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Chapter 1
Synopsis

Introduction and Motivation

In today’s world, the Standard Model (SM) is a well-established theory that comes the

closest to explaining our universe. It is theoretically self-consistent and can accommo-

date three of four known fundamental forces. The SM is also very good at explaining

experimental observations and predicting a wide variety of phenomena. However, its

failure to include Gravity and to account for various observed phenomena: the observed

baryon asymmetry, dark matter, neutrino oscillations, etc., makes it fall short of being

a complete theory. As a result, we have to extend this theory or build new models that

could fill the void left by SM. Such frameworks are referred to as Beyond Standard Model

(BSM) physics or New Physics (NP). The existence of the BSM physics can be confirmed

either directly through the production of new particles at collider experiments or indi-

rectly through precision measurements. The direct searches, however, can only probe up

to a certain energy scale whereas indirect searches are sensitive to much higher scales

as they involve looking for e�ects of virtual high energy particles through loop induced

processes. Without much success, yet, in direct detection at colliders and the availability

of high-precision experiments, we have to turn to indirect searches for discovering NP.

However, in order to make reliable claims on potential new physics discoveries, we require

theoretical tools that could give precise and robust predictions.

3



In this thesis, we have focused on B-meson decays. We begin with the mode B! K
⇤`+`�,

a promising hotbed for indirect searches. Here, the angular distributions of the decay

products lead to a very large number of observables which helps in reducing theoretical

uncertainties. Consequently, a lot of e�ort has been put in this mode in search of NP, most

of which are focused on the low di-lepton invariant mass squared region q
2 = 1�6 GeV2.

We, on the contrary, have funneled our e�orts onto the q
2
max region, where we obtain a 5�

signal of right-handed currents using the latest LHCb measurements. In this kinematic

limit, we work with heavy quark symmetries which are completely reliable making our

conclusion free of hadronic uncertainties. We have also studied the impact of resonances

and systematic e�ects on our claims.

One of many other means of indirect searches of NP is testing the unitarity of the CKM

matrix. The unitarity of the CKM matrix imposes very strong constraints on the standard

model, violation of which will firmly establish the presence of NP. An extensive amount of

continuous and consistent e�ort has been put in testing the unitarity triangles as accurately

as possible. There are collaborations that are dedicated to measuring the phases of some

of these triangles e.g. ↵, �, and �. Out of these three phases, the phase ↵ is the one that

concerns us here. Using an isospin framework, the phase ↵ is measured directly using

experimental observations for B! ⇡⇡ and B! ⇢⇢ modes. The contributions coming

from the electroweak penguins are ignored in this method as they are expected to be tiny

in SM. However, they are sensitive to NP and must be accounted for. Moreover, with

experimental measurements becoming more and more precise, the e�ects such as the

pollution in ↵ measurement due to non-zero electroweak penguins will become more and

more relevant. We have presented a clear way to approach the problem of ignoring them.

The thesis is organized in the following chapters.
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Right-Handed currents in B! K
⇤`+`�

The decay B! K
⇤`+`� can be fully described in the massless lepton limit through six

transversity amplitudes [1–4]:

AL,R
� = C

�
L,R F� � HG� =

�
HC

�

9 ⌥C10)F� � HG� . (1.1)

This parametric form is generic and incorporates all short-distance, long-distance, factor-

izable, non-factorizable and resonance contributions along with the full electromagnetic

corrections to hadronic operators. The e�ective Wilson coe�cient HC�

9 is defined as [1,5,6]

HC
�

9 = C9+�C
(fac)
9 (q2)+�C

�,(non-fac)
9 (q2) . (1.2)

However, C10 is una�ected by electromagnetic corrections [7]. F� , HG� are q
2 dependent

form factors, where q
2 is square of the di�erence in momentum between B and K

⇤, with

units of GeV2. In order to distinguish the imaginary contributions coming from HC
�

9 and
HG� we redefine the amplitudes as [1]

AL,R
� = (⌥C10� r� )F� + i"�,

where r� =
Re(HG� )

F�
�Re(HC�

9), "� = Im(HC�

9)F� � Im(HG� ). (1.3)

The relevant observables for this analysis: F?, Fk , FL, AFB and A5 are defined as,

�f ⌘
X

�

( |AL

� |2+ |AR

� |2), F� =
|AL

� |2+ |AR

� |2
�f

� 2 {?, k,0},

AFB =
3
2

Re(AL

kA
L
⇤
? �AR

kA
R
⇤
? )

�f

, A5 =
3

2
p

2

Re(AL

0 AL
⇤
? �AR

0 AR
⇤
? )

�f

. (1.4)

The inclusion of right-handed currents introduces two new Wilson coe�cients C
0
9 and

C
0
10 [7] in the amplitudes:

AL,R
? =

�
(HC?9 +C

0
9)⌥ (C10+C

0
10)
�F? � HG?

AL,R
k =

�
(HC k

9 �C
0
9)⌥ (C10�C

0
10)
�Fk � HGk
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AL,R
0 =

�
(HC0

9�C
0
9)⌥ (C10�C

0
10)
�F0� HG0. (1.5)

Notice that the RH-currents a�ect the perpendicular helicity di�erently, this is a key

observation for this analysis. The observables under the influence of RH-currents gets

modified as:

F? = 2⇣ (1+ ⇠)2(1+ R
2
?), (1.6)

FkP2
1 = 2⇣ (1� ⇠)2(1+ R

2
k ), (1.7)

FLP2
2 = 2⇣ (1� ⇠)2(1+ R

2
0), (1.8)

AFBP1 = 3⇣ (1� ⇠2)
�
Rk + R?

�
, (1.9)

p
2A5P2 = 3⇣ (1� ⇠2)

�
R0+ R?

�
, (1.10)

where ⇠ =
C
0
10

C10
, ⇠0 =

C
0
9

C10
, P1 =

F?
Fk
, P2 =

F?
F0
, ⇣ =

F2
?C

2
10
�f

,

R? =

r?
C10
� ⇠0

1+ ⇠
, Rk =

rk
C10
+ ⇠0

1� ⇠ , R0 =

r0
C10
+ ⇠0

1� ⇠ . (1.11)

The theoretical parameters can be solved in terms of experimentally measured observables

and P1:

R? = ±
3
2

⇣ 1�⇠
1+⇠

⌘
F?+ 1

2P1Z1

P1 AFB
, (1.12)

Rk = ±
3
2

⇣ 1+⇠
1�⇠
⌘
P1Fk + 1

2 Z1

AFB
, (1.13)

R0 = ±
3

2
p

2

⇣ 1+⇠
1�⇠
⌘
P2FL +

1
2 Z2

A5
, (1.14)

P2 =

⇣ 1�⇠
1+⇠

⌘
2P1 AFBF?

p
2A5
⇣⇣ 1�⇠

1+⇠

⌘
2F?+ Z1P1

⌘
� Z2P1 AFB

, (1.15)

with

Z1 =

r
4FkF? �

16
9

A
2
FB and Z2 =

r
4FLF? �

32
9

A
2
5. (1.16)
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In order to solve all desired parameters we need to eliminate one parameter. Incidentally,

at q
2
max the heavy quark symmetries provide a relation among the ratios of form factors [8]

which can be used to eliminate one parameter:

HGk
Fk
=

HG?
F?
=

HG0
F0
= �2mbmBC7

q2 , (1.17)

where  ⇡ 1. From Eq. (1.3) and Eq. (1.17) we get r0 = rk = r? ⌘ r [9] at q
2
max in SM. Since

Eq. (1.17) still holds in presence of RH-currents, the above relation translates to

R0 = Rk , R? at q
2
max. (1.18)

We note that this relation is not a�ected by non-factorizable, and resonance contributions.

Hence, it could provide conclusive evidence of RH-currents.

At q
2
max limit, the physical amplitudes are constrained from kinematics, and symmetries

which lead to very unique values of the observables [1, 10] i.e.

FL (q2
max) =

1
3
,Fk (q2

max) =
2
3
, A4(q2

max) =
2

3⇡
,

F?(q2
max) = 0, AFB(q2

max) = 0, A5,7,8,9(q2
max) = 0. (1.19)

The RH-currents do not alter these values; instead, they can a�ect the observable’s ap-

proach to these values. Our objective is to study R� in the limit q
2 ! q

2
max. We begin

with Taylor expanding the transversity amplitudes around q
2
max in terms of � ⌘ q

2
max � q

2.

Considering the limiting values in Eq. (1.19) and the relative momentum dependence of

AL,R
� , the observables are expanded as

FL =
1
3
+F

(1)
L
�+F

(2)
L
�2+F

(3)
L
�3

F? = F
(1)
? �+F

(2)
? �

2+F
(3)
? �

3

AFB = A
(1)
FB�

1/2+ A
(2)
FB�

3/2+ A
(3)
FB�

5/2

A5 = A
(1)
5 �

1/2+ A
(2)
5 �

3/2+ A
(3)
5 �

5/2. (1.20)

Where, the O
(n) is the coe�cient of the n

th term in the expansion of the observable

7



O. Note that, these simple polynomial expansions are limited in accounting for resonance

contributions. With similar expansions for the amplitudes, Eq. (1.17) in the limit q
2! q

2
max

turns out to be

q
2
HG�
F�
= q

2
max

HG (1)
� + � (HG (2)

� �
HG (1)
�

q2
max

)+O(�2)

F (1)
� + �F

(2)
� +O(�2)

. (1.21)

In general, Eq. (1.21) must be satisfied at all orders in �; but we only require it to be valid

till � order. For Eq. (1.21) to have a constant value in the neighborhood of q
2
max up to O(�),

we require that F (2)
� = cF (1)

� and (q2
max

HG (2)
� � HG (1)

� ) = c q
2
max

HG (1)
� where c is any constant.

Since P2 =
p

2P1 at q
2
max, we must have P(1)

2 =
p

2P(1)
1 where P(1)

1,2 are the coe�cients of the

leading O(
p
�) term in the expansion. The above arguments also imply that at the next

order, we must have P(2)
2 =

p
2P(2)

1 , as F (2)
� = cF (1)

� . This extra input lets us eliminate P1.

Given this, R� at q
2
max can be expressed as follows:

R?(q2
max) =

8A
(1)
FB (�2A

(2)
5 + A

(2)
FB )+9(3F

(1)
L
+F

(1)
? )F

(1)
?

8 (2A
(2)
5 � A

(2)
FB )
q

3
2 F

(1)
? � A

(1) 2
FB

=
!2�!1

!2
p
!1�1

, (1.22)

Rk (q2
max) =

3(3F
(1)
L
+F

(1)
? )
q

3
2 F

(1)
? � A

(1) 2
FB

�8A
(2)
5 +4A

(1)
FB +3A

(1)
FB (3F

(1)
L
+F

(1)
? )

=

p
!1�1
!2�1

= R0(q2
max) (1.23)

where !1 =
3
2

F
(1)
?

A
(1) 2
FB

and !2 =
4 (2A

(2)
5 � A

(2)
FB )

3 A
(1)
FB (3F

(1)
L
+F

(1)
? )
. (1.24)

As seen above R� (q2
max) depends only on the polynomial coe�cients F

(1)
L

, F
(1)
? , A

(2)
FB and

A
(2)
5 which are not related by HQET. Hence, the claims made here are model independent.

We perform a �2 polynomial fit of the observables FL, F?, AFB and A5 (Eq.(1.20)) to the

latest LHCb 14-bin data [11] as functions of q
2. The integrations involved are weighted

with recently measured di�erential decay rates [12]. The fits show good convergence
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Figure 1.1: The polynomial fits for FL, F?, AFB and A5 are shown. The solid brown curve
at the center correspond to the third order polynomial seen in Eq. (1.20). The dashed
brown lines along with the light brown shaded region illustrates the ±1� error bands of
the central polynomial fit. The black cross marks depict the LHCb measurements [11]
and their errors. The q

2 is in units of GeV2.

for 2nd-4th order polynomials and 10-14 bins. The various systematics of these fits are

analyzed extensively. The best fit values for the Taylor coe�cients of FL, F?, AFB and A5

in Eq. (1.20) are given in Table. 1.1. The errors are obtained through covariance matrix

method. The best fit 3rd order polynomial for FL, F?, AFB and A5 along with their 1�

O
(1) (10�2) O

(2) (10�3) O
(3) (10�4)

FL �2.85±1.26 12.13±1.90 �5.68±0.67
F? 6.89±1.65 �9.79±2.47 3.83±0.86
AFB �30.58±1.95 26.96±3.58 �4.15±1.47
A5 �15.85±1.87 5.38±3.33 2.46±1.29

Table 1.1: The best fit values along with their±1� errors for coe�cients of the observables
in Eq. (1.20) are shown. These values are obtained by fitting the bin-averaged values of
the observables to the LHCb ’s 14-bin measurements [11].

error bands are given in Fig. 1.1.

The R? and Rk,0 values are estimated in two di�erent ways. In first method, we use

Eq. (1.24) and the coe�cient values from Table. 1.1 to get !1 and !2. Then using

Eq. (1.22)-(1.23) we fit R� . The results are shown in Fig. 1.2. The contours should be

aligned along the 45o straight line in SM as the resonances contribute equally across the

helicities. Hence, this deviation indicates a strong presence of RH currents.

In second approach, we have taken F
(1)
L

, F
(1)
P

, A
(1)
FB, A

(1)
5 , A

(2)
FB and A

(2)
5 as Gaussian

distributions around their central values(see Table. 1.1). Then R� are estimated using

Eq. (1.22)-(1.24). These values should lie along a straight line with a 45o slope in the

R?�Rk,0 plane in SM. However, we find a slope that is nearly 0o, indicating that R? � Rk,0.

This deviation is a strong indirect evidence of RH currents.
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Figure 1.2: The estimated contours of R� in R? – Rk,0 plane are shown. The predicted 1�
and 5� confidence levels are shown in light and dark gray contours, respectively. The gray
point at the center of 1� contour indicates the best fit value. The black star corresponds
to the SM estimate. The solid red straight line represents the R? = Rk,0.

We use Eq. (1.11) to estimate C
0
9 and C

0
10 from ⇠ and ⇠0. However this extraction depends

on the value of r/C10 at q
2
max, see Eq. (1.11). Though we have an SM estimate for this

quantity, it can change due to contributions within SM e.g. errors in Wilson coe�cients

or contributions from other kinds of new physics or from the e�ects of resonances. Some

of possible scenarios are considered in Fig. 1.3. Using SM estimate i.e. r/C10 = 0.84 [8]

the best fit values of ⇠ and ⇠0, with ±1� errors are �0.63 ± 0.43 and �0.92 ± 0.10,

respectively. The value r/C10 = 0.6 corresponds to a scenario in which NP contribution

to C9 is C
NP
9 ⇡ �1, see [13]. In this case, best fit values of ⇠ and ⇠0 with ±1� errors

are �0.73± 0.32 and �0.69± 0.10. In another analysis,we have considered r/C10 as a

nuisance parameter and the results are given in right panel of Fig. 1.3. As seen in Fig. 1.3,

though uncertainties have increased there is still a 3� evidence for RH currents.

The complex contributions to the transversity amplitudes i.e "� (in Eq. (1.3)) are incor-

porated according to Ref. [1]. The "̂� ⌘ 2|"� |2/� f have been Taylor expanded around

q
2
max and LHCb data has been used to estimate their coe�cients. The resulting !1,2 val-

ues are !1 = 1.03±0.31(0.98±0.29) and !2 = �4.52±17.40(�3.94±9.86). These have

insignificant di�erence to the values obtained for the real case.

The finite width of the K
⇤ has been taken into account by varying q

2
max between 18.34�

20.10 GeV2. The !1,2 values turn out to be !1 = 1.11± 0.30 (1.03± 0.35) and !2 =

�3.56±28.34 (�3.50±27.44). Again these have insignificant e�ect on Fig. 1.1-1.3.
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Figure 1.3: The predicted regions in ⇠ - ⇠0 plane are shown. The yellow, orange and
red contours correspond to 1�, 3� and 5� confidence levels, respectively. The red dot
at center indicates the best fit value. The black star correspond to the SM estimate of
C
0
10/C10 and C

0
9/C10. These plots illustrate the sensitivity of ⇠, and ⇠0 to r/C10. The

figure in the first panel corresponds to ⇠ - ⇠0 contours generated using the SM estimate
of r/C10 = 0.84 [8] and the SM value of ⇠, and ⇠0 lied beyond 5� confidence level.
The estimates in the second panel correspond to r/C10 = 0.60 which coincides with an
additional NP contribution C

NP
9 ⇡ �1 [13]. The estimates on the last panel result from

treating r/C10 as a nuisance parameter where the SM value is lying on the edge of 3�
confidence level.

We test the convergence of our polynomial fits by varying the order of polynomials along

with the number of bins used from 4-14. The results are summarized in Fig. 1.4. We

have chosen 3rd order polynomial fitted to 14-bins as our benchmark fit and have justified

this choice through a third order polynomial fit to the SM simulated 14-bin data of the

observables, see Fig. 1.5.

We have also done a comprehensive study about the impact of resonance contributions on

our claims. We find that the data does not have significant resonance contributions and

if the resonance contributions could somehow be isolated from the signal data then the

significance of RH currents would actually increase.

Electroweak penguins in B! ⇡⇡ and B! ⇢⇢

The B! ⇡⇡ and B! ⇢⇢modes are used for direct↵measurements. An isospin framework

is used to describe the decay amplitudes. The B
0! ⇡+⇡�, B

0! ⇡0⇡0 and B
+! ⇡+⇡0

decay amplitudes (denoted as A
+�, A

00 and A
+0, respectively) in terms of the isospin
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Figure 1.4: A summary of the fit coe�cient values and their ±1� errors are shown here.
The coe�cients are obtained by varying the order of the polynomials as well as the number
of bin averaged values considered in the data set. The color code for di�erent orders of
the polynomial are shown in each panel. The x�axis denotes the number of bin averaged
values used in the fit. The y� axis denotes the value taken by these coe�cients. The best
fit values of the coe�cients are given by circular dots while the vertical bars through them
denote ±1� errors. The thin gray line indicates the value zero.
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Figure 1.5: The third order polynomial fits to 14-bin SM simulated data are shown here.
The q

2 is in units of GeV2. The blue central curve is the best fit while the dashed blue
curves along with the light blue shaded region illustrate ±1� region surrounding the best
fit. The blue crosses depict the corresponding observable data points which are generated
using LCSR form factors for q

2  15GeV2 and Lattice QCD form factors for q
2 � 15GeV2.

amplitudes corresponding to I = 0 and I = 2 final states (A0 and A2, respectively) [14]:

1p
2

A
+� = A2� A0,

A
00 = 2A2+ A0,

A
+0 = 3A2. (1.25)

It is clear that the decay amplitudes satisfy the relations:

1p
2

A
+�+ A

00 = A
+0, (1.26)
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1p
2

Ā
+�+ Ā

00 = Ā
+0. (1.27)

The amplitudes Ā
+�, Ā

00 and Ā
+0 correspond to the charge-conjugated processes B̄

0!
⇡+⇡�, B̄

0! ⇡0⇡0 and B
� ! ⇡�⇡0, respectively. In terms of graph contributions they are

given by [15, 16]

1p
2

A
+� = (T +E)e

i� + (P+
2
3

P
C

EW
)e
�i �,

A
00 = (C�E)e

i� + (PEW +
1
3

P
C

EW
�P)e

�i �,

A
+0 = (T +C)e

i� + (PEW +P
C

EW
)e
�i � . (1.28)

The complex topologies T , C, P, PEW and P
C

EW
are referred as “tree", “color-suppressed-

tree", “penguin", “electroweak-penguin" and “color-suppressed electroweak-penguin" am-

plitudes correspondingly, include strong phases. With some manipulations and redefini-

tions, the decay amplitudes become

1p
2

Ã
+� = (T +E)+ Xe

i↵,

Ã
00 = (C�E)+Y e

i↵,

Ã
+0 = (T +C)+ (X +Y )e

i↵, (1.29)

where, X = (�P � 2
3 P

C

EW
) and Y = (P � PEW � 1

3 P
C

EW
). The corresponding conjugate

amplitudes are given by switching the sign of the weak phase ↵. An important observation

at this point is that the quantity X+Y (=�PEW �P
C

EW
) depends on the electroweak and color

suppressed electroweak penguins alone [15]. In other words, X +Y serves as a measure of

pure electroweak contributions in B! ⇡⇡ modes. The two triangles corresponding to the

isospin relations could be solved using the branching fractions Bi j , direct CP asymmetries

Ci j , and the associated time-dependent CP asymmetry Si j , up to some ambiguity. However,

in the absence of any measurements for S00 we need one extra piece of information. We

have chosen the indirect measured value of ↵ to be this extra input.

Our primary objective is to estimate the size of electroweak contributions or X +Y . For a

better grasp on the numbers, we normalize our hadronic parameters by the dominant tree
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contributions |T +C | and define the desired quantities as RP = {X̃,Ỹ, X̃ + Ỹ }:

X̃ =
X

|T +C | , Ỹ =
Y

|T +C | ,

X̃ + Ỹ =
X +Y

|T +C | ⌘ ze
i�TC,

where z is defined in Eq. (1.32) and �TC is the strong phase of T +C. The B
±! ⇡±⇡0 decay

only gets contribution from �I = 3
2 part of the Hamiltonian. In presence of electroweak

penguins, �I = 3
2 operators has both tree and electroweak penguin contributions; and they

can be related by assuming that only C7 and C8 are neglected [17]:
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Figure 1.6: The estimated 68.27% and 95.45% confidence levels for the topological ratios
(left panel) and S00 versus S+� (right panel) for B! ⇡⇡ modes are depicted. The light
gray, light blue and light green contours correspond to the topological ratios X̃ + Ỹ , X̃

and Ỹ , respectively. The gray, blue and green points show the mean value of the PDFs
corresponding to X̃ +Ỹ , X̃ and Ỹ , respectively and similarly the vectors connecting them to
the origin. The‘•’ at the center indicates origin while the ‘⌥’ symbol at �0.0327 indicates
the SM estimate for z.

HEW

�I=
3
2
= �3

2
VtbVtd

VubVud

C9+C10
C1+C2

Htree

�I=
3
2

(1.30)

The amplitudes ˜̄
A
+0, Ã

+0 can be expressed here as

Ã
+0 = (T +C)+ ze

i↵ (T +C),

˜̄
A
+0 = (T +C)+ ze

�i↵ (T +C), (1.31)
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where,

z = �3
2
�
�
�
�
�

VtbVtd

VubVud

�
�
�
�
�

C9+C10
C1+C2

⇡ �0.013
�
�
�
�
�

VtbVtd

VubVud

�
�
�
�
�

. (1.32)

Eq. (1.32) serves as a theoretical estimate for z in this analysis. The value of ratio of CKM

elements (VtbVtd)/(VubVud) are taken from Ref. [18].

Once the triangles are fully solved in terms of the observables, we can easily estimate RP.

We generate the 68.27% and 95.45% confidence levels of RP and S00 for B! ⇡⇡ decays.

The solution, one of the possible eight, illustrated in Fig. 1.6 shows that the estimate for

X̃ + Ỹ agrees with the SM within one standard deviation. As seen in the right panel figure

of Fig. 1.6, S00 has been estimated to have positive values; however if S00 is measured

to be negative while rest of the experimental data remain the unchanged then it is clear

that we have to discard this solution. In other words, measurement of the time-dependent

asymmetry S00 can help reduce or even eliminate the ambiguity.

Similar estimates of the topological ratios (left panel) and S00 versus S+� (right panel) for

B! ⇢⇢ are depicted in Fig. 1.7. The details of the figures are same as that of Fig. 1.6.

Four of the eight possible solutions are presented here. The estimates for X̃ + Ỹ are in

good agreement with SM for all of these four solutions. The remaining four solutions are

ignored as they indicate very large penguin contributions and are, in turn, very far from

the SM expectations. The gray band in S00 versus S+� (right panel) figures correspond to

the 1� region of measured S00 for B
0! ⇢0⇢0. It is clear that more accurate measurements

of S00 can help in identifying the correct ambiguity.

We have also analyzed the ratios of redefined isospin amplitudes which are denoted by

RI = { Ã0/Ã2,
˜̄
A0/

˜̄
A2, Ã0/

˜̄
A0, Ã2/

˜̄
A2}.

The estimates of RI for B! ⇡⇡ and B! ⇢⇢ are shown in Fig. 1.8 and Fig. 1.9, respectively.

The light gray, light blue, light green and light orange contours correspond to 68.27%

and 95.45% confidence levels of A0/A2, Ā0/Ā2, A0/Ā0 and A2/Ā2, respectively. The

solutions presented in Fig. 1.8 and Fig. 1.9 correspond to the solutions in Fig. 1.6 and

Fig. 1.7, respectively.
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Figure 1.7: The topological amplitudes (left panel) and S00 versus S+� (right panel) are
depicted for B! ⇢⇢modes. The color codes and other details are the same as in Fig. 1.6.
The estimates for X̃ + Ỹ are in good agreement with SM for all of these solutions. The
gray band in S00 versus S+� (right panel) figures correspond to the 1� region of measured
S00 for B

0! ⇢0⇢0. It is clear that more accurate measurements of S00 can help identifying
the correct ambiguity.

We find two sets of hierarchies among RI from Fig. 1.8 and 1.9. For B! ⇡⇡ we find

|A2 | ⇡ | Ā2 | . |A0 | < | Ā0 | whereas for B ! ⇢⇢ we find |A2 | ⇡ | Ā2 | < |A0 | ⇡ | Ā0 |. It is

interesting to observe that in first and the last figure of Fig. 1.9 A0/A2 and Ā0/Ā2 are

almost overlapping which leads to a relation among topological amplitudes. The isospin

ratios can be written as

A0
A2
= xe

i�x + iye
i�y,

Ā0

Ā2
= xe

i�x � iye
i�y, (1.33)

where x, y, �x and �y are complicated function of topological amplitudes and ↵. Then the

overlap of these two implies y = 0:

A0
A2
⇡ Ā0

Ā2
=) y = 0 =) C�E

T +E
⇡ Y

X
. (1.34)
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Figure 1.8: The estimated 68.27% and 95.45% confidence levels of RI for B! ⇡⇡ modes
are shown. The gray, blue, green and orange contours correspond to A0/A2, Ā0/Ā2,
A0/Ā0 and A2/Ā2, respectively. The figures shown corresponds to the solutions presented
in Fig. 1.6.
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Figure 1.9: The estimated RI for B! ⇢⇢ are depicted here. The color code and other
details are same as of Fig. 1.8.

Conclusions

In this thesis, we have presented a framework which uniquely probes for RH-currents in

B ! K
⇤`+`� at q

2
max. The heavy quark symmetries involved in this limit lets us get rid

of any dependence on form factor estimates. The observables are kinetically constrained

in this limit. Though NP do not alter the values of observables at endpoint, they can

alter their approach to these values. In other words the NP a�ects the first and second

derivatives of observables in this limit. It is in these derivatives that we find a deviation

from SM with the latest LHCb measurements. These e�ects quantify to a 5� evidence of

NP at q
2
max. While the signal for RH currents is evident, other kind of NP contributions

could reduce the value of ⇠ and ⇠0. Various systematic studies on our claims are also done.

Adopting the theoretical input r/C10 as a nuisance parameter still gives us a 3� signal of

NP. We also find that the imaginary contributions of the transversity amplitudes and the
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finite K
⇤ width have insignificant e�ect on our results. We also learn that the resonance

contributions can not weaken our claims.

In the second part of the thesis, we present a clear approach to address the pollution in ↵

measurements caused by the presence of non-zero electroweak penguins. With the current

precision of measurements, we find that the electroweak penguins are consistent with the

SM expectation. We find that the precise measurement of S00 is very important as it can

help in reduce, even eliminate ambiguities. We observe that the estimates for B! ⇢⇢ are

consistent with SM expectations which implies that the approximations made in studying

B! ⇢⇢ are reliable. We have generated the isospin amplitudes and a hierarchy among

them is noted. Finally, we emphasize that with this approach, future improvements in

measurements will definitely make the role of electroweak penguins clear.
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Chapter 2
Introduction

2.1 The Standard Model

Throughout the history of mankind, curiosity has guided our scientific evolution. The

desire to know the unknown has often led to discoveries that are comprehended in the

form of principles, laws, and theories. The saga which had started with concepts promoted

by Aristotle (384BC-322BC): "observation of physical phenomena could ultimately lead

to the discovery of natural laws governing them" continues to drive physicists even today.

It’s inspiring to realize that the moment first of such principles was conceived, we were

able to decipher one of the secrets of our physical universe. It also led to the understanding

that the universe, as overwhelming as it may appear, was still bound to a simple rule which

mankind had just discovered. Thus had started the obsession to study the universe up to

its fundamental scales which has led us to where we stand today. In today’s world, we

understand that elementary particles are the building blocks of our observable universe

which is governed by four fundamental forces: Electromagnetic, Weak, Strong, and

Gravitational. In addition, we have also established a theory that could unite three of

these forces(i.e Electroweak and Strong) within a single theoretical framework, namely

the Standard Model (SM) of particle physics. However, a unified theory governing all four

forces is still eluded.

Before we go on to discuss more on SM, we emphasize the role symmetries play in building
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physical theories. In fact, all of our physical theories are based on symmetry principles.

From spacetime symmetry of the special theory of relativity to the gauge symmetries of

quantum field theories, they have laid the foundation of modern physical theories. This

feature is made explicit in relativistic quantum field theories via Noether’s theorem which

states that if the action has some symmetry or, in other words, if the action is invariant under

some group of transformations, there exist one or more conserved quantities associated to

these transformations. In short, symmetries imply conservation laws. Then it’s natural to

wonder if symmetries could also dictate dynamics, in other words, if we impose certain

symmetries on theory then does it a�ect the dynamics of that theory? Indeed, it does and

Quantum Electrodynamics(QED), regarded as the most successful quantum field theory

ever written, is an apt example. In particular, the existence and some of the properties of

the underlying gauge field, the photon, follows directly from the principle of invariance of

local gauge transformation of the U (1) group in this theory. Moreover, these principles

could be generalized for other interactions. In fact, in the standard model, this has been

accomplished to describe the weak and strong interactions through gauge principles.

The SM Lagrangian consists of three key ingredients:

• the gauge symmetry,

• the representation of its particle content under the gauge symmetry and

• spontaneous symmetry breaking.

The SM gauge group is

GSM = SU (3)C ⇥ SU (2)L ⇥U (1)Y . (2.1)

There are three generations of fermions and their representations under this gauge group

are

QL↵ (3,2)+1/6, uR↵ (3,1)+2/3, dR↵ (3,1)�1/3, LL↵ (1,2)�1/2 and lR↵ (1,1)�1. (2.2)

The above notation can be comprehended as follows, for example, QL↵ (3,2)1/6 would
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mean left-handed quarks are triplets of group SU (3)C , doublets of SU (2)L and carry

hypercharge(Y) 1/6 while ↵ stands for the flavor. The lone scalar field, �, is represented

by

�(1,2)+1/2. (2.3)

In SM, the scalar field assumes a non-zero vacuum expectation value which indicate that

the gauge group is spontaneously broken to

GSM! SU (3)C ⇥U (1)Q . (2.4)

The standard model Lagrangian, LSM, is renormalizable and can in general be divided

into three parts such that

LSM = Lkinetic+LHiggs+LYukawa. (2.5)

Lkinetic describes the self-interactions of the gauge fields along with their interactions with

the fermions i.e.

Lkinetic = �
1
4

X
F

a

µ⌫F
µ⌫
a +
X

 ̄i��D . (2.6)

The covariant derivative is defined to ensure the theory is gauge invariant and takes the

following form in general,

Dµ = @µ+ igsG
a

µLa + igW
b

µTb+ ig0BµY . (2.7)

Here G
a
µ represents the gluon fields while W

b
µ and Bµ represent the weak bosons and

the hypercharge boson, respectively. The La and Tb are SU (3)C and SU (2)L generators,

respectively, while Y ’s are the U (1)Y charges. The gs, g and g0 are theory parameters.

The Higgs part of the Lagrangian includes the mass term as well as the self interactions
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of the Higgs field,

LHiggs = |D⌫�|2+ µ2�†�� �(�†�)2. (2.8)

The Higgs potential, µ2�†�� �(�†�)2, describes EW symmetry breaking. The vacuum

stability implies � > 0 while the pattern of spontaneous symmetry breaking requires

µ2 < 0.

The Yukawa part of the Lagrangian consists of

LYukawa = �Y
d

i j
Q̄

I

Li
�d

I

Rj
�Y

u

i j
Q̄

I

Li
�̃u

I

Rj
�Y

l

i j
L̄

I

Li
�l

I

R j
+h.c. (2.9)

where �̃ is the conjugate Higgs field. In the absence of Yukawa interactions, i.e. Y
d,u,l

i j
= 0,

the SM Lagrangian is essentially a sum of covariant kinetic terms
P
 ̄i��D , where the sum

runs over all fields in irreducible representations of SM gauge group. Consequently, the

Lagrangian stays invariant under linear unitary transformations among the fields in a given

representation. Considering that there are 3 copies of SM-representation(or 3 generations

of fermions) and 5 distinct SM-representations the full symmetry group becomes U (3)5

and the the arising symmetry is referred to as flavor symmetry. The Yukawa interactions

are the only source of flavor changing quark interactions in SM. The gauge interactions

are divided in to the charged current (CC) and neutral current (NC) interactions:

LCC =
gp
2

⇣
ūL↵�

µ
dL↵W

+
µ + ēL↵�

µ⌫L↵W
�
µ

⌘
+h.c. (2.10)

LNC = eq f f̄ �µ f Aµ+
g

cW

f̄ �µ
⇣
g f

V
�g f

A
�5
⌘

f Zµ (2.11)

where g f

V
and g f

A
are the vector and axial vector couplings of Z to fermions, respectively.

As evident from the above equation the flavor changing neutral currents (FCNC) are absent

in SM.
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2.2 Hadronic weak decays and B Physics

The phenomenology of weak decays is very useful in understanding the nature of fun-

damental interactions. For instance, weak decays can be used to test the standard model

and measure its parameters. In particular, the hadronic weak decays are used in direct

measurements of the weak mixing angles, analyzing CP violation, testing unitarity of the

CKM matrix, etc. Moreover, some of the hadronic decays are used in indirect searches for

NP and depending upon the final decay products, they are categorized into three classes:

leptonic decays (having all-lepton final states), semi-leptonic decays (where both leptons

and hadrons are present in the final states), and non-leptonic decays (having all-hadron

final states). Physically, the quarks are confined inside hadrons which means that the

simplicity provided by the weak transitions is often subdued by the complexity of strong

interactions that increase with the number of quarks present in the final states. Nonethe-

less, there are a few established mechanisms to deal with these theoretical challenges. For

instance, the bound-state e�ects in the leptonic decays can be parametrized in terms of

single decay constants. While those in semi-leptonic decays are described by invariant

form factors that are dependent on the momentum transfer q
2 between the initial and final

hadrons. Approximate symmetries of underlying strong interactions help us constrain the

properties of some of these form factors. Non-leptonic decays are the most di�cult to

deal with. However, significant progress has been made in developing theoretical tools

to analyze the decays of heavy hadrons. Particularly, the discovery of heavy-quark sym-

metry, the development of heavy-quark e�ective theory, and the establishment of various

kinds of heavy-quark expansions help in formulating modern theoretical frameworks for

the description of the properties and decays of hadrons containing a heavy quark.

As mb � ⇤QCD, b-quark is considered as heavy. The e�ective coupling constant for

b-quark, ↵s (mb), is small which implies that on length scales comparable to the cor-

responding Compton wavelength �b ⇠ 1/mb, the strong interactions can be treated per-

turbatively. Moreover, as �b ⌧ Rhad, the heavy quarks inside the hadrons can be treated

non-relativistically. For instance, the bottomonium systems (b̄b) are well approximated by

non-relativistic models like non-relativistic QCD or non-relativistic models of the hydro-

gen atom. In the hadrons, consisting of a heavy quark and other light quarks, the soft gluon
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exchanges between the heavy and light quarks are sensitive to scales much larger than �b

which means the light degrees of freedom are blind to the flavor and spin orientation of the

heavy quark. Hence, in the limit mb!1, this observation helps us relate properties of

di�erent heavy mesons (e.g. B,D,B⇤,D⇤) or heavy baryons (e.g. ⇤b,⇤c) for that matter.

The corrections to these heavy quark symmetries arise as the quark masses are not infinite.

Similarly, heavy quark e�ective theories (HQET) and heavy-quark expansions (HQE) are

implemented in studying the properties and decays of B-hadrons.

There has been significant progress on the experimental front as well, particularly over the

past few decades. A lot of data have been and are being analyzed on the decays of heavy-

quark hadrons. B-factories at SLAC, KEK, Cornell, DESY, LHCb, and Belle are focused

on studying CP violation and rare B-meson decays. With continuous upgrades, LHCb,

and Belle-II are expected to provide data with improved accuracies. We are already

witnessing some disagreements between the theory and the experiment: di�erence in

exclusive and inclusive measurements of the CKM elements Vub and Vcb [19], the P
0
5

anomaly in B ! K
⇤`+`� [11], lepton universality tests through measurements of RD,

R
⇤
D

, RK , and R
⇤
K

[20–25], etc. In view of new measurements coming in with improved

statistics, systematics, along with consistent improvements from the theoretical side, these

are exciting times in B-physics.

2.3 The e�ective weak Hamiltonian

The e�ective theories provide a very convenient description of physics at a specific scale

and have very diverse applications across physics. In particle physics, this formalism

involves a particular scale in the relevant parameter space, e.g. energy, with the idea that

the physical phenomena occurring at scales beyond the region turn irrelevant and perhaps,

it is rather useful to work with a low-energy e�ective theory where the higher degrees of

freedom no longer appear. With the expectation that this theory would be easier to handle

than the full theory and yet will have the essence of the correct physics of the scale of

interest.
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Following this ideology in hadronic weak decays, the weak interactions can be well

approximated by point like four-fermion couplings as the e�ects of the intermediate bosons

can only be resolved at energies much larger than the hadron masses. In theory, we start o�

with integrating out the heavy-particle fields. With the heavy particles gone missing, we

end up with a non-local e�ective action. The non-local e�ective action is then rewritten

as a sum of local terms though operator product expansion (OPE). For weak decay of

hadrons, the OPE formalism corresponds to an expansion in powers of 1/mW . After OPE,

the long-distance and short-distance physics get disentangled. Long-distance physics is

the same in the full and e�ective theory. However, the short-distance physics are not

correctly described in this e�ective theory. These are added using renormalization-group

techniques and amount to the renormalization of the coe�cients of the local operators in

the e�ective Lagrangian. A general e�ective Hamiltonian is given by

He� =
GFp

2

X

i

�CKM
i

Ci (µ)Oi (µ)

where GF is the Fermi constant, �CKM
i

contains the corresponding Cabibbo-Kobayashi-

Masakawa (CKM) factors. The Ci (µ) are Wilson coe�cients and Oi are the local opera-

tors. The B! F decay amplitude would then be written as

A(B! F) = hF |He� |Bi =
GFp

2

X

i

�CKM
i

Ci (µ)hF |Oi (µ) |Bi,

where F is any final state. The OPE divides the B! F transition into two parts: short-

distance and long-distance contributions separated by an energy scale µ referred to as the

factorization scale. The Wilson coe�cients contain all the short-distance information and

can be calculated perturbatively. Naturally, the Ci (µ) includes contributions obtained by

integrating heavy degrees of freedom such as top quarks, gauge bosons W and Z , and

any new heavy NP contributions. All of the QCD e�ects above the factorization scale are

contained in Ci (µ) and are independent of external states. Thus the Wilson coe�cients do

not depend on the hadrons involved; they only depend on the quarks involved in the process

under consideration. On the other hand, the matrix elements hF |Oi (µ) |Bi contains long-

distance information i.e. contributions below the OPE factorization scale and hence need
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non-perturbative techniques. Some of the well established and popular non-perturbative

techniques are LCSR, Lattice QCD, HQET, etc. The LCSR calculations are used for

calculations in large recoil energy limit of the final state meson whereas the Lattice QCD

and HQET are used in the low recoil limit.

The Wilson coe�cients could also be determined from experimental data through global

fits. For instance, the Wilson coe�cients corresponding to the dominating operators in

b! s transition (i.e. C7,9,10) can be determined by performing global fits to the available

data on b! s decays. In addition, numerical fits to data can be used to estimate or

constrain the Wilson coe�cients corresponding to various NP operators.

2.4 Prologue

Rare decays with b! s flavor-changing neutral currents(FCNCs) are sensitive to physics

beyond the standard model. No wonder these modes have drawn plenty of attention from

theoreticians and experimentalists alike. A large number of observables (i.e. branching

fractions, angular coe�cients, CP asymmetries, angular asymmetries, etc.) can be con-

structed for both inclusive, and exclusive B decay modes which can be measured at the

B factories(Belle, BaBar), and the LHC experiments(LHCb ). However, few disagree-

ments with SM have been reported in these decay modes over the last few years. In

2013, LHCb had observed a tension in B! K
⇤`+`� angular observables [26] which has

persisted with the later updates in data [27]. In 2014, LHCb had observed that the ratio RK

of B! K µ+µ� and B! Ke
+

e
� branching fractions is suppressed compared to SM in the

low q
2 region [24]. Similar tensions have also been observed for RK⇤ in B! K

⇤`+`� [25].

Tensions have also been observed for R(D
(⇤) ) in the charged current decays B! D

(⇤)`+`�

by BaBar [20], Belle [21,22], and LHCb collaborations [23]. These observables have clean

estimates from SM as the leading uncertainties coming from form-factors tend to cancel

out in these ratios, adding huge significance to these observations. While the observed

RK or RK⇤ lies below the SM expectations, observations for R(D) or R(D
⇤) lie above the

SM predictions. The combined average, including correlations, for the charged-current

decays puts the tension between the data and SM at the level of 3.9� [19]. Another
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instance of such tensions is that the branching ratio measurements for B! K
⇤µ+µ� [28]

and Bs! �µ+µ� [29] turn out to be too low compared to SM predictions [30–33].

As mentioned above the theoretical estimates for RK (⇤) , and R(D
(⇤) ) are very clean,

however, the estimates for other observables are a�ected by uncertainties which could come

from poorly known form-factors, from contributions of the hadronic weak Hamiltonian

that breaks quark-hadron duality, from breaking of QCD factorization, from resonance

contributions, etc. Hence, it’s important that we carefully consider these factors before

making any significant claim about NP. There are several ways to go about this. One could

try to estimate the uncertainties from the theory using clever and innovative techniques,

or one can design observables that are less and less dependent on these uncertainties, or

one can choose to investigate certain observables in certain kinematic regions such that

the hadronic e�ects are minimal, etc [6, 8, 32, 34–45].

A huge amount of literature is available on b! s� and b! s`+`� mediated rare de-

cays. Among the phenomenological studies, the global analyses mostly vary in degree

of sophistication, or by statistical approaches, or through means in which the theoretical

uncertainties are estimated. A few of them are discussed in the following. In [13], the

authors have tried to calculate the global significance of the relevant experimental data.

A detailed discussion of possible theoretical uncertainties with correlations and their ef-

fects on the results is given. However, the analysis relies on form factor estimates and

they have used integrated observables over the higher q
2 region to wash o� the e�ects

of broader charm resonances. Their earlier works [46, 47] also depend upon form fac-

tor estimates. In another work [48], the authors perform a global analysis of the then

measured LHCb data with a set of optimal observables (i.e. P1,2, P
0
4,5,6,8, and AFB) over

five q
2 bins along with branching ratio for some of the radiative and dileptonic B decays.

It is found that the discrepancy patterns in the data is well explained by a solution with

C
NP
7 ,C

NP
9 < 0. The C

NP
7 < 0 is driven by the radiative decays. Though the analysis uses

two low-recoil bins, emphasis is given to the first three bins in the high-recoil (or low q
2)

region where the observables have low hadronic and high NP sensitivities. The analysis

also does not include correlations among observables as they were not available at the

time. The authors also point out that the case for the chiarally-flipped Wilson coe�cient
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C
0
9 is favored by the data in high-recoil region but upset by the data in low-recoil region.

In [49] which uses a di�erent statistical approach, a global analysis is done using Baysian

inference and the theory uncertainties are modeled through use of nuisance parameters. It

uses lattice calculations of form factors and other QCD calculations for theory estimates.

NP scenario with additional chirally flipped operators O70,90,100 is discussed. The study

finds that the disagreements with the angular, and optimal observables can be di�used by

allowing 10%�20% shifts in the transversity amplitudes at low q
2 that can be attributed

to subleading contributions. However, when chirally-flipped operators are present, shifts

up to a few percent is adequate. The study finds if lattice-QCD form factors are used

for high q
2 bins, the scenario with chirally-flipped operators can explain the data as e�-

ciently or even better than the standard model. In another work [50], possible sources of

theoretical uncertainties and their implications on the LHCb P
0
5 is discussed. An ansatz

is proposed to parametrize the corrections to QCD factorisation beyond leading order of

⇤QCD/mb. The impact of power corrections at low-recoil is also discussed. They are

suppressed by (⇤QCD/mb)2 or by ↵s⇤QCD/mb [36]. Form factor estimates from LCSR

and LQCD calculations are used for obtaining the SM estimate. The authors also use a

toy Monte-Carlo model to calculate correlation among observables which is used in the

numerical analysis. Finally, the authors show that the discrepancies are consistent with

the MFV(minimal flavor violation) hypothesis, and no new flavor structures are needed.

In another work [44], the authors investigate the low recoil region in B̄! K̄
⇤(! K̄⇡)`+`�

and B̄! K̄`+`� with a complete set of semi-leptonic dimension-six operators. Observ-

ables that are free from hadronic uncertainties under OPE(operator product expansion) in

this limit are illustrated. The e�ects of power corrections or duality violation are assessed.

The sensitivity of observables to SM and NP models are discussed.

However, as seen above most of the studies rely on the form factor estimates coming from

LCSR or LQCD calculations. Even the optimal observables, that are less dependent on

these form factors, are prone to power corrections as well as corrections coming from

beyond the standard QCDF or OPE frameworks, even though they are only at few percent

level in some instances. Hence, in order to obtain a robust NP signal, a completely model

independent approach is required. Moreover, the global analyses indicate the presence of

NP in C9. Some of the studies also find good explanation in the presence of chiral-flipped
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operators.
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Chapter 3
Right Handed currents in B! K

⇤`+`�

The contents of this chapter are based on the work done with Rahul Sinha, Rusa Mandal,

Anirban Karan and Thomas E. Browder in [3].

3.1 Introduction

The rare semileptonic decay B! K
⇤`+`� involves b! s flavor changing quark transition

at the quark level. In the absence of FCNC in SM, these processes are loop induced with

penguin and box diagrams giving dominant contributions. Hence, these modes serve as

indirect yet sensitive probes for physics beyond the SM. With the subsequent decay of

K
⇤ ! K⇡, the angular analysis of the decay products enables us to measure a large number

of observables [51] which can then be used to reduce hadronic uncertainties. Moreover,

B mesons are produced in copious amounts at Belle, BABAR, and LHCb , with higher

statistics expected from Belle and LHCb in coming years. In view of these, B! K
⇤`+`�

is considered to be a relevant probe for new physics (NP). A considerable amount of work

has been devoted to study these modes. However, most of these e�orts have been put on

the low dilepton invariant mass squared region q
2 = 1�6 GeV2 [13]. Though the low q

2

region is immune to any significant resonance contributions, the theory involved in this

region relies on the form factor estimates and hence are prone to hadronic uncertainties.

Alternatively, e�orts have also been put in studying the large q
2 region [44,52] and some
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have been already successful in obtaining possible signals of NP in this limit [2]. In

this chapter, we show that there is a unique way to probe for a particular class of NP at

the very end of the kinetic spectrum. We discover that the latest LHCb measurements

imply a 5� evidence for the presence of NP in B! K
⇤`+`�. While the evidence of RH

currents is evident, other NP contributions are also feasible. Our conclusions are drawn

around q
2 ! q

2
max. Naturally, instead of depending on theoretical estimates for hadronic

parameters, we have used heavy quark symmetries which are reliable in this limit [10,52].

We have also used the limiting values of the observables that are kinetically constrained

at q
2
max and does not change in the presence of NP. However, their approach to these values

is a�ected by the nature of NP present in the decay channels.

In this chapter, we have presented a formalism that uniquely probes for RH currents in

B ! K
⇤`+`�. The chapter is arranged as follows: The model-independent theoretical

framework is presented in Sec. 3.2. The numerical procedures used for extracting RH

currents and, the impact of resonance and systematic contributions on it are discussed in

Sec. 3.3. Finally, we summarize in Sec. 3.4.

3.2 Theoretical Framework

3.2.1 The B! K
⇤`+`� rare decay

In SM, B! K
⇤`+`� decay is described in an e�ective theory, where, a e�ective Hamil-

tonian separates the short-distance and long-distance physics. However, exclusive decays

such as this are always a theoretical challenge. Not only do we have to assess the hadronic

form factors accurately, we also have to carefully accommodate e�ects such as the "non-

factorizable" contributions which do not correspond to the conventional form factors. The

nonfactorizable contributions originate from electromagnetic corrections to the hadronic

operators in the e�ective Hamiltonian. Nonetheless, it is possible to write the decay am-

plitudes in the most general parametric form which accommodates both the factorizable

and nonfactorizable contributions as shown in Ref. [1, 9].
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The short-distance e�ective Hamiltonian, He�, for the underlying quark level b! s`+`�

transition is given by

He� = �4
GFp

2

f

VtbV
⇤

ts

⇣
C1Oc

1+C2Oc

2+
10X

i=3
CiOi

⌘
+VubV

⇤
us

⇣
C1(Oc

1�Ou

1)+C2(Oc

2�Ou

2)
⌘g
,

(3.1)

where, GF is the Fermi constant, Vi j are the CKM matrix elements corresponding to the

respective quark currents. The local operators Oi are given in Ref. [7], out of which the

dominant operators are given by

O7 =
e

g2

f

s̄�µ⌫ (mbPR+msPL)b

g

F
µ⌫,

O9 =
e

2

g2 (s̄�µPLb) ¯̀�µ`,

O10 =
e

2

g2 (s̄�µPLb) ¯̀�µ�5`, (3.2)

where, e(g) is the electromagnetic(strong) coupling constant, PL,R = (1⌥ �5)/2 are the

chiral projection operators, and mb(ms) are the running b(s) quark mass in MS scheme.

The Wilson coe�cients, Ci, contain the short-distance information and are evaluated

perturbatively up to next-to-next-to-leading-logarithmic (NNLL) order [53, 54]. The NP

contributes exclusively to these Wilson coe�cients. The Wilson coe�cients calculated

for b! s`+`� process are same for every decay mode with the same underlying quark

level transition. The decay amplitudes for di�erent modes di�er only in the long-distance

contributions. The long-distance contributions are encoded in the hadronic matrix element

of the local bilinear operators Oi, i.e. h f |Oi |Bi, that are calculated using non-perturbative

techniques such as HQET. Most of the theoretical error in the decay amplitudes come from

the absence of reliable calculations of these matrix elements.

The decay amplitude in terms of the hadronic matrix elements for B! K
⇤`+`�is given

by [6, 52]

A(B(p)! K
⇤(k)`+`�) =

GF↵p
2⇡

VtbV
⇤

ts

"(
DC9hK⇤ | s̄�µPLb|B̄i
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� 2DC7

q2 hK
⇤ | s̄i�µ⌫q⌫ (mbPR+msPL)b|B̄i� 16⇡2

q2

X

i={1�6,8}
DCiHµi

)
¯̀�µ`

+ DC10hK⇤ | s̄�µPLb|B̄i ¯̀�µ�5`

#

, (3.3)

where, p = k + q with q being the dilepton invariant momentum. The DC7, DC9, and DC10

indicate the true values of the corresponding Wilson coe�cients. The non-local hadronic

matrix element, Hµ
i
, is given by

Hµ
i
= hK⇤(k) |i

Z
d

4
xe

iq.x
T { j µem(x),Oi (0)}|B̄(p)i. (3.4)

The form of the amplitude presented in Eq. (3.3) is notionally complete and free from any

approximation. The hadronic matrix elements can be expressed in the most general form

using Lorentz invariance [1]:

hK⇤(✏⇤, k) | s̄�µPLb|B(p)i = ✏⇤⌫
✓
X0q

µ
q
⌫ +X1

 
gµ⌫ � q

⌫
q
⌫

q2

!

+X2

 
k
µ� k .q

q2 q
µ

!
q
⌫ + iX3✏

µ⌫⇢�
k⇢q�

◆
, (3.5)

hK⇤(✏⇤, k) |i s̄�µ⌫q⌫PR,Lb|B(p)i = ✏⇤⌫
✓
±Y1

 
gµ⌫ � q

⌫
q
⌫

q2

!

±Y2

 
k
µ� k .q

q2 q
µ

!
q
⌫ + iY3✏

µ⌫⇢�
k⇢q�

◆
. (3.6)

Where, X0,1,2,3, and Y1,2,3 are form factors that are functions of q
2, and k

2. The ex-

plicit momentum dependencies have been ignored for notational simplicity. For B !
(K
⇤ ! K⇡)`+`�, the subsequent decay of K

⇤(k)! K (k1)⇡(k2) can be easily taken into

account [7, 51]. The corresponding hadronic matrix elements are given by

h[K (k1)⇡(k2)]K⇤ | s̄�µPLb|B(p)i = DK⇤ (k
2)W⌫

✓
X0q

µ
q
⌫ +X1

 
gµ⌫ � q

⌫
q
⌫

q2

!

+X2

 
k
µ� k .q

q2 q
µ

!
q
⌫ + iX3✏

µ⌫⇢�
k⇢q�

◆
, (3.7)

h[K (k1)⇡(k2)]K⇤ |i s̄�µ⌫q⌫PR,Lb|B(p)i = DK⇤ (k
2)W⌫

✓
±Y1

 
gµ⌫ � q

⌫
q
⌫

q2

!

±Y2

 
k
µ� k .q

q2 q
µ

!
q
⌫ + iY3✏

µ⌫⇢�
k⇢q�

◆
. (3.8)
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The subscript K
⇤ in [K (k1)⇡(k2)]K⇤ indicates that the final state has been produced by a

decaying K
⇤. DK⇤ (k

2) is the K
⇤ propagator:

|DK⇤ (k
2) |2 =

g2
K⇤K⇡

(k2�m
2
K⇤ )

2+ (mK⇤�K⇤ )2
, (3.9)

where, gK⇤K⇡ is the K
⇤
K⇡ coupling,

W⌫ = K⌫ � ⇠k⌫, K = k1� k2, k = k1+ k2, and ⇠ =
k

2
1 � k

2
2

k2 . (3.10)

The matrix elements arising from the nonlocal operators in Eq. (3.3) can also be expressed

in a generic form using Lorentz invariance:

Hµ
i
= hK⇤(✏⇤, k) |i

Z
d

4
xe

iq.x
T { j µem(x),Oi (0)}|B̄(p)i

= ✏⇤⌫

✓
Z i

1(gµ⌫ � q
⌫
q
⌫

q2 )+Z i

2(k
µ� k .q

q2 q
µ)q

⌫ + iZ i

3✏
µ⌫⇢�

k⇢q�

◆
. (3.11)

As these matrix elements arise from non-local contributions, three new form factors Z i

1,2,3

have been introduced corresponding to nonfactorizable contributions from each Hµ
i
.

From Eq. (3.3),(3.7),(3.8),(3.11) it’s easy to see that the non-local contributions can be

taken into account by redefining DC9 and modifying the contribution from the electromag-

netic dipole operator O7 [1]. DC7 is the dominant contributor for B ! K
⇤� at q

2 = 0.

However, the electromagnetic corrections to O1�6,8 also contribute to B! K
⇤� at q

2 = 0.

In addition, the charm loops at q
2 = 0 must contribute to DC7 in order for DC7 to be mode

independent. The e�ect of this is to modify the DC7hK⇡ | s̄i�µ⌫q⌫ (mbPR+mSPL)b|Bi terms

such that the form factors and Wilson coe�cients mix in an essentially inseparable fashion.

This holds true even for the leading logarithmic contributions [5, 55]. Both factorizable

and nonfactorizable contributions arising from electromagnetic corrections to hadronic

operators up to all orders can in principle be included in this approach. The remaining

contributions can easily be absorbed into a redefined e�ective DC9 defined such that

DC9! HC
( j)
9 =

DC9+�C
fac
9 (q2)+�C

( j),(non-fac)
9 (q2) (3.12)
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where, j = 1,2,3 and �C
fac
9 (q2), �C

( j),(non-fac)
9 (q2) correspond to the factorizable and

soft gluon nonfactorizable contributions, respectively and their dependencies on the form

factors are as follows,

�C
fac
9 +�C

( j),non-fac
9 = �16⇡2

q2

X

i={1�6,8}
DCi

Z i

j

X j

. (3.13)

It should ne noted that there is no nonfactorizable correction term in Eq. (3.11) analogous

to X0 due to EM current conservation.

The corresponding corrections to DC7 are taken into account by the replacement

2(mb+ms)
q2

DC7Y j ! HY j =
2(mb+ms)

q2
DC7Y j + ..., (3.14)

where the dots indicate other factorizable and nonfactorizable contributions. The HY j’s in

Eq. (3.14) are complex in general due to nonfactorizable contributions to DC7. However,

on-shell quarks and resonances do not contribute to them. The HC
( j)
9 ’s are also complex

as they contain both factorizable and nonfactorizable e�ects as defined in Eq. (3.13).

However, strong interaction e�ects originating from electromagnetic corrections to the

hadronic operators do not contribute to DC10. In SM, DC10 is real whereas HC
( j)
9 and HY j are

complex in general. The decay amplitude can therefore be written as

A
�
B(p)! [K (k1)⇡(k2)]K⇤`

+`�
�
=

GF↵p
2⇡

VtbV
⇤

ts
DK⇤ (k

2)
⇢

CLW .qX0q
µ

+C
(1)
L

X1

 
K
µ�W .q

q2 q
µ� ⇠k

µ

!
+C

(2)
L

W .qX2

 
k
µ� k .q

q2 q
µ

!
+ iC

(3)
L

X3✏
µ⌫⇢�

K⌫k⇢q�

�
 
⇣ HY1

 
K
µ�W .q

q2 q
µ� ⇠k

µ

!
+ ⇣W .qHY2

 
k
µ� k .q

q2 q
µ

!
+ iHY3✏

µ⌫⇢�
K⌫k⇢q�

!�
¯̀�µPL`

+ L! R

�

, (3.15)

where, CL,R = DC9⌥ DC10, C
( j)
L,R =

HC
( j)
9 ⌥ DC10, and ⇣ = (mb�ms)/(mb+ms). It’s important to

note that, no particular assumption has been made in obtaining Eq. (3.15) from Eq. (3.3).

The introduced form factors are completely general and not altered by power corrections

in HQET [56]. Consequently, Eq. (3.15) appears to be notionally exact.
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3.2.2 The angular distribution

Figure 3.1: A depiction of the B rest frame and related kinematic variables.

The decay B̄(p)! (K
⇤(k)! K (k1)⇡(k2))`+(q1)`�(q2), can be completely described in

terms of four independent kinematic variables: �, ✓`, ✓K , and the di-lepton invariant mass

squared q
2 = (q1+ q2)2. The angles are defined in the B rest frame as shown in Fig. 3.1,

where, the horizontal line towards the right is the +ve z-axis. The di�erential decay

distribution of B! K
⇤`+`� is given by

d
4�(B! K

⇤`+`�)
dq2d cos✓l d cos✓K d�

= I (q2, ✓l, ✓K,�) =
9

32⇡



I
s

1 sin2 ✓K + I
c

1 cos2 ✓K + (I
s

2 sin2 ✓K

+ I
c

2 cos2 ✓K ) cos2✓` + I3 sin2 ✓K sin2 ✓` cos2�+ I4 sin2✓K sin2✓` cos�

+ I5 sin2✓K sin✓` cos�+ I
s

6 sin2 ✓K cos✓` + I7 sin2✓K sin✓` sin�

+ I8 sin2✓K sin2✓` sin�+ I9 sin2 ✓K sin2 ✓` sin2�
�

. (3.16)

Here, the angular coe�cients I’s are measured from the study of the angular distribution

and, are q
2 dependent. However, for notational simplification their explicit q

2 dependence

has been suppressed.

In the massless lepton limit there are six real transversity amplitudes that correspond to six

distinct configurations of the final state: three states of polarizations of K
⇤ and left or right

chirality of `�. The angular coe�cients are expressed in terms of these six amplitudes:

AL,R
?,| |,0, where ?, | |, and 0 represent the polarizations of the on-shell K

⇤ and L,R denote
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the chirality of the lepton current. The explicit expression of I’s are given by

I
s

1 =
3
4



|AL

? |2+ |AL

| | |2+ (L! R)
�

, (3.17)

I
c

1 =


|AL

0 |2+ |AR

0 |2
�

, (3.18)

I
s

2 =
1
4



|AL

? |2+ |AL

| | |2+ (L! R)
�

, (3.19)

I
c

2 = �


|AL

0 |2+ (L! R)
�

, (3.20)

I3 =
1
2



|AL

? |2� |AL

| | |2+ (L! R)
�

, (3.21)

I4 =
1p
2



Re(AL

0 AL⇤
| | )+ (L! R)

�

, (3.22)

I5 =
p

2


Re(AL

0 AL⇤
? )� (L! R)

�

, (3.23)

I
s

6 = 2


Re(AL

| |A
L⇤
? )� (L! R)

�

, (3.24)

I7 =
p

2


Im(AL

0 AL⇤
| | )� (L! R)

�

, (3.25)

I8 =
1p
2



Im(AL

0 AL⇤
? )+ (L! R)

�

, (3.26)

I9 =


Im(AL⇤
| | AL

?)+ (L! R)
�

. (3.27)

Again, the explicit q
2 dependence of the amplitudes have been ignored for notational

simplicity.

The transversity amplitudes are expressed in terms of the form factors X0,1,2,3, and Y1,2,3

as follows:

AL,R
? = N

p
2�1/2(m2

B
,m2

K⇤,q
2)

⇥
(HC (3)

9 ⌥ DC10)X3� DY3
⇤
, (3.28)

AL,R
| | = 2

p
2N

⇥
(HC (1)

9 ⌥ DC10)X1� ⇣ DY1
⇤
, (3.29)

AL,R
0 =

N

2mK⇤
p

q2

⇥
(HC (2)

9 ⌥ DC10){4k .qX1+ �(m2
B
,m2

K⇤,q
2)X2}

� ⇣ {4k .qHY1+ �(m2
B
,m2

K⇤,q
2)HY2

⇤
, (3.30)

where,

 = 1+
HC

(1)
9 � DC

(2)
9

DC
(2)
9

4k .qX1

4k .qX1+ �(m2
B
,m2

K⇤,q
2)X2
, (3.31)
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�(a,b,c) ⌘ a
2 + b

2 + c
2 � 2(ab+ bc + ac) and N is the normalization constant. In the

narrow width approximation of K
⇤, |DK⇤ (k

2) |2 simplifies to

|DK⇤ (k
2) |2 =

48⇡2
m

4
K⇤

�3/2(m2
K⇤,m

2
K
,m2

⇡)
�(k

2�m
2
K⇤ ). (3.32)

This results in simplifying N to

N = VtbV
⇤

ts

"
G

2
F
↵2

3⇥210⇡5m
3
B

q
2
q
�(m2

B
,m2

K⇤,q
2) �

#1/2
. (3.33)

The transversity amplitudes described in Eq. (3.28) can be rewritten in a short-form

notation by introducing new form factors F� and HG� as follows:

AL,R
� = C

�
L,RF� � HG� =

�
HC

�

9 ⌥C10
�F� � HG� . (3.34)

3.2.3 The SM amplitude:

As discussed in the previous section, in the massless lepton limit, the B ! K
⇤`+`�

decay process can be completely described through six transversity amplitudes which are

expressed as [1]

AL,R
� = C

�
L,R F� � HG� =

�
HC

�

9 ⌥C10
�F� � HG�, (3.35)

where � runs over the polarizations of K
⇤ i.e., perpendicular (?), parallel (k), and longi-

tudinal (0) and L,R denote the chirality of the lepton current. C9 and C10 are the Wilson

coe�cients and HC
�

9 is the redefined “e�ective” Wilson coe�cient [1, 5, 6]:

HC
�

9 = C9+�C
(fac)
9 (q2)+�C

�,(non-fac)
9 (q2). (3.36)

�C
(fac)
9 , �C

�,(non-fac)
9 (q2) indicate the factorizable and the soft gluon non-factorizable con-

tributions, respectively. C10 is unaltered by strong interaction e�ects coming from the

electromagnetic correction to hadronic operators [7]. F� and HG� are form factors that can

be related to the conventional form factors when power corrections are neglected [1] and

our analysis does not rely on estimates of these form factors. The amplitudes in Eq. (3.35)
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have been written in the massless lepton limit of the SM [4]. This parametric form is gen-

eral enough to incorporate all short-distance, long-distance, factorizable, non-factorizable,

resonance as well as electromagnetic corrections of hadronic operators up to all orders.

The transversity amplitudes, the Wilson coe�cients, and the form factors are complex

in general. However, in the SM, C10 and F� are real which means that the complex

contributions to the amplitudes come from HC
�

9 and HG� . We can write the amplitudes such

that the complex contributions are clearly visible:

AL,R
� = (⌥C10� r� )F� + i"�, (3.37)

where r� and "� are two real parameters i.e.,

r� =
Re(HG� )

F�
�Re(HC�

9), (3.38)

"� = Im(HC�

9)F� � Im(HG� ). (3.39)

The "� contributions are ignorable in the SM. However, estimating their e�ects are essential

for making any conclusive claims of physics beyond the SM; we elaborate on this later in

the chapter.

The subsequent on-shell decay of K
⇤ ! K⇡ means the full 4-body angular analysis of the

final states in B! K
⇤`+`� lead to several observables. While there is a plethora of angular

observables to choose from, we only define those carrying relevance for this chapter:

F� =
|AL

� |2+ |AR

� |2
�f

� 2 {?, k,0}, �f ⌘
X

�

(|AL

� |2+ |AR

� |2) (3.40)

AFB =
3
2

Re(AL

kA
L
⇤
? �AR

kA
R
⇤
? )

�f

, (3.41)

A5 =
3

2
p

2

Re(AL

0 AL
⇤
? �AR

0 AR
⇤
? )

�f

. (3.42)

The relation between experimentally measured observables, LHCb [11] in particular, and
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the ones defined in Eq. (3.40-3.42) are given by

F? =
1�FL +2S3

2
, A4 = �

2
⇡

S4,

A5 =
3
4

S5, AFB=�A
LHCb
FB . (3.43)

Where S3, S4, S5, and A
LHCb
FB are some of the angular observables reported by LHCb .

3.2.4 Introducing Right-Handed currents:

If we imagine a beyond the SM scenario where only RH currents have been added as an

extension to the SM theory then the transversity amplitudes would be given by [7]

AL,R
? =

�
(HC?9 +C

0
9)⌥ (C10+C

0
10)

�F? � HG? (3.44)

AL,R
k =

�
(HC k

9 �C
0
9)⌥ (C10�C

0
10)

�Fk � HGk (3.45)

AL,R
0 =

�
(HC0

9�C
0
9)⌥ (C10�C

0
10)

�F0� HG0. (3.46)

At this point, we emphasize that "� has been ignored from now onwards unless they are

mentioned explicitly. For notational simplicity, we have introduced two parameters ⇠, and

⇠0:

⇠ =
C
0
10

C10
and ⇠0 =

C
0
9

C10
. (3.47)

The observables F?, Fk , FL, AFB and A5 (Eqs. (3.40) – (3.42)) can be expressed by

F? = 2⇣ (1+ ⇠)2(1+ R
2
?), (3.48)

FkP2
1 = 2⇣ (1� ⇠)2(1+ R

2
k ), (3.49)

FLP2
2 = 2⇣ (1� ⇠)2(1+ R

2
0), (3.50)

AFBP1 = 3⇣ (1� ⇠2)
�
Rk + R?

�
, (3.51)

p
2A5P2 = 3⇣ (1� ⇠2)

�
R0+ R?

�
, (3.52)
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where
P1 =

F?
Fk
, P2 =

F?
F0
, ⇣ =

F2
?C

2
10
�f

(3.53)

R? =

r?
C10
� ⇠0

1+ ⇠
, Rk =

rk
C10
+ ⇠0

1� ⇠ , R0 =

r0
C10
+ ⇠0

1� ⇠ . (3.54)

Note that R0, Rk , R?, P2, and P1 are dependent on form factors by definition. The objective

in hand is to determine these hadronic quantities entirely from the observables. However,

the helicity fractions or F�s are not all independent as they are constrained by

FL +Fk +F? = 1. (3.55)

This implies that we have four independent equations instead of five. Hence, we can solve

for four of our desired quantities in terms of the observables and one remaining unknown

parameter (P1 in this case) using Eq. (3.48)-(3.52):

R? = ±
3
2

⇣ 1�⇠
1+⇠

⌘
F?+ 1

2P1Z1

P1 AFB
, (3.56)

Rk = ±
3
2

⇣ 1+⇠
1�⇠

⌘
P1Fk + 1

2 Z1

AFB
, (3.57)

R0 = ±
3

2
p

2

⇣ 1+⇠
1�⇠

⌘
P2FL +

1
2 Z2

A5
, (3.58)

P2 =

⇣ 1�⇠
1+⇠

⌘
2P1 AFBF?

p
2A5

⇣⇣ 1�⇠
1+⇠

⌘
2F?+ Z1P1

⌘
� Z2P1 AFB

, (3.59)

where
Z1 = (4FkF? �

16
9

A
2
FB)

1
2 and Z2 = (4FLF? �

32
9

A
2
5)

1
2 . (3.60)

Our next task is to try and eliminate P1 and as we will see, a relation among the form

factors in the kinematic endpoint limit provides such an opportunity.

3.2.5 The kinematic endpoint

We choose the B rest frame to work with. In this frame, the kinematic endpoint limit is

defined by q
2 = q

2
max = (mB �mK⇤ )2. At this limit, the K

⇤ is at rest and the leptons travel
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back to back; as a result, there is no preferred direction left in the decay kinematics. Some

of the kinematic angles become irrelevant and can be integrated out, which in turn puts

constraints on the amplitudes and consequently on the observables. Since the full decay

can be described on a single plane, the perpendicular helicity must vanish which implies

that F? = 0. The K
⇤ decaying at rest means that the K⇡ distribution is isotropic and

independent of ✓K which implies Fk = 2FL [10]. Since all of the transversity amplitudes

vanish at q
2 = q

2
max, � f (q2

max) = 0. Overall, the nature of the decay kinematics at q
2 = q

2
max

result in very unique values for the observables [1, 10]:

FL (q2
max) =

1
3
, Fk (q2

max) =
2
3
, A4(q2

max) =
2

3⇡
,

F?(q2
max) = 0, AFB(q2

max) = 0, A5,7,8,9(q2
max) = 0. (3.61)

3.2.6 The low-recoil limit

The values taken by the observables at q
2
max are originated from kinematic constraints.

The presence of NP in the decays does not a�ect these fixed values. In particular, the

presence of RH currents does not a�ect these values; however, they could in principle

alter the way these observables approach these values. We are interested in studying this

behavior of observables around this region of the kinematic spectrum. The low-recoil

limit or q
2! q

2
max is a region where K

⇤ has low-recoil energy. The B! K
⇤`+`� mode has

been studied in this limit with a modified heavy e�ective theory framework [8, 52]. We

note that in q
2! q

2
max limit, the hadronic form factors satisfy the relation

HGk
Fk
=

HG?
F?
=

HG0
F0
= �2mbmBC7

q2 , (3.62)

where  ⇡ 1 [8]. This relation has particular relevance for our analysis and is easily

motivated. Moreover, it has been shown in Ref. [10] that the non-factorizable are also

helicity independent in this limit. As a result, Eq. (3.36),(3.38) and (3.62) imply [9]

r0 = rk = r? ⌘ r . (3.63)
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An immediate consequence of Eq. (3.63) comes from Eq. (3.54). It is easy to see that in

the presence of RH currents, R� must obey

R0(q2
max) = Rk (q2

max) , R?(q2
max). (3.64)

As mentioned already, this relation is unaltered by non-factorizable contributions. More-

over, the resonance contributions are helicity independent and hence do not a�ect Eq. (3.64).

Hence, this relation is theoretically clean and could serve as a clean probe for the presence

of RH currents in B! K
⇤`+`�.

3.2.7 The polynomial expansion

As mentioned in the previous subsection, we are interested in looking at how our observ-

ables and form-factor ratios (R� , P1, P2, ⇣) approach the kinematic endpoint. We note

that in the limit q
2! q

2
max, F?(q2

max) = 0 which implies

⇣ = 0. (3.65)

Similarly, Eq. (3.49),(3.50),(3.54) and (3.64) together imply that

P2 =
p

2P1 in the limit q
2! q

2
max. (3.66)

On the other hand, Eq. (3.65),(3.49) and (3.50) imply that

P1,2! 0 in the limit q
2! q

2
max. (3.67)

Hence, the functional dependency of P1,2 in terms of q
2 is crucial around q

2
max. We

Taylor expand all our observables around the kinematic endpoint in terms of the variable

� ⌘ q
2
max� q

2. The relative momentum dependence of the AL,R
� are taken in to account by

the leading order terms in � of the Taylor expansions. It is clear from Eq. (3.40)-(3.42) and

(3.61) that AL,R
? must have at least a O(

p
�) higher dependency compared to AL,R

k,0 . This

form of dependencies can also be seen in Ref. [10]. Given the O(�) behavior of AL,R
� , it
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is easy to infer the O(�) dependencies of the observables: the leading term in FL and Fk

would be O(�0), the leading term for F? would be O(�), whereas the leading terms for the

asymmetries, A5 and AFB, would be O(
p
�). As a result, the observables are expressed as

FL =
1
3
+F

(1)
L
�+F

(2)
L
�2+F

(3)
L
�3 (3.68)

F? = F
(1)
? �+F

(2)
? �2+F

(3)
? �3 (3.69)

AFB = A
(1)
FB�

1/2+ A
(2)
FB�

3/2+ A
(3)
FB�

5/2 (3.70)

A5 = A
(1)
5 �

1/2+ A
(2)
5 �

3/2+ A
(3)
5 �

5/2, (3.71)

where X
(n) is the coe�cient of the n

th term in the expansion of observable X . The

above parametric form is purely motivated by the observable behavior at the kinematic

endpoint and hence independent of any non-perturbative frameworks (HQET, for instance).

Moreover, the validity of it away from the endpoint is based on the analytic continuation of

the observables, hence it is insu�cient to account for resonance e�ects. We will discuss

how to deal with resonance systematics of the parametric fit later in the chapter.

3.2.8 The final input

The form factor relation of Eq. (3.62) is expected to hold in the large q
2 limit. The relation

is clearly satisfied if it is valid at each order in the Taylor expansion:

q
2
HG�
F�
= q

2
max

HG (1)
� + � (HG (2)

� �
HG (1)
�

q2
max

)+O(�2)

F (1)
� + �F (2)

� +O(�2)
. (3.72)

However, we only need that the relation is valid up to order �. As seen in Eq. (3.72),

this can be achieved if F (2)
� = cF (1)

� and (q2
max

HG (2)
� � HG (1)

� ) = c q
2
max

HG (1)
� where c is any

constant. On the other hand, P2 =
p

2P1 at q
2
max which means the leading order coe�cients

of P1,2 must obey the relation P(1)
2 =

p
2P(1)

1 . However, as F (2)
� = cF (1)

� , the second order

coe�cients also should obey

P(2)
2 =

p
2P(2)

1 . (3.73)
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This is the required input for us to be able to solve R� completely in terms of the observable

coe�cients in the limit q
2! q

2
max:

R?(q2
max) =

8A
(1)
FB (�2A

(2)
5 + A

(2)
FB )+9(3F

(1)
L
+F

(1)
? )F

(1)
?

8 (2A
(2)
5 � A

(2)
FB )

q
3
2 F

(1)
? � A

(1) 2
FB

=
!2�!1

!2
p
!1�1

, (3.74)

Rk (q2
max) =

3(3F
(1)
L
+F

(1)
? )

q
3
2 F

(1)
? � A

(1) 2
FB

�8A
(2)
5 +4A

(1)
FB +3A

(1)
FB (3F

(1)
L
+F

(1)
? )

=

p
!1�1
!2�1

= R0(q2
max) (3.75)

where, !1 =
3
2

F
(1)
?

A
(1) 2
FB

and !2 =
4 (2A

(2)
5 � A

(2)
FB )

3 A
(1)
FB (3F

(1)
L
+F

(1)
? )
. (3.76)

As the above equation suggests, R� (q2
max) are only dependent on F

(1)
L

, F
(1)
? , A

(2)
FB, and A

(2)
5 ;

where, the coe�cients are obtained through a polynomial fit to the experimental data.

If RH currents or any other NP that a�ect the perpendicular helicity di�erently around q
2
max

are not present then we must have R?(q2
max) = Rk (q2

max) = R0(q2
max). Then it’s clear from

Eq. (3.51) that R� (q2
max) > 0 as AFBP1 > 0 and ⇣ > 0 in this limit. On the other hand, even

if RH currents are present their contributions are expected to be small as otherwise they

would have been seen elsewhere. In such scenarios, ⇠ and ⇠0 are restricted to reasonably

small values and R� (q2
max) > 0 still holds true. This is made explicit in Eq. (3.74)-(3.75),

where only the positive solutions are kept as compared to Eq. (3.56)-(3.58).

3.3 Numerical Analysis

The numerical analysis based on the theoretical framework developed in Section 3.2 is

presented here.
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O
(1) (10�2) O

(2) (10�3) O
(3) (10�4)

FL �2.85±1.26 12.13±1.90 �5.68±0.67
F? 6.89±1.65 �9.79±2.47 3.83±0.86
AFB �30.58±1.95 26.96±3.58 �4.15±1.47
A5 �15.85±1.87 5.38±3.33 2.46±1.29

Table 3.1: The best fit values along with their±1� errors for coe�cients of the observables
in Eqs. ((3.68))-((3.71)) are shown. These values are obtained by fitting the bin-averaged
values of the observables to the LHCb ’s 14-bin measurements [11].

3.3.1 Polynomial fits

As made apparent in Eq. (3.64), the presence of RH currents can be inferred by measuring

the R� at q
2
max. To that e�ect, we have deduced a way to compute R� using experimentally

measurements at this limit, see Eq. (3.74),(3.75) and (3.68)-(3.71). In order to achieve this,

we have to extract the expansion coe�cients of the observables or X
(n) from experimental

data. The data we use are based on the latest LHCb measurements [11] of FL, F?, AFB and

A5. The corresponding correlations among the observables, as reported by LHCb , are also

taken into account. These measurements provide observables evaluated in particular bins

of q
2 and the corresponding values in theory are easily calculable from Eq. (3.68)-(3.71)

in terms of X
(n). We fit these theoretical bin averaged entities to their bin averaged values

measured in experiments through a �2 minimization. We have used the 14-bin data set

based on the method of moments [57] as compared to the 8-bin data set as the earlier one

provides more data sets close to the kinematic endpoint and hence helps to constraint the

parameters better.

First, we fit a polynomial (in terms of �) to the di�erential decay rate or d�/dq
2 data [12]

for the entire q
2 region. We use this fit for d�/dq

2 (say �(q2)) in weighted average of

all observables. The theoretical bin averaged observables are then obtained by integrating

their polynomial or parametric forms weighted with that of the di�erential decay rate. For

instance, the bin averaged value of an observable O in q
2 bin [bi,b f ] would be given by

R
bf

bi
O(q2)�(q2) dq

2

R
bf

bi
�(q2) dq2

. (3.77)
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Figure 3.2: The polynomial fits for FL, F?, AFB and A5 are shown. The q
2 is in units of

GeV2. The solid brown curve at the center correspond to the third-order polynomial seen
in Eq. (3.68)-(3.71). The dashed brown lines along with the light brown shaded region
illustrate the ±1� error bands of the central polynomial fit. The black cross marks depict
the LHCb measurements [11] and their errors.

The best fit values obtained for each of the observable coe�cients or X
(n) are shown in

Table 3.1. We have used a covariance matrix technique to estimate the errors on each of

the coe�cients. Note that the factorization assumption A
(1)
FB = 2A

(1)
5 still holds true within

±1�. However, we treat A
(1)
FB and 2A

(1)
5 as two independent measurements of any given

quantity. The resulting polynomial fits for FL, F?, AFB and A5 are shown in Fig. 3.2, from

left to right respectively. The solid brown curve at the center correspond to the third order

polynomial seen in Eq. (3.68)-(3.71). The dashed brown lines along with the light brown

shaded region illustrate the ±1� error bands of the central polynomial fit. The black cross

marks depict the LHCb measurements [11] with the center indicating the central value in

the specific bin, the horizontal line indicating the span of the q
2 bin and the vertical line

indicating the ±1� errors on the measurements.

3.3.2 Hint of Right-Handed Currents

Given the knowledge of the observable coe�cients, !1,2 are easily calculated using
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Figure 3.3: The estimated contours of R� in R? – Rk,0 plane are shown. The predicted 1�
and 5� confidence levels are shown in light and dark gray contours, respectively. The gray
point at the center of 1� contour indicates the best fit value. The black star corresponds
to the SM estimate. The solid red straight line represents the R? = Rk,0.

Eq. (3.76):

!1 = 1.10±0.30 (1.03±0.34),

!2 = �4.19±10.48 (�4.04±10.12), (3.78)

where the values in round brackets are evaluated in terms of A
(1)
5 , using A

(1)
FB = 2A

(1)
5 in

Eq. (3.76). Considering the large errors in extraction of !1,2, R� are obtained numerically

using Eq. (3.74)-(3.75) and we consider two di�erent approaches in doing so. In one

approach, the F
(1)
L

, F
(1)
P

, A
(1)
FB, A

(1)
5 , A

(2)
FB, and A

(2)
5 are taken as Gaussian distributions

around the central values as mean and errors from Tabel. 3.1. For each set of randomly

chosen values from these distributions, we generate R� . The R� , thus simulated, must lie

on a 45o inclined straight line in R? � Rk,0 plane if RH currents are absent. However, we

observe the slope of Rk,0 vs R? to be nearly horizontal, implying R? � Rk,0. This can be

perceived as evidence for presence of RH currents in B! K
⇤`+`� .

In another approach, we fit R� as functions of !1,2 to their estimated values and errors

in Eq. (3.78) by minimizing the corresponding �2 function. The results are depicted in

Fig. 3.3. The predicted 1� and 5� confidence levels are shown in light and dark gray
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Figure 3.4: The predicted regions in ⇠ - ⇠0 plane are shown. The yellow, orange and
red contours correspond to 1�, 3� and 5� confidence levels, respectively. The red dot
at center indicates the best fit value. The black star correspond to the SM estimate of
C
0
10/C10 and C

0
9/C10. These plots illustrate the sensitivity of ⇠, and ⇠0 to r/C10. The

figure in the first panel corresponds to ⇠ - ⇠0 contours generated using the SM estimate
of r/C10 = 0.84 [8] and the SM value of ⇠, and ⇠0 lied beyond 5� confidence level.
The estimates in the second panel correspond to r/C10 = 0.60 which coincides with an
additional NP contribution C

NP
9 ⇡ �1 [13]. The estimates on the last panel result from

treating r/C10 as a nuisance parameter where the SM value is lying on the edge of 3�
confidence level.

contours, respectively. The gray point at the center of 1� contour indicates the best fit

value. The black star corresponds to the SM estimate. The solid red straight line represents

the R? = Rk,0. The deviation of the contours from the SM estimates is a signal of the

presence of RH currents.

3.3.3 ⇠ and ⇠0 estimates

As the presence of RH currents established, we move to get an estimate of corresponding

Wilson coe�cients (WC), i.e. C
0
9 and C

0
10. We use Eqs. (3.54), (3.74) and (3.75) to perform

a �2 fit to our NP parameters ⇠ and ⇠0. The SM estimate for r/C10(q2
max) is required as an

input here which can be easily obtained from Eq. (3.62). The predicted regions in ⇠ - ⇠0

plane are shown in Fig. 3.4. The yellow, orange and red contours correspond to 1�, 3�

and 5� confidence levels, respectively. The red dot at center indicates the best fit value.

The black star correspond to the SM estimate of C
0
10/C10 and C

0
9/C10. The first figure

corresponds to the SM estimate of r/C10 = 0.84 [8]. The best fit values with ±1� error

of ⇠ and ⇠0 are �0.63±0.43 and �0.92±0.10, respectively. The SM estimate lies beyond

5� confidence level in this case which is as per expectation with Fig. 3.3.
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The r/C10 estimates are sensitive to errors in Wilson coe�cients, other kinds of NP

contributions, resonance contributions, etc. In order to make our claims more robust, we

have to consider these e�ects. We scan r/C10 over a range of values and find that the

evidence for RH currents is clear. However, the discrepancy can be somewhat reduced

if r/C10 is smaller. This scenario is depicted in the second (middle) figure in Fig. 3.4

where the SM estimate lies on the edge of 5� confidence level. The corresponding value

of r/C10 is 0.6, which results from C
NP
9 ⇡ �1 as suggested by a global fit analysis for

b! s transition [13]. The best fit values ⇠ and ⇠0 with ±1� errors are obtained to be

�0.73±0.32 and �0.69±0.10, in this case.

The third or last figure in Fig. 3.4 depicts a scenario where r/C10 has been considered as

a nuisance parameter. The best fit values with ±1� error of ⇠, ⇠0 and r/C10 are given by

�0.63± 0.43, �0.92± 0.14 and 0.84± 0.10, respectively. The errors in the NP Wilson

coe�cients have increased due to variation in r/C10. However, the SM estimate still lies

on the edge on 3� confidence level establishing the presence of RH currents.

3.3.4 Resonance e�ects

In this section, we assess the e�ect of resonance states on the parametric fits to the

observables presented in Eq. (3.68)-(3.71). The dominant resonance contributions in

B! K
⇤`+`� come from the charm resonances. In the absence of an exact theory, it is

impossible to separate the real signal from resonance e�ects as is done for other background

modes. Not surprisingly, bins containing narrow width resonances such as J/ and  (2S)

are usually ignored in the extraction of observable data. However, the interference of these

resonances with the signal mode can have a significant impact on the observables even

beyond the aforementioned bins. Moreover, the e�ect of broad resonances in the higher q
2

region is always present in the bin-averaged observables. Considering these, it is safe to

assume that the resonance contributions are implicitly present in the bin-averaged values

of the observables. Two obvious questions emerge: How significant are they?, and How

do they a�ect our conclusions?

In our approach, we have used polynomial functions to fit the observable data but we could

have equally chosen any other function. However, a poor choice of functions will lead to
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a poor fit with large errors. Our fits reflect the errors resulted from ignoring resonance

contributions. It should be noted that even if a better function or a better estimate of

resonance systematics were to be implemented, the fits itself would not be invalidated

rather the errors estimated in Table. 3.1 would decrease. In other words, our errors are

an overestimate. We also emphasize that the real part of resonance contributions are

notionally included in the amplitudes and the imaginary parts are also accounted for as

discussed in Sec. 3.3.6. Since, both our theory and experimental data include resonance

contributions, the observed discrepancy cannot arise due to resonances. Below we dis-

cuss the di�erences between q
2 distributions with and without resonances as systematic

uncertainties.

In the following numerical analysis, the observable values are evaluated from the SM

estimated form factors and Wilson coe�cients. For q
2  15GeV2 the form factors are

evaluated using LCSR [32] while for q
2 � 15GeV2 Lattice QCD [33] is used. The reso-

nances are introduced as prescribed in [58] where the corresponding one-loop functions

in C
e�
9 are defined by

g(mc,q
2) = �8

9
ln

mc

mb

� 4
9

+
q

2

3
P

Z 1

4m̂
2
D

R
cc̄

had(x)
x(x� q2)

dx+ i
⇡

3
R

cc̄

had(q2), (3.79)

where P denotes the principal value. mc and mb are masses of c and b quark, respectively.

Also, m̂D = mD/mb where mD is the mass of D�meson. The hadronic cross section ratio

R
cc̄

had(q2) is defined by

R
cc̄

had(q2) ⌘ �tot(e+e
� ! hadrons)

�tot(e+e� ! µ+µ�)
(3.80)

which can be written as

R
cc̄

had(q2) = R
cc̄

cont(q
2)+ R

cc̄

res(q2), (3.81)

where R
cc̄

cont and R
cc̄
res indicate contributions from the continuum and the narrow resonances,
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respectively. The narrow widths are well approximated by a Breit-Wigner ansatz:

R
cc̄

res(q2)=Nr

X

V=J/ , 0..

9q
2

↵

Br(V! `+`�)�V

tot�
V

had

(q2�m
2
V

)2+m
2
V
�V2

tot
e

i�V (3.82)

where Nr is a normalization factor which determines the size of resonance contributions.

mV , �V

tot, and �V

had are the mass, the total width and the hadronic width of vector meson

“V". �V is a strong phase associated with each of the vector mesons. In this analysis,

we have taken the J/ (1S),  (2S),  (3770),  (4040),  (4160) and  (4415) resonances

into account. We have used the values for the masses and widths of these mesons as

provided in [59]. The continuum part, R
cc̄

cont(q
2) can be determined using experimental

data. We have considered two di�erent parametrization of R
cc̄

cont(q
2), as given in Refs. [58]

and [45]. We observe that both of these parametrization give virtually indistinguishable

results for this analysis. Before moving on to the next step, we introduce another overall

normalization factor Nb such that d�/dq
2 is consistent with its experimentally observed

value. As seen from Eq. (3.79)-(3.82), C
e�
9 and in turn the transversity amplitudes depend

on Nb, Nr and �V . In other words, given �V all the observables depend only on Nb and

Nr . However, �V are not known quantities hence we simulate their values in particular

intervals for their entire range.

Using the framework described above, we numerically calculate the branching fractions

for eight q
2 bins given in Ref. [12]. Summing them all up we end up with a quantity

which is denoted by d�tot
th /dq

2. Similarly, we also calculate the branching fractions for

the q
2 region [3.052,3.152] to match with the cuts implemented by Belle in measuring

the B
0 ! J/ K

⇤0 branching fraction [61] and denote it by d�
J/ 
th /dq

2. Given �V , the

d�tot
th /dq

2 and d�
J/ 
th /dq

2 are completely dependent on the normalization factors which

means by comparing them with their experimentally measured values we can obtain Nb

and Nr . In other words, Nb and Nr can be obtained by solving the following quadratic

equations:

d�tot
th (Nb,Nr )

dq2 = 4.379⇥10�7

d�
J/ 
th (Nb,Nr )

dq2 = 1.29⇥10�3. (3.83)
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The above equation also implies that for each set of choices of �V , we obtain two sets of

values of Nb and Nr . The strong phases are varied through ⇡/12 intervals starting from

0 to 2⇡. Keeping a limited amount of data, we present only some sample plots which

are obtained by varying �V for J/ (1S),  (4040), and  (4160) resonances. More than

22000 of such plots have been put together in the form of movies that are available on [62].

Two particular examples corresponding to �J/ (1S) = 0, � (4040) = 0, � (4160) = 0, and

�J/ (1S) = 3⇡/2, � (4040) = 4⇡/3, � (4160) = 5⇡/2 are presented in Fig. 3.5. Where, the

red curves correspond to SM predicted behavior of the corresponding observables in the

absence of resonance contributions. The observables have been evaluated using LCSR

form factors for 4m
2
` < q

2 < 15GeV2 and Lattice-QCD form factors for 15GeV2 < q
2 < q

2
max.

The solid gray curves result after the inclusion of resonance contributions. The light gray

bands lie around the threshold of narrow resonances J/ (1S),  (2S), and  (3770). The

resonance e�ects are expected to be significant in this region and hence ignored in the

experimental data.

From Fig. 3.5 and [62], we observe that the inclusion of resonances does not have any

noticeable e�ect on the helicity fractions. Only the asymmetries AFB, and A5 show signif-

icant change. Furthermore, we note that the asymmetries show a drop in their magnitudes

for 15GeV2  q
2  19GeV2 region. In other words, the magnitudes of AFB, and A5 will

increase in this q
2 region if it were possible to somehow subtract the resonance contribu-

tions from the data. Similarly, the slope or the angle of approach of the corresponding

polynomial fits (A
(1)
FB, A

(1)
5 ), as they approach zero at q

2
max, will also increase if the reso-

nances could be subtracted. Following Eq. (3.76) it is clear that the !1 will decrease if

resonance e�ects could be taken out or in other words, the !1 will increase in its value

in 15GeV2  q
2  19GeV2 region if resonance e�ects are included. Note that !1 central

values from our fits (see Eq. 3.78) are already close to unity. Since !1 < 1 is unphysical,

we infer that the data can not have significant resonance contributions.

We can also see analytically that significant resonance contributions would in fact strengthen

our claims. For that we consider the observable Z1 [1, 9] which can be cast as

Z1 =

r
4FkF? �

16
9

A
2
FB
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Figure 3.5: The observables FL, F?, AFB, and A5 after the inclusion of charm resonances
are shown here. The q

2 is in units of GeV2. The red dashed curves correspond to the
SM estimate of the corresponding observables evaluated using LCSR and Lattice-QCD
form factors. The gray curves correspond to the observables with resonances added. The
figures on the left column have all the strong phases set to zero, while the ones on the
right correspond to the choice of �J/ (1S) = 3⇡/2, � (4040) = 4⇡/3, and � (4160) = 5⇡/2.
The light gray shaded regions correspond to 8.0GeV2 < q

2 < 11.0GeV2, and 12.5GeV2 <
q

2 < 15.0GeV2. Since these regions are dominated by resonance contributions, they are
excluded from the experimental data [11].
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=
4
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|AFB |
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9FkF?
4A

2
FB
�1 =

4
3
|AFB |

p
⌦1�1 (3.84)

where ⌦1 =
9FkF?
4A

2
FB
. (3.85)

The observable is real implying ⌦1 > 1. Experimental measurements of Fk , F? and AFB

for q
2 > 15GeV2 indicate that⌦1 is close to unity. If resonance contributions are explicitly

included Z1 becomes,

Z1 =
4
3
|AFB |

vuuut
9(Fk �

2"2
k
�f

)(F? � 2"2
?
�f

)

4A
2
FB

�1

=
4
3
|AFB |

s

⌦1�O
⇣2"2

k,?⌦1

Fk,?� f

⌘
�1 (3.86)

where "� is defined in Eq. (3.39) and O
⇣ 2"2

k,?⌦1

Fk,?�f

⌘
> 0.

Hence, we conclude that the resonance contributions cannot be significant in data or else

the value of⌦1 would become unphysical. It should be noted that!1 ⌘⌦1(q2
max), implying

that the value of!1 which we find very close to unity is consistent and would only decrease

and become unphysical if resonances were included. The same arguments hold for the

observables Z2 and⌦2 or!2. It may be noted that in a previous study of resonance e�ects

in B ! K`+`� [45], the di�culty in accommodating the LHCb-result in the standard

treatment of the SM or QCD was noted and possible right-handed current contributions

were suggested.

3.3.5 Convergence of polynomial fit

In Sec. 3.2 the observables FL, F?, AFB, and A5 were Taylor expanded in terms of third

order polynomials around q
2
max, see Eqs. (3.68)– (3.71). The values of the fit coe�cients

were given in Table. 3.1. In this section we study the systematic e�ects on the fit coe�cients

F
(1)
L

, F
(1)
P

, A
(1)
FB, A

(2)
FB, A

(1)
5 , and A

(2)
5 as they determine !1,2 defined in Eq. (3.76). We

have varied order of the polynomials from two to four. We have also varied the number of
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Figure 3.6: A summary of the fit coe�cient values and their ±1� errors are shown here.
The coe�cients are obtained by varying the order of the polynomials as well as the number
of bin averaged values considered in the data set. The color code for di�erent orders of
the polynomial are shown in each panel. The x�axis denotes the number of bin averaged
values used in the fit. The y� axis denotes the value taken by these coe�cients. The best
fit values of the coe�cients are given by circular dots while the vertical bars through them
denote ±1� errors. The thin gray line indicates the value zero.

experimental bin averaged values, used in the fit, from last four to fourteen. The resulting

fits with ±1� error bands for FL, F?, AFB, and A5 are depicted in Fig. 3.9, Fig. 3.10,

Fig. 3.11, and Fig. 3.12, respectively. The color codes and other details are as that of

Fig. 3.2. The corresponding fit coe�cients F
(1)
L

, F
(1)
P

, A
(1)
FB, A

(2)
FB, A

(1)
5 , and A

(2)
5 and their

errors are illustrated in Fig. 3.6. The color codes for varying order of the polynomials are

given in each panel of Fig. 3.6. The x�axis denotes the number of bin averaged values
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Figure 3.7: The third order polynomial fits to 14-bin SM simulated data are shown here.
The q

2 is in units of GeV2. The blue central curve is the best fit while the dashed blue
curves along with the light blue shaded region illustrate ±1� region surrounding the best
fit. The blue crosses depict the corresponding observable data points which are generated
using LCSR form factors for q

2  15GeV2 and Lattice QCD form factors for q
2 � 15GeV2.

used in the fit. The y� axis denotes the value taken by these coe�cients. The best fit

values of the coe�cients are given by circular dots while the vertical bars through them

denote ±1� errors. The thin gray line indicates the value zero. We observe from Fig. 3.6

that the fit coe�cients show a good degree of convergence in terms of the order of the

polynomials when more number of bin averaged values are used in the fit, particularly

when seven or higher number of bins are used. A small mismatch is observed in F
(1)
P

, and

A
(1)
5 even with large number of bins. As evident, the third order polynomials with all of

the fourteen bins are used as the best suited fit.

To illustrate the sanctity of our choice, we use the same third order polynomials to fit

the observables to 14-bin SM data. The SM data for the observables are obtained using

form factor values from LCSR [32] for the q
2  15GeV2 and from Lattice QCD [33] for

q
2 � 15GeV2 region. The results are shown in Fig. 3.7. The central blue line correspond

to the best fit polynomial while the dashed blue curves along with the light blue shaded
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region denote ±1� errors on them. It is clear that the fits are satisfactory in the entire q
2

region while being impeccably accurate for q
2 � 15GeV2.

3.3.6 Imaginary contributions to amplitude, "�

The complex contributions to the transversity amplitudes or "� (see Eq. (3.37)) are usually

expected to be sub-dominant and were neglected in Sec. 3.2. Nonetheless, "� are not

necessarily small and their e�ects have to be assessed in order to validate our claims.

The amplitude definitions in Eq. (3.37) leads to 2|"� |2/� f contributing to F� [1]. We

define this quantity as D"� ⌘ 2|"� |2/� f . We can Taylor expand D"� in terms of � around q
2
max:

D"? = D"
(1)
? �+D"(2)

? �2+D"(3)
? �3, (3.87)

D"0 = D"
(0)
0 +D"

(1)
0 �+D"(2)

0 �2, (3.88)

D"k = D"
(0)
k +D"

(1)
k �+D"(2)

k �2. (3.89)

The limiting values (as �! 0) of F� in Eq. (3.61) implies

D"(0)
k = 2D"(0)

0 . (3.90)

As seen in Ref. [1], the helicity fractions gets modified by D"�:

F� = F
0
� +D"�

where F
0
� = F�

�
�"�!0 . (3.91)

AFB and A5 are unaltered by "� . On the other hand, asymmetries such as A7, A8, and A9

are linearly proportional to "� [1]. Following Eq. (3.91) and the fact that AFB, and A5 are

unaltered, the !1,2 defined in Eq. (3.76) get modified as

!1 =
9
4

⇣
2
3 �2D"(0)

0

⌘ ⇣
F

(1)
? �D"(1)

?
⌘

A
(1) 2
FB

, (3.92)

!2 =
4
⇣
2A

(2)
5 � A

(2)
FB

⌘ ⇣
1�3D"(0)

0

⌘

3 A
(1)
FB

⇣
3F

(1)
L
+F

(1)
? +D"

(1)
k �2D"(1)

0

⌘ . (3.93)
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As the above equation suggests we need to obtain the coe�cients D"(0)
0 , D"(1)

0 , D"(1)
k , and D"(1)

?

in order to estimate !1,2. We have used the 3 fb�1 of LHCb data [11] to simulate these

coe�cients which are then used in estimating

!1 = 1.03±0.31 (0.98±0.29),

!2 = �4.52±17.40 (�3.94±9.86). (3.94)

The first values are obtained using A
(1)
FB, and A

(1)
9 while the ones in round brackets are

obtained using 2A
(1)
5 and �2

3 A
(1)
8 . We only require that the factorization assumption holds

true in leading order of the observable expansions i.e., A
(1)
FB = 2A

(1)
5 and A

(1)
9 = �2

3 A
(1)
8 .

Comparing with Eq. (3.78) we observe that the inclusion of complex contributions has

insignificant e�ect on!1,2. Hence, we infer that our claims are not a�ected by the complex

contributions present in the amplitudes.

3.3.7 E�ect of finite K
⇤ width

The K
⇤ has a finite width of 47.3± 0.5MeV [65]. This implies that the position of the

kinematic endpoint q
2
max could vary within a small range which would in turn a�ect the

polynomial fits. We have studied the modification in coe�cients of the polynomial fits

by varying q
2
max in the range 18.34� 20.10GeV2 in Eq. (3.68)–(3.71). The !1,2 can be

evaluated for any choice of q
2
max in this range e.g. we present 5 instances in Table 3.2 for

which!1,2 have been evaluated. With the corresponding polynomial fits shown in Fig. 3.8:

q
2
max(in GeV2) !1 !2

18.34 0.84±0.24(0.77±0.25) 25.16±433.67(24.01±413.86)
18.81 0.99±0.27(0.91±0.3) �9.31±54.83(�8.91±52.50)
19.21 1.10±0.3(1.03±0.34) �4.19±10.48(�4.04±10.12)
19.69 1.24±0.34(1.17±0.41) �2.61±3.87(�2.54±3.78)
20.10 1.34±0.37(1.31±0.48) �2±2.23(�1.98±2.22)

Table 3.2: The best fit values and their ±1� errors for !1,2 with varying q
2
max are shown in

this table. The values in the round brackets are evaluated using A
(1)
5 , as opposed to A

(1)
FB.

64



0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

0 5 10 15 20
-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

q2

F ⊥

0 5 10 15 20
-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

q2

A F
B

0 5 10 15 20
-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

q2

A 5

Figure 3.8: The third-order polynomial fits for FL, F?, AFB, and A5 with varying q
2
max are

shown. The q
2 is in units of GeV2. The central curves are the best fits while the dashed

orange curves along with the light orange shaded region illustrate ±1� region surrounding
the best fit. The blue crosses illustrate the corresponding experimental data points.

We have taken a weighted average over the Breit-Wigner shape of K
⇤ for !1,2:

!1 = 1.11±0.30 (1.03±0.35)

!2 = �3.56±28.34 (�3.50±27.44). (3.95)

These values are consistent with the values quoted in (3.78).

3.4 Summary

To summarize, we have presented a phenomenological framework to uniquely probe for

RH currents in B! K
⇤`+`�. In this approach we have focused on relations among form

factors emerging out of heavy quark symmetry arguments that are extremely reliable at

q
2
max [44,52]. This approach di�ers from others [13] that probe NP at low q

2, as we do not

rely on theoretical estimates for the hadronic parameters. Moreover, our parametrization
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of the amplitudes include non-factorizable loop corrections and power-corrections, in

general. We have also used the limiting values of the observables which are kinetically

constrained at q
2
max which does not change in presence of NP. However, their approach

to these values are a�ected by the nature of NP present in the decay mode. We have

parametrized the observables in form of polynomials which are just Taylor expansions

around q
2
max. The latest LHCb measurements are used to fit the polynomials. The data

implies a 5� evidence for RH currents in B! K
⇤`+`�. However, the significance of RH

would be reduced if other kind of NP contributions were present. Varying the lone input

parameter r/C10, results in a reduced 3� evidence for RH currents.

We have also assessed the impact, a variety of non-perturbative and systematic con-

tributions could have on our claims. A comprehensive study on the charm resonance

contributions in Sec 3.3.4 reveal that the present data around q
2
max can not have significant

resonance contributions and even if they did, the evidence for RH currents would have

more significance. The systematics of the polynomial fits are discussed in Sec. 3.3.5,

where a third order polynomial fit using 14-bin LHCb measurements is chosen as the

benchmark. The sanctity of this choice has been illustrated though fits to a 14-bin SM

simulated data set. Similarly, the impact of non-zero imaginary contributions and finite

K
⇤ width are discussed in Sec. 3.3.6 and Sec. 3.3.7, respectively, where we find that our

conclusions remain unaltered. All things considered, we contemplate that if the current

feature of data persists even with higher statistics then the presence of RH currents can be

established using this approach.

66



4 bins
Order 2

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L
6 bins
Order 2

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

8 bins
Order 2

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

10 bins
Order 2

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

12 bins
Order 2

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

14 bins
Order 2

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

4 bins
Order 3

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

6 bins
Order 3

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

8 bins
Order 3

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2
F L

10 bins
Order 3

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

12 bins
Order 3

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

14 bins
Order 3

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

4 bins
Order 4

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

6 bins
Order 4

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

8 bins
Order 4

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

10 bins
Order 4

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

12 bins
Order 4

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

14 bins
Order 4

0 5 10 15 20
0.0

0.2

0.4

0.6

0.8

1.0

1.2

q2

F L

Figure 3.9: Variation of the fits with varying number of bins and varying order of poly-
nomials, in steps of two, for FL are shown here. The q

2 is in units of GeV2. The color
code and other details are same as that of Fig. 3.2. The values for the fit coe�cients are
summarized in Fig. 3.7
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Figure 3.10: Variation of the fits with varying number of bins and varying order of
polynomials, in steps of two, for F? are shown here. The q

2 is in units of GeV2. The color
code and other details are same as that of Fig. 3.2. The values for the fit coe�cients are
summarized in Fig. 3.7
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Figure 3.11: Variation of the fits with varying number of bins and varying order of
polynomials, in steps of two, for AFB are shown here. The q

2 is in units of GeV2. The
color code and other details are same as that of Fig. 3.2. The values for the fit coe�cients
are summarized in Fig. 3.7
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Figure 3.12: Variation of the fits with varying number of bins and varying order of
polynomials, in steps of two, for A5 are shown here. The q

2 is in units of GeV2. The color
code and other details are same as that of Fig. 3.2. The values for the fit coe�cients are
summarized in Fig. 3.7
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Chapter 4
Electroweak penguin pollutions in weak

phase ↵ measurement

The contents of this chapter are based on the work done with Rahul Sinha, Anirban Karan,

and Benjamin Grinstein in [64].

4.1 Prologue

Symmetries have played a vital role in our understanding of nature. All of our physical

theories are based on some form of a symmetric principle, for instance, in the theory of

relativity, the speed of light is a symmetry of space-time transformations. The symmetries

used in our physical theories can be categorized into space-time symmetries and internal

symmetries. The space-time symmetries are transformations that a�ect the space-time

coordinates, in other words, transformations in the 4-vector Minkowski space. These sym-

metries can be categorized into two distinct forms: continuous space-time symmetries and

discrete space-time symmetries. The continuous space-time symmetries are continuous

transformations which can be regarded as a series of an infinite number of small steps:

Lorentz transformation, translation in space or time, rotations around an axis, etc. On the

other hand, discrete space-time symmetries are discrete in nature and usually consist of

three transformations: parity (P), charge conjugation (C), time reversal (T), etc. The P, C,
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and T symmetries are of fundamental relevance in physics. On the other hand, the internal

symmetries are related to transformations that do not a�ect the space-time coordinates.

These symmetries could be global that are same everywhere in space: baryon number,

lepton number, SU (2) isospin, SU (3) isospin, etc., or they could be local that vary over

space: U (1)Y hypercharge, SU (2)L gauge symmetry, SU (3)C color symmetry, etc. Out

of these intriguing symmetries, we will mostly be talking about P, C, and SU (2) isospin

symmetries in this chapter.

The P and C symmetries are defined as invariance under the following transformations:

• parity P – reflecting the space coordinates e.g. ~x!�~x,

• charge conjugation C – transforming a particle into its antiparticle.

The nature of these transformations had, earlier, lead physicists to propose that P and

C should be symmetries of nature at fundamental scales and confirmation of it through

experimental observations in electromagnetic and strong interactions had left little doubt

about this proposition. However, in 1956, Lee and Yang proposed that P must be violated

in order to explain an anomaly observed in Kaon decays. A year later, quite contrary to the

popular belief, this was confirmed experimentally by Madam Wu and her collaborators.

As a result, it was established that the weak interactions violate parity and that too to

the maximum extent. Though shocked, physicists were able to find some peace in the

observation that the weak interactions also violate C maximally such that the combination

of them, charge-parity or CP, was still conserved by all known interactions. However,

in 1964, they were ba�ed, again, when CP violation was observed for the first time in

Kaon decays by Fitch, Cronin et al . at BNL. CP violation is more fundamental in the

sense that it means nature makes a clear distinction between particle and anti-particle in a

convention-independent way, even if CP is violated ever so lightly. It also has important

implications for T invariance: as CPT invariance holds naturally in quantum field theories,

CP violation could not occur without violating T . Moreover, CP violation represents the

most delicately broken symmetry observed so far in nature and acts as a very powerful

phenomenological probe. However, inducting CP violation into theories is not an easy

task. For instance, P violation could be embedded into gauge theories through chiral
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coupling even give meaningful definition to maximal P or C violation. For CP and T

violation, the situation is completely di�erent. In SM, we use the CKM prescription where

it is implemented through complex Yukawa couplings which we will elaborate next.

We start with the SM Lagrangian:

LSM = Lkinetic+LHiggs+LYukawa. (4.1)

The Yukawa part is expressed as,

LYukawa = ��̃Q̄LY
u
uR��Q̄LY

d
dR��L̄LY

l
lR+h.c. (4.2)

In the mass basis these terms are diagonalized by linear redefinition of the quark fields,

uL ! VuLuL, uR! VuRuR, dL ! VdL dL, dR! VdRdR. (4.3)

However, these linear transformations must preserve the form of kinetic terms which

implies

V
†

uL
VuL = I, (4.4)

and the o�-diagonal terms in gauge interactions give us an unitary matrix

V = VuLV
†
dL
. (4.5)

This is the Cabibbo-Kobayashi-Masakawa (CKM) mixing matrix for quarks or VCKM . As

this is not diagonal in the mass basis, W
± gauge bosons couple to mass eigenstates of

quarks belonging to di�erent generations and this is the only source of flavor changing

quark interactions as well as CP violation in SM. The parameters of the CKM matrix are

fundamental to SM which means their precise measurement carries great significance. It
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is useful to write the matrix in terms of quarks they connect:

*
.
.
.
.
.

,

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

+
/
/
/
/
/

-

(4.6)

The unitarity of the CKM matrix imposes constraints on it’s elements:

X

i

Vi jV
⇤

ik
= � j k and

X

j

Vi jV
⇤
k j
= �ik . (4.7)

In other words, the rows and columns of VCKM are orthogonal to each other. These

constraints are inherently triangle equations which are aptly referred to as unitarity trian-

gles. Four independent parameters are needed to define the CKM matrix. The original

parametrization of Kobayashi and Masakawa used three angles (✓1, ✓2, ✓3) and a CP-

violating phase �:

2
6
6
6
6
6
6
6
6
6
4

c1 �s1c3 �s1s3

s1c2 c1c2c3� s2s3e
i�

c1c2s3+ s2c3e
i�

s1s2 c1s2c3+ c2s3e
i�

c1s2s3� c2c3e
i�

3
7
7
7
7
7
7
7
7
7
5

, (4.8)

where, cj ⌘ cos✓ j and s j ⌘ sin✓ j . Various other parametrizations have also been proposed,

one of the more commonly used ones is the Wolfenstein parametrization which uses the

four parameters �, A, ⇢, and ⌘:

2
6
6
6
6
6
6
6
6
6
4

1� 1
2�

2 � A�3(⇢� i⌘)

�� 1� 1
2�

2
A�2

A�3(1� ⇢� i⌘) �A�2 1

3
7
7
7
7
7
7
7
7
7
5

+ O(�4). (4.9)

In terms of orders of magnitude VCKM may be tentatively expressed as,

VCKM ⇠
*
.
.
.
.
.

,

✏0 ✏1 ✏3

✏1 ✏0 ✏2

✏3 ✏2 ✏0

+
/
/
/
/
/

-

✏ ⇡ 0.1 (4.10)
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As evident from Eq.(4.7-4.10), not all unitarity triangles are useful as most of them

are squashed, with one side being much smaller than the other two e.g. the triangle

corresponding to 1st and 2nd column that is ✏1+ ✏1+ ✏5 = 0. However, two triangles have

sides of comparable sizes e.g. the triangle corresponding to the 1st and 3rd columns, and

the 1st and 3rd rows i.e. ✏3+ ✏3+ ✏3 = 0. The unitarity conditions corresponding to these

triangles are given by

VudV
⇤

ub
+VcdV

⇤
cb
+VtdV

⇤
tb
= 0, (4.11)

VudV
⇤

td
+VusV

⇤
ts
+VubV

⇤
tb
= 0. (4.12)

The triangle in Eq.(4.11) has been tested extensively experimentally. The triangle is

constructed by taking out VcdV
⇤

cb
as a common factor. The internal angles of this triangle

are defined as

↵ = arg
 
�

VtdV
⇤

tb

VudV
⇤

ub

!
, � = arg

 
�

VcdV
⇤

cb

VtdV
⇤

tb

!
, � = arg

 
�

VudV
⇤

ub

VcdV
⇤

cb

!
, (4.13)

and they must add up to ⇡ by construction i.e. ↵+ �+� = ⇡, violation of this would unde-

niably confirm the presence beyond SM physics. Then, the objective is to over-constrain

these parameters through various direct or indirect measurements. The direct measure-

ments are mostly accomplished through CP violating observables in B-meson decays. For

instance B! ⇡⇡, ⇢⇡, ⇢⇢ are used for ↵, while B! J/ K
0, J/ ⇡0,D(⇤)+

D
(⇤)� etc are used

for �, and B
±! DK

± are used for � measurements [65].

4.2 The CKM matrix elements

The CKM parameters are fundamental to the Standard Model. In addition, CP violation in

SM can only be understood through the CKM framework, meaning precise measurements

of these parameters are important. Consequently, there have been e�orts to measure their

magnitudes, and phases as accurately as possible.

The magnitudes of the CKM elements are obtained through experimental observables in
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various semi-leptonic, leptonic, or hadronic weak decays. In some cases estimates of form

factors are used which are obtained from lattice QCD framework. For instance, |Vud | is
extracted from the 0+ ! 0+ nuclear beta decays. These measurements are theoretically

clean as it involves pure vector transitions. Similarly, |Vcd | is measured using experimental

measurements in semileptonic charm decays and theoretical estimates of the corresponding

form factors. |Vcb | is measured from the inclusive and exclusive decays of B mesons to

charm mesons.

In SM, CP violation involves the CKM phases, hence, CP violating observables are used

to constrain them. Measuring the CP violation in K
0 � K̄

0 mixing renders important

information on the CKM matrix. The ✏ and ✏0 are two parameters in terms of which the

CP-violating observables in K
0 � K̄

0 mixing are expressed. The constraint from ✏ are

bounded by approximate hyperbolas in the ⇢̄, ⌘̄ plane, see Fig. 4.1. The measurement

of 6 Re(✏0/✏ ) = 1� |⌘00/⌘+� |2 is a qualitative test of the CKM mechanism which, in

turn, puts strong constraints on several NP models. The observation of its non-zero

value, Re(✏0/✏ ) = (1.67±0.23)⇥10�3, confirms the presence of direct CP violation [66].

However, due to large hadronic uncertainties, Re(✏0/✏ ) / Im(VtdV
⇤

ts
) is not very useful in

extracting the CKM parameters. Most SM estimates are in agreement with this observed

value, however, with future improvements, specifically from lattice QCD, we will be able

to test these consistencies more accurately.

CP-violating observbles in B-meson decays give direct information on the angles of the

unitarity triangle which improve determination of the CKM matrix elements. The time-

dependent CP asymmetry of a neutral B decaying to a final state f , common to B
0 and

B̄
0, is given by [65, 67, 68]

A f =
�(B̄

0(t)! f )��(B
0(t)! f )

�(B̄0(t)! f )+�(B0(t)! f )
= Sf sin(�mdt)�Cf cos(�mdt) (4.14)

where,

Sf =
2Im� f

1+ |� f |2
, Cf =

1� |� f |2
1+ |� f |2

, � f =
q

p

Ā f

A f

. (4.15)

q/p describes the B
0� B̄

0 mixing and given by, in SM, q/p = V
⇤

tb
Vtd/VtbV

⇤
td
= e
�2i �+O(�4).
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A f ( Ā f ) is the decay amplitude for B
0 ! f (B̄0 ! f ). If f is a CP eigenstate, and

amplitudes with one CKM phase dominate the decay process, then |A f | = | Ā f |, Cf = 0,

and Sf = sin(arg� f ) = ⌘ f sin2�, where ⌘ f is the eigenvalue of f and 2� is the phase

di�erence between B
0 ! f and B

0 ! B̄
0 ! f decay paths. A contribution of another

amplitude to the decay with a di�erent CKM phase makes Sf sensitive to relative strong-

interaction phases between the decay amplitudes. For instance, b! cc̄s decays to CP

eigenstates (B0 ! charmonium K
0
S,L) are used to measure the angle � by measuring

Sf = �⌘ f sin2�. Here, the b! s penguin have dominantly the same weak phase as

the b! cc̄s tree with only �2-suppressed penguin amplitudes introducing a di�erent

CP-violating phase. As a result, amplitudes with a single weak phase dominate the

decay, with expectation of | Ā K/A K | < 0.01. The e
+

e
� asymmetric-energy B-factory

experiments, BABAR [69] and Belle [70], and LHCb [71] provide precise measurements.

The world average, including some other measurements, is [72] sin2� = 0.699± 0.017.

The ambiguities in these measurements are resolved by global fits. The B
0! J/ ⇡0 and

B
0! D

(⇤)+
D

(⇤)� can also measure sin2�. Here, the dominant component of the b! d

penguin amplitude has a di�erent CKM phase than the tree while having a similar order

of magnitude in �. Consequently, the e�ects of penguins could be large implying Cf , 0,

Sf , �⌘ f sin2�. Measurements by BABAR, Belle, and LHCb indicate that the sin2� is

consistent with that from B
0! charmonium K

0
S,L modes. However, the uncertainties in

these measurements are sizable, leaving room for future improvements in understanding

the penguin contributions. The b! cūd decays B
0! D̄

0(⇤)
h

0, with D̄
0! CP eigenstates

and D̄
0! K

0
S
⇡+⇡� with Dalitz plot analysis, have no penguin contributions, and provide

theoretically clean sin2� measurements. The average joint analysis by BABAR and Belle

data [73–75] give sin2� = 0.71± 0.09 [72]. The b! sqq̄ penguin dominated decays

have, up to a very good approximation, the same CKM phase as b! cc̄s tree level decays

as V
⇤

tb
Vts = �V

⇤
cb

Vcs[1+O(�2)]. Hence, decays such as B
0! �K

0 and ⌘0K0 are used in

sin2� measurements in SM. In addition, these modes are used in search of NP as any NP

amplitude with a di�erent CKM phase would imply Sf , �⌘ f sin2�, and possibly Cf , 0.

The unitary angle �, by definition, (see Eq.(4.13)) does not depend on CKM elements

involving the top-quark, hence, can be measured in the tree-level B decays. The absence

of heavy loops also mean that the � extraction is unlikely to be a�ected by NP. To
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this end, the interference between B
� ! D

0
K
� (b! cūs) and B

� ! D̄
0
K
� (b! uc̄s)

decays are used for extraction of �. However, the level of uncertainty in these processes

is sensitive to the ratio rB = |A(B
� ! D̄

0
K
�)/A(B

� ! D
0
K
�) |, which is around 0.1

inclusively. There are a few well established methods where various combination of

exclusive channels are considered such that the interfering amplitudes become comparable.

For instance, the Gronau-London-Wyler(GLW) method [76,77] considers the decays where

D decays to CP eigenstates i.e. B
± ! D

(⇤)
CP

(! ⇡+⇡�)K
(⇤)±. Whereas, the Atwood-

Dunietz-Soni(ADS) method [78,79] uses the interference among the Cabibbo-allowed D̄
0

and doubly-Cabibbo-suppressed D
0 decays to alleviate rB. The Giri-Grossman-So�er-

Zupan(GGSZ) method [80, 81] involves Dalitz plot analysis of D decaying to CP self-

conjugate final states, such as K
0
S
⇡+⇡�. For B

0
s
! D

±
s

K
⌥ the corresponding amplitude ratio

is much larger, allowing a model-independent extraction of ��2�s, where a constraint on

�s will have to be used. Combining all the measurements done by Belle, BABAR, and

LHCb , the � is constrained as � = (72.1+4.1
�4.5)�.

The information obtained on the CKM elements can be used to test for the unitarity of

the CKM matrix. For instance, |Vud |2+ |Vus |2+ |Vub |2 = 0.9985±0.0005, |Vcd |2+ |Vcs |2+
|Vcb |2 = 1.025± 0.022, |Vud |2 + |Vcd |2 + |Vtd |2 = 0.9970± 0.0018, |Vus |2 + |Vcs |2 + |Vts |2 =
1.026±0.022, and ↵+ �+ � = (179+7

�6)� are obtained, which are consistent with SM. We

can also do global fits to all available measurements while imposing all of the unitarity

constraints simultaneously. This provides the most precise determination of the CKM

matrix elements even though the fits require theoretical estimates of hadronic matrix

elements. There are several independent groups involved e.g. CKMfitter [18], Ref. [82],

and UTfit [83]. The fit results for the triangle in Eq. (4.11) along with constraints on the

⇢̄, ⌘̄ plane from various measurements are shown in Fig. 4.1.

4.3 Introduction: Measuring ↵

The unitarity triangle formed by ↵, �, and � (see Eq.(4.13)) has been tested extensively

through direct and indirect measurements [18,83] in search for physics beyond the SM. As

of now the direct and indirect measurements of the weak phases are in good agreement.
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Figure 4.1: The constraints from various measurements are shown here. The shaded areas
have a confidence level of 99%.

However, with the increased statistics coming from both the LHCb and Belle II collabora-

tions, more accurate measurements are expected in the future. Hence, it is imperative to

formulate methods that are clean and precise in extraction of the weak phases.

The weak phase ↵ is the relative phase between VtdV
⇤

tb
and VudV

⇤
ub

. Consequently, b! uūd

decay dominated modes are used for it’s extraction. Unlike other modes, where penguin

amplitudes are usually suppressed compared to tree amplitudes, the penguins here are of

the same order of magnitude in � but, they do have di�erent CKM phases which makes

the extraction of ↵ sensitive to the penguin contributions. However, this matter could be

settled by using a method of isospin decomposition [14, 85–87] which is used to extract

↵ from B ! ⇡⇡ and B ! ⇢⇢ modes. The electroweak penguin can also contribute to

these modes and in turn pollute the ↵ measurement, but its contribution is expected to

be negligible in SM. However, the electroweak penguins(EWPs) are sensitive to physics

beyond the SM hence require careful consideration. There is no exact theoretical estimate

available for the EWPs. We propose a method where these contributions can be estimated

from experimental data itself. However, in order to achieve this, we need one extra input

as isospin framework alone is not enough; we elaborate on what follows.

We begin our theoretical framework by assuming the SM and including electroweak

penguin contributions. Our objective is to see how well the theory agrees with the present
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experimental data. Our sole assumption in this framework is that the indirect measurements

of ↵ [18, 83] are in fact the correct value of ↵ and this is our needed extra input. We

then estimate the electroweak contributions using available data on B! ⇡⇡ and B! ⇢⇢

modes. We find that our estimates for these contributions are in fact small and within

1� from theoretical expectations from SM. Considering current measurements have large

errors, there is neither any proof of deviation from SM nor any proof of isospin violation.

We also observe that by measuring the time-dependent asymmetry in B
0! ⇢0⇢0 we can

not only test isospin but also get rid of ambiguities in the solution of ↵.

The use of B ! ⇢⇢ in ↵ extraction usually involves some approximations: ⇢0 being a

neutral vector meson has substantial mixing with other light neutral vector mesons, e.g.

photon, leading to long-distance contributions which can imitate the electroweak penguin

contributions; we assume that only I = 0 and I = 2 isospin amplitudes contribute to the

decay mode, however, the I = 1 amplitude can also contribute in principle which then

would serve as a correction to the isospin prescription; it is assumed in the experimental

analysis that transverse polarization contributions are ignorable. We observe that the

approximations are indeed valid as B! ⇢⇢ works well under these assumptions.

The rest of the chapter is arranged as follows. Sec. 4.4 contains the necessary theoretical

framework, followed by Sec. 4.5, where we present our numerical procedure and results.

We summarize in Sec. 4.6.

4.4 Thoretical Framework

We begin by describing how to separate the tree and penguin amplitudes in B ! ⇡⇡ .

The B! ⇢⇢ modes can be treated similarly with some approximations. This is achieved

by relating the B
0! ⇡+⇡�, B

0! ⇡0⇡0 and B
+! ⇡+⇡0 decay amplitudes using isospin

decomposition. The pions are iso-triplets with each of them having isospin I = 1 and third

component of isospin equal to their charge Iz = +1,0,�1; as a result, the bose symmetry of

identical particles implies that the two pion final states can only be in states with isospin

I = 0 or I = 2. We note further that, the tree diagrams in the decay can lead to both I = 0
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or I = 2 final states [88] whereas the penguin contributions can only lead to I = 0 final

state [89]. In other words, both the tree and penguin contribute in �I = 1/2 (as initial state

is in I = 1/2 state) transitions while �I = 3/2 transitions contains pure tree contributions.

Finally, since ⇡+⇡0 can not be in I = 0 final state, B
+ ! ⇡+⇡0 happens via �I = 3/2

and only gets contribution from the tree diagrams. Now we can expand the B
0! ⇡+⇡�,

B
0 ! ⇡0⇡0 and B

+ ! ⇡+⇡0 amplitudes (denoted as A
+�, A

00 and A
+0, respectively) in

terms of the isospin amplitudes corresponding to I = 0 and I = 2 final states (A0 and A2,

respectively) [14]:

1p
2

A
+� = A2� A0,

A
00 = 2A2+ A0,

A
+0 = 3A2. (4.16)

An immediate consequence of Eq. (4.16) is that the decay amplitudes satisfy a triangle

equation in complex plane,

1p
2

A
+�+ A

00 = A
+0. (4.17)

Similarly, the relation among the charge conjugated counterparts is given by,

1p
2

Ā
+�+ Ā

00 = Ā
+0. (4.18)

The amplitudes Ā
+�, Ā

00, and Ā
+0 correspond to the charge-conjugated processes (i.e.

B̄
0 ! ⇡+⇡�, B̄

0 ! ⇡0⇡0, and B
� ! ⇡�⇡0, respectively) and are obtained from A

i j (i, j

correspond to +, �, or 0) by simply changing the sign of the weak phase.

The decay amplitude can also expressed in terms of complex topologies or graph contri-

butions. Taking account of all possible penguin diagrams, the decay amplitudes can in

general be written as [15, 16]

1p
2

A
+� = (T +E)e

i� + (P+
2
3

P
C

EW
)e
�i �,

A
00 = (C�E)e

i� + (PEW +
1
3

P
C

EW
�P)e

�i �,
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A
+0 = (T +C)e

i� + (PEW +P
C

EW
)e
�i � . (4.19)

The complex topologies T , C, P, PEW , and P
C

EW
are referred as “tree", “color-suppressed-

tree", “penguin", “electroweak-penguin", and “color-suppressed electroweak-penguin"

amplitudes correspondingly and they include strong phases. There could also be a tiny

penguin annihilation contribution to the B
0 decay modes but it does not a�ect the isospin

relations in Eq. (4.17-4.18). The conjugate amplitudes are obtained by switching the sign

of the weak phases:

1p
2

Ā
+� = (T +E)e

�i� + (P+
2
3

P
C

EW
)e

i �,

Ā
00 = (C�E)e

�i� + (PEW +
1
3

P
C

EW
�P)e

i �,

Ā
+0 = (T +C)e

�i� + (PEW +P
C

EW
)e

i � . (4.20)

Note that these amplitudes still satisfy the isospin triangle relations in Eq. (4.17-4.18). It is

convenient to redefine the amplitudes of the decay modes and their conjugated counterparts

by rotating them by e
�i� and e

i�, respectively:

Ã
+� = e

�i�
A
+�, Ã

00 = e
�i�

A
00, Ã

+0 = e
�i�

A
+0

˜̄
A
+� = e

i�
Ā
+�, ˜̄

A
00 = e

i�
Ā

00, ˜̄
A
+0 = e

i�
Ā
+0. (4.21)

It is clear that these redefinitions does not a�ect the isospin triangle relations in Eq. (4.17-

4.18). The observable definitions are also not altered by such redefinitions. Using the

unitarity triangle relation �+� = ⇡�↵, we can cast the amplitudes in Eq. (4.19) in terms

of a single weak phase ↵:

1p
2

Ã
+� = (T +E)+ Xe

i↵,

Ã
00 = (C�E)+Y e

i↵,

Ã
+0 = (T +C)+ (X +Y )e

i↵, (4.22)

where, X = (�P � 2
3 P

C

EW
) and Y = (P � PEW � 1

3 P
C

EW
). The corresponding conjugate
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amplitudes are given by,

1p
2

˜̄
A
+� = (T +E)+ Xe

�i↵,

˜̄
A

00 = (C�E)+Y e
�i↵,

˜̄
A
+0 = (T +C)+ (X +Y )e

�i↵ . (4.23)

An important observation at this point is that the quantity X +Y ( = �PEW � P
C

EW
), only

depends on the electroweak penguins and color suppressed electroweak penguins [15].

In other words, X +Y serves as a measure of pure electroweak contributions in B! ⇡⇡

modes. The redefined amplitudes follow the same isospin relation i.e.

1p
2

Ã
+�+ Ã

00 = Ã
+0,

1p
2

˜̄
A
+�+ ˜̄

A
00 = ˜̄

A
+0. (4.24)

The relations in Eq.(4.24) are inherent triangle equations in the complex plane. As we

know, any two triangles can be fully described, up to a finite ambiguity, by lengths of the

sides and a relative angle between any related side of the two triangles. In other words,

we require seven pieces of information. Six of these are provided by measurements of the

branching fractions Bi j and the direct CP asymmetries Ci j for each of the B! ⇡⇡ modes.

The Bi j and Ci j are defined as

Bi j =
| Ãi j |2+ | ˜̄Ai j |2

2
, Ci j =

| Ãi j |2� | ˜̄Ai j |2

| Ãi j |2+ | ˜̄Ai j |2
. (4.25)

These two observables together render full information about each individual triangle but

say nothing about the relative orientation between them, we require one more piece of

information. The measurement of the time-dependent CP asymmetry in B ! ⇡+⇡� or

S+�, which is related to the phase between Ã
i j and ˜̄

A
i j , provides the seventh information.

S+� is defined as

S+� =
q

1�C
2
+� sin(2↵e�),

where, 2↵e� = 2↵+2�↵ or ⇡�2↵e� = 2↵+2�↵. (4.26)
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Figure 4.2: An illustration of the isospin triangles depicted in the complex coordinate
plane. The figure defines the notation of coordinates and angles used to obtain the
solutions of decay amplitudes including ambiguities. There is a sixteen-fold ambiguity
in the solutions of coordinates as can be seen from Eq. (4.28), hence, there are sixteen
distinct orientations of the triangles drawn in this figure. However, only eight solutions
result in the correct value of 2↵e�.

2�↵ is the relative phase between ˜̄
A
+� and Ã

+�. As evident from the above equation,

the measurement of 2↵e� alone is not enough to determine 2�↵, we need to know ↵

beforehand. Here, we assume that the indirect measurements are a true measure of ↵

and use this value as an input to estimate 2�↵. A diagrammatic presentation of the two

resulting isospin triangles, in the complex coordinate frame, is given in Fig. 4.2.

In conventional ↵ measurements, the electroweak penguins are neglected (i.e. X +Y ! 0)

which leads to ˜̄
A
+0 = Ã

+0 (see Eq. (4.22-4.23)) and 2�↵ can be calculated using just the

seven observables. In other words, the relative orientation of the two triangles gets fixed

up to a finite ambiguity and ↵ can be measured directly from ↵e� with ambiguities. In

presence of the electroweak penguin, there are four independent combinations of complex

topologies i.e. T +E, C�E, X , and Y , and considering that the overall phase is immaterial,

we have seven independent hadronic parameters to solve for. It is clear that we can not solve

for these parameters as well as ↵ from seven measurements hence we use the indirectly

measured value of ↵ and translate the di�erence between the “direct” and “indirect”

measurements to a bound on �↵ and, in turn, the electroweak penguins.

From Fig. 4.2, it is easy to express the magnitudes of each side in terms of the coordinates
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and also the observables:

1
2 | Ã+� |2 = x

2
1+ y

2
1 =

1
2 {B+�(1+C+�)}

| Ã+0 |2 = l
2
1 = B+0(1+C+0)

| Ã00 |2 = (x1� l1)2+ y2
1 = B00(1+C00)

1
2 | ˜̄A+� |2 = x

2
2+ y

2
2 =

1
2 {B+�(1�C+�)}

| ˜̄A+0 |2 = x
2
3+ y

2
3 = B+0(1�C+0)

| ˜̄A00 |2 = (x3� x2)2+ (y3� y2)2 = B00(1�C00). (4.27)

The solutions for the coordinates in terms of the observables are given by,

l1 = | Ã+0 |

x1 =
1p
2
| Ã+� | cos✓

y1 =
1p
2
| Ã+� | sin✓

x2 =
1p
2
| ˜̄A+� | cos✓0

y2 =
1p
2
| ˜̄A+� | sin✓0

x3 = | ˜̄A+0 | cos(✓0 � ✓̄)

y3 = | ˜̄A+0 | sin(✓0 � ✓̄) (4.28)

where the phases ✓, ✓0, ✓̄ and 2�↵ are depicted in Fig. 4.2. There is an overall sixteen

fold ambiguity in the above coordinate solutions which means we have sixteen di�erent

triangles but only eight of them give the correct value of 2↵e�: ✓ and ✓̄ are obtained

using the cosine law from their respective triangles which means both of them have

twofold ambiguities and 2�↵, with correct convention, too has a two-fold ambiguity given

by 2�↵ = 2↵e� � 2↵ or 2�↵ = ⇡ � 2↵e� � 2↵. Hence, together we have an eightfold

ambiguity in our solutions for the amplitudes. This is according to expectation as the

weak phase ↵ is measured with an eightfold ambiguity using conventional methods. The

right-hand side of Eq. (4.28) can be expressed completely in terms of observables; for the

sake of compactness, we have refrained from doing so.
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B! ⇡⇡ B! ⇢⇢
B+� ⇥10�5 0.512±0.019 2.77±0.19

C+� �0.32±0.04 0.0±0.09
S+� �0.63±0.04 �0.14±0.13

corr(C+�, S+�) 0.21 �0.02
B00⇥10�5 0.159±0.026 0.096±0.015

C00 �0.33±0.22 0.2±0.85
S00 - 0.3±0.73

corr(C00, S00) - 0.0
B+0⇥10�5 0.55±0.04 2.4±0.19

C+0 �0.03±0.04 0.05±0.05
↵ 91.8±2.88

Table 4.1: The table shows the used experimental values of the branching fraction,
direct CP asymmetry and time-dependent CP asymmetry of B! ⇡⇡ and B! ⇢⇢modes
observed in [18,19,65,91], respectively. Note that in order to maintain consistency between
the definitions of Ci j in [18, 19, 65, 91] and Eq. (4.25), the signs of C+0 in Table 4.1 has
been reversed as compared to the values reported in [18, 19, 65, 91].

We use the available experimental data to obtain the coordinate which in turn will render the

full complex decay amplitudes. The data used for this analysis are shown in Table. 4.1. The

observables are simulated as normal distributions around their central values with errors

and available correlations. In other words, each time we use the value of an observable

in Eq. (4.28) means that we are picking a random value from that observable’s simulated

profile. We make sure that the simulated data sets are physically allowed by imposing the

triangle inequalities (which makes sure that the triangle is closed) and �1  {Ci j, Si j }  1.

Each of the physical data set gives us eight equivalent solutions of the amplitudes. We

observe that the triangles obtained by the simulated observables close in for around half

of the time for B! ⇡⇡ modes whereas the odds drop to a few percent for B! ⇢⇢modes.

This closure depends on isospin bounds [16,90] on B00. Since the observed values of B00

are really small and barely satisfy the isospin bounds, the small odds for triangle getting

close is expected for both B! ⇡⇡ and B! ⇢⇢ modes.

Once we have determined the decay amplitudes, it’s straightforward to calculate the

hadronic parameters T + E, C � E, X , and Y . We can also estimate the observable S00

which is not yet measured in B
0 ! ⇡0⇡0 but has been measured in B

0 ! ⇢0⇢0. Our

primary objective is to estimate the size of electroweak contributions or X +Y . For a
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better grasp on the numbers, we normalize our hadronic parameters by the dominant tree

contributions |T +C | and define the desired quantities as RP = {X̃,Ỹ, X̃ + Ỹ }:

X̃ =
X

|T +C | ,

Ỹ =
Y

|T +C | ,

X̃ + Ỹ =
X +Y

|T +C | ⌘ ze
i�TC, (4.29)

where z is defined in Eq. (4.32) and �TC is the strong phase of T +C.

As discussed earlier in this section, the B
± ! ⇡±⇡0 decay only gets contribution from

�I = 3
2 part of the Hamiltonian. In presence of electroweak penguins, �I = 3

2 operators

has both tree and electroweak penguin contributions; and they can be related by assuming

that only C7 and C8 are neglected [17]:

HEW

�I=
3
2
= �3

2
VtbVtd

VubVud

C9+C10
C1+C2

Htree

�I=
3
2

(4.30)

The amplitudes ˜̄
A
+0, Ã

+0 can be expressed here as

Ã
+0 = (T +C)+ ze

i↵ (T +C),

˜̄
A
+0 = (T +C)+ ze

�i↵ (T +C), (4.31)

where,

z = �3
2
�
�
�
�
�

VtbVtd

VubVud

�
�
�
�
�

C9+C10
C1+C2

⇡ �0.013
�
�
�
�
�

VtbVtd

VubVud

�
�
�
�
�

. (4.32)

Eq. (4.32) serves as a theoretical estimate for z in this analysis. The value of ratio of CKM

elements (VtbVtd)/(VubVud) are taken from Ref. [18].
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4.5 Numerical Analysis

4.5.1 Topological Amplitudes:

The decay amplitudes can be cast in a general form:

Ã
i j =O1+O2e

i↵,

˜̄
A

i j =O1+O2e
�i↵ . (4.33)

The solution to O1 and O2 are then given by,

O1 =
˜̄
A

i j
e

i↵ � Ã
i j

e
�i↵

2i sin↵
, O2 =

Ã
i j � ˜̄

A
i j

2i sin↵
. (4.34)

As a result, given Ã
i j and ˜̄

A
i j these hadronic parameters can be known. As mentioned

in Sec. 4.4, the observables are simulated around their measured central values. As a

result, our desired quantities or ratios are also distributions of sample points. We fit these

distributions to possible probability distribution functions or PDFs from where required

confidence levels are drawn.

We present the 68.27% and 95.45% confidence levels of RP and S00 for B! ⇡⇡ decays

in Fig. 4.4. The solution, one of the possible eight, illustrated in Fig. 4.3 shows that

the estimate for X̃ + Ỹ agrees with the SM within 68.27% confidence level. The light

gray, light blue and light green contours correspond to the topological ratios X̃ + Ỹ , X̃

and Ỹ , respectively. The gray, blue and green points show the mean value of the PDFs

corresponding to X̃ + Ỹ , X̃ and Ỹ , respectively and similarly the vectors connecting them

to the origin. The‘•’ at the center indicates origin while the ‘⌥’ symbol at �0.0327

indicates an SM estimate for z. As seen in the right panel figure of Fig. 4.3, S00 has been

estimated to have positive values; however if S00 is measured to be negative while rest

of the experimental data remain unchanged then it is clear that we have to discard this

solution. In other words, measurement of the time-dependent asymmetry S00 can help

reduce or even eliminate the ambiguity.

Recall that there are seven other possible solutions. Five of them together with the one in
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Figure 4.3: The estimated 68.27% and 95.45% confidence levels for the topological ratios
(left panel) and S00 versus S+� (right panel) for B! ⇡⇡ modes are depicted. The light
gray, light blue and light green contours correspond to the topological ratios X̃ + Ỹ , X̃

and Ỹ , respectively. The gray, blue and green points show the mean value of the PDFs
corresponding to X̃ +Ỹ , X̃ and Ỹ , respectively and similarly the vectors connecting them to
the origin. The‘•’ at the center indicates origin while the ‘⌥’ symbol at �0.0327 indicates
the SM estimate for z.

Fig. 4.3 are shown in Fig. 4.4. The remaining two solutions are ignored as they indicate

very large penguin contributions and are, in turn, far from the SM expectations.

Similar estimates of the topological ratios (left panel) and S00 versus S+� (right panel)

for B ! ⇢⇢ are depicted in Fig. 4.5. The details of the figures are the same as those

of Fig. 4.3. Four of the eight possible solutions are presented here. The estimates for

X̃ + Ỹ are in good agreement with SM for all of these four solutions. The remaining four

solutions are ignored as they indicate very large penguin contributions and are, in turn,

very very far from the SM expectations. The gray band in S00 versus S+� (right panel)

figures correspond to the 1� region of measured S00 for B
0! ⇢0⇢0. It is clear that more

accurate measurements of S00 can identify the correct ambiguity.
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Figure 4.4: Six of the eight possible solutions and their corresponding estimates for S00
versus S+� (right next to the solution) are illustrated. The light gray, light blue and light
green contours correspond to 68.27% and 95.45% confidence levels of the topological
ratios X̃ + Ỹ , X̃ and Ỹ , respectively. The gray, blue and green points show the mean
value of the PDFs corresponding to X̃ + Ỹ , X̃ and Ỹ , respectively and similarly the vectors
connecting them to the origin. The‘•’ at the center indicates origin while the ‘⌥’ symbol
at �0.0327 indicates the SM estimate for z.
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Figure 4.5: The topological amplitudes (left panel) and S00 versus S+� (right panel) are
depicted for B! ⇢⇢modes. The color codes and other details are the same as in Fig. 4.3.
The estimates for X̃ +Ỹ are in good agreement with SM for all of these solutions. The gray
band in S00 versus S+� (right panel) figures correspond to the 1� region of measured S00
for B

0! ⇢0⇢0. It is clear that more accurate measurements of S00 can help in identifying
the correct ambiguity.
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4.5.2 Isospin Amplitudes:

As mentioned in Eq. (4.16), the decay amplitudes can be expanded in terms isospin

amplitudes. Under redefinitions (see Eq. (4.21)) Eq. (4.16) transforms as follows

1p
2

Ã
+� = Ã2� Ã0,

Ã
00 = 2Ã2+ Ã0,

Ã
+0 = 3Ã2. (4.35)

Similarly, the conjugate amplitudes transform as

1p
2

˜̄
A
+� = ˜̄

A2� ˜̄
A0,

˜̄
A

00 = 2 ˜̄
A2+

˜̄
A0,

˜̄
A
+0 = 3 ˜̄

A2. (4.36)

The rotated isospin amplitudes are given by

Ã0 = e
�i�

A0, Ã2 = e
�i�

A2,

˜̄
A0 = e

i�
Ā0,

˜̄
A2 = e

i�
Ā2. (4.37)

A graphical presentation of Eq. (4.35-4.36) is depicted in Fig. 4.6. The isospin amplitudes

Ã0, Ã2, ˜̄
A0 and ˜̄

A2 can be easily expressed in terms of the decay amplitudes:

Ã0 = Ã
00� 2

3
Ã
+0, Ã2 =

1
3

Ã
+0,

˜̄
A0 =

˜̄
A

00� 2
3

˜̄
A
+0, ˜̄

A2 =
1
3

˜̄
A
+0. (4.38)

They can also be expressed in terms of topological amplitudes:

Ã0 =
C�2T �3E

3
+

Y �2X

3
e

i↵,

Ã2 =
C+T

3
+

X +Y

3
e

i↵,
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Figure 4.6: An illustration of the isospin triangles depicted in isospin space. the isospin
amplitudes Ã0, Ã2, ˜̄

A0 and ˜̄
A2 defined in Eq. (4.35) are illustrated here.

˜̄
A0 =

C�2T �3E

3
+

Y �2X

3
e
�i↵,

˜̄
A2 =

C+T

3
+

X +Y

3
e
�i↵ . (4.39)

Similar to our earlier approach, here we study the ratios of isospin amplitudes which are

denoted by

RI = { Ã0/Ã2,
˜̄
A0/

˜̄
A2, Ã0/

˜̄
A0, Ã2/

˜̄
A2}

Notice that Ã0/Ã2 = A0/A2 and ˜̄
A0/

˜̄
A2 = Ā0/Ā2 which is evident from Eq. (4.37). The

estimates of RI for B! ⇡⇡ and B! ⇢⇢ are presented in Fig. 4.7 and Fig. 4.8, respectively.

The light gray, light blue, light green and light orange contours correspond to 68.27%

and 95.45% confidence levels of A0/A2, Ā0/Ā2, A0/Ā0 and A2/Ā2, respectively. The

solutions presented in Fig. 4.7 and Fig. 4.8 correspond to the solutions in Fig. 4.4 and

Fig. 4.5, respectively.

We find two sets of hierarchies among RI from Fig. 4.7 and 4.8. For B! ⇡⇡ we find

|A2 | ⇡ | Ā2 | . |A0 | < | Ā0 | whereas for B ! ⇢⇢ we find |A2 | ⇡ | Ā2 | < |A0 | ⇡ | Ā0 |. It is

interesting to observe that in first and the last figure of Fig. 4.8 A0/A2 and Ā0/Ā2 are

almost overlapping which leads to a relation among topological amplitudes. The isospin

ratios can be written as

A0
A2
= xe

i�x + iye
i�y,
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Figure 4.7: The estimated 68.27% and 95.45% confidence levels of RI for B! ⇡⇡ modes
are shown. The gray, blue, green and orange contours correspond to A0/A2, Ā0/Ā2,
A0/Ā0 and A2/Ā2, respectively. The figures shown corresponds to the solutions presented
in Fig. 4.3.

Ā0

Ā2
= xe

i�x � iye
i�y, (4.40)

where x, y, �x and �y are complicated function of topological amplitudes and ↵. Then the

overlap of these two implies y = 0:

A0
A2
⇡ Ā0

Ā2
=) y = 0 =) C�E

T +E
⇡ Y

X
. (4.41)

4.6 Summary:

In this chapter, we have shown that using seven experimental measurements available for

B! ⇡⇡ or B! ⇢⇢ modes along with assuming the indirectly measured value of ↵, we

can easily solve for seven hadronic parameters as well as all of the isospin amplitudes.

The solutions have an eightfold ambiguity and measurement of the associated time-
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Figure 4.8: The estimated RI for B! ⇢⇢ are depicted here. The color code and other
details are same as of Fig. 4.7.

dependent CP asymmetry S00 can reduce or even eliminate this ambiguity. Given the

current experimental accuracies, our estimates for the size of the electroweak penguin

contributions are consistent with the SM. However, with improved accuracies in measuring

the observables as well as the indirect measurements of ↵ we can understand these

contributions with improved certainty.
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Chapter 5
Conclusion

The standard model of particle physics, though an impeccable theory, falls short of being

the complete theory of fundamental interactions. However, the enormous success of SM

at predicting numerous experimental observations, up to astronomical precision for some

instances, can’t be simply ignored. In view of these, a great amount of e�ort has been put

in extending this highly successful yet incomplete theory to accommodate the phenomena

left unexplained. With direct evidence for such beyond SM (BSM) scenarios still eluded at

colliders, the indirect searches, sensitive to much higher scales than the reach of colliders,

could be our gateway to BSM physics. With the advent of a high precision experimental

era, this proposition may finally turn into reality. However, the advances in experimental

measurements must also be complemented by theoretically clean measures to extract the

new physics signals. In other words, we require formalisms that are less dependent on

theoretical estimates of the hadronic parameters. In this thesis, we present two such

formalisms: the first part is focused on extracting signals of RH currents in B! K
⇤`+`�,

while the second part is focused on extracting the electroweak penguin contributions using

experimental measurements in B! ⇡⇡ and B! ⇢⇢ .

In chapter 3, we have presented a phenomenological approach to extract RH currents in

B ! K
⇤`+`�. We have relied on relations coming from heavy quark symmetries and

kinetic constraints on the observables at q
2
max. This eliminates our dependence on hadronic

estimates. A relation is obtained between form factor ratios R� which provides irrefutable
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evidence of RH currents. The R� is expressed completely in terms of the observables.

The observables are Taylor expanded around q
2
max which are then fitted with the latest

LHCb measurements. The results indicate a 5� evidence for RH currents in B! K
⇤`+`�.

The significance of this signal can be reduced by introducing other kinds of feasible

NP. Varying the lone theoretical input r/C10 results in a reduced 3� evidence for RH

currents. The impact of various non-perturbative and systematic contributions is also

assessed. A detailed study of charm resonances in B! K
⇤`+`� indicates the absence of

any significant contribution in data. We learn that if these contributions were somehow

removed, the significance of RH currents would rise. We study the impact of variation

in polynomial order, and the number of bins on the observable coe�cients and chose the

third-order polynomial fitted to 14-bin data as a benchmark. The sanctity of the choice

has been justified through a fit to SM generated 14-bin dataset. We note that the inclusion

of non-zero imaginary contributions and finite K
⇤ width have an insignificant e�ect on

our conclusions. In view of these, we conclude that with higher statistics and finer bins

around q
2
max, the presence of RH currents can be e�ciently probed through this approach.

In chapter 4, we assess the e�ect of ignoring electroweak penguins on ↵ measurements

using B! ⇡⇡ and B! ⇢⇢modes. The experimental measurements in these modes along

with the indirectly measured value of ↵ allow us to solve for seven hadronic parameters

and all of the isospin amplitudes. The solution has an eightfold ambiguity which can

be reduced or even eliminated by measuring the associated time-dependent CP asymme-

try S00. With current precision, our estimates for the size of the electroweak penguin

contributions are consistent with the SM. This has particular relevance for B! ⇢⇢ as it

indicates that the approximations made in isospin analysis for B! ⇢⇢ are reliable. The

estimates for the isospin amplitudes are also obtained and a particular hierarchy among

them is noted. Finally, we emphasize that with improved accuracy, e�ects such as the

pollution in ↵ measurement due to electroweak penguin contributions will become more

and more relevant. This analysis provides a clear way to approach the problem of ignoring

electroweak penguins. We note that precise measurements of CP asymmetries, some of

which have not yet been measured, will be of great importance.
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SUMMARY

The thesis mostly focuses on three types of B decays. The rare decay B! K
⇤`+`� has a rich

angular distribution and is sensitive to physics beyond the standard model(SM). Our study

is focused on the low-recoil limit, or the limit of soft K
⇤ in B rest frame, or the limit of high

q
2, where q

2 is the di-lepton invariant mass square. We have used kinematic constraints,

and relations from heavy quark symmetries in this limit. Using a parametric fit of the

observables to the LHCb data, we obtain clear evidence for right-handed(RH) currents.

The impact of resonances and various systematic e�ects on our results are discussed in

great detail. The other B decays considered in the thesis are B! ⇡⇡ , and B! ⇢⇢ . The

unitarity angle ↵, from the CKM framework, is measured directly from these modes with

the help of an isospin decomposition where electroweak penguin(EWP) contributions are

ignored. However, EWPs are sensitive to new physics(NP). We present a clear way to

approach the problem of ignoring them. We also observe that precise measurements of

the CP asymmetries will be of great significance in dissolving the ambiguities.
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Our universe is governed by four fundamental forces. The interactions of three of these forces(Strong, Weak,                

and Electromagnetic) can be explained through the standard model(SM) which has been the most successful               

theory in particle physics. However, the SM is incomplete. The first and obvious drawback is that It does not                   

incorporate Gravity, the fourth fundamental force. Then, there are other observations such as the dark matter,                

the observed Baryon asymmetry, the neutrino oscillations, etc, which the SM fails to explain. Hence, we need                 

better alternative theories(which are often called beyond SM(BSM) theories, or new physics(NP) theories) which              

can fill in the gaps left by SM. Such theories need to be established from an experimental viewpoint as well.                    

There are two ways of going about this, direct and indirect. Where, direct experimental confirmation means that                 

we genuinely produce new degrees of freedom corresponding to a theory that is not SM; we haven’t had any                   

luck with this so far. So, we turn to indirect signals of what lies beyond SM. However, in order to distinguish                     

potential NP signals, we need very clean and precise SM estimates which are often a challenge. 

 

Here, we are interested in weak decays of B mesons. The presence of a heavy               

spectator b-quark inside, gives us a much greater theoretical handle in           

studying its properties and decays. We are particularly interested in two types  

of quark transitions: and . In the first type, we study     l lb → s + −    u u db →         

the electroweak penguin dominated rare decay . It possesses a      l lB → K* + −     

very rich angular distribution which leads to a large number of observables.            

We propose a very unique and general framework to probe for the presence  

of right-handed(RH) currents in this mode. Our formalism does not rely on            

form factor estimates and draws inspiration from the heavy quark          

asymmetries and kinematic constraints at , where is the di-lepton     q2
max   q2    

invariant mass squared. Using the LHCb measurements we obtain very clear           

evidence of RH currents in this mode. We study the impact of resonances and              

systematic effects on our results in great detail. We do not find any of them to 

be upsetting the significance of our claims. In the second type of quark             

transitions, we study the decays , and in isospin space. These     πB → π   ρB → ρ     

modes are used to measure the CKM angle , which has great significance to        α       

SM. However, the isospin framework used in this process generally ignores the            

contributions from the Electroweak penguins(EWPs) which are sensitive to NP.          

We present a formalism where the EWPs can be estimated from experimental            

data. At the current experimental precision the EWPs are found to be            

consistent with the SM predictions. However, as measurements become more          

and more precise, effects such as pollution in measurement due to non-zero        α     

EWPs will become more and more relevant. This analysis provides a clear way to approach the problem of                  

ignoring EWPs. 
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