seek to ascertain the possible constraints which might have given rise to the
observed network topology.

We have already shown that wiring cost minimization, is at best, only a partial
determining factor for network structure in this system. A recent study [149] has
claimed that neuronal networks minimize the length of processing paths (i.e., the
average number of links connecting any given pair of neurons) rather than mini-
mizing the total wiring length or the average physical distance between connected
neurons. Thus, we now look at the communication efficiency of the network, as
measured by the harmonic average network path length between all pairs of neu-
rons. As increasing the efficiency inevitably results in increasing the wiring cost,
we analyze how the performance of the network as an information propagation sys-
tem competes with the resource cost involved in setting up the required number of
connections. This cost is measured as the Euclidean length between the cell bod-
ies of all connected pairs of neurons (corresponding to the dedicated-wire model
of Ref. [144]). It has been shown that the positions of the subset of sensory and
motor neurons directly connected to sensory organs and muscles, respectively, can
be determined quite accurately by minimizing their total wiring cost [147]. As our
focus is on the connection structure of the neuronal network, we keep the neuron

positions fixed and, thus, our study does not consider the wiring cost involved in
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Figure 6.8: The variation of communication efficiency, F, as a function of the wiring
cost (defined using the “dedicated-wire" model) in the ensemble of random networks
with degree sequence identical to the C. elegans neuronal network. The trend indicates
a trade-off between increasing communication efficiency and decreasing wiring cost. The
corresponding values for the empirical network is indicated by a cross. The schematic
figures shown above the main panel indicate the type of networks obtained in the limiting
cases when only one of the two constraints are satisfied. (Inset) The communication
efficiency of randomized networks as a function of the wiring cost calculated according to
the “common-wire" model. The values for the empirical network are indicated as before.
In both figures, error bars indicate the standard deviations calculated for 10* random
realizations. We observe that the empirical network is suboptimal in terms of wiring cost
and communication efficiency, suggesting the presence of other constraints governing the
network organization.

connecting neurons to sensory organs and muscles. By randomizing the network
keeping the degree of each node fixed, we can construct systems having a specified
wiring cost, and then measure its communication efficiency. This analysis repro-
duces the expected result that decreasing the wiring cost of the network causes a
decline in its performance in terms of information propagation. However, we note
that the empirical network has a wiring cost much higher than one would expect
for the corresponding communication efficiency.

As most of the neurons in C. elegans have at most one or two processes, on

which all the synapses and gap junctions with other neurons are made, the earlier
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definition of wiring cost as the sum of all Euclidean distances between connected
cell bodies may be a gross over-estimate of the actual wiring cost. Thus, we con-
sider an alternative measure, where, the wiring cost for connecting to a specific
neuron is taken to be the Euclidean length between the neuron’s cell body and
those of the farthest neurons it is connected to. The simple one-dimensional sim-
plification of the C. elegans body that we have used here ignores distance along the
transverse plane. Thus, this measure is actually an under-estimate of the actual
wiring cost, and should provide an insightful comparison with the above measure
obtained from the dedicated-wire model. Fig.6.8 shows that wiring cost increases
with communication efficiency for the randomized networks, which is qualitatively
similar to the relation obtained using the preceding definition for wiring cost. In
this case also, we find that the empirical C. elegans network has a much lower effi-
ciency than would be expected from its wiring cost alone. This observation suggests
the presence of other constraints, possibly related to information processing, that

are responsible for the observed global properties of the network.

6.2.6 Possible existence of information processing constraint

In this subsection, we explore further the possibility that the additional constraints
governing the topological structure of C. elegans nervous system may be related
to information processing, rather than constraints arising from information (or
signal) propagation, which are quantified by measuring communication efficiency.
The property of information processing, i.e., the active transformation of signals
into responses, differentiates the neuronal network from other well-studied net-
works where efficiency is of paramount importance, such as the internet and air-
port transportation network. While fast communication of information between
different neurons is certainly an important functional criterion, we explore the pos-
sibility that the neuronal network may be different from networks which are only
optimized for maximum communication efficiency.

First, we look at the overall network structure, by decomposing the network into
a strongly connected component, (SCC), within which it is possible to visit any node
from any other node using directed links, an inward component (IN) and outward
component (OUT), consisting of nodes from which the SCC can be visited or which

can be visited for the SCC, respectively, but not vice versa. In addition, there are
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Figure 6.9: (Left) The average betweenness centrality, (BC'), and (right) the average
nearest neighbor degree, (k,,) of each node as a function of its total degree, (k) =
(kin + kout). Betweenness centrality is a measure of how frequently a particular node
is used when a signal is being sent between any pair of nodes in the network using the
shortest path. In case of the internet, BC of nodes increases with its degree which is
sought to be linked with its information transport property. In C. elegans, although BC
increases with degree, this increase is not significant when compared to the randomized
version of the network. In the case of the relation between the average connectivity of
nearest neighbors of a node with its total degree k, we note that for both the internet and
protein interaction network, k,, decreases with k as a power law. This means that low
connectivity nodes have high degree nodes as their neighbors and vice-versa. However, in
the case of C. elegans, this relation is not very apparent and insignificant in comparison
with the randomized version of the network. In both figures, error bars indicate the
standard deviations calculated for 10® random realizations. These results suggest that
the C.elegans network forms a class distinct from the class of networks optimized only
for signal propagation.

components disconnected from the SCC, i.e., nodes which cannot be visited from
SCC nor can any visits be made to SCC from there (Fig. 6.1). A comparison of
the C. elegans neuronal network with a similar decomposition of the WWW [176]
reveals that while in the latter the different components are approximately of equal
size, the SCC of the nervous system comprises almost the entire network. Thus,
any node can, in principle, affect any other node in the nervous system, suggesting
the importance of feedback control for information processing.

Next, we consider the relation between two fundamental properties of the net-

work: the degree of nodes and their Betweenness Centrality (BC), which char-
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acterizes the importance of a node in information propagation over the network.
The Betweenness Centrality of a node 7 is defined as the fraction of shortest paths
between all pairs of nodes in the network that pass through i [177]. We observe
that for both the C. elegans neuronal network and its randomized versions, the
degree of a node and its BC are strongly correlated, i.e., highly connected nodes
are also the most central (Fig. 6.9, left). This is similar to what has been observed
in the internet [178], where the highest degree nodes are also those with the high-
est betweenness [179], but in sharp contrast to the airport transportation network,
where non-hub nodes (low degree) may have very large BC [180).

However, the C. elegans neuronal network differs from both the internet and
the protein interaction network (PIN), whose primary function is to allow signal
propagation between nodes, in terms of the variation of the degree of a node ¢
with the average degree of its neighboring nodes, (k,,). While in the internet and
PIN, (k,,) decays as a power law with node degree, in the neuronal network, this
dependence is very weak (Fig 6.9, right). This implies that unlike the internet and
PIN, the C. elegans nervous system does not have multiple star-like subnetworks.
Further, it is significantly different from the airport transportation network, where
the high degree nodes are closely connected among themselves showing an assor-
tative behavior [30]. Thus, we believe that these results strengthen our claim that
there are additional constraints governing the nervous system connection topology
in C. elegans, which are unrelated to wiring cost, lineage or communication effi-
ciency. As the principal function of the system is to process information, this leads
us to conjecture that it is this that provides the additional constraints leading to
the observed organization of the nematode neuronal network. We further explore

this possibility using a simple model of hierarchical networks in the next section.

6.3 Role of hierarchical organization in neuronal

networks

As seen from the preceding analysis, it seems that the primary functional role of
nervous system is to process information about the sensory environment so as to
allow the organism to act appropriately for survival. Apart from the speed of signal

propagation between various elements of the nervous system, the survival success
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Table 6.2: The average directed path length within and between the sub-populations of
sensory, motor and inter-neurons (¢) and the corresponding fraction of neuronal pairs for
which a directed path does not exist (F.,) are compared with the randomized versions
of the network. The columns and rows indicate the neuronal types for the pre- and post-
synaptic ends of a pair, respectively. The empirical network shows a relatively higher
connectivity from sensory to both inter- and motor neurons, and from inter- to motor
neurons, as compared to the reverse directions. For random networks, the average value
is shown with the standard deviation given in parenthesis.

Neuron Empirical network
Sensory Motor Inter
l Fy 12 Fye L Fuo
Sensory 3.46 10.24 4.75 27.96 3.37 23.04
Motor 3.00 1.87 3.79 20.88 2.74 15.72
Inter 2.86 5.88 4.05 24.31 2.72 18.96
Neuron Randomized network
Sensory Motor Inter
L Fy 14 Fy L F
Sensory | 3.05 + 0.03 | 9.37 + 0.69 | 3.38 + 0.04 | 24.43 + 0.90 | 2.90 + 0.03 | 22.25 £+ 0.58
Motor 2.83 +0.02 | 2.12 + 0.52 | 3.16 = 0.03 | 18.10 + 0.83 | 2.68 + 0.02 | 15.91 + 0.42
Inter 2.64 + 0.02 | 6.03 + 0.40 | 2.97 + 0.03 | 21.53 £ 0.77 | 2.50 = 0.02 | 19.06 + 0.33

of an organism in the wild is crucially dependent on the specificity of response
to the relayed stimulus. This latter criterion is necessary for the robustness of
interpretation and processing of sensory information. It requires a high degree
of control and coordination of activity in the network, in order to channel the
signals through a limited part of the system, and preventing a local stimulation
from spreading into an overall excitation of the entire system. A simple schema
for a nervous system of an organism that has to execute a number of behavioral
tasks would be one having a parallel set of neurons arranged into several levels.
This constitutes a hierarchical system, each element of which is unambiguously
assigned to a distinct layer of a given rank [181]. The original notion of hierarchical
information processing, e.g., that proposed by Hubel and Wiesel to explain the
progressive increase in complexity of the receptive field properties in the visual
cortex [182, 183], had suggested a simple feed-forward scheme.

To compare this simplified system with the actual neuronal network, we first
focus on the directionality of connections between the different neuron types,
viz., sensory, motor and inter-neurons. As gap junctional connections are undi-
rected and communication through them is much slower than that via chemical

synapse [184], we have initially considered only the synaptic network for our anal-
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Figure 6.10: (Left) Scatter plot of the net difference between incoming and outgoing
synaptic connections of a neuron as a function of its total synaptic degree. Different
neuron types, viz., sensory, motor, inter, motor-sensory and motor-inter, are indicated
by different symbols. The sensory and motor neurons have relatively higher out- and
in-degrees respectively, whereas inter-neurons do not show any consistent pattern. This
is consistent with the overall directed nature of information flow from sensory to motor
layers as expected in a neuronal network. (Right) Gap-junctional degree as a function
of the total synaptic degree, indicating that neurons with large number of synapses also
have many gap junctional connections.

ysis. Table 6.3 shows the average length, ¢, of directed paths within and between
the different categories of neurons, as well, as the fraction of neurons (F.) of a
given type that are unreachable from other neurons in the same or different cate-
gory. We observe that there is indeed an asymmetry in these properties of directed
paths between the different neuronal types, indicating a preferred direction of in-
formation flow from sensory to motor neurons via inter-neurons. However, there is
far more connectivity in the reverse direction than would be expected for a simple
hierarchical system having a feed-forward architecture.

These reverse (or feedback) connections are presumably responsible for the
control of motor response, as well as, for the various kinds of associative and non-
associative learning reported for C. elegans [185]. To explore in detail the feedback
connectivity, we re-calculate F,, from motor to sensory neurons after removing
the inter-connections among the motor neurons. The increase in the unreachable
fraction from ~ 28% to ~ 66% indicates that, the feedback from motor to sensory

neurons occur pre-dominantly through a few key motor neurons which send con-
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nections to various inter- and sensory neurons, and to which other motor neurons
are connected. In addition, if we also remove the direct feedback connections from
the motor to sensory neurons, as well as, the inter-connections among the sensory
neurons, the corresponding F,, increases to 71.6%. This suggests that these short-
cuts from motor to sensory neurons are not essential for feedback communication,
because the dominant contribution to the reverse flow of information from the
output to input layers is through inter-neurons.

Another feature of the empirical network that suggests it does not follow a
strictly hierarchical scheme having a sequence of several clearly defined levels be-
tween the input and output layers, is the existence of direct links from sensory
to motor neurons. Sensory neurons have short directed paths to almost all motor
and inter-neurons, with only the neurons AINL, PVDR, SDQR and DVB being
unreachable from any sensory neuron. The shortest directed path length to a mo-
tor or inter-neuron from at least one sensory neuron (if a path exists) does not
exceed 3, with 111 paths of length 1, 66 having length 2 and 8 having length 3.
This is consistent with the fact that C. elegans neurons do not, in general, use
regenerative action potentials to communicate with each other, which implies that
signals will dissipate in transit unless the neurons are connected via short paths.

The directionality of the empirical network can be explained to an extent as
an outcome of the degree sequence of the different categories of neurons. This
is done by comparing with the degree-conserved random networks, which show
similar asymmetry in the directed connectivity between the various neuronal types.
This suggests that the differences in the in-degree and out-degree between sensory,
motor and inter-neurons account for most of the variation in ¢ and F, seen in the
actual data. Fig 6.10 (left) explicitly shows that the sensory and motor neurons
differ from each other in having relatively higher number of outgoing and incoming
connections, respectively. In contrast, inter-neurons do not show any specific bias
in terms of in-degree and out-degree. Moreover, we find that, neurons having high

synaptic degree also tend to have high gap-junctional degree (Fig. 6.10, right).

6.3.1 Core-periphery organization of the nervous system

The above analysis suggests that the organization of the C. elegans neuronal net-

work is much more complex than that of a simple feed-forward information process-
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Figure 6.11: Schematic diagram showing the k-core decomposition of a directed net-
work. The k-core of a graph is defined as the largest subgraph where every node has
at least k links. For each choice of k, we determine the k-cores by iteratively pruning
all nodes with degree lower than k& and the links associated with them. For directed
networks, the k-core obtained is different depending on whether one is considering the
in-degree or the out-degree of the nodes.

ing network. The relatively high density of recurrent connections among the inter-
neurons (Cipter—inter = 0.068, compared t0 Ciensory—sensory = Crmotor—motor = 0.026)
suggests that the empirical network may have a hierarchical arrangement consist-
ing of a densely connected core comprising mostly inter-neurons and a sparsely
connected periphery which is populated predominantly by sensory and motor neu-
rons. To establish this, we analyze the network using k-core decomposition. The
k-core of a graph is defined as the largest subgraph where every node has at least
k links. For each choice of k, we determine the k-core by iteratively pruning all
nodes with degree lower than £ and their associated links. For a directed network,
the k-core obtained depends on whether one is considering the in-degree or the
out-degree of the nodes. Thus, each node of the in-degree k-core of a graph has
at least k incoming links and each node of the out-degree k-core of a graph has at
least k outgoing links (Fig. 6.11).

Our results show that there is indeed a set of inter-nested cores in the C.
elegans nervous system, going upto 7 orders for cores defined in terms of out-
degree. The composition of the cores according to different neuron types is even
more illuminating (Fig. 6.12 A,B). While the innermost core defined in terms of
in-degree consist almost entirely of motor and inter-neurons, those defined in terms
of out-degree are dominated by sensory and inter-neurons. The intersection of the

innermost cores for in- and out-degree has 25 neurons, comprising of one sensory

(AQR), two motor (RIML/R) and 22 inter-neurons. While RIML/R belong to
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Figure 6.12: (A, B) The distribution of different neuronal types among the different
cores for the incoming (A) and outgoing (B) synaptic connections. The fraction of motor
neurons increases while that of sensory neurons decreases with increasing in-degree core
order. Conversely, the out-degree inner cores exhibit high representation of sensory neu-
rons and a corresponding low fraction of motor neurons. Inter-neurons are consistently
well-represented in both in- and out-degree cores of higher order. (C, D) The average
betweenness centrality of all neurons (filled circles) in the different cores of incoming (C)
and outgoing (D) synaptic connections. For both types of cores, the increase of BC with
core order k is significantly higher than that for the degree-conserved randomized version
of the empirical network (shown using broken curve).

the functional circuit responsible for thermotaxis in the worm, the role of AQR
is less clear, although it has been implicated in social versus solitary feeding in
the worm [186]. Among the inter-neurons, 12 belong to the different functional
circuits. Of the remaining neurons, DVA and AVKL has already been found to be
connector hubs from our preceding analysis. Indeed, there is a significant overlap
of the neurons occurring in the intersection of the innermost cores for in- and out-
degree with those that play the role of connectors in the network (both hub and
non-hub), with 84% of these neurons belonging to either the R3 or the R6 classes as
defined previously. Thus, the different modules of the nematode nervous system,
which have relatively low inter-connection between them, communicate mostly via
neurons belonging to the innermost core.

The functional significance of the inner core neurons is also shown by the in-
creasing betweenness centrality (BC) of neurons with core order (Fig. 6.12 C,D).

This indicates that most of the shortest paths between pairs of neurons pass
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through the neurons belonging to the innermost cores. As BC is related to degree,
which is used for performing core-decomposition, this relation is not entirely unex-
pected. However, the random networks generated by preserving degree sequence
show a consistently lower BC at any given core order compared to the empirical
network, suggesting that the presence of neurons with high centrality is signifi-
cant. This may have functional importance in terms of information processing,
with all signals being channelled through a small group of “core” neurons instead
of propagating through several distinct pathways between the sensory organs and

muscles.

6.3.2 Hierarchical structure and noise filtering

It is important to consider why a nervous system as simple as that of C. elegans re-
quires centralized processing, when, in principle, a set of semi-independent parallel
pathways (e.g., reflex arcs) connecting dedicated sensory and motor neurons via
specific interneurons, could have also been viable. To understand the advantages
of the former model of information processing, we propose the hypothesis that
it reduces the uncontrolled spreading of excitation globally through the network
(as would have been the case for a non-hierarchical network) while having high
efficiency for signal propagation between any pair of neurons. As C. elegans uses
graded potential neurons, the transfer of activity is well described by a diffusive
process. We therefore use diffusion to measure the extent of passive spreading
of excitation in the network by considering the eigenvalues of the corresponding
Laplacian matrix.

For a diffusion process, the mixing rate is defined as v = In u~!, where
pw=max{l — Ay, Ay — 1}, (6.5)

and A;... Ay are the eigenvalues of the normalized laplacian matrix .. The mix-
ing rate is faster in networks where the eigenvalues of .Z are concentrated close
to 1. A comparison of the spectral distribution for the Laplacian of the empirical
network with that of the degree-conserved randomized ensemble (Fig. 6.13) shows
that the smallest non-zero eigenvalue is three times larger in the latter. As this

eigenvalue is related to the inverse of the dominant time-scale for diffusion, it sug-
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Figure 6.13: The distribution of eigenvalues for the normalized Laplacian £, of the
C. elegans neuronal network (solid) compared with that of degree-conserved randomized
versions of the empirical network (broken), obtained by averaging over 10° realizations.
(Inset) Rank-ordered eigenvalues of the empirical (circle) and degree-conserved random-
ized network (diamond). While, the eigenvalues in the bulk of the distribution are com-
parable, the smallest eigenvalues that are related to the dominant time-scale for diffusion
over the system, are significantly lower for the empirical network, suggesting a slower
rate of diffusion in the latter.

gests that excitation spreads in the empirical network much more slowly compared
to the randomized network, although the communication efficiency of the two are
comparable, the difference in the corresponding values of E being less than 10%.
It is possible that the hierarchical core-periphery organization of network enables
rapid motor response to a sensory stimulus, without resulting in global excitation
of the network. The latter criterion is important because processing of information
(i.e., “computation”) in neuronal networks is believed to involve a highly controlled
sequence of changes in the activation state of individual neurons [187].

To establish the above hypothesis, we propose a model network having a core-
periphery hierarchical organization. Using this model we study the role of a cen-
tralized structure in reducing uncontrolled spreading of activation in the network
without reducing the overall efficiency in responding to stimulus. In our model, N
nodes are divided into [ levels of equal size N/I. The nodes in the innermost (1st)
level are densely connected among themselves with a connection density p;. The

successive [ — 1 levels are less densely connected, with the density of connections
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Figure 6.14: (Left) Schematic representation of the connectivity structure of the model,
with (Right) the corresponding adjacency matrix indicating the non-uniform connection
densities for the different levels (I = 1,...,4). Darkest shade represents the highest
connection density. (C, D) Core-decomposition of the model reveals its core-periphery
organization with (C) fraction of nodes in each core of order k£ and the (D) connection
density at each core, increasing with k. The network models having [ = 2, 5 and 6 levels
show qualitatively similar variation with k as compared to the synaptic in-degree and
out-degree cores of the empirical network. The curves shown for the model are averages
over 100 realizations for each value of [ with N = 240 and ¢ = 1.9. The (k) = 9.36 of
the model is chosen so that the connectivity of the model and the empirical network are
same.Schematic diagram of a network model with dense inner core structure. (Right)
The adjacency matrix of the model network, with the color of each region representing
the connection density there. Darker shades represent higher connection densities.

between nodes in the level i, p; < -+ < p;--- < p; (Fig. 6.14 AB). For simplic-
ity, we consider the ratio of densities between subsequent levels to be constant:
% = % = ... = p’p—f = ¢. Thus, by varying ¢, the density of connections in the
different levels can be changed. When ¢ = 1, the system is a homogeneous random
network, while for ¢ > 1 it has a core-periphery structure with an inter-nested
arrangement of densely connected layers.

By construction, the inter-connection density is highest among the nodes in
the “central kernel" of the network, and gradually decreases outward. The model
network has a core-periphery organization similar to that of the nematode network,
as observed by performing a k-core decomposition and comparing the connection
densities between the two systems for each core order. Fig. 6.14 (C,D) shows the
model network for two different values of [ (number of levels) at a given value of
g (the ratio of connection densities between subsequent levels). For small [, the

network is relatively undifferentiated. With increasing [, the hierarchical structure
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Figure 6.15: The relative efficiency F and mixing rate v of the core-periphery model
having different number of levels (A: 1 =2, B: 1 =4, C: [ =5 and D: [ = 6) shown as a
function of the relative density between successive levels, ¢. For larger number of levels,
the mixing rate decreases sharply with ¢, while the relative efficiency remains almost
unchanged. In all cases N = 240, (k) = 20. Note the very different value of y-axis used
in figures (A-D). It indicates that as the core structure of the network model is increase
the relative change in v is more than the change in F.

becomes prominent, as seen in the increasing connection density for successively
higher order cores.

We now consider how core-periphery hierarchical organization affects diffusive
spreading and communication efficiency in the system. Fig. 6.15 shows the vari-
ation of the scaled efficiency F/FE,, as well as, the scaled mixing rate v/v,, both
measurables being scaled with respect to randomized networks, as a function of ¢
for model networks with different number of levels [. For large [, there is a rapid
increase in the time required to diffuse across the entire network with increasing
q, although the communication efficiency remains almost constant. This implies
that, a network having a prominent core (i.e., large ¢) and a hierarchical struc-
ture with many levels (large [) is effective in reducing uncontrolled spreading of
excitation through the system without sacrificing the rapid communication speed
between nodes involved in information processing. It supports our hypothesis that
the hierarchical core-periphery organization of the C. elegans nervous system is re-
sponsible for the significant difference in the diffusive time-scales for the empirical

and randomized networks.
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6.4 Discussion

In this chapter, we have carried out a detailed analysis of the mesoscopic struc-
ture in the connection topology of the C. elegans neuronal network. Inferring the
organizing principles underlying the network may give us an understanding of the
way in which an organism makes sense of the external world. We have focused
primarily on the existence of modules, i.e., groups of neurons having higher con-
nection density among themselves than with neurons in other groups. Presence of
such mesoscopic organization naturally prompts us to ask the reasons behind the
evolution of these features in the network.

There have been recent attempts at explaining neuronal position and structural
layout of the network by using static constraints, such as wiring economy and com-
munication path minimization. Although we find that membership of neurons in
specific modules are correlated with their physical nearness, the empirical network
is sub-optimal in terms of both the above-mentioned constraints. By comparing
the system with other complex networks that have been either designed or have
evolved for rapid transportation while being subject to wiring economy, we find
that the C. elegans nervous system stands apart as a distinct class. This suggests
that the principal function of neuronal networks, viz., the processing of informa-
tion, distinguishes it from the other networks considered, and plays a vital role
in governing its arrangement. Considering the importance of this constraint in
ensuring the survival of an organism, it is natural that this should be key to the
organizing principles underlying the design of the network. The intimate relation
between function and structure of the nervous system is further brought out by our
use of structural analysis to distinguish neurons that are critical for the survival
of the organism. In addition to identifying neurons that have been already empiri-
cally implicated in different functions (which serve as a verification of our method),
we also predict several neurons which can be potentially crucial for certain, as yet
unidentified, functions.

When we compare the nervous system of C. elegans with the brains of higher
organisms, we observe the modular organization of the latter to be more promi-
nent [188]. For example, the network of cortical areas in the cat and macaque
brains exhibit distinct modules [104, 56|, with each module being identified with

specific functions [189, 63]. A possible reason for the relatively weak modular struc-
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ture in the nematode could be due to the existence of extended processes for the
neurons of C. elegans. Many of these span almost the entire body length, an effect
that is enhanced by the approximately linear nature of the nematode body plan.
As a result, connections are not constrained by the physical distance between soma
of the neurons, as would be the case in mammalian brains. It is apparent that
such constraints on the geographical distance spanned by links between nodes (viz.,
cost of wiring length) can give rise to clustering of connections among physically
adjacent elements. In addition, the small nervous system of C. elegans, compris-
ing only 302 neurons, lacks redundancy. Therefore, individual neurons may often
have to perform a set of tasks which in higher organisms are performed by several
different neurons. Thus, functional modularity is less prominent in the nematode,
as some neurons belong to multiple behavioral circuits.

Another principal distinction between the C. elegans nervous system and the
brains of higher organisms such as human beings, is the relative high connectivity
in the former (the connection density being C' ~ 0.1). By contrast, the connectance
for human brain is around 107° [190], which leads us to the question of how com-
munication efficiency can remain high in such a sparsely connected network. It is
possible that the more intricate hierarchical and modular structures seen in the
brains of higher organisms is a response to the above problem. The fact that the
rate at which the number of neurons N increase across species, is not matched
by a corresponding increase in the number of links (which increases slower than
N?2) implies the existence of constraints on the latter, which is a resource cost in
addition to the earlier mentioned cost of wiring length.

The function of information processing implies an underlying hiererachy, that
imposes a direction to the flow of signals in the system, from the input to the
output. In real networks, this hierarchical scheme can be obscured by the pres-
ence of feedback and connections that span several levels. In particular, for C.
elegans, we find that it is difficult to distinguish its somatic nervous system from
an unstructured network by analysing the properties of directed paths between the
sensory, inter and motor neurons. However, the inherent structure of the network
is manifested as a sequence of nested cores of successively higher inter-connection
densities. Our results showing increasing centrality for higher order cores, as well
as, the varying composition of the in- and out-degree cores in terms of different

neuronal types, reveal the hierarchical nature of the system which is implicit in
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the core-periphery organization.

Many complex networks occurring in nature are often referred to as having
hierarchical structure, although, there are no generally accepted measure of the
degree of hierarchy present in a system. This is partly because hierarchy can have
different connotations. E.g., while some studies consider the presence of inter-
nested modules to be the signature of hierarchical organization [107, 191, 192, 188,
59|, other papers have considered the presence of distinct layers in a network to be
essential for the existence of hierarchy [193, 54, 194]. In the present paper, in the
spirit of neuronal information processing, we adopt the usage of hierarchy in the
sense of multiple levels of processing, with information flowing from the sensory
(input) to the motor (output) layer through inter-neurons.

We propose that a hierarchical network, which has a dense core and an overall
sparse structure, possesses high communication efficiency, and at the same time,
relatively low diffusion rate, implying that neuronal networks have evolved subject
to the constraint that a stimulation should not result in non-specific global acti-
vation of the network. This requires that while communication between a given
pair of neurons should be fast, enabling a rapid response to sensory stimulus, it
should also be robust to environmental and internal noise, so that perturbations
can remain localized in the system, preventing indiscriminate activation of the en-
tire network from a specific stimulus. The above analysis suggests that information
does not diffuse passively throughout the network, but is guided towards a central
group of densely interconnected neurons, where it is processed and appropriate

commands are sent to motor-neurons for initiating muscular action.
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Physicists look for universal principles that are valid across many different sys-
tems, often spanning several length or time scales. While the domain of physical
systems has often offered examples of such widely applicable ‘laws’, social, eco-
nomic and biological phenomena tended to be, until quite recently, less fertile in
terms of generating similar universalities. However, this situation has changed af-
ter the study of complex networks emerged into prominence. While the existence
of complex networks in various domains has been known for some time, the recent
excitement among physicists has to do with the discovery of certain key universal
principles governing the behavior of systems which had previously been considered

very different from each other.

7.1 Structure of networks

Complex networks exhibit a variety of structural features. One of the most intrigu-
ing properties of many networks observed in nature and society is the occurrence of
modular structure. Such structural modularity may also be connected to functional
modules, which are independent subsystems responsible for different tasks, as seen
in many biological systems. Another ubiquitous property of complex networks is
the occurrence of “small-world" behavior along with high clustering between the
nodes. Both modularity and clustered small-world properties have been observed
in a wide range of networks, from those involved in metabolism and signalling in
biological cells, to the set of cortico-cortical connections in the brain, interactions

in social groups, the internet and food webs. In this thesis, we have shown that
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the above properties, previously considered to be independent, are in fact related
to each other. This shows how the mesoscopic organization of a network can have

unexpected consequences for its global features.

7.2 Dynamics on networks

Networks often have associated dynamics, with variables associated with each node
evolving over time. Examples include, the variation in the populations of different
species in an ecological network, the changing metabolite concentrations in cel-
lular networks, etc. Thus, focus of recent work in the area of complex networks
has shifted from purely structural aspects of the connection topology to investigat-
ing their role in determining the dynamical behavior of the network. It has been
found that specific structural properties of networks can have novel functional
consequences, e.g., the absence of threshold for the propagation of epidemics in
scale-free networks. In this thesis, we have not only looked at how network struc-
ture affects dynamics, and hence its function, but also the reverse problem of how
functional criteria can constrain the topological properties of a network. In par-
ticular, we have investigated (i) how mesoscopic features, such as modular and
hierarchical organization, affect the nature of dynamics on the network, and (ii)
how dynamical considerations constrain the network structure, such that it evolves

towards a modular or a hierarchically ordered configuration.

7.3 From structure to dynamics

We have shown that the dynamical behavior of modular networks are strikingly dif-
ferent from previously proposed small world network (SWN) models, such as, the
Watts-Strogatz model. Modularity results in time-scale separation between fast
intra-modular and slow inter-modular processes. As dynamics at the local and
global levels have different consequences in most natural systems, the temporal
separation between processes occurring at different scales, through modular orga-
nization, highlights the importance of such network structures. We have demon-
strated the universality of this dynamical signature of modular networks with three

very different processes: (i) spin ordering, (ii) synchronization among non-linear
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oscillators, and (iii) diffusion. We have also shown this dynamical signature of
modular networks in the cortico-cortical networks for cat and macaque. This sug-
gests that many of the reported SWNs in nature are possibly better represented
by a modular network model. We have also investigated the connection between
structural features and functional objectives of the somatic nervous system for the
nematode C. elegans. According to our results, the anatomical structure of the
neuronal network can be only partly explained by static criteria, such as, wiring
cost minimization and maximum communication efficiency. This indicates the ex-
istence of other important constraints, possibly related to the functional task of
information processing, that determine the wiring diagram of the nervous system.
We have shown that the network can be decomposed into modules, which can be
partially correlated with functional circuits. Further, the nervous system has a
hierarchical core-periphery organization, with inner cores having higher density of
connections. We have shown that such an architecture reduces the uncontrolled
spreading of activity in the network, thus acting as a noise filter, while retaining

high communication efficiency.

7.4 From dynamics to structure

We have also considered how the existence of various structural features in real-
world complex systems can be uncovered from the knowledge of collective dynamics
of the nodes. We have reconstructed the network of social interactions in a troop
of bonnet macaques by analyzing their allogrooming behavior. This allows us
to obtain an understanding of social organization in primates using observational
data, the equivalent of which would be very difficult to obtain for human groups.
We have also examined whether the complex features of social behavior can be
explained in terms of basic principles governing individual interactions, using a
simple theoretical model proposed by Seyfarth. Next, we have investigated the
network structure of interactions between stocks in financial markets. By analyzing
the cross-correlation matrix of price fluctuations among stocks in the National
Stock Exchange (NSE) of India, we show that this emerging market exhibits strong
correlations compared to developed markets, such as the New York Stock Exchange

(NYSE). We have shown this to be due to the dominant influence of a common
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market mode on the different stock prices. In comparison, interactions between
related stocks, e.g., those belonging to the same business sector, are much weaker.
This lack of distinct sector identity in emerging markets is explicitly shown by
reconstructing the network of mutually interacting stocks. We have shown this to
be a result of the relative weakness of intra-sector interactions, compared to the
response to signals common to the entire market, by modeling stock price dynamics
with a two-factor model. Our results suggest that the emergence of a complex
internal structure, comprising multiple groups of strongly coupled components, is

a signature of market development.

7.5 FEvolution of robust networks

Most networks around us did not originate in the form we see them today, but
have emerged through a process of gradual evolution. We have shown using models
the evolution of some of the commonly observed structural features in naturally
occurring networks. For this, we have taken into account the fact that, most such
systems have to optimize between several, often conflicting, constraints, which may
be static, as well as, dynamical in nature. In particular, most networks need to have
high communication efficiency and low connectivity, while being stable with respect
to dynamical perturbations in the nodes. Our results show that, the simultaneous
optimization of all three constraints can result in networks with modular structure,
where each module possesses a prominent hub. As these evolved systems also
exhibit heterogeneous degree distribution, our findings have implications for a wide
range of systems in the biological and technological domains where similar features

have been observed.
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