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SYNOPSIS

Introduction: Nature has many fundamental symmetries and corresponding symmetry
operations; such as translations in spacetime, rotation in space, uniform velocity along a
straight line (or Lorentz transformation), space-inversion (or parity P), time reversal 7',
interchange of identical bosons (or Bose symmetry), interchange of identical fermions (or
Fermi antisymmetry), quantum-mechanical phase, matter-antimatter exchange (or charge
conjugation C), the combined operations of charge conjugation, parity and time-reversal
(CP and CPT). Symmetries not only help in the formulation of underlying physical laws
but also provide an understanding of their mechanism. Therefore, the concept of symme-
try have occupied the central role in our search for and eventual formulation of various
fundamental laws of physics. It is not only very important to look for new symmetries of
Nature, but it is also important to find out violations of existing symmetries. A quantita-
tive estimate of the violation of a symmetry measures the extent to which the concerned

symmetry operation can be applied.

Motivation: In this thesis we are concerned with violations of some fundamental sym-
metries in the realm of elementary particles, namely, Bose symmetry, the combined op-
erations of charge conjugation and parity (and time-reversal), and the SU(3) flavor sym-
metry. These four symmetries influence various elementary particle processes. So by
studying some specific particle processes one can look for signatures of violations of
these symmetries. In particular, we carefully exploit those particle processes which have
three or more particles (mostly mesons) in their final states. For three-body decays, it
is well know that the phase-space plot or Dalitz plot has a lot of information about the
underlying dynamics [1-4]. Multi-body decays (with more than three final particles) can

be treated as some effective three-body decay by introducing ‘effective’ particles [5]. In

XX



this case the concept of Dalitz plot can be generalized to a three-dimensional plot which
has a prism-like appearance suggesting that ‘Dalitz prism’ might be an apt name for this
plot [6]. In some specific decay modes, violations of the symmetries under our consid-
eration leave their mark on the Dalitz plot and Dalitz prism, as an observable asymmetry
in the distribution of events. Measuring these asymmetries would, therefore, provide
quantitative estimates of the extent of breaking of the symmetries under consideration.
Additionally, the Dalitz prism would help in gathering a huge amount of data that would
help in a better quantitative estimation of the violation of the symmetry under considera-

tion.

CP violation: The predominance of matter over anti-matter in our observable universe
necessitates that some fundamental law of nature must violate the CP symmetry [7].
It is observed that in the weak decays of K and B mesons [8-15], the CP symmetry
is indeed violated. In the standard model of particle physics (SM), these observed CP
violations can be very well accounted for by the Kobayashi-Maskawa mechanism [5].
It also well known that the CP violation predicted by SM fails to explain the observed
baryon asymmetry in our universe. Thus we must search for new sources of C P violation.
SM predicts very small CP violation in the D meson sector, and experimental data are
yet inconclusive about their size. New methods for observing C P violation are, therefore,
most welcome. It was shown in Ref. [16,17] that for untagged neutral B meson decays
to certain three-body, self-conjugate, hadronic final states, direct CP violation would
appear as an asymmetry in the Dalitz plot. In Ref. [18] we have shown it explicitly, that
for processes of the type B — D°DYX, where X can be 7 or K and both D® and D°
are reconstructed from flavor insensitive but distinct final states of same CP, any direct
CP violation in the neutral D meson decays would appear as an asymmetry in the Dalitz
plot under D° and D° exchange. When the two neutral D mesons are reconstructed

from final states of identical CP, they are fully Bose symmetric to one another under
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full CP symmetry. This would require that the Dalitz plot be symmetric under D° and
D exchange. Once CP violation is allowed, there is no longer any Bose symmetry, and
hence the Dalitz plot would exhibit asymmetry under D° and D exchange. In Ref. [18]
it is shown that the asymmetry in the Dalitz plot is proportional to the difference in the
direct C P violation parameters for the two D decays in the final state. Since the parent
particle has no role here, continuum production of ¢¢ can also be taken into consideration.
Including such production processes would help in increasing the statistics of the events

and hence the precision of the C P violation parameters being probed would get enhanced.

CPT violation: CPT symmetry is one of the most fundamental symmetries of nature.
Even though CP is violated in some weak decays, C PT is assumed to be fully conserved
in all interactions. It was shown in Ref. [19,20] that in any interacting field theory, C PT
violation invariably leads to associated breakdown of Lorentz invariance. We shall, how-
ever, not dwell upon the Lorentz violation in our discussion. In Ref. [6], it is shown that
for three-body processes happening via either strong or electromagnetic interactions (in
which CP is conserved) with self-conjugate, hadronic final states and two of the final
particles being CP conjugate of one another, the Dalitz plot must be symmetric under
exchange of the two particles. Any asymmetry in the Dalitz plot under the said exchange
can happen, if CPT is violated (assuming CP is still conserved) or if CP is violated
(assuming CPT holds good) or if both CP and CPT are violated. In Ref. [6], we in-
troduce some CPT violating parameters and show that the asymmetry in the Dalitz plot
is directly proportional to these. Finding an asymmetry in such a Dalitz plot is the best
signature of new physics, since in these decay modes we do not expect any C P violation,
and CPT itself is a very robust symmetry. Since we expect this violation to be extremely
small, the precision required in the measurement would demand a gargantuan amount
of events to be studied. The decay modes which one can use to look for CPT violation

are J/y — Nn*n~, where N can be 7°, w,n, ¢, wn®, pp, nit, ©°K*K~,nK*K~ etc. For
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multi-body (> 3) decays which can be treated as effective three-body decays, the Dalitz
plot can be generalized to a three dimensional plot which is equivalent to stacking up
one Dalitz plot after another with increasing center-of-momentum energy. Since this plot
resembles a prism we call it as ‘Dalitz prism’. This Dalitz prism can now acquire im-
mense number of events. For the purpose of our analysis, we take the projection of the
full Dalitz prism onto its base and then look for any asymmetry in it under 7% < 7~

exchange.

Bose symmetry violation: Bose symmetry is another cornerstone of modern physics.
Bose symmetry tells that a state made up of two identical bosons (particles with integer
spin quantum numbers) remains the same when the two bosons are exchanged [21]. Bose
symmetry is, in general, true for bosons which are stable. Nevertheless, it is used in
particle physics to include unstable mesons also. Therefore, it is only pertinent to look
for violations of Bose symmetry in mesons which are also composite particles. In Ref. [6]
we consider a few three-body decays (all final particles are mesons) in which a minimum
of two final particles are the same but they decay via different decay channels. If the
two mesons were Bose symmetric, the Dalitz plot would remain symmetric under their
exchange. Conversely, any asymmetry in the Dalitz plot under the exchange of the two
particles is a tell-tale signature of Bose symmetry violation. One example of such a decay
mode is B — 3K g, in which two of the the K 2 ’s are reconstructed from 77~ and the
remaining K g is reconstructed from 7%7°. For this particular case, only half of the Dalitz
plot can be obtained and all the three sextants of the Dalitz plot contained in this half
would have to be symmetric with respect to one another. Any deviation would constitute

a signature of violation of Bose symmetry.

Breaking of SU(3) flavor symmetry: SU(3) flavor symmetry is not an exact symme-

try of nature. From its first proposal to explain light hadronic states in the eightfold
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way [22-26], it has always been considered to be broken in order to account for the mass
differences amongst the hadronic states it relates. Full SU(3) flavor symmetry implies
that the up (), down (d) and strange (s) quarks are identical. Hence, under full SU(3)
flavor symmetry these quarks can be exchanged with each other without affecting any
physical observable. However, the mass difference between s quark and either of u or d
quarks is substantial, the quarks # and d do not have same electric charge, and thus these
quarks are not fully exchangeable with one another resulting in many observables which
are sensitive to the SU(3) flavor symmetry breaking. Nevertheless, an accurate quantita-
tive estimate of SU(3) flavor breaking has not been accomplished. In Ref. [27] we give
a model independent prescription for quantitative estimation of SU(3) flavor symmetry
breaking using the Dalitz plots for a few specific kind of three-body decays. We know that
the SU(3) flavor symmetry has three non-commuting SU(2) subgroups, namely, isospin,
U-spin and V-spin. We consider only those three-body decays in which the final mesons
are kaons or pions and particles inside two pairs of the final three mesons are connected
to one another by two distinct SU(2) symmetries. Since full SU(3) flavor symmetry im-
plies that all the three SU(2) symmetries are individually and simultaneously valid, the
Dalitz plot for the modes can be shown to have either fully symmetric distribution or fully
anti-symmetric distribution. This implies that the alternate sextants of the Dalitz plot are
identical to one another. Any deviation from this observation would constitute a violation
of full SU(3) flavor symmetry. In Ref. [27] we provide asymmetries which can quantify

this violation.

Conclusion: In Ref. [6,18,27] we have provided new methods to look for violations of
CP, CPT, Bose and SU(3) flavor symmetries by using Dalitz plots and the new method
of Dalitz prisms. These symmetries play some of the very vital roles in particle physics
and any unusual violation of these symmetries would point out various new physics pos-

sibilities. Therefore, it would not be overemphasizing to belabour the point that accurate
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quantitative estimates of these symmetry violations constitute a significant step forward

in our search for new physics.
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An Invitation to the Thesis

The immensely familiar but subtle concept of symmetry pervades our deepest understand-
ing of Nature and is central to contemporary mathematics and physics. This thesis looks
at some of the fundamental symmetries of Nature which are revealed in the realm of el-
ementary particles and investigates how violations of these symmetries can be observed

in some specific elementary particle processes.

The thesis is divided into five parts. Part I introduces the relevant background materials in
two chapters. Chapter 1 provides a very concise introduction to the concept of symmetry
as applied to physical laws and also introduces very briefly the symmetries of interest to
this thesis, namely the Bose symmetry, CP and CPT symmetries and the flavor SU(3)
symmetry. Chapter 2 gives a concise description of the concept of Dalitz plot and finally
introduces the kind of Dalitz plot that would be useful in our study of the violations of

the symmetries.

Part IT gives in detail all the original findings of this thesis in two chapters. Chapter 3
generalizes the concept of Dalitz plot to a three-dimensional plot, christened as Dalitz
prism, which not only handles resonant three-body decays but also continuum production
of three final particles and multi-body processes which can be treated as “effective” three-

body processes. Thus, it works as a precision tool for looking at minute violations of

1
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symmetry, as it is rich with data by construction. In Chapter 4 we analyze in detail the
signatures of all the symmetry violations under consideration in Dalitz plots and Dalitz
prisms. Here various relevant Dalitz plot asymmetries are provided which would quantify
the extent of breaking of our chosen symmetries.

Part III contains Chapter 5 which succinctly summarizes the research findings of
Part II. This is followed by Part IV which contains the appendices. Appendix A de-
scribes in some detail a few concepts in flavor SU(3) symmetry including introduction of
two new G-parities. Appendix B summarizes the concept of ternary plot which is used
in Chapter 2 to develop the Dalitz plot that would be helpful in Chapter 4. Finally Part V

lists all the references and provides an index.

Nature and Nature’s symmetry
Are as charming as any poetry.
The Physicist loves to ponder
A little over symmetry’s wonder.
“From the farthest stars to the tiniest quarks,

How does symmetry rule over Nature’s works?”

On beings animate to inanimate
Symmetry’s spell is immaculate.
The Physicist finds and thinks
About symmetry’s cracks and kinks.
“From the farthest stars to the tiniest quarks,

How does symmetry break in Nature’s works?”’

The Physicist’s tryst with symmetry,
Has facilitated our pleasant entry,
Into the great grand treasury,

Of Nature’s beautiful wizardry.

— An Ode to Symmetry
Dibyakrupa Sahoo



PArT 1

Introduction

In this part we shall briefly discuss the background materials upon
which the research findings of Part II are based. In Chapter 1 we shall
briefly explore the concept of symmetry in physical laws, its mathemat-
ical implementation and some symmetries that are of immediate inter-
est to this thesis. In Chapter 2 we shall make a tour of the Dalitz plot
technique used in three-body decays with the motive to improve upon
this method and to use them for our study of violations of fundamental

symmetries.







Symmetry in a nutshell

Symmetry is ubiquitous in Nature. Its obvious simplicity and profound subtlety fasci-
nates the human mind. A spherical ball, a flower, a butterfly, the snowflakes, the five
Platonic solids: tetrahedron, cube, octahedron, dodecahedron, and icosahedron are some
out of the many objects that spring up in our mind when we hear the word symmetry.
Nature has such a vast repertoire of objects with all sorts of geometric symmetries, that it
would be foolish and insane to list them. Moreover, the kind of symmetry we are going
to dwell upon in the next few pages is not a symmetry of objects of Nature, but the sym-
metry in the physical laws that govern some phenomena in the physical world'. Unlike
the geometrical symmetries of material objects, the symmetries in physical laws are not
perceptible by our sensory organs. Hence, the precise notion of such a symmetry needs

to be carefully articulated.

'No physical law is permanent, they are all provisional, i.e. they are approximate statements about
the ways Nature works to a fairly high degree of accuracy and are subject to modification or replacement
whenever some better explanation is discovered. In this sense all the symmetries of physical laws are also
provisional.
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1.1 What is symmetry in physical laws?

The German mathematician and physicist Hermann Weyl in the preface of his book Sym-
metry [1] gives the generalized idea of symmetry as

“ ... that of invariance of a configuration of elements under a group of

automorphic transformations.”

Richard P. Feynman interprets Weyl’s definition of symmetry in the following manner in
his Lectures on Physics [2]:

113

. a thing is symmetrical if one can subject it to a certain operation and

it appears exactly the same after the operation.”

The same tone resonates when Dave Goldberg writes in the introduction of his book The
Universe in the Rearview Mirror [3]*:
“A thing is symmetrical if there is something you can do to it so that after

you have finished doing it, it looks the same as before.”

It must be noted that there are three vital aspects to symmetry as defined above:

1. An object (‘... a configuration of elements ...’ or ‘A thing ... ) whose symmetry
is the subject of our curiosity. This can be a geometrical object, a living or non-

living entity, or something as abstract as a physical law.

2. An operation (‘... a group of automorphic transformations.” or ‘... certain opera-

3

tion...” or ‘... something you can do ...’) which we call as the symmetry opera-
tion or symmetry transformation. This operation can be something like rotation by
any angle in the plane for a circle, or reflection about any median of an equilateral

triangle, or something like changing the physical situation of some physics experi-

ment such as doing the Michelson-Morley experiment at different locations and in

2R.P. Feynman utters almost the same words in his book The Character of Physical Law [4]: “.. . a thing
is symmetrical if there is something that you can do to it so that after you have finished doing it it looks the
same as it did before.”
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several seasons on the earth. Steven Weinberg in his book The Quantum Theory of

Fields, Vol. I Foundations [5] defines symmetry transformation as follows:

“A symmetry transformation is a change in our point of view that does

not change the results of possible experiments.”

3. An observable (‘... invariance of ...  or ‘... it appears exactly the same ...’
or ‘... it looks the same as before.”’) which we study for quantitative variation
under the symmetry operation. For the geometrical objects such as a circle or a
triangle, the shape or appearance of the object itself is the observable. However,

for a physics experiment it is the observed phenomenon, such as for the Michelson-

Morley experiment the observable is the shift in the observed interference pattern.

Weyl’s statement about symmetry, however, has one hidden but important aspect which
gets manifest in both Feynman’s and Goldberg’s versions: the observer (... onecan...’
or ‘... youcan...’) which always denotes an unbiased, competent experimenter. Where
possible the human aspect can always be dispensed with quantitative experimental ob-
servations, otherwise known as data. Therefore, drawing inspiration from Weyl, one can
define symmetry in physical laws as follows:

“A physical law is said to have a certain symmetry, if all unbiased, com-
petent observations agree that the experimental observable remains in-

variant under the appropriate symmetry operation.”

The definition of symmetry in physical laws as given above is from an experimenter’s
point of view. The theorist’s point of view has its foundations in the deeper mathematical
aspects of symmetry and it must be in concurrence with that of the experimenter if the
physical law has to describe some natural phenomena. From the theorist’s point of view:

“A physical law is said to have certain symmetry, if the equation describ-
ing the law retains its form (i.e. it is covariant) under the appropriate

symmetry transformation.”
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b

Or as Steven Weinberg observes in his article “Symmetry: A ‘Key to Nature’s Secrets
[6]:

“A law of nature can be said to respect a certain symmetry if that law

remains the same when we change the point of view from which we ob-

serve natural phenomena in certain definite ways. The particular set of

ways that we can change our point of view without changing the law

defines the symmetry.”

In order to get a better understanding of the symmetry in physical laws, it is only pertinent
that we analyse the various symmetry operations or transformations (the various “points
of view”) that have been explored by the theoretical physicists over the years. The profit
of having an understanding of the symmetries of physical laws would also be clear from

such analyses.

1.2 Classification of symmetries and symmetry operations

There are many transformations which keep various physical phenomena invariant. These
transformations affect the variables of the equation describing the law in some appropri-
ate manner. If the equation retains its form, then the law is said to have the particular
symmetry under consideration. The various symmetry operations and, therefore, the var-

ious associated symmetries can be classified in many different ways [7]:

o [f the symmetry transformation makes continuous (i.e. infinitesimally small) changes
in the variables, it is called a continuous symmetry operation. When the transfor-
mation allows only certain discrete values for the variables, the symmetry operation

is called discrete.

e There are some symmetry transformations which affect the space and time coordi-

nates. These are usually called spacetime or spatio-temporal symmetry operations.
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The non-spacetime symmetry operations (i.e. the ones where the variables are not

spacetime coordinates), are called as the internal symmetry operations.

e [fin some symmetry transformation the variables are independent of space and time
coordinates, such transformations are called global symmetry operations. However,
if the variables are dependent on space and time coordinates, the transformation is

called local symmetry operation.

There exists a certain degree of quantitative mismatch in the symmetries proposed by the
theorists and those observed by experimenters in many natural phenomena. This allows

a further classification of symmetries and symmetry operations.

e A certain symmetry and the corresponding symmetry operation can be exact (or
perfect), approximate (or imperfect), or broken, depending on the extent to which
the theoretical ideas are supported by the experimental evidences. An exact or
perfect symmetry applies well in all natural phenomena without any fail. An ap-
proximate or imperfect symmetry has some domain of validity, i.e. it is a symmetry
of Nature manifest only in some specific natural phenomena. The concept of bro-
ken symmetry is more complicated than the other two. A symmetry would be said
to be broken, if it no longer is a symmetry of the specific system in the specific case
under consideration, but which would have been a perfect symmetry of the system

in some completely different situation.

There are a lot other aspects of symmetry operations, which we have not yet considered:

1. Subject of symmetry operation: In case of symmetries in physical laws, the subject
of operation for symmetry transformations can be equations of motion (equiva-
lently Lagrangian or Hamiltonian), boundary conditions of the problem, or the so-

lutions (such as wave functions or states or fields) themselves. It might also include
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everything stated here. It is possible that a symmetry of the equations of motion

would be different from the symmetry of the solutions.

2. Scale of symmetry operation: A system or a natural phenomenon might exhibit
a multitude of nuances in its behaviour when some variable (known as the scale
variable) of the system or phenomenon is varied. The equations describing the sys-
tem or phenomenon must, therefore, evolve appropriately along the scale variable
under consideration. In such cases, symmetry and symmetry operations are clearly
defined at some given scale. The symmetries might also evolve along the variation

of the scale.

3. Nature of symmetry operation: The symmetry operations can be classical or quan-
tum mechanical by nature. Of course, there are some symmetry operations which

are valid in both the classical and the quantum regime.

These aspects of symmetry help in a finer understanding of the broken symmetries and
their further classification. If the Lagrangian or the Hamiltonian of a system or a phe-
nomenon remains invariant under a given symmetry transformation except in the case of
a specific situation, then the symmetry is said to be explicitly broken for the system in
that particular situation. If the Lagrangian or the Hamiltonian of a system is symmetric
under a certain symmetry transformation, but the solutions of the system, i.e. the wave
functions or states or fields, lack that symmetry, then the symmetry under consideration
is said to be spontaneously broken. 1f a system in its classical description has a symmetry
but not in the corresponding quantum mechanical description, then that symmetry is said
to be anomalously broken.

There is one very important symmetry transformation we have missed in the above
discussion. In quantum field theory a continuous, internal, local symmetry transformation
which keeps the Lagrangian invariant is christened as a gauge symmetry operation and

the corresponding symmetry is called gauge symmetry. In his article on “The role of
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symmetry in fundamental physics” [14] David J. Gross provides the following insight on

gauge symmetries:

“Gauge symmetries are formulated only in terms of the laws of nature; the
application of the symmetry transformation merely changes our descrip-
tion of the same physical situation, does not lead to a different physical

situation.”

This can be easily contrasted with global symmetries which lead to different physical
situations without affecting any observation made on the system. Gauge symmetries
play a very central role in quantum field theory and in our understanding of interactions
amongst the elementary particles.

There is another kind of symmetry one comes across in the study of quantum field
theories, namely conformal symmetry. Conformal symmetry deals with such spacetime
coordinate transformations (aptly called conformal transformations) which result in only
a positive rescaling of the metric (the distance function). There is a whole branch of field
theories named conformal field theories which deal with conformal symmetries.

Some of the widely encountered symmetries in physics are listed in Table 1.1. We
shall now briefly discuss the various properties of symmetry operations and how they
are treated mathematically. This has revolutionized the way we explore any physical

phenomenon.

1.3 Mathematical treatment of symmetry operations

All valid symmetry operations are found to satisfy the following four fundamental prop-

erties [8]:

(S.1) application of two symmetry operations is also another symmetry operation (i.e.

the symmetry operations are said to close),
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Symmetry transformation

Category

Translation in space

Translation in time

Rotation in space

Uniform velocity along a certain direction

(Lorentz transformation)

Continuous symmetry

Matter-antimatter exchange (charge conjugation or C)

Space-inversion (parity or P)

Time reversal (T')

Discrete symmetry

Interchange of identical bosons

(Bose-Einstein statistics or Bose symmetry)

Interchange of identical fermions

(Fermi-Dirac statistics or Fermi antisymmetry)

Permutation symmetry

(or commutative symmetry)

Quantum-mechanical phase (phase symmetry or U(1))

Charged lepton-neutrino symmetry (SU(2)1)

Quark color symmetry (SU(3)color)

Gauge symmetry

Quark flavor symmetry (SU(3)gavor)

Global symmetry

Table 1.1: Some symmetry operations frequently used in particle physics.
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(S.2) application of the same set of three symmetry operations gives the same result
whether two symmetry operations follow one symmetry operation, or one symme-
try operation follows two symmetry operations, as long as the same sequence is

maintained (i.e. the symmetry operations are said to be associative),

(S.3) there exists a symmetry operation, called identity transformation, which does not

affect anything,

(S.4) for any symmetry operation there exists another symmetry operation, its inverse

transformation, which nullifies (or reverses) its effect.

It is important to note that the sequence of combination of two symmetry operations
is very important, and, in general, the final symmetry operation is different when the
sequences are different.

All the above seemingly innocuous conditions are the foundational basis of an ex-
tremely rich mathematical concept called group theory. A setG = {g1,82,...,8i,--.} 18
said to form a group under a group operation (also known as group composition or group
multiplication), denoted simply by juxtaposition of the group elements, if the following

properties are satisfied:
(G.1) Closure: For any g;, g; € G, there exists a unique gx € G such that g;g; = g.

(G.2) Associativity: Forany g;, g;, gk € G the group operation is associative, i.e. g;(g;8x) =

(8ig))8k-

(G.3) Existence of identity element: There exists a unique element 1 € G, the identity

element, such that for any g; € G, 1g; = g;1 = g;.

(G.4) Existence of inverse elements: For any g; € G, there exists a unique element

(gi)_1 € G, the inverse of g;, such that gl-(gi)_1 =1= (g,-)‘lg,-.
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Furthermore, if the group G satisfies the commutativity property, which states that for
any g;,8; € G, gigj = g;&i> then G is said to be a commutative or an Abelian group,
after the great Norwegian mathematician Niels Henrik Abel. Any group which does not
satisfy commutativity property is called a non-Abelian group. The order of a group is the
total number of distinct elements (or ‘cardinality’) of the group. It can be either finite or
infinite; accordingly the group is said to be either a finite group or an infinite group. An
infinite group with denumerably infinite number of elements is called a discrete group,
and one with non-denumerably infinite number of elements is called a continuous group.
If H is a subset of G (denoted as H C G) and forms a group under the same group
operation as that of G, then H is called a subgroup of G. The identity element alone and
the whole group itself, are the two ‘trivial’ subgroups of any group. Subgroups play a
very important role in particle physics. Different fundamental particles and the various
interactions amongst them are often related by some fundamental symmetry. However,
the symmetry that manifests in Nature is most often a subgroup of the original symmetry
group. Since subgroups are central to our scheme of things, let us explore them in a little

more detail.

e The subgroup H of group G is said to be a normal subgroup, if Hg = gH, for all
g € G,where Hg = {thg : h € H} and gH = {gh : h € H}, are called cosets,
respectively the right-coset and left-coset of subgroup H with respect to g. Now
Hg = gH implies that for every g € G and h; € H there exists an element i, € H
such that hjg = ghyp, or ghzg_1 = h;. In this context, it is useful to introduce
the notion of conjugacy. Two elements g;, g; € G are said to be conjugate to one
another if there exists a g € G such that g; = gxg; g,;l. The set of all elements
of the group G which are conjugate to a given element of G is called a conjugacy

class®. Since for a normal subgroup H we have gHg~! = H, for any g € G, it

3This is also simply called a class. No two classes of a group have any element in common. Thus we
can decompose a finite group into a finite number of classes. The number of classes possible for a finite
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can be said that all the elements of group G commute with the normal subgroup
H. H is also called an invariant, or self-conjugate subgroup. All subgroups of an
Abelian group are normal subgroups. Once again, the identity element alone and
the whole group G itself are trivial normal subgroups of G. Any subgroup which is

not a normal subgroup is called a non-normal subgroup.

e If G is a finite group and H is a subgroup of G, then the order of H divides the
order of G. (This is known as Lagrange’s theorem.) The set of all distinct right-
cosets Hg (or left-cosets g H) of the subgroup H with respect to an element g € G
is called the right coset space, G/H" = {Hg : g € G} (or left coset space, G/H' =
{gH : g € G}). When H is an invariant or normal subgroup, the coset space G/H =
G/H'! = G/H" becomes a group and is called as the factor or quotient group of G
by H. The group multiplication of Hg; and H g, for different elements g1, g> € G,
is given by (Hg1)(Hg2) = H(giH)g» = H(Hg1)g» = (HH)(g182) = H(8182),

where we have used the fact that H is a normal subgroup.

e The center of a group G, denoted by Z(G), is defined as the set of those elements
of G that commute with all the elements of G: Z(G) ={z € G : Vg € G,zg = gz}.
The center of group G is always a normal subgroup of G. A centerless group is one

whose center has only the identity element in it.

e Groups that do not have any non-trivial normal subgroups® are called simple groups.
If G is a simple group and H is a normal subgroup of G, then H is either the
group G itself or it only contains the identity. Simple groups are very fascinat-
ing groups and are considered as the basic building blocks of group theory. One

of the simplest ways to combine groups to produce groups is via the concept

group is a characteristic of the group and is always less than or equal to the order of the group. An Abelian
group of order n has n number of classes.

4Any normal subgroup except the group itself and the identity element alone are called non-trivial
normal subgroups.
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of direct product group. If G and H are two arbitrary groups, then their direct
product group, G X H, has ordered pairs (g, /) as its elements where g € G
and h € H,ie.G X H = {(g,h) : g € G,h € H}, and the rule for group
multiplication between two elements (g1, k1), (g2,h2) € G X H being given by
(g1, h1)(g2,h2) = (g182, h1hy). This can be extended to include many groups. If
G, Gy, . ..,G, are a few groups, the direct product group is defined as G| X G, X

.Gy, = {(g1,82,---,8n) ¢ & € GVi € {1,2,...,n}}, and the rule for group
multiplication is (g1, 82, - - ., 81)(8], 85> - - - » &) = (8187, 8285, - - - » §n&y)- In par-
ticle physics, the frequently encountered groups are mostly product groups of some

simple groups.

It is very interesting to find that looking for relationships among various groups is
a very fruitful enterprise. A mapping or function ¢ from a group G; to another group
G, denoted as ¢ : G; — G, 1s a subset of the direct product group G; X G; subject
to the condition that every element g; € G is the first component of one and only one
ordered pair in the subset, i.e. every g; € G is uniquely associated with an element
g2 = ¢(g1) € Gy. Here G is the domain, G, is the codomain and g, = ¢(g1) 1s called the
image of gi. Symbolically, the mapping of the element g; to its image ¢(g) is written
by g1 — ¢(g1). The set of all elements in the codomain G, touched by the function
¢ : G1 — G, is called the image of the function ¢, denoted as Im(¢) = ¢(G1). The
set of elements of domain G that get mapped to the identity element of the codomain
G, is called the kernel of the function, denoted as Ker(¢). It is important to note that a

mapping ¢ : G; — G, can be of the following types:
(i) injective function if Vg1, g} € G1, g1 # g = ¢(g1) # ¢(g))s
(i1) surjective function if Vgr € Go, g1 € G, ¢(g1) = g2,

(ii1) bijective function if ¢ is both injective and surjective.
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A mapping ¢ from a group G to another group G is called a homomorphism if for all
21,87 € Gi1, ¢(g18]) = ¢(g1)p(g)), i.e. the image of a group multiplication in Gy is
the same as group multiplication of images in G,. The image Im(¢) and kernel Ker(¢)
of a homomorphism ¢ are subgroups. Moreover, the kernel Ker(¢) is in fact a normal
subgroup. A bijective homomorphism is called an isomorphism. Furthermore, the ho-
momorphism of a group into itself is known as an endomorphism, and the isomorphism
of a group into itself is called an automorphism. An inner automorphism ¢ of a group
G is the mapping ¢ : G — G defined as Vg € G,g — ¢(g) = g’g(g’)~!, where g’ is
a fixed element of G. An outer automorphism of a group is one which is not an inner
automorphism. The concept of homomorphism plays a very great role in application of
group theoretic ideas in quantum field theories and hence in elementary particle physics.
This would be clear soon with the introduction of the concept of group representation.
The representation of dimension n of a group G is defined as a homomorphism
T : G —» GL(n), where GL(n) is the multiplicative group of non-singular n X n ma-
trices. If the homomorphism is in fact an isomorphism, the representation is then called
a faithful representation. Every finite group of order n has a faithful representation in
GL(n). However, every finite-dimensional continuous group may not have faithful repre-
sentation in some GL(n). Nevertheless, they do have representations, albeit non-faithful
ones and also locally®, when the global aspects of the group do not concern us. There can
be more than one representation of a given group. Two n-dimensional representations of
a group G, namely TW : G - GL(n) and T® : G — GL(n), are said to be equivalent
if for all g € G all the matrices T()(g) and T®(g) are related by the same similarity
transformation: 7 (g) = ST®(g)S~!, where the similar matrix S is independent of g.

There is a way to distinguish between various representations but treat two equivalent

SGL(n) is the general linear group that describes the symmetries of a n-dimensional vector space. If
the vector space is real (or complex), the entries for the GL(n) matrices are all real (or complex) and we
denote the group by GL(n,R) (or GL(n, C)).

%Here locally implies that the elements of the GL(n) matrices are only defined at a given space-time
coordinate and can vary from one space-time point to another.
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representations as the same. This is by the concept of character. The character (y) of a
n-dimensional representation of a group G, say T : G — GL(n), is the set of traces of
the representation matrices 7(g) for all g € G, i.e. ¥ = {x(g) =Tr(T(g)) : g € G}. Itis
important to note that two equivalent representations have the same character’, and if two
representations have the same character they are definitely equivalent. Now, a represen-

tation of dimension m + n is said to be a reducible representation, if all the matrices of

A(g) C(g)
O B

B(g) and C(g) are matrices of dimensions m X m, n X n and m X n respectively, and O is

the representation can be put into the form 7'(g) = ( ) ,Vg € G, where A(g),

a null matrix of dimension n X m, for fixed m and n. Here matrices A and B individually

constitute m-dimensional and n-dimensional representations of G respectively. When the

representation is completely reducible or decomposable, C becomes a null matrix giving
Ag O
0 B

written as the direct sum of the subrepresentations A(g) and B(g): 7(g) = A(g) ® B(g).

T(g) the famous ‘block-diagonal’ form 7'(g) = ( ) ,Vg € G, and it can be
A representation is said to be irreducible if it is not reducible. All irreducible represen-
tations of a group can be classified by their characters. A representation is said to be
unitary if all the matrices of the representation are unitary. It is important to note that
every representation of a finite group is not only equivalent to a unitary representation
but also completely reducible. Moreover, the number of irreducible representations of a

finite group is equal to its number of conjugacy classes.

Most of the interesting groups we come across in physics are the Lie groups, named
after the famous Norwegian mathematician Sophus Lie. Lie theory, which deals with Lie
groups and the associated Lie algebras, is the standard formalism for the study of the local
theory of continuous groups. A group G is a Lie group, if every element of G is specified
8

by a set of real parameters and the parameters of a product element are analytic functions

of the parameters of the factors. Mathematically, a group G is a Lie group of dimension

"This follows directly from the cyclic property of the trace.
8By analytic parameters we mean that these are differentiable to all orders.
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n (where n is finite), if every element of G is specified by n number of real parameters
(denoted here by as, 8s and ys) in such a way that provided g; = g((a1,...,ay),and g =
22(B1, . .., Bn) are two elements of G and the product g’ = g1g; ! being parametrized as
g =g (1,...,yn), imply thaty; = y;(ay,...,a,;B1,...,B,) are analytic functions of

the as and the Bs. The parameters are very important, because of the following reasons:

(i) Two elements of the Lie group are same, if and only if their corresponding pa-

rameters are also the same, i.e. gi(ay,...,a,) = g2(B1,...,0,) if and only if

a’lzﬁla---9a/n:ﬁna

(i1) The analytic nature of the parameters allows one to study infinitesimal group el-
ements (i.e. elements in the neighbourhood of the identity element) providing the

complete information about the local structure of the group.

If the parameters vary in closed finite intervals, the Lie group is said to be compact.’
The parameters are said to be normal if by putting them to zero, the group element cor-
responds to the identity element, i.e. g(0,...,0) = 1 (1 being the identity element of
the Lie group). The parameters a1, ...,a, can be thought of as components of a n-
dimensional vector av. Let us consider a representation of the Lie group G, g(a) — T(cx)
and T(a)|q=0 = 1 (where 1 is the identity matrix). The elements in the representation
of the n-dimensional Lie group G in the neighbourhood of the identity element can now
be obtained by exponentiation, T(cx) = e®«X« where X, = —i %T(a) o is called a
generator of the group and @ = 1, ..., n. The representation thus defined by exponenti-
ation (with the imaginary 7 included in the exponent) is unitary and the generators of the
group are hermitian and traceless. All the generators of a Lie group form the basis of a

linear vector space. Most importantly, the generators of a Lie group G of dimension n

The special orthogonal group SO(n) of orthogonal n X n matrices of unit determinant and the special
unitary group SU(n) of unitary n X n matrices of unit determinant are examples of compact Lie groups.
However, the special real linear group SL(n, R), and the special complex linear group SL(n, C) (which are
groups of n X n unimodular (= unit determinant) matrices with real and complex entries respectively) are
non-compact Lie groups.
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are closed under commutation (action of the commutators also known as the Lie brack-
ets), [ Xq, Xp]l = XuXp — Xp X, =1 faCch, where we have used the summation convention
(here ¢ is summed from 1 to n) and f;, are real constants called as structure constants
for G. This commutator relation is called the Lie algebra of the group, and is completely

determined by the structure constants. The Lie brackets satisfy the following properties:
(1) [X(la Xb] = - [Xb’ Xa],
(11) [Xa + Xp, Xc] = [Xa, Xe] + [ Xp, Xc], [Xa, Xp + Xe] = [Xa, Xp] + [Xa, Xe],
(111) [ Xy, Xp]| = a[Xa, Xp]| = [Xq, aXp],
(IV) [Xaa [Xb, Xc]] + [Xb’ [Xc, Xa]] + [XCa [Xa, Xb]] =0 (JaCObi ldel’ltlty)
The structure constants therefore satisfy the following relationships:
W fap = ~Jpar
() foplca * Spalea * Jialcp = 0
It is important to note that for a simple Lie group G, the structure constants calculated
for the group G are identical to those calculated using any nontrivial representation of
G (i.e. representations in which the generators do not vanish). If all the structure con-
stants are zero, then the group is Abelian, otherwise it is a non-Abelian group. Let us
define some matrices whose elements are the structure constants, [L,]pc = —if acb. These
matrices satisfy the same commutator relation as the one by the generators of the Lie
group: [Lg, Lp] = if;, Lc. Thus, the structure constants themselves furnish a represen-
tation of the Lie algebra, which is called the adjoint representation. Since the structure
constants are real, all the generators of the adjoint representation are pure imaginary.
The structure constants also lead to a useful concept, called the Cartan tensor or the

Killing form (or Cartan-Killing form) defined as trace of the product of two generators

8ap = Tr(X,Xp) = ffc fbcd = gpq. In fact, the Cartan-Killing form is proportional to the
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identity matrix: g, = Cd4p, Where C is a constant which depends on the choice of irre-
ducible representation considered for the Lie algebra. We can now define the structure
constant with all lower indices fupe = f40ca = &f4 flnfi = =ETr ([Xa, Xp] Xc), which
explicitly shows that the structure constant is antisymmetric in all three indices. The
constant C here is called the quadratic Casimir operator or Dynkin index. In general, a
Casimir operator is a function F(X) of the group generators X; that commutes with all

the generators, [F(X), X;] = 0. A Casimir operator is always proportional to the identity

and the constant of proportionality may depend on the choice of representation.

We have thus far covered most of the group theoretic concepts that are relevant to
understand the symmetries we shall consider in this thesis. Details regarding what has

been discussed above and more information can be found in References [8, 15-25].

Our current understanding of elementary particles is extremely well described by the
so called standard model of particle physics (SM). The foundational basis of SM is a
direct product group of three Lie groups, the gauge group SU(3), X SU2)p x U(1)y,
where individually SU(3). describes the strong interaction amongst the various quarks
via exchange of gluons, SU(2); X U(1)y describes the electro-weak interaction amongst
the quarks as well as the leptons via exchange of the massive weak gauge bosons W=, Z°,

and massless photons.

1.4 Symmetry and conservation laws

It is true that symmetry operations act upon the variables of the theory and keep the La-
grangian or Hamiltonian or boundary conditions or the solutions (such as wave functions
or states or fields) invariant. It was proven by the great German mathematician Emmy

Noether in 1918, that if the Lagrangian or Hamiltonian of a system possesses some con-
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tinuous symmetry, then there is an associated conserved quantity'®. This is the famous
Noether’s theorem and it essentially provides a conservation law corresponding to the
underlying symmetry. Thus, conservation laws can be directly obtained from symmetry
or invariance principles alone without worrying about the laws of motion. Hence, the
region of applicability of conservation laws is much wider than that of the laws of motion
or the framework of any specific field or theory. Nevertheless, the region of applicability
of conservation laws is as wide as that of the underlying symmetries under considera-
tion. We shall now note down a few well known conservation laws as arising from some

underlying symmetry principles.

(i) That the laws of physics are invariant under translation in space (homogeneity of

space), implies that linear momentum is conserved.

(i1) That the laws of physics are invariant under rotation through a fixed angle in space

(isotropy of space), implies that angular momentum is conserved.

(ii1) That the laws of physics are invariant under translation in time (homogeneity of

time), implies that energy is conserved.

(iv) That the laws of physics are invariant under any constant shift of the quantum-
mechanical phase of any wave function or any field implies that some conserved

“charge” (or quantum number) exists.

There is an important aspect in the way conservation laws are to be interpreted. All
conservation laws are formulated as some kind of prohibitory rule and not as a guiding
rule. What this means is that the conservation law prohibits any process or phenomenon
which would change the conserved quantity. In some cases, when one observes that the

experimental data does not allow certain types of processes involving some elementary

0By conserved quantity we mean a quantity which remains unchanged when the system moves or
evolves over time.
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particles, one can, in principle, formulate a conservation law as a law of prohibition
even without knowing anything about the underlying symmetry. Prohibitory nature of
conservation laws is, in deed, reminiscent of the fact that the concept of symmetry always
reduces the number of different possible ways of formulating a theoretical model of the

Nature.

1.5 Symmetries that are of interest to this thesis

In this thesis, we shall look at four specific symmetries: two discrete symmetries, namely,
the combined operations of charge conjugation, parity and time reversal: CP and CPT;
one permutation or commutative symmetry, namely, the Bose symmetry; and one contin-

uous gauge symmetry, the quark flavor SU(3) symmetry.

1.5.1 Bose symmetry

Bose symmetry [26] states that all measurable quantities of a physical system remain
unchanged when two identical bosons (particles with integer spins) are swapped. Under
Bose symmetry a state made of two identical bosons does not change under exchange
of the two bosons. The bosons follow the Bose-Einstein statistics, which allows more
than one bosons to share the same quantum state. The particles with half-integer spins,
the fermions, follow the Fermi-Dirac statistics [27], which does not allow more than one
fermion to occupy the same quantum state, and moreover the wavefunction for a state
of two fermions picks up a negative sign when the two fermions are swapped. This
goes by the name of Fermi antisymmetry. Both Bose symmetry and Fermi antisymmetry
form one of the cornerstones of modern physics and they are combined into the famous
spin-statistics theorem. Within the conventional Lorentz invariant and local quantum field

theory, even a small violation of this symmetry is quite impossible. There have, therefore,
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been a lot of experimental interest in Bose symmetry violation as a means of testing
the present theoretical framework. Theoretical ideas and experimental investigations for
Bose symmetry violations have looked at the spin-0 nucleus of oxygen !0 [28, 29],
molecules such as 'O, and CO, [30-33], photons [34-39], pions [40], Bose symmetry
violating transitions [41—47]. On the theoretical side, a scenario where Bose symmetry
is not exact swings open doors to a plethora of avenues for new physics [48-52]. In
this thesis we shall describe in detail in Chapter 4 how using Dalitz plots (discussed in
Chapter 2) and the new concept of Dalitz prisms (developed in Chapter 3) we can look

for signatures of Bose symmetry violation in some specific three-body processes.

1.5.2 Charge conjugation, parity and time reversal

Charge conjugation (C), parity (P), time reversal (7°) and their combinations CP and
CPT are the most important discrete symmetries in the whole of particle physics. Under
charge conjugation a particle gets exchanged with its corresponding anti-particle (which
has the same mass, spin and lifetime as those of the particle, but opposite sign of electric
charge and magnetic moment). Under parity, or space inversion, all the spatial coordi-
nates get reversed in sign, and under time reversal the time coordinate gets reversed. The
parity operator P when operated twice brings the system back to itself, i.e. P> = 1, where
1 is the identity operator. Therefore, the eigenvalues of P are +1. Every elementary par-
ticle has an intrinsic parity, and if it is a composite particle it has extrinsic parity also.
Fermionic particles and their corresponding antiparticles have opposite intrinsic parity.
However bosonic particles and their corresponding antiparticles have the same parity.
Parity is a multiplicative quantum number. So the extrinsic parity of a composite system
in its ground state is the product of the intrinsic parities of its constituents. But when the
composite system is in an excited state with orbital angular momentum /, there is an extra

multiplicative factor of (=1). Parity is a good symmetry for electromagnetic and strong
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interactions. But it was pointed out by Tsung Dao Lee and Chen Ning Yang [53] in 1956
and then proven experimentally by Chien-Shiung Wu and her collaborators [54] in 1957
that parity is violated in “the weak” interaction. Similar to parity, the charge conjuga-
tion operator C when operated twice brings the system to itself, i.e. C> = 1. Hence, the
eigenvalues of C are +1. However, most particles are not eigenstates of charge conjuga-
tion operator. Only those particles which are antiparticles of themselves, are eigenstates
of charge conjugation. Charge conjugation is also a multiplicative quantum number. A
composite system consisting of a spin-% particle and its antiparticle in a state with total
spin s and orbital angular momentum / is an eigenstate of C with eigenvalue (—1)"**.
Experimentally charge conjugation is found to be an excellent symmetry for electromag-
netic and strong interactions, but it is not a symmetry for the weak interaction. Neutrinos
which interact only via the weak interaction are observed to be left-handed and all the
anti-neutrinos are found to be right-handed. Since charge-conjugation does not flip the
handedness (but parity does), it is easy to see that the weak interaction does not oblige
charge conjugation symmetry. Moreover, the combined operation of charge conjugation
and parity, i.e. CP is also found to be a good symmetry in electromagnetic and strong in-
teractions, but it is broken in weak interactions. It is well known that one of the Sakharov
conditions [55], so fundamental to the explanation of the observed predominance of mat-
ter over antimatter in our universe, requires that the laws of nature are not invariant under
CP. Indeed CP violation has been well established in the weak decays of K [56] and
B mesons [57-63]. In the standard model of particle physics (SM) CP violation arises
via the Kobayashi-Maskawa mechanism at a level consistent with that observed in the
K mesons and B mesons [13]. However, it is also well known that CP violation in SM
is not enough to account for the observed baryon asymmetry in the universe making it
imperative to search for new sources of CP violation beyond SM. In the SM, CP vio-

lation in the D meson system is expected to be rather small in both mass mixing and in



26 CHAPTER 1. SYMMETRY IN A NUTSHELL

direct decays. An observation of sizeable C P violation in D mesons would hence open a
window of opportunity to probe for new sources of C P violation. This in turn may lead to
a more complete theory of CP violation that furthers our understanding of the observed
baryon asymmetry. It is, however, challenging to observe an unambiguous signal of CP
violation in D mesons. In this thesis we shall develop (in Chapter 4) a new technique
to observe direct CP violation using Bose symmetry and Dalitz plots (or prisms). The
method is completely general and can be applied to study CP violation in D mesons.
Unlike parity and charge conjugation, it is not easy to check time reversal. One of the
methods to check time reversal symmetry is by applying the principle of detailed bal-
ance to forward and backward reactions. But the two reactions are not equally probable
and doing inverse reaction experiments in weak decays is very tough because it is practi-
cally impossible to prepare the system in the precise quantum state needed for the inverse
process. Recently the BaBar collaboration has found an experimental evidence for time
reversal violation [64]. There is a reason to believe that there must be some time reversal
violation because of the CPT theorem. According to the C PT theorem, C PT is an exact
symmetry for any fundamental interaction. The CPT symmetry is very closely related
to the spin-statistics theorem and Lorentz invariance [65-78]. The CPT theorem implies
that a particle and its antiparticle must have the same mass, decay width, lifetime and
other such intrinsic properties. It is important to note that if CP is violated, then partial
rate asymmetries for particle and antiparticle can be different, but their total decay rates
would always be the same if CPT invariance holds good [79]. Similarly, the C PT invari-
ance also implies that the total scattering cross-section of two particles would be equal to
that of their antiparticles, but the partial scattering cross-sections need not be equivalent
if CP is violated [80]. The best test of CPT invariance, to date, has come from the limit
on the mass difference between the neutral kaons (K° and K 0) [81-83] and there is no

indication of any breakdown of C PT invariance. However, if there is even an extremely
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small violation of CPT, it has significant theoretical ramifications in various models of
new physics. In this thesis we propose in Chapter 4 a new way to look for violations of
CPT symmetry in some three-body decays via strong interaction using Dalitz plots and

Dalitz prisms.

1.5.3 Flavor SU(3) symmetry

The light hadronic states can be satisfactorily understood by using the quark flavor SU(3)
symmetry [84—-88]. In its true essence the SU(3) flavor symmetry denotes the full ex-
change symmetry amongst the up (1), down (d) and strange (s) quarks (or equivalently
the exchange of the the anti-quarks ii, d and §) which are referred to as the three flavors of
light quarks (or anti-quarks). If SU(3) flavor symmetry were an exact symmetry, then the
mesons formed by combining the quarks u, d, s and the antiquarks i, d, § belonging to
the same representation of SU(3) would also be degenerate. Since the three quark masses
differ from one another, the only way to treat the three quarks on the same footing is by
allowing for a breaking of the symmetry. The Gell-Mann-Okubo mass formula relates
the hadron masses by taking the small SU(3) breaking into account but does not depend
on the details of SU(3) breaking effects. Such SU(3) breaking effects cannot be calcu-
lated theoretically and must be estimated using experimental inputs. Usually, the mass
differences between these mesons have been used as a measure of the extent of breaking
of SU(3) flavor symmetry. The masses of these mesons, which are bound states of a pair
of quark and anti-quark, can be computed precisely by lattice QCD. It is not possible
to estimate the binding energy!' of a quark anti-quark pair in a meson from analytical
QCD calculations since these resonances lie in the non-relativistic low energy regime
in which QCD is essentially non-perturbative in nature. Moreover, the electro-magnetic

interactions between the quark and the antiquark in the meson also contribute towards

""Here binding energy is not a very well defined quantity as strong interaction is a confining interaction
implying that there are no free quark states at asymptotically large spatial separations.
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its binding energy. Thus, by measuring the mass differences amongst the mesons one
does not fully solicit the breaking of SU(3) flavor symmetry.!?> Another usual method
to explore the breaking of SU(3) flavor symmetry is to look at specific loop diagrams
where the down and strange quarks contribute. The loop effects affect the amplitude of
the process under consideration and its physical manifestations are then studied for a
quantitative estimation of the breaking of SU(3) flavor symmetry. Since the up quark
has different electric charge than the down and strange, it can not be treated in the same
way in these studies of loop contributions. Therefore, such a method also fails to probe
the full exchange symmetry of these three light quarks. Hence, all estimates of SU(3)
breaking in decay amplitudes are currently empirical. The SU(3) flavor symmetry group
has three non-commuting normal SU(2) subgroups, namely isospin, U-spin and V-spin.
Some details of the SU(3) flavor symmetry are provided in Appendix A. There exist sev-
eral studies in the literature which have used broken SU(3) flavor symmetry (i) in various
decay modes using the methods of amplitudes (usually isospin and U-spin amplitudes)
and various quark diagrams [90-136], and (ii) in determinations of weak phases and CP
violating phases [137-149]. These methods involve comparison of observables in distinct
decay modes that are related by some underlying SU(2) sub-symmetry, such as isospin,
U-spin or V-spin. However, the full exchange symmetry amongst the three light quarks
has not yet been fully exploited, in a single decay mode. Weak decays of hadrons involve
several unknown parameters which can be reduced by using the SU(3) flavor symme-
try. Since SU(3) flavor symmetry is still extensively used to relate the few decay modes
of heavy mesons'?, it is important to realize other methods to experimentally measure
the breaking of SU(3) flavor symmetry and understand the complete nature of SU(3)

breaking in a better manner. In this thesis we propose a method in Chapter 4 to achieve

121t is, however, noteworthy that certain meson mass differences do reveal the size of the electromagnetic
contributions via the Dashen’s theorem [89].

3This is because the heavy mesons lie above the QCD confinement scale, thus having smaller SU(3)
flavor symmetry breaking than in the light meson cases.
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precisely this by looking at asymmetries in the Dalitz plot (discussed in Chapter 2) under
exchange of the mesons in the final state. These asymmetries can be measured in both
resonant as well as in the non-resonant regions. A quantitative estimate of the variation
of these asymmetries obtained experimentally would provide valuable understanding of
SU(3) breaking effects.

Here, we have only sketched the outlines of the symmetries under our consideration
in this thesis. Much more details regarding these symmetries can be found in many

References [150-158].

1.6 Summary

In this chapter, we have reviewed the concept of symmetry as applied to physical laws,
classification of various symmetries, and discussed how symmetry can be applied math-
ematically by using the group theory. We have also looked at some salient features of
conservation laws and how they are intimately connected to symmetries in Nature. Fi-
nally, we have briefly discussed all the symmetries under our consideration in this thesis
and given references to the existing methodologies to study these symmetries, wherever
applicable. Since we shall employ three-body processes in this thesis to study symme-
try violations, the next chapter is devoted to a mini discussion on three-body decays and

consequently a mini-review of the relevant concept of Dalitz plot.
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Three-body decay and Dalitz
plot

Three-body decays have long been used in various studies in particle physics. After
the two-body decays, the three-body decay is arguably the simplest ‘complicated’ decay
scenario. The higher multi-body decays are usually treated as some “effective” two-
or three-body decays after combining their final particles into two or three ‘effective
particle’ states. The Dalitz plot is a two-dimensional plot which encapsulates the phase-
space for a three-body decay in its entirety and captures the signature of the underlying
dynamics. Traditionally the Dalitz plot has played a very significant role in identification
and characterization of many resonances observed as densely populated bands in the
Dalitz plot. We shall very briefly discuss the general three-body decay and the concept

of the Dalitz plot highlighting some of its salient features.

2.1 A general three-body decay

Let us consider a general three-body decay X — 1 + 2 + 3 (see Fig. 2.1), where the

4-momentum of each particle is given by p; = (E;, p;), where E; is the energy and p; is

31
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/ 1 (p1,my)

X (px,mx) > — 2 (p2,m2)

\\ 3 (p3,m3)

Figure 2.1: Four-momenta and masses of all the particles in the three-body decay X —
1+2+3.

the 3-momentum of particle i (with i € {X, 1,2, 3}) and pl.2 = El2 - |ﬁ,|2 = ml.z, m; being
the mass of particle ;. Conservation of energy and 3-momentum implies that
Ex=Ei+Exy+E3, and px=pi+p2+ps. (2.1)

In case of three-body decays, the energy and momentum of the daughter particles are not
completely fixed (unlike two-body decays) by applying the conservation of energy and
momentum. This is because the three-body decay has additional degrees of freedom. In
any three-body decay the orientation of the final particles depends on the relative orbital
angular momentum between them. A complete description of the final state is possible by
knowing the final state 4-momenta: pf , p’zl and pé’ . So we need to specify 12 parameters
(4 parameters for each of the three 4-momenta). However, conservation of energy and
momenta provide 4 constraint equations: py = p}'+p5 +p%. Each of the three 4-momenta

2 .. . .
, giving 3 more constraint equations.

also satisfy the on-shell condition ml2 = El2 - | Di
Now if we consider the decay in the rest frame of the decaying particle (particle X), then
all the final particles must lie in one plane and the final state is symmetric about any
rotations about an axis which passes through particle X and is perpendicular to the decay
plane. The orientation of the axis has two degrees of freedom and the rotational symmetry
about the axis constitutes one more degree of freedom (see Fig. 2.2). So together these
constitute 3 extra constraints. Thus in total we have 4 + 3 + 3 = 10 constraints. This

leaves only 2 free parameters out of the initial 12 parameters. So we can describe a

three-body final state with only 2 parameters, and there are many choices for the type of
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variables one can choose. The Dalitz plots, the original one by Dalitz [9, 10] (which was
further explored by E. Fabri [11] and Charles Zemach [12] and explained well in many
books [151-154]) as well as the one used in current studies [13], exploit this feature and

are different from each other in their choice of the two variables.

Rotational symmetry

CID

1
&
& @
N: L/
o X Decay plane
w2
o
E 3
0,
2
e

Figure 2.2: A representative plane of decay for X — 1 + 2 + 3 showing the axis of
rotational symmetry and its two possible orientations in the rest frame of X.

2.2 The Original ternary plot of Dalitz

Let us consider the three-body decay X — 1 + 2 + 3. The 4-momenta of the particles are
given by p; = (E;, p;), where E; and p; are the energy and 3-momentum of the particle
respectively, with i € {X, 1,2, 3}. Conservation of energy and momentum are enshrined
in Eq. (2.1). Let us denote the mass of the particle i by m;. The Q-value of this decay is
defined as Q = myx — (m; + my + m3). The ‘kinetic energy’ of the particle i is defined as
T; = E; — m;. If we consider the parent particle to be at rest, then Ty = 0, as Ex = my. It

is easy to see that

3
ZTi:(E1+E2+E3)—(m1+m2+m3)=Ex—(m1+m2+m3)
=1

=mx — (m +my+m3) = 0. (22)
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Thus we find a scalar linear relationship amongst the kinetic energies of the final particles
and the Q-value of the decay: T; + 7> + T3 = Q. R. H. Dalitz exploited this to present a
ternary plot1 with Cartesian coordinates (77, T2, 73) which can also be described by the

following barycentric coordinates:

x-B@O-T) | M-T-Ti) 23)
Q Q

The equilateral triangle for the present case is shown in Fig. 2.3. Any point inside the

P(p,®) = P(X,Y)

W= (-V3,-1)
T e

Figure 2.3: The ternary plot using the original parametrization of Dalitz for the three-
body decay X — 1+2+ 3. Each side of this triangle is of length 23 units and the height
of the triangle is 3 units.

equilateral triangle AUVW is allowed by conservation of energy. Moreover, the distance

of any point, say P(X,Y), from the three sides of the triangle are given by

=|PMy| = = [PM;| = = [PM3] = (2.4)

@ Q/3 Q/3

such that d; + d, + d3 = 3. The equilateral triangle of Fig. 2.3 can also be described in
terms of polar coordinates (p,#) with the pole at the center of the triangle and the polar

axis passing through one of the vertices, here V. In terms of the polar coordinates we

!For details of ternary plot see Appendix B.
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have X = psind and Y = p cos®}, which lead to

_Q 2 _Q B B
T1—§(1+pcos(?—ﬂ))—6(2 V3X -Y), (2.5)
0 2n 0
T2——(1+pcos(?+ﬂ)):g(2+\/§X—Y), (2.6)
T3:%(1+pcosz9):%(l+Y). 2.7)

It must be noted that even though the full region inside the equilateral triangle is ener-
getically allowed, the full area is not physical. We have got to find out the boundary of
this physically allowed region inside the triangle on and inside which both energy and
3-momentum are conserved. Outside this boundary, energy (not 3-momentum), is con-
served, and outside the equilateral triangle neither energy nor 3-momentum is conserved.
The conservation of 3-momentum in the rest frame of X implies that 7} = — (7> + p3).
Let the angle between p, and p3 be ®. So we have |ﬁ1|2 = |ﬁ2|2 + |ﬁ3|2 +2 |ﬁ’2| |ﬁ3| cos O.
This implies that
Al -1 -

O = (2.8)
NAA

Since |cos®| < 1, the boundary of the physical region is determined by cos® = =+1,
1.e. when the 3-momenta are collinear. So the equation of the boundary corresponds to
cos’® = 1. Expressed in terms of the 3-momentum of the final particle, this directly

leads to the following expression:

2

-

P2

2
(1A - 17F = 15F) =4l = a(af el o) =0 @9

where A(a, b,c) = a’+br+cr- 2(ab + bc + ca), is called the Killén function or triangle

function which has the following properties:

1. Itis symmetric undera < b < c.
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2. Aa,b,c) = A(-a,-b, —c).

3. Aaa,ab,ac)=a? Aa,b,c).

4. Ifa > b, c, then A(a,b,c) = A(a,0,0) = a’.
5. If b = c, then A(a, b, b) = a*> — 4ab.

6. If ¢ =0, then

(a) A(a,b,0) = A(a - b,0,0) = (a — b)?,

(b) A(a+b,b,0)= A(a — b, -b,0) = A(a,0,0) = a’.
7. Aa+b,b+c,c+a)=—-4(ab + bc + ca).
8. /l(a—b,b—c,c—a):4(a2+b2+62—ab—bc—ca).
9. Itcanbere-expressed as: A(a, b, c) = %(/l(a +b,b+c,c+a)+Ala—-b,b——c,c—a)).
10. Another useful property:

Alay +az, by + by, c1 +c2) = A(ay, by, c1) + A(az, by, ¢2)

- 2(611 + b1 + C1) (612 + b2 + C2) + 4(a1a2 + b1b2 + Clcz).

2,|ﬁ3|2) <

52 L2
0. We know that |p,~| = El2 - ml2 and E; = T; + m;, and thus |p,-| = Tl.2 + 2T;m;. Thus the

2 —
; |P2

Thus the physically allowed region is described by the region in which A4 (| Pl

allowed region is described by

A (T} +2Tymy T3 + 2Tymy T3 + 2T3m3) < 0. (2.10)
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Using the properties of the Killén function we have

37

A(TE +2Tymy, T3 + 2Tymy, T3 + 2T3ms) = A (T7, T3, T3 ) + 4 (Tymy, Tymy, Tms)

-4 (T12 + T22 + T32) (Tymy + Tomy + Tsmyz)

+8(T13m1 +T23m2+T33m3).

2.11)

If we substitute the expressions for the kinetic energies in terms of the barycentric co-

ordinates, then the expression for the boundary of the physically allowed region can be

written as ®(X,Y) = 0, where

q)(X, Y) = C00+C10X+C01Y+C11XY+C20X2+C02Y2+C21X2Y+C12XY2+C30X3+C03Y3,

with C;; being the coeflicient of X 'yJ, and they are given by

1
Coo = 5507 (124 (m1, ma. m3) = 4Qmx +30°)

2
Cio = ——3Q2 (my; —my) (mx + my +my —3m3),

3v3

1
Cor = —§Q2 (44 (my, my, m3) +2Q (my + my — 2m3)),

2
3V3 '
1
Ca0 = 5Q° (3 (my +m2)* +20 2my +2my — m3) + Q%)
1
Con = 5O (A (m1 ma,m3) + 3ms 2y = m3) + Q°)

2
Cy = —§me3 = —3Co3,

Ci2 = 0 = C3.

(2.12)

(2.13a)

(2.13b)

(2.13¢)

(2.13d)

(2.13¢)
(2.13f)
(2.13g)

(2.13h)
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It is important to note that both C1, and C5 are identically zero. Therefore, the equation

for the boundary is

OX,Y)=Cpo+Ci1oX +Cp1Y +C11 XY + C20X2 + C02Y2 + C21X2Y + C03Y3 =0.
(2.14)

We can also express the boundary in terms of the polar coordinates. This is given by

®d(p, ) = 0, where

(D(p,ﬁ) = Py (p) + Py (p) sin® + Py (p) cost + Py (p) sin 20 + Po> (p) cos 209

+ P30 (p) sin 33 + Po3 (p) cos 3, (2.15)

with P;y (or Pg;) being the coeflicient of sin i} (or cos ji?), and Py being the term inde-

pendent of :

1
Poo (p) = EQZ(IZA (my,my, m3) —4mxQ + 3Q2 +3 (m% + m% + m% + mi) pz),
(2.16a)

2
Pio(p) = ;QZ (my — my) (mx + my +my — 3m3) p, (2.16b)

\/_

2
Po1 (p) = —§Q2(2/l (my, my, m3) + 6m3 (my +my = m3) + Q (my +my — 2m3) ),

(2.16¢)
Py (p) = %QZ (my — my) (my + my — 2my) p?, (2.16d)

1
P (p) = —§Q2(/1 (my, my, m3) + 6mymy — 3m3 + 20 (my + my — 2m3) )pz, (2.16¢)
P30 (p) =0, (2.16f)

2
Po3 (p) = ﬁme3p3- (2.16g)
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It is important to notice that the coefficient P is identically zero. Thus in polar coordi-

nates the boundary is given by

D(p, ) = Poo (0) + P1o (0) sind + Pop () cost + Pag (p) sin 2% + Pgs (p) cos 29

+ Po3 (p) cos 39 = 0. (2.17)

2.2.1 Special case of m; = m;

When m| = my, the coeflicients Cjg, C11, Pio and Py are identically equal to zero.

Thus in this special case, the boundary is given by ®(X,Y) = Coo + X2(Coo + Ca1Y) +
3

Y (Cm + CpY + C03Y2) =0,and Y(p,?) = Z Poi(p) cos(ii?) = 0. Itis very easy to see
i=0

that in this special case, the boundary is symmetric under X < —X (or ¢ < —¥), which

is nothing but reflection about the Y-axis (or equivalently the polar axis).

2.2.2 Some more special cases

Whatever we have discussed this far makes no assumptions about the momenta of the
final particles. However, there are two interesting special cases, in which the momenta
involved can be either non-relativistic or relativistic. Below we discuss both these cases.
(a) Non-relativistic case: onr the non-relativistic case the kinetic energies of the final
S
particles are given by T; = %, where i € {1,2,3}. So the expression for the boundary
is given by

/l(Tlml,szz,T3M3) =0. (218)

The equation for the boundary is still a function of the kinetic energies. But what we

really need is the equation for the boundary in terms of X and Y. Substituting the values
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for T1, T, and T3 in the equation for the boundary we get the following expression:
Cho X*+C}, XY +Cly Y2 +Cyy X +Cp Y + Cpy = 0, (2.19)

which is the equation for a conic section and here

Chy = 1—12Q2 (my + mp)*, (2.20a)
C|, = %Qz(ml — mo)(my + my + 2m3), (2.20b)
C), = %Qz(/l (my,my, m3) + 3m3 (2my +2m; +ms3) ), (2.20¢)
Cly = —%Qz(m1 — my)(my + my — m3), (2.20d)
C), = —éQZ (A Gny. ma,m3) + 3mz (my + my = ms3) ). (2.20e)
Cly = éQz/l (my, ma, m3). (2.20f)

When m; = my, then C{, = 0 = C{, and hence the boundary is symmetric under X < —X
(i.e. reflection about Y-axis). However, in order to ascertain what type of conic section

the boundary is, in general, let us evaluate the discriminant Cﬁ - 4C§0C(’)2:

Cfi = 4C3Cip = —5mu ma my (my +my + m3)Q". 2.21)

So for all values of my, m3 and my the discriminant is negative: C ﬁ — 4C50C62 < 0, this
implies that the conic section is an ellipse. One can also arrive at this same conclusion
by arguing that the only conic section which is bounded is, in general, an ellipse. Since
our boundary is inscribed inside a triangle, it has to be bounded; since it is also a conic
section, therefore it must be an ellipse. For the boundary to become a circle the necessary
conditions are Céo = C(’)2 and C, = 0. Now C{, = 0 implies that m; = m, and Céo = C(’)2

implies that m| = my = m3. So if we put m; = my = m3 = m (say), then the equation for
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the boundary becomes X2 + Y2 = 1, which is a circle of unit radius centered at the origin.
The boundary for the special case when all the final state particles are of equal mass, is
shown in Fig. 2.4a. A few representative ellipses are drawn in Fig. 2.4b for the general

case.

(0,2)

X

(-V3.-1) (V3,-1)

(a) When the daughter particles have exactly the same
masses: m| = mp = m3 = m.

Y
0,2)

X
(-V3.-1) > (V3,-1)

(

(b) When the masses of the daughter particles are not
the same: m; # my # ms.

Figure 2.4: The shaded area corresponds to the physical region allowed by conservation
of both energy and 3-momentum. The boundary is in general an ellipse. Under the
special case of identical particles in the final state, it becomes a circle. The three ellipses
in (b) are shown for illustration only and they roughly correspond to the cases (my/m; =
2, m3/my = 3), (my/m3 = 2,my/m3 = 3) and (m1/my = 3, m3/my = 2).

The equation of the boundary, in terms of the polar coordinates, is given by

Pl (p) sin 29 + P(,(p) cos 28 + P},(p) sind + Py, (p) cos & + Py, (p) = 0, (2.22)
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where
1
Phy = ——— (my — my) (my + ma + 2m3) Q°p?, (2.232)
20 12\/5
, 1
Poy = =3¢ (A 0n1.ma, m3) + 6mym = 3m3) Q%p?, (2.23b)
1
Py = ﬁ(ml — my)(my + my — m3)Q%p, (2.23¢)
, 1
Poy = =5 (A 0n1.ma, m3) + 3ms(my + ma - m3))Qp., (2.23d)

, 1
Py, = ﬁQz (2/1(m1, my, m3) + (A(my, my, m3) + 3(mymy + moms + m3m1))p2)-

(2.23e)

Here again m; = my implies that P{, = 0 = P}, and hence the boundary would be
symmetric under ¢ < -9 (i.e. reflection about the polar axis) in this case. For the
special case of m; = m, = m3 = m (say), the equation of the boundary becomes p? = 1,

which describes a circle of unit radius centered at the center of the triangle.

(b) Ultra-relativistic case: In the ultra-relativistic case, we can neglect the mass
of the daughter particles in comparison to their energy. So for ultra-relativistic cases

T, =E; = | ﬁ,| The boundary conditions can therefore be restated as follows:
A(TLTE.T3) =0 = @Y - ) ((v + 1> = 3X?) =0. (2.24)

This expression gives equations for three straight lines ¥ = 1/2, Y = +V3X — 1. The
region bounded by these straight lines is another equilateral triangle inscribed inside the
bigger equilateral triangle. Fig. 2.3 shows the region and the bounding straight lines. It is
important to note that here we have not considered the final particles to have equal masses.

However, even if the final particles are equally massive, Fig. 2.5 remains unchanged.
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Y
0,2)

[Y:—\/?X—l]

(—-V3,-1) (V3,-1)

Figure 2.5: The shaded region is an equilateral triangle and its interior is the allowed
region for extremely relativistic cases. These ultra-relativistic cases cannot have any
points outside this smaller equilateral triangle.

2.2.3 The general case with particles of equal masses

In general, the physical region lies somewhere in between the two extremes we have just

considered. This is clearly evident from Eq. (2.11), which we rewrite below for clarity:

1 (Tl2 +2Tymy, T2 + 2Tomy, T2 + 2T3m3) =2 (Tf, T2, T32) + 4 A(Tymy, Toma, Tym3)
————
ultra-relativistic case

non-relativistic case
-4 (T12 + T22 + T32) (Tymy + Tomy + Tsmyz)

+ 8 (Tmy +Tmy + Tjms) . (2.25)

When all the final state particles are equally massive (i.e. m; = my = m3z = m) the

equation for the boundary in terms of the barycentric coordinates X, Y is given by
ClLY? + C XY + ChyX? + ClhY? + Cly = 0, (2.26)
where the coeflicients C t’; are

4 12 2
Cy, = -3Cl, = —§Q3mx, (2.27a)

1
Chy=Clly = §Q2 (12m* + 6mQ + Q%) , (2.27b)
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144 1
Cly = —Egz (6m + Q)?, (2.27¢)

with Q = myx — 3m. In terms of the polar coordinates, the boundary for equally massive

final states is
P(’)'3(p) cos 39 + P(’)’O(p) =0, (2.28)

where P{,(p) = Zmx Q° p3, and P{j(p) = 2:0%(30>~4mxQ-36m*+3 (3m> + m}) p?).

It is easy to invert this equation and solve for p> which gives

pP=+e) " (1-€p’cos3v), (2.29)
where
2 2 -
. mxQ  _ 2mx(mx — 3m) (2.30)
(2myx — Q)? (mx + 3m)?

The physically allowed region is thus described by p < R(:}), where
R*=(1+€)" (1 -e€Rcos30)

and graphically it looks like a shield as shown in Fig.2.6.

Y
0,2)

X

(-V3,-1) (V3.-1)

Figure 2.6: The physically allowed region for a three-body decay where all the three
particles are identical.

Thus far we have discussed the kind of ternary plots that Dalitz proposed for study of
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three-body decays. In order to understand how important and relevant they are we would

have to make a field theoretic study of the three-body decays.

2.3 Decay rate and definition of Dalitz plot

The differential decay rate for a general three-body decay X(px) — 1(p1) +2(p2) +3(p3)

is given by

R4
dar=S8 E

dPSy, (2.31)
b'¢

2, . . . .
where (|/// | ) is the Lorentz invariant square of the decay amplitude .# averaged over
initial spins and summed over final spins, dPSy is the phase-space volume element in the

final state:

3 3|2
& ||
dPS; = — | 2n)* W —p1 =Py —Pp3), 2.32
7 ||((27r)32E,- (2nm) (px — p1— P2~ P3) (2.32)

i=1

1
S is the symmetry factor and is given by S = 1_[ — where n, 1s the number of particles
- Na!

of type a in the final state. Therefore, in the rest frame of the parent particle X we have

dr

s () li[ (d3 15

“ 16 2np  my z |) 8 (px = p1 = p2 = p3). (2.33)

i=1
Taking apart the delta function,

W (px — p1 = p2 = p3) =6 (mx — E| — Ey — E3) 6 (F) + pr + P3)

and then doing the | ﬁ3| integral we get

s (Y| &p| S|

dr'= 16 (271)>
7)Y m NN
X E1E2\/|P1 +P2| +m3

5(mx—E1 —Ez—\/|ﬁ1 +ﬁ2|2+m§).

(2.34)
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Let the angle between j; and p> be @. (See Fig. 2.7.) Thus

|ﬁ1 + ﬁ’2|2 = (E% + Eg) - (m% + m%) + 2\/(E% - m%) (E% - m%) cosa. (2.35)

Let us now do the |ﬁ’2| integral. Fixing the polar axis along p, we get d° |;3’2| =

Figure 2.7: Decay plane of X — 1 + 2 + 3 showing the angle @ between the 3-momenta
P and py. All the 3-momenta are in the rest frame of the parent particle X.

2 . . . . .
|ﬁ2| d | ﬁ2| dcosa d¢. The integration over ¢ gives 2x. For the integration over cos @

let us do a change of variable, by defining u?> = |ﬁ1 + ﬁ’2|2 + m%, such that dcosa =
u du

J(E =) (£5 - m)

. Now the limits on u are given by

Uy = \/Iﬁ] |2 + |ﬁ2|2 +2 |ﬁ1| |ﬁ2| + m% = \/(|l71| L |172|)2 . m% 2.36)
Therefore
S <|j[|2> 1 E2 - m2 S R Uy
M= mx |EiEs E? - m? & || d|p| f 5 (mx - Ey - Ex —u) du.
(2.37)

Finally we have

& |p1| = (4n) |ﬁ1|2 d|p1| = (4m) (Ef - m%) d|p]. (2.38)
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Thus the differential decay width is given by

s (.l ((E-m?) (B3 -m))

= d\ph| d|p
8 (27'[)3 my E1E2 |p1| |p2|
Uy
X f o(mx —E; — Ey—u) du. (2.39)
Using |ﬁi|2 = El2 - ml2 it is easy to show that
‘/(E%_m%) (Eg_m%)d|*|d|*|—dE dE (2.40)
E.E, pi|a|p2| = akty aLty. .
Therefore, the differential decay width is now given by
2
s (Al

dI’ X o0(myxy — Ey — Ey —u) du dE| dE,. (2.41)

T8 J..  mx

It is also possible to cast the differential decay rate in terms of integrals over the kinetic

energy 7T; instead of the energy E;: T; = E; — m;, such that dE; = dT;. Hence

2

s uAla)

dl' = o(mxy +my+mo—T1 —T» —u) du dT dT», (2.42)
82m3 J..  mx

where the limits on u are now given by,

2
i = (17 + 2Ty = {13+ 2Toma) 42 (2.43)

The delta function here determines a boundary in the 7’7, plane outside which the decay
rate vanishes because the phase-space volume is zero there. It is the same boundary as we
have found before by applying conservation of both energy and 3-momentum. Thus every
decay observed in an experiment corresponds to a point in the physically allowed region

of the equilateral triangle. The accumulation of such points inside the boundary is called
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as the Dalitz plot. 1t is important to note that the phase-space volume corresponding to a
region in the Dalitz plot is proportional to the area of that region. Thus, phase-space alone
would give a completely uniform distribution of points inside the boundary. If there is any
departure from this uniformity, it must, therefore, arise from the matrix element. Thus
observing the various patterns in the Dalitz plot gives us information about the properties

of the matrix element.

2.4 New Dalitz Plot

So far we have dealt with a Dalitz plot in which we have used the kinetic energies of the
final particles in the analysis [9-12, 151-154]. It is sometimes useful to make a change
of variable to invariant masses of pairs of particles in order to get the Dalitz plot. This
approach is thus different from Dalitz’s original prescription [9, 10].

We define the following invariants mlzj = (pl- +p j)z, where i,j € {1,2,3}. These

invariant masses are not independent quantities. If we sum these invariant masses we get
2 2 2 2 2 2 2 2 2 2
mi, + mys + m3,; =(px —p3) +(px—p1) +(px —p2) =my +mj +my +ms3, (2.44)

where we have used the conservation of 4-momentum: px = p; + p2 + p3. One can

rewrite the expression relating all the seven masses in the problem as follows:

2 _ 2 2 2 2 2 2

We can express the invariant masses as mlz] = mg( + m,% —2mxEy, where i, j, k € {1,2,3}
and i # j # k. Therefore, we have dml.zj = —2my dEj. It is therefore quite possible to

replace dE| dE» in terms of dm%3 dm%l:

dms, dm3, = 4m% dE) dE;. (2.46)
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Thus the area on the m2, m?

53 M3, invariant mass plot is proportional to the corresponding area

on the E1 E; (equivalently 7773) plot. Doing this change of variable we get

S

e 2 )
N=——+ M| X 6 (mx — Ey — Ey —u) X du dm5, dm3,, 2.47
32(271_)3 m; L_ <| | > (mx 1 2 ) 23 31 ( )

where
2
= (VB = = \JB3 = n) 2, (248)
with the energies given by
2 2 2
my, + m; — m;,
E=—"*% U (2.49)
2mx

Thus phase-space alone would again give a uniform distribution of points in the m§3 m%l

plot. Any deviation from this uniformity would be completely due to the matrix element.
If we suppose the particles 2 and 3 can come from the decay of a resonance with mass
M, then we expect a concentration of events (points) along the m§3 = M? line in the
Dalitz plot. However, due to unstable nature of the resonance the concentration of points
about the m§3 = M? line form a band instead of a sharp line. The width of this band
would be proportional to the decay-width of the resonance. In general, this Dalitz plot
is not a ternary plot. One keeps the two variables m§3 and m%l along the X and Y axes
respectively, or vice versa. Now let us find out the allowed range of mlzj Since mlzj =
my +m; — 2myxEy and Ex > my, the maximum of m?] is when E; = my:

2

M} max = (mx — mp)?. (2.50)

In order to get the minimum of of ml2] we need to go to a frame of reference which is the

center-of-momentum frame for the particles i and j. This special frame is also called as
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the ‘Gottfried-Jackson frame’. In this frame

my; = (pi+p)’ = (Ei+E)’ > (mi+m)) = mi o= (mi+m)’. (251)
Therefore, the allowed range for the invariant mass is

mlzj € [(ml- + mj)z, (mx — mk)z] , (2.52)

where i, j,k € {1,2,3} and i # j # k. Thus the region of m§3 m%l plot available for

our consideration is shown in Fig. 2.8. Please note that this is not the physically allowed

region.
2
m31 A
(mx —mp)? |-
2
(my +m3)” {1 ;
| -
I I _
T 2 T 5 m23
(my + m3) (mx —my)

Figure 2.8: Plot showing the allowed region of m3, and m3,. Please note that this is not
the physically allowed region.

For a given value of, say m%S, the maximum and minimum allowed values for m% | (or
mfz) can be different from the ones shown above. The way to find out the maxima and
minima for any of the three invariant masses, when one of the invariant masses is fixed,
is given below. For this let us go to the Gottfried-Jackson frame of particles 2 and 3. (See

Fig. 2.9.) This frame is defined by p’, = —p. Primes are used to distinguish quantities

in the Gottfried-Jackson frame from those in the rest frame of particle X. Momentum
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1)
= /é( 5
Px / > Py
74

Figure 2.9: A general three-body decay in the Gottfried-Jackson frame. It is clear in the
figure that p’y, = p| and p’, = —p%. There is an angle 6 between p| and .

conservation, implies that in the Gottfried-Jackson frame p’, = p’. Then it follows that

the invariant mass of particles 2 and 3 is given by

myy = (px =P’ = (Ex —E* (v Py = 7))
2
= (Vo 175 =y + )
2
- (Vo P -l E) =1

Solving for |]7’X|2 we get

4 4 4 22 2.2 2,2 2 2
my + m| + my, — 2mymi — 2mymy, — 2mim A(m

2

|+,|2_ 1My 53, My, My) —>/|2

Pxl = 4m? - 4m? B
M3 M3

(2.53)

Similarly using the other expression for m§3, we get

mhy = 0+ P = B+ BT (7= )
2
= (Vi + I« o <)
2 2 2
= (3l o e F) (ol =15

=4
18]

= 4
%)
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Solving for |172|2 we get

]7’|2 m2 + m3 + m23 - 2n12m3 2m2m23 2m3m23 _ /l(m23,m2, | |
= =
4m23 4m23
(2.54)
Now let us consider the invariant m%lz
m3y = (p1+ p3)* = mi +m3 + 2 (E{E} - || |15”3|c:050) : (2.55)

_ A(m%3, mi, m%)

where 6 is the angle between j7| and p;, see Fig. 2.9. Since we have | p_”1| =
M3

2. m2
2 e Almy,mi,m3) / 2 | |2 -
R = . and E} = \/m2 + |p}|” for a given value
M3

of m§3, we can easily see that m%l is only a function of 6. It is also clear from the ex-

’r _ 2 =
and E| = ml+|pl

pression for m%l that it has a maximum value when 8 = 7 and a minimum value when

6 =0:
M3 max = 115+ 3+ 2 (ELES + [ [73]) (2.56)
2 — 2 2 7 o | | >
M3) min = M7+ M5 +2 (E1E3 - |P1| |P3|) . (2.57)
Substituting the values for | ﬁ” , | 15)’3| we get
3y = m3 + mi] may — my + m3
E| = , and Ej =
2my3 2mo;3

. The maximum and minimum values for mgl are therefore given by

4 A2y m m)\ A, 2)) (2.58)
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2

m3l,min =

2 2

(13, =+ i =
23

— A2, ) A m, mg)). (2.59)

The curves defined by Egs. (2.58) and (2.59) give the boundary of the physically allowed
region in the m§3 m%l plane. The accumulation of points inside this area constitutes the
Dalitz plot. A hypothetical Dalitz plot is shown in Fig. 2.10. Most of the Dalitz plots that

are currently in use are of this type.

(my +m3)* {----- —

Figure 2.10: A hypothetical Dalitz plot showing the allowed region (shaded) for a three-
body decay.

An aside: It is possible to find out what would be the maximum values of the mo-

menta of the daughter particles, in the rest frame of the parent particle. We know that

2 2

maximum momentum corrsponds to maximum energy. We also have m; ;o= my +

mi — 2mxEy, where i,j,k € {1,2,3} and i # j # k. So when energy Ej is max-

?j is at its minimum. We have observed that m?> =

imum, the invariant mass m ij.min

. 2 2 2
(m; + mj)z. This corresponds to Ey max = (mX = (m; + mj)” + mk), and |ﬁk,max|

1
2 2
M‘/ﬂ (m. i+ m 2, m7).

1
2mx
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2.5 Another Dalitz Plot

It is also possible to construct a ternary plot out of the three invariant masses of the pairs

of final particles that we have considered, because they satisfy the relation

3 3
Z mlzl = m§( + Z m,% = M? (say). (2.60)
i.j=1 k=1

i<j

We shall also work in the Gottfried-Jackson frame as shown in Fig. 2.9. We shall also

use the following Mandelstam-like variables for notational simplicity: s = m%3, t = m%y

u=m2, Thus s+ +u = M?. Itis easy to show that

i = = L), 26t
AR e ’f mg), (2.61b)
Ey = s _2:7;) ' S‘, 2.61c)
E| = s _2:75) _ S‘, 2.61d)
E) = ” (’f/; mg)‘ 2.61¢)
E; = — (rf/; mg)‘ 2.61f)

Using these one can show that

1
r=md e+ o [ ) = s = (m3 - m2)]

+ \//1 (s, mi, m%)\//l (s, m% m%) CosS 0), (2.62)
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1
_ .2 2 2 2 2 2
u=nmy +m2+—2S ’(mx—ml) —SHS+ (mz—m3)‘

—\/ s m m \//l s mz, COSH) (2.63)

We can now rewrite these expressions as follows

t=a;+bcosé, andu =a, — b cosb, (2.64)

where
a,:m%+m§+2ls'(m§(—m%)—sHs—(m%—m%)‘, (2.65)
au:mf+m%+2is'(m§—m% —sHs+ m%—m%)‘, (2.66)
= —\//l s mX, \//l s mz, . (2.67)

When m, = ms, then @, = a,. From the fact that s + 7 + u = M?, it follows that
a; + a, = M? — s. Following the original spirit of the Dalitz plot, we can draw a ternary
plot with Cartesian coordinates (¢, u, s) which can also be described by the following

barycentric coordinates:

\/g(t—u) 2s —t—u
X:T, Y:T . (268)

The equilateral triangle for the present case is shown in Fig. 2.11. Any point inside the
equilateral triangle AUVW is allowed by conservation of energy. Moreover, the distance

of any point, say P(X,Y), from the three sides of the triangle are given by

= [Pa| = d = [PM| =

ds = |PMs] =

u s
) = , 2.69
M2/ M?/3 M?/3 (2.69)
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Y

“S
V =(0,2)
M,
M;
)

P(p,%) = P(X,Y)

' X
W = (=3, -1) ‘ “Ua(ﬁ,—l)

u/ M3 \t

AN

Figure 2.11: The ternary plot obtained by using a parametrization that is inspired from
the original parametrization of Dalitz, but in terms of invariant masses of pair of final
state particles. Each side of this triangle is of length 2V/3 units. The height of the triangle
is 3 units.

such that d; + d,, + d; = 3. The equilateral triangle of Fig. 2.11 can also be described in
terms of polar coordinates (p, ) with the pole at the center of the triangle and the polar
axis passing through one of the vertices, here V. In terms of the polar coordinates we

have X = psin® and Y = p cos}, which lead to

M? 21 M?
Z‘ZT(l-l-pCOS(?—ﬂ)):?(2—\/§X—Y), (2.70)
M? 21 M?
M:T(1+pcos(?+ﬂ)):?(2+\/§X—Y), (2.71)
M? M?
s= =5 (I+peost) = == (1+Y). (2.72)

As before, the full region of the equilateral triangle is not the physically allowed region.
In order to find out the boundary of the physically allowed region, we would proceed as
follows. From Eqgs. (2.64), we get

(t—a)—(u-a,)

- (2.73)

cosf =



2.5. ANOTHER DALITZ PLOT 57

The boundary of the physically allowed region is now given by cos?# = 1, or in other
words by
((t — u) — (a; — ay))* — 4b* = 0. (2.74)

1
Using Egs. (2.65) and (2.66) we get a; —a, = ( 2- m%) (1 + - |(m§( —m?) - s| . Since
N

s < (mx — mj)?, it also true that s < (mi - m%), such that
1
a; —a, = " (m% - m%) (m§( - m%) . (2.75)
Thus the equation for the boundary becomes
2
(s(t —u)+ (m% - m%) (m§ - m%)) =1 (s, mi, m%) A (s, m%, m%) . (2.76)
Substituting the expressions for s, t and u in terms of the barycentric coordinates we get

6(X,Y) = COO + Cl()X + COIY + 611XY + Czon + éozYz + 621X2Y + CIQXYZ
+ C~30X3 + (jﬂ()gy3 + C31X3Y + 622X2Y2 + 613XY3 + é40X4 + C()4Y4 =0,

(2.77)
where C; ; 1s the coefficient of X 'yJ in ®(X,Y) and they are given by
~ 4
Coo = B ( 8M8 + 9MOm> ¥t OM*Q (ml, m%, m3) +81M* (m m2 + m2m3 + m%m%)

— 54M° (m% + m%) (m% + m%) (m% + m%) ), (2.78a)

Cro = Crt = ——m* (m3 = m3) (m} - m3%). (2.78b)
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Co1 = 82_1(7M8 +9M6 (3m% - mi) —9M*A (m%,m%,m%)

—27M* (4m%m§ + m% (m% + 6m§ + 6m§))

+108M? (m% + m%) (m% + m%) (m% + m%) ), (2.78¢)

Co = %M4(4M4 - 3(/1 (m%,m%,m%) + 6m% (m% + m%)
+m (4M? = 3 (2m} + m3)) )) (2.78d)
Ca1 =2Cy = 3C03 = 2Cx = —6Co4 = (2/27)M°, (2.78¢)
Cip=C3=C31=Ci13=C4=0. (2.78f)
(2.78g)

Since the coefficients Cio, C30, C31, C13, C4o vanish, the expression for the boundary is

given by

6(X,Y) = COO + C]()X + é()]Y + é]]XY + CQOXZ + COZYZ

+ éz]XZY + CO3Y3 + CQQXZYZ + CO4Y4 =0. (279)

We can also express the boundary in terms of the polar coordinates. This is given by

6(;), 19) = p()()@) + Plo(p) sint + Po](p) cosf + on@) sin 2¢ + poz(p) cos 2

+ P3g(p) sin 39 + P3(p) cos 39 + Pao(p) sin 49 + Pos(p) cos 49 = 0, (2.80)
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where P; (or Py ;) 1s the coeflicient of sin i} (or cos ji}) in ‘FIv’(p, ) and they are given by

Poo(p) = 16%M2 (432 (m% + m%) (m% + m%) (m% + m%)
- 9M2(12 (m% + m%)2 + 48m§m§ — 6m§(
+ 12m% (Smg + 5m§ - mﬁ) +3 (2m% (m% + m% - m%) - mé}) 0>

+ (2 + pz) A (m%, m%, m%) )

+36M* (3 (m3 +m3) - m% (2+p?)) + 5SM° (2 + 3p%) ) (2.81)

Pio(p) = —%M“ (m% - m%) (m% - mi) 0, (2.82)
1501(,0) = ész (432 (m% + m%) (m% + m%) (m% + m%)

- 36M? (/l (m%, m%, m%) + 3m‘1t +6 (3m%m§ + 3m§m§ + 2m§m%) )

+36M* (3m} — my) +2M° (14 + 3p?) ) (2.83)

Py(p) = —%M“ (3 = m3) (i} = m3) P, (2.84)
Puntp) =~ M4 (27 (2 (m3 + 3 = ) = mi) + 9 (o i3, )

+36M2m% — M* (9 - p?) ) (2.85)

P3o(p) = Pay = 0, (2.86)

Pos(p) = — oM @87)

Puostp) = M. 2.88)

Since P3o(p) and P4o(p) are zero, the boundary is given by

O(p,?) = Poo(p) + Pro(p) sin®d + Pyi(p) cos 6 + Pry(p) sin 289 + Py (p) cos 29

+ Po3(p) cos 39 + Pos(p) cos 48 = 0. (2.89)
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2.5.1 Special case of m, = m3

In the special case when particles 2 and 3 have the same mass, we get C1g = C1; = 0 =

Py = P»g. In this case, the boundary of the physically allowed region is symmetric under

X & —X or ¢ & —9, and the boundary is given by 6()(, Y) = Coo + Co1Y + CopX? +

ConY?+Co1 X2Y + Co3Y? + Con X2Y2 + CouY* = 0, and ¥(p, ) = 24: Poi(p) cos(ith) =
i=0

Now X < —X or ¢+ < — exchange implies ¢ < u exchange, which is equivalent to

0o m-—0.

2.5.2 Relationship between 6 and

We have two theta’s in our calculation, one polar angle in the Dalitz plot (¢}) and the other
angle is between ﬁ’l and 17’2 (@). These two angles are related to each other. Below we
derive the relationship between them. Using the expressions for ¢ and u in terms of polar

coordinates we get
2 2n )
t—u= §M 0 sin 3 sing = V3M p sind. (2.90)

However, we know that

t—u= l( (m% - m%) (mi - m%) + \//1 s m m \//1 s m2, cosH) (2.91)

Therefore
1
sing = ——|( (m?2 = m2) (m%2 - m?) + /lsm m /lsm, cos@)
T 078 m8) O = ) 2 () (s
(2.92)
When m; = m3 = m (say), and ¥ < —, then let us suppose that 6 < 6’:
1
—sin = —\//1 (s m% \//l (s, m%, m?) cosd'. (2.93)

\V3sM2p
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This would be consistent with our definition of 6, if 8 = & — 8. This can also be clearly
seen from Fig. 2.9, where exchanging particles 2 and 3 amounts to changing the angle 6

tomr — 6.

2.5.3 Usage of this new Dalitz plot

The new kind of Dalitz plot discussed in this section, will be applied to study violations
of some of the fundamental symmetries of nature. Such a Dalitz plot is also easy to
construct as invariant masses of pairs of final particles are routinely measured in various

particle physics experiments.

2.6 Summary

In this chapter, we have presented an overview of three-body decays as well as the im-
portant concept of the Dalitz plot. The Dalitz plot, contrary to the popular belief that it
is only a three-body phase-space plot, carries much information about the underlying dy-
namics. If there is any symmetry dictating the dynamics of the process, it would leave its
signature in the distribution of events inside the Dalitz plot. We will exploit such features
for observing some symmetry violations in Chapter 4. But the Dalitz plot is, indeed, a
very versatile tool, and as we shall observe in Chapter 3 it can be generalized to handle

three-body and multi-body processes.
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The Research Findings

In this part we shall elaborate all the main research findings of this the-
sis. In Chapter 3 we shall explore how the scope of the Dalitz plot can
be enhanced by generalizing it to a three-dimensional plot, the Dalitz
‘prism’. In Chapter 4 we shall show mathematically that the Dalitz

plots and Dalitz prisms can be used to study violations of CP, CPT,

Bose and SU(3) flavor symmetries.
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The concept of Dalitz “prism’

As noted in Chapter 2, the phase-space plot for three-body decays, popularly known as
the Dalitz plot, is very useful for deciphering various aspects of the underlying dynamics
of the process. The scope of application of Dalitz plot can be broadened if it could ac-
commodate non-resonant as well as resonant processes with all three final particles. This
demands that the Dalitz plot be suitably modified to include the center-of-momentum
energy or mod-square of the total initial four-momentum, in the new plot. This is easy
to implement by taking an axis perpendicular to the plane of the triangular Dalitz plot,
passing through the center of the equilateral triangle, and then we literally stack up Dalitz
plots with increasing center-of-momentum energy along the new axis. The resulting plot
would then have a prism-like appearance. Hence, we call this new three-dimensional plot
as the Dalitz ‘prism’, as a humble tribute to Richard Henry Dalitz. The Dalitz prism can
also handle multi-body processes as some “effective” three-body processes. In this chap-
ter we shall lay down some details of the Dalitz prism, and in Chapter 4 we shall see how
the Dalitz prism can be applied to observe violations of CP, CPT and Bose symmetries

in some elementary particle processes.
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3.1 Construction of the Dalitz prism

Let us consider a process a + b — 1 + 2 + 3, where a and b are two initial particles
and 1,2, 3 are the three final particles. The process will (or will not) proceed via some
intermediate resonance X depending on whether the center-of-momentum energy is close
to (or farther from) my, the mass of the resonance. Pairs of the final particles may them-
selves have some resonant origin also. Let us denote the center-of-momentum energy of
the process by Ecy. Whena+b — X — 142+ 3, we have, in Natural units, Ecy = my.
Ideally, for every value of Ecy we would get a triangular (or ternary) Dalitz plot. Let us
now stack up all these Dalitz plots with increasing Ecy. This gives us the Dalitz prism

for the processa + b — 1 +2 + 3.

The Dalitz prism is constructed in the usual three-dimensional Cartesian coordinate
system (x, y, z) or in the cylindrical coordinate system (r, 6, 7). The z axis denotes vari-
ation of Ecy (see Fig. 3.1). The x and y coordinates (or equivalently the r and 8 coordi-

nates) are obtained by solving the following equations:

M? M?
S:T(l-l'l" COSQ):T(l-Fy), (31)
M? 21 M?
t:T(1+rcos(?+9)):?(2+\/§x—y), (3.2)
2 2
u:M?(l+rcos(2?ﬂ—0)):M?(2—\/§x—y), (3.3)

where s, ¢, u denote the invariant masses of the pairs of particles (23), (31) and (12)
respectively, M? = mg( + m% + m% + m% with m; being the mass of particle i, and 6 is
measured in the anti-clockwise direction from the y-axis which is also the s-axis of the
ternary plot. The allowed values of (x,y) always lie inside the equilateral triangle with

vertices at (0, 2), (\/§ ,—1)and (—\/§ , —1). Thus the complete range of s, ¢, u are covered
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For a given value
of Ecm, the
,,,,,,,, horizontal slice
""""""""" SN : gives a Dalitz
= S plot (schematic)

=

Lol (&o— ——S

A% .
sS4 (2)N
SL”/ t

The projections
of all the Dalitz
plots (schematic)

Projection of all
the recorded
Dalitz plots onto
the bottom of the
prism

Figure 3.1: Schematic drawing of a Dalitz prism explaining its essential features and
showing its intended usage (which will be discussed in Chapter 4). The six identical
wedges of the prism and the six sextants of the equilateral triangle are numbered analo-
gously. Here s, 7, u denote the invariant masses of the pairs of particles (2 3), (3 1) and
(12) respectively. Thus, the exchange of variables s < t < u is carried out by an ex-
change of the 4-momenta of the final three particles p; < p, < p3, where p; is the
4-momentum of particle i. The blobs with 1, 2 and 3 are mnemonic for showing that the
exchanges s & t < u and 1 & 2 < 3 are the same.
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in this ternary plot:

— 0<s,t,u<M?, (3.4)

and only the physically allowed regions of s, #, u make up the Dalitz plot. Our Dalitz plot
is in the (x, y) coordinate system. When we want to record an event in the Dalitz plot, we
evaluate the x and y values corresponding to that event and then register the point (x, y)
inside the equilateral triangle. We show in Fig. 3.1 the s, t and u axes to specify their

directions in this (x, y) coordinate system.

3.2 Salient features of the Dalitz prism

The Dalitz prism has the following salient features.

e The sides of the ternary plot and the three faces of the Dalitz prism that run parallel
to the z-axis, correspond to s = 0, = 0 and # = 0. Similarly, at the vertices of the
ternary plots and, hence, at the three edges of the Dalitz prism that run parallel to

the z-axis, we have s = M2, t = M? and u = M>.

e Since the Dalitz prism records events that include both resonant and non-resonant
or continuum production of the three final particles, it is a gargantuan storehouse
of data. In order to look at the Dalitz plot at a given center-of-momentum en-
ergy, we just need to pull out a slice of the Dalitz prism at that energy, as shown

schematically in Fig. 3.1.

e By construction, there is no top ceiling of Dalitz prism, but the experimental reach
does put a limit on the height of the Dalitz prisms, which, in general, varies from

mode to mode.
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e The Dalitz prism can be divided into six identical wedges analogous to the six
sextants of a ternary plot (see Fig. 3.1). If there is any underlying symmetry that
correlates the distribution of events in the six sextants of the Dalitz plot, it would
also get manifest in the Dalitz prism as an analogous correlation amongst the six

wedges.

3.3 Dalitz prism and multi-body processes

When multi-body processes, depending on the context, can be treated as “‘effective” three-
body processes by considering all but two of the final particles as arising from an “effec-
tive” particle, then one can construct an “effective” Dalitz prism for the process. Since
we are fixing two final particles and keeping one ‘fictitious’ effective third particle in the
final state, many multi-body processes can, in principle, contribute to the effective Dalitz
prism. The Dalitz prism, say for a + b — 1 + 2 + 3 where 3 is an effective particle
(i.e. the fictitious particle 3 may represent many particles in combination) can be con-
structed if we know the 4-momenta of particles 1,2 and that of the effective particle 3.
The 4-momentum of the effective particle can be known either by precisely measuring the
4-momenta of its constituent particles or by using the conservation law for 4-momentum
with the 4-momenta of the particles a, b, 1,2 as inputs. The second method is best,
because by measuring 4-momenta of particles a, b, 1 and 2 precisely, we can use conser-
vation of 4-momentum to assign p, + p» — p1 — p2 as the 4-momentum of the “effective”
particle 3; here p; is the 4-momentum of particle i. Thus all initial and final state radia-
tions can be considered as part of the “effective” particle. Therefore, the Dalitz prism is
a very robust method in handling initial state radiation and final state radiation. Since we
are now dealing with multi-body decays, the slices of the Dalitz prism are no longer any

Dalitz plots.
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3.4 Summary

The concept of Dalitz plot can be generalized to a new three-dimensional plot called
Dalitz prism when we consider both resonant and non-resonant production of the final
three particles. The concept of Dalitz prism can also be adopted to study multi-body
processes when they can be treated as “effective” three-body processes. By including the
initial and final state radiations in the definition of the “effective” third final particle the
Dalitz prism becomes capable of handling an amazingly large number of events. This
enables Dalitz prism to be a natural tool of choice in investigating violations of some

fundamental symmetries of nature, as we will discuss in Chapter 4.



Study of some symmetry
violations

Study of symmetry violations or breakdowns is an essential part of elementary particle
physics as it helps us in a better understanding of the workings of Nature at its minutest
level. In this chapter we shall look at violations of Bose symmetry, CP, CPT and SU(3)
flavor symmetries. We shall employ the Dalitz plots and the Dalitz prisms (concepts
discussed and developed in Chapters 2 and 3), and analyse the distribution of events in

them to study the above said symmetry violations in some three-body processes.

4.1 Bose symmetry violation

The basic idea here is that if we consider a general three-body decay, say X — 1 +
2 + 3, where all of the final particles are bosons and two of them, say 2 and 3, are
identical bosons (but reconstructed from distinct and unique final states), then the Dalitz

plot distribution must exhibit symmetry under 2 < 3 exchange. Mathematically, the

2

: 2 _
exchange symmetry between 2 and 3 would manifest as a symmetry across the my, = mj,

2 2

line in the Dalitz plot distribution my, vs. m{,, where sl.zj =(pi+p j)z, with p; being the 4-

71
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momentum of the particle i in the final state. For notational simplicity and mathematical
clarity, we shall introduce the following Mandelstam-like variables: s = m§3 = (py +
p3)?=(p—p)it=mi, = (p+p3)* =(p—p)*u=mi,=(p+p)*=(p-p3)°
where p is the 4-momentum of the parent particle X. So, 2 < 3 exchange symmetry
leads to symmetry in Dalitz plot distribution under ¢ < u exchange. Any asymmetry
observed in these Dalitz plots under ¢ < u exchange would be a measure of the extent to

which the Bose symmetry is violated.

Let us denote the amplitude for the decay X — 1+2+ 3 by A(#, u) and the amplitude
with particles 2 and 3 exchanged by A(u, t). If the underlying symmetry allows us to
exchange particles 2 and 3, then A(t,u) = A(u, t). However, if the underlying symmetry
is not perfectly valid in the present context, we can break up the amplitude A(¢, u) into a
part which is symmetric under ¢ <> u exchange and another part which is nonsymmetric
under the same exchange:

At u) = AS + AV, 4.1)

where

AS = (A(t,u)+A(u,t)), and AN = (A(t,u)—A(u,t)). 4.2)

| =
N =

It is important to note that if the underlying symmetry were exact, then AN = 0 identi-
cally.! The differential decay rate for the three-body process X — 1 + 2 + 3 (if X were a
spin-0 particle) is therefore given by

(|AS|2 + AV +2Re (ASAN*))

d’T
= : (4.3)
dt du n)332M;

where My is the mass of the parent particle X. Since A" is odd under the exchange

t < u, the interference term will produce an observable asymmetry in the Dalitz plot.

' A misidentification of either particle 2 or 3 can result in a non-zero A" . Here in our discussion we do
assume that the particle 2 and 3 are identified correctly.
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Even if X were not a spin-0 particle, the Dalitz plot distribution is always proportional
to the square of the modulus of amplitude and the phase-space. The phase-space gives a
uniform Dalitz distribution throughout and the interference term AS AN* in the square of
the modulus of amplitude would give an observable asymmetry in the Dalitz plot under
t & u exchange. Observation of this asymmetry is crucial to test Bose symmetry. This
observation also points out that this test of symmetry in the Dalitz plot is independent
of what X actually is. Thus we can, indeed, replace the decay by a process, such as
the scattering of two particles a and b giving rise to the same final states 1,2, 3, i.e.
a+b — 1+2+ 3, and the said symmetries would now be applicable to the Dalitz prism

also.

Let us consider the decay 7 — 37°, where two out of the three final pions are recon-

structed from yy with the remaining one from e*e~y final states:  — 7%(p1) 7°(p2) 7%(p3).
~—— Y—— —

YY YY eteTy
The Dalitz plot m, vs. m?, should be completely symmetric about the m?, = m7, line if

the two pions that are reconstructed differently are identical. In this particular case 7°(p;)
and 7°(p,) are completely indistinguishable from each other. Therefore, only half of the
Dalitz plot of Fig. 4.1 can be reconstructed. However, all the three sextant regions occu-
pying that half of the Dalitz plot must be fully symmetric with respect to each other. Any

observed asymmetry in the Dalitz plot can only be attributed to Bose symmetry violation.

Similarly one can look at the following decays:

(K*,D*,D}) = 7% (p1) '(p2) 2°(p3),  (K*,D*, DY) = n (1) 7' (p2) 7*(p3) ,
~—— —— —— ~—— —— ——
Hrvy ete~y YY UV etv, vy

and the Dalitz plots should again be symmetric about the m% m%3 line. Any asymmetry

2 p—
in these Dalitz plots can not appear unless the Bose symmetry is violated. Thus the Dalitz
plot asymmetry can be used in these cases to probe the validity of Bose symmetry in the

case of pions. Some more decay modes where the Bose symmetry violations can be
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(a) If each of the three final 7% could be
reconstructed from distinct and unique final
states, the complete Dalitz plot would be avail-
able for study.
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(b) When two out of the three final 7%s (say the
ones carrying momenta p; and p;), are recon-
structed from identical final states, only half
of the Dalitz plot is available for study.

Figure 4.1: The sextant regions of the Dalitz plot (schematic) for the decay  — 37°.

searched for are

n(p1) 7°(p2) 7°(p3)

n -

b

7°(p1) 7°(p2) 7%(p3)

BY = K{(p1) KJ(p2) KS(p3) ,

Dy (p1) K™ (p2) K™ (p3)

B+

D™ (p1) 7 (p2) ©*(p3)

D — K~ (p1) K™ (p2) K™ (p3).

It is important to note that the Dalitz prism can be used to study the violation of Bose

symmetries in the above said final states. To apply the Dalitz prism we need to project

the Dalitz prism onto its base, i.e. we integrate over the full Ecy under study and analyse

the symmetry properties of the resulting two-dimensional plot, as one would do if it were

a Dalitz plot (see Fig. 3.1).
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4.2 Direct CP violation and C PT violation in mixing

The symmetries CP and CPT are two extremely important symmetries in physics, as
discussed in Chapter 1. Mesons, specifically the K, B and D mesons, are most frequently
probed in CP violation studies as they primarily decay via the weak interaction. In the

analysis below we shall give a general formalism without considering any specific meson.

Let us consider the following decay process

X(px) = Y(p1) PY(p2) P'(p3) = Y(p1) fi(p2) o (p3), (4.4)

where all the particles are spin-0 particles, P? and P are both neutral and are antiparticles
of each other. The neutral particles P° and P are reconstructed from final states f; and f>
as denoted above. Neither PY nor P° are mass eigenstates. They are flavour eigenstates
and the mass eigenstates are defined as linear combinations of the flavor eigenstates. Let
us denote the mass eigenstates by Py and P,. Allowing for both CP and CPT violations

in the mixing, we can write down the following expressions for the mass eigenstates
|P1) = Nl,Z(P‘/l Fz|P%) £ gVl iz|P°>), (4.5)

where p, g are in general complex and are responsible for CP violation in mixing, z is

also complex and is responsible for CPT violation in mixing, and

1 1
JpPaFa+igta e (pP+1aP) =2 (1pl? - laP)

Nip = , (4.6)

with | p|2+ |q|2 =l and N; = N, = 1 for z = 0 (no CPT violation); and the CP eigenstates

are
1 )
P,y = —|[|P°) +|P° ) 4.7
P = —(17)=17) @7
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Now we can rewrite the flavour eigenstates in terms of the mass and CP eigenstates as

follows:
NovV1 —z|Py)+ NVl +z|P 1
poy = LU D22l - (e +ipn), @)
2N\ N>p V2
and
_ NovV1 +z|P1)— N1Vl —z|P 1
poy = B EPU = IV 22 - (e - 1p)), @)
2N1N2g V2
where
1
NN, = . (4.10)

J =22 (1pl* +lgl") + (1 +22) (21pP 1gP)

Finally the mass eigenstates can also be written in terms of the CP eigenstates as follows:

Nio
P12y = €((p\/l FeaqVlzz) PO+ (pVIF2FqVI22)|P- >)
- M (U Py +V |P>) @.11)
—\Ui2 1.2 .
\/E +
where
Uo=pVlFz+qVl+z, and Vip=pVIiFzFqVl+z. (4.12)
It is easy to see that
Up+Vipg=pVlFz, (4.13a)
U1’2—V1,2 = quli , (413b)
UiaVia=p*(1F2) - ¢*(1 £2) = (p2 - qz) Fz (p2 + qz) , (4.13¢)
Ui, =(P*+4*) 72 (p* - %) £2pgV1 - 22, (4.13d)
Vi, = (P2 +d%) %z (p* - ¢°)  2pgV1 - 22 4.13¢)

The states |P1,2) have only an exponential time dependence corresponding to their mass

and decay width, and do not depend on time in any other way. This time dependence is
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given by
\P(1)) = gi(t) |Py) = e 1=t | Py = o™iHil |y (4.14)

where y; = m; — 1;/2 with m; and I; being the mass and the decay width of the mass
eigenstate P;. Now this implies that the combination of P. on the right hand side of
Eq. (4.11) must also exhibit the same exponential time dependence. We choose to work
in the mass eigenstates as the time evolution is a simple exponential. We also choose
to work in the center-of-momentum frame of P°PY which is also the Gottfried-Jackson

frame (see Fig. 4.2). The Z-axis is the direction of flight of the particle X. We define the

PO(p)
A
X(Px) / Y(}W)ﬁ* 2
!
PO(p)

Figure 4.2: The Gottfried-Jackson frame used for the decay X(px) —
Y(p1)P%(p2)P°(p3). Tt is clear in the figure that gy = p| and > = —p3. There is an
angle 0 between p| and p,.

invariant mass squares the Mandelstam way:

s = (p2+p3)? = (px — p1)% (4.152)
t=(p1+p3)? = (px — p2)* (4.15b)
u=(p1+p2)* = (px — p3)*. (4.15¢)

The two variables ¢ and u can be written as

t=a+bcosfd, and u=a—b coso, (4.16)
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where

2 2 2
ms + ms +2meg — s
a=—=% Y2 P , and b=

\/(s - 4m%,) A (mg(, m}%, s)
2+/s ’

(4.17)

where my, my are the masses of particles X and Y respectively, mp is the average mass>

of the mass eigenstates P; and P,. The particles P° and P° produced in the decay of the
particle X at time ¢ = 0 oscillate amongst each other before finally decaying to final states
/1 and f> at times #; and #; respectively. For our calculation we would consider those final
states that have definite CP. We denote the CP-even final state by f;" and the CP-odd final
state by f;”. We can express the final state |Y (pl)PO(pz)PO(p3)> and the corresponding

momentum exchanged state |Y(p1)P0(p3)130(p2)> in terms of the mass eigenstates P 7 as

follows:
|Y( )PO( )FO( )> _ |YP0P0>€V€I’1 B |YP0PO>Odd (4 18)
0 0 |YPOPO>even + |Ypopo>odd
Y ()P (p3)P(p2)) = NP NIrg : (4.19)

where the subscripts ‘even’ and ‘odd’ denote the behaviour of the concerned state under

the momentum exchange p, <> p3 and these states are given by

PR, = VT=22(N2IY Pi(p2) Pr(pa) = NEIY Pap2) Paps) )
LN Nz( Y Pi(p2) Pa(p3)) + Y Pa(p2) Pi(p3)) ) (4.20)

[YPOPY) = NiNa(1¥ Pi(p2) Pa(pa)) = IY Pa(p2) Pr(pa)) ). (4.21)

It is important to notice that the ‘even’ state |YP0150>even has two bracketed terms, the

2The effect of the mass difference between P, and P is taken into account in the analysis. However, in
¢t and u the mass that enters is the average mass mp because we assign this mass to the flavor eigenstates
PY and P° which participate in the decay. The flavor eigenstates are different from mass eigenstates P; and
P, which, of course, have different masses and that mass difference is taken care of in our calculation.
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first one of which is completely Bose symmetric under the exchange of particles with
momenta p, and p3, and the second bracketed term is clearly not Bose symmetric under
the same exchange. Since the exchange p, < p3 is equivalent to the exchange ¢ < u,
the Bose symmetry is realised as a symmetry under ¢t < u exchange on the Dalitz plot, if
and only if there is no CPT violation (i.e. z = 0) in the decay”.

Let us now define the amplitudes for the decay of P to a final state f;* of definite CP

as follows,

Amp(P. — f) = (|P+) = AT (4.22a)
Amp(P_ — ") = (f*|P_) = €/ A}, (4.22b)
Amp(P_ > f7) = (f7IP-) = A7, (4.22¢)
Amp(P. = f7) = (f{1P+) = € A7, (4.22d)

where € quantifies the amount of direct CP violation in the decays of the neutral particles

P. The amplitudes for the decay of the mass eigenstates Py > to f;* can now be written as

+ Nip + A+ N1,2 + +
Amp(Pl,z —>fl ) = % U1 2A +V1 26€; A = E U172 + V1,2 €; Ai N (423)

__ Nis N12 _
Amp(Pl,z —)fl )—W U12€ A +V12A \/i U]2E +V12 A . (424)

Thus, the decay amplitude for X — Y(pl)f (pz)f *(p3) where i, j € {1,2}and 51, =
R/—/

Pi(p2) Pj(p3)
is given by

Amp (X = Y(p1) ( fl(l?z))Pl_(pz) (£2(p2)

1
B 4N12N22pq

Pj(P3))

(2ApAmp ((POPO) even ! ) +2A™ Amp ((POPO) odd = J1'f ) cos 0)

(4.25)

3If CPT were violated, we could not assign the average mass mp to both P° and P°.
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where the (P°PY),,., and (P°P?)_,, states can be easily read out from Egs. (4.20) and

cven

(4.21), and the amplitudes A? (‘a-plus’) and A™ (‘a-minus’) are given by

1 m 1
AP = S(AC W) + A, D), A" = ——(AG ) - A@,D). (426)

with the amplitudes A(z,u) and A(u, t) being defined as

At,u) = Amp (X = Y(p)P(p2)P'(p3)) = (Y(p)P (p)PO(p)IX),  (4.27)

A(u,t) = Amp (X = Y(p)P'(p3)P°(p2)) = (Y(p)P (p)P(p2)X).  (4.28)

Now the amplitudes for P; P; — ffl Zsz (with i, j € {1, 2} and s1 > = +), after taking into

account the time-evolution of the mass eigenstates, are given by

. 1
Amp(P1Py > ff5) = e"“l(“””Ele(Ulz +U1Vy (ef + e;) + Vlzef’eg) AT AT,
(4.29a)
+ =\ _ —i,ul(z1+z2)1 27572 - 2_+ + - + A-
Amp(PiP1 — ;) = e SN; (U162 PV + U (1€ 62)) AT A3,
(4.29b)
-ty —i,ul(t]+t2)1 2(yr2 — 2 _+ - _+ — At
Amp(PPy = f7f) = e Vi (Ul e +Vies + UV (1+¢ 62)) AT AL,
(4.29¢)
. 1
AMp(PIPy = fi f) = O NE (URer e + U (e + ) + VE) A A3,
(4.29d)
r o]
Amp(P1P2 - f1+f2+) = e_l’ullle_l'uzlzil\h N2 (U] U2 + UzV] €1+ + U] VQ(:_;
FViVacle}) AT A3, (429)
r o]
Amp(P P, — f1+f2_) = e_l'ullle_l'uzlziNlNz(Uﬂ/z +Ulze, + V1V2€1+

¥ U2V161+62_) AT A3, (4.290)
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. oo
Amp(PP; — fl_f2+) = e_mllle_wzlziN]NQ(Ule + U1U2€1_ + V]VQG;
+ U1V261_62+) A A3, (4.299)
. oo
Amp(P1 Py — fl_fz_) = e_l'ullle_l’uzlzil\h N> (V] Vo, + Uj V2€1_ + U,V €
+ U1U261_€2_) Al Ay,
(4.29h)
. o
Amp(P,P; — f1+f2+) = e_l’uzlle_l'ullziNl N> (U] U, +U; V261+ + U,V E;
FViVacle}) AT A3, (4299)
. oo
Amp(P,P; — f1+f2_) = e_l'uzlle_l'ultziNlNz(Uzvl +Uilze, + V1V261+
¥ Ulvzefeg) AT A3, (4.29))
. oo
Amp(P>P; — fl_f2+) = e_l'uzt'e_l'u'hENlNz(Ule +UUze; + V1V26;
¥ U2V161_62+) AT AL, (4.29K)
. oo
Amp(P2Py — f f,) = e_l’uztle_l’u'[zENlNz (V1V2 + WVie, +U1Vsze,
+ U, Uzel_ez_) AT A5, (4.291)
. 1
AMp(P2P2 = fi f) = e N (U3 + Viet e + UVa (ef + ) ) At AL,
(4.29m)
+ =\ _ —i,ug(l1+t2)1 2(r72 - 2 _+ + - + A-
Amp(P2Ps — 1) = e SN (Uzez F V2 +UYs (14 6765 )) AT A3,
(4.29n)
Amp(PyPy — fi fy) = it Ly (2 =y e UVa (1+€7e3) | A A3
2 2 2*1 22 152 1 20
(4.290)
. 1
AMp(P2P2 = fi f;) = e O INR (V2 + Ul € + UV (€ +€5) ) AT A3,

(4.29p)
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We shall now make the substitutions u; = u + Ay, up = u — Au, where

m+my iI1+1 i
= - = = - =TI 4.
p=—m— g =mp— 5y, (4.30)
m—-my il7-1I I
A== = s = (k- i) 431)

with mp and I'p being the average mass and decay width of Py and P, and xI'p, 2yI'p
being the differences in masses and decay widths of Py and P;. Let us also define the

following functions:

H(T) = ¢ #0*1) cog(AuT), and G(T) = e 1+ sin(AuT), (4.32)
such that
eTMUHD) — H (1 4 1) + G(t) + 1), (4.33a)
e M) — H(p 4 1) — G + 1), (4.33b)
e~ lWitel) — gt — 1) + G(1) - 1), (4.33¢)
e~ Inn) — H (4 — 1) — G(t] — 1). (4.33d)

Physically it is very plausible that the masses of two particles that mix with each other
would be almost equal. Therefore, we can assume safely that Au — 0, in which case
cos(AuT) ~ 1 and sin(AuT) ~ AuT. Thus, we can always approximate H(T) and G(T')
as H(T) =~ e H(i+12) and e~ /H(1+12)j Ay T respectively. Thus to first order approximation

in the mass and width difference between P; and P,, we have

e~ M) o pTIHUAR) (1 4§ Api (1) + 1)), (4.34a)
e i) o omITR) ( _ A (1 + 1)), (4.34b)

e lnitinn) o =ip(+12) (1+iAu(t; — 1)), (4.34¢)
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e~ HaliH ) o p=IHIHR) (1 — i Ay (1) — 1)) . (4.34d)

Using these expressions we can rewrite the amplitudes for P; P; — f]'f,* (with
i,j=1,2and s1 = *), as follows (again up to first order approximation in the mass and

width difference between P; and P»):

Amp(P1 Py — ff5) = %le (UF + UV (6] + &) + Viefes)

(7™ M+ (14+i A (ry + 1)) A] A, (4.35)
Amp(P2Py — [ f3) = %Ng (U3 +Viefes + UaVa (ef +€3) )

(71O (1= i Ap (11 + 1)) AT A, (4.35b)
Amp(P1 Py = [ f3) = 1N1 Ny (U1Us + UaVief + UiVaes + ViVaef €3 )

(7™ U+ (14 i Ap(r) — 1)) AT A5, (4.35¢)
Amp(P,Py — fif5) = 1N1N2(U1U2 + U\Vael + UrVies + ViVael €3 )

(€712 (1= i Ap (11 - 12)) ) AT A, (4.35d)
Amp(P P, — f{'f;) = %NIZ(UIZGZ_ + Vil + UV, (1 + efez_))

(7 ) (1 +iAu(t + 1)) A Ay, (4.35¢)
Amp(P2P; = f1f5) = %N%(Uzzez Vil +UaVa (1 +€fe;))

(7O (1 =i Ap(ty + 1)) AT Ay, (4.356)
Amp(P1Py — fify) = %NlNz (U1 + Uilhes + ViVae) + UaVief &)

(7 ) (1 +iAu(h - ) AT A7, (4359)
Amp(PaPy = fify) = 1N1N2(U2V1 + Uil65 + ViVae) + UiVael ;)

(7 U+ (1 —i A (ty - 12)) ) AT A3, (4.35h)
Amp(P1 Py — ff)) = %le (Uer +Vie + UV (1+ €1 €3))

(e—iu(zl+tz) (1+iAu(t + lz))) A7 AT, (4.350)
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Amp(P2Py — f 1)) = %Ng (U3er +Vies +UaVa (1+ €7 €5) )

(7O 2) (1 — i Ap (11 + 1)) AT A%, (4.35))
Amp(P1Py = ff)) = %NlNz (U2V1 + Uilae] + ViVaes +UiVaeg &)

(7 ) (1 +iAu(h - 1)) AT A}, (435k)
Amp(P,P) — fi fy) = %NlNz(Ule +Uilre] + ViVae, + UnV el_e;)

(€M) (1 — i Ap (1 — 1)) ) A A3, (4.35D)
Amp(P\ Py = f7fy) = %le (Uleres + Vi (e + &) +V7)

(7 ) (1 +iAu(t + 1)) A7 A7, (4.35m)
Amp(P2P — f{ f5) = %NZZ (V22 + U226]_62_ + Uy V; (61_ + 62_) )

(e7M*2) (1 =i Ap(t + 1)) AT Ay, (4.35n)
Amp(PPy — f{fy) = %NlNz (ViVa + UiVaeg + UaVigs + Uilaer 65)

(7 M+ (1 4+i Ap (1) — 1)) A7 Ay, (4.350)
Amp(P2Py — ffy) = %NlNz (ViVa + UaVie + UiVaes + Urlae; &)

(€M) (1 — i Ap (1 - 12)) ) A7 A3.  (4.35p)

Let us now introduce for brevity of expression the notation for the following two sets of

amplitudes:

£ = Amp (PP")gn = fi'37) . and 0" = Amp (P°P) s = £7'15)

(4.36)
such that the master equation Eq. (4.25) can now be written as
S182 — S N
A2 = Amp (X - Y(p1) ( 1'(P2))Pi(p2) (f22(p3))Pj(p3))
1
= (2A‘”85152 +2A™0O%*2 cos 0). (4.37)
4N;N5pq
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Therefore

P e—mmm)% N%sz(m ( (U2 - U3) + Vi - UaV) (€ + €5)
+ (V12 - V22) €€
+iAp (11 + 0)( (UF +U3)
+ UV + U V) (e +€)
+ (Vl2 + V22) ef’e;))
‘2 (2U1U2 F UV + UV (6f + &) + 2Vt
b (= 1) UV = UV) (& - &) )) AT AL, (4.38a)
o+t = e_i'“(“””%lesz((Ule -UiW,) (€1+ - e;)
+iAu (1 — tz)(ZUle + (V1 + U V) (¢ +€5)
¥ 2vlvzel+e;)) AT AL, (4.38b)
& = e_i“(””z)%lesz(ﬁ ( (U -03) & + (VP -V5) €
+ UV - UV (1+ € €;)
+ifp(t1 + ) ((UF +U3) & + (VE+V5)
FOV V) (14 € )
+z ((U1 Vo + UpV)) + 2U Vs + 2V Vae]
+ (Vi +UiVa) €] e
+iAp () - fz)((Ule - UxV1)
L UV, - ULVa) efeg))) At A3,

(4.38¢)
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0" = e—"ﬂ“l*’z)%Nng((Ul Vo = UaV) + (UhVy = UiVa) € €5
+iAu( — tz)( (UVs + UsVi) + 201 Us6; + 2V Vae?
+ Uy + UiVa) e;eg)) At A3,
(4.38d)
& = e_i/‘l(t1+t2)%N12N22 (ﬂ( (Ut -03) e + (VP -V3) &
+ UV = UV (1+ €7 €5)
+idu(t +0)((UF +U3) e + (VE+V3) &
FUV U (14 €765)))
+2 ((U1V2 + UaV)) + 2U Uz + 2ViVaes
+ (Vi +UiVa) €/ €5
+ibp (1 = 1) ( (U1 = U1 V)
+ (U Vs — UsV)) e;e;))) A7 AZ,
(4.38e)
0 "= e_i“(t1+t2)%N12N22((U2V1 —UWa) + (UiVa — UaV)) €] €5
T idu( — l‘z)( (UVa + UsV) + 2U1Use, + 2ViVael
+ (V2 + UaVY) e;e;)) AT A3,

(4.38f)
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& = e—iu(t1+tz)% Nszz(m ( (V2 -V3) + Vi - hWo) (e + &)
+ (U12 - U22) € €
v idu(n + tz)( (V2 +V2)
+ (U1 + UaVo) (6] + &)
+ (Ul2 + U22) 61_62_))
+7 (2V1V2 + U2+ UaV)) (€] + & ) +2U1Une; €5
Fidu (- 1) U2 - UV (6 - &) )) AT A5, (438g)
0 = e_i”(’1+t2)%N12N22((U1 V2= UaVh) (e - &)
+ il (t = ) (2ViVa + (U1Va + UaVh) (€] + ;)

£z )) A7 A7, (438h)
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Using these expressions in Eq. (4.37) we get

e inti+2)

AT = —((\/1 =22 (U} - U3) + 22000,

4pq
+ (€1+ + f;) (Vl - 22(UV) = UaVo) + z (ULV) + UIVZ))

+ee (\/1——z2 (V2-V3)+z 2v1v2) )AP
+ (6 — &) W21 = U1 V) A™ cos
+itu(t + V1= 2( (U +U3) + UV + UaVo) (6 + €3)
+ (V12 + V22) efe;)Ap
+ibp(t = 1) (z V1 UV (ef - &) A7
+ QUIU, + UV + Ui V) (€ + &)
+2V Vel € ) A cos 9)) At AL,

(4.39a)

e i)

At = W(( (M(Ulvl —UpVa) +z (U1Vs + U2V1)) (1+€e)
" («/1——z2 (U2 -U3) +z 2U1U2) &
+ (V=2 (V- v3) + 22vima ) e )ar
+ (U2 - UV) (1 - €f €5 ) A" cos 6
+idu(t + V1= 2(UV+UaV) (1 + € 67)
+(UF+U3) & + (Vi +V3) e ) AP
vibp (- 0)(z OV - UV (1 - €/ ) A7
+ (U + ) (1+ € ;)
+2U1Us€5 +2ViVae ) A™ cos 9)) AT A7,

(4.39b)
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e~ inti+12)

AT = - (( (H(Ulvl UyVo) +z (U1 Vs + U2V1)) (1 + foﬁL)
" (\/1——z2 (U2 - U3) + 220100
n (\/1——z2 (V2 -v3) +z2v Vz) e;)AP
+(UV1 - U1 Vo) (1 — €7 €3 ) A™ cos
+iru(n+ o1 =-2(OV+ ) (1 + € 65)
+ (UF+U3) e + (Vi +V3) &5 ) AP
+ibpu(h - 0)(z UV - UV (1 - €7 ) A7
+ (U2 +UV) (1+ €7 €3)
+ 22U Usep + 2V Vo€l ) A™ cos 9)) A7 AF,

(4.39¢)

e~ iun+)

A = —((\/1 -2 (VP -V3) +22nV,

4pq
(61 +62) (‘Vl —Z (U1V1 U2V2)+Z (U2V1 +U1V2))

rere (V-2 (UF - U2) + 220102 Jar
+ (6] - &) W1V = UaV1) A™ cos
+iAu (1 + VT = 22( (V12 + V22) + (UL V) + Uy Vs) (el_ + 62_)
+ (U12 + U22) € € ) AP
+ibp(h - 1) (z V2= UaV1) (6] - &) AP
+ V2 + UV + Ui Vo) (6] + )
+ 2U User €5 ) A™ cos 0)) AT A5

(4.39d)
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From the expressions for Uj » and V] 7 it is easy to get the following expressions:

U - U3 = -2z (p* - ¢%) + 4pg1 - 22,
VZE-Vi=-2(p? - %) - dpgv1 - 22,
UL +U5 =2(p*+¢%) = V] + V3,

Ui = (p* - ¢*) V1 - 22 + 2pqz,

Viva = (p* - ¢*) V1 - 22 - 2pqz,

UUy — ViVs = 4pqz,

Ui+ ViVa =2 (p? = ¢°) V1 - 22,
Ui - UaVa = =2 (p* + ¢%) <.

UV +UVa =2 (p* = 7).

UiV - UaVy = 4pq.

UiVa+UpVi =2 (p? + ) V1 - 22,

(4.40a)
(4.40b)
(4.40c)
(4.40d)
(4.40¢)
(4.40f)
(4.40g)
(4.40h)
(4.401)
(4.40j)

(4.40k)
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Substituting these expressions in the amplitudes and simplifying we get

SN—"

AT = e‘”““””(A” (1 - efre;) — A" cos 6 (efr -6

2
+
+iA,u(tl+t2)\/1—zzA”((p d

2pq

2

~—————
—
p—
+
m
—+
l\)m+
N—

+ iAu(t —lz)(_ApZ (E;r _E;)
+A’"cost9(z (1 —€1+62+)

2 2
+\/1—z2((p2pqq )(1+61+62+)

AT = e‘”‘“'””( — AP (ef - 62_) + A" cosé (1 - efez_)

)
+iAp (1 + )V —z2AP((p2 1 )(1+61+62_)

Pq
2 2
* (pzz:qq ) (¢t ”2_))

+iA/J (t —tz)(ApZ (1 —6?—62_)

+Amcos9(—z (ef—eg)
2, 2

+ﬁ((‘p2+q )(1+6162_)

Pq

S R

(4.41b)
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AT = e_’-“(’IHZ)(AI7 (el_ - e;) — A" cos 6 (1 - el_e;)

)
T+ iAu (1 +t2)\/1—z2Ap((p2 1 )(1+e;e;)

Pq

+iAu (1) - tz)( ~Az (1-¢ &)
+ A" cos @ (z (el_ - e;)

+\/1——zz((p +q2)(1+el‘ez+)

AT = e_i"‘("+’2)( — AP (1 - el_e{) + A" cos 0 (61_ - 62_)

2 2
+
+iAu(ty + 1)V = 22 AP((p el )(1 tee)

2pq

() e+ a))

+ iAu(t) - tz)(Apz (61_ - 62_)
+Amcos0(—z(1 —61_62_)

+ \/1——12( (p;;qqZ) (1+6€)
() )i

(4.41d)

Let us now introduce two functions fi(€;, €) and f>(€;, €;) defined as follows:

2 2

2 2
fl(el,ez):\/l—zz((p 4 )(1+61€2)+(p 9 )(€1+€2)), (4.42)

2pq 2pq
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2

2 _
frler, &) =V1 =22 ((p 1

2 2
) (1+€16) + (p 4 ) (e + 62)) . (4.43)
2pq 2pq

In terms of these two functions, the amplitudes can now be written as

At = e_i“("+’2)(A1’ (1-€fes) — A" cost (€ — € ) +idu(tr +12) APfilef , €3)
+iAu(t) — t2)( - APz (EiF - 6;)
+ A" cos @ (z (1 - efe;) +f2(61+, 6;)))) AT A;,
(4.442)
AT = e—iﬂ<’l+’2>( —A” (ef — &) + A" cosO (1 - €f €5 ) + il (ty + 12) AP o€, &)
il (1 — tz)(Ap c(1-¢6)
+ A" cos @ ( -z (61+ - 62_) +f1(61+, 62_)))) AJIr As,
(4.44D)
AT = e—"ﬂ“l“z)(AP (ef — &) — A" cost (1 - e/ &) + il (1 + ) AP fole . €)
+iAu () — tz)(—Apz (1 —61_6;)
+ A" cos 6 (z (61_ - e;) + fi(el 6;)))) A Aer,
(4.44c)
A = e—iﬂm“z)( — AP (1-€rey) + A" cosO (e — & ) + il (ty + 1) APfi(e] . &)
+ iAu(t) — tz)(Ap Z (61_ - 62_)
+ A" cos@ ( -z (1 - 61_62_) +f2(61_,62_)))) AT A7

(4.44d)

The time-integrated, squares of the moduli of amplitudes can now be easily obtained.
Here we shall neglect the second and higher order powers of Ay, and consider only the

leading order (i.e. first order) contribution of Au. The following integration results would
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be used in the evaluation of time-integrated squares of the moduli of amplitudes:

fo fo e~ gy dpy = o (4.452)

f f le™ D (1) 4 1) dry diy = =, (4.45b)
o Jo 3

f f e~ (1 — ) dty dt, = 0. (4.45¢)
0 0

Thus, the time-integrated squares of the moduli of amplitudes are given by:

|ﬂ++|2— | 1| | 2| (|Ap| |1 ;|2+|Am|2|el+—€;|2C0529
— 2Re ((1 — efeg) (ef* - 62+*) A”A’"*) cos 6
+ %Re(z‘A,u filef, e;)( A7) (1 - & ef™)

— APA™ (e — &) cos 9)))

|A+|F|2A il (|Ap|2 (J1-eref + %Re(mpﬁ(er, &) (1-€767)))
+ A" Jef - & cos?o
_ JRe ((1 —€fel + %mﬂfl(ef, e;)) (7" - &™) APA’"*) cos 9),
(4.460)
AP = AT 2r|2A§|2(|Ap|2 & —& [ +]|a"f |1 - ere; [P cos?o

—2Re ((1 - /" & )€ — &)APA™) cosf
4 — * —%
+ fRe(iA/lfg(efr,Q)( — AP (e - &)

+ APA™ (1 — €€, ") cos 8)))
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4
- g( a7 (|e; - & - TRe (ibufilel &) (€ - ) )

+ |A’”|2 |1 - 61+€2_|2C082(9

— 2Re((ef - IZJA,U flef. &) (1 - €*e; ") APA™) cos 9),
(4.46b)
A+ = Il IZFL ;2(|AP|2 e — & +]A"[ |1 - e e[ cos?o
—2Re ((1 - &6 ) (€] — €)APA™) cos
; %Re(iAy hle, e;)( AP e - )
+APAT(1 — 7€) cos 9)))
T (4P (e - P - e e e - )
+|amf - e;e;|2cos29
— 2Re((¢] - i’A“ fler. ) (1 - €7 e) APA™) cos 9),
(4.46¢)
= LIS Py o ol - oo
—2Re((1-€7€) (6" - &) APA™) cos
+ %Re(iA/,t filer, e;)( |AP[ (1 - € ey)
— APA™ (e = &5*) cos 9)))
- MT';#( AP (- ere | + %Re(iA,ufl(el_, &) (1-€6")))

+ |Am|2 |€1_ - 62_|2 cos®
2
- 2Re( (1 —€ € + fiA,ufl(el_, 62_)) (61_* - 62_*) ApAm*) cos 9).

(4.46d)
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We can now introduce a few more definitions (just in order to make the expressions look

simpler) as follows:

4
d1(e1, €) = FRC (iA/lfl(el’ e)(l - GTES)) , (4.47)
4
daler. @) = £Re (ibp frler. @) (6] - €)) . (4.48)
2
(e, &) = FiA,Ufl(Gl, €), (4.49)
2
Yo(er, e) = FiA/JfZ(fl, €), (4.50)
such that we have
T2 a2
|?l++|2 = | 1|F|2 2| (|Ap|2 (|1 - 61+€;|2 +¢1(61+,6£")) + |A’"|2 |51+ - 62+|2 cos? 6
- 2Re( (1 - €6 +yi(e, 62+)) (ef* - e;*) A”Am*) cosH),
(4.51)
AP AP
|fﬂ+_|2 = —| 1|F|2 2| (|AP|2 (|61+ - 62_|2 - ¢2(61+,62_)) + |A’”|2 |1 - 61+62_|2 cos? 6

— 2Re((¢f - & —va(ef . €)) (1 - €f"e;™) APA™) cos 9),

(4.52)
e f =PI L (e c) o o - oo

- 2Re((el_ -6 —1//2(61_,6;))( el_*e;*) ApAm*) cos@),
(4.53)
|A§2 2 ) o 20 2,
:—(|AP| (1 - i P +arter. ) + AP ler - e F eosto
- 2Re( (1 —€ € +!//1(€1_,€2_)) (61 -€ )ApAm*) cos@)

(4.54)
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We wish to write down everything in terms of branching ratio of P — fl.s h

A7

si|?
Br}’ = Br(P’ - f) « T| [1+€"], (4.55)

|2
which stem from the fact that

Amp(P® - £y = (1 + €AY (4.56)

Since our expressions already include all the phase-space integrations, we can simply

write down the differential decay rates as follows

v X =Y(),(52),) 1 :
b= = dta}u - (2n)3 32m§( ‘Amp (X - Y( ISI)P( ZSZ)P)'
1 1 2
“ e mn T 7
4y ozl Br! By

where in the expression for | A*152|? the term is replaced by

I |1+Ef1|2|1+€;22.

Thus

1 Br} Br;

T 256m my |1+ e L+

++

|2
X (|A”|2 (|1 - 61+65L|2 +¢1(61+,e£’)) + |A'"|2 |61+ - e£’|2 cos® @

—2Re( (1 - €& +yn(ef . €)) (" - &™) APA™) cos 9), (4.58)

1 Br} Br,

T256mmY 11 et 1+ e

+—

|2
X (|A1’|2 (e - & - date) + 4" |1 - g coso

— 2Re((¢] - & —valef. €)) (1 - €/"e;™) APA™) cos 9), (4.59)
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1 Bry Brj

T 256m |1+ e[ [L+e

—+

|2
X (|A”’|2 (|61_ - eflz - ¢2(61',62+)) + |Am|2 |l — 61'6;|2 cos’ @

—2Re((e] — & —valer . €)) (1 - €, 7e5™) APA™) cos 9), (4.60)

1 Brl_ Brg

T256m 1+ e [ L+ e
X (|A1’|2 (1 - i P +orter. &) + APl - e F eosto

—2Re( (1 - €& +Y1(er . 6)) (67 - &) APA™) cos 9). (4.61)

The Dalitz plot density corresponding to each of the decays would be given by the appro-
priate D*1*2 which are defined above. It is important to notice that, if there is any direct
CP violation, i.e. ;" # 0, then there is an asymmetry in the 7 vs. u Dalitz plot under the

exchange t & u = cosf & —cos6.

Special Cases

52

If we reconstruct the two neutral P particles from identical final states, then fls U= 5 s

which implies that e‘f' = 6;2 = €’ (say). Therefore in such a case the Dalitz plot asymme-

try for D** and D™~ become identically zero, and we have

1 Brt 2
SOy o (|1 +r6+|z) (J1= 7 +1(e". €M) [a7] (4.62)
X
__ 1 Br~ 2 a2 o e
D= semm (|1+e—|2) (1= [+ en)]ar], (4.63)
X
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where

4
1€, €") = TRe (A file', €)(1 = (€)?)
= %Re(iA/J V1 -z2 (1 — (ES)Z)

X ((p 22;;2) (1+)) + (p 22;;12) (263)) ) (4.64)

If CPT is conserved, then z = 0, but this hardly affects anything here. In fact, if we
consider both CP and CPT violation, then it is impossible to distinguish them from the
asymmetry of the Dalitz plot. However, if we assume that CPT is conserved in the pro-
cess, then the asymmetry in the Dalitz plot can be attributed to be arising from pure CP

violation only.

It is interesting to note that, even if we were to assume that the two neutral P particles
have identically the same mass and decay width, i.e. Au = 0, then also the asymmetry in
the Dalitz plot survives. Assuming that there is neither any CPT violation, nor any mass
or width difference between the two neutral P particles, we get the following expressions

for the Dalitz distributions:

1 Br} Brj

T2S6m |1+ e |1+ e

++

: (P 1= et + f e - f cost
- 2Re( (1 - efre;) (ef* — e;*) APA’"*) cos 6),
(4.65a)
1 Br} Br;

T256mmy 1+ et |1+

+—

(4 e = e+ | - et eos®

—2Re((¢f - &) (1 - /" &;") APA™) cos 0),

(4.65b)
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1 Bry Br; ( 2 - L2 ) P o
= AP["ler — & |  + A" |1 — € €| cos™ O
256n3m§(|1+€1_|2|1+62+|2 | | |1 2| | | | 1 2|

—+

- 2Re((el_ - &) (1 - el_*e;*) A”Am*) cos 9),

(4.65¢)

1 Br; Br, ( ) o - 2

= API" 1 — e e, + |A™| e — €| cos“ 60
2567r3m§(|1+61_|2|1+€2_|2 | | | 1 2| | | |1 2|

- 2Re( (1 - 61_62_) (61_* - 62_*) ApAm*) cosH).

(4.65d)

Measuring the CP asymmetry

We can neglect the €;"’s with respect to unity and doing so the Dalitz distributions can be

written as
Br{Br} 5 ) s ) * *
o= 256;3 ;§(|AP| + |Am| |ef - €;| cos’ 6 2Re( (€1+ -6 )ApAm )cos@),
(4.664)
_ BriBr; ) i ) ) *
= 256;3 n21§( ( |Ap| |€1+ ) | + |Am| cos2 6 — 2Re( (efr ) ) AP A" )COSH),
(4.66b)
_ Br;Br? 2, 5 ) i *
,_ 256;3 ;§(|AP| e — &f|" +]A™]" cos?6 - zRe((e1 _ €2+) AP A )cos@),
(4.66¢)
Br;Br; 2 20 _ n B . .
) 256;3;§(|Ap| +|A" e - ] eos0 = 2Re( (e - ) A7A” )cose).

(4.66d)

We can split each distribution into two parts: ‘even’ E and ‘odd’ O as follows:

Dslsz = ES1S2 _ 0S152. (4.67)
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The special case, when fls b= 25 ?, we denote the branching ratio by Brgyy, and the distri-

butions is fully ‘even’ and is denoted by Egyp:

Brgym 2
=————|ar]". 4.68
. 256n3m§| | (468

Therefore

3 Esym
|AP| = y|256 73 m3, | ——|. (4.69)

X 2

BrSym

The ‘even’ terms E*~ or E~* are predominantly proportional to |A™|?:

BrTBrg

- 3
256 13 my

- (|A1”|2 e - 62_|2 + |Am|2 cos? 6) ~

BrBr;
A cos?6. (4.70)
256 2 my,

This implies that

E+— E—+
|A™| cos 6 = 2567r3m§(( . _): 2567r3m§(( — +). 4.71)
Br|Br, Br|Br,

Now let us assume that

€' - = e — 7| e 4.72)
and
AP A™ = |AP| |A™] €, (4.73)

where 6°'*2 and ¢ are some phases. Therefore we can write the ‘odd’ parts of the differ-

ential decay rates as follows:

. Br{Brj R Y -
=—— = Rellef-—€f) APA™ ) cosO
12873 m3, (& ~<) )
BriBr | |
=———=_ |ef — &||AP]|A™] cos(p — 61F) cos, 4.74)
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B BriBr; B .
0" = n21§; Re (e — ;) A7A™) cost
_BUBn a4 .-
T 12870 m e - e [|a7[]A™ | cose +677) cos, (4.75)
_ Br;Br? ~ .
7 = g R ) Ao
_ BrBn o ar| 4 .
T 12873 m e - &1]A7[[A™] cosp +57) cos, (4.76)
L Br Br, B s .
O = Ty el m @) AT ot
- e — & ||A7]|A™| cos(e — 677) cos 6. (4.77)
12873m3 7

Now substituting expressions for |A”| and |A™| cos 6 from Eqgs. (4.69) and (4.71) respec-

tively, we get

O** =2Br{Br; |¢f — & cos(p — ™), (4.78)

2
BrSym

Esym E*
Br? Bri—'Br;'

sym

+tR.F
Br1 Br2

0"~ =2Br{Br; |6 - €| cos(g +6*7), (4.79)

Egym E**
Br2 BriBr;

sym

O™* =2Br{Br] | - €| cos(p + 671, (4.80)

Esym ExF

Br2 Br{Br;

sym

O™~ =2Br{Br] | - & | cos(p — 6. (4.81)

These equations can be inverted to measure the difference between the CP asymmetries

as follows

0++ Brsym1 ’BI'-I_FBI; 1

b= , 4.82
I TSN ey = SR 45

e —€6| = ,
& - <] 2Br{Br; \[EgmE** cOS(p +6%7)
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o-+ Brym Br{Br; 1
2Br;Bry [Eqym EX=  cOS(p + 5-t)’

O-- Blsymy /Br{Br 1

|61_—€2_|: — — —.
2Br|Br, EgmE cos(p —077)

— +_
|61 —€2|—
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(4.84)

(4.85)

These expressions enable us to put the following lower limits which can be experimen-

tally observed

o+ Bl‘sym,/Br}—LBl‘;r
2Br{Br} VEsym EX* ’

o+ Brsymy |BriBr;
ef—¢| > s
| b= | 2Br{Br; W

+ +
e -] >

Physical meaning of the CP asymmetries

(4.86)

(4.87)

(4.88)

(4.89)

It is easy to relate the CP asymmetries we have just obtained to the known CP asymme-

tries, called as Acp. To derive these relations we first note that

1+€f
0
Amp(P" = f7) = — A7
0 B 1+el._ B
Amp(P" — f;) = N A7,
A (FO f+) 1_ei+14+
mp —Ji)= i
V2
=0 B —€
Amp(P" — f7) = - A

\/z 1

(4.90)

(4.91)

(4.92)

(4.93)
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The usual CP asymmetry, the Acp is defined as

A - AL

. (4.94)

Acp —
|Af|2 + |4y

where Ay = Amp(P0 — f) and Af = Amp(l50 — f). In our case we shall denote the

Acp with a superscript + and subscript i for obvious reasons. Thus we have

2 Re(ef
Afp, = 2Rele) 2Re(eh), (4.95)
ol+ef
2Re(el.‘) _
Ps = kT ~ 2Re(€)). (4.96)
+ |€.

1

We can now define the difference between the two asymmetries as

AAgply = Agpy = Acpp ~ 2Re (Efl - 652) <2lg' - (4.97)
Therefore
1
€' - &7 > 5 A%, (4.98)

Thus we find that it is possible to look for direct C P violation, by analysing the Dalitz
plot. However, the CPT violation in mixing can not be separated from CP violation from
the Dalitz plot asymmetry. Thus assuming that CPT is conserved, we can associate
the asymmetry in the Dalitz plot with CP violation. The methodology developed here
can be applied to look for CP violation in the D meson sector, by looking at the three-
body processes with D’DYP in the final state, where P can be a pion or a kaon or any
other particle other than DY and D°. The D° and D° are to be reconstructed from final
states of definite CP, such as from CP-even final states like K* K~ or n*n~ etc., or
from CP-odd final states like K gﬂ'o, ng, K gqﬁ etc. If we want to measure the AAcp =

Acp(KT*K™)—Acp(ntn™), then one neutral D meson should be reconstructed from KK~
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and the other from n*7~. Then the Dalitz plot and the Dalitz prism would explicitly
exhibit an asymmetry under exchange of D° and D° and this would lead to a quantitative
estimation of AAcp. It is interesting to note that signatures for C P violation in B decays
are known to exist in the Dalitz plots for untagged B decays [159, 160]. However, these
signatures do not rely on Bose symmetry and are unrelated to the approach discussed
here. Yet another unrelated approach [161] has previously used the Dalitz plot of D
decay to observe evidence of CP violation in a B decay (e.g., B¥ —» DK*, D — Knr).

The approach as given in this thesis is fundamentally different from these other works.

4.3 Direct CPT violation

In this section we shall discuss the signatures of direct CPT violation in a Dalitz plot and
a Dalitz prism. For this we consider only those three-body processes in which the process
and its CP conjugate process are the same: X — N M M, with X = Xand N = N. If 2#

is the Hamiltonian governing the transition, then the amplitude is given by
A =(N(p1) M(p2) M(p3)| £ |X (D). (4.99)
The amplitude for the CP conjugate process is given by
A =(N(p1) M(p2) M(p3)|#|X(p)). (4.100)
In the Dalitz plot the amplitude that contributes is the sum of the above two amplitudes:
A(r,0) = A(r,0) + A(r, —0), (4.101)

where r and 6 are the polar coordinates of the event point in the Dalitz plot distribution

(as shown in Fig. 4.3). Here M < M implies 6 < —6.
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S

V)

D Q.

u t
Figure 4.3: (Schematic) Dalitz plot for X — NM M. The angle 6 is measured from the

s-axis in anticlockwise direction. The Mandelstam-like variables s, ¢, u are defined in the
same manner as in Eq. (4.15).

Let us now observe how CP and CPT relate the amplitudes A and A. For this, let us
define the CP and CPT operators as ® and O respectively. Now if both CP and CPT are
conserved in the process, the Hamiltonian .77 commutes with both @ and ®. Considering

CP invariance we have

AG,0) = (NoOMp ] X (1)) = (NpoMpM 9]0~ 0707 0[x()
= ncp(N(EL, =Pz, ~poM(Es, ~po)| o |X(E. )
= nice(N(EL, ~pOM(Ez, ~poM(Es, ~po)| X (B, =p) (X=X, N = N)

= 77CP A(r’ _9)’

where 7cp = %1 is the product of CP of the initial and final state. When CP is conserved,
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ncp = 1. Considering CPT invariance we get

AG.0) = (NoDME R | [X (1)) = (NpoMptpa|e 00 o[x(p)

= ner(NooM () M(ps)| 7 |X ()

= ner(NoOMpMpo| 2 [X () (2 X = XN = N)

=ncp A*(r, =0). (4.102)

If, however, CPT is not conserved in the decay, then the Hamiltonian .7# does not com-
mute with ®. In such a case, the two amplitudes A and A* are not related, but A* is given
by

*

B, -0) = (No0M M| |X ) (4.103)

where # is the Hamiltonian for the C P conjugate process. Only when CPT is conserved,

do we have 7 = .

4.3.1 Expression for Dalitz distribution (no C PT violation).

The amplitude for the process X — N M M can be Fourier decomposed as
A(r,0) = > (sn sin(n6) + c, cos(nf)), (4.104)

n=0

where s, and c¢,, are complex Fourier coeflicients. These Fourier coefficients can be given

in terms of the weak phase (¢) and the strong phases (d;, 65,) as follows

Sy = |sp] €®e’n, cn = |cg| €®etn. (4.105)
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Therefore, the Fourier decomposition of the CP conjugate amplitude (assuming no CPT

violation) is given by

Ar,0) = Z (sn sin(n6) + ¢, Cos(nO)), (4.106)
n=0
where
Su = Isule @en, &, = |yl e ein., (4.107)

Note that the weak phase leads to CP violation in the decay mode under consideration.

This will be demonstrated below mathematically.

Since we cannot distinguish the process and its C P conjugate process, the amplitude

that contributes to the Dalitz plot density is given by

A(r,0) = Ar,0) + A(r, =0) = >~ ((sy = 52)sin(n6) + (¢ + &) cos(n))
n=0

ZZ (i |5,] sing sin(nf) e + |c,| cos ¢ cos(ng)eiéf,)

n=0
= A(r,0) + AV (r,0), (4.108)
where
AS(r,0) = 22 leal cos @ cos(nf) e'n (4.109)
n=0
AN(r,0) = 22 i |s,]sing sin(nd) e™n. (4.110)
n=0

It is easy to observe that AS(r, —0) = A3(r,0) and AV (r, —0) = — A" (r, ). The Dalitz

plot distribution is proportional to |A(r, 9)|2:

A, ) = | A, 0 +|AY(r,0) +2Re (A 0) - AN 0)) . (@4.111)
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It is only the interference term which can give rise to any asymmetry in the Dalitz plot

under 8 « —6:

2Re (ﬂs r,0) - AV (r, 9))

= 42 Z lcnl |$m| sin2¢ sin (65 — &3,) cos(n) sin(m0)
n=0 m=0
#0. (unless ¢ =0) 4.112)

It is easy to see that the interference term would vanish if and only if there is no weak
phase or equivalently if there is no CP violation in the process. Therefore, assuming
CPT invariance, any asymmetry in the Dalitz plot under 8 < -6 =t < u would be due

to CP violation only.

4.3.2 Expression for Dalitz distribution (with C PT violation).

The CPT violating amplitude for the process X — N M M can be Fourier decomposed

as

(o)

A(r,8) = Z (sn sin(nf) + ¢, cos(ne)), (4.113)
n=0

where s, and ¢, are complex Fourier coefficients given in terms of the weak phase ¢ and

the strong phase ¢ as follows
sp = (Isal +€) el cn = (lenl +€,) ¢l (4.114)

where €, and € are CPT violating terms, i.e. for the case of C PT invariance they vanish

identically. The Fourier decomposition of the CP conjugate amplitude is given by

(o)

A(r,0) = Z (gn sin(nf) + ¢, cos(ne)), (4.115)
n=0
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where

5o = (Isal =€) e e, G, = (lep] — €5) e Pein, (4.116)

Thus we now have both CP and CPT violating terms in our amplitudes.

Again since we cannot distinguish the process and its CP conjugate process, the am-

plitude that contributes to the Dalitz plot density is given by

o

Ar,0) = A(r,0) + A(r, —6) = Z ((sn — 5,)sin(nb) + (¢, + €) cos(ne))
n=0

=2 Z ((z |s,] sing + €, cos (/)) sin(n@)e™n
n=0

+ ( lcn| cos @ + i€, sin ¢) cos(n@)ei‘sz)

= A5(r,0) + AV (r,0), (4.117)
where
AS(r,0) =2 i (lenl cos ¢ + i€t sing) cos(nd) en, (4.118)
n=0
AN(r,0) =2 i (i Isnl sing + €} cos ¢) sin(nd) . (4.119)
n=0

Now let us look at the interference term which can give rise to any asymmetry in the

Dalitz plot under 6 < —6:

2Re (AS(r,0) - AN*(r.0))
(( lcnl €5 cos? ¢ + |5 €€ sin? ¢) cos (65, — 65,)
0

1
+ E( lal Ism| — €cey,) sin2¢ sin (55 — 55,) ) cos(n) sin(mo)

# 0. (when €, # 0 and €, # 0, evenif ¢ = 0) (4.120)
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Therefore, if there is no CP violation in the decay mode under consideration, then pres-
ence of CPT violation can lead to an asymmetry in the Dalitz plot under 6§ < —6 (which

is equivalent to ¢ > u).*

4.3.3 Processes suitable for observing direct C PT violation

The processes that can be used to study direct CPT violation by the methodology sug-
gested here are necessarily those that do not have any CP violation in them. Thus we are
forced to consider processes that occur via electromagnetic or strong interaction, which
are known so far to be CP conserving interactions. One can, for example, look at the
following three-body decays of J/i: J/y — Nn*n~, where N can be n°, w,n or ¢. The
violation of CPT symmetry, if it would ever be observed, is expected to be extremely
minuscule®. So observation of CPT violation necessarily demands that the sample of
events to be analysed and studied be extremely large. Here we make one important ob-
servation that the Dalitz plot asymmetry we have discussed so far in this section, does
not depend on whether N is a single particle or a multi-particle state as long as N = N.
Thus, in principle, we could consider decays such as J/y — Na*zx~, with N being
wr®, pp,nit, K* K=, 7n°K*K~,nK*K~ etc., as well as continuum production of all the
final states mentioned here. Thus we can analyse multi-body decays and treat them as
effective three-body decays and record all such events in a Dalitz prism, which should
also have the corresponding asymmetry if CPT were violated in these decays. It is also
important to notice that the asymmetry under the assumption of C PT invariance implies
that CP is then definitely violated. This itself would also be a clear signature of new

physics if found in processes involving electromagnetic and strong interactions.

4The signature here is similar to the ones noted in Refs. [159, 160, 163] for C P violation studies.

SRecently, values for Re(z) and Im(z) (in which z is the CPT violating parameter, see Eq. (4.5))
have been measured by the BaBar collaboration [162] in the neutral B meson sector to be
Re(z)(Redcp/ |Acpl) = 0.014 £0.035(stat.) + 0.034(syst.) and Im(z) = 0.038 £ 0.029(stat.) + 0.025(syst.),
with Acp being the traditional variable that characterizes the decays of neutral B mesons into J /(//Kg or

JIWK?.
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4.4 SU(3) flavor symmetry violation

Finally, we shall illustrate how Dalitz plots can be used to study violation of the SU(3)
flavor symmetry in some three-body meson decays of the type P — MM, M3, where P
can be a B or a D meson and the final particles M|, M, and M3 are different members
of the lightest pseudo-scalar SU(3) multiplet (shown in Fig. 4.4). Our method described
here relies on the simultaneous application of two of the SU(2) symmetries subsumed in
the SU(3) flavor symmetry (which are isospin or 7-spin, U-spin and V-spin), to the three
body decay P — M M,M3, where M|, M, and M3 are chosen such that M; and M>»
belong to the triplet of one of the SU(2) subgroups and M, and M3 belongs to another.
Thus M, needs to be a part of all the different SU(2) triplets under consideration. To
be definite M, is always chosen to be the 7° and the modes we consider are listed in
Table 4.1. Under the limit of exact SU(2) all the mesons belonging to the triplet are
identical bosons and must exhibit an overall Bose symmetry under exchange. Thus in
the final states under consideration exchange of M; and M, as well as the exchange
of M, and M3 should be fully symmetric. This implies that if the wave-function were
symmetric under SU(2) exchange, it must also be even under exchange in space; whereas
if it were anti-symmetric in SU(2), it must be odd under exchange in space too. We shall
exploit this exchange symmetry to deduce some simple relations that predict a pattern in
the distribution of events in the concerned Dalitz plot. Any deviation from this predicted
Dalitz plot distribution would, therefore, constitute a test of breaking of SU(3) flavor

symmetry.

Let the 4-momenta of particles P and M; (where i € {1,2,3}) be p and p; and their

masses be m and m;, respectively. A triangular Dalitz plot can now be constructed out of
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U-spin \ / V-spin

Figure 4.4: The SU(3) meson octet of light pseudo-scalar mesons. Here the horizontal
axis shows the eigenvalues of isospin (73) and the vertical axis shows the eigenvalues
of hypercharge (Y = B + S, with B being baryon number and S being the strangeness
number). The dotted lines parallel to U-spin (or isospin) axis signify that in no two-body
decays of B or D meson can the two connected mesons appear together in the final state
as that would violate conservation of electric charge (or strangeness by two units).

Final state Kind of SU(2) exchange

My, My, M| M, o M, | M, o M
K% 7% a*t | U-spin Isospin
K* 7% a7 | V-spin Isospin
K* 7% K| V-spin U-spin
at 7% K°| Isospin U-spin

Table 4.1: The final states MM, M3 in the decays under our consideration are given here.
The particle M,, which is always 7°, being at the center of the pseudoscalar meson octet,
belongs to all the three triplets of the constituent SU(2) symmetries under considera-
tion. The last mode in the table with final state 7+7°K? has another exchange symmetry,
namely exchange of 7* and K° under V-spin.
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Figure 4.5: A hypothetical Dalitz plot for the decay P — MM, M5. The three medians
divide the interior of the equilateral triangle into six regions or six sextants of equal area
which are denoted by 7,11,111,1V,V and VI. The barycentric rectangular coordinate
system has its origin at the center of the equilateral triangle and the y-axis is along the s-
axis as shown here. The angles 8, 6’ and 8” are measured in anticlockwise direction from
s-axis, u-axis and z-axis respectively. The physically allowed region is always inside the
equilateral triangle as shown, schematically, by the shaded region.

the Mandelstam-like variables s, ¢ and u:

s=(p-p)*=(p2+p3)?,
t=(p-p)*=p1+p3)?, (4.121)

w=(p—-p3)* =@ +p).

It is clear that (ma+m3)? < s < (m—my)%, (m1+m3)? <t < (m—mp)?, (m1+ma)* < u <
(m—ms3)?, and s+1+u = m? +m% +m% +m§ = M? (say). Giving equal weight to s, # and u
we shall work with a ternary plot of which s, ¢, u form the three axes, as shown in Fig. 4.5.
For ultra-relativistic final particles, the entire interior of the equilateral triangle tends to
get occupied. In any case the Dalitz plot under our consideration (schematically shown by
shading in Fig. 4.5) would always lie inside the equilateral triangle. The boundary of the
Dalitz plot for a three-body decay process under consideration would not look symmetric
under the exchanges s <> ¢ < u due to the breaking of flavor SU(3) symmetry on account

of masses m1, my and m3 being different. Any event inside the Dalitz plot, as illustrated
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in Fig. 4.5, can be specified by its radial distance (r) from the center of the equilateral
triangle and the angle subtended by its position vector with any of the three axes s, ¢, or
u. The angle subtended by the position vector with s-axis is denoted by 6, the one with
u-axis is denoted by 6 and the one with z-axis is denoted by #”. It is easy to see that
0 =6 +2n/3and 6 = 6” + 4r/3 (see Fig. 4.5). An event described by some values of
s, t and u corresponds to some values of r and 6 as obtainable from the relations given

below:

M2

s = T(l e cos@), (4.122)
M? 2

=2 (1+4rcos[Z+0]], (4.123)
3 3
M? 2

u== (1 + 7 cos (?’T —9)) . (4.124)

It is straightforward to change the basis from (r, 6) to either (r, 6’) or (r,6”).
Before we analyze the specific decay modes, a few points regarding the notation to

be used and the neutral pion are essential to put down.

e The particle states under a particular SU(2) symmetry are labelled with subscripts
for clarity, e.g. the state |/ = 1, I3 = 0) isdenoted as |1, 0);, the state |U = 1, U3 = +1)
is denoted as |1, +1), the state |V = 1,V3 = —1) is denoted as |1, —1)y, etc. This

helps to distinguish the states in different SU(2) bases.

e The neutral pion is a pure isotriplet state |1,0); = (da? - uﬁ) :6

L
V2
%) = -11,0);. (4.125)

Under U-spin it is a linear combination of the U-spin triplet state |1, 0);; = % (si - dc?)

®Here we assume perfect isospin symmetry, as otherwise the mixing of 7%--n” arising out of isospin
violation must also be taken into account. This effect is however is not going to affect the kind of Dalitz
plot asymmetries we will analyse ahead.
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and the U-spin singlet but SU(3) octet state |0, 0)y g = % (da7 + 55 — 2uﬁ):
1 V3
%) = 511,000 = ==10,0)y 5. (4.126)

Similarly under V-spin, 7° is given by a linear combination of the V-spin triplet
state |1,0)y = % (s§ — uir) and the V-spin singlet but SU(3) octet state |0, 0)y g =

% (m‘t + 55 — de_)i

V3 (4.127)

)=

1
——|1,0)y +
5 110

— 0,0 .
> 10,0)y g

We have tabulated the expressions for combined states of pairs of final particles in their

relevant SU(2) symmetry bases in Table 4.2.

Final state Expression for the state

MM, M3 | M M) |M>M3)

K°n'x #(u +Dy + 11, +1)y ) - ‘f|1',+1>,j -#(u +1); = |1, +1))
K*n%n~ L\/_(|2 +1y + 141y ) + ‘/5|1' +1)y L\f( =Dy +IL=1))
K*n°K" —2\4[(|2 +1y + 11, +1)y ) + \/_|1' +1y 2\4[(|2,—1>U+|1,—1>U) ‘/_|1' -~y
nta0KO —$(|2,+1>, +11L+1);) \/_(|2 ~Dy + 1L -1y ) + ‘/_|1' -1y

Table 4.2: Expressions for states of pairs of final particles in their respective SU(2) basis.
+1) arise from the |0, 0) component
of n° under U-spin and V-spin considerations. For the last mode we have |7T+K0> =

=5 (11,0)y + 10, 0)y) under V-spin.

As discussed in the text, the primed states such as |17,

4.4.1 Decay Mode with final state K707+

Let us consider the decay mode B* — K°7z%*. In the final state the 7° and 7* are

identical under isospin and hence the final state must be totally symmetric under their

exchange. Under U-spin (see Fig. 4.4) the K° and 7° behave as identical bosons and
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hence the final state must similarly be totally symmetric under their exchange. It is easy

to notice that in the Dalitz plot:

0

U-spin exchange = Klor = sor,

0

isospin exchange =7’ & 1t = t o u.

Therefore, considering U-spin and isospin to be exact symmetries, the final state K% *

has the following two possibilities:

1. K°7% would exist in either symmetrical or anti-symmetrical state under s < ¢

exchange, and

2. %" would exist in either symmetrical or anti-symmetrical state under ¢ < u

exchange.
The amplitude for this decay, can thus be described by four independent functions:
(i) Ass(s,t,u) which is symmetric under both s <> ¢ and t < u,
(i1) Aaa(s,t,u) which is anti-symmetric under both s <> t and t < u,
(ii1) Asa(s,t,u) which is symmetric under s < ¢ and anti-symmetric under ¢ < u,

(iv) Aas(s,t,u) which is anti-symmetric under s < ¢ and symmetric under ¢t & u.

Let us now analyze the above four amplitude functions in the most general manner.
It is easy to show that Ags(s, ¢, u), which is a function symmetric under both s < ¢ and

t & u must also be symmetric under s < u:
Ass(s, t,u) = Ass(t, 5,u) == Ass(u, 5,1) = Ags(u, 1, ). (4.128)

Hence, Ags(s, t, u) is a fully symmetric amplitude function. Let us now consider A4 (s, t, u)

which is anti-symmetric under both s < ¢ and ¢ < u. It is easy to show that it is also
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anti-symmetric under s < u:
Aaals,1,u) =2 =Apalt,s,1) = +Apalu, 5,0 = ~Apalu, 1,5).  (4.129)

Hence, Aa(s, t,u) is a fully anti-symmetric amplitude function. Using the same ar-
guments as above it is easy to show that both Ags(s,t,u) and Axs(s, ¢, u) identically

vanish.

Asals, t,u) = Asalt, s, u) = —~Asau, s, t) = ~Asau,t,s)
= L Asa(t 1, 8) =+ Agp(s,u, 1) == —Asp(s,1,u) =0,  (4.130)

t t t
Ans(s,t,u) == —Aps(t, 5, u) == —Aps(u, s,1) = +Aps(u, 1, 5)

= f Ans(t,u, §) == ~Aps(s,u, 1) == ~Aps(s, t,u) = 0. (4.131)
This implies that the amplitudes Aga(s,t,u) and Axs(s, t,u) never contribute to the
distribution of events on the Dalitz plot. Thus the amplitude and hence the function
describing the distribution of events in the Dalitz plot which is proportional to the square
of the modulus of the amplitude, have only two parts, one which is fully symmetric under

s & t © u, and another which is fully anti-symmetric under s < t < u.

Let us now examine the decay mode B* — K%7%* by writing down the decay
amplitude in terms of isospin and U-spin amplitudes. The 7%* combination can exist in
isospin states |2, +1); and |1, +1); (see Table 4.2). If isospin were an exact symmetry,
the state |7r°71+> would stay unchanged under 7° < 7% exchange. Thus the |2, +1), state
would be in a space symmetric (even partial wave) state, and the |1, +1); state would be
in a space anti-symmetric (odd partial wave) state. The final state |K 07TO7T+> in isospin

decomposition is given by

115 1\ V313 1\° 113 1\° 17911 1\°
K%)= —— —,+—> +— —,+—> +— —,+—> - — —,+—> , (4.132)
| > ‘/32 21 \/EZ 2I ‘/62 2I ‘/§2 21
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where the superscripts e, o denote the even, odd nature of the state under the exchange

7’ < n*. The odd states above change sign under 7° < 7% exchange because the

|1, +1); isospin component of the |7ro7r+> state is odd under this exchange, whereas the

|2, +1); state is even under the same exchange. Since B™ has isospin state %, +%>I, and
only Al =0, 1 currents are allowed by the Hamiltonian in the standard model of particle

3 1 .
75 +§>I state can arise

physics, we would have no contributions from |3 +%>I state. The

2

from both

1,-3), @ 12,+1); and |3, -1} @ |1, +1);, with the first contribution being

%, +%> on the other-hand is
I

symmetric and the later being anti-symmetric. The state
purely anti-symmetric. Even though we shall work with the standard model Hamiltonian,
our conclusions are general and are valid even when more general Hamiltonians exist.
The isospin I = 1/2 initial state decays to a final state that can be decomposed into either
I = 1/2 or I = 3/2 states via a Hamiltonian that allows Al = 0 or Al = 1 transitions.
The transition with Al = 1 results in two amplitudes with / = 1/2 or I = 3/2 represented
as T, 1 and TL% respectively, whereas Al = 0 transition results only in a single amplitude
with final state I = 1/2 labelled as T; - The isospin amplitudes 7 1 T3 and 1) | are

themselves defined [100] in terms of the Hamiltonian as,

1/3 1 I 1

]I’% = 3<§,i§‘%[:1'§,i5>, (41333)
271 1 1 1

Ty =z §<§,i§‘%1=1‘5,i§>, (4.133b)
2/1 1 1 1

7(1)7% = \/;<5, ii‘%lzo'i, i§> (4133C)

The amplitude for the decay B* — K°7%7" can then be written in terms of the isospin

amplitudes as

AB* - Kon'n*) = —=T°, X = —(T°% +T°, +T°,) Y sind, (4.134)
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where X and Y sin 6 take care of the spatial and kinematic contributions as is seen from
the discussion above (see Eqns. (4.123) and (4.124)). The functions X and Y are, in
general, mode dependent arbitrary functions of r and cosé, and remain the same for
modes related by isospin symmetry. The subscripts ‘€’ and ‘0’ are retained to merely to

track the even or odd isospin state of the two pion in the three-body final state.

Let us now apply U-spin to the same final state. If U-spin were an exact symmetry, the
state K97% would remain unchanged under K° < 7 exchange. Under U-spin the K°7°
state is a linear combination of |2, +1); and |1, +1) (see Table 4.2). The state |1, +1);,
has a contribution from the |0, 0);; g admixture in n® which is denoted by |17, +1);,. Both
the states |2, +1)y and |1, +1)y coming from the |0, 0); g contribution of 7%, exist in
space symmetric (even partial wave) states, and that part of |1, +1);; arising out of |1, 0),,
part of 70 exists in space anti-symmetric (odd partial wave) state. Thus the final state

|k 07T07T+> under U-spin is given by

0 0 4 1 '5 1>e V3 '3 1>e 1|3 1>° 1|1 1>°
|K7T7T>:—— - +=) - — =, +=) - — =, +=) - —|=,+=
V5127 2[y 210120 2[y 2v6120 2[y 243120 2fy
L3 +1>e -+ LK +1>e (4.135)
2127 2/, V2127 2/, '

where the superscripts e, o denote that the state is even, odd under the exchange K° < n°.

The reason for sign change in the odd terms above can be easily understood from the U-
spin decomposition of the |K 07T0> state:

1 V3

|Kn°) = 2\5( 2, +1)y + |1, +1)y ) - 73 1, +1),,. (4.136)

which under the K° < 7% exchange becomes

1 V3

|7TOK0> = 2\/§(|2,+1>U - |1,+1>U) - 73 17, +1),, . (4.137)



4.4. SU3) FLAVOR SYMMETRY VIOLATION 121

We know that the state |1, +1); is odd under K® < 7° exchange, whereas the states
|2, +1)y and |1, +1);; are even under the same exchange. Again the states |§, +%>U and
%, +%>U do not contribute, since the parent particle B* is a U-spin singlet, and only the

AU = 1/2 current contributes to the decay. This unique feature follows from the fact

that the electroweak penguin does not violate U-spin as d and s quarks carry the same

electric charge (see [118, 139]). Hence, only the %, %>U and |17’, %>U can contribute to
the decay amplitude and they correspond to anti-symmetric and symmetric contributions

under K° < 79 respectively. The U-spin amplitudes

2/1 1
U%’% ==+ §<§,i§ %U:%'0,0> ,
U’ _\/T1'+1% 0.0 i 138
{1 = V33043 h0-10:0) (@138

Using these U-spin amplitudes the decay amplitude for B* — K°7%7* can now be written
as

3
ABT - K'72%7") = —U/ X'+ U?, YV'sin@, (4.139)
V10 22 2°2

where X’ and Y’ are, in general, arbitrary functions of r and cos#’, and they take care of
spatial and kinematic contributions to the decay amplitude. The subscripts ‘e’ and ‘0’ are
again retained to keep track of the contributions of even or odd U-spin state of K° and 7°
in the three-body final state. As argued before the amplitude for the decay has two parts,
one fully symmetric under the exchanges s & t < u (i.e. Ags(s, ¢, u)) and another fully
anti-symmetric under the same exchanges (i.e. Aaa(s,t,u)). Comparing Eqgs. (4.134)

and (4.139) we obtain:

Ul X' (4.140)
2

Aan=——=(T% +T°, +T°)Ysin0 = U, ¥'sing". (4.141)
22
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The exchange s <> ¢t < u is equivalent to 8 < 6’ < 6”. This implies that the fully
anti-symmetric amplitude A4(s, ¢, u) must be proportional to sin 36 because sin 36 =
sin30’” = sin360” as § = 0’ + 2x/3 = 0” + 4xn/3. It is easy to show that sin36 =
sind (4 cos2 6 — 1), where the factor (4 cos2 @ — 1) is an even function of cos® and it
must be a part of both ¥ and Y” in Eq. (4.141), ie. Y =y (4 cos? — 1) and Y’ =
y (4 cos? 6 — 1) for some y and y’ such that

App=——(T% +T°, +T° ) ysin30 = U}, y'sin3¢'. (4.142)
2°2

1
2

Figure 4.6: Exchanges that take us from one sextant to another in the Dalitz plot. It must
be noted that the following exchanges are also equivalent: s &t o u =60 & 0" < 0”7 as
wellast o u=0o -0,s ot=0 o -0 andu o s =60" < -6".

Since the Dalitz plot distribution function is proportional to the square of the modulus
of the amplitude, it would also have a part which is fully symmetric under s < ¢t < u
(denoted by fss(s, t,u)) and another part which is fully anti-symmetric under the same

exchanges (denoted by faa(s, t,u)):

fss(s,t,u) o< |Ags(s, t,u)|* + | Anals, t,u))?, (4.143)

Faa(s.t,u) o 2Re(Ass(s, 1, u) - Aj 4(5.1,1)). (4.144)
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The Dalitz plot gets divided into six sextants by means of the s, ¢ and u axes which
lie along the medians of an equilateral triangle as shown in Figs. 4.5 and 4.6. Let us
denote the function describing distribution of events in any sextant, say in the ith one,
of the Dalitz plot by f;(r,#), where the coordinates (r, 6) lie in the sextant i. We could
have as well used the other equivalent choices 6" or 6” instead of 6. However, we shall
judiciously choose the angles that would be best to describe the underlying symmetry
being considered (see Fig. 4.6). Henceforth, we shall drop (r,6) from the distribution
functions, except when necessary, as we implicitly assume the r and 6 dependence in
them. The distribution function must have only two parts as observed above, the fully
symmetric and the fully anti-symmetric parts. Let us assume that in sextant / the Dalitz

plot distribution is given by the function

1 = fss(s, t,u) + faa(s, t,u). (4.145)

It is then trivial to find that the Dalitz plot distributions in the even numbered sextants are
identical to one another, and the odd numbered sextants are also identically populated,

because

J1=f111 = fv = fss(s,t,u) + faa(s,t,u), (4.146)

S = fiv = fvi = fss(s,t,u) — faa(s, t,u). (4.147)

This is the signature of exact SU(3) flavor symmetry in the Dalitz plots under our consid-
eration. Any observed deviation from this would constitute an evidence for violation of

the SU(3) flavor symmetry.

Thus far we have used the exchange properties of K « 7% under U-spin and 7° <
7+ under isospin to obtain the even and odd amplitudes contributing to B* — K°%7%z*.

It is, therefore, only natural to ask what can we say about K® < n* exchange. Since
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K and 7" belong to different multiplets of V-spin (see Fig. 4.4), in order to consider
the symmetry properties under K < n* exchange one needs to extend the concept of
G-parity to accommodate V-spin, denoted by Gy and defined in the Appendix A. Since
charge conjugation is a good symmetry in strong interaction, Gy is as good as the V-spin

itself. The state |K 07r+> is composed of states which are even and odd under Gy -parity:

|KOn*) = % (J&'n*) +|Kx*) ), (4.148)
where
K’n*) =|K°n") - |n"K"), |K’n*) =|K°zn*)+[n*K"), (4.149)
0 e 0 0 0 ) 0 0
and
Gy |[Kn*) =+[Kn*) . Gy|K'n*) =—|K'x*) . (4.150)

Note that the state even (or odd) under Gy is in odd (or even) partial wave state. We
have already proven that the amplitudes for the decay B* — K°z%r* has two parts one
even and the other odd under the exchange of any two particles in the final state. Hence,
Ass is odd under Gy and A4y is even under Gy. Since the two Gy-parity amplitudes
do not interfere, the interference between Agg and A4y, i.€. the f44 term becomes zero
(Eq. (4.144)). Therefore if Gy is a good symmetry of nature, it is interesting to conclude

that the Dalitz plot is completely symmetric under s <> ¢ < u. This implies that

f1=fir = fur = fiv=fv = fvi = fss(s,t,u). (4.151)

This expression holds only if isospin, U-spin and V-spin are all exact symmetries. How-
ever, when Gy is broken but isospin and U-spin are still exact symmetries, the Dalitz plot

distribution would still follow Eqgs. (4.146) and (4.147). In the case when Gy is exact,
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the exchange properties of the distribution functions f; to fy; imply that if, (a) U-spin
is an exact symmetry, then f;; = fir7, fi = fiv and fy = fy; irrespective of the exact-
ness of isospin symmetry, (b) isospin is an exact symmetry, then f;; = fy, fi = fy; and
f111 = f1v irrespective of the exactness of U-spin symmetry. However, when both Gy and
either isospin or U-spin is broken, then the Eqs. (4.146) and (4.147) are no longer valid.

In such a case, we have the following possibilities:

1. Test for isospin symmetry: By isospin symmetry, the Dalitz plot distribution of
sextants I, I1, 111 get mapped to those in sextants VI,V , IV respectively. We note

that when isospin is not broken, then

f1+fvi = firn + fiv = fv + fir = 2fss(s, t,u), (4.152)

f1=fvi = fur = fiv = fv = fir = 2faa(s, t, u). (4.153)

However, once isospin is broken, the values of fss and f44 extracted from sextants
I and VI need not be same with those extracted from either I/ and V or /1] and
1V . To quantify the variation of values of fgs and f44, we introduce two quantities

Zj. and All'. defined as

2H(r,0) = fi + fj, (4.154a)

Ai(r,0) = f; = f;, (4.154b)

where i and j are two sextants and i # j. For brevity we shall not explicitly write
the (r,6) dependence of Zj. and Aj., it is implied. In terms of these quantities,
the signature of isospin breaking can be succinctly summarized by the following
inequalities

X, # SN # XY, and AL, # AR # A (4.155)



126 CHAPTER 4. STUDY OF SOME SYMMETRY VIOLATIONS

An asymmetry can now be constructed to measure the isospin breaking as follows:

I _ Il
Ty~ 2y

T 1
2yt 2y

1 _ 5V
Ty — Xy

TIT L 5V
Xyt

vV vl
X~ 2y

V vl
X+ 2y,

Alsospin =

I 111 111 v 1% I
AVI B AIV AIv B Au Au B AV1 (4.156)
AI + A”I AIII + AV AV + AI ' :

VI v v 11 1 VI

2. Test for U-spin symmetry: By U-spin symmetry, the sextants VI, I, 1] get mapped
to the sextants V, IV, 111 respectively. We note that when U-spin is not broken,

then

2y =2 =5y, = 2fss(s. tow), (4.157)

Apy = Af =AY, = 2faals. 1, u). (4.158)

Here it would be profitable to consider the £’s and A’s being functions of (r, 6") as
we are considering s <> ¢ exchange which is equivalent to " < —6’. When U-spin
is broken

i, 2= # 5y and AL, 2 AT 2 AL, (4.159)

The asymmetry for U-spin breaking is, therefore, given by

I Il 1 _ sV vV oyl
Ay = Xy — Xy i~ 2y y;— Xy
SSPI T o 111 111 1% % I
Xy + X Xt Eyr |2yt Iy
I Al 111 _ AV VoAl
Ay = A Ar = Ay, Ay — Ay (4.160)
AI +AIII AIII +AV AV +AI ' '
v 11 11 VI VI v

3. Test for V-spin symmetry: As said before, Gy-parity is as badly broken as the V-
spin because charge conjugation is a good symmetry of strong interaction. When
V-spin is broken, then Gy is also broken, and the distribution of events in the Dalitz

plot sextants would follow Egs. (4.146) and (4.147). In addition to that, when
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V-spin is broken, K” and 7+ need not be even under exchange. This leads to

DIBED YFLE"D ¥ (4.161)
AV, # A # AL (4.162)

The asymmetry for V-spin breaking is, therefore, given by

vV I I Il 1l sV
Ay = Xy~ x| | Zp Xy Xy, — Xy
-spin = |5y i 1 111 TIT L 5V
Xy X | Z Ry Xy, 2y
VoAl I Al I AV
Ay = Al A — Ay Ay; = Ay (4.163)
AV +AI AI +AIII AIII +AV : :
w T8 1T Ayr VI v

Hence, the extent of the breaking of isospin, U-spin and V-spin can easily be mea-
sured from the Dalitz plot distribution. The asymmetries measuring isospin, U-spin and
V-spin are functions of r and 36 = 36’ = 36” (see the discussion leading to Eq. (4.142)).
These asymmetries are, thus, valid in the full Dalitz plot, i.e. these asymmetries can be
measured both along resonances and in the non-resonant regions. A quantitative esti-
mate of the variation of these asymmetries obtained experimentally would be valuable
for understanding the effects of the breaking of SU(3) flavor symmetry. It would also be
interesting to find regions of the Dalitz plots where SU(3) is a good symmetry.” The pro-
cedure discussed above can also be applied to other decay modes with the same final state.
In particular one can study the Dalitz plot distribution for the decay Df — K%z%z* in a

similar manner. The relevant SU(2) amplitudes for this mode are tabulated in Table. 4.3.

4.4.2 Decay Mode with final state K797~

Let us now consider the decay BY or BY — K*n%r~ in which isospin symmetry allows

the exchange of 7° and 7=, and V-spin symmetry allows exchange of K* and 7°. This

It is presumed that the signature of breaking of the SU(3) flavor symmetry would be minimum in
regions in which the final particles have maximal momenta.
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B* - K
Isospin Oimm_ state _wv +WVV U-spin AEE& state |0, ovv
transition | final state | symmetry | Amplitude transition | final state | symmetry | Amplitude
Al=1 | |3.,+3) | mixed %ﬁmx + T Ysing | AU = YL+ odd Nﬂq_f% sin @’
Al =1 _Wv +wv odd |ﬂﬂﬁww% sin @ AU = W\ _Wv +Wv even mQMW\X\
AI=0 | |5.+}) odd %ﬂi;:m
Df — K
Isospin AEE& state |0, ovv U-spin AEE& state _Wv +WVV
transition | final state | symmetry | Amplitude transition | final state | symmetry | Amplitude
Al = W _w+wv mixed <<Moﬂ%wk + ﬂﬁow%m:& AU =1 _W+Wv mixed ZI e N\ - qQo Y’ sin@’
M=} | [5+5) | odd | -3sTe Ysing AU=1 | [3.+1) | even SQ\“ X’
AU =1 _W+WV odd mﬁQo Y’ sin®’
AU =1 | [{'.+3) | even ﬂqﬁ\x\
AU =0 _WV+WV odd m<| % Y’ sin®’
AU =0 _W, +Wv even )\uQ%_Lm\

Table 4.3: Comparison of decay amplitudes for the decays of B* and D7 to the final state K%
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corresponds to the following exchanges in the Dalitz plot:

0

V-spin= K" on’ = sot,

Isospin=7’ 17 = 1o u.

When isospin and V-spin are exact, the final state K*7%7~ has the following two possi-

bilities:

1. K*7° would exist in either symmetrical or anti-symmetrical state under s « ¢

exchange, and

2. 7%~ would exist in either symmetrical or anti-symmetrical state under ¢ < u

exchange.

Following the same steps as enunciated in subsection 4.4.1, the amplitude for the decay
can be shown to have two components, one fully symmetric and the other fully anti-
symmetric under exchange of any pair of final particles. The final state can be expanded

in terms of isospin and V-spin states as follows:

e Isospin

|K+7T07T_> = 1

V5

5 1>e+ /3‘3 1>e+1
2" 2], 1012° 2/, V6

where the superscripts e, o denote even, odd behaviour of the state under the ex-

3 1>°+1 1 1>°
2> 2/, V3127 2/,

(4.164)

change 7% < 77,
e V-spin
K20 _> 1 ‘5 +1>‘“'+ V3 '3 +1>e+ 1 '3 +1>°+ 1 1+1>°
T = — 1|5 ~ — — |~ ~ = ~ - = |7 ~
V5127 2y 2v1012° 2]y 2v6 12 2[y 243120 2]y
L3 +1>e LY +1>e (4.165)
212772/, val2’ 2/, ‘
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where the superscripts e, o denote even, odd behaviour of the state under the ex-

change K* < n°.

The odd terms in the above expressions for the state |K +7T07T_> change sign under ex-
change of the appropriate pair of particles, because of the sign changes in the two particle

states as shown below (also noted in Table 4.1):

e Isospin:
|7r07r_> = %(|2,—1>, +[1, =1y ), (4.166)
e n%) = %(u,—n, —[1,-1)). (4.167)

e V-spin:
|1<+n°> = —ﬁ( 2, +1)y + 1, +1)y ) + ? 17, +1),, (4.168)
0K *) = —%( 2, +1)y = [1+1)y ) + ? I, +1),, . (4.169)

If isospin were an exact symmetry, the |2, —1); and |1, —1); states of |7r_710> would exist
in even and odd partial wave states respectively, as was the case in subsection 4.4.1 also.
On the other hand, if V-spin were an exact symmetry the state |K +7r0> must remain un-
changed under K* < 7¥ exchange. Under V-spin the |K +7r0> state can exist in |2, +1)y
and |1, +1)y, out of which |1, +1) has a contribution from the |0, 0)y g admixture in
7%, denoted above by [1’, +1)y. Both state |2, +1) and the state |1’, +1)y, exist in space
symmetric (even partial wave) states, and that part of |1, +1)y, arising from |1, O)y, part of
70 exists in space anti-symmetric (odd partial wave) state.

If we consider the initial state to be Bg which is an isospin |%, +%>1 state but a V-spin

singlet |0, 0)y state, the standard model Hamiltonian allows only Al = 0,1 and AV = %, %
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transitions. Therefore, in addition to the isospin amplitudes of Eq. 4.133, we can define

the following V-spin amplitudes:

3 1
Vi = <§, ii‘%‘,:% 0, o> , (4.170a)
Viy= 3/+1%” 0,0 4.170b
4= (5 = aus0). (1700
2/1 1
V%% = i\/;<§,i§‘%‘/:% 0,0> , (4.170c¢)
Vi = 11/+1% 0,0 4.170d
4= Va(z 250 0) 170D

3 1
ABY = K*n%n7) = ———T*, X + — (—T°1 + T°1)Ysin9, 4.171)
10 "2 2\ M 02
A(BO—>K+7TO7T_): % Lve _Lvle —ye x”
¢ 2\v20 72 6 33 13
1 (1
+ —|—=V2,+V? |Y"sing”, 4.172
v 57 e

where X" and Y” are, in general, arbitrary functions of r and cos8”, and they take care
of spatial and kinematic contributions to the decay amplitude. As argued before, the part

of the amplitude even (or odd) under isospin must also be even (or odd) under V-spin:

3 3( 1 1
Ass = —=T X =4[z |—=V5, - —=V¥, -V, X", 4.173
MRVTRE z(m TV "y ) 1)
1
App = —(=T°, +T°)Y siné = ve,|v”sing”. (4.174)
V2ot % 3 72 23

It is now straightforward to conclude that the Dalitz plot distributions in the even num-
bered sextants would be identical to one another, and those of odd numbered sextants
would also be similar. Any deviation from this would constitute a signature of simulta-

neous violations of isospin and V-spin.
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Since K* and 7~ belong to different multiplets of U-spin, in order to consider the
symmetry properties under K* < 7~ one needs to define the G-parity analogue of U-
spin, denoted by Gy and defined in the Appendix A. Since charge conjugation is a good
symmetry in strong interaction, Gy is as good as U-spin itself. The state |K ) is

composed of states which are even and odd under Gy -parity:

|K*n7) = %( [K*77), +|K*77),). (4.175)
where
|K*n™), =|K*n") = |n"K"y, |K*n7) =|K'nT)y+|nTKT), (4.176)
and
Gy|K*n™), =|K*n™),, Gu|K'n™), =-|K*n"),. (4.177)

Note that the state even (or odd) under Gy is in odd (or even) partial wave state. We
have already proven that the amplitudes for the decay Bg — K*7%7~ has two parts one
even and the other odd under the exchange of any two particles in the final state. Hence,
Ags is odd under Gy and A4 4 is even under Gy. Since two Gy -parity amplitudes do not
interfere, the interference between Ags and A4 4, which is the f44 term (see Eq. (4.144)),
vanishes. Therefore, if Gy is a good symmetry of nature it is interesting to conclude that
the Dalitz plot is completely symmetric under s < ¢ < u. The Dalitz plot asymmetries
which would be a measure of the extent of breaking of the SU(3) flavor symmetry are,
therefore, given by

=), -3

T 17
y+ 2y

11 _ 5V
Xy — Xy

1T L 5V
2yt

VvV _yI
X~ Xy

Vvl
2y,

Alsospin =

I 111 111 1% 1% I
Av1 - A1v A1v B Au AII B AVI (4.178)
AI + AIII AIII +AV AV +A1 ’ '

VI 1A% v 11 1 VI
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vV _vI I I Il _ sV
Ay-soin = Z1v Z11 Z11 Zv1 ZVI 21v
-spim T Sy I Ji 111 111 %
Ty + Xy |2ty Zy; + 2y
VAl I AlIl III _ AV
A1v A// Au Av1 Aw AIV (4.179)
AV + AI AI + AIII AIII + AV ’ :
v 11 11 VI Vi v
I 111 Il _ vV vV s/
Avoin = Xy — 2y X~ 2y Ty~ 2y
SSpI T 111 111 % V I
py + Xy Lty |2yt gy
I Alll III _ AV VAl
A1v Au A11 AVI Av1 AIV
)i 111 111 v v I |’ (4.180)
Ay + A A+ Ay Ay A

where the X’s and A’s are defined in Egs. (4.154a) and (4.154b) respectively. It must again
be noted that these asymmetries are in general functions of » and 8 (or 8’ or #”), and are
defined throughout the Dalitz plot region, including resonant regions. It would again be
interesting to look for patterns in the variations of these asymmetries inside the Dalitz
plot. Observation of these asymmetries would quantify the extent of breaking of SU(3)
flavor symmetry in the concerned decay mode. One can also look for such asymmetries in

the Dalitz plot for E(S) — K*7% . The amplitudes for this process are given in Table 4.4.

4.4.3 Decay Mode with final state K*7°K°

For study of simultaneous violations of both U-spin and V-spin, we consider decays
such as B* or D* — K*n%K° and their conjugate modes. In the final state K*7°K°,
the particles K*, 70 are exchangeable under V-spin and 7%, K° can be exchanged under

U-spin. These correspond to the following exchanges in the Dalitz plot:

0

V-spin= K" o’ = sot,

0

U-spin=7’ & K = 1 o u.

Under V-spin, the K 70 state can exist in |2, +1)y and |1, +1)y, out of which the state

|1, +1)y has a contribution from the |0, 0)y g admixture in 70, Thus if V-spin were an
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wm — K %7~

Isospin Q:Em_ state _ W ,»— W vV

V-spin (initial state |0, 0))

transition | final state | symmetry | Amplitude transition | final state | symmetry | Amplitude
- 3 _1 3 _3 e 1 7o ; _3 3 .1 : V3 yre ” o vy ”
Al =1 _N, Nv mixed /\aﬂrwum+ /\mﬂrw%mam AV =5 _Nv+mv mixed N<IS 3 X7+ ZL\@ w% sinf
— 1 _1 1 . _3 37 1
Al=1 | |§.-3) odd | —5T0, ¥ sing AV =3 | |3+}) | even |M<Wm\x:
= 1 _1 L0 ygi =1 141 1 "
Al =0 _N, Nv odd /\mﬂo,%\m_:% AV =5 _mv+mv odd N)\mﬁu%\ sin@
AV =1 ol even —Vyre X"
2 2 Nv V2Lt
B — K*n%n~
. c . . c e 1 1
Isospin AE:E_ state |0, ovv V-spin A:::m_ state _Mv +va
transition | final state | symmetry | Amplitude transition | final state | symmetry | Amplitude
-3 3 _1 1 b e 1 70 ; — 3 .1 : e y»m o y» ”
Al =3 _Nv Nv mixed /\aﬂw“wk+ ,\mﬂw,w%mam AV =1 _mu+mv mixed <I< X"+ <|< Y” sinf
A=y | [3=) | odd | ~5Tp Ysing AV =1 | [#.+1) | even ,DE X"
_ 1 1 ” ”
AV =1 _MIJV odd N<|<o Y” sin6
AV =1 W, +wv even I%‘\_\@_\N:
)
AV =0 | |3.+3) odd | L=v° Y”sing”
2’2 2v2 0,4
AV =0 | [§,+5) | even | -Yve x”
)

Table 4.4: Comparison of decay amplitudes for the decays of ww and wmv to the final state K%,
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exact symmetry the state |2, +1)y and that part of the |1, +1)y state coming from |0, 0)y g
contribution of 7° would be in space symmetric (even partial wave) states. The remaining
part of |1, +1)y state would be in space anti-symmetric (odd partial wave) state. Similarly,
the 7°K© state would exist in |2, —1)y and |1, —1)y, out of which the state |1, —1);; has
a contribution from the |0, 0);; g admixture in 7%, Thus, if U-spin were assumed to be
an exact symmetry, the states |2, —1);; and the |1, —1)y state coming from |0, 0);; g part
of ¥ would exist in space symmetric (even partial wave) states, and the other part of
|1, —1); would exist in space anti-symmetric (odd partial wave) state. Therefore, under

exact U-spin and V-spin, the final state K*7°K? has, the following two possibilities:

1. K*7° would exist in either symmetrical or anti-symmetrical state under s « ¢

exchange, and

2. 7°K° would exist in either symmetrical or anti-symmetrical state under 1 < u

exchange.

Again, following the steps as enunciated in subsection 4.4.1 we can conclude that the
Dalitz plot distribution in the even numbered sextants would be identical to one another,
and those of odd numbered sextants would also be similar, as given in Egs. (4.146) and
(4.147). Any deviation from this would constitute a signature of simultaneous violations
of U-spin and V-spin. We can once again reaffirm the same logic as given in subsec-
tions 4.4.1 and 4.4.2, by invoking the G;-parity operator (see Appendix A) to connect K*
and K belonging to two different isospin doublets. This would lead to a fully symmetric
Dalitz plot which would be broken when Gy is broken. The amplitudes for the two decay

modes under consideration are given in Table 4.5. The Dalitz plot asymmetries that can
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be useful in this case are given by

v vl I~ I sV
A _ zIv X 2~ 2y 2VI 2IV
Isospin = YV Lyl I 4 sl ST 5V
)% 11 11 Vi VI )%
VAl I Alll I _ AV
AIV AII AII AVI AVI AIV (4.181)
AV +AI AI +A]” AIII + AV ’ '
1A% 11 11 VI VI 1A%
I Il 1l _ sV vV vl
Ao = Zv1 21v E1v Z11 211 Zv1
-Spin —
’ XIS DL FH I DY/ EF R 4 I DI X
I AIll IIT _ AV VAl
AVI AIV AIv AII An AVI (4.182)
AI +AIII AIII + AV AV + AI ’ :
VI v 1A% 11 11 VI
I 11T 1 3V vV I
Avcoim = iy — 2y X EVI ZVI Xy
-Spin —
R AR IR A M DS
I Alll IIT _ AV VoAl
AIV A11 A11 Av1 Av1 AIV (4.183)
AI +AIII AIII + AV AV +A1 '
1A% 11 11 VI VI 4%

Once again the asymmetries being, in general, functions of r and 8 (or 6’ or §”), it would
be very interesting to look for their variation across the Dalitz plot. These would be the

visible signatures of the breaking of SU(3) flavor symmetry.

4.4.4 Decay Mode with final state 7*7°K°

Finally, we consider a mode where each pair of the particles in the final state can be
directly related by one of the three SU(2) symmetries, namely isospin, U-spin and V-spin.
Here we do not need Gy, Gy or Gy to relate the final states. We consider, as an example,
decays with final state 7*7°K° such as D* — 7*7°K° and the conjugate mode. In the
final state considered here, isospin exchange implies 7 < 7%, U-spin exchange implies
7% & K° and V-spin exchange implies 7+ < K°. The SU(2) decompositions of all the
pairs of particles under their respective SU(2) symmetries have already been considered
in subsections 4.4.1, 4.4.2, 4.4.3. Once again, the steps elaborated in subsection 4.4.1

are applicable to this case also. The amplitudes for this decay mode can be easily read
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Isospin (initial %, +%>)
transition | final state | symmetry | Amplitude
Ar=1 | [3,+3) | mixed \/*CT;QX + $T° Y sin@
U-spin (initial state — %, —%»
transition | final state | symmetry | Amplitude
3 _3 : V3rre v _ V3770 v/ in g’
AU = 1 5 2> mixed 2\/'U1 XN =5 Ul,%Y sin 6
% ,—%> even %UI’E,X’
V-spin (initial state |0, 0))
transition | final state | symmetry | Amplitude
[1,0) mixed ! Ve X" - —V° Y” sin@”
AV =1 \F\f 2v3 |
’ I+ ”
[17,0) even 5 \/_V X
10,0) odd | —=L=V° Y”sin6”
AV =0 \rN 22
|0/, 0) odd > \/'Vo,(()) Y” sin@”

Table 4.6: Amplitudes for the decay D* — 7*7°K?. The V-spin amplitudes are defined
as follows: Vi1 = (1, 01.#4y=110,0), V| = (1", 0[7#ay=110,0), V0 = €0, 0|74y =00, 0)
and V) = (0’, 0| #av=0l0, 0).
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off from Table 4.6. However, in this mode the even and odd contributions to the decay
amplitude can interfere as they are not eigenstates of G-parity, resulting in even and odd
numbered sextants to have distinctly different density of events as depicted in Egs. (4.146)
and (4.147). Note that the Dalitz plot distributions for the even (odd) numbered sextants
of the Dalitz plot would still be identical if isospin and U-spin are exact symmetries.
The breakdown of isospin, U-spin and V-spin could be quantitatively measured using the

following asymmetries:

P S~ |1 | B Sy
Sospin ™ | 111 111 % % I
Xy + Xy Xty |2yt 2y
I Al III _ AV VoAl
Ay = A Ay = Ay, Ay, — Ay (4.184)
AI + AIII AIII +AV AV + AI ’ :
v 11 11 VI VI v
Zl _ZIII zlll _zV zV _2]
AU—Spin = Z‘I/I Zj)/l Z?I/I Z\I/I Z(/I ZYI
vi T &y v T & T &vr
I Alll III _ AV VAl
Ay, = Ay Ay = Ay A=Ay, (4.185)
AI + AIII AI” +AV AV +AI ’ :
VI v v 11 11 Vi
vV v I Il 1l _ 5V
Ayoin = y — Xy Xy~ Xy y; — Xy
2 v 7 I 111 17 %
Ly HXpp| |2ty y; 2y
VAl I AIII III AV
Ay = Ay Ap = Ay Ayy = Ay (4.186)
AV + AI AI + AIII AIII + AV ' :
1% 11 11 VI 7 v

Once again these asymmetries being, in general, functions of r and 6 (or " or 8”) it
would be very interesting to look for their variation across the Dalitz plot. These would

constitute the visible signatures of the breaking of SU(3) flavor symmetry.

4.5 Summary

In this chapter we have elucidated a few new model independent methods to look for
breaking of Bose, CP, C PT and SU(3) flavor symmetry. We use the distribution of events

in the Dalitz plot and the Dalitz prism, which carry information about the dynamics of the
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process and, hence, that of the underlying symmetry, and look for relevant asymmetries
in them which quantify the extent of symmetry violations in the processes under consid-
eration. The Dalitz prism can substantially help in looking for some of these symmetry

violations which are expected to be extremely small in the decay modes considered.
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Summary and Conclusion

N ature has many fundamental symmetries, and the corresponding symmetry operations
help us to formulate the underlying physical laws. Thus the concept of symmetry plays a
pivotal role in discovering new fundamental laws of physics. It is not only necessary to
look for new hitherto unknown symmetries of Nature, but it also is important to search
for places where the already existing symmetries do break down or are violated. This
exercise provides information about the region of applicability of the symmetry and sug-
gests necessary modifications, if any, to the existing laws of physics. In this thesis we
are concerned with investigating violations of a few fundamental symmetries of Nature,
namely the Bose, CP, CPT and quark flavor SU(3) symmetries, by use of Dalitz plots
(which implies that we shall exploit three-body decays) and their unique generalization
the Dalitz prisms (by which processes with more than three particles in the final states
can be easily handled and they do get considered). The basic idea is that the distribution
of events inside a Dalitz plot or a Dalitz prism is a signature of the underlying dynamics.
Symmetries affect the amplitude and hence the distribution of events in Dalitz plots and
Dalitz prisms shows some characteristic signature of the underlying symmetry. If we ob-

serve any distribution of event contrary to the expectation from symmetry arguments, it

143
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is a clear signature of violation of the concerned symmetry. By means of various asym-

metries, these violations can be quantified [163-165].

The concept of Dalitz prism is a natural extension of the Dalitz plot if we extend
our discussion of a resonant three-body decay to include continuum production of three
final particles as well. Dalitz prism in its purest form can be visualized as a stack of
Dalitz plots which are stacked up with increasing center-of-momentum energy. Once, this
concept is in place, it is fairly straightforward to see that multi-body processes which can
be treated as “effective” three-body processes are also easy to consider and analyse via
the Dalitz prism. The Dalitz prism works well even when initial or final state radiations
are involved. Moreover, being extremely rich with data, it serves as a precision tool with
which we can search for extremely small violations of the fundamental symmetries under

our consideration.

Bose symmetry is an important cornerstone of modern physics, and states that a sys-
tem of two identical bosons does not alter in any way when the two bosons are swapped.
Bose symmetry is true for stable particles, but in reality it is also applied to particles that
have a fleeting existence such as various mesons. Therefore, it is pertinent that we look
for violations of Bose symmetry in mesons which are also composite particles. For this
we consider three-body processes where all final particles are mesons and at least two
mesons are of the same type but they are reconstructed from different final states. Now
we can construct the Dalitz plot for such cases. If the Dalitz plot shows any asymmetry
under exchange of the two identical mesons, it would be a clear signature of violation of

Bose symmetry.

The Dalitz plot distribution also gets affected by the presence of CP violation. Let
us consider a three-body process in which two final particles are two neutral mesons that
mix with one another and have both direct as well as mixing CP violation. When these

two particles are reconstructed from flavor insensitive final states with definite C P, then
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in the CP conserving scenario Bose symmetry would force the Dalitz plot to be com-
pletely symmetric under exchange of the two particles. However, the direct CP asym-
metry would manifest as an asymmetry in the Dalitz plot under the exchange of the two
neutral mesons under consideration. When the CP violation is tiny as in case of the D
mesons, one can consider the Dalitz prism to advantage and look for the small asymmetry

in the Dalitz prism.

The Dalitz plot distribution also gets affected if there is CPT violation. For this
we consider only those three-body processes which are self-conjugate and have no CP
violation in them, in other words the processes must take place via either strong or elec-
tromagnetic interactions only. In the kind of final state which are possible here, there is
always a pair of CP conjugate particle and a particle which is CP conjugate of itself. If
there were no direct CPT violation in this process, then the Dalitz plot or Dalitz prism
would be completely symmetric under exchange of the two C P conjugate particles. Any
asymmetry in the Dalitz plot under the said exchange is possible only if there is any direct
CPT violation in the mode. CPT violation, if at all observable, is always expected to be
extremely tiny. Thus the Dalitz prism with appropriate multi-body processes included
could be helpful in searching for CPT violation. Even a small but visible asymmetry,
can also be interpreted as CP violation in the strong or electromagnetic interaction that
facilitates the process. This in itself would constitute a clear evidence of new physics,

even though we were to still assume C PT invariance.

The SU(3) flavor symmetry is not an exact symmetry of nature. From its inception
to explain light hadronic states via the eightfold way [84-86], it has always been con-
sidered to be broken in order to account for the mass differences amongst the hadronic
states it relates. Full SU(3) flavor symmetry implies that the three flavors of light quarks,
namely the up (u), down (d) and strange (s) quarks, are identical. Hence, under full

SU(3) flavor symmetry these quarks can be exchanged with each other without affecting
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any physical observable. However, the mass difference between s quark and either of u or
d quarks is substantial, the quarks u and d also do not have same electric charge, and thus
these quarks are not fully exchangeable with one another resulting in many observables
which are sensitive to the SU(3) flavor symmetry breaking. Nevertheless, an accurate
quantitative estimate of SU(3) flavor breaking has not yet been accomplished in dynam-
ical processes. We give a model independent prescription for quantitative estimation of
SU(3) flavor symmetry breaking by using the Dalitz plots for a few specific kind of three-
body decays. It is well known that the SU(3) flavor symmetry has three non-commuting
SU(2) subgroups, namely, isospin, U-spin and V-spin. We consider only those three-
body decays in which the final mesons are kaons or pions and particles inside two pairs
of the final three mesons are connected to one another by two distinct SU(2) symmetries.
Since full SU(3) flavor symmetry implies that all the three SU(2) symmetries are indi-
vidually and simultaneously valid, the Dalitz plot for the modes can be shown to have
either fully symmetric distribution or fully anti-symmetric distribution. This implies that
the alternate sextants of the Dalitz plot are identical to one another. Any deviation from
this observation would constitute a violation of full SU(3) flavor symmetry. Appropriate
Dalitz plot asymmetries can be defined that quantify this violation.

We have thus provided new methods to look for violations of Bose, CP, CPT and
SU(3) flavor symmetries by using Dalitz plots and Dalitz prisms. These symmetries
play some of the very vital roles in particle physics and any unusual violation of these
symmetries would point out various new physics possibilities. Therefore, it would not
be over emphasizing to belabour the point that accurate quantitative estimates of these

symmetry violations constitute a significant step forward in our search for new physics.



PArT 1V

Appendices

147






Some details of the SU(3)
flavor symmetry

A.1 The generators of SU(3) flavor symmetry

The generators G, of the group SU(3) are related to Gell-Mann matrices 4, [84,85]:
G,=—. (A1)

The eight traceless and Hermitian Gell-Mann matrices are

010 0 —i 0
=10 of, L=|i 0 o, (A.2a)
00 0 00 0
1 0 0 00 1
=0 -1 0], L=0 0 ol, (A.2b)
0 0 0 100
00 —i 00 0
/15200 0, /7.6:001, (A20)
i 0 0 010
00 0 (100
/17:00—1, /lg——()l 01. (A2d)
0i 0 V3o 0 -2
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The Gell-Mann matrices satisfy the following properties:

e Commutation relation:

[Ag, Ap] = 2ifabc/lc‘9 (A?’)

where f,,. are the structure constants, and are totally antisymmetric under ex-

change of any pair of indices with the following non-vanishing members

fiz =1, (A.4a)
1
f1471 = =fis6 = faa6 = f257 = f345 = —f367 = 5 (A.4Db)
3
fasg = fe78 = g (A.4c)

e Trace orthogonal relation:

Tr (AaAp) = 26ap, (A.5)

where 6, denotes the Kronecker delta.
e Anti-commutation relation:
4
{/la, /lb} = géab + 2dabc/lc*a (A6)

where d,p. are totally symmetric under exchange of any pair of indices with non-

vanishing numbers

1
di18 = dyg = d3zg = —dggg = —, (A.7a)
V3
1
daag = dssg = deeg = d778 = ———, (A.7b)
243

1
diae = di57 = —doa7 = dase = d3aa = d3s5 = —dzee = —d377 = 5 (A.7c)
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Both f,. and d,p. can be written in terms of trace of products of Gell-Mann matrices as

follows:

1
Jabe = = 71T (Aa [Ap, Ac]) (A.8)

1
dabc = ZTr (/161 {/lba /1c}) . (A9)

The generators, therefore, satisfy the following commutation and anti-commutation rela-

tions:

[Ga, Gyl = ifachc’ (A.10a)
1
{Gu, Gy} = g‘sab + dupcGe. (A.10b)
It is easy to verify that
8 1 1 00
GZ_ZGaG =z[0 10 (A.11)
a=1 0 0 1

There are two Casimir operators which commute with all the generators G, of SU(3):

(1 oo
C = ZG2_5 0 1 0] (A.12)
00 1
8 0 [1 0 OJ
C, = Z dapcGaGyGe = — |0 1 0 (A.13)
a,b,c=1 0 0 1

Since both C; and C, are proportional to the 3 X 3 unit matrix, they commute with the
generators of SU(3):
[Ci, Gal = [Ga, Ci]1 = 0. (A.14)
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A.2 The SU(2) subgroups of SU(3) flavor symmetry

In the set of eight SU(3) generators, one can notice the following three subsets which

generate SU(2) subgroups, and the three SU(2) subgroups do not commute among them.

e Isospin subgroup SU(2);: Generators of the isospin subgroup SU(2); are

1
Ih=F = 5/11, (A.15)
1
T, =F= 5/12, (A.16)
1
I3 =F; = 5/13, (A.17)
and the hypercharge operator is defined as
1 0
2 1 1
Y=—F3=—3==|0 1 0]. (A.18)
ViooV3 3 [o 0 —2]
These satisfy the commutation relations
[Ta, Tp] = i€apc T, (A.19)
[753,Y] =0, (A.20)

where €4 1s the usual Levi-Civita tensor. So the hypercharge operator is scalar
under isospin, i.e., ithas 7 = 0. We can also define the isospin raising and lowering
operators as

T. =T, +iT>. (A.Zl)

These operators satisfy the SU(2) algebra

[75,T:] = T, (A.22)

[T),T_] = 2T3. (A.23)
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The Casimir operator for the isospin SU(2) subgroup of SU(3) flavor symmetry is
T =77 + T, + T5. (A.24)

A legitimate isospin eigenstate is one which is eigenstate of both T? and 73, such a

state is denoted by |z, #3):

T2 |1, 13) = t(t + 1) |t, 13) (A.25)

T3lt,13) = 131, 13) (A.26)

where ¢ and #3 denote the isospin and 3rd component of isospin of the system. The

Casimir operator T? commutes with 7. and T5:

[Tz,Ti] =0= [Tz,Tg] . (A.27)

e U-spin subgroup SU(2)y: Generators of the U-spin subgroup SU(2)y are

1
Ui = Fo = 5 6. (A.28)
1
U, =F; = 5/17, (A.29)
1 1
Us =3 (\/§Fg - F3) =2 (\/548 - /13) i (A.30)

and the U-spin scalar operator is the electric charge operator:

1 1 2 0 0
(/13 + —/lg) ==10 -1 O0]. (A.31)
V3 3lo 0 -1

1
Q=F3+—3F8=

N —

Since Y = %/lg, we have

13=20-Y. (A.32)
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These satisfy the commutation relations

(Us, Upl = i€wcUe,

[U3, Q0] =0.
We can also define the U-spin raising and lowering operators as
Uy =Up +1iU;.
These operators satisfy the SU(2) algebra

[U?)’ Ui] = iUia

[U.,U-] =2U;s.

It is possible to relate Uz to 73 and Y as follows:

U—13YT
37513 3]

(A.33)

(A.34)

(A.35)

(A.36)

(A.37)

(A.38)

The Casimir operator for the U-spin SU(2) subgroup of SU(3) flavor symmetry is

U = U+ U3 + U5

(A.39)

A legitimate U-spin eigenstate is one which is eigenstate of both U? and Us, such

a state is denoted by |u, u3):

U |u, uz) = u(u + 1) |u, us),

Us lu,u3) = uz lu,us),

(A.40)

(A.41)
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where u and u3 denote the U-spin and 3rd component of U-spin of the system. The

Casimir operator U? commutes with U, and Us:

[UZ, Ui] =0= [UZ,U3] . (A.42)

e V-spin subgroup SU(2)y: Generators of the V-spin subgroup SU(2)y are

1
Vi=Fy= 5/14, (A.43)
1
Vo =Fs5 = 5/15, (A.44)
1 1
Vi = 5 (\/gFg + F3) = Z (\/5/18 + /13) , (A.45)

and the V-spin scalar operator is called the ‘Z-charge’ operator:

! | ! (b 00
Z:F?,—%ngi /13—%/18 :g 0 —2 O . (A46)
0 0 1

In terms of hypercharge Y and electric charge Q this is given by
Z=0-Y. (A47)
These satisfy the commutation relations

[Va, Vbl = i€apc Ve, (A.48)

[V3,Z] = 0. (A.49)
We can also define the V-spin raising and lowering operators as

Vo=V 2iVs. (A.50)
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These operators satisfy the SU(2) algebra

[V3,Vi] = £Vs, (A.51)

[V.,V_]=2V;. (A.52)
It is possible to relate V3 to 73 and Y as follows:

1(3
V3 = 5 (EY + T3) . (A53)

The Casimir operator for the V-spin SU(2) subgroup of SU(3) flavor symmetry is
V2 =VZ+Vi+ Vi (A.54)

A legitimate V-spin eigenstate is one which is eigenstate of both V2 and V4, such a

state is denoted by |v, v3):

V2 v, v3) = v(v + D) |v,v3), (A.55)

V3lv,v3) =v3|v,v3), (A.56)

where v and v3 denote the V-spin and 3rd component of V-spin of the system. The

Casimir operator V> commutes with V.. and V3:

[VZ,Vi] =0= [Vz,v3] . (A.57)

Note 1. It is important to note that the 3rd components of isospin, U-spin and V -spin

operators commute with each other:

[T3,Us] = [U3, V3] = [T3, V3] = 0. (A.58)
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It must also be noted that the Casimir operators for isospin, U-spin and V-spin also

commute with each other:
T2, 0% = U2, V2] = [V2. T?] = 0. (A.59)

Note 2. It is also important to note that the 3rd components of isospin, U-spin and V -spin

operators commute with any of the scalar operators Y, Q and Z:

[73.Y] = [Us, Y] = [V3,Y] = 0, (A.60)
(73,01 = [U3, Q] = [V3, 01 = 0, (A.61)
(T3, Z] = (U3, Z] = [V3,Z] = 0. (A.62)

Thus, the 3rd components of isospin, U-spin and V-spin, and the quantum numbers

hypercharge, electric charge and Z charge can all be simultaneously measured.

Note 3. Since the 3rd component of isospin T3 and hypercharge Y commute, an element
of a SU(3) multiplet can be denoted by |t3,y), where t3 and y are the eigenvalues of T3

and Y operators respectively:

T3 |t3,y) = 1313, ), (A.63)

Y|z, y) =yl y). (A.64)

Since T3, Us, V3, Y, Q and Z commute with one another, this state must also be an

eigenstate of U3, V3, Q and Z:

3 t
Us |13, y) = (Zy - 53) 113, 7). (A.65)

3 t
V3lt3,y) = (Zy + 53) 113, ¥) . (A.66)
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0lt3.y) = (r3 + g) I13.7) . (A.67)

Zlt3.y) = (r3 - %) 113.7). (A.68)

Note 4. Just like |t3,y) one can also use the state |u3, q), where uy and q are the eigen-

values of Uy and Q operators respectively, to denote an element of SU(3) multiplet:

Usluz, q) = u3 luz, q) , (A.69)

Qlus,q) =qlus,q). (A.70)

Again similar to |t3, y) this new state |u3, q) would also be an eigenstate of T3, V3, Y and

Z:
Tylusq) = (2L = ) jus, ) (A71)
3 l/l3,q - 4 2 u37q D .
3 u
Vslus, @) = (L + 2| Juz, ), (A.72)
4 2
Y lus, q) = (% " M3) 3, ), (A73)
Z lus, q) = (% - u3) 3, ) - (A.74)

Note 5. Again similar to both |t3,y) and |uz, q) we can also use a state |v3, z), where v3
and z are eigenvalues of V3 and Z operators respectively, to denote an element of SU(3)

multiplet:

V3lvs,z) =v3|v3,2), (A.75)

Z1v3,2) =z|v3,2) (A.76)

To belabour the point once again, this state |v3, z) is also an eigenstate of T3, Uz, Y and
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Q:
v 3z
T3 |v3,2) = (53 + Z) v3,2),
v 3z
Us |vs.2) = (§ - I) v3,2)
Z
Yvs,z) = (V3 - 5) [v3,2),
<
Olvs,2) = (V3 +5) Vs, 2).
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(A.77)

(A.78)

(A.79)

(A.80)

It is, therefore, sufficient to denote an element of SU(3) multiplet by either |3, y), or

lus, q), or |v3, z). In fact they are identical to one another,

It3,y) = luz,q) = |v3,2),

in the sense that

S R I
_3y t3_V3 3z
BTS2 T
3y 13 3q  u3
BEy Tt

Z
y=§+u3=vs—§,
q=t3+§:1/3+§,
Z=l3—X=C—]—u3

2 2

It is easy to see that these satisfy the identities

13 +uz = v3,

q-y=2z.

(A.81)

(A.82)
(A.83)
(A.84)
(A.85)
(A.86)

(A.87)

(A.88)

(A.89)
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A.3 Action of ladder operators on elements of SU(3) mul-

tiplet

The ladder operators, namely the raising operators 7, U, and V,, as well as the lowering
operators 7_, U_ and V_, take an element of SU(3) multiplet to another element of the

same multiplet as given below:

Telts,y) = e F63)(t £ 13+ 1) |13+ 1,y), (A.90)
1

Uslts,y) = J(u Fuz) (u £ uz + 1) t3$§,yil>, (A.91)
1

Viltg,y>:\/(v¢V3)(viV3+1) tgiz,yi1>, (A.92)

where u3 = (3y/4) — (3/2), v3 = 3y/4) +(t3/2), and ¢, u, v are, respectively, the isospin,
U-spin and V-spin of the element represented by the state |73,y). This can be easily

generalized to cases where one starts with the other ways to write the sate, namely |u3, )

and |v3, 2):
1
T, |u3,q):\/(t¢t3)(tit3+1) u3¢§,qil>, (A.93)
Us luz, q) =V Fuz) wtuz + 1) Jus £ 1,9), (A.94)
1
V. |u3,q)=\/(v¢V3)(viV3+l) ugii,qil>, (A.95)

where t3 = (3q/4) — (u3/2), vz = (3q/4) +(u3/2), and ¢, u, v are, respectively, the isospin,

U-spin and V-spin of the element represented by |u3, ¢), and similarly

T.lv3,2) =t F3)(t 13+ 1)

1
V3i§,zil>, (A.96)

U, |v3,2) = \/(u Fuz)(utuz+1)

1
V3i§,z¢1>, (A.97)
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Vilvs,z) = \/(V-T—V3)(Vi\/3+ Divsx1,2), (A.98)

where 13 = (v3/2) + (3z/4), uz = (v3/2) — (3z/4), and ¢, u, v are, respectively, the isospin,
U-spin and V-spin of the element represented by |v3, z). The actions of the ladder opera-

tors is schematically shown in Fig. A.1.

+1 T y U+ V+ +1 1 q T+ V+
0- T_ T, 0. U_ U,
—1 - V— U— t3 —1 - V— T_ us
- 1 1 — 1 1
L -1 0 4l 41
(a) 3rd component of isospin vs. hyper- (b) 3rd component of U-spin vs. electric
charge charge
+1 1< U_ T+
N V. V.
-1- T_ Uy v
— 1 1
L

(c) 3rd component of V-spinvs.z =g — y

Figure A.1: Action of the ladder operators on states.

A.4 G-parity and SU(3) triplets of quarks and antiquarks

The isospin, U-spin and V-spin concepts put two quarks (and corresponding anti-quarks

also) in a doublet in a way which is reminiscent of the way the two spin states (spin up
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and spin down) of a spin-half fermion form a doublet under spin.

Note 6. We shall implement the following notation for brevity of expression:

M =] =3
Wr=lr=3,
My = e = 3.
W= =3,
My =|v =3,
Wy =|p=3,

<

<
w

Il
+

Il

|

1]
DN | =

|
NS
—~——
<

Under isospin, U-spin and V-spin we have the following doublets for quarks:

Isospin:

U-spin:

V-spin:

and for anti-quarks:

Isospin:

U-spin:

V-spin:

7
L7
Mu
v
v
v

7
7
Mu
v
Ty
1L

11

‘5, +§>T , (A99)

11

‘2,—5>T, (A.100)

11

2,+§>U, (A.101)

11

5,—§>U, (A.102)

BRI

_ '2, +§>V, (A.103)
(A.104)

u

(d), (A.105)

(ﬂ, (A.106)

S

(“) (A.107)

S

d_), (A.108)

—U

Ky

—CZ)’ (A.109)

s) (A.110)

—U

The minus sign and arrangement of antiquarks in the doublets are in accordance with G-
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parity. The G-parity operator (G) is defined as a rotation through  radian (180°) around

the second axis of isospin/U-spin/V-spin space followed by a charge conjugation (C):

G = Ce™™/?, (A.111)

where 73 is the second Pauli matrix: 7 = (0 E)l) . We shall put a subscript to G to show

in which space it is working. Using the identity: exp (iez)

eim'z/Z — ( 0

cos 4 +iTy sin 4 we have
= —+it =,

PE)
1 O) . So the G-parity operator is given by:

0 1
G:C(_1 0). (A.112)

Under G-parity the particle doublet and the antiparticle doublet get related as follows:

G (_Jﬂ) = (Z) : (A.113)
G; (_gﬁ) = - (_‘zﬁ) , (A.114)

GU(f):(—i?)’ GU(—ECZ):‘(?)’ (A115)
—a[)--().  @(--(Y

o)) wm
~af)f) el e

It is easy to notice that s and § are isospin singlets, # and & are U-spin singlets,
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U-spin V-spin U-spin V-spin
d u / A
_|_% . +% S
y Isospin Y
i d
_2 s _% & 2 _
3 13 13 Isospin
L —|
1 1 1 1
-3 0+ -z 0 43
(a) Quark triplet (b) Antiquark triplet

Figure A.2: SU(3) flavor quark and antiquark triplets.

and d and d are V-spin singlets. The quarks u, d and s jointly form the fundamental
representation of SU(3) flavor, a triplet. The basic quark and antiquark triplets are shown
in Fig. A.2. This figure also shows how isospin, U-spin and V-spin act on the quarks and

antiquarks.

A.5 A study of the SU(3) octet of lightest pseudoscalar
mesons

Mesons, which are quark and antiquark bound states, can thus be assigned isospin, U-
spin and V-spin quantum numbers. Given the isospin-doublet of up and down quarks, we

can write down the following isotriplet and isosinglet of mesons:

L+Dr =MreMr=ud=nr*,
isotriplet: 111,0); = 35 (N7 ® [y + )7 ® M) = 5 (dd - uit) = -=°,

L=y =1[r®)r=-dia=-n",

(A.119)

isosinglet: {|0,0>T = 5 (Dr @by = 1Dr @ My) = —35 (dd +uir) . (A120)
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The components of the isotriplet can be easily identified with the three pions. Now com-

bining u, d quarks with §, and it, d with s quark we get the doublets of kaons:

. (IMr us\ _ (K"
Particle doublet: L) = g5 =\ ko) (A.121)
T
sd) _ (K A122
(_m)z pal (A.122)

|T>T)
It is easy to see that the combination s5 is also isosinglet. So the physical isosinglet states

Antiparticle doublet : (
7

must be a combination of uit, dd and s5. The isosinglet which is also SU(3) singlet must
contain each quark flavor on the same footing, i.e.

(Both SU(3) singlet

1 — 7 —
and isosinglet: 10,071 = % (”” +dd + ss) ; (A.123)

where the subscript 1 denotes that this isosinglet state is also SU(3) singlet. This helps
in distinguishing the state from |0, 0)g which is a part of SU(3) octet of mesons but is an
isosinglet. The state |0, 0)7 g must, therefore, be orthogonal to both |0, 0)7 ; and |1, 0)7.

It is easy to see that such a state is given by
10, 0)7.5 = 1 (uit + dd - 2s5) .
V6

It is customary to denote the isosinglet of SU(3) octet as i3 and that of the SU(3) singlet

as 171. Therefore, the quark content of the various mesons occupying the ground level

SU(3) octet and singlet are: 7% = ud, n° = % (uﬁ - dc?), n =di, K* = us, K° = ds,
KO = sd, K~ = sii, ng = % (uﬁ +dd - 2s§), andn; = % (uﬂ +dd + sE). It is easy to

put the quark-antiquark combinations into an SU(3) octet part and an SU(3) singlet part
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in matrix form as follows:

u uii ud us
d ®(ﬂ d 5) di dd ds

sii sd s§

s
% (2uﬁ —dd - s§) ud us
= dii 1 (2dd - ui - 55) ds
Si sd % (2s§ — Ui — da?)
_ = _(1 0O
N Uil + c;d + 5§ 01 0
0 0 1
1.0, 1 + +
" +_\/€173 1 Z)T 1 Ko 1 oo
| e 0 [l
K K —%7]8
M =]
= M + d (A.124)
= ni \/§ )
octet singlet

The singlet and octet states, 71 and ng respectively, mix in the following manner to give

the physical states  and n":

n\ _ (cos@ —sinb) (ng
n’)]  \sinf cos@ ) \n)’
where 6 is called the nonet mixing angle. Phenomenologically this angle is in the range

—10° to —20° [166]. Lattice QCD simulations provide § = —14.1(2.8)° [167].

Till now we have looked at isospin alone. Let us now consider the U-spin case also.

The U-spin doublets are easily given by

Particle doublet: (:T>U) = " ) = (_K +) , (A.125)

T
Antiparticle doublet: (:BU ) - (dﬁ) - (”_) . (A.126)
U
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The U-spin triplet and U-spin singlet states are given by

IL+l)y =My ® My =ds =K°,

U-spin )
wiplet |10 =5 (Nu @y + 1y M) = 5 (55 - dd) = 1 - B,

1L,y =y ey =-sd=-K°
(A.127)

U-spin -
singlet {|0, Oy =5 (D ® Ly~ Wy ® M) = —5 (dd + 55). (A.128)

We know that the state uiz is also U-spin singlet. Therefore, the physical U-spin singlet
|0, 0)yy g which belongs to the meson octet, which must be orthogonal to [1,0); and

1 -
10,0)y.1 = —= (uit + dd + s5) =n, is given by
=5 )

1, - 1 3
10,0)y 5 = 7 (dd + s5 - 2ui) = ~ 5718 = 77r0. (A.129)

Now it is easy to write down ¥ and 73 in terms of U-spin multiplets as follows:

V3

1
= 5110w = —

V3
2

10,0y 5 ,

1
ng = I11.0)y = 510,005 -

Let us now consider the V-spin case also. The V-spin doublets are easily given by

= 0
First doublet: (lT)V) = ( ds_) = (K ) ,
v —du -

d +
Second doublet: (|T>v) = (M_ = (71 .
KO
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The V-spin triplet and V-spin singlet states are given by

IL,+Ly =My ®ITy =us =K",
V-spin | L _ Lo
triplet 11,0y = 7% (Mv ey +IvelTy) = 5 (s3 —uit) = —5n" — 5
I1,-Ly =lbyv®l)y=-su=-K",
V-spin

singlet {IO’ Oy = % (v elly -1y eIy = —% (uit + s5) .

We know that the state dd is also V-spin singlet. Therefore, the physical V-spin singlet

|0, 0)y g which belongs to the meson octet, which must be orthogonal to [1,0)y and

1 _
10,0)y.1 = — (uit + dd + s5) =, is given by
“=15 )

1 o _ 1 V3
10,0)y 5 = 7 (uit + 55 - 2dd) = 55 + 5.

Now it is easy to write down ¥ and g in terms of V-spin multiplets as follows:

1 V3

7'[0 = —5 |1,0>V + 7 |Oa 0>V,8 ’
V3 1

ng = —7 |1,0>V - 5 |O’ 0>V,8 .

The expressions for the particles in terms of isospin, U-spin and V-spin multiplets is

given in Table A.1.

The SU(3) octet of lightest pseudoscalar mesons is given in Fig. A.3.

The various quantum numbers for the pions and kaons relevant from the SU(3) flavor

symmetry point of view are tabulated in Table A.2. Though in Table A.2 all the quantum

numbers for 7° and ° = ng are the same, it is very well known that 7° has isospin 7 = 1,

but % has isospin 7 = 0.
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Particle Isospin U-spin V-spin
™ L.+ Dr ~I3-1), 3. +5),
70 —1L,0)7 | 211,000 = L210,00p5 | —3 11,00 + 210,00y 4
G el L 3 +3)y “l3-3),
K* |%,+%>T |%,+%>U 11, +1)y
KO L-1). 11, +1)y L+,
K| 5+, ~11, -1y 5.-1),
K= | -[3.-3), 13 =3), 1, -1y
7 10,0075 | =L 11,00y = 110,005 | =2 11,0y — 10,0y 4
n 10, 0)7 10, 0)y 1 10, 0)y

Table A.1: Isospin, U-spin and V-spin representation of pions, kaons and eta mesons.

Quantum Number | 7t | 7% | 7= | K* | KO | KO | K~ | n°
t3 +1|o0|-1|+ -3+ -11o0
u3 210 +3 |+ |+ |-1][-1]0
v3 +3 [0 | =3[ +1|[+3|-3|-1]0
y 00| 0 |+1|+1|-1|-1]|0
q +1[0|-1|+1| 0|0 |-1]0
z +1[0|-1| 0 |-1|+1| 0|0

Table A.2: The various quantum number assignments significant from SU(3) flavor sym-
metry point of view for the pseudoscalar mesons of the SU(3) octet.
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U-spin \ / V-spin Isospin \ / V-spin

(a) 3rd component of isospin vs. hypercharge (b) 3rd component of U-spin vs. electric charge

Isospin

(c) 3rd component of V-spinvs.z =g —y

Figure A.3: The SU(3) meson octet of pions and kaons.
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Note 7. For two particles to qualify as identical under a given symmetry transformation

they must have some quantum numbers the same.

o When two particles are identical under isospin, they not only have identical isospin

(t) but also identical hypercharge (y), but distinct 3rd components of isospin (t3).

o When two particles are said to be identical under U-spin, they not only have iden-

tical U-spin (u) but also identical electric charge (q), but distinct 3rd components

of U-spin (u3).

o When two particles are said to be identical under V -spin, they not only have identi-

cal V-spin (v) but also identical ‘Z charge’ (z = q—Y), but distinct 3rd components

of V-spin (v3).

Note 8. Since the operators Tz, Uz, V3, Y, Q and Z commute with one another, states
characterized by eigenstates of these operators can be used to study simultaneous appli-

cation of isospin, U-spin and V -spin.

Note 9. G-parity as defined here transforms the various SU(2) multiplets as follows:

nt m* K+ KO KO K+

G nf :—[ 0], G (KO):(—K‘)’ Gy (_K_):—(Ko), (A.130)
T T
K° K° . _ _ .

afg [z wl)-(5) alm)--) am
K K
K" K* + 0 0 +

o B B iy GV(%O):(_IST_), Gv(fr—):‘(%))' (A.132)
K- K-
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Ternary Plot

The ternary plot (also called as triangle plot) is a plot of three variables that sum up to a
constant. The plot resembles an equilateral triangle, and hence the name ternary!. To get
a concrete idea of the ternary plot let us consider three variables, say x;, x, and x3, which

when added together give a constant, say K:
X1 +xy+x3 =K. (B.l)

Now this can be geometrically viewed as an equilateral triangle in the plane that cuts the
axes x1, xo and x3 at K intervals each and has each side of length V2K . This is shown
in Fig. B.1a. The triangle, however, does not look as an equilateral triangle due to the
angle of view. Changing the perspective to the one shown in Fig. B.1b we can clearly
identify that the triangle is indeed an equilateral triangle visually. Since all the points that
satisfy Eq. B.1 are now confined to this triangle only, we can as well define a coordinate
system with two independent variables that also describes the triangle. One can choose
such a coordinate system as one wishes. Here we choose the point of intersection of the

medians (called centroid, where the center of mass of the triangle lies) as the origin of

'The word ‘ternary’ is derived from the Latin word ‘ternarius’ which means ‘having three parts’.
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our new coordinate system. Hence this coordinate system goes by the name barycentric

coordinate system (barycenter = center of mass).

X1
I(K,O, 0)

V2K 2K

0,0,K) 0,K,0)

e V2K N

X3 X2

(a) Any point in the triangular region here  (b) The same region as before, but viewed from an
satisfies x; + x2 + x3 = K. isometric perspective.

Y 4

A

(0, \/gK) (K, 0,0)

X1

[k B
~ (0,0,K) (0,K,0) >\
X3 X2

(c) The barycentric coordinate system defined for the equilateral
triangle, and the original Cartesian coordinate system.

Figure B.1: Steps to get the ternary plot.

In order to relate the barycentric coordinates (X, Y) with the Cartesian coordinates
(x1, x2, x3) we note the corresponding points on the triangle in Table B.1. Let us assume

that

X =a1x; + axxy + azxs, (B2)

Y = Bix1 + Baxa + B3xs. (B.3)
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Barycentric Coordinates (X, Y) | Cartesian Coordinates (xp, x2, X3)

(o, \/gl() (K,0,0)

1 1
(LK. %K) (0.K.0)
1 1
(-4K. - %K) (0,0, K)
0.0 (3K, 3K, 3K)

Table B.1: Some points on the triangle as shown in Fig. B.1c.

Solving for the coefficients @; and B; (with i € {1, 2, 3}) we get

] = 0 ) = —Qa3 = %, (B.4)
ENER - B
B = g,ﬁz—,&——%, (B.5)

which satisfy @) + a3 + @3 = 0 and B + B> + 3 = 0. Using these results we find that

X = %()Q - )C3), (B.6)
Y = %(m —xp - X3). (B.7)

Instead of the variables x1, x2, x3 one can always define a new set of variables yi, y, and
y3 as y; = x;/K such that

yi+y2+y3=1 (B.8)

In such a case, the new barycentric coordinates (X’,Y”) for the equilateral triangle (as

shown in Fig. B.2a) are given by

1 X
X = — - = —, B.9
N (y2 = y3) X (B.9)
Y = - 2y = ys— y3) = = (B.10)
\/6 Y1 —=Y2—Y3 K .
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N

(o, g) (1,0,0)

| 1 L 1X,
(_@’_%) (%’_%)

2~ 0,0,1)  (0,1,0) >\
3 2

(a) The ternary plot corresponding to y; + y2 + y3 = 1.

Y” A

A

<1

(0,2)1(V6,0,0)

> X/I
(0,0, V6) (0,V6,0)
< (VR -T)
23 22

(b) The ternary plot corresponding to z; +z2+z3 = V6.

Figure B.2: Ternary plots after scaling of the variables.

It is clear from the relationships between X’ (Y”) and X (Y), that the equilateral trian-
gle gets scaled according to the scaling of its barycentric coordinates. Therefore, one can

further scale the coordinates (X’,Y’) to (X”,Y”) = (V6X’, V6Y'), i.e.

V3 -x3) _ 1

—— =—(@-n), (B.11)

K V2

Y VoY = VoL =2y —yy—yse T2 . B2
= VO =TT = K _\/6 21 —22—123), .

X”:\/EX’:\/E%z‘/g(yz—%):

where z; = V6y; = V6x;/K, and the corresponding equilateral triangle is shown in

Fig. B.2b.
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Figure B.3: The vertices of the equilateral triangle AUVW are U = (0, %K ) V =

(%K , —%K ) and W = (— %K , —%K ) and O is the origin of the barycentric coordinate

system. Distances of any point P(X, Y) from the three sides of the equilateral triangle are
proportional to the Cartesian coordinates (xy, x2, X3).

So far we have described the region allowed for the three variables. If a point is
given inside the equilateral triangle, then how do we find out what are the corresponding
Cartesian coordinates. For example let us consider a point P with barycentric coordinates
(X,Y) in the triangle AUVW of Fig. B.3. One can drop perpendiculars from the point

P onto the three sides of the triangle. The perpendiculars to sides VW, WU and UV are

denoted by PM, PM; and P M3 respectively, and the coordinates of M, M, and M3 are

given by
M =X 1K (B.13)
1= [ — ’ .
V6
V2K + X Y V2K X Y
M, = V2K + X + V3 ’\/_ +3 +3\/§), (B.14)
4 43
2K + X — V3Y V2K -3X Y
M = V2K + X - V37 V2K —3X +3V3 ) (B.15)
4 4V3

It is interesting to note that the lengths of the perpendiculars are proportional to the Carte-
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sian coordinates of the point P(x1, x2, x3):

di = |PMy| = %xl, (B.16)
— V3

dy = |PM,| = %xz, (B.17)
—— V3

d3 = |PMs| = %%. (B.18)

Therefore

3 3
dl + d2 + d3 = \/;(xl + X7 +X3) = \/;K. (B.19)

Thus for any point on the ternary plot we can determine its Cartesian coordinates by
knowing the normal distances of it from the sides of the triangle. The elementary geo-

metrical relations used in deriving the above relations are summarized in Fig. B.4.

A(x1,y1)

Equation for AB: y = mx + ¢, where
Y2 =V X2¥Y1 — X1)2
m= and c = ————~,

X2 — X1 X2 — X1

The coordinates of M are given by (x’,y") =

1 m
(1+m2(x0+my0—mc),m(xo+myo—mc)+c).

The distance of the point P from the line AB is
— - yo+
d = |PH] = lmxo — yo CI-

V1 + m?

Figure B.4: Some elementary results dealing with points and line from Euclidean geom-
etry.

Similar relationships can be easily derived for the other two barycentric coordinate
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systems we have considered. The two scenario with (X, Y’) and (X", Y”) coordinates are

depicted in Fig. B.5. The coordinates of the foots of the normals are

M| = X',—%),

M = —V2+ X' +V3Y V243X +3V3Y
2 1 ; NG

M = V2 + X -3y \5—3X’+3\/§Y’]
3 4 ’ 4\/3 ’

M= (X", -1),

4

M = [—2\5 + X7 +V3Y” 2+V3X" +3Y”

’ 4

e (mm’_@w 2 - VAKX + 37"

3~ 4

2o vy

The distances of the points P’ and P” from the three sides are

Thus we find that

dy = |PM]| =
dy = |PM}| =
dy = |PM}| =
dy = [PM]| =
dy = |PM]| =
&y = |PM]| =

3
¢+%+@=J;

V3 V3
$Y1 = \/QKXI’
V3 V3
oA,
V3 V3
—2y3 = &X&
V3 3

EZI EXI,
V3 3

@Zz = Exz,
V3 3

@& = ?m.

and df +dj +d =3.

(B.20)

(B.21)

(B.22)

(B.23)

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)

(B.29)

(B.30)

(B.31)

(B.32)
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Y &
J o4
U/
M M;
2 P
> X'/
W/ V/
/ M \

Y3 2

(a) The vertices of the equilateral triangle

AU V'W are U’ =

b

and W’ = (—L —L)

V2l e

Bv= (e

, and O’ is the origin

of the barycentric coordinate system of which
P’(X’,Y’) is a representative point.
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Y/I y

”
M2

4

<1

UI/
MII

WII

3 X”
!
Vll

~

”
Ml
<3

N

22

(b) The vertices of the equilateral triangle

AUV"W” are U” =
and W’ =

0.2), v = (V3.-1)
(—\/5, —1), and O” is the origin

of the barycentric coordinate system of which
P”(X",Y’"") is a representative point.

Figure B.5: Distances of any representative point from the three sides of the equilateral
triangle are proportional to the Cartesian coordinates.

The barycentric coordinate system that we have used till now is a rectangular one. It

is also possible to describe the ternary plot by polar coordinates also, say (r, #). The polar

axis can be either of the three medians of the triangle, and the polar angle is measured

in the anti-clockwise direction from the chosen polar axis. Our choice of the polar axis

is along x direction, the polar angle is 6, and the origin of the polar coordinate system

coincides with the origin O of the Cartesian coordinate system as shown in Fig. B.6a. We

define

1
X =—(xy—x3) = —rsinb,

V2

Y =

V6

— (2x1 — xp — x3) = rcosé.

(B.33)

(B.34)

The Cartesian coordinates of any point inside the triangle are related to the polar
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coordinates by

K 2
X] = 3 + gr cosd, (B.35)
K 2 K 2 2
xZ:?— grsm(—+9):§+ grcos —ﬂ+9 , (B.36)
K 2 ( 0) K. |2 oK \/5 )
X3=——4[/zrsin|=-0)=— —rcos | — = — —rcos|— —
73 N3 3°V3 3°V3
(B.37)
Y 4
Axl
P(r,0) 4
(7]
r
> X
w %
X3 X2
(a) Polar coordinates r and 6.
Y 4 Y” o
A1 A4l
P,e) AU P60 AU
0 (7]
3 XI - 3 X//
W/ V/ W/I V’/
Y3 Y2 23 22
(b) Polar coordinates r* = r/K and 6. (c) Polar coordinates r”” = V6r’ = V6r/K and 6.

Figure B.6: The ternary plots described in terms of suitably defined polar coordinates.

The Cartesian coordinates for the scaled ternary plots of Fig. B.6 are related to the
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corresponding polar coordinates as follows:

1 2

=g \/;r’cos 0, (B.38)
1 2 2

=g \/;r’cos (?ﬂ + 9) , (B.39)
1 2 4

yi=3+ \/;r’cos (?ﬂ + 9) , (B.40)

7] = \/7(1 +r” cosb), (B.41)
\/7 1 +7"” cos 2—+9 (B.42)

2=z (LHrTeos|3 '

where r’ = r/K and r” = V6r’. It is interesting to note that instead of the scaled coordi-
nates (z1, 22, z3) one can use the unscaled coordinates (x1, x2, x3), and use the barycentric

coordinates defined as

3 —
X - —ﬂx;( ) _ i, (B.44)
21 — X —
Y = % = pcosd, (B.45)

to describe the equilateral triangle (see Fig. B.7).

In this case we have

g( + pcos?) = —(1 +Y), (B.46)

§(1+pcos(—+ﬁ)):§(2+\/§X—Y), B.47)

§(1+pcos(—+ﬂ)) :§(1+pcos(2§—ﬂ)) :2(2—\/5X—Y).
(B.48)

The ditances of any point P(X,Y) inside this triangle from the sides of the triangle are
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Y&

lkxl

P(p, ) U

M;
M- 9
> X
(0)
W \%
e M, N
X3 X2

Figure B.7: A different parametrization for ternary plot. The vertices of the triangle
AUVW are U = (0,2),V = (V3,-1) and W = (-3, -1).

given by
dy =|PM;| = i161, (B.49)
K
— 3
dy = [PMs| = —xo, (B.50)
— 3
ds = [PMs] = —x3. (B.51)
Thus the distances sum up to
d1 + d2 + d3 = 3. (B.52)

This last kind of ternary plot is the one which was adopted by R. H. Dalitz [9, 10] for

analysing various three-body decays.
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