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Abstract

This thesis is devoted to study of two aspects or use of AdS/CFT conjecture: One
is the use of AdS/CFT in understanding the IR-cut-off appearing in the resolution
of Hagedorn limiting temperature in String Theory via BFSS matrix model. And
other is the use of AdS/CFT in understanding of low energy condensed matter
system. A brief abstract of these studies are written separately below.
Hagedorn Phase Transition and Matrix Model for String Theory:
Hagedorn Temperature is the temperature at which the partition function diverges
due to the exponential growth in the density of states, which overtakes the Boltz-
mann suppression factor. BFSS matrix model which describes M-theory in some
limit, has membrane degrees of freedom. String like configurations can be con-
structed from basic degrees of freedom of the matrix model. Hagedorn temperature
can be reinterpreted in terms of new degrees of freedom as a phase transition. In
the first part of this thesis, we will construct two phases of matrix model (“string”
phase and “clustered phase”), and compare their free energies to find signature
of phase transition. It will be shown that, there exist phase transitions between
these two configurations -but only in presence of an IR cut-off. The low tempera-
ture phase corresponds to a string (wrapped membrane) phase and so we call this
the Hagedorn phase transition. While the presence of an IR cut-off seemingly is
only required for perturbative analysis to be valid, the physical necessity of such
a cut-off can be seen in the dual super-gravity side using AdS/CFT conjecture.
Interestingly the perturbative analysis also shows a second phase transition back
to a string phase. This is reminiscent of the Gregory-Laflamme instability.
Duality between Charged BTZ black hole and Luttinger liquids:

In the second part of thesis, we study properties of strongly coupled CFT’s with
non-zero background electric charge in 1+1 dimensions by studying the dual grav-
ity theory - which is a charged BTZ black hole. We will calculate correlators of
operators dual to scalars, gauge fields and fermions are studied at both 7" = 0 and
T # 0. In the T = 0 case we will also able to compare with analytical results
based on AdS; and find reasonable agreement. In particular the correlation be-
tween log periodicity and the presence of finite spectral density of gapless modes
will be seen. The real part of the conductivity (given by the current-current cor-

relator) also vanishes as w — 0 as expected. The fermion Green’s function shows



quasiparticle peaks with approximately linear dispersion but the detailed struc-
ture is neither Fermi liquid nor Luttinger liquid and bears some similarity to a
"Fermi-Luttinger" liquid. This is expected since there is a background charge and
the theory is not Lorentz or scale invariant. A boundary action that produces
the observed non-Luttinger-liquid like behavior (k-independent non-analyticity at

w = 0) in the Green’s function is discussed.
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The grand aim of all science is to cover the greatest num-
ber of empirical facts by logical deduction from the small-
est number of hypotheses or axioms.

Albert Einstein

Introduction

Human mind always has tended to describe complex phenomena in Nature as
collective phenomena of some basic elements and their interaction. The other
tendency of human mind is to describe seemingly diverse phenomena in terms of
a unique framework. This craving for simplicity and unification, has led human
beings to an indefinite search for ultimate set of objects which underlie everything.
This quest has lead to various possibilities, amongst which String Theory has been

the leading candidate for the past few decades.

1.1 String Theory

The elementary objects in string theory are one dimensional (Fig.(1.1)) in contrast
to usual zero dimensional elementary particles. All observed particles are various
vibrational states of this fundamental string (open or closed). The theory also
contains zero and higher dimensional surfaces, called D-branes (Dirichlet-branes),
where open strings can end (Fig.(1.1)). Thus string theory provides a unique
framework for studying various interactions found in nature. It is the leading
candidate for a theory that unifies the four basic forces of nature viz. Electro-
magnetic, Weak, Strong and Gravitation. World sheets (2-dimensional surfaces)
describe time evolution of strings and world volume for general higher dimensional

D-branes (compared to world line for point particle)(Fig.(1.2)).
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—TN

Open String

Closed String

(A) (B)

Figure 1.1: (A) Open and Closed String. (B) Open Strings ending at D2-branes.

We know elementary particles in our universe (viz. electron, quark.) are 0-
dimensional-particle-like and are very well described by Quantum Field Theory
(QFT, theory of Fields living in 3+1 dimensional space-time. Quantization of
which gives elementary particles). Most successful example of this is Standard
Model, proposed in mid 20th Century, describes all known particles and three of
the four fundamental forces very well up to the accuracy of modern day exper-
iments. So why do we need String Theory? Also, how do we explain the fact
that experimentally “electrons” are not one-dimensional? Firstly, usual methods
of Quantum Field Theory does not work for gravity. It suffers from wultra-violet
(UV) or short distance divergences. Avoiding this UV divergences is one of the tri-
umphs of string theory. Furthermore it naturally has a spin-2 particle (candidate
for gravitons, mediator of gravity) in the spectrum of closed strings. Spectrum of
string theory also naturally has various other particles, which makes it a candidate
for unified theory, which answers our first question. The size of these strings ()
could be of the order of 10733 cm ~ (10 GeV)~! | which is much smaller than the
distance scale probed by modern experiments. So strings of such small magnitude
appears as point-like to modern microscopes; which answers our second question.
Also to define a well defined string theory we have to demand a symmetry between

fermions (half-integer spin particles) and bosons (integer spin particles), known as
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World Line World
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™ Particle ™~
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™ .
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Figure 1.2: Time evolution of point particle, open strings, closed strings and
Membrane/D2-brane

Supersymmetry. Strings with this symmetry are called Superstrings. Also consis-
tency requires these superstrings to live in 9 + 1 dimensional space-time, instead
of 3 + 1 dimensional space-time in which we live. Usual way out from this large
number of space dimensions is to assume that they are curled up into very small
size compared to typical length scale probed by current experiments (~ TeV). Con-
sistency requirement also demands existence of five possible superstring theories :
type IIA, type IIB, type I, SO(32) heterotic, and Es x Eg heterotic. But we expect
to have a unique theory which describes our Nature. We will come back to the
resolution of uniqueness in the next section. There are also various choices for com-
pact spaces for each of these string theories, which leads to many different string
theories in 341 dimension! But, some of them are very close to observed universe,
although a choice which has complete quantitative agreement with observations is
yet to be found.

There is yet another paradox : infinite tower of vibrational states of string
corresponds to infinite number of elementary particles! Present day experiment
provides with an finite set of elementary particles. Again we are saved by the
fact that string length scale is much smaller than the present day experimental
scale (~ TeV). It turns out that there exists a finite set of vibrational states which
corresponds to massless particles. The infinite tower of vibrational states corre-
sponds to massive particles, with mass ~ ll ~ 10¥GeV, which is out of the reach

of modern experiments. So current set of known elementary particles belongs to
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the massless sector of string vibrations, and will be described very well by the low
enerqy effective field theory (EFT) obtained from the low energy limit of string
theory. The massless elementary particles can be given small mass compared to
the string scale by methods of symmetry breaking available in QFT, as many of

the particles found in nature are massive.

1.2 M(atrix) theory

As promised, let us address the issue of uniqueness. The five different superstring
theories are related to one another by duality symmetries viz. T-duality and S-
duality.

T duality: This duality usually maps theories compactified on different types of
spaces. For example, Type IIA theory compactified on a circle of radius R is dual
to Type IIB theory compactified on circle of radius }%. In this duality the “momen-
tum modes” (the momentum along the compact direction are forced to be discrete
due to periodic nature) of one theory maps to “winding modes” (number of times
the string wraps the periodic or compact direction) in the other and vice-verse.
SO(32) heterotic string theory compactified on a torus T* is dual to Type IIA
string theory compactified on a compact manifold known as K 3.

S duality: This duality maps a weakly coupled theory to a strongly coupled the-
ory. If g and g are coupling constants of two theories related by S duality, often
have a simple relation of the form: g = g~'. Thus perturbative expansion in one
theory contains information about non-perturbative effects in the dual theory. For
example, Type TIB theory is found to be S dual to itself. Type I theory is S dual
to SO(32) heterotic theory in 9 + 1 dimensions.

As all the five different string theories are related to one another by these du-
ality maps, it strongly suggests presence of a single underlying theory known as
“M-theory” or sometimes referred to as “U-theory” or universal theory. In special
limits, M-theory is described by one of the (compactified) five different weakly cou-
pled string theories. Besides these five theories there exists a sixth one, which is
(10 4 1)-dimensional supergravity theory (SUGRA). M-theory in low energy limit
reduces to this 11 dimensional supergravity theory and the term M-theory some-

times refers to this low energy supergravity theory. 11 dimensional supergravity
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contains extended objects called M2 (2-dimensional membranes) and M5-branes
which are electrically and magnetically charged under 3-form potential present in
the supergravity theory.

Another way of defining M-theory is as the strong coupling limit of Type ITA
string theory. The Type IIA string theory is taken equivalent to the M-theory
compactified on a circle, where the radius of compactification is proportional to
the string coupling. There exists correspondence between various objects in com-
pactified M-theory and Type IIA string theory, viz. wrapped M2-brane on the
compact direction corresponds to the fundamental string of the Type ITA theory.

Witten had suggested that “M” of M theory should stand for “Magic”, “Mystery”
or “Membrane” according to taste! For the purpose of this thesis “M” will stand
for Matrix. BFSS ( Banks, Fischler, Shenker and Susskind) matrix model [1]
provides a systemic procedure for computing corrections to the low energy limit
of M-theory or the 11 dimensional supergravity theory. The proposal was that
large N limit of matrix quantum mechanics model should describe all of M-theory
in an infinite momentum frame(IMF). Let us consider M-theory compactified on
a circle (say, 11th direction). The quanta corresponding to the momenta along
the compact direction corresponds to DO0-branes of Type IIA string theory. In
the limit where radius of compactification R and the compact momentum pq;
are both taken to large, this correspondence relates M-theory in the IMF to the
non-relativistic theory of many Type IIA DO0-branes which is described by matrix
quantum mechanics. This proposal provides a non-perturbative formulation of M-
theory. In Matrix Model, all other entities like Dp-branes and string are viewed as
composites of these fundamental DO-branes. A detailed description of this model

is given in the main section of the thesis.

1.3 AdS/CFT

One of the major conceptual breakthroughs in string theory is AdS/CFT Conjec-
ture. Since it has been proposed by Maldacena in 1997 for specific case of string
theory [2, 3, 4], it has emerged as a more general class of dualities between two ap-
parently different physical systems and has find its use in fields ranging from high
energy physics to low energy condensed matter systems. The term AdS/CFT Con-
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jecture (a.k.a. Holography or Gauge/Gravity duality) is sometimes used loosely to
denote this large class of dualities. The generic form of this duality is that a string
theory/ M-theory (or in the low energy limit, Supergravity theories) on a manifold
K (ak.a “Bulk”) is equivalent to a quantum field theory on the boundary of K.
The conjecture has survived all the non-trivial tests performed. In some limit,
this conjecture relates quantities in a pure classical supergravity theory to a full
quantum strongly coupled field theory quantities (which do not contain gravity).
This implies that various highly non-perturbative and “difficult” problems can be
addressed by mapping it to a “simple” computation in a classical gravitational the-
ory. The conjecture is assumed to very general and also widely used in systems
which is not even derived from any string / M / supergravity theories but with
considerable promise of being derived.

Originally the conjecture was proposed by studying N coincident D3-branes in
Type 1IB string theory in the large N limit. In this limit the system two possible
dual descriptions: as solutions of classical supergravity / string theory and also
equivalently by quantum field theory living on the D-brane system. This led to
the conjecture : Type IIB string theory on AdSs x S° is equivalent to N = 4
supersymmetric SU(N) Yang-Mills’ theory in (3+1) dimensions. This is the most
famous and rigorously studied example of the conjecture. AdSs x S° is a solution
of classical supergravity in 9+ 1 dimensions and Type IIB strings can be assumed
to be moving in this background geometry. According to the conjecture it can be
equivalently described by studying a quantum field theory living on the (3 4 1)
dimensional boundary of AdSs. For this particular case, the field theory is a special
supersymmetric gauge theory known as N' = 4 supersymmetric SU(N) Yang-Mills’
theory, which is also an Conformal Field Theory (CFT) (i.e. field theory having
a special class of symmetry called Conformal symmetry, or naively speaking the
action is symmetric under scaling. ) and thus the origin of the name AdS/CFT
conjecture. This is also a classic and concrete example of “Holography Principle”
[5, 6] i.e. for a consistent quantum theory of gravity, the fundamental degrees of
freedom reside at the boundary of space-time and not in the interior. As a direct
generalization to other systems, we can consider various deformations in the either
side which will reflect as a deformation in the dual theory. In particular, AdS/CFT
finds application in studying renormalization group (RG) flows in the perturbed

boundary theory. CFTs do not have any intrinsic scale, and as a consequence
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the effective physical coupling constants is independent of energy scale. But if
the CFTs are perturbed, it can have energy scale dependent couplings and this
behavior is described by RG flow equations. In the dual gravity theory this RG flow
is projected onto a deformation in AdSs x S® such that the direction or coordinate
along which this geometry changes maps to the energy of the boundary theory.
So in general we can have dualities between non-AdS and non-CFTs, but still will
be termed as “AdS/CFT duality”. The origin of this duality can be related to the
world sheet “Open-Closed string duality” i.e. exzchange of world-sheet parameters
implies a duality between 1-loop open string “Feynman diagram” and a closed string
tree diagram. Also massless spectrum of closed strings contain gravity and open
string does not, which implies some kind of Gauge/Gravity duality. A proper
understanding of the origin of AdS/CFT conjecture or a proof is still lacking.

In this thesis we will encounter two different application of this conjecture.

1.4 Hagedorn temperature and Matrix Model for
strings

String theory shows an exponential growth in the density of single particle states
as a function of mass or energy. The density of states at high energy E grows as
p(E) ~ Exp(fuE) where By ~ s (I is the string length). The canonical partition

function is defined as Z = ), p(E)Exp(—fE), where T = % is the temperature.

The expression clearly shows that for 7' > BLH the canonical partition function

diverges. Similar behavior was noticed in theories for hadronic matter [7| and

in the same spirit, in the case of strings also, it is thought to be as a “limiting

1
Bu
There is some evidence to interpret this temperature as a phase transition

temperature”. Ty = is called Hagedorn temperature.

temperature (8, 9, 10, 11]. Yang-Mills theories are known to have confinement-
deconfinement phase transition, and also they are known to be dual to String
Theories with 1/N (for gauge group SU(N)) interpreted as the string coupling
constant, gs. It is then natural to identify this Hagedorn Transition temperature
with confinement-deconfinement transition [12, 13, 14, 15, 16, 17, 18, 19]. Above
the deconfinement transition the gluon flux tube disintegrates. Correspondingly

one would expect that the string disintegrates above the Hagedorn phase transition
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and is replaced by something else - perhaps a black hole.

It is difficult to study the disintegration of string theory using the perturbative
string formalism. One needs a non-perturbative description where a string can be
described in terms of some other entity. One such description is the BFSS matrix
model. In this model one can construct a classical configuration that looks like a
membrane. As a 10-dimensional object it is a D2 brane of ITA string theory. If
one of the space dimensions is compactified, the D2 brane wrapped around it, is
T-dual to a D-string (D1 brane) of IIB string theory. This in turn is S-dual to an F
(fundamental)-string. We can consider specific configuration of these D1-branes or
DO0-branes, which forms “Long D-string”. We can pretend that this long D-string is
the fundamental string whose phase transition we are interested in. At the phase
transition this classical membrane configuration can be expected to disintegrate so
that we end up with just a bunch of localized DO-branes. This is thus the “S-dual”
of the Hagedorn transition. This was what was investigated in in a qualitative way
in [20] . Tt was shown by computing (in a high temperature approximation) the
one loop free energy, that there is a phase transition from a membrane phase to a
clustered phase. However an IR cutoff was crucial for the calculation. The moti-
vation for the IR cutoff is roughly that the D0 branes are actually bound (albeit
marginally) and so one expects them to be localized. Two DO brane potential, at
finite temperature, studied in |21, 22, 23| shows possibility of bound state. In
this thesis we will describe the work [24], where the one-loop analysis was done
carefully without approximations. The net result reaffirms the result of [20] , but
with some modifications in the analytical expressions. Interestingly an additional
phase transition is found back to the string phase. The one-loop partition function
of strings from matrix model [25, 26] was also studied extensively in [27, 28, 29].

Holography |30, 2| has given some new insights into the dynamics and phase
structure of super-symmetric Yang-Mills [14, 31, 32]. This should also be taken into
account. Deformations of these theories have also been studied [33, 34, 35, 36, 37|.
In fact, motivated by the analysis in [33, 34|, the thermal Hawking-Page phase
transition [38, 39] in AdS with a “hard wall” [40] has been studied - the hard wall
removes a portion of the AdS near » = 0, which in the gauge theory corresponds
to the IR region. In these models the cutoff is a way to simulate a boundary gauge
theory that is not conformally invariant, i.e. confining. The cutoff radius is related

to the mass parameter of the gauge theory. It has in fact been shown [41] that an
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IR cutoft is crucial for the existence of two phases: BPS Dp-branes (more precisely
their near horizon limit which for p = 3 is AdSs) and black Dp-branes (for p = 3,
AdSs black brane), separated by a finite temperature phase transition. Also [42]
has argued (from entropy considerations) that O(gs) higher derivative corrections
to super-gravity must induce a finite horizon to develop for a configuration of
extremal DO-branes. This also acts as an IR cutoff. Based on all this, the main
conclusion of the paper [24] was that an infrared cutoff needs to be included in the
BFSS matriz model if it is to describe string theory.

This is quite understandable from another point of view. Simple parameter
counting shows that the BE'SS model, as it stands, cannot be equivalent to string
theory. It has only one dimensionless parameter N. The other parameter is gy s -
which is dimensionful and just sets the overall mass scale. String theory describing
N DO branes has two dimensionless parameter N and gs, and a dimensionful
parameter [,. The two theories thus cannot be equivalent, except in some limit
gs — 0 (or gs — 0o - M-theory). For finite g5 one needs an additional parameter
on the Yang-Mills side. Thus an IR cutoff Ly introduces a second scale into
the Yang-Mills theory, and thus the ratio of the two scales is a dimensionless
parameter and now the parameter counting agrees. Furthermore, low energies
in the matrix model that describes DO branes, corresponds in the super-gravity
description to short distances, i.e. regions near the DO branes, where the dilaton
profile corresponds to a large value of gs. If we include the low energy (IR) region
in the configuration space of the Yang-Mills (matrix model) theory, we are forced
to include the effects of finite gs. The IR cutoff is an additional parameter that
signifies our ignorance of (large) strong coupling effects. With an IR cutoff we
can maintain g, at a finite (small) but non-zero value. What actually happens in
this region (i.e. close to DO branes) due to strong coupling effects of large g; is not
fully known, but as mentioned above [42] has a plausible proposal based on entropy
arguments. The suggestion is that a finite size horizon develops. This if true,
vindicates the introduction of an IR cutoff. Note that another way of making the
functional integral finite is to give a mass to the scalar fields - thereby removing the
zero mode. The matrix model corresponding to the BMN pp wave limit [43] in fact
has such a mass term with the mass being a free parameter. This is reminiscent of
the N=1* theories studied in |33, 34] and these techniques have been applied to
the BMN matrix model [44]. We can therefore take an agnostic attitude regarding

9
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the origin of the cutoff and treat it as the extra parameter necessary to match
with string theory for finite g,. It should correspond to the fact that the DO-brane
bound state must have a finite size. This is not easy to see in the BFSS matrix
model, in perturbation theory, because of the flat directions in the potential.

As mentioned above there seems to be another high temperature string phase.
This is reminiscent of the T — 1/T symmetry that has been discussed by many
authors [45, 46, 47, 48,49, 50, 51, 52, 53|. The perturbative analysis shows a second
phase transition to a string phase at very high temperatures. This is reminiscent
of Gregory-Laflamme instability [54, 55, 56, 57|. It will be described briefly in
end of Chapter 5. It will shown that the entropic arguments that motivate the
Gregory-Laflamme transition can also be made for extremal black holes with finite

size horizon such as the Reissner Nordstrom black holes.

1.5 Applications of AdS/CFT in Condensed Mat-
ter Physics

A variety of ill-understood strongly coupled field theories are expected to describe
phenomena such as High-T, superconductivity [58, 59, 60]. A technique that seems
tailor made for this is the AdS/CFT correspondence [2, 3, 4], where a string theory
in AdS background is dual to a conformal field theory on the boundary. If the CF'T
is strongly coupled, then the curvature of the dual gravity background is small and
the massive string excitations do not play much of a role, and so pure gravity is a
good approximation. This is the reason this technique is ideal for strongly coupled
theories.! Historically the correspondence was developed in Euclidean signature
in [2, 3, 4, 61, 62, 63, 64] to name a few. Some of the references where real time
formalism of the correspondence was studied is [65, 66, 67, 68, 69, 70].

If one wants to study the finite temperature behavior of the CFT, one can study
dual backgrounds that are asymptotically AdS but have a finite temperature. This
could be just pure AdS with a thermal gas of photons or other massless particles; or
backgrounds that contain a black hole in the interior. There is typically a critical

temperature above which the black hole is the favored background [39]. The critical

! The same fact also makes it difficult to study standard continuum QCD, which is asymptot-
ically free and therefore weakly coupled.

10



Chapter 1. Introduction

temperature is in fact zero if the boundary is taken to be flat R"™ rather than S™.
This is what happens when we represent the AdS by a Poincare patch. Equivalently
there is a scaling limit that gives R" starting from the S™ boundary of global AdS.
Recently such backgrounds with a charged Reisner Nordstrom black hole in 3+1
dimensions have been studied to understand 2-+1 dimensional CFT’s with charge.
In particular fermionic fields have been studied and interesting "non-Fermi liquid
behavior" [71]| has been discovered [72, 73, 74, 75]. The same system was studied
with magnetic field turned on in [76, 77|.

In this thesis we will discuss the work done in [78|, which studies analogous
situation in 2+1 dimensions?. There are charged BTZ black holes that are asymp-
totically AdS; [81]. We extract various boundary correlators for scalar operators,
currents and also fermionic operators in this theory. One of the advantages of
studying this system is that since they describe various strongly coupled CFT’s
in 1+1 dimension, one has some idea of what to expect in the boundary theory.
At the UV end it is dual to AdS3 and in the IR it flows to another fixed point
CFT. The presence of the background charge breaks Lorentz Invariance and also
scale invariance of the boundary theory. Thus one expects deviations from the
Luttinger liquid * behavior due to irrelevant perturbations of various types. These
deviations in general change the linear dispersion to a non linear one and the result
bears some similarity to a Fermi liquid. A class of these theories have been studied
in perturbation theory and have been called "Fermi-Luttinger" liquids [82]. Thus
our holographic Green’s functions could be a strong coupling non perturbative
version of the Green’s function studied in [82] .

We should note that the AdS/CFT correspondence works in full string theory,
so ideally we should consider embeddings of 2 + 1 dimensional black hole in full
string theory in 9 + 1 dimensions. In our present study we assume the existence
of such an embedding. By analogy with the best studied example of AdS/CFT
correspondence, where Type IIB string theory on AdSs x S® corresponds to SU(N)

super Yang Mills, one expects that tree level calculation in the bulk corresponds to

2A similar situation was studied in [79]. Hydrodynamic aspects of 1 + 1 field theories using
AdS/CFT was studied in [80]

3The term Luttinger liquids (a.k.a. Tomonaga-Luttinger liquids) generally refers to 1 + 1
dimensional interacting many-body (electrons) systems. Critical exponents of Luttinger liquids
can be studied using 1 + 1-dimensional CFT. In this thesis we will use the term Luttinger liquid
and 1 + 1-dim CFT interchangeably.

11
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the N — oo planar limit of the boundary theory. In our case there is no identifiable
parameter N. We can take it generically as a measure of the number of species
of particles in the boundary theory. Thus when we refer to Luttinger liquid we
are actually referring to a ¢ = oo conformal field theory with a large (infinite)
number of scalar fields. Similarly the gravity approximation (neglecting stringy
modes) corresponds to large 't Hooft coupling in Yang-Mills. In our case we do
not have an action for the boundary theory and hence no well defined notion of
coupling constant. However we can assume that the theory describes some non
trivial "strong coupling" fixed point with consequent large anomalous dimensions.
This can be taken as the operational meaning of "strong coupling".

In the above approximation (planar, strong coupling) used here the full string
theory embedding is not required. However the full embedding would in principle
determine the charges and dimensions of the operators of the boundary theory,
which for us are free parameters. Also to go beyond this approximation would
require a knowledge of the embedding.

We study Green’s functions corresponding to scalars, fermions and gauge fields
at both zero and non zero temperature. The gauge field calculation gives the
conductivity. This is studied at both zero and non zero temperatures. At zero
temperature the small w behavior is universal (as shown in [75]) and we see that
our numerical results are consistent with this expectation. The same analysis can
also be done for fermions and scalars and again there is consistency with the ana-
lytic results at zero temperature and low frequencies. This gives some confidence
in the numerical calculations. The fermion Green’s function does show quasipar-
ticle peaks at specific momenta and these can be identified as Fermi surfaces. The
dispersion relation is approximately linear. The “log periodicity” in the Green’s
function are also observed and is consistent with the analytical expectations. Qual-
itatively the curves are also similar to the Fermi-Luttinger liquid curves.

We also attempt to reproduce in the boundary theory the intriguing non an-
alyticity in the T" = 0 fermion Green’s function at w = 0 for any k. We show
that it can be explained if one assumes that there are modes that have their ve-
locity renormalized to zero, interacting with fermions. These could be thus some

localized modes representing impurities.
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1.6 Organization of thesis

This thesis is divided into two parts. Part I studies Hagedorn phase transition in
the matrix model for string theory. This is addressed in Chapter 2-6. Background
materials required for this topic is briefly discussed in Chapter 2 and Chapter 3.
Chapter 4 describes the calculation of 1-loop partition function for matrix model
for two different phases and the comparison of free energy. Chapter 5 addresses
the physical origin of IR cut-off required for 1-loop analysis by use of AdS/CFT
Conjecture. Chapter 6 summarizes the results of Part I. In second part of the thesis
we study the connection between Charged BTZ black hole and Luttinger liquid
by use of AdS/CFT conjecture. This is addressed in Chapter 7-12. Background
materials required for this part of the thesis is described in Chapter 7-8. Chapter 9
describes the background solution and its near horizon limit. Chapter 10 contains
the calculations and results for Spinor Green’s function. Chapter 11 contains
the calculations and results for Vector and Scalar Green’s function. Chapter 12
contains summary of results of Part II of the thesis. Chapter 13 contains summary

of the full thesis and future directions.
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String Theorists Find a Rosetta Stone

Gary Taubes

M(atrix) Theory

2.1 M-Theory

M-theory plays a crucial role in understanding duality relations among various
string theory. A complete understanding of M-theory is still lacking, till now it
refers to a wish-list and some collection of facts for a suggested theory. M-theory is
conjectured to be the strong coupling limit of type 1A string theory. In this limit,
it behaves as an eleven dimensional theory in an infinite flat space background. At
low energy, it behaves as a eleven dimensional super-gravity, which is a very well
defined classical theory with field content [83]:

e}: a vielbein field (bosonic, 44 components)

Yr: a Majorana fermion gravitino (fermionic, 128 components)

Arji: a 3-form potential (bosonic, 84 components)

where (/,J, K) run from 0,1---9,11. M-theory contains a 2-dimensional mem-
brane (M2) and a 5-dimensional hypersurface (M5) which couple electrically and
magnetically to the 3-form field respectively. The tension of these membranes
(M2) is given by (l;(;l;l))?” where 5,2“) is eleven dimensional Planck length. M-theory
compactified on a circle S! is equivalent to Type IIA string theory with the radius
of the circle (in 11th direction) Ry is related to the string coupling gs through

2
Ry = g215™"

= gsls. ls = V' is the string length. The decompactification limit
Ry1 — o0 corresponds to strong coupling limit of the string theory. Various objects
of M-theory on a circle and Type IIA string theory are mapped to one another as

shown in the Table(2.1).
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KK photon (g,11) RR gauge field A,
super-graviton with p;; = RLM DO-brane
wrapped M2-brane ITA F-string (Fundamental string)
unwrapped M2-brane ITA D2-brane
wrapped Mb-brane ITA D4-brane
unwrapped Mb-brane ITA NS5-brane

Table 2.1: Correspondence between M-theory and ITA string theory. ( super-
graviton: particles corresponding to 11d SUGRA fields,g,11: components of 11-
dimensional metric, KK: Kaluza-Klein, RR: Ramond-Ramond )

2.2 BFSS Matrix Model

In 1996, a seminal paper by Banks, Fischler, Shenker and Susskind [1] proposed
that M-theory in infinite momentum frame [84] is described by large N limit of a
supersymmetric matrix (N X N) quantum mechanics model. The infinite momen-
tum frame (IMF) was considered by first compactifying M-theory on an S' along
the 11th direction with radius Rj;. The system is then given an infinite boost
along this 11th direction. As discussed before compactified M-theory gives Type
ITA string theory. The compactification gives discrete momentum modes (Kaluza-
Klein photon) along 11th direction which correspond to Ramond-Ramond (RR)
photon of ITA string theory. Perturbative string states do not carry RR charge i.e.
string perturbative states carry vanishing momentum along 11th direction. DO
branes, which are non-perturbative solitons, can only carry RR charge. DO0-branes
are point particles which carry a single unit of RR charge equivalently they have
momentum along 11th direction given by PLoranes — RLH. The DO-branes carry
quantum numbers of first massive KK modes of the 11-dimensional supergravity
multiplet (super-gravitons). As 11 dimensional objects they are massless, but the
10-d mass of DO-branes is RLH. Super-gravitons with KK momentum py; = Riu (

is an integer) corresponds to bound state composites of DO-branes. In the limit
where Rj; — oo (Decompactification, M-theory limit) and p;; = Rin — o0 (in
IMF), M-theory is described by non-relativistic theory ' of N D0-branes where

In IMF, the existence of a transverse (11th direction is called longitudinal and the rest
transverse) Galilean symmetry leads to a non-relativistic system. The role of non-relativistic
mass is played by longitudinal momentum p11 [1]
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N — oo. The low-energy Lagrangian for a system of N IIA DO-branes is given by
a Lagrangian arising from dimensional reduction to (04 1) dimension of the (9+1)
dimensional U(N) Super Yang-Mills Lagrangian. The BFSS conjecture is that in
IMF M-theory is described by this (04 1) dimensional matrix quantum mechanics
Lagrangian given by [85, 1],

. 1 . 1 : 1 .
Tr |(DX') + o > (XL X4 ——0"iD0 — ———60"7, (X", 0]

£ (2ri2)? ol (2ri2)2

29sls =
(2.1)

Where nine spatial coordinates of the system of N DO0-branes are roughly given
by eigenvalues of the Harmitian N x N scalar matrices, X7, (i = 1,---9). The
matrices X are accompanied by 16 component fermioninc superpartners 6,; which
transform as spinors under SO(9) group of transverse rotations. 7* are 16 x 16
matrices satisfying SO(9) Clifford Algebra. D; = 0; — i[Ag, -] and Ag is the
gauge field along the time direction surviving the dimensional reduction. The the-
ory has 16 supercharges and thus is a N/ = 16 supersymmetric matrix quantum
mechanics. This theory was discussed many years before the development of D-
branes |86, 87, 88|. A detailed discussion of this theory was found in D-brane
context in [89, 90, 91, 92]. Exhaustive review of BFSS Matrix model can be found
in [93, 85, 94, 95]. A detailed description of dimensional reduction of SYM is given

in Appendix (A) of this thesis.

The classical vacuum configuration of (eqn.(2.1)) corresponds to solution of
equation of motion where potential energy of the system is minimized, which oc-
curs when [X?, X7] = 0 for all (4,7) in addition to zero fermion fields and the fields
X? are covariantly constant. So, the fields X* can be simultaneously diagonalized
by gauge transformation. The N diagonal elements of the matrix X corresponds
to the positions of N DO-branes in the ¢ — th direction [89]. For general configu-
rations this geometric interpretation of diagonal elements as positions of D-branes

are no longer valid.

As discussed in [94], matrix theory can encode, even in finite N, a configura-
tion of multiple objects. In this sense, it is natural to interpret matrix theory as an

second quantized theory from the view of target space compared to string theory
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which gives a first quantized theory in target space.

The original BFSS conjecture was defined in the large N limit. It was later
argued by Susskind [96], that finite NV version of the matrix model can be shown
equivalent to the discrete light-cone quantized (DLCQ) sector of M-theory with N
units of compact momentum. In DLCQ a light-like direction X~ is compactified
instead of X!, where X* = \%(XO + X' are the light-cone directions. So the
momentum along light-like circle is quantized, Pt = R—N,,

With a light-like circle the value of R~ can be changed by a boost. So uncom-

with NV being an integer.

pactified limit can not be obtained by simply considering R~ — oo. Instead it is
obtained by taking both R~ and N to infinity with P* kept constant. Arguments
due to Seiberg [97] and Sen [98] made the connection more precise and justified
the use of the low-energy DO0-brane action in BFSS conjecture. We will review this

argument in the following section.

2.2.1 DLCQ M-theory and BFSS matrix model

In DLCQ, we compactify a light-like circle which corresponds to,

1t X1t R_

X X _h
where X! is the longitudinal space-like direction and X° is the time-like direc-
tion in the 11 dimensional space-time (X* = —=(X°+ X')). This theory has a

quantized momentum in the compact direction,

N
Pt =__ 2.3
R~ (23)

We can consider the compactification (eqn.(2.2)) as a limit of compactification on

a space-like circle which is almost light like,

11 11 R- 2 11 R R%)
<X0>N<XO>+ B R2 §<X0>+<—ﬁ+]€m)(2'4)
R™ _ R
X X V2 X 75
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with Ry << R~. The light-like compactification ( 2.2) is obtained from ( 2.4) as
Ry; — 0. This compactification is related by a large boost,

B, = \/(Riw ~1- (%)2 (2.5)

to a spatial compactification on

){11’ )(11’ Ryy
) ~ . + 2.6
where prime denotes boosted coordinates given by,
1 Bu
)(11’ = — xu
X0 B 1 X0
V182 \/1-2

So a M-theory which has been compactified on an light-like circle, R~ (DLCQ

M-theory) can be viewed as a limit of a (boosted) M-theory compactified on a

space-like circle, R;;, where the radius of the space-like circle vanishes in this
limit (Ry;; — 0). As discussed before space-like compactification of M-theory can
be identified Type IIA string theory. And in the limit of small radius the ITA
string theory is weakly coupled but the theory apparently becomes complicated
as string tension vanishes. The type ITA coupling and string length are related to
compactification radius and 11D Plank length as(Sec.(2.1)),

Rll

3
gs = <l;()1_1))2
l(ll))S
2 = (lp 2.8
D= (28)

So in the limit Ry; — 0, g — 0 and o = [> — oco. To summarize the DLCQ
M-theory compactified on a finite radius when boosted can be identified with type
ITA string theory with vanishing string coupling and tension. So it seems in this
limit the string theory is complicated and will not provide an useful alternative
description of M-theory.

Let us consider the behavior of the energy of the states we are interested in the
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limiting theory. Consider a state with light cone energy P~ and compact momen-
tum P = R—N,. The longitudinal momentum in the spatially compactified boosted

theory is given by P/, = -2-. The energy in the spatially compactified theory is

Ry
given by
/ N /
EF'=—+AF (2.9)
R
where AE" << Rin is the energy scale of the 10D string theory. The term % is the

mass-energy of N DO0O-branes or the longitudinal momentum in the compactified
M-theory. Relating this back to almost light like compactified (eqn.(2.4)) theory

we have,
P = 2 P
< 11 > _ \/1-p2 \/1-52 ( 11 > (2.10)
E _ Buv 1 El
V1-82 182
S0,
— 1 / R~ /
P~ =—(E—-Py) =0,AFE ~—AF (2.11)

V2 Ry

where 6, = \/Lﬁ }J_rgz and (3, is given by (eqn.(2.5)). In the limit Ry; — 0, J, ~ ﬁ—;.

So the 10D energy scale AE’ of the corresponding state of type ITA string theory

is given by AFE’ ~ P‘% . We know I, — oo in this limit where R;; — 0. So
in units of string energy scale(~ ll) the energy scale of the state becomes (using

(eqn.(2.8))), / B

OA/—?S) = R (2.12)
which vanishes as R;; — 0. So although the string energy scale vanishes, the
energy scale of interest (i.e. the energy scale of the sector in string theory that
maps to DLCQ M-theory in the limit considered) vanishes faster. Such a sector
with energy scale much smaller than string scale gives rise to a simple theory and
can formulate an alternative description of DLCQ M-theory.

Let us rewrite the expression for AE’ by putting in the units of measurement
(5 = M,, M, is 11d Plank mass),

AE _ (P/M,)

(Ri1M,) (2.13)

Let us now consider the M-theory compactified spatially (R;;) is replaced by
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M theory on M theory on M theory on
Light-like circle Almos@—Llight—Like Ri1small Space-like circle
- circle -
(R™, Mp) (small R11 L boost 4 R
DLCQ M-th R11 =0 i - arge boost 3y or
( Q eOry) finite 12 ) Type IIA String Theory
Ry1 M2
R11M2 1p New Planck
— R—I])V[Q fixed Mass (Mp)
o p — 00
Ri1—0
L
BFSS Matrix ZOW Energy
1 same as limit of ITA
Mc’)‘c}e String theory
(a1, Mp) describing DO
branes

Figure 2.1: Relation between DLC(Q M theory and BFSS matrix model

M—theory with Planck mass, ]T/[/p, on a spatial circle R (where, I§11ZT/[;, = Ry M,).
Mp is different from M, in which the DLCQ M-theory is defined. Then the above

. AE' _ AE
expression becomes (5= =
P ( M, My ):

AE (P /M) ~ —
— = Ry M, 2.14
Mp R_Mp ( 11 P) ( )
implies, N
— Ry M?
AE =P (—2 )
S (2.15)

Let us consider AE to be independent of éll Then as P~, M, are independent of
RH, the quantlty R11M2 should be a constant independent of RH So as RH — 0
we should take M — o0, such that the quantity R11M2 is held fixed and in
particular we can choose (let us also drop the tilde index on Ry, as Ry is assumed

to be always the radius of spatial circle on which M -theory is compactified.),
—~2
R"M, =R M (2.16)

—
which is equivalent to demanding AE = P~ i.e. the energy does not scale under
boost if we change the units appropriately (AE’ is the light-cone energy (P~)
apart from \/2 factor in the boosted theory). As boost does not affect transverse
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directions,

MR = M, T (2.17)

where R; are any length parameter in transverse direction. If we compactify one
of the transverse direction with radius R; and consider the T dual along that

direction, the T dual radius is given by R} = %. So the scaling gives,

R =R (2.18)

So relation between the parameters of the two theory is given by,

My

M, !

G _ gt

Js

a’ _1

w =

R; 1

L

R;

R = R (2.19)

So with finite N, R~ and M, the DLCQ M-theory gets mapped to M—theory com-
pactified on spatial circle. The corresponding string theory for M. -theory compact-
ified on spatial circle is weakly coupled and with very large string tension (Notice
as Ri1 — 0 or 6 — oo, both g, and Z; goes to zero). In this limit g, E — 0,
type IIA string theory is described by lowest excitations in the the theory, and
as these objects has N units of RR-charge or momentum in 11th direction, the
theory is described by N DO0-branes. In the low energy limit, the theory of these
DO0-branes is given by supersymmetric matrix model like BF'SS obtained from
dimensional reduction of 10d SYM or equivalently the non-relativistic limit of
non-abelian Dirac-Born-Infield (DBI) action for N DO0-branes. Non-abelian DBI
action is not well defined, except in the non-relativistic limit. But in the limit
Ry1 — 0, it can be shown that higher order corrections to DBI action vanish and is
given by matrix model for N non-relativistic D0O-branes. To summarize the DLCQ
M-theory with N units of light-cone momentum, compactification radius R~ and

Planck mass scale M, is equivalent to matrix model (BFSS model) for N non-
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relativistic DO-branes with Plank mass scale ]/\\/[/p 2. The correspondence between
the two theories is given by (eqn.(2.19)) (Fig.(2.1)). Although various parameters
of the BFSS matrix model for DLC(Q M-theory are vanishing or divergent, the
theory is non-trivial as the 1d Yang-Mills coupling §%,, ~ %? =% (Appendix A)

is finite.

In the original BFSS conjecture, the matrix model (eqn.(2.1)) describes M-
theory in the limit R;; — oo (Decompactification, M-theory limit) and p;; =
Riu — oo (in IMF). Seiberg-Sen-Susskind arguments claims DLCQ M-theory with
a fixed compact momentum P+ = Rl_ and Plank mass M), is described by the BFSS
matrix model (eqn.(2.1)) (with Plank mass J\AJ/I,) in the limit Ry; — 0 and ZT/[/p — 00
such that R11]\7[;2 = R™M} and M,R; = M,R; (Fig.(2.1)). Now to get uncompact-
ified M-theory in the DLC(Q matrix model we have to consider N — oo such that
PT is held fixed and we will get an sector of M-theory with fixed light-cone mo-
mentum. But from (eqn.(2.9)), we see that rest mass of D0-branes become infinite
in this limit and will change the background flat geometry of the matrix model.
We will discuss the subtleties of large N limit in more detail in the Chapter(3).
In the next section we will discuss how membranes naturally appear in the matrix

model.

In the thesis the parameters for BFSS matrix model even if not explicitly
denoted by 7, it will always be implied. Also we will use BFSS matrix model

not as a model for M-theory, but in the spirit it describes DLCQ M-theory

2.3 Duality in Matrix Model

2.3.1 T duality

We will here consider T-duality of low energy DO-brane action compactified on

a circle, which is equivalent to consider T-duality of the BFSS action (eqn.(2.1))

2This can also be argued as follows. The relevant degrees of freedom are strings stretched
between the DO-branes. The infinite string scale decouples all the oscillators on the strings.
Therefore the full theory is the minimal SYM theory. Note that closed strings or gravitons in the
bulk of space time decouple both because the string scale becomes large and because the string
coupling vanishes.
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compactified on a circle. Let us compactify X on a circle of radius Zg, giving a
space time R®! x S, T duality maps type ITA string theory compactified on a cir-

cle of radius Zg to type IIB string theory compactified on a circle of radius ZS = %—/
9

The circle S! is just the quotient of an infinite line R by the discrete group
' = 2rLyZ. Thus, we can describe the physics of DO-branes moving on R3! x S
by making a copy of each DO0-brane for each element of Z, and then imposing the
symmetry under I'. We will summarize the results of this construction of [99] in

this section. The DO0-branes on the cover of S! are each represented by an infinite

X_11,0

2’7TZ9

Figure 2.2: D0-branes on cover of S’

number of copies of DO-branes labeled by integers n € Z. We can thus describe
the dynamics of N DO-branes on R®' x S* by a set of infinite matrices X7, .,
(Here we call A, ., = X}, ., the matrix corresponding A° for simplicity) where
a,b € {1,--- N} are U(N) indices and m,n € Z index copies of each D0-brane
which differ by translation in the covering space (See Fig.2.2). Matrices X/, .,
corresponds to a string stretching from m — th copy of D0-brane number a to the
n — th copy of DO-brane number b. Let us suppress these a,b indices and write
these infinite matrices whose blocks X! = are themselves N x N matrices. In terms

of infinite block matrices the quotient condition becomes a set of constraint on the
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allowed matrices which can be written as ,

X;rm = Xgm—l)(n—l) ) 1 <9
XS’m = X(gm—l)(n—l) ) m 7£ n

Also since the infinite matrices Xﬁna’nb are hermitian, we have,
Xim =X, (2.21)

Above constrains on the infinite matrices implies all the dynamical information of

the system is contained in the matrices,
X =X{, (2.22)

where (X?)T = X' . It can be shown that the classical vacuum configuration of
this system corresponds to X! = 0 for n # 0 and [X?, X]] = 0. So the hermitian
matrices X are simultaneously diagonolizable and the eigenvalues corresponds to
position of the N' DO-branes. The matrices X’ can be interpreted as Fourier modes

of a theory on a dual circle (z represents coordinate along the dual circle) of radius
L,

s L
0o inz o
A—ge s A,
n

1 in-L
9 _ X 9
A" = 27@’5 e "X,
xo= Y euxL i=1,---8 (2.23)

With above relation it can be shown that the BFSS action (eqn.(2.1)) compactified
on a circle is equivalent to a action obtained from dimensional reduction of 10d
U(N) SYM to 1 + 1 dimension compactified on a dual circle which gives system
of N D1-branes (D-strings) wrapped on the dual circle. The relationship basically
relates winding modes X’ = in the DO-brane theory (Type IIA string theory) to

(n —m) units of momentum in the dual theory, which is precisely the mapping
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from winding to momentum modes in the closed string theory under T-duality.

The dual action is given by,

1 1 o
S = dt/ Tr[(D.X, D, X)) + —— Xt X2
T oy TP — (D) + s Z[ )
. 1
+ (22 FE + —~@T1)@ — ———0"[4;, 0] (2.24)

27[2 (2mi2)?

where BFSS matrix model action (eqn.(2.1)) is,

1
S=—— [ dtTr
2714

(D, X")? + > XX+ —eTthe -

Py 27l? (2712)2

(2.25)
S and S are related by (eqn.(2.23)) and I) = 1D; — y9D,. The fermioinc fields
© and 6 are also related by Fourier transform like (eqn.(2.23)). F is the gauge

(2mi2)?

field corresponding to the potential A. The 1+ 1 dimensional Yang-Mills coupling
from as follows from the coefficient of 72 term in (eqn.(2.24)) is given g3, ;75 =

QWZ*E@ Now as this theory describes D1-branes, gy rrp should be related to
R

Z_191
, as expected from T-duality. As Seiberg-Sen [97, 98| argument is compatible

D1 tension, and this in turn gives the IIB D-string coupling as g/ = ﬁsg—g =
9

3

with above construction, Eqn.2.24 is dual to sector of M-theory compactified on a

torus with NV units of light-cone momentum.

2.3.2 S duality

The T-duality symmetry discussed above is a perturbative symmetry which take
type ITA to type IIB string theory. In this subsection we will discuss the effect
of an non-perturbative symmetry existing in string theory called S-duality. Under
S-duality I1IB theory is mapped onto itself according to the group SL(2,7Z). At the
level of the low-energy IIB supergravity, the dilaton and axion from fundamental
SL(2,7) multiplet. Also NS-NS and R-R two forms form a fundamental multiplet.
String coupling is given by expectation values of the dilaton, the S-duality is an

non-perturbative symmetry which exchange strong and weak coupling. Because

3Low energy effective action of a Dp-brane is given by 10d SYM reduced to (p + 1) dimen-

sion [89] The (p + 1)-dimensional Yang—l\/hlls coupling (gy as) is related to the Dp-brane tension

1 1
Ty as gi gy = @ where 7, = (27rl 7

07 ~;[ X

0]
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S-duality exchanges NS-NS and R-R two forms, under SL(2,Z) the F-strings (fun-
damental strings) and D-strings are interchanged. In the last subsection we have
obtained gl'8 = %,
9

the circle E; is mapped to F-strings wrapping R;.

so under Ry; < Lg, g/tP — gl% also D1-branes wrapping

2.4 Membranes and Strings in Matrix model

In order for matrix models to be a proper description of M-theory, it should contain
membranes. Almost a decade before the proposal of matrix model for M-theory,
de Witt et. all proposed an “matrix regularization” [100| for supermembranes. Ac-
cording to the regularization procedure, functions on membranes are mapped to
finite size N x N matrices. In the review [93, 85, 94, 95| and references therein
shows how membranes can be constructed from U(N) matrix models of M-theory
even at finite N. The connection of this “matrix regularization” and Lagrangian of
DO0-branes [89] was shown by Townsend [101]. We will here review the construc-
tion of infinite membranes considered in [1], which will be useful in this thesis. In
the large N limit it is possible to construct membranes of infinite spatial extent.
Infinite membranes are of particular interest because they can be Bogomolnyi-
Prasad-Sommerfeld (BPS) states which solve the classical equation of motion of

matrix theory.

2.4.1 Membrane/Matrix Correspondence

Let us consider 't Hooft-Schwinger-Von Neumann-Weyl pair of conjugate unitary

operators U and V satisfying,

UV =vN=1
2ms

UV =X VU (2.26)

These operators can be represented on a N dimensional Hilbert space as clock and

shift operators. They form a basis for all operators in the space. Any N x N
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matrix Z can be written in the form

N
7= ZnmU"V" (2.27)

n,m=1

In the large N limit these matrices can be conveniently written in the form,

V = e? (2.28)

where p, g satisfy commutation relation 4,

271

[ d] = =7 (2.29)

though of course the operators p, ¢ do not exist for finite V.

Let us define the adjoint action of an matrix O an another X as [0, X] = OX.
O is called the adjoint representation of O. Then with this definition of adjoint
operators, we get for p, ¢ pair from Eqn.2.29,
2mi
B

_ 2w

Above realization is valid only in large N limit, and was discussed in matrix model
context in [102].

In large N limit, Z,,, can be treated as smooth functions of p,q which are
treated as c-number. It is clear that only periodic functions of p, ¢ are allowed and
the space defined by p,q forms a torus. Similarity of nature of commutation of
p,q and that of quantum phase space leads us to draw a correspondence between
h and % So N — oo limit can be compared with usual “classical limit”, where the
operators are replaced by smooth functions of phase space coordinates. Although
we should bear in mind that it is map from classical matrix model theory to
a classical membrane theory and nothing is quantized. The large N limit the

correspondence between matrices and function on membranes can be summarized

*Note our conversion for p, ¢ is different from that in [1]. To match with [1], p > ¢.
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as follows,

e The operators or matrices Z can be treated as a smooth function Z(p,q)

where p, q are treated as c-numbers.

e The operation of taking trace of an operator goes over to IV times the integral

over the torus,

21 d 27 d
Tr(Z] —>N/ —p/ Y Z(p,q) (2.31)
0o 2m )y 27

e The operation of commuting two matrices is replaced by % times the classical

Poisson bracket,

12, W] — %{apzaqw — 8,20,W} (2.32)

Using the above correspondence, action of BFSS matrix model (eqn.(2.1)) can be
shown equivalent to DLCQ of 11d supermembrane. Also in appendix of [1] it was
shown the membrane tension from M-theory or String theory analysis and that

from matrix model analysis exactly match.

2.4.2 Infinite membranes

Let us now consider the matrix model equation of motion for static configuration
from (eqn.(2.1)) ,
X, (X7, X)) = 0 (2.33)

We can consider an infinite stretched membrane which satisfies above classical

equation,
X8 = Rgp
X’ = Ryq
X'=0 forall i+#8,9 (2.34)

These describe classical macroscopic infinite membranes of M-theory. These mem-
branes has a dual description in terms of collective excitation of DO-branes. It can

be argued from the commutator of p, ¢ and the fact that in light-cone quantization
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of membranes P* is uniformly distributed on the membrane, that DO-branes rep-
resent “quanta”’ of the area of the membrane. As M2-branes of M-theory, which
are not wrapping the compact direction of M-theory can be mapped to D2-brane
of type IIA string theory (See Table(2.1)), it is natural to expect this infinite mem-
branes to be D2-branes. It can be argued as follows, as seen in Section (2.3.1),
DO-branes compactified on a circle (X?) gives D1-brane wrapping the dual circle
(X?*) . Now if we consider another direction compact (X®), a T dual in the direc-
tion of X?® of a system of D1-branes wrapping X% will give D2-brane wrapping
torus formed by X" and X®*. This actually can be shown to be equivalent by
considering X® and X? to be compact directions, i.e. matrix model on a torus
T?. Then the classical configuration (eqn.(2.34)) describes a membrane wrapping
the torus by Membrane/Matrix duality. On the other hand, if we now consider
T-duality twice, (as described in Section (2.3.1)) once on each of two directions X*®
and X, we can show that the relation from (eqn.(2.34)), Tr [X® X°] = i (A
area of the torus) gets mapped to a dual condition % Jpoe Tr F =1 (T%* is the
dual torus, F is the gauge on the world volume of the torus by Fourier transform
of original matrices), i.e. these classical membrane solutions can be described by

N D2-brane charge wrapping a torus with unity of magnetic flux.

2.4.3 Wrapped membranes as ITA fundamental strings

As described in the previous sub-section, M-theory membranes which are un-
wrapped in the longitudinal direction appear as D2-branes in the IIA string theory.
We can also consider wrapped membranes in M-theory which will correspond to
F-strings in IIA theory. The charge in matrix model which measures the number

of F-strings present is proportional to

RLTr ([X*, XV| Do X7 + [ X7, 6], 0]) (2.35)
11
Configurations with non-zero values of this charge were studied in [103]. To realize
a configuration with fundamental string charge, we have to consider membranes
extended in X* and X7 giving a local membrane charge given by [X?, X7| and also
DO branes should have velocity along X7 direction. The configuration in [94, 95|

was infinite flat branes in X! and X? directions (considered in previous sub-section)
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which is also sliding along itself along the X! direction. This corresponds in ITA
language to D2-branes wrapping the compact direction as periodic functions of X!
with infinite fundamental strings in X? direction. As follows from the commutator
term [X?, X7|, we cannot construct a classical string theory solution which is truly

one dimensional and no local membrane charge.

2.5 Matrix String theory

A matrix formulation of string theory comes from the T-duality of matrix model
action. The resulting matrix theory describes light-cone description of type IITA
string theory in flat space and is given by (1 + 1)-dimensional SYM. This matrix
string theory was first described in [104], which was further refined in [105, 25, 26].
We will here review the construction qualitatively. The model can be derived
from matrix model for M-theory in the following way: Consider matrix theory
compactified on a circle S! in the dimension 9 with radius Zg. As described in
Section (2.3.1), this theory has a dual description in terms of (1 + 1)-dimensional
SYM on the dual circle S'. In BFSS formulation this corresponds to M-theory
compactified on a T2. If we consider the dimension 9 rather than the dimension
11 as the dimension which is compactified to get type IIA string theory, the fun-
damental objects carrying momentum P* are no longer DO-branes, but they are
strings with longitudinal momentum Rﬂu. Explicit calculation can show that the
matrix model Hamiltonian gives Green-Schwarz light-front type IIA string Hamil-
tonian under this reidentification, with a modification that the fields are now N x N
matrices. The theory due to its matrix nature automatically contains multi-string
objects living in second quantized Hilbert space. It is also possible to construct
extended objects in string theory in terms of non-commuting matrix variables, by
a simple translation from original matrix model. Also in ITA Matrix string theory,
individual string bits carrying single unit of longitudinal momentum combine to
form “long strings”. As the string coupling goes to zero, the coefficient of the term
[X?, X7] becomes large, which forces the matrices to be simultaneously diagono-
lizable. Although the string configuration is defined over a circle S!, the matrix
configuration need not be periodic, but can be related by an arbitrary permutation

of the diagonal elements of the matrix. The length of the cycle of this permutation
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T-duality
DO-brane ¢ ) Dl-brane
# winding #
9-11 flip S—duality
T-duality
— i
Type IIA Type Il B String
String (Matrix String winding #

Theory),
Light-cone Momentum

Figure 2.3: Relation between various matrix models and interpretation of number
of DO-branes (N) in various models

determines the number of string bits which combine into a long string. Fig.2.3

shows the relationship between various matrix models.

32



AdS/CFT Correspondence for Matrix
Theory

D-branes are solitonic objects in string theory which has two kinds of excitation
modes: open string modes propagating on the D-brane world-volume and closed
string modes propagating in the bulk (directions transverse to D-branes). These
modes in general interact with each other, but there exists a limit [4, 30, 2| in which
these modes decouple from each other. This limit is basically the low energy limit
where D-branes can be described by massless excitations of the open string (viz.
Gauge field), giving rise to an effective field theory description of dimensionally
reduced 10d SYM theory described for D0-branes and D1-branes in previous sec-
tions [89, 90, 91, 92|. Separating D-branes by some distance corresponds in the
field theory to giving Higgs expectation values to some fields. In the field theory
limit considered is taken in such a way that this Higgs expectation values remain
finite, amounting to studying branes in “sub-stringy” distances. In the decoupling
limit, the D-branes possess an alternative description via the closed string mass-
less excitations (viz. Gravition), i.e. can be studied as a solution of super-gravity.
This decoupling or field theory limit was considered in [2]| for N D3-branes and
AdS/CFT correspondence was proposed. It was argued from dual nature of de-
scriptions of D3-branes, that 4D N =4 U(N) SYM theory is dual to type IIB
string theory (in low energy case, IIB super-gravity) on AdSs x S® (which is a vac-
uum solution of type IIB super-gravity) in large N limit. 4D N =4 U(N)SYM
theory is conformal, and thus the name AdS/CFT correspondence. It was later

generalized by [30] for general class of Dp-branes and non-conformal field theories.
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We will review here [30], and concentrate on the case of DO and D1-branes. In
the super-gravity description of D-branes, solutions are found with same mass and
charge of D-branes. We can trust these super-gravity description as long as the
curvature is locally small compared to string scale (or the Plank scale). A careful
analysis shows for a system of large number of D-branes or in the large N limit,
curvatures are small and supergravity results can be trusted even at sub-stringy

distances in the decoupling limit considered above.

3.0.1 General Dp-brane case

Consider the Dp-brane field theory (in units of 10d Planck mass J\ZSN), we consider
there tilde parameters to make a connection with BFSS matrix model ) limit given
by,

Py =005 —fixed  as 1, —0 (3.1)

where g, = e~ and ¢ is the dilaton field value at infinite distance from D-
branes. This is exactly the same limit (Seiberg-Sen) considered in the Sec.(2.2.1),
for matrix model description to be valid for p < 3. We will drop the tilde in future
expressions in this section for convenience and will always consider p < 3. The
connection between Seiberg-Sen limit and the decoupling limit discussed here is
analyzed in detail in [106]. g; — 0 implies the theory decouples from the bulk,
since 10d Newton’s constant (G4 = (MS'”)=8 ~ ¢28) ! goes to zero. Also higher

order stringy corrections are suppressed in the limit {; — 0.

Along with the limit (eqn.(3.1)), to consider finite Higgs expectation value,
following limit is considered,

r

2

U=— =fixed, [,—0 (3.2)

where r is the radial co-ordinate defined in the transverse space of the D-branes.

Note that in this limit ;~ — 0, which implies the system is studied at sub-stringy

1Tt should be noted that 10d Newton’s constant is related to 11d by Gg\l,l) ~ RuGS\l,O). Also 10d

and 11d Planck mass is related by (MS'?)® ~ Ryy (M), As in Seiberg-Sen limit Ry (MS')2
1

is held fixed R1; — 0 and M,Sll) — 00, M,glo) — 00. Also note, Mén) =gs °1;! and M;Slo) =

—i-1
gs "5
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level. At an given energy scale, U, the effective dimensionless coupling is geys =~
GeyyNUP™3 (X = g3,,N is the t'Hooft coupling). Thus perturbative Yang-Mills’

calculation can be trusted when ng 5 << 1, which implies,
U>> A7 (3.3)

The Type II supergravity solution with /N coincident extremal Dp-branes is

given by (in string frame ?) [107],

ds® = f'2(=dt® +dat + -+ dal) + [y (dad oy + e+ da)

p
e 2d—0) flgp—S)/Q
Agp = —f12(f,1 = 1)
dpg%/MN
foo = 1+ =
oy 930 T —1P
d, = 27 %g 2 P(T) (3.4)
In the decoupling limit given by 3.1 and 3.2, we get,
U(7*p)/2 gy M d,N
2 ) 2 P 2 (p=3)/2 102
ds® = a'(m( dt +de)+—U(7—p)/2 dU” + gym/dpNU™ dQS—p)
2 (7—p)/2
_ g d N 3—p ge
e? = (27‘()2 pg}%M(—Yé/[?_I; ) I ~ —f]J;[ (3.5)

Note that the effective string coupling e is finite in the decoupling limit. The
curvature associated with the metric in decoupling limit is given by,
1 Us-r

o' R ~ ~ 3.6
. ) (3.6)

From field theory point of view U is an energy scale and from gravity side it is
characteristic length scale. Thus going to UV in field theory means taking the
limit U — oo. In this limit the effective coupling vanishes and theory becomes UV

free and the perturbative SYM is a valid description.

2The string frame and Einstein frame are related by an Weyl scaling of the metric, which in
10d is given by g5, = e%gfy, where ¢ is the dilaton field.
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We can also consider black Dp-brane solutions in decoupling limit which cor-

responds to field theory at finite temperature, given by,

[J(7-p)/2 U Vd,N
d52:a'(—(_(1 TH )2 4 d?) 4 — 2V dU2+gYM\/deU(p_3)/2dQ§_p>

—H -
gy /N ur-r U1 — Y
(3.7)
The dilaton has same expression as in (eqn.(3.5)). Also for near-extremal branes,
[(2=p\9ll-2p 252
Ulzl_p = CLpg;L;MQ ap = ( 2 ) (38)

(9—p)

where € is the energy density of the brane above extremality and corresponds to

energy density of the SYM theory.

In order to trust the type II supergravity solution (eqn.(3.5)) we need both
curvature (eqn.(3.6)) and the dilaton to be small. This implies,

1 << gty << N7 (3.9)

So the perturbative SYM description and supergravity description do not overlap.
Supergravity description can be extended in the region ggf >N ™5 in terms of a

dual theory.

The isometry group of metric (eqn.(3.5)) is ISO(1,p) x SO(9 — p). In SYM
side ISO(1,p) is the Poincare symmetry and SO(9 — p) is the R-symmetry.

3.0.1.1 Dl-brane case

From (eqn.(3.9)) we can show that Type IIB supergravity description of extremal
N D1l-branes is valid in the range,

gyuN'® << U << gyuVN (3.10)

In the region U >> gy VN, the 1+ 1 dimensional SYM theory is weakly coupled
and trusted. In the region U << gy N the string coupling is large. We can
apply a S-duality, which takes g; — g5 = é and o — & = gsa/ (as 10d Newton’s
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constant is invariant). In the decoupling limit considered &' — 0 (as % is held
fixed). As described in [30], under this duality (eqn.(3.5)) with p = 1 maps to
small r region of F-string. In the IR limit (U — 0) the F-string coupling vanishes

and the curvature in new string units is,

I

~1

a'R ~ 72 (3.11)
Note that this curvature do not depend on N. The above relation shows that
there is curvature singularity in the IR and supergravity picture breaks down. So

supergravity description can be extended to a region
gym << U << gyyVN (3.12)

In the IR, 1 4+ 1 dimensional SYM theory, which is super-renormalizable, flows to
an trivial orbifold ((R®)"/Sy) conformal field theory, which was studied in [26]. Tt
was described in |30], the calculation of partition function shows that this orbifold
theory is a good approximation if the temperature satisfies T << gy /N2 or in

terms of Uy (eqn.(3.7)) it translates to Uy << gy u.

3.0.1.2 DO0-brane case

Perturbation theory in the matrix model or (0+1)-dimensional SYM can be trusted
when U > gi/3 N'/3 (eqn.(3.3)). The Type ITA supergravity description is valid in
the range,

GENYT << U << g3 N3 (3.13)

As described in [30, 106], in the IR region gf,/j}Nl/g << U << g%@]\fl”, it is
described by uplifting near extremal D0 brane solution to 11 dimension and the
solution is translationally invariant along the 11th-dimensional circle. The solution
can be generated by starting with an uncharged black string along z1; and then

boosting infinitely it along x;; while taking the limit,

N

— = —
v = 00, W= g

— fixed (3.14)
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where f is mass per unit length of the black string in its rest frame. For lower value
of energy the system behaves more as single graviton. This region is described by
matrix model black holes described in [108].

3.1 Hagedorn/Deconfinement /Hawking-Page Tran-
sition

In this section we will describe the connection between Hawking-Page phase tran-
sition [38], Confinement-Deconfinement transition and Hagedorn transition. Con-
nection between Hawking-Page transition and deconfinement is discussed in [39]
and connection with Hagedorn transition is discussed in |11, 14, 109, 15, 18| and
references therein. We will first summarize the known results for Hawking-Page
Transition, Confinement-Deconfinement transition and Hagedorn transition, and

then summarize the connection between them.

3.1.1 Hagedorn temperature in String theory

We will summarize the notion of Hagedorn temperature in string theory. The detail
review of the subject can be found in |11, 12, 110]. As discussed in the introduction
of the thesis, the finite temperature string partition function shows a singularity
at a temperature of order square root of string tension due to exponential growth
in the number of states with energy. Another interpretation of the Hagedorn
temperature was given in [11], where it was shown that that Hagedorn temperature
corresponds to the temperature at which a winding mode on the thermal circle
becomes tachyonic (negetive mass squared). Thermal partition function Z(7T') of
a field theory may be computed by the considering the Euclidean action with
time direction compactified on a circle of radius 8 (8 = % corresponds to inverse
temperature 7). So for free string theory Z(7T) can be computed by the string
theory torus partition function on Euclidean space-time, which is again related
to the 1-loop vacuum energy of a string theory in one lower dimension. This
vacuum energy diverges if there exists a tachyonic field in its’ spectrum and indeed
a superstring winding a thermal cycle odd number of times becomes tachyonic at

high temperature. The ground state of a superstring that winds once around the
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thermal circle has mass,

2 /T2
m? = J<T—§ - ) (3.15)

which becomes tachyonic (m2 < 0) for T > Ty. Ty = #@ for a type II
superstring. Ty matches with the alternative calculation from density of states
at a given mass level. So this provides an alternative description of Hagedorn
temperature. As at T' = T}y, a string mode becomes massless, which can be then
interpreted as a phase transition [8, 9, 45, 11]. This can interpreted either as a first
order which happens at at temperature slightly lower than Hagedorn temperature
or a second order transition which happens at Hagedorn temperature, depending
on the sign of finite g5 corrections. However, for strictly free strings (gs = 0) such
an interpretation of phase transition is not possible, and the partition function
is simply ill-defined for T' > Ty. Also as shown in [11], the free energy above
Hagedorn temperature should have genus zero contribution, but in case of string
theory the free energy should begin from 1-loop order as the genus zero world-sheet
is simply connected. This implies above at above Hagedorn temperature the genus
zero world sheet is not simply connected. It was also suggested [11], in condensation
of the thermal winding modes would makes this genus zero world-sheet not simply

connected and should be replaced by quantized Riemann surfaces.

3.1.2 Confinement-Deconfinement transition in Gauge the-

ory at large NV

QCD (In general SU(N) Yang-Mills’ theory) is believed to undergo deconfining
phase transition [111, 112, 10, 113] ® at a non-zero temperature Ty for any N. The
deconfinement transition is first order for both large NV and N = 3 (QCD). Below
deconfinement temperature the theory is described by glueballs and mesons. The
free energy is order 1 in the large N limit. But as the theory is strongly coupled
at low temperature regime and the perturbative analysis fails. The confinement
for this case is a speculation as the theory is known to be confined at zero tem-
perature. At high temperature the theory is weakly coupled, and the perturbative
analysis (“asymptotic freedom”) shows that the theory is deconfined, and the the-

3In confined phase the physical states of the system are charged zero under the gauge group,
in deconfined phase the physical states are in general charged
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ory is described in terms of free gluons. The number of gluons is of order N2.
Therefore the free energy is order N? in the large N limit. Lattice calculations
show that this phase transition is first order. In the large N limit, limy_, % is
one order parameter, where F'(T) is the free energy. The order parameter vanishes
in confined phase and is finite in the deconfined phase. There exists another order
parameter which is also present in finite /V analysis, given by expectation value of
the Polyakov-Susskind loop [111, 112].

For supersymmetric Yang-Mills’ like N/ = 4 theory in flat space analysis can
be done both at strong and weak coupling limit via AdS/CFT. Let us consider the
limit N — oo with 't Hooft coupling A = ¢f,,N held fixed. Since the theory is
conformal the free energy density is given by F' = —%]\ﬂf()\)T‘l (the dependence
on N is obtained from large-N counting). f(\) can be obtained in small A limit
via perturbative analysis and in the large A limit via AdS/CFT computations. It
is generally assumed f(A) is analytic in the real line X\. So there exists no phase
transition in pure N’ = 4 SYM theory in flat space. But modifications of N/ = 4
SYM theory, such as N' = 1* theory ? of Polchinski-Strassler [33] shows promise
of deconfinement transition. Finite temperature aspects of N' = 1* model was
studied in [114], but a complete understanding of the phase structure is still lacking.
Also N = 4 SYM theory on a sphere shows deconfinement phase transition at a

temperature of order inverse radius of the sphere as discussed in detail in [3, 39, 14].

3.1.3 Hawking-Page Transition

Hawking-Page transition was originally found in |38|, as a first order phase tran-
sition between thermal AdS, space and Schawrzschild black-hole in AdS, space.
Later it was generalized by Witten [39] for AdS, 1 spaces. Euclidean AdS, 1 can
have two possible boundaries S™~! x S or R*~! x S!. It was shown that Hawking-
Page transition occurs at finite temperature only in the case of S~ x St. It was
also shown in [39], AdS space with boundary R"~! x S! can be obtained from
Sl x S by a scaling limit, which also shows that the transition occurs at zero

temperature. It was argued in [41], a phase transition can be realized in the case

4N = 1* theories are obtained by mass perturbations of N' = 4 and differs from pure A’ = 1
theory in terms of field content.
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of flat boundary by introduction of an IR-cutoff near the origin of the thermal AdS
bath.

3.1.4 Connection between the transitions

It was argued by 't Hooft in [115]|, that any gauge theory in the limit of large
N with fixed A = ¢%,,N, can be recast as a string theory with string coupling
gs ~ % The color factors in the gluon loops can be filled in a natural way to give
Riemann surfaces. Thus as the vacuum diagram of genus-k is given by gg(kfl) in
string theory, this corresponds to large-N SU(N) theories to N20=*) Thus the
free energy analysis near deconfinement transition at large N shows that, below
Tyec, the free energy receives contribution from only genus £ > 1. But for 7" > Ty,
the free energy receives contribution from genus zero giving a dependence of N2.
This exactly the case of Hagedorn transition for string theories where above Hage-
dorn temperature there is genus zero contribution. From this duality it is natural

to expect Tye. = T [10, 11, 14].

It was argued in |39, the the Hawking-Page transitions in AdS; space can be
mapped to deconfinement transition in its’ dual N' = 4 SYM theory living on
the boundary of AdSs given by S® x S'. Also the result that there is no finite
temperature Hawking-Page transition for boundary R x S*, maps to a dual well
known statement that N' = 4 SYM theory on flat space does not undergo any
phase transition. In [33], it was shown that a mass perturbation in the N’ = 4
SYM corresponds to removing a region of space in the dual AdS space. In the
framework of gauge/gravity correspondence, the radial coordinate on the gravity
side corresponds to the energy scale on the field theory side. Thus the small radius
cutoff on the gravity side implies introducing an IR cutoff in the field theory. Mo-
tivated by this, Cai et. all [41] studied Hawking-Page transition for AdS; with an
IR cut-off, equivalently removing a portion of AdS space near small radius. It was
found that with an IR cut-off, Hawking-Page transitions for flat boundaries can
be realized even at finite temperature. AdS/CFT correspondence was first noticed
by Maldacena when studying the decoupling limit of N coincident D3-branes.
In the case of coincident Dp-branes (p # 3), there are also correspondences of

this kind between certain supergravity solutions and SU(N) supersymmetric field
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theories with sixteen supercharges in p + 1 dimensions as discussed in the Sec-
tion (3.0.1). In the decoupling limit, the geometry of supergravity solutions is
no longer AdS and in these cases the field theories are no longer conformal field
theories. The deconfinement transitions of such non-conformal theories can be
mapped to Hawking-Page transitions between BPS Dp-brane solution and black
Dp-branes. It was demonstrated in [41], deconfinement transition in these SU(N)
theories with 16 supercharges or the corresponding Hawking-Page transition can

be realized only by introduction of an IR cut-off.

Wiiten |39] showed that the deconfinement transition in 3 + 1-dim N = 4
SYM theory can be mapped to Hawking-Page transition of AdSs black holes by
AdS/CFT. BFSS matrix model describing M-theory is a dimensional reduction of
3 + 1-dim SYM theory to 0 + 1 dimension. So the deconfinement transition in
matrix models should correspond to “Hawking-Page” like transition for solutions
of dual supergravity theories. Also we believe deconfinement transitions in matrix
model can be mapped to Hagedorn transition in corresponding string theory. So, it
is natural to expect “Hawking-Page” transitions in this lower dimension theories to
be related to Hagedorn transition in the string theory described by matrix model.
So, this duality relations between various theories can be applied in analysis of
phase transitions in M-theory or Matrix string theory, and may through light on

the Hagedorn transition which can be realized in matrix model.
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Phase transitions in Matrix Model for

Strings and Hagedorn Temperature

4.1 Construction of Long D-strings

We will consider the classical configuration of the BFSS action (eqn.(2.1)) given
by,
X =1L% (4.1)

where X? is a compact direction of the BFSS model (See Section (2.2)), and p is
defined in Section (2.4). This configuration is a solution of classical equation of
motion and describes a membrane wrapped around X° with other edges free. If
we consider X' i # 9 as periodic functions of ¢, all of form exp(imgq), then we get
a closed string. Let us construct this string action in matrix model.

Consider T-duality (Section (2.3.1)) of BFSS matrix model along X?, then
the dual action is given by Eqn.(2.24), which is a dimensionally reduced 1 + 1
SYM theory describing N Type IIB D-strings. Let us assume that the radius
of the compact direction X is 29, assumed to be small. A described in Section

(2.3.1), the type IIB F-string length and coupling is given by I (same as Type

ITA F-string, string tension= por and o/ = [?) and gl'B = 97> = E—lgl Now the
radius of the compact direction is Ly = %—2 The D-string tension is —
9

2—5/, where
™

1\3

B = Eﬂ = (l’»}’ig) — Ry L. Now consider a S-duality (Sec. (2.3.2)) transformation.
Under S-duality type IIB theory is mapped to itself where the D-string and F-string

interchanges and the string coupling is inverted. So we get a theory of N type 11B

44



Chapter 4. Phase transitions in Matrix Model for Strings and Hagedorn
Temperature

AIIB =
F-strings string length (§/758)/2], = lsg = \/RHLQ and coupling g, = gl% = 15_191'
The compact direction is still given by Lg. Now consider again a T-duality along

this circle of radius Z;;, and the theory gets mapped to Type IIA matrix string
theory (Section (2.5)) on the dual circle of radius L§* = lfﬁ = Ry;. The F-string

~ ~. ~ 7113
inverse tension is given by ' = I2; = Ry L = (l%) (Strlng tension does not
5P, 193/
change under T- duahty) and the string coupling gli* = % Z*lb Eﬁ?gz/z So we

get the relation g, g lsg = Lg (Compared to the original BFSS relation gsl = Ry1).

As shown in [20] , 1 + 1-dimensional matrix model action (after T-dual along
X?), at zero temperature, with background configuration given by membranes
constructed in the above way, matches exactly with the string theory action in
light cone frame. Similar calculation was done in [1] to show that Green-Schwarz
ITA string can be constructed from BFSS matrix model. Consider the bosonic part

of the 1 + 1-dimensional action given by Eqn.(2.24) (Ay = 0 gauge),

1 dx 1 o
= dt/ — Tr[(0:X)* — (D, X)? + —= Xt xI)?
2R, / 2L (@)= ) (2ml2)? Z[ |

1>)

+ @2r)%0.49)% + -] (4.2)

where --- denotes other terms which is not purely bosonic. We have also used
the relation ’g}?s = Ry1. Ay is related to original 0 + 1 matrix model by Taylor’s
construction, given by (Sec.(2.3.1)),

9o _ _ 1 L9y y0
A’ = = Z exp(znxa/)Xn (4.3)

where X{ is the original 0 + 1 matrix of uncompactified theory representing DO0-

brane co-ordinate along the compact 9-th direction. D, = 0, — i[Ay, o] is the

covariant derivative in a direction Xg, which is T-dual to Xy, and has a radius
a/

Zg =57 is the co-ordinate along a D1 brane wound around Xg. Then if we

choose the configuration (eqn.(4.1)), then,

A = p+ A%z, t,q) (4.4)

27TL*
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As mentioned we choose the configuration such that all the fields X* are indepen-
dent of p except A° which has p-dependence in above fashion. Now for large N,
we can use Matrix/Membrane correspondence (Sec. (2.4.1)) for the action (4.2),

which gives,

1 27TZ§ 2 dp 2 dq 1
s = /@/ / / 0.X + —{p, X} p
2R 0 27TL* - NLj e tifps
+ {Aguaaqxzn}pg)—————Q T 2;{ XY s
i>]
+ (2r)*(8,Ag)? + - -] (4.5)

Now as the fields are independent of p, the Poisson brackets will vanish except
{p, X;}pp = 0,X;. So we get,

27TL9 2 dq 1
_ 0, + —=0,X:)?
2R11/ / 27rL* / ~ NL; )

+ 2r)%(8,Ag)? + - -] (4.6)

So in the large N limit, D, is given by

1
NLj

9

which acts on eigenfunctions,
ir

¢ 5 ¢ima (4.8)

with eigenfunctions values T]]VV%" Fig.(4.1) illustrates the x — ¢ space. Thus the
9

effective radius is NL{. These are the long strings described in [116 117, 26, 104].

zno‘

We can replace D, by 9, and eigenfunctions (eqn.(4.8)) by e™*s. Here o has range

0—27NL;. Also [ -2 - L* 0% & OZWNLS %. So we have,
TN Lg
2rNL} ~ .
_ ~/ﬁ/‘ do[(D)2 — (0,X)° + (222 (D Ag)> + -] (4.9)
4 0

where L* = z‘ = Rﬁ—lll. In the limit Zg — 0, Ag can be gauged away, and the action
9
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becomes, -
1 276’ P11
S=—— /dt/ do[(0:X;)? — (0,4;)* + - -] (4.10)
4dr 0
where, P; = Rin. Using the connection between DLCQ M-theory and BFSS
matrix model (Sec. (2.2.1)), we can rewrite the action as,
1 2B Pt ) )
== dt d 8 .)C.z - 80/"62- e 4]_1
g L B LR CRIE (@.11)

where Pt = % is the light-cone momentum. Above action is same as the light-
cone gauge type ITA Green-Scharwz string with string tension §’. If we include p
dependence to be non-zero then the commutator terms are non-zero, and the cor-
responding fluctuations are not string-like. Full non-perturbative effective action

will presumably make these fluctuations massive.

Lg

Figure 4.1: x — q space

4.1.1 Two Phases

In this thesis we will calculate the free energy corresponding to two different con-

figuration of DO-branes as done in our paper |24].

Phase 1: The background X° = L% gives a configuration where the D0 branes

spread out to form a string wound in the compact direction.

Phase 2:The background X° = 0 gives a phase where the D0-branes are clustered.
We will consider these two backgrounds to calculate free energy up to one loop

level, and compare to find any signature of phase transition. It is important to

have a precise definition of the measure in the functional integral. This is described

47



Chapter 4. Phase transitions in Matrix Model for Strings and Hagedorn
Temperature

in the next section and as an example we calculate partition function for N = 2
SUSY harmonic oscillator. For convenience we will drop the tilde sign on the

parameters and put it back in the end.

4.2 Defining Measure for N =2 SUSY in 1D

We define measure such that
B 2
/Da:Dw*Dwea:p[—ﬂ/ dt(? + YY) =1 (4.12)
0

Where x(t) is a bosonic variable,and (¢) is its super-partner. The SUSY trans-

formation is given by,
ox = €+ 7e; 0™ = —€'x; fp = —ex. (4.13)

where €* and € are two infinitesimal anti commuting parameter. From these defi-

nition we can define the measure
DaDy* Dy = dag | [ (danda_,)digdibo || dibg,di”,, dibmdib_p (4.14)
n=1 m>0

The Fermionic measure in terms of ¢; and ¥y, where ¢ = 11 + i1)5is given by,

D* D = idipiodibeg H Ay idi)y,, deidis (4.15)

m>0
where z(t + ) = x(t); x, are Fourier expansion co-efficient for z.1,, are Fourier
expansion co-efficient for 1(t), m runs over all integers for periodic boundary con-

dition, but takes only odd values for anti-periodic boundary condition.

w(t)= > wee (4.16)

n=—0oo

48



Chapter 4. Phase transitions in Matrix Model for Strings and Hagedorn
Temperature

Y(t) = Z wne_%mfor periodic boundary condition (4.17)

n=—0oo

o0
= Z Yne” 7 "for anti-periodic boundary condition

n=—o00,0dd

(4.18)
4.2.1 Zeta Function
We will need the following results [118] for our calculation,
() = Y n
n=1
C(s) = —Zn_s In(n)
n=1
Codd(s) - Z n-*
n=1,n=odd
= (1-27)(s)
Codd(s) = — Z n~* In(n)
n=1,n=odd
= 27°1In2 {(s) + (1 —27°)¢(s) (4.19)
and ¢(0) = —2%, ¢(0) = —3in(2r). Which gives (ua(0) = 0 and (a(0) =

—3In(2).

4.2.2 Example: Super-symmetric (N = 2) 1D Harmonic Os-

cillator

Consider the SUSY Harmonic Oscillator at finite temperature with action,
B {i‘2 . ZL‘2
S= / dt( — i+ g ) (4.20)
0 2 2
Where the SUSY transformation is given by,

dr =Y+ Yo" = —" (0 +2); 00 = —e(— + x). (4.21)
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With periodic boundary condition on both z and v,
S = —ﬁxo + 62 m + Begro + Z B+ 2min)y; iy,
+ Z(ﬁ — 2min)y* oy, (4.22)
n=1
So integrating by using the measure defined the partition function is,
7 = / Dz Dy*Dip e
= \/%Xg{—ﬂ(lfﬁ%)} X 3 X
1 (B + 2min) x ﬁ(ﬁ — 2min)
= ZZI " (4.23)

Using [[02, C = C* = C~1/2 where C is any constant number.
If we keep periodic boundary condition on x, but take anti-periodic boundary

condition on v, the super-symmetry breaks and

n

S = —5 +BZ )TnT—p + Z (B + min)y,thn

n=1,n=odd

+ Z B —min)* ), (4.24)

n=1,n=odd

So integrating by using the measure defined the partition function is,

7 = / Dz Dy*Dyp e

2 = 2
_ \/gxg{_ﬁmj%)}x

[T B+rmim)yx [[ (8- nim) (4.25)

m=1,odd m=1,odd

Now rearranging the products and using ¢ function to regularize the infinite prod-
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ucts, (i.e. using [[02,C = C7V2 52, n = V2, Hle’oddC =1, Hle’oddn =
V2) we get,

2
IT(1 + gt e)

7 = =0 “CEEDPL — coth B/2 (4.26)
ST 1+ 20)

T2n2

Using,Hgozo(l—l—ﬂz(%il)z) = coshz and H§21(1+W§—;) = sinh x [118]. Also notice

as B — 0o, Z' — 1 i.e. super-symmetry is restored in the zero temperature limit.

4.3 SUSY Scalar Field theory on S! x S!

We will first calculate action for a SUSY scalar field on S' x S!, which is then
related to the action (eqn.(2.24)) we are concerned, in the following section. The

Minkowski action is given by,

/dt /7r 92 L* atM ) —(3:;:X)2+2/_1(i7“)8“w} (4.27)

e, @ = 1,2 are two components (real) of two dimensional Majorana Spinor 1.

~ matrices are given by,

0 —2 0 —
0 — A= -y = 4.28
v 70 ( i 0 ) gl g ( i 0 ) ( )

(" =29"; g% =—g' =1 (4.29)
Fermionic part of the action can be rewritten as,

V()00 = i1 (D, — Ou )by + itha(Bry, + 0) 12 (4.30)

Let us consider t); — —it, and ¢t compact with periodicity 5. The Euclidean action

is given by S = —iSy, we get,

1 fPar [P da ) ) . '
= /0 L /0 2l (O + (0:X) +w1<at+zax>w1+w2(at—zax(>;p2})
31
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Where X is periodic in both ¢ and z, v, is anti-periodic in ¢ and periodic in .

X =@eLp)? Y Y Xpe T E (4.32)

n=—oo Mm=—0o0

(e o]

Vo= L)Y S Y Gume T B (4.33)

n=-—oo,n=odd m=—00
X and v, is real implies X = X_,_,, and w;nm = Va,—n—m- Xnm is a dimen-
sionless c-number and g ., 1s a dimensionless Grassmann number.

So the action becomes,

S = 295l5 Zfzozfoo ZZLO: 00(27([’36)[(27> (%)Q]Xnmenfm
ngls 21010——00 ,n=odd Zm——oo{l V (27TL§6)[WTL + ZL* ]wl nm% —n—m T
\/ (27TL§B)[— - ZL*]¢2 nm¢2 —n— m} (434)

+

So we can write S = Sgp + Sp = Sgp + Sp1 + Sgo. Sp is the bosonic part. Sp is
the fermionic part of the action, which again receives contribution from two parts
Sp1 and Spe corresponding to ¥; and 1. Each v, contributes same amount to
partition function, Zr = Zp1 Zpy = Z%, = Z%,. The full partition function is given
by

7 =Zplp (4.35)

4.3.1 Bosonic Part

We will consider the bosonic part first.

o0

TLiB) Y. Dl 27m )]Xnmenm (4.36)

N=-—00 M=—00

Sk
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which implies,

. = 47r2n m? .
Sy = (2nLiB)5 — Z Z 5 L*Z]XnmX (4.37)
2

. 47r2n . .
= (2 Lgﬁ ZZ{ L*Q][Xnmx + Xp-mX_ 1}

Snlml

+(2nLyB) y Z Xno X5 + (2mL} Z I XomX,
(4.38)
Now we can calculate partition function easily,
; (/OO dXoo)(ﬁ 1°—°[ /°° ande;mef(QﬁLSﬁ) - }Xnmxnm)
—00 n=1m=1"~%

n=1m=1" "

> o0 * 4n2n2
(11 / X od X e~ 80ty Tt~ X0 Xi0)
n=1 o0

B m2

H / dXode* - 27FL3B) gsls TE’SQXongm) (439)

m=1"Y ~X

The zero mode integral diverges. So we put a cut-off \/TB as the value of zero

mode integral.

2m 2
7p 27rL* H H { (2rL5B) 2 (M+ m"’)}

n=1m=1 gsls 32 L*2
X { } (4.40)
1:[{ (2 L3p) il%n?} Hl (2mLyf ) P

Using [[°7, ¢ = ¢¢(© = ¢71/2_if we take out the constant factor (2rL3) from the

products, it cancels nicely with the factor in zero mode integral. These products
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can be rearranged to get,
Zy = {L )
B 0 H 471'211 free particle with mass=—— X
n=1 gsls gsls
(I [/ 1T ;
m=1 gs s VL2 n=1 gsls 47;322712 + ;%22) SHO,masszgS%Sfreq.:%
(4.41)
therefore,
M - 2
Zy =1L { } 4.42
b 0 27TB 1_[1 2sinh( ﬁwm/Z) (4.42)
where,
1 m
M = = — 4.43
gSlSJ w Lg ( )
Using,
H (2sinh(mkz)) (4.44)
k=1
where 7(z) is Dedekind’s eta function. We get,
Ly B
7. = 4.45
B (27 0:0.0) 77(27TL§) ( )
The Partition function in terms of ratio of radii of two S*, i.e.. = gfL*,
L 1
Zp=—=0 — p(iz)”> (4.46)

VAr2g l L /T

Dedekind’s Eta Function has a symmetry given by,
(ix) = ! (i/x) (4.47)
) = —=n(t/x .

Which makes the partition function invariant under the transformation z — 1/x

For low temperature >> 1, the free energy takes the form,

B
> 2wl

1 11 L2
Fp(T) =—=In(Z) ~ — - =
B(T) 51”( ) 1205 2 n (27rg5l5

T) (4.48)
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which shows F(0) # 0 due to the presence of zero-point energy,
Fi(0) = —— —i” (4.49)

BT Ly &L '
using Zeta function regularization. The high temperature expansion, % <<1
is given as,
ZL*T2 T 8 3 sl L*Z
Fp(T) = - 2200 4 2 (e ) (4.50)
3 2 L

4.3.2 Fermionic Part
Let us consider the fermionic part of the action,

Sr = Sp1+ Spy = Qgil Z Z { 27TLZ§5)[ B Z%] wl,nmwl,—n—m

n=—o00,n=odd m=—00

+ i/(2rLgP) [7_1 i|¢2nm¢2 —n— m} (4.51)

By rearranging the sum (we have dropped the index 1 or 2 in ),

SFl = gﬁl V 27TL35{ Z (%—i_l )wnm “/} n—m

n,m=1,n=odd

+ Y (”B” ' )zz»nmwnm

n,m=1,n=odd

> it} (4.52)

n=1,odd 5
Therefore,
m2

im={ TLeH T AeCr i) o

n=1,odd n=1,odd m=1

where, C' = ﬁ\/2ﬂL§ﬂ

Using, [[2, ,,qC = C%a® =1, 2%, un = e %u® = /2 and rearranging
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the products we get,
2L n)g
Zp = V2 H H ﬂ2m2 (4.54)
n=1,odd m=1
Using, 520 =l (1 + ﬂ2n2) we get,
= 72 Lin
Jm = H sinh( )
n=1,odd B
[1;°, 2sinh(T5")
B | ZSlnh(27r Lon)
wLg
_ 77(27)
n(iZ52)
1
/L_
_ ?f”) (4.55)
n(iy)
Where z = %, and using property of Dedekind eta function,we get,
n(2ix)
Zp = V2 (4.56)
n(ix)
So we get ,
n(2ix)\2
Zp = ZpmZ 222=2< ) 4.57
F F14F2 F1 U(Zl') ( )

_ B
Where z = St

4.3.3 SUSY scalar field partition function

So SUSY partition function for the action (eqn.(4.31)) is given by (eqn.(4.35)),

2Ly 1 n*(2ix)

VAm2gl Ly VT 1 (ix)

7 =ZpZp = (4.58)
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using Eqns. (4.46) and (4.57). Compare with (Eqn.(4.46)),
LO 1 . N—2
Ip = —F———————=n(ix 4.59

Now Z does not have the + — 1/x symmetry, which is natural as two directions are

not similar due to different boundary condition. At low temperature, i.e. x — o0,

(55)

Z = 2L\ 22,

(the zero mode).

which is the partition function for a super-symmetric free particle

4.4 Free energy for two phases of Matrix Model

We use Background Gauge Fixing Method (see Appendix B) to calculate the free
energy up to one loop for the action ((eqn.(2.24))), which is a 1 + 1 dimensional
SYM action. From Appendix B we have,

InZW = —BF = 5Tr(In DE)vosonic — 4T7(In D%) termionic — T (10 D%) ghost (4.60)

where, (Dg)? = (0;)? + (Dy)? and Dy = 0, — ilag, o]. Background of Ay is zero !
and background for Ag is ag. As described in Section ( 4.1), for String Phase
ayg = ng and for Clustered phase ag = 0. Therefore,

_ - 1
Dy = 0, —ilglp,®| =0, ®1+1® —0, for String Phase
NIL;
= 0, for Clustered Phase (4.61)

in the large N limit. The derivative acts on eigenfunctions functions of form given
in (eqn.(4.8)) and can be replaced by 0, as described in Section ( 4.1). Where o is
a effective periodic coordinate with period QWNZS and x has a period QWZ;. Thus
Dgy = 0, for String Phase and Dy = 3, for Clustered Phase.

LAt finite temperature zero mode of Ay is a physical variable (as it can not be gauged away
due to periodic nature of Euclidean time) and corresponds to chemical potential. This has been
set, to zero for our case. More generally one can consider free energy as a function of zero mode
of Ay (as considered in [21] in a different context). Analysis similar to [21], could be done in
our case, and keep this for future. Also note that non-zero value of the chemical potential will
remove the necessity of IR cut-off and as it introduces a scale and the parameter counting (as
discussed in introduction) will match even without the IR cut-off.
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The ghost terms (eqn.(4.60)) effectively cancels the two gauge fields, and re-

maining theory is effectively that of 8 SUSY scalar fields, except the fields are now

U(N) matrices in adjoint representation and the derivatives are little complicated

than that for scalar fields. For clustered phase at 1-loop the partition function is
equivalent to 8N2 SUSY scalar fields on S* x $* with radii 8 and L§. And for string

phase it is equivalent to 8V (factor of N comes as the fluctuations are considered

to be independent of p and there is trace over p direction. The trace over ¢ and

integral over x gives the effective integral over o) SUSY scalar fields on S x S?

with radii S and NZS.

4.4.1 Phase 1: String Phase

The partition function for phase 1 (string) is given by,

7, = PP — 2L, 1 ni(z’%) }SN
4G NIy Vi 1 0R)
2
BF, = —8 N In(b)+8 N In(vz) — 16 N ln(n(i%))

+ 32N ln(n(i%))

where z = —£2— b 2Lo = 2o

2w Ly’ \/47r2§5l~5 ZS \/47r2§’ ’

4.4.2 Phase2: Clustered Phase

The partition function for phase 2 (clustered) is given by,

Ly = e_BF2 = { 2Ly L’f]24(22x> }8N2
4m2g L Ly VP )
BEF, = —8 N?In(b) +8 N? In(y/x) — 16 N? In(n(2iz))

+ 32 N? In(n(ix))

(4.62)

(4.63)

(4.64)

(4.65)
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4.4.2.1 Low temperature expansion
Consider z >> 1 and z/N >> 1,
BFy =~ —8Nin(b) + 8Nin(y/x) (4.66)
BFy, ~ —8NZ%In(b) +8N3In(y/T) (4.67)
Using,
n(iz) ~ e 12 for & >> 1 (4.68)

So BFy < BF;, i.e. the string phase will be favored at low temperature if b/y/z < 1.
We can expect a phase transition from the string phase to the clustered phase as
the temperature is increased from zero, at x = b%. For the transition temperature
to lie in the validity region of the low temperature expansion : b >> v/N. Let us

call this temperature as Ty.

Rll
Ty = (4.69)
212
In terms of the DLCQ parameters,
TR~
Ty = — (4.70)
212

using the scaling properties discussed in section (2.3). If we now take the limit
Ly — o0, the transition temperature Ty — 0. So, it is essential to have a finite
value of Lg to get phase transition at finite temperature. This is the temperature at
which there is a deconfinement transition in the Yang-Mills’ model, which should

be same as Hagedorn transition.

4.4.2.2 High temperature expansion

Consider © << 1,

BF, =~ 8Nln(¥)—8]\fln(\/§)—2]\;ﬂ (4.71)
BF, ~ 8N2ln(%)—8N21n(\/5)—2]\:7T (4.72)
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Using,
nliz) ~ e~ BtV for 2 << 1 (4.73)

We see that, at x > l;%, the clustered phase is favored but at very high temperature

we can again have a string phase. This “Gregory-Laflamme” kind of transition
will occur at x = ZN~V/N ~ 4 (For large N, N~V ~ 1). This is also consistent

with b >> +/N. Let us call this temperature as 7.

72
To=—2 (4.74)
8m3 R LE?
In terms of the DLCQ parameters,
L2
Tog = —2—— 4.75
¢ 8mR LY (4.75)

using the scaling properties discussed in section 2.3. In this case, note Ly — oo
implies T; — o0.

Let us express this in terms of the parameters of Yang-Mills theory : The

infrared cutoff on A = T)—g is % = Zl Thus we get (up to factors of 27)
s s 0
I & 1 1 1 1

Ta

RuLPLY  GLPLy?  Gvmow LELY  Gyanen LiLy?

4.4.3 Numerical results for Phases

Fig.4.2 shows the division of parameter space (N, z,b) into regions where each
of the phases are preferred, which is obtained by numerically comparing the free
energies obtained in previous sections. The numerical plot re-affirms our analytic

result that there exists two phase transition.
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—Loglx]
0
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S

|

Figure 4.2: Solid region represents string phase and empty region is clustered

phase.
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[R cut-off and AdS/CFT

The BFSS matrix model with tilde parameters is supposed to be a non-perturbative
description of M-theory ( or /1A String Theory). But the idea of gravity dual |30]
of Yang-Mills’ theories allows us to relate the matrix model to super-gravity (with
tilde parameters). This issue is discussed in the Chapter (3). One can use this to
infer properties of the matrix model.

Two classical solutions of Type [TA super-gravity are : (1) the decoupling
limit of black DO branes and (2) the BPS DO branes. In a recent study [41] phase
transition of these two solutions were discussed. It was shown that the IR cut-off
plays a crucial role in phase transition. As mentioned earlier this is motivated by
the work of [33, 34, 40]. We will redo the analysis of this paper [41] here and try to
explain the physical origin of IR cutoff used in [41] . The super-gravity solutions
have tilde parameters, but for convenience we will drop the tilde signs and put
them back at the end.

5.1 Hawking-Page transition in D-branes

Ideally, we should construct the super-gravity solution corresponding to the wrapped
membrane. We reserve this for the future. Here we are only interested in under-
standing the nature of the phase transition and the role of the IR cutoff, so we
will just use the solution for N coincident DO-branes used also in [41]. In the
decoupling limit, (with U = 5 = fixed, where 7 is radial co-ordinate defined in the
transverse space of the branef U also sets the energy scale of the dual Yang-Mills

theory.) the solution for N coincident black DO0-branes in Einstein frame is given
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by (eqn.(3.7)),

£ 7
ds%m = o — U—87 <1 — U_I;f) dt2
2Ty m (95 pdoN)s U

2 doN)s | dU?
b D @NE ) 00 gz | (5.1
Us 128
3
) s
g d()N 4
¢ = dngd, (YMT) | (5.2)
U
Fro = —a/t— 5.3
vo 4m2do N gy s (5-3)

where dy = 277%2T(7/2) is a constant. Simply setting Uy = 0 gives the solution
for N coincident BPS DO-branes.
The Euclidean action can be obtained by setting t = —i7. The Euclidean time

7 has a period

B 47TgYM\/ doN
o 5
U2

in order to remove the conical singularity. This is the inverse Hawking temperature

g (5.4)

of the black DO brane in the decoupling limit.
Now the on-shell Euclidean action for the two solutions can be calculated and

gives,

7V (Qs)5 Ve

Lk = — USdu 5.5
black 16 167TG/10 Uy or Urgp ( )
V(Q)B [V
Iy, = —— 02 USduU .
o 16 167GY, /Um (5:6)

where G, = o/7'Gyp = 2"7'%;,, is finite in the decoupling limit. U, is intro-
duced to regularize the action and is taken to oo in the end. The temperature of
BPS branes /3’ is arbitrary and can be fixed by demanding the temperature of both
the solutions to be same at the UV boundary U,,, which gives §/ = 54/1 — g;z’

Urr is a IR cut-off which removes the region U < U;g of the geometry. The

integration in the action starts from U;g for BPS solution and, U;r or Uy for
the black brane solution depending on Uy < Ujr or Uy > Ujg respectively. If

we put U;g = 0 i.e. in absence of the IR cut-off, comparison of the actions
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(eqns.( 5.5),( 5.6)) shows that there is no phase transition, and the black brane

phase is always favored. Let us consider the case Uy > Uyg,

. ?V(Q 1
Al = lim (Iblack_ bps) = ( 8)6 -z

Uy —00 "~ 16 167Gy, ( 2UI7{ +Uln) (5.7)

Which shows a change in sign as we increase the temperature i.e. Uy (eqn.( 5.4)).
The system will undergo a phase transition (“Hawking-Page Phase transition”)
from BPS brane to Black brane solution at Uj; = 2U/,.  Actually, we should
also consider Gibbons-Hawking surface term for careful analysis (as done in [41])

which corrects the transition temperature by some numerical factor given by,

47T’§y]\/[ vV doN
() Uy

Berit = (5.8)

We see a IR cutoff is essential to realize a phase transition, (as ﬁm — 0, Berit = 00)
so to get confinement-deconfinement phase transition in dual super Yang-Mills
theory we have to introduce a IR cutoff.

As mentioned in the introduction, one possible mechanism for the origin of the
cutoff for DO branes can be understood from the analysis of [42]. It was shown that
the higher derivative corrections to super-gravity introduce a finite horizon area
for extremal DO brane solution which is otherwise zero. The multigraviton states
(with total N units of momentum in the 11th direction) and the single graviton
state seem to both be microstates of the same black hole when interaction effects
higher order in g, are included. Radius of the horizon developed due to higher

derivative corrections is R ~ NS'gVSl/ . So we can get an estimate of IR cutoff by

AL which is finite
T 9y v

identifying R with the IR cutoff in our case, ﬁm =L

12

in the scaling limit. If we plug in this value of U;g in eqn.( 5.8), we get

Am\/dyN 1

—2/3 7
7(%)5/14 gY/M Urr

Berit = (5.9)

In case of D1 brane system, which is just T dual to the system studied above
also shows that a IR cutoff is required for phase transition [41]. We were unable
to find a analysis like [42] corresponding to wrapped membrane system, which we

need to get an estimate of the IR cutoff.
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5.2 Gregory-Laflamme Transition

In our calculation we find a temperature T, where the DO-branes spread out
uniformly along the compact space. This configuration is just the one that is
favored at very low temperatures. It is not clear whether this perturbative result
is reliable. However, a similar phase transition exists in the dual super-gravity
theory, known as “black hole-black string” transition or Gregory-Laflamme tran-
sition [31, 32, 54, 55, 56, 119, 120]. It is shown in [31], that the near horizon
geometry of a charged black string in R®! x S! (winding around the S*) devel-

ops a Gregory-Laflamme instability at a temperature Ty, ~ where L

L29y§m/ﬁ ’
is the radius of S! and gy is 1 + 1 dimensional Yang-Mills’ coupling. Below
this temperature the system collapses to a black-hole. In the weak coupling limit,
the dual 1 + 1 SYM theory also shows a corresponding phase transition by clus-
tering of eigenvalues of the gauge field in the space-like compact direction below
the temperature, Ty, ~ m, as shown numerically in |31]. This should be

compared to the perturbative result (eqn.( 4.76)) T ~ So the pres-

ence of high temperature string phase in our model must correspond to some kind
of “Gregory-Laflamme” transition in dual super-gravity. This is (at least superfi-
cially) independent of the issue of any classical instability. This is because both
solutions may be locally stable, but at finite temperatures it is possible to have a
first order phase transition to the global minimum.

In our perturbative result, the high temperature phase is a string rather than
a black string i.e. it is the same as the low temperature phase. The question thus
arises whether Gregory-Laflamme transitions can happen for extremal objects. We
can give a heuristic entropy argument to show Gregory-Laflamme kind of transition
is also possible for extremal system. In the original argument [57], it was shown
that for extremal branes there is no instability. However, these systems had zero
horizon area. Instead, we will here consider a 5 dimensional extremal RN black
hole with a large compact direction, and the same solution with the mass smeared
uniformly along the compact direction (“RN black ring”). The metric, ADM mass
(M5) and entropy (Ss) for a 5d extremal RN black hole solution is given by (where
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the compact direction is approximated by a non-compact one),

2 2
dst = —(1— )% + (1 - 15)"%dr® + 10 (5.10)
3
M, = 4_61@ (5.11)
27’(’27"5 7'('2 4 1/2 4 +3/2
S5 = 4G - 7<§)3/2G5/ M5/ (5.12)

where G5 is bd Newton’s constant. Similarly, we can write the metric for 5d ex-
tremal RN Black ring, which when dimensionally reduced gives a 4d extremal RN

black hole. The metric, ADM mass ( Mx1)) and entropy ( Sux1)) is given by,

R, R _
sty = —(1— T)Qdﬁ +(1—-=7) 2dr? + da® + r?d
(5.13)
R,
Maay = & (5.14)
ArR? x 2L 1 M?

Stax1) G 3% (5.15)
where G, = 267’;—5L is 4d Newton’s constant and L is the radius of the compact
direction x. If we consider M5 = M1y = M and compare the entropy,

S 16 L
R (5.16)
Suxty 9 7e

So, when radius of the compact direction is greater than the radius of the 5d black
hole horizon, the black hole solution is entropically favored. As we increase the
horizon radius, there may be phase transition when horizon size becomes of the
order of the radius of the compact dimension, above which the “string” solution is
entropically favored. Our analysis is a simple entropy comparison. As mentioned
above, this is independent of the classical stability issue, that was studied in detail
in [57] . Therefore, extremal solutions with a finite horizon size may also show a

Gregory-Laflamme kind of transition. This needs further study.
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In part 1 of the thesis, the finite temperature phase structure of string theory
has been studied using the BFSS matrix model which is a 0 + 1 Super-symmetric
Yang-Mills (SYM) theory. This is first studied in perturbation theory. This was
actually a refinement of an earlier calculation [20] where some approximations were
made. The result of this study is that there is a finite and non zero phase transition
temperature Ty below which the preferred configuration is where the D0 branes
are arranged in the form of a wrapped membrane and above which the D0 branes
form a localized cluster. It is reasonable to identify this temperature with the
“Hagedorn” temperature, which was originally defined for the free string. We have
found that Ty ~ LLO, where Lg is the IR cutoff of the Yang-Mills theory which
needs to be introduced to make the calculations well defined.

The 0+ 1 SYM has a dual super-gravity description. Here also it is seen that
in the presence of an IR cutoff there is a critical temperature above which the BPS
DO brane is replaced by a black hole.

Simple parameter counting shows that the BFSS matrix model needs one more
dimensionful parameter if it is to be compared with string theory, so the IR cut-
off Ly can be thought of as one choice for this extra parameter. It makes the
comparison well defined by effectively removing the strongly coupled region of the
configuration space in SYM as well as in super-gravity. A physical justification
for this (beyond parameter counting) comes from the work of [42]. It is shown
there that the entropy matching requires even the extremal BPS configuration of
DO-branes to develop a horizon, due to higher derivative string loop corrections to

super-gravity. This is an issue that deserves further study.
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Finally, the perturbative result shows a second phase transition at a higher
temperature, back to a string like phase. This could be an artifact of perturbation
theory. On the other hand, it is very similar to the Gregory-Laflamme instability
and there is also some similarity in the expressions obtained in [31] for the critical

temperature. This also requires further study.
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Background material: Part 11
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AdS/CFT and Real Time Green'’s

Function

The main prescription of AdS/CFT correspondence [2] allows us to calculate quan-
tum correlators in the boundary CF'T by classical computations in the supergravity
dual. It was originally formulated for Euclidean signature |3, 121]. In principle
Minkowski formulation may be avoided by working in Euclidean space and then
analytically continuing to find real-time propagators. But one needs to know Eu-
clidean correlators for all Matsubara frequencies. In general it is difficult, and a
direct computation in Minkowski space is preferable. Subtleties of Lorentzian sig-
nature AdS/CFT was discussed in [65, 66, 122]. A working recipe of Minkowski
space correlators was given by Son-Starinets in [67| and later treated rigorously
in [123]. An alternative formulation of the prescription was given by Igbal-Liu
in[124, 70]. We will review here the prescription of [67, 124, 70| and summarize

their results.

7.1 Definitions of Correlators

We will consider here general properties of Minkowski Correlators at finite tem-
perature. A retarded propagator for an arbitrary hermitian bosonic operator O in

thermal equilibrium (i.e.QFT at finite temperature) is defined as,

GR(k) = —i / d*ze=*h(t) < [O(x), O(0)] >, (7.1)
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where we have considered the (— + ++) metric convention. 6(t) is the Heaviside
step function. The < A >,= Tr(pA) denotes average over thermal ensemble,
where p is the thermal density function. The advanced propagator is defined

similarly,

GA() = i / dize0(—t) < [O(x), 0(0)] >, (7.2)
from these definitions we can show
GE(k)* = GR(—k) = GA(k) (7.3)

If the system is parity invariant, then Re(G*) are even functions of w = k° and
Im (G are odd functions of w. For the Euclidean formulation, one considers

Matsubara correlators, given by,
GE(k) = /d4:1sEe_ikE’xE < TgO(zg),0(0) >, (7.4)

where Ty denotes Euclidean time ordering, and < --- >g, denotes the vacuum
expectation value w.r.t. Euclidean action Sg, where the time direction is compact
with radius 6 = % The Matsubara propagator is defined only at discrete values of

the frequency wg. For bosonic O these Matsubara frequencies are multiples of 27T,

The Euclidean and Minkowski propagators are related to each other by analytic
continuation. The retarded propagator GT(k) can be analytically continued to

whole upper half of the complex plane, and the relation is given by,
GE(2niTn, k) = —G¥(2nTn, k) (7.5)

The advanced propagator can be analytically continued to lower half plane and

the relation to G* is given as,
GA(—2niTn, k) = —G¥(—27Tn, k) (7.6)
In particular for n = 0,

GR(0,k) = GA0,k) = —G*(0,k) (7.7)
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7.2 AdS/CFT prescription for Minkowski Correla-

tors

Let us first recall the formulation of AdS/CFT Correspondence in Euclidean space |3].

We will here consider the famous example of the duality: Type IIB superstring
theory on AdSsx S® is dual to N' =4 SU(N) SYM theory on the 3+ 1-dimensional
boundary of AdSs. Let gy be the Yang-Mills coupling. Then in the limit of large
N and large 't Hooft coupling A = ¢%,,N, the correspondence reduces to a du-
ality between strongly coupled N' = 4 SYM theory and classical supergravity on
AdSs x S°. The Euclidean version of the metric for AdSs x S® is given by,

R2
ds* = ?(d72 + da? + dz?) + R*dQ)2 (7.8)

which is a solution to Type Il B supergravity with 5-form flux turned on. R is
the AdS radius and is related to the dual parameters by R* = 4wg,o/?N. This
metric can be obtained as a field theory limit or near horizon limit of N D3 branes
solution described in the Section (3.0.1) for p = 3. In AdS/CFT correspondence,
the 3 + 1-dimensional QFT lives on the boundary of AdSs space given by z = 0.
Suppose a bulk field ¢ is coupled to an operator O on the boundary in such a way
that the interaction Lagrangian is ¢O. Then the AdS/CFT correspondence can
be formally write as,

< eJon 200 >crT= e Seld] (7.9)

where the left-hand side is the generating functional for correlators of O in the
boundary field theory and right-hand side is the action of classical solution to the
equation of motion for ¢ in the bulk metric (eqn.(7.8)) with the boundary condition
®|.—0 = ¢o. The metric (eqn.(7.8)) corresponds to zero temperature field theory
at the boundary. To compute Matsubara correlator at finite temperature it has to

be replaced with a non-extremal one,

2 d22

R
2 _ 2 2 2 1092
ds® = ?(f(z)dT + dz; + f(z)) + R2dS); (7.10)
where f(z) = 1 — 574 and zg = (7T)7', and T is the Hawking temperature.
H

The Euclidean time 7 is periodic 7 ~ 7 + 77! and z now runs from 0 to zp.
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The temperature 1" then corresponds to the Euclidean boundary field theory with

compact time direction with same period. The correlators can be found as,

(SScl [(b]

< O(x1)O0(z2) >= 7.11
( 1) ( 2) 5¢0($1)(5¢0(Q32) b0 ( )

One can formally write Minkowski version of AdS/CFT as,
< ¢! Jors 900 >opr= REMC (7.12)

One of the problem with this formulation is the boundary condition of ¢ at horizon.
For Minkowski space, the regularity of ¢ can not be demanded at z = zp, as
the solution wildly oscillates near the horizon and has two modes: ingoing and
outgoing. For the in-coming wave boundary condition, where waves can only travel
to the region inside the horizon, one may suspect to get Retarded Correlators for
a finite temperature field theory and for outgoing wave Advanced correlator. But
this simple correspondence fails to work.

Let us consider the Minkowski version of the AdS part of the metric (eqn.(7.10)),

dz?
f(2)

with the following action for a bulk scalar field ¢ with mass m,

2_R2

22

ds (—f(2)d7” + da} + ——) = g:dz" + g, (2)da*da” (7.13)

1 o zZZ 14
S = _é/dx‘*/ V=9(g°%(0.0)* + ¢" 0,00,¢ + m*¢*) (7.14)
B
where for our case zg = 0. The linearized field equation for ¢ is given by,

Tg@z(\/—_gg“ .0) + " 0,00, —m*p =0 (7.15)

e

The equation of motion has to be solved with a fixed value of ¢ at zp, and can be

write in the form,

oz ) = / %eik”“fmm(k) (7.16)

where fi(zp) = 1 and ¢o(k) is determined by the Fourier transform of source field

¢(zg, ) = ¢o(x) at the boundary. the effective equation of motion for fi(z) is
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given by,
1

N

with the boundary condition fy(zp) = 1 and satisfying incoming-wave boundary

0:(vV=9970-fx(2)) — (9" kuky + m*)$ =0 (7.17)

condition at z = zy. The on-shell action reduces to

L[ dk =
5= | GryrRF nis)| (7.18)
where
F(k,2) = /=997 f-1(2)0. fr(2) (7.19)

If we assume the formal definition of Eqn.(7.12), the retarded Green’s function is

given by taking two derivatives of the classical on-shell (eqn.(7.18)) and is given
by,

ZH ZH

GR (k) = %f(k;, 9l 4 %f(—k:, 2) (7.20)

25 2B
It can be shown using f(z) = f_x(z) (which also solves Eqn.(7.17) with in-going
boundary condition), that the imaginary part of F is conserved flux and is inde-
pendent of z. This means the imaginary part of the F cancels for each term in
the expression of G, and the retarded Green’s function is real. One suggestion of
avoiding the problem may be just dropping the contribution from horizon, but still
the imaginary part cancels out as F(—k, z) = F*(k, z). So by this prescription one

can not get a retarded Green’s function which is in general complex.

7.2.1 Son-Starinets Prescription

Son and Starinets gave an ad hoc resolution to this problem of real time correlators
from AdS/CFT in [67]. They gave a prescription and various checks on the validity

of the formula. The prescription is given as follows,

e Solve the mode equation (7.17) with the boundary condition fx(zp) =1 and
the asymptotic solution is ingoing (outgoing) wave at the horizon for time-
like momentum. For space-like momentum, the horizon boundary condition

is similar to Euclidean case, and is taken to be the regular solution.
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e The retarded (advanced) propagator is given by,

GR(k) = F(k,2)|., = V—9970.fx(2) (7.21)

z=zp
where F is given by (7.19). notice the surface terms coming from IR or the
horizon is dropped. This part of the metric influences the correlator through

the boundary condition imposed on bulk field ¢

Since imaginary part of F is independent of the radial coordinate z, Im(G%4) can
be computed by evaluating Im(F(k, z)) at any convenient value of z. This ad hoc

prescription was later confirmed rigorously in [123].

7.2.2 Iqgbal-Liu Prescription

An alternative equivalent prescription was given in [124, 70]. According to the pre-
scription the retarded Green’s function for a boundary operator O corresponding
to a bulk field ¢ is given by,

G"(k,) = ( lim M)

) (7.22)

¢0=0

where 11 is the canonical momentum conjugate to ¢ with respect to radial (z) foli-
ation. ¢gr(z, k,) is the solution to the equations of motion with in-falling boundary
condition at horizon and lim,_,,, ¢r(z,k,) — ¢o(k,). The notation II(z; k)|,
indicates that ® has to be evaluated on the classical solution ¢z. It was shown
in [124, 70], that this definition is equivalent to the Son-Starinets prescription at
level of linear approximation. Recall, the standard result from linear response the-
ory, that if one considers a system in equilibrium at ¢ — —oo, and then perturbs
its action with the term [ d%z¢o(x)O(x), the one point function in presence of the

source is given at linearized level by,

< O(ky) >po= G (k) po(k,) (7.23)
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Then the equivalent statement of the prescription (7.22) is,

< O(k,) >4,= lim 1I(z;k,)

Z—ZRB

(7.24)

PR

Above is true in general for Euclidean version of AdS/CFT given by (7.9), where,

5Scl .
— = — lim llg(z,x
Spo(x) e 5(2,2)

< O(x) >p,= (7.25)

[

where Il is the canonical momentum conjugate to ¢ w.r.t radial (z) foliation in
Euclidean signature evaluated at the classical solution ¢z. The last equality comes
from the well known fact in classical mechanics that derivative of an on-shell action
with respect to the boundary value of a field is equal to the canonical momentum
conjugate to the field, evaluated at the boundary. Eqn.(7.23) is Lorentzian version
of the statement (7.25), but in absence of a proper statement equivalent to (7.9),
status of the statement (7.22) is at the level of conjecture, and it was applied for
known results in [124, 70|, and so far has passed all the tests. Also in [70], it was
shown by analytic continuation that (7.22) gives the correct Euclidean action. We
will show the equivalence of the statement (7.22) with that of Son-Starinets (7.21)

for bulk scalar field and move on to applications.

Consider the action for bulk scalar field given by (7.14), the canonical momen-

tum conjugate to ¢ is given by,

=V =9(2)97(2)0.¢(z; x) (7.26)

and its Fourier transform given by (7.16),

= v —9(2)97(2)(0. fr(2))Po(k) (7.27)

where ¢o(k) is the Fourier transform of ¢g(z;x) which is the boundary value of
a classical solution when f; satisfies (7.17) with ingoing boundary condition and
proper normalization fi(zp) = 1. Then using the prescription (7.22), the re-
tarded Green’s function is same as that obtained by Son-Starinets prescription
(eqn.(7.20)).
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Although we mainly talked about AdSs;/C F'Ty correspondence, the conjecture
of AdS/CFT has expanded its horizon to general duality between systems in back-
ground of classical gravity solutions and QFT living on the boundary of this gravity
solution. In particular, this duality is assumed to be true for asymptotically AdS

space times. Consider bulk fields in a background metric,
ds* = —gudt* + g,,dr® + gi;(dx')? (7.28)
The boundary is taken to be at 7 = oo (to match with previous discussion 7 = 1),

z

where various components of the metric have asymptotic AdS behavior,
gttagrr7gii = T2, r — 00 (729)

Also assume the theory is translationally invariant in z* directions, i.e.the met-
ric components are function of r only and work in momentum space along these

directions,

o(r, z") = o(r, k;u)e_iwt“k'm, k, = (—w,k) (7.30)

where ¢ represents a general bulk field.

7.2.2.1 Example: Massive Scalar field

Let us consider a massive scalar field action (7.14) in a background metric (7.28)

in (d + 1)-dimensional space-time. Then ¢ has asymptotic behavior,

Or(r k) ~ Ak )r* ™+ B(k)r™=, r— o0 (7.31)
where A = g + \/m? + % is to be interpreted as the scaling dimension of the
boundary operator. For massless case (m = 0), r — oo, ¢ = A(k,), which corre-
sponds to the boundary value or the dual field theory source. But in general it
differs by a power of 7, and the r — oo has to be taken carefully to compute G*.
This implies,

< O(ky) >a= lim r27TI(2; k,,) (7.32)

r—00
PR
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where as before Il = —\/—g¢""0,.¢ is the momentum conjugate to ¢. So asymptotic

expansion of II becomes,
T(r, k) =~ —(A — d)A(k,)r™ + AB(k,)r?> (7.33)
Then by prescription (7.22),

(r, k,)

Gplk,) = lim r2A-d_____19r _ 9\ _ ¢
R( P«) 500 ¢R(T, ku) ( )

B(ky)
A(ky)

(7.34)

Note there is change in (7.22), a power of r multiplied to extract the finite piece
in r — oo limit. The general folklore is to take the limit in such a way that
we extract finite piece and which is in general also non-analytic in k,. As finite
terms which are analytic in momentum corresponds to local terms in correlators
(delta-function terms in the position space) and is of not much interest. Also note
in the asymptotic solution of ¢, has two independent components given by coef-
ficients A and B, which corresponds to normalizable and non-normalizable modes
in Lorentzian signature discussed in [66]. According to the identification in [66],
coefficient of the solution A corresponds to the source in dual theory and B, the
normalizable mode corresponds to operator expectation value. So the prescription

(7.22) correctly reproduces the Green’s function defined in [66].

7.2.2.2 Example: Vector Field

Consider a bulk vector field A, with Maxwell action and gauge coupling g.r;.

This is dual to a conserved current J*, and the prescription (7.23) becomes,
) 1
<J'>=—lim ——/—gF"™" (7.35)

where F),, is the field strength corresponding to A,. The right hand side of the

equation is momentum conjugate to A,.
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7.2.2.3 Example: Fermion field

As seen in previous subsections the Igbal-Liu prescription is directly applicable in
case of scalars and vector operators, applicability to fermionic case is little subtle
as discussed in [70], we will briefly summarize their results here. A very nice
review and detailed analysis for fermions can also be found in [125]. Fermionic real
time propagators was constructed in 70|, by first applying the prescription (7.22)
in Euclidean space, and then analytically continuing to real time. Consider the

Minkowski action for fermions in the asymptotically AdS metric (eqn.(7.28)),
S = i/dd“x —g i(UTMDy U — mUW) + Spus (7.36)

where

_ 1
U =0Tt Dy =0u+ Zwaerab (7.37)

and wgpps is the spin connection. We will denote M and a, b to denote bulk space-
time and tangent space indices respectively, and p,v--- to denote indices along
the boundary directions, i.e. M = (r,u). The I'* obey {I'*,T°} = 21, where
n = Diagonal(—1,1,--- ;1) and TM = eMT% where e is the vielbein. Also

(t,r,7,) denote space time indices and (¢,7,z,) the tangent space indices.

Sanr is required to make the action stationary under variations of the spinor
field. It was shown in [63], that Sy can be fixed uniquely (demanding station-
ary action, locality, absence of derivatives and invariance under asymptotic AdS

symmetry ) to,

Som = —2’/ dla\/—ggmV W _ (7.38)
oM

where Wy = (1 £T7)¥. The addition of the boundary term makes the on-shell
action independent of ¥_. So with fixing W, in-going, we have the freedom to fix
only half of the components at the boundary for the fermionic fields. As discussed
in |70, 125], this related to the fact that equation of motion of fermions are first

order.

We will be working in momentum space with the Fourier transform of ¥ denoted
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by ¥(r, k,). Consider the momentum conjugate to W with respect to r-foliation,

L (1, k) = iv/=gg™ (r)¥_(r, k) (7.39)

The scaling dimension of an boundary fermionic operator (A) is given in terms of

the mass of the bulk fermion field (in asymptotically AdSg,1 space-time),

d
A= 5 +m (740)

Then the boundary value for ¥_ or the source has a scaling dimension A — d (as
the boundary action —i [ d?z(xoO + Oxp) should be scale invariant). Then,

xo(k,) = lim rd_A\I/+(T, k,) (7.41)

700

where xo(k,) is the boundary source. It will be related to the boundary value of
U_ (which will correspond to operator expectation value) by equation of motion,
as with the action (7.36) and in-going boundary condition for both Wy, only W is

independent. In general we expect a relation of the form,

Yolky) = S(ku)xo(ky) (7.42)
where S is a matrix and
Yo(ky) = lim r20_(r, k,) (7.43)

Now we should take care in defining Gamma matrices in the boundary theory which
is one dimension less compared to the bulk. A detailed analysis of relation between
Gamma matrices of various dimension can be found in Appendix B of [126]. We
will here just state the result (capital Gamma denotes bulk matrices and small

Gamma denotes boundary matrices),

e For d even, I'* = ~* and I'" = 44*! where 44! is the chirality operator in d-
dimension. Thus from boundary point of view W transform as d-dimensional
Weyl spinor of opposite chirality. Then y, and O are d-dimensional boundary
spinor of definite chirality, ¢.e.a bulk Dirac spinor is mapped to a chiral spinor

operator at boundary.
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0 ~* 1 0 . .
e For d odd, I'* = and ['" = In this basis the two
y# 0 0 —1
components W, each transform as a d-dimensional Dirac spinor; thus xo and
O are both Dirac spinors.

Notice that in all dimensions the number of components of O is always half of that
of W,

For d odd, let us the spinor field as,
(G
\Ij+ - ( 0+
0
U = (7.44)
(e

And the corresponding boundary values of 1)1 be Yo and Jo respectively as defined
in (7.41) and (7.43). Then the relation corresponding to (7.42), takes the form,

TZO(k,u) = S(ku)io(k,u) (7.45)

Also write the conjugate momentum as,

(1, k) = iV =99 (1) (r, k) (7.46)

So the Igbal-Liu prescription takes the form,

< 0 > = lim 12, = igy(k) = iXo(k) S(k)THE (7.47)
r—00
which implies,
< O >5,= —iS(k)xo(k) (7.48)

By definition of retarded correlator G ~< OO" > (from action —i [ d%z(xoO +

@Xo));
< O(k) >5,= —iG™(k) 7 Xo(k) (7.49)
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So comparing above two equations, we have,
G (k) = —iS(k)At (7.50)

where S is given by (7.45). There is an overall sign ambiguity, the sign is chosen
demanding unitarity or demanding imaginary part of the Green’s function is pos-
itive for all w [70].

For d even, we do not need such an decomposition, and similarly, the Green’s

function is given as,

GHR(k) = —iS(k)V* (7.51)

where S is given by (7.42).

7.2.2.3.1 Spinor in pure AdS;: Consider the bulk geometry to be pure AdSs

given by,
2

dr
ds® = r*(—dt* + dz®) + ey (7.52)
We will use the prescription described in previous subsection to calculate the
boundary (r — oo) retarded Green’s function. Since we have considered pure
AdSs, the boundary field theory will be a 1 4+ 1-dimensional CFT at zero temper-

ature. The equation of motion in this background geometry is given by,

v, = —sz—Q.A(—m)\I/_
U= @%A(m)\l@ (7.53)

A(m) =r(rd,+1—m) (7.54)

o (01 A
72(-1 o); 7:<1 0> (7:59)

The equation of motion for ¢, which in 2 + 1-dimensions are just two complex

and,

functions is given by,

~
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and

A(=m)A(m), = ko, (7.57)

Let us consider the case of m = 0. The scaling dimension of the boundary operator
is A=1 (as m =0 and d = 2) and A(0) = r(rd, + 1). We have,

I{?2
1202, + 4roaby + (2 — ﬁ)m =0 (7.58)

which has a solution of the form,

Yy = S (7.59)

we will assume time-like momentum i.e.k? < 0. If we now demand in-going bound-

ary condition at » = 0 (Poincare horizon, as described in next section), we have,

A(k) , 52
Yy = ¥ez sgn(e) V2 (7.60)

Now putting the solution of 1, back in (7.56), we get a relation between .,

w+ kK
oo o= /2w e
W — K

W+ K
Yo = 4, w < —al (7.61)
K—w

Let us consider the case w > |k|. Also from definitions of previous section,

o= lim r¥_; xo= lim r¥, (7.62)
r—00 r—00
So we get using (7.53) ,
k
S=-—1 (7.63)
2

Rip ot Wk Y i 0
G(k)=iSv =1 == = . . fain (7.64)
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Notice G (w,k) = m = GB(w,—k). Tt is sufficient to study one of the
components. In particular for 2 + 1 dimensional case we can formally define the

retarded Green’s function as,
Gf(k,) =i lim — (7.65)

with overall sign to be fixed demanding I'm(G%) > 0 for all w > 0. Above definition
is true for any asymptotically AdS3 space-time, and we will use this definition to

calculate Green’s function in later chapters.

7.3 In-going boundary condition

Consider the metric,

1

7 (r>dr + a(r)?d7 (7.66)

ds® = —f(r)dt* +

with f(r),a(r) — r* as r — oo, Horizon at f(rq) = 0, Boundary at » — oc. The

in-falling boundary condition is given by,

e Non-degenerate Horizon: Simple pole at r = ro i.e. f(r) ~ %r(r — 79).

wp

iwt(r _ To)iiﬁ .

Solution near horizon: e~

e Degenerate horizon: Double pole at r = rq i.e. f(r) ~ ¢(r — rg)? Solution

. _w
near horizon: e “!e<tr—ro)

e Poincare Horizon: (near z — 0o) Consider the metric (with r = i),

1
ds® = —[—dt* + d2* + d’] (7.67)

z

Solution near horizon: e~ “te=%* where

/ — —
" —i\w?— k2?2 w>|k| (7.68)
i\/wQ—?Q w < |?|

%
Assuming time-like momentum |w| > | k |.
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Lessons from Condensed Matter

Recently a lot of work has been initiated in studying strongly coupled Condensed
matter systems by using AdS/CFT conjecture discovered in String theory. As de-
scribed in the earlier chapters, the term AdS/CFT conjecture refer to a general
class of symmetries observed in systems including gravity and those without grav-
ity. In particular in these conjecture classical gravity theories in d 4+ 1-dimension
space-time are dual to strongly coupled Quantum Field Theories living on bound-
ary of this space-time i.e.in d-dimension. The extra dimension in gravity system or
the bulk acts as a energy scale in the boundary theory, and renormalization group
flows in the boundary theory can be studied by studying variation of the classical
geometry in this extra dimension. As classical calculations are more tractable, this
“AdS/CFT tool” becomes extremely useful in extracting quantum strongly coupled
theories, where usual perturbation technique fails. In this thesis we will study one
such system using this tool-kit. A review of application of AdS/CFT to Condensed
matter systems can be found in [60, 127|. In this chapter we will introduce various

Condensed matter terms which we will use in this thesis.

8.1 Fermi Gas

It is a non interacting translationally invariant system of non interacting electrons,
with the single-particle eigenstates are plane waves with energy €, = % (k is the
momentum vector and m is the mass of the particles). The ground state of an N
non-interacting particle system is the well-known Fermi sea: all states up to the

Fermi wave vector kp are filled, all the other states are empty. The energy of the
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last occupied state is the Fermi energy, Ep = % = u(T = 0) (p is the chemical
potential). The elementary excitations are creation of particles (|k| > kr) and
destruction of particles at |k| < kg called holes. We can also construct particle-hole
excitations which keep the total particle number fixed, i.e.one takes one particle
from some state k, with |k| < kr, and puts it into a state k' , with |k’| > kp. These
particle-hole excitations are parametrized by the two quantum numbers k, £’ and

thus form a continuum.

8.2 Fermi and Non-Fermi Liquids

Landau Fermi liquid is essentially a Fermi gas when interactions of the electrons
with each other are included. Landau’s theory of Fermi liquid is based on the
idea of a continuous and one-to-one correspondence between eigen states of non-
interacting and interacting system. Fermi Liquid Theory is expected to break down
in many situations involving "strongly correlated electrons". A nice review on this
subject can be found in [128, 129]. Let us start with a filled fermi sphere and
imagine adding one more fermion in a momentum eigenstate. One can imagine
doing this with a Fermi gas first, and then quickly increasing (“adiabatic”) the
strength of the interaction parameter. The particle becomes a quasi-particle with
the same momentum. But it is not an energy eigenstate and can decay. Due to
phase space limitations the life time increases as m as k — kp. Sonear kp (kp
remains same as the Fermi gas) these are legitimate excitations. It is not possible
in frame work of Landau’s to derive microscopic parameters, but a general form
of one-particle Green’s function can be predicated based on the existence of quasi-
particle i.e.quasiparticle poles in the correlators. Consider one-particle Euclidean

Green’s function !,

1
iw— e — Y(k,w)

G(k,w) =

(8.1)

where € is the bare particle energy. Excitation energies of the system are given
by the poles of the correlator. Landau’s assumption of existence of quasi-particles
close to Fermi surface, amounts to demanding regular behavior of the self-energy

correction Y(k,w). A expansion of the Green’s function up to second order in

IThe retarded Green’s function is given by G®(k,w) = G(k, iw — w + i€), where € — 0.
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(|k| — kr) gives,

2k

G(k,w) = (8.2)

iw—€e) +1i sgn(w)T(w)!
where zy, quasi-particle weight gives the jump in momentum distribution func-
tion at krp compared to unity for non-interacting case. 7 ~ m gives the
quasi-particle lifetime and €, is the effective energy of the quasi-particle includ-
ing effective chemical potential (renormalized by X(kg,0)). As the energy of the
quasiparticle on the Fermi surface is zero, and we are concerned with the exci-

tations near the Fermi surface, dispersion relation is taken to be linear of form

) = w = EE(|k| — kp). m* is called the effective mass of this quasiparticles. The
difference between the bare mass m and m* is due to interaction effects which in
principle can be calculated from a microscopic theory of the system in question.
Given that the non-interacting particles obey Fermi-Dirac statistics, the quasipar-
ticles also obey the same. In practice, this means that Landau’s theory is useful
for phenomena at energy scales much smaller than the Fermi energy, but inappli-
cable otherwise. Also ground state energy Ep receives contribution from states
well below the Fermi energy, so excitation above the ground state are the funda-
mental objects of Landau’s theory. When the Green’s function does not have the

properties of Fermi liquid it is called a non-Fermi liquid.

8.3 Luttinger Liquid

The best understood example of an Non-Fermi Liquid is 1 + 1 dimensional inter-
acting electrons, also known as Luttinger Liquid. Fxtensive review of this subject
can be found in [130, 128, 129|. Luttinger Liquid is an exactly solvable model,
in particular it can be solved by “Bosonization formalism”. In one dimension,
the Fermi surface is replaced by two Fermi points at kr and —kpr. The assump-
tion in Luttinger liquid model is that the spectrum is linear about Fermi points.
So the particle-hole excitations with a given momentum has same kinetic energy,
compared to higher dimensional electron gas. In Luttinger liquid, the elementary
excitations are not quasi-particles but collective oscillations of the charge and spin
density, propagating coherently, but in general with different velocities. The cor-
relation function in contrary to Fermi liquid shows non-universal power laws with

interaction-dependent exponents i.e.the quasiparticle pole is replaced by power-law
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edge singularity. Also even at zero temperature the momentum distribution func-
tion does not show a jump like Fermi liquid, but the derivative becomes infinite at
Fermi points. Another characteristic of the Luttinger liquid is particle-hole sym-
metry, ¢.e.identical behavior of the particle and hole part of the spectral function.
The spinless Luttinger liquid has a spectral function (given by imaginary part of

retarded Green’s function) of the form,

1
Ak, w) ~ ——— (8.3)
lw — vk|1—Y
near the singularity where 7 measures the interaction strength and k = (k —

kr). ~v = 0 corresponds to the non-interacting case. In the case with both spin
and charge, there are two such singularities, with different velocities for spin (vg)
and charge (v.) excitations (Spin-charge separation). A schematic comparison of
Spectral functions of non-interacting electrons, fermi Liquid and Luttinger liquid
is given in Fig.(8.1).

Im(G) Im(G) Im(G)

vek

Figure 8.1: Spectral function or imaginary part of green’s function for non-
interacting electrons (wy = “£(k — kp)), Fermi Liquid (wy = 2£(k — kr)), and a

m*

Luttinger liquid. vs and v, are spin and charge velocity respectively.

8.3.1 Bosonization

In 1+ 1 dimensions fermions can be bosonized i.e.there exists an duality between
fermionic degrees of freedom and corresponding bosonic degrees. This was first

applied to show equivalence of sine-Gordon and Thirring Model in [131], where
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a map was given between bosonic degrees of freedom of a interacting scalar field
action (sine-Gordon) in 1 + 1 dimension with fermionic degrees of freedom of a
theory (Thirring Model) of single Dirac field action in 1 + 1-dimension. This
technique can be used to solve various 1 + 1 models, like Luttinger liquid. A
review of bosonization technique can be found in [132]. The Bosonization map is

given by:

vy R YR R e OR

DO = (9.90)* = (09)? — v*(0p0)°
¢2¢R ~ e HoL+oR)

A N (8.4)

where v is velocity of the excitation. ¢ is a fermionic field and ¢ is bosonic field.
L/R represents left-moving and right-moving fields. This has a Lorentz invariant
form with v as velocity of light. So an interaction of type (1)) renormalises the
kinetic term and hence also renormalises the dimension of the operator e’*Z. The
correlation becomes (w—v(k—kp))® where o depends on this interaction strength.
Non Lorentz invariant p? (p ~ 17%),"charge-charge" interaction) term adds (9,¢)?

in the dual bosonic theory. This renormalizes the velocity of the excitation.

8.4 Fermi-Luttinger Liquid

Deviation from Luttinger liquid behavior can be seen in modified Luttinger models
e.g. Fermi-Luttinger liquid [82, 133|. The formulation and exact solvability of
Luttinger liquid relies on the assumption of linear dispersion. In [82] the spectral

function was modified by an non-linear term for spinless Luttinger liquid.

~ k’2

where w. represents left-moving and right-moving particles. The presence of finite
mass m breaks the particle-hole symmetry, and modifies the spectral function near
particle and hole differently. As a consequence the edge singularity for particle is

replaced by a Lorentzian peak like Fermi-liquid with finite decay rate, but corre-
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sponding behavior for hole remains same (“Particle-hole asymmetry”). The scaling
exponent now also becomes function of momentum k. Very close to the singularity
the behavior of the particle spectral function become similar to a Fermi-liquid, but

far away it behaves like an Luttinger liquid.
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Part 1V

Duality between Charged BTZ black
hole and Luttinger liquids

91



Charged B'TZ Black-hole

9.1 The Background Geometry: Charged 2 + 1 di-

mensional Black Hole

In our analysis we will consider background of a charged black hole in 2 + 1 di-

mension. The Einstein-Maxwell action is given by,

Spy = oG / >/~ <R+E 47TGFWF’“’> (9.1)

Where G is 3D Newton constant, 2 is the cosmological constant (I is the AdS-
length).

A solution of 2 4+ 1 dimensional Einstein-Maxwell action (9.1) is given by the
following metric [81, 134],

dr?
r2f(r)

where, f(r) = -8 — 8”7?2@2 In(7) and F, = % Also let ;. be the horizon radius

ds®* = —r?f(r)dt* + + r?d6? (9.2)

determined by the largest real root of f(r;) = 0. The coordinates have following
range: —oo <t <oo,ry <r <ooand0 <6 <2m. We scale the coordinates and

redefine parameters in the following way such that 6 can be replaced by x, where
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—00 < T < 00,

# d
r=A b= LM =5 Q=0Q, M= XM —1Q%n N)  (93)

We can also define . = Ar’,. Then the metric is given by ,

d?",2 7J2

/2f() —dw (9.4)

d$2 — —7‘,2f(’f‘,)dt/2 +

with f(r') = & — 8901 — Sﬂggzln(%/). Note that f(r/.) = 0 now, and the vector

potential is given by,
/

A= —Q’ln(:—,)dt’ (9.5)

+
We have chosen a gauge such that potential at horizon is zero. We now introduce
a further redefinition of coordinates to make all the parameters and coordinates
dimensionless!. This is convenient for calculations.

Thus consider the redefinitions:

7”/
T‘, — ’I“/ 7“”, I + "
* @ V1enG
12 !
(t,2) = —(t",2"), Aj=—t_Al (9.6)

Tl V167G °

After which the metric becomes (dropping primes for simplicity),

dl—f = —r’f(r)dt® + er(2 7t r’da? (9.7)
where,
F) = (1 = 2o (95)
and,
A= —Qln(r)dt (9.9)

We now choose a coordinate z = % and set [ = 1, we get the metric,

!Note that the parameter Q has dimensions length_%
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dz?

ds®* = ; —f(z)dt* + 702) + da?
Q2
f(z) = 1—-22+ 722 In(z)
A = Qln(z)dt (9.10)

As z — 0, the metric asymptotes to AdSs metric and is called boundary. The

metric is also singular at z = 1 called horizon. The black hole temperature is given

y 1_@2
by 7= — L) = 550 (1@ < 2).

9.1.1 Near-horizon Geometry

As is described in |75, 135], at 7' = 0 (Q = 2) the low frequency limit divides the
full d 4+ 1-dimensional bulk space-time into two distinct regions. The analysis was
done for d > 2. As shown in our paper [78], it was shown that similar analysis
can be done for d = 2 also. Near the horizon called inner region we have an AdS,
factor where as outer region is described by AdS3 black-hole. For inner region, we

define new coordinates (7, () such that,

1—2:2% S (9.11)
such that as w — 0 and (1 — z) — 0, both ¢ and 7 are finite. In this limit the
background metric (9.10) in new co-ordinates is AdSy x R, given by,

ds® —dr? +d¢*) +d* ; A =—- (9.12)

1
o
where, radius of AdSy subspace Ry = 1/ V2 in the unit of AdS; radius which we

have set to unity.

The inner region is given by € < ¢ < 0o, and the metric is given by (9.12). The
outer region is given by &= < 1 — z, where we will use the z coordinate and the
metric (9.10) (See Fig.(9.1)). We will consider the limit w — 0 and € — 0, such
that -2 — 0. So that the outer region is given by z > 1.
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Figure 9.1: ¢ and z space: Inner and Outer Region

9.1.2 Near-horizon CFT

A bulk field ® in asymptotic AdSs black-hole (eqn.(9.10)) maps to a tower of fields
@ in the inner AdS, region, where k is the momentum along R. Similarly the
boundary operator O(k) maps to an IR operator O} in IR CFT. The retarded
Green’s function (Gi(w)) for IR operator dual to ®; can be obtained analytically
by solving bulk equation of motion of ®; in AdS; with constant electric field (9.12).
The scaling dimension of the operator is in general function of £ and is given by
O = %+ V. The form of the function vy (which also depends on @) and charge and
mass of the field ®) will be given for specific cases in the later chapters. However,
for current discussion we will not consider detailed nature of the function v,. The

IR Green’s function has a form,
Gr(w) = c(k)w** (9.13)

where c(k) is a complex function i.e. can be written in general as c(k) = |c(k)|e"*.
Small w limit of the full Green’s function can be obtained by matching the inner
and outer region solution |75| at the overlapping region (( — 0 and 1—z = 2% — 0).
The perturbative expansion for the retarded Green’s function of full theory can be
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written for a generic value of k as [75],

(0 () + b + 0(2) + Gelw) (B(8) + b (k) + Ow?))

(@ (k) + wall) (k) + O(2)) + Gu(w) (¥ (k) + wal (k) + O(w?))

(9.14)
where, ag? ) and bg’; ) are unknown functions to be obtained by matching solutions of

GR((U, l{) =K

inner and outer region. K is a positive constant depending on overall normalization

of the action. We will give a summary of various possible cases as discussed in|75],

e For v real, all the functions ag?) and bi") are real. Now if af) # 0, then

by (k)
Im(Gr(w=0,k)) =0 , Re(Gr(w=0,k)) =K © (9.15)
ay’(k
Also near w = 0, the denominator of (9.14) can be expanded,
Im(Gr(w, k) = Gr(w = 0, k)doIm(Gr(w)) + - - - oc w*™* (9.16)

B0 g

where dy = FOBSOR The spectral function of the full theory has a non-
trivial scaling dependence near low frequency and the scaling behavior is
completely determined by the IR CFT. The amplitude or the k-dependent
prefactor depends non-trivially on the behavior of the outer region and thus
on the UV physics.

o ai))(k) = 0 is possible for only discrete values of & and real values of v.

Again all the functions a{” and b are real. Say the a(io)(k:) vanishes at
some k = kp. We can expand (9.14) near k = kp and w = 0, and to leading

order the Green’s function has the form,

hy
(k —kp) = 3% = haGrpo (w)

Gr(w, k) = (9.17)
where hq, he and vy depends on kr and the details of outer solution. General
discussions on various properties of these quantities can be found in |75|.

The Green’s function shows quasi-particle-like-pole similar to Fermi liquid
discussed in Chapter (8).
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e Consider vy purely imaginary i.e. v, = —i\; where )\ is real. The leading

small w behavior of the Green’s function becomes,

b + b (kw2

Gr(w, k) ~
al a(f) + a9 e(k)w2M

+O(w) (9.18)

where it can be shown that b'”) = (bf))* and ' = (af))* [75]. Then (9.18)
is invariant under discrete scaling w — €"™w where n € Z and w — 0,
i.e. the Green’s function is log-periodic in w with period 7, = /\”—k So again

the leading non-analytic behavior of the Green’s function is completely given
by IR CFT.
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Fermion Green’s Function

10.1 Spinor Green’s Function

The action for bulk spinor field is given by,

Sepinor = /d% —gi(VTM Dy U — mI0) (10.1)
where )

U= \IITFE, Dy = O + Zwaerab —iqAy (10.2)
and wepas is the spin connection!. The non-zero components of spin connection are
given by,

Wtz = (é - f?/>dt
Weg = ‘/TJTd:L’ (10.3)

To analyse Dirac equation following from ( 10.1) in the background ( 9.10), we

use the following basis,

'We will use M and a,b to denote bulk space-time and tangent space indices respectively,
and p,v--- to denote indices along the boundary directions, i.e. M = (z,u). The I'* obey
{1} = 2%, where 1 = diagonal(—1,1,1) and T'M = eMT? where e is the vielbein. Also
(t,z,x) denote space time indices and (¢, z, z) the tangent space indices.
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It 109 = 01 ) [* =0, = vl )
-1 0 10
1 0 1

Iz =gg = = 7 (10.4)
0 —1 U

where W are complex functions given by,

1
Uy = (LT3 (10.5)

Now writing
\Iji — efiwt+ikx wi(z) (106)

the Dirac equation becomes,

(=200 — (2) + 72(2) F /T
= io(w -+ g n(e) F /) (10.7)

where p = q@Q). Let us consider the following transformation
Gy = i T FO-3t/ O]y (10.8)
where a is some constant. The equations for &i becomes,

2f(2)0, F m\/f(z)] Vi = iz(w+ p in(z) F kv ()05 (10.9)

We will drop the tilde for simplicity in following calculations.

A bulk Dirac spinor field ¥ with charge ¢ is mapped to a fermionic operator O in
CFT of the same charge and conformal dimension A = 14+m . In 241 dimension O
is a chiral spinor. By studying the Dirac equation in 241 dimension asymptotically
AdS space (eqn.(10.9)), we can find the retarded Green’s Function of the 1 4 1
dimensional boundary CFT [75, 74, 70, 73|(Also as described in Chapter(7)). We
will study behavior for simple case where bulk fermion is massless (i.e. A =

1). Following the calculation of [70], the boundary Green’s function is given by
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(Eqn.7.65 in Chapter(7)),

o -(2)
GR_lg%qu(z) —llir(l)G(z) (10.10)

G(z) defined in the above equation satisfies a first order non-linear differential

equation which follows directly from bulk Dirac equation (eqn.(10.9)),

2f(2)0.G(2) + G(2)*2(w + p In(2) — k\/f(2))
+z(w+ pin(z) + k/ f(2)) =0, (10.11)

where p = qQ).

10.1.1 Boundary Condition

In order get the retarded correlation function for the dual fermionic operator O,
we need to impose ingoing boundary condition for ¢ at the horizon. We substitute
Yy (2) = €% in (10.9) to obtain the leading behavior as z — 1,

v = 2fS" —m\f o5
T iz(w+pin(z) — BV

(10.12)

Assume that the dominant term is the one with the z-derivative acting on e°. This

gives

o =g A=V s (10.13)

iz(w—+pln 2z —kJVf)
Plug this into other equation of (10.9) to get an equation for S, which is given by:

R L G G R

i (10.14)

and putting above in Eqn.10.11, we get,

2fS" —m\f

C&) = T ) = )

(10.15)

This can be used to derive the asymptotic behavior (near z = 1) of the Green’s

functions.
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Case 1 Q% # 4: f(2) ~47T(1 — 2), and 1, = %) ~ eFiar!"(1=2) The negative
sign in the exponent gives in-going wave. Putting back S(z) with this choice of
solution in equation (10.15), gives G(z = 1) =

Case 2 Q2 = 4: In the extremal case where f(z) ~ 2(1 — 2)? , we get

\/m2 + k% —
\/Q(l—z

for w # 0, we can neglect the other terms (keeping next to leading order term),

)2
(10.16)

~—

by = (1 — 2)HFetats (10.17)

The positive sign in the exponent is the ingoing wave. Also near z = 1 using

(10.15) we conclude that near z = 1, for ingoing waves,

\/m2 + k= (7% —w)?—m
¢+ \[((1 i k:\/_) (10.18)
This gives the boundary condition for w # 0
Glz=1)=i (10.19)
In the case where w = 0 we get,
m—\/m2+k2—%2—ie
Gz=1)= (10.20)

(k+ %)

where m? — m? — ie to choose the correct sign in square root.

10.1.2  AdS, limit

Near horizon, zero frequency limit of (eqn.(10.9)) in new co-ordinates (eqn.(9.11)),

1260, F mv2| da = i(2C — ¥ kV2)s (10.21)
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where 1 = 2¢ (As @Q = 2). These equations are basically the equations for a
fermion in AdSs; with an additional "mass" term in the 2-D action of the form
ikyT'y where I' = 0. We can analytically calculate AdS, dual CFT correlation
function from the above equation |75|. The asymptotic behavior of the above set

of equations can be obtained by taking ({ — 0) giving

[2@ ¥ m\/§] De = i(—p F kvV2)is (10.22)
The solutions are
vy = CC% 4O (10.23)
where,
Vp = %\/Z(mQ + k2) — 2, (10.25)

C and C are the integration constants and are related to each other by imposing
“in-going” boundary condition as ( — co. The scaling dimension of the operator O
is 0y = 1/2+ 1. So, the leading order w dependence (going back to z coordinates)

is w**. Using which we can get the expression for IR Green’s function
Gr(w) = H(p, k)w™, (10.26)

where H(u, k) can be determined by solving (10.21) analytically with in-going

boundary condition at ( — co.

10.2 What to expect

10.2.0.1 Symmetry properties

As a consistency check of our numerics we can use the following symmetry proper-

ties of the Green’s function obtained by direct inspection of the equation of motion
(10.9) with m = 0, G(w, —k,Q, 1) = —m, Gw,0,Q,p) =1, G(—w, —k,Q,—pn) =
G (w, k,Q, 1), G(w, k, =Q, 1) = G(w, k,Q, ).
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10.2.0.2 UV behavior

Since our background geometry (9.10) asymptotes to AdSs, in the ultra violet
(w >> (T,u)) we expect the effects of finite density and temperature become
negligible and it will recover conformal invariance. If we choose our background
geometry as pure AdSs;, the Green’s function (massless bulk fermion) can be easily
obtained as |70](See Sec. (7.2.2.3.1) in Chapter(7)),

(w+ k + ie)

Gaaslon ) =\ ()

(10.27)
where ¢ — 0. This is Green’s function for a dimension 1 chiral operator in 1 +
1 dimensional CFT. Im(Gaqs) or the spectral function has a symmetry under
(w, k) = (—w, —k) (“Particle-hole symmetry’) and has an edge-singularity along
w=k. Im(G a4s) is zero in the range w = (—k, k). Also w — +o0, Im(Gaas) — 1
and G ags(w, k =0) = 1.

In the ultra violet (UV) we expect same scaling behavior (A = 1) and linear
dispersion with velocity unity. Note that the scaling dimension of the fermionic
operator in the boundary is 1 compared to usual dimension % fermionic operators
(viz. electron operator) in 1+ 1 dimension. The scaling dimension of the operator
in the IR of the boundary theory may be very different from 1 as the boundary

theory may flow to a different fixed point in IR as described in next section.

10.2.0.3 IR behavior

As shown in |75, 135], theories dual to charged extremal black holes (in d + 1 di-
mensions, d > 2) have a universal IR behavior controlled by the AdS; region in the
bulk. A similar analysis goes through in d = 2 case (See Sec.(9.1.2) and (10.1.2)).

At zero temperature, the the background geometry (Sec.(9.1.1)) is described
by AdS; x R in the near horizon limit. From the boundary field theory point of
view, although even at 7' = 0 the conformal invariance was broken by p, the theory
will have an scale invariance in the IR limit (w << p) and will be controlled by
an IR CFT dual to AdSs. The IR behavior suggests that the spectral function
A(k,w) = Im(Gg) ~ w™* where vy = $1/2(m?+ k?) — pi® and vj, is real. The
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spectral function in this case vanishes as w — 0. If v} is imaginary, the Green’s

function is “log-periodic” in w (Ggr(w,k) = Gr(we™ ™ k) where n € 7 with

E(k,p) = 22—”) There may also exist particular values of k = kr where
u2—2(m2+k2)

we can have a quasi-particle-like pole as w — 0. The spectral function at those

values of k is given by (Eqn.(9.17)),

hi%
(k—kp — 2 — 5)% + 53

Alw, k) = (10.28)
where ¥, 5 are real and imaginary part of ¥ ~ w?®*r respectively (As discussed
in Sec.(9.1.2)). As mentioned in |75, 135|, that the form of IR Green’s function
suggests that the IR CF'T is a chiral sector of 1 + 1 dimensional CFT.

10.2.0.4 Condensed Matter Systems

For 141 dimension boundary theory one typically expects to get Luttinger Liquid
behavior. The condensed matter related terms are explained in more detail in
Chapter (8). “Particle-hole symmetry’(A(w, kp + k) = A(—w, kp — k), k =k — kp
is the deviation of momentum from the Fermi momentum kg ), absence of quasi-
particle peak (i.e. Lorentzian peak known as quasi-particle peak in usual Landau
Fermi liquid theory is replaced by power law edge singularity) , linear dispersion,
spin-charge separation are the hallmarks of Luttinger liquid in 1+ 1 dimension. In
spinless Luttinger liquid the spectral function for electron (dimension % operator)
has a behavior [136, 137] (for k > 0),

Alkp + k) ~ (w — vpk)" ™ (w + vpk)Te™o! (10.29)

v is Luttinger liquid exponent, gives the IR scaling dimension which is related to
“anomalous scaling dimension” of the fermion operator (See Fig.(10.1(a))). a is
a constant depending on . The expression (10.29) is a simplified version of the
expression given in [136, 137, but has the essential essence of it. The expression for
spectral function for Luttinger liquid given in Chapter (8), can be shown equivalent
to (10.29) near the singularity w = vpk. Deviation from these behavior can be seen
in modified Luttinger models e.g. Fermi-Luttinger liquid 82| . In Fermi-Luttinger

liquid the dispersion is modified by a non-linear term, and as a consequence the
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edge singularity for particle (Fig.(10.1(a))) is replaced by a Lorentzian peak like
Fermi-liquid, but corresponding behavior for hole remains same (“Particle-hole
asymmetry”). The scaling exponent also becomes function of k. Very close to the
singularity the behavior of the particle spectral function become similar to (10.28),
which resembles a Fermi-liquid. We should note that in our model, both scale
invariance and Lorentz invariance is broken for the boundary theory, so we can
expect deviations from Luttinger Liquid. In a Luttinger liquid one could construct

correlators like,
((,d — Ulk + iAl)a

(w — UQk + iAQ)ﬁ

G(w, k) = a, >0 (10.30)

where w, k are defined as deviations from Fermi point. At a fixed point one expects
A5 = € — 0, and has a edge singularity like (Fig.(10.1(a))). But at a generic
point on the RG between fixed points one expects some finite imaginary part
which smooths out the singularity to a peak (viz. Fermi-Luttinger liquid [82]).
The Green’s function have branch cut singularity is along w = v1k and w = vyk;
the peak is along the second line of singularity. The Green’s function along the
peak becomes, ) , po
_u 3
G(w) = W gij A e!(@0=83) (10.31)
2

Ay
W(-2)°

not have an w dependence - as at a fixed point Luttinger liquid. In general if A; is

where tan f = Im G clearly increases with w («, 5 < 1) as long as A does
sub linear then one expects I'm G ~ i—g. If Ay =~ w® with z > 1 then Im G = Z—%.

On the other hand for a Fermi liquid one expects a behavior like (10.28) but
with ¥ ~ w?. But the IR AdS, dictates that the scaling exponent of X is generically
different from usual Fermi liquid. In analyzing the AdS3 example we must keep
these points in mind. We expect on general grounds that at least for weak coupling
it should behave as a Luttinger liquid. More generally it could go into a massive
phase. But we do not find evidence of a mass gap in the numerics below. Any

deviation from a Luttinger liquid therefore is something noteworthy.

105



Chapter 10. Fermion Green’s Function
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Figure 10.1: Left:Spectral function of spinless Luttinger Liquid A(k,w) vs w for
k > 0 and v = 1/2. Tt vanishes the range w = (—vpk, vpk) Right:Spectral function
given by eqn.(10.30) for k =5, a==1/2, A1 = .01,Ay = 2, vl = —-.6,02=.9

10.3 Numerical results for Spinor Green’s Func-
tion

Since charge ¢ of the bulk field fixes the charge of boundary operator under global
U(1), we must keep ¢ fixed to study a particular boundary operator. For T' = 0
(Q = £2), p = £2¢, we will study the Fermi-momentum and velocity for fixed
q. We will also vary g or pu to study the “log-periodicity” discussed in section
(10.2.0.3). For finite temperature case, we will fix ¢ and study the Green’s function
for various values of temperature (equivalently (). A brief overview of numerics

used for Green’s function analysis is given in Appendix (C).

10.3.0.5 Zero temperature

We will mainly study the qualitative features of zero temperature Green’s func-
tion as the numerics is not very precise. Quantitative studies are made at finite

temperature where we have very good numerical handle.

e UV behavior: For ¢ = 0, the Green’s function matches over a large range
with pure AdS Green’s Function (10.27). For finite ¢, the G — 1 as w —
d+oo for fixed £ which implies the UV scaling dimension of the operator
is 1 (Fig.(10.2)). For fixed w, the Green’s function always matches near
k = 0 which is consistent with symmetry properties (Section (10.2.0.1)).
The qualitative nature of the peak (¢ # 0) matches with Luttinger Liquid
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Green’s function considered in eq.(10.30) (Compare Fig.(10.1(b)) & (10.3)).
As expected for k >> p from pure AdS behavior (eqn.10.27), the spectral
function should be zero in the range w+p € (—k, k) and a peak near w4y ~
k [73], is approximately seen in Fig.10.3.

IR behavior: For a fixed ¢ density plot of the spectral function (fig.(10.4))
shows a sharp quasi-particle like peak at w = 0 and some value of momen-
tum k = kp, called Fermi momentum. At Fermi point the peak height goes
to infinity and the width goes to zero. The behavior is as described in section
(10.2.0.3), this can be seen in modified Luttinger liquids as describe in the
paragraph below the equation (10.31). We expect that the theory flow to a
different fixed point in IR. But at small ¢, along the dispersion curve we see
the spectral function has a minima at w = 0 compared to the quasi-particle
like peak, as expected in Luttinger liquid (Fig.(10.7)). Fermi momentum
changes from kp to —kp for ¢ — —q due to the symmetry (section 10.2.0.1).
For ¢ = 1/2, kp = —1.367 and vrp = .43 obtained from the dispersion plot
which is linear.(fig.10.5). If similar analysis was done for ¢ = 1, where
krp = 1.644 and vp = —.16. Note kr changes sign if we change ¢q. Now, as
we can see from the expression of scaling dimension of IR operator Oy at
Fermi momentum (g = 1/2) turns out to be vy, = /2k% — 4¢2 = .83 > 1.
In this regime according to analysis [75] the dispersion relation should be
linear. Also as described in section (10.2.0.3), the spectral function should go
to zero if vy real (Fig.(10.6(b))) and is “log-periodic” where v} is imaginary
(fig.10.6(a)). We found a very good match of the numerical and analytical
results for periodicity. Non-analyticity of Green’s function at w = 0 inde-
pendent of £ is not typical of Luttinger liquids and in Section (10.4) we have

discussed a possible resolution of this.

Particle-Hole (A)symmetry: We find “particle-hole asymmetry” for ¢ =
%, i.e. the spectral function behavior is different under reflection at Fermi
point (fig.(10.4)). This is again very different from Luttinger liquid behav-
ior, but it can be observed in Fermi-Luttinger Liquids as discussed in [82].
The particle hole symmetry is restored for p = 2¢ = 0 (fig.(10.7)), and the

asymmetry slowly increases with q.
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e Gapless phase: Also a closer look at density plot (fig.(10.4)) shows the
system is in gapless phase which is as expected because in the IR the theory

is expected to have conformal invariance.

— ez | H 8r — cBTZ
) 2

Figure 10.2: T' = 0: Imaginary part of Fermion Green’s function for ¢ = 0.Left:k =
1. Right:w = 20

-10 -5 5 10 -10 -5 5 10

Figure 10.3: T = 0: Imaginary part of Fermion Green’s function for ¢ =
1/2.Left:k = 4 (Compare with what is expected, Figure (10.1)). Right:k = —4

10.3.0.6 Finite temperature

The behavior of the spectral function at finite temperature can be summarized as

follows:

e IR behavior: At sufficiently small temperatures, the quasi-particle like peak
still survives. But the width gets broadened with temperature and also the
Fermi frequency shifts to some non-zero value. Table (10.1) shows various
peak properties at various temperature with ¢ = 1/2. Data shows that
wr # 0 is a finite temperature effect and goes to zero as T — 0. Also
Ap (FWHM or “Full Width at Half Maximum” at Fermi point) goes to 0
with 7. Fermi velocity vg is independent of temperature. The FWHM
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Figure 10.4: T' = 0: Density plot of imaginary part of Fermion Green’s function
for ¢ = 1/2 and ¢ = —1/2. Lighter regions have higher value of the function

{k,k=-1.367+2.3 w}

I
-005 -0.04 -0.03 -0.02 -0.01

Figure 10.5: T' = 0: Dispersion relation near Fermi point for ¢ = 1/2

along the dispersion varies as A — Arp = A(wp — w)® where z = 2.25(w <
wr), 1.8(w > wp) at T = .00159 (fig.(10.8) ,fig.(10.9)). kp varies linearly
with T as kp = —1.3671 4+ 13.497. Which implies at 7' = 0,kp = —1.3671

which matches with the zero temperature result.

e Dispersion: The dispersion curve (fig.(10.10),fig.(10.8) ) is linear near the
Fermi point, but deviates from linearity away from the Fermi point. vp
approaches 1 as (k — kp) << 0 as expected from UV behavior, but vg
becomes large (k — kp) > 0. We expect vr would go to 1 for (k—kp) >> 0,
but we were unable to explore that region as the peak gets very broad in

that range and numerical error increases.

e Particle-Hole (A)symmetry: Again in finite temperature case also the

spectral function shows “particle-hole asymmetry” at low temperature, but
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Figure 10.6: T' = 0: IR behavior of imaginary part of fermion Green’s function for
Left:p =4, k = .5, Right: p=1, k=1

Figure 10.7: T = 0: Imaginary part of fermion Green’s function for ¢ = 0 and
q = 107! respectively

the symmetry gets restored for Q — 0 (large temperature) with fixed ¢. We

can conclude that the particle-hole asymmetry is controlled by the parameter

p=qQ.

e Large Temperature: For large temperature, () — 0, the Green’s function
approaches to that for uncharged non-rotating BTZ (UBTZ) as given in [70]

: o1 T
(with T, = T = &=, Guerz = UTEmrE=ppy

is completely lost at large temperature and has a minima along the line of

). The quasi-particle peak

dispersion at w = 0.
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Figure 10.8: ¢ = 1/2,Q = 1.99 Right: Variation of peak height of imaginary part
of (Fermion) Green’s function with frequency shows the Fermi point is shifted to
w = 0.00106. Left: Dispersion is linear near Fermi point, kr is obtained by finding
k corresponding tow = 0.00106 in the linear fit.
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Figure 10.9: ¢ = 1/2,Q = 1.99. Variation of FWHM with (w — wp) (Fermion)

10.4 Non Fermi Liquid Behavior in the Boundary
Field Theory

Since our boundary theory lies on an RG trajectory connecting a UV fixed point
CFT dual to AdS; and a CFT in the IR (because it is gapless) we can expect
it to be described by the action of a Luttinger liquid like theory modified by the
addition of some irrelevant perturbations. These terms are allowed because the
background charge density (implied by the chemical potential Ay(z = 0)) breaks
scale invariance. It also breaks Lorentz invariance, which means that one cannot

assume that all propagating modes propagate with the same velocity. The effect of
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Figure 10.10: ¢ = 1/2,Q = 1.99. Left: Dispersion curve Right: vp vs k (Fermion)

q=1/2

Q T Wr kr Ap Hp VR
1.9 0.0155 -0.00342 | -1.1968 | 4.534 x 10! 392 0.386
1.95 | 0.007858 | 0.00181 | -1.2712 | 2.735 x 1073 1616 0.401
1.99 | 0.00159 | 0.00106 |-1.3458 | 1.381 x 10~* | 3.2 x 10* | 0.406
1.992 | 0.00127 | 0.00089 | -1.3499 | 9.34 x 10~° | 4.7 x 10* | 0.405
1.995 | 0.00079 | 0.000597 | -1.3563 | 4.139 x 107 | 1.1 x 10° | 0.404
1.998 | 0.00032 | 0.000278 | -1.3628 | 8.729 x 1076 | 5 x 10° | 0.403
1.999 | 0.000159 | 0.00013 | -1.3651 | 2.726 x 1076 | 1.6 x 10° | 0.400

Table 10.1: Peak properties of the Green’s function: wpr — Fermi frequency, kr —
Fermi momentum, Ay — FWHM at Fermi point, Hr — Peak Height, vy — Fermi
velocity

these irrelevant terms have been investigated in 82| in perturbation theory. One
expected effect is that the linear dispersion relation is corrected by non linear terms.
This has the consequence that the interaction terms induce a finite imaginary part
to the self energy correction and in some approximation it introduces a Lorentzian
peak modifying the edge singularity of the Luttinger liquid. This is called a Fermi-
Lutttinger liquid in [82] and was discussed in Sec.(10.2.0.4).

The holographic analysis also showed an interesting non Luttinger behavior in
that the zero frequency behavior is peculiar. It has a singularity at w = 0 that
is k-independent. In this section we attempt to reproduce this in the boundary

theory.
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Let us consider the following action:

S = / dzdtlivy"0,1) — %auqsa%] (10.32)

1 is the quasiparticle fermion field whose Green’s function we are interested in
determining. It has dimension half unlike the fermion operator that was studied in
the last section, which had dimension one. Nevertheless this is a matter of detail
and will not affect the main point of this section. ¢ is the bosonized version of
some other charged fermion, W. They are related by U~*¥ = e9,¢ ( discussed
in Chapter (8)).

The above action assumes Lorentz invariance and we have set v = 1. But
because Lorentz invariance is absent one can expect the two quasiparticles to have

different velocities:
_ 1
S = /dxdt[ub(y%o + ’Yll)Fal)'(ﬂ - 5(8(@8% + v%@lgzﬁalgzﬁ)] (1033)

Both vg and vp can get renormalized by interactions. For instance adding a
charge-charge interaction term for U adds (9,¢)? to the action. This modifies vg.
In fact we will assume that vg is renormalized to zero. This will be crucial as we
will see below.

We now add an interaction term 2:

AS = g/d:ﬂdt ipcos o (10.34)

We can perform a Wick rotation (ity; = tg) to Euclidean space for calculations.

2
Using the fact that (¢(z,)¢(0,0)) = —In (r? + a?) we see that cos f¢ = (a)%r :
cosf¢ : and has dimension %. The interaction term that has been added is thus

irrelevant when g > 1. One also sees that

(: cospo(x,t) :: cosfp(0,0) :) = 1 !

- (10.35)
2 (ZEQ + tQ)%

2Instead of 11 one can add 1’y which would correspond to a density. This term is allowed
since we do not have Lorentz invariance and also has an interpretation of some spin density
interacting with some projection of a magnetic field, for instance. We thank Thomas Vojta for
suggesting this.
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cos 3o

&

Figure 10.11: 1 loop correction to v propagator

The propagator in momentum space can be obtained by dimensional analysis and
is (in Minkowski space) G(w,k)cosps =~ [w? — ung]g—l. If we now assume vy is
renormalized to zero, we get [oﬂ]%’l

Thus a one loop correction (Fig.(10.11)) to the ¥ two point function (inverse

propagator) is:

dwdk (w + vpk)
X(p) = ; > (10.36)
g / (27)2 (w2 — w242 ((p — w)2) =1

We can do the k integral to get In w and then do the w integral to get X(p°, p') ~
WTZ_Z,W' This is a p' independent non-analyticity that one is seeing in the
Adépc)g;nputation. The crucial element that made this happen was the fact that the
velocity of the ¥ was zero. This could correspond to some effective non propagating

or localized particle.
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Vector and Scalar Green’s Function

11.1 Vector Green’s Function

In this section we consider aspects of the vector field and its perturbation. This
gives the current-current correlators of the boundary theory. We will calculate
Green’s function as a function of the frequency, keeping no x dependence (i.e.zero
wave vector). This is obtained as the ratio of the two solutions in time dependent
perturbations 0A,. The perturbations in A, and g, which we call a(z,t) and
d(z,t) respectively obeys (we are assuming a time dependence of e=** for both a

and 6) following set of equations (obtained from Einstein-Hilbert-Maxwell action
(eqn.(9.1))):

JO-(2f0.0) + zua + Qf0.(:25) = 0
2Qa + 0,(2%0) =0 (11.1)

Where the f(z) is given by (9.10). We can combine the two equations (11.1) to

get an equation for a(r,t) - which is:

f

fPa" + f(5+fa + (w? =2Q°f)a=0 (11.2)

We can now solve the above equation numerically for a(z). It is convenient (to make
the numerics stable) to factorize the oscillatory behavior at the horizon (z = 1)
where f(z) =0.

e For Q # 2:
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W

We can define a(z) = (f(2)c )p(z). The differential equation for p(z) is:

2
120" + [f? +(1+ Qi%)ff/]Pl
. . 2
g B et @m0 (1)

c gets fixed by requiring that p(1) be non-zero. One finds ¢* = (f'(1))%. The
sign is fixed by requiring that the solution for a be ingoing at the horizon.
This gives ¢ = —f'(1).

e For Q = 2:
Now f(z) has a double pole at z = 1, and the oscillatory behavior is different
(which is determined by the near horizon limit of (11.2)). We define a(z) =
eﬁ(l — 2)7 g(2). The positive sign in the exponential is chosen to make
the solution in-going at the horizon. The differential equation for g(z) is

given by,

" 1 fl(z) w w (4
9@+ (5 + TOREERE +3(1—z))9( )
iw iw 1 iw 1 f(2) iw
+[€(1+€)(1—z)2+6(1—z){_+ }

2 W iw f'(2) 2
TTERE T Ay T 2)2{ )
I

8 w
f(2) * 2z(1 — 2)2}9(2) =0

(11.4)

Analyzing the leading behavior at z = 0 we see that the solution has degenerate
eigenvalues and is given by a(z) = a™ + a~ In(z). The Green’s function for the
conjugate operator J(z,t) is given by the ratio Z—f (Some issues regarding the
ambiguity in considering this ratio is discussed in Sec.(11.1.2)). The ratio between
J* and 0;A, = —iwA, is the conductivity . So the Green’s function divided by
—iw gives the conductivity (See fig. (11.1),(11.2)). Green’s function is calculated
numerically by solving the differential equations (11.3) and (11.4). We assume the
functions p(z) and g(z) are power series in (1 — z) near horizon and also choose the
normalization p(1) = g(1) = 1. Then a* is determined from the asymptotic nature

(z = 0) of the numerical solution (See Appendix C). In the next subsection we
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will discuss about the low energy and zero temperature limit of the conductivity.

Im(o)
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15— @1
o g
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Figure 11.1: Conductivity at finite temperature

11.1.1  AdS; limit: w — 0 limit of Conductivity at T'=0

As we have discussed for the fermion case, for this case also we do the same co-
ordinate transformation (eqn.(9.11)) for the near horizon limit of the extremal
black hole. So, in the near horizon AdS, the equation of motion for the gauge field
perturbation (eqn.(11.2)) turns out to be,

da

g+ =2a=0, (11.5)

C?

This equation is same as the equation for a scalar with m? = 2 and no charge.
This can be analytically solved. The solution with ingoing boundary condition at

the horizon becomes,

a= O\/g {2 (— cos(C) + Sin@@) + (sin(g) - COSQ(O)] , (11.6)

where C' is the integration constant. Solution near the boundary of AdS; ¢ — 0
looks like

1 1

2
3¢ (11.7)

a =
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So, ofter going back to the original co-ordinate the leading order w behavior of the

IR Green’s function is given by,
Gr(w) = -w?® (11.8)
. So, the real part of the conductivity is

Reo(w — 0) = lim ll'mgg(w) ~ w? (11.9)

w—0 W

So, we see that a dimension 2 IR CFT operator determines the limiting behavior
of the optical conductivity in low frequency limit of boundary (1 + 1) dimensional
field theory. This behavior should be contrasted with behavior of doped Mott
insulator [138], where the real part of conductivity goes as w®. In addition, the
imaginary part of o has a pole at w = 0 which is also clear from the plot (Fig.11.2),

1
Imo(w —0) ox — (11.10)
w

Now, from the well known Kramers-Kronig relation
Re(o) o« §(w) (11.11)

at w = 0. From the numerical analysis (fig.11.2) we were not able to see the delta
function peak. But this is a natural expectation that for any translational invariant
theory the DC conductivity (for w = 0), should be infinity.

Im(o)

Re()
0.08

.06

0j04

10

L L L i o
-10 =5 5 10

Figure 11.2: Conductivity at zero temperature
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11.1.2 Comments on Vector Green’s function

The solution for vector field A; is given by the solution (eqn.(9.5)) (r is the usual
radial coordinate and often we will use z = 1/r. r = r; is the location of the

horizon).

Ay =—-Q In(r/ry) =Q In(zry) (11.12)

If we consider the effective scalar given by ¢.rr = l2\/§“At ~ zA; near boundary
(z = 0) we get
Perr = Q 2 In(z/20) + Q In(z074)2 (11.13)

Zp is an arbitrary normalization scale - denoting violation of conformal invariance.
This is a situation where the eigenvalues are degenerate so z and z In(z) are
the two independent solution. There is some ambiguity regarding which solution
corresponds to the source and which one to the expectation value of the conjugate
operator, which in this case is the charge density. Thus if following [139] we take
@ as the value of the source then the charge density is @ In(zory). The analysis
of the degenerate case for the scalar does seem to give this (as will be discussed
in the end of this section). On the other hand reversing the roles gives ) as the
charge density.

Let us see what thermodynamic arguments give. Consider the action (9.1) with
the metric (9.4) in r = 1/z coordinate,

ds? f(2)

1
= L
22 * f(2)z2

1
dz* + ?dﬁ (11.14)

where f(2) = & — 8GMz? + 8nGQ*2In(zl)%. Also Iy, = £, F'** = —23Q. The

equation of motion also gives:

6

R = 5~ 4rGF? (11.15)
Thus ) P A
_ ar = 2
S— 167TG/ (g — 87GF?) (11.16)
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Thus we get for the charge dependent part of the action :

1

S = V1 5Q? /T+ g 2> = —VipQ%n(ery) (11.17)

The chemical potential at the boundary is A; = p = @Q In(ery). Thus the free
energy is Q = =V 8Q%In(ery) = —VI@’%. And the expectation value of the
charge density is —Vil% = 2Q). There is no dependence on r,. This suggests
that we should treat the coefficient of z In(z) as the expectation value and not
the source. But we will follow the argument given in the following paragraph and
consider coefficient of the log term as source.

Let us consider the case of the scalar field with degenerate eigenvalues. Thus
if f1(z) ~ 2* is a solution then the Frobenius prescription is to consider jf—i\ as
the second solution. So we have a situation where ¢(z) ~ a*2* +a=2%n 2z + ...
is the form of the solution where the dots indicate terms that are determined
algebraically in terms of a®. We have to decide which solution corresponds to
the source and which one to the expectation value. The original idea was that
one solution (non-normalizable) solution corresponds to the source and the other
(normalizable) one gives the expectation value. This idea has been extended and it
has also been pointed out that in some situations when both are normalizable one
can have a duality between the two possibilities and that both are valid. In our
case the solution 2*n z is more divergent and is best taken as the source. In that
case the Green’s function is Z—J_r One can consider the case where we have A\* wit
AT and a‘% -
anticipating that we are going to set AT = A~. If one then applies the prescription

AT & A7. Then take the two independent solutions to be a™z

of [67] with ¢ normalized to one at the boundary one gets, on setting AT = A7 = A,

_ 9.9(€)
¢(e)
atA+a —a Nne

— 11.18
at+alne ( )

When € — 0 we get a leading piece A, which is uninteresting because it is analytic
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in momenta, and the sub leading non analytic piece );l“—f In case A = 0 we get

¢ = - (11.19)
at +a-lne ( at la~ln e .

a”ln €

1 at

So the leading non-analytic piece is again ;——2=. Thus we can conclude that in

general for degenerate cases G = Z—f as considered in the Sec.11.1.

11.1.3 Complex Scalar Green’s function

In this section we consider the complex scalar field in the background geometry
(9.10) and derive the Green’s function numerically for the dual operators in the
boundary. We first set up the analytical equations in the following subsection and
then discuss the numerical results. The action for the scalar field in the background
(9.10) ) is given by,

1 2
S = /dtda;/ dz; {f(z)|8z<l>|2 — f(2)7Y D@ + |0,@* + %|(I>|2
0

where, D; = 9, — iqA;. Considering the ansatz for ®(z, x,t):

O(z,x,t) :/%ei(m_“t)gbk(z) (11.20)

we get the following equation of motion:

A(2)y(2) + B(2) ¢y (2) + V(2)br(2) = 0 (11.21)

V(z) = 22—k + —Z(w + qQIn(z))?] — m? (11.22)
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To minimise errors in numerical computations it will be helpful to factor out
the oscillations near the horizon be writing ¢x(2) = f(2)"S(z). By expanding the
differential equation about the horizon value of z one can fix v to be —iw/47T
where, T is the temperature of the black hole obtained in section 2. The minus
sign is chosen for the ingoing solution at the horizon. The resulting differential

equation in S(z) is,

S"Af: + S 2vAff + Bf2 + S[(w(v — VA2 + vAff +vBff + V] =0
(11.23)

The solution to the equation (11.21) near the boundary, z — 0, for non-zero
mass of the scalar field behaves as, (we have dropped the log term coming from

the potential term, V' (z) in (11.21) assuming a finite mass for the scalar field !)

o(2) = a” (k,w)2¥*2 + a*(k,w)z® (11.24)

Here d = 2 is the boundary space-time dimension and A = d/24+/(d/2)? + m?.
As per [139] the boundary Green’s function is given by, a®/a~. The solution for

¢(z) is obtained numerically and the boundary Green’s function can be written as,

o - 2822
_ ;Ad_iAd (A—d)+ zz’zg 20 (11.25)

For the extremal case, (Q = 2) a slight modification of the above procedure is
needed due to the presence of degenerate horizons. We write ¢ (z) = /(=) (1 —
2)"28(z), where v; = iw/2 and vy = i(q¢ — w/6). The signs are fixed so that
the infalling solution is chosen at the horizon. Again this is done to factor out
the oscillations near the horizon. Like the finite temperature case the resulting

differential equation (11.26) can now be solved numerically (See Appendix C).

'In the following numerical computations we have set m? = 1/4.
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The boundary Green’s function is given by (11.25).

S"A(z—1)* + S[(z=1D*H2A(n + (2 — 1)+ Bz — 13} +
S[A{v? + 2uv(vy—1)(z = 1)+ (rn — Dn(z — 1)%} (11.26)
+ Bz = 1D +m(z=1)} +V(z = 1) =0

11.1.4 AdSs limit : w — 0 limit of Scalar Green’s function at
T=0

The wave equation is

1 .
\/T_Lq@“(\/—gg‘“’Dygzﬁ) —iqgA" D, — m*p = 0, (11.27)
Where, D, = 0, — iqA, is the covariant derivative. The scalar field has charge ¢
under the background U(1) gauge field. So, the explicit form of the equation of

motion for the scalar field is

230 (Ma ¢> + {Z—z(w +qA)? —m? — 22k ¢ =0 (11.28)
I f(2)
Where, we substitute as before ¢(z,t,x) = ¢(z)e~witike,

Now, we want to calculate the near extremal horizon behavior of the scalar
field in the low frequency limit. For this, we first consider the scale transforma-
tion (eqn.(9.11)) which leads to the near horizon metric to be AdS; x R. The
background metric looks like (eqn.(9.12)).The radius of AdS; subspace Ry =2 in
the unit of background AdS radius which we set to unity. Using this near horizon

values for the metric components (eqn.(9.12)), the equation becomes

1 I ? 1 2 4 2
(-8 -

where, u = 2q. It is important to note that the above equation is same as a charged

scalar field equation of mass mi = m? + k? in a background AdSs space (9.12).

d2
&

% ¢ =0, (11.29)

The asymptotic behavior of this equation may be obtained by taking ¢ — 0
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and one finds
o(r) = ACM + B¢ (11.30)

where \ are eigenvalues of
1
A —1) + ZW —2(m*+ k%] =0

11
— A =g+ 5\/1 + 2(m? + k2) — p2 (11.31)

If we now substitute ( = ﬁ, we get
B(2) ~ Aw™ (1 — 2)™™ + Bwr (1 — 2)™ (11.32)

From this we can conclude that the Green’s functions in the AdS; (ratio of A/B)
goes as wM - = w? where v = \/}1 + # — %2 . This is just the same as the

analysis of [75|, who use this to further conclude that the imaginary part of the

full Green’s function has this scaling behavior near w = 0 (Section (9.1.2)). If v is
not real one has also the interesting periodicity in log(w).

We should note that the effective mass of the charged scalar field in AdS; in
# — #). The condition for log-periodicity
implies that this effective mass is lower than the BF bound in AdS; which is —1/4.

This means that for the choice of the parameters which exhibit log-periodicity of

the presence of the gauge field is (

the Green’s function the scalar field is unstable.

Figure 11.3 shows that the log-periodic behavior (in w) of the real and the
imaginary parts of the Green’s function. We have plotted these for ¢ = 2, k£ =0
and for m? = 1/4. Note that this value of mass is well above the BF bound for the
scalar field in AdSs (which is —1), although the effective mass in AdS, is unstable.
The scalar field though asymptotically stable is unstable in the near-horizon AdS,
region. We expect that this instability will lead to the condensation of the scalar
field. In the case of charged scalars in AdS, this instability leads to a transition
to a hairy black hole phase which in the dual theory has been identified as the
transition to a superconductor phase (see [140] for a nice review). This needs
detailed analysis, some progress have been made recently in this direction by|[141].

The imaginary part of the Green’s function becomes negative for smaller values

of w. We presume that this is due to instabilities occurring from the fact that the
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Figure 11.3: ReG(w) and ImG(w) for k = 0, ¢ = 2 and m? = 1/4. The plots are
with respect to log(w), however the markings on the horizontal axis are that of w.

effective AdSy mass for the scalar is tachyonic in the region of parameter values
where the Green’s function shows log-periodicity. However the log-period that

appears in the plot matches with the analytical value which in this case is 1.65.

11.1.5 Numerical results

Let us now note some general properties of the Green’s functions before discussing
the numerical results. From the differential equations it can be seen the Green’s
function is even in k, G(w, k, ¢Q) = G(w, —k, ¢Q). For @ = 0, complex conjugation
of the Green’s function has the same effect as w — —w. This implies that Im
G(w, k) = — Im G(—w, k), and Re G(w, k) = Re G(—w, k). For non-zero values of
qQ, this symmetry is lost due to the presence of the covariant derivative, however,
G(w, k,qQ) = G*(—w, k, —¢Q). The asymmetric behavior is visible in all the plots
for nonzero ). We now turn to our numerical results.

Zero temperature: Figure 11.4 shows the real and imaginary parts of the bound-
ary Green’s function for the extremal case, Q =2 or T'=0, ¢ = 1 and for various
values of k. At zero temperature, the Green’s function has peaks lying between
w =0 and w = 0.05. These peaks shift towards w = 0 as k is increased which dis-
appear for larger values of k. The plot (Figure 11.4) shows a range of k for which
the peaks exist. We would like to also point out that the values of the parameters
considered here lie in the region where the Green’s function is periodic in log(w)
for small w. As discussed in more detail in the Section (11.1.4).

Finite temperature: For a fixed value of k, the peaks lying in the positive w

region smoothen out beyond a particular temperature. Figure 11.5 shows the plot
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Figure 11.4: ReG(w) and ImG(w) for Q =2 or T'= 0 and for the following values
of k: 0.1 (Blue), 0.2 (Red), 0.5 (Green), 0.7 (Pink), 1 (Black)

for the real and the imaginary parts of the Green’s functions for various values of Q)
or T'and k = 0 and for ¢ = 1. The Green’s function is very sensitive to variations
in temperature near the zero temperature region. The number of peaks reduce
to one in the finite temperature regions for a particular value of k. Eventually
this peak smoothens out as the temperature is increased further. At the highest
temperature () = 0, the curves (not shown in the figure) have the symmetries
mentioned at the beginning of this section. For large values of w, the functions are
monotonically increasing or decreasing. Like the zero temperature case the peaks
shift towards the origin of w and then disappear for larger values of k. In fact,
like at zero temperature there exists a range of k£ for which there are peaks. This
window of k for which the peaks exist shrinks as the temperature is increased.

Large w: In the large w limit for fixed k the Green’s function should behave as,
|G (w)] ~ w*™ | With a(m) = 2A — d. This scaling behavior can be verified nu-
merically for our Green’s function. We get the following results from our numerical
computation at finite temperature: a(0.5) = 2.229, a(1) = 2.830, a(1.5) = 3.627.
These may be compared to the analytical values: «(0.5) = 2.236, a(1) = 2.828,
a(1.5) = 3.605. We have verified that results correct to the first decimal place can
be obtained for the real and imaginary parts of the Green’s function both for finite
and zero temperatures. Similarly the same scaling can be checked for large k£ with
fixed finite w. We get the numerical answers correct to the first decimal place as

above.
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Figure 11.5: ReG(w) and ImG(w) for £ = 0 and for the following values of @:
1.998 (Blue), 1.99 (Red), 1.98 (Green), 1.97 (Pink), 1.95 (Black)
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Conclusions I1

We have attempted to understand the behavior of Green’s functions of a 1+1
field theory with some background charge density using the AdS/CFT correspon-
dence. The forms of Green’s functions of scalars, fermions and currents have been
obtained at zero as well as non-zero temperatures. The fermion Green’s func-
tion shows interesting behavior - not typical of a Landau Fermi liquid and can
be termed non-Fermi liquid. In 141 dimensions one may expect Luttinger liquid
behavior under some circumstances. At high frequencies this is seen. However at
low frequencies the behavior is quite different and seem to have similarities with
Fermi-Luttinger Liquid. We have also made detailed comparison for 7' =0, w — 0
with expectations from AdS,; and found reasonable agreement. In particular the
intriguing log periodicity found in [73, 75| is also seen. We have also suggested a
possible explanation for the k-independent non-analyticity at w = 0 in the fermion
(or scalar) Green’s function from the point of view of the boundary theory. The
non-analyticity can be explained if there are modes with almost zero velocity (i.e.
non propagating) that interact with these fermions. These could be impurities for

instance.
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Summary and Scope

In this thesis we have studied two applications of AdS/CFT conjecture. In the
first part of the thesis we have used the conjecture to understand the IR cut-off
appearing in the calculation of partition function of matrix model for strings. This
apparently ad hoc introduction of IR cut-off is crucial to investigate phase tran-
sition in matrix model, and hence the Hagedorn transition. In the second part,
we have used AdS/CFT conjecture to analyze the duality between Charged BTZ
black hole and Luttinger liquids. We will here summarize the results and discuss

some future directions.

13.1 Hagedorn transition in Matrix Model for Strings

In this part of the thesis (Chapter 4-6), we have studied 1-loop partition function
of DLCQ M-theory for two phases : Long D-strings and Clustered. By compar-
ison of free energy we found two possible phase transitions. As we increase the
temperature from zero, String phase dominates, at a temperature 7y this Long
D-strings “Cluster”, which we identify as the Hagedorn transition. As we increase
the temperature, there is a Gregory-Laflamme kind of transition to again string
phase. This may be the reminiscent of T — % symmetry discussed in [45, 39|, as
the “second Hagedorn transition” where the thermal tachyon vanishes. It was also
recently found in analysis of thermodynamics of p-adic string theory in [142, 143|.

A proper understanding for this duality symmetry in temperature is still lacking.
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We have found that Ty ~ LLO, where Ly is the IR cutoff of the Yang-Mills theory
which needs to be introduced to make the calculations well defined. This can be
an artifact of the perturbation theory. We can in principle use AdS/CFT corre-
spondence for DO-branes, to construct supergravity duals for the matrix model or
the SYM theory configurations we have considered, which may throw light on the
origin of this IR cut-off. In this thesis, we have demonstrated for simple super-
gravity model that such an IR cut-off has to be introduced in the dual theory if
we ignore finite g; corrections. But an exact analysis for the supergravity models
for the configurations considered in this thesis is yet to be done. Also simple pa-
rameter counting shows that the BFSS matrix model needs one more dimensionful
parameter if it is to be compared with string theory at finite g, so the IR cutoff L,
can be thought of as one choice for this extra parameter. Higher loop calculations

for the partition function may also resolve this issue.

In our analysis we have considered the background of time component of the
gauge field to zero. Introduction of a finite value for the background (chemical
potential) removes the necessity of IR cut-off, by introduction of another scale given
by chemical potential. Our result is the special case of zero chemical potential.
The effect of non-zero background of Ay was studied in a different context in [21].
The effect of non-zero chemical potential needs to be analyzed for our case. Also
we have considered only two possible configurations, a complete analysis of the

phase structure for matrix model is lacking.

13.2 Duality between Charged BTZ black hole and
Luttinger liquid

In the second part of the thesis (Chapter 9-12) we have studied the behavior of
Green’s functions of a 1+ 1 field theory with some background charge density us-
ing the AdS/CFT correspondence. We have studied Green’s functions of scalars,
fermions and currents in the boundary theory have been obtained at zero as well

as non-zero temperatures.

So far the use of AdS/CFT in Condensed matter was limited to the study of
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boundary theory where calculations can not be done, but in 1 4 1 dimension due
to presence of various analytic tools like Bosonization, our aim was to explore the

duality from both sides.

The fermion Green’s function shows interesting behavior of Fermi-Luttinger
liquid, which is Luttinger liquid with a non-linear term in dispersion. Our hope
is that this Green’s may be equivalent to a strong coupling limit of this Fermi-

Luttinger liquid.

We were also able to suggest a possible explanation for the k-independent non-
analyticity at w = 0 in the fermion (or scalar) Green’s function from the point
of view of the boundary theory, by constructing a toy model. It was seen in this
toy model, the non-analyticity can be explained if there are modes with almost
zero velocity (i.e. non propagating) that interact with these fermions. These could
be impurities for instance. Further progress can be made by incorporating more

features of the Green’s function in our toy model.

Another immediate extension of our work, will be to construct Green’s function
corresponding to massive fermions, which we were unable to presently due to some
technical problems in constructing proper numerics. Bulk mass corresponds to
scaling dimension of boundary operators, so massive fermion analysis will provide

an opportunity to study operator with scaling dimension identical to free electrons.

As a test of our numerics we have compared it with various limits where ana-
lytical results can be obtained, and it shows a very reasonable match. In particular

the intriguing log periodicity found in [73, 75| is also seen.

The conductivity behavior is seem to qualitatively match with doped Mott in-

sulator, but a detailed comparison needs to explored.

Finally there is the obvious question of understanding what experimental setup
would correspond to these theories. There is an ample amount of experimental sys-
tems available in 1+ 1 dimensions, like edge modes of quantum Hall liquid, carbon

nanotubes, cleaved edge semiconductor wires, antiferromagnetic spin chains, and
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cold atoms in 1D optical traps. Connections with these experiments may provide

“experimental” verification of AdS/CFT conjecture!
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Dimensional Reduction of 10-dimensional

Super-Yang-Mills Theory

We will review the dimensional reduction of super Yang-Mills theory following [90,
85].

A.1 10d Super Yang Mills (SYM)

(9 + 1)-dimensional U(N) N = 1 super Yang-Mills action with metric 7, =

diag(+1,—1, -+ ,=1) (u, v runs from 0, 1,--- ,10) is given by,
S = L/dlox _Lpa pra | Lgerep pe (A1)
9y 4 2 ! .
where !,

F.=0,A, —0,A, —i[A,, A)
D,V =9,V —i[A,, V]
A, =140 + T A5,

U =00 4 Ty (A.2)

The gauge potential A, and Majorana-Weyl spinor ¥ are in the adjoint representa-

tion of the gauge group U (V). T* is the generator of the SU(N) part of the gauge

!'Summation over repeated index implied unless otherwise stated
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group satisfying [T¢, T?] = i f%T*, where f%¢ is completely anti-symmetric struc-
ture constants. I is the N x N Identity matrix and (A, W°) represents U(1) part
of U(N). In the following analysis we will suppress the U(NV) indices. The 32 x 32
Dirac matrices I'), (u = 0,---,9) satisfies {I',,I',} = 21,,. The supersymmetry

transformations that leaves the action invariant is given by,

0A, =il ¥

1
oW = SFu e (A.3)

where € is an constant anticommuting Majorana-Weyl spinor and I',,, = %[F”, r,l.

We will rewrite the gamma matrices in the following form,

FOZFOZ]]_(X)O'Q
I =-I"=7®io
[,=I"-T"=1®o0; (A.4)

where, 7; are 9 real symmetric 16 x 16 matrices satisfying {v;,v;} = 26;;. 1 is the

16-dimensional identity matrix and ;23 are the usual Pauli matrices,

e (01) (M) (1) e
10 v 0 0 -1

The first 8 v matrices can be identified with the Dirac matrices of spin(8) and the

last with 8 dimensional chirality. We will also use 16 component spinors 1 defined

by
vve () a9

) ] . .
S = Q_/dlox Tr [__FWFW + EQPTDow - £¢T%’Di¢ (A.7)
9y m 4 2 2

The action now becomes,

For reduction to 0 4+ 1-dimensions, all the fields are taken independent of all

space directions. The volume term in the direction which the reduction is done is
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dropped. The action (eqn.(A.1)) becomes ( 1" denotes transpose),

1

B 29)2/M

S

/ dtTr [(DoAi)Q + %[Al-, AP + i Doy — ] As, w]] (A.8)

Let us now define A; = % and ) = —%—. The action becomes,
(2ma’)2

1
20l

/ dt Tr {(Doxi)2 + %mp@, X2 + i Doy —

1

5 (2ma)

vy [Ai> w]]
(A.9)

where, ¢2,, = The above action is same as the one considered in BFSS

Js
4m2]3 -

matrix model (eqn.(2.1)).

A.2 From 10top+1

Consider all fields in 10d SYM action (eqn.(A.1)) independent of z,41,- -, Z1o.

Let us consider the indices u,v,--+ rums from 0,1,--- ,p and ¢,7,--- from (p +
1),---,10. Then the dimensional reduction gives,
1 (p+1) 1 1 5 1 , &7 1 -
S = 5 dp x TT —(DMAz)(DMAZ) + —[Ai, AJ] — —FM,/F“ + —’QZ) lp’gﬁ — —’QZ)
9o m 2 4 4 2 2
(A.10)

where I) = 1Dy — v, D, and 1 is 16 x 16 identity matrix.
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Background Gauge Fixing

Consider dimensionally reduced maximally supersymmetric U(N) Yang-Mills the-

ory in 10-dimension to (p+1) dimensions (Appendix A),

1

SYM = /derlEYM = /dexTT{(DMAi)(D”Ai) + %[AzﬁAj]Q

29)2/M

1
—EFWFW +4i07 DO — 07 ~,[A;, 0]} (B.1)

where ) = 1Dy — >, . ,vD; and 1 is 16 x 16 identity matrix. 1n,, =
(1,-1,-1,---,—1) and v (i = 1,---,8) are 16 x 16 Dirac matrices of spin(8).
Yo = 71 ---7s is the corresponding chirality matrix. The field content is given by
the gauge potential A,, 16 component Majorana-Weyl spinor ¢ and 10 — p scalars
A;, all in the adjoint representation of U(N). Also, D,e = 0, ® —i[A,, e] , where
e can be replaced by any of (A,6). We will review the background gauge fixing
method in this case following [144|.

Let us consider,
A, = a,+ A’#
6 = ©0+0 (B.2)
Where a,,a;,© are background fields obeying classical equation of motion. Let

us define a new covariant derivative as D, = 0, — ila,,e]. The primed fields

are quantum fluctuations which is integrated out in the path integral to calculate
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partition function. Also,
B = Fuv + (DMA:/ - DVAL) - i[A:u Al (B.3)

where, Fm, = Oya, — O,a, —ila,, a,].
Now the allowed gauge transformation is the ones which keep the background
unchanged, i.e. da, = da, = 00 = 0.Then the gauge transformation on the

fluctuations are given by,

6A;, = Dua—ilA) q
SA, = —i[Aq]

19

80" = —ilf,q] (B.4)
The gauge fixing condition we use is,
D,AM =0 (B.5)

therefore the Gauge fixing Lagrangian,

1
2912/1\45

Ly = Tr(D,A")? (B.6)

where ¢ is an arbitrary parameter (£ = 0 gives Landau gauge and £ = 1 Feynman
gauge) and the ghost Lagrangian,

1

B 2932fM

Ly Tr{(D,@)(D*w — A", u])) (B.7)
Where w and @ are ghost and anti ghost respectively. Consider the background
such that a; =0, © = 0 and Q = Q = 0, where € is the background for ghost. Let
us consider the Lagrangian up to quadratic in quantum fluctuation or the 1-loop

Lagrangian. We also use the classical equation of motion for the background fields.
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We get,

1 _ _ 1o = _ _ _
£ = g Trl(Dul)? = (Dud ) = 5 Fo P — A AP + (D) + 67 W)

1 _
) = - Tr(D,A")?
9 205 m§ (D)
1 _
Ly = 53— Tr{(D,@)(D"w)} (B.8)
9y m

Then the full gauge fixed 1-loop Lagrangian in Feynman gauge (£ = 1) is given by,

L = L TR {(DAY? — (DAL — S Ey PR — AL AL
205 s 2 :
+ 070 + (D,&')(DFW')}

= L TR A(DPAL+ ALDYA — LE F A
29y m 2 8
+ 07D — &' (D)*W)} (B.9)

Now consider the case p =1 i.e. (1 + 1)-dimensional SYM, then the above action

becomes,
£O = o Tr{- (D) A+ (DY Ay — A5(D) My + Fy + 21043 F
+ 07D — &' (D)*W)} (B.10)

where 1 = 0,9 are the two dimensions of the SYM, D? = D2 — D2, and i =

01

1,---,8. Let 0 = , where 0 5 are eight component spinors. Also consider

2

1 0 1 0 >
1— 8x8 and o = 8x8 ) Then, QT’EQ’ = Q?(Do—Dg)gl—f—
0 8x8 0 —18><8

Qg(DO + D9)92 Where, 9?72 = 0172.
The Euclidean action is defined by S = —iS(t = —ir, A = iA.) (where, path
integral is defined as Z = [ D[e]e*l*) = [Dle]e~521*) and 7 is considered real),

Sg) = 75 ! /dT Tr{A{(Dg)*A; + AL (Dg)* Al + Ay(Dg)* Ay — FZy — 20 AL A Frg
9y M
— 07(D, —iDy)0, — 01(D, 4 iDg)0, + &' (Dg)*w)} (B.11)
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where (Dg)? = (D;)? + (Dy)%. Consider the case a, = 0,a9 = constant, then

F.9 = 0 and the action becomes,

S0 = —5a [ dr THADL A+ AL (DL A, + ADi) A,

2912/M
— (D, —iDy)0, — 03 (D, 4 iDyg)0y + &' (Dg)*w’)} (B.12)

Which gives the 1-loop Euclidean partition function as (Note: as 6 and 67 are not
independent, the path integral of the fermionic fluctuation will also give a factor

of % like bosonic, but with a opposite sign),

10 _ 8 _ 8 _ _
an(l) — ?Tr(ln D?;)bosom’c — §TT(Z77, DL)fermionic — §TT(Z7’L DR)fermionic - Tr(ln szE')ghOSt
= 5Tr(ln D%)bosomc —A4Tr(ln D%)fermiomc —Tr(ln D?E)g;wst (B.13)

where Dy and Dy, are operators acting on the left moving and right moving fermion,
and D2E = DLDR-
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Numerical Programming

In this appendix Mathematica 7 codes used for various calculations for the second

part of my thesis are given.

C.1 Fermion

Here w is the frequency, k is the momentum and p = (Jq. € is a small cut-off near

z = 0. For zero temperature ) = 2.

C.1.1 Zero Temperature

The following is the Mathamatica code used in computation of Fermion Green’s
function calculation at zero temperature (Q = 2), (GreensOT|w ,k ,p ,e | is
the Green’s function at zero temperature, GreensOTpre[w ,k ,pu e |is the same
code but with more precision. Here the precision was set to 20 for the input vari-

ables, which can be altered by changing the parameter in SetPrecision|| function
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and simultaneously changing the parameter WorkingPrecision in NDSolve.)

GreensOT|w ,k ,u_,e |:=
Module[{kt = w, kx = k,mu = p,emod = ¢, f, z, Sol, G, bc0, bcl, el = 10 ¢},
(*el is a small number in bc0*)

flz_]:=1— 2> +22* Log[z];
mu? )
bcO = ]Sqrt[T — ka® + Iel]/(mu/Sqrt[2] + kz);

(*exactly at w = 0 the b.c. is given by bc0 otherwise it is bel = I ,I = /—1%)
bel = I(1 — KroneckerDelta|kt, 0]) + KroneckerDelta|kt, 0] bc0; Sol =
NDSolve[{ f[2]G[2] + G[z]?* (kt+

mu Log(z] — kx Sqrt[f[z]]) + (kt + mu Log[z|+

kx Sqrt[f[z]]) == 0,G[l — €] == bcl}, G, {z,¢,1 — €},

MaxSteps — Infinity|; Evaluate[G[e]] /.Sol[[1]]]

Greens0Tprjw ,k_,u_,e_|:=
Module[{kt = SetPrecision|w, 20], kx = SetPrecision[k, 20], mu = SetPrecision[u, 20],
emod = €, f, z, Sol, G, bc0, bcl,

€l = 10" — 3¢}, (*el is a small number in be0*) fz_]:=1 — 2”2 + 22"2Log]|2];
2
be0 = qurt[% — ka? + Iel]/(mu/Sqrt[2] + ka);

(*exactly at w = 0 the b.c. is given by bc0 otherwise it is bel = I 1 = /—1%)

bel = I(1 — KroneckerDelta[kt, 0]) + KroneckerDelta[kt, 0]bc0;

Sol = NDSolve[{ f[z]G’[2] + G[2]*(kt + mu Log[z] — kx Sqrt[f[z]]) + (kt + mu Log[z]+
kxSqrt[f[z]]) == 0,G[1l — €] == bel}, G, {z,¢€, 1 — €}, WorkingPrecision — 19,
MaxSteps — Infinity];

Evaluate|G|e]]/.Sol[[1]]]

Now we define derivatives (fop,fkp,foppr,fkppr) of the imaginary part Green’s func-

tion (fok,fokpr) with respect to w and k. We define derivatives for finite change in
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w and k given by Aw = Ak = epsilon ~ 10~%. We have set ¢ = 107* and u = 1.

epsilon = 10~ fok[z_,y_]:=Im|[Greens0T [z, y, 1,107%]];
foplz_,y J:=(fok[z + epsilon,y| — fok|x, y])/epsilon; tkp[z _,y |:=

(fok[x, y + epsilon] — fok[x, y])/epsilon; fokpr[z ,y ]:=Im[Greens0Tpr[z,y, 1,107*]];

foppr[z_,y_|:=(fokpr[z + epsilon,y] — fokpr|x, y])/epsilon;

maxol| finds the maximum of fok|w, k| with respect to w at a fixed k. maxk]]|
finds the maximum of fok|w, k| with respect to k at a fixed w. The output of these
functions are as follows: {w, k, fokmazx, fokmaxp}, where w or k gives the position
of the maximum depending on which is kept fixed. fokmax = fok|w, k] is the value
at the maximum and fokmaxp = fop|w, k] or fkplw, k| is the value of the respective
derivative at maximum. The loops for searching maximum starts at an initial guess
for the position zstart(or ystart) and terminates when either fokmaz > fmax or
fokmaxp < delta. fmax and delta are given as input. We have to also give astart

as input, which determines the initial step size for maximum search in the loop.

maxolk ,astart ,xstart  delta_, fmax ]:=

Module[{z,y,a}, x = xstart;y = k; a = astart; Label[1];
While[fop[z, y] > delta&&fok|x,y| < fmazx,z+=al;a = .5a;
If[Abs[fop|x, y]] < delta||fok|x,y] > fmax,Goto[end]];

While[fop[z, y] < delta&&fok|x,y] < fmazx,z+= — al;

a = .5a; If[Abs[fop|z, y]] < delta|/fok[z,y] > fmazx, Goto[end], Goto[1]];
Label[end]; {x, y, fok[z, y|, fop[z, y| }]
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maxk[omega ,astart ,ystart ,delta ,fmax |:=

Module[{z,y,a}, z = omega;

y = ystart;a = astart; Label[1]; IfAbs[a] < 107", Goto[end]]; While[fkp[z,y] > delta
&&fok[z, y] < fmax, y+=al;a = .5a;

If[Abs[fkp[z, y]] < deltal/fok[z,y] > fmaz, Gotolend]];

Whilelfkp[z, y| < delta&&fok|z,y] < fmaz,y+= — a];a = .5a;

If[Abs[tkp|z, y]] < delta||fok[z,y] > fmaz,

Gotolend], Goto[1]]; Label[end];

{z,y, fok[z, y, fkp[z, y] }]

[ B —

The module maxkloop]| searches for maximum of fok|w, k| for a range of w between
wst and we and at a interval int. yst corresponds to the initial guess for position of

maximum along k at w = wst. ast is the value of astart used in previous program.

maxklooplwst _,ast_,yst_,we_int_|:=

Module[{z, y, a, data, Nsteps,i = 1}, x = wst;y = yst;

a = ast; Nsteps = Abs[Round[(we — wst) /int]]; For[i = 1,7 < Nsteps,i+-+,

d[i] = maxk[z, a,y, 1074, 10%); 2 = x + int; y = N[d[i][[2]]]]; Table[d[i], {i, 1, Nsteps — 1}]]

C.1.2 Finite Temperature

The following is the Mathamatica code used in computation of Fermion Green’s
function calculation at finite temperature (¢ # 2). The module PrecisionSet|z, pre]
sets precision of x to desired value pre. The module GreensFiniteTpre[w, k, @, g, €, pre]
calculates the Green’s function at finite temperature. € sets the boundary cut-off
near z = 0. fokpr|] is the imaginary part of the Green’s function at ¢ = £, @ = 1.99
and pre = 25. Analysis at various values of temperature are done by changing ()
at fixed ¢. fkppr|| evaluates derivative of fokpr|| w.r.t. k at fixed w using “finite

difference approximation” (¢) as in zero temperature case.
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PrecisionSet[z_, pre_| := If[Precision[z] == Infinity, N[z, pre], SetPrecision|z, pre]];
GreensFiniteTprelw ,k ,Q ,q ,e ,pre_ |:=

Module[{kt = PrecisionSet|w, pre], kx = PrecisionSet|[k, pre], cl =
PrecisionSet[Q), pre], ¢2 = PrecisionSet[q, pre],emod = €, f, z, Sol, G, sg, T},
flz_]:=1— 2> + ((2%c1?)/2)Log[z]; Sol =

NDSolve[{ f[2]G"[z] + G[z]*(kt + c1c2Log[z] — kaxSqrt[f[z]])+

(kt + clc2Log[z] + kxSqrt[f[z]]) == 0,

G[l — ¢ ==1},G,{z,¢,1 — €},

MaxSteps — Infinity, WorkingPrecision — N [pre — 1]|; sg = Evaluate|[G[e]] /.Sol[[1]]];

fokpr[z y eNd | := Im[GreensFiniteTpre[z, y, 199/100, 1/2, e Nd, 25]];

fkppr[z y e eNd_] := (fokpr[z,y + €, eNd] — fokpr[z, y,eNd]) /e

The module maxkpr|] is similar to what described for zero temperature (maxk]||),
with a slight modification, which alters the value of € (parameter of finite difference

approximation) according to the step size in the loop. maxklooppr|| is similar to
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the module used in zero temperature case (maxkloopl||).

maxkprlomega_,astart  ystart ,delta , fmax ,eNd_|:=

[
Module]
If[Abs[a] > 107 e = 107" ¢ = al0™"];

While[tkppr|x, y, €, e Nd| > delta&&ftokpr|z,y, e Nd] < fmaz,y+=al;a = a/2;

If[Abs[a] > 107% e = 107'°, ¢ = a10™*]; If[Abs[fkppr[z, y, €,

eNd]] < deltal/fokpr[z,y,eNd] > fmaz,

Gotolend]]; While|fkppr[z, y, €, e Nd] < delta&&fokpr[z,y, epsilonNd| < fmaz,y+= — al;
a = a/2;If[Abs[a] > 107% e = 107'% ¢ = a107*];

If[Abs[tkppr[z, y, €, e Nd]] < delta|/fokpr|x,y,eNd] > fmax, Gotolend], Goto[1]];

If[Abs[a] > 107% e = 107 e = a10™*]; Label[end]; {omega,

Nly, Abs[Log[10, deltal]] + 1], fokpr|[z,y, eNd],

fkppr(z, y, €, eNd]}]

{z,y,a,€e},x = omega;y = ystart; a = astart; Label[l]; If[Abs[a] < delta, Goto[end]];

maxklooppr|wst ,ast_,yst ,we ,int |:=

Module[{z, y, a, d, data, Nsteps, i = 1}, = wst;y = yst; a = ast;

Nsteps = Abs[Round[(we — wst)/int]];

For[i = 1,i < Nsteps + 1,i++, d[i] = maxkpr[z, a, y, 10" —7,10"7,10" — 10]; 2 = = + int;
y = d[d][[2]]; Table[d[i], {, 1, Nsteps}]]

Rootfindpr|w, zi, f0, 0, e Nd], finds solution for the equation of the form fokpr|w, k, e Nd| ==
f0 at a given w. k = zi is the initial guess for the solution. § sets the allowed error

in the solution. eNd is the boundary cut-off in the Green’s function.

Rootfindprfw ,xi ,f0 ,d ,eNd |:=
Module[{z = xi, A}, While[True, A = N[(f0 — fokpr|w, z, eNd]) /fkppr[w, z, 10" — 10, eNd]];
(*Precision is MachinePrecision*)

If[Abs[A] > 0,z = z + A, Break([]]]; z]
FWHDMpr|w, x1i, 22i, f0, 0, e Nd], finds the Full-Width-at-Half-Maximum (FWHM)
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in the k-direction (dk) for a given w. It uses the Rootfindpr|| function to determine

two values of k for which the value of the function fokpr|| has half of its maximum

value (f0 = ! 5%, where fmax is the maximum value). The initial guesses for

the two values are z1¢ and z2:. For a range of w, the data set for peak position
and peak values are first obtained using maxklooppr|| and the output is stored as
mazxkdata. FWHMloop|| uses the mazkadata list to calculate the FWHM for the

range of w.

FWHMpr(w ,zli ,22i ,f0 ,6 ,eNd |:=
Module[{z1, 2, width}, z1 = Rootfindpr|w, x1i, f0, d, e Nd]; x2 = Rootfindpr|w, 221, f0, J, eNd];
width = Abs[x1 — x2]; {x1, x2, width}]

FWHMloop|wst _,ylst_,y2st ,we ,int_]:=

Module[{z = wst, y1l = ylst,y2 = y2st, d, data, Nsteps, i = 1},
Nsteps = Abs[Round|(we — wst)/int]]; For[i = 1,7 < Nsteps + 1, i++,
d[i] = FWHMpr|z, y1,y2, maxkdatal[i]][[3]] /2, 10" — 7, 10" — 10];

z = +int;yl = dli][[1]]; y2 = dl][[2]];

Print[i, d[¢]]]; Table[{maxkdata[[¢]][[1]] (*w _**),d[:][[3]]}, {7, 1, Nsteps}]]

C.2 Vector

Solution near boundary, z = € = ep (€ is a small number, close to zero) for gauge

field perturbation is given by a(z) ~ a® + a~ Log(z). So, am = a~ = zd/(z)

Z=€

and ap = at = [a(z) — a” Log(z)]

Z=€
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Appendix C. Numerical Programming

C.2.1 Finite Temperature

The module Cond|w, g, ep| gives Conductivity at finite temperature, where ¢ is the

square of the black-hole charge.

Condlw_,q_,ep_]:=Module[{Q = q,e = ep,eqn, kt = w, v, f, At,

Je,Be,Bel, L, E1, H1,am,ap, F,r, S, x},

Clear[dx]; f[r_]:=1 —r* 4+ (Qr*/2)Log[r]; T = (1 — Q/4)/(27); v = Iw/(4nT);

d0) = 15 1 =5 eqn=r il Flr] + FI)(@v + Ur ] + fr) P+

(r vl —1) I+ v rf 1+

I+ rf I f ]+ r(kt* = QF D) F[r]; Je[r _J-=Sum[d[5](1 —r)’, {j, 0,n}];

(* Je|r] is the near horizon (r=1) solution ansatz for the equation (eqn==0)%*)

L = Table[FullSimplify[SeriesCoefficient[eqn/.F — Je, {r, 1,i}]], {i,n}];

(*L[[i]]==0 is the equations obtained by putting the ansatz (Je) in the expression (eqn),

then expanding in the power series about r = 1, and subsequently

setting the coefficients of each power to zero *)

For[i = 1,i <n+ 1,i++,S; = d[i]/.Solve[L[[:]] == 0, d[:]][[1]]; d[i] = Si];

(* The unknown series coeff of the ansatz, d|[i]] are obtained solving the coupled equations L*)
Be[r_]:=Sum[d[j](1 — r)?,{j,0,n}]; Bel[r_]:=D[Bc[z],z]/.x — 7;

(*Bc]r], and Bel[r|=Bc’[r| are solutions of eqn near horizon, and used for boundary condition*)
E1 = NDSolve[{eqgn == 0, F[1 — ¢] == Be[l — €], F'[1 — €] == Bel[l — €|},

F {r,e,1 — ¢}, MaxSteps — 107]; H1[r_]:=f[r]"(v)Evaluate[F[r]]/.E1[[1]][[1]];

am = r D[H1[r],r]/.r — € ap = Hl[¢] — am Log[e]; —1/(kt)(ap/am)]

149



Appendix C. Numerical Programming

C.2.2 Zero Temperature

The module Cond|w, ep| gives Conductivity at zero temperature,

CondTO[kt_,ep ]:=Module[{e = ep, eqn, eqnl,w = kt, T, f, At, Je,
Be, Bel, E1,H1,am,ap, g,r,S,x,n,i, L,d},
Clear[d*]; f[r_]:=1 — r® + 2r’Log[r]; d[0] = 1;n = b;eqnl = g [r] + (1/r + f'[r]/ flr]+

w w? w? 8

Tw/(1—7)? + Tw/(3(1 —7)))g'[r] + <2(1 e s T S A
(% + ) ?
Ay T w/6Ue/6+ D1/

Lw/(6(1 =)/ + f'[r)/ fIr] + Lw/(1 = 7)*))glr];

eqn = (1 - r)eqnt; Jefr_:=Sumfdlj](1 - )7, {j,0,n}];

L = Table[FullSimplify[SeriesCoefficient[eqn/.g — Je, {r, 1,i}]], {7, n}];

For[i = 1,i <n+ 1,i++,S; = d[i]/.Solve[L[[i]] == 0, d[d]][[1]]; d[:] = Si];
Be[r_J:=Sumld[j](1 —)?,{j, 0,n}];

Bellr |:=D(Bclz], z]/.x — r;

E1 = NDSolve[{egn == 0, g[1 — €] == Be[l — €], ¢'[1 — ] == Bel[l — €]}, g, {r,€,1 — €},
MaxSteps — Infinity]; H1[r_]:=BExp[Iw/(2(1 — r))]((1 — 7)1/ Evaluate[g[r]] /.E1[[1]][[1]];
am = r D[H1[r],r]/.r — € ap = Hl[¢] — am Log]e];

~ I/(w)(ap/am)
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Appendix C. Numerical Programming

C.3 Scalar

C.3.1 Finite Temperature

The following is the Mathamatica code used in Scalar Green’s function calculation

at finite temperature,

Solution[N _,epsilon_,omega_, momentum_,charge |:=

Module[{nt = N, w = SetPrecision[omega, 30], ep = SetPrecision [epsilon, 30],

k = SetPrecision[momentum, 30],

() = SetPrecision|charge, 30|, P, delta, A, B, V, S, L, HorizonSeries, HorizonSeriesPrime},
Clear[b*, a*];

SetPrecision[a*, 30]; SetPrecision[b*, 30]; T = 1/(4Pi)(2 — Q"2/2);
SetPrecision[T, 30]; m = 1/2; SetPrecision[m, 30];

p = SetPrecision[1 + Sqrt[1 + m”2], 30]; deltalz_]:=1 — 22 + 2"*2/2Q"2Log|2];
Plz_]:=1—2"2 + 2"2Q"2Log|2]/2; Alz_|:=2"2P[2]"2;
Blz_]:=2P[2](2"2(Q"2/2 — 1) + 2"2Q"2Log[z]/2 — 1); V[z_,w_]:=

— P[2]k"22"2 + 2"2(w + QLog[2])"2 — m"2P[z]; S[z_|:=

Sum(a[n](z — 1)"n, {n,0,nt}];

(*Series expansion near horizon*)

d = —Iw/(4PiT); SetPrecision[d, 30]; L[z _,w_|:=
Series[D[S|z], {z, 2}|delta[z]"2A[z] + D[S[z], z](B[z]delta[z]"2+
2ddeltalz] D[delta[z], 2] A[z]) + S[z](delta[z] 2V [z, w]+

Alz]d(d — 1)Dldelta[z], 2]"2 + d B[z]delta[z] D[deltalz], 2]+
ddelta[z] D[delta[z], {z, 2}|Alz]), {2, 1, nt}];

(*Finding solutions for series coefficients ali]*)
b[0] = a[0]; For[i = 3,7 < nt + 1,i++,b[i — 2] = a[i — 2]/.Solve[SeriesCoefficient[L[z, w], {z, 1,}]
== 0,ali — 2]][[1]]; als — 2] = b[i — 2J};
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Appendix C. Numerical Programming

(*Writing Series at horizon™)
HorizonSeries[z_,w_ ] = Sum[b[n](z — 1)"n, {n,0,nt — 2};

HorizonSeriesPrime[z_,w | = D[HorizonSeries|z, w], z];

(*Solving the differential equation numerically*)

al0] = 1;zb = ep;

PhiEqn:—DI[G|z], {z, 2}]deltalz]"2A[z] + D[G[z], z](B|z]delta[z]" 2+

2ddelta[z] D[delta[z], 2] A[z]) + G[z](deltalz]"2V [z, w] + A[z]d(d — 1) D[delta[z], 2] 2+
dB|z]delta[z] D[delta|z], z] + ddelta[z] D[delta|z], {z, 2}] A[z]):

Final = NDSolve[{PhiEqn == 0, G[1 — ep] == HorizonSeries[1 — ep, w], G'[1 — ep]
== HorizonSeriesPrime[l — ep, w|}, G, {z,zb, 1 — ep}, WorkingPrecision — 25,
MaxSteps — Infinity];

Source[z_] = delta[z]? G[z]zP~?; Fluctuation[z | =

D[Source[z], 22372 /(2p — 2); gw = Fluctuation[zb]/Source[zb]/.Final]

C.3.2 Zero Temperature

The following is the Mathamatica code used in Scalar Green’s function calculation

at zero temperature,

nt = 7; (* number of terms *)

ep = 10" (—5); SetPrecisionep, 30]; Q = 2; SetPrecision[Q, 30]; m = 1/2;
SetPrecision[m, 30];d = I — Iw/6; p = SetPrecision[1 + Sqrt[1 + m”2], 30];
Plz_]:=1—2"2 + 2"2Q"2Log|2]/2; Alz_]:=

2"2P[2)"2; Blz_|:=2P[2](2"2(Q"2/2 — 1)+

2"2Q"2Log2]/2 — 1);V[z_,w_]:= — P[z]k"2z"2+

2"2(w + QLog[2])"2 — m"2P|z];

S[z_]:=Suml[a[n](z — 1)"n, {n,0,nt}];
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Appendix C. Numerical Programming

(*Series expansion near horizon*)

Liz_,w_|:= Series[4S[z]V[z,w](=1 + 2)"4+

2B[2](—1+ 2)"2((Tw + 2d(—1 + 2))S[z] + 25'[z](=1 + 2)"2)+

AlZ]((—w(w +4I (=1 + 2)) + 4d(1 + Tw — 2) (=1 + 2) + 4d"2(—1+ 2)"2)S[z]
+4(Tw + 2d(—1 4 2)) (=14 2)"25"[2] + 4(—1 + 2)"45"[2]), {z, 1,nt}]; b[0] = a[0];
For[i = 6,7 <nt + 1,i++, b[i — 5]

= afi — 5]/. Solve[SeriesCoeflicient| L[z, w], {z, 1,i}|==0, a[i — 5]][[1]];

ali — 5] = bi — 5]];

(*Writing Series at horizon™)
HorizonSeries[z_,w_] = Sum[b[n](z — 1)"n, {n,0,nt — 5}|;

HorizonSeriesPrime[z_,w_ ] = D[HorizonSeries[z, w], z];

(*Solving the differential equation numerically*)(*
w = 0.1;%)a[0] = 1;zb = ep; PhiEqn:= 4G[z]V [z, w](—1 + 2)"4+

2B[2](—=1 + 2)"2((Tw + 2d(—1 + 2))G[2] + 2G"[2](—1 + 2)"2)+

AlZ)(—w(w +4I (=1 + 2)) + 4d(1 + Tw — 2)(=1 + 2) + 4d"2(—1+ 2)"2)G[z]+
4(Tw+2d(—14 2))(—=14 2)"2 G'[z] + 4(—1 + 2)"4G"[2]);

Finaljomega , momentum_ |:={w = SetPrecision[omega, 30];

k = SetPrecisionmomentum, 30]; NDSolve[{PhiEqn==0, G[1 — ep]==
HorizonSeries[1 — ep, w], G'[1 — ep]==HorizonSeriesPrime[l — ep,w]}, G, {z,zb, 1 — ep},
WorkingPrecision->25, MaxSteps->Infinity] };

Source[z | = Exp[lw/(2(1 — 2))](z — 1)"dG[z]z"(p — 2);

Fluctuation[z_] = D[Source|z], 2]2"(3 — 2p)/(2p — 2);
gw = Fluctuation[zb] /Source[zb];
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