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Chapter 1: Introduction

1.1 Loop Quantum Gravity and low energy physics

Obtaining a quantum theory of gravity is perhaps the biggest challenge in theoretical
physics today. The methods which work perfectly well for matter fields on fixed back-
grounds fail in the case of gravity. In particular, attempts to perturbatively quantize gravity
leads to a non-renormalizable theory. This failure is not so surprising - there are funda-
mental differences between other field theories and General Relativity. We think of the
other field theories as living on a fixed background. Any algorithm to quantize these the-
ories uses information about the particular background the field lives on. On the other
hand the lesson of General Relativity has been that the background geometry is itself dy-
namical. There is thus no ’fixed background’, the picture is one of dynamical fields living
on other dynamical fields. There is therefore no preferred way of splitting the geometry
into a 'non-dynamical background ’ and an ’excitation propagating on this background’
as one would do in the case of usual perturbative field theory. This suggests that applying
background dependent perturbative approaches to quantization of gravity is fundamen-
tally problematic. In more technical terms, incorporating the diffeomorphism invariance

of General Relativity has been a challenge in obtaining a quantum theory of gravity.

But then how do we go about quantizing this theory? Could it be possible to develop
a background independent, non-perturbative quantization for General Relativity? Loop

Quantum Gravity is an approach to do just that to obtain a quantum theory of gravity (

11
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See [1, 2, 3] for reviews). Indeed LQG has had considerable success in obtaining a back-
ground independent quantum theory of gravity, although many challenges remain. The
starting point of LQG is a reformulation of General Relativity as a theory of connection
(as opposed to a theory of metric). This allows one to cast General Relativity as a SU(2)
gauge theory. Some of the important successes of Canonical Loop Quantum Gravity have

been

¢ Obtaining a Kinematical Hilbert Space on which both finite spatial diffeomorphisms
and SU(2) gauge transformations are represented as unitary operators [4, 5, 6, 7, 8].
Thus the theory overcomes the major challenge of incorporating spatial diffeomor-

phisms as a gauge symmetry of the theory.

e The prediction of discrete geometry. One can obtain operators corresponding to
geometrical variables such as area [9, 10] and volume [9, 11] on the Kinematical
Hilbert Space. These operators turn out to have discrete spectra - realizing the old
expectation that the picture of smooth spatial geometry breaks down at the quantum
level. Moreover this discreteness is an essential feature of the theory, the fundamen-
tal excitations in the quantum theory turn out to be a discrete set of one-dimensional

spin networks [12].

e LQG provides an explanation for the black hole microstates and correctly predicts

Bekenstein-Hawking entropy [13, 14, 15].

¢ Quantizing symmetry reduced models of General Relativity using the techniques
of Loop Quantum Gravity leads one to Loop Quantum Cosmology [16, 17, 18].
LQC produces the striking result that the big bang singularity at the beginning of

the universe is replaced by a ’big bounce’.

e Background independent quantizations for matter fields have also been developed,

allowing us to quantize the combined matter-gravity system [19, 20, 21]. This is
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called ’loop quantization’ in the case of gauge fields and ’polymer quantization’ for

scalar fields.

e More recently, there have been hints that a non-trivial anomaly-free representation
of the Dirac Algebra[22] may be realized in Loop Quantum Gravity [23, 24, 25, 26].
So far it has been realized in several toy models that closely mimic LQG. As Dirac
Algebra encodes the general covariance of a theory, this means that we would be

able to establish LQG as a generally covariant quantum theory

Despite these successes, several open questions remain. One of the important open issues
is connecting LQG with the known low energy physics. In this thesis we take up certain

aspects of this problem.

Why is there a problem connecting Loop Quantum Gravity with low energy physics?
For one, the frameworks of LQG and that of perturbative field theory are widely differ-
ent. LQG describes a picture when fields live on evolving graphs. The gravitational and
gauge fields live on the edges of the 1-dimensional graphs while scalar fields reside on
the vertices. This paints a polymer-like picture of the fundamental structure of spacetime.
In perturbative field theory on the other hand the fields are 3-dimensional functions on
smooth backgrounds. But we do know that semiclassical physics is correctly described
by perturbative field theory on a fixed background. The question then is to how to connect

these two pictures.

In this thesis we explore two different aspects of this question. The first is about the
symmetries of low energy physics. How do we understand these symmetries from the
perspective of LQG and matter theories coupled to it? Can this framework support sym-
metries? How may they arise in the low energy limit? We explore this question in two
different cases. In one case we use a toy model (which we will call polymer Quantum
Mechanics) which was introduced to explore how low energy physics can be extracted
from a LQGe-like theory. In another case we consider the case of a scalar field quantized

in a background-independent manner. This is called the polymer quantized scalar field,
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and we study the implementation of rotational symmetries here.

The second question is related to comparing the polymer quantized and Fock quantized
scalar fields. The implementation of background independence in LQG demands that
scalar fields must be polymer quantized. However the semiclassical picture is in terms
of Fock quantized scalar fields. It is therefore essential to be able to compare the two
theories. The Hilbert Space frameworks of the two theories are, however, widely different
[20]. In this thesis we develop a path integral representation for polymer quantized scalar
fields and show that in this representation the two theories look very similar, but with
interesting differences. This provides a first step in further comparison of the two theories,

as well as developing a perturbative framework for the polymer quantized scalar field.

We have mentioned two theories that we will use to explore the low energy limit of LQG in
this thesis - polymer Quantum Mechanics and polymer quantized scalar field theory. The
reason why the term *polymer’ appears in both the names is because the close resemblance
of the quantization procedure used in both the cases. This procedure is called ’polymer

quantization’. We now turn to introducing polymer quantization.

1.2 Introduction to Polymer Quantization

In this section we elaborate the ideas sketched in the previous section in some more detail.
First we provide a brief semi-technical exposition to the ideas of polymer quantization.
Then we discuss how this quantization resembles the one used for the gravitational field in
Loop Quantum Gravity. Finally we return to the question of what the polymer quantized

theories may teach us.
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What is Polymer Quantization?

The name is used for the similar quantization procedures that have been applied to quan-
tize a non-relativistic point particle and a scalar field - procedures which are analogous to
(and inspired by) how the gravitational field is quantized in Loop Quantum Gravity'. That
definition probably raises more questions than it answers. One would ask in what sense
is a quantization of a scalar field or a point particle analogous to a quantization of grav-
ity? Or what would be the motivation for introducing a new quantization for systems like
scalar field theory or point particles, when the old one works perfectly well for all known
physical systems? We’ll address these questions in the next two sections. In this section
we present a short, semi-technical introduction to polymer quantization (a more technical
introduction will be presented in the next section). This will be helpful in understanding
the analogy with Loop Quantum Gravity, which in turn will shed light on our motivations

for introducing this new quantization.

Let us start by asking how this new quantization differs from the old one - the standard
Schrodinger quantization that we are used to. In Schrodinger quantization one starts from
the phase space formulation of the classical theory and elevates the canonically conju-
gate pair of variables to operators in the quantum theory?. In the point particle case, for
example, the position and momentum variables are elevated to operators in the quantum
theory. What distinguishes polymer quantization is that only one of those pair of variables
can be elevated to an operator in the quantum theory. The other basic observable is the
exponentiation of the remaining conjugate variable. In the case of the point particle, this
means that we can’t have both position and momentum as well defined observables. Sup-
pose we choose to have the position operator X well defined. In this case the other basic

operator will be the (family of) translation operator Ua),a € R. Classically, this is the

'Polymer quantization for scalar field was first introduced in [20]. For non-relativistic point particles it
was introduced in [29, 27, 28].

21t should be kept in mind that this only works when the phase space is R*". For topologically nontrivial
phase space this naive elevation does not work.
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exponentiation of the momentum variable U(a) = ¢®?. However the momentum variable
itself cannot be defined as an operator in the polymer quantized theory. Alternately one
may choose the momentum operator and the family of momentum-translation operators
as the basic variables in a polymer quantized theory. Similarly for the polymer quantized
scalar field [20], either the field variable or the conjugate momentum variable may appear

as an operator in the quantum theory.

It may seem odd that while the translation operators U(a) can be defined but the momen-

tum operator doesn’t. Surely we could obtain the momentum operator by taking a limit

U(a)-1

——. The reason why that doesn’t work is U() turns out to be discontinuous

like lim,,_,q
in . We’ll see this explicitly in the next chapter where we describe polymer quantization

in detail.

So it would seem that we are left one operator short, so to speak. For instance, how do
we replicate the harmonic oscillator Hamiltonian in the polymer Hilbert space, if we have
only have well-defined operators for either the position or the momentum? Similarly,
what is the expression for the angular momenta? The only thing that can be done to
replicate these observables is to approximate them. This would require us to introduce a
scale u. For example, we may define an approximate position operator as:

_ 0w -0

H 2iu

Then one may define a Hamiltonian or an angular momentum operator on the polymer
Hilbert Space using these approximate operators. But then the natural question to ask is
how does using approximate operators change the physical predictions of the theory? For
instance, do the modified angular momentum operators have the same commutation rela-
tions? If not, how do we understand something like rotational symmetry in the polymer

quantized theory? These are some of the questions this thesis is concerned with.

3This statement holds for the weak topology on the space of bounded operators on a Hilbert Space, as
we’ll see in the next chapter.
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But before we get there, it is useful to take a brief tour through some of the ideas of LQG.

Loop Quantum Gravity and Polymer Quantization

Loop Quantum Gravity is an attempt to canonically quantize the gravitational field. The
classical starting point for this approach is a Hamiltonian formulation of General Rela-
tivity where the basic variables are taken to be a gravitational connection A’, (called the
Ashtekar Barbero connection) and the triads E?. As is the case with gauge theories, this
gives us a constrained system in the Hamiltonian formulation. There are seven indepen-
dent constraints per phase space point, corresponding to the seven gauge freedoms that
appear in our theory. Four of these correspond to the three spatial and one temporal dif-
feomorphisms that are the gauge symmetries of the General Relativity*. Our particular
choice of variables in the Hamiltonian formulation - connections and triads - introduces an
additional SU(2) gauge symmetry to General Relativity. The three remaining constraints

are the generators of this gauge transformation.

One then follows the two step Dirac quantization process for quantizing constrained sys-
tems. The idea here is to first construct a Kinematical Hilbert Space on which the gauge
transformations would be represented. Then one would look for states in this Hilbert
Space (or rather in a dual of a subspace of this Hilbert Space) which are invariant un-
der the transformations generated by the constraints. They would eventually form the
physical Hilbert Space for the quantized theory of Gravity, after an appropriate new inner

product has been chosen.

Let us focus on the first step - the construction of the Kinematical Hilbert Space. Usually
in the construction of a quantum theory one elevates the basic variables of the classical
theory to operators. In LQG things turn out not to be the slightly different. We have men-

tioned that the basic variables for us are a connection A, and triad variables E¢. The basic

“The oft-repeated statement that these constraints generate the spacetime diffeomorphisms is only true
on-shell. See Chapter 1 Section 4 of [2].
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operators on the Kinematical Hilbert Space are however the holonomies of this connection
along 1-dimensional closed curves and fluxes of the triads across 2-surfaces. The connec-
tion itself fails to be a well defined operator on this Hilbert Space, only the holonomy is
a well-defined operator. Similarly, the constraints that generate spatial diffeomorphisms
fail to be well defined operators, but finite spatial diffeomorphisms can be represented as
Unitary operators. A convenient set of basis states of this space are spin networks. These
can be thought of as basis states of quantum geometry and suggest a polymer-like picture

of quantum geometry where the fundamental excitations are 1-dimensional > .

That last paragraph should remind us of our discussion of polymer quantization. There
too, we saw that the position/momentum (in the point particle case) and the field variable/
conjugate momentum (in the scalar field case ) fail to be well defined operators in the
Quantum Theory. Thus we already see some ways in which polymer quantization mimics
LQG. We’ll see more ways in which the two quantizations resemble each other as we go
on. Particularly, the feature of LQG that finite spatial diffeomorphisms can be represented
as operators while infinitesimal generators of the same diffeomorphisms fail to be well
defined operators has a counterpart in polymer quantization that will form one of the

topics of investigation of this thesis.

To summarize, in this section we have presented a brief overview of Loop Quantum Grav-
ity and drawn attention to its similarities with polymer quantized theories. This paves the

way for us to get a better understanding of what polymer quantized theories can teach us.

3 Actually these are a basis for the Hilbert space formed by gauge invariant subspace of the Kinematical
Hilbert space. We are being loose in the distinction between these two spaces for the purpose of introduction
here.
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Why Polymer Quantize?

A. Motivations for polymer quantization of scalar field theory

As we have previously mentioned, usual quantum field theories require a background
metric for their definition. When the background itself is quantized, as in LQG, no fixed
metric is available. To co-exist with background independent quantization of gravity, mat-
ter fields should also be quantized in a background independent manner. For scalar fields,
polymer quantization provides just that. Here the Hilbert Space is a space of functionals
on scalar fields equipped with a background independent inner product. This quantiza-
tion is thus background independent. From the perspective of background-independent

quantization therefore, polymer quantization of scalar fields is essential.

In this thesis we will study a polymer quantized scalar field in a fixed background. As
noted above, the construction of the Hilbert Space uses no information about the back-
ground metric. Rather, the metric information enters polymer quantized scalar field theory
through the form of the Hamiltonian. Thus while all diffeomorphisms can be represented
by unitary operators on the polymer Hilbert Space, not all of them will commute with the
Hamiltonian. Only the isometries of the fixed metric may commute with the Hamiltonian.
Let us now understand why it is important study polymer quantization in the presence of

a fixed metric.

According to LQG the fundamental quantum picture of gravity coupled with scalar fields
would be given in terms of states living on graphs. The gravitational excitations live on
the edges of the graph while the scalar field excitations would live on the nodes. There
are now two challenges to reproduce the familiar semiclassical picture of Fock quantized
field theory on a fixed background which we know to be valid at low energies. One is
to reproduce a fixed background. To do this one would need to produce semiclassical

states of the gravitational field that are peaked on some fixed background metric. This is
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still an open problem in LQG®. The second challenge is reproduce the predictions of the
Fock quantized scalar field theory from the polymer quantized scalar field theory. Since
the two field theories are very different in terms of Hilbert Space construction, this is a
serious challenge. To tackle this problem, we may study polymer quantized field theory in
a fixed background and see how to compare its predictions to those coming from a Fock

quantized field theory.

B. Motivations for Polymer Quantum Mechanics

Unlike the case of the polymer quantized scalar fields, there is no motivation for a back-
ground independent quantization in a Quantum Mechanics context. The principle reason
we are interested in polymer Quantum Mechanics is that it serves as a toy model that can

help us develop intuition about the unfamiliar domain of loop quantized theories.

As we have seen, LQG presents a picture of quantized geometry that is essentially dis-
crete. Spin network states provide a convenient basis. The basic operators are holonomies
along 1-d curves and fluxes of triads across 2- surfaces. Thus the fields can be thought to
be living on graphs - the gravity and gauge fields on the edges of the graphs and scalar
fields on the nodes. This is a vastly different picture from the one we know from per-
turbative scalar field theory. There one pictures fields as continuous functions living on
smooth 3-slices. A question then is to understand how these frameworks may be related
to each other. This would be necessary to understand how semiclassical physics should

arise from LQG in some low energy regime.

Furthermore in LQG, the diffeomorphism invariant states do not live in the Kinematical
Hilbert Space but in the dual space Cyl* of a subspace Cyl of the Kinematical Hilbert
Space. If the physical states live on Cyl*, should the semiclassical states not live on this
also? However this space is not naturally equipped with an inner product. So a question

is, what role would Cyl* play in connecting with semiclassical physics?

6See [30, 31] for some approaches to this issue.
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Polymer Quantum Mechanics (also known as the polymer particle representation) was
introduced in [29] as a toy model to explore exactly these issues’. Polymer Quantum
Mechanics reproduces many of the essential features of LQG while being much simpler
and mathematically more tractable. We’ve already seen that it replicates the feature that
a basic variable fails to be well-defined as an operator while its exponentiation is well
defined. As we’ll see explicitly in the next chapter, the related fact that there is a discrete
set of basis states is also reproduced in polymer Quantum Mechanics. Spaces analogous
to Cyl and Cyl* appear here as well. All these features make polymer Quantum Mechan-
ics an excellent toy model for exploring the issue of relating the LQG and perturbative
field theory frameworks. The stand-in for perturbative field theory in this comparison is
ordinary quantum mechanics i.e the Schrodinger representation. The connection between
these two unitarily inequivalent representations is explored to obtain insights for the full

theory.

In this section we discussed the motivations for the two polymer quantized theories we
investigate in this thesis. We saw that polymer quantized scalar field theory has a more
direct physical relevance in the context of gravity while polymer Quantum Mechanics is
an important toy model. We are now ready to present the issues explored in this thesis.

We do so in the next section.

1.3 Aspects of Polymer Quantization

The central concern of this thesis is comparing polymer and Schrodinger quantizations.
We’ve investigated two different aspects of polymer quantization which shed some light
on this issue. We have -

(1) Studied how symmetries may be incorporated in polymer quantized theories. Impor-

tant differences from Schrodinger quantized theories show up here. One also discovers

"The same representation had been earlier introduced in a very different context in [27].
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that if one starts from polymer quantization and demands the incorporation of symme-
tries, there is a sense in which one is led to the Schrodinger quantization.

(i1) Obtained a path integral representation of polymer quantized theories. We have ob-
tained path integral formulations for polymer Quantum Mechanics and polymer quantized
scalar field theory. The path integral language is another avenue for comparing the two
quantizations.

Let us understand these statements above in some more detail.

A. Polymer Quantization and Symmetries

In trying to relate LQG with the known low -energy description in terms of fields on fixed
backgrounds, an important question is - how do we obtain the symmetries of these field
theories (for instance Poincare symmetry for a field theory on Minkowski space) from the
description in terms of discrete quantum geometry? The toy model of polymer Quantum
Mechanics can be used to shed light on this issue. Here one compares the implementation
of symmetries in Schrodinger and polymer Quantum Mechanics. We have already seen
a hint that polymer Quantum Mechanics may run into trouble on this issue. We saw
that the absence of either position or momentum operator meant that angular momentum
would not be well-defined as an operator. As angular momenta are generators of rotation,
a natural question to ask would be how do we then implement rotational symmetries in
polymer Quantum Mechanics? It turns out that one can define unitary operators that

implement finite rotations even though infinitesimal generators fail to be well defined.

This had been first explored by Dah-Wei Chiou in the more general context of Galilean
symmetries in [38], which was the first paper to explore the question of symmetries in
polymer Quantum Mechanics. Chiou then explored the approximated forms of the usual
generators (which do not form a closed algebra) and concluded that the deviations are

small within the domain of validity of the non-relativistic model.
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In this thesis we present further investigations of the subject of polymer quantization and
symmetries. We focus on the particular case of rotational symmetries for both polymer
Quantum Mechanics and polymer quantized scalar field theory. First let us state our find-
ings for polymer Quantum mechanics. As we noted above Rotation groups are unitarily
represented on the polymer Hilbert space, but the corresponding generators cannot be
defined. Such representations of Lie groups are the discontinuous representations - repre-
sentations of a Lie group which do not induce a representation of the corresponding Lie
algebra. Discontinuous representations are rare in physics® and some of their properties
can be surprising, as we shall see. What is the physical relevance of such a representa-
tion? We show in this thesis that this leads to infinite degeneracies. That is, a rotationally

invariant Hamiltonian will have infinite dimensional eignesubspaces!

This is obviously an undesirable feature for a theory. We show that there are two escape
routes. One is to break the symmetry. This can be done explicitly by introducing a
rotationally non-invariant Hamiltonian. Or we can break the symmetry spontaneously,
by choosing to work in one of the (symmetry breaking) superselection sectors. There is
a different, less obvious escape route as well which we explore in our thesis. This is to
work in the dual space Cyl* of a certain subspace Cyl of the Hilbert Space. We show
that the symmetry generators can be defined as operators on Cyl*. The position operator
can be represented as well. By demanding that these operators are self-adjoint one in
fact uniquely recovers the Schrodinger representation. This leads to a new understanding
of polymer Quantum Mechanics. We can now understand it as an intermediate step in a
multi-step quantization procedure that finally leads to a physical theory. Thus polymer
quantization resembles the construction of Kinematical Hilbert Space in LQG. There the
other steps in quantization are related to the implementation of the constraints, here they

appear to be related to the implementation of the symmetries.

For polymer quantized scalar field theory we see that once again rotational symmetry has

a discontinuous representation on the Hilbert space of the theory. We show that here too

8In fact we do not know any other physical situation where they occurred
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one may recover the symmetry generators by working in a dual space Cyl*.

B. Path Integral Formulation for Polymer Quantization

We have already emphasized the importance of studying polymer Quantum field theories
in fixed backgrounds and comparing the dynamics with that predicted by Schrodinger/Fock
quantization®. Now we know that the field variable is unavailable as an operator for the
polymer theory and one has to work with an approximate field operator. What is the
effect of using approximate operators on the dynamics? In this thesis we take a step to-
wards addressing this issue by developing a path integral representation for a polymer
quantized scalar field theory in a Minkowski background. Here we build on previous
work by Ashtekar et al [32]who obtained a path integral representation for Loop Quan-
tum Cosmology, which is a polymer quantized theory with a single degree of freedom.
We see that while the polymer Quantized and Schrodinger quantized theories differ vastly
in the Hilbert space language, the path integral representations of the two theories can be
made to look very similar. The path integral representation is very convenient to compare
the two quantizations. Despite the similarities, there are some important differences in
the two quantizations. One major difference arises from the use of approximate variables
in the polymer quantized theory. We find that the the use of approximate field variables
indeed modifies the dynamics. In particular, we show that the polymer quantized theory
in the path integral representation is Lorentz non-invariant. We also find that an entirely
new global symmetry appears in the action in the case of polymer quantized theories. We

explore the origins of this symmetry in our thesis.

This concludes our introduction to the investigations presented in this thesis. The chap-
ters of the thesis are organized as follows. After an introductory chapter 1, in chapter 2

we review polymer quantum mechanics and polymer quantized scalar field theory. Our

°In the context of scalar field theory, we will use the terms Schrdinger and Fock quantizations inter-
changeably, as they refer to equivalent representations [33].
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investigation of polymer quantization and symmetry are presented in Chapter 3. Chapter
4 describes our work on the path integral representation of polymer quantized scalar field

theory. In chapter 5 we outline open issues and possible future directions.
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Chapter 2: Polymer Quantization

In the last chapter we introduced the reader to the ideas behind polymer Quantum Me-
chanics and polymer quantized Scalar Field Theory. In this chapter we introduce these
two theories in details. As we have indicated earlier, these two theories closely mimic
the quantization procedure of LQG. For the reader interested in the details of this resem-
blance, we have provided an introduction to construction of the Kinematical Hilbert Space

in LQG in the appendix.

2.1 Polymer Quantum Mechanics

Polymer Quantum Mechanics was first introduced in [27, 28, 29]. The object of study here
is the non-relativistic point particle. We study the general case of a point particle moving
in N dimensions. Classically it is described by the configuration space, RY coordinatized

byje q,i=1,2,3,...,N.

Both polymer and Schrodinger quantizations are based on Unitary representations of the

Weyl Algebra. We now introduce this algebra.

The Weyl Algebra

The familiar starting point for presentations of quantum mechanics is the Heisenberg

Commutation relations: [g, p] = ih, where these operators are understood to act on the

27
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space of square integrable functions L. From a technical point of view, however, this is
not quite the best formulation. For one thing, operators like g, p generally take an element
of L? out of L?. This is easily seen in the one dimensional case from the action of %
on the function g(x) = ﬁ The function g(x) belongs to L? but xg(x) does not. This
means that a commutation relation like the one above can only really make sense in the
common domain of operators gp and pg. Furthermore, these operators are unbounded -

|Xg(x)|| = oo from the example above. The powerful techniques of C*-algebras would be

unavailable to us then.

To see how a better formulation can be given we first look at the unitary operators associ-
ated with the ‘exponentiations’ of the position and momentum operators (this is possible-

for self adjoint operators):

=

d

>

O =e™ and V(@) =e

These are called Weyl operators. These operators can be used to generate a C*-algebra.

The product is defined via the Heisenberg commutation relations:

O)HOWL) = U+ )
Va)Vn) = V(a + i)

The involution relations follow from the self-adjointness relations of the g, p operators:

[0 = 0=, [V(@1* = V(-i2)

The abstract C*-algebra generated by the Weyl operators is called the Weyl Algebra. Now

we are ready to state the more technically satisfactory starting point for quantum mechan-
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ics. A quantum mechanical system is described by a unitary, irreducible representation of
the Weyl Algebra. This formulation has the advantage of avoiding domain problems and
making the tools of C*-algebra available. This is also a more general formulation in the
sense that a representation of Weyl operators can be well-defined even when the position

and/or momentum operator does not exist. We’ll see an example of this in a moment.

The Schrodinger Representation

On any representation of the Weyl Algebra, the position and momentum operators can be
recovered from the Weyl Operators when the criterion of weak continuity is satisfied, that
is, when all matrix elements of U (/T), V(i) are continuous in A and (i respectively. The
Heisenberg commutation relations given above then follow from the Weyl algebra.! This
is the case in the standard Schrodinger representation. Here in our case of a particle in RY
this representation is given by the the Hilbert space L*(R", dx) of functions on RV which
are square integrable with respect to the standard Lebesgue measure. The action of the

Weyl Operators on this space is given by operators is given by

OD W@ = Ty(@ and V(@) w(@) = w(@+ )

for all € L*(RY, dx) . As this action is weakly continuous, there exist self-adjoint oper-
ators x and p on the Hilbert Space such that the Weyl operators are the exponentiations of

these operators.

SR

where 1, i take values in RY.

A very powerful statement can be made about weakly continuous representations of the

!For more details on the relation between Weyl and Heisenberg algebras see [34]
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Weyl algebra. This is the Stone- Von Neumann theorem according to which every ir-
reducible unitary representation of the Weyl algebra which satisfies weak continuity is

unitarily equivalent to the standard Schrodinger representation.

The Polymer Representation

Now we come to the polymer representation, a representation which is not equivalent to
the Schrodinger representation defined above. By the Stone-Von Neumann theorem this
means that the weak continuity of Weyl operators must be violated in this representation.
In other words, both position and momentum cannot exist as well-defined operators. Here
we present the polymer representation where momentum is well-defined. We will work
in this representation all through this thesis. To construct Polymer quantization, choose a
countable set, y, of N-dimensional vectors k ; and define a set Cyl, of linear combinations
of functions of 7 of the form: Cyl, := {}; fje"’:/"f,fj eC)2

7=

Next, define the set of functions of g, Cyl := U,Cyl,. Clearly, {e*9 /l? € RV} form an
uncountable set and we denote them as the kets |k). An inner product on Cyl is defined by

demanding that the kets |E> form an orthonormal basis:

Y
a7

(", ¥ 7) = 6. 2.1)

We denote the completion of Cyl w.r.t. this inner product as Hoy. As the basis set
is uncountable the Hilbert space is non-separable. We also have the natural triple, Cyl

CH,qy C Cyl*, where Cyl* denote the algebraic dual of Cyl.

It is clear that ¢ cannot be represented on the polymer Hilbert space as a multiplicative
operator since ¢' acting on a basis element does not produce a countable linear combi-

nation of the basis elements (exponentials). The exponentials of the form, ¢4’ however

ZHere the coefficients f; must satisfy the regularity conditions (i) The f; do not contain sequences with
accumulation points in RN (ii) There exist constants vy and p, such that the number n(J) of points in any
subset / of volume v(I)yv, is bounded by n(I) < p,v(I) [29].
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do form multiplicative (and unitary) operators. The derivatives too act invariantly on Cyl
and p; = —ihaiq,- are self-adjoint operators representing the momenta. The exponentials

are the eigenfunctions of the momenta: ﬁi|l€)> = hk,-ll?).

That the self-adjoint position operators §' do not exist can be seen more formally as
well. Consider a l-parameter family of unitary operators, defined by U(a, m)k) :=

-

k + am) VY k € RY. For any vector Z, (ZlU(a/, ﬁi)lé?) =< |Z+ amy) = 6, as implied
by the orthonormality. Hence, the family of unitary operators is not weakly continuous
at @ = 0. If a self-adjoint operator of the form m - § existed, then we could define a one
parameter family of unitary operators V(e, i) := ¢4 which is continuous at @ = 0 and
precisely matches the U(a, /i) family, thus reaching a contradiction. Hence, on the poly-
mer Hilbert space, the momenta and exponentials of positions are well defined operators

but there are no self-adjoint operators representing positions.

We can however define an approximate position operator by choosing some scale (with

the dimension of inverse length). 1:
g; = (Ziuo)_l(V(uOéj) - V(—yoéj))

where &, is the unit vector in the j direction andV is the generator of translation. Once the
approximate position operator is defined with a particular choice py, starting from a given
|Po) and acting on it with V(uo) we’ll generate a set of basis vectors {|7) = |py + n/uoé i}
(Here n/ denotes the number of times an operator V(uo) has acted on the state). This gives
a proper subspace of the Hilbert Space and the action of observables built from g; and p;

will leave the subspace invariant.

Thus we have exhibited H,y, defined candidate basic operators and identified an invariant

subspace which is separable. This will be useful later.
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2.2 Polymer Quantized Scalar Field Theory

In this section we describe the polymerised scalar field theory. This theory was first
presented in [20], following previous ideas of [35, 36] In this section we’ll set A = 1.
We’ll follow the notation of [37]. First define a vertex set V = (X, X, ..., X,) of finitely
many, distinct points € R*. The corresponding vector space Cyly is generated by basis
vectors:

N(vj(‘P) = ol Zj 65}
where A; are non-zero real numbers and 1 denotes the set {4;}. Then define Cyl := Uy

Cyly and on Cyl define the inner product

f dp(OING (( DNy A(§) = 60,0 (2.2)

The Cauchy completion of Cyl w.r.t this inner product gives the Hilbert Space Hy:

C_yl =: Hp,1y. The basic operators here are U(A, %) and #(®). The former acts as:

If Xis not in {x}

U4, R)e! ZilitT) = of Lj 4i#05)+A6(D) (2.3)

Ifx=xe{xXj}andd;+1#0
U( A, e’ D005 — o EjAj+ 05, 5) (@) (2.4)

Ifx=xe{xXj}and;+1=0
DA, R)e! Zi 9 = ¢ Zj4005) (2.5)

where the sum 3 excludes the vertex ;.
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The action of the latter is given by

)
(%) = 56 (2.6)

Here we have described the representation where the field operator is not well defined.

We may define an approximate field operator using a scale u:

U(ﬂ’ -i?) - U(_ﬂ’ )?)

o 2.7)

(/J)/l(f) =

Notice that the choice of a u and a basis vector gives a proper subspace of the Hilbert

space on which the basic operators act invariantly.

Now we’ll introduce a new notation which we believe helps underline the similarities be-
tween polymer and Schrodinger frameworks. This notation was introduced in [43].Henceforth
we will consider space to be discretized into a (not necessarily regular) lattice. Let us con-
sider a state e'Zi4¢() We can specify this state by specifying the vertex set V and the
values of A;. But we could alternately specify the state by we defining a field 7((¥) for all

X in our discretized space such that

A(@)=1; ifFevV
n(x;) =0  otherwise

Equivalently, 7(x}) is non zero at finitely many points, with values A;. Then the same state

may be written as

D = {m(P)) > |n)
where the sum is over all values of y.

We note that the field 7 has no relation with the conjugate momentum at this stage. How-

ever the states |r) are eigenstates of the momentum operator 7, as we will now show. Now
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the action of the basic operators maybe represented as
U@, Dlx@)) = 7() + A6x5))  where § € support(n) (2.8)

and

RN = 7(DUxGH} (2.9)

Note that 2.8 now incorporates all the cases 2.3, 2.4, 2.5. Also note that discretizing space

has turned the functional derivative of 2.6 into ordinary partial derivative in 2.9.

In our notation, we can write the inner product as:
dx@IHA O = | | Snorre (2.10)
¥

To understand that this is the same as dy,~9,, note that this expression equals 1 only if
all the values of 7(x;) and 7’ (x}) agree, that is they should (i) both be non zero on the same
points i.e vertex sets V and V' must coincide and (ii) The values of A s must agree on this

set. Else it vanishes.
We may write |{7(¥)}) = [1.7(¥)) where |7(%)) is shorthand for ¢”©#®,

We notice that we may then write

1= ] [0 O @ .11)

We verify this using 2.10:

(l_[fZ,,,@lﬂ’@W’@) i) = l—[fzﬂm Sty OO = l—[ eTDND 1y (2.12)
X

This notation will prove convenient in Chapter 4. In the next two chapters we discuss

symmetry realization in H,,, and path integral representation for transition amplitudes in
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polymer quantized theories.
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Chapter 3: Polymer Quantization and

Rotational Symmetries

In this chapter we present our work on Polymer quantization and Rotational Symmetries,
based on work done with G. Date [37]. This chapter is divided into three sections. In the
first section, we present our investigations on Polymer Quantum Mechanics and rotational
symmetries. We turn to the case of polymer quantized Scalar field theory in the second

section. In the final section we provide a discussion of the results.

3.1 Polymer Quantum Mechanics and Rotational Sym-

metries

In this section we study the interplay between polymer Quantum Mechanics and the ro-
tational symmetry. We’ll see that the representation of the rotation group on the Poly-
mer Hilbert Space is non-continuous. Finite rotations are perfectly well represented but
infinitesimal generators are absent. Approximate generators may however be defined.
These were studied in [38] by Dah Wei Chiou. Working in the more general context of
Galilean symmetries, he established that deviations from usual Quantum predictions are
small within the domain of validity of the non-relativistic model. In our thesis we start by
exploring how far we can go without introducing approximations, that is without breaking

the symmetries. We are asking if there is some sense in which the polymer representation

37
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can support rotational symmetries, even if the generators are absent. And if so, what are
the physical implications of such a realization of rotational symmetry? To answer this,

we first explore the representation of rotational group on the polymer Hilbert Space.

Representation of Rotational Symmetries

We know that any group of symmetries is represented in a quantum theory by unitary
operators', with the states transforming as |y) — lre) := U(g)lyr) and the operators trans-
forming as, A — A, := U(g)A U'(g) for each group element g € G. The specific unitary
operators representing specific symmetry operation can be determined by stipulating how
the basic observables transform. For example, with ¢, p; being the basic observables in
the usual quantization, the unitary operators corresponding to rotations are determined

by:

gy = UG UN =A)q' . pt:=URNp;UN) =Np; , N A" =5" (3.1)

For infinitesimal rotations, Aij = 5ij + eij, Ul+e):=1-1e- J we get,

I A o i n .
—ﬁ[f'f,ql] =€, , - ﬁ[E'J,Pi] = €p;. (3.2)

With the identifications eij = ekSkij, e-J = gJ*, we deduce J* := & q"p, as the

operators representing the infinitesimal generators.

Alternatively, the operators U(A) could also be determined by specifying their action on

wavefunctions - explicit functions on the configuration space (say), eg. WA(q) := ‘I’(/Tq)).

"We will not be considering time reversal or charge conjugation symmetries, so we will not consider
anti-unitary operators.
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For the polymer quantization, the defining stipulations for the action of rotations are:

(eig.q)A = U(A) (e’ﬁ“j) UA) = (eikiAijq/) . PN = UNp U = Ajipj (3.3)

Noting that |k) are eigenstates of p;, it follows,

UT(MpUMNIRY = (AYpilR) = (A kK

D[ U@IR))

RN

[(A™Y k| ol

(A" k) (3.4)

Evidently, this action of rotation group on the polymer Hilbert space is reducible, with
the orbit through any K being spanned by the orthonormal kets {|l?)} with & lying on the
2-sphere through k. The subspace spanned by { |I§>, k- k= constant}, forms an irreducible

representation and is clearly infinite dimensional.

This may come as a surprise as one recalls the theorem that all unitary, irreducible rep-
resentations of the rotation group (indeed any compact group) are finite dimensional.
However it is to be noted that the theorem is proved only for continuous representations
of the group (which arise from and also induce, representations of the corresponding Lie
algebra). It is also a theorem that if G is a locally compact topological group whose every
irreducible representation on a Hilbert space is continuous, then the group itself is dis-
crete [39]. Since the rotation group 1s locally compact and is not a discrete group, it must
have discontinuous representations as well and these do not have to be finite dimensional.
What we have is an explicit example of just such a representation whose discontinuous

nature is shown below.

This action of the rotation group coupled, with the fact that the kets |l?> are orthonor-
malised, implies that U(A) also cannot be weakly continuous. Unlike the case of the

momentum-translation operator discussed in the previous chapter where the group action
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necessarily transformed a basis vector to another basis vector, here we have the possibility
that & could be along the axis of rotation represented by U(A) and hence invariant under
U(A). To show discontinuity, consider any one parameter subgroup of rotations. All of
these will leave some particular axis invariant. Choose any K, orthogonal to this axis.
Now the subgroup action transforms a basis ket to another distinct basis ket. The lack of
weak continuity for every 1-parameter subgroup follows as before and we cannot write

U =1-1ie-J.

Thus we see here that in the polymer Hilbert Space the representation of rotational group
is non-continuous. Infinitesimal generators of rotation do not exist as operators on this
Hilbert Space, although finite rotations are perfectly well defined. What consequences, if
any, does the discontinuity of the representation of rotational group have on dynamics?

We explore this question in the next section.

Symmetries and Dynamics

For rotations to be a symmetry, their action must also preserve the dynamics. Classically,
we have three ‘elementary’ rotational invariants: p- p, §-¢ and p-g. Only first of these can
be promoted to operator on the polymer Hilbert space. A Hamiltonian which is a function
of p* alone will describe only a ‘free’ dynamics. Is this the only possible rotationally
invariant dynamics supported by the polymer Hilbert space? Not quite. As noticed in
the context of the ‘improved quantization’ of LQC, exponentials of arbitrary functions
of momenta, times ¢’ (i.e. functions linear in ¢') can also be promoted to well defined
operators. This is because the Hamiltonian vector field X, generates translations along
pi and any function of 7 multiplying X, generates more general infinitesimal transforma-
tions, also along p;. While X, cannot be promoted to an operator, its exponential which
generates finite diffeomorphisms can be! Incorporating rotational invariance, we can thus
have unitary operators of the form e*'/ "¢’ From these, the corresponding sin and cos

self-adjoint operators can be defined. A candidate rotationally invariant Hamiltonian will
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be a function of p? and the sin, cos operators. There is no corresponding trick to use the

g - g invariant.

To compute the action of finite diffeomorphism, say by unit parameter, consider the inte-

gral curves defined by,
dpi dp-p
ut : ; EE _ap. :
o - eepp = — (p-p)f(p-p)
1 1 fpému dp?
di = = - (3.5)
L 2 piznitial pzf(pz)

This defines the change in the p - p for unit change in the parameter. Notice that the vector

field is radial, and therefore the integral curves are in the radial direction (in ‘p’-space) and

for unit change in the parameter, connect two spheres of radii p?.. and p2  :=&pZ.. .
The corresponding unitary operator is then defined by,
e PIaRy = K = &K (3.6)

the scale & being determined by eq.(3.5).

Thus, we can have non-trivial rotationally invariant dynamics. However, there is now a
different problem. As noted before, the unitary representation of SO(3) on the polymer
Hilbert space is reducible with irreducible representations carried by H,, := span{ IIE)) k-

k = o2

> 0}. Each of these is infinite dimensional. Each eigenspace of any invariant
Hamiltonian will carry a representation of SO(3) which has to be infinite dimensional,
being made up of some of the irreducible representations together possibly with the triv-
ial representation (oo = 0). Thus we face the problem of infinite degeneracy which is
physically untenable: the partition function of such a system will be undefined. We are

led to the conclusion that in any physically acceptable model, rotational symmetry must

be broken.
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Breaking Symmetries

We have now two possibilities: (a) rotations cease to be a symmetry (explicit breaking of

symmetry) or (b) spontaneous breaking of rotational symmetry.

To see both possibilities, we first seek an approximate substitute for the position opera-
tors. The operators, e"’g'q , allow us to define families of self-adjoint operators. For instance,
choosing k j 1= 02;, &; a unit vector, we can define sing, := (2i)7' (%9 — ¢7%%9) and a cos
operator analogously?. We could choose several triplets of linearly independent unit vec-
tors ¢; and also choose many different parameters ¢’s (equivalently, finitely many k 3. If
we collect finitely many of such sets and restrict ourselves to observables which are func-
tions of these (and the momentum) operators, then from any given |I?0), we will generate a
collection of basis vectors, {|ko + Y, in jl? i),n; € Z}. The closed subspace generated by this
set will be a proper subspace of the polymer Hilbert space and is clearly separable. 1f we
also include operators which are exponentials in p - g, discussed above, then the lattice
generated will also involve scaling determined by the choices for f(p?). As long as the
number of such operators is finite, we will continue to have separable sectors. The chosen
set of observables, will act invariantly on each such subspace and will provide superse-
lection sectors. Observe that among the chosen class of observables, we can also have an
invariant Hamiltonian. Action of rotations however mixes different sectors and we have
spontaneous breaking of rotational invariance. If we chose a Hamiltonian involving the
approximated position operators, we have explicit breaking of rotations controlled by the
o-parameter(s). The example of spherically symmetric harmonic oscillator in three di-
mensions illustrates this. For a economical parametrization of violation, we can choose a
single common J. For sufficiently small values of this, at a certain level of observational

precision, it is of course possible to have the illusion of rotational invariance.

To summarise, having made a choice of the polymer Hilbert space Hy.y, We can have

2These operators however do not suffice to represent the Lie algebra of rotations [38].
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exact rotational symmetry with a some what restricted form of dynamics (no ¢ - g depen-
dence) but with uncountably infinite degeneracy. To avoid the problem of infinite degen-
eracy, the symmetry must be broken - either explicitly or spontaneously. By introducing

separable sectors we can see both possibilities.

It is however possible to define symmetry operators if we choose to work in Cyl*. Using
the triple, we can try to select a suitable subspace of Cyl* on which infinitesimal gen-
erators can be defined. With a suitable choice of a new inner product, we can obtain a
‘physical’ Hilbert space with a rotationally invariant dynamics. This would imply a view
of polymer quantization as an intermediate step in a multi-step quantization procedure.

We explore this avenue in the next section.

Regaining Symmetries

The possibility of looking to Cyl* for a home to a suitable quantum theory is inspired
by analogous steps taken in the context of LQG. In LQG, the step is motivated for a
very different reason. The kinematical quantization is essentially forced upon us by the
demand of SU(2) invariance and diffeomorphism covariance. Since there are constraints
whose kernels are in general distributional, an appropriate diffeo-invariant subspace of
corresponding Cyl* is a natural arena. In our case, the polymer quantization itself is not a

compulsion, but is a useful illustration of a multi-step construction of a quantum theory.

Recall that construction of Hy,, naturally gave us the triple Cyl C Hp,y C Cyl*. This
structure provides us with a convenient representation of the elements (‘Y| of Cyl* by
complex valued linear functions w*(lz) = (‘I’|12>. No smoothness properties are assumed
at this stage for these functions. Furthermore, for every operator A : Cyl — Cyl, we can

define an operator A : Cyl* — Cyl* by the ‘dual action’, eg.

(AY[fy := (¥| T Af), V[fy e Cyl, V (P|€ Cyl*
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Conversely, given an operator A defined on all of Cyl*, we can define an operator A on
Cyl by the same equation as above (read backwards). In particular this means that we have
the operators U(A) defined on Cyl*. We will use these to define infinitesimal generators

on Cyl*. We will also define the position operators.

We begin with infinitesimal rotation generators. Let us consider a rotation along the x/

axis.

PIUA + €)= U1 - oK) = (PK— k) — (PIK + k)

Ay
~ li
~ 2618 ka%
. Ul -€)-Ul+e) e
. Iim (Y ky = -8 K—
o 611—I>I(1)( | 261 | > 8 J (91(1
’ R Ve
. 1 — i 1.
Sk ih&" k e (3.7

Notice that these operators are defined only on a subspace of Cyl*, consisting of those (V|
whose corresponding w*(E) are differentiable functions. Hence, by dual action we cannot

define the corresponding operators on Cyl.

Next, recall the sing, operators defined in the previous section. For each orthonormal
triad, &;, j = 1,2,3, & - &; = 6;; and a small parameter &, we have, Uy () := €927 and

Singe, = (20)” (Use, (@) — U-s2,(@)) - Now,

B, WK — 68;) — (PIK + 68
(Hsingg iy = -0 = (08

2i
UK+ 88 — (K - 68)
B 2i
202, 9y
RETIPY:
MRy = —ig; - Vour (3.8)
- im(— i Ve :

Thus, by restricting to functions y* which are at least differentiable, we can define a
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position operator on a subspace of Cyl* via the dual action,

@ - qYIK) := —i& - Ve* , ¥ (¥| € Cyl* such that y*(K) is differentiable . (3.9)

It is easy to see that the position operators defined above and the momentum operators

defined by dual action, also satisfy,

([ém -G, & -BIPK) = ({ihey - &} YIK) .

So far we have not specified any subspace of Cyl* except to say that it should consists
of, at least, differentiable functions. The space of all differentiable functions is too large
a subspace to choose. We are guided in our choice of a subspace by the requirement
that the ‘position’ and the ‘momentum’ operators be self-adjoint with respect to a suit-
able inner-product and satisfy the canonical commutation relation on an invariant, com-
mon dense domain. Representations of the canonical commutation relations are usually
analyzed by going to the bounded, unitary operators (exponentials of the positions and
momenta) , satisfying the Weyl-Heisenberg relations. The Stone-von Neumann theorem
then guarantees a unique continuous representation of the Weyl-Heisenberg relations and
the corresponding canonical commutation relations. This representation corresponds to
the choice of Schwartz space as the subspace of Cyl* and the usual inner product with
the Lebesgue measure. The Hilbert space is then obtained by completing Schwartz space
in the L, norm. Making this choice, we just get back the usual Schrodinger quantization
using functions of “momenta”, K instead of functions of “positions”, g. The intermediate
polymer quantization has only led us to the Heisenberg (or momentum) representation in-
stead of the Schrodinger (or position) representation. The measure being invariant under
rotations also admits (unitary) representation of infinitesimal rotations. It is interesting
to note that one can also choose a subspace which is larger, eg space of 1&*(1?) which are

normalizable with respect to a Sobolev norm, and choose the Lorentz invariant measure



46 CHAPTER 3. POLYMER QUANTIZATION AND ROTATIONAL SYMMETRIES

&k
2V k-k+m?

not our primary concern though.

, to construct Hilbert space of a free, relativistic particle of mass m[40]. This is

This is obviously a roundabout way of arriving at the usual quantization. But it shows that
(a) not every choice of quantization may be flexible enough for physical modeling and (b)
we can reach a satisfactory quantum theory by modifying the quantization algorithm. In
principle, if the quantum theory constructed from a subspace of Cyl* were not satisfactory,
we could repeat the process forming a new triple. This is further discussed in the last

section. In the next section we discuss the case of a scalar field theory.

3.2 Polymer Scalar Field Theory and Symmetries

Can rotational invariance be supported in a ‘polymerised scalar field theory’? Consider
the example of a scalar field ¢(¥) defined on R*. The rotations act on the space which in

e
turn induces a transformation on the field: ¢'(¥) = ¢(A’1x).

Let us recall the polymer quantization of scalar fields as defined in the previous chapter.
Define a vertex set V = (¥, X,...,X,), of finitely many, distinct points. For non-zero
real numbers A;, j = 1,...,n, define the functions N, ;(¢) := IR 4E). For each fixed
set V, let Cyly denote the set of finite, complex linear combinations of these functions.
Let Cyl := Uy Cyly. Thus every element of Cyl is a function of ¢ which is a finite linear
combination of functions Ny, ; for some vertex set V and some choice of A. That is, any

element of Cyl may be written as

(@) = Y CyiNai(9)
v
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where Cy ; € C The inner product had been defined in 2.2. This is given by

W'y = f du(@)y (9 (¢) = f du(@) ). C,.C,, e PTI0G3 10)

ViV

Observe that each term in the summand is again of the form Ny, 11, except that all
vertices in the union V U V’ are not necessarily distinct. If ¥, = X,, then the exponent
would be (1] — 2;)¢(%;). If the A’s are equal, then the exponent is identically zero and the
integral contributes to the sum. Otherwise, the integral gives zero. It follows that Ny, ; and
Ny, 1 are orthogonal unless the two sets of vertices coincide and their corresponding A’s

are equal.

The Hilbert space Hy,y, is obtained as the Cauchy completion of Cyl with respect to
this inner product. The functions Ny 3(¢), with every 4 # 0, form an orthonormal basis
for the polymer Hilbert space. The constant function corresponding to empty vertex set,

N(¢) = 1, is also included in the basis.

Action of rotations on Cyl is defined by [Upy](¢) := @w(A™'¢). Evaluating it on the

elementary functions lead to,

Nyi@® = N, @) = Nyi@) = Ny (@) (3.11)

The middle equality is the definition of the action, ¢’ = A o ¢ and we have used the scalar

nature of ¢, ¢'(¥) = ¢(1T))c), in the last equality.

Observe that under the action of rotation A, a vertex set V = (¥,..., x,) changes to a
— —> .
new vertex set V' := (Axy,...,Ax,). The A’s are unchanged and the field is evaluated at

the transformed points. Now the inner product among two elementary functions depends
only on their respective A s. Therefore the inner product among elementary functions is
invariant under the action of the rotations and rotations are represented unitarily on the

Hilbert space.
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That this unitary action is also non-weakly-continuous can be seen easily. For non-trivial
rotation, a diagonal matrix element between basis states is zero while for the identity
rotation, the matrix element is 1. Thus, infinitesimal generators have no representation on

the polymer Hilbert space.

The momenta variables are defined as,

0

3.12
560 (5.12)

P, := fd3xg()2’)7r¢(x) = —ihfd%g()?)

Here g(X) is a ‘suitably smooth’ function (7, has density weight 1, though not relevant

here). It is easy to see that,

Pngj =

hz/ljg(fj)}ij . |PrP| =0, P} =Py (3.13)
J

Thus the momentum representation exists and the elementary functions N, ; are simulta-
neous eigenstates of the momenta variables P,. Under the action of rotation, U(A), the

momentum variables transform as,

UpP(m)U] = P (Aon)
= Pp-1e(m)  (from the definition) = (3.14)

UAPg(ﬂ-) = PA‘log(ﬂ-)UA

This is consistent with (3.11). Let us use the notation |V, Z} < Ny:(9).

Observe that €Y a ‘point holonomy operator’, clearly acts as a multiplication operator:

TS A P B ) if ¥ # X, for any i

i 2. )

EYONV = LR, B E At A ) fR=R, A+ A 0
|)?1,...,,...)?n;/11,...,,.../1,1> if)?:)?k,/l+/lk20

In the last equation, the ¥}, A, labels are missing on the right hand side.
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What about the scalar field operator itself? It does not exist since the point holonomy
operators are not weakly continuous, exactly as in the point particle case. In the usual
Schrodinger type representation too, a scalar field operator exists only as an operator
valued distribution. This has to do with the presence of Dirac delta in the canonical
commutation relations. In the polymer representation it does not exist even as an operator

valued distribution.

Now consider an element (‘Y] € Cyl". Its action on an elementary function N, ;(¢) is given

by,

PV, Z) =y (X, -, %, A1, +,A,) , distinct ¥’s and non-zero A's.

Under the action of rotations, the arguments of the elementary function change: |V, A —
%8 Z). Thus, if we choose the functions ¢*’s to be differentiable, we can define infinites-

imal rotations as operators on a subspace of Cyl*, exactly as before. Explicitly,

(PIUM +€e)-U@ -V, = PV, D -V,

= W& +67;,...,zn+6—>%,j)_
YR —Ex], e, Ko — €% A)
~ 26k8kij ; X, Z;Z;
LUYVD = -ings Z x{ngi'; (3.15)

m=1

Thus, by restricting to a subspace of Cyl*, corresponding functions ¢*(V, ) suitably dif-

ferentiable w.r.t x, we can define the generator of the infinitesimal rotations.
Likewise, to define a smeared operator scalar field on Cyl*, consider,

06(%) _ p=idp()

V.1 3.16
75 |V, 1) (3.16)

PPV, D o= f P f(D(F
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= f d%é%) (V. 2 1,6) - (#|V, %, 1, -5))

For a generic X, assuming differentiability of ¢*, we will get a function of the vertices of
V and the corresponding A’s together with the additional point ¥ and the corresponding
‘0’ = 0. This function cannot come from any element of Cyl* acting on |V, A). Hence we
should avoid getting a contribution from a generic ¥. If however, X coincides with one
of the vertices in V, then the resultant function (derivative) is a function of (V, /f) and we
can interpret the right hand side as a new element of Cyl* evaluated on the basis element
|V, A). This can be made more precise by employing the commonly used procedure of
defining the integral by introducing a cell decomposition adapted to the ‘graph’ (vertices
of V) and demanding that

o

N
—(xl,...,xn,/ll,...,/lj,...,/ln)

=0.,Vj=12,....n. 3.17
oL, J n (3.17)

This condition ensures that there is no contribution from cells that do not contain a vertex

of V and we are led to the definition:

_ , ﬁ _ A N A N N
R —sz(xj) VR, G ) (318
J

04,

J

It is now easy to verify that

(P, |V, 1) — (¢, PPV, 1

= —ih(Z FE)e()

J=1

= ({+z‘h [Z f(f»g(fj)] }w, 1. (3.19)

=1

(6, PPV, D)

PV, D)

We have thus succeeded in defining the smeared versions of the field operators ¢, P, in

a subspace of Cyl*.
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We can also verify that the infinitesimal generators J* induce expected actions on the

smeared fields operators.

—~——

(LJX, ¢/ 1%V, D)

(B THIV, D) = (T IV, )
N oy, (V. ) & A (VD
= —i ) f@R)——— - (=i, » x]———
Z oA, J ; ox!,
JoU (V. ) D)

= —h Z FENE o)==

m,n=1
N

;0 oy (V, A
+ he¥, Z ,{f( SEA )}

m,n=1 m

N

n a l

n=1

o

= i (¢r PV, D) , Lif(R) = 81 1 e (3.20)

Similar computation can be done for commutator of [J¥, P,].

We have now identified the minimal conditions, namely differentiability in all arguments
and the condition of equation (3.17), on functions ¥*(%i,..., X,, 41,...,4,) in order that
the smeared field operators and the infinitesimal rotation actions are well defined. Since
such an element of Cyl* can be viewed as a sequence of differentiable, complex functions
defined on (R* — diagonal) x ((R — 0)") where diagonal is the subset of R** with two or

more points coinciding, we are restricted to a subspace of Cyl*.

The next step is to choose a suitable inner product on this subspace, possibly restricted
further with additional conditions. Let us denote such a subspace by Cyl;. Here we
initiate first steps. For notational simplicity, let us denote elements of Cyl* generically by

underlined letters such as as 'V, @, [V, Z], ... etc

Heuristically, we can represent each element of Cyl; and a yet to be defined inner product
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as,

|
i

S w v v, (3.21)
v

DD e (v VAL IV, D)

vi v

D D whg (v, DGV VD) (3.22)

vi v

€
i
Il

The coeflicients ¢*(V, ) in the first line, contain the information about the subspace, Cyl;.

The G denotes the inner product between ‘basis’ elements.

For example, Cyl is a subspace of Cyl* through the natural embedding |V, 1) € Cyl —
@ € Cyl". If Cyl; were to be this subspace, then the ¥*(V, Z) in eqn.(3.21) would be
non-zero only for finitely many (V, Z) sets and G(V, LV, /T’) would equal 6y,y/67 3. The
double summation would then collapse to a finite sum over (V, /T) (compare eqn.(3.10)).
Likewise, if Cyl; were to echo the Hilbert space of the r-Fock construction [?, 36, 20], the
GV, 1; v, 1) would be ~ exp[—1 3;; Gij(%, £)A'A], where the sum over (i, j) is over the
vertices of V U V’ and we use the notation of [20]. The double sum will be a finite sum

since ¥ (V, Z) is non-zero for finitely many (V, /T) sets.

More generally, we could have uncountably many non-zero y*(V, 1) and then each Y can
be thought of as a potentially infinite sequence of functions, ¥,, on ~ R*". If we choose
an inner product so that the ‘basis states’ are orthonormal (G o 6,05 1), then we may

write the inner product as,

F0) = > Ve (v, 1) (3.23)

N

VA
Zf d3nxf dn/ll/l(x)17"'7)?117/11""5/111)¢*()?1,""fn’/119""ﬂn)
=0 R3n n

The :~ indicates that the integration measures need to be defined and we need to put

conditions to ensure convergence of the sum.
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Assuming that we can choose suitable weights in the sum and measures in the integra-
tions, what further conditions we need to put on the ¥,,’s so that our basic operators and
generators are self-adjoint? It is easy to see that we need only the usual fall-off conditions
on these so that surface terms resulting from the partial integrations drop out. Roughly,
we make each member ¥, as an element of L,(R*"). This indicates that it is, at least

heuristically, conceivable to choose suitable definitions to construct a new Hilbert space.

3.3 Summary and Discussion

We began by exploring symmetries and their violations in polymer quantized systems.
Specifically, we focused on three dimensional rotations and explored the polymer quan-
tized particle in three dimensions and a scalar field defined on R3. It is certainly possible
to have a unitary representation of SO(3) on the polymer Hilbert space but the represen-
tation is discontinuous and consequently does not admit representation of its Lie algebra.
The non-availability of configuration space operators - position operators - severely re-
stricts the possible invariant Hamiltonians and every one of these has infinitely degenerate
eigenvalues. In effect, physically acceptable dynamics on polymer Hilbert space must
necessarily violate rotational symmetry, either explicitly or spontaneously. In case of ex-
plicit breaking, one can then look for economical parametrization of symmetry violations
and put bounds on the parameters. As noted in the introduction, this route has already
been followed in [29, 38, 41, 42]. We explored another route to see if acceptable quanti-
zation, with infinitesimal symmetries, can be arrived at viewing polymer quantization as
an intermediate step. This was done by looking for suitable subspace(s) of the dual mem-
ber of the Gelfand triple with a hope of defining a new inner product and a new Hilbert
space. For the point particle case we verified that it is possible to construct a new Hilbert
space which carries continuous representations of the rotation group as well as continu-
ous representation of the Heisenberg group. By the Stone-von Neumann theorem, this is

of course the usual Schrodinger representation which supports the usual rotationally in-
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variant non-trivial Hamiltonians. The case of scalar field revealed greater richness. There
can be infinitely many choices of inner products, all of which can support infinitesimal

rotations as well as elementary smeared field.

In principle neither of the two routes is unnatural. It is not certain, that continuous sym-
metries need be realised exactly in nature even if observations support their existence to
excellent approximation, eg Lorentz symmetry. Symmetries help to exercise tighter con-
trol over theoretical frameworks but physical system may not exactly respect the implicit
idealization. The in-built, non-invariant dynamics of a polymer quantized system, sug-
gests a particular parametrization of symmetry violation eg the use of the ‘trigonometric’
operators to build the Hamiltonian. At least in the cases explored, such violations are

viable.

The second alternative is anyway needed in the context of theories with first class con-
straints. It could well be thought of as a multi-step quantization procedure. Just as in a
classical theory, specified by an action, the variables we begin with need not represent the
physical states (eg when there are constraints). However following a systematic procedure
- the Dirac algorithm of constraint analysis - we can arrive at a formulation which is either
a theory with a first class constraint algebra or a theory without any constraints. Likewise,
one could begin with a set of basic functions on the configuration space forming a Cyly,
choose an inner product (|)o, obtain a Cylj as well as a Hilbert space Hy forming a triple:
Cyly cHp c Cylj. If the model is satisfactory, we are done. If not, look for a subspace
Cyl; c Cylj, define a new inner product (|); and obtain a new triple Cyl; cH; c Cyl].
Hopefully the process would terminate after a finite number of iterations. This procedure
offers a flexibility to refine the class of observables we wish to be supported on the quan-
tum state space. It is constructive and could help keep the focus on physical observables.

This possibility needs to be examined further to see its viability/utility.



Chapter 4: Path Integral Representation

for Polymer Quantization

One of the most important open problems in LQG is to understand how known semi-
classical physics arises from it. One aspect of the problem that pertains to scalar field
theories is understanding how to go from a description of these theories in the polymer
language to a description in the Schrodinger-Fock language. In this thesis, we take a step
towards this by obtaining a path integral representation for a polymer quantized scalar
field theory. The path integral language is in general well-suited for obtaining semiclas-
sical approximations. The path integral representation for polymer quantized field theory
should likewise be useful for that purpose. The work presented in this chapter is based on

[43].

Although the Hilbert Space frameworks of the two theories are very different, we find
that in the continuum limit, the path integral representation of polymer quantized scalar
field theory can be put in a form closely resembling the standard path integral form for
a Schrodinger quantized theory. Thus the path integral framework provides a convenient
language to compare the two quantizations and indicate the points of difference. In this
chapter we will particularly consider the free Klein-Gordon Lagrangian, although the
derivation goes through for any arbitrary polynomial term (in the field or its derivatives)

added to this Lagrangian.

A path integral formulation for a polymer quantized theory was first provided by Ashtekar,

55
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Campigilia and Henderson in [32] for loop quantum cosmology, a theory with a single
degree of freedom. We follow their technique and extend the path integral description
to scalar field theories. For simplicity we’ll derive the path integral formulation for a
141 dimensional field theory. The extension to higher dimensions is straightforward.
Our strategy for this derivation will be to start from a scalar field theory defined on a
one dimensional lattice, obtain a path integral formulation for this and finally take the
‘continuum limit’ by making the lattice spacing go to zero. This follows the standard

quantum field theory approach [44].

One distinguishing feature of the polymer quantized theory is that both momentum and
the field cannot be well defined operators. We will choose the representation where the
field is not a well-defined operator, only momentum and the exponentiated field ("holon-
omy’) operators are well-defined. This choice will allow us to get a closed form expres-
sion for the configuration space path integral. With the alternate choice one can proceed
up to deriving a phase space path integral. Now to construct a Hamiltonian, an approx-
imate field operator has to be constructed from the holonomy operator by introducing a
scale u. We will find that in the path integral expression the term corresponding to the

approximate field operator is S“‘T‘“’j. We will see that in the end one can simply go from

the Schrodinger to the polymer path integral form by replacing ¢ by Si“%” in the poten-
tial term in the action, while leaving the kinetic term unchanged. This means that the {bz
term in the action remains unchanged but the (V¢)* term becomes cos?(u¢)(Ve)>. Thus
Lorentz invariance is lost in the polymer formulation (for a different approach to Lorentz
violation in polymer quantized scalar field theory see[45]). Another consequence of the
replacement is that as only powers of sine terms appear in the potential, the action be-
comes periodic in ¢ with a periodicity of 27r/u. A further point of difference is that in the

polymer case we would be looking to obtain the correlation functions for the approximate

field operator and these would enter the path integral as m’%ﬁ That is, the expressions for
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say a 2 point correlation function would look like:

f[@ 5 SR sin ﬂj(xz)e,-s

We’ll see that the features mentioned above prevent a straightforward derivation of a per-
turbative framework from this path integral representation. We’ll discuss some possible

strategies to overcome this issues in the next chapter.

There are three sections in this chapter. The first section discusses path integral repre-
sentation for polymer Quantum Mechanics. We derive a path integral representation for
the simple harmonic oscillator, following the steps of [43]. In the second section we ex-
tend the path integral to the case of polymer quantized scalar field theory. In the last
section we summarise our findings and discuss some general features of the path integral

representations of polymer quantized theories.

4.1 Path Integral representation for polymer Quantum

Mechanics

In this section we’ll follow the steps of [32] to derive a path integral expression for an one
dimensional polymer quantized simple harmonic oscillator. We’ll consider momentum to
be well-defined while an approximation will be used for the position. This choice helps
get a closed form expression for the configuration space path integral. Also we will make
some choice of . As we discussed in the previous chapter this choice will restrict us to
a separable subspace of the Hilbert Space on which our basic operators act invariantly. In
this derivation we will always work in one such subspace. Thus the completeness relation

will be
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Z [Po + ponh){po + ponhl

We’ll choose py = 0 for convenience.

As is usual for a derivation of the path integral representation, our starting point will be

the transition amplitude ¢ pfle‘%”q |p:). We divide t into N pieces € = t/N. So
PR | L (4.1)
Inserting complete basis of the form 1 = | |p){p| in between each factor we have

(At ipy = > (psle T U py e (prle H i) (4.2)

PN=15-P1

Taking N very large (€ << 1) the nth term of the series is approximated as

_ifle i A
(Pn+1|€ nH |pn> = 5p,,+1,p,1 - ﬁ6<pn+1|H|pn> + 0(62) (43)

The matrix elements of H are:

; 5 V(o) = V(o)
<pn+1|H|pn> = p_<pn+1|pn> - <pn+1| (#0 : Ho |pn> 4.4)
2m 2u0i
P’ 1
= 2y OPmerpn 41107 (26,1100 = Ot pu=2ut0h = Opyir,pat2puoh) (4.5)

We would have obtained the same expression using the Hamiltonian given in [9]. We’ll

make use of the identity:
2n

Sy p = ’2‘—7‘; fo " dxehW P (4.6)
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From 4.6, 4.5 and 4.3 we obtain up to O(€?) terms:

2r

2n . 2 2
i 7y i € Sin Xn
Prorle py = B0 [ dy, b |1 I (o SICWO)) |y g
27T 0 h

2m Ho
Ho ‘% X1 (s —Pn)— p%+m)
_ Ko dxn+1 h n+ n+ n 2m 2 (48)
2 0
Substituting this in 4.2 we have
—L.I:It _ IJO N —iSN
et Mpy=" ) (57) | duovedme 4.9)
PN—=15---sD1
where
N-1 2 )
wtl — Pn .~ sin .
Sy=e Y wyy Lot =) 1t ) 4 oy —%%x ) (4.10)
n=0

This is the discrete sum version of the path integral. The differences from the usual case
e : (i)Here we have sums over momenta instead of integrals (ii) The integrals over
positions are bounded whereas in the usual case these are unbounded and finally (iii) The

x2 term that appears in the action in the usual case has been replaced by Sm—(’“’x").

The next step is to take theN — oo limit. However we cannot interpret @ as a

derivative as p takes discrete values. So we use:

AN )_ N G =)
IR R Z 25 Gapo—xwpy) D)

n=0 =0

Now the limit N — oo may be taken. This gives us the path integral expression: K(py, p;) =

f [@pq][ﬂxq]e%s " where S’ given by

e
S’ f dr px — ( + sin (l;ox)) (4.12)
0 2m Ho

and

N
f [Dp,)Dx,) = lim | |
1

Y5

o

0 #o
Z fo dx, (4.13)
Pn
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The subscript ¢ in the path integral expression is to indicate that this expression is dif-
ferent from the usual path integral expression. Here p takes only discrete values and x is
bounded. However, this can be converted into the familiar form by using the following

identity [46]:

27 00 00
> f dé £, mye™ = f dux f dé £(6, x)e™ (4.14)
0 —o0 _ oo

meZ

This is true for any continuous function f(6, x) with a period of 27 in 6. One can see that

integrand in 4.9 has the requisite property. Using this we can now replace

Q OO o0
Ho #o
ﬂg‘fo aImdpnImdxn (4.15)

Now we have our result for the phase space path integral:

K(ps.pi) = f [Dpl[Dx]es (4.16)
where
t 2 -2
S = fo dTpr—(é?—m + Smﬂ—i@‘ox)) 4.17)

As the momentum integral is Gaussian one may integrate it out from the phase space

transition amplitude to obtain the configuration space transition amplitude

7= f [Dx]es (4.18)
with
T %) 2
S = f d‘rmzx - Smﬂi’z‘”x) (4.19)
0

We note that in the path integral formulation, going from Schrodinger to polymer rep-
resentation for any polynomial potential the only change will be a replacement of x by

sin(uox)/uo in the action. This will be true in the case of polymer field theory as well.
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The appearance of sin(uyx)/uo in the action has the novel consequence that x — x + i—;r
is a symmetry of the action. Where did this periodicity in the action come from? Recall
that originally the position variable took values on a circle. Using 4.14 we extended the
range of x to the entire real line. But the memory of the original configuration space is
contained in the periodicity. Therefore one would expect winding modes to be present as

well in the path integral.

This can be seen more transparently in the path integral formulation of transition am-
plitude between position eigenstates (eigenstates of £,,) in polymer quantum mechanics.

The eigenstates of £, are given by

Xy = > e M py 4 k) x € [0, 27 /juo)

neZ

The inner product between them can be seen to be :

(x|x"y = 8(x — x)

Thus these are non-normalizable states of the Hilbert Space. Now this is the same situ-
ation as a particle on a circle. The transition amplitude in this case can be given a path
integral expression in terms of unbounded paths as well (See 6. 1 of [46] for the detailed

derivation). This expression reads-

g, tylxin 1) = > Gy =+ 271, 141, B poneyelic

[=—00

Where
. . in2
LfT dTﬁ_sm (g x)
Xps trlXis tdnoncyclic = f[l)x]e” oo
is the usual path integral between two points where the sum is over non-cyclic paths, ex-

cept with the modified polymer potential. We thus see that the winding modes are present
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in the polymer path integral, given by the different values of /. This is a consequence of

the fact that the effective configuration space for polymer quantum mechanics is a circle.

4.2 Path Integral representation for polymer Quantized

scalar field theory

Having seen how a path integral representation can be obtained for the polymer quantized
simple harmonic oscillator, we are now ready to tackle the more complicated case of the
scalar field. Our derivation will be facilitated by the use of the new notation we introduced
in Chapter 2, which we’ll use throughout this section. We also set 4 = 1. Now we’ll
calculate <7Tf|€_igt|ﬂ','> by discretizing t into N pieces e ! = HnNzle‘iﬁff The Hamiltonian
we consider will be the approximate Klein Gordon Hamiltonian, where the approximate
field variable (defined using some number u) introduced in the last chapter will be used.
We recall that the choice of a 4 and a basis vector gives a proper subspace of the Hilbert
space on which the basic operators act invariantly. We’ll restrict ourselves to one such
subspace i.e a lattice in the 1 labels. Our strategy will be to do this first for a scalar
field theory which lives on a lattice and finally take the continuum limit. To this end we
discretize space with lattice spacing €, and call the entire lattice L from now on. That is

all vertex sets are now subsets of L. The completeness relation 2.11 will now have x € L

So we have

N
(e i) = (gl | | e ) (4.20)
n=1

Using 2.11 this is rewritten as:

ey =[] D] [ 1 D) rrtenile ™l o)) (i)l i)
x1€L i (xy) XN-1€L mn_1(xn-1)

(4.21)
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Taking N very large (¢, << 1) and expanding the nth factor in € we have

(a1 (Ol () = (it OV (X)) + i€ (1 (0 Hr, () + O(e) 4.22)

Our Hamiltonian will be a discretization of f dx3(n(x)* + (Vo(x))* + m*¢*(x)) . We'll

proceed term by term.

(i) The 7* term:
First we consider a Hamiltonian with only the 7% term. This helps demonstrate most

simply the steps in the derivation of the path integral. In this case the discrete Hamiltonian

a(x)?
2’

reads ). €,
xeL

O(€?) terms in the following. We have, therefore

m here being the canonical conjugate to the discrete field ¢. We’ll suppress

—ife ﬂn(-x)z
[ [ @le ™m0y = [ | 6rrtcomen + & [ [oncome  @23)
L L L

2€, L

As we have restricted ourselves to a subspace with a choice of u it follows that the values
of the r fields at any point will differ by an integer multiple of y, just as the momenta in

quantum mechanics differed by factors of u,. Using this fact, we may write:

2

H #o ip(x) (' (x)—m(x
O () = 2—; fo dep(x)e! O (077D (4.24)

This can be used to rewrite 4.22 as:

2
i o [+ i SO () =70 (X)) +((X))? [ 265)
(Frile™4m,) = (1—[ ’;—ﬂ f d¢n+1(x))e 2 ‘ (4.25)
L 0

Then we have

<7Tf|€_im|ﬂi>={]—[ > f dgbl(x)...dqbn(x)]e—fSML (4.26)
L

LT, TN
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where

N-1 _ 2
Swi= Z ele P(x)(p11(x) — (X)) N (ma(x))

e e (4.27)

L n=0
To take the limit ¢ going to zero we use, as before:

N-

—€& Z ¢n+1( )(ﬂ'n+l (X) 7Tn()C)) Z (¢n+l (X) (Pn( ))

+(¢1 () () =N (XN (X))
(4.28)

n=0

And using 4.14 as before we’ll turn the sums over paths into path integrals. We finally

have the following expression for the transition amplitude

(gle ) —[I_H—[ [anw [ dm(x)] S (429)

xeL

where

2
Sni = Z Ex (—61 Z 7t(X)n Brn() - $u(x)) +(P1(X)7mo(x) — Py (0)mN(X)) — () )

2
L n=0 & 26x

(4.30)

Now we can take the ¢, — 0 limit. This gives us:

(mfle” ’Hf|m>—[]_[ f dp() f dm(x)] (431)

xeL

( f dtnz(; f qub——) (4.32)

In the transition amplitude we can integrate out the 7 field and obtain the expression

where

z=1] f do(ve “pes (4.33)

xeL

Finally taking the €, going to zero limit we obtain the configuration space path integral
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expression for the transition amplitude:

Z=- f [Dele (434)
where
S:\[dmh¢72 (4.35)
and
[1061= Jaoc (436)

This demonstrates how the path integral for a polymer quantized scalar field theory is
obtained. Now we’ll look at the contributions from the (V¢)* and m?¢? terms respectively.

We start with the latter.

(ii) The m*¢* term:

The discretized expression for this is:

D €0::6u(06,(2) (4.37)
X,z
where
A U N )C) - U(_ ’ x)
Pu(x) = & 2.” (4.38)
i
So we want to calculate
D €8l NG0B ) (4.39)
X,z
Using 4.38, 2.8, 2.10 and carrying out the sum over the z index we obtain:
€,m>
T H O, 10) )42y F Oyt 10,1000 -2016, ~ 20,4107, (9) (4.40)

y



66CHAPTER 4. PATH INTEGRAL REPRESENTATION FOR POLYMER QUANTIZATION
Then using 4.24 we obtain

2ip@p1(x) + e_ZiH¢n+](x) — 2

e’ f i o 2y Ene1 )1 ()70 (7)) Z ¢ (4.41)
0 (24p)?

xeL

The continuum limit of the sum

zeziﬂd’rﬁl(x) + e_Ziﬂ¢n+l(x) — 2

2, 6m Qip)?

xelL

is f dx(mZW). Therefore including 4.37 in the Hamiltonian along with the 7% term
and repeating the same steps as before(4.28-4.34) we obtain the following path integral

expression:

Z= f [Deple! [ Btk = in o) (4.42)

(iii) The (V¢)* term:

Finally we come to the (V¢)* term. The discretized expression for this is:

D €0V bu()V e 8,0) (4.43)
Xy
and we’ll be calculating:
(il ) €00, Ve $u(IV e, $u()Ims) (4.44)
XYy

where

Vo) = J(x+e) - fv) (4.45)

X
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Let us evaluate

— _— — _— lz ”lz(x_/)¢(xj)
> €0 Ve (Ve O = - €6, Ve $u(x) Ve du)e (4.46)

X,y x,yeL

Using 2.7, 2.8, 2.10 and carrying out the sum over the y label, this gives:

y = o 5D piubtonre) _ g sre o) 4 2inba) o iutdtere)-oto)

T _46)0“2
12T THW) | 2Hbcre) _ 9 pmidre b)) 4 =2 _ 4 (4.47)
. . I X (x)P(x)) . .
Now let us consider a term like e */ e?H¢(x+€d) that appears in the above expression.

We may rewrite this as

i 2(Tn (D) +2U0 x+e.y)Pn ()
<

e = |{7rn(.Y) + 2/15x+ex,y}> (448)

Using this and acting on 4.47 with (.| from left we have:

ZL] fzﬂz (O M) + 28 1) + (et I 7 (0) + 2018,
At OMIA) = 21 s 1) + (Tt O = 2016,
= 2 ODHTAD) + MO very + 61y1) = 2t OMIAD) = U6 ey — 185,,)
— AT OO + 20t O + HBrvery — HO1y )
£ 2T M) = sy + 16,,1) + 20001 G

+ 2{ i O () = fOre,y + 161y1)) (4.49)

Using 4.24 this becomes
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2/10 % : N €
l_[ 2P0 A1 (y)e! o o1 Ons1 0)=7()) Z 7 L
y 0 0 —aE M

xeL

(PHsteren _ geh@lrred o) g Qi) 1 0 giuxre—4()

I g g 2rre) _ 9 OGN 1 g 200 _4)  (4.50)

In the continuum limit( €,, €, — 0) the sum goes to f dx(V¢)?*(cos ug)?. Therefore includ-
ing this term in the Hamiltonian with the previous two terms and following the same steps
once again (4.28-4.34) one has the path integral expression for the full free Klein Gordon

Hamiltonian:

Z= f [Deple™ 4.51)

where

S = f dxdt%(d)2 — (V)*(cosug)® — m*(sin® (ug) /1)) (4.52)

We see again that in the path integral formulation one can go from the usual form to the
polymer form by replacing ¢ by sin (u¢)/u. In the polymer quantized theory we would
be interested in calculating time ordered n-point correlation functions in the approximate
field operator. From the derivation it is clear that these would be obtained by inserting

sin (u¢)/u at appropriate times.

There are two interesting features that appear in the polymer path integral. One is that the
action is no longer Lorentz invariant. We’ll discuss the origin of this difference in the last
section. Another new feature is that the action has become periodic in ¢ with a periodicity

of 2t /.
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4.3 Summary and Discussion

In this work we obtained a path integral representation for a polymer quantized Klein
Gordon field. We found that the path integral representation can be put in a form that
closely resembles the Schrodinger form with the only difference being a replacement of
¢ by sin (u¢)/u in the action. This replacement has two immediate consequences - loss of

Lorentz invariance and periodic symmetry in action.

The origin of the Lorentz violation is easy to understand. The Hamiltonian has terms
(V¢)? and 72, the latter equaling (¢)? in the classical theory. In the transition to the poly-
mer theory, the latter term remains as it is while a scale u enters the polymerisation of the
former. This spoils the symmetry between the space and time derivatives that existed in

the classical theory.

The other consequence is the appearance of a discrete global symmetry in the action:
o — ¢+ ZZ—”,n € /. A similar discrete symmetry x — x + 2;’—0”,11 € / appeared in
quantum mechanics as well. The origin of this periodicity can be traced to the fact that
in both cases, we chose a single scale while defining the position/field observable, and
thereafter restricted ourselves to a subspace of the Hilbert Space generated by the action
of the observables. We may recall that originally the position/field variables took values
on a circle and it was through the use of identity 4.14 that the configurations spaces
were extended. The memory of the original configuration space is retained through this
periodicity. In fact was shown in [47] that the classical phase space corresponding to
a polymer quantum mechanical theory with one degree of freedom is a cylinder when

one restricts to observables defined with a single scale, as we do here. This explains the

periodicity in the action that we have here.

This periodicity in the action gives our theory a resemblance with sine Gordon theories
(except of course for the Lorentz invariance). The difference is that in sine Gordon theory

one would look to calculate correlators in the variable ¢ whereas here we do not have a
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field operator and it is instead correlators in sin (u¢)/u that we are looking to calculate.

An important open issue here is the construction of a perturbative framework which will
allow us to make predictions. The feature of global symmetry, as well as the fact that we
need to calculate correlators for sin (u¢)/u instead of ¢ presents some difficulties in this

regard. We discuss this issue in more detail in the last chapter.



Chapter 5: Outlook

In this chapter we discuss some of the issues in our investigation that remain open. There
are several open issues here which are both interesting and important. We discuss them in

the next two sections.

5.1 Outlook on Polymer Quantization and Symmetries

Our analysis of polymer quantization and symmetries was considerably more extensive
for polymer Quantum mechanics than polymer quantized scalar field theory. In the for-
mer case we showed that non-continuous representations of the rotation group are phys-
ically untenable because they give rise to infinite degenracy. In the case of the polymer
quantized scalar field, we did not investigate if the representation of the rotation group
is infinite dimensional. We know infinite dimensional representations of non-continuous
groups exist [39], but we have not checked if they are realised for the plymer quantized

scalar field theory

Secondly, for polymer Quantum Mechanics we showed how we may regain infinitesimal
generators in Cyl*. We showed that by imposing the demand that the position operator is
self-adjoint on Cyl*, we were led back to the Schrodinger representation on Cyl*. This
was a consequence of the Stone-Von Neumann theorem, which states that all weakly con-
tinuous unitary irreducible representations of the Weyl Algebra are unitarily equivalent

to the standard Schrodinger representation. In the case of the scalar field, however, it is

71
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known that even after invoking the Weyl-Heisenberg relations, there are infinitely many
inequivalent representations of the canonical commutation relations. This means that
there can be infinitely many choices of inner products, all of which can support infinitesi-
mal rotations as well as permit non-trivial dynamics.In the usual case, Poincare invariance
is additionally invoked to uniquely single out the Fock representation [48]. The analysis

of the various possibilities remains an open issue.

We have not considered Fermions or gauge fields in this analysis. We have only consid-
ered scalar field theory where ‘point holonomies’ are the basic functions generating the
commutative C* algebra. Fermions are similar to point holonomies as far as the label sets
are concerned. For gauge fields, we will have the Hpoy := Hyj, with the basis labeled
by discrete labels. Hence the analogues of (V, A) will now have embedded graphs and
representation labels of the gauge group. One will have to impart a ‘manifold structure’
for these spaces of labels to attempt a definition of infinitesimal generators in the manner

discussed above. This is another avenue to be explored.

We would also like to draw a parallel with recent work on polymer quantization of
parametrized field theory (PFT) [49, 50, 51]. Parametrized field theories are field theories
with a background geometry which however are presented in diffeomorphism covariant
form by promoting the background coordinates to fields. The diffeomorphism covari-
ance introduces constraints and the physical sector of the theory is the old theory with
a background. Let’s consider for definiteness a free field theory on the flat Minkowski
space-time and its parametrized form. In the non-parametrized form, isometries of the
Minkowski metric are the symmetries of the theory. One may choose the usual Fock quan-
tization and see the representations of the infinitesimal symmetries. In the parametrized
form however, the diffeomorphism covariance would suggest polymer quantization, not
just for the embedding variables but also for the scalar field. One can now ask, how the

isometries are represented in such a quantization.

If we insist that Dirac quantization of the PFT should produce a physical sector which
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is same as the quantized non-parametrized theory and it is possible to realise this, then
the quantization of the matter sector chosen in the non-parametrized form will already
determine the symmetry realization, regardless of its parametrized version. However, it is
conceivable that that there is a (different) Dirac quantization of the polymer quantized PFT
such that the physical states carry the usual Fock representation. There is no definitive
statement available on this as yet!. Such a possibility could be quite relevant for LQG, at
least in a ‘semiclassical approximation’. This is one context in which the discussion of

this work, especially the Cyl* alternative, could be directly relevant.

Finally, let us note that the constructions can be carried out in any dimension, for any
group - in particular the Lorentz or Poincare groups - with the same qualitative conclu-
sions: unitary, discontinuous representation of the group?, non-existence of infinitesimal
generators, non-existence of an invariant dynamics which is both non-trivial and physi-
cally acceptable and subspaces of Cyl* as possible arenas for further searches of accept-

able models.

5.2 Outlook on Path Integral Representation of Polymer

Quantized Scalar Field Theory

The most important open issue for polymer quantized scalar field theory is the construc-
tion of a perturbative framework which will enable us to obtain predictions from polymer
quantized Scalar field theory. We highlight the challenges to this and discuss our efforts

to overcome them in this section.

We saw that the path integral representation for the polymer quantized scalar field theory

'In two dimensional space-time, R x §', the work of Laddha and Madhavan [51], obtains the isometry
group being spontaneously broken to its discrete subgroup.

2When we speak of discontinuity of representations of Lorentz or Poincare groups what we mean is that
the rotational subgroup of these groups will be discontinuously represented.
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is given by:

Z= f[z)qs]e"s (5.1)

where

S = f dxdt%(qbz — (V) (cosug)® — m*(sin® (ug) /1)) (5.2)

We would like to obtain a perturbation expansion for this integral, proceeding order by
order in ¢. One might think of expanding the sine and cosine terms in a power series ex-
pansion and then assembling the series in orders of . One can easily see that this would
give the free Klein Gordon Lagrangian in the zeroth order in ¢ and an infinite series of "in-
teraction terms’ in higher powers in p. One might want to adopt the strategy of truncating
the series at some finite order in y - this would now look like a standard Schrodinger path
integral for a scalar field with some interaction terms - and follow the standard derivation
to obtain a perturbative series in Feynman diagrams. There are however two problems
with this strategy. First, truncating the series expansion of the Lagrangian at any finite or-
der would mean that the periodic symmetry of the action will disappear. Thus we would
miss out on any physical predictions that would have come as consequences of this sym-
metry encoding the underlying polymer representation. Second, the standard strategy is
convenient for perturbatively calculating, say, a term like f [Dplp(x)p(y)e” which comes
(d(x)¢(y)). In the polymer theory field operators are replaced by approximate field oper-

ators, and for instance a 2 point correlator of approximate field operators would have a

sin (up(x)) sin (ué(y)) es

path integral expression f [Do] " ”

To get around this issues we could try to to recast the path integral in terms of a new
variable y:

X = sin(ue)/u = ¢/1

In terms of y the path integral reads:

Z= f [Dx].e” (5.3)
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where

p
fmm=ﬂf dy(x) (54)

1/p

and

S=jlhma—u%%”wf—awf—maﬂ—%ma+u%% (5.5)

The log term that appears in the action originates from the change of the integration
measure due to the change in variables. We note that in terms of y variables, the action
is no longer periodic but the field is now bounded and so the integration now proceeds
from —1/u to 1/u instead of —oo to oo as in the usual case. Since the periodicity has been
“absorbed’, we can now proceed to expand the Lagrangian in a power series and truncate

to some finite order. We expand the Lagrangian as a power series in u -

L=Lo+@2 LY+ L + .. (5.6)
where

Ly = () = (V) —mPy? (5.7)

L = P -x2 (5.8)

LY = ¥ +xt4 (5.9)

Here one notes that the £, term is Lorentz invariant and Lorentz violation comes from the
time-derivative terms that appear in the coefficients of higher powers of u. Next, one takes
the usual step of expanding the exponential in a power series in the ’interaction terms’.

We can then re-order the obtained series in powers of yu:

2
7= f[l))(#] el ] dxdiLo (1 +/,c2fdxdt£§1>+,u4 (fdxdtllﬁl)) +)
2
(1 +ut f dxdtL? + 8 ( f dxdth,z)) +)
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(5.10)
To proceed with perturbative calculations the standard step is to introduce:
Z[J] — f[DXy]eif£+JX
Now an n point correlator in the approximate field operators can be written as:
() = o 2 ° )z (5.11)
X)) x(xn)) = - .
DA = o1 \6a e )6y )
One similarly introduces
AUE f [Dyule ) £r+% = f [Dy e /00Tl (5.12)

To carry out a perturbative calculation for any n-point correlation function up to any order
in u all one needs to be able to do is obtain functional derivatives of Zy[J] with J, because
any term appearing in the perturbative series can always be written in terms of such a

derivative.

In the Schrodinger case, it is easy to evaluate the functional dependence of Zy[J] on J. One
has the term [[Dg]e’ J@?~(Vey-m’¢>+16 where one can complete the squares and carry out
a Gaussian integral over the field variable to obtain a term whose functional dependence
on J is of the form e~ 2/ J/®DPr&=»)70) where Dy(x — y) is the usual Feynman propagator.
A consequence of this particular form of functional dependence is that the terms in the
perturbation series - which are obtained by taking derivatives of this term with respect to
J and evaluating at J=0 - admit a diagrammatic representation in terms of vertices and
propagators. Here in the polymer case, operations of completing the square and carrying

out the Gaussian integral are not feasible because of the bounded nature of the field y.
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However it should be possible to calculate functional derivatives on 5.12 and obtain a
perturbative series. One notes that such a series would not have the usual diagrammatic
interpretation in terms of vertices and propagators. Evaluation of this series remains an

important open issue.

To summarise, we saw that while the path integral representation for the polymer quan-
tized field theory has a close formal resemblance with the usual path integral represen-
tation of the Schrodinger quantized theory, there are important differences as well. In
particular, the action that appears in the path integral representation of the polymer scalar
field theory is periodic in the field variable. As a result of this property, the usual deriva-
tion of a perturbative series from the path integral representation does not go through. We
have outlined here an approach to deriving a perturbation series that appears appropriate
for the polymer path integral, but more work remains to be done. We expect that further
investigation of this question will help illuminate the possibly deep differences between

polymer and Schrodinger quantizations.
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Appendix A: The Kinematical Hilbert
Space in Loop Quantum

Gravity

In this section we sketch the construction of the Kinematical Hilbert Space in LQG. We
eschew all proofs and details and focus instead on a schematic presentation. The interested
reader is referred to [1, 2, 3] for the details. We use the notation of [29], whose treatment

we closely follow.

The starting point for LQG is a re-formulation of General Relativity as a theory of con-
nections. The phase space consists of pairs of fields (A, E) on a 3-manifold X, where A’
are connection 1-forms which take values and E¢ are the triad variables. The A’ take
values in the Lie Algebra su(2) while the triads take value in its dual. The basic observ-
ables in the quantum theory are however not the connection or the triads. Instead they are
taken to be the holonomies A, along paths e defined by A (these will take values in the
group SU(2)and fluxes Es of the triads across 2-surfaces. That is to say, one looks for a
representation of the Poisson bracket algebra of the holonomy and flux variables to obtain

a quantum theory.

To obtain the Hilbert Space one first defines a space Cyl of functions of connection. To
define Cyl one first fixes a closed, analytic graph vy on the 3-manifold X . Let the graph

have N edges 1,...,N. A given connection A, will associate to each edge e a holonomy

79
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A,. Let us consider the N-tuples (Aj, ..., Ay). These will take value in SU(2)". We call
the space of all such N-tuples A,. This space is isomorphic to SU(2)". Now we construct

a function ¥ on a given connection A such that

Y(A) = Y(A,, ..., Apy).

where i is a smooth function on SU(2)". Such functions are called cylindrical functions

(on the graph ) and the space of all such functions is defined to be Cyl,.

Now one considers all possible graphs y and defines the space Cyl of all cylindrical func-

tions as

cyl ={_Joy,
Y

To construct a Hilbert Space we must define an inner product on Cyl. There is a natural
definition coming from the fact that Cyl, is isomorphic to the space of smooth functions
on SU(2)". One may then use the Haar measure on SU(2)" to induce a measure ,ugv) on

A, and define an inner product:

(‘P1,‘P2):f 1 Yo dul
Ay

where ¥, ¥, are functions on Cyl. This works for the entire space Cyl because we can

always find a graph big enough to support any two functions.

Cauchy completing Cyl with respect to this inner product leads us to the Kinematical
Hilbert Space Hk;,. This is a non-separable Hilbert Space since the graphs give an un-
countable basis. We also have the natural Gelfand Triple Cyl ¢ Hk;, C Cyl* where Cyl*
is the algebraic dual Cyl*. It is easy to show that the inner product is invariant under

spatial diffeomorphisms, thus leading to a unitary representation of finite spatial diffeo-
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morphisms. Diffeomorphism invariant states may also be constructed, but they live not in

Cyl, but in the dual Cyl*. This is where the space Cyl* plays an important role in LQG.
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